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Abstract

This thesis is divided into four chapters. In the first one, all the pre-requisite theory of
semigroups and groupoids is introduced, as well as a few new results - such as a short
study of V-ideals and quotients in distributive semigroups and a non-commutative
Loomis-Sikorski Theorem.

In the second chapter, we motivate and describe the sofic property for probability
measure-preserving groupoids and prove several permanence properties for the class
of sofic groupoids. This provides a common ground for similar results in the particular
cases of groups ([44]) and equivalence relations (|41} 142]). In particular, we prove
that soficity is preserved under finite index extensions of groupoids. We also prove
that soficity can be determined in terms of the full group alone, answering a question
by Conley, Kechris and Tucker-Drob.

In the third chapter we turn to the classical problem of reconstructing a topolog-
ical space from a suitable structure on the space of continuous functions. We prove
that a locally compact Hausdorff space can be recovered from classes of functions
with values on a Hausdorff space together with an appropriate notion of disjointness,
as long as some natural regularity hypotheses are satisfied. This allows us to recover
(and even generalize) classical theorem by Kaplansky, Milgram, Banach-Stone, among
others, as well as recent results of the similar nature, and obtain new consequences as
well. Furthermore, we extend the techniques used here to obtain structural theorems
related to topological groupoids.

In the fourth and final chapter, we study dynamical aspects of partial actions
of inverse semigroups, and in particular how to construct groupoids of germs and
(partial) crossed products and how do they relate to each other. This chapter is
based on joint work with Viviane Beuter.
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Preface

Semigroups and groupoids are intrinsically related to dynamical systems, and the
oldest motivation comes from the theory of differential equations: Suppose € is an
open subset of R” and F' : 2 — R"™ is a Lipschitz vector field. The Picard-Lindelof
Theorem guarantees that the time-independent initial value problem

y(t)=F@), y0)=u,  (uel) (P1)

always has a unique solution y* defined on some maximal interval around 0. The
flow of F is the function given by Y (u,t) = y*(¢), and which is defined on some open
subset of €2 x R.

Given t € R, the equation 0;(u) = Y (u,t) = y“(t) defines a diffeomorphism
0, : Uy — V; between open (possibly empty) subsets of €2, and uniqueness of the
solutions of implies that

0:(0:(u)) = Osre(u) (P2)

whenever the left-hand side is defined. In modern language, t — 6, is a partial action
of the additive group of R by partial diffeomorphisms of (2.

Groupoids, on the other hand, provide a geometric counterpart to inverse semi-
groups and partial actions: Still considering the dynamical system provided by ,
suppose 0,(6;(u)) is defined, where s,¢ > 0, and consider partial trajectories "4 :
0,] = Q and y* ™| : [0,s] — Q. Equation then states that the concatena-
tion of y*|jp.q with ¥ coincides with y*|p s

y“|[0,s+t]

.

” ?> [ ] ? [ ] .
¥"l[0,4 O (u) y9t<u>‘[0,s] Oste(u)

IS J

This construction can be generalized to a transformation groupoid, and it retains most
local information about the dynamical system.

The main goal of this thesis is to study the dynamical properties of inverse
semigroups and groupoids and how they relate to each other. In the first chapter we
introduce groupoids and inverse semigroups, including all classical theorems which
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will be used throughout the next chapters. A precise relationship between groupoids
and distributive inverse semigroups is provided by non-commutative Stone duality
(based on [113]) - and a measurable analogue by the non-commutative Loomis-Sikorski
Theorem - and provides the picture that will be maintained throughout this thesis:
Inverse semigroups should usually be thought of as semigroups of bisections of some
groupoid. Even if this is not the case, the Vagner-Preston Theorem still allows us to
regard inverse semigroups as semigroups of partial bijections on some set. We also
develop a short theory of V-ideals for Boolean inverse semigroups and their quotients,
which proves to be extremely manageable and adequate to the study of non-faithful
invariant means on Boolean inverse semigroups.

In the second chapter we consider the sofic property for groupoids. Soficity was
initially considered by Gromov, as a generalization of both amenability and residual
finiteness for groups (|76]), and is a general property of approximability by finite
groups. We adopt the same point of view as [140], by introducing soficity as a prop-
erty regarding the existence of appropriate finite models, in the sense of continuous
logic, for our groupoid. This approach significantly simplifies several approximation
arguments and is in accordance to the more algebraic approach taken throughout this
thesis. The first course of action is then to prove that finite groupoids are sofic in the
usual sense (|19, 134], [31]) and use this to provide a slightly modified, however equiva-
lent and more manageable, description of the sofic property. Moreover, we study a no-
tion of finite index for probability-measure preserving groupoids which restricts to the
usual notions of finite index for subgroups and ergodic sub-equivalence relations. We
then proceed to prove several permanence properties for the class of sofic groupoids,
which can be used to provide an elementary proof that hyperfinite groupoids are
sofic. We finish the chapter by proving that, under weak conditions, soficity can be
determined in terms of the full group of a probability measure-preserving groupoid
alone, which provides an answer to a question in [31].

The third chapter starts by introducing two notions of disjointness for general
functions between Hausdorff spaces, and we apply a result from the first chapter to
obtain a general recovery theorem for locally compact spaces. Using this we are able
to obtain recovery theorems and classifications of isomorphisms for several different
algebraic structures on families of continuous functions - including new results of this
sort. In particular, we prove that a Stone space X can be recovered from its group
of circle-valued maps and the subset of those maps which attain 1 at some point of
X. To prove the necessity of the latter condition, at the end of the thesis we added
an Appendix with a proof, kindly provided by professor Vladimir Pestov, that there
are non-homeomorphic spaces with isomorphic groups of circle-valued functions.

In the last chapter, which is mostly based on joint work with Viviane Beuter, we
deal with partial actions of inverse semigroups as considered by Buss and Exel in [22].
We then define groupoids of germs - which generalize transformation groupoids - and
crossed products associated to partial actions. In the main theorem of this chapter,
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Theorem we describe the Steinberg algebra of an ample Hausdorff groupoid
of germs as a crossed product algebra, which generalizes previously known results. In
fact, we also employ the theory from the previous chapter to determine all diagonal-
preserving isomorphisms between Steinberg algebras of ample Hausdorff groupoids.
We proceed to describe relationships between global and partial actions of associated
groups and semigroups, and again obtain new results related to canonical isomor-
phisms between the associated groupoids or algebras. We finish this chapter with a
description and study of orbit equivalence for partial actions of inverse semigroups.



Chapter 1

Groupoids and inverse semigroups

In this chapter we introduce all terms and notation that will be used throughout the
thesis. For the sake of completeness, proofs are provided for most results, except
those which are trivial consequences of previous ones or have essentially the same
proof as in more well-known cases (for example, for groups). The introductory parts
are somewhat based on [135] and [88], although the order of presentation of the topics
(and consequently some proofs) is substantially different from either.

There are a few parts which are new to the theory, or at least not completely
standardized, such as non-commutative versions of the Loomis-Sikorski Theorems
(Theorems |1.8.17| and [1.8.18)) and the study of quotients of distributive semigroups
by V-ideals (Section . These abstract results will then be applied in subsequent
chapters, and they will to simplify significantly some computations.

We start by introducing groupoids in a graph-theoretical fashion, a manner sim-
ilar to how categories are described in [I120]. Although this is a somewhat convoluted
way of defining them, it should make the overall structure and dynamical nature of
groupoids clearer. However after this we will give the algebraic definition of groupoids
as well which will be used more often throughout this document for its succinctness.

1.1 Groupoids

1.1.1 Groupoids as directed graphs

Definition 1.1.1 ([I35]). A directed graph is a tuple G = (G, GV 5 t), where G
is a set whose elements are called vertices, GV is a set whose elements are called edges
or arrows, and s and ¢ are maps from GV to G, called respectively the source and
range maps.

Directed graphs can be depicted as points, representing the vertices, and arrows,
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representing the edges, pointing from its source to its range.

s(a) —— t(a) * v * e

It should be noted that the directed graphs we consider here are sometimes called
multigraphs or pseudographs, since we allow loops and multiple edges between two
vertices.

Example 1.1.2. Let X be a set and R any binary relation on X, i.e., a subset of X2.
Define a directed graph G by letting G0 = X, GV = R, s(y,x) = x and t(y,z) = y
for all (y,x) € R.

As a sub-example, let X = {a,b,c} and R = {(b,a), (¢, b), (a,c)}. The associated

graph can be depicted as
b
a+—— ¢

Example 1.1.3. Let G = G = Z, 5(n) = n and t(n) = n + 1. This directed
graph can be depicted as

- 2—--1—0—-1—1——n—-n+1—-..

Example 1.1.4. Generally, a discrete-time dynamical system consists of a set X and
a collection F of partial functions of X, that is, functions f : dom(f) — X where
dom(f) € X. Given such data, we define a directed graph G by letting G = X,
GV ={(f,x): fe€F,rcdom(f)}, s(f,z) =z and v(f,z) = f(z).

This directed graph G is depicted by drawing elements of X as points and arrows
from points of X to their image under elements of F, whenever defined.

As a sub-example, let X = Z, and f;(n) = n+ 1 for i = 0,1,2. The associated
graph is depicted as

0 0 A 0 L
> —2 > —1 > 0 > 1 > 2
N R

In order to obtain a suitable notion for the composition of arrows, we need to
introduce the concept of a category.

Definition 1.1.5. Let G = (G ,GM 5 t) be a directed graph. Given vertices z,y €
G, denote by

e G, =5 !(x), the set of arrows leaving from z;
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o GY =1t !(y), the set of arrows arriving at y;
e GY =GYNgG,, the set of arrows from z to y.

Definition 1.1.6. A small category consists of a directed graph C = (C9,C™M s t)
together with the set C®? = {(a,b) € CV x C : 5(a) = ¢(b) } and a composition map
C? — CW, (a,b) — ab, satisfying the following properties:

(i) If (a,b) and (b,c) € C?, then (a,bc), (ab,c) € C? and a(bc) = (ab)c.

(ii) For every x € C(, there exists id, € C* such that if a € C, and b € C%, then
aid, = a and id, b = b.

The set C? is called the set of composable pairs.

General categories are defined in the same manner, however we allow C(¥ and
C™ to be general classes instead of sets, however we will restrict our study to sets.

Note that C? = Useco Co x C*, and so the pair (a,b) of arrows in a category C
is composable if they meet “tip-to-tail™

.—b> () L} [

s(b) t(b)=s(a) t(a)

ab

The arrow id, € CZ in item (ii) is unique for each z € C¥, and it is called the
unit at x. Tt is customary to identify each x € C© with its respective unit, thus
viewing C(©) as a subset of C(V). This allows us, moreover, to identify a category with
its set of arrows.

Moreover, from item (i) we obtain, whenever (a,b) € C?, (ab,idyp) € C, and
so s(ab) = v(ids)) = s(b) and similarly v(ab) = v(a).

Definition 1.1.7. A functor between categories C and D is a map ¢ : C — D
satisfying:

(1) o(C?) c DO
(ii) If (a,b) € C?, then (¢(a), d(b)) € D@ and ¢(ab) = d(a)o(b).
A functor ¢ is an isomorphism if it is bijective and ¢! is also a functor.

Example 1.1.8. Let X be a set and < be a preorder on X (i.e., a reflexive and
transitive relation), and R = {(y,z) : x <y} the associated subset of X2 Let G
be the directed graph associated with this pair (X, R) as in Example In this
case, we have G = {((z,v), (y,2)) : (y,2), (2,y) € R}, so defining composition by
(z,9)(y,z) = (z,2) we obtain a category structure on G.
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In fact, since R is the set of arrows of G we identify ¢ and R, and moreover,
RO = {(z,2) : € X} can be obviously identified with X via z — (z, z).

The categories C obtained in this manner (up to isomorphism) are precisely those
such that, for every =,y € C%), C¥ has at most one arrow.

Example 1.1.9. Let M be a monoid (see Definition [1.2.1). Let M = {x} be a
singleton set, M) = M and s(m) = t(m) = * for every m € M. In this case
M® = M x M, and define composition as the monoid operation of M. This allows
us to see M as a category.

Conversely, if C is any category and = € C(9), then C? is a monoid. If C©) = {z}
is a singleton, then C is the category associated with the monoid C; as above.

Example 1.1.10. Let 6 be a global action (see Definition of a monoid M on a
set X, denoted by concatenation. We define the category M x4 X whose underlying
graph is similar to the one as in Example [1.1.4]

Namely, let (M xy X)© = X, (M xy X))V = M x X, s(m,z) = 2, t(m,z) = max.
In this case, (M xy X)® = {((m,nx),(n,r)): 2 € X,m,n € M}, so we define the
composition as (m,nzx)(n,x) = (mn, z).

Note that if X is a singleton X = {x} and M acts on X trivially, we recover
Example [1.1.9]

We say that an arrow a of a category C is invertible if there exists another arrow
b such that (a,b),(b,a) € C?, ba = s5(a) and ab = v(a). In this case, the arrow b is
unique and it is denoted by a~!, we call a~! the inverse of a, and a is called invertible.

It is standard fact that (a™')™' = a and (ab)™' = b~'a~! whenever a and b are
invertible and (a, b) € C?.

Definition 1.1.11 ([I35]). A groupoid G is a small category in which all arrows are
invertible.

Example 1.1.12. Every group is a groupoid, in the same way as Example [1.1.9

Example 1.1.13. If 6 is an action of a group G on a set X (as usual, denoted
by concatenation), then the category G xy X (as in Example [1.1.10) is a groupoid,
which we call a transformation groupoid. The inverse of an arrow (g,z) € G Xy X is

(97" gz).

v —2 gr —— (hg)x

S~

hg
When there is no risk of confusion, we will drop the index # and denote this groupoid
simply as G x X.

Example 1.1.14. A preorder R on a set X, regarded as a category as in Example
[1.1.8] is a groupoid if and only if R is an equivalence relation. (See [1.1.17 below.)
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Example 1.1.15. If G is a groupoid, then the image of the map (t,s) : G — GOx G,
(t,s)(a) = (x(a),s(a)), is an equivalence relation on G| called the orbit equivalence
relation, which we will denote by R(G). An R(G)-equivalence class is called an orbit.

e If 0 is an action of a group G on a space X, then R(G x4 X) is the usual orbit
equivalence relation of the action 6, so orbits of G x4 X coincide with orbits

of 8. We will abuse notation and denote, in this case, the orbit groupoid as
R(0) = R(G xg X).

e If R is an equivalence relation on a set X, then the orbit of an element x € X
is the R-equivalence class of x.

In fact, it is possible to determine the groupoids which are isomorphic to an
equivalence relation, in the sense above, and those are called the principal groupoids.

Definition 1.1.16. If G is a groupoid and x € Q(O), we call the set G7 the isotropy
group of G at x.

Note that G7 is indeed a group with the operation inherited from G.
Definition 1.1.17. A groupoid G is principal if G® is a trivial group for all z € G0,

Example 1.1.18. If # is an action of a group G on a set X, then the transformation
groupoid G Xy X is principal if, and only if, the action 6 is free: Indeed, for all x € X,
let G, = {g € G : gx = x} be the stabilizer of z, so the map

G$—>(G KGX)i7 g'—><g,$>

is a group isomorphism. Thus G x4 X is principal if and only if G, is trivial for all
r € X, ie., 0 is free.

Proposition 1.1.19. A groupoid G is principal if and only if there exists an equiva-
lence relation R on a set X which is isomorphic to G, as a groupoid.

Proof. Every equivalence relation, regarded as a groupoid, is principal, and conversely
if G is a principal groupoid then the map (v,s) : G — R(G) is a groupoid isomorphism.
m

In the following sections and chapters, we will consider topological versions
of these constructions, and generalize the transformation groupoids to groupoids of
germs of partial actions of inverse semigroups.
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1.1.2 Groupoids as algebraic structures

A groupoid can be alternatively (algebraically) defined as a set G endowed with a
partial binary map G® — G, (a,b) — ab, where G is a subset of the product G x G,
satisfying

(G1) If (a,b) and (b,c) € G@, then (ab,c) and (a, bc) € G and (ab)c = a(bc);
(G2) For all a € G, there is p € G such that (p,a) € G® and if (a,b) € G?), then

(pa)b = b;
(G3) For all a € G, there is ¢ € G such that (a,q) € G? and if (c,a) € G, then
c(aq) = c.

(note that the equations at the end of (G2) and (G3) make sense by (G1)).

Indeed, any groupoid, in the categorical sense, already comes with the structure
described above. Conversely, if G is a groupoid as described above, the elements p
and ¢ in (G2) and (G3) are unique with those properties, and in fact they are equal

so we denote p = ¢ = a~!. Define the source and range maps as s(a) = o 'a and

t(a) = aa™!, and let G = v(G) = 5(G), G = G. This gives us all the remaining
graph-theoretical structure.

Therefore, in order to describe a groupoid G, it is enough to simply describe a
partial binary operation on G, which we identify with G as a set, satisfying (G1)-(G3)
above, so the remaining structure is uniquely determined.

Definition 1.1.20. A map ¢ : G — H between two groupoids G and H is a morphism
if (a,b) € G implies (¢(a), 6(b)) € H®, and o(ab) = o(a)(b).

Proposition 1.1.21. Let ¢ : G — H be a groupoid morphism. Then
(a) d(a=) = ¢(a)! for all a € G;
(b) 6(G) € HO;
(c) d(s(a)) = s(¢(a)) and ¢(x(a)) = t(p(a)) for all a € G;
(d) If ¢ is invertible then ¢~' is also a morphism.

(In particular groupoids morphisms are precisely their functors.)

Proof. (a) Since ¢(a) = ¢(a)p(a)p(a), we can multiply both sides on the left and
on the right by ¢(a)™! and obtain ¢(a)™! = ¢(a™t).

(b) and (c) follow from (a).
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(d) Suppose ¢ is invertible and (¢(a), ¢(b)) € H®. From (c),
¢(s(a)) = s(d(a)) = t(¢(b)) = d(x(b))
s0 5(a) = t(b) and thus ¢~ (¢(a)p(b)) = ¢~ (¢(ab)) = ab = ¢~ (d(a))d ™" (¢(b)),

therefore ¢! is a morphism. O

Example 1.1.22. Every set X can be regarded as a groupoid by setting X =
{(z,z) : x € X} and the product zz = z for all x € X.

Alternatively, let X be the identity equivalence relation on X, regarded as
a groupoid as in [1.1.14] or let {1} be the trivial group acting (trivially) on X and
consider the transformation groupoid {1} x X as in[1.1.13] Any of the two bijections

X — XO X — {I}xX
or
v — (z,7) z — (L)

induces the same groupoid structure on X as above.
In any case, the groupoids constructed in this manner are precisely the groupoids
g satistying g = G, and these are called the unit groupoids.

The next two examples show that the groupoid structure of a transformation
groupoid is not enough to recover the initial group action.

Example 1.1.23. Let G be a group acting on two sets X and Y. We say that the
G-spaces X and Y are conjugate if there exist a bijection F' : X — Y satisfying
F(gx) = gF(x) for all g € G and z € X.

Clearly, if X and Y are conjugate, then the groupoids G x X and G x Y are
isomorphic — namely, (g, z) — (g, F'(x)) is an isomorphism — however the converse is
not true.

Let G = (Z/2Z)* = {(a,bla® = b* = [a,b] = 1) and X = {1,2,3,4}. We define
two actions o and § of G on X on the generators in the following way:

ale)=(12), a(b)=(34), Ala)=(12)(34) and Ab)=idx,

where (i1 - - - i,,) is denotes the cycle taking i; — ;1. These actions are not conjugate,
because a(a) is faithful but 3 is not (even more strongly, there is no automorphism ¢
of G for which « is conjugate to 5(), but the respective transformation groupoids are
isomorphic, and the isomorphism can be deduced from the usual depictions of these

groupoids:
ab ab

/E\ /E\
GroX:bvC e _2eDb aC e 2 e Da
w W
ab ab
ab ab
GrgX: v e 2 — e Dy s e > — Py

ab ab
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Example 1.1.24. Following the previous example, suppose that two groups GG; and
(G5 act on spaces X; and Xs, respectively, and that the groupoids G x X; and G5 x X5
are isomorphic. This clearly implies that X; and X, are in bijection, since they are
the unit spaces of the respective groupoids, but it is not necessary that G; and Gs
are isomorphic.

Let X = {z,y},

=7/A7 = {glg* = 1) and Gy = (Z/2Z)* = (a,bla* = b* = [a,b] = 1),
and consider actions of oy of G; and oy of Gy on X as
ar(g) = (ry),  as(a)=(ry), (b)) =idx.
The map ¢ : G; x X — G5 x X given by
o(Lz)= (L), ®g,2)=(az), (¢ z)=(b72), ¢ z)=/ab ),

o(1,y) = (Ly), P(g,9)=(a,9), (% y)=(by), (¢’ y) = (aby)
is an isomorphism, even though G; and G, are not isomorphic.

3

g ab
79 N Y
G xp X : 2dowo@g, Gy xp X :bdowopb
g3 CLb

1.1.3 Constructions with groupoids

Definition 1.1.25. Let {G; : ¢ € I} be a family of groupoids. We endow the disjoint
union G = U;G; with the set of composable pairs G? = uigl@ and the operations
which restrict to the initial operation in each G;. We call this the coproduct of the
groupoids G;.

From the definition of the coproduct we can readily see that LIG; satisfies the
following universal property: There are canonical morphisms ¢; : G; < G (namely,
the inclusion maps) such that for every groupoid H and every family of morphisms
¢; + G; — H, there exists a unique morphism ® : G — H for which ¢; = ® o ; for all
1.

Definition 1.1.26. The product of a family {G;} of groupoids is the usual Cartesian
product [], G; endowed with the partial operation (a;)ics(bi)icr = (aibi)icr, Which is
defined when every term a;b; is defined.

The product [ [, G; also satisfies the usual universal property: There are canonical
morphisms 7; : [[;G; — G, (namely, the j-th projection map) such that for every
groupoid H and family of morphisms ¢; : H — G;, there exists a unique morphism
¢ : H — [, Gi such that ¢; = m; o ® for all j.
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Definition 1.1.27 ([120, I76]). A groupoid is connected or transitive if it has only
one orbit (Example [1.1.15), or equivalently if the map (t,s) : G — GO x G is

surjective.
Example 1.1.28. The only connected equivalence relation on a set X is X?2.

Example 1.1.29. If # is an action of a group G on a set X, then G x4 X is connected
if and only if 6 is transitive.

Proposition 1.1.30. FEvery groupoid G is a coproduct of connected groupoids.

Proof. Let us denote by orb(G) the collection of orbits of elements of G0, If A €
orb(G) then the set G4 := s 1(A) Nt7!(A) is a connected subgroupoid of G, and it
should be clear that G = uAeorb(g)g;;‘. O]

The next theorem shows that transformation groupoids - or groups and principal
groupoids - can be seen as the “building blocks” for general groupoids.

Theorem 1.1.31. (a) Every connected groupoid G is isomorphic to one of the form
G x (X?), where G is a group, X is a sel and X? is the coarsest equivalence

relation on X as in Fxample|1.1.14),

(b) Every connected groupoid G is isomorphic to a transformation groupoid (of a
transitive group action).

(c) Every groupoid G is isomorphic to a coproduct of transformation groupoids (of
transitive group actions).

Proof. (a) Let v € G be an arbitrary element, and let G = GY, which is a group
with the operation endowed from G. For every z € G choose t, € gr.
The map G x (G)% — G given by (g, (y,7)) — t,gt;' is a groupoid isomor-
phism, and its inverse is a — (tt_(cll)ats(a), (v(a),s(a))).

(b) By item (a) we just need to consider a groupoid of the form G = G x (X?),
where G is a group and X is a set. Endow X with a group structureﬂ and
consider the action of G x X on X as (g,x)y = zy.

Then the map (G x X)x X — G x (X?), ((9,7),y) — (g, (2y,y)) is a groupoid
isomorphism, and its inverse is (g, (z,y)) — ((g,zy™ ), y)

(c) follows immediately from item (b) and the previous proposition. O

!The statement that every set X can be endowed with a group structure (in fact, abelian) is
equivalent to the Axiom of Choice. If X is finite this is clear enough, and if X is infinite then it
has the same cardinality as the set of its finite subsets, which is an abelian group under symmetric
difference. For the converse, see [79].
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1.2 Inverse semigroups

Nomenclature and notation

Before we start this section, let us fix some nomenclature that will be used throughout
the text: Let (L, <) be a poset:

1. The join of a subset F' C L is its supremum, and we denote it by \/ F" if it
exists. If F' = {ay,...,a,} is finite, we also denote \/ F = ay V -+ V ay,.

2. The meet of a subset F' C L is its infimum, and we denote it by A F' if it exists.
If F={ay,...,a,} is finite, we also denote A F'=a; A--- A a,.

We say that (L, <) is a
3. A-semilattice (read “meet semilattice”) if it admits arbitrary finite meets.
4. lattice, if it admits arbitrary finite meets and joins.

We say that the poset L has a zero if it has a minimum, denoted by 0 = A L.

1.2.1 Inverse semigroups

Definition 1.2.1. A semigroup is a set S endowed with an associative binary oper-
ation (s,t) — st. A semigroup is

1. regular if for every s € S there exists an element ¢t € S, called an inverse of s,
satisfying sts = s and tst = t.

2. an inverse semigroup if it is regular and every s € S admits a unique inverse.
In this case we denote it s*.

3. a monoid if it has an identity or unil, that is, an element 1 € S (necessarily
unique) satisfying 1s = s1 = s for all s € S.

A subsemigroup of a semigroup S is a subset 7" C S which is closed under the
semigroup operation. A sub-inverse semigroup of an inverse semigroup is a sub-
semigroup which is closed under inverses.

Definition 1.2.2. A morphism of semigroups is a map 6 : S — T satisfying 0(s1s,) =
6(s1)0(s2) for all sq, s, € S. Moreover, 6 is an isomorphism if it is invertible and 6*
is also a morphism.
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As usual, we extend the product notation of elements of a semigroup S to subsets
of S, namely

FG={fg:(f,9) e FxG}, tF={tf:feF} and Ft={ft:feF}
whenever ;G C S and t € S. If S is an inverse semigroup, we also denote
F = {f": feF}.

Remark. If S is an inverse semigroup and 7' is a subsemigroup which is regular, then
every element ¢ € T admits an inverse ' € T. However since inverses are unique in S
then t' = t*. Therefore regular sub-semigroups of inverse semigroups are sub-inverse
semigroups.

Example 1.2.3. Every A-semilattice is an inverse semigroup with the meet as the
operation: zy = x A y. In this case, every element is its own inverse: x* = x.
We will always regard A-semilattices as inverse semigroups with this operation.

Example 1.2.4. If S is an inverse semigroup and s,t € S, then the equation sts = s
might be satisfied even though ¢ is not the inverse of s.

As a particular case of the previous example, let X be a nonempty set and
consider the power set P(X) of X, ordered by set inclusion. Then P(X) is a A-
semilattice, and hence an inverse semigroup, under set intersection: AB = AA B =
ANB forall A, B e P(X).

However, X @ = &, even though X is not the inverse of &.

Example 1.2.5. Not every regular semigroup is an inverse semigroup. For example,
if S is any set we endow it with the operation st = s for all s, € S, which makes it
regular but not an inverse semigroup if |S| > 2. In fact, any two elements are inverses
of each other in this semigroup.

Example 1.2.6. Let X be a set. Let Z(X) be the set of all partial bijections of
X, i.e., the set of all bijections f : dom(f) — ran(f), where dom(f) and ran(f) are
subsets of X. We make it a semigroup with the canonical partial composition of
maps, namely, given f, g € Z(X),

1. dom(gf) = f~(dom(g) Nran(f));
2. ran(gf) = g(dom(g) Nran(f));

3. (9/)(x) = g(f(x)) for all z € dom(gf).

This makes Z(X) an inverse semigroup. Namely, the inverse of f € Z(X) is the usual
inverse function f* = f~!:ran(f) — dom(f).

Z(X) serves as an analogue to permutation groups, and in fact a version of
Cayley’s Theorem, called the Vagner-Preston Theorem (see Theorem holds:

every inverse semigroup is isomorphic to a sub-inverse semigroup of some Z(X).
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The semigroups we will be most interested in are the semigroup of bisections of
a groupoid, which we now introduce.

Definition 1.2.7. A bisection in a groupoid G is a subset A C G such that the source
and range maps are injective on A.

Example 1.2.8. A subset of a group is a bisection if and only if it is either empty
or a singleton.

If A and B are subsets of a groupoid G, we denote their product by
AB={ab: (a,b) € (Ax B)NG®} and A '={a':a€ A}

Example 1.2.9. The collection Bis(G) of bisections of a groupoid G is an inverse
semigroup under the product and inverse of subsets of G.

Let us briefly recall the notion of the graph of a function.

Definition 1.2.10. If f: X — Y is a function between sets X and Y, the graph of
f is the set

graph(f) = {(f(z),z) : x € X}

Remark. Usually (see [93, p. 11] or [81, Section 8|), the graph of a function is
instead defined as the set of pairs (z, f(x)) for z € X. However, this convention
is more consistent with the convention, adopted throughout the whole thesis, that
functions “act on the left”.

Recall that a relation (between sets X and Y) is a subset A C Y x X. The
composition of relations A CY x X and B C Z x Y is the relation

Bo A= {(z,z) : there exists y € Y such that (z,y) € B and (y,z) € A}.

(Note that if R is an equivalence relation, regarded as a groupoid, and A, B C R C
X x X, then the product BA coincides with the composition B o A.)

If f: X —Yand g:Y — Z are functions, then graph(f) C Y x X and
graph(g) € Z x Y are relations, and

graph(g o f) = graph(g) o graph(f)

i.e., graph preserves composition. In particular, the map f ~— graph(f) defines an
injective semigroup morphism between the semigroup X~ of functions from a set X
to itself (under function composition) to the semigroup P(X x X) of binary relations
on X (under relation composition).



1. GROUPOIDS AND INVERSE SEMIGROUPS 13

Example 1.2.11. If R is an equivalence relation on a set X (seen as a principal
groupoid), then Bis(R) can be identified with the subsemigroup of Z(X)

J={f€Z(X): Ve € dom(f),(f(x),z) € R}.
Indeed, the map 6 : Bis(R) — J, given by
04 =1t0(s|a)"" :5(4) = t(A)

is a semigroup morphism with inverse f + graph(f). Whenever necessary, we will
identify Bis(R) with J in this manner.

In particular, if R = X x X then J = Z(X), so Bis(X x X) is isomorphic to
Z(X).

Example 1.2.12. If § is an action of a group G on a set X, then the map g — {g} x X
is an injective morphism (Definition [1.2.2)) of G into Bis(G xy X).

The set of idempotents in a semigroup plays several important roles in their
representation theory (Chapter 4)), so we introduce a notation for it.

Definition 1.2.13. Given a semigroup S, denote by E(S) = {e € S : ¢? = ¢} the set
of idempotents of S.

Note that if s and ¢ are inverse elements in a semigroup S then st € E(S), and
conversely every e € F(S) is an inverse of itself. In particular, if S is an inverse
semigroup then E(S) = {s*s:s € S}. If S is a monoid then 1 = 1% € E(S).

Example 1.2.14. Given a set A, let idy : A — A be the identity function of A.
Then if X is a set, the idempotent set of Z(X) is

B(Z(X)) = {ids: AC X}.

Also note that idsnp = idsidg whenever A, B C X, so by identifying subsets of
X with their respective identity functions, the semigroup operation of Z(X) corre-
sponds to intersection of sets. Moreover, f*f = idgom(sy) and f[f* = idan(y), so f*f
corresponds to the domain of f and ff* corresponds to the range of f.

We now prove that E(S) is a commutative sub-inverse semigroup of an inverse
semigroup S, and this is an important fact for calculations which will be performed
throughout the next sections and chapters.

Theorem 1.2.15 (|88, Theorem 5.1.2], [I08, Theorem 1.1.3]). A regular semigroup
S is inverse if and only if the elements of E(S) commute. In this case, E(S) is a
sub-inverse semigroup of S.
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Proof. First assume that S is inverse and let e, f € E(S). Let x = (ef)* be the
unique inverse of ef. Then

(ef)(fze)(ef) = (ef)z(ef) = ef and (fre)(ef)(fze) = f(zefr)e = fre

so (fxe) = (ef)* = x. Then we obtain

v? = (fxe)(fre) = f(vefr)e = fre=2x

so x is idempotent, and therefore it is its own inverse, that is, * = fxre = ef is
idempotent. Similarly, fe is idempotent, so

fe=(fe)’ = flefle= fre=x=ecf

Conversely, assume elements of F(S) commute and let ¢; and ¢, be inverses of
some s € S. Since sty, sto, t15 and tys are idempotents, then

tl = t13t1 = tl(StQ)(Stl) = t1<8t1)(3t2) = tlstg = (tls)(tQS)tg = (th)(tls)tQ
= t28t2 = t2

so S is inverse.
If elements of E(S) commute, it is easy to see F(S) is closed under product, and

since every element of E(S) is its own inverse then E(S) is a sub-inverse semigroup
of S. O]

An easy application of this result allows us to conclude that inverses in inverse
semigroups respect the usual laws of products.

Corollary 1.2.16. Let S be an inverse semigroup. Then
(a) (s*)*=s foralls € S;
(b) (st)* =t*s* for all s € S;
(c) If s€ S and e € E(S) then ses* € E(S).

Inverse semigroups have several applications in the theory of C*-algebras: for
example, important classes of C*-algebras are generated by semigroups of partial
isometries, such as those of Cuntz-Krieger, graph and more generally ultragraph C*-
algebras. For more details, we refer to [51], [124] 170]. In fact, every regular semigroup
of partial isometries of a C*-algebra is an inverse semigroup, as we prove now. (Com-
pare with [135, Proposition 2.1.4].)

Proposition 1.2.17. Let S be a multiplicative semigroup of partial isometries of a
C*-algebra A. The following are equivalent:
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(1) S is closed under adjoints;
(2) S is regular;
(3) S is an inverse semigroup.
Proof. (1)=-(2) is obvious.
(2)=(3): Let us first prove that E(S) = {p € S : p is a projection}. If p € E(S5),
then in particular p is a partial isometry and (p*)? = p*, so

(p=p*)° =p* = *p" — 0"+ p(0")* = p** + p'op" + (0*)’p — (*)°
=p—pp  —p+pp —pp+p +pp—p =0
and since p — p* is a normal element of A, the functional calculus ([I33, Theorem
2.1.3|) implies that p = p*, that is p is a projection.
Now let us prove that E(S) is commutative: if p,q € E(S), then pg € S is a
partial isometry and p and ¢ are projections, so

pa = (pq)(pq)*(pq) = paq*p*rq = (pq)*

and similarly (¢p)? = ¢p, and thus

(pg — ap)® = (pq)* — (pa)*(ap) — (pq)(qp)(pq) + (pq)(qp)*
— (qp)(pa)* + (ap)(pa)(ap) + (ap)*(pq) — (ap)*
= pq — pgp — pq + pap — qpq + qp + qpg — qp = 0.

and again, because p, ¢ are projections then pg — gp is normal in A and the functional
calculus implies pg = gp. Therefore elements of E(S) commute and S is inverse by
Theorem [[.2.15

(3)=(1): Let u € S, v be the inverse of u in S, and u* be the adjoint of u in
A. Without loss of generality, we can assume A is contained in the algebra B(H) of
bounded operators of some Hilbert space H. In this case, a map u € A is a partial
isometry if and only if u is isometric on ker(u)*, and in this case u(ker(u)t) = u(H) =
ker(u*)* ([133, Theorem 2.3.3]). Then for all z € (keru)*,

2]l = flu(@)]} = flu(v(w@))I < [o(u@@)] < [u(@)]] < |z (1.2.1)

and this implies that [[v(u(z))| = |lu(z)]], so u(x) € (kerv)* because v is a partial
isometry. In other words, since u is a partial isometry,

(keru*)" = u ((keru)™) C (ker v)*

Similarly, from v*u*v* = (vuv)* = v*, we conclude that (kerv)™ C (keru*)", and
therefore (keru*)™ = (kerv)". Since u* and v are partial isometries, it is therefore
enough to check that u* = v on (ker u*)"
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If y € (keru*)", then z := u*(y) € (keru)’, and equation (1.2.1) implies

|lv(u(x))]] = |lz|]]. But since S is regular, the proof of (2)=(3) also applies and
shows that vu is a projection, and thus
u(y) =z = v(u(z)) = v(u(u(y) = v(y). O

The converse also holds: every inverse semigroup is isomorphic to a semigroup
of partial isometries of some C*-algebra. See the discussion after Theorem [1.2.26]

We define a partial order on an inverse semigroup S with any of the following
equivalent statements .

s<t <= Je€ E(S)(te=3s) <= Fe e E(5)(et =5)
< s=1s5"s <= s=s55"1

(the equivalence of these statements can be proven using Theorem [1.2.15]).

Example 1.2.18. If S is an inverse semigroup, the order on E(S) is described by
e< f < ef=cefore, fe E(Y), and then E(S) becomes a A-semilattice, where
for any two elements e, f € E(S), ef =eA f.

Example 1.2.19. In Z(X), f < g if and only if g is an extension of f, that is,
dom(f) € dom(g) and glaom(s) = [-

Example 1.2.20. If G is a group then ¢ < h in G if and only if g = h.
Example 1.2.21. If G is a groupoid and A, B € Bis(G), then A < B «<— A C B.

Using the different descriptions of the order of S and commutativity of E(S) the
following theorem can be proven without problems.

Theorem 1.2.22 (See |88, Section 5.2|). Let S be an inverse semigroup. Then
(a) s <t if and only if s* < t*;
(b) If s <t and z € S then sz <tz and zs < zt;
(c) If s€ S, ec E(S) and s < e then s € E(S).
(d) If s <t then s*s = t*s = s*t and ss* = st* = ts*.
(e) If s <t and s*s = t*t then s = t.

The next simple proposition gives a simple characterization of zeros in inverse
semigroups as absorbing elements.

Proposition 1.2.23. An element p of an inverse semigroup S is a zero (minimum,)
of S if and only if it is absorbing (that is, ps = p for all s € S).
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Proof. If p is absorbing, then for all s, p = ps*s,sop < sand p= A S;

In the other direction, if p = A S then p < p*p, which is idempotent, and so
p € E(S) by Theorem|[1.2.22)(c) and in particular p = p*. Forall s € S, p = sp*p = sp,
so p is absorbing. O

Therefore, we denote any absorbing element of an inverse semigroup S by 0 and
call it a zero, which agrees with the poset definition at the beginning of this section.

Example 1.2.24. In general, a zero for E(S) is not necessarily a zero for S when §
is an inverse semigroup. For example, if G is a nontrivial group then F(G) = {1},
and 1 is the minimum of E(G) but not of G.

We will now prove a generalization of Cayley’s Theorem in group theory, which
allows us to think of Z(X) as a sort of “canonical” inverse semigroup. The next
proposition summarizes some basic properties of morphisms of semigroups which will
be used throughout the text.

Proposition 1.2.25. Let 0 : S — T be a morphism of semigroups.
(a) 0(S) is a subsemigroup of T';
(b) If 0 is invertible then it is immediately an isomorphism;
(c) If S is regular then 0(S) is regular;

(d) If S is regular and T is an inverse semigroup then 6(S) is a sub-inverse semi-
group of T.

(e) If S is inverse and 0 is surjective, then O(E(S)) = E(T), and T is an inverse
Semigroup;

(f) If S and T are inverse semigroups then 6(s*) = 0(s)* for all s € S.

Proof. (a) and (b) can be proven in the same manner as the analogous statements
for groups. (c) is clear and (d) follows from Remark and the previous items,
and (f) follows easily from the uniqueness of inverses in inverse semigroups. The only
item we need to prove then is (e), so suppose S is inverse, 6 is surjective and let
u=20(s) € E(T), where s € S. Letting e = (ss*)(s*s) € E(S), we obtain

Ble) = ud(s”s")u = wo(s*s ) = O((5° %) = 0(s) = v = u

so u = ¢(e) € (E(S)). In particular, F(T) is commutative and 7' = 6(S) is regular,
so T is an inverse semigroup by Theorem [1.2.15 O

Theorem 1.2.26 (Vagner-Preston Theorem, [I71, 141]). Every inverse semigroup S
is isomorphic to a sub-inverse semigroup of Z(X) for some set X.
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Proof. Forevery s € S,let Dg = {t € S : tt* < s*s}, and define a map a : Dy — D
by a(z) = sz. To check that a; is well-defined, note that for all z € D,

as(2)as(2)" = (s2)(s2)" = szz™s™ < ss%,

so a,(2) = sz € D,. The verification that as- = a; ! follows easily from the definition
of the order on S.
In order to prove that a, o ay = ayy, we first compare their domains, that is, we
show that
a; (DN D) = Dy
If 2 € D(s)+, then z2* < (st)*(st) = t*s*st < t*t (because t*s*s < t*), so z € Dy, and
(o (2)) (e (2))" = (t2)(t2)" = tzz"t" < t(st)*(st)t" = tt*s*stt" < s*s

that is, z € a; ' (D; N D).
Conversely, if z € a; (D, N Dy), then oy(2) € D, which implies oy(z) =
s*say(z), so

22" (st)*(st) = 22"t"s"st = zay(z)"s" st = zoy(2)"t = 22"t"t = 22”

and therefore z € D(y)-. It is then clear that oy = a0 ay.

Finally, for the injectivity of «, simply note that if a; = a4 then s = a,(s*s) =
ay(s*s) = ts*s so s <t and symmetrically, t < s, so o : S — Z(S) is an isomorphism
from S to a sub-inverse semigroup of Z(.5). O

The map « will be used in later chapters, so we give it a name.

Definition 1.2.27. The map a : S — Z(95) is called the canonical left action of S
on itself.

Remark. For inverse semigroups with zero, it is natural to ask that morphisms
preserve zeros, however this is not the case for the canonical left action. Namely, if S
has a zero and o : S — Z(S) is the canonical left action, then 6(0) = idoy, which is
not the empty function. However, this is easily remedied by noticing that 0 is fixed
by as for all s € S, and so we can restrict each ag to the complement of {0} and
obtain again an injective morphism g : S — Z(S\ {0}), ao(s) = as|s\ (0}, which in
this case will satisfy ay(0) = @.

We can use the Vagner-Preston Theorem in order to prove that all inverse semi-
groups are isomorphic to some semigroup of partial isometries of some C*-algebra
(this was first proved in [37]). Indeed, it is enough to prove this for Z(X), where X
is a set. Consider the Hilbert space H = ¢*(X) with the standard basis {J, : € X}.
Given f € Z(X), we define Ty € B(H) by

T (5 ) B 5f(x), ifx e dom(f),
STl 0, otherwise,

and the map f +— T% is an injective semigroup morphism.
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1.2.2 Distributive semigroups

Let X be a set and f, g two partial bijections of X. Oftentimes we are interested in
considering a common upper bound of f and g, that is, a new function which extends
both f and g. This is possible, for example, if f and ¢ coincide on the intersection of
their domains, and f* and g* also coincide on the intersection of their domains. We
will deal with this problem in the more abstract setting of general inverse semigroups
(as opposed to Z(X)).

Proposition 1.2.28. Suppose S is an inverse semigroup and s,t € S admit a com-
mon upper bound (that is, there is some z € S with s < z andt < z). Then s*t € E(S)
and st* € E(S).

Proof. Let z € S be a common upper bound of s and ¢. Then s*t < 2*z, which is an
idempotent and thus s*t € E(S). The same argument with s* and ¢* in place of s
and t yields st* € E(S) as well. O

Definition 1.2.29. Two elements s,t € S are compatible if s*t and st* belong to
E(S). A subset F' C S is called compatible if any two elements of I are compatible.

Proposition 1.2.30. Let S be an inverse semigroup, s, t € S two compatible elements
and z € S. Then

(a) s* and t* are compatible;
(b) zs and zt are compatible.
(c) s At exists, and s Nt = st*t = tt*s = ts*s = ss*t.
Proof.  (a) should be clear enough.
(b) We have
(z8)"(2t) = (s"2"2)t < s™t and (z8)(2t)" = z(st™)z"

so (zs)*(zt) € E(S) by Theorem [1.2.22(c), and (zs)(zt)* € E(S) by Theorem
1.2.16|(c), so zs and zt are compatible.

(c) We just prove that s At = st*t, and the other equalities are similar. Since,
st* € E(S), then st*t < t, and also st*t < s, so st*t is a lower bound of s and
t. If p < s,t, then
p=pp'p < st

so st*t is the largest lower bound of s and ¢, that is, their meet. O]
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Example 1.2.31. If X is a set and f,g € Z(X), then f*g € F(Z(X)) if and only if
f(z) = g(x) whenever x € dom(f)Ndom(g), and similarly fg* € E(Z(X)) if and only
if f~'(x) = ¢g~'(x) whenever x € ran(f)Nran(g). Thus, if f and g are compatible we
may construct the partial bijection f V g, defined by

e dom(fV g)=dom(f)Udom(g); ran(fV g) =ran(f)Uran(g);
o (fVg)(x) = flz)if z € dom(f); (fVg)(x) = g(x) if 2 € ran(g).

We will be interested in semigroups which satisfy a distributive property for the
product with respect to joins. Actually, distributivity of the product over meets is
always satisfied, but there are inverse semigroups such that the product does not
distribute over joins.

Proposition 1.2.32. Suppose S is an inverse semigroup, t € S, F is a nonempty
subset of S and that \ F exists. Then \(tF) and N\(F't) exist, and N(tF) =t (\F)
and N(Ft)=(\F)t.
Proof. For all f € F,t(\F) <tf,sot(\F)isalower bound of tF. To prove it is
the largest one, assume h is another lower bound of tF. Then t*h < t*tf < f for all
f € F, which implies t*h < A F.

Letting p € F' be arbitrary, we have h < tp and so hh* < tpp*t* < tt*, therefore

h=hn'h <th<t(A\F).
The proof that A(Ft) = (A F)t is similar. O

Definition 1.2.33 ([113]). A distributive semigroup is an inverse semigroup S such
that any two compatible elements s,t € S admit a join s V t, and for every z € S,
z(sVit)=(zs) V (zt).

Note that in the definition we assume, in principle, only left distributivity of the
product over joins, however right distributivity follows as a consequence, as we will

see in Proposition [1.2.39]

Example 1.2.34. The simplest non-distributive inverse semigroup is the diamond
lattice Ms:

Here an arrow z — y denotes x < y, and the semigroup operation is the meet. Mj
admits binary joins, but

2(sVit)=z1==z2 however (zs) V (2t) =0V 0=0.
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Example 1.2.35. The semigroup Bis(G) of bisections of a groupoid G is distributive.
More generally, if . is any (possibly infinite) compatible subset of Bis(G), then the
join of .# exists and coincides with the union of its elements:

Vz=Jz=J4

AeF

Moreover, in this case we have A(\/.%) = \/(AZ) for any A € Bis(G). We say
that Bis(G) is infinitely distributive ([I50]). (Cf. Definition [1.2.40})

Example 1.2.36. If X is a set then, by Example |1.2.11} Z(X) is isomorphic to
Bis(X x X), and thus it is (infinitely) distributive by Example|1.2.35|above. If .7 is
any compatible subset of Z(X), then the join of .# is the function given by

V7 Jdom() > Jran(n). (V) @) = f(@),
fer feF

where f € . is chosen such that x € dom(f) (“dom” and “ran” stand for the domain
and range of an element of Z(X)).

Proposition 1.2.37. Let S be an inverse semigroup.
(a) If F C E(S) admits a join, then \| F € E(S).
(b) If F C S admits a join, then F* also admits a join, namely \/(F*) = (\/ F)".

Proof. (a) Let e=\/F. Forevery f € F, f = f*f < e*e, so the definition of join
implies e < e*e € E(S), therefore e € E(5);

(b) Should be clear from [1.2.22((a) and |1.2.30[a). O

In the remainder of this subsection we will consider distributive properties for
sets with more than two elements. We differentiate between finite and infinite sets for
the sake of clarity and to obtain appropriate notation in Chapter [2| and specifically
Definition

Definition 1.2.38. Given a set X, we denote by |X| the cardinality of X. In the
particular case that X is finite, we will use instead the symbol #X to denote its
cardinality (number of elements).

Proposition 1.2.39. If S is a distributive semigroup, then every finite nonempty
compatible set F' C S admits a join, and for everyt € S,

\/(tF):t<\/F> and \/(Ft):<\/F>t.
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Proof. This follows from induction on the cardinality #F": If #F = 1 this is trivial,
so let us just assume this holds for every compatible set with up to n elements, and
#F =n+ 1. Let z € F be arbitrary. Then the distributive property implies

Z(VEVED) =V s se FAE

a join of idempotents and hence an idempotent. Similarly, z (\/ (F'\ {z}))" € E(9),
so zand \/ (F'\ {z}) are compatible and thus admit a join. From general order theory

it should be clear that
v (VD) =V F

Given any t € .S, we have

i (\/ F) —¢ (z v (\/ (F\ {z}))) = tzv \/ (tF\ {tz}) = \/(tF).

To obtain (\/ F)t = \/(F't), we use the previous case with ¢t* and F™* and obtain

(VF) - (Ve
and taking inverses and applying Proposition [1.2.37(b) yields (\/ F)t = \/(Ft). O

To finish, we prove that every distributive inverse semigroup is also distributive
with respect to joins and meets. We perform this in a more general setting by con-
sidering inverse semigroups which are distributive with respect to a given cardinality.
For more information on cardinals, see [93, Chapter 3]. We will not make assumptions
about regularity of cardinals.

Definition 1.2.40 (|93, p. 82|). Let x be a cardinal. An inverse semigroup S is
k-distributive if for every compatible set F' C S with |F| < k, the supremum \/ F

exists and for all z € S,
2 (\/ F) —\/(zF

Note that |2F| < |F| and zF is compatible by Proposition |1.2.30} and that (\/ F) z =
V(Fz) also holds by Proposition |1.2.37|(b)

Proposition states that distributive inverse semigroups (as in Definition
are precisely the Ro-distributive semigroups, where Ry = |N] is the first infinite
cardinal.

The following proposition provides a sharper version (with a significantly different
proof) of the main result of [I50].

Proposition 1.2.41. Let S be a k-distributive inverse semigroup, and suppose F' C S
is compatible, |F| < k. If z € S is such that z \ f exists for all f € F, then 2\ (\/ F)
exists and

/\(\/F):\/(z/\F), where z NF ={zNf:feF}.
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Proof. Since z A F is bounded above by \/ F, then z A F' is compatible. Clearly,
V(z A F) is a lower bound of {z,\/ F'}, so we need to prove it is the largest one:
Suppose p is a lower bound of {z,\/ F'}. Then

p= (\/ F) p'p=\/(Fp'p)

Given f € F, we have f,p < \/ F, so f and p are compatible and thus fp* € E(S),
so fp*p < p < z. But of course we also have fp*p < f,so fp'p < fAzforall f€F.

Therefore
p=\(Fpp) <\/(FA2).
This proves that \/(F'Az) is the largest lower bound of {z,\/ F'}, that is, its meet. [

The finitary case of this proposition becomes:

Corollary 1.2.42. Let S be a distributive inverse semigroup. If sVt, zAs and z A\t
exist, then z \ (s V t) exists and

ZA(sVit)=(zAs)V(zAt)

We will need to deal with maps that preserve more than just semigroup oper-
ations, so we define morphisms which respect the order of semigroups in a stronger
manner:

Definition 1.2.43. A V-morphism of inverse semigroups is a semigroup morphism
0 : S — T such that whenever s,t € S are such that the join sV t exists, then the
join (s) V 0(t) exists as well and (s Vt) = 0(s) V 0(t). A A-morphism is defined in
a similar manner.

Remark. In general, the canonical left action of a distributive inverse semigroup
(which is used in the Vagner-Preston Theorem) is not a V-morphism.

For example, suppose that S is any distributive semigroup which admits two
compatible but non-comparable elements s and ¢, i.e., s V t exists and is different
from both s and t. Let o : S — Z(S) be the canonical left action of S (Definition
1.2.27). Then (sV t)*(s Vt) belongs to the domain of oy, but it does not belong to
the domain of a, V oy, 50 gy is strictly larger than o, V oy.

On the other hand, every distributive inverse semigroup S admits a canonical
injective V-morphism S — Z(X) for some set X. See [I73], Section 3.3].

1.2.3 Relative complements

The final structural property we will have to deal with are relative complements,
which allow us to look at semigroup-theoretic analogues of set differences.
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Definition 1.2.44. Let S be a distributive semigroup with zero and s <t € S. A
relative complement of s in t is an element ¢ < ¢ such that s Ac=0and t = sV ¢ (in
particular, s and ¢ are compatible).

Lemma 1.2.45. If S is a distributive inverse semigroup, s <t in S and c,d € S are
relative complements of s in t, then ¢ = d.

Proof. Since sV ¢ = t exists, then s and ¢ are compatible and by Proposition [1.2.30]c),
sc*c=s N c=0, thus

c=tc'c=(dV s)c'c=dc*cV sc'c=dc"c
so ¢ < d. The reverse inequality is similar. O

Definition 1.2.46. If it exists, we denote the relative complement of an element s
in t (s <t),in a distributive inverse semigroup, by ¢\ s.

Lemma 1.2.47. If S is an inverse semigroup, s,t € S, s At exists and z < t, then
SNz exists and s Nz = (s Nt)z*z

Proof. We already know that
(sAt)z"z = (s2"2) A (tz"2) = (s272) A 2,
which is a lower bound of s and z. Tt is readily checked that it is the largest one. [

In the next proposition, we initially assume that the existence of ¢ \ s implies
s < t, however this condition is not necessary in general when we extend the notion
of relative complements in Boolean inverse semigroups (Section [1.4)).

Proposition 1.2.48. Let S be a distributive inverse semigroup and s,t,z,a € S.

(a) If (t\s) exists, then (zt)\(zs) exists and is equal to z(t\ s). Similarly, (tz)\ (sz)
exists and is equal to (t\ s)z.

(b) Ift Nz, sANz and (t\ s) exist, then
(tA2)\(sANz)=(t\s) Az
in the sense that these elements exist and are equal.
(c) Ifa<sVt, and a\ s exists, then a\ s < t.

(d) If a\ s and a \ t ezist, and s < t, thena\t <a\ s.
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Proof.  (a) Let us verify that z(¢ \ s) satisfies the properties of the relative comple-
ment of zs in zt. If p < 2(t\ s), zs, then 2*p < (t\ s) As =0, so p = zz*p = 0.

On the other hand,
2zt =2z(sV(t\s)) =zsVzt)\s)
which is precisely what we need.

(b) Since t A z exists and ¢ \ s < ¢, then by the previous lemma, (¢ \ s) A z exists.
Let us show it satisfies the properties of the relative complement of (s A z) in
(t A z): On one hand, if p < (t\s)Azand p<(sAz)thenp<(t\s)As=0,
SO
[(E\s)Az]A(sAz)=0.

Moreover, using the previous lemma,
tAz=((t\s)Vs)Az=((t\s)ANz)V(sAz)
therefore (¢ \ s) A z is the relative complement of (s A z) in (¢ A 2).

(¢) Since a,s,t < sV t, then a, s and ¢t (or any smaller elements) are compatible
and Proposition [1.2.42] allows us to compute

a\s=(a\s)Na=(a\s)A(sVt)=((a\s)As)V ((a\s)At)

=0V ((a\s)At) <t

(d) We are assuming s <t < a, so we have
a=sV(a\s)<tV(a\s)

which implies a \ ¢t < a '\ s by item (c). O

1.3 Topological groupoids

Definition 1.3.1. A topological groupoid is a groupoid G endowed with a topology
which makes the product map G® — @ and the inversion G — G continuous (where
we consider the product topology on Q(z)).

Example 1.3.2. Any topological group, seen as a groupoid, is a topological groupoid.

Example 1.3.3. If R is an equivalence relation on a topological space X, then R
is a topological groupoid when endowed with the topology induced by the product
topology of X x X, however in general this is not the most suitable topology (see

Example [1.3.9)).
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Example 1.3.4. Let GG be a topological group acting continuously on a topological
space X (that is, the action map G x X — X, (g,x) — gz is continuous). Then the
transformation groupoid G x X endowed with the product topology of G x X is a
topological groupoid.

Example 1.3.5. Let G be any groupoid and assume G is endowed with some
(arbitrary) topology. Define a topology on G where A C G is open if and only if ANG©
is open in G(©. This makes G a topological groupoid. Indeed, A1 NG = ANG© for
all A C G, which implies that the inversion is continuous, so let us check the product
is continuous: Let (a,b) € G and U any open set containing ab. There are a few
possibilities:

o Ifa,b ¢ G then {a} and {b} are open and {a} {b} = {ab} C U;

o Ifa g GO but b e GO, then {a} and G are open, respectively, and {a} G =
{ab} C U,

e The case a € G and b ¢ G is similar to the previous one;
e Ifboth a,b € GO thena=bec UNG® and (UNG)UNGD) =UNnGO C U;

In any case there are open sets A and B containing a and b, respectively, such that
AB C U, which proves that the product is continuous.

Definition 1.3.6. A groupoid is étale if the source s : G — G map is a local
homeomorphism.

Etale groupoids were first considered in depth by Renault in [146], in connection
with C*-algebras, as those groupoids which have open unit space and admit a left Haar
system. We initially adopt the current (equivalent) working definition, see Definition
2.6 and Proposition 2.8 of [146], and Theorem below.

Example 1.3.7. Every topological space, seen as a unit groupoid (Example [1.1.22]),
is étale.

Example 1.3.8. If G is a topological group acting continuously on a topological space
X, then the transformation groupoid G x X (endowed with the product topology) is
étale if and only if G is discrete.

Example 1.3.9. Let R be an equivalence relation on a topological space (X, ).

In general, the product topology makes R a non-étale topological groupoid, the
simplest example being R = X x X when X has any non-isolated point (see Propo-
sition [1.3.10)).

On the other hand, suppose that (X, ) is Hausdorff and 7 is any topology on R
for which:
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(i) (R,v) is a compact étale topological groupoid;
(ii) The range map v: (R,7) — (X, v) is continuous.

Then 7 is induced from the product topology of (X, v) x (X, v) (see [68, Proposition
3.2]). In particular, in this case the topology v of X, identified with R, is induced
from 7. (Compare this with Example [1.6.15|in the Borel setting.)

The initial problem we will deal with is showing that G is open in G whenever
G is étale. This is not immediate from the étale condition, which deals, in principle,
only with the relative topology of G(» induced by that of G.

Note that if G is a topological groupoid and A is open in G, then A~! is imme-
diately open (since the inversion a — a~! is a homeomorphism), however it is not
necessarily true that AB is open when A and B are open (e.g. in Example [1.3.5)).

Proposition 1.3.10. If G is an étale groupoid, then the open bisections of G form
a basis for its topology. Moreover, if A is any open bisection of an étale groupoid G
then the source map restricts to a homeomorphism s\ : A — s(A) (and similarly for
the range map). In particular, s~ (x) is discrete for all v € GO,

Proof. If I : G — G, I(a) = a! is the inversion map, then vt = s o I, so both s and
v are local homeomorphisms and it follows that open bisections form a basis for the
topology of G. Since the source map restricts to a bijective local homeomorphism on
any open bisection it actually restricts to a homeomorphism, as desired.

The last statement follows from the fact that if A is a bisection and z € G©
then s7!(x) N A is either empty or a singleton. O

Theorem 1.3.11 ([I51, Theorem 5.18|). Let G be a topological groupoid and let
m: G® — G, m(a,b) = ab be the product map. The following are equivalent:

(1) G is étale;
(2) GO is open and m is a local homeomorphism;

(3) GO is open in G and m is an open map (or equivalently, the product of open
sets in G is open);

(4) GO is open and the source map s : G — G is an open map.

Proof. (1)=(2): Assume G is étale, and let 7 : G® — G, n(a,b) = b, which is
immediately continuous. Let us show that 7 is a local homeomorphism: If A and B
are open bisections in G, then 7((4 x B)NG®) = BNr|5'(s(A) Nt(B)). Since t(B)
and 5(A) are open in G and t|p : B — t(B) is a homeomorphism we conclude that 7
is open, and since it is injective on (A x B)NG®, then 7 is a local homeomorphism, as
we wanted. We now have s om = som, and both s and 7 are local homeomorphisms,
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so m is a local homeomorphism as well. In particular, if A is a bisection then s(A) =
m((A x A7Y)NG?) is open in G, so since open bisections cover G and G = s(G),
G is open in G.

The implication (2)=(3) is trivial.

(3)=(4): Assuming (3), if A is open then s(A4) = (A7*4) N G is open as well.

(4)=(1): Let a € G. The map

f{(g;h) €G:s(g)=s(h)} =G,  f(g,h) =gh™
is continuous, since G is a topological groupoid. We have f(a,a) = t(a) € G, and
GO is open. Thus there exist open sets C', D C G containing a such that

CD™ ' = f({(c,d) € C x D:s(c)=s(d)}) C GO,

This implies that the source map is injective on the neighbourhood C' N D of a.
Therefore, the source map is continuous (again, since G is a topological groupoid),
open, and locally injective, hence a local homeomorphism. O

The next examples prove that a topological groupoid may have open unit space
but the product of two open sets might not be open and vice-versa.

Example 1.3.12. Given a topological group G, seen as a topological groupoid, the
product of open sets of G is always open, however the unit space is the singleton {1},
so (G is étale if and only if it is discrete.

Example 1.3.13. Given an infinite set P of integers, we consider the topology on Z
generated by the sets pZ + a, where a € Z and p € P. This makes Z a non-discrete
(i.e., non-étale), countable, second-countable, zero-dimensional, non-locally compact,
Hausdorff topological group.

Example 1.3.14. Let G be a groupoid such that G(*) is endowed with some topology,
and consider G with the topology induced by G as in example The unit space
G is open, so G is étale if and only if the product of open sets is open. This happens
if and only if for every a € G\ G\, 5(a) is isolated in G(©.

Example 1.3.15. As a particular case of the previous example, let Zy = {0, 1} be the
group with two elements, and consider the interval [0, 1] as a unit groupoid. Endow
the (algebraic) product groupoid Z, x [0, 1] with the topology whose open sets are
those A C Zx[0,1] such that {z € [0,1] : (0,z) € A} isopenin [0,1]. Then Zyx |0, 1]
is a non-étale, Hausdorff topological groupoid with open unit space. Indeed, {(1,0)}
is open in Zy x [0, 1], but {(1,0)} {(1,0)} = {(0,0)} is not.

Finally, whenever dealing with topological structures we will be mostly interested

in maps which preserve the topology up to the correct degree, so we define precisely
what we mean by topological groupoid morphisms below.

Definition 1.3.16. A topological groupoid morphism is a continuous groupoid mor-
phism of topological groupoids. A topological groupoid isomorphism is a groupoid
morphism which is also a homeomorphism.
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1.4 Stone duality for ample Hausdorff groupoids

In [I63], Marshall Stone first studied the representation theory of abstract (unital)
Boolean algebras of sets, which culminates in a duality between the categories of
unital Boolean algebras and of now called Stone spaces, which allows us to use both
algebraic or geometric methods to study either of these types of structures. In fact,
further improvements (JI65]) of this theory lead to a more general duality between
distributive lattices and coherent spaces (|96, 11.3.4]).

In this section we will start by reviewing the classical version of Stone duality
and the outline of its proof. Similar ideas will serve as a motivation for a more general
(“non-commutative”) version which will be proven in details. The proof presented here
is loosely based on [109] and [113]. We should note that even more general dualities
between classes of inverse semigroups and topological groupoids have been obtained
in recent years (for example, see [14] and [113]), however the version presented here
will be sufficient for all our goals.

1.4.1 Classical Stone duality

Let (X,7) be a topological space, that is, 7 is the lattice of open sets of X. The
question we would like to study is “how much of X can one recover by looking solely
at 7, or actually any sublattice of it, as a poset™

Example 1.4.1. Let (X, 7) be a topological space and =,y € X be such that every
neighbourhood of x contains y and vice-versa. If we let (Y, 7y) be the quotient space
obtained by identifying x and y, endowed with the quotient topology, then the lattices
of open sets 7x and 7y are isomorphic. More precisely, the quotient map 7 : X — Y
is continuous, so it induces a “preimage map” 7! : 7y — 7x which is in fact a lattice
isomorphism.

This example shows that, in order to be able to recover X from a lattice of open
sets of X, we should start by restricting our study to T, spaces. The example above
also points us how one could try to recover a point = of a Ty space X from the lattice
of open sets: By identifying x with the collection 7, = {U € 7: x € U}. In fact,
the Ty property states exactly that x +— 7, is an injective map. The problem then
becomes to find topological conditions which allow us to characterize the subsets 7,
of 7. When dealing with the whole topology 7, these are the completely prime filters.
For details in this direction we refer to [96], I11.3.3 and 3.4].

However, we will be mostly interested in Hausdorff, locally compact spaces, en-
dowed with bases of open subsets which are not necessarily closed under arbitrary
unions (such as bases of compact-open sets, or regular open sets). In this setting,
it is possible to obtain a duality between a certain class of topological spaces, called
Stone spaces, and Boolean algebras.
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Definition 1.4.2. A Stone space is a zero-dimensional, compact Hausdorff topolog-
ical space.

Given a Stone space X, the collection CI(X) of clopen subsets of X is a unital
Boolean algebra (Definition|1.4.9). The direction which associates a topological space
to a Boolean algebra uses the notion of ultrafilter.

