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ABSTRACT

At the present time, the meaning of the cluster
model and what is meant by clustering in actual nucleil
has not been fully clarified. It is thought that some
progress 1is made here in an understanding of clustering
in nuclei, Along with defining the cluster model,‘l
the amount of ad hoc involved in the choice of a certain
cluster model of a nucleus is given, Also presented here,
is a quantitative measure of the amount of clustering
occurring in the nucleus, A calculation of this measure
of the degree of clustering in the Be8 nucleus is
performed with success, It is demonstrated that B68 is
slighty ellipsoidal in shape and much less dense than
a free alpha particle, The radius of the alpha particles
within Be is calculated and compared with the radius
of a free alpha particle., The separation of the alpha
particles is found to be much less than the magnitude
of the alpha cluster radius, This investigation also

revealed certain new mathematical and physical properties

of the cluster model.
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CHAPTER 1

INTRODUCTION

A number of nuclear models have been developed to describe

the nucleus. The cluster model is a recent one that has had much success

in the description of the lower energy levels in light nuclei.

Since it is established that nuclei are composed of neutrons and
protons, the cluster model attempts to choose a wave function to describe
the behaviour of these nucleons. The choice of this wave function is the
basis of the model. The wave function is not obtained as an exact solu-
tion of the many-body problem from the knowledge of the elementary
nucleon-nucleon interaction. First of all the elementary interaction is
still unknown, and even if it were known the mathematical difficulties in
solving such a many-body problem would be such that we would have
to content ourselves with many mathematical approximations. The choice
of this cluster model wave function is at first partially ad hoc. Then,
since many properties of the nucleus can be described by an independent
particle model (i‘.e. the simple shell model) the cluster model is '"stabil-
ized" into the realm of the simple shell model. This tends to make the
cluster model wave function realistic. Although the two models are in
general different, it is often possible to make a connection between them,
depending upon the particulé.r nucleus in question.

To get a physical picture of a nucleus that can be described by
a cluster model is not an easy thing to do. We may have a wave function
that describes the nuclear properties very well, but the problem of a

physical interpretatioh 'is awkward. Although the cluster model may




describe a nucleus; how do we know if there is any actual clustering
going on in the nucleus? Cluster model wave functions are usually of
a form such that the determination of the probability of finding any one
nucleon at a given distance from the nuclear center of mass is a for-
midable one. The position of any one nucleon with respect to the mass
center generally depends in some complicated way on the position of
each of the other nucleons. If the cluster wave function were some
linear combination of individual particle wave functions (not independent
particle model wave functions) the problem of interpreting the wave
functions would not be difficult. Unfortunately this is not the case.

Tang and Wildermuth® (1) have done a wave function analysis
of a cluster model for Li® and showed that a limit exists in which there
is clustering in the exireme, with two noninterpenetrating clusters. They
found that the degree of clustering depends upon the value of the ratio
of two !"width parameters! arising in the wave function. It is shown
that for the limiting values of zero there exists extreme clustering
while for the value unity the wave function is an eigenfunction of the in-
dependent particle model hamiltonian. They made no attempt to examine
the amount of clustering at other values of this width parameter ratio.

In this thesis an analysis of the degree of clustering in Be8 is

carried out. First, a trealment similar to theirs is applied to Be.
Further work is then done for the purpose of learning more about the

* References will be found in a bibliography at the
end of the thesis.




amount of real clustering that occurs in this nucleus. A measure of
the degree of clustering in the model for values of the width parameter
ratio other than the zero limit is also determined. This measure is ob-
tained by a qalculation of the expected relative separation between the

clusters, and the value of the r.m.s. radius of the alpha clusters.
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CHAPTER 2
THE CLUSTER MODEL

For the purpose of developing certain results that are
later employed in this thesis,a general review of the cluster
model is preéented in this chapter.,First,the theory of the
independent particle model with a harmonic oscillator potential
(the simple shell model)is briefly considered in a light which
makes the cluster model seem quite plausible,This is followed
by the development of,first,the simple cluster model and then
the generalized cluster model,

A historical account of the development of the cluster
model is not attempted and the cluster model presented here
- has been derived mainly from the work of Wildermuth(l)and his
coworkers,The description of nuclei by a theory of substructures
probably came about mainly through the work of Wheeler(‘e)oThis
method of description of nuclei has subsequently been studied
by many others,

In the last section of this chapter a problem arises of
whether or not the eigenfunctions of the generalized cluster
model form a complete set,This is an all important question,
for only if a complete set of eigenfunctions exist can the

cluster model be considered possible for the complete description

of the nucleus,
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1. The Independent Particle Model

Consider the independent particle model in which a harmonic
oscillator well is assumed for the common potential in which each of
the nucleons of some particular nucleus moves. For this potential, the
Schoedinger equation for the motion of A nucleons has the following

form:

A A
1 2,2 a2 _
gn(iz_glfi'*a'ﬁ Zil"'l Vg = EaVa ca (1)

1=

where:

m is the mass of each of the nucl.eons, ;)’1 is the momentum operator
for the ith nucleon, -r’i is the position vector of the ith nucleon. Eq is
the <&th energy eigenvalue, \P’d is the eigenfunction corresponding to

the energy eigenvalue Eq a = rr;iw is the "width parameter" of the

oscillator potential, w is the classical frequency of the oscillator poten-
tial, and ¢ corresponds to a set of quantum numbers compatible with
the overall state of the system.

The value of the width parameter, a, is chosen such that the
expected value Of/<ri2> coincides with the experimental r.m.s. radius of
the nucleus being considered.

The eigenfunctions, "ya(, satisfying the above equation of motion
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and the normal quantum mechanical boundary conditions, can be

written as follows:

A T 2| 4 A 12 m;
Yo = T A eth_ angJ rilLNli_1;2 (ar?) v (@)
i=1
N;j=0,1,2,3--=; 4=0,1,2,3,-—-Ny; my=4;, 4-1, -2, - -(4;-2)-(Ai-1),- 4

When N;j is even Ii is even, and when N; is odd '(i is odd.
In equation (2),

. . . &
A: is the normalization constant™:

1

— -

3
2 l‘—?(Ni- Lo+ 1)
'A'i =|2a —'—2——

_r‘ (N +4+1)

2

VR

4+

i 2
L (x) is the associated Laguerre Polynomial (for a table
N; - 4,
1

> of values, see reference (4)),

Ym (ﬂ) is the normalized spherical harmonic function with phases chosen
¢ P P

as in Condon and Shortley (ref. no.12) and P(q) is the gamma function:

>

P

l—‘(q+l) =fxqe— Xdx = q ‘I—_‘(q).

o

The eigenfunctions, ’l{fq y, form a complete set of orthogonal wave
functions. It is seen that WC( is a product of the single particle eigenfunctions.

Introducing the intrinsic and isotopic spin coordinates, the single particle

* See Appendix 1.



eigenfunctions corresponding to the ith particle become:

: 2| 4 £.+1 m:
\p‘pq i= A exp[- 92_1‘1“ r; ! LliTi" !i (ariz) Yfil ) x (s4,t) ... (3)
k 2
where

w«p . is a particular single particle eigenfunction describing the i'th
dk

particle, x is a charge-spin function, s; is the intrinsic spin quantum
number of particle "i'", introduced here as a coordinate, t; is the iso-
topic spin quantum number of particle "i', introduced here as a coordin-
ate, and pdi is a set of single particle quantum numbers, (Ni,ﬂ,i,mi),
describing the quantum state of particle "i" compatible with the overall
particular state of the system. The subscript "k!" denotes the k'th set
from all the possible sets.

So far, the Pauli exclusion principle has not been incorporated
into the independent particle model wave function, given by equation 3.

This will be done after a consideration of the effect of the indistinguis-

ability of the nucleons in a quantum mechanical system.

2. Indistinguishability of Nucleons in Nuclei

When the intrinsic and isotopic spin quantum numbers, s; and

£

;» are treated as coordinates of the system, we may treat the nuclear

system of protons and neutrons as a system of indistinguishable particles.
Classically it is possible, in principle, to distinguish between the different

particles of a system even though they are identical. That is, we could




label them at some instant and observe their motion without disturbing
the system, and be able to say which is particle 1 and particle 2 (for

~ example) at any time later. In a quantum mechanical description this

is not possible because the uncertainty principle does not allow one to
observe the -motion of the particles constantly without changing the be-
haviour of the system. Also the overlapping of the wave function associ-
ated with each of the identical particles would make it impossible to tell
which wave function was associated with which identical particle. A
correctly formulated quantum theory of such systems must therefore
take explicit account of the indistinguishability of identical particles.

Since the identical nucleons are indistinguishable any physically
measureable quantity must be independent of the assignment of the labels.
It turns out (see, for example, reference 5) that the only total wave
functions which saltisfy this requirement on the system are wave
functions that are either symmetric or antisymmetric with respect to an
interchange of any two particles. Functions of mixed symmetry do not
satisfy this condition. (The Pauli principle can be satisfied only if the
total wave function is antisymmetric, so the possibility of symmetric
wave functions is rejected).

This lack of dependence of physically measureable quantities
upon the labeling of the system associated with the antisymmetrized
total wave function gives the reason why the expected relative separ-
ation of the clusters will serve as a measure of the amount of clustering,
even though different particles would be in different clusters at different

times., If the particles were distinguishable and the above property were

i

5




* were distinguishable, there may be no clustering and yet the value of

not required, then, even though there may be real clustering® in a
system, the average relative separation may be zero and would be
approximately zero. This follows from the fact that the different dis-
tinguishable particles are equally likely to be in each cluster at differ-
ent times, which in turn follows from the symmetry of the system. So
then, the possibility of obtaining a measure of the degree of clustering
through the expectation value of the relative separation of the clusters
results from the quantum mechanical nature of the nuclear system.
Finally it is noteworthy that due to the indistinguishability of the nucleons
it is both necessary and sufficient that the average relative cluster

Q(;pvo)d mot\'&‘\’
separation bef\zero if there exists no clustering. However if the particles

amte difFferent Tvom
the average cluster separation is A zero and also the average separ-
Q?Proximdtl\/
ation could be ofpAzero magnitude while real clustering exists.

ate
3

The phrase "real clustering!", means (for the case of Be8) that
the nucleus has the shape of a dur&bell. A greater degree of real cluster-
ing is associated with a more "dumbelled" shape of the nucleus.

3. Incorporation of the Exclusion Principle in the Independent
Paxrticle Model

The incorporation of the Pauli principle in the overall nuclear
system of indistinguishable nucleons requires that the wave function be
antisymmetric with respect to an interchange of any two particles. The
wave function of the system in a particular state "p" is therefore given

by:
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A
. T s
et epy a) <
(pqm Pql pqn) =g Pgl (4)

where

is an antisymmetrization operator, and (p, 1 ~--p.i --p,A) is a
U Ak %n

possible set of single particle sets of quantum numbers compatible with
the overall state "p'" of the system.

The notation is such that pq%c and pq{c both denote the k'th set
of single particle quantum numbers, in the first case however the sym-
bol i implies that particle 'i' has the k'th set while in the second case
particle """ has this k'th set of quantum numbers. The antisymmetriza-

tion can be accomplished by writing the total wave function as a determinant:

(Pg l--pA) 1p‘pql wpql ————— ll‘rp 1

.(5)

The rows refer to the particles and the columns to the single particle
quantum states. The general wave function, considering all the possible

overall states of the system, is then of the following form:
00
‘Y = Z ap ”[P'p ' o« o (6)
p=1

The eigenfunctions of the system of independent nucleons, "L‘[p, form at




least a physically complete set.* It is seen from the determinant ex-

pression for ’\{I‘p that:
b
’ =) ¢
[t o i g

where "p" and "q'" correspond to two different overall states of the sys-
tem. (qu is the Krdnecker delta and d® is the elemental volume involving

2 is the probability of find-

all 5A coordinates. Also it is clear that l ap
ing the overall system in the particular state '"p'". This complete set of
orthogonal wave functions will henceforth be referred to as the independent
particle wave function system, and the corresponding model the independent
particle or simple shell model.

4. Separation of the Independent Particle Equation of Motion by a
Cluster System of Coordinates

The previous method of separation of the Schroedinger equation
for independent particles is not unique. Another method will now be em-
ployed.

Just as one finds that certain problems in physics can be treated
more simply in a certain coordinate system, one hopes thal a different
separation of equation (1) will provide a system of eigenfunctions which
describe a real nucleus in a simpler manner than the independent particle
eigenfunctions. Perhaps an actual nucleus can be described by a linear
superposition of the eigenfunctions involving fewer terms than in the system
of coordinates just considered.

* By physical completeness it is meant, here, that:

n
2
lim (F- a ) ax =0
L e

n- °

where F-is any function satisfying the same boundary conditions as 'q[p .
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We now divide the A nucleons into "k" clusters with the num-

ber of nucleons in each cluster denoted by ng,ng,----np. It follows
that:

k

J n=A

i=1
The center of mass coordinate of the i'th cluster is given by:

n:
1

q:
where

i
ris the position vector of the q'th nucleon in the i'th cluster.

q
The relative coordinates interior to the i'th cluster are given
by:
2>i _ =2 2
= - R
'Yl r i
___________ . (8)
2 i -
n, =~ Tn, - By

In this system of coordinates (henceforth referred to as the cluster
coordinate system) the classical hamiltonian, H, becomes (see

Appendix 2):

A, ao A
H = 2_ I‘i =+ >m I‘i
=1 =1
- | - -1 .2 n.-1
x |n-l. ml,oa) 22 k[T s o
- ) a h J I
m d + Y+ Y )
=32 2 Yqt () ¥ 52 | q
1 { g=1 =1 =1 | g=1 ag=1
k . k
=5 —’2+a2h22 nfa)z
+ 2 nJRj 2m i
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The Schroedinger equation, (1) becomes:
k k k
2 2,2 2
> Hy+) Py o+ %2 arP )=k ... (9)
i=1 i=1 2n;m i=1 2m
where

Bi is the momentum of the i'th cluster and I—Ii is a Hamiltonian depend-
ing only on the relative coordinates and relative momenta of the nucleons
in the i'th cluster.

It is therefore seen that we have a complete set of eigen-

functions for equation (9) with the following form

k
‘4fq .—_-/A Z '\.lf (internal coordinates)%f(l—-"zi) ... (10)

i=1 of the i'th cluster
where '4(‘q is an eigenfunction describing a state of the nucleons in the
cl uster coordinates.

By introducing the intrinsic and isotopic spin, the cluster
eigenfunctions, ‘\Vq represent a complete set of wave functions that are
antisymmetric with respect to exchange of any pair of coordinates
2 2 - . s . . . . .
ry{,ry,---Tp and the intrinsic and isotopic spin coordinates associated

with any two nucleons. In the cluster system of coordinates, the gen-

eral wave function is written:

\Ir=qZ=1 bqqu c..(11)

It should be noted that the eigenfunctions in this cluster system
are not, in general, orthogonal to each other as they are in the inde-

pendent particle wave function system. This is only a mathematical

difficulty. It is also seen from the preceding work that an eigenfunction
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'll[rp in the independent particle wave function system is not, in general,
the same as any one of the eigenfunctions, ‘1Vq, in the cluster wave
function system. However, both are eigenfunctions of the Hamiltonian
of the independent particle model. The eigenfunctions of each system
form a complete set and therefore either system of functions can des-
cribe a real nucleus.

The basis of the simplest form of cluster model is the choice
of a particular e.igen.'function,'\,\rq, in this cluster wave function system
with the hope that this single wave function may describe the nucleus.
A particular eigenfunction,’\_l/q, in the cluster wave function system can
be described by a linear superposition of eigenfunctions,‘lvp, from the
independent particle wave function system and vice versa. This is
possible because of the completeness property of both systems. In
general, a linear combination involving more than one eigenfunction
from the independent particle wave function system is required to obtain
a wave function equivalent to a cluster eigenfunction. From this alone
it is apparent that the simple cluster model and the simple shell model
are not equivalent.

If a real nucleus can be described by this simple cluster model
eigenfunction then we say that there is clustering in its simplest form in
this nucleus, This means that one of the coefficients, bq, used in the
description of the nucleus in the cluster wave function system satisfies
the condition:

2
b| == g
q

and all other b, are very small.
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At first sight, one might think that nclustering in the simplest

form!" does not necessarily mean that there is any actual clustering in

the model at all. Tt is shown in this thesis that, Tor Be®, this

intuitive notion is correct and"simple clustering" represents

no real clustering.

5. Simple Cluster Model for Be®

Be8 is composed of four protons and four neutrons. Since alpha

particles are known to be tightly bound, a coordinate system is chosen such that

there are two clusters with n, = 4 and n, = 4, It follows that
2
Z_ nj = 8
=1

The center of mass coordinates of the clusters are given by

-

I

8
— i

e
NS

Ry = ‘

4

- -»
Z ] and Ry =
i=1 i

5

It follows from equation (9) that the classical independent particle

model Hamiltonian becomes:

2 2 2 2,2 2 2 m:(jz m "12 a 2
- 2 —_ —_ ael
H= pj"‘na'ﬁ RJ+ZQ i T2 (ZY)‘*' sz i
iy — i=1 i=1 1=
2M., 2M.
1 J
3 .
2.2 7 2
) J
2m =y

or
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where 1\/11 = M2 = 4m, n, = n, = n =4,

chm is the Hamiltonian of the center of mass of the i'th cluster, and

H;, is the Hamiltonian depending only upon the internal coordinates of

the clusters.

Equation (12) can also be written as follows(see Appendix 3).

- 2 3 2
2 222 22 2 1 222322 m o 2
= J
H=P_ n+4n a4t R+ Prel"'z E_E_ﬁ__Rrel'*'z_ _Z_Z B;
2M 2M 2y 2u =1 i=1
3 .
2 2 .2
a kA Z rdl
+ Bi ... (13)
=
where
8
M=) m, = 8m;
i=1
- e - = >
M= My My = 2m; Ry, = Ry*Ry 5 Rype = Ry - Ro;
M, +M, 2
- .
Pcm = M Rgpy, is the classical momentum of the center of mass which

- - -
is canonically conjugate to R_,,, and P, = M R, is the classical
momentum vector in the relative coordinates which is canonically

-5
conjugate to R -

The classical momentum in the B coordinates is obviously pﬁ mg; and

—)
is canonically conjugate top;. Of course, for our considerations the

-5

classical momentum is replaced by its operator form, P_,, = T {Z:metc.
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The Schroedinger equation for eight independent particles
in a harmonic oscillator well transformed into the cluster coordinate

system therefore separates as follows:

> 2 2 2,2 = 2
Pom + 4n"a™h" R, ’\\/cm = Eom Wem
2M 2M
2 222 2 =
Brel s 1na A Rrel Wrel = Erel Wrel
2 4 2u
3 ; ... (14)
=1
2,2 =1 1 _ 41 .4!1
Z ?f_ + a“h ﬂi '\\f Ein
i=1 o om
— — !
3 |2 52
2 2 2 2 2
Z _‘Bi_ tati A ’4[ =~ ®in {
i=1 2m 2m

where: \.Vl is the wave function associated with the internal coordinates

of cluster "1" and is a function of the independent coordinates

2
,31, 32, 3 '\l'r is the wave function connected with cluster "2" in )
| 1, , 1 : 3
the same way that’qf is connected with cluster "1", E, £ is the eigen- !
in
1 2
value of the energy to cluster '"1" and is associated with\l! , Ein is

the eigenvalue of the energy internal to cluster "2!" and is associated
withlyz, Ecm is the eigenvalue of the energy of the center of mass of

the nucleus (the center of mass motion is eventually discarded), Erel

is the eigenvalue of the energy of relative motion of the mass centers of

the two clusters,’\)f is the eigenfunction associated with Ecm’ and

cm

'\erel is the eigenfunction associated with Erel' Only under certain
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circumstances is this wave function sufficient to describe the relative

motion of the two clusters. This will be shown rigourously in Chapter

3. pp is the momentum operator that is canonically conjugate to E’l
Comparing the form of the preceding equations with the three

dimensional harmonic oscillator differential equation

—132 az/ﬁz -2
=+ T1v= g
2m 2m '\}, ’IV
2
.q__'fl" . 3 _ 3 ’Fl a
where,p—-i—VandE—(N-i--z-)}(w—(N+§-) —
it follows that:
2 2
3, A"na _ 3, A7a
Erel—(N-i-z ZH —(N+2) —
2 2
3, A°2na 3, Aa
g = (N'+= = (N'+ =) /—
Bom = (N'+3) 22 (N4 2) (15)
2
E.l = (N"+ f’.) £a
in 2
2
E2 = (Nm + 3) /K a
in 2 m
where N, N!', N'', and N'"! are all positive integers.

