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Abstract 

Motivated by Moggi's work [34] on how monads can be used to capture computational 

behavior, there has been a growing interest in finding monads which capture the 

precise computational effects generated when combining the theory of probabilistic 

choice and the theory of nondeterministic choice. The resulting theory, called here 

the theory of mixed choice [23, 31, 33], captures the interaction between the two 

choice operators by requiring appropriate distributivity axioms (probabilistic choice 

over nondeterministic choice), in addition to the operations and axioms from both 

individual choice theories. 

Classically, the required monad has been defined by composing the adjunctions 

on the left hand side of the following diagram. 

Mod(P / i n , Set) ug' QL Mod(ND} i n , Set) 

This requires the composition of the distributions functor Vfin, which constructs 

free models of probabilistic choice over an arbitrary set X, and the finite convex set 

functor Cvxfin, which constructs free models of mixed choice over an arbitrary convex 

set (C, +A ), as seen in [31, 33, 49]. This construction allows us to build a free mixed 

choice model from an arbitrary model for probabilistic (P) choice, in such fashion as 

to preserve the P choice model's probabilistic structure. 
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We consider the dual approach to the above algorithm. Through general categor­

ical results from Barr and Wells [2], we observed that free models for mixed choice 

could also be constructed over arbitrary models of nondeterministic (ND) choice. 

This allows for an alternative algorithm for constructing models for mixed choice, 

which corresponds to going up the right hand side of the above commuting diagram. 

This requires the composition of the finite nonempty powerset functor Vjin, which 

constructs free models of nondeterministic choice over an arbitrary set X, and the 

V-stable functor Stblfin, which constructs free models of mixed choice over an arbi­

trary semilattice (S, V). This alternative approach allows for a wider range of mixed 

choice models to be studied: those that would arise from arbitrary semilattices, hence 

arbitrary nondeterministic models with a possible non-standard definition of nonde-

terminism. 

By abstract categorical notions, it is known that the V-stable functor Stblfin 

exists (the functor in the N-E corner of the above diagram). However, up until now 

there have been no concrete presentations of this functor, nor any notion of how 

to construct free mixed choice models over arbitrary semilattices. These concepts 

represent the main focus of this thesis. We motivate and develop a new property for 

convex sets generated over a set equipped with a semilattice structure. This notion 

is called V-stability. In essence, a V-stable convex set preserves the N D structure on 

its underlying set (i.e., if it contains an element s such that x\/ y = s, then it must 

also contain the convex subset generated by x and y). 

Finally, we generalize many of our results in two directions. First, we construct 

the corresponding V-stable functors for infinitary mixed choice theories over Set. We 

then extend the entire development of the thesis to express posetal model categories 

(i.e over Pose t ) of our theories. This would include constructing models for mixed 

choice over models obtained from the convex (Plotkin), lower (Hoare), and upper 

(Smyth) variants of nondeterminism. Furthermore, we prove that the results in the 

literature obtained by following the left-hand side of the given diagram are equivalent 

to our results obtained by traversing its right-hand side. 
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Chapter 1 

Introduction 

Motivated by Moggi's work [34] on how monads can be used to capture computational 

behavior, there has been a growing interest in finding monads which capture specific 

computational effects. Among them, two of the most thoroughly studied types of 

computational effects are: probabilistic (P) choice [20, 22]and nondeterministic (ND) 

choice [37, 48]. 

As pointed out by Panangaden [36], discrete probabilistic combinations suffice to 

analyze much of the work in probabilistic process algebra. This motivates our focus 

on determining the combination of discrete probabilistic behavior with nondetermin­

istic behavior. Furthermore, discrete probabilistic behavior is a computational effect 

which has a very simple description. For any weight A 6 [0,1], the P choice ( ©A ) be­

tween two terms represents a process which internally chooses its left hand side with 

probability A and its right hand side with probability 1 — A. The theory for P choice 

has a very nice axiomatic theory, developed in detail in the Claire Jones' PhD the­

sis [20]. These axioms include associativity, commutativity and idempotence, up to 

possible reweightings. Therefore, from the basic assumptions, we can define an n-ary 

probabilistic choice operator of the form A H n , where (K)Z=i is & finite probability 

density (i.e a finite sequence of elements A» £ (0,1) such that Y^i=i \ — ty- As we 

shall see in greater detail in the second chapter and as discussed in [16, 20, 21, 22, 38], 

the model categories for P choice are given by convex sets. Furthermore, the monads 

1 



CHAPTER 1. INTRODUCTION 2 

associated to the different theories of P choice are given by variants of the distribu­

tions monad over Set and the probabilistic powerdomain monad over Dom. 

We shall also consider an infinite variant of P choice. It is a well known result 

in analysis that for real-valued series, an uncountable sum converges only if at most 

countably many terms are nonzero. Since a P choice relies on combinations weighted 

by a probability density (A;)je/, (i.e., a sequence of real numbers in (0,1] such that 

J2iei ^i ~ 1)) the above statement implies that we need at most consider countable 

P choice, H]H , where / is a countable indexing set. Models for this type of P 

choice are presented as superconvex sets as discussed in Section 2.1.3. This allows for 

a higher degree of generality in constructing our theories for mixed choice. 

Nondeterministic behavior is an important factor in modelling distributed com­

putation. There are many different flavors of N D choice, although every type of N D 

choice satisfies the same basic assumptions; namely that a nondeterministic choice 

operator must be associative, commutative and idempotent. Therefore, model cat­

egories for N D choice are usually presented as semilattice categories with possibly 

extra structure (such as ordered semilattices in the case of N D choice models over 

posets). Monads associated with N D choice theories have been found and are given by 

suitable powerset monads over Set and powerdomain monads over Dom, [37, 39, 48]. 

In this work, there are two types of N D choice theories we shall consider. The first 

is external N D choice (+), which in addition to the usual axioms for nondeterminism 

includes a unit element. In this framework, the choice between terms is influenced 

by the current state of its environment. This is the standard type of nondeterminism 

for most concurrent computation such as the 7r-calculus [29]. However, external N D 

choice comes equipped with a unit element, denoted by 0, for the choice operator. 

This is an undesirable property for the N D choice operator we wish to combine with 

P choice. We will discuss this in greater lengths in the second chapter, but in short 

the unit for N D choice does not fit in our framework for mixed choice and leads 

to many unwanted properties. Therefore, we consider a second type of N D choice: 

internal N D choice (EB), where EB only satisfies the basic axioms for nondeterminism. 

The internal N D choice between terms is done through an internal scheduler and 

not influenced by its environment. This is the standard type of nondeterminism used 
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when combining P and N D choice. 

We will also want to move beyond the usual finite operators used by classical N D 

choice theories and consider unbounded internal N D choice ( ^ ). This will allow for 

arbitrary nondeterministic combinations of terms, denoted as U] Aw, where W is 
w€W 

an arbitrary indexing set. As pointed out by Mislove [30], one only has to look at how 

such an operator could be used in specification languages in order to determine its 

usefulness. For example, it can be used to specify a process whose behavior depends 

on the input of an arbitrary natural number: different inputs may lead to different 

behaviors. The use of uncountable N D choice in our framework is also motivated 

further by two important factors. First, the probabilistic completion of nondetermin­

istic models with uncountably many nondeterministic choice operators has a simpler 

presentation and a greater degree of generality than its finite counterpart. In other 

words, it allows our definitions and results to be presented in a simple and concise 

notation. Second, let ffl denote N D choice and for A G [0,1], let A®\B denote the 

probabilistic choice operator. In our framework, the nondeterministic choice between 

terms A and B can be interpreted as the probabilistic choice of indeterminate weight 

of the constituents. This viewpoint is the same as the one proposed by Mislove [31] 

and also Tix [49] in their approach to creating a mixed choice theory. However, our use 

of uncountable nondeterministic choice operators is a new feature allowing us to ex­

press the above interpretation of nondeterminism formally as ABB = - - (A®^ B). 
Ae[o,i] 

The later is an equation derivable from our axioms defining a mixed choice theory, as 

discussed in Section 3.3.1. In the end, the use of unbounded N D choice enables the 

explicit statement of the relationship between P and N D choice in a mixed choice 

theory. 

Recently, there has been an increasing interest in studying theories for mixed 

choice; the computational behavior combining both nondeterministic and probabilis­

tic effects. The combination of these two theories seems to be essential in giving 

models for concurrent processes, see [14, 46, 52]. In the literature, the theory for 

mixed choice is most often presented as a finite Lawvere theory which admits two 
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types of binary operators: a single nondeterministic choice operator (ND-Op), de­

noted by EB, and an uncountable family, indexed by A € [0,1], of probabilistic choice 

operators (P-Ops), denoted by ©A • It is also widely accepted that the axiomatic the­

ory for mixed choice should admit an axiom which captures the interaction between 

the two types of choice operators. After careful consideration, it has become stan­

dard practice to require that the P-Ops distribute over the ND-Op [1, 35]. Given the 

required interaction between the choice operators, it becomes necessary to consider 

an N D choice operator without a unit: internal N D choice. Thus, in the theory of 

mixed choice, A EB B represents a term which makes an internal N D choice between 

A and B, as previously discussed. The standard axiomatic theory for mixed choice 

is obtained by combining the axioms for P choice ©A , the axioms for internal N D 

choice EB, and the distributivity of P-Ops over ND-Op axiom. 

There have been two typical approaches in constructing the monad associated to 

the computational behavior of mixed choice. 

(i) Combine the individual choice theories in order to construct the theory for 

mixed choice and then freely generate the corresponding monad. 

(ii) Modify the monads associated to P and N D choice in order to define a dis­

tributive law between them. 

The first approach is seen in many recent works on combining nondeterministic 

and probabilistic choice, [15, 23, 31, 33, 49]. In recent works Power [41], and Hyland, 

Plotkin and Power [19] have developed machinery for combining Lawvere theories in 

order to capture the interaction of many types of computational effects; e.g. com­

bining nondeterminism and probabilistic choice theories. There are three main ways 

of combining theories which are discussed in the above authors' works: the sum of 

theories, the tensor of theories and the distributive tensor of theories. In the first 

case, the sum of two theories is a theory which admits all the operators and axioms 

from the initial theories without adding anything new. In the second type of com­

bination, the tensor of two theories merges the operators and equations from the 

initial theories and adds equations which force all the operators from one theory to 

commute with the operators of the second theory. The last kind of combination, the 
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distributive tensor, captures the theory we expect to obtain when combining P and 

N D choice. The distributive tensor between the Lawvere theories L and L/, denoted 

L t> L', is the theory which admits all the operations and axioms from L and L' but 

also imposes distributivity axioms which force every operation in L to distribute over 

every operation in L'. This describes exactly the standard structure for the theory of 

mixed choice. Once the correct theory for mixed choice has been established, we can 

freely generate its corresponding monad. 

The second approach to combining P and N D choice is presented by Varacca 

[50], and further developed by Varacca and Winskel [51]. The goal of this approach 

is to modify one of the monads associated to P or N D choice in order to define a 

distributive law between the modified monad and the unmodified one. Due to the 

distributive law, the monads will compose into a monad whose theory will allow 

the operators to be appropriately distributive (P-Ops over ND-Op). To construct 

the monad which captures the behavior of mixed choice, one may consider taking 

the composition of the unmodified monads for each of the individual type of choice 

structures. This composition was shown to be inadequate by Varacca [50], due to 

the lack of a distributive law from the monad for N D choice over the monad for 

P choice or vice-versa. Thus, it is necessary to modify the definition of the initial 

monads in order to allow for the existence of a distributive law. The modification 

which Varacca proposes is the following: he remarks that weakening the axiomatic 

theory of P choice by omitting the idempotency axiom (A ©A A = A) leads to a 

distributive law which captures a variant of the theory of mixed choice. Therefore, he 

presents an alternate axiomatic theory for mixed choice which is obtained by omitting 

the idempotence axiom of P choice. Furthermore, he develops an indexed valuation 

powerdomain monad which can be composed with the Plotkin powerdomain monad 

in order to define a monad which captures the behavior of his theory of mixed choice. 

Of the two approaches of combining P and N D choice theories, we shall be using 

the first one. We consider that any theory combining P and N D choice must admit 

the individual choice theories as subtheories. Therefore, it must contain each axiom 

from these individual choice theories. Modifying the monads in order to force a 

distributive law, will inadvertently alter the theory for one (or both) of the basic 
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^ ^ M o d ( M C / i n , S e t ) 
CvXfin ^^^ I 

Ucvxfin / \ "'^""/m 

M o d ( P / i n , Set) Ug'gl Mod(ND} i n , Set) 

Figure 1: Mixed Choice Factored Through Probabilistic and Nondeterministic Choice 

choice types. Nevertheless, Varacca et al. give many supportive arguments for their 

approach and it is not to be dismissed. 

By appropriately combining our choice theories we have seen how we can obtain 

the theory for mixed choice. In order to construct the monad associated to our mixed 

choice theory over a suitable category C, one may consider how to construct free 

mixed choice models from arbitrary models of one of the two choice structures over C. 

This is the most widely used method in the literature. However, the focus has always 

been on constructing models for mixed choice from arbitrary models of probabilistic 

choice. This corresponds to following the left hand path of the commutative diagram 

in Figure 1 over Set, where each pair of functors represents an adjunction following 

the schema; * H U*. Thus, we can consider the construction of free mixed choice 

models over C to be given by the following two steps. 

(1) First, freely construct probabilistic models over the category C. Thus for 

set-theoretical models one would use the distributions functor, T>fin, and for 

domain-theoretical models one would use the probabilistic powerdomain, V. 

(2) Then, freely construct a model for mixed choice over the probabilistic models 

obtained in (1). For set-theoretical models the finite convex powerset func­

tor, Cvxfin is used and three different convex powerdomains are proposed for 

domain-theoretical models. 

Since each step of the construction involves monads with composable adjunctions, 

the monad which captures the behavior of mixed choice arises from (the adjunction 

obtained by) composing the adjunctions from the above steps. 
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Using this algorithm, a monad for mixed choice can be denned over any category 

C. However, we obtain a great deal more information than simply how to construct 

mixed choice models over an object C £ C. The construction allows us to build 

a free mixed choice model from an arbitrary model for P choice, in such a fashion 

as to preserve the P choice model's probabilistic structure. In other words, given a 

model for P choice, denoted (C, +A)> its image under the convex powerset functor, 

Cvxfin((C, + A ) ) , contains an isomorphic copy of (C, + A ) - This arises due to the 

fact that the unit transformation, 77, for the convex powerset monad is a P choice 

isomorphism. This allows the construction of a much broader range of models for 

mixed choice. 

In this thesis we wish to consider the dual approach to the above algorithm, which 

does not appear to have been considered. We first presented this result in our paper 

[4]. Through general categorical results from Barr and Wells [2], we observed that 

free models for mixed choice could also be constructed over arbitrary models of N D 

choice. This allows for an alternative algorithm for constructing models for mixed 

choice, which corresponds to going up the right hand side of the commuting diagram 

from Figure 1. 

(1') First, freely construct N D choice models over the category C. Thus for set-

theoretical models one would use the non-empty powerset functor, Vfin, and 

one of the following types of powerdomains for domain theoretic models: the 

convex (Plotkin) powerdomain V, the lower (Hoare) powerdomain Ti, and the 

upper (Smyth) powerdomain S. 

(2') Then, freely construct models for mixed choice over the N D choice models 

obtained in (1'). For both set-theoretical and posetal models, we will present the 

monad over N D choice models which accomplishes this in the fourth chapter. 

This alternative approach allows for a wider range of mixed choice models to be 

studied: those that would arise from arbitrary semilattices, hence arbitrary non-

deterministic models with a possible non-standard definition of nondeterminism. 

We will focus on giving a concrete definition of the functors on the right-hand 
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path. More specifically, we focus on how to explicitly compute the V-stable func­

tor Stblfin : Mod(ND} i n , Set) -» Mod(MC / i n , Set) (in the "northeast quadrant" 

of Figure 1) which assigns a model of mixed choice to an arbitrary nondeterministic 

model. 

One of our main developments is the formulation of concrete definitions for a va­

riety of V'-stable functors, defined on set-theoretic (Set) or posetal (Poset) model 

categories, for various types and arities, of N D and P choice. These functors are left 

adjoint to their respective forgetful functors from the category of models of mixed 

choice to the category of models of nondeterminism. We consider mixed choice the­

ories which admit P-Ops of countable arity and ND-Ops of possibly uncountable 

arity. Separately, each choice theory is associated to a monad. In our case, the P 

choice theory is associated to the distributions monad and the N D choice theory is 

associated to the non-empty powerset monad. 

The second chapter offers a quick review of many of the important topics relevant 

to the theorems and constructions presented in latter chapters. We begin this chap­

ter by highlighting some of the important notions of convexity and generalizing these 

ideas in order to define the notion of super convexity (sets which are closed under 

countable convex combinations). These two notions are important since convexity 

(and superconvexity) capture the fundamental structure necessary in modelling the 

behavior of finite (countable) probabilistic processes. Secondly, we provide a quick 

overview on particular aspects concerning monads. This section includes important 

definitions and examples of particular monads and T-algebras and includes results 

such as the correspondence between adjunctions and monads and an existence prop­

erty for left adjoints important to our construction. Thirdly, we present the sup­

porting material on Lawvere theories, their corresponding model categories and the 

correspondence between model categories over Lawvere theories and monads. Finally, 

we complete the chapter with a small resume on the different types of methods used 

to formally combine Lawvere theories. 

The third chapter describes in greater depth many important details concerning 

our choice theories and their associated model categories in Set and in Poset. The 

first two sections recall the definitions of the theories for probabilistic choice and the 
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theories for nondeterministic choice. These sections include the definitions of many 

of their variants, their associated monads and their model categories over Set and 

Poset . The last section deals with the theory of mixed choice. We provide motivation 

behind our choice of the equational representation of the mixed choice theory, ranging 

from the distributivity of the P-Ops over the ND-Op, to the combination of countably 

infinite P-Ops with arbitrary ND-Ops. Finally, we discuss in detail the standard 

algorithm used to construct the monad associated to mixed choice models in Set and 

Poset . 

The fourth chapter contains our main result on the free construction of models 

of mixed choice over arbitrary nondeterministic models. We present the concept of 

V-stable convex sets generated over an arbitrary V-semilattice. We define these new 

concepts and present theorems concerning their important properties. We provide 

motivating examples to support our reasoning on how they represent the correct ex­

tension over semilattices to models of mixed choice. Finally, using these new concepts, 

we present our concrete definition of the V-stable monad over models of nondeter­

ministic choice, the monad which constructs free mixed choice models over arbitrary 

models of nondeterminism. 

Finally, we include an appendix which presents an example of a process language 

with mixed choice capabilities, based on Milner's CCS [28], called the Mixed Choice 

CCS. We provide definitions for the different types of processes, the alternating oper­

ational semantics and a bisimulation relation for this calculus. In the end, we define 

a fully-abstract set theoretical model for the language. 



Chapter 2 

Preliminary Topics 

This chapter provides a brief overview of the basic topics of convex sets and cate­

gory theory used throughout the later chapters. The chapter is separated into many 

independent sections, each dealing with a particular fundamental concept. We omit 

giving the proofs of many of the theorems (unless the structure of the proof is the 

topic of discussion) and refer the reader to key references if more details are desired. 

The examples presented in this chapter are designed to introduce constructions (such 

as functors, monads and models) which will be relevant in later chapters. 

We begin with a brief introduction to convex spaces. As noted by many authors 

working in developing models for mixed choice, such as Mislove, Ouaknine and Worrell 

[33], Varacca [50] and Keimel, Plotkin and Tix [23] to name a few, convexity is an 

important property for any model which captures probabilistic choice. Convexity will 

play a large role in our approach, since our aim is to construct appropriately behaved 

probabilistic models over arbitrary models for nondeterministic choice keeping the 

underlying N D structure intact. Indeed, we shall present such a construction in 

Chapter 4 by defining new properties on convex sets which will lead to our technique 

for constructing models for mixed choice. 

10 
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2.1 Convex and Superconvex Spaces 

Convex spaces are important when discussing models for probabilistic choice. In­

tuitively, convex combinations between objects x\,X2 in a particular convex space, 

denoted x\ (B\ x-i (or \x± + (1 — A)^) , where A € [0,1], are used to represent a proba­

bilistic choice between the objects x\ and X2, where xi will be chosen with probability 

A and x-i will be chosen with probability (1 — A). Many of the developments on finding 

models for probabilistic theories and how convexity relates to them can be found in 

[20, 21]. Moreover when dealing with models for mixed choice, it has been shown in 

[23, 33] that models of such theories are given by certain collections of convex subsets. 

We shall also present a generalization on the definition of convex spaces. We 

will define a "convex" structure which allows countable convex combinations of its 

elements, which we shall call a superconvex space. In other words, we want to allow 

for possibly countable weighted sums of the form ~52i€i \xi, where Yliei «̂ = ^ an<^ 

Aj > 0, formally denoted by Y J rcj. 

The presentation of each type of space shall be given in two parts. We shall begin 

by considering the class of convex (or superconvex) spaces which arise as subspaces 

of a real vector space (with the appropriate type of operations, i.e. countable sums 

for superconvex combinations) which satisfy a particular property, this special case 

of convex structure is due to Rode [45]. This is the usual class of convex spaces 

analyzed in much of the literature [7, 12]. These subclasses of convex (or superconvex) 

spaces are interesting in their own right, since they are exactly the convex spaces 

obtained when dealing with free convex (or superconvex) spaces generated over a set. 

Secondly, we shall define convex (or superconvex) spaces as a set equipped with formal 

operations satisfying a specific set of equations. This formal definition is necessary in 

order to capture non-standard examples of convex (or superconvex) spaces. 

2.1.1 Convex Structures in Real Vector Spaces 

In this section we remind the reader of the basic definitions and useful results con­

cerning convex structures in real vector spaces. 
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Affine Spaces 

The theory of convex spaces is a subset of affine geometry. Many of the results and 

observations concerning convex spaces are inherited from affine spaces, as discussed 

in detail in Br^ndsted [7], which together with Grunbaum [12] make up our basic 

references for this section. 

Definition 2.1.1 (Affine Spaces). A subset A of a vector space V over R is called 

an affine space if either A — 0 or there exists a vector v EV and a linear subspace 

L of V such that A = v + L. 

Example 2.1.2 (Affine spaces). Many examples of affine spaces can be found as 

subsets of Rn . Standard examples include any straight line or any plane in Rn. 

Notice that affine spaces unlike linear spaces do not require that the lines or planes 

pass through the origin. A 

Proposition 2.1.3. A subset A of a real vector space V is an affine space if and only 

if 

(Voi, a2 E A)(\/X E R)Aax + (1 - X)a2 E A. 

Definition 2.1.4 (Affine Combinations). Let V be a real vector space. An affine 

combination of the vectors v~[,v~2,.. .v^ £ V is a linear combination of the form 

Xiv{ + X2V2 + • • • + XniTn such that Ai + A2 + . . . + Xn = 1. 

Proposition 2.1.5. Let A be an affine space. Any affine combination of points in A 

is again in A. In other words, given an n-family of points (xi,X2, • • • ,xn) in A and 

real scalars Ax, A 2 , . . . , A„ such that A1 + A2 + .. . + A„ = 1, then the affine combination 

\iX\ + A2x2 + . . . + Xnxn is in A. 

Remark 2.1.6. The intersection of affine spaces is again an affine space. Thus any 

subset M of a real vector space V is contained in a minimal affine space. 

Definition 2.1.7 (Affine Hull). Given a subset M of a real vector space V, define 

the affine hull of M in V, denoted by aff(M), to be the smallest affine subspace of 

V containing the set M.1 

1By affine subspace of V we mean a subset of V which is also an affine space. 
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Proposition 2.1.8. Given any subset M of a real vector space V, aff(M) is the set 

of all affine combinations of points in M. 

Definition 2.1.9 (Affinely Independent). [Br^ndsted [7], p.7] An n-family of vectors 

(v{, v~2,..., v"n) in a real vector space V is said to be affinely independent if a linear 

combination Xiv[ + A21J2 + • • • 4- Xnv^ with Ai + A2 + . . . + An = 0 equals the zero 

vector implies that Ai = A2 = . . . = An = 0. 

Proposition 2.1.10. Affine independence of the n-family of vectors v[,V2,...v^, is 

equivalent to the linear independence of at least one of or all of the following (n — 1)-

families (v{ - vhv2 - vl,...,vCi - <H,vi+i - vl,... ,v"n- vl), for all 1 < i < n. 

Definition 2.1.11 (Affine Basis/Dimension). An affine basis of an affine space 

A is an affinely independent n-family (xi,X2, •. •, xn) of points in A such that A = 

aff({a;lla;2, • . • ,£„}). The dimension of a nonempty affine space A, denoted dim A, 

is the dimension of the linear subspace L such that A = v + L. By convention we let 

dim0 = - 1 . 

Convex Spaces 

A convex space is a an affine space for which we require that the weights of the 

linear combinations be non-negative real scalars which sum up to 1. In what follows 

we present some of the definitions and results concerning convexity as presented by 

[7, 12]. 

Definition 2.1.12 (Convex Space). A subset C of a vector space V over R is called 

a convex space if \\X\ + A2:r2 belongs to C for all x\,x2 £ C and all Ai, A2 G R with 

Ai + A2 = 1 and Ai, A2 > 0. 

Example 2.1.13. Any subset S of the space Mn which admits the following property: 

for every point x, y the line segment from x to y is contained in S, is a convex space. 

The figure below shows some basic examples and a non-example of convex spaces 

found in R2. A 
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convex subset convex subset nonconvex subset 

Figure 2: Examples and Non-example of convex subsets in 

Definition 2.1.14 (Convex Combination). A convex combination of points 

xi,X2, • • • ,xn from a vector space V over R is a linear combination AiXi + A2X2 + 

. . . + Xnxn, where Ai + A2 + . . . + An = 1 and Ai, A 2 , . . . , A„ > 0. We shall often write 

such a linear combination as: 

(1) x\ +\ %2 for binary combinations 

E C 
x; for n-ary combinations 

(Ai)IU 
to indicate that the linear combination is in fact a convex combination. 

Notation 2.1.15. Here £ c is the usual notation for convex combinations found 

and denote convex combinations simply as \ . n • 

Theorem 2.1.16. A subset C ofa vector space V over R is convex if and only ifC is 

closed under convex combinations. (I.e., given xi,X2,...,xnEC, Y_] „ Xi £ C) 

Given the notion of convex combinations, we can define the correct type of mor-

phism between convex sets. 

Definition 2.1.17 (Convex Space Morphism). Suppose we are given two convex 

spaces C in V and C mV. A convex set morphism is a map / : C —> C which 

preserves convex combinations. In other words, for an arbitrary convex combination 

Xi +\ %2 in C, f(xi +A X2) = f{x\) +'A 7(0:2) is a convex combination in C. 
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It is easy to see that the set of all convex spaces and the family of all convex space 

morphisms satisfy the required properties of a category. 

Definition 2.1.18 (Category of Convex Spaces in Real Vector Spaces). The cate­

gory of convex spaces in real vector spaces, denoted Convu, is the category of 

convex spaces in real vector spaces and convex space morphisms between them. 

Next we show how to generate convex spaces over arbitrary subsets of any real 

vector space. 

Remark 2.1.19. The intersection of any family of convex spaces in the vector space 

V over K is a convex space. Thus, for any subset M of V we can define the smallest 

convex space which contains M. 

Definition 2.1.20 (Convex Hull). Let M be a subset of a vector space V over R. 

The convex hull of M (or the convex space spanned by M), denoted by conv(M), 

is the smallest convex subspace of V containing M.2 

Theorem 2.1.21. For any subset M of the real vector space V, the convex hull 

conv(M) is the set of all convex combinations of points in M. 

Theorem 2.1.22. [Br0ndsted [7], p.13] For any subset M of a real vector space V, 

the convex hull conv(M) is the set of all convex combinations 

where (xi,x2,... ,xn) is an affinely independent n-family of points in M. 

Remark 2.1.23. By Theorem 2.1.22 we do not have to take the convex combinations 

of all the points in M in order to construct conv(M). It will be sufficient to only take 

the convex combinations on some affinely independent family in M. Unfortunately, 

no fixed family of points from M will suffice. This means that unlike affine spaces 

(and linear spaces) convex spaces can be generated by affinely independent families 

of varying size. 

2By a convex subspace of V we mean a subset in V which is also a convex space. 
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Corollary 2.1.24 (Caratheodory's Theorem ). [Br^ndsted [7], p. 14] For any subset 

M of the vector space V over M with dim(aff(M)) = n, the convex hull conv(M) is 

the set of all convex combinations of precisely n + 1 points from M. 

Convex Polytopes 

We have seen that a general convex space in a real vector space does not admit a basis 

as do general affine and linear spaces. In this section, we discuss particular types of 

convex spaces that can be described by a fixed family of points, called simplices. For 

full details, see [7, 12]. 

Definition 2.1.25 (Polytope). A convex polytope P (or simply polytope), is 

defined to be the convex hull of a non-empty finite set of points in a vector space V 

over R. (I.e., P = conv({.xi, x2,..., xn}), where xi,x2, ...,xneV) 

Definition 2.1.26 (Simplex). A simplex S is defined to be a polytope with the 

property that there exists an affmely independent family {xi,x2,... ,xn} such that 

S = conv({.Xi, x2,..., xn}). The points xi, x2, • • ., xn are called vertices of S. 

Remark 2.1.27. Given that convex spaces do not have a basis as affine spaces 

do, we can still say that simplices have a kind of "convex basis". In fact, if 

xj,x2,..., xn are vertices of the simplex S, then by affine independence, each of the 

points in &S({xi,x2,... ,xn}) has a unique representation as an affine combination 

of xi, x2,..., xn; in particular, each point in conv({xi, x2,..., xn}) has a unique rep­

resentation as a convex combination of xi, x2,..., xn. The following theorem states 

how simplices are the only type of convex spaces which have this kind of "convex 

basis". 

Theorem 2.1.28. Let M = {xi,x2,... ,xn} be a finite set of n points from a real 

vector space V such that the n-family (xi,X2,---,xn) is affinely dependent. Then 

there are subsets Mi and M2 of M with Mi n M2 = 0 and Mi U M2 = M such that 

conv(Mi) n conv(M2) ^ 0. 
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Thus, if conv(M) is not a simplex, there exists a partition of M (i.e., subsets Mi and 

M2) such that there is an element in conv(M) with a representation in both conv(Mi) 

and conv(M2). 

Corollary 2.1.29 (Radon's Theorem). [Br^ndsted [7], pl5] Let M = 

{x\,X2, • • • ,xn} be a finite set of n points in V such that n > dim(V) + 2. 

Then there are subsets Mx and M2 of M with Mx n M2 = 0 and Mx U M2 = M such 

that 

conv(M!) n conv(M2) ^ 0. 

2.1.2 Formal Convex Spaces 

There exists a more general way of presenting convex spaces as a set equipped with 

formal set of operations satisfying certain equations. It was pointed out during the 

thesis defense that the theory of convex spaces in real vector spaces was insufficient to 

capture all possible models of the probabilistic choice theory. In truth, such convex 

sets only model the free probabilistic choice models. In order to capture the non­

standard models of probabilistic choice we must consider a formal definition of convex 

spaces as a set equipped with formal operations satisfying the appropriate set of 

equations as presented by Konig [25]. 

Definition 2.1.30 (Formal Convex Space). A formal convex space is given by a 

tuple (C, +A ) where C is a set equipped with an [0, l]-indexed family of operators, 

denoted +A , satisfying the equations 

(P-Assoc) (x+Xl y) +A2 z = x+XxX? (y+Hzhlhz z)' Ai^2 ¥" 1 

(P-Com) x +A y = y + I - A x; 

(P-Idem) x +A x = x; 

(P-One) x +1 y = x; 

Notation 2.1.31. Given a formal convex space (C, +\), the formal combination 

x +A y can be thought of as a process which chooses x with probability A and y with 

probability 1 — A. It will also be useful to interpret n-ary convex combinations of 

elements in C using a single operation. Therefore, given the equations of a formal 
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y+ 

H-space 

(21,2/1) 

X 

z = (21,2/2)4-1 (22-2/2) 

y* 

'22,2/2) 

[x2, 2/3). 
X 

z = (22,2/2) + ! (^2,2/3) 

Figure 3: An example of an H-space and its convex combinations. 

convex space, we can define operations of the form J^ (Ai)»_i xu where £ " = 1 A* = 1 

and Aj G (0,1], and 2; e C for each 1 < i < n. These operations, can be interpreted 

as a process which chooses the term x, with probability Aj, for any 1 < i < n. 

Example 2.1.32. An example of a non-standard convex space which cannot be 

expressed as the subspace of a particular real vector space is the / /-space. The 

//-space is a subset of R™, consisting of two non-intersecting line segments joined 

together by a third segment between them (intuitively it has a shape isomorphic to 

the letter H). A particular //-space in R2 can be defined by H = ({0} x [0,1])U((0,1) x 

{|})U({1} x [0,1]), as shown in Figure 3. For any A € (0,1) and (21,2/1), (22,2/2) 6 H 

we define the convex combinations +A as-' 

' (0, ( % i 4- (1 - A)y2) 

(1, (A)j/x 4- (1 - X)y2) 

^ ((A)xi 4- (1 - \)x2, \) 

In other words, when xi ^ x2 we project the element (x\, t/i) +\ (22,2/2) € R2 onto the 

middle segment of the / / , as seen in Figure 3. Finally, we define the operations +1 

and +0 by the appropriate projection operator. (I.e., (21,2/1)4-1 (22,2/2) = (21,2/1) 

and (21, yi) +0 (22,2/2) = (22,2/2)- A 

We proceed by giving the formal analogs of many of the important definitions 

presented for convex spaces in real vector spaces. 

(21,2/1) 4-A (22,2/2) = < 

if 21 = 2 2 = 0 

if xt = 0:2 = 1 

otherwise 
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Definition 2.1.33 (Formal Convex Combinations). Let (C, +\) be a formal convex 

space, (xi)r=i be an n-ary family of elements in C, and (A;)"=1 be an n-ary family 

of elements in (0,1] such that X^=i Aj = 1. A formal convex combination of the 

elements {xi)
r>=1 weighted by (Aj)™=1 is given by any formal combination in (C, +A ) 

equivalent to \~] „ xi-

Definition 2.1.34 (Formal Convex Hulls). Let (C, +\) be a formal convex space, 

and X be a subset of C. The formal convex hull in (C, +\) generated by X, 

denoted by conv(X), is given be the set of all formal convex combinations between 

the elements of X. 

conv(X) = < X^(A-)" Xi' Xi e X' Xi E ^°' ^ ' a n d ^ Xi = 1 [ 

Definition 2.1.35 (Category of Formal Convex Spaces). The category of formal 

convex spaces, denoted Conv, is the category of formal convex spaces and convex 

space morphisms between them. 

