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Abstract

Motivated by Moggi’s work [34] on how monads can be used to capture computational
behavior, there has been a growing interest in finding monads which capture the
precise computational effects generated when combining the theory of probabilistic
choice and the theory of nondeterministic choice. The resulting theory, called here
the theory of mixed choice [23, 31, 33|, captures the interaction between the two
choice operators by requiring appropriate distributivity axioms (probabilistic choice
over nondeterministic choice), in addition to the operations and axioms from both
individual choice theories.

Classically, the required monad has been defined by composing the adjunctions

on the left hand side of the following diagram.

_—~Mod(MCyy, Set

C'uz;fm _— tblfm
/ Ucvz ¢, / \ \l/IStbzfm \

MOd(Pf,Ln, Set) Ugcvs Geva MOd(Nqu,n) Se t)
fin ~ Set — Piin

This requires the composition of the distributions functor Dy,,, which constructs
free models of probabilistic choice over an arbitrary set X, and the finite convex set
functor Cvz ¢4, which constructs free models of mixed choice over an arbitrary convex
set (C, + ), as seen in [31, 33, 49]. This construction allows us to build a free mixed
choice model from an arbitrary model for probabilistic (P) choice, in such fashion as

to preserve the P choice model’s probabilistic structure.
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We consider the dual approach to the above algorithm. Through general categor-
ical results from Barr and Wells [2], we observed that free models for mixed choice
could also be constructed over arbitrary models of nondeterministic (ND) choice.
This allows for an alternative algorithm for constructing models for mixed choice,
which corresponds to going up the right hand side of the above commuting diagram.
This requires the composition of the finite nonempty powerset functor P}, which
constructs free models of nondeterministic choice over an arbitrary set X, and the
V-stable functor Stbls,,, which constructs free models of mixed choice over an arbi-
trary semilattice (S, V). This alternative approach allows for a wider range of mixed
choice models to be studied: those that would arise from arbitrary semilattices, hence
arbitrary nondeterministic models with a possible non-standard definition of nonde-
terminism.

By abstract categorical notions, it is known that the V-stable functor Stbl;,
exists (the functor in the N-E corner of the above diagram). However, up until now
there have been no concrete presentations of this functor, nor any notion of how
to construct free mixed choice models over arbitrary semilattices. These concepts
represent the main focus of this thesis. We motivate and develop a new property for
convex sets generated over a set equipped with a semilattice structure. This notion
is called V-stability. In essence, a V-stable convex set preserves the ND structure on
its underlying set (i.e., if it contains an element s such that z V y = s, then it must
also contain the convex subset generated by z and y).

Finally, we generalize many of our results in two directions. First, we construct
the corresponding V-stable functors for infinitary mixed choice theories over Set. We
then extend the entire development of the thesis to express posetal model categories
(i.e over Poset) of our theories. This would include constructing models for mixed
choice over models obtained from the convex (Plotkin), lower (Hoare), and upper
(Smyth) variants of nondeterminism. Furthermore, we prove that the results in the
literature obtained by following the left-hand side of the given diagram are equivalent

to our results obtained by traversing its right-hand side.
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Chapter 1
Introduction

Motivated by Moggi’s work [34] on how monads can be used to capture computational
behavior, there has been a growing interest in finding monads which capture specific
computational effects. Among them, two of the most thoroughly studied types of
computational effects are: probabilistic (P) choice [20, 22]and nondeterministic (ND)
choice [37, 48].

As pointed out by Panangaden [36], discrete probabilistic combinations suffice to
analyze much of the work in probabilistic process algebra. This motivates our focus
on determining the combination of discrete probabilistic behavior with nondetermin-
istic behavior. Furthermore, discrete probabilistic behavior is a computational effect
which has a very simple description. For any weight A € [0, 1], the P choice (@) ) be-
tween two terms represents a process which internally chooses its left hand side with
probability A and its right hand side with probability 1 — A. The theory for P choice
has a very nice axiomatic theory, developed in detail in the Claire Jones’ PhD the-
sis [20]. These axioms include associativity, commutativity and idempotence, up to
possible reweightings. Therefore, from the basic assumptions, we can define an n-ary
probabilistic choice operator of the form @ , where (\;), is a finite probability
density (i.e a finite sequence of elements A, G (0 1) such that > » ;A = 1). As we
shall see in greater detail in the second chapter and as discussed in [16, 20, 21, 22, 38],

the model categories for P choice are given by convex sets. Furthermore, the monads
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associated to the different theories of P choice are given by variants of the distribu-
tions monad over Set and the probabilistic powerdomain monad over Dom.

We shall also consider an infinite variant of P choice. It is a well known result
in analysis that for real-valued series, an uncountable sum converges only if at most
countably many terms are nonzero. Since a P choice relies on combinations weighted
by a probability density (A\;)ier, (i€., a sequence of real numbers in (0, 1] such that
Y ier Mi = 1), the above statement implies that we need at most consider countable
P choice, EB(M R where [ is a countable indexing set. Models for this type of P
choice are presented as superconvex sets as discussed in Section 2.1.3. This allows for
a higher degree of generality in constructing our theories for mixed choice.

Nondeterministic behavior is an important factor in modelling distributed com-
putation. There are many different flavors of ND choice, although every type of ND
choice satisfies the same basic assumptions; namely that a nondeterministic choice
operator must be associative, commutative and idempotent. Therefore, model cat-
egories for ND choice are usually presented as semilattice categories with possibly
extra structure (such as ordered semilattices in the case of ND choice models over
posets). Monads associated with ND choice theories have been found and are given by
suitable powerset monads over Set and powerdomain monads over Dom, [37, 39, 48].

In this work, there are two types of ND choice theories we shall consider. The first
is external ND choice (+), which in addition to the usual axioms for nondeterminism
includes a unit element. In this framework, the choice between terms is influenced
by the current state of its environment. This is the standard type of nondeterminism
for most concurrent computation such as the m-calculus [29]. However, external ND
choice comes equipped with a unit element, denoted by 0, for the choice operator.
This is an undesirable property for the ND choice operator we wish to combine with
P choice. We will discuss this in greater lengths in the second chapter, but in short
the unit for ND choice does not fit in our framework for mixed choice and leads
to many unwanted properties. Therefore, we consider a second type of ND choice:
internal ND choice (B), where B only satisfies the basic axioms for nondeterminism.
The internal ND choice between terms is done through an internal scheduler and

not influenced by its environment. This is the standard type of nondeterminism used
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when combining P and ND choice.
We will also want to move beyond the usual finite operators used by classical ND

choice theories and consider unbounded internal ND choice (H ). This will allow for

arbitrary nondeterministic combinations of terms, denoted as EE] Aw, where W is
weWw
an arbitrary indexing set. As pointed out by Mislove [30], one only has to look at how

such an operator could be used in specification languages in order to determine its
usefulness. For example, it can be used to specify a process whose behavior depends
on the input of an arbitrary natural number: different inputs may lead to different
behaviors. The use of uncountable ND choice in our framework is also motivated
further by two important factors. First, the probabilistic completion of nondetermin-
istic models with uncountably many nondeterministic choice operators has a simpler
presentation and a greater degree of generality than its finite counterpart. In other
words, it allows our definitions and results to be presented in a simple and concise
notation. Second, let B denote ND choice and for A € [0, 1], let A@, B denote the
probabilistic choice operator. In our framework, the nondeterministic choice between
terms A and B can be interpreted as the probabilistic choice of indeterminate weight
of the constituents. This viewpoint is the same as the one proposed by Mislove [31]
and also Tix [49] in their approach to creating a mixed choice theory. However, our use
of uncountable nondeterministic choice operators is a new feature allowing us to ex-

press the above interpretation of nondeterminism formally as AHB = HE] (A, B).
Ag[0,1]
The later is an equation derivable from our axioms defining a mixed choice theory, as

discussed in Section 3.3.1. In the end, the use of unbounded ND choice enables the
explicit statement of the relationship between P and ND choice in a mixed choice
theory.

Recently, there has been an increasing interest in studying theories for mized
choice; the computational behavior combining both nondeterministic and probabilis-
tic effects. The combination of these two theories seems to be essential in giving
models for concurrent processes, see [14, 46, 52]. In the literature, the theory for

mixed choice is most often presented as a finite Lawvere theory which admits two
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types of binary operators: a single nondeterministic choice operator (ND-Op), de-
noted by H, and an uncountable family, indexed by X € [0, 1], of probabilistic choice
operators (P-Ops), denoted by @, . It is also widely accepted that the axiomatic the-
ory for mixed choice should admit an axiom which captures the interaction between
the two types of choice operators. After careful consideration, it has become stan-
dard practice to require that the P-Ops distribute over the ND-Op [1, 35]. Given the
required interaction between the choice operators, it becomes necessary to consider
an ND choice operator without a unit: internal ND choice. Thus, in the theory of
mixed choice, A H B represents a term which makes an internal ND choice between
A and B, as previously discussed. The standard axiomatic theory for mixed choice
is obtained by combining the axioms for P choice @), the axioms for internal ND
choice B, and the distributivity of P-Ops over ND-Op axiom.

There have been two typical approaches in constructing the monad associated to

the computational behavior of mixed choice.

(1) Combine the individual choice theories in order to construct the theory for

mixed choice and then freely generate the corresponding monad.

(i) Modify the monads associated to P and ND choice in order to define a dis-

tributive law between them.

The first approach is seen in many recent works on combining nondeterministic
and probabilistic choice, [15, 23, 31, 33, 49]. In recent works Power [41], and Hyland,
Plotkin and Power [19] have developed machinery for combining Lawvere theories in
order to capture the interaction of many types of computational effects; e.g. com-
bining nondeterminism and probabilistic choice theories. There are three main ways
of combining theories which are discussed in the above authors’ works: the sum of
theories, the tensor of theories and the distributive tensor of theories. In the first
case, the sum of two theories is a theory which admits all the operators and axioms
from the initial theories without adding anything new. In the second type of com-
bination, the tensor of two theories merges the operators and equations from the
initial theories and adds equations which force all the operators from one theory to

commute with the operators of the second theory. The last kind of combination, the
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distributive tensor, captures the theory we expect to obtain when combining P and
ND choice. The distributive tensor between the Lawvere theories L and L’, denoted
L L', is the theory which admits all the operations and axioms from L and L’ but
also imposes distributivity axioms which force every operation in L to distribute over
every operation in L’. This describes exactly the standard structure for the theory of
mixed choice. Once the correct theory for mixed choice has been established, we can
freely generate its corresponding monad.

The second approach to combining P and ND choice is presented by Varacca
[50], and further developed by Varacca and Winskel [51]. The goal of this approach
is to modify one of the monads associated to P or ND choice in order to define a
distributive law between the modified monad and the unmodified one. Due to the
distributive law, the monads will compose into a monad whose theory will allow
the operators to be appropriately distributive (P-Ops over ND-Op). To construct
the monad which captures the behavior of mixed choice, one may consider taking
the composition of the unmodified monads for each of the individual type of choice
structures. This composition was shown to be inadequate by Varacca [50], due to
the lack of a distributive law from the monad for ND choice over the monad for
P choice or vice-versa. Thus, it is necessary to modify the definition of the initial
monads in order to allow for the existence of a distributive law. The modification
which Varacca proposes is the following: he remarks that weakening the axiomatic
theory of P choice by omitting the idempotency axiom (A®, A = A) leads to a
distributive law which captures a variant of the theory of mixed choice. Therefore, he
presents an alternate axiomatic theory for mixed choice which is obtained by omitting
the idempotence axiom of P choice. Furthermore, he develops an indexed valuation
powerdomain monad which can be composed with the Plotkin powerdomain monad
in order to define a monad which captures the behavior of his theory of mixed choice.

Of the two approaches of combining P and ND choice theories, we shall be using
the first one. We consider that any theory combining P and ND choice must admit
the individual choice theories as subtheories. Therefore, it must contain each axiom
from these individual choice theories. Modifying the monads in order to force a

distributive law, will inadvertently alter the theory for one (or both) of the basic
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Mod (MCyin, Set

C'U.’L'f"1 \,( tblfln
/ UCuzfm / \ Stbl 4, \

Mod (P fm, Set) Mod(ND%,,, Set)

ve Geus
'Df'm, \ f'Ln /

Set Pfin

Figure 1: Mixed Choice Factored Through Probabilistic and Nondeterministic Choice

choice types. Nevertheless, Varacca et al. give many supportive arguments for their
approach and it is not to be dismissed.

By appropriately combining our choice theories we have seen how we can obtain
the theory for mixed choice. In order to construct the monad associated to our mixed
choice theory over a suitable category C, one may consider how to construct free
mixed choice models from arbitrary models of one of the two choice structures over C.
This is the most widely used method in the literature. However, the focus has always
been on constructing models for mixed choice from arbitrary models of probabilistic
choice. This corresponds to following the left hand path of the commutative diagram
in Figure 1 over Set, where each pair of functors represents an adjunction following
the schema; * -1 U,. Thus, we can consider the construction of free mixed choice

models over C to be given by the following two steps.

(1) First, freely construct probabilistic models over the category C. Thus for
set-theoretical models one would use the distributions functor, Dy, and for

domain-theoretical models one would use the probabilistic powerdomain, V.

(2) Then, freely construct a model for mixed choice over the probabilistic models
obtained in (1). For set-theoretical models the finite convezx powerset func-
tor, CuZ i, is used and three different convex powerdomains are proposed for

domain-theoretical models.

Since each step of the construction involves monads with composable adjunctions,
the monad which captures the behavior of mixed choice arises from (the adjunction

obtained by) composing the adjunctions from the above steps.
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Using this algorithm, a monad for mixed choice can be defined over any category
C. However, we obtain a great deal more information than simply how to construct
mixed choice models over an object C € C. The construction allows us to build
a free mixed choice model from an arbitrary model for P choice, in such a fashion
as to preserve the P choice model’s probabilistic structure. In other words, given a
model for P choice, denoted (C, +, ), its image under the convex powerset functor,
Cvzfin((C, +1)), contains an isomorphic copy of (C, +,). This arises due to the
fact that the unit transformation, 7, for the convex powerset monad is a P choice
isomorphism. This allows the construction of a much broader range of models for
mixed choice.

In this thesis we wish to consider the dual approach to the above algorithm, which
does not appear to have been considered. We first presented this result in our paper
[4]. Through general categorical results from Barr and Wells [2], we observed that
free models for mixed choice could also be constructed over arbitrary models of ND
choice. This allows for an alternative algorithm for constructing models for mixed
choice, which corresponds to going up the right hand side of the commuting diagram

from Figure 1.

(1’) First, freely construct ND choice models over the category C. Thus for set-
theoretical models one would use the non-empty powerset functor, P}, and
one of the following types of powerdomains for domain theoretic models: the
convez (Plotkin) powerdomain P, the lower (Hoare) powerdomain H, and the

upper (Smyth) powerdomain S.

(2’) Then, freely construct models for mixed choice over the ND choice models
obtained in (1’). For both set-theoretical and posetal models, we will present the

monad over ND choice models which accomplishes this in the fourth chapter.

This alternative approach allows for a wider range of mixed choice models to be
studied: those that would arise from arbitrary semilattices, hence arbitrary non-
deterministic models with a possible non-standard definition of nondeterminism.

We will focus on giving a concrete definition of the functors on the right-hand
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path. More specifically, we focus on how to explicitly compute the V-stable func-
tor Stblsin : Mod(ND3,,, Set) — Mod(MCjyi,, Set) (in the “northeast quadrant”
of Figure 1) which assigns a model of mixed choice to an arbitrary nondeterministic
model.

One of our main developments is the formulation of concrete definitions for a va-
riety of V-stable functors, defined on set-theoretic (Set) or posetal (Poset) model
categories, for various types and arities, of ND and P choice. These functors are left
adjoint to their respective forgetful functors from the category of models of mixed
choice to the category of models of nondeterminism. We consider mixed choice the-
ories which admit P-Ops of countable arity and ND-Ops of possibly uncountable
arity. Separately, each choice theory is associated to a monad. In our case, the P
choice theory is associated to the distributions monad and the ND choice theory is
associated to the non-empty powerset monad.

The second chapter offers a quick review of many of the important topics relevant
to the theorems and constructions presented in latter chapters. We begin this chap-
ter by highlighting some of the important notions of convexity and generalizing these
ideas in order to define the notion of superconvexity (sets which are closed under
countable convex combinations). These two notions are important since convexity
(and superconvexity) capture the fundamental structure necessary in modelling the
behavior of finite (countable) probabilistic processes. Secondly, we provide a quick
overview on particular aspects concerning monads. This section includes important
definitions and examples of particular monads and T-algebras and includes results
such as the correspondence between adjunctions and monads and an existence prop-
erty for left adjoints important to our construction. Thirdly, we present the sup-
porting material on Lawvere theories, their corresponding model categories and the
correspondence between model categories over Lawvere theories and monads. Finally,
we complete the chapter with a small resume on the different types of methods used
to formally combine Lawvere theories.

The third chapter describes in greater depth many important details concerning
our choice theories and their associated model categories in Set and in Poset. The

first two sections recall the definitions of the theories for probabilistic choice and the
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theories for nondeterministic choice. These sections include the definitions of many
of their variants, their associated monads and their model categories over Set and
Poset. The last section deals with the theory of mixed choice. We provide motivation
behind our choice of the equational representation of the mixed choice theory, ranging
from the distributivity of the P-Ops over the ND-Op, to the combination of countably
infinite P-Ops with arbitrary ND-Ops. Finally, we discuss in detail the standard
algorithm used to construct the monad associated to mixed choice models in Set and
Poset.

The fourth chapter contains our main result on the free construction of models
of mixed choice over arbitrary nondeterministic models. We present the concept of
V-stable convex sets generated over an arbitrary V-semilattice. We define these new
concepts and present theorems concerning their important properties. We provide
motivating examples to support our reasoning on how they represent the correct ex-
tension over semilattices to models of mixed choice. Finally, using these new concepts,
we present our concrete definition of the V-stable monad over models of nondeter-
ministic choice, the monad which constructs free mixed choice models over arbitrary
models of nondeterminism.

Finally, we include an appendix which presents an example of a process language
with mixed choice capabilities, based on Milner’s CCS [28], called the Mixed Choice
CCS. We provide definitions for the different types of processes, the alternating oper-
ational semantics and a bisimulation relation for this calculus. In the end, we define

a fully-abstract set theoretical model for the language.



Chapter 2
Preliminary Topics

This chapter provides a brief overview of the basic topics of convex sets and cate-
gory theory used throughout the later chapters. The chapter is separated into many
independent sections, each dealing with a particular fundamental concept. We omit
giving the proofs of many of the theorems (unless the structure of the proof is the
topic of discussion) and refer the reader to key references if more details are desired.
The examples presented in this chapter are designed to introduce constructions (such
as functors, monads and models) which will be relevant in later chapters.

We begin with a brief introduction to convex spaces. As noted by many authors
working in developing models for mixed choice, such as Mislove, Ouaknine and Worrell
[33], Varacca [50] and Keimel, Plotkin and Tix [23] to name a few, convexity is an
important property for any model which captures probabilistic choice. Convexity will
play a large role in our approach, since our aim is to construct appropriately behaved
probabilistic models over arbitrary models for nondeterministic choice keeping the
underlying ND structure intact. Indeed, we shall present such a construction in
Chapter 4 by defining new properties on convex sets which will lead to our technique

for constructing models for mixed choice.

10
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2.1 Convex and Superconvex Spaces

Convex spaces are important when discussing models for probabilistic choice. In-
tuitively, convex combinations between objects z1,x2 in a particular convex space,
denoted z; @) z2 (or Az1+(1—A)zs) , where A € [0, 1], are used to represent a proba-
bilistic choice between the objects z; and zo, where z; will be chosen with probability
A and zo will be chosen with probability (1— ). Many of the developments on finding
models for probabilistic theories and how convexity relates to them can be found in
[20, 21]. Moreover when dealing with models for mixed choice, it has been shown in
[23, 33] that models of such theories are given by certain collections of convex subsets.

We shall also present a generalization on the definition of convex spaces. We
will define a “convex” structure which allows countable convex combinations of its
elements, which we shall call a superconvezr space. In other words, we want to allow
for possibly countable weighted sums of the form ., Ajz;, where 3. ., A\; = 1 and
A; > 0, formally denoted by Z zi.

(Ad)z

The presentation of each type of space shall be given in two parts. We shall begin
by considering the class of convex (or superconvex) spaces which arise as subspaces
of a real vector space (with the appropriate type of operations, i.e. countable sums
for superconvex combinations) which satisfy a particular property, this special case
of convex structure is due to Rodé [45]. This is the usual class of convex spaces
analyzed in much of the literature [7, 12]. These subclasses of convex (or superconvex)
spaces are interesting in their own right, since they are exactly the convex spaces
obtained when dealing with free convex (or superconvex) spaces generated over a set.
Secondly, we shall define convex (or superconvex) spaces as a set equipped with formal
operations satisfying a specific set of equations. This formal definition is necessary in

order to capture non-standard examples of convex (or superconvex) spaces.

2.1.1 Convex Structures in Real Vector Spaces

In this section we remind the reader of the basic definitions and useful results con-

cerning convex structures in real vector spaces.



CHAPTER 2. PRELIMINARY TOPICS ) 12

Affine Spaces

The theory of convex spaces is a subset of affine geometry. Many of the results and
observations concerning convex spaces are inherited from affine spaces, as discussed
in detail in Br¢ndsted [7], which together with Grinbaum [12] make up our basic

references for this section.

Definition 2.1.1 (Affine Spaces). A subset A of a vector space V over R is called
an affine space if either A = ) or there exists a vector v € V and a linear subspace
L of V such that A =7+ L.

Example 2.1.2 (Affine spaces). Many examples of affine spaces can be found as
subsets of R™. Standard examples include any straight line or any plane in R™.
Notice that affine spaces unlike linear spaces do not require that the lines or planes

pass through the origin. A

Proposition 2.1.3. A subset A of a real vector space V is an affine space if and only
if

Va1, a2 € A)(VA € R)Aa; + (1 — A)ag € A.
Definition 2.1.4 (Affine Combinations). Let V' be a real vector space. An affine

combination of the vectors v1,v3,...v, € V is a linear combination of the form

MUY+ AUz + ...+ ApUp such that Aj + X+ ...+ A, = 1.

Proposition 2.1.5. Let A be an affine space. Any affine combination of points in A
is again in A. In other words, given an n-family of points (x1,2,...,2,) in A and
real scalars Ay, Ag, ..., A\p such that Ay +Ao+...+ )\, = 1, then the affine combination
AZ1+ Agzo + ...+ Apzp 15 in A

Remark 2.1.6. The intersection of affine spaces is again an affine space. Thus any

subset M of a real vector space V is contained in a minimal affine space.

Definition 2.1.7 (Affine Hull). Given a subset M of a real vector space V, define
the affine hull of M in V, denoted by aff(M), to be the smallest affine subspace of
V containing the set M.}

!By affine subspace of V we mean a subset of V which is also an affine space.
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Proposition 2.1.8. Given any subset M of a real vector space V, aff (M) is the set

of all affine combinations of points in M.

Definition 2.1.9 (Affinely Independent). [Br¢ndsted [7], p.7] An n-family of vectors
(U1, 73, ..., Vy) in a real vector space V is said to be affinely independent if a linear
combination Ajv7 + Mgty + -+ 4+ Avp, with A + Ao + ... + Xy = 0 equals the zero

vector implies that Ay = Ay = ... = A, = 0.

Proposition 2.1.10. Affine independence of the n-family of vectors v1,vz,...Up s
equivalent to the linear independence of at least one of or all of the following (n —1)-

families (Vi — 0,03 — Ty ..., 001 — U3, Vi1 — Uy - ., Up — 03), for all 1 < i < m.

Definition 2.1.11 (Affine Basis/Dimension). An affine basis of an affine space
A is an affinely independent n-family (z1,zo,...,z,) of points in A such that A =
aff({z1,z2,...,2,}). The dimension of a nonempty affine space A, denoted dim A,
is the dimension of the linear subspace L such that A = ¢+ L. By convention we let
dim @ = —1.

Convex Spaces

A convex space is a an afline space for which we require that the weights of the
linear combinations be non-negative real scalars which sum up to 1. In what follows
we present some of the definitions and results concerning convexity as presented by
[7, 12].

Definition 2.1.12 (Convex Space). A subset C of a vector space V over R is called
a convex space if A\jz; + Aazy belongs to C for all z1,z2 € C and all A1, A2 € R with
)\1+/\2 =1 and /\1,/\2 2 0.

Example 2.1.13. Any subset S of the space R™ which admits the following property:
for every point z,y the line segment from z to y is contained in S, is a convex space.
The figure below shows some basic examples and a non-example of convex spaces
found in R2. A
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convex subset convex subset nonconvex subset

Figure 2: Examples and Non-example of convex subsets in R2.

Definition 2.1.14 (Convex Combination). A convex combination of points
Z1,Z2,...,%, from a vector space V over R is a linear combination \x; + A2xg +
oot Ay, where A1+ Ao+ ...+ A, =1 and Ap, Ay, ..., Ay > 0. We shall often write

such a linear combination as:
(1) z1 +» 22 for binary combinations
c
(2) Z(/\i)?ﬂxi for n-ary combinations

to indicate that the linear combination is in fact a convex combination.

)
2/i=1

c
Notation 2.1.15. Here Z(,\ is the usual notation for convex combinations found

c
throughout [7]. In the rest of this thesis, we often omit the superscript C in Z(,\ .
i)i=1

and denote convex combinations simply as Z(,\ o
i)iz1

Theorem 2.1.16. A subset C of a vector space V over R is convez if and only if C is

closed under conver combinations. (Le., given x1,2s,...,Zn € C, Z(/\ o z; €C)
i)i=1

Given the notion of convex combinations, we can define the correct type of mor-

phism between convex sets.

Definition 2.1.17 (Convex Space Morphism). Suppose we are given two convex
spaces C'in V and C’ in V'. A convex set morphism is a map f : C — C’ which
preserves convex combinations. In other words, for an arbitrary convex combination

z1+az2 in C, f(z1+x22) = f(z1) 4+, f(x2) is a convex combination in C”.
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It is easy to see that the set of all convex spaces and the family of all convex space

morphisms satisfy the required properties of a category.

Definition 2.1.18 (Category of Convex Spaces in Real Vector Spaces). The cate-
gory of convex spaces in real vector spaces, denoted Convg, is the category of

convex spaces in real vector spaces and convex space morphisms between them.

Next we show how to generate convex spaces over arbitrary subsets of any real

vector space.

Remark 2.1.19. The intersection of any family of convex spaces in the vector space
V over R is a convex space. Thus, for any subset M of V we can define the smallest

convex space which contains M.

Definition 2.1.20 (Convex Hull). Let M be a subset of a vector space V over R.
The convex hull of M (or the convex space spanned by M), denoted by conv(M),

is the smallest convex subspace of V containing M .2

Theorem 2.1.21. For any subset M of the real vector space V', the conver hull

conv(M) is the set of all convex combinations of points in M.

Theorem 2.1.22. [Br¢ndsted [7], p.13] For any subset M of a real vector space V,

the convez hull conv(M) is the set of all convex combinations

Z()\i)?=1xi

where (21,22, ...,%Zn) s an affinely independent n-family of points in M.

Remark 2.1.23. By Theorem 2.1.22 we do not have to take the convex combinations
of all the points in M in order to construct conv(M). It will be sufficient to only take
the convex combinations on some affinely independent family in M. Unfortunately,
no fixed family of points from M will suffice. This means that unlike affine spaces
(and linear spaces) convex spaces can be generated by affinely independent families

of varying size.

2By a convex subspace of V we mean a subset in V which is also a convex space.
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Corollary 2.1.24 (Carathéodory’s Theorem ). [Bréndsted [7], p.14] For any subset
M of the vector space V' over R with dim (aff(M)) = n, the conver hull conv(M) is

the set of all conver combinations of precisely n + 1 points from M.

Convex Polytopes

We have seen that a general convex space in a real vector space does not admit a basis
as do general affine and linear spaces. In this section, we discuss particular types of
convex spaces that can be described by a fixed family of points, called simplices. For
full details, see [7, 12].

Definition 2.1.25 (Polytope). A convex polytope P (or simply polytope), is
defined to be the convex hull of a non-empty finite set of points in a vector space V'

over R. (Le., P =conv({z,za,...,2,}), where z1,2s,...,2, € V)

Definition 2.1.26 (Simplex). A simplex S is defined to be a polytope with the
property that there exists an affinely independent family {z;,zs,...,z,} such that

S = conv({z1,Z2,...,Z,}). The points zy,zs,. .., z, are called vertices of S.

Remark 2.1.27. Given that convex spaces do not have a basis as affine spaces
do, we can still say that simplices have a kind of “convex basis”. In fact, if
Z1,Z9,. .., %, are vertices of the simplex S, then by affine independence, each of the
points in aff({z),zs,...,2z,}) has a unique representation as an affine combination
of 21,29, ...,Z,; in particular, each point in conv({z;, zs, ..., Z,}) has a unique rep-
resentation as a convex combination of zy, zs, ..., z,. The following theorem states
how simplices are the only type of convex spaces which have this kind of “convex

basis”.

Theorem 2.1.28. Let M = {zy,%2,...,Z,} be a finite set of n points from a real
vector space V such that the n-family (z1,s,...,2,) is affinely dependent. Then
there are subsets My and My of M with My N\ My =0 and M; U My = M such that

conv(M;) N conv(Mz) # 0.
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Thus, if conv(M) 1s not a simplez, there exists a partition of M (i.e., subsets My and
M, ) such that there is an element in conv(M) with a representation in both conv(M)
and conv(M,).

Corollary 2.1.29 (Radon’s Theorem). [Br¢ndsted [7], pl5] Let M =
{z1,29,...,2,} be a finite set of n points in V such that n > dim (V) + 2.
Then there are subsets M, and My of M with My N\ My =0 and My U My = M such
that

conv{M;) Nconv(Mz) # 0.

2.1.2 Formal Convex Spaces

There exists a more general way of presenting convex spaces as a set equipped with
formal set of operations satisfying certain equations. It was pointed out during the
thesis defense that the theory of convex spaces in real vector spaces was insufficient to
capture all possible models of the probabilistic choice theory. In truth, such convex
sets only model the free probabilistic choice models. In order to capture the non-
standard models of probabilistic choice we must consider a formal definition of convex
spaces as a set equipped with formal operations satisfying the appropriate set of

equations as presented by Konig [25].

Definition 2.1.30 (Formal Convex Space). A formal convex space is given by a
tuple (C, 4, ) where C is a set equipped with an [0, 1]-indexed family of operators,

denoted + , satisfying the equations

(P-ASSOC) (”E + y) Fr, 2 =T +a0, (y +(L—_,\_1_)/\_,\_z Z); AtAg # 1
2

1-x]
(P—Com) THrAY =Y +1-2 7T,
(P-Idem) z+4)z = z;
(P-One) z+4+1y=z;

Notation 2.1.31. Given a formal convex space (C, +, ), the formal combination
z +, v can be thought of as a process which chooses = with probability A and y with
probability 1 — A. It will also be useful to interpret n-ary convex combinations of

elements in C' using a single operation. Therefore, given the equations of a formal
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Yy Yy Yy
/ (.'IIQ, yZ) 1 (‘/1:2) 3/2)
(z1,91) ¢
VA [ ¥/
\ (I27 y3)
X X X
H-space z = (z1,92) +1 (z2.92) z = (12, 92) +1 (x2,y3)

Figure 3: An example of an H-space and its convex combinations.

convex space, we can define operations of the form Z(/\i),}_l z;, where Y - A\ =1
and A; € (0,1], and z; € C for each 1 < ¢ < n. These operations, can be interpreted

as a process which chooses the term z; with probability A;, for any 1 <¢ < n.

