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A bstract

Minimum shift keying as an instance of continuous-phase frequency shift keying is a 

nonlinear modulation which makes designing error correcting codes for it difficult as Eu­

clidean distances between signals and the Hamming distances between symbol sequences 

do not linearly correspond. We show that the nonlinearity disappears if we employ a 

sequence mapping we term precoding arising from the equivalence of this modulation to 

a form of offset quadrature phase shift keying. When we consider the modified forms of 

this modulation (generalized MSK) to achieve improved spectral efficiency, the nonlinear­

ity and memory make the coding design problem more difficult, and precoding does not 

resolve the issue. We show that the nonlinearity can be removed in the cases involving 

pulse shapes of two and three symbol period duration using two stages of coding, the 

last being a double or quadruple repetition code.

Using the Laurent representation of continuous-phase modulation as amplitude mod­

ulated pulses, a simple inphase-quadrature modulator can be implemented to generate 

such coded generalized MSK signals. The inphase and quadrature pulses are shown to 

be linear combinations of the Laurent pulses. It is shown that the coded signals can be 

demodulated using a simple inphase-quadrature receiver without sacrificing the perfor­

mance. It is shown that no intersymbol interference is introduced at the sampled output 

of the matched filter and in additive white Gaussian noise environment, the noise sam­

ples are independent. Therefore, the detection problem for the recovery of the symbols 

sequence from the decision variable sequence is one corresponding to memoryless linear 

modulation, avoiding the use of the maximum likelihood sequence detection which would 

otherwise be needed for optimal performance. Furthermore, it is shown that by applying 

repetition code to these modulation schemes, the Euclidean distance between different 

signals is directly related to the Hamming distance between corresponding coded se­

quences. This may simplify the task of search for good codes applied to the considered 

case of generalized MSK signals.

ii
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Chapter 1

Introduction

1.1 Preface

Digital modulation can be divided into two classes: linear and nonlinear modulation. 

Modulation techniques such as M -ary pulse amplitude modulation (PAM) and M -ary 

quadrature amplitude modulation (QAM) are considered linear in the sense that the sig­

nal can be expressed as a linear function of the transmitted data. Typically, these mod­

ulation schemes produce a signal with non-constant envelopes which make the schemes 

unsuitable for use in power limited situations such as wireless communications. In these 

cases, the amplifiers that generate the RF signals need to be operated in saturation 

to achieve the most efficient use of battery power. In saturation, these amplifiers dis­

play significant non-linear characteristics described by a non-linear input-amplitude to 

output-amplitude (AM/AM) characteristic and a non-constant input-power to output- 

power (AM/PM) characteristic [1], [2], The effect of these characteristics on a signal with 

non-constant envelope is to distort that signal by causing a growth of spectral sidelobes 

of the transmitted signal (i.e., broadening the bandwidth of the signal) and producing 

undesirable inter-symbol interference (ISI) which invariably significantly decreases the 

detection performance of the system. Attempts have been made by researchers to com-

1
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C h a p t e r  1. In t r o d u c t io n 2

pensate for the nonlinearities introduced by the power amplifier to reduce the amount of 

distortion in the transmitted signal. Predistortion is one technique that is most widely 

used for such purposes. However, it suffers from many drawbacks such as high complex­

ity, bandwidth limitations and sensitivity to component drift (see [2] for example, for 

more details about this subject).

Constant envelope modulation schemes such as continuous-phase modulation (CPM) 

avoid these difficulties. CPM is a non-linear modulation that is widely used in wireless 

and mobile communication systems, due to its power and bandwidth-efhciency [3]. In 

CPM, the phase is continuous and as a result, the signal on a symbol interval depends 

on many symbols and so this modulation is said to have memory. To best recover the 

symbols requires this memory to be taken into account which requires we use a maximum- 

likelihood sequence estimator (MLSE) receiver (e.g. a Viterbi receiver) [4],[5]. Receivers 

based on maximum likelihood sequence estimation are generally complex to implement 

in comparison to symbol-by-symbol detectors.

Among the CPM schemes there is one case of special note to which some of the above 

remarks do not apply. This is the case of minimum-shift keying (MSK) which is an instant 

of binary continuous-phase frequency-shift keying (CPFSK) in which the transmitted 

signal always has one of two instantaneous frequencies that are separated by half the 

symbol rate. MSK is particularly important amongst constant envelope modulation 

schemes as it produces signals with a relatively small bandwidth and can be also expressed 

in the form of two binary antipodal pulse amplitude modulated (PAM) signals with 

non-overlapping pulses (a form of offset quadrature phase shift keying [OQPSK] to be 

precise). Thus, MSK has the performance of binary antipodal signalling in noise, and 

can be optimally demodulated using a simple inphase-quadrature receiver performing 

symbol-by-symbol detection.

To further improve upon the spectral efficiency of MSK, it can be modified with 

smoother pulse shapes extending beyond a symbol interval. However, for more signifi­
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C h a p t e r  1. In t r o d u c t io n 3

cant changes, the ability to express the resulting scheme as binary pulse amplitude in 

quadrature is lost, requiring again we resort to complex MLSE receivers for optimal de­

tection. If we restrict the modifications in some small way to a class of schemes termed 

generalized MSK, it has been shown [6] that it remains possible to use simple receivers to 

successfully detect the modulated signals, with possibly only small losses in performance 

compared to a MLSE receiver. Such generalized MSK schemes are used in practice, most 

notably perhaps being the instance of generalized MSK using a pulse with a Gaussian 

shape; resulting in Gaussian MSK (used in wireless mobile applications such as GSM 

systems) [23].

Unfortunately, the improvements of spectral properties that generalized MSK can 

provide come at the expense of some loss in performance in noise even if a MLSE receiver 

is used. To improve this performance, a natural thought would be to employ error control 

coding. Designing such codes for generalized MSK represents a challenge arising from 

the non-linear relationship between channel symbols and the generated signals, and the 

memory in the modulation. This is the task we would like to address in this thesis— 

how to design an error correcting code for generalized MSK signals, keeping in mind the 

complexity of the detection system.

Using a decomposition of CPM signals as a sum of pulse amplitude modulated signals 

developed by Laurent [7], we shall show that combining double and quadruple repetition 

codes to “precoded” generalized MSK signals with pulse durations 2T  and 3T  respec­

tively, the information symbols sequence can be optimally detected using a simple I-Q 

receiver employing symbol-by-symbol detection. These simple codes can achieve rela­

tively small coding gains compared to the uncoded case. For further improvement in the 

power-efficiency, an outer (convolutional) encoder is combined with the repetition code 

generating a cascaded channel encoder [34, p.466].

It will be shown that using the repetition codes mentioned above, an exact inphase 

and quadrature (I-Q) representation of such a coded signal may be given which allows
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C h a p t e r  1. In t r o d u c t io n 4

us to generate the coded signal using a simple I-Q  modulator. Another significant result 

of applying such coding schemes is that no inter-symbol interference (ISI) is introduced 

at the output of the matched filters in the I-Q  receiver. Therefore, the use of post 

equalization is avoided which provides a reduction in the complexity of the optimum 

receiver. Another important result that would have the advantage of simplifying the 

search for the good (convolutional) codes applied to generalized MSK, is the proportion­

ality of the Euclidean distance between generated signals to the corresponding Hamming 

distance between sequences generated by channel encoder. The cost of applying such 

coding schemes to increase the performance of the optimum receiver is an expansion in 

the bandwidth of the transmitted signal and an increase in decoder complexity.

1.2 P rev iou s W ork

Extensive work and research has been performed previously in the design of optimum 

and sub-optimum receivers for generalized MSK signals. In 1982, P. Gaiko [8] showed 

that generalized MSK can be demodulated sub-optimally using an I-Q  receiver where 

the impulse response of the predetection filter is shown to be a linear combination of all 

possible signals at the input of the filter. The optimum (minimum probability of error) 

predetection filter is determined numerically and depends on the value of the signal- 

to-noise ratio (SNR). The problem of designing the optimum filter can be simplified in 

the two asymptotic cases of a very low and a very high SNR leading to the solution of 

the “Average Matched Filter” (AMF) and the “Asymptotically Optimal Filter” (AOF). 

Filter design based on a zero ISI constraint for PAM-based approximations of the signals 

was also considered.

In [9], El-Tanany and Mahmoud discuss the design of predetection filters that min­

imize the mean square ISI when the filter noise bandwidth is held constant. M. Luise 

and U. Mengali [10] have developed a method of approximating a generalized MSK as an
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OQPSK signal using a minimum mean-square error criterion, where it has been shown 

that the filter matched to the pulse of the best approximating OQPSK signal is just 

the AMF.

Other work that has been published in literature [11]-[15] for designing optimum 

receiver for generalized MSK was based on Viterbi detection which is considered complex. 

The reduction in complexity for such receiver was based on reducing the number of trellis 

states in the Viterbi detector. A. Svensson, C. Sundberg and T. Aulin [11], proposed a 

reduced complexity Viterbi detector, where the main idea was to use a shorter length 

frequency pulse for the Viterbi receiver.

The complexity of the optimum (Viterbi) receiver can be significantly reduced by 

the use of PAM representation of CPM signals developed by Laurent [7]. Kaleh [16] 

exploited Laurent’s representation of CPM to allow for simple implementation of coherent 

receivers for such modulation, in particular, for the case of Gaussian MSK. Two forms 

of such receivers were considered, namely, a simplification of the Viterbi receiver and a 

linear MSK -type receiver, both for which yielded small degradation relative to the true 

optimum receiver. The idea is to approximate the CPM signal (with memory L > 3) 

by the first and/or second Laurent pulse(s), since they contain most of the energy of 

the CPM signal. This leads to a reduced-complexity Viterbi receiver which can achieve 

near-optimal performance.

With regards to the problem of code design, some research has been performed pre­

viously in the search for good codes combined with generalized MSK such as duobinary 

MSK (DMSK), tamed-frequency modulation (TFM) and Gaussian MSK. J. Fonseka [31] 

has considered the study of block coding combined with various forms of CPM mod­

ulation to increase the performance of the overall CPM system. The code design was 

based on preventing merging states with small Euclidean distance from occurring. It 

was shown that some block codes have performance equivalent to the one achieved using 

convolutional codes.
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S. Pizzi and S. Wilson [33] have considered the combination of some convolutional 

error-correcting codes with CPM signals to maximize the minimum Euclidean distance 

between signal paths. The design of the convolutional code depends on the mapping rule 

to reduce the search. G. Benelli and R. Fantacci [32] have analyzed the combination 

of some Hamming codes and binary CPFSK modulation, where it was shown that the 

error performance depends on the configuration of the parity-check matrix of the block 

encoder. The search for good block codes was considered difficult in the sense that no 

analytical method has been found to determine the best code configuration. Therefore, 

all previous work has been done using computer searches.

The idea of using “coding” to reduce the complexity of the optimum receiver for 

CPM signals while achieving good coding gains was first introduced by Moreno [15]. In 

his PhD thesis, special convolutional codes, called matched codes, are applied to the 

CPM systems such that the number of states in the (soft-decision) Viterbi receiver is 

minimized. This receiver still exhibits a significantly high level of complexity when it 

is compared to the (optimum) I-Q  receiver that is used to demodulate MSK signal (or 

suboptimal in the case of generalized MSK).

1.3 T hesis structure

Chapter 2 provides some background information on generalized MSK and their optimum 

and sub-optimum receiver structure. Using the OQPSK description of MSK a special 

precoder is designed which is then used with other generalized MSK systems. In Chap­

ter 3, the use of Laurent representation of generalized MSK as a PAM signal is discussed 

in detail. An analytical expression of the Euclidean distance, for generalized MSK with 

memory L  =  2 and L = 3, is derived.

In Chapter 4, we introduce most of the new concepts and results of this thesis, where 

the role of repetition codes in improving the performance of the overall system while
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reducing the complexity of optimum receiver is investigated. Using repetition codes an 

exact I-Q representation of generalized MSK with memory L — 2 and L — 3 is derived 

analytically. A simple I-Q  modulator for generating coded generalized MSK signals is 

proposed. Moreover, a linear (matched) receiver is designed for optimum detection of 

such coded signals where symbol-by-symbol detection may be applied for recovering the 

coded sequence. The results of a complete search for the optimal convolutional codes 

(for some code rates and constraint length) applied to such systems are reported.

Finally, conclusions are given in Chapter 5. The proof of some results in this thesis 

is given in the appendices.
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Chapter 2

Generalized MSK

2.1 M inim um -Shift K eying

Minimum-shift keying (MSK) may be described as an instance of binary continuous- 

phase frequency-shift keying (CPFSK) with frequencies separated by half the symbol rate. 

As such, it represents a non-linear modulation scheme that generates constant-envelope 

signals with an attractive spectral and power efficiency [17]. The signal produced in MSK 

may also be described as a form of offset quadrature phase-shift keying (OQPSK) with a 

half-cycle sinusoidal pulse shape [18], which is a linear modulation. The power efficiency 

of MSK can be further improved using error control coding, but the task of designing 

codes for MSK signals using its CPFSK description (CPFSK-MSK) is difficult due to 

the nonlinearity and memory of the modulation. Previous work in this area [15], [19] has 

optimized the code design with certain constraints using a numerical search. Fortunately, 

the coding design problem can be simplified by the use of the OQPSK description of MSK 

(OQPSK-MSK).

8
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2.1.1 C PFSK -O Q PSK  M SK

The CPFSK description of the MSK signal can be mathematically expressed as 

I2 E
s(t) = I / —  c o s ( 2 7 t f ct + (f)(t) + e0), n T  < t < ( n  + 1 )T, (2.1)

where E  is the average energy transmitted per symbol, T  is the symbol period, f c is the 

carrier frequency, 90 is an initial phase, and <f>(t) is the excess-phase given by

t

# )  =  ^  J  ̂ 2 b™h(T ~ mT)dTi (2-2)
0 m

where {..., fe_2 , 6 _ i ,  b0, b\, b2, ...} is a binary symbol stream (using an alphabet {—1,1})

input to the CPFSK-MSK modulator, and h(t) is given by

f 1, 0 < t < T; 
h(t) =  (2.3)

(0 , otherwise.

The excess-phase <j>(t) for t G [nT, (n + 1)T) can be written as,

±f±\ n(t — n T )

where

0n =  0(nT) =  <

n—1
!  bm, if n > 1;

m= 0
0, if n — 0;

- f  bm, if n < -1 ;
m=n

which can only be one of exactly four values (modulo 2-7r): — 7r/2,0, n/2  or 7r. The 

sequence of values (pn can be described by a finite state machine with state transition 

diagram shown in Fig. 2.1. The excess-phase can also be described by the trellis diagram 

shown in Fig. 2.2, which is a plot of the possible trajectories of 4>(t), modulo 2-7T.
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Fig. 2.1 : The state transition diagram of a finite state machine describing the relation 

between the sequence of excess-phase values 4>n and the symbols {bn} for 

CPFSK-MSK. Transitions between states are governed by the value of the 

symbol bn.

7T

7r 
2

2

•7r
0 T  2T ST 4T

tim e , t

Fig. 2.2: The excess-phase trellis of MSK for t > 0. Solid lines are for a symbol value

bn = 1, dashed lines correspond to bn = —I.
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It is well-known [18], that MSK can be viewed as a special case of offset quadra­

ture phase-shift keying (OQPSK) with half-period sinusoidal pulses, i.e., the signal in 

(2.1)-(2.3) can also be expressed as

s(t) =  A  

+A

Y  °nP(t ~  nT)
jn  odd

Y Cnp^  ~ n T )

cos(27r/ct +  4>o) 

sin(27r/ct +  <j)0), (2.4)

where {..., c_2 , c_i, cq, ci, C2 -..} is a binary symbol stream with an alphabet {—1,1} and

p(t) =
sin(f£), t G [0,2T];

(2.5)
0, otherwise.

Note that the {bn} and {cn} symbol streams share the same alphabet but are not the 

same. It can be shown [8] that for the formulation of the MSK signal in (2.1)-(2.3) and 

(2.4),(2.5) to be equal, the binary symbol streams {bn} and {cn} must be related by a 

non-linear relation

bn = ( - l ) " +1cric„_i, (2.6)

with c_i =  1 (since <f>(t) at t =  0 is 0).

If we were to use coding on each of these forms for expressing MSK, we produce the 

systems depicted in Fig. 2.3. At time t a binary /c-tuple (a j^ .a j2̂ ,..., a ^ )  produces at the 

output of encoders G and W  a binary Z-tuple (b[l\  b f \  ..., b^)  and (c ^ , c f \  ..., c'P) which 

is transmitted serially to the CPFSK-MSK and OQPSK-MSK modulators, respectively. 

Therefore, both encoders G and W  have a code rate oik /I .

2.1.2 Precoded C PFSK -M SK  system

The nonlinear relationship between the input symbol stream (the {bn} sequence) and the 

transmitted signal s(t) in CPFSK-MSK is quite inconvenient for code design as Hamming 

distances between sequences do not directly relate to Euclidean distances between corre­

sponding transmitted signals. Thus the performance of the coded CPFSK-MSK cannot
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Data

Source

Encoder

Parallel

Convertor

Serial
{&n} CPFSK-MSK

Modulator
s(t)

a. Coded CPFSK-MSK system.

Data

Source

Encoder

WParallel

Convertor

Serial

Modulator 

P(t) =  s in ( f t )

OQPSK

b. Coded OQPSK-MSK system.

Fig. 2.3: Two equivalent coded MSK systems.

be related to the Hamming distance properties of the code (on which much of the code 

design is based). Since the OQPSK-MSK does not have this difficulty (see Appendix 

A), it suggests a strategy to eliminate the problem by beginning with the OQPSK-MSK 

input symbols and converting this sequence to the {bn} sequence with a mapping we 

term “precoding” followed by a CPFSK-MSK modulator as depicted in Fig. 2.4. The 

precoder can be viewed as linearizing CPFSK-MSK.

Channel Encoder Modified MSK

Encoder

W

Precoder CPFSK-MSK

Modulator
s(t)

Fig. 2.4: Modified coded CPFSK-MSK system.

The precoder Q can be described by the block diagram shown in Fig. 2.5. This 

precoder consists of two parts: a feed-forward differential-type encoder followed by an 

alternating (periodic) sequence {—1 ,1 ,— 1,...}.
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Precoder Q

Differential-type Alternating
Encoder Sequence

Fig. 2. 5: Structure of Precoder Q. The D block represents a one symbol delay.

2.2 G eneralized  M SK

In MSK, while the excess-phase 4>{t) is continuous and limited to changing 7r/2 or —tt/2, 

the instantaneous frequency can change abruptly so that the second derivative of s(t) is 

discontinuous, limiting the decay rate of the mean power spectral density function. If 

we replace the pulse shape h(t) by a smoother pulse than the NRZ pulse of (2.3), yet 

with the same area T, this situation could be improved. Such considerations lead us 

to consider the modulation schemes that produce a transmitted signal as given by (2.1) 

with excess phase given by (2.2), but with h(t) some other pulse of area T  and duration 

possibly greater than T. Such modulation schemes are instances of what is referred as 

continuous phase modulation (CPM) for the specific choice of a modulation index of 0.5 

( “h = 1/2”) [3],

For our discussion here we consider a causal pulse shape with duration not more than 

LT, so we are considering a pulse that satisfies the property

f  ( 0, t < 0;
/  % )  dr =  I (2.7)

J i T, t > LT.

The parameter L  in the above expression is the number of symbol intervals over which 

the pulse shape is spread. The greatest spectral efficiencies achieved by using other pulse 

shapes h(t) occur when L > 1. One means of achieving the effect of a pulse shape 

spread over more than one interval is through the use of correlative coding (also termed
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partial response signalling). Correlative coding can be viewed as a means to introduce a 

controlled amount of intersymbol interference into a PAM signal and has many possible 

implementations. Fig. 2.6 represents one means to do so. The pulse shape g(t) in this

Fig. 2.6: One scheme to implement correlative coding. Each box represents a one

symbol period delay.

scheme would be required to satisfy
t

I g(r) dr =
0, t  < 0;

T, f >  T.

Correlative coding schemes are usually identified by their “coding polynomial” x(D)  =

Yhi=ox iDli where D  representing an operator corresponding to a symbol period delay. 

The degree of the polynomial is N  = L  — 1, and so that (2.7) holds, J2i=o xi ~  1- 

Duobinary MSK (DMSK) and tamed frequency modulation (TFM) [22] are two well- 

known instances of such modified MSK that may be described as employing correlative 

coding using coding polynomials ( l+ D )/2  and ( l+ 2 D + D 2)/4 =  (1+jD)2/4  respectively.

Now any signal in this family (i.e., one defined by (2.1), (2.2) and (2.7)) can be 

expressed as

s (t) = v f { c o s ^ )  c o s (2 7 t  f ct + dQ) -  s i n  (j){t) s in (2 7 r  f ct +  0O)},

and we know that in the instance of MSK (i.e., h(t) given by (2.3)), cos0(f) and sin0(f) 

can be expressed as

cos0(f) =  Cnp(t — nT),  and sin0(f) =  E cnp(t -  nT), (2 .8 )
n odd
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where p(t) is given by (2.5). This is the basis of the OQPSK description of MSK. With 

modified pulse shapes for h(t), it has been shown in [8] that the equivalence of the 

resulting modified MSK scheme to a form of OQPSK is affected. It was shown that if 

h(t) satisfies (2.7) for L — 1, then cos0(f) and sin0(f) can be expressed as in (2.8), but 

p(t) is some other pulse other than given by (2.5), though its duration is limited [—T, T]

and has the value 1 at t = 0. In other words, in this case the modified scheme still can

be expressed by (2.4) but with the pulse shape has been altered. The modified MSK 

scheme in this case is termed an MSK -like scheme.

