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Abstract

Minimum shift keying as an instance of continuous-phase frequency shift keying is a
nonlinear modulation which makes designing error correcting codes for it difficult as Eu-
clidean distances between signals and the Hamming distances between symbol sequences
do not linearly correspond. We show that the nonlinearity disappears if we employ a
sequence mapping we term precoding arising from the equivalence of this modulation to
a form of offset quadrature phase shift keying. When we consider the modified forms of
this modulation (generalized MSK) to achieve improved spectral efficiency, the nonlinear-
ity and memory make the coding design problem more difficult, and precoding does not
resolve the issue. We show that the nonlinearity can be removed in the cases involving
pulse shapes of two and three symbol period duration using two stages of coding, the
last being a double or quadruple repetition code.

Using the Laurent representation of continuous-phase modulation as amplitude mod-
ulated pulses, a simple inphase-quadrature modulator can be implemented to generate
such coded generalized MSK signals. The inphase and quadrature pulses are shown to
be linear combinations of the Laurent pulses. It is shown that the coded signals can be
demodulated using a simple inphase-quadrature receiver without sacrificing the perfor-
mance. It is shown that no intersymbol interference is introduced at the sampled output
of the matched filter and in additive white Gaussian noise environment, the noise sam-
ples are independent. Therefore, the detection problem for the recovery of the symbols
sequence from the decision variable sequence is one corresponding to memoryless linear
modulation, avoiding the use of the maximum likelihood sequence detection which would
otherwise be needed for optimal performance. Furthermore, it is shown that by applying
repetition code to these modulation schemes, the Euclidean distance between different
signals is directly related to the Hamming distance between corresponding coded se-
quences. This may simplify the task of search for good codes applied to the considered

case of generalized MSK signals.

it
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Chapter 1

Introduction

1.1 Preface

Digital modulation can be divided into two classes: linear and nonlinear modulation.
Modulation techniques such as M-ary pulse amplitude modulation (PAM) and M-ary
quadrature amplitude modulation (QAM) are considered linear in the sense that the sig-
nal can be expressed as a linear function of the transmitted data. Typically, these mod-
ulation schemes produce a signal with non-constant envelopes which make the schemes
unsuitable for use in power limited situations such as wireless communications. In these
cases, the amplifiers that generate the RF signals need to be operated in saturation
to achieve the most efficient use of battery power. In saturation, these amplifiers dis-
play significant non-linear characteristics described by a non-linear input-amplitude to
output-amplitude (AM/AM) characteristic and a non-constant input-power to output-
power (AM/PM) characteristic [1], [2]. The effect of these characteristics on a signal with
non-constant envelope is to distort that signal by causing a growth of spectral sidelobes
of the transmitted signal (i.e., broadening the bandwidth of the signal) and producing
undesirable inter-symbol interference (ISI) which invariably significantly decreases the

detection performance of the system. Attempts have been made by researchers to com-
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CHAPTER 1. INTRODUCTION 2

pensate for the nonlinearities introduced by the power amplifier to reduce the amount of
distortion in the transmitted signal. Predistortion is one technique that is most widely
used for such purposes. However, it suffers from many drawbacks such as high complex-
ity, bandwidth limitations and sensitivity to component drift (see [2] for example, for

more details about this subject).

Constant envelope modulation schemes such as continuous-phase modulation (CPM)
avoid these difficulties. CPM is a non-linear modulation that is widely used in wireless
and mobile communication systems, due to its power and bandwidth-efficiency [3]. In
CPM, the phase is continuous and as a result, the signal on a symbol interval depends
on many symbols and so this modulation is said to have memory. To best recover the
symbols requires this memory to be taken into account which requires we use a maximum-
likelihood sequence estimator (MLSE) receiver (e.g. a Viterbi receiver) [4],[5]. Receivers
based on maximum likelihood sequence estimation are generally complex to implement

in comparison to symbol-by-symbol detectors.

Among the CPM schemes there is one case of special note to which some of the above
remarks do not apply. This is the case of minimum-shift keying (MSK) which is an instant
of binary continuous-phase frequency-shift keying (CPFSK) in which the transmitted
signal always has one of two instantaneous frequencies that are separated by half the
symbol rate. MSK is particularly important amongst constant envelope modulation
schemes as it produces signals with a relatively small bandwidth and can be also expressed
in the form of two binary antipodal pulse amplitude modulated (PAM) signals with
non-overlapping pulses (a form of offset quadrature phase shift keying [OQPSK] to be
precise). Thus, MSK has the performance of binary antipodal signalling in noise, and
can be optimally demodulated using a simple inphase-quadrature receiver performing

symbol-by-symbol detection.

To further improve upon the spectral efficiency of MSK, it can be modified with

smoother pulse shapes extending beyond a symbol interval. However, for more signifi-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 1. INTRODUCTION 3

cant changes, the ability to express the resulting scheme as binary pulse amplitude in
quadrature is lost, requiring again we resort to complex MLSE receivers for optimal de-
tection. If we restrict the modifications in some small way to a class of schemes termed
generalized MSK, it has been shown [6] that it remains possible to use simple receivers to
successfully detect the modulated signals, with possibly only small losses in performance
compared to a MLSE receiver. Such generalized MSK schemes are used in practice, most
notably perhaps being the instance of generalized MSK using a pulse with a Gaussian
shape; resulting in Gaussian MSK (used in wireless mobile applications such as GSM

systems) [23].

Unfortunately, the improvements of spectral properties that generalized MSK can
provide come at the expense of some loss in performance in noise even if a MLSE receiver
is used. To improve this performance, a natural thought would be to employ error control
coding. Designing such codes for generalized MSK represents a challenge arising from
the non-linear relationship between channel symbols and the generated signals, and the
memory in the modulation. This is the task we would like to address in this thesis—
how to design an error correcting code for generalized MSK signals, keeping in mind the

complexity of the detection system.

Using a decomposition of CPM signals as a sum of pulse amplitude modulated signals
developed by Laurent [7], we shall show that combining double and quadruple repetition
codes to “precoded” generalized MSK signals with pulse durations 2T and 3T respec-
tively, the information symbols sequence can be optimally detected using a simple I-Q
receiver employing symbol-by-symbol detection. These simple codes can achieve rela-
tively small coding gains compared to the uncoded case. For further improvement in the
power-efficiency, an outer (convolutional) encoder is combined with the repetition code

generating a cascaded channel encoder (34, p.466].

It will be shown that using the repetition codes mentioned above, an exact inphase

and quadrature (I-Q)) representation of such a coded signal may be given which allows
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CHAPTER 1. INTRODUCTION 4

us to generate the coded signal using a simple I-QQ modulator. Another significant result
of applying such coding schemes is that no inter-symbol interference (ISI) is introduced
at the output of the matched filters in the I-Q) receiver. Therefore, the use of post
equalization is avoided which provides a reduction in the complexity of the optimum
receiver. Another important result that would have the advantage of simplifying the
search for the good (convolutional) codes applied to generalized MSK, is the proportion-
ality of the Euclidean distance between generated signals to the corresponding Hamming
distance between sequences generated by channel encoder. The cost of applying such
coding schemes to increase the performance of the optimum receiver is an expansion in

the bandwidth of the transmitted signal and an increase in decoder complexity.

1.2 Previous Work

Extensive work and research has been performed previously in the design of optimum
and sub-optimum receivers for generalized MSK signals. In 1982, P. Galko [8] showed
that generalized MSK can be demodulated sub-optimally using an I-Q) receiver where
the impulse response of the predetection filter is shown to be a linear combination of all
possible signals at the input of the filter. The optimum (minimum probability of error)
predetection filter is determined numerically and depends on the value of the signal-
to-noise ratio (SNR). The problem of designing the optimum filter can be simplified in
the two asymptotic cases of a very low and a very high SNR leading to the solution of
the “Average Matched Filter” (AMF) and the “Asymptotically Optimal Filter” (AOF).
Filter design based on a zero ISI constraint for PAM-based approximations of the signals

was also considered.

In [9], El-Tanany and Mahmoud discuss the design of predetection filters that min-
imize the mean square ISI when the filter noise bandwidth is held constant. M. Luise

and U. Mengali [10] have developed a method of approximating a generalized MSK as an
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CHAPTER 1. INTRODUCTION 5

OQPSK signal using a minimum mean-square error criterion, where it has been shown
that the filter matched to the pulse of the best approximating OQPSK signal is just
the AMF.

Other work that has been published in literature [11]-[15] for designing optimum
receiver for generalized MSK was based on Viterbi detection which is considered complex.
The reduction in complexity for such receiver was based on reducing the number of trellis
states in the Viterbi detector. A. Svensson, C. Sundberg and T. Aulin [11], proposed a
reduced complexity Viterbi detector, where the main idea was to use a shorter length

frequency pulse for the Viterbi receiver.

The complexity of the optimum (Viterbi) receiver can be significantly reduced by
the use of PAM representation of CPM signals developed by Laurent [7]. Kaleh [16]
exploited Laurent’s representation of CPM to allow for simple implementation of coherent
receivers for such modulation, in particular, for the case of Gaussian MSK. Two forms
of such receivers were considered, namely, a simplification of the Viterbi receiver and a
linear MSK-type receiver, both for which yielded small degradation relative to the true
optimum receiver. The idea is to approximate the CPM signal (with memory L > 3)
by the first and/or second Laurent pulse(s), since they contain most of the energy of
the CPM signal. This leads to a reduced-complexity Viterbi receiver which can achieve

near-optimal performance.

With regards to the problem of code design, some research has been performed pre-
viously in the search for good codes combined with generalized MSK such as duobinary
MSK (DMSK), tamed-frequency modulation (TFM) and Gaussian MSK. J. Fonseka [31]
has considered the study of block coding combined with various forms of CPM mod-
ulation to increase the performance of the overall CPM system. The code design was
based on preventing merging states with small Euclidean distance from occurring. It
was shown that some block codes have performance equivalent to the one achieved using

convolutional codes.
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S. Pizzi and S. Wilson [33] have considered the combination of some convolutional
error-correcting codes with CPM signals to maximize the minimum Euclidean distance
between signal paths. The design of the convolutional code depends on the mapping rule
to reduce the search. G. Benelli and R. Fantacci [32] have analyzed the combination
of some Hamming codes and binary CPFSK modulation, where it was shown that the
error performance depends on the configuration of the parity-check matrix of the block
encoder. The search for good block codes was considered difficult in the sense that no
analytical method has been found to determine the best code configuration. Therefore,

all previous work has been done using computer searches.

The idea of using “coding” to reduce the complexity of the optimum receiver for
CPM signals while achieving good coding gains was first introduced by Moreno [15]. In
his PhD thesis, special convolutional codes, called matched codes, are applied to the
CPM systems such that the number of states in the (soft-decision) Viterbi receiver is
minimized. This receiver still exhibits a significantly high level of complexity when it
is compared to the (optimum) /-Q receiver that is used to demodulate MSK signal (or

suboptimal in the case of generalized MSK).

1.3 Thesis structure

Chapter 2 provides some background information on generalized MSK and their optimum
and sub-optimum receiver structure. Using the OQPSK description of MSK a special
precoder is designed which is then used with other generalized MSK systems. In Chap-
ter 3, the use of Laurent representation of generalized MSK as a PAM signal is discussed
in detail. An analytical expression of the Euclidean distance, for generalized MSK with
memory L = 2 and L = 3, is derived.

In Chapter 4, we introduce most of the new concepts and results of this thesis, where

the role of repetition codes in improving the performance of the overall system while
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CHAPTER 1. INTRODUCTION 7

reducing the complexity of optimum receiver is investigated. Using repetition codes an
exact I-@) representation of generalized MSK with memory L = 2 and L = 3 is derived
analytically. A simple I-Q) modulator for generating coded generalized MSK signals is
proposed. Moreover, a linear (matched) receiver is designed for optimum detection of
such coded signals where symbol-by-symbol detection may be applied for recovering the
coded sequence. The results of a complete search for the optimal convolutional codes
(for some code rates and constraint length) applied to such systems are reported.
Finally, conclusions are given in Chapter 5. The proof of some results in this thesis

is given in the appendices.
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Chapter 2

Generalized MSK

2.1 Minimum-Shift Keying

Minimum-shift keying (MSK) may be described as an instance of binary continuous-
phase frequency-shift keying (CPFSK) with frequencies separated by half the symbol rate.
As such, it represents a non-linear modulation scheme that generates constant-envelope
signals with an attractive spectral and power efficiency [17]. The signal produced in MSK
may also be described as a form of offset quadrature phase-shift keying (OQPSK) with a
half-cycle sinusoidal pulse shape [18], which is a linear modulation. The power efficiency
of MSK can be further improved using error control coding, but the task of designing
codes for MSK signals using its CPFSK description (CPFSK-MSK) is difficult due to
the nonlinearity and memory of the modulation. Previous work in this area [15], [19] has
optimized the code design with certain constraints using a numerical search. Fortunately,
the coding design problem can be simplified by the use of the OQPSK description of MSK
(OQPSK-MSK).
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CHAPTER 2. GENERALIZED MSK 9

2.1.1 CPFSK-OQPSK MSK

The CPFSK description of the MSK signal can be mathematically expressed as

s(t) = \/?008(27#&5 + ¢(t) + 6y), nT <t<(n+1)T, (2.1)

where F is the average energy transmitted per symbol, T is the symbol period, f. is the

carrier frequency, 6y is an initial phase, and ¢(t) is the excess-phase given by

#0) = o / S bh(r — mT)dr, (2.2)

where {...,b_o,b_1,bo, b1, b, ...} is a binary symbol stream (using an alphabet {—1,1})
input to the CPFSK-MSK modulator, and h(t) is given by

1, 0<t<T,
h(t) = (2.3)
0, otherwise.
The excess-phase ¢(t) for ¢ € [nT, (n+ 1)T') can be written as,
w(t —nT
s =" 1,
where
n—1
53 bny 21
dn=0(nT) =< 0, if n=0;
-1
I3 by, < -1
m=n

which can only be one of exactly four values (modulo 27): —n/2,0,7/2 or w. The
sequence of values ¢,, can be described by a finite state machine with state transition
diagram shown in Fig. 2.1. The excess-phase can also be described by the trellis diagram

shown in Fig. 2.2, which is a plot of the possible trajectories of ¢(t), modulo 2.
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CHAPTER 2. GENERALIZED MSK

Fig. 2.1: The state transition diagram of a finite state machine describing the relation
between the sequence of excess-phase values ¢, and the symbols {b,} for

CPFSK-MSK. Transitions between states are governed by the value of the
symbol b,,.

[XIE]

Excess-phase ¢(t)

time, £

Fig. 2.2: The excess-phase trellis of MSK for ¢ > 0. Solid lines are for a symbol value

b, = 1, dashed lines correspond to b, = —1.
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CHAPTER 2. GENERALIZED MSK 11

It is well-known [18], that MSK can be viewed as a special case of offset quadra-
ture phase-shift keying (OQPSK) with half-period sinusoidal pulses, i.e., the signal in

(2.1)-(2.3) can also be expressed as

sty = A Z enp(t — nT) | cos(2m fet + o)

n odd

+A Z cnp(t — nT)

n even

sin(2x f.t + ¢o), (2.4)

where {...,c_2,¢_1, ¢, €1, ...} is a binary symbol stream with an alphabet {—1,1} and

sin(ZL), ¢ e |0,27];
p(t)_{ (%), teo,2T] 2.5

0, otherwise.
Note that the {b,} and {c,} symbol streams share the same alphabet but are not the
same. It can be shown (8] that for the formulation of the MSK signal in (2.1)—(2.3) and
(2.4),(2.5) to be equal, the binary symbol streams {b,} and {c,} must be related by a

non-linear relation

b, = (=1)"epen-y, (2.6)

with ¢_; = 1 (since ¢(t) at ¢t = 0 is 0).

If we were to use coding on each of these forms for expressing MSK, we produce the
systems depicted in Fig. 2.3. At time ¢ a binary k-tuple (agl) , a§2), vers agk)) produces at the
output of encoders G and W a binary I-tuple (bgl), b§2), ey bgl)) and (cgl), c§2), - cﬁl)) which
is transmitted serially to the CPFSK-MSK and OQPSK-MSK modulators, respectively.

Therefore, both encoders G and W have a code rate of k/I.

2.1.2 Precoded CPFSK-MSK system

The nonlinear relationship between the input symbol stream (the {b,} sequence) and the
transmitted signal s(t) in CPFSK-MSK is quite inconvenient for code design as Hamming
distances between sequences do not directly relate to Euclidean distances between corre-

sponding transmitted signals. Thus the performance of the coded CPFSK-MSK cannot
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o b
Serial @ @
Data {an} to t | Encoder t {bn} CPFSK-MSK "
: . - s
Source Parallel * G ) Modulator
Convertor G __Ilt_>

a. Coded CPFSK-MSK system.

(1) (1)
t

% <
Serial 2 7 — ™
Data {an} to ag ) »| Encoder Cg ). {cn} OQPSK
: : Modulator [—»s(t)
Parallel : :
Source o w " e
Convertor E Cy p(t) = sin(ZE)

b. Coded OQPSK-MSK system.

Fig. 2.3: Two equivalent coded MSK systems.

be related to the Hamming distance properties of the code (on which much of the code
design is based). Since the OQPSK-MSK does not have this difficulty (see Appendix
A), it suggests a strategy to eliminate the problem by beginning with the OQPSK-MSK
input symbols and converting this sequence to the {b,} sequence with a mapping we
term “precoding” followed by a CPFSK-MSK modulator as depicted in Fig. 2.4. The

precoder can be viewed as linearizing CPFSK-MSK.

Channel Encoder Modified MSK

ITT T T T T T T T T T T T T T T T | I‘—_—________________________I

(1) (1) !
e E |
% | ! Encoder i ' {cn} 1 Precoder (ba} CPFSK-MSK | |

. : . : | —tnS +> s(t)

(k) w o | ! Q Modulator |
Ay "y Cy 1 ! |
—1—> [ ' 1 X
L] ! ]

|

Fig. 2.4: Modified coded CPFSK-MSK system.

The precoder Q can be described by the block diagram shown in Fig. 2.5. This
precoder consists of two parts: a feed-forward differential-type encoder followed by an

alternating (periodic) sequence {—1,1,—1,...}.
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CHAPTER 2. GENERALIZED MSK 13

Precoder Q

T T T T T T T T T e e e \
: |
! |
J : X

! |
! |
! |
! |
! |
| D (_ 1)n+ 1 '
: Differential-type Alternating :
i Encoder Sequence |

Fig. 2.5: Structure of Precoder Q. The D block represents a one symbol delay.

2.2 Generalized MSK

In MSK, while the excess-phase ¢(t) is continuous and limited to changing 7/2 or —7/2,
the instantaneous frequency can change abruptly so that the second derivative of s(t) is
discontinuous, limiting the decay rate of the mean power spectral density function. If
we replace the pulse shape h(t) by a smoother pulse than the NRZ pulse of (2.3), yet
with the same area T, this situation could be improved. Such considerations lead us
to consider the modulation schemes that produce a transmitted signal as given by (2.1)
with excess phase given by (2.2), but with h(t) some other pulse of area T' and duration
possibly greater than 7. Such modulation schemes are instances of what is referred as
continuous phase modulation (CPM) for the specific choice of a modulation index of 0.5
(“h=1/2") [3].

For our discussion here we consider a causal pulse shape with duration not more than
LT, so we are considering a pulse that satisfies the property

/ 0, t<0;
/h(T) dr = { (2.7)

T, t>1LT.

The parameter L in the above expression is the number of symbol intervals over which
the pulse shape is spread. The greatest spectral efficiencies achieved by using other pulse
shapes h(t) occur when L > 1. One means of achieving the effect of a pulse shape

spread over more than one interval is through the use of correlative coding (also termed
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CHAPTER 2. GENERALIZED MSK 14

partial response signalling). Correlative coding can be viewed as a means to introduce a
controlled amount of intersymbol interference into a PAM signal and has many possible

implementations. Fig. 2.6 represents one means to do so. The pulse shape g(t) in this

2 bag(t = nT) D [N D

Fig. 2.6: One scheme to implement correlative coding. Each box represents a one

symbol period delay.

scheme would be required to satisfy

: 0, t<O0;
/g(T)dT=
T, t>T.

