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Abstract

The emergence and development of quantum optics as a discipline in the latter half of
the twentieth century has established photons as one of the most promising candidates
for future technologies in computing, metrology, communication, and imaging. In imaging
and sensing, a series of recent theoretical works and proof-of-concept experiments have
shown that by examining the mode structure of photons, one can build optical systems
with resolutions below the Rayleigh—Abbe limit. Building upon these developments, in one
of our works, we investigate the use of higher-order Hermite-Gauss (HG) modes for sensing
optically induced transverse displacements. We show that projective measurements onto
neighboring modes are optimal and sufficient in the small-displacement regime, and that
the sensitivity—quantified by the Fisher information—scales linearly with the order of the
mode used. We generalize the calculations to arbitrary displacements and varying degrees
of coherence between the displaced modes, and perform a proof-of-concept experiment with
higher-order HG modes, obtaining an order-of-magnitude enhancement in sensitivity com-
pared to the fundamental mode. This approach enables enhanced displacement sensitivity
with minimal measurements and highlights the potential of structured light for ultrasen-
sitive displacement sensing, particularly for birefringence measurements with broadband
or low-coherence light sources. We also consider displacement sensing in the light field
originating from a biphoton source, which possesses rich high-dimensional correlations in
its biphoton mode structure. We show that the Fisher information is proportional to the
degree of entanglement, or equivalently, its Schmidt rank. In addition to sensing, pho-
tons structured in their transverse degrees of freedom also provide a convenient toolkit for
quantum computing and communication due to the high dimensionality of their Hilbert
space. In one of the works presented, we introduce a technique for nonlocal transfer of
high-dimensional computational results using spatial correlations in photon pairs. We ex-
pect these findings to be useful in future photonic quantum networks, where computational
resources are distributed and users can access the results of complex computations via a
centrally located quantum processor. We also experimentally implement the protocol in

down-converted photon pairs and demonstrate the transfer of unitaries in one-dimensional
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and two-dimensional transverse momentum spaces. In another work, we address the noise
inherent in quantum computing circuits and simulate the interaction between a qubit and
its environment by manipulating transverse momentum modes. This study, performed
by fabricating three liquid-crystal metasurfaces, provides a practical solution for quantum
state purification, demonstrating a versatile approach for simulating open-qubit dynamics.
Combining the transverse spatial structure with polarization yields the so-called vector
modes of photons. Structuring two-qubit interference, or the Hong-Ou-Mandel (HOM)
effect, offers significant potential to extend the applications of such modes beyond the
classical regime. We demonstrate the simultaneous generation of all four Bell states in
polarization by exploiting HOM interference of vector modes. These results represent a
significant step toward manipulating HOM interference within structured photons, offer-
ing promising applications in high-dimensional quantum information processing, quantum
communication, and sensing. On the algorithmic side of photonic information process-
ing, we propose a quantum pattern recognition algorithm to identify images obtained from
quantum imaging techniques with correlated photons—such as “interaction-free” or “ghost”
imaging. Interfacing these imaging techniques with quantum pattern recognition promises
a significantly improved image acquisition and identification system, with potential appli-

cations in medical diagnostics and biological imaging.
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Chapter 1

Introduction

The early twentieth century marked a significant shift in our understanding of nature with
the advent of quantum mechanics — a theoretical framework developed to address the in-
adequacies of classical physics. Confronted with enigmatic phenomena such as blackbody
radiation, the photoelectric effect, discrete atomic spectra, and Compton scattering, the
classical worldview was unraveling, giving way to a deeper, more mysterious picture. The
quantization of energy by Planck [l], whereby energy is absorbed or emitted in discrete
packets called “quanta’; Einstein’s explanation of the photoelectric effect [2|, which pro-
posed that light is emitted as a stream of particles or “photons”; and Bohr’s atomic model
[3], which accounted for the discrete hydrogen spectra—together constituted the bedrock
of this development. These ideas were later developed by Schrodinger and Heisenberg, with
their wave and matrix formulations of quantum mechanics |1, 5], and eventually unified

under Dirac’s formalism, giving form to the quantum theory as we know it today.

Conceptually, the core ideas emerging out of the quantum formalism—such as super-
position, where a particle can “be present” in multiple paths, leading to wave-like behavior;
the idea of uncertainty in complementary measurements, captured by the Heisenberg un-
certainty principle; or entanglement, where two or more particles are non-locally correlated
with each other—presented stark contrasts to the classical way of thinking about the uni-
verse. This even led Einstein and others to question the reality or the completeness of
quantum theory in their seminal paper 0], and these non-intuitive ideas continue to in-
fluence the current understanding of quantum mechanics and drive current technological

mnovations.

While early quantum mechanics focused on single-particle systems and their determin-
istic wavefunctions, it became clear by mid-century that a field-theoretic description was
necessary for describing indistinguishable particles and multi-particle states. This need

led to the development of second quantization—a formalism in which fields are quantized.



In this framework, creation and annihilation operators act on Fock states, allowing for a
unified description of bosons and fermions and facilitating the treatment of quantum opti-
cal systems. Quantum electrodynamics (QED), as developed by Feynman, Schwinger, and
Tomonaga, demonstrated the power of this approach [7, &, 9], successfully accounting for
radiative corrections and vacuum fluctuations. This second-quantized perspective would

later underpin the formal machinery of quantum optics.

The second half of the twentieth century also saw another remarkable technological
achievement that fueled the development of quantum optics, the building of the LASER.
Following up on the proposal by Schawlow and Townes to implement the optical analogue
of the microwave laser (MASER), first built in 1953, Theodore Maiman demonstrated the
working of the first LASER in 1960 [10] at Hughes Research Laboratories. Lasers allowed
one to generate a very narrow and intense beam of light at very sharp wavelengths, and
soon they were almost ubiquitous, from being commonplace in physics laboratories to being
used in personal computers, communication systems, cash registers, manufacturing, and
surgery. Although the science of lasers predated the invention of the laser itself, the rapidly
advancing field needed solid theoretical foundations. Soon, in the 1950s and 1960s, after
a collection of works by Klauder, Sudarshan, and Glauber, the quantization principles
were applied to the electromagnetic field, and also the concept of “coherent state” [11,

| was developed. These developments made it evident that classical electromagnetic
theory was inadequate to explain some properties of light, particularly those related to the
statistics of photons. Soon Clauser demonstrated the detection of heralded single photons
via an atomic cascade in mercury, [13], and Kimble et al. demonstrated the signature
anti-bunching characteristic of the single photon sources, demonstrating sub-Poissonian
statistics [14]. This was quickly followed by observation of an even more “quantum” effect

of the two-photon interference at the beam splitter, called the Hong-Ou-Mandel effect [15].

The generation of squeezed states [16, 17, 18] of light, where one of the quadratures can
have uncertainty below that of the vacuum noise, marked a promising application of quan-
tum optics in sensing and metrology. Several works have shown that using entanglement
and squeezing can overcome classical sensitivity bounds, such as the standard quantum
limit (SQL), which scales as the number of particles 1/v/N. For instance, a new class
of interferometry based on four-wave mixing or parametric amplification can be shown
to achieve a sensitivity of 1/N, or the Heisenberg limit [19|. Large-photon-number path
entangled states also known as NOON [20] are also used to achieve a similar phase sensi-
tivity. Entanglement between photon pairs in the spatial domain has also been utilized
in quantum imaging. In particular, ghost imaging and quantum illumination protocols
demonstrate how non-classical light can be used to image or detect objects in noisy envi-

ronments with greater sensitivity and noise tolerance than classical illumination [21, 22].



Ghost imaging, for instance, uses entangled photon pairs to reconstruct an image using
correlations, despite one of the photons never interacting with the object, which reduces
the probe illumination, thereby making it an attractive candidate for imaging sensitive
tissues. Quantum illumination enhances target detection in noisy environments by ex-
ploiting entangled probe-idler pairs, even when entanglement is destroyed by loss. Recent
advancements in optical mode engineering have pushed quantum imaging toward prac-
tical superresolution. For instance, by utilizing the spatial information contained in the
higher-order Hermite-Gauss modes, experiments have demonstrated resolution below the

Rayleigh limit and enhanced estimation variance scaling [23, 24].

Alongside these experimental developments, a formal theory for quantum detection
and estimation [25] has also been developed, where the Quantum Fisher Information (QFT)
quantifies the ultimate sensitivity and bounds achievable by any unbiased estimator via the
Quantum Cramér-Rao Bound. A rigorous mathematical framework for quantum metrol-
ogy is provided by quantum estimation theory, where the Quantum Fisher Information
(QFT) sets the ultimate bound on precision via the Quantum Cramér-Rao bound |25,

|. Optimizing quantum states and measurements based on QFI has become a standard
approach in the design of quantum sensors, including atomic clocks, interferometers, and

gravimeters.

All of these developments in the study of quantum properties of light were also being
paralleled by the development of quantum adaptations to information theory. Classical
information theory was another hallmark development of the twentieth century. Harry
Nyquist’s 1924 work on telegraphy, established a quantitative relationship between band-
width and signal transmission rate, laying early groundwork for the field [27]. In 1928,
Ralph Hartley introduced a logarithmic measure of information content, now known as the
Hartley measure, providing one of the first mathematical frameworks for information [25].
Claude Shannon, called the father of information theory, in his masters thesis, (perhaps the
most significant masters thesis in history), proved that Boolean electrical switches could
be used to perform logic functions, thus laying the foundation for the digital computer.
In another groundbreaking paper, “A Mathematical Theory of Communication”, he intro-
duced the concepts of entropy, channel capacity, and coding, formally founding information
theory as a scientific discipline [29]. Soon, coding theory was developed notably with the
introduction of Hamming’s error-correcting codes, which addressed the communication

through noisy channels [30].

On the foundational side of quantum theory, following up on the EPR argument, John
Bell in 1964 developed an inequality [31] that is satisfied by classical or local hidden variable
theories but violated by quantum theory. Experimental demonstrations since, notably by

Clauser and Freedman [32] in 1972, among many others, have confirmed quantum non-
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locality, falsifying the classical description of the quantum phenomena. On the other
extreme of the question of what can be achieved through quantum non-locality, people
have also wondered if one can send signals faster than the speed of light. This was quickly
shown to hinge on the cloneability of quantum states, which was proven to be impossible in
a work by Wooters and Zurek, leading to the no-cloning theorem [33|. These works mark
the start of the field of quantum information theory. Several important works followed,
notably Bennett and Brassard’s introduction of the BB84 protocol, which showed the use of
quantum states of light to transfer information [34]. This essentially marked the beginning
of the field of quantum key distribution, also known as quantum key establishment (QKD).
Peter Shor’s quantum prime factorization algorithm [35] showed that quantum computers
can provide exponential speedup in factoring large prime numbers. Coincidentally, classical
encryption schemes like the RSA algorithm base their security upon the difficulty of solving
the prime factoring problem in classical computers. Thus, in addition to demonstrating
that quantum computers are exponentially superior to classical computers in performing
certain tasks and thereby reinvigorating research in quantum computing, this result also
underscores the strong need to develop the field of quantum cryptography. Subsequently,
Grover came up with a quantum algorithm for another widely used and important problem
of searching through an unstructured list, which provided a polynomial speedup compared

to classical algorithms.

This thesis broadly encompasses the works done in structured quantum optics, in par-
ticular, the use of structured spatial profiles of photons in quantum sensing, imaging and
quantum information. Chapter 2 starts with the work done on optical displacement sensing
with Higher-Order Hermite-Gauss modes, where we derive the Fisher information for pro-
jective measurements and show sensitivity enhancement proportional to the mode order,
essentially proving that higher-order modes are better suited for measuring small optical
separations. To provide the background and set the stage for the work, we also briefly
introduce the idea of spatial modes and discuss their generation and detection in the lab-
oratory. In the second part of the chapter, we present the theory and experimental results
on displacement sensing using spatially correlated photon pairs and show the enhancement
in sensitivity obtained through the high-dimensional correlations. Chapter 3 is concerned
with the experiments conducted on quantum information. First work is on the transfer
of high-dimensional unitary operators in a distributed quantum network between parties
using a spatially correlated bi-photon state. The second work focuses on the structured
Hong-Ou-Mandel experiment, where the distribution of the Bell states at the output of a
Hong-Ou-Mandel beam splitter is tailored using q-plates. Lastly, we also present a work
on the simulation of several single-qubit noises using liquid crystal devices by coupling

the spatial and polarization degrees of freedom of light. Chapter 4 presents the work on



quantum imaging combined with the postprocessing of quantum images with a novel quan-
tum algorithm on pattern recognition. We introduce the concepts of quantum imaging,
particularly that of ghost imaging, as background for the article. Note that due to overlap,
sometimes significant, between the works, the organization into three main chapters is for

structural purposes rather than a literal classification.



Chapter 2
Spatial modes in Displacement Sensing

This chapter is based on the following articles:

1. Paneru, Dilip, Alessio D’Errico, and Ebrahim Karimi. “Transverse distance esti-
mation with higher-order Hermite-Gauss modes.” Physical Review A 113.1 (2026):
L011702.

DOI: https://doi.org/10.1103/h911-w8w7
(©) 2026 American Physical Society.

2. Grenapin, F., Paneru, D., D’Errico, A., Grillo, V., Leuchs, G., & Karimi, E. (2023).
Superresolution enhancement in biphoton spatial-mode demultiplexing. Physical Re-
view Applied, 20(2), 024077.

DOLI: https://doi.org/10.1103/PhysRevApplied.20.024077
(©) 2023 American Physical Society.


https://doi.org/10.1103/h91l-w8w7
https://doi.org/10.1103/PhysRevApplied.20.024077

2.1 Spatial Modes of Light

Maxwell’s equations govern the propagation of electric and magnetic fields in vacuum or

through any medium. Maxwell’s equations in vacuum are,

V-E=0, V-B=0, (2.1)
0B OE
These four equations also lead to the wave equation satisfied by both the electric (E) and
the magnetic field (B),

1 02

where f(r, ) is a vector field that represents either E or B. Any such solution to Maxwell’s
equations and the wave equation can be considered a mode of light. A mode defined by

the vector field f(r, ), should also satisfy the normalization condition,

% / |£(x, £)[?dr = 1, (24)

where the integral is carried out over a volume V' containing the system under consider-
ation. Depending upon the degree of the freedom of light, there are different families of
modes in space, polarization, time, frequency, etc. It is always helpful to define an or-
thonormal and complete basis of modes onto which any arbitrary electromagnetic field can
be decomposed. For instance, for polarization, the set of horizontal and vertical polariza-
tion, |H),|V), consists of an orthonormal and complete set. Spatial modes of light refer
to the modes that are structured in space, i.e in either the transverse or the longitudinal
degree of freedom. These transverse modes are solutions to the Helmholtz equation un-
der the paraxial approximation, where the field envelope varies slowly in the longitudinal
direction. The most common examples/solutions in Cartesian coordinates are described
by Hermite-Gaussian functions, while in cylindrical coordinates they are described by the
Laguerre-Gaussian modes [306, 37]. For instance, the transverse profile of the Hermite

Gauss (HG) modes is given by:

@Zjnm(xvy,z) = A H,, (\/§$> H, <@> exp (—#) (2.5)

w(z) w(z) w(z)

exp (—z’kz —i(m+n+1)((2) + ZM) . (2.6)

where m, n are the mode indices along x, and y respectively, H,,,(.) is the m/nth Hermite

polynomial, w(z) = wy/1 + (2/2r)? is the beam waist, and wy is the beam waist at z = 0,
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m=0, n=2

m=1, n=2

m=2, n=2

m=3, n=2

m=0, n=1 m=1, n=1 m=2, n=1

m=3, n=1
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Figure 2.1: Hermite Gauss Modes. Phase profiles modulated by the corresponding
intensity profiles of a few HG modes with the indices m € {0,1,2,3}, and n € {0, 1, 2}.

m=0, n=0 m=1,n=0

2
TTWq

zg = 5% is the Rayleigh’s range, R(z) = z(1 + (zr/z)* is the radius of the curvature
of the wavefront, and ((z) = (m + n + 1)arctan(z/zg) is the Guoy phase. These modes
form a complete, orthonormal basis set for paraxial beams in free space or within stable
optical cavities. The phase profiles modulated by the intensity for these modes are plotted
in Figure 2.1.

2.1.1 Creation of Spatial Modes

In optical systems, spatial modes refer to the transverse field distributions of light beams,
such as Gaussian, Hermite—Gaussian, Laguerre—-Gaussian, or other orthogonal basis modes
that form complete sets for representing arbitrary optical fields. The creation of specific
spatial modes is typically achieved using beam-shaping optics such as spatial light modula-
tors (SLMs) [38], digital micromirror devices (DMDs), phase plates, or specially designed

21



refractive and diffractive optical elements. For example, Laguerre—Gaussian modes carry-
ing orbital angular momentum can be generated using g-plates [39], spiral phase plates [10],
or holographic phase masks encoded on an SLM. The accurate creation and detection of
spatial modes are essential for applications in optical communication, quantum informa-
tion, microscopy, and precision metrology, where modal purity and crosstalk play crucial

roles in performance.

2.1.2 Detection of Spatial Modes

Detection of spatial modes is vital in both classical and quantum technologies, where the
spatial degrees of freedom are used for multiplexing or encoding information. It is central
to applications in quantum communication, mode-division multiplexing, optical metrology,
and super-resolution imaging, where distinguishing closely multiplexed entangled spatial
modes is critical [11]. The detection of spatial modes in optics involves projecting an
incoming optical field onto a predefined set of orthogonal spatial basis functions, such
as Hermite-Gaussian (HG), Laguerre-Gaussian (LG), or any custom-designed modal sets.
A common approach uses mode-selective detection via coupling into a single-mode fiber
(SMF), which effectively acts as a matched filter for the fundamental Gaussian mode. By
preceding the fiber with mode-transforming optics, such as spatial light modulators (SLMs),
custom refractive elements, or phase masks, the incoming field can be selectively converted
to the fiber’s acceptance mode, enabling projective measurements onto arbitrary spatial
modes with high fidelity [12, 43]. For instance, to detect the Orbital Angular momentum
(OAM) carried by an incoming light beam, one can impinge the beam onto a phase profile
which is conjugate to the OAM being detected, which then converts the desired OAM mode
into a fundamental Gaussian whereby it can be detected by coupling into a single-mode
fiber.

More advanced techniques include mode sorters that deterministically separate spa-
tial modes into distinct output channels. For example, phase-unwrapping transformations
such as log-polar coordinate mappings have been employed to convert azimuthal varia-
tions of orbital angular momentum (OAM) modes into transverse displacements, which
can be separated using Fourier optics |11, 15]. Interferometric detection strategies—such
as those based on Mach—Zehnder or Sagnac interferometers—allow coherent projection
onto arbitrary superpositions of spatial modes, which is particularly useful for measuring
quantum states [16]. In addition, digital holography and wavefront sensing combined with

computational reconstruction enable real-time mode decomposition of complex beams.

In both of our works on displacement sensing with Hermite Gauss modes, we perform

the mode detection using a technique called intensity-flattening [17]. In this technique, a
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phase hologram corresponding to the conjugate mode of the desired projection is displayed
in the spatial light modulator [38], and it is coupled to a single-mode fiber after suitable
demagnification. The need for demagnification can be understood as follows. Say we would
like to determine the content of a transverse mode ¢(x,y) in the incoming field ¥ (z,y).
After displaying the conjugate profile, ¢*(x, y) on the SLM and coupling to the single-mode
fiber, the signal intensity detected in the fiber is proportional to (in the SLM plane),

2

I=N , (2.7)

//¢*(fc,y)¢(x,y)6(‘”2+y2)/“’2dwdy
zJy

where N is a constant proportional factor, and w is the waist of the fiber mode at the
SLM plane. If the waist of the single-mode fiber, w is much larger than the extent of the
individual modes considered, then it can be factored out of the integral as a constant, and
the Intensity is proportional to

2

[=N , (2.8)

/x/yqﬁ*(xvy)w(x,y)dxdy

which is proportional to the inner product of the incoming field with the particular mode.

2.2 Quantum Metrology

Quantum metrology [18] is a rapidly advancing field where the quantum properties of a
particle, such as entanglement and superposition, are used to enhance the measurement
and estimation of certain quantities of interest that characterize the whole or part of a
given system. In classical measurement theory, the central limit theorem dictates that the
standard error of a measurement scheme is reduced by a factor of N%/2 when repeated N
times. This factor or limit is variously known as “shot noise”, or the standard quantum
limit (SQL). Ideally, the goal of quantum metrology is to improve this limit using quan-
tum properties to approach the Heisenberg-like scaling of errors as N, dictated by the
Heisenberg uncertainty relations. In general, quantum metrology encompasses any tech-
nique that uses quantum effects to enhance classical measurement techniques, be it noise

suppression using correlated measurements |19, 50|, or enhanced sensitivity [51, 52].

2.2.1 Quantum Parameter Estimation and Cramér Rao Bound

Quantum parameter estimation is a cornerstone of quantum metrology, focusing on the pre-
cise determination of physical parameters—such as phase shifts, frequencies, or magnetic

fields—using quantum systems. Unlike classical estimation, quantum techniques leverage
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uniquely quantum resources such as entanglement and squeezing to achieve sensitivities
beyond the classical shot-noise limit. The framework is often formalized through the quan-
tum Cramér-Rao bound, which sets the minimum achievable variance of an estimator given
the quantum Fisher information [53, 54, 55]. As a framework, quantum parameter estima-
tion is routinely applied in high-precision spectroscopy, atomic clocks, gravitational wave

detection, and in emerging quantum sensing technologies |48, 50] in general.

Recent advances in the field have expanded the theoretical and practical toolkit avail-
able for optimal estimation. Techniques such as adaptive measurements, Bayesian infer-
ence, and quantum error correction are being developed to deal with challenges posed by
noise, decoherence, and resource limitations [57, 58]. There is also a growing interest in
multiparameter quantum estimation, where simultaneous estimation of several parameters
introduces trade-offs in sensitivity [59]. Overall, quantum parameter estimation is not only
central to quantum-enhanced measurement technologies but also provides deep insights

into the nature of quantum information, measurement, and control.

2.2.2 Fisher Information and the Quantum Cramér Rao bound

Fisher information describes the amount of information a measurement result can provide
about the parameter, say ‘s’, being estimated. The standard error As in the estimates of

the measured parameter is lower bounded as,

As > —— (2.9)

where

FIo(s) :anl(s) (8%S<S)) , (2.10)

is the Fisher Information associated with the selected Positive Operator Valued Measure
(POVM) measurement {II;}, and P,(s) = Tr[ll;p], and p is the density matrix of the

system.

The error bound from the (2.10) gives the lower bound related to the selected POVM
{II;}. The Fisher Information optimized over all possible sets of POVM measurements is
also referred to as the Quantum Fisher Information [60]. The Quantum Cramér-Rao Lower
Bound, which is the minimum possible standard error on the unbiased estimation of the

parameter, is given by the inverse of the Quantum Fisher Information.
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Figure 2.2: Diffraction and resolution limits a) Airy pattern for the diffraction of a
point source passing through a circular aperture. (Image taken from Principles of Optics
(Tth ed.), by M. Born & E. Wolf, 1999, Cambridge University Press, p. XX. Copyright 1999
by Cambridge University Press.) b) One dimensional intensity profile (solid) showing the
location of the first minimas. Intensity profile of a second point source (dashed) displaced

at the location of the minima. a: radius of the aperture.

2.3 Optical Resolution limits

In optics, the resolution limit of any imaging system is fundamentally constrained by

diffraction, which causes light to spread when passing through an aperture.

Fundamentally, this effect limits the ability of the imaging system to distinguish two
closely spaced objects. For instance, the diffraction of a point source from a circular aper-
ture results in an intensity distribution (also known as Airy distribution) with alternating
rings of maxima and minima, (shown in Figure 2.2. a)). Qualitatively, two point sources
are just resolvable when the principal maximum of one diffraction pattern coincides with

the first minimum of the other (see Figure 2.2 b)).
Mathematically, the minimum resolvable angle 6,,;, is given by,

A
Omin = 0.612,
a

where X is the wavelength of light and a is the radius of the aperture. This leads to a
spatial resolution limit in imaging systems also referred to as the Rayleigh’s criterion [61],

A
Az~ 0.61——
v NA.
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where N.A. is the numerical aperture. Rayleigh’s criterion, while not a strict boundary,
provides a practical threshold for resolution, especially in incoherent imaging. Overcom-
ing this limit requires advanced techniques such as near-field scanning [62], structured

illumination [63], or fluorescence microscopy [64].