In the case of MSK or MSK -like schemes, the samples of cos 0(f) and sin 0(f) at even 

and odd multiples of T  respectively are just the values of the symbol stream {cn}:

cos[0(2nT)] =  c2„_i, and sin[0([2n +  1]T)] =  c2n. (2.9)

This can be described as there being no intersymbol interference in the cos 0(f) and 

sin 0(f) components at the sampling instants. This feature can be preserved in more 

general circumstances if the pulse shape h(t) satisfies the condition

(m-(T)T ✓ rji ftf  \ T ,  m  = 0;
/  h(t) d t= <  (2.10)

I t  I  ° ’ 171 *  ° '

Schemes where (2.10) holds are termed MSK -type; unless it is also an MSK -like scheme,

it has been shown that cos 0(f) and sin 0(f) cannot be expressed as PAM, but (2.9) holds,

so an I-Q receiver still could recover the {cn} symbol sequence.

The condition (2.10) can be interpreted as a “no intersymbol interference” or “fully 

open eye” condition for the I-Q representation and the recovery of the symbol stream {cn} 

using a simple I-Q receiver. If we consider further generalizations of the pulse shape, it 

has been shown in [8] if the pulse shape meets certain mild conditions, the symbol stream 

{cn} can be recovered using a simple I-Q receiver, though the carriers employed would be 

possibly phase offset, and the sampling instants in the inphase and quadrature arms of 

the receiver may be delayed by some amount r0. The sufficient condition given in [8] for
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this (which merely guarantees an open eye for the inphase and quadrature components 

at the sampling instants) is that

OO O O  OO

E { | £ b |  +  | X > - i | } < T  <2 - n )

(=i j=i j=i

where
0+1 )T

kj =  J  h(t +  To) dt.
JT

(For pulse shapes h(t) restricted to [0, LT], we would usually expect some near symmetry 

on that interval and thus usually want the time offset to be tq = (L — l)T /2). Schemes 

that meet this condition—the modified forms of MSK that would still allow a simple 

I-Q receiver to recover the symbol stream {cn} directly—are referred to as generalized 

MSK. The schemes DMSK and TFM mentioned before are examples of generalized MSK 

modulation that are not MSK -like or MSK-type schemes. Another significant instance of

this is Gaussian MSK [23],[24], one of the most important schemes used in some widely

used wireless communication systems. Gaussian MSK is generalized MSK with a pulse 

shape given by

o < t < L T \2 1 J \  vln2 1 ’ (2.12)
otherwise,

where Q(x) is the familiar “Q-function” given by

OO

Q { x ) = I  12 d x '
X

and L > [1/BT\.  The parameter B T  is termed the band width-time product of the 

Gaussian MSK scheme2.

2GMSK with B T  =  0.3 and 0.5 is being employed in Global System for Mobile (GSM) and cellular 
digital packet data (CDPD), respectively. Lower values of B T  which has the effect of increasing the 
bandwidth-efffciency of GMSK signals can be found in many important applications such as commercial 
and military narrowband systems [25],[26].
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2.3 O ptim um  and Sub-O ptim um  R eceivers for G en­

eralized M SK  in A W G N  C hannel

Consider first the detection of MSK signals with no channel coding (i.e., where W  is 

the identity mapping an =  cn). Since the transmitted signal s(t) can be expressed in 

OQPSK form, it follows that provided f cT  1, an MSK signal (or more generally MSK- 

like signals) in additive white Gaussian noise (AWGN) can be optimally demodulated 

with respect to errors in {cn} (or {a„}) by an I-Q receiver depicted in Fig. 2.7.a. The 

output of the matched filter on each channel z2m+i and are sufficient statistics for 

making a decision on the sequence {cn} (or {a„}) [34]. The performance of this receiver 

(i.e., the bit error probability VQ is well-known to be [17]

n = g('0 ) .  (2.13)

If we employ error control coding as depicted in Fig. 2.4, the performance of the over 

all coded MSK system with respect to the source symbols {an} will depend on the type of 

decoding (hard-decision or soft-decision decoding) used at the decoder for the code W . 

If hard-decision decoding is employed at the receiver (see Fig. 2.7.6) then the sampled 

output of the matched filter is first detected using a sheer and then passed to the decoder 

for the code W . If convolutional code is applied at the channel encoder, then the bit 

error probability Vb can be upper bounded by [34, p. 490]

-  OO

n < 7  J ]  f t[4 P e(l - V e ) f 2 , (2.14)

where is the free (minimum) Hamming distance of the convolutional code W , [3(t 

is a constant that depends on the properties of the code W , and Ve — Q(^ /2RcEb/Af0). 

Although hard-decision decoding is simple to implement compared to soft-decision, it is 

not optimum in the sense of minimizing the bit error probability Vb- 

If we consider the optimum decoding for coded MSK signals (see Fig. 2.7.c), then the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



C h a p te r  2. G e n e r a l iz e d  MSK

t =  (2m +  1 )T

received
signal

t =  2mT «2m

Predetection

Filter

Predetection
Filter

a. Optimum I-Q receiver for uncoded MSK.

t = (2m -f 1 )T

received

t  =  2mT

Predetection
Filter

Predetection
Filter

Hard-decision
decoding

for
W

b. Sub-optimum receiver for coded MSK employing hard-decision decoding.

t =  (2m +  1 )T

received
signal

t = 2 m TPredetection
Filter

P(~t)

Predetection
Filter

Soft-decision
decoding

for
W

c. Optimum receiver for coded MSK employing soft-decision decoding. 

Fig. 2.7: I-Q receivers for uncoded and coded MSK signals
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output of the I-Q demodulator (i.e., {zn}) is passed directly to the soft-decision de­

coder. If the channel encoder is a convolutional encoder, then the performance of the 

decoder (employing Viterbi algorithm), i.e., the bit error probability Vb is upper bounded

is not the optimum detection scheme for other generalized MSK signals due to the mem­

ory inherent in the received signal. This requires the use of MLSE receiver for optimum 

detection usually implemented using the Viterbi Algorithm (VA) [27]. This optimum 

receiver is quite complex in the sense that the number of filters and number of states in 

VA can be quite large and the computational efforts required per symbol is equally large. 

However, generalized MSK signals can still be demodulated, suboptimally, using the I-Q 

receiver similar to that depicted in Fig. 2.7.a (the predetection filter may change). It 

was shown [8] that the impulse response of the optimum filter is matched to a linear 

combination of all possible signals at its input and depends on the noise level (SNR) at 

the input of the filter. The filter design problem can be simplified by considering the 

two asymptotic situations, the extremely low and extremely high SNR leading to the so­

lutions of the “Averaged Matched Filter” (AMF) and “Asymptotically Optimal Filter” 

(AOF).

The problem of demodulating generalized MSK signals using such near-optimal filter, is 

the difficulty in the evaluation of the performance of the I-Q receiver. This is because, 

these filters are constructed based on numerical approach and no exact representation is 

given for such filters. Another important issue is that these filters have an impulse dura­

tion greater than 2T  which causes intersymbol interference (ISI) in the sampled output 

of the matched filter. Moreover, in AWGN channel, the noise samples are correlated and 

thus post equalization is required. As such, the upper bounds of the bit error probability 

derived for coded MSK (for hard and soft decision decoding) given in (2.14) and (2.15)

by [34, p. 488]

(2.15)

The symbol-by-symbol detection described above for the case of MSK (see Fig. 2.7.a)
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are not valid anymore for other coded generalized MSK signals detected using the I-Q 

receiver.

Using the analysis developed by Laurent [7] (discussed in Chapter 3) to express any 

CPM signal as superposition of PAM signals, an optimum Viterbi receiver in AWGN 

channel can be implemented as shown in Fig. 2.8. The performance of such optimum 

receiver (i.e., the bit error probability) can be upper bounded by [43]

n <  c * Q ( \ f p § ) ’
d=dmin \ v ° J

where C4 is a constant that depends on the combined coded-modulation trellis structure. 

Again, the difficulty that arises here is that no analytical expression is found for the 

Euclidean distance and computer search and evaluation is required.

ro,n

t  =  nT

t =  nT decisionreceived
signal

TM,n

t =  nT

C i ( - t )

M  =  2L~l -  1

Fig. 2.8: Optimum CPM receiver based on Laurent representation in AWGN channel

Different approaches have been followed after the work proposed by Laurent, in order 

to reduce the complexity of the optimum receiver. The reduction in complexity was 

based on reducing the number of matched filters and/or reducing the number of trellis 

states in the Viterbi algorithm [28]-[30]. These different techniques lead to reduced 

complexity detectors with near optimum performance. The reduction in the optimum 

receiver complexity is achieved by truncating the main PAM components of the CPM 

signal, which contains most of the signal energy. However, the output of the matched
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filters contains ISI and the noise samples are correlated. This causes a degradation in 

performance and post equalization such as decision-feedback equalization is required to 

reduce the effect of the ISI. This post processing requires additional computational load 

and makes the receiver structure more complex.

In this thesis we will show (Chapter 4) that by applying repetition coding prior to 

modulation, a simple I-Q receiver, depicted in Fig. 2.9, can be constructed to optimally 

demodulate generalized MSK signals. A significant result is that (as shown in Fig. 2.9) 

no post equalization is required at the receiver, since the matched filter applied to the 

received signal is shown to produce zero-ISI at the output and the noise samples, in 

AWGN channel, are independent. Therefore, symbol-by-symbol detection can be applied 

to optimally detect the coded symbols (output of demodulator). A result, the detection 

problem is simplified, just as in the linear memoryless modulation case (e.g., binary 

phase-shift keying (BPSK) and QPSK).

Predetection
Filter

received
signal

Predetection
Filter

P(~t)

Fig. 2.9: Structure of proposed optimum matched filter receiver used for demodulating 

coded generalized MSK with pulse shape duration 2T  and 3T  employing 

double and quadruple repetition code respectively, in AWGN channel. Ri is the 

rate of the repetition code.
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Chapter 3

Laurent Decom position of 

Generalized MSK

3.1 In troduction

Fig. 3.1 shows a block diagram for a coded generalized MSK system employing precoding.

Generalized MSK

Pulse Shaping 
F ilter 
h(t)

Encoder

W

Precoder

M odulator

CPFSK

Fig. 3.1 : Coded Generalized MSK system using premodulation pulse shaping filter h(t).

Following the development given by Laurent [7], binary CPM signals may be repre­

sented by a linear superposition of a finite number of amplitude-modulated pulse trains 

(PAM). We will only consider such decomposition for generalized MSK signals with mod­

ulation memory L — 2 and L = 3 (i.e., with h(t) of length 2T  and 3T). It will be shown 

(Chapter 4) that such decomposition helps to simplify the optimum receiver design prob­

lem. It will be demonstrated that for any generalized MSK, using the precoder Q (see

22
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Fig. 3.1) discussed in Chapter 2, the transmitted signal s(t) will be proportional to the 

coded symbols {cn} carried by the first Laurent pulse train which may simplify the code 

design problem.

The lowpass equivalent of generalized MSK signal with respect to the carrier frequency 

f c is (assuming f cT  > 1 )

Mt) = (3.1)

where the excess-phase is still given by (2.2), bm G {—1,1}, and the pulse h(t) is 

zero outside the interval t G [0, LT] with
L T

J  h(t) dt = T.

The PAM representation of s; (t) from [7] is

I2EW= VT £  E  f a M t - n T ) ,

where (3k,n is given by

in which

k=0 7i = —oo

A ,n  =  ej *Ak’n,

L —l

A k,n ^  '  hi ^  '  bn—mQ-k,m> 
i=0 m=1

and bn satisfies (2.6); Ck(t) is the Laurent pulse given by

Ck(t) = S(t) n  S[t +  (m +  L a k,m)T], 0 <  t < T  • min{L(2 -  a km) -  m};
m=1 m=1

otherwise,

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)
10,

where the a k,n € {0,1} are obtained from L — 1 bit binary representation of the index k, 

i.e.,
L —l

A: =  J ] 2 m- V m  0 < A; < 2l_1 — 1, ak,n G {0,1}, (3.7)
m=1

and S(t) has the following form

sin f  h(r)dT^ , t G [0, LT];

S (t) = \ „ J *  .  r r .  (3-8)cos f  h (r )dr j  , t G [LT, 2LT]; 

. 0, otherwise.
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Let us consider the simple example of representing precoded CPFSK-MSK signal,

generated by the system shown in Fig. 2.4, as a PAM signal using the analysis given in

the previous section. MSK signal is considered binary full response CPM (i.e., L = 1)

where h{t) is a rectangular pulse with duration T. The pulse S(t) can be expressed as

( s in (^ ) , t £ [0, 2T];
S(t) = (3.9)

(0 , otherwise.

The index k is equal to oo.o, therefore k =  0. Hence, there is only one Laurent pulse, 

Co(t) =  S(t), that entirely represents MSK as a PAM signal. The baseband signal si(t) 

can then be expressed as
OO

Sl( t )=  Po,nC0( t - n T ) .  (3.10)
n=—oo

From (3.4), is generally a non-linear function of the coded sequence {c„}. How­

ever, for k =  0

Po,n = ej ( ^ n+^bn), (3.11)
n—1

where (f)n — J ]  By taking the real and imaginary parts of /30i„, both parts happen to
i=0

be a linear function of the odd and even symbols of {cn} respectively as shown below:

7T 7T
3ft{A>,n} =  cos(0„)cos(-fe„)-sin(^n)s in (-6 n)

and

=0  —bn
- b n sin(0„) =  Cn, for n  odd (<j>n = ± f ); 

0, for n  even (<j>n =  0,7r),

7r 7r
^{/5o,n} =  cos(<^„) sin(—6n) +  sin(0„) cos(—&„)

(3.12)

—bn —0
{ bn cos((j)n) = —cn, for n even;

0, for n odd.

A detailed proof of this result is given in [8, Appendix A].

The actual transmitted precoded MSK signal can then be expressed as

s(t) = 5ft

(3.13)
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I2E
~T

+
2 E
T

^  Cnc 0(t -  nT)
i odd

y  cnC0(t -  nT)

cos(27r/ci +  90) 

sin(27r/ci +  0o). (3.14)

where {..., c_i, Co, c i , ...} (c„ € {—1,1}) is equivalent to the output binary stream gener­

ated by encoder W  shown in Fig. 2.4. It can be easily verified that (3.14) is equivalent 

to the equation given in (2.4) where Co(t) = p(t).

3.2 PA M  representation  o f G eneralized M SK  w ith  

P u lse  Shape o f L ength  2T

We would like to consider in this section the PAM representation of a subclass of gener­

alized MSK signals with pulse shape h(t) of duration 2T (i.e., L =  2). In this case, the 

baseband signal si(t) can be expressed as the sum of two simple PAM signals given by

/2 £
8l®  = V t J 2  Po,nCo(t -  nT) + y  Px,nCx{ t - n T ) (3.15)

where the Laurent pulses, Co(t) and C\{t), are given respectively by

( S ( t ) S ( t  +  T),  0 < t < 3 T ;
C0(t) =  { (3.16)

( 0, otherwise.

f S(t)S(t  + 3T), 0 < f < T ;
Ci(t) =  (3.17)

(0 , otherwise.
The Laurent coefficient /?o,n has been already derived in the previous section. Noting 

that ai,! =  1 and Aljn =  A0)n — 6n_i, the other coefficient Pi>n can be expressed as

n =  e>2A^  =  =  (3.18)
/̂ 0,n

The inphase and quadrature channel signals, I(t) and Q(t), for any generalized MSK 

with modulation memory L = 2 can be expressed as

jofp
7(*) = y ^ cos^ )
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J 2  n M C o ( t - n T ) +  J 2  X{Pi,n}Ci ( t -nT)
j i ——OO

, (3.19)

and

2 E
Q(t) =  Y y s i n 0 (i)

Y 2  % { M C 0( t - n T ) +  J 2  S i P i M i t - n T ) . (3.20)

The real and imaginary parts of can be derived in a similar manner as for f3o,n- 

The real part of f3\<n can be expressed as

&{&,„} =  »{A ),ne-^6"-1}

=  3&{/W c o s(-^6 n_i) -9{/3o,n}sin(-^6„_1)
—V—
=0

( -bn-iCn, n  even;

0, otherwise,
while the imaginary part of (3\)U can be expressed as

3{A ,n} =  $S{Po,ne-i *bn- 1}

(3.21)

=  &{#>,«} s in (-^ 6 n_i) +${/%,„} co s(- |& n_i)
1 V 1 " 

=~-bn—1 = 0

{—6„_ic„, n odd;

0, otherwise.
Therefore, the expressions given in (3.19) and (3.20) can be rewritten as

f2E
m  =

Q(t) =

T  

2 E

Y .  cnC0(t -  nT) + vnCi(t -  nT)
j i  odd n  even

(3.22)

(3.23)

(3.24)-  Y  c”-Co(t ~  nT)  +  vnCi(t -  nT)
n  even n  odd

where {vn} is a binary symbol stream (vn E {—1,1}) that satisfies the following equation

Vn = bn—lCn — ( 1) CnCn-\Cn—2- (3.25)

We can see that the non-linearity inherent in this type of signals is embodied in the 

symbol sequence {vn}. It will be shown later in this thesis that by appropriately encoding 

the information symbols this non-linearity may be removed.
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3.2.1 PAM  representation of Generalized M SK w ith  first de­

gree correlative coding

Consider now the more specific case of generalized MSK using correlative coding with 

first degree coding polynomial given by (ko +  kiD), where kQ and k\ are real numbers,

and a rectangular pulse shape g(t) of duration T  (Fig. 2.6). For such signals, the pulse

shaping filter h(t) has the following expression

' ko, 0 < t < T- 

h(t) =  &1, T < t < 2 T -  (3.26)

, 0, otherwise,

where ko +  ki =  1. Fig. 3.2 shows a plot for the pulse shape h(t) given in (3.26).

T 2 T
Time, t

Fig. 3.2: A pulse h(t) given in (3.26) used to preshape the input symbols prior 

modulation for L = 2 generalized MSK signals.

Evaluating (3.8) for this case, we find S( t ) can be expressed as

S(t) =

' s i n ( ^ ) ,  0 < t < T;

sin ( ^ |r  +  [ko -  ki] f) , T  < t  < 2 T;

c o s ( ^ -  — k07r), 2T  < t  < 3T; (3.27)

c o s ( ^  +  [k0 -  3Jfei] f) , 3 T  < t <  4 T; 

k 0, otherwise.

The Laurent pulses Co(t) and C\(t)  can then be found using (3.16) and (3.17) respectively. 

A plot of these two pulses are shown in Fig. 3.3 for ko — 1/2 (the case for Duobinary
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0.9

0.7

0.6

0.5

0.4

0.3

0.2 Ci(t)
0.1

0.5 1.5 2
Normalized Time, t / T

2.5

(o)

0.7

0.6

0.5

0.4

0.3

0.2
Ci(i)

0.1

0.5 2.5

Normalized Time, t /T

(b)

Fig. 3.3: Laurent pulses Ck{t) for generalized MSK with h(t) given in (3.26).

(a) ko = 1/2 (Duobinary MSK), (b) ko = 1/3.
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MSK) and ko =  1/3. As in these examples, the Laurent pulse Co(t) usually contains 

most of the energy in the transmitted signal s(t). Therefore, generalized MSK signals 

with modulation memory L = 2 usually can be well-approximated by the Laurent pulse 

train with the pulse shape Co(t).

3.3 PA M  representation  o f G eneralized M SK  w ith  

P u lse  Shape o f L ength  3T

Consider now expressing precoded generalized MSK signals that are generated using a 

pulse shape h(t) of duration 3T. The baseband signal for such generalized MSK signal 

is represented by the sum of four PAM signals given by

3 oo

r  'Sl(t) = E  E  ^ C k(t -  nT). (3.28)
k~Q n = —oo

The four Laurent pulses are given by

( S( t )S( t  +  T)S( t  +  2T),  0 < f <  4T;
C0(t) =  { (3.29)

(0 , otherwise;

f  S(t)S(t  +  2T)S(t  +  4T), 0 < t  <  2T;
Ci(t)  =  (3.30)

(0 , otherwise;

( S( t )S( t  +  T)S( t  +  5T),  0 < t < T -  
C2(t) =  (3.31)

(0 , otherwise;

( S( t )S( t  +  4:T)S(t +  5T),  0 < t < T ;
C3(t) =  \  (3.32)

(0 , otherwise;
where the pulse S(t) is given by

sin /  /i(r)d r^  , t € [0, 3T];

( t—3T \
^  /  h(T)dr)  , t  G [3T,6T];

S(t) = (3.33)

v 0, otherwise.
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The Laurent coefficients Pk,n are given by

Pk.
n ( \ ]£ — \bn-l<Xk,l+bn-20(k,2)

= g?f [■A0,n-(6n-iafc,l+6n-2afc,2)]

=  Po e_-?5(bn_ia,t’1+bn_2afe’2) (3.34)

where Table 3.1 gives the relationship between the index k and the values of ct^i and

Oik,2-

Table 3.1: Index k = au,i + 2afc>2.

k a k,l

0 0 0

1 1 0

2 0 1

3 1 1

We would like now to find the real and imaginary parts for each Laurent coefficient. 