0

Correlative coding schemes are usually identified by their “coding polynomial” z(D) =
Zf; o &i D, where D representing an operator corresponding to a symbol period delay.
The degree of the polynomial is N = L — 1, and so that (2.7) holds, 373 z; = 1.
Duobinary MSK (DMSK) and tamed frequency modulation (TFM) [22] are two well-
known instances of such modified MSK that may be described as employing correlative
coding using coding polynomials (1+D)/2 and (1+2D+ D?)/4 = (1+D)?/4 respectively.
Now any signal in this family (i.e., one defined by (2.1), (2.2) and (2.7)) can be

expressed as

s(t) = \/?{cos @(t) cos(2m ft + 6y) — sin ¢(t) sin(27 f,t + 90)},

and we know that in the instance of MSK (i.e., h(¢) given by (2.3)), cos ¢(t) and sin ¢(t)

can be expressed as

cos ¢(t) = Z enp(t — nT), and sing(t) = Z cnp(t — nT), (2.8)

n odd n even
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CHAPTER 2. GENERALIZED MSK 15

where p(t) is given by (2.5). This is the basis of the OQPSK description of MSK. With
modified pulse shapes for A(t), it has been shown in [8] that the equivalence of the
resulting modified MSK scheme to a form of OQPSK is affected. It was shown that if
h(t) satisfies (2.7) for L = 1, then cos ¢(¢) and sin ¢(¢) can be expressed as in (2.8), but
p(t) is some other pulse other than given by (2.5), though its duration is limited [T, T
and has the value 1 at ¢ = 0. In other words, in this case the modified scheme still can
be expressed by (2.4) but with the pulse shape has been altered. The modified MSK
scheme in this case is termed an MSK-like scheme.

In the case of MSK or MSK-like schemes, the samples of cos ¢(t) and sin ¢(t) at even

and odd multiples of T" respectively are just the values of the symbol stream {c,}:
cos[p(2nT)] = con—1, and sin[¢([2n + 1T)] = con. (2.9)

This can be described as there being no intersymbol interference in the cos¢(¢) and
sin ¢(t) components at the sampling instants. This feature can be preserved in more
general circumstances if the pulse shape h(t) satisfies the condition

(m+1)T

T, m=0;
h(t) dt = { (2.10)

o 0, m#0.

Schemes where (2.10) holds are termed MSK-type; unless it is also an MSK-like scheme,
it has been shown that cos ¢(¢) and sin ¢(t) cannot be expressed as PAM, but (2.9) holds,
so an I-Q receiver still could recover the {c,} symbol sequence.

The condition (2.10) can be interpreted as a “no intersymbol interference” or “fully
open eye” condition for the I-Q) representation and the recovery of the symbol stream {c, }
using a simple I-Q) receiver. If we consider further generalizations of the pulse shape, it
has been shown in [8] if the pulse shape meets certain mild conditions, the symbol stream
{cn} can be recovered using a simple I-Q receiver, though the carriers employed would be
possibly phase offset, and the sampling instants in the inphase and quadrature arms of

the receiver may be delayed by some amount 7o. The sufficient condition given in [8] for
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this (which merely guarantees an open eye for the inphase and quadrature components

at the sampling instants) is that

i{‘ika‘Jrlik«;’} <T, (2.11)

where
G+1)T

2 h(t + 7o) dt.

kj
iT

(For pulse shapes h(t) restricted to [0, LT, we would usually expect some near symmetry
on that interval and thus usually want the time offset to be 7o = (L — 1)7/2). Schemes
that meet this condition—the modified forms of MSK that would still allow a simple
I-Q receiver to recover the symbol stream {c,} directly—are referred to as generalized
MSK. The schemes DMSK and TFM mentioned before are examples of generalized MSK
modulation that are not MSK-like or MSK-type schemes. Another significant instance of
this is Gaussian MSK [23],[24], one of the most important schemes used in some widely
used wireless communication systems. Gaussian MSK is generalized MSK with a pulse
shape given by

T

o | @(EEEET) o (3 E0E) <o

Vin2 T vIn2 T

0, otherwise,

(2.12)
where Q(z) is the familiar “Q-function” given by

Qz) = / #/ iz,

and L > |1/BT|. The parameter BT is termed the bandwidth-time product of the

Gaussian MSK scheme?.

2GMSK with BT = 0.3 and 0.5 is being employed in Global System for Mobile (GSM) and cellular
digital packet data (CDPD), respectively. Lower values of BT which has the effect of increasing the
bandwidth-efficiency of GMSK signals can be found in many important applications such as commercial
and military narrowband systems {25],[26].
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CHAPTER 2. GENERALIZED MSK 17
2.3 Optimum and Sub-Optimum Receivers for Gen-

eralized MSK in AWGN Channel

Consider first the detection of MSK signals with no channel coding (i.e., where W is
the identity mapping a, = ¢,). Since the transmitted signal s(¢) can be expressed in
OQPSK form, it follows that provided f.T > 1, an MSK signal (or more generally MSK-
like signals) in additive white Gaussian noise (AWGN) can be optimally demodulated
with respect to errors in {c,} (or {a,}) by an I-Q receiver depicted in Fig. 2.7.a. The
output of the matched filter on each channel 25,1 and 2o, are sufficient statistics for
making a decision on the sequence {c,} (or {an}) [34]. The performance of this receiver

(i.e., the bit error probability P,) is well-known to be [17]

P =Q ( 2/5”> : (2.13)

If we employ error control coding as depicted in Fig. 2.4, the performance of the over

all coded MSK system with respect to the source symbols {a, } will depend on the type of
decoding (hard-decision or soft-decision decoding) used at the decoder for the code W.
If hard-decision decoding is employed at the receiver (see Fig. 2.7.b) then the sampled
output of the matched filter is first detected using a slicer and then passed to the decoder
for the code W. If convolutional code is applied at the channel encoder, then the bit

error probability P, can be upper bounded by [34, p. 490]

Py < % > BalaP.(1 - PV, (2.14)

d=HW¥

where HYV is the free (minimum) Hamming distance of the convolutional code W, 34
is a constant that depends on the properties of the code W, and P, = Q(\/m)
Although hard-decision decoding is simple to implement compared to soft-decision, it is
not optimum in the sense of minimizing the bit error probability P%.

If we consider the optimum decoding for coded MSK signals (see Fig. 2.7.c), then the
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a. Optimum I-@Q receiver for uncoded MSK.
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¢. Optimum receiver for coded MSK employing soft-decision decoding.

Fig. 2.7: I-Q receivers for uncoded and coded MSK signals
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CHAPTER 2. GENERALIZED MSK 19

output of the I-Q demodulator (i.e., {z,}) is passed directly to the soft-decision de-
coder. If the channel encoder is a convolutional encoder, then the performance of the

decoder (employing Viterbi algorithm), i.e., the bit error probability P, is upper bounded

1 E
Po<y D FaQ (, /QRCdA—/';-) . (2.15)

d=HY

free

by [34, p. 488]

The symbol-by-symbol detection described above for the case of MSK (see Fig. 2.7.a)
is not the optimum detection scheme for other generalized MSK signals due to the mem-
ory inherent in the received signal. This requires the use of MLSE receiver for optimum
detection usually implemented using the Viterbi Algorithm (VA) [27]. This optimum
receiver is quite complex in the sense that the number of filters and number of states in
VA can be quite large and the computational efforts required per symbol is equally large.
However, generalized MSK signals can still be demodulated, suboptimally, using the I-Q)
receiver similar to that depicted in Fig. 2.7.a (the predetection filter may change). It
was shown [8] that the impulse response of the optimum filter is matched to a linear
combination of all possible signals at its input and depends on the noise level (SNR) at
the input of the filter. The filter design problem can be simplified by considering the
two asymptotic situations, the extremely low and extremely high SNR leading to the so-
lutions of the “Averaged Matched Filter” (AMF) and “Asymptotically Optimal Filter”
(AOF).

The problem of demodulating generalized MSK signals using such near-optimal filter, is
the difficulty in the evaluation of the performance of the I-Q) receiver. This is because,
these filters are constructed based on numerical approach and no exact representation is
given for such filters. Another important issue is that these filters have an impulse dura-
tion greater than 2T which causes intersymbol interference (ISI) in the sampled output
of the matched filter. Moreover, in AWGN channel, the noise samples are correlated and
thus post equalization is required. As such, the upper bounds of the bit error probability
derived for coded MSK (for hard and soft decision decoding) given in (2.14) and (2.15)
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CHAPTER 2. GENERALIZED MSK 20

are not valid anymore for other coded generalized MSK signals detected using the I-Q)
receiver.

Using the analysis developed by Laurent [7] (discussed in Chapter 3) to express any
CPM signal as superposition of PAM signals, an optimum Viterbi receiver in AWGN
channel can be implemented as shown in Fig. 2.8. The performance of such optimum
receiver (i.e., the bit error probability) can be upper bounded by [43]

P, < d_i; CaQ (\/%) ;
where Cj is a constant that depends on the combined coded-modulation trellis structure.
Again, the difficulty that arises here is that no analytical expression is found for the

Euclidean distance and computer search and evaluation is required.

To,n
——[ Co(—1) A
t =nT
T1,n
[ Ci(0) AR
i t =nT ..
received ° n M L S D decision
signal .
¢ TMmn

M=2L"1_1

Fig. 2.8: Optimum CPM receiver based on Laurent representation in AWGN channel

Different approaches have been followed after the work proposed by Laurent, in order
to reduce the complexity of the optimum receiver. The reduction in complexity was
based on reducing the number of matched filters and/or reducing the number of trellis
states in the Viterbi algorithm [28]-[30]. These different techniques lead to reduced
complexity detectors with near optimum performance. The reduction in the optimum
receiver complexity is achieved by truncating the main PAM components of the CPM

signal, which contains most of the signal energy. However, the output of the matched
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filters contains ISI and the noise samples are correlated. This causes a degradation in
performance and post equalization such as decision-feedback equalization is required to
reduce the effect of the ISI. This post processing requires additional computational load
and makes the receiver structure more complex.

In this thesis we will show (Chapter 4) that by applying repetition coding prior to
modulation, a simple I-Q) receiver, depicted in Fig. 2.9, can be constructed to optimally
demodulate generalized MSK signals. A significant result is that (as shown in Fig. 2.9)
no post equalization is required at the receiver, since the matched filter applied to the
received signal is shown to produce zero-ISI at the output and the noise samples, in
AWGN channel, are independent. Therefore, symbol-by-symbol detection can be applied
to optimally detect the coded symbols (output of demodulator). A result, the detection
problem is simplified, just as in the linear memoryless modulation case (e.g., binary

phase-shift keying (BPSK) and QPSK).

Predetection

Filter .7<

p(~1) t=(Em+ )T | Zmst

cos(2m fot + 6p)
received
——e
signal
sin(27 .t + 65)

t= (Lm + ‘1— - 2)T 1
Predetection fu B Pt
Filter .7<
()

Fig. 2.9: Structure of proposed optimum matched filter receiver used for demodulating

coded generalized MSK with pulse shape duration 2T and 3T employing
double and quadruple repetition code respectively, in AWGN channel. R; is the

rate of the repetition code.
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Chapter 3

Laurent Decomposition of

Generalized MSK

3.1 Introduction

Fig. 3.1 shows a block diagram for a coded generalized MSK system employing precoding.

Generalized MSK
Tt TTsTTT T T T o T T T oI eI r T T
a,(,l) oD : :
o ™ : . :
_ % 4| Encoder Gy {en} Precoder {ba} Pulse Shaping CPFSK '
: : — Filter > —— s(t)

a('k) w C&l) Q ! h(t) Modulator '
. S— iy : :
! 1

1

Fig. 3.1: Coded Generalized MSK system using premodulation pulse shaping filter h(t).

Following the development given by Laurent [7], binary CPM signals may be repre-
sented by a linear superposition of a finite number of amplitude-modulated pulse trains
(PAM). We will only consider such decomposition for generalized MSK signals with mod-
ulation memory L =2 and L = 3 (i.e., with h(¢) of length 2T and 37"). It will be shown
(Chapter 4) that such decomposition helps to simplify the optimum receiver design prob-

lem. It will be demonstrated that for any generalized MSK, using the precoder Q (see

22
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CHAPTER 3. LAURENT DECOMPOSITION OF GENERALIZED MSK 23

Fig. 3.1) discussed in Chapter 2, the transmitted signal s(¢) will be proportional to the
coded symbols {c,} carried by the first Laurent pulse train which may simplify the code
design problem.

The lowpass equivalent of generalized MSK signal with respect to the carrier frequency
fe is (assuming f.T > 1)

8 (t) 6]¢(t) (31)

where the excess-phase ¢(t) is still given by

m

—~

2.2), by, € {-1,1}, and the pulse h(t) is

zero outside the interval ¢ € [0, LT| with

/ h(t) dt =T, (3.2)

The PAM representation of s;(t) from [7] is

\/—ﬁ Z_ i ﬂk,an(t —_ ’I’LT), (33)

k=0 n=—o0

where G, is given by

ﬂk, = ejzAk ", (3.4)

in which

n L-1
=Y b= bomOkm, (3.5)
=0 m=1

and b, satisfies (2.6); Ci(t) is the Laurent pulse given by

L-1 L—-1
S() I S[t+ (m+ Lag,)T], 0<t<T- mirll{L(2 — Qm) — M};
m=1 m=

Ci(t) = (3.6)

0, otherwise,
where the oy, € {0,1} are obtained from L — 1 bit binary representation of the index k,

ie.,
k=Y 2" lo, 0<k<2K'-1, a,€{0,1}, (3.7)

and S(t) has the following form
¢
sin (%fh(f > , te[0,LT7;
0
t—

S(t) = (

0, otherwise.

(3.8)

ﬁl*

LT
[ hir ’7’), t € [LT,2LT);
0

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 3. LAURENT DECOMPOSITION OF GENERALIZED MSK 24

Let us consider the simple example of representing precoded CPFSK-MSK signal,
generated by the system shown in Fig. 2.4, as a PAM signal using the analysis given in
the previous section. MSK signal is considered binary full response CPM (i.e., L = 1)
where h(t) is a rectangular pulse with duration 7T'. The pulse S(t) can be expressed as

sin(Z), t € [0,27];
S(t) = { 37

0, otherwise.

(3.9)

The index k is equal to agg, therefore K = 0. Hence, there is only one Laurent pulse,
Co(t) = S(t), that entirely represents MSK as a PAM signal. The baseband signal s;(¢)
can then be expressed as

si(t) = i BonColt — nT). (3.10)

n=—oo

From (3.4), Bk n is generally a non-linear function of the coded sequence {c,}. How-

ever, for k=0
o = el (5ntion), (3.11)

n—1
where ¢, = >_ b;. By taking the real and imaginary parts of 5o, both parts happen to

i=0
be a linear function of the odd and even symbols of {c,} respectively as shown below:

R{fon} = cos(¢n) cos(gbn) — sin(¢y) sin(gbn)
=0 =b
—bn sin(¢n) = cn, for n odd (¢p = £%);
= (3.12)
0, for n even (¢, = 0,7),
and
. T . T
HBont = cos(¢n) s1n(~2—bn) + sin(¢y,) cos(Ebn)
=b =0
by, cos(¢r,) = —cp, for n even;
= (3.13)
0, for n odd.

A detailed proof of this result is given in [8, Appendix A].

The actual transmitted precoded MSK signal can then be expressed as

s(t) = R{s(t)ef@rfet+o)}
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Z enColt — nT) | cos(2m ft + o)

_ 2E
T n odd

—I-\/_QTE Z cnCo(t — nT)

n even
where {...,c_1,¢g,c1, ...} (cn € {—1,1}) is equivalent to the output binary stream gener-

sin(27 fot + 6p). (3.14)

ated by encoder W shown in Fig. 2.4. It can be easily verified that (3.14) is equivalent

to the equation given in (2.4) where Cy(¢t) = p(t).

3.2 PAM representation of Generalized MSK with

Pulse Shape of Length 2T

We would like to consider in this section the PAM representation of a subclass of gener-
alized MSK signals with pulse shape h(t) of duration 27" (i.e., L = 2). In this case, the
baseband signal s;(t) can be expressed as the sum of two simple PAM signals given by

Sl(t) = \/?[ i ﬂo,nCO(t — TLT) -+ i ,61,n01 (t — nT)] y (315)

MN=—00 n—=-—00

where the Laurent pulses, Co(t) and C(t), are given respectively by

St)St+T), 0<t<3T;
0, otherwise.
St)St+3T), 0<t<T;
Ci(t) = (3.17)
0, otherwise.

The Laurent coefficient Gy, has been already derived in the previous section. Noting

that a1y =1 and A; , = Ao n — by—1, the other coefficient 3y, can be expressed as

iz iz T Y.
Bin = elzhin = e 2A0'n,e I5bn-1 = ﬁo,ne Tgbe-1, (3'18)
ﬁO,n

The inphase and quadrature channel signals, I(¢) and Q(t), for any generalized MSK

with modulation memory L = 2 can be expressed as

Ity = \/? cos ¢(t)
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— \/ET_E n;oo%{ﬂo,n}co(t—nT)+n;°o§}%{ﬂ1,n}01(t——nT) . (3.19)
and
Q) = \/?sinqﬁ(t)
= ?_T?_ i ${Bon}Colt = nT) + D H{Bia}Ci(t —nT)|. (3.20)

The real and imaginary parts of 3, can be derived in a similar manner as for G .

The real part of 3;, can be expressed as

§R{ﬂl,n} = §R{;@O,ne_j%bn_l}
= R{Bon} cos(—g 1) —%{ﬁo,n}sin(—gbn_l)

_6_/ _b,_._/
= =—0n-1
—bn_1cn, N even,
= (3.21)
0, otherwise,
while the imaginary part of 8, can be expressed as
S{Bin} = %{ﬂo,ne_j%bn_l}
., T T
= R{bon} sm(—Ebn_l) +3{fon} cos(——Ebn_l)
%b,_./ _6_/
=—bn_1 =
—~bp_1¢,, n odd;
= (3.22)
0, otherwise.
Therefore, the expressions given in (3.19) and (3.20) can be rewritten as
2F
I(t) = 4/ = D enColt = nT)+ Y vaCit —nT) |, (3.23)
n odd n even
2F
QW) =1/ |- D eaColt —nT) + Y vaCi(t — nT)| (3.24)
n even n odd

where {v,} is a binary symbol stream (v,, € {—1, 1}) that satisfies the following equation
Up = —bp_16n = (=1)" ' cpen_16n_s. (3.25)

We can see that the non-linearity inherent in this type of signals is embodied in the
symbol sequence {v,}. It will be shown later in this thesis that by appropriately encoding

the information symbols this non-linearity may be removed.
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3.2.1 PAM representation of Generalized MSK with first de-

gree correlative coding

Consider now the more specific case of generalized MSK using correlative coding with
first degree coding polynomial given by (ko + k1D), where ko and k; are real numbers,
and a rectangular pulse shape g(t) of duration T' (Fig. 2.6). For such signals, the pulse
shaping filter h(t) has the following expression
ko, 0L5t<T;
ht) =< ky, T<t<oT; (3.26)
0, otherwise,

where ko + k; = 1. Fig. 3.2 shows a plot for the pulse shape h(t) given in (3.26).

A

h(2) "

ki

T 2T
Time, ¢
Fig. 3.2: A pulse h(t) given in (3.26) used to preshape the input symbols prior

modulation for L = 2 generalized MSK signals.