2.4 Spatial Mode Demultiplexing (SPADE)

Spatial mode de-multiplexing (SPADE) is an optical measurement technique designed to
estimate the separation between closely spaced incoherent point sources by examining the
mode content of the electromagnetic field after the apertures. It was first proposed by
Tsang and colleagues in 2016 [23], how one can circumvent the so-called Rayleigh’s limit
by sorting into modes tailored to the point spread function (PSF) of the imaging system.
From a fisher information perspective, the inability to resolve the point sources below the
Rayleigh’s limit can be understood from the fact that the fisher information in intensity
measurements vanishes as the separation approaches zero (also referred to as Rayleigh’s
curse [65]). Instead of detecting light intensity in the image plane, SPADE projects the
collected optical field onto a set of orthogonal spatial modes—such as Hermite-Gaussian
modes—using mode-selective optics and photon-counting detectors. The method leverages
the fact that the separation information resides in higher-order modes, which are typically
inaccessible to standard image-plane detection. Experimental implementations of SPADE
are often sensitive to optical misalignment, modal crosstalk and noise. Nevertheless, several
experiments such as Tang et al. [66] and Tham et al. [65] have demonstrated spatial mode
sorting and separation estimation with precision beyond the classical Rayleigh limit, high-
lighting SPADE’s potential for applications in superresolution microscopy, astronomical
imaging, and quantum metrology. Recent practical demonstration [67] has also achieved a

sensitivity of five orders of magnitude below the Rayleigh limit (~ 20 nm).

2.5 Spontaneous parametric down conversion (SPDC)

Spontaneous parametric down-conversion is an optical process in which a pump photon,
interacting with a nonlinear crystal, is converted into a pair of lower-energy photons, typ-
ically referred to as the signal and idler photons. The quantum state of these photon
pairs is intrinsically entangled in multiple degrees of freedom, including polarization, fre-
quency, and notably, the transverse spatial domain. The strong correlations between the

down-converted photons arise due to the conservation of transverse momentum and energy;,
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which are imposed by the phase-matching conditions within the nonlinear crystal |

, 69].

In particular, the conservation principles imply that the wave vectors obey,

ks + ki = kp, (2.11)
where kg, k;, and kj, are signal, idler and pump wave vectors respectively and

Wp = Ws + Wy, (2.12)

where wy,, ws, and w;, are pump, signal and idler wavelengths. SPDC has been widely used
as a primary source of heralded single photon pairs in quantum cryptography, quantum
metrology, quantum imaging, experimental Bell tests, and quantum communication, among
other applications. Depending upon the polarisation of the pump and the signal/idler
photons obtained, the SPDC process can be classified into three different types: Type 0
(Signal, idler and the pump photons have the same polarisation), Type I (signal and idler
polarisation is orthogonal to that of the pump photon), and Type II (The polarisation of the
signal and idler are orthogonal to each other). The spatial correlations inherent in SPDC
can be probed and engineered through various configurations of the pump beam, crystal
properties, and collection optics, making spatial entanglement a rich resource for quantum
imaging, high-dimensional quantum information protocols, and quantum metrology. The

quantum state of the photon pair produced via SPDC can be written as

[) = |vac) + /dksdkﬂ/)(kS, k;) k) |k;) - (2.13)

Assuming that the pump photon propagates along the z axis, and that the dimension of
the crystal in  and y direction is very large compared to the pump profile, the bi-photon

amplitude can be written as [09],
(T, @) = Newi/tlastail’sine( LAk, /2), (2.14)

where sinc(z) = sin(x)/x is the sinc function, qs; and q; are the transverse momentum
vectors (or spatial frequency coordinates) of the signal and idler photons, where L is the
length of the crystal, w, is the width of the gaussian pump, and Ak, is the longitudinal

wave vector mismatch.

2.5.1 Schmidt Decomposition of SPDC

To quantitatively characterize spatial entanglement, one can perform a Schmidt decomposi-
tion of the biphoton wavefunction into orthonormal spatial mode pairs [70]. In Schmidt de-

composition, the bipartite wave function can be written as W(qs, q;) = >_; \/Aju;(ds)vi(ai)),
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where u;(qs), v;(q;) are the Schmidt modes with A; the corresponding eigenvalue. The
Schmidt number K = 1/%7. A quantifies the effective number of spatial modes and thus
the degree of entanglement [70, 71]. To perform the Schmidt decomposition, it is helpful to
approximate the phase-matching term as follows. First we use the paraxial approximation

and write Ak, = |qs — q;|?, and then replace the sinc function by a Gaussian function.
sinc(LAk, /2) ~ sinc(b?|q, — q;|?) ~ e P las—ail” (2.15)

where b*> = L/4k, and k, is the momentum of the pump. The approximated biphoton

wavefunction is then [70],

U(., @) = NeTlatal/o? e aail, (2.16)

where 0 = 2/w,. In this form, the Schmidt eigenmodes are equivalent to the energy
eigenfunctions of a two-dimensional isotropic harmonic oscillator, which implies that one
can find expansions in terms of Hermite-Gauss or Laguerre-Gauss modes, with a properly

chosen waist. The Schmidt rank of such a decomposition is given by K = 1(bo + ).

When the decomposition is performed in the Hermite-Gaussian (HG) mode basis|72,

|—well-suited for Cartesian geometries—the wavefunction takes the form

pS’pZ Z V nm ¢nm ¢nm Z)

where \,,,, are the Schmidt coefficients, and ¢, are HG modes of order n, m, with the
individual eigenvalues given by,

4bo e
1+ bo?

bo —1
bo +1

A = (2.17)

The set of particular HG modes that form the basis of the Schmidt decomposition are
defined by the waist (7) of the fundamental gaussian, where 7 = 2\/§ . This is also referred
as the Schmidt waist [72].

2.6 Research Summary

In the rest of the chapter, we present two research works conducted on displacement sens-
ing. In the first, we investigate the use of higher-order Hermite-Gauss modes for sensing
optically induced transverse displacements [74], and show that projective measurements

onto adjacent spatial modes provide optimal Fisher information, scaling linearly with the
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mode order m. This performance advantage persists at larger displacements, where gen-
eral expressions confirm that higher-order modes continue to outperform the fundamental
Gaussian mode. Our approach enables enhanced displacement sensitivity with only a cou-
ple projective measurements, offering a scalable alternative to conventional SPADE. A
proof-of-principle experiment using spatial light modulators is also conducted, showing
enhanced sensitivity. In the second article [75], we use the Schmidt decomposition of the
SPDC and show that the enhancement of the sensitivity in displacement measurements is
proportional to the Schmidt rank K of the system. We also perform a proof-of-concept
experiment with down-converted photon pairs, obtaining results that are aligned with the

theory.
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We explore the use of higher-order Hermite-Gauss modes for sensing optically induced transverse
displacements. In the small-displacement regime, we show that projective measurements onto the
two neighboring spatial modes yield optimal Fisher information, linearly scaling with the mode order
m. We further extend the analysis to arbitrary displacement values and derive general expressions
for the Fisher information, demonstrating that higher-order modes continue to outperform the fun-
damental Gaussian mode even at larger separations. This approach enables enhanced displacement
sensitivity with only a minimal number of measurements, offering a simple and scalable alternative
to conventional Spatial Mode Demultiplexing schemes. We provide a proof-of-principle experimental
demonstration using spatial light modulators, showing an order-of-magnitude reduction in estima-
tion variance when employing Hermite-Gauss modes of order m = 8 and m = 17. These results
highlight the potential of structured light for ultrasensitive displacement sensing and may enable
new applications in birefringence measurements with broadband or low-coherence light sources.
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Estimating transverse displacements is an essential
task in numerous technological applications. In tradi-
tional imaging systems, resolution is linked to the pre-
cision with which one can determine the separation be-
tween two-point sources. This precision, in turn, is
fundamentally limited by diffraction effects governed
by the wavelength of light and the aperture size of
the optical system [1]. Conventional intensity-based
measurements suffer from vanishing Fisher informa-
tion as the displacement between sources approaches
zero, effectively linking Rayleigh’s curse to an intrin-
sic loss of information. The recognition of this reso-
lution limit has driven research into alternative imag-
ing techniques that surpass the optical Rayleigh limit,
including near-field imaging [2, 3] and electron-based
methods, such as scanning and transmission electron
microscopy [4, 5|. There is also growing interest in
monitoring small transverse displacements. Approaches
based either on incoherent methods, such as the Moiré
effect [6], or coherent ones, such as linear photonic gears
[7-9] or super-oscillations [10, 11|, have been demon-
strated. An alternative measurement scheme based on
spatial mode demultiplexing (SPADE) was first pro-
posed in ref. [12]. In contrast with direct imaging,
SPADE utilizes projection on spatial modes tailored to
the Point Spread Function (PSF) of the optical sys-
tem, enabling the extraction of maximal Fisher infor-
mation regardless of separation distance. This concep-
tual breakthrough has since inspired extensive theoret-
ical and experimental developments, leading to adap-
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tations of SPADE for various imaging systems [13-16],
coherent sources [17-19], and studies on noise-related
limitations [20, 21]. Furthermore, SPADE has been ex-
tended to multi-parameter and higher-dimensional es-
timation problems [22, 23], with 2D imaging simula-
tions [24] and experimental reconstructions—leveraging
techniques such as deconvolution and machine learn-
ing [25] —demonstrating resolution improvements be-
yond the Rayleigh limit. These findings reinforce the
connection between two-point source distinguishability
and overall 2D imaging resolution.

Here, we examine the problem of transverse distance
estimation within the framework shown in Fig. 1, con-
sidering a probe field whose spatial profile can be tai-
lored as desired. Specifically, we aim to detect the
transverse displacement caused by anomalous refraction
through a birefringent material, where the displacement
is directly proportional to the material’s thickness ¢.
We theoretically calculate the Fisher information asso-
ciated with this separation when the probe fields are
the Higher-Order Hermite-Gauss modes. We find that
the optimal mode projections for finding the separa-
tion consist of two nearest-neighboring modes of the
input probe mode. Fisher information is evaluated in
both the small- and large-separation regimes. In the
small-separation regime, we find that the Fisher infor-
mation scales linearly with the input mode number m,
as expressed in Eq. 5, thereby showing that higher-order
modes are significantly sensitive to distance estimation.
We also address the situation where one is experimen-
tally limited by the numerical aperture of the optics
involved, and show that even in such cases, the factor
of \/m enhancement persists. These findings suggest a
promising method toward ultrasensitive parameter es-



Probe Field Thickness 't  Displaced Fields

p

Birefringent material

Figure 1. Conceptual Illustration. A schematic demon-
strating how higher-order Hermite-Gauss modes can en-
hance sensitivity in transverse displacement estimation. Un-
polarized light, prepared in a specific spatial mode (here,
Hermite—Gauss mode with order m = 2, n = 0), is incident
on a birefringent material. Due to the difference in refractive
indices along the fast and slow axes, the beam experiences
a transverse shift proportional to the material’s thickness
t. As shown in the manuscript, using a higher-order input
mode and projecting onto the two adjacent Hermite—Gauss
modes yields a sensitivity enhancement that scales with the
mode order.

timation using structured light. We further support
our theoretical analysis with a proof-of-concept exper-
iment, which demonstrates an order-of-magnitude im-
provement in sensitivity compared to measurements us-
ing the fundamental mode.

In what follows, we formulate the problem in more
precise terms. Suppose that we send an unpolarized
incoherent Hermite-Gauss beam of order m through a
birefringent material. The material induces a transverse
displacement between the two orthogonal polarization
components aligned with its fast and slow axes. Our
goal is to estimate the transverse displacement param-
eter ‘s’, which is proportional to the thickness ‘¢’ of the
birefringent sample. It is well established that, under
direct intensity measurements, the Fisher information
vanishes as s — 0 [26], a manifestation of Rayleigh’s
curse in displacement sensing.

The output beams, displaced by the birefringence,
emerge in the following states:

|UF) = ¥(z +5/2)) = [HGm(z+5/2)), (1)
|07) = |¥(z — 5/2)) = [HGm(z — 5/2)),

where (z|HG(x)) = \/ﬁ?{m(ﬂx)e*%, is the

m-th order Hermite-Gauss mode with an unit waist.
The net separation between the two states is the pa-
rameter to estimate ‘s’. For our calculations, we assume
that the parameter ‘s’ is normalized with respect to the
waist.

The overall state ps, which is an incoherent mixture
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Figure 2. Total Fisher Information and Cramér—Rao
Bounds. (a) Total Fisher information obtained from pro-
jections onto modes m — 1, m, and m + 1, for an input field
prepared in the m-th Hermite-Gauss mode. The thin gray
line represents the total Fisher information obtainable from
projections onto all modes for the same input, which asymp-
totically approaches m + 1/2, as discussed in the main text.
(b) The corresponding Cramér—Rao bound for displacement
estimates based on measurements in modes m — 1, m, and
m—+ 1.

of a positively and a negatively displaced state about
the origin, can be written as

. 1 _ _
ps =5 [[WF)(T ]+ [w7)(@~]. (2)
For small separations, one can expand the displaced

wavefunctions ¥ and U~ in terms of a Taylor series
with higher-order derivatives as

Q

(x[¥(x +5/2)) (w|\1’>i§<w|q’>’+0(82) 3)

Q

(|HGm) + % (x| HGm (2)) .

Here, ’ denotes derivative with respect to z, i.e., 9/0x,
and all terms beyond the first-order in s are neglected.
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The resulting expression can be further simplified using
the recurrence relation for Hermite—Gauss modes:

0 m
% |7‘[gm> = \/;ngm—1> -

Both U* are related to the adjacent Hermite-Gauss
modes of m — 1 and m + 1. Hence if we perform
projective measurement onto the modes, |m+1) =
[HGm41(x)), and |m — 1) = |HG,,—1(z)) for the state
in Equation (2) the detection probabilities are given by,

+1
T M)

1
Pos = LlmE1a)

1
+ 5 [(m £ 1wy
Using the orthonormality of Hermite-Gauss expansion

and the explicit form for the derivative, one can show
that,

52 52
P, = g(m—l— 1), and P, = gm. (4)

The total Fisher information per photon in this set of
measurements is given by,

1 8P7,L+1 2 1 aPTIL—l ?
FI =
Pt < Os > + P s
m+1 m

2+2

= mt s (5)

We observe that the Fisher information is nonzero and
scales linearly with the mode number m, with the en-
hancement achieved through only two measurements.
This scaling in Fisher information, and consequently
in sensitivity, is significantly more accessible in prac-
tice compared to schemes based on multi-photon NOON
states, which become experimentally challenging to im-
plement for photon numbers N > 2.

The corresponding standard error in the estimates
scales as,

(A0)? > — !

*?Izm—l—l/? (6)

A further extension of the analysis to arbitrary separa-
tions, along with the derivation of a general expression
for the Fisher information associated with the two-mode
projections, is provided in Appendix A. The variances
associated with different measurement schemes using
various Hermite—Gauss modes, along with the corre-
sponding Fisher information, are shown in Figure 2.
Moreover, we consider the case where the induced dis-
placements are coherent, with a known degree of coher-
ence. We observe a similar scaling of Fisher information
with the mode number, and note that the maximum
Fisher information approaches that of the incoherent
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Figure 3. Schematic of the Experimental Setup. A
suitably attenuated Gaussian beam is directed onto Spatial
Light Modulator A (SLM A), which generates a superposi-
tion of two displaced Hermite-Gauss modes of the desired
order by displaying a custom-designed hologram. A second
modulator, SLM B, together with a demagnification imag-
ing system, performs the required mode projections. Opti-
cal components are labeled as follows: M - Mirror; L1-L4
- Lenses; P1, P2 - Pinholes used to isolate the first diffrac-
tion order; O - Objective lens and translation stage; SPAD
- Single-Photon Avalanche Diode.

case when the two displacements are out of phase — See
Appendix B for details of the calculations.

An important consideration is that the spatial ex-
tent of a Hermite-Gauss mode of order m scales as
~ woy/m + 1/2, where wq is the beam waist of the
fundamental mode. Consequently, higher-order modes
typically require a larger aperture in the detection
optics. When accounting for this scaling in practi-
cal implementations, the Fisher information scales as
FI ~ y/m+1/2. However, in the ideal case—where
the detection aperture does not impose any constraints—
the Fisher information retains its optimal scaling of
FI ~ (m + 1/2) (see Eq. (5)). We experimentally
implemented the scheme using Hermite-Gauss modes
with orders m = 0,1,2,8, and 17. The experimental
setup is illustrated in Fig. 3. A suitably attenuated
808 nm laser beam was directed onto a Spatial Light
Modulator (SLM) programmed with a custom-designed
hologram [27] to generate superpositions of displaced
Hermite-Gauss modes of the desired order. The mode
generated at any given instant takes the form:

|U) = |U(z+5/2)) + e |U(z — 5/2))
= |HGm(x +5/2)) + € [HGm(z — 5/2)), (7)

where e*? is a randomly chosen phase factor between
the two modes. For each set of measurements corre-
sponding to a particular mode m, we randomly sample
the relative phase ¢ € [—m,+m7] in order to simulate
an incoherent mixture of the displaced modes, as de-
scribed by the density matrix in Eq. (2). The result-
ing beam is then directed to a second Spatial Light



Modulator, which displays a hologram corresponding
to the appropriate projection mode. The output is
coupled into a single-mode fibre and detected using a
Single-Photon Avalanche Diode (SPAD) connected to
a photon-counting module. For each mode m, we first
optimize the coupling efficiency to minimize crosstalk
between adjacent modes m—1, m, and m+1. Displace-
ments are then introduced in the range s € [0, 1.4w] in
steps of w/100, where w is the beam waist—this step
size is close to the resolution limit of the SLM. For each
displacement value, photon counts are accumulated for
projections onto modes m—1, m, and m+1, across ran-
domly sampled phase values. From the photon count
statistics, we extract mode probabilities and estimate
the displacement using a Maximum Likelihood Estima-
tion (MLE) approach. The variances in the estimated
displacements are then computed and plotted in Fig. 5.
We observe an order-of-magnitude improvement in es-
timation precision when comparing lower-order modes
with higher-order cases, particularly for m = 8 and
m = 17.

In summary, we have demonstrated that probing in-
coherent transverse displacements using higher-order
Hermite-Gauss (HG) modes leads to a sensitivity en-
hancement that scales linearly with the mode or-
der, provided that projective measurements are per-
formed onto neighboring spatial modes. This stands
in contrast to conventional direct imaging techniques,
which suffer from diminished Fisher information in the
small-displacement regime. We presented a proof-of-
principle experimental realization, observing an order-
of-magnitude improvement in sensitivity compared to
standard SPADE measurements when using HG modes
with order m > 8. Our findings also offer a reinterpre-
tation of the recent experiment reported in Ref. [2§],
where SPADE was applied to a correlated photon-
pair source, and the transverse displacement was in-
troduced on the idler photon. In that work, the ob-
served Fisher information scaled with the square root
of the Schmidt number, providing an effective estimate
for the number of entangled HG modes comprising the
biphoton state. Under the Klyshko picture, detection
in mode m on the signal arm corresponds to post-
selecting a process in which the idler photon is prepared
in the same HG mode, undergoes a transverse displace-
ment, and is subsequently projected onto neighboring
modes — an operationally equivalent scenario to our
present experiment. Future investigations may explore
this approach with pump beams prepared in higher-
order HG modes, potentially revealing a pathway to
quantum-enhanced displacement sensing. In our im-
plementation, we employed sequential projective tech-
niques based on amplitude flattening, which inherently
involve a trade-off between mode-dependent losses and
inter-mode crosstalk [29]. However, advanced mode

}éro)jection strategies, such as those utilizing multi-
a
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Figure 4. Experimentally Measured Variances. (a)
Variances in displacement estimates extracted from optimal
projections for input modes m = 0, 1, 8, and 17. (b) A mag-
nified view of the variances for m = 8 and m = 17, highlight-
ing the improvement in precision relative to the fundamental
mode m = 0 shown in (a). An order-of-magnitude reduction
in estimation error is observed for the higher-order modes.

plane light converters, have recently been demonstrated
for SPADE at the single-photon level [30, 31], and
could serve as a robust alternative for practical deploy-
ment. We therefore believe that the techniques demon-
strated in this work, combined with state-of-the-art op-
tical technologies, hold strong promise for the develop-
ment of compact and precise devices capable of detect-
ing minute displacements—particularly in applications
involving nanoscale systems [32] and high-resolution
imaging of birefringent materials.
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Appendix A: Fisher Information at Arbitrary
Separation

Here, we extend the Fisher Information Analysis to
the regime of arbitrary large displacements and show
that the sensitivity is enhanced even at large separa-
tions depending upon the mode order m. At large sep-
arations, the mth mode in addition to m — 1, and m+1
also contains a significant amount of Fisher information
for the separation parameter. Thus our optimal projec-
tions for large enough separations is

im+1) = [HGmi1(2)) (A1)
Im) = [HGm(z)) (A2)
Im—1) = [HGm-1()) (A3)

We first evaluate the probability for projection unto
|m + 1)

1 g2, 1 _\2

Poj = 5 [(m+ 19"+ 2 [(m+1]27)]
24 5 (m 4 1fm)

(Ad)

= Slm 1)

where, |m*) refer to the displaced HG mode, HG,, (x +
s/2). We proved in our previous work [28] that for
m>n

(Fs)m e L) (A)

! nem
(i) = [ 225"

which gives us,

+ I = | g 80
(m41m™) =/ =727 (F9)'e” T Ly (5).

Substituting this in Eqn (A4) and simplifying we get,

e () w

And similarly, the probability for projection unto
|m — 1), and |m) can be evaluated and the final ex-
pression assumes the form,

1 2 s2\\°
Prno1 = 87m6_.782 (['}nq (g)) (A8)
2 2\\ ?
()

The Fisher information in these two projections then

(A6)

Py =

P, (A9)

can be evaluated as,

2
S 1 <apm+i)

it T o
e (szﬁin 1 (%) + (055 —4) Ly, (%)) i
= 32(n+1)
=% (s%?ﬂ (?) + (0552 —4) L}, (*» ’
+ 32n
+ % (SLIm (%) + 2L (%:)) i
16

The Fisher Information approaches the previously
derived value of m + % for s — 0. The Cramer-
Rao bounds for the variances can be derived using
(Ac)? > % The variances for different measurements
using different modes along with the Fisher Information
are plotted in Figure 2.

Appendix B: Fisher Information for coherent
separations

Here we extend the calculation of fisher information
for coherent displacements. Say the material introduces
coherent displacement with a coherence parameter +,
where v = e®, between the positively and negatively
displaced states. The normalized state after such inter-
action becomes,

1

) = — ([¥7) +~[v7))

S

2
S
V2

For small separations, one can expand the displaced
wavefunctions in terms of a Taylor series with higher
order derivatives as before,

(HGm(z = 5/2)) + 7 [HGm (2 + 5/2))) -

(x| W) £ s/2 (z|¥) + O(s?) (B1)
(2|HGm) £+ 5/2 <x|Hg‘IYL(x)>(B2)

(xW(x +5/2))

Q

Q

Hence if we perform projective measurement onto the
modes,

Im +1) = [HGmi1(2))
Im —1) = [HGm-1(2)),

for the state in Equation B1 the detection probabilities
are given by,

Ppgt = = |[(m£1]T) + 5 (m+ 1|7

N =

22
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Using the orthonormality of Hermite Gauss expan-
sion and the explicit form for the derivative, one can

show that,

52 52
P = g(m—i—l)(l—v)?, and P, ;= gm(l—v)
(B5)
The total Fisher information per photon in this set of
measurements is given by,

2

s L (0P 2 1 [(0Pn_1\°
Py 0Os P Os
— (ML mY e
- ("5 )a-
= (m+5) -2 (86)

We see that the Fisher information is maximized and
approaches the incoherent case as v = —1 or ¢ = m,
i.e. when the two displacement are out of phase with
each other. Whereas in case of displacements that are
in phase, the Fisher Information is zero. We see that
the enhancement obtained from the mode order m is

still present.
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Imaging systems measuring intensity in the far field succumb to Rayleigh’s curse, a resolution limitation
dictated by the finite aperture of the optical system. Many proof-of-principle and some two-dimensional
imaging experiments have shown that, by using spatial mode demultiplexing (SPADE), the field infor-
mation collected is maximal, and, thus, the resolution increases beyond the Rayleigh criterion. Hitherto,
the SPADE approaches are based on resolving the lateral splitting of a Gaussian wave function. Here,
we consider the case in which the light field originates from a biphoton source, i.e., spontaneous para-
metric down-conversion, and a horizontal separation is introduced in one of the two photons. We show
that a separation induced in the signal photon arm can be superresolved using coincidence measurements
after projecting both photons on Hermite-Gauss modes. Remarkably, the Fisher information associated
with the measurement is enhanced compared to the ordinary SPADE techniques by ~/K, where K is the
Schmidt number of the two-photon state that quantifies the amount of spatial entanglement between the

two photons.