Definition 1.4.3. Let P be a set and < a transitive relation on P. A nonempty
subset F' C P is said to be:

1. upwards (respectively, downwards) closed if © € F and x < y (respectively,
y < x) imply y € F for all z,y € P;

2. downwards directed if for all z,y € F', there is z € F with z < x and z < y;
3. a <-filter if it is nonempty, upwards closed and downwards directed;
4. a <-ultrafilter if it is a maximal proper <-filter.

In the case that (P, <) is an ordered set and there is no risk of confusion, we will call
<-filters and <-ultrafilters simply filters and ultrafilters.

Remark. If P is a A-semilattice, then a subset F' C P is a filter if and only if 5,1 € F
implies s At € F. If P is a poset with zero, then a filter F' C P is proper if and only
if 0 & F.

Given a unital Boolean algebra B we associate the collection B of ultrafilters on

B, and endow it with the topology generated by sets [a] = {F €B:ac F}, where

a € B, which makes it a Stone space (see [I64])). These two constructions can be
formalized as functors and yield the following duality:

Theorem 1.4.4 (Classical Stone duality). The category Bool of unital Boolean al-
gebras and their morphisms is dually equivalent to the category Ston of Stone spaces
and continuous functions.

In the rest of this section we will use these ideas in the more general setting of
groupoids and inverse semigroups.

2In Stone’s original work he considers ideals instead of filters. These two types of sets are dual
to each other and in natural bijection, see Chapters 3 and 5 of [153].
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1.4.2 Recovering a locally compact Hausdorff space from its
open sets

Let (X, 7) be a locally compact Hausdorff space, B a basis of open sets of X and
x € X. Using the ideas above, we can retrieve a point x € X from the collection
B, = {Ue€B:xzecU} by taking their intersection: {z} = [|B,, so the problem
becomes to determine, in order-theoretic terms, which subsets of B have the form B,
for a certain x € X.

If the basis B is not closed under unions this is not always possible (the ideas in
Theorem can be adapted to provide an example of this). One possible way to
solve this is to use an auxiliary relation given by “compact containment”.

Definition 1.4.5. Given A, B € 7, the compact containment relation € is defined by
AEB < Ais compact and A C B

Example 1.4.6. If X is a zero-dimensional, locally compact Hausdorff space and B
is a basis of compact-open subsets of X, then & coincides with C on B.

This relation was first studied by Shirota in [I58], where he managed to char-
acterize bases consisting of all regular open subsets of compact Hausdorff spaces, as
Boolean algebras endowed with an extra auxiliary relation which encodes the prop-
erties of “compact containment”. R

Similarly to classical Stone duality, we define B€ as the set of all €-ultrafilters
on B. The following result will be useful in the remaining of this section as well as in
Chapter [3| (Compare with [I58, Lemma 3|. See also [I4, Proposition 3.4].)

Theorem 1.4.7. Let B be a basis of relatively compact subsets of a locally compact
Hausdor[f space X. Then the map m : X — B€ defined by

m(x) =B, ={Ue€B:zxeU}
15 a homeomorphism.

Proof. First, we prove that 7 is well-defined, that is, that B, is indeed a &-ultrafilter
of B. It is immediate to see that B, is a proper &-filter.

Let us prove that every proper &-filter F' of B is contained in some B,. Indeed,
since F'is downwards directed with respect to &, this means that for all n > 1 and
Ay, ..., A, € F there is some U € F with U compact and U C A; N ---N A,. Then:

(i) Since F' is nonempty, at least one element of I’ has compact closure.

(ii) mUEFU = mAeF A.

(iii) The family {A : A € F'} has the finite intersection property, because F is proper.
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By Cantor’s Intersection Theorem, (),.p A = (\ycp U is nonempty. If we take
any T € (| 4ep A we obtain F' C B,.

This fact now implies that B, is indeed a €-ultrafilter: If F'is any proper &-filter
containing B,, then, as seen above, there exists y € X with B, C F' C B,. But X is
Hausdorff, so actually x = y and B, = F. Therefore 7 is well-defined.

The same fact implies that 7 is surjective: If F'is a &-ultrafilter, we can choose
x such that F' C B,, and maximality of F' implies F' = B,.

Finally, it is clear that 7(A) = [A] for all A € B, so 7 is a bijection between
topological spaces which sends basic open sets to (sub-)basic open sets, hence a home-
omorphism. O

1.4.3 Non-commutative Stone duality for Boolean semigroups
and ample Hausdorff groupoids.

We can now describe a duality theorem for ample Hausdorff groupoids and Boolean
semigroups. This was first proved by Lawson and later generalized to non-Hausdorff
groupoids in a joint work with Lenz, see [109] and [II3] using techniques from the
theory of locales. Even more recently, Bice and Starling (|[14]) have obtained a duality
for groupoids which do not necessarily have bases of compact-open-sets, but which
are locally Hausdorff, using a version of Theorem It is important to note that
these two results require distinct assumptions on the classes of groupoids considered,
and are non-comparable at the present moment. The definitions below are adapted
from [I13], however we will refer to generalized Boolean algebras (initially defined in
[162]) and wunital Boolean algebras explicitly, and we also adopt the more conventional
nomenclature of ample instead of Boolean groupoids throughout this work. Most of
the results here appear, in some form, in [109], but we will not assume the groupoids
under consideration to have compact unit space.

Definition 1.4.8. An étale groupoid G is ample if it admits a basis of compact-open
bisections.

Definition 1.4.9. A generalized Boolean algebra is a lattice with zero which is dis-
tributive (as a semigroup under meets) and which admits relative complements of
any two (comparable) elements. A wunital Boolean algebra is a generalized Boolean
algebra admitting a maximum (in particular, it is a monoid).

Definition 1.4.10 ([113] 3.4]). A distributive semigroup with zero S is weakly Boolean
if £(S) is a generalized Boolean algebra. A weakly Boolean semigroup which is also
a A-semilattice is called a Boolean semigroup.

If B is a Boolean inverse semigroup, and s,t € B, we define the relative comple-
ment of s in t as
t\s=t\(sAt),
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which extends the notion of relative complement given in Definition to non-
compatible elements (this is the same procedure as in [I73, Notation 3.1.11]). The
same results as in Proposition hold with easy proofs.

An immediate application of Proposition [1.2.48|(a), which allows us to distribute
products over relative complements, is the following:

Proposition 1.4.11. If S is a weakly Boolean inverse semigroup and t < s in S,
then s\ t exists, and s\ t = s(s*s \ t*t).

First let us prove that every ample Hausdorff groupoid gives rise to a Boolean
inverse semigroup.

Proposition 1.4.12 ([109, Proposition 2.18(7)]). If G is an ample groupoid and G©
1s Hausdorff then the product of compact-open bisections is compact-open.

Proof. Suppose A and B are compact-open bisections, and AB C |J,.; C;, where
C; are also compact-open bisections. Then A™'A = s(A) and BB~! = t(B) are
compact-open subsets of G, A~TABB~! = AA"'N BB~ is also open and compact,
since compact subsets of G are closed, and A"'ABB™! C |J,.;A'C;B~'. We
can then find a finite subset {C},...,C,} C {C;:i € I} such that A=!ABB~! C
U, A~'C;B™!, and thus

AB = AAT'ABB'BC A (U AlClBl> B=|JAa'cB'BC| G O
i=1 i=1 i=1
Example 1.4.13. It is not necessarily true that the product of two compact-open
bisections of an étale, non-Hausdorff groupoid, is compact-open as well. For example,
let X = NU {00,002}, where 0o; # 00y are two “points at infinity”, be the following
“bug-eyed” compactification of N: a subset A C X is open if and only if it is either
cofinite or contained in N.

If we see X as a compact, ample, non-Hausdorff unit groupoid (Example [1.1.22)),
so bisections of X are simply its subsets and the product of bisections is their inter-
section. Then A = NU {00} and B = N U {ooy} are compact-open subsets of X,
however their intersection A N B = N is not compact.

Definition 1.4.14. If G is an ample Hausdorff groupoid, we denote by KB(G) the
semigroup of compact-open bisections of G, and call it the ample semigroup of G.

Proposition 1.4.15 (109, Proposition 2.18(8)]). If G is an ample Hausdorff groupoid
then KB(G) is a Boolean inverse semigroup.

Proof. Note that E(KB(G)) = KB(G"), and this is precisely the collection of
compact-open subsets of G, Since G is Hausdorff it should be clear that this
is a generalized Boolean algebra. Moreover, G is Hausdorff, so KB(G) is closed under
intersections and it is therefore a A-semigroup as well. Distributivity is easy enough
to verify. O
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The map G — KB(G) will yield one of the directions of the duality we desire.
Now let us work in the other direction, constructing an ample Hausdorff groupoid
from a Boolean inverse semigroup S.

Let S be a Boolean inverse semigroup. Given any two (possibly non-proper)
filters F' and G on S, define their product as

F-G={ueS:u> fgforsome f € F gecG}
(this is the upwards closure of FG = {fg: f € F,g € G}), and define
Fl=F={f":fcF}.

The inversion map [ : s — s* is an order isomorphism of S, so I(F) = F~! is a filter
(respectively, proper filter, ultrafilter) on S if and only if F' is a filter (respectively,
proper filter, ultrafilter) on S.

Definition 1.4.16. Given a Boolean inverse semigroup S, denote by ¥p(S) the set
of ultrafilters on S (with respect to the usual order of S).

We also define
Gp(S)Y = {(F,G) € 9p(S) x 9p(S) : F -G # S} .

Note that, by the definition of F'- G, we have 0 € F'- G if and only if there are f € F
and g € G such that fg = 0. Therefore,

Gp(S)Y = {(F,G) € 9p(S) x 9p(S) : fg#0forall fe FandgeG}.

Proposition 1.4.17 (Compare with [109, Proposition 2.13|). Let S be a Boolean
muverse Semigroup.

(a) If F,G are filters, then F - G is also a filter;

(b) If F,G, H are filters on S, then F-(G-H) = (F-G)-H (and as usual we denote
this common filter by F -G - H);

(¢c) If F € 9p(S) then F~' € 9p(S);
)

(d) If F € 9p(S) and G is a filter such that fg # 0 for all f € F and g € G, then
F-G-G'=F.

(e) If F € 9p(S) and G is a filter such that fg # 0 for all f € F and g € G, then
F-Ge gp(S),

(f) 9p(S) is a groupoid with the product of ultrafilters restricted to 9p(S)®.
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Proof. (a) As F -G is upwards closed, we simply need to prove it is directed below:
Suppose uq,us € F - G, and choose f1, fo € F, 91,92 € G with f;g; < u;. Then

(fiNf2)(g1 A g2) < up Aug
so u; Aug € F - G. Therefore F' - GG is a filter.

(b) and (c) are clear.

(d) Suppose F' and G satisfy the given properties. If f € F and g € G then
fgg* < f,so f € F-G-G~. This proves that F' C F'-G -G~ If we show that
F.G-G™'is a proper filter then maximality of F implies that F' = F -G -G
Given v € F -G -G, choose f € F and g1,go € G with fgi19," < u. Let
g =g Ng € G. Since 0 # fg = fgg'g, we have 0 # fgg~' < u, thus
F .G -G is proper.

(e) Suppose P is any proper filter containing F' - G. Let us prove that P -G}
proper as well: Given p € P and g € G, let f be any element of F. Choose
q € P with ¢ < fg,p,s0 0 < q=qq"q < pg*f*q. In particular, pg* # 0.
We then obtain F = F-G-G~' C P-G~ !, so F = P-G~! because F is maximal.
Therefore PC P-G™'-G=F-G.

(f) follows from items (b), (c), (d), (e), and the simple fact that (F, F~') € ¥p(S)®
for all F' € 9p(S). (Item (e) in fact implies that F' - G € ¥p(S) whenever
(F,G) € 9p(S)?).) O

Now, we endow ¥p(S) with the topology generated by the family of subsets of
the form

[s] ={F €9p(S) :s € F}, seS.

Our next goal is to prove that this topology makes ¢p(S) an ample Hausdorff groupoid,
but for this we need a lemma, which is well-known and widely used when dealing with
Boolean algebras, and in fact the proof is essentially the same.

Lemma 1.4.18. A proper filter F' on a Boolean semigroup S is an ultrafilter if and
only if it is prime: If sVt e F, thens € F ort e F.

Proof. Suppose F'is an ultrafilter and sVt € F. There are two possibilities:
Case 1: There is some f € F' with f At = 0.

Then fA(sVt)=(fAs)V(fAL)=fAseF, which implies s € F}
Case 2: Forevery f € F, f At #0.

Then the set {u € S :u > f At for some f € F} is a proper filter containing F',
so maximality implies it is equal to F. In particular, if f € F' is arbitrary then
t > f At and therefore t € F;
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In the other directions, suppose F' is prime and G is another proper filter con-
taining . Let g € G and f € F. Then f = (f Ag)V (f\g). Since g (f\ g) =0,
f\ g does not belong to G and in particular does not belong to F, so primeness of
F implies f A g € F and therefore g € F. This proves F' = G and therefore F'is an
ultrafilter. O

Recall from definition [1.2.29|that two elements s, ¢t of an inverse semigroup S are
compatible if s*t, st* € E(S5).

Lemma 1.4.19 (109, Lemma 2.21(2)-(8)]). Let S be a Boolean inverse semigroup.
Then for all s, t € S,

(a) [st] = [s][t];

(b) s <t if and only if [s] C [t];

(¢) [snt]=I[s]N[t];

(d) If s and t are compatible then [s V t] = [s] U [t];

(e) [s*] =[s]"" forall s € S;

(f) If s,t € S and [s| U[t] is a bisection then s and t are compatible.

Proof.  (a) The inclusion [s][t] C [st] is clear from the definition of the product on
9p(S). Suppose then that P € [st], and let Q = {g€ S:q>1t"}. Then Q is a
filter and pg # 0 for any p € P and g € Q, so Proposition [1.4.17|(e) implies that
F =P -Q € 9(5). Again, one readily verifies that f*p # 0 whenever f € F
and p € P,so G = F~'- P € 9p(S) again by Proposition [[.4.17(e) and (c).
Using Proposition [1.4.17(d) and (c) we get

F-G=F -F'P=P
and in particular (F,G) € 9p(S)®.

(b) Since filters are upwards closed then s < ¢ implies [s] C [t]. Conversely, if s is
not smaller than t this means that s\ ¢ # 0. Any ultrafilter F' containing s\ ¢
(which exists by Zorn’s lemma) will be an element of [s] \ [t].

(¢) The inclusion C follows from item (b), whereas inclusion O follows from Re-

mark [L.4.1]
(d) Inclusion D follows from item (b), and inclusion C follows from Lemma [1.4.18
(e) is an easy calculation using the definition of the inverse of ultrafilters:

S| '={F " Fels|}={F"':se Fe¥%/(S)}
={G:s"e€Ge9p(9)} =[s"]
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(f) Suppose [s] U [t] is a bisection. Then
[s°t) = [s]'[t) € ([s] U ) ([s] U [t]) = s ([s] U [t]) S Fp(5)"
and from this we conclude that [s*t] itself is a bisection, so (a) and (e) imply
[5t] = [s"t] '[s"t] = [(s"8)"(s™)]

and item (b) implies s*t = (s*t)*(s*t), therefore s*t € E(S) (Theorem|[1.2.22c)).
The same argument with the bisection ([s|U[t])™! = [s*]U[t*] implies st* € E(S)
as well, and therefore s and ¢ are compatible. ]

Proposition 1.4.20 ([109, Lemma 2.21(12)]). 9p(5) is an ample Hausdorff groupoid
and KB(9p(S)) = {[s] : s € S}.

Proof. The inversion on ¥p(.9) is continuous, since [s] ! = [s*] for all s € S. To prove
that the product is continuous, suppose (F,G) € ¥p(S)® and [s], s € S, is a basic
neighbourhood of F' - G. This means that s € F' - GG, so that there are f € F and
g € G with fg < s. Therefore [f] and [g] are basic neighbourhoods of F' and G,

respectively, and [f][g] = [fg] C [s] by Lemma[1.4.19(a) and (b).
In order to prove that ¥p(S) is étale, we first show that

Gp(S) = {P € %p(S): PN E(S) # @}

From this we obtain p(5)©) = Ueer(s)l€], which is open.

Suppose P € ¥4p(S)®, which means that P = P~'- P. Letting s € P be
arbitrary, we have s*s € (P~1- P)N E(S) = PN E(S).

Conversely, suppose P € 9p(S) and P N E(S) # &. Let e € PN E(S) be
arbitrary. For all p € P, we have p Ae € E(S) N P, so

(pAe)'(phe)=pAe<p

which proves that p € P~ P, that is, P C P~'P. From maximality of P we obtain
P=P ' Pec%(5)O,

To conclude that ¥p(.S) is étale, we notice that the product of open sets is open
By Lemma [1.4.19(a), and since ¥p(S)© then ¥p(S) is étale by Theorem

Now to show that ¥p(S) is ample, we prove that every basic open set [s],
s € S, is compact: Suppose [s] = |J,cx[r]. By taking intersections and applying
Lemma [1.4.19|(c) if necessary, we can assume r < s for all r € R, and in particular
any two elements of R are compatible. We will show that there is a finite subset
F C R such that s =/ F.

Suppose this was not the case. Then the family B = {s\ \/ F': F C R finite} is
a filter basis, that is, it is closed under meets and does not contain 0, so its upwards
closure

B'={tecS:3FbeBb<t)}
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is a proper filter. Using Zorn’s Lemma, let F' be any ultrafilter containing B. Then
F' is an ultrafilter containing s which does not contain any r € R, that is, F' €
[s] \ U, eglr], a contradiction.

Therefore there is a finite subset /' C R with s = \/ F, so [s| = [J,cp[r] by
Lemma [1.4.19(d), that is, {[r] : 7 € F'} is a finite subcover of {[s] : » € R}, and we
conclude that [s] is compact. All of this proves that ¢p(S) is ample.

In order to prove that [s] is a bisection let us just show that the source map F
F~!. F is injective on [s], since the range is dealt with similarly: Suppose F,G € [s]
and F71 . F =G '-G. Given fe F,let z= fAs€F,soz2c¢ F\.F=G'.@
and we can choose g € G with 2"z > g*g, thus

f>z2=s82>58ggc G- G- -G=0G

so F' C G and therefore F' = G by maximality.

Now let us show that ¥p(S) is Hausdorff: Suppose F' # G in 9p(S). By symme-
try, we may assume F'\ G # @, so let s € F'\ G and g € G be an arbitrary element.
On one hand, sAg € G, but g = (s Ag) V (g \ s), so since G is prime this implies
g\ s € G. Therefore [s] and [g \ s] are two disjoint open sets containing F' and G,
respectively.

Finally, we just need to prove that KB(¥p(5)) = {[s] : s € S}. Any element of
KB(%p(S)) can be written as a finite union J;_,[s;] of basic open sets, so applying
Lemma [1.4.19(f) we conclude that the elements s; are pairwise compatible rewrite it
as Ui, [si] = [V, ] by item (d) of the same lemma. O

Given an ample Hausdorff groupoid G, let kg : G — ¥9p(KB(G)) be given by
kg(a) ={A € KB(G):a € A}

(note this is well-defined by Lemma [1.4.18] because kg(g) is a prime filter) and given
a Boolean semigroup S, let (s : S — KB(¥p(S)) be given by

Cs(s) = {F € 9p(S) : s € F}

Proposition 1.4.21 (|109, Proposition 2.23]). If S is a Boolean inverse semigroup
then (g is an inverse semigroup isomorphism. If G is an ample Hausdorff groupoid,
then kg is a topological groupoid isomorphism.

Proof. We already know that (g is an inverse semigroup isomorphism by Proposi-
tion and Lemma [1.4.19(a).

On the other hand, kg is a homeomorphism by Theorem [[.4.7] To see that
it is a groupoid morphism, let (a,b) € G®. If A € kg(a) and B € kg(b) then
ab € AB, so in particular AB # & which proves, by Proposition [1.4.17(e) that
(kg(a), kg (b)) € 9p(KB(G))®.

The inclusion kg(a) - kg(b) C kg(ab) is also clear from the argument above, so
the fact that both kg(a) - kg(b) and kg(ab) are ultrafilters on KB(G) implies that
kg(a) - kg(b) = Kg(ab). O
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The only part that is left is to define the appropriate morphisms of Boolean
inverse semigroups and ample Hausdorff groupoids.

Definition 1.4.22. A morphism of Boolean inverse semigroups is an inverse semi-
group morphism 6 : S — T which is both a A and a V-morphism, and which satisfies
0(0) = 0. We say that 6 is proper if for all ¢ € T, there are ty,...,t, € T and
S1,...,8, € S such that

t=\/t; and t;<0(s;) foralli.

(Note that semigroup isomorphisms of Boolean inverse semigroups are proper mor-
phisms of Boolean inverse semigroups.)

Remark. Every morphism of Boolean inverse semigroups 6 : S — T preserves rela-
tive complements, since if s,¢ € S then

0(s) <OtV (s\ 1)) = 0(t) V O(s\ t)

and
Ot) NO(s\t)0(t A (s\t) =0(0)=0

and this mean precisely that 0(s \ t) = 0(s) \ 6(¢).

Example 1.4.23. A morphism of Boolean inverse monoids 0 : S — T is proper if
and only if (1) = 1.

Definition 1.4.24. A groupoid morphism ¢ : G — H is called
1. star-injective if s(a) = s(b) and ¢(a) = ¢(b) implies a = b;

2. star-surjective if whenever s(h) = ¢(x) where x € GO there is a € G with
s(a) = x and ¢(a) = h.

3. a covering if it is both star-injective and surjective.
(Note that groupoid isomorphisms are coverings.)

Recall that a map ¢ : X — Y between topological spaces X and Y is proper if
whenever a subset K C Y is compact, the preimage ¢~!(K) C X is compact as well.

Proposition 1.4.25 ([109, Propositions 2.20 and 2.22|). (a) If ¢ : G — H is a
proper continuous covering morphism of ample Hausdorff groupoids, then

KB(¢) : KB(H) = KB(G), A ¢ (A),

15 a proper morphism of Boolean inverse semigroups.



1. GROUPOIDS AND INVERSE SEMIGROUPS 40

(b) If 0 : S — T is a proper morphism of Boolean inverse semigroups, then

Gp(0) : 9p(T) — 9p(9), F s 07Y(F),

1S a proper continuous covering morphism of topological groupoids.

Proof. (a) If A € KB(H) then ¢'(A) is open, since ¢ is continuous, and compact,

since ¢ is proper, so in order to prove that KB(¢) is well-defined it remains to
prove that ¢~1(A) is a bisection.

Suppose g, h € ¢~ 1(A) with s(g) = s(h). Then ¢(g),¢(h) € A, and

so ¢(g) = ¢(h) because A is a bisection, and then g = h because ¢ is star-
injective. This prove that the source map is injective on A, and the range map
is dealt with similarly, therefore ¢~'(A) € KB(G).

To prove that KB(¢) is a morphism of inverse semigroups, let A, B € KB(H).
Suppose g € ¢~1(AB), so ¢(g) € AB and we can write ¢(g) = ab for certain
a € Aand b € B. Since ¢ is star-surjective, we have b = ¢(h) for some h € G
with s(h) = s(g), and so the product gh~' is well-defined and a = ¢(gh~'). This
proves that g = (gh™')h, where gh™! € ¢~*(A) and h € ¢~*(B). We conclude
that ¢~ (AB) C ¢~ '(A)¢p~'(B). The converse inclusion is trivial because ¢ is a
morphism of groupoids. Moreover, KB(¢) preserves empty sets (the zeroes of
the semigroups), unions and intersections and therefore it is a Boolean inverse
semigroup morphism.

It remains only to check that KB(¢) is proper: If C' € KB(G), then ¢(C)
is a compact subset of H, so we can find finitely many Ay,..., A, € KB(#)
such that ¢(C) C U, A;, that is, C C [, ¢ *(A4;). We already know that
¢~ 1(A;) € KB(G), so taking C; = C' N ¢~ (A;) € KB(G) we conclude that

c=Jc and  CiCo'(A)=KB(¢)(A)  foralli

which means that KB(¢) is proper.

To prove that ¥p(0) is well-defined, suppose that F'is a prime filter in 7". First
of all, let us prove that ~!(F) is nonempty. Letting ¢ € F be arbitrary, choose
t,...,t, € T and sq,...,s, € S with

t= \/ti and ti < 0(s;) for all ¢



1. GROUPOIDS AND INVERSE SEMIGROUPS 41

which is possible because 6 is proper. For some i we have t; € F and so
0(s;) € F, that is, s; € 71(F), which is therefore nonempty. The properties of
Boolean inverse semigroup morphisms then imply, quite readily, that 671 (F) is
a prime filter in S whenever F is a prime filter in 7', so ¥p(f) is well-defined.
Moreover, for all s € S,

Gp(0) N ([s]) = {F € 9p(T) : 67'(F) € [s]}
={Fe¥%(T):sct(F)}
={F e%(T):0(s) € F} = [0(s)],

so the preimage of basic compact-open sets of ¥p(.S) is open in ¥p(7T") and ¥p(0)
is continuous and proper.

Suppose now that (F,G) € 9p(T)?, and let us prove that (~'(F),0~1(Q)) €
4p(S)?, or equivalently that whenever ¢t € §~1(F) and r € §71(G), we have
tr # 0. Indeed, 0(tr) = 6(t)0(r) € FG, which does not contain 0, and so tr # 0
because 6(0) = 0. The inclusion §~1(F)-671(G) C 6~ 1(F - G) is then clear, and
since both sides are ultrafilters we conclude that 6~1(F) - 071(G) = 07 (F - G),
so ¥p(0) is a groupoid morphism.

In order to prove that ¥p(¢) is star-injective, suppose F,G € ¥p(T) are such
that s(F) = s(G) and 67'(F) = 67'(G). Given an arbitrary element ¢ €
F, properness of 0 again yields t; < t and s; € S such that ¢; < 6(s;), so
s; € 074 F) = 071(G), so 0(s;) € GNF. Letting z = 6(s;) A t, we have
z*z € 5(F) =5(G), so

z2=10(s;)z"z€ FNG

so t > z € (G. Therefore F' C G and maximality implies F' = G.

It remains only to prove that %p(¢) is star-surjective. Suppose E € %p(T)),
H € 9p(S) and s(H) = 07Y(E). If h € H and e € E, then 0(h)*0(h) =
G(h*h)sinf(s(H)) = E, which implies 6(h)*0(h)e # 0 and in particular §(h)e #
0. Letting

H ={ueT:u>0(h) for some h € H}

we obtain, by Proposition [1.4.17(e), that H' - E € ¥p(T'). Since s(H' - E)
s(F) = E, then maximality of F implies s(H' - E) = E. Again using s(H)
0~1(F) and maximality of H we obtain H = 0~'(H' - E).

NN

Finally, it is straightforward to verify that covering groupoid morphisms are
closed under composition, and similarly for proper morphisms of Boolean inverse
semigroups, so we define Ampyg as the category of ample Hausdorff groupoids and
proper continuous covering morphisms, and Invg, the category of Boolean inverse
semigroups and their proper morphisms.
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Theorem 1.4.26 ([I113| Theorem 3.25]). Ampy and Invg, are dually equivalent.

Proof. This is done by noticing that the functors KB : Ampy — Invg, and ¥p :
Invg, — Ampg along with the natural isomorphisms « and ¢ of Proposition
describe a duality, which is an easy calculation: For example, if ¢ : G — G is a proper
continuous morphism of topological groupoids and a € G then

9p(KB(9))(rg(a)) = KB(¢) ™ (rig(a))

={A € KB(#) : KB(¢)(4) € rig(a)}
= {A € KB(
={A€KB(H):a€c ¢ '(A)}

(
) :
M) ¢ (A) € rgla)}
) :
) :

={A € KB(H) : ¢(a) € A} = rn(¢(9))

which means that the diagram

g ¢ s H
4p(KB(G)) TBB o (KB (#))

commutes, and this proves that  is a natural isomorphism. ( is dealt with similarly.
O

1.5 Quotients of distributive semigroups

Our goal in this Section is to define quotients of Boolean inverse monoids. In general,
an ideal of an inverse semigroup S is a subset I C S which satisfies STU IS C [.
The quotient S/I could be defined as the quotient semigroup of S by the smallest
congruence which makes all elements of I equivalent, in which case we obtain the
Rees factor of S by I ([145]) and the congruence is given by collapsing all elements
of I into a zero element, and nothing else:

s~t <= s=tor {s,t} C I

However, the Rees factor does not preserve the order-theoretic operations of inverse
semigroups.

Example 1.5.1. Let X = {a, b} be a set with two elements and S = P(X) the lattice
of subsets of X. Consider the ideal I = {{a}, @}, and let T" be the Rees factor of S
by I and 7 : S — T the quotient map.

Then {a} V {b} = X, however 7({a}) V 7({b}) = 7({b}), which is not 7(X).
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Therefore we need to consider more specific classes of ideals and a more suitable
congruence. We will be interested in V-ideals, as defined in [I06]. (These are called
V-closed ideals in [105, 111 112], tightly closed in [110] and additive in [173]).

Definition 1.5.2. A V-ideal (read join ideal) of a distributive inverse semigroup S
is a nonempty subset I C S satisfying

(i) Forall se€ Sand i€ I, si € I and is € I (i.e., I is absorbing);
(ii) For any two compatible elements i, j € I, we have iV j € I.

Quotients of (weakly) Boolean inverse semigroups, under “additive congruences”,
are described in [I73] Section 3.4], and in particular their quotients by V-ideals in
[I73, Proposition 3.4.6]. Although this is the case of most interest, and in which
most proofs can be significantly simplified, we initially consider the larger class of
distributive inverse semigroups.

Given a V-ideal I in S, define the relation ~; on S by

a~b <= 3dseS,Ji,jel(a=sViand b=sVj)

Lemma 1.5.3. If S is a V-ideal of a distributive inverse semigroup S, then

(a) If S has a zero then 0 € I;

(b) i €I if and only if i* € I;

(c) Ifiel and j <ithenj€ I;

(d) a ~;bif and only if a* ~; b*;

(e) Ifa=0bViandie€ I thena~yb.
Proof.  (a) Letting i € I be arbitrary (because I # &), we have 0 = 0i € 1.

(b) If i € I then i* = i*ii* € 1.

(c) Ifi € I and j < i then j =ij*j € I, because I is absorbing.

(d) If a ~; b, choose s € S and i,j € I with a =sVi, b= sV j,so that a* = s* Vv i*
and b* = s* V j*, and thus a* ~; b* by item (b).

(e) If @ = bV i with i € I, then since b = bV bi*i and bi*i € I we conclude that
a ~y b. ]

Theorem 1.5.4. If I is a V-ideal of a distributive inverse semigroup S, then ~j is
a CONgruence.
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Proof. To see that the relation ~; is reflexive, take ¢« € [ an arbitrary element, so
that for any a € S we have a = a V ai*i and ai*i € I, therefore a ~; a. Moreover
~r is immediately symmetric from its definition, so in order to check that it is an
equivalence relation, suppose a ~; b and b ~j ¢, so there are s,t € S and 7,5, k,l €
with

a=sVi, b=sVj=tVk, c=tVlL
In particular, s, ¢ < bso s and t are compatible and s At = st*t. Also, 7, sk*k < a, so 1

and sk*k are compatible and belong to I (since it is an ideal) and hence i V sk*k € 1.
Using distributivity, we obtain

a=sVi=sb'bVi=sttVEkk)Vi=sttV(sk’kVi)=(sAt)V (sk*k Vi)

and similarly, [V tj*j € [ and ¢ = (s At) V (I Vtj*j), which proves a ~; ¢ and so ~;
is an equivalence relation.
To check that ~; is a congruence, first note that if a ~; b and ¢ € S, then we
can write
a=sVi, b=sV]j

for certain s € S, 7,5 € I, so by distributivity,
ac=scVic and bc=scV jc

and therefore ac ~; be, and similarly ca ~; ba. This fact and transitivity of ~; imply
that if a ~; b and ¢ ~; d, then ac ~; bc ~; bd, so ~; is a congruence. O

Definition 1.5.5. If [ is a V-ideal of a distributive inverse semigroup S, we denote
by S/I the quotient semigroup of S by ~;. The ~-class of an element s € S will be
denoted 57. We denote by 77 : S — S/I the quotient map.

Theorem 1.5.6. Let I be a V-ideal of a distributive inverse semigroup S. Then
S/I is as inverse semigroup and (a')* = (a*)~! for all a € S. The quotient map
7S — S/1is a VvV and a A-morphism. Moreover, S/I has a zero if and only if I is
downwards directed, in which case I = w;'(0).

Proof. Since 7y is a surjective semigroup morphism, then Proposition implies
that S/I is an inverse semigroup and (a’)* = (a*)™~!

Suppose a,b € S are compatible. Then (a V b)NI is an upper bound of both a’
and b!, so let us prove it is the smallest one. If 5 > @, b!, where p € S, then we can

find e € E(S), s € S, and iy, iy € [ satisfying
pe=5Vi, a=SVis,

and in particular s < p. Similarly, we can find t € S and j, € I with ¢t < p and
b=1V j5. Thus s and t are compatible and sVt < p, so

aVbZSViQVthQ:(S\/t)\/(ig\/jg)
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which proves (a V b))~ = (s v )™ <pl.

If a A b exists, then (a Ab)~ is a lower bound of both @ and b’, so to prove it
is the largest one suppose p! < 51,51. There are idempotents e, f € E(S), elements
s,t € S and 11,19, J1, j2 € I with

ac=s5Viy,, p=sViy, bf=tVy, p=tVj.

Moreover, all of s,t, 19, jo are bounded by p and are thus compatible and admit pair-
wise meets and joins, and combinations thereof, so we can apply Proposition [1.2.42
to distribute meets over joins and obtain

p=(sVie) AN(tVjo)=(sAt)VEk

for an appropriate k € I. This implies p' = (s At)~ < (a Ab)™.

If I is downwards directed, then any two elements of I are ~;-equivalent (to any
common lower bound), and since I is an ideal this implies that the class i/ of any
i € I is the zero of S/I. This in fact proves that, in this case, I C ;' (0).

Conversely, suppose 0’ is a zero in S/I, where we may assume o € E(S), and let

a,b € I. Since (ao)™~! =o' = (bo)™!, there are s,t € S and iy, 4y, j1, j» € I with
ao=sViy, 0=8Viyg, bo=tVj, ando=tV j.

In particular, s < ao so s € I. From s,t < o we see that s and t are compatible,
sAt =st*t € I and s At is a lower bound of both a and b, and so I is downwards
directed. Moreover, o = sV iy € I, which proves 7;*(0) C I in this case. ]

Example 1.5.7. S/I is not necessarily a distributive inverse semigroup. Let X =
{1,2,3,4,5,6,7}, a,b € Z(X) be the partial bijections of X defined as

3 6 —2 7

and then consider the subsemigroup S C Z(X) of partial bijections f : dom(f) —
ran(f) such that

e if 4 € dom(f) then a < f or a*a < f;
e if 5 € dom(f) then a* < f or aa* < f;

e if 6 € dom(f) then b < f or b*b < f;
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e if 7 € dom(f) then b* < f or bb* < f.

Let us prove that this is a sub-inverse semigroup of Z(X): Suppose f,g € S, and that
4 € dom(fg). Then 4 € dom(g). There are two possibilities:

o If a < g, then g(4) = a(4) =5 € dom(f), and there are two sub-possibilities:

— if a* < f, then a*a < fg;
— if aa* < f, then a = aa*a < fg;

o If a*a < g, then ¢g(4) = 4 € dom(f), and there are two sub-possibilities:

— If a < f, then a = aa*a < fyg;
— If a*a < f, then a*a = a*aa*a < fg;

In any case, either a < fg or a*a < fg whenever 4 € dom(fg). The other cases are
dealt with similarly. Also, note that S is closed under inverses of Z(X).

Now we can prove that S is closed under joins of Z(X). Suppose that f,g € S
are compatible, so the join fV g exists in Z(X). Again, suppose that 4 € dom(f V g),
so without loss of generality let us assume further that 4 € dom(f). Then either
a< f<fVgora*a< f<fVg. The other cases are dealt with similarly.

Let I = {f € S :dom(f) C {1,2,3}}. Therestrictionmap 6 : S — Z({4,5,6,7}),
O(f) = flaom(s)r{a,56,73, is @ morphism and 0(f) = 0(g9) <= [ ~1 g, so 0 factors
through an injective morphism of S/I into Z({4,5,6,7}).

However 6(a) and 6(b) are compatible but do not have a common join in 6(S).
Indeed, suppose that 6(f) = 0(a) vV 0(b), where f € S. Then f(4) = a(4) = 5, which
implies, by the definition of S, that a < f. However similarly, f(6) = b(6) = 7 which
implies b < f, but a and b are not compatible in S, a contradiction.

This proves that 6(.5) - and therefore S/I - is not a distributive inverse semigroup.

On the other hand, if S is (weakly) Boolean then S/I is also (weakly) Boolean.
In the previous example, note that the restriction alr) does not admit a relative
complement in a.

Theorem 1.5.8. If S is a weakly Boolean inverse semigroup and I is a V-ideal of
S, then for all pair of compatible elements a, € S/I there are compatible elements
a,b € S such that @' = a and b' = 3.

Proof. Suppose a = a! and 8 = bl are compatible in S/I. By Proposition (e),
we can find e € E(S) and i € I such that b*a = e Vi. Note that bi < bb*a < a, so
using Proposition [1.4.11], we can consider the element ay = a \ bi.

Similarly, there are f € E(S) and j € [ such that ba* = f V j, and we can
consider the element by = b\ ja. Let us prove that ay and by are compatible:

biap < b"(a\ bi) = (b*a) \ (b°bi)
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but since i < b*a then b*bi = i. Applying Proposition |1.2.48(c),
boao < b*a\i<e

so bjag € E(S). Similarly, boay € E(S), so ay and by are compatible. Moreover,
a=agVbiand b=1byV ja, so from[1.5.3(e) we have

~ o~
a=a = a and B =bl =b O
An immediate consequence of this and Theorem follows.

Theorem 1.5.9. If S is a weakly Boolean inverse semigroup and I is a \V-ideal of S,
then S/I is weakly Boolean, and the quotient map wy: S — S/I is a V-morphism. If
S is Boolean then S/I is Boolean and the quotient map wy: S — S/I is a morphism
of Boolean inverse semigroups.

Proposition 1.5.10. If S is a Boolean inverse semigroup and I C S is a V-ideal,
then a ~; b if and only if a\ b,b\ a € I.

Proof. On one hand, if a ~; b then take s € S and i,j € [ witha=sVi, b=sVj.
Then by Proposition |1.2.48(c) and (d),

a\b<a\s<i

so a\ b€ I by Lemma [[.5.3(c), and similarly b\ a € I.
Conversely, if a\ b,b\ a € I then a = (aAb)V (a\b) and b= (aAD)V (b\ a)
implies a ~ b. O

To finish this section, we describe V-ideals of distributive inverse semigroups
as the zero sets of semigroup morphisms, and prove an Isomorphism Theorem for
V-ideals of Boolean inverse semigroups. The simpler direction of the following propo-
sition was already noticed in [I11] Proposition 2.10|, without proof.

Proposition 1.5.11. A nonempty subset I of a distributive inverse semigroup S
with zero is a V-ideal if and only if there is an inverse semigroup T with O and a
V-morphism 0 : S — T with I = 671(0).

Proof. Tt is easy enough to verify that 67(0) is a V-ideal, under the assumptions

above, and the converse direction follows using the canonical morphism S — S/I and
Theorem [L5.6 O

Theorem 1.5.12 (Isomorphism Theorem for Boolean inverse semigroups). Let 0 :
S — T be a morphism of Boolean inverse semigroups (as in Definition and
I C67Y0) a V-ideal. Then
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(a) 0 factors uniquely to a Boolean inverse semigroup morphism 0y : S/I — T';

(b) I =067%0) if and only if 0; is injective.

Proof. First note that if 7 C 671(0) then 6(0) = 0 because 0 € I.

(a)

We just need to prove that a ~; b implies 6(a) = 0(b). If a ~; b then choose
s € S and i, j el with

a=sVi and b=sVj

0(a) = 0(s) vV 0(i) = 6(s) V0 = 0(s) V 0(j) = 0(b)

so 6 factors through a map 6; : S/I — T, and the factor map is unique because
the quotient map S — S/I is surjective. To see that ; is a morphism of Boolean
inverse semigroups, apply Theorem [I.5.6and the fact that compatible elements
in S/I are images of compatible elements in S (by Theorem [1.5.8)).

Let us prove that if I = 671(0) then 6; is injective. If 6(a) = 6(b), then
0(a\b) = 0(a) \ 6(b) = 0(a) \ 6(a) = 0

soa\b € 071(0) = I, and similarly b\ a € I, which means by [1.5.10| that a ~ b.
This means that 6; is injective.

Conversely, if 6; is injective and a € 71(0) then
0;(a') = 6(a) = 0=0,(0"

so a ~y 0, which means that a € I. O]

1.6 Probability measure-preserving groupoids

In principle, we will consider more general Borel groupoids than in most usual refer-
ences - namely, we will not make any assumptions about standardness or analyticity
of the Borel structure at hand. See Mackey ([121, 122]), Ramsay (|I44]) and Hahn

(I77,

79)).

Definition 1.6.1. A Borel groupoid consists of a groupoid G endowed with a Borel
(measurable) structure (i.e., a g-algebra) such that the product and inverse maps are
Borel (where G(® and G are endowed with the induced Borel structures from G and
G x G, respectively).

Note that we are not assuming that G(© is Borel in G, nor that G® is Borel in

g xg.
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Example 1.6.2. Let X be any uncountable set, endowed with the o-algebra of count-
able or co-countable subsets. Then the diagonal Ay = {(z,2) € X x X :x € X} is
not Borel in X x X.

e As a unit groupoid, X is a Borel groupoid, but X® = Ay is not Borel in
X x X;

e Let G = X x X, the coarsest equivalence relation on X, endowed with the
product o-algebra. Then G is a Borel groupoid, but G(© = Ay is not Borel in
G (and G@ is also not Borel in G x G).

Example 1.6.3. Every étale groupoid with the Borel o-algebra (generated by the
topology) is a Borel groupoid.

Example 1.6.4. If G is a o-compact ample Hausdorff groupoid, then G is a Borel
groupoid when endowed with the Baire o-algebra (generated by compact G sets,
or equivalently by KB(G) — see remark below). Indeed, given A € KB(G), the
inverse A~! also belongs to KB(G) and so the inversion is measurable. To check
that the product map m : G& — G is measurable, let A € KB(G). For any pair
C,D € KB(G), the set m~'(A) N (C x D) is a compact-open subset of G, and so it
can be written as a finite union

m(A)N(C x D) = CJ(AZ X B;) N G®

i=1

for some A;, B; € KB(G). In particular, m~'(4) N (C x D) is measurable in G@ for
any C, D € KB(G), and o-compactness of G allows us to conclude that m~1(A) is
measurable in G2,

Remark. If X is any zero-dimensional, locally compact Hausdorff topological space
and B is a basis for X whose elements are compact-open, then the Baire o-algebra
of X is generated by B. Indeed, every element of B is a compact Gg, so it is a
Baire set. Conversely, if K C X is compact, U C X is open and K C U, there are
Ay,... A, € Bsuch that K C (J | A, CU. If K is G5 we conclude that K is a
countable intersection of finite unions of element of B, and therefore every Baire set
is in the o-algebra generated by B.

Borel groupoids are the measurable analogues of topological groupoids, and - in
the same manner as in the topological setting - we will be interested in semigroups
of bisections which encode their Borel structure.

Definition 1.6.5. Given a Borel groupoid G, define Bor(G) as the set of Borel subsets
of G for which the source and range maps are Borel isomorphisms onto Borel subsets
of G (given the induced structure from G). We call it the Borel semigroup of G.
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Note that if A € Bor(G) then A* € Bor(G) as well.

Proposition 1.6.6. Bor(G) is closed under products: If A, B € Bor(G) then AB =
{ab: (a,b) € (Ax B)NG?} € Bor(G).

Proof. If A € Bor(G) and D C G is Borel, then AD consists of the elements of G such
that when multiplied by an appropriate element of A* on the left yield an element of
D, ie.,

AD = {cev ' (x(A)) : | (x(c))'c € D}

is Borel, because the range map v restricts to a Borel isomorphism from A to the
Borel subset t(A) of G, and the product and inverse maps are Borel. Similarly, DA
is Borel.
If A, B € Bor(G), then the argument above shows that AB is Borel. If D C AB
is Borel, then
t(D) = DB"
is Borel, because B* € Bor(G). In particular t(AB) is Borel in G() and this also

proves that the range map is a Borel isomorphism from AB to its image. The source
map is deal with similarly, so AB € Bor(G). O

In general, Bor(G) is not equal to the set of bisections which are Borel subsets of
G, and G cannot be covered by elements of Bor(G). Therefore we will restrain from
mentioning “Borel bisections”, except when these two notions coincide.

Example 1.6.7. Let w; be the first uncountable ordinalﬂ viewed as a unit groupoid,
and let I’ be any nontrivial countable group with unit 1z. Let G = w; U F' be the
coproduct groupoid. We endow G with the o-algebra generated by sets of the forms

0,0l ={f €w :p<a}, a € w

and
{a}, a€ F\{lr}.

Let us check that G is a Borel groupoid: given a € wy, [0,a]™' = [0, o] is Borel, and
if a € F\{1p} then {a} ' = {a~'} is also Borel, because a~' # 1p), so the inversion
map is Borel.

Note, moreover, that G = w; U {1z} = G\ Uaser\1,y 1a} is Borel in G (and
can be identified with the successor ordinal wy + 1).

Let m : G® — G be the product map. If a € wy, then

m~'([0,a]) = ([0,a] x [0,a]) NG

3Up to order isomorphism, this is the only uncountable well-ordered set such that every bounded
subset is countable. See [03, Chapter 2] and [I77, 1.19] for more details.
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is Borel in G®, and if a € F'\ {1z}, then

m{a)= U [({e) x {g7a}) U (G© x {a}) U ({a} UG™)] N G®

geF\{1p,a}

is also Borel in G?. Therefore G is a Borel groupoid.
Now note that every Borel set in G either contains a set of the form

(,u))U{lp} ={B €w:a<pf}U{lr}, o€ w

or its complement does. In particular, {1z} is not Borel in G, and this implies that
no a € F\{1p} is contained in any element of Bor(G), even though {a} is a bisection
which is a Borel subset of G.

Proposition 1.6.8. Let G be a Borel groupoid for which there exists a countable
family C C Bor(G) such that G C |JC. Then every bisection of G which is a Borel
subset belongs to Bor(G).

Proof. If C' € C and A is a Borel subset of C, then of course A € Bor(G), since the
source and range maps on A are simply the restrictions of the source and range maps
on C' and so are Borel isomorphism onto their (Borel) images.

In general, if A is a bisection of G which is a Borel subset, then A = (J...(ANC),
and each term A N C belongs to Bor(G), hence A € Bor(G). O

Recall that a Borel space X is standard if there is a separable (equivalently,
second-countable) completely metrizable topology on X which induces the initial
Borel structure. Standard Borel spaces have good analytical properties and are more
manageable than general Borel spaces. For a detailed discussion of standard Borel
spaces (and more general classes of Borel spaces), see [99].

We recall the reader that the graph of a function f : X — Y is graph(f) =
{(f(z),z) : x € X} (see Definition and the remark succeeding it).

Theorem 1.6.9 (|99, Theorems 14.12 and 15.2]). Let X, Y be standard Borel spaces
and f: X — Y. Then f is Borel if and only if graph(f) is Borel in Y x X, and in
this case, if A C X is Borel and f|a is injective then f(A) is Borel.

Let mx and 7y be the projection maps of X x Y
mx(z,y) =z,  7wy(z,y) =y

A subset P C X x Y is called a graph if 7y is injective on P.One important result in
the study of standard Borel spaces is the Lusin-Novikov (Uniformization) Theorem.
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Theorem 1.6.10 ([99, Theorem 18.10]). Let X,Y be standard Borel spaces and P C
X XY a Borel subset such that for all x € X, the section

P,={reX:(z,y) € P}
is (at most) countable. Then P is a countable union of Borel graphs.

We will be interested in the following equivalent form of the Lusin-Novikov The-
orem (compare with Exercises 18.14 and 18.15 of [99]):

Theorem 1.6.11. Let X and Y be two standard Borel spaces and f : X — Y a
countable-to-one function, that is, f~(y) is (at most) countable for ally € Y. Then
there is a Borel partition {X,}, of X such that the restriction f|x, : X,, = f(X,)
is a Borel isomorphism — that is f|x, is bijective with Borel inverse — for all n (and
f(X,) is Borel in'Y for all n).

In particular if A C X is Borel then f(A) is Borel in'Y.

Proof. Let P = {(x, f(x)) € X xY : x € X}, which is Borel since it is the opposite of
graph(f), and all sections P, (y € Y) are countable (in fact, P, = f~'(y) x {y}). By
the Lusin-Novikov Theorem, there are Borel graphs P, C P such that P = J,_, P,
and of course we can assume the P, are pairwise disjoint, by substituting P, by
P, \ U P, for n > 2, if necessary.

The projection mx : P — X is a bijection, so we can take X,, = mx(P,). Theorem
[1.6.9] implies both that each of the sets X,, and f(X,) = 7y (P,) are Borel in X and
Y, respectively, and that f|y, is a Borel isomorphism. O

Remark. The usual form of the Lusin-Novikov Theorem follows from the one above,
since if P has countable sections P, (y € Y') then the projection 7y is countable-to-
one on P, and the partition {P,}, yielded by Theorem will be a partition by
Borel graphs.

Corollary 1.6.12. If X and Y are standard Borel spaces and f : X — Y 1is a
countable-to-one surjective Borel map, then there is a Borel map g : Y — X such
that fg = idy, that is, f admits a Borel section (equivalently, there is a Borel subset
X" of X such that the restriction f|x: is a Borel isomorphism onto Y ).

Proof. Let {X,}, be a countable Borel partition of X such that f|x, is a Borel
isomorphism onto its image for all n. In particular, Y = {J, f(X,), so we define
g=flx on f(X1), and g = f|5* on X, \ U £(X,) for all n > 2. O

Definition 1.6.13 ([5 6]). A groupoid G is v-discrete if G* = v~!(x) is (at most)
countable for all z € G (equivalently, G, = s~!(x) is countable for all z € G().
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Remark. In [I46] Definition 2.6], Renault uses t-discreteness in the topological set-
ting to mean that the unit space G of a locally compact Hausdorff groupoid is open.
If G is second-countable and G is open then G, is countable for all z € X, but the
converse is not true even in the case of a second-countable groupoid (see Example
1.3.13)). The definition we adopt is of more common usage in the measurable setting
(such as in [6]).

An immediate consequence of the Lusin-Novikov Theorem ([1.6.11]) and Proposi-
tion is the following:

Proposition 1.6.14. If G is a standard v-discrete Borel groupoid, then G is covered by
countably many elements of Bor(G), and every Borel subset of G which is a bisection
belongs to Bor(G).

Remark. If X is any (possibly non-standard) Borel space, seen as a Borel unit
groupoid, then Bor(G) is simply the family of Borel subsets of X, and X is covered
by {X}. Thus standardness of a Borel groupoid is not in general a consequence of G
being covered by countably many elements of Bor(G).

Example 1.6.15. If X is a standard Borel space and R is a t-discrete equivalence
relation on X, then the only standard groupoid Borel structure on R which induces
the initial Borel structure of X = R(® is the one coming from the product X x X. This
follows from the Lusin-Novikov Theorem applied to the inclusion map R — X x X.

In this case, R is a Borel subset of X x X, and under the usual identification
of bisections of R as partial maps on X preserving R-equivalence classes (Example
, elements of Bor(R) corresponds partial Borel automorphisms f : A — B,
where A, B C X are Borel.

Example 1.6.16. Every countable group is standard and t-discrete as a groupoid,
with the discrete o-algebra..

Example 1.6.17. More generally, if G is a countable group acting via Borel auto-
morphisms on a standard Borel space X, then the transformation groupoid G' x X
and the orbit groupoid R(G x X) are standard and t-discrete (where we endow G
with the discrete o-algebra).

Theorem 1.6.18. Let G be an v-discrete standard Borel groupoid. Let R = R(G) =
(t,5)(G) = {(x(a),s(a)) : a € G} be the orbit equivalence relation on G, endowed
with the o-algebra coming from the product o-algebra of GO x GO Then R is also
v-discrete and standard Borel, hence an t-discrete Borel groupoid on its own right.
Moreover, there is a map p : Bor(R) — Bor(G) such that (v,s) o p = idBor(r)-

Proof. As usual, we identify G(©) and R(©). If we denote by sg and sz the source maps
and on G and R, respectively, and similarly for the range maps, then for all z € G,

7' (2) = (vg,50) ((tg) ™" (2))
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so R is v-discrete. The structure maps of R are all Borel, and R is a Borel image of
the standard Borel space G so R is standard as well.

Since (tg,5¢) : G — R is surjective, let ¢ : R — G be any Borel section, by
Corollary [1.6.12] so that g¢ is injective and induces, by Theorem [1.6.9, a map p :
Bor(R) — Bor(G), p(A) = g(A). O

The following is also an important result, which proves that every principal
standard discrete groupoid is actually the orbit groupoid of some Borel group action.

Corollary 1.6.19 (Feldman-Moore, [56]). If X is a standard Borel space and R C
X x X is an v-discrete Borel equivalence relation (that is R is Borel in X x X ), then
there is a countable group G and an action of G on X by Borel automorphisms such

that R = {(gz,z) : g € G}

Proof. Since X is standard, we endow it with a completely metrizable separable, and
so second-countable and Hausdorff, topology which induces the Borel structure, and
so the set {(z,y) € X x X : x # y} is open and can be written as a countable union
of open rectangles sets E,, = A, x B,,, where A,,, B,, C X are open and A, N B, = J.
By the Lusin-Novikov Theorem we can partition R into subsets R, for
which the source and range maps s,tv: R, — X, s(y,z) = =, v(y,z) = y, are Borel
isomorphisms onto their images. For every pair of positive integers m,n, set

t(s |I_%le(x))’ ifx € A, Ns(R,),
Ymn () = S 8(t|5l (2)), if 2 € By, Nt(Ry),

x, otherwise.

In other words, v, (z) = y if (z,y) belongs to R, N ((A,, X By,) U (B, X Ay,)) and
v(z) = x if there is no such y. Then ~,,, is a Borel automorphism of X. Letting G
be the group generated by v, ,, endowed with the canonical action on X (gz = g(z))
we obtain the desired result. O]

Remark. Since the generators +,,, of the group above satisfy vgm =id, G is a
homomorphic image of a countable free product of the group Z/(27Z) of order 2.

Definition 1.6.20. Let G be a Borel groupoid and ; a Borel measure on G0, We
say that u is invariant if p(s(A)) = p(e(A)) for all A € Bor(G). A probability
measure-preserving groupoid is a Borel groupoid endowed with an invariant proba-
bility measure g on G, which we will sometimes denote as (G, 1) whenever y needs
to be written explicitly.

Remark. If G is covered by countably many elements of Bor(G), then p is an in-
variant measure if and only if

#ANG ) du(z) = | #(ANG,)du(x)

G0 G(0)
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for every Borel A C GO, The proof that these integrals are well-defined follows
the same lines as in the proof of [56, Theorem 2|. However, we will only need the
invariance described in the definition above.

We recall from Propositions [1.6.8 and [1.6.14] that if G is a v-discrete standard
Borel groupoid then Bor(G) coincides with the set of Borel subsets of G which are
also bisections.

Proposition 1.6.21. If G is a v-discrete standard Borel groupoid and p is a measure
on GO, then u is invariant for G if and only if p is invariant for the orbit relation

R(G).
Proof. By Proposition
Bor(R(G)) = (v,5)(Bor(9))
and if A € Bor(G), and F' = (v,5)(A), then
s(A) = s(F) and t(A) =¢(F)
from which the desired result readily follows. O

For the case of group actions, see Proposition [2.5.2]
Let (G, 1) be a probability measure-preserving groupoid. We define the null ideal
of (G, ) as
Null(G, u) = {A € Bor(G) : u(s(6)) =0} .
Note that Null(G, ) is a V-ideal of Bor(G).

Definition 1.6.22. The measured semigroup of a probability measure-preserving
groupoid (G, u) is the semigroup quotient

Meas(G, 1) = Bor(G)/Null(G, 1)

which we simply denote by Meas(G) when the measure p is implicit and there is no
risk of confusion.

By Theorem , Meas(G, 1) is a Boolean inverse semigroup, and in Section
we will see that it is actually o-complete.

When there is no risk of confusion, we will not usually make a distinction between
Bor(G) and Meas(G, ), in the same manner that one usually sees elements of an L
space on a probability space (X, i) as functions on X, instead of classes of functions
which agree p-a.e.

Example 1.6.23. If R is a v-discrete, probability measure-preserving Borel equiv-
alence relation on a a standard probability space (X, u) (see Example then
Meas(R) is isomorphic to the semigroup of partial Borel automorphisms of X pre-
serving R-equivalence classes, modulo identifying functions which are defined and
coincide a.e. on the union of their domains.
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1.7 Invariant means

In this section we will consider the algebraic analogues of invariant measures on
groupoids, which are called invariant means. These were originally studied in [106]
in the context of paradoxical decompositions, and their connections with C*-algebras
were described in [159).

We will be interested in the analytical structure that such an invariant mean will
induce on a Boolean inverse monoid, and this will be revisited when we introduce
sofic groupoids and study them in the next chapter. This is also a setting we will
consider in the next section, on which we will prove a non-commutative version of
the Loomis-Sikorski Theorem and determine Boolean semigroups which are measured
semigroups of probability measure-preserving groupoids.

Although we will introduce the concepts as in [159], we will reword some defini-
tions to fit better to the nomenclature and notation we have used so far. It should
be noted that Boolean inverse monoids of [I59] correspond to weakly Boolean inverse
monoids as in Definition [L4.10

1.7.1 Covers and fixed idempotents

Definition 1.7.1. Let L be a poset with zero. A cover of an element x € L is a
family C' C L such that whenever e € L satisfies cAe =0 for all c € C, then x Ae =0
as well. A cover of a subset X C L is a family C' C L which is a cover of every
element of X.

Proposition 1.7.2. If L is a generalized Boolean algebra, X C L is downwards
closed, and C' 1is a finite subset of L, then the following are equivalent:

(1) C is a cover of X;
(2) For every nonzero x € X there is some ¢ € C with x A ¢ # 0.

(3) \/ C is an upper bound of X;

Proof. (1)=-(2): If z € X satisfies x A ¢ = 0 for all ¢ € C, then the definition of cover
implies z =z Az = 0.

(2)=(3): If z € X, then the element y = x \ \/ C of X satisfies y A ¢ = 0 for all
c € C,soy =0 by property (2) and thus x <yVv\/C=\/C.

(3)=-(1): If e € L satisfies e A ¢ = 0 for all ¢ € C, then for all z € X,

e/\xﬁe/\\/C:\/e/\c:O O]
ceC

We need now to consider fized idempotents of elements of inverse semigroups.
These can be thought of as the set of fixed points of a function, as described in

Example [1.7.6]
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Definition 1.7.3 ([I59, Definition 3.6]). If S is an inverse semigroup, we say that
an idempotent e € F(S) is fized by an element s € S if se = e. We denote by
I, ={e € E(S) : se = e} the set of fixed idempotents of s.

The following lemma is immediate from the facts that if e is idempotent then
e*e = e, and that F(S) is downwards directed.

Lemma 1.7.4. If S is an inverse semigroup, then for all s € S,
I,={ec E(S):e<s}={ec S:e<sande<s"s}.
In particular, I, is downwards closed and Ty = T,.

Definition 1.7.5 (|[II5] Definition 1.7]). If S is an inverse semigroup, s € S and the
meet s A s*s exists, we denote it by Fix(s) = s A s*s and call Fix(s) the fized point
tdempotent of s.

Since, by Lemma T, is the set of lower bounds of {s, s*s}, then

Fix(s) = \/ Z,

in the sense that one of these elements exists if and only if the other exists, in which
case they are equal and Fix(s) is the maximal idempotent fixed by s.

Example 1.7.6. If f € Z(X) for some set X, then Fix(f) is the identity function
of the set of fixed points of f, {z € dom(f): f(z) =z}, and so under the usual
interpretation that E(Z(X)) consists of subsets of X, Fix(f) is the set of fixed points

of f. (See Example [1.2.14])

Example 1.7.7. If A € KB(G) for some ample Hausdorff groupoid G, then Fix(A) =
ANgGO.

In [115], Leech studied the fized point operator Fix for an inverse monoid S, and
in particular proved that Fix(s) is defined for all s € S if and only if S admits meets
(with respect to its usual order). Lemma [1.7.§|(b) below describes the same fact for
inverse semigroups.

Lemma 1.7.8. Suppose that S is an inverse semigroup and Fix(s) exists for all s € S.
Then whenever s,t € S,

(a) Fix(s) = Fix(s*);
(b) s At exists and sFix(s*t) = t Fix(s*t) = s A t;

(c) Fix(s*t) is a lower bound of {s*s,t*t}



1. GROUPOIDS AND INVERSE SEMIGROUPS 58

(d) Fix(s't) = (s At)*(s A 1);
(e) If » € S then Fix(s*t) Fix(t*z) < Fix(s*z);
(f) Fix(st*) = t Fix(s*t)t* = s Fix(s*t)t*;
Proof. (a) By Fix(s) = \/ Z, = \/ Z.- = Fix(s").

(b) Since sFix(s*t) < s and sFix(s*t) < ss*t <'t, then sFix(s*t) is a lower bound
of {s,t}. If p is any other lower bound of {s, ¢}, then p*p is an idempotent and
p*p < s*t, so p*p < Fix(s*t), which implies p = pp*p < sFix(s*t). This proves
sFix(s*t) = s A t, and the other equality is similar.

(¢) follows from item (a) and [1.7.4]
(d) follows from (b) and (c).
(e) Since Fix(s*t) Fix(t*z) € E(S), then applying Lemma we obtain
Fix(s*t) Fix(t*z) < s™tt*z < s*z
that is, Fix(s*t) Fix(t*z) € Zg, and so Fix(s*t) Fix(t*z) < \/ Zs«, = Fix(s*z2)
(f) By (b) and (d),

t Fix(s*t)t" = t Fix(s"t) Fix(s*t)t" = (t Fix(s*t))(t Fix(s*t))*
=(sAt)(sAt)*(s" ANt")*(s" AN t") = Fix(st"),

and the other equality is similar. ]

Corollary 1.7.9. If S is a Boolean inverse semigroup and s,t € S then t\ s =
t(t*t \ Fix(s*t)).

Proof. Using the previous lemma and Proposition [1.2.48|(a),
t\s=t\(sAt)=t({t"t\ (sAt)"(sAt)) =t(t't\ Fix(st)) O

Note that, by Proposition [1.7.2] the condition in item (1) below is precisely
condition (H) considered in [159] when we restrict our study to weakly Boolean inverse
semigroups (which are the semigroups of interest there).

Proposition 1.7.10. Given a weakly Boolean inverse semigroup S, the following are
equivalent:

(1) For every s € S, there is a finite subset C C I which is a cover of T;

(2) For all s € S, \| Z; exists;
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(3) For all s € S, Fix(s) exists;
(4) S is a Boolean inverse semigroup.

Proof. (1)=-(2): Suppose (1) is valid, s € S and C' C Z; is a finite cover C of Z,.
Since Z, is a compatible set, \/ C' exists and it is an upper bound for Z; by Proposition
This obviously implies \/ C' =/ Z,.

(2) <= (3) is clear from the comment below Definition [I.7.5]

(3)=(4) follows from Lemma [1.7.8(b)

(4)= (1): If S is Boolean then Fix(s) is the maximum of Z, and {Fix(s)} is a
finite cover of Z; (by Proposition . O]

1.7.2 Invariant means and uniform metrics

Definition 1.7.11 ([106]). A mean on a weakly Boolean inverse semigroup S is a
map u: E(S) — [0, 00) satisfying

(i) p(eV f) = ule)+ u(f) whenever e, f € E(S), ef = 0.
and a mean p is called tnvariant if
(i) u(s*s) = p(ss*) for all s € S;

A mean g on S will be called faithful if u(e) = 0 implies e = 0, and if S is a monoid
and p(1) = 1, we say that p is normalized.

Example 1.7.12. If X is a set, and again by identifying F(Z(X)) with subsets of
X, a mean on Z(X) corresponds to a finite, finitely additive measure on X (endowed
with the discrete o-algebra).

Example 1.7.13. Let S be a Boolean inverse semigroup. By non-commutative Stone
duality (Theorem , there exists an ample Hausdorff groupoid G such that
S =KB(G).

Identifying F(S) with the collection of compact-open subsets of G(*), an invariant
mean 4 on E(S) corresponds to a pre-measure, also denoted i, on the ring of compact-
open subsets of G, Since G is zero-dimensional, we can extend u uniquely to a
regular, locally finite Borel measure on G©. This is a consequence of a theorem of
Maiik ([123]), although a simple application of the Riesz-Markov-Kakutani Theorem
also yields an elementary proof in the case at hand (see the Remark below). This
interpretation is sometimes useful because we have more freedom to take unions in
KB(G), even though we do not end up with elements of KB(G).
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Remark. If X is a zero-dimensional, locally compact Hausdorff space, then every
finitely additive pre-measure 1 on KB(X) (the collection of compact-open subsets of
X) extends uniquely to a regular Borel measureﬁ on X. Indeed, p is in fact o-additive
because all sets of KB(X') are compact-open, so if A =, A, where A, A, € KB(X)
and the sets A,, are pairwise disjoint, then all except finitely many A,, are empty, from
which p(A) =" u(A,) follows.