The real and imaginary parts of /?o,n and P\>n have been derived previously in (3.12), 

(3.13), (3.21) and (3.22), leaving only the /?2,n and /?3>n terms. The real part of /32i„ is 

given by

7T 7T
=  K{/?o,n} c o s ( --6 n_2) -$s{/3o,n} sin(--& „_2)

= 0  = - 6„ 
-6 n_2cn, n even;

[ 0, otherwise,
while the imaginary part of /?2>n can be expressed as

%{p2,n} = 9{/?0,„e-^6"-2}

=  5 ? { /? o ,n }  Sin  ( - | & „ _ 2) + 3 { / ? o , n }  COS ( - ^ 6 „ _ 2)
' ------------ V-------------'  ' -------------V -------------'

=  — b n - 2 = 0

(3.35)
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{-6„_2cn, n odd;

0, otherwise.

The real part of (3^n is given by

» { / W  =  M{Po,ne-j %iK- ' +K-2)}

=  & { /W  C0S( ~ |  K - l  +  bn-2]) ~^{Po,n}  sin( ~ |  K - l  +  &n-2
' ------------------------V '  ' ------------------------v --------------------

— bn— l̂ n — 2 —0
( - 6 „ _ i 6 „ _ 2c „ , n odd;

[ 0, otherwise,

while the imaginary part of f33>n can be expressed as

9 { / M  =  9{/?0)n e - ^ - 1+6"-2)}
7r 7r

=  & { /W  s in ( - -  [bn- i  +  bn- 2]) +S{/?0,n} c° s ( - -  [fc„_i +  fe„_2
^ ✓ V ^  .......

0 — bn—\bn — 2

{6 „ _ i 6 „ _ 2c „ ,  n even;

0, otherwise.

Therefore, the inphase and quadrature channel signals can be expressed as

m = \ j ^ r {  ^ 2  cnCo(t -  nT) + vnC\{t -  nT)
n odd n even

+  ^ 2  xnC2(t - n T ) + Y 2  ynC3{t -  nT)  J ,

Q(t) = c^c o(t -  nT)  +  ^ 2  vnC\{t -  nT)
n even n odd

+  ^ 2  xnC2{t -  nT) -  ynC3(t -  nT)},
n odd n even

where vn is given by (3.25), {xn} and {yn} are binary symbol streams (xn, yn E 

that satisfy the following equations

Xn = bn—2Cn = ( 1) CTjCn_2Cn_3,

Vn bn—\bn—2Cn CnCn_iCn_3 .

31

(3.36)

(3.37)

(3.38)

(3.39)

(3.40) 

{ - 1,1})

(3.41)

(3.42)
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3.3.1 PAM  representation o f Generalized M SK w ith  second de­

gree Correlative Coding

We will consider now the exact analysis of decomposing correlatively coded generalized 

MSK generated by a coding polynomial given by (k0 +  k\D +  k2D 2), where k0, k\ and 

k2 are real numbers, with a rectangular pulse shape g(t) of duration T. For such signals, 

the pulse shape h(t) has the following expression

h(t) =  <

' ko, 0 < t  < T \  

h ,  T  < t  < 2 T; 

k2, 2 T < t <  3 T; 

„ 0, otherwise,

(3.43)

where ko +  k\ +  k2 — 1. Fig. 3.4 shows a plot for the pulse h(t).

1i

h ( t )
k X

ko

--------------►
T  2 T  3 T

Time, t

F ig . 3 .4: A pulse h(t)  given in (3.43) used to preshape the input sym bols prior 

modulation for L  =  3 generalized MSK signals.

By evaluating the integrals that are given in (3.8), for each sub-interval of length T, 

for generalized MSK signals with pulse shape h(t) given in (3.43), S(t ) can be expressed
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as

S(t) =

s i n ( ^ ) , 0 < t  < T;

s i n ( ^  +  [k0 -  h]  f ) , T  < t < 2T;

s i n ( ^ | | r  +  [fco +  — 2k2]), 2T < t < 3T

c o s ( ^  -  f  ko), 3T < t  <  AT

c o s ( ^  +  [ko - 4 k i ]  §), 4 T < t < 5 T

c o s ( ^  +  [ko +  h ~  5k2] §), 5 T < f < 6T

0, o t h e r w is e .

(3.44)

The Laurent pulses C'o(t), C\(t),  C2(t) and C3(t) can be found using (3.29), (3.30), 

(3.31) and (3.32) respectively. A plot of these pulses is shown in Fig. 3.5 for &i =  1/2 and 

ko — k2 =  1/4 (the case for TFM), and ko = k\ =  k2 = 1/3. As in these cases, usually 

the energy of Co(t) is significantly more than the energy of C'i(t), which is significantly 

more than the energy of C2(t) and that of C3( t ) . Thus such generalized MSK signals 

can usually be well-approximated by the superposition of the pulse trains for Co(f) and 

C\(t )—or indeed by the single PAM signal involving C'o(t).

3.4  T he Squared E uclidean D istance

In this section we will consider the derivation of the exact expression for squared Eu­

clidean distance between different generalized MSK signals with modulation memory of 

L = 2 and L — 3. It is to be expected that the Euclidean distance depends on the shape 

of the h(t) [22],

The normalized squared Euclidean distance (NSED) between any two (coded) gen­

eralized MSK signals, say s2(t) and S j ( t ) ,  for t  > 0 is defined by

OO
NSED(m) £  ±  ||»,(t) -  „j(t)||2 = ± - J  M f) -  s,(t)|2 dt. (3.45)

0

It can be shown that, assuming f cT  »  1, the expression given in (3.45) can be
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Fig. 3. 5: Laurent pulses Ck(t) for generalized MSK with h{t) given in (3.43).

(a) k0 = k2 = 1/4, ki =  1/2 (TFM). (b) fc0 =  kx = k2 =  1/3.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



C h a p te r  3. L a u r e n t  D e c o m p o s it io n  o f  G e n e r a l iz e d  MSK 35

expressed as
f  oo oo ^

N SED (i, j)  =  y  < E  J  [cos(j)i( t)-cos(j)j (t)]2dt + ^  J  [sin^(t) -  s i n ^ f ) ] 2 dt I ,
I 0 0 J

(3.46)

where Rc is the rate of channel encoder W  

Let Ii,j and Qi.j be equal to the following
OO

= 4 / [ c o s -  cos(f)j(t)]2 dt, (3.47)

OO

Qhj = -f J  [ s in ^ ( t ) - s in ^ ( t ) ] 2 dt. (3.48)
o

Using (3.23) and (3.24) we find that for generalized MSK with modulation memory L  =  2,

(3.47) and (3.48) can be expressed as
OO

h i  = E  E  [c" _  ci ]  \°lm ~  cm] f  J  Co(t -  nT)Co(t -  mT) dt
n odd m odd q

oo

+ E  E l ’i -  <}  [ 4  - « L ] f [  Ci(f -  nT)C,(t -  mT) i t
n even m even q

oo

+2 E  E  K - 4 ]  [ 4 ~ 4 ]  = f  C„(t -  n T M t  -  mT) dt, (3.49)
„ .  J J ™ »/n odd m even

and

dt

Q<j = E  E  K  -  <} [4 -  4] f  /  Co(! -  nT)Cc(t -  mT)
n  even m  even q

oo

+ E  E  K - <1 [4 - <] f  J  ~ nT)Ci(t -  mT)
n odd m  odd q

oo

-2E  E  K _ °n] K» - vm\ \  f  Co(t -  n T ^ i t  -  mT) dt, (3.50)
n even m  odd q

where we have that,

(\ \C0(t)\\2, n = m;

J  C0(t -  nT)C0(t -  mT) dt = i  {C0(t), C0(t + 2T ) ) , \n -  m\  =  2; (3.51)

° I 0, otherwise;
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[  Cx{t -  nT)Ci(t -  mT) dt =
{  10, otherwise;

(3.52)

7 r<c
/  C0(t -  nT)C\(t -  mT) dt = {

{  W

f (C0(t), C\(t -  T)) = (CQ(t +  T), Cx(t ) ) , m - n =  1;

otherwise. 
(3.53)

where (Ci(t),Cj(t)) refers to the usual inner product between the two pulses Q (t) and 

Cj(t).

For the case of generalized MSK with correlative coding with (k0 +  k\D)  as its coding 

polynomial and a rectangular pulse g(t), we can evaluate these expressions more explicitly 

in terms of ko and k\. In this case h(t) is given by (3.26) and we find

OO

J  C0(t -  nT)C0(t -  mT) dt = <

3 + f A r - l ) ^ykoki

T -  sin(fc07r), 

10,

, n =  m ;  

\n — m\ — 2; 

otherwise.

[  C i ( t -  nT)Ci(t -  mT)  dt = 
o 10,

I — f 1 _ 4  sin(feo7r)\koki J n , n — m; 

otherwise;

J  C0(t -  nT)C\{t -  mT) dt = 4w
o '  0)

Since /ci =  1 — k0] we find we can express T j  and QXj as

^ s i n ( f c 07r), m -  n =  1;

otherwise.

+ :

3 +  

1 -

E  K-4]2
% odd

+ ^ -  s in ( fc 07r) ^  [ 4  -  4 ]  [ 4 _ 2 -  4 _ 2]
n odd

+  h  Sin^ 07r) S  K  ~  Vn] [ 4 - 1  -  4 - l ]  j .
n. pvpti *

(3.54)
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and

Q<-> = {H3+(MĴ W“1)^sin(H  ^ 14-41x L \  '  '  '  -I n  rnrpn

1
+  4 ■7 1 . t -  1 J -sin(A;o7r)ko{ 1 - k o )  J 7T S  [4-4]'

n  odd

sin(A:07r) [4 -  4] [4_2 - 4-2]
n even

sin(/u07r) Y  [4 - 4] [4-i - 4-i] }•
n o d d

(3.55)

Noticing that )T) [cln — 4 ] 2 =  4i7(c®, cJ) and ]T) [4 = 4i7(v*, vJ"), where H{a ,b)

is defined to be the Hamming distance between two symbol sequences denoted by a and 

b, N S E D (i,j)  can then be expressed as

N SED (*,j) =  ^ {
+

3 +  

1 -

. 1 i \ -  1 J -  s in ( /c 07r)
fc0 ( l  -  ko)  J 7T

— 1 1 — sin(fco7r)

=  14

+

k0(l -  k0)

H
i

7r

i7(c‘,4 )

, 1 i \ ~  1 J -  sin(fc07r)
k0(l ~ k 0) )  7T

vfc0 ( l  -  ko)  

+^sin(A;o7r)x(L j) j ,

where the function x(hj ) is given by

-  1
7T

s i n  ( k o n )

H ( v \  v 7) +  -  sin(&o7r)x(i
7T

H(c\d>)

H (v l, v j )

b j ) |

(3.56)

x(i , j ) = Y  [4 - 4] [4-2 - 4-2] 
+ S  K ~~ 4] [4-i - 4-i]

n even

- E  [4 - 4] [4-i - 4-i] • (3.57)
n  odd

As expected, the (normalized) squared Euclidean distance, N S E D (i,j) , is affected 

by the shape of the pulse h(t) (i.e., it depends on the value of ko) which can be clearly 

seen from the expression given in (3.56). Moreover, the computations of both functions 

H (v l,v j ) and x(hj ) are somehow complex for all i j  (i.e., for all different sequences 

generated by encoder W ). This is why the calculation of N SED  for generalized MSK 

analytically is considered difficult and a computer evaluation is required.
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The above results can be generalized by letting the pulse shape h(t) be an arbitrary

pulse of duration 2 T, providing
2 T

J  h{t) dt =  T. (3.58)
o

Substituting (3.51)-(3.53) into (3.49) and (3.50), the normalized square Euclidean dis­

tance in that case can be expressed as

N SE D (i,j)  =  ^ i | 4 | | C „ ( « ) f f f ( c ‘,c>)+4||C1(t)||2ff(v , ,v>)

+ 2  C„(i +  2 T)> £  [<£ -  cj] [ci, _ 2 -  4 -d
n

+2 { C o l t+T), (7,(t)) £  [< - 4] K-. - 4-,]
n even

- 2  (Co(t) ,Ci(t  -  T))  Y, K  - 4] [ 4 - i  -  4-J }, (3.59)
n odd ^

We can show that for any h{t) of duration 2T,

||C'o(i)||2 +||C '1(i)ir =  T, (3.60)

and

{CQ(t), C0(t + 2 T)) =  (C0(t +  T), Cx(t)) =  (C0 (t), C j(i -  T)>. (3.61)

To demonstrate this, we begin by letting

t

f i t ) = ^  J  H r) dr.

Then

3 T

\C0(t)\\2 4- \\Cx{t)\\2 = J  S 2{ t ) S \ t  + T ) d t  + J  S 2{t)S'1{t + 2,T)dt
o o

T  2T

= J  sin2 [/(f)] sin2 [/(t +  T)] dt +  J  sin2 [/(f)] cos2 [/(t -  T)] dt
0 T

3T T

J  cos2 [/(t -  2 T)] cos2 [f(t -  T)] dt + J  sin2 [/(f)] cos2 [f(t +  T)]+  J  cos \ f( t  — 2T)] cos [/(t — T)\ dt + I sin [/(t)| cos \ f( t  +  T)1 dt.
2 T
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By a change of variable (t1 = t — T ) in the third integral we get

T

\\Co(t)\\2 + ||C i( * ) | | 2 =  [ sin2 [/(f)] (sin2 [ f( t  + T)] + cos2 [f(t +  T)]) dt
J "-------------------- v-------------------- '
0 = 1  

2 T

+ [  cos2 [f(t -  T)} (sin2 [/(£)] +  cos2 [f(t)]) dt.
J v--------------V-------------- '
T  = 1

By the same change of variable in the second integral we get

T

l|Cb(f) | | 2 +  ||C i(i) | | 2 =  f  (sin2 [/(f)] +  cos2 [/(£)]) dt
J "-------------- v-------------- '
0

=  T.

Equation (3.61) can be established as follows:

T

0C0(t),C0(t + 2T)) =  J  S(t)S(t + T )S (t  + 2T)S(t + 3T)dt,
o

T

(Co(t +  T),Ci(t))  =  J  S(t + T )S (t  +  2T)S{t)S(t + ST) dt
o

T

=  J  S(t)S(t  +  T )S(t  +  2 T)S(t  +  3T) dt,
o
2 T

(C'o(t), Ci(t — T)) = J  S(t)S(t  +  T)S{t -  T)S{t +  2T) dt
T

T

= J  S(t)S(t + T)S(t + 2 T )S(t  +  3T) dt.
o

Using (3.60) and (3.61), (3.59) can be rewritten as

NSED(i,j) =  ^ | 4 ( l - !!Cl)f )l|2) g ( c - , t f ) + 4 i l ^ £ g ( v ‘,v<) + 2axfe i)} ,  (3.62) 

where a = (C„(t), C0(t +  2T)) / T  =  (C„(( +  T),C,{t)) j T  = {C0(t),Ci(t -  T)) /T .

It is well-known that the minimum value of N S E D (i,j) between all transmitted 

possible signals is the most important parameter in determining the asymptotic (high
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SNR) performance of the over all coded modulation system. This parameter is usually 

referred to as the squared free Euclidean distance (NSFED)

N SFE D  =  m inN SED (3.63)

For generalized MSK with modulation memory L  =  2, using (3.62), the N SFED  can be 

expressed as

related to the sequences cl and cj by (3.25) such that H (c \  cj ) — H ™„. The expression 

given by (3.57) for %min, is calculated using the sequences c’ and cJ that corresponds to

The evaluation of the N SFED  for any coded generalized MSK generated by encoder 

W  is generally a difficult task. This is because and Xmin are still nonlinear functions 

in terms of the coded sequence {Cn} and they are hard to evaluate analytically for all 

channel codes Cw- As such, the calculation is usually performed using computer evalua­

tion. However, it is possible to find a closed expression of N SFED  for the uncoded case 

of generalized MSK with pulse shape of duration 2T.

Let us consider finding the exact expression of N SFED  for the uncoded case of 

generalized MSK with modulation memory L — 2, where R c = 1. Encoder W  is just the 

identity mapping (i.e., c„ =  a„). Therefore H ^ rt = 1 and the values of H ^m and Xmin 

can be found as follows:

N SFED  for the uncoded case corresponds to the sequences a* and ad where af, ^  af 

and aln =  a?n for n  > 0. Let

N SFED  =  —
2

H w- + 4x-*mm 1 ^ tfmin +  2 flXi (3.64)

where is the minimum Hamming distance between all possible sequences generated 

by encoder W , in is the Hamming distance between the sequences v* and vJ that are

H^in and the sequences v* and vJ which corresponds to H ^in.

a1 =  c* =  {—1 , —1 , —1 , 

a>  =  =  {1, —1, —1,...}.
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Clearly, H ^in =  iJ (a s, aJ) =  1 , and applying (3.25) to each sequence of a* and aJ we get

v* =  { 1 , - 1 , 1 , - 1 , 1 , - 1 , . . . } ,  

v *  =  { - 1 , 1 , - 1 , - 1 , 1 , - 1 , . . . } .

Therefore, H ^ in — H ( v \  vJ) =  3, and finally evaluating (3.57) for the same two sequences 

a* and aJ we get

Xmin =  x ( h j )  = 0 +  o -  (—2)(—2) =  -4 .

Substituting H™in, H ^ in and Xmin in (3.62), we get

N SFED  = 2 + J £ f L  -  4a. (3.65)

An interesting result of using (3.65) is that, one does not have to look through the 

excess-phase trellis to calculate the minimum Euclidean distance between generated gen­

eralized MSK signals with pulse shape h(t) of length 2T, as mentioned in [3]. Instead, 

we only need to calculate the quantities ||C i(t)||2/T  and a to find the exact value of 

N SFE D  for such signals. Table 3.2 below shows the calculation of N SF E D  for some 

generalized MSK signals with modulation memory L  =  2. The special case of MSK is 

shown in the table for the sake of comparison.

E xam ple 1 . Let us determine the exact expression of N SFED  for generalized MSK 

with pulse shape h(t) given in (3.26). The values of ||C i( t ) | |2 and a are given by (3.52) 

and (3.53) respectively. Thus,

N SFED  =  2 +  4-
T \ i  (  i  A ] sin(feoTr)
4 I /-  \ ko( l -ko)  X)  J 7r £  sin(fc07r)

sm(Trfco) /0=  3 -----—  r-r. (3.66)
7Tfc0 ( l  -  k o )

Fig. 3.6 shows a plot of N SFED  as a function of the correlative polynomial coefficient 

k o .  It is shown that for k 0 = 1, N SFE D  is equal to 2 which corresponds to the special 

case where the modulation is MSK. It is interesting to note that the minimum N SFED  

occurs when ko = 0.5 (duobinary MSK) where the minimum value of N SF E D  is 1.727.
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Generalized MSK Scheme Pulse Shape \\ci(t) r / T N SFED

DMSK h(t)
f 0 <  t < 2T; 

[ 0 , otherwise.
0.0113 0.0796 1.727

2-Raised Cosine h{t) J m
. 0 .

' l - c o s ( f ) ) ,  0 <  f < 2T;

otherwise.
1.3370 x 10" 4 0.0085 1.967

Gaussian MSK (B T  — 0.5) h(t) =  < Q 1 

. 0 ,

2ttBT *- 
v Vln2 T )  V  VvdiT2 T  J 0 < t < 2T; 

otherwise.
3.2526 x 10~ 4 0.0149 1.942

MSK h(t
r i ,  o < t < T -  

[ 0 , otherwise.
0  0 2 . 0

T ab le  3.2: N S F E D  for som e commonly used generalized MSK signals w ith pulse shapes h{t)  of length 2T.
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1.95

1.9

QH
& 1-85

1.75

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Correlative coefficient, k$

Fig. 3.6: NSFED as a function of ko for correlatively coded generalized MSK with  

rectangular pulse shape and coding polynom ial (ko +  k \ D )  where k\ — 1 — ko-

Consider now the computation of the squared Euclidean distance for generalized MSK 

signals with premodulation pulse shape h(t) given in (3.43). In general, the N SED  for 

coded generalized MSK with modulation memory L — 3 can be expressed exactly as (see 

Appendix B)

N SED  (i,j)  = +

+4||C 2 (t)||2^ ( x i,x 0  +  4||C3 (t)||2i / ( y i, ^ )

+ 2  (CQ(t), C0(t -  2 T)) X(i,j)  +  2  {C0(t -  T), C ^t))  V(i,j)+

2  (C0(t -  T ), Cx(t -  4T)> A(i,j)  +  2  (C0(t -  T), C2(t -  AT)) ( (i,j)  

+ 2  (C0(t -  T ) ,C s(t -  T)) A (z ,i)|, (3.67)

where the functions x(i, j) , v ih j) ,  A(i, j) , ( ( i , j ) ,  and 8(i,j) are all as defined in Ap­

pendix B.
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When the memory of the modulation increases (i.e., for large values of L) the ex­

act computations of N SED  gets more complex and time consuming especially for the 

coded case. Therefore, let us consider only finding the exact expression of the free (nor­

malized) squared Euclidean distance (the most important parameter in determining the

performance of the overall modulation system) for the uncoded case (R c =  1) . In that

situation, N SFE D  can be written as

NSFED = i{4 ||C „(«)||2< n + 4||C1(t)||2» L  + 4||<72(t)||2tf* , + 4||C3(t)l|2-Ĥ „

+2 (Co(t), Co(t — 2 T)) xmin +  2  (Co(t — T ), Ci(f)) r]m\a

+2 (C0(t -  T), Cx{t -  AT)) Amin +  2 (C0(t -  T), C2(t -  AT)) Cmin

+2 {Co(t — T), Cz(t — T)) <5min| .  (3.68)

Again, N SFED  for the uncoded case corresponds to the sequences a* and aJ where

nf ^  of and dln =  a3n for n > 0. Let

a* =  c4 =  { _ l , _ i , _ i , . . . } ,

a* =  cj =  { 1 , -1 , -1 , . . . } .

