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ABSTRACT

This thesis is concerned with techniques for the
detection and correction of binary cyclic burst errors. In
particular, the thesis will introduce a class.of LEC (Burst
Error Correcting) Codes which are a sub-cléss'of existing BEC
codes. It will be shown that the price paid‘in,using a
sub-code in terms of rate and decoding speed Is quite small
relagiyg to other codes and decoding procedures. It will also
be shown that there are some advantages to using the

sub~-codes.
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CHAPTER ONE
INTRODUCTION

1.1 CODING - GENERAL

Communication theory considers the problem of
transmitting information from one point to another using a
channel of some form. The two points may be very close
together or very far apart. An example of the former is a
modern digital or hybrid computer, where the information is
transmitted from the memory unit and received by the .
arithmetic unit through a solid data link. Conversely, an ‘
example of the latter might be found in the Apollo space
program. The transmitter is in the command module, the
recelver at mission control in Houston, and the channel is the
ether medium that stretches in between for one-quarter of a
million miles.

Since the advent of the digital computer, digital
techniques have become very popular., Computers process
information digitally, and thus information is transmitted in

this form. Figure 1.1 below shows a schematic diagram of a
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system employing digital techniques and is called a Digital
Data Transmission system. We will be using this type of

system throughout in this thesis.

—— channel —

source binary channel||binary
to to to to
source— binary channel binary [ dest |-~destination
ancoder|| encoder decoder || decoder
FIGURE 1.1

The source-to-binary encoder of Figure 1.1 above

converts the signal source into a binary sequence (i.e. a

sequence of ones and zeroes). The binary-to-channel encoder

converts this sequence into a form which the channel will be

able to use.

For example, this 'modulation' procedure may

RN
Bt

e

transmit the zero and one at two different frequencies, just

as automated Morse Code ham radio transmitters do. This is

called frequency modulation, and other methods that may be

used are phase modulation and amplitude modulation.

AR T b e B

Whether the channel in Figure 1.1 is a data link or a

gaseous one, there is a common problem --- NOISE.

This noise

could be atmospheric noise, noise due to a faulty connection,
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or magnetic tape imperfections. The noise will, however,
always affect the message in the same way. That is,
transmission of a zero or one may, when affected by noise,
result in reception of a one or zero respectively. If these
bits (binary digits) are changed in a manner in which there is
no correlation pattern, then we say that the errors have
occurred in a random manner.

However, binary sequences are not always affected in a
random manner. The most common non-random error is called a
burst error. For example, consider a binary sequence

transmitted as:

1010101101

Consider the following received sequence:

1%10001001

errors

It could then be said that three errors have occurred in a
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random manner (the arrows point to the bits that are in

error). |f however, the received sequence was;

1010010101
5

errors

then it can be seen that three errors have occurred in the
fifth, sixth, and seventh positions. Such a sequence of
errors is called a BURST ERROR of length three beginning in
the fifth position. |In this case, the error is more aptly
called a solid burst error because the errors occurred

together. Consider the following received sequence:

1010000001

o

In this case, the error would be called a non-solid burst
error of length four starting in the fifth position.

Burst errors are of particular lnterest because they
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occur in many practical cases. A line-to-ground fault in a
telephone cable caused by lightning may last long enough to
erase or distort several bits in a row. Magnetic tape defects
may erase more than one bit in a non-random manner.
Atmospheric noise may result in non-solid burst errors
occurring for a finite length of time.

Obviously then, error control is necessary to counteract
the effects of noise. Generally, we use a sequence k bits
long containing information, and append to it a checking
sequence g bits long. The resulting sequence will be n bits
long where:

n=g+k
The g checking bits will provide some Information at the
receiving end such that any errors within certain bounds can
be corrected. The g bits are specifically designed té correct
errors up to and including the maximum number of errors that
are expected to occur on the average In the given channel.

Figure 1.2 below shows the Digital Data Transmission
System of Figure 1.1 now with error correction and detection

capability.
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source binary binary
source —al to | of to to
binary binary channe!
encoder error encoder
control
noisy |
J:_"channei <«
channel binary binary
to to to
binary [® binary { dest [—=destination
decoder error decoder
detector
and
corrector
FIGURE 1.2

In Chapter Two, we will discuss some of the algebraic
concepts necessary for the development of this thesis. While
all are used impicitly, not all are used explicitly in the
development of the methods in the following chapters.

Chapter Three will discuss coding theory with emphasis
on binary cyclic codes.

Chapter Four deals with known burst error correcting
codes,

Chapter Flve will discuss known decoding techniques.
Some of these techniques will use shift registers only and

some will use shifting and off-line calculations. None,
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however, uses memory storage In a computer.

Chapter Six will present a burst error correction
decoding procedure which will use shifting, calculations, and
memory storage. It will be shown how well this method compares
with existing procedures. The main points of this procedure
have also been presented as a paper to a symposium (XR20).

In Chapter Seven, certain concluding remarks will be

made.
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CHAPTER TWO

SOME ALGEBRAIC FUNDAMENTALS

2.1 GROUPS

A group G Is a non-empty set of elements together with
an operation (*) such tha;i»

1. for all a,b in G, a*b is in G. (Closure)

2. a*(b*c) = (a*b)vc for a,b,c in G (Associativity)

3. There exists an identity element e in G such that

a*re = e*a = a for all a in G
4. For all a in G, there exists an element a' in G
called the inverse of a such that
a'*a = ara' = e
Note: The group is called Abelian or cummutative if

a*b = b*a for all a,b in G.

2.1.1 SUBGROUPS

A subset of elements of a group G form a subgroup H iff
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the conditions of a group are satisfied.

2.2 RINGS
A ring R is a set of elements for which two operations,
addition (+) and multiplication (.), are defined such that;
1. R is an Abelian group under addition. |
2. For all a,b Iin R, a.b is in R (closure)
3. For all a,b,c in R, a.(b.c)=(a.b).c (associativity)

4L, For all a,b,c in R; -

a. a.(b+c) a.b + a.c

b. (b+c).a b.a + c.a (distributivity)

Notes: 1. A ring R is commutative iff
a.b = b.a for all a,b in R
2. A ring with identity e under multiplication

is called a 'ring with identity"

2.2.1 SUBRINGS

A subset of the elements of R form a subring A iff;
1. A is also a ring, and

2. e iIs In A.
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2.3 FIELDS

A field F is a commutative ring with identity in which

every non-zero element has an inverse under multipiication.
For example, the real numbers have all the characteristics of
a ring, have an identity under multiplication (1), and every
element has an inverse. Thus, it follows that the real

numbers form a field.

2.4 VECTOR SPACES

A set V is a vector space over a field F iff;

1. V is an Abelian group under addition
2. For any vector v in V, and any scalar ¢ in F,
a vector cv in V Is defined
3. For all u,v inV, and a,b in F;
a. a(u+v) = au + av
b. (at+b)u = au + bu (Distributivity)
4., For all v in V, and a,b in F;
a. (a.b)v = a(bv)

b. ev =yv (Associativity)
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2.4.1 VECTOR SUBSPACES
A subset of V is called a vector subspace iff It

satisfies all the conditions of a vector space.

2.4.2 LINEAR INDEPENDENCE OF VECTORS

Consider a set of vectors Vi, i=1l,...,k in V. These

‘égv vectors are said to be linearly independent Iff
CyV; =
i=1 ivi

:::é=> c; =0 for all i=1,...,k, ¢4 inf

Otherwise, the vectors are said to be linearly dependent.

Example: Let vy (1,0,1,1)
v, = (0,1,1,0)
vy = (1,0,0,0)

Then,

C1vy * €avy *+ c3vy = (cytc3,C3,C1%Cy,Cy)

(0,0,0,0) iff

c; + ¢33 = 0, c, 0, C, + ¢y, = 0, and ¢, = 0.
i.e. C;, =Cy, =¢Cy= 0

Thus, Vi Vo and v, are linearly independent.
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2.5 OPERATIONS ON BINARY SEQUENCES

2.5.1 MODULO-TWO ADDITION

If a;,ajz,a3,...,3, and bi,b2,...,bn are two binary
sequences each of length n, then tﬁeir modulo=-2 sum is a third
sequence C),C,,...,C,, also of length n where c; = ay + by and
+ indicates moéﬁlo-Z addition defined by

1. 1+41 = 040 = 0

2, 0+1

1+0

1

2.5.2 WEIGHT
Let A = (al,az,...,an) be a binary sequence of length n
(i.e. an n-tuple). Then the weight of A, denoted W(A), is the

number of ones In A.

2.5.3 HAMMING DISTANCE
The Hamming distance d between two binary n-tuples A and
B is defined by
d = WA + B)

=
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Example: A=(1,0,1,1,0,1,1)
B =(0,1,1,1,0,1,0)
A+8B-=(1,1,0,0,0,0,1)

and thus d = 3
It may be seen that another definition could be that
the Hamming distance between two binary n-tuples is the number

of places in which they differ.

2.6 POLYNOMIALS

2.6.1 GENERAL

A polynomial is a function of a variable over a field
and is related to a sequence. In this thesis, we will deal
with sequences and polynomials in the following manner. |If a
sequence A is defined by

A = (aj,a5,...,38,),
then the corresponding polynomial is
A(X) = aj + asX + asx? + ... + a X"~ 1,

Example: If A = (1,0,0,1,1,0,1), the polynomial

representation would be

ACX) =1 + 0.X + 0.X2 + 1.x3 + 1.x% + 0.x3 + 1.x6

1+ X3 + x4 4+ x6
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2.6.2 ADDITION (MODULO=TWO)
Addition is done in the ordinary manner with the
exception that modulo-2 arithmetic is implemented.

EXAMPLE: If A(X) = 1 + X2 + X3, and

B(X) = X + X2, then
C(X) = A(X) + B(X)
= 14 X + X2(1+1) + X3
=1+ X + X3,
2.6.3 MULTIPLICATION
Let A(X) = a, + a,X + ... +a X"l and
B(X) = by + b X + ... +b __1)(“"1 be two polynomials.