Let A be the complex span of all characteristic functions of elements of KB(X),
and consider the functional 7: A — C, 7(f) = [ fdu.

Then A is dense in C.(X,C) (the vector space of complex-valued, compactly
supported continuous functions on X') with uniform norm, so the continuous positive
functional 7 extends uniquely to a positive functional on C.(X,C).

By the Riesz-Markov-Kakutani Representation Theorem ([I55, Theorem 2.14]),
7 corresponds to a unique regular Borel measure v on X, which extends p because
v(A) =7(14) = p(A) for all A € KB(X).

Either using Example[1.7.13|or proceeding in a manner similar to that of measure
theory, the following properties of invariant means follow easily:

Proposition 1.7.14. Suppose i is a mean on a weakly Boolean semigroup S. Then
(a) p(0) =0;
(b) weV f) = ule) +p(f) — ulef) for all e, f € E(S).
(¢) If e < [ in E(S) then p(f) = ple) + u(f \e).

Invariant means induce a metric structure on the corresponding semigroup in a
natural manner.

Definition 1.7.15. If x is an invariant mean on a Boolean inverse semigroup S, we
define the uniform metric (induced by p) as

d,(s,t) = p((s"sVvt't)\ Fix(s™t))

and whenever S is endowed with an invariant mean, this is the metric structure we

will consider (see [1.7.17|(b)).

Example 1.7.16. If S = KB(G) and g is an invariant measure on G©), regarded
as an invariant mean on E(S) as in Example [1.7.13] then d,(A, B) = pu(s(AAB)),
where AAB = (AU B) \ (AN B) is the symmetric difference of A and B.

Proposition 1.7.17. Suppose p s an tnvariant mean on a Boolean semigroup S.
Then if s,t,z € S,

4See the beginning of Subsection for the definition of regular measure.
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(@) du(s,) = 1 (s \ (5 \ D)V (1) ) (2 9));

(b) d, is a pseudometric on S;

() dy(s™,4) = d(s,1);

(d) d,(zs,zt) <d,(s,t) and d,(sz,tz) < d,(s,t);

(¢) du(s1s2,t1ta) < dpu(s1,t2) + dy(s2,ta);

(f) If s,t,z,w e S then d,(s Nt,z ANw) < d,(s,z) + d,(t,w);

(g) If {s,t} and {z,w} are compatible, then d,(sV t,zV w) < d,(s,z) + d,(t,w);
(h) If s,t,z,w e S then d,(s\ t,z\ w) < d,(s,z)+d,(t,w).

Proof. Ttems (a) and (b) actually follow from Examples|1.7.13/and [1.7.16] but we can
give a purely semigroup-theoretic proof of them:

(a) follows from Lemma [1.7.8(d) and (a);
(b) Let s,t,z € S. Since s\t = ((s\t)\ 2)) V((sAz)\t)), then
(s\)(s\t) < (s\2)"(s\ 2) V (z\)"(z\ ¥)

and similarly with the roles of s and ¢ interchanged, so simply apply (a) to
obtain the result.

(c) follows from (a) and property (i) in the definition of invariant mean (1.7.11)).

(d) follows from distributivity of the product over relative complements and items
(a) and (c);

(e) By (b) and (d),
d, (5152, tite) < d, (5152, t152) + d,(t152, tita) < d,(s1,t1) + du(s2, t2).
(f) Just note that
dy(sNt,zANw) <d,(sAt,s ANw)+d,(s Nw,z ANw) < d,(t,w) +d,(s,2)
where the second inequality follows from item (a).
(g) Using the distributive properties, we obtain
(sVi\(zVw)=(s\(zVw)V(E\(zVw)<(s\2)V(t\w)

and similarly (z Vw) \ (s\t) < (z2\s)V (w\ ), then the result follows from
item (a).
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(h) If S is a unital Boolean algebra, and if we denote the complement of an element
x € S byaz®=1\z, then

(s\ )\ (z\w) = st(zw)° = st(2° Vw) = st2° V stw
=s(tVw)V(sw)t:=(s\ (tVw)V((sw)\1)

For a general Boolean inverse monoid, the same calculation on the unital Boolean
algebra {z € S : z < s} (and intersecting all elements with s, if necessary) will

also yield
(sS\O\ (2 \w) = (s\ (tVw)) V(s A w)\1)

and similarly (z\w)\ (s\t) = (z\ (wVt))V((zAt)\w). These equalities and
item (a) yield the desired inequality. O

Corollary 1.7.18. If i1 is an invariant mean on a Boolean inverse semigroup S, then
N(p)={neS:unn)=0}={neS:d,(0,n) =0}

is a V-ideal of S, and s ~py t if and only if d,(s,t) = 0. Moreover, u factors
to a faithful invariant mean on the quotient S/N (1), whose associated metric is the
quotient metric of d,,.

We will still denote the invariant mean on S/N(u) by pu and the respective
quotient metric by d,,.

Example 1.7.19. If (G, ) is a probability measure-preserving groupoid, and we
identify p with an invariant mean on Bor(G) in the usual manner, then Meas(G, 1) =

Bor(G)/N ().

Proposition 1.7.20. Given an invariant mean p on a Boolean inverse semigroup S,
d, s a metric if and only if pu is faithful.

Proof. Suppose d,, is a metric and p(e) = 0. Then d,(e,0) = p(e*e) = p(e) =0, so
e =0 and p is faithful.
Conversely, suppose p is faithful and d,(s,t) = 0. This means that
p(s*s v t*t\ Fix(s*t)) =0,

so (s*sVt*t)\Fix(s*t) = 0. But Lemmall.7.8(c) implies Fix(s*t) < s*sAt*¢, therefore
s*s = t*t = Fix(s*t) by faithfulness of 4, thus [1.7.8(b) yields

s = ss*s = sFix(s't) = t Fix(s't) = tt't = t,

so d, is a metric. O
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The last function we will associate to an invariant mean g on a Boolean inverse
semigroup is the trace, which is a simple extension of p to all of S and which encodes
d, in a simpler manner.

Definition 1.7.21. If S is a Boolean inverse semigroup endowed with an invariant
mean 4 and s € S, define the trace of s as tr(s) = p(Fix(s)) (or tr, if we need to
make p explicit).

Example 1.7.22. Let (X, u) be a standard probability space and S the inverse
semigroup of measure-preserving Borel automorphisms of X. By identifying F(S)
with the set of Borel subsets of X and p with an invariant mean on .S, the trace of
fesSis

try(f) = p({z € X : f(x) = x}).

Example 1.7.23. As a particular case of the previous example, let X be a finite
set with n elements (seen as a discrete Borel space) and 4 the normalized counting
measure on X: pg(A) = #A/n for all A C X, where #A stands for the cardinality
of A. Then Z(X) is precisely the set of measure-preserving Borel automorphisms of
(X7 :U#)‘

Let S be the inverse semigroup of n x n partial permutation matrices, that is,
n X n matrices such that every row and every column has entries in {0,1}, and at
most one entry in each row and in each column is nonzero. Then S and Z(X) are
isomorphic via the map 6 : Z(X) — S, f — 6(f) = [fi;]i; given by

1, if j € dom(f) and f(j) =1,
fij = .
0, otherwise.

Composing the trace on Z(X) (induced by py) with 67!, we obtain the usual
normalized matrix trace on S: tr([my;]i;) = (1/n) > 0 mu;.

Example 1.7.24. If S = KB(G) and p is an invariant mean on S, then tr(A4) =
p(ANG®) forall A€ S.

Theorem 1.7.25. Let S, T be Boolean inverse monoids with faithful and normalized
invariant means p and v, respectively. Then a semigroup morphism 60 : S — T
preserves traces if and only if it is isometric with respect to d, and d,. In this case,
0 is a morphism of Boolean inverse monoids satisfying (1) =1 (i.e., 0 is proper).

Proof. First suppose ¢ preserves the trace. Then the definitions of d, and tr,, and
Proposition [1.7.14)c) imply

d,(s,t) =tr,(s"s) + tr,(t"t) — tr,(s"st™t) — tr,(s*t)

and similarly for d,, and so it is clear that @ is isometric.
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Conversely, suppose 6 is isometric. First we prove that 6(0) = 0 and 6(1) = 1.
Since 0 < 1 then 0(0) < 6(1), so

1= d,(0,1) = d,(0(0),6(1)) = v((6(0) v 6(1)) \ (6(0)6(1))) = v(6(1) \ 6(0))

and faithfulness of v implies 6(1)\ #(0) = 1, so #(1) = 1 and #(0) = 0. Now note that
for all s € S,

tr(s) = u(Fix(s)) = pu(s”s) — ("5 \ Fix(s)) = du(s"s,0) — d,(s"s, s)

and similarly for tr,. Therefore 6 preserves traces.

In this case, we have already verified that 6(0) = 0 and (1) = 1. In order to
verify that 6 preserves meets, we first verify that 6(Fix(s)) = Fix(6(s)) for all s € S:
Indeed, Fix(s) is an idempotent fixed by s, so 8(Fix(s)) is an idempotent fixed by

6(s) and so O(Fix(s)) <\ Zy) = Fix(0(s)) (from Definition and the paragraph
following it). As

v(0(Fix(s))) = tr, (A(Fix(s))) = tr,(Fix(s)) = p(Fix(s)) = tr,(s) = tr,(0(s))
— (Fix(0(s))),

faithfulness of v implies 0(Fix(s)) = Fix(6(s)).

Given s,t € S, since s At = sFix(s*t) (Lemma [1.7.§(b)), it follows from the
previous argument that 6(s A t) = 0(s) A 0(t).

Similarly, in order to prove that 6 is a V-morphism we first assume e, f € E(S).
Then (e V f) is an upper bound of {f(e),0(f)}, and so 0(e) vV O(f) < O(eV f). But
on the other hand,

v(0(e) v O(f)) = tr,(0(e)) + tr, (0(f)) — tr,(0(ef))
= tr,(e) + tr,(f) — tru(ef)
=tr (eV f)=tr,(0(eV f)) =v(d(eV [))
and again faithfulness of v implies 0(e) V 0(f) = 6(ef).

Given compatible elements s,t € S, 0(s) and 6(t) are compatible in T, and
O(s)VO(t) <O(sVt). But

(6(s) v 8(1))"(8(s) v 6(1)) =

(s)*0(s) VO(t)0(t) = 0(s"s) VO(t"t) = 0(s"s V t't)
((svt)*'(sVvit)=0(sVvt)(sVt)

s0 6(s) vV O(t) = 6(s V) (Theorem [1.2.22e)). O
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1.8 Non-commutative Loomis-Sikorski Theorem

The goal of this section is to characterize all Boolean semigroups which are measured
semigroups of probability measure-preserving groupoids, or more generally quotients
of Borel semigroups by (o-)ideals of “null sets”.

We need to assume one additional condition on such semigroups — namely that
the corresponding groupoid under non-commutative Stone duality is o-compact. This
condition also guarantees that the Borel structure of the groupoid is sufficiently man-
ageable , and is always satisfied by unital Boolean algebras, so we obtain a true
generalization of the classical Loomis-Sikorski theorem - which we briefly recall.

1.8.1 Classical Loomis-Sikorski Theorem

Definition 1.8.1 ([58, 314A]). A generalized Boolean algebra B is said to be o-
complete if it admits joins of countable subsets.

Definition 1.8.2 (|58, 322A|). A probability algebra is a pair (B, ), where B is a
o-complete unital Boolean algebra and p : B — [0, 1] is a function, called a probability
measure, satisfying:

(i) p(0)=
(ii) w(e) > 0 whenever e # 0;
I

(iii

)
)
)
(iv) If {e,} is a sequence of disjoint elements of B, then

§ (\/ an> = n(an).

neN neN

In other terms, p is a normalized, faithful invariant mean on B (regarded as an inverse
semigroup) satisfying the countable additivity described in (iv) (as opposed to only
finite additivity).

Alternatively, conditions (i) and (ii) could be substituted by the single condition
-1
p(0) = {0}

Example 1.8.3. Let X be a space endowed with a g-algebra A and Z an ideal of A
closed under countable unions. Then A/Z is a o-complete unital Boolean algebra.

If 11 is a probability measure defined on A and Z is the ideal of null sets of A,
then p factors to a probability measure on the quotient A/Z. In this case we denote
A/Z endowed with the invariant mean p by MAIlg(X, 1), and call it the measure
algebra of (X, p).
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Definition 1.8.4. An isomorphism between two probability algebras (B, pu) and
(C,v) is a Boolean algebra isomorphism ¢ : B — C' such that v(¢(a)) = p(a) for all
a € B.

There are two versions of interest of the classical Loomis-Sikorski theorem, which
read as follow:

Theorem 1.8.5 ([119]). If B is a o-complete unital Boolean algebra, then there is a
set X, a o-algebra A on X and an ideal T of A closed under countable unions such
that B is isomorphic to AJZ.

Theorem 1.8.6 ([15]). Every probability algebra (B, i) is isomorphic to MAIlg(X, u)
for some probability space X.

In fact, the second version of the theorem follows from the first one, since if u
is a probability measure on A/Z (in the sense of Definition , then g induces a
probability measure (in the usual sense) on (X, .A), via composition with the quotient
map A — A/Z, and 7 is the ideal of null sets.

1.8.2 Non-commutative Loomis-Sikorski Theorem

We are ready to prove the main theorem of this section. Its proof is an adaptation of
the original proof by Loomis [I19]. Although all theorems and proofs could be stated
in more general terms (for algebras which are complete with respect to some cardinal
similarly to Definition [1.2.40)), we will only consider countable joins and meets, which
is the usual setting of measure theory.

Definition 1.8.7. A Boolean inverse semigroup is o-complete if every countable
compatible subset admits a joint.

Note that, in principle, we do not assume X;-distributivity in the sense of Defini-
tion [1.2.40| (where X; is the first uncountable cardinal), however an appropriate usage
of relative complements yields this, see Proposition [1.8.11{(a).

Example 1.8.8. If G is a Borel groupoid, then Bor(G) is a o-complete Boolean
inverse monoid.

We first prove a general form of de Morgan’s laws, which allows us to work with
infinite meets and joins in Boolean algebras which are not necessary complete nor
(infinitely) distributive. We temporarily denote the complement of an element e of a
unital Boolean algebra B by e =1\e, and if F C B, F*={e‘: e € F'}.

Lemma 1.8.9. Let B be a unital Boolean algebra and F a subset of B for which \/ F
exists. Then \(F°) also exists, and \(F°) = (\/ F). Dually, \ F exists if and only

if \[(F€) exists and (\ F)" = \/(F°).
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Proof. If e € F, then e < \/ F, so (\/ F)° < e°. This shows that (\/ F)° is a lower
bound of F°. If p is any other lower bound of F¢, then p° is an upper bound of F', so
\/ F < p¢, or dually p < (\/ F). This is the desired result. O

Lemma 1.8.10. Let S be a weakly Boolean inverse semigroup and g € S. We define
G to be the semigroup with underlying set

G={g}'={seS:s<g}

and whose operation is the meet of S: G* — G, (s,t) — s At (which is well-defined
by Proposition[1.2.50(c)).

Then G is a unital Boolean algebra. The order of S restricts to the order of G,
and arbitrary joins and meets in S coincide with arbitrary joins and meets in G. If
S is o-distributive then G is o-complete.

Proof. By definition, GG is a A-semilattice and the operation in G, so it is an inverse
semigroup. The fact that the order and all joins and meets in G coincide with the
same notions in S is trivial, so G is a lattice with zero, and o-completeness of G will
also follow immediately from o-distributivity of .S.

The distributivity of G follows from Proposition [I.2.42] and G admits relative
complements of comparable elements by Proposition Thus G is a generalized
Boolean algebra, and clearly g is the unit of G. [

We are now ready to prove that o-complete Boolean algebras are N;-distributive.

Proposition 1.8.11. Any o-complete Boolean inverse semigroup S admits meets of
countable compatible subsets F C S. Moreover, if F C S is a countable compatible
subset and z € S then

(a) z(VF)=V\(zF) and (\ F) 2 = \/(Fz); Thus S is N,-distributive;
() 2NNV FE) =V ep(z A f);
(¢) VE)\z=V;ep(f\2);
(&) 2\ (VE) = Nper(z\ )

Proof. First assume F' C S is countable subset, and take g € F' arbitrary. By Lemma
1.8.10} the set {g}* = {t € S : t < g} is a o-complete unital Boolean algebra with the
order endowed from S, so the meet /\ ,_(f A g) exists and is the same in both {g}¢
and S, and clearly it is the meet of F'in S.

(a) Of course, it is enough to prove just one of the equalities. On one hand, zf <
z\/ F whenever f € F,s0 \/(zF) <z\/ F.
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For the other inequality, let us first assume that ff* < z*z for all f € F, and
under this assumption let us prove that z\/ F' is the smallest upper bound of
zF. If p is any upper bound of zF', then for all f € F

pzzf=zp2zz2f =2 [ f=F

and so \/ F' < z*p and therefore z\/ F' < zz*p < p.

In the general case, for every f € F', we have

F=1rr=Fr\z2) V() f = \2) [V (Z2f)

Note, moreover, that \/ ;. .(ff*\ 2*2)f and \/;cx(2*2f) are both bounded by
\/ F, and thus are compatible and we can conclude that

\/ F < (\/ (ff\2"2) f) v <\/(z*zf))

fer feF

Multiplying both sides by z on the left, we obtain
:(VF)<|: (\/ (Ff\2"2) f) v [ (\/ (z*Zf)>]
feF fer
Now, for all f€ F, (ff*)\ (z*2) < [(VF) (V F)’]\ (¢*2), s0

z <\/ (ff*\z*z)f) < (2z"z2) [(\/F) <\/F)*\(z*z)} =20=0

fer

where the next-to-last equality follows from the definition of relative comple-
ments and since products coincide with meets in £(S). Therefore

feF
Using the first case, we can distribute the product by z over \/feF(z*zf), that
is,
z (\/F) < (\/ z(z*zf)> = \/zF
fer

(b) This is a particular case of Proposition [1.2.41{
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(c¢) From item (b) we obtain (\/feF<f \ z)) Az = 0, and by usual properties of the
join

VE=\r=\Vu\avenns\ (aveEa\ )

fer fer fer
= (\/(f\z)) Y, (z/\\/F>
fer

80 Vep(f \ 2) satisfies the defining properties of (\/ F) \ 2.

(d) This follows from item (b) and Lemma applied on the Boolean algebra
{te S:t< 2} O

Definition 1.8.12. A o-ideal of a o-complete Boolean inverse semigroup S is an
ideal I of S such that if 7 C S is countable and compatible, then \/ F' € I.

If I is a V-ideal of a Boolean inverse semigroup S and s € S, recall from Section
that 3 denotes the image of s under the canonical quotient map S — S/1I.

Lemma 1.8.13. Let S be a o-complete Boolean inverse semigroup, I a o-ideal of S
and w: S — S/I the quotient map.

(a) If F C S is countable and fl =g for all f,g € F, then ]7] = (A F)NI for all
JEF;

(b) If o7 C S/I is countable and compatible, then there is a countable compatible
subset ' C S such that n(F) = <.

Proof.  (a) Under the given assumption, if f € F then f\ (A F) =V p(f\g) € I,
by Propositions [1.5.10] and [1.8.11)(d), which is what we want.

(b) For every pair (a1, ) € o7, choose, by[1.5.8] compatible elements C («, o) and
Cy(a, ag) € S such that Cj(a, ag)™" = ay, and then let D(a) = A4, Ci(a, B)A
Co(B, ). By item (a), D(a)™~ = « for all «.

Given o, 8 € o7, we have D(a) < C1(«, ) and D(5) < Cy(a, B), so D(«) and
a)

D(p) are compatible for all o, 5 € o/. Therefore F' = {D(a) : o« € A} has the
required properties. ]

Theorem 1.8.14. If S is a o-complete Boolean inverse semigroup and I is a o-ideal
of S, then S/I is a o-complete Boolean inverse semigroup as well. If m: S — S/I is
the quotient map, then for all countable compatible subsets ' C S, n(\/ F') = \/ n(F).
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Proof. By item (b) of the lemma above, we just need to prove the last part. Let
F C S be countable and compatible. Of course, 7(\/ F) = (\V )™ is an upper
bound for 7(F), so we need to prove it is the smallest one. Let p € S such that p’ is
another upper bound for m(F"). Then for all f € F|

ff=FfAp =(fAp)™!

because 7 is a morphism of Boolean inverse semigroups (Theorem |1.5.6)). This means
that f\p e [ forall f € F, and so

VEN(VF)ap) =\ F)\p =\ (F\p) el

fer

hence
Py =\ Fapy' <. 0

For our version of the Loomis-Sikorski theorem, we need the semigroups to satisfy
the following condition:

Definition 1.8.15. We say that a Boolean inverse semigroup satisfies condition (SC)
if there is a subset C' C S satisfying

(SC1) C is countable;

(SC2) For every s € S, there is a finite subset I C C such that s = \/;cp(s A f).

Remark. Every o-complete Boolean inverse semigroup satisfying (SC) is actually a
monoid, namely if C' C S satisfies (SC1) and (SC2) then U =/ . Fix(c) is the unit
for S. Indeed, for all e € E(S),

e < \/(e/\c)§ \/Fix(c):U

ceC ceC
so U is the unit of E(S) and thus the unit of S.

Note that every unital Boolean algebra B satisfies (SC), namely C' = {1} satisfies
(SC1) and (SC2).

Proposition 1.8.16. If G is an ample Hausdorff groupoid and S = KB(G), then
S satisfies condition (SC) if and only if G is o-compact. More precisely, a subset
C C KB(G) satisfies (SC1)-(SC2) if and only if G C |JC.

Proof. 1f G is o-compact, then we have G = |, K, for some sequence of compact
open sets K, C G. Since KB(G) is an open cover of G, for each n there is a finite
subset C,, € KB(G) satisfying K,, C |JC,. Then C' =, C, is countable, which is
condition (SC1). Since elements of KB(G) are compact and C' is an open cover of G,
condition (SC2) is satisfied by C.

Conversely, if C' C KB(G) satisfies (SC1)-(SC2), then C is a countable cover of
G by compact(-open) sets, so G is o-compact. O
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Theorem 1.8.17 (Non-commutative Loomis-Sikorski). Let S be a o-complete Boolean
inverse semigroup satisfying (SC). Then there exists a v-discrete Borel groupoid G and
an ideal T C Bor(G) such that S is isomorphic to Bor(G)/T.

Proof. Using non-commutative Stone duality, more precisely Proposition [I.4.21] we
let G = ¥p(.5), which is an ample Hausdorff groupoid, and o-compact since S satis-
fies (SC) (Proposition [1.8.16). Endowing G with the Baire o-algebra (generated by
KB(G)) we obtain a Borel groupoid (Example [1.6.4). Moreover, Bor(G) coincides
with the set of bisections which are Borel subsets of G (Proposition [1.6.8)).

Note that, even though KB(G) ~ S is o-complete, countable joins in KB(G)
will not be given by unions in general, and similarly for meets.

Let ( = (s : S — KB(G) C Bor(G) be the canonical isomorphism (Proposition
[1.4.21). We fix a countable family {¢,}, oy in S satisfying properties (SC1) and (SC2),
and let C,, = ((c,), so that G C |, C,.

Define
N = {ﬂ{(sn):sl,SQ,... € S and /\sn:O}
n=1

n=1

and let Z be the collection of those A € Bor(G) which are contained in some countable
union | J-_, N,,, where N,, € N. Then Z is clearly closed under countable unions.
To check it is an ideal, first suppose K = (), ((s,) € N, where A s, = 0. For

A € Bor(G),
AK C U c, ﬂ ((sp) = U ﬂ C(cmsn)

m=1n=1
and for all m, A\, ¢;msn = ¢m A\ s, = 0, which proves that AK € Z. Similarly, KA € Z,
so Z is a o-ideal. .,
Let 6 : S — Bor(G)/Z, 6(s) = ((s) , the composition of ¢ with the quotient
map Bor(G) — Bor(G)/Z. We will prove that 6 is an isomorphism, and we do this
in several steps, the first one being a weaker form of injectivity.

If s # 0 then ((s) ¢ Z: Indeed, suppose Ny, No,... € N, where N, = [, ((al,)
(ar € S) are such that A, ap, =0 for each n .

Since s # 0 and

0#£s=s\0=s\/Na,=\(s\a),)

then there exists a number k(1) such that s\ a}c(l) # 0. By induction on N,
we can find a sequence k(1),k(2),... such that s\ (a}c(l) VoV aﬁm) # 0
for all n. This means that ¢(s) \ U\, ((ap,,) # @ for all N € N, that is,
((s) is not contained in any finite union (J)_, ¢(af,y), N € N. Since ((s) is
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compact, Cantor’s Intersection Theorem implies that ((s) is not contained in
U= ¢(af,), and in particular ((s) is also not contained in (J;Z, N,. This
proves that ((s) &€ Z whenever s # 0.

0 is injective: If a # b in S, then either a \ b or b\ a # 0, which implies that either
C(a) \ ¢(b) or ¢(b) \ ((a) € Z, but in any case we obtain 6(a) # 6(b), so 0 is

injective.
0 preserves countable joins: If sq,s9,... € S are compatible, then V(;; s; is an
upper bound of all s;, and so | J:2, ¢(s;) € ¢ (\/;’il sj>. Since

§<\/3j> \UC(Si):mC (\/Sj\si)

j=1

()0 ()

we conclude that ¢ <\/;’i1 sj> \ U2, ¢(s;) € 7 and we are done.

Consider again, the fixed family of elements C, = ((c,) with G = |, C,,, and
let p € N be temporarily fixed. In order to prove that 6 is surjective we first prove a
weaker version. Recall from Section [L.5[that A ~; B means that A’ = B,

If ACC, is Borel, then A ~7 ((s) for some s < ¢,: The collection of Borel sub-
sets of C,, is generated, as a o-algebra, by the family

{AeKB(G): ACC,} ={¢(a) :a < ¢},

so we need to prove that the collection B of those Borel A C (), which are
Z-equivalent to some ((s), where s < ¢,, forms a o-algebra on C,. If A ~7
((s), then C, \ A ~z ((¢, \ 8), so B is closed under complements (in C,), If
Ay, Ay, ... € B, choose s1, Sg,... < ¢, with A; ~7 ((s;). In particular the s; are
pairwise compatible, and we have already verified that ((\/, s;) is Z-equivalent

to |, ¢(s;), and thus Z-equivalent to | J; A; as well (Theorem |1.8.14])

6 is surjective: Let A € Bor(G) be arbitrary. Again, decompose A = [, A, where
A C C,. Choose s, € S with ((s,) ~7 A,. The A, are pairwise compatible,
so 0(sy) are also pairwise compatible. Since 6 is injective, the s, are pairwise
compatible. Again using the fact that 6 preserves countable compatible joins,
we see that A ~z ((\/,, sn)- O
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We can thus obtain a version characterizing inverse Boolean monoids satisfying
(SC) and endowed with countably additive invariant means.

Corollary 1.8.18. Suppose S is a o-complete Boolean inverse monoid satisfying
(SC), endowed with an invariant mean p which is countably additive (i.e., a probabil-
ity on E(S)). Then there exists a t-discrete probability measure-preserving groupoid
(G, 1) and an isomorphism from S to Meas(G, ') which is isometric with respect to
the uniform metrics.

Remark. We could have defined Borel groupoids as those endowed with o-rings of
sets, and not og-algebras, assuming the structural maps are Borel in the appropriate
sense (see Halmos, [80]). Then we would obtain, essentially with the same proofs, a
version of the non-commutative Loomis-Sikorski theorems for Boolean inverse semi-
group not necessarily satisfying (SC).



Chapter 2

Sofic groupoids

The notion of soficity for groups was introduced by Gromov ([76]) in his work on
the Gottschalk Surjunctivity Conjecture in Symbolic Dynamics, as a common gener-
alization of both amenable and LEF (“locally embeddable into finite”) groups. The
terminology “sofic” was later coined by Weiss ([174]), and it comes from the Hebrew
word for “finite”. This class of groups quickly showed its importance, due to both its
tractability as well as its generality - In fact, at the moment no group has been shown
to be non-sofic.

Sofic groups can be thought, in a broad sense, as those which obey all formulas
which are “almost true” for finite groups. This allows one to prove, with the appro-
priate care, that several open conjectures for general countable groups actually hold
in the sofic case: To list a few:

e The Gottschalk Surjunctivity Conjecture (|76}, 174]);

e Connes’ Embedding Conjecture for their von Neumann algebras ([139]);
e Kaplansky’s Direct Finiteness Conjecture ([42]);

e Algebraic Eigenvalues Conjecture ([169])

For a more detailed introduction to soficity and the closely related class of hyperlinear
groups, see [25].

More recently, Lewis Bowen ([I7, I8]) introduced the notion of sofic entropy,
later improved by David Kerr and Hanfeng Li ([102] 10Tl 103]), and which can be
used to prove that large classes of Bernoulli shifts are non-isomorphic. This direction
of work also points to interesting dynamical properties that sofic groups should have,
and in particular a precise definition of a soficity for dynamical systems becomes of
interest.

In 2010, Elek and Lippner [4I] introduced the notion of soficity for equivalence
relations in the same spirit as Gromov’s original definition — namely, if o is an action

74
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of the free group F., (on infinitely many generators) by measure-preserving automor-
phisms of a standard probability space (X, u), then the orbit equivalence relation
R(a) is sofic if the Schreier graph of the F.,-space X can be approximated, in a
suitable sense, by Schreier graphs of finite F.,-spaces.

Alternative definitions by Ozawa ([I134]) and Paunescu ([I142]) describe soficity
at the level of the measured semigroup of R or in terms of the action of the full
group of R on the measure algebra of the base space. These formulations have the
advantages of being easily generalized to probability measure-preserving groupoids,
and not depending on group actions. (See Definition [2.3.1])

The main goal of this chapter is to describe soficity for probability measure-
preserving groupoids in full details, closely relating it to how finite models can be
used to describe the given sofic groupoid. We will prove several closure properties for
the class of sofic groupoids in Section The main results of this chapter (Theorems
[2.4.16| and [2.4.18)) provide a weakening in the definition of soficity, and answer a
question posed in [31], using ideas similar to those in Dye’s recovery theorem of an
equivalence relation from its full group ([39]). In the last section we study soficity
of transformation groupoids of probability measure-preserving actions of countable
groups.

2.1 Ultraproducts and continuous logic

2.1.1 Ultrafilters and ultralimits

Given a set I and a collection of sets {X; : i € I}, an element of the product space
[ I, X will be denoted by (z;);e; or simply (x;);, corresponding to a function i — ;.
In particular, an element of a function space X! will also be denoted as (z;);.

By filters and wultrafilters of sets on I we mean filters and ultrafilters, according
to Definition [1.4.3] on the power set P(I) of I, which is a poset under inclusion (more
precisely, a unital Boolean algebra under intersection), so let us briefly recall these
notions in this special case: a filter of sets on I is a nonempty collection U of subsets
of I satistying

(i) If F,G € U, then F NG € U;
(ii) If F €U and F C G then G € U;

and we say U is proper if @ & U, and an ultrafilter of sets if it is a maximal proper
filter of sets. Equivalently, a filter of sets U/ is an ultrafilter if and only if it is prime:

(iii) If FUG €U then F € U or G € U.

An ultrafilter U (of sets) on I is free if (YU = @, and principal otherwise. Every
principal ultrafilter ¢4 on [ is of the form I, := {AC:x € A} for some x € [
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(indeed, just choose = € (U, so maximality of U implies U = I,)). In particular, an
ultrafilter U is principal if and only if it contains some finite subset of I.

We can think of filters of sets as providing a notion of “largeness” for subsets of
I, that is, let U be a fixed filter on I, and let us temporarily call its elements large.
The conditions above can be rewritten as

(i)’ If F and G are large then F'N G is large as well;
(ii)” If F is large and F' C G then G is large as well.

This idea leads to an intuitive notion of convergence: (x;); converges to = € X if the
set of all ¢ € I for which x; is sufficiently close to x is large. This can be formalized
as follows:

Definition 2.1.1. Let [ be a set, X a topological space, and U a filter of sets on
I. We say that a family (z;); € X converges to a point x € X along U if for every
neighbourhood U of z, the set {i € I : z; € U} belongs to U. We call x a limit point
of (x;); along U, and if U is an ultrafilter of sets we call = a ultralimit.

This usage of filters can be thought of as a common generalization of both nets
and the filters of subsets of a topological space X (see [I77], section 12):

1. If A is a directed set and (x,), is a net in X, then convergence of this net
corresponds to convergence of (x)) along the filter of nonempty upwards closed
subsets of A;

2. If U is a filter of subsets of X, we take our index set I = X and consider the
identity thread (z), € X*. Then convergence of U (|[I77, 12.3]) coincides with
the notion above of convergence of (z), along U.

As such, topological properties of X can be characterized in terms of convergence
of functions along ultrafilters. The following characterizations of compactness and the
Hausdorff property in terms of ultralimits are analogues to those in terms of nets (see
[177, 13.7 and 17.4]).

Theorem 2.1.2. X s compact if and only if for every set I and every ultrafilter of
sets U on I, every function (x;); € X! converges along U.

Proof. First suppose that some function (z;); does not converge along Y. Using
compactness, we can find a finite open cover Uy, ..., U, of X such that for 1 < k <n,
the set F), = {i € [ : x; € Uy} does not belong to Y. But I = F} U---U F,, which
contradicts U being an ultrafilter.

Conversely, suppose every function (z;); € X' converges along every ultrafilter
on I. We will use the correspondence above between nets and filters of sets to prove
that every net on X has a cluster point, which is equivalent to X being compact
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(JI77, Theorem 17.4]). So suppose (A, <) is a directed set and (x))ren is a net in X.
Let U be any ultrafilter of sets on A containing all nonempty, upwards closed subsets
of A, which exists by Zorn’s Lemma. Then (x,), converges along U to some z € X,
that is, if U is a neighbourhood of x and p € A, then the set {\ > p: z\ € U} belongs
to U and is therefore nonempty, and this means that (x,), clusters at x. ]

Theorem 2.1.3. X is Hausdorff if and only if ultralimits are unique.

Proof. First assume X is Hausdorff, and suppose a function (z;); converges to x and
y along an ultrafilter & on I. For z = z,y, let U, be an open neighbourhood of z, so
that F, = {iel:2, € U,} € U. Then F, N F, € U, and in particular there exists
some j € F, N F,, that is z; € U, N U, # &. This proves that every neighbourhood
of x intersects every neighbourhood of y, which means that x = y by the Hausdorff
property.

Conversely, suppose that ultralimits are unique. To prove that X is Hausdorff,
we simply need to prove that nets on X have at most one limit point ([I77, Theorem
13.7]). Suppose that a net (x))rea converges to two points z and y in X. Again,
choose an ultrafilter U of sets on A containing all nonempty upwards closed subsets
of A. Then (z,), converges along U to both x and y, hence z = y. O

Definition 2.1.4. If a family (z;); has a unique ultralimit = along an ultrafilter U,
we denote x = lim;_;, x;, or simply x = limy, x;.

2.1.2 Metric signatures and structures

In this section we will introduce ultraproducts, whose main motivation comes from
Model Theory. A classical and still very interesting reference for algebraic ultraprod-
ucts in this setting is [I0]. One way to describe modelatibility in the algebraic setting
is the following:

Let B be an algebra (or a ring, group, Boolean algebra, etc...) and let <7 be a
collection of algebras (or rings, groups, etc...). We say that B is modelled by < if for
every finite subset F' C B, there is A € & and a map ¢ : B — A which is injective on
F', and which satisfies the usual properties of morphisms however only for elements
of F. Ultraproducts are then certain algebras which allow us to verify modelability
by < in terms of the existence of injective morphisms into ultraproducts.

We should note, however, that ultraproducts are not unique up to isomorphism,
and there are other algebras (groups, etc...) which can be used to check for modela-
bility by A. (In the metric case, see [139], 3.11-3.13 for examples related to hyperlinear
groups, and Section 2 of [43] for examples related to sofic groups.)

However, we will be interested in analytical, or more precisely metric structures.
These are similar to classical (algebraic) structures in the sense that they have con-
stants and functions, however predicates become continuous functions as well, with
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values in [0, 1], instead of truth functions with values in {0,1}. This is actually of
great interest, since it allows us to ask how “far” is a statement from being the truth.
For example, two elements of a metric space (M, d) are equal if and only if d(z,y) = 0,
and more generally they are precise at distance d(x,y) from each other, so the dis-
tance map tell us how far are they from being the equal. With this, we can introduce
a notion of “metric modelability” similar to the one (algebraic) above and construct
ultraproducts with the analogue property. For more details, we refer to [29, [11].

Convention: If (M, d™) and (N, d") are metric spaces, the product space (M x
N, dM*N) will be considered with the supremum metric: d™*Y ((my,ny), (mg,ny)) =
max(dM (mq, msy), d™ (ny,n2)).

Recall the definition of a modulus of (uniform) continuity.

Definition 2.1.5. Let (M, d) and (N, d") be (pseudo-)metric spaces and f : M —
N a function. A modulus of (uniform) continuity for a f is a function A : (0,00) —
(0, 00) which satisfies

Ve >0, if 2,y € M and d™(z,y) < A(e) then d™ (f(x), f(y)) < ¢

In other words, a modulus of continuity for a function f described “how close
two points in M have to be in order for their images under f to be close in N”. The
usage of strict and non-strict inequalities in the definition is necessary for the results
that follow.

Definition 2.1.6. A metric signature is a collection 0 = (£, F, %), where

e Z is a collection of triples (P,n(P),Ap), where P is a predicate symbol, and
n(P) is a positive integer, called its arity, and Ap is a function Ap : (0,00) —
(0, 00);

e .7 is a collection of triples (f,n(f),Ay), where f is a function symbol, n(f) is a
positive integer, called the arity of f, and Ay is a function Ay : (0,00) — (0, 00);

e % is a collection of constant symbols.

We will usually identify elements of &2 and % with their predicate and function
symbols, respectively.

Definition 2.1.7. A o-structure consists of a metric space L of diameter at most 1
and an interpretation function, which associates:

e For every predicate symbol P € &, a function P* : L") — [0, 1] which has
Ap as a modulus of continuity;

e For every function symbol f € %, a function fL: L") — L which has A; as
a modulus of continuity;
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e For every constant symbol ¢ € €, a distinguished element ¢ € L.

We will always assume that the metric structure o has a binary predicate d, with
modulus of continuity the identity function of (0, 00), and whose interpretation is the
metric d¥ of the o-structure M. We also assume we are given an infinite set 7 of
variables, and that &2, .7 ,%€, 7 are pairwise disjoint.

Definition 2.1.8. An embedding of o-structures L and M is a map ¢ : L — M
satisfying

o PM(¢(x)) = PE(z) for all z € L and P € Z;

o M(p(x1),...,0(xnp) = O(fX (21, .. an(p)) for all zq,... 2,5 € L and f €
7

o M= ¢(ct) for all c € €.

(in particular, embeddings are always isometric since d is a predicate interpreted as
the metric).

Example 2.1.9. (1) A bounded metric space is a structure with the trivial signa-
ture (containing only the distance symbol d);

(2) Every classical structure, in the sense of first order logic ([86]), is a metric
structure when endowed with the discrete metric: d(x,y) = 0 if x = y and 1
otherwise. The modulus of continuity for all function and predicate symbols is
taken as A(e) = 0 for all € > 0.

(3) A group G with a bi-invariant, bounded metric d is a structure for the signature
containing one binary function symbol (the product) and one unary function
symbol (the inverse) and appropriate moduli of continuity.

Example 2.1.10. A Boolean inverse monoid S with a normalized, faithful invariant
mean g is a metric structure for the signature containing binary function symbols
A, \ and - (for the semigroup operation), a unary function symbol ( )* (and appro-
priate moduli of continuity) and constant symbols 0, 1. We can also consider a unary
predicate £ determining idempotents via E(s) = d,(s, s*s).

One slightly more problematic operation is the “join”, which is only defined for

compatible elements. One way to remedy this is to define a new operation V on S as
sVt=sV (et \ ss™)t(t*t\ s™s)),

so that s V¢ = sV ¢ whenever s and ¢ are compatible. This way we can add the

*
symbol V to the signature of Boolean inverse monoids, and interpret it as V in S.
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Remark. The metric theory of unbounded metric spaces is also of interest in func-
tional analysis (see [83] for example), however some modifications need to be made,
usually either considering pointed metric spaces, or by considering many-sorted struc-
tures, which we will not do here.

Definition 2.1.11. Let o be a metric structure. The collection of terms of o is
the smallest set containing all constant symbols and variables of o, and such that

if t1,...,t, are terms and f is an n-ary function symbol then f(¢,...,t,) is also a
term. In the same manner as classical model theory (|86]), we will write t(vy, ..., v,)
to denote that the variables of t are among vy, ..., v,.

2.1.3 Ultraproducts of metric structures and modelability

We will now construct ultraproducts of metric structures of a given signature following
[LT]. Let {(M;,d) : i € I} be a collection of metric spaces of diameter at mostl| 1, and
let U be an ultrafilter of sets on I. We first consider the product space [[,(M;,d"),
and define a pseudometric on it by setting

d“((a:i)i, (Yi)i) = zh—>HZ/l{ di(ﬂﬁz’, Yi)

Let [[,, M; (or [1,,(M;,d") if we need to make the metrics d* explicit) be the quotient
metric space, whose metric we also denote, d“.

Definition 2.1.12. We call the metric space (Hu Mi,d“) the wltraproduct of the
metric spaces (M;,d"). We denote the class of an element (2;); € [[, M; in [[,, M; by

(.Ti)u.

Example 2.1.13. If i = {A C I :ig € A} for some iy € I, then [[,, M; is isometric
to M;,. More precisely, the map

HMZ — Mm, (Iz)u = T,
u

is a (well-defined) isometry.

The following proposition can be proven along the same lines as when one con-
structs a completion of a metric space. See [I54, Exercise 3.24].

Proposition 2.1.14. IfU is a free ultrafilter, then [],, M; is complete.

!The same theory can be developed, almost word-by-word, for any other choice of uniform bound
for the diameters. Alternatively, every bounded metric space can be normalized to diameter 1.



2. SOFIC GROUPOIDS 81

The following “distributivity” of ultraproducts over products will be necessary,
and it follows quite easily from the fact that if (a;);, (b;); are bounded functions of
real numbers on a set I and U is a ultrafilter of sets on I, then

hzin (max(a;, b;)) = max <hbr[n a;, hz,I{n b,—)

because, indeed, either the set {i € I : a; > b;} or its complement belongs to U.

Proposition 2.1.15. If {(M;,d™) :i € I} and {(N;,dY):i € I} are collections of
metric spaces (of diameter at most 1) and U is an ultrafilter of sets on I, then the
map

H(M x N;) (HM) X (H Ni) ; (i i)y = ((ma)us (na)u)

u

s a well-defined isometry.

The next obvious course of work is to define a natural o-structure on an ultra-
product of o-structures, where o is a metric signature.

Proposition 2.1.16. Let {(M;,d™) i€ I} and {(N;,d"):i €1} be two families
of metric spaces of uniformly bounded diameters, over the same set I, and let U be an
ultrafilter on I. If {f*: M; — N; : i € I} is a family of functions admitting a common
modulus of continuity A, then there ewists a unique function f“ : 1], M; — 1], N,
satisfying fY((z)u) = (f'(z:))u for every (x))u € 11, Mi. Moreover, A is also a
modulus of continuity for fY.

Proof. Let f =11, fi : [, Mi = [, Ni be given by f((z;);) = (fi(x;));. Given e > 0,
suppose d“((z;);, (y;);) < A(e). This implies that {i € I : d™i (2, 3:) < A(e)} € U,
and since A is a common modulus of continuity for all f;, then

{iel: dMi(z;, ) < A(e )} C{iel: dNi(fi(zy), filyi)) )) <€} el,

which implies d“(f((;):), f((y:):)) < €. In other words, A is a modulus of continuity
for the function f with respect to the respective pseudometrics d“, and in particular if
d“((x:)s, (y;)i) = 0 then d4(f((x;):), f((y:):)) = 0, so f factors uniquely to a function
4T, M; — 11, Ni with all the desired properties. H

Proposition 2.1.17. If {(Mi,dMi) RS I} is a family of o-structures and U is an
ultrafilter of sets on I, then the ultrapower [[,, M; is also a o-structure, where the
interpretation is given by

7 (b ) = (£ D)
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P (mb s (o) =lgn P ()

H = (M)
for every function symbol f, every predicate symbol P and every constant symbol c.

Proof. The only non-trivial parts are to prove that the interpretation of functions
and predicates have the correct moduli of continuity. This statement for functions
follows from Propositions [2.1.15( and [2.1.16]

To prove that PY has modulus of continuity Ap (given by o), where P is a
predicate symbol, first note that the function limy, [],,[0, 1] — [0, 1], which associates
any (t;)y to limy, t;, has the identity € — € as a modulus of continuity. Using this fact
with Propositions [2.1.15| and [2.1.16| again, we see that the given interpretation P
has Ap as a modulus of continuity. m

Remark. If {(MZ, dMi) i e ]} is a family of o-structures and U,V are distinct free
ultrafilters of sets on I, the question of whether the ultraproducts [[,, M/; and [[,, M;
are isomorphic or not may depend on set-theoretic statements.

For example, if 9 is a separable II; factor and M; is the unitary group of 91
for all ¢ (endowed with the L?%-metric induced by the trace of M), then the Contin-
uum Hypothesis holds if and only if any two ultraproducts over free ultrafilters are
isomorphic — See [55, Theorem 3.1].

A similar result, for ultrapowers of the real numbers, was proven in the classical
setting in [152] (however in this case there exist non-isomorphic ultraproducts under
the Continuum Hypothesis). For results not dealing with the Continuum Hypothesis,
see Exercises 6.1.19 and 6.5.35 of [28].

The following theorem then allows us to obtain a precise relationship between
embeddings into ultraproducts of metric structures and “approximate embeddings”
into certain metric structures.

Theorem 2.1.18. Let 0 = (P2,.F,%) be a metric signature, let M be a collection
of o-structures and L another o-structure. Then the following are equivalent:

(1) L embeds into an ultraproduct of elements of M ;

(2) For every collection of finite subsets A C L, P C Z, F C.% and C C € and
every € > 0, there exists M € .# and a map ¢ : L — M such that

sup | P*(ar, ..., anp)) — PM(d(ar), ..., d(anp))| <€ (2.1.1)

a;€EA,PeEP
-eS:I;eF d" (o(f*(ar, ... ancp)), M (Plar), ..., dlanp))) < e (2.1.2)
sup dM (p(c"), M) < e (2.1.3)

ceC
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Proof. (1)=(2): Assume such 6 exists. Let 7 : [[, M; — [[,, M; be the quotient map
and take a section © = (0;) : L — [[, M;, ©(x) = (0;(x));, of 0 along 7

L —=TI,M
Sk
HuMi

Note that © is not necessarily a o-morphism. However, if P is a finite set of predicate
symbols and A C L is finite, then

PL(.Tl, Ce wIn(P)) = hg{nPMZ(CI)l(l’l), . ,(I)Z(l’n(P)))

for all z1,...,z, € A and P € P, and similarly for function and constant symbols.
But the definition of ultralimits, and the fact that U is closed under intersections,
means that, given (A, P,F,C,¢) as in (2), the set of all ¢ for which (2.1.1)),
and holds belongs to U, and in particular it holds for any element of this set.

(2)=-(1): Let I be the collection of tuples p = (A,P,F,C,¢) as in (2) above.
We order I by

(A,P,F,C,e) < (A, P . F,C.é) & ACA' PCP .FCF,CCC ande>¢

(note that the order is reversed in the last entry), which makes I a directed set.
For every p € I, take a map ¢5 : L — Mj satisfying the conditions (2.1.1)),

(2.1.2) and (2.1.3) for that given p. Then for every predicate symbol P and every
Ti,...,Tpp) € M,

Tim PYR(p(a1), . Gplauy)) = PHOG), o dlaum))  (214)
and similarly for function and constant symbols, so letting I be an ultrafilter on I (as
a set) containing all upwards closed subsets of I, the same equation as in (2.1.4)) with
ultralimits along U instead of limits along I and the function and constant symbol
analogues still hold, which means that by composing & = Hﬁ L — HT) M5 with the
quotient map onto [[,, M5 gives us a o-morphism. O

The theorem above shows us that ultraproducts can be used to give a precise
notion of modelability by a class of structures (of a given signature), so it is natural to
ask whether all statements which are “true”, in a suitable sense, in each of the factors
M;, will also be true in any ultraproduct [[,, M;, and consequently on any structure
modelled by those M;.

We will now prove that ultraproducts can be used as models of its terms, in a
suitable sense. More precisely, the (truth) value of any sentence in the ultraproduct
will be the same as the limit (along the given ultrafilter) of the (truth) values of the
same sentence in each component. This is the content of L.o§” Theorem (2.1.22)).
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Definition 2.1.19. An atomic formula of o is an expression (string of symbols) of
the form P(ty,...,t,), where ¢y, ... t, are terms and P is an n-ary predicate symbol.
The collection of formulas of o is the smallest which satisfies the following properties:

(i) All atomic formulas are formulas;

(ii) If w : [0,1]" — [0,1] is a continuous function and ¢,..., ¢, are L-formulas,
then u(¢1, ..., py) is also a formula;

(iii) If ¢ is a formula and v is a variable then sup, ¢ and inf, ¢ are formulas.

Free and bound variables are defined the same way as in classical logic: A variable v
is bound if all occurrences of v appear within sup, or inf,, and v is free otherwise. We
write ¢(vy, ..., v,) to denote that vy, ..., v, are the free variables of ¢. A sentence is
a formula without free variables.

We will now define interpretations of terms and formulas in a o-structure M.
Intuitively, we simply interpret all predicates, constant and function symbols in M
with the given interpretation function of M, all continuous functions [0, 1]™ — [0, 1]
as themselves, and the free variables as unspecified elements of M.

Definition 2.1.20. The interpretation of a term t(vy, ..., v,) (i.e., v1,...,v, are the
variables appearing in t) in a o-structure M is a function t* : M™ — M, which is
defined inductively on the complexity of ¢:

e Constants keep their original interpretation; The interpretation of a variable v
is simply the identity function: v™ = id,;

e If f is an n-ary function symbol and ¢4, ...,t, are terms, all of whose variables
are among vy, . .., vy, the interpretation of f(¢,...,t,) is the function

ME— M, T MM@),.. . M @)

where tM(z) = tM(z;), T; being obtained from T by disregarding any entries
corresponding to variables not appearing in .

In other words, the interpretation of a term t(vy,...,v,) at (x,...,2,) € M™ is the
element of M obtained by substituting each variable v; by the corresponding element
x;, and interpreting any function or constant symbol in M.

Remark. By writing a term as t(vy,...,v,), we are considering a non-canonical
ordering on the set of variables, so a more precise way of defining it would be as a
function t™ : M”® — M, where 7 (t) is the (unordered) set of variables in ¢, in a
manner similar to above.

However, we will keep using the more common approach from [II] and [86].
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An analogous comment for formulas, considered below, also hold.

Definition 2.1.21. The interpretation of a formula ¢(vy, ..., vy) is a function ™ :
M* — [0,1]. If ¢ does not have free variables (i.e., it is a sentence), we regard M° as
a singleton so ™ is given by a single number, called the value of ¢ in M.

e The interpretation of an atomic formula P(ty,...,t,) at a tuple T € MF is
PM(L(T), .., ta(T)).
o If ¢1,..., ¢, are formulas and u : [0, 1]" — [0,1] is a continuous function, the

value of u(py,...,p,) at T € M* is u(pM(Z),..., oM (T)).

o If o(v,v1,...,v,) is a formula, then the values of sup, ¢ and inf, ¢ at T € M*
are sup,,cys ©(n, T) and inf, ey @(n, T), respectively.

(Again, t(Z) is obtained by disregarding entries corresponding to variables not ap-
pearing in ¢, and similarly for subformulas.)

Theorem 2.1.22 ([I1, Theorem 5.4|, Continuous f.os Theorem).
If T1,, M; is an ultraproduct of o-structures, then for every formula o(vi, ..., vy),
and every (x})i, ..., (x"); € T[], Mi,

(pu<(le)U7 SRR (l’?)u) = hz/r{ngpMi(x}? s 737?)

The proof can be done on the complexity of formulas (or more precisely, by
proving that the collection of formulas for which this holds is closed under (i)-(iii) of
Definition [2.1.19f), however the notation during the proof gets somewhat cumbersome
and so we simply sketch it: Property (i) is immediate from the interpretation we use
on ultraproducts. Property (ii) uses the fact that whenever u : [0,1]" — [0,1] is a
continuous function and (z;); € ([0,1]")",

g o) = e,
which can be proven just as with the usual notion of limits.

For property (iii) we need to use the fact that

sup (lim fi(nz-)) = lim (SHP fi(nz'))

(ni)i€ll, M; MU i=U \ n;eM;

whenever we are given a collection of functions f*: M; — [0, 1]. This can be verified
with the properties of ultralimits and real suprema. The case of infima is analogous.

2.1.4 Ultraproducts of Boolean inverse monoids

In this subsection, we review two constructions of ultraproducts of Boolean inverse
monoids endowed with invariant means.
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First construction

Let {(S;, it;) : i € I} be a collection of Boolean inverse monoids with faithful, normal-
ized invariant means j;, and let d* be the corresponding uniform metric on S;, that

is,
d'(s,t) = pi((s \ )" (s \ 1) V (£ \ 8)"(£\ 5)).
Then [], S; is also a Boolean inverse monoid with pointwise operations, and all the

order-theoretical structure (the order itself, joins, meets, fixed idempotents, etc...)
are also the pointwise ones.

Example 2.1.23. We can interpret finite products as follow: If G and H are ample
Hausdorff groupoids and G U H is the coproduct groupoid with coproduct topology,
then KB(G) x KB(H) is isomorphic to KB(G L H), via

KB(GU?M) — KB(G) x KB(H), A~ (ANG,ANH).

This is a particular instance of products being mapped to coproducts and vice-versa
under categorical equivalences.

Considering again the family {(S;, i;) : ¢ € I} as above, define a normalized mean
WM E(TT,S:) — [0,1]

/Lu<<€z>z) = hLI{Il/LZ<€1), for all (ez>z ek (H Sl> = HE(SJ,

i€l i€l

so the uniform pseudometric (Definition [1.7.15) d“ associated to u¥ is precisely the
ultralimit of the uniform metrics d* associated to p;. Hence considering the ideal

N = {(Sz)z - HSZ . Mu((sz)z) = 0} s

the ultraproduct [[,, S; coincides, as a metric space, with the Boolean inverse monoid
quotient ([, S;) /N, endowed with the induced invariant mean and metric from sy,

(see[1.7.18).

Second construction

Let {(S;, 11;) : i € I'} and d' be as above. Asin2.1.10] for each i € I, d' defines a metric
structure on S;, over the signature containing binary function symbols V, A, \ and -
(where V is interpreted appropriately), a unary function symbol ( )* and constant
symbols 0, 1. The moduli of continuity for these symbols can be obtained from
Proposition [1.7.17] The ultraproduct [],, S; is therefore also a o-structure, and one
can verify that it is a Boolean inverse semigroup by repeated applications of Lo§’
Theorem. For example:
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e BEach S; is associative, which means that the sentence

sup sup sup d((zy)2, 2(y2))

T Y z
has value zero in all S;, so the same sentence has the same value on [],, S;, and
this is precisely saying that it is associative;

Some other properties can be proven similarly, however conditional statement usually
require more care. For example, if we want to prove that inverses are unique, this
means that for all s,t, either d(s,sts) > 0, d(t,tst) > 0 or d(t,s*) = 0. However,
the limit of positive numbers (along an ultrafilter) could be zero. Instead, we need to
perform the following analysis:

Lemma 2.1.24. [[,,S; is an inverse semigroup.

Proof. For all s,t in a Boolean inverse semigroup S with an invariant mean pu, we
have
ST\t =s"\ (s"stss™) = s*(s\ sts)s”

and similarly for ¢\ s*, and from this we can conclude that
Au(s”,8) = (5" \ (" \ )V (E\ 8 (1 8%)) < (s, sts) + (2, sts)

Thus the formula d(z*,y) is always smaller than the formula du(z, xyx) + d(y, zyz)
(divide them by 2, if you want to guarantee all numbers are between 0 and 1) in each
of the components S;, so by Lo§” Theorem the same is valid in [],,S; as well: For
every s, tU € [ [, S;,

d(s*,t) < d4(s, sts) + d¥(t, tst)

and this guarantees that the only inverse of s will be s*. O]

To verify that the interpretations of A, V and \ in the ultraproduct [],,S; are
indeed those of meets, joins (of compatible elements) and relative complements of
inverse semigroups, a similar analysis is needed in principle. However, by construc-
tion, the structure of [[,, S; is the same as the semigroup structure given in the first
construction above, so we omit these proofs.

Remark. Alternatively, Boolean inverse semigroups can be axiomatixed by equations
(i.e., without conditional statements) in terms of “biases” (see [I73, Section 3.4]).
Using this axiomatization instead, we can easily conclude, by L.o§” Theorem, that an
ultraproduct of Boolean inverse semigroups is also a Boolean inverse semigroup.

We can restate the condition of modelability by a certain class of semigroups as
follows:
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Theorem 2.1.25. Let (S, ) be a Boolean inverse monoid with an invariant mean,
and let T be another collection of Boolean inverse semigroups endowed with invariant
means. Then the following are equivalent:

(1) There exists a trace-preserving (equivalently, isometric) semigroup morphism

0:S — 11,(T;, w), where (T;, ;) € 7.

(2) For every finite subset F' of S and every e > 0, there exists (T,v) € T and a
map ¢ : S — T satisfying

sup [tr(s) —tr(¢(s))| < e and  sup d,(p(st), p(s)9(t)) < €

seF s,teS

Moreover, a map 0 as in (1) is necessarily a morphism of Boolean inverse monoids.
A map ¢ as in (2) is called a (F,e€)-approximate morphism.

Proof. The equivalence of trace-preserving and isometric properties for 6, as well as
it being a morphism of Boolean inverse monoid, follow from Theorem [1.7.25 (and
1.7.18]if p is not faithful). The equivalence is then just a particular case of Theorem
2.1.18 O

2.2 Finite probability measure-preserving groupoids

Whenever {(S;, ;) : ¢ € I} is a collection of Boolean inverse monoids with invariant
means and ¢/ is an ultrafilter of sets on I, the ultraproduct [],, S; will be considered
with the usual structure described in Subsection [2.1.4 Moreover, if (G, 1) is a proba-
bility measure-preserving groupoid (Definition , we will not make a distinction
between Bor(G, ) and Meas(G, 1), unless strictly necessary.

The same way as the properties of a measure space (X, ) are usually described
in terms of its Borel sets and the measure, the dynamical properties of a probabil-
ity measure-preserving groupoid (G, ) will be described in terms of the semigroup
Meas(G, i1). Since soficity is a property which describes the groupoids which can
be modelled by finite groupoids, in the sense of the previous section, we start by
describing the latter class.

Definition 2.2.1. If X is a finite set, we denote by #X the cardinality of X, and
we let py be the normalized counting measure on X (as a discrete Borel space):
pp(A) = #A/#X for all A C X.

Proposition 2.2.2. If G is a connected finite groupoid, then the only invariant prob-
ability measure on G (as a discrete Borel space) is the normalized counting measure

fa ON G,
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Proof. If 1 is an invariant measure on G, then for all z,y € G we can choose
a € G with s(a) = x and t(a) = y. In particular, A = {a} is a bisection of G, so

p({z}) = p(A*A) = p(AA") = p({y})

(where A* = {a™! : a € A} is the inverse of A), and so u is a multiple of the counting
measure. If ;1 is a probability measure then p = 4. O]

In particular, if X is a finite set and we consider the finest equivalence relation
X? on X as a (discrete) probability measure-preserving groupoid, the only invariant
measure on X, identified as the unit space (X?)(© is the normalized counting measure
fg on X,

Whenever necessary, we will identify p with a normalized, faithful invariant
mean on Bor(X?) (as in Example and so it induces a metric dy on Bor(X?),
which is usually called the normalized Hamming distance, and the associated trace
try (Definition [1.7.21]).

Since X? is an equivalence relation, we identify Bor(X?) = Z(X), as in Example
[1.2.11] in which case the trace and distance become

trs(f) = iy o € dom(f) : f(z) = 2)

dy(f,9) = pg(dom(f)A dom(g)) + py {z € dom(f) Ndom(g) : f(z) # g()}

Following the notation introduced in Definition we will denote this Boolean
inverse semigroup endowed with this invariant mean and the associated metric and
trace as Meas(X?, puy) or simply Meas(X?). We will prove that these groupoids ac-
tually serve as models for arbitrary finite probability measure-preserving groupoids.

Proposition 2.2.3. (a) If (G, ) is a connected finite probability measure-preserving
groupoid, then there exists a finite set X and an isometric semigroup embedding

0 : Meas(G, 1) — Meas(X?, j14).

(b) If G is a finite probability measure-preserving groupoid, then there are finite
sets X,, n € N and an isometric semigroup embedding © : Meas(G) —
[1,, Meas(X?2), where U is any free ultrafilter on N.

Before proceeding with the proof, we introduce some notation which will be
useful here as well as later in this chapter.

Definition 2.2.4. If {(G,,p,)}, is a sequence of probability measure-preserving
groupoids and t,, are non-negative numbers such that > ¢, = 1, we construct the
convex combination groupoid G = > t,G, as follows: As groupoid, G is the coproduct
g = U,G,, endowed with the Borel structure generated by the Borel structures of
each G,, and the measure p on G is given by p(A) =>_ tou,(ANG,).
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Proof of[2.2.3.  (a) Using|1.1.31(a), suppose G = G x Y, where G is a finite group,

Y is a finite set, and Y2 is the coarsest equivalence relation on Y.

Moreover, since G is connected then the invariant probability measure on GO =

Y is the normalized counting measure on Y. Let X = G x Y and set 7 :
Meas(G x Y?) — Meas(X?) by

0(A) = {((gh,y), (h,x)) : (9, (y,z)) € A,h € G}

which is easy to verify to be an isometric embedding.

First suppose G = tH + (1 — t)K, where H,K are connected finite prob-
ability measure-preserving groupoids. If ¢ = 0 then the natural inclusion
Bor(K) C Bor(G) factors to an isometric isomorphism Meas(K) — Meas(G),
and similarly if ¢ = 1, so we can assume t # 0,1. Suppose further that ¢ is
rational, say ¢t = p/q where, p,g € N, 0 < p < q.

By (a), take finite sets X and Y and isometric embeddings 73 : Meas(H) —
Meas(X?) and 7 : Meas(K) — Meas(Y?). Let [q] = {0,1,...,¢— 1} be a
finite set with g elements, and set Z = [¢|x X xY and 0 : Meas(G) — Meas(Z?)
by

9<A) = {((j,l'z,]/), (j,xl,y)) : 0 SJ S p— 17y € Y7 (.1'2,371) € WH(AQH)}
U {( jvxayQ)v(j7x7y1) °p S ] S q,r € X7 (y27y1) € WK(AHIC)}

so that 6 is an isometric embedding.

Iterating the argument above, if G is a rational convex combination of connected
groupoids then Meas(G) embeds isometrically into some measured semigroup
Meas(Z?) for some finite set Z.

Now given an arbitrary finite probability measure-preserving groupoid (G, u),
Proposition guarantees that G is a coproduct of finite connected group-
oids, say G = UY_,G;. As above, we can assume u(gfo)) # 0 for all 7, so the
map A — M(A)/,u(gl-(o)) is an invariant measure on G;, thus it coincides with
the normalized counting measure. This implies that G is actually the convex

combination
k

G=> uG"G.

i—1
Taking a sequence of rational tuples (tL,...,t%), n =1,2,... such that

k
Ztizl forall n, and ¢

i=1

L 0(GY for all 4,
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we obtain isometric semigroup morphisms 6, : Meas() £ G\ = Meas(X2)
for certain finite sets X,,. Define a semigroup morphism

© : Meas(G) — 1_[1\/Ieas(X,2L)7 O(A) = (0n(A4))u,
u

which is isometric with respect to d,. O

2.3 Sofic groupoids

Definition 2.3.1. A probability measure-preserving groupoid G is sofic if there ex-
ists a collection {G; : i € I} of finite probability measure-preserving groupoids and
an isometric (equivalently, trace-preserving) semigroup morphism © : Meas(G) —
[1,, Meas(G?) for some ultrafilter & on I. We call 6 a sofic embedding of G.

Originally (see [134] or [31]), sofic groupoids were defined as those whose mea-
sured semigroup embeds isometrically into an ultraproduct of semigroups of the form
Meas(X?), where X is a finite set, however Proposition and Theorem
imply that this coincides with the definition given above.

The definition we use also allows us to make constructions with finite groupoids
more freely, whereas if we restricted ourselves to those of the form Meas(X?) we
would have to perform arguments as in the proof of repeatedly.

Currently, no example of non-sofic groupoid exists.

Remark. (i) For every positive integer n, let Y;, = {0,...,n — 1} be a set with
n elements. Suppose p,q,n and r are non-negative integers p = gn + r, where
0 <7 < n. Define ¢,, : Meas(Y,?) — Meas(Y;?) by

bpn(A) = {(tn+jitn+1): 0t <q—1, (i) € A}

Then ¢, is a semigroup embedding, and for all A, B € Meas(Y,?),

G ). 0y (B) ~ gl A B = (-0 = 1) 4. B) <

which converges to 0 as p — oo.