The following definitions, due to Konig [25], will lead to an important theorem 

stated in [26] stating which type of formal convex spaces are equivalent to a convex 

structure in a real vector space. This proves why our example of the H-spa,ce is not 

equivalent to any convex spaces in a real vector space. 

Definition 2.1.36 (Cancelable/Cancellation Law). Let (C, +\) be a formal convex 

space. 

(a) Define x € C to be cancelable iff for all A G (0,1), one has 

x+\y = x+\z=>y = z,Vy,zeC. 

(b) The formal convex set (C, +A ) is said to fulfill the cancellation law iff all 

x G C are cancelable. 

Theorem 2.1.37 (Konig, Wittstock [26]). For a formal convex space (C, +\) the 

following are equivalent 
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(a) There exists an injective convex morphism 6 : (C, +A ) —> V into a real vector 

space V. 

(b) (C, +A ) satisfies the cancellation law. 

Finally, we present the definition of a polytope for formal convex spaces. 

Definition 2.1.38 (Formal Polytopes). Given a formal convex space (C, +\), a 

formal convex polytope P, is defined to be the formal convex hull of a non-empty 

finite set of points in C. (I.e., P = conv({xi, X2, • • •, xn}), where x\, X2,..., xn € C) 

2.1.3 Superconvex Structures in Real Vector Spaces 

In this final section on convexity, we consider a generalization on the definition of 

convex structures in real vector spaces. We will define a "convex" structure which 

allows countable convex combinations of its elements. In other words, we want to 

allow for possibly countable weighted sums of the form X ^ e / AjXj, where Yli^i A» = 1 

and Aj > 0. In order to generalize, we assume that our real vector spaces V have 

a well-defined sum operation of countable arity and define the notion of superconvex 

space as follows. 

Definition 2.1.39 (Superconvex Space). A subset C of a vector space V over R 

is called a superconvex space if ^2ieI Aj#j belongs to C where / is a countable 

indexing set and for all i € / , Xi € C and Aj E M, with Aj > 0, such that J2iei -^ = •'•• 

Example 2.1.40 (Superconvex Space). Consider the set of positive real numbers 

and infinity, R + U {oo}, where convex combinations of real numbers are defined as 

usual, countably infinite convex combinations (superconvex combinations), X^e /^- 7 ^ 

of real numbers ^ G l equals r if the series converges to r and equals oo if the series 

diverges, and any combination which contains the element oo is equal to oo. Under 

these conditions, R U {oo} is a superconvex structure. A 

Proposition 2.1.41. If C is a superconvex subset of a real vector space V, C is also 

a convex subset of V. 
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The proof of the above proposition is straightforward; in any superconvex space 

C, convex combinations of the form \x\ + (1 — X)x%, where x\, x2 EC and 0 < A < 1 

must by definition belong to C. 

Remark 2.1.42. Although any superconvex space C in a real vector space V can 

also be considered as a convex space of V, the converse does not hold. There exist 

convex subsets which are not superconvex. For example, consider the real number 

line, R. The number line is convex under the usual definition of convex combinations 

(usual addition (+) and scalar multiplication (•) rules). However, countably infinite 

convex combinations (superconvex combinations) of real numbers do not generally 

equal a real number. For instance the series of the form ^2ne^{-^)n\ ^s divergent and 

is not equivalent to any real number. 

It is well-known that if the infinite sum J2iei ^* c o n v e r g e s > where Aj G R, A; > 0 

then the indexing set / must be countable. This implies that if we consider only 

combinations with non-zero weights, countable convex combinations are the highest 

arity for which we can extend our definition of convex combinations. 

Definition 2.1.43 (Superconvex Combination). A superconvex combination of 

a countable-family of points (xi)iej from a vector space V over R is a countable 

weighted combination A^i + X2x2 + . . . + Aj.Xj + . . . , where J2iei »̂ = 1 a n d for every 

i £ I, Aj > 0. Following the notation proposed by Br^ndsted [7], we let 

represent a linear combination which is in fact a superconvex combination. 

Notation 2.1.44. Again by convention, as in Notation 2.1.15, we omit the super­

script SC from 2_] a n d usually write superconvex combinations as \_. 

Definition 2.1.45 (Superconvex Space Morphism). Suppose we are given two su­

perconvex spaces C in V and C in 1/'. A superconvex space morphism is a 

map / : C —> C which preserves superconvex combinations. In other words, for an 

arbitrary superconvex combination V^ X{ in C, / ( Y j Xi) = T ^ f(xi) is a 

superconvex combination in C 
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It is easy to see that the set of all superconvex spaces and the family of all 

superconvex space morphisms satisfy the required properties of a category. 

Definition 2.1.46 (Category of Superconvex Spaces). The category of supercon­

vex spaces in real vector spaces, denoted SConvR, is the category of superconvex 

spaces in real vector spaces and superconvex structure morphisms between them. 

Next we show how to generate superconvex spaces over arbitrary subsets of any 

real vector space. 

Remark 2.1.47. The intersection of any family of superconvex spaces in the vector 

space V over R is a superconvex space. Thus, for any subset M of V we can define 

the smallest superconvex space which contains M. Indeed, suppose we are given an 

arbitrary indexing set W and an arbitrary family of superconvex spaces (Cw)w€w 

of the real vector space V. Suppose we have a countable family of points (XJ)J6/ in 

| | Cw; then we know that (xi)i€j is a countable family of Cw for each w &W. Since 
wew 
each Cw is superconvex, any superconvex combination of the countable family (xj)jej, 

i.e. >^ Xi, is contained in Cw for each w 6 W. Therefore >^ Xi £ (] Cw, 

which implies that [ ) Cw is a superconvex space. 
w€W 

Definition 2.1.48 (Superconvex Hull). Let M be a subset of a vector space V over 

R. The superconvex hull of M, denoted by sconv(M), is the smallest superconvex 

subset in V containing M.3 

Theorem 2.1.49. For any subset M of the real vector space V, the superconvex hull 

sconv(M) is the set of all superconvex combinations of points in M. 

Proof: Consider the set of all superconvex combinations of points in M, denoted 

by S. Since M C sconv(M) and sconv(M) is a superconvex space, then S must 

be a subset of sconv(M). However, S is also a superconvex space (a superconvex 

combination of superconvex combinations of points in M can be considered as a 

superconvex combination of points in M) and contains M, thus sconv(M) C S. 

Therefore, S = sconv(M). D 

3By a superconvex subspace of V we mean a subset in V which is also a superconvex space. 



CHAPTER 2. PRELIMINARY TOPICS 23 

Definition 2.1.50 (Superpolytope). A superconvex polytope P (or simply su-

perpolytope), is defined to be the superconvex hull of a non-empty finite set 

of points in a vector space V over M.. (I.e., P = sconv({a;i,a;2,... ,xn}), where 

x1,x2,...,xn £ V) 

2.1 .4 Formal S u p e r c o n v e x Spaces 

A second important remark that we pointed out during the thesis defense is that the 

theory of superconvex spaces which we have independently developed and presented 

above has been previously studied by a group of German researchers [6, 25, 26, 42]. 

However, their theory is based on a formal definition of superconvex spaces, given by 

a set equipped with formal operators satisfying some equations. 

Definition 2.1.51 (Formal Superconvex Spaces). A formal superconvex space is 

given by a tuple (C, V j ) where C is a set equipped with a countable family of 

operators, denoted Y J > indexed by countable probability densities (i.e. countable 

sequences {\)i of elements in (0,1] such that ]T)tgj »̂ = -0 satisfying the equations 

(P-Axl) V^ Xi = V^ x<f:(i), where <f> : I -+ I is a permutation. 
~^(^i)l Z_-'((\>(i)))l 

(P-Idem) Y J x = x 

All corresponding definitions of superconvex combinations, superconvex hulls, and 

superconvex polytopes can be given for a formal superconvex space as done in Sec­

tion 2.1.2. We let SConv denote the category of formal superconvex spaces and 

superconvex space morphisms. 

As for formal convex spaces there is a very interesting theorem presented in [26] 

that characterizes which formal superconvex spaces are equivalent to a superconvex 

subspace of a real vector space. 

Theorem 2.1.52. For a formal superconvex space (C, 2_, ) ^ e following are 

equivalent. 

(a) (C, 2_, ) satisfies the cancellation law. 
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space V. 

is isomorphic to some superconvex subset Y C V of a real vector 

2.2 Monads 

Moggi [34] has proven that the categorical notion of a monad is an important tool 

for capturing computational behavior. The aim of our present work is to describe an 

alternate construction which captures the computational behavior of mixed choice. 

Therefore, the notion of monads and their properties are of central importance to the 

thesis. 

Definition 2.2.1 (Monads). A monad, T, on a category C is a 3-tuple T = (T,rj, (JL) 

where T : C —> C is a functor and r\ : l c =>• T (the unit), /j, : T2 => T (the 

multiplication) are natural transformations satisfying the commutativity conditions 

/i o (JIT) = IT = fJ> ° (Tr)), and fi o fj,r = jJ- ° Tfj,, as shown in the following diagrams. 

r-llLT2JK- r j-3-ZiU/j-2 

MT 

r r2 =>T 

One important example of a monad is the powerset monad, P. It (and its many 

variants) are the standard monads used to capture the computational behavior of 

many types of nondeterministic choice, as discussed in [40]. It will be a reoccurring 

construct in the following chapters. 

Example 2.2.2 (Powerset Monad). The powerset monad, P = (V,r],fi), is the 

monad over the category Set, defined as follows: 

(a) V : Set - • Set is the powerset functor. For X, Y e Set, / : X -* Y in Set, 

and A G V(X), 

V(X) = { A | A C X } , (the set of all subsets of X), 

Vf(A) = f[A] = {/(a) \aeA}, (the direct image of / on A). 
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(b) rj : lSet =>• V is the singleton transformation. For X G Set and x £ X, 

Vx(x) = {x}. 

(c) fi-.V2 =>p is the big union transformation. For X G Set, y G P 2 (X) , 

^(y) = U Y-
Yey 

Many variants of the powerset monad can be constructed by taking variations of the 

underlying functor V, yet keeping the same definition (on an appropriately restricted 

domain) for the unit (rj) and the multiplication (//) transformations. 

(a) The non-empty powerset monad, P* = (V*,ri,fi). Let X G Set. The 

underlying (object part of the) functor is defined by: 

V*{X) = {Y \Y eV{X),Y ^ %} . 

(b) The finite powerset monad, Ffin — (Vfin,V,[J>)- Let X G Set. The underly­

ing (object part of the) functor is defined by: 

Vfin(X) = {Y\YeP(X),\Y\<oo}. 

(c) The non-empty finite powerset monad, F*jin — (Pfin,r],fj,). Let X G Set. 

The underlying (object part of the) functor is defined by: 

Vfin{X) = {Y\YeV(X)tO<\Y\<oo}. 

A 

A second monad we will repeatedly come across, is the monad which captures the 

computational behavior of probabilistic choice; the distributions monad, D^ n . This 

construction arises from [20]. However, before presenting its formal definition, we 

define a few basic concepts about particular maps from a set X into [0,1], called 

distributions. 
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Definition 2.2.3 (Distributions/Support). Let X be a set. 

(a) A distribution (discrete probabilistic distribution) on X is a function which 

associates to each element of X a real value from the unit interval [0,1] such 

that the sum of the images is equal to 1. In other words, d : X —> [0,1] is such 

t h a t Hxexd(x) = 1-

(b) The support of a distribution d, denoted supp(d), is the subset of X consisting 

of all the elements which are mapped to non-zero values. (I.e., supp(d) = 

{xeX\d{x)^0}). 

(c) For x € X, the Dirac distribution (or point-mass distribution) over x, 

Sx : X —>• [0,1], is the distribution whose support is {x}. In other words, Sx is 

defined by: 

[̂  0 otherwise 

Remark 2.2.4. Consider the set X and the distribution d on X. 

(a) The support of d must be either finite or countably infinite. Otherwise, the 

requirement that the sum of the images of the distribution must equal 1 cannot 

be satisfied, since the sum of an uncountable family of nonzero positive reals 

does not converge (and therefore cannot be 1). We say that a distribution d is 

finite, if it has a finite support, (i.e., \supp(d)\ < oo). 

(b) We can easily extend the definition of d to subsets Y of X by taking d(Y) to 

represent the sum of the images of the elements of Y. Hence, 

<y) = £<%). 

Example 2.2.5 (Distributions Monad). The distributions monad, D/j„ = 

(Vfin,rj, /x), is the monad over the category Set, defined as follows: 

(a) Vfin : Set —> Set, is the distributions functor. For X,Y E Set, / : X —> Y 

in Set, and d G Vfin(X), 
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(i) Vfin(X) is the set of all finite distributions over X. (i.e Vfin(X) = 

{d : X ->• [0,1] | d(X) = 1 and \supp(d)\ < oo}), 

(ii) Vfinf(d) = df : Y - [0,1], where 

<*/(v) = E <*(*)• 
{xex\f(x)=v} 

(b) The unit (77) is given by the Dirac distribution transformation. Let X € 

Set and x £ X, 

Vx(x) = Sx. 

(c) The multiplication (/z) is given by the distribution flattening transforma­

tion. Let X e Set and D G (Vfin)
2(X), 

VX\L>) = 
• • ^ ^ ( d ( ; r ; ) ) S i i p p ( d ) sizpp(.D) 

Remark 2.2.6. One can easily note that the multiplication of the distributions 

monad is simply given by integration. 

A 

Next we recall the notion of categories generated by a monad. The construction 

which interests us the most is the Eilenberg-Moore categories of our given monads. 

These will be shown to be isomorphic to the model categories capturing the choice 

theories we will be studying. 

Definition 2.2.7 (T-Algebras). Let T = (T, 77, /J.) be a monad on a category C. A T-

algebra is a pair (C, £) where for C in C, £ : T(C) —> C and the following equations 

hold: 

£ o r\c = idc and £ o T£ = £ o / j c , 

captured by the following diagrams. 

C _J^T(C) 

X N . 

r2 :C) -^ -T (C) 

• • 

c no c 
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If (D, C) is another T-algebra, a morphism / : (C, £) —•> (D, £) of T-algebras is a 

morphism / : C —> Z? in C such that / o £ = ( o T / , as shown in the following 

diagram. 

r(c)^r(i)) 
« c 

Proposition 2.2.8. Lei T = (T, 77,/x) 6e a monad on a category C. The T-algebras 

and their morphisms form a category, written C T
; called the Eilenberg-Moore cat­

egory of the monad. 

The Eilenberg-Moore categories of the family of powerset monads are associated to 

variations of semilattice categories. Below, we present a few variants of V-semilattice 

categories in order to illustrate some examples of the Eilenberg-Moore categories of 

particular powerset monads. 

Since we shall be considering choice structures with infinite nondeterministic 

choice, we shall need to consider semilattices which have arbitrary joins, defined 

below as a complete V'-semilattice 

Definition 2.2.9 (V-Semilattice). 

(a) A V-semilattice (S, V), is an algebraic structure consisting of a set S with the 

binary operation V, called join, such that for all members x, y, and z of S, the 

following identities hold: 

(i) Associativity: (x V y) V z = x V (y V z) 

(ii) Commutativity: x\J y = y V x 

(iii) Idempotency: x V x = x 

(b) A map / : (5, V) —>• (5", V') is called a V-semilattice morphism, if it satisfies 

the following property: 

f(xVy) = f(x)V'f(y) 

(c) We denote by V-SLat, the category of V-semilattices and V-semilattice 

morphisms. 
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Definition 2.2.10 (Complete V-Semilattices). 

(a) A complete V-semilattice is a V-semilattice (S, V) such that the binary op­

eration can be extended to arbitrary subsets of S. Thus, for any non-empty 

subset T C S, \Jt€Tt is well-defined. In other words, a complete V-semilattice 

is equivalent to a complete lattice which may or may not have a bottom element. 

(b) A complete V-semilattice morphism / : (5, V) —> (£', V'), is a V-semilattice 

morphisms which preserves arbitrary non-empty joins (i.e., for any i / T C 

S,/(Vter*) = V;er/(*))• 

(c) We denote by V-CSLat, the category of complete V-semilattices and com­

plete V-semilattice morphisms. 

Definition 2.2.11 (Ordered V-Semilattices). 

(a) An ordered V-semilattice is a V-semilattice (S, V) equipped with a V-

preserving order structure (C), denoted as ((5, V), C) (C need not be the order 

induced by the join structure of the semilattice). Thus, we require that the join 

structure V : S x S —> S be monotone: 

if s C t and s' C t', then s V s' C t V t'. 

(b) An ordered V-semilattice morphism / : ((£, V ) , Q -> ((£', V'), E') is a 

V-semilattice morphism which also preserves C (i.e., s C ( 4 / ( s ) C' /(£)). 

(c) We denote by V-SLat<, the category of ordered V-semilattices and ordered 

V-semilattice morphisms. 

Example 2.2.12 (Ordered V-Semilattices). 

(a) Every V-semilattice can be viewed as an ordered V-semilattice. For any V-

semilattice (S, V), we can define an ordering induced by the V-structure (<v) 

(i.e x < v y iff x V y — y). Then, ((S, V), < v ) is an ordered V-semilattice. More­

over, any V-semilattice morphism between (S, V) and (S", V') also preserves the 

induced orders (i.e., x < v y => fix) <V ' /(j/))- Thus, V-SLat is a subcategory 

of V-SLat<. 
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(b) There are many ordered V-semilattices whose order structure is different from 

the one induced from its inherent join structure. An easy example is the linear 

V-semilattice (S, V) where S = {x,y,z}, modelled by the left-hand semilattice 

structure in Figure 4 equipped with an ordering generated by x (Z z and y \Z z. 

(I.e., the ordering generated by the right-hand semilattice structure in Figure 4). 

It is easy to verify that in this particular case ((5, V), C) is indeed an ordered 

V-semilattice where x < v y but x % y. This shows that V-SLat is a proper 

* y 

* X 

Semilattice structure of S (V) 
x r * y 

Order structure of S (C) 

Figure 4: Example of an ordered V-semilattice with C not generated by V 

subcategory of V-SLat<. 

A 

Example 2.2.13 (Eilenberg-Moore Categories of Powerset Monads). The Eilenberg-

Moore categories associated to the powerset monad and its many variations are equiv­

alent to different types of semilattice categories. In the following chapters, we will 

come across the following: 

(a) The Eilenberg-Moore category of the non-empty finite powerset monad over 

Set, Set fin, is equivalent to the category of V-semilattices, V-SLat. 

(b) The Eilenberg-Moore category of the non-empty powerset monad over Set, 

Setp*, is equivalent to the category of complete V-semilattices, V-CSLat. 
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(c) The Eilenberg-Moore category of the non-empty finite powerset monad over 

Poset , Poset¥*fin, is equivalent to the category of ordered j'oin-semilattices, 

V-SLat<. 

A 

Example 2.2.14 (Eilenberg-Moore Categories of the Distribution Monad). The 

Eilenberg-Moore categories associated to the distribution monad and its countable 

variants are equivalent to the category Conv of convex sets defined in Section 2.1.1 

and SConv of superconvex sets defined in Section 2.1.3, respectively. In other words, 

the category of IB/;n-algebras SetD / i n 4 is equivalent to the category of convex sets 

Conv and the category of D-algebras Set1" is equivalent to the category SConv of 

superconvex sets. 

Indeed, any D/jn-algebra (X, a : U-pfin ° T>fin(X) —> X) gives rise to a convex 

set (X, +\), where for xx,x% G X and A G [0,1] the convex combination x\ +\%i is 

defined to be a(XSXl + (1 — X)SX2). Recall that maps of the form 8X are called Dirac 

distribution, they represent distributions whose support contains a single element 

(i.e., supp(5x) = {x}). Moreover, any convex set C gives rise to a D/jn-algebra (C, (3), 

where for a distribution d G Uvfin ° L)fin(C), we define 0(d) = J2xesupp(<i) ^(x)x-

Similarly, by carefully extending our previous remarks to countably infinite convex 

combinations, we can find the correspondence between D-algebras and superconvex 

sets. A 

It will be important to recall the correspondence between monads and adjunctions. 

A large portion of our work is concerned with constructing the appropriate left adjoint 

to a particular forgetful functor in order to obtain a monad over the category of models 

of nondeterministic choice. 

Theorem 2.2.15 (Huber; see Lambek and Scott [27]). Let U : B —> C have a left 

adjoint T : C —> B with adjunction morphisms 77 : 1 —>• UT and e : TU —> 1. Then 

T = (UJ7,r},UeJr) is a monad on C. 

4Recall CT denotes the category of T-algebras over C. 
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The left adjoint which constructs free mixed choice models over arbitrary nonde-

terministic choice models exists due to an abstract categorical result. Before stating 

the result, we first introduce some necessary notions from Barr and Wells [2]. 

Definition 2.2.16 (Eilenberg-Moore Comparison Functor). Given a monad T = 

(T, n, /j.) on C and an adjoint pair of functors, T H U where U : D —> C and 

T : C -»• D such that T = U o T. Then, there exists a functor $ : D -> CT , 

called the Eilenberg-Moore comparison functor, defined by: for D G D and 

/ : D -> D' in D, 

$(£>) = (U(D),UeD), 

Definition 2.2.17 (Descent Type). A functor W : D —* C is of descent type if it 

satisfies the following properties: 

(a) U has a left adjoint T : C —• D, 

(b) Let T be the monad induced by the adjunction f H W . Then the Eilenberg-

Moore comparison functor $ : D —> C T is full and faithful. 

Then we obtain the following theorem on the existence of left adjoints. 

Theorem 2.2.18 (Barr and Wells [2], Theorem 2 (b), p.132). In the following dia­

gram (not assumed to be commutative) of categories and functors, suppose that 

* ^ ••• (a) T2 is left adjoint to U2, 

(b) T\ is left adjoint to U\, 

Ui / (c) U\oU is naturally isomorphic to U2, 

(d) U\ is of descent type, and 

Q (e) B2 has coequalizers. 

Then U has a left adjoint T for which T o T\ = Ti • 
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2.3 Lawvere Theories 

In this section, we recall the general approach of capturing specific structures char­

acterized by the existence of one or several operations which are defined everywhere 

and satisfy axioms expressed by equalities. Thus, we shall recall some definitions and 

results concerning Lawvere theories and their possible combinations. In our case, we 

will focus our attention on well-known structures: the nondeterministic and proba­

bilistic choice structures. Moreover, in the course of this thesis, it is our intention to 

work with a third choice structure, called mixed choice. This new choice structure is 

the result of a particular type of combination of the nondeterministic and probabilis­

tic structures. We begin by recalling some basic definitions. For further references 

one may consult Barr and Wells [2] and Borceux [5]. 

We begin by recalling the definitions of finite and countable Lawvere theories, 

as presented in [19]. Let No denote a skeleton of the category of finite sets and all 

functions between them. So No has an object for each natural number n. Up to 

equivalence, No is the free category with finite coproducts on 1. Let Hi denote a 

skeleton of the category of countable sets and all functions between them. So Ni has 

an object for each natural number n and an object for No- Up to equivalence, Ni is 

the free category with countable coproducts on 1. 

Definition 2.3.1 (Lawvere Theories). 

(a) A Lawvere theory consists of a small category L with finite products together 

with a strict finite-product-preserving identity-on-objects functor / : NQP —> L 

[2, 3]. 

(b) A Countable Lawvere theory is given by the natural extension of a Lawvere 

theory in order to allow for countable operations, as stated in [18, 19]. A 

countable Lawvere theory consists of a small category L with countable products 

together with a strict countable-product-preserving identity-on-objects functor 

/ : N°p -» L. 

The important Lawvere theories we shall be considering are presented in the fol­

lowing example. 
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Example 2.3.2 (Lawvere Theory of Nondeterministic Choice). The Lawvere the­

ory NDy i n for (binary) nondeterminism is the Lawvere theory freely generated by a 

binary operation EB : 2 —> 1, subject to equations for associativity (ND-Assoc), com-

mutativity (ND-Com) and idempotence (ND-Idem) (i.e., the Lawvere theory for a 

semilattice). A 

Example 2.3.3 (Lawvere Theory of Probabilistic Choice). The Lawvere theory P / i n 

for probabilistic choice is freely generated by an uncountable number (indexed by 

A e [0,1]) of binary operations ©A : 2 —> 1, subject to the equations for associativity, 

commutativity and idempotence in [16], that is 

(i) (P-Assoc) For any A, p e [0,1] such that \p ^ 1, 

(A@\B)®PC = A©Ap (B©ii-^ C) 

(ii) (P-Com) For any A € [0,1], 

A®XB = B®X„XA 

(iii) (P-Idem) For any A 6 [0,1], 

,4 ©A ,4 = ,4 

A 

Definition 2.3.4 (Algebraic Theory Model). Let L be a (countable) Lawvere theory 

and C be a category with finite (countable) products. A model of L in C is a functor 

M. : L —> C which preserves finite (countable) products. We denote by Mod(L, C), 

the model category of L in C. The model category Mod(L, C) has as objects the set 

of models of L in C and as morphisms the set of all natural transformations between 

models. 

Remark 2.3.5. An equivalent presentation for models of an arbitrary theory T 

can be attained by using universal algebra. In lieu of describing a model as an 

appropriately (finite or countable) product-preserving functor from T into C, we 

shall present its underlying set (given by ^(1)) and the set of generating operations 

(obtained by applying F to the operations generating T) . 
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Example 2.3.6 (Models of Nondeterministic Theories). 

(a) It is easy to verify that any model of N D j i n in Set is equivalent to a V-

semilattice, (S, V). 

(b) Consider the theory of arbitrary nondeterministic choice ND* (i.e., the theory 

which admits a nondeterministic choice operator of arbitrary arity). Models of 

ND* over Set are given by complete V-semilattices, (5, V)-

(c) Finally, one may consider the models of N D L in Poset, the category of par­

tially ordered sets and order-preserving maps. These models are equivalent to 

ordered V-semilattices, ((S, V),jZ). 

A 

Example 2.3.7 (Models of Probabilistic Choice). 

(a) It is easy to verify that any model of Pfin in Set is equivalent to a convex set, 

( C , + A ) . 

(b) Consider the countable Lawvere theory of probabilistic choice P (i.e., the theory 

which admits a probabilistic choice operator of countable arity). Models of P 

over Set are given by superconvex sets, (C, YJ )• 

A 

In order to state the next result we recall the definition of monads with rank, see 

Borceux [5]. 

Definition 2.3.8 (Regular Cardinal). An infinite cardinal a is regular when it sat­

isfies 

(|/ | < a and (Vi E I)\Xi\ < a) =» | ( J X ; | < a 

where / and X{ are arbitrary sets. 

Definition 2.3.9 (Filtered Category). Let a be a regular cardinal. A category C is 

a-filtered when 
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(i) there exists at least one object in C, 

(ii) given a set / with cardinality of / strictly less that a and a family (Ci)i€i of 

objects in C, there exists an object C e C and morphisms f\ : Ci —> C in C, 

(iii) given a set / with cardinality strictly less than a and a family (/j : C —> C')i€i 

in C, there exists an object C" € C and a morphism / : C" —> C" such that 

f°fi = f°fj, for all indices i, j . 

Definition 2.3.10 (Filtered Colimits). Let a be a regular cardinal. By an a-filtered 

colimit in a category C, we mean the colimit of a functor F : D —> C where the 

category D is a-filtered. 

Definition 2.3.11 (Rank). A monad T = (T, n, fi) on a category C has rank a, for 

some regular cardinal a, when the functor T : C —* C preserves a-filtered colimits. 

When a = HQ, thus when T preserves filtered colimits, one also says that T is finitary 

or has finite rank. 

The following result from Borceux [5], states the correspondence between T-

algebra categories of finitary monads over the category Set and categories of algebraic 

theories T , due to Lawvere. 

Proposition 2.3.12. There is an equivalence between; 

(a) the category Mod(L, Set) of models of the Lawvere theory L in Set; 

(b) the category of T-algebras, the Eilenberg-Moore category Set1", where T is a 

finitary monad on Set. 

Example 2.3.13. As seen in the literature [19, 34, 50, 51], the model categories for 

our choice theories: nondeterministic N D j i n and probabilistic P / j n , are induced by 

the nonempty finite powerset monad F*fin and the finite distributions monad D/ i n 

respectively. A 
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2.4 Combining Lawvere Theories 

There is an extensive literature dealing with how to combine Lawvere theories in 

order to create new theories. One may refer to [17, 18, 19, 41], for full details. Since 

we are interested in combining nondeterministic and probabilistic choice theories we 

shall give a brief description on the many ways this could be done. 

2.4.1 The Sum of Lawvere Theories 

The easiest method to combine two Lawvere theories is to consider their sum. As 

stated in many papers [18, 19, 41], this involves simply taking the coproduct between 

the two Lawvere theories which exists due to the following result. We present some 

of the definitions and results obtained in these papers. 

Theorem 2.4.1. The category of countable Lawvere theories is cocomplete. 

Remark 2.4.2 (Power [41]). An explicit construction of the sum is complicated as a 

general construction involves a transfmite induction, with inductive steps being given 

by a complicated coequalizer, cf [24]. 

An intuitive interpretation of the sum of equational Lawvere theories is given as 

follows. The sum of two equational theories L and L', denoted by L + L', is the 

Lawvere theory which admits all the operators found in both theories and which 

satisfies all their respective axioms. 

Remark 2.4.3. This is still not as straightforward as it sounds, since we must still 

calculate the free Lawvere theory from the induced one. In other words, we wish 

to represent the model category for the sum of the two theories as a construction 

obtained using the individual theories. We now describe this process. 

Definition 2.4.4. Denote by Mod*(L, C) the identity-on-objects/fully-faithful fac­

torization of the forgetful functor U : Mod(L, C) —> Set. Thus we have the following 
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factorization induced by the product-preserving structure of F € Mod(L, C): 

Mod(L, C) u- Set 

Mod*(L,C) 

Remark 2.4.5. Thus, the objects of Mod*(L, C) are models of L in C, and arrows 

are simply given by arrows in C. 

Now, we can present the correspondence between the sum of the theories and the 

individual theories as given in Power [41]. 

Proposition 2.4.6 (Power [41]). There is an equivalence of categories between 

Mod*(L + L', C) and Mod*(L, Mod*(L', C)). 

Example 2.4.7 (Models of N D } i n + P / i n ) . 

(a) Trivial model: Since any semilattice (S, V) € V-SLat is also a model for prob­

abilistic choice, where (VA € (0,1)) (B\ — V, then (S, V) is a model for the sum 

of I*fin and ND£ i n , although this model satisfies more equations than required 

by the theory. For example, if ©A = V, we trivially have that the opera­

tors commute (A®\B)\J C = (A V B) ©A C, both distributivity axioms hold 

(A®x B) V C = (AV C) ®X(B V C) and (A V B) ®x C = {A®x C) V (B®x C) 

and others. 

(b) Consider a set S with two semilattice structures, Vi and W Then, by letting 

ffl = Vi and defining ©A = V2 for all A G (0,1), we have constructed another 

model for P ^ n + N D j i n . For example, consider the set S — {a, b, c, d} with the 

following semilattice operators: 

d 

Vi V2 
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Then (S, Vi, © A ) , where for each A <E (0,1) we let ©A = V2, is a model for 

ND}in + Pfin. 

(c) Consider any set S equipped with a semilattice structure (S, V) and with a 

convex structure (S, © A ) , where the two choice operations are distinct (i.e., 

©A 7̂  V). Then, it too is a model of NJD*fin + Pfin. For example, consider [0,1], 

with x EE y = max(x, y) and x ®\ y = Ax + (1 — Ay). 

A 

2.4.2 The Tensor of Lawvere Theories 

The tensor of two Lawvere theories L and L' is the Lawvere theory which contains the 

operators and equations of both theories and adds equations so that all the operators 

from L commute with the operators of L' and vice-versa. 

Definition 2.4.8. Given countable Lawvere theories L and L' the countable Lawvere 

theory L (g) L', called the tensor product of L and L', is defined by the universal 

property of having maps of countable Lawvere theories from L and L' to L <g>L', with 

commutativity of all operations of L with respect to all operations of L', i.e. given 

/ : m —• n in L and / ' : m' —• n' in L', we demand commutativity of the diagram: 

, mxf . 
m x m *- m x n 

/xm' /xn' 

n x m! 77- n x n' 

As discussed in papers by Power [41] and Hyland et al [18, 19], we have the 

following results. 

Proposition 2.4.9. There is an extension of the tensor product <g> defined above to 

a symmetric monoidal structure on the category of countable Lawvere theories. 

Proposition 2.4.10. There is an equivalence of categories between Mod(L <g> L', C) 

and Mod(L,Mod(L',C)) . 
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Example 2.4.11 (NDJ j n ®P/ i n ) . The Lawvere theory NDy in(g)P/jn is generated by 

the operations and equations from ND^ i n and P / j n , in addition to equations allowing 

the operations from N D ^ n and P/in to commute with each other. 

Thus for each A G [0,1], we have the equation 

(A®XB)S{C®XD) = (ASC)®X(BBD). (®-Com) 

A 

The following is our result showing that the only models of the theory arising 

from the tensor product between the theory of nondeterministic choice NDy i n and 

the theory of probabilistic choice P/;„ must . 

Proposition 2.4.12. Mod(NDy i n ® P/in , Set) is equivalent to the category V-SLat. 

Proof: We begin with a series of four Lemmas. 

L e m m a 2.4.13. In the theory N D j i n ® P / i n we can derive the following equation. 

A®i B = ABB 
2 

Proof: We use the axioms of associativity, commutativity and idempotence defined 

for N D ^ „ and Pfin and the (<g>-Com) from N D ^ „ ® Pfin. 

AmB = {AmB)@i{AmB) (P-Idem) 

= {A EB B) 0 i (B B A) (ND-Com) 

= (A®iB)m(B@iA) (<8>-Com) 

= (A@iB)m(A®iB) (P-Com) 

= A®iB (ND-Idem) 

D 

L e m m a 2.4.14. In the theory NDJ i n <g> P/i„, the following inequalities hold, where 

the order is given by A < B B if and only if AS B = B. (I.e., <g is induced by the 

semilattice structure given by EBJ 

(a) A(Bx(AmB)<m(ASB), 
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(b) {AmB)®xB<m{AmB). 

