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Abstract 

 

Hand lay-up draping of textile reinforcements is widely used for manufacturing polymer-

matrix composite parts by liquid moulding, as it enables the production of good-quality complex 

parts with the limited resources typically available for small-volume projects. Implementation of 

hand lay-up draping presents challenges in ensuring cost-effective and consistent manufacturing. 

Procedures for the design of composite parts and their manufacturing processes require concurrent 

analysis of part geometry and manufacturing operations. The capability to define in advance the 

reinforcement, textile patterns, and the sequence of manual draping operations is critical to 

reducing costs and maximising reproducibility in production. Whilst draping is recognized as a 

complex sequential task, little attention has been given to identifying a superior draping route by 

generating and evaluating alternative draping sequences. Instead, trial-and-error remains the 

industrial norm. 

In this work, hand lay-up draping is modelled as a sequence of decisions, where each draping 

step consists in placing a single Base Surface BaS and requires a specific amount of strain energy 

imparted to the fabric reinforcement stack. The total strain energy is defined as the sum of 

contributions from different deformation modes, with an additional term accounting for statistical 

variability in material behaviour. Based on this formulation, different approaches for optimising 

draping cost and quality are implemented, and the effects of sequence parameters are quantified 

using data extracted from pre-existing databases. 

As a final product, a software tool generates draping sequences, a 3D visual guide, wrinkle 

warnings, and darting recommendations for the fabric pattern. 
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Chapter 1. Introduction 

 

1.1 Background 

 

Usage of polymer-matrix composites (PMC) in aerospace applications is continuously on 

the rise, driven by economics and regulations promoting reduced carbon emissions [1]. For 

example, carbon fibre reinforced PMC parts (CFRP) make up 53% of Airbus A350 vehicle mass 

[2], Figure 1.1. Approximately 85% of PMC parts in aircraft are categorized as secondary 

structures, with hand lay-up (HLU) of prepreg semi-products being the most widely used 

manufacturing technique for such components [3]. 

 

Figure 1.1 Materials usage by weight in A350 XWB aircraft [11] 
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Manufacturing processes for PMC parts differ fundamentally from processes used for 

making metal parts as PMC material and part are created simultaneously. Consequently, the design 

of PMC parts and manufacturing operations requires an iterative approach involving material 

selection, part geometry and manufacturing operations. Compromises on one aspect are often 

made to accommodate another aspect. 

For example, changes intended to improve manufacturability may affect part quality, while 

improvements in quality may increase manufacturing effort and cost. Expert technicians also 

know, through experience, which regions of a mould should generally be draped first and which 

should be draped later to facilitate subsequent draping operations. However, these decisions are 

largely based on experience and not supported by a systematic optimisation methodology.  

Manufacturing textile-reinforced PMC parts using vacuum-assisted resin transfer 

moulding (VARTM) presents specific challenges. Dry fibre preforms have been successfully 

adopted in aerospace applications, including the resin-infused composite wing of the Airbus A220 

aircraft. This thesis focuses on dry fibre preform manufacturing, specifically on the sequencing of 

hand lay-up draping operations leading to easier manufacturing of preforms that demonstrate 

higher consistency. For each specific PMC part geometry, a well designed HLU strategy will make 

the best use of the capability of stacked reinforcement fabric layers to cover the mould whilst 

reducing in-plane shear in fabric layers, in the most reproducible manner. Complementary to HLU 

sequencing, the preforming strategy will include determining the location and extent of darts. A 

well designed preforming strategy will reduce the numbers of darts and possible wrinkles, whilst 

also reducing in-plane shear in fabric layers and variability of the preforms produced. Effective 

consideration of all these aspects of preforming will reduce the time required by technicians for 

building preforms on the shop floor, and it will lead to PMC parts of higher consistency. 
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Software tools that predict surface draping are available [4]–[6]. Starting from user-

specified initial conditions, existing software tools can simulate draping over complete mould 

surfaces. However, they do not minimize shear or maximize consistency, and darts are not 

considered: existing software tools simply cover a mould surface from given initial conditions. 

Therefore, industrial simulations proceed as lengthy trial and error processes where several 

preforming simulations are conducted arbitrarily and a manufacturing scenario that is workable 

rather optimal is eventually identified. 

The foundational approach to the work reported in this thesis is intrinsically different. First, 

the geometry of the PMC part is decomposed into multiple adjacent parametrized geometries 

labelled BaS [7]. Two databases are queried repeatedly towards identifying preferred draping 

strategies: database A features yarn orientations and in-plane shear results for a selection of 

parametrized BaS, and database B features extensive results of characterization tests conducted on 

stacked layers of industrial textile reinforcements. Databases A and B are queried by an 

optimisation engine that is the central focus of this thesis. This optimization engine, which features 

different algorithms, was developed to probe a large number of sequences along which the 

different BaS defining a part may be draped, leading to the identification of a preferred sequence 

enabling easier and more reproducible preforming. The optimisation engine constitutes the main 

contribution of this thesis. The work reported here is the centerpiece of a wider project that 

involved a team of researchers over several years. 

Individual BaS are classified as flat, single curvature or double curvature surfaces. They 

are defined using the conical Frustum, a geometric modeling tool developed by Hoffer [8] as part 

of the project. The Conical Frustum uses 12 parameters in a more complex version or 5 parameters 

in a simplified version that can model most local mould features faithfully. Database A lists warp 
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and weft yarn orientations and in-plane shear angles resulting from BaS draping. It was built using 

Drape-it and ANSYS software packages, resulting in a set of linear equations that describe 

yarn orientations as a function of Frustum parameters. Database A was populated and structured 

using Taguchi experimental plans [9]. The BaS Frustum and Database A, both developed by 

Hoffer [8], are discussed in Sections 1.2.1 and 1.2.2 of this thesis. 

Experimental characterization of the mechanical behaviour of single layer and multiple 

layer stacks of dry textile reinforcements used for manufacturing industrial parts was conducted 

by Kanz [9]. Some properties were reported for other reinforcement fabrics in the literature [10]–

[12] and others properties are novel to this project. Database B lists properties measured on single 

and multiple layer stacks of industrial reinforcement fabrics for bending stiffness, bending spring 

back, in-plane shear, in-plane shear spring back and friction between plies. It was also populated 

and structured using similar Taguchi experimental plans [9], resulting in similar linear equations. 

Property data and Database B are revisited in Section 1.2.3 and Chapter 4 of this thesis.  

 

1.2 Previous Project Work 

 

1.2.1 Industrial Geometry File Formats and Base Surfaces 

Industrial partner Hutchinson Aéronautique et Industrie (Montréal) makes PMC parts for 

major aircraft manufacturers. A contract starts with the reception of a CAD file for a PMC part. 

Clients use different software and formats; SolidWorks, Inventor, AutoCAD, CATIA and 

Pro/ENGINEER are the most common [13]. In this project, files were transferred under 
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standardized STEP format based on ISO standard 10303-21:2016 and managed in SolidWorks 

[14]. 

 The algorithm developed in this project starts by extracting geometric information from a 

STEP file through MS Visual Basic (MSVB) macro points_creation_and_export.swp programmed 

by Salles, a process engineer employed by Hutchinson for the project. The MSVB macro interacts 

with SolidWorks, gathering relevant geometric data in a coherent and structured format, Table 

1.1. Headers from each column indicate the type of information extracted from the CAD file. 

Finally, extracted data are saved as a Excel file. 

 

Table 1.1 Structure of geometric data extracted by macro points_creation_and_export.swp  

Base surface 

# 
Edge # Edge length Point # x y  z  

BaS#i e1 le1 v1a x1a y1a z1a 

   mep1b x1b y1b z1b 

   v1c x1c y1c z1c 

 e2 le2 … … … … 

   … … … ... 

 e3 le3 … … ... ... 

   … … … … 

 e4 le4 … … … … 

 

Industrial geometries are processed as provided by the CAD model, with the requirement 

that every sub-geometry be delimited by either 3 or 4 edges. When a sub-geometry exceeds this 

limit, it must be subdivided into multiple sub-geometries until compliance is achieved. Figure 1.2 

shows the case of demonstrator 01_Francois, where the original top BaS #3 delimited by 7 edges 

was manually subdivided into three BaS: BaS #3, BaS #4 and BaS #5. Each edge is subsequently 

approximated as a constant-radius curve connecting two vertices through a middle edge point. 
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Macro points_creation_and_export.swp determines the length of every edge and the coordinates 

of its middle edge point.  

 
Figure 1.2 Demonstrator 01_Francois: a) Original configuration; b) Only 3 or 4 edges BaS 

 

Figure 1.3 shows the decomposition of a mould surface into a number of flat, single 

curvature and double curvature BaS delimited by 3 or 4 edges, with their vertices and middle edge 

points.  

 

Figure 1.3 Demonstrator 02_Jacob_solid divided into its geometric elements 
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Extraction of geometric data is demonstrated in Appendix A for demonstrator 01_Francois. 

The need for all BaS to have a maximum of 4 edges stems from the nature of the conical Frustum 

used for parametrizing them, as discussed in the following section. 

 

1.2.2 Conical Frustum and Database A 

Figure 1.4 shows the conical Frustum used as a multi-parameter base surface modelling 

and parametrization tool. Hoffer [8] initially developed a Frustum featuring 12 parameters, Figure 

1.4 a). Figure 1.4 b) shows a simplified version of the Frustum featuring 5 parameters, developed 

based on a hierarchy of original Frustum parameters most significant in modelling BaS for 

industrial geometries.  

 

Figure 1.4 Conical Frustum: a) 12 parameters; b) 5 parameters 
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Using 12 parameters would have required that Hoffer performed a very large number of BaS 

models and simulations. Hoffer [8] determined the Frustum parameter hierarchy and populated 

yarn orientations and in-plane shear angles in Database A using 16 BaS models of 3- and 4-edges. 

ANSYS™ was used for BaS geometry creation and meshing, while subsequent draping 

simulations were performed using DrapeIt™ kinematic draping software [8] . 

Frustum parameters were used as input variables to a Taguchi plan used for structuring and 

populating Database A with yarn orientation and in-plane shear angle data obtained from 

simulations conducted on specific BaS. The Taguchi plan and database structure enable 

interpolation for any BaS identified on a given industrial geometry that does not exist as such in 

the database. Database A input features two groups of parameters: the 5 conical Frustum geometric 

parameters and 3 draping parameters. The first group features R1, R2, L, CR, and βi, shown in Figure 

1.4 b). The second group consists of draping starting position Ps in the BaS, initial shear angle, 

and initial yarn orientations. Database A outputs yarn orientations and in-plane shear angles 

calculated at both vertices and middle edge point of every BaS exit edge. Results were used for 

creating linear equations interpolating any BaS and draping parameters from results available in 

Database A. 

 

1.2.3 Draping Strain Energy, Variability and Database B 

 Kanz [9] evaluated the draping performance of reinforcement fabrics through comprehensive 

testing, quantifying bending stiffness, bending spring back, in-plane shear, in-plane shear spring 

back, and friction. Linear functions were created, interpolating the strain energy required for 

draping as a function of the type of fabric, yarn orientations and number of layers in the fabric for 
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each of the above deformation modes. Results were included in Database B, along with their 

associated variability. 

Individual terms of strain energy associated with draping each parametrized BaS 

representing the mould surface are calculated by the software tool developed in this thesis, using 

mechanical behaviour data from Database B, based on yarn orientations and in-plane shear angles 

interpolated from Database A. Variability is similarly calculated by the software tool developed in 

this thesis for the same strain energy terms, using dispersion results also available in Database B 

and yarn orientation data interpolated from Database A.  

Two foundational premises of the work are that the ease or difficulty of draping a textile 

preform is commensurate with the sum of strain energy terms imparted to the textile during 

draping, and that the variability of the result is commensurate with the combined variability of the 

same energy terms. These premises are discussed at length in Chapter 4, where the optimisation 

Objective Function is introduced. In this work, cost (C) represents the cumulative strain energy 

associated with a draping sequence, while quality (Q) represents the variability associated with 

that strain energy. The formulation of both terms and their experimental basis are detailed in 

Chapter 4. 

 

1.3 Objectives 

 

The main objective of this thesis is to develop a software tool capable of optimising the 

cost (C) and quality (Q), collectively referred to as C&Q, for dry PMC preform manufacturing. 

C&Q are defined in this thesis according to the requirements expressed by the industrial partner. 
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To achieve this main objective, the following specific objectives are pursued: 

• Develop a modelling framework for HLU draping. This objective consists of geometric 

parameterization and the development of a HLU progression model. The HLU progression 

model includes defining initial conditions and a set of logic decisions summarizing the 

most common draping progression actions made by a human operator. 

• Develop a global optimisation approach for HLU cost and quality. This objective consists 

in developing a combinatorial algorithm capable of generating a wide range of possible 

draping sequences through topological connections between BaS. The algorithm shall be 

adaptable to different sequencing conditions. After generating the complete space of HLU 

sequences, C&Q are calculated for every sequence. The software tool then identifies the 

sequence(s) offering the best balance between cost and quality, as defined by the Objective 

Function f(C,Q). 

• Develop an optimisation approach based on solving multiple local optima. This objective 

consists in developing a software tool capable of creating partial sequences or sub-spaces 

simulating draping progression in HLU. For each sub-space, the algorithm evaluates every 

draping step and solves the local optimum. Memory from previously evaluated draping 

steps is consulted to allow draping along multiple branches. A near-optimal solution is 

obtained through the conjunction of all solved local optima. 
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1.4 Scope and Limitations 

 

 The present work focuses on the modelling and optimisation of the HLU step of the 

moulding stage, which occurs prior to resin infusion in VARTM. The industrial context considered 

is HLU of stacks of dry textile reinforcements for non-structural aerospace PMC parts, particularly 

aircraft interior panels used in civilian aircraft.  

Patterns considered in this work feature 1 to 4 layers of stacked textile reinforcements 

oriented in the same direction within each pattern, as dictated by the industrial context. 

Consequently, maintaining prescribed fibre orientations throughout the complete mould surface is 

not treated as a requirement, in contrast with structural composite applications where fibre 

orientation directly affects structural performance. 

The optimisation framework relies on geometric parameterization, discretization, 

interpolation, extrapolation, and experimentally derived databases to estimate draping behaviour. 

While these approximations are intended to provide meaningful agreement with actual shop-floor 

draping operations, the objective is not to predict precise mechanical quantities or part 

performance. Rather, the software tool is intended to support manufacturing decisions through 

structured and consistent comparisons between alternative draping strategies. This approach 

enables the rapid evaluation of very large design spaces, allowing up to millions of possible 

draping sequences to be assessed using practical computational resources. 

The software tool is intended to support quotation and manufacturing planning activities, 

where response time is critical for preparing customer bids and responding to requests for 

quotation (RFQ). Consequently, the work does not aim to perform high-fidelity finite element 
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simulations or formal statistical analyses. Instead, computationally efficient approximations are 

adopted to enable the evaluation of a large number of possible draping sequences within practical 

timeframes. 

The software tool developed in this thesis is intended to operate on computational resources 

typically available to manufacturing and engineering personnel. Software development and testing 

were performed using an Intel Core i9-13950HX processor featuring 8 performance cores and 16 

efficient cores with a maximum frequency of 5.5 GHz. 

  

1.5 Contributions 

 

The approach to HLU manufacturing optimisation presented in this work is unique in the 

way that it addresses the process. The proposed software tool uses two databases to determine yarn 

orientations, material behaviour, and the cost and quality associated with draping each BaS along 

a given preform manufacturing sequence. This enables automated optimisation of draping 

sequences without additional user interaction during software execution. The work presented in 

this thesis led to the following original contributions to the field of preform engineering: 

• This work is the first to generate a very large number of possible draping sequences, and 

to evaluate and compare them systematically and automatically based on engineering 

parameters previously characterized and instantly available through database querying.  

• This work is the first to simulate HLU preforming as a sequence of discrete steps, to 

evaluate the physical properties of the fabric and the energy needed to execute the 
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operation, to identify possible surfaces to drape next, to estimate C&Q for all BaS, and to 

identify the best draping strategy for a given part and mould.  

• This works presents a novel and unique modelling approach for fast analysis of HLU 

draping process that can be replicated and used for further evaluation of optimisation 

algorithms. Additionally, the algorithms developed can be adapted for different 

applications where complex trajectory optimisation is required. 

• This work is the first to propose the optimisation of draping through the rapid evaluation 

of multiple draping scenarios and sequences, using methods that are sufficiently fast in an 

industrial context where rapid identification of a good manufacturing process design and 

draping strategy is required for industrial costumers. 

 

1.6 Thesis Outline 

 

This thesis is organized into seven chapters, structured as follows. 

Chapter 1 introduces the background and motivation for the work, presents relevant 

previous project developments, and defines the objectives and main contributions of the thesis. It 

also outlines the overall structure of the document. 

Chapter 2 reviews the state of the art related to composite manufacturing processes, with a 

focus on VARTM and HLU. It further examines existing approaches for HLU process 

optimisation, including progression algorithms and optimisation strategies such as brute force (BF) 

and dynamic programming (DP). 
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Chapter 3 presents the modelling framework for the HLU process. It describes the 

definition of the initial state, the evolution of yarn orientations across BaS, and the generation of 

draping sequences using search algorithms. Additional functionalities, including wrinkle detection 

and edge darting recommendations, are also introduced. 

Chapter 4 defines the C&Q Objective Function used for evaluating draping sequences. It 

details the material characterisation methods, strain energy components, their variability, and their 

integration into the optimisation framework through Database B. 

Chapter 5 presents the BF optimisation approach applied to HLU draping. Demonstrators 

with up to 10 base surfaces are analysed, enabling exhaustive generation and evaluation of all 

feasible draping sequences. The results are used for validating the modelling framework and the 

Objective Function. 

Chapter 6 introduces the DP optimisation framework for HLU draping. Two variants are 

developed and evaluated: a 1-next state approach and a 2-next states approach. Their performance, 

computational efficiency, and suitability for complex geometries with large numbers of BaS are 

analysed. 

Chapter 7 discusses the results obtained from both optimisation approaches. It evaluates 

the modelling assumptions and algorithm performance in terms of computational cost and solution 

quality. The Chapter concludes with a summary of the main contributions, limitations of the work, 

and recommendations for future research. 
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Chapter 2. Literature Review 

 

2.1 Vacuum-Assisted Resin Transfer Moulding 

 

Composite materials combine two or more constituent materials that remain as distinct 

phases [15]–[19], often leading to properties superior to those of these individual constituent 

materials [20],[21]. Several PMC manufacturing processes were developed including liquid 

composite moulding (LCM) processes such as resin transfer moulding (RTM), VARTM and 

others, which are commonly used for manufacturing industrial and aerospace PMC parts [22]–

[24].  

VARTM is widely used for making PMC parts. As shown in Figure 2.1, VARTM proceeds 

under atmospheric pressure at room temperature, emits limited amounts of volatile compounds, 

processes multiple reinforcement layers simultaneously, enables uniform resin distribution with 

relatively high fibre volume fraction and shows potential for reproducibility [25],[26]. Crucially, 

short processing times make VARTM cost-effective [27]. 

 
Figure 2.1 Diagram of the VARTM process [28] 
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Advantages of VARTM include: 

• Flexibility in mould material selection and tooling design [29]; 

• Capability to manufacture large parts offering reasonable dimensional accuracy with 

tensile and compression strengths [30] comparable to those of prepreg composites 

[31]; 

• Ease of implementation with cure times shorter than resin film infusion [32]; 

• Possibility to store resin and hardener separately and to mix them immediately prior 

to infusion; 

• Capability to identify dry spots through translucent vacuum bag and to remediate 

during infusion [33]. 

 

Conversely, VARTM is marred by some limitations [34]: 

• Requires skilled workers and a clear operations plan prepared prior to execution; 

• Potential for vacuum leaks requires continuous monitoring during infusion; 

• Results are dependent on worker experience and skills; 

• Surface finish on bagging side is poor compared to mould side;  

• Ancillary materials such as peel ply, sealant tape and resin tubes must be prepared 

each time and are not reusable. 

 

The VARTM process features three main stages:  

• Moulding, where the composite material is made from separate constituent materials. The 

moulding stage can be divided into three distinct steps:  
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- Hand lay-up (HLU), where dry reinforcements are tailored, draped and positioned 

onto the mould; 

- Resin infusion, where resin flow ancillary disposable parts are positioned and a 

liquid resin is infused in the dry reinforcements under vacuum;  

- Resin cure, where the liquid resin undergoes a chemical reaction that turns it into a 

solid.  

• De-moulding, where the cured PMC part is removed from the mould;  

• Trimming, where the manufactured PMC part is deburred to its final shape. 

 

2.2 Hand Lay-up 

 

 HLU consists in manually laying and draping stacks of reinforcement fabric layers with a 

determined outline shape known as patterns over the surface of a mould, following a specific 

sequence of manual operations [35]. After HLU, draped patterns are sealed under a flexible 

membrane along with resin flow ancillaries. An uncured thermosetting polymer, colloquially 

known as the resin, is then infused by a pressure difference resulting from vacuum applied at an 

outlet. Resin cure follows [36]. Thickness of the resulting PMC part is largely dependent on the 

number of reinforcement layers present in the patterns.  

HLU is the oldest preforming technique for textile-reinforced PMC [37] and it remains 

widely used. Prominent studies [35],[38]–[41] reveal a scarcity of information regarding manual 

operations in HLU, summarizing the lay-up procedure in a single sentence. This lack of scientific, 

structured analysis of HLU despite widespread industrial use justifies the present work. 
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HLU consists in covering the surface of a mould with one or more layers of fabric 

reinforcement, ideally as one single, tailored, continuous fabric layer or stack of similar layers 

labelled pattern in either case, covering the entire surface of the mould. More realistically, a mould 

will typically be covered using a minimum number of patterns that is larger than one, hence a 

typical preform will be made from a number of adjacent patterns. In either case, each multilayer 

pattern may be draped layer after layer or all layers at once; the latter is more productive and 

therefore common practice in industry. 

Figure 2.2 shows the relationship between in-plane shear and wrinkling in textile 

reinforcements. In-plane shear is the main deformation mode occurring during draping. The need 

for multiple patterns results from physical limits to the amount of in-plane shear deformation that 

can be induced without wrinkling. Once a reinforcement fabric reaches its locking angle, further 

in-plane shear ultimately leads to wrinkling [42].  

 

Figure 2.2 Wrinkling due to in-plane shearing beyond locking angle [42] 
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The locking angle defines the critical shear limit for woven reinforcement fabrics, 

occurring when warp and weft yarns come into lateral contact and can no longer rotate freely. 

Before this threshold, shear is accommodated by yarn rotation. Beyond it, shear stiffness rises 

sharply leading to wrinkling that compromises laminate quality. The locking angle depends on 

fabric architecture, tow size, compaction and inter-yarn friction [43]. Its determination, often via 

picture frame tests, is essential for accurate draping simulations and defect prediction in textile 

reinforcement draping. 

Figure 2.3 shows the draping of a tetrahedral tool, where high in-plane shear develops in 

the corner region of the reinforcement [60]. This example illustrates how complex geometries can 

generate localized shear deformations that may approach the locking angle and increase the 

likelihood of wrinkling. 

 

Figure 2.3 Draping of a tetrahedron: a) Tetrahedral tool; b) Draping experiment; c) High in-

plane shear in corner [60] 
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In-plane shear is the most studied deformation mode for textile reinforcements, as reviewed 

by Boisse [44]. Experimental characterization began in the 1960s with the work of Lindberg [45], 

Grosberg [46], [47] and Spivak [48]. Experimental data constitutes important input for draping 

simulations [49]–[53] and predictive models used for estimating the onset of locking and wrinkling 

[54]–[56]. Different sequences of manual operations used when draping patterns on a mould can 

increase or reduce in-plane shear deformation and its variability [57], [58]. Consequently, some 

draping sequences may bring the reinforcement fabric closer to its locking angle than others, 

increasing the likelihood of wrinkling and leading to different levels of success in draping moulds, 

as reported by Eitzinger [59].  

 

Figure 2.4 shows different in-plane shear results from different initial pattern orientations, 

obtained from simulations conducted using software Nottingham DrapeIt™.  

 

 

Figure 2.4 Simulation results for different initial orientations: a) 0/90 b) +/-45  [66] 
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Figure 2.5 shows an example of a plybook used during hand lay-up draping. These 

documents provide instructions for positioning separate patterns and progressively covering the 

surface of a mould according to a prescribed draping sequence. Plybooks are typically created by 

highly experienced R&D engineers whose specific skills are sparsely available.  

 

 

Figure 2.5 Extract from draping plybook from industrial partner Hutchinson Aéronautique [7] 

 

HLU is labour-intensive and manual operations can result in inconsistent outcomes [64]. 

Industrial competitiveness dictates that the sequence of preforming operations in HLU be 

optimised towards minimizing manufacturing time and cost, and towards minimizing variability 

and maximizing preform quality. Labour costs associated with preforming represent around 60% 
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of PMC manufacturing costs for non-structural PMC parts as opposed to 30% to 40% for more 

automated methods [65]. 

 HLU analysis focuses on the sequential operations involved in the manual positioning of 

individual patterns towards building up the reinforcement in the shape of the final part. Draping 

analysis focuses more specifically on resulting yarn orientations and in-plane shear distribution in 

the draped reinforcement. Ultimately, the two methods complement one another: draping 

modelling generates the essential yarn orientation and shear data that inputs into the HLU process 

simulation. [67].  

Draping can be simulated using two main approaches: purely geometric methods and 

methods based on first-principles solid mechanics. Geometric methods use geometric information 

only, primarily the part geometry, using variations of the fisherman’s net algorithm [68]. Figure 

2.6 shows the generation of crossover points during draping simulation. Two geodesics are 

generated from a selected starting position and yarn orientations, then divided into regular intervals 

d. Further yarn crossover points are located by intersecting two spheres of radius d and the surface 

to be draped until the surface is covered. This fast method generates results in the form of yarn 

orientations, in-plane shear angles and flat patterns. However, reinforcement behaviour and any 

sequence for draping operations are not considered [69]. Geometric methods are used mainly for 

identifying areas of large in-plane shear and for determining whether a reinforcement may be 

draped over a given geometry knowing its locking angle [70]. 

 



23 

 

 
Figure 2.6 Fisherman’s net algorithm [66]. 

 

Conversely, the solid mechanics approach implements the constitutive behaviour of the 

reinforcement through numerical methods [71]. The approach must handle non-linearities 

encountered in draping including large displacements, rotations and strains as well as non-linear 

and non-conservative constitutive behaviour of reinforcement fabrics and extensive contact non-

linearities [72]. Over the last decade, research on draping has focused primarily on solid mechanics 

rather than geometric approaches with an emphasis on reducing processing times rather than 

increasing accuracy [73]–[75]. The ability of solid mechanics approaches to predict the formation 

and spread of defects with greater precision makes them valuable for examining the impact of 
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design decisions on semi-automated processes [76]. However, despite significant advances, solid 

mechanics approaches will never be as fast as geometric approaches. 

 The reviewed literature provides the geometric modelling methods, textile characterization 

approaches, and optimisation concepts that form the basis of the methodology presented in the 

following chapters. 

 

2.3 Hand Lay-up Process Optimisation 

 

 The analysis, modelling and optimisation of HLU manual operations has received limited 

attention. Potter [35] studied the approach and methods used by technical staff in performing HLU. 

In the first study, four technical staff performed HLU on 15 different moulds. Their actions were 

categorized into eight distinct techniques through video analysis, showing clear correlations 

between mould features and techniques used, hence indicating a systematic approach to HLU. This 

finding lead to a manufacturing knowledge base for HLU that can be used for enhancing the 

process, train technical staff and support the design of future automated solutions. 