(ii) If (G, p) is a standard v-discrete probability measure-preserving groupoid, then
Meas(G, 11) is separable. Indeed, we can define a measure on G by

v(A) = [ 4G 0 A)dp(z)
G

which is o-finite because G can be covered by countably many Borel bisections,
all of which have measure at most 1. The associated pseudometric d,(A, B) =
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v(AAB) on the collection B of Borel subsets of G is then separable, because G
is standard ([99, Exercise 17.43]), and any d,-dense countable subset of Bor(G)
will also be dense in Meas(G, ;1) with respect to d,,.

Using facts (i) and (ii) above, a simple adaptation of the proof of Theorem [2.1.25
gives us the following:

Proposition 2.3.2. If (G, ) is a standard v-discrete probability measure-preserving
groupoid, then the following are equivalent:

(1) (G, ) is sofic;

(2) For any sequence of finite sets Y, such that #Y,, — oo and for any free ultrafilter
U on N, G admits an isometric semigroup embedding into |[,, Meas(Y,2);

(3) For any sequence of finite sets Yy, such that #Y, — oo, there exists a sequence
of maps 0,, : Meas(G) — Meas(Y,?) such that for any A, B € Meas(G),

lim dy(0n(A)00(B),0u(AB)) =0 and lim tru(6n(A)) = tr,(A).

n—oo n—o0

(The third item can be compared to the notion of sofic approzimation given in

[19].)

Example 2.3.3. Let GG be a countable group, seen as a probability measure-preserving
groupoid endowed with the point-mass measure at 1 and the discrete Borel structure.
Then G is sofic as a groupoid, if and only if it is sofic as a group in the sense of
Gromov [76]. See also [42] 44] 139, 174] and Lemma [2.4.13]

We will analyze this particular case further in Section

We now study permanence properties of the class of sofic groupoids. We will
simply say that an invariant measure p on a Borel groupoid G is sofic if (G, pu) is a
sofic (probability measure-preserving) groupoid. Given a non-null Borel subgroupoid
H of G (that is, u(H®) # 0), denote by py the normalized measure on H©, i.e.,
p(A) = u(A)/p(H®) for all Borel A C H®| and by try for the corresponding trace
on Meas(H, py).

A similar class of results for sofic groups is given in Theorem [2.5.20]

Theorem 2.3.4. Let (G, i) be a probability measure-preserving groupoid.
(a) If p is a strong limiﬂ of sofic measures on G, then u is sofic as well.

(b) Any convex combination (finite or countably infinite) of sofic measures is sofic.

*Recall that a net {y;},., of measures on a measurable space (X,B) converges strongly to a
measure p if p;(A) — p(A) for all A € B.
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(¢) If p has a disintegration of the form p = [ pydv(z), where (X,v) is a probability
space and v-a.e. p, is a probability measure on G such that (G,p,) is sofic,
then (G, p) is also sofic.

(d) If (G, p) is sofic and H is a non-null subgroupoid of G then (H, py) is sofic.

(e) If {#H.}, is a countable Borel partition of G in non-null subgroupoids, then G is
sofic if and only if each H,, is sofic.

(f) If v < p, both v and p being invariant probability measures on G, and p is
sofic, then v is sofic as well.

Recall that we are identifying Meas(G) with Bor(G) whenever necessary. More-
over, we will use the following notation: If x and y are (complex) numbers and € > 0,
we write

r=y+e  whenever |z —y| <e.

Proof of Theorem[2.3.4  (a) is clear since soficity is an approximation property for
the measure (or more precisely, by Theorem [2.1.25))

(b) Suppose v, p are sofic measures and u = tv + (1 —t)p, 0 < t < 1. Take
sofic embeddings ¢ : Meas(G,v) — [[, Meas(G;) and ¢ : Meas(G,p) —
[, Meas(#;), where U and V are ultrafilters on index sets I and J, respec-
tively.

Given i and j, Meas(G;) naturally embeds into Meas(tG; + (1 — t)H;) as a
semigroup (via the map induced by the inclusion G; C tG; + (1 —t)H,), however
the trace is modified by a multiplicative factor of ¢. Similarly, Meas(#;) also
embeds into Meas(tG; + (1 — t)H;) as a semigroup, and the images of both
Meas(G;) and Meas(#;) have disjoint ranges and sources, so their elements
are pairwise compatible.

Let W be any ultrafilter on I x J containing all F'x G, where F € Y and G € V.
Using the argument above, we can embed [[,, Meas(G;) and [ [,, Meas(#;) into
[,y Meas(tG; + (1 —t)H;) as subsemigroups, in a way that modifies the traces
by multiplicative factors of ¢ and (1 — t), respectively. Let ® and ¥ be the
compositions of ¢ and 1, respectively, with respect to these embeddings.

Define © : Meas(G, 1) — [ [,,, Meas(tG; + (1 — t)H;) by
O(A) =D(A) vV I(A), for all A € Meas(G, ).

Then O is a trace-preserving semigroup morphism, that is, a sofic embedding.
The finite case follows by iteration, and the countable infinite case follows from

(a).



2. SOFIC GROUPOIDS 94

(c)

From the previous items it suffices to check that u is a limit of convex combina-
tions of sofic p,. Let K be a finite collection of Borel subsets of GO and e > 0.
For each A € K, consider the Borel map

X o [0, 1], p(z) = pa(A).

Partitioning [0, 1] into intervals of diameter at most € and taking preimages
under p? for each A € K, we can find a finite partition {Xj}j.vzl of X for which
1p(A) —py(A)| < € for all A € K whenever z and y belong to the same set X.
We can moreover assume all X; are non-null, so choose z(j) € X; with py(;
sofic. Then for A € K,

u(A) = /X pe(A)dv(z) =) ( /X _me(A)iedV(x))

J J

= Z (/X_pw)(A)dV(JJ) + V(Xj)€>

J

— Z </X.pm(j)(A)dy(m)) +e
= (Z V(Xj)px<j>> (A) £e

J
as we expected.

Let K C Meas(H, 11%) be a finite subset and ¢ > 0. Let 6 : Meas(G, u) —
[, Meas(G;, 1;) be a sofic embedding of G.

Consider maps ©; : Meas(G, 1) — Meas(G;, i1;) such that 0(A) = (6;(A))y for
all A € Meas(G, i), and let © = (0;), : Meas(G, u) — [ [, Meas(G, 1;).

Even though © is not necessarily a semigroup morphism, we can assume that
O(E(Meas(G, 1)) C [ [, E(Meas(G;, 1)) (Proposition [1.2.25(e)).

Note that Meas(H, ) is contained in Meas(G, 1) as a semigroup, but with
a different metric. Moreover, for every A € Meas(H, uy), A = HOAH® so
substituting ©(A4) by O(H)O(A)O(H®) if necessary, we still have a section
© of 6, but now we have, for all ¢,

0,;(A) € 0;(H"G,0,(H).

Consider then H; = 6;(H®)G,0,(H®), which is a subgroupoid of G;, and
endow it with the subgroupoid measure. The distance in Meas(#;) is the same
as the distance in Meas(G;, p;), up to a multiplicative factor of

pi(Hi) ™t = trm(@i(H(O)))_l
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which converges to tr,(#(®)~! along ¢. This is the same multiplicative factor

which relates the metrics in Meas(#H, uy) and Meas(G, 11), so we obtain a sofic
embedding

Meas(H, py) — HMeaS('Hi), A (0;(A))y.

Apply items (d) and (b) with the fact that G = >, ju(H;) H;.

Let f = dv/du. Since both p and v are invariant measures then f is an invari-
ant function, in the sense that there is a p-co-null subset Y of G such that
f(s(a)) = f(x(a)) whenever s(a) € Y. By modifying f on a null set, we may
assume it is indeed invariant (i.e., Y = G(©)).

Let ¢ > 0. Partitioning [0, c0) into countably many intervals of diameter at
most € and taking their preimages under f and obtain a partition X7, X, ... of
G by invariant subsets (that is, t(s ' (X;)) = X; for all j; See Definition [2.3.5]
below) such that |f(z) — f(y)| < € whenever = and y belong to the same X;.
Fix points z(j) € X;. Then for all A C X,

VMFjlémﬂmmmwﬂ:Zymmm&mmwa

where p; is the normalized measure on X;: p;(A) = p(ANX;)/u(X;) (as usual,
we can assume all X; to be non-null). Since 1 = v(X) = >, f(z;)u(X;) £,
we can obtain

€
1+e¢

) - 3 (L)

> f(a(i )u(&)) pi(A) £ 2

J

Each p; is sofic by item (d), since it is the normalized measure of the subgroupoid
X;GX;, and since G = | |; X;GXj, then items (a), (b) and (e) imply that v is
sofic. 0

Definition 2.3.5. If G is a probability measure-preserving groupoid and A C G,

we S

ay that A is snvariant if v(s~'(A)) = A. We say that G is ergodic if its only

invariant Borel subsets are either null or conull.

If G is a standard v-discrete probability measure-preserving groupoid, then there

exists a standard probability space (Y, v) and a family {p, : y € Y} of invariant prob-
ability measures on G such that

(i)

Each measure p, is ergodic: If A C G is a Borel subset satisfying s(x7}(A)) =
A (we say that such A is invariant), then A is either p,-null or p,-conull;
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(ii) For every Borel B C G| the map y ~ p,(B) is Borel on Y and
u(B) = [ p(BYivty
y

(this follows from Proposition [1.6.21] the Feldman-Moore result and |75, The-
orem 1.1]). This is called an ergodic decomposition of (G, u), and each probability
measure-preserving groupoid (G, p,) is called an ergodic component of (G, ). Item
(b) of the theorem above then implies that if every ergodic component of G is sofic,
so is G. In particular, the question of whether every (probability measure-preserving)
groupoid is sofic is equivalent to the question of whether every ergodic groupoid is
sofic.

The previous theorem is more related to the question of how is soficity preserved
under taking subgroupoids. We will now deal with the opposite direction, and to
this end we introduce a notion of finite index. The index for probability measure
preserving groupoids was initially introduced and studied by Kida in [104]. We will
use a slight variation of his notion, using Dye’s full group (|39)).

Definition 2.3.6. The measured full group [G,u], or simply [G], of a probability
measure-preserving groupoid (G, p) is the group of A € Meas(G, p1) such that A*A =
GO F|or equivalently those A € Meas(G, ;1) for which p(A*A) = 1

Example 2.3.7. If GG is a discrete group, endowed with the point-mass measure at
1, the Borel (and the measured) semigroup of G is {{g} : g € G} U {@}, that is, G
and a zero. The full group of GG is isomorphic to G.

Example 2.3.8. If R is a v-discrete, probability measure-preserving Borel equivalence
relation on a a standard probability space (X, 1), and we identify Meas(R) with the
semigroup of partial Borel automorphisms of X (modulo functions which differ on
null sets) which preserve R-equivalence classes, then the full group [R] consists of the
elements of Meas(R) with conull domain.

Definition 2.3.9. A subgroupoid H of a probability measure-preserving groupoid G
has finite index in G if there exist ¢q,..., ¢ € [G] such that {{;H :i=1...k} is a
partition of G up to null sets, that is,

(i) viH Ny;H = & whenever i # j;
(it) s(G \ UL, ¥:H) is null in GO,
We call ¥, ...,y left transversals of H in G.

3These are sometimes called the invertible elements of a monoid. Whenever we use this nomen-
clature we will recall this definition.
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Note that if H has finite index in G then H® = G© (again, up to null sets).

A general question is how much of the structure of a probability measure-preser-
ving groupoid G can be described by the structures of the orbit equivalence relation
R(G) and the isotropy groups G%, z € G(; for example, G is amenable if and only
if R(G) is amenable and a.e. isotropy group G7 is amenable (see [6, Theorem 4.2.7]).
This naturally leads to the question: “If H is a subgroupoid of a probability measure-
preserving groupoid G with HO = (](0), how does finite index of H C G relates to the
index of the relations R(H) (in the sense of Feldman-Sutherland-Zimmer, [57]), and
the index of the isotropy groups Hi C G¥7” We answer this question in the ergodic
case.

Theorem 2.3.10. Suppose H is an ergodic subgroupoid of a standard t-discrete prob-
ability measure-preserving groupoid (G, ) with H® = G© (up to null sets). Then H
has finite index in G if and only if R(H) has finite index in R(G) and HE has finite
index in G for p-a.e. v € GO,

Proof. First suppose H has finite index in G, and let z € H). Let 41, ..., 1 be left
transversals for H C G. Given z € X, let us prove that every R(G)-class is a finite
union of R(H)-classes. For each i, choose, if possible, p; € 1; with v(p;) = x, which
is in fact unique with this property. If (z,y) € R(G), then using G = Ule ViH, we
can choose i € {1,...,k} and h € H such that x = v(p;h) = v(p;), and s(p;h) = y. In
particular, (s(p;),y) € R(H), so the R(G)-class of x is the union of the finitely many
R(H)-classes of s(p;), i =1,..., k.

To prove that HZ has finite index in G¥, consider, for each i, p; € ¥; with t(p;) = =
and, whenever possible, choose h; € H such that s(h;) = = and v(h;) = s(p;). Let
a € G¥. We can write a = p;h for some ¢ and some h € H, and in particular h; is
defined and a = p;h;(h; 'h), where h;'h € HZ, so the elements p;h; form a complete
set of representatives of HZ in G7.

Conversely, suppose the latter condition is satisfied, and take invertible choice
functions fi,..., fr for R(H) C R(G) [67, Lemma 1.3]: These are a.e.-defined Borel
automorphisms of G such that for a.e. z € G the R(G)-class of x is partitioned
by the R(H)-classes of fi(x),1=1,... k.

Using Theorem consider elements ¢, ..., ¢ € [G] satisfying (v,s)(¢;) =
{(fi(z),z) : 2 € GO},

The index map = — [GF : HZ] is Borel and H-invariant, so it is equal a.e. to a
number m. Consider the isotropy subgroupoids

Iso(G) ={g€G:s(9) =t(9)}, Iso(H) ={h € H :s(h) =t(h)}. (2.3.1)

Let 0; = H©. If 0y,...,0, are defined and k < m, let 64, be a subset of Iso(G) \
Ule 0; Iso(H) such that the source map restricts to a Borel isomorphism of ;1 onto
H (again, up to null sets). Such 6, exists by the last part of Corollary [1.6.12
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Thus we obtain elements 6y, ...,60, € [G] such that s(a) = t(a) for all a € 6;,
and such that for a.e. z € GO, {0,H%} is a partition of GZ. We can now check that
the elements ¢; '6; are left transversal for H in G:

o If a € G, there is some i such that s(a) belongs to the same R(H)-class as
fi(r(a)), so there is h € H such that (¢(h),s(h)) = (s(a), f;(t(a))). Let p; € ¢;
such that (v(p:), s(pi)) = (fi(x(a)), v(a)).

Then p;ah € Qtt((s)) Up to t(a) belonging to a null set, we can find j and ¢; € 0;
such that p;ah € th:EZ;7 so a € p; tyH C ¢ 0H.

e To check that the sets ¢, 19]3‘-[ are pairwise disjoint, suppose
pr tihy = py ok

where p, € ¢;,, tp € 0., for certain indices 1,12, j1,J2, and hy € H. Let
x = 5(h1) = s(h2) and y = s(p1) = s(p2)

t1

Y
fil (y)
xr e \pl Yy
hao 4
fiz (y)
-

Then t(p1> = 5(]91_1) = t(tl) = B(tl) = 'C(hl), SO

(fir(y),2) = (x(s |5, (), 5(h1)) = (x(p1), 5(h)) = (v,8)(hn) € R(H)

and similarly (f;,(y),z) € R(H). Since {f;}, are choice functions, we obtain
iy = ig. Then ¢;, = ¢;, is a bisection containing py, pe, and s(p1) = y = s(p2),
so p1 = pa. Therefore

tlhl == tghg

that is, t; = tohohy ' € 0;,H?, where z = fi (y), and this implies j; = j, by our
choice of 0;. O
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We now relate the notion of finite index introduced above with Kida’s original
definition ([104]). If H is a subgroupoid of a groupoid G, we define an equivalence
relation ~4 by

gr~nh <= t(g)=t(h) and g 'heH.

Note that each ~g-equivalence class is contained in G* for some z € G(). For every
r € GO let I(x) be the number (possibly infinite) of ~-equivalence classes contained
in G®. We call I : GO — NU{oo} the index map, and I(x) is the index of H in G at

x.

Corollary 2.3.11. Suppose H is an ergodic subgroupoid of a standard tv-discrete
probability measure-preserving groupoid (G, i) with H® = GO (up to null sets). Then
H has finite index in G if and only if the equivalence relation ~3 on G is periodic
(i.e., a.e. equivalence class is finite). Moreover, if 11, ..., ¢y are left transversals of
H in G, then the index map I : G© — N U {oo} is a.e.-constant and equal to k.

Proof. First assume ~y is periodic. Given z € G let {g1, ..., g} be representatives
of all the ~3-equivalence classes contained in G*. If (s(g;), x) € R(H), choose h; € H
with s(h;) = s(g;) and v(h;) = x. First we will prove that the set

{higi’l :h; s deﬁned}

is a full set of representatives of ‘H? in G7. Indeed, if g € G7, then there is 7 such
that g;'g € H, so (s(g:),z) = (v,5)(g; 'g) € R(H) and thus h; is defined and we
have h;g; 'g € H. Therefore HZ has finite index in GZ. A similar argument proves
that the R(G)-equivalence class of x is the union of the R(#H)-equivalence classes of
5(g1),-..,5(gn), 50 R(H) has finite index in R(G). By Theorem H has finite
index in G.

Now we assume ¢y, . ..,y € [G] are left transversals of H in G, i.e., the collection
{piH i =1,...,k} is a partition of G (up to null sets). It immediately follows that
for a.e. z € G we can choose p; € 1; such that t(p;) = = (i = 1,...,k) and
{p1,...,pr} is a complete set of representatives of the ~y-classes contained in G*.
This proves that ~4, is periodic and the index map I is a.e. equal to k. O

Remark. As a consequence of Corollary if H is an ergodic finite index-
subgroupoid of G then any two sets of left transversals of H in G have the same
number of elements, which we thus call the indez of H in G and denote by [G : H)].

Following the proof of Theorem the map x — [G¥ : HZ] is a.e.-constant to
the index [Iso(G) : Iso(#H)] of the respective isotropy subgroupoids (Equation [2.3.1)),
and moreover [G : H| = [[so(G) : Iso(H)][R(G) : R(H)].

We now prove that finite index extensions of sofic groupoids preserve soficity.
This can be compared with the similar fact that sofic-by-amenable extensions of
groups are also sofic (see [44, Theorem 1] or Theorem [2.5.20(d)).
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Theorem 2.3.12. Suppose H C G is of finite index. If H 1is sofic, so is G.

Proof. Suppose that r,..., ¥y are left transversals for H C G. For each A €
Meas(G), let A;; = ;' Ay; N H. Note that A;; € Meas(H) and that A, | = A;;.
Moreover, A; jA,; = @ whenever j # [. Let Y be a set with N elements. Given
(i,7) € Y2, let E;; = {(i,7)} € Meas(Y?). (As a partial transformation on Y, E; ;
is simply defined by E; ;(j) = i.)

Let ® : Meas(G) — [[,, Meas(G,) be a sofic embedding of G.

Recall that Y is identified with (Y2)(© the unit of Meas(Y?). For each n, the
map I, : Meas(G,) — Meas(G, x Y?), C — C x Y, is an isometric semigroup
morphism, so Proposition allows us to induce a map I : [[,, Meas(G,) —
[1,, Meas(G,, x Y?). Let J : Meas(Y?) — [],, Meas(G, x Y?) be given by J(E) =
(Q,(lo) X E)y, which is also an isometric semigroup embedding.

Given U = (U, )y € [[,, Meas(G,) and E € Meas(Y?), we denote

Ux E=I1(U)J(E) = (U, x E)y € | [ Meas(G, x Y?).

Define = : Meas(G) — [],, Meas(G,, x Y?) by

First we prove that = is well-defined, or more precisely that the terms in the
right-hand side have disjoint sources and ranges: Let (7, 7) and (k,1) be given. Then

(P(Aiz) X Eij) (P(Ars) X Era) ™ = ®(AijAix) X (EijEug).
If j # [ the right-hand side is empty, so assume j = [. Then

AijAjg = (7 Ay N H) (5 A N H). (2.3.2)
If this product is nonempty, then we have p;, € ¥;, p;,q; € ¥;, @ € Yy, and g,h € A
such that the product (p;lgpj)(qj’lhqk) is defined, and both terms belong to H. But
in particular s(p;) = v(¢;") = s(q;), so p; = ¢;. Similarly g = h, and so p; ', € H,
thus ¢ € ¥;H N Y ’H, which implies ¢ = £.

This proves that the ranges of the terms in the definition of Z(A) are disjoint.
The sources are dealt with similarly, and so = is well-defined.

Now we need to show that = is a morphism. Suppose A, B € Meas(G). We have

[1]

(AZE(B) = \/ ®(Ai;jBri) x (EijEx) = \| ®(Ai;Bj1) x Eiy.

i’j’k’l 7:7j7l
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On the other hand Z(AB) = V/;; ®((AB):;) X Eiy, so we are done if we show that for
given 1, [,

UAi,ij,l == (AB)z,l

J

The inclusion C is quite straightforward, using a similar argument to the one

right after equation above. For the converse, suppose p; ‘abp, € (AB);,;, where
pi € Vi, i €Yy, a € Aand b € B. Choose j such that bp; € 1;H, so there is a unique
p; € 1, such that the product pj’lbpl is defined and in H. Therefore

p; ‘abpy = (p; ap;)(p; 'bpy) € AijBjg-

We need to show that = is trace-preserving. Note that

N
trE(A) = %Ztr(flm),
=1

so we are done if we prove that tr(A;;) = tr(A). To this end, let us prove that
AN G =5 {g ey :t(g) € AN Q(O)}

An element of A;; N G has the form x = p;lapi for a € A and p; € ;. It follows
that = s(p;), so t(p;) = a € AN G®. Conversely, if z = s(g), where g € 1; and
t(g) € ANGO then z = g~ 't(g)g € ¥; *Ay; N GO,

Finally, we obtain

tr(Ayi) = p(v; A N GY) = uls(vi N (ANGD))) = ple(yi N1 (ANGD)))
= u(ANGY) = tr(A),

because t |, : 1; — G is surjective (up to null sets). O

With these results at hand, we can provide a few examples of sofic groupoids. The
following definition is a natural generalization from the case of equivalence relations.

Definition 2.3.13 ([100, p. 13, 18]). A probability measure-preserving groupoid G
is pem’odi if G, is finite for a.e. x € Q(O), and G is hyperfinite if it is standard and
an increasing union of periodic Borel subgroupoids (as usual, up to null sets). (In
particular, every hyperfinite groupoid is t-discrete.)

Hyperfinite groupoids are the measured analogues of the AF groupoids intro-
duced in [146]). The Borel case has also been studied, at least in the case of equiva-
lence relations, in [91].

4Periodic groupoids are also called finite, but this could cause confusion with finiteness in the
set-theoretic sense.
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Corollary 2.3.14. Every (standard) hyperfinite groupoid is sofic.

Proof. First note that every measure space (X, p), seen as a unit groupoid (i.e.,
X = X)), is sofic. Indeed, u = [d,du(x), where &, is the point-mass measure
on z, and (X,d,), as a probability measure-preserving groupoid, is isomorphic to a
singleton (unit groupoid), hence finite and sofic.

Suppose G is periodic. Let G, = {a €qg: #(Qs(a)) = n} Then the G,, form a
Borel partition by subgroupoids of G, so it suffices to show that each G, is sofic. Of
course, every isotropy group (G,)Z is finite, as is every equivalence class of R(G,), so
the subgroupoid (G,)® has finite index in G,, which is therefore sofic.

For a general hyperfinite groupoid (G, i), write G as an increasing union of peri-
odic subgroupoids, say G = |, Hn, where Hy C Hy C --- are periodic. Denoting
by i, the normalized measure on H,,, regarded as a measure on G, then Meas(G, 1i,,)
is obviously isometrically isomorphic to Meas(H.,, i) and so (G, uy,) is sofic. Since

i is the strong limit of u,, then (G, u) is sofic. O

To finish this section, we prove that soficity is preserved under products. Given
probability spaces (X, u) and (Y,v), we denote by p x v the product probability
measure on the product o-algebra of X x Y.

Theorem 2.3.15. Two standard, v-discrete probability measure-preserving groupoids
(G, 1) and (H,v) are sofic if and only if (G X H,u X v) is sofic.

Proof. One direction is clear, since Meas(G) embeds isometrically into Meas(G x H)
via A+ A x HO and similarly for Meas(H).

Let 9t be the submonoid of Meas(G x H) of elements of the form J;_, 4; x B;,
where

e A, € Meas(G), B; € Meas(H);
e for all ¢ 7£ j, 5<AZ> mﬁ(A]) =g or 5<Bz) ﬂH(B]) = J; and
e for all ¢ 7& j7 t(AZ) N t(Aj) = J or 'C(BL) N t(Bj) = J.

Let us show that 91 is dense in Meas(G x H).
Let ¢ € Meas(G x H) and € > 0. From usual measure theory, we can take
A, € Meas(G) and B; € Meas(H) such that

(1 x v) ((bA (UAl X Bl)> <€,

and with the sets A; x B; pairwise disjoint. For i # j, let

h@j =5 |E¢1><Bi(5(Aj X Bj)> = AZE(A]) X BzE(Bj> and hl = Uhi’j'
i
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Let = € h; jN ¢, so s(z) = s(a;, b;) for some (a;,b;) € A; x B;. If (aj,b;) € ¢, we
would obtain (a;,b;) = x € A; x A;, which happens only if i = j. This proves that

5(LﬂMﬂ@)§s<U@%xBﬁMﬁ.

i J

In particular, d(¢, ¢ \ U, hi) < €, from which follows that

d (U(Az x B; \ hz’)>¢> =d ((U A; x Bi> \ (U hi)7¢> < 2e.

)

Since each h; is a rectangle, we can rewrite (J,(A; X B; \ h;) as a union of disjoint
rectangles with the desired property for the source map. To deal with the range map
one can apply the same argument to ¢~ and take intersections.

So given sofic embeddings ® : Meas(G) — [[,, Meas(G,) and ¥ : Meas(#H) —
[, Meas(#,) (which can be taken under the same ultrafilter on N) set & x ¥ : 0t —
Meas(G,, x H,) by

(@ x O)(|JAi x B) =] ®(4) x U(By),

ij

where the A; and B; satisfy the condition in the definition of 1.

The element in the right-hand side is well-defined and does not depend on the
choice of A; and B; since sofic embeddings preserve sources, ranges, and intersections.
® x WU is then an trace-preserving embedding of 91, and hence extends uniquely to
an isometric embeddings of Meas(G x H). []

2.4 Soficity and the full group

Convention: During this Section, we will only consider standard, v-discrete proba-
bility measure-preserving groupoids and standard probability spaces.

In this Section we will prove (Theorem that, under weak dynamical condi-
tions, the full group of a probability measure-preserving groupoid, as a metric group,
is enough to determine soficity. This answer, in this case, a question posed by Conley,
Kechris and Tucker-Drob in [31].

If (X,u) is a probability space, seen as a unit groupoid, then the measured
semigroup Meas(X, i) coincides with what is usually called its measure algebra, that
is, the o-complete Boolean algebra of Borel subsets of X modulo null sets, endowed

with its given probability measure. We will follow the usual convention and denote
it by MAlg(X,u) (or simply MAIlg(X)) instead, in order to decrease the risk of
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confusion later on. Given a probability measure-preserving groupoid (G, i), the set
of idempotents of Meas(G, it) can be identified with MAlg(G®, ).

Again, for each n € N, fix Y}, a set with n elements and consider the full equiv-
alence relation Y2, whose full group [V?] can be identified as the permutation group
S, on n elements, as in Example 2.3.8 with the normalized Hamming distance

dy(f,9) =#{i € Yo : f(i) # g(i)} /n.

A well-known theorem of Dye [40] states that when R is an aperiodic equivalence

relation, the full group [R] completely determines R. With this in mind, we prove
that a probability measure-preserving groupoid G is sofic if and only if [G] embeds
isometrically into [],, &, as long as G is “sufficiently dynamic”.

Definition 2.4.1. A group G with a bi-invariant metric d is metrically sofic if it
embeds isometrically into an ultraproduct [[,, &,, of permutation groups with their
normalized Hamming distances.

Example 2.4.2. It is easy to come up with non-metrically sofic groups, even of
diameter one. For example, let G = {1,4,—1,—i} be the copy of the cyclic group
of order 4 inside C, and endow it with the metric dg(g,h) = |g — h|/2, which gives
it diameter 1. For every element f of a permutation group &, dx(f% 1) < d(f,1),
so the same is valid for elements of ultraproducts of permutation groups by t.o§’
Theorem (2.1.22). However, dg(i%, 1) > d(i, 1), so (G, dg) is not metrically sofic.

We will need a few technical lemmas relating the full group [G], the measure
algebra MAlg(G) and the measured semigroup Meas(G). Before this, we do a
quick detour back to general Boolean inverse monoid theory.

Definition 2.4.3. If S is a Boolean inverse monoid and s € S, the support of s is
supp(s) = s*s \ Fix(s).

Example 2.4.4. If S = Z(X), then supp(f) can be identified with its usual support,
that is, {x € dom(f) : f(z) # z}.

Lemma 2.4.5. Let S be a Boolean inverse monoid with a faithful normalized invari-
ant mean 1, and suppose s,t € S, ss* = s*s =tt* =t*t = 1. Then

(a) du(s,1) = p(supp(s));
(b) du(s;t) = dyu(s™t,1);
(¢) supp(s) = Fix(t) if and only if d,(s,t) =1 and tr,(s) + tr,(t) = 1;

(d) supp(s)supp(t) = 0 if and only if d,(s,t) = d,(1,s) + d,(1,t). In this case,
supp(s*t) = supp(s) V supp(t);



2. SOFIC GROUPOIDS 105

(e) If supp(s)supp(t) = 0 then supp(st) = supp(s) V supp(t).

(f) supp(sts*) = ssupp(t)s*

Proof.  (a) This follows from the original definition of the uniform metric:

(b)

(c)

d,(s,1) = pu(s*s v 11\ Fix(s*1)) = p(1 \ Fix(s)) = 1 — tr,(s).

Since t*t = tt* =1,
d,(s,t) =d,(st"t,t) < d,(st*,1) =d,(st", tt") < d,(s,1).

First suppose d,(s,t) = tr,(s) + tr,(t) = 1. Since Fix(s) Fix(t) < Fix(s*t),
then (a) and (b) imply d,(s,t) <1 — p(Fix(s) Fix(t)), so since p is faithful, we
have Fix(s) Fix(¢f) = 0. From the second equality, we conclude that p(Fix(s) vV
Fix(t)) = 1, and therefore Fix(t) = 1\ Fix(s) = supp(s).
In the other direction, suppose supp(s) = Fix(¢). Then of course tr,(s)+tr,(t) =
1, and for the other equality, we simply prove that Fix(s*t) = 0. Indeed, if
e = e? < s*t, then

Fix(t)e = st Fix(t)e = s* Fix(t)e
which implies Fix(t)e < Fix(s*) = Fix(s) = 1\Fix(¢). But also Fix(t)e < Fix(t),
so Fix(t)e = 0. Similarly, Fix(s)e = 0, and therefore e = e(Fix(s) vV Fix(t)) = 0.

Since Fix(s) Fix(t) < Fix(s*t), then taking complements in F(S) yields

supp(s*t) < supp(s) V supp(t) (2.4.1)
and then
dy.(s,t) = p(supp(s™t)) < p(supp(s) V supp(t))
< p(supp(s)) + p(supp(t)) = dy(s, 1) + d,(t, 1). (24.2)

Note that the second inequality is an equality if and only if supp(s) supp(t) =
This proves that if d,(s,1) +d,(t,1) = d,(s,t) then supp(s)supp(t) = 0.

Conversely, if supp(s) supp(t) = 0 then Fix(s) V Fix(t) = 1. Since
Fix(t) Fix(s*t) = Fix(s*t) Fix(t) = s"t Fix(s"t) Fix(t)
= s"t Fix(t) Fix(s't) = s* Fix(t) Fix(s*t),

Then Fix(t) Fix(s*t) < Fix(s*) = Fix(s), therefore
Fix(s*t) = Fix(s) Fix(s*t) V Fix(t) Fix(s*t) C Fix(s)

and similarly Fix(s*t) < Fix(¢). This proves Fix(s*t) = Fix(s)Fix(¢), so
supp(s) V supp(t) = supp(s*t), which is the opposite inclusion of Equation
(2.4.1)), and so all inequalities in Equation (2.4.2)) are in fact equalities.
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(e) This follows from (d) and the fact that supp(s) = supp(s*), because s*s = ss* =
1.

(f) supp(sts*) =1\ sts* = ss* \ sts* = s(1\ t)s* = ssupp(t)s*. O
From items (c¢) and (d) of the lemma above, we immediately obtain:
Corollary 2.4.6. Let 0 : [G] = [],, 6, be an isometric embedding and o, B € [G].
(a) supp(a) = Fix(8) if and only if supp(6(c)) = Fix(0(8)).
(b) supp(a) Nsupp(B) = @ if and only if supp(6(a)) A supp(0(3)) = 0.

Definition 2.4.7. A probability measure-preserving groupoid G is aperiodic if G, is
infinite for a.e. z € GO,

Example 2.4.8. A standard probability measure-preserving equivalence relation R
on a standard probability space (X, i) is aperiodic if and only if the equivalence class
of a.e. point of x € X is infinite.

Lemma 2.4.9. Suppose (G, p) is an aperiodic probability measure-preserving groupoid.
Then for all A € MAlg(G"), there erists o € [G] such that supp(a) = A.

Recall that we only consider t-discrete and standard groupoids.

Proof. We can decompose G as G = H U K, where H and K are subgroupoids,
|t(G,) | = oo for all z € H®, and K2 is infinite for all z € K, and we may assume
that both #(® and K® are non-null in G(¥ (in either case the proof can be adapted
in an obvious manner).

The equivalence relation R(H) = (r,5)(H) on H® is also aperiodic, so by [100,
Lemma 4.10], there exists f € [R(H)] such that supp(f) = ANH®, and by Theorem
1.6.18| there exists ay such that (t,5)(ay) = f, so ANHO = supp(ay).

Consider the subset of K

Z={keK:s(k)=r1(k)}\ A

The restriction of the source map to Z is countable-to-one and its image contains
AN K[0], so by Corollary implies that there exits 3 C Z such that s(3) = A.
Then ax = U (K \ A) belongs to the full group [K], and supp(ax) = AN KO

To finish, let & = oy U ac, so a € [G] and supp(a) = A. ]

Lemma 2.4.10. Suppose that (G, p) is an aperiodic probability measure-preserving
groupoid, 0 : [G] — [],, S, is an isomelric embedding, and let o, € [G]. Then
supp(a) = supp(f) if and only if supp(f(a)) = supp(6(3)).
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Proof. Assume supp(a) = supp(). By Lemma [2.4.9] choose v € [G] such that
supp(y) = X \ supp(«), i.e., Fix(y) = supp(«). Applying Corollary [2.4.6/a) twice,

supp(a) = supp(8) <= Fix(y) = supp(0(8)) <= Fix(0(7)) = supp(6(5))
<= supp(f(a)) = supp(6(5)). O

The next lemma will allow us to extend elements of Meas(G) to elements of [G].
Lemma 2.4.11. If v € Meas(G), then there exists 7 € [G] with v C 7.

Proof. Let vy = 7, and for all n > 1, set

Tn=1{9€7 " :8(g9) €s(y) and t(g) €t(7)}

Using the fact that ~ is a bisection and by construction of the ~,, we have

5(vn) N s(Ym) = t(1n) Nt(ym) = 9, whenever n # m.

The sets |J,, 5(7») and |, t(7,) are both contained s(y) U t(7), so let us prove
they are conull in there. Set

B =t(y)\Us(nm) =" \s(),

n

and for all m > 0, set

By =t(y"B) = )t(v") Ns(y™) \ s(y")

These sets are pairwise disjoint, and since p is invariant then they have the same
measure, because

Bpy1=t(y 'Bn), and B, =t(yBny1), forall m.

But 4 is finite, therefore p(B) = 0, and |J,, §(7,) is conull in s(y) U v(7). Similarly,

U, t(7) is conull in s(y) U t(y).
Therefore ¥ = [, 7, U (G \ (s(7y) Ut(y)) has the desired properties. O

Example 2.4.12. If R is a tv-discrete probability-measure preserving Borel equiva-
lence relation on a standard probability space (X, i), then the previous lemma im-
plies that every partial Borel automorphism f : A — B (A, B C X Borel) with
graph(f) € R can be extended (up to a null subset of A) to an a.e.-defined Borel

automorphism f : X — X with graph(f) C R.
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For the next lemma, again consider finite sets Y, with #Y,, = n. We need to
check that the group of invertible elements of [, Meas(Y,;?) (that is, those elements
o for which o0* = 0*0 = 1) coincides with [[;, &,,.

Recall that an element of the ultraproduct of metric structures [ [,, M, is denoted
as (x,)y, where z,, € M, for all n.

Lemma 2.4.13. If 0 = (0,,) € [[,, Meas(Y,?) is invertible, in the sense that oo™ =
(idy, )u, then there are o, € &,, such that o = (0y,)u-

Proof. Since dy(idy,,0,0)) = 1 — px(oto,) converges to 0 along U, then py(o)o,)
converges to 1. Simply extend each o, arbitrarily to an element 7, € &,,, so that

dy(On, 0) = (0,00 \ 0,00) = 1 = p14(07,00)
which, again, converges to 0 along U, and therefore (o,,)yy = (0 )u- O

This way, the group of invertible elements of [],, Meas(Y,?) is naturally identi-
fied with [],, &,, whereas the idempotent lattice E([],, Meas(Y,?)) is identified with
[1,, MAlg(Y,) (because E([], Meas(Y,?)) is simply the image of the idempotent

lattice of [], .y Meas(Y;?) under the canonical quotient map; see Subsection [2.1.4)).

Definition 2.4.14. If GG; and G5 are groups acting on sets X; and X, respectively,
0 : Gy — G5 is a morphism and ¢ : X; — X, is a function, we say that the pair (6, ¢)
is covariant it ¢p(gzr) = 0(g)¢(x) for all g € Gy and z € X;. If G; = G2 = G and
0 = idg, we simply say that ¢ is covariant.

Remark. Covariant pairs will be used also in Section 2.5]and in Chapter [4] (see Defi-
nition [4.3.12). In fact, covariant maps are a useful tool when constructing morphisms
from structures which are “built from” both G and a G-space X: In fact, the proofs
of Theorems [2.4.16|and [4.4.8| follow similar general lines in different settings (however
the fine details in each case differ substantially).

Definition 2.4.15. Let S be a Boolean inverse monoid and consider S* the group
of g € S such that g¢* = g*g = 1. We define an action of S* on E(S) as ¢g-e = geg*.
Note that if 4 is an invariant mean on S then for all g € S* and e € E(S),

p(e) = uleg®ge) = n((ge)*(ge)) = n((ge)(ge)”) = nlgeg”)
so this action is isometric and trace-preserving. In particular,

e If S = Meas(G) for a probability measure-preserving groupoid G, then [G] acts
on MAIlg(G") via

v A=rt(vA), for all v € [G] and A € MAlg(G").
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o If S =], Meas(Y;?) (where Y, are finite sets with n elements), then [[,, &,
acts on [ [,, MAIg(Y,) via

(Un)u ) (An)z,{ = (Un(An))u'

Theorem 2.4.16. A standard, t-discrete, aperiodic probability measure-preserving
groupoid (G, ) is sofic if and only if its full group [G] is metrically sofic. Moreover,
every isometric group embedding of [G] into an ultraproduct [[,, &, extends uniquely
to a sofic embedding of G.

Before starting, let us give an idea of the extension part of the proof (which is
the hardest): Using the previous lemmas, every element of Meas(G) can be written
as aA, where a € [G] and A € MAlg(G?), so if we have two semigroup embeddings
0 :[G] — [1,6, and ¢ : MAlg(G) — T],, MAlg(Y,), we may define ©(aA) =
O(a)p(A), which a priori might depend on the choice of o and A. To guarantee that
© is a morphism, we (6, ¢) to be covariant. To obtain this, we will define ¢ from 0.

Proof of [24.16, 1f G is sofic, then any sofic embedding © : Meas(G) — [],, Meas(Y,?)

restricts to an isometric group embedding of [G], which is therefore metrically sofic.
Let us prove the uniqueness first: If © : Meas(G) — [],, Meas(Y,?) is an iso-

metric embedding, then for every v € Meas(G) choose, by Lemmas [2.4.9 and [2.4.11}

v and § € [G] with supp(5) = s(y) and v C 7. By Theorem [1.7.25, O is a unital
morphism of Boolean inverse semigroups and in particular it preserves supports, so

O(y) = ©(7) supp O(5),

hence O is uniquely determined by its restriction to [G].

Now suppose 0 : [G] — [[,, &, is an isometric embedding, and let us use the
ideas above to extend it to Meas(G).

We define ¢ : MAlg(G) — [[,, MAlg(Y,) as follows: given A € MAlg(G("),
choose, by Lemma a € [G] such that supp(a) = A, and define ¢p(A) =
supp(#(A)). By Lemma [2.4.10, ¢(A) does not depend on the choice of a. We need
several steps to finish this proof, namely,

1. ¢ preserves meets:
Let A, B € MAIlg(G®), and consider o, 3,7 € [G] with

supp(1) = AN B, supp(a) = A\ B, and supp(8) = B\ A.
By [2.4.6(b) and [2.4.5(e), the supports of 6(7) and 6(«) are disjoint and

supp(f(ya)) = supp(8(7)f()) = supp((7)) V supp(f(a)),
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and similarly for v and 8. Lemma [2.4.5(¢) also implies that

supp(ya) = A and  supp(y8) = B
so again by [2.4.6|(b), and using distributivity of meets and joins,
¢(A) N ¢(B) = supp(0(ye)) A supp(0(75))
= (supp(6()) V supp(0(a))) A (supp(0(7)) V supp(6(5)))
= supp(0(7)) = ¢(AN B).
2. If a € [G], then ¢(Fix(a)) = Fix(8(«)):
Choose again 8 € [G] with supp(83) = Fix(«a), so by [2.4.6(a)

¢(Fix(a)) = ¢(supp(B)) = supp(0(8)) = Fix(0(«)).

3. ¢ preserves the respective invariant means:

Since 6 is isometric then it is trace-preserving, so ¢ preserves invariant means
by item 2.

4. (0, ¢) is covariant:

Let A € MAIlg(G©) and a € [G]. Take 8 € [G] with suppB = A. Using
2.4.5(1),

P(a - A) = ¢(supp(apa’)) = supp(f(afa’)) = O(a) - supp(d(5)) = 0(c) - ¢(A).

Recall that both [G] and MAlg(G(®) are subsemigroups of Meas(G), and sim-
ilarly for [],, &, and [[,, MAlg(Y,,) inside [],, Meas(Y,?).
5 If a, B € [G], A € MAIlg(G)) satisfy aA = A, then 0(a)p(A) = 0(8)p(A):
Items 1. and 2. above imply
¢(A) € Fix(0(a"B)),

which in turn yields

Now we define © : Meas(G) — [[,, Meas(Y;?) as O(a) = 0(a)p(a*a), where
a € [G] is chosen, by Lemma such that  C a. Item 5. above implies that
©(«) does not depend on the choice of a.

Note that © extends both 6 and ¢. Let us show that © is a sofic embedding.
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Suppose a C @, 8 C 3, where a, 8 € Meas(G) and &, 8 € [G]. Then

af=ap (B8N (8- a*a)).

In fact, this formula holds independently of G, so it will hold with Y;? in place of G
and on ], Meas(Y,?) by Lo§’ Theorem (2.1.22). This is enough to conclude that
O(af) = O(a)O(B), since both (0, ¢) is a covariant pair of semigroup morphisms.

It remains only to check that © is trace-preserving. Let o € Meas(G). If we
show that Fix(0O(«)) = ¢(Fix «) we are done because ¢ preserves invariant means.

Given a € [G] with o C a, let A = Fix(a) and B = Fix(a) \ A. Note that
A = Fix(a) N a*a, so

¢(A) = Fix (0(a)) A (p(a ).

Since O(a) = 0(a)p(a*a) < §(a), then O(a)*O(a) = Pp(a*a), so

Fix(6(a)) = Fix(0(a)) A (6(a"a)) = ¢(A) = ¢(Fix(a)),
and we conclude that © is a sofic embedding of G. O

We will now extend this result allowing G to have periodic points, however we
still need that G, is not a singleton for a.e. = € GO Set

Perss(G) = {z € G : 2 < #(G,) < 00} .
Lemma 2.4.17. There ezists o € [G] with supp(a) = Per>,(G).

Proof. Let P = Perso(G). Substituting G by the subgroupoid PGP if necessary, we
may assume P = G©. As in the proof of Lemma decompose G as G = H UK,
where H and K are subgroupoids of G, H, is a is principal, and #(K%) > 2 for a.e.
re kO

The last part of Corollary [1.6.12] applied to the restriction of the source map

s:{k €K :s(k) = e(k)} \ £

provides 3 € Meas(K) with supp(3) = K.
Since H is principal it is (isomorphic to) an equivalence relation on H(©). For each
n > 2, let H, = {h € H:#(Hen)) = n} Usmg the selection theorem for periodic

relations [99, Theorem 12.16], decompose H' into a Borel partition X, ..., X, such
that each X, contains exactly one representative of each H-class. The Borel subset

= (X; x X,,) U Xi1 % X))

is a bisection of H. (Seen as a function, it maps each x € X; to the unique element
of X;41 (or X; if i = n) which is equivalent to z.) Then supp(7,) = H\.
Therefore a = U, 7., € Meas(G), and supp(a) = Per>o(G). O
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Theorem 2.4.18. Suppose (G, ) is a (standard, v-discrete) probability measure-
preserving groupoid such that for all v € GO, #G, > 2. Then (G,p) is sofic if
and only if [G] is metrically sofic.

Proof. Let P = Persy(G) and Aper = G \ P, and consider the subgroupoid H =
G Aper of G. We have already seen that the subgroupoid GP is sofic, since it is
periodic, and since G is a convex combination of GP and H, it suffices to show that
[H, p134] is metrically sofic. Fix any p € [G] with suppp = P. Let 0 : [G] = [],, &, be
an isometric embedding.

Consider the embedding ¢ : [H, puy] — [G,p], @ — @ = a U P. Then for all
Q€ [H7 MHL

tr,(v(a)) = p(Aper) try (o)

By [2.4.6{(a), supp(A(:(r))) C Fix(#(p)) whenever a € [H, p13,).

As in the proof of Theorem [2.3.4(d), we can “restrict” 6(c(c)) to Fix(6(p)) and
obtain a new semigroup embedding n : [H] — [[,, S, (where m,, < n), in such a
way that for all « € [H, uy],

r(1()) = x(6(p)) " 6r(0(1(0)) = tr,(p) " tr,(u(r)
= pu(Aper) ™ p(Aper) try (@)
= try(a)pu((p), 1)~ = d(p,1)"" = u(Aper)™!

so 7 is in fact a sofic embedding of H. O

2.5 Sofic group actions

In this section we will study actions which induce sofic transformation groupoids.
Again, we will focus only on t-discrete, standard probability-measure preserving
groupoids.

Definition 2.5.1. Let G be a group and 0 and (X, i) a measure space. An action 0
of G by Borel automorphisms of X is measure-preserving if 1(6,(A)) = p(A) for all
Borel AC X and g € G.

Proposition 2.5.2. Let 0 be an action of a countable group G on a standard proba-
bility space (X, ) by Borel automorphisms of X. Then the following are equivalent:

(1) 0 measure-preserving.
(2) w is invariant for the Borel groupoid G xg X ;

(3) p is invariant for the orbit equivalence relation R(0).
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Proof. The equivalence (2) <= (3) is proven in Proposition (1.6.21]
For every g € G and Borel A C X, the element {g} x A of Bor(G x4 A) satisfies

s({gh xA) =4, ({g} x A) =6,(4)

and every element of Bor(G xy A) is in fact a countable disjoint union of these
elements. The equivalence (1) <= (2) follows immediately. O

Recall that recall that equivalence relations correspond to principal groupoids
(Proposition [1.1.19), and that free actions are those which induce principal transfor-
mation groupoids (Example . Since we are working in the category of measured
spaces, null sets can be essentially disregarded.

Definition 2.5.3. A probability measure-preserving action 6 of a countable group
G on a measure space (X, u) is (essentially) free if for all g € G, the set Fix(6,) =
{r € X :0,(x) = x} of points fixed by ¢ is null.

Definition 2.5.4. A standard, t-discrete probability measure-preserving groupoid
(G, ) is (essentially) principal if a.e. point of G has trivial isotropy, i.e., if

p({zeg:gr={z}}) =1

Remark. If 4 is an essentially free probability measure-preserving action of a count-
able group G on a standard probability space (X, ), we can find a conull subset Y
of X such that 6,(Y) CY for all g € G, and 6,(x) # z for all z € Y, namely,

Y = ﬂ supp(f,) ={x € X : Vg € G, ,(x) # x}.

geG

A similar comment holds for for v-discrete, standard probability measure-preserving
groupoids. Therefore our usage of “free” and “principal”, in the category of measure
spaces, will not be contradictory with the usual one, in the category of sets.
Moreover, certain classes of topological groupoids are called “essentially princi-
pal”, ([146] 125, 126]). To avoid any confusion, we will use “topologically principal”
and “effective” instead for topological groupoids (see Definitions [4.4.21] and |4.6.2)).

The following can be proven with the same arguments of Example|1.1.1§|and the
remark above.

Proposition 2.5.5. A probability measure-preserving action 6 of a countable group G
on a probability space (X, ) is free if and only if the transformation groupoid G x X
18 principal.
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We will now define Bernoulli shifts. Let G be any countable group and X any
set. We consider the action L of left multiplication of G on itself: L, : G — G,
Ly(h) = gh for all h,g € G, and then dualize L to an action 3 on the space X¢ of
functions from G to X by setting

By(f) = foLy forall fe X% and geG.

If we use the product notation X =[], X = {(z4)nec : n € X} instead, the action
[ becomes

ﬁg ((mh)hGG) = (xg‘lh)hec
for all g € G and all (z},)peq € X©.

Definition 2.5.6. The action [ above is called the Bernoulli shift of G on X.

Bernoulli shifts are one of the basic examples in Symbolic Dynamics (see [32]).
In fact, they can be used to model other actions, as the simple proposition below
shows. (Recall Definition [2.4.14] for a covariant map.)

Proposition 2.5.7. Let 0 be any action of a countable group G on a set X, and let
be the Bernoulli shift of G and X. Then the map F : X — XC, F(z) = (0,-1(x))yec

15 injective and covariant.

Proposition 2.5.8. Let G be a nontrivial countable group and (X, p) a standard
probability space. Endow X with the product measure coming from . Then the
Bernoulli shift 5 of G on X is a probability measure-preserving action of G, and it s
free if and only if (X, p) is non-atomic, or if G is infinite and (X, ) is not an atom.

Proof. The invariance of measure is immediate on cylinder sets (those of the form
ngG X,, where X, C X is Borel), and since these generate the Borel structure of
X% then 3 is measure-preserving.

e First assume that (X, p) is non-atomic. Then (X, ) it is isomorphic to the
interval [0, 1] with Lebesgue measure (][99, Theorem 17.41]), and

Fix(0,) = {(zn)n € X : (xg-1n)n = (@)} C {(zn)n € X 1 21 = 24}

The latter set can be regarded as A x XG\{l’g_l}, where A is the diagonal of
X x X, and so it has measure 0.

e Now assume that G is infinite and X is not an atom. Choose distinct elements
hi,ho,...,€ G such that all hy, hs,...,g  h1,g the,... are pairwise distinct.
Then

Fix(8y) € {(zn)n € X9 : 2y-1y, = ap, for all i},

and similarly to the previous case above we can see the latter set as an infinite
product of diagonals in X x X and copies of X. The diagonal in X x X has
measure smaller than 1 (because X is not an atom), so an infinite product of
them will have measure 0.
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If (X, u) has an atom {zo} and G is finite, then {(z)s} is an atom of X and
B,((xo)n)) = (wo)p for all g € G. If X = {zy} then X = {(x¢)s} is also an atom. In
any of these cases, [ is not free. n

Remark. In fact, the classification, up to covariant isomorphisms, of Bernoulli shifts
has led to the the development of Entropy Theory for measure-preserving actions of
groups. Initially, entropy theory was developed for actions of Z, then extended to
actions of amenable groups, and recently a theory of entropy for sofic groups has
been developed by Bowen [17], and subsequently improved by Kerr and Li [102]. We
refer to the survey paper [59] for more details and the history of entropy theory.

We will now be interested in sofic actions.

Definition 2.5.9. A probability measure-preserving action # of a countable group G
on a space (X, i) is sofic if the probability measure-preserving groupoid (G x X, i)
is sofic.

For the remainder of this section, let us recall and fix some notation.

Conventions

o If X is aset and f € Z(X), we regard Fix(f) and supp(f) as in Examples [1.7.6]
and ie.,

Fix(f) = {z € dom(f) : f(x) =},  supp(f) = {x € dom(f) : f(x) # }.

e We will consider only countable groups, standard probability spaces and measure-
preserving actions.

e We again consider finite sets Y,, with n elements, endowed with their normalized
counting measures p4, the permutation group &,, of Y,,, the measure algebra
MAIlg(Y,) and the measured semigroups Meas(Y,?) = Z(Y,,) endowed with
their normalized Hamming distances dy and traces try. We will also use the
symbols fi4, dy and try for corresponding functions on ultraproducts.

o U will always denote a ultrafilter of sets on N.

Let 0 be a measure-preserving action of G on a standard probability space (X, u).

e We identify each g € G with the element {g} x X of the full group [G Xy
X] (compare with Example [1.2.12). We also identify E(Meas(G x X)) with
MAlg(X), so if g € G and A € MAlg(X), the product gA corresponds to the
element {g} x A of Meas(G x X).
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e We consider the actions of G on MAlg(X) and of [[,, &,, on [[,, MAIg(Y,,)
as in Definition

g-A=10,(A), (or)u - (Ar)u = (ok(Ax))u-

We can compare actions of countable groups with the notion of weak containment
(an analogous notion for representations has been widely studied; see [9]): By Propo-
sition every probability measure-preserving action € of G on a probability
space (Y,v) induces an action 8“ of G on [],, MAIlg(Y) by

HZQ/I(A”)M - (‘gg(An))U'

Definition 2.5.10 ([I00] p. 64]). Let o and 6 be free probability measure-preserving
actions of a countable group G on spaces (X, u) and (Y, v), respectively. We say that
a is weakly contained in 6 if there exists an isometric morphism

¢ : MAlg(X) — [ [MAIlg(Y)

which is covariant with respect to « and 6“.

In other words, if an action « is weakly contained in # then « can be modelled,
in the sense of continuous logic, by 6. Another important property of Bernoulli shifts,
initially proved by Abért and Weiss in [2] and later extended by Seward in [157], is
that Bernoulli shifts are weakly contained in every other free probability measure-
preserving action.

Theorem 2.5.11 (|2, Theorem 1.1|). Let B be the Bernoulli shift of a countable
group G on a standard probability space (X, p) (where X is endowed with the product
measure). Then any free probability-measure preserving action of G on any standard
probability space (Y,v) weakly contains (3.

We will now describe soficity of an action in terms of covariant morphisms.

Lemma 2.5.12. Suppose X and Y are Borel spaces with'Y standard, and f,g: X —
Y are Borel maps with f(x) # g(z) for all x € X. Then there exists a countable
partition {A,} of X such that f(A,) Ng(A,) =@ for all n.

Consequently, if p is a probability measure on X, then for all € > 0 there exists
a finite Borel partition Ay, ..., A,,C of X with f(A;)Ng(A;) =@ for1 <i<n and
w(C) < e.

Proof. Let d be a metric on Y compatible with the Borel structure and for which
(Y, d) is separable. Let [} = {z € X : d(f(x),g(x)) > 1} and for k > 2, consider the
Borel set

Iy ={r e X : 1/k <d(f(),9(x)) < 1/(k—1)}
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so {I;}, is a Borel partition of X. Given k, let {Bﬁ}n be a Borel partition of Y by
sets of diameter at most 1/k, and let A* = f=1(B¥) N I. If z € A*, then f(x) € B*
and d(g(x), f(z)) > 1/k > diam B*, so g(z) ¢ B¥. This proves

FARYNg(ARY C BFng(A¥y =2  forall kandn,
and {A¥ : k,n} is a countable Borel partition of X. O

Lemma 2.5.13. Let 6 be a probability measure-preserving action of G on (X, u).
Suppose 0 : G — [[,,6, and ¢ : MAIg(X) — [[, MAIg(Y,,) are covariant
semigroup morphisms, with ¢ isometric. Then for all g € G and A € MAlg(X),
tr(o(g)9(A)) < tr(gA).

Proof. Given g € G and A € MAlg(X), let B = suppf, N A. Given € > 0, choose,
by Lemma a finite partition By,...,B,,C of B with 6,(B;) N B; = & for
1 <i<mnand pu(C) <e.

Then the elements ¢(B;) are pairwise disjoint, contained in ¢(A), and covariance
of (o, ¢) implies

[0(g) - ¢(Bi)| N d(B;) = ¢(g - Bi) N p(B;) = ¢(04(B;) N B;) =0,

and from this we obtain ¢(B;) C supp (c(g)) A ¢(A) = supp(c(g)p(A)). It follows
that

tr(a(9)9(A)) = px(9(A)) = py (supp(8y(A))) < p(9(A)) — Z p(9(Bi))

n

= u(A) = > p(Bi) = tr(gA) + u(C) < tr(gA) +e.

i=1
Since € is arbitrary, we obtain the result. O

The next theorem formalizes the description of soficity used by Ozawa in [134].

Theorem 2.5.14. A free probability measure-preserving action 6 of G on (X, u) is
sofic if and only if there are a group morphism o : G — [[,, 6, and an isometric
morphism ¢ : MAIg(X) — [[,, MAlg(Y,,,) such that (o, $) is covariant with respect
to the canonical actions.

Recall, from the conventions in page[I15] that we identify G and MAlg(X) with
subsemigroups of the measured semigroup Meas(G x4 X). The proof of this theorem
is similar in parts to that of Theorem [2.4.16
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Proof of [2.5.14 First, suppose 6 is sofic, and let ® : Meas(G'xyX) — [],, Meas(Y?)
be a sofic embedding. Restricting ® to G and to M Alg(X) we obtain the morphisms
o and ¢, and ¢ is isometric. If A € MAlg(X) and g € G,

d(g-A) = 0(gAg™") = o(9)9(A)Pa(g) " = a(g) - 9(A),

so (o, ¢) is covariant.
Conversely, suppose the covariant pair (o, ¢) exists. We need a few steps in order
to define a sofic embedding of G xy X

1. If gh € G and A, B € MAlg(X, ) satisfy ANB = 0,(A) NO,(B) = 2,
then o(g)¢(A) and o(h)¢(B) are compatible in [],, Meas(Y,? ).

By covariance, we have

(0(9)0(A))" (c(h)d(B)) = ¢(A)a (g~ h)d(B) = ¢(AN (g~ 'h- B))o(g™"h)

and since

AN(g'h-B) =0,-1(0,(A) N0,(B)) = @,
)

then (o(9)$(A))" (o(h)¢(B)) = 0, and similarly (o(g)d(A)) = (o(h)d(B))" =0,
so 0(g)p(A) and o(h)¢(B) are compatible.

2. If Ay,..., A, are pairwise disjoint and ¢ € G, then o(g)¢p(U;_, 4:) =
Visio(g)o(Ai).
First note that \/}_, 0(g)p(4;) is well-defined by item 1., so this follows from
distributivity of [],, Meas(Y,? ) and the fact that ¢ preserves joins (Theorem

1.7.25).

Every element B of Meas(G Xy X) can be written uniquely as a countable
join B = U eq 9By, where By := s(B N ({g} x X)). Let 9 be the submonoid of
Meas(G xy X) consisting of those B € Meas(G xy X) for which all except finitely
many B, are empty. Define

e:Mm— HMeaS(Yan), O(B) = \/ a(g)o(By),
geG

which is well-defined by item 1. above. To verify that © is a morphism, note that

AB= | gAhBy = |J gh((h™"-4)NBs) = Uk(U (97"k)" -Ag>ﬂBg1k>,

g,heG g,heG keG geG

and similarly ©(4)0(B) = Ve o (k) (Vyea((0(9)10(0) - 6(4,)) A 6(B,10)). 50
the facts that (o, ¢) is covariant and item 2. above imply that O(AB) = ©(A)O(B).
Let us prove that © is trace-preserving.
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Since 6 is free then tr(gB,) = 0 whenever g # 1, and Lemma [2.5.13implies also
that tr(o(g)¢(B,)) = 0 when g # 1. Therefore

t(®(B)) = Y tr(0(9)$(By)) = u(¢(B1)) = p(B1) = Y _ tr(gB,) = tr(B).

Therefore © is trace-preserving, and hence isometric on the dense submonoid 91
of Meas(G xy X), and thus extends uniquely to a sofic embedding of G xy X. [

Definition 2.5.15. A covariant pair (o, ¢) as in the Theorem [2.5.14 will be called a
covariant sofic embedding.

In terms of approximation properties, as in [2.1.18] this theorem can be rewritten
as follows:

Corollary 2.5.16. A free probability measure-preserving action 0 of G on (X, ) is
sofic if and only if for every e > 0 and for every pair of finite subsets F C G and A C

MAIg(X), there are n € N and maps o : G — &,, and ¢ : MAlIg(X) — MAlg(Y,)
satisfying

(i) dy(o(gh),o(g)o(h)) <€
(ii) dy(d(AN B),¢(A) N o(B)) <¢;
(iti) |py(o(A)) — n(A)| <&
(i) dy(9(05(A)),0(g) - 4(A)) < e
forall g,h € F and all A, B € A.

Definition 2.5.17. A pair of maps (o, ¢) satisfying properties (i)-(iv) above is called
an (F, A, €)-almost covariant morphism.

As an immediate consequence of this description of soficity, we obtain:

Corollary 2.5.18. Soficity of free actions is preserved under weak containment: If
a 1s a free sofic action which weakly contains a free action (B, then B is sofic as well.

Therefore, if an infinite countable group G admits a free sofic action then any
Bernoulli shift of G is sofic by Theorem [2.5.11] so Bernoulli shifts should come up as
a natural example of sofic actions. We can now present the elegant proof of soficity
of Bernoulli shifts obtained by Ozawa in full details.

Proposition 2.5.19 (|41, 134, [142]). Every Bernoulli shift of a sofic group is sofic.
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Proof (based on [13]|]. Let (X, u) be a (standard) probability space and consider the
Bernoulli shift 8 of G on X¢. If G is finite, then G x X% is periodic and hence sofic
(Corollary [2.3.14)). Assume then that G is infinite so 3 is free.

We assume G is sofic. Let § = (0)y : G — [[,, ©n, be a sofic embedding. Let
¢ = (¢r)u : MAIg(X) — [[,, MAIg(Y,,, ) be an isometric semigroup embedding
(Corollary [2.3.14). We may assume that for all k, ¢,(X) =V, and ¢(@) = 2.

For each k, let Z;, = Y * the set of functions f : Y, — Y, . We identify
Y., X Zj with Ynk.m”k (since both sets have the same number of elements), and the

group 6ynkX 7z, of pe’;mutations on Y, X Z, with GHk,mZk. We will define a covariant

sofic embedding (1, 7), given by maps 7 : G — [[,, Sy, xz, and ¢ : MAIg(XY) —
[T, MAlg(Y,, x Z). First, we define ¢ on cylinder sets of X (which generate its
Borel structure).

Given Ay, ..., A, € MAlg(X) and distinct ¢1,...,¢9, € G, a cylinder set is one
which can be written as

Cdn = (V{f € X1 f(gy) € A}

-----

This representation of a nonempty cylinder set in terms of g1,...,gr and Ay, ..., A

is unique up to those A; which are equal to X (and their order), and such a represen-

tation describes the empty set if and only if at least one of the A; is empty. We write

¢ for the collection of cylinder sets in X“. Note that ¢ is closed under intersections.
For each k, define ¢y, : MAlg(X%) — MAIlg(Z;) by

Ue(Cottny = (V{6 f) € Yo, x Zit f (0k(g;) 7" (1)) € é(A))}

.....

Jj=1

By uniqueness of the representation of cylinder sets and since ¢p(X) = Y,,, and
¢r(2) = @, the definition of 1 does not depend on the given choice (and order) of g;
and A;.

Therefore we obtain a map v = (¢)y : € — [[,, MAIlg(Y,, x Zx), which we
later extend to all of MAlg(X). For this, we first prove that i) preserves meets
(intersections).

Consider cylinders C4t+4n and C’f 1"";&”; By modifying the choice and order of

g1s--+s 9n Lyeeey
gi, hi, A;, B;, we can assume m = n and g; = h;, so that

Aty An Bi,..., By, __ A1NBy,..., AnNBp,
091 ----- gn N Cgl ----- gn Cgl ----- gn :

It follows that, for all &,
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= ({(i.f) €Yo, x Zi: f (6k(g)) "' () € dul(A;)) N (B} (2.5.1)

..........