Clearly, H ^in = H(&\ a?) =  1, and applying (3.25), (3.41) and (3.42) to each sequence 

of a* and aJ we get

v* =  { 1 , -1 ,1 , - 1 ,1 , - 1 ,1 . . . } ,  

W =  { - 1 , 1 , - 1 , - 1 , 1 , - 1 , 1 . . . } ,  

x* =  { - 1 , 1 , - 1 , 1 , - 1 , 1 , - 1 ...},

Xj =  { 1 ,-1 ,1 , 1 ,-1 , 1 ,-1 ...} ,

y* = { -1 , -1 , -1 , -1 , -1 , -1 , . . . } ,

y* =  { 1, 1, - 1, 1, 1, - 1, 1, . . .}.

Therefore, H ^ a = tf(v*,v*) =  3, H*hl = H ^ x f x 3) = 3, H*in = H (y \ y j ) = 3, and 

finally evaluating (3.57) and (B.18)-(B.21) for the same two sequences a* and aJ we get
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Xmin — 4, Tjmin — 0, Am;n — 0, Cmin — 4, and $min — 4.>min

It can be shown (see Appendix C, C.13) that

3

£ | | c v ( t ) | | 2 =  r .

In that case, N SFED  becomes

N SFED  =  6  -  -  46,
T

(3.69)

where 6 =  ((C 0 (t), C0(t -  2T)) +  (C0(t -  T ) ,C 2(t -  4T)) +  (C0(t -  T ), C3{t -  T ))) /T .

Again, one does not have to go through the excess-phase trellis for such generalized 

MSK signals to calculate the minimum Euclidean distance. Instead, one has to find the

of N SFED  for some generalized MSK signals with modulation memory L = 3. The 

special case of MSK is shown in table for the sake of comparison.

Exam ple 2 . Let us determine the exact expression of N SFED  for generalized MSK 

with pulse shape h(t) shown in Fig. 3.4. The values of ||C'o(t) | | 2 and 6 can be found using 

simple integration, and can be shown to be equal to:

values of ||Co(^) ||2/ ^  and 6  to calculate N SFED . Table 3.3 below shows the calculation

6
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Generalized MSK Scheme Pulse Shape \\Co{t)\?/T b N SFE D

3-REC h(t) =  ■ 3>

.0 ,

0 <  t  <  ST; 

otherwise.
0.9351 0.2284 1.346

f 1
4 ’ 0 <  t  < T;

TFM h(t) =  <
1
2 ’

1
4 ’

-o,

0 < t < 2 T ;  

0 < t <  3T; 

otherwise.

0.9684 0.1683 1.454

3-Raised Cosine h(t) -{*(-
u

cos( t y ) )  - 0 < t  <  ST; 

otherwise.
0.9948 0.0640 1.765

Gaussian MSK (B T  =  0.3)
I 0,

f 2irB T t - 2 T ' 
 ̂ V ln 2  T 0 <  t <  3T; 

otherwise.
0.9963 0.0568 1.787

MSK h(t) =
\ hI o,

0 < t < T ;  

otherwise.
1.0 0 2.0

T a b le  3 .3: N S F E D  for some com m only used generalized MSK signals w ith pulse shapes h(t)  of length 3T.
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2 .( fa 1- f a ) 1 S i n ( r t l ) + S i D ( r t ° )1 

~ 2n(k l+  k0  !sin(?r l2h  +  *J )  +  }'

Therefore, NSFED reduces to,

NSFED =  4 -  {  sin (7rfc0 ) H jz r rw s in (7 r  [A;0 +  fc i])
l.7rfco tt(1 — k0 — ki)

+ J ( l - t l - 2 t 1) >Sin(,r [1 “  h  ~  fcll) " Sin(’rfcl)l

4— . 1 , [s in (7 rfc i) -  sin (7rfc0 )] }• (3.70)
7T(Ki ko) )

Fig. 3.7 shows a contour plot of NSFED as a function of the correlative polynomial 

coefficients k0 and hi. Let us consider plotting NSEFD with respect to ko by fixing the 

value of the coefficient ki at 1/4 and 1/2. It is shown (Fig. 3.8 .a) that for k\ =  1/4, the 

minimum value of NSFED is equal to 1.326 which corresponds to ko — k2 =  3/8. It 

is interesting to note that, for k\ = 1/2, the minimum NSFED occurs when ko =  1/4 

(tamed-frequency modulation, TFM) where the minimum value of NSFED is 1.453 (see 

Fig. 3.8.6).
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0.6

0.4

0.2

h

- 0.2

-0.4
■2.5—■2.5-

- 0.6

-3.5— =

1 ■0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

k 0

F ig . 3 .7: A contour plot of N S F E D  as a function of ko and fci for correlatively coded 

generalized MSK w ith rectangular pulse shape and coding polynomial 

(kg +  k \ D  +  &2 -D2) where & 2 =  1 — &o — fci.
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QW

1.75

1.7

1.65

1.55

1.45

1.35

0.4 0.5 0.6 0.70.2 0.3

Laurent Coefficient, fco 

(a)

1.75
DMSK

1.65

1.55

TFM
1.45

1.4
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Laurent Coefficient, fco 

(»)

F ig . 3 .8: N S F E D  as a function of fco for correlatively coded generalized MSK with  

rectangular pulse and coding polynom ial (fco +  k \ D  +  where

(a) corresponds to fci =  1 /4  and (b) corresponds to fci =  1 /2.
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Chapter 4

Special Coding Design for 

Generalized MSK

4.1 In troduction

It is to be expected that the error performance of generalized MSK modulation systems 

can be improved by the use of channel coding. The redundancy introduced by error 

control coding increases the power efficiency of the coded modulation system, an effect 

that is termed coding gain. For a fixed information rate, employing error control coding 

increases the required transmission bandwidth. In order to compensate for the increase 

in bandwidth, for generalized MSK modulation, a smoother pulse h(t) may be used 

instead [22] (e.g., decreasing the value of B T  in (2 .1 2 ) for Gaussian MSK signal). This 

however is done at the expense of increasing the induced inter-symbol interference within 

the modulated signal, which degrades the bit-error rate performance and increases the 

complexity of the receiver.

Though generalized MSK is attractive for its high power and bandwidth efficiency, it 

has very complex optimum demodulators with complexity increasing exponentially with 

the modulation memory L. This complexity is due to the size of the matched filter bank

50
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and to the large number of trellis states (see Fig. 2.8).

In general, the Euclidean distance between signals generated from combining a chan­

nel encoder with generalized MSK modulator cannot be linearly related to the Hamming 

distance of corresponding symbol sequences produced by the channel encoder. This is 

due to the non-linearity and memory inherent in the modulator. Therefore the search 

for good channel codes, for generalized MSK, is considered a difficult task. Most of the 

work that has been done in constructing good codes for CPM signals was conducted 

using computer-aided search and simulation [32]-[33], [35] without regard to the increase 

in the complexity of the receiver [19].

For generalized MSK with modulation memory L — 2 and L — 3, we will show 

that by imposing a particular structure on the codes, we can achieve good coding gains 

while optimally demodulating the coded signal using a simple linear receiver. We will 

demonstrate that with these structured codes, no inter-symbol interference is introduced 

at the output of the linear receiver and, in AWGN environment, the noise samples are 

independent. In these cases, the Euclidean distance between waveforms is linearly related 

to the Hamming distance between symbol sequences which simplifies the task of searching 

for good codes for such generalized MSK systems.

4.1.1 Euclidean vs. Ham m ing D istance

Coded linear modulation, such as coded BPSK, QPSK or OQPSK, has the property 

that the Euclidean distance between different transmitted signals is proportional to the 

Hamming distance between corresponding coded sequences. In designing codes for such 

modulation schemes we need only consider the Hamming distance properties of the code, 

particularly seeking to maximize the minimum Hamming distance of the code. Since 

generalized MSK is a non-linear modulation scheme, Euclidean distance and Hamming 

distance are not directly related, so codes designed based on Hamming distance con­

sideration may not produce matching Euclidean distance properties. This difficulty in
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relating Hamming distance to Euclidean distance can be removed in the case of mod­

ulation memory of two symbol duration (L  =  2 ) by imposing a simple nondebilitating 

constraint on the code as expressed by the following result:

T heorem  1. Let Cw be any rate R c binary code for which the coded bits satisfy the

relationship that for all k,

C2k = C2k+1- (4.1)

Then the N SED (i, j )  for generalized MSK signals with modulation memory L = 2, and 

the Hamming distance between sequences generated by Cw (i-e., H w (c\  cJ)) are related 

by

N S E D (i,j)  = 2RcHw (c\ c>). (4.2)

Proof. From (4.1) we have that c2k- i =  c2k-2 , and the even and odd symbols of vn

(defined in (3.25)) are given by

V2k  =  ( — l) 2fc+1C2fc C2k - l C 2k - 2  =  — C2ki (4.3)
=  1

V 2k+l  =  ( ~ l ) 2fc+2 C2k+ lC 2k  C2fc-1 =  C2fc_l. ( 4 .4 )

=1
Substituting (4.1), (4.3) and (4.4) into the expression for x ( h j )  given in (3.57), we obtain

OO OO

x(i,j) = [4k -  4k\ [c2k~2 -  4 - 2] +  J2 Hk - vik\ [4k-i - 4k~i]
k=0 S“ -  k=o

[C2 f c - l_C 2fc~l] “ [C4fe_C4fc]
O O  OO

+ ^  Jc2fc+1 — 4 k + l] j [c2fc-l — 4 k - 1] ”  — v2fc+l]_ \4k  ~  4k]
k=o' ~ " k=o s—r  r - '

OO OO

= XZ [C2fe _  4 k ]  [C2fc-1 ~  4 k - 1] — X^ [C2k ~  4k]  [C2fc—1 — 4 k - 1]
k=0 k=0
oo oo

4" XZ l°2k ~  4k ]  [c2fc—1 — 4 k - 1] ~  XZ \ 4 k - l  ~  4 k - 1] [C2k ~  4k]
k=0 k=0

=  0. (4.5)

The Hamming distance between the vn sequences is given by
-  OO

H ( v W )  =
71=0
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J 2  -  ^ i 2 + J 2  iv2fc+i -  ■
j 12
;2A;+ll

.A:=0
oo

A:=0
oo

lC2fe f̂el2 +  \C2k-l ^2k-ll
,k=0 k=0

and since c!_j =  c?_i =  1 for all i , j ,  then

5 ^ I C2k C*2k\2 +  ^  lC2fc—1 ^fc-ll
U = 0

OO

fc=l
oo

J ^ l c2fe °2fe|2 +  lC2fc+l <4'2fc+l I
Lfc=o
00

fc=0

n = 0
=  t f ( c V ) .  

Substituting (4.5) and (4.6) into (3.62) we obtain

N SED (*,j) =  2RcHw ( c \ c j )

as required.

(4.6)

□

4.2 On T he U sefu lness o f R ep etitio n  C odes for G en­

eralized  M SK  Signals

The condition (4.1) on the coded symbol stream may be viewed as requiring the encoder 

incorporate a double repetition code in the encoding process following some other encod­

ing process. An encoder then that meets this condition (that makes Euclidean distances 

between generated signals proportional to Hamming distances between corresponding 

coded sequences) can thus be broken down into a cascade of two encoders—a rate-i?0 

outer encoder W out followed by the double repetition inner encoder Wjn. This situation 

is depicted in Fig. 4.1. As the double repetition code is a rate-1/2 code, the overall code 

rate is half the code rate of the outer encoder:

(4.7)
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Any linear block encoder and almost all convolutional encoders (except possibly for 

catastrophic encoders) could be used as an outer encoder. We shall consider in this thesis 

outer encoders that are linear convolutional encoders since these codes are widely used 

in wireless applications to improve the performance, such as digital radio, mobile phones 

and satellite links, and Bluetooth implementations.

Let a =  ao, a lf a2... and c =  Co,C!,c2... be the input and output sequences of a rate 

R  — M /N , M  < N, convolutional encoder respectively, where a* =  and

ci =  ( ^ }. . 4 N))- The relationship between the input a and output c can expressed as

c = aG,

where c* =  YlkLo a i-fcGfc. The semi-infinite matrix

(4.8)

G =

 ̂Go G! g 2 Gm \

0 Go Gi g 2 Gm

0 0 Go Gi G2 ...  Gm

\

(4.9)

/
is called the generator matrix, where the sub-matrices G&, 0 < k < m, are binary M  x N  

matrices which can be expressed as

Gi, —

( 9 $
(2)

9 ik  ■
(N )

■ • 9 ik

92k
(2)

92k  ■
(.N )

• • 92k

\  9 ^1  tk
(2) 

9 M ,k  ■ a(N) • 9 M ,k

(4.10)

Note that all operations in (4.8) are modulo-2 operation. For convolutional codes, it is 

convenient to express (4.8) in the D-transform domain as c(D) = a(D)G(D), where

/ G ^ ( D )  G f }(£>) . . .  G (" \ D ) \

G $ \ d ) G % \d ) . . .  G f \ D )
G  (£>) =

\ G $ ( D )  G%(D) . . .  G%>{D)Ji(2) ( N ) ,

(4.11)
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Each of the entries in (4.11) is a polynomial given by G ^ ( D )  = +g<i{>D + ...+ g ^ .D Ul.

for i = 1,2..., M, and j  =  1 , 2 , N. Let

Vi = max deg G-^(D) . (4-12)
i<j<n L J

The overall constraint length of the convolutional encoder is [36]
M

v = ^ 2 v i ,  (4.13)
i= 1

where the memory order of the encoder is m  = maxi<j<M N] ■

Consider now the case where two convolutional codes are cascaded as depicted in 

Fig. 4.2. The equivalent convolutional code is a cascade of an outer code Gout of rate 

R 0 =  k /l  followed by an inner code G;n of rate R{ = m/r.

G
1
1
1 Gout Gjn

1
1
1

1
1

a  1 Outer
encoder c' Inner

encoder

(m, r)

1
1
1 c

i
i
i
i

(.M )
1
1
1
1

i
i (km, Ir) 1

__1

Fig. 4.2: A cascading of two convolutional encoder.

The cascaded generator matrix G is given by

G = GoutGin. (4.14)

where Gout and Gjn are the semi-infinite matrices of the outer and inner encoders respec­

tively. It can easily be seen that the rate of the cascaded code R c will be

ICTY)
R c = R 0Ri -  — . (4.15)

If I =  m, then the outer and inner encoders are said to have matched rates [40]. In that 

case (4.14) can, equivalently, be expressed as

G(D) = Gout(D)Gin(D), (4.16)
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while if I 7  ̂ m, the two cascaded encoders are said to have unmatched rates and the 

matrix multiplication in (4.16) is not defined, but (4.14) is still valid [40, Ch. 4],

T heorem  2. Let CVout be any rate-R0 (R0 =  k/l, k < I) outer convolutional code 

cascaded with a double repetition code as an inner code, and let W out(D) and W (D ) be 

the generator matrices of the outer and cascaded encoders respectively. Let the entries 

of the generator matrix W °(D) be w°j(D) f o r i  G {1,2,..., A;} and j  G {1,2,...,/}. If  

WoUt(D) is a polynomial matrix then

/ w°n (D) w°n (D) . . .  w°u (D) w°u (D ) \

w°2l ( D )  w °21( D ) . . .  w°2l( D )  w 21( D )
W  (D )=  , (4.17)

\ w °ki( D ) w °ki(D ) w °ki(D ) w °ki(D ) j

where the cascaded encoder W  is a rate-k/2l convolutional encoder.

Proof. Except for the case of R 0 =  1 (i.e., k =  I =  1), the two generator matrices of the in­

ner and outer encoders cannot be multiplied in the ©-transform representation to find the 

generator matrix of the cascaded encoder (since I ^  1), i.e., W (D) ^  W 0Ut(-C))’Wjri(.D). 

Instead one has to multiply the semi-infinite matrices W out and W ;n to determine the 

generator matrix of the cascaded encoder W  =  W outW in. However, the matrix W (D), 

for unmatched rates, can be found by considering I x 21 sub-matrices instead of 1 x 2  

sub-matrices in W in. The resulting matrices W out(-D) and W-n(D) then have matched 

rates and can be multiplied. The inner generator matrix can be written as

/ I I  00 00 . . .  00 \

00  11 00 00  . . .  00

00 00 11 00 00 . . .  00

V
If we consider I x 21 sub-matrices of Wjn, then the ©-transform representation of W jn, 

(i.e., W-n(©)) would be given by

W ir
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W  ln(D) =

The outer generator matrix is

W 0Ut(D) =

/ I  1 0  0  . . .  0  0  0  o \

0  0  1 1 . . .  0  0  0  0

\ o  0  0  0  . . .  0  0  1 1 /

( w°n( D)  w °2( D )  . . .  W°U( D ) \

w°2l(D) w21(D) . . .  w°2l(D)

(4.18)

(4.19)

\w°kl(D) w°k2(D) . . .  u>kl(D)

Using (4.18) and (4.19), the semi-infinite matrix multiplication W  =  W 0UtW in can be 

equivalently represented by

W (D ) = W out(D)W?n(D) 
(w°u (D) w°n (D) . w°u (D) w°u { D )\  

• w°2i(D) w2l(D)w°21 (D) w21(D)

W i  (D) w°kl(D) . . .  w°kl(D) wkl(D ))
□

C orollary  1. Let encoder W (D ) be a n y kx 2 l  polynomial matrix. I fW (D )  is partitioned 

into (k,l) convolutional encoder W 0Ut(D) and double repetition encoder as illustrated in 

Fig. 4-1, then

N SED  ( i j )  = 2 j H Wout(c '\c 'j ). (4.20)

where Hwout(cn ,c'3) is the Hamming distance between sequences generated by outer en­

coder W out.

Proof. Using a double repetition code doubles the Hamming distance between sequences 

generated by the outer code W out, i.e., Hw (c\ d )  = 2HWimt (cn, c,j). Therefore, from 

(4.2) and (4.7)

N S E D (i,j)  =  2RcHw (ci,c j )
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where R 0 =  k /l  is the rate of outer encoder W out- □

From (4.20), we have that the normalized squared free Euclidean distance is given by

Euclidean distance of coded generalized MSK with modulation memory L  =  2 employing 

a double a repetition code, for a given rate k /l  and constraint length v° of the code Cw°, 

the minimum Hamming distance of the outer encoder must be maximized.

The immediate consequence of Theorem 4.1, is that the dependency of the Euclidean 

distance on the pulse shape h(t) is totally eliminated (i.e., the performance of the overall 

system is independent of h(t)). The main impact, then, of a choice of pulse shape relates 

to the spectral properties of the signals [2 2 ] where this subject is beyond the scope of 

this thesis.

4.3 O ptim um  Linear R eceiver D esign  for L ength  2T

It has been shown previously, that a precoded MSK signal can be expressed exactly as 

an OQPSK signal, which allows us to form this signal using an I-Q  modulator. For 

“uncoded” generalized MSK signals with pulse shapes h(t) of duration more than a 

symbol period, it was demonstrated by Gaiko [8 , p. 18] that it is impossible to express 

the signals in I-Q  form. However, Gaiko showed that it is not necessary for generalized 

MSK to be expressed as an I-Q  signal in order for it to be demodulated using a simple 

I-Q  receiver. The optimum choice of the filter in such a simple I-Q  receiver depends on

(4.21)

where ff^°ut is the minimum Hamming distance of C\v° ■ Therefore, to maximize the free

C oded  G eneralized M SK
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the signal-to-noise ratio, leading to the concept of “Average Matched Filter” (AMF) and 

“Asymptotic Optimal Filter” (AOF). It was shown that, for duobinary MSK and tamed 

MSK (TFM), the simple I-Q  receiver with AOF has a degradation performance of 0.91 

dB and 2.63 dB respectively, compared to simple MSK and only 0.28 dB and 1.24 dB 

poorer than the optimal (Viterbi) receiver at high SNR.