From the separated equations of motion it follows that an eigen-

function in this cluster coordinate system has the general form:

‘4[C{=/4 {’zlffk(ql)q'lrm (qz)ﬂ/rel '\vcmx(sl’tl"—’sa’tg)} ...{(16)

I‘/k (ql) is a function that depends on the nine independent internal

coordinates of the first alpha cluster and ’\lfm(Ck 5) depends on the
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nine independent internal coordinates of the second cluster. The sub-
scripts "k an;l "m!" denote sets of quantum numbers that give the
quantum states of Wk(ql) and W,lfm(qz) respectively. The operator/‘
denotes the complete antisymmetrization of the wave function with res-
pect to an interchange of any two particles, whose coordinates include
the intrinsic and isotopic spin coordinates. X represents a charge-spin
function depending upon the intrinsic and isotopic spin coordinates. From
the form of the separated equations of motion it is seen that, ex;ept for
the charge-spin function all the constituent functions composing quq are
oscillator wave functions.

The present object is to use the cluster model to describe the

8

ground state and low-lying excited states of Be®. In order to do this, a

more detailed specification of the cluster model is required. For a further

specification of the model one must say something more about the constitu-
ents of 'IVC{ given in equation (16). Now, it was pointed out on page 14
that al pha particles are tightly bound. This fact leads to the supposition
that the internal states of the two clusters are those corresponding to

the lowest energy eigenvalues. Eventually the effect of the center of mass
motion will be discarded, but for the moment, to keep in the realm of the
simple shell model, we shall keep it and choose the lowest state of the
center of mass motion. {(The simple shell model does not account for

the superfluous states and three extra degrees of freedom arising from the
incorrect treatment of a fixed potential well. For a study of the effects of
the fixed potential well on the shell model see reference (7) ).

It follows from equation (16) and the preceding enumeration of
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the particulars that:

%=A{¢o<d1>*lfo<d2>¢ocm<Rcmmrelx(sl,——,w} Lo (17)

where ero (c;tl), \lfo(dg) and ’ﬂ{o are the ground state wave functions
- cm

representing the first alpha cluster, the second alpha cluster, and the
center of mass motion. The symbol W denotes the set of quantum numbers
specifying the state of the relative motion.

The above wave function, 'l}"q, is the wave function for the
simple cluster model of Be® in its low-lying states. So far this '\Vq in
the cluster wave function system is an eigen function of the independent
particle model Hamiltonian. However, it is clear that the cluster and in-
dependent particle model are not the same.

There now remains the problem of choosing the set of quantum
numbers, w = (N,ze,m) , describing the state of the relalive motion for
the ground state of Be® in this simple cluster model. In establishing this

set of quantum numbers the simple cluster model is "stabilized!" into the

realm of the independent particle model through further incorporation of
the Pauli Principle. This is done as follows: for the ground state of Be8
in the simple shell model there are four nucleons in the "S!" state and four
in the "P" state. This is a result of the Pauli principle at work in this
model. The energy in the ground state of the simple shell model is there-

fore given by

4x§zﬁw+4xg,ﬁw= 16 hw

Now, the energy eigenvalues corresponding to ’\}fo (), \J[O (d2 ), and ’\!fo
cm
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are 3 x E’_ hw, 3 x 3 Xw, and 3 KW respectively. Therefore, if the
2 2 2

ground state energy is the same for the two models, the following con-
dition must be satisfied:

16 Ko = (N + g-)zﬁqu (9 + %)/ﬁu;

the result of this is that N must equal 4 in the ground state. The !simple
form" of cluster model has now been completely defined for the ground

state. The value of N is also taken to be 4 in the first two excited states.

6. Explicit Simple Cluster Model Wave Function for Be8,

The cluster model wave function will now be written out ex-
plicitly from the solutions of the separated equations of motion in the

cluster coordinate system. It is seen from equation (14) that:

3 1
Ylag) =5
=1 i

where W; = (ni,,()i,mi) and

1
! | P b4 2
'\\fni/pimi= A_Ni,ei exp [- B; |8, LNi"'?i ('17(,9i ) Yﬁi

2

n| @

But, n; =’€i = m; = O for i = 1,2,3 in the ground state and the first

two excited states. It then follows that

1

3
2 5 1 2
T _ agi | 2 2 °© a _agj
"\Vooo B Aoo eXPp [_ ?’LJLO (aﬂi ) Y0 w exp =
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9
wi e butes) [3]F o[- 25 47 ]

i=1

Also it is seen from equation (14) that

s
2
e _ 8a L m
lem Ky exp[ R JRcm Ln-g Yy O o)
cm
2
where
1
) S '—w N-A+1 |2
Kng=1|2(8a)2 o1 (72 )
N+ A 3
[
and
1 2
8a | » 8aR
Vo= 7|7 o |- —==
cm 5
From equation (14) it is also seen that: 3
5 L+k
_ 2aR £ ’ m PR (2=
‘\lfN’emrel_ Cn/ ©XP|- . R" Ly_J (z{RZ)YX () -~ )
S re 2

- 9
where R = Rrel and

B 5

2 N-A +1
Crp= | 2(2a) ) T )

F(N2+X+g)

The low lying states of Be8 are therefore described in the

[ ST RN

cluster model by the following wave function:




A Ly_p (2aR®) Y1 (Q) X

2

where N = 4 fox" these states. Also it is required that if N is even A
must be even. It is known experimentally (Reference 8) that the
ground state of Be8 has a total angular momentum quantum number,
"J", equal to zero and is an even parity state. Assuming the j-S
coupling scheme, it is seen that ,? = 0 is consistent with experiment
and also with the simple shell model, when the spin function is given

by

_ 1 1 1 1 1 1 1
X(S,T)—é‘(sl,g) g(tlya) X(Szy—z')fg(tg"g) (5\(33"5)5“'3,_2') 5(543‘5)
1 1 1 1 1 1 1
fltg,-5) d(s5,2) §lt5,2) 8(sg,2) dltg,-=) flsqg,-2) £li,,2)
1 1
Cr(887—'2‘) J(tsa—'é') ..-(19)
where s; is the intrinsic spin quantum number of the i'th nucleon, t is
the isotopic spin quantum number of the i'th nucleon, S is the total in-

trinsic spin quantum number, T is the total isotopic spin quantum num-

ber, and both "S" and "T!" are zero in these three low lying states.
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The simple cluster model wave function for the ground state

of Be8 is given by:

1
= 6 2 2
. 23 . 4 2
wq—/q a®> 215 exp|- = Z B. |exp| - 8aRcom | exp|- 22R
23 2 2 2 i 2 2

1

2 2

L, (2aR”) X (8,T) ...(20)

From page 15

I R T S o g
Rom = r1+r2+r3+r4+r5+r6+r7+r8
8
8 R2
Hence it is seen that exp |- &% em | is symmetric with respect to an
2

6

— 2 2
interchange of any two nucleons. Also exp [—- g(z__ Bi)-i- 2aR :lis sym-

i=1

. . . ops i~
metric with respect to an interchange of any two position vectors, r; and

?j' For the proof of this, see Appendix 4.
Also 1 ,
La(x) =7~ 5+ 3

Therefore equation (20) can be written as follows:
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1
= 6
11 23 4 2 2 2
2 a a B aR 8aR
| B T | 2 8| x| 2|y | 2R
q 2 23 |- 2 = 2 -2
3% 52 3 i=1
/4 (4a°R? - 10ar? + -1—45—)X(S,T) ...(21)

where Arepresents an antisymmetrization operation with respect to an

interchange of any two nucleons, including the charge spin and coordin-

ates,
In Appendix 5 it is shown that the antisymmetrization of the
function £(R) = ~10aR? + if— with respect to the position vector coordin-

ates yields zero. This result is obtained by a further stabilization of the
cluster model into the realm of the independent particle model which is
partially ad hoc but consistent. This simplifies equation (21).

At this point it is noted that the experimental spin and parity
assignment is (J=07, T=0), (3=2%, T=0), and (J=4", T=0) in increas-
ing order of the excitation of the states, see reference 8. This assign-
ment also agrees with the simple shell model. Now, in the same way
that it was established that A =0 in the ground state, it can be shown that
/e is 2 and 4 in the first two excited states. It is now clear that the
function

1+%
R" Ly_g (aR?)

2
is a polynominal of degree N=4, for the ground state and first two

excited states of the cluster model. Hence, the unnormalized simple
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cluster model wave functions for the first three levels of B'e8 is given by

!

'\If = expl|- & f 2 exp | - 2aRr? exp| - 8aR2m RN v,y x(s,T)
q p ) ﬂl —2—' P _2_0 j ’
i=1

... (22)

where N is equal to 4. The effect of the fixed potential well, in the

simple shell model, on the center of mass motion can be removed by

2
replacing exp [—- SaRcm:l by unity .
2

7. The Generalized Cluster Model

The generalized cluster model will now be defined. It will
become clear that the simple cluster model, already discussed, is a
special case of this generalized cluster model. Furthermore, it will be
seen that the generalized cluster model is a starting point, by the choice
of a trial wave function, for the variational method of solution of the many-
body Schroedinger equation.

The wave function 'lp“q given by equation (22) is an eigenfunction
of the original independent particle model Hamiltonian in the cluster wave
function system. In the generalized cluster model the width parameter in
the exponential term that is dependent upon the relative coordinate R, is
replaced by an independent width parameter denoted by "Agn, Then both
width parameters "a' and "B are allowed to vary. The values of these
variational parameters are usually determined by the Ritz variational method in
conjunction with the empirical knowledge of the binding energy of an

alpha particle. The Ritz variational method utilizes the fact that the
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minimization of the integral:
ke
A =L)"1\f H '\v dv

subject to the auxiliary condition

is exactly equivalent to the problem of solving the Schoedinger equation

H,’\y=)\’\P‘,

where N corresponds to a Lagrangian multiplier. If the generalized
cluster trial wave function had enough variational parameters so that
QV‘q could be made to vary in every possible way then the Lagrangian
multiplier }‘q would be equal to the true energy eigenvalue >\qT of the
nucleus. This, of course, assumes the knowledge of a correct nucleon-
nucleon interaction; this, in fact, is now known., However, the géheral—
ized cluster wave functions have only two variational parameters. The
energies of the states obtained in the cluster model, using the correct
nucleon-nucleon interaction, are therefore greater than or equal to the
true energies of the levels occurring in a nucleus.

The unnormalized generalized cluster wave function for Be8 in

its first three excited states can now be written:

6 .
2 m

- ... (23)
3
T %
where (N,#,m) = (4,0,0), (4,2,0), and (4,4,0) in the first three
. ~( -
- -2
e -3

-4
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states. This is the wave function obtained and used by Wildermuth and
Kanellopoulos. (See reference (1) and (13) ).

When "AB" or "a'" or both vary from the value of the width
parameter in the closely related simple shell model, the cluster wave
function is no longer an eigenfunction of the original simple shell model
Hamiltonian given by equation (1). The effective nuclear forces involved
in this generalized cluster model are therefore different from those in-
volved in the independent particle model. With the introduction of these
variational width parameters we no longer have the simple form of
cluster model, and it is clear that the generalized cluster wave function
now satisfies some differential equation that may not be exactly Schroed-
ingers equation. It is difficult to determine the differential equation whose
solutions are the generalized cluster model wave functions. The question
"Do the generalized cluster eigenfunctions form a complete set?'", now
arises. The answer to this remains unknown because we cannot write

down the associated differential equation of motion.
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CHAPTER 3
PHYSICAL CONTENT OF GENERALIZED CLUSTER WAVE
FUNCTIONS FOR Be8
In this chapter the physical content of the generalized cluster
wave function for Be8 in its ground state and first two excited states
will be examined qualitatively. The method of analysis will be similar
to that applied to the ground state of Li6 in reference 3. The correla-

tion, which is useful in later discussions, is first derived.

1. The Correlation Function

Consider the correlation function D(I—?'1 + +, ?'2 + -, ‘x)‘le’ -+,
;,' - - ;' + + ;' + - ;)' -4, T - -) where D d-x?' ——-d7!' denotes
4 3 5 ) 6 ’ 7 ] 8 1 8

- the probability of finding a nucleon with intrinsic spin quantum number

1
s, = -2—, isotopic spin quantum number tz =1 and with a position vector
2
- b d -
lying between r'1 and r'1 + dr'l, another nucleon with intrinsic spin
s. = =, isotopic spin t. == lying bet A and T+ dr d
=z 5 isotopic spin t, 5 lying between r2 an r2 r2, and so on,

It is clear that

Dajxy“‘l\um {p [“?1 -7 ;(sl,é) §(13,2) §(Z,-70) Flo02) dlyu- )

> = 1 1 > 2 1 1 3 -
r, -r' s ,-=)§6 - r -r! -— - -7t
[(Z3-50) dls - 2) Bleg,2) 8F,-2) Ao ,=2) B0, - 2) E(F -7

1 1 > 2 1 1 - 2 1
§logsz) (tg,2) S(rg-70) 8(s,2) Sltg,=2) S(l-m) dlsgn-2)

1 - = 1
f(t7’2) J(rs—r's) (f(s8,—%) I(ig, - é‘il}"llfl\wm ar ... (24)

where the integration sign denotes an integration over all 24 spatial

coordinates and a summation over the spin and isotopic spin coordinates.
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—’
P is the permutation operator on all the nucleon coordinates r, s and t,
and ’\VNfEm is the generalized cluster model wave function for BeB in its

ground state and first two excited stales.

Since the quantity™ P [f(rl-r'l). . . J(t8,—-1-)]is symmetric in
. 2

all the coordinates (not a symmetrizing operator) it follows that

P[_--:l Vg (m= P [___:lﬂ GNfm X(S,T) =ﬂ pl:___] GNAm X(S,T)

where, by definition
6 5 5 N
a m
Grfm = eXp|- —Z—Z B; | exp| -BR |R Y {2)
i=1

In Appendix 6 it is shown that

Aw) (Av) =S =S v Au)

whereSis a symmetrization operator, and u and v are any two functions
% *
of the 40 independent variables. This and the fact that (Af) = /qf , where

f is any function, leads to the result

£

P\Uiu’m p[:""]q‘bm’mz/q (GN,?mX)* p]:__::lﬂ GN,?mX:A (Crgm® ¥
e ot FfJ A ot ot

Also, in Appendix 7 it is proved that

JSf(?l...’iN) ar = /Nl‘ﬁ(:?l...-x)N) dr

Therefore equation (24) becomes

qu ;me[___ Crpm*(S,T) ar ... (25)

* In Appendix 8 P '———] is replaced by its equivalent form, a permanent,

which is defined in Appendix 7.
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In Appendix 8 the summation over the intrinsic and isotopic spin coord-

inates is performed and it is found that

Daf G* -P__G*, P G¥* -P G* +P G* +P P G¥*

[ N(m “ 26 NAm ~ 15 NAm 37 NAm 48 NSm 48 37 NAm

+P,. . P. . G* +P P, .G* G 1+P +P +P +P +P P
37726 "NAm '~ 48° 26 NXm] N,em( 26 15 37 = 48 ~ 48 37

+ +

p37pze p48P26)

-2 - -> —)' -> -)' - —»' —> -—)' > \ n, => i —)_1?'
d(ry-7!) f(rz-—rz) fr_-x') (r -r) f(rs—rs) HMr - ) §(r, - 7) flrg 8) d»

. . . 2 2 .
where Pij GN,Qm interchanges the spatial coordinates r; and rj in the

function Gpgy,. If we denote Py Gpgp by Y(if) and Gy by Y (o) we

have, after integrating the correlation function (see Appendix 9});

Yo)| 2 +|W(26)|2 + |Y(15) % + |Y(37) | 2+ \r(as) | 2+ (48, 37)

Yr(37,26)|% |r(48,26) |2+ 2 Re Eﬂf(o)”‘ﬂ{(zs) o) W 1s)
o) * Yia7) o) Yias) + o) Vias,37) + o) Yia7,26)

. Yo tae,26) - i1s) W(37,48) - Y1s) 26, 48) -mjfms)*mp(ls,zzs)
+ 1\/(15);:‘11!(375 -26) Y (37,48) -fr(26) Y (26,37) -wJ((zs)*\y(cls,ze)

+ Y(26)" Yl15) + Y(26) Y(37) +Y(26) Y(48) - (37) Y(26,37)

- Y(a7) " Y(15,37) - Y(37) (37, 48) +Y(37)" Y 48) - (48) " (26, 48)

- x}/(48)*11f(15,48) -1‘!(48)*'\{/(37,48) + W(48,37)=::\¥f(26,48) +1J["(48,37)*

’4{(26,37) +1'f(37,26)*1!;(26,48) + \,}/'(15)=:=’\lf(48)] ...(26)

2, 2, 2, 2, 24

2
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2. Interpretation of the Correlation Function

Tang, Wildermuth, and Pearlstein (Reference 3) have calcu-
lated the corre;sponding correlation function associated with the cluster
model of Li6. They state that it can be shown that the values of the
cross terms appearing in their correlation function approach zero in
the limit as the ratio of their two width parameters,-g approaches
zero, and that only one of the remaining terms is significant at any
one instant of time. It is shown in the next chapter that the conse-
quences of their claim in the determination of clustering are

approximately valid for Be® in the ground state,

Tor the moment, it will be assumed that the cross terms do
go to zero and that only one of the remaining terms is significant at any
one time. The consequences of this assumption will now be studied.

