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Abstract

Given n arbitrary objects x1, 2o, ..., x, and a similarity matrix P = (pi7j)1<2.’j<n, where p; ;
measures the similarity between x; and x;. If the objects can be ordered along a linear chain
so that the similarity decreases as the distance increase within this chain, then the goal of
the seriation problem is to recover this ordering m given only the similarity matrix. When
the data matrix P is completely accurate, the true relative order can be recovered from the
spectral seriation algorithm [1]. In most applications, the matrix P is noisy, but the basic
spectral seriation algorithm is still very popular. In this thesis, we study the consistency
of this algorithm for a wide variety of statistical models, showing both consistency and
bounds on the convergence rates. More specifically, we consider a model matrix P satistying
certain assumptions, and construct a noisy matrix P where the input (4,7) is a coin flip
with probability p; ;. We show that the output 7 of the spectral seriation algorithm for the
random matrix is very close to the true ordering 7.
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Chapter 1

Introduction

In many real-life problems, we are required to reconstruct the linear order between a set of
variables given only their pairwise similarity. This task is important and has many appli-
cations especially in network analysis. For example, companies are interested in, based on
users preferences, analyzing and ranking large datasets of music, movies, images, etc. For
instance, suppose you read one thousand books and you want to rank them from the most
preferred to the last preferred. It is usually hard to get an absolute ranking value to each
book you read. However, if you only have two books, then it is easier to decide which of the
two is better. Given the pairwise preferences, we can attempt to construct a ranking of the
books (see e.g. [11]).

The seriation problem introduced by Robinson in [25] is a combinatorial problem where
the goal is to order a set of items so that similar items are placed closer to each other. The
pioneer of seriation is considered to be Flinders Petrie, an english egyptologist, who called
it sequence dating in his paper [23]. While the seriation originates from archaeology, it has
recent applications to ecology, sociology, biology, etc. In chapter 2 we will present a brief
survey about the history of seriation.

The seriation problem translates mathematically to a problem of permutations over the
rows and columns of symmetric matrices. Let n be a positive integer, from here on we denote
by P, the set of all permutations of the natural numbers {1,2,...,n}. We will often denote
its elements by 7 while II will refer to a permutation matrix, which is a binary n x n matrix
defined by II;; = 1 if and only if ¢ = 7(j). For a matrix A € R™” we denote by A™ the
permutation of A by a permutation , i.e., Al; = Agi)q() for all 1 <i,j < n. Note that,
A™ = TTAII" where II is the permutation matrix associated with 7.

Given n elements xq,xs,..., 2, in a data stape X', assume that we have a symmetric
matrix A where for each 1 < 7,5 < n, A;; measures how similar z; to x;. We call A the
similarity matriz of the x;’s. Furthermore, assume that the x;’s can be ordered along a
chain, where the similarity between variables decreases with their distance within this chain.
Then seriation’s goal is to reconstruct this linear ordering given only the similarity matrix A
as input. In metalanguage, the seriation problem seeks to find all the permutations 7= € P,
such that if ¢ < j < k then AT, > AT, and A7, > AT, see Figure 1.1. In other words, we are

5] — 1,
trying to find the permutations 7 for which the elements x 1), Tx(2), ..., ZTrn) form a linear



Ar (i), m(k)

Figure 1.1: Linear ordering of elements 1, xs, ..., x,. We can see that in this order
the similarity decreases as the distance increase, in this figure A~y < Ax@),r()
and Az x(k) < An(j) (k)

order, where the similarity decreases with the distance.

Given a n X n symmetric matrix A, we can see A as a similarity matrix of a set of
n objects. If those objects form a linear ordering, where the similarity decrease with the
distance, we say that A is a R-matrix or Robinson-matrix. That is, if its entries are non-
decreasing when moving toward the main diagonal, in each row or column. In other terms,
for all 1 <7,j, k < n we have

1 < ] <k= Az’j > Azk and Ajk > Aik (101)

Figure 1.2 shows the shape of R-matrices. Furthermore, we say that A is a pre-R matrix if
there exists a permutation = € P, such that A™ is a R-matrix. Figure 1.3 shows an example
of a pre-R matrix on the left and the associated R-matrix on the right.

Solving the seriation problem naively requires n! steps, which is huge computationally
for a large n. In chapter 3 we will present the spectral seriation algorithm 1 proposed in the
paper [1] which solves the problem in an efficient way. The algorithm is based on reordering
the matrix according to the components of the second eigenvector of the Laplacian of the
matrix, called the Fiedler vector. According to [26], spectral methods were successfully
applied in the past for relevant combinatorial problems such as recovering a partition, clique,
coloring, bipartition, etc. Spectral methods are also used for the clustering problem (see e.g.
[8]). Note that seriation is conceptually similar to clustering. However, while clustering aims
to order the data into groups whose members are similar to each other, seriation seeks for
a linear order of the objects such that similar objects are close to each other, which is more
restrictive. Hence, although related, the two problems are substantially different.

The consecutive one problem or C1P for short is a problem that consists of permuting
the rows of a binary matrix so as to make all the ones in each column appear consecutively.
In particular [13]| studied further the connection to interval graphs and proposed a graph
algorithm to solve efficiently the C1P. David George Kendall in his paper [17] showed that
a solution to C1P can be obtained by solving the seriation problem, in an other paper [18§]
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Figure 1.2: R-matrices structure. The entries of the matrix are increasing as we
move toward the main diagonal.

Kendall showed the relationship between the seriation problem and the problem of unimodal
matrices, which is a generalization of the C1P. Other problems are also related to the seriation
problem, for example in [19] the author present the relationship between the seriation prob-
lem and the travelling salesman problem. In [20] it was shown that the quadratic assignment
problem (QAP) is easy for R-matrices. The ranking problem is also related to the seriation
problem as discussed previously, in [11] the authors considered the problem of ranking a set
of n items given pairwise comparison between these items, and used the spectral seriation
algorithm [1] to solve this task.

In practice it is natural to expect the data to be noisy due to missing information or
incorrect labelling for example. In this case the reordering of the data-derived matrix may
not be itself a R-matrix but will be close to one. According to [16] the goal of seriation
in the noisy settings is, given a matrix A, find a permutation 7 so that A™ is “almost a
R-matrix”, for example we can choose 7 so that the quantity |A™ — R||, is minimized for all
R-matrices R, where [|-[|, is the P-norm for some p. Surprisingly despite decades of work on
the seriation problem, little is known about the noisy seriation in the literature, that is, how
robust and consistent to noise are the methods of seriation? In [10] a statistical approach
using the least square estimate for the seriation problem is developed. In [16] the authors
defined a new parameter I'y which measures how badly a symmetric matrix A fails to be a
R-matrix, in particular I';(A) = 0 if and only if A is a R-matrix. Moreover, they proposed
a polynomial time algorithm to solve the noisy seriation problem using the parameter I';. In
[12] the authors derived convex relaxations for the 2-SUM problem, which is a combinatorial
problem which seeks to minimize a quadratic sum over permutations, in fact it is a special
case of the quadratic assignment problem [20]. Moreover, it was showed in [12]| that the
2-SUM is equivalent to the seriation problem in some settings. This approach improved the
robustness to noise of the seriation problem.
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(a) Original unordered matrix (b) Ordered matrix

Figure 1.3: Example of a pre-R matrix on the left, and the latent R-matrix on the
right, after applying an appropriate permutation.

In this thesis we are interested in the consistency of the spectral seriation algorithm
1 when noise is present. More precisely, we are given an infinite family of pre-R matrices
(P yen € [0, 1]V*N | we will call them the model matrices. Running the spectral seriation
algorithm 1 on P™Y) will return a permutation 7#") that will make P™) a R-matrix. Then,

we construct a random matriz P™) in the following way; for all 1 < ¢ < j < N consider
ID;(;V) ~ Bernoulli(]%-(’;y)), then put ]3]-(’?) = ]31(?) (since P) should be symmetric). Note
that P is not a perfect pre-R matrix, due to its random nature, but is very close to one.
Running the the spectral seriation algorithm 1 will return a permutation 7). The question
we are concerned with is how close the true permutation 7™ to the random permutation
7V)? Since the spectral seriation algorithm 1 requires the computation of the spectrum of
the matrix, this question is very hard to answer in general, as far as we know, only two models
where considered in the literature, in [26] the authors considered the same problem for the
family of binary matrices P®) defined by PZ(;V) = 1 if and only if |i — j| < N/2. In [11] the
same question was answered for the model P™Y) =1 — |i — j| /N for all 1 <i,j < N. Here
we will answer the question of noisy seriation for a large family of model matrices. While in
[11, 26| the authors computed the eigenvalues and eigenvectors to answer the question, here
we will look at the limiting object of the matrices as a graphon [22], we show that under mild
conditions on the graphon, the spectral seriation algorithm 1 is robust to noise. This same
idea was used in [28] to show the consistency of the spectral clustering algorithm and in [2]
to find the central node in a random network. Note that, graphon theory was also used in
the contex of seriation in the paper [4] where the authors defined a new parameter I'* over
graphs which aims to measure the similarity of the graph to an instance of a random graph
with a linear embedding.

This thesis is organized as follows, in chapter 2 we will present an overview of the history
of the seriation problem, in chapter 3 we will introduce the spectral seriation algorithm 1,
and the relation between the seriation and the consecutive one problem, interval graphs



and the quadratic assignment problem. In chapter 4 we will present a brief overview of the
noisy seriation in the literature. Finally, in chapter 5 we present our contribution to the
consistency of the spectral seriation algorithm 1.



Chapter 2

Historical overview

2.1 Introduction

The seriation problem is an explanatory data analysis technique which consists of revealing
the best ordering of a set of units in such a way that highly correlated pairs of elements are
near each other. In this chapter we will give a brief historical overview about the seriation
problem, for a detailed study we suggest [21, 14].

2.2 Seriation and Archaeology

The seriation problem has its roots in archaeology, as far as we know, the first system-
atic method for seriation was introduced and developed by an English Egyptologist W. M.
Flinders Petrie |23] who called it sequence dating, he introduced seriation to sequence chrono-
logically a set of graves, found in Egypt at the end of XIV century, based on the artifacts they
share (see Figure 2.1). Since absolute dating techniques such as stratigraphy or radiocarbon
dating were not available, Petrie invented a relative dating procedure to sequence the tombs.
His approach was different from others for depending exclusively on the information and the
similarity of artifacts versus professional human judgment of evolutionary and development
complexity of artifacts. He assumed that the design styles of the potteries of the ancient
Egyptian follow a bell curve of popularity — starting slowly, growing to a peak and then
dying away as another style becomes popular (see Figure 2.3) — hence, he classified potteries
in the tombs according to their style, and placed them in sequence so that graves with the
most similar proportions of pottery styles are always closer in time.

Petrie listed the contents of each grave on a strip of cardboard (see Figure 2.2) and
swapped the papers around until he arrived at a sequence he was satisfied with. He reasoned
that the most accurate sequence would be the one where concentrations of certain design
styles had the shortest duration across the sequence of papers. Whereas Petrie is considered
the inventor of contextual seriation, Robinson [25] and Brainerd [3| were the first to address
the problem of frequency seriation.



COMMONEST TYPES OF PREHISTORIC POTTERY.

22¢

TYPE !
CLASS B " - AR
BLACK-TOPPED
POTTERY '
BEQUENCE DATE 31-63 s3-02 82 7/
40n P
" 23¢
CLASS P '
POLISHED RED g1.e5 \
-,
39-70 & 42-59
sio

CLASS F
FANCY FORMS

CLASS C
CROSS-LINED

CLASS ‘N
INCISED BLACK

CLASS W
WAVY-HANDLED

7879 78-80
CLASS D 7

43 \ (1]
.

40,44 46-63

o1a 02
CLASS R
ROUGH-FACED
41-68 44-61
30e
i 76 S3a 6o
N , 29-76 ¢
CLASS L ’ 3
LATE N\ 47-79 -
; i e874 6078
! 6878
\
~ 4578

Figure 2.1: Types of pottery found by Petrie [14].



(b) Petrie’s arrangement of slips, partial view.

(a) Each row corresponds to a tomb, and each
of the nine columns represent the pottery found
according to his classification in Figure 2.1

Figure 2.2: Paper-slips ((C) Courtesy of the Petrie Museum, London) [14]
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Figure 2.3: The differential use of four types of pottery over 400 years [25].



