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ABSTRACT -

A methodology has been developed for computing the tlrne optimal controls for

a system governed by a set of linear or nonlinear ordmary dlfferentlal equations. The

‘method has been used to compute the optimal controls for two types of robots :

Cylindrical robot and a robot with an articulated arm with two finks and an ecolog-
ical system. The'method is based on successive approximation of the time optimal
controls by controls which are optimal for a suitz;.ble sequence of terminal problems.
These later problems are easily solved by conjugate gradient technique. The method
avoids solvmg nonlinear two-point- boundary~value problems thereby gaining some
computational simplicity. Further, if a system is not even controllable our method
will still provide a control that takes the system to a point nearest to the target. In

this case it is not even necessary to assume the existence of time optimal controls.

Techmques of optimal control theory have been utilized in identifying the param-

~ eters of a physical system. For illustration these results are then used to determine

the unknown of certains robotics and ecological systems.
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- CHAPTERI
INTRODUCTION

In recent years much attention has been focused upoh optimizing the behavior
of systems described by a set of differential equations. The seatch for the control
which attains the desired objective while rr)(nimizing (or fnaximizin_g) a defined systerﬂ
criterion constitutes the fundamental problem of optimization theory. A particular
problem of optimization may concern with the minimization of the time required
Ito drive a system {rom oﬁc desired state zg to some required target state z4; this
is known as the time optimal control problem. Another clqss of optimization may
deal with-the identification of some unknown pararﬁctcrs’ introduced in the system
equations. The main aim of this thesis is to study numerically the last, two problems

for a class of systems governed by a set of ordinary differential equations.
[N ) I'q

1.1 TIME OPTIMAL CONTROL

In the time optimal control probler;l, it is of interest to ﬁnd'th(; best control in the = -
sct of admissible controls that drives the system from one desired state to another in
mininum time. It was LaSalle [29] who first gave a cbmplete solution to this problem.
In the last two decades the interest in time optimal control has irtcreased significantly
(s?e for example [1-13]). The time optimal control theory has been developed in the

literature ind has been used in many applications such as industrial robot.

The time optimal control of a system of rigid bodies connected in series by single-

>
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degree of freedom joint is studied in [1]. A suboptimal feedback control, which pro-
- vides 2 clnse appreximation of i~ optimal control is developed. The suboptimal
control is expréssed in terms of switching curves for each of the controls'. These
curves are obtained from the linearized equations of motion for the system. Approx-
imations are made for the effects of gravity loads and angular velocity terms in the
nonlinear equations of ‘motion. However, the possibility of singular time-optimal con-

trols was not investigated.

| .

Abcut ten years later, the interest in time—optimﬁlit} of robot motioﬁs increased
s.igniﬁcantly [2]-[6]. In [2], a theoretical procedure has been developed for comparing
the performance of arbitrary selected admissible controls among themselves and with
the optimal solution of a nonlinear optimal control problem. A recursive scheme con-
verging to the time optimal solutions was presented. The approach has been applicd
to the approximately optimal‘ control of a trainablé manipulator with seven degrees
of freedom, where the controller is used for motion coordination and optimal execu-
tion of objecthandling tasks. A‘vsimila.r, adaptive scheme for a two-link robot was
given in [3]. In {4], the optimization problem was presented completely and the avail-
able ma.thema;.ticai design tools were discussed. In [5], an approximate time-optimal
controller was combined with a linear regulator for the final phase of the trajectory.
The dynamic programming method of synthesis of optimal trajectories w;xs treated
in [6]. Since the complexity of the necessary calculations for time-optimal controls
is considerable, several schem;s for simplification were proposed in [6]. The only
method found to be suitable for such a complex optimization was based on dynamic
~ programming. An algorithm for determining optimal velocity distribution for a given

manipulator tip ‘rajectory was elaborated in detail. The problem of time-optimal

-motions along arbitrary prespecified partial trajectories was studied in [7] and [§}. In

1
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[7], asolution has been presented to the problem of minimizing the cost of moving
a rebotic manipulatar along 2 specified geometric path subject to inpilt torque/force
constraints, taking the éoupled, nonlinear dynarhics of t}}e manipulator into account.
~ The proposed method uses dynamic programming to find the positions, velocities,
accelerations, and torques that minimize the cost. As a numerical example, the path
planning method was simulated for a two-jointed robotic manipulator. In [§], an
optimal control policy which results in minimum-time motion for a robotic manipu-
Jator along any predetermined path in three dimensional space was presented. The
technique permits the manipulator user to specify completely the path of the arm.
The special case of rectilinear motion was studied in [9]. In this method there is
only one degree of freedom, (the acceleration along the trajectory). The problem of
time-optimal control motion of a load by a two-link manipulz\ltor is examined. The
control functions are moments of forces applied to the axes of the manipulator joints
and are limited in absolute values. Optimal and quasi-optimal controls were derived
for rectilinear motion of the center of mass of a load from one point to another in such
a way that the system becomes quicscent following the completion of" the process. It
was assumed that the mass of 'the manipulator is negligibly small in comparison to’
the mass of the load and that the manipulator links have equal lengths. The method
of parameter optimization was used in [10} and [11]. It reduces the optimal control
problem to the problem of finding a suitable parameterizition for the c;ntrol vari-
ables. In {12], a simple algebraic solution is obtained to an optimal control prf;l;lem in
joint space for a general robotic manipulator. Open-loop é,lnd closed-loop suboptimai

solution were found By solving algebraic equations.

‘Recently, Geering et al {13] have presented a complete analysis for time optimal

motions of three types of industrial robots: robot with cylindrical coordinates, robot
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with spherical coordinates and a robot Wiﬁh_ an articulated arm. Techniques of op-
-.{imal.control t]ieory have been utilized in the time optirr%‘e_:,l control problem. The
maximum principle was used to formulate the problem as tw‘o-point boundary-value
differential equations. In order to solve this problem the shooting method was used.
It has been shown also that in the case of the IBM articulated arm robpt, the shoot-
ing method alone did not work. Therefore, both the para.me'terk optimiza.ti‘on and the
shooting techniques welr'e utilized in order to find the switching times for-the controls,
sta.rting with various control parametrizations, minim} s the problem d_uration and
using the penalty appraach for the prescribed final state. Convergence of the shoot-
Aiﬁg algorithm was achieved with the Lagrange multiplier of the penalty term of the
previous step as a.;l initial guess for the final costate vector. In the other hand, to
solve the optimal control problem, another popular technique so called gradient has

]
been widely considered.

. The grzt:('lient method consists of updating the controls using the gradient vec-
tor, in a way such that successive iterates produce maximum reduction of the cost. .
This technique has been applied to several oi)timal control problems by Kelley [15,
16], and Bryson and Denham [17]. Various modifications to include penalty functions
and other methods of treating.equality and inequality constraints _ha.ve Deen presented
in [18]-[24]. The gradient method has the ability to generate successively impr'oved
trajectories with very poor starting values. However, they tend to converge slowly
as convergerice is approached. To improve the convergence of the gradient method
near the optimal trajectory, théionjugate gradient method can be used to update
the controls. The conyvergence of the gradient and conjugate gradient methods for the
singular, finite-dimensional quadratic minimization problems have been deVC]Op;d in
[30]. A class of as/socia.ted nonsingular quadratic problerri:j-‘i?s; dqﬁﬁ'ed to show that the

:(/ . ' - |
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gradient method has slower convergence on smgular problems than on correspondlng
nonsingular approximations to the singuiar l,roblcms while the conjugate gradicut.:

-

method has more rapid convergence.

In this thesis, we have proposed a simpler technique for solving time optimal
control problems without using the shooting method. Our algorithm is based on the
conjugate gradient technique computing the optimal‘ controls for a class of simpler
terminal control problems over a.ﬁ arbitrary but variable time interval giving the dis-
tance of the attainable set to the desired target as a function of time and then locating
the first ;m'nimum of this function over the given interval. If the first minimum is
zero, then the corresponding time is"the optimal time and the associated control is
the time optimal control. In case there is no time optimal control our method still
provides a control that takes the system to a point in the a.tt;a.inable sct closest to
the target. Thus our method does not require the assumption of existence of time
optimal controls and if, 18 _also insensitive to the presence or absence of singular arcs.
An added advantage of the algorithm is that it also provides a numerical technique
for direct verification of controllability of the system. Our method also avoids the
complexity of solving t.wo-poiﬁt boundary-value _perlems thereby gaining some com-

putational simplicity.

In order to illustrate the usefulnes of the proposed method, the algorithm has
been used to compute the time optimal contro! of two robots : Cylindrical robot and

a robot with an articulated arm with two links and an ecological system.

1.2. PARAMETER IDENTIFICATION

Arn important and essential aspect of modelling any physical system is the iden-
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tification of parameters in the model equa.tion.

»

Techniques of optimal control theory have been utilized in identification of pa-
rameters in a systery described by a set of differential equations. Note that the
identification problem could be considered as a special case of the general control

problem [Ahmed 14].

. The time optimél control algorithm developed in thié thesis can be easily modified
to compute the unknown parameters introduced in the differential equations which,
describe the evolution of a physical system. The modified algogithm. can determine
the unknown parameters so that the corresponding response of the model. equation
approximatcs as closely as possible the actual response of the physical system. Lor
numérical illustration, the modificd algorithm has bccr} applied to tavo robots and an

ccological system.

1.3 MAJOR CONTRIBUTION OFTIE TIHESIS

.~
Development of an eflicient algoritlun that can be used for computing time optimal
controls as well as the unknown parameters for a class of systems governcd by ordinary

differential equations applied to robotics and ecology.

1.4 QUTLINE OF THE THESIS

In chapter II, a simple but efficient algorithmm and its theoretical basis for com-
puting the time optimal control are developgd. Also, the necessary conditions of
optimality for a general control problem and a brief d¥¢ussion of the the gradient

technique and the shooting methods are provided.



— 7 —
In chapter III, we consider the application of the proposed algorithm to two robots
and an ecol%ical system. In chapter IV, the\aigo.rithm 'dcvclopcd in chapler i
modified to compute the unknown parameters introd_uced in the differential.equations
wl_l_ich ciescribes the behavior of the system. In order to illustrate the effectiveness of
the (modified) algorithm, we have considered the identification problem for practica.l.-
systems (robotic and ecology). Finally, in chapter V conclusions of the thesis are

presented.



CHAPTER II

TIME-OPTIMAL CONTROL AND ALGORITHM

2.1 INTRODUCTION

The behavior of a physical system over a certain time interval is generally de-
scribed by a set of lc;quations. These equations represent the mathematical relations
between the states and the inputs to the system. Each system has one or more control
variables (inputs) which can be altered in such a way as to create a dasired fcsponse

from the system. These controls may not be known a priori and jn order to determine

their magnitudes it is necessary to solve a control problem.

In many Engincering issues, some of the control problems seck the control vari-
“ables that can transfer a system from an arbitrary fixed initial state to another desired
in minimum time. This is known as the time optimal control problem. The solution

of such problem requires the solution of a two-point boundary-value Q’Eo\blem which
- \\ - .

is a difficult task. _ - —

In this chapter, we propose a simple but efficient algorithm for solving the time

optimal control problem without using the shooting method. The methed is based

. -

on the conjugate gradient technique. It avoids the solution of a two-p{aint boundary-
value problem and it consists of computing the optimal controls for a class. of simpler

terminal control problems over an arbitrary but variable time interval giving the dis-

-t
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tance of the attainable set to the desired target.as a function of time and then locating
the ﬁfst minimum over the given iaterval. If the first minimum is zerv, then the cor-
responding-time is the optimal time and-the associated control is the time optimal
control. Further, if a system is not even controllable oﬁr method will still provide a

control that takes the system to a point in the attainable set nerxest to thetarget.

' o
The algorithm and its theoretical basis are presented in section 5 and 3, respec-
tively. The formulation of a general control problem and the corresponding necessary:
conditions of optimality are'given in section 2. A brief discussion of the shooting

mecthod and the gradieﬁt technique is provided in section 4.