With the prece ding assumptions the correlation function becomes
Da Y(0)2 + (26)2 + Y (15)2 +Y(37)2 + 1]/(48)2 +”4/(48,37)2 +%{'f(37,26)2
+ ’4[(48,26)2

where only one of the terms is significant at any one instant of time.
Hence, with this assumption, the probability of finding a nucleon with

- -
intrinsic spin s, = %, isotopic spin t, = ‘-’]3‘-, lying between r' and ?’1+dr'1’
another nucleon with intrinsic spin s, = 1, isotopic spin t, = - 1, lying

2
—> — -> N
between rb and r'2+dr' , and so on, is given by one of the terms in the

e e e s et 1 et sl
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' -
last expression multiplied by dry ... d¥8' Each of the terms is of
the form of a product of two internal alpha particle wave function in-
tensities multiplied by the relative wave function intensity. Because the

effective contribution to the correlation function is always in this form

|
’qf(qi)i 2 exp[—- pRzJ

After summing over the spin coords the remaining correlation function

we can write

Da 2| gN 2

Yg)

Y Q)

can also be expressed as follows: It is the probability of finding the
eight nucleons arranged such that the independent coordinates, El’ /—9)2,
= - - - 2 i1 s
f33, Bar Bgs Bgs and R, describing the position of the nucleons have
2 2 rd 21 =g
values in the range ,31 and B 1 + dp REREE ,R and dR . Integrating
over all coordinates except "R'" one obtains the result that the probability

distribution describing the relative separation of the clusters is given by

1 1
11+ 5+= 10
27 %2 ¢ 2 (m@R" 2

D= exp| -2€ (/a'R') ...(26a)

3

3 x7x5 /T
where € = £

a

The above expression gives the probability that the value of Ja R lies
between/a R' and J/a (R' + dR') for small values of €. In the realm
of the cluster model, the above result shows that for small values of the
quantity €, the nucleons are arranged in a cluster form such that the
most probable value of the relative separation of the clusters is given

by R = V 3 . From Figure 1 it is seen that as € becomes small the

24
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distribution curve becomes what would be expected for the case of
two independent and distinquishable alpha particles,

From this resull, it can now be stated that if the assumptions made
here concerping the significant terms in the correlation function are
valid, then for small values of ¢ there is a large probability for the

formation of two distinct and non-interpenetrating alpha particles, and
5
2p

In the next chapter the expected value of the separation of clusters

the most probable separation of the clusters is given by R =

is evaluated for all values of €., However it is noted that through the
use of the correlation function obtained here, it is possible to obtain
the probability distribution of the relalive separation of the clusters

for all values of the variational parameters o and p. This probability
distribution is obtained by integrating the correlation function on page 30

over all coordinates except R. The resultant function multiplied by

2

R“dR is proportional to the probability of R' lying between R and

R+dR.

The quantitative considerations in the next chapter agree

- with the result that the cluster separation becomes infinitely
lerge as € approaches zero, I'urthermore it is discovered that

the expected root mean square radius of the alpha cluster

approaches infinity as € goes to zero, However it's rate of

approaching infinity is less than the rate at which the separation

approaches infinity for € going to zero, In fact the ratio

of the separation to the radius approaches infinity with &

going to zero.
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Figure 1

The approximate probability distribution of the normalized separation
between the two alpha clusters under the assumption that the cross
terms is the correlation function on page 30 are zero and that only

one of the remaining terms is significant at any one instant of time.

5
R = /273 = most probable separation of the clusters

R = 1.621 = average or expectation value of the
./-/57 separation of the clusters
de(/;R' ) = probability that /:R lies between
Ja'R' and /a'R' +/adR'
a = variational parameter in the generalized cluster

wave function

R = separation of the clusters
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3) Chi-Square Analysis with Controls

Following the discriminant analysis, a second chi-
square analysis was performed to determine the association
between ethnolinguistic status and value hierarchies while
controlling for the effects of socio-economic status. 1In
this analysis, subjects were formed into more homogeneous
groups based upon this variable and the chi-square was then

computed for these groupings of Anglophone versus Francophone.

D. Presentation of Results

a) Description of Subject Pool

Of the 534 subjects tested, a total of 216 students
who met the criteria outlined in the methodology (100 Anglo-
phone and 116 Francophone) participated. The students were
from eight faculties of the University of Ottawa (see
Table II). Eighty (37%) males and 136 (63%) females partici-
pated. The subjects were divided by sex into 22.2% Francophone
males and 14.8% Anglophone males; 31.0% Francophone females
and 32.0% Anglophone females. The mean age of the sample
was 23.5 years (s.d. = 6.07) with a range of 42 years (17 to
59 years). The majority of the students (81.9%) were
registered as full-time and the mean number of years of
completed schooling was 15.17 (s.d. = 1.75). Table III
reports the distribution of the sample according to provincial

birthplace.
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The values of "g#" and "a" obtained by Pearlstein,

Tang and Wildermuth(z)for the minimized energy eigenvalues
are used to get a measure of the actual amount of clustering
in the Be8 nucleus,Also the root expected square radius

of the clusters is evaluated as a function of £ and a,.
Various combinations of these quantities provide useful
information about the physical interpretation of the cluster
model and also a quantitative measure of the gmount of

real clustering that exists in the Be8 nuclei,

It is demonstrated that to calculate the square root of
the expected square of the cluster radius and separation
exactly is a formidable task, Fortunately, it becomes claar
that a very satisfactory approximation can be made ig the
antisymmetrization of the cluster model wavefunction. The
problem is then reduced‘to one that can be solved with
a finite amount of work, |

While investigateing the Be8 nucleus from the cluster
model view point various mathematical and physical properties
of the clustgrwmodel were uncovered and are discussed in
this chapter, These properties of the cluster model provide
a further insight into the model itself and also provide

convenient techniques which are useful when nuclear structure

problems can be projected into the cluster model
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1. Operator Expectation Value Considerations

It is clear that the expectation value of an operator,
O, can be written in the following form

N<€f> 1 jd?—f

..) X(s,T)"

§(F - T7) 8(s ,s") 8(t ,t") .
1 1 1 1 1

. 8(; - ?3") S(
1 8

s ,S") S(t ,'t")
1 1 8

1 8
o & 9 o o e o e o * e o o o e o o o e o o o d}“
3(; -';")3(5 ,s")i(t ,8") S(r - r")s(s s")S t ,t")
8 1 8 1 8 1 8 8 8
x?l-*ri) S(sl,s')é(tl,t')... Sie ,6)
’ ) 1 1 1
®’fG’ (c -{".!)X(S,T)' @ ¢ o 0 o o o o o & o o o o o ° d}'

nim i

(T = T1)8(s ,91)8(t ,6")ees &t ,51)
8 1 8 1 8 1 8 8

where the iptegrations include a summation over the spin
coordinates, N2 is the square of the normalization constant
and is equal to the right hand side of the above equation
with O=1, Recalling the expression for the charge-spin
function on.page 22 it follows that after performing the
summation over the spin coordinates this equation becomes

so elgborate that one wouldn't consider putting it into
print., One is now confronted with the fact that the problem
of determining the expectation value of some general operator
is unfeasible unless that operator possesses some special
property or unless some sensible approximations can be made.
_invariant  with

For the case of dynamical operators that are

respect to an intérchange of any tweparticles the expected

value of the operator can be obtained in a relatively simple
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way.For reasons either immediately obvious,or soon to become
apparent,it is convenient to introduce this invariant

opera’cor,@ . The quantity that will now be calculated is

<G> =f q'yliwm S 'ler,?m r

- ... (27)
3
f’qijm Vntm 4™
where integral signs include a summation over the spin coordinates.
In Appendix 11 it is shown that equation 27 can be reduced to the
following form

2 — 2 =, ¥ ' 1y *
NZ(©)=|| Ongm(Fy - Fy) X(S,T)

-

§E -3 sy ysy) Sl b BB -R0) S(sy,sh) Fiog,u)

T2 ' 1 2 3 ! '
J‘(r8 rl)é‘(SB,sl)J(ts,tl)... f(r8 r8) f(sB,SB) J(ts,tB)

X ar O Gpgp(Fy--.2g) X(S,T) ar ... (28)

and N2 is equal to the right hand side of the above
equation withd= 1. Recalling the expression for the charge-spin
function on page 22 it follows that after performing the summation

over the spin coordinates equation (28) becomes




§(2y-7) 0 0 0 2 -2 0 0 0
0 J(?z-?'z) 0 0 0 J‘(}’z_?%) 0 0
0 0 J(?s-?'s) 0 0 0 X(?g_?;) 0
0 0 d'(?4—r' ) 0 0 0 f(r4-r'8)
S 1?’5-?'1) 0 0 0 X(FS-}’%) 0 0 0
0 §(2-2) 0 0 0 J(?B-}"s) 0 0
0 0 J(¥-2y) 0 0 0 £( 2,-1) 0
0 0 0 }(?8-3:')'4) 0 0 0 5(?8—?' )
Xdr'dGNIm(?l...?S) ar ... (29)

The integralion sign no longer includes a summation over the spin coord-

inates. In Appendix 10 it is shown that, as far as expectation values are

concerned
J(F-2) 0 0 0 f(F-T) 0 0 0
Y RN
o JE,T) o 0 0 §(Rp-R) 0 0
= e
0 o  dlxz-7y) 0 0 0 f(F;-T) 0
0 0 0 g(}’tl—?' ) 0 0 0 J(?4——1’"8)
- =
J(?S_-;'l) 0 0 0 J(I‘S—I" ) 0 0 0
—’
0 J(F-T) 0 0 0 Hrg-Ti) 0 0
> =
0 0 J(?.?—_:)"'g) 0 0 0 J(r7-r'7) 0
- - J‘(? ——i')' )
0 0 0 J(rs_rh) 0 0 0 8
- =
= 2(1-4Pg + 3PgqP4g) 4(F-TY)... Jlrg-7L)

&%
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Substituting this identity into equation 29 yields,

(e) =JfGNQm(r'1. L FL) [1_4P48+31?3’7P48] j‘(rl-?'l) .

I _}"S)dr'e’c (?1..}’8)&'

8 NAm
G 2.7 ) 1-4Pp +3P_ P 2 3,
[f g {7 rB)[ 48 37 48]5(‘, ()
Lo AE Fyar o 7.2 )dr
8 '8 Nﬂm( 1 8

Integrating over the primed coordinates gives

- [ 7] - - X - -
<8)—J{L1-4P48+3P48P37 GNﬂm(rl"'rB) }6’ GN,@m(rl"'rS) dr

B 7] - -5 X - -
J {L1-4p48+3p4ap37 Gppfpy (T1v v Tg) }GNIm(rl...rs) ar

and finally simplifying the notation this becomes

\
= - T
<@,) Il 4I2 + 3_.3

I —4IS+SI

4 6

where

I, =J-\V(o)* SY(o) ar : I, =f‘\{./(48)* & V(o) ar
'_[3 =J‘\{J‘(37,48)*®"\\f(0) dr: Iy =J'\V(o)*'\{f(o) dr
Is =f’\\/‘(48)*’\}/(0) ar @ Ig =f\¥(37,48)*’\\1(o) dr-

. Each of these integrals involve an integration over 24 independent

variables. In Appendix 12 they are reduced to a simple form.

... (31)

. (32
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Unfortunately the quantities of which the expectation
velue is beihg sought (ie. the r.m.s. cluster separation
and cluster radius) are not inyariant with respect to an
interchange of any twonucleons, This leads one back to the
basis of the cluster model to search for the terms most
significant in the determination of the expectation value
of these unsymmetricel dynamical operators,

It is clear that the requirement,of the cluster model
wave function to be antisymmetric with respect to an inter-
change of any two nucleons, inproduces the exchange integrals
into the expectation values, That is, in order to insure
no two nucleons will occupy the same quantum state and at
the seme time be indistinguishable, the exchange integrals
are brought about. Hence, it is established that the problem
is,"Which of the exchange integrals are the significant
ones?",

Due to the close association of the cluster model with
the independent particle model with an harmonic oscillator
potential the incorporation of the exclusion principle
and the indistinguishability requirement into the cluster ‘
model will be viewed in the light of this simple shell model,
After all, the choice of the set of quantum numbers,

(N,R,m), describing the state of B98 was established by
stabilizing the cluster model into the realm of the independent
particle model through the incorporation of the exclusion

principle, It is seen from figure 2 that in this simple




FIGURE 2
2
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om LV k¥
2

8
Simple shell model energy level picture of Be
in the ground state, The symbols,$,f,4,¥, denote
a proton with spin 4, a proton with spin -5, a
neutron with spin %, and a neutron with spin -%
respectively.




shell model the exclusion principle allows only four nucleons
in the ground state.,Furthermore it requires that two of

the nucleons be protons with opposite intrinsic spin

and two be neutrons with different intrinsic spin. Now
consider the situstion if it were required that the wave function
be antisymmetric with ;espect to particles in the same

charge spin state only, This would force nucleons with

the same charge and spin into different energy levels and
thus producing the same total energy of the system, Thus

it is seen that the exclusion prineciple is completely
satisfied, Hence it is seen by this example that requiring
the wave function to be completely antisymmetric is a

more stricet requirement than ;he requirement that only the
exclusion principle be obeyed,

In the above example the exclusion principle is obeyed
but what what isn't obeyed and what makes this antisymmetrization
approximation truly an approximation is that the wave
function is neither completely symmetric nor completely
antisymmetric, That is, with this approximation the wave
function of the nucleus is of mixed symmetry, However,
this is not possible for a proper formulation of a quantum
mechanical description of indistinguishable particles, Thus,

the above approximation satisfies the requirements of the
exclusion principle but does not obey the more fundamental
requirement of nature that the wave function of a system

of fermions must be completely antisymmetric With respect

to an interchange of any two of the particles,




P

Incidently this approximation of antisymmetrizing
with respect to only particles in the same charge and spin
state is not a new one in nuclear structure calculations,.
Perring and Skyrme(lv)have made the following statement;
"It seems to be true in general that it is only necessary
to antisymmetrize with respect to particles with the same
spin-charge function",

With the. preceding discussion, it seems that it is
appropiate to develop +the analytical expression for the
expected value of an operator subject to the foregoing
approximation, With this approximation it follows from the
original labeling of the particles that it is required that
the wave function be antisymmetric with respect to an
interchange of particles 1 and 5, 2 and 6, 3 and 7, and
4 and 8.

Before proceeding further it is instructive and later
of use in the analyical work to intrcduqe the following

theorems and their corresponding proofs,

Theorem 1

If F is any function of the eight position vectors

AP = A A

26 " 15 26 15

then

for the cluster model of Be given in this thesis. P

: 15
denotes an operator that exchanges particles 1 andb,
and fq denotes an operator that antisymmetrizes the

operand with respect to particles "i" and " j",

(9
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Theorem 2

If F is any function of the eight position vectors
then in general

P F) # - F - ---34)

1 lq16 612 616 612 ( )

8
for the cluster model of Be .

2

Proof

Tt follows from the last theorem that

ﬁ a.F = (L1-P =-P +P P )F
16 12 16 12 16 12
. . T T ' R T T R R T )
= F(r ,T ,T ,T ,T , ,r ,r ) = F(r ,v ,» ,r ,r ,r ,T ,T )
1 2 3 4 5 6 7 8 6 2 3 4 5 1 7 8

e A T T T S
= F(T ,T 4T ,T 4T ,T ,T ,T )+ F(r ,T ,T ,T ,I' ,T ,T ,T )
2 1 3 4 5 6 7 8 2 6 3 4 5 1 7 8

Then

L T T T T B e 4 e e A
P (A @ TF)=TFr ,r ,r ,r ,r ,T ,T ,r ) =Fr,r,r ,
12 16 12 2 1 3 4 5 6 7 8 6 1 & 4 5

> > 3 5> 3 5 3 > 3 S - 5
T ,r ,v ) - F(r ,r,
2 7 8 1 2 3 4 5 6 7 8 1 6 3 4 5 2 7

# -f1 @ F

16 12

> S > 5 I
T ,T ,T ,T ,T ,v ) * F(r ,vr ,T ,* ,T ,T ,T ,T )

8




Returning to the development of the analytical expression
for the expected value of an operator when the wave
function is only antisymmetrized with respect to particles
with the samé charge-spin function it is seen almost

immediately that after the summation over the charge-spin coordinates
2 >
1145>= 1 (1-P J(1=-P )(1=P )(1=P ) G (T .oT )
4 15 26 37 48
2

6(1—P J(1-=P )(1=-P )(1-P )G (T o0? )
15 26 37 48 NMam 1 8

But it is found in Appendix 10 that with respect to the
8
‘ cluster model wave function of Be in the ground state
(and also the first two excited states)
(l-P )(1=P )(l-P )(l=-P )= 2(1-P «-P «P =P +P P
15 26 37 48 26 15 37 48 48 37

+P P +P P
37 26 48 26

Therefore

Ni@hg d %gwoi‘ (15 - Wzs) - W(ar) - Wlas)+ Wlas,Bm)
+ \p(sv,zeiﬁ \{/(48,26*% @‘{W(o) - Y(15) - Y(28) - Y(37) -Y(48)
+\(48,37) + Y(37,26) + i//(48,26% -‘.'k\',/'j\‘t)

After utilizing certain symmetry properties it follows for
a non-differential operator that in the ground state(and also
for the excited states when m=0) the preceding equation

reduces to




A4S

I =8I + 6T + 4T =+ 121 = 24I + 3I —+ 61
) =1 1 2 3 10 11 12 13 n4
3 v
2 I =4I + 3I
4 5 6
where
Il'—‘j\}/(o)e)‘{/(o)dl- I;f%/(o)@’((/(éa)da-
1;5 W(0)8 Y (48,87 an 14=§w(o)6q/<o)az:
I{;—‘S Y(o)BY(48)a e I;5W(o)®'%48,57)d'2:
I =[\P(48)6W(48)dﬁ- I =§l{/(48)®'({)(57)d'&
10 11

Il';f(y(zs)e’q/we,s'?)d} §(M48,37)8L{/(48,37)d}:

I —_
: 13
Il;—‘ g&p(48,57)®'t{/(48,26)d'&:

Before considering the effects of this approximation
it is again instructive and later useful to introduce

theorems 3 and 4 and their proofs,

Theorem 3

The expectation value of an operator that is antisymmetric
with respect to an interchange of particles is zero.
Proof

Suppose operator,ff, is antisymmetric in all particles.

@/(pmm_-:@’ﬁc- x = S(ge x>

Nom Nam

Then

Furé%rmore if u and v are any functions of the eight position

&)
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vectors that are ,in general, neither symmetric nor anti=-

symmetric
(Aw)(Sv) = Alul5V))

for if fn= (5SV)u

/an

then it is clear that

Alu(sv)) = (5v)(fu)
Hence

X
(@ X) S(&e  x)de
Nam Nam

x)d4T

(G* XﬁjG
Nim

Nam

x*
= G X G X)idr =
J/ ( Nom pseg:NRm )) ¢ )[

But the integral of an antisymmetric function over all
space is zero.This can be seen by considering any anti-

symmetric funetion fn, for

s(I—? "?")ooog
> -> 4 k = ) - - 11
ﬁfﬂ(r seel )dI' eeosdr = 1 fn(r'o-or')
1 N 1 N N 1 N,
S(I‘ - r')ooo
N 1

. 5 SN
AT o0eQT AT'.,.dT?
1 N 1 N
Integrating over the unprimed clearly yields a zero value.
Hence the expectation value of an antisymmetric operator

is zero.

(7 %)
1 N

S
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Theorem 4
Supposef3'is a symmetric operator with respect to an
interchange of any two particles and the wave functions

gy andgu can assume any one of the three possible forms
1 2

Wlo), Y(1]), and ((15,1m) end 1i,3,%, and m cen assume o~y
integer of the set from 1 to 8., Then all integrals of the

form
B
a
Julews

are invariant under any exchange operation, P , on the
ij
complete integrand for all nine possible combinations of

LPl and LVB.