Proof: It will be enough to show that A ®\ {A EB B) < a (AS B), since the second 

inequality follows by similar reasoning. 

(A®x(AmB))m(AmB) = (A®X(A®B))B((ABB)®X(ASB)) (P-Idem) 

= (A EB (A EB B)) ©A ((A EB B) ffl (A ffl £) ) (<g>-Com) 

= (A ffl 5 ) ©A (-^ EB B) (ND-Idem/Assoc) 

= ylEBB (P-Idem) 

Hence, A ©A (A EB 5) <g (A EB B) U 

The next two Lemmas illustrate the key "left absorbing" property of EB over ©A . 

L e m m a 2.4.15. In ND^ i n <g> P/j„, we can derive, for 0 < A < | , the equations 

A®x(AmB) = (AmB). 

Proof: 

A ©A (4 EB B) = (A ©2A (A EB 5)) ©i (.4 EB B) (P-Assoc, P-Idem) 

= (^©2 A(^EBfi))Efl(^ffl5) (Lemma 2.4.13) 

= (ABB) (Lemma 2.4.14) 

D 

L e m m a 2.4.16. In NDy in <g> P / j n , we can derive, for \ < A < 1, the equations 

A®x(AmB) = (AHB). 

Proof: 

Aex(AmB) = (A ©A A) ©A (A ffl B) (P-Idem) 

= A®X2(A®_^_(ASB)) (P-Assoc) 

= A®X2(AmB) ( 0 < ^ < f, Lemma 2.4.15) 

Since A2" —• 0 as n —• oo, there exists N G N such that A2 < | . Thus, 

A®X(ABB) = A®x2N(AmB) 

= A ffl (A EBB) (Lemma 2.4.15) 

= A ffl B (ND-Idem, ND-Assoc) 

• 
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It is easy to see that (S, V) 6 V-SLat is a model for N D j i n ® P/j„. Indeed, we 

define the probabilistic choice operators such that for all A 6 (0,1), ©A = EB = V. 

Conversely, suppose (X, EB, ©A ) is a model for NDj i T l ® P/m- We show that it 

must be the case that for all A 6 (0,1), ©A — EB. Indeed, we have that for A > | , 

A ©A B = A ©2A_i (A © i B) = A ffi2A_i (A ffl B) = A ffl B 

Similarly, for A < \. • 

2.4.3 The Distributive Tensor of Lawvere Theories 

In this last section, we present the most important way of combining theories for the 

purpose of this thesis. It combines Lawvere theories in such a way as to introduce the 

axioms necessary when combining the theory of probabilistic and nondeterministic 

choice: distributivity of the probabilistic choice operators over the nondeterministic 

one. In his paper Power [41] introduces the idea that any discrete Lawvere theory, 

which includes finite and countable Lawvere theories can be combined in this fashion. 

Definition 2.4.17. Given Lawvere theories L and L', the Lawvere theory L > L', 

called the distributive tensor of L over L', is defined by the universal property of 

having maps of Lawvere theories from L and L' to L > L' with all operations of L 

distributing over all operations of L', but not conversely; note the asymmetry. 

Remark 2.4.18. According to J. Power [41], it is possible to characterize the models 

of L > L' in the category C as the models of L in the category Mod(L', C). However, 

this is a complicated result which calls on operads and symmetric monoidal structure 

or more generally, multicategory structure of Mod(L', C), which is beyond the scope 

of this thesis. 

Definition 2.4.19 (Theory of Pfin > ND^ i n) . This Lawvere theory is generated by 

the operations from P/;„ and ND^ i n and their given equations in addition to the 

following equations stating that all the probabilistic choice operators distribute over 

the nondeterministic choice operator: 

(x ffl y) ©A z = (x ©A z) ffl (y ffiA z) (Dist). 

/ 
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Example 2.4.20. Given (C, +A ) a convex set, let Cvxfin(C) = the 

set of all finitely generated convex subsets of C (i.e., Cvxfin(C) = 

{conv(^) C(C,+x)\Ae V*fin[C)}). Then, (Cvxfin(C),m, ©A), is a model for 

Pfin > N D j i n , where conv(yl) ©A conv(B) = conv({a+A6| a € A 6 G 5}) and 

conv(j4) EB conv(B) = conv(AU B). We show that this structure is indeed a free 

model in Section 3.3.2. A 

Remark 2.4.21. Plotkin has a result (perhaps unpublished) that the theory of com­

bining ND^ i n and P/j„ in which each distributes over the other is the theory of 

bi-semilattices. (I.e., both operations are semilattice operations). 



Chapter 3 

Combining Theories 

3.1 Theories of Probabilistic Choice 

In this section we present two theories for probabilistic choice. The first theory 

we discuss is P/»n, the finite Lawvere theory for probabilistic choice where only fi­

nite probabilistic combinations are considered. The second theory P , is a countable 

Lawvere theory for probabilistic choice allowing for countably infinite combinations of 

terms. We will denote a probabilistic combination between terms A and B, as A ©A B, 

which will intuitively signify that the "process" it represents will choose term A with 

probability A and term B with probability (1 — A). 

Definition 3.1.1 (Finite Probabilistic Choice). The finite Lawvere theory of prob­

abilistic choice, Pfin, is the theory freely generated from an uncountable number 

of binary operations ©A : 2 —> 1, where A G (0,1), satisfying the following axioms: 

(P-Assoc) (A ®Al B) ©A2 C = A ©AlA2 (B ©q-A^, C); 

(P-Com) A®XB = B 8 I - A 4 ; 

(P-Idem) A®XA = A; 

R e m a r k 3.1.2. In P/m, we will denote the left projection -KL '• 2 —> 1 and the 

right projection ITR : 2 —> 1 as ©i and ©o, respectively. One can easily verify 

that by taking A!,A2,A G [0,1], all the equations in Pfin still hold, except for (P-

Assoc) when Ai = A2 = 1. In fact, ©i and ©o are the only probabilistic choice 

44 
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operators which are associative on the nose (i.e., (A ©i B) ©i C = A ©i (B ©i C) and 

(A ®oB)®0C = A ©o {B ©0 C)). 

Suppose we wish to capture the following situation: For n terms A\,Ai,..., A„, 

we want that for 1 < i < n, that the term J4J occurs with probability A». We shall 

denote this situation by (+) As. However, there will be restrictions as to which 

sequences of the form (Aj)™=1 will be permitted. The sequences that will satisfy the 

required properties are called probability densities. 

Definition 3.1.3 (Probabilistic Density). 

(a) A probability density, (A;)/, is a countable sequence of elements in the in­

terval (0,1] such that ^ieI A, = 1. We will denote the set of all probability 

densities by Pint. 

(b) A probability density, (A*)/ £ Pwt, is said to be finite, if / is a finite indexing 

set. We will denote the subset of all finite probability densities by Pwtfin C 

Pwt. 

Definition 3.1.4 (Countable Probabilistic Choice). The countable Lawvere theory of 

probabilistic choice, P, is the theory freely generated from an uncountable number 

of operations of the form £ft : \I\ —> 1, where / is a countable indexing set and 

(Aj)jr € Pwt, satisfying the following axioms: 

(P-Axl) 0 ( A i ) / * = 0 ( 0 A f c ) , w i t h { K ' i | j e 7 } a p a r t i t i o n o f / > 
0 Afc 

(P"Ax2) ®(X,,A = A 

Pi = J2 ^k and uk = 
keKj Pj 

Remark 3.1.5. In the case of finite probabilistic combinations we can recover the 

finite axioms. We can derive (P-Assoc) and (P-Com) from ternary and binary in­

stances of (P-Axl) respectively. Moreover, we can derive (P-Idem) as a consequence 

of the binary instance of (P-Ax2). 
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3.1.1 Probabilistic Model Categories in Set 

For each set theoretical model category for the theories of probabilistic choice, we shall 

recall its associated monad. First, we begin with some minor technical definitions. 

Definition 3.1.6 (Distributions/Support). Let X be an arbitrary set. 

(a) A function d : X —• [0,1] is called a distribution over X. A distribution 

d : X —> [0,1] is said to be probabilistic if the sum of its images is equal to 1 

(i.e., d(X) = J2x€Xd(x) = l). 

(b) The support of d, denoted supp(d), is the set of elements in X which are 

mapped to nonzero numbers. Thus, for a distribution d : X —> [0,1], supp(d) = 

{x e X \ d(x) 7̂  0}. A distribution, d : X —• [0,1], is said to be finite, if it has 

a finite support (i.e \supp(d)\ < oo). 

(c) For an element x 6 X, the Dirac distribution over x, denoted by 

5X : X —> [0,1], is the finite probabilistic distribution whose support is the sin­

gleton {x}. Therefore, for any x' € X, 

x / '\ / l i f x = x'' 
S'ix) = \0 els. 

Proposition 3.1.7. Any discrete distribution over X can be written as a convex com­

bination of Dirac distributions over elements of its support. In other words, suppose 

we are given a distribution d : X —> [0,1] such that supp(d) = {.Tj G X | i € / } with I 

a countable indexing set, then d = ^2,ieid{x)5Xi. 

Definition 3.1.8 (Probabilistic Distributions Monad). The probabilistic distri­

butions monad, D = (D, 77, /j,) : Set, is given as follows: 

(a) The probabilistic distributions functor T> : Set —>• Set, 

(i) On objects: For X G Set, 

V(X) = {d : X -» [0,1] I d(X) = 1} . 



CHAPTER 3. COMBINING THEORIES 47 

(ii) On morphisms: For / : X —> X' £ Set and d £ V(X) such that 

d = J2iei^xi, 

Vf(d) = df = J2Xi6f(xi) 

(b) The unit transformation, 77 : lset =>• £*, is defined to be the Dirac distribution 

transformation. For each X £ Set, we define rjx as follows: 

nx: X - Z>pO 

x i—• # x 

(c) The multiplication transformation, fi : T>2 =^ V, is defined to be the distri­

butions flattening transformation. For each X £ Set and D : T>(X) —» 

[0,1] G P 2 (X) , we define yux(£>) as follows: 

d£supp(.D) 

Definition 3.1.9 (Finite Probabilistic Distributions Monad). The finite proba­

bilistic distributions monad B/jn = (T>fin,r],[i) : Set, is defined as follows: 

(a) The finite probabilistic distributions functor T>^n : Set —* Set, 

(i) On objects: For X £ Set, 

Vfin{X) = {d:X^ [0,1] | d(X) = 1 and d is finite} . 

(ii) On morphisms: For / : X -> X' £ Set and d £ V(X) such that 

d = A I & E J + Xz&x?. + • • • + ^n&xni 

T^finf{d) = df = Ai<5f(xi) + A25/(X2) 4 - . . . + K&f(Xn) 

(b) The monad transformations, rj and (j,, are defined in the same way as shown for 

the probabilistic distribution monad. 

Theorem 3.1.10. 

(a) The algebra category D-Alg is equivalent to the model category Mod(P, Set). 
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(b) The algebra category B^n-Alg is equivalent to the model category 

Mod(P / i n ,Se t ) . 

Proof: We shall prove the first assertion Mod(P, Set) = D-Alg. We construct two 

inverse functors T : Mod(P, Set) - • D-Alg and Q : D-Alg -> Mod(P, Set): 

(a) We begin by defining the functor T : Mod(P, Set) -> D-Alg: 

T\ Mod(P,Set) - • D-Alg 

( C , E M l ) ~ (C,a*:V(C)^C) 

For d £ D(C), we define and show that it satisfies the 

required equations. 

(i) For D G V2{C), 

a*oVa*(D) = a*( J2 D(d)-^(d)) 

d£supp(D) 

d£supp(D) 

= y (Y x) 
^—'(-D(<0)«IPP(£>) z — ' ( d ( x ) ) s u p p W 

^—~'{D{d))supp{D) ^-—'{d{x))SvppW 

= a* o /j,c(D) 

(ii) For x EC, 

a*orjC(x) = a*(5x) 

= x 

Finally, we also verify that for any / : (C, T j ) —> ( C , T J ), then 
{K)i v

 ^ M J 
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J7/ = f is also an algebra map. Let d = Yli&i \&xt S 2?(C)-

(a'yoVf(d) = (a')*(df) 

= Y' /fa) 
= f(Y xi) 

= /(«*(<*)) 

= foa*(d) 

(b) Next we define the functor Q : D-Alg -> M o d ( P , Set): 

Q: B-Alg - • M o d ( P , S e t ) 

(X, a : 2>(X) - X) -» (X, £ ^ ) 

I9 I9 

(X',a>:V(X')^X>) „ (X\ J^Xi)) 

For a countable family (xi)j G X and a probability density (A,)/, we define the 

X{ as follows: 

These operations are well-defined and satisfy the axioms for probabilistic choice 

due to the equations satisfied by a and the probabilistic choice operator A H 

denned on V(X). 

(i) The operators satisfy the axiom (P-Axl). Consider a probability density 

(Aj)/ G Pwt, for any partition {Kj \ j G J} of / , a probability density 

(pj)j and a family of probability densities {yk]Kj such that pj = ^2 Xk 
keKj 

Afc 
and i/k = —• We have that 

Pi 
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= a o^(0 (^.)/(©^)K,^)) 

(ii) The operators satisfy the axiom (P-Ax2). 

= X 

Remark 3.1.11. In what follows, we will need to prove similar results con­

cerning operators generated for functors between different algebra categories 

and model categories. In future cases, we will omit the above justifications 

since they can be derived through easy modifications. 

Moreover, we show that Qg = g is a morphism in Mod(P, Set). Given any 

g : (X, a) —> (X\ a'), a countable family (xi)i€i in X and a probability density 

(Aj)/, then 

«(£;„*<) = »w©M>» 

= <*'<©<„>>) 

(c) Finally, we verify that the two functors are inverses. 
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(i) gop = i 

We can verify that (C, Y~] ) = (C, \~] )> since for a countable family 

{%i)iei S C and a probability density (Ai)j-, 

E L * = a*( ©«.,.««> '(A;), x v a ^ ( A i ) / 

'(A<)z ^ M z ^ 

(ii) j r o g = i 

*—'{Ai)l 

However, a = a* since ior d E V(X) 

/(d(a=))s«PP(d) 

a(cQ 

a'M = j r . . x 

a 

3.1.2 Probabilistic Model Categories in Poset 

The probabilistic algebra functor over partially ordered sets is a particular case of the 

probabilistic powerdomain described in depth in Claire Jones' thesis [20]. 

Definition 3.1.12 (Probabilistic Algebra Monad). The probabilistic algebra 

monad, V = (V, r), /J.) : Poset, is given as follows: 

(a) The probabilistic algebra functor V : Poset —• Poset, 
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(i) On objects: For (X, (Z) e Poset , 

V((X, C)) = ({d : X -> [0,1] | d p O = 1, d is finite} , r<). 

The order structure •< is called the distributions order over (X, C). For 

<i,rf'eV(l), 

d^d' «=» (vye^n(x)KTcF)<a!'(Tcn> 

where | c V denotes the set of all elements in X which are greater than 

some element in Y (i.e., ^QY = {x E X \ By £ Y, y C. x}). 

(ii) On morphisms: For / : (X Q -> (X', C') e Poset and d e V(X), 

Vf{d) = dfUY,{d{x))5m 
x€X 

(b) The unit transformation, r\ : lpOSet =^ V, is defined to be the Dirac distribution 

map for each (X, C.) e Poset. 

(c) The multiplication transformation, // : V2 => V, is defined to be the probabilistic 

distributions flattening map for each (X, C.) £ Poset. In truth the probabilistic 

distributions flattening map here can be interpreted as an integration. 

Theorem 3.1.13. The algebra category V-Alg is equivalent to the model category 

Mod(P / i n , Poset) . 

Proof: We show that the functors defined in the proof of theorem 3.1.10, can be 

extended to prove the above statement. 

(a) Given the functor F as defined previously, we extend its definition on objects 

by: 

HikC, £ ), Q) = ((C, Q, a* : V((C, Q) - (C, Q). 

It remains to show that a* preserves the distributions order over (C, C) (i.e., 

if d,d' G V((C, Q ) such that d < d', then a*(d) C a*(d')). This arises as a 

consequence of the Splitting Lemma presented in Jones' thesis [20], applied to 

convex combinations. 
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Theorem 3.1.14 (Claire Jones, [20]). For two distributions d = Ylx&xi^)^ 

and d' = Yly&(Py)^v su°h that d, d' G V((C, Q ) , then the following are equiv­

alent 

(i) d^d' 

(ii) There exists non-negative real numbers (tx,y)xe.x,yeY such that 

* {VxeX)52yeYtx,y = \x 

* (Vy G Y) E x e x **,» = Py 

(for the general case of linear combinations (where we do not require 

that the sum of the coefficients is 1) we must relax this condition so 

that ^2xeX tXiV < py) 

* (Vx e X, y e Y) Iftx,y ^ 0 then xQy. 

(b) Given the functor Q as defined previously, we extend its definition on objects 

such that 

G(((C,Q),a)) = ((C,+a
x),Q 

It remains to show that the order preserves the convex combinations (i.e if 

x\ C. x[ and X2 Q x2, then x\ +" X2 Q x[ + ° x'2). 

xi C x[ and x2 C x'2 =>• SXl ©A O~X2 ^ $x'1 ©A ?>X'2 

=> <*(8X1 ©A SX2) C a{8x>x ®x Sx'2) 

=> x\ + A
 x2 E x[ + J x2 

(c) The maps are inverses by similar reasoning to the proof of Theorem 3.1.10. 

• 

3.2 Theories for Nondeterministic Choice 

There are many variants in considering the semantic behavior of a nondeterministic 

choice theory. The most widely used viewpoint is to consider it as an environmen­

tally influenced schema of possible next states. In other words, the nondeterministic 
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choice between two terms, represents the processes' capacity of evolving as either one 

of its terms, which term is chosen depends on the environment's present needs. Prom 

this viewpoint, the choice structure admits a unit element, a process which has no 

possible next states called the nil process, denoted by 0. Thus, having no possible 

next states, the nil process cannot be influenced by the demands made by the en­

vironment. Therefore, taking the nondeterministic sum between the nil process and 

any other process A is indistinguishable from the process A under any action taken 

by the environment (no matter what the environment tries to do it will never know 

the difference between the process A + 0 and A). We will call this viewpoint on 

nondeterminism as the external N D choice and define its Lawvere theory as follows. 

Definition 3.2.1 (External N D Theory). The finite Lawvere theory of external 

nondeterministic choice, N D , is the theory freely generated by a miliary operation 

0 : 0 —> 1 and a binary operation + : 2 —> 1 satisfying the axioms: 

(+-Assoc) (A + B) + C = A + (B + C)\ (+-Idem) A + A = A; 

(+-Com) A + B = B + A; (Unit) A + 0 = A. 

However, since we are interested in combining probabilistic choice and nondeter­

ministic choice, the theory of external N D choice is not an adequate interpretation 

for nondeterminism in our framework. Prom our viewpoint, we consider nondeter­

ministic choice to be governed by an internal random scheduler (a separate entity 

which chooses the evolution between two processes). Hence, given such an internal 

N D choice between two states, the process will appear to randomly choose between 

the two independently of the environment's needs. If such a theory would have a unit, 

say the process U, then this would imply that the evolution of the process AS U 

must be equivalent to the process A. However, in this framework ABU may progress 

without any exterior influence as either A or U, implying that A must be equivalent 

to U. Therefore, the alleged unit would have to be equivalent to every process A in 

the model, which may arise in a system where each process already had the behavior 

of the unit as a required behavior (i.e., for any process A, A always has the option 

to terminate the program). This would mean that any process would already be pre­

disposed to possibly behave as the unit. This is not a reasonable structure for our 
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framework, since any structure has at most one identity we would have to consider 

processes which share a common behavior to allow for a unit. Therefore, we define a 

second nondeterministic theory, the internal N D theory, which does not require the 

existence of a unit. 

Definition 3.2.2 (Internal N D Theory). The finite Lawvere theory for internal 

nondeterministic choice, ND£ in, is the theory freely generated by a binary oper­

ation EB : 2 —> 1 satisfying the axioms: 

(EE-Assoc) (AmB)mC = Am(BmC); (EB-Idem) ABA = A\ 

(ffl-Com) A EB B = B ffl A. 

It is also interesting to consider a theory of nondeterminism which allows for in-

finitary nondeterministic sums. As pointed out by Mislove [30], many program speci­

fication languages could do well to have this capability. It would allow the possibility 

to specify processes whose behavior differs depending on allowing an infinite number 

of inputs, such as natural numbers. That is, from the input the environment has an 

infinite number of possible inputs. Unbounded nondeterminism is also fundamental 

in obtaining proper refinement operators between models for Timed CSP [43, 44] and 

corresponding models for untimed CSP [8], for example. Indeed, to refine the process 

which, in an untimed setting is willing to do an action a and then normally terminate, 

one must distinguish between the process in the timed setting which can do an a at 

any given time (and hence, can postpone doing the a for an arbitrary amount of time) 

from the process which also could postpone doing the a for all time. 

There are other reasons we will define an infinite theory for nondeterminism. For 

one, the free mixed choice models over nondeterministic models with uncountable 

nondeterministic choice operators have a simpler presentation and a greater degree of 

generality than their finite counterparts. Second, let A EB B denote nondeterministic 

choice between A and B and for A G [0,1], let A ®\ B denote the probabilistic choice 

operator which evaluates to A with probability A and evaluates to B with probability 

1 — A. In our framework, the nondeterministic choice between terms A and B can 

be interpreted as the probabilistic choice of indeterminate weight of the constituents. 

This viewpoint is the same as the one proposed by Mislove [31] and also Tix [49] in 
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their approach to creating a mixed choice theory. However, our use of uncountable 

nondeterministic choice operators is a new feature allowing us to express the above 

interpretation of nondeterminism formally as AS B = -j-j (A(B\B). This is an 
Ae[o,i] 

equation derivable from our axioms denning a mixed choice theory. 

Definition 3.2.3 (Infinite N D Theory). The theory for infinite nondeterministic 

choice, ND*, is the theory freely generated by ND-operators (ND-Ops) of the 

form - - : \W\ —> 1, where W is an arbitrary non-empty indexing set, satisfying the 
w€W 

axioms: 

(E2 -Axl) [J] A« = EB (EB A), where {Vu | u e U} is a partition of W; 
w£W u€U v€Vu 

(Eg -Ax2) [J] A = A. 
weW 

3.2.1 Nondeterministic Model Categories in Set 

We recall the usual monads which correspond to the set theoretical models for the 

various nondeterministic theories. 

Definition 3.2.4 (Powerset Monad). The powerset monad, P = (P, 77,//) : Set, is 

given as follows: 

(a) The powerset functor V : Set —> Set, 

(i) On objects: For X e Set, 

V{X) = {Y\Y <ZX}. 

(ii) On morphisms: For / : X -» X' e Set and Y G V(X), 

Pf(Y) = f[Y] := {f(y) \yeY}. 

(b) The the unit transformation, 77 : lset =^ V, is defined to be the singleton map. 

For each X € Set, we define r]x as follows: 

Vx: X - V{X) 

x 1—> {x} 
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(c) The multiplication transformation, \i : V2 =£• V, is denned to be the big union 

map. For each X E Set, we define /j,x as follows: 

fix: V\X) - V(X) 

y ^ \JY 

Below we define the functor part of the monads associated to the set theoretical 

model categories for the remaining variants of nondeterministic choice. In each case, 

the remaining monad structure is the singleton transformation (unit) and the big 

union transformation (multiplication). These are all variants of the usual covariant 

powerset functor (whose action on maps is direct image.) 

Definition 3.2.5 (Variants of Powerset Monad). 

(a) Finite Powerset Monad: P / i n = (Vfin, n, //) : Set. 

For X e Set, V}in{X) = {Y \ Y Cfin X}, where Y Cfin X denotes that Y is a 

finite subset of X. 

(b) Nonempty Powerset Monad: P*= (V,ri,n) : Set. 

For X E Set, V*{X) = {Y \ Y C X, Y ^ 0}. 

(c) Finite Nonempty Powerset Monad: F*fin = (Pjfin,»/,//) : Set. 

For X e Set, V*fin(X) = {Y \Y Cfin X, Y ± 0}. 

Theorem 3.2.6. We have the following equivalence of categories. 

(a) The algebra category P*-Alg is equivalent to the model category 

Mod(ND*,Set) . 

(b) The algebra category Px in-Alg is equivalent to the model category 

Mod(ND} i n ,Set ) . 

(c) The algebra category Pji„-Alg is equivalent to the model category 

Mod(ND,Se t ) . 

Proof: We shall prove the first assertion, P*-Alg = Mod(ND*, Set), by constructing 

two inverse functors: 
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(a) We define a functor T : Mod(ND*, Set) - • P*-Alg. 

T: Mod(ND*,Set) -»• P*-Alg 

(S,\J) , - (S,a*:V*(S)^S) 

if >-» if 

(S',V) - (5, («')* : V*(S') - 5) 

For T G V*(S), we define a*(T) = \/teTt and show that it satisfies the required 

equations. 

(i) For y e (V*)2(S), 

a*oV*a\y) = a*({a*(Y)\Y ey}) 

Yey 

= V » 
y&JveyY 

= a*(UYeyY) 

= a*ofis(y) 

(ii) For seS, 

a*or]S(s) = a*({s}) 

= s 

Finally, we also verify that for any / : (S, \J) —»• (5", V')> then -̂ "Z = / is also 

an algebra map. Suppose we are given T 6 V*{S). 

(c/r OP*/(T) = (cO*(/[T]) 

= /(V*) 
= /KCH) 
= / o o ' ( T ) 
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(b) We define a functor Q : Mod(ND*, Set) -» P-Alg. 

g : P*-Alg - • Mod(ND*, Set) 

(X,a) -> (X,V a ) 

I9 I9 

(X>,a>) » (X' ,V a ' ) 

For an arbitrary nonempty subset Y of X, we define the operator \Ja as follows: 

\Jay = a(Y). 

These operations are well-defined and satisfy the axioms for nondeterministic 

choice due to the equations satisfied by a and the nondeterministic choice op­

erator \] defined on V*(X). Moreover, we show that Qg = g is a morphism in 

Mod(ND*, Set). Given any g : (X, a) —• (X1, a') and a nonempty subset Y of 

S we have that 

g(\Jay) = QWY)) 
y&r 

= a'(V*g(Y)) 

= c!W\) 

= V 9(y) 
y& 

(c) Finally, we verify that the two functors are inverses. 

(i) Q o T = 1 

GoT{S,\J) = G((S,a*)) 

- (*,VQ*) 
We can verify that (S, \/) = (S, \/a ), since for a nonempty subset T of S, 

\j"*t = a*(T) 

= V ' 
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(ii) fog = i 

Tog((X,a)) = T((X,\/a)) 

= (X,a*) 

However, a = a* since for a nonempty subset T of S, 

a*(T) = \J°t 

= <*(T) 

a 

3.2.2 Nondeterministic Model Categories in Poset 

By extending the underlying category from Set to Poset, we shall be able to inter­

pret two additional nondeterministic theories. They arise by considering the possible 

orderings between a term A and a nondeterministic combination of terms containing 

A. The first theory is NDy i n and is the theory which best describes "what actually 

happens". The second and third theories differ only by the addition of an inequality 

axiom and are dual to one another. The second viewpoint (cf. Plotkin [37]) is to 

consider a term A to contain less information than any nondeterministic combination 

containing it; this viewpoint is useful in dealing with partial correctness properties 

and is given by the theory below. 

Definition 3.2.7 (Lower (Hoare) N D Theory). The finite Lawvere theory for lower 

nondeterministic choice, H/ j n , is obtained by considering the theory N D L , with 

the following extra axiom: 

(H) A < A ffl B 

The third viewpoint presented by Plotkin [37] and streamlined by Smyth [48], is 

the dual to the second, wherein we deem the term A to be more precise than any 

nondeterministic combination containing it. This viewpoint is useful in dealing with 

total correctness properties. We shall define the theory below. 
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Definition 3.2.8 (Upper (Smyth) N D Theory). The finite Lawvere theory for upper 

nondeterministic choice, S/ in, is obtained by considering the theory N D j i n , with 

the following extra axiom: 

(S) A > A GB B 

Given the three viewpoints on nondeterministic theories we shall construct the 

three monads which are associated with their respective posetal model categories. 

In order to define the convex (Plotkin) algebra functor, we require the following 

notions. 

Definition 3.2.9 (Order Convex). Suppose we are given a poset (X, C), a subset Y 

of X is said to be order-convex if it satisfies the following property: 

(V.T E X, ylt y2 e Y)yx QxQy2=>x£Y. 

Proposition 3.2.10. Order-convex sets are closed under arbitrary intersections. In 

other words, given an arbitrary family of order-convex sets (Yw)w&w their intersection 

fltoew Yw is order-convex. 

Definition 3.2.11 (Order-Convex Closure). Suppose we are given the poset (X, C.) 

and M a subset X, the order-convex closure of M in 1 , denoted by M, is the 

smallest order-convex subset of X which contains M. 

Note that Proposition 3.2.10 implies the order-convex closure of a set is non-empty 

and well-defined. 

Definition 3.2.12 (Convex Algebra Monad). The convex algebra monad, P = 

(V, n, fj.) : Poset, is given as follows: 

(a) The convex algebra functor V : Poset —> Poset, 

(i) On objects: For (X, Q E Poset, 

V((X,Q) = ((P(X),U),QEM) 

(1) V(X) is the set of all order-convex closures under C of finitely gen­

erated subsets of (X, Q (i.e P(X) = {Y\ Y e V*fin(X)}, where F is 

the smallest order-convex set containing Y). 
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(2) U is union closed under order-convexity (i.e., Y\ U Yi = (Y\ U Y2)). 

(3) QEM is the Egli-Milner order over (X, C). 

F o r l T , ^ e P ( X ) , IT QEM ^ ^ I K j C l ^ a n d T ^ C t y i . 

Recall that [ A = {x E X \3a E A, x C. a}, is the lower set of A 

in (X, Q and 1A = {x £ X \3a £ A, aQ x}, is the upper set of 

A in (X,C). 

(ii) On morphisms: Given the morphism / : (X, C) —• (X', C') e Poset 

and 7 eV(X), then 

^/(F) = (TIF])-

(b) The the unit transformation, r\ : lpOSet =^ P , is defined to be the singleton map 

for each (X, C.) £ Poset. 

V(X,Q: (X,Q - V((X,Q) 

x i—»• { x } 

(c) The multiplication transformation, fj, : V2 => V, is defined to be the order-

convex closure of the big union map for each (X, C) e Poset. 

M(*p: ?*((*,£)) - ?((* .Q) 
3? - (UK) 

Yey 

Definition 3.2.13 (Lower (Hoare) Nondeterministic Algebra Monad). The lower 

N D algebra monad, H = (H, rj, //) : Poset, is given as follows: 

(a) The lower N D algebra functor H : Poset —> Poset, 

(i) On objects: Given (X, C.) £ Poset, 

H((X,Q)) = ((H(X),U),Q. 

We define T~t(X) as the set of all lower sets of finitely generated subsets of 

(A- .p (Le H{X) = {IY \Y £ V*fin(X)}). 
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(ii) On morphisms: For / : (X, Q -> (X', C') G Poset, and 1 ^ 6 H(X), 

HfacY) = l*(f\Y]) 

(b) The the unit transformation, rj : lpOSet =>• H, is defined to be the downwards 

closed singleton map for each (X, C.) G Poset. 

X H-> | { x } 

(c) The multiplication transformation, // : H2 => H, is defined to be the down­

wards closed big union map for each (X, C) G Poset. 

Hx,Q- ^ 2 ( ( ^ P ) - «((*,£)) 

Definition 3.2.14 (Upper (Smyth) Nondeterministic Algebra Monad). The upper 

N D algebra monad, § = (<S, r),ii) : Poset, is given as follows: 

(a) The upper N D algebra functor S : Poset —> Poset, 

(i) On objects: Given (X, C.) G Poset, 

S((X,Q) = ((S(X),U),D). 

We define S(X) as the set of all upper sets of finitely generated subsets of 

(X,0)(i.eS(X) = {lY\YGP*fin(X)}). 

(ii) On morphisms: For / : (X, Q -» (X', C') G Poset, and T c ^ S <S(X), 

«S/(TE50 = TE ' ( /M) 

(b) The the unit transformation, 77 : lpOSet =^ S, is defined to be the upwards 

closed singleton map for each (X, C) G Poset. 

V{X,Q: (X,Q - <S((X,Q) 

x i—• T l ^ } 
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(c) The multiplication transformation, \x : S2 =4> <S, is defined to be the upwards 

closed big union map for each (X, C.) e Poset. 

M ( x , p : S2((X,Q) -+ S((X,Q) 

hy ~ Tc( |J Y) 

Theorem 3.2.15. 

(a) The algebra category P-Alg is equivalent to Mod(NDj i n , Poset). 

(b) The algebra category H-Alg is equivalent to M.od(H.fin, Poset). 

(c) The algebra category S-Alg is equivalent to Mod(S/j„, Poset). 

Proof: We shall prove the first assertion P-Alg = Mod(NDj i n , Poset), since the 

second and third results follow using straightforward modifications. 

(a) We define a functor T : Mod(ND} i n , Poset) -» P-Alg. 

T\ Mod(ND} i n , Poset) -» P-Alg 

( ( 5 , V ) , p _> ( ( 5 , p , a * : P ( ( 5 , p ) - ( 5 , p ) 

((s\ v'), E') ~ as1, a\ («')*: vas\ a)) - (5', EO) 
For V G T((S, C)), we define the algebra structure map by a*(y) = \fy€yy 

and verify that it is well-defined morphism in Poset and that it satisfies the 

required equations. 

(i) well-defined morphism in Poset. Suppose that Y = W e V(X), we 

have that 

y e Y => y eW 

=> (3uii,w2 S W)wi Qy Qw2 

=> a*(W) C y V a*(W) C a*(TF) 

=• 2/ V e**(W) = a*(W) 

Thus, we have that a*{Y)\/a*(W) = a*(W). Similarly, we obtain a*(Y) V 

a*(PF) = a*(Y), which implies that a*(PF) = a*(Y). 
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(ii) a* is a Poset morphism. Suppose Y QEM W, we have that (Vy G 

Y)(3wy G W)y C ^ (since | 7 C j W ) and (Vw G W)(3yw G y)yw E w 

(since T VK C T Y). Thus, a*(F) C V y ey % a n d V „ e W ^ E a* (F ) , which 

implies that a*(Y) C a*(W). 