Define their product C(X) by
CX) = ¢y + €X *+ wen ey XD where

c, = L a,b
k {=0 1 k-i

2.6.4 MONIC POLYNOMIALS
Let f(x) = a; + a;X + ... *+ anX“. The polynomial f(x)

is said to be monic If an=1.
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2.6.5 IRREDUCIBLE POLYNOMIALS
Consider a polynomial f(x) over a field F. f(x) is
called irreducible if, whenever some h(x) divides f(x), either

h(x) = ¢ or h{x) = cf(x), where c is a scalar. Example: f(x)

=1+ X+ X2 s irreducible over the binary field F(0,1).

2.7 IDEALS

2.7.1 DEFIMITION
An ideal G is a subgroup of a ring R iff

1. G is a subset of the additive group of R.

2. For any g in G, and r in R, gr and rg are in G.

EXAMPLE: A code word, generated by a 'generator polynomial'
as discussed in Chapter Three, and its cyclic shifts form an

ideal.

2,7.2 POLYNOMIALS

A set of polynomials is an ideal iff it consists of all
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multlplesiof some polynomials. In future, this set will be

denoted { p(X)}.

2.8 RESIDUE CLASSES
A residue class is a set of polynomials of the form a(X)

+ {p(X)} where a(X) Is in F(X).

2.9 MINIMUM POLYNOMIAL
Let 8 be an element of an extension field over F. The
monic polynomial m(X) in F of smallest degree such that m(b)=0
Is called the minimum polynomial of b.
The minimum polynomial m(x) of any element b in an

extension‘field is irreducible.

2.10 FINITE FIELDS
A finite field is a field with a finite number of

elements..

2.10.1 GALOIS FIELDS

Let p be a prime integer and n a positive integer. Then
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there exists a field with p? elements called a Galois field

and denoted by GF(p™).

2.10.2 MULTIPLICATIVE GROUP OF A GALOIS FIELD
Consider in any finite group the set of elements formed
by any element @ and all its powers o2, a3, et cetera. There
can be at most a finite set of such elements and therefore at
i

some point there must be repetition. i.e. al = o for some

distinct i and j. Post-multiplication by ot gives
ala=l = odg-1

or,
o ad=1 = 3,
% Let e be the smallest integer such that o€ = 1. Then e
g% Is called the order of the element a. The set 1,cx,...,cze"'1
?% forms a multiplicative subgroup. The group that consists of
e

all the powers of one of its elements is called a cyclic
group.

In the Galois field of q elements, GF(qg), there is a
primitive element o, i.e. an element of order q-1, such that
every non-zero element can be expressed as a power of o. This

is called the multiplicative cyclic group GG(q).

Example: The Galois field of 16 elements, GF(2*), may be
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formed as a field of polynomials over GF(2) modulo 1+X+X". Let o
denote the residue class containing X. o Is a root of 1+X+X4
and it is a primitive element of that field. The non-zero

elements of the field are given below in Table 2.1.
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ald =1
al = a
a? = a2
a3 = ol
a“=1+a

a’> = o + a?
0 = g2 + o3
al? = 1 4+ o + o3

TABLE 2.1
FIELD ELEMENT REPRESENTATION OF GF(2%)
GENERATED BY 1 + X + X*
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CHAPTER THREE

BINARY CYCLIC CODES

3.1 DEFINITION
An (n,k) linear code V is said to be cyclic if, for
every V(X) in v, (XIv(X) modulo 1+X") is also in V, where n is
the code length and k Is the number of information bits,
Consider the ideal generated by g(X), where g(X) divides
1+XP. If P(X) is a polynomial in this ideal, the following
relation holds:
XIP(X) = (L+xM)A(X) + Q(X)
where Q(X) is the remainder. That Is,
X'2CO 1) = (1ex™AM) + Q)
where 1(X) is the information polynomial.
Since g(X) divides 14Xn, then
(1+X™)A(X) modulo g(X) = o,
and thus
Q(X) modulo g(X) = 0.
In other words, Q(X) belongs to the ideal. Thus the ideal

generated by g(X) is a cyclic code.
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3.2 PARITY CHECK MATRIX

For the code previously described and generated by g(X)

of degree n-k, define the parity check polynomial h*(X) by
h (X = (1ex™/g )
where f*(X), the reciprocal of f(X) is defined by
£A00 = X*F/x0

and where a is the degree of f(X).

The n-k by n matrix H with h*(X) and its n~k-1 cyclic
shifts Is a parity check matrix for Vj; that is, V is the null

space of H.

3.3 BOSE-CHAUDHURI~HOCQUENGHEM CODES

The method of construction of these codes (XR3,XR8)
known as BCH codes is as follows:

Let ¢ be the smallest number such that nc can be
expressed in the form 2™-1. Then a generator polynomial for a
BCH code that can correct up to t errors (an (n,k,t) BCH code)

Is defined by

g(x) = LCM (gl(X),g3(X),g5(X),.. (x))

“+82¢-1
where gi(X) I's the minimal polynomial of q4i€¢, o being a

primitive element of GF(2™M).

\-
e
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3.3.1 PRIMITIVE CODES
The BCH codes for which c=1 are called primitive codes.
Conversely, if ¢ is not 1, the code is called

non=-primitive.

3.3.2 DECODING PROCEDURES

Decoding of BCH codes may be done in many ways, but the
most accepted method is the Peterson procedure (XR13).

BCH codes are the largest class of random error
correcting codes. For a more detailed treatment of cyclic
codes in general, and BCH codes In particular, reference

should be made to Peterson (XR12).

3.3.3 EXAMPLE
Consider the code with m=4,t=2,c=1. The generator
polynomial then has the form
g(Xx) = gi(X)ga(X)
where: 1. g(x) divides 1+X", and n=2%4-1=15,
2. g,(X) is a primitive polynomial with root « such

that « iIs a primitive element of GF(16).

\
N
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3. g3(x) is a minimal polynomial with root a3,

We know that over GF(16), a“=14a, and thus
g1 (X) = 1ex+x",
Assume that g_(X) has root a? and Is of the form
g3(X) = B +8,X+8 X248 X348 X4,
Using Table 2.1 and solving for g,(a3) = 0, one gets
Bo= By, = B, =8, =8, = 1.

Thus, g(X) gl(X)g3(X)

(1+X+X")(1eX+X24X3+x")

14X"+x54x74x8 \

Also, g = n-k = 8, and n = 15, thus k = 7, and we have a

(15,7,2) BCH code generated by g(X) = 1+X*+X6+X74X8, Further,
g (X) = 1exexZaxbax®,
Thus, h™(X) = (1+x}5)/g* (x)

= 1+X+X34+x7

and,
110100010000000
011010001000000
001101000100000
H = 000110100010000
000011010001000
000001101000100
000000110100010
000000011010001

H is an 8 x 15 or n-k x n matrix with rank n-k.
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: CHAPTER FOUR

BURST ERROR CORRECTING CODES

L.,1 INTRODUCTORY THEORY
In Chapter One, the concepts of solid and non-solid
burst errors were introduced in general terms. This chapter

will discuss the codes that will correct such errors. Such \

codes are called burst error correcting codes (BEC codes).
If a burst error occurs, the error polynomial will be of
the form
EC(X) = x1B(x)
where B(X) is a polynomial of finite degree (b-1). That is,

the length of the burst is b, and B(X) is of the form
2 b-2+ b-1

B(X) = I+a; X+a X" +...+a X

For example, a burst of length 5 might have

B(X) = 1+X+X2+X% (non-solid),

X

and thus, if the burst started in the tenth position,

E(X) = X (1+¢Xx+x2+x%).
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4.2 ABRAMSON CODES

Abramson (XR1l) has described a class of codes which can
correct all bursts of length 2 or less, and another class

which can correct ail bursts of length 3 or less.

L.2.1. CODES FOR bg2

Abramson proved that a generator polynomial
g({x) = P(X)(1+X)
where P(X) Is a primitive polynomial of degree g and the

length of the code is n=2q-1, could correct bursts of length 2

or less.

THEOREM 4.1: Consider a code generated by g(X)=P(X)(1+X) with
n=2q-1 and P(X) is a primitive polynomial of degree q. Then

this code will correct bursts of length 2 or less.

Proof:
g(X) = P(X)(1+X)
Then any codeword V(X) would have the form
VIX) = P(X)(1+X)1(X)
where 1(X) has degree ¢ (n-1)-(q+1)=n-q-2. The received

polynomial, affected by error, would be
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R(X) = P(X)(1+X)1(X) + E(X)

where E(X) could be

A

»

&t

1. 0 if there is no error,
i

2. X" if a single error,

3. x3(1+x) if a double adjacent error,

Consider the syndromes of R(X), namely Sk(X), where

So(X) = P(X)(1+X)1(X) E(X)=0
S,(0 = PO+ T(X) + X Ex)=xt
S,(X) = PO+ 1(X) + xI(14x)  Ex)=xd(14x) NQ!!!

To prove the theorem, it.ls necessary to prove only that
the syndromes are distinct for all roots of the generator

polynomial. That is, for X=a and X=1.

Spa) = 0

i
Sl(a) =0
S,(a) = o (1+a)

Now, consider some ak = 1 + o, Then,

Sgla) = 0

Sl(“) = “1

aj+k

R R R S R R

ko
S LaN

Sz(a) =

Certainly then, the syndromes S1 and 32 for X=a are
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dis¢inct except when i=(j+k) mod n. So Is always different
from S1 and Sz.

Case 2: X =1,

$o(1) = 0
S)(1) =1

Here, S, and S, are different. Case 1 Indicated that S;
and S, could be the same, but case 2 pre-empts that
possibility, and thus S; and S, are distinguishable by the “!
code.

Therefore, g(X) = P(X)(1+X) can distinguish between

errors for b=0,1, and 2, and can correct them.