Example 2.1.32. An example of a non-standard convex space which cannot be
expressed as the subspace of a particular real vector space is the H-space. The
H-space is a subset of R", consisting of two non-intersecting line segments joined
together by a third segment between them (intuitively it has a shape isomorphic to
the letter H). A particular H-space in R? can be defined by H = ({0} x[0, 1])U((0, 1) x
{1Hu ({1} x[0,1]), as shown in Figure 3. For any A € (0,1) and (z1,y1), (z2,¥2) € H

we define the convex combinations +) as:

O,MNyn+(1=Nyz2) ifzy=22=0
(z1,91) +a (22,92) = (LM +(1=Ny) ifrxy=z=1
((M)z1 4 (1 — N)z2,2)  otherwise

In other words, when ) # T, we project the element (z1,y1) +x (T2, v2) € R? onto the
middle segment of the H, as seen in Figure 3. Finally, we define the operations -+,
and +¢ by the appropriate projection operator. (L.e., (z1,v1)+1 (22, ¥2) = (z1,¥1)
and (21, 1) +o (22, y2) = (22, ¥2)- A
We proceed by giving the formal analogs of many of the important definitions

presented for convex spaces in real vector spaces.
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Definition 2.1.33 (Formal Convex Combinations). Let (C, +,) be a formal convex
space, (z;)™; be an n-ary family of elements in C, and ();)?, be an n-ary family
of elements in (0, 1] such that > ; A\; = 1. A formal convex combination of the
elements (z;)7, weighted by (\;); is given by any formal combination in (C, +)

equivalent to Z(/\ n Z;.
i)i=1

Definition 2.1.34 (Formal Convex Hulls). Let (C, 4+, ) be a formal convex space,
and X be a subset of C. The formal convex hull in (C, +,) generated by X,
denoted by conv(X), is given be the set of all formal convex combinations between
the elements of X.

conv(X) = {Z(/\i)z;lxi |z; € X, A € (0,1], and Zl:/\i = 1}

Definition 2.1.35 (Category of Formal Convex Spaces). The category of formal
convex spaces, denoted Conv, is the category of formal convex spaces and convex

space morphisms between them.

The following definitions, due to Konig [25], will lead to an important theorem
stated in [26] stating which type of formal convex spaces are equivalent to a convex
structure in a real vector space. This proves why our example of the H-space is not

equivalent to any convex spaces in a real vector space.

Definition 2.1.36 (Cancelable/Cancellation Law). Let (C, 4+, ) be a formal convex

space.

(a) Define z € C to be cancelable iff for all A € (0, 1), one has

THr\y=z+rz=>y=2Vy,z€C.
(b) The formal convex set (C, +, ) is said to fulfill the cancellation law iff all
z € C are cancelable.

Theorem 2.1.37 (Konig, Wittstock [26]). For a formal convexr space (C, +) the

following are equivalent
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(a) There exists an injective convex morphism 6 : (C, +,) — V into a real vector

space V.
(b) (C, +,) satisfies the cancellation law.
Finally, we present the definition of a polytope for formal convex spaces.

Definition 2.1.38 (Formal Polytopes). Given a formal convex space (C, +,), a
formal convex polytope P, is defined to be the formal convex hull of a non-empty

finite set of points in C. (Le., P = conv({z1,Zs,...,Zn}), where z1,za,...,2, € C)

2.1.3 Superconvex Structures in Real Vector Spaces

In this final section on convexity, we consider a generalization on the definition of
convex structures in real vector spaces. We will define a “convex” structure which
allows countable convex combinations of its elements. In other words, we want to
allow for possibly countable weighted sums of the form } 7, ; Ay, where > .., A =1
and X; > 0. In order to generalize, we assume that our real vector spaces V' have
a well-defined sum operation of countable arity and define the notion of superconvez

space as follows.

Definition 2.1.39 (Superconvex Space). A subset C of a vector space V over R
is called a superconvex space if >, ; Ayz; belongs to C' where I is a countable
indexing set and for alli € I, z; € C and A; € R, with A; > 0, such that >, ., A\ = 1.

Example 2.1.40 (Superconvex Space). Consider the set of positive real numbers
and infinity, R* U {co}, where convex combinations of real numbers are defined as
usual, countably infinite convex combinations (superconvez combinations), > ,c; Mz,
of real numbers z; € R equals r if the series converges to r and equals oo if the series
diverges, and any combination which contains the element oo is equal to co. Under

these conditions, R U {co} is a superconvex structure. JAN

Proposition 2.1.41. If C is a superconvex subset of a real vector space V', C is also

a convez subset of V.
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The proof of the above proposition is straightforward; in any superconvex space
C, convex combinations of the form Az; + (1 — A)zg, where 1,2, € Cand 0 < A <1

must by definition belong to C.

Remark 2.1.42. Although any superconvex space C' in a real vector space V can
also be considered as a convex space of V, the converse does not hold. There exist
convex subsets which are not superconvex. For example, consider the real number
line, R. The number line is convex under the usual definition of convex combinations
(usual addition (+) and scalar multiplication (-) rules). However, countably infinite
convex combinations (superconver combinations) of real numbers do not generally
equal a real number. For instance the series of the form Y (s )n! is divergent and

is not equivalent to any real number.

It is well-known that if the infinite sum ), A converges, where A; € R, A; > 0
then the indexing set I must be countable. This implies that if we consider only
combinations with non-zero weights, countable convex combinations are the highest

arity for which we can extend our definition of convex combinations.

Definition 2.1.43 (Superconvex Combination). A superconvex combination of
a countable-family of points (;);c; from a vector space V over R is a countable
weighted combination Az + Aszg + ...+ Ajx; +. .., where Zie ;A = 1 and for every
i € I, A; > 0. Following the notation proposed by Br¢ndsted [7], we let

sc

Z(Ai)zx"

represent a linear combination which is in fact a superconvex combination.

Notation 2.1.44. Again by convention, as in Notation 2.1.15, we omit the super-

ipt SC £ *¢ " and usually wri binati
SCrip ToIn Z()‘i)l and usually write superconvex comoinations as Z()\i)l.

Definition 2.1.45 (Superconvex Space Morphism). Suppose we are given two su-
perconvex spaces C' in V and ¢’ in V'. A superconvex space morphism is a
map f : C — C' which preserves superconvex combinations. In other words, for an

bit o . N — .
arbitrary superconvex ‘combmatlon Z(/\i)la:, in C, f( Z(/\i)la:m) Z f(z1)isa
superconvex combination in C'.

/
(M1
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It is easy to see that the set of all superconvex spaces and the family of all

superconvex space morphisms satisfy the required properties of a category.

Definition 2.1.46 (Category of Superconvex Spaces). The category of supercon-
vex spaces in real vector spaces, denoted SConvyg, is the category of superconvex

spaces in real vector spaces and superconvex structure morphisms between them.

Next we show how to generate superconvex spaces over arbitrary subsets of any

real vector space.

Remark 2.1.47. The intersection of any family of superconvex spaces in the vector
space V over R is a superconvex space. Thus, for any subset M of V' we can define
the smallest superconvex space which contains M. Indeed, suppose we are given an
arbitrary indexing set W and an arbitrary family of superconvex spaces (Cy)wew
of the real vector space V. Suppose we have a countable family of points (z;)ics in

ﬂ Cu; then we know that (z;);cs is a countable family of C,, for each w € W. Since

weW
each C,, is superconvex, any superconvex combination of the countable family (z;);er,

ie. Z(Ai)lxi, is contained in C,, for each w € W. Therefore Z()\i)lxi € wg Cw,

which implies that ﬂ C, is a superconvex space.
weW

Definition 2.1.48 (Superconvex Hull). Let M be a subset of a vector space V over
R. The superconvex hull of M, denoted by sconv(M ), is the smallest superconvex

subset in V' containing M .3

Theorem 2.1.49. For any subset M of the real vector space V', the superconvez hull

sconv(M) is the set of all superconver combinations of points in M.

Proof: Consider the set of all superconvex combinations of points in M, denoted
by S. Since M C sconv(M) and sconv(M) is a superconvex space, then S must
be a subset of sconv(M). However, S is also a superconvex space (a superconvex
combination of superconvex combinations of points in M can be considered as a
superconvex combination of points in M) and contains M, thus sconv(M) C S.
Therefore, S = sconv(M). O

3By a superconvex subspace of V we mean a subset in V which is also a superconvex space.
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Definition 2.1.50 (Superpolytope). A superconvex polytope P (or simply su-
perpolytope), is defined to be the superconvex hull of a non-empty finite set
of points in a vector space V over R. (L.e., P = sconv({z1,z2,...,Zn}), Where

Z1,%2,...,Tn € V)

2.1.4 Formal Superconvex Spaces

A second important remark that we pointed out during the thesis defense is that the
theory of superconvex spaces which we have independently developed and presented
above has been previously studied by a group of German researchers [6, 25, 26, 42].
However, their theory is based on a formal definition of superconvex spaces, given by

a set equipped with formal operators satisfying some equations.

Definition 2.1.51 (Formal Superconvex Spaces). A formal superconvex space is

given by a tuple (C, Z(,\) ) where C' is a set equipped with a countable family of
)T

operators, denoted Z(,\ , indexed by countable probability densities (i.e. countable
)1
sequences ();)7 of elements in (0, 1] such that >, ; A; = 1) satisfying the equations

(P-AxD) D05 = 2
(P-Idem) Z( T==x

A1

Té(i), where ¢ : I — I is a permutation.
Aoy )1

All corresponding definitions of superconvex combinations, superconvex hulls, and
superconvex polytopes can be given for a formal superconvex space as done in Sec-
tion 2.1.2. We let SConv denote the category of formal superconvex spaces and
superconvex space morphisms.

As for formal convex spaces there is a very interesting theorem presented in [26]
that characterizes which formal superconvex spaces are equivalent to a superconvex

subspace of a real vector space.

Theorem 2.1.52. For a formal superconver space (C, Z(/\) ) the following are
)7

equivalent.

(a) (C, Z(/\) ) satisfies the cancellation law.
)T
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(b) (C, Z(/\) ) is isomorphic to some superconvex subset Y C V of a real vector
1)1
space V.

2.2 Monads

Moggi [34] has proven that the categorical notion of a monad is an important tool
for capturing computational behavior. The aim of our present work is to describe an
alternate construction which captures the computational behavior of mixed choice.
Therefore, the notion of monads and their properties are of central importance to the

thesis.

Definition 2.2.1 (Monads). A monad, T, on a category C is a 3-tuple T = (7,7, u)
where 7 : C — C is a functor and 7 : 1¢ = 7 (the unit), u : 72 = 7 (the
multiplication) are natural transformations satisfying the commutativity conditions

po(nr)=1r =po(Tn), and pour = uo7 u, as shown in the following diagrams.

T e I T8 =2y 72
\“u/ urﬂ ﬂu
T T2=t=T

One important example of a monad is the powerset monad, P. It (and its many
variants) are the standard monads used to capture the computational behavior of
many types of nondeterministic choice, as discussed in [40]. It will be a reoccurring

construct in the following chapters.

Example 2.2.2 (Powerset Monad). The powerset monad, P = (P,n, u), is the

monad over the category Set, defined as follows:

(a) P : Set — Set is the powerset functor. For X,Y € Set, f : X — Y in Set,
and A € P(X),

P(X) = {A]AC X}, (the set of all subsets of X),
Pf(A) = flA]={f(a)]a€ A}, (the direct image of f on A).
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(b) 7 : lget = P is the singleton transformation. For X € Set and z € X,
nx(z) = {z}.
(c) p:P? = P is the big union transformation. For X € Set, Y € P?(X),

(@) =Y.

Yey

Many variants of the powerset monad can be constructed by taking variations of the
underlying functor P, yet keeping the same definition (on an appropriately restricted

domain) for the unit (n) and the multiplication (u) transformations.

(a) The non-empty powerset monad, P* = (P*,n,u). Let X € Set. The
underlying (object part of the) functor is defined by:

P (X)={Y|Y e P(X),Y # 0}.

(b) The finite powerset monad, Psin = (Psin, 1, 1t). Let X € Set. The underly-
ing (object part of the) functor is defined by:

Prin(X) ={Y|Y € P(X),|Y] < o0}.

(c) The non-empty finite powerset monad, P}, = (P};,,n, ). Let X € Set.
The underlying (object part of the) functor is defined by:

Pin(X) ={Y|Y € P(X),0 < |Y] < 00}

| A

; A second monad we will repeatedly come across, is the monad which captures the
| computational behavior of probabilistic choice; the distributions monad, Dy;,. This
‘ construction arises from [20]. However, before presenting its formal definition, we
} define a few basic concepts about particular maps from a set X into [0, 1], called

distributions.
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Definition 2.2.3 (Distributions/Support). Let X be a set.

(a) A distribution (discrete probabilistic distribution) on X is a function which
associates to each element of X a real value from the unit interval [0, 1] such

that the sum of the images is equal to 1. In other words, d : X — [0, 1] is such
that ) .y d(z) = L.

(b) The support of a distribution d, denoted supp(d), is the subset of X consisting

of all the elements which are mapped to non-zero values. (Le., supp(d) =

{z € X|d(z) #0)).

(c) For z € X, the Dirac distribution (or point-mass distribution) over z,

8z : X — [0,1], is the distribution whose support is {z}. In other words, d, is

defined by:
1l z=y
0.(y) =
) { 0 otherwise

Remark 2.2.4. Consider the set X and the distribution d on X.

(a) The support of d must be either finite or countably infinite. Otherwise, the
requirement that the sum of the images of the distribution must equal 1 cannot
be satisfied, since the sum of an uncountable family of nonzero positive reals
does not converge (and therefore cannot be 1). We say that a distribution d is

finite, if it has a finite support, (i.e., [supp(d)| < o0).

(b) We can easily extend the definition of d to subsets Y of X by taking d(Y") to

represent the sum of the images of the elements of Y. Hence,

d(Y) = _d(y).

yey

Example 2.2.5 (Distributions Monad). The distributions monad, Dy, =
(Dfin,m, 4), is the monad over the category Set, defined as follows:

(a) Dyin : Set — Set, is the distributions functor. For X,Y € Set, f: X - Y
in Set, and d € Dy, (X),
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(i) Dgin(X) is the set of all finite distributions over X. (i.e Dpp(X) =
{d: X —[0,1]|d(X) = 1 and |supp(d)| < oo}),

(11) Dfmf(d) = df Y — [0, 1], where
()= Y d).
{zeX | f(z)=v}

(b) The unit (n) is given by the Dirac distribution transformation. Let X €
Set and z € X,

(c) The multiplication (i) is given by the distribution flattening transforma-
tion. Let X € Set and D € (Dy:n)%(X),

D)= %
ﬂX( ) Z(D( <Z(d($))supp(d) )

Remark 2.2.6. One can easily note that the multiplication of the distributions

d))supp(D)

monad is simply given by integration.
A
Next we recall the notion of categories generated by a monad. The construction
which interests us the most is the Eilenberg-Moore categories of our given monads.

These will be shown to be isomorphic to the model categories capturing the choice

theories we will be studying.

Definition 2.2.7 (T-Algebras). Let T = (7,7, 1) be a monad on a category C. A T-
algebra is a pair (C, £) where for C in C, £ : T(C) — C and the following equations
hold:

fonc=1tdc and {oT¢=¢opuc,

captured by the following diagrams.

c—5T(C) T2(C) 22> T(C)
\ j& Tfl §
C 7(C) C
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If (D,() is another T-algebra, a morphism f : (C,&) — (D,() of T-algebras is a
morphism f : C — D in C such that fo & = (o7 f, as shown in the following

diagram.
T(C) L5 T(D)
El lC
C—F5—D

Proposition 2.2.8. Let T = (7,n,u) be a monad on a category C. The T-algebras
and their morphisms form a category, written CT, called the Eilenberg-Moore cat-

egory of the monad.

The Eilenberg-Moore categories of the family of powerset monads are associated to
variations of semilattice categories. Below, we present a few variants of V-semilattice
categories in order to illustrate some examples of the Eilenberg-Moore categories of
particular powerset monads.

Since we shall be considering choice structures with infinite nondeterministic
choice, we shall need to consider semilattices which have arbitrary joins, defined

below as a complete \V-semilattice
Definition 2.2.9 (V-Semilattice).

(a) A V-semilattice (S, V), is an algebraic structure consisting of a set S with the
binary operation V, called join, such that for all members z,y, and z of S, the

following identities hold:
(1) Associativity: (zVy)Vz=zV(yV2)
(ii) Commutativity: zVy=yVx
(iii) Idempotency: zVa ==z
(b) A map f:(S,V)— (,V') is called a V-semilattice morphism, if it satisfies

the following property:
fzVy) = f(=)V' fy)

(c) We denote by V-SLat, the category of V-semilattices and V-semilattice

morphisms.
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Definition 2.2.10 (Complete V-Semilattices).

(a) A complete V-semilattice is a V-semilattice (S, V) such that the binary op-
eration can be extended to arbitrary subsets of S. Thus, for any non-empty
subset T C S, \/, ot is well-defined. In other words, a complete V-semilattice

1is equivalent to a complete lattice which may or may not have a bottom element.

(b) A complete V-semilattice morphism f : (S,V) — (S, V), is a V-semilattice
morphisms which preserves arbitrary non-empty joins (i.e., for any @ # T C

S, f(Vsert) = Vier f(1)).

(c) We denote by V-CSLat, the category of complete V-semilattices and com-

plete V-semilattice morphisms.
Definition 2.2.11 (Ordered V-Semilattices).

(a) An ordered V-semilattice is a V-semilattice (S,V) equipped with a V-
preserving order structure (C), denoted as ((.S, V), C) (C need not be the order
induced by the join structure of the semilattice). Thus, we require that the join

structure V : S x § — S be monotone:
ifsCtand s Ct/,thensVs TtV

(b) An ordered V-semilattice morphism f : ((S,V),C) — ((§,V/),C) is a
V-semilattice morphism which also preserves C (i.e., s Tt = f(s) T’ f(¢)).

(c) We denote by V-SLat<, the category of ordered V-semilattices and ordered

V-semilattice morphisms.
Example 2.2.12 (Ordered V-Semilattices).

(a) Every V-semilattice can be viewed as an ordered V-semilattice. For any V-
semilattice (S, V), we can define an ordering induced by the V-structure (<)
(lez <y yiff zVy=y). Then, ((S,V), <v) is an ordered V-semilattice. More-
over, any V-semilattice morphism between (5, V) and (S’, V') also preserves the
induced orders (i.e., z <y y = f(z) <u f(y)). Thus, V-SLat is a subcategory
of V-SLat<.
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(b) There are many ordered V-semilattices whose order structure is different from
the one induced from its inherent join structure. An easy example is the linear
V-semilattice (S, V) where S = {z,y, z}, modelled by the left-hand semilattice
structure in Figure 4 equipped with an ordering generated by z  z and y CC z.
(Le., the ordering generated by the right-hand semilattice structure in Figure 4).
It is easy to verify that in this particular case ((S,V),C) is indeed an ordered
V-semilattice where z <, y but z Z y. This shows that V-SLat is a proper

¢ Z
z
[ )
e T Y
Semilattice structure of S (V) Order structure of S (C)

Figure 4: Example of an ordered V-semilattice with C not generated by V

subcategory of V-SLat<.
A

Example 2.2.13 (Eilenberg-Moore Categories of Powerset Monads). The Eilenberg-
Moore categories associated to the powerset monad and its many variations are equiv-
alent to different types of semilattice categories. In the following chapters, we will

come across the following:

(a) The Eilenberg-Moore category of the non-empty finite powerset monad over

Set, Set®7n, is equivalent to the category of V-semilattices, V-SLat.

(b) The Eilenberg-Moore category of the non-empty powerset monad over Set,

Set®" is equivalent to the category of complete V-semilattices, V-CSLat.
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(c) The Eilenberg-Moore category of the non-empty finite powerset monad over
Poset, Posetfrn, is equivalent to the category of ordered join-semilattices,
\/-SLats.

A

Example 2.2.14 (Eilenberg-Moore Categories of the Distribution Monad). The
Eilenberg-Moore categories associated to the distribution monad and its countable
variants are equivalent to the category Conv of convex sets defined in Section 2.1.1
and SConv of superconvex sets defined in Section 2.1.3, respectively. In other words,
the category of Dy;,-algebras SetPsin4 is equivalent to the category of convex sets
Conv and the category of D-algebras SetP is equivalent to the category SConv of
superconvex sets.

Indeed, any Dyip-algebra (X, : Up,,, o Dpin(X) — X) gives rise to a convex
set (X, +»), where for z1,z9 € X and A € [0, 1] the convex combination z; +) 3 is
defined to be a(Adz, + (1 — A\)dg,). Recall that maps of the form 4, are called Dirac
distribution, they represent distributions whose support contains a single element
(i-e., supp(dy) = {z}). Moreover, any convex set C gives rise to a Dy;,-algebra (C, ),
where for a distribution d € Up,,, o Dyin(C), we define 5(d) = > d(z)z.

Similarly, by carefully extending our previous remarks to countably infinite convex

z€supp(d)

combinations, we can find the correspondence between D-algebras and superconvex
sets. A

It will be important to recall the correspondence between monads and adjunctions.
A large portion of our work is concerned with constructing the appropriate left adjoint
to a particular forgetful functor in order to obtain a monad over the category of models

of nondeterministic choice.

Theorem 2.2.15 (Huber; see Lambek and Scott [27]). Let U : B — C have a left
adjoint F : C — B with adjunction morphismsn :1 —- UF and e : FU — 1. Then
T = UF,n,UeF) is a monad on C.

“4Recall CT denotes the category of T-algebras over C.
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The left adjoint which constructs free mixed choice models over arbitrary nonde-
terministic choice models exists due to an abstract categorical result. Before stating

the result, we first introduce some necessary notions from Barr and Wells [2].

Definition 2.2.16 (Eilenberg-Moore Comparison Functor). Given a monad T =
(T,n,u) on C and an adjoint pair of functors, F 4 U where Y : D — C and
F : C — D such that 7 = U/ o F. Then, there exists a functor & : D — CT,
called the Eilenberg-Moore comparison functor, defined by: for D € D and
f:D—- D inD,

(D) U(D), Uep),
o(f) = Uy

Definition 2.2.17 (Descent Type). A functor & : D — C is of descent type if it

satisfies the following properties:
(a) U has a left adjoint F: C — D,

(b) Let T be the monad induced by the adjunction F - Y. Then the Eilenberg-

Moore comparison functor ® : D — CT is full and faithful.
Then we obtain the following theorem on the existence of left adjoints.
Theorem 2.2.18 (Barr and Wells [2], Theorem 2 (b), p.132). In the following dia-
gram (not assumed to be commutative) of categories and functors, suppose that

e T (a) F» is left adjoint to Us,

Jl\—u7/, (b) Fi is left adjoint to Uy,
2

(c) Uy oU is naturally isomorphic to U,

2 Fi
&// 1 (d) Uy is of descent type, and
C

(e) Bz has coequalizers.

Then U has a left adjoint F for which F o Fy = Fy.



CHAPTER 2. PRELIMINARY TOPICS 33

2.3 Lawvere Theories

In this section, we recall the general approach of capturing specific structures char-
acterized by the existence of one or several operations which are defined everywhere
and satisfy axioms expressed by equalities. Thus, we shall recall some definitions and
results concerning Lawvere theories and their possible combinations. In our case, we
will focus our attention on well-known structures: the nondeterministic and proba-
bilistic choice structures. Moreover, in the course of this thesis, it is our intention to
work with a third choice structure, called mixed choice. This new choice structure is
the result of a particular type of combination of the nondeterministic and probabilis-
tic structures. We begin by recalling some basic definitions. For further references
one may consult Barr and Wells [2] and Borceux [5].

We begin by recalling the definitions of finite and countable Lawvere theories,
as presented in [19]. Let Ry denote a skeleton of the category of finite sets and all
functions between them. So Ny has an object for each natural number n. Up to
equivalence, Ny is the free category with finite coproducts on 1. Let N; denote a
skeleton of the category of countable sets and all functions between them. So N; has
an object for each natural number n and an object for Xg. Up to equivalence, ¥; is

the free category with countable coproducts on 1.
Definition 2.3.1 (Lawvere Theories).

(a) A Lawvere theory consists of a small category L with finite products together
with a strict finite-product-preserving identity-on-objects functor I : Rg¥ — L
[2, 3].

(b) A Countable Lawvere theory is given by the natural extension of a Lawvere
theory in order to allow for countable operations, as stated in [18, 19]. A
countable Lawvere theory consists of a small category L with countable products

together with a strict countable-product-preserving identity-on-objects functor
I:R7? - L.

The important Lawvere theories we shall be considering are presented in the fol-

lowing example.
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Example 2.3.2 (Lawvere Theory of Nondeterministic Choice). The Lawvere the-
ory ND%,, for (binary) nondeterminism is the Lawvere theory freely generated by a
binary operation B : 2 — 1, subject to equations for associativity (ND-Assoc), com-
mutativity (ND-Com) and idempotence (ND-Idem) (i.e., the Lawvere theory for a

semilattice). A

Example 2.3.3 (Lawvere Theory of Probabilistic Choice). The Lawvere theory P s;,
for probabilistic choice is freely generated by an uncountable number (indexed by
A € [0,1]) of binary operations @, : 2 — 1, subject to the equations for associativity,

commutativity and idempotence in [16}, that is
(i) (P-Assoc) For any A, p € [0, 1] such that Ap # 1,

1-Ap
(i) (P-Com) For any A € [0,1],

A®,B=B®;-,A

(iii) (P-Idem) For any X € [0, 1],
A9 A=A

A

Definition 2.3.4 (Algebraic Theory Model). Let L be a (countable) Lawvere theory
and C be a category with finite (countable) products. A model of L in C is a functor
M : L — C which preserves finite (countable) products. We denote by Mod(L, C),
the model category of L in C. The model category Mod(L, C) has as objects the set
of models of L in C and as morphisms the set of all natural transformations between

models.

Remark 2.3.5. An equivalent presentation for models of an arbitrary theory T
can be attained by using universal algebra. In lieu of describing a model as an
appropriately (finite or countable) product-preserving functor from T into C, we
shall present its underlying set (given by F(1)) and the set of generating operations
(obtained by applying F' to the operations generating T).
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Example 2.3.6 (Models of Nondeterministic Theories).

(a) It is easy to verify that any model of ND7%;, in Set is equivalent to a V-
semilattice, (S, V).

(b) Consider the theory of arbitrary nondeterministic choice ND* (i.e., the theory
which admits a nondeterministic choice operator of arbitrary arity). Models of

ND* over Set are given by complete V-semilattices, (S, V).

(c) Finally, one may consider the models of ND%,, in Poset, the category of par-
tially ordered sets and order-preserving maps. These models are equivalent to
ordered V-semilattices, ((S, V), E).

A
Example 2.3.7 (Models of Probabilistic Choice).

(a) It is easy to verify that any model of Py, in Set is equivalent to a convex set,
(C, +21)-

(b) Consider the countable Lawvere theory of probabilistic choice P (i.e., the theory
which admits a probabilistic choice operator of countable arity). Models of P

over Set are given by superconvex sets, (C, E(/\_)I).

A

In order to state the next result we recall the definition of monads with rank, see

Borceux [5].

Definition 2.3.8 (Regular Cardinal). An infinite cardinal « is regular when it sat-

isfies
(Il < and (Vi € I)|Xi| < o) = || Xi| < 2

i€l

where I and X; are arbitrary sets.

Definition 2.3.9 (Filtered Category). Let « be a regular cardinal. A category C is

a-filtered when
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(i) there exists at least one object in C,

(ii) given a set I with cardinality of I strictly less that o and a family (C;)er of
objects in C, there exists an object C € C and morphisms f; : C; — C in C,

(ili) given a set I with cardinality strictly less than « and a family (f; : C — C');er
in C, there exists an object C” € C and a morphism f : C' — C” such that
fofi= fo fj for all indices 1, j.

Definition 2.3.10 (Filtered Colimits). Let a be a regular cardinal. By an o-filtered
colimit in a category C, we mean the colimit of a functor ' : D — C where the

category D is a-filtered.

Definition 2.3.11 (Rank). A monad T = (7,7, 1) on a category C has rank ¢, for
some regular cardinal «, when the functor 7" : C — C preserves a-filtered colimits.
When o = R, thus when T preserves filtered colimits, one also says that 7 is finitary

or has finite rank.

The following result from Borceux [5], states the correspondence between T-
algebra categories of finitary monads over the category Set and categories of algebraic

theories T, due to Lawvere.
Proposition 2.3.12. There is an equivalence between;
(a) the category Mod(L, Set) of models of the Lawvere theory L in Set;

b) the category of T-algebras, the Filenberg-Moore category Set™, where T is a
( gory g g gory

finitary monad on Set.

Example 2.3.13. As seen in the literature (19, 34, 50, 51], the model categories for
our choice theories: nondeterministic ND}in and probabilistic Py;,, are induced by

the nonempty finite powerset monad IP%,, and the finite distributions monad Dy,

n

respectively. A
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2.4 Combining Lawvere Theories

There is an extensive literature dealing with how to combine Lawvere theories in
order to create new theories. One may refer to [17, 18, 19, 41], for full details. Since
we are interested in combining nondeterministic and probabilistic choice theories we

shall give a brief description on the many ways this could be done.

2.4.1 The Sum of Lawvere Theories

The easiest method to combine two Lawvere theories is to consider their sum. As
stated in many papers [18, 19, 41], this involves simply taking the coproduct between
the two Lawvere theories which exists due to the following result. We present some

of the definitions and results obtained in these papers.
Theorem 2.4.1. The category of countable Lawvere theories is cocomplete.

Remark 2.4.2 (Power [41]). An explicit construction of the sum is complicated as a
general construction involves a transfinite induction, with inductive steps being given

by a complicated coequalizer, cf [24].

An intuitive interpretation of the sum of equational Lawvere theories is given as
follows. The sum of two equational theories L and L’, denoted by L + L', is the
Lawvere theory which admits all the operators found in both theories and which

satisfies all their respective axioms.

Remark 2.4.3. This is still not as straightforward as it sounds, since we must still
calculate the free Lawvere theory from the induced one. In other words, we wish
to represent the model category for the sum of the two theories as a construction

obtained using the individual theories. We now describe this process.

Definition 2.4.4. Denote by Mod*(L, C) the identity-on-objects/fully-faithful fac-
torization of the forgetful functor & : Mod(L, C) — Set. Thus we have the following
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factorization induced by the product-preserving structure of F' € Mod(L, C):

Mod(L, C) Y Set
Mod*(L, C)
Remark 2.4.5. Thus, the objects of Mod*(L, C) are models of L in C, and arrows
are simply given by arrows in C.

Now, we can present the correspondence between the sum of the theories and the

individual theories as given in Power [41].

Proposition 2.4.6 (Power [41]). There is an equivalence of categories between
Mod*(L + L/, C) and Mod*(L, Mod*(L’, C)).

Example 2.4.7 (Models of ND%,, + P ).

(a) Trivial model: Since any semilattice (S, V) € V-SLat is also a model for prob-
abilistic choice, where (VA € (0,1)) @, =V, then (S, V) is a model for the sum
of Pin and ND3,,, although this model satisfies more equations than required
by the theory. For example, if @, = V, we trivially have that the opera-
tors commute (A@®x B) vV C = (AV B)®,C, both distributivity axioms hold
(A®\B)VC =(AVC)®,(BVC)and (AVB)®,C=(A®,C)V (B®)C)

and others.