(hi) The equation a* o Pa* = a* o/j,x holds. For 3> G 7>2p0, 

a*o^a*(5;) = a* (a* [y]) 

= V » 

= a* o/iX(;y) 

(iv) The equation a o r\x — 1 holds. For x G X, 

a*o?7X(a;) = «*(-{>}) 

= x 

Finally, we also verify that for any / : ((S, V), Q - • ((5', V), £')> then J"/ = / 

is also an algebra map. Let Y G V(X). 

{a'ToVf{Y) = {a'yiW]) 

= \f'f(y) 
y€Y 

= f(\/y) 
yeY 

= /(a*(F)) 
= foa*(Y) 

(b) We define a functor 0 : P-Alg -»• Mod(ND} i n , Poset). 

Q : P-Alg - • Mod(ND} i n , Poset) 

((X,Q,a) , - ((X,\r),Q) 

I9 I9 

((X>,Q'),a>) ~ ((X\V"'),Q') 



CHAPTER 3. COMBINING THEORIES 66 

For a elements Xi,x2 G X, we define the operator Va as follows: 

Xl\J
a x2 = a({x1,x2}). 

This operation is well-defined and satisfies the axioms for nondeterministic 

choice due to the equations satisfied by a and the properties of order-convex 

closures. Moreover, we show that Qg = g is a morphism in Mod(ND*, Poset). 

Given any g : (X, a) —• (X1, a') and elements xi, x2 E X, then 

g(x1W
ax2) = g(a({xi,x2})) 

= a/iVgttxuXi})) 

= o/({g(Xl),g(x2)}) 

= 5(^i) Va' g(x2) 

(c) Finally, we verify that the two functors are inverses, 

(i) Q o T = 1 

goF((S,V),Q = G(((S,Q,a*)) 

= ((S,V**),Q 

We can verify that ((5, V), Q = ((5, V**), Q , since for any elements 

£1,0:2 G S* 

i i Va* i 2 = a*({xi,x2}) 

= .Tl V X2 

(ii) j r o g? = 1 

ToG(((X,Q,a)) = ^ ( ( ( X , V Q ) , p ) 

= ((*,£),<**) 

However, a = a* since for F G V(X) 

yeY 

= a(Y) 

• 
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3.3 Theories for Mixed Choice 

3 . 3 . 1 A x i o m a t i z i n g M i x e d C h o i c e 

The goal of this section is to construct a suitable axiomatization for a theory which 

admits both a nondeterministic choice and a probabilistic choice operator. Clearly, 

the axioms from both N D j i n and P / i n must be found in any such theory for mixed 

choice. Next we discuss possible axioms capturing the interaction between these 

operations. Let us consider the following possible distributivity axioms: 

(Dist) (ASB)@XC = (A®XC)B(B®XC); 

(Dist') (A®\B)mC = (A ffl C) ©A (B BB C). 

If we examine (Dist') in the presence of (El-Idem), 

{A®XB) = (A®xB)m(A®xB) 

= (A®(A®xB))®x(Bm(A®xB)) 

= ((A ffl A) ©A (A E B)) ©A ( (£ ffl A) ©A {B ffl B)) 

= A®X2(B®a-X)2 (ABB)) 

In particular we get the equation: 

(A®iB) = A®i{B®i(ABB)) (1) 

The above derived equation (1), shows that the presence of (Dist') skews the proba­

bilistic choices in a process. Since we interpret (A ©A B) as a process which chooses 

A with probability A and B with probability 1 — A, and interpret A ffl B as a process 

which randomly chooses between A and B, we get that the left hand side of the above 

equation chooses the process A with probability | . However, the right hand side may 

choose the process A with probability between | and | , depending on the choice of 

the random scheduler for A El B. Thus, (Dist') is not a desirable axiom for mixed 

choice, agreeing with [33]. 

On the other hand the presence of both (Dist) and (P-Idem) leads to the following 
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derived equation: 

ABB = (A ffl B) ®x (A ffl B) 

= (A®x(AmB))m(B®x(AmB)) 

= ((A ®A A) ffl (A ©A B)) ffl ({B ©A A) ffl (B ffiA 5 ) ) 

= (AmB)m(A®xB)B{B®xA) 

Which in particular, thanks to the idempotency of ffl, gives rise to the equation 

{Am B)m(A®xB) = Am B. 

The derived equation (A ffl B) ffl (A ©A B) = A ffl B captures our intuitive inter­

pretation of the necessary behavior of the N D operator ffl in the presence of the P 

operators ©A ; in essence A ffl B represents a process which can behave as A ©A B for 

any weight A € [0,1]. Thus, this derived equation does not lead to any behavioral 

conflicts between the operations. Intuitively, we shall consider the nondeterministic 

choice between A and B as the infinite nondeterministic sum over A € [0,1] of all 

possible probabilistic choices between A and B (i.e A ffl B = [J] (A ©A B)) even 
Ae[o,i] 

in theories limited to finite nondeterministic combinations, which is consistent with 

general belief. Thus, we will choose (Dist) as our axiom of interaction for mixed 

choice, as do Mislove et al [33]. 

Definition 3.3.1 (Finite Mixed Choice). The finite Lawvere theory of mixed choice, 

MC/jn, is the theory freely generated from the binary probabilistic choice operators, 

©A : 2 —> 1, and the binary nondeterministic choice operator, ffl : 2 —• 1, satisfying 

(P-Assoc), (P-Com), (P-Idem),(ffl-Assoc), (ffl-Com), (ffl-Idem) and 

(Dist) {Ax ffl A2) ©A A3 = (Ai ©A A3) ffl (A2 ©A A3) 

When considering a mixed choice theory which includes infinite nondeterministic 

choice operators (i.e., nondeterministic choice operators which allow infinitely many 

inputs) we can formally derive the equation which captures out intuition (i.e., A EB B = 

p-p-) (A(B\B)). We define below a theory for mixed choice which allows for infinite 

nondeterministic choice operators and countably infinite probabilistic operations. 
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Mod(P / i n ,Set) 

Mod(MC / # l , Set) 

Set 

Figure 5: Mixed Choice Factored Through Probabilistic Choice 

Definition 3.3.2 (Mixed Choice). The theory of mixed choice, MC, is the theory 

freely generated from the probabilistic choice operators, £ft : \I\ —> 1 and the 

nondeterministic choice operators, 

Axl), ([J] -Ax2), and 

Mi 

w&V 

: \W\ -> 1, satisfying (P-Axl), (P-Ax2),(g] 

(Distoo) 0 ( ffl Aw) = 
wZYlj Wi 

(®(\ATAvtW) (Ai)7 

3.3.2 Mixed Choice Model Categories in Set 

In what follows, we describe the standard development in the literature of the mixed 

choice monad. This monad freely constructs set theoretical models for mixed choice. 

The method is based on following the left hand branch in Figure 5, the corresponding 

functors will be denned later in this section. 

The main idea in constructing free mixed choice models over an arbitrary set X 

consists of finding its free probabilistic model and then freely adjoining an appro­

priately distributive nondeterministic choice operator to the free probabilistic model. 

The construction of the free probabilistic model over X is discussed in Section 3.1.1 

and corresponded to the probabilistic distributions monad D^„. Therefore, our first 

objective is to define a construction which adjoins an appropriately distributive non-

deterministic choice operator to any given model of probabilistic choice. Hence, we 

develop the convex powerset functor which generates the left adjunction illustrated 

in the top-left corner of Figure 5. Our motivations regarding the use of the convex 

powerset functor will be based on similar observations and arguments presented in 
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Plotkin's Pisa Notes, [40], when motivating the construction of the Plotkin Powerdo-

main. 

It is known that for an arbitrary set X G Set, we capture the behavior of nonde-

terministic choice by considering particular collections of subsets Y of X. From our 

previous discussions, the choice of which subsets to consider depends on two factors: 

(i) the type of nondeterministic choice operator needed, and (ii) the structure (if any) 

on the set X we wish to preserve. For example for (i), we could consider such notions 

as internal, external, bounded or unbounded types of nondeterminism. For (ii), in 

this thesis we consider such structure as partial orders, convexity and semilattices. 

Following the diagram above, we consider adding nondeterminism to a convex set. 

We wish to lift the convex set (C, +A ) in such a way that the convex structure is 

faithfully reflected in the lifting (i.e., that there is an isomorphic image of (C, +A ) 

embedded in the lifted object). In other words, we would like that the singleton map 

of the monad be an isomorphism. 

This implies that 

(i) all singleton sets are part of the necessary class of subsets and 

(ii) that the convex combination of singletons is the singleton which contains the 

convex combination of their elements. 

Suppose we have a finite subset F C I , such that \Y\ > 2. We want to explore the 

necessary requirements on a set W in order to allow it to model the nondeterministic 

choice between every element y* G Y taking into consideration the axioms of mixed 

choice. The derived equation due to the interaction between P choice and N D choice 

(Abs): (ffltt)EB(© ifc)=EB*t, 

implies that our proposed model set W must satisfy extra properties. This implies 

that to capture the nondeterministic behavior of a finite number of elements (i.e., 

to model £jj yi) the set W must also contain all possible probabilistic combinations 
Vi&Y 

of those elements (i.e., for any (Aj)"=1 G Pwtfin, © y* G W). Therefore, the 

subset W will model the nondeterministic behavior generated over Y if and only if 
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hft yi G W for every (Ai)™=1 G Pwtfin. This requires that W be a convex set. 

Moreover to form a model for mixed choice we also require that the probabilistic 

operations on such convex subsets be done pointwise on the generators of the convex 

subsets. Finally, nondeterministic combinations of such convex subsets are given by 

taking the convex hull of the union of their generators. 

Hence, we can construct a monad over models of probabilistic choice whose algebra 

category is equivalent to the model category of mixed choice as follows: 

Definition 3.3.3 (Nonempty Convex Powerset Monad). The nonempty convex 

powerset monad, Cvxfm = (Cvxfin,ri,fj,) : Mod(P / ; n , Set), is given as follows: 

(a) The nonempty convex powerset functor Cvxfin : Mod(P/;„,Set) —> 

Mod(P / i n , Se t ) , 

(i) On objects: For (C, + A ) G Mod(P / i n ,Se t ) , 

Cvxfin((C, +A)) = (Cvxfin(C), ©A)-

We denote by Cvxfin(C) the set of all convex hulls of nonempty finite sub­

sets of C (i.e., Cvx(C) = (conv(A) | A G V*fin(C)}). Recall that conv(A) 

denotes the convex hull of the subset A in (C, +\). The probabilistic choice 

operator ©A is defined such that for conv(J4),conv(^4/) G Cvxfin(C) and 

A G [0,1], 

conv(,4) ©A conv(A') = conv({a +A a' \ a G A, a' G A'}). 

(ii) On morphisms: For h : (C, + A ) -> (C, +'x) G Mod(P/*„, Set) and 

conv(^) G Cvxfin((C, + A ) ) , 

Cvxfin(h)(A) = h[conv(A)]cvx = conv (h[A\). 

(b) The unit transformation, rj : lMod(p/in,Set) => Cvxfin, is the singleton map for 

each (C, +A ) G Mod(P / i n , Set). 
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(c) The multiplication transformation, \i : (Cvxfin)
2 => Cvxfin, is the convex 

closed big union map for each (C, +\) G Mod(P^„, Set). 

Ai(c,+A): (Cvxfin)
2((C, + A ) ) -»• Cvxfin((C, +\)) 

conv(A) !-»• conv(U c o n v (^ ) e^^) 

We can also define a variant which considers superconvex combinations. 

Definition 3.3.4 (Nonempty Superconvex Powerset Monad). The nonempty su­

perconvex powerset monad, SCvx = (SCvx,rj,fx) : Mod(P, Set), is given as 

follows: 

(a) The nonempty superconvex powerset functor SCvx : Mod(P, Set) —• 

Mod(P,Set) , 

(i) On objects: For (C, V ) G Mod(P, Set), 

SCvx((C, Y,{Xi))) = (SCt^C), © ( A ^ ) . 

We denote by SCvx(C) the set of all superconvex hulls 

of arbitrary nonempty subsets of C (i.e., SCvx(C) = 

{sconv(^l) | A a countable subset of C}). Recall that sconv(A) de­

notes the superconvex hull of the set A in (C, V J ). The countable 

probabilistic choice operator fln is defined such that for a countable 

family of elements in SCvx(C), (sconv(Aj))i6/, and a probability density 

(A*)/ G Pwt 

Q 3 sconv(Ai) = sconv(<^ V \ a* | <n € At \ )• 

(ii) On morphisms: For ft : (C, V ) -» (C , Y* ) G Mod(P, Set) 

and sconv(j4) G SCvx(C), 

SCvx(h)(sconv(A)) = h[sconv(A)]scvx = sconv(h[A\). 
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(b) The unit transformation, r\ : lMod(P,Set) =>• SCvx, is the singleton map for each 

( c 'E ( A i ) / )
G M o d ( p < S e t ) -

(c) The multiplication transformation, /J, : (SCvx)2 => SCvx, is the superconvex 

closed big union map for each (C, 2_] ) £ Mod(P, Set). 

^ M l ) : (^x)»((c, E(Ai)/)) - scvxm E(Ai)7)) 
sconv(*4) i—> sconv( M A) 

sconv(A)£A 

Theorem 3.3.5. 

(a) The algebra category SCfx-Alg is equivalent to the model category 

Mod(MC,Set) . 

(b) The algebra category CfX/in-Alg is equivalent to the model category 

Mod(MC / i r i ,Set) . 

Proof: We shall prove the first assertion Mod(MC, Set) = SCvx-Alg: We con­

struct two inverse functors T : Mod(MC, Set) -> SCvz-Alg and Q : SC-ra-Alg -> 

Mod(MC,Set) : 

(a) We begin by defining the functor T : Mod(MC, Set) -» SCvx-Alg: 

T: Mod(MC,Set) -» SCra-Alg 

(M, V, E ( A , ) , ) ~ ((M, £ ( A i ) / ) , a* : <SC<;x((M, £ ( A | ) 7 ) ) - (M> E ^ ) , ) ) 

| / H-+ ^ 

(M', \/\ E{xih) - « M ' , E ^ ) , ) ' ( « T : <SCt;x((M', E' (Ai),)) - (M', E' (Ai ) /)) 

For sconv(A) e <SCra((M, J ^ )), we define a*(sconv(A)) = \Ja and show 

that it is a well-defined morphism and satisfies the required equations. 

(i) a* is well-defined. Suppose that sconv(^4) = sconv(5) € 
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SCvx((M, Y^ )), we have that 

a € A => a € sconv(£?) 

=• 3b?eB,(\°)iaePwt. fl=V 6? 

=> ( \ / a) V a*(sconv(B)) = a*(sconv(B)) 

Thus, we have that a*(sconv(^4)) V a*(sconv(S)) = a*(sconv(J5)). Simi­

larly, we obtain a*(sconv(A)) V a*(sconv(Z?)) = a*(sconv(A)), which im­

plies that a*(sconv(A)) = a*(sconv(i?)). 

(ii) a* is a Mod(P, Set) morphism. Suppose we are given a countable 

family of elements of SCvx((M, S~] )), (sconv(Aj)),s/, and a probability 

density (At)/ £ Pu;£: 

a*( ( f i ^ , sconv(Ai)) = a*(sconvK Y \ a* | a* G .4; I)) 

(iii) The equation a* o <SCvx(a*) = a* o /U(M,]CU.) ) holds. For sconv(^4) G 

a* oSCvx(a*)(sconv(A)) = a*(sconv(a*[X])) 

V * 
a €Usconv(.4)€>l A 

= a*(sconv(USCOnv(A)e^^)) 

= a*o fi{MtE{Xih)(sconv(A)) 

(iv) The equation a o r/^Mt-£ ) = 1 holds. For m e M, 

m 
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Finally, we also verify that for any / : (M, V, Y \ J - • (M', \ A X l , )> 

then JF/ = / is also an algebra map. Let sconv(yl) G SCvx((M, > ). 
— ' ( ^ t ) ) 

(a')* o SCvx(f)(sconv(A)) = (a')*(sconv(f[A])) 

- v:e/<») 

= /(a*(sconv(A))) 

= / o a*(sconv(y4)) 

(b) Next we define the second functor Q : SCra-Alg -> Mod(MC, Set): 

a= SCra-Alg - • Mod(MC, Set) 

((tf,EM,),") - (^Va,E"Ai)/) 
Is I9 

For an arbitrary non-empty subset Y of C, a countable family (CCJ)/ € X and a 

probability density (A*)/, we define the operators \ / a and N ^ as follows: 

V OL 

y = a(sconv(Y)) 
y& 

E Xi = a(sconv({ > Xi})). 

These operations are well-defined and satisfy the axioms for mixed choice due to 

the equations satisfied by a, the probabilistic choice operator \ J and the 

properties of superconvex hulls. Moreover, we show that Qg = g is a morphism 

in Mod(MC, Set). Given any g : ((C, V , J > « ) - ( (C , E ! . ^ )'a ')> an 

arbitrary non-empty subset Y of C, a countable family (z ; )^ / in C and a 
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probability density (Aj)i6/, then 

9{\J V) = 20(sconv(y))) 

= a'(SCvx(g)(sconv(Y))) 

= a'(sconv (g[Y))) 

= V ^ipi) 

5 ( E l ^ xi) = g(a(sconv({ V a*}))) 

= a ' (5Cra( j ) ( sconv({) ] ij}))) 

= a ' ( s conv({V o(xi)})) 

(c) Finally, we verify that the two functors are inverses, 

(i) QoT=\ 

V OL* » — " v C K * 

We can verify that (M, V, T ^ ) — (M,\Ja*, V^ ), since for an ar-
z—'(A;)/ ^—'(Ai)/ 

bitrary non-empty subset Y of M, a countable family (XJ)J G M and a 

probability density (Aj)j, 

\ f a = a*(sconv(y)) 

= V* 

V Xi = a ' ( s c o n v ( { V ii})) 
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(ii) FoQ = l 

However, (C, > ) = (C, > ) and a — a* since for a count-

able family (xi)j € C, a probability density (Aj)j, and sconv(-A) € 

SCvz«C, £ " )). 
Mi 

Y] ...Xi = a ( s c o n v ( { V ij})) 
("ill (M)I 

— / xi 

V OL 

a 
a€A 

= a(sconv(^4)) 

a 

From the finite distributions monad and the non-empty convex powerset monad 

we can finally construct the monad over Set which freely constructs models for mixed 

choice: the geometrically convex monad. This corresponds to the functor on the right-

hand side in Figure 5. 

Definition 3.3.6 (Finite Geometrically Convex Monad). The finite geometrically 

convex monad, Gcvx = (Gcvx, V> A4) : Set, is given as follows: 

(a) The finite geometrically convex functor Qcvx : Set —> Set, 

(i) On objects: For X G Set, 

(X) = (QCUX(X), BE), ©A ) 
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We denote by Gcvx(X) the set of all convex hulls of nonempty finite subsets 

of Vfin{X) (i.e., GCVX(X) = {conv(A)\Ae V*fin(Vfin(X))}). The opera­

tors E and (B\ are denned such that for conv(>l),conv(B) £ Gcvx{X) and 

a A e / , 

conv(A) EB conv(B) = conv(/l U B) 

conv(^) ®x conv(B) = conv({Aa+ (1 - X)b \ a £ A,b £ B}). 

(ii) On morphisms: For / : X —> X' £ Set and conv(A) £ GCvx{X), 

f(conv(A)) = conv(/[,4]cra). 

(b) The unit transformation, rj : lset =>• GCvx, is the singleton Dirac distribution 

map for each X £ Set. 

Vx • X —> £ w ( X ) 

(c) The multiplication transformation, ji : G2
mx =£• £?««, is the convex set flatten­

ing map for each X £ Set. 

conv(^l) -» ffl(0._. ..... conv(A)) 

In essence, the convex set flattening map takes a convex set generated by 

a finite set of distributions over GCVX(X) (i.e., a convex set of the form 

conv({Di, D 2 , . . . , Dn}) where Di : Gcvx(X) —>• [0,1]), flattens each distribu­

tion Db = H R conv(A), and computes the convex hull generated 

by the flattened distributions. 

Once more, we can define a similar monad for models of arbitrary mixed choice 

as follows. 

Definition 3.3.7 (Geometrically Convex Monad). The geometrically convex 

monad, Gscvx = {Gsmx,?]-,^) '• Set, is given as follows: 
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(a) The geometrically convex functor Qscvx : Set —> Set, 

(i) On objects: For X G Set, 

Vscvx\X) = ( y s c u x ( ^ Ji ~T i CT7,> \ / 

We denote by GSCvx{X) the set of all superconvex hulls of arbitrary 

nonempty subsets of V{X) (i.e., GSCVX(X) = {sconv(^l) | A G V*(V{X))}). 

The operators [J] and H H are denned such that for an arbitrary 

nonempty family, (sconv(Aw))w€w, a countable family, (sconv(j4j))ie/, and 

a probability density (Ai)je/, 

fj] s conv(^ ) = sconv( ( J Aw) 
wew w&w 

£ft sconv(A) = sconvK V ] Â a* | a; G At >). 

(ii) On morphisms: For / : X —• X ' G Set and sconv(A) G ^acux(^), 

/(sconv(A)) = sconv(/[C]scux). 

(b) The unit transformation, 7] : lset =>• &sCTx, is the singleton Dirac distribution 

map for each X G Set. For X G Set, 

??x : X —• 0 s c u a .pO 

£ !->• {(5X} 

(c) The multiplication transformation, ji : ^SCUi2 =>• ^CUD is the superconvex 

flattening map for each X G Set. 

' P O —*• Gscvx{X) 

sconv(yi) h-> [ 0 ( 0 , m fAW sconv(^l)) 
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Theorem 3.3.8. 

(a) The algebra category Gscua;-Alg is equivalent to the model category 

Mod(MC,Set) . 

(b) The algebra category Gcra-Alg is equivalent to the model category 

Mod(MC / i n ,Se t ) . 

Proof: We shall prove the first assertion Mod(MC, Set) = GSCTX-Alg: We con­

struct two inverse functors T : Mod(MC, Set) —> GSCTX-Alg and Q : Qscvx-A\g —> 

Mod(MC,Set): 

(a) We begin by defining the functor T : Mod(MC, Set) —>• Gscra-Alg: 

T': Mod(MC, Set) - • Gscra-Alg 

(M.V,^),) ~ (M,a*-.gscux(M)^M) 

if -> I' 
(M'.V'-EU) ~ (M',(a')*:^cx(M')->M') 

For sconv(A) G ^scra(M), we define a*(sconv(A)) = \f (Y m) and 
V . ^—'(o("»))s«pp(o) 

a£.A 

show that it is a well-defined map and satisfies the required equations. 

(i) a* is well-defined. Suppose that sconv(v4) = sconv(B) e QSCvx(M), we 

have that 

a e A =>• d S sconv(B) 

=> y^ m = y^ (y^ m) 
£—' (a(m)) supp(a) ' (^?) l ^-^ (b° (m)) 

supp(bf) 

a€A a£A l 

( V C , „ m))Va*(sconv(5)) = a*(sconv(5)) 

Thus, we have that a*(sconv(v4)) V a*(sconv(£?)) = o;*(sconv(5)). Simi­

larly, we obtain a*(sconv(A)) V a*(sconv(B)) = a*(sconv(A)), which im­

plies that a*(sconv(A)) = a*(sconv(jB)). 
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(ii) The equation a* o Qscvxa* = a* o JJLX holds. For sconv(^4) G £sc?;a:2(X), 

a* ogscvx(a*)(sc<mv(A)) = a*(sconv(a*[^l]SCTX)) 

= V ( E m r r ^ «'(8conv(^))) 
* . •^^(•D(sconv(A)))supp(£,) 

= " * ( E B ( 0 , D , M... sconv(A)) 

= a* o /xx(sconv(^l)) 

(iii) The equation a. o ijx = 1 holds. For .-r G X, 

a*orjX(x) = a*({5x}) 

= x 

Finally, we also verify that for any / : (M, V, Y \ Y , ) ~+ (M', \ A V ' ), 

then J 7 / = / is also an algebra map. Let sconv(^l) G Gscux(M). 

(a')* o Gscvxf(sconv(A)) = (a'Y(sconv(f[A]scvx)) 

= V' (Y' /H) 

= ^\AEWr « m) 
= /(a*(sconv(,4))) 

= / oa*(sconv(yl)) 

(b) Next we define the second functor Q : Qscux-A\g —» Mod(MC, Set): 

^ : GSCOT-Alg -> Mod(MC, Set) 

(x,a) -> ( x , v , r ) 
•^—'(Ai)/ 

I9 I9 

(X'.aO -> ( * W , E * ) 

For an arbitrary non-empty subset Y of X, a countable family (a^)/ G X and a 
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probability density (Aj)j, we define the operators \f and y . a s follows: 

\J y = a(sconv({<^ | y G y})) 

^ ( A i ) / X i = a(sconv({X^Ai(^}))-

These operations are well-defined and satisfy the axioms for mixed choice due to 

the equations satisfied by a, the probabilistic choice operator \] a n d the 

properties of superconvex hulls. Moreover, we show that Qg = g is a morphism 

in Mod(MC, Set). Given any g : (X,a) —* (X',a'), an arbitrary non-empty 

subset Y of X, a countable family (xj)iGj in X and a probability density (Aj)j£/, 

then 

g{\j y) = g(a(sconv({Sy | y € Y}))) 
y& 

= a'(^O T i5(sconv({^ | y G y}))) 

= a'(sconv(fli[y]acua!)) 

= \la'9{y) 

y& 

^ X T x ^ = 2(a(sconv({^AiJX i}))) 
1 0 / i€/ = " ' ( ^ ^ ^ ( s c o n v d ^ A i ^ J ) ) ) 

i€l 

= a'(sconv({^Ai5 s (x<)})) 
<e/ 

(c) Finally, we verify that the two functors are inverses. 

(i) g o r = I 

= <M'V . £ ( A J 
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We can verify that (M, V> /_) ) = (M, \Ja , Y J ), since for an ar-

bitrary non-empty subset Y of M, a countable family (xiji £ M and a 

probability density (A,)/, 

\Ja y = a*(sconv{{5y | y e Y})) 
yev 

- \Jy 

y& 

^l(^Xi = a*(sconv({H^^)) 
= y --

Xi 

(ii) ToQ = l 

Fog{{X,a)) = ^((^Va 'E(A i ) /)) 
= (X,a*) 

) ) • M i 

a*(sconv(,4)) = X / ^ E L ^ X ) 

= a(sconv(A)) 

3.3.3 Mixed Choice Model Categories in Poset 

As we have seen in Section 3.2.2, the presence of an order structure enables the 

definition of three possible types of nondeterministic choice: convex (Plotkin), lower 

(Hoare) and upper (Smyth). In this section we will present analogous versions of 

mixed choice each derived by combining the probabilistic choice theory and either 

the convex, lower or upper nondeterministic choice theory, resulting in the usual, the 

lower and the upper mixed choice theories, respectively. Many of these definitions 

and results arise from the work of Keimel, Plotkin and Tix [23], however their focus 
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was to obtain domain theoretical models. In what follows we adapt their definitions 

to discuss posetal models for all three variants of the theory of mixed choice. 

The convex (Plotkin) nondeterministic choice theory captures the classical notion 

of nondeterminism independent of the presence of an order structure. This means 

that the N D operator and the equations it satisfies are no different than those used 

when dealing with set theoretical models of nondeterministic choice. In truth, when 

considered on sets endowed with the discrete order, all three types of posetal N D 

theories (Plotkin, Hoare and Smyth) collapse to the same theory considered over Set. 

Similarly, combining the probabilistic choice theory with the convex nondeterministic 

choice theory gives rise to the previously considered mixed choice theory. Thus it 

admits the same mixed choice operators and equations as we have been considering 

for models of mixed choice over Set. Below we present our posetal adaptation of the 

biconvex powerdomain monad, called the biconvex algebra monad which is associated 

to the model category for the regular mixed choice theory over Poset. 

Definition 3.3.9 (Biconvex Algebra Monad). The biconvex algebra monad, PV = 

(PV, rj, ,u) : Poset is given as follows: 

(a) The biconvex algebra functor PV : Poset —>• Poset, 

(i) On objects: For (X, Q e Poset, 

PV((X, Q ) = ((PV(X), E, ©A), <EM). 

We denote by W(X) the set of order-convex closures under ^ of finitely 

generated convex subsets of V((X, Q ) (i.e., VV{X) = {C\ C e Gcvx{X)}, 

where C is the smallest order-convex, convex subset of V(X) containing 

C). The operators EH and © \ are the order-convex closures of EH and ®\ 

defined for Qcvx. For ThJh. e VV(X), we have that 

C\ EH C2 = \C\ EH C2), 

C\ ©A C~2 = (Ci©AC2) . 

Finally, the order structure <EM IS the Egli-Milner order over V((X, C)). 
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(ii) On morphisms: For / : (X, Q -* {X', C') G Poset and C e PV(X), 

W ( C ) = (/[C]cra). 

(b) The unit transformation, 77 : lpOSet =>• T'V, is define to be the singleton Dirac 

distribution map for each (X, C) £ Poset. 

*7(x,c): (X,Q -> P V ( ( * > Q ) 

x H-> {8X} 

(c) The multiplication transformation, fj, : "PV2 =>• PV, is the order-convex flat­

tening map for each (X, Q € Poset. 

M(x,p: 7>V2((*>Q) -> VV((X,Q) 

c -+ ( EH (£B - c ) ) 

In essence, the order-convex flattening map is defined similarly to the 

convex set flattening map presented in Definition 3.3.6 of the finite ge­

ometrically convex monad. In other words, given conv({Di, £>2,..., Dn}) 

where Di : W(X) —> [0,1], we flatten each generating distribution (i.e., 

Db — £f t conv(A)), compute the convex hull over the set 

of flattened distributions (conv({jDi,..., Db
n})) and take its order-closure 

(conv({D\,...,Di})). 

The lower (Hoare) nondeterministic choice theory is described as capturing the 

angelic view of nondeterminism, see Keimel, Plotkin and Tix [23]. This means that 

the N D operator and the equations it satisfies contain those presented for the usual 

nondeterministic choice theory, but in addition it admits the inequality: A < A ffl B. 

Therefore, when defining the theory which combines probabilistic choice and lower 

nondeterministic choice, our axiomatic theory must also admit the required inequality. 

Definition 3.3.10 (Lower Mixed Choice Theory). The finite Lawvere theory for 

lower mixed choice, H-MC/j„, is obtained by considering the theory MC/i„, under 

the extra condition: 

(H) A<AEB 
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Below we present our posetal adaptation of the convex lower powerdomain monad, 

called the convex lower N D algebra monad, which is associated to the model category 

for the lower mixed choice theory over Poset. 

Definition 3.3.11 (Convex Lower Nondeterministic Algebra Monad). The convex 

lower N D algebra monad, MV = (HV, n, fi) : Poset is given as follows: 

(a) The convex lower N D algebra functor HV : Poset —> Poset, 

(i) On objects: For (X, Q G Poset, 

nv{(x,Q) = ((nv(x),m^®i),c), 

We denote by TCV(X) the set of lower sets under ^ (the distributions 

order) of finitely generated convex subsets of V((X, C.)) (i.e., 7iV(X) = 

{[-<C\C G Gcvx(X)}, where l^C is the set of all distributions in V(X) 

which are smaller than some distribution in C). The operators EH-'- and 

®^ are the appropriate closures of S3 and ®\ . For J.-< C\, |-< Ci G HV(X), 

we have that 

UCX ffli UC2 = ^ ( d f f l C a ) , 

l ^ i ©A UC2 = lx(Cx®AC2) . 

(ii) On morphisms: For / : (X, C) - • (X', C') G Poset and j ^ C G HV(X), 

HVf(UC) = y(f[C]cvx). 

(b) The unit transformation, 77 : lposet =^ HV, is defined to be the downclosed 

singleton Dirac distribution map for each (X, C) G Poset. It is obtained 

by taking the down-closure (under the distributions order ;<) on the image of 

the singleton Dirac distributions map. 

V(X,Q: (X,Q - HV((X,Q) 

x (-»• 1±{6X}. 
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(c) The multiplication transformation, fi : TCV2 =4> 7iV, is denned to be the down-

closed flattening map for each (X, C.) e Poset. This map is an easy modi­

fication of the order-convex flattening map given above. In particular, we take 

the down-closure (under the distributions order X) on the image of the convex 

set flattening map. 

A*(x,c): HV2((X,Q) -> m > ( ( X , Q ) 

The upper (Smyth) nondeterministic choice theory is described as capturing the 

demonic view of nondeterminism, see Keimel, Plotkin and Tix [23]. This means that 

the N D operator and the equations it satisfies contain those presented for the usual 

nondeterministic choice theory, but in addition it admits the inequality: A > AS B. 

Therefore, when defining the theory which combines probabilistic choice and upper 

nondeterministic choice, our axiomatic theory must also admit the required inequality. 

Definition 3.3.12 (Upper Mixed Choice Theory). The finite Lawvere theory for 

upper mixed choice, S-MC/jn, is obtained by considering the theory MC/;„, under 

the extra condition: 

(S) A>ABB 

Below we present our posetal adaptation of the convex upper powerdomain monad, 

called the convex upper N D algebra monad, which is associated to the model category 

for the convex upper mixed choice theory over Poset. 

Definition 3.3.13 (Convex Upper Nondeterministic Algebra Monad). The convex 

upper N D algebra monad, SV = (<SV, rj,/j,) : Poset is given as follows: 

(a) The convex upper N D algebra functor SV : Poset —> Poset, 

(i) On objects: For (X, Q e Poset, 

We denote by SV(X) the set of upper sets under ^ (the distributions 

order) of finitely generated convex subsets of V((X, C)) (i.e., SV(X) = 
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{ t ^ C | C G Gcvx(X)}, where ]±C is the set of all distribution in V(X) 

which are larger than some distribution in C). The operators EEÎ  and ®\ 

are the appropriate closures of EB and ©A • For T^Ci, t^C2 £ «5V(X), we 

have that 

UC fflT T^C2 = t^(CifflC2), 

T^Ci ©I T ^ = T^(CI©AC2) . 

(ii) For / : (X, C) -> (X', C') G Poset and t ^ C e SV(X), 

<SV/(T^C) = Tx'(/[CU). 