(2.5.2)

Lt My = max {dy (64(A;) N 6x(By), o4(A; N By) - = 1,...,n}.
If (4, f) is in the symmetric difference of the sets described in Equations (2.5.1))
and (2.5.2), then there is j such that

FOk(95)7' (1)) € (61(A;) N Gr(Br)) A A; N By).
For each j and each i € Y,,,, there are exactly
m - #[(91(A;) N ok(Br) Adr(A; N By)]
functions from Y, t0 Y, which map 6,(g;)(i) to an element of
(9r(A;) N @r(Br)) Adr(A; N Bj).

Letting 7 € {1,...,n} and i € Y, go through all possible Values we conclude that
the (normalized Hammmg) distance of the sets in Equations (2.5.1)) and (2.5.2) is at
most

g - Zmnk S [(B1(A) N (Br)) Adi(A; N By)] =

Zd# (9x(Aj) N o(B;), or(A;, Bj))

which converges to 0 along U, because ¢ = (¢ )y is a sofic embedding. Therefore, 1)
satisfies 1 (C1NCy) = ¥(Cy) Ap(Cy) for all cylinders Cy, Cy, and moreover ¢ (&) = 0.
This allows us to extend v to a semigroup embedding to the (Boolean) algebra of
sets generated by cylinders, by setting

=\/ ¢(Ck.)

where {C}}, is any finite collection of pairwise disjoint cylinders whose union is A.
This way, v still preserves joins and meets.
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Now we show 1 is isometric, or equivalently that it preserves traces (measures)
by Theorem [1.7.25] But again, since i preserves joins, it is enough to prove that
preserves the trace of cylinders, so consider a cylinder of the form

For all k € N, let
Iy={ieY,, 10,(i),0,(),...,0,, (i) are pairwise distinct} .

Since 6 is a sofic embedding, 4 (I)) converges to 1 along U.
If © € I, then there are exactly

it [ # (@n(49)

functions f :Y,, — Y, for which (i, ) € ¢¥(C). Therefore,

pa(We(C)) = pp(We(C)N (e x Zx)) 4 pp((C)\ (Ik X Zy))
< B TLoa) + ra(on0)\ (1 22)
= pia (1) H:U’#(Aj) + ppWe(C) \ (s X Z)).

The first term above converges to [[_; uy(A;), which is exactly the measure of C,
whereas the second term is bounded by

g (U (C)\ (I X Zi)) < pip (Yo, X Zi) \ (I X Z)) = pp (Yo, \ i) = 1 — pup (1)

which converges to 0 along U. Therefore 1) is isometric, and since the algebra gener-
ated by cylinders is dense in MAlg(X ), ¢ can be extended to an isometric semigroup
embedding v : MAlg(XY) — [[,, MAlg(Y,, X Z).

Now we let, for each k, n, : G — Sy, x 2y be defined by

n(9) (2, f) = (604(), f), forallg e G and (i, f) € Yy, X Z.
Clearly,

dy (e (9)ne(h), mi(gh)) = dy(0x(9)0k(h), Or(gh))

for all g, h € G. Thus we define a morphism 7 = (nx)u : G — [, Sy, %7
We denote by S the Bernoulli shift of G on X. It remains only to show that
(n,1) is covariant, and again it is enough to prove this for cylinder sets. Let g € G
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Aq,., An _ Aty An .
* 59091 ,,,,, gn ngl ..... ggn’

o (@) (Wr(Cptit™)) = (VG f) 5 F(Ok(g;) " 0k(9) " (0)) € d(A;)}; and

-----

o Ui(Coptn ) = ({G f) : F(0r(g9;) 7 () € dul(A))}.

j=1

If (i, f) is in the symmetric difference i (g) (Vr(Cot i) Db (Coian ), then there
is j for which

0k (99;) 7" (i) # Ok(g;) " 0k(9) " (2)
and there are m;* choices for f € Z;. Thus the distance between these two sets is at
most

1 m _ _
— and# 614(99]) 1,9 ( ) Gk k= Zd# ek gg] 1>9k(gj) 161@(9) 1)

T
kk’]—l

which converges to 0 since 6 is a sofic embedding. This proves that n(g)(¢¥(C)) =
1(g-C) for all g € G and all cylinders C, and hence for all C' € MAlg(X%). Therefore

[ is sofic by Theorem [2.5.14 O]

One important outstanding question in the area is whether all actions of sofic
groups are sofic. However, we may study the related question of how large the class
of groups with sofic actions is, by proving that it is closed under some group-theoretic
constructions. First, let us quickly review, without proofs, the known closure prop-
erties of the class of sofic groups.

Theorem 2.5.20. The class of sofic groups is closed under:
(a) Products [{4)]: If {G:},c; is any family of sofic groups, then [],., G; is sofic;
(b) Subgroups [{4]: If G is sofic and H C G is a subgroup, then H is sofic;

(¢) Direct limits [{4]]: If (¢;:: Gi — Gj), ; 1s a direct net of sofic groups, then the
direct limit lim;_, o G; is sofic;

(d) Amenable-by-sofic extensions [{4[: If N is a normal subgroup of G, G/N is
amenable and N is sofic, then G is sofic;

(e) Unrestricted wreath products by amenable groups [7: If G is sofic and A is
amenable then G QA is amenable

(f) Free products amalgamated over an amenable subgroup [142, [13]: If G and H
are sofic and A is a common amenable subgroup of G and H, then G x4 H 1s

sofic.
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(g) Wreath products [82]: If G and H are sofic then GV H is sofic;
(h) Graph limits (see [33] for details).

Definition 2.5.21 ([142]). We denote by . the class of groups whose probability
measure-preserving actions are all sofic.

We will be interested in proving that the class . is closed under some of the
constructions listed in

Theorem 2.5.22 ([142]). A group G belongs to the class .7 if and only if every free
probability-measure preserving action of G is sofic.

Proof. Suppose that every free probability-measure preserving action of G is sofic.
Let a be any probability measure-preserving action of G on (X, ). Let 5 be any free
probability-measure preserving action of G on a space (Y, ) (e.g. a Bernoulli shift
on a non-atomic space), and define a new free probability measure-preserving action
I'of Gon X xY by
Lyg(x,y) = (ag(2), By(y))

by assumption, I' is sofic, so there exists a sofic embedding © : Meas(Gxp(X xY)) —
[, Meas(Y;2).

We can embed Meas(G X, X) isometrically into Meas(G xp (X x Y)), via
A— A XY, so composing this with ® we obtain a sofic embedding of G x, X. [

Theorem 2.5.23. The class .7 is closed under
(a) Subgroups: If G € ¥ and H C G is a subgroup, then H € .¥;

(b) Direct limits: If (¢;,; - G; — G;) is a direct net of groups in 7, thenlim,; o, G; €
S

(¢c) Co-amenable extensions: If N is a co-amenable subgroup of G (that is, the left
action of G on G/N is amenable) and N € .7, then G € .¥;

(d) Free products amalgamated over an amenable subgroup [142, Theorem 3.17]: If
G,H € . and A is a common amenable subgroup of G and H, then G x5 H is

sofic.

Proof.  (a) Suppose G € . and H is a subgroup of G. We let Ny = NU {0} the
set of non-negative integers. To simplify the notation, let us assume that the
index [G : H] is infinite, although the same arguments work in the case of finite
index.

Let {a; : i € No} be a complete set of left representatives of H in G with ay = 1.
For each pair (g,7) € G x Ny, let J(g,7) € Ny be the unique number such that
ga; € aygqH. Then for all g, ai_lgflaj(g,i) eH
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Note that, if we identify Ny with the quotient space G/H with via i — a;H, the
map J : G x Ng — Ny corresponds to the action map of the usual left action of
G on G/H.

Let us show that any free probability measure-preserving action o of H on a
space (X, u) is sofic. First, we construct a probability measure-preserving action
6 of G on XM by setting

0,(x)], = a(a;lgaj(g_lvi))(xj(g_l,i)), for all x = (z;); € X"
Then 6 is a measure-preserving action of G on X, so we can take a sofic
embedding © : Meas(G xy X)) — [],, Meas(Y,?). The map
L : Meas(H x, X) — Meas(G xy X™°)

L(A) = {(g7 (xz)l) €G X XNO : (gwr()) S A}
is an isometric semigroup morphism, because oy = 1, so Goy is a sofic embedding
for H x, X.
Suppose G = limG;, where G; € .. For each i, let p; : G; — G be the canonical

_>

morphism. Let a be a free probability measure-preserving action of G on (X, u).

Given a finite F' C G, choose i such that FUF? C p;(G;), and for each z € FUF?
choose z* € G; such that p;(z%) = z.

Given z,y € F, we do not necessarily have (2°)(y’) = (zy)’, but since
pi((zy)") = vy = pi(a'y")
then there is j > ¢ such that p;;(2’y") = p;:((zy)"), so substituting ¢ by j and

z' by p;i(a?) for all x € F'U F? if necessary, we may assume z'y" = (zy)* for all
xekF.

Let a; be the composition of a with p;, which is a probability measure-preserving
but not necessarily free. In any case, «; is sofic, so we can find a covariant pair
of morphisms

n:Gi— [[6, and ¢:MAlg(X) - [[MAIg(Y;,),
u u

and defining o(f) = n(f;) we obtain, for all f € F and A € MAlg(A),
o(f - A) = o(fi- A) = n(fi) - 9(A) = o (f) - ¢(A)

and
a(fg) = n((f9)") = n(f)nlg") = o(fla(g)
so using Theorem [2.1.18 we can obtain almost covariant morphisms for F' (and

any finite subset of MIAlg(X)), in the sense of Corollary [2.5.16| This proves
that « is sofic.
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(c) Let a be a free probability measure-preserving action of G on (X,u), FF C G
finite, A C M Alg(X) finite and € > 0. Using co-amenability of N C G, choose
a finite subset P C G/N such that
#((F - P)AP) < € #(P)

where F'- P = {(fg)N : f € F,gN € P}. Let a — @ be a section of the quotient
map G — G/N —i.e.,aN =a for all a € G/N.

The restriction «|y is free and probability measure-preserving, and for all f € F
and a € P,

(ga)"'ga € N.
Let F' = {(ga)~'ga:g € F*UF,a € P}, which is a finite set. Similarly, let
A" ={a(@!)(A):a € P,A € A}, which is also a finite subset of MAlg(X).

Since N € . we can find n € N and maps
c:N—6, and ¢: MAlg(X)— MAlg(Y,)
which form a (F’, A’, €)-almost covariant morphism. Define’|7 : G — Gy, «p by

setting
(9)(i,a) = (o((ga) " ga)(i), ga),
which is defined on a set of measure > 1 — e. Then for all g,h € F we have
m(g)m(h)(i,a) éw( )(o((ha)~'h@)(i), ha)
= (o((gha)~'gha)o((ha)~'ha)(i), gha)
= (o((gha)~" gha(ha)~"'ha)(i), gha)
= (o((gha)~'gha)(i), gha) = 7 (gh)(i,a)
where the means that this equality is valid only up to a set of measure
€. So all these terms are equal on a set of measure > 1 — 5¢, which means

that dy(m(g)m(h), 7(gh)) < be. This corresponds to property (i) of an almost
covariant morphism (Corollary [2.5.16)).

We also define 9 : MAlg(X) — MAlg(Y,, x P) by setting
= J ¢(a(@")(4)) x {a}

aeP

W€

and easy computations, similar to the one above, prove that properties (ii) and
(iii) of Corollary m are satisfied. We prove almost covariance of 7 and ).
Using the notation “=" as above we have, for g € F and A € A,

m(9)(¥(A) = | o(gaga) [p(a@"))(A)] x {ga}

a€eP

5 Again, we denote by &z the permutation group of a set Z.
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= | ¢la(ga'g)(A)) x {ga}

a€eP

= U¢ x {b}

beP

= |J ¢la (4))) < {b}

beP

= ¥(a(g)(A))

and therefore (7,1)) is a (F), A, 5¢)-almost covariant morphism.

(d) We refer to [142, Theorem 3.17].



Chapter 3

Disjoint continuous functions

Since Stone’s seminal work [163], the relations between algebraic and analytical struc-
tures have been a topic of great interest in Algebra, Analysis and Logic. In fact, the
non-commutative Stone duality theorem proved in the first chapter ((1.4.26]) is a prime
example of this.

Now suppose that X is a compact, Hausdorff topological space, and let C'(X) be
the set of continuous real or complex-valued functions on X. Then C'(X) comes with
several natural algebraic structures, induced by pointwise operations, and a natural
question is how to recover the space X (up to homeomorphism) from C(X).

In general, the topological vector space structure of C'(X) (with the topology
coming from the uniform norm) is not sufficient to determine X up to homeomor-
phismﬂ Thus, we need to consider additional structures on C'(X) in order to recover
X, and in fact several results of this nature have been proven. Two compact, Haus-
dorff spaces X and Y are homeomorphic if and only if C(X) and C(Y') are isomorphic
as:

Banach spaces (under isometric linear isomorphisms); (Banach-Stone ‘32-37
18, [164]);

rings (Gelfand-Kolmogorov ‘39 [61], [60]);

multiplicative semigroups (Milgram ‘40 [130]);

C*-algebras (Gelfand-Naimark ‘43 [62]);
e ordered sets (Kaplansky ‘47 [98]);

e vector space with the disjointness relation (Jarosz ‘90 [92]).

IThis is a consequence of Milutin’s Theorem, which states that for any two uncountable compact
metrizable spaces X and Y, C(X) and C(Y), with their respective uniform norms, are isomorphic
as topological vector spaces. See [95, Chapter 36, Theorem 2.1] or [131], 137]

128
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There are also more recent results by Kania—Rmoutil ([97]) and Li-Wong (|116])
which generalize the previous theorems to different degrees, and studies of spaces of
non-scalar valued functions by Hernandez-Rodenas (|84]) and Kaplansky ([98]). Our
goal is to use a (stronger version of) the disjointness relation studied by Jarosz, but
without the vector space structure, in order to obtain further generalizations of all of
these results and new consequences.

This chapter is organized as follows: In the first section we introduce the ter-
minology and the notation which will be used in this chapter, and we prove the two
main theorems (Theorems [3.1.12] and [3.1.13). In the second section we introduce
“disjointness ideals”, which can be used to provide alternative proofs of the main the-
orems of the first section, and which will play a role in the study of Steinberg algebras
in the next chapter. In the third section, we study an important class maps, called
“basic”, between spaces of functions, and which will appear in most applications of
the previous results. The results of this section apply to different algebraic and an-
alytical structures on sets of continuous functions. In the fourth section we recover
the classical and recent results described above, and generalize some of them. In
the last section we obtain new results: a classification of linear isomorphisms which
are isometric with respect to Ll—normﬂ (Theorem , classifications of classes of
isomorphisms of algebras associated to groupoids (Theorems [3.5.11| and [3.5.14)), and
of classes of isomorphisms of groups of circle-valued functions (Theorems [3.5.18| and
3.5.15)).

The theory developed here will also be used in Chapter [4] to obtain “recovery”
results for topological partial actions from algebraic partial actions (Theorem
and Proposition , and to classify diagonal-preserving isomorphisms of certain
Steinberg algebras (Theorem

In Appendix [A] we include a proof of the existence of a topological group iso-
morphism between C([0,1],S') and C([0,1]%,S'). The original example was given
by Vladimir Pestov in his referee report of Ahmed Al-Rawashdeh’s PhD thesis [3].
Because the report is not widely available, we reproduce the example with the kind
permission of its author.

3.1 Disjointness, 1 and l-isomorphisms

Let X be a locally compact Hausdorff space and H be a Hausdorff space. We denote
by C(X, H) the set of continuous functions from X to H. We also fix for the remainder
of this section a function § € C(X, H). For two functions f,g: X — H, we denote

f#gl={veX: f(x)#g(x)} and [f=g]=X\[f#g]

2Tt would be expected that this theorem is known, but no reference to it could be found at the
time of writing.
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Definition 3.1.1. Given f € C(X, H), we define the (6-)support of f as
supp”(f) = [f # 0].

We also denote by o?(f) the interior of supp?(f), and Z%(f) the complement of
supp” (f): , ) , )

o’ (f) = itsupp’(f) ~ and  Z°(f) = X\ supp”(f).
Let C.(X, 6) be the set of continuous functions from X to H with compact (#-)support.
Whenever there is no risk of confusion, we will drop 6 from the notation and write

simply supp(f), o(f), Z(f) and Ce(X).
For any two functions f,g € C(X, H), we define

—_

fLg if[f #£0]N]g # 0] = F; we say that f and g are disjoint;
2. f 1L g: if supp(f) Nsupp(g) = @; we say that f and g are strongly disjoint;
- fCgifo(f) Colg);

. feg:ifsupp(f) C o(g).

Note that if f € C.(X), then f € g if and only if o(f) € o(g), where € is the
compact containment relation (Definition [1.4.5)

-~ w

Remark. In general, o(f) is the regularizationﬂ of [f # 0], and so o(f) may “forget”
some points on which f(z) = 6(z). For example, if X = H = [0,1], § = 0 and
f(z) =z, then o(f) = X even though f(0) = 0.

Also, Z(f) is the complement of o(f) in the lattice of regular open sets of X (see
[70, Chapter 10]), and note that o(f) = supp(f).

Example 3.1.2. If H = R or C, and # = 0 is the constant zero function, we obtain
the usual notions of support, and f L g if and only if fg = 0.

Example 3.1.3. If H = X and 0 = idy, then supp(f) = {z € X : f(z) # x}.
We will be interested in relations between C, &, L and L.
Lemma 3.1.4. f 1 g if and only if o(f) No(g) = @.

Proof. By definition, f 1 g <= [f # 0] N[g # 0] = @. Since both [f # 0] and
g # 0] are open (because H is Hausdorff), we can take closures and interiors of
[f # 0] and obtain

flg <= o(f)N[g#0] =2,
and repeating the argument with [g # 6] yields the result. O

3The regularization of an open set A in a topological space X is int A, and it is the smallest
regular open set of X containing A
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We will, moreover, be interested in recovering a locally compact Hausdorff topo-
logical space X not from the whole set C.(X), but instead from a subcollection
A C C.(X). We will need to assume, however, that there are enough functions in A
in order to separate points of X.

Definition 3.1.5. Let A C C.(X) be a subset containing 6. Denote o(A) =
{o(f): f € A}. We say that (X,0,.A) (or simply A) is

1. weakly regular if o(A) is a basis for the topology of X.

2. reqular if for every x € X, every neighbourhood U of z and every c € H there
is f € Awith f(z) = c and supp(f) CU.

Definition 3.1.6. Suppose A C C.(X) is weakly regular. A family A C A is a cover
of an element b € A if given h € A, h L a for all a € A implies h L b.

By Lemma [3.1.4] A is a cover for b if and only if {o(f) : f € A} is a cover for
o(b), in the sense of Definition [1.7.1]

Lemma 3.1.7. Suppose A is weakly reqular, and let A C A andb € A. The following
are equivalent:

(1) A is a cover of b;
(2) The closure of |J,c4la # 0] contains supp(b).

Proof. (1)=-(2): Let « € supp(b). Take an open neighbourhood of x of the form o(h),
h € A. Since supp(b) = o(b), the intersection o(h) N o(b) is nonempty and thus h
and b are not disjoint. From A being a cover, h is not disjoint to some a € A, which
means that o(h) N [a # 6] is nonempty. Since A is weakly regular then z is in the
closure of | J,.4[a # 0].

(2)=(1): Suppose h € A is such that h L a for all @ € A. This means that
(Upeala # 0]) N[k # 0] = @. Taking the closure of the first term and using (2) we
conclude that [b # 0] N [h # 0] C supp(b) N [h # 0] = &, s0 h L b. O

If A C C.(X) and 0 € A, note that C is a preorder on A, and the only infimuny|]
of A is 6. Alternatively, 0 is the only element of A such that 6 L §. This shows that
the function € is uniquely determined in terms of either L or C.

Theorem 3.1.8. Suppose A is weakly reqular. If f, g € A, then

(a) fCg < Vh(h Lg=h L f);

4Infima for preorders are defined the same way as for orders, namely if A is a subset of a preordered
space (P, <), an element z is called an infimum of A if z < a for all a € A, and if for any other
element y such that y < a for all a € A, we have y < x.
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(b) f Lg <= The C-infimum of {f, g} is 0 (which is the C-infimum of A);
(¢c) fCg < VYh(lheE f=hEy);
(d) fCg <= Vh(h 1L g=h 1L f);

(e) f 1 g < 3hy,ky,... hp,k, € A such that {hy,... h,} is a cover of f,

(f) feg < Vbe A, 3hy,..., h, € A such that {hy,..., hy,g} is a cover of b
and h; AL f.

By items (a) and (b), L and C are equi-expressible (i.e., each one is completely
determined by the other). By (c) and (d) one can recover C (and hence L) from
either € or 1L, which in turn implies, from (e) and (f), that € and 1L are also
equi-expressible.

Proof. (a) =: If f Cgand h L g, then o(f)No(h) Co(g)No(h) =2, thush L f.
<: Suppose o(f) is not contained in o(g). Since o(f) = int([f # g]) and o(g)

is regular, this means that [f # 0] is not contained in o(g) = supp(g), so there
is an open set U such that f # 6§ on U but ¢ = 6 on U. By weak regularity,
there is some h such that @ # [h # 0] C U, so f and h are not disjoint but g
and h are.

(b) =: If h C f,g, then o(h) Co(f)No(g) =, so h=0.
<: If f and g are not disjoint, then there is some h with @ # o(h) C o(f)No(g),
by weak regularity, so h C f, g and h # 6.

(c¢) This is immediate since X is locally compact Hausdorff and A is weakly regular,

soo(f)={o(h):h & f} for all f.
(d) The proof is essentially the same as (a), so we omit it.

(e) =: Suppose f 1L g. For every x € supp(f), take h,, k, € A such that x €
o(hg), hy € k; and k, L g. By compactness, we can take finitely many points
x1,...,%T,, and associated functions hy, ki,...,hy, ky, such that {hy,... h,}
covers f.

<: Suppose such h;, k; exist. Then

n

supp(f) € (Jsupp(hi) < Jo (k) € X\ supp(g)

=1

and so f 1L g.
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(f) =: Suppose f € g and take any b € A. Since supp(b) \ o(g) is compact and
does not intersect supp(f), we can take hq,...,h, € A such that h; 1L f and
supp(b) \ o(g) € U, o(h;), which implies that {h4, ..., hy,, g} is a cover of b.

<: Suppose the second condition holds. Again by compactness, take by, ..., by
in A such that supp(f) Usupp(g) € U, o(bg). For each k take functions h?
as in the given condition for by.

Given k, we have o(b;) C |, supp(hf) Usupp(g), so taking complements in the
lattice of regular open sets of X (see [70, Theorem 10.1]),

ﬁ Z(hYn Z(g)na(by) = @,

or equivalently (), Z(h¥) Na(br) C o(b) \ Z(g) C supp(g). Taking interiors on
both sides yields (), Z(h¥) N o(by) C o(g).

Now from k] 1L f we obtain

annt )€ 204) 7 U i) = U | 1200 o)

U

k=1

(Zr)n U(bk)] Co(9),

so f € g. O

Remark. One should be careful with the connections between the pairs of relations
(L, 1) and (C, €). For example, L and 1L can coincide but C and € may not and
vice-versa. See the example below.

Example 3.1.9. LLet X = H = R and 6 = 0, so that we are dealing with the
usual notion of support. Let {(a,,b,) : n € N} (a, < b,) be a basis of open intervals
for the usual topology of R with |b, — a,| — 0. Let {p, : n € N} be an one-to-one
enumeration of the prime numbers.

For each n, let a, and b, be, respectively, the largest and smallest rational
numbers with denominators p,, as reduced fractions, and which satisfy

@, < a, <b, <b,.

Namely,

~ nn T bnn
T L) N S (7

Pn Pn
where |-| and [-] are the usual floor and ceiling functions. In particular, |a, — a,| +

b, — bu| < 2/pn — 0 (since the enumeration of the primes is one-to-one), and thus
the sets U,, = (an, b,) also form a basis of R.
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For each n, let f, € C.(R) with o(f,) = Uy, e.g.

fal@) = max(0, (z — @) (by — 7)),

and let A = {f, :n € N}. Then | and 1L coincide on A, as do C and &, since the
boundaries of all U,, are pairwise disjoint.

Letting V' = (a1,b; + 1) and gy be a continuous function with o(gy) = V, then
1 and 1L still coincide in A U {gy}, however C and € do not, since f; C gy but
f1 & gv. -

Alternatively, set W = (by,b; + 1) and let gy be any continuous function with
o(gw) = W. Then C and € still coincide in AU {gw }, however L and L do not,
because f; L g but not f; 1L g.

Example 3.1.10 (Kania-Rmoutil, [97]). Suppose that X is a Stone space (Definition
1.4.2)) and that H is a Hausdorff space with at least two points. Let A consist of all
continuous H-valued functions with finite range and # be any element of A. Regularity
of A is an immediate consequences of X being zero-dimensional (and H containing
more than one point). Define the compatibility ordering on C(X) by

f2g = g|supp"(f) = f|supp9(f)'
Then L coincides with 11, and it can be described in terms of < by

flg — [l g < igf(f, g) =0(= igf.A) and {f,¢g} hasa =< -upper bound.

We now state and prove the two main theorems of this chapter. Fix two locally
compact Hausdorff spaces X and Y, and for Z € {X,Y} a Hausdorff space Hy, a
continuous map 0z : Z — Hy, and a subset A(Z) C C.(Z,07).

Definition 3.1.11. We call a map T : A(X) — A(Y) a L -morphism if f 1 g
implies Tf 1L Tg; T is a 1l-isomorphism if it is bijective and both 7" and T~ are
Al -morphisms. 1, C and &-isomorphisms are define analogously.

Theorem 3.1.12. Suppose A(X) and A(Y) are weakly regular and T : A(X) —
A(Y) is a L-isomorphism. Let f,g € A(X). Then o(f) C o(g) if and only if
o(Tf) Co(Tg). In particular, Z(f) = & if and only if Z(Tf) = @.

Proof. Immediate from [3.1.8(a), because every L-morphism is a C-morphism (and
vice-versa). O

Theorem 3.1.13. If A(X) and A(Y) are weakly reqular and T : A(X) — A(Y)
1s a 1lL-isomorphism then there is a unique homeomorphism ¢ : Y — X such
that ¢(supp(T'f)) = supp(f) for all f € A(X) (equivalently, ¢p(o(Tf)) = o(f), or
Q(Z(Tf)) = Z(f), for all f € A(X)).
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Proof. By Theorem 1l -isomorphisms coincide with &-isomorphisms, so the
result is an easy application of Theorem We add the details for the sake of
completeness.

Let @ : o(A(X)) — o(A(Y)) be the map given by ®(a(f)) = o(Tf) for all
f € A(X), which is well-defined by This is a E-isomorphism, so, using the
same notation as in we induce a homeomorphism

N _—

P 0(AY)) —o(AX)) , @ (F)=3d(F).

— c
For Z € {X,Y}, let kz : Z — o(A(Z)) be the homeomorphism given by rz(z) =
{o(f): 2 € o(f)}. We then define ¢ = k' 0 ®*oky : Y — X, which is a homeomor-
phism. For all y € Y,

kx(¢(y) = @ (kv (y) ={o(f) 1y € o(Tf)}

which means that for each f € A(X), y € o(Tf) if and only if ¢(y) € o(f). Therefore
¢(a(Tf)) = o(f), or equivalently taking closures we obtain ¢(supp(7'f)) = supp(f).
O]

For an alternative proof, see the end of Section [3.2]

Definition 3.1.14. The unique homeomorphism ¢ associated with 7" as in [3.1.13|will
be called the T-homeomorphism.

We finish this section by proving that the hypothesis that 7" is a Ll -isomorphism
in Theorem [3.1.13| cannot be weakened to a L-isomorphism in general (Corollaries
13.1.22{ and |3.1.24)).

Let X and Y be locally compact Hausdorff spaces. We will consider only real-
valued functions and 6x and 6y the respective zero functions on X and Y, so that
supports of continuous functions are the usual ones. By Theorem [3.1.12] any -
isomorphism T : C.(X) — C.(Y) induces an order isomorphism between collections
of regular open sets of X and Y, respectively. So in order to find 1-isomorphisms,
we will look at spaces with isomorphic collections of regular open sets.

Definition 3.1.15. Let X be a topological space. We denote by RO(X) the collec-
tion of regular open subsets of X, and by ROg(X) the collection of regular open
subsets of X with compact closure. Given A € ROg(X), we define Xx(A) =

{f e Ce(X)a(f) = A}

A generalized Boolean algebra is conditionally complete if every bounded family
admits a join. In the case of unital Boolean algebras we just call these complete (see
[63, Definition 1-4.5]).

It is well-known that the family of regular open subsets of a topological space
is a complete unital Boolean algebra (see |70, Theorem 10.1]). Similarly, one can
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prove that ROk (X) is a conditionally complete generalized Boolean algebra for any
Hausdorff space X.

In order to find non-homeomorphic spaces X and Y such that C.(X) and C.(Y))
are L -isomorphic, we need the following lemma:

Lemma 3.1.16. Let X be a separable, locally compact Hausdorff space and A €
ROk (z). If A# @ and the set Xx(A) = {f € Cu(X) : 0(f) = A} is nonempty, then
it has the cardinality of the continuum, |Yx(A)| = 2%.

Proof. If f € ¥x(A) then f # 0, and the continuum-many functions Af, A € R, also
belong to Yx (A), so [Xx(A)| > 2%. Conversely, if D C X is a dense countable subset
of X then the map C(X) — R”, f — f|p is injective, so

Sx(A)] < [CX)] < [RP] = [R]P! = (220)" = %% = 9%, =
Theorem 3.1.17. Suppose that:

1. X andY are separable, locally compact Hausdorff spaces;

2. For all nonempty A € ROk(X) and B € ROk(Y), £x(A) and Xy (B) are
nonemply;

3. ¢ : ROk (X) — ROk(Y) is an order isomorphism (with respect to set inclusion).
Then C.(X) and C.(Y) are L-isomorphic.

Proof. Given A € ROk (X), the sets X x(A) and Xy (p(A)) have the same cardinality,
by Lemma [3.1.16} so consider any bijection T4 : ¥x(A) — Xy (¢(A)). Then the map

T . CC(X) — CC<Y)7 T(f) = TU(f)(f)

is a L -isomorphism. O

For our first example we employ the theory of Stone spaces and Stone duality as
in Section [L4l Recall that

e Given a zero-dimensional, locally compact Hausdorff space €, KB(C) is the
collection of compact-open subsets of €.

e Given a generalized Boolean algebra B, ¥p(B) is the topological space (unit
groupoid) of ultrafilters on B, with the topology generated by the sets [a] =
{Fe¥%(B):acF},a€B.
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Example 3.1.18. In general, arbitrary joins do not correspond to unions under
Stone duality. Let X be an infinite set, and consider the complete unital Boolean
algebra P(X) of subsets of X, and € = ¥p(P(X)). By Proposition the map
P(X) >3 A~ [Al € KB(C) is an order isomorphism so KB(C) is complete.

Given a € X, let us denote by {a}' = {4 C X : a € A} the (principal) ultrafilter
generated by the element {a} of P(X).

Let F' € € be any ultrafilter which does not contain finite subsets of X, and
whose existence is guaranteed by Zorn’s Lemma. Given a basic neighbourhood [A]
of F in €, where A C X, choose any a € A and note that {a}' € [A]\ {F}, and
therefore F' is non-isolated in €.

Since € is Hausdorff then |J{[A] : F € [A]} = €\ {F'}, and as F is non-isolated
then this set is not clopen. Therefore the join of {[A] : F' & [A]} in KB(€) is actually
.

More explicitly, in P(X) we have

\{A:Fg[A}=\/{A:A¢F}2 \/ {z} = X.

and thus \/ {[A] : F & [A]} = [X] = ¢ in KB(€).

Lemma 3.1.19 (Compare with [87, Lemma 6.10]). Let € be a zero-dimensional,
locally compact Hausdorff space and suppose that the Boolean algebra KB(C) is con-
ditionally complete. Then KB(€) = ROg(€).

Proof. The inclusion KB(€) C ROk () is immediate, so let us deal with the converse.

Let A € ROg(€), so in particular A is contained in some element of KB(€) and
the family {V € KB(¢) : V C A} is bounded. Let

U=\/{VeKB():VCA}.
where the join is taken in KB(€). We have
A=|J{VeKBMA):VCACU.
If WeKB(¢)and W C U\ A, then A C U\ W and so
U=\/{VeEKB(@):VCA CU\W

hence W = @. This proves that U\ A = @ and so U C A. However, U is clopen and
A is regular open, which imply A = U € KB(¢). O

Lemma 3.1.20. If X s a separable locally compact Hausdorff space, then € =
9p(ROK (X)) is separable.
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Proof. Let {z, : n € N} be a countable dense subset of X. For each n, by Zorn’s
Lemma there exists (G,, € € such that

{U e ROk(X) : 2z, e U} C G,.

Let us prove that {G,, : n € N} is dense in €. Given a basic open subset [A] of €,
where A € ROg(X), find n € N with z,, € A, so A € G,, and therefore G,, € [A]. O

Lemma 3.1.21. If X s a second-countable locally compact Hausdorff space and
A € ROk(X), then there is f € C.(X) such that o(f) = A.

Proof. First choose a countable family of compact subsets K,, C A such that |, K,, =
A. For each n we can, by Urysohn’s Lemma and regularity of X, find a continuous
function f, : X — [0,1] such that f,(k) = 1 for all £ € K,, and supp(f,) C A.
Letting f =Y 0", 27" f, we obtain [f # 0] = o(f) = A, because A is regular. O

As a consequence of Lemmas [3.1.19] [3.1.20] and [3.1.21] and Theorem [3.1.17 we
conclude:

Corollary 3.1.22. There exists a zero-dimensional, compact Hausdorff topological
space € (namely, € = 9p(ROk([0,1]))) — which is, in particular, not homeomorphic
to [0,1] — such that C(€) and C([0,1)) are L-isomorphic.

Note that, in the corollary above, the Boolean algebra RO([0, 1]) is uncountable,
thus € = ¥p(ROk([0,1])) is not second-countable.

For our second example, we will consider only second-countable spaces. In the
next lemma, we denote by int; and cly the interior and closure operators on subsets
of a topological space Z.

Lemma 3.1.23. Let X be a topological space and U an open set of X. Then
(a) If A € RO(X) then ANU € RO(U).

(b) The map
v RO(X) — RO(U), pu(A)=AnNU

is order-preserving and surjective; The map (y @ A intx(clx(A)) is an order-
preserving right inverse to oy;

(c) v is an order isomorphism if and only if U is dense in X.
Proof. (a) Given A € RO(X), since U is open, we have
inty (cly(ANU)) =inty(clx(A)NU) = intx(clx(A)NU =ANU,

and this proves that ANU € RO(U).
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(b) The last statement is the only non-trivial part. If A € RO(U), we again use the
fact that U is open, as in item (a), to obtain

()OU(CU(A))) = intx(Clx(A)) NU = iIltU<Clx(A) N U) = thU(C1U<A)) = A,
as desired.

(c) If U is not dense in X, then there exists a nonempty set A € RO(X) which is
disjoint with U, so
vu(A) =2 = pu(9),
and thus ¢y is not injective.

Now assume that U is dense in X, so let us prove that the map (y of item (b)
is a left inverse of . Given A € RO(X), since U is dense in X,

CU(@U(A)) = intX<Clx(A N U)) = lntx(Clx(A)) =A. ]
Let S' = {z € C: |z| = 1} be the complex unit circle.
Corollary 3.1.24. C([0,1]) and C(S') are L-isomorphic.

Proof. Let X = (0,1) and Y = S*\ {1}. Then X and Y are homeomorphic, and two
applications of Lemma|3.1.23imply that RO([0, 1]) and RO(S') are order-isomorphic.
Lemmas [3.1.20 and |3.1.21], and Theorem imply that C'([0,1]) and C(S') are
L -isomorphic. 0

3.2 ll-ideals

Here we will introduce l-ideals, which will be used in relation to partial actions of
inverse semigroups in the next chapter. As usual, we fix a locally compact Hausdorff
space X, a continuous function 6 from X to a Hausdorff space H and a weakly regular

family A C C.(X, 0).

Definition 3.2.1. A finite family B C A is said to be a strong cover of an element
a € A if there is another finite family B C A such that:

(i) For all b € B, there is some b € B with b € b;
(ii) B is a cover of a (Definition [3.1.6).

The following proposition shows that strong covers encode information about the
closures of sets. It is a direct consequence of the definition of € and Lemma [3.1.7]

Proposition 3.2.2. A finite family B C A is a strong cover of a € A if and only if
supp(a) € Upep o(b)-
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Definition 3.2.3. A 1l -ideal in A is a subset I C A such that, for all a € A,
a € I <= there is a finite subset B C I which is a strong cover of a.

Example 3.2.4. Suppose A is a vector sublattice of C.(X,R) or C'(X, C) (self-adjoint
in the latter case), where X is a locally compact Hausdorff space. Then a subset I C A
is a 1l -ideal if and only if [ is an additive subgroup and

f el < dg e I such that f €g. (3.2.1)

Indeed, first suppose I is a 1l -ideal. If f € I, then there is a finite strong cover
B C I of f. For every b € B, take another finite strong cover C(b) C I of b. Then
Upep C () is a strong cover of g = >, |Re(b)| + |Im(b)|, thus g € I and f € g,
which proves implication “=" of (3.2.1). Implication “<” is immediate since f € g
if and only if {g} is a strong cover of f.

To prove that I is additive, let f1, fo € I. The implication “=" of (3.2.1]), yields
g1, 92 € I with f; € g;. Then {g1, g2} is a finite strong cover of f; + fo, so f1 + fo € 1.

Now suppose that I is additive and satisfies property , and let us show
that I is a ll-ideal. Of course, if f € I then f admits a finite cover by a single
element of I (by the “=” part of (3.2.1)). Conversely, suppose f admits a finite
strong cover B C I. From take, for all b € B, g, € I with b € g, so that
b := |Re(b)| + | Im(b)| € gs as well. This in turn implies b € I, so g = ZbeBg el
and f € g, so we conclude that f € I again from (3.2.1]).

We will now prove that the lattice of open subsets of a space X is order-
isomorphic to the lattice of 1l -ideals of a weakly regular tuple (X, 6, .A).

Definition 3.2.5. Suppose (X, 6, .4) is weakly regular. Given an open set U C X,
denote I(U) = {f € A:supp(f) CU}. Given a ll-ideal I C A, denote U(I) =

Ufel o(f)-

Note that I(U) is a 1L-ideal of A: If f € I(U) then we use weak regularity of A
and compactness of supp(f) to find a finite collection B C A such that

supp(f) € | Jo(b) cU

beB

In particular, B C I(U) and B is a strong cover of f. This provides the implication
“=" of Definition whereas “<" is trivial.

Theorem 3.2.6. Suppose (X, 0, A) is weakly reqular.
(a) For every Ll -ideal I of A, I =I(U(I));
(b) For every open subset U C X, U =U(I(V));
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(¢c) The map U — L(U) is an order isomorphism between the lattices of open sets
of X and 1l -ideals of A.

Proof. (a) Let I be a ll-ideal. The inclusion I C I(U(I)) follows easily from the
property of ll-ideals: if f € I, then take a finite strong cover B C I of f, so
that supp(f) € U,ep o(b) € U().
Conversely, if f € I(U(I)) we use compactness of supp(f) to find a finite family
B C I with supp(f) € U,epc(b), so B is a strong cover of f and therefore
fel.

(b) Suppose U C X is open. By weak regularity of (X, 6, .4), we have

v= |J o= | of)=01O)).
SUPf;(EJz;\QU Tl

(¢) The previous items prove that U +— I(U) is a bijection, with inverse [ — U(I).
It is clear that both maps are order-preserving. O

Assume (X, 0, A) is weakly regular. Let A be the collection of maximal 1L-ideals
of A, and endow it with the topology generated by the sets

U(f):{Ieﬁzﬂg@fsuchthatggf}, feA

By Theorem we obtain a bijection & : X — A, £(z) = I(X \ {z}). Since for all
re€ X and [ € A,

r € o(f) < 3Fg € f such that z € supp(g) < &(z) € U(f),

then £(o(f)) = U(f), which proves that £ is a homeomorphism. This provides another
proof of Theorem |3.1.13

3.3 Basic llL-isomorphisms

In this section we will develop techniques to classify isomorphisms for spaces of func-
tions with different algebraic structures. As in the preceding sections, we will be
interested mostly in spaces of continuous functions between topological spaces, how-
ever the initial notions we will deal with can be defined in purely set-theoretical
terms.

Let X and Hx be sets, and consider a class A(X) C (Hx)* of Hx-valued
functions on X. Given a point x € X, denote by A(X)|, the set of images of 2 under
elements of A(X), i.e.

AX)]e = {f(z): f € AX)}. (3.3.1)
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If Y is another set and ¢ : Y — X is a map, denote by

Y X (4,4(X)) Hyx = U {y} X A(X)|¢>(y)'

yey

Note that Y x4 4(x)) Hx is equal to Y x Hx if and only if the following property
is satisfied: For every y € Y and every ¢ € Hy, there exists f € A(X) such that

f(o(y)) = c.

Definition 3.3.1. Let X, Hy, Y and Hy be sets, ¢ : Y — X be a function, and
consider a class of functions A(X) C (Hx)*.
Given maps ¢ : Y — X and x : Y X4 ax)) Hx — Hy, we define T(4,y : A(X) —
(Hy)" by
(Ttop0 W) = x(y, fle(y),  VfeAX), WwyeY. (3.3.2)

Definition 3.3.2. Let X, Hy, Y and Hy be sets, ¢ : Y — X be a map, and consider
classes of functions A(X) C (Hx)X and A(Y) C (Hy)Y. Amap T : A(X) — A(Y)
is called ¢-basic if there exists x : Y x4 ax)) Hx — Hy such that T' = T4 ,). We
call such x a (¢, T)-transform.

Remark. In the definition above, we ignore the fact that the codomain of 7"is A(Y"),
while the codomain of T(y,) is (Hy)Y.

In simpler terms, a basic map is one that is induced naturally by the transforma-
tion ¢ : Y — X, and the field of partial transformations x(y,-) : A(X)|sn) € Hx —
Hy (yeY).

Example 3.3.3. Let ¢ : Y — X and ¢y : Hy — Hy be functions. Then the map
T (Hx)* — (Hy)", Tf=1vofog
is ¢-basic, and the (¢, T')-transform y is given by x(y, z) = 1(z).

The next example will appear, in some form, in most applications (Sections

and [3.5)).

Example 3.3.4. Suppose that X is a locally compact Hausdorff space, Hx is a Haus-
dorff space, 0x € C(X,Hx) and A(X) C C.(X,0x). Let Y and Hy be topological
spaces, ¢ : Y — X be a homeomorphism, and x : Y X Hx — Hy be a continuous
map such that for every y € Y, the section x(y,-) : Hx — Hy is a bijection.

For every f € A(X), define T'f € C(Y, Hy) as

Tf:Y = Hy, Tf(y)=x flo)),

and let A(Y) ={Tf:f e A(X)}. Also define y = T60x. Then
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1. T is ¢-basic, and the (¢, T)-transform is the restriction of x to Y X (¢ a(x)) Hx;

2. (X,0x,A(X)) is (weakly) regular if and only if (Y, 6y, A(Y")) is (weakly) regular.
In this case, T is a 1l -isomorphism and ¢ is the T-homeomorphism.

Note that not every Ll -isomorphism is given as in the previous example.

Example 3.3.5. Suppose that X = Y is compact Hausdorff, Hy = Hy = R and
Ox = 0y = 0, so we simply write C(X) = C(X,R). Let T': C(X) — C(X) be any
bijection satisfying [f # 0] = [T'f # 0] for all f € C'(X). Then T is a L -isomorphism,
and the T-homeomorphism is the identity idy : X — X. Let us look at two particular
cases:

e Suppose that X is not a singleton, 7'(1) = 2, T'(2) = 1, and T'f = f for every
f # 1,2. Then T is non-basic (see Proposition [3.3.6(a)) and discontinuous
with respect to either the topology of uniform convergence, or the topology of
pointwise convergence.

o If X = {x} is a singleton, we identify C'(X) with R, so any self-bijection T :
R — R preserving 0 is a basic 1l -automorphism. In this case, the T-transform
X coincides with 7' (or more precisely x(x,z) = T(z) for all z € R), and “most”
(cardinality-wise) of these are discontinuous: indeed, there are ¢¢ = 2° self-
bijections of R\ {0} (where ¢ = 2% is the continuum) but only 2% = ¢ of these
are continuous.

In the next proposition, we again consider only sets (without topologies).

Proposition 3.3.6. Let A(X) C (Hx)* and A(Y) C (Hy)Y, and consider maps
¢p:Y =X and T : A(X) = A(Y). Then

(a) T is ¢-basic if and only if for ally €Y,
f(eW) =g(o(y) = Tfy) =Tgly),  VfgeAX). (3.3.3)

In this case,
(b) the (¢, T)-transform x is unique.
(¢) A section x(y,-) is injective if and only if
Tfly) =Tyly) = f(oy) = 9(o(y),  Vf, g€ AX). (3.3.4)
(d) A section x(y,-) is surjective if and only if

Hy ={Tf(y): f € AX)}.
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Proof. If T satisfies (3.3.3)), define x by

x(y,t) =Tf(y),

whenever f € A(X) is any function satisfying f(¢(y)) = t. Then x(y,t) does not
depend on the choice of f by Equation (3.3.3)), and hence T is ¢-basic.

The converse direction, as well as items (b), (¢) and (d) are immediate from the
formula T'f (y) = x(y, f(¢(y))), which holds for all f € A(X) andy €Y. O

The next proposition proves that, under usual regularity hypotheses, Ll -isomor-
phisms can be basic only with respect to their corresponding homeomorphisms.

Proposition 3.3.7. Let X and Y be locally compact Hausdorff spaces, Hx and Hy
be Hausdorff spaces, 0x € C(X,Hx), 0y € C(Y,Hy) and A(X) C C.(X,0x) and
A(Y) C C.(Y,0y) be two regular classes of functions.

Suppose that T : A(X) — A(Y) is a LL-isomorphism which is ¢-basic for some
map ¢ : Y — X, and such that T7' : AY) — A(X) is -basic for some map
Y : X =Y. Then ¢ is invertible, 1» = ¢~' and ¢ is the T-homeomorphism.

Lemma 3.3.8. Under the hypotheses of Proposition ¢ Y — X is the only
map for which T s ¢-basic.

Proof. Let ¢1 = ¢ and assume that ¢, : Y — X is another map such that T is ¢o-
basic. Given y € Y, we will prove that ¢1(y) = ¢2(y). Assume that this is not true,
and let us deduce a contradiction. Note, in particular, that |Y| > 2, so regularity
of A(Y) implies |Hy| > 2. Let x; and x2 be the (¢1,7) and (¢, T)-transforms,
respectively.

Since A(Y") is regular and |Hy| > 2, there exists ¢ € Hx such that

X1(y,¢) # Oy (y). (3.3.5)

Since we are assuming that ¢1(y) # ¢2(y), regularity of A(X) yields f € A(X) such
that f(¢1(y)) = c and f(¢2(y)) = Ox(d2(y)). As T is a ll-isomorphism we have
TOx = 6y, and the properties of the (¢;, T')-transforms x; (i = 1,2) imply

Oy (y) = TO0x(y) = x2(y, Ox(d2(v))) = x2(y, f(d2(v)))
=Tf(y) =x1(y, f(1(v))) = x1(y, ¢)

contradicting inequality (3.3.5)). O

Proof of Proposition[3.3.7. Since T and T—! are ¢ and 1-basic, respectively, then the
identity map idax) = T o T is (¢ o ¢)-basic (by Proposition (a)). However,
id 4(x) is idy-basic, (again by Proposition [3.3.6(a); the (idy,id 4(x))-transform is given
by x(y,t) =t). Lemmaapplied to T~'oT then implies 1y o¢ = idy, and similarly
¢ 01 = idx. This proves that ¢! = 1.
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Now denote by p : Y — X the T-homeomorphism, so we need to prove that
¢ = p. Proposition M(a) applied to 7" and T! yields, for all y € Y and all
/e AX),

Tf(y)=0bv(y) < [(o(y)) =0x(o()) (3.3.6)

Given y € Y, regularity of A(X) gives us

{(y)} = (| [f#6x]

F(6()#0x (¢(v))

and using the equivalence (3.3.6)), the definition of o (Definition [3.1.1) and the
characterization of the T-homeomorphism p (Definition [3.1.14)), we obtain

fewyc () o™= () s TH)={oy)}

Tf(y)#0y (v) T f(y)#0y (v)

where the last equality follows as p is injective and A(Y) = T(A(X)) is regular. We
thus conclude that ¢ = p is the T-homeomorphism. O

3.3.1 Algebraic signatures and basic maps

In our examples and consequences we will consider different algebraic structures on
spaces of continuous functions. To this end, recall (see [86]) that an algebraic signature
is a collection 7 of pairs (*,n), where * is a (function) symbol and n is a non-negative
integer, called the arity of x. A model of 1 consists of a set H and a map associating
to each (x,n) € n a function * : H"™ — H, (¢1,...,¢,) > ¢1 % -+ x ¢,. (We use the
convention that H° is a singleton set, so that a O-ary function symbol is the same as
a constant.)

This can be seen as a particular case of a metric signature (Definition ,
where only discrete metric spaces (with the 0—1 metric) are considered. (See Example
2.1.9(2).)

If H is a model of n and X is a set then the function space H¥ can also be
regarded as a model of  with the pointwise structure: (fy*---* f,)(z) = fi(z)*---%
fo(z) for all fi,..., f, € HX all z € X, and all n-ary function symbols *.

A morphism of two models H; and H of a given signature 7 is a map m : H; —
Hj such that for any n-ary function symbol * of  and any x4, ...,z, € Hy, we have
m(zy * -k xy) = m(xy) * - xm(x,).

Finally, a submodel of a model H of a signature 7 is a subset K C H such that
for all n-ary symbols x of  and any dy,...,d, € K, d; x---xd, € K, so that K can
be naturally regarded as a model of 7.

In the topological setting, a continuous model H of a signature n is defined in
the same manner, but we assume that all maps are continuous. In this case, if X is
a topological space then C'(X, H) is a submodel of HX.
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Example 3.3.9. The standard signature for groups consists of a binary (2-ary) oper-
ation - (the group operation), a unary operation ( )~! (the inversion), and a constant
(O-ary operation) 1 (the unit).

Proposition 3.3.10. Let X and Y be sets. Suppose that Hx and Hy are models
for an algebraic signature n, and that A(X) and A(Y) are submodels of (Hx)* and
(Hy)Y. Then for all x € X, A(X)|, is a submodel of Hx, and similarly A(Y)|, is a
submodel of Hy for ally € Y. (See Equation (3.5.1).)

Let T : A(X) — A(Y) be a basic map with respect to a function ¢ : Y — X, and
let x be the T-transform. Then T is a morphism (for n) if and only if every section
x(y, ) is a morphism (from A(X)|4q) to AY)|y).

Proof. Given z € X, the evaluation map m, : (Hx)* — Hx, m.(f) = f(z), is a
morphism, and it follows that A(X)[, = m,(A(X)) is a submodel of Hx.

Suppose that T" as above is a morphism and let y € Y. Given an n-ary symbol
* of n, suppose ti,...,t, € A(X)g4q). Take functions fi,..., f, € A(X) such that
filo(y)) = ti, so fr*---x f, € A(X) since A(X) is a submodel of C(X, Hx). Then
(fix--* fo)(y) =ty - xt,, and thus

Xy trx - ty) =T(frx- % fu)(y) =T frly) * -+ T fuly)
= XY, t1) * - x x(y, L)

This proves that x(y,-) is a morphism. The converse implication is similar. O

3.3.2 Group-valued maps

We first note a simple property for basic isomorphisms of groups of functions which
will be used throughout the next section:

Proposition 3.3.11. Suppose that Hx and Hy are groups, A(X) and A(Y') are sub-
groups of (Hx)™ and (Hy)Y, respectively, T : A(X) — A(Y) is a group isomorphism
and ¢ : Y — X s a function. Then T s basic with respect to ¢ if and only of for all
yey,

floy) =1=Tf(y) =1,  VfeAX).

Proof. This follows directly from [3.3.6{(a), that f(z) = g(z) if and only if (fg~')(z) =
1 and the fact that T preserves products and inverses. O

In the topological setting, assume that H is a topological group, X is a locally
compact Hausdorff space and 6§ € C(X, H). Then, C.(X,0) and C.(X,1) are 1L-
isomorphic, via f — f07!, and in fact this same map can be used to show that
C.(X,0) is (weakly) regular if and only if C.(X, 1) is (weakly) regular.

Moreover, if C.(X,#) is a subgroup of C(X, H) then 6 = 1 outside of a compact
set. Indeed, let f,g € C.(X,0) be arbitrary, and suppose that fg € C.(X,0) as well.



3. DISJOINT CONTINUOUS FUNCTIONS 147

As f and fg coincide with € outside of a compact, then g = 1 outside of a compact.
Since g = 6 outside of a compact, then 8 = 1 outside of a compact. Therefore, in this
case, we obtain C.(X,0) = C.(X,1).

Since we will be interested in structure-preserving maps between submodels of
C(X,H), in the case the codomain is a group we may always assume that 6 = 1.
In the case that H = R or C, as additive groups, we reobtain the usual notion of
support.

3.3.3 Continuity

Now, we study continuity of basic 1l-isomorphisms and relate it to the continuity of
its transform, and for this we need a few results from general topology.

Proposition 3.3.12. If F' is an infinite subset of a reqular Hausdorff space X, then
there exists a countable infinite subset {y1,ys,...} C F and open sets U, such that
Yn € Uy, for allm and U, NU,, = @ if n # m.

Proof. First assume F has a cluster point y. Let y; € Y \ {y} be arbitrary. Take
disjoint neighbourhoods U; of y; and Vj of y, and then repeat the procedure in V;.
This way, we can construct sequences of points y1, 4o, ... € Y and of neighbourhoods
U, of y, and V,, of y such that

® Vinti g Vn7
e U, NV, =a;
[ Un+1 g Vn

If n < m, then
U.NU, CV,,1NnU, CV,NU, =2,

as wanted.

Now assume that F' does not have a cluster point. Take any infinite countable
subset {y, :n € N} C F. Given k, since y; is a not a cluster point of F, we can
take neighbourhoods V} such that Vi, N {y, : n € N} = {yx}. By regularity, take a
neighbourhood U; of y; such that U; C Vi, and then inductively take, for a given n,
a neighbourhood U, of y,,1 such that U, ;1 C V,1 \ U, U,. O

For the next proposition, recall ([I77, 27.4|) that a topological space H is locally
path-connected if every point ¢t € H admits a neighbourhood basis consisting of path-
connected subsets.

Proposition 3.3.13. Let X be a locally compact Hausdorff space, {x,}, be a sequence
of elements of X, {U,}, a sequence of open subsets of X such that
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(i) x, € Uy;
(i1)) U, NU,, =@ for all n # m.

Let H be a Hausdorff first-countable locally path-connected topological space and con-
sider {gn : U, — H} a family of continuous functions such that g,(x,) converges to
somet € H. Then

(a) there exists a continuous function f : X — H such that f(x,) = gn(x,) for all
sufficiently large n, and f(x) =t for all x ¢ |, U,.

(b) if H =R, there is a continuous function f : X — H such that f = g, on a
neighbourhood of x, and f(x) =t for all x ¢, U,.

(Note that it is not necessary to take subsequences!)

Proof.  (a) Let {W,}, be a decreasing basis of path-connected neighbourhoods of t.
Disregarding any n such that g,(z,) does not belong to Wi, and repeating the
sets Wy, if necessary (i.e., considering a new sequence of neighbourhoods of ¢ of
the form

Wl,Wl,...,Wl,WQ,WQ,...,WQ,...7

where each W is repeated finitely many times) we may assume that ¢, :=
gn(xy) € W,

For each n, take a continuous path «, : [0,1] — W, such that a,,(0) = ¢, and
a,(1) =t. Now take continuous functions b, : X — [0, 1] such that b,(z,) =0
and b, = 1 outside U,,. Define f as a,, o b, on each U,, and as t on X \ |, U,.

Let us show that f is continuous: If = € U, for some n then f = «a, o b, on
a neighbourhood of x and so it is continuous at x. Let us then assume that
x &, U, and in particular o, (b, (z)) = f(z) =t for all n.

Consider a neighbourhood Wy of ¢, where N is an integer. Take a neigh-
bourhood U of z such that if n < N and y € U, then «a,(b,(y)) € Wx (e.g.
U=, (anob,) " (Wy)). If y € U, there are three cases:

e If y € U, for some n < N, then f(y) = a,(b,(y)) € Wy, by the choice of
U;

o If y € U, for some n > N, then f(y) = an(b,(y)) € W,, C Wy, by the
choice of ay,;

o Ify¢J,U, then f(y) =t € Wn.

In any case, we have f(U) C Wy, which proves the continuity of f.



3. DISJOINT CONTINUOUS FUNCTIONS 149

(b) For each n, choose an open neighbourhood V;, of z, such that V,, C U,. By
considering even smaller neighbourhoods if necessary we can assume |g,(z) —
gn(zn)| < 1/n for all z € V,,. Up to modifying g,, except on a neighbourhood of
T,, we can assume ¢, =t on U, \ V... Define f = g, on each U, and f =t on
X\ U, Un. The proof that f is continuous is similar to that of item (a). O

Theorem 3.3.14. Let X and Y be locally compact Hausdorff and for Z € {X,Y},
Hyz a Hausdorff space and 0; € C(Z,Hz) be given such that (Z,07,C.(Z,0z)) is
reqular.

Suppose that T : Co(X,0x) — C.(Y,0y) is a L -isomorphism, that ¢ - Y — X
15 the T-homeomorphism ¢, and that that T is ¢-basic. Let x : Y x Hx — Hy be the
corresponding (¢, T)-transform. Consider the following statements:

(1) x is continuous.
(2) Each section x(y,-) is a continuous;
(8) T is continuous with respect to the topologies of pointwise convergence.

Then the implications (1)=(2) <= (3) always hold.
If X, Y and Hx are first countable, Hx s locally path-connected and Ox 1is
constant, then (2) = (1).

Remark. 1. In the last part of the theorem, if Hx admits any structure of topo-
logical group then the condition that fx is constant can be dropped, by the
discussion in Subsection

2. The domain of the (¢, T)-transform x is Y x Hx because we assume that
C.(X,0x) is regular.

Proof. The implication (1)=-(2) is trivial.

(2)=-(3): Suppose f; — f pointwise. Then for all y, the section x(y, -) is continuous,
thus

Tfi(y) = x(y, fi(oW))) = x(y, f(9(y))) = Tf(y).
This proves that T'f; — T'f pointwise.
(3)=-(2): Assume that T is continuous with respect to pointwise convergence. Let

y € Y be fixed. Suppose that t; — ¢t in Hy, and let us prove that x(y,t;) —
X(y,t). Choose any function f € C.(X,60x) such that f(¢(y)) =t.

Let Fin(X) be the collection of finite subsets of X, ordered by inclusion. We

will construct a net {f(F,i)}(Fi)eFm(X)XI of functions in C.(X,fx) such that

(i) firi — f pointwise;
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(i) fira((y)) =t

Given F € Fin(X) and i € I, consider a family {U, : z € F U {¢(y)}} of pair-
wise disjoint open sets such that z € U, for each z.

Given x € FF'U {¢(y)} consider, by regularity of C.(X,0x), a function f(z;.) €
Ce(X,0x) such that supp(f(r;z)) € U, and

f(x), otherwise.

Jria) () = {
We then define f(p; : X — Hx by

fri) = friz) on each set U, and fip;) = 0x on X \ U Us,.
zeFU{o(y)}

This way we obtain f(r; € C.(X,0x). Properties (i) and (ii) above are imme-
diate because t; — t.

Since fir; — f pointwise then T f(p;) — T f pointwise. For each F' € Fin(X)
and ¢ € I, we have

X, ti) = x(, fira(0W))) = T fri(y)

so by considering i and F sufficiently large we see that x(y,t;) — T f(y) = x(v,t)
as 1 — 00.

We now assume further that X, Y and Hyx are first countable, Hx is locally
path-connected and €y is constant. Let ¢ € Hx such that 0x(z) = ¢ for all x € X.

(2)=(1): Assume that each section x(y,-) is continuous. In order to prove that
X is continuous, we simply need to prove that for any converging sequence
(Yn,tn) — (y,t) in Y x Hyx, we can take a subsequence (y,,t,) such that
XYnrs twr) = x(y,t) as n’ — oo.

Given a converging sequence (y,,t,) — (y,t), consider an open Y’ C Y with
compact closure such that y,y; € Y’ for all i.

We have two cases: If for a given z € Y the set N(z) = {neN:y, =z}
is infinite, then we necessarily have z = y. Restricting the sequence (y,,t,) to
N(y) and using continuity of the section x(y, -), we obtain x(yn, t,) = x(y,t,) —
X(y,t) asn — oo, n € N(y).

Now assume that none of the sets N(z) = {neN:y, =2} (z € Y) is in-
finite. We may then take a subsequence and assume that all the elements
yn are distinct, and actually never equal to y. Using Proposition [3.3.12] and
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taking another subsequence if necessary, consider pairwise disjoint open subsets
U, C ¢(Y’) with ¢(y,) € U, and ¢(y) € X\U, Un. We then consider, by Propo-
sition , a continuous function f : ¢(Y’) — Hx such that f(é(y,)) = tn
and f =t on X\, Uy,. In particular, f =t on the boundary 9(¢(Y”)).

We now need to extend f to an element of C.(X, fx) (this is where we use that
Ox = c is constant). We have two cases:

Case 1: t is in the path-connected component of c:

Since Hy is locally path-connected, there is a continuous path 5 : [0, 1] —
Hx with 5(0) =t and (1) = ¢. Let g : X — [0, 1] be a function with g = 0
on ¢(Y') and g = 1 outside of a compact containing ¢(Y’). By defining
f = B og outside of ¢(Y’), we obtain f € C.(X,60x). (f is continuous
because f =t = [ ogon d(p(Y’).)

Case 2: t is not in the path-connected component of c:

Since Hy is locally path-connected, its path-connected components are
clopen, and regularity of C.(X,60x) then implies that X (and thus also
Y = ¢(X)) is zero-dimensional. In particular, we could have assumed at
the beginning that Y is clopen, so simply set f = ¢ outside of ¢(Y”).

In any case, we obtain f € C.(X,0x) with f(¢(y)) =t and f(¢(yn)) = tn, so

X(Wn, tn) = Tf(yn) = Tf(y) = x(y,1). O

3.3.4 Non-vanishing bijections

Let X and Y be compact Hausdorff spaces, Hxy and Hy Hausdorff spaces, 0x €
C(X,Hx), 0y € C(Y,0y) and A(X) and A(Y) regular subsets of C.(X,0x) and
C.(Y, 0y ), respectively.

Definition 3.3.15 (|84]). We call a bijection T : A(X) — A(Y") non-vanishing if for
every fi,..., fn € A(X),

Nfi=bxl =2 = (Tfi=by]=2.

i=1 i=1

Proposition 3.3.16. If T : A(X) — A(Y) is a non-vanishing bijection, then T is a
1l -isomorphism.

Proof. First note that

flyg = [[#0]Ng#0x]=0 <= [[f=0x]U[g=0x]=X
<= every closed subset of X intersects [f = 0x] or [g = Ox].



3. DISJOINT CONTINUOUS FUNCTIONS 152

So from this and the fact that the sets [h = 0x] (h € A(X)) form a closed basis (and
Cantor’s Intersection Theorem), we obtain

fLlg <= Vh,...,h, € AX),

The last condition is preserved under non-vanishing bijections, and so 7" is a |-
isomorphism.

Now we show that f 1L ¢ is equivalent to the following statement: There are
finite families {a;}, {b;} and {c¢;} in A(X) such that

(1) Mijxlai =0x]N[b; = 0Ox] N[ey = Ox] = &;
(ii) a; L b, for all ¢ and j;
(i) f L b, fLek, gL a,and g L ¢ foralli, jand k.

Indeed, if f 1L g, by regularity and compactness one can take finite families {a;} and

{b;} satistying (ii) and such that supp(f) C U;[a; # 6x] and supp(g) C UU;[b; # Ox].
Then take a finite family {c;} such that (iii) is satisfied and such that

X\ (U[az‘ # Ox] U [b; # 9x]) C (Jlex # 0x],
irj k
which implies (i).

Conversely, if such families {a;}, {b,} , {cx } in A(X) exist, suppose = € supp(f)N
supp(g). By item (i), there is at least one of the indices i, j or k such that c(x) is
not equal to fx(z). Since z € supp(f), and f L b; and f L ¢ by (iii), the only
possibility is a;(x) # 0x(x) for some i. The same argument with g in place of f yields
bj(x) # Ox(x) for some j, contradicting (ii).

Therefore T is a 1l -isomorphism. O

Theorem 3.3.17. For every non-vanishing bijection T : A(X) — A(Y) there is

a unique homeomorphism ¢ : Y — X such that [f = 0x| = o(|[T'f = 6Oy]) for all
feAX).