The factor (1+X) adds an extra parity check on all
digits. Thus g(x) has degree q+1, and
k+g+l ( n
k+q+l ¢ 29%1
k ¢ 29-g-2
The rate of this code Is
R = (2%-g-2)/(2%-1)
and the rate approaches unity as either q or n approach

-

infinity.
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DECODING:
V(X) = P(X)(1+X)
which always has even welght. Slince
R(X) = V(X) + E(X),
the weight of R(X) depends on the welght of E(X). Further,
R(a) = E(a).
If R(X) has odd weight, then E(X) will also have odd
welght; that is, E(X) = x* and E(a) = ai. Since all ai's are
distinct, we can find i by computing R(a).

If R(X) has even weight, then E(X) has even weight; that

is,
1. E(X) =0,
or 2. E(X) = x1(1+x).
Thus,
1. R(a) =0,
or 2. R(a) = al(1l+a).

But R(a) = 0 Implies that E(X)=0 and thus if R(X) has even

weight and R(a) is non-zero, then we know that b=2.

4.,2.2 CODES FOR bg3

Abramson derived such a set of codes described by the

generator polynomial

g(X) = (1+X+X2)P(X)

R
N
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where P(X) Is a primitive polynomlial of even degree q, n=2%-1.
He conjectures that there Is at least one P(X) for every even
a2k such that g(X) Is the generator of a three error
correcting code. Some generator polynomials that may be used

are in Table 4.1,

q g(Xx)

4 (1+x+x2) (14x+x%)

6 (1+X+X2) (1+x+Xx®)

6 (14X+X2) (2+x+X 2ex%4x6)
8 (14X+X2) (1+X+X 24X 74X 8)
8 (1+X+X2) (1+x+%3+x7+x 8)

SOME GENERATOR POLYNOMIALS FOR bg§3 BEC CODES
TABLE 4.1

g(X) will have degree q+2 and thus k=n-(q+2), and the
rate for this code will be
R = (n-q-2)/n
R=1= (q+2)/(29-1)

As with the two error correcting code, the rate approaches
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unity as n approaches infinity, but the rate of approach is

slower. That is, the two error correcting code is slightly

more efficient. For example, If q=6,

Ry= 56/63

0.889,
0.873.

while R3= 55/63

4.3 FIRE CODES

The Fire codes (XR6) are a large class of codes which
are cyclic and thus can best be described in terms of their
generator polynomial which has the form

g(X) = P(X)(1+x%)

where \
P(X) is an irreducible polynomial of degree q with o

root o such that ae=1,

2. c¢ is not divisible by e,
and 3. n = LCM (e,c).
The number of parity checks is c+q. Thus,
k = n - (c+q)
and the rate R Is
R = (n-c-q)/n
=1 - (c+q)/n
Once again, the rate approaches 1 as n approaches infinity.

If d Is the maximum burst length that the code can
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%’ correct, then Peterson (XR14) proves that the following

conditions must hold:

EXAMPLE: Suppose we want b=d=3 or less and of comparible

length to the Abramson code example. That is, n should be

about §3.
n = LCM (e,c) q!.lll

and,

C ) 3+3-1 =5
Then, let us choose c=6 and e=7, and thus
ns==6x7-=42,
The generator polynomial for this code would be
g(X) = (1+x5)(1+x4x%).
The rate of the code would be

R = (42-9)/42 = 0,786,

The shortened Abramson code (n=42) has the rate

R = (42-8)/42 = 0.810.

Thus, it may be seen that the Abramson code in this case
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Is slightly more efficient.

If we wish to have a more efficient code, the best way
to do it is to choose c such that e Is a multiple of c. i.e.
e = ke,
In this case, R=1-= (ctq)/e

1l - (c+q)/kc

1-1/k - q/kc

As n approaches infinlty, R approaches (k-=1)/k.

That is, R will still approach 1, but only if e is much larger

than ¢, and slowly at that.

EXAMPLE: Consider a‘similar example to the previous one, but
choose c=7 and e=63. 1i.e,
n=LCM (7,63) = 63
and
g(X) = (1+X8)(1+x+x3)
with q=6.
The rate of the code would then be

R=1= (7+6)/63 = 0.794
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It is Interesting to note that the Fire codes have even
weight since (1+X) is a factor of (1+Xc). Thus, if the weight
of R(X) Is even or odd, then there will be an even or odd

number of errors respectively.

4.4 CHIEN CODES
Chien (XR5) has developed some excellent BEC codes that
will detect and correct all bursts of a specified length. They
are cyclic, and thus are best described by their generator
polynomial .
g(X) = (1+x°§§ P (X)

1]
where 1. each P, (X) Is a distinct Irreducible

3
polynomial of degree aj and order €5,
and 2. the ej's do not divide c.
Given the above conditions, it follows that g(X) has no
repeated factors. The code length then, is
n=LCM (c,ej,€5,...,8p)

Chien has proven that this code wiil detect all error bursts

¢ d and will correct all bursts of length ¢ b that

N

of length

m
are relatively prime tojanj(X), provided that ¢  b+d-1 and

m
b k8
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EXAMPLE: Let m=2, c=11, and
g(X) = (1+XI)(14X+X%)(1+x+x3)

2
Now, 51=h, 62=3, and ¢ sj=7. That is, b { 7. Also, ¢ ) b#d-1,

j=1
or
b+d-1 ¢ 11
b+d ¢ 12
If b=d, then
b=6<7 &
and %

n = LCM (11,15,7) = 1155

The above example seems to have an unnecessarily long
code length. However, Chien shows that with the proper use of
shift register configurations and a few calculations, the code
may be decoded in 30 shift register cycles (very fast). A
shorter Fire code that will correct one burst of length 6 and
has generator polynomial

g(x) = (1+x(1ex+x®)
has length of only 693 but requires about 40 cycles to decode
using Chien's configuration and conventionally 693 cycles.

The number of check digits Is c+§+68,+...+5 +1. Thus,

m
Kk =n= (ltctZl 6.)
j=1 3
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and,
m
= - +
R 1 (1 c;EIGj)/LCM (c,el,ez,...,em).
For the example above, n=1155, and
R=1-=- (1+11+4+3)/1155 = 0.984

This, of course, is an excellent rate!

In Table 4.2 and Table 4.3, some generator polynomials

and their error correcting abilities are shown. The symbols

used are:
1. n = the code length
2. s = number of cycles needed in high speed decoding
3. b, = the maximum length for which all lengths are

corrected

4. b = the maximum length for which most lengths are
corrected

5. E = the percentage of bursts of length > b0 but
¢ b that are corrected by the code

6. R = code rate

A11 bursts of length < b are detected.



g(Xx) n s bO
(1+x 1) (1ex+X%) (14x4x3) 1155 30 3
(1+x13) (1+x+x%) (14x4%3) 1365 31

(1+x13) (1ex%+x7) (14x4x3) 2821 49 3
(1+x39)(1+x2+x7) (14x+x3) 3255 52 3
(1ex 7y (2ex24x°)(24x4x%) 7905 55 4
(1+x19) (1+x+x8)(24x2+x%) 37107 90 5
(1+x21y(1+x3+x7)(14x2+x°) 82677 157 5

CHIEN CODES FOR m=2
TABLE 4.2

g(X) n
(1+x 7y (14x24x7) (1ex+x3) (14x+x%) 11067
(1ex17) (1ex24x7) (14x+xh) (14x4x3) 55335
(1+x19) (14x24x3) (1ex+x3) (14x+x%) 12369
(1+x19) (1ex24x7) (14x+x) (14x+x3) 61845
(1+x21y (1ex34x7) (14x24x3) (24x+x>) 578739
(1+x23)(1+x2+x5)(1+x+x“)(1+x+x3) 74865
(1+x23) (14x3+xT) (1ex+x ) (14x4X>) 306705
(1+x23) (1+x3+x7) (14x2+x% ) (14x+x>) 633857

CHIEN CODES FOR m=3
TABLE 4.3

() (-] ~ ~ o o

10
11

S
55
55
58
58
157
6L
160
160

b
2

W W W W wN

79
79
82
82
90
95
96

o P

9

10
10
11
12
12
12
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R
0.984
0.985
0.992
0.993
0.997
0.999
1.000

R
0.997
0.999
0.998
0.999
1.000
1.000
1.000
1.000
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4L.5 A CERTAIN CLASS OF CODES
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Gorog (XR7) postulated several classes of BEC codes

which are called systematic, perfect,

and efficacious. A quick

review of their forms and rates is presented here.

4.5.1 SYSTEMATIC CODES

The systematic codes are described by their generator

polynomial as

g(X) = P (XIP,y(X)

where 1. Pl(X) is irreducible, of degree Q. and of order

81,

and 2. PZ(X) is a primitive polynomial of degree q,

which does not divide PI(X).

q
I f a, ) b, and 2 2-1 is relatively prime to e, then the

code will cprrect any burst of tength
q

n= (2 2-1)L

where L Is the length of the shortest

Some polynomials which have the

the following:

Fex) = x227hag Lp
60x) = x*7 %41 L
Hoxy = x2P TR ey
1(x) = x2PaxP+1 Ly

b in a message length

cycle of PL(X).

properties of P)(X) are

= 2b-1

]
(e p
]
—
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2b,,2b-1

J(X) = X" +X tooatX+l Ly = 2b+1

Kex) = X2Pex®724 ax%41 L = 2642 1F b even
= b+l if b odd

ACX) = X+1 L, =1

It may be noted that F(X) and A(X) are the Fire code and
Abramson code cases. For example, if b=3,
F(X) = X°+1 = Py (X)
P,(X) = 1+X+x® say,
and thus, .

g(X) = (1+x+x8)(14x°)

as Iin sec 4.3 with rate R = 0.968.
It Is of Interest to compare the rates of the different

codes. This is done in Table 4.4.




RER 0]

3
a (e
i
i
v
i
]
e
%
o
5.8
<4
3
B3
i
I
!
.
iz
B
-
s
K
3
s
E
i
3
o
i
i
Fie
6
135
o
by
g
R
K
B
7
hie
&
=
1
i
R
\\
%
2
i
BES
e,
X
i
5
{
g
By
i
¥
&
ik
B
By
3
et
¥
i
i
QZ%S
i
£
%
s
.