2.2 GENERAL CONTROL PROBLEM ' '

Consider the system

#(t) = (L), u(t), 0<t<T

.’L'(O) =z s (2'1)

with the cost functional

T ¢ '
N J{z,u) = ./0 I(t,z(t), u(t))dt + ¢(z(T)) ' (2.1)

Here x(t) € R™ denotes the state variable; o € R is the initial condition and
u(t) € R™ is the control variable. We assume that the control u takes values from a

compact convex set UC R™. Let

U = {u: uis measurable; u(t) € U;t > 0}
denote the set of admissible controls and

S ={(z,u): =€ AC([0,T),R™), vell, z = f({,z,u) ae, t € [0,T]}.
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denote the set of admissible r;’)a.irs where AC(I,R") denotes the class of all absolutely
continuous functions on I=[0,T] with values in R". The basic control problem is to

find a pair (z*,u*) € S such that

-

J(z*u") < J(x,u)for all (z,u) € 5.

.

Apair satisfving this property is called optimal.
The following theorem gives the necessary conditions that an optimal pair mus’, sat-
1s{y.

Theorem 2.1 (necessary conditions of optimality)

Consider the control problem (2.1} — (2.1)" and suppose that {is measurable in t,
C!in x and contiruous in u and ! is C! in all the variables. Define the Hemiltonian
. . :
H: [0, T]xR" x B" x ™ — R by

H(t.’lj(t)' (L), u(t)) = (f{t, (O, w(@)d() + 1t 2(0), u(t)).

9

In order that the pate (&', 1) be optimal, it is necessary that there exists a '€
.-lC—'([O",‘I"]. %) such that the triple (&, u’, ¥") simultancouscly satisfies the following
cquations and inequalitics

(i) () = ft.a",u’) ae. on [0, 7]
.L“(U) = .1y

(i) (1) = =Lt 2" (O (1) = f (2 (), e ()

S(T) = (06/02)(3

and
() ML (e (), u"(8)) < H{L e () et (), u)

for all u .
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Remark 2.2
I

The time optimal control problem is a special casc of the optimal control problem

forI=1 and ¢ = 0.

In this section we present a general statement of the time optimal control problem

and develop the theorctical basis for omilj,léorithm. &

Consider Llie system of nonlinear differential equations (2.1). We assume that for
cach u € U and z¢ € R", the system (2.1) has a unique solution‘z’: = z(t,zq,u) for
‘all finite t 2 0. Let =y € R“ be another given point. Qur goall is to find a control
u* € U that drives the system (2.1) from the initial state To to the desired target xy4

in minimum time."

Let (g, z4) denote the set of all controls {u} € U that transfer the system (2.1)
from the state zg to the state x4 in finite time. Clearly if Z{(xg,z4) is empty the
question of time optimal control does not arise. However if U(zo,zq) # @ then one

may ask the question as to whether or not there exists a time optimal control ?

Suppose Ll.(xo,:r,'g) # § and let u € U(zo,z4) and define

7(u) = inf{t > 0: 2(t, zo,u) = 2%(t) = z4}
, ~
Clearly the question of existence of time optimal control is equivalent to the question

of existence of a u* € U(zg, ) C U such that

(') <r(u)Vue H(mo,md) C .
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In general the answer to the question of existence of time optimal tont;rol is
negative. However if the contigent function F(i,z) = ‘f(f,x,U) is convex for all
(t,z) e [0,00) x R™ and the system is controllable then one can prove the existence
of time optimal controls. Given that a time optim—a] control exists, the Pontryagin
minimum prirztl;z;ple [24] gives a set of necessary conditions that an optimal control

4

must satisfy. °

For convenience of the reader we quote this result below.

}
Theorem 2.3 (Pontryaein’s n.c of optimality)

r?‘

In order that the pair {u*,z*} be optimal with 7* the optimal time it is ncc-

essary that there exists a v* € AC((0,7°], R™) such that the triple {«*, z*, ¥*}

simultanuouscly satisfies the following set of differential equations and inequalitics

£ = f(t,z*,u), t€[0,7),2%(0) = zg,2* (") = 24 b

12)- — —f;(t,:z:',u')t/)'

H(t,2*(t), u (1), (1) < H(t,z (1), v, (1))

for all v € U and for almost all t € I+ = (0,7°], (2.2)

and

\
¥

H(T‘,'&:%rf),u'(r'),z,b‘(‘r')) +1=0, where H={(f¢). 1

-

\

~a N

\

If a time optimal control exists then the above necessary conditions can be usgd

to identify the controls that contain the optimal ones. In case the problem (2.2) has
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a unique solution, any control computed by use of the necessary conditions is the

opiimal control.

If the set U (zq,x4) is empty, or, in particular, if there is no time optimal control,
then the necessary conditions have no meaning. In that case one may like to find a
contro! that drives the system from the point zy to one {hat is closest to the target

z4. Indeed for each ¢ > 0 let

A= {6 € R": £ = z"(t) for somﬁ € U}

denote the attainable set. Under fairly general assumptions we can show that the set
A(t) is compact for each finite ¢ > 0, and that ¢ — A({) is continuous in a suitable

metric. Before we can prove this result we need the following definition.

" Let I\'(R*‘) denote the class of all compact subsets of R*. For A € K(R") define

-
p(z, A) = inf{||z — a||,a € A}.

Clearly for z € A:, p(z, A} = 0. For A, B € I'(R") define

(A, B) = max{sup p(A,z),sup p(z, B)}
zeB z€A

and note that (K'(R"™), py) is a metric space. The metric pyr is called the Housdor(f

melric.

Lemma 2.4

Suppose f is measurable in ¢ for t 2> 0, and continuous in the rest of the variables

and that U is a compact subset of B™ with the contingent function F(t,z) = f(¢,z,U)

T
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being a closed convex subset of R”. Suppose there exists an & € Llloc , possibly depending

on the set I such that

176wl S WL+ 2] ac

for all z € ™ and u € U. Then for each finite ¢ > 0, the attainable set A(¢) is compact and

further the set valued map ¢ — A(t), ¢ 2 0, is continuous in the HousdorfT metric py; .

Proof

Let =% denote any solution of (2.1) corresponding to v € Zf. Then under the given

assumptions it follows from Gronwall’s lemma [14] that

, t
(L [x“ (D) £ (1 + ||xol])exp( f h(0) d0 Yforuelf and 0 <t < co.
. : ' : 0

-

[lenee, for ¢ < oo, the altainable set A(t) is-a bounded subset fo 2", Further, one can
show that for any compact interval [ = [0,7], T < oo, the sct of trajectories ' = {{z"} €
C(/, %) satisfving (2.1) for some u € {{} is a bounded subsct of C(I.R") and it is also .
cquicontinuous.  Hence by Ascoli-Arzela theorem [31] the set .U is a relalively compact
subsct of C(7, "), That the set X' is closed follows [rom the fact that the contingent
Mnction F(t,x) = f(L,2,U) is closed and convex for (¢,z) € I x R". This, combined with
relative compactness, implies that the set Vs a compact subset of C(7, R™). Hence for cach
tel theset A(t) ={ € B": & =z(t) for x € X'} is closed. Thus A(¢) is both closed and
bounded and consequently compact. The continuity of the set valued map { - A1) [oflows
from the inequality

{2

pu(Alt), A=) £ 8 [h(0)]d0,0 < t; <t < T, {2.3)

f :

where F is a finite positive number depending only on the bound of the set .\ 1'ost.1'i‘ctcd o

the tterval [0.43]. Since 0 < 7T < = but otherwise arbitrary . the lenuna is proved H
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The following result is an immediate consequence of the above lemma.

Theorem 2.5 'l N

-

Consider the system (2.1) with z* denoting its solution corresponding to u € U.
Let g be any real valued continuous function oh R™ and suppose the hypotheses of
~ lemma (2.4) hold. Then for any finite 7 > 0, there exists an u* € U such that

9(z% (7)) < g(z*(r)) for all u € Y. That is

g(z* (7)) = inf{g(€),€ € A(r)}.

Proof

LY

Since g i\continuous and A(7) is compact for r < 00, g restricted to A(r), attains
both its minimum and maximum on A(7). Hence there exists an u* € I satisfying

the assertion of the theorem. M

hY

For each finite r > 0, define

w(r) = plza. A7) = inf{p(z4,£),§ € A(7)}. (2.4)

Since for each 0 £ t < 00, A(t) is compact by lemma (2.4), and the function ¢ —
p(za,€) is continuous on R*, it follows from theorem (2.5), that p(z4,£),€ € A(t),
atiains both its maximum and minimum on A(f). Hence ¢(7), 0 < 7 < o0, is well
dc;ﬁned and it gives the distance of the points in A(7) nearest to the target 4. Since

A(r) is compact, the set

M(r)={{€ Aln): i{ -zl = ¢(r)} (2.5)

is nonempt_ and there is at least one control u* € If such that 2% () € Ny(7). llence

the control u* must satisfy the néccssary conditions of optimality for the following

-—
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terminal control problem:

t(t) = f(t,z,u),0 St < 7 < 00, x(0) = 2y, , (2.6)

J(r,u) = (1/2)||z*(7) ~ z4]* = min. (2.7) -

The corresponding necessary conditions of optimality.is given by the Pontryagin’s
minimum principle which is quoted below for convenience of reference.

-

Theorem 2.6

In order that u* € If or equivalently the pair {u*,z*} be optimal for the terminal
control problem (2.6), {2.7) it is necessary that there exists ¢ € AC(J;, R"),I, =
[0, 7], (absolutely continuous functions from I to ") such that the triple {u*, z*, %"}

satisfics the {ollowing differential equations and inequalities:

(1) * = f(t,z*,u") for a.e t € (0,7], 2*(0) = xq, (2.8i) -
(i) $* = —f (4,2, u* )¢ for ae L € [0,7),9°(7) = z°(7) — z4, (2.8ii)

and

(iii) H(t,z*(8),x"(t),¥°(t)) < H{t,2*(t),v,¥*(¢)) a.ein [0,7], (2.8i11)

and for all rel. N

In general the system (2.1) may not be controllable from zp to z4, or the time
optimal control may not have a solution, but, by virtue of theorem (2.5) and the
subsequent discussion, the problem (2.6) -(2.7) has always a solution. Therefore

the necessary conditions of optimality (2.8i)-(2.8iii) are nonvacuous and can be used
. !
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 to determlne (,o('r) (see 2 4 ) or equwalently the controls satlsfymg (2. 7) This is

\K
: partxcularlv true whene\rer fhe nermsary conditions (2.8) are also sufficiect or they -

have a. umque solution. In case the Hamlltoman 1s convex in the control variable,
the\above necessary conditions are also sufﬁcxent For this the reader is refered to

[Clarke Theorem 5.4.2, pp 219- 220] If the original time optimal control problem has

a solutlon the set

In={t 20:¢(t) =0} (2.9)
is nonempty and hence 7° = inf(/p) exists and there is a control u* € If such that
% (1) = z4. If on the otherhand @(t) > 0 for all t > 0 then the system is not
controllable with respect to the pair {rg,z4}. In this situation one may be content
mth a control that steers the system from 1g to an attainable point, that is a point

£ € UA(r), T 2 0 closest to the target rg. Indeed since ¢ — A(t) is continuous

from [0, 00) to (R") in the Housdorff metric py, and

le(t) — w(s)] < pu(A(L), A(s)) (2.10)

for all t,s € [0, o0), the function ¢ is continuous and non-negative and thercfore has

a minimum over any given compact interval It = [0,T],T < oo.

Letting m®(T) denote the minimum of ¢ over the interval It = [0,T), and 7%(T)
the ifirst time in I at which ¢ equals m°(T) it is clear that T — m®(T") is a mono-
tone nonincreasing function of T and that r%(T) < T. The algorithm developed in
the paper and presented in the following section is aBle to compute m®(T) and 7(T)
for each finite T.

Note that if T* is the first time at which m®(T*) = 0 (in the event time optimal

control exists) then o(T*) = 0, and m%(T) = 0 for all T > T*, though o(T),T > T*,
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nced not be zero unless A(T*) C A(T) forall T > T,

¥

As indicated :earlier, the time optimal control problem has been (numerically)

solved in the literaturt by the use of the shooting method which involves the.solution

~of two-point boundary value problem. It should be noted, however, that the applica-

b f
tion of gradient technique to the {numerical) solution of time optimal control has not
been considered yet in the literature. In the next section we present, for convenience,

a brief description for)both shooting and gradient techniques.
1g g q

2.4 SHOOTING METHOD AND GRADIENT TECHNIQUE
- | ’
In this section, we present a brief discussion of the shooting method and the

gradient technique.

