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ABSTRACT . ,_._‘,' e e

BN

The hierarchical analyaia of product—fomm multi{ﬁe-chain cloaed

“queueing networka, by - the Simon and Ando decompoaition and argregation

.technique, .1s investigated. We introduce a new type- of network
_.decomposition, called decompoaition by chain, as_an alternative to the
' decomposition * by node - technique of - Courtois.'_ The decomposition hy

_ chain technique . resolves the ‘analysis "of a multiple-chain: closed
‘?queueing network ...into ‘that of a hierarchy of single-chain’ ‘elosed

~queueing network ‘problems. A useful .consequence of -adopting this

_ approach is that a _reduced. system, itself  having a.. product-form

LA

“"distribution, is- constructed around one particular closed routing chain

in “the multiple—chain ‘network. This then. Eacilitates _the. parametric
analyaia “of a particular closed chdin- “of interest with respect to the.
routing- parameterap ‘and. forms a complementary reSult to the ao—called
Norton's ‘Theorem-for- queuee._

.. The decomposition by chain'. technique 1eads to A’ new - recuraive

”expression for the normalization constant which is’ "assoctated with the

probability: distribution of nmltiple-chain closed ‘queueing networka.
The recursiodn relatee the normalization constant of an’ r=chain network
to those of a set of-networks having (r-l) chains._ The time :and space

'requirementss- to"’ compute the- normalization constant ) uaing thiq .
 recursion, are polynomial in'the number of’ routing chaina._ When there .-
‘are many ' chains in .the’ ‘network, this method is" substantially more

efficient: than the well-known - convolution: algorithm, which has"

The new recursion, for computing ‘the normalization constant forma
the bagis of 4 new efficient algorithm, named RECAL, for computing the

‘mean performance ‘measures of multiple-chain cloged queuveing networks.

The. .algorithm .relies on the artifice of breaking down each -chain into

constituent sub-chains that each have “a population of one.  The
complexity of'this algorithm is shown to be polynomial in the number of
chains. - This algorithm extends the’ range -of queueing networks which
can-be analyzed . efficiently by exact means. A- simple dynamic ‘scaling

“proceduré is developed to alleviate the effects of the phenomenon of

numerical instability. 3 _ -t
-An efficlent algorithm, for the solution of a claaq of so~called

' semi-homogeneous = queueing ' netiworks, . 1is ,developed " from - RECAL - by

exploiting - the assumptions of aemi homogeneity,' the c¢lass of
semi-homogeneous networks being generalization of the class of

'homogeneoua networks, which has been coneidered by Balbo et al for ‘the
performance modeling of local. area. ‘networks. - The. algorithm hds a.

complexity which- 18 closely ‘related to the number of unordered

partitions  of 'a positive integer. - It ‘ts ‘shown that-the order of the ﬁ

complexity is less than exponenttal in the square—root of fhe number of
closed routing' chains.. This establishes the effectiveness of the
algorithm over the direct application of a -general . purpose exact
aolution technique to the. claaa of. aemi—homogeneoua networks. . -

. exponential time. 'and .space requirements.g An hybrid type .algorithm is .

“introduced that attempts to take advantage of the: beat features of hoth
. methods. - - :
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. CHAPTER 1.— INTRODUCTION

- * THE SANDS OF HERE POURED

. e s T - UPON THE SANDS OF THFRF

N .

STONE AFTER STONE TO FORM A BRIDGRE

Lawrence Weiner, Néuveile'Biqnnale~de'Paris 1885,

1.1 OVERVIEW

" Networks of "queuves arise quite natufaliy as mathematical models of

systems in which there is a set of interconnected resources among which

chstomers_cirqulate. Over the vyears, the study of queueing networks . .
has been increasing in inténsify as a résult of an axpansion in the’

domain of applicability.  The original motivgtion was provided “hy

applicationsfgs diverse as job-shops [24], co&l mining [27] and the

evolution of pdﬁulations [27].' Interest 1in queﬁeiﬁg networks inereased
considgygbly.with Eheir applicability as models of computer systems
’{22;54,55] é;d packet—switcﬁing é&ﬁmunigatiég netwa?s [33,651: ﬁor;
recently, they have ais; emerged as models of“ distributed computer
systems [18] and 16cal aréa“ﬂetﬁo}ks oﬁ\ﬁorkstations'[?]. +he uge of
queueing network models, as performance evaluation tools, is likely to
incre;éé in importaﬁce as largg; éﬁd more complex _systems are

contemplated. ' ' . - !

An 1mportant factor in thelbopul

RS - . i .
- ar ~ .. DU I

arity of queueing network models



H . ' .~ - . - o - ,' N » '
-'has. been the discovery of the class of Jackson . tnetworks. Over the

years, the class of networks originally ‘considered by‘Jaﬁkson [23] has

- _been generalized . to. include . a wide variety of .modeling features.-

Today, this generalized class of networks .is known simply. as_the clags‘

of product-form networks since the general form of the
state—distribut;oﬁ is a product of terms. '“—7»

B Although the - state—distribﬁtion for product—form networks. is

known, 1t 1is not a simple matter to coﬁﬁﬁte the mean performance
measures which are the quantities that are of interest in practice.

This is because there 1is, in general,’ino' known simple closed-form

expression for the constant of normalization that 1$ associated with

the probability ‘distribution. FOr ‘open queueing networks, that is

networks in which there zie exogeneous;arrivals"and'departures from the

network, the multidimensional state-gpace 1ig couhfably infinite and the

normalization constant can be determined in a closed form. However,

, ‘
for. closed queueing networks, the customer population is fixed, the

%

state—spacé_;s finite and the summqtion'that‘defiqéé the normalization

- +

constant cannot be reduced to a simple form that can hbe computed

readily. For this reason, the mean_performance measures cannot be

~computed by direct appeal to their definitions. There 1s a genuine

-~

need for algorithms that can obtain the mean performance meadures, and

other statistics that may be of interest, in an efficient manner. Such

algorithms are the main subject of t

<

his dissertation.

,

In this_disqgrtatipn, we .begin by investigating the.applicatipn of

the Simon  and Ando decomposition agnd. aggregation technique to the

4
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aﬁalysié_ of prbduct—fqpm queueing networks. Necomposition and

aggregation '1s a technique which 1s"éppli;ab1e ‘to Markov chains ‘iﬁ

general. With this technique, -the problem ‘Qf determining. the

equilibrium distribution is broken down into a get of smaller prohlems'
the solutions - of which are combined to yield the distrihution for the

1arger system. The technique is suited naturally to systems that are

,made up of -a set -of loosely coupled subsystems [15]. " The npplication o

of this technique to queueing networks was introduced by Courtois [}3].
He showed that the analysis of a network of queues could heé broken down

‘inte the analysis of a hierarchy of subnetworks that consist of‘guhﬁeté‘
of the ser;1ée centers: .As Codrﬁoisfhas péiﬁfed out [131 the analysis .
. of produét~form queueing networks by this technique does not ;ield.an§
computational advantégg over the convblution algorithm of Ruzen (]0].
Rather, its main use, for product—form getwqug; ?3 ?t¢“éspentia11y‘
unearth the basiérrelations that exiét among 1e§els éf aggregation and
among aggregate resources in networks of stochastic service sfstems".
These ’relafioné.-broﬁide consideragle insight intoilthe ﬂieratchic
structure of queueing networks.

A;.mentioned éﬁoﬁe;-the network 5ecomposition of Coﬁrtois 13 made
according to subsets of the service centers. 6ur first ohservation is
that this 1s only one particular way to decompose pr&ductfform quehelng
networks. Courtolis [14] has given' the necessary and sufficient
conditions under which the geﬁeral aecompositiqn: a;d aggregation

“procedure will yield exact results. There has not, however, heen an

attempt to decompose product—-form networks other than according to



T

J-»'subsets of the service eenters.. Using gome results from the theory of . -

reveraible Markov chains, we are-’ able to show thst almost arbitrary

decompositione of produet-form networks will yield exact results. 'This

-observation s a starting point in the search for _useful

e VoL

'decompOBitions. we are :interested in network decompoaitions that have

) physicel meaning,'ones which provide insight and which 1ead to useful

results. = . v
L4

W - . . " i g . . ' . " 3"[’
ST 3 .

Our first contribution 1is to introduce . a. new:type of network

decomposition,_ ‘called decomposition by chain; which s applicable to

T

Vservice center, .as Courtois _and others.. have done -[13,14,62,531,

¢ s

proceeﬁ to decompose ‘the network according to subsets .of the closed

routing chains. The " decomposition by chain technique resolves the

analysis of .-a multiple-chsin network into a hierarchy of sing1e~chain

this approach is that a reduced system;:itﬁelgihaving ahproduct-form

-,

2 distrihution,. is constructed srouno"bne _particular closed routing

;multiple:chain cloged queueing networks.: Rather than K decomposing by .

closed queueing network problems. LA useful consequence_of adopting‘“

. ,:l"‘phainq This reduced system- facilitates the parametrié dnalysis of a

particular closed routing chaintof intérest with respect to the routing

parameters. This result can be considered as a complementary result-to’

'Norton's Theorem' for- queuesr[lll'which“is‘used”for?the parametric
anqusis of particular service eenters of interest.

Apart from providing insight inte the hiérarbhic structure of
queueing networks, theaﬁfact "that producttform..networks"can he

decomposed almost arbiltrarily alss shows”'one how to des’ign

S

-



computational falgorithms for. the numerical solution of product-form

queueing netnorks. _.This obsernation uprovidee a’ general framework

within which we may gearch for efficient solution algorithms. The:main

"algorithn'whichfis;eubstentially more efficient than hitherto adopted .

"natnrally from the oeconpoéition hy chain techniques The algorithm is

contribution of this’ diesertation is the discovery of a soluttion

nethods, when there are many routing chains. in the. network -0ur new
algorithm has a complexity which is . polynomial in the number- of chaina

The established algorithms have exponential complexity

The underlying principle of the "new . algorithm is the notion ofp

decomposing by " chain. ' The‘fnen‘ algorithm, thErefore;’ follows quite*

a so- called normalization _consgtant approach since, like the convolution

a;

algorithm [lO,&?],ﬂitlis based on the,computation:of the normalization

constant. .

We present the algorithm "in two parts. The first is,ooncernen

with the new method of computing_fthe' normalization constant. This

quantity is of interest’ in itself. The second part 1s concerned with

"obtaining‘the mean performance measures.” These are the quantities that

are of most interest in practice.

L

Our final contribution is an efficient algorithm for the solution

' v

~of a class of proauct form queueing networks that arise 1in the

performence modeling of local area "networks of workstations. We

introduce -the c¢lass of semi-homogeneous queueing. networks -as -a

generalization of the .class of homogeneous;networks, which has heen

considered by Balbo et al [2,3]u for the modeling of local "area. -

o



b

deeompoaition by chain technique and then - proceed in Chapters 5 and 6

| ol Y

networks. Our new ualgorithm;'-for the solution of semi*homogeneons
7

networka, is baaed directly ‘on the ‘new algorithm mentioned in the

previous paragraph C . We exploit the 1inherent - structure of -

T aemi—homogeneous queueing networka to, reduce ‘the complexity of the

aolution|procedure. This algorithm for semi-homogeneoua networks is,

in general, considerably more. efficient' than the general purpose

algorithma. It is leaa efficient than the algorithm of Balbo et al

{3], but the class of" networks it can solve is more general than the.

class of homogeneoua networks. T Qur algorithm . may, therefore,~ he

: situated between the algorithm of Balbo et al and the general purpose

‘-‘algorithms, both in terms of generality and efficiency. ] \'

In the remainder of this Chapter we shall overview the ‘theory of

product—form queueing networks and some of_their enrrent applications.

-

-In_Chapter‘Z; we overview the decompoaition and aggregation techniqoe

and the work of Courtois. Chapter 3 presents..a summary of the

eomputational algorithms which‘have‘been developed for_cloaed queueing *

networks. This will serve to situate our new algorithms  among the

eatablished:, ones. The new results, "that constitnte_this thegis;-are'*

presented in Chaptera 4f 5 6 and 1. We hegin in Chapter 4 with the

' . - tre

‘to deacribe the new methods of obtaining the normalization constant and
.the mean performance“?meaaurea; The algorithm for-:the aolution of
aemi-homogeneous networks 1s preaented in Chapter 7 We concludel in p

Chapter 8 by suggesting seVeral further avenues of research that may

N Wt e bl P - =

lead to useful results.



1.2 INTRODUCTION TO QUEUEING NETWORKS

~ . -,

A network of queues consists of a sat of service centers arrsnged

n

at the nodes of a graph. Customers travel along the edges hetween the

nodes and receive service at the various service centers. A network is

closed if there are no exogeneous srrivals‘snd no densrtures from the

network. A._closed network contains a fixed population of customers

that circulate continuously among the service centers. LA network is

open if- customers msy'enter and 1eaVe the network. The populstion of

an'open'network is unconstrained. A network “ig mixed if for certain

. customers the network is closed while for others 1t is ‘open. ) .

. The descriptiOn of a queueing network-includes.a‘epecification of

the mechanism ?hereby CUstomers arrive at and depart From the network

of the routing pf the customers between the nodes, of the ‘service
1

requirements and of the queueing disciplines at the service centers:

" In the construction of a queueing network -model. for a system, it is
customary _to make certain assumptions so that the model will he

mathematically tractable. The types of systems usually modeleﬂ using

queueing networks contain features that are random in nature.. The

analysis of these queueing networks 1is a problem in the field of

applied probability. The assunptions that.arehususlly msde are ones
which will render the-quameing network Markovian. . -

- Although the¥”Msrkovian|.assumotions simplify 'considerébly"the
msthematical structure ‘'of a queueing network, tHe state description of

queueing networks is-multidimensional'in nature and the cardihality of

the state~space 1is wusually entremely lsrge. This, 1in general,

[T



Jackson and the main ektensions that have been mede to it.

1.3 THE.THEORY OF PRODUCT-FORH QUEUEING NETWORKS

s mt e = ¢ e

-

preoludee the ‘analysis "of Merkovian queueing networke by metrix methode

f.159] that involve solving the system

; T . | S

for the equilibrium state probebirity distribution Y, where -} is  the

v

-k
-

infinitesimal generator for the continuouedtime Harkov ¢hain associated

with the queueing network. - Fortunately, a very general class of

Markovian queueing networks . has - been discovered which has a known

equilibriuu dietribution. This is the class of Jackson networks [23]

- Or so-called product form networke.”'For thls class of networke the

problem is no ' longer to eolve eq. 1.1 but rather to compute the"

' ' -

performance measures of interest, knowing the state~distribution. - This

is the problem with which we are:primarily concerned.

In the following. Section we shail overview the basic model of

.

Product -form queueing networke have * their beginnings with the

+
M

: network of Jackson '[23] Subsequent generalizations remain cloeely

‘related-to it. We_shall first consider the claesical work of Jackson

and then overview the general class of product- form networke as it

: etands today.ﬁxA recent survey of tbe theory of product-form queueing

e

networks in equilibrium appears in [37 ]. -

N

r
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The queueing network of Ja_cicsoo is a generaliza.tion of the
'classical M/M/K/m queue. There are; N nodes with serviee centers of the
/M/K/m type. The ne‘.twork is ‘op'en ‘and oustomr‘e ‘f‘rom lo_utside the
system ar’r'ive to the ‘_'c':erifers eccordio'g- to .a Poisso‘_n -pro'ceée. The rate
of~-externa1' arrivals to node i, l<i'_<N, i‘s A e 'Tile_-ser\}ice time

L.

distribution for the customers 1s assumed e:roooeﬁtial. < "The mean.
service time for a customer at node 1 is 1/11i The number of parallel

servers at node i is.k . A customer wholcomplet:'es service at node-i

L

proceeds next to node j with probability pij The state of the syst:em V

isn (nl,...,n I where n, is the number of . customers at node i. Th_e

Jaekson. network is a continuous—time Markov chain over the state~s pace

s = {(n ,.‘..,nN): ni>0; l<i<N}. Jackson proved that,- when the~

equiiibrium distribution exlsts, 1t 1s given by

Pr(n) = 0 ¢, (n) (1.2)
. : 1=1 R -
. where. - |
S | . |
i ] |
. Ci ‘(kie.i‘) "/ nts if OCHiqki’
= N .. ﬁ,
$ (o) = . . _
, : ki n,oo S .
1
(_"i lfi Py / ki" if n, > ki+1’
Ci is a normali:';at.ion constant chosen so that E lpi(x) 1, p, =

cx=0

ei/kiui and- the quantities e 1<1<N, are given by the solution to the

i’

" conservation of flow equations .
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The necessary condition for the equilibrium distribution to exist 1is

eq. 1.2, 'the queues behave_ independently. as. if «they” were- isblated

M/M/ki/m queues with input rates e, . ‘ ". o . ST

Jackson later genéralized, his .results “to inclode-'an' externRI”

arrival rate that depends on the population of the ‘network and as

well, servers whose service rates are functions of the\node populations

IZA]. These results include the closed network as a special case,

which"is usually (incorrectry [20]) attributed to Gordon and Newelb"

. T

[19]. In [43], _the network’ considered by Gordon and Newell is '

B .

that Py (.1 for 1<1<N As can be ‘seen from the_product-form“nature of .

-3

g

generalized to include travel times between the nodes. .The‘network of =

[43] is further generalized in [&4] to inclcde\the case where Qeihéfé

e

different types of customers in the network which can,be_distinguished

by their<service-timemrequirements; routing probabilities and travel"""

- e e

timeg: -

The class of product=-form queueing networks was extended greatly,

and presented in a unified fashion, By Baskett, Chandy, Muntz and -

- Palactos [5]. This class is the one most widely referred to inn

practice, and fs known as the class of BCMP networks. We shell

PEyIs

overview this class of networks in some detail since it 1s the omne witn
which we are concerned —here, “and tnis oill serve uto :establish..tne
notation which is to be adopted.. |

In the class of BCMP networks there are difrerent ‘types of

customers. Customers of the same“tybe are sald to belonéyto the same

Y,

o
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iy

" . .closed routing’ chsin. iThere’"éfé,“”as;;ﬁeii*"different classes of

¢

customers.- A customer may change Its cTass when L completes service

(SN o -

‘at-a node, but it may never change its type. Let the number of types'

of customers be R and let the set of cIaSSes to which a type. r customer

' may belong be C(r). - The sets of olssses C(l),...,C(R) re all

.

e, csC (r), according to a PolssYn procgss at rate

—an
»

disjoint.7 Let the number of nodes in-the network be N and let the set

S
-y .

._of classes to which a typexr customet msy belong at node i be C (r)

r
- -

,,N | . R

-

,iuww_rel

'w“'bieefiy S Ci(r) =Hb(r);t Also let c, = = . (r) A type r

=1F Tam '_ -.‘.5 ‘ . iy 's.

e

customer who completes service at node 4+ in class ¢ nexe-proceeds to

R

node j in class d- with probabilitybpi r)

:4,d
prqbability oo ' o : ;$r;:' ™ -
. = = = e Ly e e > = - .
) -"‘. -3 o T | den o e " . .
L . N 7 -
- ‘”.l.h T - " (]_‘) ~
o (s L b Plesgal

MR = = It e Rtk =T

' T 1 - - wa

asp
- i - . .
et

n -
. el

It is essumed&that typear customers arrive at node .1 in class

Wy
ic )
lci jGNL ceC 1(1)5

The

transition probabilitr matrix P( 0 [p(r) 1, 3
.. <3

deC (r)] is said t0'be-the routing chain far typ€ r customersr If ~

N w

iz) 0 for all 1<i<N and csC (r),«then the routing chain r is said to

LY

haslEReY - . Ul
be closed ‘ofherwise 1t° is open. If routing chain r is closed, then

e O A ntt TE e

_the number of type. L customers in the network 1s fixed. We denote this

number by K . -The méan service time requirement*for a class ¢-customer

e < p—

at node 1 is m, o - L. - -
ic e - e,

g -

-

In a BCMP network four types of queueing aisciplines are allowed

e ey,

at the servite centers, namely, first—come fi;st~senyed (FCFS),

e
- - P T =¥

ptoceesorf«ﬁhe&ing.eiPS), lest—come first—served preemptive resume

prn
-3 Y - oy

“or leaves the network with -

-



‘class corresponding to each stage of service [35] These classes are

(LCFSPR) (with service resumed at the point of interruption)

(AL

infinite server (IS) At sn IS center there is no- queue since there ‘

it 1is required-thst the service time distribution be exponential snd

-

-'m‘ for all cEC At LCFSPR PS or IS service centers, the‘

e 1

- service—time distributions msy tske on s genersl form to be described

below. . . :- AT

The required form for the service—time distribution at LCFSPR PS

-

or 1IS. centers is thst it hsve s rational Laplace transform. Such

'.’«4

distributions can be constructed by hsving a network of exponential

stages which a custouer, who in the process of being served passes

)

‘are an unlimited number of servers-, If node i is a FCFS center, then d

'

' through. Cox IIG] hss shown that sny such distribution can be '

constructed with a network, of" exponentisl stages as illustrsted in

of sts&f 1, the customer proceeds for further service A stage 2 with

- -

probability a, or completes service with probsbilityfbli Equivalently,

we may view the customer as passing through s sequence of-classes, one

supplementary to the one the customer was’ in upon srrtVsl at the node.

END

Figure I. 1 Coxian representation of a generel ‘service-time distribution_

o
- kgl

S by a- sequence of. exponentizl stsges.

Figure l.1." In the network of Figure 1. 1 for exsmple, upon completion Co
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The statg‘description of thernetéark includes the number AE bach_'
glgas of customers at the nodes, the stage of .service ‘Eﬁéy have
‘reachéd,'and the ordering in the queue. Béskett et al [5]‘give the
étatg—disﬁriggtion at lthis, level of detail,‘ .They algo give 'the
_mérginal-,distfibutton corfeépondiﬁg_'to the .number “of. eACh clags of
customers at each node. .Fér open networks, -they givé.the marginal

distribution for the total number of customers at each node. Here we

shall only consider the marginal distribution .for the number of

customers of each type at the nodes.

Let n _ be the number of type r customers at node 1,

. R . ‘
ARy (R Ly |
B ni‘ - zl ni[" Ei -_'_ '(n—il_!"'lniR) and _E yeoee,nl

(R), (R (R)
-1 —N

Y. The
r .

marginal étate—distribution,fif 1tjexists, for the number of customers

of each type .at the nodes 1is

N .
pral®y =61 1 og @™y, R s (1.3)
i*—i :
i=1 .
" where . .
-
R n . .
(R), I ir '
ny LA / n,!s 1f center i 1s FCFS, .
r=1 i . .
(R), _ : :
\i(_%_ilw) =4 LCFSPR or PS,
' L R o : . - ‘
B ow AN , if center i is TS,
_ ir ir °
r=1
\
w =t
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! 4 T “gz)*
- [ Ci(r)
S (r) ,
tir l e Me / €1y
cE Ci(;) :

(r)

the qﬁantities Gio s }<1<N, c € C(r), satisfy the set of equatlons

~ - - N
o (ry_ ,(x) N (r) _(r) ‘
a; ‘= A + L - a p . 5 1gICN, ¢ g C(r),
ic ic j=1 d € C.(z) 4d j,d;i,c
) N ) .
L ]
S . © (R) R N . .. ‘
' §7 = {n( )} n >»0; ¥ n = K_ 4if routing chailn r is closed;
. . - ir 121 ir r o
_ ) ' 1<i<N; 1l<r<R},
and wheré T
' L N
! G = E i fi(E_(R)).

——(R) () 1=1

.

© If chain r 1s open, then-ﬁhe quantity aiz) is the throﬁghput of class ¢
customers, c E'Ci(r),.at node 1. On the other hand, if chain r is
(r '

closed, then Ay is unigue onlylup'to a multfplicative constant. "It
is thén interpreted as a 'relative' arrival rate, or 'visit ratio’.

The dis;rib;tion given.by éé. 1.3 exists if the network is closed

tor 1f 1t isAmixed or épen and_G @, We note that at PC?S Eenters we

- ﬁéve‘tir = ti for 1<r<R. From eq. 1.3 we éee that the marginal

state—distfibution depends onrthe service-time aistpibﬁtion, at LCFSPR,

PS or IS centers, only through the mean.. This is known as the



- 26 -

ey s . i

insensitivity properEy.

BCMP queueing networks .may also accommodate various forms of

state—dépendency. The rate of external arrivals may bhe made to depend
. L -5 .

on the population of the network. The rate .at which work is
accomplished by a.server may be a function of the state of the node, or

of the number of customers at several nodes.

Let ﬁi(a) be the_ratE"at which ?Qrklig dccompiishei at node i when

‘the total pﬁpulation of the node is a.:“This type_oﬁ state—dgpendency
is applicable to FCFS, LCFSPR, and PS centers. With this

state—dependénky, the marginal distribution 1s obhtained by repiaci&g

”fiQE§R))’ in eq. 1.3, with .

R R
_. fi&?_” o5 B,
. ' © a=l 2

State—dependency can be-used to construct useful modeling Features.

For example, if node 1 is FCFS and - _f;i
a, 1f 1S a <k, B
B@ = Y, 1Fa vk +1~ |

1!

then we have a 'FCFS- queue with ki parallel servers. We shall not

K

consider explicitly the other forms of state—dependency which have heen
considered.by Baskett et al [51.