PAGE 40

TYPE n RATE

Re  (2b-1)(2"2-1) 1-(2b+a,-1)/(2 2=1)(2b-1)
Rg (b= (2°2-1)  1-(2b-2+a,)/(2 2=1)(b-1)
Ry b(2 2-1) 1-(2b-1+q2)/b(2q2-1)

R, 3b(2 2-1) 1-(2b+a,) /3b(2 2-1)

R, (beD) (2721 1-(2b+q,) /(26410 (2 2-1)
(b+1)(2%2-1)  1-(2b+a,)/(2 2-1)(b+1)...b odd
2(b+1) (2" 2-1) 1-(2b+q2)/2(2q2-1)(b+1)...b even

q q
2241 1-(1+q,)/(2 2.1)...b=2 only

TABLE 4.4 CODE RATES OF THE SYSTEMATIC CODES

By making rate comparisons for comparabie lengths, it
may be seen that RG is the best systematic code, However, the

Fire codes with rate RF have almost as good a rate for a given

length.

. 4,5.,2 PERFECT CODES

For the best rate, the systematic codes must be long.
The perfect codes have shorter lengths for comparable rates.

Consider a polynomial PA(X) with period N. Suppose that
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there are s cycles of length N. Thus
n = sN
and the code will correct a burst of b errors in a message of
length N if
P11 ¢ s ¢ 2P,
Consider a second class of codes Py(X) given by the

product of different irreducible non-primitive polynomials of

the same period.

EXAMPLE: b=7, n-k=16, n=51
g(X) = (1+X+X4ax5exbex74x8) (1exex3+x%4x8)
and,

Pg(X) = g(X)1(X)

A third class of perfect codes P,(X) is a shortened
cyclic code. That is, perfect codes which correct any burst of
b errors in a message of length n will correct any burst of
d+1 errors in a message of length n;<n.

A final class is called the class of good codes. These
are formed by multiplying a perfect code of message length n;
by a new primitive polynomial of period n, relatively prime to

Ny and shortening the message such that bursts are corrected.
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EXAMPLE: b=b, n-k=14, and g(X)=P1(X)P(X)

1ex+x24x%ex?,

where 1. Pl(X)
1+X2+X°,

and 2. PZ(X)
Polynomial PI(X) corrects any burst of length 3 in a message
of length 73. Thus n =73. PZ(X) is primitive, and thus n2=31.

Therefore, n=nn,

73 x 31

2263

Gorog shows that, to correct 4 errors, the code must be

shortened to 1045,

4.5.3 EFFICACIOUS CODES

Gorog presents several classes of these codes, but one
s most efficient and thus of most interest. This code is
represented by EO(X) and was originally discovered by Melas
(XR9).

Let Pl(X) be a polynbmlal of degree a, and period Nl’
and let PZ(X) be a primitive polynomial of degree q,>q, and
period N, such that:

1. Ny divides N,,
and 2. Pl(X) and P2(X) are relatively prime.

Then, g(X)=P1(X)P2(X) generates a code that can correct any
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burst of (q;+1) errors in a message length of N,. ;

EXAMPLE: P (X) = 1#X+X?,  q=2,  N;=3
Py(X) = 1+X+x®,  ap=k,  Np=15
Thus,
g(X) = (1+x+x2)(1+x+x%),  b=3,  n=15
The rate of this b=3 code is
R = (15-6)/15 = 0.600

4.6 MULTIPLE BEC USING RANDOM ERROR CORRECTING CYCLIC CODES
Tavares and Shiva (XR19). Consider an (n,k) binary
cyclic code C with minimum distance d. If E(X) represents a
combination of b burst errors, each of length T,, i=1,...,b,
then the total weight of the b bgrsts would be
W(E(X)) =1£1T1 -m
where m is the total of the missing terms in non-solid bursts.
I f |
W(E(X)) < d,
then E(X) cannot be a code word in C. i.e.

b

I T
i=1 1

Similarly, it may be showq easlly that
W( E(X)(1+X) ) { 2b+2m

-m<d c.no'A

BT
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and if E(X)(1+X) is not In C, then neither is E(X).
Thus, 2b+2m < d
or m<d/2 - b ceeseB
Substituting B in A gives

b
(I T4 < d+d/2-b = (3d-2b)/2

or,
b
iElTi S (3d-2b-1)/2 o.oooc

If b < (d-1), then

b
ET. ¢ Max ( [ (3d-2b-1)/2 ], d-1) .....D

T
1el 1
where the [ ] brackets mean the greatest whole integer.

Similarly, while D is a detection inequality, a
correction inequality may be derived glving

b
E Ty <Max ¢ [zd-sp-1/u] ,[a-1/2 1) .....e

i=
where p is the number of bursts to be simultaneously
corrected, and b=2p.

It may be noted that there exists a decoding procedure.

4,7 MULTIPLE BEC CODES
Bahl and Chien (XR2) postulated a class of cyclic codes
that could correct multiple bursts of errors. Briefly, their

codes are constructed as follows:

A single parity check code may be considered as a cyclic

code2 having the generator polynomial




%
ey
&
ES
i
%
X

%,
%
P
g
£
4
53

o
P>
:%
#
ol
s
wF
a
'.:5
%
&
53
Z‘:ﬂ
A
Y
b
4
L)
b
A

PAGE 45
g(X) = 1+X
Let n . i=1l,...,p be pairwise relatively prime integers
such that
n1<n2<...<np.
Then the code C of length niﬁlpi Is constructed by forming the
product of p single parity check codes ¢4 having block lengths

nl,nz,...,np respectively.

P
j.e. n =1g1"1
k = 1 -
1.1(n1 1;1 .
and g(X) = LCM(1+X ..., 14X D)

where m'=n/ni.
Bahl and Chien derive two major results:
1. 1f t=[ p/2 ], where t is the number of bursts of

length bc that can be corrected, then
p~2

t =i£1ni
2. For p33, C can correct all burst patterns consisting

b

of 272 or fewer bursts of length ny.

EXAMPLES:

1. Consider n;=5,n,=6,n3=7,n4=11.
Therefore, p=4, t=2, b¢=5x6=30, n=5x6x7x11=2310,
and k=4x5x6x10=1200.

Thus we have a (2310,1200) code that can correct
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up to 2 bursts of length 30 or less, and generated by
g(X) = LCM(1+x%02,14x385,14x330,1,4x210,

The rate of this code is R = 1200/2310 = 0.519.

2. Using the same data as in 1 with p=4)3. The code will
then correct, with the same generator polynomial, four

bursts of length five.

3, Bahl and Chien also pointed out that this code will

correct a single burst of length 77.

The rate of the code C is
P
R =121(n1~1)/ni
p
= I -
1-1(1 1/ni)
¢ (1-1/ny)
Thus, if n; is small, the code will have a very poor

rate. However, for a large nj, an excellent rate is possible.

EXAMPLE: If n;=37, ny=4l, n3=43, n,=47, the rate is 0.907.
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5,8 CYCLIC PRODUCT CODES

Burton and Weldon (XR4). In general, the direct product
of two cycllic codes may not be cyclic. However, if the block
lengths are relatively prime and the digits are ordered
cyclically, then the product code is cyclic.

Consider two cyclic codes A and B of lengths n, and ng
and generated by go(X) and gp(X) respectively. Let C be the
product code formed by the operation

C=Ax8B
such that 1. 1its length n=n,ng,
2, dim C = (dim A)(dim B)
3. min dist C = (min dist A)(min dist B)
I1f, for some P, and Py
n,P*ngp, = 1 mod n,Ng.
then the generator polynomial of C is defined by

Pyn pin n,n
g,(X) = GCD( g, (X 2 B)gB(X 174y 14x 4B

EXAMPLE: Consider the (15,10) Abramson code A generated by
g4(X) = (LX) (Lex+x™)

and the (7,3) Abramson code B generated by
g5(X) = (1+X)(14x+X).

Thus, n = n,n_ = 7x15 = 105.

A'B
Suppose we choose p1=1. Then,
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(15)(1)+(7)(p,) = 1 mod 105
7p, = 106-15 = 91
P, = 13 or -2.
Using p,==2, It is easlly shown that
gA(xpan) = x770(1ex14ex424x70y,
and gB(xplnA) = 14x304x%24x%0,

Thus, g.(X) = GCD( g, (X)g (X) ) may be found to be
g (X)=(1exeX2) (Lo xTxZhxF) (14x34x4) (Lexex24x4x %)
| x (LeX+xZaxbexOy (1ex exOex74x74x104x12)
x (1ex+xZexbexTexBex94x104x12)
The rate of the code is
Rc = 30/105 = 0.286
In general, the rate of this code is
Re = (kpkg)/(n,ng) = RyRg.
Obviously then, the rate cannot get very close to unity;

in fact, It is always lower than the code with the worse rate.

BURST ERROR CORRECTING ABILITY

Consider the cyclic product code previously described.
If code A has burst error correcting ability b, and code B can
correct a burst of length by, then Burton and Weldon (XRW4)

derive the relationship for bc, the length of burst code C
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will correct, as
bc 2 nAbB + bA'

If np = ¢ynp ¢ 1, where <y Is an integer constant.

EXAMPLE: For the (15,10) and (7,3) codes used previously,
1. np = 2ng + 1,
2. ny = 15,
and 3. by = by =2 (Abramson codes).
Thus,
be 3 (15 x 2) + 2 = 32
Thus, the (105,30) code C will correct bursts of length

32 or less. The authors also show that this code will correct

7 random!errors.

4.9 CONCLUDING REMARKS

Several BEC codes have been studied. The Abramson codes
correct only single bursts of length 2 or 3. Others, such as
those in sections 3 to 8 correct long bursts with varying
efficiencies. The codes of section 8 correct long bursts and
random errors, but with a low rate. A decision would have to
be made on which code to use depending on requirements

regarding burst length and rate.
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The next chapter wlll discuss some of the decoding

procedures already known.
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CHAPTER FIVE

BEC DECODING PROCEDURES

5.1 GENERAL

There are several basic methods of decoding BEC codes.
One is to use shift reglsters only. A second is to use storage
In a computer for comparison of burst patterns to received
error sequences. A third is to use the high speed calculating
ability of a modern computer. A fourth more common method is

to combine some or all of the three previous methods.