(b) The unit transformation, r\ : lpOSet =>• SV, is defined to be the upclosed 

singleton Dirac distribution map. Given (X, C) G Poset, 

V(X,Q: ( * , Q - <SV((X,p) 

(c) The multiplication transformation, /J, : <SV2 => <SV, is defined to be the up-

closed flattening map. Given (X, C) G Poset, 

/ W ) = <5V2((X,p) - SV((*,Q) 

uc ^ u{ EB (fB co) 
Desen(C) P(T^))sU P P(r.) 

Theorem 3.3.14. 

faj 27ie algebra category PV-Alg is equivalent to the model category 

M o d ( M C / i n , Poset). 

(b) The algebra category HV-Alg is equivalent to the model category 

M o d ( H - M C / i n , Poset ) . 

(c) The algebra category §V-Alg is equivalent to the model category 

Mod(S-MC / i n ) Poset). 
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Proof: We shall prove the first assertion PV-Alg = M o d ( M C / i n , Poset ) , since the 

second and third results follow using straightforward modifications. 

(a) We define a functor T : M o d ( M C / i n , Poset) -> PV-Alg. 

T: M o d ( M C / i n , Poset) -> PV-Alg 

( (M,V ,+ A ) ,E ) • - ( ( M , p , a * : 7 ' V ( ( M , p ) - . ( M ) p ) 

if
 I-H- J/ 

((M', V, +'A), E') -> ((M', E')> (a')* = P((M' , E')) - (M', E')) 

For C G W((M, E)), we define the algebra structure map by a*(C) = 

Vdeoen(c)(y~] m)> w n e r e 3 e n (C) is t n e s e t °f finite generators of the 

convex set C. Next we verify that a* is a well-defined morphism in Poset and 

that it satisfies the required equations. 

(i) a* is well-defined. Suppose that C\ = C~2 G PV((M, p ) , we have that 

d E gen(d) =4> deC% 

=> {3d1,d2eC)d1<d<d2 

=»• Y^ m E } m, E y~ m, 

=» a*(Cb) E ( J V .. m) V c**(̂ ) E <*'(&) 

=* ( E w r » m ) V a * ( ^ ) = a * ( ^ ) 

Thus, we have that a*(Ci) V a*(C2) = a*(C2). Similarly, we obtain 

a*(C\) V a * ( ^ ) = a*(Q) , which implies that a*(C\) = a * ( ^ ) . 

(ii) a* a Poset morphism. Suppose C\QEM<CI, we have that (Vd G 

gera(Cx))(3D G C2)d * D (since |-<Ci C UC2) and (VZ7 G 

gen{C2))(3d' G C J K r< D' (since UC2 C T ^ i ) - Thus, a * ( ^ ) E 

y v ' ^—'(0W).upp(D) a \ *) *-^(d'(m))supp(dl) 

which implies that a*(Ci) E ot*(C2). 
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(iii) The equation a* o Wa* = a* o /J,{X>Q holds. For C G VV2(X) 

a*oWa*(C) = a*(a*[C]cvx) 

Dec ^ ( ^ W w 
= a*o/i(x,p(C) 

(iv) The equation a o 7/(.x-,c) = 1 holds. For x E X, 

a*°V(x,c)(x) = a* {{Sx}) 

— x 

Finally, we also verify that for any / : ((M,V, + A ) , E ) -» ((M', V, +'A ),£')» 

then J 7 / = / is also an algebra map. Let C G 'PV(.X'). 

(a')*°^V/(C) = (o/)*(/[CU) 

= V' ( E /(*)) 

= /(«*(2)) 

(b) We define a functor £ : PV-Alg - • Mod(MC / i n , Poset). 

0 : PV-Alg - • Mod(MC / i n , Poset) 

( ( X , Q , a ) ~ ((X,V<*,+£),E) 

I9 Is 

((X',E'),c*') ~ ((X'.V.+ft.E') 

For a elements x\, X2 G X, we define the operators Va and + " as follows: 

x1V
ax2 = a({SXl,5X2}) 

xi+a
xx2 = a({X6Xl + (1 - X)5X2}) 
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These operations are well-defined and satisfy the axioms for mixed choice due 

to the equations satisfied by a and the properties of order-convex closures. 

Moreover, we show that Qg = g is a morphism in M o d ( M C , P o s e t ) . Given 

any g : ((X, p , a) —> ((X', E'), a') and elements xi, x2 £ X, then 

flf(xi Va x2) = g(a({8xl,5X2})) 

= a'(VVg({5Xl,5X2})) 

= c/({(5s(xi),J9(x2)}) 

5 ( ^ + ^ 2 ) = ^ ( a ( { A ^ + (1 - A)<JX3})) 

= a\VVg({X5Xl + (1 - A)<5X2})) 

= a'({A£s(xi) + ( l -A) J s ( x 2 ) } ) 

= 3(^i) +A' 5(^2) 

(c) Finally, we verify that the two functors are inverses, 

(i) £ o . F = l 

ao^((M,V,+A),Q = £(((M,p,a*)) 

= ((M,va*,+r),p 

We can verify that ((M, V, + A ) , P = ((M, Va*, + f ) , p , since for any 

elements mi, m,2 £ M 

m i V a * m 2 = a*({5mi,6m2}) 

= m i V m 2 

m1+fm2 = a*({\5mi + (1 - A)£mJ) 

= mx +A m2 
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(ii) f o 5 = l 

FoG(((X,Q,a)) = F(((X,Va,+a
x),Q) 

However, a ~ a* since for C G 'PV(X) 

a*(C) = W ( V x) 

= a(C) 

D 



Chapter 4 

Mixed Choice via Nondeterminism 

4.1 The Existence of an Alternate Pa th to Models 

of Mixed Choice 

In this section we show that there exists an alternate path in the construction of 

models for mixed choice. In the previous chapter we have obtained models for mixed 

choice by essentially analyzing how one would add the appropriate kind of nondeter­

minism to models of probabilistic choice. This has the advantage of not only permit­

ting us to construct models for mixed choice over any adequately structured category 

C, but also allows us to construct mixed choice models over arbitrary C-models of 

probabilistic choice. 

We now consider a dual approach: we interchange the order of freely adjoining the 

choice operations from the standard development presented in Chapter 3. Consider 

the diagram in Figure 6, of which the left hand triangle was used in Figure 5. The 

alternative path we shall study in this chapter is represented by following the right-

hand path in the diagram. 

As in our previous discussion concerning probabilistic extensions to mixed choice, 

we wish to obtain the same result by freely adjoining appropriately distributive proba­

bilistic choice operators to C-models of nondeterministic choice. In order to do so, we 

need to construct a left adjoint to the forgetful functor Usmfin '• M o d ( M C / i n , C) —> 

93 
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rcvx 
• M o d ( M C / i n , Set) 

M o d ( P / i n , Set) uj g}r Mod(ND} i n , Set) 

Set 

Figure 6: Mixed Choice Factored Through Probabilistic and Nondeterministic Choice 

Mod(NDJ; i n ,C) . The existence of such a left adjoint arises due to the following 

theorem from Barr and Wells [2, p. 133]. 

Theorem 4.1.1. Consider the diagram below satisfying the given conditions, 

^ t " 

B2 -—___z/____^ B i 

Mi 

.-T (a) T2 is left adjoint to U2, 

(b) T\ is left adjoint to U\, 

(c) U\olA is naturally isomorphic to U2, 

?x (d) 1A\ is of descent type, and 

. (e) B 2 has coequalizers. 

Then U has a left adjoint T for which T o T\ = T2. 

Proof: (Barr and Wells [2]). If F\{C) is an object in the image of T\, then we have 

B1(^1(C),U(B2)) = C{CMiU{B2)) 

& C(C,U2(B2)) 

=* B2(F2(C),B2) 

which shows that ^(C) represents the functor Bi{Jri{C),U{—)). Moreover, the 

Yoneda Lemma can easily be used to show that maps in B i between objects in the 

image of T\ give rise to morphisms in B 2 with the required naturality properties. 

Thus we get a functor T defined at least on the full subcategory whose objects are 

the images of T\. It is easily extended to all of B i by letting 
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be a coequalizer and denning ^(Bi) so that 

is as well. The universal mapping property of coequalizers gives, for any object 

B2 £ B 2 the diagram below in which both rows are equalizers, 

Ba(T(B1), B2) - B2(F2(C), B2) : B 2 (^ 2 (C) , B2) 

B1(B1,U(B2)) - B 1 ( ^ 1 ( C " ) , W ( B 2 ) ) ^ : B 1 ( ^ 1 ( C ) , W ( B 2 ) ) 

from which the adjointness follows. • 

Corollary 4.1.2. The forgetful functor USmfin • Mod(MC / i n , Set) -» 

M o d ( N D j i n , Set) has a left adjoint. 

Proof: We have the following diagram 

^ Stblfin 

Mod(MC / i n , Set) _W s t w _ Mod(ND} i n , Set) 

Set 

satisfying all the required properties stated in Theorem 4.1.1. • 

Although Corollary 4.1.2 states the existence of the left adjoint Stblfin, the proof 

of Theorem 4.1.1 is only partially constructive. The proof clearly states that the 

image of a free object (V*fin(X),U) G Mod(ND} i n , Set) under the functor Stblfin 

is isomorphic to Gcvx(X) G M o d ( M C / i n i Set). However, the image of a non-free 

object is less trivial. It requires that we understand how to compute coequalizers 

in Mod(MC/j„ , Set). Hence, to define Stblfin one must determine how to calculate 

coequalizers in Mod(MC/;n , Set). 

In the following section we shall present the necessary material in order to give a 

concrete presentation of the functor Stblfin. 
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4.2 V-Stable Convex Sets 

Our goal is to construct the free mixed choice model from any given model of nonde-

terminism. We shall motivate our construction of the V'stable convex functor based 

on similar observations and arguments presented in Plotkin's Pisa Notes, [40], when 

motivating the construction of the Plotkin Powerdomain. 

We've already presented the structure of a free mixed choice model constructed 

from a set X without any particular structure, by presenting the finite geometrically 

convex functor, Gcvx,
 m Section 3.3.2. It consists of taking the collection of all finitely 

generated convex subsets of (Vfin(X), ©^ ). Moreover, in that same section, we have 

also presented the construction of free mixed choice models from convex sets (C, +\), 

using the convex powerset functor, Cvxfin. It consists of taking the finitely generated 

convex subsets in (C,+\). In the second construction, it is important to note that 

the unit transformation is a convex set isomorphism. In other words, there exists an 

isomorphic copy of (C, +A) within the free mixed choice model. Moreover, the free 

model is also the smallest model for mixed choice which contains the image of the 

unit transformation. We shall be keeping these properties in mind when determining 

the appropriate definition for our V-stable monad. 

Now consider a semilattice (S, V). By studying key properties present due to the 

presence of the V structure, we shall motivate the need to consider a particular type 

of convex subset as our model. Intuitively, a convex subset represents a mixed choice 

process whose behavior is determined by the nondeterministic combination of its 

generating terms, since the unit of the monad must be a semilattice homomorphism. 

In particular suppose a convex subset C C T>fin(S) contains a set of distributions of 

the form {5t \ t G T}; then C captures the nondeterministic behavior induced from 

\Jt£T t € S. However, except in trivial cases, there are many (possibly uncountable) 

ways to describe the same nondeterministic behavior in a given semilattice. For 

example, in any powerset semilattice, different unions of subsets can lead to exactly 

the same set.(e.g. {a, b} U {c} = {a, b, c} = {a} U {6} U {c}). 

Definition 4 .2 .1 . Suppose we are given a semilattice (S, V) and an particular element 
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s G S. Then, Ts = {T\T C / i n S and V T = s} denotes the set of all finite V-

decompositions of s. 

Since every T" G -̂ (VX) describes equivalent nondeterministic behaviors (in other 

words they evaluate under V to the same element in S), then we must have that 

{Sti 11' G T'} C C for each T' G .Fyr because each such set captures the same N D 

behavior as {St 11 G T}. 

More generally, consider a convex set C containing T>fin(Ti)(B\'Dfin(T2), where 

% Qfin S for i = 1, 2. Thus C captures the nondeterministic behavior induced from 

Ti with probability A and captures the nondeterministic behavior induced from T<i 

with probability 1 — A. From our previous discussion, we know that capturing the 

N D behavior induced by Ti implies that it must capture the N D behavior induced 

by Ti where T[ G T^Ti), for i = 1, 2. Therefore for all T[ G F ( V T l ) and T'2 G F{yT2), 

C must contain Vfin(T[) @\"Dfin(T£). Given our observations, we shall require that 

convex subsets in our model be \/-stable. 

Definition 4.2.2 (V-Stable). Suppose we are given a semilattice (S, V). A convex set 

C G Gcvx(S) is sa-id to be V-stable, if whenever there exists a family, (Tj)/, of finite 

subsets of S such that ® Vfin(Ti) C C then (V7V G ̂ ( V T i ) ) © „ , Vfin(T!) C C. 

However, to completely capture mixed choice, the set of all V-stable convex subsets 

is still too large. We shall consider a minimal set of V-convex subsets which allows us 

to satisfy the following condition: there exists an isomorphic copy of the semilattice 

(S, V) in the induced mixed choice model. Hence, in the sections below, we will 

consider the set of V-stable convex subsets of GCvx(S) generated by the isomorphic 

image of (5, V) under the operations EH and ®\, the usual operations closed under 

V-stability. 

4.2.1 Completion of Convex Sets over Semilattices 

In this section we define, on an arbitrary semilattice (S, V), a closure operation 

called the \J-stable completion on arbitrary convex subsets of the free convex set 

over S. This closure operation is very important in defining the left adjoint of 

file:///J-stable
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Ustbifin • Mod(MC / i n , Set) -> Mod(ND} i n , Set). It generates the right collec­

tion of convex subsets needed in order to build a mixed choice model which faithfully 

reflects the nondeterministic behavior of its underlying semilattice. The set of arbi­

trary convex subsets of the free convex subset over S is given by the underlying set 

of the image of the functor Cvx : Set —> Mod(MC/j„, Set). We define this functor 

below. 

Definition 4.2.3 (Arbitrary Convex Set Functor). The arbitrary convex set func­

tor Cvx : Set —>• Mod(MC/jn , Set) is defined as follows: 

(a) On objects: Let X E Set, 

Cvx(X) = (Cvx(X), EB, ©A ) 

(i) The underlying set Cvx(X) is the set of all arbitrary convex subsets of 

Vfin(X). Equivalently, we have that Cvx(X) = {C | C Ccvx T>fin(S)}, 

where C Ccvx Vfin(X) signifies that C is a convex subset of Vfin(X). 

(ii) The nondeterministic choice operation EB is the convex hull operation. 

C EB C = the smallest convex subset of Vfin(X) containing C and C 

= conv(CUC') 

(iii) The probabilistic choice operations are defined such that 

C©A C = {d®x d! | d € C, d' e C'} 

(b) On morphisms: Let / : X -> Y E Set and C E Cvx(X), 

Cvxf(C) = f[C}cvx, 

recall that f[C]cvx = {df | d E C}. 

Remark 4.2.4. It is important to note that for any X E Set, that the free mixed 

choice model GCvx(X), defined in Section 3.3.2, is a mixed choice submodel of Cvx(X). 

In other words, GCVx(X) C Cvx(X), and the nondeterministic and probabilistic oper­

ations in Gcox{X) are the appropriate restrictions on the corresponding operations in 

Cvx(X). 
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In our previous discussion, our observations on which convex subsets will be neces­

sary in order to build this left adjoint focused heavily on specific properties involving 

convex subsets generated by finite subsets of S (faces ofVfin(S)), and their proba­

bilistic combinations (facial elements ofVfin(S)). 

R e m a r k 4.2.5. Consider a finite semilattice (5, V), where n is the cardinality of 

S. The convex set Vfin(S) is isomorphic to the n-simplex whose vertices are given 

by the elements of S. Thus, a convex set of the form Vfin(T) for T G V*fin(S) is 

geometrically represented by an actual face of the n-simplex. 

Definition 4.2.6 (Faces and Facial Elements). Given a semilattice (S, V), 

(a) A convex subset, Vfin(T) = {d : T -» [0,1] | supp(d) < oo, d(T) = 1} G Cvx(S), 

where T is a finite subset of S, is called a face of Vfin(S). Note that if (S, V), 

is a finite semilattice, then for any subset T C S, Vfin(T) corresponds to the 

face generated by the elements of T in the n-simplex generated by the elements 

of S, where n is the cardinality of the set S. 

(b) A facial element of Vfin(S), F , is a convex subset obtained by taking 

probabilistic combinations of faces of Vfin(S) in the mixed choice model 

(Cvx(S),\R, © A ) ' The set of all facial elements, felt(S), is a convex subset 

of Cvx(S), generated by the faces of Vfin(S). 

Telt(S) = | ©(AOjZ>/inCrO | (Xih e Pwtfin,Ti e v*}in(S)} c Cvx(S). 

Example 4.2.7. Consider the two semilattices 5i and S2 with the same underlying 

set {a, b, c, d} but with different semilattice structures, Vi and V2 respectively, as 

shown in Figure 7. Since the semilattices have the same underlying set, their set of 

faces will be identical. Some of the faces of Vfin({a, b, c, d}), are shown in Figure 8. 

Since we are working with a finite underlying set, {a, b, c, d}, we shall often denote 

a convex subset of X>/;n({a, b, c, d}), by the geometrical object it represents. For 

example, any convex set generated by a single point mass distribution shall be denoted 

by its corresponding point in the tetrahedron. Since the semilattices have the same 

set of faces they generate the same set of facial elements (i.e Telt(Si) = ^7eK(52)). 
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a b c 

Si = ({a, 6, c, d}, Vi) S2 = ({a, 6, c, d}, V2) 

Figure 7: Semilattices Si and 5 2 

a! a! 

c a c a c a 

vertex a 
; £Vm(W) 

b _ b b 
edge a& triangular face Aabd tetrahedron abed 

= T>fin({a,b}) =T>fin({a,b,d}) =Vfin({a,b,c,d}) 

Figure 8: Examples of the four types of faces of Vfin({a, b, c, d}) 

In Figure 9, we give the geometrical representation of three different combination of 

faces. The first is obtained by taking the fair (probabilistic weight of | ) combination 

of the vertex a, (= T>fin({a})) and the edge ab, (= T>fin({a, &})). Thus we obtain 

Vfin({a})@iVfin{{a,b}) - Vfin({a®i a,a®i_ b}) 

= Vfin{{a,a®ib}). 

The second is obtained by taking the fair combination of the previous facial element 
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d 

a ©i ab (a ffii ab) © i Abed 
\ ft / o 

Aafec ffii Aa6d 

Figure 9: Three examples of facial elements of Vfin({a, b, c, d}) 

Vfin({a, affii b} and the triangle Abed, (= Vfin({b,c, d})). In this case we obtain1 

Vfin({a, affii 6}) ffii T>fin({b,c,d}) = Vfin({a®i b, affii c, a ffii d, (o©i b) ffii 6, 

( a © i 6) ©i c, ( a © i 6) ffii d}) 
v 2 ' 2 v 2 ' 2 J ' 

= Pfmdaffi1 £>> a ffii c, affii d, affii 6, 
J 2 2 2 4 

© , m > A c ) , 0 (a,6,d)}) 
*.4>4 J 2 ' *-4'4 ' 2 ' 

The final example is the fair combination of the triangle Aabc, (= Vfin({a,b,c})), 

and the triangle Aabd, (= Z>/t„({a, 6, d})). We obtain 

£>/m({a, &, c})ffii P/ i n({a, b, d}) = Vfin({a®i a, affii b, affii d, 6ffii a, 6ffii b,6ffii d, 
^ ^ ^ A ^ ^ A 

cffiia.cffii 6,c©i d}) 
2 2 2 J y 

= 'Dun({a, a © i d, 6,6 ffi i d, c ffi i a, c © i 6, c © i d}) 
• ' ^ 2 2 2 2 2 

In Figure 10 we give an example of an element in Gcvx{W, >̂ c> °0") which is not a 

facial element. This shows that in general, Gcvx(S) ^ Telt{S). Consider the convex 

set T>fin({a, 6, a ffii c}). If this convex set were to be written as a probabilistic combi­

nation of faces of T>fin({a, b, c, d}), then to obtain the vertex a we must only consider 

combinations containing the faces: a, ab, at", ad, Aabc, Aabd, Aacd, and abed. More­

over, if we must also obtain the vertex b, we must narrow our combination to one 

consisting of the faces: ab, Aabc, and abed. Since our convex subset does not contain 

•"recall from (def 1.2.3) that £ft (a,) represents the convex combination of the a, each with 

respective weight Aj. 
' (Ai) / 



CHAPTER 4. MIXED CHOICE VIA NONDETERMINISM 102 

Vfin({a, b, a®i c}) 

Figure 10: An element of Gcvx{{a, b, c, d}) which is not a facial element 

any probabilistic combinations containing the vertex d, it follows that it must be some 

combination of the faces ab and Aabc. However, 

T>fin({a, b}) ffiA Vfin({a, b, c}) = Vfin{{a©Aa, a@xb,a©Ac, bffiA a, b©Ab, b©A c}) 

= Vfin({a,b,a®xc,b®xc}) 

7̂  X>/i„({a, b, a ©i c}) for any choice of A 

A 

As we have discussed, a model which contains a particular representation of a 

N D behavior must contain all other equivalent representations of that N D behav­

ior. Moreover, if our model contains H R rDfin{Ti) e !Felt{S), then it must also 

contain H R Vfin({\/Ti}), since they have equivalent N D behaviors. Thus, our 

model must contain the largest convex set containing all N D behaviors equivalent to 

0 T>fin({\J Tj}). We call such a convex set the V-expansion of the facial element. 

Definition 4.2.8 (V-Expansion). Suppose we are given a semilattice (S, V) and a 

facial element F € ^ e " ( 5 ) of the form F = ( J ) T>fin(Ti), where T* e V*fin{S) and 

(Aj)/ £ Pwtfin. Then the V-expansion of F , denoted F^, is defined as the following 

convex set: 

F^Q^VfUiviymecvxis). 
From our previous observations we have seen one way of determining when a 

convex subset is V-stable. Recall, that a convex set C £ Cvx(S) is V-stable if whenever 
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© „ , 2? / jn(T0 C C then (V7? G % r i } ) 0 Z>/in(7V) C C. In what follows, we 

shall give a more concise definition for the V-stability property. 

Proposition 4.2.9. Let C G Cvx(S). Then the following are equivalent: 

(a) If 0 V{in(Ti) C C to (V7V G . % T i ) ) 0 P / in(7V) C C. 
^^ (*i)l ^~^ {*i)l 

(b) For every facial element F ofVfin(S), 

F C C =*• F 1 C C. 

Proof: 

(i) Suppose that C is V-stable. Suppose we are given a facial element F G Felt(S) of 

the form F = £F3 T>fin(Ti) such that FCC. Then, by property (a), for ev-

ery choice of T/ G ^(\jTi), fl^ ^fm(Tl) C C. We claim that this implies that 

F^ C C. Let d G F*, then d = £ i 6 7 A»d< such that d* G 2? / i n ( | v (V 71)). Thus, 

we have that d G HH V fin(supp(di)) where supp(di) C (supp(dj)U{\/Ti}) € 

JvwTi)- Therefore, d G 0 T>fin(supp(di)) C 0 Vfin((supp(di) U 

{Vr*}))cc. 

(ii) Suppose that C satisfies (6) and that a facial element F G Felt(S) of the form 

F = £ft Vfin{Ti) exists such that FCC. We must show that for every 

T! G ^ (v ro that Q)^Vfin(T!) C C. However, if 7V 6 ^ ( V T i ) then 7? C 

| v ( V T 0 . Hence, 0 Vfin{T[) CF^CC. 

a 
Therefore, using the above proposition, we can provide a more concise definition 

for a V-stable convex set. This new definition is easier to work with than our initial 

formulation. 

Definition 4.2.10 (V-Stable). Given a semilattice (S, V), a convex set C G Cvx(S) 

is said to be V-stable if it satisfies the following property: for any facial element 

F G Telt(S), 

F C C =» Fl C C 

We will denote by Stbl^y) the set of V-stable convex subsets in Cvx(S). 
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Example 4.2.11. Consider our semilattices Si and S2 from Example 4.2.7. We list 

below some examples of convex sets in Cvx({a, b, c, d}) which are stable with respect 

to one of the join structures but not the other. 

(a) The face T)fin({b}) is VVstable. However, it is not Vi-stable, since T)fin({b}) C 

Vfin({b}) but Vfin{{b})1 = Vfin{[Vl {&}) = Vfin({a, b}) % Vfin({b}) 

(b) The face T>fin({a,b}) is Vi-stable. However, it is not V2-stable, since 

Vfin({a,b}) C Vfin({a,b}) but Vfin({a,b})1 = Vfin(iV2 {a V2 b}) = 

Vfin({a, b, c, d}) % T>fin({a, b}). 

(c) Given an arbitrary A G (0,1), the convex subspaces C\ = 

Vfin({a,b})®\Vfin({c,d}) of Vfin({a,b,c,d}) (Figure 11 depicts a par­

ticular case) are Vi-stable but are not N^-stable. They are not V2-stable 

because the face X>/;n({a, b}) C C\, but £>/;n({a, b}) — T>fin({a, b, c, d}) % C\. 

A 

d 

Figure 11: A particular case of a convex set of the form Vfin({a, b}) (B\T>fin({c, d}) 

Proposition 4.2.12. Suppose we are given a semilattice (S, V). Then Stbl(s,v) *s 

dosed under arbitrary non-empty intersections. 

Proof: Let W be an arbitrary indexing set and for each w G W, Cw G Stbl(s,v), 

such that C\w€W C™ ̂  0-

(i) nwewCweCvx(S). 

Let d, d' G PLeVK <-^- Thus, for every w G W, d, d' G Cw and thus for all A G 

[0,1], d®x d' G Cw. This implies that for each A G [0,1], d®x dl G f^ew ^"-
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(n) C\w&w cw is V-stable. 

Suppose for some facial element F G ^rd*(5) that F C f]weWCw. Thus, for 

every w G W, we have F C Cw. Since the Cw are V-stable, we obtain F^- C C^ 

for all w G W. Therefore, M C ( \ G W <?«<• 

D 

The above proposition allows us to define a closure operation based on V-stability. 

That is, we will define the V'stable closure for any convex subset C G Cvx(S) as the 

smallest V-stable convex set, C* G Cvx(S), which contains C. It can be obtained by 

taking the intersection of all V-stable convex sets D G Stbl^sy) s u c n that C C D, 

C* = f | D. 
{D&SM(sy)\CCD} 

Definition 4.2.13 (V-Stable Closure). Given a semilattice (S, V) and a convex subset 

C G Cvx(S), the V-stable closure of C, denoted by C\ is the smallest V-stable 

convex set in Stbl^sy) containing C. 

Example 4.2.14. For any semilattice (S, V), we have the following standard V-

closures. 

(a) The V-closure of a face Vfin(T), T>fin(Ty, is equal to its V-expansion 

Vfin{T)1 = Vfin{ly{\jT)). It is easy to see that Vfin{T)1 = Vfin{[y{\JT)) C 

Vfin{T)I . For the other inclusion, we notice that the only facial elements which 

are contained in a face are faces generated by subsets of T. 

(b) More generally, we have that for a facial element that 

A 

Example 4.2.15. (a) Consider the semilattice 52 from Figure 7 and the con­

vex sets C\ from Example 4.2.11. Any V2-stable convex set containing a 

C\ inherently contains the face Vfin({a, b}). Thus, since it is V2-stable, 

it must contain the V2-expansion of T>fin({a, b}), given by T>fin({a, b})^ = 
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Vfin({a,b,c,d}). Therefore, the only V2-stable convex set containing any of 

the C\ is Vfin({a,b,c,d}). This implies that for any A G (0,1), CA* = 

Vfin({a,b,c,d}). 

(b) The stable closure of a finitely generated convex subset is not necessarily finitely 

generated. Consider the simple semilattice S = ({a, b, c, d}, V) and a finitely 

generated convex set Co = Vfin({a®i b,a(Bi b,c}) € GCvx{{&,b,c,d}) shown in 

Figure 12. It is easy to see, as shown in Figure 12, that the facial element Fi = 

£ft 1 x 1 (a,b,ac) C Co. Thus, Co* must contain Fi* = ^ ^ 1 1 1 (a, b, abed) = 
V 4 > 2 > 4 > ( 4 > 2 > 4 > 

Vfin({a@ib,a@ib, ( J ) (a,b,c), ( J ) (a,6,d)}). because C0* is V-
( 4 ' 2 > 4 ' ' 4 ' 2 ' 4 ^ 

stable. Moreover, since Co* is a convex set which contains both Co and F ^ , it 

must contain their convex hull Co EB F^ = Ci. 

Now, it is easy to see that the facial element F2 = £ M X X X (a, 6, ac) C Ci, thus 

for similar reasons as given previously C2 = F2^ EB Ci must be a convex subset 

of Co1-

Continuing this particular type of construction, we can recursively construct 

the convex sets Cn = Fn* EB Cn-u which must all be contained in Co*. In the 

end, we obtain the convex set Cx, C Co*, where Cx, is shown in Figure 12. 

Similarly, we apply this construction starting with the facial element F_i = 

£ft ! 1 1 (a> b, be) to obtain a C_oo C Co*. 
( f ' 3 ' 3 ) 

Finally, we can deduce that since Coo C C0* and C ^ C C0* and that C ^ EB 

C-oo C Co*. Therefore, (Coo EB C_00) t = Co* and is depicted in Figure 13. 

A 

Proposition 4.2.16. Given a semilattice (S, V), the operation of forming V-stable 

closures is a closure operation on convex subsets in Cvx(S). 

(a) C C C+ (extensivity), 

f&j (Ct)* = C* (idempotence), 

fcj ifCCD, then C* C £>* (monotonicity). 
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a b c 

The semilattice S = ({a, b, c, d}, V) The convex subset Cn. 

The convex subset Fi. The facial expansion of i*\, The convex subset C\. 
(i.e. F / ) . 

The convex set C0 

Figure 12: The recursive construction of C0 

L e m m a 4.2.17. Given a semilattice {S,V), a convex set C G Cvx(S) and a facial 

element F G Telt{S) such that FCC, then (F± ffl C) f = C*. 

Proof: Since F C C C C f , we have that F* C C f by the definition of V-stable 

convex sets. Hence, ^ E B C C C * and thus, (F 1 ffl C) f C C f . Finally, we have that 

C C f l f f l C , therefore (7+ C (F* ffl C) f . • 

Suppose we are given a convex set C G Cvx(S) such that there exists a facial 
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The convex set C^. The convex set C-oo-

The closure of the convex hull of the above subsets is equal to 

The V-stable closure of Co, (i.e. Co*). 

Figure 13: A finitely generated convex set whose stable closure is not finitely generated 

element F G Jrelt(S) such that FCC. The convex set Fl ffl C is constructed such 

that C C Fl ffl C and by Lemma 4.2.17, (Fl ffl C) f = C*. We could continue and 

make a similar observation on F* ffl C, by finding a facial element F' € Felt(S) such 

that F ' C F l f f l C . Thus we get that ((F')1 ffl (F 1 ffl C)) f = (F* ffl C) f = d We will 

say a convex set obtained using the above algorithm is a partial V-stable closure of 

C. 

Definition 4.2.18 (Partial V-Stable Closures). Given a semilattice (S, V) and a 

convex set C € Cvx(S), the set of all partial V-stable closures of C, C^ptl, is 

given by the following recursive construction. 

(a) C e C * * ' , 

(b) If Y e C**1 and there exists F e .Fe"(S) such that F C F , then F^ffly e 0***'. 
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Proposition 4.2.19 (Properties of C^pil). 

(a) For each Y G &**, Y G Cvx(S), 

(b) For each Y eC^', CCY, 

(c) &#* is closed under ffl in Cvx(S) (i.e., IfY, Y' G C H then Y EB Y' G &**). 

Proof: We only need to prove (c) since the first two assertions follow from the 

definition of partial V-stable closures. 

Given Y, Y' G C^tl, we will show that Fff lV 'G C^tl by structural induction on 

Y. 

(i) Base Case: Given that Y = C, by part (b) we know that C C Y'. Hence 

cmv = Y' G c^ti. 

(ii) Induction Step: Suppose that Y = Y" ffl F^ where Y" G C H F G Felt(S), 

F C Y" and F " ffl Y' G C ^ ' by induction hypothesis. 

= (y ' f f ly ' j f f lF* 

where F C y"ffly' and y"ffly' G C^«. Hence, 7 B r = (Y"mY')BF^ G C ^ ' 

by definition. 

D 

Theorem 4.2.20. If C is a convex set in Cvx(S) then & = ( J Y. 

Yecfp* 

Proof: We will show that \JYeCtpti Y is the smallest V-stable convex set in Cvx(S) 

which contains C. 

(a) It is a convex. Given d, d' G \JY£Cipti Y and a A G [0,1], we must show that 

d@\d' G \JYeCipti Y. Since d, d! G \JY€Ciptl Y, then there exists Yd, Yd> G C^", 

such that d G Yd and dl G Yd,. By Prop 4.2.19, part(c), Yd ffl Yd> G ( > " such 

that d, d' G y^ESy^. By Prop 4.2.19, part (a), YdSYd> is a convex set in Cvx(S), 

thus d©A d' G yd ffl y* c \jYectptl Y. 
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(b) It contains C, by Prop 4.2.19, part(b). 

(c) I t is V-stable. Given a facial element F G JFei*(5') such that F C \JYeCipU Y 

we must show that F^ C \JYf-ctptl Y. Note that F is a finitely generated convex 

set by construction. Let gen(F) be the set of generators for the convex set F. 

Thus, \/d G gen(F) there exists Yd G C^tl such that d G V .̂ By Prop 4.2.19, 

part(c), we know that - - Yd G C^". Since F C [J] yd, we have by the 
d€gen(F) degen(F) 

recursive definition of partial V-stable closures that F^- EB ( [J] Yd) G C^". 
dGgen(i?) 

Hence, F* C U r e C V F -

(d) It is minimal. Suppose there exists another V-stable convex set D in Cvx(S) 

containing C. We need to show that {JY£C*ptl Y Q D. We shall prove by 

structural induction that if Y G C*ptl then Y C D. 

(i) Base Case: Let Y = C, then by definition Y = CQ D. 

(ii) Induction Step: Suppose Y = FlaY' where Y' G C 1 ^ and .F G .FeW(S) 

such that F C. Y'. By induction hypothesis we assume that Y' C D. 

Moreover, we have that F C Y' C D; thus F^- C D because D is V-stable. 

Therefore, Y C D since D is convex. 