2.3 The first mathematical algorithm for seriation

Observations and methods presented by Petrie [23] were not written down using classical
mathematical notations, but are nevertheless recognized for being the first to clearly formu-
late the idea of sequencing objects on the basis of their incidence or abundance. Till then,
the evaluation of seriation results remained primarily intuitive and subjective until Robinson
[25] proposed a mathematical algorithm for seriation. He was the first to propose a form of
similarity matrix of the units, that will satisfy a ‘perfect’ chronological ordering: the highest
values in the matrix should be along the diagonal and monotonically decrease when moving
away from the diagonal. Nowadays, we refer to a matrix having this property as Robinsonian
matrix, Robinson matrix or R-matriz, in the next chapter we will discuss the mathematical
properties of such matrices.

Robinson’s study [25] is based upon the data from Mani collection of Brainerd’s [3],
Figure 2.4 shows the percentages of eight different pottery types appearing in three Mani
trenches, they are labeled I, II, III. The deposits were stratigraphically collected, and the
strata are denoted by A, B, and C — A representing the top or most recent stratum, B
the next stratum underneath and C the bottom or earliest stratum. His method relies on
the assumption that deposits which are close together in time will have similar percentage
distributions, he defined a coefficient of agreement to measure the similarity distributions of
the deposits. For example the similarity between deposits IIA and IIB is

PP =200 — [24.0 — 1.4] — - — |3.9 — 0.0]

=4.6

After calculating the agreement coefficients for all the deposits, we get the rounded ma-
trix in Figure 2.5a. The positive and negative signs in the table show whether an agreement
coefficient of the table already had the desired pattern (increasing when moving toward the
diagonal), the smaller the number of negative signs, the closer the approximation to the
desired pattern. In Table 2.5a there are 60% of negative signs. We then rearrange the de-
posits so that their totals will show an ascending—descending pattern (bell curve), the result
is shown in Table 2.5b, where there are only 38% of negative signs. The last step consists of
encircling in each column half of those agreement coefficients having largest values, in order
to exhibit the desired pattern we will rearrange the deposits so that those largest agreement
coefficients are closer to the diagonal. This gives the Table 2.5¢, where there is only 12% of
negative signs, this is the best we can do. From that order, we can conclude that we have
the following chronological order : ITA < IIIA < IIIB < [IA < IIIC < IB < IIB <
IIC.

2.4 Conclusion

Seriation was first introduced and studied by archaeologists as a relative dating method, it
was used to order chronologically different sites where absolute dating methods cannot be
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Figure 2.4: Percentages of eight types of pottery in three stratified trenches deposits
[25].

applied. Nowadays, seriation results are no longer produced manually in Petrie’s slips but
by appropriate algorithms. Though according to David George Kendall, Petrie’s paper [23]
showed already a deep understanding of the mathematics of the seriation problem. Quote:

“..in my view Petrie should be ranked with the greatest applied mathematicians of the
nineteenth century”

The paper of Robinson [25] is the first to give an algorithm for seriation, he based his
frequency seriation method on a similarity matrix. About a decade later, several algorithms
for chronological ordering were proposed. Seriation became popular and used in different
disciplines including: Biology, Manufacturing, Anthropology, Sociology, Cartography.... In
the next chapter we will study seriation from a mathematical point of view.
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Figure 2.5: Agreement coefficients for three stratified trenches, steps of the method
in [25]
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Chapter 3

The seriation problem

In this chapter we will present an overview of the seriation problem in the literature. In the
first section, we present the main algorithm of this thesis, the spectral seriation algorithm
1. Then we discuss other related problems such as: the consecutive ones problem, the
recognition of interval graphs, the quadratic assignment problem.

3.1 The spectral seriation algorithm

In this section we present the spectral seriation algorithm introduced by Atkins et al.
in [1]. First, we start by introducing some definitions and notations. Let n be a positive
integer, P,, denote the set of all permutations of the natural numbers {1,2,...,n}. For a
vector x =[xy, ..., 1,|T we denote 2™ the permutation of z by 7, i.e., 2™ = [Tr(1)s - - - ,xﬁ(n)]T.
Similarly for a matrix A € R"*™ we denote by A" the permutation of A by a permutation 7
(see the introduction chapter). A vector x € R™ is said to be monotone if xt; <y < --- <z,
or x; > Ty > --- > x,. Denote by e € R" the vector of all ones, that is e; = 1 for all
1=1,2,...,n.

We write A > 0 and say A is non-negative if all its elements A; ; are non-negative. We
say that a symmetric matrix is reducible if there exists a permutation = € P, such that

~ (B 0
AT = (0 C’> , (3.1.1)
where B and C' are non empty square matrices. If no such permutation exists then A is
wrreducible. If there exists a permutation 7 and square matrices Aq, As, ..., A; which are
irreducible for some k, such that:
A0 ... 0
ar— |0 A 0) ‘ (3.1.2)
(0) 1
0 . Ay

12



then we refer to Ay, As, ..., A; as the irreducible blocks of A.
We define the Laplacian of a symmetric matrix A to be Ly = Dy — A, where D4 is the
degree matrix, which is a diagonal matrix with d;; = > 7_, a;;.

Definition 3.1.1 (Fiedler value, vector). Let A be a symmetric matriz, the Fiedler value is
the smallest non-zero eigenvalue of its Laplacian matrix Ly = Do — A, and the corresponding
ergenvector is called Fiedler vector, using Rayleigh quotient the Fiedler vector can be seen as
the optimal solution to

min{y” Lay : y € R",y"e =0, |y|, = 1}. (3.1.3)
We recall the definition of R-matrices presented in the introduction chapter,

Definition 3.1.2 (R-matrices). We say that a matriz A € R™" is a R-matriz (or Robinson
matrix), if and only if, it is symmetric and satisfies the following property:

forall1 <i,5,k <n.

This definition is equivalent to say that, the inputs of the matrix A are increasing as we
move toward the main diagonal,

Definition 3.1.3 (pre-R matrices). We say that a matriv A € R™™ is a pre-R if there
exists a permutation w € P, such that the matriz A™ is a R-matriz. This is equivalent to say
that there exists a permutation matriz I for which ILAIIY is a R-matriz. Figure 1.2 shows
the structure of R-matrices.

Example 3.1.1. Define the matrices A, B and 11 to be,

5 1 0 2 4 4 110000 000010
121210 122110 01 00O0O
011000 123 2 21 100000
A= 2213 21 » B= 012 443 1= 001000
410 2 4 3 012 45 4 0001O00O0
400136 0013 46 000O0O0T1

then A s clearly a R-matrixz because the entries are increasing as we move toward the diag-
onal, and B is a pre-R matriz. In fact, I1 is a permutation matrix that corresponds to the
permutation T = (£ 3345¢), and B™ = IIBII" = A.

Given n elements w1, xs,...,2, in a data space X, and a similarity function f(-,-) :
X% — R* that measures the desire for each pair of element z; and z; to be near to each
other, that is f(x;,x;) is large when x; and z; are close to each other and f(x;, ;) is
small when z; and z; are far from each other. An example of a similarity function is
f(x,y) = exp(— ||z — y||* /202) for some o > 0, which is also known as the Gaussian kernel.

13



Assume that zq,z9,...,2, can be ordered along a chain, where the similarity between
variables decreases with their distance within this chain. Then the seriation problem’s goal
is to reconstruct this linear ordering given the pairwise similarities. Mathematically, the
seriation problem seeks to find all the permutations 7 of the set {1,2,...,n} such that
if i < 7 < k then f(ITr(i),l‘ﬂ(j)) > f(xﬂ(i),l‘ﬂ(k)) and f(:rﬂ(j),l‘ﬂ(k)) > f(xﬂ(i),l‘ﬂ(k)), see
Figure 1.1. In other words, we are trying to find the permutations 7 for which the elements
Tr(1)s Tr(2), - - - s Tr(n) form a linear order. We consider the matrix A € R™ " defined by
Ajj = f(zy,z;) for all 4,5 =1,2,...,n, we call A a similarity matriz (sometimes also called
correlation matrizx).

We can formulate the seriation problem in terms of R-matrices, as follows:

e The seriation problem: Given a pre-R matrix A find all the permutations 7 for which
the matrix A™ is a R-matrix.

In what follows we will show how to solve this problem efficiently using the spectral
seriation algorithm introduced by Atkins et al. in [1]. As mentioned in [1] we can see this
problem as a discrete optimization problem, where the goal is to find all permutations 7 of
the rows and columns of A which minimizes a given loss objective function or maximizes a
merit objective function. A classical seriation criterion is the 2-SUM problem (loss function),
which consists of the following program:

i=1 j=1
Subject to T € P,

Other seriation criterions can be found in [27|. Unfortunately solving (3.1.5) is NP-hard
due to the discrete nature of permutations. Instead we consider the following problem which
is the continuous version of the 2-SUM problem (3.1.5) and whose solution can be used as a
heuristic,

Minimize » Y Ajj(z; — ;) (3.1.6)

i=1 j=1

Subject to € R" and sz =0 and fo = 1.
i=1 i=1
The same idea was used for the spectral clustering algorithm (see e.g. [8]). If = solves

problem (3.1.6), then we can sort it and thus find a permutation 7 such that z.(1) < 2x(2) <
-+ < XTn(n) then heuristically 7 solves problem (3.1.5). Note that

1

therefore a solution to problem (3.1.6) is just the Fiedler vector defined previously (see
equation (3.1.3)). This heuristic approach suggests the following algorithm, which is the
main algorithm of this thesis:

14



Algorithm 1: The spectral seriation algorithm.
Input : A pre-R matrix A € R"*".

1 Compute the Fiedler vector = of the Laplacian matrix L 4.

2 Sort the Fiedler vector by finding 7 such that x™ is monotone.
Output: A permutation w such that A™ is R-matrix.

In what follows we will show more rigorously that this heuristic approach holds true.
Additionally, we will deal with the case of degenerate Fiedler vector which produces many
permutations.

Before diving in the main results presented in [1], let’s introduce the Perron-frobenius
theorem which will be needed later on

Theorem 3.1.2 (Perron-Frobenius). Let M € R™ ™ such that M;; > 0 for all i,j. Define
p(M) = max; |\;(M)| to be the spectral radius of M, then

1. p(M) is an eigenvalue of M, and
2. there is a non-zero vector x > 0 such that Mz = p(M )z
We are now ready to present the main theorem of the paper [1]
Theorem 3.1.3. If A is a R-matrixz then it has a monotone Fiedler vector.

Sketch of the proof. The idea of the proof is the following, consider a vector z = (1, ..., z,)7
then put 2’ = (2o — 21,..., 2, — 2,_1)7 the vector of differences between neighboring inputs
in x. Note that = is non-decreasing if and only if ' > 0, therefore it is enough to construct
a matrix M > 0 and choose 2’ as in the Perron-Frobenius theorem. The authors in [1]
introduced two matrices S € R®~D*" and T € R™ ™1 that satisfy Sz = 2’ and ST = I,
and T'S = I,, — ee]. Then define My = SL,T = {m,;}, where L, is the Laplacian of A.
They proved the following equivalence

Lz = A,z # ae & Myx' = X2/, where 2’ = Sz # 0.

Which shows that, the eigenvalues of M4 are the same as the eigenvalues of L4 with
the zero eigenvalue removed, and the eigenvectors of M, are differences between neighboring
entries of the corresponding eigenvectors of L4. Additionally, it was shown that m; ; < 0 for
all i # j using the fact that A is a R-matrix. Thus if we choose  to be a value greater than
max;{\;, m;; }, where \; are the eigenvalues of M,4. Then My = BI — M, is nonnegative
with eigenvalues A = 8 — \;. Also, My and M, share the same set of eigenvectors. By
Theorem 3.1.2, there exists a nonnegative eigenvector z’ of M, corresponding to the largest
eigenvalue of M 4. But 2’ is also an eigenvector of M4 corresponding to M 4’s smallest eigen-
value. And this is just Sz, where z is a Fiedler vector of L,. Since 2’ = Sz is nonnegative,
the corresponding Fiedler vector of L 4 is nondecreasing and the theorem follows. (Note that
since the sign of an eigenvector is unspecified, the Fiedler vector could also be increasing). i
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Theorem 3.1.4. Let A be a pre-R matriz with a simple Fiedler value and a Fiedler vector
with no repeated values. Let my (resp. my) be the permutation induced by sorting the values
in the Fiedler vector in increasing (decreasing) order. Then A™ and A™ are R-matrices,
and no other permutations of A produce R-matrices.