2.4.1 Shooting Method

Two-point boundary-value problems associated with systems of linear and non-

linear ordinary differential equations occur in many branches of mathematics , engi-

neering, and the various sciences. In these problems, conditions are specified at the
. J

endpoints of an interval, and a solution of the differential equations f)ver the interval

is sought which satisﬁ‘es the given endpoint conditions.

Consider the control problem

n.'linimizc{.f(u) = /h I(t,z(t),u(t))dt} (2.11)

(31
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subject to the dynamic constraint

z(t) = f(t,:r(t),u(t)), wEl and &) < ta

et} = o C(242)

x(te) = 3

S
™
where z(t) € R" and () '€ R™ denote the state and contiol variables, respectively. The
AN
initial and terminal state vectors are given by 29 € R" and a)) € R", respectively.

Define the Hamiltonian H(t,x, ¢, u) by

H{ty 2,8, 1) = (L, 2(),6(8)) + (F(E 2(2), u(t)), $(1)) (2.13)
where the costate vector () € R" is the solition of the adjoint system

() = =L 20, w0 ~ L2, u(), b St<t

v(t2) =0 (2.14)

[ 8
Suppose there cxish\ a function 5 : R" x " — U such that
Mz, 0) = max,er H(E oy u) = H(t x99, (x, 1))

for all (z,¥) € " x R*.
Using the function  and the canonical equations & = Iy, # = —[I;, we can transform the

orjsinal control*problem (2.11)-(2.12) to obtain
b= fi(x, ), z(ty)=zg, 2(t2) =1y

o= falz, )
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N1 (xv',[’) = f(.’t, T](IL',‘!,[J))

where

and

fal, ) = — @m0 — (2, iz, $))

The system(2.15) consits of 2n nonlinear sets of differential equations with n initial
and n terminal conditions. These problems are known as two-point boundary-value
problems. Generally, these problems cannot be solved analytically and a numerical

approach must be provided.

-*

In the shooting method, a set of values of the unspecified conditions is assumed
(¥(t1) = €), and the differential equations (2.15) ‘are numerically solved to obtain
z = z(t,r9,§) and ¢ = (i, x0,€). If the computed terminal values satisfy the
sfecified terminal conditions, thé problem is completely solved. If they do not, one

has to introduce an error function

E(t2,€) = |=(¢,20,6) - 11[]2% (2.16)

to adjust the missing initial conditions. )

The original control problem is then reduced to that of minimizing the error function.
In order to minimize the error function one uses an iterative process based on the
gradient technique. The computation of the gradient to update the missing initial

conditions is extremely laborious and time consuming. In this case, the gradient

vector g¢ € IE" is given by

9¢ = limgo(E(t2,€ + €) — E(t2,8))/e
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The next iterative set of the missing conditions is taken as
h(te) = £+ age
where a € R is sufficiently small so that

. E(t2, £ + age) < £(t2,6)

The procedure of updating the missing initial conditions will be repeated until the

error function cannot decrease anymore.

2.4.2 Gradient Method

Consider the control problem (2.11)-(2.12).

The gradient method consists of updating the control using the gradient vector,
in a way successive iterates produce maximum reduction of the cost. The iterative
scheme attempts to gencrate a scquence of controls u; which eventually converge to

7
a minimizing control u*. Further, it involves the iterative rule

Uip) = U + ;8 (2.17)

An initial control ug € ‘R™ is chosen arbitrary. At each iteration a direction

s; € R™ is determined and a step size «; € R is chosen sufficiently small such that
J(ui + ags;) £ J{ui + Asy) for all A

In the gracient method s; = —g;, where g; € R™ is given by

o

gi(t) = (9H[Du)(t, zi(t), hi(t); wi(t)) (2.18)
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with H is the Hamiltonian given by (2.13).
The gradient method has the property that the computed solution tends to con-

verge to a local minimum. Thus once a minimum is attained, it is necessary to change

the initial guess and search for other minima in the control space.

The control sequence generated by the gradient method does converge to a local
minimum even if the initial guess is poor. However, convergence becomes slower as the
7\.—0-‘5-- ‘ ) N .
minima is approached. In computer application, convergence of the gradient method
can be substantially improved by using conjugate gradient-technique for updating the

controls. In the conjugate gradient technique, s; is taken as
8i = —gi +(< gi,8i > [ < gi-1,9i-1 >)si=1  with so = ~gg

where < e, >= ¢'b denotes the inner product inR™, for ¢, b € R™.

2.5. ALGORITHM

Using the necessary conditions of optimality presented in section 3, we develop
an iterative algorithm to compute the time optimal control. The algorithm is based

on the conjugate gradient technique and it is presented as follows -

Step 0 : Let T be an arbitrary positive number (equations (2.6)-(2.7))
Step 1 : Guess u; € U and set n=1. ‘
Step 2 : Solve the initial value problem (2.6) with u(t) = u,(t) giving z.(t) =

z(t,z0, un).
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Step 3 : Using the data z, and un, solve the adjoiﬁt system

P(t) = = fo' (Talt), wa(t))ib(2)

W(7) = zu(7) — 74

backward in time to determine .
Step 4 : Compute the gradient vector {(equation 2.18)

Step 51
F -
(i) n=1set su(t) = —gaft)

(i) 10 # L set su(8) = =ga(t) + (hgu (I gn-1(OIF) suos(t)
.5't'ep G : l
Step 6.1: 10 gy (1) # 0, then modify w,(t) to w1 (t) = un(t} + es,(0) by 'choosing

¢ > 0 sufliciently small so that for all t, upq1(¢) € U and J(r,uy41) < J(7, tn).

(i) £ uper{t) > vpax, for some L€ [0,7), then upp; = wmax.

(it) H upgr S gy, for some te [G\r\],\thcn Ul = Upyip- M ‘//J
(Where the control constraints are Uin < w(t) £ umax, for all 1)
(i) 101 (7, i) = (7 wn)] £ 6, for small & > 0, then set w(7) = J(7,u,) and go to

siepT, otth&isc set uy = Uy, n =n+1, and go to slep2 .

Step 6.2: 11 at the nth stage gu{t) =.0 for t € [0,7], then u, is a local minimizing
clement of J{7,u) and-set o(7) = J(7, uy)..

Step 7. Take A7 > 0, go to stepl and compute (7 + A7) and (7 — A7) by solving

(2.6) an.! (2.7) replacing 7 by 7 £ A7
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(iii) Stopping criterion : If p(r+ A7) > (r) and @(r — A7) > o(7) for A7 sufficiently

small, then ¢(7) is a local minimum and stop.

Remark 2.7

In step 6, the step size € to update the control is determined using the Lagrange’

Extrapolation. For more details, the reader is referred to appendix A.
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2.6 SUMMARY

In this chapter, we have proi)oéed éll. simple algorithrr; and its mathematical jus-
tification for the computation of the time optimal control. The method is based
on approximation of time optimal controls by a sequence of controls which are op-
timal for a suitable class of terminal control problems. These later problems are
easily solved by conjugate gradient technique. The algorithm avoids the solution of

a two-point boundary-value problem which is a difficult task. Our metliod is also

able to determine if a system is controllable or not. Further, Pontryagin’s minimum -

principle of optimality for a gencral control problem and a brief discussion of the gra-
dient technique and shooting method have been provided. Three numerical examples

illustrating the efficiency of the algorithm will be presented in the next chapter.

a4



_26_

CHAPTER III

NUMERICAL SIMULATION OF TIME OPTIMAL CONTROL

3.1 INTRODUCTION

In chapter I, the time optimal control problem (in a general sct up) has been con-
sidered and the corresponding necessary conditilons of optimality has been presented.
Using the conjugate gradient technique, we have developed an iterative scheme with
the help of which time optimal controls can be co;*xputcd. In this chapter, we consider

the application of this algorithm to two kinds of robots and an ccological system. This

chapter is organized as follows:

The applications of the algorithm to the time opLim;Ll control problem of Autom-
elec ACR robot with cylindrical coordinates and IBM articulated arp‘/robét, with two
links are given in section 2 and 3, respectively. Dynamic,mo@uvft/hc two robots were
taken from [13]. The complete solution of the time \o”limal control of an ccological

systgin is given in section 4. The ecological model has\ been developed in [23].
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3.2 ROBOT WITH CYLINDRICAL COORDINATES

In order to maximize tlle' productivity of the robot, the total assembly Jine must
. | Be minimized. In other words, both the layout of the component’s stacks around the
workpiece must be optimized and eacll of the steps of assembly must be execuied in
minimum time. The problem is equivalent to find a control in the set of admissible
controls that minimizes both the motion of the robot to the component location and
the transportation of that component to the location of assembly. However, the pro‘b—

lem of time optimal motions of articulated robotic manipulators is computationally

cumbersome, mainly because of their highly coupled and nonlinear dynamics.

The cylindrical robot has three degrees of freedom and its geometry is shown in

Fig.3.1.

Fig.3.1. Sketch of the Cylindrical Robot. - S
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The first degree of freedom is the a;zimuth rotation § which is driven by a lifnited
torque T. The second dogres of frealam i Lhe radial translation d which is driven ©
by a limited force F. The third degree of freedom is the vertical translation Z. The
remaining degrees of freedom are in the robot’s hand. Their effects are neglected and

the hand and the load are lumped into a point mass m.

Neglecting the friction, the cylindrical robot is governed by the following set of

differential equations [13],

1(t) = za(t)

. 4

a(t) = {ua (&) + maza (O5(E) + muldo + 2 (D)2} (i + )
i‘;;(t) = z4(¢)

i‘.g(f) = {ug(t) — kaz](t)mg(t)m(t) - 2ﬂ!;[d0 + .'rl(f)]tg(t).’tti(t)}/ﬁff[ﬂ:l(.f)]

with z(t) = [24(t), z2(t), za(t), z4(¢)]' € R and the control vector u(t) = [uy(t), u2(t)) €l
R2. )
" Where

t

z; =translation measured between the azimuth axis Z and the center of gravity G

of the n/;rk/ed arm =d

-
x2 =rate of the radial translation.

3 =azimuth rotation =8
r4y =angular _velocity of the azimuth rotation.
vy =F

g =T

¢
L
-
e

N
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mj =mass of the naked arm. e

m; =mass of the hand and the load.
/_‘\-—

M. =mass moment of inertia of the robot without the arm, hand and load, measured

with respect to the azimuth axis Z.

Af. =mass moment ol inertia of the naked arm without the load, mecasured with

respect to its center of gravity G.

dy =distance between the mass m; and G.

Mz =M + M + mk:z:% + my[do + :1:3]2.

-

The control constraints are

lur(t)] £ Fmax

lu2(t)] € Tmax
Let us find admissible controls u] and w3 satis{lying the control constraints which
transfer the robot [rox'g\l the ﬁ;cd initial state (.15, 0, 0, 0] to the fixed final state [.15,
0, #/2,0] in minimunﬁtime.
For numerical simulation wc.use the following parameters as given in the above ref-
crence, “
mp=31Kqg, mj=46Kg, dg =.3Tm , M. = 28m*Kyg ,

M, = .09m*Kg , Frax = 15N, Tmax-= 5Nm.

Using the algorithm in chapter 11, the optimal cost ¢(7), the optimal trajectorirs
and controls uj(t) and u5(t) are computed as shown in Fig.3.2-3.4. ‘Thc optimal time
is T';l.lﬁ (sec) which coincides with the result of Geering ct n]ﬁl.?]. In Tig.3.6,
controls wj(t) andaci(f) are shown for different final times. '].‘hcé: required time to

compute thdoptimal time was about ‘H minutes (in CPU time in AMBDAIL 3360).



- 30 -
The function o(7) is monotone decreasing and (t)=0 for all £ > 7*. In this

situation the attainable set A(t) is monotone noncontractive, that is,

.«4(51) C A(ig) for t; <ty

-

The time optimal control is purely lra'émg-bang' for both of the control variables.
™ l§

Further, from Fig.3.2 and 3.5, it is clear that

Ay w1 (t) = Fmax for ¥o(t) <0

uj(t) = "Fnﬁx for 1a(t) >0

and
ua(t) = Tmax for ¥4(t) <0
ui(t) = —Tmax for w4(t) >0 (3.3)

The above results coincide with the theoretical ones, this is shown below.