Evaluating (3.8) for this case, we find S(t) can be expressed as

( sin(%7t), 0<t<T;

sin(BZt + (ko — k1) &), T <t<2T;
S(t) = 4 cos(kezt — ko), 2T <t < 3T} (3.27)
cos(&mt (ko — 3ki) T), 3T <t < 4T

0, otherwise.

The Laurent pulses Cy(t) and C;(t) can then be found using (3.16) and (3.17) respectively.

A plot of these two pulses are shown in Fig. 3.3 for kg = 1/2 (the case for Duobinary
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Fig. 3.3: Laurent pulses C(t) for generalized MSK with h(t) given in (3.26).
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Normalized Time, t/T

(b)

(a) ko = 1/2 (Duobinary MSK), (b) ko = 1/3.

28



CHAPTER 3. LAURENT DECOMPOSITION OF GENERALIZED MSK 29

MSK) and ko = 1/3. As in these examples, the Laurent pulse Cy(t) usually contains
most of the energy in the transmitted signal s(t). Therefore, generalized MSK signals
with modulation memory L = 2 usually can be well-approximated by the Laurent pulse

train with the pulse shape Cy(t).

3.3 PAM representation of Generalized MSK with

Pulse Shape of Length 37T

Consider now expressing precoded generalized MSK signals that are generated using a
pulse shape h(t) of duration 3T. The baseband signal for such generalized MSK signal
is represented by the sum of four PAM signals given by
B3 &
si(t) = \/; ; n;oo BenCr(t — nT). (3.28)

The four Laurent pulses are given by

S@)S(Et+T)S(t +2T), 0<t<A4T;

Co(t) = (3.29)
0, otherwise;
St)St+2T)S(t+4T), 0<t<2T;

1(t) = (3.30)

0, otherwise;
St)St+T)S(t+5T), 0<t<T,

Cs(t) = (3.31)
0, otherwise;
SE)St+4T)S(t+5T), 0<t<T;

Cs(t) = (3.32)
0, otherwise;

where the pulse S(t) is given by
¢
sin (-2"? fh(T)dT) , t € [0,377;
0
¢ (3.33)

S =19 cos (% fTh(T)dT) , t€l[3T,6T);

0, otherwise.
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The Laurent coefficients Sy ,, are given by

j T
Bin = ¢ F40n

€

e’

n
Ji% {'Zo bz‘—(bn—101k,1+bn—2ak,2)]
1=

3

iz [Ao,n—(bn—lak,1+bn—20tk,2)]

b

/Bo’ne-—j%(bn_lak,1+bn—2alc,2), (334)

where Table 3.1 gives the relationship between the index k and the values of oy ; and

Oék’z.

Table 3.1: Index k = oy,1 + 2042

k Qg1 | Ok2
0] O 0
11 0
210 1
3| 1 1

We would like now to find the real and imaginary parts for each Laurent coefficient.

The real and imaginary parts of Gy, and (51, have been derived previously in (3.12),

(3.13), (3.21) and (3.22), leaving only the 32, and (s, terms. The real part of Fs, is

given by

R{Ban} = R{bone 72}

= R{Bon} cos(~Zba-2) ~3{fon} sin(~Tbn-2)
|

{ _bn—2cm
0,

while the imaginary part of 3;, can be expressed as

${fhn} = S{bonei2}

=0

n even,

otherwise,

| S

=‘bn-—2

(3.35)

= R{fon} sin(—g n2) +S{Bon} cos(—~-72£bn_2)
|

="bn—2

———
=0
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—'bn—2cn7 n Odd’
_ (3.36)
0, otherwise.
The real part of 33, is given by
§R{/B&n} = §R{/Bo,ne_j%(bn_l_i-bn_z)}
™ ) T
= R{fon} cos(——z- [brn—1 + bn—a]) —=S{Bon} sm(—E [brn—1 + bp—2))
h =‘bn:r1bn—2 . ) ;‘6 .
_bn—lbn—2cn; n Odda
_ (3.37)
0, otherwise,
while the imaginary part of 35, can be expressed as
I{Bsn} = S{Bone I 2tr1tn-2)y
. U s
= §R{/Bo,n} Sln(_§ [bn—l + bn—Z]) +%{ﬁo,n} COS(—E [bn—-l + bn—z])
;’0 :—bntlbn—Z
bp_1bp_ocn, n even;
_ (3.38)
0, otherwise.
Therefore, the inphase and quadrature channel signals can be expressed as
2F
It) = ,/T{nzm;d enColt — nT) + nz 0aCy(t — nT)
+ Z 2, Co(t — nT) + Z ynCs(t — nT)}, (3.39)
n even n odd
2F
Q) = 4/ ?{— n%;n cnColt — nT) + gd:dvncl(t — nT)
+ 3 2ot —nT) = Y yaCalt - nT)}, (3.40)
n odd n even

where vy, is given by (3.25), {z,} and {y,} are binary symbol streams (z,, y, € {—1,1})

that satisfy the following equations

Tpn = —0p_2Cp = (_1)ncncn—2Cn—3, (341)

Yn = - n—lbn-—2cn = CpCp—-1Cn—3- (34.2)
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3.3.1 PAM representation of Generalized MSK with second de-

gree Correlative Coding

We will consider now the exact analysis of decomposing correlatively coded generalized
MSK generated by a coding polynomial given by (ko + k1D + ko D?), where ko, k1 and
ko are real numbers, with a rectangular pulse shape g(¢) of duration T'. For such signals,

the pulse shape h(t) has the following expression

ko, 0L<t<T;
ki, T<t<2T;

h(t) = (3.43)
ky, 2T <t < 3T;

0, otherwise,

where ko + k1 + ko = 1. Fig. 3.4 shows a plot for the pulse A(t).

h(t)

k1

ko

\

T 2T 3T
Time, t

Fig. 3.4: A pulse h(t) given in (3.43) used to preshape the input symbols prior

modulation for L = 3 generalized MSK signals.

By evaluating the integrals that are given in (3.8), for each sub-interval of length T,

for generalized MSK signals with pulse shape h(t) given in (3.43), S(¢) can be expressed
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as
sm(k"”t) 0<t<T;

sin(82E + [ko — k1] ), T <t <2T;
sin(B2 + [ko + k1 — 2ks]), 2T <t < 3T;
S(t) = q cos(foxt — 3 f,), 3T < t < 4T; (3.44)

cos( %Rt + [ko — 4k1] ), AT < t < 5T;
cos(Xamt - [ko + ky — 5ky) T), 5T <t < 6T;

[ 0, otherwise.

The Laurent pulses Co(t), C1(t), Ca(t) and Cs(t) can be found using (3.29), (3.30),
(3.31) and (3.32) respectively. A plot of these pulses is shown in Fig. 3.5 for k; = 1/2 and
ko = ko = 1/4 (the case for TFM), and ko = k1 = ko = 1/3. As in these cases, usually
the energy of Cy(t) is significantly more than the energy of C;(t), which is significantly
more than the energy of Cs(t) and that of Cs(t). Thus such generalized MSK signals

can usually be well-approximated by the superposition of the pulse trains for Cy(t) and

C1(t)—or indeed by the single PAM signal involving Co(t).

3.4 The Squared Euclidean Distance

In this section we will consider the derivation of the exact expression for squared Eu-
clidean distance between different generalized MSK signals with modulation memory of
L =2and L = 3. It is to be expected that the Euclidean distance depends on the shape
of the h(t) [22].

The normalized squared Euclidean distance (NSED) between any two (coded) gen-

eralized MSK signals, say s;(t) and s,(¢t), for ¢ > 0 is defined by
NSED(, j) é — ||sz(t) / |si(t) — s;(2)|2 dt. (3.45)

It can be shown that, assuming f.T' > 1, the expression given in (3.45) can be
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Fig. 3.5: Laurent pulses Ci(t) for generalized MSK with h(t) given in (3.43).
(a) k'() = k‘z = 1/4, kl = 1/2 (TFM) (b) k() = kl = kz = 1/3.
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expressed as

1T 17, .
NSED(i, j) = % {? / [cos ¢ (t) — cos ¢, (t)]” dt + 7 / [sin ¢ (t) — sin ¢;(t)]> dt} :
0 0
(3.46)
where R, is the rate of channel encoder W
Let I; ; and Q;; be equal to the following
L= %/[cos @i(t) — cos ¢j(t)]2 dt, (3.47)
0
Qiy = % / lsin ¢u(¢) — sin é;(£)]? dt. (3.48)
0

Using (3.23) and (3.24) we find that for generalized MSK with modulation memory L = 2,
(3.47) and (3.48) can be expressed as

Ly = XY d-dlld-dl 7 / Co(t — nT)Cot — mT) dt

n odd m odd
) ) . o1 7
+ > D [vh—od] [vn —vh)] 7 /Cl(t — nT)Cy(t — mT) dt
T even m even 0
23 3 o=l [ =) = / Colt — nT)Ci(t — mT) dt, (3.49)

and

Qi = ¥ X [h-dlleh-chl 7 [ ot —nD)Colt ~ mT) ds

n even m even

+ Y0 3 = ol [ — ] 7 [ Cale = nT)Cx(e — mT)

n odd m odd

23 Y -l b

n even m odd

Co(t — nT)Cy(t — mT) dt, (3.50)

0\8

where we have that,

. ”CO(t)”Qa n=m;
/Co(t —nT)Co(t — mT) dt = ¢ (Co(t), Co(t +2T)), |n—m|=2; (3.51)
0 .

0, otherwise;
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/°° {||01<t)||2, n=m
Ci{t — nT)Cy(t — mT) dt = (3.52)
2 0, otherwise;
7 {(Co(t),Cl(t~T)> =(Co(t+T),Ch(t)), m—n=1
C()(t - nT)Cl(t - mT) dt =
9 0, otherwise.
(3.53)

where (C;(t), C;(t)) refers to the usual inner product between the two pulses C;(t) and
C;(1).

For the case of generalized MSK with correlative coding with (kg + k; D) as its coding
polynomial and a rectangular pulse g(t), we can evaluate these expressions more explicitly

in terms of ko and k. In this case h(t) is given by (3.26) and we find

sin(k
- L+ (g —1) 22], n=m,
[ et =nT)Cole —m) dt = { Z singiom) n—m| =2
0
0, otherwise,

oo Tl1— ( 1 1) sin(kow)] n=m;
’ 0, otherwise;

7 L sin(kor), m—n=1,
/Co(t —_ nT)Cl(t — mT) dt =
0

0, otherwise.
Since k1 = 1 — Ky, we find we can express /;; and Q;; as

1 1

= i (et ] -
() o] T e

n even

1. i 31T j
to sin(kom) Z [ =] [chg — ch_s)

n odd

—i—% sin(kom) Z [v}, —I] [c

n even

(3.54)

3 2
|
—

!
I
L
—_

——
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and

o0 - i+ (ert )

1
et
# - (=) botee] S

n odd
———sm (ko) Z —d][d_y—c ]
_% sin(kom) Z [vf —vi] [y — 4] } (3.55)

n odd
Noticing that 3 [, — ¢i]® = 4H(c, ¢/) and 3 [vi, — vi]> = 4H(v¢,v7), where H(a ,b)
n n
is defined to be the Hamming distance between two symbol sequences denoted by a and
b, NSED(i, j) can then be expressed as

NSED(i,j) = 5;—{ [3+ (%(+—%) - 1) lsin(kovr)] H(c, )

4 _1 - (K(Tl——k_o) - 1> —sm(kmr)] (v, v7) + gsm(/’ﬂoﬂ)x(z J)}
_ %3(4‘[“‘<Eﬁ%%5 ) an%w]) (&)

vl (m - 1) %Sm(kmr)] H(v, )

—I—% sin(koﬂ)x(i,j)}, (3.56)

=

3

where the function x(3, j) is given by

x(7) = Y[ —d][cho—dc ]

=3 [vi -] [ — ). (3.57)

As expected, the (normalized) squared Euclidean distance, NSED(3, ), is affected
by the shape of the pulse h(t) (i.e., it depends on the value of ky) which can be clearly
seen from the expression given in (3.56). Moreover, the computations of both functions
H(v',v?) and x(i, j) are somehow complex for all i # j (i.e., for all different sequences
generated by encoder W). This is why the calculation of NSED for generalized MSK

analytically is considered difficult and a computer evaluation is required.
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The above results can be generalized by letting the pulse shape h(t) be an arbitrary

pulse of duration 27", providing
2T
/ h(t) dt = T. (3.58)
0

Substituting (3.51)—(3.53) into (3.49) and (3.50), the normalized square Euclidean dis-

tance in that case can be expressed as

R. 1 i g iy
T r{HeerEE o) O PEE )

+2(Co(t), Colt +2T)) > _ [ch, — ] [ch, — )

n

+2(Co(t+T),Cr(t)) D [vh —vd] [y — 4]

n even

NSED(,j) =

“2(Gu(0Cule ~T) 3 [sh -] [ = chi) | (359)
n odd
We can show that for any h(t) of duration 27T,

IC@I* + IO =T, (3.60)

and

(Co(t), Colt + 2T)) = (Co(t + T), C1(t)) = (Co(t), Cu(t — T)). (3.61)

To demonstrate this, we begin by letting

Then

GBI + G = / S(t)S%(t + T) dt + / S2(£)S%(t + 3T) dt

T 2T
- / sin? [£(2)] sin? [f(¢ + T)] dt + / sin? [£(£)] cos? [f(t — T)] dt
0 3T T T
+/cos2 [f(t —2T)] cos® [f(t — T)] dt + /sin2 [f(t)] cos® [f(t + T)] dt.
2T 0
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By a change of variable (¢ =¢ — T') in the third integral we get

T
IC@I* + IO = /Sin2 ()] (sin® [ (t + T)] + cos® [f(t + T)]) dt

~
=1

—i—/cos2 [f(t— T)]\(sin2 [f(t)] + cos? [f(t)]), dt

=1

By the same change of variable in the second integral we get

IC®I* + ICB)|I? (sin® [£(£)] + cos® [f(1)]) dt

_1

I
ﬂo\'ﬂ

Equation (3.61) can be established as follows:
(Co(t), Colt +2T)) = / S(£)S(t + T)S(t + 2T)S(¢ + 3T) dt,
(Colt+T),Ca(t)) = / S(t+ T)S(t + 2T)S(£)S(¢ + 3T) dt
- / S()S(t + T)S(t + 2T)S(¢ + 3T) d,
2T
(Cot), Cult = T)) = / S()S(t + T)S(t — T)S(t + 2T) dt
_ / S(0)S(t + T)S(t + 2T)S(¢ + 3T) dt.
0

Using (3.60) and (3.61), (3.59) can be rewritten as

NSED(i,j)z%{4(1 ”017(,)”2>H( )+ ”01;,)”21{(\#,vﬂ')+2ax(i,j)}, (3.62)

where a = (Cy(t), Co(t + 2T)) /T = (Co(t + T, C1(t)) /T = (Co(t), C1(t — T)) /T.
It is well-known that the minimum value of NSED(i,j) between all transmitted

possible signals is the most important parameter in determining the asymptotic (high
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SNR) performance of the over all coded modulation system. This parameter is usually
referred to as the squared free Euclidean distance (NSFED)

NSFED = min NSED(, j). (3.63)

*J

For generalized MSK with modulation memory L = 2, using (3.62), the NSFED can be

expressed as

2 2
NSFED = %{4(1 ”01})” )HXKH + 4”01:(F)|| Hy + 2axmm}, (3.64)

where HY.

in 18 the minimum Hamming distance between all possible sequences generated

by encoder W, HY, is the Hamming distance between the sequences v¢ and v/ that are

related to the sequences ¢ and ¢/ by (3.25) such that H(c’,¢/) = H¥

min*®

The expression
given by (3.57) for Xmin, is calculated using the sequences c* and ¢’ that corresponds to
HW

W . and the sequences v¢ and v’/ which corresponds to H.

min-

The evaluation of the NSFED for any coded generalized MSK generated by encoder
W is generally a difficult task. This is because H,‘,fm and Xmin are still nonlinear functions
in terms of the coded sequence {c,} and they are hard to evaluate analytically for all
channel codes Cy. As such, the calculation is usually performed using computer evalua-
tion. However, it is possible to find a closed expression of NSFED for the uncoded case
of generalized MSK with pulse shape of duration 27.

Let us consider finding the exact expression of NSFED for the uncoded case of
generalized MSK with modulation memory L = 2, where R, = 1. Encoder W is just the
identity mapping (i.e., ¢, = a,). Therefore HY, = 1 and the values of HY, and ymin
can be found as follows:

NSFED for the uncoded case corresponds to the sequences a’ and a/ where a}) # af)

and a!, = af, for n > 0. Let

a = c'={-1,-1,-1,..},
al = o ={1,-1,-1,.}.
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Clearly, H¥ = H(a‘,a’) = 1, and applying (3.25) to each sequence of a‘ and a’ we get

vi = {1,-1,1,-1,1,-1,...},
vi = {-1,1,-1,-1,1,-1,..}.

Therefore, HY,, = H(v',v/) = 3, and finally evaluating (3.57) for the same two sequences

a’ and a’ we get
Xmin = X(%J) =0+0— (_2)(_2) =—4

Substituting HY. | HY. and xmi, in (3.62), we get

min’ min

2
NSFED = 2 + 4”-9117(,——9-“- — 4a. (3.65)

An interesting result of using (3.65) is that, one does not have to look through the
excess-phase trellis to calculate the minimum Euclidean distance between generated gen-
eralized MSK signals with pulse shape h(t) of length 27", as mentioned in [3]. Instead,
we only need to calculate the quantities ||C1(¢)||2/T and a to find the exact value of
NSFED for such signals. Table 3.2 below shows the calculation of NSFED for some
generalized MSK signals with modulation memory L = 2. The special case of MSK is

shown in the table for the sake of comparison.

Example 1. Let us determine the exact expression of NSFED for generalized MSK
with pulse shape h(t) given in (3.26). The values of ||C1(t)||> and a are given by (3.52)
and (3.53) respectively. Thus,

Tl (1 __ _1q)]sinten :
o443 [1 (k0(1_k0) 1)] —~ _4%sm(k07r)

in(ko) T T
_ o sin(mkg
= 3= A k) (3.66)

NSFED =

Fig. 3.6 shows a plot of NSFED as a function of the correlative polynomial coefficient
ko. It is shown that for ky = 1, NSFED is equal to 2 which corresponds to the special
case where the modulation is MSK. It is interesting to note that the minimum NSFED
occurs when kg = 0.5 (duobinary MSK) where the minimum value of NSFED is 1.727.
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Generalized MSK Scheme Pulse Shape lCi(O|?/T a NSFED
1, 0<t< 2T,
DMSK h(t) = 0.0113 0.0796  1.727
0, otherwise.
11— ’f—t), 0<t<2T;
2-Raised Cosine h(t) = (1 - cos(), 0<t< 1.3370 x 104 0.0085  1.967
0, otherwise.
27rBTt‘¥) — <27rBTt_%) 0<t<2T:
Gaussian MSK (BT = 0.5) h(t) = ¢ ( m2 T ¢{VmzrT) 7 3.2526 x 107* 0.0149  1.942
0, otherwise.
1, 0<t<LT,
MSK h(t) = 0 0 2.0
0, otherwise.

Table 3.2: NSFED for some commonly used generalized MSK signals with pulse shapes h(t) of length 27T'.
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1.95 4

19} 7

1.85

NSFED

1.75

1.7 1 1 1 | ! 1 1 | 1
0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1

Correlative coefficient, kg

Fig. 3.6: NSFED as a function of kg for correlatively coded generalized MSK with

rectangular pulse shape and coding polynomial (kg + k1D) where k1 = 1 — kg.