 Potter and Hancock [67] combined the above findings with geometric drape modelling 

towards generating detailed, unambiguous HLU instructions. Figures 2.7 and 2.8 show the 

proposed methodology and resulting manufacturing instructions. The aim was to enhance the 

information provided by kinematic simulations and produce clear and effective instructions for 

technical staff. The strategy combined experimentally established HLU procedures with yarn 

alignment patterns. Preforms were divided into regions of similar in-plane curvature, and specific 

draping operation sequences were determined for these regions. Out-of-plane yarn curvature was 
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analyzed to pinpoint areas that may induce bridging issues, which would necessitate local or global 

fabric manipulation. 

 

Figure 2.7 a) Straight line drape; b) Optimised drape [67] 

The work showed that for complex geometries, use of simulation-based draping can 

significantly improve the fit of reinforcement fabrics to mould surfaces. Even then, HLU strategies 

were still determined by humans; no optimisation algorithms were implemented, only single 

patterns were considered, and no darting assessment was included in the authors’ work. 

 
Figure 2.8 Kinematic draping simulation: a) Draping sequence; b) Draping enforcing warp 

orientations from Figure 2.7-a; c) Draping enforcing warp orientations from Figure 2.7-b  [67] 
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Subsequent developments to modelling were proposed for robotized draping. Malhan [64] 

combined kinematic drape modelling, Potter’s techniques [69], usage of end-effectors for handling 

plies [77] and studies on automated handling for pick and place operations [78]. Figure 2.9 shows 

the proposed methodology. Mould surfaces were divided based on inputs from skilled technical 

staff, after which HLU sequences were determined from kinematic draping simulations. Parts were 

then inspected to assess lay-up quality through conformity, fibre alignment, resin distribution, and 

defects including foreign object deposition, air pockets, wrinkles, and fibre damage. While 

previous robotic motions were optimised primarily to reduce robotic arm displacement, the 

literature reveals opportunities for optimisation approaches that directly consider manufacturing 

cost and quality. 

 

 

Figure 2.9 a) Mould surface; b) Partition by regions; c) Draping stages [64] 

 

2.3.1 Progression Algorithms 

Draping of a mould composed of multiple BaS can be modeled as a progression from one 

BaS to an adjacent BaS through shared edges. A draping sequence is an ordered list of such steps, 



27 

 

executed chronologically. For example, draping sequence [1–2, 2–4, 2–3] starts by draping BaS 

#1, then moves into BaS #2 across their common edge, followed by draping BaS #4 from BaS #2. 

The final step drapes BaS #3 from BaS #2; note that draping of BaS #2 itself is not repeated. 

Such discrete progression compares with the traveling salesman problem [79] represented 

by graphs featuring nodes and edges. The objective of the travelling salesman problem is to find a 

route, known as a Hamiltonian circuit, that visits every node in the graph exactly once without 

repetition and minimizes an objective value such as the total distance, risk, or time [80]. The 

travelling salesman problem is solvable using search algorithms [81], including direct search 

algorithms [82] such as depth-first search (DFS) and breadth-first search (BFS) [83], extracting 

information from data structures or computing within a problem’s domain search space [84]. 

 Numerous problems can be addressed by graph algorithms, utilising appropriate search 

algorithms [85]. Graph traversal algorithms [86] including DFS and BFS form the most basic 

approach: DFS visits all reachable nodes from a starting point while BFS examines nodes by 

ascending distance [87]. More complex searches involve finding the shortest paths in weighted 

graphs [88], with Dijkstra's algorithm [89] suitable for this thesis’ goals given its aim of visiting 

all nodes in the graph in the most cost-effective manner without cycles.  

DFS, also known as backtracking and originating from Trémaux's work [90], is widely 

used in combinatorial theory and artificial intelligence. Applications include VARTM resin 

impregnation optimisation [91], materials optimisation, water management, health sciences, 

control theory, and others [92]–[97]. DFS starts from a node and repeatedly follows an unexplored 

edge until no further progression is possible, at which point the search backtracks to the most 

recently visited node with unexplored edges [98]. In the HLU model considered, a BaS is 
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represented by a node, while an edge represents a draping step from one BaS to a neighbouring 

BaS. 

Graph theory states that graph G is a pair 𝐺 = (𝑉, 𝐸) of sets such that 𝐸 ⊆ [𝑉]2; thus, 

elements of E, the edges, are 2-element subsets of V, vertices or nodes [99]. Therefore, path 𝑝: 𝑣 

∗
⇒  𝑤 in 𝐺 is a sequence of nodes and edges leading from node v to node w. A path is simple if all 

its nodes are distinct. A directed rooted tree T has a starting node called the root, and every node 

receives only one incoming edge. A directed graph G has a spanning tree T if T is a subgraph of G 

that encompasses all nodes of G [100]. Figure 2.10 depicts an in-progress tree-like graph with the 

node at the top being the root and representing the starting point, hence identified by number 1. 

Node numbers indicate DFS algorithm visitation order. Gray shaded nodes are the next possible 

nodes to be visited. The DFS process ends when all nodes have been visited. 

 

 

Figure  2.10 Depth-first search (DFS) path [101] 

 

In applying DFS to HLU of a mould, several similar tree-like graphs can be elaborated 

with each graph representing a different draping sequence. In a HLU DFS graph representation, 

each node represents a BaS. Arrows in the tree diagram, known as edges in DFS terminology but 
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distinct from BaS edges in geometric modelling, represent draping steps where directionality is 

important; hence the graphs are known as directed graphs. Care must be taken to distinguish DFS 

terminology from geometric elements constituting a BaS. 

 A path’s length is the number of edges that it contains. DFS naturally generates the longest 

possible paths because it always continues from the most recently visited node, only branching 

when no further progression is possible. A path is a non-empty graph P = (V,E) of the form V = 

{x0 , x1 , …, xk}, E= {x0x1 , x1x2 , xk-1 xk}, where xi are all distinct. Nodes x0 and xk are linked by P 

and called its ends; nodes x1 , …, xk-1 are the inner nodes of P.  

Based on the spanning tree concept [99], Figure 2.11 shows 3 different spanning trees of 

graph G. The spanning tree shown in Figure 2.11c) cannot be generated by DFS. While fast, limited 

exploration of spanning trees by DFS constrains its effectiveness.  

 

 

Figure 2.11 Spanning trees of G: a) , b) Spanning trees generated by DFS; c) Spanning tree 

impossible to generate using DFS [102] 

 

BFS is more complex than DFS. BFS examines graph nodes sequentially by increasing 

distance from the initial node, facilitating distance computation that can be used for determining 
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paths and node visitation sequences [103]. Advancing level by level, BFS continues until all nodes 

at a given level are explored. BFS has been used for optimising the design of PMC plates [104], 

automated fibre placement [105], and other PMC-related applications [106]–[109]. Figure 2.12 

shows a BFS traversal initiating at node 1, visiting nodes 2 and 3 (distance level 1), then nodes 4, 

5, 6 and 7 (distance level 2), and eventually nodes 8 to 14 (distance level 3). Gray nodes represent 

those pending visit at distance level 4. 

 

 

Figure 2.12 Breadth-first search steps [101] 

 

BFS is more challenging to implement than DFS because it explores multiple parts of a 

graph simultaneously. While BFS is advantageous for smaller problems, its memory requirements 

increase rapidly with problem size because large numbers of partial solutions must be stored during 

the search. Consequently, BFS may become impractical for large, dynamically generated graph 

problems. 
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DFS and BFS operate on unweighted graphs and therefore do not identify least-cost paths 

directly, as edge costs are not considered during graph traversal. Although BFS can identify paths 

with fewer edges, these paths do not necessarily correspond to lower-cost solutions. For this 

reason, DFS and BFS are commonly used for graph exploration and solution-space generation, 

while cost-based evaluation is performed separately. 

 Unlike DFS and BFS, lowest cost path algorithms are used for analysing weighted graphs 

featuring edge cost data [110]. Dijkstra’s algorithm determines the lowest cost path from the 

starting node to all graph nodes [111]. The algorithm was used for analysing carbon nanotube 

PMC electrical conductivity [112], [113] and PMC fatigue life prediction [114]. It offers greater 

efficiency than the oft-used Bellman-Ford algorithm [115] and enables large graph processing, but 

forbids edges carrying negative cost.  

Dijkstra’s algorithm maintains a set of visited nodes and a set of unvisited nodes. Initiating 

at the source node, it selects sequentially the next unvisited node with the smallest tentative cost 

from the source. Then, it examines neighbours of this chosen node and updates their tentative cost 

if a path with lower cost is detected [116]. This process continues until the destination node is 

reached, or all reachable nodes have been visited. Efficiency is achieved by processing each graph 

edge only once, given that no negative edges are present [89].  

Figure 2.13 shows the progression of Dijkstra’s algorithm on a weighted graph. Initial costs 

to all nodes except the starting node are infinite in step 1. In step 2, the options from node 1 are 

evaluated and node 5 is selected for its lower cost. In step 3, the algorithm compares visiting node 

4 from node 5 (cost = 3) with visiting node 2 from node 1 (cost = 5), selecting node 4. In step 4, 

node 2 is selected over node 3 because of its lower tentative cost. Finally, node 3 can be reached 

either from node 4 (cost = 6) or from node 2 (cost = 2); the latter option is selected. 
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Figure 2.13 Dijkstra’s algorithm in action [103] 

 

Dijkstra’s primary constraint is its greedy nature, potentially hindering the pursuit of 

optimal paths. As shown in Figure 2.14, the lowest cost path from node 1 to node 4 is 1 → 3 → 4 

with a cost of 4. Nonetheless, Dijkstra’s algorithm erroneously identifies path 1 → 2 → 4 by 

greedily pursuing minimum weight edges at each step.  
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Figure 2.14 Dijkstra’s algorithm failing greedily [103] 

 

Summarizing the three search methods presented above, DFS and BFS are used for 

unweighted graph search problems. Dijkstra is a short path algorithm where path weights are 

considered. In the next section, HLU optimisation is discussed. 

 

2.3.2 Classification of Optimisation Algorithms 

 Optimisation seeks to identify values of input variables that maximise or minimise an 

Objective Function within set bounds [117]. The Objective Function quantifies system 

performance from specific independent input variables. Establishing an accurate yet efficient 

model is crucial as overly simplistic or complex models can lead to inaccurate or laborious 

solutions respectively [118]. Upon model formulation, various optimisation algorithms designed 

for specific system types are considered and a suitable choice is made to determine the solution 

accurately and efficiently. Finally, optimisation algorithm performance must be evaluated [119]–
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[121]. The solution must also be evaluated in terms of the actual application, possibly leading to 

model refinement and improvement. Each time the model is modified, the optimisation problem 

is solved again, in an iterative process. 

A mathematical optimisation problem can be described as follows [122]: 

Minimize  f0(x) 

subject to  fi(x) ≤  bi  i = 1 , … , m     (2.1) 

 

Vector x = (x1, …, xn) is the optimisation variable of the problem, where individual 

components are input variables. Function f0 : R
n → R is the Objective Function, a scalar function 

of x to maximize or minimize. Functions fi : R
n 
→ R , i = 1 , …, m are inequality constraint 

functions with constants b1 , bi ,… , bm as bounds. Vector x* is called optimal or a solution to the 

problem, Equation 2.1, if it has the minimum or maximum objective value among all vectors that 

satisfy constraints fi . Therefore, for any z with f1(z) ≤ b1 , … , fm(z) ≤ bm , inequality f0(z) ≥ f0(x
*) 

is always respected. Figure 2.15 shows a graphical representation of a general optimisation 

problem. 

Understanding the different types of optimisation algorithms and how they can be grouped 

is the first step towards algorithm selection. Optimisation algorithms can be classified in multiple 

ways [117], [123]–[126]. 
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Figure 2.15 Graphic representation of an optimisation problem [117] 

 

Optimisation problems can be discrete or continuous [127]. Continuous models are solved 

using numerical or calculus-based optimisation [128]. These solution methods further subdivide 

into direct and indirect search methods. Direct search methods rely on local gradients for moving 

towards a local optimum [129]. Indirect methods are local in scope and assume the existence of 

derivatives to the model function. These specificities narrow the applicability of numerical 

methods to a limited number of optimisation problems [130].  

Numerical optimisation methods are generally not well suited to problems of a discrete 

nature, where decisions are selected from a finite set of alternatives. In such cases, the system is 

represented by discrete states and transitions rather than continuous variables. HLU draping 

sequence optimisation belongs to this class of problems, as draping is represented as a sequence 

of discrete operations performed over interconnected regions of the mould surface. 

 Optimisation problems can be constrained or unconstrained [131]. Unconstrained 

optimisation problems are usually set as such for simplifying the algorithm; constraints can be 
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substituted by penalization terms that discourage their violation. Conversely, constrained 

optimisation problems feature boundaries that are essential to fidelity of the model to the real-

world system; examples include limits on displacement, stress, strain, or in-plane shear angle. 

 Optimisation problems can be classified as linear, nonlinear or convex according to the 

nature of the Objective Function and constraints [132]. An optimisation problem is linear when 

the Objective Function and all constraints are linear functions of x [133]. Linear constraints and 

objectives are frequently favoured in problem formulation due to their simplicity and ease of 

definition [134]. Even if an Objective Function is not inherently linear, defining it as such is often 

more straightforward than a complex alternative. Nonlinear models are often better suited to 

problems arising from physical sciences and engineering but they require complex formulation 

and more computational resources. Therefore, linearization of convex problems is often attempted, 

even when valid only within particular regions of the domain. Linear models are frequently used 

in engineering applications to represent complex material behaviour while maintaining 

computational efficiency. 

 Optimisation can be classified as local or global. Identifying a single global optimisation 

solution is often difficult for nonlinear problems. Local optima constitute an attractive option for 

identifying an acceptable solution. For convex problems and more particularly for linear problems, 

local solutions are also global solutions [135]. The identification of a global solution to a nonlinear 

problem typically requires the solution of many local optimisation problems [117]. Consequently, 

optimisation methods that combine local decision-making with global search strategies are 

frequently employed to address large and complex optimisation problems. 

 Optimisation problems can be categorised as single objective or multi-objective [136]. 

Multi-objective optimisation (MOO) deals with the simultaneous optimisation of two or more 
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conflicting objectives, whilst respecting all constraint functions [137]. If the objectives are linearly 

related, the model shall not be treated as a MOO problem [138]. For HLU optimisation, cost and 

quality can be combined into a single Objective Function and optimised using a single-objective 

approach. 

 Figure 2.16 shows a classification of optimisation methods proposed by Bandyopadhyay et 

al. [139], featuring notably Brute Force optimisation and Dynamic Programming, which are 

discussed in the following sections.  

 

Figure 2.16 Classification of optimisation methods [139] 

 

2.3.3 Initialization for Enumerative Optimisation Methods 

 Initialization plays a fundamental role in optimization algorithms, as the quality of the initial 

solution often influences both the convergence rate and the likelihood of reaching a global 

optimum. Different strategies exist, ranging from purely random initialization to heuristics that 

exploit prior knowledge of the problem structure [79],[80]. In many combinatorial or engineering 

optimization problems, heuristic initialization can reduce the search space substantially and guide 

the algorithm toward promising regions of feasible solutions from the outset [81],[82]. The choice 
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of initialization method should therefore reflect both the nature of the problem and the 

characteristics of the data or geometry being optimised. 

Hasanzadeh and Keynia [143] demonstrated that Pareto-based initialization can improve 

convergence speed and solution quality of metaheuristic algorithms significantly, compared to 

purely random initialization. In their study, several population-based algorithms such as genetic 

algorithms, particle swarm optimization, and differential evolution were tested under both random 

and Pareto-based initial conditions. Results consistently showed that assigning higher initial 

weight to the top 20% of influential elements, while maintaining diversity through the remaining 

80%, produced faster convergence and better global optima. 

These findings suggest that initialization can influence both optimisation efficiency and 

solution quality. Consequently, heuristic initialization strategies are commonly used to define 

representative starting points and guide the search process toward promising regions of the solution 

space. 

 

2.3.4 Brute Force Algorithms 

 Increases in computational power have led researchers to investigate the feasibility of 

solving mathematical and industrial problems through bold approaches. Brute force (BF) methods, 

where every possibility is probed, have been avoided historically due to exponential growth in 

complexity and data management needs, even in cases where creating and solving a mathematical 

model was complex. As stated by Heule [144], it may never be possible to produce a proof for 

some truth statements. Recent BF algorithms applications include Konev’s partial solution [145] 
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of the combinatorial problem put forth by Erdos [146]; the size of that solution is 13 GB. Similarly, 

Lamb’s solution [147] for the Boolean Pythagorean triples problem extends 200 TB [148]. 

 BF methods solve optimisation problems through exhaustive evaluation of all feasible 

solutions. Although computationally demanding, they guarantee identification of the global 

optimum provided that the complete solution space can be explored. BF optimisation is applied in 

the following form:  

 

Minimize {f(x) | x ϵ X}      (2.2) 

 

where set X summarizes constraints on decision variables x, and  

 

X ⸦ Ẍ | Ẍ = nPr 

n = r = #BaS 

 

where #BaS is the total number of BaS in the geometry. 

For sequence-planning problems, BF can be used to generate and evaluate all feasible 

decision sequences, making it a useful benchmark for assessing the performance of more 

computationally efficient optimisation methods. 
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2.3.5 Dynamic Programming Algorithms 

 Dynamic programming (DP) is a method for solving complex problems by breaking them 

into simpler overlapping subproblems and solving each subproblem only once, storing the 

solutions to subproblems in a table to avoid redundant computations. This technique is particularly 

useful for optimization problems where the goal is to find the best solution among a set of possible 

solutions [149]. 

DP is a suitable alternative to BF for combinatorial problems featuring large decision 

spaces. DP is a efficient enumerative search technique that identifies a near optimal solution 

through the recursive solution of multiple local optima [150]. For combinatorial models, solving 

local optima within feasible subspaces can significantly reduce computational time and resource 

requirements [151]. DP algorithms have proven their efficacy for many optimisation applications, 

taking advantage of quick solutions to small subproblems to achieve a near optimal solution [152]. 

DP is also well suited to trajectory optimisation problems [153], and other problems that can be 

represented as a sequence of interconnected decisions, such as draping sequence planning. 

 DP problem specification is commonly done in the form of a nonlinear recursive equation, 

labelled dynamic programming functional equation (DPFE). The key task is to formulate the 

problem in terms of a DPFE, such that the solution of the recursive DPFE is the solution of the 

optimisation problem. This multistage decision process optimisation is based on the principle of 

optimality, which states that whatever the initial state and initial decision of an optimal policy are, 

remaining decisions must constitute an optimal policy with regard to the state resulting from the 

first decision [154]. Equation (2.1) describing BF can be modified and solved using DP as shown 

in Equation (2.3): 
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         H*
 = opt (d1, d2, … , dn) ϵ Δ{H(d1, d2, … , dn)} = 

     = opt d1∈D1{ optd2∈D2(d1) {. . . { optdn∈Dn(d1 ,..., dn−1) { H (d1 , . . . , dn)}} . . .}}.  (2.3) 

 

where H* is the optimal solution of function H obtained through recursive solving of the DPFE 

for each decision di taken from an element Di in a set of {D}. 

 For a DP problem, conditions must exist where the recursive DPFE must stop being solved. 

Let function f (d1, …, di-1) be defined as the optimal solution of the sequential decisions. Decisions 

d1, …, di-1 are already made, and decisions di, …, dn are yet to be made. Then, f (d1, …, di-1) can be 

rewritten as Equation (2.4): 

 

f (d1, …, di-1) = optdi∈Di(d1,...,di−1){Ci(di|d1, . . . , di−1) + f(d1, . . . , di)}.    (2.4) 

 

where the optimal solution f (d1, …, di-1) is equal to the optimum decision di found inside decision 

space Di, which evaluates the cost of decision di from a state defined by previous decisions d1, . . 

., di−1 , plus the cost of all previous decisions, Ci. Equation (2.4) can be rewritten as follows: 

 

S* = optdi∈Di(S){Ci(di|S) + f(S’)}.       (2.5) 

 

where S* is the optimal solution of the system state, S is a state within a set Ş of possible states, 

and S’ = (d1, …, di) is a next state. Depending on the problem formulation, the cost function C(d|S) 

may account only for the immediate effect of decision d, or it may incorporate information from 

future states through look-ahead strategies. Such approximations are commonly used to reduce 
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computational complexity whilst retaining part of the future information relevant to the 

optimisation process, as observed in Equation (2.6) for 1-next state and (2.7) for 2-next states: 

 

S* = optd∈S{C(d|S) + f(S’)}.       (2.6) 

 

S* = optd∈S{C(d|S) + f(S’) + f(S’’)}.                    (2.7) 

 

where every element being summed in (2.5) to (2.7) belong to the set of real numbers ℝ. 

Decision space Di is the feasible subspace in which local optima are sought by a DP 

algorithm. It contains all decisions that may be selected from a given system state. The definition 

of Di is problem-dependent and directly influences both the quality of the solution and the 

computational effort required. The decision space adopted for HLU optimisation is presented in 

Chapter 6. 

DP facilitates the identification of local and global optimal solutions [155]. DP algorithms 

tend to be compact as they use recursive functions. Both linear and non-linear problems can be 

addressed using DP [156]. Conversely, recursion demands more memory, potentially causing stack 

overflow during runtime. 

Memoization is a top-down dynamic programming technique that speeds up recursive 

algorithms by storing the results of subproblems the first time they are solved. When the same 

subproblem reappears, the algorithm reuses the stored value instead of computing again. This 

eliminates repeated work and can improve runtime dramatically, at the cost of using additional 



43 

 

memory [158]. One disadvantage is that storing solutions for each sub-problem consumes memory 

with no guarantee that stored values will be utilised latter in execution [157]. 

One of the main disadvantages of DP is that it can get trapped in local optima [159] due to 

its dependency on the assumption that a complex problem can be broken down into smaller 

subproblems, the optimal solutions of which can be combined into a near optimal solution. If this 

condition known as the optimal substructure property is absent, the method may propagate 

solutions that are only optimal within their restricted scope. Consequently, the final result may 

represent a local rather than a global optimum, limiting the validity of the approach.  

Cool et al. [160] reviewed various connectivity constraints in topology optimization and 

emphasized that enforcing connectivity strongly affects design outcomes. Similar principles can 

be applied to sequence-planning problems, where connectivity constraints help prevent infeasible 

or impractical intermediate states. In the context of draping, connectivity preservation can be used 

to avoid situations where undraped BaS become surrounded by previously draped regions, leading 

to more realistic draping sequences. 

While the DP formulation presented in (2.4) - (2.7) describes the exact recursive solution of 

the optimisation problem, its direct application becomes computationally prohibitive due to the 

factorial growth of the decision space. Therefore, practical implementations often rely on 

approximate dynamic programming strategies, where the value function is estimated using limited 

lookahead or heuristic evaluations. This trade-off between optimality and computational 

tractability is particularly relevant for high-dimensional combinatorial problems such as draping 

sequence optimisation. 
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2.3.6 Optimisation Summary 

Good optimisation algorithms possess the following properties [117]: 

• Robustness: the algorithm performs satisfactorily for a wide variety of problems of 

similar nature, and for a wide range of initial values; 

• Efficiency: the solution is obtained within a reasonable amount of time, without need 

for sizeable computational resources; 

• Accuracy: the algorithm identifies the solution with precision whilst avoiding over-

sensitivity to error in input data. 

The HLU optimisation problem presents the following characteristics: discrete nodes, 

multiple interconnected decisions, and a finite search space. Consequently, it can be classified as 

a discrete, non-convex optimisation problem where both the Objective Function and feasible 

subspace may be arbitrary. Solving such problems presents a significant challenge due to the 

potentially large number of feasible solutions [161]. The literature reviewed in this chapter 

identifies BF and DP as suitable optimisation approaches for addressing these characteristics. 

Before these optimisation algorithms can be applied, a mathematical representation of the 

HLU process is required. Such a model must describe how draping progresses across a mould 

surface, how yarn orientations evolve between neighbouring BaS, and how alternative draping 

sequences can be represented. The development of this modelling framework is presented in 

Chapter 3 and forms the foundation upon which the optimisation methods introduced in subsequent 

chapters are built. 
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Chapter 3. Modelling the Hand Lay-up Process 

 

This chapter presents the mathematical and algorithmic framework developed to model the 

HLU process. Following the geometric parameter extraction and processing stage described 

previously, two distinct sets of geometric parameters are used within the overall methodology. The 

first set, introduced in Section 1.2.2, consists of the Frustum parameters that are used for 

interacting with Database A. The second set of geometric parameters is introduced in this chapter 

and is specifically defined to support the HLU modelling and optimisation algorithms. Figure 3.1 

provides a high-level overview of the methodology developed in this thesis and illustrates how 

these geometric parameters interact with the main components of the framework. 

 

 

Figure 3.1 High-level workflow of the proposed optimisation framework 
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This chapter focuses on simulating the progression of fabric draping across complex 

geometries by determining the evolution of yarn orientations as they transition between adjacent 

BaS. It begins with a detailed explanation of the rotation and interpolation methods used for 

transferring warp and weft vectors across flat, single-curvature and double-curvature surfaces. It 

then introduces the logic for handling multiple draped neighbours and the integration of search 

algorithms to generate viable draping sequences. By establishing this geometric foundation, the 

model provides the data necessary for evaluating the Objective Function and predicting 

manufacturing defects such as wrinkling. 

 

3.1 Yarn Orientations 

 

Figure 3.2 shows the normalized vector reference frame used for defining warp and weft 

yarn orientations on each BaS. This section details how warp and weft yarn orientations are 

determined upon draping successive BaS. Initial warp and weft orientation vectors on the first BaS 

are set by the user and saved as orientation using a normalized vector reference frame for each 

BaS, where the first reference frame normalized vector v_red is parallel to the first edge of the BaS 

and the second reference frame normalized vector v_black completes the set of coplanar 

orthogonal normalized vectors associated with the BaS. 
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Figure 3.2 Geometric parameters for calculating reference frame vectors v_red and v_black 

 

Each BaS #i is assigned a plane ΠNi defined by its v_redi and its centre point cpi . Algorithm 

3.1 for determining v_red and v_black vectors is as follows. 

Algorithm 3.1 Generation of reference frame vectors Red and Black 

For every BaS_i: 

Define centre_point (BaS_i): 

centre_point = mean(middle_edge_points (BaS_i)) 

return centre_point 

Define v_red (first_edge(BaS_i): 

extract p1 and p2 from first_edge(BaS_i) 

 v_red = normalized vector from p1 to p2 

 return v_red   

Define v_black(v_red, centre_point, first_edge(BaS_i)): 

extract p1 and p2 from first_edge(BaS_i) 
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   normal_plane = (p2 - p1) × (centre_point - p1) 

   v_black = (normal_plane × v_red) 

   return v_black 

 

Functions for calculating yarn orientations when draping subsequent flat, single or double 

curvature surfaces beyond the first BaS are presented below. For flat or single curvature BaS, warp 

and weft vectors are transferred to the next BaS using rotations. For double curvature BaS, in-

plane shear induced upon draping the surface is added to yarn orientations in a three-step method. 

In all cases, information from all previously draped neighbours is used. 

To support these calculations, yarn orientations are managed through the Orientations 

Matrix, a data structure that stores the warp and weft orientation vectors together with the 

corresponding in-plane shear angle for every BaS. The matrix is updated after each draping 

decision and queried whenever a subsequent draping step is evaluated, ensuring consistent 

propagation of yarn orientations throughout the draping sequence.  

When analyzing a draping step of the type [BaS_a → BaS_b], the draping step can be a 

starting draping step or not. Starting draping steps have the particularity that BaS_a does not have 

any draped neighbour(s) hence yarn orientations for BaS_a must be calculated through Algorithm 

3.2 as shown below. 