Surprisingly, using the double repetition code that was introduced previously, for any 

h(t) of duration 2T  satisfying (3.58), a coded generalized MSK signal may be expressed 

in I-Q  form. This easily seen from the following result:

T heorem  3. Precoded generalized MSK signals with a pulse shape h(t) of duration up 

to two symbol periods can be expressed as an inphase-quadrature signal (with Euclidean 

distances between generated signals proportional to Hamming distances between corre­

sponding coded sequences) if  and only if the cn symbol sequence satisfies the condition

c2fc+ic2fc-i =  c2kc2k-2, for all k e  Z. (4.22)

The generalized MSK signal can then be written as

s(t) =  /(f) cos(27rf ct +  60) -  Q{t) sin(27r/ct +  90),

where the inphase signal 7(f) and quadrature signal Q(t) are given by

l2j$  ^
cos = y  —  ^ 2  cnp(t -  n T ), (4.23)

n  odd

l~2E I2E   >
<5(0 =  y  y  sin ^(4) =  y  - f  S  CnP _  nT ) ’ (4-24)

n  even

with the inphase pulse p(t) and quadrature pulse p(t) given by

Pit) — Co(t) — C\(t +  T), (4.25)

p(f) =  C'1( f - 3 T ) - C 0 (f). (4.26)

The functions C'o(t) and C\{t) are the Laurent pulses given by (3.16) and (3.17) respec­

tively.

7(f) =
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Proof. First we prove that if the constraint (4.22) holds then the inphase and quadrature 

signals can be expressed as in (4.23) and (4.24) respectively. Substituting (4.22) into

(3.25), we have that the even and odd symbols of vn are given by

( 1 \ 2k I 1
— l j  C2feC2fc -lC 2fe-2 =  ~C2kC2kC2k+l =  ~ C 2 k + l ,

and
•> 2fc-|-2

— 1 ) C2fc+iC2fcC2fc_i =  C2fc+ iC2fc+ iC 2fc_2 =  c 2fc_2 .

Substituting (4.27) into (3.23) we get

(4.27)

(4.28)

m  = 2  E c2fc+iCo(t — [2k +  1] T) — C2k+iC\{t — 2kT)
 _ k k

^  J ]  c2fe+1 [C0(t -  [2k +  1 ] T) -  Cx[t -  2kT)}

CnP̂  ~  nT )>
n odd

where p(t) = Co(t) — G\(t +  T), as required. Now, substituting (4.28) into (3.24) we get 

[2E

k k
Q(t) = T

■ c2fc-2Co(i — [2k — 2] T) +  ^ 2  c2k-2C\ (t — [2k + 1] T)

I OTP
[C'lC* -  l2k +  !] T ) -  Co(.t -  \2k -  2] T)}

n  even

where p(t) = G\(t — 3T) — C'o(t), as required.

For the converse statement, we want to show that if I{t) and Q(t) can be expressed 

as in (4.23) and (4.24) respectively, where p(t) and p(t) are given by (4.25) and (4.26) 

respectively, then (4.22) must be satisfied for all k.

Consider the inphase and quadrature signals, l i t )  and Q(t), on the interval t G [0, T\. 

The signals I(t) and Q(t) can be expressed as

I(t) = A  [—ciCo(t) +  c_iC'o(t +  T) ] ,

Q(t) — A  [—coCo(t) — c_2C'o(t +  2 T) ] ,
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where A = y j2E /T .  The square of the envelope of s(t) for all t € [0, T]

I 2(t) + Q2(t) = j42 | c 2 (t) +  Cl(t + T) — 2c1c_1C'o(t +  T)C\(t)

+C0(t) +  C*o(t +  2T) +  2coc_2Co(t)C'o(t +  2T1) j ,  (4.29)

where C\{t) =  S(t)S(t  +  3T) and Co(t) =  S(t)S(t + T). Substituting these values into

(4.29) gives us

I 2(t) + Q \ t )  = A 2^ S 2(t)S2(t + 3T) + S 2(t + T )S 2(t + 2 T ) - 2 c 1C-1(3(t) 

+ S2(t)S2(t + T) + S 2(t + 2T)S2(t +  3 T) +  2c0c_2/?(f) j  

=  A 2$y [S 2(t) +  S 2(t +  2T)] [S2(f +  T) +  S 2(t +  3T)]

+2 [coc_ 2  -  Cic_i]/?(t)|, (4.30)

where f3(t) = S(t)S(t  +  T)S(t  +  2T )S(t  +  3T). Now for the square of the envelope for 

t € [T , 2 T], we have that

I(t) =  A {ciCb(t -  T) +  c-iCoft +  T) ] ,

Q(i) =  A[c_2C1( i - T ) - c 0Co(i)],

therefore,

I 2(t) + Q2(t) =  A2 | c o2 ( t - T )  +  C'02(t +  T) +  2c1c_1C'0 ( t - T ) C o ( t  +  T)

+C?(t -  T) +  C2 (f) -  2c0c_2C'1(t -  T)Co(t)}, (4.31)

where C\(t) = S(t)S(t + 3T) and C0(t) — S(t)S (t + T). Substituting these values into 

(4.31) gives us

I 2( t ) + Q 2(t) = A 2!^S2(t)S2( t - T )  + S 2(t + T )S 2{t + 2T) + 2c1c -1'r(t) 

+ S 2{t -  T )S 2(t + 2T) +  S 2(t)S2(t +  T )  -  2c0c_27(0}

=  .42(  [S2^  -  T) +  S 2(t +  T)\ [S2(t) + S 2(t +  2T)] +
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2 [cic_i -  c0c_2] 7 (t) | , (4.32)

where 7 (t) -  S(t)S(t + T )S (t  + 2T)S(t -  T). Now, for t G [0, T],

S2 (f) +  S2(f +  2T) =  sin2 ^  J  h( f ) j  + cos2 ^  J  h(f ) j  =  1,

and

( t+ T  \  /  t+ T  \

^  ^ /  + C 0 S 2  ^ /  =  ^

while for t  G [T, 2T],

S2(t -  T) +  5 2(f +  T) = sin2 ^  j  h(t) j  +  cos2 ^  J  h(t) j  =  1,

and
t \  /  t

=  1 .

o
Therefore, for t G [0,T] (4.30) reduces to

S 2(t) + S 2(t + 2 T) = sin2 ( ^  J  h(t) j +  cos2 f ̂  J  h(t)

I 2{t) +  Q2(t) = A 2 { 1 +  2 [coc_ 2 -  cic_i] /3(f)} , (4.33)

and for t  G [T, 2T] (4.32) reduces to

I 2(t) +  Q2(t) = A 2 { 1 +  2  [cic_i -  coc_2] j ( t )}  . (4.34)

For the signal s(t) to be constant envelope, I 2(t) + Q2(t) (i.e., the square of the envelope) 

must be constant for all t G [0,2T\. Since f3(t) and 7 (f) cannot be identically zero for all 

t , for s(t) to have a constant envelope on [0,2T], coc_ 2 — cic_i =  0, i.e.,

cic_i =  c0c_2. (4.35)

A similar analysis shows that for t G [2kT, (2k +  2)T\, the envelope of s(t) is constant 

only if

C2fc+lC2fc_ l =  C2fcC2fc_2 .

□
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We see that since in a repetition code, c2k = c2k+1, (4.22) holds and thus all coded 

generalized MSK signals with pulse shapes h{t) of length 2T, involves a double repetition 

code can be expressed in I-Q  form.

As an example, Fig. 4.3 shows the inphase and quadrature pulses given in (4.25) and

(4.26) respectively, for the case of DMSK signal. As expected, since the pulse shape h(t) 

is nonzero outside the interval [0, T], the pulse p(t) and p(t) each has a duration greater 

than 2 T.

In general, for any coded generalized MSK with pulse shape h(t) of length 2T, the 

signal can be expressed in I-Q  form with inphase and quadrature pulses of duration AT 

given by (4.25) and (4.26). Each channel (inphase and quadrature) waveform is a PAM 

signal that carries the (odd and even) coded sequence at a rate of 1 / 2 T. Therefore, inter­

symbol interference exists in this coded signal, where it affects a finite number of symbols. 

Inter-symbol interference (ISI) introduces memory in the signal, which is the case for 

generalized MSK. The optimum detection of signals with ISI is based on maximum- 

likelihood sequence estimation (MLSE) which is typically implemented using the Viterbi 

algorithm (see Chapter 2). The complexity of such detector increases exponentially with 

the length of the pulse shape LT.

Employing a double repetition code will allow us to generate coded generalized MSK 

signals with pulse shapes of length 2 T, using a simple I-Q  modulator. Fig. 4.4 shows a 

block diagram for a modulator based on these results. We shall show in the next section 

that expressing this coded signal in an I-Q  form may result in a significant reduction in 

the complexity of the optimum receiver.

4.3.1 D em odulation and D etection  of Length 2T  Coded gener­

alized M SK in AW GN Channel

Based on (4.23) and (4.24), i.e., expressing generalized MSK with modulation memory 

L = 2 as two PAM signals in quadrature, we can design a simple I-Q  receiver (assuming
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b.Quadrature channel pulse shape p(t)

Fig. 4.3: Impulse response of Inphase (a) and Quadrature (b) pulses for Coded, L

generalized MSK signals.
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f cT  3 > 1) for recovering the coded symbols cn. Fig. 4.5 shows a linear coherent I-Q 

receiver used to (soft) detect coded generalized MSK with modulation memory L  =  2 . 

This receiver is similar to that of MSK (Fig. 2.7.c), except that a different predetection 

filter on each channel is used instead of the cosine pulse shape.

Let us assume the received signal r(t) is simply the transmitted signal s(t) corrupted 

by an additive white Gaussian noise process n(t) with power spectrum Mq/2. Thus the 

received signal can be expressed as

r(t) — s(t) +  n(t). (4.36)

We can express n(t) in I-Q  form as n(t) = n i( t) cos(2ir f ct) -~riQ(t) sin(27r/ct), where n/(f) 

and nq(t) are independent white Gaussian noise processes with power spectrum Mo­

lt has been shown in Section 4.3 that the transmitted signal s(t) for generalized MSK 

with modulation memory L =  2, can be expressed as an I-Q  signal, where each channel 

waveform is a PAM signal with a pulse of finite duration. Therefore, the inphase and 

quadrature components of the received signal are then both PAM signals with overlap­

ping pulse shapes corrupted by additive white Gaussian noise. For each of these I-Q 

components separately, it is well-known [34, p. 600] that filtering the signal with filter 

matched to the pulse shape and sampling the filtered signal at the end of the symbol 

periods produces a set of sufficient statistics for the symbol stream, from which the sym­

bols can then be recovered. Fig. 4.5 shows a receiver that implements this approach to 

arrive at an optimal receiver. For the I  and Q channels we employ filters matched to 

p(t) and p(t) whose outputs are sampled at t = (2m +  1)T and t = 2mT  to generate 

quantities z2m+\ and z2m, respectively. We are going to consider only the detection of 

the inphase channel signal, since similar analysis for quadrature channel signal leads to 

the same results.

The sampled output of the matched filter in the inphase channel (assuming f cT  3 > 1)
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Z2m+1

r( t )

Predetection
Filter

t =  (2m +  1 )T

c o s ( 27t  f ct  +  6>0) 

sin(27r f ct  +  0o)

Soft-Decision

D etection

and

Decoding

Predetection t  — 2 mT 22m

Filter*
p(-t) • r

Fig. 4.5: Simple I-Q receiver for precoded generalized MSK signals with pulse shape of length 2T  coded by double repetition code

as inner encoder. The decoder used here is the inverse of the cascaded encoder W.
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at t — (2m +  1 )T, is given by

I----  OO

Z2m+1 =  y  ^  X l { C2fc+ 1 j  ~  [2 m  +  ^  T ~~ [2k +  11 T ) +  n 2m+l ,  (4-37)
k -oo

where ri2m+\ is a zero-mean Gaussian random variable given by

(X)

n2m+i = \  J  ~ i2m +  1D dt• (4-38)
—OO

We can simplify (4.37) by noting that

{ T, m  — k\

7 , \m — k\ = 1; (4.39)

0 , otherwise,

where 7  is given by

OO
7  =  J  p(t — [2m +  1] T)p(t  — [2m — 1] T) dt,

— OOOO
=  J  p(t — [2m +  1] T)p(t  — [2m +  3] T) dt. (4.40)

— OO

In that case, E T  E T  .
Z2m+1 — Y  ~^_C2m+l +  A / 7 (c2m-l +  C2m+3\ + ^ 2m+l■ (4-41)

ISI

As expected, since the duration of the pulse p(t) extends more than two symbol periods, 

the matched filter’s sampled output Z2m+\ depends on more than one symbol.

The sampled random variables {n2&+i} are in general zero-mean possibly correlated 

Gaussian random variables with
OO

K£ {n2i- in 2j - i }  = - j2 J  p(t — [2i — 1] T)p(t — [2j — 1] T) dt

=

-oo
Co.
4f ^ T ,  i =  j;

\ i - 3 1 =  1; (4-42)

„ 0 , otherwise.
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From (4.40) we have that,

OO

7  =  J  p{t — [2m —  1] T)p(t — [2m +  1] T) dt,
— OO

where p(t) is given by (4.25). Therefore,

OO

=  J  |c0(t -  [2 m -  1] T) -  C\{t -  [2m -  2 ] T) j
— OO

x |c o ( i  — [2m +  1] T) — C\(t — 2mT) |  dt
OO

=  J  Co(t — [2m — 1] T)Co(t — [2 m +  1] T)
—  OO

OO

+ J  Cijt -  [2m -  2]T)Ci(t - 2mT)
— OO =0

OO

-  f  Ci(t -  [2m -  2 ] T)Co(t -  [2m + 1] T \
J  ^ V

—oo = 0
oo

-  J  Co(t -  [2m -  1] T)C\(t -  2mT)
— OO

(2 m + 2 ) r

J  C0(t -  [2m -  1}  T)Co(t -  [2m +  1] T)
(2m +l)T

(2m +l)T

J  Co(t — [2 m — 1] T)Ci(t — 2mT) dt.
2 mT

By a change of variables ( f  = t — (2m +  1)T) in the first integral and (t1 — t — 2mT)  in 

the second integral we get

T T

7

dt

dt

dt

=  J  C0(t)C0(t +  2  T) d t -  J  C ^ C o i t  +  T) dt
0 0 

T  T

= J  S(t)S(t  +  T)S(t  +  2 T )S(t  +  3T) dt -  J  S(t)S(t  +  T )S(t  + 2T )S (t  +  3T) dt
o

=  0 .

From this, the sampled output of the matched filter for the inphase channel at t
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(2m +  1 )T  (i.e., Z2m+i) reduces simply to

E T
^ 2 m + l — y  2 ^ 2 m + l R 2m +1 (^’43)

where {n2fc+i} are uncorrelated zero-mean Gaussian random variables (hence indepen­

dent) with variance equal to J\f0T/A.

A similar analysis shows that for quadrature channel, the sampled output of the matched 

filter at t = 2mT, is given by

E T  ,A ^Z2m y 2 2̂7717 (4.44)

where {n^k} is a sequence of independent identically distributed zero-mean Gaussian ran­

dom variables with variance J\f0T/4. Therefore, the detection problem for the recovery of 

the symbols sequence {cn} from the decision variable sequence {z^\ is one corresponding 

to memoryless linear modulation.

If the sequence {zk} is the input to the soft-decision detector and decoder for the {a*} 

symbol stream, then the bit error probability (for high SNR) asymp can be expressed 

as [34, p.487]

w
minv  _  n  ( V E T / I K ,

rb,asyiap -

= Q L j 2 R cH Z n § - )  , 0.45)

Using the result in Theorem 1, we have that N SFED  =  2RcH ^ in. Therefore asymp 

can be expressed as

Eb, asymp Q I ^ N S F E D ^  j  . (4.46)

It is interesting to note that the simple I-Q receiver, depicted in Fig. 4.5, has performance 

that is equivalent to the Viterbi receiver, where the bit error rate of the latter (for high 

SNR) is also given by (4.46). Therefore the receiver shown in Fig. 4.5 is asymptotically 

optimal in the sense of minimizing the asymptotic probability of error.
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If both encoders W  applied to precoded MSK and generalized MSK with pulse shape 

h(t) of length 2T  are identical, the expression in (4.45) is equivalent to the asymptotic bit 

error probability performance evaluated for OQPSK-MSK receiver for recovering {an} 

symbols. The overall asymptotic performance for coded MSK (using soft-decision decod­

ing) is also given by (4.46) (i.e., no degradation in performance when compared to coded 

MSK). This result has been achieved by the use of a simple double repetition code.

It can be shown that other possible inphase and quadrature pulses can be used to 

express coded generalized MSK with pulse shapes h(t) of length 2T, as an I-Q  signal. 

These pulses, however, may cause a degradation in the performance and ISI in the de­

modulated signal at the receiver. Table 4.1 shows these pulses with the corresponding 

conditions for the coded symbols to preserve the constant envelope property of the signal. 

The relation between Euclidean distance and Hamming distance, and the existence of 

ISI in the sampled outputs of the matched filter are also shown.

4.3.2 D esign of A Simplified Receiver

The optimum receiver’s objective is to recover the stream of information symbols (the 

{an} sequence) minimizing the probability of an information symbol error. The opti­

mal receiver for generalized MSK signals cannot make decisions on any isolated symbol 

without taking the entire sequence of transmitted symbols into account. This requires 

a Maximum Likelihood Sequence Estimator (MLSE), that is efficiently implemented us­

ing the Viterbi algorithm as depicted in Fig. 4.6 .a. The Viterbi algorithm chooses the 

information sequence ({a„}) that maximizes the following correlation metric

(n+l)T

Zn(an, <j>n) = J  r(t) C0S(27Tfct + <j)(t) +  4>„) dt,
n T

which can be obtained from a coherent quadrature receiver using a bank of matched filters 

and samplers [42]. It can be shown [42] that for binary generalized MSK of modulation 

memory L, there are 2L+1 different values of Zn(an, (f)n) computed in each signal interval.
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Inphase Pulse Shape 

P(t)

Quadrature Pulse Shape 

P(*)

Condition on cn 

for t  E [2kT, (2k + 2)T]

N SED

(Performance)

Inter-Symbol 

Interference (ISI)

± (C 0( t ) - C 1(t + T)) ±  (Cx(t -  3T) -  C0(t)) C2k+lC2k-l =  C2fcC2/c_2 =  2 R cHw No

i  (Co(£) 4- C i(t +  T)) ±  (Ci(* -  3T) +  C0(t)) C2fe+lC2fc-l =  ~C2kC2k-2 ^  2 R CH W Yes

T a b le  4 .1 : Comparisons of different possible inphase and quadrature channel pulses (p(t) and p(t)) in terms of coded symbol

constraint, N S E D , and existence of ISI.
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Using the Laurent decomposition of generalized MSK as a superposition of PAM 

signals suggests another strategy for optimal detection of the information sequence which 

is depicted in Fig. 4.6.6. This receiver was derived by Kaleh [16] where it was shown that 

the complexity of the receiver (the state transitions and trellis diagram) is nearly the 

same as the one shown in Fig.4.6.a.

It is well known [43] that the performance of the optimum receiver based on the 

Viterbi algorithm (i.e., the bit error probability Vb) is upper bounded by

n < f : c i Q ( f f ) ,
d=dmin \ V °J

where d2 =  N SED (i, j ) ,  d2aim = N SFED  is the smallest Euclidean distance among all 

distances in the set of all error events, and Ca is a constant.

It is usually difficult to obtain an exact expression of Vb for all SNR. Therefore, an 

approximation is preferably made for high SNR to obtain the asymptotic performance of 

the overall system, which is given by

T W p  = Q  ^ N S F E D ^  .

Let us consider the case of precoded generalized MSK with pulse shape h(t) of length 

2 T, where only a double repetition code is applied as a channel encoder (i.e., the outer 

encoder W out is the identity mapper). Using (4.21) the normalized minimum Euclidean 

distance N SFED  is equal to 2. Therefore, the asymptotic performance of the overall 

coded system can be approximated by

'Pb,asymp — Q ~JJr~̂  • (4.47)

The optimum receiver based on MLSE is considered complex in terms of the compu­

tational load and hardware implementation. Therefore, we would like to propose in this 

section a simplified receiver in which it is able to detect the information symbols with 

minimum probability of error. Let us consider again the case where no outer encoder 

is applied. Fig. 4.6.c shows a block diagram of the proposed simple receiver. It will be
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r{t) Soft-decision {dn}

Viterbi Receiver

a. Optimum MLSE receiver implemented using Viterbi algorithm.

t  =  nTn( t ) decision
t = nT M L S D

b. Optimum receiver based on Laurent decomposition of generalized MSK as superposition of PAM signals.
ri(t) is the lowpass equivalent of the receiver signal.

Predetection
Filter

t  =  (2m 4- 1)T

r(t)

Predetection
Filter

P(~t)

c. Simple I-Q receiver that uses hard decision detection.

F ig . 4 .6 : Three different opt imum  receivers used to detect generalized MSK w ith  pulse 

shapes of duration 2T  employing a double repetition code only.
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demonstrated that symbol-by-symbol detection is optimal in the sense of minimizing the 

probability of error of detecting the information symbol an.