Consider now the computation of the squared Euclidean distance for generalized MSK
signals with premodulation pulse shape h(t) given in (3.43). In general, the NSED for
coded generalized MSK with modulation memory L = 3 can be expressed exactly as (see

Appendix B)

NSED(s) = gl AIGOIH(E, o) + UG O H v)
G PH, %) + 4O OIPH(Y ¥)
+2(Golt), ot — 2T)) x(.) + 2 (Gl ~ T, Ca(B)) n(i )+
2(Co(t = T),Cr(t —4T)) M4, 7) + 2 (Co(t — T), Cat — 4T)) ¢ (4, j)
+2(Co(t —T),C3(t —T)) 5(2’,j)}, (3.67)

where the functions x(%,7), n(%,7), A7), ¢(%,7), and §(¢,5) are all as defined in Ap-

pendix B.
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When the memory of the modulation increases (i.e., for large values of L) the ex-
act computations of NSED gets more complex and time consuming especially for the
coded case. Therefore, let us consider only finding the exact expression of the free (nor-
malized) squared Euclidean distance (the most important parameter in determining the
performance of the overall modulation system) for the uncoded case (R, = 1) . In that

situation, NSFED can be written as

NSFED = i{4||oo< HIPHY, + 41Cy (B Py + 4ICo0) P, + UG @)P e
+2(Co(t), Co(t — 2T)) Xmin + 2(Co(t — T'), C1(t)) NMmin
+2(Co(t = T),C1(t — AT)) Amin + 2 (Co(t — T), Ca(t — 4T)) Cmin
12(Colt = T), Cylt - T) 5mm}. (3.68)

Again, NSFED for the uncoded case corresponds to the sequences a* and a’ where

ab # af) and af = aJ for n > 0. Let

a = c¢={-1,-1,-1,..},
ad = dd={1,-1,-1,..}.

Clearly, HY = H(a% a’) = 1, and applying (3.25), (3.41) and (3.42) to each sequence

min

of a’ and a’ we get

vi = {1,-1,1,-1,1,-1,1...},
v o= {-1,1,-1,-1,1,-1,1...},
x = {-1,1,-1,1,-1,1,-1...},
x = {1,-1,1,1,-1,1,-1...},
y' = {-1,-1,-1,-1,-1,-1,..},
y = {1,1,-1,1,1,-1,1,...}.

Therefore, HY.

min

= H(vi,vl) = 3, HX = H(x},x/) = 3, H},

min min

- H(yivyj) = 37 and

finally evaluating (3.57) and (B.18)-(B.21) for the same two sequences a‘ and a/ we get

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 3. LAURENT DECOMPOSITION OF GENERALIZED MSK 45

Xmin = _4; Thnin = 0; )‘min = 07 Cmin = _47 and 5min = —4.

It can be shown (see Appendix C, C.13) that

3
DG =T.
k=0
In that case, NSFED becomes

2
NSFED =6 — 4LC—0—,1(—5—)-‘—|— — 4b,

(3.69)
where b = ((Co(t), Colt — 2T)) + (Co(t — T), Ca(t — AT)) + (Colt — T), Ca(t — T))) /T.
Again, one does not have to go through the excess-phase trellis for such generalized
MSK signals to calculate the minimum Euclidean distance. Instead, one has to find the
values of ||Cy(t)||?/T and b to calculate NSFED. Table 3.3 below shows the calculation
of NSFED for some generalized MSK signals with modulation memory L = 3. The

special case of MSK is shown in table for the sake of comparison.

Example 2. Let us determine the exact expression of NSFED for generalized MSK
with pulse shape h(t) shown in Fig. 3.4. The values of ||Cy(#)||? and b can be found using

simple integration, and can be shown to be equal to:

T 1 1
2 = {92 e &
ICo(®) 4{ b Ty S o + ) sin(rk)

t 27r(11-——k0) [sin( 1 + ko + k1]) — sin(m [2ko + K1])]
1

2m(1 — ko — 2k1) [sin(m [1 — ko — ku]) + sin(mk, )]

m [sin(m [2ko + k1)) + sin(mko)]

+ MI—-TO) [sin(mk:) + Sin(ﬂko)]},

b= g{w(l - ki gy BT~ o —al) - sin(rl)

) [sin(mr [1 + ko + k1]) + sin(w [2ko + ka])] +
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Generalized MSK Scheme Pulse Shape ICo®|?/T b NSFED
3, 0<t<3T;
3-REC h(t) = 0.9351 0.2284 1.346
0, otherwise.
3, 0<t<T;
i, 0<t<2T;
TFM h(t) = 0.9684  0.1683  1.454
1, 0<t<3T;
0, otherwise.
1 _ 2nt .
3-Raised Cosine h(t) = { 3 <1 cos(37 > 0=t<3T; 0.9948  0.0640 1765
0, otherwise.
2n BT t—2T 2nBT t—T
=) - =), 0<it< 3T,
Gaussian MSK (BT = 0.3)  A(t) = @ ( Wz T ) @ ( nz T ) 0.9963  0.0568  1.787
0, otherwise.
1, 0<t<T;
MSK h{t) = 1.0 0 2.0
0, otherwise.

Table 3.3: NSFED for some commonly used generalized MSK signals with pulse shapes h(t) of length 3T'.
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m [sin(7k1) + sin(mko)]

_m [sin(m [2ko + k1]) -+ sin(rko)] }

Therefore, NSFED reduces to,

NSFED — 4-— {% sin(rho) + — sin(r [ko + k1))
0

1
(1— ko — k1)
sin(m [1 — ko — k1)) — sin(7k,)]

Tl e — 2k |

1 . .
+m [sin(mk;) — sin(7ko)] } (3.70)

Fig. 3.7 shows a contour plot of NSFED as a function of the correlative polynomial
coefficients kq and k;. Let us consider plotting NSEFD with respect to ky by fixing the
value of the coefficient k; at 1/4 and 1/2. It is shown (Fig. 3.8.a) that for k; = 1/4, the
minimum value of NSFED is equal to 1.326 which corresponds to ko = k2 = 3/8. It
is interesting to note that, for k; = 1/2, the minimum NSFED occurs when ko = 1/4
(tamed-frequency modulation, TFM) where the minimum value of NSFED is 1.453 (see
Fig. 3.8.b).
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Fig. 3.7:

A contour plot of NSFED as a function of ky and k for correlatively coded

generalized MSK with rectangular pulse shape and coding polynomial

(ko + k1D + kzDz) where ko =1 — kg — k7.
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NSFED

1351 1

1‘3 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Laurent Coefficient, kg

(@)

175 -

1.7

1.65 |

NSFED
&

145 F

1.4

Laurent Coefficient, kg

Q]

Fig. 3.8: NSFED as a function of kg for correlatively coded generalized MSK with
rectangular pulse and coding polynomial (kg + k1D + ko D?) where

(a) corresponds to k1 = 1/4 and (b) corresponds to k; = 1/2.
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Chapter 4

Special Coding Design for
Generalized MSK

4.1 Introduction

It is to be expected that the error performance of generalized MSK modulation systems
can be improved by the use of channel coding. The redundancy introduced by error
control coding increases the power efficiency of the coded modulation system, an effect
that is termed coding gain. For a fixed information rate, employing error control coding
increases the required transmission bandwidth. In order to compensate for the increase
in bandwidth, for generalized MSK modulation, a smoother pulse h(t) may be used
instead [22] (e.g., decreasing the value of BT in (2.12) for Gaussian MSK signal). This
however is done at the expense of increasing the induced inter-symbol interference within
the modulated signal, which degrades the bit-error rate performance and increases the

complexity of the receiver.

Though generalized MSK is attractive for its high power and bandwidth efficiency, it
has very complex optimum demodulators with complexity increasing exponentially with

the modulation memory L. This complexity is due to the size of the matched filter bank

50
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and to the large number of trellis states (see Fig. 2.8).

In general, the Euclidean distance between signals generated from combining a chan-
nel encoder with generalized MSK modulator cannot be linearly related to the Hamming
distance of corresponding symbol sequences produced by the channel encoder. This is
due to the non-linearity and memory inherent in the modulator. Therefore the search
for good channel codes, for generalized MSK, is considered a difficult task. Most of the
work that has been done in constructing good codes for CPM signals was conducted
using computer-aided search and simulation [32]-[33], [35] without regard to the increase
in the complexity of the receiver [19].

For generalized MSK with modulation memory L = 2 and L = 3, we will show
that by imposing a particular structure on the codes, we can achieve good coding gains
while optimally demodulating the coded signal using a simple linear receiver. We will
demonstrate that with these structured codes, no inter-symbol interference is introduced
at the output of the linear receiver and, in AWGN environment, the noise samples are
independent. In these cases, the Euclidean distance between waveforms is linearly related
to the Hamming distance between symbol sequences which simplifies the task of searching

for good codes for such generalized MSK systems.

4.1.1 Euclidean vs. Hamming Distance

Coded linear modulation, such as coded BPSK, QPSK or OQPSK, has the property
that the Euclidean distance between different transmitted signals is proportional to the
Hamming distance between corresponding coded sequences. In designing codes for such
modulation schemes we need only consider the Hamming distance properties of the code,
particularly seeking to maximize the minimum Hamming distance of the code. Since
generalized MSK is a non-linear modulation scheme, Euclidean distance and Hamming
distance are not directly related, so codes designed based on Hamming distance con-

sideration may not produce matching Euclidean distance properties. This difficulty in
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relating Hamming distance to Euclidean distance can be removed in the case of mod-
ulation memory of two symbol duration (L = 2) by imposing a simple nondebilitating

constraint on the code as expressed by the following result:

Theorem 1. Let Cy be any rate R. binary code fbr which the coded bits satisfy the
relationship that for all k,

Cok = Cokt1- (4.1)
Then the NSED(i, j) for generalized MSK signals with modulation memory L = 2, and
the Hamming distance between sequences generated by Cyw (i.e., Hw(c,¢/)) are related
by

NSED(i, j) = 2R.Hw(c',c). (4.2)

Proof. From (4.1) we have that cog—1 = cog—2, and the even and odd symbols of v,

(defined in (3.25)) are given by

v = (—1)* ¥ eap, cap_1C2k-2 = —Cap, (4.3)
—_——
=1
Vors1 = (—1)2**2 copp1Cok Conm1 = Capoi. (4.4)

=1
Substituting (4.1), (4.3) and (4.4) into the expression for x (¢, j) given in (3.57), we obtain

oo
x(,j) = (e — ] Icék—2 B Cék—z]l‘" Zlvik - Uﬁkl [che—1 = ]
Beach] T <[ehc

o0

{Cékﬂ - C;k+1] [Cék—1 - c;k—l] - Z [U§k+1 - ng+1] [Csz - C;k]
[cgk—cgk] = [cgk—l_c;k:—l]

[Cgk - Cgk] [cék—l - Cgk—l] - Z [CZZk - C;k] [Cék-—l - c;k——l}

k=0

+
Me 1M DM

ES
Il
=)

[Cék - C;k] [C;k—l - c;k—l] -

I
M8
gk

[Cék—l - c;k—1] [szk - C%k]

o
x>
Il

0

I
=T

(4.5)

The Hamming distance between the v, sequences is given by

o<

N 1 , )
HY,W) = 23—

n=0
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k=0

AN
L eesmre|

o . o .
43
k=0
RS e
k=0 k=0
and since ¢¢ ; = ¢/ ; = 1 for all 4, j, then
oo
l |chi — Chel* + Z |Coks1 — C§k+1‘2]
k=0
[oe]

= 12l —dP

n=0

= H(c',c). (4.6)

M]3

oo
H(V', V) = | — C‘;k|2 + Z -1 — C;k:—llz
k=1

k

N N
Nk

x>
It
[=)

Substituting (4.5) and (4.6) into (3.62) we obtain
NSED(s, j) = 2R Hw(c", ¢/)

as required. O

4.2 On The Usefulness of Repetition Codes for Gen-

eralized MSK Signals

The condition (4.1) on the coded symbol stream may be viewed as requiring the encoder
incorporate a double repetition code in the encoding process following some other encod-
ing process. An encoder then that meets this condition (that makes Euclidean distances
between generated signals proportional to Hamming distances between corresponding
coded sequences) can thus be broken down into a cascade of two encoders—a rate-R,
outer encoder W,; followed by the double repetition inner encoder Wy,. This situation
is depicted in Fig. 4.1. As the double repetition code is a rate-1/2 code, the overall code

rate is half the code rate of the outer encoder:

R.= -2 (4.7)
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Any linear block encoder and almost all convolutional encoders (except possibly for
catastrophic encoders) could be used as an outer encoder. We shall consider in this thesis
outer encoders that are linear convolutional encoders since these codes are widely used
in wireless applications to improve the performance, such as digital radio, mobile phones
and satellite links, and Bluetooth implementations.

Let a = ag,a;,a,... and ¢ = cg, ¢y, Co... be the input and output sequences of a rate
R = M/N, M < N, convolutional encoder respectively, where a; = (az(-l)...agM)) and

(1)...c§N)). The relationship between the input a and output ¢ can expressed as

c = aG, (4.8)

where ¢; = Yo @;-xGg. The semi-infinite matrix

Gy G G ... G,
0 Gy, G, Gy ... G,
G = , (4.9)
0 0 Gy G Gy ... G,

is called the generator matriz, where the sub-matrices Gy, 0 < k < m, are binary M x N

matrices which can be expressed as

1) (2 (V)

ik e -+ Gk
1 p) N
gék) gék) e gék )
G, = . _ _ ‘ . (4.10)
1 2 N
91(\/1),k 91(\4)k R g](\/.f;c

Note that all operations in (4.8) are modulo-2 operation. For convolutional codes, it is

convenient to express (4.8) in the D-transform domain as ¢(D) = a(D)G(D), where

G’m) GPw) ... ¢M(D)
GP((D) GP(D) ... G

G(D) = .() .(D) , ¢ .(D) , (4.11)
Gy (D) GR(D) ... G{(D)
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Each of the entries in (4.11) is a polynomial given by Gy )(D) = gg) + gg)D-l— ot gffgiD”i,
fori=1,2...,.M,and j=1,2,...,N. Let
: 4)
Vi = Max [deg G, (D)] : (4.12)

The overall constraint length of the convolutional encoder is [36]

M
v=> u (4.13)
i=1

where the memory order of the encoder is m = max;<;<p [¥4).
Consider now the case where two convolutional codes are cascaded as depicted in
Fig. 4.2. The equivalent convolutional code is a cascade of an outer code G,y of rate

R, = k/! followed by an inner code Gy, of rate R; = m/r.

G
T e }
: G'out; G’m :
1 1
a | Outer o Inner U e
Ly encoder > encoder ——J——->I
| (k1) () |
| |
! (km, Ir) !

Fig. 4.2: A cascading of two convolutional encoder.

The cascaded generator matrix G is given by
G = GouGin. (4.14)

where Gy, and Gy, are the semi-infinite matrices of the outer and inner encoders respec-
tively. It can easily be seen that the rate of the cascaded code R, will be

k
&:m&:%ﬂ (4.15)

If [ = m, then the outer and inner encoders are said to have matched rates [40]. In that

case (4.14) can, equivalently, be expressed as

G(D) = Gout(D)Gin(D)) (416)
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while if [ # m, the two cascaded encoders are said to have unmatched rates and the

matrix multiplication in (4.16) is not defined, but (4.14) is still valid [40, Ch. 4].

Theorem 2. Let Cy,,, be any rate-R, (R, = k/l, k < 1) outer convolutional code
cascaded with a double repetition code as an inner code, and let W oy (D) and W(D) be
the generator matrices of the outer and cascaded encoders respectively. Let the entries
of the generator matriz W°(D) be wi;(D) for i € {1,2,..,k} and j € {1,2,...,0}. If

Wou (D) is a polynomial matriz then

wi (D) wi(D) ... wy(D) wy(D)
W(D) = wglfD) w‘zﬁ@) wé’l.(D) w‘z’z@) | (417
wiy (D) wi(D) ... wy(D) wiy(D)

where the cascaded encoder W is a rate-k/2l convolutional encoder.

Proof. Except for the case of R, = 1 (i.e., k = | = 1), the two generator matrices of the in-
ner and outer encoders cannot be multiplied in the D-transform representation to find the
generator matrix of the cascaded encoder (since ! # 1), i.e., W(D) # Wy (D)Win(D).
Instead one has to multiply the semi-infinite matrices Wy, and Wi, to determine the
generator matrix of the cascaded encoder W = W, Wi,. However, the matrix W(D),
for unmatched rates, can be found by considering [ x 2/ sub-matrices instead of 1 x 2
sub-matrices in Wi,. The resulting matrices Wy, (D) and W (D) then have matched

rates and can be multiplied. The inner generator matrix can be written as

11 00 00 ... 00

00 11 00 00 ... 00
Win -

00 00 11 00 00 ... 00

If we consider ! x 2] sub-matrices of Wj,, then the D-transform representation of Wiy,

(i.e., W!.(D)) would be given by

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 4. SPECIAL CODING DESIGN FOR GENERALIZED MSK 58

1100 ... 0000
0011 ...0000O0

WD) =1 . _ - (4.18)
0000 ... 0011

The outer generator matrix is

wi (D) wip(D) ... wi(D)
w§ (D) wi(D) ... wj(D)

Wou(D) = _ , . . : (4.19)
win(D) wip(D) ... wi(D)

Using (4.18) and (4.19), the semi-infinite matrix multiplication W = W, Wj, can be

equivalently represented by

W(D) = Wout(D)Wiln(D)

wh (D) wi(D) ... wi(D) wi(D)
_ w5 (D) wg(D) ... wg(D) wg(D)
wir(D) wi(D) ... wiy(D) wi(D)

a

Corollary 1. Let encoder W (D) be any k x 2l polynomial matriz. If W (D) is partitioned
into (k,!) convolutional encoder Wy (D) and double repetition encoder as illustrated in
Fig. /.1, then

NSED(3, j) = 2§Hwout(c’i, c?). (4.20)
where me(c’i,c’j ) is the Hamming distance between sequences generated by outer en-

coder W gyt .

Proof. Using a double repetition code doubles the Hamming distance between sequences
generated by the outer code Wy, i.e., Hw(c!, ¢/) = 2Hy,,(c”*,c?). Therefore, from

(4.2) and (4.7)

NSED(i,j) = 2R.Hw/(c} c’)
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= 2%—0- |:2HWout(C,i,C/j)]

= 2R,Hw,,(c",c”),
where R, = k/l is the rate of outer encoder Wy;. O

From (4.20), we have that the normalized squared free Euclidean distance is given by

NSFED = 2(k/1) Hou (4.21)

min

where H¥e" is the minimum Hamming distance of Cyyo. Therefore, to maximize the free
Euclidean distance of coded generalized MSK with modulation memory L = 2 employing
a double a repetition code, for a given rate k/I and constraint length v° of the code Cyo,
the minimum Hamming distance of the outer encoder must be maximized.

The immediate consequence of Theorem 4.1, is that the dependency of the Euclidean
distance on the pulse shape h(t) is totally eliminated (i.e., the performance of the overall
system is independent of h(t)). The main impact, then, of a choice of pulse shape relates

to the spectral properties of the signals [22] where this subject is beyond the scope of

this thesis.

4.3 Optimum Linear Receiver Design for Length 27T
Coded Generalized MSK

It has been shown previously, that a precoded MSK signal can be expressed exactly as
an OQPSK signal, which allows us to form this signal using an I-Q) modulator. For
“uncoded” generalized MSK signals with pulse shapes h(t) of duration more than a
symbol period, it was demonstrated by Galko [8, p. 18] that it is impossible to express
the signals in 7-Q) form. However, Galko showed that it is not necessary for generalized
MSK to be expressed as an I-@ signal in order for it to be demodulated using a simple

I-Q) receiver. The optimum choice of the filter in such a simple I-Q receiver depends on
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the signal-to-noise ratio, leading to the concept of “Average Matched Filter” (AMF) and
“Asymptotic Optimal Filter” (AOF). It was shown that, for duobinary MSK and tamed
MSK (TFM), the simple I-Q receiver with AOF has a degradation performance of 0.91
dB and 2.63 dB respectively, compared to simple MSK and only 0.28 dB and 1.24 dB
poorer than the optimal (Viterbi) receiver at high SNR.