Further generalizations to the class of BCMP networks have begn

ﬁade.' Keily [25 26 27] has developed a generalized clags of queuelng

disciplines that give rise to a product-form distribution. Networks"

with population—dependent lost and triggered arrivals have been treated

.
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by Lam [30]. State-dependent routing- is considered by Towsley [60].
Pittel [42] has shown that networks'&ith cértain forms of bloékihg may
support a product-form distribution under certain reversibility

" conditions (to be considered in Section 1.4).

1.4 REVERSIBLE QUEUEING NETWORKS

_Under certain conditions, a Markov chain is ;aid to be.reversible.

A reversihble Markov chaiﬁ has‘a‘véry simple struc£;¥e which can be
viewed as a multiqimensiéﬁal extension of the‘-classical birth-death

- procesé. Reversibility is é'éufflcie;t condition fgr é;product—form,
distributibn.'lIn tPe‘following, we present certain elementary results

-

for reversible Markov chains wﬁich will be referred to in subsequent

chapters.\'oﬁr_oﬁly use of the notion of reversibility will be as a

’ vehiéie”to-simglify oyr arguments, specifically those of Sections 4.2
“and 5.2, . e -’-: . |

Consider a .continuous-time Markov chain with .iﬁfinftesimal

generator Q = [qij: 1,jES], gstate—space S and equilibrium distribution

X‘_ =, [vi:'%ES].

-

. Theorem 1.l: EAdépted from Theorem 1.3 in [27]) & continuous—time

Markov chain in equiliﬂrium is reversible if and oniylif

.~
-

/vi qij = Vj qji’ i’j € 8.

¢ N~

. Corollar§ 1.1 T@e stqte—dis;ribution for a reversible Markov‘chain is

.glven by the product-form



‘g - . "

Say V19,00

.vi='-\.C' -0 » 1 8,

9, . 4 +eeq
Ji2 Th i

where a ¢ § 1Is an arbitrary reference state,.,a,jl,jz,...,jn,i 13 any
sequence of states leading from 4 to i, and C is a normalization

constant.

éorollary 1.2: (Adapted from Coroll;z.ry 1.10 in [27]‘) If- a reversible
Markov chain 1s truncated to a set A C 8, ;where A i§ a Bet of
démmnicatiﬁg states, then .the resulting Markov chain is reversible in |

equilibrium and has equilibrium distribution v' where

Under certain special conditions, the underlying Markoyv chain of

BCMP queueing networks will be reversible: Co_n;idér.a closed BCMP

.gqueueing network in which all service-time requirements are
.,exponen'tial. 'By checking that Theorem 1.1 hoids_; it may be shown that:

it will be reversible Lf R = 1 and

. NG IR C RN

itc Pi,e;3,d %34 Py diize (1.4)

for, all 1<r<R, 1l<i, j<N,’ cséi(r), and deC (r).. If R » 2, then there

k

mist be no FCFS centers in the neﬁwork.
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1.5 APPLICATIONS OF PRODUCT-FORM QUEUEING NETWORKS

‘As mentioned in Section 1 1 the applications of product—form

queueing network models are numerous. We shall concern ourselves with

queueing network models of computer ‘systems, distributed computer

systems, packet—séitching. communication networks and local area

networks of workstations. General references on the modeling of

computer systems include [1], [22], (34] and "[55]. The modeling of a

"distributed  computer system, . using  BCMP. networks, is considered by- .

Goldberg et al [181. General surveys of the queueing network modeling

of communication networke include [33], [64].and [65]1:,Balbo-et“al [3].

use product-form models for local area networks of workstationg. In
this Section we will show, by a series of examples, "how these systems

map quite naturally into queueing network models.

A computer system can be modeled’ by a’ closed network of queues:

~

known as the central—server model. ~ An example is illustrated in Figure
1.2. There is one customer associated with each 'logged-on' user at

the terminals. While the user is thinking or typing, this customer is

il

at the 'terminals' node. Whén a carriage return is made, a transaction

——

is sunmittedwto the system. The customer “then leaves the 'terminals

and proceeds through a sequence of CPU—I/O devlice cycles. Once the

ra

transaction has been completed, the customer returns to the

'terminals'. The queueing disciplines at the CPU and I/O devices may

take on any of the forms that support a product form distribution- The

PS discipline is used to approximate round-robin service at the CPU.

The '"terminals' node is an IS center (the users can work simultaneously
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i

at their terminals). Using the class-switching feature  of BCMP ~

networks, the routing of a customer, among the CPU and I/0%devices, may

- -

be made to be.any finite deterministic sequence of hodgs. We need not

" have random - routing as in the original Jackson network. By having

different types of customers, we may allow the‘roﬁffgg and service .

requirements , to depend ‘on the routing chain . to which a customer
Belongs. We may model 'batch' users by igtrpd@c;ng_aq open roﬁting

chain. . o i .

Al model of a distributed computer systeﬁ can be creatéd by
interconnecting a group of central-server models of theJXype in Figure
l.2. This 1s iilustrated in Figure 1.3. 1In this ﬁodel, we have a
number of édétomers associated withé the terminalsf of eqch

central—-server network. There 1is a closed routing chain associated

)

* with each such group of customers. The customers place demands on the

resources local to their sites as well ag on those at remote sites.

o

The communication channel that links the sites can be modeled by a FCFS

queue through which the customers, proceeding from one site to another,

must pass.

In a modél of a packet-switching communication network, we
asaoclate a customer with each packet in the network, Fach

transmission channel ié‘ modeled by a TFCFS queue. For window

flow—-controlled networks, we assoclate a closed routing chain with eaphi“

virtual-channel that is set up between the source-destination pairs in

the network. The chain population is made equal to the window size.

Acknowledgements are faken into account by introducing a delay before

t
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Figure 1.2 Central-server model of a computer gystem
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Figure 1.3 Queueing network model of a distributed computer system
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Figure 1.5 Queueing network model of a local area‘network



. .
which a new packet may be injected 1nto{the network by a source. The

delaying action may be.achiéved by.having an IS center through which-
the customers, who have réacﬁéd their destinations, must pass begbfe

they fééufn to thg source. Wé-illuéfratq Lhis‘communicétion ﬁéﬁﬁarkm
godél in Figure l.4. ’ S ”

We'finally consider quéueiﬁé network quelé éf }d%al_area networks
of workstations. In Chapter 7 ;é shall develop.'a’ J;w efficient
algorithm for the sgluti;; ofﬁéhe queueing networks Lhat agisé in-this
particulaz_application."The.model is illustrated‘in.Figure 1;5. In
this model we associate a, queuve with each workstatiog and shared
resource (e.g. bus, f}leserver) iq_ the network. Users ét the
workstations can perform a. task at their own station or issue one to ~

-

the shared resources; . or ev;n other stations, via the commnication
channel. _We¢ model the demands pléced by éhe ugers onjthe resources of
. the. networh by assoclating a ecelosed touting chdin, havingA unit,
populatfon, with each workstation in the netiwork. The customer '
contained within each chain is allowed to visit all service centers in
the network. As mentioned earlier, by the use of class—switching, we

can make the routing of a customer depend‘on the past route so that,

- for example, a customer may take”the‘gollowing route - workstation,

bus, fileserver, bus, workstation.
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: ... <~ CHAPTER 2. - .DECOMPOSITION AND AGGREGATION IN OQUEUREING NETWORKS

R . -
[ T )

" 2.1 INTRODUCTION
.7 _This Chapter provides an overview 'of"'the . decomposition and

"aggregation techniqueiof Simon and Ando.. Wefconsider "in some detatl,

how Courtois applied this technique to queueing network analysis. We

:pl .-
begin by describing the class of nearly—completely decomposable Markov

chains, since it was this class of systems that provided the initial
motivation for Simon snd Ando. - We conclude 'by . showing how the
technique gives 'rise “to reduced systems that are- useful ' for the

purposes of parametric analysis. The Chapter aiso serves to estahlish

the notation to be adopted in Chspter b

- L P - -

2.2 NEARLY-COMPLETELY DECOMPOSABLE MARKOV CHAINS

-

Consider.an irreducible -infinitesimal generator Q, assoclated with
_ &’ continuous—time Markov chain] that can be partitioned into 'square
. matrices as illustrated ianigute 2.1. Let n{a) be the order of thes-

.

square matrix Q(Q?G).“Thé'notation“qij(a,ﬁ) ig used to denote the

(i, 1) element of Q(a,8) and the off-diagonal block .Tow sum is ﬁrittenr'

.a H]_ n( ﬁ) . ) .
as s = i E 4' (a,B)Y. A left eigenvectot, asgociated with
ia ij L . )
B=1 j=1 2
- Bia - :

eigenvalue one, of thé matrix (I+Q), where I is the identity matrix, 1is

denoted by v and:partitioned as v = [vl‘...vH ], where Ve ™
. . ! 7 . S 1 .

(v 1a""’ n(u)‘) so as to conform’ with the partitioning of Q

)

Similarly, let g = [si...lel snere 8, = (qu ...,s (a)a
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Now let Q be written in the form Q=Q +eC where Q =diag(Q1...QM Y,

. _ 1
Q is constructed from Q(a o) by distributing the quantity sia over thegs
elements of the 1ith row of Qa, a), for l<i<n(a), and g =‘Max {VV
. i,a

1<a<M1; 1$i<n(a)}. The quantity € 1s referred to as the maximun-degree

of coupling between 'the subsystems Q(a, e), 1<GQM1. ﬂlf € .1s

aufficiently small [SBJ, then Q is said to be nearlv-complerely

decomposable. . C .

Simon and Ando LSS] proved that if a system is nearly completely

deeompoaable, then its dynamic behaviour v(t), wiph time"t;‘evqlves:

through four distinct atages. . - ‘r_l_jh;_ Vfi;s“

.
Lamd

(15 Short-term qynamies: v(t) and (t) evolve similarly.-- e

- AN

(2) short-term equilibrium: v (t) and v (t) are reaching a similar ; ;y

equilibrium for 1<a<M, . = .

LA

1’7

1 ) l - ‘:__'_;.;;'; -‘ .‘;

(3) Long~term dynamiecs: .vd(q); for 1<u<M1, codfinubs to move towards

.-

equilibrium. The relative valuea_among (glaff"fvn(a)a) are, -
. L S
malntained approximately. The marginal distribution [fzt' ia(t)
' . . . P £ -

l<a<M1] evolves.

s =
N I

(4) Long-term equilibrium: The marginal distribution moves_tgﬁarqu;iﬂ

.

.equilibrium. v(t) is reaching an qverall.equilibriumé ;‘.,, oo

2.3 THE SIMON AND ANDO TECHENIQUE

The time decompogition of the previous Section suggeats “the

following space decomposition technique for obtaining an approximation'

z to the equilibrimn distribution v. The techniquerconsista of. two N

- iy

& o, -
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parts, decomposition and aggregation, .and proceeds as follows.
. * - T '

: _ e . * Tk LR Uk %
Step 1: (DECOMPOSITION) Construct 0 and find y. where ¥ (I-l-Q Yy
Va 1T=1 for 1<_<1<M1 and 1l 1is 8 row vector all of whose elements are

.o v

one. .

-

Step 2: (AGGREGATION) C?nstruct the (Mlle) infinitesimal generator .A,

of the reduced system, as follows. With a, . as the (i, 3) element of A,

‘ 13,
let ' . -~ N iw ‘ -‘.:.‘ . ‘ _ -
. L . * . - . [ ‘"' .
v, T, For YE, T A
a, . =] : | -‘~
S LT
‘ - a, , for i=j. - S
. kel ik - ] .
) k#i R . -.,:-\ .
L T e e o
Step 3: Find u where u(T+A)=u and ul"=1." ~ . - -
. . - wim o~ -
Step & 'Computé the vector z=[[u v*]...[ v*]].4 -
===k . FTL e e Ty e e "
. t - A oL '.' :'_* - - .
- As can be seen in Step 1, the constructionof Q@ from Q is

. " ’ B - . [ .. “;* o ' i
unspecified and is left open "to us: How we construct (). will affect -

the error (z-v) which will be obtaihed. ) Lf;:'ce-rthirg_.fgpé;d'iéi “conditions

are gatisfied, however, it is well-known [;Ll:, Section 4]- that the above

- ~ .

procedure will yield exact résults régardless of the. actual, Value.“of_
E. . . Cl -. [ . ._.“:- .‘-:L . N Rl

-

Thearem %7.1: .The decompositior;';nd ;ggrega'éibn..,.ﬁf}ﬂc_gdur;e_p-aé.ﬁ‘df;‘scribgd-
above, yields the exact ’eéﬁili‘ia'r:i"ﬁhr”ﬁdié:!;fijﬁht.i'bg.;ﬁ__ for the
cohtinuous—time Markov chain with_f-1r.1’finit_g_sima]-::'g’éﬁtar}:;tgr Q if .énd-only
if Q* is constructed 1a such é way "Eh-:nt‘, '-fo;:'.'..l_(}%;i{;,_ t:-lj:e._ \;eétor _‘v:; is

R
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equal ‘to the true .eonditional equilibrium"distributlon.

-1 ) . T
du (Ylu""’vn(a)a) where Ca va‘l .

The decomposition and aggreéation,procedore, ag described above;
can be extended into a hierarchieal o; multiple-level analysis of'Q if
-the matrices QZ; 1<adMl, can themselves bhe decomposed into square
matrices in the same manner as Q. In such a situation, " the

decomposition and aggregation procedure can be used in’Step 1 to obtain

approximations z{a) to the vectors vu_rather than directly solving the

‘ * * *
. elgenvector -problems va(I+Qa)=vu. Figure 2.2 {illustrates a
‘hierarchical decoﬁposition of Q into L levele L, 1<i<L, and provides a

notation whieb will be used to ldentify the submatrices of Q.

To describe an4L—1eve1 decomposition and aggregation procedure the

following notation is adopted. Let the order of ‘the square matrix
U D! 1
Q( I (ui,o 1) be denoted by n( o ) and let, qi ( H (o ,B )) denote
j i
i=4 . Y= 2
. c 1 : ; _ ' o
the (1,3) element of Q( T (ui,ai)). Dencte a left elgenvector of
- ‘ i=¢ s _ . )
1 1 ' 1.
Q &n (ai,u }) by v ( Mo ) The reduced systeme are denoted by "A( Hai)
1= , 1=p ! N =

-1 1 -
where the (i 1) element of A( Hai) is aij( Ta ) and determined as

=0T i=4

1 1

vy ( ﬂai)Q((i Hn (ai,a ))1 for 1#],
1 i=2 i= !
RENRCLINE I
) Eﬁ+l 1
c= ( Na ), for 1=j3..
LA A T
k¥i
1

. lThe expression iﬂ (ai,ai) is to be interpreted for the purposes
= .

of- notation, as the ordered product (al,a )...(alga )
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Using this notation the multiple-level procedure 1s conveniently
" presented in the form of a solution tree, as depicted in Figure 2.3,
-where'egch box represents an application of Steps 2, 3 and 4 of the

single-level-analysis.

2.4 THE LEVEL ANALYSIS OF COURTOIS

Courtois,[lB], {14] applied .the multiple-level decomposition_and

R

'gggregatiop procedure to theféﬁalysis of product-form queuelng networks
of.phe type considered by Gordon and Newell L19]» -This i5 the class of
_closed BCMP networks with a single closed Touting chgin {R=1) and no

"class—switching. We shall .assume,. for the sake of simplicity, that

. ~

- there is éfsinglé.f}Xed—rate server at each node (S (a) = 1);‘ The

state of the network under cénsideration is n( )= ( (1),...,_§1)).. We
let B(N K ) denote a closed gsingle-chain BCMP network having N nodes
and population Kl' The state—gpace of B(N,Kl) is denoted by-$(1>'
-Consider.Fig..Z.l énd suppdse Q 1is éhe geherapor corresponding to
B(N,K )} éo@ftois decoﬁposes.Q according to the number of custome?s ét:
sowe particular node, say the Nth. The o partifion‘cdnsists of the set

1

pértitioné'is M1=K +1. An'example of decomposition of the systeﬁ

of states S(u)=b§l): '5(1)5 S(l); nN1=a}, whare O<acK, . 'The-number of

B(4,2) 1s illustrated by the solid lines in Figure 2.4. 'If we now

construct Q (a, u) by simply truncating Q to the state—space S5(a) and

'distribute the quantity & over the nonzero elements in the ith row of

la.
Q{a,a), then Q (a a) 1Is the generator for the system B(N 1 K a)

. Courtols, therefore, decomposea B(N K ) into the set of systems

-
+
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e |
'{B(N—l,a): Oéackli. Each of these subsystcms cgﬁ: in turn, be:
.&ecomposed in a similar fashion.' Such further decompogit%on is
11llustrated by the dashed lines in Figure 2.4.  In general, the syst;m
B(n,k) can be decomposed into the set of. systems {B(n-l,x): 0<x<k}.
We now turn our attention to_the ;qduce& sygtem A ghat‘arises in .
. t@e aggrégatioq proéedure. The state-space of A is {a: chCKl}.. By

inspectibn of Figure 2.4, it is easy to convince oneself that

—ptl) ai-1,
uy(l-pyy’), 1F g=i-1,

P N~1

. SO N
E}ij . z unUn(i_) PnN o if j i+lr (2.1) .
Ky .
-1 a,.,1f =1, - R
b B T
K#i

Fa

— l , !
where ui=ti and Un(i) is the utilization of server n in the subsystem

B(N~1,KI%1). The reduced system A 1s, therefore, simply a FCFS
: . .

single~server queue with service rate uN(l-pIEIN ) and arrival raté X(nN)
N-1 (1) ‘ - '
= nzl u U (ng)p "> when the number of customers at the queue is Ny

The single-level decomposition and aggregation procedure of

-

Section 2.3, as applied to B(N,Kl), may now be summarized‘aé foiLOWS.

Step 1: For 0<u<K1: coﬁstrgct B(N—l,Kl-a) from Q(a,a). by dist?ibuting

. . ‘ %
- 8, over the nonzero elements of the ith row of Q(&,a). Obtain vd
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corresponding to B(N-1,K a) and compute U (o) for 1<n<{N-1.

E 2: Construct A according to eq. 2.1.

»

Step 3: Find u corresponding to A (the _systém A 1is simply a

birth- death process having a product-form distribution)

‘ *
StsE 4: Compute z = [[ulvll...[l.rﬂ1 lel].

From the above, we- see that the decomposition and aggregafion

procedure reduces the analysis of_B(N,Kl) into the analysis of

B(N-1,a), for 0<u<Kl, and the reduced system A.  Ai1 of these

systems have a smaller state-space than that of B(N,Kl).

The above procedure does not, in general, yield_exaot results.

. ) . +
VantilborghV[GZ] has proved that z=v if and only 1f the system
B(N—l,Kl-a) is constructed from Q(a,a) in such a way that the visit

ratio vector (ell,...,e a), 1is

), assoclated with B(N—l}Kl—

subparallel to the vector (ell,...,eNl)-which {s assoclated with '~

(N-1)1"

B(N:Kl)'

The single-ievel procedure, as described above, can be extended

into a multiple-level procedure, like the one deplcted in Figure 2.3,

since, as mentioned previously, B(m,k) can be decomposed into the set
of systems {B(n—l,x): 0<x<k}. The number of levels L is (N-1): Each
reduced system in Fig. 2.3 is a birth-death Process.

Up until now, we have considered networks‘ﬁith a single closed

lA vector (u yeeesU ) is subEarallel te (vl,... v ) if (ul,...u _1) =

(v yeeeaV ), where c is some ccnstant [62]

v



routing chain (R=1). Courtois [14] has extended his p}oéedure to éhe

. R ‘
case of multiple-chain closed queuelng networks. .let B( )(N,E) denote

- *

a closed BCMP queueing“networklwith R chains, N nodes, and'population
(R)

vector K=(K,,...,K.). Courtois has shown that B

(R)

(n,E) can be

decomposed. int¢ the set of subsystems (B (n-l,E): 9<£<5}.  The

condition for ﬁxact results to be obtained is that, for 14r<R, the

' Co (R), _ ' :
_vect?r.(elr,...,e(n_l)r? associa;ed with B. (n~1,x), is suﬁparallel to

(R)

the vector (eir""’enr)’ which 1s asgsociated with B (n,k) [14].

Althougﬁo'the qpplication':of the decdﬁposition and aggregation

LINEN

technique to closed product-form queueing ﬁetworks yields considerable -

"ingight into their hierarchic structure, it 1s not an efficient method

“

v "q -
-to obtain the mean performance measures which are the quantities that

are of interest in practice. Efficient cdmputational algorithms are
. _ TN
‘surveyéd in Chapter 3. Rather, the level analysis of Courtols can be

- ®) -
ruseful for analyzing networks that are more complex than B, (N,K) and

whose state-distributions are unknown. It is suited to the analysis of )
\\ .

- \—"_"—“‘\
systems thdt are nearly-completely decomposable. Models of
multiprogrammed computer. gystems with a limited number of memory
partitions fall naturally into this class of systems and' have been
analyzed by decodposition andf\aggr;gétion [6]. lMethods for thelr
~efficlent solution have been de;eloped in (7] and [36]. The analysis
bf‘queugiﬁg networks with clusters of_stronglf interacting 'servers i§
_coﬁsidered in [63]. Ngtwo?ks containing.customérs which have a high
varlability of servicg times can also be analyzed by the decamposition

and aggregatioﬁ technique'[Gﬁ]. In addition, we may attempt to analyze

systems that are_neither product—-form nor nearly—-completely

-

decomposable, butfthis involves heurlstics [29,34,39;40]: "
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. 2.5 PARAMETRIC ANALYSIS

A useful consequence of the decomposition and aggregation
-_. . ) - C A v .
technique is that it shows one how to construct a reduced system around

a particular subsystem that may be of interest. We may then vary lochl -

paf%metefé "of interest,” and observe the effect, without having to

repetitively analyze the ertire system.

Cortsider FigurefZ.l and suppose { has been decompoged in such a

-

way that the parameters,'with fespect to which we wish to carry out a .

parametric analysis, are contained in the ofﬁ—diaébnal blocks {Q(G;B):

-
-

1<G,B<Ml; a¥8}. Then, as can be seen from the decomposition and

‘ . ' %
aggregation procedure of Section 2.3, having obtained v in Step 1, we

need only ahalyze the reduced system A each time the parameters are

changed.

¥~Subposelwe wisﬁ to carry out a parametric_analysis with respect to
the parametets which are local to node N in B(N,Kl). ‘If we addpt.the{
decompositipn of Courtols, as haé-ﬁeen illJétrate@,iﬁ'Figure.2:§,'thenJ'
we:see that uaand Pyg» 1<i<@, only appear in the off-diagonal hlocks.
Hence, each time we vary the parémeters assoclated with node N we need
‘o;ly analyze the systé£ A-ariSing‘in Step 2 of Section 2,?. +his_
system is simply a single-server queue ;ubjected to a state—dependgnt

.Poisson source. Exact results will be obtained if the condition of

Vantilborgh [62] is satisfied in the construction of the systems

. : \ N-1
B(N-1,%), 0€a<K,. The quantity ) u U (1) p
. n:nl

(1)

AN in equation 2.1, 1is

-coﬁmohly ‘interpreted &as “the throughput through node N in the system

B(N,Kl—;),lwhen tn is set to zero (shorted) [521. This paramétric
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ahalysis technique for a node in a network i1s widely known. as-

L

- flow-equivalent aggregation, or 'Nortor's theorem’' for queues [11]. It

can be derived [11] by _direct algebratc means bttt the above

presentation, in the context of decomposition and aggregation, situates

the technique within a more general framework.

e

The above ﬁhrametric analysisqprocedure is reédily generalized to

(R)

the system B (¥,K). 1In this situation, the reduced system A 1s now a

. ..8lngle-server queue subjected to a source of R types of customers. The

rate of"afrival of each type of customer will depernd on the sﬁate

-R T e ‘ —_
E; )of the queue. This generalized procedure has been derived by

direct algebrailc means in [28]. We mention that one may alsd'conséfuct

L
a reduced system around a set of_ k nodes that arbitrarily interfaces

the remaining network. Tor example, in the case-of B(N,Kl), we should .

decompose the state-space S(l) go that the « partition consists of the

e i (S ), -

set of states S(a) = {n*"7: n'"7 ¢ 8'°7; § nal=a}. This
& - a=N-k+1 :

generalization has been proved by direct algebrafé meaiis in [4]. It

(R}

applies, as well, to the system B (N[E)f

7/



CHAPTER 3 - COMPUTATIONAL ALGORITHMS FOR QUEUEING NETWORKS

3:1 INTRODUCTION

As menti?ned in Section 1.1, the -difficulfy posed by_,élosed

queueing networks 1s that the normalization constant G cannot be

written in a closed form as for open networks. A direct computation

would involve a sum of [22]

K +N~-1
( L ) ]

R,.
1
r=1

. R :
terms, this being the cardinality of S( ). Such a"summation is, in
gehéral, computationally intractable. Hence, the network berformance
measures cannot be computed by simply summing probablilities over

appropriate sets of states. As a result, much effort has been directed

v

"to the development  of éfficient methods for analyzing closed queueing

networks.

" The two priﬁcipal algorithms for the analysis of clogsed queueing

networks dfe the convolution algorithm and mean value analysis (MVA).