5.2 DECODING TECHNIQUE 1

This method (XR15) involves the use of a shift register

_and some storage, the latter being used to store the possible

burst patterns for some burst length.

Suppose V(X) Is transmitted and R(X) is received. If a

burst error has occurred, then
R(X) = V(X) + x1B(X)

The problem Is to determine both B(X) and i. The procedure

follows:
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1. Calculate Ry(X) = ( R(X) mod (1+X") ) mod g(X)
2. Calculate Ry(X) = ( XRy_;(X) mod (1+X™) ) mod g(X)
successively for j=1,2,...,n-1 but stop when Rj(X)
is a recognizable pattern for the burst length in
question.
3. wWhen a recognizable pattern occurs, call it B(X).
Thus, E(X)=x""3B(X).
4. If a recognizable pattern does not occur in n shifts,

then the detected error is not correctable.

THEOREM 5.1: Let V be any (n,k) cyclic code capable of
correcting every burst error E(X)=XiB(X) belonging to some set
E and generated by the polynomial g(X). For some received
bolynomlal R(X)=V(X)+E(X) where V(X) Is in V, let

RO(X)=R(X) mod g(X). Then RO(X) is in E iff the error is

confined to the first n-k positions.

PROOF: 1. Assume E(X) is confined to the first n-k
positions. Then RO(X)=E(X) In E.
2. Assume RO(X) Is in E, and further assume that
E(X) is not confined to the first (n-k)
positions. Then,

E(X) = E;(X) + E,(X),
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where EI(X) is confined to the first n-k

positions and EZ(X) has smallest degree of at least

n-k.

Let E2(X)mod g(X)=R02(X). i.e.
E2(X)=g(X)a(X)+R02(X) for some a(X)
E1(X)+E2(X)=El(X)+g(X)a(X)+R02(X)

;E‘-":&{:"‘i‘?ﬂ}%&:@“:ﬁ é—ﬁ ‘:t’m"::u/ﬂ‘..i' “:“,. :5:'-.,'."_,-:\"? AR RO e i o s s

But g(X)a(X) Is a code word, and we know that a

code word cannot equal the sum of correctable

s

siri

errors.

Thus, El(X)+R02(X) is not a correctable error. \

Since EI(X) is in E, then ROZ(X) is not in E and we

have a contradiction.

Therefore, RO(X) is not in E and E(X) must be

confined to the first (n=k) positions.

EXAMPLE: Consider the (15,9,b=3) Abramson code with generator

polynomial

g(X) = 1+x3exhex3+x6,
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The possible burst patterns for b{3 are
o ]
1

B(X) =]1+X

1+x2

1+X+X2_
Suppose 1(X)=1+X+X3. Then V(X)=1+x+x8+x3+x?,
Let E(X)=X5(1+X+X2) for example, then
R(X) = 1+X+X2+xTexB4x7.
The steps in the procedure yield;
Ry (X)=R(X) mod g(X)=x+x"
Rl(X)=x2+x5
Ry (X)=(x3+x®) mod g(x)=1+x%+x>

RIO(X)=1+X+X2=a recognizable pattern.
Thus,
B(X) = 1+X+X2
and,
E(x) = x13-10B(x)

= X2 (1+X+x2).
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5.3 DECODING TECHNIQUE 2
Shiva and Zeitoun (XR18). This procedure is based partly
on the principle of section 5.2 above. The main difference is
that, iInstead of up to n decoding steps, this procedure
requires approximately [k/(n-k-b+1)] + 2 steps.
Consider first the case where n{2(n-k)-b, and suppose
the error is E(X)=X1B(X), where B(X) Is of degree less than or
equal to b-1. If the error is confined to the first n-k
digits, then R(X) mod g(X) Is the error. This accounts for
errors starting at 1=0,1,2,...,n"k=b.
On the other hand, If the error is conflined to the last
n-k digits, then
R*(X) mod g*(x) = E*(X).
This accounts for errors starting at i=k,k+l,...n=1. If
n{2(n-k)=b, i.e. k¢n-k=-b, then all positions are accounted
for.
In general, for all n, the following steps are required:
0. Compute Ry(X)=R(X) mod g(X). If Ro(X) Is
correctable, It gives the error. Otherwise, go to
step 1.

1. Let u=(n-k-b)+1l, and let r be the smallest integer such
that ru+(n-k)>n. Compute

Ry (X)=((X"Ry_1(X)) mod (1+x")) mod g(X),
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J3t. 1f R.(X) Is correctable, then X‘“JRj(X) Is the

h |
error. Otherwise do step j+l. If no correctable
error pattern is found by step r, then the deleted

burst is not correctable.

EXAMPLE: Use the same example as the previous one, i.e. with
R(X)=1+X+X5+X7+X8+X9, where E(X)aX5(1+X+X2). In this case
n>2(n-k)=b and the general procedure must be foliowed.
0. RO(X)=R(X) mod g(X)
aX+X4 which is not correctable.
Now, u=n-k=-b+1l=4, and thus r=3, Carrying on the steps;
1. R (X)=(X4(REX)) mod g(X)
=X+X2+X4+X5 which Is not correctable.
2, RZ(X)=X4R1(X) mod g(X)
=1+X+X> which is not correctable.
3. R3(X)=X4Ry(X) mod g(X)
=X2(1+X+X2) which Is correctable.
Thus,  E(X)=Xx"1UR, (X)
=X~ 2R, (X)
=X 10 (1ex4x?)
=X (1+X+X2).
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5.4 DECODING OF MULTIPLE BURSTS

This procedure, developed by Tavares and Shiva (XR19),
follows up section 4.6. Summarizing, binary cyclic codes were
used and the errors incurred were not code words if

1. WCOE(X) ) (¢t
or 2. WO EX)(1+X) ) € ¢t
where there have occurred p or less bursts, p{t, and
t s [ (d-1)/2 '], the number of random errors the code can
correct.

Also, It was proven that the code could detect b bursts
and correct p bursts each of length Ty If:

1. bgd-1

2. gg(d-l)/Z

3. 5, T, < maxC [ (3d-2b-1372 ], ¢-1)
P
b & T cmaxt [ Gato-iw 1L a-nir2 1)

The decoding procedure Is to estimate both E(X) and
E(X)(1+X) and test to decide which is the best estimate (if
they differ). Suppose R(X)=V(X)+E(X). Let the decoder generate

R(X)(1+4X) = V(X)(1+X) + E(X)(1+X).
Now, let 5§ be the set of correctable burst patterns and assume
that E(X) is In 5. Let the estimate of E(X) from R(X) be E, (X)
and the estimate of E(X)(1+X) from R(X)(1+X) be EZ(X)(1+X).
EZ(X) Is obtained by dividing by (1+X). If
W(C E(X) ) ¢ ¢,
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or,

WO ECX)(1+X) ) ¢ t,

then at least one of EI(X) and EZ(X) are correct if E(X) Is In

A
5. Hence, If E,(X)=E,(X), then

AR

5
!

A A
E(X) = E;(X) = EZ(X).
A
If E4(X) is in 8, and Ej,jﬂi(X) Is not in §, then clearly,
E(X) = E4(X).
1f E.(X) and Ei(X) are both in §, then the only solution is to

subtract both from R(X) and test to see if R(X)-Ei(X) is a q.l

code word in C. The result must be unique.

A A SR N MR A R

EXAMPLE: Consider the (15,7,2) BCH code generated by
g(X) = 14X b4x04x 7+x8,
Let 1(X)=1+X3. Then,
VIX) = 14X 3ex4+x6+x8ex9ex10x11
Suppose the error E(X)=x9(1+X) occurs. Then, the received

polynomial will be

REX) = 1+x3sx%exbexBexll,

For this code, d=2t+1=5. Now,
b
max( [ (3d-2b-1)/2 ].d-1)

T
1%1 i
or ilei max(7-b, 4)
b
I1f b=l, T T1
i=1

Thus, the code will detect one burst of length 6 or two of

N I I

6.
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length 2, Also,

% 1§1T1 ¢max(C [ (3d-sp-13/8 1.[ @-13/27 >

% or, LTy ¢ max( [ -200/2 ], 2 =2

% Thus, the code will correct only one burst of length 2 (i.e.
_E Now, R(X) = 14x3+x%exCuxBax!!

é R(a) = 1+ad+a“+absaBiall = o3

% The only possible errors, R(a)#0, are EI(X)=X9(1+X) and x13.
% Also, RO (1+x) = 1axex 7 exSexTaxBex ey ix!?

. R(a)(1+a) = 1+a+tad+aS+ab+a7+aBra%+allsal? = o?

The only possible errors In this case are EZ(X)(1+X)=X9(1+X)2

e T

and X13(1+X). 1In other words, the only possibilities for
£,(X) are X2(1+X) and x13,

Since €1(X)=EZ(X), then they are also E(X). To determine
which is correct, test V(X)=R(X)+€(X).

1. E(x) = x13,

13

Texy = 1ex3exbexBaxBaxtlex
VX) mod g(X) = 1+X3+x8+x7 # 0,

Thus, X13 is not the error.

a 9
2. EMX) X7 (1+X).

Ty = 14x3+x4+x04x84x%4x104x11

V(X) mod g(X) = 0

Therefore, the error is X9(1+X) since V(X) is a code word.
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5.5 DECODING USING SEQUENTIAL CIRCUITS
3 Decoding procedures using shift registers have been the
main method of decoding BEC codes in the past. A short
; discussion on how this is done follows.
2? 5.5.1 NOTATION
:% The notation of Peterson (XR10) will be used. The
p following three symbols are defined: \
1. Adder h
; b <§ - C
,g c=(a+b) mod 2. We will discuss only mod 2 operations.

.

2. Storage device

{a]

This device stores a, and thus the output is a.

3., Gate

B O O R S e SR

n—Jgel—

This device is really just a relay contact. If it is

closed, the circuit AB is connected, If open, AB is

broken.
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5.5.2 MULTIPLIERS AND DIVIDERS
It may easily be shown that the following circuits
multiply and divide the inputs to them. The derivation may be

found in Peterson (XR11l).