(b) Consider a set S with two semilattice structures, V; and V,. Then, by letting
H = V; and defining @y = V; for all A € (0, 1), we have constructed another
model for Py, + ND%;,. For example, consider the set S = {a,b, ¢, d} with the

following semilattice operators:

SN N
|

a b a b

Vl VZ
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Then (S, V1, @) ), where for each A € (0,1) we let @y = Vo, is a model for

(c) Consider any set S equipped with a semilattice structure (S,V) and with a
convex structure (S, @, ), where the two choice operations are distinct (i.e.,
®x # V). Then, it too is a model of ND%,, +P ;. For example, consider [0, 1],
with z By = maz(z,y) and 2@,y = Az + (1 — \y).

A

2.4.2 The Tensor of Lawvere Theories

The tensor of two Lawvere theories L and L’ is the Lawvere theory which contains the
operators and equations of both theories and adds equations so that all the operators

from L commute with the operators of L’ and vice-versa.

Definition 2.4.8. Given countable Lawvere theories L and L’ the countable Lawvere
theory L ® L', called the tensor product of L and L, is defined by the universal
property of having maps of countable Lawvere theories from L and L’ to L®L’, with
commutativity of all operations of L with respect to all operations of L', i.e. given

f:m—-ninLand f':m' — n' in L/, we demand commutativity of the diagram:

y mxf /
mXxXm —>mXTn

fxm’l lfxn'

nxm’ann’

As discussed in papers by Power [41] and Hyland et al [18, 19], we have the

following results.

Proposition 2.4.9. There is an extension of the tensor product ® defined above to

a symmetric monoidal structure on the category of countable Lawvere theories.

Proposition 2.4.10. There is an equivalence of categories between Mod(L ® L', C)
and Mod(L, Mod(L/, C)).
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Example 2.4.11 (ND};, ® Pin,). The Lawvere theory ND%,, ® P s, is generated by
the operations and equations from ND%,, and P s, in addition to equations allowing
the operations from ND%;, and Py, to commute with each other.

Thus for each A € [0, 1], we have the equation
(A@\B)B(C®yD) = (ABC)®\(BED). (®-Com)
A

The following is our result showing that the only models of the theory arising
from the tensor product between the theory of nondeterministic choice ND%;, and

the theory of probabilistic choice P s, must .

Proposition 2.4.12. Mod(ND},, ® P s, Set) is equivalent to the category V-SLat.

Proof: We begin with a seriés of four Lemmas.

Lemma 2.4.13. In the theory ND%, & Py, we can derive the following equation.
A®B=AEB

Proof: We use the axioms of associativity, commutativity and idempotence defined
for ND%,, and Py, and the (®-Com) from ND%,, ® Pyi,.

ABB = (ABB) D1 (AB B) (P-Idem)
(AB B) 1 (BHA) (ND-Com)
(A S B)E (B S A)  (®-Com)

H
(A ®1 B)H (A o1 B) (P-Com)
= A@1B (ND-Idem)

a

Lemma 2.4.14. In the theory ND%,, ® Py, the following inequalities hold, where
the order is given by A <m B if and only if AR B = B. (Le., <g is induced by the

semilattice structure given by H)

(a) A®,(AB B) <g (AR B),
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(b) (AB B)®\B <m (AB B).
Proof: It will be enough to show that A&, (AH B) <g (A B B), since the second

inequality follows by similar reasoning.

(A (ABB)B(ABB) = (A®\(AEBB))B((AB B)o, (A8 B)) (P-Idem)
= (AH(ABB))e\((ABB)B(ABB)) (®-Com)
(AB B)®, (A8 B) (ND-Idem/Assoc)
= ABB (P-Idem)
Hence, A®, (AH B) <g (A8 B) O

The next two Lemmas illustrate the key “left absorbing” property of B over @, .
Lemma 2.4.15. In ND7},, ® Pyin, we can derive, for 0 < X < %, the equations
A®)\(ABB)=(AHB).
Proof:
A®,(ABB) = (A9 (AHB))®1(AB B) (P-Assoc, P-Idem)
= (A® (AB B)) EBZ(A B B) (Lemma 2.4.13)
= (AH B) . (Lemma 2.4.14)

Lemma 2.4.16. In NDj},, ® Py, we can derive, for % < A < 1, the equations
Ao, (AEB B)=(ABB).

Proof:
ABr\(ABB) = (A A)®,(ABB) (P-Idem)
= A®y (A @2 (A8 B)) (P-Assoc)
= A (ABB) (0 < 125 < 3, Lemma 2.4.15)

Since A\*" — 0 as n — o0, there exists N € N such that A2Y < % Thus,

A®y\(ABB) = A®,~ (A B)
= AH(AHEB) (Lemma 2.4.15)
AHBB (ND-Idem, ND-Assoc)
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It is easy to see that (S,V) € V-SLat is a model for ND};, ® Pyin. Indeed, we
define the probabilistic choice operators such that for all A € (0,1), &) =H = V.

Conversely, suppose (X,H, @, ) is a model for ND%;, ® Pyin. We show that it
must be the case that for all A € (0,1), &, = H. Indeed, we have that for A > %,

A®y B =A®1 (A@% B)=A®n1(ABB)=AHB

Similarly, for A < 1. D

2.4.3 The Distributive Tensor of Lawvere Theories

In this last section, we present the most important way of combining theories for the
purpose of this thesis. It combines Lawvere theories in such a way as to introduce the
axioms necessary when combining the theory of probabilistic and nondeterministic
choice: distributivity of the probabilistic choice operators over the nondeterministic
one. In his paper Power [41] introduces the idea that any discrete Lawvere theory,

which includes finite and countable Lawvere theories can be combined in this fashion.

Definition 2.4.17. Given Lawvere theories L and L', the Lawvere theory L > L/,
called the distributive tensor of L over L', is defined by the universal property of
having maps of Lawvere theories from L and L’ to L > L’ with all operations of L

distributing over all operations of L', but not conversely; note the asymmetry.

Remark 2.4.18. According to J. Power [41], it is possible to characterize the models
of L >L’ in the category C as the models of L in the category Mod (L', C). However,
this is a complicated result which calls on operads and symmetric monoidal structure
or more generally, multicategory structure of Mod(L’, C), which is beyond the scope
of this thesis.

Definition 2.4.19 (Theory of Py;, > ND7,,). This Lawvere theory is generated by
the operations from Py, and ND%,, and their given equations in addition to the
following equations stating that all the probabilistic choice operators distribute over

the nondeterministic choice operator:

(zBy)@rz=(x®r2) B (y®ir2) (Dist).
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Example 2.4.20. Given (C,+,) a convex set, let Cuvzsn(C) = the
set of all finitely generated convex subsets of C (ie., Cuzsin(C) =
{conv(A) C (C, +1) | A € P}, (C)}).  Then, (Cuzsim(C),B, ®y), is a model for
Psin > ND%,,, where conv(A)®yconv(B) = conv({a+ibla€ Ab€ B}) and
conv(A) B conv(B) = conv(AU B). We show that this structure is indeed a free
model in Section 3.3.2. A

Remark 2.4.21. Plotkin has a result (perhaps unpublished) that the theory of com-
bining ND}m and Py, in which each distributes over the other is the theory of

bi-semilattices. (I.e., both operations are semilattice operations).



Chapter 3

Combining Theories

3.1 Theories of Probabilistic Choice

In this section we present two theories for probabilistic choice. The first theory
we discuss is Py;,, the finite Lawvere theory for probabilistic choice where only fi-
nite probabilistic combinations are considered. The second theory P, is a countable
Lawvere theory for probabilistic choice allowing for countably infinite combinations of
terms. We will denote a probabilistic combination between terms A and B, as A @, B,
which will intuitively signify that the “process” it represents will choose term A with
probability A and term B with probability (1 — A).

Definition 3.1.1 (Finite Probabilistic Choice). The finite Lawvere theory of prob-
abilistic choice, Py;,, is the theory freely generated from an uncountable number

of binary operations @, : 2 — 1, where A € (0, 1), satisfying the following axioms:
(P—ASSOC) (A D, B) D, C=A Drixg (B @(1-;1)32 C),
1-A1X2
(P—Com) A®yB=B®_y A;
(P-Idem) A@yA= A4

Remark 3.1.2. In Py;,, we will denote the left projection 7y : 2 — 1 and the
right projection 7z : 2 — 1 as @®; and &, respectively. One can easily verify
that by taking A, A2, A € [0,1], all the equations in Py, still hold, except for (P-
Assoc) when A; = Ay = 1. In fact, ®; and @, are the only probabilistic choice

44
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operators which are associative on the nose (i.e., (A®; B)®;C = A®, (B®;C) and
(A B)®oC = Ado (B ().

Suppose we wish to capture the following situation: For n terms Aj, A, ..., An,
we want that for 1 < ¢ < n, that the term A; occurs with probability A;. We shall
denote this situation by @ N ?_lAi. However, there will be restrictions as to which
sequences of the form (A;)2, will be permitted. The sequences that will satisfy the

required properties are called probability densities.
Definition 3.1.3 (Probabilistic Density).

(a) A probability density, (););, is a countable sequence of elements in the in-
terval (0, 1} such that > ,.; A; = 1. We will denote the set of all probability
densities by Pwt.

(b) A probability density, ()\;); € Pwt, is said to be finite, if I is a finite indexing
set. We will denote the subset of all finite probability densities by Pwtyy, C
Pwt.

Definition 3.1.4 (Countable Probabilistic Choice). The countable Lawvere theory of

probabilistic choice, P, is the theory freely generated from an uncountable number
f ti f the fi

of operations of the form @(/\i)l

(A1 € Puwt, satisfying the following axioms:

(P-Ax1) @()\i)IAi = @(pj)J(@(Vk)xjAk)’ with {K;|j € J} a parti\tion of I,
k
pi= . A and vy = —.
keK; Pj

: [I| — 1, where [ is a countable indexing set and

I

(P-Ax2) A A.

(i1
Remark 3.1.5. In the case of finite probabilistic combinations we can recover the
finite axioms. We can derive (P-Assoc) and (P-Com) from ternary and binary in-

stances of (P-Ax1) respectively. Moreover, we can derive (P-Idem) as a consequence
of the binary instance of (P-Ax2).
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3.1.1 Probabilistic Model Categories in Set

For each set theoretical model category for the theories of probabilistic choice, we shall

recall its associated monad. First, we begin with some minor technical definitions.
Definition 3.1.6 (Distributions/Support). Let X be an arbitrary set.

(a) A function d : X — [0,1] is called a distribution over X. A distribution
d: X — [0,1] is said to be probabilistic if the sum of its images is equal to 1

(e, d(X) =3 sex d(z) =1).

(b) The support of d, denoted supp(d), is the set of elements in X which are
mapped to nonzero numbers. Thus, for a distribution d : X — [0, 1], supp(d) =
{z € X |d(z) # 0}. A distribution, d: X — [0, 1], is said to be finite, if it has
a finite support (i.e |supp(d)] < o0).

(c) For an element z € X, the Dirac distribution over z, denoted by
dz : X — [0,1], is the finite probabilistic distribution whose support is the sin-
gleton {z}. Therefore, for any z’ € X,

1 ifz=2
5_,3(.’1},):{ i T,

0 else.

Proposition 3.1.7. Any discrete distribution over X can be written as a convex com-
bination of Dirac distributions over elements of its support. In other words, suppose
we are given a distribution d : X — [0,1] such that supp(d) = {z; € X |i € I} with |
a countable indexing set, then d =), ; d(x)d,,.

Definition 3.1.8 (Probabilistic Distributions Monad). The probabilistic distri-

butions monad, D = (D, n, u) : Set, is given as follows:
(a) The probabilistic distributions functor D : Set — Set,

(i) On objects: For X € Set,

D(X)={d: X — [0,1]|d(X) = 1}.
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|
; (i) On morphisms: For f : X — X’ € Set and d € D(X) such that
i d =73 ies Aiba,;

Df(d) =ds = Aibs@)

iel
(b) The unit transformation, 1 : 1get = D, is defined to be the Dirac distribution

transformation. For each X € Set, we define nx as follows:

| nx: X — D(X)

T = 0

(c) The multiplication transformation, p : D? = D, is defined to be the distri-
butions flattening transformation. For each X &€ Set and D : D(X) —
[0,1] € D?(X), we define ux (D) as follows:

px(D) = Z D(d)d

desupp(D)

Definition 3.1.9 (Finite Probabilistic Distributions Monad). The finite proba-
bilistic distributions monad Dy;, = (Dysn, 0, 1) : Set, is defined as follows:

(a) The finite probabilistic distributions functor Dy, : Set — Set,
(i) On objects: For X € Set,
Diin(X) ={d: X —[0,1)|d(X) = 1 and d is finite}.

(i) On morphisms: For f : X — X’ € Set and d € D(X) such that
d = /\151,1 -+ /\Q(Szz + ...+ /\nc‘?wn,

(b) The monad transformations, n and u, are defined in the same way as shown for

the probabilistic distribution monad.
Theorem 3.1.10.

(a) The algebra category D-Alg is equivalent to the model category Mod (P, Set).
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(b) The algebra category Dyy,-Alg is equivalent to the model category
Mod(P s;,, Set).

Proof: We shall prove the first assertion Mod(P, Set) = D-Alg. We construct two
inverse functors F : Mod(P, Set) — D-Alg and G : D-Alg — Mod(P, Set):

(a) We begin by defining the functor F : Mod(P, Set) — D-Alg:

F: Mod(P,Set) — D-Alg
(€2 0y) — (Car:D(C)—C)
v - U
(C X)) (O () :DC) - C)
For d € D(C), we define a*(d) = Z z and show that it satisfies the

. . (d(z))supp(d)
required equations.

(i) For D € D¥(C),

a*oDa’(D) = a'( Y. D(d)-bara)

desupp(D)

= o'( ) D) sy

1 desupp(D)

- -

‘ Z(D(d))supp(D) ( Z(d(z))supp(d) )

= o 5a
o ( Z(D(d))supp(D) ( Z(d(z))supp(d) ))

= a"opug(D)

))

x
supp(d)

(ii) For z € C,

a*one(z) = o (6z)

|
|
|
|
|
|
|
|
1
|
i Finally, we also verify that for any f : (C, Z(/\m) — (C, Z/
|
|
|
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Ff = f is also an algebra map. Let d =3 .. \id, € D(C).

(@) e Df(d) = ()"(df)

= J(@(d))
— foa*(d)

(b) Next we define the functor G : D-Alg — Mod(P, Set):

G: D-Alg — Mod(P, Set)
(X0 DX) = X) = (X300 )
19 9

al

X' o DX X' X'
(X0 D) = X) e (X300
For a countable family (z;); € X and a probability density (\;);, we define the

operator Z:) z; as follows:

i1
on = 52.).
Z(/\i)lm o @(/\i)l )
These operations are well-defined and satisfy the axioms for probabilistic choice
due to the equations satisfied by « and the probabilistic choice operator EB(/\
i)I
defined on D(X).

(i) The operators satisfy the axiom (P-Ax1). Consider a probability density
(M\i)r € Puwt, for any partition {K;|j € J} of I, a probability density

(pj)s and a family of probability densities (v4)k; such that p; = > X
kek;

A
and v, = f We have that
J
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o @ _ 5 ‘
Z(pj)J(Z(Vk)Kj xk) a( @(Pj)J ( (@(”k)K] bzk)))
= ao'Da(@(pj)Jd(@(yk)Kj Jzk))
= @O ,U/X( ®(pj)J6(@("k)Kj Jrk))
(D,,, D, =)
= O,
o @(’\i)f )
- X
(M1

(ii) The operators satisfy the axiom (P-Ax2).

Z(/\i)rx B a(@(/\i)zam)

= a((sa:)

= T

Remark 3.1.11. In what follows, we will need to prove similar results con-
cerning operators generated for functors between different algebra categories
and model categories. In future cases, we will omit the above justifications

since they can be derived through easy modifications.

Moreover, we show that Gg = g is a morphism in Mod(P, Set). Given any
g: (X,a) — (X',d), a countable family (z;);cr in X and a probability density
(Ai)1, then

93, = 9D, 5)
= (Ds(D,,, b))
= a/(@(/\i)l(sg(m))
n Z(/\i)zg(xi)

(c) Finally, we verify that the two functors are inverses.
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i) GoF=1
GoF(CY,,) = 9(Ca)
- KZE:XM)

We can verify that (C, Z Z ), since for a countable family
(zi)ier € C and a probablhty densH:y (M )

(i) FoG =1

Fog((X,a) = F((X, 35 )

However, o = o* since for d € D(X)

o) = E:&

3.1.2 Probabilistic Model Categories in Poset

The probabilistic algebra functor over partially ordered sets is a particular case of the

probabilistic powerdomain described in depth in Claire Jones’ thesis [20].

Definition 3.1.12 (Probabilistic Algebra Monad). The probabilistic algebra
monad, V = (V,n, ) : Poset, is given as follows:

(a) The probabilistic algebra functor V: Poset — Poset,
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(i) On objects: For (X,C) € Poset,
V((X,C)=({d: X —1[0,1]|d(X) =1, d is finite}, <).

The order structure < is called the distributions order over (X,C). For
d,d € V(X),
d2d > (WY eP0))dcY) < (Y,

where TcY denotes the set of all elements in X which are greater than
some element in Y (ie., 1cY ={z € X |y €Y,y C z}).

(i) On morphisms: For f: (X C) — (X’,C’) € Poset and d € V(X),

> (d())dss)

zeX

VF(d) = d;

(b) The unit transformation, 7 : lpeset = V, is defined to be the Dirac distribution
map for each (X, C) € Poset.

(c) The multiplication transformation, u : V? = V), is defined to be the probabilistic
distributions flattening map for each (X, C) € Poset. In truth the probabilistic

distributions flattening map here can be interpreted as an integration.

Theorem 3.1.13. The algebra category V-Alg is equivalent to the model category
Mod(P i, Poset).

Proof: We show that the functors defined in the proof of theorem 3.1.10, can be

extended to prove the above statement.

(a) Given the functor F as defined previously, we extend its definition on objects
by:
F(C Y, D) = (6D U(C.D) — (D))
It remains to show that o* preserves the distributions order over (C,C) (ie.,
if d,d’ € V((C,C)) such that d < d', then o*(d) C a*(d')). This arises as a
consequence of the Splitting Lemma presented in Jones’ thesis [20], applied to

convex combinations.
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Theorem 3.1.14 (Claire Jones, [20]). For two distributions d = 3 - (As)0s

and d' =3 v (py)dy such that d,d’ € V((C,C)), then the following are equiv-
alent
(1) d=d

(1t) There exists non-negative real numbers (tzy)zexyecy Such that
* (V2 € X) D ey toy = Ao

* (W eY) Y extoy =py
(for the general case of linear combinations (where we do not require

that the sum of the coefficients is 1) we must relax this condition so

that 3, ex toy < py)
x (VeeX,yeY) Iftyy #0 thenz C y.

(b) Given the functor G as defined previously, we extend its definition on objects
such that
G(((C,5),a)) = ((C, +5 ), E)
It remains to show that the order preserves the convex combinations (i.e if

! "
z1 C 2} and zp C i, then 21 +$ 25 C 2] +$ 7).

2y Exyand 29 E 2y = Oz @0z, = 0z D20z

= a6z, ®r6zy) T 0r(0g; B Iay)

= T1+5z C 2y +5 24

(¢) The maps are inverses by similar reasoning to the proof of Theorem 3.1.10.

3.2 Theories for Nondeterministic Choice

There are many variants in considering the semantic behavior of a nondeterministic
choice theory. The most widely used viewpoint is to consider it as an environmen-

tally influenced schema of possible next states. In other words, the nondeterministic
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choice between two terms, represents the processes’ capacity of evolving as either one
of its terms, which term is chosen depends on the environment’s present needs. From
this viewpoint, the choice structure admits a unit element, a process which has no
possible next states called the nil process, denoted by 0. Thus, having no possible
next states, the nil process cannot be influenced by the demands made by the en-
vironment. Therefore, taking the nondeterministic sum between the nil process and
any other process A is indistinguishable from the process A under any action taken
by the environment (no matter what the environment tries to do it will never know
the difference between the process A + 0 and A). We will call this viewpoint on

nondeterminism as the ezternal ND choice and define its Lawvere theory as follows.

Definition 3.2.1 (External ND Theory). The finite Lawvere theory of external
nondeterministic choice, ND, is the theory freely generated by a nullary operation
0:0— 1 and a binary operation + : 2 — 1 satisfying the axioms:

(+-Assoc) (A+B)+C=A+(B+C); (+-Idem) A+ A= A;

(+-Com) A+ B=B+4; (Unit) A+0=A.

However, since we are interested in combining probabilistic choice and nondeter-
ministic choice, the theory of external ND choice is not an adequate interpretation
for nondeterminism in our framework. From our viewpoint, we consider nondeter-
ministic choice to be governed by an internal random scheduler (a separate entity
which chooses the evolution between two processes). Hence, given such an internal
ND choice between two states, the process will appear to randomly choose between
the two independently of the environment’s needs. If such a theory would have a unit,
say the process U, then this would imply that the evolution of the process A B U
must be equivalent to the process A. However, in this framework ABU may progress
without any exterior influence as either A or U, implying that A must be equivalent
to U. Therefore, the alleged unit would have to be equivalent to every process A in
the model, which may arise in a system where each process already had the behavior
of the unit as a required behavior (i.e., for any process A, A always has the option
to terminate the program). This would mean that any process would already be pre-

disposed to possibly behave as the unit. This is not a reasonable structure for our
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framework, since any structure has at most one identity we would have to consider
processes which share a common behavior to allow for a unit. Therefore, we define a
second nondeterministic theory, the internal ND theory, which does not require the

existence of a unit.

Definition 3.2.2 (Internal ND Theory). The finite Lawvere theory for internal
nondeterministic choice, ND%,,, is the theory freely generated by a binary oper-
ation B : 2 — 1 satisfying the axioms:

(B-Assoc) (AHB)BC =AH(BHC); (H-Idem) AH A= A;

(B-Com) A@B=BHA.

It is also interesting to consider a theory of nondeterminism which allows for in-
finitary nondeterministic sums. As pointed out by Mislove [30], many program speci-
fication languages could do well to have this capability. It would allow the possibility
to specify processes whose behavior differs depending on allowing an infinite number
of inputs, such as natural numbers. That is, from the input the environment has an
infinite number of possible inputs. Unbounded nondeterminism is also fundamental
in obtaining proper refinement operators between models for Timed CSP [43, 44] and
corresponding models for untimed CSP (8], for example. Indeed, to refine the process
which, in an untimed setting is willing to do an action @ and then normally terminate,
one must distinguish between the process in the timed setting which can do an a at
any given time (and hence, can postpone doing the a for an arbitrary amount of time)
from the process which also could postpone doing the a for all time.

There are other reasons we will define an infinite theory for nondeterminism. For
one, the free mixed choice models over nondeterministic models with uncountable
nondeterministic choice operators have a simpler presentation and a greater degree of
generality than their finite counterparts. Second, let A B B denote nondeterministic
choice between A and B and for A € [0, 1], let A, B denote the probabilistic choice
operator which evaluates to A with probability A and evaluates to B with probability
1 — A, In our framework, the nondeterministic choice between terms A and B can
be interpreted as the probabilistic choice of indeterminate weight of the constituents.

This viewpoint is the same as the one proposed by Mislove [31] and also Tix [49] in
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their approach to creating a mixed choice theory. However, our use of uncountable
nondeterministic choice operators is a new feature allowing us to express the above

interpretation of nondeterminism formally as AB B = EE] (A®, B). This is an
A€[0,1]

equation derivable from our axioms defining a mixed choice theory.

Definition 3.2.3 (Infinite ND Theory). The theory for infinite nondeterministic

choice, ND”, is the theory freely generated by ND-operators (ND-Ops) of the

form HH :|W|— 1, where W is an arbitrary non-empty indexing set, satisfying the

weW
axioms:
(HH-Ax1) HH 4. =H (FH A.), where {V,, |u € U} is a partition of W;
weW uelU wveV,
(FH-Ax2) HH A=A
weWw

3.2.1 Nondeterministic Model Categories in Set

We recall the usual monads which correspond to the set theoretical models for the

various nondeterministic theories.

Definition 3.2.4 (Powerset Monad). The powerset monad, P = (P, n, u) : Set, is

given as follows:
(a) The powerset functor P : Set — Set,
(i) On objects: For X € Set,
PX)={Y|Y C X}.
(i) On morphisms: For f: X — X’ € Set and Y € P(X),
PIY)=fI¥Y]={fly)|lyeY}.

(b) The the unit transformation, 7 : 1get = P, is defined to be the singleton map.
For each X € Set, we define nx as follows:

nx: X — PX)

z — {z}
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(c) The multiplication transformation, u : P? = P, is defined to be the big union

map. For each X € Set, we define ux as follows:

px: PA(X) — P(X)
y - Jv
Yey
Below we define the functor part of the monads associated to the set theoretical
model categories for the remaining variants of nondeterministic choice. In each case,
the remaining monad structure is the singleton transformation (unit) and the big
union transformation (multiplication). These are all variants of the usual covariant

powerset functor (whose action on maps is direct image.)
Definition 3.2.5 (Variants of Powerset Monad).

(a) Finite Powerset Monad: P, = (Pfin, 1, i) : Set.
For X € Set, Psin(X) ={Y |Y Cjin X}, where Y Cy;, X denotes that Y is a
finite subset of X.

(b) Nonempty Powerset Monad: P*= (P* 7, u) : Set.
For X € Set, P*(X) = {Y|Y C X,Y # 0}.

(c) Finite Nonempty Powerset Monad: P}, = (P};,,n, 1) : Set.
For X € Set, P;;,(X) ={Y|Y Cpin X,Y # 0}.

Theorem 3.2.6. We have the following equivalence of categories.

(a) The algebra category P*Alg is equivalent to the model category
Mod(ND*, Set).

(b) The algebra category P}, -Alg is equivalent to the model category
Mod(ND%,;,, Set).

(¢) The algebra category Pgpn-Alg is equivalent to the model category
Mod(ND, Set).

Proof: We shall prove the first assertion, P~Alg = Mod(ND*, Set), by constructing

two inverse functors:
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(a) We define a functor F : Mod(ND*, Set) — P*Alg.

F: Mod(ND*,Set) — P+Alg

(5, V) = (50" P(S) = 5)
V - U
(5" V) = (5 () P(S) = 5)

For T' € P*(S), we define a*(T') = \/,p t and show that it satisfies the required

equations.
(i) For Y € (P*)*(3),

a"oPa’(Y) = o'({"(Y)|Y €7})

= Vo

Yey

-V
yEUyeyY

= O‘*(UYeyY)
= a"ous(Y)

(ii) For s € S,

a“ong(s) = a({s}

= 8

Finally, we also verify that for any f : (S,\/) — (S',\/'), then Ff = f is also

an algebra map. Suppose we are given T' € P*(S).

(@) 0P f(T) = () (f[T])

= V7@

teT

= f(\/¥)

= f(eX(T))
= foa*(T)
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(b) We define a functor G : Mod(IND*, Set) — P*Alg.
G: PcAlg — Mod(ND" Set)
(X,a) — (X,V%)
9 19
(X'o) = (X,V)
For an arbitrary nonempty subset Y of X, we define the operator \/ as follows:
\/ y = aY).
yey
These operations are well-defined and satisfy the axioms for nondeterministic
choice due to the equations satisfied by a and the nondeterministic choice op-
erator \/ defined on P*(X). Moreover, we show that Gg = g is a morphism in

Mod(IND*, Set). Given any g: (X,a) — (X', o) and a nonempty subset Y of
S we have that

V) = gla¥))
= d(P'g(Y))
= a'(g[Y])

=V 9w

yeY
(c) Finally, we verify that the two functors are inverses.
(i) GoF =1
GoF(s,\)) = (S,
= (5,\V")
We can verify that (S, V) = (S, VO"), since for a nonempty subset T of S,

Vit = oD
= \/t

teT
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(ii) FoG=1

Fog((X,a) = F((X,\/))
= (X7a*)

However, o = o since for a nonempty subset 7" of S,

or(T) = \/°t
teT
= oT)

3.2.2 Nondeterministic Model Categories in Poset

By extending the underlying category from Set to Poset, we shall be able to inter-
pret two additional nondeterministic theories. They arise by considering the possible
orderings between a term A and a nondeterministic combination of terms containing
A. The first theory is ND7%,, and is the theory which best describes “what actually
happens”. The second and third theories differ only by the addition of an inequality
axiom and are dual to one another. The second viewpoint (cf. Plotkin [37]) is to
consider a term A to contain less information than any nondeterministic combination
containing it; this viewpoint is useful in dealing with partial correctness properties

and is given by the theory below.

Definition 3.2.7 (Lower (Hoare) ND Theory). The finite Lawvere theory for lower
nondeterministic choice, Hy;,, is obtained by considering the theory ND}in, with

the following extra axiom:
(HH A<AH®EB

The third viewpoint presented by Plotkin [37] and streamlined by Smyth [48], is
the dual to the second, wherein we deem the term A to be more precise than any
nondeterministic combination containing it. This viewpoint is useful in dealing with

total correctness properties. We shall define the theory below.
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Definition 3.2.8 (Upper (Smyth) ND Theory). The finite Lawvere theory for upper
nondeterministic choice, Sy, is obtained by considering the theory ND%,,, with

the following extra axiom:
(S) A>AHBB

Given the three viewpoints on nondeterministic theories we shall construct the
three monads which are associated with their respective posetal model categories.
In order to define the convex (Plotkin) algebra functor, we require the following

notions.

Definition 3.2.9 (Order Convex). Suppose we are given a poset (X, C), a subset ¥

of X is said to be order-convex if it satisfies the following property:
VzeX, y,peY)nCrlyp=>reY.

Proposition 3.2.10. Order-convez sets are closed under arbitrary intersections. In
other words, given an arbitrary family of order-convez sets (Yo)wew their intersection

Nuew Yw is order-convez.

Definition 3.2.11 (Order-Convex Closure). Suppose we are given the poset (X, C)
and M a subset X, the order-convex closure of M in X, denoted by M, is the

smallest order-convex subset of X which contains M.

Note that Proposition 3.2.10 implies the order-convex closure of a set is non-empty
and well-defined.

Definition 3.2.12 (Convex Algebra Monad). The convex algebra monad, P =
(P,n,u) : Poset, is given as follows:

(a) The convex algebra functor P : Poset — Poset,
(i) On objects: For (X,C) € Poset,
P((X,5)) = ((P(X),U), Egnm)

(1) P(X) is the set of all order-convex closures under C of finitely gen-
erated subsets of (X,C) (i.e P(X) = {Y|Y € P}, (X)}, where Y is

the smallest order-convex set containing Y').
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(2) U is union closed under order-convexity (i.e., ¥; U Yz = (Y, UY))).
(3) Cgu is the Egli-Milner order over (X,C).

For Y1, € P(X), Y1 Cpu Yo & |Y1 C Yz and 1Y, 1YL

Recall that | A = {z € X |3a € A, =z C a}, is the lower set of A
in(X,C)and TA={z € X|3ac€ A, aCz},isthe upper set of
Ain (X,0C).
(i) On morphisms: Given the morphism f : (X,C) — (X',C’) € Poset
and Y € P(X), then
PIY) = (fIYD].
(b) The the unit transformation, 7 : 1peset = P, is defined to be the singleton map
for each (X, C) € Poset.

nxg o (X,B) — P(X,C))

(c) The multiplication transformation, u : P? = P, is defined to be the order-

convex closure of the big union map for each (X,C) € Poset.

wxoy: PH(X,E)) — P(X,5))
y - (UY

Yey

Definition 3.2.13 (Lower (Hoare) Nondeterministic Algebra Monad). The lower
ND algebra monad, H = (H, 7, 1) : Poset, is given as follows:

(a) The lower ND algebra functor H : Poset — Poset,
(i) On objects: Given (X, C) € Poset,
H((X,B)) = (K(X),L), ).