DOI: 10.1103/PhysRevApplied.20.024077

I. INTRODUCTION

The resolution of far-field optical imaging systems
based on direct intensity measurements is limited by the
point spread function (PSF), a diffraction phenomenon
dictated by light wavelength and aperture width of the
optics involved [1]. The accuracy of this measurement
diverges for small separations of two-point sources; an
effect also referred to as “Rayleigh’s curse.” The discov-
ery of this phenomenon has encouraged research efforts in
other fields of imaging, such as near-field imaging [2,3]
or imaging based on electronic effects [4,5], which goes
beyond the optical Rayleigh limit. In 2016, Tsang and his
colleagues proposed a simple spatial mode demultiplex-
ing (SPADE) scheme, which is robust to the resolution
curse [6]. It shows that our ability to estimate a separa-
tion between two incoherent point sources collapses as
the separation approaches zero when using conventional
intensity measurements, thus assimilating Rayleigh’s curse
to an intrinsic loss of Fisher information at small sepa-
rations. The SPADE scheme proposed uses spatial mode
sorting, with mode projections tailored to the PSF of
the imaging system, which collects maximal Fisher infor-
mation regardless of the separation magnitude. This has

2331-7019/23/20(2)/024077(10)
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prompted many further theoretical and experimental find-
ings in recent years, exploring applications and modifi-
cations of SPADE for different imaging systems [7—10],
coherent point sources [11—13], limitations in the pres-
ence of cross-talk or other noise sources [14,15], and
even extensions to higher-dimensional objects [16,17].
Although the explicit model estimating all points of an
arbitrary two-dimensional (2D) object is vastly compli-
cated to derive in terms of Fisher information, 2D imaging
simulations [18] and experiments [19] using postprocess-
ing algorithms (deconvolution, machine learning) have
shown an increase in resolution beyond the Rayleigh limit.
This solidifies the intuition relating the distinguishabil-
ity of two-point sources to the overall resolution of a 2D
imaging system.

The main idea behind SPADE is to estimate the separa-
tion between two-point sources by looking at the alteration
of the field’s phase, in particular, at the change in phase
symmetry, which can be efficiently probed by the Hermite-
Gauss (HG) decomposition for the usual Gaussian PSF.
In this work, we address the following question: can the
spatial correlations emerging from two-photon sources
enhance the resolution sensitivity? We show that it is possi-
ble to superresolve a separation using mode sorting in coin-
cidence measurements with a PSF that is itself entangled
in the form of spontaneous parametric down-conversion
(SPDC) light. More specifically, we consider a two-photon

© 2023 American Physical Society



GRENAPIN et al.

PHYS. REV. APPLIED 20, 024077 (2023)

wave function that allows a Schmidt decomposition in HG
modes, with Schmidt number K. An incoherent displace-
ment, which mimics the effect of a transmitting sample,
is applied on one of the two photons, and the displace-
ment is estimated by projecting the resulting state on direct
products of HG modes. We note that the somewhat related
inverse problem of generating a spatially or temporally
shaped pure photon state in one beam of an entangled
pair (ghost interference) likewise requires the projection
on pure states in the other beam of the entangled pair
[20]. Our main result shows that the Fisher information,
whose inverse gives a lower bound on the estimation error,
scales as v/K /2, where K = 1 corresponds to the separa-
ble case of a Gaussian point spread function. Hence, any
spatially entangled two-photon source provides an advan-
tage with respect to the ordinary SPADE. Here, we derive
this result and present a first proof-of-principle experi-
mental implementation. We conclude by discussing the
possible settings in which the two-photon SPADE can give
a practical advantage.

II. THEORY

To understand the resolution limits of a given experi-
mental technique, one must evaluate the lower bound on
the achievable uncertainty of the estimator § (which, in our
case, is the lateral displacement). This limit is given by the
Cramer-Rao bound [6,21]: the estimator’s standard error
is lower bounded by the inverse of the Fisher information
A8 > 1/+/nFT [22,23], where n corresponds to the num-
ber of repeated measurements and the Fisher information,
FZ, can be calculated from the probabilities P; of a given
measurement outcome j as FZ = Zj(l/ﬂ)(aﬂ/%)z.
In the following, we consider the problem of resolving
an incoherent transverse displacement of a photon that is
in a spatially correlated state with another idler photon.
We calculate the Fisher information for a biphoton spatial
mode demultiplexing scheme and compare the result with
the classical SPADE, which emerges from the uncorrelated
limit of our scenario.

In a typical imaging setup, the image plane of a point
source is described by a two-dimensional PSF W(r) [with
r = (x,y)]. In the case of two incoherent point sources
separated horizontally by a distance s, the wave func-
tion in the image plane can be described by the mixed
state p = %(|\IJ+)(\IJ+| + |\I-’_)(\IJ_ ), where (x| W¥) :=
W(x +s/2,y). An intensity measurement, which corre-
sponds to a projective measurement in the position bases,
results in outcomes with distribution 7(x,y) = %(I\Ifrl2 +
|[W~|?). The Fisher information for the direct imaging
method is known to rapidly fall to zero for separations
smaller than the width of the point spread function [6].
However, by mode sorting using modes that form orthog-
onal bases for space containing the PSF (SPADE), the

total Fisher information remains constant across all val-
ues of s [6]. Optimal bases are ones in which most of the
Fisher information for small s is captured in the first cou-
ple of measurements, making schemes like binary SPADE
[10] simple and attractive. We show in Appendix A how
a projection on the derivative of the PSF with respect
to the coordinate associated with the direction of the
displacement is an optimal projection for the small sepa-
ration regime. More rigorous ways to determine optimal
measurement bases have been developed [7].

In a coincidence imaging setup with entangled SPDC
photon pairs, there is no pure wave function describing one
of the single photons’ quantum states. The single particle
state is maximally mixed, which can mimic a Gaussian in
its intensity pattern when viewed on the camera. The pure
state describing the entangled particles is a biphoton state
of signal and idler that can be expressed in the Schmidt
basis of HG modes [24]:

(W) = > Coun I, n), @ [, n); (1)

m,n

Here the C,,, coefficients are the Schmidt coefficients
of the HG decomposition and |m,n) states are the
2D HG modes of order (m,n) with a beam waist
parameter w: (x,y|m,n) := HG,,,(x,y) = N exp(—(x* +
2) WA Hyp (N 2x /W) H, (v/2y /w) with the H,,(x) Hermite
polynomials and A a normalization constant. In this basis,
the correlations are diagonal: a signal photon in a particular
|7,/ ) mode is entangled with an idler photon in that exact
mode (see Appendix B). In practice, any action occur-
ring on one photon, such as the typical diffraction causing
PSFs, is also reflected in the biphoton wave function. The
Schmidt coefficients can be given an analytical expression
(see Refs. [25,26]): Cp = [(y — /(v + DI"™4y /(1 +
y)? with y = (1/w,)/LA,/27 a parameter defined by
crystal length L, pump beam waist w,,, and wavelength A,,.
Here, we investigate how two-photon SPADE allows us
to superresolve separation introduced in one of the pho-
ton paths as if the PSF was of the form of the source (just
as in Refs. [9,10])—which is the biphoton wave function
described above.

Finding the optimal basis of projection for SPADE
is not as straightforward as in the single-photon PSF
cases. Although the derivative of the biphoton PSF with
respect to the signal photon’s coordinates can be calcu-
lated directly (Appendix B), this is a nonseparable state
for which it is challenging to devise a single-shot projector
experimentally. However, we note that interesting progress
is being made in that direction [27]). Instead, as in ordinary
SPADE, we consider the projection on the basis of direct
products of HG modes {|m, n) (m,n| ® |m,n); (m,n|}. The
expression for a projection onto mode HGy(x;, ;) in the
idler arm and HGy y (x;, y5) in the signal arm can be derived

024027%—2
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as

!y 1 /
k,’l Pcoinc = ECZ/J(SI,I/ Z | <k| ki)|2- (2)
+

With s =0, the correlations are diagonal: only projec-
tions where & = k&’ have nonzero outcomes. As s increases,
contributions from the first off-diagonal modes appear.
Equation (2) can be given an analytical expression using
the result (m|n*) = /m!/n! 2(""")/2(:I:s/2)”"”e‘s2/16
Lr=m(s?/8), where L% is the ath generalized Laguerre
polynomial of order i, and n > m (see Appendix C for
the derivation).

For small values of s, we consider the expan-
sion of 1,2}1/79(;01“0 to the order of (s/2)> by substitut-
ing |mi) = |m) £ s|m)’ /4 4+ O(s*/16) into Eq. (2). The
result P & C2, {8 {1l — 2K + 1)/8) + Spue—1K /2 +
Ska41 (K + 1)/2}8;y implies that, for each mode & consid-
ered in the signal beam, only the neighboring &' modes

give nonzero coincidence counts: Py ~ C7,(1 — s*(2k +

1/8), Py~ s2C (k+1)/8, P ~ 2 k/8.
Of these terms, only the k = &',k £ 1 modes varying
quadratically with the separation will translate to a nonzero
Fisher information in the small separation regime, s — 0
(see Appendix D):

[CF,(2k + 1)s/2]

oy A
FIi(s) ~ - 2@ 2 — 0, (3a)
i Leoine = 30+ DGy G0
k_}cfzcoinc = %kci—l,/' (30)

Since the Fisher information in these particular projections
is independent of the separation s, the variance of our sepa-
ration estimates does not suffer from the so-called Rayleigh
curse, similar to the SPADE technique for a single photon.
The total Fisher information can then be obtained by
summing the individual contributions from all of the
detected modes. Interestingly, for small values of s, the
total has an upper bound dictated by the strength of the spa-
tial correlation between the photon pair. More precisely,

tZC}S‘FICoinc =y + )/_1 = =

; (4)

>[5
N | —

where K = {[y + 1/y]* is the Schmidt rank often used
to quantify the strength of bipartite entanglement (see

CRLB for entangled SPADE measurements, N = 1

T
‘. —=—=- Direct imaging
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FIG. 1.

Cramer Rao lower bounds (CRLBs) versus the sep-
aration (units of the Schmidt waist, w = o). Classical SPADE
measurements (lower bounded by K = 1) attain the SQL preci-
sion. Higher values of entanglement provide an advantage over
classical SPADE. Kexp, experimental Schmidt number.

Appendix B for the derivation). This leads to a correspond-
ing lower bound in the achievable precision as

A5* > ﬁ, (5

where A5? is the variance in the separation estimates. The
result suggests that the precision in the measurement of
near-zero separations is limited only by the strength of the
spatial correlations, thereby suggesting high-dimensional
entanglement as a promising resource for superresolu-
tion measurements. Not only does the method circumvent
the so-called “Rayleigh curse” like the ordinary SPADE
(which is bounded by the special case of K = 1; see
Fig. 1), but it also offers further enhancement proportion-
ate to the correlations in the system. In what follows,
we describe in detail an experimental implementation and
results of the method outlined above, along with some
simulation results.

III. METHODS

For the purpose of a simpler experimental implementa-
tion in the laboratory, we considered a smaller subspace
spanned by modes with [ = 0 (i.e., HGyg, HGo;, HGg, . . .,
HGy,) for both the signal and idler photons. The total
Fisher information associated with this set of joint projec-
tive measurements can be written as (see Appendix D)

1 1/1—yp)\°
o Icoinc == N\ ) - 6
ipS" 2+2<1+y) (6)
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Experimentally, we reconstructed the correlation matri-
ces in the HG basis for a biphoton state generated via
SPDC for different traverse separations. The separation
was then inferred from the observed correlation matrices
using maximum likelihood estimation.

A. Experimental realization

The down-converted photon pairs are generated by
pumping a 0.5-mm-thick type-I barium borate crystal
(BBO) with a 200-mW 405-nm pump beam obtained from
the second harmonic generation (SHG) of a 1-GHz 100-fs
laser beam. The pump beam is focused to a waist of w, =
40 pm at the BBO crystal, which sets a value of y = 0.15.
The value of y determines the waist of the Schmidt modes,
the Schmidt coefficients in the Hermite Gauss basis, and
the Schmidt rank K [26,28]. The generated photon pairs
are then split into two paths by a 50:50 beam splitter
(BS), and the signal photon travels through an asymmetri-
cal Mach-Zender interferometer (MZI), which introduces
a transverse separation between the horizontal and the ver-
tical polarization components of the beam. Two mirrors
are placed on translation stages, specific combinations of
which allow us to generate a tunable symmetric separa-
tion about the center of the undisplaced beam. The MZI
also ensures that a path difference of approximately 20 cm
exists between the horizontal and the vertical polarization
components, which ensures that we have two incoherent
point sources. In each of the signal and the idler arms,
projections onto the spatial Schmidt modes are realized
via the amplitude flattening technique [29,30], whereby a
combination of appropriate holograms displayed in spatial

(a) (b)

2

3
4

6

Coupler1

0

2

Coupler2

4

6

Coincidence
box

Experimental setup

FIG. 2.

light modulators (SLMs) along with suitable demagnifica-
tion to the fibre plane approximates the ideal projective
measurement for a particular spatial mode. The first order
of the diffracted light is selected with a pinhole and cou-
pled into a single-mode fibre (SMF) after being filtered
by bandpass filters 810 &= 5 nm to ensure the collection
of degenerate pairs. Each SMF is then connected to a
single-photon avalanche-diode (SPAD) detector (Excelitas
SPCM-AQRH-14-FC), and coincidence counts are regis-
tered via a time-correlated single-photon counting system.
Further details on the experimental setup with the essential
components are illustrated in Fig. 2.

To determine the experimental Schmidt waist, multiple
sets of data for differing waists of projection were taken
for a zero displacement, and the experimental projection
waist was chosen so as to have as close to a diagonal den-
sity matrix as possible. For each applied separation, the
setup was realigned so that the center of the displaced
beam was coupled to the fibre. The coincidence counts in
the diagonal modes for zero separation account for at least
82% of the total counts in the 7 x 7 cross-talk matrix. The
deviation from a perfectly diagonal decomposition can be
attributed to several factors, including a deviation of the
pump beam shape from a Gaussian mode and modal cross-
talk in the detection scheme. These factors can be tackled,
in principle, by improved control of the pump shape (e.g.,
through spatial filtering or the use of SLMs) and the use of
other detection schemes, respectively. Indeed, the recent
advances in spatial mode sorting through multiplane con-
verters allow, in principle, a lossless and low cross-talk
detection scheme [31].

s =0.232ws 5 =0.465w; 5 =0.697w; s =0.93w;

0.30

0.15

S = 0232W5 S = 0465w5 S = 0697w5 S = 093WS

0.10

0.05

0.00

Theoretlcal (top) and experlmental (bottom) correlatlon matrices

(a) A 405-nm laser shines a 1-mm type-1 BBO crystal generating degenerate down-converted photon pairs. Idler and signal

photons are separated by a 50:50 beam splitter (BS). An unbalanced MZI interferometer implements an incoherent lateral displacement
on the signal photon. The two photons are then projected on HG modes by coupling to single-mode fibers (SMFs) after being spatially
modified by holograms displayed on spatial light modulators (SLM1 and SLM?2). The photons are then detected by a pair of single-
photon avalanche-diode (SPAD) detectors and then the coincidence events are detected via a coincidence counting module. PBS,
polarizing beam splitter; M1-M3, mirrors; L1-L4, lenses. (b) Theoretical (top) and experimental (bottom) cross-talk matrices showing
coincidence counts for the first 7 x 7 joint projections on signal and idler photons for five different values of separation s between 0
and 0.93w. We can see the off-diagonal coefficients becoming more prominent as the separation increases.
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FIG. 3. Estimates from the data versus the actual separation

(units of the Schmidt waist, w = o). The estimation was first
performed assuming an ideal theoretical model, i.e., a per-
fectly diagonal mode decomposition (red) where probabilities are
defined by Eq. (2). We see a significant deviation from the ideal
Sest = § estimates, most likely due to modal cross-talk, attenua-
tion, and dark counts. Therefore, in order to account for these
effects, a linear fitting of the counts, as functions of the theoreti-
cal probabilities, was performed before the estimation, the results
of which closely match the ideal curve (green).

IV. RESULTS

We applied evenly spaced lateral displacements at incre-
ments of 0.04650;, from a separation s = 0 to s = 1.350,
and recorded the outcomes of the joint measurements onto
modes HG,, ,, in the idler arm and HG,, ,, in the signal
arm for n;; = 0 and m;;; = 0,1,...,6. Each set of data
is then a 7 x 7 matrix containing 49 joint projection out-
comes, the coincidence counts for each of which were
accumulated for up to 60 s. The 7 x 7 matrix sums were
normalized to account for laser intensity fluctuations. For
such small separations, to a very good approximation, it
can be safely assumed that almost all of the generated
photons are in the 7 x 7 Hilbert space. In total, for each
separation, approximately 37 000 photons were collected.
The results for a few sets of displacements, along with
the corresponding theoretical predicted outcomes [Eq. (2)]
are illustrated in the form of correlation matrices [see Fig.
2(b)]. The figure shows that the experimental outcomes
closely match the corresponding theoretical predictions.
We also see the modes just outside the diagonal starting
to increase in significance symmetrically with increasing
separation. In order to obtain the estimates of the sep-
aration parameter s, first, we perform the least-squares
fitting for the normalized counts (or, equivalently, prob-
abilities) to the expression Pj; = a;; P + B, where the
P;; are the theoretical probabilities given by Eq. (2), a;;

0.14 1 ® Direct imaging: Gaussian PSF
®m Direct imaging: SPDC
b e Biphoton SPADE

0.12 §
—
E 0.10 -
—
)
= 0.08 1
E °
£ 0.06 1 fu
< |
a ° ® o

0.04 - ¢

e H -
ol
002{ °° "e"u =
° oon® _mlm, ' -
(X} rYRAAN IR B-
0.00 .....”OOogooootgo:gg
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

Separation (s/w)

FIG. 4. Simulation results for biphoton SPADE compared
with direct imaging of both Gaussian and SPDC PSFs for N =
37000 photons (separation scaled in units of the Schmidt waist,
w = o0;). A 50-pixel array was used for direct imaging simu-
lation, corresponding to intensity measurements at 50 different
points. Similarly, for the biphoton SPADE (K = 11.6), the sim-
ulation was done for 49 mode projections with combinations
of Hermite-Gauss modes with indices n = 0,m = 0,...,6 for
each signal and idler. A maximum likelihood estimation was
performed on generated samples, and the standard error in the
separation estimates was plotted.

is a scaling factor to account for attenuation for dif-
ferent modes, and B; is an additive factor to account
for the spurious photon counts. For each separation, we
then applied a maximum likelihood estimation procedure,
maximizing the likelihood function defined as L(s) :=
W/ TTn ) ]_[U P (s)"i, where the n;; are the photon
counts for the joint projection onto HGy; for the signal and
HGy, for the idler, and N is the total photon counts in all
of the modes for that particular separation. The results of
the estimation are shown in Fig. 3.

In order to compare the precision in the estimates
obtained from this method with direct imaging, we also
performed simulation runs of the experimental outcomes
for the direct imaging of the SPDC point sources whose
mode decomposition is characterized by y = 0.15. The
simulation results are plotted in Fig. 4. We see that the
biphoton SPADE outperforms the direct imaging of the
SPDC and also the direct imaging of the Gaussian with
the same waist as the Schmidt waist, offering an order-of-
magnitude advantage especially for near zero separations.

V. DISCUSSION AND CONCLUSION

We have theoretically derived optimal projective mea-
surements for separation estimation using a biphoton wave
function generated via the SPDC process. The Fisher infor-
mation for projection onto these modes remains constant
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even for near zero separation, which shows that the mea-
surement scheme is not plagued by the so-called “Rayleigh
curse” inherent in direct imaging. Moreover, the precision
in the proposed method is limited only by the strength of
the spatial correlations inherent in the photon pairs. In par-
ticular, we show that the total Fisher information of the
separation estimation is proportional to the square root of
the Schmidt rank (K) of the system. Therefore, depend-
ing upon the strength of the correlations in the system, the
method even offers further enhancement that scales with
K compared to ordinary SPADE, which corresponds to the
trivial case of K = 1. As a proof of concept, we also exper-
imentally implemented the scheme using down-converted
photon pairs and obtained results that are in good agree-
ment with the theoretical predictions. We also performed
simulations comparing the precision in our estimates with
the case of direct imaging, where we indeed observed at
least an order-of-magnitude improvement, especially for
near zero separations, where the errors start to diverge.
Our theoretical and experimental results suggest the poten-
tial of using high-dimensional entanglement for further
enhancing superresolution measurements. Combined with
neural networks (see, e.g., Ref. [19]), this technique can
provide a new tool for high-resolution imaging in low-light
conditions of passive samples with variable transmissiv-
ity. As a perspective, we believe that these ideas may
also have an appeal in electron microscopy where the
resolution problem is very relevant, especially when try-
ing to separate two close pointlike objects such as atoms.
Optimal measurements (to which SPADE belongs) in the
single electron framework have been already studied [32],
but the recent advances in controlling entangled electrons
[33,34] could pave the way to increase the resolution
below 10 pm, which would be the highest spatial resolution
achieved so far. More generally, the Schmidt decomposi-
tion of an electron pair could provide a new framework
for advanced metrology in quantum transmission electron
microscopy.
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APPENDIX A: OPTIMAL PROJECTION

Fisher information describes the amount of informa-
tion a measurement contains about a certain parameter
being estimated. The Cramer-Rao lower bound, which is

the minimum possible variance on the unbiased estimation
of the parameter, is given by the inverse of the Fisher
information [22],

Ocrlb = : = : s
VFI — JTr[(9p/38)L]

where p is the state of the system, § is the parameter to
be estimated, and L is the so-called symmetric logarith-
mic operator defined as pL + Lp = 20p/d5. The higher
the Fisher information associated with a particular set of
measurements, the better the precision in the estimates.

In superresolution schemes for separation estimation
with the so-called spatial mode demultiplexing, a projec-
tive measurement is carried out in spatial modes (most
commonly in the Hermite-Gauss basis). The Fisher infor-
mation of a parameter 4, in the basis of such a set of spatial
modes {|j) (j |}, is given by

1 (9P \°
71=Y 5 (%)

where P; is the probability associated with the successful
projection in the corresponding mode | ).

In the small separation regime, where errors from direct
imaging start to diverge, one can find an optimal basis
of projective measurements for which the Fisher infor-
mation remains constant. For a general PSF |W(x)), the
“optimal” mode of projection is proportional to its deriva-
tive, which can be seen as follows. The displaced PSFs
(x| W)*E = (x;| W(x £ 5)), where § = 2s, can be expanded
in terms of the derivatives of the original PSF as

(AT)

(A2)

n (n)
(x| W)* :ZM’ (A3)

n!
n

where (x| W)™ is the nth derivative in x; of (x,| W).
For small separations, we can consider only up to the

first-order term in the separation,
(x| W) & (x| W) £ 5 (x| W) 4 O(s?). (A4)
If the two displaced PSFs are incoherent then the resulting
state is characterized by a completely mixed state,
p =509 (W] + W)~ (W], (A5)
where |W)* refer to the wave functions displaced by s in

the x axis.
If we substitute Eq. (A4) into Eq. (AS), we find the
density matrix approximated for small separations,

2
o~ ) (W + 57 [W)D (@D 4 %(I‘D)Q) (W] + W) (WD),
(A6)
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The probability of successful projection onto the normal-
ized first derivative mode is

Per = 77 (W] ppy W)

WD ey 2

%

0%

w2 2% 2 -

= (A7)

where N is the normalization factor. The Fisher informa-
tion can be calculated as

(A8)

We see that in the small separation regime, the Fisher infor-
mation in the derivative mode is a constant regardless of
the separation.