The [Tamiltonian function is given by
H =1+ (f,9) =1+ d1()E1(8) + ba(E)22(8) + 3(8)E3(8) -+ a(8)T4(t)

Alter z4(t), i=1,...,4 take the values given in the system equation (3.1), it [ollows that

the-llamiltonian is affine in the controls and it has the form

I = g(z, )+ g1z, )uy + galz, ¥)us

where

gr(x, ) = da(t)/ (mg + my)

g2(x, ¢) = a()/M [z
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-
and g(z,1) collects the remainirg terms.

" The optimal controls are obtained by globally minimizing the Hamiltonian with
respect to the controls u; and us. Hence, the optimal controls are essentially deter-
mined by the sign of the switching functions §; and g2. Since both of the denominators

w
in (3.4) are positive, the sign of ¥a(t) and 14(t) are relevant, respectively. ‘

Remark 3.1 o T

-

o

For a given set of masses mj, one has to compute the control policies for each
mass scparetely and store them. Each 'tirﬁe' the'robot load changes one has to recall

the correponding policy. . ;
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3.3 HORIZONTAL ARTICULATED ARM ROBOT WITH TWO LINKS

This robot can be regarded as the simplest nontrivial inanipulator. It has two
degree of freedom and its geometry is shown in Fig.3.7. The first degree of freedom is
the azimuth rotation #; of the inner link which is ciriven\by a limited torque Tl. The
second degree of freédom is the angular rotation’'ds of the outer link which is driven

by a limited torque T2. The remaining degrees of freedom used for positioning the

endeffector are neglected.

\  Fig.3.7. Sketch of the Articulated Arm Robot with Two Links.

Neglecting the friction, the articulated arm robot is governed the following set of

equations [13]!,/
A
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Ty =x9
zo =[My{uy —up + Mz(zs + 14)25£n($3)} - M;
Auz — Mga:%sin(n:;;)}cdst:rﬂ]/[M.;ﬂ!z — MZcos®(z3)]
T3 =24

£4 =[(Ma + Mycos(z3)){us — Maz3sin(z3)} — (My + Mscos(z3))

Auy = vz + M(za + 24) sin(z3)})/[MsMa — MZcos®(z3)]

with the state vector z(t) = [2)(2), z2(t), 23(¢), 24(t)]' € R* and the control vector

u(t) = [ui(t), wa(t)]' € R

where
r; =angular rotation of the inner link.
z2 =rate of change of z,.
r3 =angular rotation of the outer link. — o
z4 =rate of change of z3.
uy =13
uy =15
My =mass moment of inertia of the first link w.r.t, the first axis.
M, =mass moment of inertia of the second link w.r.t. the second afis. )
M} =mass moment of inertia of the hand and load w.r.t. the position of the hand.
My =M, + L3m,
Ay =M+ Li(m, +my)
My =Li{dym, + Lamy)
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.M4. =M, + M,
L =1eng£h of the ﬁrét-iink.
Ls =length of the second link. . ~
ms = mass of the second link.
my =mz.155 of the hand and the load.
d, =distance between the center of gravity of the second link and its driving axis.
The control constraints are |

[ur(t)] € Ti,max

lua(t)] < T2 max

» The structure of the time-optimal solution will be discussed for the special casc
where the robot’s arm is stretched both in the initial and in the final position, i.e.,
for the boundary conditions ‘

21(0) = x2(0) -f*fq@?ﬂt?(o) =0 )

.7:1(1')=91 >0

2:3(1') = 02 = 0., or % 27.',
and ~
z4(7) =0

Obviously, for #); 0 the solution is symmetric.

For numerical simulation we use the following parameters as given in the above ref-

erence,

Y

Ly=dm, Ly =.25m, dy, =.125m, m; = 15K¢g , m} =6Kg, My = 1.6m*Kg ,
My = 43m?Kg, My =.0lm*Kg, Timax = 25Nm, T5 max = 9NVm.
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a. h =20and o = —2x

The functinn o(7), the optimal trajectories-and controls'u}(tland u}{?) are computed
using the algorithm in chapter II as shown in Fig.3.8-3.10. Tlxe time optimal control
is bang-bang for both of the control variables. Mathematically, the analysis proceeds
along the lines of example 1. The Hamiltonian is again affine in the controls u; and
ug are nonzero over some interval. The optimal time is 7%=.964 (sec) which is 25 %
better than that cdmputed in [13]. In Fig.3.11, controls u}(t) and u3(t) are shown
for different final times. The function @(r) is monotone decreasing and ¢(t)=0 for

"

all £ > =°.

b, § = 4.and > =0

-~

The function (7) is monotone decreasing as shown in Fig.3.14. The optimal controls
and trajectories are computed as shown in Fig.3.12-3.13. The time optimal contgol
is bang-bang for both of the control variables. The optimal time is 7% = 759 (sec)
which is 30% better than that computed in [13].In table (3.2), a summary. of the cost

at the optimal time is given as a function of the number of iterations.

c. =12 and 0» = —2r

Using the algorithm in chapter II, the optimal controls and trajectories are computed
as shown in Fig.3.15-3.16. The time optimal control is purely bang-bang for both
of the control variables. The optimal time is 7*=.925(sec) which is better than that

computed in [13]. The function ¢(7) is monotone decreasing and p(t)=0 for all ¢ > 7*,

\

<
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0 228 10! }
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80 268 %10~
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3.3 ECOLOGICAL SYSTEM

In the eastern Canada and the northeastern Uniled States, the spruce and fir
forests have been i)eriodically subject to ravages by a caterpillar called the spruce
buciworm. For.a number of years, a given path of forest is seen tc grow with hardly
any budworm in evidence. When the trees have reached a certain level of maturity
there is, however, an explosive increase in the number of these insects and they begin
to defoliate the trees. When a stand of mature trees have been suﬂ"icientl}.f denuded
over several consetutive years, th‘ey wither anld die. |

‘.

Budworm growth depends on the amount of the habitat available, which is mea-
sured in average branch surface arca per acre of land and on the amount of spruce and
ﬁrnchlcs on these branches. Average budworm density is assumed to have.logistic
growth in which the carrying capacity is propgrtional to the habitat size.

.J
\
The ccological systcr%;.is govcr;lod by the i'ollowmg set of equations [25].
: “ ’ )

21 = azi(l — z;/bxy) — [ex/(dz} + ) — wizy

. T2 = az(l — z2) — ,31.133::;/-1'3 (3.0)

ig = ‘ng(l - I3/5I3) g
' \

with the state vector z(t) = [zi(t), z2(¢), za(t), r4(t)] € R and the control u(t) =
‘1.[1(!‘.) € I
Where

x| =average budworm density.
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x2 =percentage of foliage on the trees with z; dﬁse to unity indicating a healthy
forest.
z3 =average branch surface area per acre of land.

uy =the control giving fractiona¥ removal rate.

For 'numerica;l simula(iﬂmvc choose the following pafametérs:

a=05,b=300, c=10.5, d =100,

‘a=10, #=0001, y=1.0, § =3 x 10%

For inititial state [10000,.20,3000] and for terminal state [1360,.65,9087] optlimal
trajetorices, coutroi, and p(7) are shown in Fig.3.17-3.19. -In this case, the optimal

cost (7) increases after the optimal time.
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3.4-SUMMARY

In this chapter, three numerical examples were coﬁsidcred in order to illustrate
‘the effectiveness of the proposed algorithm for time optimal control problem (sce
chapter II). In the case of the IBM articulated arm robot,ran improvement of the op-
timal time has been achieved. It is clear, ffom the three examples, that the proposed
method provides the optimal control policy for any system, while using poor initial

guesses,

~ In the next chapter we show how the time optimal control algorithm can be casily
modified to be used for the identification problem of systems govefned by ordinary

differential equations.
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CHAPTER IV

NUMERICAL SIMULATION FOR SYSTEM IDENTIFICATION
WITH APPLICATIONS TO ROBOTICS AND ECOLOGY

4.1 INTRODUCTION

{

An important and essential aspect of modelling any physical system is the iden-
tification parameters in the model equation. Usually a physical system is modelled
on the basis of intuition, some idealizing assumptions and lcnowlc'dgc of functional
rclationshil; between the state variables and their time rate of change. The model
cquations contains certain parameters which are completely unknown because of lack
of precise understanding of the system, oronly partly known because of poor mea-
surement, data. A fundamental problem in system modc_;lling is, then, determination
of these unknown parameters so that the corresponding response of the model equa-
tion approximates as closely as possible the actual response of the physical system.

A very natural approach for solving this problem is to consider it as a control problem.

For numerical computation of the optimal parameters, we use the gradient method

as discussed in chapter II. In fact the algorithm given in chapter II can be easily |

modified to be used for the identification problem. The algorithm is presented in
scction 3 and its theoretical basis is given in section 2. Three numerical examples

. (
illustrating the uscfulness of the algorithm are prooviclcd in section 4.

-
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4.2 PROBLEM FORMULATION
) n

In this section, we present a general statement of the parameter identification

problem and develop the necessary conditions of optimality.

Consider the system

\ z(0) = z¢ ' (4.1)

where 2(¢) € R" is the staie vector and «, taking values in a closed bounded subset
P of ™, s the unknown parameter. The function f : I.x R x R™ — A" is known,
except {or the vector e It is assumed that the response of the physical system, which
is modelled as (41.1), is given in the form of data y(t), t e L.
We define an identification error as the mean square difference between the system
output and the observed data
T

Je) =) [ fatt.a) - w0l (12

where z(., a) is the response of system equation (4.1} corresponding to the parameter

a and the initial condition zy.

The identification problem may be stated as follows:
Find a parameter a* € P such that J(a*) < J(a) for all a € P, where J(a) is given
by (4.2) for all a C R™.

In view of the above discussion, it is clear that a very natural approach for solving

the identification problem is to consider it as a control problem. In fact this could be



considered as a special case of the gcnerai control problem (sec chapter 1I) where the
narameter a can e regarded as the control vector. Tlsing the minimum prineiple as
given in thcorem 2.1 (see cha;’)ter II), we can derive a set of necessary conditions of

optlimality for the identification problem. This is given below. \'

Theorem 4.1(Necessary Conditions of Optimality for Identification)

In order that the a* € P or equivalently the pair {a*,z*} to be optimal it is
necessary that there exists ¥ € AC(I, R") I=[0,T], (absolutcly'continuous {function on
[ with values in R® ) such that the triple {a*, z*,%*} satisfies the following differential
equations and inequalities :

; ) .
(i) (1) = f(a,x(t)ymﬁ 0,1

z(0) = z¢

(i) (1) = —fo'(¢, 2(t), @)b(t) + (y(t) — 2(1))

${T) =0

(13)
and the inequality
T T
(ii1) /0 H(t,z*(t),¢¥"(¢),a")dt £ /0 H(t,z* (), ¥ (1), a)dt
foralla e P
where
H(t,2,,0) = (J(t,2,0),8) + (1/2)]2(t, @) — y(8)| (4.4)
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4.3 ALGORITHM and FLOWCHART

4.3.1 Algorithm

Based on the ne'ccs'sary conditions of optimality presented in the preceding scc-

tion, an iterative algorithm can be developed for the determination of thp optimal

5,
—

parameter a* using the gradient technique as discussed in the chapter I The time
optimal control algorithm can be easily modified to be used in this case. Indeed,
for the gradient method applied to identification problems, we have the following

algorithm :

Step 1 : Guess ap € P and set n=1.
- . . o
Step 2 : Solve the initial value problem (1.1} with a = ay giving =, (1)} = r{l. av,).