We define H(X) as the set of all lower sets of finitely generated subsets of
(X,C) (ie H(X) = {LY|Y € P (X)}).
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(i) On morphisms: For f: (X,C) — (X',C') € Poset, and |cY € H(X),
Hi(leY) = lo (fIY])

(b) The the unit transformation, 7 : lpeset = H, is defined to be the downwards
closed singleton map for each (X, C) € Poset.

nxg - (Xv;) - H((X’;))
z = | {z}

(c) The multiplication transformation, u : H?> = H, is defined to be the down-

wards closed big union map for each (X, C) € Poset.

mxo o H((X,B) — H((X,E))
ley - le(lY v

lcYey

Definition 3.2.14 (Upper (Smyth) Nondeterministic Algebra Monad). The upper
ND algebra monad, S = (5,7, 1) : Poset, is given as follows:

(a) The upper ND algebra functor S : Poset — Poset,
(i) On objects: Given (X, C) € Poset,
S((X,B)) = ((8(X),0), 2).

We define S(X) as the set of all upper sets of finitely generated subsets of
(X,0) (ie S(X) = {1Y|Y € P;.(0)}).
(i) On morphisms: For f: (X,C) — (X',C) € Poset, and TcY € S(X),

Sf(1cY) =1 (f[Y])

(b) The the unit transformation, 7 : lpeset = S, is defined to be the upwards
closed singleton map for each (X, C) € Poset.

Nx,c) : (X’-[;) - S((X’E))
T — T{z}
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(c) The multiplication transformation, u : S? = S, is defined to be the upwards
closed big union map for each (X, C) € Poset.

pxo s SH(X,B) — S((X,0))
Y - Te(J V)

Teyey
Theorem 3.2.15.
(a) The algebra category P-Alg is equivalent to Mod(ND%,,, Poset).
(b) The algebra category H-Alg is equivalent to Mod(Hy;,, Poset).

(c) The algebra category S-Alg is equivalent to Mod(Sy,,, Poset).
Proof: We shall prove the first assertion P-Alg = Mod(IND},,, Poset), since the

second and third results follow using straightforward modifications.
(a) We define a functor F : Mod(ND%,,, Poset) — P-Alg.

F: Mod(ND},,Poset) — P-Alg

((S,V), ) = ((5,6),a": P((S,E)) — (5,5))
Vf -
((5,Vv'),) = ((8,E), (@) P((5", &) = (5" E))

For Y € P((S,E)), we define the algebra structure map by o*(Y) = V ey y
and verify that it is well-defined morphism in Poset and that it satisfies the

required equations.

(i) well-defined morphism in Poset. Suppose that Y = W € P(X), we
have that
yeY = yeWw

= (Jwy,wp € W)w; Cy E w,

= o*(W)CyVa'(W)Ca*(W)

= yVao' (W) =ao" (W)
Thus, we have that o*(Y)Va*(W) = o*(W). Similarly, we obtain o*(Y) V
o*(W) = o*(Y), which implies that o*(W) = o*(Y).
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(ii) o* is a Poset morphism. Suppose Y Cpgy W, we have that (Vy €
Y)(Fw, € W)y C w, (since |Y C | W) and (Vw € W)(yw € Y)yw Ew
(since TW C 1Y). Thus, o*(Y) E V ey wy and \/ ey v E o*(W), which

implies that o*(Y) C o*(W).
(iii) The equation a* o Pa* = a* o ux holds. For Y € P?(X),

o Par(Y) = o (e*[V])
v€Uyey ¥

= o (V)

Yey
= o oux(Y)

(iv) The equation aonx =1 holds. For z € X,
a"onx(z) = o ({z})
= z
Finally, we also verify that for any f : ((S,V),C) — ((S',V'),C'), then Ff = f

is also an algebra map. Let Y € P(X).

(&) o Pf(Y)

(@) (fTY])
=V fv)

yey

(b) We define a functor G : P-Alg — Mod(ND%,,, Poset).

fins
G: P-Alg — Mod(ND7%,,, Poset)
(X, E)e) = ((X,v*),E)
19 19
(X, E%0) = (X, v),E)



CHAPTER 3. COMBINING THEORIES

For a elements z;,z, € X, we define the operator V* as follows:

T V¥zy = a({z1,z2}).

66

This operation is well-defined and satisfies the axioms for nondeterministic

| Given any g : (X, a) — (X', o’) and elements z,, z2 € X, then

g(z1 Ve 2s) = g(a({z1,22}))
= o (Pg({z1, z2}))
= o'({g9(z1),9(2)})

= g(1) v g(a2)

(c) Finally, we verify that the two functors are inverses.

choice due to the equations satisfied by a and the properties of order-convex

closures. Moreover, we show that Gg = g is a morphism in Mod(IND”*, Poset).

(i) GoF =1
GoF((S,V),E) = G(((5,5),a")
= ((S,v*),E)
We can verify that ((S,V),C) = ((S,v®"),C), since for any elements
T1,%9 € S
2V 1y = o ({1, z2})
= 1T,V Iy

(i) Fog=1

FoG(((X,E)a)) =

However, a = o* since for Y € P(X)

a*(Y) =

F(((X,v),0))
((X,0),a")

V'
yey

a(Y)
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3.3 Theories for Mixed Choice

3.3.1 Axiomatizing Mixed Choice

The goal of this section is to construct a suitable axiomatization for a theory which
admits both a nondeterministic choice and a probabilistic choice operator. Clearly,
the axioms from both ND3%;, and P;, must be found in any such theory for mixed
choice. Next we discuss possible axioms capturing the interaction between these

operations. Let us consider the following possible distributivity axioms:

(Dist) (ABB)@,\C = (A®\C)B(B®,C);
(Dist’) (A@xB)BC = (ABC)®,\(BHECQC).

If we examine (Dist’) in the presence of (F-Idem),

(A@y\B) = (A®\B)EB (A®,B)
= (AB(A®,B))®,(BE (A®, B))
= (ABEA) @)\ (ABB))®,\(BEA) @, (BBB))
= AGB,\z(B@%:_i;(ABHB))

In particular we get the equation:
(AGB% B)=A69% (BEBé (AB B)) (1)

The above derived equation (1), shows that the presence of (Dist’) skews the proba-
bilistic choices in a process. Since we interpret (A, B) as a process which chooses
A with probability A and B with probability 1 — A, and interpretA B B as a process
which randomly chooses between A and B, we get that the left hand side of the above
equation chooses the process A with probability % However, the right hand side may
choose the process A with probability between % and 2, depending on the choice of
the random scheduler for A B B. Thus, (Dist’) is not a desirable axiom for mixed
choice, agreeing with [33].

On the other hand the presence of both (Dist) and (P-Idem) leads to the following
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derived equation:

ABB = (ABB)®,\(ABB)
= (A®,\(AHB))B (B®,(ABB))
= (
(

(Aex ) (A®xB)) B ((B®rA)B (B®)B))

Which in particular, thanks to the idempotency of H, gives rise to the equation
(AHB)B (A®,B)=AHB.

The derived equation (A B B) B (A®, B) = A B B captures our intuitive inter-
pretation of the necessary behavior of the ND operator B in the presence of the P
operators @, ; in essence AH B represents a process which can behave as A @) B for
any weight A € [0,1]. Thus, this derived equation does not lead to any behavioral
conflicts between the operations. Intuitively, we shall consider the nondeterministic
choice between A and B as the infinite nondeterministic sum over A € [0,1] of all

possible probabilistic choices between A and B (ie AB B = H{ (A®\ B)) even
AE[0,1]
in theories limited to finite nondeterministic combinations, which is consistent with

general belief. Thus, we will choose (Dist) as our axiom of interaction for mixed

choice, as do Mislove et al [33].

Definition 3.3.1 (Finite Mixed Choice). The finite Lawvere theory of mixed choice,
MC¢;y,, is the theory freely generated from the binary probabilistic choice operators,
@, : 2 — 1, and the binary nondeterministic choice operator, B : 2 — 1, satisfying
(P-Assoc), (P-Com), (P-Idem),(B-Assoc), (B-Com), (B-Idem) and

(Dist) (A1 B Ay) D) Az = (A1 Dy As) B (A, D) As)

When considering a mixed choice theory which includes infinite nondeterministic
choice operators (i.e., nondeterministic choice operators which allow infinitely many
inputs) we can formally derive the equation which captures out intuition (i.e., AB B =

HH (A@x B)). We define below a theory for mixed choice which allows for infinite
rel
nondeterministic choice operators and countably infinite probabilistic operations.
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___—~Mod(MCy;, Set)

/Pc-u:c upcw/ / \

MOd(Pflna S ) UQY g/cua:

\\D”"\

fine ____ Set

Figure 5: Mixed Choice Factored Through Probabilistic Choice

Definition 3.3.2 (Mixed Choice). The theory of mixed choice, MC, is the theory
: |I] — 1 and the
M)z

nondeterministic choice operators, H§ : |W| — 1, satisfying (P-Ax1), (P-Ax2),(FH -
weW
Ax1), (FH-Ax2), and

(Dist..) P, (H 4= H (D, A
we[l; Wi il

freely generated from the probabilistic choice operators, @

weW;

3.3.2 Mixed Choice Model Categories in Set

In what follows, we describe the standard development in the literature of the mixed
choice monad. This monad freely constructs set theoretical models for mixed choice.
The method is based on following the left hand branch in Figure 5, the corresponding
functors will be defined later in this section.

The main idea in constructing free mixed choice models over an arbitrary set X
consists of finding its free probabilistic model and then freely adjoining an appro-
priately distributive nondeterministic choice operator to the free probabilistic model.
The construction of the free probabilistic model over X is discussed in Section 3.1.1
and corresponded to the probabilistic distributions monad Dy;,. Therefore, our first
objective is to define a construction which adjoins an appropriately distributive non-
deterministic choice operator to any given model of probabilistic choice. Hence, we
develop the conver powerset functor which generates the left adjunction illustrated
in the top-left corner of Figure 5. Our motivations regarding the use of the convex

powerset functor will be based on similar observations and arguments presented in
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Plotkin’s Pisa Notes, [40], when motivating the construction of the Plotkin Powerdo-
main.

It is known that for an arbitrary set X € Set, we capture the behavior of nonde-
terministic choice by considering particular collections of subsets ¥ of X. From our
previous discussions, the choice of which subsets to consider depends on two factors:
(i) the type of nondeterministic choice operator needed, and (ii) the structure (if any)
on the set X we wish to preserve. For example for (i), we could consider such notions
as internal, external, bounded or unbounded types of nondeterminism. For (ii), in
this thesis we consider such structure as partial orders, convexity and semilattices.

Following the diagram above, we consider adding nondeterminism to a convex set.
We wish to lift the convex set (C, +,) in such a way that the convex structure is
faithfully reflected in the lifting (i.e., that there is an isomorphic image of (C, +»)
embedded in the lifted object). In other words, we would like that the singleton map
of the monad be an isomorphism.

This implies that

(i) all singleton sets are part of the necessary class of subsets and

(ii) that the convex combination of singletons is the singleton which contains the

convex combination of their elements.

Suppose we have a finite subset Y C X, such that |Y| > 2. We want to explore the
necessary requirements on a set W in order to allow it to model the nondeterministic
choice between every element y; € Y taking into consideration the axioms of mixed

choice. The derived equation due to the interaction between P choice and ND choice

(Abs): (FH w) & (@()\i)?ﬂyi) =H v

YyEY Y EY

implies that our proposed model set W must satisfy extra properties. This implies
that to capture the nondeterministic behavior of a finite number of elements (i.e.,

to model Eﬂ v;) the set W must also contain all possible probabilistic combinations
Y €Y

of those elements (i.e., for any (\;)%, € Pwtsp, y; € W). Therefore, the
=1 d (M)

subset W will model the nondeterministic behavior generated over Y if and only if
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@()\i)?_lyi € W for every (\), € Pwtyi,. This requires that W be a convex set.
Moreover to form a model for mixed choice we also require that the probabilistic
operations on such convex subsets be done pointwise on the generators of the convex
subsets. Finally, nondeterministic combinations of such convex subsets are given by
taking the convex hull of the union of their generators.

Hence, we can construct a monad over models of probabilistic choice whose algebra

category is equivalent to the model category of mixed choice as follows:

Definition 3.3.3 (Nonempty Convex Powerset Monad). The nonempty convex

powerset monad, Cvzfin = (CvZin, 1, 4) : Mod(P 4y, Set), is given as follows:

(a) The nonempty convex powerset functor Cuvzysy, : Mod(Pyy,, Set) —
MOd(me, Set),

(i) On objects: For (C, +,) € Mod (P, Set),
Cuzfin((C, +2)) = (Cvz5in(C), &1).

We denote by Cvz:,(C) the set of all convex hulls of nonempty finite sub-
sets of C (i.e., Cvz(C) = {conv(A)| A € P}, (C)}). Recall that conv(A)
denotes the convex hull of the subset A in (C, +5 ). The probabilistic choice
operator @, is defined such that for conv(A), conv(A’) € Cvz s, (C) and
A€ [0,1],

conv(A) @, conv(A') = conv({a+ya’'|a € A,a’ € A'}).

(i) On morphisms: For h : (C, +,) — (C', +}) € Mod(P;,, Set) and
conv(A) € Cvzsin((C, +1)),

Cvz £in(h)(A) = h[conv(A)]ee = conv(h[A]).

(b) The unit transformation, 7 : IMod(P;;,,set) = CUZfin, is the singleton map for
each (C, +,) € Mod(Py;,, Set).
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(c) The multiplication transformation, u : (Cvzfim)? = CuZjin, is the convex

closed big union map for each (C, 4+ ) € Mod(P 4y, Set).

B +x) - (Cozsn)’((C +2)) —  Cuzpin((C, +))

conv(.A) = ConV(Uconv(A)GA A4)

We can also define a variant which considers superconvex combinations.

Definition 3.3.4 (Nonempty Superconvex Powerset Monad). The nonempty su-

perconvex powerset monad, SCvz = (SCvz,n,u) : Mod(P, Set), is given as

follows:

(a) The nonempty superconvex powerset functor SCvz : Mod(P, Set) —
Mod(P, Set),

(i) On objects: For (C, Z(/\) ) € Mod(P, Set),
i1

(i)

SCvz((C, Z(/\m)) = (SCvz(C), @

(/\i)I)‘

We denote by SCuvz(C) the set of all superconvex hulls
of arbitrary nonempty subsets of C (ie, SCuvz(C) =
{sconv(A) | A a countable subset of C}). Recall that sconv(A) de-
notes the superconvex hull of the set A in (C, Z(,\i),)' The countable
probabilistic choice operator @ Ny is defined such that for a countable
family of elements in SCvz(C), (sconv(A4;))icr, and a probability density

()\1;)[ € Pwt

@(/\_)Isconv(Ai) = sconv({ Z(/\i)lai |a; € Ai}).

1

o) hisms: For h : c, 5 Mod(P, S
n morphisms: For h : (C, Z(/\m) — (C, Z(/\m) € Mod(P, Set)
and sconv(A) € SCvz(C),

SCuz(h)(sconv(A)) = hlsconv(A)]sez = sconv(h[A]).
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(b) The unit transformation, 7 : Imodap,set) = SCvz, is the singleton map for each
(C, Z ) € Mod(P, Set).

(c) The multiplication transformation, u : (SCvz)? = SCvz, is the superconvex
closed big union map for each (C, Z(/\) ) € Mod(P, Set).
i) I

,u,(ct’z(/\i)l) : SCU’E (' Z — SC’U’E((C, Z(/\i)l))
sconv(A) —  sconv( U A)
sconv(A)EA

Theorem 3.3.5.

(a) The algebra category SCuvz-Alg is equivalent to the model category
Mod(MC, Set).

(b) The algebra category Cuzyin-Alg is equivalent to the model category
Mod(MC¢,,, Set).

Proof: We shall prove the first assertion Mod(MC, Set) = SCvz-Alg: We con-
struct two inverse functors F : Mod(MC, Set) — SCvz-Alg and G : SCvz-Alg —
Mod(MC, Set):

(a) We begin by defining the functor F : Mod(MC, Set) — SCuvz-Alg;:

F: Mod(MC,Set) — SCuz-Alg
(M, V2000 = (M2 0y,), @ SCuz((M, 3 on,,) = (M2 o0,,)
lf — lf
M\ S0 = (M, ) (@) SCoa((M', 40,,)) = (M, 0,.))

For sconv(A) € SCvz((M, Z(/\ ) ), we define a*(sconv(A)) = \/a and show
)1

acA
that it is a well-defined morphism and satisfies the required equations.

(i) a* is well-defined. Suppose that sconv(A) = sconv(B) €
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SCuz((M, Z(ml)), we have that
a€A = a¢&sconv(B)
= W2 e B, (\)ies € Puwt. a= Z( be

AP)1 ¢
= Ve=V 0

a€A a€A
= (\/ a) V o*(sconv(B)) = a*(sconv(B))
a€A

Thus, we have that a*(sconv(A4)) V a*(sconv(B)) = a*(sconv(B)). Simi-
larly, we obtain a*(sconv(A)) V a*(sconv(B)) = a*(sconv(A)), which im-
plies that o*(sconv(A4)) = a*(sconv(B)).

(i) @* is a Mod(P,Set) morphism. Suppose we are given a countable
family of elements of SCvx((M, Z(,\ ) ), (sconv(A;))icr, and a probability
i)l
density (\;); € Pwt:

a*(@(,\i)lsconvmi)) B O‘*(SCOH"({ Z(Ai)lai |ai € Ai}))
- \/ (Z(Ai)lﬂi(d))

z‘z‘e]’[iel Ay

= 2otV

a€A;
= Z(Ama (sconv(A4;))
(iii) The equation a* o SCvz(a*) = a* o (M5 s,,) holds. For sconv(A) €
2
seot(M, 3, )
a* o SCvz(a*)(sconv(A)) = o (sconv(a*[A]))

VA
ansconv(A)E.A A
= o (sconv(Usconv(a)ea4))

= a"oumy,,,) (sconv(A))
(iv) The equation a:onuy,s, ) =1 holds. For m € M,

a*on(MaE(/\i)I)(m) = a*({m})

= m



CHAPTER 3. COMBINING THEORIES 75

7 ]
Finally, we also verify that for any f : (M,V, Z(Ai)j) — (M, \/, Z(Am),
then F f = f is also an algebra map. Let sconv(A) € SCvz((M, Z(,\) )-
i)

(a')* o SCvuz(f)(sconv(A)) = (a')*(sconv(f[A]))
=V, /@

= f(\a)

acA
= f(a"(sconv(A)))
= foa*(sconv(A))

(b) Next we define the second functor G : SCvz-Alg — Mod(MC, Set):

G: SCuz-Alg — Mod(MC, Set)
((C, Z(}\i)j)’ Ot) = (Ca \/a, Z(&)I)
19 19

(@ Z,(A,-)z)’al) - OV Z?;)z)

For an arbitrary non-empty subset Y of C, a countable family (z;); € X and a
probability density ()\;);, we define the operators \/* and ZZ\ ) as follows:
)1

\/ay = a(sconv(Y))

yeY
Z(Amxi = a(sconv({z(xi)lxi})).

These operations are well-defined and satisfy the axioms for mixed choice due to

the equations satisfied by «, the probabilistic choice operator Z N and the
i) 1

properties of superconvex hulls. Moreover, we show that Gg = g is a morphism

in Mod(MC, Set). Given any g : ((C Z ), o) — ((C' Z,
' ’ RN (i)’ ’ M)z
arbitrary non-empty subset Y of C, a countable family (z;)ic; in C and a

), @), an
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probability density (\;);cr, then

a(\/"y) = gla(sconv(¥)))
yeyYy

= /(SCvz(g)(sconv(Y)))
= da(sconv(g[Y]))

= \/alg(xi)

vey
g(zgi)lm) - g(a(sconv({z(l\i)jxi})))
= o/(SCua(g)(sconv({} = zi})))
= dfsconv({ 3" 9(ai)})
= Z:Ii)lg(m)

(c) Finally, we verify that the two functors are inverses.

(i) GoF =1

g o]—'(M,\/, Z(Ai)l) = G(((M, Z(/\i)l),a*))
NUATAD DS
We can verify that (M,V, Z(,\) ) = (M,V*, Zz\) ), since for an ar-
i )1 i) I

bitrary non-empty subset Y of M, a countable family (z;); € M and a
probability density (\;)r,

\/a* = a"(sconv(Y))
yey
= \/ y

yeY

Z(/\mxi = a*(sconv({z(/\i)lxi}))
s
(o)1
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(i) FoG=1
FoG(((C, Z(/\i)l),a)) = FUG \/a, Zz\i)z))
= (€. Y, )

However, (C, Z(/\')I) = (C, Z:A)I) and o = «* since for a count-
€

able family (z;); C, a probability density ()\;);, and sconv(A) €

Scvz((C, Z:m))'

Z(/\i)lwi = a(sconv({ Z(/\i)lxi}))
= @O0 U(C,E(Ai)l)( Z(,\i)lxi)

a Z(/\i)zxi

a*(sconv(4)) = \/aa
acA
= a(sconv(A))
]

From the finite distributions monad and the non-empty convex powerset monad
we can finally construct the monad over Set which freely constructs models for mixed
choice: the geometrically convex monad. This corresponds to the functor on the right-

hand side in Figure 5.

Definition 3.3.6 (Finite Geometrically Convex Monad). The finite geometrically

convex monad, Gy, = (Gevz, 1, p) : Set, is given as follows:
(a) The finite geometrically convex functor G, : Set — Set,

(i) On objects: For X € Set,

gcuz(X) = (gcv:c(X)a H, EB/\)
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(b)

We denote by G, (X) the set of all convex hulls of nonempty finite subsets
of Dfin(X) (1., Geva(X) = {conv(A) | A € P}, (Dsin(X))}). The opera-
tors B and @, are defined such that for conv(A), conv(B) € G (X) and
aiel,

conv(A) B conv(B) = conv(AU B)

conv(A) @y conv(B) = conv({da+ (1 —A)bla€ Abe B}).
(i) On morphisms: For f: X — X’ € Set and conv(A) € Go(X),
Gevs f (conv(A)) = conv(f[A]evz)-

The unit transformation, 1 : 1get = Govz, is the singleton Dirac distribution

map for each X € Set.

nx: X — gcvz(X)
z — {0}

The multiplication transformation, y : gfm = Gevs, 18 the convex set flatten-

ing map for each X € Set.
bx - gczvz(X) = Gevo(X)
conv(A) — [H (EB conv(A))

DeA (D(conv(A))) supp(D)

In essence, the convex set flattening map takes a convex set generated by

a finite set of distributions over G..(X) (i.e., a convex set of the form

conv({Dy, Da, ..., D,}) where D; : Gore(X) — [0,1]), flattens each distribu-

tion D* = conv(A), and computes the convex hull generated
@(D(conv(A)))su},p(D) ( ) P &

by the flattened distributions.

Once more, we can define a similar monad for models of arbitrary mixed choice

as follows.

Definition 3.3.7 (Geometrically Convex Monad). The geometrically convex

monad, Gz = (Gsevzs 7, 4) : Set, is given as follows:
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(a) The geometrically convex functor G, : Set — Set,

(i) On objects: For X € Set,
gscvm(X) = (gscv:v(X)a BH s @(/\1)1)

We denote by Gewz(X) the set of all superconvex hulls of arbitrary

nonempty subsets of D(X) (i.e., Gserz(X) = {sconv(4) | A € P*(D(X))}).

The operators EE] and @(/\) are defined such that for an arbitrary
)T

nonempty family, (sconv(A,))wew, a countable family, (sconv(A4;));er, and

a probability density (A1)er,

FH sconv(A,) = sconv( U Ay)

weW e
@(/\i)isconv(/li) = sconv({; Aia; | a; € Az})

(i) On morphisms: For f: X — X' € Set and sconv(A) € Geea(X),
Gseve f (sconv(A)) = sconv( f[Clsevz)-

(b) The unit transformation, 7 : lget = Gseva, is the singleton Dirac distribution
map for each X € Set. For X € Set,

nx - X — gscv:r(X)
z +— {6}

2

(c) The multiplication transformation, 4 : Gsez~ = Gsevs, i the superconvex

flattening map for each X € Set.

Hx gscvm2(X) - gscvm(X)

sconv(A) — [ (@

sconv(A))
DeA (D(SCOHV(A)))supp(D)
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Theorem 3.3.8.

(a) The algebra category Gsep-Alg is equivalent to the model category
Mod(MC, Set).

| (b) The algebra category Ge-Alg is equivalent to the model category
MOd(MCﬁn, Set) .
Proof: We shall prove the first assertion Mod(MC, Set) = G;,-Alg: We con-

struct two inverse functors F : Mod(MC, Set) — Ggpp-Alg and G : Gyop-Alg —
Mod(MC, Set):

(a) We begin by defining the functor F : Mod(MC, Set) — Giep-Alg:

F: Mod(MC,Set) — Guu-Alg
(MaVaZ()\,-)I) = (M, a": gscvz(M) - ]\/[)
I -
(M, N o)~ (M ()" Gaea(M) — M)

For sconv(A) € Gseu( M), we define o*(sconv(A)) = \/ ( Z( ) m) and
cA ™)) supp(a)

show that it is a well-defined map and satisfies the required equations.

(i) a* is well-defined. Suppose that sconv(A) = sconv(B) € Geva(M), we
have that

a€ A = ac€sconv(B)

= € B,(\)ier € Put. a=3 b
i /1

- Z(G"(‘m’))-‘WPP('I)’rn - Z(’\g)l ( Z(bg(m))supp(b?)m
= Vi Z(a(rn))mp<a> m) = G\E{l( 2o Z(bf(m))supp(bg)m

acA

= (\/ ( Z(a(m))w”(a)m)) V o*(sconv(B)) = o*(sconv(B))

a€A
Thus, we have that a*(sconv(A)) V a*(sconv(B)) = a*(sconv(B)). Simi-
larly, we obtain a*(sconv(A)) V a*(sconv(B)) = a*(sconv(A)), which im-
plies that a*(sconv(A)) = a*(sconv(B)).
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(ii) The equation a* o Gymea® = a* o ux holds. For sconv(A) € Gsea’ (X)),

a* 0 Gsepz(@*)(sconv(A)) = o*(sconv(a*[Alsevz))
- \/ (Z(D(sconv(A)))supp(D)a*(SCOHV(A)))

DeA

= o (H (@ sconv(A))

Ded (D(sconv(A))) supp(D)
= a* o ux(sconv(A))

(i) The equation o onx =1 holds. For z € X,

a"onx(e) = o’({d&})

= T

Finally, we also verify that for any f : (M,\/, Z(Am) — (M, \//’ Z;)\m),

then F f = f is also an algebra map. Let sconv(A) € Gsepe(M).

(@)* 0 Gsepu f(sconv(A)) = (a)*(sconv(f[A]scvz))

= \/dEA( Z(d(m))supp(d)f(m))
= f( \/ ( Z(d(m))wmd)m)

deA
= f(a*(sconv(A)))

= foa*(sconv(A4))

(b) Next we define the second functor G : Gyep~Alg — Mod(MC, Set):

G: Gswe-Alg — Mod(MC, Set)
(X, Ol) — (-X7 vaa Z(/\i)I)
19 19
(X’, O‘,) — (le \/a/, Z:i)z)

For an arbitrary non-empty subset Y of X, a countable family (z;); € X and a



CHAPTER 3. COMBINING THEORIES 82

probability density (););, we define the operators \/* and Z: ) as follows:
)1

\/“y = alsconv({d, |y € Y}))

yeY

Z:i)lcﬂi = a(sconv({z Aibz; }))-
iel
These operations are well-defined and satisfy the axioms for mixed choice due to
the equations satisfied by «, the probabilistic choice operator Z(/\.» ) and the
properties of superconvex hulls. Moreover, we show that Gg = g is a morphism
in Mod(MC, Set). Given any g : (X,a) — (X’,o’), an arbitrary non-empty
subset Y of X, a countable family (z;);c; in X and a probability density (\;)er,

then

a(\/y) = glalsconv({d, |y € Y})

yeY

= &(Gumaslscon ({5, |y € V1))
= o (sc,onv(g[Y]scuz))

= \/ )

yeyY
93,7 = glalsconv({3 Xb}))

iel

= & (Gsrg(seonv({D_ Aidz})))

i€l

= o/(sconv({z Aibg(z) }))

iel

!

= Z(/\i)lg(xi)
(c) Finally, we verify that the two functors are inverses.
(i) GoF =1
M = M, o™
gOF( u\/a Z(/\i)l) g(( y & ))
_ M [e3 &
( ’\/ ’ Z(/\i)l)
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We can verify that (M, V, Z(Ai)l) = (M, \*, Z:‘,\i)z)’ since for an ar-
bitrary non-empty subset Y of M, a countable family (z;); € M and a
probability density (\;)r,

V' = ar(seonv((s, |y € Y})

- \/y
Z?);)Ixi = a*(sconv({Zdzi}))

i€l
- Z()\i)lxi

(i) Fog =1

FoG((X,a)) = F((X, \/a’ Z?)‘i)l))
= (X,a")

However, a = o* since for sconv(A) € SCvz((C, Zz\i)l)).

a*(sconv(A)) = \/a( Za z)

deA (d(z))supp(d)
= asconv(A))

3.3.3 Mixed Choice Model Categories in Poset

As we have seen in Section 3.2.2, the presence of an order structure enables the
definition of three possible types of nondeterministic choice: convex (Plotkin), lower
(Hoare) and upper (Smyth). In this section we will present analogous versions of
mixed choice each derived by combining the probabilistic choice theory and either
the convex, lower or upper nondeterministic choice theory, resulting in the usual, the
lower and the upper mixed choice theories, respectively. Many of these definitions

and results arise from the work of Keimel, Plotkin and Tix [23], however their focus
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was to obtain domain theoretical models. In what follows we adapt their definitions
to discuss posetal models for all three variants of the theory of mixed choice.

The convex (Plotkin) nondeterministic choice theory captures the classical notion
of nondeterminism independent of the presence of an order structure. This means
that the IND operator and the equations it satisfies are no different than those used
when dealing with set theoretical models of nondeterministic choice. In truth, when
considered on sets endowed with the discrete order, all three types of posetal ND
theories (Plotkin, Hoare and Smyth) collapse to the same theory considered over Set.
Similarly, combining the probabilistic choice theory with the convex nondeterministic
choice theory gives rise to the previously considered mixed choice theory. Thus it
admits the same mixed choice operators and equations as we have been considering
for models of mixed choice over Set. Below we present our posetal adaptation of the
biconvex powerdomain monad, called the biconver algebra monad which is associated

to the model category for the regular mixed choice theory over Poset.

Definition 3.3.9 (Biconvex Algebra Monad). The biconvex algebra monad, PV =
(PV,n,u) : Poset is given as follows:

(a) The biconvex algebra functor PV : Poset — Poset,
(i) On objects: For (X,C) € Poset,
PYV((X,8)) = (PV(X), B, &), Zeu)-

We denote by PV(X) the set of order-convex closures under < of finitely
generated convex subsets of V((X, 0)) (ie., PV(X) = {C|C € G.e(X)},
where C is the smallest order-convex, convex subset of V(X ) containing
C). The operators @ and &, are the order-convex closures of B and @)
defined for Geye. For Cy, Cy € PV(X), we have that

C, B C, = (C,HC),
Ci & G = (CionCo).

Finally, the order structure <gy; is the Egli-Milner order over V((X, C)).
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(ii) On morphisms: For f : (X,C) — (X',C’) € Poset and C € PV(X),
PVS(C) = (f[Cle).

(b) The unit transformation, 7 : 1peset = PV, is define to be the singleton Dirac
distribution map for each (X, C) € Poset.