Proof

Consider the integral

*
I =ft{/(ij) S Y(nm, kDA

Since operator GTis symmetrical under interchange of any

two particles then

*
I=|P 13,k &Y dx
fkﬁgw(a ) q(nmﬂs

where P is the exchange operator which interchanges
K :

2 .
particles k and R . But it is easily seen that

Pkﬂz b ﬂk&

where(ﬁ is an operator which antisymmetrizes it's operand
"

L
with respect to particles & and 4. Therefore




* A«
I=§L}/(ij,k9)® V(mm)dz - Jﬂmg LP(ij,kR)@W(nmPS ax

However by theorem 3 the second integral in the above expression

is zero, Hence

£ *
fW(ij) @W(nm,kﬁ)d&={(f(ij,k£)9' W(mm)ax

Similarly for all other combinations,

A further insight into the approximation involved

) when the wave function is antisymmetrized only with respect
to particles with the same charge-spin function will now
be obtained by the following theorem, This is an important
theorem/for the Hemiltonian of a system of nucleons is,

)
in general, symmetrical,

Theorem 5

In the cluster model of Be8 the approximation involved
by assuming it necessary to antisymmetrize only with respect
to nucleons in the same charge spin state is strictly valild,
in the ground state, in the determination of the expected
value of a symmetrical dypamical operator with the magnitude

of discrepancy being zero,
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Proof
It follows from equation%gibr the expectation value
of an operator in the ground state of the cluster model

8
of Be +that for the more general case of possible differential

operators

2
N<®>=lai I =4I + B3I =4I =+ 4I -+ B3I -6I + 12I
12 3

\ 15 10 17 12 11
-6 = 6I = 6I <+ BI -+ 6I \g N 5
16 18 19 13 14
where |
&
jtl/(%)e‘qﬂ(om} 116=JL(/(26)®'(,1/(37,26)<1E
%
I jq’(% 57)5“/’“’“ 118=S P(e8,37) & Y(26)at

ft// (48 37)@?(57)&& |

It is shovm on page 38 that if operator,fy, is symmetrical

(ie.invariant with respect to an interchange of any two

nucleons) then,

2
N@&)=1 =4I + 31
<> 1 2 K-

Hence to show that the discrepancy introduced by the approximation
in the wave function antisymmetrization is of zero magnitude
for symmetrical operators it is required to show that
7T - 28I + 211 -3 + 41 =4I -12I + 6I *~ 6I
1l 15 17 3 2 10 11 12 16

+6I + 6I =3I =6I =0
18 19 13 14




However it follows from theorem 4 that

1 =1 ,I =1I ,I =1I ,I =1
17 3 15 2 10 1 12 2
I =1 ,I =1I , I = I ,I =1
13 1 16 2 18 2 19 2
I = I ,I =1
11 3 14 3

for symmetrical operators., Hence the theorem is proved,.
It follows from theorem 5 that this approximation in
the wave function antisymmetrization is strictly correct

for ground state energy level calculations. It can be noted

however, thet the approximation addg nothing to the simplication

~ of these calculations,

Corollary

For the determination of the expected value of quantum
mechanical operators, symmetrical under the interchange of
any two nucleons(such as the determination of energy levels),
in the cluster model of the Be8 nucleus it is sufficient i

to satisfy Pauli's exclusion principle in the frame of the

simple shell model and not necessary to satisfy the more !
fundamental requirement of nature that the wave function be ;
antisymmetric.
Theorem 6

In the excited states of the cluster model the expectation
value of a symmetrical operator(such as a hamiltonian operator)
void of exchange effects can be determined from the unanti-
symetrized wave function.
Proof

The proof is seen from theorem 5 and from the fact that

spherical harmonic functions are orthogonal,




It follows from theorem 6 that,in the excited states,
the energy levels corresponding to a hamiltonian operator
free from exchange effects can be described by an unanti-
symmetrized cluster model wave function. That is, the
exchange integrals arising in the expression for this
type of operator vanish in the excited states. Thus, as
far as the energy levels corresponding to a hemiltonian
free of exchange effects is concerned, in it's excited
states the nucleus is behaving as though it consisted of
two distinct alpha particles with no exchange of nucleons
between the clusters. This raises the question,"Does this
mean that,under these conditions, there exists no real

exchange of nucleons between the clusters"?Just because

one finds that there is no exchange effects in the expectation

values of the energy in the excited states it wouldn't be
possible to conclude that this means that there’ is no

exchange of nucleons taking place. This is seen from the

non~-zero values of the exchange integrals for unsymmetrical

operators.

The advantage of considering this unrealistic hamiltonian

is that some insight may be gained about the effect of the

exchange terms that do arise in a real hamiltonian.




g 2., Cluster Radius and Separation

Tt is shown in Appendix 4 that the following quantity
2

Z’B—_ Xz—\—ZR
i=1 i
§ is invariant with respect to an interchange of any two nucleons.
( Hence it is possible to find the expected value of the

above quantity through the simple formalism for symmetrical

operators given'on page 38.This suggests the following
algorithm for the determination of the shape of Be8.

Step 1

Determine exactly

4<‘6 2> + <R2>

through the application of the symmetrical operator formalism,

Step 2

Determine the approximate expected value of the square
of the relative alpha cluster separation with the wave
function which is only antisymmetric with respect to particles

in the same charge spin state

Step 3

The expectation of the square of the cluster separtion

is found from the results of steps 1 and 2,

Before proceding it will be recalled that the energy
of the nuclear system subject to the approximation in step 2
is the same as the correct value and furthermore,although

the wave function is not completely antisymmetric the

exclusion principle is satisfied.




Denoting the expected value of the square of the relative
separation when calculated in the framework for symmetrical

2
operators by (R >,‘ it follows
st

<R2> f g ax
st N;un= ('/)N,Qm L'Ul\mm
¥
atd
j LPNnm ‘.Pl\um

It is seen from Appendix 12 that

2 2 2 2
<R > - I(R )1 - 4I(R )?—\— 3I(R )

sf’ Nom 3

I =4 ~+ 31
4 5 6

and this reduces to

3

21

——e

3 ]
8 2

3 ¥
I(28) -2 J(5a+pB ,8a,0 + 32 J(a+p ,0, )
(26) Pg__] (_52 B _55.33»«6) [?ELF} (axf ,0,a + 8

6n-

where
)

2N+ 2 2
I(p)=) R exp| -pR | dR

(=4

N+ 2 N+ 2 2 ’ 2l m n '
J(p,q,8)=| R! R exp [pR' -+ gR'eR = sR YX(R)YX(R')deR'de:

3
2 8 2 3 2
<R > 3{(2?) -2 [_s_] 1<§§+p,§§,§_&+p) + Be2 [__eﬂ Ala+p,0,a+f)
sf/— 6 T 3 3 9 |
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SN+ 4 2
E}(p)= R exp| -PR dr
[
N+2 N+ 4 2 ) 2l m m
A(p,q,85)=|R* R exp|-pR' + GR'eR - R Y, (R)Y, (n)dRARTARAR!

These integrals have been evaluated analyically in Appendix

17 and 18, The expectation value can now be written

3 3
2 8 2 "3 2
R > =f(2¢e) -~ 2 1\ 5 8,5+ ¢£)+ 3e2 [ 1] A (1+€,0,1~€)
a< sf Nﬂmg/( [6‘“’ Q(§+E’3 3 [‘231} *
B ‘ 3

8 2 3 z
T(26) = 2[ 1] T(B+g,8,5+€)t 32 [ 1] J(1+€,0,1+E)
6 3 3 3 ™
|
where wm the %V'°\Ah°\ atTate |
F(26) 11+9¢7+5¢3 v
13t5  6+%
2 3
o o ot ) |
(54+6,8,5 +€) = 753 T (5 -+ BE 5 :
3 5’8 7 T |
2 (3 + 10e +3E ) ;
5 '8
+ 502 + 1le2
3 2 2
(3 + 10€ +« 3¢ ) 3(3 + 10€& + 3E )
2" 2 2
Q(1+£,0,1+E) = 5 o3 o7.T¢

7 8
2 (L+€&)
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T(2€) = 9e7e5e3JT

1173 5%
2
' C4vd 2
T(5+ € ,8,5+€)= B3 TV 5e3
3 3 3 6 2 3+%

2 (3+ 10&€ + 3E& )

"5 "8
7652 -+ 72
T — 2 22
3(3 + 10€ +3€ ) (3 +~ 10€ ~3€ )
2 2
J(1+£ ,0,1+£) = 15 T
6 7
2 (1~¢€)

The expectation values have been evaluated for various
values of € and the results are tabulated in table'l and
plotted as a function of € in figure 2,

The next problem which is considered is the calculation
of the expected square of the alpha cluster radius within
the symmetrical operator framework., Without loss of generality
the prgctation of ];2 will be evaluated in this framework,
The <st>will denote the expected square of the alpha
cluster radius calculated in the symmetrical operator
framework.This expected value will be determined as a function
of the variational paremeters that agpear in the generalized

cluster model wave functions for Be ., For the definition of
=

Y see equation 8 page 1l. We have that
i
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<X i> Nem JWNZ“ XZ WNQm °
Nam N&m

where the wave functions are antisymmetrized only with
respect to nucleons in the same charge-spin state. Employing

the results of the preceding work in this chapter we have

that
< 2> ) °) sy
I - 4T 31
)/Sf = ( 8 7 (K8 8 8

I -4I + 3I
4 5 6

where

2 2
Iv{k{/(o) “68 Y (o)at Is=jk(/(48) h’et()(o)dz

2
I;{W(sv,%) UBL(J(o)d}

Tt now follows from Appendices 19,22,and 24 that

2 It = 4T 4+ 31!
a f >= 1 7 8 9
sf g 6 8 T+ % 3 1+s
™ 2 I(2) -2 | & T(B+E ,8,5+E)+3%2 [ a T(&,
BT 3 33 2
0,1+&) -
where
5 9+s

ot i A




T P A e OS5 < 155

W

R ET )+ 2 A )
r=2 T 3 T(54 £48,5+E) +~ 2 B+E£,8,5+€
3 2% = <5 %
3
5 +
"_2_2 T(_g-rEa.g’s-\-&')
3
5+5  7+3 '
ItT= 2 T 5e5 F(L+E ,0,1+E )+ o (L+E£,0,1+E)
9 =
2

In Appendix 21 it is shown that

) 2 2 4+3 Tr’:a 5
T(54£,8,5+€)= 7 _o5 3 1 4 3.2
BT’ =5 2 avk 5
2 (3 +~10£+ 3€ ) 5(3 + 10€ + 3£ )
8
112
+ Z 2

5e7(3 + 10€ ~ 3E)
With this expression the value of the product of the r.m.se.
radius, determined within the fremewbrk of symmetrical
operators, and Ja' has been calculai;ed and plotted as a
function of £ for the ground state. The quantity ‘
4<X2> +<R2> is tabulated in table 3 and plotted in <figure 5,
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Now the value of the expectation of the square of the
relative alpha cluster separation is determined with a wave
function which isantisymmetric with respect 1o particles in
the same charge-spin state. It follows from page4® and the

results of Appendix 12 that

2 Tt = 8I! + 6I' + 4I' + 12I' - 24T + 3I' + 61!
a<R> 1 1 2 3 10 11 12 13 14
9 9 8 _ 1% GO
™2 I(2¢) -2 [ & T(5+£,8,8+€)+3e2[ 1] IT(1+£,0,1x
6 3 33 2
where now
9 6 ,,
Ir=1 2 F(2¢)
121 5713
It = 2 [1»— l A (B+£,8,5+€)
2 3 3 3 3
7+%  T+E
r= 2 1 Q(1+£,0,1+E)
3
10+%  7+%
It = 2 ™~ A(2 + 26,8,8)
10 3 3 33
3
Al 7h
It = 32 ™ J(1+€£ ,0,1+&) + 4 Q(1+€,0,1~&)
11 3
6-\-% ’7+—§~‘5 2
It = _2 - B T(5+E »8,3 +E) ¥ 10A(5 + €,8,5+E)
12 3T 3 3 3 3 33
3

3
-2 T(5+E,8,5 +€)
3 3 3
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R ond-
It = 3 ‘7'5“‘
13 Ttk Dte
2 2 E 2
3 2 - 9+%
It = 3 o5 I~
14 3+g 7
2 (1+¢g)
and
. B+ 2
A2 + 26,85 8 ) = 7953 1 34+ 5 -+ 7
3 3B 28 ot 3 BE - 3 2
2 & (1 + 3E) Ze2 &£
“+ 1 -+ 11
z 3 4 8 4
2 o3 & % o2 £

From this result the value of the product of the r.m.s.
radiu s,determined with a wave function that is antisymmetric
with respect to an interchange of nucleons in the same
charge-spin state, and the square root of the width parameter
tgh is computed and is plotted.as a function of the ratio
of the two width paremeters,& . Then from the values of
4w<¥8> +<?2> the root mean sSquare cluster radius is calculated
as a function of a and€ ., Next the degree of dumbbelledness
of the B98 nucleus for the ground state according to the
cluster model is calculated and plotted as a function of € .
The degree of dumbbellednéss D is defined as the ratio
of the r.m.s., expected cluster siggration to the expected

root mean square radius of the alpha clusters.
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TABLE 1

R.M.S, CLUSTER SEPARATION DATA DETERMINED

FROM SYMMETRICAL OPERATOR FRAMEWORK

=&Y

16,583
11,726
9.574
8,292
76417
64771
64270
54866
5,532
5.250
5,008
4,800
4,613
4,450
4,503
4,171
4,052
34943
3.844
34755
54670
3,592
34521
34454
34392
36335
34280
34230
3.182
54137
3,095
36055
34017
2,981
24948
24915
24885
2,856
2,828
2,802

e R

4l
+42
43
44
45
.46
47
48
.4:9
.50
51
52
.55
04
«55
«56
e 57
.58
29
«60
.61
62
«63
.64:
«65
.66
«67
.68
«69
«70
71
72

24777
24753
2,730
24708
2,687
2,667
2,648
2,629
2,612
24595
2,578
24563
24548
2,534
24520
2507
24494
2.482
2,470
2459
2,448
2,438
2,428
2.,418
2,409
2,401
2,592
2,584
24377
24569
2,362
24556
24350
2,344
2,338
26,331
2,528
2,323
2,319
24315

.81
«82
83

«85
«86
«87
.88
«89
.90
.91
«92
093
.94‘
«95
«96
'97
«98

1,00
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FIGURE 3

The ground state, expected root meen square,
8
separation of the alpha clusters in the Be
cluster model as determined from the symmetrical
operator framework. The separation is given as

a function of the variational parameters,

<R > denotes the expected root mean

Nam
square cluster separation in the nuclear state

corresponding to the quantum numbers,Nfm ,
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TABLE 2

R.M.S. CLUSTER RADIUS DATA DETERMINED

FROM SYMMETRICAL OPERATOR FRAMEWORK

wled

3,000
3,000
34000
3,000
3,000
3000
3,001
34002
36003
3005
356007
5.010
3,013
3,018
34023
5;029
3,036
54045
5,054
3,064
3,076
3,088
34102
34117
34133
3,151
34169
34189
34210
34233
3.256
34281
34308

s 8lao

04
35
36
«37
58
99
«40
4l
.42
43
44
45
.4:6
47
48
49
«00
51
52
53
.54
.55
.56

36335
3564
34094
34426
3e459
34495
3.528
34565
34604
34644
34685
36728
3772
3.818
3865
3¢914
30965
4,017
4,071
4,127
4,184
4,243
4,304
4,367
4,432
4,499
4,568
4,639
4,712
4,788
4,866
4;946
5.028
5,114

e &

.68
«69
70
71
o782
73
o4
*75
76
77
.78
o79
«80
.81
«82
«83
84
«85
«86
«87
«88
«89
ng
91
092
e99
¢ 94
¢95
«96
«97
¢ 98
«99
1,00

5,201
5.292
54385
5.481
54580
5,682
5.788
5,896
6,009
6,124
64244
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FIGURE 4

The ground state, expected root mean square,
radius of the alpha clusters in the Be8

cluster model as dgtermined from the symmetrical
operator framework, The separation is given as

a function of the variational parameters,
<\62>~£Mdenotes the expected root mean square

cluster radius in the nuclear state corresponding

to the quantum numbers, NX m,
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TABLE 3
DATA OF WEIGHTED SUM OF THE EXPECTED SQUARE
OF AIPHA CLUSTER RADIUS AND SEPARATION
€ Win®] g @] g @)
.01 311,0 34 53 44 .68 113,.9
«02 17345 35 54,0 69 117.7
«03 127 .7 056 54,6 70 121,6
«04 104,.8 37 5543 71 125.8
+05 91,0 +38 56,0 78 130,1
«06 81l.9 39 56,8 73 134,7
«07 753 «40 577 74 139,5
+08 70.4 o4l 58,6 75 144,5
«09 6647 42 59.5 «76 149,9
10 63,7 43 60,6 77 155.4
o1l 6l.2 44 617 78 161,3
12 5943 45 62.8 79 167.5
13 5746 46 64,0 «80 174,1
o 14 56.2 47 6545 81 180,.9
e15 55.1 48 66,7 82 188,2
«16 54,1 «49 68,1 83 195,.9
17 5363 90 69,6 «84 203,9
<18 5246 51 71.2 «85 212,5
19 5241 5} 7249 «86 221.5
20 51.6 93 74.6 «87 231,.0
21 5143 004 7644 «88 241,1
228 51l.1 095 7844 «89 251.8
23 50,9 «56 80.4 «90 2630
24 50.8 97 82.5 091 275.,0
25 50.8 98 84,7 «92 28747
«26 50,8 +1¢) 87.1 093 301.2
27 50,9 60 89,5 94 315.4
«28 51,1 61 92,1 95 33046
29 Sl.4 062 94,8 +96 546,.7
30 51e6 063 0746 97 36349
31 52,0 «64  100,5 «98 382.1
«38 52,4 65 103,.6 99 401.6
eDD 52.9 « 66 106,9 1,00
«67 110,.3
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FIGURE 5

The weighted sum of the expected square of the alpha

cluster radius and separation,

Weighted Sum = O\EG’B> + <R2>]
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TABLE 4

R.M.Se. CLUSTER

& [

5,887
4,180
3,427
2,980
2,676
2,452
2,280
2,141
2,027
1.931
1.848
1.777
1,714
1,659
1.609
1,565
1.524
1.587
1,454
1,423
1.394
1.367
1,342
1.319
1,297
1,277
1,257
1,239
1.221
1.205
1,189
14174
1.159

SEPARATION DATA

o &

1,145
1,131
1.118
1,106
1,093
1,082
1,070
1,059
1,048
1,037
1,026
1.016
1,006
«995
«986
«976
¢ 966
« 957
0 947
« 958
»928
919
«910
«900
<891
.882
«873
«863
854
844
«835
«825
«815
«806

=

«796
«785
o775
o765
o754
o743
732
«720
«708
«696
«684
.671

«506




0

FIGURE 6

The ground state, expected root mean square

8
separation of the alpha clusters in the Be

cluster model as g function of the variational

parameters,
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TABLE 5

R.M.S. CLUSTER RADIUS DATA

A
@JLX7
" 84312
6 o246
5583
4,896
4,579
4,554
4,187
4,058
34955
50871
3802
34745
54696
34656
3.622
54594
34570
54550
50534
3.522
34513
%4507
349503
54502
54503
34507
34513
54521
54531
34542
34556
3.572
54589

€

04
1:15)
056
037
e58
39
40
4l
42
43
3
.4:5
46
47
48
.49
«50
oSl
52
03
54
«55
«56
097
.58
«59
.60
o6l
.62
63
«64
«65
«66
.67