[4:]-{23—{Z]—ﬁ9-{:]-<f—{ﬁj-<r—{jl-<f--u>output
Input i ,

CIRCUIT FOR MULTIPLYING BY g(x)=1+x3+x"+x5+x6

FIGURE 5.1

I nput—>( + C -b—l:]—'—'ou tput

CIRCUIT FOR DIVIDING BY g(X)=1+X3+X4+X3+x6
FIGURE 5.2

In both cases, g(X) Is the generator polynomial for the
(15,9,b=3) Abramson code (g(X)=(1+X+X2) (1+X+x4)). Also, In
both cases, the input goes in highest degree first. Similarly,

the first bit to reach the output is that of the highest

degree.
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For the division case, it is useful to know that the
remainder Is stored in the shift register. For example, if the
input is
1eXex3axbexTax104x1l,x13
then the remainder after division by g(X) is x2+x%, The shift

register contents after division are

MYy

input-'é'-')—i 0 0 1

Simultaneous multiplication and division is also

b—! 0 —& l_l_}—é—l_z__l—'—-output

possible. Such a circuit follows:

+ + + + + P output

input -

CIRCUIT FOR MULT BY 1+X+X3AND DIV BY 14X3+x%+x2+x©
FIGURE 5.3

Note: All registers in all three cases must have the storage

devices initialized to zero.
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5.5.3 CONVENTIONAL DECODER FOR A FIRE CODE

Consider the (693,676,b=d=5) Fire code generated by
g(X)=(1+X1 1) (1ex+x8)=1oxex0ax1laxi24x17,

' ' { gate 1 F—*——%}——G-R(X)
O { C HHH et
l)-'"QT &W?&?WTI 54?4“10(
| test for all zeroes | [gate 2

R(X) =~ 693 bit buffer }—i gate 3 | V(X)
FIGURE S.& CIRCUIT FOR DECODING THE (693,676,b=5) FIRE CODE

Figure 5.4 shows the circuit that may be employed to
decode the received polynomial R(X). It operates in the
following manner.

1. Gate 1 is closed, while gates 2 and 3 are open. R(X) is
fed into both the buffer and the shift register until
693 clock pulses (shifts) have occurred. R(X) is now in
the buffer.

2. Gate 3 is changed to the closed position. R(X) is fed
out of the buffer to the output (V(X)). At the same time,
the shift register shifts with zero input until all zeroes
occur in the first twelve memory units. At this time, the
logic unit will detect the 'all zeroes' condition, open
gate 1, and close gate 2. Also at this time, the burét of

length 5 or less will be sitting in the last five memory
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units.

3, The remaining bits of R(X) are added to the burst
pattern, so that the output will be in the correct form
(l.e. error free). If gate 2 Is never closed, it means
that the 'all zeroes' test failed, and that a detectable
but uncorrectable error occurred.

This procedure is simple, but it requires n cycles of
parity checking and n cycles of error correction. In the
example above, 2x693=1386 cycles of shifting are required.
Thfs is considerably slower than it might be. If the output
were fed into a modern high speed digital computer, then
delays of the order of 693 bits could not be tolerated.

Accordingly, the following sections are devoted to high speed

decoding.

5.6 HIGH SPEED DECODING USING SEQUENTIAL CIRCUITS

5.6.1 DECODING OF FIRE CODES

An alternative decoding circuit designed by Peterson
(XR16), consists of two feedback shift registers, one based on
the cyclic factor 14X, and the other on the factor P(X). The
two registers are run In synchronism for parity checking and

error detection. Figure 5.5 shows such a circuit for the Fire
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code under discussion.

| R(X)
| test for equality | zeroes |
I zeroes
§ { gate 2 |
Igate:I]
R(X)———e{ 693 bit _buffer — zate 3 }- l —V(X)

1.

FIGURE 5.5 DECODER FOR THE (693,676,b=6) FIRE CODE

The circuit operates in the following manner.
Start with gates 1 and 3 open, and gate 2 closed. Feed
R(X) into the shift registers and buffer as before. Close
gate 3.
Read R(X) out of the buffer while the registers shift
with zero Input. Suppose a burst of length b{6 occurs. The
error may be written as x!1B(X). The remainders, calculated
in the registers, are;
s, (X) = xi+6B(X) mod 1+X+X°,

and, s (X) = X1*6B(X) mod 1+x'l,

where p and c refer to P(X) and (1+x%) respectively. The

burst will leave the buffer after n=(i+6) cycles. At that

time, the contents of the registers are;

Q!..I
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X“'i'6sp(X) = (xP=1-6)(x1*bg(x) = B(X) mod 1+X+X®,

T

and,

n=i-6y1+6g vy - B(X) mod 1+x'1.

xn=1-8s (x) = x
Thus, If a correctable error has occurred, the two
registers will each have the burst In them, and the eleven
bit register will also have five zeroes. If the ‘all
zeroes' and equivalence tests both hold, open gate 2 and

close gate 1. The sum of R(X) and the shift register

contents will give the corrected code word.

- 3. If elther of the two tests fail, then an uncorrectable
. error has occurred.
This circuit also takes 2x693=1386 cycles of shifting,
and thus is no faster in this respect. However, the following

3
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subsection will show how to speed up the process using the

i

e

clircuit.

i

5.6.2 A FASTER METHOD
Chien (XR5) has developed a method using a combination
of the previous method and some simple offline\calculations.
The syndrome sc(X) is able to determine not only the
burst pattern, but also the starting position up to a multiple
of c¢. Thus, for some Ogrc<c,

i = re mod c.
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Similarly, the burst pattern is determined in the
register corresponding to P(X), and for 0¢ry<e,
i = rp, mod e.
If e and ¢ are relatively prime, then | may be
determined by the Chinese Remainder Theorem. i.e.
I = (Acer, + Apcrp) mod n
where A and Ap are integers such that
Ace + A,c = 1 mod n.
With the circuit slightly modified as shown in Figure
5.6, It should be noted that r_  Is found by shifting the lower
register until the ‘'all zeroes' test holds, and subtracting
the count from c. That is,
ro. = c=(count)..
Similarly, when the burst found in the lower register
equals that in the upper register, then
ro = e-(count)p.
One thing we know is that c<e. Thus,
(count) & (count)p.
Then, simultaneous switching for decoding can occur. When the
lower register stops switching (and counting), the upper

register can keep switching until the burst is matched and the

count is recorded.
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AT

é*?"f?‘é‘?"?‘?‘?'?

R(X)—4 ! test for equalitgj[;est for all zeroes'

Al

FIGURE 5.6 FAST DECODER FOR THE n=693 FIRE CODE

The counters are not shown because they work in

conjunction with the clock pulse. An n bit buffer Is no longer \

required because the burst pattern and starting position can

be printed out after the received sequence.

EXAMPLE: Using the configuration of Figure 5.6, suppose the
error E(X)=X3(1+x4+X5) occurs. The 'all zeroes' test shows
equality to all zeroes at the eighth shift. Thus,

re = c-8 = 3.
With shifting continuing in the upper register, the match

occurs at the sixtieth shift. i.e.

rp = e=60 = 3.

In this case, then, r.=r,=3.

The computation of A, and A, will have been done off

line and stored in the computer. In this case, Ac=7 and

Ap=-k0. Thus,




o

RSN R R R DR A

s i L
SRR

PAGE 69

(Acerc+Apcrp) mod 693

u

(7x63x3-40x11x3) mod 693

3(L41-440)
= 3,
4 5
Since B(X) = 1+X+X , it follows that
E(X) = X3(1+x%+x3).
This method requires only sixty cycles of shifting while
the previous methods required 693. In general, this method
will improve the speed of decoding by a factor of

approximately the minimum of e and c.

5.6.3 HIGH SPEED DECODING OF CHIEN CODES
Similar methods used in section 5.6.2 above may be
applied to the Chien codes of section b4.k. The reallizing
circuit for the (1155,1137,b=6) Chien code generated by
g(x) = (1+X11)(1+X+x%) (14x+X3)

is shown in Figure 5.7.
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A

B

+| test for all zeroes|
 counter|

logic burst

[test for equalityl——F—{counter]~¢ location

2

TSRS

R(X)=—o$

E AL R

[test for equalityl——{counter }—

ST BRI L i e AN e

y

CIRCUIT FOR HIGH SPEED DECODING OF THE n=1155 CHIEN CODE
FIGURE 5.7
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The circuit of Figure 5.7 operates in the following

manner.

1.

With the switch in position A, the received vector R(X)
is shifted through the three registers. The burst will now
be in the uppermost register. By shifting and counting,
the burst may be moved such that the 'all zeroes' test
applies. That is, the burst will be In the first six bits.
Hence,

ry = 11-(count)11.

Once the 'all zeroes' test has been satisfied, the
two way switch is moved to B, and the three initial
registers stop shifting. The burst is then simultaneously
fed to the output and to the other two shift registers.
Both registers then shift with zero input and counting
begins. Each register stops shifting and counting when
equality tests hold. In this case,

r; = (count),,
and, ris® (count), .

This procedure would take a maximum of (10+6+14)=30
decoding cycles versus the 1155 decoding cycles with a
normal Flre code decoder of length 1155. If a burst error
of length > 6 occurs, the equality test will not hold. If
any register other than *he uppermost one has a zero

remainder, then a detected but uncorrectable error has
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occurred. 1f all registers have zero remainders, then no

error has occurred.

EXAMPLE: Suppose E(X)=X12(1+X34X5). Then the remainders in

the three shift registers will be

THTH Ho HIH e {1 H o H o HoH o]
o e 11
[0 |-®— 1 0 1

Thus, (count)l1 = 10, and rg = 11-10 = 1. The equality

tests hold for
(count); =5,
and, (count) ;5 = 12.
Therefore, by the Chinese Remainder Theorem,
T=A;,(7x15)r | +A,(11x15)r ;#A, s (7x11)r g mod 1155

where

A11(7x15)+A7(11x15)+A15(7x11) = 1.
Substituting ry3=1 mod 11, r7=5 mod 7, and r15=12
mod 15 into the formula, one gets i=12, and thus,
E(X) = x12(1+x3+x°).
This particular decoding operatior required

10+6+12=28 cycles of shifting, three multiplications, and

a few additions and subtractions.
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As a further Illustration of the power of this type

of decoder, consider the Fire code generated by
g(X) = (1+X37) (14x+x24x3+x19),
This code, wifh e=524287 has length 19,398,619. A
conventional Fire code decoder would require 19,398,619
cycles of decoding and would correct all errors of length
b<19. Consider now the Chien code generated by
g(x) = (1+x37)(1ex3ex10) c1ex44x?).