X - (X,E) - PV((X’E))
z = {0}

(c) The multiplication transformation, u : PV? = PV, is the order-convex flat-

tening map for each (X,C) € Poset.
pxo o PYH((X,B)) — PY((X,D)

¢~ ( H (@w@)

Degen(C)

supp(D)

In essence, the order-convex flattening map is defined similarly to the

convex set flattening map presented in Definition 3.3.6 of the finite ge-

ometrically convex monad. In other words, given conv({D;,D,,...,Dy,})
where D; : PV(X) — [0,1], we flatten each generating distribution (i.e.,
D = @(D(_ conv(A)), compute the convex hull over the set

conv(A))) supp(D)

of flattened distributions (conv({D%,...,D"})) and take its order-closure
(conv({D},..., D3})).

The lower (Hoare) nondeterministic choice theory is described as capturing the
angelic view of nondeterminism, see Keimel, Plotkin and Tix [23]. This means that
the ND operator and the equations it satisfies contain those presented for the usual
nondeterministic choice theory, but in addition it admits the inequality: A < AH B.
Therefore, when defining the theory which combines probabilistic choice and lower

nondeterministic choice, our axiomatic theory must also admit the required inequality.

Definition 3.3.10 (Lower Mixed Choice Theory). The finite Lawvere theory for
lower mixed choice, H-MCy;,, is obtained by considering the theory MCy;,, under
the extra condition:

(H) A AHEB
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Below we present our posetal adaptation of the convex lower powerdomain monad,
called the convez lower ND algebra monad, which is associated to the model category

for the lower mixed choice theory over Poset.

Definition 3.3.11 (Convex Lower Nondeterministic Algebra Monad). The convex

lower ND algebra monad, HV = (HV, 7, ) : Poset is given as follows:
(a) The convex lower ND algebra functor HV : Poset — Poset,
(i) On objects: For (X,C) € Poset,
HY((X, ) = (HV(X), B!, &}),C),

We denote by HV(X) the set of lower sets under < (the distributions
order) of finitely generated convex subsets of V((X,C)) (i.e., HV(X) =
{l<C|C € Gepa(X)}, where |<C is the set of all distributions in V(X)
which are smaller than some distribution in C). The operators B} and
@f\ are the appropriate closures of 8 and @, . For |<C1, |<Ca € HV(X),

we have that

1<C B <G = |<(CiEG),
1<Ch EBf\ 1<Cy = [<(Ci1®,Co).

(i) On morphisms: For f: (X,E) — (X',C’) € Poset and |<C € HV(X),
va(lj C) = lf’ (f[C]cvz)

(b) The unit transformation, 7 : lpgsets = HV, is defined to be the downclosed
singleton Dirac distribution map for each (X,C) € Poset. It is obtained
by taking the down-closure (under the distributions order <) on the image of

the singleton Dirac distributions map.

nxg : (X,B) — HV({(X, L))
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(¢) The multiplication transformation, u : HV? = HV, is defined to be the down-
closed flattening map for each (X,C) € Poset. This map is an easy modi-
fication of the order-convex flattening map given above. In particular, we take
the down-closure (under the distributions order <) on the image of the convex

set flattening map.

mxg . HV((X,E) — HV((X,D))
1<¢ — 1<( H (@(D(ljc))

Degen(C) supp(D)

The upper (Smyth) nondeterministic choice theory is described as capturing the
demonic view of nondeterminism, see Keimel, Plotkin and Tix [23]. This means that
the ND operator and the equations it satisfies contain those presented for the usual
nondeterministic choice theory, but in addition it admits the inequality: A > AH B.
Therefore, when defining the theory which combines probabilistic choice and upper

nondeterministic choice, our axiomatic theory must also admit the required inequality.

Definition 3.3.12 (Upper Mixed Choice Theory). The finite Lawvere theory for
upper mixed choice, S-MCy;,, is obtained by considering the theory MCy;,, under
the extra condition:

(S) A>AHEB

Below we present our posetal adaptation of the convex upper powerdomain monad,
called the conver upper ND algebra monad, which is associated to the model category

for the convex upper mixed choice theory over Poset.

Definition 3.3.13 (Convex Upper Nondeterministic Algebra Monad). The convex
upper ND algebra monad, SV = (SV,n, 1) : Poset is given as follows:

(a) The convex upper ND algebra functor SV : Poset — Poset,
(i) On objects: For (X, C) € Poset,
SV((X,0) = (SV(X), BT, &)),2),

We denote by SV(X) the set of upper sets under < (the distributions
order) of finitely generated convex subsets of V((X,C)) (i.e., SV(X) =
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{1<C|C € Gou(X)}, where 1<C is the set of all distribution in V(X)
which are larger than some distribution in C'). The operators H' and EBT\
are the appropriate closures of # and @, . For T1<C1, 1<C2 € SV(X), we
have that

Tj C @' T-_< Cy, = Tf (Cl H 02)7

T<Ch @I\ 1<C; = T<(Ci @1 Cy).

(ii) For f: (X,C) — (X',C) € Poset and 1< C € SV(X),
SVf(TjC) = Tﬁ' (f[C]cvz)

(b) The unit transformation, 7 : lpeses = SV, is defined to be the upclosed

singleton Dirac distribution map. Given (X,C) € Poset,

nxg: (X,6) — SY((X,D))
x — T<{d:}.

(c) The multiplication transformation, u : SV? = SV, is defined to be the up-
closed flattening map. Given (X, C) € Poset,

wxo) @ SVH(X,B) — SV((X,E))
¢ — 1<( H (@(D(ucnw(mc

Degen(C)

Theorem 3.3.14.

(a) The algebra category PV-Alg is equivalent to the model category
Mod(MCy;,, Poset).

(b) The algebra category HV-Alg is equivalent to the model category
Mod(H-MCy;,, Poset).

(c) The algebra category SV-Alg is equivalent to the model category
Mod(S-MCy;,, Poset).
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Proof: We shall prove the first assertion PV-Alg = Mod(MCjy;,, Poset), since the

second and third results follow using straightforward modifications.

(a) We define a functor F : Mod(MCy;,, Poset) — PV-Alg.

F: Mod(MCy,, Poset) — PV-Alg
(M, V, +1),5) = (M, D), e : PY((M,T)) — (M, 5))
v - U
(M, V', +4),5) =

((M/, E/),(al)* . 'P((M/, EI)) — (M,,EI))

For C € PV((M,C)), we define the algebra structure map by o*(C) =
Viegen(c)( Z(d(m))wmd)m), where gen(C) is the set of finite generators of the

convex set C. Next we verify that o* is a well-defined morphism in Poset and

that it satisfies the required equations.

(i) a* is well-defined. Suppose that C; = C, € PV((M,C)), we have that

de gen(Cy) = deC
= (3d1,d2 € C)d1 <d=d;

- Z(dl(m)) = Z(d(m)) = Z(clz(rﬂ»))

supp(d)) supp(d) supp(dg)
=+ @@ E (X gy, V(@) E"(C)
(3 g™ V(@) = o (@)
Thus, we have that o*(C)) V o*(C;) = o*(C;). Similarly, we obtain

o*(C1) V o*(C3) = o*(C}), which implies that o*(Cy) = o*(Cy).

(ii) o* a Poset morphism. Suppose C’lgEMjC&, we have that (Vd €
gen(C1))(3D € C3)d =< D (since |<C; C [<C;) and (VD' €
gen(Cy))(3d € Cy)d' < D' (since 1<Cy € 1<Ci). Thus, a*(Ci) C
Vdegen(Cl)(Z(D(m))swpw)m) and VD’Ggen(C;)(Z(d,(m)) m) Ca” (CZ)a

p(D) o supp(d’)
which implies that o*(C}) C o*(Cs).
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(iii) The equation a* o PVa* = a* o ux,cy holds. For C € PV3(X),

a* o PVa*(C) = o (a*[Clevs)

=V Z(D@) o(C))

Dec supp(D)

= o"(H] (@(D(E))supmc))

DeC

= o opuxg(C)
(iv) The equation a o nxc) = 1 holds. For z € X,

a*on(x,;)(x) = a"({dz})

= z

Finally, we also verify that for any f : ((M,V, +1),C) — ((M', V', +}),

then Ff = f is also an algebra map. Let C € PV(X).

(@) o PVI(C) = (&) (f[Clos)
- \/degen(C)( Z(d(z))supp(d)f(x))

= SOV (Z )

degen(C) eurp(d)
= f(aX(0))
= foa*(-C_)

(b) We define a functor G : PV-Alg — Mod(MC¢;,, Poset).

G:. PV-Alg — Mod(MCy;,, Poset)
(X,B)a) = ((X,v*,45),0)
19 39

(X,E),d) = ((X,v¥ +%),C)
For a elements z1,z2 € X, we define the operators V* and +$ as follows:

Iy vax2 = a({(smla(szz})

14522 = {0z + (1= N)bs,})

90

=),
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These operations are well-defined and satisfy the axioms for mixed choice due
to the equations satisfied by a and the properties of order-convex closures.
Moreover, we show that Gg = g is a morphism in Mod(MC, Poset). Given
any ¢ : ((X,C),a) — ((X',C'), ') and elements z1,z3 € X, then

gz V¥ zs) = g(a({0s,,0.,}))
= o (PVg({0z,,02,}))
= & ({0g1) Ig(an) })
= g(z1) V¥ g(x2)

g(z1+522) = gla({Ag; + (1 = A)ds, }))
= & (PVg({Adz, + (1 = A)d,}))
= & ({Mg(z1) + (1 = Mg })
= g(z1) +5 9(z2)

(c) Finally, we verify that the two functors are inverses.
(i) GoF =1
Go F((Ma V, +a )’ -;) = g(((M’ ;)’ a*))
= ((M,v¥,+5),5)
We can verify that ((M,V, +1),C) = ((M,V¥,+$),C), since for any
elements m;,my € M
miV®¥ my = o ({0my,0m, })

= miV my

my +§' mg = a*({’\énu +(1 - ’\)sz})

= mi-+)me
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(ii) FoG=1

Fog(((X,E),a))

However, o = o* since for C € PV(X)

o (C)

F((X, v, 430, )
((X,5), ")

\/degen(o> ( Z(d(z»m,,,,(d) 2)

«(C)

92



Chapter 4

Mixed Choice via Nondeterminism

4.1 The Existence of an Alternate Path to Models
of Mixed Choice

In this section we show that there exists an alternate path in the construction of
models for mixed choice. In the previous chapter we have obtained models for mixed
choice by essentially analyzing how one would add the appropriate kind of nondeter-
minism to models of probabilistic choice. This has the advantage of not only permit-
ting us to construct models for mixed choice over any adequately structured category
C, but also allows us to construct mixed choice models over arbitrary C-models of
probabilistic choice.

We now consider a dual approach: we interchange the order of freely adjoining the
choice operations from the standard development presented in Chapter 3. Consider
the diagram in Figure 6, of which the left hand triangle was used in Figure 5. The
alternative path we shall study in this chapter is represented by following the right-
hand path in the diagram.

As in our previous discussion concerning probabilistic extensions to mixed choice,
we wish to obtain the same result by freely adjoining appropriately distributive proba-
bilistic choice operators to C-models of nondeterministic choice. In order to do so, we
need to construct a left adjoint to the forgetful functor Ugsy fin - Mod(MCy,, C) —

93
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Mod(MCp, Set) ~——_

Pcvz/ _— thlsin
/ /upcm / \ \/{Stblﬁn\\

MOd(Pﬁn, SEt) Ugeys Geva MOd(ND;m’ Set)
N\ e
fin\ / 7;'fi.n
fin Set P}in

Figure 6: Mixed Choice Factored Through Probabilistic and Nondeterministic Choice

Mod(ND3%;,,C). The existence of such a left adjoint arises due to the following
theorem from Barr and Wells [2, p.133].

Theorem 4.1.1. Consider the diagram below satisfying the given conditions,

(a) Fy is left adjoint to Us,

By \u (b) Fi is left adjoint to Uy,
J 1 / (c) Uy oU is naturally isomorphic to Ua,
/ (d) Uy is of descent type, and

(e) By has coequalizers.
Then U has a left adjoint F for which F o Fy = F,.
Proof: (Barr and Wells [2]). If F;(C) is an object in the image of Fi, then we have

B.(F1(C),U(B,)) = C(C,UiU(B))
C(C.Uz(Bz))
B1(52(C), Ba)

1

1%

which shows that F5(C) represents the functor By (F;(C),U(-)). Moreover, the
Yoneda Lemma can easily be used to show that maps in B; between objects in the
image of F; give rise to morphisms in By with the required naturality properties.
Thus we get a functor F defined at least on the full subcategory whose objects are

the images of F;. It is easily extended to all of By by letting

Fi(C) ___FA(C)— B
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be a coequalizer and defining F(By) so that
FoC) L F(C) — F(B)

is as well. The universal mapping property of coequalizers gives, for any object

By € B, the diagram below in which both rows are equalizers,

B2 (F(B1), B2) — Ba(F2(C"), By) B3 (F2(C), B2)

lg .

By (B1,U(Bs)) — B1(F1(C"), U(B2)) —_ B1(F1(C),U(B2))

from which the adjointness follows. m]

Corollary 4.1.2. The forgetful functor Uswi,, : Mod(MCy;,,Set) —
Mod(NDy,,, Set) has a left adjoint.

Proof: We have the following diagram

Mod(MCfm, Set) s, blf Mod(NDfm, Set)

Pfln
uT g uT /
\ j Pfln

Set

satisfying all the required properties stated in Theorem 4.1.1. |

Although Corollary 4.1.2 states the existence of the left adjoint Stbls;y, the proof
of Theorem 4.1.1 is only partially constructive. The proof clearly states that the
image of a free object (P};,(X),U) € Mod(ND3,,, Set) under the functor Stbly,
is isomorphic to Gy (X) € Mod(MCyy,, Set). However, the image of a non-free

in?

object is less trivial. It requires that we understand how to compute coequalizers
in Mod{MCj;,, Set). Hence, to define Stbly;, one must determine how to calculate
coequalizers in Mod(MCy;,, Set).

In the following section we shall present the necessary material in order to give a

concrete presentation of the functor Stblsi,.
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4.2 V-Stable Convex Sets

Our goal is to construct the free mixed choice model from any given model of nonde-
terminism. We shall motivate our construction of the V-stable convez functor based
on similar observations and arguments presented in Plotkin’s Pisa Notes, [40], when
motivating the construction of the Plotkin Powerdomain.

We’ve already presented the structure of a free mixed choice model constructed
from a set X without any particular structure, by presenting the finite geometrically
convex functor, Guz, in Section 3.3.2. It consists of taking the collection of all finitely
generated convex subsets of (D, (X), @) ). Moreover, in that same section, we have
also presented the construction of free mixed choice models from convex sets (C, +3),
using the convex powerset functor, Cvz;,. It consists of taking the finitely generated
convex subsets in (C, +)). In the second construction, it is important to note that
the unit transformation is a convex set isomorphism. In other words, there exists an
isomorphic copy of (C,+,) within the free mixed choice model. Moreover, the free
model is also the smallest model for mixed choice which contains the image of the
unit transformation. We shall be keeping these properties in mind when determining
the appropriate definition for our V-stable monad.

Now consider a semilattice (S, V). By studying key properties present due to the
presence of the V structure, we shall motivate the need to consider a particular type
of convex subset as our model. Intuitively, a convex subset represents a mixed choice
process whose behavior is determined by the nondeterministic combination of its
generating terms, since the unit of the monad must be a semilattice homomorphism.
In particular suppose a convex subset C' C Dy, (S) contains a set of distributions of
the form {0;|¢t € T'}; then C captures the nondeterministic behavior induced from
Viert € S. However, except in trivial cases, there are many (possibly uncountable)
ways to describe the same nondeterministic behavior in a given semilattice. For

example, in any powerset semilattice, different unions of subsets can lead to exactly

the same set.(e.g. {a,b} U {c} = {a,b,c} = {a} U{b}U{c}).

Definition 4.2.1. Suppose we are given a semilattice (S, V) and an particular element
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s € §. Then, Fy = {T|T Csi S and VT = s} denotes the set of all finite V-

decompositions of s.

Since every T" € F 1y describes equivalent nondeterministic behaviors (in other
words they evaluate under V to the same element in S), then we must have that
{8 |t € T'} C C for each T" € Fy/7 because each such set captures the same ND
behavior as {é; |t € T}.

More generally, consider a convex set C containing Dy, (T1) @ Dyin(T2), where
T, Cfin S for i = 1,2. Thus C captures the nondeterministic behavior induced from
Ty with probability A and captures the nondeterministic behavior induced from T5
with probability 1 — A. From our previous discussion, we know that capturing the
ND behavior induced by 7T; implies that it must capture the ND behavior induced
by T; where T; € Fyn,), for i = 1,2. Therefore for all T{ € Fyn) and T; € Fy ),
C must contain Dy, (T7) @ Dsin(T,). Given our observations, we shall require that

convex subsets in our model be V-stable.

Definition 4.2.2 (Vv-Stable). Suppose we are given a semilattice (S, V). A convex set

C € Geye(S) is said to be V-stable, if whenever there exists a family, (T;), of finite
bsets of h that DwnlT;) € Cth T/ : Dn(T!) C C.

subsets of S such tha @(M)z +in(T;) C C then (VT Ef(vn))@(/\i)l rin(T)) C

However, to completely capture mixed choice, the set of all V-stable convex subsets
is still too large. We shall consider a minimal set of V-convex subsets which allows us
to satisfy the following condition: there exists an isomorphic copy of the semilattice
(S,V) in the induced mized choice model. Hence, in the sections below, we will
consider the set of V-stable convex subsets of G.,»(S) generated by the isomorphic
image of (S, V) under the operations [ and @, the usual operations closed under
V-stability.

4.2.1 Completion of Convex Sets over Semilattices

In this section we define, on an arbitrary semilattice (S,V), a closure operation
called the V-stable completion on arbitrary convex subsets of the free convex set

over S. This closure operation is very important in defining the left adjoint of
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Ustpi,;,, © Mod(MCyin, Set) — Mod(ND3,,, Set). It generates the right collec-

fin>
tion of convex subsets needed in order to build a mixed choice model which faithfully
reflects the nondeterministic behavior of its underlying semilattice. The set of arbi-
trary convex subsets of the free convex subset over S is given by the underlying set
of the image of the functor Cvz : Set - Mod(MCy;,, Set). We define this functor

below.

Definition 4.2.3 (Arbitrary Convex Set Functor). The arbitrary convex set func-
tor Cvz : Set — Mod(MCy,, Set) is defined as follows:

(a) On objects: Let X € Set,
Cvz(X) = (Cvz(X),H, &)

(i) The underlying set Cvz(X) is the set of all arbitrary convex subsets of
Dfin(X). Equivalently, we have that Cvz(X) = {C|C Ces Drin(S)},
where C C.y; Dyin(X) signifies that C is a convex subset of Dy, (X).

(ii) The nondeterministic choice operation H is the convex hull operation.

CHC' = the smallest convex subset of Dy, (X) containing C and C’
= conv(C'UC")

(iii) The probabilistic choice operations are defined such that
Co,C' ={de,d |de C,d €C'}
(b) On morphisms: Let f: X — Y € Set and C € Cvz(X),
Cvzf(C) = f[Cleva,
recall that f[Clee = {df|d € C}.

Remark 4.2.4. It is important to note that for any X € Set, that the free mixed
choice model G,z (X), defined in Section 3.3.2, is a mixed choice submodel of Cvz(X).
In other words, G (X) C Cvz(X), and the nondeterministic and probabilistic oper-
ations in Gy (X) are the appropriate restrictions on the corresponding operations in
Cvz(X).
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In our previous discussion, our observations on which convex subsets will be neces-
sary in order to build this left adjoint focused heavily on specific properties involving
convex subsets generated by finite subsets of S (faces of Dfin(S)), and their proba-

bilistic combinations (facial elements of Dy (S)).

Remark 4.2.5. Consider a finite semilattice (S, V), where n is the cardinality of
S. The convex set Dy, (S) is isomorphic to the n-simplex whose vertices are given
by the elements of S. Thus, a convex set of the form Dy (T) for T € Pj,.(S) is

geometrically represented by an actual face of the n-simplex.
Definition 4.2.6 (Faces and Facial Elements). Given a semilattice (.S, V),

(a) A convex subset, Dsin(T) = {d: T — [0, 1] | supp(d) < 00,d(T) = 1} € Cvz(S),
where T is a finite subset of S, is called a face of Dy;,(S). Note that if (S, V).
is a finite semilattice, then for any subset T C S, Dyin(T) corresponds to the
face generated by the elements of T in the n-simplex generated by the elements

of S, where n is the cardinality of the set S.

(b) A facial element of Dy;,(S), F, is a convex subset obtained by taking
probabilistic combinations of faces of Dy, (S) in the mixed choice model
(Cuz(S),B, @5 ). The set of all facial elements, F°*(S), is a convex subset
of Cvz(S), generated by the faces of D, (S).

}:-elt(S) = {@(M)IDM(TJ | ()\i)l € Pwtﬁn,Ti € P}(m(S)} - CU.’L‘(S)

Example 4.2.7. Consider the two semilattices S; and S; with the same underlying
set {a,b,c,d} but with different semilattice structures, Vi and Vs respectively, as
shown in Figure 7. Since the semilattices have the same underlying set, their set of
faces will be identical. Some of the faces of Dyin({a, b, ¢, d}), are shown in Figure 8.
Since we are working with a finite underlying set, {a, b, c,d}, we shall often denote
a convex subset of Dg;({a,b,c,d}), by the geometrical object it represents. For
example, any convex set generated by a single point mass distribution shall be denoted
by its corresponding point in the tetrahedron. Since the semilattices have the same

set of faces they generate the same set of facial elements (i.e Fe%(S;) = Fe(S,)).
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S A

({(l b c, d} \/1 Sz = ({a, b, C, d}, V2)

Figure 7: Semilattices S and Sy

d d d
/ c C< c a c a ¢
_ b b
vertex a edge ab triangular face Aabd  tetrahedron abcd
= Dfin({a}) = Djin({a,b}) = Dfin({a,b,d})  =Dsin({a,b,c,d})

Figure 8: Examples of the four types of faces of Din({a, b, ¢, d})

In Figure 9, we give the geometrical representation of three different combination of
faces. The first is obtained by taking the fair (probabilistic weight of %) combination
of the vertex a, (= Dyin({a})) and the edge ab, (= Dyin({a,b})). Thus we obtain
Dfin({a}) ®1 Drin({a,0}) = Dsn({a®1a,a010})
= Drin({a,a 1 b}).

The second is obtained by taking the fair combination of the previous facial element
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d d d

a c a c a c
b __ b b

a @1 ab (a ©1 ab) ®y Abed Aabc @1 Aabd

Figure 9: Three examples of facial elements of D¢, ({a, b, ¢, d})

Dfin({a,a®y b} and the triangle Abed, (= Dyin({b, c, d})). In this case we obtain!
Dfm({a, CL@% b}) @% Dfm({b, c, d}) = Dﬁn({a @% b, aEB% c,a @% d, (a @% b) @% b,

(aEB% b) EB% c, (aEB% b) @1 d})
= Dﬁn({a@% ba®ica®1d,a®1b,

@(1 (a,b,¢), @(; (a:b,d)})

103
The final example is the fair combination of the triangle Aabc, (= Dyin({a,b,c})),
and the triangle Aabd, (= Dyin({a,b,d})). We obtain

11
1302

»

Df‘m({a’ b7 C}) @—% Dfi’"-({a’a b7 d}) = Dfin({a@% a,a@% b’a@% dab@% (L,b@_zl_ b,b@% da
cPya,chy b,cEB%d})
= Dfin({a,aEB%d,b,b@%d,c@%a,c@%b,ceaéd})

In Figure 10 we give an example of an element in G..({a,b,c,d}) which is not a
facial element. This shows that in general, G..(S) # F**(S). Consider the convex
set Dsin({a, b, a ®1 c}). If this convex set were to be written as a probabilistic combi-
nation of faces of Dy ({a,b, c,d}), then to obtain the vertex a we must only consider
combinations containing the faces: a, ab, @c, ad, Aabc, Aabd, Nacd, and abed. More-
over, if we must also obtain the vertex b, we must narrow our combination to one

consisting of the faces: ab, Aabc, and abed. Since our convex subset does not contain

recall from (def 1.2.3) that EB(A ) (a;) represents the convex combination of the a; each with
i)r

respective weight ;.
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b
D¢in({a,b, a®1 c})

Figure 10: An element of G.,.({a, b, ¢, d}) which is not a facial element

any probabilistic combinations containing the vertex d, it follows that it must be some

combination of the faces ab and Aabe. However,

Dtin({a,b}) ®rDfin({a,b,c}) = Diin({a®ra,a®rb,a®rc,b®)a,bDyb,bdrc})
= Dgn({a,b,a®rc,b®ic})
# Dsin({a,b,a® c}) for any choice of A

A

As we have discussed, a model which contains a particular representation of a
ND behavior must contain all other equivalent representations of that ND behav-
ior. Moreover, if our model contains @(/\) Dsin(T}) € F(S), then it must also

i1

contain @(A) D¢in({V Ti}), since they have equivalent ND behaviors. Thus, our
€)1

model must contain the largest convex set containing all ND behaviors equivalent to
@(A ) Dsin({\V Ti}). We call such a convex set the V-ezpansion of the facial element.
/1

Definition 4.2.8 (V-Expansion). Suppose we are given a semilattice (S, V) and a

facial element F' € F*%(S) of the form F = @(/\ ) Dyin(T), where T; € Pf,,(S) and
i1

(Mi)1 € Pwtfin. Then the V-expansion of F', denoted Fl, is defined as the following

convex set:

Fl— @(Ai)lpﬂn( Lv(\V/ T)) € Cuz(S).

From our previous observations we have seen one way of determining when a

convex subset is V-stable. Recall, that a convex set C' € Cvz(S) is V-stable if whenever
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@(,\ Dsin(Ti) € C then (YT} € Fry1y) @ Dfm(Ti’) C C. In what follows, we

shall give a more concise definition for the V- stabllity property.
Proposition 4.2.9. Let C € Cvz(S). Then the following are equivalent:
. ) /
() If D, Prin(T3) € C then (VT} € Foymy) €D

(b) For every facial element F' of Dsin(S),

Dm CC
o, Prin(T)

FCC=F'cc.

Proof:
(i) Suppose that C is V-stable. Suppose we are given a facial element F' € F(S) of
the form F' = EB(/\) Dy¢in(T;) such that FF C C. Then, by property (a), for ev-
)1
ery choice of T} € Fy s @()‘ ) Dyin(T]) € C. We claim that this implies that
i) I
FL C C. Let d € F!, then d = ¥_,.; \id; such that d; € Dyin(lv (V T;)). Thus,
we have that d € @ Dﬁn(supp(d-)) where supp(d~) C (supp(d;)U{V T;}) €
Feoyy- Therefore, d E @ Dfm(supp @ Dfm (supp(d;) U
{VT:}) €
(ii) Suppose that C satisfies (b) and that a facial element F' € F%(S) of the form
F = @(A) Dy (T;) exists such that F¥ € C. We must show that for every
eI
T € Fyym) that @(A) Dsin(T]) € C. However, if T; € Fyyz) then T C
1)1
T;). H , Din(T)) C FL CC.
W (VT). Hence, @), Dpn(T) € FI
0
Therefore, using the above proposition, we can provide a more concise definition
for a V-stable convex set. This new definition is easier to work with than our initial
formulation.
Definition 4.2.10 (V-Stable). Given a semilattice (S, V), a convex set C € Cvz(S)
is said to be Vv-stable if it satisfies the following property: for any facial element

F € F(S),
FCC=FlcCcC

We will denote by Stbl(s) the set of V-stable convex subsets in Cvz(S).
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Example 4.2.11. Consider our semilattices S) and Sy from Example 4.2.7. We list
below some examples of convex sets in Cvz({a, b, ¢, d}) which are stable with respect

to one of the join structures but not the other.

(a) The face Dy ({b}) is Vo-stable. However, it is not Vi-stable, since Dy ({b}) C
Dyin({b}) but Dyin({6})" = Dyin(Lv, {6}) = Dyin({2,b}) € Dyin({b})

(b) The face Dyin({a,b}) is Vi-stable. However, it is not V,-stable, since
Dsin({a,6}) S Dpin({a,0}) but Dpn({a,0})' = Dpin(lva{aVab}) =
Dfin({a" ba ¢, d}) l@— Df'in({aa b})

(c) Given an arbitrary A € (0,1), the convex subspaces C, =
Diin({a,b}) ®r Dsin({c,d}) of Dgin({a,b,c,d}) (Figure 11 depicts a par-
ticular case) are Vi-stable but are not Vip-stable. They are not Vs-stable
because the face Dy ({a, b}) C Cy, but Dsimn({a, b})l = Dsin({a,b,c,d}) € Ch.

A

Figure 11: A particular case of a convex set of the form Dy ({a,b}) ®rDsin({c, d})

Proposition 4.2.12. Suppose we are given a semilattice (S,V). Then Stblsy) is

closed under arbitrary non-empty intersections.

Proof: Let W be an arbitrary indexing set and for each w € W, C,, € Stbl(sv),
such that (N, ey Cw # 0.

(1) Nuew Cw € Cvz(S).
Let d,d" € (yew Cw- Thus, for every w € W, d,d’ € C,, and thus for all A €

[0,1], d@, d' € Cy. This implies that for each A € [0,1], d®xd' € (e Cuw-
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(ii) Nyew Cw is V-stable.
Suppose for some facial element F' € F(S) that F' C (,ep Cw- Thus, for
every w € W, we have F' C C,,. Since the C,, are V-stable, we obtain F' C C,
for all w € W. Therefore, F* C (), cw Cu-

O
The above proposition allows us to define a closure operation based on V-stability.
That is, we will define the V-stable closure for any convex subset C' € Cvz(S) as the
smallest V-stable convex set, Ct € Cvz(S), which contains C. It can be obtained by

taking the intersection of all V-stable convex sets D € Stbl(sy such that C C D,

Ct= N D.
{Destbis,vy |CCD}

Definition 4.2.13 (Vv-Stable Closure). Given a semilattice (S, V) and a convex subset
C € Cvz(S), the V-stable closure of C, denoted by C', is the smallest V-stable

convex set in Stbl(s ) containing C.

Example 4.2.14. For any semilattice (S,V), we have the following standard V-
closures.

(a) The V-closure of a face Dyin(T), Dsin(T)', is equal to its V-expansion

Dsin(T)" = Dsin(lv (VT)). It is easy to see that Ds;n(T)' = Dyim(ly (V T)) C

D¢in (T)T. For the other inclusion, we notice that the only facial elements which

are contained in a face are faces generated by subsets of T'.

(b) More generally, we have that for a facial element that

(GB(M)I%TL(Ti))T =D, Prlv (V) = @(Ai)I(Dﬁn(Ti))l.
A

Example 4.2.15. (a) Consider the semilattice S; from Figure 7 and the con-
vex sets Cy from Example 4.2.11. Any Va-stable convex set containing a
C» inherently contains the face Dyi,({a,b}). Thus, since it is Vj-stable,
it must contain the Vj-expansion of Dy;,({a,b}), given by Dy ({a, b})l =
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(b)

Dtin({a,b,¢,d}). Therefore, the only Va-stable convex set containing any of
the Cy is Dsin({a,b,c,d}). This implies that for any A € (0,1), Cif =
Dim({a,b, c,d}). ’

The stable closure of a finitely generated convex subset is not necessarily finitely
generated. Consider the simple semilattice S = ({a,b,¢,d},V) and a finitely
generated convex set Cy = Dfm({aeal b, a®1 b,c}) € Gez({a,b, c,d}) shown in
Figure 12. It is easy to see, as shown in Flgure 12, that the facial element F} =

GB )(a b,a¢) C Cy. Thus, Cy' must contain Fi* = @(1 ) 1)(a, b, abed) =
Do D3
Dsin({a®1b,a@1 b, GB . (a,b,0), @(1 : 1) (a,b,d)}), because Cypl is V-
Z’EvZ 23:3)

stable. Moreover, since Cy' is a convex set which contains both Cp and Fy!, it

must contain their convex hull Co B Fi! = .