Theorem 3.1.4 provides the essence of the Algorithm 1, in fact if A is a pre-R matrix
with a simple Fiedler value and a Fiedler vector with no repeated values then the Algorithm
1 returns exactly the two permutations as in Theorem 3.1.4. Which explains the heuristic
approach explained previously.

Now, what if the Fiedler vector is degenerate? i.e., it contains repeated values, in this
case there is more than one permutation that makes the Fiedler vector non-decreasing for
example. Are all those permutations going to transform A to a R-matrix? The answer is
yes, the authors of [1] proved that even in the case of repeated values the algorithm 1 holds
true. Moreover, they proposed a detailed algorithm to find all the permutation 7 such that
AT in terms of PQ-trees. Theorem 3.1.4 requires strong assumptions about the spectrum of
A, In what follows we will present a way to remove this restrictions.

Previously, we presented an algorithm to solve the seriation problem, unfortunately
Theorem 3.1.4 lacks generality and require strong assumptions about the spectrum of the
matrix A. We will generalize the Theorem 3.1.4 referring to results from [1]. Note that the
proofs in [1] are very technical thus for the sake of our thesis we will note prove most of the
theorems. In order to represent all the permutations that solves the seriation problem we
will use a data structure called PQ-tree, thus we will start by a brief introduction to this
data structure.

A PQ-tree is a tree-based data structure that represents a family of permutations on a
set of elements. More formally a PQ-tree over a set U = {uy, us, ..., u,} is a rooted, ordered
tree in which each element is represented as an internal node (or leaf) and each non-leaf
node is labelled P or Q. A P node has at least two children, and a (Q node has at least three
children.

A PQ-tree represents its permutations via permissible re-orderings of the children of its
nodes. In fact we say that two PQ-trees are equivalent if one can be transformed into the
other by applying a sequence of the following two equivalence transformations.

1. Arbitrarily permute the children of a P-node.
2. Reverse the children of a Q-node.

Conveniently, the equivalence class represented by a PQ-tree corresponds precisely to
the set of permutations consistent with an instance of a seriation problem. In what follows we
will describe the general spectral seriation algorithm by [1] which uses Laplacian eigenvectors
to construct a PQ-tree for an instance of the seriation problem.

Figure 3.1 shows an example of two equivalent PQ-trees. This PQ-tree represents the
following twelve permutations on the set {1,2,3,4,5}: 12345, 12435, 13245, 13425, 14235,
14325, 52341, 52431, 53241, 53421, 54231, 54321.
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(a) PQ-tree [1 (2 3 4) 5]. (b) PQ-tree [5 (2 4 3) 1].

Figure 3.1: Equivalent PQ-trees of the set {1,2,3,4,5}.

Now let’s continue our discussion about the seriation problem. Several observations
about the seriation problem will simplify the analysis. Note first that adding a coefficient to
the similarity matrix A will not change the Fiedler vector. Thus, we might assume that the
smallest value of the similarity matrix is zero. Moreover, note that substracting the smallest
value from all the inputs of the matrix does not change the pre-R nature of the matrix. This
can be stated as follows:

Lemma 3.1.5. Let A be a symmetric matriz and let A = A — cee” for some real a. A
vector x is a Fiedler vector of A if and only if x is a Fiedler vector of A. So without loss of
generality we can assume that the smallest off-diagonal entry of A is zero.

Proof. By the definition of a Laplacian it follows that L ; = L4 +aee? —anl, where n is the
dimension of A. Then L ze = 0, but for any other eigenvector of z of L4, L 32 = Lsx+0—anz.
That is, the eigenvalues are simply shiften down by an while the eigenvectors are preserved. il

This will justify the first step of the general algorithm 2, presented by [1], which makes
the smallest off-diagonal value of our pre-R matrix A to be 0. Next we can decouple the
seriation problem to the irreducible blocks of the matrix A. In fact, we can solve the seriation
problem for each irreducible block of A and concatenate the permutation solutions to get a
permutation that makes A a R-matrix. More formally, we have the following lemma.

Lemma 3.1.6. Let A;, i = 1,...,k, be the irreducible blocks of a pre-R-matriz A, and
let m; be a permutation of block A; such that the submatriz A7 is a R-matriz. Then any
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permutation formed by concatenating the m;’x will make A become a R-matriz. In terms of
PQ-tree, the m; permutations are children of a single P-node.

With these preliminary results, from here on we will assume that the smallest off-
diagonal value is zero and that the matrix is irreducible.

Lemma 3.1.7. Let A be a n X n R-matriz with a monotone Fiedler vector x. If J = [r, ]
is a mazximal interval such that x, = x4, then for any k ¢ J, arfp = Q1) = -+ = Qg -

The proof of this Lemma can be found in [1], and its main idea is to subtract lines s and
r on the equation L x = Az and use the fact that x is monotone as well as the R-property
of A. Now we will present a Lemma that is essentially the converse of the previous Lemma,
but we will not discuss its proof here.

Lemma 3.1.8. Let A be an irreducible n x n matriz with a,, = 0. If J = [r,s] # [1,n] is
an interval such that a, ) = asy, for allk ¢ J, then x, = x,41 - - x5 for any Fiedler vector x.

Lemma 3.1.9. Let A be an irreducible R-matriz with a,1 = 0, and x, a monotone Fiedler
vector of A. If J = [r, s] is an interval such that x, = x,,1 = - -+ = xg, then for any Fiedler

vector Y, Yr = Yri1 =10 = Ys.
Now we present and prove a very important Lemma about the Fiedler value:

Lemma 3.1.10. If A is an irreducible R-matriz with a,, = 0, then the Fiedler value Ay is
a stmple eigenvalue.

Proof. Assume that )\ is not simple, then take two linearly independent Fiedler vectors x
and y, with x non-decreasing. Define

k= argmax{M st.7€{1,2,...,n} and z,;41 # xj},

such k should exists since z7e = 0. Now define z = (yp11 — yr)x — (T111 — T1)y, note that
z is an other Fiedler vector because x and y are linearly independent. Let j € {1,2,... n},
if ;41 = x; then by Lemma 3.1.8 y;.1 = y; thus 2,41 = z; by definition of z. Moreover if
Zj11 # x; then

Y1 — Yk Yj+1 — yj) (3.1.8)

%1 — 25 = (T — 25) (T — Tn) (ka e
J J

then 2,41 — z; > 0 by definition of k. Moreover z;41 = 2z, therefore by Lemma 3.1.8 the
indices of any repeated values in z must be repeated in x that is z;.; = x; which contradicts
the definition of k. We conclude that Ay should be simple. i
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Finally, we need to deal with the case where the Fiedler vector has repeated values. As
the following theorem states, repeated values decouple the problem into pieces that can be
solved in a recursive way.

Theorem 3.1.11. Let A be a pre-R-matrix with a simple Fiedler value and Fiedler vector
x. Suppose there is some repeated value B in x and define

1. T:={1<i<nst z <}
2. J={1<i<nst z; =0} and
3. K:={1l<i<nst x> p}

Then m is a R-matrixz ordering for A if and only if ® or its reversal can be expressed as
(mi, 7j, k), where m; is a R-matriz ordering for the submatriz A(J,J) of A induced by J,
and m; and m, are the restrictions of some R-matrixz ordering for A to L and IC, respectively.

With all these results together, we are now ready to present the main algorithm 2 of
[1] which returns, a PQ-tree, that contain all the permutations 7 that solve the seriation
problem for a given pre-R matrix A.
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Algorithm 2: Spectral-Sort algorithm [1].

Input : A pre-R matrix A € R™*".
U, a set of indices for the rows/columns of A.
Output: T', a PQ-tree that encodes the set of all permutations 7 such that A™ is a

R-matrix.
1 = IMiN4; 4
2 A:=A— aqeel

3 {A1, As, ..., Ag} := the irreducible blocks of A

4 {Uy,Us,..., U} := the corresponding index sets
5 if £ > 1 then

6 for j:=1,2,...,kdo

7 | Tj := Spectral — Sort(A;, U;)

8 end

9 T :=P —node(Ty,Ty,...,Ty)

10 else

11 if n =1 then

12 ‘ T :=u

13 else if n = 2 then

14 | T :=P —node(uy, uy)

15 else

16 z := Fiedler vector for L4

17 Sort x

18 t := number of distinct values in x
19 for j :=1,2,..., t do

20 V; := indices of elements in « with j th value
21 T; := Spectral-Sort(A(V;,V;),V;)
22 end
23 T :=Q —node(Ty,...,Tr)

24 end

25 end

3.2 The consecutive ones problem

In chapter 2 we presented the archaeological problem of “sequence dating” formulated by
Flinders Petrie in his paper [23|, which corresponds to sequencing chronologically a set of
graves given some artifacts, which may or may not be present in the graves. This can be
formulated mathematically in terms of (0, 1)-matrices, we are given a n x m (0, 1)-matrix
A, where the rows of the matrix corresponds to graves and columns represents the artifacts,
and a;; = 0 or 1 according to whether the artifact j is found in the grave ¢ or not. The
problem of sequence dating is to permute the rows of the matrix so as to make the ones in
each column appear consecutively. We shall call this problem The consecutive ones problem
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or C1P for short.

In this section we will briefly describe a graph algorithm method to solve the C1P
proposed by Fulkerson and Gross in [13] and discuss an application to the recognition of
interval graphs. We will also present some theorems by Kendall in [17, 18] that shows the
equivalence between the seriation problem and the C1P and the recognition of unimodal
matrices.

3.2.1 A graph algorithm for the C1P

For the sake of the consecutive ones problem, we define a class of matrices:

Definition 3.2.1 (P-matrices). We say that a n x m (0,1)-matriz A is a Petrie matriz or
P-matriz if the ones in each column of A appear consecutively. Moreover, we say that A is
pre-P matriz if there exists a permutation matriz 11 such that 11A is a P-matriz (we also
say that A has the consecutive one property).

Example 3.2.1. Define the matrices A, B and 11 to be,

100 01 10110 000O0T12@0
10101 10101 010000
10110 00110 100000
A= 00110  B= 00110 1= 001000
00110 10001 000100
01100 01100 000O0O0°1

then A is clearly a P-matrix because the ones in each column are consecutive, and B is
a pre-P matriz. In fact, 11 is a permutation matrix that corresponds to the permutation
T=(33%34%¢), and II1B = A.

In the previous example the permutation matrix II was given, but if the number of
rows m is large, then finding the latent permutation naively requires m! steps, which is huge
computationally! Given a (0, 1)-matrix A of size n x m, the authors of the paper [13] showed
that we can answer the question of whether there is a rearrangement of the rows that will
make A a P-matrix if we merely knew AT A. Moreover, they proposed a method that takes
as input AT A, and requires O(n?) to solve this problem. Here we will discuss their method,
and in the next subsection we show an application to interval graphs.

Given a m X n (0, 1)-matrix A. An important question that the authors in [13] posed
is: how much information about A is needed to decide whether A is a pre-P matrix or not?
Do we need A itself or something less suffice? Theorem 3.2.2 provides a partial answer; it
states that a knowledge of AT A is enough. The proof can be found in [13].

Theorem 3.2.2. Let A and B be two (0,1)-matrices satisfying
ATA=B"B. (3.2.1)

Then either both A and B are pre-P matrices or neither is. Moreover if A and B have the
same number of rows and A is a pre-P matriz then there is a permutation matriz 11 such
that B = I1A.
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Now we present and prove an immediate corollary:

Corollary 3.2.3. Let A and B be two (0, 1)-matrices satisfying equation (3.2.1). If A is a
pre-P matriz and has no rows of zeros, then there exists a permutation matriz I1 such that

- ()

Proof. Assume that A € {0,1}™*" and B € {0,1}"2*" if my < m; then we can add

mi — ms rows of 0’s to B, and construct the matrix C' = B), clearly CTC' = AT A. More-

0
over, A and C have the same number of rows, then by theorem 3.2.2 A is a row permutation
of C which is a contradiction since A has no rows of 0’s. Therefore, my > m;, the conclusion
follows by adjoining my — m rows of 0’s to A. i

Definition 3.2.2. Let a,b € {0, 1}™ then it is clear that

0<a-b<min(a-a,b-b).
We say that
e a and b overlap if 0 < a-b<min(a-a,b-b).
e a and b are disjoint if a-b = 0.
e a contains b ifa-b=1>b-b.