 

Algorithm 3.2 Calculation of warp and weft vectors for starting BaS 

Define oriented_warp_weft(v_red, v_black, orientation): 

normal_vector = (v_red × v_black) 

rotation_matrix(normal_vector, orientation) 
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oriented_vector_warp = (rotation_matrix ∙ v_red) 

Calculate orthogonal vector weft in the plane: 

projection = (oriented_vector_warp ∙ v_black) / 

     (oriented_vector_warp ∙ oriented_vector_warp) 

oriented_vector_weft = v_black - projection * 

oriented_vector_warp 

Normalize oriented vectors warp and weft 

return oriented_vector_warp, oriented_vector_weft 

 

For a randomly selected draping sequence, for example [1–2, 2–3, 2–6, 3–5, 5–7, 7–4], 

Figure 3.3 shows the reference frame vectors v_red and v_black in red and black, along with warp 

and weft orientation vectors oriented_vector_warp and oriented_vector_weft in green and yellow. 

The local initial orientation is defined as a 45° warp orientation with an initial 0° shear angle 

between warp and weft. 

  

Figure 3.3 Reference vectors and warp & weft orientation vectors over neighbouring BaS  
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3.1.1 Yarn Orientations for Flat and Single Curvature Base Surfaces 

Figure 3.4 shows successive draping steps for demonstrator 27_Hutchinson, highlighting 

the evolution of warp and weft yarn orientations as draping progresses across adjacent BaS. 

Draping starts from BaS #3 with an initial yarn orientation of 0°/90° and follows the sequence [3-

4, 4-1, 4-5, 5-6, 3-2]. The figure shows how yarn orientations are propagated and updated after 

each draping step as the reinforcement advances across the mould surface. 

 

Figure 3.4 Warp and weft orientations passed from BaS to BaS, case with low in-plane shear 

 

If starting BaS_a is flat or single curvature, then warp and weft vectors are determined, saved 

and transferred to the next draped BaS_b using function rotate_vectors_in_plane as shown in 

Algorithm 3.3 below, where index 1 is used for BaS_a data and index 2 is used for BaS_b data. 
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Algorithm 3.3 Warp and weft vectors rotation for BaS with draped neighbours 

Define rotate_vectors_in_plane (v_warp1, v_weft1, v_red1, 

v_black1, v_red2, v_black2): 

Calculate perpendicular vectors perp1 and perp2 

perp1 = (v_red1 × v_black1) 

perp2 = (v_red2 × v_black2) 

Move perp1 and perp2 to origin <0, 0, 0> 

perp1_origin =  

perp1 - (perp1 ∙ v_red1) * v_red1 – (perp1 ∙ v_black1) 

* v_black1 

perp2_origin =  

perp2 - (perp2 ∙ v_red2) * v_red2 – (perp2 ∙ v_black2) 

* v_black2 

Create Rotation Matrix 

          ortho = (perp1_origin × perp2_origin) 

Create initial_plane_matrix 

initial_plane_matrix = [perp1_originT, orthoT, 

(perp1_origin × ortho)T] 

Create final plane matrix 

final_plane_matrix = [perp2_originT, orthoT, 

(perp2_origin × ortho)T] 

Calculate rotation matrix 

rotation_matrix = (final_plane_matrix ∙ 

initial_plane_matrix-1) 

Rotate vectors using rotation matrix 

v_warp2 = (rotation_matrix ∙ v_warp1) 

v_weft2 = (rotation_matrix ∙ v_weft1) 

Normalize rotated vectors 

return v_warp2, v_weft2 

# v_warp2 and v_weft2 are in the same plane than v_red2 and 

v_black2 # 
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3.1.2 Yarn Orientations for Double Curvature Base Surfaces 

If BaS_a has double curvature, initial shear angle on every edge of BaS_a is interpolated 

from linear equations and BaS_a draping data contained in Database A. Then, a single value of the 

shear angle is set for BaS_a: shear angle over each individual BaS takes a single value in the model. 

Two different settings were developed for determining these single values of the shear angle. The 

first setting consists in selecting the maximum shear value calculated at every edge, Equation (3.1); 

the second setting consists in calculating a weighted average shear angle value, Equation (3.2). 

Under the first setting, in-plane shear angle for BaS_a is the maximum value,  

 

𝜃𝑀𝑎𝑥_𝐵𝑎𝑆_𝑎 = max(𝜽𝒂)                (3.1) 

 

where θa is the set of shear angle values calculated at the midpoint of every edge of BaS_a. Under 

the second setting, in-plane shear angle for BaS_a is a weighted average, 

 

𝜃𝐴𝑣𝑔_𝐵𝑎𝑆_𝑎 =
∑ 𝜃𝑎𝑙𝑒𝑖

𝑛
1

∑ 𝑙𝑒𝑖
𝑛
1

     (3.2) 

 

where n is the total number of edges for BaS and lei is the length of edge i. 

Figure 3.5 shows the three steps used to update warp and weft yarn orientations for BaS #6. 

The blue arrows indicate the sequential draping steps corresponding to draping sequence [6-2, 2-

1, 2-3, 1-4, 3-5, 5-7]. After a single value of in-plane shear is calculated for the double-curvature 
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BaS, this value is added to the initial warp and weft vectors through the three steps shown in the 

figure. 

Firstly, warp and weft vectors are rotated to an x-y plane using Algorithm 3.3, where v_red2 

= (1,0,0) and v_black2 = (0,1,0) . Secondly, shear is added to the warp and weft vectors using 

Algorithm 3.4 In-plane shear angle addition in plane x-y. Finally, 2D sheared warp and weft vectors 

are returned to their original 3D plane using Algorithm 3.3 .  

 
Figure 3.5 Yarn orientations for demonstrator 30_Corner. 

 

Algorithm 3.4 In-plane shear angle addition in plane x-y 

Define add_shear_2D(warp, weft, shear): 

Normalize warp and weft vectors 

Calculate mean_vector = warp + weft 

Calculate rotation_angle = angle between mean_vector and 

positive x-axis, 0° to 360° 

Rotate (warp, weft, mean_vector) by rotation_angle 

Calculate angle_warp between positive x-axis and 

rotated_warp 

Add shear:  

If i element of rotated_warp(i,j)>= 0,  
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theta = angle_warp + shear/2 

else: 

theta = angle_warp – shear/2 

sheared_warp = Rotate (rotated_warp) by theta 

Normalize sheared_warp 

Calculate sheared_weft = sheared_warp(i, -j) 

Rotate vectors to their original region in 3D plane: 

Rotate (sheared_warp, sheared_weft) by -1*rotation_angle 

return sheared_warp, sheared_weft 

3.1.3 Yarn Orientations for a Base Surface with Draped Neighbours 

If draping step [BaS_a → BaS_b] is not the first draping step, BaS_a is identified as draped 

and the software proceeds to analyzing the draping of BaS_b. All draping geometric information 

from the draped neighbours of BaS_b is transferred to BaS_b. First, all draped neighbours from 

BaS_b are identified and listed, along with yarn orientations and length of the edge that every 

draped neighbour shares with BaS_b. Then the algorithm proceeds to calculating a weighted 

average to determine the yarn orientations for BaS_b. This operation may generate in-plane shear. 

 

Algorithm 3.5 Affectation of draped neighbours’ warp and weft orientations  

For all draped_neighbours of BaS_b: 

   Rotate warp and weft vectors into BaS_b plane 

   Save rotated_vectors in neighbours_warp_weft_rotated matrix 

   If amount of draped_neighbours = 1 

Do nothing. 

   Else, if amount of draped_neighbours > 1: 

      For all rotated_vectors in neighbours_warp_weft_rotated: 

   # Permutation list for memoization purposes # 
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   Create permutation_list of all rotated_vectors 

         Calculate weighted_avg_warp  

 Calculate weighted_avg_weft  

 

 If the generated in-plane shear is larger than the experimentally defined threshold observed 

in step 6 of Figure 3.2, then the software alerts the user of possible wrinkling and provides an edge 

darting recommendation when applicable, as described in Section 3.4. 

 Finally, if BaS_b is either flat or has single curvature, the computed warp and weft vectors 

accounting for the influence of neighbouring BaS are stored for use in subsequent draping step 

analyses. Otherwise, if BaS_b has double curvature, in-plane shear is calculated and added to the 

previously calculated warp and weft orientations for BaS_b. 

 

 

3.2 Hand Lay-up Progression and Draping Sequences 

 

HLU drape modelling aims at describing the progressive, sequential covering of a mould by 

a pattern. In this thesis, a discrete description of draping is proposed where the following 

conditions are met: 

• Draping of a pattern always starts from only one BaS; 

• Draping progresses from a previously draped BaS; 

• Draping progresses one BaS at a time; 

• Draping ends when all BaS of a mould are draped. 
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Different approaches to HLU draping optimisation are explored in this thesis. Each 

optimisation algorithm searches draping possibilities, evaluates them, and compares them. 

Generating draping sequences first without evaluating the cost or quality associated with these 

sequences at the same time is labelled an unweighted search task. In this work, DFS and BFS 

algorithms were used in unweighted searches, generating as many draping sequences as possible 

for a given mould. 

3.2.1 Generating Draping Sequences Using Unweighted Depth-First Search 

A DFS algorithm was developed to explore systematically all valid draping sequences across 

a mould. This approach identifies every potential draping sequence by going through the mould’s 

base surfaces as a search graph, ensuring physical continuity.  

At each step, the sequence is extended by selecting an undraped neighbor of the most 

recently draped BaS. This enforces a strictly local propagation of the draping process. However, 

when no such neighbour exists (i.e., the sequence reaches a dead-end), a recovery mechanism is 

activated: the stuck function. In this case, the next BaS may be selected from the set of undraped 

neighbours of any previously draped BaS, thereby enabling branching and preventing premature 

termination of the sequence. 

The generation of feasible draping sequences is formulated as a constrained traversal over a 

graph. Let 

𝑮 = (𝑽, 𝑬)       (3.3) 
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be an undirected graph, where V is the set of BaS, 𝑬 ⊆ 𝑽 × 𝑽  is the set of graph-edges representing 

neighbouring relationships, and 𝑽 × 𝑽 = {(𝑢, 𝑣) | 𝑢 ∈ 𝑽, 𝑣 ∈ 𝑽, 𝑢 ≠ 𝑣} generates all possible 

ordered pair of graph-nodes, i.e., all the possible pairs of draping steps. 

 A draping sequence is defined as an ordered list of nodes: 

 

𝑺 = [𝑣1, 𝑣2, … , 𝑣𝑘],     𝑣𝑖  ∈  𝑽    (3.4) 

 

where each element represents the order in which BaS are draped. 

 A draping sequence S is considered valid if it satisfies the following conditions: 

i) Uniqueness constraint – Each BaS is draped at most once, preventing revisiting 

previously draped BaS. 

 

 

𝑣𝑖 ≠ 𝑣𝑗       ∀ 𝑖 ≠ 𝑗      (3.5) 

   

ii) Conditional adjacency and expansion rule – At each step, the sequence is extended by 

selecting a new BaS according to a priority rule. First, define the set of forward 

candidates from the last node: 

 

𝑁𝑒𝑥𝑡𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝑺) =  {𝑢 ∈  𝑵(𝑣𝑘) | 𝑢 ∉  𝑺}    (3.6) 
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  where N(𝑣𝑘) denotes the set of neighbours of the last node 𝑣𝑘 

 

iii) Local propagation – Always continue draping from the last draped BaS, if forward 

candidates exist: 

 

𝑁𝑒𝑥𝑡𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝑺) ≠ Ø      (3.7) 

  then the next node must satisfy: 

 

𝑣𝑘+1 ∈  𝑁𝑒𝑥𝑡𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝑺)     (3.8) 

 

iv) Stuck condition – dead-end detection. A draping sequence is considered stuck when no 

forward candidates are available: 

 

𝑁𝑒𝑥𝑡𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝑺) = Ø      (3.9) 

 

v) Branching – When condition iv) is valid, a branching mechanism is activated. The next 

node is selected from the set of undraped neighbours of any previously draped BaS: 
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𝑁𝑒𝑥𝑡𝑏𝑟𝑎𝑛𝑐ℎ(𝑺) = ⋃ {𝑢 ∈  𝑵(𝑣𝑗) | 𝑢 ∉  𝑺}𝑣𝑗 ∈ 𝑺    (3.10) 

  and 

𝑣𝑘+1 ∈  𝑁𝑒𝑥𝑡𝑏𝑟𝑎𝑛𝑐ℎ(𝑺)     (3.11) 

 

This allows the algorithm to branch from earlier nodes in the sequence, avoiding 

premature termination. 

 The sequence extension can be compactly expressed as: 

𝑣𝑘+1 ∈ {
{𝑢 ∈  𝑵(𝑣𝑘) | 𝑢 ∉  𝑺},           𝑖𝑓 ∃𝑢 ∈    𝑵(𝑣𝑘)\𝑺

⋃ {𝑢 ∈  𝑵(𝑣𝑗) | 𝑢 ∉  𝑺}𝑣𝑗 ∈ 𝑺 ,              𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
   (3.12) 

where the objective of the algorithm is to construct the set: 

Ŝ= {𝑺 |𝑺 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑎𝑙𝑙 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠 𝑎𝑏𝑜𝑣𝑒}    (3.13) 

Algorithm 3.6 outlines the iterative logic and backtracking routines used for generating these 

sequences. 

 

Algorithm 3.6 DFS draping sequences generator 

# Inputs:               # 

# G = (V, E) i.e. MinMax matrix and 3D neighbouring matrix  # 

# N(v)   Function returning neighbours of BaS v    # 

# Output:                # 

# S_all   Set of all valid draping sequences     # 
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# List to store all valid sequences 

Initialize S_all = [] 

# Loop over all possible starting BaS (v_start) 

For each node v_start in V: 

   Initialize queue stack Q 

   Push [v_start] into Q #start sequence from v_start# 

   #Explore all sequences starting from v_start# 

   While Q is not empty: 

      S = Pop(Q)   #Current sequence# 

      v_k = last element of S #Most recently draped BaS# 

      #Step 1: Forward expansion – priority rule# 

      #Try to continue from the last node# 

      Next_forward = {u in N(v_k) such that u not in S} 

   If Next_forward is not empty: 

         #Local growth# 

         For each node u in Next_forward: 

      S_new = S + [u]  #Extend sequence# 

   Push S_new into Q #Continue exploration# 

   Else: 

   #Step 2: Stuck condition → Branching enabled# 

         Next_branch = empty set 

   #Generate all possible next steps from all previously# 

   #draped BaS# 

   For each node v_j in S: 

   Neighbours_j = N(v_j) 

   For each node u in Neighbours_j: 

    If u not in S: 

     Add u to Next_branch 

   #Branching Expansion# 

   For each node u in Next_branch: 
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   S_new = S + [u]  #Extend sequence# 

   Push S_new into Q 

      #Break if full sequence reached# 

   If length(S)==|V|: 

  Add S to S_all 

#Output all valid sequences# 

return S_all 

 

 

Algorithm 3.6 was validated on industrial demonstrators. Figures 3.6–3.8 illustrate the 

geometry of demonstrator 27_Hutchinson, the search graphs of two randomly selected draping 

sequences (DFS), and their representation on the mould geometry. 

 

Figure 3.6 Demonstrator 27_Hutchinson; Labelled BaS 
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Figure 3.7 DFS for 27_Hutchinson: a) Starting from BaS #1; b) Starting from BaS #4 

 

 

Figure 3.8 DFS sequences: a) Starting from BaS #1; b) Starting from BaS #4 

Individual DFS generated draping sequences shown in Figures 3.8 a) and 3.8 b) are saved as 

individual rows in arrays; all sequences starting at the same BaS are saved in one distinct array 

under the format shown in Equations (3.14) and (3.15) . For example, all sequences starting at 

BaS_1 are saved in seqs_array_1 , and all sequences starting at BaS_4 are saved in seqs_array_4 

, etc.  
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𝑠𝑒𝑞𝑠_𝑎𝑟𝑟𝑎𝑦_1 =

[
 
 
 
 

[𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 1 𝑠𝑡𝑎𝑟𝑡𝑖𝑛𝑔 𝑎𝑡 𝐵𝑎𝑆_1]
⋮

[1 − 3, 3 −  2, 1 −  4, 4 −  5, 5 −  6]
⋮

[𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑛 𝑠𝑡𝑎𝑟𝑡𝑖𝑛𝑔 𝑎𝑡 𝐵𝑎𝑆_1] ]
 
 
 
 

        (3.14) 

𝑠𝑒𝑞𝑠_𝑎𝑟𝑟𝑎𝑦_4 =

[
 
 
 
 

[𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 1 𝑠𝑡𝑎𝑟𝑡𝑖𝑛𝑔 𝑎𝑡 𝐵𝑎𝑆_4]
⋮

[4 − 5, 5 − 6, 4 − 3, 3 − 2, 4 − 1]
⋮

[𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑛 𝑠𝑡𝑎𝑟𝑡𝑖𝑛𝑔 𝑎𝑡 𝐵𝑎𝑆_4] ]
 
 
 
 

       (3.15) 

 

3.2.2 Generating Draping Sequences Using Unweighted Breadth-First Search  

The BFS approach explores sequences level by level, unlike DFS which goes deep first. In 

the context of draping sequences, this ensures that all sequences of length k are explored before 

moving to length k+1. BFS graph formulation is as follows. Let Equation (3.3) 

 

𝑮 = (𝑽, 𝑬)        

 

be an undirected graph, where V is the set of BaS, 𝑬 ⊆ 𝑽 × 𝑽  is the set of graph-edges representing 

neighbouring relationships between BaS, and 𝑽 × 𝑽 = {(𝑢, 𝑣) | 𝑢 ∈ 𝑽, 𝑣 ∈ 𝑽} generates all 

possible ordered pair of graph-nodes, i.e., all the possible pairs of draping steps. 

 A draping sequence is defined by Equation (3.4) as an ordered list of nodes where each 

element represents a BaS in the order it is draped: 

 



64 

 

𝑺 = [𝑣1, 𝑣2, … , 𝑣𝑘],     𝑣𝑖  ∈  𝑽 

 

 The proposed Breadth-first search algorithm is subjected to the following conditions: 

i) Forward expansion from the last draped node, Equation (3.6) – Attempt to extend the 

draping sequence from 𝑣𝑘 

 

𝑁𝑒𝑥𝑡𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝑺) =  {𝑢 ∈  𝑵(𝑣𝑘) | 𝑢 ∉  𝑺} 

ii) Expansion from all previously draped nodes – To ensure complete exploration, BFS 

also considers neighbours of all nodes in the current sequence 

 

𝑁𝑒𝑥𝑡𝑎𝑙𝑙(𝑺) = ⋃ {𝑢 ∈  𝑵(𝑣𝑗) | 𝑢 ∉  𝑺}𝑣𝑗 ∈ 𝑺      (3.16) 

 

iii) Sequence generation – for every u ϵ Nextall (S), create a new sequence Snew = S + [u] 

and enqueue it in the BFS queue. This ensures that all possible draping sequences are 

explored breadth-first while giving priority to forward expansion from the last draped 

BaS. 

 Algorithm 3.7 presents the BFS draping sequences generation. 
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Algorithm 3.7 BFS draping sequences generator 

# Inputs: 

# G = (V, E)    # i.e. MinMax matrix and 3D neighbouring matrix 

# N(v)          # Function returning neighbours of BaS v 

# Output: 

# S_all         # Set of all valid draping sequences 

# List to store all valid sequences 

Initialize S_all = [] 

# Loop over all possible starting BaS (v_start) 

For each node v_start in V: 

    Initialize queue stack Q 

    Enqueue [v_start] into Q    # Start sequence from v_start 

 

    # Explore all sequences starting from v_start 

    While Q is not empty: 

        S = Dequeue(Q)             # Current sequence 

        v_k = last element of S    # Most recently draped BaS 

 

        # Step 1: Forward expansion – priority rule 

        # Try to continue from the last node 

        Next_nodes = set() 

        # Forward-first: last node expansion 

        For each u in N(v_k): 

            If u not in S: 

                Add u to Next_nodes 

 

# Step 2: Full neighbour expansion from all previously       

#draped BaS 

        For each v_j in S: 

            For each u in N(v_j): 
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                If u not in S: 

                    Add u to Next_nodes 

 

        # Step 3: Enqueue all new sequences 

        For each u in Next_nodes: 

            S_new = S + [u]      # Extend sequence 

            Enqueue S_new into Q  # Continue exploration 

 

        # Store sequence if full length reached 

        If length(S) == |V|: 

            Add S to S_all 

 

# Output all valid sequences 

return S_all 

 

Figure 3.9 shows a search graph of a draping sequence generated by BFS for demonstrator 

27_Hutchinson, starting from BaS #1. 

 

Figure 3.9 BFS graph for demonstrator 27_Hutchinson 
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Every node in Figure 3.9 represents a BaS. The arrows represent the possible draping steps 

at every distance stage. When draping cannot continue from a given BaS but other undraped BaS 

remain, the stuck function searches all other options to keep draping, starting from another draped 

BaS, until all BaS are draped. For example, sequence [1-3, 3-2, …] cannot continue from BaS#2 

beyond distance 2 as BaS#2 has no undraped neighbours. Other options exist, such as [1-3, 3-2, 3-

4, …] and [1-3, 3-2, 1-4, …]. Both options are written in array seqs_array_1. 

For every distance, BFS generates the possible draping steps to be saved in the array 

corresponding to the initial BaS draped. The amount of possible draping sequences generated by 

BFS grows exponentially, compromising computational capacity. 

 

 

3.3 Wrinkle Warning and Edge Darting Recommendation Functionalities 

 

Yarn orientations and fabric in-plane shear angles are determined for each BaS upon each 

draping step. These quantities are used for quantifying strain energy imparted to the textile 

reinforcement stack upon draping and its variability. Energy calculations are performed as part of 

the Objective Function algorithm presented in Chapter 4. 

For the same mould, different draping sequences will result in different yarn orientations and 

in-plane shear angles over each BaS. It may be that the locking angle of the reinforcement fabric 

is reached over some BaS when following some specific draping sequences, and not when 

following other sequences. If fabric in-plane shear induced in a given draping step exceeds the 

fabric locking angle, wrinkling occurs. Wrinkling is a highly unfavourable outcome that must be 
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avoided [162]. Wrinkle occurrence can be alleviated by darting or patterning. The optimal draping 

sequence is expected to generate the lowest number of wrinkles, requiring minimal darting.  

Figure 3.10 shows an example of a mould corner where a specific draping step results in 

different yarn orientations being imposed on neighbouring BaS. Such orientation incompatibilities 

can lead to wrinkling when neighbouring regions attempt to accommodate conflicting deformation 

states. If the attempted warp and/or weft yarn orientations in neighbouring BaS differ beyond a 

predefined threshold, a darting recommendation is generated for peripheral BaS, as described in 

Algorithm 3.8 below. 

 

Algorithm 3.8 Wrinkle warning 

For all draped_neighbours of BaS_b: 

   Rotate warp and weft vectors into BaS_b plane 

   Save rotated_vectors in neighbours_warp_weft_rotated matrix 

   If amount of draped_neighbours = 1 

     Do nothing. 

   Else, if amount of draped_neighbours > 1: 

     For all rotated_vectors in neighbours_warp_weft_rotated: 

Create permutation_list of all rotated_vectors 

# Wrinkle warning # 

For all permutations in permutation_list: 

   Calculate angle between vectors warpm vs. warpn  

   If  

   angle between vectors warpm and warpn > locking_angle:  

     Print “Possible wrinkle for BaS_i” 

   Calculate angle between vectors weftm vs. weftn 

           If  
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           angle between vectors weftm and weftn > locking_angle:  

     Print “Possible wrinkle for BaS_i” 

 

For all rotated_vectors in neighbours_warp_weft_rotated: 

Calculate weighted_avg_warp  

Calculate weighted_avg_weft  

 

Figure 3.10 Warp and weft yarn misalignment at a corner 

 

Wrinkle avoidance through darting is implemented in two different ways in this thesis, 

because two draping sequences optimisation approaches are explored. The first approach, BF, 

evaluates entire draping sequences generated by DFS or BFS algorithms. The second approach, 

DP, evaluates partial draping sequences as they are generated from a local pool of possibilities for 

the next few draping steps.  

For BF, potential wrinkle events are recorded and flagged at the end, upon sequence 

evaluation. A draping sequence with no or few potential wrinkle events is preferred to one showing 
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more potential wrinkle events. For DP, wrinkles are inherently avoided by decision making. 

Wrinkles generated from reaching the locking angle over one BaS or from yarn orientation 

mismatch between neighbouring BaS are reported in the results summary. Figure 3.11 shows a 

square box convex mould [163] where different initial orientations are tested, demonstrating its 

effect on wrinkle generation. 

 

 Figure 3.11 Square box draped from initial orientations: a) +/- 45°; b) 0°/90° [163] 

 

Algorithm 3.9 identifies peripheral edges where a darting operation is recommended as a 

means of mitigating wrinkles. A darting recommendation is generated when in-plane shear exceeds 

the locking angle and a peripheral vertex is detected for BaS_b, indicating that excess deformation 

may be relieved through a peripheral cut. 

 

Algorithm 3.9 Darting recommendations 

If shear_angle(BaS_b) >= locking_angle or               

entering_yarn_orientations_conflict == True: 

   If BaS_b in peripheral_BaS: 

      Print “Recommended darting operation for BaS_b” 

      Identify neighbours with orientations conflict 

      Identify shared edges 
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      From shared edges – [List] the ones with a peripheral vertex 

      Print “Recommended darting in edges [list]” 

# Internal Functions definition # 

Define entering_yarn_orientations_conflict (BaS_a → BaS_b): 

   Extract list of draped neighbours of BaS_b 

   Extract yarn orientations of every draped neighbour of BaS_b 

   Calculate yarn_orientations_difference between all  

draped_neighbours(BaS_b) 

   If yarn_orientations_difference ≥ set_limit: 

     Print (conflict between neighbour_m and neighbour_n) 

     Print (Entering BaS_b through edge_ei and edge_ej) 

   Return (True) 

 

Define dart (BaS_b): 

   If dart triggered by reaching locking_angle: 

   Extract peripheral_edges(BaS_b) 

   Recommend darting at edge which is peripheral but not from BaS_a 

   If dart triggered by conflict in yarn orientations: 

     Extract from entering_yarn_orientations_conflict: 

       List of conflictive neighbouring couples 

       For every conflictive neighbouring couple: 

          Recommend darting at edge which is peripheral  

 

Figure 3.12 shows an example of darting being generated as a recommendation during 

draping. In draping step 6, two issues are flagged. Firstly, incompatible yarn orientations from 

previously draped neighbouring BaS #7 and BaS #1 are detected when attempting to drape BaS 

#4. In this case, both common edges e12 and e3 are peripheral and could therefore be darted. As 

draping proceeds from BaS #7 in the sequence shown, only common edge e3 remains available 

for darting.  
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Secondly, incompatible yarn orientations from previously draped neighbouring BaS #7 and 

#6 are detected when attempting to drape BaS #4. In this case, only common edge e12 is peripheral 

hence could be darted. As draping proceeds from BaS #7 in this sequence, edge e12 cannot be 

darted hence no feasible recommended solution is available.  

 

Figure 3.12 Yarn orientations conflicts at step #6.  

 

Figure 3.13 also shows that wrinkling warnings and darting recommendations are specific 

to each draping sequence. The comments discussed above apply only to the sequence progressing 

from BaS #7 to BaS #4. Alternative draping sequences may lead to different yarn orientation 

compatibility conditions and therefore different recommendations. One such example is the 

sequence [1-2, 2-3, 2-6, 3-5, 5-7, 1-4], shown in Figure 3.13, where wrinkling is avoided by darting 

common edge e12 only. In this case, yarn orientations over previously draped neighbouring BaS 

#6 and #1 remain compatible and the combination is therefore not flagged. 
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Figure 3.13 Orientations conflicts and darting recommendations 

If darting were enforced by the software as a draping action, yarn orientations associated 

with the darted edge would no longer be considered when determining yarn orientations over 

BaS_b and subsequent draping steps. Such an implementation would affect the propagation of 

yarn orientations throughout the draping sequence. In the present work, however, darting is not 

executed by the software and remains a recommendation to the user. When a darting condition is 

detected, a penalization is added to the Objective Function  

The modelling framework presented in this chapter enables the calculation of yarn 

orientations and in-plane shear distributions for any draping sequence. These quantities provide 

the inputs required for evaluating the optimisation criteria developed in this thesis. The following 

chapter describes how yarn orientation and in-plane shear data are combined with experimental 

results from Database B to calculate the C&Q terms used in the Objective Function. 
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Chapter 4. Cost and Quality Objective Function  

 

The previous chapter presented the modelling framework used to calculate yarn orientations 

and in-plane shear distributions for any given draping sequence. The present chapter builds upon 

those results by defining the cost and quality terms used to evaluate and compare alternative 

draping sequences. The developed Objective Function features terms proportional to the strain 

energy required for draping patterns over a mould, collectively identified as the cost, and terms 

proportional to the variability of the strain energy, collectively identified as the quality. Quality is 

considered inversely proportional to variability. Cost and quality are terms favoured by the 

industry. 