Surprisingly, using the double repetition code that was introduced previously, for any
h(t) of duration 2T satisfying (3.58), a coded generalized MSK signal may be expressed

in I-) form. This easily seen from the following result:

Theorem 3. Precoded generalized MSK signals with a pulse shape h(t) of duration up
to two symbol periods can be expressed as an inphase-quadrature signal (with Euclidean
distances between generated signals proportional to Hamming distances between corre-

sponding coded sequences) if and only if the ¢, symbol sequence satisfies the condition
Cokt+1C2k—1 = CorCok—2, for allk € Z. (4.22)
The generalized MSK signal can then be written as
s(t) = I(t) cos(2m fet + 6p) — Q(t) sin(27 ft + 6o),

where the inphase signal I(t) and quadrature signal Q(t) are given by

I(t) = \/: cos ¢(t) \/ﬁ > caplt (4.23)

n odd

Q) = \/@sm é(t) \/? Z enp(t — nT), (4.24)

n evern

with the inphase pulse p(t) and quadrature pulse p(t) given by
p(t) = Co(t) = Ci(t + 1), (4.25)

B(t) = Oyt — 3T) — Co(t). (4.26)

The functions Co(t) and Cy(t) are the Laurent pulses given by (3.16) and (3.17) respec-

tively.
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Proof. First we prove that if the constraint (4.22) holds then the inphase and quadrature
signals can be expressed as in (4.23) and (4.24) respectively. Substituting (4.22) into

(3.25), we have that the even and odd symbols of v, are given by

_ 2%+1 _ _
vor = (—1)** " eokCak—1Cok—2 = —CokCokCokt1 = —Cok+1, (4.27)

and

_ 2k+2 _ _
Vok1 = (—1)*" " Copt1CokCok—1 = Cort1Cok+1C2k—2 = Cok—2- (4.28)

Substituting (4.27) into (3.23) we get

I(t) = \/?

_ \/? ™ eapn [Colt — 2k + 1] T) — Ci(t — 24T)]

k
= \/? Z Cnp(t - nT)7

n odd

where p(t) = Co(t) — C1(t + T), as required. Now, substituting (4.28) into (3.24) we get

> eas1Colt — 2k + 1 T) = > copaCa(t — 2kT)
k k

Q(t) = %5— — Z Cgk_QCO(t - [2k - 2] T) =+ Z Cor—2Ch (t — [2k -+ 1] T)]
k k
_ \/E?E ;CQH (Cu(t — [2k+ 1] T) — Colt — [2k — 2] T)]
= VE Y et~ ),

n even

where p(t) = Cy(t — 3T) — Co(t), as required.

For the converse statement, we want to show that if I(¢) and Q(t) can be expressed
as in (4.23) and (4.24) respectively, where p(t) and p(t) are given by (4.25) and (4.26)
respectively, then (4.22) must be satisfied for all .

Consider the inphase and quadrature signals, I(¢) and Q(t), on the interval ¢ € [0, T7.

The signals I(t) and Q(¢) can be expressed as
I(t) = A[=c1Co(t) + c1Co(t + T,

Q(t) =A [—C()Co(t) — C_2CO(t -+ 2T)] ,
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where A = 1/2E/T. The square of the envelope of s(t) for all t € [0, T]
I+ Q*(t) = A2{Cl2(t) + CL(t+T) — 2c10-1Co(t + T)Ci(t)
+C2(t) + C2(t + 2T) + 2coc_2Co(t)Co(t + 2T)}, (4.29)

where C(t) = S(t)S(t + 3T) and Cy(t) = S(¢)S(t + T). Substituting these values into

(4.29) gives us
@)+ Q%) = A2{S2(t)52(t +3T) + S%(t + T)S*(t + 2T) — 2c1c-18(t)
+8%(t)S%(t + T) + S*(t + 2T)S*(t + 3T) + 2coc_2ﬂ(t)}
= A"’{ [S%(t) + S2(t + 2T)] [S*(t + T) + S*(t + 3T)]
+2 [coe_g — c1¢1] ,B(t)}, (4.30)

where () = S(t)S(t + T)S(t + 2T)S(t + 3T). Now for the square of the envelope for

t € [T, 2T), we have that
I(t) = A[eiCo(t — T) + c.1Colt + T)]
Q(t) = Ale2Ci(t = T) — «0Co(t)]
therefore,
P +@Q*t) = A2{C§(t —T)+C3(t+T) +2cic_1Co(t — T)Co(t +T)
+C?(t — T) + C3(t) — 2coc_oCi(t — T)Co(t)}, (4.31)

where C1(t) = S(¢)S(t + 3T) and Co(t) = S(¢)S(t + T). Substituting these values into
(4.31) gives us
Pt +Q*t) = A2{52(t)s2(t —T)+ 82%(t + T)S?(t + 2T) + 2cic_17(2)
+S2(t — T)S*(t +2T) + S*(t)S*(t + T) — 2coc_2’Y(t)}

- A2{ [S*(¢ = T) + S*(t+ T)] [5() + S*(t + 2T)] +

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 4. SPECIAL CODING DESIGN FOR GENERALIZED MSK 63

2 [c1c-1 — coe—g] ’y(t)}, (4.32)

where y(t) = S(t)S(t + T)S(t +2T)S(t — T). Now, for t € 0,7,

¢

t

S2(t) + S2(t + 2T) = sin® —/h + cos? —27—%
0

o
>
=
=
|
\.)——‘

and
; t+T
2 2 w2 | 7 2 [ 7
S*(t+T) + S*(t + 3T) = sin (—ZT/h(t) + cos T/ 1,
0 0

while for ¢ € [T, 2T,

t=T =T
S%(t — T) + S*(t + T) = sin? (—2@— / h(t) | + cos® m / h(t
0 0

S%(t) + S*(t + 2T) = sin? (;t /h t)) + cos? (—;—r%/h(t)) —

Therefore, for ¢ € [0,T] (4.30) reduces to

]

and

() + Q%(t) = A {1+ 2[coc_2 — crc-1] B(1)}, (4.33)
and for ¢ € [T, 2T (4.32) reduces to
IP(t) + Q*(t) = A2 {1 + 2[cic—1 — coc—g] (1)} . (4.34)

For the signal s(t) to be constant envelope, I%(t) + @%(t) (i.e., the square of the envelope)
must be constant for all ¢ € [0, 2T]. Since 3(t) and «(¢) cannot be identically zero for all

t, for s(t) to have a constant envelope on [0, 27, coc—g — c1c—1 =0, i.e.,
C1C_1 = CpC—2. (435)

A similar analysis shows that for ¢ € [2kT, (2k + 2)T, the envelope of s(t) is constant

only if

Cok+1C2k—1 = C2kCok—2-
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We see that since in a repetition code, ca; = g1, (4.22) holds and thus all coded
generalized MSK signals with pulse shapes h(t) of length 2T, involves a double repetition
code can be expressed in I-Q) form.

As an example, Fig. 4.3 shows the inphase and quadrature pulses given in (4.25) and
(4.26) respectively, for the case of DMSK signal. As expected, since the pulse shape h(t)
is nonzero outside the interval [0, T, the pulse p(¢) and p(t) each has a duration greater
than 2T

In general, for any coded generalized MSK with pulse shape h(t) of length 2T, the
signal can be expressed in 7-Q) form with inphase and quadrature pulses of duration 47T
given by (4.25) and (4.26). Each channel (inphase and quadrature) waveform is a PAM
signal that carries the (odd and even) coded sequence at a rate of 1/2T". Therefore, inter-
symbol interference exists in this coded signal, where it affects a finite number of symbols.
Inter-symbol interference (ISI) introduces memory in the signal, which is the case for
generalized MSK. The optimum detection of signals with ISI is based on mazimum-
likelihood sequence estimation (MLSE) which is typically implemented using the Viterbi
algorithm (see Chapter 2). The complexity of such detector increases exponentially with
the length of the pulse shape LT.

Employing a double repetition code will allow us to generate coded generalized MSK
signals with pulse shapes of length 27T, using a simple I-Q modulator. Fig. 4.4 shows a
block diagram for a modulator based on these results. We shall show in the next section
that expressing this coded signal in an I-Q) form may result in a significant reduction in

the complexity of the optimum receiver.

4.3.1 Demodulation and Detection of Length 27 Coded gener-
alized MSK in AWGN Channel

Based on (4.23) and (4.24), i.e., expressing generalized MSK with modulation memory

L = 2 as two PAM signals in quadrature, we can design a simple I-Q receiver (assuming
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1.2 T T T T T T T

0.8
0.6
p(t)

04

0.2

-0.2 1 Il 1 ' ! 1 1

-T 0 3T
time, ¢

a. Inphase channel pulse shape p(t)

0.4 T T T T T T T

0 3T 4T
time, ¢

b.Quadrature channel pulse shape p(t)

Fig. 4.3: Impulse response of Inphase (a) and Quadrature (b) pulses for Coded, L = 2,

generalized MSK signals.
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feT' > 1) for recovering the coded symbols c,. Fig. 4.5 shows a linear coherent I-Q)
receiver used to (soft) detect coded generalized MSK with modulation memory L = 2.
This receiver is similar to that of MSK (Fig. 2.7.c), except that a different predetection

filter on each channel is used instead of the cosine pulse shape.

Let us assume the received signal r(¢) is simply the transmitted signal s(¢) corrupted
by an additive white Gaussian noise process n(t) with power spectrum Ny/2. Thus the

received signal can be expressed as

r(t) = s(t) + n(t). (4.36)

We can express n(t) in I-Q form as n(t) = ny(t) cos(2n fot) —ng(t) sin(2x f.t), where n;(¢)
and ng(t) are independent white Gaussian noise processes with power spectrum N,

It has been shown in Section 4.3 that the transmitted signal s(¢) for generalized MSK
with modulation memory L = 2, can be expressed as an I-Q signal, where each channel
waveform is a PAM signal with a pulse of finite duration. Therefore, the inphase and
quadrature components of the received signal are then both PAM signals with overlap-
ping pulse shapes corrupted by additive white Gaussian noise. For each of these I-Q)
components separately, it is well-known [34, p. 600] that filtering the signal with filter
matched to the pulse shape and sampling the filtered signal at the end of the symbol
periods produces a set of sufficient statistics for the symbol stream, from which the sym-
bols can then be recovered. Fig. 4.5 shows a receiver that implements this approach to
arrive at an optimal receiver. For the I and @ channels we employ filters matched to
p(t) and p(t) whose outputs are sampled at t = (2m + 1)T and ¢t = 2mT to generate
quantities 2o,4+1 and 2s,, respectively. We are going to consider only the detection of
the inphase channel signal, since similar analysis for quadrature channel signal leads to

the same results.

The sampled output of the matched filter in the inphase channel (assuming f.T' > 1)
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Predetection
Filter
p(=t)
cos(2m f,t + 6,
@) 0s(27 f, o)
— 9
sin(2m fet + 6)
Predetection
Filter

p(-1)

7

Soft-Decision
Detection
and
Decoding

{an}

t=(2m+1)T Zomt1
t=2mT 22m

Fig. 4.5: Simple I-Q) receiver for precoded generalized MSK signals with pulse shape of length 2T coded by double repetition code

o T

as inner encoder. The decoder used here is the inverse of the cascaded encoder W.
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at t = (2m + 1)T, is given by

Zom+1 = \/QET%:{C%_H / p(t - [2m + ].] T)p(t — [2]{,‘ —+ 1] T) dt} + Nom+1, (437)

where m,, 11 is a zero-mean Gaussian random variable given by

D] =

Roms1 = / n(O)p(t — [2m +1]) dt. (4.38)

We can simplify (4.37) by noting that

- T, m=k,
/ p(t = [2m+ 1] T)p(t — 2k +1]T) dt = & v, |m—Fk| = 1; (4.39)
% 0, otherwise,

where 7 is given by

p(t — [2m+ 1] T)p(t — [2m — 1] T) dt,

p(t —[2m + 1] T)p(t — [2m + 3] T) dt. (4.40)

!
I

In that case,

ET ET
Zom+1 = A/ 5 Camt1 +4/ -5 2 (com—1+ 02m+3z+n2m+1- (4.41)

ISI
As expected, since the duration of the pulse p(t) extends more than two symbol periods,
the matched filter’s sampled output 22,11 depends on more than one symbol.
The sampled random variables {ngx11} are in general zero-mean possibly correlated

Gaussian random variables with

N, [ . ,
6 {'I’in_lnzj_l} = TO /p(t —_ [2Z — 1] T)p(t — [2] — ].] T) dt
&T, i=j;
— %% li —j] =1; (4.42)
0, otherwise.
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From (4.40) we have that,

[o o]

)= / p(t — [2m — 1 T)p(t — [2m + 1) T) dt,

—00

where p(t) is given by (4.25). Therefore,

v = _ZO{CO(t_ 2m —1)T) - Ci(t — [2m—2]T)}
_ / Colt — [2m — 1] T)Colt — [2m + 1 T) dt

-0
o0

+ / Cut — [2m — 2 T)Ci(¢ — 2mT) dt

=0
o

_/gl(t"[2m‘2]T)Co(t—[2m+1]Tl dt

=0
)

. / Colt — [2m — 1] T)Cy(t — 2mT) dt

@m+2)T
- / Colt — [2m — 1] T)Colt — [2m + 1] T) dt
(@m+1)T

@m+1)T

- / Colt — [2m — 1] T)C(t — 2mT) dt.

2mT

By a change of variables (¢ =t — (2m 4 1)T') in the first integral and (¢’ =t — 2mT) in

the second integral we get
T
Colt)Colt + 2T) dt — / CL(t)Colt +T) dt
0

S()S(t +T)S(t + 2T)S(t + 3T) dt — / S(H)S(t + T)S(t + 2T)S(t + 3T) dt

PO~

From this, the sampled output of the matched filter for the inphase channel at ¢t =
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(2m + 1)T (i.e., zam+1) reduces simply to

|ET
Zomyl = —é"c2m+1 + Nom41 (4.43)

where {nogy1} are uncorrelated zero-mean Gaussian random variables (hence indepen-
dent) with variance equal to N,T/4.

A similar analysis shows that for quadrature channel, the sampled output of the matched

| ET
Zom = ‘2_02m + Nam, (444)

where {no} is a sequence of independent identically distributed zero-mean Gaussian ran-

filter at t = 2mT, is given by

dom variables with variance N,T/4. Therefore, the detection problem for the recovery of
the symbols sequence {c,} from the decision variable sequence {z} is one corresponding
to memoryless linear modulation.

If the sequence {2y} is the input to the soft-decision detector and decoder for the {ax}
symbol stream, then the bit error probability (for high SNR) P asymp can be expressed
as (34, p.487]

Pb,asymp

VNLT/4

_ w Eb
= Q < 2R Hy;, N ) , (4.45)

_ g <_____.___¢ET/W)

Using the result in Theorem 1, we have that NSFED = 2R HY. . Therefore Py ssymp

min*

can be expressed as

Pb,asymp = Q ( NSFEDf_/b) . (446)

It is interesting to note that the simple I-Q) receiver, depicted in Fig. 4.5, has performance
that is equivalent to the Viterbi receiver, where the bit error rate of the latter (for high
SNR) is also given by (4.46). Therefore the receiver shown in Fig. 4.5 is asymptotically

optimal in the sense of minimizing the asymptotic probability of error.
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If both encoders W applied to precoded MSK and generalized MSK with pulse shape
h(t) of length 2T are identical, the expression in (4.45) is equivalent to the asymptotic bit
error probability performance evaluated for OQPSK-MSK receiver for recovering {an}
symbols. The overall asymptotic performance for coded MSK (using soft-decision decod-
ing) is also given by (4.46) (i.e., no degradation in performance when compared to coded
MSK). This result has been achieved by the use of a simple double repetition code.

It can be shown that other possible inphase and quadrature pulses can be used to
express coded generalized MSK with pulse shapes h(t) of length 27, as an I-Q signal.
These pulses, however, may cause a degradation in the performance and ISI in the de-
modulated signal at the receiver. Table 4.1 shows these pulses with the corresponding
conditions for the coded symbols to preserve the constant envelope property of the signal.
The relation between Euclidean distance and Hamming distance, and the existence of

IST in the sampled outputs of the matched filter are also shown.

4.3.2 Design of A Simplified Receiver

The optimum receiver’s objective is to recover the stream of information symbols (the
{an} sequence) minimizing the probability of an information symbol error. The opti-
mal receiver for generalized MSK signals cannot make decisions on any isolated symbol
without taking the entire sequence of transmitted symbols into account. This requires
a Maximum Likelihood Sequence Estimator (MLSE), that is efficiently implemented us-
ing the Viterbi algorithm as depicted in Fig. 4.6.a. The Viterbi algorithm chooses the

information sequence ({a,}) that maximizes the following correlation metric
(n+1)T
Znlow ) = [ 1(0)cos@nfit + 6(6) +bu) dt,

nT

which can be obtained from a coherent quadrature receiver using a bank of matched filters
and samplers [42]. It can be shown [42] that for binary generalized MSK of modulation

memory L, there are 2E+1 different values of Z,(a,, ¢,) computed in each signal interval.
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Inphase Pulse Shape | Quadrature Pulse Shape Condition on c, NSED Inter-Symbol
p(t) P(t) for t € [2kT, (2k + 2)T] | (Performance) | Interference (ISI)

+ (Co(t) —C1t +T)) | £(Ci(t —3T) — Co(t)) Cok+1C2k—1 = CokCok_2 = 2R.Hw No

£ (Cot) +Ci(t+T)) | £(Ci(t —3T)+ Co(t)) | corriCon—1 = —CorCor—2 # 2R.Hwy Yes

Table 4.1: Comparisons of different possible inphase and quadrature channel pulses (p(t) and p(¢)) in terms of coded symbol

constraint, NSED, and existence of ISI.
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Using the Laurent decomposition of generalized MSK as a superposition of PAM
signals suggests another strategy for optimal detection of the information sequence which
is depicted in Fig. 4.6.b. This receiver was derived by Kaleh [16] where it was shown that
the complexity of the receiver (the state transitions and trellis diagram) is nearly the
same as the one shown in Fig.4.6.a.

It is well known [43] that the performance of the optimum receiver based on the
Viterbi algorithm (i.e., the bit error probability P;) is upper bounded by

P< Y cw( dzf—/’;),
d=dmin
where d2 = NSED(3, j), d2;, = NSFED is the smallest Euclidean distance among all
distances in the set of all error events, and Cj is a constant.
It is usually difficult to obtain an exact expression of P, for all SNR. Therefore, an
approximation is preferably made for high SNR to obtain the asymptotic performance of

the overall system, which is given by

Ey
Pb,asymp = @ ( NSFEDM> )

Let us consider the case of precoded generalized MSK with pulse shape h(t) of length
2T, where only a double repetition code is applied as a channel encoder (i.e., the outer
encoder Wy is the identity mapper). Using (4.21) the normalized minimum Euclidean
distance NSFED is equal to 2. Therefore, the asymptotic performance of the overall

coded system can be approximated by

E
Poasymp = @ ( 2/\/") - (4.47)

The optimum receiver based on MLSE is considered complex in terms of the compu-
tational load and hardware implementation. Therefore, we would like to propose in this
section a simplified receiver in which it is able to detect the information symbols with
minimum probability of error. Let us consider again the case where no outer encoder

is applied. Fig. 4.6.c shows a block diagram of the proposed simple receiver. It will be
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r(t) Soft-decision ()
e

Viterbi Receiver

a. Optimum MLSE receiver implemented using Viterbi algorithm.

To,n
— wf Co(-t) |——o
t=nT
ni(t) decision
- MLSD —
Ti,n
- C] (—t) d

b. Optimum receiver based on Laurent decomposition of generalized MSK as superposition of PAM signals.
ri(t) is the lowpass equivalent of the receiver signal.