Definition 3.2.3. We say that a m x n (0, 1)-matriz A with columns ay, as, .. .a, is proper
ifa; 0 forallt=1,2,...,m and a; # a; for all i # j.

When studying the consecutive one property of a matrix it is convenient to impose with-
out loss of generality that the matrix is proper. We will now define some graphs associated
with (0, 1)-matrices,

Definition 3.2.4. Given a m x n (0,1)-matriz A with columns ay,as, ..., a, define:
e The full graph F#(A): consider vertices vy, v, ..., v, corresponding to the columns of

A. Put an undirected edge {v;,v;} joining v; and v; if the columns a; and a; overlaps;
and a directed edge [v;,v;] from v; to v; if the column a; contains a;.

e The overlap graph € (A): it is a subgraph of F(A) where the edges corresponds only
to overlapping columns.

e The component graph Z(A): it is obtained from overlap graph €(A) as follows; we
consider its vertices Xy, X, ..., X, to be the connected components of € (A). We put
a directed edge [X;, X;] from X; to X; if there exists some v; € X; and v; € X such
that [v;,v;] is an edge from v; to v; in F(A).
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Note that for a matrix A we can construct the graphs .#(A), €(A) and Z(A) if we
know AT A, since all these graphs are based on the pairwise dot product of the columns of
A. Moreover, for each two columns a; and a; in A the value of the dot product a; - a; is given
in the position (i, j) in the matrix AT A. To illustrate the concept of these graphs let’s give
an example from [13]:

Example 3.2.4. Let

100 00O0O0O0
11100010
01011000
11100101
A=1]111 0 0 0 0 1 (3.2.2)
01001000
11100110
01 01000O0O0
11100001
then
6 55002 2 3
58 5 2 2 2 2 3
55500 2 2 3
T 02021000
A= 02012000
22200211
22200120
3330010 3
To construct the full graph, we consider eight vertices vy, vs, ..., vs, then put directed edges

from v; to v; if the column a; contains the column a;, i.e., a; - a; = a; - a;j. For evample
ai - az = az-az = 5, thus we put a directed edge from ay to az. We also put undirected edges
between two vertices if they overlap, that is if two columns a; and a; satisfy 0 < a; - a; <
min(a; - a;,a; - a;). for example columns a; and ay overlap because 0 < ay -ay = 5 <
min(a; - ay,as - az) = min(6,8) = 6. The overlap graph € (A) is then given just by removing
the directed edges. The two graphs are given in Figure 3.3 and Figure 3.2.

It is clear that the connected components of the graph €(A) are X1 = {vi,v2}, Xo =
{vs}, X3 = {vg,v5} and Xy = {vg,vr,v3}. To construct the component graph Z(A); we
consider the vertices X1, Xo, X3, X4 we then put directed edges between X; and X, if there
exists v; and vj in X; and X; respectively such that there is a directed edge from v; to v; in
the full graph Z (A), the component graph is shown in Figure 3.4.

Now we will present some results from [13] about the graphs defined previously which
will make the method for solving C1P clearer. We recall that a graph is said to be acyclic if
it has no cycles. Moreover, we say that a graph is transitive if it has the following property;
if [u,v] is a directed edge from u to v and [v,w] is an other directed edge from v to w in the
graph, then [u,w] is a directed edge from u to w.
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Figure 3.2: The full graph .7 (A) Figure 3.3: The overlap graph € (A)
of the matrix in equation (3.2.2). of the matrix in equation (3.2.2).

e X3

X4
Figure 3.4: The component graph Z(A) of the matrix in equation (3.2.2).

Theorem 3.2.5. The component graph Z(A) of a proper (0,1)-matriz A is acyclic and
transitive.

Figure 3.4 shows the component graph which is acyclic and transitive. Theorem 3.2.5
shows that the graph Z(A) defines a partial order on its vertices. In fact, for each two
vertices X and Y of Z(A) define the order < as follows:

XY <& X=YorlY,X]is an edge in Z(A). (3.2.3)

The fact that Z(A) is acyclic and transitive ensures that < is a partial order (i.e.,
reflexive - antisymmetric - transitive). Moreover, this ordering is important in the sense that
any vertex X can have at most one predecessor, as the following theorem shows:
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Theorem 3.2.6. Let A be a proper (0,1)-matriz and let X,Y,Z be three vertices of the
connected component graph P(A). If [X, Z] and [Y, Z] are edges of 9, then either [X,Y] or
Y, X] is an edge. In other terms, each vertex of 2 has at most one predecessor.

An other useful fact about the full graph .#(A) of a proper (0,1)-matrix A is the
following;:

Theorem 3.2.7. Let A be a proper (0, 1)-matriz and let X and Y be two components of the
overlap graph € (A). If there exists v € X and y € Y such that [x,y] is an edge of F(A)
then [z,y'] is an edge of F(A) for ally €Y.

This theorem shows that each column of A corresponding to the component Y will be
contained in some columns corresponding to the component X and disjoint from the others.

Given a (0, 1)-matrix A, let X, X5, ..., X, be the connected components of the overlap
graph €(A). We can write in a unique way, A = (Ay, Ay, ..., A,) where each A; is a
submatrix of A corresponding to Xj. We refer to the Ag’s the overlap components of A.
Moreover, we say that A is connected if it has only one component.

Theorem 3.2.8. Let A be a (0,1)-matriz, write A = (Ay, Aa, ..., A,) where the Ay’s are
the overlap components of A. Then A is a pre-P matriz if and only if Ay is a pre-P matrix
forallk=1,2,...,p.

The above theorem shows that solving the C1P for a (0, 1)-matrix can be decomposed
into two stages. First, propose an algorithm that solve the C1P for a connected matrix.
Second, propose a method to merge the solutions of the connected components of the matrix
A.

The idea of solving the C1P for connected matrices will be based on rigid triples which
are:

Definition 3.2.5. Let a,b,c € {0,1}™ we say that (a,b,c) form a rigid triple if a overlaps
b and b overlaps c.

Let A be a pre-P connected matrix and let (a, b, c) be three columns of A that form
a rigid triple. Then there exists a permutation matrix II such that the matrix B = I1A
contains one of the following configurations:

e The configuration C1: when a - ¢ < min(a - b,b - ¢), we start by writing down a - a
consecutively in a column, then b - b consecutively in an other column so that the two
columns share a-b number of ones. Then we place the third column ¢ in the same way.
For exampleifa-a=5,b-b=6,c-c=4,a-b=4,b-c=3 and a-c =1 then we have
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the following configuration

—_ = ===
—_ = = = =

1
1
1
1

e The configuration Cy: when a - ¢ > min(a - b,b - ¢), this configuration is different from
the last one only by placing the third column ¢ on top of the second. For example, if
a-a=50b-b=6,c-c=4,a-b=4,b-c=3 and a-c =4 then we have the following
configuration

b

—_ = = = =
—_ = = = R
= = = 0

The construction of the latent P-matrix for a connected pre-P matrix A will be based
on rigid triples. The idea, is to remove edges from % (A) so as to make a spanning subtree,
then positioning strings of ones using rigid triples obtained from this tree. Start with the
root of the tree as the first component of a rigid triple, and position the triple respecting the
configuration C; or Cy. Then, referring to ¥ we add more columns relative to other rigid
triples, at the end of this process we will form a P-matrix B which is a row permutation
of A by Theorem 3.2.2. Note that if the matrix has n columns this method requires O(n?)
steps. For more details see section 5 in [13].

Having proposed a method for solving the C1P for connected matrices, we need to
propose a method that fit the components together. Let A be a pre-P, proper (0, 1)-matrix,
and let Ay, As, ..., A, be the overlap components of A, consider the P-matrix By, Bs, ..., B,
to be the matrices constructed following the algorithm described previously for connected
matrices. The idea of merging the solutions together is to use the partial ordering < over
the vertices of Z(A) (defined in equation (3.2.3)), then put the matrices By’s in a decreasing
order starting with the maximal elements of 2. Next delete the maximal elements from
2(A) and look for the new maximal elements in the new reduced graph. In positioning the
new maximal elements relative to the previous ones we refer to theorem 3.2.7. For more
details see section 6 in [13].
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3.2.2 Application to interval graphs

According to [13], the study of interval graphs was stimulated in part by a biological applica-
tion concerning the fine structure of genes. A basic problem, is to decide whether or not the
subelements of genes are linked together in a linear order. By conducting some experiments,
we can gather data about the intersection of mutant genes and represent it as an undirected
graph. If this graph is an interval graph, then the observed data is consistent with a linear
order.

Definition 3.2.6 (Intersection graphs). Let S1,Ss,...,S, be a family of sets. The intersec-
tion graph G = (V, E) corresponding to this family of sets is an undirected graph formed by
creating one vertex v; for each set S;, i.e. V.= {vy,vq,...,0,} and connecting two vertices
v; and v; by an edge whenever the corresponding two sets have a nonempty intersection, that
18,

EI{{’UZ,UJ}SZQSJ#@}

Conversely, any finite graph can of course be viewed as the intersection graph of a family
of sets (in many ways).

Definition 3.2.7 (Interval graphs). If the family of sets Si,Ss, ..., S, in the previous defi-
nition is an interval of R, the associated intersection graph is called “interval graph”. Figure
3.5 shows an example of an interval graph corresponding to seven real sets.

Sl 54

Se
St

So

S3 Sy
So Syl I
S3 S7 —

St I S5 ——1  Se| I

Figure 3.5: Seven intervals on the real line and the corresponding seven-vertex
interval graph.

Note that unlike intersection graphs, there are some graphs which are not interval
graphs. It was showed in [13] that recognizing interval graphs is related to the consecu-
tive ones problem. This is done through a matrix that characterizes graphs, called dominant
clique vs. vertex matrix. Given a graph G, consider the family of cliques of G and partially
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order them by set inclusion, we call the maximal elements the dominant cliques of the graph.
We then construct the dominant clique vs. vertex matrix D where the rows of D corresponds
to the dominant cliques and columns to the vertices of GG, and d;; = 1 if the vertex j belongs
to the dominant clique 7, and d;; = 0 otherwise. For the graph shown in Figure 3.6 the
dominant cliques are C; = {a,c,e, g}, Co = {b,d, f,g9}, C3 = {f,g,h} and Cy = {e, g, h}.

Then the dominant clique vs. vertex matrix is

a b ¢c d e f g h
1 01 01 0 1 0\C
00 0 0 0 1 1 1]C¢C5
00 0 01 0 1 1/Cy
h
e * f
a
& b d
g
Figure 3.6

The theory and methods developed presented in [13| for the consecutive ones problem
can be carried out to interval graphs via the following theorem

Theorem 3.2.9. A graph G is an interval graph if and only if the dominant clique vs. vertex
matriz D of G is a pre-P matriz.

Clearly the matrix in equation (3.2.4) is a pre-P matrix (switch Cy with C}), thus the
graph in Figure 3.6 is an interval graph.

3.2.3 The C1P and seriation problem

While the work of Fulkerson and Gross in [13] proved that the C1P for a (0,1)-matrix A
can be solved if we knew the product ATA (see Theorem 3.2.2), the work of Kendall in
[17] show that the C1P can be solved if we know AAT| that is both ATA and AAT contain
enough information to decide whether a matrix is a pre-P and to propose a sorting algorithm.
Moreover, Kendall in [17] showed that there is a close relationship between the C1P and the
seriation problem. The following results are due to D.G Kendall and proved in [17]
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Lemma 3.2.10. If A is a P-matriz, then S = AAT is a R-matrix.
Lemma 3.2.11. If A is a pre-P matriz and S = AAT is a R-matriz then A is a P-matriz.

Theorem 3.2.12. Let A be a pre-P matriz and put S = AAT, let II be a permutation
matriz. Then I1A is a P-matriz if and only if ILSTIT is a R-matriz.

Let’s give an example to illustrate this result, define the matrix B by

: (3.2.5)

oy

Il
O OO R e
== = = = = = = O
C OO R HEF R EFO
O R OoOOCOoOOCOO
B N = I = Il B e B Bl o Bl
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then clearly B is a P-matrix since all the ones appear consecutively. We have:

BBT =

— o= =W W W s e
— o= =W W O
— == R s O R W
o= s R W W
o= s s R W W
= NN === =O
O WK R R R = H O
NI N e e =)

O OO =

which is a R-matrix since the inputs of BB are increasing when moving toward the diagonal.