This code, with the same c, ;=1023, and e,=511 has length
n=19,341,861. This code will correct all bursts of length
¢ 9 and more than 99.6% of the bursts of lengths between 9

and 19. Thus these two codes are comparable. However, high

speed decoding of the Chien code may be done in a maximum

of 1077 cycles.

5.7 ONE STEP MAJORITY LOGIC DECODING

5.7.1 DEFINITION
Consider an (n,k,t) cyclic code V generated by some
g(X). For an input c(X), any code word V(X) is defined by

VIX) = 8(X) (cgte X*eratey X570

Consider now a received polynomlal of the form

R(X) = r0+r1X+...+rn_1X“'1.

\
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By equating powers of X, a relationship may be set up

R A M R S AR A TR e T3 e

between the ci's and the ri's. If each c; can be expressed
in (2t+1) ways such that no ry Is repeated, then the code

is said to be l-step majority logic decodable (1SMLD).

1 5.7.2 THEOREM (XR17)

Let V be a binary (n,k,t) 1SMLD code generated by
g(X). Then the (n'=ni,k'=ki) code V' generated by

g'(X)=g(X ) has the same error correcting ability as V and

I's 1SMLD.

The proof Is given in the referenced paper.

5.7.3 THEOREM (XRl?)
Any code V' above may correct by 1SMLD, the

simultaneous occurrence of B bursts, each of length bi or

less, and [ (d=1)/2 ] -gb random errors.

ST
%

PROOF: A burst of length bi can affect at most b of the

parity check relations on any cj. Thus, B8 such bursts will

affect at most gb relations.

EXAMPLE: Consider the (15,4,3) code generated by

SISV Ryt

I

RN
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g(X) = 1+X+X24X3+x5+x7+x84x11,
If the input Is C(X)=c0+clx+c2X2+c3X3, then
- 2 3
V(X) c0+(c1+c0)x+(c2+c1+co)x +(c3+c2+c1+c0)x
+(c3+c2+c1)X4+(c3+c2+c0)X5+(c3+c1)f§(c2+co)x7
+(c3+c1+c0)X8+(c2+c1)X9+(c3+c2)x1°+(c3+c0)xl1
12 13 14
*C Xiorc, X 4e X 20
Comparing coefficients, one gets 15 equations for the r 's

h]
in terms of the ci's. It is then easily shown that

C0=r0

ri*riz

(2]
[=]
1]
-
w
+
-
E =3

Co = Te*'s
€0 = "7""13

\ €0 = "11" 14

Here, three random errors could affect at most three
parity checks on c, (Theory shows that the same will hold
for any ci). Alternatively, a burst of length 3, or a
burst of length 2 and a random error would still affect
only three equations at most. Thus, with a majority

decision, c, may be determined.

Suppose now that 1=3. That is,

g'(X) = 1+x3+x6+x9+x15+x21+x24+x33,

e e Rk ol i 2 o S T ot i i e e S A s RO T A e e T
B | ALy - a e b s o N T N E I T (S A P St S SR L s P T e P T, e A d e s A S ST e B R e
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and we have a (45,12,3) code. It may easily be shown that

the parity checks on cp now are

€ = To
Co = r3+r36
é% Co = Te*r2y
%? Co T T9*r12

PR

Co = ris*rap

i
! Co = r18*ras
i Co < r33+r42 |

One can readily see that 3 random errors can affect at
most 3 parity checks. However, a single burst of length 3
can affect at most one parity check equation. Thus the
code can correct many combinations such as 1 random error
and 2 bursts of length 3 or less. This illustrates the
theorem of section 5.7.3.

As &an extra advantage, 1SMLD is extremely fast as
most of the decoding Is done by computer calculations.
However, a high rate code with a good error correcting
ability may not be found easily. For example, the
(45,12,3) code used above will correct single bursts of

length of up to 9 but has a rate of only R=0.267.
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CHAPTER SIX

A NEW DECODING PROCEDURE
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6.1 INTRODUCTION

Consider an (n,k) cyclic code V' generated by g'(X) and
capable of correcting all bursts of length b or less. For a
code word V'(X), and burst error pattern B(X) starting in '

position i+1, we have the recelved polynomial R(X) defined by

s AR
SIS PR

RY(X) = v'(x) + xiB(x).

j%. In section 5.2 it was shown that the decoding of R(X)
%« could be accomplished by examination of

% Ry(X) = ((x3Ry_; (X)) mod (1+X™)) mod g(X)

%' for 1¢Jj¢k+b and given that Ry(X)=R(X) mod g(X). This method

AT

e

could require up to k+b steps of decoding.

£ sne i

In section 5.3, it was shown that R(X) need only be

S

28

& shifted u=n-k=b+1l bits at a time, and thus approximately [ x/u ]

+2 steps are required. However, for a high rate code, this
does not represent a significant reduction. For example, the
(1155,1137,b¢6) Chien code discussed earlier could be decoded
In approximately 89 steps compared to 1143 steps in section

5.2. Thus the reduction is only a factor of approximately u.
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For both techn{ques, the number of shifts required is
large, but neither has the disadvantageous requirement of
storing syndromes or doing off line calculations. In such long
code situations, Chien's procedure is very useful. Wwhile it
requires only a small amount of computation as well as
shifting, it requires the generator polynomial to have (14X€)
as a factor. Fire codes have the same restriction.

The decoding technique presented in this chapter does
not require a code which contains (1+X€) as a factor of g(X),
but it does require that g(X) be self-reciprocal. The decoding
procedure involves very little shifting, some calculations,
and some storage of syndromes. However, the storage required
is small if b Is appropriately small in the context of storage

space available. That is, only 2""1 syndromes need be stored.

6.2 A SUBCODE V OF V'

Consider a set V which is a subset of V', such that V is
the code generated by
g(X) = LCM(g'(X), 8" (X))
where * is the reciprocal as previously defined. Suppose
g'(x) = gl(X)gz(X)...gr(X) .
where each gj(X) {s irreducible. Further, let a } be a root of

gj(x), where o« Is a primitive element of GF(2™), m being the
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smallest integer such that n divides 2™-1. Since g(X) =

LCM(g'(X),g'*(X)), a-aj is also a root of g(X).

6.3 CALCULATING THE LENGTH OF THE BURST
Consider the received polynomial
RCX) = V(X) + XTBOX)
where V(X) is in V and B(X) is a burst of length f¢b. Consider

*
now, the product R(X)R (X).

6.3.1 RESULT
There exists a egb such that

(x®R(X)R*(X) mod (1+x™)) mod g(X) = B(X)B*(X).

This may be shown in the following manner. We know that
Lis = x*ROORT(X) mod (1+x™) mod g(X)
= PEOOE (X)) mod (1#X7) mod g(X).
But E(x)=x*B(X) and thus E*(X)=X“'i'!8*(X). Therefore,
Lis = xOxPLB(x)B*(X) mod (1+X™) mod &(X)
_ ™05 (x)8* (X) mod (1#x") mod g(X)
- x9Lg(x)B*(x) mod (1+x") mod G(X).
Suppose 6=0. Then LHS=X-IB(X)B*(X) which Is not the RHS. As

o is increased, the first chance for equality is when 6=0. If
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equality does not occur at this point, then it is increased
until the boundary defined by g(X) is reached. The cyclic
nature of the parent code then dictates that equality must be

reached If the error is correctable.

6.3.2 CALCULATIONS
B(X) has degree f-1¢b-1, and B¥(X) has degree f-1¢b-1
also. Thus B(X)B*(X) has degree 2£-2¢2b-2. Thus, for some ¥,
when XPR(X)R*(X) mod (1+#X™) mod g(X) has degree ¥{2b-1, then,
v=28-2, or -
L= w22,

EXAMPLE: 1f (XPROXOR*(X) mod (1+X™)) mod g(X) = 1+xZ+x‘+x®,

and n-k>6, then ¥=6, and 1=(6+2)/2=4,

Knowing the length of the burst will not be absolutely

necessary, but useful In the following sections.

6.4 DECODING THEORY
aj -aj
are roots of

wWe know from section 6.2 that @ and «

g(X). Thus,

a a ia a
RGa ) = V(e 3) +a 3BCa )
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ia a
= q Ig(a 1) j=1l,...,r
Similarly,
-aj -ia -a,
R(a 3y =@a JB(a ) J=1,e0e,r
Therefore,
a -a ia a -ia -
R(a I)R(a 1) = o IB(a Da YO P
a -
= B(e 1)B(a 1) JEl,eea,r
-ay -(f-l)aj x 4
However, B(a ) = o B (a j)

where f is the length of B(X). It féglows then, that
a -(t-1)a a
B(a J)a Ig*(a )

-(0-1)a a a
= jB(aj)B*(aj) j=ll""r \

Let us now use the notation Rj where

a -8
R(e IR(a )

Ry = R(a2I IR ).

That is, )
-(l-1)a a a
Ry = Yg(a 18 (@ 3), j=lieeesre

Suppose Ry is computed for all distinct bursts Bk(X).
Now, any given Rj may not have distinct values for all values
of k. For instance, bursts of egual length that are
reciprocals will give the same Rj. Thus, we store only
distinct syndromes, which we shall call sy defined by

Sk = (Dkl(a),Dkz(a)'o "'Dkr(a))'

where a
-(¥x-1)a a a
Ig (e 1B, (a 1),

ij (G) = a
and where the s¢ are all distinct.

a' -a-
If R(a °IR(a Jy is calculated for all j=1,...,r and
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compared to the s, syndromes, then the choice of possible
burst patterns Is narrowed down. Having calculated f
previously also narrows the choice. For example, If Q is not

more than 6, we know that not more than two choices exist.