 

4.1 Introduction to Strain Energy Terms and Objective Function 

 

An Objective Function quantifies the performance of a system, using any quantity or 

combination of quantities that can be represented by a number. The following sections describe 

the strain energy sources considered in the Objective Function and the experimental methodology 

used to characterize them.  

The work developed in this thesis is based on two fundamental hypotheses. Firstly, patterns 

requiring more strain energy for reaching a draped configuration will require more operator time 

and attention, hence demand higher cost. Secondly, patterns for which this strain energy is more 

consistent show more consistent constitutive behaviour, leading to results of higher 
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reproducibility, or quality. The terms proportional and inversely proportional are used in a general 

sense; mathematical details appear below. 

Cost C is a function of strain energy terms calculated upon draping each BaS, based on BaS 

geometry, draping parameters and average reinforcement stack behaviour as characterized by 

Kanz [9]. Individual strain energy terms associated with different deformation modes are discussed 

in this Chapter. Likewise, quality Q is a function of the variability of individual strain energy terms 

calculated upon draping each BaS, based on BaS geometry, draping parameters and statistical 

distributions of the same material parameters. C and Q functions enable quantitative comparisons 

of notional cost and notional quality for different draping sequences. 

During HLU, patterns progressively drape flat, single curvature and double curvature BaS 

parametrized using the conical Frustum proposed by Hoffer [2], Section 1.2.2 . Draping flat or 

single curvature BaS does not induce additional in-plane shear. On the other hand, patterns draped 

on double curvature surfaces undergo additional in-plane shear, requiring additional strain energy 

associated with this specific deformation mode. Strain energy terms used in calculating C and Q 

for flat, single curvature and double curvature BaS arise from the deformation modes listed in 

Table 4.1; all terms are expressed in N∙m . It must be highlighted that different yarn orientations 

coming into a BaS from different neighbouring BaS can also lead to additional in-plane shear over 

said BaS. 
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Table 4.1 Deformation modes included in strain energy calculations for different BaS types 

Flat Single curvature Double curvature 

In-plane shear (US) US US 

In-plane shear spring back (USSB) USSB 

Bending (UB) 

Bending spring back (UBSB) 

USSB 

 

As observed in Table 4.1, bending energy terms are excluded from the analysis of double-

curvature surfaces. This exclusion is justified by the relative magnitude of the strain energy terms. 

While bending is present on these surfaces, its contribution is much smaller than that of in-plane 

shear. More importantly, shear strain generated on a given BaS is propagated through subsequent 

draping steps, whereas bending primarily affects individual surfaces. Consequently, strain energy 

from shear is consistently much greater than that from bending for double-curvature surfaces, 

making the inclusion of bending energy terms unnecessary. This simplification maintains 

sufficient modelling accuracy while reducing computational requirements during optimisation. 

All reinforcement fabrics and stacks characterized for this work require different amounts of 

strain energy for bending, bending spring back, in-plane shear, and in-plane shear spring back. 

Section 4.2 summarizes the materials and characterization methods used [9]. Section 4.3 details 

the calculation of strain energy terms and their variability from experimental data and geometric 

parameters of the BaS being draped. Finally, Section 4.4 details the cost and quality Objective 

Function. 

 



77 

 

4.2 Materials and Characterization Methods 

 

The industrial partner manufactures parts using certified reinforcement fabrics. Figure 4.1 

presents the three fabrics considered in this work. Fabric #1 is a 319 g/m2 glass plain weave known 

internally as 7500GF. Experimental results are available for single layer and four-layer stacks, the 

latter being used in production and the former enabling interpolation. Fabric #2 is a 299 g/m2 glass 

8-harness satin known internally as 7781GF, tested as single layer and four-layer stacks. Fabric #3 

is a 196 g/m2 carbon 4-harness satin known internally as 94932CF, tested as single layer and three-

layer stacks. These three different fabrics were tested as a single layer SL or multilayer ML. Kanz 

[9] performed all experiments towards calculating strain energy terms for bending, bending spring 

back, in-plane shear and in-plane shear spring back. 

 

Figure 4.1 a) Fabric #1; b) Fabric #2; c) Fabric #3 

 Bending tests were performed under standard ASTM-F3260 [164]. Bending stiffness was 

quantified in compliance with the standard. Experimental details appear in [9]. Standard ASTM-

F3260 requires four readings of overhang length l (m) and bending rigidity BPeirce (μN∙m2/m) for 
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each specimen, as well as averages and standard deviations for each surface orientation (face/back) 

and each direction (warp/weft). 

 Convex and concave bending spring back test methods were developed by Kanz; 

experimental details appear in [9]. Figure 4.2 shows the two test configurations. Convex tests bend 

the fabric around a convex 90° angle, Figure 4.2 a), while concave tests bend the fabric into a 

concave 90° angle, Figure 4.2 b). Both tests were performed using five mould radii ranging from 

1.59 mm to 12.70 mm, in addition to a sharp edge.  

 
Figure 4.2 Bending testing device: a) Convex configuration; b) Concave configuration [9]  

In-plane shear tests were performed using the articulated picture-frame rig shown in Figure 

4.3 for all selected fabrics and fabric stacks. Experimental details appear in [9]. The normalized 

shear load was measured along with the shear angle in the fabrics. It was also used in characterizing 

the shear angle at which shear force returned to zero on the return phase of the cycle, referred to 

as the return angle, quantifying in-plane shear spring back. 
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Figure 4.3 Picture-frame testing rig [9] 

 

4.3 Strain Energy Terms and Their Variability 

 

4.3.1 Bending 

Bending strain energy UB is calculated for radii up to 1.0 m. Single curvature surfaces with 

radii above 1.0 m are considered flat, yet in this case a bending energy term is calculated based on 

this 1.0 m radius to account for general handling of reinforcement fabrics. As with all other strain 

energy terms, bending strain energy is proportional to the area of the BaS being draped. In addition 

to bending, radii below .0125 m led to an additional term of strain energy UBSB associated with 

bending spring back discussed in Section 4.3.3 .  

Calculation of UB assumes that bending response is linear elastic, single curvature BaS 

feature constant radii, fabric thickness is small relative to the radius, and bending moment is 

constant along the length of the fabric which undergoes pure bending [165]: 
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𝑈𝐵 = ∫
𝑀

2𝐵

2
𝑑𝑥

𝑙

0
                                                         (4.1) 

 

where M, B and l are the bending moment (N∙m), bending stiffness (N∙m2) and length (m). The 

relationship between bending moment and bending radius in pure bending is [166]: 

 

𝑀 = 
𝐵

𝑅
                                                                 (4.2) 

 

where R represents the fabric radius (m), which is assumed to be the same as the mould radius. 

This assumption can be contextualised by considering the non-structural nature of parts 

manufactured by the industrial partner, making the difference between the fabric radius and the 

mould radius negligible. Bending moment M is calculated from cantilever bending stiffness 

normalized by unit width as characterized by Kanz [9]; UB is obtained by substituting Equation 

(4.2) in the solution of Equation (4.1): 

 

𝑈𝐵 = 
(
𝐵

𝑅
)
2
𝑙

2𝐵
= 

𝑀𝛼

2
                                                   (4.3) 

 

where α is the fabric opening angle defined between both ends of the fabric (rad). Equation (4.5) 

expresses UB from experimental bending stiffness GPeirce (μN∙m2/m), with Equation (4.4) extracted 

from standard ASTM-F3260: 
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𝐺𝑃𝑒𝑖𝑟𝑐𝑒 = 9.81 × 10−6  ×  𝑚 × (
1

2
)
3

                             (4.4) 

 

𝑈𝐵 = 
𝐺𝑃𝑒𝑖𝑟𝑐𝑒𝑏𝑓

2

𝛼

𝑅
× 10−6                                             (4.5) 

 

where bf is fabric width (m) and m is the mass per unit area (g/m2). 

 

4.3.2 Bending Variability 

Variability of bending energy is characterized using the dispersion of bending stiffness. All 

terms in Equation (4.4) being constant except for GPeirce , bending energy variability is calculated 

as: 

 

∆𝑈𝐵 = 
𝑏𝑓

2

𝛼

𝑅𝑚
∙ ∆𝐺𝑃𝑒𝑖𝑟𝑐𝑒                                               (4.6) 

 

where ΔGPeirce is the dispersion of bending stiffness. Standard deviations of fabric characteristics 

are correlated to the same independent variables as the linear functions for interpolating averages.  
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4.3.3 Bending Spring-back 

Experimental results show that BaS curvature affects bending behaviour below certain radii. 

Bending spring back was observed by Kanz for R < 0.0125 m [9]. The behaviour is different for 

concave and convex curvatures. As mentioned in Chapter 2, the user identifies whether a mould is 

predominantly concave or convex and the software proceeds accordingly. 

Fabrics and fabric stacks bent to concave or convex radii below 0.0125 m spring back, 

requiring additional energy to conform to their intended draped configuration [167]. Equation (4.2) 

states that a fabric bent to a larger radius requires less strain energy than the same fabric bent to a 

smaller radius, for the same opening angle. Calculation of UBSB for convex BaS proceeds as 

follows: 

 

𝑈𝐵𝑆𝐵−𝐶𝑉 = 
𝐺𝑃𝑒𝑖𝑟𝑐𝑒𝑏𝑓

2
(

𝛼𝑚

𝑅𝑚
−

𝛼𝑓

𝑅𝑓
)                                            (4.7) 

 

where αm is the angle between both ends of the fabric (rad) referred to as the fabric opening angle. 

Once the fabric is draped onto the mould, αm is the same for the fabric and the mould. Rm is the 

mould radius (m) and αf and Rf are respectively the final opening angle and radius after spring 

back. UBSB is expressed in N∙m . 

Bending spring back characterisation was conducted for a 90° bending angle and various 

mould radii. Figure 4.4 a) shows convex spring back testing configuration, where fabrics were 

securely positioned on the horizontal plane. Spring back β measurements (Rf ) were done 

horizontally relative to the simulated mould radius origin. Circles representing Rm and final fabric 
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form Rf were tangent at the point where the fabric leaves the horizontal surface at point A. 

Consequently, radius centres align with point A and the mould radius origin. 

A different equation was derived for concave BaS, reflecting the different test method 

needed for evaluating αf and 𝑅f , Figure 4.4 b); circles representing the draped fabric stack and the 

mould are both tangent to both horizontal and vertical walls of the mould corner. The calculation 

of Rf from β measurement is further explained by Kanz [9]. Equation (4.7) simplifies to: 

 

𝑈𝐵𝑆𝐵−𝐶𝐶 = 
𝐺𝑃𝑒𝑖𝑟𝑐𝑒𝑏𝑓𝛼

2
(

1

𝑅𝑚
−

1

𝑅𝑓
)                                           (4.8) 

 

 
Figure 4.4 Bending spring back variables: a) Convex; b) Concave 
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4.3.4 Bending Spring-back Variability 

Variability for UBSB is expressed as two different equations. For convex radii, the final 

opening angle of the material differs from the opening angle of the mould. As a result, Equation 

(4.9) is used for determining the variation in convex spring back energy: 

 

∆𝑈𝐵𝑆𝐵−𝐶𝑉 = 
𝑏𝑓

2
(𝐺𝑃𝑒𝑖𝑟𝑐𝑒 ∙

𝛼𝑚

𝑅
+

𝐺𝑃𝑒𝑖𝑟𝑐𝑒𝛼𝑓

𝑅𝑓
∙ (

∆𝛼𝑓

𝛼𝑓
+

∆𝑅𝑓

𝑅𝑓
+

∆𝐺𝑃𝑒𝑖𝑟𝑐𝑒

𝐺𝑃𝑒𝑖𝑟𝑐𝑒
))                 (4.9) 

 

where ΔRf represents the final fabric radius and Δαf denotes the final fabric opening angle:  

 

∆𝑅𝑓 =
𝛽

𝑅
∆𝛽         (4.10) 

∆𝛼𝑓 =
𝛽

𝑅𝑓
∆𝛽         (4.11) 

 

where Δβ is the dispersion of raw spring-back data (m/m). 

 For concave radii, the final opening angle of the fabric is equal to the opening angle of the 

mould, and the final fabric radius is equal to the raw spring back measurement. Equation (4.12) is 

used for calculating the variability of bending spring back energy (N∙m): 

∆𝑈𝐵𝑆𝐵−𝐶𝐶 = 
𝛼𝑏𝑓

2
(

∆𝐺𝑃𝑒𝑖𝑟𝑐𝑒

𝑅
+

𝐺𝑃𝑒𝑖𝑟𝑐𝑒

𝑅𝑓
∙ (

∆𝐺𝑃𝑒𝑖𝑟𝑐𝑒

𝐺𝑃𝑒𝑖𝑟𝑐𝑒
+

∆𝑅𝑓

𝑅𝑓
))                     (4.12) 
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For concave radii, spring back measurements correspond to the final fabric radius hence 

final fabric radius dispersion defines the dispersion of spring back measurements. 

 

4.3.5 In-plane Shear 

In-plane shear arises upon draping double-curvature BaS, driven by surface geometry. It also 

occurs when yarns with different orientations from multiple neighbouring draped surfaces meet on 

a given BaS. Lastly, in-plane shear can be transferred from one draped BaS to another. In all three 

cases, the strain energy Us (N∙m) required for elastic in-plane shear is expressed by: 

𝑈𝑆 = ∭
𝜏2

2𝐺
𝑑𝑥𝑑𝑦𝑑𝑧      (4.13) 

where τ and G are the shear stress (N/m2) and shear stiffness (N/m2). In this work, in-plane shear 

strain energy is calculated by numerical integration of experimental data. Experiments were 

performed by Kanz [9] using a picture frame rig, depicted in Figure 4.5 , to evaluate shear stress 

for Fabric #1, Fabric #2 and Fabric #3 in SL and ML configurations. For this calculation the shear 

angle (rad) is converted to displacement of the picture frame during in-plane shear tests, defined 

as xframe (m) [9].  

The rig consisted of a square articulated frame with a hinge-to-hinge length of 175 mm. 

Fabric specimens were mounted as cruciform samples and sheared up to 53°, corresponding to an 

extension of 85 mm. The effective sheared area of the test was 19 600 mm², providing the 

experimental data used for determining locking angles, shear energy, and variability as shown in 

Figure 4.6 graph. 
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Figure 4.5 Picture frame rig for evaluating in-plane shear stress [9] 

 

Picture frame extension xframe (m) is calculated as: 

 

𝑥𝑓𝑟𝑎𝑚𝑒 = 2𝑙𝑓𝑟𝑎𝑚𝑒 cos (
90−𝜃

2
) − √2𝑙𝑓𝑟𝑎𝑚𝑒          (4.14) 

 

where lframe (m) is the side length from the centres of the hinges and θ is the shear angle. 
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Figure 4.6 Average and standard deviation, picture frame test results - multilayer fabrics [9] 

 

The strain energy required for shearing a fabric in its plane to a specific angle is then 

calculated using a table look-up function in Database B [9]. Linear interpolation is used for 

multilayer fabrics and a scaling factor adjusts for surface area. Equation (4.15) applies for Fabrics 

#1 and #2 where 1 and 4 layers were used in experiments by Kanz [1], and Equation (4.16) applies 

for Fabric #3 where 1 and 3 layers were used: 

 

𝑈𝑆(𝑛, 𝜃) =  
𝑆𝐵𝑎𝑆

𝑆𝑃𝐹
((

𝑛−1

3
) ∙ (𝑈𝑆(4, 𝜃) − 𝑈𝑆(1, 𝜃)) + 𝑈𝑆(1, 𝜃))         (4.15) 

 

𝑈𝑆(𝑛, 𝜃) =  
𝑆𝐵𝑎𝑆

𝑆𝑃𝐹
((

𝑛−1

2
) ∙ (𝑈𝑆(3, 𝜃) − 𝑈𝑆(1, 𝜃)) + 𝑈𝑆(1, 𝜃))        (4.16) 

where US (n, θ) is the strain energy (N∙m) required for shearing n layers in-plane to shear angle θ 

(rad), SBaS is the area (m2) of the BaS and SPF is the surface area (m) of the fabric sample sheared 
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in the articulated picture frame, equal to 0.0196 m2 at test start. The shear angle θ reached upon 

draping a double curvature BaS is calculated by interpolating from Database A [8]. 

 

4.3.6 In-plane Shear Variability 

Figure 4.7 shows the experimental standard deviations obtained from the in-plane shear 

tests. Calculation of variability for in-plane shear energy is performed through a lookup function 

applied to these experimental data, quantifying the standard deviation associated with in-plane 

shear deformation [9]. Equations (4.17) and (4.18) are then used for interpolating standard 

deviation for number of layers and shear angle. Equation (4.17) is used for Fabrics #1 and #2; 

Equation (4.18) is used for Fabric #3. 

   

∆𝑈𝑆(𝑛, 𝜃) =  
𝑆𝐵𝑎𝑆

𝑆𝑃𝐹
((

𝑛−1

3
) ∙ (∆𝑈𝑆(4, 𝜃) − ∆𝑈𝑆(1, 𝜃)) + ∆𝑈𝑆(1, 𝜃))         (4.17) 

 

∆𝑈𝑆(𝑛, 𝜃) =  
𝑆𝐵𝑎𝑆

𝑆𝑃𝐹
((

𝑛−1

2
) ∙ (∆𝑈𝑆(3, 𝜃) − ∆𝑈𝑆(1, 𝜃)) + ∆𝑈𝑆(1, 𝜃))         (4.18) 



89 

 

 

Figure 4.7 Standard deviations of in-plane shear strain energy [9] 

 

where ΔUS (n, θ) is the variability of in-plane shear energy (N∙m/m), n is the number of layers, SBaS 

is BaS area (m2) and SPF = 0.0196 m2. 

 

4.3.7 In-plane Shear Spring-back 

In-plane shear spring back was quantified through the return angle of SL and ML 

reinforcement fabric stacks tested in shear, defined as the angle where shear force reduces to zero 

in the return phase [9]. Return angles were characterized for Fabrics 1, 2 and 3. ML samples for 

Fabrics 1 and 2 featured four layers while Fabric 3 featured three layers. Five SL and five ML 

samples were tested, each undergoing five cycles from 0° to 53° shear angles. 

Figures 4.8 and 4.9 show the shear energy and spring-back energy calculations obtained from 

picture-frame testing. Numerical integration of the raw picture-frame test results was used to 
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calculate shear energy [9]. In-plane shear spring-back energy corresponds to the area beneath the 

curves during the return phase. 

 

 
Figure 4.8 Average and standard deviation of return phase of single layer fabrics [9] 

 

 

Figure 4.9 Average and standard deviation of return phase of multilayer fabrics [9] 
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In-plane shear spring back energy (N∙m) was calculated for a 53° shear angle corresponding 

to 85 mm extension on the picture-frame rig. In-plane shear spring back energy ratios were 

calculated for each fabric in single and multiple layer configurations [1]; average ratio for all 

fabrics is 5.68×10-2 [9]. If the dispersion of the return phase energy ΔUreturn (N∙m) is considered 

negligible [9], the standard deviation of the spring back ratios ΔSBRshear (N∙m/N∙m) can be 

estimated using: 

 

∆𝑈𝑆𝑆𝐵 = ±
𝑈𝑟𝑒𝑡𝑢𝑟𝑛

𝑈53°
(
∆𝑈53°

𝑈53°
)     (4.19) 

 

Assuming constant in-plane shear spring back ratio and shear angle for all fabrics tested, 

USSB (N∙m) can be derived by multiplying the energy needed to shear the fabric to a given shear 

angle by the average in-plane shear spring back ratio across all fabrics, 5.68×10-2 [9]: 

 

𝑈𝑆𝑆𝐵 = 5.68 × 10−2 ∙ 𝑈𝑠(𝑛, 𝜃)     (4.20) 

 

and in-plane shear spring back energy variability is calculated as: 

 

∆𝑈𝑆𝑆𝐵 = 5.68 × 10−2 ∙ ∆𝑈𝑠(𝑛, 𝜃)    (4.21) 
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where ΔUs(n, θ) is the variability of in-plane shear energy (N∙m/ N∙m) required for shearing n 

layers of fabric to angle θ. 

 

4.3.8 Database B Calculator – Strain Energy and its Variability 

All strain energy sources and their variability terms described above were obtained through 

standardized laboratory tests. The resulting experimental data were subjected to rigorous statistical 

analysis to characterize both the mean response and the associated variability. Results are 

contained in Database B along with the linear equations describing the behaviour. Database B is 

queried by the software tool developed in this thesis, accelerating the evaluation process and 

producing results in a fraction of the time required for direct calculations.  

 

 

4.4 Objective Function 

 

The HLU process is defined by sequential decisions labelled draping steps. Each possible 

complete set of draping steps is labelled a draping sequence. Each draping step consists of draping 

a single BaS, requiring a specific amount of strain energy imparted to the fabric reinforcement 

stack as the sum of individual strain energy terms associated to different deformation modes. 

Furthermore, a term of statistical variability exists for each term of strain energy associated with 

each deformation mode and each BaS, as a result of variability in the constitutive behaviour of 

fabric reinforcement stacks. 
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The total amount of strain energy imparted to the reinforcement when draping all BaS 

featured in a mould along a specific draping sequence is the sum of energy terms required at each 

draping step: 

 

𝑈𝑡𝑜𝑡𝑎𝑙 = ∑ 𝑈𝐷𝑖

𝑡𝑑𝑠
𝑖=1          (4.22) 

 

where tds is the total number of draping steps required for draping all BaS over a mould, equal to 

the number of BaS minus one. The energy UDi required for draping step i  is calculated as: 

 

𝑈𝐷𝑖
= 𝑈𝐵 + 𝑈𝐵𝑆𝐵 + 𝑈𝑠 + 𝑈𝑆𝑆𝐵       (4.23) 

 

From Section 4.3, UDi is a function of the following parameters when draping a single 

curvature BaS: 

 

𝑈𝐷𝑖
(𝑛, 𝛼𝑚, 𝑅𝑚, 𝛼𝑓 , 𝑅𝑓 , 𝑚𝑐)      (4.24) 

 

where mc is the predominant curvature type of the mould, concave or convex; all other terms were 

introduced previously. When draping a double curvature BaS, UDi is a function of: (𝑛, 𝜃, 𝑆𝐵𝑎𝑆). 
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Shear angle θDi (rad) is calculated for each draping step based on BaS geometry and taken 

as input parameter for calculating terms of energy required for draping the BaS. The input shear 

angle can be affected by in-plane shear originating from previously draped BaS: 

 

𝜃𝐷𝑖
(𝜃𝐷𝑖−1 (𝜃𝐷𝑖−2

(… (𝜃𝐷𝑖−𝑖))))      (4.25) 

 

Therefore, energy terms associated to a draping step and BaS are also function of previous 

draping steps: 

 

𝑈𝐷𝑖
(𝑈𝐷𝑖−1 (𝑈𝐷𝑖−2

(… (𝑈𝐷𝑖−𝑖))))    (4.26) 

 

It is important to mention that the first draping step in a sequence, Di-i = D0 , consists in 

draping a BaS with initial conditions set by the user: shear angle θ0 and yarn orientation γ0 . 

The total variation of energy generated for draping all BaS of a mould following a specific 

draping sequence consisting of m draping steps is the sum of variation of energy for every draping 

step: 

 

∆𝑈𝑡𝑜𝑡𝑎𝑙 = ∑ ∆𝑈𝐷𝑖

𝑚
𝑖=1        (4.27) 
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∆𝑈𝐷𝑖
= ∆𝑈𝑏𝑒𝑛𝑑𝑖𝑛𝑔 + ∆𝑈𝐵𝑆𝐵 + ∆𝑈𝑠 + ∆𝑈𝑆𝑆𝐵     (4.28) 

 

From equations (4.27) and (4.28), energy variability for draping step i is also affected by 

previous draping steps: 

 

∆𝑈𝐷𝑖
(∆𝑈𝐷𝑖−1 (∆𝑈𝐷𝑖−2

(… (∆𝑈𝐷𝑖−𝑖))))      (4.29) 

 

 Based on validation tests performed at the industrial partner R&D premises on industrial 

moulds, an adjustable coefficient kq was proposed for tuning the contribution of variability 

calculated from Database B to the overall Objective Function: ∆𝑈𝐷𝑖
→ 𝑘𝑞∆𝑈𝐷𝑖

 . The thesis 

optimization problem is stated as: 

 

𝑂𝑝𝑡𝑖𝑚𝑖𝑧𝑒:            𝑈𝑡𝑜𝑡𝑎𝑙 + ∆𝑈𝑡𝑜𝑡𝑎𝑙     (4.30)                         

Subject to: R       

  

where R is a set of restrictions arising from the nature of the HLU process and the mechanics of 

fabric deformation as explained in this thesis. 

Optimisation algorithms presented in this thesis evaluate the HLU draping process through 

an interaction between Python routines and supporting Excel® Databases A and B. The 



96 

 

optimisation algorithms require inputs such as Frustum parameters, initial orientations, fabric type, 

number of plies, and in-plane shear angle from Database B. 

 

4.5 Conclusion 

 

This chapter detailed a systematic methodology for quantifying sources of strain energy and 

their variability, with a focus on the industrial application of the software tool for efficiently 

generating optimal draping sequences. Future enhancements, including fine-tuning weighting 

constants and expanding the database with additional test data, are recommended to further 

augment the tool’s capabilities. The foundational role of the Objective Function is emphasized, as 

it quantifies system performance through strain energy and variability, which are essential metrics 

for comparative evaluations. 
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Chapter 5. Brute Force Optimisation  

 

As described in Section 2.3.4, increasingly accessible computational resources have 

transformed BF optimisation into a practical choice for tackling optimisation problems with small 

populations. In this thesis, BF optimisation is used for evaluating the Objective Function for all 

BaS in all draping sequences generated by combinatorial algorithms DFS and BFS.  

These combinatorial algorithms are constrained with the aim that simulated draping steps 

proceed as real ones would when performed by a technician during hand lay-up draping. As 

described in Section 3.3, draping starts from one BaS and progresses from draped BaS to 

contiguous non-draped BaS; progressing in more than one single direction and from any previously 

draped BaS is possible, this latter possibility being labelled colloquially as branching. 

Figure 5.1 shows the workflow implemented for BF draping optimisation. The algorithm 

integrates different software functionalities including geometric processing through mould 

parameterization, draping sequence generation using DFS or BFS, the objective Function 

evaluation of individual sequences, and selection of the best draping sequence as the final 

objective. For clarity, the algorithm number corresponding to each software functionality is 

indicated beside the relevant blocks in the figure. For example, A 5.1 refers to Algorithm 5.1.  
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Algorithm 5.1 Brute force optimisation 

Define Brute_Force_Optimisation (CAD_file): 

# Mould_parameterization: # 

Run Algorithm 3.1 to generate reference frame vectors for 

all BaS. 

# Sequence_Generation: # 

   Run Algorithm 3.6 (DFS) or Algorithm 3.7 (BFS) to generate 

all valid permutations. 