The method in [13] tells us whether a given (0,1) matrix A has the consecutive ones
property and finds a P-matrix B that is a row permutation of A. Theorem 3.2.12 enables
us to find all the permutations II that will make I[TA a P-matrix. In fact for a given pre-
P matrix A, we can calculate S = AAT and use algorithm 2 for the matrix S to return
all the permutations II that will make S a R-matrix. Theorem 3.2.12 ensures that those
permutations are also solutions for the C1P problem for the matrix A. We conclude that the
matrix AAT contains enough information to actually find all the solutions to the consecutive
ones problem, which is much stronger than the matrix AT A used in [13].

An other related problem is that of unimodal matrices. We say that a vector x € R™ is
unimodal if x increases to a maximum and decreased, that is there is some 1 < p < n such
that 1 <y <--- <x,and z, > xp1; > -+ > x,,. We say that a matrix is a Q-matrix if all
its columns are unimodal, similarly we say that a matrix A is pre-Q matrix if there exists a
permutation matrix I such that IIA is a Q-matrix. Note that P-matrices are a special case
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of of Q-matrices. Kendall in an other paper [18] generalized the work presented in [17], he
proved that the seriation problem is also related to that of permuting the row of a matrix so
as to make the columns unimodal. Specifically he proved that theorem 3.2.12 holds true for
O-matrices if we replace the usual matrix product by the circular product defined by; Given
two matrices A € R™P and B € RP*™ the circular product of A and B is the Ao B € R™*™
defined by

(Ao B);; Zmln @ik, bk, ;)

The main theorem of [18] is the followmg

Theorem 3.2.13. Let A be a pre-Q matriz and put S = Ao AT, the circular product of A.
Let II be a permutation matriz. Then 1A is a Q-matriz if and only if ILSTIT is a R-matriz.

Note that the circular product is exactly the usual matrix product for binary matrices,
in fact if a,b € {0,1} then min(a, b) = ab. Therefore theorem 3.2.12 is just a special case of
theorem 3.2.13. Figure 3.7 shows an example of a random P-matrix A that was simulated
using the following process; Choose N = 100 the number of rows and columns, then for each
column choose two random numbers a and b from {1,2,... n} so that a < b then put a
string of ones from a to b. As Figure 3.8 shows, the product AAT is clearly a R-matrix since
it is increasing toward the diagonal.

1.0

| ! |
0.8 | ] !
0.6

I I
0.4 4

il ||-_I'|'

0.8 0.8 4

0.6 0.6

0.2 0.2

0.0 T T T T 0.0 0.0 T T T T 0

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Figure 3.7: Example of a random P- Figure 3.8: The product AAT of the
matrix A. matrix in Figure 3.7.

Similarly Figure 3.9 shows an example of a random OQ-matrix that was simulated as
follows; Construct a square matrix N x N with N = 100. Then for each column j, choose

a random integer p € {1,2,...,n} then generate uy,us, ..., u, uniformly from [0,1] and
let uy < wup) < -+ <y, be the order statistics of the uZ 's, then generate upi1,...,u,
uniformly from [0, uy)] and similarly w1y > Upy2) = -+ UE) the order statistics (in a
decreasing order); then put in column j the vector [uq),. .. ,u(p), ... um)’. The matrix in

Figure 3.10 shows the circular product A o AT which is again a R-matrix as Theorem 3.2.13
states.

30



1.0

Figure 3.9: Example of a Figure 3.10: The circular A o AT of
random Q-matrix A. the matrix in Figure 3.9.

3.3 The quadratic assignment problem

The quadratic assignment problem is an other combinatorial problem, which is related to the
seriation problem [20]. For a positive integer n, we are given n facilities, n locations, a flow
matrix A whose entry A;; represents the flow of activity between two facilities ¢ and 7, and
a distance matrix B whose entry B;; represents the distance between the locations ¢ and j.
Then the objective is to find an assignment of the facilities to the locations, i.e., a permutation
m € P,, minimizing the total cost of the assignment. The quadratic assignment problem
QAP(A,B), for the matrices A and B, corresponds to solving the following optimization
problem:

Minimize »  Ai;jBr(i<() (3.3.1)

1<i,j<n
Subject to m € P,,.

Note that the 2-SUM problem, that was introduced in equation (3.1.5) as a criterion for
the seriation problem, is a special case of the quadratic assignment problem, in fact for the
matrix B defined by B;; = (i — j)? for all 1 <4,j < n, equation (3.3.1) becomes the same
as equation (3.1.5).

A matrix A is said to be a Toeplitz matrix, if and only if, for all 1 < 17,7 < n —1 we
have A; ; = A;11,+1. The following theorems are proved in [20] which shows the relationship
between the QAP and the seriation problem:

Theorem 3.3.1. Let A and B be two n X n symmetric matrices and assume that A is a
R-matriz and that —B is a R-matriz and moreover A or B is a Toeplitz matriz. Then the
identity permutation is an optimal solution to the problem QAP(A,B).

Theorem 3.3.2. Let A and B be two n X n symmetric matrices and assume that A is a
pre-R matriz and that —B is a pre-R matriz. Let m and T be two permutations in P, such
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that A™ and —B"™ are R-matrices. Furthermore, assume that one of the matrices A™ or BT
is a Toeplitz matriz. Then the permutation 7~ is optimal for the problem QAP(A,B).

It was also shown in [12] that the seriation problem is equivalent to the 2-SUM problem
for a class of matrices. For a given symmetric matrix A, a generalization of the 2-SUM
problem in equation (3.1.5) is

Minimize f(y:) = Y Ai;(Ur) — (i) (3.3.2)

1<i,j<n
Subject to 7w € P,.

where y € R" is a vector, note that for y = (1,2,...,n)" we get equation (3.1.5). This

problem is related to the seriation problem via the following theorem from [12]

Theorem 3.3.3. Let A € R™™ be a pre-Q matriz and y; = ai + b fori = 1,2,....,n
for some a,b € R where a # 0. Let S = Ao AT be the circular product of A, if I is a
permutation matriz such that IISTIT is a R-matriz, then the corresponding permutation
solves the minimization combinatorial problem (3.5.2).
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Chapter 4

Noisy seriation

In chapter 2 we pointed out that, the seriation problem has many applications from its
origins in archaeological studies to recent applications to ecology and sociology. In most of
these applications, it is natural to expect the data to be noisy. In this case the reordered
matrix may not be a perfect Robinsonian matrix, but it will be close to one. In the presence
of noise, the goal of noisy seriation is to find an optimal permutation that makes the matrix
“almost Robinsonian”. In chapter 3 we presented two methods for solving the C1P and
seriation problem, these algorithms applies only in the noise-free settings, that is when the
input matrix is perfectly a pre-R matrix. Other efficient methods have been proposed in the
literature see [21]. Surprisingly, despite decades of work on the seriation problem, little is
known about the robustness to noise of such methods. In this chapter we will present some
attempts for solving this problem.

4.1 An optimization parameter for noisy seriation

In this section we will summarize the work presented in the paper [16]. The authors intro-
duced a new parameter I';(A) that measures how badly a matrix A fails to be a R-matrix,
that is I'1(A) is small when A is close to a R-matrix, and precisely equal to 0 when it is a
R-matrix. This parameter is simply formulated and can be computed in linear time. It basi-
cally counts the number of local violations to the Robinson similarity property (see equation
3.1.4). Here we denote by A, the set of n x n symmetric matrices with coefficients in the
interval [0, 1]. Given A € A,,, the parameter I'; (A) is defined as follows,

1
Fi(4) = — S [Ay - Ay + Ay — Al (4.1.1)

1<i<k<j<n

where [z]y =z if > 0, and 0 otherwise. It is straightforward to see that I'y(A) = 0 if and

only if A is a R-matrix. Moreover I'; (A) € [0, 1) due to the normalization factor and the fact

that A € [0,1]™". For a matrix A, we define the /*-norm of A to be [|[All; = 5 327, |A]
The main result in [16] is the following,

(N
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Theorem 4.1.1. For every symmetric matric A € [0,1]"*™, there exists a Robinsonian

matriz R such that
I|A — RH1 < 14F1(A)1/3.

Moreover, the matrix R can be computed in polynomial time.

First we note that there is a close relationship between the parameter I'y(A) and the
¢-distance between A and the best possible Robinsonian approximation of A, in fact Lemma
2.3 in [16] combined with theorem 4.1.1 states that

Ay min JA—R|, < 14T (A)3,

4 R is a R—matriz

In the following we will present some algorithms that finds the matrix R in theorem
4.1.1. We will divide this section into two subsections, in the first one we will study binary
matrices and the second one is concerned with general matrices.

4.1.1 Robinsonian approximation for binary matrices

We start this section with some definitions. For any cell (a,b) with 1 < a < b < n define the
upper right (UR) and lower left (LL) around (a,b) to be the sets

UR(a,b) ={(i,j):i<a<b<j},
LL(a,b) ={(i,7) :a <i<j <b}.

Then let 1ygr(a,b) denote the number of ones in the matrix A in the set UR(a,b) and
similarly denote Orp(a,b) to be the number of zeros in the lower left region around (a,b),
mathematically we can write

lyr(a,b) = [UR(a,b) N{(i,7) : Aij = 1}/,
Ocw(a,b) = |LL(a,b) N {(4,) : Ai; = 0}].

Note that we can calculate both 1ygr(a,b) and Opp(a,b) using the following recursion
equations

1UR(6L, b) = ]_UR(CL — 17 b) + 1UR(6L, b + 1) — 1UR(a — ]_, b + ]_) + Aa,by
OLL(CL, b) = OLL<CL + 1, b) + OLL<6L, b— 1) - OLL(CL + 1, b— 1) +1-— Aa,b;

with the convention that 1yr(a,b) = Opp(a,b) = 0 when a € {0,n+ 1} or b € {0,n + 1} or
a > b.

The idea of algorithm 3 is to count 1yr(a, b) for each cell, and put 1’s in the cells where
lur(a,b) is large and 0’s on the others. Here, large means bigger than a certain threshold ¢
that we will choose later. This procedure will in fact create a Robinsonian matrix, because
the region containing 1’s in the output matrix R is convex around the diagonal, in the sense
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Algorithm 3: Robinsonian approximation of binary matrices.
Input : A binary matrix A € A, threshold ¢
Output: binary R-matrix R € A,

1 fori:=1,2,..., ndo

2 for j :=4,i+1,...,n do

3 if 1yr(?,7) <t then
4 ‘ RZJIO,RJZ:O

5 else

6 ‘ szl,Rﬂ:l

7 end

8 end

9 end

10 return R

that, if a cell contain 1, then so are all other cells closer to the diagonal in the same row or
column.
In [16] the authors proved that, for a binary matrix A € A,, if R is the output of
algorithm 3 with threshold ¢ = n?,/2I';(A) the following inequality holds
2
|A = R|), <2"/4T (A + =, (4.1.2)
n
Note that this inequality is not the same as the one in theorem 4.1.1, but it will be
improved in the next subsections using the preprocessing idea.

4.1.2 Robinsonian approximation for general matrices

Let A € A, be a matrix, the idea here is to decompose A into a convex combination of
binary matrices, then apply algorithm 3 to each term of the sum. Denote range(A) =
{A;; : 1 <i<j<n}, then put range(A) U{0} = {so,51,...,5n} where 0 = 59 < 57 < --- <

Sm, and define the matrices A®) for each k = 1,2,...,m to be
K 0 otherwise.

Then we can write A as a convex combination of the binary matrices A®) in the following
manner

A= (sp —sp_1)AP. (4.1.3)

m
k=1

For a given matrix A € A,, the authors of [16] showed that, for thresholds ¢, =
n?y/2T'1(A®) for all 1 < k < m, the output of algorithm 4 satisfy the following inequality
|A = R, < 10T, (A)Y4(1 + O(n~ %)) (4.1.4)
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Algorithm 4: Robinsonian approximation of general matrices.
Input : A binary matrix A € A,,, thresholds t¢1,...,t,,
Output: binary R-matrix R € A,
Compute range(A) U {0} as an ordered list s.
R:=0
for k:=1,2,..., mdo
Let R™ be the output of algorithm 3 with inputs (A%, #;).
R =R + (Sk — Skfl)R(k)
end
return R

o = I | B N N

Note that while this inequality is not the same as in theorem 4.1.1, the authors in [16]
proposed a preprocessing (algorithm 5) step for algorithm 3, which takes into input a binary
matrix A and a certain threshold ¢, and consists of changing the upper right and lower left
of some certain cells in A so that the updated matrix satisfies 1ygr(a,b) < t or Opp(a,b) <t
for all cells (a, b).