• 
We want to consider a minimal set of V-stable convex subsets. We have already 

discussed that this set should consist of the smallest mixed choice model generated 

by <Vfin(Ty \T G V*fin(S) \, together with the V-closure of the usual convex set 

operations. In the following section we show that we have indeed constructed the free 

mixed choice model from a semilattice. 

4.2.2 Probabilistic Completion of Nondeterministic Models 

In this section we prove that the set obtained by taking the V-stable closure on all 

the finitely generated convex sets in GCvx(S) under the appropriate V-stable closed 

nondeterministic and probabilistic operations forms a mixed choice model. 
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Proposition 4.2.21 (The Mixed Choice Model Stblfin(S)). Suppose we are given 

a semilattice (S, V). The set of all V -stable convex subsets obtained by taking the 

W-stable closure on all the finitely generated convex subsets in GCVX(S), Stblfin(S) C 

Stbl(s,v), together with the operations EB and (B\, the V-stable closed convex set op­

erations on Gcvx(S), forms a mixed choice model (Stblfin(S),Bi, ®\). 

Before we can prove that (Stblfin(S),\B, © A ) is in fact a mixed choice model we 

prove some technical lemmas which we shall require. 

Lemma 4.2.22. Suppose we are given a semilattice (S, V). Let C G Stbl(sy) be a V-

stable convex set. Then for any C G Cvx(S) and F G Felt(S) such that C ©A F C C 

we have that C ©A Fl C C. 

Proof: Consider an arbitrary d G C ©A Fl, then d = Xd' + (1 - A)/, where d! G C" 

and / G FK Note that {<f} = (T) {5S}; therefore {d'}®xF G ^(S). 
M ^ ( d ' ( * ) ) s u p p ( d ' ) 

Since C ®\F C C, we have that {d'} ©A F C C. Since C is V-stable, we have that 

({d'} ©A F)1 = {d'}1 ©A F^ C C. Finally, we can deduce that d G C, since tf G ({d'})1 

sod = \d' + (l-\)fe({d'})l@xF
lCC. • 

Lemma 4.2.23. Lef C, C" G C M ^ S ) , 

faj C^^X{C^ = {C®XC')], 

(b) c*m(cy = (c m c)f. 
Proof: 

(a) We show that (Ct ©A (C")V C (C©A C")f and (C* ©A (C")*)' D (C©A C")f. 

(C) It will be enough to show that C1'©A (C")t C ( C ^ C ) ' ; hence we need 

to show that for every Y G &*" and Y' G (C')U, Y®XY' C (C®XC')]. 

We proceed by simultaneous structural induction on Y and Y'. 

(i) Base Case: Let Y = C and Y' = C", then Y ®XY' = C © A C " C 

(ii) Induction Step: Let Y = FA ffl Yi, and Y' = (F1)1 E Y2, where 

Fi G C K Y2 G (C") W , F , F ' G Telt{S) such that F C Yx and 



CHAPTER 4. MIXED CHOICE VIA NONDETERMINISM 112 

F' C Y2. By I.H we assume that Yx ffiA Y2 C (C ffiA C') f. 

y © A y = (F i f f l r 1 )© A ( (F ' ) i f f l i2) 

= (F 1 ©A (F')1) ffl (^ l ®A y2) ffl (Yi ©A (F')1) ffl (Vi ©A Y2) 

Since (FffiAF'), (FffiA ^2) and (Yi ©A F') are subsets of 

Y1®XY2 C ( C ^ C ) 1 and since ( C S A C ) ' is V-stable, we have 

that (Fi®x(F')i),(Fi®xY2) and (Yi ©A (F')1) are contained in 

^©AC) 1 . Thus, y©Ar' c {c®xC)\ 

(D) Since C C C* and C" C (C")+, we have that C © A C C Cf ©A (C') f . There­

fore, (C©AC")t C ( C t f f i A ^ V -

(b) We show that (Ct ffl (C') t) t C (C ffl C")f and (Cf ffl (C') t) t 2 (C ffl C')1. 

(C) It will be enough to show that <J< ffl (C') t C (Cffl C")f. Hence, that for 

every y e C ^ ' and Y' G (C")tp", y ffl Y' C (C ffl C') f. We proceed by 

simultaneous structural induction on Y and y ' . 

(i) Base Case: Let Y = C and Y' = C, then YHY' = CHC C 

{cmc)]. 
(ii) Induction Step: Let Y - Fl ffl Yi, and y = (F ' ) i ffl F2, where 

Yx e Ctp", y2 G (C')]ptl, F,F' e ^(S) such that F C yx and 

F ' C y2. By I.H we assume that yx ffl Y2 C (C ffl C")f. 

y f f l y ' = (FJ- ffl y ) BB ( ( F ' ) 1 m y2) 

= (Fl ffl (F')1) ffl (Fi ffl Y2) 

Since F and F' are subsets of yx ffly2 C (C ffl C')f and since (C ffl C')f 

is V-stable, we have that F* and (F')^ are contained in (CSC). 

Thus, yffly'c (Ce^f . 
(D) Since C C C * and C" C {C')\ we have that CfflC C &m(C')\ Therefore, 

(CfflC")f C (C* ffl (C") t) t. 

D 
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Proof: [Prop 4.2.21] We first show that the operations EB and ©A are well-defined. 

Suppose A G [0,1], A* = B* and (A')1 = (B')\ where A, A', B, B' G QCVX(S). 

(a) We show that A^{A')] G Stblfin(S). 

AWx{A)] = (Al@x(A')^ 

= (A@xA')\ by Lemma 4.2.23 

Thus, since A®XA' G GCvx{S), we have that A t '©A '(^ /) t € Stblfin(S). 

(b) We show that Atffl(^')t e Stblfin(S). 

Alm(A')* = (A+fflCAOV 

= (AHA')1 ' , by Lemma 4.2.23 

Thus, since A EB A' G 5««(5), we have that A^A'^ G Stblfin(S). 

(c) We show that J4+"©T(A/)+ = B* ©!(£')*• 

Af = £+, ( ^ = (B')1 =» ^ f
 ©A (A')1 = # f

 ©A (B')f 

(d) We show that A^m(A')^ = Btffl(5') t. 

Af = B f , (A')1 = (B')f =• Af ffl (A')f = S f ffl (B')f 

=• (Af ffl (AOV = (Bf s (BOV 

We show that all the mixed choice axioms are satisfied. Given Lemma 4.2.23, the 

axioms are satisfied since ffl and ©> satisfy them. Recall that, in what follows, the 

elements C, are in Stblfin(S). Thus they are V-stable, implying that d = Cj. 

(ND-ASSOC) Ciffl(C2fflC3) = (CifflCajfflCs. 

Cim(c2mc3) = (dffl^fflCs))1 

= ((Ci ffl C2) EB C3) f 

= (CiEBC2)fflC3 
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(ND-COM) CifflC2 = C2EBC1. 

d E S d = ( d EB d ) 

= (dEd) f 

= C21SC1 

(ND-IDEM) CSC = C. 

CBC = (CEBC)f 

= C* 

= C 

(p-Assoc) d ©Al (d©A2 d ) = (d©AXA2 d)eg-*,)*, d-
l - A ^ 

d f f i l ^ d ^ d ) = (dff iA^d©^))* 
= ( ( d ©AiA2 d ) ©(1-AT)A2 C3) 

l - A ^ 

= ( d ©AiA2 d ) ©(1-AQA2 d 
1-A1A2 

(P-Com) d ©Id = d ©ô T) d-

dffi ld = (d©Ad)f 

= (d©(l -A)d) f 

= d ©(i-A) d 

(P-IDEM) C®IC = C. 

c e T c = (c©AC)f 

= d 

= c 

(DIST) ( d S d ) ©Id = (d ©Id)S(d ©Id)-

( d i d ) ©Id = (dffld)©Ad)f 

= ((d©Ad)ffl(d©Ad))f 

= (d^rd)i(d©rd) 
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We have associated to any semilattice (S, V) a mixed choice model 

(Stblfin(S), EB, ©A )• We use this correspondence in the definition of our functor. 

Definition 4.2.24 (V-Stable Convex Functor). The V-stable convex functor, 

Stblfin : Mod(ND} i r i , Set) -> Mod(MC / i n , Set) is defined as follows: 

(a) On objects: For (S, V) G Mod(ND} i n ,Set) , 

stbifin((s,y)) = (stw/in(5),ffl, el), 

(b) On morphisms: For / : (5, V) - • (S",V) G Mod(ND^„, Set) and At e 

Stblfinf(Ai) = (/[AU) f. 

Lemma 4.2.25 (Functoriality of Stblfin). Given f : (5, V) -> (5', V) G 

Mod(ND}.„, Set) and At G Stblfin(S), then 

(a) (/[At]cra) f = (/[A]c ra) f . 

fbj Stblfinf : Stblfin((S,W)) -+ Stblfin((S',V)) is well-defined. 

(c) Stbl fin is a functor. 

Proof: 

(a) We prove that {f[A%vx)
] C (/[A]**,)* and ( / [A t ]^ ) 1 D (/[A]cra) f. 

(C) We shall prove by structural induction that for any Y G A^a, f[Y]cvx C 

J\[A\cvx) • 

(i) Base Case: For Y = A, we have that 

(ii) Induction Step: Suppose that Y = F t ffl Y', where Y' G A t e , F G 

^^(S) and F C V . By induction hypothesis, we have that f[Y']cvx C 

(f[A]cvxy. Note that / [F]C T I G ̂ e K(5") , thus by V'-stability we know 

that ( / [ F ] ^ ) 1 C (/[A]CTX)f. Given that /[Ft]OTX C ( / [ F ] ^ ) 1 , we 

have that /[Y]^ C (/[A] 
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(2) 

ACA* => f[A]cvxCf[A^} 
cvx 

=> (f[A]cvxy C (/[^U)1 

Suppose .A, B G Gcvx(S) such that 4̂+ = B^. We need to show that 

Stblfinf(Al) = Stblfinf(Bi). 

Al = B^ => f[A%vx = f[B%vx 

=> {f[A%x)
] = (f[B%J 

=> (f[A]cvxy = (f[B}cvx)
f 

=• Stblfinf(Ai) = Stblfinf{Bi) 

Stblfin is functorial. We need to show that Stblfin satisfies the following prop­

erties. 

(i) Given the identity function id{s,V) : (S,V) -• (5, V) G Mod(ND} in, Set) 

we have that 

Stblfinid{s,v)(A]) = (id(Sy)[A]cvxy 

= A* 

= idsmfin((sy)M]) 

(ii) Given two functions / : (S, V) —> 

Mod(ND} in, Set) we have that 

Stblfin(f ° 9)(d) = 

- (5', V) and g : (5', V) -> (5", V") G 

= ((/°<7pU)f 

= = (,/LfllAlcuajJcua:) 

cvx J J 

= {Stblfinf o Stblfing)(Ai) 

a 
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Theorem 4.2.26. The V'stable convex functor Stblfin : Mod(ND} i n , Set) -» 

Mod(MC/j„, Set) is left adjoint to the forgetful functor Ustbifin '• 

Mod(MC / i n , Set) -> Mod(ND} i n , Set). Thus it forms a monad §>tblfin = 

(Mstbifin ° Stblfin,r], y) over Mod(ND^ i n , Set). We include the adjunction and 

monad structures: 

(a) The unitfa): for (S, V) G Mod(ND^ ir i, Set) and seS, 

(b) The counit(e): for (M, V, +A ) G Mod(MC / i n , Set) and Aft G Stblfin(M), 

e{M,v,+x)(N*) = \ / (J2(d(m)) m). 
v * - - ' ( d (m) ) , u p p ( d ) 

d£pen(iV) 

(c,) The multiplication(yu); for (S, V) G Mod(ND} i n , Set) and AA G 

5t6Z/in(5t6Z/in(5)), 

rf)= IT ( ©(^ „/>" 
D€gen(Af) (D(A1))suPP(D) 

(Note that the every C G supp(D) is equal to A^ for some A G QCvx(S)-) 

Lemma 4.2.27. Given a model of mixed choice (M, V, +A ), the probabilistic choice 

operator +\ preserves the ordering < v generated by the semilattice structure. In 

other words, for m, m', n,n' G M and any A G (0,1) 

m < v ml and n < v n' implies m+\n < v ml +\ n' 

Proof: By initial hypothesis we have that m V ml = ml and n V n' = n'. We need 

to show that (m +x n) V (ml +\ n!) = {ml +\ nl). 

First we show that (m +\ n') < v (ml +\ n'), by using the distributivity of +\ over 

V. 

ml +x n' = (ml V m) +A ft' 

= (m'+An') V(m+An') 
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Similarly, we can prove that {rn! +\n) < v {rn! +\n'). Thus, we get that 

m! +\ n' = {ml V m) + A (n' V n) 

= {ml +A ri) V {ml +x ri) V (m +A ri) V (m +A n) 

= (m'+An') V(m+Xn) 

D 

Proof: [Theorem 4.2.26] We must show that the unit and counit maps are well 

defined and satisfy the necessary conditions. 

(a) The unit is a well-defined semilattice morphism. 

(i) Well-defined: Consider s,s' G S such that s = s', clearly ??(s,v)(s) = 

V(sy)(s'). 

(ii) Semilattice morphism: Given a semilattice (S, V) and s, s' G S, 

77(s,v)(sVs') = { < W } f 

= {6s,Ss>}] 

= {6sy®{5s,y 

= V(s,v)(s) EB V(s,v)(s') 

(b) The counit is a well-defined mixed choice morphism. 

(i) Well-defined: Let N^, (iV')1 G Stblfin(M), such that 7V+ = (iV')f. We 

must show that £(MiV,+A)(./V"t) = e(M,v,+A)((-/V')t)-

In order to simplify notation we introduce the following "flattening" p-

choice morphism : (•)b : {Vfin{M), 0 A ) -> (M, + A ) . let d G Vfin{M), 

then (d)1" = y^ m. Indeed, (•)'' is a p-choice morphism since, for 

&nyd,d'eVfin(M), 

(cKBxd'f = Y m 
-^-^(<iex<i'(m))s„pp(m) 

= ( V rn)+ A (Y" ml) 
jL-'{d{m))aupp(d) *—-'{d'(m1)) 
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For any d G gen(N') we show that (d)b < v S(M,V,+X)(N^) where < v is the 

order generated by the semilattice structure in (M, V, +\). 

Given a d G gen(N'), since d e N' C. (iV)* = Aft, there exists a partial 

completion Y G A/"ta! such that d £ Y. We show by structural induction 

on Y G Art*' that (Vd G Y)(ci)b < v e(M,v,+*)((#)*). 

(1) Base Case: Y = N. UdeY = N, then d = 0 d* where |7| < 

co, and for each i G I, di G gen(N). Since (d)b = VJ (dj)b and for 

each'i G I, (dj)b < v £(M,v,+x)(A
At), we have that (d)b < v e(M,v,+A)(Aft). 

(2) Structural Case: Let Y = Y'm Fl, where F G .Fd t(M), Y' G Art*', 

F C Y' and by induction hypothesis the property holds for any d' G Y' 

(i.e., for any d! G Y', (d')b < v £(M,v,+A)(Art)). Since d eY, there exists 

p G [0,1], d' G Y' and / G F^ such that d = d'®p f. 

Claim 1. Stoy F = H R T^fin(Ni), where \I\ < co, and for each i G 

jf, A', Cfin M, then the distribution defined as f* = A H (̂V -W») ^ 

F-̂  has the following property: 

( / * ) ' = E r A ^ V ^ ) < v e ( M , v , + x ) ( ^ t ) . 

Indeed, let n G f ] j A/» a n d consider the distributions of the form /# = 

£T4 ^(^(n)) S F . Since F C Y', then by the induction hypothesis 

we have that for each n G Ylj Ni} (/«)b < v £(M,v,+x)(A
/'t). This implies 

that Vneri/M(^")b ^v £(M,v,+A)(Art). By the distributivity property 

of +A over V from (M, V, +\), we have that 

( f ) b = V ( / ^ v £ W v , + 1 ) ( ^ 

Claim 2. (V/ G F±) (/)b < v (/*)b. 

Indeed, consider / € i 7^ then / = £ft <$mi where for each i E I, 

mi < v V Ni- Therefore, we have that (/)b < v (/*)b. 

Therefore, 

(d)b = (d')b+P(/)b<ve(M,v,+ A)(Art) 
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Thus, (d)b < v £(M,v,+A)(-^t); Vd G gen(N'), which implies that 

e W v I + 1 ) ( M t ) = V ^ ^ e(M,v,+*)(#*) 
degen((N')) 

Similarly, we can prove that e^My,+x){^) ^v £ (M,V,+ A ) ( ( -^ ' ) )• Hence, we 

have that S(M,V,+X) is well-defined. 

(ii) Mixed choice morphism: we must show that the counit is a mixed 

choice morphism. Given a mixed choice model (M, V, +A ) and N^, (N'y G 

Stblfin(M), 

(1) A nd-choice morphism. 

elM,v,+x){Ntm{N')*) 

= e ( M ,v ,+, ) ( (^ff l^ / ) t ) , by Lemma 4.2.23 

V (<*)> 
(d(m))desen(WffliV') 

= ( V W b ) V ( \ / (d")k)» since gen(N m N') = gen(N) (J gen(N') 
d'€gen(N) d"€gen(N') 

= £(M,v,+A)(iV t)V£(M,v>+,)((iV') t) 

(2) A p-choice morphism. 

e{M>v,+x)(N^(N^) 

= e(M)v)H-x)((iV©AiV/)t), by Lemma 4.2.23 

V wb 

d£gen{N®xN') 

= V V «<ob+A(<nb), 
d'egen(N) d"€gen(N') 

since d G gen(N ®\ N')=>d = d! +A d" for some d' G gen(N) and d" G gen(N'). 

= ( \ / (d)b)+A( V K)b)» bydistributivity 
d'egen(N) d"egen(N') 

= £(M,V, + A )( # * ) +A £(M,V, + A ) ((W)') 
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(c) The required equations are satisfied. Given a semilattice (S, V) and A^ € 

Stblfin(S), 

e(Stw/in(5),S,©I) ° Sttlfinrns,vM*) 

= £(Stblfin{S),B,'®^)((rl(Sy)[A]cvx) ) 

degen(VSy[A)cvx) (d(C)) suPP(d) 

However, we have that gen(r]sy[A}cvx) = < dV{sv) \ d 6 gen(A) >, where 

Hence, 

= A* 

Given a mixed choice model (M, V, +A ) and m E M, 

Ustbifine{Stblf.n{M)^x) o 7?(M,v)(m) 

= ^StW/ine(5tW/<n(M),i,ffiX)(i""lJ' ) 

= m 

D 

Proposition 4.2.28. The category Stblfin-Alg is equivalent to the category 

M o d ( M C / j n , Set). Thus, Stblfin constructs the free mixed choice models over semi-

lattices. 

Proof: Mod(MC/j„,Set) = S>tblfin-A\g: We construct two inverse functors J7 : 

M o d ( M C / i n , Set) -» S>tblfin-Alg and Q : %tblfin-A\g -» Mod(MC / i n , Set): 

(a) We begin by defining the functor T : Mod(MC / i n , Set) -> Stblfin-Alg: 

F: Mod(MC / i n ,Se t ) -»• S,tblfin-Alg 

(M, V, +x) ^ ((M, V), a(M,v) : Stblfin((M, V)) - (M, V)) 

tf ~ if 

(M' ,V, +A ' ) ~ ((M', V'),a(M',vO : Stblfin((M'y V')) - (M',V)) 
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where 

"(M,v) = £(M,V,+ A ) -

Note T(f) = / (the latter considered as an algebra map). 

Indeed, a(M,v) is well-defined and satisfies the necessary equations: 

(i) It is well-defined. We have already shown that the counit map is well-

defined. 

(ii) It satisfies the required equations. Let (M, V , + A ) £ 

Mod(MC / i n , Set) and A/"f € StblSin(Stblfin(M)). 

Oi{M,w)°Stblfina^M,y){M]) = «(M,v)((«(M,v)[-A/]CTx)t) 

- EH (\&(ntr^ , C^ 

= «(M,V)( I f (®(D(C)) CO) 

= a(M,v) °/J(M,v)(^) 

Let me M, 

«(M,V) ° ?7(M,V) (""0 = a(M,V)({£m} ) 

= m 

Moreover, we also verify that for any / : (M, V, +A ) -> (M', V', +'A ), then / is 

also an algebra map. Let N* G Stblfin(M). 

a.{M>y)°Stblfinf{N]) - a^Miy)({f[N]cvxf) 

= V (V m) 
V degenfJWcu.,) V ^ {d(m)) suppW ' 

= v (V' /("»)) 
V d€flen(iV)V ^(d(m))suppid)

 V " 

= f°<xiMy)(N*) 
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(b) Next we define the second functor Q : Stblfin-A\g •—> Mod(MC/ i n , Set): 

Q: Stblfin-Alg -> M o d ( M C / i n i Set) 

((S, V), a : Stblfin((S, V)) - (5, V)) K+ (S, V, ©£ ) 

((5', V), a : Stblfin((S', V')) - (5' , V')) ~ (5' , V, ©?' ) 

where for s,s' € S, 

sets' = «({<*,©*<?•}')• 

These operations are well-defined and satisfy the axioms for mixed choice due to 

the equations satisfied by a, V and ©A and the fact that si V S2 = a(r)(s,v) (si V 
s2)) = a({<$«iv«}t). 

Finally, we verify that the two functors are inverses. 

goT{{M,y,+x)) = 5 ( ( ( M , V ) , a W v ) ) ) 

= (M,V, ©"<"*>) 

We can verify that (M, V, + A ) = (M, V, ©"(M'V)), since 

m©" ( M , v ) m' = a(M,v)({<Jm©A^m'}t) 

= m+\m' 

Fog(((S,V),a)) = (F ) ( (5 ,V ,©; ) ) 

= (0S,V),a(5,v)) 

However, a = a(s,v) since 

«(S,v)(At) = v ( ( © L „ )s) 
d€gen(A) 

- V Mf©,,,,,,/.}')) 

= " ( I T {©,*,„ *.}f) 

a 
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Theorem 4.2.29. We can factorize the geometrically convex powerset functor,Qcvx, 

through the finite non-empty powerset functor V%in by using the V-stable convex func­

tor Stblfin. In other words, Qcvx = Stblfin o Vfin • 

Proof: We define two inverse natural transformations: 

(a) (f> : (Stblfin ° 'Pfm) =** Gcvx, where for an X G Set, the mixed choice mor-

phism <px • (Stblfin o T}in)(X) -* QCVX(X) is defined as follows. If Cf G 

Stblfin(V}in(X)), we define 

M&)= S (0 (Vfin(A))). 

(i) 4>x is well-defined. Suppose C i t ,C 2
t G Stblfin(V*fin(X)) such that Cif = 

C2
f . We must show that <t>x{C^) = fa^)- Let d G gen(C2). This 

implies that d G C^ and thus, that there exists a Y G Ci t p" such that 

d G y . We shall show by structural induction on V that for all d G 

Base Case: Let V = d, then rf = ffi dj where | J | < oo, and for 

each j G J,dj G gen(C{). Thus 

©«™ P^ ( A ) = © r . . <©« rx » ^ W ) C 4>X(CJ) 

Induction Step: Let Y = Y'mFl, where F = ® Vfin(Tj) G 

^ e / *(P; i n (X)) ,y ' G C i ^ S F C y and that by induction hypothesis 

we have that for every d' G Y', @,MfA„ Vfin(A) C ^ ( C i 1 ) . 

Since, d G y = y ffl FA, then there exists p G [0,1], d' G 

y ' and / G F l such that d = d'@pf. Next we show that 

© „ * ^ / i n ( U ^ ) C 0x(Ci f) . For every te Ui^i, consider the dis-

tribution /^ = £ft 5^,^ G F . Since F C y , we have that for 

every f G UiTi that ® Vfin(m(i)) C ^ ( C ^ ) . Therefore, by 

the convexity of ^x(Ci^), we have that EJ] (£ f t T>fin(TTi(i))) = 
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© „ * VHn{{}Ti) Q <t>x{Ci])- Finally, we see that for any / = 

ffi *s« e F*, where St C | J U that © , P / i n (Si) C 

© n , ^ / m ( U ^ ) C </>x(Cj). Therefore, since d = d'®„f our re-

suit follows. 

(ii) (j>x is a natural transformation. We prove that the necessary equations 

hold. Let / : X ->• Y e Set and C* e Stblfin(X). 

<froStblfinVfintt&) = M^hJlCUJ) 

BB ( © ( „ ( B ) ) ,*>/<»(*)) 

= EB (©,„,„ vMf[A])) 
d€gen(C) ^ ( ^ W P M 

= Gcu.fi EB (©„,,„ *WA))) 
= £CTX/ ° <f>x(&) 

(hi) >̂x is a mixed choice morphism. Let C\\C^ € Stblfin(Vfin(X)). It 

preserves the N D operations. 

= ^((CifflCa)*) 

(©,™ */*M) dG5en(CiSC2) M - ^ W P W 

It preserves the P operations. 

= M(Ci®xC2?) 

ffl (®(d(A)) ^ W ) 

= ( ffl ( © _ ^ ( A ) ) ) 0 A ( EB ( © ,*>/*(*))) 

http://Gcu.fi
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(b) ip : Qcvx => (Stblfin o Vfin), where for &n X £ Set, the mixed choice morphism 

il>x • Gcvx(X) -> (Stblfin o V*fin)(X) on C e GcvxiX) is given by 

where r\ : lget => Uv*. ° 'Pfin ^s the u m ^ f° r the finite power set monad. 

(i) ipx is well-defined. This is immediate, from the definition. 

(ii) 'tp is a natural transformation. This follows from the naturality of 77. 

Let / : X -» y e Set and C G ^ ( X ) , then 

StblfinP}inf 0^(0 = StblfinP*fiJ((Vx[C]cvxy) 

= ((^n/°^)[C]c r a) t 

= ((W ° f)[CU)] 

= 1pY°Gcvxf(C). 

(iii) ^ x is a mixed choice morphism. Let Ci, C2 € ^ x ( ^ ) -

It preserves N D operations 

V*(CifflC2) = (^[dfflCfeW)' 

= (??x[Ci]craffl'7x[C2]cra)
t 

= faxlCiW^fflMCaU)1 

It preserves P operations. 

'0x(Ci©Ac2) = {•nx[Ci®\C2]cvx? 

= {rnx[Ci]cvx®\r]x[C2)cvx){ 

= (^[c ,i]cua!)
t©r(»?x[c ,2]cl«B)t 

= ^(Ci)eTvx(c2) 
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(c) These natural transformations are inverses, 

(i) Let C e GCVX(X)-

<PXOTJJX(C) = M(r)x[C]cvx)^ 

ffl (©r^ Viin{A)) 

d<=gen(Vx[C]cvx) WA»suPP(d) 

(©«.«.. _..D^W» d<=gen(C) Mx)) suPP(d) 

= C 

(ii) Let C* G Stblfin(V}in(X)). 

(©r„^ fe^^))-)1) 
d6Sen(C) (d(A)Wp(<*) 

HT (©rlT (^({WlaG^) 

d€gen(C) (d,(A)) suPP(.d) 

D 

4.3 Extending to Infinitary Operations 

Recall the extension to theories which included infinitary nondeterministic choice 

operators and countable probabilistic choice operators discussed in Chapter 3. By 

combining these two infinitary theories together we defined the infinite mixed choice 

theory, to which we also associated the monad Gscvx. This monad was again defined 

by following the left-hand path of our usual diagram slightly modified to reflect the 

new infinite operations. 
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Figure 14: Combining infinite nondeterministic and probabilistic theories: two possi­
ble approaches. 

In this section we show how we can extend the results obtained in the previ­

ous section to define a \J-stable superconvex functor, Stbl : Mod(ND*, Set) —> 

M o d ( M C , Set): the functor which constructs free infinite mixed choice models from 

arbitrary semilattices. 

We begin by extending/modifying the basic definitions seen in the previous section 

to compensate for the presence of the infinite operations. In the instance of faces, 

since our semilattice now admits infinite N D combinations, any N D behavior may 

arise as an arbitrary N D combination of elements. Thus, we now allow faces to be 

generated by arbitrary subsets of the semilattice. Moreover, the definition of facial 

elements must be modified to compensate for the possible superconvex combinations 

of faces. 

Definition 4.3.1 (Faces/Facial Elements). Given a semilattice (S, V) 6 

Mod(ND*, Set), the model category of arbitrary nondeterministic algebras. 

(a) An element of GSCVX(S) of the form V(T), where T e V*(S), is called a face of 

V(S). 

(b) A facial e lement of V(S), F, is a superconvex combination of faces of T>(S) 

in Gscvx(S)- We shall denote the set of all facial elements of Gscvx(S) by Felt(S). 

We have previously discussed the importance that, if a convex set captures a 

particular probabilistic combination of N D behaviors each associated to a particular 

N D combination of elements, then it must capture the probabilistic combination 

of N D behaviors arising from any equivalent N D combinations (V-expansion). For 



CHAPTER 4. MIXED CHOICE VIA NONDETERMINISM 129 

the infinitary case, we need to make modifications in order to allow for superconvex 

combinations and N D behaviors arising from arbitrary N D combinations. 

Definition 4.3.2 (Y-Expansion). Given a facial element F G Telt(S) of the form 

F = A H T^{Ti), the V _ e x P a n s i ° n °f F, denoted by F-1 2, is defined as the 

following superconvex set : 

Given the infinite versions of our definitions, we can now define the notion of 

V-stability for the infinite case: \J-stability. 

Definition 4.3.3 (V-Stable). Given a semilattice (5, V) e Mod(ND*, Set), a su­

perconvex set C G Qscvx{S) is said to be \ /-stable if it satisfies the following property: 

for any facial element F G Fat(S), 

F C C = » Fl C C 

We will denote the set of all \/-stable superconvex sets in T>(S) as Stbl(S) C QSCUX(S). 

Proposition 4.3.4. Suppose we are given a semilattice (S, \J), Stbl(S) is closed 

under arbitrary non-empty intersections. 

Proof: Let W be an arbitrary indexing set and for each w G W, Cw G Stbl(S), such 

that f]wew Cw + 0. 

(i) (.C\wewC™ G Qscux{S)) Let (Ai)7 G Pwt and for each i G J, dt G f]w€WCw. 

Thus, for every w G W, and for each i E I, di E Cw and thus £ft dj G 
^ • ^ ( A t ) / 

Cu, (since C„, is a superconvex set). This implies that for any (Aj)j G Pwt, 

(ii) (PLew C™ is V-stable) Suppose for some facial element F G Jrelt(S) that F C 

Hiuew Cw- Thus, for every to G W, we have F C Cw. Since the C^ are \/-stable, 

we obtain Fl C Cw for all to G W. Therefore, F i C f]weW Cw. 

D 
2We use the same notation F*- as defined previously for finitary theories. It will always be clear 

from the context which version is meant. 
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The above proposition allows us to define a closure operation based on \/-stability 

(as we used its finite counterpart to define the V-stable closure). That is, we will define 

the Y-stable closure of any superconvex set C G Gscvx(S), to be the smallest V-stable 

superconvex set, C^ in Q3CUX(S), which contains C. It can be obtained by taking the 

arbitrary intersection of all \/-stable superconvex sets D G Stbl(S) such that C C D 

(i.e., C — f]{Desm(S) |CCD] &)• 

Definition 4.3.5 (V-Stable Closure). Given a semilattice (5, V) € Mod(ND*, Set) 

and a superconvex set C G Qscvx(S), the \ /-stable closure of C, denoted by C* 3, 

is the smallest V-stable superconvex set in QSCVX{S) containing C. 

Finally, we have all the necessary definitions to define the V_stable superconvex 

functor Stbl. 

Definition 4.3.6 (\/-Stable Superconvex Functor). The V-stable convex functor, 

Stbl : Mod(ND*, Set) -» Mod(MC, Set) is defined as follows: 

(a) On objects: For (S, V) G Mod(ND*, Set), 

5tW((5>V)) = ( ^ W ( 5 ) . f f l , © ( X | ) i ) . 

where J and H|H are the V-stable closed counterparts of - - and H H 

from Gscvx(S). 

(i) For any arbitrary family of V-stable superconvex sets (Cw)w in Stbl(S), 

m C-w = ( bn Cw) . 
wew wew 

(ii) For any countable family of V-stable superconvex sets (Cj)/ in Stbl(S) and 

any probability density (A,)/ G Pwt, 

SW7'"*©^)/7*)-
3We use the same notation C* as defined previously for finitary theories. It will always be clear 

from the context which version is meant. 
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(b) On morphisms: For / : (S, V) -»• (S'.V') G Mod(ND*,Set) and C G 

Stbl(S), 

Stblf(C) = (f{C] 
scvx 1 • 

where f[C]scvx = {df \ d G C}. 

We have the following results hold in the infinitary case, for similar reasons as the 

finite case. In fact, the proofs for these results are easier than their finite counterparts, 

because we do not have to restrict ourselves to fmitary combinations and finitely 

generated convex sets. This greatly simplifies the proofs that our maps are well-

defined. 

Theorem 4.3.7. The \J-stable convex functor Stbl : Mod(ND*, Set) -> 

Mod(MC, Set) is left adjoint to the forgetful functor USm '• Mod(MC, Set) —> 

Mod(ND*, Set). Thus it forms a monad Stbl = (USM ° Stbl,n,n) over 

Mod(ND*, Set). We include the adjunction and monad structures: 

(a) The u n i t ^ ) : for (S, V) e Mod(ND*,Set) and s eS, 

V(s,y)(s) = {5s}*. 

(b) The counit(e): for (M, V, E ( A , ) / )
 e Mod(MC, Set) and C G Stbl(M), 

e(M,V,E(Ai)j)(
C) = V (J2 ( d ( mv m)' 

K %)I Y * '{dKm))supp(d) 

(c) The mult ipl icat ion^): for(S,\/) G Mod(ND*, Set) andC G Stbl(Stbl(S)), 

mv>(O = E B ( 0 ~ (c). 
(Note that the every C G supp(D) is an element of Stbl(S). Thus, C is a 

\/-stable superconvex set.) 

Proposition 4.3.8. The category SiW-Alg is equivalent to the category 

Mod(MC,Set) . Thus, Stbl constructs the free infinite mixed choice models over 

arbitrary semilattices. 