Proof. By Proposition [3.3.16] we already know that 7" is a Ll -isomorphism, so let ¢
be the T-homeomorphism. Recall (Definition [3.1.1) that o (f) = int([f # 0x]) and
Z9%(f) = int([f = 0x]) for all f € A(X). Let us prove that

fla) = Ox(x) <= Vhy... h, € AX),
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n

if o ¢ o™ () then [k = 0x] N[f =0x] # @, (3.3.7)

=1

Indeed, for the “=" direction, assume that f(z) = 0x(z) and hq, ..., h, are such that
z & J;0%%(h;). Then x € (,[h; = Ox] N [f = Ox], and this set is nonempty.

For the converse we prove the contrapositive. Assume that f(z) # 6x(z), so
regularity and compactness give us hy,...,h, € A(X) such that x € Z% (h;) for all
iand X \ [f # 0x] C U,[h: # 0x], which negates the right-hand side of (3.3.7).

Since ¢(o% (Th)) = 0% (h) for all h € A(X) and T is non-vanishing, the condi-
tion of is preserved by T and therefore, ¢ has the desired property. O

3.4 Recovering known results

In this section we will recover several known results, some in greater generality than
in their original statements, dealing with different algebraic structures on classes of
continuous functions and their isomorphisms.

The general procedure we will use is the following: Suppose that X and Y are
locally compact Hausdorff spaces, Hx and Hy are Hausdorff spaces, 0x € C(X, Hy),
Oy € C(Y,Hy) and A(X) and A(Y) regular subsets of C.(X,0x) and C.(Y,0y),
respectively.

1. Describe the relation 1l with the algebraic structure at hand. In general, we
will first describe L and use it in order to describe L.

2. Given an algebraic isomorphism 7" : A(X) — A(Y) for appropriate classes of
functions A(X) and A(Y), the first item ensures that 7" is a L -isomorphism,
so let ¢ : Y — X be the T-homeomorphism.

3. Prove that T is ¢-basic. Let y be the (¢, T)-transform.
4. Ttems 1.-3. also apply to T, which is thus also a basic 1L-isomorphism.

5. Items 3. and 4. imply, by Proposition [3.3.6(a) and (b), that the sections x(y, )
are injective and in the case that A(Y") is regular, item (d) implies that x(y,-)
is also surjective.

6. If we have a classification of algebraic isomorphisms between Hx and Hy, this
classification will apply to each section x(y, -) of the (¢, T')-transform, by Propo-
sition [3.3.10L This will in turn describe T' completely.
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3.4.1 Milgram’s Theorem

In this subsection, we will always assume that X is a locally compact Hausdorff space,
H =R and 6 = 0 (the zero map from X to R). We denote C.(X,R) = C.(X,0) (as
in Definition [3.1.1). If Y is another locally compact space then C.(Y,R) is treated
similarly. Note that C.(X,R) is regular by Urysohn’s Lemma.

First, we present a well-known classification of continuous multiplicative isomor-
phisms of R (see [130, Lemma 4.3, for example). We present its proof for the sake of
completeness. Given ¢ € R, sgn(t) denotes the sign of ¢ (the sign of 0 is sgn(0) = 0).

Proposition 3.4.1. Let 7 : R — R be a multiplicative isomorphism. Then
(a) Given x € R, x > 0 if and only if 7(z) > 0;
(b) 7(—z) = —7(x) for all z € R;
(¢) The following are equivalent:

(1) T is continuous;

(2) T is continuous at 0;

(3) If 0 <z <1then0<7(x)<1;
(4) T is increasing;

(5) T has the form 7(x) = sgn(x)|z[? for some p > 0;
Proof. (a) Simply note that x > 0 if and only if z = y? for some y.

(b) If x = 0 this is trivial. If x # 0, then —x is the only number satisfying
(—2)?> = 2% and —z # .

(¢) The implications (5)=-(1)=(2) are trivial.

(2)=(3): If 0 < & < 1 then 2" — 0, so 7(2)" — 7(0) = 0 which implies
T(z) < 1.

(3)=(4) is immediate from (a) and (b).

(4)=(5): Letting p = logy(7(2)) > 0 (because 7(2) > 7(1) = 1), we have
7(29) = (29)? for all ¢ € Q. Thus the restriction of 7 to [0,00) is an increasing
map with dense image, hence surjective and continuous. Moreover, 7 coincides

with x — 2P on a dense set of [0,00), thus 7(z) = 2 for all x > 0 and thus for
all = by (b). O

We will now classify multiplicative isomorphisms from C.(X,R) and C.(Y,R).
Following the procedure outlined in page [153) we first describe L in multiplicative
terms.
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Lemma 3.4.2. If f,g € C.(X,R), then
fl g < JheCA(X,R) such that hf = f and hg =0 (3.4.1)

Proof. Indeed, first assume f 1L g, i.e., supp(f)Nsupp(g) = @. By Urysohn’s Lemma,
there exists h € C.(X,R) such that h = 1 on supp(f) and supp(h) C X \ supp(g).
Then h satisfies the condition (3.4.1).

Conversely, if there is h € C.(X,R) satisfying (3.4.1)), then » = 1 on supp(f)
and so f € h. As hg = 0 if and only if A L g, we conclude that f 1L g. m

Theorem 3.4.3 (Milgram’s Theorem, [130, Theorem A], for locally compact spaces).
Let X and Y be locally compact Hausdorff spaces and let T : Co(X,R) — C.(Y,R)
be a multiplicative isomorphism. Then there exists a homeomorphism ¢ 1Y — X, a
subset F' C'Y whose points are isolated in' Y and such that F N K s finite for any
compact K CY, and a continuous positive function p: Y \ F — (0,00) satisfying

T (y) = sen(F(6(w) £ (6(y)) P
forall f € C.(X,R) and y € Y \ F.

Proof. By Lemma T is a 1l -isomorphism, so let ¢ be the T-homeomorphism.
We prove that T' is ¢-basic in a few steps:

L. If f,h € C.(X,R), then f =1 on supp(h) if and only if Tf =1 on supp(Th):
To verify this, simply note that f = 1 on supp(h) if and ounly if fh = h, and
similarly for T'f. Since T' is multiplicative we are done.

2. If f,h € C.(X,R), then f # 0 on supp(h) if and only if T'f # 0 on supp(Th):
If f # 0 on supp(h), we can find g € C.(X,R) such that g = 1/f on supp(h).
Item 1. implies that TfTg = 1 on supp(Th), and in particular T'f # 0 on
supp(Th).

3. If f € Co(X,R) and y € Y, then f(¢(y)) # 0 if and only if T'f(y) # 0:

Assume f(¢(y)) # 0. Choose h € C.(X) such that ¢(y) € supp(h) C [f # 0].
Then item 2. implies that T'f # 0 on supp(Th), which contains y.

4. If f,g,h € C.(X,R), then f and g coincide an are nonzero on supp(h) if and

only if T'f and T'g coincide and are nonzero on supp(h):

This is an immediate consequence of item 1.

5. In particular, from 3., f(¢(y)) = 0 if and only if T f(y) = 0.
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6. If feC.(X,R)and y €Y, then f(¢(y)) =1 if and only if Tf(y) = 1:

Suppose this was not the case, say f(¢(y)) = 1 but Tf(y) # 1, and let us
deduce a contradiction. Take a neighbourhood Y’ of ¢(y) with compact closure.
In particular from 1., f is not constant on any neighbourhood of ¢(y), so there
is a sequence of distinct points y, € Y’ and r > 0 such that

() fly)" = 15
(i) |Tf(yn) — 1| > r for all n.

By Proposition B.3.13|(b), we can consider a tail of the sequence {y,}, if neces-
sary, and take a continuous function g : X — R which coincides with f™ on a
neighbourhood of y,, for each n. Property (i) allows us to consider another tail
of the sequence {y,},, if necessary, and change g by max(g,1/2), so we may
assume that g # 0 everywhere. Let u € C.(X,R) be a function with v = 1 on
Y’ s0 ug € Co(X,R) and ug = f™ on a neighbourhood of ¢(y,) for all n.

Let z be a cluster point of the sequence {y,},, so in particular T'(ug)(z) is a
cluster point of the sequence T'(ug)(y,) = T f(y,)", where this equality follows
from 4. Since [T'f(yn) — 1| > r > 0, the only possibility is T'(ug)(z) = 0, and

by 5. this means that 0 = (ug)(¢(2)) = g(¢(z)) (because z € Y'), contradicting
the fact that ¢ is nonzero.

We conclude, from 5. and 6. that T is ¢-basic. Let x : ¥ x R — R be the
T-transform.

Let F ={y € Y : x(y,-) is discontinuous}. We will now prove that FFN K is finite
for any compact subset K C Y. Otherwise there would be distinct y;,99,... € K
such that x(yn,-) is unbounded on every neighbourhood of 0, so we can consider a
strictly decreasing sequence t,, — 0 such that x(y,,t,) > n. Going to a subsequence if
necessary, we can construct, by Proposition 8.3.13] f € C.(X,R) with f(¢(ys)) = ta,
so T f(y,) > n for all n, a contradiction to the boundedness of T'f.

Now we show that F' is open: If z € F, then there is t € (0,1) with x(z,t) > 1.
Take f € C.(X,R) such that f = ¢ on a neighbourhood U of ¢(z). In particular
Tf(z) > 2, so there is a neighbourhood W of z such that T'f > 2 on W. Then for all
yeo (U)NW, x(y,t) =Tf(y) > 2,50y € F.

Therefore, F' consists of isolated points, since Y is locally compact. For y &€ F,
Proposition and Proposition imply that y(y,-) has the form x(y,t) =
sgn(t)[t[P™ for some p(y) > 0. Let U be any open subset of Y not intersecting F and
with compact closure. Take any function f € C.(X,R) with f = 2 on ¢(U). Then
fory e U,

2°W) = x(y,2) = x(y, f(¢(v))) = Tf(y)

so p(y) = logy (T f(y)) for y € U, showing that p is continuous on U. Since Y \ F' is
the union of such U we are done. O
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3.4.2 Group-Valued functions; Hernidndez-R6denas Theorem

Given topological groups G and H, denote by Abslso(G, H) the set of algebraic
group isomorphisms from G to H, and by Toplso(G, H) the set of topological (i.e.,
homeomorphisms which are) group isomorphisms.

Let X and Y be compact Hausdorff spaces and G a Hausdorff topological group.
In [84, Theorem 3.7], Hernandez and Rodenas classified non-vanishing group mor-
phisms (note necessarily isomorphisms) T : C(X,G) — C(Y,G) which satisfy the
following properties:

(i) There exists a continuous group morphism ¢ : G — C(X,G), where C(X,G)
is endowed with the topology of pointwise convergence, such that for all « € G
and all y € Y, T(t(a))(y) = o5

(ii) For every continuous endomorphism 6 : G — G and every f € C(X,G), T(0 o
f)="00(T)).

If T is a group isomorphism and 7! is continuous (with respect to uniform conver-
gence) then condition (i) is immediately satisfied, however this is not true for (ii):
For example, if Toplso(G, G) is non-abelian and p € Toplso(G, G) is any non-central
element, then the map T : C(X,G) — C(X,G) given by Tf = po f is a group
isomorphism, and a self-homeomorphism of C'(X,G) with the topology of uniform
convergence, which does not satisfy (ii).

In the next theorem we obtain the same type of classification as in [84, Theorem
3.7], without assuming condition (ii), however we consider only non-vanishing group
isomorphisms. Given a compact Hausdorff space X, a topological group G and a € G,
denote by @ the constant function X — G, = — a. We endow C(X,G) with the
topology of pointwise convergence.

Theorem 3.4.4. Suppose that G and H are Hausdorff topological groups, and X and
Y are compact Hausdorff spaces for which (X,1q,C(X,Q)) and (Y, 15, C(Y, H)) are
reqular.

Let T : C(X,G) — C(Y, H) be a non-vanishing group isomorphism (Definition
. Then there exrist a homeomorphism ¢ 'Y — X and a map w : Y —
Abslso(H, G) such that T'f(y) = w(y)(f(¢(y)) for ally € Y and f € C(X,G).

If T is continuous on the constant functions then each w(y) is continuous and T
is continuous on C(X, G). If both T and T~ are continuous on the constant functions
then w(y) € Toplso(H,G) and T is a homeomorphism for the topologies of pointwise
convergence.

Proof. By Theorem3.3.17]and Proposition[3.3.11] there is a homeomorphism ¢ : Y —
X such that T' is ¢-basic, and the sections x(y,-) : G — H of the (¢, T)-transform x
are group morphisms by Proposition [3.3.10l Similar facts hold for 7!, so Proposition
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implies that each section x(y,-) is bijective. Letting w(y) = x(y, -) we are done
with the first part.
Now note that for alla € G and y € Y,

w(y)(a) = w(y)(@(e(y))) = Taly)

which implies that every w(y) is continuous if and only if 7" is continuous on the
constant functions (because the map

G—-{a:aeG}CCX,G), a—a
is a homeomorphism). In this case, from the equality

Tf(y) =wly)(f(oly)  forall feC(X,G) and yeY,

we can readily see that T is continuous. The last part, assuming also that 7! is
continuous on the constant functions, is similar, using 7~ and w(y)~! in place of T
and w(y). O

3.4.3 Kaplansky’s Theorem

Let R be a totally ordered set without supremum or infimum, considered as a topo-
logical space with the order topology, and let X be a locally compact Hausdorff space.
We consider the pointwise order on C'(X, R): f < g if and only if f(z) < g(x) for all
x, which makes C'(X, R) a lattice: for all f,g € C(X,R) and = € X,

(f Vg)(x) = max(f(x),g(x)),  and  (fAg)(x) = min(f(z),g(z)).

Denote by Cy(X, R) the sublattice of bounded continuous functions from X to R.
We will consider sublattices A of C,(X, R) which satisfy

(L1) for all f,g € A, [f # ¢] is compact;

(L2) for all f € A, every open set U C X, every x € U and a € R, there exists
g € A such that g(x) =« and [g # f] C U.

Example 3.4.5 (Kaplansky, [98]). Suppose that X is compact and A is an R—norma]ﬂ
sublattice of C(X, R). Condition (L1) is trivial, so let us check that A satisfies (L2):
Suppose f, U, x and « are as in that condition. For the sake of the argument we
can assume f(z) < a. Let 8 be any lower bound of f(X), and from R-normality find
h € A such that h(z) = o and h = 8 outside U. Then g = f V h has the desired

properties.

SFollowing [98], this means that for any pair of disjoint closed sets F,G C X and «, 3 € R, there
is f € A which equals o on F and 8 on G.
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Example 3.4.6 (Li-Wong, [116]). Suppose that X is compact, R = R, and A is a
regular additive subgroup of C'(X,R), so (L1) is also trivial and again we need to
verify condition (I.2): Let f, U, z and « be as in (L.2). By regularity, take h such
that supp(h) C U and h(z) = a — f(x). Then g = f + h has the desired properties

We will now recover the main result of [98], The following lemma is based on
[158].

Lemma 3.4.7. Let A be a sublattice of Cy(X, R) satisfying (L1) and (L2), and let
fo be any element of A. Let Ay ={f € A: f> fo}. Then (X, fo, Asy,) is weakly
reqular and for f,g € Asy,,

(a) fLg <= fAg=fo (which is the minimum of Asy,);
(b) f € g is equivalent to the following statement:

“for every bounded subset H C A such that h C f for all h € H,
there is an upper bound k of H such that k C g.”

(K)
Proof. Weak regularity is immediate from (L2) and the fact that R does not have a
supremum, and item (a) is trivial. Let us prove (b). First suppose f € g and H C A
is a bounded subset such that h C f for all h € H. Let a € R be an upper bound of
Uney M(X). From weak regularity and compactness of supp(f), we can take finitely
many functions kq, ..., k, such that k; € g, and for every = € supp(f) there is some
i with k;(x) > a. Letting k = \/]_, k; we obtain the desired properties.

Conversely, suppose that condition (K) holds. Let « be any upper bound of
fo(X) and again take § > . Let # = {he€ Asp, :h<B,h C f}. Let k be an
upper bound of H with k£ C g. By Property (L2), we have o(f) = U,cro(h), so
k > p on o(f) and thus also on supp(f), which implies f € k. Since k£ C ¢ then
feg. O

As an immediate consequence of Lemma [3.4.7] and Theorem [3.1.13| we have the
following generalization of Kaplansky’s Theorem:

Theorem 3.4.8 (Kaplansky [98]). Suppose R has no supremum nor infimum, A(X)
and A(Y') are sublattices of Cp(X, R) and Cy(Y, R), respectively, satisfying conditions
(L1) and (L2), and T : A(X) — A(Y) is a lattice isomorphism. Then for any fo € A,
T restricts to a 1L-isomorphism of the reqular sublattices A(X)sys, and A(Y)srys,. In
particular, X andY are homeomorphic.

Our immediate goal is to prove that the homeomorphism between X and Y given
by Theorem does not depend on the choice of function fy in Lemma [3.4.7
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Lemma 3.4.9. Under the conditions of Theorem let ¢ 'Y — X be the
T|A(X)Zf0—homeom0rphism. If f,g € A(X)sy, then ¢ (int([f = ¢])) = nt([Tf =
Tg]).

Proof. We will use the superscript “f,” as in Definition |3.1.1] that is, for all f > fo.

o (f) =it([f # fo),  and  ZF(f) = int([f = fo]).

and similarly with 7' fy in place of fy. Then ¢ is the only homeomorphism satisfying
alo(f) = ¢(aT/o(Tf)), or equivalently Z/o(f) = ¢p(ZT0(Tf)), for all f > f;.

First, assume that f < g, and let U = int([f = g]). For all x € [f < g], choose a
function k, € A(X)>y, such that

o ol (k)N [f =g] = ;

o ky(z) = g(x);
o k., <g.

Then g = sup{f,k, : x € [f < g]}, and since T is a lattice isomorphism we obtain
Tg=sup{Tf,Tk,:x€[f <gl]}.

Let us prove that T'f(z) = Tg(z) for all z € ¢~ (U). Since U C Necr<g 70 (k,),
then ¢~ 1(U) C Necie<y ZTh(Tk,).

Given y € ¢~1(U), use property (L2) to find h € A(Y) such that h(y) = T f(y)
and h = Tg outside of ¢~ (U). Then h' = (Tf V h) A Tg is an upper bound of
{Tf, Tk, : z € [f < g]}, so it is also an upper bound of T'g, and in particular,

Tg(y) < ((hVTF)NTg)(y) =Tf(y) NTgly) <Tf(y)

so Tg(y) = T'f(y).
In the general case, if f = ¢g on an open set U then f = f Ag =g on U, so the

previous case implies that T f and T'g coincide with T'(f A g) on ¢~ 1(U). O]

Theorem 3.4.10. Under the conditions of Theorem there exists a unique
homeomorphism ¢ : Y — X such that ¢(int([T'f = Tyg])) = int([f = g]) for all
f,9 € A(X). (In this case we will still call ¢ the T-homeomorphism.)

Proof. For all fy € A(X), let ¢/°: Y — X be the T'| a(x)s ;,-homeomorphism. Given
fo, 90 € A(X), Lemma implies that ¢/0\% satisfies the property of the T| Ax)s s,

homeomorphism, which uniquely defines ¢/, and similarly for ¢%, so ¢fo = @forgo =
¢%. We are done by letting ¢ = ¢/ for some arbitrary f; € A(X). ]
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A natural goal now is to classify the lattice isomorphisms as given in Theorem
[3.4.10 Although at the moment we cannot prove that all lattice isomorphisms as
above are basic, this is true in some cases. A similar argument to the one used in the
proof of Theorem appears in [24], although in a different context (considering
lattices of possibly unbounded real-valued continuous functions on complete metric
spaces). See also [89, 90].

Theorem 3.4.11. Suppose that X and Y are first-countable (and locally compact
Hausdorff), that R = R with the usual order, and that T : C.(X,0) — C.(Y,0) is
a lattice 1somorphism. Then there are a unique homeomorphism ¢ :' Y — X and a
continuous function x : Y X R — R such that

Tf(y) =x(y, f(o(y))) forally €Y and f € Ce(X,0) (3.4.2)

and x(y,-) : R = R is an increasing bijection for all y € Y.

Proof. Suppose z € X and f(z) = g(z). Using Propositions [3.3.12| and |3.3.13(b), we
can find a sequence {x,}, of points in X converging to  and a function h € C.(X,0)
such that, for all n, h = f on some neighbourhood of xy, and h = ¢ on some

neighbourhood of x5, 1. Therefore, T'f will coincide with T'h on some neighbourhood
of ¢~ (zo,) for all n € N,

Th(¢~'(x)) = lim Th(¢™" (w20)) = lim Tf(¢™ (220)) = Tf(¢""())

n—oo n—o0

and similarly T'g(¢~(z)) = Th(¢~'(z)) = Tf(¢~'(x)), which proves that T is basic.
Therefore, there is a function ¥ : ¥ x R — R such that Equation is
satisfied. Every section x(y,-) : R — R is surjective, since C.(Y,0) is regular, and the
same argument with 77!, and Proposition imply that x(y, ) is also injective,
hence a bijection.
Proposition applied to the signature of lattices (with the binary symbol
“V” interpreted as “join”) implies that the sections x(y, ) are lattice isomorphisms of
R for all n, and in particular homeomorphisms. Theorem implies that y is
continuous (and 7" is a homeomorphism for the topologies of pointwise convergence.)
O

Example 3.4.12. There are non-first countable spaces for which the conclusion of
Theorem [B.3.6] holds.

Let 2 = w; U{w:} be the successor of the first uncountable ordinal. We extend]|
the order of w; to 2 by setting a < wy for all & € wy, and €2 is a compact Hausdorff
space with the order topology. If Z is any first-countable space, then any continuous
function f : Q0 — Z is constant on a neighbourhood of w;: Indeed, for every n € N

6The fact that wy & w; follows from the Axiom of Regularity, see [93] p. 3|.
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choose «, < wy such that |f(8) — f(w1)] < 1/n whenever 8 > «,. Letting a@ =
sup,, ,, we have oo < wy and f(5) = f(wy) for all 5 € [or, w]

Now suppose that R = R and T : C(Q2) — C() is a lattice isomorphism, and
let ¢ : Q — Q be the T-homeomorphism. Since w; is the only non-Gs point of €2, we
have ¢(wy) = wy. The previous paragraph allows us to identify the lattices

Ce(w) 2 {f € C(Q): f(w1) =0},

which then induces a lattice isomorphism 7|, : Ce(wi) = C.(wy). In this case, note
that ¢|,, is the T'|,,-homeomorphism. We can now prove that 7" is basic with respect
to ¢.

Let f,g € C(Q). If f(w1) = g(wq), then the first paragraph implies that f = g
on some neighbourhood of w; and thus T'f(wy) = Tg(wy). If f(a) = g(«) for some
a < wi, consider f € C.(w,0) given by

~ {f(x), if x < a,

0, otherwise,

and define g similarly. Since (—o0, o] is open in €, then

Tf(¢7Ha) =Tf(¢ () and  Tg(¢~'(a)) =TG(¢'(a)),

and since w; is first-countable, we use the previous example to conclude that

Tf(6™H () = Tg(o™ ()
so Tf(¢p ) =Tg(¢p (). Therefore T is basic (with respect to ¢).

In the case additive lattice isomorphisms of spaces of real-valued functions, we
do not require the first-countability hypothesis.

Theorem 3.4.13. Suppose R = R, and T : C.(X) — C.(Y) is an additive lattice
wsomorphism. Then there are a unique homeomorphism ¢ : Y — X and a unique
positive continuous function p : Y — (0,00) such that T'f(y) = p(y)f(P(y)) for all
felC(X)andyeY.

Proof. First note that for all f € C.(X), |f| = (fV0)—=(fA0),s0 T|f| =|Tf]. Let
¢ :Y — X be the T-homeomorphism, given by Theorem

Now suppose f(z) = 0 but T'f(¢~*(x)) # 0. First take a compact neighbourhood
U of x and r > 0 such that |T'f| > r on ¢~*(U). Moreover, f is not constant on
any neighbourhood of x, so there is a sequence of distinct points x,, € U such that
|f(x,)] < n~2 Using Propositions [3.3.12| and [3.3.13|(b), we can take a subsequence if
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necessary and consider g € C.(X) such that for all n, ¢ = nf on a neighbourhood of
T,. Then Tg = nT f on a neighbourhood of ¢~!(z,,), however

nr <nTf(¢p " x,) =nTg(¢p™ xy,),

which contradicts the fact that g is bounded.

Therefore T' is basic with respect to ¢, so let x be the T-transform. Each section
X(y,-) is an additive order-preserving bijection (Propositions [3.3.10[ and [3.3.6)) and
hence has the form x(y,t) = p(y)t for some p(y) > 0. If T'f(y) # 0, then f(o(y)) #0
as well and p =T f/(f o ¢) on a neighbourhood of y, thus p is continuous. O

3.4.4 Li—Wong Theorem

In [116], Li and Wong proved Theorem which can be seen as a generalization
of Theorem [3.4.13] We will proceed in the opposite direction, i.e., by proving their
result (or more precisely, the specific case where the domains are compact) instead
as a consequence of the more general Theorem [3.4.8]

Theorem 3.4.14 (Li-Wong [116]). Let X and Y be compact Hausdorff spaces, and
A(X) and A(Y) be two regular vector sublattices of C(X,R) and C(Y,R), respec-
tively. Suppose that T : A(X) — A(Y) is a linear isomorphism which preserves
non-vanishing functions, that is, for all f € A(X),

0 f(X) < 0e€Tf(Y).

Then there is a homeomorphism ¢ 1Y — X and a continuous non-vanishing function
p:Y — R such that T f(y) = p(y) f(p(y)) for all f € A(X) andy €Y.

Proof. In order to apply Theorem we need to modify T to obtain a lattice
isomorphism. Since A(X) is a sublattice, then for all f € A(X),

fT =max(f,0), f =max(—f,0) and |f|=f"+ f belong to A(X).

As A(X) is regular, we can take finitely many functions fi,..., f, € A(X) such
that for all x € X, f;(z) # 0 for some ¢, and therefore FF =3""  |fi| € A(X) and F
is non-vanishing, so T'F is also non-vanishing. We define new classes of functions

B(X)={f/F:feAX)}, and BY)={f/TF: feAY)}

It is immediate to see that B(X) and B(Y') are regular, and that B(X) is a sublattice
of C(X,R) because F' > 0. However we need to prove that B(Y) is a sublattice of
C(Y,R).

Let U = [TF > 0] and V = [T'F' < 0], which are complementary clopen sets in
Y, and 1y and 1y their respective characteristic functions. We first prove that for all
f e A(Y), we have fly € A(Y). Let k = sup,cy | f(y)]-



3. DISJOINT CONTINUOUS FUNCTIONS 164

Use regularity of A(Y"), compactness of U and the fact that A(Y") is a sublattice
to find a function u € A(X) such that v > k on U and v = 0 on V, and similarly
ve AY) with v < =k on V and v =0 on U. Then

Jlo=(f A (u—10)) VO € AY)

It also follows that fly = f — fly € A(Y). Therefore if b € B(Y') then b(TF),
b(TF)1y and b(TF)1y belong to A(Y), thus

(B(TF)1y v 0) | ((TF)ly A0)

(bVv0) = TF TF

e B(Y).
In general, if b,c € B(Y') then
bVe=0b+((c—=b)V0)eB(Y),

and therefore B(Y') is a sublattice of C(Y,R).

Now define a linear isomorphism S : B(X) — B(Y), S(f) = T(fF)/TF, which
preserves non-vanishing functions. Note that in this case, the constant functions at 1
on X and Y belong to B(X) and B(Y), and that S(1) = 1. Given a scalar ), linearity
and the non-vanishing property of S imply that, for all f € B(X),

A€ f(X) < f — \is non-vanishing
<= Sf — \is non-vanishing <= X & Sf(Y),

so f(X) = Sf(Y) and in particular f > 0 if and only if Sf > 0. Therefore S is
a lattice isomorphism, and we can apply Kaplansky’s theorem to find the
S-homeomorphism ¢ : Y — X. Now we need to prove that S is ¢-basic.

Suppose f(z) # 0 for a given = € X, and let us assume, without loss of generality,
that f(z) > 0. Then f > 0 on some neighbourhood U of z. Again using compactness
of X \ U and regularity of the sublattice B(X) we can construct a function g €
B(X) such that ¢ = 0 on some neighbourhood of x and ¢ > 0 on X \ U. Letting
f = f V g, we have fv = [ on_some neighbourhood of z, so Sf = Sf on some
neighbourhood of ¢~!(z). But f is non-vanishing, so Sf is also non vanishing and
in particular Sf(¢~!(z)) # 0. This proves that S is basic with respect to ¢. Letting
X : Y x R — R be the S-transform, we have that all sections x(y,-) are linear and
increasing (Theorem [3.3.10), hence of the form

x(y,t) = P(y)t

for a certain P(y) > 0. Denoting the constant function x — 1 by 1 (either on X or
Y'), then

P(y) =x(y, 1) = x(y, L(¢(y))) = S1(y) = 1(y) = 1.
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that is, x(y,t) =t for all t € R.
Finally, for all f € A(X) andy €Y,

710) = ()0 |5 (L) 0] = TP (1 5000 ) = g6

as we wanted. O
We can extend this result to the complex case as follows:

Corollary 3.4.15. Suppose T : C(X,C) — C(Y,C) is a linear isomorphism which
preserves non-vanishing functions. Then there is a homeomorphism ¢ : Y — X and
a continuous non-vanishing function p 1 Y — C such that T'f(y) = p(y)f(o(y)) for
all fe C(X,C) andy €Y.

Proof. Substituting 7" by S = T/T(1) if necessary, we may assume 7'(1) = 1. The
same argument as in the proof above implies T f(Y) = f(X) for all f € C(X,C), and
in particular the restriction of 7' to C'(X,R) gives us a linear isomorphism T'|c(xr) :
C(X,R) — C(Y,R) preserving non-vanishing functions. We apply Theorem
to this case to obtain p and ¢ satisfying T'f = p- (f o ¢) for all f € C(X,R). Since
C(X,R) generates C'(X, C) then the same formula is valid for all f € C(X,C). O

3.4.5 Jarosz’ Theorem

Throughout this subsection, we fix K = R or C. Given a locally compact Haus-
dorff space X, we let C.(X) be the Banach space of K-valued, compactly supported,
continuous function on X, where supports are the usual ones, i.e., supp(f) = [f # 0].

Theorem 3.4.16 (Jarosz [92]). If T : C.(X) — C.(Y) is a linear L-isomorphism,
then there exist a homeomorphism ¢ : Y — X and a continuous non-vanishing func-
tion p: Y — K such that Tf(y) = p(y)f(é(y)) for all f € Co(X) and y €Y.

Proof. First assume that X and Y are compact, and let us show that f # 0
everywhere if and only if T'f # 0 everywhere. Suppose otherwise, say f(x) = 0, and
we have two cases: first, if f is constant on a neighbourhood of x, this means that
Z(f) # @, and Theorem [3.1.12)implies that Z(T f) # @, and in particular T'f(y) = 0
for any y € Z(T'f).

In the second case, if f is not constant on any neighbourhood of z, we proceed
in the same manner as in Theorem [3.4.13} first find a sequence of distinct point
r, € X such that 0 < |f(z,)| < n~2. Propositions [3.3.12| and [3.3.13|(b) allows us to
take a subsequence if necessary and construct g € C'(X) which coincides with nf on
a neighbourhood of z, for all n. However, linearity and the L-preserving property
imply that T'g = nT f on some open set as well (Theorem , which contradicts
T f being bounded because sup,y [T f(y)| > 0.
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The result follows in this case from the Li-Wong Theorem (Theorem or
Corollary [3.4.15).

Now let X and Y be arbitrary locally compact Hausdorff. Given b €
Ce(X), set Ty, : C(supp(b)) — C(supp(Th)) as Ty f = (T'f")|supp(re), Where f’is any
element of C.(X) extending f. Note that T,f does not depend on the choice of f’,
since, for all f/, ¢ € C.(X),

f/|supp(b) = 9,|supp(b) < o(b) C [f, = 9/] < o(b) C Z(f/ - 9,)
= ob)No(f' —¢)=2 <= bL(f -7

and the last condition is preserved by T since it is an additive L-isomorphism (The-
orem [3.1.12).

Since f 1L ¢ if and only if f \Supp(b) AL glsupp(p) for all b, the previous case allows us
to obtain functions p® and ¢° such that T'f(y) = p*(y) f(¢*(y)) for all y € supp(Th).
Clearly, if b C ' then p|qupp@y = P* and ¢¥ [aupp) = ¢. Thus defining p and ¢ as
p(y) = p°(y) and ¢(y) = ¢#°(y) where b € C.(X) is such that y € supp(b) we obtain
the desired maps. O

3.4.6 Banach-Stone Theorem

We use the same notation as in the previous subsection. Given a locally compact
Hausdorff space X, endow C.(X) with the supremum norm: || f|c = sup,cy |f(2)-

Recall that, by the Riesz-Markov-Kakutani Representation Theorem (146, The-
orem 2.14]), continuous linear functionals on C.(X) correspond to (integration with
respect to) regular Borel measures on X. As a consequence, the extremal points 1" of
the unit ball of the dual of C.(X) have the form T'(f) = Af(z) for some z € X and
Al = 1.

Given f € C.(X), denote by N(f) the set of extremal points 7" in the unit ball of
the dual space C.(X)* such that T'(f) # 0. From the previous paragraph we obtain

fLlyg < N(f)NN(g) =2, (BS)
and the Banach-Stone Theorem is an immediate consequence of Jarosz’ Theorem.

Theorem 3.4.17 (Banach-Stone [164]). Let X and Y be locally compact Hausdorff
spaces and let T : C.(X) — C.(Y) be an isometric linear isomorphism. Then there
exists a homeomorphism ¢ Y — X and a continuous function p: Y — St for which

Tf(y)=pW)f(o(y) VfelC(X), VyeY.
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3.5 New results

3.5.1 L'-spaces of locally compact spaces

Let K = R or C be fixed. Given a topological space X, C.(X) will denote the
space of K-valued compactly supported continuous functions on X (the support of
f € C(X,K) is the usual one: supp(f) = [f # 0].)

We will say that a Borel measure p on a locally compact Hausdorff space X is
regular ([155]) if

o u(K) < oo for all compact K C X (i.e., we always assume regular measures are
locally finite);

e For every Borel F C X,

p(E) =inf{u(V): ECV, V open};

e For every open U C X with u(U) < oc;

p(U) =sup {u(K): K CU, K compact}.

and recall that the support of p is the set of points z € X whose neighbourhoods
always have positive measure. We say that p is fully supported (on X) is the support
of u coincides with X, i.e., if every nonempty open subset has positive measure.

Lemma 3.5.1. Let X be a locally compact Hausdorff space and i a fully supported
Borel measure on X such that every compact subset of X has finite measure. If || - ||1
denotes the corresponding L'-norm, then for all f,g € C.(X), f L g if and only if

IAf + Bglly = [Alllfl: + |Blllgl, VA, BeK

Proof. If f L g then |Af + Bg| = |A||f| + |Bl||g|, so the condition described above is
immediate.

Suppose f and g are not disjoint, say x € X is such that f(z) # 0 and g(z) # 0,
so up to nonzero multiples we may assume f(z) = g(z) = 1. In this case, there is an
open set U, and thus of nonzero measure under p, such that |f(y)—g(y)| < f(y)—1/2
for all y € U, so

U
I =l < [ 15 =gl [ st~ < U7+ gl 0

Theorem 3.5.2. Let X and Y be locally compact Hausdorff spaces with fully sup-
ported regular Borel measures pyx and py, and let T : Co.(X) — C.(Y) be a linear
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isomorphism which is isometric with respect to the L'-norms. Then there exists a
homeomorphism ¢ : Y — X and a continuous function p: Y — S such that

THy) = M%@@W@)

forall f € C.(X) andy €Y.

Proof. By the previous lemma, T is a |-isomorphism, so Jarosz’ Theorem (3.4.16))
implies that there is a homeomorphism ¢ : ¥ — X and a non-vanishing function
P:Y — C such that

T(f)y) =Py f(e(y),  forall feC(X)andyeY

Now using the fact that 7" is isometric, we have, for every f € C.(X),

dux = [ |Tflduy = | |P||fodlduy = | |Pod |fld(o,
/lelux /Y|f|uy /Y| 1 o Slduy /X| o1 fd(dupry)

and this means that | Po¢™!| is a continuous instance of the Radon-Nikodym derivative
dpx /d(dupiy). Since p = P/|P|:Y — S! is continuous, we obtain the result. O

3.5.2 Measured groupoid convolution algebras

In the next two results, we will focus on convolution algebras of topological groupoids.
First, we will consider measured groupoids in the sense of Hahn. See [77, 78, [146] 147
156]. Note that throughout this section we consider only regular measures. Initially,
given a locally compact Hausdorff topological groupoid G, we consider C.(G), the
space of real or complex-valued, compactly supported, continuous functions on G,
simply as a vector space (with pointwise operations).

Definition 3.5.3 (|[146], Definition 2.2|). A (continuous) left Haar system for a locally
compact Hausdorff topological groupoid G is a collection of regular Borel measures
A={\:2€G"} on G such that

(i) For each x € G A\ has support contained in G*;

(ii) (left invariance) For each a € G, \*@(aE) = X*(E) for every compact £ C
gs(a);

(iii) (continuity) For each f € C.(G), the map
g@%c,mH/ﬁW

1s continuous.
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We will not make any distinction of whether each \* is considered as a measure on G
or as a measure on G*. We say that A\ is fully supported if the support of A\* is all of
G* for all z € GO

Remark. It follows from condition (iii) above that if K is a compact subset of G,
then sup,cgo A" (K) < oo.

Example 3.5.4. If G is a locally compact Hausdorff topological group, a left Haar
system on G is the same as a left Haar measure on G.

Example 3.5.5. If X is a locally compact Hausdorff topological space, considered as
a unit groupoid, a left Haar system on X consists of measures p, supported on {z} for
x € X, and so can be regarded as a continuous non-negative function p : X — [0, 00).

Example 3.5.6. Let G be a locally compact Hausdorff topological group, acting
continuously on a locally compact Hausdorff topological space X. Let A be a left
Haar measure for G, and f : X — [0,00) a continuous G-invariant function (i.e.,
f(gz) = f(x) for all z € X and g € G). We define a Haar system (\, f) on G x X by

setting
N F)(A) = f@)A({g € G: (9,9 (x)) € A})
for all x € X (regarded as the unit space (G x X)®) and A C G x X.

Example 3.5.7. In contrast with the case of groups, we can have non-trivial Haar
systems without full support on groupoids. Let X = {a,b} be a set with two points
and G = X x X the coarsest equivalence relation on X. For all z € X and all A C G,
set A"(A) = #(AN{(z,a)}). Then A = {A*, X"} is a Haar system on G such that A"

is non-trivial and not fully supported for all z € X = G,
Left invariance of A implies that for all @ € G and f € C.(G*®)

/f )ANT@ /f@dx

and we can endow C.(G) with convolution product

o) = [ £s)g(s N s) = [ flatygte

which makes C.(G) an algebra.

Definition 3.5.8. Let G be a locally compact Hausdorff topological groupoid with
a left Haar system \. Given a regular Borel measure p on G, the measure induced
by w and A is the unique regular measure (A ® ) on G which satisfies

GemE) = [ X (E)d
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for every compact E C G. Note that this is well-defined because we are only con-
sidering continuous Haar systems, and the existence of A ® p is guaranteed by the
Riesz-Markov-Kakutani Representation Theorem ([I46, Theorem 2.14]).

If 1 is fully supported on G0 and X is a Haar system for a locally compact
Hausdorff groupoid G, then A ® u is fully supported on G: Indeed, if A C G is open
(and has compact closure, without loss of generality) then t(A) is open and nonempty
in G (J146], Proposition 2.4]), and for all x € t(A), ANG® is open and nonempty in
G®. Thus

A® p(A) = /(A) N(ANG )du(z) > 0

because we're integrating a strictly positive function on a set of positive measure.
The following lemma will allow us to verify if certain maps are groupoid mor-
phisms.

Lemma 3.5.9. Given a topological groupoid G with G Hausdorff and a,b € G, we
have s(a) = ¢(b) if and only if for every pair of neighbourhoods U of a and V' of b the
product UV is nonempty.

Proof. From the second condition one can construct two nets (a;); and (b;); (over the
same ordered set) converglng to a and b, respectively, such that s(a;) = t(b;), and so
s(a) = t(b) because G is Hausdorff. The reverse implication is trivial. O

Lemma 3.5.10. If A\ and u are continuous Haar systems on a locally compact Haus-
dorff topological groupoid G such that the Radon-Nikodym derivatives D¥ = exist

for all x € GO, then D is invariant in the sense that for all a € G and u*° a) almost
every g € G*@, D@ (ag) = D) (g).

Proof. Using invariance of y and ), we have, for every f € C.(G*%),
/f Dt(a Clt dﬂ a) /f -1 Dta )d/Lt(a< )

f(a™ts)dN @ (s F(t)dr@
-/ -/

which is the defining characteristic of the Radon-Nikodym derivative. O

Now we prove that the convolution algebra C.(G) together with the L!'-norm
coming from A ® p, where A is a (fully supported) Haar system on G and p is a fully
supported measure on G completely determines the triple (G, A, 1), up to isomor-
phism (compare to [136]). We denote by S! the circle group (of complex numbers
with absolute value 1 under multiplication).
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Theorem 3.5.11. Let G and H be locally compact Hausdorff groupoids. For each
Z € {G,H}, let Az be a fully supported Haar system on Z, and pz a fully supported
reqular Borel measure on Z©).

If T': C.(G) — C.(H) is an algebra isomorphism which is isometric with respect
to the L'-norms of \yz@uz (Z € {G,H}), then there is a (unique) topological groupoid
isomorphism ¢ - H — G and a continuous morphism p : H — St such that

where D is a continuous instance of the Radon-Nikodym derivative

AN
D(a) = —im(a)
d(gX )

and in this case, lig = O fip.

Proof. Again applying Lemma and Jarosz’ Theorem (3.4.16)), we can find a
homeomorphism ¢ : H — G and a continuous non-vanishing scalar function P such
that

Tf(h)=P(h)f(p(h)) for all f € C.(G) and h € H.

Let us check that ¢ is a groupoid morphism. Suppose (a,b) € H?), but such that
¢(ab) is not equal to ¢(a)@(b), which might a priori not even be defined By continuity
of the product on G or (depending on whether ¢(a)¢(b) is defined or not), find
neighbourhoods U and V of a and b, respectively, such that ¢(ab) € ¢(U)p(V).

Choose non-negative functions f,, f, € C.(#H) such that

supp(fo) CU, supp(fy) CV and fu(a) = fp(b) = 1.

Then ab € supp(f.fy), because Ay has full support and so

¢(ab) € supp(T~ ' (fufs)) = supp(T " (fo)T ' (f)) C supp(T " (fa)) supp(T'(f3))
= ¢(supp(fa))o(supp(fi)) € o(U)p(V),

a contradiction. Therefore ¢ is a morphism and a homeomorphism, thus a topological

groupoid isomorphism (Proposition [I.1.21)(d)).
If f,g € C.(G) and ¢ € H, then on one hand

T(f9)(c) = (T1To)(e) = [ THOTo(E N (0

gr(c)

- /m) P() f($(1) Pt )g((t ")) dN5y (1)
= [, PO IR 6) ol o). 5 ) )
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and on the other

T(fg)(c) = P(c)(f9)(¢(c)) = P(c) / F®)g(t o(c)) g (1)

Gx(e)

Now let f € C.(G?t(9)) be an arbitrary non-negative function. Define g €
Co(Gypis(e))) by g(t) = f(@(c)t™!). Extending f and g arbitrarily to elements of C.(G),
the equality above becomes

[ PGP PN 0 = PE) [ (o)
Go(x(e)) Go(x(e)

(3.5.1)
for all non-negative f € C.(G*()) and all ¢ € H. Define D : G — C (or simply R in
the real case) by
P(p~'(s))P(e~ () )

P(¢~*(x(s)))
Using Equation (3.5.1)) with y = t(¢) in place of ¢, we obtain

D(s)| f(3)2d(6 M) (s) = / () PAN ()

GoWw)

D(s) =

Gow)

for all f € C.(G*™), thus D is a continuous instance of the Radon-Nikodym derivative
d)\¢(y) d)\¢(t(c))
D(s) = - L (s) = L (s).

d(¢:AF,) d(p N5

Now applying this to Equation (3.5.1]), and using regularity of all measures involved,
we conclude that for )\Z(t(c))—a.e. s € Goe)

P(¢7(s))P(¢7"(s)"'c) = D(s)P(c)

and since all functions involved are continuous, and A2 has full support, the same
equality is actually valid for all s € G*t©). Equivalently, for all ¢ € H and all
t € H©, P(t)P(t~'c) = D(¢(t))P(c). Together with Lemma this implies
that the map p = P/(D o ¢) is a continuous groupoid morphism from H to the group
of non-zero scalars.

Now let us verify that g and ¢,y are equivalent measures. Suppose K C G
is a compact set with positive measure pg. For every z € K, choose any nonempty
open set A, in G* with compact closure (although A, is not necessarily open in
G). Letting E = |J,.x Az, We obtain a compact subset of G with positive measure
Ag ® ug. Using regularity of the measures, we can extend the formula T'(f) = P- fo¢
to characteristic functions of compact sets, and the resulting map will also be an
isometry. In particular,

(A ® ) (¢71(E)) = (Ag @ pg)(E) > 0
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sot(¢p ' (E)) = ¢ '(K) has positive measure p5. By inner regularity of the measures,
we conclude that ug is absolutely continuous with respect to ¢, 3, and the reverse
is similar.

As for the last part, let us denote by || - ||z the L'-norm with respect to Az ® uz
when Z € {G,H}. For all f € C.(G) we have

I = / ([ i) amn = [ ([ Ditroslas,) du

(o f\dX‘) d(6oti) ()

L (L,
([ 1woo >( 0 0) ) F0N506) ) do (o)
JAC

Y (* <¢*“”>< () LF5) ) dio(o)

[,
o
=

( i) o) |16t © )
dpig
and since
177 = 11 llg = /g Fld0g ® pg)
we obtain
lpoo~t = % ot (Mg ® pug)-a.e. (3.5.2)

Since p is a morphism then p(H®) = {1}, which, along with Equation (3.5.2) and
continuity of p, yields [p| = [pot| =1 on H. The same Equation (3.5.2) then also

implies pig = Qufiy. [

As an immediate consequence, when considering only locally compact Hausdorff
groups, we obtain:

Corollary 3.5.12. Let G and H be locally compact Hausdorff groups with Haar mea-
sures A\g and Ay, respectively, and C.(G) and C.(H) the respective (real or complex)
convolution algebras with L' metrics induced by A\g and Ag. If T : C.(G) — C.(H)
15 an isometric algebra isomorphism, then there are a topological group isomorphism
¢: H— G and a continuous character p on H such that

T f(h) = cp(h) f(oh)
for all h € H, where c is the constant such that \g = cA\(p ).
Remark. A stronger version of the corollary above, for L-algebras of locally compact
Hausdorff groups, was first proven by Wendel in [I75]. Further generalizations of

Wendel’s Theorem were proven in [I66] and [167], and closely results in [94] and
72
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3.5.3 (I,t)-Groupoid convolution algebras

In the next result we will again use the convolution algebras of topological groupoids,
however now we will consider another norm, which was already defined in the work
of Hahn (|78]) and played an important role in Renault’s work ([I46]). Let G be a
locally compact étale Hausdorff groupoid, K = R or C and 6 = 0, and let A be a Haar
system for G. Again, we will consider the convolution algebra C.(G) = C.(G,K) as
defined in the previous subsection.

Every fully supported left Haar system on an étale groupoid is essentially the
counting measure ([146, 2.7]), in the sense that for all a € G, \*¥({a}) > 0 and
the map a — A\ ({a} is constant on each set G¥, where z,y € G(¥: this follows by
computing

X ({r}) = X ({s(a)}) = N (a{s(a)}) = X9 ({a}).

We define the (7, t)-norm on C.(G) as

1= sup [ 171ax
z€G(0)
Note that this norm is always finite, by the remark succeeding Definition [3.5.3]
The unit space G of G is a closed unit subgroupoid, hence (trivially) étale,
Hausdorff and locally compact itself. The convolution product on C.(G®) coincides
with the pointwise product, and the (/,t)-norm is the uniform one:

1 fllee = 1flle = sup [f(@)],  Vf € C(G?).
zeg(®)
Moreover, G is also open in G (because G is étale), so we can identify C.(G®)
with the subalgebra {f € C.(G : supp(f) € GO} of C.(G).

Definition 3.5.13. The algebra C.(G®), identified as a subalgebra of C.(G), is
called the diagonal subalgebra of C.(G). If G and H are locally compact étale Haus-
dorff groupoids, an isomorphism 7' : C.(G) — C.(H) is called diagonal-preserving if
T(Ce(G?)) = Ce(H).

Theorem 3.5.14. Let G and H be locally compact Hausdorff étale groupoids with
continuous fully supported left Haar systems A\g and Ay, respectively, and T : C.(G) —
C.(H) a diagonal-preserving algebra isomorphism, isometric with respect to the (I,t)-
norms. Then there is a (unique) topological groupoid isomorphism ¢ : H — G and a
continuous morphism p : H — St such that

Tf(h) = p(h)D(¢(h))f(¢(h))
where D is a continuous instance of the Radon-Nikodym derivative

d)\f(a)
D(a) = —({lm(a)’
dg.Xy )
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Proof. By the Banach-Stone Theorem (3.4.17)), there is a homeomorphism ¢ : H® —
G and a continuous function P : H® — S! such that T'f(y) = P(y)f(¢(y)) for all
f € C(G9) and y € H. Since T is multiplicative we obtain P = 1. (The same
conclusion can be obtained in a similar manner by Milgram’s or Jarosz’ Theorem.)
For each z € G, let {a¥ : i € I} be a net of functions in C,(G) satisfying:

(i) 0 <af <1, and af(x) =1,

(i) () supp(ai) = {z};
(iii) If j >4 then [af # 0] C [af # 0].
[tems (ii) and (iii), and compactness of each supp(a¥) imply that {[af # 0] :i € I,}

is a neighbourhood basis at . For y € H® let a! = T(a?(y)) = af’(y) o ¢, so that the
net {a? : i € I} satisfies (i)-(ii) as well.

Continuity of g implies that for all z € G and f € C.(G), limics, [la f|l 1. =
S 1f(9)]d *(7), and similarly on H.

Given f,g € C.(G), we use Lemma to obtain

fLg < Vo(flge L glgein C(G"))
<= VaVA, B(lim ||aj (Af + Bg)||r. = im(|Al||ag f||1. + |Blllai g1,

and the last condition is preserved by T', so by Jarosz’” Theorem T is of the form
Tf(a) = P(a)f(¢(a)) for a certain homeomorphism ¢ : H — G and a non-vanishing
continuous scalar function P. We can readily see that P and ;j;are extensions of P
and ¢, respectively, so instead let us instead denote ¢ = ¢ and P = P.

The proof that ¢ is a groupoid isomorphism, and that P can be decomposed as
P = (Do¢)p for the (continuous) Radon-Nikodym derivative D and some continuous
morphism p : H — C\ {0} is the same as in Theorem [3.5.11] but the verification that
|p| = 1 is different.

Given y € H® and f € C.(G),

y o o y e P(y)
[orna = [ woiweolsesa = [ pes g

#(y)

Counsidering again the functions a;* and a, and the fact that 7" is isometric we

obtain

[ o6 A = tim T

1€1g(y)

— lim Haf(y)fHI,t:/‘f’dAZ(y)

1€1g(y)

for all f € C.(G), which implies that |p| = 1 A},-a.e. Since p is continuous and Ay is
fully supported, we conclude that [p| =1 on H. a
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3.5.4 Groups of circle-valued functions

A natural question in C*-algebra theory is whether we can extend isomorphisms of
unitary groups of C*-algebras to isomorphisms (or anti/conjugate-isomorphisms) of
the whole C*-algebras. Dye proved in [38] that this is always possible for continuous
von Neumann factors, however this is not true in the general C*-algebraic case, even in
the commutative C&SGE] (see Appendix . Therefore we should consider isomorphisms

between unitary groups which preserve more structure than just the product, such as
an analogue to that of Theorem [3.4.14

Theorem 3.5.15. Let X andY be two Stone spaces (Definition . Suppose that
T : C(X,SY) — C(Y,SY) is a group isomorphism such that 1 € f(X) <= 1 €
Tf(X). Then there exist a homeomorphism ¢ : Y — X, a finite subset F' C'Y whose
points are isolated (in'Y ) and a continuous function p : Y\ F — {£1} satisfying

Tf(y) = f(e(y))"W forally €Y \ F.
In particular, if X (and/orY ) do not have isolated points then F = &.

The following lemma, based on [116], will be crucial to the proof of the theorem.

Lemma 3.5.16. Suppose that X is a Stone space. For every pair of continuous
functions f,g: X — St and for every finite subset F C X such that f(F)Ug(F) does
not contain 1, there exists h € C(X,S') such that

h(z) & {f(x),g9(x)} for all x and h(F) = {1}.

Proof. For every point y € F', choose a clopen set U, containing y such that f(U,) U
9(U,) does not contain 1. For every other point z € X' := X \ U, Uy, there is a
clopen set U C X’ such that f(U)Ug(U) # S'. Using compactness of X’ and taking

complements and intersections if necessary we can find a clopen partition Uy, ..., U,
of X’ such that f(U;) U g(U;) # S* for all 7. Simply choose z; € S'\ (f(U;) U g(T5))
and define h = z; on U;, and h = 1 on UfeFUf. O

Proof of Theorem[3.5.15 For the notion of support we will use (Definition 3.1.1)), we
take § = 1, the constant function at 1, so regularity of C(X,S') is immediate.

Suppose that f L ¢ but that Tf Y Tg. By Lemma there exists H €
C(Y,S") such that H # Tf,Tg everywhere, but that 1 € H(Y). Let h = T7'H.
Then T(f~'h) and T'(¢g~'h) do not attain 1, which implies that f~'h and ¢g~'h do
not attain 1 as well. Thus

A (1) =XNa (1) = (1) Uug (1) nh (1)
= (g MNA @YUM NRTID) S (g )T U(FTR) () = 2.

"Recall that the unitary group of a commutative C*-algebra C'(X ), where X is compact Hausdorff,
is C(X,S).
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But (Th)~'(1) = H (1) is nonempty, contradicting the given property of T.

Therefore f 1 ¢ implies T'f L Tg, and the same argument yields the opposite
implication, so T is a L-isomorphism. Let A(X) and A(Y) be the subgroups of
order-2 elements of C'(X,S!) and C(Y,S'), respectively (i.e., the groups of continuous
functions with values in {—1,1}).

A(X) and A(Y) are also regular, since X and Y are zero-dimensional, and the
restriction T 4x) : A(X) = A(Y) is a IL-isomorphism, because L and 1L coincide
on A(X) and A(Y). Let ¢ : Y — X be the corresponding 7’| 4(x)-homeomorphism.

Let h € C(X,S!) be arbitrary. Since o(h) = Useaxyacno(a) and T is a L-
isomorphism, we obtain by Theorem that, for all h € C(X,S!),

¢a(Th) = |J ¢(0(Ta))= ] ola)=a(h)
a€A(X) acA(X)
aCh aCh
Since ¢ is a homeomorphism it preserves closures, from which it follows that 7" is also
a 1l -isomorphism, and ¢ is also the T-homeomorphism.

Claim: f(¢(y)) =1 = Tf(y) = 1.

Suppose f(¢(y)) # 1. Choose a function g € C(X,S") which coincides with f
on a neighbourhood of ¢(y) and such that 1 ¢ ¢g(X). Then 1 ¢ Tg(Y) and since
T f coincides with T'g on a neighbourhood of y then T'f(¢(y)) = Tg(¢p(y)) # 1. The
other direction is analogous, and thus we have proved the claim.

Therefore T' is basic. Let x be the T-transform, so that each section x(y, -) is an
automorphism of the circle. If x(y, -) is continuous then it has the form x(y, z) = 2P
where p(y) € {£1}. Let us prove that for all except finitely many y € Y, the section
X(y, ) is continuous.The following argument is adapted from [130].

Let FF={y €Y : x(y,-) is discontinuous}, and suppose that F' were infinite. By
Proposition there are countably infinitely many distinct points y,, € F' (n € N),
such that no y, lies in the closure of the other ones. We can choose a sequence z, — 1
such that x(yn, z,) lies in the second or third quadrantf] Define f(¢(y,)) = 24, f =1

8 To see this: Let arg : S' — (—m, 7] be a function such that z = e**2(%) for all z € S*. Suppose
7 is a discontinuous automorphism of the circle. Then there is a neighbourhood U of 1 such that
for every neighbourhood V' of 1, there is a point z € V for which 7(z) € U.

Take an integer k > 1 such that if ¢ ¢ U then |argt| > 7/k. Let V be any neighbourhood of
1 and z € V such that 7(z) ¢ U, so |arg(7(z))| > n/k. Choose a positive integer m such that

1 < |arg(7(2))| < 7, so in particular m < k. Since m > 1,

< 7 < mlarg(r(2))| = |arg(r(z™)| < ,

m
27 (m+1)
and the equality in the middle is allowed because m < k. Thus 2™ is an element of V™ C V¥ such
that 7(2™) is in the second or third quadrant. Since the sets V* (where k depends solely on 7 and

U) form a neighbourhood basis at the identity we are done.
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on the boundary of {¢(y,) : n € N} and extend f continuously to all of X. Let y be
an accumulation point of {y,}, so that in particular f(¢(y)) = 1. Then

Tfy) =xw1), Tf(y) = X(Yn; 2n)

But y is an accumulation point of the y,, and T f(y,) lies in the second or third
quadrant while 7' f(y) = 1, a contradiction to the continuity of T'f.

Therefore F' is finite, so now we show that it is open in order to conclude that
its points are isolated in Y. Let y € Y and choose 2y € S! of the form 2z, = € where
—m/4 <t < w/4, but such that x(y,z2) is in the second or third quadrant, so in
particular it is not zyp nor 2, ! Denote by z, the constant function at zo, we that

T(20)(y) = x(y, 20) # 20,20 -

Since T(z) is continuous, there is a neighbourhood U of y such that x(z, 29) # 20, 25 |
forall x € U, sox € F.

Therefore Y/ =Y \ F is also compact, and we already constructed the function
p: Y’ — {+1} with the desired property. To see that p is continuous, denote by i
the constant function x — ¢ and note that

P ) ={yeY :x(yi) =it ={y e Y : T(i)(y) =i} =T(1) (i)Y’

and similarly p~!(—1) = T'(:) "' (=) NY”, so these two sets, which are complementary
in Y, are closed and hence clopen. O

Example 3.5.17. As an easy example where the subset F© C Y in the previous
theorem is nonempty, let X =Y = {x} be (equal) singletons, and let ¢ : S* — S! be
a discontinuous automorphism of S!.

Consider map T : C(X,S') — C(Y,SY), T(f)(*) = t(f(x)) (in other words, T is
the function obtained from ¢ by identifying C(X,S') and C(Y,S') with S'). Then T
satisfies the hypotheses of the previous theorem but F =Y.

We now endow C(X,S') with the uniform metric:

doo(f,9) = sup | f(x) — g()]

reX
(which is the metric coming from the C*-algebra C'(X,C)).

Theorem 3.5.18. If X and Y are as above and T : C(X,S") — C(Y,S') is an
1sometric 1somorphism, then there is a homeomorphism ¢ : Y — X and a continuous
function p: Y — {£1} such that Tf(y) = f(¢(y))PY) for ally €Y.

Proof. We identify each A € S* with the corresponding constant map on X or Y. The
constant function —1 is characterized by the following two properties:
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o (-1)?=1

o If g3 = 1, then d(—1,9) € {1,2}.
Thus T(—1) = —1. A function f does not attain 1 if and only if do(—1, f) < 1,
so T preserves functions not attaining 1, and we apply Theorem [3.5.15| (or more
precisely its proof) in order to obtain a homeomorphism ¢ : Y — X, a func-

tion x : Y x S' — S! and a continuous function p : Y' — {—1,1}, where Y’ =
{y € Y : x(y,-) is continuous}, such that

Tf(y) = x(y: f(6(y))  and  x(y,t) ="V

forally € Y,y € Y and f € C(X,S!). It remains only to prove that Y’ =Y i.e.,
every section x(y,-) is continuous.

If \; — X in S! then we also have uniform convergence of the corresponding
constant functions, so

X, \i) =Ty = TNy = x(y, \)

thus x(y, ) is continuous for all y. O



Chapter 4

Partial actions of inverse semigroups

Partial actions of groups on C*-algebras (initially defined for Z in [47] and for general
discrete groups in [127]), are a powerful tool in the study of C*-algebras associated to
dynamical systems (|16}, 26, [52], 65], [71 [74]). In [35] Dokuchaev and Exel introduced
partial group actions in a purely algebraic context, and although this algebraic theory
is not yet as well-developed as its C*-algebraic counterpart, it has attracted interest
from researchers in the area due to important classes of algebras, such as graph
and ultragraph Leavitt path algebras, being described as (partial) crossed products
(72 [73]).

Groupoids are also being extensively used in order to study and classify similar
classes of algebras ([30]), since every partial group action on a topological space
induces a transformation groupoid ([I]), and every étale groupoids can be obtained
in this manner (|49, Proposition 5.4]). In fact, a categorical relationship between the
representation theories of groupoids and of inverse semigroups is described in [23].

In the C*-algebraic case, the algebras of transformation groupoids coincide with
crossed products of associated partial actions ([I]). However, in the algebraic case
only partial results of this nature had been obtained ([13] 34]).

In this chapter we will study partial actions of inverse semigroups, as defined in
[22]. They are a common generalization of both partial actions of groups and actions
of inverse semigroups. We will be mostly interested in partial actions on topological
spaces and algebras, although the same theory can be extended to other classes of
algebraic or geometric spaces. These allows us to construct groupoids of germs as in
[49] and crossed products associated to partial actions of inverse semigroups. These
constructions generalize transformation groupoids and the usual crossed products by
groups, respectively.

In this general setting, we prove that the Steinberg algebra of a Hausdorff
groupoid of germs is (naturally) isomorphic to a crossed product algebra for par-
tial actions of inverse semigroups (Theorem [£.4.32). This is a generalization of the
aforementioned results of |13, [34], and also an algebraic analogue of Abadie’s result

180
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in [I] in the general context of inverse semigroups.

Moreover, there are canonical constructions which allow us to build new actions
from partial actions of inverse semigroups (|49, 22]), and so we study the isomorphism
of the associated groupoids of germs and crossed product algebras. In particular, we
obtain algebraic analogues of some of the results of [129].

Orbit equivalence and full groups for actions of Z were initially studied by Gior-
dano, Putnam and Skau (|66, 67, 68]), and by Li in [I18| 117] for partial actions of
discrete groups. The notion of continuous orbit equivalence can be naturally extended
to partial actions of inverse semigroups. We also introduce and study a natural notion
of freeness for partial inverse semigroup actions (which is more restrictive than the
one in [53]). This notion corresponds to the associated groupoids of germs being topo-
logically principal. We also prove that two ample, topologically free partial inverse
semigroup actions are continuously orbit equivalent if and only if their corresponding
groupoids of germs are isomorphic.

4.1 Partial morphisms and partial actions

Definition 4.1.1. A partial morphism from an inverse semigroup S to a (not neces-
sarily inverse) semigroup 7 is a map 0 : S — T satisfying, for all s and ¢ in S,

(PM1) 8(5)0(s")6(s) — 6(s);
(PM2) 0(s)0(t)0(t*) = 0(st)0(t*);
(PM3) 6(s*)0(s)0(t) = 0(s*)0(st).
The following results can be found in [22], with different proofs.

Proposition 4.1.2. If 0 : S — T s a partial morphism from an inverse semigroup
S to a semigroup T, then

(a) For all s,t € S, 0(s)0(t) = 0(st)0(t*)0(t) = 0(s)0(s*)0(st);

(b) 0(E(S)) € E(T);

(c) Ife € E(S) and s € S, then 8(e)0(s) = O(es) and 0(s)0(e) = O(se);

(d) 0 is a morphism if and only if for all s € S, 0(s*s) = O(s*)0(s).
Proof. (a) We have

(PM1)

0(s)0(t)

and the other equality is similar
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(b) If e =¢* € S, then

so B(e) € E(T).
(b) If s € S and e € E(S) then

PM1

YEY he)h(es) < 0(e25)0((es))b(es) = Bes)

8(e)0(s) 2 0(e)%0(s)
(c) If 6 is a partial morphism satisfying the latter condition, then for all s,t € S,

(PM1)

0(s)0(t) < (s)0(t)0(1) = 0(s)0(tt) L B(st)8((st)")A(stt*t) o(st). O

Partial morphisms between inverse semigroups can be determined in terms of the
order structure (page [16).

Proposition 4.1.3. A map 0 : S — T between inverse semigroups is a partial mor-
phism if and only if for all s,t € S,

(i) 6(s*) = 0(s)";
(ii) 6(s)0(t) < 0(st);
(111) 0(s) < 6(t) whenever s < t.

Proof. First assume that 0 is a partial morphlsm Property (i) follows from (PM1);

(ii) follows from (i) and [£.1.2fa); and (iii) is a consequence of [£.1.2b) and (c).
In the other dlrectlon suppose (i), (ii) and (iii) are satisfied. Then (PM1) is
immediate from (i). As for (PM2), we have

0()0(D)0(") < 6(st)0(1)

and conversely

D (st)O(ENODOE) S B(stIODOE) < 6()0()O(E). O

=
Natd

0(st)o(t")

The easiest way to construct partial morphisms which are not morphisms is by
restriction.