Algorithm 5: Preprocessing step.
Input : A binary matrix A € A,,, threshold ¢
Output: Updated matrix A

1 fori:=1,2,...,ndo

2 for j:=1,2,...,ndo

3 if 1UR<i;j) Z t and OLL(’i,j) Z t then
4 for all cells (r,s) € UR(4,j) do
5 ‘ Ars = 0; AS’I‘:O

6 end

7 for all cells (r,s) € LL(4,j) do
8 ‘ A = L; Agr—1

9 end

10 end

11 end

12 end

13 return R

It turns out that, due to this final step theorem 4.1.1 holds. First, for a binary matrix
A, apply algorithm algorithm 5 with threshold ¢ = I';(A)*?n? to get a matrix A and then
compute the output R of algorithm 3 with the same threshold ¢. Then it was shown that R
satisfies the inequality in theorem 4.1.1. For a a general matrix A € A, the idea is the same
using the convex combination decomposition in equation (4.1.3), and using the triangular
inequality of the /!-norm and Jenssen’s inequality to prove theorem 4.1.1.
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4.2 Optimal rates of statistical seriation

In the paper [10] the authors considered the following seriation model; suppose we observe
a matrix Y € R™ such that

Y =II"A* + Z,

where A* is a Q-matrix, IT* is a permutation matrix and Z is a sub-Gaussian noise matrix,
with proxy o? > 0. That is, Z satisfies E[Z] = 0 and for any matrix M € R™*™ we have

E [exp (Tt (27M))] < exp (%) .

Then the goal of noisy seriation here is to estimate the unknown couple (II*; A*) ac-
curately. Note that the performance of an estimate (II, A) is measured by the quadratic

loss:
2

1 1~ ~
- HHA—H*A*
nm

F

Where ||| is the Frobenius norm. The paper focuses on the least square estimate (LS)
defined by

~ . )

(I1, A) € (H’Aa;iggr?irémm Y —IIA|% . (4.2.1)

Here &,, denote the set of n x n permutation matrices and Q,,, denote the set of

m X n Q-matrices. Many upper bounds inequalities for the LS estimate in equation (4.2.1)

were presented in [10], for the sake of this thesis we are going to show only one inequality,

called the adaptive oracle inequality. Before stating the inequality, we denote for each matrix

A€ Qum, k(A ;) = Card({A1;,...,A,;}) to be the number of distinct values in the j-th
column. Then consider K(A) = 7", k(A ;).

Theorem 4.2.1. Let A* € Q,,,, and Y = II"A* + Z where Z is a sub-Gaussian noise with
prozy o. Then the LS estimate (I1, A) in equation (4.2.1) satisfies

2 K(A*) enm logn
< Ao® 1 .
ceaet (S (i) <)

with probability 1 — e~ ¢ >0 and A > 0 are two constants.

1 ([~ ~
— HHA—H*A*
nm

4.3 Convex relaxation for the seriation problem

In chapter 3 we presented a result from [12] which claims that the seriation problem is
equivalent to the combinatorial 2-SUM problem. This result allows us to write seriation
as a quadratic minimization problem over permutation matrices. The authors in [12] then
produce convex relaxations for this last problem. It turns out that in practice the convex
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relaxation is more robust to noise than the classical spectral or combinatorial methods pre-
sented in chapter 3. First, note that we might write the problem in (3.1.6) in the following
way:

Minimize ¢'TI" LIlg (4.3.1)
Subject to Il € &,,.

where g = (1,2,...,n)T. This is an optimization problem over the set &, of permutation

matrices, which is clearly not a convex problem. It is very known that the convex hull of G,,
is the set of doubly stochastic matrices, which is defined by

D,={XeR™:X>0,Xe=1X"e=1}, (4.3.2)

where e = (1,1,...,1)T. We also have &,, = D,, N O,, where O,, is the set of orthogonal
matrices, i.e., a matrix is a permutation matrix if and only if it is both doubly stochastic
and orthogonal. This facts allow us to write a convex relaxation of (4.3.1) by replacing &,,
with its convex hull D,,, to get

Minimize ¢'TI" LIlg (4.3.3)
Subject to II € D,.

By symmetry, if a vector Iy minimizes (4.3.3), then the reverse vector also minimizes (4.3.3).
We can add a linear constraint like el Tlg + 1 < eXTlg to break symmetries. To improve the
robustness to noise we consider the problem

Minimize Tr (Y'II"LAIIY) /p (4.3.4)
Subject to T € D,,efIlg+ 1 < elllg.

Where Y € R™? whose columns are small perturbations of g = (1,2,...,n)". Note that this
optimization problem is only over the doubly stochastic matrices, we can add a penalty term
to the objective function, so that the solution gets closer to orthogonal matrices. We can do
this by noticing that a doubly stochastic of Frobenius norm /n is necessarily orthogonal.
For this purpose, the authors in [12] proposed the following problem

1

Minimize ~Tr (YTTITL,ITY) — £ | P12 (4.3.5)
p p

Subject to II € D, e;‘_FHg +1< egHg.

where P = I,, — Zee” and p > 0 is a real number so that g < Ao (L4)A (YY) to ensure that
(4.3.5) is a convex problem. The quadratic programming relaxation above allows us to add
constraints to the problem. For instance, in archeological applications, one may specify that
observation ¢ must appear before observation j, i.e. m(i) < 7(j). We can also impose other
constraints such us a < 7(i) — 7(j) < b, which can be also written as a < e/ Ilg — el Tlg < b.
More generally we can rewrite problem (4.3.5) with n. additional linear constraints as follows
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1
Minimize —TT(YTHTLAHY)——HHPTH@, (4.3.6)
p p

Subject to I1 € D,,, DTTlg + 6 < 0.

where D is a matrix of size n X (n.+ 1) and ¢ is a vector of size n.. The matrix D and
the vector ¢ contains the constrains to add to the optimization problem, the first column of
D is equal to e; — e, and §; = 1 (to break symmetry). In [12], the authors implemented
problem (4.3.6) for noisy archeological data and proved that, adding a reasonable number of
constrains improve the robustness to noise of the seriation problem.
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Chapter 5

Consistency of spectral seriation

5.1 Introduction

In this chapter we will present our contribution to the robustness to noise of the spectral
seriation algorithm 1 presented in chapter 3. We will prove that for a general non-parametric
family of similarity functions, that the spectral seriation algorithm is robust to noise.

Let P be a N x N pre-R matrix with coefficients in the interval [0, 1], we will refer to the
matrix P as the model matriz. As presented in chapter 3, let = be the Fiedler vector of P,
and 7 be a permutation such that v,y < z2) < -+ < 2 (), then this specific permutation
7 makes P™ a R-matrix (see algorithm 1). Now, consider the random matrix P defined
as follows: for cach 1 < i < j < N consider P;; ~ Bernoulli( P, ;), then put 13“ = 13”
(that is Pis symmetric). We can see P as the adjacency matrix of a graph with N vertices
{1,2,..., N}, where we put an edge between i and j with probability P, ;. Note that P is
not a pre-R matrix but very close to one. If we apply the spectral seriation algorithm 1 to
the random matrix P it will produce a permutation 7. The question we are concerned with
is how close 7 to the true model permutation 77 Without loss of generality we can assume
that the true permutation 7 is the identity, that is the model matrix is a R-matrix.

Figure 5.1 shows an example of a noisy pre-R matrix, which was simulated as follows;
For N = 100, first choose a random permutation 7 € Py. Then, consider the model matrix
P of dimension N x N, where P,; =1 — |i — j| /N for all 1 <i,j < N. Next, construct
the random matrix P following a Bernoulli distribution (as described previously). Figure
5.1 shows the matrix M = PT. Now, apply the spectral seriation algorithm 1 for the matrix
M to get a permutation 7. Figure 5.2 shows M7. Note that the figure on the right, makes
the structure of the matrix almost a R-matrix.

The goal of this chapter is the following; we consider an infinite family of model matrices
(P™))y, each matrix P!Y) is a R-matrix of size N x N, and these matrices satisfy certain
assumptions that will be discussed later. The output of the spectral seriation algorithm
1is #™) = Idy (since P™Y) is a R-matrix). Then we consider #¥) to be the output of
algorithm 1 for the matrix (P(™))y (which is a random matrix constructed as explained
earlier). In this work, we will show that F(7#(") 7(M)) = o(N?) with high probability, where
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Fis the Spearman’s footrule distance. That is indeed, in these settings, the spectral seriation
algorithm is robust to noise.

This chapter is organized as follows: In section 5.2, we start by some definitions and
notations as well as the statement of the problem we are concerned with. In section 5.3, we
prove, under some hypothesis on the graphon, several important properties on the Fiedler
function, which is the eigenfunction of the Laplacian operator. Next, in section 5.4, we
prove the convergence of the Fiedler function using results from probability theory such as
Bernstein inequality. These sections will allow us to derive bounds on the permutations,
which will be detailed in section 5.5.

1.0

0.0

Figure 5.2: The noisy matrix in Fig-
ure 5.1 after an appropriate permuta-
tion.

Figure 5.1: Example of a noisy pre-R
matrix.

5.2 Notations and Problem Statement

A graphon is a measurable function w : [0,1]* — [0, 1] which is symmetric (i.e., w(z,y) =
w(y,x)). Graphons are used in the context of seriation, see for example [4]. For more results
on graphons we suggest [22]. Graphons shall be important in constructing the model matrix
P.

We say that a graphon w is a R-graphon or Robinsonian graphon if the following prop-
erty holds: for all z,y, z € [0, 1] we have

y<z<z=wry)
r<y<z=wy)

w(z, z),
w(zx, z). (5.2.1)

IV IA

In [4], the authors refer to such graphons as, graphons with a linear embedding.
Here we are given an infinite family of matrices (P"))yeyn where each POV is a R-

matrix with Pz(jv) = w(i/N,j/N) for all 1 <i,7 < N, for some R-graphon w. In [26] the
authors worked with the model w(z,y) = Ijjz—y<1/2}, and in [11] the authors considered the
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function w(z,y) = 1 — |x — y|. In these two papers the question of how close 7 to m was
answered, but for only these two specific models. Their method relies on the calculation of
the spectrum of the model matrix M, which is impossible in general. Here we consider a
different approach using results from spectral theory of linear operators, our method can be
applied to a general class of graphons.

From here on, we denote by L?([0,1]) the Hilbert function space with inner product

(frg) = / f(2)g(x)de,

for all f,g € L*([0,1]), and norm ||f|| := /(f, f). The elements of L*([0,1]) are the equiv-
alence classes of Lebesgue square-integrable functions f : [0,1] — R, that is, we identify
two functions f and g with each other if they differ only on a set of measure zero (i.e.,
f=g9g< |If—gll =0). Let e € L*([0,1]) denote the constant function: e(z) = 1 for all
x € [0,1]. We use blackboard bold symbols, such as T, to denote linear operators acting on
L*([0,1]). The induced (operator) norm is defined as

Tl == sup ITSIl-
fer2(o.) s [If|=1

For a bounded self-adjoint operator T in L*([0, 1]) we denote by o(T) its spectrum, note that
the spectrum is always non-empty, closed and bounded [24]. We define the discrete spectrum
04(T) to be the part of o(T) which consists of all isolated eigenvalues with finite algebraic
multiplicity, and the essential spectrum oess(T) = o(T) \ 04(T). The essential spectrum is
always closed, and the discrete spectrum can only have accumulation points on the boundary
to the essential spectrum, for more results on the spectrum of linear operator we suggest
[24]. Denote by 7(T) the spectral radius of T,

r(T) =sup{|A\|: A € o(T)}

Note that 7(T) < ||T||. In chapter 3 we introduced the unnormalized Laplacian of a sym-
metric matrix A as a matrix L defined by L = D4 — A where D, is the degree matrix. We
know that for all x € R",

n

Le =" ay(w; — ;)

j=1
We can generalize this definition to graphons, by defining the Graphon-Laplacian operator
L. For a given graphon w let IL be the operator defined as, for all f € L?([0,1]) and z € [0, 1],

(Lf)(z) = / w(ey)(f(2) - Fu)dy (5.2.2)
— f(@)d(z) / w(z, ) £ (y)dy
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where

is the degree of z. Note that the operator (W f)(x fo y)dy is a Hilbert-Schmidt
operator (see e.g. [24]), thus W is compact. Nevertheless L is not compact since it is the
sum of a compact operator and a multiplication operator (see e.g. [28]). It is well known
that compact perturbations do not affect the essential spectrum (see e.g., [15]), therefore the
essential spectrum of L is the range of the degree function d, i.e., oe(L) = rg(d) (see e.g.,

[28]).