APPENDIX B: SCHMIDT DECOMPOSITION OF
SPDC

The biphoton state generated in the SPDC process can
be decomposed into a superposition of the tensor product
of two linear combinations of Hermite-Gauss modes [Eq.

(B,

(B1)

W) = Z Z ' \m,n), @ |m',n)..

mn m' 0’

Hermite-Gauss HG modes |m,n) = |m) ® |n) form an
orthonormal basis of spatial modes for the transverse
plane and have the following expressions (2D and 1D,
respectively) in adimensional coordinates:

1

(X0, Yol m,m) = mﬂm(xo)eﬁ‘z’/z ® Hn(Va)ej)‘%/za

(B2)

1
2mm! /T

(ol m) = Hulx)e ™2 (B3)

Here H,;(x;) is the ith-order Hermite polynomial for vari-
able x;, and x, = «/Ex/as and y, = ﬁy /05, as defined in
the main text. When expressed in the Schmidt basis of Her-
mite Gauss HG modes, the original SPDC state can be

simplified to [24,26,28]

(W) =" Con I, n) @ |m,m);, (B4)
where
4 1— (m+n)
c,, = —r |- =V
I+y)?1+y

and y is a constant determined by source parameters such
as the crystal length and pump beam waist. When per-
forming any sort of joint measurement (i.e., coincidence
counts or coincidence imaging) on the entangled state,
we consider a PSF of the form of the biphoton expres-
sion given in Eq. (B4). If a separation is introduced in the
signal beam, it becomes a mixed state of two separated
beams with the signal photon displaced in the x, axis. The
two-photon density matrix pg; resembles Eq. (AS5), with

(el ), = /1] Q7)o syt 2
0Bl = Z Z Con G,y Im,m); iu, v|

mn  u,v

® [Im*,n)s stu™, vl +|m~,n), s, v]].  (BS)

The derivative of the PSF [Eq. (B4)] in x, has the form

()D =" Coun Im) ) [n) @ |m, ).

m,n

where we can find from the recurrence relations of the
Hermite polynomials that

m
Im){V = \/;Im — 1) —

So, the derivative becomes a maximally entangled state
with the expression

|\I’>(1)=2Cm,n< /E lm—1), — 5 lm + 1)s>|n)s

(B7)

m—+1

— lmt D (®B6)

® |m7 n)i .

Projecting onto such a state is not trivial and is outside the
scope of this experiment. We instead chose to use measure-
ments readily available to us experimentally in a setup with
entangled photon pairs. A variety of measurements (either
categorized as joint or single-photon measurements) are
possible that will determine the projection outcomes P;.
Using a joint basis of HG modes as the mode sorting basis,
with elements |k, /), (k,I|; ® |k’, l’) <k’, !'|., the projection

i

i

s
outcomes P}," can be expressed as

PE! = Te[lk, Dy (k, 1, @ |K, 1), (K., o]

k1, ® (K, 1] ppr K, 1) @ |K, 1),
SCo Ak K17+ 1 [K) P}

(B8)

0240%(%—7



GRENAPIN et al.

PHYS. REV. APPLIED 20, 024077 (2023)

APPENDIX C: ANALYTICAL EXPANSION OF
(m| n*)
The inner product between an ‘HG function of mode m
and a displaced HG function of mode n can be written as

+o0

HGn()HG, (x £ s)dx.

(m| n*) =

Applying a change of variables u = x &+ 5/2 and inserting
the expressions into Eq. (B3), we obtain

(m|n*) = o~ (/D[Fs/2)? +(uks/2)%]

A2M2hm! n! /

Hm<u F %)H,,(u + )du

_ 2
es/4 +o00

- —X
N 2m T

s S
H, (u T 5)7—[” (u + §>du

The integral in Eq. (C1) is given in a table of integrals [35],
where, for n > m,

+o00
I

= 2m! 2" LI (= 2yz)

2

(CD)

™ Hyp (v + y)Y M (x + 2)dx
(C2)
with £ the oth generalized Laguerre @ polynomial of

order i,«. So, the analytical expression for the inner
product for n > m is

+ m! (m—n)/2 n—H = /4 n—m 2
{m|n™) = ;2 (£s) L 3 . (C3)

APPENDIX D: BIPHOTON SPADE BASED ON

For k = I/, the FZ about the parameter § = 2s tends to 0.
For k = K’ +£ 1, the projection outcome has the same form
as for optimal measurements, where P; is proportional
to 82

[C2,2k+ Ds]’

Ikl ~
T~ a0+ 1)

— 0, (D3a)

k+1

k+1,0
]:I ~ Ck+1 I>

(D3b)

FIiM~ k c (D3c)
For example, projecting the signal photon onto |1, 0), and
coupling the idler photon into a single-mode fiber (projec-
tion onto |0, 0);) would give a constant Fisher information,
for small separations, of %C(z),o. The total FZ is obtained
by summing the nonvanishing FZ across all HG mode
measurements. Writing out the coefficients explicitly,

k+1C2 (1 —)/)Z(k+])<1 _y>2]
2 *\14y l+y)

1, Lo (L=y HED =y
ad kc°°<1+)/) <1+V> ’

k+1,1
FI; M~

and using

(1-y)P0+y)°
16y2 ’

Z(l—y>2"=<1+y>2
— \1+y 4y

we can calculate the sum over & for the 1D case,

S -

k

PROJECTION ONTO HG MODES -7\
Zf T = (—y> ~0.27, (D4a)
Here, we derive the main result showing the relation I+y
between the Fisher information and the Schmidt rank (K)
in biphoton SPADE. In the small separation limit [using 1
Egs. (A4) and (B6)] only three terms in Eq. (B8) are Z]—"II,;_I’] =, (D4b)
nonzero: k 2
' st or the sum over all k, /,
Py~ [akk,{ -5k + 1)} i
L, K], LT C <00, 01
+8k,k/—1 N 5k,k’+1 81’1/7 (Dl) 14
2 2
_ 1+ y)?
2 k+1 y G SRR D5b
Py~ (1-Seken). P aeq, P o)
Pk W 2c2 X (D2) The numerical values correspond to the Fisher informa-
k=Lip: tion value for y = 0.15, as in the experiment. Note that,
31
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for strong spatial correlations, the value of y gets closer
to 0 and the total Fisher information increases. In fact, the
Schmidt number K = (y + y~")?/4, which is often used
as a measure to describe the strength of spatial entangle-
ment in the SPDC pair, can be found in the total Fisher
information sum:

1

1 1
Zfzcoinc =—(y+ V_l) = _‘/E = <. (D6)
v 4 2 2

APPENDIX E: GAUSSIAN CASE (y =1)

Note that ¥ = 1 corresponds to a simple separable prod-
uct state of a two Gaussian wave functions for the sig-
nal and idler. In that case, the total Fisher information
according to Eq. (D6) reduces to %(N /o %), which can be
briefly seen as follows. The state after displacement can
be represented by a density matrix p = %[|0+0) (0*o| +
|0’O> (O’O|]. At the small separation regime the optimal
mode of the projection is the first-order Hermite-Gauss
mode HGg;, for which the probability for a successful
projection is given by

Py = (101 p [10) = S[I(110F) 2 + 1 (1107)17].

Using Eq. (C3), we have (1/07) =(17|0) = —/1/2

se=* and (1107) = (1*] 0) = /T/2se™*"/%. The proba-
bility outcome P; is given by

2
P = %Sze $2/2

with Fisher information

1 [ 8P, 1 s > 1/N
FIi=— =(2-2+= |~ (= ).
! P1(8(2s)> 4( s +2)e 2\ 0?2

The total Fisher information for the simple Gaussian case
does indeed correspond to the total Fisher information
when y = 1. The entanglement scheme thus provides an
advantage over classical SPADE for any level of entangle-
ment with y < 1.
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3.1 Spatial Correlations in SPDC

Much of the background on the biphoton wavefunction produced in the parametric down
conversion process has been covered in Section 2.5. As we mentioned previously, photons
produced in parametric down conversion are highly correlated in position degree of free-
dom, and anti-correlated in the momentum degree of freedom. The biphoton wavefunction

generated from Type-I degenerate SPDC from thin crystals can be expressed as,

) =C / dk [k), [~K), (3.1)

where k is the transverse momentum, C a normalization factor, and s and i refer to signal
and idler photon, respectively. Equation (3.1) expresses the momentum conservation for the
SPDC process and assumes a plane-wave pump with a fairly large extent. The correlation in
momentum is in principle of a really high dimension, and one can quantize such momentum

in finite momentum step sizes and use them for finite-dimensional computing.

3.2 Hong-Ou-Mandel effect

The two-photon interference effect [15], most commonly referred to as the Hong-Ou-Mandel
(HOM) effect, is a truly quantum effect where two indistinguishable photons interfere at
the input of a beam splitter and exit the output ports together, a phenomenon known as
“bunching” [15, 76]. A 50:50 lossless beam splitter mixes two input modes a and b into two

output modes ¢ and d, with the annhilation operators transformed as,

~

¢=-—=(a+0b), d=-——=(a—0b).

V2

Accordingly, the creation operators transform as:

1
V2

1 A ~ 1 A
At — AT T T AT T
a'=—(c"+d b' = —(c" —d").
We consider an input state with two identical photons, with one photon in each input

mode:

’win> = ATBT |0> .
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Now applying the beam-splitter transformations:

o) = (5@ ) ) (G5 =) 10
% [ A2 et 4 dtel dﬂ 0)
-5
2

a2 dm} 10)

_ ﬁ (12),. 10y, —10),12),) -

Notice that the terms é*aﬁ, and d'¢t cancel each other, meaning there is zero probability
of detecting one photon in each output mode. This destructive interference is the hallmark
of the Hong-Ou-Mandel effect, and gives rise to the famous Hong-Ou-Mandel dip when
measuring coincidences between the two output ports. The visibility (V) of the dip is
defined as,

 _ Connx = o
Crnax

where Cax and Cli, are respectively the maximum and minimum coincidences between

the output arms. The visibility approaches one for perfectly indistinguishable photons.

3.3 Bell States

Bell states are the four maximally entangled states in the two-dimensional Hilbert space
Ho ® Hs, which form a complete orthonormal basis. Historically, they have been integral
to the study of quantum foundations, depicting stark departures of quantum mechanics
from the classical world (for example: the EPR state [6]) while also playing a vital role
in quantum information science, some applications of which include quantum superdense
coding [77], quantum communication and teleportation, quantum information processing,
and the fundamental studies of quantum nonlocality. The four Bell states written in the
polarization basis {|H),|V)} are,

|0%) = !H>A H)p £[V)alV)g),
Wi> = |H>A |V> + |V>A |H>B> ) (3.2)

where the subscripts A and B represent the photon states for Alice and Bob, two spatially

separated observers. These states are maximally entangled in that the reduced density
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matrix for either qubit is maximally mixed, i.e Trg(]®*) (®*|) = L. The state [¢)~) which is
the singlet state with the total spin of zero, is rotationally invariant. It remains in the same
form under the application of the same local unitary to both of the qubits. Experimentally,
Bell states have been generated using spontaneous parametric down-conversion (SPDC) in
nonlinear crystals 78], trapped ions [79], superconducting qubits [30], and NV centers in
diamond [31]. Verification of Bell states can be done through quantum state tomography
by reconstructing the density matrix from measurements [32]. Bell states are integral to
multiple quantum technologies such as quantum teleportation, where quantum states can
be transmitted by using maximally entangled Bell states and classical communication [33],
superdense coding [34], quantum key distribution (QKD), or entanglement swapping [35],

and quantum error correction.

3.3.1 Generation of Bell States using a HOM beamsplitter

Bell states can also be generated upon postselection at the outputs of a beamsplitter.

Consider, for instance, an input state with two photons but with orthogonal polarization,

[1in) = b}, [0)
where d}{ is the creation operator for a photon in mode a with horizontal polarization (H),

and IAJL is the creation operator for a photon in mode b with vertical polarization (V). As

before, applying the beam-splitter transformations,

1 . - 1 -
o = (el di ) (56l =) ) o)
=3 [CLCL —ébdl, 4+ dlyél, — deH |0) .

Upon post selection on the coincident detection of photons in arms ¢ and d, the state we

obtain is,
Lot s gt
|the) = E <_CHdV + dHCV) 10),
1
= 5 CIIVIp + V) 1H)),
which is the |¢))” state with a minus sign in front. In one of our works [30] that follows,

we show how we can generate all four Bell states by structuring the spatial mode and the

polarization of the photons before the beamsplitter.
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3.4 Quantum State Tomography

Quantum state tomography is the process of reconstructing the full quantum state of a
system by performing a series of measurements on an ensemble of identically prepared
systems. When the system under study is a state of a pair of entangled qubits, such as a

Bell state, we use two-qubit quantum state tomography to characterize the density matrix.

3.4.1 Stokes Parameter Formalism

In quantum information, Stokes parameters describe the polarization state of a photon or

the general state of a qubit. For a single qubit, the density matrix p can be written as:
1
p= 5([ +r-0).

where ¢ = (0,,0,,0,) are the Pauli matrices,

01 0 —1 1 0
Oyp = y, Oy = . , Oz = .
10 1 0 0 —1

and 7 is the Bloch vector, with components, r; = Tr(po;).

For two qubits, the density matrix can be expressed using a tensor product of Pauli
matrices:
13
p=72_ Tioi®a;, (3.3)
1,7=0

where 09 = I and 0123 = 0,,.. The parameters T;; are called the generalized Stokes
parameters,

Ti; = Tr(po; ® 0;).

This representation contains 16 real parameters and completely characterizes any two-
qubit density matrix. To determine the Stokes parameters T;;, one can perform the joint
measurements on both qubits in various bases corresponding to the Pauli operators. One
measures all combinations o; ® o; for 4,5 € {0,z,y, 2} to extract the full set of Stokes
parameters. Once the Stokes parameters 7;; are known, the density matrix is reconstructed
via Equation 3.3. This matrix is Hermitian and has unit trace. In practice, due to noise in
the data, sometimes the estimated matrix may not be physical (i.e., non trace preserving
or positive semi-definite), so statistical estimation techniques like maximum likelihood

estimation (MLE) are generally applied to obtain a valid density matrix.
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3.4.2 Purity

In quantum mechanics, purity is a metric that quantifies how “mixed” a quantum state is.
A pure state can be described by a single vector in the Hilbert space, while a mixed state
is in a statistical combination of different possible pure states. Mathematically, the purity

~ of a density matrix p is defined as,

v = trfp?],

where tr is the trace of the matrix. The more mixed the state is, the smaller the purity
is. For a pure state, v equals 1, while for mixed states it is less than 1, and in general it is

bounded as é <~ < 1, where d is the dimension of the Hilbert space of the system.

The purity of the reduced density matrix of a composite system, also gives an idea about
the correlations in the composite system. The more entangled the composite system, the

less pure is the reduced state of the subsystems.

3.5 Qubit Noises and Kraus Operators

One of the challenges in quantum circuits is that qubits are inherently fragile and sus-
ceptible to noise and decoherence due to interactions with their environment. The Kraus
operator formalism provides a general framework for describing noisy quantum operations.
Suppose a quantum system is described by a density matrix p. A noisy evolution of this

system under the influence of its environment can be represented as [37],
o =E(p) =) EwpEl,
k

where {E}} are the Kraus operators associated with the quantum channel €. These oper-

ators satisfy the completeness condition,

Y ElE. =1,

k
which ensures that the channel is trace-preserving. This operator-sum representation stems
from a unitary evolution on a joint system-environment Hilbert space followed by a partial

trace over the environment. That is, if the system and environment undergo a joint unitary

evolution Ugp, with the environment starting in the pure state |0) then,

E(p) = Trg |Usi(p @ [0),,,, (0D UL

and this map is always expressible in terms of Kraus operators.
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There are several common noises that affect single qubits, each corresponding to a
different physical process. One of the simplest is the bit flip channel, which mimics a

classical bit flip between |0) and |1). Its Kraus operators are given by:

EOI 1—pI, Elz\/]_?X,

where X is the Pauli-X matrix. The action of this channel is,

E(p) =1 —p)p+pXpX.
This process randomly flips the qubit with probability p.

The phase flip channel alters the relative phase between |0) and |1), using the Pauli-Z

operator,
EOZ 1—p[, Elz\/]_)Z
This results in,

E(p) = (1 —plp+pZpZ.

This channel is particularly relevant in systems experiencing dephasing due to environmen-

tal interactions.

The bit-phase flip channel, which applies the Pauli-Y operator, represents a simultane-

ous bit and phase error,
E(]:\/l—pl, Elz\/ﬁY,

with,

resulting in,
E(p) = (1 =p)p+pYpY.

The depolarizing channel models isotropic noise where the qubit is replaced by a com-
pletely mixed state with probability p. After passing through a depolarizing channel, the

quantum state of a qubit becomes,

£ = %] +(1—p)p. (3.4)

. Its Kraus operators are,

b p p
Eo=+/1—pI, FE,=4/=X, Ey=4/=Y FE;=,/=Z.
0 b, 1 \/;, 2 \/;, 3 \/;
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This yields,
p
E(p)=1—=p)p+ g(XpX +YpY + ZpZ).

One can see the equivalence of this form from the fact that for arbitrary p,

I p+XpX+YpY +ZpZ

: ] (3.5)

Similarly, there are the other two noises, i.e. amplitude damping, which can represent en-
ergy relaxation processes such as spontaneous emission, and phase damping, which models

loss of coherence without energy dissipation. The Kraus operators for the amplitude damp-

10 b0V
0 vI=~|" " o o]’

which transform the density matrix as,

ing channel are,

EOI

E(p) = EopEg + ElPEI-

This models a decay from the excited state |1) to the ground state |0) with probability .

Similarly, the Kraus operators for the phase damping channel are,

1 0 0 0
Eozlo m] El:[o ﬁ]'

Phase damping destroys the off-diagonal terms (or the coherence) without altering the

populations.

3.6 Research Summary

The rest of the chapter presents three research articles in the areas of quantum Information.
The first work [$8] presents a protocol for transferring high-dimensional unitary operators
between two photons using spatial correlations. This work can potentially find applications
in a quantum computing network where resource sharing in the form of computational ac-
cess to a high-dimensional photonic quantum computer is desired. The second work [30] is
on the generation of spatially structured Bell states by using Hong-Ou-Mandel interference
on the structured photons. As we discussed, the integral role Bell states play in quantum
information has potential applicability in works where spatially structured generation of
Bell states is desired. In the last article [39], we present the work on simulation of arbi-
trary noise operations using patterned liquid crystal meta-surfaces. We also experimentally

implement the method for phase errors and depolarization.
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Highly correlated biphoton states are powerful resources in quantum optics, both for fundamental
tests of the theory and practical applications. In particular, high-dimensional spatial correlation
has been used in several quantum information processing and sensing tasks, for instance, in ghost
imaging experiments along with several quantum key distribution protocols. Here, we introduce
a technique that exploits spatial correlations, whereby one can nonlocally access the result of an
arbitrary unitary operator on an arbitrary input state without the need to perform any operation
themselves. The method is experimentally validated on a set of spatially periodic unitary operations
in one-dimensional and two-dimensional spaces. Our findings pave the way for efficiently distributing
quantum simulations and computations in future instances of quantum networks where users with
limited resources can nonlocally access the results of complex unitary transformations via a centrally

located quantum processor.

INTRODUCTION

Quantum entanglement [1, 2|, one of the central
concepts of quantum mechanics, has led to fundamental
modifications to our understanding of the physical
world [3, 4], along with exciting technological
developments in computation [5], metrology [6, 7],
and communication [8, 9]. Omne of the most widely
used techniques to generate entangled photon pairs
exploits a nonlinear process known as spontaneous
parametric down-conversion (SPDC) [10], whereby the
emitted photons can be highly correlated in polarization,
frequency, and spatial degrees of freedom [11]. Down-
converted photon pairs have been employed as a source
of polarization entanglement for fundamental tests of
nonlocality [12], in quantum teleportation [13], and
communication protocols [9]. The high-dimensional
correlation in the position degree of freedom (and
the corresponding anti-correlation in the momentum
space) can be exploited in several quantum imaging
experiments [14], such as quantum ghost imaging [15]
and biphoton holography [16, 17].

When two parties share entangled particles, either
can exploit the quantum correlations to nonlocally
affect the quantum state of the other—for instance,
through local measurements—a technique also referred
to as quantum steering [18-20]. This concept
was originally proposed and demonstrated for two
photons entangled in the polarization degree of
freedom, i.e., two photonic qubits [21]. However,
the extension to high-dimensional entangled states
unlocks remarkable advantages for quantum information
protocols, in particular a higher information capacity and
increased noise tolerance [22]. The first experimental
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demonstration of high-dimensional steering was reported
in Ref. [23] with photons entangled in the discretized
position-momentum degree of freedom [24], up to 31
dimensions.

Entanglement also enables the implementation of
teleportation-based quantum computation, also known
as gate teleportation [25], consisting of applying a
quantum gate to an entangled state and then teleporting
the target state through it [26]. This concept has
been thoroughly investigated theoretically [27, 28] and
demonstrated experimentally for qubit systems [29-
32]. Recently, schemes to extend the technique to
higher-dimensional (qudit) systems have also been
proposed [33].

In this paper, we show how the inherent high degree
of spatial correlations between photon pairs can be
exploited to also obtain a protocol for transferring the
output of a unitary operation performed on one of the
photons (signal) to the second (idler). Experimentally,
the optical transformation is implemented via a Spatial
Light Modulator (SLM) encoding several phase masks.
In combination with a multimode fiber, a similar
setup has recently been adopted as a programmable
photonic circuit processing spatial modes [34], with
the outcome of the transformed photon revealed via
projective measurements performed on the correlated
one. In our experiment, the masks are generated as
superpositions of sinusoidal gratings that mimic the
result of lattice dynamics on optical modes that carry
a quantized amount of transverse momentum, recently
introduced for the simulation of discrete-time quantum
walk dynamics [35, 36]. Our method is validated on a
set of unitary operations coupling single input modes
into multiple output modes, in both one-dimensional
(1ID) and two-dimensional (2D) configurations. In the
1D realization, a practical method for engineering the
simulation transfer for different state preparations is also
illustrated.



The versatility and robustness of the protocol suggest
its employment in a photonic quantum network where
computational capabilities are centralized. In such a
framework, we envision a party with access to a quantum
simulator that can perform the required operations, while
remote clients without direct access to the platform can
securely retrieve the simulation output. This approach
paves the way for alternative implementations of blind
quantum computation [37], as well as for distributing
quantum simulations across different nodes of quantum
networks [38], ultimately enabling resource-efficient and
scalable quantum computing solutions.

THEORY

The biphoton wavefunction generated from Type-I
degenerate SPDC from thin crystals can be expressed
as

|w=c/Hkmnkm“ 1)

where k is the transverse momentum, C' a normalization
factor, and s and i refer to signal and idler photon,
respectively. Equation (1) expresses the momentum
conservation for the SPDC process and assumes a plane-
wave pump.

We aim to define a scheme to transfer the result of
a unitary transformation U, acting only on the signal
photon, to the idler photon. In the following, we show
that this can be achieved by successive application of a
different unitary operation and a projective measurement
on the signal. The action of U on a momentum state |k)
is defined as

U k) = /dk’U(k’,k) X). (2)

Our protocol for successfully transferring this
operation from the signal to the idler photons relies on
applying a different unitary U to the signal photon,
followed by a suitable projection. This allows us to
access the result of the unitary operator on any input
state on the idler side, without performing any operation
on the idler photons. The construction of U, and the
required projective measurement are explained in further
detail below. Assume we want to transfer the result of
U on a single input mode |¢g) = |ko). Upon applying
the unitary Ué’ to the signal photon, the biphoton state
is transformed to

Ul o1 y)
//dk/dk Uél;(klvk) |_k>z |k/>9 ’

[¥) 3)

where I is the identity operator in the idler basis. If a
projection llj; on |k6>5 is performed, the state of the
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idler photon is transformed according to
/dk’ (/dk ULk k) |k>i) <k6| K, (4)

[ kUi, k)19,

(%

where we used (ko|k') = d(kj — k), with §(x) the
Dirac delta function. By comparing the final result with
Eq. (2), one obtains that the target unitary operator U’

can be constructed as

Ul k) =U(-k,k'), (5)
and the result for a localized input state |kg) can be
accessed simply by projecting on ’k6> = |ko).