Save lists of draping sequences (saved_lists) 

# Full Draping seqs. Objective Function (C&Q) Evaluation # 

For every sequence in saved_lists: 

   For every BaS in the saved_lists: 

      Retrieve geometric data from Database_A. 

  If BaS is the starting_surface: 

Run Algorithm 3.2 for initial Warp and Weft 

orientations. 

  Else: 

Run Algorithm 3.3 for vector rotation and  

Run Algorithm 3.5 to account for draped neighbors. 

  If BaS has double curvature (DC): 

Run Algorithm 3.4 to calculate in-plane shear angle 

addition.  

# Perform Quality Checks: # 

  Run Algorithm 3.8 for wrinkle warnings. 

  Run Algorithm 3.9 for darting recommendations. 

Retrieve material variability data from Database_B. 

Calculate Cost and Quality (C&Q) based on Objective Function. 

Register Wrinkle warnings and Darting recommendations. 

Save results (C&Q_value, sequence #). 

Best_Result = Select the sequences with the optimal value for 

the Objective Function and less amount of Wrinkle warnings and 

Darting recommendations. (Manually) 
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Figure 5.1 Brute Force algorithm flowchart 
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5.1 Demonstrators for Brute Force Evaluation 

 

Figures 5.2 and 5.3 show the demonstrator parts used for validating BF: the industrial case 

27_Hutchinson and the academic case 30_Corner. Selection was limited to parts with 10 BaS or 

fewer due to computational constraints. The chosen demonstrators, featuring 6 and 7 BaS 

respectively, confirmed that BF consistently identifies the global optimum through exhaustive 

evaluation of the complete feasible solution space. 

 
Figure 5.2 Demonstrator 27_Hutchinson with labelled BaS 

 
Figure 5.3 Demonstrator 30_Corner with labelled BaS and edges 
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5.2 Generation of Draping Sequences 

 

Draping sequences were generated using adaptations of the two combinatorial approaches 

DFS and BFS detailed in Sections 3.3.1 and 3.3.2. Brute force optimization was applied to the two 

demonstrators. Performance metrics of the combinatorial algorithms for sequence generation are 

presented in Table 5.1, while evaluation results are provided in Table 5.3. The data reveal clear 

differences in the numbers of sequences generated by each approach: BFS produces substantially 

more sequences than DFS, i.e. DFS constitutes a subset of BFS. For the present demonstrators, 

differences in computational costs are negligible; however, for geometries of greater complexity 

with larger numbers of BaS, computational costs increase significantly and scale exponentially 

with problem size. 

The numbers of sequences obtained for DFS and BFS combinatorial algorithms are 

different because BFS enables branching events: at each ith draping step, BFS enumerates all 

possible continuations from every currently draped BaS to all their non-draped neighbours. In 

contrast, DFS extends the sequence only from the most recently draped BaS; if no non-draped 

neighbours remain, it backtracks and explores new branches from previously draped BaS, until all 

BaS have been visited. 

For each combinatorial approach, the numbers of sequences generated for demonstrator 

30_Corner are much larger than for demonstrator 27_Hutchinson. These differences result in part 

from the larger number of BaS making the academic demonstrator, but also from more extensive 

BaS connectivity in demonstrator 30_Corner. 
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Table 5.1 DFS and BFS performance comparison 

Demonstrator Combinatorial algorithm Sequences generated Time (s) 

27_Hutchinson 
DFS 47 0.023 

BFS 164 0.07 
    

30_Corner 
DFS 156 0.047 

BFS 7536 1.17 

 

 

5.3 Brute Force Performance Evaluation 

 

 After the generation of draping sequences, the software calculates values of the Objective 

Function for all sequences, optimises it by selecting an extrema, and delivers the corresponding 

preferred draping sequence amongst all those generated initially using either DFS or BFS. The 

software also provides wrinkling warnings and suggestions for darting, as described below.  

For a given demonstrator, the optimal sequence(s) may be sought among those generated 

by BFS, which systematically explores the full set of feasible draping sequences. DFS, in contrast, 

explores individual sequences along single paths without guaranteeing full coverage of the solution 

space. While both approaches can generate identical non-branching sequences, BFS is exhaustive, 

whereas DFS is path-dependent and does not ensure that all possible sequences are evaluated. 

Shear angles used for yarn orientation calculations may be selected by the user as either 

the maximum or average value from all edges for every BaS, Section 3.2.2. The user may wish to 

identify the fabric reinforcement leading to the best result hence investigate and optimise for 

fabrics #1, #2 and #3 characterized in Database B. The target number of layers is typically set in 
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advance by the client; however, different initial fabric orientations may be investigated, typically 

using the extreme cases 0°/90° and +/-45°.  

Table 5.2 summarizes the factors and levels considered for evaluating BF optimisation 

performance with each demonstrator, assuming a fixed number of fabric layers in each case. 

 

Table 5.2 Scenarios for evaluating BF optimisation performance 

Demonstrator 
Combinatorial 

algorithm 

Shear angle 

used 
Fabric  

Initial 

orientation 

27_Hutchinson 
DFS 

 

BFS 

Max shear 

 

Avg shear 

Fabric #1 

  

Fabric #3 

 

 Fabric #3 

0°/90° 

 

 +/-45° 30_Corner 

 

Table 5.3 presents optimisation results and execution times for the BF algorithm, based on 

representative combinations of parameters selected from the factors and levels listed in Table 5.2. 

Values labelled best f(C&Q) correspond to the optimised output of the Objective Function, with 

computing time expressed in minutes.  

Table 5.3 reports the best Objective Function values obtained after evaluating draping 

sequences generated by both DFS and BFS combinatorial algorithms, considering average and 

maximum shear angle options. The following section discusses these outcomes and presents the 

sequences leading to the best Objective Function value. 
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Table 5.3 Objective Function optimisation results for representative cases. 

    Fabric #1, 1 layer    Fabric #3, 3 layers 

  0°/90° initial orientation  +/- 45° initial orientation 
  DFS BFS  DFS BFS 

  Avg 

shear 

Max 

shear 

Avg 

shear 

Max 

shear 
 Avg 

shear 

Max 

shear 

Avg 

shear 

Max 

shear 

27_Hutchinson 
best f(C&Q) 19.07 26.29 19.07 26.29  16.97 27.96 16.97 27.96 

time (min) 0.45 0.44 1.32 1.32  0.47 0.45 1.32 1.46 
           

30_Corner 
best f(C&Q)  2.82 2.92 2.80 2.92  8.3 9.17 6.55 7.42 

time (min) 1.02 1.15 48.8 51.6    1.03  1.02 52.2  50.3 

 

 

5.4 Analysis of Results 

 

DFS and BFS are combinatorial algorithms that explore the solution space by generating 

extensive sets of possible draping sequences, analogous to the traveling salesman problem. For 

Demonstrator 30_Corner, each algorithm produced a distinct list of sequences. The Objective 

Function was then evaluated for every sequence in both lists.  

Upon comparison of results it was observed that both algorithms converged on the same set 

of sequences as optimal, despite differences in the algorithms creating the explored solution space. 

For the first test configuration with 1 layer of Fabric #1, the best sequence generated by both DFS 

and BFS and evaluated using the maximum shear angle condition was [6-5, 5-4, 4-1, 1-3, 3-2], 

Figure 5.4. When evaluating using the average shear angle, two sequences – generated by both 

DFS and BFS - rated best: [6-5, 5-4, 4-3, 3-2, 3-1] and [6-5, 5-4, 4-3, 3-2, 4-1], Figure 5.5 a) and 

Figure 5.5 b) respectively.  
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Figure 5.4 BF optimised sequence, maximum shear, demonstrator 27_Hutchinson 

 

For the case of 3 layers of Fabric #3, the best sequences were the same as identified above 

for Fabric #1, in all cases, but larger values of total strain energy were required for draping the 

mould, which was expected from the higher bending stiffness of the carbon fibre fabric.  

 

 
Figure 5.5 BF optimised sequences, average shear, demonstrator 27_Hutchinson: a) Sequence 1; 

b) Sequence 2  
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For demonstrator 30_Corner, BFS produced a search space more than 48 times larger than 

that of DFS, thereby enabling the exploration of a wider range of options. When evaluating the 

Objective Function for a single layer of Fabric #1 using maximum shear angle for yarn orientation, 

DFS yielded one sequence attaining the best objective value of 2.92, whereas BFS identified 66 

distinct sequences that achieved the same value. When the average shear angle was considered 

instead, BFS produced 240 sequences reaching the best objective value of 2.80, which is slightly 

better than the best DFS result of 2.82 . The marked difference lies in the redundancy of optimal 

solutions: BFS generated hundreds of sequences with identical best values, while DFS produced 

only one. This multiplicity of equivalent solutions arises from the geometrical symmetry of the 

30_Corner demonstrator. 

For the case of three layers of Fabric #3 evaluated with average shear angle, BFS identified 

96 optimal draping sequences with an Objective Function value of 7.42, whereas DFS failed to 

generate any sequence approaching this performance. A similar outcome was obtained when the 

maximum shear angle was used. 

Demonstrator 30_Corner provided a good test case for the wrinkle warning algorithm 

because of its corner geometry. When in-plane shear of a BaS exceeded a set threshold, the 

algorithm warned the user of potential wrinkling. If the wrinkle occurred in a peripheral BaS, 

darting was recommended, as illustrated in the draping sequences of Figure 5.6 analyzed using the 

maximum shear angle. 
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Figure 5.6 Draping sequences for 30_Corner demonstrator with yarn orientations displayed 
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Sequence [2-3, 3-5, 2-1, 5-7, 1-4, 4-6] presented in Figure 5.6 a), BaS #6 does not trigger a 

high-shear warning, even though a wrinkle was previously detected in BaS #4. This outcome is 

explained by the mechanism of orientation averaging: in draping step #5, BaS #4 is draped from 

BaS #1 but its yarn orientations conflict with those of BaS #7. The algorithm resolves this conflict 

by enforcing average warp and weft orientations, which are then propagated forward. As a result, 

the orientations reaching BaS #6 are not in conflict with draped neighbouring BaS #5 and BaS #2, 

preventing the algorithm from issuing a wrinkle warning. The results in Figure 5.6 a) are reflected 

in a real case scenario, Figure 3.13 a), where the corner does not exhibit a wrinkle, whereas the 

single-curvature BaS does. 

Sequence [2-3, 3-5, 5-7, 7-4, 4-6, 2-1] illustrated in Figure 5.5 b) exhibits yarn orientation 

conflicts in BaS #6 and BaS #1. However, only BaS #1 can be darted since BaS #6 is not located 

at the periphery of the mould. Consequently, the software recommends darting edge 3 of BaS #1. 

As expected, this sequence requires more energy to be draped and is ranked second, after sequence 

shown in Figure 5.5 a) . 

 

 

5.5 Conclusions 

 

Brute force optimisation proved effective for moulds featuring a limited number of BaS, 

consistently identifying the global optimum through exhaustive evaluation of all feasible draping 

sequences. However, the exponential growth of the solution space with increasing numbers of BaS 

makes BF optimisation impractical for larger moulds.BFS combinatorial algorithm demonstrated 
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its superiority in generating better populated search spaces, which enabled the identification of 

better draping sequences. Even though both DFS and BFS may identify the same best draping 

sequence for simpler demonstrators, this is less likely to happen with more complex moulds. 

Therefore, BFS is recommended over DFS as the preferred BF algorithm. 

The wrinkle warning functionality and darting recommendation tool showed their efficacy 

in tests. Both functionalities are of informative nature in the BF algorithm, without any action 

taken by the software that affects neither sequences nor calculated values of the Objective 

Function. 
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Chapter 6. Dynamic Programing  

 

6.1 Introduction 

 

Dynamic programming solves complex problems by decomposing them into overlapping 

subproblems that are solved once and stored for reuse, as discussed in Section 2.3.5. It is well 

suited for optimization over large solution spaces, particularly when the exact recursive 

formulation becomes intractable due to factorial growth of the decision space. To address this, the 

work presented here adopts a limited-horizon approach, approximating the value function using 1-

next state and 2-next states lookahead with memoization to ensure computational feasibility. 

This approach fundamentally integrates sequence generation into the solution process, 

evaluating each step as the algorithm progresses. Consequently, DP achieves efficiency through 

an enumerative search that optimizes global outcomes by solving interdependent local 

subproblems. This provides an effective framework for optimizing draping sequences for complex 

geometries, featuring more than 10 BaS. 

As introduced in Section 2.3.5, the DP algorithms proposed in this chapter require a 

predefined search space: a set of draping steps derived from the initial or previously draped BaS. 

Algorithms 3.6 DFS and 3.7 BFS form the core of this search space generator. Notably, Algorithm 

3.7 enforces branching at every step, identifying possible draping operations from all previously 

draped BaS. This contrasts with Algorithm 3.6, which prioritizes forward expansion, continuing 

only from the last draped BaS unless a dead-end triggers the stuck functionality to allow branching. 
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Sections 6.2 through 6.6 detail the functionalities incorporated into the proposed DP 

algorithms. Section 6.7 presents the demonstrators used for evaluating performance, while Section 

6.8 outlines the testing plan. Finally, Sections 6.9 and 6.10 present the results for the 1-next state 

and 2-next states DP algorithms, respectively. 

 

 

6.2 Next-State Generation and Algorithmic Variants 

 

 To evaluate the impact of search depth on optimization performance, two variants of the 

sequence generation DP algorithm were developed. These variants differ in how they explore the 

available search space and utilize the underlying generation algorithms. 

The first variant, labelled 1-next state, evaluates all immediate neighbors that can be draped 

from the existing set of draped BaS as defined by Equation (2.6). This version utilizes Algorithm 

3.7 for BFS to identify and evaluate every possible transition within the immediate neighborhood. 

The second variant, labelled 2-next states, extends this search horizon to incorporate a 

second level of look-ahead. As presented in Equation (2.7), the algorithm first identifies all 1-next 

state options using Algorithm 3.7. For each of these candidates, it then explores the subsequent 

search space using Algorithm 3.6 for DFS. This hybrid approach allows the algorithm to evaluate 

the next states based on the specific yarn orientations resulting from the previous state 

configuration. The resulting decision-making breadth for both the 1-next state and 2-next states 

versions is illustrated in Figure 6.1.  
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Figure 6.1 Decision space: a) 1-next state; b) 2-next states 

 

Figure 6.1 shows one example of a neighbouring structure, though these structures vary 

from case to case. In certain scenarios such as the one represented in Figure 6.2, 1-next state BaS 

such as BaS #2 and BaS #3, BaS #2 and BaS #4, or BaS #4 and double curvature (DC) BaS #5 

share a common edge. Consequently, the draping of these surfaces directly influences 

neighbouring surfaces during the evaluation of 2-next states. 

This interaction necessitated a new approach for evaluating 2-next states within the DP 

algorithm, specifically the implementation of a new data structure to assess multiple draping 

scenarios before selecting the optimum. To facilitate this, 1-next state draping steps are temporarily 

treated as draped. This enables the algorithm to explore additional possibilities starting from these 

temporary positions, as shown in Figure 6.2. These temporary scenarios are defined as 

Hypothetical States, and they are described in detail in Section 6.3. 
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6.3 Hypothetical States For 2-Next States Evaluation 

 

The 2-next states DP algorithm relies on parallel Hypothetical States to temporarily store 

data associated with every 1-next state BaS candidate. After all 1-next state options are generated 

using BFS, the software evaluates the corresponding 2-next states using DFS. This evaluation is 

performed without branching, considering only the immediate neighbours of each 1-next state BaS 

candidate, as shown on the right side of Figure 6.2. Consequently, 2-next states that could be 

reached through additional branching via BFS, shown in the bottom left of Figure 6.2, are excluded 

from this variant as they constitute sub-cases of the initial 1-next state. 

After the list of 2-next states draping steps is created, the algorithm evaluates each search 

space to identify local optima. To prevent confusion between parallel Hypothetical States, the 

algorithm performs full evaluations within loops defined by 1-next state options. The main 

Orientations Matrix memory is cleared after finishing the evaluation of each parallel Hypothetical 

State. Orientations Matrices were introduced previously in Section 3.1 . 

Following the evaluation of the Objective Function for all 2-next states draping steps, the 

software selects the optimal pair of steps. It then extracts warp and weft orientations from the 

corresponding Hypothetical State and stores them in the appropriate rows of the Orientations 

Matrix. 

Figure 6.2 illustrates the BFS draping steps excluded from the 2-next states search space 

generation. Notably, BaS #5 is a DC type; this geometry generates in-plane shear that is transmitted 

to its immediate neighbours during the 2-next states evaluation.  
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Figure 6.2 Draping steps for 2-next states DP algorithm 

  

The implementation of Hypothetical States and the temporary memory required for their 

management significantly increase memory requirements. Preliminary tests showed that 

incorporating memoization into the 2-next states algorithm consistently exceeded the available 32 

GB RAM, preventing execution of the demonstrators considered in this work. Consequently, 

memoization was not implemented for the 2-next states approach.  
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6.4 Memoization for Dynamic Programming 

 

Figure 6.3 shows the structure of the Memoization Matrix used in this work. As discussed 

in Section 2.3.5, memoization reduces redundant computations, lowering execution time from 

exponential to polynomial complexity at the expense of increased memory usage [158], [168], 

[169]. Each stored draping step [BaS_a – BaS_b] includes the shear angles of neighbouring BaS 

at the time of evaluation. These values are retrieved whenever the same draping state is 

encountered. 

Figure 6.3 compares the same 2-next states pair of draping steps, [1-4, 4-7], demonstrating 

how they result in distinct memory datasets based on the draping status of their neighbours. This 

distinction is critical because the Objective Function evaluation requires the warp and weft 

orientations from both BaS_a and BaS_b; furthermore, the calculation of BaS_b orientations is 

directly affected by the state of its neighbours. 

Memoization was implemented exclusively in the 1-next state variant of the Dynamic 

Programming algorithm. The 2-next states version generates a reduced Hypothetical State matrix 

on-the-fly for each evaluated pair, but these matrices are erased after every iteration to manage 

total memory usage. 
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Figure 6.3 Memoization examples 
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6.5 Wrinkle Warnings and Darting Recommendations 

 

The wrinkle warning and darting recommendation algorithms in DP are adapted from those 

used in the BF approach. The primary challenge lies in their integration into the 2-next states DP 

algorithm, where darting a BaS without propagating yarn orientations across the darted edge 

modifies the Hypothetical States in a non-local manner. This directly impacts the evaluation of the 

Objective Function. 

Algorithm 3.8 for wrinkle warnings and Algorithm 3.9 for darting recommendations form 

the basis of this integration. Assessing the effect of darting through peripheral edges requires 

experimental validation to incorporate this behaviour into Database B. Such validation would 

enable darting to be used as an active operation within the draping process rather than a post-

analysis recommendation. 

Consequently, darting recommendation is currently implemented only within the 1-next 

state DP formulation, where state transition remains defined explicitly after each draping decision. 

In the 2-next states DP algorithm, darting is excluded because the resulting state evolution cannot 

be formulated within the current transition model, due to the absence of yarn propagation across 

darted edges. Therefore, darting is treated as a post-processing recommendation rather than a 

decision variable within the DP framework.  
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6.6 Enclosure Avoidance Constraint  

 

Upon testing the 1-next-state DP algorithm it was observed that its greedy, local-

optimisation nature led to decisions that do not mimic decision-making of a highly experienced 

technician. Specifically, the algorithm visited sequences that produced local enclosure situations, 

Figure 6.4 a). In practical terms, the algorithm could drape fabric around an undraped BaS whilst 

leaving it surrounded by previously draped regions, which is not a realistic way to drape a mould. 

A functionality was implemented to forbid such local enclosure scenarios, ensuring that no draping 

step leads to one enclosed undraped BaS. This constraint ensures that no single draping step leads 

to a fully enclosed, undraped BaS, though it does not yet apply to groups of BaS unless they are 

enclosed by peripheral elements. 

It was also observed that the algorithm prioritized the draping of peripheral BaS before 

addressing internal BaS, Figure 6.4 b). This latter case, labelled peripheral enclosure, is more likely 

to occur when working with mould models rather than part models due to flat peripheral surfaces 

typically added at mould periphery to facilitate vacuum bagging. By constraining both situations, 

the algorithm achieves more realistic and efficient representation of the draping process. The 

process for achieving these constraints is detailed below. 
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Figure 6.4 a) Enclosure of one non-draped BaS; b) Enclosure by draping peripheral BaS 

 

While the No_Enclosure Algorithm 6.1 is categorised as a functionality, its importance to 

the feasibility of the search space warrants the presentation of its logic below. 

 

Algorithm 6.1 No_Enclosure functionality 

Define No_Enclosure (active_seq, candidates, peripheral_list): 

  # Initialization: # 

  Identify all current non-draped Base Surfaces (BaS). 

  Create a filtered_list for feasible next steps. 

  For each candidate_BaS in candidates: 

    # 1. Local Enclosure Check: # 

    # Evaluate if selecting the candidate_BaS isolates any 

# neighboring BaS. 

    If a neighbor would become completely surrounded by draped 

regions: 

      Mark candidate_BaS as "Rejected" (Enclosure risk). 
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    # 2. Peripheral Enclosure Check: # 

    # Evaluate if candidate_BaS is a peripheral surface. 

    If candidate_BaS is last remaining peripheral BaS while 

internal BaS are undraped: 

      Mark candidate_BaS as "Rejected". 

 

    # 3. Filtering rejected BaS: # 

    If candidate_BaS is not rejected: 

      Add candidate_BaS to the filtered_list. 

 

  # 4. Safety Override – avoid premature end: # 

  If filtered_list is empty: 

    return original candidates 

  Else: 

    return filtered_list 

 

Algorithm 6.2 addresses both enclosure cases above by filtering the list of possible next 

draping steps. The function is called every time a draping step is to be optimised, and it receives 

the following inputs: current partial draping sequence, list of possible draping steps, list of 

peripheral BaS, and the sequential number of the draping step being optimised. Then, Algorithm 

6.2 performs the following operations: 

 

• Local enclosure: for each candidate BaS the function inspects its neighbours. Any 

neighbour that is still undraped is checked through its own neighbours. If this second-

level neighbourhood is completely draped, the neighbour would become fully 

enclosed if the candidate was selected. Since such an enclosed BaS would be 
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unreachable later by a continuous draping front, the candidate step is removed. The 

function iteratively rejects all steps that would cause enclosure or surrounding. If 

every candidate is rejected, leaving no feasible step, the function returns the original 

list of possible draping steps to avoid a situation where the algorithm ends without 

draping all BaS. 

 

• Peripheral enclosure: the algorithm identifies which peripheral BaS remain 

undraped. If the candidate step would drape the last remaining peripheral BaS while 

non peripheral BaS are still undraped, the step is removed from the list of possible 

draping steps. This prevents forming a fully enclosed undraped region. 

 

 

Algorithm 6.2 is overridden whenever its constraints eliminate all possible next draping 

steps, allowing the algorithm to proceed. 

The individual functionalities discussed in the previous sections, from memoization to 

enclosure avoidance, are consolidated into a single optimization framework. This integration 

ensures that search space is effectively pruned to exclude physically impractical sequences while 

remaining computationally manageable. The resulting DP model and algorithm, incorporating 

these combined constraints, are presented in the next two sections. 
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6.7 Dynamic Programming Model 

 

To represent the sequence optimization process, the draping problem is formulated as a 

discrete-state DP model. The model is defined by a state space representing the configuration of 

draped BaS and a transition logic that governs the progression of the draping front. Due to 

exponential growth of the decision space, the model employs a limited-horizon policy to evaluate 

the Objective Function over 1-next state and 2-next states lookahead trajectories. 

Previously presented Equation (3.3) is shown again below: 

 

𝑮 = (𝑽, 𝑬)        

 

where G is an undirected graph, V is the set of BaS and E is the set of graph-edges representing 

neighbouring relationships between BaS. 

 A draping sequence is defined as an ordered list of nodes, as per Equation (3.4), shared again 

below: 

 

𝑺 = [𝑣1, 𝑣2, … , 𝑣𝑘],     𝑣𝑖  ∈  𝑽      

 

where each element represents the order in which BaS are draped. 
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 DP generated draping sequence S must satisfy the uniqueness constraint, where each BaS is 

draped at most once, preventing revisiting previously draped BaS as per Equation (3.5) displayed 

again here: 

 

𝑣𝑖 ≠ 𝑣𝑗       ∀ 𝑖 ≠ 𝑗        

 

 DP feasible decision space is generated by DFS and BFS Algorithms 3.6 and 3.7 

respectively. Let 1-next state decision space be defined as 

 

𝐷1(𝑆) = 𝑁𝑒𝑥𝑡𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝑺) ∪ 𝑁𝑒𝑥𝑡𝑏𝑟𝑎𝑛𝑐ℎ(𝑺)     (6.1) 

 

and 2-next states decision space 

𝐷2(𝑆) = {
𝑁𝑒𝑥𝑡𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝑺),   𝑖𝑓 𝑁𝑒𝑥𝑡𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝑺) = Ø 

𝑁𝑒𝑥𝑡𝑏𝑟𝑎𝑛𝑐ℎ(𝑺),                             𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
  (6.2) 

 

Let DP Objective Function be 

𝐶(𝑣 |𝑆) = 𝑓(𝐶, 𝑄)       (6.3) 
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where cost depends on previously draped sequence S and the cost of new draping step v. Let the 

DP Objective Function be 

 

𝑓(𝑆) = 𝑚𝑖𝑛{𝑓(𝐶, 𝑄)} 𝑓𝑟𝑜𝑚 𝑠𝑡𝑎𝑡𝑒 𝑆 𝑡𝑜 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑖𝑜𝑛  (6.4) 

 

DP 1-next state practical approximation is defined by Equation (6.7) . Let DP functional 

equation be 

 

𝑓(𝑆) =  min
𝑣∈𝐷(𝑠)

{𝐶(𝑣|𝑆) + 𝑓(𝑆′)}     (6.5) 

 

𝑆′ = 𝑆 ∪ {𝑣}       (6.6) 

 

therefore, the 1-next state DP approximation can be expressed as: 

 

𝑓(𝑆) ≈  min
𝑣∈𝐷(𝑠)

{𝐶(𝑣|𝑆)}      (6.7) 

 

 To incorporate limited future information, i.e. 2-next states formulation, let  
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𝑓(𝑆) ≈  min
𝑣∈𝐷(𝑆)

{𝐶(𝑣|𝑆) + min
𝑤∈𝐷(𝑆′)

 𝐶(𝑤|𝑆′)}     (6.7) 

where 

𝑆′ = 𝑆 ∪ {𝑣}, 𝑆′′ = 𝑆′ ∪ {𝑤}     (6.8) 

 

 DP global objective can be then represented as 

 

𝑆∗ = argmin
𝑆 ∈ 𝑺̂

∑ 𝐶(𝑣𝑖|𝑆𝑖−1)
|𝑉|
𝑖=1      (6.9) 

where Ŝ is the set of all feasible sequences generated under proposed constrains, and Si-1 is the 

partial sequence before decision vi . 

 

 

6.8 Dynamic Programming Algorithm 

 

Figure 6.5 shows the workflow implemented for DP optimisation through Algorithm 6.2. 

The workflow integrates the main software functionalities including geometric processing through 

mould parameterization, initialization, decision-space generation, two-level decision evaluation, 

wrinkle warnings and recommendations, as well as memoization and parallel Hypothetical States. 
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Algorithm 6.2 Dynamic programming optimisation 

Define DP_Optimisation Input(Geometric_Data_File): 

  # Mould_parameterization: # 

  Run Algorithm 3.1 to generate reference frame vectors for 

all BaS. 

 

  # Initialization - Optional # 

Run 80_20_Function to generate [List of starting BaS] 

 

  # Iterative Draping Progression and Memoization: # 

  For every starting BaS: 

    While not all BaS are draped in the current sequence: 

      # Find Next Steps: # 

      Run Algorithm 3.7 BFS to list potential 1-next steps 

      If 2-next states: 

Run Algorithm 3.6 DFS to list potential 2-next steps 

for every 1-next state 

 

      For all possible draping steps identified: 

        # Memoization Check: # 

        If state [sequence + BaS] has been evaluated  

previously: 

          Retrieve partial results from memory. 