6.4.1 RESULT
There is only one B(X) such that

a a l/a
(rea Hygle 1)y F

i{s equal to the same quantity, say ol for 1=1,...,r. \

PROOF: Suppose there are two patterns Bj(X) and By (X) such

81 -1 ai 1/81 Sl
that (R(e ")B; (a )) / = a 1=1,c000r ceoA
ai - ai 1 ai 82
and' (R(a )le(u’ )) = o I=1'o00'r o;oB
ai 8181 ai
Then, from A, we have R(a ") = @ Bil(e ),

Qa BZ(G )c

and from B, we have R(a ™)

This means that

2 a
Qa Bl(a ) =@ Bz(ﬂ

i
) for i=1l,...,¥7.
In other words, the syndrome
a as 8y
(R(a ),R(a )seessR(a 7))
is the same for two errors.
But this is impossible in view of the error correcting

capability of the parent code. This means that there cannot be

two patterns BI(X) and BZ(X) satisfying both A and b above.
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DECODING PROCEDURE

The decoding may be done in three or four steps.
Calculate (R(X)R*(X) mod (1+X™)) mod g(X) and shift
mod g(X) until the degree ¥ is { 2b-2, Calculate f from
the formula f=(y+2)/2.

8j -aj
Compute R(a “)R(a ), j=1,...,r from the received
polynomial. This will give the required syndrome.
Compare the computed syndromes with the stored syndromes
and obtain the possible burst patterns. Narrow the
number of patterns down by using the calculated value L.
If only one burst pattern applies, then
Lo e e ey )
If two or more bursts are possible, test one of them with
e e e I Y o an .

If the same value of | is obtained for all j, then that
burst pattern is the error pattern and i is the starting
position. Otherwise, if fallure occurs for even one j,
then the second pattern must be tested in a similar

manner and so on. When the correct pattern is determined,

then | may be found by

i

- 1
g = (R(e2DHB™ M) /2y
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NOTES: 1. It is possible for B(a =0 for some j. Thus
computation of B-l(uaj) is not possible and the
computer program must be set up to test for this
condition. When such a case occurs, simply test
other bursts first. |t might be the correct burst
by default!

2. The most number of tests required in step 4 is r,
Normally, not more than two tests and one

calculation are required.

6.6 RATE

Fire codes have some of the highest rates of codes
discussed in Chapter 4., The codes discussed in this thesis may
be a subset of Fire codes and, for long lengths, will have
approximately the same rates.

For example, consider the (693,676,bg6) Fire code

generated by
g'(x) = (1+xt1y(1+x+x6).

This code has the rate R=0.975. The sub-code of this would be

a (693,670,bg6) code generated by
LeM € (1+x11)(1+x+x6), (1+x11)(1+x7+x8) )

g(X)

(1ex Yy 1exex®y e +x®y.
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This code has rate R=0.967 which Is not much different.

Since an (n,k,b) Fire code becomes an (n,k-b,b) code, it
Is obvious that for high k, the rate of a Fire code will not
decrease apprecliably. That Is, the difference between the
rates of the two codes Is
Rg=R = k/n = (k=b)/n
= (k-k+b)/n
= b/n.
If b<<n, then Rp is approximately R.
A comparison of rates of different codes with the

sub-code presented in this thesis in shown in Table 6.1.
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EXISTING CODE THESIS SUB-CODE
Type n k b Rate n k b Rate
Fire 105 9 4 0.895 105 90 4 0.857
315 304 3  0.965 315 301 3 0.956
693 676 6 0.975 693 670 6 0.967
1785 1770 &  0.992 1785 1766 &4 0.989
Chien 1155 1137 6 0.98%4 1155 1130 6 0.978
2821 2800 7 0.993 2821 2792 7 0.990
7905 7879 9  0.997 7901 7870 8 0.996
11067 11040 o 0,998 11067 11030 9 0.997

61845 61814 10 0.999 61845 61802 10 0.999

Abramson 63 56 2 0.889 63 50 2 0,794
63 56 3 0.873 63 49 3 0.778
Gorog S, 189 177 4 0.937 189 171 &4 0.904
315 299 6 0,949 315 293 6 0.930

COMPARISON OF THE RATES OF EXISTING CODES
WITH THE THES!S SUB=-CODES
TABLE 6.1
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Table 6.1 demonstrates that the sub-code presented here
is only slightly less efficient than existing burst error

correction codes as discussed in Chapter 4.

6.7 DECODING SPEED

Rate is not the only consideration. Ease of decoding is
impor tant, especially when discussing codes relative to Chien
codes.

Table 4.2 showed some Chien codes that required from 30
to 160 cycles of decoding and 5 to 7 multiplications to
correct burst lengths of from 6 to 12. This method is by far
the fastest decoding method previously described. Suppose we
consider the (1155,1137,b<6) Chien code generated by

2(X) = (1+x1h) (1exsx) (2ex4x).
This code requires 30 cycles of decoding and 5

multiplications.
Consider now the (1155,1130,b{6) sub-code generated by
g(X) = (1ex D) (Lexex®) (1ox3ex®) (exax By (x5,
This requires a computer multiplication, six register shifts,
one comparison, and up to four calculations.
It is difficult to say which type of decoding procedure

is more efficient. However, one would assume that the Chien

procedure has a slight edge. It must be considered, however,
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that for a code not of the Chien type and at the same time

reciprocal, ;hgn the decoding procedure presented in this

thesis is most likely the easiest to use provided that storage

space Is readily available.

6.8 WORKED EXAMPLE
Consider the (63,44,b{4) Fire code generated by
g (X) = (1+x7)(14x+x5),
The sub-code then would have generator polynomial
g(X) = LCM ( g'(X),g' (X))
e 1ax+xFex6exBaxllax3axléax184x19, This
code will be calculated on GF(26). Suppose ! (X)=(1+X). Then,
VY = 1ex2ex5 exTexBexOex laxl2ax13ax154x184x20,
and suppose that E(X) = X17(1+X+X3). Therefore,
ROX) = 14x2+x3exToxBexdex lex12ext3axl3x17,
and
RE () = X46(1ex2axbex5exOaxBax®ex10exiZextdexthy,
Step 1. ROOR*(X) mod 14x83 = 1ex2ex34x54x64x94x104x174x46
ex53ex504x574x584x604x61
Ry = RR* mod (1+4X63) mod g(X) = Xex4ex7xBextlexl?
ex134x154x164x174x18,

XRo mod g(X) = exex2exOexOex lext2axi0axl7,

= el
w —
i n

= x2R, mod g(X) = 14X+x2+x3+x%+x3+x8, which has
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6 < n-k. Thus ¥=6 and f=(6+2)/2=4=b.
f.e. !=h.

Step 2. The roots of g'(X) are a1=1 and a2=9, where a is
7

the root of 1+X+X6 and a9 is the root of 1+X'.
Note: At this point it is useful to note that for
g(X) = gl(X)gz(X)--.gr(X),

a
R(a j) may be found by calculating R(X) mod gj(X) at
a

the point X=a j.

52

a
Case 1: Root a . R(a ) R(a) = a7 7,
28

-a
R(ao 1) R(a~1) = a“”,

a -=a
! Thus R(a l)R(a 1) = a52q28 = al?.

81 1

9 18
Case 2: Root a 2. R(a"2) = R(a’) =aa” .

R(a 22) = R(&) = 0.

a -8
Thus R(a 2)R(a 2) = 0.
Therefore, the calculated syndrome is (al7,0).

Step 3. The stored syndromes for the possible bursts follow

in Table 6.2.
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BURST PATTERN SYNDROME
1 (1,1)
14X (all, ald)
1+x? (a22,036)
14X+ (a50,0a5%)
1+X3 (abl,a?)
YTl 1+X+X3,1+X2+X3 (al7,0) exxx
1ex+x2ex3 (a33,a54)

TABLE 6.2 STORED SYNDROMES FOR GIVEN BURSTS

The computed syndrome matches the starred syndrome
above, Indicating that Bl(X)=1*X+X3 or BZ(X)=1+X2+X3.

Step b, Test B (X)=1+XeX?, With aj, a’=a'’. With a,,

aiaua’10’17’24'31’38’45’52’59. Intersection occurs

for a17. Thus it Is not necessary to test the other

pattern.

Therefore, E(X) = x17(1+x+x3).
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CHAPTER SEVEN

CONCLUDING REMARKS

This thesis has, in Chapter Two, attempted to lay an
algebraic base for the coding theory that followed in Chapter
Three initially and the other chapters as well. Not all
algebraic concepts were covered. An attempt was made to
introduce only those which were necessary to develop the
coding and decoding methods for burst error correction.

Chapter Three was a very brief discussion of binary
cycllic codes. Again, the concepts used were only the ones
necessary Eg_the rest of the thesis.

Chapter Four was a thorough discussion of the theory of
burst error correcting codes and the major exlsting BEC codes.
Wherever possible, the codes' burst error correcting abilities
and rates were compared In an attempt to determine which codes
were superior and under which circumstances.

Existing burst error correction decoding procedures were

discussed in Chapter Five. Again, the decoding procedures

were compared for efficiency. The main difference in decoding

comparison was that speed and ease of decoding were the
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R URVIT R PSRN

guidelines. One would have to conclude that the Chien codes
discussed in Section 5.6.3 were the easiest to decode when

using Chien's procedure,

h A

In Chapter Six, a new decoding procedure was introduced
using, In most cases, a sub-code of any existing code. It was
shown in detail in Table 6.1 that the rate of the thesis
sub-code was generally nearly as good as that of the parent
code. Further, discussion showed that the speed of decoding

was, with the possible exception of the Chien procedure, much

easier and faster. The advantage of this method over that of
Chien was that the latter code required a generator polynomial
that had in It a factor (1+X¢). Since this restriction Is not
placed on the sub-code discussed, it may be concluded that

under certain conditions it is more advantageous to use the

sub-code presented and Its associated decoding procedure.
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