For the more general case of transferring the result of
a unitary operation on an arbitrary initial state, which
generally includes a superposition of modes, one can still
apply a carefully chosen unitary operator U’ to the signal
photon, followed by a projection on a suitable state |x)..
The generalization is demonstrated in the following. A
general input state can be written as

|po); = /dk’C(k’) '), (6)

where C(k') is the coefficient of the momentum mode
|k'>i. The result of the unitary operator on such an initial
state can be written as

/dk (/ dk'C(X)U (k, k’)) k). (7)

Let us also define the general state for projection |x), as

U | o)

0., = [ dk aw) ), (®)

Asin Egs. (3) and (4), upon the application of the unitary
U! to the signal photon and a projection on |x), the idler
state transforms as

/dk’ </ dk U (K, k) —k)l) (x| k)s
/dk (/dk’ A*(k’)U;(kQ—k)) k), .

By comparing the final result with Eq. (7), and fixing

U’ as in Eq. (5), we obtain the coefficients A(k’) for the
required projection:

[F

o (CEIUGKK)\
409 = (G ) o
= C(K)*.

_ Thus, if the idler party needs to simulate the action of
U on an arbitrary input state |¢g) but has no access to
any computational resource, the signal party can perform
U, as prescribed by Eq. (5), followed by a projection on
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FIG. 1. Quantum circuit of the nonlocal transfer.

The first part of the circuit represents the state preparation,
which involves the application of a d-dimensional Hadamard
operator, followed by a d-dimensional control X gate with
an action |7)|k) — |k)|(j + k) Mod d) followed by the d-
dimensional Anti-Identity operator which creates the state
> [k) |=k). In our experiment, the action of the pump on the
BBO crystal already prepares the desired state. The second
part consists of the unitary action Us; on the signal photon,
followed by a projective measurement II. Upon successful
projection, the desired unitary action U on the desired state
|¢o) is obtained on the idler photon.

the state |x),, whose coefficients are given by Eq. (9). In
this way, the resource for the unitary operation remains
centralized, but the results can be distributed across
multiple parties in a network, effectively trading off
high-dimensional correlations. We show the conceptual
picture of the protocol in the form of a quantum circuit
in Fig. 1.

For the purpose of experimental demonstration, we
implement unitary transformations in the form of phase
masks with an SLM. The chosen unitaries correspond
to the simulation of lattice dynamics on optical modes
carrying a quantized amount of transverse momentum,
generated from the superpositions of sinusoidal gratings.
Such operators act on the transverse momentum degree
of freedom of the signal photon, adding quantized
amounts of transverse momentum, Ak, = 27 /A, where
A is a characteristic distance. The action of U on a
momentum state can therefore be expressed as

Ulk)y = tmk [mn), (10)

where |my) = |k + kn,), with k,, = mAk, and m an
integer number. If translation invariance is assumed,
then wp, x = um. The resulting biphoton state can be
written as

0= [ dbunlm), k. ()

If a projection is performed onto a specific signal state,
say |ko),, the obtained state on the idler side is

|7/}>z = Zum K — k0>i . (12)
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RESULTS

The experimental setup is sketched in Fig. 2. It
consists of a 1-mm thick Type-I BBO (3-Barium Borate)
crystal pumped by a 405 nm pulsed laser. Down-
converted signal and idler photons are generated and
then probabilistically separated into two paths through
a beamsplitter (BS). Two lenses in a 4f configuration
are used to image the crystal plane onto the SLM plane
on the signal side. A half-wave plate (not shown in the
figure) is used to rotate the signal input polarization
in order to maximize the conversion efficiency from
the SLM. A phase hologram ¢(z) corresponding to a
particular unitary process is displayed on the SLM. The
action of such a hologram on the signal photon can be
expressed in the position basis as

k), — / da e ¢@Hka) |4 (13)

Equation (13) corresponds to the unitary action of the
operator U visualized in the position space (cf. Eq. (10)).
The holograms are generated as superpositions of
sinusoidal gratings featuring spatial frequencies that
are multiples of the transverse momentum unit 27/A.
In our experiment, we set A=1mm/7 ~ 0.15mm.
Afterward, both the signal and idler photons are
redirected to two different regions of a time-stamping
camera (TPX3CAM) [39, 40]. The camera is placed in
the far field of the nonlinear crystal, which allows us
to access the transverse momentum space of the signal
and the idler photons. This allows us to experimentally
verify the plane-wave pump approximation assumed in
Eq. (1) by recording the momentum correlations of the
photon pairs. These show very sharp, 1-pixel-wide anti-
correlations, which validates the approximation.

The camera allows us to observe space-resolved
coincidence images between the signal and the idler
photons. In this way, upon postselection of a specific
signal state, |ko),, the excited spectrum of momentum
modes can be revealed in the far field of the idler photon,

|¢>1 = Zum |km - k0>1 ’ (14)
km

where each coefficient wu,, corresponds to the m-th
element of the phase function in the Fourier basis:

Uy, = /dx e1?(@) gmikme, (15)

With the imaging system used in our setup, each
momentum mode covers an area of approximately five
pixels at the imaging plane. This scheme is used to
implement a nonlocal transfer of the output of different
unitary operations in both 1D and 2D configurations.
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FIG. 2. Experimental setup. (a) A 405 nm laser illuminates a 1-mm type-I BBO crystal generating degenerate down-
converted photon pairs. The idler and signal photons are probabilistically separated by a 50:50 beamsplitter (BS). The phase
profile of the signal photon is modified by a Spatial Light Modulator (SLM), placed in the image plane of the crystal. The signal
and idler photons are imaged onto different regions of a time-tagging TPX3CAM camera (TPX3), placed in the far field of the
holograms. By performing a suitable postselection of the events in the signal image, the result of the unitary operation can be
transferred to the idler photons. (b) Holograms for phases, ¢1(z) = 1.3sin(Akix) + 1.5cos(2Ak.z), ¢p2(z) = 1.9sin(AkLz),
¢3(x) = cos(Akix), and ¢4(z) = cos(Akix) + Ak z, shown in grayscale color, corresponding to 1D unitary operations. The
transferred far-field distribution recorded on the idler photon is shown in panel (c) for a 2D unitary as an example. BBO: Beta
Barium Borate crystal; BS: Beamsplitter; SLM: Spatial Light Modulator; L1, L2, and L3: Lenses; M:Mirror.

A. One-dimensional simulation

The experimental results obtained for different 1D
unitary operators are shown in Fig. 3(a). The projection
on the signal state |kop =0), is chosen for reference.
As discussed above, upon suitable postselection of the
signal events, the idler far-field distribution is discretized,
and a normalized spectrum of momentum modes P(m)
is extracted. The latter can be interpreted as the
probability of occupation of the lattice sites spanned
by the optical modes introduced in Eq. (10). A
comparison with the theoretical predictions, extracted
from Eq. (15), is also provided. = The agreement
with the experimental observations is quantified by
the similarity estimator s = (32, \/Pexp(m)Pm(m))?,
where Pexp(m) and Py,(m) are the experimental and
theoretical far-field distributions, respectively.  For
all realizations, the similarity value exceeds 90%,
which showcases the accuracy of our method and its
robustness to experimental imperfections, such as a
residual misalignment of the input polarization state with
respect to the SLM optic axis, which results in higher
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contributions from the zeroth diffraction order. Another
issue limiting the performance of our apparatus is the
low resolution of the SLM employed in the experiment,
(600 x 792) pixels. Poissonian statistics is assumed for
computing error bars, which are always smaller than data
points. Specifically, the holograms prepared in the 1D
experiment are ¢1(z) = 1.3sin(Ak, x) + 1.5 cos(2Ak ) x),
¢2(x) = 1.98in(Ak, ), ¢3(x) = cos(Ak x), and ¢4(x) =
cos(Ak,x) + Ak x. Note that the transformation
induced by ¢4(z) is equivalent to ¢3(z) with an additional
initial one-site displacement. The corresponding
similarities are s = 95.7%, 93.9%, 90.6%, and 91.2%.
The 1D implementation also allows us to implement
the transfer of a unitary action on an arbitrary input
state. Assume that the idler party requests computing
the output of the unitary U on a general input state

o) =Y delke) (16)

¢
where dy are complex coeflicients obeying the
normalization condition »_,|d¢|> =1.  Accordingly,
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FIG. 3. One-dimensional nonlocal transfer. (a) Experimental probabilities for the momentum modes of the idler photon
upon nonlocal transfer of different 1D lattice unitary operations, compared with theoretical predictions. From left to right:
o1(x) 1.3sin(Ak1z) + 1.5cos(2Ak1 x), ¢2(x) 1.9sin(Ak_x), ¢3(zx) cos(Akyz), and ¢4(z) = cos(Akrx) + Ak, x.
(b) One-dimensional nonlocal transfer with arbitrary input states. Theoretical and experimental probabilities for the momentum

modes of the idler photon upon nonlocal transfer of the same unitaries acting on the initial state |¢o) = (|0) + i |1))/v/2.
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Therefore, the specific operator V to apply on the signal
photon can be determined by equating Eq. (17) and
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FIG. 4. Two-dimensional nonlocal transfer. Theoretical
and experimental probabilities for the momentum modes
of the idler photon upon nonlocal transfer of different 2D
lattice unitaries. (a) ¢1(z,y) = 2.8sin (Akix)cos (AkLy)
and (b) ¢2(z,y) = 1.4sin (Akix) + 1.4sin (AkLy).

The last equation reveals that the required operation is
not a mere phase transformation. To effectively realize
this transformation with a phase-only SLM, we employ
the technique introduced in Ref. [41], which enables
the manipulation of both phase and amplitude of the
field with a single phase-only hologram at the cost of
introducing additional losses. In particular, the Fourier
transform of the desired field is found in correspondence
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with the first diffraction order. For this reason, the
required phase-amplitude transformation, extracted from
Eq. (20), is applied along z, and a blazing function
Mod(2m/A,,27) is added along the y direction, with
Ay, =A/50 =0.02mm. The spatial period A, is chosen
to be small enough to ensure a clear separation between
the first diffraction order and the unmodulated light in
the Fourier plane.

As a representative example, we apply this technique
to transfer the outcomes of the same transformations
considered before when applied to the delocalized input
state |10) = (]0) +i|1)) /v/2. The experimental results
are shown in Fig. 3(b). Good agreement with the
theoretical distribution is observed, with an average
similarity of 88.1%. This demonstrates the possibility
of transferring also unitary operations that, in our
optical encoding, do not correspond to simple phase
transformations.

B. Two-dimensional simulation

The same concept is also tested in a 2D setting, where
Egs. (14) and (15) are generalized as follows:

|¢>z = Z Z Umg,my, |kmx - kOxa kmy - k0y>z ; (21a)
Emy

kma

Uy m, = / dz dy e ?(@:Y) g =ihmat g=ikmyy (21b)

The experimental results obtained for the 2D
implementation are shown in Fig. 4, obtained upon
postselection of the signal state |ko.,koy), = [0,0),.
In  particular, two  different  simulations are
considered, o1(z,y) = 2.8sin (Aky x) cos (Ak,y)
and ¢o(x,y) = 1.4sin (Ak, x) + 1.4sin (AkLy). The
recorded similarities are s=84.5%, and 93.8%,
respectively. Notably, in the 2D case, the number of
active modes grows faster than in the 1D implementation,
thus allowing us to access large-scale simulations with
fewer computational resources. Specifically, while in
the 1D case the number of accessible modes scales
linearly with the number of spatial frequencies encoded
in the phase masks, in the 2D case this scaling
becomes quadratic. In other words, by increasing the
number of spatial frequencies in the holograms, the
2D configuration can support a significantly larger
Hilbert space, enhancing the system’s capability to
simulate more complex quantum dynamics or encode
high-dimensional quantum information.

C. Phase retrieval

Since we use a phase device to implement our
scheme, the unitaries we consider experimentally are
of the form U(z,y) = ¢'*®¥). As an additional check

I
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FIG. 5. Phase reconstruction of one-dimensional
unitary operations. Experimental phase reconstructions
of the 1D lattice unitaries. (a) ¢1(z) = 1.3sin(Ak,iz) +
1.5cos(2Ak ), (b) ¢2(xz) = 1.9sin(Akiz), (c¢) ¢s3(z) =
cos(Akix), and (d) ¢a(x) = cos(Akrz) + Ak, x.
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FIG. 6. Phase reconstruction of two-
dimensional unitary operations. Experimental

phase reconstructions of the 2D lattice unitaries.
(a) ¢1(z,y) = 2.8sin (Akiz)cos (Akry) and (b) ¢2(z,y) =
1.4sin (Akiz) 4+ 1.4sin (AkLy).

of the quality of the transferred results, the phase
transformations implementing the unitary action can be
experimentally retrieved from two intensity distributions
recorded in conjugate planes. In our case, we employ
a hybrid Gerchberg-Saxton (GS) algorithm [42], which
uses the near-field signal and far-field idler images (see
Eq. (13) and Eq. (14), respectively), assuming perfect
uniformity of the signal transverse profile. The GS
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algorithm is an iterative phase-retrieval method that
reconstructs the phase of a complex wavefront from
intensity measurements in two conjugate planes, typically
the image and Fourier planes. Starting from a random
input guess, it numerically propagates the beam back
and forth between the two planes using the measured
amplitudes as constraints, updating the phase at each
iteration. This provides a non-interferometric approach
to phase reconstructions. One of its strengths is that
the error can only decrease (or stay the same) at each
iteration [43]. However, this strategy presents intrinsic
limitations. In particular, the convergence speed is
sensitive to the initial phase guess, and the convergence
to a global minimum is not guaranteed. For these
reasons, multiple runs of the algorithm are typically
needed for optimal convergence, with the input phase
guess randomized at each trial. This allows us to
identify the optimal phase reconstruction (up to global
shifts) as the one that minimizes the total distance
(summed over all the pixels) between the reconstructed
and measured near-field amplitude profiles. The number
of repetitions is chosen to ensure the stability of the final
reconstruction. Alternatively, the routine can be stopped
when the algorithm has converged below a tolerance
threshold. In our experiment, we set Ny = 200 and
N =200 for the 1D case, where Ny is the number of
independent runs and Ny the number of iterations within
each run, while for the 2D case we set Ng = 100 and
N; =100. The total computation time is less than 5 s
and about 80 s for the 1D and 2D implementations,
respectively.

The reconstructed phase modulations are plotted in
Fig. 5 and Fig. 6 for the 1D and 2D implementations,
respectively, where the comparison with the expected
profile is also provided. For all reconstructions, a
qualitatively good agreement is observed with the
theoretical predictions, with some larger deviations in
the 2D case that can be mainly ascribed to the low
spatial resolution of the SLM and the camera, as well as
aberrations in phase and amplitude of the pump beam, in
addition to the intrinsic limitations of the GS algorithm.

DISCUSSION AND CONCLUSION

We demonstrated the nonlocal transfer of unitary
operations between correlated photons in high
dimensions. In our scheme, the party with access
to the computational resource can transfer the desired
output to remote clients upon a suitable projective
measurement. This operation is accomplished at
the expense of high-dimensional spatial correlations.
The technique has been experimentally validated in
both 1D and 2D configurations in the case of phase
transformations.

Our setup efficiently processes a large number
of co-propagating optical modes, which suggests
potential use in future entanglement-based quantum key
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distribution [44] and quantum simulation protocols [45].

The implementation of the proposed protocol with
transverse momentum modes in real-world scenarios
would certainly suffer from the typical challenges of
free-space optical communications, namely, the presence
of atmospheric turbulence. Adaptive optics systems
offer an effective solution for mitigating the effects
of intermediate-scale turbulence or for operation over
moderate propagation distances [46, 47]. Conversely, one
could design multi-plane light converters to compensate
for aberrations induced by turbulence [48]. Another
approach could be to predict the turbulence strength
in advance to find the best time to establish a secure
connection [49]. Opposite to free-space solutions,
multimode fibers could also be employed, but in that
case, the distortion induced by the fiber itself must
be taken into account and compensated for [50, 51].
Alternatively, since the biphoton state is also correlated
in other degrees of freedom, such as frequency, one could
adapt the protocol in such Hilbert spaces.

With high-dimensional correlations being the only
physical requirement, the same scheme can also be
applied to transfer operations in the orbital angular
momentum space [52]. By replacing the phase holograms
with birefringent patterned optical elements, such as
liquid-crystal [36] or dielectric metasurfaces [53], our
technique could be refined to transfer more complex
operations coupling polarization and spatial degrees of
freedom. Moreover, by adding a controlled amount of
losses on a subset of modes, the extension to non-unitary
transformations could also be explored [54]. Further
exciting prospects involve the generalization of similar
concepts to a larger number of input photons, typical
in Boson sampling implementations [55, 56]. This will
require further theoretical investigations.
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Optical vector modes (VMs), characterized by spatially varying polarization distributions, have become
essential tools across microscopy, metrology, optical trapping, nanophotonics, and optical communications.
Here, we investigate the Hong-Ou-Mandel (HOM) interference of VMs providing a full spatial characterization
of the output state. We find that, by carefully selecting the input VMs, it is possible to simultaneously observe
all four polarization Bell states and their superpositions in the spatially varying polarization pattern of the two
photons. These results represent a significant step in advancing our understanding of HOM interference within
structured photons, offering promising avenues for high-dimensional quantum information processing and, in
particular, high-dimensional quantum communication, quantum sensing, and advanced photonic technologies

reliant on tailored quantum states of light.

DOI: 10.1103/dcxb-ql1r

I. INTRODUCTION

Hong-Ou-Mandel (HOM) interference is a two-particle
quantum interference effect and plays a central role in many
quantum technologies that require interaction between two
particles [1,2]. When two indistinguishable photons enter a
50:50 beam splitter from different input ports, the photons
destructively interfere and experience “bunching,” in which
they exit through the same output port of the beam splitter,
resulting in the well-known dip in coincidence counts. If the
two input photons are entangled, then a HOM dip in the coin-
cidences will be observed if the two photons’ entangled state
is symmetric, and a HOM peak will be observed if the entan-
gled state is antisymmetric. HOM interference is widely used
in photonic quantum experiments, such as the implementation
of quantum logic gates [3], quantum imaging [4,5], quantum
communication [6], and optimal quantum cloning [7-9]. The
effect is also used to characterize photon-pair sources [10],
optimize quantum teleportation [11], and enable Boson sam-
pling experiments [12,13].

Vector modes (VMs), also known as vector vortex modes,
possess a distinctive spatially varying polarization structure
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that differentiates them from homogeneously polarized light
beams [14]. This characteristic has allowed its application in
various fields, including nonlinear optics [15], high-resolution
imaging [16], and optical trapping [17,18]. VMs also offer
enhanced capabilities, such as sharper focus spots [19,20], and
improved performance in quantum key distribution [21,22].
Two primary methods for generating VMs are the intra-
cavity method, which incorporates mode-selection optical
elements within a laser resonator [23-25], and the extracav-
ity method, which employs specialized optical components,
such as g-plates [26-28] or spatial light modulators within
Sagnac interferometers, to convert Gaussian beams into VMs
[29]. The entanglement of VMs has also been explored,
where polarization-entangled photon pairs are converted into
VMs, creating a complex, spatially varying entanglement
structure [30-34].

Recent studies on HOM interference with VMs have
revealed spatially distributed HOM dips and peaks [35]. How-
ever, these studies are restricted to two spatial dimensions,
focusing on the spatially dependent polarization structure of
photons from only one of the interferometer’s output ports,
captured with an event camera, while photons in the other
port are detected with a bucket detector. By correlating time-
stamped events between the camera and the bucket detector,
a two-dimensional map of the final-state structure was con-
structed. Nevertheless, the complete structure of the VMs after
HOM interference is inherently four-dimensional as it de-
pends on the spatial coordinates of photons from both output
ports.

Here, we demonstrate a full spatial characterization of
HOM interference with VMs, revealing the complete four-
dimensional state structure. Remarkably, unlike previous
studies suggesting that only the antisymmetric Bell state 1~
can emerge from HOM interference when postselecting on
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FIG. 1. Space-resolved HOM interference of VMs. Single Gaus-
sian modes are sent to two g-plates to create VMs. These overlap at a
50:50 beam splitter (BS), where HOM interference occurs. Space-
resolved polarization state tomography is performed by recording
the outputs of two projection stages, consisting of a QWP, a HWP,
and a polarizing beam splitter (PBS), onto two event cameras (in the
actual experiment, two different regions of a single camera were used
instead). By extracting temporal-spatial correlated events between all
pixels of the two cameras, a spatially varying density matrix can be
retrieved, from which the distribution of the Bell states is obtained.

coincidence events between the two output ports, we find
that interference between specific VM combinations can si-
multaneously yield all four polarization Bell states and their
superpositions, depending on the relative transverse spatial

Experiment

/1
|
LV

Normalized Coincidence Rate

locations of detected photons in the two output ports. We
believe that this finding has significant implications for quan-
tum technologies that leverage HOM interference.

II. RESULTS

A simplified experimental scheme for realizing HOM
interference of VMs is shown in Fig. 1; the detailed ex-
perimental setup can be found in the Supplemental Material
[36]. Photon pairs are generated from spontaneous parametric
down-conversion (SPDC) in a type-II 5-mm-long periodically
poled potassium titanyl phosphate (ppKTP) crystal and cou-
pled to single-mode fibers (not shown in the figure) to select
only the Gaussian mode. Two sets of quarter-wave plates
(QWPs) and half-wave plates (HWPs) are used to prepare the
input polarization states:

[¥o) = aj, b}, 10), ()]

where afn (bjfz) is the creation operator for a photon in input
port a (b) with polarization |r;) (|7r2)). The two photons are
then sent to two g-plates. In the circular polarization basis,
where |L) and |R) are left-handed and right-handed circular
polarization states, the action of a g-plate with topological
charge ¢ and birefringence § on an input Gaussian mode is

[37,38]
N 8
U; [:éi] = Fy(r)cos (2) [:éi]

) e 249 |R)
+ isin <2>Fq(r) [ei2q0 |L> ) (2)
where r and 0 are the radial and azimuthal coordinate in
the transverse plane, respectively, and Fy(r) and F(r) are

hypergeometric-Gauss functions [39], which can be approx-
imated as the Laguerre-Gauss mode with the orbital angular

6. (rad)

FIG. 2. Space-resolved polarimetry of HOM interference of VMs. Experimental (left panels) and theoretical (right panels) azimuthal
correlations of the two-photon state for the 16 projections required for the complete state tomography. The topological charges of the two

g-plates are g, = 1 and g, = 1/2. The initial state is &;E}; [0).
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FIG. 3. Probability distributions of the four Bell states. Experimental (top row) and theoretical (bottom row) spatial patterns of the four
Bell states obtained via HOM interference of VMs for the case study ¢, = 1 and ¢, = 1/2 and the initial state &Lb;, 10).

momentum index ¢ =2¢g and a radial index equal to O:
Fq(}’)e‘iiqu = LG:th,O(r’ 9)

The birefringence parameter § is uniform across the
plate and can be electrically controlled [40]. In this
experiment, we set § = m, which corresponds to a fully tuned
g-plate. Interference between VMs takes place within a 50:50
beam splitter (BS), whose action, neglecting a global phase,
reads

(Yo + 1)),
3
(¥ = 1¥)a),

where ¢ and d are the output ports, and the transfor-
mation applies to all degrees of freedom. Assuming two
horizontally polarized input photons, |¥) = a;IbL |0), with
|H) = (IL) + |R))/ /2, and after postselecting only on coinci-
dence events between output ports ¢ and d, the resulting state
after the BS can be written as (see the Supplemental Material
for the detailed derivation [36])
[Wr) = N(sg+ 197) +55- 197) + sy [¥7F) +5y- 1Y),
)
where A is a normalization constant; |¢*) = (|HH) £
IVV))/+/2 and |¢F) = (|HV) £ |[VH))/+/2 are the four po-
larization Bell states; and s4+ and sy+ are given by
Sp+ = an (l"d )Fqb(rc) 005(2%9[1 - ZQbec)
— F, (re)F,, (rq) cos(2q,0: — 2q104).
S = Fy, (ra)Fy, (re) cos(2qa0q + 2q30.)
- Fq[,(rc)Fqb(rd) 005(2%9c + 2qb0d)1
Sy+ = an (rd)Fqb(rc) Sin(ZQaed + quec)
- an (rc)Fqb(rd) Siﬂ(2%9c + 2¢Ib9d),
Sy- = an (rd )Fqb(rc) Siﬂ(z%ed - quec)
+ an (rc)Fqb(rd) Sin(ZQaec - 2qb9d)’ (5)

with g, (g,) being the topological charge of the g-plate in input
port a (b).