'These algorithms yleld exact results for product-form networks. We

shall conslder the details of these algorithms since the new algorithms

that will be developed in the’ following Chapters all yield exact

results and. we will ‘need to compare them with the established

algorithms. - There are, as well, cértaigﬁéother closely " related
.. ] :'?‘: 'rl . .
algoritims which we will make mention of. i.i

|

3.2 THE CONVOLUTION ALGORITHM

The convolution algorithm was first proposed by Buzen [9] for

-
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single-chain networks and subsequently extended by Reiser and Kobaya‘shi:'l

o

[47] for multiple~chains. The convoluticon algorithm is an efficient

il

means of obtaining the normalization constant. Most performance -

measures of interest, such as mean queue lengéhs, server utilizations, - R

e

mean walting timeg and nodal throughputs are rea'dily computed from the

.....

normalizatioh constant and certain intermediate results obt_ained sin the

convolution algorithm. It is termed a normalization.constant approag¢h™ N

e -

since the measures of interest are obtained via normalizatiom

R PN . -

constants. - - ., i o

Consider the closed BCMP queueing network B(R)(N,Ej 'wiqth R roﬁting :

chains, N nodes and population vector K. Lét the agsociated

.normalization constant be denoted by CN(_IE). It-may.be s'ﬁown;” [8] that " -

Ir

Cy(R) = (£%- 2 %) (©)

-y

where * is an R-dimensional convolution operaéion'._ The- convolution

algorithm consist of computing “‘CN(-I-{—)‘ using the Tecursive eip_ﬁ‘ession _ ~
S €)= (0o ¥ s G s
with initial conditions Cl(E) = f'l(}_c.) and Cm(E—lr~) = ( ifk; < 0, where -
l-r is a unit vector pointing in the rtﬁ dire'ction‘_.A -ff node m Is a L
state-~dependent JServer, then eq. 3.1 is expliciflf’_._ . S - W. ;
WL o - S, e ; " -g:
c= 1 <. 1 Y £ @  (ken). e (302), o e
n=0 - n=0 n =0 "= ™ CoT
R - -2 1 - U S :“ . o " -
- t ol moae U ves e T "



- <+ - e i
. i P -
. . R .
” . L' s
" « T30 - o -
hv -
, . < -
- - - e T " — e = - N -
b . v
o e ,\'J-a.-“'. - . o P
-+ If node m is a constant-speed server, then eq. 3.2 reduces to [8]
: A c
\", ".-.J - h - " L. " - o
" 2 o [ '-.A‘ -

ER ) e ’ R : - w!
Cpk) = Cot () + 1w Pkl ).t ()

o Ty T
- Egnoring the ‘q:gmputation of the initi_a'i co_gdittons.and assmnlr;g

-

all nodes have constant—speé'd"servers_, the tofal number of operations

4 - e

. (multiplfc’ati'dns, addi..t‘.ions) to arrivemalg CN(E), us}nﬁg ‘e_q. 3_'.3,? iy

W oo - ‘ ST .
R . R < e
- T R(N-1Y N (K A1) e (3.4)
- r=1 . r . ':'-\ . " s
N - S K .
- . L -.“ o = . P

’]‘:‘he"'Te'quired 'étorage‘.-.spac‘e-,l in number o'f'_érrasr locations, "‘t‘o implepent .

the'algbritﬁm is 8] . ‘ . v - e T
S THRRE JER I
‘ "7"“ "-.‘” i h L
If node m is."é state¥deﬁeqdé'ﬁtq‘séf"(rét",‘; _tﬁ;en‘ﬁ_t:he_‘computa;i.on“o{:‘-“(‘.m-(_k_)

for 0<k<K, using the ﬁ'rev-_;guély compited (k), D<kK,

. . v_:':llues,:?f 12 _
“-require:s.‘of the ordar of (s'ée' for equmple"'tfiz ]),g L. " ) -

e, X o H
. - o . . . . 3
. - . u

B . .l ' -' B .R_ B ’ '::. . .. ' N . -“; - . - . -‘ ; -
o . - (RAE(K A2 o L T @B3.ey
: L ’ R S r. : - . . - A
‘r;l \ . . . . . "
. operations. . The spacé requjzrément;"_is unc.bang,:ed"f_rom g_q‘._ 3‘.5: N .

"We now considér how the -mean- performance measures are obtained

- . from ﬁh‘é_ nomalizat;l.on' coﬁ‘d’tan"_:a: We- shgll first_ (_:onsider the._ case
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- i ) A
whete we have- constent—ebeed servere." We denote _the, throughput,

.utilization, me‘an queue 1ength (node population) and mean waiting ‘time

.

(queueing + service) of type r customers at node i by T

o (c) * (e} (e)
Fir’ respectively. Also- let T ‘, ir ’ Qir

ir? 1r' Qir

dw() o

respective quantitiee but on a per class basis, where c € C (r)

",

The ~mean, performance measures, for a network of constant-speed

Bervers, ‘can te obtained‘as follows [34]: L o . :'al i
TN T Fe CuK - '1,‘1?') /.cN(E__)__,.J ce S
, ] - . K ) . X . . N ) . e . ey .
. r a . s L .
o Lo - ) L .
a=1 . R }
l - Cep ot . Co . - * n o~ " .
_wit . Qi; /.Tir’ S e e e —
KO L L, ST
Tir %ec T Jnfir’,:_ A .
o) L, e T .
il‘ 1C ir ? R S T - ‘-4 ’ "
(c) _ (e) © ;
= at . N .
Qir i Mic Qir / Yir. . ) -
(e) (e}, (c) oot .
and Wir . Qil.' / T . - . : (3-7)
In the case of a- state-dependent server, the equations for Tif
o ple) (@) () e e o ‘ C
wir’ fp ? ir , d W i remain the.same as tn eqs. 3’7 but Oir must
‘be computed using [34J : e ‘” jjffh . .
- . . = b . K .'...7. ‘V.;. b . . -“‘. .." -
Qir i x Pt(n - (3.8)
oo X=Loe e :
where . - Ai - e - ‘ S -7
Pr(n, = x) " Y- Pr(nﬁ(g)'k ), -
. e . - o,
. k & A(x) ,~
» ’\"I ) - ‘ ‘f‘_ ..:“_ !
ot 3 1-" ‘

denote the same -
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(£ %o *E _ *E %Lk (k).
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Q(x) = u% 2 (K, ,ee0,k

y: 0% : < Frs -
il iR‘)f 0 k:lsx’:KE; for 1 '3<Rf 87 ‘.(11' x},

Priag™ = k) = £,(k) Oy fy) K = k,) / Cy(),

’

and CN_‘{i}(E) is the normalization constant of a network identical to

(N,_l_c_)‘but with the ith node removed, that i-é, 'CN_h}(E) ™

1 1-1 "1+l
A practical prohlem' with the convolution algorithm {s that the
floating-poi}xt range of a machine may be .exceeded in °the course of
qomputing' éN(E)' A partial solution is to scale the quantities

(e

1r"';’eNr) by 8 constant factor, for each chain r. This is termed

4 f

_static—scaling. A scaling procedure is given in [34, Section 3.5.6.}1].

" Another appreoach is to vary the scaling factors as we compute CN(E).

This is termed dynamic scaling and. has been developed .by, Lam [31]. The

algorithm to be described in the following Section avoids these

i

pbt;ential underflow/overflow problems.

3.3 MEAN VALUE' ANALYSIS

- .

& , ’
Reiser and Lavenberg [49] have developed an elegant algerithm for |

the solution of closed queueing networks that works directly in terms

of the mean performance measures (hence mean value analysis {(MVA)). Tt

is based on the Arrival Theorem '[35], [57] for product-form queueing

—

" hetworks and Little's result [38] In words, the Arrival Theorem

states that the stationary distribution for B( )(N,E) at arrival epochs

of type r customers 1is equal to the st:a'::i#onary digtribution for



B(R)(N K-1 ) at aroitrary times. i

Let P (j k) be the queue length distribution at node 1’ in
B(R)(N,k). Also let T (k), I (k), Qi (k) and w (k) be' the mean
performance measures -agssoclated with BIR)(N k). The following

racursive equations constitute the MVA algorithm [8 34 &9]

(¢t , 1f 1-is an IS center, - e : )
ir
W{;(E) = et 1 Q (k 1 )), 1f 1 is a single server fixed—rate -
4 .s=1

ceﬁter

- -

£y, E 3P, (31 k 1.)/8.(9), 1f 1 is a state—dependent
AN

=1 | »
.' " center,
| . ‘ N :
. fe l'l Tir(ﬁ) = Eir Kr / jil jr er(E)’ ) R )
! : Qir(E),'z-Tir(E) wi‘r(E)"
1 | '
P,(J,k) = 'B_(j')' Szl tyg Tyg(k) P (31,1 ),
P (0,K) = e (11, (3.9) b

g ,/ :

where K = Kl +oan. + KR;

- The MVA. algorithm consists
(R)

of computing the mean performance

measures for B (¥,K), using eqs. 3:9, by recursion over k, where

Q{Eﬁg. The performance teasures on a per class basis can be obtained

using eqs. 3.7. 1

In the case where there are no state-dependent servers in the

network the time requitement, 1in number of operations, to obtain the



mean performance measures; is approximately the same as eq. 3.4. The

space requirement, in number of array locations, 15_[8].

.
Y “

. R " . e
N T (K +1). L (3.1M)
- T -
r=1 . - :

+

v

This' is more than for the convolution algorithm when N > 3.

When “there -are stape—&ependent gervers, the MVA algorithm 1is

N 2

complfcated by the need to compute and -store the queue-length

‘ i
distribution Pi(j,k)ﬁ The algorithm may also faill numerically as

Pi(OLE) tends to zero. Reiser [50] has devised a means to ¢ircumvent

this problem but it involves. an increase in computational costs.
. ]

-
+

1 . ' .

3.4 OTHER EXACT ALGORITHMS

Several other exact algorithﬁ& have been develdped in an attempt

Y .

“to improﬁe upon_difficulties encountered in the original convolutic;
algorithmlx The Local Balance Algorithm for ﬂNormaliiing_ Constants
(LBANC) [12] is closely related tﬁ'PNA‘énd avoids truncétion‘erroés
~ that occur in the convolution alggrithm for,noryalization ggnstadts at

the lower limit of the floating point range. -LBANC requires, however,

the coﬁpﬁtation and storage of unnormalized queue-length distributions

for sgtate-dependent centers. In hybrid Convolution—LBANC [34],
convolution is used for the state—dependenf centers. and LBANC {s used
for the others. The Normalized Convolution Algorithm (NCA) of Reiser

[SQ] eliminates the overflow problems of convolution. In hybhrid

-



/”;;/’Egnventioﬁal convolution algorithm. A Tree MVA algorithm hg§ also been.
-~ i ‘
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il
-

MVA-NCA [50]; NCA 1is used for the state~dependent centers and MVA for

‘the remaining centers.

'A mumber of algorithms have 'as well been developed[thét‘exploit

N

certain properties of the models being analyzed. = 1In models of

communication networks (Section 1.5), each closed routing chain may

1

only visit a small subset of the centers in the network. This, sparsity

or 'iocality‘ property has been exploited by Lam and Lien [32] who

developed a so—called Tree. Coﬁvolutiqn algorithm' that, 1in certain ‘:

gituations, has'drama;icélly lower space and time requirements than the’

proposed [61].. Balbo et al [3] have dev%}opedwan'efficient procedure

. for analyzing the class of homogeneous 1f;ueing networks that arise in

the modeling of 1local area networks. This procedure exploits the

" inherent symmetry ‘of homogeneous . networks (to be defined in Section

N -

7.2).

o

3.5 THE SOLUTION OF MIXED NETWORKS

In this Seétion we - considef ‘how . one méy obtain the -meén
performancg measures fqr a queueling ne;wqu that contains both open and
ciosed routing chains. In the following, Eor.the gake ~of simplicity,
we shall limit our éttenpion to the case ;f.a mided n;tuefk containing
a single open chain aﬁd having only constant-speed or limited
quéue—dependent servers. _4 limited‘-queue;depeﬁdéﬁt' server 1is a

state—dependent server for which

B,(n) = 8, (5,)

w
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for n 2 8 where 5 > 2 [34] . Mixed networks with limited

queue—dependent centers-are stable if and only 1if

.W_iro / Bi(gi) < 1-,

" for 1<4<N, where r

0 is the index of the'open chain [34].

The approach to gnalyzing a mixed network is to transform it to an

equivalent closed netwerk which ‘has the same performance measures.for

the closed chaing as in ‘the origimal mixed network. The equivalent

closed nétwork 1is constructed from the original. mixed network hy
removing the open chain and introducing modified service rate functions

. * ’
of the form Bi(n) and given by [3&,52]

B:(n) = Bi(nj&;(n—{)/ui(n)

“where, for limited(qugue—dependent'sérvers [53],‘

gi-l

/_c{$=:+1 B; () {<1-wir0/sicgi))

. - g:L‘-ﬂ“1 nt+l
o/(n) = B,(g,) }

)
_ g, -2 : . g ~1" .

i ) - ma i. . n-g +1+1
TG ;z§5¥{1 /B -1/ T BM(B ) O]
a=1 - o hantl * h=n+1

for n < (gi - 2) and

ntl

og(ny = 1/ (L= vy, 8 ())

for n >-(gi ~'1). For constant-speed servers, wé therefore havg

* T

L/
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According to eq. 1.3 this implies .that, for the case of
constant-speed servers, in the transformation from the mixed network to

~the equivalent closed network, we need merely replace w by

b ir
w11:'/(_1_‘-‘711:')' ' : ‘ .
Having arrived at an equivalent cleosed network, the performance

measures for the closed chaing can be obtained using the conventional
;o }
algorithms that apply to closed networks. The performance measures for

the open chain are obtained as follows [34]:.
K

*
=W L (k) PL(kK) /B (kD)

Q
17 0 k=l

-

) ‘ R
"if center i is limited queue~dependent, where K = i 'Kr and Pi(k,K) is
. Al

r=1

: , ] r*ro
th??;yeue length distribution ‘associated with the equivalent closed
network. .

. R %
Q. = (w /1 =-w, )1+ 0,) (3.11)
ino iro 1ro =1 ir

v . N |‘ ) ‘.r*ro

if center 1 is a constant-speed server. \ | N
G =
. iro iro

if center 1 1s IS.

: T =e and wir =-Q /T .



CHAPTER & ~ DECOMPOSITION AND AGGREGATION BY CHAIN

4.1 INTRODUCTION

(R)

In Section 2.4 re have shown how COurtois decomposes B (ﬁtﬁ)

-,

ipﬁo subsystems that consist of subsets of the nodes. Tn this Chapter
we Iintroduce a ﬁéw‘tebhnique of decomposition in which tﬁ; subsystems
consist of subsets ofl the fouting chains. We call this téchnique
decomposition by c¢hain. With this techn;que the analysis of a
multiple-chain closed queueing network 1s resolved into a hierarchy of
singleichain queueing network problems. A usgeful coﬁsequence of
.adapting this new apﬁroéch is fhat a reduced networ# is'forﬁed which
Tontains only one paFticular closed Hroutiné, chain. A parametric
analysis can then be made with respect to the routing matrix of this
chain without héving to répetitively analyze the entire multiple-chain
network. It will bé proved that this can be dbne without introducing
any error. The method propesed in this Chapter is therefore an exact .
décomposition and aggregation technique. | |

The motivation for decemposing by chain stems from the prablem 1n
the ﬁoéeling of comm;nication networks where we maf wish to analyze the

perforwance of a single virtual channel of interest which 1is émhe?déd
in a network. One.may wish to observe the effect of various rbuting
strategies without "having to analyze the en;ire_network. For such a
parametrié ;nalysis it 1s clearly ad;gdtageoué t9 be able to construct

a simplified reduced network, around the particular routing chain -of

interest, especially if the original network consists of a large number

/)
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~of chains. This is what we have accomplished by appealing to the

~

theory of decomposition and aggregation. It is to be -mentioned that

there exist approximation techniques for constructing a reduced network

around a particular routing chain of interest. One appf‘oach is to -’

replace all the chains, which are not of particular interest, by a

A

single open chain [41]. Another 'is to 'coalesce' them into a single N

closed cn_ain [54]. | A ) o h

The chapter is organized as follows. In the following Section we

observe - that 1f a queueing network 1s reversible, th\en the .

"deco'mposition.and aggregation procedure,will yield exact results for
almost arbitrary decompositions. This observation will serve to
eimplify considerably our arguments. TIn Section. 1& 3 we transform

(R)(N K) into an equlvalent network of exponential queues having the

PS discipline so that this 'reversibili‘ty condition will hold. - We

)

'._preeent in Section 4.4 for the sake of clarity, the simplest cage of

a eingle—level decomposition by chain of a rrrultiple—chain PS network
It is shown that an’ R-chain PS network .can, be decomposed into a set of
(R-1)-chain PS netw®Tks. It is proved that, with such a ‘decomposit‘ion,
exact fesults can be obtained by the process of aggregati‘on. - In
Section 1.3.5 the reduced system which regsults from the aggregation
procedure is interpreted as being a Bingle—chain queueing network .whose

. . (1) -

servers have ser}rice rates that depend on the ‘stat@n of the
network. Section 4.6 is concerned wWwith the analysis of this queueing
network. In general, such a network does not possess a product-form

distribution but it 1is demonstrated that the nétwork, arising h'ere,

‘3
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[y

does have a ‘distribution which can be expressed in the form of a

© product. Section 4.7 gummarizes the single-level -procedure and

~describes how a parametric analysis of-a particular routing chaig of
interes£fmay be ﬁéde with respect to-—the routing matrix. In Section
4.8, the time and space “requirements of this parametric analysig"
proced&re ~are derived ~and compared .with the requirements of a
‘?;ra§ghtforward repetitive analfsis of the network using the
ébn;o;ution a1gorithm- In Se;fion 4.9 and 4.10, the|mu1tip1e-1gva1
-depdmposition and aggregatlon bf chain procedure 1s presented. Té is
'égown that ig.too is exact. Section 4.11 illustrates the parametric’
analysis qf a. routing chain in a store-and-forward network model.

Finally, in *Section 4.12, we present .an example of a generator matrix

-~

that is decompos&d by chain.

. o
-

4.2 ON DECOMPOSITION AND AGGREGATION IN REVERSIBLE QUEUEING NETWORKS

In the following Theorem we observe that {f a Markov chain 1s
reversible, then its analysis by defomposition and aggregation will he

exact for almost arbitrary choices of decomposition.

. _ : *
Theorem 4.1: If the Markov chain with generator Q is reversihle, Oa =

- , : *
Q(a,a) + diag (s ) for l<a<Ml, and the set of states associated with O

foftm & closed communicating class, then the decomposition and
"aggregation procedure of Section 2.3 yields exact results.

L. . * *
Proof: Let S({(a) be the set of states assoclated with‘Oa. Now Oa is.

oo
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* constructed by simply truncating the Markev chain to the set S(&)CS so
. pm em e e * T v
"that, by Corollary 1.2, Ve = Va / va_l'. Therefore, by Theorem 2.1, we

obtain exact results.

A direct consequence of Theorem 4.1 is that 1if a queueing network

1s feﬁersibie, then We may algo obtain exact results for almoast

arbitrary decompositions. If we are to analyze a queueing netwprk it

is, Eﬁerefore, worthwhile geeing {f the conditions for reversibility

(

can be satisfied. From Section 1.4 we see that B R)(N;E) is reversible

if there are no FCFS centers, the service-time requirements are all

exponentially distributed, and eq. 1.4 is satisfied. Thése.conditions

may appear to be very restrictive. It 'is possible, however, to .

-construct a8 reversible  queueing network that hag the same marginal

‘state distribution as one whiqh 1s ﬁét.reyersibles We may replace FCF$S
ceﬁ;grs by ones-wigh tHe fS discipline. That this has no efféct can be
‘'seen from ed. -1.3. By the insensitivity property, we may replace
general service-time distributions by exponentional ones having the
same  mean.  Finally, ¥t is always ﬁéésible to construct routing
(r)’ 1<r<R, that satisfy eq; 1;2 for any given set of visit.

) (r.):

ti a
ratios |{ ie

matrices P

1<4<N; ¢ E_Ci(r)}.

(R)

In conclusion,. 1f we are -to analyze a gsystem B tN,E) by

decomposition and aggregation, then it is convenlent ‘to make -the

~

necessarﬁ transformations so that reversibility will hold. The
transformations do not perhurﬁv the' marginal distribution and will

ensure that exact results will be obtained for almost any network
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14 -
decompogition we may care to make. The decomposition of Courtois is

-

only omne particular network decomposition that yields exact results.
. . - . b3

In retrospect; the Vantilborgh condition [62], for exact regults to he

obtained in the level analysis of Courtois, is trivial.

4.3 THE EQUIVALENT PS NETWORK

.

In this Chapter we are concerned with applying the decomposition

. R

and aggtregation technique to the system B(_?(N,E), We assume, for the

' saﬁe of simplicity, that 3(8)(N,5)'consists of only FCFS service
. : ' g )

centers. The results of this Chapter.can be ‘extended easily to

networks ‘containing PS, LCFSPR or IS centers. -

Our preliminary step is to transform B(R)(ng) into a network of
.- . ' . . . . . T ' S
rexponential PS service centers with routing matrices B( ) that gatisfy.

‘eq. 1.4 so that the reversibility condition will hold. Another reason

[ . .

for proceeding in this way is fhat in the PS network one can'idedtify
readily  a hierarchy' of subsystems associated with subsets of the

rouging cﬁéins. In the following, we shall refer fo‘this transformed

network as the PS network. We stress that the PS network ie_

n : R -
indistinguishable from B( )(N,E) as far as“the marginal distrihutiacn

-

{(eq. 1.3) is concerned.

-

4.4 SINGLE-LEVEL DECOMPOSITION BY CHAIN

R)

. Consider an R-chain PS network with state-space S< and state

L(R)

: ) N
. Then S(R) = {n(R): n,_>0 for 1<1<N, 1<r<R: |} n,_=K_ for -
r e 11 ir r

1<’r‘<R}.' | -
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o

Let S(klR,..., and let

L™ {(x

k

3 MRTERe R NR}

“NR"{-“-(R)‘ E(R) e (R, k

. N
): ij_ > 0 for 1<]<N; jz,l k
v Sy rsky) @ g(®)

1R,...,kNR)sLR

ceesk

1R’ NR r= %

(k
corresponding to this queueing network, can be decomposed according to
the disposition of the chain R customers in the network, as depicted in

Figure 4.1, where the partitioning is made according to the sets of

states S(klR,...,kNR). The number of subsystems in the decomposition
K, #N-1 o .
is Ml = N—1 .), this being the number of states in a single-chain

' N-node PS network with chaiﬁ-pppulation‘KR [8]. An examp}e

decomposition is given in Section 4.12.

.

ok Lok o
Now construct Q ‘by letting @ = diag(Q(l,l)...Q(Ml,Ml)}tdiag(s)

* .
where s was defined in Section 2.2. The matrix Qq» 1<a<M., having row

1’
sums equal to zero, is then an infinitesimal generator matrix and

(rR-1)

defines a process with“state-apace s . The off-diagonal elements

* ' T
of Qy are identical to those of*Q(a,a) and hence the process-defined by

*

Q, can be interpreted as an (R-1)-chain PS network in whdch kiR

cuetomers of chain R are 'fixed' at node i and cannet depart. Such a

~

-~

system 1is equivalent to an (R—l)—chain_PS'netqorkvwhose servers have

(1), (R-1) o (RT)
1

state—~dependent service rates Bi(ai
R-1-
- (R=1) )

is, when there are &y

)_=a}

r=]
(r-1),

kiR)' Let thig system with

state~dependent servers be denoted hy M(R-l,(klR,...,kNR)).‘;

: Y
is recelving service at the rate 1/(&1

It 1s now proved that with such a single-level :decomposiffon,
exact resgults are obtained by the 'decomposition and aggregation

procedure.

}.  Clearly then

. The-1nfiniteaimal‘géne?ator-o,-

+kiR)' That

n, . customers at service center i, each

ol

43
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Theorem 4.2: - If the infinitesimsl generator,_ corresponding to the

R-chain PS network is decomposed as in Figure 4. 1 and Q = Q(u,u) +

diag(s ), then the stationary probabilit!es Pr(n( ) sre obtainedf-

exactly by the’ single level decomposition and aggregation procedure.-

.
. ]

: : R T 3
Proof: BX assumption, Q. “fQ(a;?) +:diag(s ),'r( 1R""’kNR) 15" a setll
of communicating ststes: “and’ the"PS _network ‘18 reversible-so -it

immediately follows from Theorem. Anl'ﬁthat exact results‘“will be’

obtained. Lo

4.5 SINGLE-LEVEL Accnﬁcifibs-sy énﬁin] fi;;:‘ S
“In the previous Sectidn it’hss“been;shown that_the anslysis-of-an
R-chain PS network can he'decomposed into the snslysis of”
(R-l) chain PS networks and that no ‘error wBuld be introduced by "the
single—-level decomposition and aggregation.proce@uret This Section is"
concerned with .internreting the result .of .the sséond _step' of the .
procedure, the aggregation step, in which Vthe reduoed--system A, is
constructed. With the decomposition of Q;.as:given in Figuref4.1;‘it
will be seen thst the system A can be interpreted as the 1nfinitesimal
generator of an N-node single-chain FCFS queueing network with customer -

4 (1)',

population KR and servers whose service rstes depend en the state n

of the network. Sich a queueing netwurk however is.not among-those
considered by Baskett et al [5 and jh t, in general, exhibit a
product-form distribution. TIt- will be seen 1n the following qection,

however, that the reduced’ system A arising here does have a
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. distribution expressible ia the form of a product.