        Else: 

          # Yarn Orientation, wrinkle warnings and darting: # 

          Retrieve geometric data from Database_A. 

          Run Algorithms 3.2, 3.3, 3.4, and 3.5 to calculate  

orientations and shear. 

          Run Algorithm 3.8 for wrinkle warnings and  

  Run Algorithm 3.9 for darting recommendations. 
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          # Cost Evaluation: # 

          Retrieve mechanical performance data (Database_B) 

          Calculate partial Cost and Quality (C&Q) 

          Save partial results + wrinkle + darting to memory 

 (Memoization). 

 

      # Local Optima Selection: # 

      Select local optima: Identify the best draping step(s) 

based on lowest C&Q and least wrinkle warnings + darting 

recommendations for current search space. 

      Update active draping sequence with selected local  

optima. 

 

    Save final sequence for current starting BaS. 

 

  Best_Sequence = Select sequence with optimal global value 

from generated list of optimal draping sequences. 

 

For increased clarity in understanding Figure 6.5 flowchart, the algorithm number 

corresponding to each software functionality is indicated beside the relevant blocks in the figure. 

For example, the notation A 3.1 denotes Algorithm 3.1. 

 



128 

 

 

Figure 6.5 Dynamic programing algorithm flowchart 
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6.9 Dynamic Programming Evaluation Demonstrators 

 

Four demonstrator parts were used in evaluating performance of the DP approach. The first 

is academic model demonstrator 31_Benchmark derived from the mould originally introduced by 

Hancock [67] described in Section 2.3 and shown in Figure 6.6. The second, academic 

demonstrator 32_Variation, is a variation of demonstrator 31_Benchmark shown in Figure 6.7. 

The third is academic demonstrator 01_Francois shown in Figure 6.8, and the fourth is industrial 

demonstrator 24_Hutchinson shown in Figure 6.9 . 

Compared to cases analysed in Chapter 5, selection of these test cases was motivated by 

their geometry characterized by the presence of sharp internal corners, multiple regions of double 

curvature and/or by a larger number of BaS: 10 BaS for demonstrators 31_Benchmark and 

32_Variation, 15 BaS for 01_Francois and 66 BaS for demonstrator 24_Hutchinson. 

 

Figure 6.6 Demonstrator 31_Benchmark; Surface area: 20 258 mm2 
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Figure 6.7 Demonstrator 32_Variation; Surface area: 30 645 mm2 

 

 

Figure 6.8 Demonstrator 01_Francois; Surface area : 33 871 mm2 
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Figure 6.9 Industrial demonstrator 24_Hutchinson; Surface area: 354 838 mm2 

 

6.10 Design of Dynamic Programming Evaluation Programme 

 

 The first testing of the DP algorithm was comparative in nature: BF and DP algorithms were 

run on demonstrator 32_Variant. The number of possible sequences is shown in Table 6.1. 

 

Table 6.1 Brute Force analysis for demonstrator 32_Variant 

Geometry 
BF generated sequences 

- computing time 

BF Objective Function evaluation 

– estimated computing time 

 3 550 144 sequences 

594 seconds 

4.5 seconds/sequence (avg) 

986 hours = 41 days 
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 A computing time of 41 days for analysing a 10-BaS mould is incompatible with industrial 

performance requirements for the software tool, which is intended to operate on an average 

personal computer and propose answers to client requirements within a few days. For more 

complex geometries featuring 10 or more BaS, DP is preferred. 

 Table 6.2 presents a set of 8 experimental testing runs selected for evaluating 1-next state 

and 2-next states variants. Both academic and industrial demonstrators were represented. The 8 

testing runs cover a representative range of geometries, materials and initial configurations, 

enabling testing of the DP algorithm under realistic conditions. Both DP variants were tested on 

equivalent scenarios. Section 6.11 present the results obtained from DP algorithms testing. 

 

Table 6.2 Dynamic Programming testing runs, 1-next state and 2-next states  

Demonstrator 
Shear angle 

used 

Fabric and 

layers 

Initial 

orientation 
Run # 

31_Benchmark Maximum Fabric #1, 1 ply 

0°/ 90° 1 

+/- 45° 2 

32_Variation Maximum Fabric #1, 1 ply 

0°/ 90° 3 

+/- 45° 4 

01_Francois Maximum Fabric #2, 2 plies 

0°/ 90° 5 

+/- 45° 6 

24_Hutchinson Maximum Fabric #3, 3 plies 

0°/ 90° 7 

+/- 45° 8 
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6.11 Dynamic Programming Results and Computational Performance Analysis 

 

Next Section 6.11.1 presents a brief comparison between the BF and DP 1-next state 

algorithms for demonstrators 30_Corner and 27_Hutchinson. This benchmarking exercise was 

conducted using the same fabrics and initial yarn orientations for both optimisation approaches. 

The remainder of this Chapter presents the results obtained from the eight DP testing runs 

defined in Section 6.10, for each of the 2 DP algorithms developed in this thesis. Representative 

results are presented for the 1-next state and 2-next states algorithms in Sections 6.11.3 to 6.11.5 , 

while complete results including optimised draping sequences, yarn orientations, wrinkle 

warnings, darting recommendations, validation photographs and individual discussions for each 

run are provided in Appendix B. 

 

6.11.1 Benchmarking of Dynamic Programming Against Brute Force Optimisation 

 Brute Force optimisation guarantees identification of the global optimum by evaluating all 

feasible draping sequences in an exhaustive manner. For this reason, BF results obtained in 

Chapter 5 were used as a benchmark for assessing the performance of the DP 1-next state 

algorithm. Demonstrators 30_Corner and 27_Hutchinson were selected because exhaustive 

evaluation was computationally feasible for these geometries. The comparison was conducted 

using the same fabrics, initial yarn orientations and Objective Function formulation. Table 6.3 

summarizes the results in terms of optimised Objective Function values and computing times.  
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Table 6.3 Benchmarking of DP against BF Optimisation 

 Brute Force  Dynamic Programming 

 best f(C, Q) Computing time  best f(C, Q) Computing time 

27_Hutchinson 26.29 1 m 19 s  26.29 36 s 

30_Corner 2.92 51 min 36 s  2.92 43 s 

 

 

Two important conclusions can be drawn from Table 6.4. First, the DP 1-next state algorithm 

was able to identify the same global optimum Objective Function value as BF in a consistent 

manner. Although only the best Objective Function values are presented in the table, optimisation 

results obtained from every starting BaS were compared for each demonstrator. In all cases, the 

DP algorithm reached the same Objective Function value as the global optimum identified through 

exhaustive BF evaluation. 

The second important observation is the substantial reduction in computing time. This effect 

was particularly evident for demonstrator 30_Corner, featuring 7 BaS, where computing time was 

reduced by 98.6%. 

Based on these findings, it can be concluded conservatively that the proposed DP algorithm 

is capable of generating at least near-optimal solutions while requiring only a fraction of the 

computational resources and execution time associated with BF optimisation. 
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6.11.2 Summary of Dynamic Programming Results 

This section summarizes the results for both the 1-next state and 2-next states algorithms, 

allowing direct comparison of optimisation performance across the different demonstrators, 

fabrics and initial yarn orientations for every run as introduced in the previous Section.  

Optimised Objective Function values and total computing time are presented for every run 

in Table 6.4. This computing time includes main algorithm processing as well as generation of six 

rotated 2D views of the final optimised draping sequence obtained for each starting BaS, including 

the resulting warp and weft vectors. Both processes were executed on an Intel Core i9-13950HX 

processor with 8 performance cores and 16 efficient cores with maximum frequency up to 5.5 

GHz. 

Table 6.4 Summary of Dynamic Programming optimisation results 

  DP 1-next state  DP 2-next states 

Demonstrator 
Run 

# 
f(C, Q)* Computing time 

 
f(C, Q)* Computing time 

31_Benchmark 
Run 1 11.27 3 min 6 s  14.44 2 min 25 s 

Run 2 11.27 3 min 4 s  24.48 2 min 54 s 

32_Variation 
Run 3 13.93 3 min 29 s  17.82 2 min 30 s 

Run 4 13.93 3 min 11 s  19.2 3 min 0 s 

01_Francois 
Run 5 4.22 8 min 31 s  3.58 4 min 48 s 

Run 6 5.03 5 min 7 s  5.01 4 min 12 s 

24_Hutchinson 
Run 7 84.43 115 min 24 s  87.24 103 min 48 s 

Run 8 83.98 91 min 36 s  86.1 93 min 

 

It is important to consider that the computing times presented include optimisation and visual 

guides generation for implementing the optimised draping sequence. For example, for Run 1 the 

total computing time with visualization was approximately 2.7 times the optimisation time alone. 
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As a rule of thumb, roughly 40% of total computing time is dedicated to optimisation, while about 

60% corresponds to visualization. 

General observations from the summarized results presented in Table 6.5 are listed below: 

• For the simpler academic demonstrators, the larger decision horizon of the DP 2-next 

states algorithm was not as effective as expected. For these demonstrators, the branching 

nature of the BFS-based search space generation used by the DP 1-next state algorithm 

led to a more diverse exploration of candidate solutions and, consequently, lower 

Objective Function values. 

• On average, DP 2-next states reduced computing time by 16%. For the two simpler 

demonstrators, the best solutions obtained were approximately 50% inferior to those 

obtained with DP 1-next state. Conversely, for the two more complex demonstrators, 

DP 2-next states produced Objective Function values that were approximately 2% lower 

on average. 

• Industrial scalability of the proposed DP algorithms was successfully demonstrated. The 

draping process for demonstrator 24_Hutchinson was optimised in approximately 1 hour 

and 30 minutes using a commercially available laptop computer. 

 

Representative testing results for the DP 1-next state and DP 2-next states algorithms are 

presented in the following three sections. Complete results for all testing runs are provided in 

Appendix B, along with further case by case discussion of results. 
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6.11.3 DP 1-Next State - Run 2 

 A total of 378 partial draping sequences were evaluated and optimised for DP 1-next state 

Run 2 with initial orientation at +/- 45°. All BaS were tested as starting BaS. Total computing time 

was 3 min 4 s . Results are summarized in Table 6.5 . 

Figures 6.10 and 6.11 show the optimal draping sequence for an initial orientation of +/-

45°, and the resulting warp and weft vector orientations, respectively. The optimised sequence 

clearly shows the greedy nature of DP, with a noticeable tendency to delay the draping of double-

curvature BaS.  

 

 

Figure 6.10 DP 1-next state - draping sequence for optimised Run 2 
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Figure 6.11 DP 1-next state resulting orientations for optimised Run 2 

 

Table 6.5 DP 1-next state - Run 2 optimisation results 

Demonstrator 

& conditions 

Starting 

BaS 
f(C&Q) 

Wrinkle 

warnings 
Optimised draping sequence: 

31_Benchmark 

1-next state 

Run2 

1 11.27 1 [1-5, 5-10, 10-9, 9-4, 1-2, 5-6, 6-7, 7-8, 8-3(W, D)] 

4 11.27 1 [4-9, 9-10, 10-5, 5-1, 1-2, 5-6, 6-7, 7-8, 8-3(W, D)] 

 

The optimised draping sequences for Run 2 exhibit realistic progression in which high in-

plane deformation was deferred to the latter stages of the draping process. Starting from lateral 

single-curvature regions led the algorithm to favour peripheral draping steps initially; however, 
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the no-enclosure condition prevented the algorithm from enclosing undraped BaS. As a result, the 

progression model produced a feasible draping sequence with a wrinkle warning issued for BaS 

#3 at a late stage of the sequence. As observed, the optimal draping sequences for BaS #1 and BaS 

#4 are nearly symmetrical; they differ only in their initial stages before progressing through 

identical steps. 

Figure 6.12 shows the resulting draping sequence. During validation, considerable operator 

intervention was required as the fabric was progressively draped toward the opposite half of the 

mould. This behaviour is consistent with that observed in Run 1, the details of which are provided 

in Appendix B.  

 

 

Figure 6.12 DP 1-next state - validation for optimised Run 2 
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Figure 6.12 validates the formation of a wrinkle during final draping step [BaS #8 – BaS 

#3] and demonstrates the suitability of darting to manage this issue. Crucially, the optimised 

sequence for Run 2 displaces the wrinkle to the periphery of BaS #3, facilitating the recommended 

darting operation. 

 

6.11.4 DP 1-Next State - Run 5 

Optimisation performance and results for this run are presented in Appendix B.5 the 

optimal draping sequence is illustrated in Figure 6.13 and its laboratory validation is shown in 

Figure 6.14, where warp and weft orientations are presented in blue and red colors. 

 

Figure 6.13 DP 1-next state - draping sequence for optimised Run 5 
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Figure 6.14 DP 1-next state - validation for optimised Run 5 

  

Figure 6.15 presents the case of a non-optimised draping sequence [1-8, 1-2, 2-9, 9-10, 8-

11, 11-13, 10-12, 12-15, 13-14, 12-4, 2-3, 15-5, 5-6, 6-7] which was generated and tested manually 

for comparison purposes; it was not produced by the optimisation algorithm. Its inclusion 

highlights an undesirable outcome associated with poor shear management and reinforces the 

benefit of the optimised sequencing strategy. 

 



142 

 

 

Figure 6.15 Non-optimised draping sequence illustrating shear dispersion effects 

 

6.11.5 DP 2-Next States - Run 7 

Given the substantially larger search space explored by the 2-next states DP algorithm, 

memory usage becomes a critical consideration. For this reason, wrinkle warning and darting 

recommendation parameters were not stored for hypothetical states, preventing excessive memory 

usage while preserving the core optimisation functionality. 

This section presents results obtained using the DP 2-next states optimisation algorithm for 

Run 7 on the 66-BaS demonstrator 24_Hutchinson, with the initial yarn orientation set at 0°/90°. 

Table 6.6 summarizes optimisation results from the starting BaS selected by the initialization 

algorithm, while Table 6.7 lists the optimised draping sequence obtained from the selected starting 

BaS #12. Figures 6.16 to 6.18 show the corresponding draping sequence. A total of 11 276 partial 

draping sequences were evaluated and optimised in 103 min and 48 s. 
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Table 6.6 DP 2-next states - Optimisation results for all selected starting BaS for Run 7  

Starting BaS# Cost & Quality Starting BaS# Cost & Quality 

2 279.06 30 110.19 

5 237.47 31 280.25 

10 278.17 44 110.98 

11 280.66 57 237.50 

12 87.24 58 187.73 

20 232.52 59 185.83 

29 112.43 61 113.93 

 

Table 6.7 DP 2-next states - Best draping sequence for Run 7  

Demonstrator 

& conditions 

Starting 

BaS 
f(C&Q) Optimised draping sequence: 

24_Hutchinson  

2-next states 

Run 7 

12 87.24 

[12-11, 11-41, 41-40, 40-38, 11-10, 10-47, 10-30, 30-29, 12-28, 28-9, 

9-2, 2-3, 38-44, 44-39, 3-22, 22-32, 3-15, 15-18, 9-13, 13-16, 38-36, 

36-34, 39-37, 37-35, 32-33, 33-23, 3-1, 1-4, 18-21, 21-25, 40-45, 45-51, 

16-19, 19-24, 30-49, 49-54, 54-55, 55-63, 51-56, 56-62, 62-65, 65-64, 

23-5, 5-6, 29-31, 31-48, 49-50, 50-57, 21-20, 20-17, 44-46, 46-52, 63-

66, 66-59, 9-8, 12-8, 6-7, 48-53, 25-27, 24-26, 17-14, 2-14, 63-58, 57-

58, 20-42] 
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Figure 6.16 DP 2-next states - draping sequence for optimised Run 7 

 



145 

 

 

Figure 6.17 DP 2-next states - draping sequence for optimised Run 7 - steps 1 to 30 
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Figure 6.18 DP 2-next states - draping sequence for optimised Run 7 - steps 31 to 65 
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 A similar value was obtained for the best draping sequence for 2-next states Run 7, with a 

difference of +3.3%. This optimised draping sequence starts from the central flat region of the 

industrial mould; this facilitates further draping operations due to low in-plane shear being 

transferred from draped BaS in early stages. Only 6 BaS were listed with final in-plane shear larger 

than 15°, with a maximum shear angle of 42° registered for BaS #59. This is an improvement with 

respect to the 1-next state algorithm, where 7 BaS reached in-plane shear above 15° and two BaS 

reached in-plane shear above 45°. 

As observed in Figures 6.17 and 6.18, the lower left section with the most complex 

geometry was not draped until step 55 of 65, hence during the latest stages of the draping sequence. 

This is highly desirable, as explained in previous sections. 

In total, this 2-next states Run 7 took 12 fewer minutes to execute than its 1-next 

counterpart, representing a decrease of approximately 12% in processing time with a similar 

optimised value. 

  

6.12 Conclusions 

 

This chapter presented the development, implementation and validation of DP algorithms 

for the optimization of HLU draping sequences. By evaluating these algorithms across four 

demonstrators of increasing geometric complexity ranging from academic benchmarks to an 

industrial 66-BaS part, this work has demonstrated that DP provides a computationally efficient 

alternative to BF methods for complex HLU draping. 
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The analysis of the 1-next state and 2-next states algorithms reveals several critical insights 

into the nature of automated draping optimization: 

• Enclosure and realism: A significant finding was the necessity of the No_Enclosure 

constraint. The initial greedy nature of the 1-next state algorithm often led to complex 

scenarios where undraped regions became surrounded by draped fabric. 

Implementing enclosure avoidance proved essential to achieving draping sequences 

that reflect draping decisions similar to the ones made by experienced HLU 

technicians. 

• In-plane shear management: Across multiple evaluation runs, for example runs 1, 2 

and 5, optimised sequences demonstrated consistently the ability to defer high in-

plane shear to the final stages of HLU. This strategy effectively limits shear 

propagation, thereby reducing the likelihood of wrinkles and minimizing the need 

for increased operator intervention. Experimental validation confirmed that wrinkle 

warnings and darting recommendations issued by the software align with physical 

results. 

 

• Optimisation space: The 2-next states algorithm provided a broader search space 

which, in certain complex cases such as 01_Francois demonstrator, identified 

sequences that delayed the draping of double-curvature BaS more effectively than 

the 1-next state algorithm. This behavior mimics more closely the strategic decision-

making of experienced technicians. However, analysis also highlighted the 

sensitivity of the optimisation model to enclosure effects when branching constraints 

are not enforced. 
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• Computational efficiency and scale: The integration of memoization and of the 

initialization algorithm proved essential for scaling the software to industrial 

demonstrators. While a hardware threshold of 32 GB RAM was identified for the 66-

BaS industrial demonstrator, the initialization algorithm successfully narrowed the 

search space to a group of preferred start BaS, particularly by identifying that starting 

on double curvature surfaces yields higher values. 

• Optimization of visualization resources: 3D visualization is a critical tool for 

translating optimised sequences into plybooks actionable on the shop floor. 

However, it was found to account for approximately 60% of total processing time. 

To address this, a conditioning functionality was implemented to disable visual 

generation during initial evaluation of multiple starting BaS. Once the algorithm 

identifies the most efficient starting point, visualization is reactivated for a final run. 

This dual-phase approach allows for rapid global optimization without sacrificing 

visual guidance necessary for production. 

• Industrial viability: Results confirm that DP algorithms are suitable for real-time 

industrial use, running effectively on standard high-performance computers. 

 

In summary, Chapter 6 validates that a model-driven, database-supported DP approach can 

successfully replace trial and error in HLU draping design. By quantifying the balance between 

cost and quality f(C, Q), the software provides a repeatable and rigorous methodology for 

identifying superior draping sequences.  
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Chapter 7. Discussion and Conclusions 

 

7.1 Introduction 

 

 This chapter discusses results presented in Chapters 5 and 6 in relation to the objectives 

and original contributions of this thesis. The proposed software tool enables the optimisation of 

dry fabric draping by generating and evaluating draping sequences based on engineering 

parameters obtained through database querying and evaluation of the Objective Function 

quantifying the cost and quality of draping the reinforcement. 

The following discussion opens on a review of the modelling approach used for representing 

HLU as a sequence of discrete draping steps. Assumptions related to geometric parameterization, 

initial conditions and decision rules are discussed in terms of their impact on realism, 

computational efficiency and optimisation outcomes. 

Then, this chapter discusses the role of BF optimisation as a validation and benchmarking 

tool, as well as its limitations for industrially relevant problems. The DP framework is discussed 

subsequently with regards to its efficiency and applicability to complex moulds. In all cases, 

optimisation is performed by evaluating the Objective Function. The user is also provided with 

wrinkle warnings and darting recommendations, enabling more informed decision-making when 

selecting the optimal draping sequence. 

Finally, this chapter reiterates the main contributions of this work, discusses its limitations 

and outlines directions for future work. 
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7.2 Discussion of Hand Lay-up Modelling 

 

The HLU modelling framework developed and adopted in this work enabled the automatic 

generation of feasible draping sequences without user intervention. By expressing the draping 

process as a sequence of discrete steps, the optimisation problem becomes computationally 

manageable and adapted for systematic evaluation using both BF and DP approaches. The 

formulation of the draping process made it possible to explore large solution spaces while 

maintaining a consistent representation of the process. 

Logic based progression rules limited the generation of physically unrealistic or unfeasible 

draping sequences, leading to coherent optimisation outcomes across different demonstrators. This 

robustness facilitates the exploration of different input data, enabling direct comparison between 

alternative draping strategies. 

From a computational perspective, discretizing the HLU process into BaS significantly 

reduces the problem size compared to conventional Finite Element Analysis. While standard FEA 

approaches typically involve thousands of elements to approximate a continuous surface, this 

method divides the mould into larger geometric entities, thereby lowering the dimensionality of 

the decision space. Clear definitions of system states, such as the draped/undraped status of a BaS 

and its neighbours, peripheral BaS and peripheral edges, facilitate the evaluation of both partial 

and complete draping sequences. 

Additional constraints and checks, such as the Algorithm 6.1 No_Enclosure functionality, 

limited the exploration of unfeasible or undesirable draping decisions. Integration of memoization 

in the DP framework improved computational performance for moulds with large numbers of BaS. 



152 

 

In terms of result interpretation, the modelling framework allowed linking of optimised 

outputs with practical manufacturing actions. Draping sequences often resembled strategies that 

an experienced operator might explore during HLU, highlighting the practical relevance of the 

proposed approach. Additionally, the ability to identify and compare multiple near-optimal 

sequences provides flexibility in selecting a draping strategy suited to shop floor constraints. 

The modeling framework is designed for balancing computational speed with physical 

accuracy, prioritizing its function as a rapid decision-support tool. The physical behaviour of 

reinforcements is derived through linear interpolation of laboratory data from Database B, ensuring 

sufficient precision for comparative optimization. Furthermore, complex mould geometries are 

represented efficiently using a 5-parameter Frustum model, which maintains geometric fidelity 

while enabling the rapid evaluation of draping strategies required for industrial applications. 

 

7.3 Role of Brute Force Optimisation 

 

BF optimisation served as the foundational benchmark for the development and validation 

of the draping sequence optimisation framework. As detailed in Sections 5.3 and 5.4 the exhaustive 

evaluation of all feasible draping sequences for demonstrators with a limited number of BaS 

provided direct access to the complete solution space. This enabled the identification of global 

optima under the defined Objective Function, fulfilling the first objective of this work: the 

systematic and automatic comparison of very large numbers of possible draping scenarios. 

BF optimisation functioned as a critical baseline for verifying that the HLU model and the 

Objective Function produced physically possible evaluations. BF results established confidence in 
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the framework’s ability to quantify cost and quality before more complex algorithms were 

developed. This validation represents a key original contribution of the thesis, as it constitutes the 

first instance in which geometric and engineering parameters queried from databases are used for 

evaluating the complete space of discrete draping steps and sequences. 

The value of the BF analysis lies in its ability to explore all possible draping decisions for 

the draping of smaller demonstrators. By evaluating every possible sequence, it was possible to 

observe that the Objective Function is sensitive to the accumulation of in-plane shear across 

sequential steps. BF results confirmed that the optimal path is not merely a collection of the best 

individual steps, but a globally integrated sequence. This insight provided justification for the 

transition to DP; it demonstrated that while the solution space associated with industrial moulds 

may be too large for exhaustive search, it possesses a structure that can be exploited by more 

sophisticated optimisation algorithms. 

However, BF results also revealed fundamental scalability constraints. As the number of 

BaS increased the factorial growth of permutations to be evaluated rendered exhaustive searches 

impractical for most industrially relevant moulds. For example, while 10-BaS Demonstrator 

31_Benchmark was successfully solved, the exponential expansion of the decision space for larger 

geometries confirmed that BF is ill-suited to the rapid identification of manufacturing designs 

required in an industrial context. These constraints necessitated the development of the DP 

approach presented in Chapter 6, justifying the transition from exhaustive enumeration to more 

computationally efficient optimisation strategies required for addressing large-scale industrial 

geometries. 
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7.4 Discussion of Dynamic Programming Results 

 

This section discusses results obtained using the DP optimisation approach presented in 

Chapter 6. First, the analysis examines the characteristics of the 1-next state formulation, 

highlighting general trends observed across the different optimisation runs including sensitivity to 

local optima, computational efficiency and typical limitations. Then, the discussion addresses 2-

next states algorithm performance with emphasis on the effect of additional look-ahead on solution 

quality, consistency of optimisation outcomes and computational cost. 

Finally, the practical implications of selecting between the 1-next state and 2-next states 

approaches are discussed, with attention given to trade-offs between optimality and computational 

effort in an industrial context. 

 

7.4.1 Behaviour of 1-Next State Approach 

The 1-next state DP approach exhibited a consistent tendency to defer high in-plane shear to 

the latter stages of draping sequences. As evidenced in Runs 1 and 2 for Demonstrator 

31_Benchmark, this strategy ensured that wrinkle warnings were issued only during latter draping 

steps. By limiting shear generation and propagation in early and intermediate stages the algorithm 

effectively mimics expert hand lay-up strategies where complex local deformation is managed 

only after most of the mould surface has been draped. 

The greedy nature of the 1-next state algorithm provides a significant advantage in initial 

optimisation speed, yet it also exhibits high sensitivity to the sequence in which draping steps are 

evaluated. For instance, during the optimisation of the final draping step of the Run 1, the algorithm 
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identified three candidate steps sharing identical Objective Function values. In such scenarios, 

final selection depended on the indexing order within the evaluation list or memoization matrix. 

Rather than representing a modelling flaw, these variations highlight the algorithm’s ability to 

identify multiple feasible local optima. Furthermore, the No_Enclosure functionality proved 

essential in maintaining realistic progression; in Run 2, this condition prevented the premature 

draping of peripheral regions that would have isolated undraped BaS. 

Results across different demonstrators confirm that the algorithm is sensitive to geometric 

complexity rather than just fabric orientation. Changing the initial yarn orientations from 0°/90° 

to ±45° had no significant impact on the final Objective Function for Runs 3 and 4. However, in 

Runs 5 and 6 for the 15-BaS demonstrator 01_Francois, the algorithm effectively optimised the 

draping sequence through double-curvature regions without triggering wrinkle warnings. 

Computational efficiency remains a core strength of the 1-next DP approach. For complex 

cases such as 66-BaS industrial demonstrator 24_Hutchinson in Run 7, the algorithm successfully 

evaluated over 100,000 partial sequences in approximately 115 minutes, despite high RAM 

requirements. This performance was facilitated by memoization which reduced execution time by 

up to 35% by minimizing redundant calls to Database B. Furthermore, analysis of computing time 

indicates that while optimisation is efficient, a significant portion of processing - roughly 60% - is 

dedicated to the generation of rotated 2D views and vector visualisation. Collectively, these results 

validate the 1-next state DP formulation as a robust and industrially viable framework for rapid 

draping strategy evaluation. 