&[T

5,608
54629
54651
3,676
34702
34729
54759
34789
34822
34856
34892
36930
34969
4,010
4,055
4,097
4,144
4,192
4,242
4,293
4,347
4,402
4,460
4,519
4,581
44645
4,710
4,778
4,849
4,921
4,996
5,074
5,154
5.236

YW

5,521
5,409
5,500
5,594
5,691
5,791
5,894
6,000
6.111
64224
64342
66463
64589
6,718
6,852
6,991
7134
7.282
74456
74595
7759
7929
84106
8289
8478
84675
8.878
9,090
9,309
94537
Q774
10,020
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FIGURE 7

The ground state, exXpected root mean square
8
radius of the alpha clusters in the Be

cluster model as a function of the variational

parameters,
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TABLE 6
DUMBBELLEDNESS
«708 o4
«669 0«05
e637 36
«609 37
584 58
#9563 «39
.544 .4:0
«528 o4l
«512 42
«499 43
«486 odd
474 o45
464 «46
0454 W47
444 «48
«435 «49
427 «50
o419 .51
0411 .52
0404 «D3
0597 54
«390 «55
« 083 .56
77 «57
370 .58
0564 «59
0358 «60
¢352 .61
0546 62
0540 63
0334 64
0329 «65
0323 .66
«67

DATA

0163
«154




FIGURE 8

The degree of "dumbbelledness" of the nucleus

of Be8 for the ground state according to the
cluster model, D denotes the degree of
clustering of thgﬁglpha particles and is

defined as the ratio of the expected rem.s. cluster
separation to the expected root mean square

radius of the alpha clusters,
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s

(2)

Pearlstein, Tang and wildermuth have assumed a certain
nucleon-nucleon potential(for the details of this potential
see reference 2) and found that the values of a and@ that

correspond to minimized separation energy for the ground

state are
) 25 -2
a = 4,33 x 10 cm
T 25 -2
B = 3,15 X 10 cm
£ = 0,728

From these values and the results obtained in this thesis

it follows that for the ground state

5 . a5
<R> = 1,13 x 10 e,

4ov

<2> o 13

& 400 880 X 10 ci.
Hence from the combined results of the expected alpha cluster
radii and expected alpha cluster separation obtained in the
work presented here indicate that the cluster model of
Wildermuth and Kanellopoulos(Reference 1) with the nucleon=-
nueleon potential assumed by Pearlstein, Tang, and
wildermuth (Reference 2 ) predicts that the Be8 nucleus
is ellipsoidal in shape but only very sightly and that the

8 €
Be nucleus is difuse.
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CONCLUSIONS

In an effort to obtain a physical picture of the cluster
model of the Besnuclaus., the expected root mean square separation
of the clusters, root mean square radius of the alpha clusters,
and a quantitative measure of the degree of "dumbbellness"
have been obtained as functions of the variational parameters
in the cluster model wave functions., The results are given

in Figures 2, 3, 5 and6. Employing the values of the parameters

obteined in Reference 2 for minimized binding energy it
has been found that Be8 is very slightly ellipsoidal in §
shape and a very diffuse nucleus, ’
However, to fully eanswer the question of whether or i
not the cluster model describes a collective distortion
of the Be8 wave function,that can be described in shell
theory only by including configuration mixing, the cluster ;
radiuq and separation should be calculatéed in the shell
model, This calculation is now underway along with the
considerations of whether or not ggneralized cluster model
wave functions form a complete set,
In this thesis many important mathematical and physical
properties of the cluster model have been uncovered,
Symmetry considerations of the cluster model have been usefwltin

the development of these mathematical and physical properties.
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APPENDIX 1

The object of this appendix is to find the normalization, Aj,

in equation (2) on page 5. We have that

1
+=
3

Ongm = A exp --a-zi- Ly (ar?) Y ©,¢)
2

The normalization factor, A;, is determined by the requirement
1
{+=

jexp[ ar:‘ 24 N Lar?) 2l v e, ) av = 1

where dv = rzsine dedédr. Hence

|A

, Are /?+%
12= ) 2| .28 | L ( 2)2 Ym(e¢)2 2sinededdd
A expl- ar| r n-g flar 1 , r“sin 4) r
00O 2
£ 'Q.F%
—f exp[- arz:\rz (£+1) LN-—(} (arz) dr
o Y
5
& 1
. | Az 2
= 1—3 exp[-tt LN—J) (t) dt (where t = arz)
2a+§g 2

_ e
. T 5

£+ 3 N-A 3
2a 2J_‘( ) '*'1)‘—1(/(4"2')_

from the evaluation of the preceding integral in reference (4).




Finally

3
+ =
/(2

1

N-{
(=

+ 1)

2a
N+
[
L.

3
+-§)

D=
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APPENDIX 2

The object of this appendix is to prove the identity

A, X , TR Rl
5 ey a RO+ y Yo D
=1 =1 =1 q=1

On page 11it is given that

ni 4
- l - - ->i - i -
R; = n, Z r  and Yl—— r:l - Rx’ ..... Y = rn - R1 |
q=1 1 1
Then
l'll"1 ni"'l n > s
- . 1
Y i -y - (n-1)R =) T oo (n-1)R, =Y
q q ! : - q B 4
and so
-1 n.-1
A x [ .2 x | -l = - .
2 _ i =Z Y +RrR) + (R - ¥i)
)2 Ty 2 Z r / 2 q i ) z‘=1 P
i=1 =llLqg=1 _ Fll g1
k j-1 . N ni-1 nj-1 5
=212 o +2TJ~R,+R?)+R?-2R_' W;HZ )
q J
F1l =1 p=1 p=1
k nj,—l nJ—l
. 2 —->: 2
2 I
nR“ + + YY)
= Z I Z YJq Z q
F1 a=1 q=1
Similarly
A k n:—1 n.-1




Q0

For simplicity in notation the momenta is written in its classical form,

—
mV~. This, of course, is later replaced by its operator

quantum mechanical calculations.

.—->
év for
i
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APPENDIX 3

The purpose of this appendix is to prove the following

identities
3 3 3 2
2 2
+ =
Z 'Yi (Z 'Y'i) Z ﬁ1
i=1 i=1 i=1
and ) 2 5 2 5
2 P; n. a A 5 Pem 4n2a2¢1ﬁ21:22 p2
_J I _ C cm
) |mEt T R i 20 4
=1 i =M 2M 2M M
Let
Ay 2tV Py =Ty TV 3 By =Ty T
Then it follows that
-—>J 1 ”’j "j’ - "’J i - ->j - -3
Y= = (=B +B 4B )Y == -8+ yi == (g +
1 2(,91 2 3)’2 (ﬂ1 ﬂzﬂ)’s (’51’5
and
.2 _2 -2 .2 - - . -y -—
=1 J J i I .51 Il i g
i =1 (gl +pl gl -2pt g 28 g+ 28 A)
1 4 '52 3 1 2 ? 3 g 3
.2 .2 2 2 .o, ,
SR ST R ART AN URY LTI Ry 1)
2 1 2 3 1 2 1 3 3
2 2 2 -2 - >, -. > —>r >
yI¥= 1 gl gt gl 4 gt gt _o2pl gt _o2pt gt
3 4 ﬂl ﬂz 3 ﬂl 62 ﬁl 733 ﬂ 3
Therefore
3
) vi=3 (ﬂj2+/31 i) - Ll Bl +B1 B v B 1B
—_— + - . + . .
1 2 Z(ﬁl 2 13 273

;
SRS .-

A BT




r:m'""ﬁ.xﬁ"

R G

=T
Also
3 . 3 3 !
J 1< = i 2 . 2 .2 .3 - . ;
Z‘Yi=_2_z ﬂiandso (Zvi) =%(P" +AI +'3J+2'BJ_'B; ;
i=1 i=1 i=1 1 2 3 1 o9
--)J. >, —, -
+8! . pI + BB
13 2 3
Therefore

3 E 3 - 3 j2 3 2 3, 3 .,
2 iy (Z.Y.) =Z B. and similarly 7 Ye g =5 Bl
=1 ! i=1 1 i=1 ! =1 ' =1t =1

—
This proves the first identity. Consider the second identity: Define R

- :
and R,y as follows: ;

_> >

R=R, - R.; R =_- <
1 2 cm 2
Thus
—_ g b d - — =g
_ R . R
1:‘)'1_"'-}'Rcrn’ R2—Rcm——
2 2
2 - - 2
=% +m-835 +2E rRP=r? _rr +X
1 cm cm 4 2 cm cm 4
Therefore
2 2 2 . . . .
R° + R2 = 282  + R and similarly, R+ RZ=2R% + R
1 2 cm 2 1 2 cm 2
Then
¢ 2 . 2 . 2 .
52 4 P? = (4mR ) + (4mR )°=32m° R° + 8m® R?
1 2 cm
and 5 5 2
2 2
2
P n.afh R.
il i i 1 2 2 2 _2 22,2 _2
g — = — + 8 + 2 =3
_Z oM. oM, om | 32m R_ +8m R n"ah RO
=1 J i
+ nzazlﬁz Rz

2
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APPENDIX 4

In this appendix it is shown that the function,

‘ 2
x _a ex 2aR
ool -2 T #Joe - 22 ]

is symmetric with respect to an interchange of any two position vec-

- -
tors, r; and Ty

The problem at hand is, essentially, to show that
Z 2
Pi + 2R is invariant with respect to an interchange of any

two position vectors, 1—'-: and ;; It follows from Appendices 2 and 3

that

Also from equation (8), on page 11it follows that

2 .2 2 4

2
’Y‘f:r‘!-ZR r'[+'R a.ndZ’YJ Zr —2R Erj+4R
! - I § i=1 ! i J
Therefore
8 2 4 8
2 2 2 2 2
Y= Y5 = - 4(R° + R
Z i Z Z i Z % ( 1 2)
i=1 =1 i=1 i=1

Also 5 2 > 5
2) =2(R1—2R RO+ RE)

2 .
2R™ = 2(R1-R 1 5 5

This finally gives

6 8 8
2 2 2 - 2 2 8
- 2
E Bi+2R =) r - 2(RyTR,) = ) ry - L5 5




-
two position vectors, r;

-—
and ..
J

which is seen to be invariant with respect to an interchange of any

e
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APPENDIX 5

It will be shown here that the spatial antisymmetrizalion of
. _ 2, 15 . .
the function £f(R) = - 10 aR™+ vk with respect to an interchange

of any two position vectors yields a zero result, i.e.

/4 (- 10ar? + 13) =0
s 4

where/4 s denotes a spatial antisymmetrization operator.

It has been seen, in the formulation of the cluster model,
that the model is often 'stabilized" into the realm of the independent
particle model, This stabilization process is a consistent feature in
the construction of the cluster model. This "principle of stabilization"
will now be applied in the following antisymmetrization process.

From equation (2), page 5§, we have the result that the

single independent particle wave functions are given by

a1
arz ; l2+§ 2
4)1 = Ai exp[— -5 :\I"‘(LM (ar ) Yllén (e,?)
2
where

3 1

X+§P(M+ 1)7 2

A; =

2a 2
l_‘(N + A+ 1,
- 2

1t follows from this that the single particle S_state wave function is

iven b
g Y 3

.1 2 3 2
S =[7—T‘J2 exp\:— E’éz :‘=[%;\2 exp‘i— a2r ]s:(N,J(,m) = (0,0,0




%7

In the 1P state the single particle wave functions are

5 | =
3 |2 2
Pyg = Zas exp|- 2% z: (N,f,m) = (1,1,0)
- . 1
_ a2 2 ar2 . /{' =
P11 =- Y exp| - -—2-— (x+iy): (N, ,m) = (1,1,1)
| 72
571 ,
a2 )
Pi1=|—5 2 exp|- ——azr (x -iy): (N,f,m) = (1,1,-1)
2
w
=
o~“é
where z = rcos ¢, y = rsin¢>, and x = r sin&cos (bA To simplify the

notation we can let,

s =.1, a = 2z, x + iy, and ¢ = x = iy
Also
- —>
R=R1z=?1+;2+¥3+;:1—?5-1:%—?7-;3
4
= x1+x2+x3+x4-x5—x6-x7-x84
( )iy
4
+ Y1 ty2*tyztyg-Ys5-Ye Y7~ Vg
4 ig
+ 24 T2yt 23t 24 - %5 - %67 "7~ "8
( 7 Jig

where the subscripts denote the associated particle. With the above

B s



a

notation we have,

b+ ¢ and =b—c
2 Y 51

N
|

o
"
i

With this the expression for Ry, becomes

B, = (b12 + 12, Pip - c1p -
where
a12=a1+a2+a3+a4-a5—a6—a7-a8
4

b1+b2+ b3+b4---b5—b6-b,.(.-b8

by =
4
clz:°1+°2+°3+°4-°5"°6‘C7‘°8
a4
It now follows that
2 2
= +
Ry, = a5 T P50,
and -
A g2 2 2
R = = +
/ /)Rlz ) Ab12°12

Consider the term

2 _ 1

In the frame of the independent particle model each term in the ex-
pression for R? should be a product of all eight single particle wave
functions. When the above expression is multiplied out only the linear

terms are kept since the a.2 terms do not correspond to a product of
i
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APPENDIX 7

The purpose of this appendix is to prove the following

> > - -
JSf(:?l...';N) a0y .. Ay = /Nljf(xl...xN) Xy ... dxyg

IS - .
whereS is the symmetrization operator and f(xl. ..xN) is some

function of the N independent variables, X;.

It is clear that ~

. S -yl =S ™
S 2 5 n o o ) S(Xp-xq) v §(xq-xpy) - -,
zfx1...xN)= po— f(x...x ............. Ve eseseessstdx ...dx
/N LN > 1 N
S(Zy-%) §(xpg=n)
i N-X e XN-Eg
where [ . :\ denotes a permanent; that is, a determinant expanded

in the normal way except that all the terms are added and there is

never any subtraction involved. Hence
T T
>
1 S(xi . S(xl-x
T d - - e el ! - !
Sf(xl...xN) dxq...dxN = f(xi...xN)
/N
| e —?c' S(X )
N tr N~ N

s St B
dx 1 dedxl dXN

>3t d >!

1
=} f(xl. . .xN) NI dxi. . .de
(after integrating over the unprimed system. )

S > > >
=N E(Ry L Ryg) Ay dxyg
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APPENDIX 8

In this appendix a summation over the intrinsic and isotopic

spin coordinates in equation (25) page 29 is performed.

Equation (25) is of the following form:
Da /24! /QG X(s T)* p| S(2,-2) S, -2 @ x(s,T) ar
NAm ’ 171 8' o NA m !

This can be written

5(5*1_';'1') §(s1,s'1') J(t1,t'1') . .S(l'»’l-?g)é(sl,sg)

DCﬂGN!m(. .?;'..)X(S,T)” S(tl-té)d

S(Zg-7) $lsg, s ) Sltg,ty ). . S(Fp-2g) Slsg,sg)

S(tg,tg)
—_, s - ) 1 )
S(Z,-2) Slsyosy) Blep,v) . 8T =) 3lehsg) Syt
............................................... | GNXm( ?i.)X(S,T)d
5(;’8-—1‘"1)5( 8’81)5(t8’t1 J(rB"rB)J 58,58)5 t8 8)
where

X(S,T) = Jo1,3) Slty,3) 5(s2,%)3<t2,-%)a(ss,-%)z(tg,%) §(s,-2) Blty-

1 1 1 1 1
5(853 §(t5,—)3(85, (tﬁ"§)5(37"2)5“7’5)5(58’”5) J(ts"‘-z-)

" " "
X(S,T)" = J(sy,8) 8ty ,ty) §(sy,85) Blig,ty)evnnn. d(t, b)) flsg,sg) dlig )

The above integral signs include summations over the unprimed and

primed intrinsic and isotopic spin coordinates. Performing this sum-

i ; : - no,n
mation assigns the following specific values to si,ti » Sy and ti:



"

92D,

Therefore
ERTE
-dejGNlm (..rl. )

S ?1-}"1') 0 0 0 5(5’1_}’;) 0 0 0

0 J(?‘z-"g) 0 0 0 J(?‘z.}"é) 0 0

0 0 J(F,-TY) 0 0 0 J(}’s-}’;) 0

0 o 0 T, 0 0 o 4 5’4_}’;3')
ST-7y) O 0 0 J(?S-'{;) 0 0 0

0 J(ife.’;") 0 0 0 J(E’G_‘f;) 0 0

0 o 4 ?7_’1:; ) 0 0 0 6‘(}'7-'1:'7' ) 0

0 0 o ¥, ?';) 0 0 0 5(}’8_’;;)

1"
dr GNkm (..%..)

3(?1‘?'1) 0 0 o AF-T o 0 0

0 5(;’2“—1::2) 0 0 0 J(;)z:;'e) 0 0

0 0 5(?3:1:'3) 0 0 0 J(?S'—r’;) 0

0 0 0 S(?4—'1:Ll) 0 0 0 (?3:‘;'8)
IFs-F)) o 0 o ET) 0 0

o IEFeT,) o 0 P [E R 0 o

0 o HFE) o 0 o AFE) 0

0 0 o SFTFY o 0 o IFe-Ty

.

ar
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where the integration signs no longer include summations over the

spin and charge coordinates.

terminant yields the identity,

— !

J(rl_rl)‘ ....... 0
0 0
0 0
-
O « s s s 0 e e S(r4-r8)
"
ST =% )eeunennn 0
5 1
0 cens 0
0 e e e e 0]
0 e ST )
8 8

where P.. is
1J
It now follows that

—
B(rl-:-r’.'l) e« o o o o ¢ 0
0 0
0 e e e e o 0
—_>
o ... JTy-Tg)
— !
J(rs—ri) 0
O teeese 0
0 e e e 0
1
0 e 57 -7 )
| 8 8

But,

(P48-1) (P37—1)(P26—1) (Pls-l) =2 1—1326-1315-1337—1348

+P56Pg7)

A tedious expansion of the above de-

= (Pyg-1)(Pgy-1) (Ppg-1) (Py5-1) S(R-Tq

- —vll)
r2-r

3

p.&

g(rz—ré).... 5(1‘8-1‘8)

- =
)

Jlrg-Tg

a spatial exchange operator. It interchanges ;: and

+

-
r,.

J

P

-t

= (P,gt1) (p37+1)(p26+1) (P 5+1) J‘(ri-r1

48p37

o e S

)

!
i
;
i

'
i
'
1

.

|
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and

(P48+1) (P37+1 ) (P26+1) (P15+1) =2 1+P26+P15+P37+P48+P 8P37+P26P37)

Therefore an integration over the double primed system of coordinates

gives the following result:

ste ot si
3 e

! s * %*
o] - - +P P G
Dj [GNim PLsCrtm P 154 m P37 m T asCNim’ 48 37 NAm

3k £
+ 1+P +P +P_ +P +P P
P37P 26 N4m P48P26GN/(’m:\ Cagm TP 26" P15 P37 T ag 48" 37
' —-r b e 4 | - -t pre——
+P37P26TP48P26) S(rl—rl) 3(r2—r )S(r -Tq )5( 4) ST rp- )3(1” —I‘6)

T, —r7)§(r —I"B) ar
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+ 2 Re[ Ilf(o y(26) - 1If(o) ﬂf(15) ~Y(o) \\f(37 ~VY(o *W(48)+’4f *ﬂr(zxs 37)
(o) W}f(37 26)+Y(o) \\f(48 26)-VY(15) ﬂf(sw 48)-Y(15) W(zs 48)
- Y1s) " Y(15,48)+Y(15) *Y(37)-Y(26) "V(37,48)- w)((ze) “Y(26,37)
- (26) V (48,26)+¥(26) ‘V(15)+‘Y (26) \\r(37 )+V{(26) W\f(48) ﬂ((s?)ﬂlf(zes
- Y(37) W15,37) -Y(87) Va7, a8)44(37) VY(a8)-(48) “Y(26,48)

- y(a8)” V(15,48)-Y(48) ) Y37, 48)+V(a8,37) Y(26,48)+ (48, 37)
(26,37

+ Y(37,36)" V(26,48)+ Y (15)" \5((48):|
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APPENDIX 10

In this appendix it is shown that the determinant at the
bottom of page 37 satisfies the following identity (at least for the calculation

of the expectation value of dynamical quantities) .