Consider Figure 4.1 where Q iS‘partitioﬁed according to the seté

~

\ . ‘ bf states S(k R""' NR),_'(k R""’ ) e L Let Q(u u )] be the

13

submatrix,of,q that contalns the transitions between the set of-states

+1]

“eo ' . S(kygases,kgp) and the other set S(k cennkgg) 7, where

1R?
s : +13_ ' Lo
P o (klR’...-kNR) (k R,-..,kNR)—ﬁ +6j,. and Gj:(o,.f'_.'o'l’o’_._,o) Wht'_‘t'e

; - - the one is entered in the 1i'th position. The N-tuple (klR""'kNR)+ij

is said to be adjacent to (klR,...,kNR). 'Sincg the state transiti?n

: - (R-1) (R-1), +1] +1]
- - '(E_ kR) + (n kR .), whe:e_kR‘(kla,...,kNR) and kR kR 61+6j,
cam be made with a single chain R customer service completion,

B : qIJ(a uij) is nonzero for some 1<I J<n(a) " Now suppose Q(a,B) 1s the
Submatrix that contains. the transitions between S(k ,...,k ) and some

] - .
other set S(klR,..., ), (k R,...,kNR)eLR. ThenquJ(u,B)wisfzero for

1IR>"" "

Therefore, the element a of A is nonzero only 1f (k

ap
.(kiR""’k&R) are adjacent,” in which case (k

(klR’ L !kNR)

o ] Since LR is identlcal to the state—space of a single-chain FCFS:

. . : ’ T '
i ; all 1<1,J<¢n{a) 1f (k kNR) is not adjacent to (klR,...,kNR).

1R,‘,.._,kNR)_and

U, Ye
1R"”"kNR)
+nm

for some l<n,m<N, ntm.

i R ' queueing network with customer population KR and aaB 1s nonzero only 1if
4 . Ty & . : ‘

'(klR,.. "&NR) and (kiR,...,kﬁR)'are ad jacent, the reduced system A can

‘be Interpreted as the infinitesimal generator of a .single-chain FCFS:

&ueueing network witﬁfchaiﬁ ﬁopuiation KR. Qénoté such a s&stem by

b - NR(E(l)). According to Step 2 in Section 2.3, a = Q(a Gij
. ‘ . 1j
’ * ) ' .
.o where v  is the distribution asgocia;ed with M(R-1,(k,o,--- ko))

—1 1
Pt (=

) T

“This may'be written in the form a +

srerak o))
qaij 1R NR

. '
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the state of NR(E

"arbitrarily chosen routing matrix for NR(E

the form of p‘roduct..
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where ui(g_(l)) i{s to be regarded as the service rate of-server 1 when

(1)) is E,(l), _r_1(1)e LR’ and P = [Pij] 1% some

(1) (1 ))

can be 1interpreted as the conditional rate of service for chain R

}. The quantity ui(_rl

. customers at node 1 when the state of the chain R customers in

3R,k 1s _n_(l) = (kygs e esloe)s

-

The single-level decomposition and aggregation by chain procedure

for the PS network can now be represented in terms of a set of queueing -

.network problems as depicted in Fignre 4.2, The single—leireiprocedure'

has decomposed the analysis of an R-chain network into ‘the analysis of

Ml {R-1)-clizin PS. networks and one single-chain’ network N (‘11(1) In

the following Segtion it is shown that the analysis of NR'(_n_( )) {Step

3), which would in general requi}ce solving an elgenvector problem, is

simplified by virtue of its possessing a distribution expressi.b_le in

“ f‘
4.6 THE PRODUCT FORH DISTRIBUTION FOR THE REDUCED SYSTEM

In general, a queuelng network such as N, (n( )), whose servers
: , R :

. .y

(1)), does, not have a

have network state-dependent service rates vy {n
- nel : P : Mpln

+

-distr.i'butio'n which can be wri::tenAin a simple form. However, it is to

(1)

.be shown that the network N (n ), arising from the procedure depicted‘

in Figure 4.2, does have a distribution expressible Iin-a product-—form.

-

Theorenm 4.3: The state—distribution for NR(_r_l(l)) is \
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'

decomposition and aggregation procedure.

y R Mt

Figure 4.2 Queueing network representation of rhe single-level



. : ) ¢ . . N
(1), o - gt ; k (1)
Pr(n (klR""’kNR)) G TGR—I(klR""’kNR)ijlwiR iR, n* '€ LR’

where GR_l(k Y 1s the normalization ‘tonstant assoclated -with

1R ’kNR
the distribution for M(le,(klR,...,kNR)) and

- -~

[y

- s 3 ' : N kg -
' o = L ' e 1l N -
¢ (K ) ye 1 A TEERETL Y oy AR
R NR2S bR
Proof: The above. result 1is part of - a slightly more 'general one

(Theorem 6.1) which 1is to be‘proved in Section 6.2.

4.7 PARAMETRIC ANALYSIS BY CHAIN .

Havipé déveloped an exact decomposition and aggregation by chain
procédure; a‘nqmputatioﬁaliy efficlient parametric analysis with respect
to the routing of a partlcﬁlﬁr typé of customers may be madé.‘

Coﬁside; the single-level exact decompositioﬁ and aggregation

procedure summarized as follows and “shown pictoriélly in Figure 4.2.

/

Step A:. For all (klﬁ,;;.,kNR) £ LR: Determine the distribution

: Pr(ﬂ(R-l)

AR g(R1)

Y, , associated with M(R-l,(klR,...,kNR))-

"Find the proBabilities Pr(ﬂ(l)

) for thﬁ\éystem NR(E<1)) using

heorem 4.3. . " ) ‘ ‘ s

-

.

. ’ ¢ : )
Step C: Compute the probabilities Pr(E(R)) for the R-chain network as

(R), (r-1)

Pr(n*"’) = Pr(n in M(R-l,{an,...,nNR)))

(1)

X Pr((an""!nNR> in NR(E )).

4

‘(

il



'?;\\\j

It is to be noticed that, in the above procedure, the values of

.

&R’ 1€1<N, only enter into steps B and C. Having, cﬁrried out Step A,
an;z?;icientnpérametric analysis with respect to the routing of chain R
customers may, -therefore, be made. The marginal.distribution and the
mean performance measures gf interest with respect te chain R may be
computed for various rOuting'ma;¥ices without having -to repetitively
analyze the entire R—chain gueueing network. The parémetrfc analysis
proéeeds as described below and consists of two portions. The ?irst,
in which a set of networks M(R*l,(kl,;..lkN)) is analyzed and the
(R)

second, in which Nﬁ(ﬂcl)) is analyzed for the varioué choices of P .

Preliminary analysis:

For all (kl,...,kN)'ﬁ LR:

FOE the networE M(R—l,(kl,...,kN)):

‘Using the convolution.algorithm, obtain the normalization constant
GR—l(kl"'f’kN) and the conditional (conditioned’ on (kl""’kN)’ the
distribution of the chain R customers) throughputs Tlr(kl""’kN)'
1<rSR~-1, of the chain r customers at node 1. Store GR-I(kl""’kN)'

Compute the overall‘coﬁditional throughput at node 1 as Tl(ki’°"’kN) =

R-1 '
T T, (k ""'kN)' Compute the conditional throughput of the chain R
r=1 It : '

cugtomers at node 1 as

0, 1f k =0,
TlR(kl,...,kN) = . ]
. - 2 1.
€711, ey eensky), AF Ky 2 1

H

Store T (kl,...,kN) if k

1R

1 > 1. (As described in Section 4.4, in the



o

network M(R*l;(kl,...,kN))_the customers .of chain R are fixed at the

nodes fn the distribution (kl""’kﬁ) and cannot depart).'

. A
* . Parametric analysis of chain R:

(R),

For each choice of P

For all (kl""'kN) E LR:

Compute the state probability fﬂ
B ' : - Nk,
(1 -1 i e
= .. = . te I . ]
Pr(nt” = Qo)) = 67 G (eppnnnig) T v :
Store Pf(n(l) = (k N l o
(n Lreealgd))e
For nodes i=1,2,...,N:
Compute the unconditional throughput, TiR' of the chain R
customers as 7
" eS! :
4 = =
“ ):._)’ELPI'(E (y s oeylog)) Typ(iy,ennslo), 1E 121,
Preeeoky "
k1¢0
B = *
TiR
TlReiR/elR’ 1f 1¥1. “ ) | .
\

.Cotipute the unconditional mean gqueue length, Q

IR’ of the chain R
customers asg
! 1
Q. = ) k, PratM=geg, ).
| IR (y,eennlg)€ Ly ;
ki*o

Compute the utilization, UiR’ and the mean w;iting time, wiR, of the
' “ .



chain R customers as Uyp = Typty apd Wir = Qr/TyR-

In an implemen;atidn of the above procedure one ﬁeeds a method to
step through the elements of the-éet LR.' A simple way of doing-this is
11lustrated in Appendix 4.1. An example parametric analysis of a
gsimple store-ané—forward network ﬁodel; using the procedure described
above, is given in Section 4.1l1.
| : - 5
4.8 COMPUTATIONAL COMPLEXITY OF THE PARAMETRIC ANALYSIS

In this Section, the time gnd space requirements of the parametric
anaiysis procedure are derived and compared-with Fhe requirements of\a
straightfarward repeﬁitive analysis o% “the network ‘ueing the
convolution élgorithm. ({The computatiénal requirements of. the MVA

algorithm are, in general, higher than those of convolution.)

Space regquirement ) ' “

The fprelim;naty' analysis requires- the use of the convolution

algorithm which ﬁas a space requirement, in number of array eleménts,
. R-l ' ‘.—

equal to 2 I (Kr+1)' In addition, one requires (
. r=1 \ i

+N-1
Nilh) elements to
+N-2 o

store GR_l(k ) elements to

Lo eoky) for all (kl,.'..,kN-)e-:LR' and (

&4

store TlR(kl,...,kN) for all (kl’:"'kN)s Les kl*O. In the parametric
: KR+N—1

analysis portion one requires ( N=1

1
( ?)- Hence, the total storage requirement is

. - .

) elements to store the

distribution"Pr(n

R-1 K N-1 K_+N-2

2 T (KH) + 2( y+ (R

N-1 N-1 )" (l'._'l)
r’l o . . R
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A straightforward’ repetitive analysis of the network, using .the

convolution algorithm, would require a 'storage space, 1n number of

R
array elements, equal to 2 If (Kr + 1).
' r=1 .

Time requirement

Let us begin by evaluating the time 'reqUirement, in number of -

operations (additions and multiplications), of the preliminafy
. .

analysis. The preliminary “analysis consists . of eomputing the

normalization conetants of tﬁe'hetwarks M(R-l;(kl,..,,kN)), (kl’°"’kN)

€ LR using the convolution algorf?ﬁm{;.Some of the elements of the

vector (k ,...,k ) may be zero so that not all nodes in the network

M(R 1 (kl""’k )Y have state—dependent servers. As a result, in the

computation of GR_l(kl,...,kN), "for those nodes 1 where ki=0 one may
use the version of the conveolution algorithﬁ which applies. to

_constant—speed servers (eq. 3.3) while for the other nodes one uses the

version which applies ‘to state-dependent servers (eq. 3 2)..

Congider the set of vectors LR. The number of vectorsg in LR with

- K"'l : v
1 nonzero-elements is ( i_l)(ﬁ). The number of operations used in the

convolution algorithm for a constant-speed server in an (R-1)-chain

network is (see eq. 3.4) v
R-1 .
2(R=1) I (K +1)
r
r=]1

‘.

while forja state-dependent'server it is of the order of (see eq. 3.6)

R—.
I (K +1)(K +2)/2.
=]

The time requirement of the preliminary analysis is, therefore, of the

)



- 74 -

order of (assuming that’ node 1=l is designated as a staté—dependent'

node)’ o )
¥ : .
’ °
1Y

Min KR v} KR- R-1 - R-1
1 )( )[<1 =1) T (K LYK +2)/2 + 2(N~1)(R-1) T (K _+1) ].
1=1 i-1 T r r
= r=1 . r=1

1

The above gimplifies to

KR+N¥2 T R-1 R-1 :
)[;KR-l)[ | (Kr+1)(Kr+2)/2] 4+ 2N(R-1) T (Rr+1)].

€ y-
N-2 r=1 . r=1,

(4.2)

The throughputs T1 (kl,;..,kN), 1<r<R—1, are readily obtained in
the course of computing GR 1(k ,...,kN) using the- convolution algorithm
(seeteq. 3.75. The number of operations.to qbtain TlR(kI"'f’kN> will

"be ignored since 1t.;s relétively small.

The time requirement of each parametric analysis 1s proportional

K +N-1
R

N1 )+ One requires of

to the cardinality of the sét'LR which is (
. K_+N-1

:

the order of (KR+3)( N-1 ) operations to obtain the entire marginal

state distribution- for chain R. The computation of the throughputs

K +N~2

T ) operations and the

iﬁ; 1<1<N} then, requires of the order of 2¢

N-1

computation of the mean queue lengths requires"of the order of

+N-2
KR

2(N-1)( N-1 ) operations. The number of operations to obtain the

utilizations UiR and the waiting times W,_ will be ignored since it 1is

iR

relatively small. The time requirement of -each parametric analysis is,

therefore, of the order of



R H=1 K HN-2 '

Rty )+ 2NC ) ) (4.3)

"
- - r

A straightforward repetitive analygis of ‘the network, for each

LS
’

choice bf P(R), would have a time requirement, in number of operations, -

-equal to

R . _
- R(N-1) 0 (R _H), : (4.4)
- =1 ' -

N

An advantage of ‘the procedure developed here is,‘therefore, that the .

time  requirement . of each parametric analysis ,is independent of the

number of chains R in the network. The disadvantage is, of course, the

large time

howeﬁer, that if the“routing of customers of chains 1,2,...,R=1 has

-

sparsity or locality pfbperties, then the analysis of the ;networis'
. Co o ‘ .

“M(R?l;(kl,.-.,ku)l may be made using the Tree Convolution algorithm

132] in which case. the space and t ime requirements of the preliminary

énalysfé would be" less than those ‘given by ea. 4.1 and eq. 4.2,

regpectively, and the time requirement of each parametric andlysis

would be unchanged from eq. 4.3.

‘4

4.9 MULTIPLE-LEVEL DECOMPOSITION BY CHAIN

-

The single-level decomposition of Sectlon 4.4 is extended readily

into an (R-1)-1level decouwposition for an R-chain PS network. With

. . o _ ,
SCH (kyyyeverke ) = (08 a® ¢ s® o Sk _oon =k for
1=R 11° *TNL — = > "ls T1s* *"Ns Ns

d<3<R} the multiple-level decomposition is conveniently presented in

requirement of the preliminary anaiysis. It 1s to be noted,

~
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the form of a tree as in Figurg 4.3.
' ' 1 ) ' d .
Let Q( I (a ,a )) be associated with.S( T (k. ,...,k_)).
fag-a+1 = 1T ch o gap U, it

This submatrix is, except for the diagbnal'élements, identical to "the

‘infinitesimal generator of a (d 1)-chain PS network with state-space

d-1 ‘
. ( ) whose gervers have state—dependent service rates u (a (d- 1)

) L

-

i(d 1)/( (d 1)+ 1 k )- Such a system is denoted'by.

r=d

M(d-1, ¢ E L i) ky ))
r=d r=d’ L
: 1. . .
‘Tbe iubmatrix 0({x,a) 1mg-d+l (ai,a }) associated with
d-1 - -
SC T (k. ,ese,k )) is, except for the diagonal elementq identical to
R § Ni e .

"

the infinitesimal generator of a (d-2)-chain PS network with state

d- o -
space S( 2)"whose servers have state-dependent service Yates
) - N ;
B.(a (d_z)) (d- 2)/( (d 2) y k: ) and i3 denoted by
i i i ir
. r=d-1 .
T e . ‘
M(d-2,( 1} Kir""’ 1 k f Hen'ce Q is decomposable into a
r=d-1 : r=4- 1 iy :

.hierarchy of subsystems associa}ed with subgets of the routing chains.

i : -

.

Theoren 4.4: - With the decomposition of Q according to Figure 4.3,

-exact results are obtained by. the multiple-level decomposition and -
) _éggregation procedure.

Proof:” The proof ﬁtflikes the ,game ‘line .of reasoniné as that for

Theorem 4;2:
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4.10 MULTIPLE-LEVEL AGGREGATION BY CHAIN

pe(a

.

* ~a . - T i

Using an argumeiit like that  1f Section 4,5 1t 1s "seen that the
E i - ‘1 - . -

analysis of the reducedaaygtem A( hll a,) can also be in:erpretedlas-

1=R-d+l {

the analysis of a singlefchain queueing network of ‘the type defined by

d_l(n(l)). The procedure may then be viewed as the solution to a tree

Bl

of single-chain queueing network problems, as depicted in Figure 2.3,

wheré each- box is row to be interpreted as the apal&sis of a queuelng .

'y

nefworﬁ‘of pre.Nfgfl)).'" e

kX

Consider the analysis of a single portion of the tree, as given’hy

Figure 4. 4 . This may be represented in terms of a set of queucling

network problems, as.shown in Figure 4 5 in light DE.Sectlon 4.9, 'Ip.

FigureA4.5, the state distribution for Nd 1(n(.,)) is -

= (g~ 1)""’“N(d 1)))

.

- Co

—l . - - R -“; . . . . .
2(“1(d ~1yF L e ""“N(d -t Ly

m"

.G

o R Lt
S 1) Lok

, or=d- T B 1(d 1) .
“ ("1(d 1)) L

;uisf'

LGyt rzd kgl

~

manner'to that for tpé result of TheAreq'4,3.' Finally, in Figure 4.5

- (a-1)- N e L ia
. Br(a 7= F(“11'T"'“1(d—1))'"(“Nlﬂf'”’“n(d-l))))
v R - R '
1(d- 1)+ L k i""’“N(d 1)+ t- kg )2
’ xff((hl(d_i),...,ng(d_ll)-in Nd_1 2F1?)).

pr(n'?2) 1n M(d=2),(n

R -

Lol

. where G 15-5 norma¥iz§tibn'constant. - ‘Thisa tén'ﬁefderiged in a similar
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4,11 EXAMPLE'OF PARAMETRIC -ANALYSIS' . C
] . P T
This Section 1illustrates the parametric analysis of a window

fl_ow—conti'olle_d store-and-forward nétwork model with respect to the
| @ting of a pa;‘ﬁ.icular type of cu;ﬁomers. The made.l is illustratfad in
Figure 4.6 and is ‘.similar to one appearing in [48.‘]. There arn\a.‘ 4
virtual chann.els .and 4 half duplex links. The parameters for the
network co_r;sidered here. are given in Teble 4.1. "I‘he"r‘ou§ing of
messages belonging to chains 1, 2, .and 3 is fie-t;eminisi:ic while the
routing of the chain 4 messages is random. Messages belo.nging to chain
4 are routed .t:h'rdugh links 4 :and 1 with ptobability p and through'l‘inks
3 and 2'with probability (l1-p). '

The se)_: LR consists of t:.he dif’felrent ways- th;e 2 messa.ges of chain
4 may .be' fix..ez'i at no;ies <1, 2, 3, 4, and- 8 (chain 4 messages do not
visit q‘ueues 5, 6 or' 7). The re;;ult oEIth; preliminary z_malysis. i.s .
given in Table 4.2. The tin;e requirement of the initial analysis is,'
using 'eq.‘ 4.27‘,‘-6f' the order of 42,336 opérations\. " The result of a
parametric analfsis, with p=0.é,' is given in Table 4.3. " The time
requirement of‘eac‘h parametric-ganalysis is, E;cco'rding to eq. 4.3,-6?’
the. order of 125 operations. A stt.'aigﬁtforwat",d analys..is using ‘the .
convolution algorithm would require, according to eq. 4.4, of the ordef
"of 4536 ;peratio’ns.' |

5

-

94.1:2 EXAMPLE OF DECOMPOSITION BY CHAIN -
: .
- - _ :
This Section 1illustrates a sjingle-level decomposition of the
. ’
a

generator matrix for a queyeing network.
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.

~
i

.. -Consider a FCFS network. with 4 nodes, 2 closed routing chains and

one ‘custgper im each’ chain- The infinitesimal generator for the

w

- equivalent.PS network 1is shown .in Figuré 4,7. 1In the Figﬁfe,'ui-tz .

The single-level decomposition. by chain is indiqqted by. the bold lines.

The statE;vgctor'is

L LR L P L PP RL P PYLIR X

o . . .

APPENDIX 4.1 -

The elements of the set Lo may be generated, in an efficient

manner, as descrihéed below in -FORTRAN (with node = N, popr = KR'

A Y

k() = k). o e ..
(initialization) - =  do 23 i=l,node ) -
" k(1)=0 . :
23 continue
* k(1l)=popr
go to 3 - §

(generation Of.Lp) 99 mz=0., . . : ‘ -
' _— do 1 i=1,node. ’
- ' . - if (k(i).gt.0) then
. nz=1 : -
go to 2
end 1f . .
1 continue '
2 k(nz+l)=k{nz+1)+1
s . . k(l)=k(nz)-1
' if (nz.gt.1l) k(nz)=0
3 continue ’

[PROGRAM.‘ STATEMENTS |

go to 99 e

J J



Table 4.1 Parameters of the example network., -
\V 19
¥ . ‘ ) . . ‘ . maan
N - ’ ’ Viaie ratios e. sarvice
ir .
T tame
node, chain 1 chadn 2 chatn 3 chain 4 .
i ™l =2 ™3 ormh £y ' R
e 1 0 1 P, 2 i
N Ve 1 1 1 (1-p) 1 .
4 2 1 | ¢ (1-p) 1
4 0 1 0 P - 2
. “ i .
, 5 I ) 0 0 : 1 .
5 0 1 of ™ o T2 B
7. 0 0 : 0 2 .
8 ¢ B [} 1 4
. . N
- . A1l chain populations equal to 2,
1l

T 106

<
qQueue 2%y

.

(" quere |

chaln [
quewre 5 choin 3
o 7

chain 2, queve 7

7N guere 4 queue 3 L
- 9 Al ”,
queue 6

v

chain 4 queve 8

Figure 4.6 Example store-and-fotward network model. The dotted boxes
represent FPCFS queues which ‘model half duplex 1inks.
Queues 5 to B8 are source/sinks. The chaine stand for
virtual channels.
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(kpy - hkg)eL, Gy epsenesk Ty (k) Tyglkyoeeeakg) -
20000000 107,880 2799 .2201
11000000 97,732 .3073 .1927
'02Q00000 78,986 L3470 0
10100000 JT4,676 .3250° '.175
01100000 -58,181 .3709 0
00200000 40,679 L4013 0
10010000 76,952 .3362 .1638
0101000 56,172 .3863 0
00110000 . 39,516 4150 0
00020000 36,712 4305 0"
10000001 47,488 .3334 1666
01000001 © 37,660 " L3813 0o
00100001 26,140 111 0.
00010001 . 25,216 4276 o
00000002 - 15,820 " 4250 )

wo
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00000002

253,120

. Table 4.3 Results of a parametric analysis.

. 8 . “i . 8 ni ' Y o
(nl....,na) .H (eit» ti) Glinl,..,.ne).H (eia ti) Pr{n =(n1,...,n8))
. i=} : . i=]

20000000 .16 17,260.8 .0213
11080000 .32 31,274.2 .0387
02000000 .64 50,551.04 .0625
10100000 .32 23,896.32 .0296
01100000 .64 37,235.84 L0460
00200000 ~ .64 26,034.56° .0322
10010000 . 16 12,312.32 .0152
01010000 ".32 17,975.04 .0222
00110000 .32 12,645.12 , .0156
. 00020000 .16 ’ 5,873.92 B .0073
10000001 1.6 ' ., 75,980.8 - .0940
01000001 R 120,512 L1490 -
00100001 3.2 83,648 . .1034
00010001 1.6 40,345.6 .0500
16 .3130

’

Mean performance measures for chain 4

Tgy=-177, Qg,=1.022,

T4 T4+ 0355, @), =.220, Q, =.118,

T, Tq,=- 1419, Qpq=-381, Qq,=.259.

(with p=0.2):
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CHAPTER 5 - A NEW METHOD FOR COMPUTING THE NORMALIZATION CONSTANT

5.1 INTRODUCTION

(R)

In Section 2.4 we have seen that B {n,k) can be decomposed into
the set of networks (B ( )(n-l x): 0<x<k}. The relationship bgtween the
normalization constants of these networks is provided by .eq. 3.1. Ihis'
relationship 1is the foundation of the convolution algoritim. In the
previoug Chapter, wé’ﬁave,seen that B(R)(ﬁ;K) can be déoomposed into a

hierarqhy of systems of the type M{r, (k yess kN)). In Figure 4.5, we

seé*that the network

R R .
CM(d-L, () K, ees, ) )
=g M 1=dei :

can be decomposed into the set of networks

; R
{M(d—z,(kl(d 1)+ { k i,...,kN(d 1)+ { kNi))
) (kl(d—l)""’kN(d-l)) < Ld-l}'
It is then fairly natural to ask what the ;elationship between the
oormalization constants of\ these 'notworks is, and whether "such a
felotionship might be helpful in.computiné the normalioation'constant.
In this Chapter, we establish the desired relatiooship formally
and show how‘ it defines a recursive expression for computing the
normalization congtant G. We evaluate the computational complexity to~
obtain G, uoing this new recurslon,-and show that it 1s polynomlal in
the number of closed routing chains R." When there are many chains in
a networﬁ: ‘this new method for computing G 1s oubstantially more
efficient than the convolution hlgorithm, Qhose complexity in R 1ig

exponential. Our new algorithm, therefore, extends the range of



?

queueing networks whose normalization constants can be evaluated—hy =

. ~ -
.,

. - . 4

efficient means.