To experimentally characterize this state, the output
photons are sent to a polarization tomography apparatus con-
sisting of a QWP, a HWP, and a polarizing beam splitter
(PBS) in each output arm, and they are then directed to two
different regions of an event camera (TPX3CAM) [41,42].
The size of the beam spot on the camera covers approximately
30 x 30 pixels. Photon pairs are identified using time-
correlation measurements between the camera pixels. The
space-resolved outcomes of 16 polarimetric measurements
are processed with a maximum-likelihood method to retrieve
a density matrix, p(r¢, 0., r4,6;), at each pixel [43], from
which the probability distributions of the four Bell states are
extracted:

Py (re, Oc, 14, 02) = (§F|p(re, Oc, T4, 02)197T),
Pys(re, Oc, 14, 00) = (W1 p(re, Ocy 1a, )IWF). (6)

Figure 2 shows the complete set of 16 polarization mea-
surements from the two output ports with the two g-plates
having topological charges g, =1 and ¢, = 1/2. Due to
the cylindrical symmetry of the Laguerre-Gauss modes in
which the final state showed minimal variations with re-
spect to the radial coordinates, we only plotted the azimuthal
correlations for each polarization projection, obtained as
the marginal distributions P(6,, 04) = >_, . P(rc, 0c,7a, 0a)-
The comparison with theoretical predictions (gray scale), cal-
culated from Eq. (4), shows good agreement in all polarization
projections.

From the reconstructed marginal density matrix p(6., 6;),
we extracted the corresponding space-dependent Bell state de-
composition, as shown in Fig. 3. Contrary to the typical HOM
effect, where only the i~ state is expected to be observed
when conditioned on coincidence events between the two out-
put ports, the output states of VM HOM feature contributions
from all Bell states, depending on the specific location in the
coordinate space. The locations where each Bell state can be
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uniquely found require the following conditions be met:

41
only Pye > 0ff  (qa + )6 — 6a) = %
and (g4 — qp)(0: — 64) = mm;

m+1
only Py- > 0iff  (gu + qp)(6c + 6) = %

and  (qq — qp)(0c +05) =mm; (D)
(qa + qp)(0c + 64) = nw

and (g, — qp)(Oc + 04) = mm;

(Ga + qp)(0c — 64) = nmw

and (g, — qp)(0: — 04) = mm,

only Py+ > 0iff

only Py- > 0 iff

with n and m being integers. From this, we also obtain the
following conditions on g, and gp:

only Py+ > 0iff ¢, = %Qb;
only Py- > 0iff g, = %Qb;
only Py > 0iff g, = EZ - Z;‘”’; ®)
only Py > 0iff g, = EZ i Z;qb;
for all cases |qu| # |qs]-

In the case where g, = 1 and ¢, = 1/2, the conditions are
satisfied for only Py+ > O if and only if 6, = —6,; and for
only P;,- > 0 where 6, = 6,;; however, the conditions cannot
be satisfied for only Py+ > O or only Py~ > 0. Along the direc-
tions 6, = —6, and 6, = 6, average purities of 0.76 £ 0.15
and 0.74 £ 0.14 were recorded, respectively, where the error
is given by the standard deviation over all the pixels. The
smallest g, and ¢, values where all four Bell states can be
uniquely found are ¢, = £3/2 and ¢, = F1/2. For more
details on the derivation of the conditions in Eq. (7), see
the Supplemental Material [36]. Polarization measurements
and Bell state decomposition for different g-plate settings and
input polarization states can also be found in the Supplemental
Material [36].

III. CONCLUSIONS

In conclusion, we investigated the HOM interference of
VMs and, by performing a full spatial characterization of the
spatially varying polarization structure of the two photons,
we found that the resulting spatial distribution is composed
of a superposition of all four Bell states and, under cer-
tain conditions, all four Bell states can be uniquely found
simultaneously within this spatial distribution. We provided
theoretical and experimental evidence of this effect in the
case of VMs generated by g-plates, which naturally induce
an azimuthal structure on the final distribution. However, this
functionality can be easily generalized to arbitrary spatial

patterns [44], allowing the distribution of Bell states of the
output to be tailored to specific demands. For instance, liquid-
crystal polarization gratings (g-plates) [45] could be used to
map each Bell state onto a two-dimensional Cartesian grid.

Compared to the conventional approach based on applying
local operations to convert each Bell state into any other [46],
our method offers the remarkable advantage of multiplexing
this operation with the only need of a single event camera,
thus avoiding bulky setups requiring multiple beam splitters,
wave plates, and single-photon detectors. At the same time,
our setup can also address superpositions of Bell states instead
of pure Bell states, to be used in entanglement-based com-
munication [47,48], computation [49], and error-correction
protocols [50,51]. In the near future, it would be interesting to
extend similar concepts to a higher number of input photons,
where the controlled generation of multiparticle maximally
entangled states remains extremely challenging [52-54].

A major limiting factor in the accuracy of the results, which
we estimate to have a 10-30% uncertainty on the number
of coincidences detected between the camera pixels for our
dataset, is the detection efficiency of the experimental setup,
which is only ~1%. This low efficiency is mainly due to
the quantum efficiency of the event camera, which is around
8% [55], combined with spatially filtering the SPDC using
single-mode fibers, and losses in the optical elements. To
reduce data-acquisition time and improve photon statistics,
we limited the beam size to a resolution of 30 x 30 pixels
on the camera. Although we could use a higher resolution,
achieving the same number of coincidences per pixel would
require a much longer data-acquisition time. However, these
are only technical limitations of the detection system. With
more efficient event-based cameras [56], we expect that the
accuracy and detection time of our detection method can be
significantly improved.
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The evolution of a quantum system interacting with an environment can be described as a unitary process
acting on both the system and the environment. In this framework, the system’s evolution can be predicted by
tracing out the environmental degrees of freedom. Here, we establish a precise mapping between the global
unitary dynamics and the quantum operation involving the system, wherein the system is a single qubit, and
the environment is modeled as a discrete lattice space. This approach enables the implementation of arbitrary
noise operations on single-polarization qubits using a minimal set of three liquid-crystal metasurfaces, whose
transverse distribution of the optic axes can be patterned to reproduce the target process. We experimentally
validate this method by simulating common noise processes, such as phase errors and depolarization. Besides
providing a practical solution for quantum state purification, this work demonstrates a versatile approach for the
simulation of open qubit dynamics, with potential implications for quantum error correction and environment-

induced quantum phase transitions.
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I. INTRODUCTION

The majority of experiments in quantum mechanics re-
quire, to some extent, accounting for the influence of external
effects over which the experimenter has limited knowledge or
control. In this sense, any realistic quantum system should be
regarded as an open system. Exposing a quantum system to an
environment causes decoherence and dissipation, the main ob-
stacle for hardware implementations of quantum computation
protocols in the noisy intermediate-scale quantum (NISQ) era
[1,2]. Surprisingly, decoherence can also represent a powerful
resource in dissipation-driven quantum computation and state-
engineering protocols [3,4].

From a quantum thermodynamics perspective, the inter-
action of one or few quantum bits with an environment
involves exchanges of energy, work, and information [5-7].
Engineering qubit-environment interactions is thus a pivotal
task for devising energy transfer processes, such as quantum
heat engines [8—12], quantum batteries [13—16], and quantum
refrigerators [17-20].

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.
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The capability of simulating these interactions also allows
for addressing fundamental questions, for instance, in the
context of emerging developments in understanding the in-
terplay between geometric phases and quantum back action
[21], wherein the variation of the geometrical phase has been
demonstrated to be connected with the system-environment
coupling strength in a topological fashion [22].

In recent years, it has also become common to describe
open systems in terms of non-Hermitian processes, wherein
the system evolution is dictated by a Hamiltonian operator that
admits a complex spectrum, accounting for the possibility of
gains and losses in subsets of modes [23-25]. Non-Hermitian
dynamics have demonstrated a wide variety of applications in
quantum physics [26-30] and photonics [31-33], in particular
when exploiting phenomena related to the topological proper-
ties of the Hamiltonian [34-36]. The connection between the
description of open systems as non-Hermitian processes and
via master equations has been established [37], proving that it
is generally possible to reduce the problem to a set of Kraus
operators acting on the principal system [38].

Experimental setups where open dynamics can be sim-
ulated have recently been demonstrated. For example, the
optical simulator presented in Ref. [39] uses a spatial light
modulator to alter the polarization qubit of single photons
in a programmable way, leveraging spatial multiplexing of
the spectral degree of freedom to average over multiple re-
alizations of the noisy channel in a single shot. On the other
hand, the experiment reported in Ref. [40] demonstrates the
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first simulation of open dynamics with continuous variables,
assessed by measuring the spectral density [41] of the envi-
ronmental coupling and the quantum non-Markovianity [42]
of the process, with reconfigurability given by the possibility
of rearranging complex networks of harmonic oscillators in
various tailored structures [43]. However, these studies only
focused on the reduced dynamics of the system, without
establishing a clear connection with the global (system-
environment) unitary. In this work, we demonstrate a step
forward in this direction. We realize a platform where arbi-
trary sets of Kraus operators acting on a single qubit can be
implemented, thus allowing for the simulation of any noise
operator. Our strategy is based on coupling the qubit with
an environment modeled as an infinite, discrete set of modes,
visualized as a one-dimensional (1D) lattice space. By lever-
aging translational invariance, we derive an effective relation
between the global unitary and the target set of Kraus opera-
tors. Once such a unitary is identified, it can be implemented
in a compact photonic circuit consisting of a stack of three
patterned wave plates [44]. In so doing, we can implement
arbitrary operations on light polarization, encoding the qubit,
by coupling it with the transverse spatial degree of freedom.
This method is validated in a proof-of-principle experiment
where we simulate common noise processes with different
strengths.

Our results demonstrate that this approach could also be
employed to benchmark quantum thermal machines’ func-
tionality and test the fundamental properties of open quantum
systems.

II. RESULTS

The dynamics of a quantum system (here, a single qubit) is
most generally described by a quantum channel A/, describing
the noisy evolution of the system, that maps an input state
Pin into the final state pof = N (o). Mathematically, N corre-
sponds to a completely positive, trace-preserving map, which
can be specified by a set of Kraus operators {A;} such that

pr= AupAL. M
k

under the trace-preserving condition Zk AkAZ = 0y, where oy
is the 2 x 2 identity operator [38]. An equivalent description
is to consider the qubit as a system S interacting with an
environment E. The qubit and environment define a closed
system 2 = § + E, described by a pure state undergoing a
unitary evolution [see Fig. 1(a)]. This corresponds to choosing
a purification of the system S. The choice of purification
(or, equivalently, of the environment E) is not unique [38].
We will show in the following that it is always possible
to model the environment as an infinite-dimensional Hilbert
space Hg spanned by a discrete set of states {|m)}, with
m € Z. These states can be interpreted as the eigenstates of
the position operator on an infinite 1D lattice. This suggests
that the system-environment interaction occurs in the form
of a translation-invariant unitary operator U. Accordingly, the
latter can be block-diagonalized in the reciprocal space

2
U=A dg U@ ). @

(@ - S -

D Pt

LR R

P2 > p1

-

5]

RN

Ps > P2
W

(b)

61(x) 62(%) 65(x)

QWP HWP QWP

FIG. 1. Concept of the experiment. (a) A qubit initialized in a
pure state pj, interacts with an external environment (E) featuring
discrete lattice symmetry. The interaction strength is controlled by
the parameter p, which can be tuned to produce different output
mixed states p;. Larger values of p imply that the final state is
delocalized over a larger number of lattice sites, leading to a reduc-
tion in the qubit state purity. (b) Our approach relies on the use of
three liquid-crystal metasurfaces, each characterized by an optic-axis
pattern 6;(x), where x encodes the position reciprocal coordinate via
the mapping x = Agq/(2m), with A a characteristic spatial period. In
this implementation, the qubit is encoded into light polarization and
the metasurfaces implement the system-environment interaction as a
polarization-position coupling.

where |q) =), exp(iqm)|m)/\/ﬂ is a quasimomentum
eigenstate and U(g) is an SU(2) operator that acts on the
Hilbert space of the qubit H.

Without loss of generality, we can assume that the envi-
ronment is initialized in a pure state pg i, = |m = 0)(m = 0],
so that the global initial state is pqin = Ps.in ® PE.in. This
assumption is typically verified in most experimental settings.
Applying U to the input state, we obtain the following:

par = UpginlU’

1
= 7// dgdq' U@ psi (@)g) (',  (3)
JT
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where the integrals are taken over the interval [0, 2r]. After
the interaction, the state of the qubit can be retrieved by taking
the partial trace of the evolved density operator with respect
to the environment in the quasimomentum representation:

2
pf=trE(pQ,f)=/ dg {ql|pa.tlq)
0

1 2 .
- / QU@ @), @
T Jo

where the system label S has been omitted. Our goal is to
design U(q) such that the evolved density operator pf of the
qubit is equivalent to the outcome of a target noise operation
N. Mathematically, this corresponds to solving

1 2
o / U@l (@) =Y Apud].  (5)
0 k

under the constraint that /(g) is an SU(2) matrix at each q.
To this aim, we decompose U/(g) and each Kraus operator

Ay, into linear combinations of the identity and Pauli matrices

(01, 02, 03), a set of complete basis for the 2 x 2 matrices:

U(q) = uo(q)oo — i(u1(q)or + uzr(q)or + uz(q)os),

Ay = cgk)ao (c(k)ol + c(k)crz + c(k>03) (6)

which yields [see Eq. (5)]

Z / dq ui(q)u;(q)oio; = ch(k) *(k)

@)
where * denotes complex conjugation. Equation (7) corre-
sponds to a system of 16 equations of the following form:

2
— / dg ui(q)u;(q) = Zc“‘) 5o, ®)

for {i, j} =0, 1, 2, 3, that can be solved numerically for the
coefficients {u;(g)} under the unitary constraint

u3(q) + ui(q) + u3(q) + ui(q) = 1, )

for all g € [0, 27] (see Methods for details). Importantly, the
solution holds for any qubit initialization; therefore, we engi-
neer an effective simulation of the target noise.

Once the global unitary has been identified, an experi-
mental setting can be created to implement such an operator.
In our photonic setup, the qubit is encoded into light po-
larization, while the environment state |m) corresponds to
an optical mode carrying m units of transverse momentum
Ak, =2m /A, where A is a characteristic length compara-
ble with the beam radius. This corresponds to mapping the
quasimomentum coordinate into the photon transverse posi-
tion: g = 2mx/A [45]. With this encoding scheme, arbitrary
unitary operators in the form of Eq. (2) can be simulated
using a minimal stack of three patterned wave plates [see
Fig. 1(b)]. This technique has been introduced in Ref. [44]
as a compact solution to simulate ultralong quantum walks. It
is well known that a sequence of a half-wave plate (HWP)
sandwiched between two quarter-wave plates (QWPs) can

implement an arbitrary polarization transformation by adjust-
ing the orientation of the optic axes 6; of each wave plate
[46]. In the circular polarization basis, where |L) := (1, 0)"
and |R) := (0, 1)7 are the left and right circular polarization
states, respectively, and T stands for transpose, the general
transformation matrix associated with a wave plate can be
written as

W;(6;) = cos (82i>00 + isin (?)(cos(%i)ol + sin(26;)03),
(10)

where the subscript i = 1, 2, 3 labels individual wave plates,
81 = 83 = /2 are the optical retardations of the QWPs W,
and W3, 6, = 7 is the retardation of the HWP W,, and 6; are
the optic-axis orientation angles. The required patterns 6;(x)
can be determined by solving WsW,W; = U at each g (see
Methods). Patterned wave plates are fabricated as electrically
tunable nematic liquid-crystal metasurfaces, with the optic
axis locally patterned via a well-established photoalignment
technique [47].

We demonstrate our approach by fabricating stacks of
plates simulating different instances of quantum noise, specif-
ically, phase flip, bit flip, bit-phase flip, and depolarization
channels. These are defined by the following sets of Kraus
operators. For the first three channels, Ag = 4/1 — pop and
A = /po;, with i =1, 2,3 for bit flip, bit-phase flip, and
phase flip, respectively. The depolarization channel is instead
characterized by the Kraus operators {Ag, A1, A2, A3}, where
Ao = /T—pog and A; = \/p/3 0; [38]. Each channel has
been implemented for three values of the system-environment
coupling parameter, p = 1/8, 1/4, 1/2, corresponding to the
weak, intermediate, and strong interaction regimes, respec-
tively [48]. The coupling parameter physically represents the
probability that a certain Pauli gate is applied to the qubit
system. Intuitively, higher values of p are associated with
processes in which a larger number of lattice sites are occu-
pied, each with a different polarization. This results in greater
uncertainty in the definition of the final qubit state, thereby
leading to a reduction in its purity.

The experimental setup is outlined in Fig. 2(a). An 810 nm
laser beam crosses a state-preparation stage consisting of
a polarizer (P), a half-wave plate (H), and a quarter-wave
plate (Q). For each noise realization, we choose as input
states |L), |H), and |D), where |H) = (|L) + |R))/ﬁ and
D) = (IL) +i|R))/ /2 are the horizontal and diagonal polar-
ization states, respectively. The noise A\ is implemented by
three liquid-crystal metasurfaces W, — W, — W3. The output
qubit-polarization state is analyzed with a sequence Q—H-P,
measuring the transmitted intensity with a power-meter detec-
tor (D). This allows us to retrieve the three Stokes parameters
providing the representation of the qubit state on the Bloch
sphere [49]. The optic-axis patterns of the metasurfaces used
to simulate phase flip, bit flip, and bit-phase flip are plotted
in Fig. 2(b). These channels feature the same Kraus operators
decomposition up to a basis rotation that can be implemented
with uniform wave plates, and can therefore be simulated
with the same sets of plates. The patterns for the depolar-
ization channels are provided in Fig. 2(c). It is evident that
the complexity of the patterns increases with the complexity
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FIG. 2. Experimental setup. (a) Sketch of the experimental setup. P: polarizer, H: half-wave plate, Q: quarter-wave plate, L: lens,
D: detector. The noise A is implemented by a sequence of three liquid-crystal metasurfaces W; — W, — Ws. In our experiment, we set
A = 2.5 mm. The input beam waist was wy >~ A, corresponding to a pure localized environment. (b) Optic-axis patterns of the plates used for
phase flip, bit flip, and bit-phase flip, for different values of the coupling parameter p. (c) Patterns for the depolarization channel. The hue color
coding indicates the orientation 6 (x) of the liquid-crystal optic axis on the metasurfaces plane.

of the simulated interaction. This is due to higher-frequency
modulations required to couple the qubit to a larger number
of lattice sites.

The experimental results are illustrated in Fig. 3, where we
plot the measured Stokes parameters [see Fig. 3(a)] and the
corresponding trajectories [see Fig. 3(b)] of the qubit states
on the Bloch sphere as a function of the noise level p. Devi-
ations from the theory are systematic errors due to imperfect
alignment of the plates and fabrication defects, in agreement
with Monte Carlo simulations whose results are reported as
error bands around the theoretical lines in Fig. 3(a). Overall,
the average fidelity F = Tr( Mpexp\/ﬁ)z between the
measured states pexp and the expected ones py, is always above
98%, proving that our devices reproduce the target channels
with high accuracy. The results for phase flip, bit flip, and
bit-phase flip show that the action of the noise keeps unaltered
the qubit states initialized in the eigenstate of A;, while it
pushes other inputs toward the origin of the Bloch sphere. The

depolarization channel displays similar behavior for all pure
input states [38].

III. CONCLUSIONS

In this work, we demonstrated a general approach for
engineering noise operations on a qubit system, based on
suitably coupling the qubit with a lattice-like environment.
We provided a systematic procedure for constructing a global
unitary operator corresponding to the desired process on the
qubit state. In our photonic demonstration, light polarization
played the role of a qubit, and the environment was encoded
into a set of transverse modes, with the interaction occurring
in the form of a space-dependent polarization transformation,
engineered via liquid-crystal metasurfaces. The patterns of the
metasurfaces have been inverse-designed to simulate typical
noise operations in different interaction regimes.
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FIG. 3. Experimental results. (a) Output qubit states in terms of the measured Stokes parameters Sy, S,, S; (empty markers), with varying
coupling strength p. The p = 0 case is included as a guide and corresponds to the nominal input state. Continuous lines show the theoretical
trends, with error bands representing confidence intervals accounting for experimental imperfections. The latter have been evaluated with
Monte Carlo simulations, where the relative alignment of the plates and their optical retardation have been considered as Gaussian random
variables with a 5% standard deviation, estimated through direct measurements on fabricated samples. The bands are the standard deviations
on the Stokes parameters extracted from 100 realizations of simulated experiments. Results are shown for the processes of phase flip, bit flip,
bit-phase flip, and depolarization, with three different pure input states, |H), |D), and |L), respectively oriented along the S, S,, and S5 axis
of the Bloch sphere. (b) Qubit trajectories (as function of p) on the Bloch sphere. Dashed arrows are the theoretical predictions, while joined
spheres are the experimental results. Different colors correspond to different input states: |H) (blue), |D) (green), and |L) (red). In the insets,
we report the average fidelities between the reconstructed and expected states.

Our findings pave the way for innovative solutions for
studying open quantum systems. While in this work we fo-
cused on standard, well-known examples of quantum noise,
our platform can readily be adapted to simulate arbitrary
qubit-environment interactions. Potential applications involve
the simulations of quantum machines, such as quantum re-
frigerators, protocols of quantum thermodynamics, chiral
dynamics in open systems, as well as geometric-phase and
topological effects in non-Hermitian evolutions. Furthermore,
such controlled and high-fidelity simulations of common
forms of noise could foster the development of effective
strategies for quantum error correction [50] or alternative
protocols of dissipation-driven quantum computation [3]. In
the future, the trace-preserving assumption could be relaxed
by post-selecting only a subset of lattice sites following the

qubit-environment interaction. Another interesting prospect
concerns the generalization of our scheme to a larger number
of qubits, where the emerging concepts of local passivity
[51] and ergotropy [52,53] could be experimentally observed.
Nevertheless, the same setup could still be used to investi-
gate the effects of known single-qubit noises on single- and
multi-mode entangled states, monitoring how different noises
degrade nonlocal correlations [54]. Conversely, this work
could also stimulate theoretical research on environment-
assisted quantum process tomography of nonunitary channels
[55,56], where one probes the environment to gain informa-
tion on the (unknown) system dynamics. Finally, by replacing
liquid-crystal metasurfaces with spatial light modulators, our
setup could be made reconfigurable in real-time, which is
an ideal feature for experimentally investigating dynamical
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phenomena such as environment-induced quantum phase tran-
sitions [57,58].

IV. METHODS
A. Numerical optimization

To solve the system of equations given by Eq. (8), we
expand each coefficient {u;(q)} in the Fourier basis:

ui(q) = ul® + Z () cos (ng) + u” sin (ng)),  (11)

n=1

where N is the maximum number of spatial frequencies which
can be tuned. By substituting the decomposition of Eq. (11)
into Eq. (8), and performing the corresponding integrals, we
obtain a simple relation for the Fourier coefficients:

(0) (0) ()() ()() _ (k) (k)
+Z )+ u ul) 2Zc “® (12

for {i, j} =0,1,2,3. The system of equations given by
Eq. (12) can be solved numerically, under the unitary
constraint u3(q) + u3(q) + u5(q) + u3(g) = 1 at each quasi-
momentum value. To accomplish this, an iterative solution is
adopted. First, we discretize the interval [0, 27] in Q = 125
points. This value is chosen to ensure a dense sampling of the
spatial period. Then, we numerically minimize the following
cost function for the Fourier coefficients:

fi :Z|: (©) (0)+Z (n) ('1)+u(n) iny))

ij

2
22 (k) *(k)i| (13)

The solutions of the first minimization routine are used as
input guesses for the minimization of a second cost function,
expressing the unitary constraint at each (discretized) quasi-
momentum value:

Q
fr= Y (@) + g + g + g — 1)°. (14
i=1
The second minimization output feeds the previous minimiza-
tion routine for the cost function f}, and so forth, until the total
difference between the optimized coefficients from the two
routines is less than 10~'% or when the number of iterations
reaches T = 200, whichever occurs first. This systematically
allowed us to minimize both cost functions to values of order
~10~2, by enforcing only N = 20 frequencies. As detailed in
the next section, the maximum number of spatial frequencies
determines the complexity of the plates to be fabricated, there-
fore, it is desirable to achieve a solution with a reasonably
small number of frequencies.