- 1
S(rl——;l)t-ncaoc-aa 0
0 S O
0 0
- —>1
0 e 3(r4—r8)
_ ! _ - ! -> ->1
§(Fg-Ty)eveeiienn O = 2(1-4P o +3P P ) §(x,-Ty). . §(Fg-Tg)
0 . 0
0 e e 0
0 e Z -7
rg r8)
In Appendix 8 it was stated that the above determinant is equal
-~ — 3! .
to (P48—-1)(P37-1)(P26—1)(P15—1)3(r1—r1)..... S(ra-r8). Hence it re-

mains to be shown that:
(Pag-1) (Pgy-1) (Pag-1) (Py5-1) = 2(1-4P,g73P 5P g)
Now,

(P, -1)(P 7-1)(P26-1)(P15-1)=P p p_P,-P, P P, .-P_F

48377 26" 15~ 48 37 26 48“37,}31

i
i

48 3

- + + + + +
P P,eP15 P 4P 37 PasP 157 4P 26 PP istP3,Pas"Past 15

-P -P -P _-P_ +1
48 “ 37 15 26

From the symmetry of the system it follows that:

=p
26 = 15’

P

P,aPa7PocPis = 1) PagPgrP1s5 = P26’ Fas

Py,PoeP15 = Pug’ FasPa7r 26P 15" PugTis T 26

P37P

P

37’ Fas 26 F15F37
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for the cluster model wave function in the ground state
and first two excited states, These equivalence relationships
between the exchange operators can be seen as follows

>

> >
P P R= -~P P R =PP P R
15 26 37 48 26 15

where the P void of subscripts is the parity operator.
Similarly

> > -r
P P P R=-P R=P P R
15 26 37 48 48

Now, consider the nuclear wave funetion
i=1 i

Wi(o) = exp[-’gaf_ Y J R4 exp{-pRzJ Y:(JE)

From the last paragraph it is seen that the equivalence relations
4

are strictly true when the operators are operating on R

2 >
and exp[-pR ] Also wrltingh’ = (T =R ), eeenes
2 2 1 1
oo Y = (1' - R ) it is seen tha'b the given equivalence

8 8 2

relations are valid with respect to the function exp [—-’*a ) K :,
i=1 1

However it is seen that

m
PP Y (51) P PY (R)

48 37 % 26 15 X

and m m
P PP Y(R=P PY (R)

48 37 26 R 15 L

The parity operation with respect to spherical harmonic
functions given by
. m
PYR) = (-1) T, (52)

Since £=0,2,4 in the three lowest statee the equivalences are true



10Q

Therefore,

(P48—1) (P37—1) (P26—1) (1:’15--1)=2(1—1326-13‘15—1337—13'48-}-1348133'7

+ .
p37p26+p481326)

Furthermore, it is seen from Appendix 12 that P26,P15,P37, and P48,
will each produce exactly the same effect in the calculation of the ex-

pectation values. Hence the identity holds for calculations of expectation

values.
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APPENDIX 11

In this appendix the following identity is proved,

) * 1 *® |
f’\VNﬁmOWNide =[/Gl\u,m(.}’i..) X(s,T)

S(Z,FY) S(sg,sh) Slipath) .. 5(FFg) 5(syeg) 8ty tg)

-

5(Zg-75) S(sg,0y) Slig,ty) .. S(Fp-Fy) Slsgitg) gty

Jlm("'?i") X(s,T) 4r

'
X dar @GN
where@ is some operator that is symmetric in all particles (not a
symmetrizing operator) and the integrals include a summation over
the spin and isotopic spin coordinates.
Because operator O is symmetric in all particles,

Cj'\\"‘me = @ﬁ Cadm X =ﬂ GGNImX

Also from Appendix 7
(Aw) (Av) = SteAv)

where u and v are any functions of the eight position vectors. Hence,

3

wsN/?m 6\‘1‘ij - /Q(GNme)m ﬂ(@GN,ng) =S(GmeX ﬂ@GNka

) GGNA’mX]

st
5

=S (GNYmX 6/4 G‘Nl’mx) :S [(ﬂGN,(’:mX

Therefore

(&) ——fS [(ﬂG;ij*) GGN}mx] ar




102

In addition it is shown in Appendix 7 that,

-

JSf(?...?B) ar =/2;4‘—1 \ff(?l..

ot
b3

<O)>= /,2-/471J- (/qc;jmx') OG, X aT

<!
=I/jc‘l\wm(..'%'i..)x(s,'r)'

§(2,-F) 8l s 8y ) 8(F
- - -
5(1‘8—1‘1)5(38,51) 3(t8,t1) LIEY

T ) 4dr
8

SF) 8ls,hg) Bty tg)
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APPENDIX 12

The object of this appendix is to reduce the integrals 11’ 12,

I I 15, and I6 from page 31 to a simple form.

3) 4’

Consider the integral denoted by Il: We have that

6 -~
2
Ylo) = exp[-g L /zg]RN exp [ /992] Yy o)

1

Therefore it foilows that
6 5 N
11 = exp[— a Z ﬁ] R2N+1 exp[— ZﬂRZ:\Y? () YT () ar
i=1 !

Actually we are now only considering the seven independent vector
variables excluding the center of mass variables. We are not interested
in the center of mass motion and this is the reason that the center of
mass dependence was dropped. However, as far as the calculation of
expectation values are concerned the center of mass effect could just

as well be left in the wave function and an integration over all eight
independent vector coordinates performed. The reason is that the
center of mass integral would be a common factor in both the numerator
and denominator of equation (31). Hence, for simplicity, a center of
mass function, f(Rcm), that satisfies the condition ,flf(Rcm)' 2 dTem™=1>
will be included. In terms of the cluster system of independent coordin-

ates the integral, Il’ is written as follows:
6
o 2
Iq= exp[— a Z B 1 R2N+1 exp[— 2,8R2:l
i
i=1

where Ji denotes the Jacobian associated with the transformation from

2, .
\eh (O)‘ 7, dfy...dfg dR
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the independent particle coordinate system to the cluster system of

coordinates and is given by

dXq \Xl Xy LRI .‘bxi \xl \xl ‘bxl
Np_ “B_ 3B, B YR YR YRR
1 1 1 2 z cm : cm cm
x y Z x x Y z
1 Wy
\”51 e e e e e . b e e B
J1= x cm,
'\28 \28
mﬁl o o o . . s e o 0 o s @ o o o o 8 8 s e « o 00 ;
x cm,

Also it follows from
A
9 3

jexp[_ aﬁz]dg’ =f dq;f:ine defooexp‘:_ aPZ] B2 ap = (I) 2

that
-

je}:p[_a ‘61 ,812] dﬁl...dﬁa =_§9_

1:‘:

Since normalized spherical harmonics are being employed it finally

follows that: £
928 [ _an+3 2
_ T
I, = 5 R exp l:_ 28R :|dR Lol (1)
a
o
Similarly &
926 + 2
Iy = “9 RZNzexp[:- ZﬂR:‘dR L. (2)




) i

Consider the integral denoted by I,. We have that

— _ 1 =+ dd > .
Y(a8) = P g VYlo) = P g Ylo) 8(F 7)) 8(F,-T,) ... 3(Fg-Fg) T
Therefore
8 -
= - - a 2 N+1 2 m .
I, fekp[ 5 Z 'Yi:]R expL—BR:‘Y? ) f(Rcm)d,
i=1
8
2 2 *
a ! N t m ;A!
[or|- 2 7w ol pan s
i=1
... (3)
-~ A - - - P —y JEa— - - >t - -
3(1‘1-1‘1) 5(1”2-1‘2) o I‘S-I‘B) 3(1‘8—1”4) 5(1‘5—1‘5) 5(1‘6—1'6) 3(r7—r7) 3(r4-r8
-— hacd — —
Only six of the 7¥; are independent variables. Choosing Y3, Y3, Y4 and

- - —> —_ —y
Ygs Yoo g for the independent internal variables, along with R and Rcm’

the delta functions and elemental volumes are not transformed to this new

set of independent variables.

(3)

The delta functions in equation cause the following relation-

ship between the primed and unprimed independent particle system of

-+ - ! - - > - - — ! — !

coordinates, TFT, To=ry, Tg=Tr3, Ty=Trg, T5=Tr5, Yg- Y6 To=Ty,
- _ . . . s = .
Tg=Try- From this relationship and the definition of Rcm on page 15it
- -+,
follows that R_.n, is equal to Rom- Therefore one of the delta functions
—1 - —>
— — - e rp-TY !
is S(Rcm-—R;m) . Also it follows immediately that R = R' - 42 8 _ _1:;_
A A '
’T4—'Y — A e
- 8 and hence another delta function is J(R-R +7Y4" Vg )

—_—

R
2 2 2
Next, the problem of integrating over the unprimed internal independent

coordinates is considered. It is seen in equation (3) that the internal

functional form involves the quantity

8
i
i=1

o
E3

) d7




{0

Using the relationship between the primed and unprimed independent

particle coordinates, an algebraic manipulation gives the result

8 8 2 2 5
1

5 vie ) et

i=1 i=1

Therefore equation (3) becomes

8 2
o 2 2 2| N+1 2 N
1,=7, | exp|- a) ¥, - alR -RI)IRTT exp)- PR Yi @) R

%
-~

! —!

Yy~ Vg
2

eXp[ - BR'Z] Y @)
R
2

[ L R - !
dV4d'Y dvy d’Y8dR dR

d—)l d-’
) drpdvg 6% 7

where J2 is the Jacobian associated with the transformation from the

>t =1 >

coordinates to the (Yz,\f‘3 ATARY

sl =t 1 o ! —i !

(rl,rz,rg,r4,r5,r6,r7,r8) system of

-, - |

¥ xR
7' '8

,—fl' ) system of coordinates. In Appendix 14 it is shown that
cm

_ 515
J2—2

The integration over the internal coordinates will now be per-

formed. Consider the integral

, g 1 2 - ﬁ' ;'4 vy ot ot st ot ]
I = exp| -a / Yi S(R-__+ 8 ) dY‘ dy dv dv _dy dY

This integral is evaluated in Appendix 15. The result is,

- — 2
exp _2a (R'-2R)
15 3

33 29 4




forasreehietes

{01
Therefore
5 3 2 2
2 g !
12=212 7 exp| - (5a+B)R” _ 8aR'R _ (S5atfIR
6 ad 3 3 3
a
N+3 o2 m Ay ' '
R R Yy (\Q)Yk ) dRdR dQd
Similarly,

3
5 - 2 -~ ’Jlt '2
15=212 __Tr__s_ z-jexp\:_(SawLB)R + BaF:i'R_ (5a+f)R ]

6 a

N+2 "
rNT2 Yy Q) Y)'lm Q') dRAR' aQaQ’

Consider next the integral denoted by 75-3 We have that

(37, 48) =p48p37'\l((o) =\P,gP37 "d((o') 8(?1-?'1)8(? 2L L NE ) ar

Therefore,

13=fexp DA rNT exp[— /91:22] ¥R ) 4T
8 2 B sk
jexp - % Z 'Y; ‘R‘N exp L— ﬁR'Z]Y:Qm(\Q')

. - > > — - — —! - —
f(R'Cm) §(r1—r‘1) S(rz—r'z) S(r,?—r'g) 5(1‘8—1”4) 3(1‘5—1"5) 3(r6-—r6

—_ - -
The set of independent variables that will be used here is (Vy,Yg5, Yy,

- — - = = . N . .
YS,Y,?,'Y‘B,R,RCm) . The delta functions in the above integral fix the

following relationship between the primed and unprimed system of




A v it 7 i s 32

(o®
. 51 - ! - ! - = —_ —» ! — !
coordinates, rl—r1 Ty=Ts r7=1‘3, 1”8—1‘4 Tg= Ty r6=r6’ r3=r7,
- ! . . -, -
r =r . It is seen immediately that R =R . Hence one of the
4 8 cm cm

—_ —

delta functions is SR -RrR ). The use of the relationship between
cm ~ cm

the primed and unprimed system of independent particle coordinates

in a short algebraic manipulation gives,

il T;,| il —*
1;’_77'* g8 -~ Y3~ V4

2
Hence in this cluster system of coordinates another one of the delta

functions is given by

2(—15- 7 Y8 3 4)

Next, the integration over the unprimed internal coordinates will be
performed. Using the relationship between the primed and unprimed
independent particle system of coordinates, an algebraic manipulation

gives the result that,

1 1
Therefore ~
15 (0 8 2 2 .
I5=2 J exp | - aZ Yy - aR' + aR2 RI\+1 exp[—-lBR2] Y;?m(Q)
L. i=1
R'N i R'z] mQ' * 3 o -Yﬂ -:fl ~>t -1 d—)l -1 d—" d..,| d_';" dEdR
= +Y =Y =Y Y dvy,_dYy dy _4Yy
exp |-p YQ) S(R-Y Y= Y=Y ) Ay dY gAY Y Y e

2

Next the integration over the primed internal coordinates will be performed




R . SUS—

jo9

Consider the following integral
1

| 8 2 - "'Y’! +‘:"J ‘}" ‘:(’_
1 - - —>1 — T -1
1" = Jexp|-ay v, |AR- 7 8 3" '4) dv_dv dv d¥ dv av
£, > 234" 6" "7 8

This integral is evaluated in Appendix 16 and the result is

15

"

I = (%T;) 2 exp[—zaRzJ

Therefore,
512
2 N+2
=2 | |2 exp[— aR' - arR? - /BRQ'] rNTS v ()R
5
2a
12 mantyF 1 1
exp | - AR |3 T(Q) dRAR dfaf
Similarly,
ol #° |3 N+2 _ \N+2 2 2], m m Ay
Ig=2" | 1~ R R exp | -(atp)R' -(a+p)R Y, )Y, Q)
5
2a

!
dRd4dR deO'




Wext, the integral denoted by I is considered.From page
10
we have that

110450(48) O (R) ¥/ (48)aT

IThis cen also be written
8 2 8 2] m m
T =|O(R)axr [P exp|-a2 Y ' | R' exp -2pR' | Y, (&) Y&(m)
10 48 i=1 i

§(F = B 1)eees §(F =F M)aT ;
1 1 g8 8

Choosing y ’ Y ’ 1 ’ V ’ K ’ * for the independent internal
8
variables, along w1th andlﬁ ,the delta functions are now
cm
:transformed into this new set of independent variables.The delta

functions in the preceeding equation cause the following

relationship between the primed and unprimed independent particles

> 21 20 2 o T 22 -

. > >\ > t
system of coordinates; r = r ,T =T y,T =T ,0 =T ,0 =T ,X =T ,
s ar s 1 l 2 2 %3 3 4 8 5 5 6 6
# = ¥, = T JTherefore it is seen that the center of mass

7 7 8 4

coordinates are unchanged and one of the delta functions in the

- >
new system of coordinates is S(R - R ').Also it follows

cm cm
jmmediately that( see page )
> > > >
2 ‘4 ‘8
22

-~

| Hence anotner delta function is §(R- R'+—%

1

- %‘ JNow consider

|

4 2
! the problem of integrating over the unprimed internal coordinates.

E This involves changing all the primed internal coordinates by
it's equivalent in the primed system of coordinates by the
. vrelationship between the primed and unprimed independent system

of coordinates.Sincéiﬁ(R) is independent of the internal coordinates




this transformation leaves O’(R) unchanged and I becomes
10

15 8 2 2 2l m m
I =2 f@(R)exp{-aZ I 'J R? exp\:-ZéR' }Y (8) YX(SL')
10 i=17i L

§R-R'+ 7'~ Y NaRayr a§r 4y 'd'% 'a’y ay
2 4 8 2 3 4 6 7 8
—z

L;But from Appendis 15,page , 1t follows that

z 15 1.‘_15 %;6( ) [ : )2] 8 2
T = 2 R)exp| -2a(R'=~ 2R R' exp |-26R!
10 39 156 3
3 *2 a

T (1) T, (&) dhaR?
2 S .o,(~SL
R earranging this expression the integral becomes
21 15|%
I = (2 1T A(2ax2 ,8a,8a)
10 3 15 3 3 3
3 a

where
2N+2 2 N 2| nm m
A(p,q,s) ={®'(R)R' R exp|-pR?' + gR'eR ~ SR Yl(.w_') Y&(JL')deR'deR
Nem :

The integrations involved in the preceeding expression are quite

straight forward and the result is

"8+% 2
A(2a+ 26,88,88) = 7+5e3 U g__5_+_‘7*__+ 1 4 11
3 ‘s '8 85 6 23 5 e B2 & 34 8.4
5 a € “(1rse) | 5.2 £ 2 oBE B o2 E

i ‘ 2 -
when OJ(R) = R and the system is in the ground state,




TR

Now, the integral denoted by I is considered.From page

13
we have that

fwms 37 YARW (48,37)a

This and also be written

_# . . .
I =f6(R)da~jP P W(o') Wlot) S(F = F. 4 o (T ~Fr)av
3 48 37 1 1 8 8

. ->
Just as in the analysis of the last integration 1( ’ '% ’ ';‘ ’

Yo7 ¥V,

3/ y are chosen for the independent internal coordinates,
& 7

| along with R and R .The delta functions in the preceding

cm
equation cause the following relationship between the primed

and unprimed independent particle system of coordinates r r'
g 1l l
T=T!,7 o= T r r' F=Trt r k3 r Tt r kS .Once again the
2 2 3 '7 4 8 5 5 6 6 Vi 5 8 4
center of mass coordinates is the same in primed and the unprimed

system of variables,Also it follows from page ‘that another

delta function in the cluster system of coordinates is

S(R - 7"_..]'—};' -\").Next the integration over the unprimed
7 8 3

5 _
jnternal coordinates is performed,The equivalent of this integration

is the transformation of the unprimed internal coordinates
(due to the delta functions)in the primed system of coordinates,
Since I(R) is not dependent upon the internal coordinates

this integration leavesd(R) unchenged and I becomes
13

15 8 2l m ¥ m >
I = 2 fG’(R)exp[—af 1'}R' exp[—&ﬁR']YR(m) Y&(R')dR'dR

13
> >

> > > > 3 > 3 P
(R = t 21 3t - t)dyrdayrdayrdayrad 1qy?
; \"7*\‘8 265 ‘/4. 752 3"4 zs6 37 8




It now follows from the results of Appendix 16 that

15
8 2

2 2 m ¥ m > >
I = E_“:] G (R)R' exp|-2fR' = 2eR | Y, (R!) T_(R')dR'4R
1% a } 2 L

and since the spherical harmonics are normalized it follows
2
that for &(R)=R

)