Example 4.1.4. Let § : S — T be a morphism of inverse semigroups, and let
u € E(T). Define 0" : S — T by 0“(s) = uf(s)u. Then 6“ is a partial morphism,
called the restriction or compression of 0 to u.
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Definition 4.1.5 ([22]). A partial action of an inverse semigroup S on a set X is a
partial morphism 6 : S — Z(X). If 6 is a morphism we call it a global action.

If we need to make the domain and codomains of each map 6, explicit, we will
write 0 = (05 : X« — X)ses-

The main difference between a partial and a global action is how the product and
order of the semigroup are preserved. According to Proposition [4.1.3] an equivalent
way to define a partial action 6 on a set X is by providing a collection {f,} s of
partial maps on X which satisfies

o If () is defined then 04 (0s(x)) is defined and equals z;
o If 6,(05(x)) is defined, then 0;5(x) is also defined and equals 6,(0,(x));

o If 0 (x) is defined and s < ¢, then ;(x) is also defined and equals 6,(x);

Convention: Whenever 6 : S — Z(X) is a partial action of an inverse semigroup S
on a set X, we will denote 6(s) = 6, and by X’ or simply X,- when there is
no risk of confusion, the domain of 6.

Example 4.1.6. Let 6 : S — Z(X) be a global action (that is, a semigroup mor-
phism). If A C X, we define 64 : S — Z(A) by letting (64)s be the restriction of 6,
to ANG;H(X,N A). Then 64 is a partial action of S on A.

Note that if id 4 is the identity function of A, then (64)s = id4 6, id 4, so enforcing
our identification that idempotents of Z(X) are the subsets of X, 04 is precisely the
compression of 6 to A (Example [4.1.4).

There are also slightly different ways of describing partial actions of inverse semi-
groups (see Proposition 3.3 and 3.4 [22]), but we will mostly use the description of
413

Proposition 4.1.7. If 0 : S — Z(X) is a partial action, then for all s;t € S,
(a) if s <t then X, < Xy;
(b) 0,( X NXy) = XN X
(c) XsN Xy = Xpes N X35
(d) X C Xy
Moreover, 6 is a global action if and only if X = X5 for all s.

Proof. (a) If s <t then s* < ¢*, so by Proposition [£.1.3] 6, < 6, and in particular
the domain X of 0, is contained in the domain X; of 0.
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(b) For all s,t € S, the domain of 6, o , is contained in X, and also 6, 0 0, < 0y,
so comparing their domains we obtain

0.1 (XN Xpe) C© Xoo N X (g (4.1.1)
Using 6;! = 6, and substituting s by s* and ¢ by ¢* in Equation (4.1.1) yields
0( X N X3) C XN Xt (4.1.2)

Now substituting ¢ by (st)* in Equation (4.1.1)), and applying 65 on both sides
yields
Xs N Xst g QS(XS* N X(t*s*s)* g QS(XS* N Xt)a

where the second inclusion follows from item (a).
(¢) Using (b), we compute
XS ﬂ Xt - Qt(et*(Xt ﬂ XS)) - Qt(Xt* ﬂ Xt*s) - Xt ﬂ Xtt*S'
(d) Using (b),
X = 05* (Xs N Xs) = X N Xy © X
Suppose now Xy = Xy, Then for all x € Xy = X,
Oss(1) = 2 = 04:04(x),
that is, Og«s < 05405 < 45, 50 0 is global by 4.1.2(d). O

In the cases where X has some extra structure (topological and/or algebraic)
we will be mostly interested in partial actions that preserve this structure to some
degree, which is what we will consider in subsequent sections.

4.2 Topological partial actions and groupoid of germs

4.2.1 Topological partial actions

Definition 4.2.1. A (non-degenerate) topological partial action of an inverse semi-
group S is a partial action € of S on a topological space X which satisfies:

(i) Forall s € S, X is an open subset of X and 6, : X« — X is a homeomorphism;

(11) X = UsES Xs'
Since X C X, for all s, (ii) can be substituted with

(i) X = Ueens) Xei
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and we end up with an equivalent description of topological partial actions. Condition
(ii) is usually called non-degeneracy, and it is more suitable to assume this as a
necessary condition on all the partial actions we consider. If only (i) is satisfied
then we can always substitute X by |J, ¢ X and obtain a non-degenerate topological
partial action of S.

The next theorem shows that partial actions on locally compact Hausdorff spaces
can always be lifted to actions on zero-dimensional spaces. This is an equivariant
version of the well-known fact that every compact metrizable Hausdorff space is the
continuous image of the Cantor set ([4]). A proof of an analogue result for groups
actions is given in [64].

ses

Theorem 4.2.2. Let X be a locally compact Hausdorff space and 6 a topological
partial action of an inverse semigroup S on X. Then there exist

e a zero-dimensional, locally compact Hausdorff space €;
e a topological partial action o = (a5 : € — C)ses of S on €; and
e a continuous surjection ™ : € — X;
such that m1(X,) C € and for all c € 7 1(X,)
m(as(c)) = Os(m(c)).
This is usually stated as 6 being a factor of a.

Proof. Let B be the generalized Boolean algebra of regular open subsets of X with
compact closure. Let € = ¥p(B), the topological space of ultrafilters on B (as in
non-commutative Stone duality). Recall that a basic open subset of € has the form

Ul={Fec€:UcecF}
for some U € B. Also recall that joins and meets in B are given by
UVV =int(UUV), UANV =UnNV.

For every ultrafilter /' € €, the intersection ﬂUGFU is nonempty, because F'
satisfies the finite intersection property, and is actually a singleton because F'is prime

(see[1.4.18). Thus we can define a map 7 : € — X satisfying {7 (F)} = N, ep U.
We first note the following property:

If Fe€ and wn(F)eUeB, then Ue€F. (4.2.1)
Indeed, suppose w(F') € U. Let V € F be arbitrary. Then

V=(VAUVV\U),
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where “\” is the usual set difference. Since 7(F) does not belong to (V' \ U) then

V\U ¢ F, so primeness implies V AU € F and therefore U € I as well since F is a
filter.

If U € B, then Property (4.2.1) implies that 7—!(U) = [U], which is open in €.
Since B is a basis for X then 7 is continuous.

If z € X, then the family {U € B:z € U} is a filter on B and therefore is
contained in some ultrafilter F' € €, which necessarily satisfies m(F') = = because

{n(F)}=Uc () U={a},

UeF zelUeB

and therefore 7 is surjective.
Define a partial action 6 of S on B by setting, for all s € S,

e B,={U e€B:UC X,}; and
o 0,: By — By, 6,(U) = 6,(U).

Note that each set B, is an order ideal of B, and that 53 : By« — B, is an order
isomorphism.
Given s € 9, set

o &, ={FeC: FNB;# o}, and
. aS(F):{UGBzgs(V)gUfor someVEFﬂBS*} for all F € @,

Note that a,(F) is a proper filter on B for all F' € €., so let us verify that it is prime.
Suppose Uy VU, € ag(F). Then there is V € F'N By« such that 6,(V) C Uy V Uy, ie.,

(VAO(U))V (V AGu(Us)) =V € F,

hence primeness of F implies that V; := V A 0, (U;) € F for some i € {1,2}. Since
V; C V and B, is an order ideal then V; € F N B, and moreover @;(Vi) C U, so
U; € as(F). This proves that o (F) is prime.

Therefore we obtain a partial action o = (a, : € — &), g. Given s € 5,

UeBs

is open in €. Let us verify that «a, is continuous for all s € S. Suppose F' € &€,. Given
seS, FeCand U € B,

as(F) € [U] < 3V € Bsuch that V € F, V € By and 6,(V) C U
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which means that

S

o () = {[V] LV € By and 6,(V) C U}

an open subset of €, thus «; is continuous. This proves that « is a topological partial
action of S on €.
Property (4.2.1)) also implies 7 1(X,) C €,. If F € 7~ 1(X,),

) = () a0 - b, (m U) _ ()}

UeF UeF
which is the final desired property for a. O

Example 4.2.3. Let G be an étale, locally compact Hausdorff groupoid, and denote
by B(G) the semigroup of open bisections of G.
The canonical action of B(G) on G is defined as 7 = (7 : s(U) — (U))veng)

where 77 : §(U) — tv(U) is the homeomorphism 7y = vos|;'. In simpler terms,
Ty(s(a)) = t(a) whenever a is an arrow in G with s(a) € s(U).

Let us prove that 7 is a global action, that is, that 7y = 7y o 7y for any
U,V € B(G): We have

7' (s(V)) ={z €s(V) :e(s |y (2)) €s(U)} = {z €s(V) :w €sv(x(s(U))}
—!%(Vﬁt H(s(U))) =s(UV)

In other words, the domains of 7 and of 7y o 7, are the same. For every
z €s(UV), take a € U and b € V such that x = s(ab). Then

v (z) = t(ab) = t(a) = 10(s(a)) = 1w (x(b)) = 1w (1v(s(0))) = T (7v ().

4.2.2 l-preserving partial actions

Theorem 4.2.4. Suppose (X, 0, A) is weakly reqular and a = (ag : Iy —
I)ses is a partial action of an inverse semigroup S on A such that

(i) I is a Ll -ideal of A;
(i1) as: Iy — I is a LL-isomorphism.

Then there exists a unique collection of homeomorphisms 0 : Us« — Uy (s € S) such
that

(1) For all s € S, Ug is open in X and 0, : Ug« — Uy is a homeomorphism;

(2) I - I( ) - {f € A Supp( ) g Us};
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(3) for all f € I, 8;(supp(f)) = supp(cs(f))-

In this case, § = (05),.4 @5 a topological partial action of S on X. Moreover, o is a
global action if and only if 0 is global.

Proof. As in Theorem [3.2.6] we associate to every Ll-ideal I of A the open set

U(l) = Jo(f) = [Jsupp(s),

fer fel
which yields an order isomorphism [ +— U(7) with inverse
U= 1(U)={f € A:supp(f) CU}.

For every s € S, let Uy = U(/y), so that [, = I(Us) is the L -ideal associated to
Us. We identify I, with the class

A(Us) = {f

via the map I, — A(Uy), f — f|uv., which preserves 1. Moreover, (Us,0
is weakly regular, so a, can be seen as a L -isomorphism

v, : supp(f) € Us}

Us> A(Us))

Qg . A(US*) ~ [8* — [s >~ A(US)

and by Theorem [3.1.13] there exists a homeomorphism 6 : Uy — U, satisfying, for
all f € Iy,
05+ (supp as(f)) = supp(f)
Switching s by s*, and substituting f by as(f) we obtain properties (1)-(3) for 6.
To verify that 6 is a partial action, we will need the following: for all s,t € S

and f € A,

supp(f) C U(a; ' (I- N 1)) <= f€a; ' (I+N1I)
<~ fel and «ff) € I

<= supp(f) C U= and Oy(supp(f)) = supp(a(f)) C U
<= supp(f) C 6, (U~ NU,),

and therefore
U(o; (I N 1) = 6, (Us- N Uy). (4.2.2)

It remains only to prove that 6 is a partial action. For this let us verify that the
conditions of Definition E.1.1] are satisfied.
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(i) Given s € S, the map 0, o 0, : Uy — Uy is a homeomorphism, and for all
f € A(US*)7

05+ (05(supp(f))) = O (supp(a(f))) = supp(asas(f)) = supp(f)

so weak regularity of A(Us~) implies that 6, o 6, = idy_.. This is enough to
conclude that (f) = (05)* (because these functions have opposite domains and
codomains).

(ii) Let s,t € S. Since a; *(I,N1;) C I(s)+, and by Equation (4.2.2)) we have
9;1<Us N Ut) C U([(st)*) = U(St)*7
and by property (2) we obtain that, whenever supp(f) C 0, *(U, N U),

05(0:(supp(f))) = Os(supp(f)),

so weak regularity again implies that 6,0, < 0.

(iii) Suppose s < t in S. Then I, C I+ and since the map [ — U([) is an order
isomorphism (Theorem [3.2.6(c)), Us C Uy+. For all f € [,

0s(supp(f)) = supp(as(f)) = supp(a:(f)) = O:(supp(f))

so weak regularity once again implies that 0,(z) = 0,(x) for all x € Us, so
s < 6,.

Now note that « is global if and only if for all s,¢, Iy« C o Y(I- N I). By
Equation (4.2.2)), this is equivalent to

Usny- € 0, (Uss N Uy)

which happens if and only if # is a global action. m

4.2.3 Groupoid of germs

Groupoids of germs were already considered by Paterson ([I35]) for localizations of
inverse semigroups, and for canonical actions of pseudogroups by Renault ([148]).
In [49], Exel defined groupoids of germs for arbitrary actions of inverse semigroups
on topological spaces in a similar, albeit more general, manner than both previous
definitions of groupoids of germs.

The objective of this section is to construct a groupoid of germs associated to
any partial action of an inverse semigroup in a way that generalizes both groupoids
of germs of inverse semigroup actions, and transformation groupoids of partial group
actions.
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Let 6 be a topological partial action of an inverse semigroup S on a topological
space X. We denote by S %y X = S % X the subset of S x X given by

Sx X ={(s,z) e SxX:zxeXs}.

and define the following equivalence relation ~ on S * X: for every (s,x) and (¢,y)
in S*X

(s,x) ~ (t,y) <= x =y and Ju € S such that u < s,t and v € X,».  (4.2.3)

We say that the equivalence class of (s,x) is the germ of s at x, and we denote it by
[s, ].

Remark 4.2.5. Notice that if (s, ), (¢,y) € S * X then
(s,xz) ~ (t,y) <= x =y, and Je € E(S) such that x € X, and se = te. (4.2.4)

Indeed, if u satisfies the condition in Equation (4.2.3)), take e = v*u. Then z € X, C

T+, and e satisfies the condition in Equation (4.2.4)).
On the other hand, if e satisfies (4.2.4), letting u = se = te yields the desired

properties of (4.2.3)).

Remark 4.2.6. If u < sin S and x € X+, then z € X and [s, 2] = [u, z].
Lemma 4.2.7. Suppose (s,z) € S X. Then

(a) (s*,05(x)) € S*X;

(b) if (t,y) € S* X and 0;(y) = x, then (st,y) € S * X.
Proof.  (a) Since 0,(z) € X, = X (g then (s*,0,(z)) € S * X.

(b) By assumption, y = 0+(z) € 04 (X, N X)) C X0+ O

Lemma 4.2.8. Let (s1,x), (s2,x), (t1,v), (t2,y) € S* X with [s1,x] = [s2, ], [t1,y] =
[ta,y] and 0y, (y) = x. Then

(a) bs,(2) = 0, (x) and 6,,(y) = 0, (y) = @;
(b) [sit1,y] = [sat2, 9],
Proof. Take u < s1, 89 and v < tq,ty with x € X« and y € X .
(a) Since u < 51,89 and x € X« then by Remark
Os,(z) = 0,(x) = b5, (2)

and similarly 0,,(y) = 0,(y) =0, (y) =z
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(b) We have uv < s1t1, sato, and since 0,(y) = 6;,(y) = x € X+, then
Yy = 91}* (l’) S 07}* (XU N Xu*) g X(uv)*a
which proves that (s1t1,y) ~ (sat2,y). O

Definition 4.2.9. If 6 is a topological action of an inverse semigroup S on a topo-
logical space X, we let

SxgX ={[s,z] :s€S,veXs}=(S%X)/ ~
be the set of germs. We call S xy X (or S x X for short) the groupoid of germs of 6.

To describe the groupoid structure of S x4 X, we define the set (S x X)@ of
composable pairs as

(8 x X)) = {([s,2], [t,y]) : @ = bu(y)} ,

(note that 6;(y) depends only on the class [t,y], by Lemma [£.2.§(a)). Given a com-
posable pair ([s, 2], [t,y]) € (S x X)®, define the product as

[s, z][t, y] = [st, y],

which is well-defined by Lemma[4.2.§|(b), and it is routine to check that this operation
defines a groupoid structure on S x X. The inverse of [s,x] € S xy X is

[57 x}_l = [S*v 95($)]

and the unit space of S x X is {[e,z] : e € E(5),z € X;}. We would now like to
endow S X X with an appropriate topology.

Lemma 4.2.10. For every s € S and U C X+, let
s, U] ={[s,2] e Sx X :x € U}.

The collection Bgerm of all sets of the form [s, U], where s € S and U is an open subset
of Xg«, is a basis for a topology on S x X

Proof. Using the definition of germs (Equation [4.2.3), we obtain
s, UIN[EV] =k UnVNX,]
u<s

u<t

whenever s,t € S, U C X, and V C X+, hence the desired result. O
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Proposition 4.2.11. S x X s a topological groupoid with the topology induced by
the basis Bgerm-

Proof. Let m : (S x X)® be the product map, and suppose u € S, U C X,-. Let us
prove that

m~([u,U]) = U {([5:; Xo:] x 1, UNXp]) N (S x X)®) 5.t € S and st < u}
(4.2.5)
Indeed the inclusion “D” is immediate from the definition of the product, so assume

([s, ], [t,z]) € m™'([u, U]). This means that there exists v < st,u such that x € X,
and [st, x] = [v,z] = [u, x], and thus

([s, 9], [t, 2]) = (s, 9l [tv*o, 2])

which belongs to the set in the right-hand side of Equation (4.2.5). This proves the
reverse inclusion and it follows that m is continuous.
Now, note that whenever s € S and U C X,

[87 U]_l = [8*7 QG(U)L
so continuity of the inversion follows immediately. O]

From now on, we always consider S x X with the topology induced by the basis

Bgerm as in Lemma [4.2.T0

Proposition 4.2.12. The groupoid S x X is étale, and each basic open set [s,U],
where s € S and U C X« us open, 1s a bisection of S x X.

Proof. Given s € S and U C X+ an open set, the source map on [s, U] is given by
s:[s,U] = [s"s,U], [s,z]— [s"s,x]

and injectivity is immediate by the definition of germs in Equation (4.2.3).

In particular, s([s, U]) = [s*s, U] is open in (S x X)©®. Any basic open subset
of [s,U] is of the form [s,V] where V' C U, so s([s,V]) = [s*s, V] is open in (S x
X)), Therefore the source map is a local homeomorphism and S x X is étale.
The verification that the range map is a homeomorphism from [s, U] to its image is
similar. O

The unit space (S x X)© of S x X can be naturally identified with X under the
correspondence

¢:(Sx X)X, geal)=z (e E(S)) (4.2.6)
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To check that this map is injective, just note that if ¢([e, z]) = o([f,y]) (e, f € E(S5)),
then x =y and 2z € X, N Xy C Xy, so [e,z] = [ef,z] = [f,z] by the definition of
germs. A basic open set of (S x X)© has the form [e, U] for some e € E(S) and
U C X, open, and

¢([e,U]) =U
so ¢ takes basic open sets of (S x X)© to basic open sets of X, and is therefore a
homeomorphism.

Since the source and range maps of S x X are given by s[s,z] = [s*s,z] and
t[s, x] = [ss*, 0s(z)], then enforcing this identification we will write
s[s,z] ==z and t[s, x] = O4(x).

Moreover, if Z is a basis for the topology of X, then a basis for S x X consists
of those sets of the form [s, U] with U € #. Hence, if X is totally disconnected then
the collection of sets of the form [s, U] with U compact-open subset of X, is a basis
for S x X.

Corollary 4.2.13. If X is a zero-dimensional, locally compact Hausdorff space then
S x X is an ample groupoid.

Example 4.2.14. Following Paterson ([I35]), a localization consists of an action 6
of an inverse semigroup S on a topological space X such that {X; : s € S} is a basis
for the topology of S. The groupoid of germs in the sense of Paterson coincides with
the definition above of groupoids of germs.

Example 4.2.15. Let X be a locally compact Hausdorff space. The canonical action
of Z(X) on X is the action 7 given by 7, = ¢ for all ¢ € Z(X). A pseudogroup on
X is a sub-inverse semigroup of Z(X) whose elements are homeomorphisms between
open subsets of X.

Let B be a basis for the topology of X, and for each B € B consider its identity
function idg : B — B.

Given a pseudogroup G on X, let GB be the sub-inverse semigroup of Z(X)
generated by G U {idg : B € B}, which is again a pseudogroup on X, and in fact the
canonical action of GB on X is a localization.

The groupoid of germs of G in the sense of Renault ([148]) coincides with the
groupoid of germs GB x X defined above.

The following are natural and well-known examples of constructions which are
possible with groupoids of germs (and already appear in some form in [I61]).

Example 4.2.16 (Transformation groupoid). In the case that S is a discrete group,
the equivalence relation on S« X is trivial and the topology is the product topology,
that is, S x X is the transformation groupoid, and in particular it is Hausdorff if and
only if X is Hausdorff.
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Example 4.2.17 (Maximal group image). An easy example is the case when X is a
singleton set on which S acts trivially, that is, 6, is simply the identity on X for all
s € S. Tt is then straightforward to see that S x X is the maximal group image G(5)
of S (see [I35] or Section |4.5|for the definition of G(S5)): two elements of S ~ S x X
have the same germ if and only if they have a common lower bound, which is how we
define G(95).

Example 4.2.18 (Restricted product groupoid). Another example is the case X =
E(S) with the discrete topology, and 6 is the Munn representation of S ([132]):
Xs={e€ E(S):e<ss*} and Os(e) = ses* for all e € X,-.

Now from S we can construct the restricted product groupoid (S, -) (J108]), which
is the same as S but the product s -t = st is defined only when s*s = tt*.

Then S x E(S) is a discrete groupoid, and the map

Sx E(S)— (S,-), [s, €] — se
is an isomorphism of (discrete) groupoids with inverse s +— [s, s*s].

The following example is based on [161, Example 5.18] (compare with Example
1.4.13).

Example 4.2.19. Let S = N U {00, z} be a disjoint union of the lattice N and a
two-set element {oo, 2z}, with product given, for m,n € N,

nm = min(n, m), noo = oon = nz = zn = n,

200 = 00z = 2 and 2% = 00? = 0.

In other words, S is the semigroup obtained by adjoining the lattice N to the group
or order 2 {z, 00}, in a way that every element of N is smaller than z and oc.

Let X = E(S) = NU {00}, seen as the one-point compactification of the natural
numbers, and 6 the Munn representation of S, so that S x X = (5, -), however with
the topology whose open sets are either cofinite or contained in N. In particular,
S x X is not Hausdorff.

Example 4.2.20 (|49, Proposition 5.4]). Let G be an étale groupoid, 7 the canonical
action of the semigroup of open bisections B(G) on G (Example , and S any
sub-inverse semigroup of B(G) which covers G (that is, G = (J g A), and which is
closed under intersections. Then the map S x GO — G, [A, 2] — s|;'(2), is an
isomorphism of topological groupoids.

In particular, if G is an ample Hausdorff groupoid, then the groupoid of germs
KB(G) x G of the (restriction of the) canonical action on KB(G) is isomorphic to
the groupoid G.
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We will be mostly interested in Hausdorff groupoids, and in particular conditions
on inverse semigroups which guarantee that groupoids of germs are Hausdorff.

Definition 4.2.21. A poset (L, <) is a (A-)weak semilattice if for all s,t € L there
exists a finite subset F' C L such that

{xGL:xSsandet}:U{xGL:ISf}
fer

Example 4.2.22. If G is an ample Hausdorff groupoid then KB(G) is a semilattice,
and UANV =UNV.

The following relation between inverse semigroups which are weak semilattices
and the topology of its groupoids of germs can be proven just as in [I61, Theo-
rem 5.17).

Proposition 4.2.23. [161, Theorem 5.17] An inverse semigroup S is a weak semi-
lattice if and only if for any topological partial action 0 : S — Z(X) such that X is
clopen for all s € S, the groupoid of germs S x X is Hausdorff.

In particular, if S is a weak semilattice and X is totally disconnected, then the
groupoid of germs S x X s an ample Hausdorff groupoid.

Remark. The hypothesis that the domains of the partial action are clopen is neces-
sary. For example, even if G is an ample non-Hausdorff groupoid then B(G) is still a
semilattice, however, as in Example , the groupoid of germs B(G) x G ~ G is
not Hausdorff,

A common example of semigroups which are weak semilattices are the E-unitary
and E*-unitary semigroups, which will be described in Section [£.5 See Example
454

4.3 Algebraic partial actions and crossed products

Definition 4.3.1 (|35]). If R is a commutative unital ring, S is an inverse semigroup
and A is an associative algebra over R, a (non-degenerate) algebraic partial action of
S on A is a partial action a: S — Z(A) such that:

(i) For all s € S, Ay is an ideal of A and « : Ag« — Ay is an R-isomorphism;
(ii) A = span|J, g As.

Partial actions on rings are defined in the same way (e.g. by regarding rings as
Z-algebras in the natural way). All partial actions on algebras will be considered
algebraic, in the sense described here.
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Similarly to the case of topological partial actions, Property (ii) can be substi-
tuted with

(ii)” A = spanJ e ps) Ae;

and this non-degeneracy condition will always be assumed to hold, since we can always
substitute A with span J,c ) Ae if necessary.

Crossed products for partial actions of inverse semigroups are defined in the same
way as crossed products of global actions (see [54]), as long as we take appropriate
care when dealing with partial morphisms.

Definition 4.3.2. Let a be a (algebraic) partial action of S on a R-algebra A. We
denote by .Z(«) the R-module of all finite formal sums

Z as0s, where a, € A, and d, is a formal symbol.
seS

More precisely, .Z(«) is the free R-module generated by formal elements a4,
where s € S and a4, € A,, satisfying the relations

(as0s) + (bsds) = (as + bs)ds and Masds) = (Aag)ds
for all s € S, a,,b, € A, and X € R.

Remark. Alternatively, Z(«) coincides with the R-module of all finitely supported
functions f : S — A which satisfy f(s) € A, for all s € S. One should be a somewhat
careful with this interpretation, since we could think of §; as the characteristic function
of {s}, which will not be an element of .Z(«) in general. The index s appearing in a
term az0, will be useful to keep track of which ideal the element ay belongs to.

We define a product on the generators of .Z(a) by

(as8,) (b0,) = s (g (as)by) sz

Example 4.3.3. Let a be a global action of a group G on an R-algebra A. Then, as
a module, Z(«) coincides with the group algebra A x, G. Since all functions «; are
automorphisms of A, we can calculate the product on Z(«) as

(as0s)(b10r) = as(ag-1(as)by)ost = ag(ag-1(as))os(by)ds = ascrs(by)ds
so Z(«) is in fact the same as the group algebra A x, G.

In general, this product might make Z(«) a non-associative algebra (|35, Ex-
ample 3.5]). We will prove associativity in a particular case, which will always be
satisfied for the algebras we will consider. For more genera conditions which guaran-
tee associativity of Z(«), see 3.1 and 3.2 of [35].
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Definition 4.3.4. We say that an algebra A

e is idempotent if for all a € A, there are finitely many elements by, c1,...,b,, ¢,
such that a = ). bc;;

e has local units if for every finite subset F' C A, there exists e € A such that
e2=ceand ef = fe = f for all f € F, and call such e a local unit for F

Proposition 4.3.5. Suppose that a = (o, 1 Ay — Ay),cq i an algebraic partial ac-
tion of an inverse semigroup S on an R-algebra A, and that every ideal Ay is idem-
potent. Then Z(«a) is associative.

In particular, if every ideal Ag has local units then £ (a) is associative.

Proof. Of course, it is enough to prove that

(as0s) ((b:6¢)(c202)) = ((asds) (b)) (c202)

for all s,t,2 € S and a, € A, by € A; and ¢, € A,. Suppose initially that b; = b;b?,
where b} € A;. Then

(asés) ((btfst)(czéz)) = O (as* (as>at(at* (bt>cz>> 551&2 = O (as* (as)b%at<at* (b?)cz)) 6stz

Since a-bf € Ay, we get

(as05) ((bdy)(c20,)) = (a (s (Qugr (as)bl)at(at*(bQ)cZ))) Osts

= as (o [@t*(as (as)by e (b7)cz] ) Oz
= Qst [at S)bl ors (b2>cz] Ostz

= (gt [O[t* as)b b2)Czj| stz
Jo

= Qg [at*( (as> ) Cz| Ostz
Since ag(as)b; € Ay, we can rewrite this as

(asés) ((bt5t>(cz(5Z)) = Ot [at* (058*(048@48* (GS)bt)))CZ] Ostz
= Qg [a(st)*(as(as* (as)bt))cz] 5stz

and this coincides precisely with the definition of ((asds)(b:0;)) (¢.6.). Since every
element of A; is a sum of products of elements of A; then we are done. O

Definition 4.3.6. Given a partial action « of an inverse semigroup S on an algebra
A, we let A (a) be the additive subgroup of .Z(a) generated by all elements of the
form

a0, — a,.0s, where r<s and a, € A,.

Proposition 4.3.7. If « is an action of S on an algebra A, then A () is a two-sided
ideal of L («).
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Proof. If a,6, — a,d,, where a € A, and r < s and A € R, then
Aard, — a,d,) = (Aar)d, — (Aa,)d,
so A («) is a submodule of Z(«). If 1,0, € .Z, then
(0:6.) (@08, — 4,85) = a(@e (b2)ar)Ber — s (0 (b)),

and since zr < zs then A («) is a left ideal of Z(«), and similarly it is also a right
ideal. O

Definition 4.3.8. Given an (algebraic) partial action o of S on an algebra A, the
(algebraic) crossed product A x,, S is the quotient algebra

Axg S =2(a)) N (a)

and as usual, we will simply write ., .4 and A xS when there is no risk of confusion.
The class of an element x € Z(a) in A %, S will be denoted by 7.

Remark 4.3.9. The difference from £ to A x S is that A x S respects the order
structure of S: Using the presentation of .#(a) given in Definition [4.3.2] we obtain
the following presentation of A x S: It is the free module generated by symbols a0
where s € S and a; € A, and satisfying the following relations:

® as0s + bsds = (a5 + bs)ds, whenever ag, by € Ag;

o \(as0s) = (Aas)ds, whenever a, € A, and A € R;
e 4,0, = a,05, whenever a, € A, and r < s.

These are sometimes called “partial crossed products” or “partial skew inverse
semigroup algebras” (e.g. in [36] and [13], respectively), while the name “crossed prod-
uct” (or “skew inverse semigroup algebra”) are reserved for global actions. Instead,
we adopt the simplest nomenclature.

Note that, since .4 is defined, in principle, simply as an additive subgroup of
Z, then every map ¢ : £ — B, where B is any algebra (or even simply a group),
which satisfies ¢(a,.0,) = ¢(a,05) whenever s < r factors through A x S.

Definition 4.3.10. The diagonal subalgebra of a partial crossed product A x S'is the
subalgebra generated by elements of the form ad,., where e € E(S) and a € A..

Proposition 4.3.11. Suppose « is a (non-degenerate), algebraic partial action of S
on A, and assume that

(i) A has local units; and
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(ii) every ideal A., e € E(S), has local units.

Then the map  : A — Ax S, given by a — > | a;d.,, where e; € E(S) and a; € A,
are chosen such that a =Y | a;, is a well-defined injective algebra morphism.

Proof. We need to prove that the map ¢ is well-defined, that is, if e;,...,e, are
idempotents and a; € A,, are such that > ©  a; = 0 in A, then "  a;0,, = 0 in
AxS. We proceed by induction. If n = 1 this is trivial, so suppose that the statement
is valid for sums up to n elements.

Suppose that a+> "  a; = 0, where a € A, and a; € A,, for certain e, e; € E(S).
Let u € A be a local unit for {a,ay,...,a,}, and v € A, be a local unit for {a}. Then

n

0=(u—v)a= —Z(u—v)a,-,

i=1
and by the induction hypothesis,

n n

0=> ((u—v)a)d, = Z a0, — Y (va;)de,. (4.3.1)

i=1 =1

However, va; € A., N A. C Ae,, 0

n n

Z (va;)de, = Z (Va;)0ce, = i (va;)de = (v ivaZ) 0e = —vad, = —ad,,
i=1

i=1 =1 i=1

and the previous equation implies that ad. + >, a;0., = 0, as we wanted.

It is readily seen that ¢ is an module morphism, and to check that it is an
algebra morphism, take generating elements of A of the form a € A., b € Ay, where
e, f € E(S). Then ab € Ay, and

t(a)e(b) = (ade)(bdf) = ae(ce(a)b)des = (ab)des = t(ab).

Now consider the module morphism 7 : Ax S — A satisfying 7(as0s) = as, which
exists because of the presentation of A x S given in Remark 4.3.9] Then as 7o is
the identity of A, ¢ is injective. m

Remark. Note that the map 7 above is not an algebra morphism in general. For
example, let S = (g|¢g®> = 1) is the cyclic group of order 2 and A = C? with the
pointwise structure of C-algebra. Define an action o of S on A as

ag(a7 b) = (b7 CL), al(a7 b) = (CL, b)
for all (a,b) € A. Let x = (1,0)d, and y = (0,1)0;. Then zy = z, so
T(ry) = 7(z) = (1,0)

however,

7(z)7(y) = (1,0)(0,1) = (0,0).
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We will now describe a universal property for crossed products. Intuitively,
A x4 S is the algebra generated by A and S in a way that the partial action «
becomes conjugation by elements of S. However in order for S to be included in
A X, S, we need that all ideals A, have units.

Definition 4.3.12. Let a be a partial action of S on an algebra A. A covariant
representation of o consists of an algebra B and a pair (0, ¢), where § : S — B is
a partial morphism of S to the multiplicative semigroup of B, and ¢ : A — B is an
algebra morphism, satisfying the covariance condition

d(as(ag)) = 0(s)p(as)0(s™) for all s € S and ag € A

We say that (0, ¢) is non-degenerate if 0(s)0(s*) € ¢(As) for all s € S (and degenerate
otherwise).

Example 4.3.13. Let X be a non-compact, locally compact Hausdorff space, and S
be the semigroup under intersection of clopen subsets of X. Let A = C.(X) be the
(real or complex) algebra of compactly supported continuous functions on X. For
each U € S, let Ay = {f € C(X) : supp(f) C U}, and ay be the identity on Ap.
Then « is a global action on A.

Let B = C,(X) be the algebra of continuous bounded functions on X. Define
a covariant representation (0, ¢) of a on B by letting ¢ : A < B be the inclusion,
and 0(U) be the characteristic function of U € S. Then (0, ¢) is degenerate, because
0(X)0(X) = 0(X) is the constant function at 1, which does not belong to ¢(A).

Lemma 4.3.14. Let (0, ¢) be a covariant representation of an algebraic partial action
a:S—I(A).

(a) If as € Ay then
¢(as) = 0(s)0(s")p(as) = ¢(as)0(s)0(s"). (4.3.2)
(b) If s <t and a, € A, then d(a,)0(s) = ¢(a,)0(t).
(¢) If A, has a unit 1, and (8, ¢) is non-degenerate, then
¢(1:)0(s) = 0(s)  and  O(s")¢(1s) = 0(s").
Proof. (a) As a, = a(a(as)), by covariance we get
¢(as) = 0(s)0(s")p(as)0(s)0(s").
The partial morphism properties of 6 imply
0(s)0(s*)0(s)0(s™) = 0(s)0(s"),
and Equation follows from these two equalities.
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(b) Item (a) and @ being a partial morphism imply that, if s < ¢,
P(as)0(t) = d(as)0(s)0(s")0(t) = ¢(as)0(s)0(s™)
= @(as)0(s)0(s"s) = d(as)0(s)0(s*)0(s) = d(as)0(s).
(c) Since (0, ¢) is non-degenerate, then 6(s)0(s*) € ¢(Ay), so

6(s) = 6(s)0(s")0(s) = 6(1,)0(s)8(s")8(s) < 6(1,)6(s)
and the other equality is similar. O]

Theorem 4.3.15. Suppose that « is an algebraic partial action of an inverse semi-

group S on an algebra A with local units, and such that As has a unit 1, for all s € S.
Define L
g:5—=AxS by o(s)=10s.

Let1: A— A xS be the embedding of A as the diagonal subalgebra of A x S. Then
(0,1) is a universal non-degenerate covariant representations of « in the following
sense:

(i) (0,1) is a non-degenerate covariant representation;

(i1) If (0, ®) is any other non-degenerate covariant representation of o on an algebra
B, then there exists a unique algebra morphism ® : A xS — B such that

p=Por and 6=>oo.

Proof. First we prove that o is a partial morphism. Given s,t € S, we have as(14+) =
15 because ay : Ay« — A, is an algebra isomorphism, and it follows that

o(s)o(s") = (15)ds(1ge)dgr = 105 (4.3.3)
(PM1) Using Equation [4.3.3] we compute
0(8)o(s*)o(s) = 1305140505 = 1505505 = ().

(PM2) We have
U(S)O’(t)a’(t*> = a5(18*1t>53tt* and U(St)a(t*) = ast(l(st)*lt*)éstt*~

On one hand, 1,1; is the unit of Ag N A, s0 as(1g1;) is the unit of as(Ag N Ay).
On the other hand, 1(4)«14 is the unit of Ay« N As, 50 ase(1(5)= 14+) is the unit
of ag(Appy- N Ap). Proposition [£.1.7(b) and (c) imply
ET7(b) BEI17(c)
as(As* N At) As N Ast A(st)(st)*s N Ast = Astt* N Ast
A7
: ast(A(st)* N At*)7

and we conclude that o(s)o(t)o(t*) = o(st)o(t*).
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(PM3) As in the previous item, we compute
o(s)o(s)a(t) = T Tdry and  o(s")o(st) = ay (I, 1)
and note that both coefficients are the units of
g (AsNAy) = Ap N Apg = A N Ay
again using Proposition [1.1.7(b) and (c).

We already know that ¢ is an algebra morphism. Using the definition of the
product in A x S and the fact that as(1s+) = 1, we immediately obtain covariance of
(0,¢), and non-degeneracy follows from Equation (4.3.3).

As for the universal property, suppose (0, ¢) is a covariant representation of o on
an algebra B. Using the presentation of A x S in Remark and Lemma [1.3.14{(b),
we can define a module morphism ® : A x S — B satisfying ®(a0s) = ¢(as)0(s) for
all as € A (s € 9).

Let us check that ® is an algebra morphism: Let a,d,, b;6; be generators of A x S.
Then

D((as0s)(bedr)) = P(evs(as(as)b)dst) = Plas(os(as)be)0(st))

and using covariance and ¢ being multiplicative,

D((as0s)(bedr)) = 0(s5)0(s™)p(as)0(s)d(bi)0(s™)0(st) (4.3.4)

On the other hand -
q)(a55s)q)(bt5t) = ¢(a5)9(3)¢(bt)9(t) (435)
so we will modify the right-hand term of Equation to obtain the right-hand

term of (4.3.5)).
From Lemma [4.3.14(a)
0(s)0(s")p(as) = ¢(as). (4.3.6)
By Lemma [4.3.14)(c) and (a), (and the inclusion 140, € As-), we obtain

0(5)p(be)0(s™)0(st) = 0(s)p(1s-be)0(s57)0(s5)0(t) = O(5)p(Lsb)0(2)
= 0(s)¢(b:)0(1) (4.3.7)

Using Equations (4.3.6)), (4.3.7), we conclude from (4.3.4) and (£.3.5) that ® is an

algebra morphism.
Given e € E(S) and a, € A, Lemma|4.3.14(a) and 6(e) being idempotent imply
that
D(u(ac)) = plac)i(e) = d(ac)d(e)b(e’) = ¢(ac)
and so ® o1 = ¢ on A, and thus on all of A. The fact that ® o 0 = 0 follows from

Lemma [4.3.14|(c).

Finally, uniqueness of ® with the properties in (ii) is a consequence of a0, being
equal to t(as)o(ds) for all s € S and a, € As. O
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4.4 Steinberg algebras

4.4.1 Definitions and notation

Steinberg algebras were independently introduced in [I61] and [30], as algebraic ana-
logues of groupoid C*-algebras and generalizations of Leavitt path algebras and uni-
versal inverse semigroup algebras. We refer to [I3] and [27] for more details.

In this section, R is a fixed commutative ring with unit. Given an ample Haus-
dorff groupoid G, we denote by RY the R-module of R-valued functions on G. Given
A C G, we define 1,4 as the characteristic function of A (with values in R).

Definition 4.4.1 ([I6I, Definition 4.1]). Given an ample Hausdorff groupoid G,
AR(G) is the R-submodule of RY generated by the characteristic functions of compact-
open bisections of G.

The support of f € RY is defined as supp(f) = {a € G : f(a) # 0}.

Proposition 4.4.2 (|30, Lemma 3.3.|). If G is an ample Hausdorff groupoid, then
ARr(G) coincides with the R-module of locally constant compactly supported R-valued
functions on G. Fvery f € Ar(G) can be written as a finite linear combination

[ = Z rila,
i=1

where 7, € R and {A;:i1=1,...,n} is a family of pairwise disjoint compact-open
bisections of G, and supp(f) = {a € G : f(a) # 0}.

Recall that KB(G) is the semigroup of compact-open bisections of G (Definition

T30,

Proof. Since G is Hausdorff, then compact-open bisections are clopen and their char-
acteristic functions are locally constant. The same is true of their linear combinations.
Conversely, if f is a locally constant, compactly supported function on G, f~1(0)

is clopen, hence supp(f) =G \ f~1(0) =G\ f~1(0) is clopen as well.

Using compactness of supp(f) and since KB(G) is a basis for the topology of
G, we can find Ay,..., A, € KB(G) and r4,...,r, such that supp(f) = (J,_, A; and
f = on A;. Substituting A; by A; \ 3;11 A; for all j > 2, if necessary, the family
{A; :i=1,...,n} forms a partition of supp(f), and the equality

f = Z TilAi
=1

holds. In particular, f is a linear combination of characteristic functions of compact-
open bisections, and therefore f € Ag(G). O
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Remark 4.4.3. Endowing R with the discrete topology, Ar(G) coincides with the
set of compactly supported functions from G to R.

For every f € Ag(G) (G ample Hausdorff) and every z € G, supp(f) N G, is
compact in the discrete space G,, and hence finite. Similarly, supp(f) N G* is finite,
and so we can define the convolution product

(f9)(a) =D fl@)gly) = > floglcla)= > flad ")g(d). (4.4.1)
ry=a cegr(@) d€Gs(a)

With this product, Ag(G) is an associative algebra.

Definition 4.4.4 ([161] 30]). The R-module Ag(G), endowed with the convolution
product of Equation is called the Steinberg algebra G (or (G, R), to make R
explicit).

From the convolution formula we obtain, for all f,g € Ar(G).

supp(fg) C {ab: (a,b) € (supp(f) x supp(g)) N G*'} = supp(f) supp(g).

We will now prove a universal property for Steinberg algebras, and for this we
need the notion of a Boolean representation. These are the semigroup morphisms of a
Boolean inverse semigroup S into the multiplicative semigroup of an algebra B which
respect the order structure of S.

Definition 4.4.5 (|30, Definition 3.9]). A Boolean representation of a Boolean inverse
semigroup S on an algebra B is a map morphism 7 : .S — B of S in the multiplicative
semigroup of B which satisfies

w(sVt)=m(s)+m(t)
whenever s and ¢ are compatible and s At = 0.

Example 4.4.6. If G is an ample Hausdorff groupoid, then the map KB(G) —
Ag(G), U — 1y, is a Boolean representation of KB(G).

This notion of Boolean representation coincides with [I59, Definition 3.1| — except
for the fact that we do not assume that the algebra is involutive — as we prove below:

Proposition 4.4.7. A semigroup morphism 7 : S — B from a Boolean inverse semi-
group S to the multiplicative semigroup of an algebra B is a Boolean representation
if and only if

(7’) W(O) =0;

(i) (s Vt) =m(s) +n(t) — w(s At) whenever s,t € S are compatible;
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(Recall from|1.2.30(c) that if s and t are compatible in S then s ANt = st*t.)

Proof. Of course if 7 satisfies (i) and (ii) then 7 is a Boolean representation, so we
prove the converse direction.
Assume 7 is a Boolean representation. Then

7(0) =7(0V0) ==(0)+ 7(0)
so m(0) = 0. If s,¢t € S are compatible, then s A (¢ \ s) =0, so
m(sVit)=m(sV(t\s) =n(s)+n(t)\s)
But since t = (t A s) V (t\ s), then
m(t)=7m(sAt)+m(t\s)
and Property (ii) follows. O

Now we describe the universal property of Ag(G), which was given in the case of
complex algebras in [30, Theorem 3.10|. Essentially the same proof works in the case
of a general commutative unital ring R.

Theorem 4.4.8. Let R be a commutative ring with unit, and G an ample Hausdorff
groupoid. Then Agr(G) is universal for Boolean representations of KB(G), i.e., if
7w : KB(G) — B is a Boolean representation of KB(G) in an R-algebra B, there
erists a unique R-algebra morphism ® : Ar(G) — B such that ®(1y) = n(U) for all
U e KB(G).

Proof. Uniqueness of such & is immediate as Ag(G) is generated by the family
{1y : U € KB(G)}. Given f € Ag(G), write f as a linear combination f = > "  r;1y,
for certain r; € R and a pairwise disjoint collection of compact-open bisections
U; € KB(G). Define ¢ : Ag(G) — B by

We first need to prove that ® does not depend on the choice of r; and Us.

Suppose >, rily, = 371, s;1y;, where s; € R and {V}}, is a pairwise disjoint
collection in KB(G). Then >, i rily,av; = f = >, ; 8jluiny;- First of all, let us prove
that for all pair of indices 7, j, we have

There are two possibilities:
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Case 1: U;NV; = 2.
Then 7(U; N'V;) = 0 so Equation (4.4.2)) is trivially valid.

Case 2: U; NV, # @.
In this case, choose a € U;NV;. Then r; = f(a) = s;, so of course r;w(U;NV;) =
Sj?T(Ui N V})
We can partition each U; as U; = |J;(U; NVj), and similarly we can partition
cach V; as V; = |J,(U; N'V}), so using Equation (4.4.2)) and the properties of Boolean

representations,

D ormU) =) > rwUinVy) =Y Y sm(UinVy) = sim(Vy)
i=1 i=1 j=1 j=1 i=1 j=1
therefore @ is well-defined.

In order to prove that ® is an R-module morphism, we apply an argument
similar to the one above: If f,g € Agr(G) have representations f = >  r;14, and
g = Z 1 8j1p, as above, we can, if necessary, add terms of the form 0 - 1p, \supp(f)
to the representatlon of f, and similarly for g, and assume that (J_, A, = B;.
Therefore we may rewrite, for all A € R,

f:ZrilAmBj, g:ZslemBj, and (f + Ag) :Z(ri—l—/\sj)lAmBj,
ij ij ij
and the definition of ® readily implies ®(f+Ag) = ®(f)+AP(g), so ® is an R-module
morphism. If U,V € KB(G), then

(I)(lUlv) = (I)<1UV) = W(UV) = W(U)?T(V) = (I)(lU)(I)(lv),
and since {1y : U € KB(G)} generates Ag(G) then ® is an algebra morphism. [
Definition 4.4.9. The diagonal subalgebra of Ar(G) is
Dr(G) = {f € Ar(G) : supp(f) C GV}

Since supp(fg) € supp(f)supp(g) and supp(f + Ag) S supp(f) U supp(g) for
all f,g € Ar(G) and X € R, it follows that Dg(G) is indeed a subalgebra of Ag(G).
Moreover, the convolution product on Dg(G) coincides with the pointwise product:
for all f,g € Dgr(G) and z € G we have G* N G = {1}, so

(fo)@)= D> fla)gla 'x) = f(x)g(z™"z) = f()g(x).

a€G=Nsupp(f)

7j=1

In particular, Dg(G) is commutative, since we assume the ring R is commutative.
Moreover, Dg(G) is isomorphic to Ar(G?) via the map
E: Dg(G) = Ar(G"), [ = flgo.

whose inverse is given as follows: If f € Ar(G?), then E~'(f) is the extension of f
to G by setting E~'(f) =0on G\ G©.
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4.4.2 Diagonal-preserving isomorphisms of Steinberg Algebras

The goal of this section is to prove that the Steinberg algebra of an ample Hausdorff
groupoid G together with its diagonal algebra completely characterize G. Although
the main theorem of this subsection (Theorem is partially stated and proven
(for more general graded Steinberg algebras) in [27, Corollary 3.14], we can obtain a
precise classification of the diagonal-preserving isomorphisms of Steinberg algebras,
as described in Theorem and Corollary

We will need to recover the bisections of G from Ag(G), and in particular the
compact-open subsets of G(©. The main idea is, again, to identify subsets of G(© with
their characteristic functions, and these are precisely the functions which attain only
the values 0 and 1. We thus need to assume an extra condition on the ring R.

Definition 4.4.10 ([I07, X.7]). A (nontrivial) commutative unital ring R is inde-
composable if its only idempotents are 0 and 1. Equivalently, R is indecomposable if
it cannot be written as a direct sum R ~ R; & Rs, where R, and R, are nontrivial
rings.

A subset A of a groupoid G is a bisection if and only if AA"1UA1AC GO, A
similar type of condition will be used to recover an ample Hausdorff groupoid G from
the pair (Ax(G), Dr(G)).

Definition 4.4.11. A normalizer of Dg(G) is an element f € Ar(G) for which there
exists g € Ag(G) such that

(i) fDr(G)g € Dr(G) and gDr(G)f € Dr(G);
(ii) fgf = fand gfg=g.

We denote by Ng(G) the set of normalizers of Dr(G). An element g satisfying (i) and
(ii) above will be called and inverse of f relative to Dg(G).

Example 4.4.12. If A € KB(G) then 14 € Ng(G). More generally, if A\j,... A,
are invertible elements in R and Uy,...,U, are compatible disjoint compact-open
bisections (that is, |, U; is also a bisection), then f = > . A1y, is a normalizer of
Dg(G). The unique inverse of f relative to Dg(G) is given by f* =", /\;llU;l, that

is, f*(a) = f(a™')~! for all a € supp(f)~".
In order to recover KB(G) from (Ag(G), Dr(G)), we need that all normalizers of
Dgr(G) have the form described in the example above, so additional conditions will

have to be assumed on the groupoids we consider. The next few results show us that
Ng(G) encodes some of the semigroup structure of KB(G).

Lemma 4.4.13. Suppose that f € Ng(G).
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(a) If g is an inverse of [ relative to Dg(G), then fg,q9f € Dgr(G).
(b) The inverse of f relative to Dgr(G) is unique.

Proof.  (a) We have fg = flssupp(s)9 € Dr(G) and similarly gf = glisupp(s)f €
Dgr(G).

(b) Let g1, g2 be inverses of f relative to Dg(G). Then

g =91.fo1 = a(fof)gr = (91.f)(g2f)9.

But since ¢; f and gof € Dgr(G), which is a commutative subalgebra, then

g = (91f)(g2f)g1 = (92)(g1.f)91 = 92f 91 = 92(fg2f) g1 = g2(f92)(fqn),

and similarly, since fga, fg1 € Dgr(G),

91 = 92(f92)(f91) = 92(f91) 92 = 92(f91.)92 = 92f 92 = go. L
Definition 4.4.14. We denote the inverse of f € Ng(G) relative to Dr(G) by f*.

Proposition 4.4.15. Ny(G) is an inverse semigroup under products, and the inverse
of f € Ngr(G) is precisely the inverse relative to Dgr(G).

Proof. Since Dg(G) is commutative, we can use Lemma [4.4.13|(a) for f,g € Ng(G) to
obtain

(S ) fg) = flgg)(f* g = f(f"f)9g")g = g
and similarly (¢*f*)(gf)(g*f*) = g f*. Moreover,

(f9)Dr(G)(g" ") = f (9Dr(G)g") f* € [Dr(G)f" € Dr(G)

and similarly (¢* f*)Dr(G)(fg) € Dr(G). This means that fg € Ng(G), with inverse
relative to Dg(G) equal to g* f*. Therefore Ng(G) is a regular semigroup.

We will prove that Ng(G) is an inverse semigroup by proving that its idempotents
commute. Let f € E(Ng(G)), that is, f2 = f. Then since ff*, f*f € Dr(G) (Lemma

FLIa),
=01 =0nNUr=0mun=rrmenf=rndmr=r=r

and thus f = f*f € Dgr(G). This proves E(Ng(G)) C Dg(G), so idempotents in
Ng(G) commute and Ng(G) is an inverse semigroup. O

The following property was considered in [I60], when working on the same re-
covery problem.
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Definition 4.4.16. If G is an ample Hausdorff groupoid and R is an indecomposable
(commutative, unital) ring, we say that (G, R) satisfies the local bisection hypothesis
if supp(f) is a bisection for all f € Ng(G).

The following stronger condition was considered in [27], and is more easily
checked than the one above.

Definition 4.4.17. If G is an ample Hausdorff groupoid and R is an indecomposable
(commutative, unital) ring, we say that (G, R) satisfies condition (S) if the set of all
r € GO such that the group ring RG* has only trivial unit is dense in G,

The property of a group-ring RG (where G is a group and R is a ring) having
only trivial units has been studied, for example, in [85]. A group G is indexed if there
exists a non-trivial group morphism from G to Z, and indicable throughout if every
nontrivial finitely generated subgroup of G is indexed. (Note that if G is indicable
throughout then G is torsion-free.)

Theorem 4.4.18 (|85, Theorem 13]). If G is indicable throughout and R is an integral
domain, then RG has only trivial units.

Every free group, and every torsion-free abelian group is indicable throughout.
The class of indicable throughout groups is closed under products, free products and
extensions (see [85]).

In [27, Lemma 3.5], the authors proved that condition (S) implies the We now
prove that condition (S) implies the local bisection hypothesis, as first proved in |27
Lemma 3.5].

Remark. In [27] the authors consider only Steinberg algebras over integral domains,
and moreover a

Lemma 4.4.19 (|27, Lemma 3.5]). Suppose G is an ample Hausdorff groupoid, R is
an indecomposable ring and f € Ng(G).

(@) JI* = Lstsupp(r+)) = Le(supp(r)), and similarly f*f = lssupp(s)) = Letsupp(r+));
(b) For all U C s(supp(f)), fluf* = Lisupp(r)ns—1 () = Ls(supp(f*)ne—1(0));
(c) If supp(f) is a bisection, then for all a € supp(f) we have f*(a™1) = f(a)™L.

Proof. (a) ff* € Dr(G) and (ff*)* = ff*, so since R has only trivial idempotents
we obtain ff* = 1y for some U € KB(G®). Note that
lyf=ff'f=rf and  [fly=fff=f

'If G is a group and R is a unital ring, a trivial unit of RG is an element of the form ug where
u is invertible in R and g € G.
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so t(supp(f)) U s(supp(f*)) € U. On the other hand,

U = supp(ff*) = s(supp(ff*)) € s(supp(f) supp(f*)) < s(supp(f*)),
therefore U = s(supp(f*)), and similarly U = t(supp(f)).

(b) Let U be a compact-open subset of s(supp(f)). In particular, 1, € Ng(G) and
so fly € Ng(G) as well, by Proposition [4.4.15| By (a),

Slof* = (f1o) Qv f™) = Lesupp(r10)) = Letsupp()ns— ()
and similarly flyf* = Lssupp(r)ne—1(0))-
(c) If a € supp(f), then by item (a),

1= f"f(s(a Zf

cd=s(a

Since supp(f) is a bisection, the only element d € supp(f) with s(d) = s(a) is
d = a itself, that is,

1 - f ( _l)f(a)a
which means that f*(a™') = f(a)™!. O

Proposition 4.4.20. Suppose that G is an ample Hausdorff groupoid, R is an inde-
composable ring and that (G, R) satisfies condition (S). Then (G, R) satisfies the local
bisection hypothesis.

Proof. Given f € Ng(G), we need to prove that supp(f) is a bisection.

Let ag € supp(f), © = s(ap) and y = t(ap). First, assume that the group ring
RG? has only trivial units. Let us show that supp(f) N GY = {ap}.

Since G, is discrete and supp(f) is compact then supp(f) NG, is finite, so the set
t (supp(f) N G,) is also finite and contains y. Choose a compact-open subset U C G(©)
such that

t (supp(f)NG,)NU ={y}.
Given b € G, we have

Fluf®) =Y f(o)

cd=b
t(d)eU

Of course, in the sum above we just need to consider d € supp(f), so if v(d) € U as
well we will obtain v(d) = y. Thus we can rewrite

Fluf)= > fc (4.4.3)

cd=b
t(d)=y
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Now by Lemma [1.4.19(b), f*1yf = Ls@upp(f)ne-1(vy)- But since s(supp(f) N~ (U))
is contained in G\ and contains s(a) = x, then for all b € GZ,
1, fb=u=x,

i (4.4.4)
0, otherwise.

[ luf(b) = {
Consider the elements of the group ring RG?

a = Z f(d)agy'd, B = Z f*(c)cap.

degy S Y

Then using Equations (4.4.3) and (4.4.4)),

Ba=>"[ Y F(f@ b= > f()f(dz =z, (4.4.5)
begz \ cd=b cd=x
t(d)=y t(d)=y
and similarly a5 = 2 (using the facts that R is commutative and ¢d = x if and only
if ag'dcag = x). (Recall that z is the unit of RG?.)

Therefore « is invertible in RGY, hence it is a trivial invertible, which means that
supp(f) N GY is a singleton. Since ag is by construction in this set, we are done with
this first part. Moreover, Equation implies that f*(ag') = f(ag) ™"

Now we show that supp(f) NG, = {ap}. Suppose that by € supp(f) NG, \ {ao}.
The same way as above, take V € KB(G®) such that V N r(supp(f)) = {y,t(bo)}.
We already know from above that {by} = supp(f) NG and that fr(bg") = fbo)™,
and similarly for ag, so Lemma [£.4.19(b) yields

1= L1 )nsupp() () = [71v ()
=Y Fefd= > [ofd)
d—=x

cd=

Hd)eV (@)= ot (bo)
= f*(ag") f(ao) + F*(by") f(bo) = 2,

a contradiction to R being a non-trivial ring.

Now to the general case, suppose a,b € supp(f) with s(a) = s(b). Take any two
bisections U and V' containing a and b, respectively. Then s(U)Ns(V) is a nonempty
open set, so there is x € s§(U) Ns(V) satisfying the condition described in (S). This
implies that supp(f) NG, is a singleton intersecting both U and V', and therefore is
contained in both U and V simultaneously. Since G is Hausdorff, this implies that
a = b, so the source map is injective on supp(f). The range is dealt with similarly. [

An important class of groupoids consists of the topologically principal ones, whose
associated algebras have been extensively studied (see, for example, [20] 50, [143] 149]).
In fact it is possible to classify C*-algebras which come from them (see [148]).
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Definition 4.4.21. A topological groupoid G is topologically principal if the set of
all z € X whose isotropy group G is trivial is dense in G,

As an immediate consequence of the previous propositions, we obtain the follow-
ing:

Corollary 4.4.22. If G is an ample Hausdorff topologically principal groupoid and R
is an indecomposable ring, then (G, R) satisfies the local bisection hypothesis.

We are ready to classify diagonal-preserving isomorphisms of Steinberg algebras
of groupoids and rings satisfying the local bisection hypothesis. For this, let us first
define the class of maps of interest:

Definition 4.4.23. Let R and S be rings and G be a groupoid. Denote by Iso, (R, S)
the set of additive isomorphisms from R to S. A map x : G — Iso, (R, S) satisfying
x(ab)(rs) = x(a)(r)x(b)(s) for all (a,b) € G? and r, s € R will be called a cocycle.

Example 4.4.24. Consider Cy = {1, g}, the group of order 2, acting on itself by left
multiplication and consider the transformation groupoid G = Cy x Cs.

Let R = S = Z. If we define x : ¢ — Iso,(R,S) by x(1,y)(r) = r and
X(g,7) = —r, then x is a cocycle. Note that x(g, 1) is not a ring isomorphism.

Example 4.4.25. Suppose R is a unital ring and x : G — Iso, (R, R) is a cocy-
cle. Then x is a morphism from the groupoid G to the group (under composition)
Iso, (R, R) if, and only if, y(z) = idg for all z € G,

Indeed, assume x(z) = idg for all z € GO, If (a,b) € G* and r € R, then the
cocycle condition yields

x(a) (x(0)(r)) = x(as(a))(1x(b)(r)) = x(a)(1)x(s(a)) (x(0)(r)),

and since x(s(a)) = idg,

x(a) (x(b)(r)) = x(a)(1)x(0)(r) = x(ab)(r)

where the last equality follows from the cocycle condition again. Thus x(ab) =
x(a) o x(b), so x is a morphism.

The converse is trivial, since groupoid morphisms map units to units, and the
only unit of the group Iso, (R, R) is the identity map of R.

Proposition 4.4.26. Let R and S be commutative unital rings, G a groupoid and
X:G — Iso (R, S) a cocycle. Then

(a) For all z € GO, x(x) is a ring isomorphism;

(b) For oall a € G, if u € R is invertible then x(a)(u) is invertible in S, and
x(a)(u)™h = x(a™")(w).
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(¢c) For all a € G, x(s(a)) = x(x(a)). In other words, the restriction of x to G is
invariant.

Proof. The cocycle condition states that y(ab)(rs) = x(a)(r)x(b)(s) for all a,b,r, s.
Taking a = b = z yields (a). Taking b = a !, r = uw and s = u~! yields (b), and for
item (c) we use commutativity of S:

X(s(a))(r) = x(a™"a)(1r) = x(a™)(1)x(a)(r) = x(a)(r)x(a™")(1) = x(x(a)(r). O

We endow Iso, (R, S) with the topology of pointwise convergence, so that a map
X from a topological space X to Iso, (R, S) is continuous if and only if for every r € R,
the map X > 2 — x(z)(r) € S is continuous, that is, locally constant.

Theorem 4.4.27. Let G and H be ample Hausdorff groupoids. Let R and S be two
indecomposable (commutative, unital) rings such that (G, R) and (H,S) satisfy the
local bisection hypothesis. Let T : Ar(G) — As(H) be a diagonal-preserving ring
isomorphism, that is, T(Dgr(G)) = Ds(H).

Then there exists a unique topological groupoid isomorphism ¢ : H — G and a
continuous cocycle x : H — Isoy (R, S) such that T'f(a) = x(a)(f(¢(a))) for alla € H
and f € Agr(G).

To prove this theorem we will use the theory of disjoint functions from the previ-
ous chapter. Recall that if f € Ag(G) then supp(f) ={a € G: f(x) # 0} is compact-
open, that Ar(G) coincides with C.(G) and that Agr(G) is regular (in the sense of
Definition [3.1.)), since G is zero-dimensional, and similarly for H and S. We refer to
Section [3.I] for the notation and nomenclature.

Proof. Since T preserves the respective diagonal algebras, it also preserves their nor-
malizers, i.e., T(Ng(G)) = Ng(H). Let us describe disjointness first for elements in
Ng(G). The local bisection hypothesis implies, by Lemma [4.4.19(c), that an element

f of Ng(G) has the form
f= Z Aily,
i=1

where \q,..., \, are invertible elements in R and Uy,...,U, are disjoint compact-
open bisections of G such that |J;_, U; = supp(f) is also a compact-open bisection.
A similar statement holds for Ng(H).

If f,g € Ng(G), then f C g if and only if f = gp for some p € Dr(G): Indeed,

o If f = gp then supp(f) C supp(g)supp(p) < supp(g);
e Conversely, if supp(f) C supp(g) take p = ¢* f. Then
supp(p) C supp(g*) supp(f) C (supp(g)) " supp(g) € G

where the last inclusion follows from supp(g) being a bisection. The equality

f = gp then follows from Lemma [4.4.19|a).
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Therefore T" preserves inclusion of normalizers. Since Ng(G) contains the collec-
tion {1y : U € KB(G)} then it is regular (Definition [3.1.5)), because KB(G) is a basis
for the topology of G. Hence T' also preserver disjointness of normalizers (Theorem
31.9).

To prove that T preserves disjointness in all of Ar(G), we decompose elements
of Ar(G) in terms of elements of Ng(G) and Dg(G): if f,g € Ar(G), then f L g
if and only if there are finite collections of normalizers f;, g; € Nr(G) and elements

fig; € Dr(9) (1 <i<n,1<j<m)such that

f:Zfi.}:ia gZZg]@j and f; L g; for all 4,7
@ J

Indeed, if there are such fi,gj,ﬁ,g}} then supp(f) € U, supp(fi) and supp(g) C
U, supp(g;), and the latter sets are disjoint.

Conversely, we write f =) . A\;14,, where the A; are pairwise disjoint compact-
open bisections and \; # 0, and take f; = 14, and ﬁ = A\ils(a,), so that supp(f) =
Ui=, supp(fi). Similarly, writing g = >_. gjg; where g; € Ng(G) and supp(g) =
U, supp(g;), then f L g implies f; L g; for all i and j.

Therefore, T is a L-isomorphism. Note that 1l and L coincide in Ag(G), since
its elements are locally constant (similarly to Example [3.1.10). Then T is a L-
isomorphism, so let ¢ : H — G be the T-homeomorphism.