Now, it is easy to see that the facial element Fy = EB L1 (a,b,ac) C Cy, thus

6
for similar reasons as given previously C, = Fp! B ¢} must be a convex subset

OfCO.

Continuing this particular type of construction, we can recursively construct
the convex sets C,, = F,,' B8 C,_;, which must all be contained in Col. In the

end, we obtain the convex set Csy C Cpf, where Cy is shown in Figure 12.

Similarly, we apply this construction starting with the facial element F_; =
@( (a b,bc) to obtain a C_s C Cy'.

Finally, we can deduce that since C,, C Cot and C_o, € Cp' and that C, B
C_oo C Col. Therefore, (Coo B C_g)! = Cy' and is depicted in Figure 13.
A

wl=
ml»—-l

?

of

Proposition 4.2.16. Given a semilattice (S,V), the operation of forming V-stable

closures is a closure operation on conver subsets in Cvz(S).

(a) C C CT  (extensivity),

(b) (CH'=cCt  (idempotence),

(c) if C C D, then CT C D' (monotonicity).
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c
The semilattice S = ({a, b, c,d}, V) The convex sibset Co.
C
C C
a /
a d a
d 47 d
b /
b b
The convex subset . The facial expansion of F}, The convex subset Cj.

(ie. Y.

The convex set C.

Figure 12: The recursive construction of Cy

Lemma 4.2.17. Gien a semilattice (S,V), a convex set C € Cvx(S) and a facial
element F € F¢(S) such that F C C, then (F* @ o) =ct

Proof: Since F C C C C', we have that F' C Ct by the definition of V-stable
convex sets. Hence, F' B C C C' and thus, (F'@ C)T C C'. Finally, we have that
C C FL@ C, therefore C* C (F*BC)'. 0

Suppose we are given a convex set C' € Cvz(S) such that there exists a facial
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The convex set C,. The convex set C_ .

The closure of the convex hull of the above subsets is equal to

The V-stable closure of Cp, (i.e. Col).

Figure 13: A finitely generated convex set whose stable closure is not finitely generated

element F € F¢(S) such that F C C. The convex set F' & C is constructed such
that C C F* B C and by Lemma 4.2.17, (F*BC)' = Ct. We could continue and
make a similar observation on F! 8 C, by finding a facial element F’ € F¢#(S) such
that F/ C FYEBC. Thus we get that ((F')* B (F! & C))Jr =(F'Eac) =ct. Wewill
say a convex set obtained using the above algorithm is a partial V-stable closure of

C.

Definition 4.2.18 (Partial V-Stable Closures). Given a semilattice (S,V) and a
convex set C € Cuz(S), the set of all partial V-stable closures of C, Cl», is

given by the following recursive construction.
(a) C € Clru,

(b) If Y € Cte# and there exists F' € F¢(S) such that F C Y, then FIBY € Clett,
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Proposition 4.2.19 (Properties of CTrit).
(a) For eachY € Ctrtt, Y € Cvz(9),
(b) For each Y € Clra, C C Y,
(c) Ctet is closed under B in Cvz(S) (i.e., IfY,Y' € Cl#t, then Y BY’ € Clett).

Proof: We only need to prove (c) since the first two assertions follow from the
definition of partial V-stable closures.

Given Y,Y' € Ct»t| we will show that Y BY’ € C'» by structural induction on
Y.

(i) Base Case: Given that Y = C, by part (b) we know that C C Y’. Hence
CBY' =Y'eClm.

(i) Induction Step: Suppose that Y = Y” @ F}, where Y” € Clet| F € Fe¥#(9),
FCY"and Y'"BY' € C™ by induction hypothesis.

YBY = (Y'BFYHYBY'
= YYBY)EF!

where FF C Y'Y’ and Y"BY' € Cle#. Hence, YBY' = (Y"BY')BF! € Clen
by definition.

Theorem 4.2.20. If C is a conver set in Cvz(S) then CT = U Y.
yecotst
Proof: We will show that (J;, .ot ¥ is the smallest V-stable convex set in Cvx(S)

which contains C.

(a) It is a convex. Given d,d’ € [Jyotu Y and a A € [0, 1], we must show that
d®xd € Uyegtou Y- Since d,d" € Jy ot Y, then there exists Yy, Yo € Clrtt,
such that d € Y; and d € Yy. By Prop 4.2.19, part(c), Y; B Yy € C'» such
that d,d’ € Y;@BYy. By Prop 4.2.19, part (a), YyBYy is a convex set in Cvz(S),
thus d@xd' € YaB Yy C Uyeoton Y-
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(b) It contains C, by Prop 4.2.19, part(b).

(c) It is V-stable. Given a facial element F € F*(S) such that F C Uy ot ¥
we must show that F! C Uy cctrn Y. Note that F is a finitely generated convex
set by construction. Let gen(F) be the set of generators for the convex set F.
Thus, Vd € gen(F) there exists Y; € C'rtt such that d € Y;. By Prop 4.2.19,

part(c), we know that BH Y; € Cte. Since F C BH Y,;, we have by the
degen(F) degen(F)
recursive definition of partial V-stable closures that FY* 8 ( HH Yi) € Cle.
degen(F)

Hence, F* C Uyepton Y-

(d) It is minimal. Suppose there exists another V-stable convex set D in Cvz(S)
containing C. We need to show that UYGCTW Y € D. We shall prove by
structural induction that if Y € Cfrtt then Y C D.

| (i) Base Case: Let Y = C, then by definition Y = C C D.

! (i) Induction Step: Suppose Y = FIBY’ where Y’ € C'rt and F € F(S)
such that F C Y’. By induction hypothesis we assume that Y’ C D.
Moreover, we have that F' C Y’ C D; thus F* C D because D is V-stable.

Therefore, Y C D since D is convex.

O

We want to consider a minimal set of V-stable convex subsets. We have already
discussed that this set should consist of the smallest mixed choice model generated
by {'Dﬁn(T)T IT e ’P}‘in(S)}, together with the V-closure of the usual convex set
operations. In the following section we show that we have indeed constructed the free

mixed choice model from a semilattice.

4.2.2 Probabilistic Completion of Nondeterministic Models

In this section we prove that the set obtained by taking the V-stable closure on all
the finitely generated convex sets in G.,,(S) under the appropriate V-stable closed

nondeterministic and probabilistic operations forms a mixed choice model.
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Proposition 4.2.21 (The Mixed Choice Model Stbl;:(S)). Suppose we are given
a semilattice (S,V). The set of all V-stable conver subsets obtained by taking the
V-stable closure on all the finitely generated conver subsets in Guy(S), Sthlmn(S) C
Stbl(s.y, together with the operations B and By, the V-stable closed convex set op-
erations on Gy (S), forms a mized choice model (Stblsin(S), gﬂ, @ﬁ,\/)

Before we can prove that (Stbls.,(S), B, ‘D, ) is in fact a mixed choice model we

prove some technical lemmas which we shall require.

Lemma 4.2.22. Suppose we are given a semilattice (S,V). Let C € Stbl(sy) be a V-
stable convez set. Then for any C' € Cvz(S) and F € F(S) such that C' @)\ F C C
we have that C' @, FY C C.
Proof: Consider an arbitrary d € C' @y F', then d = M’ + (1 — \)f, where d' € ('
and f € F'. Note that {d'} = @(d'(s))supp(d,){JS}; therefore {d'} @) F € F(S).
Since C' @y F C C, we have that {d'} @\ F C C. Since C is V-stable, we have that
({d}Y @ F)* = {d'} @, F! C C. Finally, we can deduce that d € C, since d’ € ({d'})*
sod=X +(1-Nfe{d})arFCC. 0
Lemma 4.2.23. Let C,C’ € Cvz(S),

(a) Ctex(C)' = (CanC),

(b) CtB(C) = (cBeHt.
Proof:

(a) We show that (C1@, (€)' € (C@, ") and (CT@x (€)' 2 (Cr ).

(C) It will be enough to show that CT @, (C")Jr C (Cea C")T; hence we need
to show that for every Y € Ctet and Y/ € (C)'*, Y @, Y’ C (C @, C')'.
We proceed by simultaneous structural induction on Y and Y’.
(i) Base Case: Let Y = C and Y/ = (', then Y@, Y = Cp\rC' C
(Carct.
(ii) Induction Step: Let Y = FLEY;, and Y’ = (F')' B Y, where
Y, € Clu, Yy, € (C)'*, F,F' € Fe(S) such that F C Y; and
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F' CY;. By L.H we assume that Y1 ®, Y2 C (C &, C’)T.

Yo,V = (Fl@v) e, (F) BY)
(Fron (F)) B (Fle,Y) B (Y@ (F)) B (Y10, Y))

Il

Since (F@,F),(F®,Y;) and (Yi®\F') are subsets of
YiernY, C (Co, C’)T and since (C &y C’)T is V-stable, we have
that (Ft@y (F)Y),(F'@,Y;) and (Y@, (F')') are contained in
(C®,C). Thus, Y@, Y’ C (Ca,C).

(2) Since C C Ctand ' C (€)', we have that C @, C' C Ct @, (C')!. There-
fore, (C®,C")' C (Ct @ (C')T)T-

(b) We show that (C' @8 (c"))' ¢ (c @B and (Ct B (")) 2 (cEB O,

(C) It will be enough to show that C1 8 (C)' € (C 8 ). Hence, that for
every Y € C»¢ and Y’/ € (C))'*, YBY’ C (CBC')!. We proceed by
simultaneous structural induction on Y and Y.

(i) Base Case: Let Y = Cand V' = C', then YBY = CHBC C
(cme).
(i) Induction Step: Let Y = F'BY;, and Y/ = (F')' B Ys, where

Y, € Chu, Y, € (C)'*, F,F' € F(S) such that F C Y; and
F' CY,. By LH we assume that Y; B Y, C (CEBC").

YBY = (F'8Y)@(F) 8Y)
= (FlBEF)HBaMmBY,)

Since F and F’ are subsets of Y1HY, C (C B C”)T and since (C B C”)T
is V-stable, we have that F! and (F')! are contained in (C B C")'.
Thus, Y BY’ C (Ca, C)'.
(2) Since C € C' and €' C (C")!, we have that CEBC’ C CTEB(C")!. Therefore,
cme)t ctm e
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Proof: [Prop 4.2.21] We first show that the operations B and @, are well-defined.
Suppose A € [0,1], At = Bt and (4)! = (B)!, where A, A, B, B' € G..4(S5).

(a) We show that AT@) (A)' € Stblsin(S).
ATey (A = (ATex(4))
= (A@, A), by Lemma 4.2.23

T

Thus, since A@y A’ € G..(S), we have that AT@;\’(A’)T € Sthlsin(S).

(b) We show that ATBB(A")" € Stblsin(S).
AN = atm anh'
= (4aBa), by Lemma 4.2.23
Thus, since AB A’ € Go,e(S), we have that AUB(A')" € Stbl i (S).
(c) We show that AT'®, (A = Bt @, (B
At =Bt (AN = (B)! = Atey(A) = BT @, (B)!
= (Ao () = (B'er(B))
= A'®, (4" = B's, (B!

T

(d) We show that ATH(A")' = BB(B')'.
At =Bt (A =B = AtB @) =B'a(B)
= (A = ('@ (B))
=A@ = B'EA(B)'

1,

We show that all the mixed choice axioms are satisfied. Given Lemma 4.2.23, the
axioms are satisfied since H and @) satisfy them. Recall that, in what follows, the
elements C; are in Stbls;,(S). Thus they are V-stable, implying that C; = oAl
(ND-ASSOC) C1H(C,HC3) = (C1HC,)BCs.
CiB(CEBCs) = (CiB(C,BCy))!
= ((CiBC)HBC)!
== (C]ééCg)gaC;g
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(ND-COM) C,BC, = CoBC;.
cfic, = (¢,Bcy)
= (CoBC)!
= G0,

(ND-IDEM) CHC = C.
cBc = (cBmo)
= (Cf
= C

(P-ASSOC) C; @y, (Co By C3) = (Cr Bayag Ca) B gnpy Cs.

S vp Y
1 6’9;,\: (Cy @;; Cs) = (C1®y, (Ca®y, C3))T
. = ((Cl @)\1)\2 Cg) ®(i~3‘\ )):\ CS)T

TALAZ
= (C1®x»x, C2) Da-up Cs
TALA2

(P-Com) C @ Cy = Cy &1 C1.
Ci®xCr = (CryCy)l
= (Ca®a-»C)
= C®u_nC
(P-IDEM) C'®,C = C.
CarC = (Ca)0O)
= Ct
= C
(DIST) (C1EBC,) @ Cs = (C1' @y Cs)B(C, @5 Cs).
(C1C,) @5 Cs = (CLHCy) @, Cs)'
= ((Ci®\Cs) B (C2 @y Cs))'
= (C1®xC3)B(Cy®, C)
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We have associated to any semilattice (S,V) a mixed choice model

(Stblsin(S), [, ® ). We use this correspondence in the definition of our functor.

Definition 4.2.24 (V-Stable Convex Functor). The V-stable convex functor,
Stblsin : Mod(ND?,,, Set) — Mod(MCy;y, Set) is defined as follows:

(a) On objects: For (S,V) € Mod(ND’;

fin?

Set),

(b) On morphisms: For f : (S,V) — (5,V') € Mod(ND},,,Set) and A" €
Stblgin(S),
Stblyinf (A1) = (f[Alews)".

Lemma 4.2.25 (Functoriality of Stblsy,). Given f : (S,v) — (5,V) €
Mod(ND},,, Set) and At € Stblyin(S), then

(@) (f[ANewe)’ = (FlAlews).
(b) Stblssmf : Sthlsin((S,V)) — Stblyin((S', V")) is well-defined.
(c) Stblsi is a functor.
Proof:
(a) We prove that (f[A'e)' C (f[Alas)’ and (f[ANaa)' 2 (F[Alae)'.

C) We shall prove by structural induction that for any Y € Afet, f[Y],e C
Y
F([Alewa)".
(i) Base Case: For Y = A, we have that

FlAlews € (f[Alews)"-

(ii) Induction Step: Suppose that Y = F'BY’, where Y/ € Al» F
Fe*(S) and F C Y'. By induction hypothesis, we have that f[Y"]q. C
(F[Alewz)!. Note that f[Flas € F(S"), thus by V'-stability we know
that (f[Fles)* € (f[Alews)'. Given that f[FYeus © (f[Fleve)', we
have that f[Y]es C (f [A]c'u:c)T.
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(2)

A g AT = f[A]cv:z: _C_ f[AT]cv:z:
= (f[Als) € (F[Aeng)’

(b) Suppose A,B € Gny(S) such that A" = B'. We need to show that
Sthl o f(AT) = Sthlyinf(BY).

AT = BT = f[AT]cv:z: = f[BT]cv:c
= (f[ANas) = (F1BYaw)’
= (f[Alews)’ = (f[Bleva)'
= Stblpinf(A") = Stblsin f(BT)

(c) Stblsin is functorial. We need to show that Stbls,, satisfies the following prop-

erties.

(i) Given the identity function id(sy) : (S,V) — (S, V) € Mod(ND%,,, Set)
we have that

Sthlpimidsyy(AD) = (idsy)[Alews)’
= Af

= dSthl i ((5,V)) (AT)

(ii) Given two functions f : (S,V) — (§,V') and g : (S, V') — (S",V") €
Mod(ND%,,, Set) we have that

Sthlsin(f 0 9)(AN = ((f © 9)[Alewa)’
= (flglAloaeva)’
= Stblgin f((9[Alcvs)")
= (Stblginf o Stblying)(A')
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Theorem 4.2.26. The V-stable convez functor Stblyn : Mod(ND%,,, Set) —
Mod(MCyi,,Set) is left adjoint to the forgetful functor Uswy,,

Mod(MCypi,,Set) — Mod(ND%,,,Set). Thus it forms a monad Stblsy, =
(Ustbiy,, © Stblyin,n, 1) over Mod(ND7,,,Set). We include the adjunction and

monad structures:

(a) The unit(n): for (S,V) € Mod(ND},,, Set) and s € S,

nsw(s) = {6:}'.

(b) The counit(e): for (M,V, +,) € Mod(MCj;,, Set) and N € Stbl;, (M),

E(M,v,ﬂ)(NT): \/ (Z(d(m))

degen(N) supp(d)

(c) The multiplication(u): for (S,v) € Mod(ND7},,Set) and N1 ¢
Stbl fin (Sthl 1in(S)),

nsnwW) = B (@(D(AT)) AD-

Degen(N) supp(D)

(Note that the every C € supp(D) is equal to Al for some A € Gu(S).)

Lemma 4.2.27. Given a model of mized choice (M,V, +, ), the probabilistic choice
operator +, preserves the ordering <, generated by the semilattice structure. In
other words, for m,m/,n,n’ € M and any X € (0,1)

m<ym' and n <y n' impliesm+yn <y m +yn'

Proof: By initial hypothesis we have that m vV m’' = m/ and n Vv n’ =n’. We need
to show that (m+,n) vV (m'+5n') = (m' +, 7).

First we show that (m +xn’) <y (m’ 4+, n'), by using the distributivity of +» over
V.

m 4+ n’ = (m'vm)+,n

= (m 4,0 )V (m+yn)
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Similarly, we can prove that (m’+\n) <y (m’+,n’). Thus, we get that

m' 4+xn’ = (m'Vm)+,(n'Vn)
= (M +An)V (M +xn)V(m+\n')V (m+in)
= (m'+n') V(m+n)

O

Proof: [Theorem 4.2.26] We must show that the unit and counit maps are well

defined and satisfy the necessary conditions.
(a) The unit is a well-defined semilattice morphism.

(i) Well-defined: Consider s,s’ € S such that s = ', clearly nv)(s) =
M(sv)(5").

(ii) Semilattice morphism: Given a semilattice (S, V) and s,s’ € S,

77(S,v)(3\/3l) = {6sVs’}T
= {600}
= {6} @ {6}
= 15 (s) @ U(S,v)(sl)

(b) The counit is a well-defined mixed choice morphism.

(i) Well-defined: Let N',(N")' € Stblsin(M), such that Nt = (N')'. We
must show that ey, +,)(NT) = ey, +5) (V).
In order to simplify notation we introduce the following “flattening” p-
choice morphism : (-)° : (Djin(M), ®r) — (M, +1). let d € Dpin(M),
then (d)’ = Z m. Indeed, (-)° is a p-choice morphism since, for

(d(m))supp(d)
any d,d' € Dsin(M),

ddrd) = m
( A ) Z(d ®x (M) supp(m)

= + !
| ( Z(d(m))su,,,,(d) m)a Z(df(m’))w(d/)m)
| = (d)°+, ()
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For any d € gen(N') we show that (d)’ <y ey, +,)(N) where <y is the

order generated by the semilattice structure in (M, V, +) ).

Given a d € gen(N'), since d € N’ € (N)! = N1, there exists a partial

completion Y € N'# such that d € Y. We show by structural induction

onY € Nt that (Vd € Y)(d)® <v ey, +2) (V).

(1) Base Case: Y =N. Ifd€Y =N, then d = @(/\i)ldi where |7] <
o0, and for each i € I,d; € gen(N). Since (d)’ = Z(/\i)l(di)" and for
eachi € I, (d;)’ <v €y, +,)(NT), we have that (d)° <y ey, +,)(NT).

(2) Structural Case: Let Y = Y’ B F!, where F ¢ F¥(M),Y’ € Nteut|
F C Y’ and by induction hypothesis the property holds for any d’ € Y’
(ie., forany d € Y’ (d)" <v ey, +,)(NT)). Since d € Y, there exists
p€0,1],d €Y and f € F' such that d=d' &, f.

Claim 1. Say F = @(/\i)lpfi"(]vi)’ where |I| < 00, and for each i €
I, N; Cgin M, then the distribution defined as f* = @
Fl has the following property:

(F) = Z()\i)z(\/ Ni) <v ey, ) (N)-

Indeed, let 7 € [[; N; and consider the distributions of the form f; =
@(/\i)ld(m(ﬁ)) € F. Since F C Y/, then by the induction hypothesis
we have that for each 77 € []; IV, (fz)? <v ey, +,)(NT). This implies
that VﬁEI'II w( fa)’ <v €@y, +,)(NT). By the distributivity property
of 4+, over V from (M,V, +, ), we have that

by Ny €
(M)r (VN

(/)= \/ (f2)" <v e@ay, ) (V).
’;L'EHI N;
Claim 2. (Vf € FY) (f) < (/*)"
Indeed, consider f € F!, then f = EB 8m, where for each 1 € I,
(Ma)r
m; <v \/ N;. Therefore, we have that (f)" <y (f*)°.
Therefore,

@) = (d)+, (/)" <v ey, +2) (V)
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Thus, (d)" <v ey, +,)(NT), Vd € gen(N’), which implies that

ey, (M) = \/ (@) <ve@ry, 0 (N
degen((N7))

|
}
‘ Similarly, we can prove that ey, +,)(NT) <v ey, ﬂ)((N’)T). Hence, we

have that (v, +,) is well-defined.

(ii) Mixed choice morphism: we must show that the counit is a mixed
choice morphism. Given a mixed choice model (M, V, +, ) and N, (N')T €
Stblsin (M),

(1) A nd-choice morphism.

e, +0)(NTB(N')
= €My, ) (N E N’)T), by Lemma 4.2.23

= vV @

(d(m))dEyen(NBN’)
= ( \/ (d)") v ( \/ (d")"), since gen(N B N') = gen(N) U gen(N')
d'egen(N) d""€gen(N’)

= ey, (V1) V eary ) (V)
(2) A p-choice morphism.

e, +2)(NT@x (N))
= ey, +) (N @ N’)T), by Lemma 4.2.23

= VvV @

degen(N @y N')

=V Vo (@@,
d’€gen(N) d"egen(N’)
since d € gen(N @\ N') = d = d' 4+, d" for some d’ € gen(N) and d’ € gen(N').

= (V @)+ \V (@), by distributivity
d’'€gen(N) d"egen(N’)

= ey, +0)(NT) +re0ay, +2) (V)
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(c) The required equations are satisfied. Given a semilattice (S,V) and A' €
Stblsin(S),
E(Stblsin(S),B,85) © Sthlpinm(s,v) (AT)
T
€ (Stblsin(S),8,85) (sl Aleva)')

- H @

dege’”(’ls,v [A] cuz)

(d(c))supp(d)

However, we have that gen(nsy[A]w:) = {dﬂ(s,v) lde gen(A)}, where

D150 = D st 7159 = D 050

Hence,
( c) = H ( {8:}")
degen(ns,v[Alevs) 69(‘i(c))supp(d) degen(A) @((d(s)))suppu) °
= Al

Given a mixed choice model (M,V, +,) and m € M,

Ustbl i€ (5131 in(M),8,85) © TNM,V) (m)
— . T
= Usthtjin (statyi 0, 8,35) {0 })

= m
0

Proposition 4.2.28. The category Stbls;,-Alg is equivalent to the category
Mod(MCy,,, Set). Thus, Stblsy constructs the free mized choice models over semi-
lattices.
Proof: Mod(MCy;,, Set) = Stbls;,-Alg: We construct two inverse functors F :
Mod(MCyy,, Set) — Stblsi,-Alg and G : Stblfin-Alg — Mod(MCyp, Set):
(a) We begin by defining the functor F : Mod(MCy;n, Set) — Stblsy,-Alg:
F: Mod(MCji,,Set) — Sthls,-Alg

(M’ Vv, +/\) = ((Ma V)a QM) * Stblfin((Ma V)) - (M, V))

V - |

(M, ) (M), e  Stblin((M1, V) — (M1, V))
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where
a(M,V) = E(M,V,-F)‘ ) !
Note F(f) = f (the latter considered as an algebra map).

Indeed, oas,v) is well-defined and satisfies the necessary equations:

(i) It is well-defined. We have already shown that the counit map is well-
defined.

(i) It satisfies the required equations. Let (M,V, +,) €
MOd(MCfm, Set) and NT S Stblﬁn(stblﬁn(M)).

vy © Sthlrmamyy VY = apnn (e Vo))

T N——
—

= H (D

DEgen(a(M V) [N]cu:r)

- HH ®(D(O))supp(D) (M,V) (C))

Degen(N)

(D(O))supp(D)

= Ol(M,v)( HH (
Degen(A) @(D(C))

= o) © paryyNT)

supp(D)

|
|
} Let m € M,

amay) © Ny (m) = @y ({0m}h)

= m

Moreover, we also verify that for any f: (M,V, +,) — (M’,V', +4), then f is
also an algebra map. Let Nt € Sthlsin(M).

Qpmr vy © Stblfmf(NT) = a(M’,V’)((f[N]cva:)T)

/ ’
= \/degen(f[N]cuz) ( Z(d(m))

/

!
= \/dEgen(N) ( Z(d(m))supp(d) f (m))
= f( \/ ( Z(d('m))supp(d)

degen(N)

= foomu(NT)

supp(d)
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(b) Next we define the second functor G : Stblsin-Alg — Mod(MC f;,, Set):

g : Stblﬁn—Alg

((8,V), a : Stblsin((S, V)) = (S, V)

lg

(S, V'), & Stblsin (S, V) — (S, V')

where for s,s' € S,

Mod(MCy, Set)
(S,v, &%)

lg

(s, Vv, %)

111

s®%s' = a({6®rds}").

These operations are well-defined and satisfy the axioms for mixed choice due to

the equations satisfied by «, V and @, and the fact that s; Vs = Oé(TI(S,v) (s1V

52)) = O‘({551V52}T)~

Finally, we verify that the two functors are inverses.

GoF((M,V,+2)) = GU((M,V),amv))

= (M: Vv, @i(M'V))

We can verify that (M,V, +,) = (M, V, @i(M‘V)), since

mEB)\

However, a = «a(s,v) since

asv(A")

My 1

m = O‘(M,V)({dm D (5m'}1)

= m—}—)\m'

.7-'09(((5, V),Oé)) = (F)((S’V7 EBKL ))

= ((S,V), xsv))

V (@,

dEgen(A) s))supp(d)
1
\/ (Ot({ ®(d(s)) 65} ))
degen(A) surp(d)
™M t
o )
(de_cé.é(/l) {@(d(s))supp(d) s3)
a( AN
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Theorem 4.2.29. We can factorize the geometrically conver powerset functor,Geyg,
through the finite non-empty powerset functor P}, by using the V-stable convez func-
tor Stblyy. In other words, Geyg = Stblsiy o Plin-

Proof: We define two inverse natural transformations:

(a) ¢ : (Stblfin © Pfi) = Gevs, where for an X € Set, the mixed choice mor-
phism ¢x : (Stblgin © P3p)(X) — Geug(X) is defined as follows. If CT €
Stbl in(PFin (X)), we define

#x(CN = H (@(d(A))supp(d) (Drin(4)))-

degen(C)

(i) ¢x is well-defined. Suppose Cy, Co € Stblsin(P}y,(X)) such that Cyf =
C,'. We must show that ¢x(Cy") = ¢x(Co'). Let d € gen(Cy). This
implies that d € le and thus, that there exists a Y € lef’” such that
d € Y. We shall show by structural induction on Y that for all d €

@((dm» sinA) € G

supp(d)

Base Case: Let Y = C), thend = @( ) d; where |J| < oo, and for
pi)g
each j € J,d; € gen(Cy). Thus ’

D e i D) = @(pj)J(@(dj(Aj) Drin(47)) € ¢x(C1')

)supp(dj)
Induction Step: Let Y = Y’ B F!, where F = @(,\) Diin(T;) €
i) I
felt(P}*m(X)),Y’ € C'»*  F C Y and that by induction hypothesis
have that f d ey, Dsin(A) C ¢x(Cih).
we have that for every @(d’(A))su,,,,(dq rin(4) € ¢x(Ci')
Since, d € Y = Y’ B F!, then there exists p € [0,1], d' €
Y and f € F' such that d = d'®,f. Next we show that

@(/\) Diin(UTi) € ¢x(CyiT). For every ¢ € [[; T;, consider the dis-

i) I

tributi P

ribution f; @(MI

every t € [, T: that @(A) Diin(mi(8)) € éx(Ci'). Therefore, by
i )1

the convexity of ¢x(C1'), we have that [ (@ Diin(mi(f))) =
e[, T;

supp(d)

6,”(5) € F. Since F C Y’, we have that for

(Aa)r
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@(/\) Diin(UT)) C ¢x(Ci"). Finally, we see that for any f =
)1
1) , . (g,
@(/\01551. € F!, where S; C UT;, that @(/\i)IDfm(S,) C
@(/\) Dsin(UTi) € ¢x(Ci1). Therefore, since d = d'®, f our re-
]I

sult follows.

(i) ¢x is a natural transformation. We prove that the necessary equations
hold. Let f: X — Y € Set and C' € Stblsin(X).

¢y 0 Stblgin Pl f(C

¢Y ((P;inf[c]cvw)f)
( EB(d/(B))suW)Df #(B))

H (D Dyin(f[A)])

dEgen(C) (d(A))supp(d)
Geuaf( HH ( Dyin(A))
deQen(C) @(d(A))supp(d)

gcva:f © ¢X(CT)

d,eQen('P*inf[C] cv:c)

(i) ¢x is a mixed choice morphism. Let Ci!,Ci! € Sthlfin (P}, (X)). It

preserves the ND operations.

ox (CiIEC,Y)
= ¢x((C1BCy)N)
= H @

dEQE'n(Cl ECQ)

= ( H

degen(Ch)

ox(Cit '@y Coh)
= ox((Cr o, Cz)T)

= H (D

degen(CL @), Ca)

= ( B D

degen(Ch)

(d(A))supp(d)

( @(d(A))mp(d)Dﬁn(A))) B (
= ¢x(C1") B ¢x(Cyh)

It preserves the P operations.

(d(A))suPP(d)

Drin(A))@x ( HH

(d(A))supp(d)

= ¢x(C1") ®x dx(Col)

Dyin(A))

Dyin(B
( ®(d’(B))supp(d') / ( )))

d’ gen(C2)

Dfin(A))

Diin(B
(Bwiay,, ., PrBN)

d'€gen(Cz)
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(b) ¢ : Geyr = (Stblgin 0 P;in)’ where for an X € Set, the mixed choice morphism
¥x : Geve(X) — (Stblfin © PFip )(X) on C € Gewe(X) is given by

wX(C) = (nX[C]cvx)T~
where 7 : 1get = Z/{'p}in o P}in is the unit for the finite powerset monad.

(i) ¥x is well-defined. This is immediate, from the definition.

(ii) ¢ is a natural transformation. This follows from the naturality of 7.
Let f: X > Y € Set and C € Geye(X), then

SthlsinPhinf 0 ¥x(C) = StlsinPonf (x[Clevz)')
= (P}t nx[Cleve)eve)
= ((Pjinf ©1x)[Clewe)’
= ((nv © )[Clews)!
= Yy ((f[Clows)")
= 1y 0 G f(C).

(iii) ¥x is a mixed choice morphism. Let C1, C2 € Geyr(X).

It preserves ND operations

Yx(C1EBCy) = (nx[CiB CZ]c'uz)T
= (1x[Ci]eve B 1x[Colevs)’
= (1x[C)ens) B(1x [Colens)'
= ¢x(Cy)Bx (Co)

It preserves P operations.

Yx(C18:1C2) = (nx[Cr®xColevs)!
= (x[Cileve ®amx [Cz]cuz)T
= (nx [Cllm)f?é;(nx [CZ]cvz)T
= ¥x(C1)erx(Ca)
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(c) These natural transformations are inverses.
(1) Let C € gc'u:z(X)

¢X°"7[)X(C) = ¢X((77X[C]c'u:z)T)
= H () Dyin(A))

degen(nx [Clevs) (d(A)) supp(d)
= Dim(1x
B @i, P

= C
(if) Let CF € Sthlyin(Pfin(X)).