Predetection
Filter
p(-t)
cos(2m f.t + 6
o0 (2nf. b)
— e
sin(2r fot + 6p)
Predetection
Filter

#(-1)

¢. Simple I-Q) receiver that uses hard decision detection.

Fig. 4.6: Three different optimum receivers used to detect generalized MSK with pulse

shapes of duration 2T employing a double repetition code only.
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demonstrated that symbol-by-symbol detection is optimal in the sense of minimizing the

probability of error of detecting the information symbol a,.

The sampled output of the matched filter on each channel, 25,,,1 and 29, is given
by (4.43) and (4.44) respectively. Since no outer encoding is presented here, the symbol

Com+1 = Com = Q. Adding 25,41 and 2, we produce the decision variable Z,, given by
Zm = V2ETa,, + fim, (4.48)

where a,, (the information symbols) are assumed to be independent identically dis-
tributed that takes values +1, with equal probabilities, and the sequence {7, = noms1 +
Nom } are independent zero-mean Gaussian random variables with variance N,T/2. If z,,
is passed into a slicer (hard-decision), then the probability of error of detection a,, is

given by

n - Q(_ﬂET>

and since E = E;/2 then the probability of error P, can be written in terms of E}/N, as

Po=Q ( 35:) : (4.49)

Consider the case of duobinary MSK. The simple I-Q) receiver depicted in Fig. 4.6.c

has an asymptotic performance that is equivalent to the one evaluated for MLSE receiver.
Therefore, this simple receiver is asymptotically optimal.

It must be noted that the expression given in (4.49) is also valid for low SNR, in
contrast to the MLSE receiver where it is difficult to derive a closed expression for P, at
low SNR. A coding gain of at least 0.63 dB could be achieved compared to the uncoded
duobinary MSK (where NSFED = 1.73). Therefore, a great reduction in the receiver

complexity and an increase in the power efficiency have been achieved by the use of a
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simple double repetition code. The price of these improvements is achieved at the cost of
increasing the bandwidth compared to the uncoded case. Nevertheless, error control cod-
ing is usually applied in all practical communication systems, therefore the comparison in
bandwidth-efficiency between different modulation schemes must be made for the same
code rate of the channel encoder. Therefore, we believe that considering spectrum, per-
formance and receiver complexity, precoded generalized MSK with modulation memory

L = 2 employing double repetition code is an improvement over simple MSK.

4.4 Simple Modulator/Demodulator Design of Length

37 Coded Generalized MSK

Since the number of Laurent pulses, i.e., Ci(t), increases exponentially as the memory
L increases, the structure of the Viterbi (optimum) receiver becomes more complex and
the amount of needed computations increases. We will consider in this section a new
method of representing certain coded generalized MSK with modulation memory L = 3,
involving “quadruple” repetition code, as an I-Q) signal. Such coded signals can then be

demodulated using a simple I-@) receiver.

Theorem 4. Let Cw be any rate R, binary code for which the coded bits satisfy the

relationship that for all k,

Cok = Cak+1 = Cak+2 = Cak+3. (4.50)

The NSED(3,j), for generalized MSK signals with pulse shape duration 3T, and the

Hamming distance between corresponding sequences generated by Cy are related by
NSED(i, j) = 2R Hw(c, ¢/). (4.51)

Proof. See Appendix C. O
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Equation (4.50) suggests that a quadruple repetition code can be applied as an inner
encoder to satisfy (4.51). Fig. 4.7 shows coded generalized MSK system with modulation
memory L = 3 where the channel encoder is decomposed into outer encoder and a
quadruple repetition encoder (inner encoder). The outer rate-R, encoder Wy, with
memory v, and inner quadruple repetition encoder are combined into an encoder W

with code rate

R, = =2 (4.52)

Again, any linear block encoder and almost all convolutional encoders (except possibly
catastrophic encoders) could be used as an outer encoder. We shall consider here, outer

encoders that are linear convolutional encoders.

Theorem 5. Let Cy,,, be any rate-R, (Ro = k/l, k < 1) outer convolutional code
cascaded with a quadruple repetition code as an inner code, and let W oy (D) and W (D)
be the generator matrices of the outer and cascaded encoders respectively. Let the entries
of the generator matriz W°(D) be wi;(D) for i € {1,2,..,k} and j € {1,2,...,1}. If

Woui(D) is a polynomial matriz then

wi (D) wh(D) wi(D) wi(D) ... wy(D) wy(D) w$(D) w3 (D)
WD) = wgl.(D) w31.(D) w§1.(D) w‘2’1.(D) w‘z’z‘(D) wgz'(D) wgl.(D) wgl'(D) ,
wy (D) wiy (D) wiy(D) wi(D) ... wy(D) wy(D) wy(D) wyy (1(74) /s

where the combined encoder W(D) is a rate-k/4l convolutional encoder.

Proof. Except for the case of Ry = 1 (i.e., k = | = 1), the two generator matrices of the in-
ner and outer encoders cannot be multiplied in the D-transform representation to find the
generator matrix of the cascaded encoder (since ! # 1) (i.e., W(D) # Wi, (D)W oy (D)).
Instead one has to multiply the semi-infinite matrices Wy and Wi, to determine the
generator matrix of the cascaded encoder W = W, W;,. However, the matrix W(D)

can be found by considering [ x 4] sub-matrices instead of 1 x 4 sub-matrices in Wj,. The
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resulting matrices W°(D) and W (D) then have matched rates and can be multiplied.

The inner generator matrix can be written as

1111 0000 ... 0000
0000 1111 0000 ... 0000
Wi, =
0000 0000 1111 0000 ... 0000

Instead of 1 X 4 sub-matrices we consider ! times larger ones, [ x 41, and express the

matrix in the D-transform representation which is given by

11110000 ..00000000
0 o001 111...000UO0O0CO0OO00O0
WaD)=| . R DRY7)
0 000O0O0O0OO0O.. 00O0O0OT1T0111

The outer generator matrix is

wi (D) wip(D) ... wi(D)
W ou(D) = wgl,(D) w(2)1.(D) ’w(zjz.(D) . (4.55)
wi (D) wip(D) ... wy(D)

Using (4.54) and (4.55), the semi-infinite matrix multiplication W = W, Wy, can be

equivalently represented by

wii(D) wi(D) wh(D) wh(D) ... wi(D) wi(D) w(D) wiy(D)
WD) = W&.(D) wé’l.(D) wé’l'(D) w‘2’1.(D) wg,.(D) wgz.(D) wngD) wngD)
win (D) wiy (D) wiy(D) wiy(D) ... wiy(D) wiy(D) wiy(D) wiy(D)

O

Corollary 2. Let encoder W (D) be any kx4l polynomial matriz. If W 1s partitioned into
(k,1) convolutional encoder W oy (D) and a quadruple repetition encoder as illustrated in
Fig. 4.7, then

k 1y [
NSED(i, j) = 27 Hw,..(c", ¢?). (4.56)
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Proof. Using a quadruple repetition code times the Hamming distance of the outer code

Wi (D) by a factor of 4, i.e., Hw(c!, ¢/) = 4Hy, (¢, c”). Therefore, from (4.51)

NSED(i,j) = 2R.Hw(c,c)

_ Ro 1 g

= 2 4 |:4HWout.(C .7C ):|

= 2R,Hw,,(c",c"), (4.57)
where R, = k/l is the rate of outer encoder Wy (D). a

The immediate consequence of (4.56) is that convolutional codes Cy,, with large
minimum Hamming distance (H%*) are good candidates to generate signal waveforms
(generalized MSK signals with pulse shapes h(t) of length 37") with large NSFED.
Theorem 4 shows that employing a quadruple repetition code to the encoding process,
the dependency of the Euclidean distance on the premodulation filter h(t) can also be
eliminated. Again, the main impact, then, of a choice of pulse shape relates to the
spectral properties of the signals.

Let us now consider the effect of applying a quadruple repetition code to the inphase

and quadrature channel signals. The inphase channel signal is equal to

I(t) = \/?cos o) = \/?{Z ca—3Co(t — [4k — 3| T)
k=0

+ " ea-1Co(t — [4k = 1 T) + Y vakCi(t — 4kT)

k=0 k=0

+ ) vgs2Ci(t — [4k — 2] T) + ) 245 Co(t — 4kT)
k:o=00 k=0

+ > TapaCalt — 4k +2T) + > yap1C(t — [4k + 1] T)
k=0 k=0

3 vasCalt — [k +37) (4.58)
k=0

and the quadrature channel signal is equal to

Q) = \/? sing(t) = \/? {-g%co(t — 4KT)
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— i C4k+200(t — [4]{,‘ -+ 2] T) + i ’U4k+101(t - [4](7 + 1] T)

k=0 k=0

+ Z Uag43C1(t — [4k + 3] T) + Z Tap11Co(t — [4k + 1] T)
k=0 k=0

-+ Z $4k+302 (t — [4:16 + 3] T) - Z y4k03(t — 4kT)
ko=00 k=0

=) Yars2Cs(t — [4k +2] T)} (4.59)
k=0

Applying (C.1)—(C.3) to (4.58) and (4.59), the inphase and quadrature channel signals

each reduces to a PAM signal with finite pulse duration that is given by

2F
I(t) = e Cak+1 t— 4]{,‘+1T, 4.60
O =7 S ewaan(t~ 45+ 1T) (4.60)
and
QO = \ 23 consa(t — 4k + 27, (4:61)

where the pulses p(t) and p(t) are expressed as

p(t) = Co(t) + Co(t — 2T) — Cl(t + T) - Cl(t — T)

+Co(t+T) + Colt — 5T) + Calt — AT) + Ca(t — 2T),  (4.62)
and
B(t) = —Colt+2T) — Colt) + Cu(t — T) + Ci(t — 3T)
—'02(t + T) — C2(t - T) - Cg(t + 2T) - Cg(t - 4T) (463)

The functions Cy(t), C1(t), Ca(t), and C3(t) are the Laurent pulses given by (3.29), (3.30),
(3.31) and (3.32) respectively. In this case, it is possible to express the generalized MSK
signal as

s(t) = I(t) cos(2m fot + 6) — Q(t) sin(2n f.t + 6p),

where the inphase signal I(t) and quadrature signal Q(t) are given by (4.60) and (4.61)

respectively.
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As an example, Fig. 4.8 shows a plot of p(¢) and p(t) for coded TFM signal. Again,
this pulse has a duration that is greater than 27". Therefore, any precoded generalized
MSK with modulation memory L = 3 that are encoded by a quadruple repetition code
can be expressed as an I-() signal where each channel waveform is a PAM signal with
finite ISI. Fig. 4.9 shows a block diagram of a simple /-Q) modulator that generates such

coded signals.

4.4.1 Simplified Detection for Length 37 Coded generalized

MSK

The exact I-@) representation of coded generalized MSK with modulation memory L = 3
using a quadruple repetition code, suggests another strategy of demodulating the coded
signal (in AWGN channel) using a simplified I-Q) receiver similar to the one designed
for coded generalized MSK with pulse shapes of duration 2T'. It is to be expected that
inter-symbol interference would likely exist at the output of the matched filter and thus
post equalization would be required to achieve the best performance. It will be shown
however that, if h(t) satisfies a certain condition, inter-symbol interference can totally
be eliminated, therefore avoiding the use of an equalizer, which simplifies the detection

problem.

It will be shown that a simple I-Q) receiver can be used to demodulate the coded
signal where the predetection filter on each channel is matched to the pulses p(t) and
P(t) given in (4.62) and (4.63), respectively. The output of the matched filter is then
sampled every 47" seconds (i.e., at ¢ = (4m+1)T on the I channel and ¢ = (4m+2)T on
the @ channel. Again, let us consider the detection of the inphase channel signal, since

similar analysis applied to quadrature channel signal leads to the same results.

Let us assume the received signal is given by (4.36), then the sampled output of the
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1.2 T T T T

0.2 1 1 1 1 1 1

-T time, ¢ 6T

a. Inphase channel pulse shape p(t)

0.4 T T T T T T

P (t)

time, ¢ 5T
b.Quadrature pulse shape P )

Fig. 4.8: The pulse shape of a. inphase channel p(t), b. quadrature channel 5(t), for
coded TFM signal. Pulses p(t) and p(t) are as given in (4.62) and (4.26).
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predetection (matched) filter in the inphase channel at ¢ = (4m + 1)T is

E o0
Zamyl = ‘/ﬁ Z{C4k+1 / p(t— [4Am + 1] T)p(t — [4k+ 1] T) dt}+n4m+1,
k —00

where 74,41 15 a zero-mean Gaussian random variable given by

o0

Namt1 = % / nr(t)p(t — [4m + 1)) dt.

We can simplify (4.64) by noting that
- 2T, m=k;
/p(t— dm 4+ 1) T)p(t — [4k+ 1] T) dt =4 B, |m—Fk| =1;
o 0, otherwise,
where [ is given by

oo

g = /p(t—[4k+1]T)p(t—[4k+5]T) it

—00
oo

- / p(t — [4k — 3] T)p(t — [4k + 1] T) dt.

—00

In that case,

Zamy1 = V2ET capq1 + V 2ET§ (Cam—3 + c4m+5z+n4m+1-

ISI

86

(4.64)

(4.65)

(4.66)

(4.67)

(4.68)

As expected, the output of the demodulator (matched filter) at the sampling instants

is corrupted by ISI as indicated by (4.68) which affects a finite number of symbols.

The sampled random variables {n4,1} are zero-mean possibly correlated Gaussian

random variables with

N, [ . .
E{napingim} = T /p(t — i+ 1T)p(t - [45+ 1] T) dt
BT, i=j;
= %6, li—jl=1
0, otherwise.
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Fortunately, for a symmetric pulse shape® h(t), the value of 3 is zero which is shown as

follows:

Using the expression given in (4.62) for the inphase pulse p(t), we have the following:

p = /{Co(t 4k — 3| T) + Colt — [4k — 1) — Cy(t — [4k — 4)T)-
“Cu(t — [4k — 2)T) + Calt — [4k — 4] T) + Co(t — [4k + 2] T)
+Cs(t — [k + 1 T) + Ca(t — [4k = 1) T) } - {Colt — [4k + 1] T)
+Co(t — [4k + 3]) — Cy(t — 4kT) — Cy(t — [4k + 2] T) + Ca(t — 4kT)
+Cy(t — [4k + 6] T) + Ca(t — [4k + 5] T) + Cs(t — [k + 3] T)} dt.  (4.70)

For simplicity let

Cij(n,m) = / Ci(t — nT)C;(t — mT) dt, for 1<4,7<3.

It can be shown that all C; ;(n, m) are identically zero (since the two pulses C;(t — nT')
and C;(t — mT') do not overlap in time) except for
(4k+3)T

Coo(dk — 1,4k +1) = / Colt — [4k — 1))Co(t — [4k + 1] T) dt

(4k+1)T

_ / Co(t)Co(t +2T) dt

2T

_ / S()S(t + T)S2(t + 2T)S(t + 3T)S(t + 4T) dt, (4.71)

(4k+2)T
Cor(4k — 1,4k) = / Colt — [4k — 1))Cy(t — 4KT) dt

4kT
2T

_ /01(t)Co(t+T) t

3Most of the signals of interest (e.g. (1 + D)%/4 MSK, 3-Raised Cosine MSK, and Gaussian MSK)
involve pulse-shapes that are symmetric about 7 = 37/2, i.e., h(r +t) = h(7 — t).
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= / S()S(t+T)S*(t +2T)S(t + 3T)S(t + 4T) dt, (4.72)

(4k+2)T
Coo(dk +1,4k +1) = / Calt — [+ 1)) Colt + [4k + 1] T) dt

(4k+1)T

- / Colt)Cs(t) dt

_ / S2(4)S(t + T)S(t + 2T)S(t + AT)S(t + 5T) dt, (4.73)

(4k+3)T
Cor(4k +2,4k +2) = / Co(t — [k + 2))Cu (¢ — [4k + 2] T) dt
(4k+2)T
T
_ / CL(t)Calt) dt
0

_ / S2$)S(t + T)S(t + 2T)S(t + AT)S(t + 5T) dt, (4.74)

(4k+1)T
Con(4k — 3,4k) = / Co(t — [4k — 3])Ca(t — 4KT) dt

4kT

- / Ca(t)Colt + 3T dt

_ / S()S(t + T)S(t +3T)S(t + 4T)S*(t + 5T) dt,  (4.75)

(4k+2)T
Co(dk+1,4k+1) = / Ci(t — [4k + 1))Ca (¢ — 4kT) dt

(4k+1)T

T
= / Cs(t)CL(t+T) dt
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= / S(t)S(t+T)S(t + 3T)S(t +4T)S>(t + 5T) dt, (4.76)

(4k+3)T
Coo(dk+2,4k+1) = / Co(t — [4k + 2))Colt — [4k + 1] T) dt

(4k+2)T

= /Cz (t)Co(t+T) dt

T
= / S()S*(t+T)S(t +2T)S(t + 3T)S(t + 5T) dt, (4.77)
0

and
(4k+3)T

Cor(4k —1,4k+2) = / Colt — [4k — 1)) (t — [4k + 2] T) dt
(4k+2)T

_ / Ci(£)Co(t + 3T) dt

T
= / S(t)S(t + 2T)S(t + 3T)S*(t + 4T)S(t + 5T) dt. (4.78)

Substituting (4.71)—(4.78) into (4.70), 8 reduces to

B = Cooldk — 1,4k + 1) — Cor(4k — 1, 4k)+
Cao(4k + 1,4k 4 1) — Coy (4k + 2,4k + 2)
+Coz(4k — 3,4k) — Cay(4k + 1, 4k)
+Coo(4k + 2,4k + 1) — Coy(4k — 1,4k + 2). (4.79)

Each term in (4.79) would cancel with the next term (since they are equal) except for

the last two terms. In that case [ is equal to
/ St)S(t+2T)S(t +3T)S(t +5T) [S*(t + T) — S*(t +4T)] dt. (4.80)
To see how the integral in (4.80) would equal zero for symmetric h(t), let

£6) = o / h(r) dr.
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Since h(t) = h(3T —t), f(t) is also equal to
3T

£t) = o / h(r) dr. (4.81)

37—t

Equation (4.80) can be written in terms of the function f(t) as
T
g = [sn(@)sin(se+21) cos(70) x
i cos(f(t +2T)) [sin®(f(t + T) — cos®(F(t + T))] dt

T
~ (—1/4) / Sin(2f(£)) sin(2f (¢ + 2T)) cos(2f (¢ + T)) dt.

By a change of variable (t' =t — T/2) we get
T/2
B = (=1/4) / Sin(2f (¢ + T/2)) sin(2f (¢ + 5T/2)) cos(2f (¢ + 3T/2)) dt.
—T/2

Now let p(t) be
p(t) = sin(2f(t + T/2)) sin(2f (t + 5T/2)) cos(2f (t -+ 3T/2)).

We will show that p(t) is an odd function for ¢ € [~T/2, T/2]. This is shown as follows:

p(=t) = sin(2f(T/2 — £)) sin(2f (5T/2 — 1)) cos(2£ (3T/2 — t)). (4.82)

Using (4.81) we have that

3T t+5T/2
FrR—t) = T / h(r) dr =5~ T / h(r) dr =5 — f(s+5T/2), (483)
t4+5T/2 0
and
3T t+3T/2
F(3T/2 —t) = 21% / h(r) dr = g - % / h(r) dr = g — f(t+3T/2). (4.84)
t+37/2 0

From (4.83) we have that

FBT/2—t) = g — f(t+T/2). (4.85)
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Now substituting (4.83)-(4.85) into (4.82) we have that

p(~t) = sin (2 [g — £(t+57/2)] ) sin (2 [g ~ flt+ T/2)D cos (2 [% — f(t+ 3T/2)])
= sin(m — 2f(t + 5T/2)) sin(m — f(t +T/2)) cos(m — 2f(¢t + 3T /2))
= —sin(2f(t+5T/2))sin(f(t + T/2)) cos(2f(t + 3T/2))

Clearly, from (4.86) p(t) is an odd function in [—-7'/2,T/2]. Hence, we have that

T/2

s=(-1/2) [ o) dt=0

-T/2

For example, consider the premodulation pulse shape given in (3.43), h(t) can be
made symmetric if kg = k2 = (1 — k;)/2. Fig. 4.10.a shows such symmetric pulse shape.
For k; = 1/2, we have that kg = k2 = 1/4 which is the case for TFM. Another important
example for symmetric h(t) is the Gaussian pulse given in (2.10). Figure 4.10.b shows
a plot of Gaussian premodulation pulse truncated at |t — 3T/2| > 3T/2 for the case of
BT =0.3,0.4 and 0.5, where h(t) with BT = 0.3 is used in GSM mobile systems.