Step 3 : Using the data &, and oy, solve the adjoint system

() = =12 Cea(0), @) (0) + (9(8) = (1))

1.5)
(1) =0 (
backward in time to determine ty,.
Step 4 : Compute the gradient vector
T
gn = / (01‘[/00)“,.’1‘,,,1,")",C‘(,,)dt (‘LG)
0

where II is the Hamiltonian (sce equation 4.4)

Step 5 :
(1) fn=1sect s, =—g,
(i) Ifn # 1 sct sy = —fgn + (|l£1n||2/||9n—1||2) Sn=]

Step 6 :
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a. If gn # 0, then modily an to anyi = an + €sn by choosing ¢ > 0 sufficiently
small so that , apyy € P and J{ap41} £ J{e,). A stopping criterion is used at
this stage . If |J{ans1) — J(an)| < &, for small § > 0, then stop, otherwise set

ap = apr,n=n+1, and go to step 2.

b. If at the nth stage gn = 0 then ap is a local minimizing element of J(a).

Remark 4.2

As in any gradient method the iterated parameter would tend to seek a local
minimum. This could be considered by repeating the procedure for different initial

guesses for the unknown paramcter.

A



4.3.2 Flowchart

.

Guess oy € P

67

Solve State Equation (4.1} from t=0 to T

Solve Adjoint Equation (4.5) from t=T to 0

Cdmputc the Gradient g, Using (4.6)

Sn = —n + ﬁuSig_]

Compute Scarch Direction

B = |lgall*/llgn-r?

—~—

{

Perform Linear Search for ¢,
so that a, 4+ ¢,5, € P and

J(ﬂ’u + EnSn) < ‘](a")

Update o, by

a||+1 = a‘n + 61‘1511

No
n=n+1

|/ (etn1) —J(Cfn)y

Compute Cost for four Suitable ¢’s:
Interpolate Using a Cubic Polynomial;

Find Minimum Cost and Corresponding c?,

Yes

Printout Results

zt, ot J*
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[

4.4 NUMERICAL STMULATION

The observationadata for the actual system i.e. y(t) were generated with known

values of the parameter in the equatiens which, in the sequel, will be referred to as

the "true parameter”. In order to illustate the effectiveness of our proposed scheme,

we consider the identification problem for the three models that have been presented

r IIL

in chap

1: (Automelec ACR robot)

The identification problem arises naturally in the modelling of a robot manipu-
lator. The system model given in chapter 111 contains certain unkiown parameters
such as
a. moment of inertia
. masses of the arm and the load
and

c. lengths of the manipulator links

<
Tlic true parameter is taken as v -
a* =[my,my,do, M., M) € It
=[3.7, 4.6, 0.37, 0.28, 0.09} ;
In table (4.1.a)-(4.1.d), ave summarize the convergence 9E the parameter a corre- | )
.spo'nding to diﬂ'crc;lt initial gi;esses of the unknown parameler.
(i)
[Ler. o ay T g a3 - oy - 05 cost
0 15 3.1 1.6 by 1.0 283101
30 2.978 3.318 0.1511  0.9673x 107! 0.6235 x 1071 134 % 109
S0 3.729 4.322 0.39514 0.1731 0.1:139 268x1072
BB GV 3819 4393 03881 001861 . 0.1522x1070 . 138x 107
200 _3.885  d4dlt 0095 0.1888 0.1517 -f—:oﬁg__;o-“’
| - Table f.1.a. y
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The initial, computed, and true system trajectories are shown in figure (4.1.a}-(4.1.d).

(ii) - r
Iter. } o Crn w3 cq s ’ cost
0 3 6.0 70 .02 1.5 2.0 256x 10!
10 L 4.006 6.190 0.1122  0.4301 0.1302 ' 274x107!

20 2.667 5.732 0.3261 m 0.5875x 107! .102x1072

30~ 2.569 5.6062 0.3075  0.3919 O.UIDOXIQ‘I .431)(10“'1

90 2.614 563  0.2993 03951  09513x107'  .359%107%
,-’-_i-‘..
¥ Table . 1.1. | F
ol
(iii) : | .

Iter. al as a3 oy aj cost
0 7.0 1.0 3.0 1.0 1.0 - 279x 101
20 1.339 3.496 01932 0.2270 0.0 243x1073
50 4489 3.605 04927  0.1158 ° 0.271 x10=%.  .150x 10~
120 4.391 3507 04501 0.1656  0.326 x 10~} 113% 1079
140 4,502 3.708 04590  0.1657 ° 0.527x107! J193% 107
¥

. . ‘

Table 4.1.c.

. -

4

. » . . . .
It is clear from the above tables, that there exists moge than one optimal param-

; . . . -~
“cter that provide the desired trajectory.



70

t),
? 0.50

)

-p.30

A\

-0.50

Fig. 4.1.a.

0.50

.00

s

TIME(SEC)

"~ 0.80

-0.50

A
.00

! - FigdLb, . ”Q;

—— -Init. Syst Tra.j.
@‘ Comp. Syst. Tra
~—¢—  True Syst. Traj.



/ﬁ
P
2(4q

z3(t)

(v

71

1.00 .50 2.00 2.50

0.50

0.00

J. 00 0.20  0.40 0. 60
TIME (SEC)

¢. Fig 4.l.c

.00

|20

1-60

0.80

0.50

1.00

0. 00 0.20 0.40 ]
TIME (SEC)

,mmg4”¢’

0.60

S S

Mt



i

- 72 —

Example 2: (IBM Articulated Arm Robot with two Links) -

The true parameter is taken as .
a* =([Ly, Ly, dg,mg,my, My, My, My) € R®

=[0.4, 0.25, 0.125, 15.0, 6.0, 1.6, 0.43, 0.01]'

In the following, the unknown vector is computed for two diflererent initial guesses

as shown in tabl?!(’g?.a)-(tl.&b).

CASE A
(
¢ o
[ter. oy an ag oy “as ag ar g cost
0 15 30 35 10 20 1.60 .75 85 18110

" 10 2679 .3032 3332 5076 L6307 (1.u200 53100 6157 .959x107
20 276L .3029 33200 5362 6798 1.062 L5133 6320 15T 1077
60 3020 3329 5361 6798 L9622 5132 6320 .103x10M

Table 4.2.a.

The initial, computed and trug system trajectories are shown in figure (4.2.a)-(4.2.d).

CAST B

-
[
‘;
[ter. oy G- Qg 0y as ag o7 g cost.
X
0 1.0 .70 40 2.0 .80 1.0 S4x 10!

10 1133 .5331 2534 1931 8631  1.067 .592% 1077
4

60 1.175 5536 2535 1.096  .8802  L.147 A25x1077 |
3 . .. . b
70 1.176 5335 2535 1.995 8803 1147 Ao3x1o-
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Example 3: (Ecological System)

a* =la,b,c,d, X, 6,7,6] € R
= [0.5,300, 10.5, 100, 1, 10-3,1,3 x 10%]

The initial guess of the-uttknown parameter is taken as

a,=(1, 20, 7, 11, 2, 1, 6, 900}’

The computed parameter is ‘“

ac=[.565, 3.8, 2.5, 1.0, 1.23; 4.13, 2.21, 667.17)'

The initial, computed, and true system trajectories are shown in figure (4.3.a)-1.3.c).

CASE B3: The true parameter is taken as

o' =049 € R’
= [0.5,1073, 1.0}
The rémaining terms are taken constant. N
The computed parameter is
a, = [0.50001,10~%,1.00003]'.

In table (1.3), the error function is given as a function of the number of itcrations.

&
Iter. cost
0 . 243 %108
10 197
20 522% 107
30 9311072
g 40 .300% 10~
* 50 376x107°
S0 dix 10~

Table 4.3.
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4.5 SUMMARY s

In this chapter, we have considered the identiﬁca;ion problem for systems de-

scribed by a set of ordinary differential equations,

P

Utilizing optimal control theory, we havg developed the necessary conditions of
optimality on the basis of which the unknown parameter can be computed. It has
been shown that the opfimal parameter (minimizing the rr?can square diffi::rence be-
tween the observed data and the response of the model equation) is determined by
simultancous solution of the sy‘stem equation, the corresponding adjoint equation,

and an associated maximality condition.

Using the gradient technique, an algorfthm for computing the unknown parameter
has been developed. 'Finally, this algorithm has been used for identifying some of the
parameters of two robots and the ecological system which lave been discussed in

chapter I11.

‘-

o~
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CHAPTER V

CONCLUSIONS

In the first part of this thesis, we have presented an algorithm for computing
the time optimal controls. The algorithm is based on approximation of time optimal
controls by a scquence of controls which are optimal for n suitable class of terminal
control problems. These later problems can be casily solved by conjugate gradient
technique. The algorithm avoids the solution of a two point boundary value prob-
lem which is a difficult tns-k. In order te illustrate the usefulness of the proposed
mt.zthod,.numcric&l simuiation has been carried out for two robols (Automelee ACR
robot and IBM articulated arm robot with two links) and an ccological systenm. For
the Automelec ACR robot, the optimal time coincides with the results of Geering ot
all"[13]. [Towever, in the case of the IBM articulated arm robot, an improvement of

the optimal time has been achieved (compared to that given in [13]).

r

In the second part of this thesis, we have comsidered the identification problem
for systems described by a set of ordinary differeniial equations. In fact the algorithm

that has been proposed for time optimal control problem was modificd to be used for
i »

identification problem. “
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Utilizing optimal control theory, we have developed the neccss*)y conditions of

optimality on the basic of which the unknown paramecter can be computed. It has

been shown that the optimal parameter (minimizing the mean square difference be-
tween the observed data and the response of the model cquation) is determined by

simultaneous solution of the system equation, the corresponding adjoint equation,
s

and an associated maximality condition.

In order to illustate the usefulness of this algorithm three numerical examples

?
including two robots and an ecological system were considered. The numerical sim-
*

ulation has been carried out for different initial choices of the unknown parameter

showing the existence of more than one optimal parameter for cach initial choice.
~
A )

\

frpm7
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APPENDIX A

» "~ LAGRANGE EXTRAPOLATION
\
To updatg the control in equation (2.18 chapter 11), the step size (@) is determined

using Lagrange Extrapolation. First, we consider that the cost function J(u) can be

approximated by the following polonomial : ,
J(u) = aa® + be® +ca+d _ (A1)

where (a,b,c,d)e R

1
Then four suitable values of a are chosen so as to compute a,b,c and d.
The best o that can give minimum cost in (A.1) is found by differentiating J(u) with

A
ﬁw n below

respect to a and setting the result to zero. This i

(0.6)/(0(a)) saa? + Pba t c =0 (42)

From (A.2)

min = (—0 £ Vb? = 3ac)/3a

-

&Y

S

o

A\
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4 " APPENDIX B

FORTRAN CODES

IN THE FOLLOWING THE FORTRAN CODES IN CHAPTER [II ARE EXIBITED.
A PROGRAM FOR TIME OPTIMAL CONTROL PROBLEM

MAXIMUM PRINCIPLE HAS BEEN USED

82

ITERATION USING CONJUGATE GRADIENT METHOD

USER SUPPLIIED SUBROUTINES ARE

- r
INTCON, SYSTEM, COSTATE, INTIAL, TERNAL, CONTRL,

" COST, GRAD, OUTP

NDIM=NUMBER OF EQUATIONS
NCTL=NUMBER CF THE UNKNCWN PARAMETERS

NPTS=NUMBER OF POINTS IN THE TIME.INTERVAL

71M5(1)-1N1715L TIME

TIME(2)=TERMINAL TIME

TIME(3)=STEP SIZE -

MAX=MAX IMUM NUMBER OF ITERATIONS
DELTA=STEP SIZE TO UPDATE THE FINAL TIME

o,
L}

STOP=STOPPING CRITERION ON CO%J DIFFERENCE

ALPHA=STEP SIZE IN THE SEARCH DIRECTION FOR UPDATING THE UNKNOWN

VECTOR
MAIN ROUTINE

IMPLICIT REAL *8(A-H,0-Z)

DIMENSION YY(4.1501).BNEW(3002;.TDE4.1501
DIMENSION Y (4) .DERY(4),AUX(4,4),YX(4) ,X(4
DIMENSION SRH(3002),TIME(3)},BT(3002)

TIME(2)=0,20
TIME(3)=.001
DELTA=Q. 1
M=1

NO IM=4

3

,B(3002),GRD(3002)
JYT(4)