~
<

In the following Section, we first make certain general remarks °

concerning the construction of algorithms to compute normalization

-

coénstants. These remarks will serve to situate the convolution

algorithm and our new algorithm together within a generél framework. .~

1

5.2 ON THE DESIGN OF COMPUTATIONAL ALGORITHMS FOR NORMALIZATION

CONSTANTS _ .

.It has been observed in Section 4.2 that we may apply. almost

. R’ .
arbitrary decompositions to-B( )(th)-and.ohtain exact results by the

de¢omposition and :aggregation procedure {if the neceésary

transformations are made so that revérsibility-will‘hoid,_ Suppose that

r
~

. these transformations have

! ! " -
assocliated with B(R)(N,E), according to an arbitrary multiple-level

+

been made and,we decompose the generator 0,

decomposition, as illustrated in Fig. 2.2. The normalization constant

for Q can be related to-the normalization constants of the subsystems

N

Qu;.1<ﬂ<ﬂ1. Furthermore, the normalization constants of these
gubsystems can,-in turn, be related to those of the subsystems at the

next higher level in the decomposition, and so on. 1In this way, we may

-—

view the normalization constant for 0 as being defined by an L;levél

tree of normalization constants. The number of suhsystems at the Lth
t

level of the tree is HIMZ"'MQ' However, it is quite possible, with

the decomposition we have adopted, that a number of the subsystems at a

particular  level are identical to one another, so that the number of

distinguishable subsystems Dz, ap’ the Lth level, may be considefahly



I
[» ]
0

f
]

4] ' R

hl

.less than MiMZ.:GMQ.' To minimize the numper of operations for

computing the normalization -constant of Q we should, theféfore,

L. -
decompose Q Iin such way that E‘DE is minimized. To minimize the
. -g_zll : N .
storage space requiremeht wé.spould attempt to minimize Max {DE}.‘
‘ 1<2<L

In conclusion, there are many ways to compute:the normalization

(R)

constant. By clever decomposition 6f’B_. (N,E) we can cdnstruct

~.efficlent computatiopal algoritims. 1In the decomposition of -Courtois,

, R - R
Dg = I (Kr+l) for each level &, hence the term It (Kr+1) in the
r:l 2 . r=1 )

storage space'requirement of the convolution algorithm (eq.” 3.5). 1If

R ' .
B( )(N,E) 1s decomposed by chain, as described in Section' 4.9, then D

'3
R -
+_
=( ) Ks N 1) 1<2<R, this beiny the cardinality of the set
‘5=R-2+1N_1 .
. R N

{¢(c,4+..,C): C, = Y K for 1<i<N; § k& = K_ for

] 1 N ) i s=R-g+1 is . 121 is 8

(R-2+1)<s<R] k, > 0}.

+N-
The expression (RNfll) can be written as a polynomial in R. This

explalns informally -why our new method, for computing the nérmalization
constant, has a pol&nomial .complexity 1in R. It is interesting' to
'speculate as to the' existence of "other useful compuﬁatioﬁél

“procedures.

5.3 PRELIMINARY RESULTS . -

In this Section, we establish formally - the new recursive
expregsion for computing the normalizatioﬁﬁtbnétéﬁt of B(R)(th). As
in the previous Chapter, Gr(g), where ¢ = (cl,...,cN), is useh to

denote the normalization constant for M(r,(cl,..;,cN)). In Chapter 4,



it was assumed that the queueing cfiscipline at all the nodes 1s PS so0
that we could take advantage of the notion of reversibility. 1In the
" following, however, the queueirfg disciplines may be any among FCFS,

LCFSPR, PS8 or IS. 1In this situation, the system N(r—,(cl,...cN)) is to

be ‘interpreted as a gsystem of the type B(_F)(N,(KI,.‘..,K:‘)) but with

state-dependent servers havihg service rate functions of the form ui(n)
= n/(ntc,), if no’e’i is FCFS, LCFSPR or PS. Tf node i is TS, then

ui(q) = 1, irrespective of the.value of ¢ The physgical

10

interpretation is that.there ‘are c, custometrs that cycle around

i
conéinu.ously at node.i and consume, on the'average, a fraction <:1/(c1 +
n) of the server capacity when the population of thg,freely circulating
“customers at podfa i is n. At IS centers, ui(n) = 1 since we have'én
unlimjited number of servers to beéin with.
The quantity we are.‘interested in ;:Omput.:ing 1s, clearly, 6 = GR(_Q_)

since if ¢ = 0, then ui(n) = 1 for 1%i<N. We reiterate that at FCFS

centers it is reciuired that tir = t:i for 1<r=<R.

' -'l‘heorlem 5.1: ) - : /

GR(Q) is given.recursively by

a L <r <R 5.1
G_(v,) ii g (v ,2)6__ (v +3), for 1e®, v €T, (5.1)
. . E L
- T
-where - . v = (v1 e Nr)’
3,. = (21"“.’251)’



N R | B
{v : v >0 for 1-<1<N; Yv, = - }- K }" if O€r<R-1, =~ --
=T o oAr a1 1T gagyr 8 N

tr

phiter=r, - : BRER

: . N
L= {2 2 >0 for 1y 12121 =%l .

N
= : 3
NSRS INCNON

r _.r i=1
|’ L4y L . :
: i ir i
. ( ~. Yu if centgr i.4s FCFS, LCFSPR or PS5,
vir ir ? ; .
hir(z'r’g) l
i A
\ .
L / f-i., if center i is_.IS

and the _iniFial conditions are GO(XO) = 1 for 311»10 E_IO.
i
_ _Proof:

<.

‘.

Gr(g) is the no_rnialization éonstan’t of a queueing ngtwprk of type
B(r)(N,(Kl,...,Kr)) but with state-d.ependent service rate functions
-ui.l(n) = n/(n+ci) at t:ho'se centers which do nqt have an IS di-scipilnel.
Let the centers be enumerated so that centers l,...,p afe the ones with ~
| ‘a FCFS, LCFSPR or PS discipline and ptl,...,N are the IS centers. The

aggregate system state distribuéion for this system with sgtate

dependent service rate functions is, according to eq. 1.3,

(r)

n
/(o) -1 P 1 T Mia NooT N4
Pr(n® ") = G.(c) M (| 8 (ated) Taw Fm, ) 0 (Nw ¥m N
- {=1 aml . i gul is is faptl s=l. is is

—



W

a

1 s i h.l’ ...‘ :"‘ ;_ ‘ ! ’ - :
' : o . .
< ; N = g? - '
X . T . '
« ‘\ L] -
wheré, "by definition, _ ‘
. ; p R § St LM N. Tong. A
e @=L ndn G Tw S ) ¢ T a1,
' (r)y_ .(r) i=1 “a=t.. g=1 | i=p+l 8=l
T n- E g
c i
'Bi.lt ) -
s u o Py L
- 2 el - -
.. X r ‘
where L+ 1s defined ‘ir Theorem 5.1 and
- * 3 . . ) Lt =
g(r (L) = {E(r, .E(rr).E S(r)i’nrr = & for 1<¢<n}
80 tﬁat
. -\ . J
RS R 5
= -~ . i p N
G (c) = ¢« T ().
. LeL, (r)¢ s(r)(ﬁ) 1=1 {=p+l ‘
nir-1)+£i ‘
. . . . (r—l)
1 = {1 e L +1)... +2 +
Now o (a+ci) \;+ci) { 1+Ci)( i+c1 1).. (ni { ci)
O
(li+ci)! 1 .
' ‘ I (a+ii+(‘.i)- ’
. ci! a=1
Hence
p L . N Lo
6.(c)= 1} M ((2 +c,)! “11/“1’11” o '(”ui“i')"
A T A 1=ptl b
E
Al ' -_\ -
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[H

(r-1) "
n .
. P i r-1 n o
-1 (0 (atte)) T ow S/ 1)
n(r)E S(r)(i) i=1 a=] Sfl
- - N- =1 n._ )
soom o Yig /nis!)'

i=p+l g=1

We now see that-the sum on the far r;ght is the deftnition of

. A -
G _IQ;{E) itself, so that

P Ei-H:i ‘ Qi N li
= e ‘ I £ R 3 + L),
o) = iE C O e Rt 216 (et

The initial conditions, G (c), are normalization constants of networks .’

that c0ntain«q‘ customers. . The only network state 1s the empty state -

’

and hence Go(s) = 1.

The above expressions are valid for any_E-E‘C where

c'= LE’ ¢£>o for 1<1<N}. They are'therefofe;valid for ¢ =V where °

¢

v S‘Ir,;sihce Ir(:é. Hence,

' Grﬁir) Ty E't (1£1hir(lf*£))cr—1ﬁifﬁglz_;,' Coa
- T . ;

where h (v Q) is defined in Theorem 5 1.

It now remains to be shown that the domain of G (v ), in the

r

: computation of-GR(g),



-9~ .

"

{ v. >0 Leien; ? }7{ ), for 0<r®RT]
Er' vir for 1 <N; 1=1vi g-£+1KS , for r i
I -
r {o}, for r=r. \ (5.2)

We show this by induction on r.
= {0} since we only wish to determine GR(XR) for.

Clearly, IR
_\:R = 0. Now ‘ .. )
.= v [ v {e+t}l= v {2}=1
? R=L e I geL R - L e R
—R R - R o— R
so that eq. 5.2 is true for r=R-1.
We now assume that eq. 5.2 is true for r=t and show that it s .
true for r=t-1. We have -
,,= v L v bl v {0 v fyee) )
L o 4 ,
Ye £ I 2L 2L ¥ sl '
) : N * R
= u ',‘{ (it+_2): vit ? 0.for 1<4i<N; 2 vit=r 2' K }}
- fer, 1=1 g=t+1

=

: : . ) : S ‘ _
Now L € L, so that ii >0 for 144<W and ) % = K_. Hence,
' i=1 :

. ‘ e N R
It_l.ﬁ‘{(ztff): v, 20 for 1<1<N; li>0 for 1<4<N; .z e _i KB;"
. i=1 " ore=ttl
o N .
- S y 21 ?‘Kt}; )
- . ‘ i=1.

| - S N - R
a (v +2):. . % )20 for L<L<N: . L) = - .
C= (v F)0 6T TN DNCHRZ RN I
. B C . i=1 ‘ X . g=at.
_Dgf%Eing'p new variablel'xt_1 = (E;f&js we'séé‘tﬁat'tﬁia agrees in form

pl
>

‘with eq. 5.2..° -



Theorem 5.1 gives a new recursive expreasion for computing the

normalization constant G = G (0) In effect, the normalization

- —

constant G (v ) of a network with r chains is decomposed into a aum of

Do PRI

normalization constants for networks hnving (= 1) chains and in which
the.customers of chain r are fixed %t the nodes and cannot depart. The
number of networks involved in this sum is the number of distinct ways

- . . . -

Kr customers of chain r may be distributed over N nodes.

5.4 A NEW METHOD TO COMPUTE G

The new algorithm for computing G consists of eveluatinp C = G (0)

——

using an efficient formulation of the recursion given in- Theorem 5.1.

Rather than taking G (v ) = 1 for all v _O.E I0 as initial conditions it

‘is more efficient Eor the initial conditions to be G (v ), where
‘ll‘s Il' These are normalization constants of aingle*chain
product—form queueing networks with state—dependent gervers and can be

¢

computed efficiently using the ‘version of the convolution alyorithm

«which applies to -single—chain networks with etate—dependent servicen

rates (see eq. 3. 2 with R—l) The ‘tetm 8. (v ,2) ‘can itself bhe computed

.

i <.
efficiently in a recursive ‘manner using a recursive expregaion which

relates g, (v ,l),to-g (v —1 +1 y 4-1 +1 ) where 1 “"ig'a unit vector

Y

pointing in the ith direction, 1%w,x y,z‘N and the initial condition -

‘ie:gr(v 2') where (v 1 ) .1 some pair of vectors such that v; £ In

and 2‘ £ L . Such a recursive computation of 8. (v- 2) may he done ‘80

[ i

1ong as we step thropgh the elemente of I and L in such a Way that'

~ =

P-- - . .
the previous pair of vectors, denoted by (v ;;_), can-alvays'be written

. o . .l' -7 P - - A .
: : ) 2 y=(v -1 41 %1 +
in terms.of the‘current pair er*—) ‘a8 (XT?__Z;QEP 1 +] ’7-1 _1 Yy



- ) , =96 = . .
't ~ - —,.
R ) some q,\_ﬁ:, R and zZ such that 1w x,y,zm.- A way Qf doing thisk 1 .\
illustrated :Ln‘ _App,e__,nldix '5.1.. The recursive expression relating
v - i P ‘!'._
. 8. (v ,%) to Sr(ii,ﬁp) is fomal,ly-gr(v 1)-‘1’('7 .f- wx’,:f,z)g (v o)
- _'.wl;ere. W_\:i. ,}_,w,x,y,'z)_: is the .Pro'ductrfprm expre_g;sion pbtaiuedb‘baf‘,ter
o algebraic eimplification of the expresgion . . - a . R
. o . (srg%._)/gr(;r l"+lx._1§+;z>). e, L
We _'c'bnlcl'ude ‘this Section with a ,"prﬁgrm:mé..likér‘ specifi-c_fhtidn""df
the new algorithm., - - . " ‘_ . . ,
X . A new method for:coniputing-c: . ) . . e .
. . R (1nitializationj AR '_ s T L i '
kl ‘/,‘,. o~ _ . for(all vl E Il) e .'. TR : . - -
LT T {compute G (v ) using the’ single—-chain |
' convolution algorithm} S :
\"—/ for (r-2,...,R) - | :
. ' { compute 8, (v! ,!?-') } < - ' .
) (main recursion) - - ’ ‘
T fort(r2,wR)
N
et . Al . , ~
- - zP-'E.l;,, . y
— e .
e |  oo o f‘OF_(all';V_’r € 1: )f A B -
o ooem=0;. -7 T R N ,
’ -f'.or-‘(al'_l %) e.L'r).» S e :
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.. P -~ N ' . e » ook dee M " PR e o T -
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~ multiplications) and t:he otorage (numbet* f"-array 'e'leme'nts)‘ net:essary Lo B
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Corow m Cy e m -1 : . .
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- “ -~ for 2<m<N where CN(K )'G

s i'gnore the number of operations nece,ssar»y to obrain 8, (v 2. ), fo‘r e
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- “ ﬂ’ 1, M i , N " - (SRR
- . - — .- B \
e . V]
. N
g — 98 —_ o = s -
: W - . = : ~
.. ,h .
(Y - . B
I3 hd B - .
"~ “ - *
N -~ e 1 e
- L . . b ”
- - - — . <
- A T - . o i
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r<_¢)- £ (k)w /aglu (a), u <a>-a/<a+v a1 and v

g the initial conditions are"C (k} f (k) for 1<k<K . The quantity f (k)

- 2w e LN

- can itself be computed recursively as : e ST . R
e Eal0=Ey (k-l)w 1<k+v D e e Sy e e
v - with i.,nitial condition £ (O)el a A,;"“‘ i b ) LT e I

‘I‘he ev,alueti.on of A single- step of eq 5 4 requires K operat.ions- i S

. e e B A deT

o s The number of operations to evaluare eq- 3. 3 for x=K1 is therefore
S .",‘,-\ ir s .- q-‘-‘ ‘,-“':"“" ;- -; w ot IK"I_- T '-. et o ‘l_ . ._ fj"' . S N vl e
B e e i ) (6x+5)=~31&-!:81( +5 e N
- A W - . v " x=0 B : - s = . . - B - ‘. b
b * h = . T A ';,.__ o - o o . M ™ -
- ¢ L LT PN . . = . -
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: ~.u- e . o . . ~ ‘l- . " -.- = 1. : R A E
1 - ‘ . - , . P = ‘ . I”‘: R - L . A " ) . ' - .
- . LI K- +8=1 ' .
o ) (N 1)(3K1+8_K +5) (=2 -l Y- g T LW

P ‘the c.oinb“inatorial‘ tern; bein-g‘ the _c'ar‘di-nali-t-y. of thefe“et I1 We“.wi:ll*' . ",f}: .

-

- - 2<r<R, since thia 19 a. small p&rt‘ of the initialization procedure. _‘ S T
R 'In the determination of the number of operations neccssary to -
SRR obtain G (0) we will need the number‘ of operat.ions used to’ update ,

g (v ,2.) whenever v or. 9, is a.lteredr» We see in Appendix 5. 1 thaE only L '__.1_ -

‘one of vr or 9. neeﬂ be changed at a time. When L. is changed and y. 1s - R
o ¢ fixed" t;he,next value of 3" (v ,2.) ‘may " be obtained using the expressionf L
— ) ) w e el el T cae J - -
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In the fo],lowing,, wla shall compare the number of Ope-rat,ions and the

algorir.hm w’ith that of the convolution algorij:hm i will be-assumea

.

- storag‘e space’ requiremehfs of -t:he new- algorithnr ~given by eqs‘. 5% 5 and .

"In order to carry,,..out ‘ar comparison of the complexity of the new T
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o . ﬁilixnever‘he inferior to_both convolution and the new algorittm, but

u a . s

R the improvement over either is, nsuallyj'cn1§ marginal (in the range of

A . . .
f - - . e . e ]

5 \ “ . - :
~ further.- o

* Yo

5.7 EXTENSIONS FOR STATE—DEFENDENT SERVICE CENTERS -

. . R - [ . S N . '

e LT ~ In ‘the previons Sections we +have agsumed, for the sake of

’ ~

+

.

Lt v of computing’ G to: accommodate the situation in” which ‘there may be

[ .
f . v

state-dependent service rates. - An attractive feature'of-the new method

. - . i

1s that this extension may ‘be madé with- 1itt1e additional complexity.

LI

A As ‘can be séen from “eqs. 3.3 and 3.2, such an extensiOn for the.

LR

... convolution algorithm 1s not so trivial.

(R {w5%) but__‘_:;;ri'th

Consider a queueing network of type B

u.

function for-center i depend on the total number of customers atvthe

- v

[

.center. and be denoted by B, (n) At IS .centers, with the‘definitiontofe

[

'state—dependent servers, the marginal ‘state distribution for the

. L- network is, ‘for n( ? ? .‘)l;-: ‘p ’ . - \
' .. . (R) e
T Pf(nm) = G ' H (f (ny (R))/ H B, (a)) C(5.11)
.. a=1 ' o

,' . . {o

o ' * M “ - e 7 . =

Without loss of generality.we need not’ explicitly consider the more .

L

. rouéhly *0<15%)." For this reason we . have ot pursued-.the matter .

. L simplicity in prEBEntation -that tﬂe servers at the service centers

operate at a constant speed. :in'tﬁis Section we extend'the new method

state—dependeﬂt 5ervers at the service centers. Let the service rate

. f (n (R )) that has. been adopted in Section 1 3, we have B (n)=1. With



Jgeneral situation, which has been considered in [5], in which there may,

" be different-servicc rate functionq, ﬁir(n), for: each chain r since we

may weite' . DTt s T e

PR T cR) T
\ SR M e T
p oM B ()= T B(a). © '

r=1 a=1 ¥ a=1"

-

The extended?vérﬁion_of_Theorom'Sgl is the following.

. .
- . . . .-

. Theorem 5.2: (We use notation introduced in Theorem 5. 1)
G (0) is given recursively by

-

'

Lo ‘ -
Gr(gr) E B (v ) & ) (v +1),lfor 1 r<R grlg Tr, (5.12)
£ e L : 2 :
- r
. . |
L +v i, co
Y] ir)wir/ I Bi(a+vir), if center 1 is FCFS,
) i a=1 . ' )
’nnc?e hiF(¥rl£)=- ] _ . ~ LCFSPR or PS,

i
wirlif!,_ifscenter i4s IS. .

.’and thc initiallcond%qions arei§0(30)=l for all ¥ € ;0. : -

Proof: {We use notation introduced in the ‘Proof of Theorem 5. 1)
The quantity G’(c) is now the normalization constant of an r-e hain

queueing network with stﬁte—dependent service rate,fgpctions of the

Form

”1(“?_?”“81(“+°i)((“+°1)'
Cleari§'C=GRﬁg) q}néé if ¢ = 0, then“ui(n)nﬁi(n)., Thé'aggregate gsystem

" gtate distrfbution for this system is, according co.eq. 5.11,

-
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, _ =110 - " o
b (r) ’ N . . 2 b v - L4
(1') L1 e -
Pr(n’) = G (o) I n (a+c )/s (ate, )} T'w, “®/n 1)
is is
g = - ) :’ 1-1 1 = " : ,8-1 T " = T- s > et "
' N r nis- . ‘ *
, PR O T g R
, , 3 “i-p—l-l g=l - , \ . . .
) where, by definition, : oo . -
' o L(r) . :
. P i : . T PP
Gle) = I mad'n ake)/B (ate D) U w, T 1)
L . n( ) (r) =1 -~ &=l . 7. oo ee=l .
' T .o N roomg R L
: IR S | S G vy s/n{é!)_. ' :
. - , i=p+l 8=l T 7 , : ‘ : ‘ 5
N ¢ 2 3 T N ¢ O )
: 2 _ £ -
. . ) . ni- + 1- F . 2'1 . ni
o n B = I - 0 2 .
. (a+ci) , Bi,(a-l-ci) B (a+ci+ 1), . ,
a=1 a=1 = % g=1 A
hence x R . . ,
N | .f. o 1£+c1 21_ 11 ,
. 6 (e)m DR SN (O oo o/ BB (ate )"
. 3 EL 1=l 1 a=1
S . ' (r-l)
N ‘!.i : " P 0 s
AT G A L R S i (a+tyte,)/8, (att be )
1-p+l_ (r) € S(r)(l) {=1 awl . - "
, s BEEV N 17 o
* T oW Sy 1) T (T B/ni t).
g=1 |, 1-'P+_1_ ‘B"'l o 8 - .
. o~ r

e (c + 1-) 1tse1f 80~ that "eq.” 5,12 is proved._

.WNe now. gee that the sum of the far right 1is the definition of

J' computation of G: (v ). 18 establighed in the Proof of Theorem 5.1.

-

-

The dorhain I in the



wo

. The algorithm to compute the hormalization constant r‘-(: (0), ln

kY - -

oL the case -of etate—dependency,.is unchanged from that given 1n Qection

.- - - - - = : v
e - " - 1 a0t -

5.4, except that t:he récursive computation of g (v; R-)\ should, _of
.- . - . “'. s [} h ’-

. L S 1
course, take into ‘account the term” - B (e+\:ri

-

p

A . . a=‘1

Theorem 5.2. _Furthe"rmore,ln the*:computation of G' (v"). ueing eq. 5'.3

. - ' 1 o e
we now have u (a)=aB (atv _)/(atv _J. We shall not derive the number
‘ - m- m ml ml

-—

of .operations required ‘to compute. G in the case—‘of ,state‘-dependen_cy

1o Lo B v w

since the derivetion is analogous to that of Section 5.5 and the result.

. »
. - P . A

A ¥ essentially the same  as’ eq 5.5{ . The Sstorage ‘requirement, in the. ;.

.o .- h

case of state—dependency, 13 unchanged from eq. '..'5.6, exce_pt,’of

' woe e e
R P o ”~ .

‘course, for ‘thé .quce required to store the‘ network parametérs Bi(n),‘

_ . . . .
- . . . . !

. i - . v . T . t : * -
A

- which we will ignore.-

B . v
- . 1

/

convolution algorithm, requires the use of the R~ dimensiﬁnal

. convdlution of éq.-‘?3.2.__ The number . of, operat‘ions involved in arriving .

“, -

' at"G=CN('5), ueing eq.. é.g,-.is of the order 6f (see eq-.-3.6)

. . g ; ‘ {N-1) r£1(Kr+l)(F§+2)zz.

The smace requirement is unchanged from eq. -3.5. The time reéquirement
of the convelution algOrithui igs, -therefore,~ inéreased gignificantly..
when” there are stete-depende'nt service rates. Aa a result the new

Y
e . v ;.
! ] - ” . w0

algorithm 13 useful when thére are state—dependent service rates and

]

relatively many chains in the network. R ' o

Iz »,

) whic,h appears in .

.. The comphtetioon of G, in the case of state-dependency, using “the

o

-

A
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' ) there may ariee floeting-point overflows end underflme 1n the course

o

L L R X . .
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5.8 NUMERICAL STABILITY .- L T I N
- N ’ Ve : . - - ! . N .
B L e . -

It is w'ell-;knwn that‘ in’ the conventional convolution algorithm

Pl r

- " IREERE [FR
>

" .- voee 8 .

of computing the hormalization constant- Such potential difficulties

(Y

_also exigt: in the new_algo_tithm- To alleviate these p't‘,ob‘l'ems in the
- LS Y . . N . .