The verification that ¢ is a groupoid isomorphism is similar to that of Theorem
: Assuming (a,b) € H®, but such that ¢(ab) is not equal to ¢(a)¢(b) (which
might not even be defined), we can use continuity of the multiplication or Lemma
to find compact-open bisections U and V containing a and b, respectively, such
that ¢(ab) € ¢(U)p(V). Then ab € supp(lyy), so

¢(ab) € supp(T'lyy) = supp((T1y)(T1v))) € supp(T'1y)supp(T'ly) = ¢(U)p(V),

a contradiction.
Since elements of Ar(G) (and Ag(#H)) are locally constant,

f(9(a)) =0 <= ¢(a) € Z(f) <= v € Z(T'f) < Tf(a) =0

and therefore T" is basic (by additivity of 7' and Proposition [3.3.11)). Let y be the
T-transform. Since T is additive with the pointwise operations, each section x(«) =
X (e, -) is additive (by Proposition 3.3.10)). This yields a map x : G — Iso, (R, S) such
that

Tf(a) = x(a)(f(¢(a))),  forall fe Ar(G) and a€H,

and we need now to verify that y is a cocycle.
If (a,b) € H® and r, s € R, choose compact-open bisections U, V of G containing
¢(a) and ¢(b), respectively. Then using multiplicativity of 7" we obtain

x(ab)(rs) = x(ab) ((rlv)(sly)(¢(ab))) = T((rly)(slyv))(ab)
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= (T(r1y)T(sly))(ad) = Z T(r1y)(e)T(s1y)(d)

cd=ab

= 3" X (r1u(6(e)) x(d) (s (6(d))

cd=ab

If cd = ab then t(c) = v(a), so t(¢(c)) = t(o(a)). If also ¢(c) € supp(ly) we have
é(c) = ¢(a), because U is a bisection, so ¢ = a and d = ¢ 'ab = b. Therefore

x(ab)(rs) = x(a)(r)x(b)(s).

so X is a cocycle.
It remains only to prove that x is continuous: Let r € R be fixed, a € H and U
any compact-open bisection containing ¢(a). For all b € ¢~ (U),

X(0)(r) = x(b)(rlu((b))) = T(rly)(b)

which means that the map b+ x(b)(r) coincides with T'(r1y) on ¢~1(U) and thus it
1s continuous. [

We should note that according to [160], the local bisection hypothesis is preserved
by diagonal-preserving isomorphisms, so the same result is valid if we assume, in
principle, that only (G, R) satisfies this condition.

From this we can immediately classify the group of diagonal-preserving auto-
morphisms of Steinberg algebras satisfying the local bisection hypothesis. Let G
be a groupoid and R a ring. Denote by C(G, R) the set of all continuous cocy-
cles x : G — Iso(R, R), which is a group with the canonical (pointwise) structure:
(xp)(a) = x(a) o p(a) for all x,p € C(G, R) and a € G, where o denotes composition.

Let Aut(G) be the group of topological groupoid automorphisms of G. Then
Aut(G) acts on C(G, R) in the usual (dual) manner: for ¢ € Aut(G), x € C(G, R)
and a € G set (¢x)(a) = x(¢'a).

Denote by Aut(Ag(G), Dr(G)) the group of diagonal-preserving ring automor-
phisms of Ag(G).

Corollary 4.4.28. If (G, R) satisfies the local bisection hypothesis, then the group
Aut(Ag(G), Dr(G)) is isomorphic to the semidirect product C(G, R) x Aut(G).

Proof. Given (x, ¢) € C(G, R) x Aut(G), set T(,.4) € Aut(Ar(G), Dr(G)) by

T f(a) = x(a) f(¢~" (a)).

The map (x,¢) — T(y,4) is a group morphism and it is surjective by the previous
theorem. As for injectivity, note that ¢ and y are the homeomorphism and transform
associated to the 1l-isomorphism T, 4-1), and since these are unique we conclude
that (x, ®) — T{y,¢) is an isomorphism. O
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4.4.3 Steinberg algebras as crossed products

Again, we consider a commutative ring with unit R. Given a zero-dimensional, locally
compact Hausdorff space X, the Steinberg algebra of X, as a unit groupoid, is the
algebra Ar(X) of locally constant, compactly supported R-valued functions on X,
with pointwise operations.

In [I3], Beuter and Gongalves showed that any Steinberg algebra of a transfor-
mation groupoid, given by a partial action of a group, Ag(G x X), is isomorphic to a
crossed product Ag(X) x G (see [13, Theorem 3.2]). In the same paper, they proved
that every Steinberg Algebra, associated with an ample Hausdorff groupoid G, is iso-
morphic to the crossed product Az(G®) x KB(G) ([I3, Theorem 5.2]). Similarly, in
[34], Demeneghi proved that any Steinberg algebra of a Hausdorff groupoid of germs
associated to an ample action of an inverse semigroup S is isomorphic to a crossed
product Ar(X) x S ring (|34, Theorem 2.3.6]), and as a consequence obtained the
latter result presented by the previous authors (see [34, Proposition 2.4.3]). Note
that these results are non-comparable, since [I3]| deals with partial actions of groups
whereas [34] considers actions of semigroups.

Our current objective is to generalize both results above. More precisely, let
0 = (05 : Xo« = Xi),cq be a topological partial action of an inverse semigroup S on
a zero-dimensional, locally compact Hausdorff space X. Define, for each s € S,

Dy ={f € Ar(X) :supp f C X}

We will always identify Dy with Ar(X;), by extending elements of Agr(X;) to all of
X by zero on X \ X;. Define

(677 Ds* — DS
[ fobs

It is routine to check that « is an algebraic partial action of S on Ar(X).
Definition 4.4.29. « as above is called the partial action induced by 6.

We will prove that, as long as the groupoid of germs S'x X is Hausdorff, the Stein-
berg algebra Ar(S Xy X) is isomorphic to the crossed product algebra Ar(X) %, S.
In order to prove such an isomorphism, we need some preliminary lemmas. Follow-
ing the notation of Subsection recall that if s € S and U C X,«, we denote
[s,U] = {[s, 2] : x € U}, and that we identify s([s, z]) with z.

Lemma 4.4.30. Given s € S any subset B of [s, Xs+| is of the form B = [s,s(B)].

Proof. Since [s, X,] is a bisection (Proposition [4.2.12)), then for any subset B C
(s, Xs+] we have
B =5"(s(B)) N[s, Xs]| = [5,5(B)]. O
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Lemma 4.4.31. Let S x X be a Hausdorff groupoid of germs, and consider two fi-
nite collections {[s;,U;] i =1,...,n} and {[t;,V;] : j = 1,...,m} of pairwise disjoint
basic compact-open bisections of S x X such that

n

m
Ut = Uil

=1

Then for each pair 1,7, there is a finite set {[ug,Wf]
basic neighbourhoods of S X X such that

}qu“ of pairwise disjoint
[s;, U] N [t;, V5] = U [uk , W”} and  uy < st
k=1
Proof. Given i and j, let b be an element of [s;,U;] N [t;,V;]. Then [s;,s5(b)] = b =
[tj,5(b)], so there is u, € S such that 5(b) € X,y and w, < 54, ¢, S0
b= [Ub,ﬁ(b)} S [Ub, Xult N Uz N ‘/J] - [Si, Uz} N [t]‘, V}]

Using compactness of [s;,U;] N [t;,V;], we find a finite cover for this set with
elements of the form [uk ,W”] for certain u)! < s;,t; and W’ C U;NVj, that is,
pi
(s, U] N [t Vi) = | [u, W] .
k=1
For k > 2, we can substitute [ukj,W”} by [u,j,W”] \Uk_l[ i Wij] and use
Lemma 4.4.30 to rewrite this set as [u}/ ,Wj] for appropriate ij, to obtain the
desired partition of [s;, U;] N [¢;, V}]. O

We now prove another main theorem of this section. We refer to the notations
of Definitions 4.3.2] 4.3.6| and [4.3.8]

Theorem 4.4.32. Let 0 = (0, : X,» = X,),.q be a topological partial action of an
inverse semigroup S on a zero-dimensional, locally compact Hausdorff space X, and
a = (as: Do = Dy) g the partial action induced by 6 (Definition [{.4.29

If the groupoid of germs S xg X is Hausdorff then the Steinberg Ar(S xg X) is
isomorphic, as an R-algebra, to the crossed product Ar(X) Xq S.

Note that we cannot use the universal property of crossed products described in
Theorem [4.3.15], because the algebra Dy is not unital if X is not compact.

The main idea of this proof is to identify a symbol ds, as in Definition [£.3.2]
with the characteristic function of the bisection [s, X,+], and to use the inclusions
Dy C Ar(X) and the identification of Ar(X) as the diagonal subalgebra of Ar(Sx X)
as in Definition [£.4.9 and the discussion following it.
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Proof of[4.4.39 Given a generating element fi05 of Z(a), let ¢(fsds) : S X X — R
be given by

fs(t(a)), ifa € [s, X,

0, otherwise.

¢(fs0s)(a) = {

We first prove that ¢(fsds) € Ar(S x X), i.e., that ¢(fsds) is locally constant and has
compact support. Notice that the definition of ¢(fsds) implies

supp(p(fs0s)) = [s, 0, ' (supp(f))],

which is compact-open and in particular clopen because S x X is Hausdorff.
Of course, ¢(fsds) is constant equal to 0 on the complement

(S % X) \ supp(o(fsds)),

and since ¢(fsd5) coincides with the composition fs ot on supp(¢(fsds)) and fs is
locally constant, then ¢(fs0,) is also locally constant on supp(¢(fsds)). We conclude
that ¢(fs0,) is locally constant on complementary clopen subsets of S x X, so ¢( f05)
is locally constant.

Using the presentation of £ («) in Definition [£.3.2] we extend ¢ linearly to an
R-module morphism ¢ : Z(a) — Ar(S x X). Let us prove that ¢ vanishes all
elements of form f,0, — fi0;, where s <t and f, € D,. Given a € S x X, we have
three possibilities:

Case 1: If a € [s, X+ then a € [t, X;+], and
¢(fs0s — fs01)(a) = fi(v(a)) — fs(x(a)) = O;

Case 2: if a € [t, Xy« \ [s, Xs+] then t(a) ¢ X, because t is injective on [t, X;+|, and
fs(t(a)) = 0 because fs € D,. Thus

¢(f555 - fsét)(a) =0- fs(t(a)) = 0.
Case 3: if a ¢ [t, X;«] then a ¢ [s, X] as well, so

gb(fs&s - fs(st)<a) =0-0=0;

Therefore, ¢ vanishes on the ideal .4 (a)) and hence factors through the quotient
Z(a)/ AN (o) = Ar(X) x S to an R-module morphism ® : Ax(X) xS — Ar(S x X).
At this point, we have not checked that ® is an algebra morphism.

We will now construct the inverse of ® using the universal property of Steinberg
algebras, Theorem [4.4.8]
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Given U € KB(S x X), decompose U as a disjoint union U = |J,[s;, U;] for
certain s; € S and U; C X,:. Define

U)=> Ty w)ds € Ar(X) % S

i=1

We need to prove that ¢ does not depend on the given decomposition of U. Suppose
U =Ulsi, Uil = U;lt5, V}] both unions being disjoint. By Lemma [4.4.31] we can find
collections of elements u;’ < s;,¢; and W” C U; NV; such that for all 7 and j,

1is

[si, Ui] N [t5, V] = U[Uk W

For a fixed i, we have

m m 14

[ss, Ui] = U[Su i N[ty Vi) = U U [, W]

j=1 j=1k=1
as a disjoint union, so comparing their ranges we obtain

m 14

=JUbsw)

j=1k=1
and this union is also disjoint. Therefore

m 1Y

- Z Z 19uz‘j (W)

j=1 k=1 k

and similarly, for a fixed j, 1o, (v;) = >_;_, Zl” Wiy
Now we can compute

m 1Y n

2 To. 0% = )3) ) BANTEAD o,

i=1 j=1 k=1 'k i=1 j=1 k=1

where the equalities marked by (x) follow because 1, o i) € D,y and ul < st

Therefore )(U) does not depend on the initial decomposmon of U. We still need to
prove it is a Boolean representation.
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First, suppose [s, U], [t, V] are basic bisections in KB(S x X). Then
[s,U][t, V] = [st,V N6, (UN X)),

SO

(s, U[t, V1) = 1y, (vt wnx.))Ost-

But VN, (UNX,) is contained in X, N6, (X, NX,), which is the domain of 6,06,
SO we may compute

0,(V Do, (UNXy)) =0,0.VNno; " (UnNXy)))
=0,(0,(V)NUNX,) = 0,(6,(V)NT)

and therefore
U([s, Ul[t, V]) = 1o, (6,(v)nv)dst (4.4.6)
On the other hand,

(s, UDY([t, V1) = (Lo 0)0s) (La,(v)0r) = as(ase (Lo, ) Loy (v))Ist-

Since
Oés*(lgs(U)) = 193((]) o 95 = 1U
then

as(as- (Lo, w))1o,(vy) = as(lule,vy) = @s(Lure,v)) = lune,v) © Os = Lo, wno.(v))

and thus
([s, UNY([t. V]) = Lo,wrou(v)) st (4.4.7)

so Equations and imply that 1/)([5, Ullt,V]) = ¥([s, UD)¥([t,V]). The
definition of ¢ then readily implies that ¥(AB) = ¢(A)y¥(B) for all compact-open
bisections A, B C S x X, i.e., ¥ is a semigroup morphism.

The definition of ¢ also makes it clear that /(AU B) = ¢(A) + ¢(B) whenever
A and B are compatible compact-open bisections of S x X with AN B = @, so ¢ is
a Boolean representation of KB(S x X).

Then by the universal property Ag(G) (Theorem [4.4.8), there exists a unique
R-algebra morphism U : Ap(S x X) — Agr(X) x S satisfying (1) = ¢(U) for all
U € KB(G).

It remains to check that W is the inverse of ®. Suppose s € S and U C X,-.
Then

lo,wyotr on [s, X

0 everywhere else

O(W(1s0)) = (Lo, w)0s) = {

- 1[57[]].
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Since the family {1[87(]} :se S, UC SS*} generates Ar(S X X), as an R-module,
then ®(V(f)) = f for all f € Ar(S x X).
In the other direction, if s € S and U C X, by the definition of ¢ we have

O(1yds)) = 1[5,9;1(U)]7

SO

Since {1U58 :se S, UC XS} generates Ar(X) x S as an R-module, we conclude
that U(®(z)) = x for all z € Ar(X) x S. Therefore, ® = U~! and ¥ is an algebra
isomorphism. O

Remark 4.4.33. Note that the isomorphism ® : Ag(X) xS — Ag(S x X) obtained
in the proof of Theorem above maps the diagonal subalgebra of Az(X) xS (as
in Definition to the diagonal subalgebra of Ag(S x X) (as in Definition [4.4.9).
Under the usual identifications of both of these diagonal subalgebras as Ag(X), the
isomorphism & restricts to the identity of Agr(X).

Corollary 4.4.34. Let G be an ample Hausdorff groupoid. Then the Steinberg Algebra
ARr(G) is isomorphic to the crossed products Ap(G®)x,B(G) and Ar(G©)x,KB(G),
where 1 and n are induced by the canonical actions of B(G) and KB(G) on G©

(Ezample :

Proof. By Example |4.2.20, G is isomorphic to the groupoids of germs B(G) x G(*) and
KB(G) x G given by the respective canonical actions of B(G) and KB(G) on G,
Then the desired result follows from Theorem 1.4.32] O

It is interesting to note that the crossed products Az(G?)xB(G) and Ar(G®) %
KB(G) arise from global actions and not simply partial actions. Further, using The-
orem and Corollary for the groupoid of germs of a partial action, we
obtain

Ap(X) xS >~ Ap(S x X) >~ Ap(X) %, KB(S x X),

where 7 is induced by the canonical action of KB(S x X) on (S x X)© ~ X,

4.4.4 Constructing a Steinberg algebra from a crossed product
AR(X) xS

In the previous section we saw that the Steinberg algebra of an ample Hausdorff
groupoid of germs can be seen as a crossed product of its diagonal subalgebra. In
this section we will be interested in the opposite direction, that is, to characterize the
crossed products of the form Ar(X) %, .S which can be realized as Steinberg algebras
ARg(S xp X) in such a way that « is the partial action induced by 6. To do this, we
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need to perform a “point-realization” of algebraic partial actions on algebras of the
form Ag(X).

Some results of this nature are already known. For example, in the C*-algebraic
case, if X is a locally compact Hausdorff space, then every closed ideal of Cy(X) is of
the form Co(U) ~ {f € C(X): f =0o0n X \ U} for some (unique) open set U C X
(J168), Exercise 3.2.3(5)]), and the Gelfand-Naimark Theorem ([I33, Theorem 2.1.10])
implies that every s-isomorphism T : Co(U) — Cy(V') between two such ideals is of
the form T'(f) = f o ¢ for some (unique) homeomorphism ¢ : V' — U. This gives a
one-to-one correspondence between algebraic partial actions of an inverse semigroup
S on Cy(X) (by *-automorphisms of closed ideals) and topological partial actions of
S on X.

In [12], an analogous result in the purely algebraic setting was proven. Namely, let
K be a field, X be a set, and denote by Fo(X) the K-algebra of K-valued functions on
X with finite support, endowed with the pointwise operations. Then ideals of Fy(X)
and their isomorphisms correspond to subsets and partial bijections of X, in a manner
similar to the one above. This also yields a one-to-one correspondence between the
algebraic partial actions of an inverse semigroup S on X and the topological partial
actions of S on Fy(X).

In this section, we will show that the same occurs with partial actions of inverse
semigroups on non-discrete spaces. In order to obtain a bijective correspondence
between partial actions of S on X and their induced partial actions on Ag(X), we
need a few preliminary results. We will use the terminology and notation of Chapter

Bl

Proposition 4.4.35. Let R be an indecomposable ring and let X and Y be zero-
dimensional, locally compact Hausdorff spaces. A map T : Ar(X) — Agr(Y) is an
isomorphism of R-algebras if and only if there exists a (necessarily unique) homeo-
morphism ¢ 1Y — X such that T(f) = fo¢ for all f € Ar(X).

Proof. The “if” part is straightforward, so suppose thatT : Agr(X) — Ag(Y) is an
isomorphism of R-algebras. As unit groupoids, X and Y are principal, and their
Steinberg algebras Ar(X) and Ag(Y') coincide with the respective diagonals Dg(X)
and Dr(Y).

By Theorem [4.4.27, we have T'f(y) = x(y)(f(¢(y))) for some homeomorphism
¢:Y — X and a cocycle x (Definition [4.4.23)). Moreover, the map

Y x R — R, (y,m) = x(y)(r)

is the T-transform (Definition [3.3.1). Since all operations are pointwise, each section
X(y) of the T-transform is an R-algebra automorphism of R (Theorem [3.3.10)), so
it is necessarily the identity automorphism. This means that Tf = f o ¢ for all

f e Ap(X). O
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We now classify ideals with local units of the R-algebra Ag(X), as in Theorem
Using the same notation of Section note that if U is an open subset of X,
then

L(U) :={f € Ar(X) : supp(f) C U}
is an ideal of Ar(X) with local units. Indeed, if fi,---, f, € I(U) then the charac-
teristic function 1x of K = (J;_, supp(fi) is a local unit for {fi,..., f,}. Also note
that U is compact if and only if I(U) has a unit (namely, the characteristic function
1y is its identity).

Proposition 4.4.36. Let R be an indecomposable ring and X a zero-dimensional,
locally compact Hausdorff space. Then the map U — I(U) is an order isomorphism
between the lattices of open subsets of X and ideals with local units of Ar(X). The
inverse map is given by I — U(I) ==, supp(f).

Proof. We will prove that ideals with local units of Ag(X) are precisely the 1l -ideals
(Definition [3.2.3)). By Theorem and the discussion before this proposition, every
Al -ideal of Ag(X) is an ideal with local units of the R-algebra Ag(X).

Assume now that I is an ideal with local units of Ag(X). We need to prove
that an element a € Ar(X) belongs to I if and only if it admits a finite strong cover
(Definition by elements of I. On one hand, if f € I then {f} is a finite strong
cover of f contained in I.

Conversely, assume f € Ar(X) admits a finite strong cover B C I, so supp(f) C
Upes supp(b) (Proposition 3.2.2). Let u € I be a local unit for B. In particular u is
an idempotent, so u = 14 for some compact-open subset A C X, and for all b € B
and all x € supp(b),

u(z)b(z) = b(x) #0
so u(z) = 1. This proves that u = 1 on |J,.supp(b), which contains supp(f), and
thus f =uf € I.

Therefore, ideals with local units of the R-algebra Ag(X) are the same as 1l -

ideals, so the result follows from Theorem [3.2.6] ]

Proposition 4.4.37. Let R be an indecomposable ring, X a zero-dimensional, locally
compact Hausdorff space and S an inverse semigroup. If o = (as : Dy — Dy) g 18
an algebraic partial action of S on the R-algebra Ag(X), such that each ideal D has
local units, then there is a topological partial action 6 = (05 : Xg — X§) of S on

X which induces a (see Definition .

Proof. The proof is similar to that of Theorem

Given « as above, for each s € S let X; = U(D;) be the open subset of X
associated to D,. Under the usual identification of Dy = I(X;) with Ar(X;), we see
each map a, as an R-algebra isomorphism

ses

Qg @ Ds* ~ AR(XS*) — AR(XS) ~ Ds
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By Proposition [1.4.35] for each isomorphism «; : Ar(Xs) — Agr(Xs), there is a
unique homeomorphism 6y : X, — X« such that

as(f) = f ol for all f € Ap(Xg) =~ Dss.

The homeomorphisms 6, satisfy properties (1)-(3) of Theorem s0 0 :s—b;is
a partial action of S on X which induces . O

So from an algebraic partial action « on Ag(X) we managed to obtain an ap-
propriate topological partial action 6 on X. In order to identify the crossed product
algebra of o with the Steinberg algebra of the groupoid of germs of 6, we need to
guarantee that the conditions of Theorem are satisfied.

First we describe the ideals associated with clopen sets algebraically. The fol-
lowing definition is an algebraic version of |21 Definition 1.5.9].

Definition 4.4.38. A conditional expectation of a R-algebra A onto a subalgebra B
is an R-module map F : A — B such that

(i) E(b) =bfor all b€ B (i.e., E is a projection onto B);

(ii) For all @ € A and b € B, E(ba) = bE(a) and E(ab) = E(a)b (ie., E is a
B-bimodule morphism).

Remark. If B has local units then condition (ii) above can be substituted by
(ii)” For all a € A and b, € B, E(bal’) = bE(a)b'.
Indeed, if a € A and b € B, let u € B be a unit for {E(ab),b, E(a)}. Then

E(ab) = uE(ab)u i E(uabu) = E(uab) = uE(a)b = E(a)b,
and similarly E(ba) = bE(a), so (ii) is satisfied.

Example 4.4.39. Let R be any (nontrivial) commutative unital ring. We consider
the subalgebras B C A of the 2 x 2 matrix algebra Ms(R)

e {[t Neaneen) i 5o Y aen).

Let £ : A — B be given by F ({Z (c)}) = {2 8} Then FE is a projection of A

onto B and satisfies (ii)’, because BAB = 0. However, E is not a left (nor right)
B-module morphism, because

i e R e
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Lemma 4.4.40. Let R be an indecomposable ring, X a zero-dimensional, locally com-
pact Hausdorff space and U an open subset of X. Then the following are equivalent:

(1) U is clopen;
(2) There exists a conditional expectation of Ar(X) onto I(U);

(3) There ezists an ideal J of Ar(X) such that Ar(X) =L(U) & J (as R-modules).

Proof. (1)=(2): If U is clopen, then 1;; is continuous and the map E : Ap(X) — I(U),
E(f) = flp is a conditional expectation. (Even though that 1y does not belong to
I(U) is not compact.)

(2)=(3): Suppose E : Ar(X) — I(U) is a conditional expectation, and define
J={f—E(f): f € A}. Then J is an R-submodule of Ar(X) such that Ag(X) =
I(U) @ J, since E is a projection onto I(U). Let us check that is an ideal: Suppose
f € Ar(X) and g € I(U). Let u € I(U) be a local unit for {E(fg), f}. Then since F
is a right I(U)-morphism, and I(U) is an ideal:

E(fg) = E(fg)u = E(fgu) = E(f)gu = E(f)g (4.4.8)

SO
(f—E(f)g=fa—E(flg=rfg—E(fg) €]
and therefore J is a right ideal. Similarly it is a left ideal.
(3)=-(1): Suppose that Ar(X) = I(U) & J for some ideal J. Let us show that
J CI(X\U). Indeed, if f € J and x € U, then f is constant on a neighbourhood V/
of . Choose y € U NV, and W a compact-open neighbourhood satisfying y € W C
UNV. Since I(U) and J are complementary ideals, then f1ly, = 0 and in particular

f(x) = fy) = (flw)(y) = 0.

Therefore J C I(X \ U). We can now prove that U is clopen.

Given z € U, let V be any compact-open neighbourhood of z. By hypothesis,
we may write 1y, = f + ¢ for some f € [(U) and g € J CI(X \U), s0 1 = 1y(z) =
f(z)+g(z) = f(x). In particular x € supp(f) C U. Therefore U is clopen. O

Remark. From Equation (4.4.8) it follows that the conditional expectation E :
Ar(X) — I(U) is an R-algebra morphism.

By Lemma [4.4.40| and Theorems [4.2.23| and [4.4.32] we conclude the following:

Theorem 4.4.41. Let S be an inverse semigroup which is a weak semilattice, R be
an indecomposable ring and X a zero-dimensional, locally compact Hausdorff space.
Let o = (as : Do — D), g be an algebraic partial action of S on Ar(X) where each
ideal Dy has local units and satisfies any condition of Lemma[{.4.40

Then Ar(X) xq X is isomorphic to a Steinberg algebra Ar(S xo X) where 6 is
a topological partial action of S on X which induces c.



4. PARTIAL ACTIONS OF INVERSE SEMIGROUPS 226

4.5 Partial actions from associated groups and in-
verse semigroups

4.5.1 F and E*-unitary inverse semigroups

We will now describe how to construct partial actions of groups from actions of inverse
semigroups and vice-versa. The class of inverse semigroups which allows us to do this
in a more precise manner is that of E-unitary inverse semigroups.

Definition 4.5.1. An inverse semigroup S is
1. E-unitary if whenever s € S and e € E(S), if e < s then s € E(S5);

2. E*-unitary (sometimes called 0-E-unitary) if it has a zero and whenever s € S
and e € E(S) \ {0}, if e < s then s € E(S).

Note that an inverse semigroup S with 0 is F-unitary if and only if S = E(S),
which is a somewhat trivial case. Moreover, we can always adjoin a zero (that is,
an absorbing) element 0 to any semigroup S, and the semigroup Sy obtained is F*-
unitary if and only if S is E-unitary.

Example 4.5.2. Every group is E-unitary.
Example 4.5.3. Every A-semilattice is F-unitary.

Example 4.5.4. If S is E*-unitary then it is a semilattice: Indeed, given s,t € S,
if {s,t} does not admit any nonzero lower bound then s At = 0. If {s,t} admits a
nonzero lower bound, then s and t are compatible, so s At = ts*s.

As a consequence, every E-unitary inverse semigroup S is a weak semilattice:
We can embed S into an E*-unitary semigroup Sy by adjoining a 0. Given s,t € S,
let F' = {sAt}\ {0}, which is either empty or equal to {s At}, but in any case a
finite subset of S, so that {x € S: 2 <s,t} =;p{r €S2 < f}

Let us rewrite the F and E*-unitary condition in terms of the compatibility
relation.

Lemma 4.5.5. [108, Theorem 2.4.6]

(a) An inverse semigroup S with 0 is E*-unitary if and only if whenever s,t € S
have a non-zero common lower bound then s and t are compatible.

(b) An inverse semigroup S is E-unitary if and only if whenever s,t € S have a
common lower bound then s and t are compatible.
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Proof.  (a) First assume S is E*-unitary and s,¢ € S have a common nonzero lower
bound u € S\ {0}. Then u*u < s*t,t*s and uu* # 0, so both s*t and st* are
idempotent and s and ¢ are compatible.

Conversely, suppose the latter condition is satisfied, e < s and e € E(S) \ 0.
Then e < s,s*s, which implies that s and s*s are compatible and thus s =
s(s*s)* is an idempotent.

Item (b) follows from (a) by adjoining a 0 to S. O

4.5.2 Maximal group image

To each inverse semigroup S we can naturally associate a group G(S) in the following
manner: define a relation in S by

s~t <= JueS suchthat u <s,t. (4.5.1)

Alternatively, s ~ ¢ if and only if there exists e € E(S) such that es = et (and the
proof of this equivalence is similar to that in Remark [4.2.5)).

Using the fact that the order of S is preserved under products and inverses, it is
easy enough to see that ~ is in fact a congruence, so we endow the quotient set S/~
with the quotient quotient semigroup structure. Given s € S, we denote by [s] the
equivalence class of s with respect to the relation (4.5.1)).

Proposition 4.5.6 ([I135, Proposition 2.1.2]). Let S an inverse semigroup. The
quotient

G(S) =5/~

is a group. Furthermore, G(S) is the maximal group homomorphic image of S in the

sense that every semigroup morphism 6 : S — G from S to a group G factors through
G(S).

Proof. Let e € E(S) be arbitrary and set u = [e]. If f € F(S) is any other element,
then ef <e, f, so [f] = [e] = u.

If s € .S, then
[sJu = [s][s"s] = [ss"s] = [s]
and similarly u[s] = [s], so u is a unit for G(S), and since
[s][s7] = [ss"] = u

then [s*] is the inverse of [s], so G(S) is a group.

If G is a group and 6 : S — (G is a morphism, then suppose s ~ t, that is, there
is u € S with u < s,t, so 8(u) < 0(s),0(t). But since the order on G is equality, we
have 0(s) = 0(u) = 6(t), so 6 factors through a morphism G(S) — G. O
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Example 4.5.7. If G is a group then G(G) is isomorphic to G.
Example 4.5.8. If F is a A-semilattice then G(E) = {1} is the trivial group.

Example 4.5.9. If S is an inverse semigroup with a zero, then G(S) = {1} is the
trivial group.

We will now describe how partial actions of E-unitary inverse semigroups induce
partial actions of their maximal group homomorphic images. The following lemma
will be necessary:

Lemma 4.5.10. Suppose 0 is a partial action of an inverse semigroup S on a set X.
If s,t € S are compatible, then 05,0, € Z(X) are compatible.

Proof. 1f s and t are compatible then s*t € E(S), so 05, € E(Z(X)). Since 050, < Oy,
then 670, is an idempotent, and similarly 6,67 is also idempotent, so 6 and 6, are
compatible. O

Theorem 4.5.11. Let 6 = (05 : X« — X;)ses be a topological partial action of an
E-unitary inverse semigroup S on a topological space X.

Then there is a unique topological partial action 0= (97 Xy — )A(/V> s of
yeG(S
G(S) on X such that

(i) X, = Uy Xs for all v € G(5);

(i1) 5[5](1:) =0s(x) for all s € S and x € X;;

(in other words, 57 is the join of {0, : [s| = v} in Z(X)).
Remark. If one allows degenerate partial actions, then item (i) implies that 6 is
non-degenerate if and only if # is non-degenerate.

Proof of Theorem [{.5.71. Given s,t € S, if [s] = [t] then s and ¢ admit a common
lower bound, and since S is FE-unitary, this implies that s and ¢ are compatible

(Lemma [4.5.5)), so 05 and 6; are compatible (Lemma [4.5.10)).

Thus, given v € G(S), the family {0, : s € v} is compatible in Z(X), so we may
define (as in Example 1.2.36)) 0, = \/ . 0. Letting X, be given as in item (i), note

that )N(ﬂﬂ and )NQ are, respectively, the domain and range of 57. By definition, we
have 0;,11 = 6" for all v € G(9).
Using infinite distributivity of Z(X) (Example [1.2.36) we obtain, for all v,d €

G(9),
57056:\/9309t§ \/ esté \/gz:ayé-

s€y SEY,tES zZ€Y0
teod
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Hence 0 = <97 P X1 — )?7 is a partial action, by Proposition [4.1.3, Note

)’YEG(S)
that for each v € G(5), X, is a union of open sets, hence open, and 6, is a join

of continuous functions on open sets, hence continuous. Therefore 6 is a topological
partial action satisfying (i) and (ii). O

Proposition 4.5.12. Let 0 be a topological partial action of an E-unitary inverse
semigroup S on a space X and 6 be the induced partial action on G(S). Then

Sxg X ~G(S) xz X

Proof. Consider the map [s,z] — ([s],z). Since S is E-unitary this map is well-
defined and is clearly a morphism, and surjectivity follows since 5W = v[s]=w 0. As
for injectivity, suppose ([s], z) = ([t],y), so x = y and [s] = [t]. We can in fact assume
r € X N Xy Then s and ¢ are compatible, which implies s At = st*t. Since

€ X NXpe C© X N Xpop = Op(Xoo N Xpoy) C Xpogor = X(snty*

we conclude that [s,z] = [¢, y]. O

4.5.3 Universal inverse semigroups

At this point, we have described a strong relationship between partial actions of an
E-unitary inverse semigroup and partial actions of the associated (maximal homo-
morphic image) group. Here we will be interested in the other direction, that is, to
a group GG we want to associate a semigroup S with a map G — S such that every
partial action of G factors through a partial action of S. Of course, we could simply
take S = G, so instead we will look for a semigroup S such that partial action of G
factor through global actions of S.

This construction was initially done in [48], where Exel defines the universal
inverse semigroup S(G) of a group G, with the property that partial actions of G
correspond to global actions of S(G). This was further generalized in [22], where Buss
and Exel extended this theory from groups to inverse semigroups. However, we will
deal only with the group case, as explained above.

Given a group G, let S(G) be the universal semigroup generated by symbols of
the form [t], ¢ € G, modulo the relations

() [s~sllt] = [s~1st);
(i) [l = [st]t s
(i) [s][1] = [s];
s

[1][s] = [s;

)
)
)
)

(iv
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For every t € G, denote by ¢ the element ¢, = [¢][t7!]. We call S(G) the universal
semigroup of G. The next theorem lists all the necessary properties of S(G) we will
need.

Theorem 4.5.13 (48] Propositions 2.3, 2.5 and 3.2; Theorems 3.4 and 4.2|). Let G
be a group. Then S(G) is an inverse semigroup such that

(a) Forall s € G, [s]* = [s7];

(b) For every v € S(G), there are a unique n > 0 and distinct elements ry,...,ry, s
in G such that

(i) v =€ €8l
(ii) r; #1 and r; # s for all i;
(tit) r; #r; fori # j;

We call such a decomposition v = €., - - - €., [s] the standard form of v, which is
unique up to the order of ri,...,r,.

The description of S(G) with generators and relations also immediately implies
the following:

Theorem 4.5.14 (|48, Theorem 4.2]). Let G be a group. If 6 is a topological partial
action of G on a topological space X, then there is a unique topological global action

0 of S(G) on X such that O = 0, for allt € G.

Proposition 4.5.15. Let G be a group and S(G) its universal inverse semigroup.
Then

(a) S(G) is E-unitary (see [{8, Remark 3.5]);
(b) The map G — G(S(Q)), g+ [lg]], is an isomorphism.

Proof.  (a) Suppose € < o where € € E(S(G)). Writing o and € in standard form,
we obtain
Q= €g € 8] and € =€, € 1]

Since € < v and [1] is a unit of S(G), then
€y e [l] =€=€ax =€ - €, € Es,[S]

From the uniqueness of the standard form of € we conclude that s = 1 and « is
an idempotent.
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(b) First note that for all s,t € G,

[s][t] = [s][t][t~"][¢] = [st]esr,
so the map G — S(G), g — |g], is a partial morphism, and the map S(G) —

G(S(@)), a — [a] is a morphism. So g — [[¢]] is a partial morphism between
groups, hence a morphism.

Given a € S(G), since a = €, -+ - €5, [s] for certain s,sy,...,s, € G, we get
[a] = [[s]], so g — [[g]] is surjective.
If [[g]] =1 = [[1]], then there is an idempotent € = €., - - - €., [1] for which
[9]661 T €ey T [1]661 T Cep
and the uniqueness of the standard form implies g = 1. m

Therefore, the map S — S(G) is a left inverse to the map G — S(G), and
in particular every group is the maximal group image of some FE-unitary inverse
semigroup. B

Suppose 6 is a partial action of G on a set X, ¢ is the corresponding global action
of S(G) and ~ is the induced partial action on G(S(G)). Every s € S(G) is smaller
than a unique element of the form [g], ¢ € G, so [s] = [[g]]. Moreover, [g] is the
maximum element of [[¢]], which yields 7y = 6, for all g € G.

This means that the isomorphism of Proposition also preserves partial
actions of G appropriately, so we obtain as an immediate consequence:

Corollary 4.5.16. Let 0 be a topological partial action of a group G on X and 0 be
the induced global action of S(G). Then

G xg X ~S(G) x5 X.
The following interesting corollary shows that for these universal semigroup,
partial actions always extend to global actions:

Corollary 4.5.17. Let G be a group, S = S(G) and 0 a topological partial action
of S on X. Then there exists a global action o of S on X such that 05 < ay for all
seSand Sxyg X ~ 5 x,X.

Proof. Let
1. 7 be the partial action of G(S) induced by 6;

2. 7' be the composition of v with the isomorphism G — G(S(G)), g — [[9]];

3. «a be the action of § = S(G) induced by +'.
Then for all s € S,
Bls) < el = 76 = Y

and
Sxp X ~G(S) Xy X G Xy X ~S(G) X, X =85 X, X. O
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4.6 Topologically free partial actions

In this section we introduce a notion of topological freeness for partial actions of
inverse semigroups which will be used later in our study of continuous orbit equiva-
lence. We use this notion in Theorem [4.6.15]to describe E-unitary inverse semigroups
in terms of the existence of certain topologically free partial actions.

Definition 4.6.1. The isotropy subgroupoid of a groupoid G is the subgroupoid

Iso(G) = | J G ={a€G:s(a) =x(a)}.

zeG0)

Definition 4.6.2 ([148]). A topological groupoid G is effective if the interior of Iso(G)
coincides with the unit space G(©).

Proposition 3.6 of [148] shows that every Hausdorff topologically principal étale
Hausdorff groupoid (Definition is effective. The converse is true when we add
the assumptions that G is second countable and that its unit space G(© has the Baire
property.

If 6 is a partial action of an inverse semigroup S on a set X, we will denote by
S, the subset {s € S:x € X} of S.

Definition 4.6.3 (|53, Definition 4.1]). Suppose € is a partial action of an inverse
semigroup S on a topological space X. Given x € X and s € S,,, we say that

1. x is fized by s if O4(x) = z;
2. x is trivially fized by s if there is e € E(S) such that e < s and x € X,.

We also define the set

A) ={r e X :if s € S, and z is fixed by s then z is trivially fixed by s} .
(4.6.1)

We should mention, however, that partial actions which correspond to effective
groupoids of germs were defined under the name “topologically free” in [53], so in order
to avoid confusion throughout this paper, we will therefore call the class of actions
defined in [53] effective. This way, topologically free partial actions will correspond
to topologically principal groupoids of germs, whereas effective partial actions will
correspond to effective groupoids of germs.

Definition 4.6.4 ([53, Definition 4.1]). A partial action 0 = (0, : X,;» — X), s of
an inverse semigroup S on topological space X is effective if for all s € S, the interior
of the set of points fixed by s coincides with the set of points trivially fixed by s.
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Proposition 4.6.5 ([53, Theorem 4.7|). Given a partial action 6 of an inverse semi-
group S on a locally compact Hausdorff space X, the corresponding groupoid of germs
S x X is effective if and only if 0 is effective.

Definition 4.6.6. Let 0 = (0, : X« — X,) ¢ be a partial action of an inverse semi-
group S on a topological space X. We say that 0 is topologically free if A(0) is dense
in X (Equation (4.6.1))).

Topological freeness of a topological partial action 6 of a discrete countable group
G on a locally compact, Hausdorff, and second countable topological space X was
first defined in [I17, Definition 2.3] as follows: For every g € G \ {1}, the set Fix(6,)
has empty interior. This condition is formally weaker than the one we adopt, but the
countability hypotheses on G and X assure that, in this case, this is equivalent to
Definition [4.6.6] An application of Baire’s Category Theorem, as in [I17, Lemma 2.4],
gives the following result:

Proposition 4.6.7. Let S be a countable inverse semigroup and let X be a locally
compact, Hausdorff, and second countable topological space X. Then a partial action
0= (0s: Xoo = Xi),eq of S on X is topologically free if and only if for all s € S, the
set

{z € X5 1 if O5(x) = x then there is e € E(S) with e < s and x € X.}
18 dense in Xg-.

By a free partial action we mean a topologically free partial action on a discrete
space (that is, a set). It is interesting to note that freeness of a partial action implies
that the associated groupoid of germs is Hausdorff, as the next proposition shows,
however this is not true for topologically free partial actions, as in Example |4.6.9

Proposition 4.6.8. If 0 = (0, : X« — X,),cq is a free partial action of an inverse
semagroup S on a locally compact Hausdorff space X then S x X is Hausdorff.

Proof. Suppose [s, x] # [t,y] are elements of S x X. If x # y, choose disjoint neigh-
bourhoods U,V of x and y in X, respectively. Clearly, [s,U N X ] and [t,V N X
are disjoint neighbourhoods of [s, z] and [t, y], respectively.

Next, assume = = y. By freeness of 6, we have that 0,(x) = 6,(z) if and only
if there is u € S, such that u < s,t and x € X+, or equivalently [s,z] = [t,].
Hence, if [s,z] # [t,x] then 64(z) # 6;(x). Since X is Hausdorff, there are disjoint
neighbourhoods U and V of 05(x) and 6,(x), respectively. It is easy see that [s, 0 (U)]
and [t, 0;-(V')] are disjoint neighbourhoods of [s, x] and [t, x|, respectively. O

Remark. The proof above is a combination of the facts that free partial actions on
(discrete) sets correspond to (discrete) principal groupoids of germs, and that every
principal topological groupoid with Hausdorff unit space is itself Hausdorff.
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Example 4.6.9. As in Example [4.2.19] let S = NU{oo, 2} be the inverse semigroup
obtained by adjoining to the lattice N the group {oc, z} of order 2 (where oo represents
the unit), such that for all n € N,

noo =o00n = N2 = 2n = n.

Again, consider 6 the Munn representation of S on X = E(S) = N U {occ},
endowed with the same topology as the one-point compactification of N. This is a

topologically free partial action, since A(f) = N is dense in X, however the associated
groupoid of germs S x X is not Hausdorff (see Example [4.2.19)).

If G is a group, by Definition [4.6.6] a partial action of G is free if for all z € X
(and for all g € G), one has that 6,(z) = x implies g = 1, where 1 is the identity of
GG, which is the usual notion of freeness for partial group actions.

The following proposition is a useful rewording of freeness, and the proof is similar
to the argument in Remark

Proposition 4.6.10. Let 0 = (0, : Xy — X)) g
on X. The A(0) (Equation (4.6.1)) coincides with

{r € X :Vs,t €S, (if 0s(x) = 0,(x) then there exists Fu < s,t and x € X+)} .

be a topological partial action of S

In particular, 0 is topologically free if and only if the set above is dense in X.

We will now reword topological freeness of a partial action in terms of the
groupoid of germs S x X.

Proposition 4.6.11. Suppose that 0 = (05 : X — X;),cg @5 a partial action of an
inverse semigroup S on a locally compact Hausdorff space X. Then the groupoid of
germs S X X s topologically principal if and only if the action 0 is topologically free.

Proof. As usual, we may assume the action # is non-degenerate and identify X with
(S x X)) Then it is enough to prove that, under this identification, A(#) consists
of all x € X with trivial isotropy, that is,

A(B) = {z € X : (Sx X) = {2}}.

Let z € X be given. First suppose z € A(f) and [s,z] € (S x X)Z. This means that
x =t[s,z] = O4(x), so there is e € E(S) N S,, e < s, which implies [s, z] = [e, 2] = x.

Conversely suppose (S x X)* = {z} and let s € S, with 05(z) = x. This means
that [s,z] € (S x X)Z, and so [s, 2] = [e, z] for some idempotent e € S,. By definition
of the groupoid of germs, we can find another idempotent f € S, with se = ef, so in
particular ef is an idempotent, ef <s, and € X.y. This proves x € A(6). H

We finish this section by describing how FE-unitary inverse semigroups can be
characterized in terms of their partial actions.
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Theorem 4.6.12. Let 0 = (0, : Xs» — X)ses be a topological partial action of an E-

unitary inverse semigroup S on a topological space X and 6 = (57 : )N(Tl — )@) s
yeG(S

be the partial action of G(S) on X induced by 0, as in Theorem |4.5.11. Then 0 is
topologically free if and only if 0 is topologically free.

Proof. We just need to prove that A(6) = A(f). Suppose z € A(0), and that v € G(S5)
fixes z. Choose s € S such that [s] = v and 6,(x) = gv(x) = z. Since z € A(f) then
there is e € E(5), e < s with x € X.. As S is E-unitary, we have s € E(S) and
~v = [s] is the identity of G(S). This proves that A(6) C A(6).

Conversely, if 2 € A(f) and s € S fixes z, then 5[5}(@ = 0s(x) = x. By hypothesis,
this implies that [s] is the unit of G(5), i.e., [s] = [s*s]. Since S is E-unitary then
s € E(9). O

Proposition 4.6.13. Let S be an E-unitary inverse semigroup and 0 be a topo-
logically free partial action of S on X with X, # & for all s. Then E(S) =
{s: 0y is idempotent}.

Proof. 1f 6, is an idempotent, just choose x € X N A(f), so the equality 65(x) = x
is valid and implies e < s for some e € E(S), so s is idempotent because S is
FE-unitary. O

In [IT4], a morphism 6 : S — T of inverse semigroups is called idempotent-pure
if 071(E(T)) = E(S), and in [22] these were called essentially injective morphisms.
The same notion could be used for partial morphisms and actions.

Proposition 4.6.14. Let S be an inverse semigroup and 0 = (0, : Xo» — X,), g be
a partial action of S a space X such that
(i) 0 factors through G(S) — there is a partial action 6 = (58 ; )?7_1 — )}7) o
e

such that g[s] (x) = 0s(x) for all v € Xy (in particular X, C )?[S] forall s € S);
(11) {s € S : 0, is idempotent} = E(S5)
Then S is E-unitary.

Proof. Suppose e € E(S), e < s. We need to prove that s, or equivalently by (ii)
that 0, is idempotent. Since e < s, we have 1 = [e¢] = [s], thus for all x € X,
0s(x) = Ojy(x) = x, so O is an idempotent and s is idempotent by (ii). O

Given an inverse semigroup S, consider the canonical left action a of .S on itself
(Definition [1.2.27)): a,(t) = st whenever t*t < s*s (s,t € 5).

Theorem 4.6.15. S is E-unitary if and only if it admits a topologically free partial
action satisfying (i) and (ii) of the Proposition |4.6.1/)
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Proof. Proposition proves one direction. Assume then that S is E-unitary,
and let us prove that the canonical left action « of S is free: Suppose st = t, where
tt* < s*s. Then s > stt* = tt*, which is idempotent, so s is idempotent itself. This
clearly implies that the action « is free. Condition (i) is satisfied by Theorem

and condition (ii) by Proposition [4.6.13] O

An immediate consequence of the above proof is:

Corollary 4.6.16. S is E-unitary if and only if the canonical left action S — Z(S)
s free.

4.7 Continuous orbit equivalence

In [I17], Li characterized continuous orbit equivalence of topologically free partial
group actions in terms of diagonal-preserving isomorphisms of the associated C*-
crossed products. In this section, we will extend the notion of continuous orbit
equivalence to partial actions of inverse semigroups and characterize orbit equiva-
lence of topologically free systems in terms of diagonal-preserving isomorphisms of
the associated skew inverse semigroup rings.

Recall that if 0 = (6, : X — Xs)ses is a partial action of an inverse semigroup
S on a topological space X, we write S« X = {(s,z) € S x X : 2z € X }.

Definition 4.7.1. Let 0 = (0, : Xy — X,), g and v = (7 : Y+ = Y}),.1 be topolog-
ical partial actions on topological spaces X and Y, respectively. We say that 6 and
~ are continuously orbit equivalent if there exists a homeomorphism

p: X —Y
and continuous maps
a:S+*X —T and b:TxY — S
such that for all z € X, s € S;,ye€ Y and t € T},
(1) ¢(bs(7)) = Ya(s.0) (0(2));

(i) ' (%(W)) = Ovey (0™ (y))-

Implicitly, we require that a(g,z) € T,y and b(t,y) € Sy-1(,). We will call the triple
(p,a,b) a continuous orbit equivalence between 6 and ~.

Our next goal is to prove, under appropriate conditions, that continuous orbit
equivalence of topologically free partial actions is equivalent to isomorphism of the
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respective groupoids. This is a generalization of the analogous results for groups
(JT18, Theorem 1.2] and [I17, Theorem 2.7]).

Given a continuous orbit equivalence (p, a, b) between partial actions 6 and ~y as in
Definition [4.7.1], we will factor the map a : S x¢ X — T to a product-preserving mapﬂ
from the groupoid of germs S'xy X to T', and similarly for themap b : 'Y — S. For
this, we need to prove some identities related to how (¢, a,b) respects the structure
of S and T.

Lemma 4.7.2. Let 0 = (05 : X — X;),cg andy = (74 1 Yie = Y3),op be topologically
free partial actions, and (p,a,b) is a continuous orbit equivalence between 0 and ~y.
Assume that the groupoids of germs S g X and T %, Y are Hausdorff. Then

(a) [s1,2] = [s9,x] implies that [a(s1,x),p(x)] = [a(s2, x), ()], for all x € X and
$1,89 € 5,.

(b) [a(s182, ), p(x)] = [a(s1,0s,())a(ss, z), o(x)] for all x € X and sy € S, and
S1 € 5052(:13)-

(¢) [bla(s,x),¢(x)),z] = [s,x], for allz € X and s € S,.
Analogous statements hold with (p~,b,a) in place of (p,a,b).

Proof. (a) Let z € X and s1, sy € S;. Choose an open neighbourhood U of x € X
such that
a(s,r) = a(sy, ) and a(ss, ) = a(sq, )

whenever & € U. Then for all 7 € U N1 (A(v)),
[Slaﬂ = [S2aﬂ = ‘981 (f) - 952(%) = @(981 (f» - 90(052 (f))

= Ya(s1,8) (P(T)) = Va(s2,3) ((T)).

so the definition of A(y) and the given property of U imply [a(s1, ), ¢(Z)] =
[a(s2, ), (T)]. Since v is topologically free, A(7) is dense in Y, so UNg ™ (A(7))
is dense in U. Taking the limit £ — = we conclude that [a(s1,x),p(z)] =
la(s2, ), p(x)] (we are using the fact that T x., Y is Hausdorff, so limits are
unique).

(b) Choose an open neighbourhood U of z € X such that
a(s189,%) = a(s182,x), a(s1,0, (7)) = a(s1,0s,(x)) and a(sq,T) = a(ss, )
for all ¥ € U. Then for all 7 € U N ¢~ (A(7))

Va(5182,5)<90<%>> = 90(05152 (f)) = 90(081 (052 (f)) = Wa(517952(5))(90(952 (f)))

2We refrain from using the word “morphism” in this case since groupoids and inverse semigroups
do not belong to a common category that we have previously defined.
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= Ya(s1.005 @) (Va(s2.5) (P(T))) = Va(s1,0s,@))a(s2.7) (P(T))
so, as in item (a), the given property of U and the definition of A(~y) imply

[a(3132> l‘), 90(%)] = [a(sh Os, (:E))a(SQ, ?L’), gp(f)]
Since ¢ '(A(y)) N U is dense in U we conclude that

la(s182, ), ()] = lal(s1, 05, (2))als2, ), p(2)].

(¢) Similarly to the previous items, take neighbourhoods U of x and V' of ¢(x) such
that

a(s,z) = a(s,x) and bla(s,z),y) = bla(s,x), p(x))
(

taking ¥ — x gives us the desired result. O]

Theorem 4.7.3. Let 0 = (05 : X — X;),cg and v = (v : Y= = Yy),op be topologi-
cally free, continuously orbit equivalent partial actions, and suppose that the groupoids
of germs S Xy X and T x,Y are Hausdorff. Then SxyX andT x,Y are isomorphic
as topological groupoids.

Proof. Let (p,a,b) be a continuous orbit equivalence between 6 and ~. By by
Lemma [4.7.2(a) we can define

P:Sxp X —Tx,Y, O ([s,z]) = [a(s,x), p(x)]

and by by Lemma [£.7.2|(b) it is a groupoid morphism. Since a and ¢ are continuous
then ® is continuous. Similarly, the map

U:Tx,Y —SxeX,  U(ty]) =[bty). 0 ()]

is a continuous groupoid morphism as well. ® and ¥ are inverses of each other due
to Lemma [4.7.2)(c). O

Note that the continuous maps a and b in the definition of continuous orbit
equivalence take values in discrete spaces (namely, the corresponding semigroups),
and so X and Y are required to have sufficiently many clopen sets in order for a
continuous orbit equivalence between the corresponding partial actions to exist. Since
we will now be interested in constructing an orbit equivalence for two actions from
an isomorphism of the corresponding groupoids of germs, we will need to concentrate
on spaces which have sufficiently many clopen sets and partial actions which respect
this structure.
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Definition 4.7.4 (|[I61], Definition 5.2]). A topological partial action 6 of an inverse
semigroup S on a topological space X is ample if

(i) X is locally compact, Hausdorff and zero-dimensional;

(ii) X, is a compact-open subset of X for all s € S.

Lemma 4.7.5. Let § = (0,: Xy = Xi) oo and v = (v : Y = Yy),er be ample
partial actions of inverse semigroups S and T on X and Y, respectively, such that
the groupoids of germs S X9 X and T'x,Y are Hausdorff. Let & : Sxg X — T x,Y
be a topological isomorphism, and consider the restriction ¢ == ®|x : X — Y. Then

for all s in S there are elements tq,...,t, in T and there are disjoint compact-open
subsets Ky, ... K, of Y such that:

(a;) Kl g Yt—i*;

(b) p(Xs) = U?:l Ki;

(¢c) {7 (K;):i=1,...,n} is a partition of Xy ;

(d) Foralli € {1,...,n} and for allx € ¢~ (K;), one has that ®([s, x]) = [t;, p(z)].

Proof. Since [s, X+ is a compact-open bisection, then ®([s, Xs:]) is a compact-open
bisection in T ., Y, so there are elements ¢y, ...,t, of T" and disjoint compact-open
subsets K1,..., K, of Y with K, € Yy such that

o([s, X)) = | JIt:, Ki). (4.7.1)
i=1
Then item (a) is trivially satisfied. Item (b) follows by taking sources on both
sides of Equation (4.7.1)), and (c) follows from (b) and the fact that ¢ is injective.
Let us prove (d). Consider i € {1,...,n} and # € ¢ '(K;). Then Equation
(4.7.1) implies that ®[s,z] € [t;, K;], for some j € {i,---,n}, and in particular
s([s,z]) € Kj. As K, ..., K, are pairwise disjoint and

5(®[s, z]) = D(s[s, 2]) = p(z) € K;
then K; = K;. Therefore, ®[s, z] = [t;, p(x)]. O

We are now ready to prove that topological isomorphisms between Hausdorff
groupoids of germs yield a continuous orbit equivalence between the respective partial
actions.

Theorem 4.7.6. Let § = (0, : Xy = X,),cq and v = (v : Yo = Yy),ep e ample
partial actions of S and T on X and Y, respectively, and suppose that the groupoids
of germs S xg X and T %, Y are isomorphic and Hausdorff. Then 0 and ~ are
continuously orbit equivalent.
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Proof. Let ®: S xy X — T x, Y be an isomorphism of topological groupoids. Then
p=Px : X =Y

is a homeomorphism.

Given s € S, and choose ty,...,t, € T and compact-open subsets Ky, ...,
K, C Y satisfying properties (a)-(d) of Lemma [£.7.5] Define a(s,z) = t; whenever
r € ¢ Y(K;), so that a is a continuous map on {s} x X,.. This way, we define
a continuous function a on all of S * X = (J,cg{s} x Xs-. Let us show that a
satisfies the desired property for a continuous orbit equivalence between 6 and ~:
Given (s,z) € S x X, let t = a(s, x), so the definition of a(s, z) implies

Ya(s.2) (P(2)) = ¢ ([als, 2), p()]) = v ([t, p(2)]) = ©(P[s, 2]) = B(x]s, 2]) = @(bs(x)),

as desired.

Proceeding similarly with ®~! in place of ®, we construct a function b : T+Y — S
with analogous properties, so that a and b describe a continuous orbit equivalence
between 6 and . O]

Corollary 4.7.7. Let S be an inverse semigroup which is a weak semilattice and 0
be an ample partial action of S on X. Let T be the canonical action of KB(S xg X)
on X (see Example . Then 6 and ~ are continuously orbit equivalent.

Recall that in the definition of ample partial action we assume that the domains
are compact-open. The conclusion of Theorem is not true in general without
this assumption, i.e., there are non-continuously orbit equivalent topologically free
partial actions with isomorphic groupoids of germs.

Example 4.7.8. Let w; be the first uncountable ordinal endowed with the order
topology, making it zero-dimensional, locally compact and Hausdorff (see 1.19 and
17.2(c) of [I77]). Let S = {1} be the trivial group, acting trivially on w.

Consider T' = w; as a lattice, and the action v of 7" on w; in which ~; is the
identity function of {a € wy :a <t} forallt € T.

The transformation groupoids S x w; and T X w; are both unit groupoids and
isomorphic to w;. However, there is no continuous orbit equivalence between the
trivial action of S and ~.

Indeed, first we identify S % w; = {1} X w; with w; in the obvious manner. Let
¢ @ w; — w; be a homeomorphism and a : w; — T a continuous function. The
condition in Definition is that (o) belongs to the domain of 4, for all «, that
is,

() < a(a) for all o € wy. (4.7.2)

In other words, the continuous function f : w; — wi, f(a) = a(p («a)) satisfies
a < f(a) for all @ € wy, so let us prove that this leads to a contradiction (the
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argument is similar to that of [I77, Example 20.11]): Let ag € w; be arbitrary and
for all n > 0 set a1 = f(a,). Then § = sup, «, satisfies § = lim,, o,,, and since f
is continuous then

f(ﬂ) = hrrlnf(@n) = 1i£nan+1 = ﬁa
a contradiction.

Similar ideas are used in [I77, Example 20.11] to prove that w; is not paracom-
pact, which suggests that some property regarding paracompactness of the domains
of the partial action needs to be satisfied in order for Theorem to be valid. The
general condition that allows the theorem to be proven is ultraparacompactness: a
zero-dimensional, locally compact, Hausdorff space is ultraparacompact if every open
cover can be refined to a clopen partition. See [46] and the references therein for
distinct characterizations and more information about this property.

For example, every second-countable (or more generally every Lindel6f), zero-
dimensional, locally compact Hausdorff space is ultraparacompact. The proof of (the
analogue of) Theorem With ultraparacompact domains instead of compact-open
is essentially the same, but it is preferable to leave the theorem stated with more
standard - and elegant - assumptions.

4.8 Isomorphism theorems

In this short section we connect all the isomorphism theorems we have proved. But
first, let us consider another semigroup associated to a groupoid.

We will use the terminology of [125]. For each compact-open bisection U of an
ample groupoid G, we denote by 7y the homeomorphism given by the canonical action
of KB(G) on G namely 7y = to(s|;") : 5(U) — t(U). Recall from Example m
that U + 7 is a morphism from KB(G) to Z(G©).

Definition 4.8.1. The topological full pseudogroup of an ample groupoid is the semi-

group
[G]] = {rv : U e KB(G)}.

Example 4.8.2. If 6 is an action of an inverse semigroup S on a zero-dimensional,
locally compact Hausdorff space X, then the topological full pseudogroup [[S x¢ X]]
is the set of all partial homeomorphisms ¢ : U — V for which there are s1,...,s, € S
and compact-open Uy, ..., U, such that

(i) U=UL Us
(ii) U; € X+ for all i; and

(iii) @’Ui - ‘981' U;-
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The analogue to the theorem below was proven in [I48] Corollary 3.3] when one
considers open bisections instead of compact-open ones. In any case, we provide a
short and direct proof of it.

Proposition 4.8.3. Suppose G is an ample (possibly non-Hausdorff) groupoid. Then
the morphism 7 : KB(G) — [|G]] is an isomorphism if and only if G is effective.

Proof. First assume that G is effective, that is, G®) = int(Iso(G)), and assume 7 =
7v. Then
Ty+y — Ty* O Ty — ldg(v), (481)

which means that V*U C Iso(G). Since V*U is open then V*U C G, Using this
and comparing the domains in Equation (4.8.1)) we obtain

VU =s(V'U) =s(V),

thus V = VV*U C U, and symmetrically we obtain U C V.

Conversely, suppose int(Iso(G)) # G. Take any nonempty compact-open bisec-
tion U C int(Iso(G)) which is not contained in G©. Then U # s(U) but 7y = 7o),
so T is not injective. O

We can now describe the equivalence between continuous orbit equivalence for
partial actions, isomorphisms of groupoids of germs, isomorphisms of topological
full pseudogroups and diagonal-preserving isomorphisms of Steinberg algebras, con-
sequently diagonal-preserving isomorphisms of crossed products..

Theorem 4.8.4. Let R be an indecomposable ring, 6 and v ample, topologically free
partial actions of inverse semigroups S and T on X andY, respectively, and suppose
that the groupoids of germs S X9 X and T %, Y are Hausdorff. Then the following
are equivalent:

(1) The partial actions 0 and v are continuously orbit equivalent;

(2) The groupoids of germs S X9 X and T %, Y are topologically isomorphic;
(3) The inverse semigroups KB(S xg X) and KB(T x.,Y) are isomorphic;
(4) The inverse semigroups [[S Xg X]|] and [T %, Y]] are isomorphic;

(5) There ezists a diagonal-preserving algebra (or ring) isomorphism between the
Steinberg algebras Ar(S xo X) and Ap(T %, Y);

(6) There ezists a diagonal-preserving algebra (or ring) isomorphism between the
crossed products Agr(X) xS and Ar(Y') X T (with respect to the algebraic partial
actions induced by 6 and ).
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Proof. (1) <= (2) follows from Theorems [4.7.3| and 4.7.6]
follows from non-commutative Stone duality (Theorem [1.4.26]).
follows from Proposition m

)

)

) follows from Theorem [4.4.27

) follows from Theorem [4.4.32 O




Appendix A

A group isomorphism between
C(X,SY) and C(Y,S!) for

non-homeomorphic X and Y

Let X be a compact Hausdorff space, and G be either R or S', which we write
as an additive abelian topological group. We endow C(X,G) with the pointwise
operations and supremum metric, as usual, which induces the compact-open topology
on C(X,G) and makes it a topological group. Given zy € X, denote C(X,z¢, G) =
{f € C(X,G): f(x) = 0}.

Note that C'(X, G) is isomorphic, as a topological group, to G & C(X, zo, G) for
any xg € GG, via the map

gbwo : O(X7 G) — G D C(Xv Zo, G)7 ¢x()(f) = (f(ZL‘o), f - f(x[))) (Al)

Lemma. If X and Y are compact Hausdorff spaces and ¢ : C(Y,R) — C(X,R)
15 a bounded linear isomorphism, then there is a bounded linear isomorphism ¢ :
C(Y,G) — C(X,G) such that ¢(1) = 1 (where 1 denotes the constant function x — 1
on either X orY ).

Proof. Given k # 0, the map t +— kt is an isomorphism of R. Using that and the
isomorphism ¢,, and this, we see that the map ¢ : C(X,R) — C(X,R), ¢p(f) =
[+ (k—=1)f(xg), is a linear isomorphism.

Since (ly) # 0, choose any zo such that (1y)(xzg) # 0, and take k =
201 Then k # 0and for all 2 € X, ¢r((1y))(z) = ¢(1y)(x)+2](1y)]| > 0.

(1y)(wo)

Therefore ®(f) = ¢p(f)/dr(1(1y)) satisfies the given conditions. O

Lemma. Suppose X and Y are compact Hausdorff and ¢ : C(X,R) = C(Y,R) is a
bounded linear isomorphism. Then for any o € X and any yo € Y, C(X, o, R) and
C(Y,yo,R) are isomorphic as topological vector spaces.
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Proof. By the previous lemma, take an isomorphism ¢ : C(X,R) — C(Y,R) with
(1) = 1. Considering the chain of isomorphisms

R C(X,70,R) 28 C(X,R) % C(YV,R) — 2 Ra C(Y, 4o, R)

(&, f) ———= f+t —= o(f) +1 = (o(f)(wo) + . 6(f) — (/) (%))

we can conclude that the map ¢y : C(X,z9,R) — C(Y,y0,R), ¢¥o(f) = ¥(f) —
»(f)(yo), is surjective, so we just need to check that it is injective. If ¢(f) = 0, then

Dy (—0(f)(%0), f) =0

which implies that f = 0 since qﬁyowqﬁ;; is an isomorphism. O

Suppose X and Y are metrizable, compact, Hausdorff, path-connected and con-
tractible. Then their first cohomotopy groups are trivial (indeed, this follows from
any two maps on X and Y being homotopic; see [I38| for a reference), and Milutin’s
Theorem (|95, Chapter 36, Theorem 2.1, or [131, 137]) states that C'(X,R) and
C(Y,R) are isomorphic as topological vector spaces.

By [138, Proposition 13|, C(X, zo,R) and C(X,zy,S') are isomorphic as topo-
logical groups, and similarly with Y in place of X, hence the previous lemma and
equation imply that if zp € X and yg € Y,

C(X,S") ~S'® C(X,20,R) ~S' @ C(Y,90,R) ~ C(Y,S").

Therefore, by taking X = [0,1] and Y = [0, 1]?, we obtain two non-homeomorphic
spaces with C'(X,S!) and C(Y,S') isomorphic as topological groups, or in other
terms we obtain the existence of non-isomorphic commutative C*-algebras, namely
C([0,1],C) and C([0,1]?,C) with topologically isomorphic unitary groups.
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