-

TIMO0010
TIM0O0020
TIM00O30
TIMO0040
TIM000SO
TIMOOO60
TIMOOO70
T1M00080
TIM00090

“1IM00100

TIMOO110
TIM00120
TIM00130
TIMOO140
TIMOO15C
TIMOO160
TIMOO170
TIM0O0180
TIMOO190
TIM00200
TIM00210
TIM00220
TIM00230
TIMO0240
TIM00250
TIMOO260
TIM0O0270
TIM00280
TIM00290
TIM00300
TIMO0310
TIM00320
TIMO0330
TIMO0O340
TIMOQ350
TIMOQ3EO
TIM0OO370
TIMOO380
TIMO03S0
TIM00400
TIMOO410
TIMQQ420
TIMO0430
TIM00440
TIMO0450
TIM00460
TIMO0470
TIMO0480
TIM00490
TIMOOS00
TIMO0510
TIMO0520
TIMOOS30
TIM0OOS540
TIMOO550
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MAX=450 — ="
STOP=1.0D-30
ALPHA=S, 0D-3

83

NPTS=(TIME(2)/TIME(3))+1

NCTL=2*NPTS -
CALL INTCONsNCTL.B)
CALL FORWRD

. -

NDIM,NPTS,NCTL, TIME,Y,DERY,AUX,YX,B,YY)

CALL COST(NDIM,NCTL ,NPTS,TIME,YY,YD,B,CST)

CALL COGRAD(NDIM,NCTL,NPTS,MAX,TIME,Y ,X,YT,DE UX,YX,B,BNEW,YY
1,Y,3RH,GRD,CST,ALPHA,270P, BT ,LELTA) '

CALL TEMP(NDIM,NCTL ,NPTS,MAX,TIME,Y,X,YT,DERY,AUX,YX,B,BNEW,YY,
1Y,SRH,GRD,CST,ALFHA, STOP,BT)

CALL FORWRDSNDIM.NPTS.NCTL.T[ME.Y.DERY.AUX.YX.B.YY)

CALL OUTP
STOP
END

NDIM,NPTS,NCTL,TIME,Y,YY,B,M,CST)

SUBROUTINE INTCON(NCTL,B)

INITIALIZATION OF THE CONTROL

DIMENSION B(NCTL)
DO 12 Im1,NCTL
B(1)=0.0

RETURN

END

SUBROUTINE NUMBER(NPTS,NCTL,TIME)

DETERMINATION OF THE NUMBER OF POINTS IN THE TIME INTERVAL

DIMENSION TIME(3)

NCTL=2*NPTS™
RETURN

NPTS=(TIME (2)/TIME(3))+1 \\\\\\\Hﬁ

END

SUBROUTINE SYSTEM (NDIM,NCTL,T,Y,U,DERY)

SYSTEM DYNAMICS

IMPLICIT REAL *8(A~H,0-2)
DIMENSION Y(NDIM),DERY(NDIM) ,U(2)

DERY(1)=Y(2)

DERY(2

&(3.744.6)

DERY{3)=Y (4)
DERY{4)=(U(2)-2°3.7*
&(4))/(.28+.09+3.7*(Y
RETURN

END

Y
g

1
)

=(U1)43.7°7(1)* (T (4)**2)+4.6° (. 37+7Y{1) ) (Y (4)""2))/

*Y(2)*Y(4)-24.6%(.37+7(1))*v(2)"
e (oo A

SUBRQUTINE COSTATE (NDIM.NCTL,T.X.Y,YT,U;DERX)

ADJOINT SYSTEM

TIMO0560
TIMOO570
TIMQ0580
TIMOO590
TIMOQE00
TIMOOG10
TIM00620
TIMOO630
TIMO0G40
TIMO06506
TIMOOE50
TIMO0670
TIMO0EBO
TIMO0690
TIMOO700
TIMOO710
TIMO0720
11M00730
TIMO0740
TIMOO750
TIM00760
TIMOO0770
TIMO0780
TIMOO780
TIM00800
TIM00810
TIM00820
TIM00830
TIMOOB40
TIMO0850
TIM00B60
TIMOOB70
TIMQ08B0O
TIMCG0890
TIMO0900
TIMO0910
TIM00920
TIM00930
TIMO0940
TIMO0950
TIMO0OS60
TIMOOS70
TIMO0980
TIMO0990
TIMO1000
TIMO1010
TIMO1020
TIMO1030
TIMO1040
TIMO1050
TIMO1060
TIMO1070
TIMO1080
TiM01090
TIMO1100

W



o
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a0 O

KeXeKs!

IMPLICIT REAL *8(A-H,0-Z
DERX(1)=—(X

)
DIMENSION KENDIM).DERX(ND[M).?E?g;&%:g£$%igz$?2§:%,4.s-Y(z)

2)o(Y(4)er2)+X(4)"

84"

. o{.28+.09+3.7* we2) 44 8% ((.3747(1))**2))-(223.7*1(
e e L e S By e 3mar(1))

DERX(2)m—(X(1)+X(4)*(=23.7°7(1)*Y (4
%.284.09+3. 7+ (Y(1)**) 44 69 (.37+Y (1) )**2))}
DERX(3)=0.0

&)-Y(z)'v(4)%z§((.2a+.09+3.7‘(Y(1)--2i+4.s' (.37+7(4

- . .3)s(2" . 3 74+4.6%(.37+7 (1)) 02"
R L ST T

&Y(4))+x(3)+x24)'
&.28+.09+3.7¢(Y (1) v*2)+4.6*{(.37+7(1))**2))}
ESEURN i. . .

SUBROUTINE INTIAL(NDIM,Y)

INITIAL CONDITIONS FOR THE DIFFERENTIAL EQUATIONS

IMPLICIT REAL *8(A-H,0-Z)
DIMENSION Y(NDIM) .
Y(1)=0.15
¥(2)=0.0
Y{3)=0.0
Y(4)=0.0
RETURN
END

SUBROUTINE TERNAL (NDIM,NPTS,YY,X)

TERMINAL CONDITIONS FOR THE 6OSTATE EQUATIONS
IMPLICIT REAL *B(A~H,0-2)

. DIMENSION X{NDIM),YY(NDIM,NPTS)

X{1)=YY{1,NPTS)~.15

X{2)=vY(2,NPTS) = - ‘
X(3)=YY{3,NPTS)-1.570796
X(4)=Yv(4,NPTS) - -
RETURN

END

SUBROUTINE CONTRL(NPTS,NCTL,STEP,B,BNEW, SRH)
CONTROL UPDATE

IMPLICIT REAL *8(A-H,0-Z)

DIMENSTON B(NCTL),BNEW(NCTL),SRH{NCTL)

DO 1 [=1,NCTL

BNEW(1)=B{1)+STEP*SRH(I)

DO 2 I=1,NPTS

CONTROL CONSTRAINTS

IF(BNEW(1) .GT.15.0) BNEW(!1)=15.0000

—2-4.5-(.37+Y(2;..2))..2))

1Y () /|

TIMO1110
TIMO1120
TIMO1130

TIMO1140

TINO1150

TIMO1160

TIMO1170
TIMO1180
TIMO1190
11401200
TIMO1210
TIM01220

TIMO1230
TIMO1240
TIM01250 .
TIMO1260
TIMO1270
TIMO1280
TIMO1230
TIMO1300

TIMO1310
TIMO1320
TIMO1330
TIMO1340
TIMO01350
TIMO1360
TIMO1370
TIMO1380
TIMO1390
TIMO1400
TIMO1410
TIMO1420
TIMO1430
TIMO1440
TIMO1450
TIMO1460
TIMO1470
TIMO1480
TIMO1490
TIMO1500
TIMO1510
TIMO1520
TIMO1530
TIMO1540
TIMO1550
TIMO1560
TIMO1570
TIMO1580
TIMO1590
TIMO1600
TIMO1610
TIMO1620
TIMO1630
TIMO1640
TIMO1650
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IF BNEW(1).LT.-15.0) BNEW(I)-15 0
IF (BNEW( I4NPTS) .GT.5.0) BNEW( [4+NPTS)=5,0
IF (BNEW( I4+NPTS) .LT.-5. 0) BNEW( I+NPTS)=—5,0
CONTINUE -
RETURN

_END

SUBROUTINE TOST(NDIM NCTL,NPTS,TIME,YY,YD;B1CST)
cosT F%CTION N

IMPLICIT REAL *8(A-H.0-Z)
DIMENSION YY(NDIM,NPTS) ,B(NCTL), YD(NDIM NPTS), TIME(3)
CST=0.5*((YY
& *24YY (4,NPTS) #*2)

RETURN : . .
END

SUBROUTINE GRAD{NPTS,NDIM,NCTL,Y,X,B,GRD,K)
GRADIENT SUBROUTINE

IMPLICIT REAL *8(A-H,0-2 '
gég52§rg?zv NDIM).X(NDIM; B(NCTL) ,GRD{NCTL)
GRDEK+NPTS§-X(4)/( 28+.0043.75(Y(1)*92) +4.6%((.374Y(1))**2))
R

-

SUBROUTINE FORWRD(NDIM,NPTS,NCTL,TIME,Y,DERY,AUX,T%,B,YY)
RUNGA-KUTTA SUBROUTINE FOR FORWARD SOLUTION OF SYSTEM EQUATION

IMPLICIT REAL *8(A-H,0-Z) "
DIMENSION YY(NDIM,NPTS),B(NCTL) -—

DIMENSION Y(NDIM DERY(NDIM) AUX(4 ,NDIM) ,YX(NDIM)
DIMENSION TIME(S),

CALL INTIAL (NDIW, Y) ¢
x-TluEi ;

HaTIME (3

Km1

DO 1 I=1,NDIM

Yr(I,K)=Y(1)

DO 11 J=2,NPTS

UE 3 EK+NPTS)

XX

CALL SYSTEM (NDIM,NCTL.XX.Y,U.DERY)

DO 2 I=1,NDIM

A e,
YX(1)=¥(1)+AUX(1,1)*0.5 '
XXwX+0 . 5 o1 P il
CALL SYSTEM (NDIM,NCTL,XX,YX,U,DERY)

DO 3 I=1,NDIM -

AUX(2, 1)=H®DERY(I)

1 NPTS)*.15)“2+¥Y(2 NPTS) **2+(YY(3,NPTS)~1.570796)

TIMO1660

TIMO1670

T1M01680
TIMO1650
TIMO1700
TIMO1710
TIMO1720
TIMC1730
TIMO1740
TIM0O1750
TIMO1760
TIMO1770
TIMO1780
TIMD1790
TIMO1800
TIMO1810
TIMD1820
TIMO1830
TIMO1840
TIMO1850
TIMO1860
TIMO1870
TIMO1880
TIMO1890
TIMO1900
TIMO1910
TIMO1920
TIMO1930.
TIMO1940
TIMO1950
TIMO1960
TIMO1970
TIMO1980
TIMO1990
T1M02000
TIMO2010
TIM0O2020
TIM0O2030
T1M02040 .
TIM02050
TIMO2060
TIM02070
T IMO2080
TIM02090
TIMO2100
TIMO2110
TIM02120
TIM02130
TIMO2140
TIMO2150
TIMO2160
TIMO2170
T1MO2180
TIM02190
TIM02200
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o000

 YX(1)=Y (1) 4AUX(2,1) *0.5 -
XXmX+0 . 5%H

CALL SYSTEM (NDIM,NCTL,XX,YX,U,DERY)
DO 4 I=1,NDIM

AUX(3, 1)=HSDERY(1)

;§(1)-T(l)+Aux(a 1)

Kmi#1 . :
I[ -B .
§ ; {K+NPTs
CALL SYSTEM (NDIM NCTL XX, YX, U, DERY)
D05 Im1,NDIM .