7.4.2 Behaviour of 2-Next States Approach 

The 2-next states approach was developed as a variation of the DP framework to introduce 

a limited look-ahead capability. By evaluating the combined Objective Function for draping two 
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sequential BaS, this method aimed at mitigating the greedy limitations of the 1-next state approach 

hence identify superior global draping sequences. 

It was confirmed that the 2-next states algorithm represents a variation of the DP 

optimisation engine rather than a linear evolution of the 1-next state algorithm. A primary technical 

divergence is the exclusion of proven BFS branching during the main iteration, which ended up 

limiting the amount of possible draping steps being evaluated. It is possible that optimal 2-steps 

draping combinations were lost because of this condition, even though incorporating branching at 

this level of look-ahead would result in an exponential expansion of the decision tree, 

compromising the 32 GB RAM capacity of the PC used for this thesis algorithms testing. 

Another functionality tested for the 2-next states algorithm was the override of no 

branching combination of draping steps, which proved its efficacy for Run 5, for example. This 

override permits BFS branching only as a fallback when no valid 2-next states pairs are available 

while the mould is not fully draped. 

Results from Chapter 6 indicate that the 2-next states approach does not always outperform 

the 1-next state algorithm, largely due to the different functionalities implemented for the 2-next 

states algorithm. For example, the deactivation of the No_Enclosure condition occasionally 

allowed the algorithm to pursue sequences that enclosed undraped BaS, leading to localized 

suboptimal results. These constraints were necessary for ensuring that the software remained 

executable on a standard PC within industrially relevant timeframes. 

The 2-next states algorithm functions as a specialized complementary tool rather than a 

replacement for the 1-next state baseline. While the 1-next state approach offers superior speed 

and robustness across most geometries, the 2-next states method demonstrates value in identifying 
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superior solutions where inter-dependency between adjacent BaS is high. The choice between 

these two approaches represents a trade-off between Objective Function value and visual 

evaluation of the optimised draping sequence. It is encouraged to run both algorithms in the search 

of a superior solution for every mould. 

 

 

7.5 Contributions and Conclusion 

 

The development of a discrete HLU modelling framework integrated with both BF and DP 

optimisation algorithms marks a significant advance in the development of preforming strategies 

for dry reinforcements for composites. This work demonstrates that the complex fabric draping 

process can be structured rigorously and evaluated through a high-speed computational framework 

that synthesizes geometric parameterization with material-specific mechanical data. By providing 

an automated engine to identify optimal draping sequences, this work effectively eliminates 

reliance on trial-and-error methods used in industry, replacing manual intuition with repeatable, 

data-driven engineering methods and parameters.  

Based on validation results presented in Chapters 5 and 6, original contributions made in 

this thesis include: 

• First framework for systematic draping sequence evaluation: This work delivers the 

first automated tool capable of generating and evaluating very large solution spaces 

of draping scenarios and sequences. Through BF analysis, the software explored the 
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entire solution space for smaller geometries, confirming that the Objective Function 

evaluates and compares manufacturing cost and quality accurately. 

• Discrete mathematical representation of HLU: By decomposing complex geometries 

into BaS, this thesis transformed the qualitative art of manual draping into a sequence 

of discrete, measurable steps. This enables the calculation of the energy required for 

draping a BaS, hence the cost for performing such operation, and the possible 

variability linked to draping decisions as per the experimental data contained in 

Database B.  

• Scalable optimisation for industrial geometries: The transition to DP optimisation 

addressed the factorial growth of the decision space inherent to complex moulds. The 

software demonstrated industrial viability by evaluating over 100 000 partial 

sequences for a 66-BaS demonstrator in under two hours, aided by a memoization 

strategy that reduced redundant database queries by 35%. 

• Material-specific decision support: The software bridges the gap between laboratory 

material characterization and shop floor implementation. By using linear 

interpolation of experimental data to drive the optimisation engine, the framework 

ensures that every sequence suggested aligns with specific mechanical limits of the 

fabric. 

In conclusion, this thesis marks a transition in the manufacturing of dry textile reinforcement 

preforms for composites, from an experience-based manual craft to a predictable data-driven 

engineering process. By establishing a rigorous mathematical framework that discretizes the HLU 

process and optimizes it through both BF and DP approaches, this work provides a scalable 

solution to the long-standing challenges of cost and quality attainability and inconsistency of 
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decision-making. The software developed herein not only eliminates the industry’s traditional 

reliance on trial-and-error, but it also creates a foundational architecture for future addition of more 

materials data and optimisation algorithms. Ultimately, the systematic evaluation of draping 

sequences through this computational engine ensures that composite parts can be produced with a 

level of repeatability and efficiency that meets the evolving demands of the aerospace and 

automotive sectors. 

 

 

7.6 Observations and Future Work 

 

While the software achieved its primary objectives, different technical observations were 

made during testing, providing a roadmap for future development: 

 

• Processing efficiency: a significant observation was that approximately 60% of 

processing time was dedicated to visualizations and 2D rotations. Future work should 

focus on optimizing the graphical engine or utilizing parallel processing to further 

decrease execution time for large-scale industrial moulds; 

• Hardware and memory constraints: the 2-next states approach highlighted a critical 

trade-off between look-ahead depth and RAM capacity. Future iterations could 

explore more memory-efficient branching to navigate deeper decision trees without 

exceeding standard workstation limits; 
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• Algorithmic refinement: while the 1-next state DP proved robust, the 2-next states 

DP showed potential for identifying superior solutions in areas of high geometric 

inter-dependency. Future research should aim at refining the look-ahead logic to 

better balance the searching of near optimal solutions with computational speed.  
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Appendix A. Geometric Parameterization 

As explained in Section 1.2, the geometric parameters are extracted through a MSVBTM 

Macro software that interacts with SolidWorksTM, delivering the following data as per Table A.1, 

for the demonstrator 01_Francois, shown in Figure A.1 . 

 

Table A.1 Geometric data extracted by macro for demonstrator 01_Francois 

Base 

Surface 

# 

Edge 

# 

Edge length 

(mm) 

Point 

# 
x (mm) y (mm) z (mm) 

1 1 858.01 1 7000 0 0 

   2 7428.07 23.92 0 

   3 7850 100 0 

 2 2915.48 4 7000 0 0 

   5 7000 750 1250 

   6 7000 1500 2500 

 3 858.79 7 7000 1500 2500 

   8 7428.6 1519.53 2500 

   9 7850 1600 2500 

 4 2915.48 10 7850 100 0 

   11 7850 850 1250 

   12 7850 1600 2500 

2 5 2915.48 13 7000 0 0 

   14 7000 750 1250 

   15 7000 1500 2500 

 6 7000 16 0 0 0 

   17 3500 0 0 

   18 7000 0 0 

 7 2915.48 19 0 0 0 

   20 0 750 1250 

   21 0 1500 2500 

 8 7000 22 0 1500 2500 

   23 3500 1500 2500 

   24 7000 1500 2500 

3 9 2915.48 25 12000 2250 0 

   26 12000 3000 1250 
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   27 12000 3750 2500 

 10 4673.86 28 7850 100 0 

   29 9925 1175 0 

   30 12000 2250 0 

 11 2915.48 31 7850 100 0 

   32 7850 850 1250 

   33 7850 1600 2500 

 12 4673.86 34 7850 1600 2500 

   35 9925 2675 2500 

   36 12000 3750 2500 

4 13 858.79 37 7000 1500 2500 

   38 7428.6 1519.53 2500 

   39 7850 1600 2500 

 14 2617.99 40 7000 1500 2500 

   41 6999.99 2298.99 3518.01 

   42 7000 3500 4000 

 15 2694.12 43 7850 1600 2500 

   44 7645.09 2445.4 3507.21 

   45 7000 3500 4000 

5 16 2617.99 46 7000 1500 2500 

   47 6999.99 2298.99 3518.01 

   48 7000 3500 4000 

 17 7000 49 0 1500 2500 

   50 3500 1500 2500 

   51 7000 1500 2500 

 18 2617.99 52 0 1500 2500 

   53 0 2299.04 3517.95 

   54 0 3500 4000 

 19 7000 55 0 3500 4000 

   56 3500 3500 4000 

   57 7000 3500 4000 

6 20 1035.92 58 12000 2250 0 

   59 12489.18 2418.27 0 

   60 13000 2500 0 

 21 2915.48 61 12000 2250 0 

   62 12000 3000 1250 

   63 12000 3750 2500 

 22 1035.92 64 12000 3750 2500 

   65 12489.18 3918.27 2500 

   66 13000 4000 2500 

 23 2915.48 67 13000 2500 0 

   68 13000 3250 1250 

   69 13000 4000 2500 



186 

 

7 24 2333.83 70 12000 3750 2500 

   71 11826.7 4436.97 3413.89 

   72 11250 5250 4000 

 25 4673.86 73 7850 1600 2500 

   74 9925 2675 2500 

   75 12000 3750 2500 

 26 2694.12 76 7850 1600 2500 

   77 7645.09 2445.4 3507.21 

   78 7000 3500 4000 

 27 4596.19 79 7000 3500 4000 

   80 9125 4375 4000 

   81 11250 5250 4000 

8 28 7000 82 0 3500 4000 

   83 3500 3500 4000 

   84 7000 3500 4000 

 29 7000 85 0 3500 4000 

   86 0 7000 4000 

   87 0 10500 4000 

 30 12414.71 88 0 10500 4000 

   89 5625 7875 4000 

   90 11250 5250 4000 

 31 4596.19 91 7000 3500 4000 

   92 9125 4375 4000 

   93 11250 5250 4000 

9 32 7000 94 13000 2500 0 

   95 16500 2500 0 

   96 20000 2500 0 

 33 2915.48 97 13000 2500 0 

   98 13000 3250 1250 

   99 13000 4000 2500 

 34 7000 100 13000 4000 2500 

   101 16500 4000 2500 

   102 20000 4000 2500 

 35 2915.48 103 20000 2500 0 

   104 20000 3250 1250 

   105 20000 4000 2500 

10 36 2190.74 106 13000 4000 2500 

   107 13000 4582.98 3417.02 

   108 13000 5500 4000 

 37 1035.92 109 12000 3750 2500 

   110 12489.18 3918.27 2500 

   111 13000 4000 2500 

 38 2333.83 112 12000 3750 2500 



187 

 

   113 11826.7 4436.97 3413.89 

   114 11250 5250 4000 

 39 1787.12 115 11250 5250 4000 

   116 12108.96 5487.31 4000 

   117 13000 5500 4000 

11 40 1787.12 118 11250 5250 4000 

   119 12108.96 5487.31 4000 

   120 13000 5500 4000 

 41 12414.71 121 0 10500 4000 

   122 5625 7875 4000 

   123 11250 5250 4000 

 42 13928.39 124 0 10500 4000 

   125 6500 8000 4000 

   126 13000 5500 4000 

12 43 2190.75 127 20000 4000 2500 

   128 20000 4583.01 3416.99 

   129 20000 5500 4000 

 44 7000 130 13000 4000 2500 

   131 16500 4000 2500 

   132 20000 4000 2500 

 45 2190.74 133 13000 4000 2500 

   134 13000 4582.98 3417.02 

   135 13000 5500 4000 

 46 7000 136 13000 5500 4000 

   137 16500 5500 4000 

   138 20000 5500 4000 

13 47 7000 139 13000 5500 4000 

   140 16500 5500 4000 

   141 20000 5500 4000 

 48 13928.39 142 0 10500 4000 

   143 6500 8000 4000 

   144 13000 5500 4000 

 49 20000 145 0 10500 4000 

   146 10000 10500 4000 

   147 20000 10500 4000 

 50 5000 148 20000 5500 4000 

   149 20000 8000 4000 

   150 20000 10500 4000 

14 51 2617.99 151 20000 10500 4000 

   152 20000 11700.96 3517.95 

   153 20000 12500 2500 

 52 20000 154 0 10500 4000 

   155 10000 10500 4000 
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   156 20000 10500 4000 

 53 2617.99 157 0 10500 4000 

   158 0 11700.96 3517.95 

   159 0 12500 2500 

 54 20000 160 0 12500 2500 

   161 10000 12500 2500 

   162 20000 12500 2500 

15 55 2915.48 163 20000 12500 2500 

   164 20000 13250 1250 

   165 20000 14000 0 

 56 20000 166 0 12500 2500 

   167 10000 12500 2500 

   168 20000 12500 2500 

 57 2915.48 169 0 12500 2500 

   170 0 13250 1250 

   171 0 14000 0 

 58 20000 172 0 14000 0 

   173 10000 14000 0 

   174 20000 14000 0 

 

 Figure A1 shows the BaS labeling directly from the STEP file extracted data. 

 
Figure A.1 As is Macro labelled BaS numbers 
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 Table A.1 serves as a preliminary list characterized by repetitive entries and overlapping 

labels. By applying consistent indexing framework MinMax, Table A.2 eliminates these 

redundancies, ensuring that data structure and nomenclature convey specific information. 

 

Table A.2 MinMax geometric information for demonstrator 01_Francois 

Base 

Surface # 

Edge 

# 

Edge 

length 

(mm) 

Point # x (mm) y (mm) z (mm) 

1 1 7000 1 0 0 0 

   8 3500 0 0 

   7 7000 0 0 

 2 2915.48 7 7000 0 0 

   6 7000 750 1250 

   5 7000 1500 2500 

 3 7000 5 7000 1500 2500 

   4 3500 1500 2500 

   3 0 1500 2500 

 4 2915.48 3 0 1500 2500 

   2 0 750 1250 

   1 0 0 0 

2 3 7000 3 0 1500 2500 

   4 3500 1500 2500 

   5 7000 1500 2500 

 5 2617.99 5 7000 1500 2500 

   13 7000 2299 3518 

   12 7000 3500 4000 

 6 7000 12 7000 3500 4000 

   11 3500 3500 4000 

   10 0 3500 4000 

 7 2617.99 10 0 3500 4000 

   9 0 2299 3518 

   3 0 1500 2500 

3 6 7000 10 0 3500 4000 

   11 3500 3500 4000 

   12 7000 3500 4000 

 8 4596.19 12 7000 3500 4000 

   18 9125 4375 4000 

   17 11250 5250 4000 
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 9 12414.71 17 11250 5250 4000 

   16 5625 7875 4000 

   15 0 10500 4000 

 10 7000 15 0 10500 4000 

   14 0 7000 4000 

   10 0 3500 4000 

4 11 1787.12 17 11250 5250 4000 

   21 12109 5487.3 4000 

   20 13000 5500 4000 

 12 13928.39 20 13000 5500 4000 

   19 6500 8000 4000 

   15 0 10500 4000 

 9 12414.71 15 0 10500 4000 

   16 5625 7875 4000 

   17 11250 5250 4000 

5 13 7000 20 13000 5500 4000 

   26 16500 5500 4000 

   25 20000 5500 4000 

 14 5000 25 20000 5500 4000 

   24 20000 8000 4000 

   23 20000 10500 4000 

 15 20000 23 20000 10500 4000 

   22 10000 10500 4000 

   15 0 10500 4000 

 12 13928.39 15 0 10500 4000 

   19 6500 8000 4000 

   20 13000 5500 4000 

6 15 20000 15 0 10500 4000 

   22 10000 10500 4000 

   23 20000 10500 4000 

 16 2617.99 23 20000 10500 4000 

   31 20000 11701 3518 

   30 20000 12500 2500 

 17 20000 30 20000 12500 2500 

   29 10000 12500 2500 

   28 0 12500 2500 

 18 2617.99 28 0 12500 2500 

   27 0 11701 3518 

   15 0 10500 4000 

7 17 20000 28 0 12500 2500 

   29 10000 12500 2500 

   30 20000 12500 2500 

 19 2915.48 30 20000 12500 2500 



191 

 

   36 20000 13250 1250 

   35 20000 14000 0 

 20 20000 35 20000 14000 0 

   34 10000 14000 0 

   33 0 14000 0 

 21 2915.48 33 0 14000 0 

   32 0 13250 1250 

   28 0 12500 2500 

8 22 858.01 7 7000 0 0 

   41 7428.1 23.9 0 

   40 7850 100 0 

 23 2915.48 40 7850 100 0 

   39 7850 850 1250 

   38 7850 1600 2500 

 24 858.79 38 7850 1600 2500 

   37 7428.6 1519.5 2500 

   5 7000 1500 2500 

 2 2915.48 5 7000 1500 2500 

   6 7000 750 1250 

   7 7000 0 0 

9 24 858.79 5 7000 1500 2500 

   37 7428.6 1519.5 2500 

   38 7850 1600 2500 

 25 2694.12 38 7850 1600 2500 

   42 7645.1 2445.4 3507.2 

   12 7000 3500 4000 

 5 2617.99 12 7000 3500 4000 

   13 7000 2299 3518 

   5 7000 1500 2500 

10 26 4673.86 38 7850 1600 2500 

   45 9925 2675 2500 

   44 12000 3750 2500 

 27 2333.83 44 12000 3750 2500 

   43 11826.7 4437 3413.9 

   17 11250 5250 4000 

 8 4596.19 17 11250 5250 4000 

   18 9125 4375 4000 

   12 7000 3500 4000 

 25 2694.12 12 7000 3500 4000 

   42 7645.1 2445.4 3507.2 

   38 7850 1600 2500 

11 28 4673.86 40 7850 100 0 

   48 9925 1175 0 
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   47 12000 2250 0 

 29 2915.48 47 12000 2250 0 

   46 12000 3000 1250 

   44 12000 3750 2500 

 26 4673.86 44 12000 3750 2500 

   45 9925 2675 2500 

   38 7850 1600 2500 

 23 2915.48 38 7850 1600 2500 

   39 7850 850 1250 

   40 7850 100 0 

12 30 1035.92 44 12000 3750 2500 

   51 12489.2 3918.3 2500 

   50 13000 4000 2500 

 31 2190.74 50 13000 4000 2500 

   49 13000 4583 3417 

   20 13000 5500 4000 

 11 1787.12 20 13000 5500 4000 

   21 12109 5487.3 4000 

   17 11250 5250 4000 

 27 2333.83 17 11250 5250 4000 

   43 11826.7 4437 3413.9 

   44 12000 3750 2500 

13 32 1035.92 47 12000 2250 0 

   54 12489.2 2418.3 0 

   53 13000 2500 0 

 33 2915.48 53 13000 2500 0 

   52 13000 3250 1250 

   50 13000 4000 2500 

 30 1035.92 50 13000 4000 2500 

   51 12489.2 3918.3 2500 

   44 12000 3750 2500 

 29 2915.48 44 12000 3750 2500 

   46 12000 3000 1250 

   47 12000 2250 0 

14 34 7000 53 13000 2500 0 

   59 16500 2500 0 

   58 20000 2500 0 

 35 2915.48 58 20000 2500 0 

   57 20000 3250 1250 

   56 20000 4000 2500 

 36 7000 56 20000 4000 2500 

   55 16500 4000 2500 

   50 13000 4000 2500 
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 33 2915.48 50 13000 4000 2500 

   52 13000 3250 1250 

   53 13000 2500 0 

15 36 7000 50 13000 4000 2500 

   55 16500 4000 2500 

   56 20000 4000 2500 

 37 2190.75 56 20000 4000 2500 

   60 20000 4583 3417 

   25 20000 5500 4000 

 13 7000 25 20000 5500 4000 

   26 16500 5500 4000 

   20 13000 5500 4000 

 31 2190.74 20 13000 5500 4000 

   49 13000 4583 3417 

   50 13000 4000 2500 

 

 

 Figure A.2 shows labelled demonstrator 01_Francois, as processed by MinMax. Small grey 

numbers are the vertex and middle edge point numbers, and black large numbers identify the BaS. 
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Figure A.2 Demonstrator 01_Francois relabelled by MinMax - BaS and Vertices 
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Appendix B. Dynamic Programming Results 

 

This Appendix B presents results, validation and performance analysis of the 1-next state 

and the 2-next states DP algorithms. Evaluation presents execution time, predicted yarn 

orientations, wrinkle warnings and overall draping behaviour together with validation photographs 

for runs performed on academic demonstrators.  

Small differences in resulting draping sequences may be observed between runs. Such 

differences can arise when two or more candidate draping steps yield identical Objective Function 

values. In such cases, the selected draping step depends on the listing sequence produced by the 

Possible_Draping_Steps function or on the order in which values are stored in the memoization 

matrix. The resulting variations reflect implementation sequencing effects rather than differences 

in underlying physical behaviour or modelling assumptions. 

 

B.1 DP 1-Next State - Run 1 

Testing Run 1 for 10-BaS Demonstrator 31_Benchmark, initial orientation 0°/90°, 1-next 

state was conducted as per Table 6.2 from Section 6.10, setting mould type as a mostly convex. In 

total, 372 partial draping sequences were evaluated hence 372 sub-spaces were optimised. All BaS 

were tested as starting BaS. Total computing time was 3 min 6 s . 

As observed in Table B.1, the best draping sequences start from BaS #1 and BaS #4 and 

are essentially symmetric. Figure B.1 shows optimal sequence [1-5, 5-10, 10-9, 9-4, 1-2, 5-6, 6-7, 
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7-8, 8-3]. Figure B.2 shows resulting warp and weft orientations for this optimised draping 

sequence, represented by green and orange vectors respectively.  

One wrinkle warning was issued by the optimisation algorithm, when draping BaS #3 

entering from BaS #8. Wrinkle warnings are indicated by the letter W appearing in the sequences, 

at the end of specific steps for which they were issued. Similarly, darting recommendations are 

indicated by the letter D. 

 

 

Figure B.1 DP 1-next state - draping sequence for optimised Run 1 
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Figure B.2 DP 1-next state - resulting orientations for optimised Run 1 

 

A review of the algorithm operation record showed that for the final draping step when 

BaS #3 was the only non-draped BaS, the optimisation algorithm evaluated possible draping steps 

[4-3], [8-3], and [2-3], all resulting in identical Objective Function 𝑓(𝐶, 𝑄) values. 

 

Table B.1 DP 1-next state - Run 1 optimisation results 

Demonstrator  

& conditions 

Starting 

BaS 
f(C&Q) 

Wrinkle 

warnings 
Optimised draping sequence: 

31_Benchmark 

1-next state 

Run 1 

1 11.27 1 [1-5, 5-10, 10-9, 9-4, 1-2, 5-6, 6-7, 7-8, 8-3(W, D)] 

4 11.27 1 [4-9, 9-10, 10-5, 5-1, 1-2, 5-6, 6-7, 7-8, 8-3(W, D)] 
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In this run, the optimised draping sequence progressively deferred in-plane shear to the 

latter stages of the process, resulting in wrinkle warnings only during the final step, as 

demonstrated in the experimental validation shown in Figure B.3. Consequently, a darting 

recommendation was issued for the peripheral BaS #3. 

 
 

Figure B.3 DP 1-next state - validation for optimised Run 1 

 

Deferring in-plane shear to the final stages of the sequence limits its propagation to 

subsequent segments, possibly reducing the likelihood of inducing wrinkles in latter steps. This 

potentially minimizes operator effort and decreases variability in the quality of the final draped 

geometry. 

Figure B.3 provides experimental validation for this sequence. Although bending and in-

plane shear spring-back were characterized in the laboratory and included in Database B, 

predicting post-draping spring-back is outside the scope of this work. Even prior to darting, these 

validation results illustrate the necessity of wrinkle warnings, as the physical deformations 

observed match the high-strain regions identified by the algorithm.  
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B.2 DP 1-Next State - Run 2 

 This run was presented in Section 6.11.3 . 

 

B.3 DP 1-Next State - Run 3 

This section presents results for DP 1-next state optimisation algorithm applied to 10 BaS 

demonstrator 32_Variant, for Run 3 with initial orientation 0°/90°. All BaS were tested as starting 

BaS. 366 partial sequences were evaluated and optimised in 3 min 29 s . Optimisation results 

appear in Table B.2 as best draping sequences.  

 

Table B.2 DP 1-next state - Run 3 optimisation results  

Demonstrator 

& conditions 

Starting 

BaS 
f(C&Q) 

Wrinkle 

warnings 
Optimised draping sequence: 

32_Variation 

1-next state 

Run 3 

 

1 13.93 0 [1-5, 5-10, 10-9, 9-4, 1-2, 5-6, 6-7, 7-8, 8-3] 

4 13.93 0 [4-9, 9-10, 10-5, 5-1, 1-2, 5-6, 6-7, 7-8, 8-3] 

 

Several wrinkle warnings were flagged during the evaluation of draping steps; however, 

alternative HLU draping paths were consistently available, preventing the selection of high in-

plane shear steps. 

The optimal draping sequence for Run 3 starting from BaS #1 is observed in Figure B.4, 

with corresponding warp and weft vector orientations shown in Figure B.5. The highest in-plane 

shear angles corresponded to BaS #7, #8, and #3 as observed. 
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Figure B.4 DP 1-next state - draping sequence for optimised Run 3 

 

 

Optimised values obtained for demonstrator 32_Variation in Run 3 were larger than those 

for demonstrator 31_Benchmark in Run 1 due to the surface area being draped being 51% larger. 

Figure B.5 shows the resulting yarn orientations for the optimised draping sequence. Differences 

between warp and weft orientations were observed between neighbouring BaS, notably between 

BaS #3 and its previously draped neighbours BaS #2 and BaS #4. As in previous runs, higher in-

plane shear was deferred to the final stages of the draping sequence.  

Figure B.6 shows experimental validation of the optimised draping sequence for Run 3, 

where resulting warp and weft orientations can be compared with those predicted by the 

optimisation software. It is important to note that all optimisation runs were evaluated using the 

maximum in-plane shear angle calculated for each BaS edge, representing a conservative, worst-

case scenario for warp and weft orientations. 
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Figure B.5 DP 1-next state resulting orientations for optimised Run 3 

 

 

Figure B.6 DP 1-next state - validation for optimised Run 3 

 



202 

 

B.4 DP 1-Next State - Run 4 

 This section presents results for DP 1-next state optimisation algorithm applied to 10 BaS 

demonstrator 32_Variant for Run 4, initial orientation +/- 45°. All BaS were tested as starting BaS. 

370 partial draping sequences were evaluated and optimised in 3 min 11 s . Results are summarized 

in Table B.3, the optimal draping sequence is illustrated in Figure B.7 and the corresponding yarn 

orientations are illustrated in Figure B.8. 

 No wrinkle warnings were issued when draping this demonstrator with initial yarn 

orientations +/- 45°. Comparing Run 3 and Run 4, the optimised values are the same when rounded 

to two decimal places. Therefore, no advantage in reducing in-plane shear was observed when 

changing the initial fabric orientation from 0°/90° to +/- 45°. 

  

 

Figure B.7 DP 1-next state - draping sequence for optimised Run 4 
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Figure B.8 DP 1-next state resulting orientations for optimised Run 4 

 

Table B.3 DP 1-next state - Run 4 optimisation results  

Demonstrator  

& conditions 

Starting 

BaS 
f(C&Q) 

Wrinkle 

warnings 
Optimised draping sequence: 

32_Variation 

1-next state 

Run 4 

1 13.93 0 [1-5, 5-10, 10-9, 9-4, 1-2, 5-6, 6-7, 7-8, 8-3] 

4 13.93 0 [4-9, 9-10, 10-5, 5-1, 1-2, 5-6, 6-7, 7-8, 8-3] 

This outcome indicates that the 1-next-state DP approach converged to the same draping 

strategy under both initial orientations. Reduced in-plane shear reflects the influence of gentler 

curvature. 
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Figure B.9 shows experimental validation of the optimised draping sequence for Run 4. No 

significant differences were observed in optimised values or optimised draping sequences between 

Run 3 and Run 4. Therefore, ply orientations are not critical in this case. 