Yxo¢x(Ch) = yx( HH (P Dyin(A)))

dEgen(C') (d(A))supp(d)

——

= H (B, vx@sm(A)

degen(C)

—

= ( (nx[Dgin(A)lcre)")
degEeac) ®(d(A))supp(d)

———

= H (B, Prlllaiac A

degen(C)

_ e N T
- 0 (eawm))mp(d){é“‘})

degen(C)
= Ct

4.3 Extending to Infinitary Operations

Recall the extension to theories which included infinitary nondeterministic choice
operators and countable probabilistic choice operators discussed in Chapter 3. By
combining these two infinitary theories together we defined the infinite mixed choice
theory, to which we also associated the monad G,g,e. This monad was again defined
by following the left-hand path of our usual diagram slightly modified to reflect the

new infinite operations.
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Mod MC, Set

SC'u:z: Stb
L{.scﬂ: / \\Usm

Mod(ND"*, Set)

MOd(me, Set Ugscos Gscvz
\ / *
——

Set — __—P

Figure 14: Combining infinite nondeterministic and probabilistic theories: two possi-
ble approaches.

In this section we show how we can extend the results obtained in the previ-
ous section to define a \/-stable superconvez functor, Stbl : Mod(ND*, Set) —
Mod(MC, Set): the functor which constructs free infinite mixed choice models from
arbitrary semilattices.

We begin by extending/modifying the basic definitions seen in the previous section
to compensate for the presence of the infinite operations. In the instance of faces,
since our semilattice now admits infinite ND combinations, any ND behavior may
arise as an arbitrary ND combination of elements. Thus, we now allow faces to be
generated by arbitrary subsets of the semilattice. Moreover, the definition of facial
elements must be modified to compensate for the possible superconvex combinations

of faces.

Definition 4.3.1 (Faces/Facial Elements). Given a semilattice (S,\/) €
Mod(ND*, Set), the model category of arbitrary nondeterministic algebras.

(a) An element of Gy (S) of the form D(T'), where T € P*(S), is called a face of
D(S).

(b) A facial element of D(S), F, is a superconvex combination of faces of D(S)
in Gsez(S). We shall denote the set of all facial elements of Gseye(S) by F4(S).

We have previously discussed the importance that, if a convex set captures a
particular probabilistic combination of ND behaviors each associated to a particular
ND combination of elements, then it must capture the probabilistic combination

of ND behaviors arising from any equivalent ND combinations (V-expansion). For
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the infinitary case, we need to make modifications in order to allow for superconvex

combinations and ND behaviors arising from arbitrary ND combinations.

Definition 4.3.2 (\/-Expansion). Given a facial element F € F¢(S) of the form
F = @(/\) D(T;), the \/-expansion of F, denoted by F'! 2, is defined as the
i) I

following superconvex set :

= ®(Ai)1D(lv v T).

Given the infinite versions of our definitions, we can now define the notion of

V-stability for the infinite case: \/-stability.

Definition 4.3.3 (\/-Stable). Given a semilattice (S,V) € Mod(IND", Set), a su-
perconvex set C' € Gs1(.S9) is said to be \/-stable if it satisfies the following property:
for any facial element F € F¢(9),

FCC = FlccC
We will denote the set of all \/-stable superconvex sets in D(.5) as Stbl(S) C Gseve(S).

Proposition 4.3.4. Suppose we are given a semilattice (S,\/), Stbl(S) is closed

under arbitrary non-empty intersections.

Proof: Let W be an arbitrary indexing set and for each w € W, C,, € Stbl(S), such
that Nyew Cw # 0.
(1) (Nwew Cuw € Gsewa(S)) Let (Ni)r € Pwt and for each i € I, di € (yew Cu-
Thus, for every w € W, and for each 7 € I, d; € C, and thus EB(/\) d; €
)T

Cw (since C, is a superconvex set). This implies that for any (\;)r e Puwt,
ea(/\i)rdi < ﬂwEW Cu

(i) (Nyew Cw is \/-stable) Suppose for some facial element F € F¢(S) that F C
Nwew Cw- Thus, for every w € W, we have F' C C,,. Since the C, are \/-stable,
we obtain Ft C C,, for all w € W. Therefore, F* C (e Cu.

O

%We use the same notation F! as defined previously for finitary theories. It will always be clear
from the context which version is meant.
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The above proposition allows us to define a closure operation based on \/-stability
(as we used its finite counterpart to define the V-stable closure). That is, we will define
the \/-stable closure of any superconvex set C' € Gez(S), to be the smallest \/-stable
superconvex set, C! in G,oz(S), which contains C. It can be obtained by taking the
arbitrary intersection of all \/-stable superconvex sets D € Stbl(S) such that C C D

(ie, Cl= ﬂ{Deswl(S)lCQD} D).

Definition 4.3.5 (\/-Stable Closure). Given a semilattice (S, \/) € Mod(IND*, Set)
and a superconvex set C € Gyq2(S), the \/-stable closure of C, denoted by C' 3,

is the smallest \/-stable superconvex set in Gs:(S) containing C.

Finally, we have all the necessary definitions to define the \/-stable superconvex

functor Stbl.

Definition 4.3.6 (\/-Stable Superconvex Functor). The \/-stable convex functor,
Stbl : Mod(ND*, Set) — Mod(MC, Set) is defined as follows:

(a) On objects: For (S,\/) € Mod(ND", Set),

swi((s, \/)) = (seei(s), {1 , é\(;)

where EEI and @ are the \/-stable closed counterparts of BH and @
from Gyevs(S).

(A1

(i) For any arbitrary family of \/-stable superconvex sets (Cy,)w in Stbl(S),

———

BEI Cw:(HH Cw)Jr

weWw weW

(ii) For any countable family of \/-stable superconvex sets (C;)y in Stbl(S) and
any probability density ()\;); € Pwt,

e T
C;, = C;) .
@()\i)l ( (M)r )

3We use the same notation C' as defined previously for finitary theories. It will always be clear
from the context which version is meant.
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(b) On morphisms: For f : (S,V) — (5,V') € Mod(ND* Set) and C €
Sthl(.S),
StblF(C) = (f[Clewa)"
where f{Csene = {df|d € C}.
We have the following results hold in the infinitary case, for similar reasons as the
finite case. In fact, the proofs for these results are easier than their finite counterparts,
because we do not have to restrict ourselves to finitary combinations and finitely

generated convex sets. This greatly simplifies the proofs that our maps are well-
defined.

Theorem 4.3.7. The \/-stable convezr functor Stbl : Mod(ND* Set) —
Mod(MC, Set) s left adjoint to the forgetful functor Usw : Mod(MC, Set) —
Mod(ND*, Set). Thus it forms a monad Stbl = (Usw o Stbl,n,u) over
Mod(ND*, Set). We include the adjunction and monad structures:

(¢) The unit(n): for (S,\) € Mod(ND*, Set) and s € S,
msw(s) = {6}
(b) The counit(e): for (M, \/,Z(/\,)I) € Mod(MC, Set) and C € Stbl(M),

e 2o (€)= V (D

deC

(c) The multiplication(u): for (S,V) € Mod(ND*, Set) and C € Stbl(Stbl(S)),

m))supp(d)

—

c) = ¢
#s\)(C) %(@(D(C))suppw)

(Note that the every C € supp(D) is an element of Stbl(S). Thus, C is a
\/-stable superconver set.)
Proposition 4.3.8. The category Stbl-Alg is equivalent to the category
Mod(MC, Set). Thus, Stbl constructs the free infinite mized choice models over

arbitrary semilattices.

Theorem 4.3.9. We can factorize the geometrically superconver powerset functor,
Gscvs, through the non-empty powerset functor P* by using the \/-stable superconvez
functor Stbl. In other words, Gyepe = Stbl o P*.
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4.4 V-Stability and Posetal Models of Mixed
Choice

In this section we return our focus to finite theories of nondeterministic and prob-
abilistic choice. However, we now want to describe our construction of free finite
mixed choice models over finite semilattices over posetal models, instead of set mod-
els. In other words, we want to define the posetal version of the V-stable convex
functor. However, as mentioned in Chapter 3, there are three different types of non-
deterministic theories to consider when considering ordered theories. We begin this
chapter by recalling the basic algebra constructions used to capture probabilistic and

nondeterministic choice over Poset.

4.4.1 Posetal Models of Probabilities and Nondeterminism
Posetal Models of Probabilities

We begin by presenting the posetal probabilistic algebra. As previously mentioned,
the probabilistic algebra functor over partially ordered sets is a particular case of the

construct described in depth in Claire Jones’ thesis [20].

Definition 4.4.1 (Probabilistic Algebra). The probabilistic algebra over Poset,
V : Poset — Mod(Py;,, Poset) is defined as follows:
(a) On objects: Given (X,C) € Poset,
V((X’ E)) = (Df'in(X) —<)7

Y —_—

where < is the distributions order over (X, C). Recall that for d,d’ € Dy (X),
d < d if and only if for all Y C X, d(1cY) < d(1cY), where d(Y) =

EyEY d(y)
(b) On morphisms: For f: (X,C) — (X’,C') € Poset, d € V(X) and =’ € X',

Vi) =ds =3 d@)bsa).
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Posetal Models of Nondeterminism

Next we present the posetal definition of the three powerdomains for nondetermin-
ism. As previously stated, each of the following algebras gives rise to models of non-
determinism with associative, commutative and idempotent nondeterministic choice
operators. However, in the cases of the Hoare and Smyth algebras two extra axioms

concerning the ordering are assumed, AC AH B and AB B C A, respectively.

Definition 4.4.2 (Convex Algebra Functor). The convex algebra functor, P :
Poset — Mod(ND}%,,, Poset) is defined as follows:

(a) On objects: Given (X,C) € Poset,
P((X,C)) = ((p(X),U), Cem),

(i) P(X) is the set of all order-convex closures under C of finitely generated
subsets of (X,C) (i.e P(X) ={Y|Y € P},,(X)}, where Y is the smallest
order-convex set containing Y').

(ii) U is union closed under order-convexity (i.e., ¥; U Y3 = (Y1 UY3)).

(iii) Cga is the Egli-Milner order over (X,C). For Y1,Y; € P(X), Y1CpnYa
ifandonlyif [Y; ClYoand 7Y C 7Y,
(b) On morphisms: For f: (X,C) — (X',C’) € Poset and Y € P(X),

PIY) = flY].

Definition 4.4.3 (Lower (Hoare) Nondeterministic Algebra Functor). The lower
ND algebra functor, H : Poset — Mod(ND", Poset) is defined as follows:

(a) On objects: Given (X,C) € Poset,
H((X,5)) = ((H(X),1), S).

(i) H(X) is the set of all lower sets under C of finitely generated subsets of
(X,C) (e H(X) = {IcY|Y € P}in(X)}, where |cY is the set of all

elements of X which are smaller than some element in Y).
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(b) On morphisms: For f: (X,C) — (X',C') € Poset and | Y € H(X),
Hf(leY) =l fIY].

Definition 4.4.4 (Upper (Smyth) Nondeterministic Algebra Functor). The upper
ND algebra functor, S : Poset — Mod(IND},,, Poset) is defined as follows:

(a) On objects: Given (X,C) € Poset,
S((X, 0)) = ((8(X), L), 2).

(i) S(X) is the set of all upper sets under T of finitely generated subsets
of (X,C) (i.e S(X) = {1cY|Y € P}, (X)}, where 7Y is the set of all

elements of X which are bigger than some element in Y').
(b) On morphisms: For f: (X,C) — (X',C’) € Poset and T Y € S(X),

Sf(TeY) =1 fI¥].

4.4.2 Convex Algebra Functors

As stated previously, there is a algebra functor for mixed choice associated to each dif-
ferent type of nondeterminism present for posetal models. We recall their definitions
below.

The biconvex algebra functor captures the mixed choice theory associated to the

nondeterministic operations described by the convex algebra functor.

Definition 4.4.5 (Biconvex Algebra Functor). The biconvex algebra functor,
PV : Poset — Mod(MCy;,, Poset) is defined as follows:

(a) On objects: Given (X,C) € Poset,
PV((X,0)) = (PV(X), B, &,),Cem<)

(i) PV(X) is the set of order-convex closures under < of finitely generated
convex subsets over (X,C) (i.e., PV(X) = {C|C € Gey(X)}, where C is

the smallest order-convex, convex subset of V(X) containing C).
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(ii) B and @, are the order-convex closures of @ and @,. For C1,C; €
PV(X), we have that

CiHBC, = (CiBG)
Cy (C1 01 C5)

Cy EB,\@

fl

(i) Cpum< is the Egli-Milner order over V((X, E)).
(b) On morphisms: For f: (X,C) — (X’,C’) € Poset and C € PV(X),
PVf(C) = flClove.
The convex lower ND algebra functor captures the mixed choice theory associated
to the ND behavior described by the Hoare algebra.

Definition 4.4.6 (Convex Lower Nondeterministic Algebra Functor). The convex
lower ND algebra functor, HV : Poset —» Mod(MCy;,, Poset) is defined as

follows:
(a) On objects: Given (X,C) € Poset,
HY((X,5)) = (MV(X), B!, @), ).

(i) HV(X) is the set of lower sets under < of finitely generated convex subsets
over (X,C) (i.e., HV(X) = {l<C|C € Gex(X)}, where | <C is the set of

all distribution in V(X) which are smaller than some distribution in C).

(i) @' and EBf\ are the appropriate closures of B and @) . For |[<C1, [<C; €
HV(X), we have that

1<C B <0 = [<(CiEBG)
1<Ch EBf\ 1<Cy = [<(Ci19,C)

(b) On morphisms: For f: (X,C) — (X',C’) € Poset and |<C € HV(X),

va(ljc) = lj’ (f[C]cvz)
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The convex upper ND algebra functor captures the mixed choice theory associated
to the ND behavior described by the Smyth algebra.

Definition 4.4.7 (Convex Upper Nondeterministic Algebra Functor). The convex
upper ND algebra functor, SV : Poset » Mod(MCy,,, Poset) is defined as

follows:
(a) On objects: Given (X,C) € Poset,
SV((X,8)) = (Sv(x), &, &]), 2).

(i) SV(X) is the set of upper sets under < of finitely generated convex subsets
over (X, ) (i.e.,, SV(X) = {1<C|C € Gez(X)}, where T<C is the set of

all distributions in V(X) which are larger than some distribution in C).

(i) @' and @] are the appropriate closures of B and @, . For 1<C1,1<Cs €
SV(X), we have that

1<C1 B 1<C2 = 1<(Ci B Cy)
1<C1 @) 1<Cy = 1<(C1®xCy)

(b) On morphisms: For f: (X,C) — (X’,C') € Poset and T<C € SV(X),

SVf(120) =12 (f[Cleva).

4.4.3 V-Stable Convex Algebra Functors

As we have noted during our constructions over Set, the above convex algebra con-
structions are obtained by following the left hand side of our recurring diagram,
modified for the posetal case (the case involving the convex algebra functor is shown
in Figure 15). Based on our work on finding set-theoretical models for mixed choice,
we will construct the functors necessary to obtain posetal mixed choice models by
following the right hand side of the diagram. For each of the possible convex alge-
bra functors capturing mixed choice, there will be an appropriately ordered V-stable

functor. We begin by defining the V-stable biconvez functor, which constructs mixed




CHAPTER 4. MIXED CHOICE VIA NONDETERMINISM 137

Mod(MCy;,, Poset)
/ fi \Dvst

e [\ T \M\

Mod(P fm, Poset Upy PV od(ND?

Vk— Poset —____—F

Poset)

Where each functor is part of an adjunction pair i.e. PV - Upy.V - Uy, P
Up, PVsi 1 Upy,,, and U 4 F, such that F oV = PV.

Figure 15: Mixed Choice Factored over Poset

choice models over arbitrary ordered semilattices, using the most familiar interpreta-
tion of posetal nondeterminism.

We’ve observed in the definition of the convex algebra functor and in the biconvex
algebra functor that in order to capture this type of nondeterminism we consider
particular sets of order-conver convex subsets of V((S,C)). Thus, we shall have to
extend our previous concepts of V-stability in order to construct a family of convex

subsets which are V-stable and order-convex under <; i.e. order V-stable convex sets.

Definition 4.4.8 (Order V-Stable). Given an ordered semilattice ((S,C),V). A
convex subset C' € Cvz(S) is order V-stable if C is V-stable (i.e., for every facial
element F € F(S), F C C = F! C C) and order-convex under < (i.e., for any
d € V((S, 0)), if there exists dy,ds € C such that dy < d <X d, then d € C).

Both V-stability and order-convexity behave well with respect to arbitrary inter-

sections, yielding the following result.

Proposition 4.4.9. Suppose we are given an ordered semilattice ((S,V),C). Then

V-stability and order-convezity are preserved under arbitrary non-empty intersection.

Thus, as previously done over Set, we can define a closure operation called the

order V-stable closure over any convex subset of V((S C)).

Definition 4.4.10 (Order V-Stable Closure). Suppose we are given an ordered semi-
lattice ((S, €), V) and a convex subset C € Cvz(S). The order V-stable closure of
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C under <, denoted by CT, is the smallest convex subset of V((S, Z)) which is both

V-stable and order-convex under <.

In the case of Set, we have defined a family of partially V-stable-closed sets
constructed from a particular convex set C, i.e. C'rt. We showed how this recursively
defined family could be used to construct the V-stable closure of C. Now we shall

define its counterpart for partial order V-stable closures.

Definition 4.4.11 (Partial Order Vv-Stable Closures). Given an ordered semilattice
((S,V),C) and a convex set C € Cvz(S), the set of all partial order V-stable

closures of C, CT», is given by the following recursive definition.
(a) C e Cho,

(b) If Y € CTet and there exists F € F¢%(S) such that F C Y, then (F'EBY) €
C?ptl'

Proposition 4.4.12 (Properties of C‘tptl).

(a) For each Y € Cha, Y e PV((S, C)), thus there ezists A € Gei(S) such that
Y = A.

(b) For each Y € Cleu, CCY,

(¢) Clot is closed under B in PV((S,C)) (e, IfY,Y' € Clou, then Y B Y’ €
C?ptl)_

Each of the properties of Proposition 4.4.12 follows from the recursive definition
of partial order V-stable closures. The proof is quite similar to the proof of Proposi-

tion 4.2.19 given when dealing with models over Set.

Theorem 4.4.13. If C is a conves set in Cvz(S) then CT = U Y.
yectru

Proof: Many of the necessary conditions we need to show are similar to their set
theoretical counterparts given in the proof of Theorem 4.2.20. Their remains to show
that U Y is order convex. Let d,d' € U Y, then there exists Yy, Yy € Clou

vecTrt YEC'TP”
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such that d € Y; and d’ € Y. This implies that d, d' € Y;H Y, which is order convex

and a partial order V-stable closure of C (i.e., Y;BYy € C*Pﬂ). Therefore, any d”

such that d < d’ < d must be in Y;H Yy and hence in U Y. O
vectet

Proposition 4.4.14 (Mixed Choice Model). Suppose we are given an ordered semi-
lattice ((S,V),C). The set of all order V-stable closures on Geyi(S), PVswmi(S), to-
gether with the operations B* and &3, the order V-stable closures of B and @© from
Gevz(S), forms a mized choice model (PVswi(S), B*, @} ) over Poset when equipped
with the Egli-Milner ordering <g.

Before we can prove Proposition 4.4.14 and show that ((PVgwi(S), B*, @3 ), <em)
is in fact a mixed choice model over Poset, we prove some technical lemmas which

we shall require.

Lemma 4.4.15. Suppose we are given an ordered semilattice ((S,V),C). Let C be an
order V-stable convez set over ((S,V),E). Then, for any C' € PV(S) and F € F(S)
such that C' @y F C C we have that (C' @, Fl) C C.

Proof: Since C is V-stable we know that C' @, F C C implies C' @, Ft C C, as
shown in Lemma 4.2.22. Moreover, since C is also order-convex we must have that
(C '@, F l) cCC. O

Lemma 4.4.16. Let C1,Cy € GpeS. Then
(0) (CT @, C) = (CLer ),
6) (cFmch) = i maoy).
Proof: Let Cy,Ca € Geus(S).
(a) We show that (Cif @, Go1)! € (C1@x Co) and (G @x GT)' 2 (Cran ).

(C) It will be enough to show that Cfex Gyt C (CL oy Cz)f; hence we need
to show that for every Y; € CJP“ and Y, € Colrtt Vi B, Vs C (C1 @3 CQ)T.

We proceed by simultaneous structural induction on Y; and Y5.
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(i) Base Case: Let Y; = Cy and Y; = C, then Y1 @, Y, = C1 @, C, C
(Cy ®» Cgﬁ.

(ii) Induction Step: Let Y; = (Yl’EH—Fll), and Yy = (Y] B Fy!), where
Y! € Gy, Y] € Cyleu, and Fy, Fy € F(S) such that F; C Y{ and
F, CY]. By LLH we assume that Y/ @, Y; C (C; @) C’z)i

VienY, = (YYERYe, (Y HERY
C (Yo, Yy B(Y{o\RYHE(Fre,\Y;) B(R'eyRY)
= Ve EY e RHYEFR e\ Y)BEFR e\ R

Since (F1 @) F),(F1®,Yy) and (Y]/®,F;) are all subsets of
Yi®,Y, C (C, 02)? and since (C; &) Cg)? is order V-stable, we
have that (F! @y Fol), (Fi' @, YY) and (Y{ @ (F)*) are contained in
(CL @ 02)?- Thus, Y1 @, Y: C (C) &, Cz)?'
(2) Since C; C Cf and C;, C Cyf, we have that C1@,Cy C Cif @, Gyl
Therefore, (C; ®» 02)? C (C’l? D CJ)T.

(b) By similar arguments and observations as those made for part (a), we have that
part (b) holds.

0
Proof: [Proposition 4.4.14] Since the elements of P Vs, (S) are in particular order-
convex sets under <, then the Egli-Milner order <z, is a well-defined order relation
on PVsui(S). Next, we show that the operations B* and @3 are well-defined and
respect the Egli-Milner ordering <gjs and satisfy the required axioms. Suppose
A€ [0,1], AT = By and 4,1 = By, where Ay, Ay, Br, By € Guna(S).

(a) H* and @} are well-defined.
‘ (i) We show that A;' @ A,7 = BT @% B,T.
i AT =B AT =BT = ATe, A7 =Bfe, Bt
| = (Al @, AJ)T = (Bi' @, Byf)
= Al A =Ba; B,

?
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(it) Similarly, we have that Aﬂt @B Az? = Bl‘T /B Bz‘t.

(b) B* and @} respect the Egli-Milner ordering, <g,.
Suppose A]f =EM Blf and AZT =EM B;, where A;, B; € gcv:c(S)

(i) We show that A;f @} As! <py Bif &% Byl
1< (A1 05 As3) C |<(B1®y By) and 1< (B1®x B2) C 1< (A1 ®x A2)

Let d € [<(A1®xA2), then there exists dy;, € A; such that d =
da, ®rda,- Moreover, we know that there exists dp, € B, such that
d4, % dp,. Thus, d =X da ®rda, = d @irdp, which implies that
d € |<(B1®xB;) and thus |<(A; ®xAs) C [<(B1®yB,). Similarly,
we get that T<(B1®x B2) C 1< (A1 @, Az).

(i) By similar arguments as made above in (i), we have that
AT A<y BT B By

(c) B* and @} satisfy the mixed choice theory axioms.
The necessary mixed choice theory axioms are all satisfied, since B and @,

satisfy them and that H* and @3 are the order V-stable closures of B and
SEP
ad

We now have all the necessary information to define the V-stable biconvex functor,
PVstw.

Definition 4.4.17 (\V-Stable Biconvex Functor). The V-stable biconvex functor,
PVsuwi : Mod(ND%,,, Poset) — Mod(MCt;,, Poset) is defined as follows:

(a) On objects: Given ((S,C),V) € Mod(ND}%,,, Poset),
PVsmu(((S,E), V) = (PVsw(S), B, @3 ), 2gm)-

(1) PVsumi(S) is the set of all order-convex V-stable closures of the finitely gen-
erated convex subsets over (S,C) (i.e., PVsm(S) = {Cﬁ |C e gcvm(S)},
where CT is the smallest order-convex, V-stable convex subset over
((S, V), C) containing C).
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(ii) B* and @} are the order-convex V-stable closures of B and @, .

CI:FE*CQT = (C&BE]CVQ)T
Cﬁ@f\cz? = (0169,\Cz)$

(iil) <z is the Egli-Milner order over V((S,C))

(b) On morphisms: Let f : ((S,C),V) — ((§,C),V') € Mod(ND},,, Poset)
and CT € PVsui(9),
PvStblf(CT) = (f[C]cvz)T

In the following theorem, we show that the V-stable biconvex functor defined
above is indeed the left adjoint to the forgetful functor from the posetal models of

mixed choice to the posetal models of nondeterministic choice.

Theorem 4.4.18. The V-stable biconvezr functor PVsy : Mod(ND7,
Mod(MCy;,, Poset) is left adjoint to the forgetful functor Upy,,,

Mod(MCy;,, Poset) — Mod(ND%,, Poset). Thus it forms a monad
PVsw = Upvgy © PVswmi,n 1) over Mod(ND3,,,Poset).  We include the

adjunction and monad structures:

Poset) —

(a) The unit(n): for ((S,V),E) € Mod(ND},,, Poset) and s € S,
nsv.o(s) = {8}

(b) The counit(e): for (M,V, +1),E) € Mod(MCy;,, Poset) and NT ¢

PVsw (M),
TOERI=COERVARSY

A sumpty
degen(N) m )supp(d)

(c) The multiplication(x): for ((S,V),E) € Mod(ND},,, Poset) and NT €
PVsiu(PVsm(S5)),

/‘L((S,V)’E) (NT) = E ( @(D(C?))suPP(D) CT)

Degen(N)
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Proof: We must show that the unit and counit maps are well defined and satisfy the

necessary conditions.

(a) The unit is a well-defined ordered semilattice morphism.

(1)

(i)

(iii)

Well-defined: Consider s,s’ € S such that s = ¢, clearly n(sv)c)(s) =
(ETN=1CO

Preserves the order: Consider s,s’ € S such that s T ¢, clearly
1<{6:} € |<{ds} and 1<{ds} C 1<{ds}. Therefore,

Nsw,0) () 2EMmsv) .o (5)-

Semilattice morphism: Given an ordered semilattice ((S,V),C) and
5,8 €8,

{(ssv.s’}T

(6.} 8 {5, })]

ERY=: Y

= sw,o(s) B sy, (s)

Mo sV s')

I

(b) The counit is a well-defined mixed choice morphism.

()

Well-defined: Let NlT, NzT € PVsumi(M), such that NJ = N;. We must
show that E((M,V, + ),E)(NlT) = E((M7V,+A),;)(N2T).

b
For any d € gen(N,), define & = Z(d(m)) m € M. Recall

supp(d)

that Z m represents the convex combination in (M,V, +))
(d(m))supp(d)

of the form d(mi)my + d(ma)mg + ... + d(mg)mi where supp(d) =
{m1,mg,...,m;}). We show that d® <, 5((M,V,+A),,;)(NIT) where <y is
the order generated by the semilattice structure in (M, V, +,), C).
Given a d € gen(Nz), since d € N, C NQ‘T = NlT, there exists a partial
completion Y € N;f»t such that d € Y. We show by structural induction
on'Y € Ny that (Vd € Y)d <y ey, 1,0 (Ni1)-
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Base Case: Y = N;. f d€ Y = Ny, thend = @
00, and for each i € I,d; € gen(N;). Since d® = Z

d; where |I] <
(Aé)r

d and for each
- eH); -~
1€ 1, dL’- <v €((M,v,+,\),g)(N1T), we have that &® <, 5((M,V,+,\),|;)(NIT)-
Structural Case: Let Y = (Y'BF!), where F € F*(M),Y’ ¢
Nljfvﬂ, F C Y’ and by induction hypothesis the property holds for any
d' €Y' (ie, forany d' € Y, (d) <y ey, +,)0)(Ni1)). Since d € Y,
there exists dj, d2 € Y/ B F* such that d; = d} ®,, f; where p; € [0, 1],
d. € Y’ and f; € F!, such that d; < d < ds.

Claim 1. Let F = @m V(T;), where T; Cyi M. The distribution
)1

fr= @(/\) dy1) € F* has the following property:
)1

(f) = Z(Am(v T;) <v &, +2),0) (M),

Indeed, let t € [] ; I; and consider the distributions of the form f; =
@(/\mé(m@) € F. Since F C Y’, then by the induction hy_pothesis
we have that for each & € [[; T3, (f" <v (v, +2),0)(N1'). This
implies that \/ () <v ey, +4).0)(Ni). By the distributivity

t—'E]__[IT.,;
property of +, over V from ((M,V, +, ), ), we have that

Y=\ () <ve@v,eno®h).
{GHI T;
Claim 2. (Vf € FY) £ <y (f*).
I i F' t =
ndeed, consider f € F*, then f @(/\i)l
m; <y \/ T;. Therefore, we have that f* <, (f*)".

Therefore,

0m, where for each ¢ € I,

=)+, <v E((M7V1+A)>_|:_)(N1¥)

Thus, & <y 5((M,V,+A),;)(N1T)’ Vd € gen(N,), which implies that

ey, o) =\ & <vequy, w00
degen(Nz)
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(iii)

Similarly, we can prove that e((M,V,ﬂ)[:)(Nﬁ) <v E((M,v,+x),l;)(N2?)-

ye=

Hence, we have that €((as,v, +,),c) is well-defined.

Y=

Preserves the order relation: Suppose N, WARS PVstn( M) such that
Ny'=< g Not. We must show that 6((M7V,+A)7;)(N1T) C 6((M,V,+A),;;)(N2T).

Claim 3. Suppose d,d’ € V(M) such that d < d', then & C (d')’.

Indeed, let S be the subsemilattice of (M, V) generated by the support of
d, supp(d). We construct a family of possibly empty subsets of supp(d’),
indexed by elements of .S, as follows: for every k € S, we define m' € X,
iff V(supp(d) U |cm') = k. From this definition we can observe that:

1\b
(1) Z(d(xk))sk E (d'), and

2 T ooy

Thus, if di € gen(Ny), there exists d; € N such that diy = dy. By
our previous claim, we obtain d'i cC dZ C E((M,v,ﬂ),g)(Ng‘T). Thus
ey, 0.0 (M) E ey, +0).0(N).

Mixed choice morphism: we must show that the counit is a mixed
choice morphism. Given an ordered mixed choice model ((M,V, +,),C)

and le, ]\[2T € PVStbl(M),
(1) A ND-choice morphism.

e, +3),0) (N1T B* Nof)
= (v, 40,0 (N1 B No)T)

= \/ &

dEgen(NlEENz)

=V @ve V @

d'egen(Ny) d"egen(Na)

= v, 4.0 M)V ey, 42).0 (N2
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(2) A P-choice morphism.

E((M)V)"—)\ )72) (N]-? @I\ N2¥)
= (v, +)0) (N1 @ Ny

= \/ &

nge'n.(Nl D Nz)

= V.V (@ n@

d’'€gen(IN1) d”’ €gen(N2)

=V @n V @M

d’€gen(N1) d" €gen(Nz)

= £y, +2).0 M) Fr ey, +2)0)(V2')

(c) The required equations are satisfied. Given an ordered semilattice ((S, V), E)
and Ct € PVg(S),

E(PVsm(S), B+, &5) © PVsuin((sv),0)(CT)
:f

E@Vsm (), B, 03) ((M(5v),0) [Clevz)')
= EE]* &
degen(ns,v),c)[Cleva)

However, we have that gen(n(sv)c)[Clevz) = {dn((s,v),g) |d e gen(C)}, where

dnsoney = @(d(

b — i f
dﬂ((s,v),g) - @(d(s))supp(d){és}

Otrcsn.er(e) = @(d(@)mpp(oa(”s}?)'