. e . - e,
s il . - ~

convolution elg’o"rithm" é"'dynamic ecaling"' procedure has‘beer'i déirélopécl

.3

[31] Such acaling proceduree can- elso be mapplied within the frAmewqu

_of the algorithm presented here- _ e o e A

2

'eigenveetor, assqciated with eigenvalue one1 of the rOuting rnatrix

() L )

for chain , then -‘30 1s sr_gr‘ “1f we subetitute (s e .) for-:eir_il:'
'eq":‘.,‘ S.--12 then we may write S . ’ ._"": . i
. . S o . g Lo
. K ' L P '21+Vir - E i
N R T N G [ Ry W )
- ‘& E Lr i:i ' ir " . a=1 . ‘-.- ot
e ‘o s (.0 (s w ) /ti!) l(v +z)
i=p+l : ‘
R - .
PR . ~. .- . . ‘- "..‘_, - P -2 - »

.

Hence, we may useﬁsr‘--_a-s__"'_e_’ control to avoild:underflows and overflows

when we compute G (v ) for all vr £ Ir If an overflow octurs in the

L4

computation of at least one of the G (v ), where vr £ -Ir, ‘sr should be

..

made smaller and the computation’ of Gir-(lr)’ for all v, € ‘I

S .
K . n .

“recommencédi If ah undérflow. occurs, 8, should be made larger. As

IS : s -

reduces the ,poesi:!)i_lity thet"the fl',oating—point. range-"will be..exceeded..

It does .not repregent a complete ‘solution’ to the _,pro_bleni'-of nimerical

stability.’

Let S. be the 'sca‘ling factor for chain r (St 0.  If .ér is a left

~! EEE

s e.houl d he
r D

.

‘with the algorithm fn (31}, such.a dynamic scaling procedure only

v
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the normalization aonstant. _Althquh,this qUentity is of interest tn’

-

N . LIS
| . S [ -

‘mean performance measures. Equations for these measures, in terms of
" e, - . - N . .

. - seivers ~ are of the constant—speed type. "o We 'coiuld, theréfore, ‘fn
‘principle -computei éll‘:th required ﬁormelization, cpnstaﬁtej and

substitute them in eq. 3 7 to obtain T endIJ . ,This,

N T’ Uir Qir
-however, would involve applying the new algorithm (K +...+KRf1) timesh

¢

' Furthermore, in the_case of state—dependency, matters are complicated

. ..
~ 3 . »

further. In this latter situatiom, the mean ‘queue lengths must be

T

computéd using eq. 3.8. As a result, in order to obtain the required

. ! O LT o ‘ —_—
"normalization constants to obtain Qir for 1<r<R, 1<1<N, we would have

. ¢ ., - .-',.' - -_'R-n- r. -~ . ’ "-"‘,' h
to*repeat the new'elgorithm (n-1) 1t (Kr+1) times. This would defeat

. ' " -7 . \ =1 -

the purpose of having an algorithm whose complexity in R is polynomial.

- - -
<

Clearly, what we require -1g -a..more- direct way of obtaining the mean

“

. N P R

’the recursione of eqs. 5,1-and 5 12 rather thanﬂresorting to equationg“

- —— >

that have’ been_ develdped within -the context of he convolntion

- - B - -

algorithm. . ' - ) ST v ‘

o PERFORMANCE MEASURES OF MULTIPLE —CHAIN CLOSFD QUFUEING NETWORKS -,

“In' the previous Chapter we "have oreeented a new method. to compute -
‘iteelf, the quantities thdt are of most interest in practice are the N
: i o5 , t . 2 ‘

“‘normalization conhtants, are given in eq. 3.7-for-the5ceeé wheré all

.performance measures from ‘the normalization c0netants which ariee in

~

L2Y
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3

Ll

. performance measures.

.1ldeéntical r0uting'cheins.that contein.one customer~each.

In thia Chepter, we' present an efficient algorithm by the name of

~, T

‘RECAL ﬁRecureion by Chain Algorithm), to obtain ‘all the meen

"Although ve, have “‘been’ unable “to obtein

] . 1

expressions for the penformance measures in terms\of the normalization L

. ¥

constents that arise in eqe. 5.1 end 5.12,7 we have devised a meens of

. . L .
v L)
]

“circumventing this® Hifficulty which, 'at ‘the same ‘.time,r siﬁplifiee

consfdereb;f xhe.recursive,expreseion-f The, main idea 1nIREChL igto

break_down'each;closed routing chain, conteining K£ customers, into Kr

For‘thid

o oo e
- ’ :

'ertificial network in which there is one customer i each Touting

AN 0

‘dhaiﬂ, .we,- have developed aimple equations for mhe mean performance

-

measures in terms of the, normelization constants that arise in. the

.

computatiom of G (0) using eq. S 1 or 5 12 As a result we need no

Ay \_

longer reeort to  eqs. 3.7,

-~ . -

The other useful consequence of—breaking

. * down the routing ‘chains 1is that eqs. 5.1 and“5.12 are then eimpliﬁied.

]

-~

N L}

' - - * .

congideration, but 1t  .leaves the perfqrmance ‘charecteristice (il.e.

nodal throughputs, server utilizations, waiting t{mes, queue lengths)

U -— " -

- unchanged. o ' . e L N

-~

.o -
- .

i
h

. .

Il

=, The artifice of breaking down the routdngdchains cérteinly alters the B

.gtate spacde and hénce the normalization comstant of the network under
. - . : ' - PR e

The Chepter is organized'ee follows: In the folloving*Séction we L

F -

present certain new results whtch form”’ the baeis for the proposed )

-

e 1

computational complexity of the algorithm is derived in Seption 6.4.

In Section 6. 5 we compare this complexity with that of tﬁe convolution

- - ‘ P
- *

[N
7

”-algorithm -.—The 'aIgorithm ig’ then. developed in Section 6 :3. The'

-l



Lt and MVA algorithms and demonstfate the situations in which the proposed
%

- + [ »

algorithm is useful We shsll see that it is substantially moré '

P -

efficient than the hitherto adopted methods when there dre mahy chainh

N

- N

1y ! - v J
] ‘6.7; we discuss how one may handle mixed networks, with constant-speed

or. limited queue—dependent- servers, and netwqtks in: which there 18" -

- r

- L - -_

~ . ’ ™,

- i . point f;nge- of a machine. Finally, -in Section 6 9, ‘e preseht a
FORTRAN 1mplementation of RECAL. . AN '

", - ¢ . ’ ~
) -

v . .
o~ e - o -, ~

" 6.2 PRELIMINARY RESULTS L

, - . . . . N

In this Sectiod, .we present certain new relationships, among the

- new expressions for” the mean performance measures in terms of . thege

normalization -constants. ‘'They will provide the mathematical ‘basis for
: ~ - the algorithm to be developeé in the following Section.

—
' - ‘' 1

L. ’ . . . ’ \ “
: Corollary 6.1: 1If Kr= 1 for 1Sr*<R,  then GRQQ) 1s given recursively by

B . - . ‘ - )
S T e .o - N e - g

N - _ L .
. . = Y - 5 " - <1‘('R ‘e 1 s
: . ‘gr(zr) : iElcl+vir i)wirgr-icgrﬁli)"fog 1 » L e’ ,

. _— -

. where 14213 a unit vector pointing in the ith direction, . -

- .

in the network. In Qection 6.6, we extend the algorithm Lo accommodﬂte,.

the situation in which there are etate-dependent QEtvers. Tn Qection

S ' customer-class switching . In Section 6.8 -we~present & qimple dynnmic

75ce1fng _procedure, which can be incorporated easily within the.

i normalizatien constants.of multiple—chain-closed queueing‘networks“end‘

S \;fremewétk of -RECAL, to reduce the possibility of‘exceeding the floatingll -

1
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'pdrollary 6.2;: If‘KR'; 1, then

_(wiR) 1 G (1£)/G (0)(N+KF1), if therefare no Tq centers in

1= '
. tiR ,1 . o the network,
iR : - .
- (wiR)G (1 )/G (0), if there are s centers and X iq nny one,
- tfR . of them,
.; N L L E - .
) ' = t 5
Ur T BT '
~ b ’ " ’ te =
. o 9. =6 (0) TG, (1) '
: v Qp TR GGy YR
. and /T, .

iR T Qro’ Tir

.2 Proof: It is known (see eqs. 3.7) that 1ﬁ terms of the ﬁbtatjon )

-

“ad . . . . .= -.;:‘ Y .
| a_gpted here, when KR l TiR-_ iR e 1(O)/G (0). .The expressions ﬁor

TiR then follow from Theorem 5. 2.; “The expreasion for:biR fqliows‘

" directly from its definition and Theorem 6.1. The expreséionél for '

'Ui and W are well-known .and based on Little's result [iaT.

~ ) KR ‘o . ~

6. 3 THE RECURSION BY CHAIN ALGORITHM - RECAL

- ' The new algorithm for multiple—chain networks s haeed directly on'

-Cordllariesgérl and 5.2, and - the inyr‘dueiion of the’ artifice of‘

‘Brgékihg'&own each‘dhain r, with K. customers, into K 1dent1ca1

Y - )
. sub-chains, with one customer each. Thg badic idea of employing thia.‘
‘artifice is to create an artificial network in dhich K =1, .for alL

. chains, go that we may apply the simpler recureion of Corollary 6 1 and

A}

! v



N

"~ normalization constant from the. original-: network, biat- we may

" nevertheless. employ the artifice and-obtain the correct values for the

A T Y

)

.

“obtain the mean -performance measures using Corollary' 6.2." The

S

‘. artificial ‘network has, ‘in genéral, a d{fferent staté space and-

'performance meaaures ginde 1t alters“in no way ,tne .physical

: characteriatics of the original network. .

. . . ) N v
. r

LR P
.

'Let the network created from B( )(N K), by breaking down each

chain, be denoted. b'y B(;)(N K) and abbreviated as B . (We use a dot

“

(o) to differentiate the notation associated with B ) "The"'t-'otal

bl L
* '

‘p'opul_a'tion k% of B° 1s K° E, K~. The number. of chains R® in BY is,

" the chain’ to which customer %k belongs. in B

" have, using Corollary 6.1, that égo(g) is given reean'ively by ,

the need to compute the térms gr(._v ,9-) which appéar in ‘the expresaion'

. . r=1 ... - . -

' by" tl_n‘a deﬁinition of'Bo, K° and the population of chain t is K: = 1 for
. \ B AN

N . ’ PR

.0 . . . o y e 0 -
18K . Let 'the customers in B be enunerated as 1,2,...,XK and let

(R),

1

- . .
L~ v v Y

. N
. o, S - - .
o :Gkgxk) _izi(1+v . )wi o k 1(v +1 ) (6:1)
. ; o . .0 o :
< - Lo -
for 1<k<K", Yy E Ik’ where Ik {—k Vi 0 for 1<i<N 5‘ Vik k}

oL - i=1

g The initial oonditions are G (_0) =1 for all ¥, e Io .

0

(N K) into constituent

_Hence, by breaking down each chain in B( R)

sub-chains we 'can' anply\‘Corollary '6.,1 and circumvent- in particular

of Theorem 5.1." .We note tha't, in general, GRo'(Q_) *'GR(_(_)_) sinc_e,. in

g'en_e"ral S (R ) * S( ). Hence, we ar_e,no longer able, to compute the

.'.. . ‘ l‘

-

(N,K) be'r(k). We then _

r

»
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.

normalization constant G = GR(Q-) which 1is euppoeed to be of central

interest. ﬁeverthelees,’ using Corollary 6.2, we may write

. 1)
i

( ir(R )). 2 GRo (L) 7 Goo(O)(N+K -1), if‘there are no IS

‘ ' =1 centers 1in the

0- " _ i (R ) .

TiRo A ‘ L network, )

. w 0,0
’ | (t-:irg,Rd))GRo (1 3/ G o(O), :f\ tgereoefirc:hls centers and % s

1R Lo EYOEE R .
. Uo - P+ R
. . iR°. tie(RO)T1IRO
Q0 = Goo(0) G o (1 )w o
_ 1R® 7 *R° -1 idR)

and iR iR 5/ T . g - (6.2)

-, . S . - -

- reepect to a single customer who belongs to chain r(R ) in B(R)(N K.

- N r

The.abbve E‘.X'[JI.'ESSiOnb give the mean ' performance measures with

e

' The normalization constants in eqs. 6.2 are obtained:in the computat:io'n '

[—

of G o(O) using eq 6. 1 The key poim: rem.aining in- the algorithm is‘

A

T that all customers who belong to a. particulat chain in, B( )(N K) are'

statistically indisninguishable in. equilibrium, 80 we héve finally for"'- ‘

. R -

. the network B( )(N K) } T .

. . . e . E DR .
- ] . - -

. o . ... -
e v Uirr®y T Ker®)Wir® T
_ ) . |
o U™ T %R
. - R . . u°
an‘d - wir_(Ro) .Wm. .

. - N
' -

- ’ o’ .o .. .
, P ="K T ' o
Tie(r® ™ Re(r% R . . ‘

5 o . ;6:3)-:"

*ad
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Hence, we are able to obtain the mean performance measures* for a
N . o e Tre

particular chain r(Ro), using eq. 6.1, even though the.value for G

itséif is never obtained.

The mean performance measures for Ehains otﬁer than r(Ro) may be

. - o 0 .
" obtained by reenumerating the customers in B sgo that r(RO) is changed

N 1

to another.chain for which one wighes to computq'performance measures

uéing eqs. 6.1, 6.2 and 6.3. More specifically, suppose that the

L

- I-..,—', . . 0 - . ‘-- . ) " PR Y . .,
customers in B are enumerated initially so that the initial assignment

(R) (1)

of the cuétomers in Bo to chains 1in B (N,K) is r (k), as
illustrated in Table ﬁ.l.and given by
: - I for 1<k -1,
L 4
1) i-l
s = Lt for 1+ § (R _-1) k< i (K _-1), 244K,
I =1 o=l ¢
i R R
Rek+l+ ) (k-1 for, 1+ YK -1)<k<K (6.4)

1 r=1 r=1

LY

" perféfmﬁhce_measures for chain 1 in.B<R)(N{E) using eqs. 6.2 and 6.3.

(R)IN KB. ‘iet'the héw.éséié;meﬁt be

2 ; .
( )(k) as 1llustrated in Table 6.1 and given by -

.
[e—_— - R

R )

T (l?(k) for 1S8k<. 2 (K -19,._,,A o
: s R r=1 '_ e i e
£ = 1 for kel+ § (K. -1, B Co
r=.1 - . . .

o (1_ L
- ) (kL for 2+ § (K_ —1)<k<K )
=1

Having arrived at G;o(g), using eq. 6.1, we may compute the mean

. [»} - .- ..
We then reenumerate the customers in B to obtain—q new agsignment of



.

-

. : . R : v 1
N ~ ’ [ . . nlmM
‘ . : T ) Ty,
. ) ) . . . o .Nuaw}.
£ . c =ty
-, 1 1 s® omew . ) o . .
. o Byt | . T
i -4 . . (1-W) 1
. : -a
) a . ’ 5 T
. _ L8 . (1-"4) T +1
) ) : - -y
B ’ : Mm o ' mlaM
b 1 P 1 1 ¥ .. _ Ted- 2
z 7 z z ¥ " 1-d Z+u- X
£€. ' £ ¢ £ 1-d -y R3IC | :
- - . @ L] [] F . .
P . - .nlﬂ .m...w » . ) .
. f - 1] H- - . - .
., . . k- o . . . . . -‘
-1 Z-d £48 748 f- € N ‘ T-oX
- '8 748 [+8 £ I . - -1
q° 1-4 148 B z 1 . o
a E ty,..2 (M), . ! a0 i
MDey* Mg B s O 2y Mep* .
i .
Aw..z: Vm ut surEyd 03 ¥ 1IWOIBNI JO JUIWUITEEY ¢ g ut Jaqunu Iamo3eny
| S . . .
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The mean performance measures for chain 2 in B( )(N,E) nay then be

obtained after having recomputed G 0(0) In general then, after having

- computed tthe performance measures for ‘chain-s in B(R)(N K), we

reenumerate the customers in B° so that

1‘

)y gor 1ckes-1+ { (K -1y, )
. , R . r=1 I .
r(s+1)(k) = ] g for k=g+ ) (K:—l), . )
! o ’ o =1 - .. . .
. R .
(5)(k)+1 for sttt ®-D<kek®. (6.5)
r=1 -

L4

We then recompute G;o(g) and obtaln the measures for chain (s+1)}. This
procedure of ‘reassignment and recomputation of Ggo(g)jia1renﬂered

E

- o : ) .
efficient by storing Gx—l(lgrl) for al; ﬁx—l Ix~1’ where
. . f . ‘ v e e e P » -
e b - a o . . ;
R .
x=86+ } (K.-1)
h r=1 -

d

50 that, in the determinatron of the performance measures £or. chain

(s+l) in B( )(N K}, we-.need not to reevaluate eq. 6.1 for all 1<k<k®

r
Vor

but only for x<k<K .

We now summarize the algorithm which has been developed.
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6.4 COMPUTATIONAL COMPLEXITY -

- LEEY n
o

-

s o -1 ) 0
Step l: Initializg 90(10) 1 for all ¥ € 10.
SteE 2: Enumerate the customers in Bo go that the assignment of
customers in B° to chaing in B(R)(N K) is r( )(k), \given by eq. 6.4,

for 1<k<K e o

. . S .
Step 3:‘ Compute an;} store Gx(lx)”for all Y. ¢ Ii, where x=R°-R, using

eg. 6.1.

- : . a " . .-
Step 4: For eachschain s in BR(N,E) ¢ 1%gsR: - o o -
: o - g v -4
Step”‘éa: Determine GKd(g) using eq. 6.1 and the stored values of
o o . +
Gx(lx)’ Yy © Ix'

'y o ) : @ “
Step 4b: Compute the mean performance measures for chain s using
GZO(_O_), Gzo_l(li) for 11N, éqs. 6.2 and 6.3. Stop if

v ' v

i \s=R.
. g T

Step 4c: Reenumerate the customers in 2° so that the assignment

.
N R a - 1

L g+l - :
of customers”in’ B *to chains in B( )(N K) is r {k), as

T

deffned by eq. 6.5. . T
Step 4d: Inmerement x by 1.

Step 4e: ~ Compute and store' Go(\; ‘) for all'lx' € -‘[:: us{in‘g eq. 6.1

B o
» Il x-1°

L P -

: and the stored values of G 1'( €1

In this Section we determine the time and spdce requirements of
the algorithm._ We deriife tﬁe number of operations (additions and

multiplications) and the storage space (number of elements) required.

For aimplic:l.ty we assume that there are mo IS centers in the network.

When there are IS .ceaters, however the computations are simplified

-

‘glightly since 51=0 when 1 1s an IS ce_nter.
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Time requirement - : - N

Let us begin by evaluating the number of operations ihvolved in

v

© Stept3. " The evaluation of the summation iu eq. 6.1 requires (4N—1)

?qpetations. The anumber of operatiouns to obtdin Gl(vl) for all vl'e I1
W o, . . - > e T "'". .

is , . - .

LY l

K +N -2, .-
N (. 13¢ MR -

.

the combinatorial term being‘the cardinality of Ii.‘ The total nombef

: N N 0 h . o 0
of operstions-to obtain Gx(lx) for :a.-‘ll_\i‘c € Ix’ where x=¥- -R, is-

~

‘therefore ' SR - . "
. “ . 0 B - N -t
‘ K°-R" -
) : KO-14N-1
. . S Y aN-1)¢ N-1 ). X (6.6)
i=‘1 : vy . .

R -

With s é 1, the number of operations to carry out Step 4a is’

’ -4,
" - )

W T N s i cy o, s
- ’ : . o B - -
. X
e . K i+N 1
‘ Y (4N-1)¢ Yo |
’ 1=K°-RH1 . . . < L e

Fy

In Step 4b we require (N2) operations to compute 'I‘i

6 2 (assuming that there are no IS centers in the network and that the

-constant (N+K -1) has been precomputed). We then require six more

' operations to obtain T and § using eqgs.

%) Y1er%) Ur(r®) 1£(R®)
6.2 and 6.3. The number of operations involved in Step 4b 1isg,

¥ -

theretote, (H8) » ﬁﬁe 1oop-on Step 4 R times, so that the total mumber

of operations consumed in Step 4b is

e

R COROWS). O 6.7)

o

o using eq.
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n

e

-~ - " ]
- .
. LY

With s = 1, the number of operations required to carry out Step 4e

-

:R-1+N-1

(an D gy -

-

In general, the number of operations requiréﬂ in Step 4a 1s .
1 R . s

Kb . o ~ ’
N K =1i+N-1_ .
: S X (4N-1)( N-1 ) . (6.8)
oo - ©o =K% -R+g .

and the number of operations involved in Step 4e is

n-ny TS (6.9)

Theutbtal number of operations required by the algorithm is, using

eqs. 6.6, 6.7, 6.8 and 6.9,

o_ : ﬁ" : Ko“
s=1 KO-t s o oe=l

. K™=
+ R(N+8)
which simplifigs to

(4N- 1)((K *N*l + EOh + & 1y o1y + ROW8). T 7 (6.10)



Now suppose that K = k for 1<r<R. Then k° = kR. -If we consider X and

N fixed, then eq. 6.10 is a polynomial in R of depree (N+1) When R is

-

1arge, eqe 6.10 is of the order of .
- i .hl_ 'r ~ . - - r -
) ‘(ﬁN 1} RN-P-l . :

™FOYT Ll

- »

" If we now consider R and K fixed, then eqs 6.10 is 2 polynomial in .

N of degree (¥R).' Whem N islarge, eq. 6.10 is of the order of .

4

TR : BNR/(R-1)15 i{f ¥ = }, T S
4N5R/(KR-15!;_1E K'» 2, -

R - . -

Space requirement . - A ‘ S,

~

The space feqhireménﬁ is dictated b;'the maximum storage, space .
which 1s requiréd'at any one time in the implementation of eq. 6.1. Tt -

is- assumed,- for ‘the sake of simpltéity in” implementation, that ‘we
compute Go(v ) for all Yy € IE béfore iﬁcrementiog koo ’

Suppose that G 1(v 1) has ‘been computed and stored for all v Y
° 1) is held in

€ Ik 1* Furthermore Buppose that the value for‘f‘k 1(

an array at location Hk 1(v

k._1), ‘where Mx(§}3is a mapping that leads to

1ncrgasing'values of the dtorage focation index to vectors d that give

increasing values for the sum

i d, (x° —x) | (6.11)-
et | , j .

*

Such a mapping has been introdoced in [13, Section 4.2]._ The'dopain of

- + .
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M (d) is I and the range is. {1 2,..."( 0 Nel‘ )}, the combinatorial

,,term beding the capdinelity of the set I : An'exampfe of'tne mapping'13

given in Table 6.2, sr e '.'. R

v

If we now compute the values oE e (v )’-—k € IE,‘dn the order -

which gives inéreasing yaluee for_the-gum

* g
- ‘s

w ) .'-

: . - . i v, (K k)
A . : o ak

_then  a_useful éonsehuenEe is that after having computed Gz(zk) using

eq. 6 1 we may store. the’ result at 1ocation M.(v ) of ‘the same array
whxch was used to- store Gk 1(vk 1) for all Vk 1 £ Ik 1 " This mechanism'

is. illuetrated in Figure 6 1., This storage procedure may be'adOpted-

-

srnce the value of G ) at 1ocation M (v ) is never required

-

k 1<

]

efter ey (vk) has beén homputed for any of the computations of G (Y),

where X is any vector Such that Y 3 Ik and HR(Y) > M (v ) * This poinb

=

is proved in Appendix 6.1. As a reeult .the storage space teeuired'tp
implement eq- 6 1. is only the caralnqlity of I0 and not the gum -of the.

. o
.. e +N-
¢_cardinalities of IO énd"I . The cardinality,of Ig is (‘K Nﬁll)" In

_ . ' -

,addition, Step 3 requires a’ storage epace equal to ‘the cardinality of

RH+N-1

N-1 Y. The values obtained in Step he may be stored

”IKO—R which is (
in the game 3torage space as.that used fon_Step 3. The totdl storage

space required for the algorithm is then. .

REN~1 . .
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) ‘ r=1
- o : “ ’-._‘-.. .”.-.'-' -
~and the required storage space is - -
- ~ . ““-\"'H
LI

. . price - J-— o -
- . v N .L:;:r - Wy . *
N ' ! L o N N
- W ke ¥ e ;“ < N b
v 7 . m-fu N 2
- . te. T -
- - 13}-* e e " -
e Ea PR .
R ¥ o * = Lo e ) Tt . -
With'Kr = «k for 1<r<R and with~N and K~considered fixed éq._6.12 1B a8
: . _,-' - X
polynomial in R 'of degree_(N—l) Wﬁen R is 1&5§e, EQu 6 12 is of the
' e’ T C g . v
order of - T IR rone Do
: - W a .
/. N T e s v
U N=1 g S
(k. -+1) _N-1 ¢
- R . -,
~ B - 3
’ tﬁ"\I 5 H T . u -
L . o i wo '.‘._. - . w
>, N [y - b W '.-”
1 Jr - :

If we now consider R and K fixed then gq: 6 12*19 a*golynomial in

-

Rt e T
2N /R!, if w1, o _.'_ Ml
_ N /(KR)" 1£ K > 2 , s
- - - " . - o ':,-- T
6.5 COMPARISONS IN COMPLEXIFY =~ =~ =7’ .t ; '

[

Py -~ e -

RECAL with those "of the convolution and‘MVA algorithms. '_g )

I

) ‘,'T-‘ .
- e

f}f we use the version of the couvolution algorithm which applies

to networks with constant—speed servera, then the tofal

- . N [ L.
operations required to,arrive at G is (eq. 3 4) T
- ¢ T R "’ e R

R

R

v

L IR T e e
. “2R(N-1)- -'I.[,_(.Kr*"l). v Tre D et

N of degree (KR) When N is 1arge, eq 6 12 r'ﬂof the order of  ‘“$£

‘u
-
v
* -
[
. -
+

In this Secfion we éompdre the time and spane requirements .of ,

o K
‘1

gqmber pf

(6414)

V-



[N

as eq. 6.1j and the required storage sﬁecefis (eq. 3.10) ‘

- . , -

_ The MVA algotithm‘{eVolves eppFOximately'the'same time requirement o

v‘ . - " R t * ) , . ! l , - .. i
- oN TR +1)., T . . (6.15)

) ¢ . i .
r=l  J L .