The sampled output of the matched filter on each channel, z2m+i and z2nu is given 

by (4.43) and (4.44) respectively. Since no outer encoding is presented here, the symbol 

c2m+i =  c2m = am■ Adding z2m+i and z2m we produce the decision variable zrn given by

where am (the information symbols) are assumed to be independent identically dis­

tributed that takes values ± 1 , with equal probabilities, and the sequence {nm = n2m+i +  

R2m} are independent zero-mean Gaussian random variables with variance J\f0T /2. If zm 

is passed into a sheer (hard-decision), then the probability of error of detection am is 

given by

and since E  = Ej,/2 then the probability of error Ve can be written in terms of Eb/J\f0 as

Consider the case of duobinary MSK. The simple I-Q  receiver depicted in Fig. 4.6.c 

has an asymptotic performance that is equivalent to the one evaluated for MLSE receiver. 

Therefore, this simple receiver is asymptotically optimal.

It must be noted that the expression given in (4.49) is also valid for low SNR, in 

contrast to the MLSE receiver where it is difficult to derive a closed expression for V e at 

low SNR. A coding gain of at least 0.63 dB could be achieved compared to the uncoded 

duobinary MSK (where N SFED  «  1.73). Therefore, a great reduction in the receiver 

complexity and an increase in the power efficiency have been achieved by the use of a

V2ETam + nm, (4.48)

n
ITe \

(4.49)
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simple double repetition code. The price of these improvements is achieved at the cost of 

increasing the bandwidth compared to the uncoded case. Nevertheless, error control cod­

ing is usually applied in all practical communication systems, therefore the comparison in 

bandwidth-efficiency between different modulation schemes must be made for the same 

code rate of the channel encoder. Therefore, we believe that considering spectrum, per­

formance and receiver complexity, precoded generalized MSK with modulation memory 

L — 2 employing double repetition code is an improvement over simple MSK.

4.4  S im ple M od u la to r /D em o d u la to r  D esign  o f  L ength  

3T  C oded G eneralized M SK

Since the number of Laurent pulses, i.e., Ck(t), increases exponentially as the memory 

L increases, the structure of the Viterbi (optimum) receiver becomes more complex and 

the amount of needed computations increases. We will consider in this section a new 

method of representing certain coded generalized MSK with modulation memory L = 3, 

involving “quadruple” repetition code, as an I-Q signal. Such coded signals can then be 

demodulated using a simple I-Q  receiver.

T heorem  4. Let Cw be any rate R c binary code for which the coded bits satisfy the 

relationship that for all k ,

C4k =  c4k+l — Cik+2 — C4k+3■ (4.50)

The NSED(i, j) ,  for generalized MSK signals with pulse shape duration 3T , and the 

Hamming distance between corresponding sequences generated by Cw are related by

N SED (i, j )  = 2RcHw (c\ cj ). (4.51)

Proof. See Appendix C. □
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Equation (4.50) suggests that a quadruple repetition code can be applied as an inner 

encoder to satisfy (4.51). Fig. 4.7 shows coded generalized MSK system with modulation 

memory L  =  3 where the channel encoder is decomposed into outer encoder and a 

quadruple repetition encoder (inner encoder). The outer rate-i?0 encoder W out with 

memory uQ and inner quadruple repetition encoder are combined into an encoder W  

with code rate

Rc =  (4.52)

Again, any linear block encoder and almost all convolutional encoders (except possibly 

catastrophic encoders) could be used as an outer encoder. We shall consider here, outer 

encoders that are linear convolutional encoders.

Theorem 5. Let Cwont be any rate-R0 (Rq =  k/l, k < I) outer convolutional code 

cascaded with a quadruple repetition code as an inner code, and let W out (D) and 'W(D) 

be the generator matrices of the outer and cascaded encoders respectively. Let the entries 

of the generator matrix W °(D) bew°j(D) f o r i  € {1,2,..., k} and j  € {1,2,...,/}. If  

W out(D) is a polynomial matrix then

/w°n (D) w°n (D) w°n (D)  w°n (D)  . . .  w°u (D) w ^ D )  w°u ( D ) w°u ( D ) \

w 2i ( D )  w 21(D) w ^ ( D )  w ^ ( D )  . . .  w°2l{D) w°21{D) w°21{ D ) w°2l{D)
W ( D )  =

\w°k l (D) w°k l (D)  w°kl (D)  w k l (D)  . . .  w kl(D) w°kl(D)  w°kl(D)  w°kl{ D ) )
(4.53)

where the combined encoder W(D) is a rate-k/4l convolutional encoder.

Proof. Except for the case of R$ — 1 (i.e., k =  I =  1), the two generator matrices of the in­

ner and outer encoders cannot be multiplied in the D-transform representation to find the 

generator matrix of the cascaded encoder (since I ^  1) (i.e., W (D) W-m(D)'Woul(D)). 

Instead one has to multiply the semi-infinite matrices W out and W in to determine the 

generator matrix of the cascaded encoder W  =  W OMtW in. However, the matrix W (D ) 

can be found by considering I x 41 sub-matrices instead of 1 x 4 sub-matrices in W;„. The
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Encoder
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Precoder
Generalized
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L =  3

MSK
s{t)

Fig. 4.7: A decomposition of encoder W  for coded generalized MSK system with modulation memory L = 3. Quadruple

(rate-1/4) repetition code is used as an inner encoder.
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resulting matrices W °{D) and W-n(D) then have matched rates and can be multiplied. 

The inner generator matrix can be written as

/ l l l l  0000 . . .  0000 \

0000 1111 0000 . . .  0000

0000 0000 1111 0000 . . .  0000
w 1 =

V
Instead of 1 x 4 sub-matrices we consider I times larger ones, I x  41, and express the 

matrix in the ©-transform representation which is given by

/ I  1 1 1 0 0 0 0 ... 0 0 0 0 0 0 0 0 \  

0 0 0 0 1 1 1 1 . . .  0 0 0 0 0 0 0 0
W in(D)

\ 0  0 0 0 0 0 0 0 . . .  0 0 0 0 1 1 1 1 /

The outer generator matrix is

/  w°n (D) w°2(D) . . .  w°u ( D ) \

w°21(D) w21(D) . . .  w°2l(D)
W out(D)

(4.54)

(4.55)

\w°kl (D) w°k2(D) . . .  w°kl(D )J

Using (4.54) and (4.55), the semi-infinite matrix multiplication W  — W outWin can be 

equivalently represented by

(w°u {D) w°n (D) w°n (D) w°n (D) ... wUD) w°u (D) w°u (D)

w °21(D )  w°21(D )  w 21(D )  w °21(D )  . .. w2l(D) w21(D )  w21(D )  w °21(D )
W  (D)

\w°kl (D) w°kl(D) w°kl{D) w°kl(D) ... wkl(D) w°kl{D) w°kl{D) w°kl(D) J
□

C orollary  2. Let encoder 'W(D) be any kx4 l polynomial matrix. I f W  is partitioned into 

(k , l ) convolutional encoder ~W0Ut(D) and a quadruple repetition encoder as illustrated in 

Fig. J .̂l, then
k

(4.56)N S E D (i,j) = 2 j H Wout( c \ c 3).
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Proof. Using a quadruple repetition code times the Hamming distance of the outer code 

Wout(D) by a factor of 4, i.e., H w (c \  cJ) =  4Hwout(c'\ c'j ). Therefore, from (4.51)

N SED (z,j) =  2RcHw ( c \ c j )

—  oRo 
4

=  2R0H WoJ c li,c lj), (4.57)

4HWout(c’\c'>)

where R 0 = k / l  is the rate of outer encoder W out(D). □

The immediate consequence of (4.56) is that convolutional codes CVout with large 

minimum Hamming distance (H™(°ut) are good candidates to generate signal waveforms 

(generalized MSK signals with pulse shapes h(t) of length 3T) with large N SFED . 

Theorem 4 shows that employing a quadruple repetition code to the encoding process, 

the dependency of the Euclidean distance on the premodulation filter h(t) can also be 

eliminated. Again, the main impact, then, of a choice of pulse shape relates to the 

spectral properties of the signals.

Let us now consider the effect of applying a quadruple repetition code to the inphase 

and quadrature channel signals. The inphase channel signal is equal to

1 ®  = vW  C°S ̂  =  vW { £  C4k- 3C° ^  ~  \-Ak ~  31T)V  ̂k~o
OO 00

+  ] T  c4fc-iC'o(t -  [4 k -  1 )T) + J 2  VAkC.it -  4 kT)
k = 0 k= 0
oo oo

+  ^ 2  V4ji+2Ci(t — [4k — 2] T) + xAkC2{t — 4kT)
k=0 k=0
00 00

+  xAk+iC2{t — [4k + 2] T) +  yAk+\Cz{t — [4k +  1] T)
fc=0 k=0
oo N

+  yAk+zCz{t — [4k +  3] T) > (4.58)
k=o J

and the quadrature channel signal is equal to

I op  I q,e  (  °°
Q(t) =  Y j r  sin<l>(t) =  Y Y  " E cikCo(t -  4kT)

k=o
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-  c^+2C0(t -  [4 k + 2 }T) + J 2  VAk+iC^t -  [4* +  1] T)
k=0 fc=0
00 oo

+  Vik+3Ci(t — [4k +  3] T) +  xAk+\C-2,{t — [4k +  1] T)
*=o fc=000 OO

+  ^ 2  xM+3C2(t -  [4k +  3] T) -  yAkCs(t -  4kT)
k=0 k~ 0oo N

-  J 2  VAk+2C3(t -  [4k +  2] T) [. (4.59)
fc=o '

Applying (C.1)-(C.3) to (4.58) and (4.59), the inphase and quadrature channel signals 

each reduces to a PAM signal with finite pulse duration that is given by

I(t) =  \ j ^ Y ^ 2 cik+\p{t -  [4k +  1 }T), (4.60)
k

and

O d\  =  A I
TQ{t) =  C4k+2p{t -  [4k +  2 ]T), (4.61)

k

where the pulses p(t) and pit) are expressed as

pit) =  Co(t) + Co(t — 2T) — Ci(t + T) — C\{t — T)

-\-C2(t +  T) +  C2(t — 5 T) +  Cs{t — 4T) +  C%{t — 2 T), (4.62)

and

p(t) = - C Q(t + 2 T ) - C 0(t) + C1( t - T )  + C1( t - 3 T )

- C 2(t +  T) -  C2(t -  T) -  C3(t +  2 T) -  C3(t -  4T). (4.63)

The functions Co(t), C\{t), C2{t), and C'3 (t) are the Laurent pulses given by (3.29), (3.30), 

(3.31) and (3.32) respectively. In this case, it is possible to express the generalized MSK 

signal as

sit) = l i t )  cos(27rfct +  90) — Qit) sin(27r/ci +  90),

where the inphase signal l i t)  and quadrature signal Qit) are given by (4.60) and (4.61) 

respectively.
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As an example, Fig. 4.8 shows a plot of p(t) and p(t) for coded TFM signal. Again, 

this pulse has a duration that is greater than 2T. Therefore, any precoded generalized 

MSK with modulation memory L =  3 that are encoded by a quadruple repetition code 

can be expressed as an I-Q  signal where each channel waveform is a PAM signal with 

finite ISI. Fig. 4.9 shows a block diagram of a simple I-Q  modulator that generates such 

coded signals.

4.4.1 Simplified D etection  for Length 3T  Coded generalized  

M SK

The exact I-Q  representation of coded generalized MSK with modulation memory L =  3 

using a quadruple repetition code, suggests another strategy of demodulating the coded 

signal (in AWGN channel) using a simplified I-Q  receiver similar to the one designed 

for coded generalized MSK with pulse shapes of duration 2T. It is to be expected that 

inter-symbol interference would likely exist at the output of the matched filter and thus 

post equalization would be required to achieve the best performance. It will be shown 

however that, if h(t) satisfies a certain condition, inter-symbol interference can totally 

be eliminated, therefore avoiding the use of an equalizer, which simplifies the detection 

problem.

It will be shown that a simple I-Q  receiver can be used to demodulate the coded 

signal where the predetection filter on each channel is matched to the pulses pit) and 

p{t) given in (4.62) and (4.63), respectively. The output of the matched filter is then 

sampled every 4T seconds (i.e., at t — {Am +  1)T on the I  channel and t = {Am + 2)T  on 

the Q channel. Again, let us consider the detection of the inphase channel signal, since 

similar analysis applied to quadrature channel signal leads to the same results.

Let us assume the received signal is given by (4.36), then the sampled output of the
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1.2

P(<)

0.4

0.2

- 0.2
—T time, t

a. Inphase channel pulse shape p(t)

0.4

0.2

0

- 0.2

-0.4

- 0.6

- 0.8

1 '— 
—2 T 5 Ttime, t

fc.Quadrature pulse shape P (t)

F ig . 4 .8  : The pulse shape of a. inphase channel p(t) ,  b. quadrature channel p( t) ,  for 

coded TFM  signal. Pulses p( t)  and p(t)  are as given in (4.62) and (4.26).
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dt = <

' 2T, m =  k\

/3, \m — k\ — 1; (4.66)

k 0 , otherwise,

predetection (matched) filter in the inphase channel at t — (4m +  1 )T  is

 ----------- OO

Zim+i =  Y ^  5 ^ | c 4fe+i J  pit -  [4m +  1] T)p(t -  [4k +  1] T) dt j + n 4m+i, (4.64)
k - o o

where ri4m+i is a zero-mean Gaussian random variable given by

OO

^4m+l — 2  /  nj{t)p(t — [4m +  1]) dt. (4.65)
—  OO

We can simplify (4.64) by noting that

OO

J  p(t — [4m +  1] T)p(t — [4k +  1] T)
—  OO

where (3 is given by

OO

0  = J  P i t -  [4 k + 1] T)p{t -  [4k +  5] T) dt
— OO

oo

=  j  P i t -  [4fc -  3]T)p(t -  [4k + 1]T) dt. (4.67)
— OO

In that case,

Z4m+1 = V 2E T c4 m + 1 +  n/zET 0  (c4m _ 3  +  Qto+5) + w4m+i- (4.68)
^ V-

ISI

As expected, the output of the demodulator (matched filter) at the sampling instants 

is corrupted by ISI as indicated by (4.68) which affects a finite number of symbols.

The sampled random variables {n^k+i} are zero-mean possibly correlated Gaussian 

random variables with
OO

£ {nu+my+i} = ^  J  pit — [4i +  1] T)p{t — [4j +  1] T) dt

Mi qn 
2 1 > i = j\

f  P, H - i l  =  1

0 , otherwise.

(4.69)
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Fortunately, for a symmetric pulse shape3 h(t), the value of (3 is zero which is shown as 

follows:

Using the expression given in (4.62) for the inphase pulse p(t), we have the following:

OO

P = J  {Coft -  [4k -  3] T) + C0(t -  [4k -  1]) -  C ^ t  -  [4k -  4] T ) -
“ OO

Ci(t -  [4k - 2 }T) + C2{t -  [4k -  4]T) +  C2(t -  [4k +  2 ] T)

+C3(t -  [4k +  1] T) +  C3(t -  [4k — 1] T) j  • j c 0(t — [4k + 1] T)

+C0(t -  [4k +  3]) -  Ci(t -  4kT) -  Ci(t -  [4k +  2 ] T) + C2(t -  4kT)

+C2(t -  [4k +  6  }T) + C3(t -  [4k +  5] T) +  C3(t -  [4k +  3] T )} dt. (4.70)

For simplicity let

OO

Cij(n,m) = J  Ci(t — nT)Cj(t — mT) dt, for 1 < i , j  < 3 .
—  OO

It can be shown that all C ij(n ,m ) are identically zero (since the two pulses C{(t — n T ) 

and Cj (t — mT)  do not overlap in time) except for

(4fe+3)T

C o o {4 k- l ,4 k  + l) =  J  C0( t - [ 4 k - l ] ) C o ( t - [ 4 k  + l}T) dt
(4fc+ l)T  

2 T

= J  C0(t)C0(t +  2 T) dt
o
2 T

= J  S(t)S(t + T )S 2(t + 2 T)S(t  +  3T )S(t  +  4T) dt, (4.71)

(4fe+2)T

C0i(4k -  1,4k) = /  C0(t -  [4k -  l])Cx(t -  4kT) dt
4kT  

2 T

= J  C ^ C o i t  + ^ d t

3Most of the signals of interest (e.g. (1 +  D )2/4  MSK, 3-Raised Cosine MSK, and Gaussian MSK) 
involve pulse-shapes that are symmetric about r  =  3T/2, i.e., h ( r  +  t )  =  h ( r  — t ) .
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2 T

= J  S(t)S(t + T )S 2(t +  2T )S(t  +  3T )S(t  +  4T) dt, (4.72)

(4fc+2)T

C3o(4fc +  l,4fc +  l) =  J  C3{ t - [ 4 k  + l})C0{t + [4k + l} T )d t
(4fc+l)T

T

= J  CQ(t)C3{t) dt 
0

T

= J  S 2(t)S(t + T )S (t  +  2T)S(f +  4T)S(f +  5T) dt, (4.73)

(4fc+3)T

( 2̂1(4/5 +  2 ,4& +  2) =  J  C2( t -  [4fc +  2 ])C i( t-  \4k + 2]T) dt
(4fc+2)T

T

= J  Cx{t)C2{t) dt
0

T

= J  S 2(t)S(t + T )S (t  + 2T)S(t + 4T)S(t + 5T) dt, (4.74)

(4fc+i)r

C02( 4 k -  3 ,4A:) =  f  C0(t -  [4k -  3})C2(t -  4kT) dt
4 k T  
T

= J  C2 (t)C0(t +  3T) dt
0

T

= J  S(t)S(t + T )S (t  +  3T)5(i +  4T)S2(i +  5T) dt, (4.75)

(4fc+2)T

C3l(4k + l ,4 k  + l) = J  C3( t -  [4k + l})Cx{t -  4kT) dt
{Ak+1)T 

T

= J c s(t)C1(t + T ) d t
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T

=  J  S(t)S(t  + T)S(t  + 3T)S(t  +  4T ) S 2(t +  5T) dt, (4.76)
o

(4k+3)T

dtC2o(4:k +  2,4 k +  1 ) — J  C2(t — [4 k +  2 ])C<o(f — [4 k +  1] T)
(4k+2)T

T

= J  C2{t)C0(t + T ) dt 
0
T

= J  S{t)S2(t + T )S (t  + 2T)S{t + 3T)S(t + 5T) dt, (4.77) 
o

and
(4fc+3)T

C0i(4fc-l ,4fc +  2) =  J  C0(t — [4k — l])Ci(i — [4k +  2] T) dt
(4fc+2)T

T

= J  C ^ C o i t  + 3T) dt 
0
T

= J  S(t)S(t  +  2 T )S(t  +  3T )S 2(t +  4T )S(t  + 5T) dt. (4.78)
o

Substituting (4.71)-(4.78) into (4.70), (3 reduces to

P = C00( 4 : k - l , i k  + l ) - C 0l( 4 k - l , 4 k ) +

C3o(4 k +  1,4 k +  1) — Coi(4fc +  2,4  k +  2)

+C 02(4fc -  3,4k) -  C3i(4fc +  1, Ak)

+C2o{Ak +  2,4 A; +  1 ) — Coi(4A: — 1,4 k +  2). (4.79)

Each term in (4.79) would cancel with the next term (since they are equal) except for

the last two terms. In that case P is equal to
T

P = J  S(t)S(t + 2T)S(t + 3T)S(t + 5T) [S2(t + T) - S 2(t + 4T)] dt. (4.80) 
0

To see how the integral in (4.80) would equal zero for symmetric h(t), let
t

fit) = J  /l(T) dT-
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Since h(t) = h(3T — t), f i t )  is also equal to

3 T

/(*) = J  h(T) d r• (4-81)
3 T - t

Equation (4.80) can be written in terms of the function f ( t ) as

T

P = J  s in (/(f))s in (/(f+  2 T))cos(/(f)) x

cos ( f i t  + 2 T)) [sin2( /( t  +  T)  -  cos 2(/(f  +  T))] dt
T

=  (-1 /4 )  J  sin(2 f{t))  sin(2 f {t  +  2 T)) cos(2 f { t  +  T)) dt. 
o

By a change of variable (t' = t — T / 2 ) we get

T /2

P = ( -1 /4 ) f  sin(2/(f +  T/2)) sin(2 f i t  +  5T/2)) cos(2 / ( t  +  3T/2)) dt.
- T /  2

Now let p(t) be

p(t) -  sin(2/(t +  T/2)) sin(2/(t +  5T/2)) cos(2/(t +  3T/2)).