In that case the sampled output of the matched filter at ¢ = (4dm + 1)T (i.e., Zam+1)

reduces simply to
Zdm+1 — V 2ETC4m+1 + N4m+1, (487)

where {n4m+1} is a sequence of independent identically distributed zero-mean Gaussian
random variables with variance M,T/2. A similar analysis shows that, the sampled

output of the matched filter on the quadrature channel at t = (4m + 2)T is given by
Zam4+2 — V 2ETC4m+2 + Nam+2, (488)

where {n4m12} is a sequence of independent identically distributed zero-mean Gaussian
random variables with variance N,T/2.
Since the sampled output of the matched filter on the I and @ channel (i.e., z4n+1 and

Z4m+2) contains only half of the coded symbols sequence {c,} plus noise, the sequence
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Fig. 4.10: Symmetric premodulation filters h(t) of length 37 that produces no ISI at the
output of the matched filter. (a) h(t) given in (3.43), generated using
correlative coding where ky = ko. (b) Gaussian pulse shape filter truncated at

|t — 3T /2| > 3T/2 for BT = 0.3,0.4 and 0.5.
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{2} cannot be used directly for the detection and decoding of the {a,} symbol stream.
However, since a quadruple repetition code is applied, using (4.50) we know that, cam+1 =
Cam+2 = €, where {c,} is the outer encoder’s (W) output sequence. This suggests
another strategy of processing the sampled output of the matched filter on both channels,
which is adding 24,41 and 24y, 9 and then using the sum to make a decision. This receiver
is depicted in Fig. 4.11.

The decision variable z,, is given by
m = Z4m+1 + Zom+2 = V SETCLn -+ ’ﬁm, (489)

where {fi; = N1 + Nam+2} 1S a sequence of independent identically distributed Gaus-
sian random variables with variance N,T. Again, the detection problem for the recovery
of the symbols sequence {c),} from the decision variable sequence {Zz,} is one corre-
sponding to memoryless linear modulation. If the sequence {Z,} is used at the input of
the (soft-decision) detector and decoder for the {a,} symbol stream, then, the bit error
probability (for high SNR) of can be expressed as

\/SET HYeu

Pb,a.symp = Q m

Ey
= 8RH Yo
ot ).

and since H¥ew — HW /4 then we have that

min mm

Ey
Pb,asymp = Q ( 2R HI‘I/KnN )

Using the result shown in Theorem 4, we have that NSFED = 2R HY . Therefore, the

min*

asymptotic bit error probability can be expressed as

P asymp = @ < NSFEDf}’) (4.90)

This is exactly equivalent to the asymptotic performance of the Viterbi (optimum) re-

ceiver (Fig. 4.12.a) . Therefore, the simple I-Q receiver depicted in Fig. 4.11, is optimum
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i 9

Viterbi Receiver

a. Optimum MLSE receiver implemented using Viterbi algorithm.
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b. Optimum receiver based on Laurent decomposition of generalized MSK as superposition of PAM signals.
71(t) is the lowpass equivalent of the receiver signal.

Predetection
Filter | — ¢

p(-1) t=(dm+1)T

24m+1

) cos(2 f.t + )

sin(2m f.t + o)

t=(4m+2)T

i 24m+2
Predetection

Filter [ —¢
(—t)

¢. Simple I-@ receiver that uses hard decision detection.

Fig. 4.12: Three different optimum receivers used to detect generalized MSK with pulse

shapes of duration 3T employing a quadruple repetition code only.
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in the sense of minimizing the asymptotic probability of error.

It is interesting to note that with quadruple repetition coding only, the simplified
receiver shown in Fig. 4.12.c can also be used to optimally detect coded generalized
MSK signals with pulse shapes of duration 37. The receiver performs symbol-by-symbol
detection on the decision variable Z,, where the performance of that receiver (with no
outer encoding) in detecting the a,, symbol is also given by (4.49) for all SNR.

Consider, for example, TFM modulation scheme. This signal, combining it with
quadruple repetition code, can be optimally demodulated using the receiver depicted in
Fig. 4.12.c while achieving a coding gain of at least 1.40 dB compared to uncoded TFM
(NSFEDyncodeda = 1.45). If we compare the two receivers depicted in Fig. 4.12.b and
Fig. 4.12.c, the reduction in the complexity of the former receiver compared to the latter
can be found in two places: the first one is that the number of the matched filters used
in the demodulator is reduced by a factor of 2 and the second is in using a slicer instead
of the MLSE detection (e.g. Viterbi algorithm).

It must be noted at this point that, although a quadruple repetition code has sim-
plified the detection problem of coded generalized MSK with pulse shapes of duration
3T, it is not considered an efficient code when it comes to issues related to spectrum
and bandwidth-efliciency. Nevertheless, for MSK system that uses the same code rate,
considering performance, bandwidth and receiver complexity, generalized MSK signals
with h(t) of length 3T employing a quadruple repetition code is again an improvement

over simple MSK or generalized MSK with pulse shape of length 27".

4.5 Searching for good convolutional codes for Gen-

eralized MSK

We have seen in the preceding sections, the difficulty of relating the Euclidean distance

between transmitted generalized MSK signals to the Hamming distance between corre-
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sponding coded sequences can be eliminated by the use of repetition codes. Since the
asymptotic performance of any coded modulation system depends on the minimum Eu-
clidean distance between possible transmitted signals, to increase the performance of
the overall generalized MSK system shown in Fig. 4.1 and 4.7 for modulation memory
L = 2 and L = 3 respectively, one has to search for those rate-k/l outer convolutional
codes Cyyo, of a given constraint length °, that have maximum HY. (for that rate and
constraint length).

Finding the code which maximizes H)Y." is done for each code using those optimum
convolutional codes that have been reported in literature (see for example [36],(37]). This
optimum outer encoder W, (D) is then combined with the repetition code to generate
the corresponding encoder W(D). The search for good convolutional codes bas been
done for precoded generalized MSK signals with memory L = 1,2 and 3. These special
(convolutional) codes, when combined with the CPFSK modulator, can be detected
optimally using a simple I-Q) receiver.

In general, encoder W constructed for generalized MSK with modulation memory
L =2and L = 3 (Fig. 4.1 and 4.7), is not optimum in the sense of maximizing the
minimum Hamming distance for a given rate R, and constrained length v. MSK signal
does not require the information symbols to be encoded by a double repetition code in
order to demodulate it using an I-Q) receiver. Therefore, no constraint on the rate of

encoder Cy is necessary, and optimum encoders (for a given rate and constraint length)

that maximize the minimum Hamming distance can be applied.

4.5.1 Best Codes for “Precoded” MSK

For the special case where the modulation scheme is MSK, a repetition code is not
necessary for the signal to be demodulated using a simple I-Q receiver. Therefore the
channel encoder W is equivalent to the outer encoder W;. The results are reported in

tables 4.2-4.5.
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Best rate-1/2 convolutional encoder
v w NSFED | Coding gain (dB)
1 B 1) 3 1.761
2 5 7] 5 3.98
3| [13 17 6 4.77
4| [27 31] 7 5.44
5| [63 75 8 6.02
6 | [117 155] 10 6.99

Table 4.2: Best rate-1/2 convolutional encoder W for use of “precoded” MSK in
Fig. 2.4.

Best rate-1/3 convolutional encoder
v=u° W NSFED | Coding gain (dB)
1 1 3 3 5 3.98
2 5 7 7 8 6.02
3 [13 15 17] 10 6.99
4 [25 33 37] 12 7.78
5 [47 53 75 13 8.13
6 [117 127 155] 15 8.75

Table 4.3: Best rate-1/3 convolutional encoder W for use of “precoded” MSK in
Fig. 2.4.
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Best rate-1/4 convolutional encoder
v \4% NSFED | Coding gain (dB)
1 1 1 3 3 3 1.76
2 B 5 7 7 5 3.98
3 13 13 15 17] 7.5 5.74
4 [25 27 33 37| 8 6.02
5 [45 53 67 77] 9 6.532
6 | [117 127 155 171] 10 6.99

99

Table 4.4: Best rate-1/4 convolutional encoder W for use of “precoded” MSK in

Fig. 2.4.

Best rate-2/3 convolutional encoder
v \4% NSFED | Coding gain (dB)
3 1 0
2 3 1.76
2 3 3
3 2 1
3 4 3.01
4 1 7
6 5 1
4 5 3.98
7 2 5
07 06 03
5 ) 6 4.77
12 01 13
06 13 13
6 7 5.44
13 06 17

Table 4.5: Best rate-2/3 convolutional encoder W for use of “precoded” MSK in

Fig. 2.4.
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The codes’ generators are given in octal notation. Note that these codes have been
previously reported in literature (for memoryless modulation) [37] where only encoders
W ofrate 1/2, 1/3, 1/4 and 2/3 are reported of constraint length up to 6. For every best
code found, the (normalized) minimum square Euclidean distance is given as well as the
asymptotic coding gain, CG=10log (NSFED o4.q/NSFED ,c0ded), is calculated with
respect to the uncoded MSK (where NSFED = 2). All codes that are reported here
for MSK achieve the same free Euclidean distance for the same codes applied to linear
modulation schemes such as BPSK and OQPSK. Moreover, in most cases these codes
achieve better performance when applied to precoded MSK than the codes reported in

[38].

4.5.2 Good Codes for “Precoded” Generalized MSK with L =2

As have been shown previously that for generalized MSK signals with memory L = 2
to be demodulated using a linear receiver a repetition code of rate 1/2 must be applied
as an inner code. This causes a limitation in the encoder W's rate, where we are only
restricted for code rates of k/2l. These codes are not optimum in the sense of maximizing

the free Hamming distance of the code Cyy, for a given rate R, and constraint length v.

Numerical results are presented in tables 4.6,4.7 of our search for the best rate 1/2 and
rate 1/4 convolutional codes for use with DMSK of constraint length up to 5. Again, for
every good code found, the NSFED is given and coding gain is calculated with respect
to uncoded DMSK (NSFED ,jcoded =~ 1.73). These codes are also applicable for any
generalized MSK with premodulation filter, h(t), of length 27", where the only difference
is in the calculation of the coding gain. This is because the value of NSFED yncoded

depends on the pulse shape of h(t).
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Best rate-1/2 convolutional encoder
Vo | Wy = w0 | v w NSFED | Coding gain (dB)
0 1 01 1 2 0.63
1 2 112 2 2 0.63
2 7 2|7 7 4 3.64
3 13 313 13 4 3.64
4 31 431 31 6 5.40
5 75 5175 75 6 5.40

101

Table 4.6: Best rate-1/2 convolutional encoder W generated by cascading best rate-1/1

convolutional encoder Wy with rate-1/2 repetition code for use of

“precoded” generalized MSK with L = 2 in Fig. 4.1.

Best rate-1/4 convolutional encoder
v° Wout v A% NSFED | Coding gain (dB)
0|1 1{0|1 1 1 1 2 0.63
1(1 3|11 1 3 3 3 2.39
215 71215 5 T 7 5 4.61
3|13 1713 |13 13 17 17 6 5.40
4 |27 311427 27 31 31 7 6.07
5 |53 75| 5|53 53 75 75 8 6.65

Table 4.7: Best rate-1/4 convolutional encoder W generated by cascading best rate-1/2

convolutional encoder W, with rate-1/2 repetition code for use of

“precoded” generalized MSK with L = 2 in Fig. 4.1.
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4.5.3 Good Codes for “Precoded” Generalized MSK with L =3

As have been shown previously that for generalized MSK signals with memory L = 3
to be demodulated using a linear receiver a repetition code of rate 1/4 must be applied
as an inner code. This causes a limitation in the encoder W'’s rate, where we are only
restricted for code rates of k/4l.

Numerical results are presented in table 4.8 of our search for the best rate 1/4 convo-
lutional codes for use with TFM of constraint length up to 5. Again, for every best code
found, the NSFED is given and coding gain is calculated with respect to uncoded DMSK
(NSFED yncoded =~ 1.45). These codes are also optimum for any generalized MSK with
symmetric premodulation filter, h(t), of length 37", where the only difference is in the
calculation of the coding gain. This is because the value of NSFED ,,co4ed depends on

the pulse shape of h(t).

Best rate-1/4 convolutional encoder
V| Wou | v A% NSFED | Coding gain (dB)
0 1 01 1 1 1 2 1.40
1 2 1(2 2 2 2 2 1.40
2 7 217 7 7T 4 4.41
3 13 13113 13 13 13 4 441
4 31 147131 31 31 31 6 6.17
) 7% | 5|75 75 7 75 6 6.17

Table 4.8: Best rate-1/4 convolutional encoder W generated by cascading best rate-1/1
convolutional encoder Wy with rate-1/4 repetition code for use of

“precoded” generalized MSK with L = 3 in Fig. 4.7.
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Chapter 5

Discussion and Conclusion

5.1 Summary

In this thesis we proposed a simple linear receiver for coded generalized MSK especially for
signals with modulation memory L = 2 and 3. In Chapter 2, we have given an overview
on the special case of such modulation scheme called MSK and its generalization to a
larger class referred to generalized MSK. In Chapter 3, the application of the Laurent
representation of CPM to generalized MSK signals has been investigated. Finally, the
design of a linear receiver for coded generalized MSK signal with modulation memory

L =2 and 3 in additive white Gaussian noise channel has been developed in Chapter 4.

In Chapter 2, it has been shown that the coding design problem for MSK signals
generated by CPFSK-MSK modulator can be simplified by the use of precoding. The
precoder is applied between the channel encoder and CPFSK-MSK modulator where
its objective is to relate the Euclidean distance between generated MSK signals linearly
to the Hamming distance between corresponding sequences generated by channel en-
coder, i.e., the criterion of optimization of the combinations (encoder and modulator)
was translated to a criterion of maximization of Hamming distance. Another advantage

of using such precoder is that the signal can be optimally demodulated using simple

103
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inphase-quadrature (I-Q)) receiver.

In Chapter 3, the representation of generalized MSK signal with modulation memory
of L =2 and L = 3 as PAM using the Laurent representation was studied. The squared
Euclidean distance between different signals were considered and closed form expressions
computed for the Euclidean distance of such signals. It has been shown that in general
the Euclidean distance depends on the premodulation filter used to shape the symbols
prior modulation. The PAM representation of generalized MSK signals generated by cor-
relative coding with coding polynomial (ko+ k1D) and (ko+ k1 D+ ko D?) were considered
and an exact expression of the free Euclidean distance was computed for the “uncoded”

case of such signals.

In Chapter 4, the proposed linear receiver for detecting coded generalized MSK signal
in additive white Gaussian noise channel was examined. It has been shown that imposing
a particular structure on the code applied to generalized MSK signals with modulation
memory L =2 and L = 3, the square Euclidean distance becomes linearly related to the
Hamming distance between sequences generated by channel encoder. The dependency of
Euclidean distance on the premodulation filter is totally removed, therefore the difficulty
of the code design for such signals has been eliminated. The optimization criterion
for such signals is maximizing the free Hamming distance of the channel encoder. For
generalized MSK with L = 2 and L = 3, the code structure is just a double (rate-1/2)
and quadruple (rate-1/4) repetition code, respectively. Using such coding technique,
it was shown that the precoder (derived for MSK) combined with CPFSK modulator
used to generate generalized MSK with L = 2 and 3 can be replaced by a simple I-
@ modulator where the I and @ channel pulses are linear combination of the Laurent
pulses. This will allow us to demodulate the signal using a simple I-Q receiver. An
interesting result, is that for generalized MSK with any pulse shape h(t) of length 2T
no inter-symbol interference is introduced at the output of the matched filter, where for

h(t) of length 3T, only symmetrical pulse shapes do not produce ISI. Moreover, the noise
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samples are independent and therefore, soft-decision detection and decoding, applied to
memoryless linear modulation schemes, is considered optimum. Finally, searching for
good convolutional codes, which can optimally be detected using the proposed linear

receiver, for generalized MSK is reported for some rates and constraint length.

5.2 Suggestions for further research

It was shown that the power efficiency of some generalized MSK signals may be improved
through the application of repetition codes. For generalized MSK with pulse shapes
duration of length 3T, it has been shown that a quadruple repetition code can be used to
simplify the detection problem. This is done at the expense of increasing the bandwidth
which is not desirable for communication systems with adjacent channel interference
such as mobile and wireless communication systems. It is shown (this work has not
been demonstrated in this thesis and will be reported elsewhere) that by increasing the
modulation memory of generalized MSK to L = 4, using a quadruple repetition code the
I-Q) receiver can still be used to optimally detect such signals. This might have a great
influence on the improvement of the spectrum-efficiency of the coded signal.

It is believed that for generalized MSK signals with modulation memory of L > 5 to
be optimally detected using a simple I-Q) receiver (employing soft-decision detection and
decoding), a repetition code of rate R; < 1/6 may be applied as an inner code (further
research is being performed for such problem). Since repetition coding is considered inef-
ficient coding process in data transmission, the search for other efficient coding schemes
can be investigated.

As proposed in [39], repetition codes exhibits unique properties when it is used over
faded mobile channel. Hence, one of the primary focuses for further research at this point

might well be the performance of these coding techniques on fading channel.
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Appendix A

Squared Euclidean Distance of

Precoded CPFSK-MSK

The squared Euclidean distance d?(¢, ) between any two transmitted coded signals s;(t)
and s;(t) which corresponds to two different symbol sequences ¢t and ¢/, for ¢t > 0, is

defined by

2(i,5) 2 [154(t) — 558) |2 = / [s4(t) — ;0P dt, (A1)
0

where s(t) is defined by (2.1).