.

’ .We. show in Appendix 6. 2 that no camputational advantage can be obtained .

. in the convolution or MVA algorithms by breaking down' "the chaine in .

.

(R)(N K) into sub-— chéins. - . , R '

~

In the ptevious Section we hdve-seean that with N and LY considered

/

fiked, the time and . space requirements of RFCAL are polyncmial in .R.

~Hence if R is sufficiently large, “then the.time-and space requirementsj('

. -
=~ +

. by eqs. 6 13 and 6.14 or 6 I5.

' 4

We .see from eqs.'6.12, 6.14 "and 6.15 that ﬁECAL-has‘a-emaILér.’

space requifement than etther convolutiom dr MVA when ) T,

~ -
. > .
. ’

.
’

EK Wl e LT .
- r=1 * R+N1 ‘ N
.- . -,(- o Oy <2 TR A
‘ N-1 ' r
L - X . r=1.- . -
. - ,

“From egs. 6.10 and 6.13 we see.that RECAL " has. e ,smailef. time

requirement when ' i ‘ - S

R L ) - - :
) K -1 ‘ - -

N (T H(Rﬁllw(“”‘ DipRewe) < REED) 1R
‘ R r=]

+

given by £gs. 6 10 and 6. 12 respectively, will he less than those given:



~ In Figure 6= 2 we compare for the purposes of illustr&tion, the

R - -

number of operatione given by eq. 6 10 with eq. 6. 13 in the: case where

- N .

N = 4 &nd,Kt = .« for 15r<R,‘for various values of k and R. In Figure'
.- - - s . \ . N "\- - ‘...

6.3 be:compare the atorage‘requiremente given by eq. 6.12 uith eq,‘6.1&

.

\in the case where N = &4, - TIn Figure 6. 4 we determine, for various

valueeJoﬂ_K 'the region in. the space of queueing networks (NxR) in L

‘hhich'the humber of operations required-by-RECAL;(eqa 6,10) is_lees

than that required with convqlution '(eq. 6. 13) In Figure 6.5 ve.’

determine the region in which the storage space requirement “of RFCAL
(eq- 6 12) is 1ess than that required with convolution (eq.. 6414) ifn.

Figureerf6 6" and ‘6 7 we. give,_ respectiVely, several iso—time and

- ieo*storage curves in the space (NXR) for RECAL and convolution in the _

'case where K = 3, We see from Figuree 6. 2ﬂ6 7 that RFCAL is useful

- . - . - 8

*when there are many chains in the network ‘ We finally note that when N

. i = 2. thetstorage requirement of RFCAL giVen by eq._6 12 ieﬂlinear‘in

’

o ~ R . . - R
- . - oL e

R “ PR . o .
. . - . - ] . .

6 ’6 EXTENSION TO STATE—DEPENDENT SERVERS

- The algorithm in its preeent form ‘can. be reedily extended L to,

¥

handle stéte—dependent géryers with service rate functions of the formu

_Bi(n).‘ In the previous Chapter we have already extende&.Theorem-Sal

‘\-

in Theoren 5.2. It follows friom Theorem 5.2, that the extended version -

e ) L

of eq. 6.1 1is : S :

. N
Gz(y_k-) ¥ (1+vik i)wir(k) k 1(v +1 )/B (1+v k) T (6.16)
. CLRTE e

PR
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"-number at the end of the, curve, for vo-3.

- : '
. . pes
. P . \

~ E

- . .
1



-
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and above which the space

requirement (number of elements) is equal to or, greater than the number

at the end of the curve, for =3,



KN - i B - . .
- Comparing eq. 6.16 with eq. 6.1, we see that 1little additional

PE—_—

complexiﬁy hags been introduced to accommodate the situation of

- - S

state—dependency. ‘ b

’

The expression for. the marginal distribution with respect to a

+ -

particular chain R, in the case of state—dependency, is unchanged from

Theorem 6.1 .except that If center its FCFS,'LCFSPR ‘or PS then

¢

) ) ’5'ki kg
by (k) = wip ! 31 B (a)

As a result, if KR = 1, then Q:LR = GI-{(-Q)—lcR—"L(li)w:iR/Bi(l)' so that

]
s . -

Q:Ro-a Ggo(gj-lggo_l{li)wir(Ro)/Bi(l). . - (6.17)

Under the additional condition that there is at least one IS

center in,the network we.have, in the case of state—depéhdency,

o

TiR® = 24r(r®)%r0-1 Ly /2 0(0) . (618

1 L

~ . -

where x 'is any one of: the IS centers. This expression for -the. |
throughput follows from the identity G'R 1(O)=='GR 1(1 h] (Theo{rem 6.2h)

L K=l - . 3.7
and the result that, when K =1, T, =e Gp_ 1(0)/G (0) (see eq. 3.7}

- . .

- which is known to hold even in the case of state-dependency [R, page '
. ' ¢ —— e ’ -

“ . - oo

71 ]. We also have, u-sing Little's:result [38 ]:

’ . -

. .
~ o - &
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Iﬁ.we ‘aggume that.there is one IS center in the network and that
thete™ 1is atate—dependency at all service centers, then the evaluation
of the aummation in eq. 6.16 requires (SN—A) operations. The total

number of operations required” by “the algorithm,. to' obtain ‘the ‘queue

lengths, thruuéhputs and waiting times is then .
(5N- 1.)((K '”“ “1y 4 (R*“Nfll) + (e 1) -1) 4+ 8R. .

- . . '-t . e

' A
*

This result.can be derived in a manner analogdus to that of eq. 6.10.

When there is more than .one IS  center, the number of operations is

reduced slightily since 51 = 0 when i is _an IS center. The required

storage spacg, in the case of stateJHépendenEy, is unchanged from eq.-

6.12 except,:of courge, for the additional space réquired to store the

network parameters Bi(n), which will be ignored; . 5

f . . ol

We finally mention ghat'it does not appear possible for RECAL to

. L] M
accommodate state-dependent servers whose service rate functions are of

6.7 MIXED NETWORKS AND CLASS SWITCHING

‘,netWDrks in which- there are conatant—apeed or. limited queue—dependent

EEN

-

the form 8 (n{"). - .

. M
I . :

RECAL can be used to analyze queueing netwo tks having certain

- ’ ' ‘

other more general features than the ones we have conaidered'up until

now;; 1t may be used to analyze the - class Qf stable mixed queueing

1 LS

'uaerve;st(gefined.in Se95¥°?-3351‘. This. may be .done. since it ts known'

that a mixed netnork can, for, the purposes of analysis, be transformed
T - .

. ot - -
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-

"to a closed network (see Section 3.5). We may then obtain all the mean

n -

performance measures for the closed chains 1n thé mixed network, by
analyzing this closed network.using RECAL, 1if in thé original mixed

network thé€re are constant-speed servers. "If there are limited

,QUeue—dependeﬁt gservers 1in the mixed‘network; Lthen we should use the

.. version'of RECAL that applieé to networks with state-dependent servers

(Section 6.6). The mean qdeué lengths can be obtained using eqs. 6.17

+

'and 6.3. The throughputs and waiting times can be dbtatﬁeﬁ using eqs.

-~ 6.18,. 6.1% ‘and~§Hv3; -assuning that “there~Ls at ‘least-ome 1S center in

the original mixed network. The mean queue lgngthé and walting times

~ “for” the open chains' can be obtained readily, using eg. 3.11, 1f in the

ofiginal mixed queueing network.we have qonstantjgpeed servers. . The
open - chain throughputs are obtained from the cqnéervation 55 flow
equations. |

RECAL ﬁan aiso pe used to analyze networks with CUstomer'clasé

switching, since the mean performanc® measures “for the 1nd1viﬁG;1

Pl

classes can be,obtaided‘directly from the.measures associated with the

closed fouting chhins'(see eq. F.77.

6.8 DYNAMIC SCALING IN RECAL

) . ‘
In Section 5.8, we have seen that.we may use scaling’ factors teo

3

avold “floating point overflows/underflows in the c;mputation of G. We

may also introduce such scaling factqfﬁ”iﬁto{eq. 611,’6r gllﬁi—tp avoid

the same difficulties  in RECAL. Let'si be a gcalipg;fgctor.

. - . Lo
- . . a s N . .
- . . ’ RS . >

’ ’ PR -
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-According to eq. 6.1 we may write . . - T e wr, TN
' Y \ T " - . . i ‘;n-
S +v, 8 + e
| PN MR 121(1 Y1k )(S w0 rir(k))Gk (L P T
Hence, we ma'ﬂr scale the quantities Vi (k)-’” 1<i\<lf\7 to redute the" -
possibility of, encountering an ‘overflow or underflow when computing

Gk(ik) for all -Y-k £ .\Ik' - In the following, we sh_g_.li describe the

e L
’ A . .

details of a scaling.proceduréa We assume, for the ,saké- of simplicity,

that we have a network of constant-speed: gervers. The same ideas,

however,' can be carried -over -to the state-dependent -cageb. » -,_" " T -
. ~ Sy e ~
'ﬁhe'scaling -procedure we propose for RECAL is the following. ‘We T ..
{nitially (statically) scale the. quantities’ wi _where 1<i<N' and 1<r¢R T
"go that Min{wir}=l' for J‘.<r'<R- ’l‘he dznamic scaling to~ be izftroduced * w
into eq. $.1 is to scale Wir(k)" for 'i...<i<N, as folﬁl_ows,, prior to o
computing Gﬁ(lk') for all v, € IE. If T e L - , T
: m;nlo {kl }<1 .
Tl Tkl . B .
. * . 1 . - . C ‘u‘ ’ " . S N r:
multiply 'wir(ic)’ ‘for 1€1¢<N, by 10~ ., where § is the smallest exponent v '
of the mééhiqe,_ o o, N - ST h ‘
- R . i ) - "‘ L
@ [ log; o . MiEn.Io fe x=1-Y -1)}]_., SR e
\ Lo S —=k-1 k1 Loow? \ - a
‘ and [x] is the integer portion of =%. Otherwise, multip],y w:L .(k)’ for __,*
M - - - . T, . G- ‘_" ';.\.J
) E E R
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%1 Sy, vby 107 and nhen**by 10°%,

.J._
- v B

we "then remultiply w

k"

—k.. . ir (k)’

NN ‘_u . - .-
10 so_thqt once.again, Miniw -1 Eor 1<r<R. TE we are ahout to-
. ) - - LI 1-“ 1_‘ L4 . . ..

After: having computed G (vk), for all

(4\ e

for. 1<1<N by 10

- - v

‘s commende Sfep 4b, “then we <shou1dﬁﬂe3ve thisg remﬁltiplifatioh until

-
e

v T e

Ehe comnutation of the mean performance méasures using eqs.

{
N L

“after Step 4b 4o thatﬁthe scafing factorwwill cancel ont proper1§ in

AB r

- B.2

and

-t and then by

. w - - o N
- 6;3. An attractive feature of'this dymamic scaling procedure 1s that
- there is no, need to store any scaling factor for future use. - - =+
”' - . o4 .:‘ru‘ - - - - - .
t - Ll P w h - . -
: e e o e T - - S
- ¥ : EE W A L o
e * M. T e .
“ 69 FORTRAN 17 IMPLEMENTATION = w» .~ . . - oo .
The version of RECAi' that‘;apﬁbieS‘:. ¢onstant speed servers

-
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A.liqting 1s providéd-\

e,

th

(Section 673)" haswbeen programmed in’FORTRAN 770

- o wu
in, Appendix 6. 3

P .
* - s

procedure described in thq«previoua Section.

a, - o ’..
-

The ‘prﬂgram incdrporates

R

“the dyuamic 'scaling

Tt is preseﬁted in-the

.x'
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.1 Eorms of a’ nsubroutrne 80 that —it could be 1nstalied in exiqring
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We need to show that»the value.of G (v 1)—at 1ocation M (v ) is

} not required in the computation*of G (Y),-where hf is any vector such -

that Y € I and Mk(Y) > HR(V )
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Suppose, for the sake o£ simplieity,.xﬁag K ~='l< for l<r<R. When - ~

we break down the chains in B( )

e
.

L AN, K), so t.haj: eac.h sub—cha.in consists

\h.
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?4_\ Lt ' v
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'CHAPTER 7 ~ AN FEFFICIENT ALGORITHM FOR SEMI-HOMOGENFOUS QUEURING
NETWORKS . - : : ' S

7.1 . INTRODUCTION b

"

e

In Sectiom 1.5, we have outlined how one may model distributed

~

computer aystems and local area networks of wopkstations' using:

-

queueing\network models. ~it is omrly quite recently that the ahalysis-.

of such models has been undertaken.‘ These recent modeling efforts give

'l

] . )
rise to queueing networks that qontain both many service centers and

-closed routing chains, the latter 1acking any sparsity or locality

-
. .

properties. Udfortunately, in these circumstances,'the‘general‘purpose
1 N * .

exact glgorithms:*ﬁbr ‘the solution of product-form queueing networks, -

»
¢ .

" are prohibitively expensive in terms  of their time and 'space;
. . i

v

‘neqqire@eqts. The \convolution and MVA aigogithms have requirements

- -

Hﬁhich are exponential 1in the .aumber - of ‘routing chaids. The tree

* 1 - -

'eonvelution algorithm [32] cannot’ be used to advantage since there is

v P, * N

no Sparsit§ or, loeality in the routing. " The- recursion by chain

‘algorithm (RECAL) has a cpmplexity which*is combinatorisl in'the ‘mumber

of service centers and routing'chains. It 1is therefore impractical, ‘in

i 1
'

gerteral, ‘to apslize quewseing network - models of large digtributed

‘systems, or of*' local area .netwdrks, hsiﬁg the general puggzse exact

.. .
* - ‘ ]
- . d

algorithms. - ) ‘ B

Y
" . ' -
i . fa - v

In view of these difficulties, one approach which has been adopted = -
1s to use a}proximate iterative‘teéhniques that are based on the exact

MVA equations._ Goldberg et 51 [18] make use’ of"bhe Schweitzer

——— - =



.

'approxim&ti'on [56] to analyze the model of a distributed system of

-
. ’

computers , by the name of LOCUS. ‘In.- '[1-71, the: a’pptoiimate fterative ~'
solution of a sequence of \5ubnetworks 1g—used to analyze models of the
‘LOCUS type as well as queueing network models , of ‘packet-switc'h_ing
ne!:h:orks. “ Ano.the’r approaeh,“which h'asr been appl\ied to the an.alysis of

product-form models of local area networks of personal workstations,
: ! - 1]

has been to reduce the tomplexity of the exact solution techniques by

L

expioiting the structure which has been imposed on the model. * -

L3

. ~

-Balbo ‘et al [3] have defined the class of homogeneous queu".ézing

’

n‘e*tworks, for modeling- -localA area networl(s. In suth -models, we

.h ( 1

associate a queue with each w0rkstation and each shared resource (i e.
-

3

~
]; -

,.bus, fileserver) in the network Associated with each workstation is a

-

bl
closelt” routing "chain containing - a single'customer- This, customer

visits all of the remote workgtations in an homogenezous Fashion. The

demands -placed on the various shared -resofirces are homogeneous with

i
L
"

respect to the Ccustomers. Balbo ‘et. al [3] —.exp'loit: the 1inherent

Isaynuuetry of homogeneous q_neueing netwo;.:ks to'reduce the exact analysis

‘aggregation (see.Sect’ioni.S)_‘, to siwﬁpiy that of a gequence of 3-chaln i
- .

of this P-chain queueing network, by P-chain f-l‘ow—equivallent "

P I

-+ -

'flw-*equ';i.valerit a’ggregafi_on ‘steps. The .overall space and time

. ) ' ) &
requirements of this method are, respectively, 4f the order of P and
. A o . Pl

P, where P-is' the number of workstationg [3] This type 'of approach

1s an attractive alterna;ive'-to approximate 1terative techniques.

In this Chapter, we present ‘an eff:l,cient algorithm for the, exacc
~ 1

solution of a class of queuein-g netwonks which 1g more general than



.,

£

g computgtionalﬂcbmplexit;fwhich_is exponential:in,twice the nymbe?, of )

- - L B . o

the homogeneous class considered in [3].= The assumptions of

,
[ ~ :

homogepeity, of Balbo -et .al are relaxed to allow for each'cuétomer,to}

visit the shared resources in a different fashion. ‘We ugée the term

sem.*homogeneous to describe this more general class \of gqueueling

3. -

tetworks. .The" motivation for thie generalization stems from the fact,

Al

Ithat in.reality,,the various users ‘at the workstations in ‘a lotal drea™ -

this case,‘only customers belonging to the samq.cluster nzed ‘use the

”ehared‘rEBources in an identical fashion. This extended algorithm has

‘than thope of eitHer convolution or MVA.

v

network place different demands on the shared resources:‘ Balbo-et al

N i " - -

have taken this point into cqnsideration by extending' their original L -

-~

algorithmﬁto the case of multiple clusters of workstations [2]. “In.

- .~ -

LI

nlusters,{ZJ, If, in the extreme;fone'aSsoéiates-an individuel cluster

with each workstation, so that 'each clstomer- may visit the shared -

N + "

resources in a .different 'fashion, then this extended algorithm {is

inferior to the convolution algorithm or MVA (it 15 superior when there

‘are at least 3 gtations in each cluster [2]). _'The algorithm to be

presented herefis,.however, deeigned to accommodate this generality. -

L

The mathématical basis of the new algorithm is provided by the

Equatione which form the foyndation of RECAL (Chapter” 6). A direct

- ~ ~ .
~ N -

applicdation  of RECAL, to the class of gemi~homogeneous queuéing

. - ot te
~ . . .

1 _ . e . o -
networks, would in general entail -time and space requirements greater

) - ! )

' .The assumptions of

semi-honogeneity, however, give rise to much redundancy in the

-

“.recursive equation which 1is, used by RECAL. We formally €stablish the

- ’ ' .
Fd L .‘ -

i

-

~

[

- -,
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W L ]

~.. mnature of this .re'dund‘anoy and exploit' its “structute to develop an

L}
- .. L]

‘efficient al_gorithm‘ specifically™ tailored for the classg of

. - - Y - . .
semi-homogeneous queueing networks. " The computational complexity of

Fl

our algorithm 1s closely related to the number of unordered partitlons - -

'of P. We are able to show that the order of t:he complexity oE our

' . - ' .
S . ;i . .-

- algorithm is 1ess than exponent,ial An (P—J.) - * This sestahblishes the . e
- LN - " . . .
,effectiveness of our procedure over the direct applicatioh of a general
. N -. . X . . LG
purpose algorithm. - " : ~ - .
- - 8 " - ' & ' =

. -‘,The Chapter is organized ‘as follows. In -che Eollowing %ction dé o

."define the ..olass'b'f gemi—homogeneous .queuein& netwoxrks. Qection 7. 3 '

. ; : TN

presents certain,,}xreli_miner;y .results thi_eh y_r;illl_ pro\'r‘i;}e the -
* nathematiog_l “basis _of.-lithelr‘aew algorithm. 'l‘he algorithm is then
N R ; - - . . . g e
presented in 'Sec_\t;.ion 7.4. % An an;;fysis of the’ Eomplexil;;r\follows in -
T sertenms. Tt LT T DA
T o . S ot )

A - . : " -
-
.

7.2 SEMI-HOMGGENEOUS QUEUEING NETWORKS

— . ‘
v,

Balbo et al [3] ‘have defined the class of h,omogeneous "queueing

networks . for modeling local area ne‘twork.s. with P workatat_ions".

el

'(processors) and S shared resources. In th,e‘cléss ~of hqmogeneous
- N -

. _queuelng'networks, the following constraints are placed on the

~

R parameters of-qB(R)(N,E). Tt is implicitly assumed that the service
~ 1 - 4 N R ' N b
disciplines at nodes 1,...,P are .among FCFS, LCFSPR and PS (all these
disciplines give rise to identical marginal state disttibutions). The ot

’

service discipline at nodes- P+ 1,..., P + S may be any among FCFS,

.LCFSPR, PS5 or IS. The mmber "of c¢losed routing chaing 1s R = P. " The .

- — %

- e

- . ) R
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visit ratios are o . e '
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- L
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“ -, . . K < . A o - Y
e . ‘ ) d2 1f 1 = ?' 1 r <P,

- -

I CL P B A 1 <pHs, 1 <r’<Pp, T T e
‘ ' ) T ’ , ‘ : v o T m
, ) . . - N .o ' - ot . . - \':"-'_,._ 3 -
The mean gervicé requirementg are ’ - . .
v e ~ - g - .o ) ....l "“_ . '
: " TiE1 <S4 <P, 1 S <P, STl )
t, = - - . -
ir Ty IfP+1 <4 <P+5, 1<y <P, : - B
.. . - - . ’ l ' a ".-'.. fae e -
i . L} ~ " . . h -_ - - ) o T .
it w, o= d T -d T ; . = d.x*, Then, i T O
Eft 1 1™ ¥ d2 and ?(1-_ ). difi Thep, in an homogefieoug .
queueing network, the relative traffic idtensitieg are given by EARET S
- . - . . — . -7 . -
) . » N ‘ . - (13 B . p o~
o wp 4F L Fr, 14w €p, 1 RLCR, L T T
- I ' ",‘ ’ ™ 5 -

V1r '_, o : "?2' if il. =r,1<r <P, o (7.1) " .-

- - <{<p- < Fuk P -
L S py HFHLCLCPHS, 1 CHcpy .
- " _,;: 7 Y
" . In the local area network models considered by Balbo et al,”it is =
" . . " ~ , o -

-

further assuméd that K_ =1, for 1 <r <R. Sl - A

We now défine the elass of semi-homogeneous’ queseing networks. LA

-
s e
nd
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S Definiti:on'T:l: e L TA RS L ;
g (R) N '
e .t (NL,K) is a semi-—Eomogenebws queuefng net\mrk 1f
. . ' ‘ - . Yo e
- 4 T h . . R b ] " M . b . ‘- , -; .. ) - " » N
‘ . AR LA EORE ol
> TR o ~ o R i - i L
v e e e T IS a<vp SR T T
. ir | oA 2 2 i . I
: - I 1f—P+1< <P+s'" e ¢p, 7T
R B e R b Lsrer,
© 7 R = P and -lenfers 1,.i;,P have eitHer'a FCFS, LCFSPR or PS service
30 v al- *b e - . ) N )
L PR . Ca o LT « ]
, ‘dfsgipline., | - . o, e T O v
N . I‘.‘. N + " w i ‘: . : ’
- As can be seen from €q.. 7. 1 and.. Def‘tnition .7 1, ,semi homogeneous ‘
- Al networics." only 'differ. f‘rom hd"megeneous e netwdrks .in the conditions ‘
P v imposed on the .relative tmffic iﬂLensities' to the ‘ghared remurces.‘_
’ 5 'I'he class of semi-homogeneous netwonks cannot be analyzed using the
e " E > ) N ¢
' . algorithm’ proposed by Balbo et al in [3] Nor can it be analyzed in’an
. &, N . -
Ve . efficient manner usipg-the ,e_’:xtended algorithm?‘ [2] that canaccommodate
- -_ _ iﬁul‘tfple"- clusters of workstationg.’ In the modeling - of local area
O . ~: R - 1 ¥ - LB . o ..
Kl ¥ o . . —_— * !
- _networks using semi-homogeneous .queueing’ networlis we shall assume, as.
.in [3], that k_=1 for T <1 < P. o :
* » hE o " - LY | )
A In the following Section, we" present certain ptjeliminary results
W o - - . - - w . .
o, . which -are applicable to semi—homogeneous queueing networks. These will.
- prov*d‘e .the mithematical ba‘sis for the algorithm to be pregented 'in
s Seqti’bn 75;4_. - =7 o L :_‘ R, L
. T - o . _
‘w -r [y
A - T M. " < T
',‘_ . . 'y - =" : M, - X S, -
e b R, . . “ ad "
T ’ e - we . i A‘i‘ T . ot
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7.3- RESULTS FOR SEMI“HOHOGENEOUS QUEUEING Namwdnxs-ﬂi% RS A
T o, ' R A -,
: e * el RPN - ._,,b‘; "J:"' > RESERA 4‘ - "l&-
. Corolla”ry 6. 1 is the mm:hematical -foupdabi’og“qf».‘RFCAL The new .
A A ~ - "._.-Ji, < {':__'. - A .,' . ‘
algorithm, ,for the solutinn‘ of', suemi—-homogeheous qﬁ’éueing. networks, . e
. also based on Corolléry 6 1. We-‘exp“of.rt" he redunda'ncy ‘Nhich arises in ~ © e
e s .,_.,'L,g.'.' T ;_‘.- ! LT 2 T el b e e
the' recursive expression when .the!' a,asmnpt'ione. of ,semi—hOmogeneity are .,
1nt"roduced. More specffically, ,fop afqtieu'eing networ‘k of t‘ype S
- e .M._- A
(R)(N I{-‘), inrgeneral G Cv ) must‘\ ‘be compu*tﬁd fr.'n:n al'l vr:, s I - ,—.
1 " . f\_‘ .H, :. R
Howéver, for semi—homogeneous network_s,ﬂ'thev domain »in the computa‘t:ion .
- of G (V ) need only consist of thOSe eleme-r[ts of"I' for which G (v ) ié
distincg. The Eollow:Lng two Theorems establish formally t‘he structure
of this redundancy- A T IR Lo ‘_ P

'I‘heorem 7.,13 _I (R)(N K) is a, semi homogeneous quedeing network,_K =L

P &t

“1for1l <s < Pand 1 S <P, then I oL i'}'"“-a‘»‘:tu} .
. GI_(E')'I= (‘;r(clr.‘,.‘._'.,cr,_.ul,...._,_ LL-E_’"I'-’ CHI,-.-;;",cﬁ) ‘ >
- - - N ot R
fOl‘ all (Ulr :up t') .U ( 1: ,C ) e R - . -
whereg: (Cl.""’cr."cr-l-l""’c 1,...,c)andU(c 1,...,(:)
o . : - - BTN IR . .--,. .