Theorem 5.2.1. Let w be a graphon, and 1L be the associated graphon-laplacian operator.
Then A = 0 is the smallest eigenvalue of .. Moreover if w(z,y) > 0 for almost all (x,y) €
[0,1]2, then A\ = 0 is a simple eigenvalue.

Proof. From the definition in equation (5.2.2), we have Le = 0 hence A = 0 is an eigenvalue
of L. Tt is the smallest eigenvalue, since:

LS. f) = / / w(e, y)(f(x) — ())*dady > 0. (5.23)

Now, if w(z,y) > 0 for almost all (x,y) € [0,1], then if Lf = 0 for some f € L?([0,1]),
equation (5.2.3) implies that f(z) = f(y) for almost all (x,y) € [0,1]?, i.e., f € Vect(e), that
is A = 0 is simple. |

Denote \; = 0 < Ay < --- the eigenvalues of IL in increasing order. Similar to chapter
3, we call the Fiedler value the smallest non-zero eigenvalue (i.e., A2) and any corresponding
eigenfunction ¢ a Fiedler function. In the next section, we will prove that under some
specific conditions on w, the Fiedler value A\, is simple and the corresponding Fiedler vector
¢ is monotone.

For each integer N consider the partition (Z}¥);—; . of the interval [0,1] defined by
IN =[(i—1)/N,i/N)fori=1,...,N —1and Z§ = [( —1)/N, 1]. For a given graphon w,
as presented in the introduction of this chapter, we define the model matrix P™) ¢ [0, 1]V

by P( =w(i/N,j/N) for all i,j € {1,2,..., N}. We also define the sampled graphon wy
by

N N

wn(@,y) =YY P 1gn (@)1 (y)

i=1 j=1

for all (z,y) € [0,1]2. Furthermore, let P™) denote the adjacency matrix of a symmetric
(random) graph obtained by taking N isolated vertices i € {1,..., N} and adding undi-

rected edges between vertices ¢ and j at random with probablhty pNP( ) (i.e ]/Si(jN) ~

43



Bernoulli(pNPi(]N))) for all ¢ > j. Where py € (0, 1] is a constant regulating the sparsity of
the graph. The associated random graphon wy is defined by:

Let Ly and IEN denote the Laplacian operators associated to graphons wy and @y respec-
tively, as defined in equation (5.2.2).
Our method relies on the following conditions on the graphon:

Assumption 5.2.2. w(z,y) > 0 for almost all (z,y) € [0, 1]2.

Assumption 5.2.3. Assume that for all x € [0,1], w(z,-) is continuous almost everywhere.
Moreover, assume that the partial derivative Qw(x,-)/0x exists and is non zero and bounded
almost everywhere.

Assumption 5.2.4. Let d be the degree function associated with w, assume that the set
N :={z €0,1] : d'(x) = 0} is countable.

Assumption 5.2.5. Let

1 1
H— {f e 12([0, 1)) ;/ F(#)dt = 0 and / F2(8)dt = 1},
0 0
and 1L be the graphon-Laplacian operator associated with w. Assume that

inf (Lf, f) < min d(x).

Note that the inequality in assumption 5.2.5 is in fact ensuring that Ay < mingejoq1y.d(x).

Assumption 5.2.6 (Lipschitz graphon). There exists a constant K > 0 such that
lw(z,y) —w(x',y)| < K(lz —2'| + ]y = ¢'])
for all pairs (z,y) € [0,1%, (', ') € [0,1]%.

In the next section we will study the properties of the spectrum of I under these
assumptions. Before starting the next section, we present an important theorem that shows
that these assumptions are satisfied for a large family of graphons.

Theorem 5.2.7. Let R : [0,1] — [0,1] be a C* function such that R'(z) < 0 for all x € (0,1).
Define the graphon w(zx,y) = R(|x — y|) for all x,y € [0, 1], then w is a R-graphon satisfying
all the above assumptions.
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Proof. To see that w is a R-graphon, consider x,y,z € [0,1], if y < z < = then |z —y| >
|z — z| therefore R(|z —y|) < R(|z — z|) (since R is non-increasing), thus w(z,y) < w(z, 2).
By the same argument, if © < y < z, then w(z,y) > w(zx, z). Assumptions 5.2.2 and 5.2.3
follows immediately from the fact that R is differentiable and satisfies R'(x) < 0 for almost
all z € [0, 1]. Next, note that

d(z) = / Rl — yl)dy

_ /OxR(x—y)der/le(y—x)dy
- /0z R(z)dz + /OH R(z)dz

by a change of variable. Then d'(z) = R(x) — R(1 — x). Consequently d'(z) = 0 if and
only if x = 1/2 (again because R'(x) < 0 for all x). This proves assumption 5.2.4. Now
to prove that w is a Lipschitz graphon, let K such that |R(z) — R(2')| < K |z — /| for all
z,2' € [0,1]. Then for all (z,y), (z',y’) € [0,1]?, by the triangular inequality we have

lw(z,y) —w(z',y)| = |R(lx —y|) — R(|z" — y'])|
< Kllz—y| -2 =y
SK(lz=2|+y—91)

The last thing to prove is assump‘mon D. 2 5 which is the hardest part of this proof. First
we note that min,cp 1 d(x) fo x)dx and by equation 5.2.3, the inequality of
assumption 5.2.5 is equivalent to

}g;(//R|x—y| Fla) - <>>dxdy)<2/R

Let f € H, note that

/0 / Rle — ) (f(x) — f(y))? da dy — 2 / R(x)dx = 2D;(R),

= [ [ R0 - swravie - [ R

So, it is enough to find, a function f € H such that D;(R) < 0. Take any ¢ € (0,1/2), and
for all x € [0, 1] let

where

fz) = fiz) = gz (H{z <t} - Ha > 1-1t}),
where [ is the indicator. Then f € H. Also,

2t(f(2) — fy) P =Ko <t} {y >t} + Ko <1 -t} {y>1 -t} +2[{x <t} {y > 1t}
(5.2.4)
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if 0 <z <y <1, whence, letting ¢t | 0, we have

[ [ 7o) - st gt - 25520

2t

where Ji, Jo and J; are the terms in equation (5.2.4). Moreover, we have:

Lf//‘ Y — )dydz
[ A
.y /0 ' R(2)ds - /0 t ( /0 R + /1 i R(:2)d=)da
=t [ reas— [ ([ w0+ a0+ [ R0+ )

= t/o R(z)dz — % [R(0) + R(1) + o(1)];

here 04(1) is a quantity that goes to 0 as ¢ goes to 0. Similarly,

Jg—/ / (y — z)dzdy
1—¢

:t/o R(z)d= — %[R(0)+R(1)+Ot(1)];

Jg—// y — x)dydx
1—t

= t?[R(1) 4 0,(1)].

and

Collecting all the pieces, we have

2) 1
Jl + JQ + J3 _/ R(Z)dz

2 = [R(1) — R(0) + o,(1)]t/2 < 0

Dy(R) =

for small enough ¢ > 0 (because R(1) < R(0)). This finishes the proof of Theorem 5.2.7 1

5.3 Properties of the Fiedler value and the Fiedler func-
tion
In the following we consider a graphon w satisfying Assumptions 5.2.2, 5.2.3 and 5.2.4.
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Theorem 5.3.1. Let A be an eigenvalue of I and f any associated eigenfunction. Define
Dy = d {\} then the set Dy is discrete and f is C' in DS.
In particular if X & rg(d) then f is C' in [0, 1].

Proof. First we show that under Assumption 5.2.4 the set D, is discrete. Let N = {z €
[0,1] : d'(z) = 0} as in assumption 5.2.4, since N is discrete it is enough to show that
D" = Dy \ N is discrete. Let © € D’ then d(z) = A and d'(z) # 0. Moreover, d(z + h) — X\ =
d(x 4+ h) —d(z) = d'(x)h + o(h) hence d(y) # A for all y # = in some neighborhood U, of
x. Consequently every point x € D’ has a neighborhood U, such that D' N U, = {z} as
required.

Now take z € D§ and ¢ such that x4+ § € D$. By definition of the operator L (equation
(5.2.2)). We have:

f(@)d(z) - / (e, y)dy = Af(z)

Plugging « and = 4 ¢ in the previous equation and subtracting the two yields to:

e 5()5 I d(x +15) — (/ol(ﬂy) ~f@) (w(x = yg e y>) dy>

— o ([ v -2 g,

for the integral convergence, we applied the dominated convergence theorem, note that by
Assumption 5.2.3 we have that (w(x + d,y) — w(x,y))/d is bounded for small §. Therefore
f is differentiable in D and for all z € DY

7 = =5 ([ ¢ - 150 ) ay (5:31)

By a similar argument we can show that f'(z + 6) — f’(z) for 6 — 0, consequently f is C!
in Df.

We are now ready to introduce the two main theorems of this section:

Theorem 1. Let w be a R-graphon satisfying assumptions 5.2.2, 5.2.83, 5.2.4 and 5.2.5.
Then there exists a Fiedler function ¢ € C*([0,1]) such that ¢'(z) > 0 for all x € [0, 1].

Theorem 2. Under the same assumptions as in Theorem 1, the Fiedler value Ay 1s simple.
That is if Ly = Aoy, then ¢ € Vect(¢), where ¢ is the Fiedler function defined in Theorem 1.

Corollary 5.3.2. There exists L > 0 such that |¢p(x)—¢(y)| > Llz—y| for all (z,y) € [0,1]2.
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Proof of Corollary 5.3.2. By Theorem 1, ¢ is a C! function. It is enough to take L =
inf, (0,1 ¢'(x) > 0 and apply the mean value theorem. |

The proof of Theorem 1 relies strongly on the following two Lemmas:

Lemma 5.3.3. Let M be the linear operator defined by

(M) () = / / (7 2 e ) iy (53.2)

then the eigenvalues of Ml are Ay < A3 < --- (i.e., (M) = o(L) \ {0}). Moreover for all
AZ£0: (A f) is an eigenvalue-eigenfunction pair of I if and only if (X, f') is an eigenvalue-
eigenfunction pair of M.

Lemma 5.3.4. There exists f* € L*([0,1]) such that M(f* = X\of* and f*(z) > 0 for all
z €0, 1].

Proof of Lemma 5.3.3. Let (), f) be an eigenvalue-eigenfunction pair of L where A # 0.
Then by Theorem 5.3.1 f is differentiable at all x € DY, therefore

(LF)(x) = M(x) = Af(x) = / Fwywle,y)dy

= A (2) = F@)d(e) + F)d (@) — / )?

= Afa) = @) - [ () - f<x>>%dy

= AM'(z) = / / ( y)l{x<z<y}) dzdy

= Af'(z) = (Mf')(

Conversly, let (A, g) be an eigenvalue-eigenfunction pair of M then for all € DY it is
straightforward that

0
g(x) / / ( wlz,y) )1{m§2§y}) dzdy.

Applying the dominated convergence theorem with Assumption 5.2.3, ¢ is continuous in Df.
Define f(x fo t)dt for all z € [0, 1], then for z € DS : f'(z) = g(x) and

(49)(0) = dg(o) = dla) (@) + [ (70) = 1) PPy = 7o)
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ow(z,y)
ox

= [ (AT )+ (160) - 1) P4 Yy = p )

_ / aﬁ ((F(2) — f(y)w(e, ) dy = Af'(x)

= / Y, y)dy = Af(2)
(1) = M().