AUX(4,1)=H*DERY(1)

DO 8 I=w1,NDIM

DY=(AUX(1,1)+2.0%AUX(2, 1)+2.0%AUX(3, 1)+Auxc4 1))/6.0
Y(1)my(1)+DY

X=X+H

DO 10 I=1,NDIM

YY(I.K}=Y(I)

CONTINUE

RETURN

"END

SUBR?UTINE BACKWD (NDIM,NPTS,NCTL, TIME, Y, YT, DERX, AUX, YX, X, B, YY, YD
1,GRD

RUNGA-KUTTA SUBRQUTINE FOR BACKWARD SOLUTION OF ADJOINT EQUATIONS

IMPLICIT REAL *8(A-H,0-Z)

DIMENSION YY(NDIM,NPTS) ,GRD(NCTL) ,B(NCTL) ,YD (NG, NPTS)
DIMENSION Y(NDIM; -DERX(NDIM) ,AUX (4,NDIM) YX(N ) x(Nolu)
DIMENSION TIME(3),YT(NDIM),U(2)

CALL TERNAL(NDIM,NPTS,YY,X)

T=TIME(2)

H=TIME (3)

K=NPTS-

00 11 J=2,NPTS

iz;-BéK+NPTS)
00 9 I=1,NDIM
Y(I)-YY(I.K) )
%#L# GRAD{NPTS,NDIM,NCTL,Y,X,B,GRD,K)
CALL COSTATE (NDIM,NCTL,TT,X,Y,YT,U,DERX)
DO 2 I=1,NDIM
AUX{1, I)=H*DERX (1)
YX(D)=X{ ) +AUX(1,1)%0.5
TTaTT+0.5%H
CALL COSTATE {NDIM,NCTL,TT,YX,Y.YT,U,DERX)
DO 3 l=1,NDIM
AUX(2, 1)=H*DERX(1)
YX(1)=X(1)+AUX(2,1)*0.5 A
TTeaT40.5%H
CALL COSTATE (NDIM NCTL,TT,YX,Y.YT,U,DERX)
DO 4 I=1,NDIM

TIMO2210

- TIMO2220

TIM02230
TIM02240
TIMO2250
TIM02260
TIM02270
TIM02280
T1M02290
TIMO2300
TIMO2310
TIM02320
TIM02330
TIM02340
TIMO2350
TIM02360
TIM02370
TIM02380
TIM02350
TIM02400
TIMO2410
TIMO2420
TIMD2430
TIMO2440
TIMO2450
TIMO2460
TIMO2470
TIMO2480
TIMO2490
TIM02500
TIMO2510
TIM02520
TIM02530
TIM02540
TIM02550
TIMO2560
TIMO2570
TIMO2580
TIM02590
TIMO2600
TIM02610
TIM02620
TIMO2630
TIMO2640
TIMO2650
TIMO2660
TIM02670
TIM02680
TIM02690
TIMO2700
TIMO2710

‘TIM02720

TIMO02730
TIM02740
TIMO2750



AUX(3 I)-H'DERX(I)
+ ,.Y#(I)-X(I)+AUX(3 1)

KeK-1 _
. DO 17 L=1,NDIM
17 Y{L)=YY(L.K)
ul1 -a{x)
U{2)=B{K+NPTS) :
CALL CC3TATE (NDIM.NGTL,TT,YX,Y,¥T.U,DERX)
DC 5 I=1,NDIM .
5 AUX(4, 1)=H*DERX(I)
DO B Im1,NDIM

DX-(AUX(1 1)+2. 0'AUX(2 1)42.0%AUX(3,1)+4UX(4,1)) /6.0

8 X(1)=X(1)+0X
TmTHH
CALL GRAD(NPTS, NDIM NCTL,Y,X,B,GRD,K)
11 CONTINUE :
RETURN
END

SUBROUTINE SEARCH(NCTL.GRDN.SRH.VALUO)
COMPUTES SEARCH DIRECTION t

IMPLICIT REAL *8 {A-H,0-2)
DIMENSION GRON(NCTL),SRH(NCTLY
VALUN=O . 0
DO 2 'I=1,NCTL

2 VALUN=VALUN+GRON( 1) *GRON(1)
BTA=VALUN/VALUO
DO 3 Im=1,NCTL

3 SRH(I)-GRDN(I)+BTA‘SRH([)
VALUO=VALUN :
RETURN
END

SUBRCUTINE START(NCTL,GRDO,SRH,VALUO)
-
INITIALIZES THE SEARCH PROCESS

o000 O

IMPLICIT REAL *8(A-H,0-Z)

DIMENSION GRDO(NCTL),SRH{NCTL)

VALUO=0.0

DO 1 I=1,NCTL

) VALUO=VALUO+GRDO( 1) *GRDO(1)

1 CONTINUE

DO 2 I=1,NCTL

2+ SRH(1)=-GRDO(I) .
RETURN

END "\

SUBROUT INE TEMP(NDIM, NCTL NPTS,MAX,TIME,Y,X,YT,DERY,AUX,¥X,B,

1 BNEW.YY.Y.SRH.GRD.CST.ALPHA.StOP.BT.DELTA)

a0

UPDATE THE FINAL.TIME AND LOCATE THE OPTIMAL TIME

87
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* TIMO2750-

TIMO2770
TIMO2780
TIMO2780
TIMQ2800
TIMO2810
TIM02820
TIM02830
TIM02840
TIM02850
TIM02860
TIMO2870
TIM02880
TIM02890

. TIM02900

TIMO2910

* TIM02820

TIM02930
TIM02940

TIMO2950

TIM02960
TIM02970
TIMO02980
TIM029590
TIMO3000

TIMO3010 -

TIMO3020

. TIMD3030

TIMD3040
TIMO305Q,
TIM03060
TIM03070
TIM03080
TIMO3090
TIMO3100
TIMO3110
TIMO3120
TIMO3130
TIMO3140
TIMO3130
TIMO3180
TIMO3170
TIMOS180
TIMO3180
TIMO3200
TIMO3210
TIM03220
TIM03230
TIMO3240
TIMO3250
TIM03260
TIMO3270
TIMO3280
TIMO3290
TIMO3300
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‘99

98

88 .

DIMENSION TIME(S),Y{NDIM),X(NDIM), DERY(NDIM).YT(NDIM
DIMENSION AUX(4, 4) YX{NDIM B(NCTL) BNEW(NCTL YT(ND[M NPTS)
DIMENSION Y(NDIM) SRH{NCTL GRD(NCTL),BT NCTL .
TO=TIME(2) ’

C1=CST -

Ti=TIRE(2) . .
TIME(2)=TIME(2)+DELTA

CALL NUMBERENPTS NCTL, TIME) =

CALL® COGRAD {NDIM, NCTL .NPTS, MAX, TIME Y. X, YT, DERY ,AUX, X, a BNEW,

1YY,Y,SRH,GRD,CST .ALPHA, STOP, ar) .

C2=CST
T2=TIME(2) .

TIME(2)=TO-DELTA
CALL NUMBERENFTS JNCTL,TIME) -

CALL COGRAD{NDIM,NCTL ,NPTS,MAX,TIME,Y,X,YT,DERY,AUX,YX,B,BNEW,

vy, Y, $RH ,GRD,CST,ALPHA, STOP, 8T) .

C3=CS

L T3=TIME(2)

IF(C3-C1) 10,10,20

C2=C1 -

Ci=C3 ; .
T2=T1 , ~
Ti=T3 -

TIME(2)=T1-DELTA

CALL SAVE{NCTL,B,BT)

CALL NUMBERENPTS JNCTL, TIME) T
CALL COGRAD(NDIM,NCTL,NPTS,MAX, TIME,Y,X,YT,DERY  AUX,YX, B, BNEW,
YY,,Y.SRH,GRD,CST,ALPHA,STOP, BT)

C3uCST
T3uT1
IF(C3.EG.0) GO TO 98 .
IF cs—c1; 10,10,99
IF{c1-C2) 50,%50,99

C3=C1

T3aT1 -
Ci=C2

T1=T2

TIME(2)=T14+DELTA

CALL SAVE{(NCTL,B,BT)

CALL NUMBER(NPTS,NCTL,TIME)

CALL COGRAD(NDIM,NCTL,NPTS,MAX,TIME,Y,X,YT,DERY,AUX,YX,B,BNEW,
1YY,Y.SRH, GRD,CST ,ALPHA, STOP, BT)

C2+CST

T2=TIME(2)

IF(C2.EQ.Q) GO TO 88

GO TO 20

TIME (2)=T3

CST=C(3)

CALL NUMBER(NPTS,NCTL,TIME)

CALL SAVE(MCTL,BT,B) .

RETURN .

END .

SUBROUTINE SAVE{NCTL,B,BT)

TIMO3310

TIMO3320
TIMO3330
TIMO3340
TIMO3350
TIMO3360
TIMO3370
TIMO3380
TIMO3390

" TIMO3400

TIMO3410
TIMO3420
TIMO3430
TIMO3440
TIMO3450
TIMO3460
TIMO3470
TIMO3480
TIMO3490
TIMO3500
TIMO3510
TIM03520
TIMO3530
TIMO3540
TIMD3I550

TIMO3560 ~

TIMO3570
TIM03580
TIMO3580
TIMO3600
TIMO3616
TIM0J3620

TIMOIE30

TIMO3640

-TIMO3650

TIMO3660
TIMO3670
TIMO3I680
TIMO3I690
TINO3700
TIMO3710
TIMO3720
TIMO3730
TIMO3740

“TIMO3750

TIMO3760
TIMO3770
TIMO3780
TIM03780
TIMO3B00
TIMO3810
TiM03820
TIM03830
TIMO3840
TIiM03850

“
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89
SAVE THE OPTIMAL CONTROL
DIMENSION-B(NCTL),BT{NCTL)
DO 100 1=1,NCTL

BT(1)=B(I)

RETURN . ©
END

SUBROUTINE ‘MINAP(NDIM,NCTL ,NPTS, TIME, Y, DERY,AUX, YX, B, BNEW, YNE

1SRH, CSTOD; STEP, INN) .
UPDATES THE PARAMETER VECT
LAGRANGE EXTRAPOLATION HAS BEEN USED

IMPLICIT REAL ‘BEA-H,O—Z)

DIMENSION X(4),C{4)},TIME(3)

DIMENSION YNEW(NDIM,NPTS),SRH(NCTL),BNEW(NCTL),B(NCTL)
DIMENSION Y(NDIM) ,DERY(NDIM),AUX(4,NDIM) ,YX(NOIM}
DIMENSION YD(NDIM,NPTS)

T'N1my

N2m1 . :

CALL CONTRL%NPTS.NCTL.STEP,B.BNEW.SRH)

CALL FORWRD(NDIM,NPTS,NCTL,TIME,Y,DERY,AUX,YX,BNEW, YNEW)
CALL COST(NDIM,NCTL,NPTS,TIME,YNEW,YD,BNEW,CST)

c§1;-csr .

X{1)=STEP

STEP=2,0*X(1)

CALL CONTRLsNPTS.NCTL;STEP.B.BNEW.SRH)

CALL FORWRD(NDIM,NPTS,NCTL,TIME,Y,DERY,AUX,YX,BNEW, YNEW)
CALL COST(NDIM,NCTL,NPTS,TIME,YNEW,YD,BNEW,CST)

cgz =CST

X(2)=STEP

IF(C(1)-C(2)) 3.3.4

STEP=G.5*X( 1

CALL CONTRLENPTS.NCTL.STEP,B.BNEW.SRH)

CALL FORWRD(NDIM,NPTS,NCTL,TIME,Y,DERY,AUX,YX,BNEW, YNEW)
CALL COST(NDIM,NCTL,NPTS,TIME,YNEW,YD,BNEW,CST)
C(3)=C(2

3)=x(2)"

2)=C (1

2)=x{1

1)=CST

1)=STEP °

IF(c(1)-c(2)g 9,9,10

STEP=0.5*X (]

N1=N1+1

IF(N1.GT.50) GO TO 888

CALL CONTRLENPTS.NCTL.STEP.B,BNEW.SRH)

CALL FORWRD{NDIM,NPTS,NCTL,TIME,Y,DERY,AUX,YX,BNEW, YNEW)
CALL COST(NDIM,NCTL,NPTS,TIME,YNEW,YD,BNEW,CST)

C(4)=C({3 .
X(4)=X(3 o
C(3)=C(2

KOO X

" TIMO3880
" TIMO3870 .