Theorem 4.3.9. We can factorize the geometrically superconvex power set functor, 

Gscvx) through the non-empty powerset functor V* by using the \J-stable superconvex 

functor Stbl. In other words, Gscvx — Stbl o V*. 
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4.4 V-Stability and Posetal Models of Mixed 

Choice 

In this section we return our focus to finite theories of nondeterministic and prob­

abilistic choice. However, we now want to describe our construction of free finite 

mixed choice models over finite semilattices over posetal models, instead of set mod­

els. In other words, we want to define the posetal version of the V-stable convex 

functor. However, as mentioned in Chapter 3, there are three different types of non-

deterministic theories to consider when considering ordered theories. We begin this 

chapter by recalling the basic algebra constructions used to capture probabilistic and 

nondeterministic choice over Poset. 

4.4.1 Posetal Models of Probabilities and Nondeterminism 

Posetal Models of Probabilities 

We begin by presenting the posetal probabilistic algebra. As previously mentioned, 

the probabilistic algebra functor over partially ordered sets is a particular case of the 

construct described in depth in Claire Jones' thesis [20]. 

Definition 4.4.1 (Probabilistic Algebra). The probabilistic algebra over Poset, 

V : Poset —> Mod(P/in , Poset) is defined as follows: 

(a) On objects: Given (X, C) £ Poset, 

V{(X,Q) = (Vfin(X),±), 

where X is the distributions order over (X, C). Recall that for d, d' £ Vfin(X), 

d * d! if and only if for all Y C X, d(TcV) < d'(Tc^), where d(Y) = 

J2yerd(y)-

(b) On morphisms: For / : {X, C) -»• (X', C') £ Poset, d £ V(X) and x' £ X', 
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Poseta l Models of Nonde te rmin i sm 

Next we present the posetal definition of the three powerdomains for nondetermin­

ism. As previously stated, each of the following algebras gives rise to models of non-

determinism with associative, commutative and idempotent nondeterministic choice 

operators. However, in the cases of the Hoare and Smyth algebras two extra axioms 

concerning the ordering are assumed, AC. AS B and AS B C. A, respectively. 

Definition 4.4.2 (Convex Algebra Functor). The convex algebra functor, V : 

Poset —> Mod(NDj i T l ,Poset) is defined as follows: 

(a) On objects: Given (X, C) E Poset, 

n(X,Q) = {(V(X),U),QBM), 

(i) V(X) is the set of all order-convex closures under C. of finitely generated 

subsets of (X, C) (i.e V{X) = {Y\Y E V*fin(X)}, where Y is the smallest 

order-convex set containing Y). 

(ii) U is union closed under order-convexity (i.e., Y\ U Y2 = (Yi U Y2)). 

(hi) QEM is the Egli-Milner order over (X, Q . For YX,Y2 E V(X), Y^EMYI 

if and only if J. Yx C | Y2 and | Y2 C | Yv 

(b) On morphisms: For / : (X, C) -»• (X', C') G Poset and Y e V(X), 

Vf(Y)=W]-

Definition 4.4.3 (Lower (Hoare) Nondeterministic Algebra Functor). The lower 

N D algebra functor, H : Poset —> Mod(ND*, Poset) is defined as follows: 

(a) On objects: Given (X, C.) E Poset, 

W((X,E)) = ((W(X),U),C). 

(i) TC(X) is the set of all lower sets under C of finitely generated subsets of 

( X , Q (i.e H(X) = {IQY\YE V*fin{X)}, where iQY is the set of all 

elements of X which are smaller than some element in Y). 
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(b) On morphisms: For / : (X, C) -> (X', C') G Poset and | E 7 G H(X), 

Definition 4.4.4 (Upper (Smyth) Nondeterministic Algebra Functor). The upper 

N D algebra functor, S : Poset —> Mod(NDy i n , Poset) is defined as follows: 

(a) On objects: Given (X, C) e Poset, 

<S((X,Q) = ((S(X),U),D). 

(i) S(X) is the set of all upper sets under C of finitely generated subsets 

of (X, Q (i.e S(X) = { T r y | Y € P ; i n ( X ) } , where TcF is the set of all 

elements of X which are bigger than some element in Y). 

(b) On morphisms: For / : (X, C) -+ (X', C') e Poset and t c V e <S(X), 

4.4.2 Convex Algebra Functors 

As stated previously, there is a algebra functor for mixed choice associated to each dif­

ferent type of nondeterminism present for posetal models. We recall their definitions 

below. 

The biconvex algebra functor captures the mixed choice theory associated to the 

nondeterministic operations described by the convex algebra functor. 

Definition 4.4.5 (Biconvex Algebra Functor). The biconvex algebra functor, 

VV : Poset -> Mod(MC / i n , Poset) is defined as follows: 

(a) On objects: Given (X, C) £ Poset, 

VV((X, p ) = (OPV(X), ffl, ©A ), QBM<) 

(i) 'PV(X) is the set of order-convex closures under < of finitely generated 

convex subsets over (X, C) (i.e., VV(X) = {C | C € Gcvx{X)}, where C is 

the smallest order-convex, convex subset of V(X) containing C). 
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(ii) EB and ©A are the order-convex closures of EB and ©A- For C\,Ci G 

W(X), we have that 

C\ EB C2 = (Ci EH C2) 

d ©A c2 = ( d © A C 2 ) 

(hi) EBMX is the Egli-Milner order over V((X, C)). 

(b) On morphisms: For / : (X, Q -> (X', C') G Poset and C G PV(X), 

W ( C ) = f[C]cvx. 

The convex lower N D algebra functor captures the mixed choice theory associated 

to the N D behavior described by the Hoare algebra. 

Definition 4.4.6 (Convex Lower Nondeterministic Algebra Functor). The convex 

lower N D algebra functor, HV : Poset —> Mod(MC/ i n , Poset) is defined as 

follows: 

(a) On objects: Given (X, Q E Poset, 

W ( ( * , E ) ) = ( (HV(X),f f l* ,© A ) ,c) . 

(i) TCV(X) is the set of lower sets under ^ of finitely generated convex subsets 

over (X, Q (i.e., HV{X) = {UC\C e GCvx(X)}, where |-<C is the set of 

all distribution in V(X) which are smaller than some distribution in C). 

(ii) EB-1 and ©A are the appropriate closures of EB and ©A . For J,-< d , -U C*2 G 

ftV(X), we have that 

| - < d H1 I ^C 2 = | ^ ( d E B d ) 

l ^ d ©i l d C 2 = | ^ ( d © A C 2 ) 

(b) On morphisms: For / : (X, Q -> (A"', C') G Poset and |^ C G 7iV(X), 

^ V / a ^ C ) = i^( / [C] c , x ) . 
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The convex upper N D algebra functor captures the mixed choice theory associated 

to the N D behavior described by the Smyth algebra. 

Definition 4.4.7 (Convex Upper Nondeterministic Algebra Functor). The convex 

upper N D algebra functor, SV : Poset —> Mod(MC/;n ,Poset) is defined as 

follows: 

(a) On objects: Given (X, C) e Poset, 

sv((x,n)) = ((sv(x),mi,®{),D). 

(i) SV(X) is the set of upper sets under ^ of finitely generated convex subsets 

over (X, C) (i-e., SV(X) = {U C | C € QCVX{X)}, where T^ C is the set of 

all distributions m.V{X) which are larger than some distribution in C). 

(ii) fflT a n c i ĝ T a r e j . n e a pp r 0 p r i a t e closures of EB and ®\ . For f ̂  Ci, |-< C2 € 

<SV(X), we have that 

UCi EBT TdC2 = TdCCifflCa) 

TxCx ©1 T«C2 = Td(^i©AC2) 

(b) On morphisms: For / : (X, Q -> (X', C') e Poset and f ^ C G 5V(A"), 

<SV/(TxC) = T^( / [CU) . 

4.4.3 V-Stable Convex Algebra Functors 

As we have noted during our constructions over Set, the above convex algebra con­

structions are obtained by following the left hand side of our recurring diagram, 

modified for the posetal case (the case involving the convex algebra functor is shown 

in Figure 15). Based on our work on finding set-theoretical models for mixed choice, 

we will construct the functors necessary to obtain posetal mixed choice models by 

following the right hand side of the diagram. For each of the possible convex alge­

bra functors capturing mixed choice, there will be an appropriately ordered V-stable 

functor. We begin by defining the V'-stable biconvex functor, which constructs mixed 
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Mod(MC / i n , Poset) • 
VSM 

A,PvstbK 

Mod(P / i n , Poset) Uvv r\v Mod(ND} i n , Poset) 

Poset 

Where each functor is part of an adjunction pair i.e. W H ZY-pv-V ^ Wv,V H 
Uv, VVsm H UVVstbl and W H f , such that ToV = VV. 

Figure 15: Mixed Choice Factored over Poset 

choice models over arbitrary ordered semilattices, using the most familiar interpreta­

tion of posetal nondeterminism. 

We've observed in the definition of the convex algebra functor and in the biconvex 

algebra functor that in order to capture this type of nondeterminism we consider 

particular sets of order-convex convex subsets of V((S, Q ) . Thus, we shall have to 

extend our previous concepts of V-stability in order to construct a family of convex 

subsets which are V-stable and order-convex under X; i.e. order V-stable convex sets. 

Definition 4.4.8 (Order V-Stable). Given an ordered semilattice ((5, C),V). A 

convex subset C G Cvx(S) is order V-stable if C is V-stable (i.e., for every facial 

element F G ^7eW(5,)) F C C => F^ C C) and order-convex under •< (i.e., for any 

d e V((S, Q ) , if there exists di, d2 G C such that d\ < d •< d2, then d G C). 

Both V-stability and order-convexity behave well with respect to arbitrary inter­

sections, yielding the following result. 

Proposition 4.4.9. Suppose we are given an ordered semilattice ((S, V),C). Then 

V-stability and order-convexity are preserved under arbitrary non-empty intersection. 

Thus, as previously done over Set, we can define a closure operation called the 

order V-stable closure over any convex subset of V((S Q ) . 

Definition 4.4.10 (Order V-Stable Closure). Suppose we are given an ordered semi-

lattice ((S, C), V) and a convex subset C G Cvx(S). The order V-stable closure of 
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C under ^ , denoted by C\ is the smallest convex subset of V((S, C)) which is both 

V-stable and order-convex under ^ . 

In the case of Set, we have defined a family of partially V-stable-closed sets 

constructed from a particular convex set C, i.e. C^tl. We showed how this recursively 

defined family could be used to construct the V-stable closure of C. Now we shall 

define its counterpart for partial order V-stable closures. 

Definition 4.4.11 (Partial Order V-Stable Closures). Given an ordered semilattice 

({S, V ) , Q and a convex set C G Cvx(S), the set of all partial order V-stable 

closures of C, C^tl, is given by the following recursive definition. 

(a) Cetf*", 

(b) If Y G C^ i and there exists F G ^(S) such that F CY, then (F* ffl Y) G 

Proposition 4.4.12 (Properties of C^tl). 

(a) For each Y G C^tl, Y G VV((S, Q ) , thus there exists A G GCvx(S) such that 

Y = A. 

(b) For each Y eC'^, CCY, 

(c) C V is closed under ffl in 7>V((S,Q) (i.e., IfY,Y' G C**', then Y W Y' e 

Each of the properties of Proposition 4.4.12 follows from the recursive definition 

of partial order V-stable closures. The proof is quite similar to the proof of Proposi­

tion 4.2.19 given when dealing with models over Set. 

Theorem 4.4.13. If C is a convex set in Cvx(S) then C$ = ( J Y. 

Proof: Many of the necessary conditions we need to show are similar to their set 

theoretical counterparts given in the proof of Theorem 4.2.20. Their remains to show 

that I ) Y is order convex. Let d,a" G I ) Y, then there exists Yd, Ydi G C^tl 



CHAPTER 4. MIXED CHOICE VIA NONDETERMINISM 139 

such that d eYd and d! G Yd>. This implies that d, d! G Yd EB Y^ which is order convex 

and a partial order V-stable closure of C (i.e., Yd31Ydt G C^")- Therefore, any d" 

such that d ^ d" < d' must be in Yd EB Yd' a n d hence in I ) V". • 

Proposition 4.4.14 (Mixed Choice Model). Suppose we are given an ordered semi-

lattice ((S, V ) , Q . The set of all order V-stable closures on QCvx(S), Wstbi(S), to­

gether with the operations EB* and ®*x , the order V-stable closures o/ffl and ©A from 

Gcvx(S), forms a mixed choice model (VVsm(S), Efi*, ©^) over Poset when equipped 

with the Egli-Milner ordering -<EM-

Before we can prove Proposition 4.4.14 and show that ((Wsm(S), EB*, ffiA), ^EM) 

is in fact a mixed choice model over Poset, we prove some technical lemmas which 

we shall require. 

Lemma 4.4.15. Suppose we are given an ordered semilattice ((S, V), Q). Let C be an 

order V-stable convex set over ((S, V), Q . Then, for any C G VV(S) and F G Felt{S) 

such that C ©A F C C we have that (C ©A FA) C C. 

Proof: Since C is V-stable we know that C"®jF C C implies C©AF-1 C C, as 

shown in Lemma 4.2.22. Moreover, since C is also order-convex we must have that 

(C ffiA F i ) C C. • 

Lemma 4.4.16. Lei Ci ,C 2 € ^ c ^ S . Tften 

r«; ( ^ © A C J ^ ^ I S A ^ , 

(&J (Citfflc2
T) t = (Cifflc,

2)T. 

Proof: Let Ci, C2 G Gcvx(S). 

(a) We show that ( d T ffiA C2
f )T C (Ci ffiA C2)f and (CiT ©A C2*)T D (Ci ©A C2) f. 

(C) It will be enough to show that C ^ S A C ^ C (Ci ®\C2)'
[] hence we need 

to show that for every Yx G Cj?tl and Y2 G C 2 H Yi ©A Y"2 Q (Ci ©A C2)T. 

We proceed by simultaneous structural induction on Yi and Y"2. 
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(i) Base Case: Let Yx = C2 and Yx = C2, then Yx ffiA Y2 = d ©A C2 C 

( C I ® A C 2 ) 1 

(ii) Induction Step: Let Yx = ( r / S F i 1 ) , and y2 = (y2
/fflF2

i), where 

Kj' € CM, Y{ E d H and FuF2e Telt(S) such that F : C Y{ and 

F2 C Y{. By I.H we assume that Y[ ©A y2' C ( d ffiA C2)T. 

n © A y 2 = (Y{ ffl FiA) ©A (y2' m F 2 *) 

c ( W eA y2') a (y/ ©A F2*) ES (FX* ©A y2') a ( ^ ©A F2^)) 

= (y/ ©A y2o a (y/ ©A F 2
1 ) m ( F ^ ©A y2o m (F,1 © A F2

A) 

Since (F : ©AF2), (Fx ©A y2') and (yi©AF2) are all subsets of 

y/ ©A y2 C ( d ©A d ) f and since ( d ©A d ) f is order V-stable, we 

have that ( F T S I F T ) , (F I X © A y2') and (y/ ffiA (F')1) are contained in 

(Ci ©A c 2) f . Thus, y ©A y2 c ( d ©A d ) T . 

Q ) Since Ci C d T and C2 C C2
T, we have that d ffiA C2 C Cj ®\Cj. 

Therefore, ( d ©A C2f C ( d T ©A C2
T)f-

(b) By similar arguments and observations as those made for part (a), we have that 

part (b) holds. 

D 

Proof: [Proposition 4.4.14] Since the elements of Wsm{S) are in particular order-

convex sets under ;<, then the Egli-Milner order ^ £ M , is a well-defined order relation 

on Wstu(S). Next, we show that the operations EB* and ©^ are well-defined and 

respect the Egli-Milner ordering -<EM and satisfy the required axioms. Suppose 

A e [0,1], V = Bj and AJ = B2\ where Au A2, Bu B2 e GCVX(S). 

(a) ffl* and ©^ are well-defined. 

(i) We show that AJ @\ A2'
] = Bj ®\ £ 2

f . 

AJ = BJ,Af = Bf =» Aj®xAj = Bj®xBJ 

=> ( ^ © A ^ ^ ^ l ^ A ^ / 

=> Aj®*xA2i = BJ®m
xB2* 
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(ii) Similarly, we have that A^ EB* AJ = BJ EB* Bj. 

(b) EB* and ®\ respect the Egli-Milner ordering, <EM-

Suppose Aj <EM B^ and A2
] -<EM B2\ where Ai, 5 , 6 GCvx(S). 

(i) We show that Aj ffiA Aj <EM Bj ffiA B2K 

U {Ai ©A A2) C | ^ (Bx ©A B2) and | ^ (Si ©A B2) C | ^ ( 4 ©A 4 0 

Let d e i^(-Ai©A^2), then there exists d^ € Ai such that d •< 

dAi®\dA2- Moreover, we know that there exists dst 6 Bi such that 

d>Ai d °̂ Bi- Thus, d •< ^ © A ^ ^ dEl(B\dg2 which implies that 

d e l<(Bi®xB2) and thus i^(Ai®xA2) C i^ (Bi© A 52) - Similarly, 

we get that | x (£i ffiA J32) <= T^ ( 4 ©A 4 2 ) . 

(ii) By similar arguments as made above in (i), we have that 

AJB*A2UEMBJS*B2K 

(c) EB* and ffi£ satisfy the mixed choice theory axioms. 

The necessary mixed choice theory axioms are all satisfied, since EB and ©A 

satisfy them and that EB* and ©A are the order V-stable closures of EB and 

©A-

• 
We now have all the necessary information to define the V-stable biconvex functor, 

Wstu-

Definition 4.4.17 (V-Stable Biconvex Functor). The V-stable biconvex functor, 

Wstu • Mod(ND} i n , Poset) -> Mod(MC / i n , Poset) is denned as follows: 

(a) On objects: Given ( ( S , Q , V) e Mod(ND} i n , Poset), 

VVSM(((S, Q , V)) = ((Wsm(S), EB*, ©1), 1EM). 

(i) Wsm{S) is the set of all order-convex V-stable closures of the finitely gen­

erated convex subsets over (S, Q (i.e., Wstbi(S) = I C* | C G GCvx{S) [, 

where C* is the smallest order-convex, V-stable convex subset over 

{{S, V), C) containing C). 
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(ii) S* and ©^ are the order-convex V-stable closures of EB and ©A • 

dTffl*C2
T = (CifflC2)f 

Cf@\CJ = (C!©AC2)
T 

(iii) diEM is the Egli-Milner order over V((S, Q ) 

(b) On morphisms: Let / : ( (5 ,Q,V) -» ((S",C')>V') e Mod(ND} i n ,Poset) 

and Ct G PVStN(S), 

^VstW/(CT) = (/[C]cra)f. 

In the following theorem, we show that the V-stable biconvex functor defined 

above is indeed the left adjoint to the forgetful functor from the posetal models of 

mixed choice to the posetal models of nondeterministic choice. 

Theorem 4.4.18. The V-stable biconvex functor Wstu • Mod(ND} i n ,Poset) -> 

Mod(MC/i„,Poset) is left adjoint to the forgetful functor U-p\?stb[ : 

Mod(MC / i n ,Poset ) —• Mod(ND} i r i ,Poset) . Thus it forms a monad 

PVstM = (Wpvstw ° WsaiiVitJ) over Mod(ND} i n ,Poset) . We include the 

adjunction and monad structures: 

(a) The unitfo): for ((S, V ) , p G Mod(ND} i n ) Poset) and s e S, 

J7((s,v),p(s) = R } f -

(b) The counit(e): for ((M,V, + A ) , E ) e Mod(MC / i n ,Poset ) and JV* € 

VVStu(M), 
e((M,v,+A),c)(iVf)= V (Ultaimw m^ 

d€gen(N) 

(c) The mult ipl icat ion^): for ( (5 ,V) ,Q e Mod(ND} i n ,Poset) and M^ G 

rVsm{Wsm(S)), 

IHM,Q(tf)= ffl* ( © * c T ) ) Ct). 
Z?eSen(A0 ^ ^ ^ W W 
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Proof: We must show that the unit and counit maps are well defined and satisfy the 

necessary conditions. 

(a) The unit is a well-defined ordered semilattice morphism. 

(i) Well-defined: Consider s,s' £ S such that s = s', clearly »7((S,V),Q(S)
 = 

V((sy),r){s'). 

(ii) Preserves the order: Consider s,s' G S such that s C s', clearly 

IdR} £ lltfs'} a n d !;<{<*»'} C U{5S}. Therefore, 

^((s.vj.p (s) r<jsM^((s,v),c) (s')-

(iii) Semilattice morphism: Given an ordered semilattice ((5, V),C) and 

s, s' e S, 

1((S,v),E)(sVs') = { < W } f 

= ({<*.} a { M ) f 

= {*,}fffl*{<$,}T 

= »7((S,v),p(5)ffl*»?((s,v),E)(s/) 

(b) The counit is a well-defined mixed choice morphism. 

(i) Well-defined: Let Nj, NJ G WSM(M), such that N^ = JV2
T. We must 

show that £((M,V,+X),C)(A''IT) = e((M,v,+x),g(N2
T). 

For any d G gen(N2), define db = V^ m G M. Recall 

that V^ m represents the convex combination in (M, V, +\) 
^—''(d(m)) Sllpp(,i) 

of the form d(mi)mi + d(m2)m2 + ... -f d(mk)m,k where supp(d) = 

{mi, m,2, • • • ,m,fc}). We show that db < v £((M,V,+X),C)(-^I^) where < v is 

the order generated by the semilattice structure in ((M, V, +\), C). 

Given & d £ gen(N2), since d £ N2 C N2^ = N^, there exists a partial 

completion Y G 7Vi^t! such that d E Y. We show by structural induction 

on Y G Nj*« that (Vd G Y)d* < v e ( (M,v,+A),p(^i f)-
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(1) Base Case: Y = Nv If d G Y = Nu then d = 0 dj where |J| < 

oo, and for each i £ I,di e gen(Ni). Since db = Y^ db and for each 

i G I,d\ < v £WV,+\),Q(N^)> we have that db < v £((M,v,+A),c)(A,'it)-

(2) Structural Case: Let Y = (y ' f f lFi) , where F G . F e t t ( M ) , r G 

N}^tl, F CY1 and by induction hypothesis the property holds for any 

d' G Y' (i.e., for any d' G Y', {d'f < v £((M,v,+,),E)(iViT))- S i n c e ^ ^ 

there exists d\, d2 € V EB F* such that d» = d£ ©Pi /j where /?$ 6 [0,1], 

d< G y and fre Fl, such that d1 < d ̂  d2. 

Claim 1. Let F = £P) V(Ti), where T{ Cfin M. The distribution 

•̂ * = M 3 ^(VTi) e ^ n a s ^ n e f o n o w i n g property: 

W - E(A4)/(VT«) ^v e((M,v,+A)lp(^iT). 

Indeed, let i € Yli T% and consider the distributions of the form /^ = 

£ft (̂7Ti(t)) e ^- Since F C Y', then by the induction hypothesis 

we have that for each f G YljTi, (/t-)
b < v £((M,V,+X),Q)(N^). This 

implies that V (/j-)b < v £((M,V,+X),Q{N^). By the distributivity 

property of +A over V from ((M, V, +A ), E), we have that 

(/•)b= V (/r^v^+oa^)-

Claim 2. (V/ G F*) / b < v ( f ) b . 

Indeed, consider / e F*, then / = ^f t £mi where for each i e I, 

m < v V T j . Therefore, we have that f < v (/*)b. 

Therefore, 

db = (d ' ) b +, / b <ve ( ( M,v, + , ) ,E)(^ i f ) 

Thus, cf < v £((M,v,+A),c)(^it). Vd G gen(N2), which implies that 

£((M,v,+,),p(Ar2f)= V db <ve((M,v,+x),p(^i f) 
<iggen(JV2) 
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Similarly, we can prove that £((M,v,+A),g 

Hence, we have that £((M,V,+*),£) is well-defined, 

(ii) Preserves the order relation: Suppose JV1
t, A 2̂

t G WSM(M) such that 

N^^EM^- We must show that £((M,v,+x),c)(-/vit) E eaM.v.+O.QC^)-

Claim 3. Suppose d, d! G V(M) such that d •< d', then db C (<f)b. 

Indeed, let 5 be the subsemilattice of (M, V) generated by the support of 

d, supp(d). We construct a family of possibly empty subsets of supp(d'), 

indexed by elements of S, as follows: for every k G S, we define m' G Xk 

iff \J(supp(d) U J,C77T/) = fe. From this definition we can observe that: 

W J2(d(x « * E (d')b, and 
(2) db c y A;. 

Thus, if <ii G gen(Ni), there exists o^ G N2 such that d\ -< d2- By 

our previous claim, we obtain 4 E 4 E e((M,v,+^),c)(-^2 )• Thus 

£((M,v,+A),p(^if) E e((w,v,+*),o(^2t)-

(iii) Mixed choice morphism: we must show that the counit is a mixed 

choice morphism. Given an ordered mixed choice model ((M, V, +\ ), Q) 

and N^^eWsmiM), 

(1) A ND-choice morphism. 

£((M,v,+A),c)(^ifEB*iV2t) 

= ^ , v 1 + » ) , 3 ( ( J V i ^ 2 ) ' ) 

= V db 

de3en(ATiffliV2) 

= ( V wb)v( V (d")b) 
d'egen(Ni) d"&gen(N2) 

= £((M,V, +A ),C) ( iV^) V £((M,V, + x ),C) ( iV2
t) 
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(2) A P-choice morphism. 

= e((w,v,+,),c)((^i©A^2) t) 

V * 
d£gen(Nx ®x N2) 

= V V ((<ob+*(«nb) 
d'€gen(Ni) d"€gen(N2) 

= ( V ( < o w V (d")b) 
d'egen(Ni) d"€gen(N2) 

= £((M,V, + , ) , Q ( ^ l f ) + A £((M,V, + , ) , Q ( i V 2
J ) 

(c) The required equations are satisfied. Given an ordered semilattice ((S, V), Q 

and C* G PVSiW(S), 

£(vvstbi(S),m* ,©•) ° 'PV5tw'?((s,v),c)(Ct) 

= e(7'vStw(S),ffi*,e^)((77((s,v),c)[C]cra) ) 

d€gen(T?((SiV)]c) [C]c«i) 

However, we have that gen(r]^sy),Q[C]cvx) = {^((S,V),Q I ̂  e # e n (C)}) where 

Hence, 

ffl d = ffl ^((s,v),c) 
d£gen{r)s,v[C)cvx) d£gen(C) 

= d 
Given a mixed choice model ((M, V, +A ), E) and m E M, 
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uvvsthi
e{vvsm{M),ffl*,ej) ° V{My)(jn) 

= Mvvstbi
£(vvStbi(M),m-,®i){{8m} ) 

= m 

D 

Finally, we show that what we have obtained following the right-hand path is 

equivalent to the previous constructions following the left hand path. 

Theorem 4.4.19. The composition of the V -stable biconvex functor with the convex 

algebra functor, Wstu °V, is isomorphic to the biconvex functor VV. 

Proof: We define two inverse natural transformations: 

(a) (p : (Wstbi 0 -P) => W, where for an (X, C) e Poset, the ordered mixed choice 

morphism <p{x,Q • (PVStbi ° V)((X, Q ) -> VV((X, Q ) is denned as follows. If 

<$ e VVsm(V(X)), we define 

^,c)(Ct) = ( ffl ( 0 (V(Y)))). 
d€gen(C) w ))s*pp(.d) 

(i) </>(x,Q) is well-defined. Suppose cj, Cj G VVSM(P(X)) such that cj = 

C<J. We must show that <P(X,Q(C^) — (p(x,Q)(C2^). Let d € gtniC-i). 

This implies that d 6 C ^ and thus, that there exists a Y e Ci^p" such 

that (I G 7 . We shall show by structural induction on Y that for all 

Base Case: Let Y — Ci, then 

each j G J, dj G gen{C\). Thus 

Base Case: Let Y — C\, then <i = £ft d, where | J\ < oo, and for 

Induction Step: Let Y = (Y'ffli^), where F = 0 V(T*) e 

j r e W (^ (X) ) ,y ' e C^,F C Y' and that by induction hypothesis 
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we have that for every d! G Y',Xd> Q 4>(X,Q(C^)- Since, d G Y = 

(yfflFJ-), then there exists ^ . ^ e F ' f f l F 1 such that dx •< d X d2, 

where for i G {1, 2} there exists p; G [0,1], d- G V and / ; G F* such 

that di = d'iQptfi. 

Claim 1. ( 0 a . (VCDTO)) C ^ ( d * ) . 

For every t G fj j Tj, consider the distribution / ^ = HIH (J^^ G F . 

Since F C K', we have that for every t£ J^/ T% that ^"/- ^ ^pf.pCCi*)-

Therefore, by the convexity of <^(;c,c)(Ci*), w e have that [J] Xj_ C 

0(x,c)(Ci^) and by the distributivity of ©A 0 v e r SI we have that 

BB x* = ( ffl ( 0 ( A v^a")))) 

= (©(AOl(fflv(y))) 

= (©M ,^» 
Finally, / e F 1 implies that Xf = ( 0 V(Yi)) where V- C DT,, 

therefore, X/ C ( 0 V(UT;)) C 0 (x,g(CiT). Therefore, since 

d = d! ®pf our result follows. 

(ii) </>(x,c) is a natural transformation. We prove that the necessary equa­

tions hold. Let / : (X, Q -* (X', C') G Poset and C* G P V s a j ^ W ) . 

<t>(x>,<z')oVVsm(Vf(tf)) = 0 ( ^ , E O (CP/ [CU) T ) 

= ( ffl ( 0 W F ) ) , W ) ) 

= ( ffl (0MfF„ v((7PT)))) 

= *V( ffl (0WfF„ v(y))) 

(hi) 0(^,c) is a mixed choice morphism. Let C^,C^ G WSM{'P{X)). It 
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preserves the N D operations. 

^p (C 1
T f f l *C 2

T ) 

= ^ p ( ( C i f f l C 2 ) f ) 

( ffl (®(d(F)) V(y») 

= ( ffl (®W(F)) v(y)))EB( ffl ( 0 v(y))) 

= 0 (xp(CiT) f f l0 (xp(C2 t ) 

It preserves the P operations. 

</-(xc)(Cif©IC2
T) 

= ^ ( X C ) ( ( C 1 © A C 2 ) T ) 

( ffl (©(d(F)) W » 

= ( ffl (©W(F)) v(y)))©,( ffl ( 0 v(y))) 

= ^ E ) ( C i f ) © A ^ ( X Q ( C 2
T ) 

(b) V : "PV =^ (VVstu0'P), where for an (X, p G Poset , the ordered mixed choice 

morphism V(x,p : PV((X, p ) - (PV5tfei o P)((X, p ) on C G PV(X) is given 

by 

^(x,p(C) = (r7(x,p[C]cvx)
f. 

where rj : lpo s e t => Up o P is the unit for the convex algebra monad. 

(i) Vx is well-defined. Consider ~C\,C~2 G P V p Q , and rf G gen(C2), 

this implies that d e Q . Thus, there exists di,d2 G Ci such that 

d\ < d -< d2. However, since Vrj(x,Q preserves order this implies that 

^((<M*))W<i1) {x} ~ ^(WWi) W ~ ^7((d2(a ;)))s„Pp (d2)
 { l } ' W 1C 

implies that 0 6{x} G i/>(x,p(Ci). 
'((d(x))) sizppfcl) 
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(ii) ^ is a natural transformation. This follows from the naturality of 77. 

Let / : (X, Q -+ (X', C') e Poset and C e VV(X), then 

VVsmVf 0^x^(0) = VVsMTfdVix&iCUJ) 

= (Pf{vx[C]cvx}cvx)i 

= ((P/°*7(*,p)[CW) f 

= (('7(X',E')°/)[C1™*)t 

= ^(X',c')((/[C]CUI)) 

= ^(X',Q')OVf(U). 

(hi) V'pf.p is a mixed choice morphism. Let Ci,C2 G "PV(X). 

It preserves ND operations 

^,E)((CifflC2)) = (7?(x,c)[CifflC2]c,x)
f 

= (^(x.Q [Ci]cra S ??(x,p [£2]^*)* 

= to,p[Ci])Tffl'(i?(jf,p[q,]clw)T 

It preserves P operations. 

^(X,C)((CI©AC 2 ) ) = fep[Ci©AC2]cl)X)f 

= (^PCP [Cl]a;x ©A ?7(X,p [C2]cl«:)
t 

= fep^i])1 ©J (77(x,p [C2]cra)
f 

= ^(x.pCCDeA^x.pCT 

(c) These natural transformations are inverses, 

(i) Let C E VV(X). 

(j>(X,Q ° 1p(X,Q)(C) = (f>(X,n)((V(X,Q[C]cvx)f) 

= ( ffl (©Max») V({*}))) 

d€Sen(»?pc,C) [CW) W W ^ P P W 

= ( ffl ( © , „ „ V({*}))) 
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(ii) Let Ct e VVSm(V{X)). 

tooted) = (̂x,p(( EB (0...F.. v(y)))) 
degen(C) ( ( >>™MW 

* (0W™ J ^ J W ) ) ) ) 
d£gen(C) W ))suPP(d) von) 

( ® r ^ , ><*SPWU)T) d€SCTi(C) ( d 0 0 W P ( d ) 

©L,„, CV({{,}|»ey}))') 
degen(C) (dPO)»«pp(<!) 

= c-t 

a 

In what follows, we present the construction necessary to obtain the correspond­

ing V-stable functors associated to the convex lower and convex upper N D algebra 

functors. The approach is very similar to the one we have just shown for the biconvex 

algebra functor. In each case we must refine our original V-stable convex sets used as 

models over Set in order that they are also either downclosed or upclosed under <. 

Remark 4.4.20. For the remaining two constructions, the lower V-stable functor 

and the upper V-stable functor, we omit the proofs which are routine modifications 

of the previous proofs presented when defining the V-stable biconvex functor. 

Definition 4.4.21 (Lower V-Stable). Suppose we are given an ordered semilattice 

{{S, E), V), a convex subset C G Cvx(S) is lower V-stable if C is V-stable (i.e., for 

every facial element F G J:elt(S), F C C =» F^ C C) and downclosed under -< (i.e., 

for any d G V((S, Q ) , if there exists <f G C such that d •< <f, then d G C). 

Definition 4.4.22 (Lower V-Stable Closure). Suppose we are given an ordered semi-

lattice ((5, C), V) and a convex subset C G Cvx(S). The lower V-stable closure of 

C under •<, denoted by Cdstw, is the smallest convex subset of V((S, C)) which is 

both V-stable and downclosed under -<. 