We will show that pit) is an odd function for t £ [—T/2,T /2]. This is shown as follows:

p (- t )  =  sin(2/(T /2 -  *)) sin(2/(5T/2 -  t)) cos(2/(3T/2 -  t)). (4.82)

Using (4.81) we have that

3T t+ 5 7 7 2

/ ( T / 2 - f )  =  ^  J  h(r) dr =  |  ^  J  h(r) dr =  |  -  / ( f  +  5T/2), (4.83)
4 + 5T /2  0

and
3T 4+ 3T /2

/ ( 3 T / 2 - t )  =  i  j  h(r)dr = ^ ~ ^  J  / ,+ ) * ■ =  | - / ( i  + 37-/2). (4.84)
4+ 3T /2  0

From (4.83) we have that

/ ( 5 T /2 - * )  =  £ - / ( *  + T/2). (4.85)
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Now substituting (4.83)-(4.85) into (4.82) we have that

p (- t )  = sin ^2 ^  -  / ( 6  +  5T/2) ) sin ( 2  ^  -  f ( t  +  T/2) ) cos ( 2  ^  - / ( f  +  3T/2) ) 

=  sin(7r — 2 f ( t  +  5T/2)) sin(7r — f ( t  +  T/2)) cos(7r — 2 f ( t  +  3 T/2))

=  -  sin(2/(t +  5T/2)) sin(/(f +  T/2)) cos(2/(t +  3T/2))

=  -p (t) . (4.86)

Clearly, from (4.86) p(t) is an odd function in [—T /2 ,T /2 ]. Hence, we have that

T /2

(3 = ( -1 /4 ) f  p(t) dt = 0.
- T / 2

For example, consider the premodulation pulse shape given in (3.43), h(t) can be 

made symmetric if ko =  1̂2 =  (1 — k\)/2. Fig. 4.10.a shows such symmetric pulse shape. 

For k] — 1/2, we have that ko — =  1/4 which is the case for TFM. Another important

example for symmetric h(t) is the Gaussian pulse given in (2.10). Figure 4.10.6 shows 

a plot of Gaussian premodulation pulse truncated at 11 — 3T/2| > 3T/2 for the case of 

B T  — 0.3, 0.4 and 0.5, where h(t) with B T  = 0.3 is used in GSM mobile systems.

In that case the sampled output of the matched filter at t = (4m  +  1)T (i.e., Z4m+1) 

reduces simply to

Z4m+1 — y/2ETc±m+i +  7i4m+i, (4.87)

where {n4m+1} is a sequence of independent identically distributed zero-mean Gaussian 

random variables with variance J\f0T/2. A similar analysis shows that, the sampled 

output of the matched filter on the quadrature channel at t  =  (4m +  2)T is given by

^4m+2 = V 2 E T  C4m + 2 +  r iim + 2 , (4.88)

where {n4m+2} is a sequence of independent identically distributed zero-mean Gaussian 

random variables with variance Af0T / 2.

Since the sampled output of the matched filter on the I  and Q channel (i.e., 2qm+i and 

Z4m+2) contains only half of the coded symbols sequence {c„} plus noise, the sequence
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ki -

h(t)
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0I------- 1------- 1------- 1--------1------- 1------- -̂--------------►
0 T  1.5 T  2 T  3T

Time, t 

{a)

—  B T  =  0.5
-  B T  = 0.4 
■■ B T  =  0.3
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0.7

0.6
h(t)
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0.4

0.3

0.2
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( b )

Fig. 4.10: Symmetric premodulation filters h{t) of length 3T  that produces no ISI at the 

output of the matched filter, (a) h(t) given in (3.43), generated using 

correlative coding where Hq = &2 - (&) Gaussian pulse shape filter truncated at 

11 -  3T/2| > 3T/2 for B T = 0.3,0.4 and 0.5.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



C h a p t e r  4. S p e c ia l  C o d in g  D e s ig n  f o r  G e n e r a l iz e d  MSK 93

{zn} cannot be used directly for the detection and decoding of the {an} symbol stream. 

However, since a quadruple repetition code is applied, using (4.50) we know that, C4m+i =  

C4m +2 =  c'm, where {dn} is the outer encoder’s (W out) output sequence. This suggests 

another strategy of processing the sampled output of the matched filter on both channels, 

which is adding Z4m+1 and Z4m + 2 and then using the sum to make a decision. This receiver 

is depicted in Fig. 4.11.

The decision variable zm is given by

Zm  ^4m+l “1“ ^ irn + 2  SE T Cm  -j- Tirn , (4.89)

where {nm = n4m+\ +  n4m+2} is a sequence of independent identically distributed Gaus­

sian random variables with variance J\f0T. Again, the detection problem for the recovery 

of the symbols sequence {c'n} from the decision variable sequence {zn} is one corre­

sponding to memoryless linear modulation. If the sequence {zn} is used at the input of 

the (soft-decision) detector and decoder for the {an} symbol stream, then, the bit error 

probability (for high SNR) of can be expressed as

\ f s E T H ^ '
*̂ 6,asymp — Q

= q  -

and since = H ^in/ 4, then we have that

7 \a s y m p  — Q  I \  in
Eb
K

Using the result shown in Theorem 4, we have that N SFED  =  2RcH ^ in. Therefore, the 

asymptotic bit error probability can be expressed as

Vb,asymp =  Q ^ N S F E D ^ j  . (4.90)

This is exactly equivalent to the asymptotic performance of the Viterbi (optimum) re­

ceiver (Fig. 4.12.a) . Therefore, the simple I-Q  receiver depicted in Fig. 4.11, is optimum
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r(t) Soft-decision {«»}

Viterbi Receiver

a. Optimum MLSE receiver implemented using Viterbi algorithm.

t =  nT

n(t) t = nT decision

t =  nT

t =  nT

Co(-t)

C i(-t )

b. Optimum receiver based on Laurent decomposition of generalized MSK as superposition of PAM signals.
ri(t) is the lowpass equivalent of the receiver signal.

Predetection
Filter

t =  (4 m +  1 )T

t =  (4m +  2 )T
Predetection

Filter

p(~t)

c. Simple I-Q  receiver that uses hard decision detection.

Fig. 4.12: Three different optimum receivers used to detect generalized MSK with pulse 

shapes of duration 3T  employing a quadruple repetition code only.
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in the sense of minimizing the asymptotic probability of error.

It is interesting to note that with quadruple repetition coding only, the simplified 

receiver shown in Fig. 4.12.C can also be used to optimally detect coded generalized 

MSK signals with pulse shapes of duration 3T. The receiver performs symbol-by-symbol 

detection on the decision variable zm where the performance of that receiver (with no 

outer encoding) in detecting the am symbol is also given by (4.49) for all SNR.

Consider, for example, TFM modulation scheme. This signal, combining it with 

quadruple repetition code, can be optimally demodulated using the receiver depicted in 

Fig. 4.12.c while achieving a coding gain of at least 1.40 dB compared to uncoded TFM 

(N S F E D uncoded ~  1-45). If we compare the two receivers depicted in Fig. 4.12.6 and 

Fig. 4.12.C, the reduction in the complexity of the former receiver compared to the latter 

can be found in two places: the first one is that the number of the matched filters used 

in the demodulator is reduced by a factor of 2 and the second is in using a sheer instead 

of the MLSE detection (e.g. Viterbi algorithm).

It must be noted at this point that, although a quadruple repetition code has sim­

plified the detection problem of coded generalized MSK with pulse shapes of duration 

3T, it is not considered an efficient code when it comes to issues related to spectrum 

and bandwidth-efhciency. Nevertheless, for MSK system that uses the same code rate, 

considering performance, bandwidth and receiver complexity, generalized MSK signals 

with h(t) of length 3T  employing a quadruple repetition code is again an improvement 

over simple MSK or generalized MSK with pulse shape of length 2T.

4.5 Searching for good  convolu tional cod es for G en­

eralized  M SK

We have seen in the preceding sections, the difficulty of relating the Euclidean distance 

between transmitted generalized MSK signals to the Hamming distance between corre­
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sponding coded sequences can be eliminated by the use of repetition codes. Since the 

asymptotic performance of any coded modulation system depends on the minimum Eu­

clidean distance between possible transmitted signals, to increase the performance of 

the overall generalized MSK system shown in Fig. 4.1 and 4.7 for modulation memory 

L — 2 and L = 3 respectively, one has to search for those ra te-k/l outer convolutional 

codes Cw°, of a given constraint length u°, that have maximum H ^ °  (for that rate and 

constraint length).

Finding the code which maximizes H ^ °  is done for each code using those optimum 

convolutional codes that have been reported in literature (see for example [36],[37]). This 

optimum outer encoder W 0Ut(D) is then combined with the repetition code to generate 

the corresponding encoder W (D). The search for good convolutional codes bas been 

done for precoded generalized MSK signals with memory L = 1,2 and 3. These special 

(convolutional) codes, when combined with the CPFSK modulator, can be detected 

optimally using a simple I-Q  receiver.

In general, encoder W  constructed for generalized MSK with modulation memory 

L = 2 and L = 3 (Fig. 4.1 and 4.7), is not optimum in the sense of maximizing the 

minimum Hamming distance for a given rate R c and constrained length v. MSK signal 

does not require the information symbols to be encoded by a double repetition code in 

order to demodulate it using an I-Q  receiver. Therefore, no constraint on the rate of 

encoder Cw is necessary, and optimum encoders (for a given rate and constraint length) 

that maximize the minimum Hamming distance can be applied.

4.5.1 B est Codes for “Precoded” MSK

For the special case where the modulation scheme is MSK, a repetition code is not 

necessary for the signal to be demodulated using a simple I-Q  receiver. Therefore the 

channel encoder W  is equivalent to the outer encoder W out. The results are reported in 

tables 4.2-4.5.
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Best rate-1/2 convolutional encoder

V W N SFED Coding gain (dB)

1 [3 1] 3 1.761

2 [5 7] 5 3.98

3 [13 17] 6 4.77

4 [27 31] 7 5.44

5 [53 75] 8 6.02

6 [117 155] 10 6.99

T able 4.2: Best rate-1/2 convolutional encoder W  for use of “precoded” MSK in

Fig. 2.4.

Best rate-1/3 convolutional encoder

W N SFED Coding gain (dB)

1 [1 3 3] 5 3.98

2 [5 7 7] 8 6.02

3 [13 15 17] 10 6.99

4 [25 33 37] 12 7.78

5 [47 53 75] 13 8.13

6 [117 127 155] 15 8.75

T able 4.3: Best rate-1/3 convolutional encoder W  for use of “precoded” MSK in

Fig. 2.4.
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Best rate-1/4 convolutional encoder

V W N SFED Coding gain (dB)

1 [1 1 3 3] 3 1.76

2 [5 5 7 7] 5 3.98

3 [13 13 15 17] 7.5 5.74

4 [25 27 33 37] 8 6.02

5 [45 53 67 77] 9 6.532

6 [117 127 155 171] 10 6.99

T a b le  4 .4 : Best rate-1/4  convolutional encoder W  for use of “precoded” MSK in

Fig. 2.4.

Best rate-2/3 convolutional encoder

W N SFED Coding gain (dB)

2

3

4

5

6

; ; ;
c:d
r  ’ 1\ 7  2 5 /  

'07 06 03'

.12 01 13, 
'06 13 13'

.13 06 17,

5

6 

7

1.76 

3.01 

3.98

4.77 

5.44

T a b le  4 .5 : Best rate-2/3 convolutional encoder W  for use of “precoded” MSK in

Fig. 2.4.
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The codes’ generators are given in octal notation. Note that these codes have been 

previously reported in literature (for memoryless modulation) [37] where only encoders 

W  of rate 1/2, 1/3, 1/4 and 2/3 are reported of constraint length up to 6. For every best 

code found, the (normalized) minimum square Euclidean distance is given as well as the 

asymptotic coding gain, CG=10 log (N S F E D ,cod ed /N S F E D  unco(ied)> is calculated with 

respect to the uncoded MSK (where N S F E D  =  2). All codes that are reported here 

for MSK achieve the same free Euclidean distance for the same codes applied to linear 

modulation schemes such as BPSK and OQPSK. Moreover, in most cases these codes 

achieve better performance when applied to precoded MSK than the codes reported in

[38].

4.5.2 G ood Codes for “Precoded” Generalized M SK w ith  L = 2

As have been shown previously that for generalized MSK signals with memory L = 2 

to be demodulated using a linear receiver a repetition code of rate 1/2 must be applied 

as an inner code. This causes a limitation in the encoder W ’s rate, where we are only 

restricted for code rates of k/2l. These codes are not optimum in the sense of maximizing 

the free Hamming distance of the code Cw, for a given rate R c and constraint length u.

Numerical results are presented in tables 4.6,4.7 of our search for the best rate 1/2 and 

rate 1/4 convolutional codes for use with DMSK of constraint length up to 5. Again, for 

every good code found, the N S F E D  is given and coding gain is calculated with respect 

to uncoded DMSK (N S F E D  iUnCoded ~  1.73). These codes are also applicable for any 

generalized MSK with premodulation filter, h(t), of length 2T, where the only difference 

is in the calculation of the coding gain. This is because the value of N S F E D >uncoded 

depends on the pulse shape of h(t).
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Best rate-1/2 convolutional encoder

v° W out =  w ° ^ u W N SFED Coding gain (dB)

0 1 0 1 1 2 0.63

1 2 1 2 2 2 0.63

2 7 2 7 7 4 3.64

3 13 3 13 13 4 3.64

4 31 4 31 31 6 5.40

5 75 5 75 75 6 5.40

T a b le  4 .6 : Best rate-1/2 convolutional encoder W  generated by cascading best rate-1/1  

convolutional encoder W out w ith rate-1/2 repetition code for use of 

“precoded” generalized MSK w ith L =  2 in Fig. 4.1.

Best rate-1/4 convolutional encoder

v° w out V W N SFED Coding gain (dB)

0 1 1 0 1 1 1 1 2 0.63

1 1 3 1 1 1 3 3 3 2.39

2 5 7 2 5 5 7 7 5 4.61

3 13 17 3 13 13 17 17 6 5.40

4 27 31 4 27 27 31 31 7 6.07

5 53 75 5 53 53 75 75 8 6.65

T a b le  4 .7 : Best rate-1/4 convolutional encoder W  generated by cascading best rate-1/2  

convolutional encoder W out with rate-1/2  repetition code for use of 

“precoded” generalized MSK with L  =  2 in Fig. 4.1.
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4.5.3 G ood Codes for “Precoded” Generalized M SK w ith  L =  3

As have been shown previously that for generalized MSK signals with memory L = 3 

to be demodulated using a linear receiver a repetition code of rate 1/4 must be applied 

as an inner code. This causes a limitation in the encoder W ’s rate, where we are only 

restricted for code rates of k/4l.

Numerical results are presented in table 4.8 of our search for the best rate 1/4 convo­

lutional codes for use with TFM of constraint length up to 5. Again, for every best code 

found, the NSFED is given and coding gain is calculated with respect to uncoded DMSK 

(NSFED^coded ~  1.45). These codes are also optimum for any generalized MSK with 

symmetric premodulation filter, h(t), of length 3T, where the only difference is in the 

calculation of the coding gain. This is because the value of N S F E D iUncoded depends on 

the pulse shape of h{t).

Best rate-1/4 convolutional encoder

v ° w out V W N SF E D Coding gain (dB)

0 1 0 1 1 1 1 2 1.40

1 2 1 2 2 2 2 2 1.40

2 7 2 7 7 7 7 4 4.41

3 13 3 13 13 13 13 4 4.41

4 31 4 31 31 31 31 6 6.17

5 75 5 75 75 75 75 6 6.17

T able 4.8: Best rate-1/4 convolutional encoder W  generated by cascading best rate-1/1  

convolutional encoder W out with rate-1/4 repetition code for use of 

“precoded” generalized MSK with L  =  3 in Fig. 4.7.
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Chapter 5

Discussion and Conclusion

5.1 Sum m ary

In this thesis we proposed a simple linear receiver for coded generalized MSK especially for 

signals with modulation memory L  =  2 and 3. In Chapter 2, we have given an overview 

on the special case of such modulation scheme called MSK and its generalization to a 

larger class referred to generalized MSK. In Chapter 3, the application of the Laurent 

representation of CPM to generalized MSK signals has been investigated. Finally, the 

design of a linear receiver for coded generalized MSK signal with modulation memory 

L =  2 and 3 in additive white Gaussian noise channel has been developed in Chapter 4.

In Chapter 2, it has been shown that the coding design problem for MSK signals 

generated by CPFSK-MSK modulator can be simplified by the use of precoding. The 

precoder is applied between the channel encoder and CPFSK-MSK modulator where 

its objective is to relate the Euclidean distance between generated MSK signals linearly 

to the Hamming distance between corresponding sequences generated by channel en­

coder, i.e., the criterion of optimization of the combinations (encoder and modulator) 

was translated to a criterion of maximization of Hamming distance. Another advantage 

of using such precoder is that the signal can be optimally demodulated using simple

103
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inphase-quadrature (I-Q) receiver.

In Chapter 3, the representation of generalized MSK signal with modulation memory 

of L = 2 and L = 3 as PAM using the Laurent representation was studied. The squared 

Euclidean distance between different signals were considered and closed form expressions 

computed for the Euclidean distance of such signals. It has been shown that in general 

the Euclidean distance depends on the premodulation filter used to shape the symbols 

prior modulation. The PAM representation of generalized MSK signals generated by cor­

relative coding with coding polynomial (ko + k iD ) and (ko + kiD + k^D2) were considered 

and an exact expression of the free Euclidean distance was computed for the “uncoded” 

case of such signals.

In Chapter 4, the proposed linear receiver for detecting coded generalized MSK signal 

in additive white Gaussian noise channel was examined. It has been shown that imposing 

a particular structure on the code applied to generalized MSK signals with modulation 

memory L — 2 and L =  3, the square Euclidean distance becomes linearly related to the 

Hamming distance between sequences generated by channel encoder. The dependency of 

Euclidean distance on the premodulation filter is totally removed, therefore the difficulty 

of the code design for such signals has been eliminated. The optimization criterion 

for such signals is maximizing the free Hamming distance of the channel encoder. For 

generalized MSK with L — 2 and L  =  3, the code structure is just a double (rate-1/2) 

and quadruple (rate-1/4) repetition code, respectively. Using such coding technique, 

it was shown that the precoder (derived for MSK) combined with CPFSK modulator 

used to generate generalized MSK with L = 2 and 3 can be replaced by a simple I- 

Q modulator where the I  and Q channel pulses are linear combination of the Laurent 

pulses. This will allow us to demodulate the signal using a simple I-Q  receiver. An 

interesting result, is that for generalized MSK with any pulse shape h(t) of length 2T  

no inter-symbol interference is introduced at the output of the matched filter, where for 

h(t) of length 3T, only symmetrical pulse shapes do not produce ISI. Moreover, the noise
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samples are independent and therefore, soft-decision detection and decoding, applied to 

memoryless linear modulation schemes, is considered optimum. Finally, searching for 

good convolutional codes, which can optimally be detected using the proposed linear 

receiver, for generalized MSK is reported for some rates and constraint length.

5.2 Su ggestion s for further research

It was shown that the power efficiency of some generalized MSK signals may be improved 

through the application of repetition codes. For generalized MSK with pulse shapes 

duration of length 3T, it has been shown that a quadruple repetition code can be used to 

simplify the detection problem. This is done at the expense of increasing the bandwidth 

which is not desirable for communication systems with adjacent channel interference 

such as mobile and wireless communication systems. It is shown (this work has not 

been demonstrated in this thesis and will be reported elsewhere) that by increasing the 

modulation memory of generalized MSK to L  =  4, using a quadruple repetition code the 

I-Q  receiver can still be used to optimally detect such signals. This might have a great 

influence on the improvement of the spectrum-efficiency of the coded signal.

It is believed that for generalized MSK signals with modulation memory of L  > 5 to 

be optimally detected using a simple I-Q  receiver (employing soft-decision detection and 

decoding), a repetition code of rate R4 < 1/6 may be applied as an inner code (further 

research is being performed for such problem). Since repetition coding is considered inef­

ficient coding process in data transmission, the search for other efficient coding schemes 

can be investigated.

As proposed in [39], repetition codes exhibits unique properties when it is used over 

faded mobile channel. Hence, one of the primary focuses for further research at this point 

might well be the performance of these coding techniques on fading channel.
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Appendix A

Squared Euclidean Distance of 

Precoded CPFSK-M SK

The squared Euclidean distance d2{i,j) between any two transmitted coded signals spt) 

and Sj (t) which corresponds to two different symbol sequences c* and cJ , for t > 0, is 

defined by

d'
OO

!(®> j )  = 11*00 -  Sj(t)II2 =  J  |sj(t) -  Sj(t)|2 dt, (A.l)

where s(t) is defined by (2.1).