"3 9 4 2
T = 7Ye5e3 T R expl- 28R | ar
13 "2 5¢% 13

2 € a o
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Consider the following integral

¥
Il4=f\,y(48,26) S(R)Y/(48,37)dT

This integral can be simplified by writing it as follows

N |
I =j@f(R)d% P P ylor) §(F -F). . JOF - FAV
14 48 26 1 1 8 8

' >

jP P \}/(o")s(? - .. §(F - Tr)ar"
48 37 1l 1 8 8

The delta functions in this equation cause the following

relationship between the double primed,the primed,and the

unprimed independent particles system of coordinates; T =7 ,—:1"",

> - > 5 1 I 1

> 4 - > > > -> > g e
P =Pt=7",T =T'=1",r =r'=1",r =T'=1",r =7'=1",
2 6 2 3 3 7 4 8 85 5 5 6 2 6

]
7 7 3 8 4 4
> >

R = R'=R" .Hence two of the delta functions are g(f{ -—fi' )

cm cm cm em cm
and § (f{' - R )oAlso it is seen from page that another two

em cm
delta functions in the cluster system of coordinates are

g§ - 91 KT - :'I _.;,') d S(ﬁ - T In _#n _—)n);
( 66*_68 1523 X4 = z)'7-\-\68 x3 21'7

2 2
Furthermore the above relationships require that

> > > > > - 3 - -» > >
Y ._.'—%’l _§+ig; 2 =" -§_+_R_"; x =~6t* R _Bt;x :E"'\'E'B."
1 1 2 2 1 1 2 =2 5 5 2 2 5 5 2 2
> - > > 2 > > - > > > > >

Y oY - -EG Y oy -RaR's Y =Y+ B4Ry =Y+ BB
2 6 2 2 2 2 2 2 6 2 2 2 6 6 2 2
'% =’%t _—ﬁ*:ﬁ_g’? :-7" _iﬁ.‘_:ﬁn; ?2—%'_‘_?}_&_}@::; -\7 =§1v+§.+:§_|t
) 3 2 2 3 7 2 2 7 7 2 2 7 5] 2 2
- > =4 2 = > = > = > e >
'% =Y - &k - R'; U " "'..R."E."; K =K'+ E*‘E{.'; X :\6"*?—"'8—"
4 '8 2 B 4 '8 2 2 8 4 2 2 8 4 2 2




From these relations it is seen that an integration over the

unprimed internal coordinates yields the following

1
14 8 2 4 2 3 4 6
2
> S > - > ¢ > > >
d st ‘fW(O“)B(ZR - LEVE L R LIS ")b( \dn - Y + Bl_‘_gﬂ)
7 X8 7 18 13 ‘4 2 X6 2 2
5(‘%:; ) +§.1+?R_n)£('%n _“%1 _it_‘_in)g('%n _-\}1 _31 "E")
3 7 2 . 2 4 4 2 2 6 2 2 2
g( %1: _-%1 _?{'_ En)g( in - Xt + RY = R")d ‘"d_%"d \("d_%"d-%"d Xnan
7 5 2 2 8 .8 2 2 2 3 4 6 7 '8

Next the integration over the double primed internal coordinates
is performed.Since only six of the eight variables are independent

—r:

and because ( U ’ w f R X x ’ x cm ) have been

taken for the set of 1ndependent vector variables it is now
necessary to eliminate the vectors‘xl, and X by writing them

in terms of the 1ndependent variables.From‘Appendlx 2 it follows
that X = ( { -fx -ex ) and K ¢ = ( ] «-X -rg ) .The integration
over the double primed 1nternal coordlnates can now be performed.
This amounts to performing the following series of substitutions;

§( I‘Tu _'{c N __I)i_'—\-jl_i_")d%":l '\T‘n ='\)6c - R! _:)En
2

6 2 2 2 2 6 2 2
g(%n _%' -—I)"\‘.'-%")dvi":—l 'i":?bt*_—ﬁt*.iu
6 2 2 2 6 6 2 2

X . > > > = > S5 A >
f It is easily shown that when (¥ , Y » Y » , Y 5 Y sR,R )
‘ i, Xy Ty Voo Tor YR,
are taken for the independent variables,it is redundant to include

> -r > > - hd
E __P:I)’ S(X —X" “".B. "B.")
> = > Sy > > ..;l_,l 2 2 l l 2 2
g(X-X| -R"'_R.’)ﬁ S(‘ -K" "B.‘i’B.")
5 5 2 2 5 5 2

the following delta functions 5(-% 4%'+

Ay




Ho
TR T T VL UPE VNPIRE SN I T ¢
3 n 2 2 3 3 7 T 2
5( ?n _ —\21 - -.I}."'E")d%" = 1 '{g" ='§, _‘_'i, +'i{."
7 3 2 2 7 7 3 2 2
TRV TR U O1S (R U 1P 0%
4 2 2 4 4 a4 T 2

> >

5 ( 3" _'\)‘a + -:fy__ B.")d_§" =1 —?n ____'%1 _:ég + 'En
‘ 8 8 2 2 8 8 8 2 2

As a result of the preceding substitutions and performing the

.7
integration over Y}! and'i' ; I becomes
4

2 14
15 > 4 2l m 4 2| m
I = 2 |JR)&R|R' exp|-gR' |Y, (R'))R" exp|-pR" | ¥ ()
14 L 5N i
[1 {( ‘%1 3§ _il —ft)z.\,( _ft -%1 ’3‘1 2.;{“)8 \6'2 !
exp |=-z& - ¥ ¥ + - - + '
6 3 8 6 7 3 3
+(2§n _ﬁ -%t T _§')2 ( ?t —»l -%1)2 '2 12 tz
- 2R + - x + t LY+ + * +
3 X'7 8 6 V'? 8 x6 x'7 \68
> > > 2> > > B - > > @ > > > 2
+( x'*’ K' + K' - 2R+B_" "B'.') +( \" _B_t _Eﬂ) +( K' -B.."' B.")
6 3 8 2 2 6 2 2 7 2 2
> 2 > > > 2 3 > > B > > > 8
S(3R"- 2R + RV ' = P Ay v (Y R B A O - Bly R")
2 2 3 7 8 3 2 2 8 2 2
+(-§'+\6'+v _-ﬁ!?+§l)z+(_%t _‘__%1 ._"361 _gR!'_‘_afp)gd}tdEnder?: |
6 7 8 2 2 7 3 & 2 5 6

d*td_)t
K'? \68

5 :
Next the integration over j'will be performed,In the last expression
6
for I one can see that there are eight terms,internal to
14
the second set of brackets of the last exponential,that are

_)
squared and contain the term ". It can easily be shown that
these terms can be replaced by the following more convenient

equivalent set of terms



V7

s [ .Y -R ﬁﬂz AT B IR T &)
+ -R - - + -R - * + -
R U i LY
2 -
> > 5 2 > > 2 = > =r > > B
U SR RS IR R A I
7 3 7 3 8 2 2
2 2
> ‘> > > > > 2, - - &
+ (R'4+ R") + (Y'+ 3y - B"+ R') ~ (! - ZR" + R')
A B \6’7 ‘8 S 2 Vi 1 ) ) |
§
Also it is clear that ";
3
exp =d.8. -%i é' %1 -ﬁ E" 2 déi ™ 2
+ = = =
6 + "7 8 )S ‘6 4a
2

performing the integration over 3' ,collecting and rearranging
the X' terms and then performing the integration over 15'

8 8 H
yields the result

2.12‘(‘(5 (O’( )d-»f * [ 2:] m(jL) B 14 [ 2] m( ) >
I = R)dR |R' exp|=-gR' |¥ t)dR?! | R" exp|-pR" |Y_ (52')aR"
14 "I+ B ¢ 2 P15

3 a
2 2 . 2 N 2 2
exp[-%saSy R MRV - B+ ( xugu‘ﬁ") YR U (I
2 2 2 2 7 3
2 2 5 2
+(1=mr B") + ( ‘v - \g' - 5R"+R ) g_(sR" - 3R + 2 y -3y")
P 2 2 3 7 !
(R - 2R+Y “’)2 (ZR"= 2R + Rl e @ - an ey
F(SR" = SR+ = )') + (3R"= 2R + R%Y' - §t) + (R - R') +}!
3 17 T T 3 Vi Pl P \67 ;

> > > 2 - > 2 - > - >
-2( Yy -k =R") *(]! - 2R) +(Y!' - 2R +R" -R') +
7 3 3 2 2

> > > & > D
t - R"4 R?) ayrda )t
”S T2 H Xs Xrz

From the symmetry of the system one would expect a certain

pattern associated with interchanging ‘6' and j’.I'b is easily
3

seen that the expression for I is invariant w:.’ch respect
14
to an interchange of ]5 t and ]j' if at the seme time their signs

are reversed.At certaln stages of the calculations a watchful




S

eye for patterns associated with the intermediate results,
along with checks by thorough independ calculaetions makes it
possible for one to obtain reliable results.

Grouping .the %é te)frms into a convenient form,performing
the integration over 1; ,then after grouping and integrating

>
over ]j ' I becomes
7 14

T = 2 ™ (& (R)exp|~-2aR |dR |\ R* exp [~(# + a)R' |dR!?
14 6

a

4 gl
R" exp [—-(5 + a)R" ] ar"

or

=
5 22 9 2 2
T 2 o3 5 TY J(R) R exp|-28R | dR
14 13 7
a (L+€¢) °

The integretions involved in the term denoted by I  have been

12
performed

Ilz--f(,u (48,37)8(R)Y(26)d 2

The procedure for solving this term is similar to thet method

which led to the solution of I . The procedure 1s perhaps
14
more tedious but the general method of solution is the same,

For this reason the result for A(r) will be stated.

7+% 6 > 4 2l m >( 4 2] m

I = 2 T O(R)AR | R' exp |=gR' |Y (£)AR|R" exp[-eR" ]Y () ar"

12 —z 5} 'y
a

2 s s | 2
exp[-, a %53 - 4ReR" - ZR.R'+ 4RR! + 2R'+3R"2}




1o
2
and finally for J(R)=R
6% _ 7*% 2 3
I = 2 T S J ' + 10 -
12 e (p,q,p) + 10ad(p,q,p) - 8aT(p,q,p)
3 - a
where
p=25a 4 qQ = 8a
Frh 3

Also the integrations involved in the term denoted by I  have
11

been performed. .
L= J(//Ms)ﬁ(n)t/f(sv)d%

The result will now be stated.

7+% 6 4 2] m > 4 m >
I = 2 e R! exp —@R' Yi(ﬂ!)dR' R" exp _eRu Yi(ﬁy)dR"
11 6
a . . .
2 > > > > > 2 2
&(R) exp -a{tLR — 4ReR" =~ 4ReR' + 2R"R' + 2R" + 2R!

2
and finally for J(R)=R

' 7
I = 3e2 ™ T(g + a,0,8+8) + 4a J(g +a,0,g+8)
5 K
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APPENDIX 13

The purpose of this appendix is o evaluate the Jacobian

associated with the following change of variables,

O G s s Gl 4 - 2 > -
(Ty,T5)T3:%1 75176177 7g) (BysByiPgiPyrPsiPerRiR )
The Jacobian is written down explicitly on page 90

_-—’
First the rBi will be written in terms of the ;’i‘ From the

definition of the coordinates, already given, it follows that:

—> - —> -_  —> had o o — —p
ﬁ__ r2+r3—r1—r4 _,_ r3+r1—r2—r4 _.>_r1 rz-r4—-r4
1 2 e 2  Ps 2
+ -_— h — +—» - - +-> — -
E’_ rgtr —rs-—rs’ _ﬁ,— T, rs—rs-—rs’ B.,_ Ty rs—r7—r8,
4 2 5 2 6 2
e gtingion g S s g
o, T1Tra Ty r4—r5—r6—r7—r8’ R r1+r2+r3+r4+r5+r6+r7+r8
= 4 Rem™ 8

—
Now solving for the 5 in terms of the given cluster system of

variables (this is made particularly simple by employing the associ-

ated augmented matrix (Reference 10) ) gives the result:
— —r > - - —> - — —
+R- g1+ g5+
— 2 cm R ﬂl ﬂ2 }3, 4_2R0m+p—+ﬂ1 ﬂ2+ﬁ3
1= r2™ 2
- g —> e
2R__ 4R+ g4t Zo-7 +R-7 =207
L 2Rem™R* g1 42743 L PRom™Rgi1mg27p3
raq= 2 T4= 2
— - > = -r - =
-R- + + - -
-—>_2Rcm thl A5 B6 “’_2Rcm R+/34 ﬂ5+ﬁ6
1‘5— ! r6— 2
g - - - jd = > s
2 -R+ + - ~-R- - -
PRemRYp4T 45" g, . _2Rem™R-p4” p5" 4o
r7= T8~ 2
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APPENDIX 14

The object of this appendix is to evaluate the Jacobian

associated with the following change of variables,

—

Y7,

—

) — (’YZ’VS’VLL’YG’

T e — > —>
(rl,rz,rs,r4,r5,r6,r7,r Y, ,R,Rcm)

The Jacobian is given by the following expression:

‘ax1 \xl \xl \xl . \xl ‘bxl \xl X :
MY Y »Y  dY YR YR YR YR :
2 2 2 3 z cm cm cm.
x y ‘=z x x y z
\Yz e ¢ 0 & o 8 0 * & & s & 0o 0 LI * 8 & 8 0 & s b 0 s o @ \E—
J A= x cm
2 FA
Nzg Nzg i
\Yz \E
x cm
z

First the ¥

the coordinates already

e —> -> R d -> - —> H
o _ %rermitYatTa, g 3¥g-T1~Tp-Ty 7. aTimTa™Ts ﬁ
2 4 3 4 4 4
3——) e e —_> > 3—* —> —-> —> 3 —_ —>
¢_ rafrs-r7—r8 _ r7—r5—r6—r8 7= r8—r5—r6—r,7
6 4 7 4 8
Also
i —> - - —_—> —r —» — - — ey = s
- r1+r2+r3+r4—r5—r6—r7—r8 r1+r2+r3+r4+r5+r6+r7+r8

will be written in terms of the Ti.

From the definition of

given, it follows immediately that:

—
Now solving for the rj

gives the result:

8

in terms of the given cluster system of variables

[T



X

2B tR-2(Vt Tt Y 2R +R+2Y 2R +R+2¥
- RomtR-21¥p7 Y, Y4) - cm Y2 - cm M
= ) T, 3 T4 )
A d —> —> - —_ — — -— - d
2R___+R+27Y, 2R —R-2(v +Y_+Y_) 2R -R+27Y7
- c — cm 6 7 8 cm
T4~ 2 ' Ts 2 ' Te” 2
— —> —> —> — -
_ 2Rgm-R*27y 2R_, -R+2Vg
Therefore
7, = 2%
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APPENDIX 15

The object of this appendix is to evaluate the following

integral:
— —»y
I' _ Z “( —> R +T'4" Yg) - SN
= exp| - a R~ > — dvzd'ststT,?dYB

From Appendix 2 we have that,

2 _ —_ - — 2 2 _ —_— - o 2
’Yl = (Y2+Y3+Y‘4) and ‘fs = (v6+\r7+'v8)
Therefore
2 2 2 - 2 12 42 a2
l___ ] ] 1
I= exp[:- a{Yz -+ YS + Y4 + (r +V3+Y4)}:\ exp[— a{YG +Y7 +Y8
+
(Ys e Ys
— ;f' !
— R' 4~ Y8 JEC T R [N R
Re = e —
§( > 5 ) dY,dY dy dv dv,dYy
But,
2 2 2 —_ > 12 - —_ 2 2 2
+ Y2 +Y"S = +y. + + + + +
Yot g+ ¥, = 2|y ¥V 7Yy (rg+v,) Y3t Yy,
2 2
2 2 2 = Y74+ Ysg Y7+ Yg 2 2
+ = 2| —_ + (——) +Y_ + 7Y
YG Y7+'Y8 2[Y6+ 2 ( 2 ) 7 8
and so

' 12
B - —
= Yot YN Y Y, 2 1 2 12
- 2(v _+ 7_'8) 4+ (7 _8 Yo+Y

— —
4

S(E 1:{'+ Y4~ Vg e e
2

) dy ...dY
2 2 8




124

Now since,

« G
47
jexp[- 2a(¥~+?°)2]d; =\j sine d‘ejﬂdcgjaz exp _gac(zdd= —,
o S b1

2a 2

. 3
Jor e {5
o
it follows that

-1 Al —_
3 2 2 Yo +Y, 2 v 2
'= il ! ! 3 4 -2 R Ya - 8 A L L
1 [—J eXP[— a{TB Y, T (-—T) }i‘S(R- - + 4 5 ") v dY, d¥, 4,

2a
Also

- - 2 5 5

2 2 (Y3t Yy) 3 5 v, 2

+v° 4 3 47 _ 3 4 4y

’Y3 4 2 > ('Y'3+_) +__4

3 3
Hence

.a'
3 -1 Y4 2 2 - Yo 2 2
| T \ 3 4 4 ! 3 ' 8 4 A
=| I - — z Y — 2y
I [ a] exp| - a= (Y  + ) + + 5 (Vo + 3 ) + 3 Vg

N "Y'4 -
2 R 8 A AN L A
R- — + ay a4y
§(R- ) Ay ,dv d¥ dY,
3 3 3 i e 1]
i 72 4a Y‘ R 'Y4"'Y St
= —_— - — +Y -= + 8
[Za] [Sa} Jexp[ ( 4 8):]5(R 2 2 ) d'Y4dY8
. vl ! L S |
Integrating over 'V4 makes Y, = Y8+R -2R. Hence
1 -
6 4 22 Al ) i !
' = ()" x — | exp| - = 2V 2 7 . (R‘-ZR) + (R-ZR)Z} d'?
a 33 3 8 8 8

But,
= i = ) o 4 N
2 Y§+ 27g" (R'-2B) + (R'-2R)? = 2(713 +R-R)Z+
Hence we obtain the final result

6 3
"1 ' > -
I = = (1) (3_77) 2 exp[— 2a (R'_za)z:l

33 a 8a 3 ;
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APPENDIX 16

The object of this appendix is to evaluate the following
integral:

4 »>1 >y =t =1 [
) dY _d4dY dYy dY dY _d
2 2 3 4 6 8 7

i=1

Comparing this integral with I' in Appendix 15 it follows immediately

that:
. —3 —1 2 —! —s! 2
3 12 2 (Yq+ Y,) 12 2 ., TY)
I"= = ex a Y +Y' + — 3 4 ex alY + Y + 7 8
—p! +_—y| —! -:;‘
Y -Y, - l 1
J(R- ? 8 3 4) d'Y a~ dv av

=
Next, suppose one integrates over "YS. Then, due to the delta function,

—> —>1 —> > —
Y. =Y_+7Y_ -7v -2R
3 7 8 4

With a small amount of algebraic manipulation, it then follows that

> best |
22 w2 O TVa®  2f o @ _aR) + 27 AT 2R
Yt Va 2 =27, - 2 (Vg H g - 27 '8”

From the algebraic identity

2
bd) —>1 — | —>1 -',2_ -~y 1 —>1 —1 —
'Y4—'Y4-('Y7+’YS—2R)+ (Y +Y -2R)" = ’Y4--§(’Y7+'Y8—2R) ]

1 — 2
+ 2 (Vy+¥y - 2R)

It also follows that

2a 8

—> ’Y Y
exp[_ a{Y7+78 (___2_8_) }:ld_'\r"‘ldrf'?d"?;

3 ! 4 — > =2
1= (1) exp[— 28‘%’?4-1 ('Y"?+’Y'8-21—Q;}2 exp[— a ('Y7+'Y' -2—13)2




ieb

3 '§' o +—.y-"' ) 2
2 - > - ('Y
= i 'Y' ! —=>.2 - 7 8 —>
[za:I [———Za] exp[ af( 7+'\’8—2R) -a 'Y7+ r8+ ___2___ }d’Y‘7
Utilizing the following algebraic identity,
—=>1 —>1 2 [}
+
?!—{_’;—Y’l — 2 ?,2 -,—Y:vz (Y'? ’YB) 5 ’-;1 4 — 3'?
(Y o+Yg-2R) + 7+ 8+ — 2 7_5(R_4 8)
—»! 2
—>1
12— Yg 2 4Y
+ = (rR--8) =8
5 3
the integral becomes
3 3 —1 —12
" 3 5 5 122 = Y8 2 4.Y =1
I = I a0 2.7172 exp| - =8 - —) _-§'a 8 laYy
2a 2a 5a 8
3. _3 3 -
= 2| m | |x|?|21|2 8a ' _ R\? 3
oxo[- 2or] ] [E]7 ()7 [ 2T D77

and finally

—»
dy
8

e



integrals:

J(P,CI:S)

and

Q(P’q’s

1T
APPENDIX 17
The object of this appendix is to evaluate the following

‘ 2 - *
= |2 pN2 exp[— PR+ qR'R - st]Y}m(mY,{n ")

dR4R'd0a0 '

) = R'_N+2 rNF3 exP[— pR'z +qR R - st:l Y (Q)Yf{n Q')

dR4R'd0aQ'

The integration is performed in the (4,0.0), (4,2,0) and (4,4,0)

quantum

associate

states. (N,/Q,m) denotes the set of quantum numbers
d with the state.