B. Extracting the metasurfaces’ patterns

The nested minimization routines described above output
an optimal set of Fourier coefficients for a given noise, which
in turn determines the space-dependent unitary operator U in
the form of Eq. (2). After the identification ¢ <> x, at each

transverse position, the operator U implements a polarization
rotation U (x) of an angle x around the axis n = (ny, ny, n3):

L[(x)—cos(xg )> 0—isin<X; )> n(x) - o, (15)

where o = {0, 0, 03}, and

X = 2arccos ug;

Ui

n(3)
sin ( =
2
fori = 1,2, 3 [cf. Eq. (6)].
The optical sequence of three liquid-crystal metasurfaces
L = W5(6;)W,(6,)W,(0;) can be analogously decomposed as

(16)

n; =

L(x) = Lo(x)og — i(£1(x)o1 + £r(x)or + €3(x)03),  (17)

where

£y = —cosacos B,

{y = —sin Bsiny,

(18)
¢, =sinfcosy,
{3 = sinw cos B,

with « =6y — 65, 8 =6, — 20, + 63, and y = 6, + 05. The
dependence on the transverse coordinate x is omitted for
ease of notation. Imposing &/ = L at each transverse position
yields

cosacos B = —cos%, (19a)
sin 8siny = —sin % sin ¥ cos ¢, (19b)
sin B cosy = sin % sin ¥ sin @, (19¢)
sina cos § = sin%cos 9, (19d)

where we used the spherical parametrization of the vector n:
n; = sin ¥ cos ¢, np, = sin ¥ sin ¢, and n3 = cos ¥.
From Egs. (19b) and (19c¢), it follows

b4
=@ - —. 20
y=¢-3 (20)

Two sets of solutions are found from Eqs. (19a) and (19d):

o = atan2(— sin X cos i, cos l)
2 2

B1 = atan2{ sin X sin®, —, /1 — sin® X sin? © (21)
2 2

N=¢—mn/2
a) =1 + oy
B =7 — Bi (22)
Y2 =Y

where atan2(x, y) is the two-argument arctangent function,
which distinguishes between diametrically opposite direc-
tions. From the expressions for «, 8, and y, the modulations
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for the metasurfaces’ optic-axis patterns 6y, 6,, and 65 can be
finally extracted. A modulation obtained from a single set of
solutions may exhibit discontinuities. To avoid this issue, a
dedicated routine automatically switches the solution to be
picked whenever the values of the angles feature a sudden
jump [44].
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Chapter 4

Quantum Pattern Recognition in Ghost

Imaging

This chapter is based on the following articles:

1. Salari, V., Paneru, D., Saglamyurek, E., Ghadimi, M., Abdar, M., Rezaee, M., &
Karimi, E. (2023). Quantum face recognition protocol with ghost imaging. Scientific
Reports, 13(1), 2401.

DOI: https://www.nature.com/articles/s41598-022-25280-5

4.1 Quantum Imaging

Quantum imaging refers to a class of techniques that exploit quantum mechanical proper-
ties of light—such as entanglement and non-classical correlations—to enhance image reso-
lution, sensitivity, and noise tolerance beyond classical limits [90, 91|. Quantum imaging
leverages non-classical light sources like entangled photon pairs, squeezed light, and single
photons to enable capabilities such as sub-Rayleigh resolution and noise-resilient image re-
construction. For instance, in quantum lithography [92], using non-classical multi-photon
states, one can write nanoscale level features beyond the classical diffraction limit, or in
quantum-enhanced microscopy where squeezed states of light can be used for highly sen-
sitive measurements with minimal photon flux [93], particularly beneficial in biological
imaging. Another variant, quantum illumination [22], uses entangled or correlated light

beams to detect low-reflectivity objects in noisy environments.
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Quantum imaging experiments typically involve SPDC-based photon pair sources, and
much has been discussed about the spatial correlations of the biphotons in the previous
section 2.5, and chapter 3. One of the most widely studied approaches using correlated
photon pairs is the so-called “ghost imaging”, where the image is formed by using photons
that never interacted with the object/sample. Typically, it requires some form of correla-
tions between photons, which can be exploited by some form of triggering in the camera
to create an image. Correlated bi-photons generated via a nonlinear process naturally pro-
vide such a mechanism where signal photons pass undisturbed through an optical path to
a camera, and idler photons interact with the object and are detected by a bucket detector
that is unable to distinguish any spatial features. By coinciding the time of arrival of such
photons with the opening of the shutter of the camera, only the correlated partner of the
idler photon is collected in the image plane. Since the photons are strongly correlated
in position and momentum degrees of freedom, one can form an image of the object [21,

, 95]. Ghost imaging has been demonstrated at visible and infrared wavelengths [90],
including implementations with compressive sensing algorithms that reduce the number of

required measurements while preserving image fidelity [97].

Quantum imaging techniques have the potential to transform biological imaging by
enabling non-invasive imaging of delicate biological samples, remote sensing by enhanced
detection in cluttered environments, and astronomy, where quantum-enhanced interferom-
etry can increase resolution in distant images. Key challenges include maintaining high
entanglement fidelity, achieving high detection efficiencies, and managing losses. Recent
advances in integrated photonics and superconducting detectors have improved experimen-

tal viability.

4.2 Quantum Algorithms

The computational complexity of any kind of computation can be quantified by the space
and time resources required. A lot of useful problems, like path finding or factorization, for
example, require exponential resources in classical computation. The promise of quantum
computing is to develop and implement new algorithms which provide a resource-efficient
solution to these problems. For instance, algorithms like Shor’s factoring algorithm [35],
based on the quantum Fourier transform, which provide exponential speedup or algorithms
based on Grover’s search algorithm [98], which provide quadratic speedup compared to the
classical ones, are some of the currently known quantum algorithms that provide efficient
solutions to useful problems. While searching is an almost ubiquitously applied algorithm,

Shor’s factoring algorithm is also quite integral because of its implications in breaking com-

66



mon cryptographic protocols using a quantum computer. Most of the quantum algorithms

are based on the Quantum Fourier Transform, which we describe in detail below.

4.2.1 Quantum Fourier transform

The Quantum Fourier Transform (QFT) [99] is the quantum analogue of the Discrete
Fourier Transform (DFT), and is an integral component in several quantum algorithms,
such as Shor’s algorithm, discrete logarithm, and quantum phase estimation for estimating
eigenvalues of a unitary operator. The quantum Fourier transform notably only requires
O(n?) number of basic gates for a n qubit Hilbert space with 2" amplitudes, which is
an exponential improvement compared with the gate complexity of the classical discrete

Fourier transform, O(n2").

In the computational basis {|0),|1),...,|N — 1)}, of an n-qubit quantum system,
where N = 2". The QFT maps a basis state |z) to a superposition state as follows:
QFT[j) = ?JJV:_Ol Wi k), where wy = €>™/N is the Nth root of unity. More generally,

a superposition state |r) = ij:_ol x;|j) is mapped to Zj.\f:_()l y; |7) with

N-1
1 .
Jk
Yp = —— riwy, k=0,1,2,...,N—1. (4.1)
o S
The inverse QFT is defined similarly as,
| Nl
_ —jk L
T = —— N, j=0,1,2,...,N —1. (4.2)
J \/N % N

The general unitary matrix for the Quantum Fourier transform in N-dimensional

Hilbert space can be written as,

11 1 - 1]
1 w w? wh-1
1 ]_ wQ w4 . e MQ(N_]-)
Iy = VN |1 w3 W0 W1 (4.3)
1 N1 2D W N-D(N-1)

where w = 2™/N,
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4.3 Research Summary

In the second part of the chapter, we present the work on a conceptual proposal for a fully
quantum imaging system that combines a quantum pattern recognition algorithm with
quantum imaging |[100]. We propose a novel algorithm for finding a dissimilarity measure
between two dimensional images with a complexity of O(N logN). We also present the re-
sults of a ghost imaging experiment where the samples are images of human faces. Potential

applications of the work could be in future quantum pattern identification systems.
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Face recognition is one of the most ubiquitous examples of pattern recognition in machine learning,
with numerous applications in security, access control, and law enforcement, among many others.
Pattern recognition with classical algorithms requires significant computational resources, especially
when dealing with high-resolution images in an extensive database. Quantum algorithms have

been shown to improve the efficiency and speed of many computational tasks, and as such, they
could also potentially improve the complexity of the face recognition process. Here, we propose a
quantum machine learning algorithm for pattern recognition based on quantum principal component
analysis, and quantum independent component analysis. A novel quantum algorithm for finding
dissimilarity in the faces based on the computation of trace and determinant of a matrix (image) is also
proposed. The overall complexity of our pattern recognition algorithm is O(N log N)—N is the image
dimension. As an input to these pattern recognition algorithms, we consider experimental images
obtained from quantum imaging techniques with correlated photons, e.g. “interaction-free” imaging
or “ghost” imaging. Interfacing these imaging techniques with our quantum pattern recognition
processor provides input images that possess a better signal-to-noise ratio, lower exposures, and
higher resolution, thus speeding up the machine learning process further. Our fully quantum pattern
recognition system with quantum algorithm and quantum inputs promises a much-improved image
acquisition and identification system with potential applications extending beyond face recognition,
e.g., in medical imaging for diagnosing sensitive tissues or biology for protein identification.

In any intelligent image processing system, there are essentially two main steps: the acquisition of the image and
the recognition of the desired patterns. Image acquisition for any pattern recognition method can be performed
in multiple ways. For instance, classical sources (incoherent light from thermal radiation or a coherent beam
from a laser) or quantum sources (entangled photons obtained from down conversion or squeezed light) can be
used to obtain the images. Classical bright field imaging techniques employing the former sources, have the dis-
advantage of high probe illumination requirement, especially while imaging sensitive samples. Additionally, they
are also plagued by the shot noise inherent in the intensities, and the background noise from the environment.
Quantum techniques such as quantum illumination, or ghost imaging or even interaction-free imaging, allevi-
ates the problems of background noise, and the probe illumination by utilizing quantum correlations between
photon pairs2 Furthermore, quantum sub-shot noise imaging’® and super resolution techniques* enhance the
noise sensitivity and resolution in any images beyond the classical limits.

As a second important step, pattern recognition in the acquired images is a prominent feature of any intel-
ligent imaging system. Face recognition®® is one of the branches of pattern recognition, with numerous applica-
tions such as face ID verification, passport checks, entrance control, computer access control, criminal investiga-
tions, crowd surveillance, and witness face reconstruction’, among several others. For face recognition, several
classical machine learning algorithms exist®, generally requiring huge computational resources especially when
faced with the problem of identification from a large database. Quantum machine learning algorithms employing
quantum features such as superposition and entanglement®®-'” promise enhancements in terms of the comput-
ing resources and the speed compared to the classical counterparts. Several experimental researches have been
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done to implement these algorithms'®°. In this article, we present a quantum algorithm for face recognition as

one of the potential applications of quantum algorithms in machine learning.

The problem of identification of faces from any images generally constitutes different steps (shown in Fig. 1):
creating a database of faces consisting of training and test images, feature extraction using principal component
analysis (PCA), linear discriminant analysis (LDA) or independent component analysis (ICA), feature matching
using dissimilarity measures, and recognition®. PCA extracts the eigenstates (or eigenfaces) of the covariance
matrix of the images in the database, including information like average face, gender (male or female), face
direction, brightness, shadows, etc. ICA, however, extracts the independent elements such as eyes, eyebrows,
mouth, nose, etc. in a face. Quantum algorithms which provide speedup for PCA and ICA have already been
proposed®?’. Here, we focus on three main steps: (1) Quantum Principle Component Analysis (QPCA)?, (2)
Quantum Independent Component Analysis (QICA)%, and (3) Dissimilarity measures (i.e., face matching), to
develop a quantum algorithm for face recognition. In what follows, we present a quantum algorithm for dis-
similarity measures for face matching with speedup. This is based on a quantum algorithm to compute the log
determinant divergence using both the determinant and the trace of a matrix. Our algorithm combined with
the inputs obtained from quantum imaging techniques provides a fully intelligent pattern identification system,
with the joint benefit of the low-dose and higher resolution of quantum imaging methods, and the speedup and
efficiency of the quantum algorithms. Figure 1 shows the flowchart of the quantum algorithm for the pattern
identification.

Quantum face recognition

Classical algorithms are unable to process quantum data directly. During the conversion of the quantum states
(qubits) to classical data (bits), most of the information is lost in the measurement process, due to the “collapse” of
the wavefunction. Although techniques such as quantum state tomography implemented on unlimited ensemble
of the states can be used to fully reconstruct the quantum states from classical projections, these processes are
generally complex and expensive. Therefore, the optimal input to our quantum algorithms, would be the quantum
states directly obtained from quantum processes, for example, quantum imaging methods, or from a quantum
memory, without performing a strong measurement on the wavefunction.

Photonic quantum memories?, allowing storage and on-demand retrieval of quantum states of light, is one of
the key components for the realization of quantum optical pattern-recognition technology. Quantum memories
essentially form a quantum database for the matching stage in the recognition process. With the state-of-art
quantum memories, the possibility of storing hundreds of spatial modes has already been shown in experimental
studies using atomic-cold gases®**’. Furthermore, using solid-state atomic memories, it is possible to simultane-
ously store hundreds of photonic quantum states in distinct temporal modes, thus allowing us to store patterns

>

- l ® D o N = ’
Nose Eye Eyebrow Mouth  Hear

Face Recognition

Figure 1. Flowchart of the quantum algorithm for face recognition. The quantum algorithm is proposed to

be performed in a quantum processor, which we call it quantum pattern recognition processor (QPRP). First
the image is converted into matrix form, on which feature extraction algorithms such as quantum principal
component analysis (QPCA) or quantum independent component analysis (QICA) are applied. QPCA extracts
the eigenstates (or eigenfaces) of the covariance matrix of the images in the database. The eigenfaces include
information like average face, gender (male, female), face direction, brightness, shadows, etc. QICA extracts

the independent elements such as eyes, eyebrows, mouth, nose, etc. in a face. The complexity of this stage is
O(log N)—N is the dimension of th image. Then, the given faces are compared with the faces in the database by
using dissimilarity measure based on the log determinant divergence, and the best match among the faces in the
database is identified. 70
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scanned at separate times®*2. In addition, optically accessible spin-states of certain atomic systems can reach
several hours of coherence time*. A very recent experimental demonstration reports one-hour memory lifetime
for light storage, showing the feasibility of long-lived photonic quantum memory devices**. Atomic memory
approaches have also been shown to reach high retrieval efficiencies up to 92% and high fidelities above 99%°.
However, an implementation with all of the aforementioned properties still remains as a challenge in developing
a practical quantum database memory.

Quantum techniques such as quantum ghost imaging, quantum lithography?®, or quantum sensing®, when
appropriately interfaced with photonic quantum processors, for example an array of optical fibers connected to
an integrated quantum photonic circuit, can also act as inputs to our algorithms (see Fig. 2). Here for the case of
our face recognition algorithm, we assume that the input images are acquired by quantum ghost imaging®”. Ghost
imaging exploits the spatial correlations between photon pairs generated through a nonlinear process called
spontaneous parametric down-conversion (SPDC). Since the images are obtained by triggering the shutter in
order to capture only the “coincident” photon pairs, the level of background noise is significantly reduced, along
with a reduction in probe illumination. In a variation of this technique using non degenerate photon pairs, the
image detection and sample interaction can happen at different wavelengths, which can be useful when imaging
sensitive tissues when limited in detection technologies*’. Combining quantum detection techniques such as
interaction-free measurement with ghost imaging, the illumination level required for the same levels of Signal
to Noise ratio (SNR) in images*! is further reduced significantly. Figure 3 shows some of the images of human
faces obtained in a quantum ghost imaging setup, where spatially correlated photon pairs (namely signal and
idler), are generated by pumping a BiBO crystal with pump photons. Phase holograms placed in a Spatial Light
Modulator, a liquid crystal device, created by superimposing the human faces with a diffraction grating acts
as an object for the signal photon, while the idler photon passes to the Intensified Charged Coupled Devices
(ICCD) camera via a delaSupplementary Informationy line. The images are obtained by triggering the ICCD
shutter with the signal photons detected through a Single Photon Avalanche Diode (SPAD) detector—see (SI)
for the detail of the experimental setup.

Single Photon Detector Quantumntegrated ——

photonic circuit

Input array

®,

rigger

§ Internal structure
i of QPRP

Dela 1
BiBo  BS Y QPRP 'y

*

Figure 2. Intelligent pattern recognition in quantum imaging. Data from quantum imaging methods such as
(a) interaction free imaging and (b) ghost imaging act as an input to (c) quantum pattern recognition processor
(QPRP). The latter, i.e., QPRP, applies quantum machine learning to find the patterns in the database.

b

Figure 3. Face recognition in ghost images. (a) Images of the original human faces (top) and the corresponding
experimental ghost images (bottom) obtained in a ghost imaging setup. A femtosecond laser is used to

generate spatially entangled photon pairs. One of the photons illuminates a spatial light modulator, which
imprints different images onto the photon, and can act as a trigger for the other photon that was detected by an
intensified CCD camera. Each of the images was obtained by the accumulation of 300 frames with an exposure
time of 0.5s, which translates to a run time of 150s. (b) Quantum Independent Component Analysis (QICA),
and Quantum Principal Component Analysis (QPCA), of the faces to detect the independent components,

and principal features in the faces. (¢) Dissimilarity measure between the ghost images with the images in the
database for their identification. As per the copyright policies of the journal, in this illustration we use artificially
generated faces (the first and the third) from the website https://www.thispersondoesnotexist.com. For the
second figure, the coauthor provided thqlfquired consent for both the experiment and use in the manuscript.
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Quantum principal component analysis (QPCA). We have now the input images either retrieved from
a quantum memory or directly as outputs from a quantum imaging setup. The pattern recognition processor
applies Quantum Principal Component Analysis (QPCA)>* to extract the principal eigenvectors of the covari-
ance matrix Cyx, formed by the set of the training images.

Let us consider a set of N-dimensional training images (or faces), {lx®), ..., |xPD)}. Here, |x?) is the i-th
training image, which is given by,

N
Dy =" xP 1y, (1)
9=1

where xé’) are the components, and |1//é’)) are the basis kets. The covariance matrix Cx can be formed as a sum
over M training faces*,

1 M . .
&=M;MWNL (2)

The next step is to exponentiate the covariance matrix Cy, so that we can use the Quantum Phase Estimation
(QPE) subroutine for finding the eigenvectors and eigenvalues. It has been shown that the exponentiation of the
covariance matrix, i.e., e "X, can be performed in O(log N) time’.

In QPCA algorithm, for the phase estimation subroutine, we apply the operator U = e~"X? on Cx*2. The
action of U on one of the states |x(?) in Cx is:

M
eXNxD) > D), 3)

j=1

. ) S0, s i 0
where |¢/)’s are the eigenvectors of Cx, and ¢/ = e 126t () |x D) in which AE’ ) — (271)»? ) t) /2" where ZEJ "s are the
corresponding estimated eigenvalues of Cx with precision n**2.

In order to obtain the principal eigenfaces (the eigenvectors of the covariance matrix with larger eigenvalues),

we define a score s, which is the projection of an eigenvector |¢%) on a training vector [x(),

N
s = (g = 3 wPef, )
q=1

where (b,? ) are the components of the eigenvector |¢/). The eigenvectors corresponding to the r highest scores
are the principal components (or eigenfaces). Each face can be expanded in terms of the r eigenfaces (principal
components) but with different weights w]fs as follows

[Face”) = " wjl@p). 5)
j=1

The “mean image” is the eigenface corresponding to the largest eigenvalue of Cx. The QPCA algorithm is efficient
for the caser <« N*2,

Quantum independent component analysis (QICA). In classical machine learning, Independ-
ent Component Analysis (ICA) is performed to decompose an observed signal into a linear combination of
unknown independent signals?. Similar to the PCA, the ICA finds a new basis to represent the data, however
with a different goal. We assume that there is a data set of faces s € R? that is a collection of d independent
elements in the face such as nose, eye, eyebrow, mouth, etc. Each image observed through a camera can be
expressed as x = F - s, where F is a mixing matrix of the independent face elements. Repeated observation gives
us a dataset x as {x®, ..., x™)}, and ICA estimates the independent sources s that had generated the face. We
let W = F~! which is the unmixing matrix and solve the linear systems of equations s) = W x? for estimat-
ing the independent elements of the face. We should note here that s is a d-dimensional vector and s is the
data of element j. Similarly, x¥ is an d-dimensional vector, and x" is the observed (or recorded) element jby
camera. The ICA can be exponentially speedup via a quantum algorithm for sparse matrices, with the Harrow-
Hassidim-Lloyd (HHL) algorithm?’, which is used to solve linear systems of equations optimally with O(log N).
For comparison, classically it takes a time O(N?) to be solved via the Gauss elimination, and approximately
O(N./x) via iterative methods? for a sparse matrix of size N x N, with « being the ratio between the greatest
and the smallest eigenvalue.

Pattern matching: comparing faces. As important details of a face are obtained either by using QPCA
or QICA, each face is represented in the form of a sparse matrix in which non-important elements are set to
zero. The last and important step of the algorithm is comparing the face patterns to recognize the target face.
Pattern matching algorithms investigate exact matches in the input with pre-existing patterns in the database. In
fact, the problem here is comparing matrices with each other. The evaluation of matching between matrices (or
face patterns) can be done by using “dissimilarity”** measures that calculate the “distance” between the matrices.
The lower the values of the dissimilarit%/distance measures, more similar the matrices, with the fully matched
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matrices having a zero distance. One such distance measure used to compare two matrices X and Y is called the
“Log-determinant divergence”** defined as,

DX,Y) =Tr(X-Y ') —logdet (X-Y') =N, (6)

where N is the dimension of the matrices. When D = 0, the matrices X and Y are completely matched, and higher
the distance value the more different are the matrices. The least value among the all distance values identifies the
best match and consequently recognizes the face. As it is seen in the distance formula, it is a benefit to be able
to calculate the trace and the determinants of matrices with speedup to expedite the distance calculation. In the
following, we propose quantum algorithms for computation of the determinant and the trace of a sparse matrix.

Quantum computation of sparse matrix determinants and trace. To obtain a measure of dissimilarity between
two matrices we need to calculate the determinant and the trace of the sparse matrix A = X - YL, First we
calculate Y~! using the HHL algorithm? and obtain A by multiplying it with X. We then apply the Quantum
Phase Estimation (QPE) subroutine, which consists of a quantum Fourier transform (QFT) followed by a con-
trolled Unitary (CU) operation, with U = e~*4%, and a inverse quantum Fourier transform. We then apply a
controlled Rotation operation followed by the inverse Quantum Phase Estimation (QPE) subroutine. At the end
we have a multiplication operator IT which finally gives us the product of the eigenvalues—the algorithm steps
are explained in more detail in the Supplementary Information. The running time of the algorithm up to the
third step, i.e. applying the controlled-U operator, is O(log N (s« /€))”’, where s is the sparsity, « is the ratio of
largest eigenvalue to the smallest eigenvalue of A, and € is the acceptable error. Additionally, the multiplication
operation in the last step can be performed in time O(log N) and the algorithm should run N times. Therefore,
the overall complexity of the algorithm is O(N log N(1 + s*k?/e)), which is much faster than the classical ones
(see Table 1).

In order to compute the trace of the matrix A, an adder quantum algorithm*® can speedup the computation.
The adder operation between two dlagonal elements is mainly based on the quantum Fourier transform (QFT),
ie.|®(a)) := QFT |a) = ij 01 eN e |k) and the inverse QFT, i.e., QFT ! |®(a)) = |a). By continuation of
this method sequentially for the all diagonal elements, one can obtain the trace of the matrix. The detail of the
adder algorithm and the quantum circuit for the computation of trace is discussed in the Supplementary Infor-
mation (Fig. S2 shows the corresponding quantum circuit). The whole process which is based on QFT and QFT
has a complexity of O(log N) (Table 2).