. TIMO3880

TIMO3890
TIM03900
TIMO3910
TIM03920

. TIM03930
+ 7 TIMO3940
W,YD, TIMO3950

', TIMO3960

TIMG3970
TIMO3980
TIMO3950
TIMO4000
TIMO4010
T1M04020
T1M04030
T1M04040
T1M04050
T1M04060
TI1M04070
T1M04080
T1404090
T1M04100
TIMO4110
TI1M04120
TIMO4130
TIMO4140
TIMO4150
TIMO4160
TIMO4170
TIMO4180
TIMO4190
TIM04200
TIMO4210
TIMO4220
TIM04230
TIMO4240
TIMO4250
TIM04260
TIMO4270
TIMQ4280
T IMO#290
TIMO4300
TIM04310
T1M04320
TIMO4330
TIMO4340
TIMO4350
TIMO4360
TIMO4370
TIMO4380
TIMO4390. 2.
TIMO4400



18

301

10

200

100

345

90

X(3)=x(2 )
c(2)=C(1
X(2)=x{1
C(1)=CST
X{1)=STEP
IF(C(1)-C(2)) 9.9,100
STEPw2.0%% (2
CALL CONTRLENPTS.NCTL.STEP.B.BNEW,SRH)
CALL FORWRD{NDIM,NPTS,NCTL,TIME,Y,DERY,AUX,YX,BNEW, YNEW)
CALL COST(NDIM.NCTL.NPTS, TIME, YNEW, YD, BNEW, csT)
C(3)=CST
x 3)=STEP
(2)-0(3); 200,19,19
2.0%X(3
N2-N2+1
1F(N2.GT.50) GO TO 888
CALL CONTRL(NPTS.NCTL,STEP,B,BNEW,SRH)
CALL FORWRD(NDIM.NPTS,NCTL,TIME,Y,DERY,AUX,YX,BNEW, YNEW)
CALL COST(NDIM,NCTL,NPTS, TIME YNEW, YD, BNEW, CST)
C(4)=CST .
x 4)=sTEP :
c(a)-c(4)) 100,301,301

el

~~
LN

Or&XLXS
-‘-F-FblblN

M RN -
-

MgXOXOXO—‘
puiry T

£

%(1)4%(2))*0.5
CALL CONTRLENPTS.NCTL.STEP.B.BNEW,SRH)

CALL FORWRD{NDIM,NPTS,NCTL,TIME,Y,DERY,AUX,YX,BNEW, YNEW)
CALL COST(NDIM,NCTL ,NPTS,TIME,YNEW,YD,BNEW,CST)

C(4)=C(3

X(4)=x(3

c(3)=c(2) _

X{3)mx{2 -

c(2)=CST

X(2)=STEP

GO 10 100

STEP=(X(2)+X(3))*0.5

CALL CONTRLENPTS NCTL, STEP , B, BNEW, SRH)

CALL FORWRD(NDIM,NPTS,NCTL.TIME,Y,DERY,AUX,YX,ENEW, YNEW)
CALL COST(NDIM,NCTL,NPTS,TIME,YNEW,YD,BNEW,CST)

C(4)mC 3;

X(4)=X(3

C(3)mCST

X(3)=STEP

GO TO 100

CALL POLYN(C,X,STEP, INN)

WRITE(G,345)

FORMAT( 10X, ' LAGRANGE EXTRAPOLATION'/)
WRITE s.s; ixirg.x-m;

WRITE(G,6 1),1=1,4

Y

TIMO4410
TIMO4420
TIMQ4430
TIMO4440
TIMO44350
TIMC4450
TIMO4470
TIMO4480
TIMO4450
TIMO4500
TIMO4510
TIMO4520
TIMO4530
TIMO4540
TIMO4550
TIMO4560
TIMO4570
TIM04580
TIMC4590
TIMO4600
TIMO4610
TIMO4620
TIMO4630
TIMO4640
TIMO4650
TIMO4660
TIMO4670
TIMO4680
TIMO4690
TIMO4700
TIMO4710
TIMO4720
TIMO4730
TIM0O4740
TIMO4750
TIM04760
TIMO4770
TIMO4730
TIM04790
TIMO4800
TIMO4810
TIMO4820
TIM04830
TIM04840
TIMO4850
TIMO4860
TIMO4870
T1M04880
TIM04890
TIMO4900
TIMO4910

TIMQ4820

TIMO4930
TIMO4940
TIMO4950
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o000 ol

77
78

000

345

91

FORMAT(/ BX, 'ALPHA" . 4D15.5/)
FORMAT BX.'COST * 4D15 5)
CALL CONTRL(NPTS, NCTL STEP,B,B,SRH)
GO TO 889
TNNwe2
RETURN
END

SUBROUTINE POLYN(C.X,Al PMIN, INN) -
SUBROUTINE FOR LAGRANGE EXTRAPOLATION

_IMPLICIT REAL *8 (A—H 0-z)’

DIMENSION cE4g E

Dim((X(1)-X(2 ) X(1)-X(3)) (X(1)-X(4})}
IF{D1.EQ.0.0) GO

F1-CEl¥/D!
?g-( 2M-X(;))‘(X(2)-X(3))'(X(2)-X(4)))
Fz-cEz)/ 2

D3=( x(s)-x(z)) (X(3)-X(1)) (X(3)=x(4}))
IF{D3.EQ.0.0) GO

Fs-cEa)/os

DA=( X<4)—X(2)) (X(4)-X(3)) (X(+)—X(1)))
IF{D4.EQ.0.0) GO

F4~C(4) /D4

AwF 1 4F 24F 34F 4

B-FI‘(X(2)+X(3)+X(4;)+F2‘(X(1)+X(3)+X(4))+F3‘(X(1)+X(2)+X(4))

1448 (X (1)+X(2)+X(3)

CC=F1* X(2)‘X(3)+X(3)‘X(4)+X(2)‘X(4))+F2‘Ei§;l;§£?iz¥§1%z§§4)+

1X({3)*X 4);+F3-(x(1)-x(2)+x(1)‘x(4)+x(2)-x

1% (1) X (3)+X(2) *X(3})

S=B*B-3.0%ACC

IF(A.EQ.0.0.0R.S.LT.0.0) GO TO 77

ALPMIN=(B+DSQRT(B*B~3.0%A*CC))/(3.0%A)

GO TO 78

INN=2
RETURN

END

SUBRCUTINE COGRAD(NDIM.NCTL.NPTS,MAX.TIME,f,X,YT.DERY.AUX.YX.B

1.BNEW,YY,YD,SRH,GRD,CST,ALPHA, STOP ,BT)
CONJUGATE GRADIENT ALGORITHMM
IMPLICIT REAL *8(A-H,0-Z)

DIMENSION YY(NDIM,NPTS) ,YD(NDIM,NPTS) ,B(NCTL) ,BNEW(NCTL) , TIME(3)
DIMENSION YENDIM; \DERY (NDIM) , AUX (4, NDIM) , YX{NDIM) ,SRH{NCTL)

DIMENSION X
I TER=(Q
INN={
CSTOD=CST

NDIM GRD(NCTL) LYT(NDIM).BT(NCTL)

CALL BACKWD(NDIM,NPTS,NCTL{TIME,Y,YT,DERY,AUX,YX, X.8,YY,YD, GRD)

CALL START(NCTL.GRD,SRH,VALU)
WRITE(&,2) ITER,CSTOD,ALPHA

TIMO4960

- TIMO4870

TIM04980
TIMQ4990
TIMO5000

. TIM05010

TIME5020
TIMO5030
TIMG5040
T1M05050
TIMOS060
TIMOZ070
TIMOS080
TIMOS0S0
TIMOS100
TIMO5110
TIMO5120
TIMO5130
TIMOS140
TIMOS150
TIMO5160
TIMO5170
TIMO5180
TIMO5190
T IM05200
TIMO5210
TIM05220
TIMOS230
TIMOS240
TIMOS250
TIMO5260
TIMO5270 &
TIM05280
TIM05290
TIMO5300
TIMOS310
TIMO5320
TIMOS330
TIMOS340
TIMO5350
TIMOS360
TIMOS370
TIMOS380
TIMOS390
T IM05400
TIMOS410
TIMOS420
TIMO5430
TIMOS440
TIMOS450
TIMOS460
TIMO5470
TIMO5480
TIMO5490
TIM05500

*



2 FORMAT(//SX 'ITER-' 13,3X, "COST=",E20.12,5X, 'ALPHA=" ,E15.7/)
WRITE(S, 3), (B(1),I=1,NCTL) .
3 FORMAT(3X,’UPDATED PARAMETERS” , 4E13. 5/)
210 I1TER=ITER#
DO 77 I=1,NCTL ' .
77 BT(1)=8(1)
CSTI=CST - . . , ¢
KOUNT=0 B
ALPHAU=ALPHA -
, IF(ITER .GT. MAX) GO To $99
67 CALL MINAP(NDIM,NCTL,NPTS,TIME,Y,DERY,AUX,YX,B,ENEW,YY,YD,SRH,
1CSTOD, ALPHA, INN)
IF(INN.EQ.2) GO TO 999 ' _ )
CALL FORWRD(NDIM,NPTS,NCTL,TIME,Y ,DERY,AUX,¥X,B,YY) e
CALL COST(NDIM,NCTL,NPTS,TIME,YY,YD,B,CST)
_WRITE(8,2) ITER,CST,ALPHA
WRITE(E,3) (B(1), I=1,NCTL)
IF(ITER .GT. NAX) GO TO 899
1F (ALPHA.GT. 1.0E+04) GO TO 999
CSTDIF=CSTOD-CST

STOPING CRITERION WITH COST DIFFERENCE
IFECSTDIF .LT. STOP) GO TO 999

IF{CSTOD -~ CST) 65,65,68
3 GO TO 999

oo OO0

DO 78 Im1,NCTL .
76 B(1)=B{1)-ALPHA*SRH(1)
KOUNT=KOUNT+1
IF(KOUNT - 3) 67,67,68
68  WRITE(S,69)
69  FORMAT(//10X,'COST DOES NOT DECREASE ANY MORE* He
GO TO 999
66  IF{CSTDIF.LT.STOP) GO TO 999
CSTOD=CST
IF(ITER .EQ. NCTL) GO TO 345
CALL BACKWDENDIM ,NPTS,NCTL,TIME,Y,YT.DERY,AUX,YX,X,B,YY,YD,GRD)
CALL SEARCH{NCTL ,GRD,SRH,VALU)
GO TO 210
999 © DO 78 I=1,NCTL ,
78 B(1)=8T(I) ‘
CST+CST1
RETURN
END

SUBROUTINE OUTP(NDIM,NPTS,NCTL ,PRMT,Y,YY,B,M,CST)

o0 O

QUTPUT SUBROUTINE FOR PRINTOUT OF SYSTEM TRAJECTORY

IMPLICET REAL *8(A-H,0-2)
DIMENSION Y{NDIM),YY(NDIM,NPTS) ,B(NCTL) ,PRMT(3)
WRITE(6,18) PRMT(2) csT
16 FORMATETS ,F9.4,4%,E12.5)
T=PRMT (1)

TIMOS310
TIMOS520
TIMOS530
TIMOS540
TIMOSS50
TIMO5560
TIMO5570
TIMO3580
T IM03580
TIMOS600
TIMOS610
TIMOS620
TIMOS830
TIMOSB40
TIMOSE50
TIMOS660
TIMOS670
TIMoS680
TIMOS690
TIMOS700
TIMO5710
TIMOS720
TIMO5730
TIMOS740
TIMOS750
TIMOS760
TIMO5770
TIMO5780
TIMOS790
TIMOS800
TIMO5810Q
TIMO5820
TIMO5830
TIMOS840
T IMO%B50
TIMOS860
TIMOSB870
TIMOSB880
TIMO5890
TIMOSS00
TIMO%910

. TIMDS920

TIMOS930
TIMOS940
TIMOS950
TIMO5960
TIMOS970
TIMO5980
TIMOS990
TIMC6000
TIMO6010
TIMO56020
TIMO6030
TIMOG040
TIMO6050
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12
222

D;\izz L=1,NPTS

DO 111 I=1,NDIM
Y(1)=yv(I,L)

¥$175(s 12) T,B(L) ,B(LHNPTS)

T=T+TT*PRMT(3) :

FORMAT(FB.3,F7.3,1X,F7.3)

CONTINUE -

RETURN

END

o

93 .

TIMOE060
TIMO6070
TIMOG0BO

"TIMOS090

TIMO6100
TIMOG110
TIM06120
TIMO6 130
TIMOS 40~
TIMOBTSO
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