CHAPTER 4. MIXED CHOICE VIA NONDETERMINISM 152 

Proposition 4.4.23 (Mixed Choice Model). Suppose we are given an ordered semi-

lattice ((S, V), C). The set of all lower M-stable closures on Gcvx{S), HVstbi(S), to­

gether with the operations EB* and (B*x , the lower V-stable closures o/ffl and ®\ from 

Qcvx(S), forms a mixed choice model (HVstu(S), ffl*, (Bx) over Pose t when equipped 

with the inclusion ordering. 

Definition 4.4.24 (V-Stable Lower Convex Functor). The V-stable lower convex 

functor, HVSM • Mod(ND} i n , Poset) - • Mod(MC / i n , Poset) is defined as follows: 

(a) On objects: Given ((S, Q, V) G Mod(ND} i n , Poset), 

nVSm(((S,Q, V)) = ((HVsm(S), ffl"\ e £ ) , C ) . 

(i) TiVsm{S) is the set of all lower V-stable closures of the finitely generated 

convex subsets over (5, Q (i.e., HVSM{S) = {Cdstbl \ C G gcvx(S)}, where 

Qdstu -1S ̂ g s m a vi e s t downclosed, V-stable convex subset over ((5, V), C) 

containing C). 

(ii) S* and @*x are the lower V-stable closures of ffl and ®\ . 

si dstbl m * s~i dstbl r/~i m f~i \ dstbl 

Cldstbl^C2dstbl = [C1®xC2)
dStU 

(b) On morphisms: Let / : ((S,E),V) -> ((S',E'),V) G Mod(ND} i n ,Poset) 

and CdsM G HVSM(S), 

nVsmf{CdsM) = U[C}cVX)dsm. 

T h e o r e m 4.4.25. The \/-stable lower convex functor TiVsm '• 

Mod(NDj i n , Poset) -» M o d ( M C / j n , Poset) is left adjoint to the forgetful 

functor UnVstbl : Mod(MC / i n , Poset) -> Mod(ND} i n , Poset). Thus it forms a 

monad WVsm = {Unvstu °WVstbi,VitjL) over M o d ( N D j i n , P o s e t ) . We include the 

adjunction and monad structures: 

(a) The unit(77): for ((S, V), Q G Mod(ND} i n , Poset) and seS, 

( \ r JT i dstbl 
V«S,V),Q{S) = {ds} 
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(b) The counit(e): for ((M,V, + A ) , P e Mod(MC / i r i , Poset) and Ndstbl G 

nVstbi(M), 

d£gen(N) 

(c) The mult ipl icat ion^): /or ( ( S , V ) , p G Mod(NDj| i n ) Poset) and NdsW G 

nVsm{nVsm{S)), 

M((5,v).9(^
WW)= ffl* ( © L c - , ) H , ^ " 

£>eSen(A0 ( i J ( G J WW 

Theorem 4.4.26. TTie composition of the V-stable lower convex functor with the 

Hoare algebra functor, HVsm ° 7~L> is isomorphic to the lower convex functor TiV. 

Definition 4.4.27 (Upper V-Stable). Given an ordered semilattice ((5, p , V ) . A 

convex subset C G Cvx(S) is upper V-stable if C is V-stable (i.e., for every facial 

element F G ^re/ t(5'), F C C =>• F^ C C) and upclosed under ^ (i.e., for any 

d G V{(S, p ) , if there exists <f € C such that d! X d, then d G C). 

Definition 4.4.28 (Upper V-Stable Closure). Given an ordered semilattice 

((5, C),V) and a convex subset C G Cvx(S). The upper V-stable closure of 

C under ^ , denoted by Custhl, is the smallest convex subset of V((S, p ) which is 

both V-stable and upclosed under X. 

Proposition 4.4.29 (Mixed Choice Model). Suppose we are given an ordered semi-

lattice ((5, V ) , p . TTie sei o/ a^ upper V-stable closures on QCvx(S), SVSM(S), to­

gether with the operations El* and ©* ,̂ the upper V'-stable closures o/ffl and ©A /rom 

Gcux(S), forms a mixed choice model (SVsm(S), ffl*, ©A ) over Poset when equipped 

with the reverse inclusion ordering. 

Definition 4.4.30 (V-Stable Upper Convex Functor). The V-stable upper convex 

functor, SVsm • Mod(ND} i n , Poset) -> Mod(MC / i n , Poset) is defined as follows: 

(a) On objects: Given ( ( S , Q , V) G Mod(ND^„, Poset), 

SVsm(((S, p , V)) = ((SVstbi(S), EB*, ffiA), D). 
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(i) SVsm(S) is the set of all upper V-stable closures of the finitely generated 

convex subsets over (S, Q (i.e., SVSm(S) = {CusW | C G GCvx(S)}, where 

fjustu j s fae smallest upclosed, V-stable convex subset over ((5", V), C.) con­

taining C). 

(ii) EB* and (B*x are the upper V-stable closures of EB and (B\ . 

si ustbl rn* si ustbl r si m si \ustbl 

C ustbl ^r\* si ustbl /si n\ si \ustbl 

1 ©A ^2 = (M ©A C2) 

(b) On raorphisms: Let / : {(S, p , V) -> ((S",C'),v') G Mod(ND} i n , Poset) 

and CusM G 5VStN(5)> 

«SV5^/(C- t w) = (f[C]cvx)
ustbl. 

Theorem 4.4.31. The V-stable upper convex functor SVsm 

Mod(ND} i n , Poset) -»• Mod(MC / i n , Poset) is left adjoint to the forgetful 

functor Usvsm '• Mod(MC / i n , Poset) -y Mod(ND} i n , Poset). Thus it forms a 

monad SVsm = (Msvstu ° ^stbhV^) over Mod(NDy i n , Poset). We include the 

adjunction and monad structures: 

(a) The unit(17): for ((S, V), C) G Mod(ND} i n , Poset) and seS, 

7?((S,V),Q(S) = {Ss}
ustbl. 

(b) The counit(e): for ( ( M , V , + A ) , Q G Mod(MC / i n ,Poset ) and Nustbl G 

aegen(A') 

fcj The mult ipl icat ion^): for ((S, V ) , Q G Mod(ND} i n , Poset) and Mustbl G 

swsvws)), 

Theorem 4.4.32. TTie composition of the V-stable upper convex functor with the 

Smith algebra functor, SVsm ° S, *s isomorphic to the upper convex functor SV. 

file:///ustbl
file:///ustbl


Chapter 5 

Conclusion 

We began our work by presenting an in-depth study of the theories of nondeterminis-

tic choice and probabilistic choice and we showed how to appropriately combine them 

in order to obtain a theory of mixed choice. We have considered many types of mixed 

choice depending upon the structure of each individual choice theory we were combin­

ing. We've discussed the theory of mixed choice which arises from the combination 

of the finite choice theories (P/»„ with ND^ i n) and those arising from the combina­

tion of the ordered theories (P/j„ with H/ j n or S/jn). Moreover, we presented a new 

mixed choice theory based on combining infinitary variants of each individual choice 

theory (P with ND*). Consequently, we presented a new type of convex structure, 

called superconvex sets, in order to describe the models of the infinite variant of the 

probabilistic choice theory. 

For each mixed choice theory considered we first constructed their associated 

monad using the classical approach presented in the literature. In our framework 

this method amounts to ascending up the left-hand path in our reoccurring diagram 
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shown below. 

Mod(P / i ?1 , Set) ug' glr Mod(ND^ n , Set) 

As we have seen, this construction allows not only for the construction of free models 

for mixed choice over an arbitrary set, but also for the construction of free models 

for mixed choice over arbitrary models of probabilistic choice (i.e., over any convex 

set). Alternatively, we motivated and proved the existence of a second approach to 

construct free models of mixed choice which corresponds to ascending the right-hand 

side of the above diagram. By exploiting a result presented by Barr and Wells [2] 

on the existence of left adjoints, we determined that such an approach was possible. 

We've shown that this dual approach is equivalent to the method obtained by follow­

ing the left-hand path, thus both methods construct the same free model for mixed 

choice theories over any appropriate category. However, as an important consequence 

of our approach, we were able to construct free models for mixed choice theories over 

arbitrary models for nondeterministic choice (i.e., over any semilattice). 

After establishing the existence of the necessary functor, we presented the funda­

mental notions necessary to develop the concrete definitions of the left adjoint shown 

in the north-east corner of the above diagram, called the V-stable functor. We devel­

oped a new property on convex sets generated over a set equipped with a semilattice 

structure, called V-stability. This property was key in our definition, since it provided 

a convex set which preserved the inherent V-structure already present in the under­

lying set. Then we presented a closure operation induced by the V-stable property 

which enabled us to define the required V-stable functor. Finally, we showed how 

to modify the notion of V-stability, in order to capture each different type of mixed 

choice theory. 

Finally, as an aside in the appendix, we provide an example of a mixed choice 

process calculus (called MCCS) equipped with an alternating operational semantics. 



CHAPTER 5. CONCLUSION 157 

We end by sketching the necessary framework, in order to obtain a fully-abstract 

set-theoretical model for this calculus. 

In the future, it would be interesting to apply the V-stable functor on existing non­

standard models of nondeterminism, in particular those associated to process calculi 

which admit a non-standard definition of nondeterminism. This would provide a free 

mixed choice extension of such models, which could not previously be obtained by 

the available machinery. 

One important aspect of combining mixed choice was how to properly capture the 

interaction between the nondeterministic and probabilistic choice operators, given by 

considering the distributive tensor between their respective Lawvere theories. We 

would be interested in generalizing our work to encompass not only the combining 

of nondeterminism and probability, but for any distributive combination of theories. 

In order to develop concrete definitions to the monads associated to their respective 

theories. 

There is still a lot of directions we can consider for generalizing our construction. 

One such direction is to further develop our notion of V-stability over the category 

of domains Dom, in order to extend the results already obtained for mixed choice 

models over ordered convex sets to ordered semilattices. 

A second direction we can consider is to incorporate a higher degree of gener­

alization in the probabilistic choice theory by considering continuous probabilistic 

combinations, instead of finite ones. In this case, we expect our discrete sums to be 

replaced by integrals over appropriate measures, as in the work of Mislove [32] and 

Danos, Desharnais and Panangaden [9]. 

One idea would be to consider the existing monad over Mes associated to continu­

ous probabilistic combinations as presented by Giry [11]. A major complication to this 

approach is that unlike our discrete distributions monad, T>fin, the Giry monad does 

not admit a complete characterization for its algebras. There have been attempts to 

characterize the algebras for the Giry monad applied to subcategories of Mes. In par­

ticular, Doberkat [10], fully characterizes the algebras of the Giry monad over Polish 

Spaces and continuous maps. However, this subcategory falls short in capturing the 

required generality of our setting. For these reasons, we believe more progress must 
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be done in studying the precise subcategory necessary to determine a characterization 

of the algebras of the Giry monad with the necessary level of generality. 



Appendix A 

A Mixed Choice Process Language 

A . l Mixed Choice CCS 

In this section we sketch a development of a variant of Milner's CCS [28], called 

the mixed choice calculus (=MCCS). This calculus will admit an internal sum, an 

external sum and a probabilistic choice operator. We define a strictly alternating 

operational semantics for the calculus and show that the sub-calculus of probabilistic 

processes forms a model for the theory of mixed choice. Since this is a sketch, we 

omit the proofs. 

Definition A.1.1 (Mixed Choice CCS). Let A/" be a countable set of labels, define 

the set Name — J\f U 77 U {r} , where J\f represents input prefixes, 77 = {x \ x 6 77} 

represents output prefixes and r g" J7 represents an internal action prefix. The 

processes of the mixed choice CCS,(= MCCS) are defined by mutual recursion as 

follows: Let a G Name and a e Af, 

N ::= 0 | a.P \ N + N' \ (i/a)N | N\N' 

P ::= (1)N | PQXP' \ PHP' \ iya)P | P\P' 

Processes of the form P are probabilistic state processes and processes of the form 

N are nondeterministic state processes. We define P-Proc as the subset of the 

language consisting of all probabilistic state processes, ND-Proc as the subset of all 

nondeterministic state processes and MC-Proc the set of all processes. 

159 



APPENDIX A. A MIXED CHOICE PROCESS LANGUAGE 160 

Definition A.1.2 (MCCS Alternating Operational Semantics). We define the 

strictly alternating operational semantics for MCCS as follows: 

(a) For nondeterministic state processes (as seen in Figure 16): in the alter­

nating operational semantics a nondeterministic state process will evolve into 

a probabilistic state process. We use Name, as the set of transition labels for 

nondeterministic transitions. 

a. 
tr>T>-n\ N—>P a^a.a 
(PRE) , ,AT a , ' (ND-RES) a.P -^-> P (va)N -±> {va)P 

N^tlp (EXTSVm) J V i p i^som) 
Nr-^P N2^P 

Nl\N2 JL. P\(l)N2 ( N ^ ^ 1 ) ^ (NB-PAR2) 

Ni -2U Pi N2-^P2 , 

Figure 16: Operational Semantics for Nondeterministic State Processes 

(b) For probabilistic state processes (as seen in Figure 17): in the alternating 

operational semantics, a probabilistic state process will evolve into a nondeter­

ministic state process according to a probabilistic distribution. Thus we choose 

K $ Name to be the label for a probabilistic transition (which can be thought 

of as the toss of a biased coin) and fj,, fa, /J,' € Vfin(ND-Proc) probabilistic dis­

tributions over nondeterministic processes (i.e., /i, / / ; , / / : ND-Proc —> [0,1]). 

In particular, a process P which can either evolve to process Ni with proba­

bility | or N2 with probability | will make the following transition P —• fj,, 

where [JL(NI) = |,/x(A^) = § and for all other nondeterministic state processes 

N 6 ND-Proc, fi(N) = 0. 

The semantic rules for N D state processes are defined as usual. As we can see, 
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(1)N JU SN
 {0NE) 

P^u 

(ya)P —> {uaj/j, 

Pi — > Ml Pi — > M2 
„ m „ \ m (INTSUM) 
Pi ffl P2 ^ Ml S M2 

(P-RES): {ya)n = E M ( A O < W , 

p _ ^ u P -^ u,1 A G [0,1] 

P : J U " \ P 2 J U " 2 [CHOICE) 
Pi ©A ^ 2 — > Ml ©A M2 

•Pi - ^ Ml -^2 - ^ M2 , 

P 1 I P 2 — > M i l M 2 

(CONV/CHOICE): ^ 8A M2 = (A)MI + (1 - A)/x2 

(INTSUM): m ffl/x2 - (A)W + (1 - A)/x2 

(P-PAR): A*i|At2 = EMNi)(Mt(N2)SNl]N 

such that A is a fresh probabilistic variable, 

2 ' 

Figure 17: Operational Semantics for Probabilistic State Processes 

(EXTSUM1) and (EXTSUM2) impose an external behavior on the nondeterministic 

sum operator +, since the next state of such a process will be determined first by its 

environment, then by the scheduler. The only rules which have been modified from 

their usual formulations are (ND-PAR1) and (ND-PAR2). Since the semantics must 

remain alternating, the interleaving property of the parallel composition of N D state 

processes must be defined carefully. We can not make a transition into the parallel 

composition of mixed terms. For this reason we always lift the inactive component 

into its probabilistic image under guaranteed choice. 

The semantic rules for probabilistic state processes merit some clarification. The 

rules (ONE) and (CHOICE) are chosen to be the obvious interpretation of a unary or 

binary probabilistic choice. The rule (INTSUM) is faithful to our intuitive definition 

of the internal nondeterministic sum. We have previously stated that such a process 

should have the capability to behave as any possible distribution between its terms. 

Thus, this rule implies that any internal nondeterministic sum process must always 

have an uncountable number of possible transitions. The rule (P-RES) simply states 
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that the restriction operator on the process (ua)P is "pushed" onto the support of 

the distributions of P. Finally, one could interpret a rule (P-PAR') which states that 

if P\,P2 have transitions into p\, P2 respectively, then P\\P2 will have a transition into 

a distribution p whose support consists of processes of the form N\ | N2 where Ni is in 

the support of pi. The associated probabilistic weight for A^IA^ is the product of the 

weights for Ni and N2 in their respective distributions, i.e. yu.(A î| A^) = Pi(Ni) p2(N2). 

However, due to the possible presence of internal nondeterministic sums in both terms 

of the parallel composition, (P-PAR') does not capture all possible transitions for P. 

For example, consider a process of the form P = P\\P2 where Pi = (1)OJE3(1)6J. Given 

that (l)oiffl(l)6i ^ + (pi)5ai + (l-pi)Sbi for any p{ e [0,1], we have that by (INTSUM) 

P - ^ t* = {Pl){p2)5ax\a2 + (Pl)( l - P2)5ai\b2 + (1 ~ Pl)(P2)Sb1\aa + ( ! - P l ) ( ! - P2)^61|62-

Through many runs of the process P, the scheduler could have chosen to place in 

parallel ( l )ai and (l)a2 a third of the time, (l)ai and (1)62 another third of the 

time and (l)&i and (1)62 for the remaining third. Thus P must be able to transition 

into the distribution |<50l|a2 + |<5ai|62 + ^h\b2- This is not a possible outcome using 

(P-PAR'), for any choice of pi,p2 in the distribution p,. However, it is a convex 

combination of two such simple transitions (i.e | S^ai(^v"i)(^a2 + \^b2)(^2)^NI\N2 + 

lYl^bi(Ni)5b2(N2)dN1\N2). Thus, we have defined the rule (P-PAR) above as the 

convex closure of the transitions arising from (P-PAR'). 

Next we define a congruence relation on MCCS by combining notions of bisim-

ulation arising in nondeterministic calculi and probabilistic calculi. The following 

definition is an adaptation from the definition presented in Bandini and Segala [1]. 

Definition A. 1.3 (Mixed Choice Bisimulation). An equivalence relation £, is a 

mixed choice bisimulation relation if it satisfies the following conditions: 

(a) Whenever N<SAr', 

(i) if N -^ P then there exists a P' such that N' -^-* P' and PSP'. 

(ii) if N' -2U p> then there exists a P such that N - ^ P and P'SP. 

(b) Whenever PSP', 
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(i) if P -^-> /j,, then there exists a / / such that P' -^-> /j/ and (ViV G ND-Proc) 

22{N' | JVS7V'} /"(^0 = X}{jV' | MSW} / A ^ O • 

(ii) if P ' -^-> / / , then there exists a // such that P -^-> // and (VW e ND-Proc) 

z2{N'\NSN'}^K^ ) = X,{jV'|iV<SJV'}M (Wj-

We say P and R' are mixed choice bisimilar, denoted R = m c P ' , if there exists a 

mixed bisimulation S such that RSR'. 

Proposition A. 1.4. The mixed choice bisimulation forms a congruence relation for 

MCCS. The probabilistic state processes of the MCCS syntax modulo the mixed choice 

bisimulation forms a model for the mixed choice theory. 

A.2 A Set-Theoretical Model for MCCS 

Motivated by work of Fiore, Moggi and Sangiorgi [13] and Ian Stark [47], we give a 

fully-abstract set-theoretic model for MCCS. Even though the cited authors works 

involved defining fully-abstract presheaf models for the 7r-calculus, we use similar 

techniques in order to define our model. 

We distinguish the following important sets for our model, 

(a) The object of labels, L = {01,02,...}, which will be used to construct the 

object of prefixes. 

(b) The object of prefixes, Pre, will model the set of prefixes available in our 

language. It is defined such that 

Pre = L , + L , + 1 

input output M 

where we will denote input action labels as ai, a2..., output action labels as 

01,02,. . . and let r label internal actions. 

(c) The object of nondeterministic state processes, Nd, and the object of proba­

bilistic state processes, Pb, are sets representing the set of nondeterministic 
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and probabilistic state processes respectively. They will be defined such that 

(Nd, Pb) is the simultaneous least fixed point of the following equations: 

TXX = F*fin(Pre x T2X) 

j r 2 y = Gcux(J-'iY) 

It is important to note that we use the monad F*fin in the equation T\ in order 

to model nondeterministic state processes, since they admit an external non-

deterministic sum. We have already seen that the probabilistic state processes 

form a model for mixed choice, i.e. contain a probabilistic choice and an internal 

nondeterministic sum. For this reason we use the monad Gcvx in the equation 

for T2. 

We construct the following set of functions from the above objects to define the 

interpretation of the MCCS operations. 

(a) The guaran teed choice function guar : Nd —> Pb, such that 

guar(X) — conv({<5x}). 

(b) The n-ary probabilistic choice functions pchoice : S x (Pb)n —»• Pb, where 

S = {(Ai) G ([0,1])" | EILi A» - 1}, such that 

pchoice{\, Y) = conv({(Ai)^i + . . . + (Xn)Hn | A*» <= 9en(Yi)})-

(c) The n-ary internal nondeterministic sum function intsum : (Pb)n —> Pb, 

such that 
n 

intsum(Y) = convdlgenC^)) . 
t= i 

(d) The probabilistic restriction function pres : L x Pb —> Pb, such that 

pres(a,Y) = conv({pres(a,ji) \/j, G gen(Y)}), 

where pres{a,n) = T,XeNdlJ.(X)5nres{a,x). 
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(e) The probabilistic parallel composition function ppar : Pb x Pb —> Pb, such 

that 

ppar{Yi, Y2) = conv({ppar(/jj, fi2) | IM e gen(li)}), 

where ppar(fiu fi2) = E{(x 1 ,x 2 ) |x i 6^} ^{Xi)^{X2)5npar{x^x2)-

(f) The prefixing function pre : Pre x F6 —> ATd, such that 

pre(a,Y) = {(a,Y)}. 

(g) The nondeterministic restriction function nres : L x Nd —>• ATd, such that 

nres(a, X) = {(a, pres(a, Y)) \ a ^ a, a and (a, F) G X} . 

(h) The n-ary external nondeterministic sum functions endsum : (Nd)n —> 

Afd, such that 
n 

endsum(X) = M ^ t -

(i) The left merge function Imerge : ATd x Â rf —> A^d, such that 

lmerge(Xi, X2) = {(a,ppar(Y, guar{X2))) \ (a, Y) G X{\ . 

(j) The right merge function r-merge : Nd x A d̂ —» A d̂, such that 

rmerge(X1,X2) = {{a,ppar{guar{Xx),Y)) \ (a,Y) G X2} . 

(k) The synchronization function synch : Nd x ATd —> Nd, such that 

synchiXx, X2) = {(r,ppar(Yu Y2)) \ (a, Y{) G X1 and (a, Y2) G X2} . 

(1) The nondeterministic parallel composition function npar : NdxNd —> Nd 

such that 

npar(Xi, X2) = endsum{lmerge(X\, X2), rmerge(Xi,X2), synch(X\, X2)). 
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L e m m a A.2 .1 . Given Pi,P G P-Proc, the functions ppar and pres defined on 

discrete valuations, as described above, preserve convex combinations of discrete val­

uations. 

Given the above specifications we can now define an interpretation map from the 

mixed choice processes to the objects in our model. 

Definition A.2.2. Define the interpretation map, [ —J : MC-Proc —> Nd + Pb, as 

shown in Figure 18. 

On ND State Processes: 

[ 0 1 = 0 

ia.P)=pre(a,{P}) 

[N1 + N2]=endsum(lN1],[N2]) 

l(ua)N]=nres(a,lNJ) 

lN1\N2]=npar([N1l[N2]) 

On Prob. State Processes: 

l(l)N\=guar(lN]) 

{Pi ®xP2J= pchoice((\, 1 - A), ([Pi J, 

lP1mP2]=intsum(lP1l[P2]) 

[{ua)P\=pres{a,\Pl) 

\Pi\P2\=War{[P,UP2\) 

\Pi\)) 

Figure 18: Interpretation map for MCCS processes 

The following results will show that our model is fully-abstract with regards to 

mixed choice bisimulation. First we state some lemmas that allows us to define a 

relation between the interpretation of a process and its possible transitions. These 

lemmas are key in the proof of the upcoming full-abstraction theorem. 

Lemma A.2.3. 

(a) IfN-1* P, then (a, [P]) G [N]. 

(b) If(a,Y)elNJ, then 3P G P-Proc such that N ^ + P and\P\=Y. 

Lemma A.2.4. If for 1 < i < n, P -^-> /i; then for any A, G [0,1] such that 

J2i=l ^t = 1; P > Y2i=l ^i-

Lemma A.2.5. 

(a) IfP-l+n, then Brf G [Pj such that n»{X) = £ { j V , , | ^ j = x } v(N>). 
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(b) If fi € I-Pj, then 3 77̂  G conv(ND-Proc) such that P -—> n^ and 

KX) = J2{N'\lN'hx}^(N'). 

Our main result for this section is the following full-abstraction theorem. This 

theorem allows use to show how strongly our model reflects the operational semantics 

of our calculus. It states that for any two processes: their interpretations will coincide 

in our model if and only if they are mixed choice bisimilar. 

T h e o r e m A.2.6 (Pull Abstraction). 

(a) IiV! = [jV'J « N^mcN' 

(b) lP ] = lP'l <==• P=mcP' 



Bibliography 

[1] E. Bandini and R. Segala. Axiomatizations for Probabilistic Bisiraulation. In 

Proceedings of 28th ICALP, Lecture Notes in Computer Science, volume 2076, 

pages 370-381, 2001. 

[2] M. Barr and C. Wells. Toposes, Triples and Theories. Springer-Verlag, 1985. 

[3] M. Barr and C. Wells. Category Theory for Computing Science. Prentice-Hall, 

Englewood Cliffs, NJ, 1990. 

[4] G. Beaulieu. Probabilistic Completion of Nondeterministic Models. In Proceed­

ings of 23rd MFPS, Electronic Notes in Theoretical Computer Science, volume 

173, pages 67-84, 2007. 

[5] F. Borceux. Handbook of Categorical Algebra. Cambridge University Press, 1994-

[6] R. Borger, R. Kemper. There is no Cogenerator for Totally Convex Spaces. 

Cahier de Topologie et Geometrie Differentielle Categoriques, volume 35, issue 

4, pages 335-338, 1994. 

[7] A. Brcpndsted. An introduction to Convex Polytopes. Springer-Verlag, 1983. 

[8] S.D. Brookes and A.W. Roscoe. An improved failures model for communicating 

processes. Seminar on Concurrency, Carnegie-Mellon University , Lecture Notes 

in Computer Science, volume 197, pages 281-305, 1985. 

[9] V. Danos, J. Desharnais, and P. Panangaden. Labelled Markov Processes: 

Stronger and Faster Approximations. In Proceedings of the Workshop on Domain 

168 



BIBLIOGRAPHY 169 

Theoretic Methods for Probabilistic Processes, Electronic Notes in Theoretical 

Computer Science, volume 87, pages 157-203, 2004-

[10] E.-E. Doberkat. Eilenberg-Moore Algebras for Stochastic Relations. Information 

and Computation, volume 204, pages 1756 1781, 2006. 

[11] M. Giry. A Categorical Approach to Probability Theory. Categorical Aspects of 

Topology and Analysis, Lecture Notes in Mathematics, volume 915, pages 6885, 

1980. 

[12] B. Grunbaum. Convex Polytopes. Springer- Verlag, 2003. 

[13] M.P. Fiore, E. Moggi and D. Sangiorgi. A fully-abstract model for the pi-calculus. 

Information and Computation, volume 179(1), pages 76-117, 2002. 

[14] H. Hansson. Time and Probability in Formal Design of Distributive systems, 

Ph.D. thesis, Uppsala University, 1991. 

[15] J.I. den Hartog. Probabilistic Extensions of Semantical Models. PhD thesis, Vrije 

Universiteit Amsterdam, 2002 

[16] R. Heckmann. Probabilistic Domains. CAAP '94: Proceedings of the 19th In­

ternational Colloquium on Trees in Algebra and Programming, Lecture Notes in 

Computer Science, volume 787, pages 142-156, Springer-Verlag 1994-

[17] J.M.E. Hyland and A.J. Power. Discrete Lawvere Theories and Computational 

Effects. Theoretical Computer Science volume 366, issues 1-2, 16 November 

2006, Pages 144-162, Elsevier 2006. 

[18] J.M.E. Hyland, CD. Plotkin and A.J. Power. Combining computational effects: 

commutativity and sum. In R.A. Baeza-Yates, U. Montanari, N. Santoro (Eds.), 

Proc. Second IFIP Conf. on Theoretical Computer Science, Kluwer, Dordrecht, 

2002, pp. 474484. 

[19] M. Hyland, G. Plotkin and J. Power. Combining effects: sum and tensor. The­

oretical Computer Science, volume 357(1) , pages 70-99, Elsevier 2006. 



BIBLIOGRAPHY 170 

[20] C. Jones. Probabilistic Nondeterminism, PhD Thesis, University of Edinburgh, 

1990. 

[21] C. Jones and G. Plotkin. A probabilistic powerdomain of evaluations. In Pro­

ceedings of the Fourth Annual Symposium on Logic in Computer Science, pages 

186-195, IEEE Computer Society Press, 1989. 

[22] A. Jung and R. Tix. The Troublesome Probabilistic Powerdomain. Proceedings 

of Third Workshop on Computation and Approximation, Electronic Notes in 

Theoretical Computer Science, volume 13, 1998. 

[23] K. Keimel, P. Plotkin and R. Tix. Semantic Domains for Combining Probabil­

ity and Non-Determinism. Electronic Notes in Theoretical Computer Science, 

volume 129, pages 1-104, 2005. 

[24] G. M. Kelly. A Unified Treatment of Transfinite Constructions for Free Algebras, 

Free Monoids, Colimits, Associated Sheaves, and so on. Bull. Austral Math. Soc, 

volume 22, pages 1-83, 1980. 

[25] H. Konig. Theory and Applications of Superconvex Spaces. In Aspects of Pos-

itivity in Functional Analysis, North Holland Math. Studies, volume 122, pages 

79-118, 1986. 

[26] H. Konig, G. Wittstock. Superconvex Sets and a-Convex Sets, and the Embedding 

of Convex and Superconvex Spaces. Note di Matematica, volume 10, issue 2, 

pages 343-362, 1990. 

[27] J. Lambek and P. J. Scott. Introduction to Higher Order Categorical Logic. Cam­

bridge University Press, 1986. 

[28] R. Milner. A Calculus of Communicating Systems. Springer-Verlag New York, 

Inc., 1982. 

[29] R. Milner. Communicating and Mobile Systems: the 7r-Calculus. Cambridge 

University Press, 1999. 



BIBLIOGRAPHY 171 

[30] M. Mislove. Denotational Models for Unbounded Nondeterminism. IN Proceed­

ings of MFPS 11, Electronic Notes in Computer Science, volume 1, pages 393-

410, 1995. 

[31] M. Mislove. Nondeterminism and probabilistic choice: obeying the laws. In Pro­

ceedings 11th CONCUR, Lecture Notes in Computer Science, volume 1877, pages 

350-364, 2000. 

[32] M. Mislove, J. Ouaknine, D. Pavlovic, and J. Worrell. Duality for labelled 

Markov processes. In Walukiewicz, I., ed.: Proceedings of FoSSaCS 2004, Lecture 

Notes in Computer Science, volume 2987, pages 393407, Springer-Verlag 2004-

[33] M. Mislove, J. Ouaknine, J. Worrell. Axioms for Probability and Nondeter­

minism. Proceedings of EXPRESS 03, Electronic Notes in Computer Science, 

volume 96, 2004. 

[34] E. Moggi. Notions of Computations and Monads. Information and Computation, 

volume 93(1), pages 55-92, 1991. 

[35] C.C. Morgan, A. Mclver, K. Seidel and J.W. Sanders. Refinem,ent-oriented prob­

ability for CSP. Technical Report PRG-TR-12-94, Oxford University Computing 

Laboratory, 1994-

[36] P. Panangaden. Measure and probability for concurrency theorists. Theoretical 

Computer Science, volume 253 , issue 2, pages: 287 - 309, 2001. 

[37] G. Plotkin. A powerdomain construction. SIAM Journal on Computing, volume 

5, pages 452-487, 1976. 

[38] G. Plotkin. Probabilistic powerdomains. In Proceedings CAAP, pages 271-287, 

1982. 

[39] G. Plotkin. A powerdomain for countable non-determinism. In M. Nielson and 

E. M. Schmidt, editors, Automata, Language and programming, Lecture Notes 

in Computer Science, volume 140, pages 412-428, Springer-Verlag 1982. 



BIBLIOGRAPHY 172 

[40] G. PLotkin. Domains. University of Edinburgh, 1983. 

[41] J. Power. Discrete Lawvere Theories. Proceedings of CALCO 2005, Lecture 

Notes in Computer Science, volume 3629, pages 348-363, Springer 2005. 

[42] D. Pumplun. Banach Spaces and Superconvex Modules. Proceedings of the 2nd 

Gauss Symposium. Conference A: Mathematics and Theoretical Physics, pages 

323-338, 1993. 

[43] G.M. Reed. A uniform mathematical theory for distributed computing. D.Phil 

thesis, Oxford University, 1988. 

[44] G.M. Reed and A.W. Roscoe. A timed model for communicating sequential pro­

cesses. In Proceedings of ICALP 86, Lecture Notes in Computer Science, volume 

226, pages 314-323, 1987. 

[45] G. Rode. Superkonvexitat und schwache Kompaktheit. Arch. Math, volume 36, 

pages 62-72, 1981. 

[46] R. Segala and N. Lynch. Probabilistic simulations for probabilistic processes. 

Proceedings of CONCUR 94, Lecture Notes in Computer Science, volume 839, 

pages 481-496, 1994-

[47] I. Stark. A Fully Abstract Domain Model for the IT-Calculus. In Proceedings of 

the Eleventh Annual IEEE Symposium on Logic in Computer Science. IEEE 

Computer Society Press, p. 36-42, 1996. 

[48] M. B. Smyth. Powerdomains. Journal of Computer and Systems Sciences, vol­

ume 16, pages 23-36, 1978. 

[49] R. Tix. Continuous D-cones: Convexity and Powerdomain Constructions. PhD 

thesis, Technische Universitdt Darmstadt, 1999. 

[50] D. Varacca. The Powerdomain of Indexed Valuations. In Proceedings of 17th 

LICS, IEEE Computer Society Press, 2002. 



BIBLIOGRAPHY 173 

[51] D. Varacca and G. Winskel. Distributing probability over non-determinism. 

Mathematical Structures in Computer Science, volume 16, pages 87-113, 2006. 

[52] M. Y. Vardi. Automatic verification of probabilistic concurrent finite-state pro­

grams. In Proceedings of 26th FOCS, IEEE Computer Society Press, pages 

327-338, 1985. 