QPCA and QICA both have logarithmic complexities, i.e., O(log N). For the calculation of the log determi-
nant divergence, the computation of trace has a complexity of O(log N), while the determinant has complexity
of O(N log N)). Hence, the overall complexity of the whole algorithm is O(N log N). Table 2 shows a summary
of estimated complexities along with the complexity of the general quantum face recognition algorithm.

Discussion

Here, we have shown that classically the best pattern recognition algorithm based on ICA and PCA would take
at least O(N2LogN) steps while our algorithm only takes O(NLogN) steps, which is an order of magnitude
faster—N is the dimension of images (see Table 3 for some estimates). We should note here that our protocol is
not compared with neural networks approaches, for instance, we did not compare our quantum protocol with a

Approach | Method Complexity | References
Classic Laplace N3 ®

Classic Gaussian N3 ®

Classic Coppersmith-Winogard | N2373 1

Classic Wiedemann N%logN v
Quantum Our method NlogN CW

Table 1. A Comparison of complexities between the classical approaches and our quantum approach, current
work (CW), for the computation of determinant.

Method Output Complexity | References
QPCA Eigenfaces logN o

QICA & HHL Face components logN z

HHL Matrix inversion log N z

Our method Determinant calculation | Nlog N CwW

Our method Trace calculation log N Ccw
Log-det divergence Face matching NlogN CwW

Our method (General) Face recognition NlogN CwW

Table 2. Summary of estimated complexities in quantum face recognition algorithm.
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Image dimensions Encoding qubits | Classical processing time (in a.u.) | Quantum processingtime (in a.u.)
64 x 64 6 7398.1 115.5

128 x 128 7 34524.5 269.7

256 x 256 8 157826.4 616.5

512 x 512 9 710218.8 1387.1

1024 x 1024 10 3156528.2 3082.5

2028 x 2028 11 13888724.4 6781.6

Table 3. Numerical estimates of the time complexities (in arbitrary units) for the classical and the quantum
protocol for different input image dimensions along with the corresponding number of qubits required for
encoding.

classical deep learning model. In fact, the protocol suggested in our paper is only a comparison with its classical
counterparts based on classical PCA, ICA, and Distance. There are other quantum models which are robust versus
their classical counterparts, for example, using QPCA and quantum neural networks show advantages over the
best classical approaches*>*, or training deep quantum neural networks give a fast optimization and a striking
robustness to noisy training data®'. It has been shown that a quantum convolutional neural network uses only
O(LogN) variational parameters for input sizes of N qubits, allowing for its efficient training and implementation
on realistic, near-term quantum devices®?.

Apart from these, our protocol would also benefit from the quantum nature of the image acquisition, namely
lower sample exposure, background acquisition, and resolution enhancement. From the acquisition point of view,
to have an image with a desirable resolution the images were accumulated for 300 frames with an exposure time
of 0.5 s, hence, to obtain a single image it takes roughly 150 s, i.e. independent from the image processing side
(see Table 4). Classical or direct imaging offers much faster image acquisition times, however here we are relying
on the entangled photon pairs, the production rate of which is less than 1% of the total power of the pump beam,
hence we have much less photons interacting with the sample (or face) and hence the need for longer exposure
times. In fact, it is not the speed that is the improvement in the imaging part. With higher pump power and
efficient crystals this process can also be improved further however the state of the art on this would not match
the acquisition speed of classical methods. The advantage of this is that we achieve a better SNR if we compare
the images with classical acquisition with a similar number of photons interacting with the sample.

Depending on the database, compared to the best classical pattern recognition algorithm, the proposed
quantum algorithm will be N times faster. Both the QPCA and QICA can be used for face recognition in clas-
sical images as well, as it can perform the pattern identification on any matrix. Run on a quantum processor, it
would provide a speedup in the process compared to the traditional recognition methods. At the moment, due to
the image size, no quantum computers are yet available that can successfully implement the quantum protocol.
However, this is indeed a possible future step once such devices are available.

Conclusion

In summary, we propose a new concept of a quantum protocol for 2D face recognition, combining the benefits
of quantum imaging in image acquisition with the speedup from the quantum machine learning algorithms. In
this concept, we consider images to be obtained via a ghost imaging protocol either as inputs to the quantum
memories or as a hardware encoding of quantum information for the photonic pattern recognition processor.
Feeding the “images” directly from a quantum protocol also eliminates the need for the conversion of classical
data to quantum inputs for the processor saving valuable computational resources. The quantum pattern recogni-
tion processor then runs an algorithm composed of three main subroutines: (1) quantum principal components
analysis (QPCA), (2) quantum independent component analysis (QICA), and (3) quantum dissimilarity meas-
ures for comparing faces. For the QPCA and QICA, we propose slight modifications in the existing algorithms,
whereas for finding the dissimilarity measure, we propose a novel algorithm for obtaining the distance between
two matrices based upon a metric called log-determinant divergence. Our algorithm obtains the determinant and
the trace of the two matrices in O(N log N) time—N is the dimension of the matrix. Complexity analysis shows
that all of the three parts have speedup as compared to their classical counterparts, with the overall complexity
given by O(N log N). Our conceptual protocol provides a framework for an intelligent and fully quantum image
recognition system with quantum inputs and a quantum machine learning processor. The joint benefits of the
quantum image acquisition and quantum machine learning promises exciting technological developments in
the field of image recognition systems.
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Image dimensions | Total photons = Average photons/pixel x no of pixels | Imaging time (sec) | Signal to noise ratio (SNR)
64x64 98304 = 12 x (64)2 4 3.46
64x64 786432 = 96 x (64)2 32 9.80
64x64 3686400 = 450 x (64)? 150 21.21
128x128 14745600 = 450 x (128)? 150 21.21
256x256 58982400 = 450 x (256)2 150 21.21
512x512 6291456 = 450 x (512)? 150 21.21
1024x1024 235929600 = 450 x (1024)? 150 21.21
2028x2028 3774873600 = 450 x (2028)> 150 21.21

Table 4. Numerical estimates of the Signal to Noise ratio (SNR) in the ghost images of different dimensions
along with the total number of photons acquired corresponding to different acquisition times.

Data availability

All data needed to evaluate the conclusions in the paper are present in the paper and/or the Supplementary
Materials. Additional data related to this paper may be requested from V.S.(vahid.salaril @ucalgary.ca) or E.K.
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Chapter 5
Conclusions

In the preceding chapters, we presented several works on using structured photons in

quantum sensing, quantum imaging, and quantum information.

In Chapter 2, we focused on a couple of works on displacement sensing using structured
and correlated photons. In the first work, we demonstrated that probing optically induced
transverse displacements using higher-order Hermite-Gauss (HG) modes leads to a linearly
enhanced sensitivity with respect to the mode order [74], also showing that projective mea-
surements onto neighboring spatial modes are optimal. We presented a proof-of-principle
experimental realization, observing an order-of-magnitude improvement in sensitivity from
probing the sample with higher-order Hermite-Gaussian modes. We expect the techniques
demonstrated in this work, when combined with efficient detection technologies such as
using multi-plane light converters [101], to hold strong promise for the development of
compact and precise devices capable of detecting small displacements—particularly in appli-
cations involving nano-scale systems, and high-resolution imaging of birefringent samples.
We also theoretically derived optimal projective measurements for separation estimation
using a bi-photon wave function generated via the SPDC process based on its Schmidt
decomposition [75]. The precision in the proposed method is limited by the strength of
the spatial correlations inherent in the photon pairs, and the total Fisher information of
the separation estimation is proportional to the square root of the Schmidt number of the
system. The method offers further enhancement that scales with K compared to ordinary
SPADE, which corresponds to the trivial case of K = 1. We also implemented the tech-
nique experimentally, and performed simulations comparing the precision in our estimates
with the case of direct imaging, where we indeed observed at least an order-of-magnitude
improvement, especially for near-zero separations. Theoretical and experimental results
suggest the potential of using high-dimensional entanglement for further enhancing super-

resolution measurements.
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Photons structured in their transverse degrees of freedom provide a powerful platform
for quantum computing and communication due to the high dimensionality of their Hilbert
space. In Chapter 3, we presented a method for nonlocal transfer of high-dimensional com-
putational results using spatial correlations in photon pairs. This approach is promising for
future photonic quantum networks, allowing users to access complex computation results
performed on a centrally located processor. We experimentally implement this protocol
using down-converted photon pairs and demonstrate unitary transfers in both one and two-
dimensional transverse momentum spaces. This paves the way for advanced applications
in quantum networks, simulation, and computation. Since photons in the down conversion
process are also entangled in the orbital angular momentum (OAM) degree of freedom,
among others, the same apparatus can also be applied to transfer operations in the OAM
space. Using liquid-crystal devices or dielectric meta-surfaces even offers the possibility of
transferring unitaries in both the polarization and transverse momentum space. Further-
more, by deliberately introducing controlled losses to selected modes, it becomes possible
to investigate non-unitary transformations. Additionally, we demonstrated how structured
vector modes imprint a spatial distribution of all four Bell states via Hong-Ou-Mandel
interference [36]. Using q-plates, we showed the theoretical and experimental mapping of
these states to specific spatial regions. This technique can be extended, for instance, to
custom liquid-crystal meta-surfaces [102] such that each Bell state can be mapped onto a
two-dimensional Cartesian grid or scaled to higher photon numbers, offering new possibil-
ities in quantum communication, sensing, and the generation of multi-particle entangled
states. Additionally, we introduced a versatile approach for simulating noise operations
on a qubit through its coupling or interaction with a lattice-like environment [39]. We
systematically constructed a global unitary operator that acts on the qubit, which is en-
coded in the polarization of light, and the environment represented by a set of transverse
modes. Tracing out the environment then enacts the targeted noise transformation on the
qubit state. Our findings have the potential to assist the study of open quantum systems,
and could be readily adapted to simulate arbitrary qubit-environment interactions with a
potential extension to multi-qubit systems for studying the behavior of entanglement and
discord under noise [103].

In Chapter 4, we focused on a work on quantum imaging and a potential framework for
an intelligent quantum imaging system with a novel algorithm for pattern recognition |100].
By interfacing quantum image acquisition directly with a quantum processor, we propose
the combined benefits of a quantum imaging system, such as sub-shot noise errors and
low illumination requirements, with the speedup of a quantum pattern recognition algo-
rithm. This framework enables a fully quantum image recognition system with potential

applications in fields such as medical diagnostics and biological imaging.
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Supplementary Information for:
Quantum Face Recognition Protocol with Ghost Imaging

S1. QUANTUM IMAGING

We elaborate on the experimental details of the image acquisition for the quantum pattern recognition protocol. Spatially
correlated photon pairs, usually called signal and idler photons, are generated from a Spontaneous Parametric Down Conversion
Process (SPDC) by pumping a nonlinear crystal. Utilizing the position and momentum correlations in these down converted
photon pairs, one can non-locally obtain an image of an object that interacted only with the idler photons. The experimental
setup we use is similar to a conventional ghost-imaging setup, see Fig. S1, with our object being a hologram placed in a Spatial
Light Modulator (SLM), a liquid crystal device. We use a 1 GHZ, 100 fs pulsed laser to pump a nonlinear crystal, 5-Barium
Borate (BBO), for generating a second harmonic output. We then use the second harmonic beam to pump a Type-I bismuth
triborate (BiBO) crystal for the down conversion of photon pairs. The generated signal and idler pairs are split into two paths,
i.e. the object arm (idler) and the camera arm (signal), via a 50:50 Beamsplitter (BS). The idler photon interacts with the SLM, on
which we display the holograms created by superimposing the original face image with a diffraction grating. The grating sends
only the desired photons from the incident beam to the the first order, which then are coupled to a Single Mode Fibre (SMF)
and sent into a Single Photon Avalanche Diode (SPAD) detector which can be used to trigger the collection of the photons in
the Intensified CCD (ICCD) camera. The images obtained that are shown in Fig. 2 were taken with 0.5 s exposure accumulated
over 300 frames.

1GHz, 100fs pulsed laser

Ghost Image

Delay Line

ICCD camera

Hologram .xk

Supplementary Figure S1. Simplified schematic of the experimental setup for Quantum Ghost Imaging. A 1 GHz, 100 fs laser is used to
pump a nonlinear crystal (BBO) for second harmonic generation. The second harmonic beam is used to pump a Type-I bismuth triborate
(BiBO) crystal for entangled photon pair generation. One of the photons is sent to a Spatial Light Modulator, a liquid crystal device, on which
images of human faces are superposed with a diffraction grating. The second photon is sent to a camera through an image preserving delay
line where the image of the object is formed. Figure legends: BiBO - 0.5-mm-thick bismuth triborate crystal; BS - Beamsplitter; BS - Beam
splitter; SPAD - Single Photon Avalanche Diode; ICCD - Intensified CCD camera.
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S2. QUANTUM COMPUTATION OF TRACE

Here, we suggest an adder algorithm [44] to compute the trace of a matrix via adding the diagonal elements of the matrix
A. This operator is mainly based on quantum Fourier transform (QFT) and inverse QFT (i.e. QFT~!). The algorithm should
process the binary forms of the diagonal. For example, the binary representation of the diagonal elements ai; and ags of
matrix A are respectively a;; = 12771 4+ 2”2 + ... 4+ 0,20 and agy = B1277 + B22772 + ..+ B,29, which are
la11) = o) ® |a2) |an> and |az2) = |51) ® |f2) ® \6n> in the form of quantum kets The QFT operation on binary
state is QFT|a) = \F Z ¢ ¥ |k) and the operation of QFT is QFT ' |k) = \F SOV e TN |a)[44]. For simplicity,

we introduce a representatlon for QFT as

N—
[®(a)) = QFT}a) = Z R k),

k:

SO, we can write
QFT~'|®(a)) = QFT~'QFTla) = |a).

In order to calculate the trace, we need to add all diagonal elements |a11) + |ag2) + ... + |anyn) to have the ket include the
value of trace as |a11 + a2z + ... + ayn). We introduce the operator ¥ that adds two elements a1; and agq in the form of
|a11 + ag2) as follows:

E(Ja11)|®(az2))) = [®(a11 + az2)).
Then, after the operation of QFT~! we obtain
QFT ! (|®(a11 + as))) = |a11 + az).

By continuation of this method for the all diagonal elements, the trace can be obtained. The quantum protocol for computation
of trace is depicted in Fig. S2, in which the input is |a11)]age) ... |ayn) and the output is [P(a1; + ag2 + ... + ayy)) =
|®(Tr(A))). Finally, by an operation of QFT~! we can get |Tr(A)). The whole process based on QFT and QFT~! has a
complexity log V.
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Supplementary Figure S3. Quantum circuit of determinant calculation of sparse matrix

S3.  QUANTUM COMPUTATION OF SPARSE MATRIX DETERMINANTS

Our algorithm for computation of determinant is clarified in the following subsections as inputs, algorithm boxes, and algo-
rithm steps:

1. Inputs

* Sparse matrix A
* |0)®"| W) as the input in QPE
* |0) as the ancilla for rotation operator

* |0)®¥ as the memory register for multiplication operator

2. Algorithm Boxes
* QPE is the quantum phase estimation subroutine composed of H®", CU (i.e. controlled-U) and inverse quantum Fourier
transform (QFT 1)
* Rotation operation (R)
* (QPE)~ ! is the inverse operation of QPE, composed of H®", cu' and quantum Fourier transform (QFT)

e II is a multiplication operation

The matrix A can be exponentiated as the unitary operator U = e’ with logarithmic complexity [7] in which n is
the precision. This unitary operator is used in the controlled-U (i.e. CU) part of QPE, and |¥) is the superposition of the
eigenvectors of A in the form of |¥) = > 3;|u;). Figure S3 is the representation of the quantum protocol for the computation
of matrix determinants. The following steps are based on the steps shown in Fig. S3.

STEP 1:
The initial state of the algorithm is:
0)%"1w)[0)[0)*" (s
STEP 2:
After the operation of n Hadamard gates, i.e. H®", we have:
1 1
> ST vy 9)]0)|0)EN. (S2)
Ylyeens Yn=0
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STEP 3:

In this step, let us apply the controlled-U (CU) operation:
2"—1 N
Z S Bie = y)luy)[0)]0)°N (S3)
y=0 j=1

where y = Z?’:l y2" ! and A;’s are the eigenvalues of matrix A.
STEP 4:
Here, we apply the inverse Fourier Transform,

2"—-12"-1 N

o 3 3 8 ) 0y 0y s4)

y=0 k=0 j=1

For a single k£ among the all possible values, we have A; — k = 0, where A\; = x = k. The other terms will be set to zero. Thus,
the notation & is changed to the notation x:

1 T i
272@2(2")%1 (S5)
y=0
In this case, the state becomes:
2"—1 N 1 N
SO BN N0 = NN Bylanmy . wn)|uy)]0)|0) N
z=0 j=1 T1...2,=0j5=1
where
A=) m2rh=2my el =2
=0 =0
STEP 5:

In this step, we apply the rotation operation R; = ele, where o, is the Pauli matrix y, which acts on the output of QFT~:

5 Zﬂ]m w)lu) (/1= X310) + 3511). (S6)
z1...x,=0j=1
STEP 6:
Applying the quantum Fourier transform (QFT) results in:
2"—1 N 2ri sy _ 3
o7 = 30 e T ) (/1 200) + A1) (S7)
y=0 j=1
STEP 7:
In this step, we apply the cuf operator,
2" -1 N _ 3
Z > Biludlug) (/1= 2310) + A;11)). (S8)
y=0 j=1

STEP 8:
As |u;)’s are known, we repeat the algorithm N times, each time for a specific |u;), and consequently we obtain the following
state:

002" w) T] (/1= A2(0) + A;[1)). (S9)
j=1
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Now, the goal is to measure the multiplication of S\j ’s in the output of multiplication operation;

ﬂ ( 1—§?IO>+§]-|1>):( 1—X§|0>+X1|1>>...( 1—X§V|0>+XN|1>) (S10)

Al AN N

= (\/12) <\/1X§V) |00...0) + <\/1Z\§) (A2)...10100...0) 4+ ...+ (A)A2) ... (An) [111...1). (S11)

The coefficient of the state | 11...1) is the term 5\1 5\2 ) n in the output of the multiplier, which can be obtained via a weak

N
measurement without collapsing other lines. As A\; = 2"\, we can obtain the determinant of A (i.e. A2 ... Ay) via relation

2V A As A = Ada. . Ay = det(A).

A. Proof of the steps

The proof for each of the eight steps, described above, are given in details in the following expressions.

STEP 2:
2" —1
|Wo) = (HY" @ Iy @ Iy @ 1$V)]0)2"|W)]0)]0)® Z )| ®)[0)]0)®
y=0
1 1
=57 2 lnw) W00 (S12)
Y1...Yyn=0
STEP 3:
- e 1
|Ws) = H|®l L2 10)(0| @ 18" @Iy @l @ 1INV +197 1 @ (1)1 @ 1§ @ U? ’®|2®|§N)2% X
=1
1 N
XY (yneyn) Y Bilug)|0)]0)EN
Y1.--Yyn=0 j=1
% Z ZBJH CU)ilys---yn)|u;)[0)]0) &N
Y1 yn—OJ 1 I=1
i~' n—l1
Z 2/37 H (B0 + 01,5, €782 g1 ) 0))|0) 2N
Y1 yn*OJ 1 I=1
1 S
=53 B> Zﬁgﬂé 292 ) )[0))]0) 2N
Y1-- yn—oj 1 =
1 7_”-“ n n—1
O D Y b ST PRI
yl*--l}rL:Oj:l
2" -1 N
= 275 [y |u;)10)[0) SN (S13)
y=0 j=1
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STEP 4:
2" -1 N
V) = (QFT ' @Iy @l  I57Y) 5 Z 37 Bie2 Ay )0y 0) N
y=0 j=1

2" -1 N
Z 37 B;€2 A (QET ™ [y)) |u;)10)0) &N

~ 2% J
y=0 j=1
2" -1 N 1 2" —1 e
o7 2 2B G S e ) )l 0)0)
y=0 j=1 k=0
2" —-12"—-1 N
Z ST B2 08 k) fuy)|0)|0) 5N
y=0 k=0 j=1

1 2" —-12"—-1 N

= o Z 21 ;) [0)]0) (S14)
=0 k=0 j=1

2"—-1 N 1 N
[Ta) = DD B0 = S > Byl ma.wn)[uy)]0)]0) N (S15)
=0 j=1 x1..¢,=0j=1
STEP 5:

@s) = [T0S" " @ 0)(0| @ 15 @ Iy @l @ 1§V +15" " @ [1)(1] @ 15" ®@ Iy @ R, —) @ 15V x
=1

1

X Z |x1xn>ZﬁJ|u]>|O>

Z1...2,=0

=Y S TICR ol 005
=1

. z,,—O] 1

Z mel T, |u]>(

xq. ln_OJ 1

= Z Zﬁglxl T Iug>(

z1..¢,=0j5=1

1 A —(n=l41)
= Z Zﬁjixl...xnwume v Dis ot 10))[0)®N

T1...T,=0j=1
1

N ~
= D D Bilereaa)lug) (e ]0))]0) . (S16)

z1..cy,=0j5=1

«mmﬂ + 010, €7 1)[0))]0)EN

el T o)) o)

||:j;s|\:j:
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STEP 6:
1 N —~ 5
Wg) = (QFT@ Iy @ L, @ 1Y) > > Bjlayan)|uy) (/1 = A2[0) + A;[1))
x1...2,=0 j=1
1 N — B
=(QFT > far.aa) Y Bilui) (/1= A2[0) + A;[1))
z1...x,=0 j=1
2" —1 1 N —~ 5
(53 Ze2mznv|y LY ) Y Bilug) (/1 = A20) + A1)
y=0 T1...T,=0 j=1
1 2= - 1 N _ ~
=G5x Z YY) N (kfayan) Y Bilug) (/1= A2[0) + A1)
= z1...27,=0 j=1
N ~ ~
(55 Zemznqy Z Oy Zﬁj\u] (1/1 = A2(0) + A;]1))
T1...27,=0
1 ~ T 3 3
:(27% Z e 2”y|y>5k,Aj)Zﬁj|Uj>( L= A210) + Aj(1))
2" —1 - 5
=37 Z 62”2"3’\11/ Zﬁj|uj (/1= A3[0) + A4(1))
2"—-1 N -~ 5
2& S 3 BT gy (/1 - A210) + A1) (S17)
y=0 j=1
STEP 7:
7y = 05" @ o)l E" e ilve e Y +19 e A2 15" o (UHY T @l o 1FY) x
=1
2"—1 N — B
62’”2"ny Mug)(1/1 = AZ]0) + ;1))
y=0 j=1
1 1 N \ n - 5
Z—g Z Z 2’”2“’ll_[(CU*)zIyl.-.yn>luj>( 1= A3[0) + ;1))
S Yn j=1 =1
1 N A n n—1 Y Y
(> Z 2“2"’"‘]_[(5%[%1,% AT Oy ug) (V1 = AZ]0) + A1)

Y1.-.yn=07 =1

Z Zﬁa ity H IR ) ) (/1 = X310) + A1)

y1---yn=0j=1
1 ! o A : n n—1 p -
_ 27%( Z Zﬂje%rzwye—%m)\j 2y w2 |y1yn>‘uj>( 1— )\?‘0> + )\j‘1>)

Yy1...yn=0 j=1

3

1 N
1 wil —2miX; 3 3
=570 > Do g T Ay uy) (1= 2210) + 4,11))

Y1...yn=0j=1

2"—1 N
= o 30 S Ay (1= 20) + A1)
y=0 j=1
2"—-1 N - ~
Z > Bilwlug) (/1 = A2[0) + A[1)). (S18)
y=0 j=1
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STEP 8:

2"—-1 N
n 1 3 3
W) = (HY" @ Iy @ @ 15Y) 22 > > Bily)lus)(y/ 1= 4310) + A1)
y=0 j=1

N
= [0)®"> " Bjlus)(1/1 = A2[0) + A;[1)) (S19)
j=1

ﬂ ( 1—X§|o>+ﬂj|1>>:( 1—X§|0>+X1|1>)...( 1—X§V|0>+XN|1>>

5\1...5\]\7 N

= (ﬂ) (M) 00...0) + (ﬁ) (Xg)...|0100...0>+...+mm (S20)
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