Assuming that f.T > 1, the squared Euclidean distance can be written as

(e o]

E o0
d?(i, j) = T / [cos ¢i(t) — cos ¢;(t)]* dt + % / [sin ¢;(t) — sin ¢, (¢))° dt, (A.2)

0 0
Using the OQPSK description of MSK given in (2.4), (A.2) can be expressed as

2
d2(i,j) = E/( (t—nT)) dt+—/< cg;]p(t—nT)> dt

= -—ZZ ']/p(t—nT)p(t—-mT)dt

n odd

n odd m odd 0
E 1
+= D D ld—d] e~ dl] / p(t — nT)p(t — mT) dt (A.3)
7. even m even 0
106
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where p(t) is given by (2.5) and the integral in (A.3) is given by

Ip®I? =T, n=m,

/p(t —nT)p(t —mT) dt = { (A4)
0

0, otherwise.

where |p(t)||? is defined by the energy of the pulse p(t). Therefore, equation (A.3) reduces

to

&(i,j) = EY [d —d)’
= 4E;.r(c¢,cf), (A.5)

where H(c', ¢/) is defined by the Hamming distance between the two sequences ¢’ and ¢’.
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Appendix B

Squared Euclidean Distance of

Length 37T Generalized MSK

Using the expression given in (3.45), the normalized squared Euclidean distance for coded

generalized MSK signals, for ¢ > 0 can be expressed as (assuming f,7 > 1)

NSED(;,j) = 2 { 7 [ leos(@t)) — cos(as(0)? dt+ 7. [ sin(0x(0) - sin(s, ()" dt} ,

2\ T
0 0
(B.1)
where R, is the code rate of encoder W. Let I;; and Q;; be equal to the following

1 o

Ly =7 [ los@i(®) - cos@s )1 at, (B2)
0

1 o0

Quy =7 [ Isin(@i(®) — sin(gy ()] . (8:3)

0
Then I; ; and Q; ; can be expressed as

) o o1 7
Li; = Z Z [ch — ] [, — ] 7 /Co(t —nT)Co(t — mT) dt
n odd m odd 0

+ Z Z [vf, — v3] [vf, — o] %/Cl(t —nT)C1(t — mT) dt
0

n even m even

+ Z Z [z}, — 23] [2f, — zd)] %/Cg(t —nT)Ca(t — mT) dt +
0

n even m even

108
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D> [ —vh) [ — v % / Ca(t — nT)Cs(t — mT) dt

n odd m odd

+2 Z Z e}, — CZL] [vh, — v” —/Co(t —nT)Ci(t —mT) dt

n odd m even 0

’ﬂ

’ﬂ

+2 >0 37 [ — ] [xf, —d) l/Co (t —nT)Ca(t — mT) di
0

n odd m even

=

+2 Z Z [ch - cll] [yﬁn — y,”n] T / Co(t — nT)C5(t — mT) dt
n odd m odd

0
: 1
+2Z Z [vf, — v] [zt — 2, T/C’lt——nT)C’z(t—mT)d
0

n even m even

+2 Z Z [v8 — 2] [yi, — %/Cl(t—nT)Cb(t—mT) dt
n even m odd 0
1
+2 > > (o — ] —T/Cg(t—nT )Cs(t —mT) dt,  (B.4)
n even m odd 0

and

> Y [h—chl [~ ch] 7 [ Colt = nT)Co(e —mT) dt
0

n even m even

+ Z Z [vf — v3] [vf, — o] %/Cl(t—nT)C’l(t—mT) dt
0

n odd m odd

n odd m odd

+ Y [oh o) - b 7 / Calt — nT)Colt — mT) dt
0

+ 303 [t vh) = vl 7 [ Calt —nT)Cale— ) d
0

n even m even

n even m odd

-2 Z Z [ch, — cll] [v, — v,’n] %/C’o(t —nT)Ci(t —mT) dt
0

-2 Z Z [, — ] [zf, — z4,] %/Co(t —nT)Co(t — mT) dt
0

n even m odd

7. even m even

23 Y (o] h-vhl 7 / Co(t —nT)Cs(t — mT) dt
0

+2 Z Z [vf, — v] [z, — 23] -;,—/Cl(t —nT)Ca(t — mT) dt —

n odd m odd 0
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23 D [vh—vh] vk — o] % / C1(t — nT)Cs(t — mT) dt
0

n odd m even

n odd m even

-2 Z Z [f, — 23] [y, — ¥ %/CQ(t ~nT)Cs(t — mT) dt. (B.5)
0

The integrals shown in (B.4) and (B.5) can be evaluated as follows:

o I[Co®)II1%, n=m;
[ ot ~nT)Co(t —mT dt = § (Gofe), ot — 21, = m| = 2 (B.6)
0 0, otherwise.
T 1@, n=m;
/ Ci(t — nT)Ci(t — mT) dt = (B.7)
s 0, otherwise.
i ICe®I2, n=m;
/ Cilt — nT)Ca(t — mT) dt = (B.8)
0 0, otherwise.
7 ICs@OI?, n=m;
/ Ci(t — nT)Ca(t — mT) dt (B.9)
s 0, otherwise.
(Cot —T),Cu(t)), m—n=—1;
s (Cot=T),C1(t—2T)), m—-n=1,
/ Colt — nT)Ci(t — mT) dt (B.10)
0 <00(t_T)7CI(t_4T)>7 m—n=3;
0, otherwise.
- ((Co(t—T),Ca(t—2T)), m—n=1,
/C’O(t —nT)Co(t —mT) dt = ¢ (Co(t —T),Ca(t — 4T)), m—n=3; (B.11)
0 \ 0, otherwise.
- ((Cot—T),C3(t—T)), m=n;
/ Colt — nT)Ca(t —mT) dt = { (Co(t —T),Ca(t — 3T)), m—n=2; (B.12)
0 \ 0, otherwise.
7 (C1(1), Ca(t)), m=m;
/ Ci(t — nT)Calt — mT) dt = (B.13)
4 0, otherwise.
o0
<Cl(t)7 C3(t)> »y M—Nn= 1a
/ Ci(t — nT)Ci(t — mT) dt = (B.14)
! 0, otherwise.
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It can be shown that,

/ Ca(t — nT)Cs(t — mT) dt = 0. (B.15)
0
(Co(t),Co(t —2T)) = (Co(t—T),Ci(t—2T)),
(Co(t —T),C1(t)) = (Co(t-T),Cat—2T)),
(Colt = T),Cr(t —4T)) = (Colt — T),Cs(t — 3T)),
(Co(t —T),Co(t —4T)) = (Ci(8),C3(t-T)),
(Colt —=T),Calt—=T)) = (Ci(t),Calt)). (B.16)

Substituting (B.6)-(B.16) into (B.4) and (B.5), and by rearranging terms, NSED(4, j) reduces

to

NSED(i, j)

% {4||Co(t)||2H(ci, /) +4[C1()IPH (V' v7)

+4[|IC2 () IPH (%", x7) + 4| Cs () 1P H (¥, y7)
+2(Co(t), Co(t — 2T)) x(3, ) + 2 (Co(t — T), C1(t)) (3, §)
+2(Co(t — T), C1(t — 4T)) A(4,5) +2(Co(t — T), Co(t — 4T)) ¢(i, 5)

+2 (Co(t—T),C’s(t—T)N(LJ’)}, (B.17)
where x(4, j) is still expressed by (3.57) and
) = 3 [d—d] [vhor—vio] = 20 ek — 6] [eho — vl
n odd n even
+ Z [%-1 - CZL—1] [a7, — 23] — Z [c:z—l - 03;—1] [z}, —2}], (B.18)
n even n odd
Nid) = Y [ehos—chg] [oh—vd] = 30 [chos = chg] [oh — ]
7 even n odd
+ 3 || v+ X [ — | i -], (B19)
n odd n even
C(Z’]) = Z [cn—3 - cﬁz—S] [w:L - w%] - [ciz——S - CZL—-S] [x;L'L - -’L'%]
n even n odd
+ Z [quz—l - ”i_l] [Z/fz - y%] - {’U:z—l - U%q] [Z/fz - y%] ,  (B20)
n odd n even
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n odd ) ' ) ‘ n even .
+ D [vh—vi] [zh -] + D [vh —vd] [ah - 2h]. (B.21)
n even n odd
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Appendix C

Theorem 4 Proof

Applying (4.50) used in Theorem 4 to each even and odd symbols of vy, Tn, and y,, we get the
following;:

For v, symbols,

4k+1
Vg (-1 egean—16ak-2 = —Caks
4k+2
a1 = (—1)*"“capy1cancar—1 = cak-1,
4k+3
g2 = (—1)*Fegpocaniioan = —ca,
dk+4
vakts = (1) cgpyscapiacars1 = Cart1- (C.1)
For z, symbols,
4k
e = (1) carCak—2Cak—3 = Cak,
dk+1
Takt1 (=1)**+legp p1cak-10ak—2 = —Cak1,
4k+2
Tak+2 (—1)Y** " “cqppoCanCak—1 = Cak-1,
443
Take3 (=1)*" " 4k 43Cak+3CA+1 = —Caks1. (C.2)
For yy,, symbols,
Ytk = CakCak—1C4k—3 = Ck,
Yak+1 = Cak+1C4kCak—2 = C4k—2,
Yak+2 = Cak42C4k+1C4k—1 = Cak—1)
Yak+3 = C4k+3C4k+2C4k = Cak- (C.3)

113
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From (4.50) we have that cst—1 = cCak—2 = carx-3 = Cak—4, and substituting (4.50) and

(C.1)-(C.3) into x(¢,J) that is defined in (3.57), we obtain that

o [o o]
x(i,7) = Z [C4k Cik] [C4k—2 Chi 2] +Z [U4k v4k] [C4k 1 szk—l]
k=0 _\f_’ k=05ﬂ‘—/
[Cik—f'cik—l] —[Cik_"ik]
© . .
+D | k2 — Cik+2] ik — ] + Z [U4k+2 U4k+2] [C4k+1 Czj;k+1]
k=0 N ——— et k=0
[Cﬁk+1_°271k+1] _[Cik_czlk]
s Fo, . ro. . o . . . .
+ Z Cik+1 — Cik+1] Cig—1 — Cik—1] - Z [Uikﬂ - ”fucﬂ] [Cik - Cik]
k=0g—f\ﬁ——/ ) k=0‘+—’
[cZk_c?lk] [Cfak—l"czuc—l]
® . . . o . - . .
+ Z Cikta — szk+3] Chg+1 — Czuc+1} - Z [U3k+3 - Uflk+3] [Cik+2 - Czuc+2]
[Cfuc+z* 4k+2] [Cik+1_ 4k+1]
= 0. (C.4)

Substituting (4.50) and (C.1)~(C.3) into 7(s, j) that is defined in (B.18), we obtain that

oo o0
i) = i ' i J i ] i J
n(,j) = Z [C4k+1 - Cik+1] [”4k - ”4k] + Z [C4k+3 - Cik+3] [U4k+2 - U4k+2]
‘[cik_cz’;k] ‘[%k Cik]
oo 00
i j i J i j i J
- Z |Cdk — Cik] [U4k—1 = U4k—1] - Z [C4k+2 - szk+2] [”4k+1 - ”4k+1]
[cik—f 4k—1] _[Cka—l_cik—J

i
L
M3

i j i J
{C4k+1 - Czuc+1] [m4k+2 - x4k+2]
| .
[c4k' 4k] [cik—l‘cka—l]

[ i j i J
Cak—1 — Czik—l] [‘T4k - $4k] +

ES
Il
=)
a~
i
=)

s
gL

i g i g _ i o i g

C4k Cik] [954k+1 x4k+1] [C4k+2 Cik+2] [$4k+3 $4k+3]
B | S — |
—[cka+1‘°'31k+1] ‘[cfwﬂ‘ 4k+1]

- 0. (C.5)

E
Il
=)
>~
i
S

Substituting (4.50) and (C.1)—(C.3) into A(7, j) that is defined in (B.19), we obtain that

o0 o>
Mig) = ) [Cka—s - Cik—3] [Uik - Uik] + [%k 17 —1] [Ufuwz - Uik+2]
k=0 \—qz—-/ k=0 _'V_"
~[chx~ci] —[che—ci]
m N . w . .
Z [041« 2~ ] [Uflkﬂ - ”ik+1] Z [C4k ] [Uims - Uflk+3] +
k=0 : - k=0 \-—f-—’
[Cfuc—1'cfuc—1] [cik+1‘°371k+1]
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M3

o0
[cfuc—l - chk—l] [yikﬂ - Z/ik+1] + Z [04k+1 4k+1] [yik+3 - yfuc+3]

k=0 h/—-—’ k=0 B——/————/
[Cf;k—z‘cik—z] A A
* . . e . . . .
Z [Czuc 2~ 2] [yik = yz]uc] + Z [Cﬁk - Czuc] [?Jik+2 - ?fok+2]
k=0 ‘W_/ k=0 \—f—-—/
[Cik_"'?;k] [cflk—l—cik—l]
. (C.6)

Substituting (4.50) and (C.1)—(C.3) into ¢(4,7) that is defined in (B.20), we obtain that

[o0] oo
CGg) = Y. [Cfuc—3 - Cf;k-g] {wﬁk - xfuc] +y [Cﬁk—l - Cik—1] [$3k+2 - “’ik+2]
k=0 W——/ k=0 \—\,-—/
[Cfue_cf;k] [Cka—1_°'31k—1]
o0 [ee]
r . . . . . . i . .
= |chk—a— Cik—2] [wikﬂ - xik+1] -y [Cfuc - C‘ik] Tkt — xik+3]
k=0 : k=0 \——'W_/
‘[cik+1*cik+1] "["Zk+1_cik+1]
o0 o0 i ]
+ Z - Uzjlk] [yik.u - yﬁk+1] + Z [Uik+2 - ”fuc+2] Yak+s — Zfik+3]
k=0 S ——" k=0 ~ - ~ -
—[C4k“ 4k] [Cka—z“cik—z] ‘[cflk_cik] [Cik‘cik]
X r . . . e . r . .
- Z vauc-1 - vqu] [yfuc - Z/ik] - Z [’“ dk+1 ”4k+1] _yik+2 - yka+2]
k=0"- ~~ N, 7 k=0 ~~ s — ’
[Cka—s‘cik—s] [Cka" 4k] [C4k—1‘°271k—1] [cflk—l*"ik—l]
_— (C.7)

Substituting (4.50) and (C.1)- (C.3) into (4, j) that is defined in (B.21), we obtain that

oo o0
6(i,7) = Z [Cik—l - Cik—1] [yfuc+1 - xkaﬂ] + Z [Cfucﬂ - Cik+1} [yima - yzjlk+3]
[cik—z‘cik—zl [Cik‘cik]
S . . . x .
+> (Cik—2 — Cik—Q] [?Jik - yik] +y [c4k } [y4k+2 yf;k+2]
k=0 A/—-J k=0 \'—f-——’
[Cik_cik] [Cftk—1‘°‘z71k—1]
+ Z Vg — Uflk] [mﬁk - wik] + Z [vfus+2 - Ufuﬁuz] [$Zk+2 - lek+2]
[c4k < ] [cik“ 4k] ‘[cfuc' 4k] [C4k 1 Cka 1]
o0 oo
+ Z _Uik+1 - ”ik+1] [xikﬂ - mik+1] + Z [U3k+3 - ”z]lk+3] [‘”Zlk+3 - xfuc+3]
k=0\ ——— % -~ -’ =0 —— % N~ -
[Cfuc—1“ 4k—1] _[Cik+1“ 4k+1] [cik+1_c‘11k+1] _[clilk+1_c31k+1]
= 0. (C.8)

The Hamming distance between the v, sequences is given by

o 1 . )
HV, V) = 53 [vh— i

n=0
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. 2
= 3 E: |U “'U]i +§ :|U4k+1 ”4k+1l ‘|‘§ |U4k+3 U4k+3|
n even c] . k=0 0 e e’
lef—chl ledk—1—Cap—1* |C4k+1 4k+1|

Using the fact that ci_1 = 1 = 1for all ¢,j and c4x+1 = car+3 , then

o0 o0 o0

) L -
6= el 3 s = +Z|czk+3~cik+3r2]

o0

I

-bl»—\ > = er—‘

H(V',vY)
-1 even k=0

Z I+ Z |1 — gl + Z |Chk+s — Chpyal®

“n even k=0 ]

Zlc— i+ Y 1 —d i)

n even n odd
1 oo

= H(c!, ). (C.9
The Hamming distance between the z,, sequences is given by

o 1, . )
Hx,x) = 73 |ah— )

n=0

It

ZJ” _$]|2+le4k+2 x4k+2| +Z|x4k+3 4k+3|2,

n odd
i _ 2
lch—ch| chh—1~cap_1l? |°4k+1 4k+1|2

Since ci_l =c. 1 = 1for all ¢, 7 and ¢4 = Cap+1 = Cak+2, then

Hixt,x) = [Zlc e +Dc4k1 4'k_1|2+21czk+2—cik+zl2]
k=0

n odd

o0
= [Z |k — |Z+Z|C2k+1 2k+1|2+2|‘3§1k+2_031k+2|2}

n odd k=0

1 . z. o .
= 7 [ >l —dfF + Z i — 2+ D | cigsn — cglk+2|2]
k=0 k=0

7 odd

o0
- S a-dr+ 3 1a-ar]

n odd n even

1 ,
= 73l —dlP
=0

n—
= H(c', ). (C.10)
The Hamming distance between the y,, sequences is given by

H(y',y’) = —Zlyn vil?

n=0
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1
= Z[Z vk — yZlk;| +Z|y4k+2 y4k+2|

ek~ 4k:l lc4k 1~ Chxe— |2
+Z|y4k+1 Vil +Z|y4k+3 ol
Ic4k 2~ Cap—sl? 'c4k‘°'?;k|

Since ¢ gy =cl,=1,¢ ,=c ; =1forall i,j and cgg1 = Cars3, then
o 1. . o :
H(y',y’) = 1 {Z |che — Shl> + D Ichk_1 — Sy ?
k=0 k=1
o0 . . o0 . .
+ Z k-2 = Ch—al” + X Ichi — Cz]lkl2}
1 k=0
_ i 12 ; P2
= 7 [Z | — cgl® + Z |Cah+1 = Chpoy
k=0

oo
o , .
+ch4k+2 Chgeyal +Z|Cik+3‘ 4k+3|2]

=0
_ [Z|c T Sy }
nodd n even
= 4Z|c —d?
= H(c o). (C.11)

Substituting (C.4)-(C.11) into (B.17) we obtain
. i i1
NSED(i,j) = 2RH(c',¢') [IICO(t)II2 +|IC1)I? + [[C2 ()] + IIC:s(t)HQ}
13
_ i g 2
= 2RH(c',cl)7 E_j ICk ()% (C.12)
It can be shown that for any pre-modulation pulse shape h(t) of length 3T,
3
dolck@IP=T. (C.13)
k=0

For simplicity, let

t
£0 = 57 [ b dr,
0

then

3 T
Yollc@? = / sin? [f(t)] sin® [ (t + T)] sin® [ (¢t + 2T)] dt
k=0 0
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sin? [£(t)] sin® [f(t + 2T7)] cos? [f(t + T)] dt

sin? [f(t)] sin? [f (¢t + T)] cos? [f(t + 2T)] dt

sin? [f(t)] cos® [f(t + T)] cos® [f(t + 2T)] dt

+
1 O 1y O 1y O

!

sin? [f(t)] sin? [f(t + T)] cos? [f(t — T)] dt

~

sin? [f(t)] cos? [f(t — T)] cos? [f(t + T)] dt

—

™
~

+ /sin2 [£(#)] cos? [f(t — 2T)] cos? [f(t — T)] dt

2T
4T

+ / cos? [ (t — 3T)] cos? [£(¢ — 2T)] cos? [f(t — T)] dt.
3T

By changing of variable (t' =t — T') in the last integral, we have

7

3
DlCk@I? = [ sin®[£(8)] sin® [f(t +2T)] {g [f (¢ + T)] + cos® [f(t +T)]} dt
k=0

=1

sin? [f(t)] cos® [f(t + 2T)] {ginz [£(t+T)] + cos® [f(t + T)] } dt

=1

N8O Oy

~

sin? [£(t)] cos? [f(t — T)] {gin2 [£(t +T)] + cos? [f(t + T)l} dt

=1

+
oo M

N

+ cos? [f(t — T)] cos? [f(t — 2T))] {gin2 ()] —ﬂi:cos2 [f@} dt

=1

I

ﬁ\w O\H l':]’

T
sin? [f ()] sin? [f (£ + 2T)] dt + / sin? [f(8)] cos? [£(t + 2T)] dt
0

2T
cos? [f(t — T)) cos? [f(t — 2T")] dt + /sin2 [f(t)] cos? [f(t — T)] dt.
T

~

+

By changing of variable (¢ = ¢ — T') in the last integral, we have

3 T
Slc®IF = / sin? [f(t)] {girﬁ [f(t+2T)] + cos® [f(t + 2T)]} dt
k=0

0 =1
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2T
+ /cos2 [f(t—T)) {gin2 [f(t)] + cos? [f(t)l} dt.
T =1

By changing of variable (¢ =t — T), we have that

N

T

3 T
SO = wﬁmwﬂw+/mﬂﬂmw
k=0 0

7

{@ﬂﬂm+m¥mm}w

=1

I
e e

Therefore, (C.12) reduces simply to
NSED(i, j) = 2R H(c, ¢’). (C.14)

as required.
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