 

Figure B.9 DP 1-next state - validation for optimised Run 4 

 

B.5 DP 1-Next State - Run 5 

This section presents results for DP 1-next state optimisation algorithm applied to 15-BaS 

demonstrator 01_Francois for Run 5, initial orientation 0°/90°. All BaS were tested as starting 

BaS. 1003 partial draping sequences were evaluated and optimised in 8 min 31 s . Results are 

summarized in Table B.4, the optimal draping sequence is illustrated in Figure B.10 and the 

corresponding yarn orientations are illustrated in Figure B.11 . 
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Figure B.10 DP 1-next state - draping sequence for optimised Run 5 

 

 

Figure B.11 DP 1-next state resulting orientations for optimised Run 5 
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Table B.4 DP 1-next state - Run 5 optimisation results  

Demonstrator 

& conditions 
StartingBaS f(C&Q) Optimised draping sequence: 

01_Francois  

1-next state 

Run 5 

7 4.22 
[7-6, 6-5, 5-4, 4-3, 4-12, 12-13, 12-10,  

10-9, 10-11, 5-15, 15-14, 11-8, 9-2, 8-1] 

 

 In this run, in-plane shear was observed in double-curvature BaS #9 and #12 as shown 

in Figure B.11. These BaS were draped during the latter stages of the draping sequence, limiting 

further dispersion of in-plane shear to neighbouring regions. 

Consistent with this behaviour, no wrinkle warnings were issued for the optimised draping 

sequence starting from BaS #7. This outcome was expected given the geometric characteristics of 

the double-curvature BaS in the 01_Francois demonstrator, where shear can be accommodated 

more effectively. Low in-plane shear was registered overall, with BaS #9, BaS #12 and BaS #13 

exhibiting the highest shear values of up to 7°. 

Experimental validation and a non-optimised draping sequence demonstration can be 

consulted in Section 6.11.4 . 

 

B.6 DP 1-Next State - Run 6 

This section presents results for DP 1-next state optimisation algorithm applied to 15-BaS 

demonstrator 01_Francois for Run 6, initial orientation +/- 45°. All BaS were tested as starting 

BaS. 914 partial draping sequences were evaluated and optimised in 5 min 7 s . Results are 
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summarized in Table B.5, the optimal draping sequence is illustrated in Figure B.12 and 

corresponding yarn orientations are illustrated in Figure B.13. 

Table B.5 DP 1-next state - Run 6 optimisation results  

Demonstrator 

& conditions 
StartingBaS f(C&Q) Optimised draping sequence: 

01_Francois  

1-next state 

Run 6 

7 5.03 
[7-6, 6-5, 5-4, 4-3, 4-12, 12-13, 12-10,  

10-9, 10-11, 5-15, 9-8, 15-14, 9-2, 8-1] 

 

 
Figure B.12 DP 1-next state - draping sequence for optimised Run 6 
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Figure B.13 DP 1-next state resulting orientations for optimised Run 6 

 

No wrinkle warnings were issued in this run, which is consistent with warp and weft 

orientations observed in Figure B.13. Starting from BaS #7 proved advantageous as the 

progression initially led to BaS #6 as the only available option and then toward the top flat region 

of the mould.  

Following these initial draping steps, the optimisation algorithm progressed toward  double-

curvature BaS #9 and #12 but only after some neighbouring BaS had been draped. This sequencing 

reduced the dispersion of in-plane shear to adjacent regions and limited the accumulation of shear 

in latter draping steps. Maximum in-plane shear was calculated for BaS #9 at close to 7°. 

Figure B.14 shows experimental validation of the optimised draping sequence for this run. 

The observed warp and weft progression through the initial draped BaS, together with minimal 
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shear in regions neighbouring the double-curvature areas, closely matches the behaviour predicted 

by the optimisation software.  

 

 

Figure B.14 DP 1-next state - validation for optimised Run 6 

 

B.7 DP 1-Next State - Run 7 

This section presents results for DP 1-next state optimisation algorithm applied to 66-BaS 

demonstrator 24_Hutchinson for Run 7, initial orientation 0°/90°. Querying draping sequences 

starting from all BaS required computational resources beyond the available 32 GB RAM required 

for completing a full run of the DP 1-next state algorithm. The algorithm was run first for 

optimising sequences starting from BaS #1 to BaS #42; more than 68 000 partial sequences were 

evaluated over 55 min . The algorithm was subsequently run from BaS #43 to BaS #66, evaluating 

an additional 37 949 partial sequences in a further 60 min 24 s . 
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The best draping sequence is presented in Table B.7. Optimised draping sequence for Run 

7 is shown in Figure B.15 where all arrows originate at the centre of the starting draped BaS and 

terminate at the centre of the newly draped BaS. 

Initialization, as discussed in Section 2.3.3, is recommended for this type of complex 

demonstrator. While this functionality is optional for Algorithm 6.1, it consists of the following 

heuristic considerations. 

BaS are first ranked in descending order of projected area. An 80–20 Pareto rule is then 

applied through two complementary criteria: 

• by count — selecting the top 20% BaS from the ordered list; and 

• by area — selecting the subset of BaS whose cumulative area accounts for 20% of 

total mould area. 

The two subsets are compared, and the one containing the larger number of BaS is retained 

as the initialization set. 

In Table B.6, starting BaS recommended by the initialization functionality appear in bold 

characters. This information will be used for the initialization of Run 8 described in the following 

section. 

The best draping sequence identified by the optimisation algorithm starts from BaS #2. This 

BaS was flagged by the initialization algorithm as a recommended starting point, confirming its 

usefulness towards this task in this case. 

Figures B.16 and B.17 show the optimised draping sequence as a series of vignettes 

illustrating the sequential draping of the BaS. 
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Table B.6 DP 1-next state - Run 7 optimisation results  

Starting 

BaS# 
f(C, Q) 

Starting 

BaS# 
f(C, Q) 

Starting 

BaS# 
f(C, Q) 

1 96.16 23 96.51 45 131.67 

2 84.43 24 115.42 46 84.96 

3 86.57 25 105.79 47 89.58 

4 87.57 26 93.95 48 84.50 

5 85.74 27 100.10 49 132.00 

6 86.79 28 84.88 50 124.01 

7 84.97 29 109.37 51 123.36 

8 86.57 30 87.07 52 123.36 

9 86.57 31 102.59 53 124.98 

10 86.57 32 86.51 54 123.91 

11 86.57 33 90.48 55 128.33 

12 86.57 34 108.07 56 131.32 

13 126.26 35 88.86 57 127.66 

14 88.49 36 108.00 58 171.29 

15 112.72 37 109.14 59 243.03 

16 112.75 38 89.11 60 175.43 

17 107.97 39 89.67 61 131.40 

18 111.48 40 89.11 62 129.09 

19 107.66 41 87.07 63 127.60 

20 107.76 42 102.63 64 130.35 

21 109.84 43 89.82 65 129.71 

22 86.57 44 89.11 66 129.25 
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   Figure B.15 DP 1-next state - draping sequence for optimised Run 7 

Table B.7 DP 1-next state - Best draping sequence for Run 7  

Demonstrator 

& conditions 
StartingBaS f(C&Q) Optimised draping sequence: 

24_Hutchinson  

1-next state 

Run 7 

2 84.43 

[2-3, 3-1, 3-22, 2-9, 9-28, 9-8, 28-12, 12-11, 11-10, 10-30, 30-29, 

29-31, 30-47, 12-40, 40-38, 38-44, 40-41, 44-39, 22-32, 32-33, 3-

15, 15-18, 9-13, 33-23, 13-16, 39-37, 37-35, 18-21, 38-36, 36-34, 

34-19, 40-45, 30-49, 21-20, 45-51, 51-56, 1-4, 49-54, 54-55, 55-

63, 23-5, 54-53, 56-62, 62-65, 65-64 (W), 51-52, 64-66, 41-50, 62-

61, 61-60, 50-57, 5-6, 6-7, 53-48, 16-24 (W), 36-26, 34-42, 37-43 

(W), 18-25 (W), 37-27, 20-17, 15-14, 57-58 (W), 66-59 (W), 44-

46] 
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Figure B.16 DP 1-next state - draping sequence for optimised Run 7 - steps 1 to 30 
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Figure B.17 DP 1-next state - draping sequence for optimised Run 7 - steps 31 to 65 
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In this run, a total of six wrinkle warnings were issued by the optimisation software, all 

occurring during the final third of the draping sequence. This behaviour reflects the consistent 

tendency of the algorithm to defer high in-plane shear to the latter stages of the draping process, 

thereby limiting shear propagation and accumulation, reducing the likelihood of inducing wrinkles 

in earlier draping steps. 

The mould geometry for this demonstrator includes a complex depressed rectangular cavity 

located at the top region. In this case, the cavity was enclosed before being draped. This type of 

enclosure is not explicitly restricted by the optimisation algorithm, as detecting and penalising 

such events at every candidate draping step would increase the computational burden significantly 

and affect overall execution time negatively. 

No experimental validation photographs are available for this industrial demonstrator subject 

to confidentiality constraints. However, the observed optimisation behaviour is consistent with 

trends identified in previous runs. 

 

B.8 DP 1-Next State - Run 8 

This section presents results for DP 1-next state optimisation algorithm applied to 66-BaS 

demonstrator 24_Hutchinson for Run 8, initial orientation +/- 45°. The initialization algorithm 

selected 14 BaS as the best starting BaS candidates. More than 22 000 partial draping sequences 

were evaluated and optimised in 91 min 36 s . Results are summarized in Table B.8 and the best 

draping sequence is presented in Table B.9. The optimal draping sequence is illustrated in Figures 

B.18 to B.20. 
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Table B.8 DP 1-next state - Run 8 optimisation results 

Starting BaS# f(C, Q) Starting BaS# f(C, Q) 

2 87.70 30 86.38 

5 107.89 31 91.96 

11 86.38 44 83.98 

12 86.43 57 115.32 

20 105.61 58 159.66 

29 88.17   

 

Table B.9 DP 1-next state - Best draping sequence for Run 8  

Demonstrator 

& conditions 

Starting 

BaS 
f(C&Q) Optimised draping sequence: 

24_Hutchinson  

1-next state 

Run 8 

44 83.98 

[44-38, 38-28, 28-12, 12-11, 11-10, 10-30, 30-29, 10-47, 12-40, 11-41, 

44-39, 39-32, 32-22, 22-3, 3-1, 32-33, 3-15, 22-23, 15-18, 39-37, 37-35, 

38-36, 36-34, 30-49, 28-9, 12-8, 3-2 (W), 9-13, 13-16, 34-19, 18-21, 

40-45, 19-20, 49-54, 54-55, 55-63, 1-4, 23-5, 45-51, 51-56, 56-62, 62-

65, 65-64, 51-52, 64-66, 54-53, 41-50, 62-61, 50-57, 63-58, 5-6, 6-7, 

53-48, 48-31, 16-24, 13-26, 16-17 (W), 17-14, 34-42, 44-43, 35-25, 37-

27, 61-60, 66-59, 45-46] 
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Figure B.18 DP 1-next state - draping sequence for optimised Run 8 
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Figure B.19 DP 1-next state - draping sequence for optimised Run 8 - steps 1 to 30 
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Figure B.20 DP 1-next state - draping sequence for optimised Run 8 - steps 31 to 65 
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As shown in Table B.9, two wrinkle warnings were issued during 1-next state optimisation 

for Run 8. The first occurred during the first third of the draping sequence, while the second 

occurred during the final third. This run generated fewer wrinkle warnings than Run 7, which is 

reflected in the slightly lower Objective Function value. However, this positive impact is 

attenuated by the occurrence of high in-plane shear at an early stage of the draping sequence. 

Similar to Run 7, an enclosure event was observed during draping progression. Such an 

operation is undesirable in shop-floor practice, as enclosing a depressed pocket before draping can 

lead to displacement of the reinforcement plies and increased difficulty in controlling fabric 

placement. 

Given the optimised values for Run 7 and Run 8 with this industrial demonstrator, it is 

recommended to explore the optimised draping sequences from both initial orientation 

configurations. Comparing these alternatives would allow further assessment of overall 

performance, particularly with respect to wrinkle generation and the ability to manage these effects 

through subsequent draping steps or darting operations. 
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B.9 DP 2-Next States Run 1 

From Appendix B.9 to Appendix B.16 is presented the results obtained with the DP 2-next 

states algorithm and evaluates its computational performance for the same selected demonstrators. 

The same 8 runs featuring the same parameters listed in Table 6.3 were evaluated. 

Given the substantially larger search space explored by the 2-next states DP algorithm, 

memory usage becomes a critical consideration. For this reason, wrinkle warning and darting 

recommendation parameters were not stored for hypothetical states, preventing excessive memory 

usage while preserving the core optimisation functionality. 

Run 1 for 10-BaS Demonstrator 31_Benchmark, DP 2-next states, initial orientation set at 

0°/90°, optimised a total of 231 partial draping sequences. All BaS were tested as starting BaS. 

Total computing time was 2 min 25 s . As explained in Section 6.4, BFS branching is not 

considered for the 2-next states DP draping steps formulation; therefore, a reduced number of 

partial draping steps are evaluated. 

Table B.10 lists the optimised draping sequences for DP 2-next-states Run 1 which start 

from BaS #2 and #3 and are essentially symmetric. Figure B.21 shows optimal sequence [3-2, 2-

1, 3-4, 4-9, 9-10, 10-5, 3-8, 8-7, 2-6]. Figure B.22 shows the resulting warp and weft orientations 

for this optimised draping sequence, represented by green and dark orange vectors respectively. 
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Table B.10 DP 2-next states - Run 1 optimisation results 

Demonstrator 

& conditions 

Starting 

BaS 
f(C&Q) Optimised draping sequence: 

31_Benchmark  

2-next states 

Run 1 

2 14.44 
[2-3, 3-4, 2-1, 1-5, 5-10, 10-9, 3-8, 8-7, 2-6] 

3 14.44 
[3-2, 2-1, 3-4, 4-9, 9-10, 10-5, 3-8, 8-7, 2-6] 

 

 

 

Figure B.21 DP 2-next states - draping sequence for optimised Run 1 

 

Figure B.22 shows warp and weft orientations for BaS of Demonstrator 31_Benchmark, 

and how orientations are affected when draping a double curvature BaS. 
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Figure B.22 DP 2-next states resulting orientations for optimised Run 1 

 

 Run 1 for the 2-next states algorithm resulted in an optimised value of 14.44, compared to 

11.27 for Run 1 of the 1-next state algorithm. This increase is associated with the formation of an 

enclosed double-curvature region involving BaS #6, #7, and #8, which increased in-plane shear. 

Such configurations are undesirable as darting operations cannot be performed once the region is 

enclosed. From a practical perspective, enclosed areas are difficult to drape and are typically 

avoided in hand lay-up operations. 
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In addition, Figure B.22 shows large differences in yarn orientations between BaS #1 and 

#5, and between BaS #6 and #2, which promote wrinkle initiation. 

Figure B.23 shows the laboratory validation trial corresponding to this draping sequence. 

The results demonstrate a clear association between the observed undesirable draping 

characteristics and the higher Objective Function value obtained for the 2-next states Run 1. 

 
Figure B.23 DP 2-next states - validation for optimised Run 1 

 

B.10 DP 2-Next States Run 2 

Run 2 for 10 BaS Demonstrator 31_Benchmark, DP 2-next states, initial orientation set at 

+/- 45°, optimised a total of 232 partial draping sequences. All BaS were tested as starting BaS. 

Total computing time was 2 min 54 s .  
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Table B.11 lists the optimised draping sequences for DP 2-next-states Run 2, which start 

from BaS #2 and #3 and are essentially symmetric. Figure B.24 shows optimal sequence [3-2, 2-

1, 3-4, 4-9, 9-10, 10-5, 3-8, 8-7, 2-6]. Figure B.25 shows resulting warp and weft orientations for 

this optimised draping sequence, represented by green and orange vectors respectively. 

 

Table B.11 DP 2-next states - Run 2 optimisation results 

Demonstrator 

& conditions 

Starting 

BaS 
f(C&Q) Optimised draping sequence: 

31_Benchmark  

2-next states 

Run 2 

2 24.475 
[2-3, 3-4, 2-1, 1-5, 5-10, 10-9, 3-8, 8-7, 2-6] 

3 24.475 
[3-2, 2-1, 3-4, 4-9, 9-10, 10-5, 3-8, 8-7, 2-6] 

 

 

Figure B.24 DP 2-next states - draping sequence for optimised Run 2 
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Figure B.25 DP 2-next states resulting orientations for optimised Run 2 

 

Analysis of generated warp and weft orientations identified the source of the difference in 

values between 2-next states Run 1 and Run 2. For Run 2, in-plane shear angle in BaS #6 exceeded 

the 50° locking angle and it exceeded 40° in BaS #7 against approximately 30° and 15° for the 

same BaS in Run 1. This is observed easily when comparing Figure B.25 to Figure B.22.  

Comparing this Run 2 results between 1-next state and 2-next states is a good performance 

evaluation of the Objective Function, showing clear penalization for suboptimal draping decisions 

in the latter case.  



227 

 

As detailed in Section 6.10 the observed increase in Objective Function value for Run 1 

and Run 2 is associated with the formation of an enclosed region in the most critical double-

curvature area of the mould in the latter case. 

 

B.11 DP 2-Next States Run 3 

Run 3 for 10 BaS Demonstrator 32_Variation, DP 2-next states, initial orientation set at 

0°/90°, optimised a total of 230 partial draping sequences. All BaS were tested as starting BaS. 

Total computing time was 2 min 30 s . 

Table B.12 lists the optimised draping sequences for the DP 2-next-states Run 3, which 

start from BaS #2 and BaS #3. Figure B.26 shows optimal sequence [3-2, 2-1, 3-4, 4-9, 1-5, 5-10, 

3-8, 8-7, 2-6]. Figure B.27 shows resulting warp and weft orientations for this optimised draping 

sequence, represented by green and orange vectors respectively. 

 

Table B.12 DP 2-next states - Run 3 optimisation results 

Demonstrator 

& conditions 

Starting 

BaS 
f(C&Q) Optimised draping sequence: 

32_Variation  

2-next states 

Run 3 

2 17.82 [2-3, 3-4, 2-1, 1-5, 4-9, 9-10, 3-8, 8-7, 2-6] 

3 17.82 [3-2, 2-1, 3-4, 4-9, 1-5, 5-10, 3-8, 8-7, 2-6] 
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Figure B.26 DP 2-next states - draping sequence for optimised Run 3 

 

 

Figure B.27 DP 2-next states resulting orientations for optimised Run 3 

  

The optimised value for 2-next states Run 3 is 28% higher than its counterpart in the 1-

next state case. Similar peripheral draping is observed, resulting from the greedy nature of the DP 

algorithm when not constrained by the no-enclosure condition, which led to suboptimal decisions. 



229 

 

High in-plane shear is observed in BaS #6, reaching values up to 30°. In addition, large 

differences in warp and weft orientations between BaS #1 and BaS #5 are seen in Figure B.27. 

This condition can increase the effort required for HLU and lead to variability in ply placement. 

Figure B.28 confirms the previous analysis, highlighting the entrapped region and 

associated in-plane shear in BaS #6 as well as regions prone to wrinkle initiation due to yarn 

orientation conflicts between BaS #1 and BaS #5, and between BaS #2 and BaS #6. 

 
Figure B.28 DP 2-next states - validation for optimised Run 3 

 

B.12 DP 2-Next States Run 4 

This section presents results of the DP 2-next states optimisation algorithm applied to 10-

BaS demonstrator 32_Variant for Run 4, initial orientation set at +/- 45°. All BaS were tested as 

starting BaS. 224 partial draping sequences were evaluated and optimised in 3 min . Results are 
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summarized in Table B.13, optimal draping sequence starting from BaS #3 is illustrated in Figure 

B.29 and the corresponding yarn orientations are illustrated in Figure B.28 .  

 

 
Figure B.29 DP 2-next states - draping sequence for optimised Run 4 

 

 

Figure B.30 DP 2-next states resulting orientations for optimised Run 4 
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Table B.13 DP 2-next states - Run 4 optimisation results 

Demonstrator 

& conditions 

Starting 

BaS 
f(C&Q) Optimised draping sequence: 

32_Variation  

2-next states 

Run 4 

2 19.20 
[2-3, 3-4, 2-1, 1-5, 4-9, 9-10, 3-8, 8-7, 2-6] 

3 19.20 
[3-2, 2-1, 3-4, 4-9, 9-10, 10-5, 3-8, 8-7, 2-6] 

 

 The optimised value for the 2-next states Run 4 reached 19.2, compared to 13.93 for the 

corresponding 1-next state case. This increase reflects the persistence of enclosure-related effects 

in the critical double-curvature region, which continues to drive elevated in-plane shear for BaS 

#6. 

Differences in warp and weft orientations between adjacent BaS further contribute to the 

increase of energy required for draping these areas, and to increase in resulting variability. These 

combined effects explain the higher value obtained for this run. 

 

B.13 DP 2-Next States Run 5 

This section presents results of the DP 2-next states optimisation algorithm applied to 15-

BaS demonstrator 01_Francois for Run 5, initial orientation set at 0°/90°. All BaS were tested as 

starting BaS. 808 partial draping sequences were evaluated and optimised in 4 min 48 s . Results 

are summarized in Table B.14, optimised draping sequence starting from BaS #6 and resulting 

yarn orientations are shown in Figures B.31 and B.32 respectively. 
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Table B.14 DP 2-next states - Run 5 optimisation results 

Demonstrator 

& conditions 

Starting 

BaS 
f(C&Q) Optimised draping sequence: 

01_Francois  

2-next states 

Run 5 

2 3.58 
[2-3, 3-4, 4-5, 5-6, 5-15, 15-14, 2-1, 1-8, 14-13, 13-12, 2-9, 9-10, 6-7, 10-11] 

6 3.58 
[6-5, 5-4, 5-15, 15-14, 4-3, 3-2, 2-1, 1-8, 14-13, 13-12, 2-9, 9-10, 6-7, 10-11] 

 

 

Figure B.31 DP 2-next states - draping sequence for optimised Run 5 

 

 

Figure B.32 DP 2-next states resulting orientations for optimised Run 5 
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In this run, a lower value is observed compared to its 1-next state counterpart. This can be 

linked to how the draping sequence progresses, delaying the draping of double-curvature BaS and 

prioritizing other BaS earlier in the sequence. This progression is better aligned with decisions 

typically made by experienced technicians on the shop floor. 

It is important to note that the final two draping steps were completed through software 

override in the 2-next states algorithm, that bypassed the no-BFS branching condition. This 

override ensures compliance with the global constraint requiring all BaS to be draped, to conclude 

the draping sequence. 

Figure B.33 shows the resulting warp and weft orientations when this sequence is executed 

in the laboratory. Low in-plane shear is observed from this optimised draping sequence, validating 

Run 5 optimisation results. 

 
Figure B.33 DP 2-next states - validation for optimised Run 5 
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B.14 DP 2-Next States Run 6 

This section presents results obtained using the DP 2-next states optimisation algorithm for 

Run 6 on the 15-BaS demonstrator 01_Francois, with the initial yarn orientation set at ±45°. Table 

B.15 summarizes the optimisation results, while Figures B.34 and B.35 show the optimised 

draping sequence obtained from starting BaS #7 and the resulting yarn orientations, respectively. 

All BaS were evaluated as potential starting BaS. A total of 713 partial draping sequences were 

evaluated and optimised in 4 min 12 s. 

 

Table B.15 DP 2-next states - Run 6 optimisation results 

Demonstrator 

& conditions 

Starting 

BaS 
f(C&Q) Optimised draping sequence: 

01_Francois    

2-next states 

Run 6 

7 5.01 [7-6, 6-5, 5-4, 4-3, 4-12, 12-13, 5-15,  

15-14, 3-10, 10-11, 3-2, 2-1, 2-9, 9-8] 

 

 

 
Figure B.34 DP 2-next states - draping sequence for optimised Run 6 
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Figure B.35 DP 2-next states resulting orientations for optimised Run 6 

 

For the 2-next states Run 6 starting from BaS 7 a value of 5.01 is obtained, compared to 5.03 

for the corresponding 1-next state run. The lower value indicates an improved evaluation of the 

draping progression. 

The resulting sequence closely resembles the decision-making process typically followed by 

experienced technicians on the shop floor. The draping progression reflects a practical approach, 

prioritizing geometrically favourable regions before addressing more critical areas. 

Figure B.36 shows a magnified view of the most critical area of this demonstrator, where the 

two double curvature BaS are located. It is observed that in-plane shear is contained in this area, 

avoiding propagation. 
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Figure B.36 DP 2-next states - validation for optimised Run 6 

 

B.15 DP 2-Next States Run 7 

This DP 2-next states Run 7 is presented in Section 6.11.5 

 

B.16 DP 2-Next States Run 8 

This section presents results of the DP 2-next states optimisation algorithm applied to the 

66-BaS demonstrator 24_Hutchinson for Run 8, with the initial orientation set at ±45°. Figures 

B.37 to B.39 show the optimised draping sequence obtained from starting BaS #12. Table B.16 

lists the corresponding draping sequence. The initialization algorithm was executed using the 11 

selected starting BaS listed in Table B.8. More than 11,200 partial draping sequences were 

evaluated and optimised in 93 min. 
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Table B.16 DP 2-next states - Best draping sequence for Run 8  

Demonstrator 

& conditions 

Starting 

BaS 
f(C&Q) Optimised draping sequence: 

24_Hutchinson  

2-next states 

Run 8 

12 86.10 

[12-11, 11-41, 41-40, 40-38, 11-10, 10-47, 10-30, 30-29, 12-28, 28-9, 

9-2, 2-3, 38-44, 44-39, 3-22, 22-32, 3-15, 15-18, 9-13, 13-16, 38-36, 

36-34, 39-37, 37-35, 32-33, 33-23, 3-1, 1-4, 18-21, 21-25, 40-45, 45-51, 

23-5, 5-6, 16-19, 19-24, 30-49, 49-54, 54-55, 55-63, 51-56, 56-62, 62-

65, 65-64, 29-31, 31-48, 49-50, 50-57, 21-20, 20-17, 44-46, 46-52, 63-

66, 66-59, 9-8, 12-8, 6-7, 48-53, 25-27, 24-26, 17-14, 2-14, 63-58, 57-

58, 34-42] 
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Figure B.37 DP 2-next states - draping sequence for optimised Run 8 

 



239 

 

 

Figure B.38 DP 2-next states - draping sequence for optimised Run 8 - steps 1 to 30 
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Figure B.39 DP 2-next states - draping sequence for optimised Run 8 - steps 31 to 65 
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Run 8, with initial warp and weft orientations of +/- 45°, reached an Objective Function 

value slightly better than Run 7, by 1%. The best optimised draping sequence for Run 8 is similar 

to that of Run 7, with both starting in the central area of the industrial mould. The same number of 

BaS presented final shear angles around 15°, and it was the same case of BaS #59 reaching a 

maximum average shear angle of 42° between warp and weft yarns. 

This consistency between runs can support future decisions during the development phase 

of a composite part, particularly when multiple ply orientations are defined in the ply book. It 

suggests that different initial yarn orientations do not significantly affect overall part quality, while 

helping to avoid interlaminar wrinkles caused by conflicting ply orientations. 

Comparing the 1-next state Run 8 with its 2-next states counterpart shows a minor increase 

of 2.5% in value and a difference in processing time of 1%. Therefore, it can be concluded that 

there are no significant differences in performance between these two approaches for this industrial 

demonstrator. 
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  f ( S ) ≈      min  v ∈ D ( s ) ⁡   { C  (  v |  S ) }


  f  ( S ) ≈      min  v ∈ D  ( S ) ⁡   { C  (  v |  S ) +  min  w ∈ D  ( S ′ )   C  (  w |    S ′ ) }  


    S ′ = S ∪  { v } ,       S  ′ ′ =   S ′ ∪ { w }


    S ∗ =  arg ⁡     min  S   ∈     𝑺 ^ ⁡    ∑  i = 1  | V |  C (   v  i |   S  i − 1 )


  f ( C , Q )