First, consider the following integral:

6 2 1
Q(pyq:;s)g00 = R R’ exp[— pR' -st:\Yg(Q)deR dan

-—-)
where R

exp[ qR' R cos G]Yg (@) " an'

has been fixed along the z-axis while the integration over

the primed angles is performed. Q(p,q,s)400 denotes Qlp,q,s)

with the

ground state quantum numbers, (N,{,m) = (4,0,0). The

coordinate system that is employed is labeled as follows,

/e

C
. 7
4




ALY

But, <

b

f Ly

! { 3%

ieqRRcose Yg (()') dQ’ =\dev5 exp | - qRR‘H' di"]
-1 ) -

/AT

= L0 '{.exp l:—qRR] ~ exp l:qRR'}} : q% 0
-qRR
Therefore,

L P .

6 /7 i )

Q(p,q,s)40o =fj R' R7 exp [—pR'z - st} s : exp[—qR'R] - exp‘qu'R
o ¢ '

-qRR
| ) o
sin
deR'Cd95d¢ 2 q+# o0
IR

£S5 ” [ 5 2]«
'
= 2T jj R R' exp|-pR -sR

{exp [—qR'RJ - exp[qR'R-J}dR'R : q7l=0
—qR'R

L etting R'= & and R = 2 the integral becomes
Ja /q
4 2 ’ 2
2T VA
Q(p,q,s) = ——1—\§ V8 exp|- 2 dv/jws expl- B2 | (¥ —e”  )do :qf
7+ = q q
q 2
It is easily shown by completing the square in the exponents that
8 v 2 2 A
5 2 _ Zx 5
j ©  exp [—ko) ] (7@ - 7% dw=ﬁ7/e k 15 + * 2
5 3+1 4k
2
8k

Therefore

3 &

3 v2 4

= o v 7 S q w2 XA DA
Q{p,q,s) = exp|l-(— - =) 15 + + av': qf
2 a5 o
4q k2

where k =

a o




™
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And because,
&
Jx2N+1 exP[—kxz:\ dx = NI\1T+1
o 2k
it follows that
3 ] ,
g2 5! 3 q
Qlpya:p) 00 ~ 7 it .73 5 -l q# 0
42 p_ q. ] pE Ly 4" BT
8ap (g~ 4 q P q 4p
PL

It follows from the orthogonality property of the spherical harmonic

functions that

It is clear from the preceding work that

3 £
72 6 P a2 sqv> vt
J = T v (5 =)V |15+ + av’
(P’q’p)400 .Z _7_ exp[ (C{ 4P) ] P 4p2
2 2
49 p 3
qr0
It then follows from
'
1'3'5...(2N-1)
AN [_kxz] ax = A
(-]
that
2 2
70 ) _ 15w 15 + 35q + 9°7q
PP/ 400 7 7 1 2
3+3 2p(B-3) 24p2(2_3)
q 4p q 4p

2. 5 (P_4a
26 q2p2 (5-2)
q 4p
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Once again it follows from the orthogonality property of the

spherical harmonic functions that

J(P,C{,P)420 = J(P:¢[;P)44O =0 : q % 0
Now consider the integration involved in Q(p,0,s8); in par-

ticular considex:

- '6 7 12 2 ! o
Q(p,O,)4OO = R R exp[—pR - sR“|dR dR Yo(ﬂ)dﬂ

o
JYO(Q|)dQ'
This reduces to:

£ #
6 2
Q(P!O’s)4oo = 4 R7 EXP[—'SRz] dR\/ R' exp[— pR| ]dR'
I Q

By leiting R' = W and R = X, this becomes:
%) s
B 'S
(p,0,s) _Ar [ 47 2 6 w2
Qlp,0,8)400 © 4 7 exp| - dv | ®° exp|- dw
S P2 o 5
?__ S
5342
= . 7 & exp[:- 7/2] av’
48  p 2 J
which reduces to:
5 3
_5:3%g2
Q(P7O:S)4OO = . 7
4s” p2
and finally:
3
2_72
_53%
Q(P:Osp)400 = 1
7+ 3
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From the orthogonality property of the spherical harmonic
functions it again follows that:

Q(p,0,P) 50 = Q(P:0sPlyyo = O

Also it is seen immediately that:

2

3 +
o 2

5.372/s 15% s
J(P’O’S)4OO = ___._7..C_J-,/6 exp[— 72] dv = _____.‘/;—‘_

45‘4 p2 0 26 54 p2

and:
152 4?2

J(P)O’p)400 = 6 -

2 p

and as a consequence of the orthogonality property of the spherical

harmonic functions involved

J(P,O:P)420 = J(P;O,P)44O
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APPENDIX 18

The object of this appendix is to evaluate the following

integral:

N+2
Q(p,q,s)Nﬂm =jp' rNt4 exp[—pR'z + qu’\-ﬁ)- st]Y}Fn(O)Y}n(Q'

dR4R' a4’

TFirst consider the following integral:

6 2 ' 1
Q(P,q;5)400 =JR' RB exp[—pR' - SRZJYO (@) deR'dﬂjeqR Rcos6
o
~° (O')dﬂ'
o

—>
where R has been fixed along the z-axis while the integration over

the primed angles is performed. It now follows from Appendix 17

that:
s 7 2
x 2 2 57’ 4
Q(P’Q)P) = 78 exp _(E_El.)-z/ 15 + + 42
400 P h
b2 o o
4q k2
q
and because:
&
1
° 2n+1 qn-l—z
2 . 2 )
9 7 4+ L P d o a2
7 2.2 5 > 2p (q—4p) 2°p (:{.-41:»)

)
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It follows from the orthogonality property of the spherical harmonic

functions that:
Q(Pachp)420 = Q(P,C{ap)440 =0 H q 7l= 0

Now consider the integrations involved in Q(P’O’S)N,( and in

particular consider

2(p,0,8) 400 =fR'6R8 exp[—pR'z - sRﬂ deR'[YZ(Q)dQJYg(Q')dQ'

It follows from Appendix 17 that:

3 '

2

Q (piois) = 5-37 7/8 exp ~7%lav
400 1
4+ = 3+ =
4s P °

and so:

2, a2 2
_ 5%.32.7 7
Q(P’O’P)400 - ————————————

7 8
2'p

and again due to the orthogonality property of the spherical harmonics:

;{(P,O)P)‘lzo = Q(P:Oap)44o =
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APPENDIX 19

The object of this appendix is to evaluate the following

integral:
‘ 8
2 2 *

I, = | Y, exp cal VRN exp _2pRAYT () YO ar

? 8 =1 / £

Since the spherical harmonic functions used in the above
equation are normalized and also N=4 for the ground state and

first two excited states, it follows that:

15 8
2°°.9:7.5.3/7 2 ol 5 s s s
= Y -
I, — S exp aiZ1Yi a7, ¥ dY, AV, dY, dvy
+1 1 =
211 P) ﬂ5+2
From Appendix 15 it follows that:
g 2 8 2 6 g 2 4a
— > P —r —y
Y, exp -—aZ Vi |4V, d¥,d¥,a¥ av,avy = L— | Yg exp| - 5
i=1 3 6
3 a
(V2 +Y3) av’ ay,
2 9 8
3 T
9. 10
Therefore: 1
9+ 5
- 35.7.5 4 2
-~
5-i—i 5+l 15+ L
20 2 ¢ 2 072

It is seen that the result is the same for the ground state and the

first two excited states.

!
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APPENDIX 20
In this appendix the following integral is evaluated:

- [

— —>
exp[—%‘— (’Y8 + I_Q.‘) - Rl)z} d\_;;

8
The direction of R — R' is fixed along the direction
of the z-axis while the integration is performed. =
=2 AL
Then a_R/\ ~ o
-~ — ’ > > \\
(v +R-R' 2= 72 4 2Y lR-—R'l cos @& + (R—Rl)2 ]
8 8 8 e Y
" 8l
i
& e 2
RN
Therefore X N
) A
4 2 > 21 2 16a |> <
= [ - 8Ba (v - _ 1Ba '
I f 8 exp[ 3 ( 8+(R R ) i\d‘YB exp[ 3 lR-RIYB cos ©
A\
o J %
sin® de d(%)
£
= 3n 3 8a l-» w2 8a +B.R 2
= —_— - —_— - - - == R-R dy
r Ys{exxa[ 2 (vgR+R] |- exp| - F vy |R-R) 5
l -R |'8a
(v}
P 5 -
= 3 8a > . 3 > >3
= - exp{— — a AJ{(OL -R|° - (@a-R-R]) dd
8a|fl—R'| 5 3 +‘R \ tR |
[~}
3 3
32 g2 2 4 = Fr1 2
= 1 1 3° + 2% (v@ar - /dR)
2t3 8+3
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APPENDIX 21

The object of this Appendix 1s to evaluate the following

integral

. 6 6 2 o D 2 (o) (o) -"_,
T(p,a,p) = )R R' exp [-pR + 2ReR' = pR' |¥ (R)Y (S')ReR*ARAR'ARASY |
400

o} o
: >
Keeping the direction of R fixed along the z-axis and integrating

-
over all directions of R!' the integral becomes
T

: 7 7 2 2 gRR'cost!
T(p,q,p)= 2™|R R' .exp =PR = PR? dRAR' \ e cose?tsinetde?

21 |T + T
5 | 1 2

q
P 2 . 2

where
' I/G =kx 6 ~kw W -XW

(o]

X e dx |w e (e + e ) aw

5 w-kx 5 =kw W =XW
T =7]x e dx|w e (e - e ) dw
2

and k= P
q

Performing these integrations one obtains

2 2 2
T = 5 o3 TV 1. 73 3 o7 110743
5 5% ¥ —y— ¥ == Y Ty E
(4k - 1) (4k -1) (4k =1) 5(4k =1)

S |




2" 2
T = - _5_° i\ 1
2 X 35
(4k = 1)
and finally
. 2 2 2
T(p,q,p) = 7 _¢5 32T
8 > 2+

q (4k - 1)

T

-+ 72 -+

B(4k - 1)

1+

5"

3 e2
2.

5(4k - 1)

X

AL -

2 2
5(4k - 1)
"2
11le3
g,
7¢5(4k - 1)
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APPENDIX 22
In this appendix the following integral is evaluated:
* 2
mems) A V(o) ar
Writing the explicit expression for I_ out, we have:
15 2 2 N
Ig = 2 v 2 exp—E’.Z’Y' R exp[ IBR‘\ ™ () d'Y...d'Y ar
8 2 i 2 8
. i=1

2

8
a 12 > — !
Kgexp DA exp[—m}Y}“(a)* $(F,F)) HET,-2) SIF,F)
i:

1

B(TEy) S(TGF,) SEE ) SF, ) 3F, ) e

The delta functions in this equation cause the following relationship be-

tween the primed and unprimed independent particle cooxrdinates:

- =-—H —->=-—’l —> =—‘rl - =—"I -v=-—’| — =—o| = o
I‘1 I‘l, r2 r2, I‘3 I‘3, r4 I‘8, I‘5 r5, r6 r6, I‘7 I‘7, I‘8 r4

| —y 1

It is seen that in the cluster system of coordinates one of the delta

—>
functions can be written as S(ﬁ m-R'cm)' The above relationship

between the primed and unprimed independent particle coordinate

systems causes the following relationship between the primed and

unprimed coordinates in the cluster systems of coordinates.

a4

4
™|l

N

o0

Hence another delta function in the cluster coordinate system is

R -

i s
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-, Ya Y

(R - ). Suppose we now integrate over the primed
internal coordinates. This integration is equivalent to replacing the
left hand side of the equation:

8 5 8 5
2 YT = 5 4% s2r - R%)
=1 =1 a

by the right hand side. Therefore we have:

8
15 2 2 N
Ig = 2 'Yz exp —aZ_ Ti + a(R' —Rz) rN exP[—ﬂRz'JY?(O)RI
i=1
— > _ = :
T L T Ta) &F a7 &7 dV.dY. &Y, dB dR' z
2 Yo dYqadY, dYgd ;% g ?

It follows from Appendix 15 that:

—y

- ¥
4 Y8 L o s > > o
a¥, d¥, ¥ dY, dY

2 8 2 R
Y~ expl|-a Y R_=+ ——
8 ;1 p [SR-T T ) v drgdvydYetYy
6 2a =+ .2 2 ga =, 22| =
= exp| - — (R-2R) Y* exp| - — (Y_+R-R ) jdY
3 6 3 8 3 8 8
3 a
Also it is shown in Appendix 20 that
3 3
2 8a , =2 = . 2| 2 3 2 2 2 4 4 >, 2
Y2 exp|- =2 (YgtR-R)"|dYg= """ 4 3% +24 (/AR - /2'R)
a 2 2

Therefore

6+_;_ 7+%

2 T S5a 2 Ba = 5a 12 1
Ig = xpl - (=75 + b+—R*'R - (—+ R R R

2
3 a 2
2 4 ) 2 m m !
3° + 2% (/2R - AR) Y}2 (Q,)YX () drR dR
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At this point it is clear that I is zero in the excited
8
states and it is also clear that for the complete integration

in the ground state

6+% T3 % . 5
I = 2 ™ 3 J(psa,p) + 2ad(p,q,D)
8 B8+% 400 2 400
a 3
5
- 2 a T(p,q,p)
2 400
3
where
P = 5a 4 g = 8a
5 P ’ 3

and T(p,q,p) is defined in Appendix 21,
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APPENDIX 23

The object of this appendix is to evaluate the following
integral:

_ 2 g8a = R' -
I JYS BXP[— - (Yg- 2—)] drg

First the direction of _ﬁ' is fixed along the z-axis and the

—7
integration over the various directions of Y is performed.

o *

5

2aR'” 4 2
I = exp| - 22 g Y, expl - %’”8 arg \a¢ gexp + §52>’8 R'cos6|sine de
\0

2
Sw 3 8a R' 2 Ba R' 2
= M2 - = - = - 2 (Y7 + =
) Ys{exP[ 5 (Yg=3) exp| = (Vg *5) dvg
4aR .
° +F

51‘ 2 I3
= — exp| - ———ng (3R'x> + RT ) dx
4aR'
[¢]
3 3 B ]
2 .3 ,
_ 5% 523+ (/E,R.)z
6+= 2+ 2
2 2+2
2. a
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APPENDIX 24

The dbject of this appendix is to evaluate the following

integral:

= fl}r(37,48)* YZ \‘f(o)d'zﬁ

in the ground state and the first two excited states.

I. can be written down explicitlly as follows,

9

8

15 a
Ig=2 j'Y exp EZ
1__—

m > > > > = = >
Y rY expl:pR Yy' () a¥, d¥, ¥, Y dY, dY dR

1

1

jexP -2 oY | R exp[—pRli Y}“(a')* T, -F)) 8(F,-F5)

i=1
5‘?7“?'3) 5(?8.?'4) 5(? - )5(?6:1:‘ )5(?3_}"7) M ;’4-}'8) ar'

The following relationship between the primed and unprimed independent
particle coordinates is caused by the delta functions in the above ex-

pression:

- - sdnd - —-> =¥ - =1 — ¥ — — !
r1 rl,rr2 rz, r3—-r7, r4—r8, x‘s—rs, 6 6 b ol

It is immediately clear that in the cluster system of coordinates

ﬂ
one of the delta functions can be written as S(Rcm—R'cm). Also

the relationship
'y = =2 A
Yot Tg-"T3-

2 -
2

is an immediate consequence of the relationship between the primed

and unprimed independent particle system of coordinates. Thus another
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delta function in the cluster coordinate system is
- A =3 -
- Y7+ Ys- Yg = Yy
S(R'- 2 ).
2

It is now seen that an integration over the primed internal coordinates

is equivalent to replacing the left hand side of the equation

° 2 & 2 2

LY =) v - 2R _R®
i—q 1
1=

)
i=1

by the right hand side. The integral denoted by Ig now becomes;

&
8
_, 15| v2 2 2 2| N 2| m N
19—2 JYB exp| -a Zi‘(i + a(R'"-R®)| R exp|-pR Y, N r
1=
Yot V= Yo=Y
12 * = 7" '87'37 4 > > > s —»
exp\:—ﬂR ] Y}n(Q') S(R'- 5 ) dvzdvsdv4dv6dv7dwr8
— —
dR dR
From Appendix 16 it is seen that:
8 —> - — -
+ Y- Y- Y,
2 2 », Yot YgT V3T Yy S —
Y~ expl|-a Y, ' ¥ Y dv.
58 P i; ; | (R 5 ) dv,dv,dY,dYsdy, dvy
6
2 g
= A exp[— ZaR'J Y2 exp| - 8a (?- B—.) ar.
8 5 8 2 8
3 6
27 a
In Appendix 23 it is shown that
3 3
g2 2
2 5 7N 35
SYB eXP[— =2y, ——)] dY8 = 1 1 — + (‘/éhfz')2
2+ = 6+% 2
2 2
a 2
Therefore
3 7 . 2
Ig = 2 L RERCHE exp[—(a—l-ﬂ)Rz]R' exp[—(a+[3)R‘ Q)
1 22
8+ 3 e e
Y™ (') dRAR

a2
A
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+ a SRN exp[—(a—*—ﬁ)Rz] R exp[—(a:l-ﬁ)Rz:] vyt (Q) an(Q')*dﬁ’dE'

1 1

5+3 7+3
- 2 T
1

2

L

53 y(atp,0,a+p) +

2

-

a;l (a+p,0,at+p)
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