As required. Finally, if Mg = 0, then Lf = 0 thus f € Vect(e) (since A\; = 0 is simple
by Theorem 5.2.1) and therefore g = f* = 0. That is A = 0 ¢ o(M). We conclude that
oc(M) =o(L) \ {0}. i

Proof of Lemma 5.5.4. Let a > 1 + r(M) where (M) is the spectral radius of M. Consider
the operator M, = al—M with I the identity operator. It is obvious that (M, ) = a— o (M)
hence r(M,) > 0. We claim, M, is positive with respect to the cone

K ={feL*[0,1]): f(z) >0 for all z € [0,1] }.

To see this, let f € K and x € [0, 1]. We have:

(Mo f)(@) = (@ — d(2))f /(/ i) 24y

The first term (o — d(z)) f(z) is non-negative since a > 1 > d(z). For the second term, if
y > z then [’ f(z)dz > 0 and 8“'("” v > (because w is R-graphon). Similarly if y < x
both are negative, hence ( fxy )d ) awa(; ¥ > 0 for all y. Therefore M, f € K, as required.
Consequently M, is a positive, bounded and self-adjoint linear operator, with oes(M,) =
a—rg(d) (because oess(L) = rg(d)). By Theorem 1 from [9], there exists f* € K\ {0}, such
that M, f* = r(M,)f*.

Since r(M,,) is the largest eigenvalue of M, and o(M,) = a — o(M), then o — r(M,)
is the smallest eigenvalue of M. Additionally, by Lemma 5.3.3 (M) = o(LL) \ {0}, thus
the Fiedler value is A\ = a — r(M,,), and M f* = A\ f*. Now, if f*(a) = 0 for some a then
(Mf*)(a) = Ao f*(a) = 0 which yields

[ () 25 =

thus for almost all y € [0, 1]
Y ow(a,
(/ f*(z)dz) éx y) =0




by assumption 5.2.3 % # 0 ae., thus [V f*(2)dz = 0 a.e., that is f* = 0 in L*([0,1]),
which is a contradiction. Finally f*(x) > 0 for all x € [0, 1] as required. |

Proof of Theorem 1. First by assumption 5.2.5, Ay & rg(d) because Xy < mingep ) d(x).
Thus by Theorem 5.3.1 all eigenfunctions of L associated with Ay are C'([0,1]). Let f* as in
Lemma 5.3.4, and define ¢(z) = [ f*(t)dt for all z € [0,1]. By Lemma 5.3.3 we know that
Lo = Ao, thus ¢ € C([0, 1]) is a Fiedler function with ¢'(z) = f*(x) > 0 for all z € [0, 1]. I

Finally, we present the proof of Theorem 2

Proof of Theorem 2. Let ¢ as in Theorem 1 and ¢ any other Fiedler function such that
¢ & Vect(d). Since Ay & rg(d) then ¢ € C'([0,1]) as well by theorem 5.3.1. Let a be such

that , )
£ (£,
¢'(a)  weby \ ¢'(z)
Put v = ¢/'(a)p — ¢’'(a)é. Then ¢ is an other Fiedler function satisfying ¢'(z) > 0 for all

z € [0,1] and ¥’(a) = 0. But this implies M¢)'(a) = A\y¢)’(a) = 0 therefore v = 0 in L*(]0, 1])
as in the proof of Lemma 5.3.4, which is a contradiction. |

5.4 Convergence of the Fiedler eigenfunction

In this section we will show that the Fiedler function of the operators Ly and L N converge
to the Fiedler function of the limiting operator, . Figure 5.3 shows how close the Fiedler
vector of a model matrix P to the random matrix P.

5.4.1 Convergence of Laplacian operator

Theorem 5.4.1 (Convergence of graphon Laplacian). For a graphon w fulfilling Assump-

tion 5.2.6 we have: iK
Iy~ L < 5 (5.41)

Moreover, for all e € (0,1/2) and N € N large enough as in Lemma 5.4.2

log(2N/e) n 4K

o v (5.4.2)

st <

with probability at least 1 — 2¢.
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Figure 5.3: Convergence of the Fiedler function.

Lemma 5.4.2. Let e € (0,1), if N is such that

4log (2N/e) 2K
d = dz) > ———F—- + —

then the mazimum expected degree of PUV)

N
N N (V) 4log (2N /e)
dypax = max (; F; ) > QPT

Proof of Lemma 5.4.2. Let x € I for some i = 1,2,..., N then

i) ~ (@) = | [ o) o) i
fi/ﬂv (o) ~ ol )| d
- N

where the inequality from line two to line three follows from Assumption 5.2.6. Therefore
dy(z) > d(x) = 3, so

2K
d > d S
;2[%?1(} N (@) 2 dyiax N

o1



- 4log(2N/e)
- QPNN

on the other hand,

N (M) _
i (Z P ) — N max (dy ()
> 41og(2N/e)
9N

Proof of Theorem 5.4.1. We start by proving the first inequality
Proof of Inequality (5.4.1). Let f € L*([0,1]) such that ||f| =1,

1
ILwf — Lf| = / (Lnf — Lf)? (2)da

2

= /01 (/Ol(f(ﬁ) — fy)(wn(z,y) - w(x,y))dy) d
[ ([ - s ([ st — wte.)ay)
/Iiv (/Ol(f(a:) - f(y))2dy> </01(wN($,y) — w(:c,y))2dy) dz (5.4.3)

where from line two to three we used Cauchy-Schwarz inequality. Let x € Z}Y then

IN

[
M =

i=1

[ st —wtean =3 [ (i) = wtan)iay

furthermore,



=2f(z)* +2

hence inequality (5.4.3) becomes

9 N
Lt LA <5550 [ (P + 1) do
=1 BzN

N2 <
16K?
=7
Consequently, -
ILnf = Lf) <

This proves (5.4.1), since this bound holds for all function f € L*([0, 1]) with unit norm. 1

Proof of inequality (5.4.2). From the triangular inequality and inequality (5.4.1) we get
71/\ 71/\ 71’\ 4K
S S (ST S VS o
Since both I/[:N and Ly have finite rank, it is not hard to see that
. 1 ~
flon o =L = e (o2 = 27)
Ay (V)
— N T N) TN H
N ‘ PN
-1
<5 (B [P a9
For some ¢ € (0,1/2), let N as in Lemma 5.4.2, the maximum expected degree of the

random graph represented by P is del(\fIV AEX > 5log(2N/e) then by Theorem 1 of [5] we
get that with probability 1 — ¢

H PN _ P(N)H < \/4de§2§>< log(2N/¢) (5.4.6)

Now we give a similar bound for Hﬁ(N) — pyDW) H Put A™) = DIV —pnyDW) and XN =
P _ pn PN, Then by Bernstein inequality for each ¢t > 0

N
P (|A§.N>| > t) ~=P ( S x| > t>
j=1
142
< 2exp 2
> Var (Xi) + 5t
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o 1t2
QWGJ;J
del(\fIVA)X + %t

where the last inequality follows from the fact that
Y Var(Xy) = > pn P (1= o PSY) < py Z " < pndiidx
J J

By taking a union bound we get

142

pndyax + 5t

Consider N large enough as in Lemma 5.4.2 then for ¢t = \/4de1(\51\2>( log (2N/e),

2ondN) log(2N
P (A% > 1o os (2872) ) < 2 exp | 2 ECR)
N N
pydanax + %\/ 4pndyiix log (2N/e)
2ond ™) log(2N
< 2N exp <— . (%)AX o (J\{)(E))
pNdyrax T PNy Ax
= E£.
therefore
[0 — oD | = |A™|| < /4y tog (27/2) (54.7)

with probability at least 1 —e. For € € (0,1/2) we substitute (5.4.6) and (5.4.7) in (5.4.5)
to get

log(2N/¢)

o (5.4.8)

)HpjleEN—LNH’ < \/del(\f[\Xxlog (2N/e) <

with probability at least 1 — 2e, where we used that dl(\jv IQX <N.
Finally, in inequality (5.4.4) we get that for all € € (0,1/2) and for N large enough
satisfying the conditions of Lemma 5.4.2

log(2N/e) N 1K

L —]Lm<4
H‘p N on N N

with probability at least 1 — 2¢. i
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5.4.2 Convergence of the Fiedler function

A well-known result by Davis and Kahan |6, 29|, from spectral theory of operators says that
the angle between eigenfunctions of two symmetric matrices is bounded in term of their
spectrum:

Theorem 5.4.3 (Dayis—Kahan). Let L and L be two linear operators with eigenvalues Ay <
Ay < -vand Ay < Ay < -+ respectwvely. Consider f and f two eigenfunctions associated

the eigenvalues Ny and Ay of L and L respectively. If ||f|| = ||f|| = 1 and (f,f) > 0. If
A1 < Ay < A3 (i.e., Ay is isolated) then

o |
min{)\2 — )\1, )\3 — )\2}

F-f|=

Theorem 3. Let ¢ and EZA)N be the Fiedler functions of I and pN]I/:N respectively such that
ol = llon]l =1 and (¢, dn) > 0. Foralle € (0,1/2) and N large enough as in Lemma 5.4.2
we have that with probability 1 — 2e

(5.4.9)

|6 dn| <4c ( log(2N/e) 5)

pNN N

for some constant C' > 0.

Proof. The proof follows immediately from Theorem 5.4.3 and Theorem 5.4.1. Note that
the Davis-Kahan theorem applies because under our assumptions A is simple (Theorem 2).

5.5 Bounds on the permutations

For simplicity put ¢; = ngN(%) and ¢; = ngSN(%) foralli =1,2,..., N. It is straightforward to
—~ . ~A\T
check that the Fiedler vectors of P") and PN) are exactly (¢4, . . . ,qu)T and ((;51, ey ngN)

respectively (since wy and @y are finite rank graphons contructed from P®) and P
respectively). Let 7)€ Py such that @(m(l) < qgﬁw)(?) < - <L gB;r(N)(N). Since ¢
is monotone and ¢y is close to ¢ (by Theorem 3) we expect the permutation 7@ to be
close to the identity permutation. In what follow, to simplify the notation, we will use the
notation ¢ instead of #(Y). The distance that an element i moved due to a permutation o (the
displacement or drift) is |6(¢) — i|. To count the total displacement, we use the Spearman’s

footrule distance v

Fy(o) =Y _lo(i)—il.

i=1
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We define the Kendall distance to be

0) =Y Loi>o(i))

1<j

It was shown in [7] that Dy(0) < Fy(0) < 2Dy(0). Thus, if N is large enough, these
measures are of the same order.

Theorem 4. Let py = = for some 7 € [0,1). For all a < 5= and e € (0,1/2), if N is
large enough then Dy(o) = O(NQ’%O‘) with probability at least 1 — 2¢.

Proof. For all 5 € (0,1) define

Eny:={(,j):i<jand o(j) < o(i)}
Ey={(i,j) i+ N? < jand o(j) < o(i)}

then Dy (o) = Card (Ey). Besides,

2o = 0| = [ nte) = ot@a + [ to) — ot
- i | 6= oty + i [, otara
¥ 2 ( [ oyt [ 6ot ]J;Z»%x)
> %()2 L (6o + 6ot s T ae

for (i,7) € EY, we have j > i, so ¢(z + ) > ¢(z) (as ¢ is increasing), and b; < ¢; (by
definition of E%). Then,

N N
Therefore,
2
¢N_¢H —2N 2. /IN< ) o >> dr
(4,7) EE
L? R
> oN3 Z /N(j —i)%dx

Gyesg T

o6



> w2

(4,9) EEB

L? s
2N4 2/B,Caurd (E )

where inequality from line one to two follows from Corollary 5.3.2 and from line two to three

follows from j > i + N® (definition of the set E¥). Consequently

4 . 2
Card (Efi,) < SN ‘qu — ¢H .

Now from Theorem 3 for all o < 1_TT we have that HQASN — ¢H = O(N~%) with probability at
least 1 — 2¢. Thus
Card <Ef,> < ON42-2

for some constant C' > 0. On the other hand
E\Ey={(i,7):0<j—i<NFand o(j) < o(i)}

then Card (E'\ Ey) < NPt Choose 3 =1 — 2« then

Dy(0) = Card (Ef,) + Card (E \ Ey) < ON*28=22 4 NB+L — (1 4 0)N?5@
as required. |
Corollary 5.5.1. For py as in Theorem 4 we can conclude that Fy(T™)/N? — 0 as

N — oo with high probability. That is, as expected, TN is close to the identity permutation
for large values of N,
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