5))supp(d)

Hence,

1l

EB* db EB* dﬁ’((S»V)»E)

degen(ns,v[Clevs) degen(C)

= cf

Given a mixed choice model ((M,V, +,),C) and m € M,
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Upvs, E(PVsum (M), 8+, @%) © TI(M,V) (m)
= uPVStblg(PVStbl(M), B, e3) ({5m}f)

= m

O
Finally, we show that what we have obtained following the right-hand path is

equivalent to the previous constructions following the left hand path.

Theorem 4.4.19. The composition of the VV-stable biconvex functor with the conver

algebra functor, PVgw o P, is isomorphic to the biconver functor PV.

Proof: We define two inverse natural transformations:

(a) & : (PVswioP) =PV, where for an (X, C) € Poset, the ordered mixed choice
morphism ¢x ) : (PVsw o P)((X,E)) — PV((X, E)) is defined as follows. If
Ct € PVsu(P(X)), we define

ch = _ V()))).
bx,o)( degEE(c') (GB( d(Y))supp(d)( Y))

(i) ¢(xc) is well-defined. Suppose C’lf, C’z € PVStbl(P(X)) such that C;f =
C’gf. We must show that ¢x, [:)(C’l ) = dx, [:)(Cg ). Let d € gen(Cs).
This implies that d € C'1 and thus, that there exists a Y € C;'» such
that d € Y. We shall show by structural induction on Y that for all

— 8% i
deY,Xq= (@((d(?)))supp(d)(v(y))) C ¢ (Cr).

Base Case: Let Y = (', thend = EB
each j € J,d; € gen(Cy). Thus

d; where |J| < oo, and for
(ps)a

Xq= X, o,
d @(Pj).] d] C ¢(X7E)( 1 )

Induction Step: Let Y = (Y/B F!), where F = @(/\) V(T;) €
- i)I
FH(P(X)),Y' € Cy'»,F C Y’ and that by induction hypothesis
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we have that for every d € Y/ Xy C qﬁ(x,;)(C’lT). Since, d € Y =
(Y’ B F), then there exists dy,d, € Y’ B F} such that d; < d < d,
where for i € {1,2} there exists p; € [0,1], d; € Y’ and f; € F* such
that d; = d; @, fi-

Claim 1. (B, | (VOT)) € dxp)(Cr).

For every ¢ € [] 1 T3, consider the distribution f; = @(z\i)zd’”@ € f’
Since F C Y’, we have that for every ¢ € [I; T; that Xy, C ¢(X,|;)(C’1T).

Therefore, by the convexity of ¢ x,g)(cﬁ), we have that FH X 5 C
te[l, Tx

B¢ X,g)(C'lT) and by the distributivity of @, over B we have that

H 5 = (B (@D, Ym0

e[, T

- (@()\)1 Ea V7

= (@(Ai)lwwn))

V(Y;)) where Y; C UT;,

Finally, f € F! implies that X; = (@m
)1

therefore, X; C (EB(A) V(UT;)) C qﬁ(x,g(Cﬁ), Therefore, since
i) I
d=d &, f our result follows.

(ii) ¢(x,c) is a natural transformation. We prove that the necessary equa-
tions hold. Let f: (X,C) — (X’,C) € Poset and CT € PV (P(X)).

b(x,cry © PVsm(Pf(CT)) = oo ((PfIC ]Cvz) )

=( H D,y V(Y))

dle.qen(Pf[C]cvz) (d (Y))supp(d’)

= (B Dy, T

degen(C)

= PAC A (B ymy VN

degen(C)

= Pfopxo(Ch

(iii) ¢(x,c) is a mixed choice morphism. Let cif, Cf € PYsw(P(X). Tt
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preserves the ND operations.

pxoy (O B )
= ¢xoy((C B Cz)?)
=( H @@ V(Y)))

dEgen(ClEBCZ) (d(y))supp(d)

- (@ (B VENE( B (B, VI

degen(Ci) (d(y))supp(d) d’gen(C’z) supp(d’)

= ¢y (Cih) B oo (Cal)

It preserves the P operations.

pxo)(Cif @3 C)
= ¢xc)((C1 @2 Co)h

=( H &b V(Y))

dEgen(C’1 @ 02) (d(y))supp(d)

= (@ (P vONE( B (B, VO

degen(C1) (d(T))supp(d) & €gen(Cz) )
= ¢xo)(C1") B dx)(Ce')

(b) 7 : PV = (PVss 0 P), where for an (X, C) € Poset, the ordered mixed choice
morphism Y(x,c) : PV((X,E)) = (PVsw o P)((X,E)) on C € PV(X) is given
by

Yx,0(0) = (nx0)[Cles)"

where 7 : 1poset = Up o P is the unit for the convex algebra monad.

(i) ¥x is well-defined. Consider C;,C; € PV(X), and d € gen(Ca),
this implies that d € Ci. Thus, there exists di,dy € C; such that

dy X d = dy. However, since Prx ) preserves order this implies that

0iz) =X Oizy = 8¢z}, which
@«dl(z»)w(dl) (e} = 69((d(ac))) (=} @«dz(z)))w(dz) eh W
implies that @

supp(d)

dz) € o).
(@) suppiy ) Px,0)(Ch)
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(i) ¢ is a natural transformation. This follows from the naturality of 7.
Let f: (X,C) — (X',C') € Poset and C € PV(X), then
PVsiPf o ¥x,0)(C) = PVsiuPf((nx,0)[Clevs))
= (PInx[Clevslevs)’
= ((Pfomxg)Claus)’
= (02 © )[Clevs)’
= Y2 (([[Clewa))
= Yoo Pf(C).
(i) ¥(x,c) is a mixed choice morphism. Let C, C; € PV(X).
It preserves ND operations
bxp(CBG)) = (nxg[CiB Clas)’
= (nx,0)[Ctlews B nex,o) [Cz]cux
= (oG B (1x0)[Colane)’
= Y, c)(ﬁ) *hxo(Ca)

1
C

It preserves P operations.
Yxo)((C182C2) = (nxo)[Cr @) Coleus)’
= (U(X,;) [Cl]cux D Nx,0) [Cz]cma)T
(1x.0)[C1])' @3 (10x.) [Colene)|
= Pxo)(Cr) & Yxo)(Ca)

(c) These natural transformations are inverses.
(i) Let C € PV(X).
px 2 Yxo©) = ¢xo(x[Clas))
- B (Buey., V)

degen(n(x,c)[Clevs)

- (dGEC) (@(d(m))supp(d)v({w})))

= C
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(ii) Let CT € PVsu(P(X)).

b 2t = v B (B, VI

degen(C)

= B (P Yoo (V)

degen(C) @ Dsupp(@
- de%(*m (®:d(7))“pp( 2 (nex.g) [V(?)]cv:c)T)
- deéleaz:m (EB:d(V))supp(d)(v({{y} lye ?})ﬁ)
- de%(*o‘) (@:d(V))supp(d){(s?}?)
= ct

O

In what follows, we present the construction necessary to obtain the correspond-
ing V-stable functors associated to the convex lower and convex upper ND algebra
functors. The approach is very similar to the one we have just shown for the biconvex
algebra functor. In each case we must refine our original V-stable convex sets used as

models over Set in order that they are also either downclosed or upclosed under <.

Remark 4.4.20. For the remaining two constructions, the lower V-stable functor
and the upper V-stable functor, we omit the proofs which are routine modifications

of the previous proofs presented when defining the V-stable biconvex functor.

Definition 4.4.21 (Lower V-Stable). Suppose we are given an ordered semilattice
((S,C), V), a convex subset C € Cvz(S) is lower V-stable if C is V-stable (i.e., for
every facial element F' € F¢(S), F C C = F! C C) and downclosed under < (ie.,
for any d € V((S,C)), if there exists d’ € C such that d < &', then d € C).

Definition 4.4.22 (Lower V-Stable Closure). Suppose we are given an ordered semi-
lattice ((S, €), V) and a convex subset C' € Cvz(S). The lower V-stable closure of
C under =, denoted by C%%  is the smallest convex subset of V((S,C)) which is
both V-stable and downclosed under <.
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Proposition 4.4.23 (Mixed Choice Model). Suppose we are given an ordered semi-
lattice ((S,V),C). The set of all lower V-stable closures on Gy (S), HVsm(S), to-
gether with the operations B* and &%, the lower V-stable closures of B and @y from
Gevz(S), forms a mized choice model (HVsw(S), B*, @% ) over Poset when equipped

with the inclusion ordering.

Definition 4.4.24 (V-Stable Lower Convex Functor). The V-stable lower convex
functor, HVsw : Mod(ND},,, Poset) — Mod(MCjp;,, Poset) is defined as follows:

(a) On objects: Given ((S,C),V) € Mod(ND},,, Poset),
HVsm(((S,5), V) = (HVswi(S), B, @3),S).

(1) HVswi(S) is the set of all lower V-stable closures of the finitely generated
convex subsets over (S, C) (i.e., HVsm(S) = {C¥® | C € Gno(S)}, where
C?®! is the smallest downclosed, V-stable convex subset over ((S,V), C)

containing C).

(ii) B* and @3} are the lower V-stable closures of B and @, .

Cl dstbl R C2 dstbl — ( Cl 2] C2)dstbl
Cl dstbl @;‘ C2 dstbl (Cl @) C2 ) dstbl

(b) On morphisms: Let f : ((S,E),V) — ((S",€'),V) € Mod(ND}%,,, Poset)
and Cdstol € 'HVStbl(S ),

HV s, f (CFH) = ([C)ovs) ™.

Theorem 4.4.25. The V-stable lower conver functor HVgw

Mod(ND%;,, Poset) — Mod(MCy,, Poset) is left adjoint to the forgetful
functor Upyg,, : Mod(MCy;,, Poset) — Mod(ND%,,,Poset). Thus it forms a
monad HV s = Urvsy, © HVsui, 1, 1) over Mod(ND%,,, Poset). We include the

adjunction and monad structures:
(a) The unit(n): for ((S,V),C) € Mod(ND%,,, Poset) and s € S,

c 1 dstbl
nsw,o)(s) = {6}
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(b) The counit(e): for ((M,V, +1),E) € Mod(MCjyis, Poset) and N%® ¢
HVsm (M),

e, )0 (N®) = \/ (Z(d(m)

degen(N) Jour(a)

(c) The multiplication(u): for ((S,V),E) € Mod(ND?,,, Poset) and Ndstbl <
HVsum(HVswi(S)),

dstbl * * dstbl
tisv),o) (N = C .
(( V) E)( ) De@(/\[) (@(D(Cdstbl))supp(D) )
Theorem 4.4.26. The composition of the V-stable lower conver functor with the

Hoare algebra functor, HVsw © H, is isomorphic to the lower convex functor HV .

Definition 4.4.27 (Upper V-Stable). Given an ordered semilattice ((S,C),V). A
convex subset C' € Cvz(S) is upper V-stable if C is V-stable (i.e., for every facial
element F € F*(S), F C C = F! C C) and upclosed under < (i.e., for any
d € V((S, Q)), if there exists d' € C such that d’ < d, then d € C).

Definition 4.4.28 (Upper V-Stable Closure). Given an ordered semilattice
((S,9),V) and a convex subset C € Cvz(S). The upper V-stable closure of
C under =, denoted by C**! is the smallest convex subset of V((S,C)) which is
both V-stable and upclosed under <.

Proposition 4.4.29 (Mixed Choice Model). Suppose we are given an ordered semi-
lattice ((S,V),C). The set of all upper V-stable closures on Geyy(S), SVsmi(S), to-
gether with the operations B* and @3, the upper V-stable closures of B and @, from
Gevz(S), forms a mized choice model (SVsi(S), B*, @3 ) over Poset when equipped

with the reverse inclusion ordering.

Definition 4.4.30 (Vv-Stable Upper Convex Functor). The V-stable upper convex
functor, SVss, : Mod(ND},,, Poset) — Mod(MC;;,, Poset) is defined as follows:

(a) On objects: Given ((S,C),V) € Mod(ND%,,, Poset),

SVStbl(((Sv ;)’ V)) = ((SVStbl(S)> B ) @f\ )’ 2)
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(1) SVsm(S) is the set of all upper V-stable closures of the finitely generated
convex subsets over (9, C) (i.e., SVsu(S) = {C** | C € Geu(S) }, where
Custl is the smallest upclosed, V-stable convex subset over ((S, V), C) con-
taining C).
(ii) H* and @3% are the upper V-stable closures of B and @) .
Clustbl & CZuStbl — (Cl 2] Cg)uStbl
Clustbl EB;\ CQustbl — (Cl D) CQ)ustbl
(b) On morphisms: Let f : ((S,C),V) — ((S',C'),V) € Mod(ND%,,, Poset)
and Custhl & SVStbl(S),

SV f(C¥*) = (£[Ceve) ™.

Theorem 4.4.31. The V-stable wupper convex  functor SVgwm

Mod(ND%,,, Poset) — Mod(MCy;,, Poset) is left adjoint to the forgetful
functor Usys,,, : Mod(MCjp,, Poset) — Mod(ND%,,, Poset). Thus it forms a
monad SVs = (Usyg © SVsmi,n, 1) over Mod(ND%, , Poset). We include the

adjunction and monad structures:

(a) The unit(n): for ((S,V),E) € Mod(ND},,, Poset) and s € S,
o (8) = {81

(b) The counit(e): for (M,V, +,),C) € Mod(MCy,,, Poset) and N*® ¢
SVsm(M),

5((M,v,+x),g)(Nu3tbl)= v (Z m).

dEgen(N) (d(m))supp(d)

(¢) The multiplication(u): for ((S,V),C) € Mod(ND%,,, Poset) and N ¢
SVsti(SVsim(S)),
B(S),C) (Nustbl) — Bﬂ* ( ®* Custbl)'

DEgen(N) (D(CuStbl))supp(D)

Theorem 4.4.32. The composition of the V-stable upper conver functor with the

Smith algebra functor, SVsw o S, is isomorphic to the upper convex functor SV.


file:///ustbl
file:///ustbl

Chapter 5
Conclusion

We began our work by presenting an in-depth study of the theories of nondeterminis-
tic choice and probabilistic choice and we showed how to appropriately combine them
in order to obtain a theory of mixed choice. We have considered many types of mixed
choice depending upon the structure of each individual choice theory we were combin-
ing. We've discussed the theory of mixed choice which arises from the combination
of the finite choice theories (P, with ND%;,) and those arising from the combina-
tion of the ordered theories (P, with Hy;, or Syin). Moreover, we presented a new
mixed choice theory based on combining infinitary variants of each individual choice
theory (P with ND*). Consequently, we presented a new type of convex structure,
called superconvex sets, in order to describe the models of the infinite variant of the
probabilistic choice theory.

For each mixed choice theory considered we first constructed their associated
monad using the classical approach presented in the literature. In our framework

this method amounts to ascending up the left-hand path in our reoccurring diagram
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shown below.

Mod(MCy;,, Set) <\S

C'szin tblfin
/ qua:fin/ \/(Stblfin \
e T~

MOd(Pfin, Set) Ug v gcv:: MOd(ND;zn, Set)

‘\\Dquin s

Pfi'n.
fine Set —___——"fin

)

As we have seen, this construction allows not only for the construction of free models
for mixed choice over an arbitrary set, but also for the construction of free models
for mixed choice over arbitrary models of probabilistic choice (i.e., over any convex
set). Alternatively, we motivated and proved the existence of a second approach to
construct free models of mixed choice which corresponds to ascending the right-hand
side of the above diagram. By exploiting a result presented by Barr and Wells {2]
on the existence of left adjoints, we determined that such an approach was possible.
We've shown that this dual approach is equivalent to the method obtained by follow-
ing the left-hand path, thus both methods construct the same free model for mixed
choice theories over any appropriate category. However, as an important consequence
of our approach, we were able to construct free models for mixed choice theories over
arbitrary models for nondeterministic choice (i.e., over any semilattice).

After establishing the existence of the necessary functor, we presented the funda-
mental notions necessary to develop the concrete definitions of the left adjoint shown
in the north-east corner of the above diagram, called the V-stable functor. We devel-
oped a new property on convex sets generated over a set equipped with a semilattice
structure, called V-stability. This property was key in our definition, since it provided
a convex set which preserved the inherent V-structure already present in the under-
lying set. Then we presented a closure operation induced by the V-stable property
which enabled us to define the required V-stable functor. Finally, we showed how
to modify the notion of V-stability, in order to capture each different type of mixed
choice theory.

Finally, as an aside in the appendix, we provide an example of a mixed choice

process calculus (called MCCS) equipped with an alternating operational semantics.
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We end by sketching the necessary framework, in order to obtain a fully-abstract
set-theoretical model for this calculus.

In the future, it would be interesting to apply the V-stable functor on existing non-
standard models of nondeterminism, in particular those associated to process calculi
which admit a non-standard definition of nondeterminism. This would provide a free
mixed choice extension of such models, which could not previously be obtained by
the available machinery.

One important aspect of combining mixed choice was how to properly capture the
interaction between the nondeterministic and probabilistic choice operators, given by
considering the distributive tensor between their respective Lawvere theories. We
would be interested in generalizing our work to encompass not only the combining
of nondeterminism and probability, but for any distributive combination of theories.
In order to develop concrete definitions to the monads associated to their respective
theories.

There is still a lot of directions we can consider for generalizing our construction.
One such direction is to further develop our notion of V-stability over the category
of domains Dom, in order to extend the results already obtained for mixed choice
models over ordered convex sets to ordered semilattices.

A second direction we can consider is to incorporate a higher degree of gener-
alization in the probabilistic choice theory by considering continuous probabilistic
combinations, instead of finite ones. In this case, we expect our discrete sums to be
replaced by integrals over appropriate measures, as in the work of Mislove [32] and
Danos, Desharnais and Panangaden [9].

One idea would be to consider the existing monad over Mes associated to continu-
ous probabilistic combinations as presented by Giry [11]. A major complication to this
approach is that unlike our discrete distributions monad, Dy;,, the Giry monad does
not admit a complete characterization for its algebras. There have been attempts to
characterize the algebras for the Giry monad applied to subcategories of Mes. In par-
ticular, Doberkat [10], fully characterizes the algebras of the Giry monad over Polish
Spaces and continuous maps. However, this subcategory falls short in capturing the

required generality of our setting. For these reasons, we believe more progress must
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be done in studying the precise subcategory necessary to determine a characterization

of the algebras of the Giry monad with the necessary level of generality.



Appendix A

A Mixed Choice Process Language

A.1 Mixed Choice CCS

In this section we sketch a development of a variant of Milner’s CCS [28], called
the mized choice calculus (=MCCS). This calculus will admit an internal sum, an
external sum and a probabilistic choice operator. We define a strictly alternating
operational semantics for the calculus and show that the sub-calculus of probabilistic
processes forms a model for the theory of mixed choice. Since this is a sketch, we

omit the proofs.

Definition A.1.1 (Mixed Choice CCS). Let A be a countable set of labels, define
the set Name = N'UN U {7}, where N represents input prefixes, N' = {Z|z € N}
represents output prefixes and 7 ¢ N represents an internal action prefix. The
processes of the mixed choice CCS,(= MCCS) are defined by mutual recursion as

follows: Let & € Name and a € N,

N = 0 | aP | N+N | (va)N | NN

P = ()N | Po,P | PBP | (va)P | P|P
Processes of the form P are probabilistic state processes and processes of the form
N are nondeterministic state processes. We define P-Proc as the subset of the

language consisting of all probabilistic state processes, N D-Proc as the subset of all

nondeterministic state processes and M C-Proc the set of all processes.
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Definition A.1.2 (MCCS Alternating Operational Semantics). We define the

strictly alternating operational semantics for MCCS as follows:

(a) For nondeterministic state processes (as seen in Figure 16): in the alter-
nating operational semantics a nondeterministic state process will evolve into
a probabilistic state process. We use Name, as the set of transition labels for

nondeterministic transitions.

NP a#a,a

—— (PRE) )
o.P — P (va)N % (va)P (ND-RES)
Nl ———-)a P N. o P
————— (EXTSUM1 _ M= P
Ni+N, Sp ) Na = p (BXTSUM?)
N, =P N, -2 P
5 ND-PAR1 2 )
Ni|Ny % P|(1)N, ( ) MM 5 (MNP (ND-PAR?)

N 25PN, -5 Py
M|Ny = Pyi|P;

(COM)

Figure 16: Operational Semantics for Nondeterministic State Processes

(b) For probabilistic state processes (as seen in Figure 17): in the alternating
operational semantics, a probabilistic state process will evolve into a nondeter-
ministic state process according to a probabilistic distribution. Thus we choose
k & Name to be the label for a probabilistic transition (which can be thought
of as the toss of a biased coin) and p, u;, &' € Dyin( N D-Proc) probabilistic dis-
tributions over nondeterministic processes (i.e., u, p;, 4’ : ND-Proc — [0,1]).
In particular, a process P which can either evolve to process N} with proba-
bility % or No with probability % will make the following transition P —» p,
where ;1(N1) = 3, (N2) = £ and for all other nondeterministic state processes
N € ND-Proc, u(N) = 0.

The semantic rules for ND state processes are defined as usual. As we can see,
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— PS5y PS5y aelo]]

N =50 (ONB) ERw— (CONV)
P p PL-5m P
i (P-RES) _ (CHOICE)
(va)P — (va)u PL@yP, — 1 ®xp2
PL5 o Py Py P
(INTSUM) L2 P b paR)

PIBP 5 p B, Pi|P; 5 s

P-RES): (va)yu = 3 u(N)da,
CONV/CHOICE): p1 @ pz = (A)p1 + (1 — Mpe
INTSUM): p1 B g = (A)pg + (1 — A)pz such that A is a fresh probabilistic variable,

P-PAR): uijpe = Z#l(Nl)#2(N2)6N1|N2'

(
(
(
(

Figure 17: Operational Semantics for Probabilistic State Processes

(EXTSUM1) and (EXTSUM2) impose an external behavior on the nondeterministic
sum operator +, since the next state of such a process will be determined first by its
environment, then by the scheduler. The only rules which have been modified from
their usual formulations are (ND-PAR1) and (ND-PAR2). Since the semantics must
remain alternating, the interleaving property of the parallel composition of ND state
processes must be defined carefully. We can not make a transition into the parallel
composition of mixed terms. For this reason we always lift the inactive component
into its probabilistic image under guaranteed choice.

The semantic rules for probabilistic state processes merit some clarification. The
rules (ONE) and (CHOICE) are chosen to be the obvious interpretation of a unary or
binary probabilistic choice. The rule (INT'SUM) is faithful to our intuitive definition
of the internal nondeterministic sum. We have previously stated that such a process
should have the capability to behave as any possible distribution between its terms.
Thus, this rule implies that any internal nondeterministic sum process must always

have an uncountable number of possible transitions. The rule (P-RES) simply states
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that the restriction operator on the process (va)P is “pushed” onto the support of
the distributions of P. Finally, one could interpret a rule (P-PAR’) which states that
if P, P> have transitions into u;, us respectively, then P;| P, will have a transition into
a distribution p whose support consists of processes of the form N;|N; where NV is in
the support of u;. The associated probabilistic weight for N7|/N; is the product of the
weights for N; and N, in their respective distributions, i.e. u(N1|N2) = p1(N7)p2(Nz).
However, due to the possible presence of internal nondeterministic sums in both terms
of the parallel composition, (P-PAR’) does not capture all possible transitions for P.
For example, consider a process of the form P = Py|P, where P; = (1)a;H(1)b;. Given
that (1)a;B(1)b; — (p;)8a,+(1—p:)ds, for any p; € [0, 1], we have that by (INTSUM)
P=pu= (p1)(P2)ar]ar + (P1)(1 — P2)dayjp, + (1 = p1)(p2)0b1]a, + (1 — p1) (1 = p2)0by e,
Through many runs of the process P, the scheduler could have chosen to place in
parallel (1)a; and (1l)as a third of the time, (1)a; and (1)by another third of the
time and (1)b; and (1)b, for the remaining third. Thus P must be able to transition
into the distribution 384, + 30a.js; + 306, This is not a possible outcome using
(P-PAR’), for any choice of pi,ps in the distribution u. However, it is a convex
combination of two such simple transitions (i.e 2> da, (N1)(30a, + 305,) (N2)dny v, +
3> 04, (N1)8b, (N2)dn,n,). Thus, we have defined the rule (P-PAR) above as the
convex closure of the transitions arising from (P-PAR’).

Next we define a congruence relation on MCCS by combining notions of bisim-
ulation arising in nondeterministic calculi and probabilistic calculi. The following

definition is an adaptation from the definition presented in Bandini and Segala [1].

Definition A.1.3 (Mixed Choice Bisimulation). An equivalence relation S, is a

mixed choice bisimulation relation if it satisfies the following conditions:
(a) Whenever NSN/,

(i) if N -5 P then there exists a P’ such that N’ —» P’ and PSP’
(ii) if N’ =5 P’ then there exists a P such that N — P and P'SP.

(b) Whenever PSP/,
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(i) if P —> pu, then there exists a 4’ such that P’ —» 1’ and (VN € N D-Proc)
2ov vsny M) = 32w wswny W (N').

(ii) if P' — 1/, then there exists a u such that P — y and (VN € N D-Proc)
Z{N'|N$N/} u(N') = Z{N' | NSN'} w(N').

We say R and R’ are mixed choice bisimilar, denoted R =,,. R/, if there exists a
mixed bisimulation § such that RSR’.

Proposition A.1.4. The mized choice bisimulation forms a congruence relation for
MCCS. The probabilistic state processes of the MCCS syntax modulo the mized choice

bisimulation forms a model for the mized choice theory.

A.2 A Set-Theoretical Model for MCCS

Motivated by work of Fiore, Moggi and Sangiorgi [13] and Ian Stark [47], we give a
fully-abstract set-theoretic model for MCCS. Even though the cited authors works
involved defining fully-abstract presheaf models for the w-calculus, we use similar
techniques in order to define our model.

We distinguish the following important sets for our model,

(a) The object of labels, L = {aj, as,...}, which will be used to construct the

object of prefixes.

(b) The object of prefixes, Pre, will model the set of prefixes available in our
language. It is defined such that

Pre= L + L +_1

input output {7}

where we will denote input action labels as ag,as ..., output action labels as

a1, s, . - . and let 7 label internal actions.

(c}) The object of nondeterministic state processes, Nd, and the object of proba-

bilistic state processes, Pb, are sets representing the set of nondeterministic



APPENDIX A. A MIXED CHOICE PROCESS LANGUAGE 164

and probabilistic state processes respectively. They will be defined such that

(Nd, Pb) is the simultaneous least fixed point of the following equations:

FiX = Pin(Prex FoX)
FY = GuolFLY)

It is important to note that we use the monad P},, in the equation F; in order
to model nondeterministic state processes, since they admit an external non-
deterministic sum. We have already seen that the probabilistic state processes
form a model for mixed choice, i.e. contain a probabilistic choice and an internal
nondeterministic sum. For this reason we use the monad G, in the equation
for 7.

We construct the following set of functions from the above objects to define the

interpretation of the MCCS operations.

(a) The guaranteed choice function guar : Nd — Pb, such that

gquar(X) = conv({dx }).

(b) The n-ary probabilistic choice functions pchoice : S x (Pb)" — Pb, where
S ={(N) € ([0,1])"| >, A = 1}, such that

pehoice(N,Y) = conv({(Ar)p1 + ... + (\n)itn | i € gen(Y2)}).

(c) The n-ary internal nondeterministic sum function intsum : (Pb)* — Pb,
such that

intsum(Y) = conv(U gen(Y;)).

g=1

(d) The probabilistic restriction function pres : L x Pb — Pb, such that

pres(a,Y) = conv({pres(a, u) | € gen(Y)}),

where pres(a, ) = 3 yeng (X )0nres(a,x)-
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(e) The probabilistic parallel composition function ppar : Pbx Pb — Pb, such

that
ppar (Y1, Ys) = conv({ppar (w1, p2) | 1 € gen(Yi)}),

where ppar(p1, p2) = Z{(xl,xz) | X:eNd} p1(X1) p2 (X2)Onpar (X1, X2) -

(f) The prefixing function pre : Pre X Pb — Nd, such that

pre(a,Y) = {(a,Y)}.

(g) The nondeterministic restriction function nres: L x Nd — Nd, such that

nres(a, X) = {(a,pres(a,Y)) |a # a,@ and (a,Y) € X}.

(h) The n-ary external nondeterministic sum functions endsum : (Nd)" —

Nd, such that

n

endsum(X) = U X;.

i=]

(i) The left merge function Imerge : Nd x Nd — Nd, such that
Imerge(X1, Xa) = {(o, ppar(Y, guar(X2))) | (o, Y) € X1 }.
(j) The right merge function rmerge : Nd x Nd — Nd, such that
rmerge( X1, X2) = {(a, ppar(guar(X1),Y)) | (a,Y) € X} .
(k) The synchronization function synch : Nd x Nd — Nd, such that
synch(Xy, X2) = {(r,ppar(Y1,Y2)) | (o, Y1) € X7 and (@, Y2) € Xo} .

(1) The nondeterministic parallel composition function npar : Ndx Nd — Nd

such that

npar (X1, X3) = endsum(lmerge(Xi, X3), rmerge(X1, Xz), synch(X1, Xs)).
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Lemma A.2.1. Giwven P,)P € P-Proc, the functions ppar and pres defined on
discrete valuations, as described above, preserve convex combinations of discrete val-

uations.

Given the above specifications we can now define an interpretation map from the

mixed choice processes to the objects in our model.

Definition A.2.2. Define the interpretation map, [—~] : MC-Proc — Nd + Pb, as

shown in Figure 18.

[ On ND State Processes: [ On Prob. State Processes: |
[0l =0 [ON] = guar(INT)
[o.P] = pre(a, [P]) |[P1 @ Pg]] = pchoice((A, 1 — A), (I[Plﬂ, I[.PQ]I))
[[Nl + NQI! = endsum(ﬂNlﬂ, [[Nzﬂ) |IP1 H Pg]] = intsum([[Plu, ﬂPzﬂ)
ﬂ(l/a)NII =nres(a, [N]) ﬂ(zxa)PII = pres(a, [P])
[[N1|N2ﬂ = npar([ M ], [ N2]) lIPﬂPz]] =ppar([ P, ], [ P2])

Figure 18: Interpretation map for MCCS processes

The following results will show that our model is fully-abstract with regards to
mixed choice bisimulation. First we state some lemmas that allows us to define a
relation between the interpretation of a process and its possible transitions. These

lemmas are key in the proof of the upcoming full-abstraction theorem.
Lemma A.2.3.

(a) If N =5 P, then (o, [P]) € [N].

(b) If (a,Y) € [N], then 3P € P-Proc such that N — P and [P] =Y.

Lemma A.2.4. If for 1 < i < n, P =5 u; then for any N € [0,1] such that
S di=1, P = 30 A

Lemma A.2.5.

(a) If P =5 p, then 3In* € [ P] such that n#(X) = Z{N’IIIN’H=X} u(N).
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(b) If u € [P], then 3 n, € conv(ND-Proc) such that P — 7, and
wmX) = Z{N’] |IN’]]=X} Wu(N’)-

Our main result for this section is the following full-abstraction theorem. This
theorem allows use to show how strongly our model reflects the operational semantics
of our calculus. It states that for any two processes: their interpretations will coincide

in our model if and only if they are mixed choice bisimilar.
Theorem A.2.6 (Full Abstraction).
(@) [Nl =[N'] &= N=, NV

®) [P]l=[P] < P=, P
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