)' u’ >0 forl <1 < P‘F; Tiw=" T ¢ } ‘ .

{(u yeewslUl
1 . , ..:'"‘ . gal i bl - i

.P-r

Proof: : o7 : - S ] . .
According to.2a. :3.1 ;.Grt_g_)_ = (fi’?. *fJ\)(}—c-r) where X '.'is the g
r—-difiensional convolution operation; Er = (Kl, .'-,'T.{r') and * - LT
. N LA + - ~ » ks . . .V
<, - ' -
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SR S where ni \ n anr.n19
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Now n* =0 or 1 since gf is

o w L . oot -, S s ' . o ) - B o < ) .
.= .. . cassumed thHat. K, = 1 fot 1 €'s ¢ r e.nd"wtLs = w, When 1 <8 < r.and
S (m 4 1< g <P, o that Af (r +,1) €1 <P, then ‘
W, o R . K '\r ‘I . . . ) . ..‘-' . . * , - _-". . ' ' .
LT T R €S B L
S - . U . -' _ ) i ) o n

n =
£

et e e AL e )

e T e T AN Coa=l s=1 | .
~ N - . N N '.‘\ * - .« aer = . 1’[ - - . . 7‘2
s SRR . e R (awL + wlci) ' v’(. )
N e .. . '8':1_‘,. . . . .

Fl - * . ‘-11“"‘: . 2 L _’ . L
“i ". R Let QLQE) =_-'ﬂ (aw1 + glhi) anﬂ-h(i) = (81 * 8i+1)(1) where j =
:"~"“,“{ vl \f 3 f LT -00 L ' Ve
. b N h. -i' ) » )
,'- . . ] \ _R_ﬂ‘ _,2'. . ~
~ ) N " 5:,1 =] \ '
Lo " - Then ' -
N _“‘: ?"J \- \ N L
S . R 4 z*z o bk =0k L).
- ' . . - *r ! Ck1+ k ) ( k r)
B - - - h(E)-i --o_i {n (3+C )] {H (b+c1+1)}
" - - : =() 'k =‘0 a=1 .
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is the numher of:
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Since the cohpénents of L are either zero or one, we may write

* - - . '..) . . “'2
h (&) = .1
' k=0

-

Simpiifying [51]: we ‘o

’ ~h(2)

“Hence, usingreqiffm:
. . \J

l‘ l . " '-’;:‘ -
}??r al.»(ul’ TUP“T
‘since, by -the &ssé@ia;

s

-
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.
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Theorem 7.2:

-

If B\(qR’)(N,K) ig a semi-homogeneous queueing network and
—, . -

1€ r <P, then " )

. S Gr(E—) = Gr(Pl-""’pr’cﬁ-l"H"CN) .
for-all (pf,...i,pr) € Pr(cf"""cr) where ¢ = ;(c,(‘,\-...,cr,cﬁl,...,cN)
and . _:’ . o , : . -

.
’

'(pl,.-.f.,p;) 1s a%permutation of

""Pr'(-cl e rcr_}. = {.(Pl‘n T upr?.:

A * L] b .'
S N el

4 . [ v _" ER o -
- N, M
¥

i o " . o N > ‘ . .
Proof:. (We use gome notation and definitions given in ‘the Proof '6f

heoren 7.1-)."\' -By’the assump‘tions of sen‘li—homo‘geneity‘, Af 1 &4 <, o

,fehen - o S . LT s
1 n (r) * .
S (x) 1 H M5 ) e
! = H ﬂ 2 1
, fi‘(ni ) = { (a+cL)} Vg ! ng -
' .. - asl - + s=1 ty
O N wE L L
» B ~. 1 r

e I
et gi(x)_(i):' =.,w2'i':w1 n (a-!-x)_.' It now follows _that" - .
. . .S - .5"]- e i . y A . !

) -t L

: N L

ko5 .
= (g.l. cas gr :

fox: a\ll_,(p‘1 Yee .",‘pr) E ‘Pr('cl‘, .. .,c.r:). The Theorgm is now proved -éin’cg

Gr(s) ’“-.((f_l*--l--ffr)"‘f(f'ﬁi*-.“:‘.#fl&?j‘(l{_r).' Ch e

- - .
N U . sy, , -
~ < - - .. -
~ . ' . (-
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- Corollary 7.1: If B(_ (N,K) fé a semi—homdgenéous'queoeihé network and

- ' [V

= . . +

N Ks =1 for 1% s < r, then

" for.all (pl""’pr).E'Pr(cl"°"cr)"(ur""’u

b -

[
RN

Gr(P‘]_-: e Ip‘r!"“ll.' . ’uP_-r’cP+1’ e ,CN) = Gr(E)‘

. o

s 1 -

Ye U (c

-

P17

“where 1 ¢ r < P.

Proof: The Corollary follows directly from Theorems 7.1 and 7.2. .

for all v

e ¥ !

where, informalIy, either (v

. re . x

ow .« 1s different, of -where (v

o*
.

A

ecursion which regults when we téke’advantage of Corollary 73 to

-
' ~

-

“ o, ; "The immediate ‘consequence of Corollary 7.1 ’is that iIn , the

’ compqtation of G (0}, using Corollary 6. 1 instead of computing Gr(ir)

e'If, we need only compute Gr(i;).for:Phose vectors v
" ' T . ) . 'E:
pee eV r) is different, or L

(Pl ) i="r+1

‘ 1r';"’vrr) '{s & different unordeted partition

f 4 N - .

r : L

oflthé'quhntity ) ) Vit In Theoré@ 7.3 below, we stote_formally the

1=l

-

L

duce the complexity of the' recursion contained in Corollary 6.1. We

T . " .

'and a

- [21] ‘a vector’of positive integers (al,...,a ) such that E a, =y

1

Defihioioﬁ 7.2: : . co : e ; : .

- (a) An unordered ﬁartitioo‘of-a.poslgiqé integer‘y into n partélisl

v

., . .. _' 'n

v o1sl

>.--c.>a » l. ' oL . e

— * -

vy

Yif



A n .
“- .' " A}
* ' N - ;- _
L T v
] ’ . ’ ' ’
- . ; ~ I— ) A
| (C) (:“1"..’“1'-) = (ﬂl""’“r—l)
N - '
L r ‘ : :
o () ) {_T[r (Tfl,...,TI j, 1s an unordered partition of y inte n
. ) B_(y) = : parts; 1 ¢ n < r; (7 1,...,n ) = o}, ey 2 L
4 an . L
| . lob,'1ey =0,
. X , . , )
* . - : . ,
(e) v 1is the vector formed from the elgm'elll.ts of v by arranging them
< in decreasing order. N

L£) H (u B8,7) = G (B, 00,8 ,%,0,...,0, YiseennTg)

where B= (Bl,...,B ) and Y = (Yl,...,Y Y.

"f' y

Theorem 7.3:

GR(Q) = HR(O"Q-'-Q) is given recursively by

o L R lﬂr’i):’.’..“’l ii (.1. 1) H,r-l(x, T, Li)"f,g
} - : | + (WICP-HT]C? + 'w2.+ :WZ“.,_;')"Hr‘—l'(?c + Trr -}_- l,n:
. h . ‘ +2 (1 +d ~1+;=) gr B (" + “r’—“:- ’i“"' k)
) ' 1=1 ) - A‘ -
,_ , for 1 < rzﬁan.d'(x,jfdr ,ﬂ) E-A; |

JIf B( )(N,l_(') is-a semi-homogeneous queyeing network, then

F
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where 51 was defined in Corollary 6.1 -
A= {0, T ,8): 0 €x €Rer; 0 €y SRr-x 4f T ¥ 1; y=0 Lf r=0;
. > “ & { < gy e
ﬁr‘ € .Br(_Y)’ di 0 f.o_t'- 1 i S;
g - ) ‘
S Ry, L
i=1 " ’ Sz o

d = (d,..,d ), S = NP, and the initijéi conditions are Hy(x,7,,d) = 1

for all (x',jd,g) S'AO. K C L R
Proof‘:' . %

) By Corollary 6.1,

" = ? ‘ \ (5_‘ + ‘ )
Gr(xr) = cl'w_ir i) ‘}Jir Gr—l(;r -1-'1) .

¢

Y ;

where 11_ £ Ir and 1€rSR.. Expanding ﬁhe summation and using T)ef_in:ff:ion

-

[y

7.1, we ot;t:é:tn K BRI

5. . - B
- . REN -1 .. Ce '
) = v G + ce e
Gr(-y-r) . izl (1 i;')' Y1 CI't:_--l (ir li) . B
,(lwrr)‘ Y2 Gr—l (v :’-_ LI ) ' AR
1
+ (I+v, Yw, G (v +1)) =~
L=r+l ir” "1 r-1 —t ,
I ¥
. ]§~ . )
* +r (1+v, 8)s G v +1). 7.5
‘ (=PI ir { (1-P)xr r=1 =T —i. o

\
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Let‘x‘ﬂi' v

. K] .
. ‘ v
~

f=rtl . LT lr re

Now y. E Ir,_there.fore (Trl,“..'.,ﬁf,x.,p,‘...;o,dl,...,ds) € I'r“

-

By Corollary 7.1 and Definition 7.2f, ~

Hr(x"ﬂf’i) = G{'(ET)’ v ‘

. ) . D_ * - b1 : .
= ; & <r-
B Geb (1) ), d) ‘G}__l(grﬂi) for 1§1<r-1,

\

- d - > ) N _‘ ‘
O O, 1T D) 0 (L) for T,

X
n = -‘ ll-
and _ . Hr—l (x+ﬂr, Ir . -(—i-+l-i—-P) Gr-l (g_r+_1_i) for (pP+1) jl.N'

‘y

A .
¢

v

N

Substituting egs. 7.6 into eq. 7.1, we obtain

-

-

r-1 . . ‘ X
H_(x, M, )= izl(mi)wl ey Gokm, (5 41,)7) ,d)

-
1 r
. t

+.(1+'nr)wi Hr—-l(’ﬁ'“rﬂ T d)

-
+

+ (P-1¥x) vy Hr_l(x-l-ﬂrﬂ 2T ',E)

N (3
+ ) - (1+d

5)3 H
{=PF1” i‘—P i {(i-P)r r-1 r'—r

-y

.

By Corollary‘7.1, Gr(g) = Hr(a,_g,l) for all

[ A . -

v

ir °’ £=_(V(P‘i‘l)r3'”’v‘Nr) and -T—Tr = "‘c"”’v )t

(7.6)
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~ A
’ :;" . . ’ . P ‘ L ., * "
¢ € {5 T ey >0 forl <4 <;N§ i( o:i = O (cl,...‘,cr) = (_B) )
- ] o . . ) {=rt+l . - ’ 4 -
A . L (epypareniey) T hig »

- ' ]

.
L4

80 that Hr(x,jr,_d_) 'meed only bé computed for all '(x-,_T_'fr,_ci) € At to -

obtain HR'(O,E,_(_)_)- using the recursion given'by eq. 7:1. TFinally, since

in Corollary 6.1 Go(ﬁo)ﬁ.l for .5?11 ¥y € IO’

. HO(x.’-l'O’g-) = 1 for hl‘l (x,_ﬂo, d) €A

O. ) ..‘.. . ) .

)
! ~
-~ .

. 7.4 AN EFFICIENT ALGORITHM FOR SEMI-HOMOGENEOUS QUEU‘EI'N'G NETWORKS
'fﬁe.algo‘rithm used to analyze semi-homogeneous queuveing networks

- 1s essentially the same as RECAL except that we utilize eq. 7;.4, rather
than. eqi 6.1. In RECAL, we make use of an artificial hetwork,

~designated as Bo, in which the original chains in B(R)(N,E) are broken

‘down into sub—chains that contain one customer each. In addition,

- + . '

there is.an iterative prdcedure where we reenumerate the customers in

"L (R)

-0 . - o ,
B so that the assignment of the .customers~in B to chains in B v,X)

is changed. This is done to obtain, in an efficient manner, the mear

.

. pe\rformanc'e meéaures for all the individual routing chains 41in the

(R)

original network B (¥,K). For the semi~homogeneous networks under

tonsideration, however, this procedare 1§'simplified c.onsiderably since

-
v

we have, by assumption, already one customer in each chatn.

Il

In the following, we shall only specify how one may obtain the
(R

~

mean performance measures for chain R in B (¥,K): The measures for

4

it follows‘ tﬁat L

N e
.



An efficiént-algorithm for semi-homogeneoﬁs.queﬁerng networks . -

" Step 4: Compute the-mean Rgrﬁo;mance measures for chaiﬁ R in B

. - . - . < ] ) . [

other chainé can_ be obtaired by repeating the algofithm but with'a .

different enumératipn of the routing chains} -hb’mentioned above, there

L

g -an efficient manner in which this repetitton can. be done.: This has

been described in detail in Chapter 6 and_will not be repeated here.
' " ] - +

]

- . . - . N
Lo . - . X

Step 1: -Initialize # (x,_o,d) =1 fo_r_aﬂ (x,_o,d)' € A s
Step 2: For 1 <;r < R-1:
Compute 3nd'8t2fe Hr(xglrtgj for all (3hﬂrt§) AL using eq.
_ 7.4 and the stored values of ﬁr_iCx‘
. ST .
(xs__“r_i 3&) <E A

r—T’d)' where

A%

r-1 T

Steé 3: Compute and store G (0) = H (0 0 0) using eq. 7 4 and the

!

stored valueg of HR_l(x d) where (x,_'R 1,d) € AR 1

R 1°—

(R)

(The Jfollowing equations have been established in Coroellary

+
I .

- N B - i \
- (1 /¢ (0)(N.+ R —.1), if there are no TS
ein gzl Gooq (Ly) 7 Gp(0)( S,

[}
~

++  centers in the network,

, e (1 ) / G (0),-if there are IS centers and x is any

. . e - one of them,

o Ty

(N,K) ~



* .' e -1 ’ . : . L
Uiﬁ 2 tiRTiR * QiR GR(._O..) _ GR"l (_1'_1 )‘ wiR. &.nd ‘WiR ; OiR 4 T‘iR where,
) according

to Corollary 7.1 and Definition 7.2f, GR(Q_) Q.HR(O‘,Q,Q) and

. a DY L N ‘_ ) ' U ’

™ . T Co ,

B .(0,(1,0,...,0), 0) 41f 1 €1 € R=1,"~
R-1 ) T - ! .

Cpop @) = B (LOO 11 =R, - : .

| <1 <N
e HR-1<0l9*li~R) 1f R#L €4 <N

" ,

’, . -

‘ . ) RS
In an implementation of the above -algorithm, an algorithm is

z S Y b .o . ) v ‘
needed to generate the unordered partitions of a positive integer y

-

“into n or fewer parts. Such an algorithm 1is well-known, and can be

* found 1in [46) (algorithm 5.11). ¢ =
7.5 COMPUTATIONAL COMPLEXITY - ) - .

We first. consider’ the space requirement (in number of array

. ~

.elements‘)“of the algorithm. Let [S] denote the cardinality of the set ‘

S. The required storage space, to obtain H,R(O,Q-.,Q) and the perfarmance

measures for chain R, 1is A . : ) -

. N}

\ Max {la_]+ fa_ 1} (7.8)
) L ) 2<r(R ’ "

4 . . | . . e )
In order to obtain the measures for all the other chains in B(R)(N,E-), J

Y

v - .
“one may either simply. repeat the algorithm of Section 7.4, 4in which

case no additional’ storage 1s required over that given by eq. 7.8, or

-one may use the efficient method of repeating'explained"in Section 6.3,
- in which case additional gtorage space would be required equal to

-
r -, - . " >
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- A ’ - 173 - G "
’ e -~ . A
R - \
' 1 . - < N .
- 1 - . -
- . v .-
Max {[a ]}. . N
iy ) . r ‘ » *
T 2¢r<R=1 . . ' '
- - . ) - ) . F)
i o
-~ L) -

'

- For the sake of simplicity, 1in thé;fdlpoiﬁg, we shallﬁqésdmé that we

. mereli rébept'the algorithm of Section 7.4.

Now
P~r P-r-x ’
ST [a 1= 10 . {Bv
‘ SRR . x=0 y=0 2

‘where : D(x,S) = Lg_: d1570 for

o

and . [bees))= tseh

In Appendix 7.1 we shbwlthat, with respect to P,

.-“".: .' ,‘ N

1 -

1. PRI T
ocax ' {la ]+ (a1 < -
T S 730 st

v
-

where O(£(BJ) = g(P) if Lim (£(3) / &
] , " pe

,Féquiremeﬂt'Qf the convolutipn algori

[}

- .under congideration, is

oo ‘ - b
LI : . . 2P_ 1

" Equation 7.10 ~therefore ,establighes’

S—l Y

- -

- v

4 }
P n -
'

¢
a -

loer-rxey, ) . .9

CE

N Ty ) e,

-
T <185 L od; = x}

g=1 1
- . I \7.. N _ » E .-
2y _p? 2 27D (7.10)
N . (P"l ) w A )

‘.

b ]
’ *

P)) = 1. .-We note that the space -

-

thm, for the class of networks

R o (7.11)

-the effectjveness 'of ‘the new

. “algorithm éver a direct applicatibn of . convolution. fn'Figure\7f1;

-

the storage requirement Géq¢”7;8) ig compared with that -of convolution,
et i . .. ! <

T

-
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4

b
e

*.

.pk

“(eq. 7.11),

We see

-

réduirémente.

‘usge 1is made of the recursive equation [21, eq 4 1\5]

that

for various

the

~ ‘

*values of

new -

b}

.

algoritim offers

-

-
- ~
‘

-k
pk(’n) = izl

.
1

~

a

Py (n=k)

gaving* in

Ay

(n) is the number of unordered partitions of n into t parts.

‘1."'

ohe

-

3 .
.

storage

We note that in the computation of [B (y)] in eqwv ¥s9

-2 - ~
.~
T =" ™
~
% e
- v
L) ~ -~ .
- N L
-
-
-
- "4 W -
™ o
- hd de
- *
*» ' -
-y

>

S‘(the“number of shared regoﬁrces)u@(

We now consider the time requirement (in number of operationsf of- ;fi“,

-

the P chains, we merely repeat the algorithm P‘times

the algorithm

-

R ¥

Hr—l(x’

compytetion of Hr(r,ﬂ
computation. of Hr(xtgr,g), for all (thrxi) € Ar’ therefore requires
C3r+4$+5)[Ar]\operations.

the total number of operatioﬁs required’ by the_algorithﬁ,

.

-

-

-

-~

d) has been stored for all {x,

.

o

"E\hggerformance measures for all Ehainﬁ,~13'

R

-

’

r=1

-

ocp i (3:~+45+5)[
r=]

a

]) <1 (3p+45+5)
AT

P . .
P L (3rfsases)fa ]l

. In Appendix 7.2 ft is sh0wn;that, with respect to P,

.=

We asgume that ‘to dbtain the, perﬁormante-measureé for

Assuming that‘

) €A

,4) requires (3r+45+5) operations.

Ignoring the‘operations_inroived in Step;A,
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omparison oﬁ the storage raqui:ements “of. the convnluttan .

algoritim with .that of the ‘hew algo;ithm (eq+.7: 8), for various numbers
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decomposing multiple-chain closed queueing networks. Qur decomposition

" CHAPTER 8 — CONCLUSION -+ - A

[

8.1 SUMMARY . -~ - .

The new resu‘lts., “that form the basis of this thesis, can be

gummarized as follows:

.
’

{1) 1In Chapter l;, we have developed 'a ‘new epprodch for

T

+ by chain technique resolves the analysis of .a mul'.tiple—chain network

-

into a hierarchy of single—thain closed_queueing network problems. Tt

I

shows . how a reduced system may be constructed ‘around .a particular
. . > . . - . ~

routing cha.i‘n of ‘interest. The reduced "system facilitates parametric

? .. - . !

studies and 1s a complement'ary‘result—to 'Norton's Theorem' for

-

queues.” '

* *

(2) In Chaptér 5, we have presented a new recursive expression

for  computing the ‘normalization constant of multiple—chain c-looed

’ 1 ) . . T
queueing networks. The new recursion {s much- more efficient than the

performance measures using the neéw recursion. Again, this algori
» ) ° ‘

,much more efficient than hitherto adopted galgorithma, when- ther.

1 ' -

bell-known convolution algorithm, when there are many routing chains 1in

the netu‘ork. It applies ta both t:he constant—speed and state—-dependent

i

. sep’er situations. ’ ' .

‘ ' ) ' g

H

- N L] ' ., ! )
(3) In Chapter 6, de have devised a means of obtainipg, the mean

is
are

L]

i .



. - - A -
- . a4

+

- »

© -many chdi@@ In the metwork, It can be dpplied to networks containing.

- . R 2 oo -

.

-

e -~

N

constant—gpeed oflsﬁaféldependent servers. Our ‘algorithm extends the

. : ) L ’ . \ ; ’ Y e . AT
-~ tange of ~gqueueing networks whose mean perférmance measures can be-

. 1

,' ..optained éfficieﬁﬁl}“by~exaét means. -We'ﬁave~alsb.de3eloped

»

- o

.

a dynaﬁiC'“

- . scaling pgbcedufe; which can bé 'inéorpara;ed. edéii& yithiﬁ- Ehe

framework -of the élgoritﬁm_to-qedudé-the pos?ibilfty gf”éxceéding';hé

* :

. +

- . Q.
‘floating-point, range of a machine.

.

i .
.

M

(hS .Finally; in. 6h£pter 75 “we 'hﬁve) introduqed the class Tof -

for ‘thelir exact analysis. |

+
* . -
’ L

;

. -'\semi-hOmdgeneods 'éuéué{ng networks for ‘the performance modelihg of

local area nétworks and have developeﬁ an-eﬁffcienp;§olufioq'algorithm

-

3

. : . All of the results presented In this disserfatipn are to do with

’ ~

! performance evaluation it is the equilibrium which {s

N . the analysis of queueing networks in the steady-state. We

of most

'

have not

been concerned with the transient analysis.  For the pufposes of system_—

.-

interest.

; , For avallability, rellability and 'perfarmability' evaliatfon it is the

-

kS

. tranéient‘analysis_hhich is of more Interest~”since, 1in 'general, it is

not reasénabler to ‘assume that the measures of 1interest reach

equ&liﬁrium values within the observation perio& {the lifetime of the

[y

-

¢

~ gystem). The translent analysis of queueing networks s

problem which has received little attention.

"——"\ . .
8.2 SﬂGGESTIONS FOR FURTHER RESEARCH /

I} Section 5.2, 'we have
f .

argued

A

that "there are many

an open

ways to



s
»

cbmpu;e the normalization cbnstant, our, new method (Chaﬁter_S) and the’
conyolhtion aIgorLtﬁm;_being Just’ two specific "ways. = We-:have‘ also
.. . ) ot . ' . 4 , . . “ r:;' '

“ proposed a hybrid.method (Section 5.6) that, offers'some improvement in

éffiCieﬁEy. It appears'thgh that 1t may be worthwhile Eearching‘for_

_other _netﬁork dehompositions that lead to more efficigﬁt -ﬁéys of

P v

combuting the normalization constant. "An interesting quéstidn 1s what

-

v

. - s b

the 'optimum' decomposition {is. It appears that the op timum

. .
T

décomposifion_véries with the parameters (i.e. N, R, Kr) of the

' dueueing network. An 'optfmum' algorithm Wbuld, therefore, have to be

-

" an adaptive one. -7 : -“’_
: 'Thé}g are as '&el; ceréafh “other .avenues that” may be wbrtﬁ.
’ folioying. For netﬁo%ks with sparsity ot locality in the routing, many
of Ehe Qisit ratios are zero so‘thaL the sum {n eq. 5.1 need only range
. over those centers-that chain r customers may_ac;uéll& gisit:' it deems

.thep' that the compgtational complekity‘ of RECAL could, in this
o sf?uatio&, be reduced, as in the tree convolution algorithm. Anothgr
»questién, is whether 1t may be possible to q§velop an ﬁVA type
algorithm whose complexity in R is polynomial; Such 2u algorithm would
‘have -the‘ adﬁénéagé of' guaranteed numerical stability. vFinélly, we
-menti;n Ebgfﬂthere are m;ny directions Ia which the algorithm for
'qemi—homogeneous networks (Chapter 7)‘may be extended. Forlexample, it

may be useful If the chain populations are not restricted to unity.

-
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