Assuming that f cT  3> 1, the squared Euclidean distance can be written as
OO OO

d2(i,j)  = ^  J  [cos^(f) -  cos <f>j (t)]2 dt +  p  J  [sin4>i(t)-sin <j}j(t)}2 dt, (A.2)
0 0 

Using the OQPSK description of MSK given in (2.4), (A.2) can be expressed as
°° / \ 2 oo s •, 2

= j ;  [  ( 53 [4 -c?n] p ( t - n T )  ) dt + % f  ( ^ 3  \dn -  c>n} p(t -  nT) | dt/  (  53 K ” ~ nT)) dt+ §  J  (  Y 1  K -  <] p(* - nT))
0 \n  odd /  q \n even /

oo

Y  53 53 K  _ 4] [cm -  4x] J  pip -  n T )p ( t  -  m T ) dt
n odd m odd q

oo

+ §  53 53 K  _ ^] [cm “  [ p i t  -  n7>(* -  ™T) dt (A.3)
n  circn  m  m u n  "n  even m  even
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where p(t) is given by (2.5) and the integral in (A.3) is given by

( " — 2 = r p n = m  ̂
/  p(t — nT)p(t — mT) dt =  < .........  (A.4)

J I 0 nt.Viprwisp0

where "2 is defined by the energy of the pulse p(t). Therefore, equation (A.3) reduces 

to

=  - e £ K - 4 ] 2
n

= AE H {c\c j ), (A.5)

where H (c \  cj ) is defined by the Hamming distance between the two sequences c* and cJ .
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Appendix B

Squared Euclidean Distance of 

Length 3T  Generalized MSK

Using the expression given in (3.45), the normalized squared Euclidean distance for coded 

generalized MSK signals, for t > 0 can be expressed as (assuming f cT  »  1)

NSED(i, j) = Y ] ^ J  [cosOM*)) - cos(^jW)]2 d t + f  J  lsin(4>i(t)) ~ a
I o o

(B.l)

where Rc is the code rate of encoder W . Let I and Qi.j be equal to the following
OO

h i  = -f J  Ic o s -  cos(<f)j(t))]2 dt, (B.2)
0

oo

Qij = ^  J  [sin(^i(t)) -  S i n {<t>j{t))]2 dt. (B.3)
o

Then I^j and Qi.j can be expressed as
OO

=  E  E K -  < }  [ 4  - 4 n ] ~  j  Co(t -  nT)Co(t -  mT) dt
n odd m odd q

oo

+  E  E  K  -  < ]  [ 4  ~ < ] f  [  Ci(t -  nT)C\(t -  mT) dt
n  even m  even q

oo

+ E  E  [*« -  ®n] [ 4  -  4 ]  f  f  c 2 (t ~ nT)C2(t -  mT) dt +
nrt ouon <m a\ran Jn even m even
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E  E  bn -  4 ]  [via - v L ] ^ f  C3(t -  nT)C3(t -  mT) dt
n odd m odd q

oo

+ 2 E  E  K -  4] [ <  - < \ f [  CQ(t -  nT)C\{t -  m T) dt
n odd rn even £

OO
+ 2 E  E  [4  -  4 ]  H n  -  < \  ^  [  c 0 ( t  -  n T ) C 2( t  -  m T )  d t

n odd Tn even ^
oo

+ 2 E  E  [°n -  4 ]  [vin - y L ] ^  f  Co(t -  nT)C3(t -  mT) dt
n odd m odd q

oo

+ 2  E  E  [< - 4 ]  [4 »  - < ] f  f  Cl(t -  nT)C2(t -  m T) dt
n even m even q

oo

+ 2  E  E  [ 4  -  4 ]  [yin -  yL] ^  f  C i(t -  nT)C3(t -  mT) dt
n even m odd q

oo

+ 2 E  E  i <  -  4 ]  [yin - v L ] f  [  C2(t -  nT)C3(t -  m T) dt, (B.4)
n even m odd

oo

E  E  [°n -  4 ]  [4n - 4 n ] f  f  C 0(t -  n T )C 0(t -  m T )  dt
n even m  even ^

oo

+  E  E  [ <  -  4 ]  K  -  < ]  \  f  C i( t  -  n T )C \{ t  -  m T )  dt
n odd m  odd q

oo

+  E  E  iXn ~  Xn] iXin ~  4 n ]  ^  [  C 2(t -  n T )C 2(t -  m T )  dt
n odd m  odd q

oo

+  E  E  [ 4  -  4 ]  [yin -  yjm] ~  I  c 3(t -  n T )C 3{t -  m T )  dt
n even m  even "

oo

- 2  E  E  [4  -  4 ]  [vin -  v in ] \  [ Co(t -  n T ^ i t  -  m T )  dt
n even rn odd q

OO

-2  E  E  [4  -  4 ]  [xin -  a&] f  [  Co(t -  n T )C 2(t -  m T )  di
n even m  odd q

OO

+2 E  E  [ 4 - 4 ]  [yln-yin]^ f  C0(t -  n T )C 3(t -  m T )  di
n even m  even ^

oo

+2 E  E  [ 4  -  4 ]  [x in  -  <] 4  f c ^ t -  n T )C 2(t -  m T )  dt
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2  E E K  -  < ]  [yin - v L ] ~  f  C i { t  -  n T ) C 3(t -  m T )  d t
n odd m even g

OO

- 2  E E [ <  -  4 ]  [yin -  vL] f  f  C 2(t -  n T ) C 3(t  -  m T )
n odd m even g

The integrals shown in (B.4) and (B.5) can be evaluated as follows:

MlCbWII2, n = m;

J  C 0(t  -  n T ) C 0(t  -  m T )  d t  =  « (C0 (t),  C 0( t  -  2T)>, \n -  m\  =  2;
o 0, otherwise.

dt.

r 1C3( t -  nT)C3{t -  mT) dt =  i 
o ^

\ \ c m \ 2, n = m\

0, otherwise.

II^WII2, n = m;

0, otherwise.

\ \ c m \ 2, n =  m;

0, otherwise.

OO

J  C0(t

OO

J  Co(t 
0

OO

J  Co(t

nT)C \(t -  mT) dt =

nT)C2(t — mT) dt =

nT)C3(t — mT) dt —

- ( C o i t - n c x i t ) ) , m  — n =  — 1

(Co(t — T), C\(t — 2T ) ) , m — n =  1;

(Co(t — T), C\(t — 4T)), m  — n =  3;

.0, otherwise.

' (CQ( t - T ) , C 2( t - 2 T ) ) ,  m - n  = 1;

< {Co(t — T), C2(t — 4T)) , m — n =  3;

,0, otherwise.
' (C0( t - T ) , C 3( t - T ) ) , m = n;

< (Co(t — T), C3(t — 3T)) m  — n = 2;

-0, otherwise.

iT) dt =  <
1 o,

m  = n; 

otherwise.

T) dt = {
lo ,

m  — n — 1; 

otherwise.
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OO
J  C2{t -  nT)C3(t -  mT) dt = 0. (B.15)

It can be shown that,

(C0(t),C0( t -2 T ) )  

(C0( t -T ) ,C i( t ) )  

{Co(t ~ T), Ci(t — AT)) 

(C0( t - T ) , C 2( t -4 T ) )  

(C0( t - T ) , C 3( t - T ) )

(Co(t — T), C\{t — 2T)>, 

(Co(t — T), C2(t — 2T)}, 

(C0( t - T ) , C 3( t - S T ) ) ,  

( C M M t - T ) ) ,  

(Ci(t),C2(t)). (B.16)

Substituting (B.6)-(B.16) into (B.4) and (B.5), and by rearranging terms, N SED(i,j) reduces 

to

NSED(*,j) =  ^ |4 ||C 'o ( t) ||2lf(ci,c^) +  4||C'i(t)||2Jff(vi,v^)

+4||C'2(t)||2if(x i, x») +  4||C'3(i)||2Jff (y4,

+2 <C0(t), Co(t -  2T)) X(i,j) + 2 (C0(t -  T), C ^t)) r,(i,j)

+2 {C0(t -  T), C \(t -  4T)) A(i, j) +  2 (C0(t -  T ),C 2(t -  4T)> C(i,j)

+2 (C0(t — T), C3(t — T)> S(i, j ) | , (B.17)

where x(z, j)  is still expressed by (3.57) and

[4  - 4 ]  [ 4 - i  -  4-i] - E [4  - 4 ]  [ 4 - i  - 4 - i
n odd n even

+  [ 4 - i - 4 - i  [ 4 - 4 ] -  [ 4 - i - 4 - i  [ 4 - 4 ] ,  (b.18)
n even n odd

MhJ) E
n  even

+ E
[4 -  4] -  J2 [4n - 3  4 - 3

n  odd
[4 -  4]

n  odd

J _  J  
"n—2 c n~ 2 [4 -  4] + J2 [4-2 -  4 -2] [4 -  4 ] . (B.1 9 )

Y1 [4-3 - 4-s] [< -  4] -  [4"n—3 4 - 3

+ Y1 [4-i -  4-i
n odd

n odd
[4 -  4]

[4 -  4] -  [4-i -  4 -J [4 -  4 ] , (B.2 0 )
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-  r 1 n —2[4-2
n odd

+ S  [ < - <

[vh - y jn] +  [4-2 4-2 [vh -  vi]

i] + S  [4  -  4 ] [4  -  ®
n  odd
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Appendix C

Theorem 4 Proof

Applying (4.50) used in Theorem 4 to each even and odd symbols of vn, xn, and yn, we get the 

following:

For vn symbols,

For xn symbols,

For yn symbols,

4̂fc+l£

\4fc+2.

V4k = (—1) "" iC4fcC4fc_iC4fe_2 = —C4fc,

V±k+\ = ( “ I )  ' “ C4fc+lC4fcC4fc_i =  C4fe_i,

V4k+2 =  ( - l ) 4/C+3C4fc+2C4fc+lC4fc =  ~C4k,

V4k+3 =  ( - l ) 4fe+4C4fc+3C4fe+2c4A;+l =  c4*:+l-

x4k

x 4k+l

x 4k+2

x 4k+3

=  ( - l ) 4 *C 4fcC4fc_2C 4fc_3 =  C4fc,

_̂-Q4fc+2
C4k+l°4k-lC4k-2 = ~C4k+l, 

C4k+2c4kC4k-l =  C4fc-1>

-C4fc+1-(_ l)4 fc+ 3  c4fc+3C4fc+ 3C4fc+i

( C . l )

(C.2)

V4k ^4k^4k~1^4k~ 3 c4ki

U4k+l = c4k+lc4kc4k-2 =  c4fe-2j

V4k+2 = C4fe+2C4fe+lC4fc-l =  C4fc_!,

V4k+3 = C4k+3C4k+2C4k = C4  k- (C.3)

113
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From (4.50) we have that c ^ - i  = c^k- 2  = C4&_3 =  c±k-4 , and substituting (4.50) and 

(C.1)-(C.3) into x ( i , j )  that is defined in (3.57), we obtain that

OO
X( i , j )  =  Y L [ 4 k ~ 4

k=0 

oo

oo
4 - 2  ~ 2]  + X  [ W4/s —  4  4 - 1  —  4 - 1

----------- v----------- '  k=0 V------- v--------'
[c4fc

c4fc+2 4 + 2
f c = 0 '

c4k 4k] + X  Kfe+2 - 4 + 2
f c = 0 ' -----------------v --------------- ;

A _  J  
4 f c + l  ^ f c + l

c4k+l ^ fc + l] C4 k ~ e4k\OO
+ X  [4 + 1  “ 4 + 1

k=0
* rf,

-V"
[C4fc—1̂ fc]

CO
4 - i  - 4 - i ]  - X  [ 4 + i  - 4 + J  [ 4  -  4

fc=0V-------- V-------- '

(JXJ CXJ

+  X  [4 + 3  - 4+s] [4 + 1  - 4 + l ]  - X  [
k=O'

[c4 fc -l 4 - 1 ]

4 + 3  -  4 + 3
f c = O '

4 + 2  4 + 2

=  0 .

[c4fc+2 c4fc-)-2] [C4fc+1 ^ fc + l]
(C.4)

Substituting (4.50) and (C.1)--(C.3) into r/(i, j ) that is defined in (B.18), we obtain that

V(i , j )  =  X  [ 4 + 1  - 4 + 1
k=0 

oo

■ X  [4 -  4

4k -  4k
OO

4 k] + X  [4+3-4—' k=0 '4A;+3 4 + 2  4k+2

[c4k °4k] 4 - 4 ]

k=0
4 -i -  4 —i] -  X  [4+2 - 4+2v / k=0 ^ 4fc+ l -  4 + 1

,c4fc—1 4 - 1 ]
CXJ CXJ

+X  [4-i -  4 - J  [ 4  - 4 k ]  + X  [4+i -  4 + i
k—0 v----v----' fc=0

' [C4fc — 1 4k-1]
O* _ rpJ
x 4fc+2 4fe+2

[c4fc 4 ]
OO

- £ [ ■ 4  - 4k
k=0

oo

l ] - E [ C4<x 4k+1 ^ f c + l  | | c4fc+2 4 + 2
fe=0

4 + 3  -  4 + 3

=  o .

C4k+1 C4fc+lj ” [C4fc+l ^ fc + l]

(C.5)

Substituting (4.50) and (C.1)-(C.3) into A( i , j )  that is defined in (B.19), we obtain that

OO OO

a ( i j )  =  X  [ 4 —3 - 4 - 3 ]  [ 4  - 4 ]  + X  [4-i -  4 - i
k= 0

' [c4 k 4k]
k= 0

4k+2 v4k+2

00

-  X! [4—2 - 44k—2
k= 0

v4k+l ~ 4k+l]  ~ X  [4k ~ 4k
k= 0

-[4k~4k] 

4 + 3  — 4 + 3 +

[C4fc+1 ^ fc + l]
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OO
X  [4 -1  ~ 4 -1
fc=0

00

+ X  [4-2" «4

Vik+l
OO

-  4+ J+X  [cW i -  <4+1] [4+3 -  4
k = 0

*4k+3

4k-2 4 k - ^

"4fc—2
A:=0

2/4k -  4 ] + XI [4 ~ 4] [4+2 - 24+2
f e = 0  ' -----------------v --------------- :

[< 4 -4 [<4-1 <4-l]
= 0 . (C.6)

Substituting (4.50) and (C.1)-(C.3) into that is defined in (B.20), we obtain that
OO

C(*.J) = X  [4 -3  “ 4 - 3
k=0

4  ~ xik] + X I [4 -1  -  4 -1
; V " A:=0

x 4k+2 X 4k+2

X! [4 -2  4 -2
k = 0

4fc <'4kJ

4fc+ l 4 /c+ l

4fc-1 <4-l]
OO

■ X  [4 -  4
fc=0

a74fc+3 x 4fc+3

4fc+l Mft+lJ

+
OO

£[4  - 4
f c = 0 '

4 +1- 24+1] +X [4+2- 4fc+2
f c = 0 '

[<4+1 <4+l]

V\k+3 4+3

[C4fc <4] [C4fc —2 <4-2] [<4 <4]
OO OO

X  [4-i -  4 -J  [4  - 4 ] -  X  [4+1 - 4+1
f c = 0 '

[C4fc—3 < 4 - 3 ]  [<4 4k] k=O'

[<4-<4] 
ylk+2 -  vik+2

Hk- 1 4k-1] ^fc-l <4-l]
0. (C.7)

Substituting (4.50) and (C.l)- (C.3) into S ( i , j )  that is defined in (B.21), we obtain that
OO

K h j )  =  X  [ 4 - i  - 4 - i
fc=0

00

+ X  [ 4 - 2 - 4 -

2/4&+1 -  x4k+l
OO

] + X  [C4fe+1
k = 0

■A"4fc+l ylk+3 -  y{r4k+3

4k—2 <4-2] <4 <4]
*=0

LXJ

y\k -  vik] +  X  [C4fc - 4] [4+2 - 4+2
fe=0[<4-<4]

00 00

+  X  [Vik - 4k} [4 -  4 ] +  X  [4 + 2  -  4 + 2
k= O '----------V <' V '  k = 0  s--------------  '— [C4fc °4fc] [<4~<4] ~[C4)t_c4fc]

O O  ^

X  [4

[<4-1 4k-1] 
4 + 2  -  4 + 2

.<4-1 <4-l]
+  X 1 4 + 1 - 4 + 1

k = 0
4+1  -  4 + J  +  X  [4 + 3  -  4 + 3

0 .
[4k-1 4 k -1] [<4+1 <4+l] k= O'

. < 4 + i ]*-4k+1 4fc+

4/c+3 4fc+3
■V""11 1,<4+l—<4+l]

(C.8)

The Hamming distance between the vn sequences is given by
.. 00

H ( v \ v J ) =  + X K “ 4 2
n=0
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\  X  ! ? i r  < £ +  X  J 4 + i  -  ^ ifc+ i i2 + X  H f c + s  -  4 + 3
n  even k= 0^ ^  '  k=  o' - '""' v  —

K-cLP \cik̂ - 4 k-i\2 i4fc+i-4+ii2
Using the fact that cl_ 1 — c5_1 = 1 for all i , j  and c^+i =  c^k+3 , then

X  lC« ~  < | 2 +  X  4 - 1  -  4 - 1 12 +  X  1 4 + 3  -  4 + 3 l
1 even k = 1 fc=0OO OO oo
X  ^  - ^ n \ 2 +  Y l  1 4 + 1  -  4 + 1  i2 +  X  1 4 + 3  -  4 + 3 1
i even A:=0

oo oo

X  1 4  -  4 l 2 +  X 1 4  _  41

fc=0

■n even 
oo

n  odd
■I W

n=0
=  H (c \c j ).

— rp4 /  v 4n °n 
n=0

M2

The Hamming distance between the xn sequences is given by
-  OO

H ( x \x j ) =  T ^ l 4 - 4 | 2
ra=0

X I  Jg w ~ a!n | 2. +  X  1 4 + 2  -  4 + 2 I 2 +  X  1 4 + 3  -  4 4fc+31
n  odd . ^  i k= 0 '

n _  lC4 f c - l _ C 4 f c - l l 2

fc=0
i^fc+i-cik+ii2

Since c*_j — c^_1 = 1 for al 1 i , j  and =  c^+\ = c&k+2 , then
p  OO

X  lC" ~  4 I 2 +  X  14-1  -  4 - l ! 2 +  X  1 4 + 2  -  4'4 A:+ 2 1
n  odd 

r  oo
k = l
oo

fc=0
oo

X  lc «  -  4 2 +  X  l4 + i  -  4 + i I 2 +  X 1 4 + 2  -  4 + 2
i  odd k = 0 k —0

O O  O O  OO

X  lc«  -  4 , \ 2 +  X 1 4  -  4 12 +  X 1 4 + 2  -  4 + 2
n  odd

oo
fc=0

oo
k=0

X  \c n ~ 4 \ 2 +  X  1 4  — <41
n  odd
oo1

n = 0
=  H (c \c j ).

The Hamming distance between the yn sequences is given by

1 00
» ( y \ y ‘ ) = jE l» i-» il2

n = 0
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X  J 4  -  4 l 2 + X  14+2 - 24+212 „ >  ̂ _ v 'Lk= 0 'T k= 0
K h~ < k\2

+ X  4 + 1  -  4 + 1  I2 +  X  4 + 3  ~  2/44fc+3l
fc=0 ft=0

4fc —2 4fc —2l 4 - 4 i 2

Since c!_2 =  c i2 =  1> c~i = c- i  =  1 for all i , j  and Cik+\ =  04^+3 , then

X I 4  -  4 12 +  X  l 4 - i  -  4 - i I
k=0 
00

k=l

+ X  1 4 -2  _  4 - 2 I 2 + X  1 4  -  4'4/s I
k—2
r  OO

fe=0

X I 4 - 4 P  +  X I 4 + 1 - C 1'4 fc + ll
Lfc=0
00

k=0

+ X  14+2 -  4 +2I2 +  X  14+3 -  4'4 fe+ 3 1

k= 0p OO fc=0

X  lCn “ 4 |2 + X  lC4 4 l
Ln odd 
00

= I  V  Ic* -  c> I4  X—/ »n ™
n = 0

= I7(cV). (C.ll)

Substituting (C.4)-(C.ll) into (B.17) we obtain

NSED(i, j)  = 2RcH(ci,c ^ ) - ||C'o(t)||2 + ||C1(t)||2 + ||C2(t)||2 + ||C3(t)||2 
3

= 2RcH(ci,c:>) ;̂ X  l|C'/£(t)||2.
k= 0

It can be shown that for any pre-modulation pulse shape h(t) of length 3T,

3

(C.12)

X l l ^ W I I 2 =  T. (C.13)
k= 0

For simplicity, let
T

/0) = 7jf J  K t ) dr,
then

3 1

± \ \ C k ( t ) f  =  f  sin2 [/(f)] sin2 [f(t +  T)] sin2 [f(t + 2T)\ dt 
k= 0 J
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T

+ J  sin2 [f(t)\  sin2 [f(t  + 2T)\ cos2 [f(t  +  T)] dt  
o
T

+ J  sin2 [/(£)] sin2 [f{t  + T)] cos2 [f(t  + 2T)] dt  
o

T

+ J  sin2 [f(t)] cos2 [f(t  +  T)] cos2 [f(t  +  2T)] dt  
o
2 T

+ J  sin2 [/(*)] sin2 [f(t  +  T)] cos2 [f(t  -  T)] dt
T
2T

+ J  sin2 [/(£)] cos2 [f(t  -  T)] cos2 [f(t  + T)\ dt
T
3 T

+ f  sin2 [f(t)] cos2 [ f i t  -  2T)\ cos2 [f i t  -  T)] dt
2 T

4 T

+ J  cos2 [f i t  -  3T)] cos2 [/(* -  2T)] cos2 \ f ( t  -  T)] dt.
3 T

By changing of variable {t' = t — T ) in the last integral, we have

By changing of variable (t1 = t — T ) in the last integral, we have
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2 T

+ J  cos2 [f(t  -  T)] |  sin2 [/(£)] + cos2 [f(t )\  dt.
T  '  =1

By changing of variable (t' = t — T), we have that

3 2 T  T

J2\\Ck(t)\\2 =  j  cos2 [f (t — T)} + j  sin2 [/(f)]
T  0

= J  I pn2 [/(f)] +  cos2 [/(f)] |  (it

k —0  rp

0 v = 1  
T.

Therefore, (C.12) reduces simply to

NSED(i,/) =  2RcH(ci,c>

as required.

119

(C.14)
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