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ABSTRACT 

Fundamental theoretical insights into the fine structure of electromagnetic fields in 

photonic crystals are developed, by examining the singular nature of field representations 

in linear systems, and fundamental design paradigms are established in this meta-material 

system. Photonic crystals are optical meta-materials that permit the transport of 

electromagnetic energy that can be tailored by modifying the underlying periodically 

structured dielectric profile. Propagation is characterized by the dispersion surface 

through the Bloch states, where frequency wave vector relations characterize system 

response. A renewed appreciation for the richness of the dispersion relations has led to a 

deeper consideration of the modal structure itself and its inherent relationship to 

symmetry. This has led to a group theoretic treatment of the fundamental system space 

symmetries expressed through local representations of the singular character of the Bloch 

mode and its vortex states. 

Central to this study is an analysis of the local energy transport, which has uncovered the 

existence of optical vortices centered about phase singularities. Further investigation into 

the energy transport properties at the local level (i.e., far below the scale of the 

wavelength) reveals optical features never before explicated in the photonic crystal 

community. It is shown that the electromagnetic mode structure bears the hallmarks of 

singular optics, whereby the field becomes characterized by singularities - that is, spatial 

locations where mathematical descriptions of optical properties become undefined. 

Optical vortices, revealed by energy circulation about a singular point, are expressed by 

global system space symmetries and the particular character of the dispersion surface. 

Vortices are the local field magnitude response to their associated phase singularities. In 

this study, the locations of optical vortices in real space are determined using phasor 

geometry, and the symmetry rules for their existence are established with group theory. 

They are categorized into symmetry and accidental singularities, constraining their 

locations in reciprocal space. 
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Further research on the vectorial character of the local electromagnetic field has 

uncovered the rich nature of polarization singularities in these periodic microstructures. 

A group theory representation is used to express its complementarity polarization 

singularity representation, where fundamental transformation operations permitted by the 

system's space group are quantified. As a result, the entire electromagnetic field may be 

determined from the fundamental domain of the system's space group, using derived 

transformation properties of the local state of polarization. Furthermore, it is shown that 

local symmetry requires the electromagnetic field to become singular at particular points, 

known as Wyckoff positions. The reduction of the electromagnetic field to a 

fundamental domain, the location of the optical singularities, and the transformation 

properties of the local state of the electromagnetic field allow one to determine the major 

features of the sub-wavelength structure of the electromagnetic field from fundamental 

symmetry principles. 

In each the case, these fundamental principles were applied to Bloch modes derived in 

the vanishing dielectric contrast limit. Additional confirmation of theoretical predictions 

is supported by simulations of high-dielectric-contrast, purely two-dimensional, photonic 

crystal Bloch modes, in which Maxwell's equations are solved directly using the Finite 

Element Method (FEM). Finally, studies of optical vortices and polarization singularities 

within dimensionally confined photonic crystal slabs are studied with three-dimensional 

FEM simulations, in order to inform the design and fabrication of such structures for 

future experimental confirmation of the phenomena and possible photonic crystal optical 

singularity applications. 
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£ = 12, Bloch mode, band 1, k = x4^/(3a). Optical forces on a dielectric 

particle, £ = 1.5, direction given by black arrows (length proportional to 
magnitude) and magnitude background colour, (a) TE mode, where the electric 
field is associated with the A2 irreducible representation of C3v (b) TM mode, 

where the electric field is associated with the Ax irreducible representation of 

C3v. Bold black lines are edges of the unit cell and holes 234 

Figure 51. Uniform dielectric, where the holes and the background have been set to 
£ = 12.11. The magnetic field is polarized along the z axis and the background 
colour is Hz component in units of A/m. Bold black lines are edges of the 

holes 238 
Figure 52.Uniform dielectric, where the holes and the background have been set to 

e = 12.11. The model phase of the magnetic field polarized along z axis and 
background colour is phase (Jt to -Ji). Bold black lines are edges of the holes.239 

Figure 53.Hexagonal two-dimensional photonic crystal air holes in a dielectric background 
£ = 12.11, plane wave exciting the band 1 Bloch mode with wave vector 

k = x4;r/(3a). The magnetic field is polarized along the z axis and the 
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background colour is H z component in units of A/m. Bold black lines are 

edges of the air holes 240 
Figure 54.Hexagonal two-dimensional photonic crystal air holes in a dielectric background 

£ = 12.11, plane wave exciting the band 1 Bloch mode with wave vector 

k = x4;r/(3a). The magnetic field is polarized along the zaxis and the 

background colour is model phase (  n  to -n ) .  Bold black lines are edges of the 
airholes 241 

Figure 55.Hexagonal two-dimensional photonic crystal air holes in a dielectric background 
£ = 12.11, plane wave exciting the band 1 Bloch mode with wave vector 

k = x Anj(3a). Electric field is polarized in the x-y plane at time zero, arrows 

denote direction (length proportional to vector components) and the background 

colour is a/E-E* time averaged magnitude in units of V/m. Bold black lines 

are edges of the air holes 242 
Figure 56.Hexagonal two-dimensional photonic crystal air holes in a dielectric background 

£ = 12.11, plane wave exciting the band 1 Bloch mode with wave vector 

k = x4n/(3a). Poynting vector, arrows denote direction (length proportional to 

magnitude) and background colour is the magnitude in units of W/m2 . Bold 
black lines are edges of the air holes 243 
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CHAPTER 1 - INTRODUCTION 

1.1 Photonic crystals and optical singularities 

The control and manipulation of light is a subject of great interest, in many fields and 

applications, where the interaction of light with matter is the fundamental concern. Until 

recently, the optical properties of materials were thought to be structurally invariant. E. 

Yablonovitch [1] and S. John [2], [3] were the first to propose that the properties of 

photons could be controlled in the same manner as electrons in crystalline semiconductor 

materials. They suggested that structures with periodic variations in the dielectric profile 

can control the radiative properties of materials by modifying the photonic modes. Such 

periodic dielectric structures are known as photonic crystals, which are part of a larger 

group of new optical materials called meta-materials. The essential feature of a photonic 

crystal is that the transport of light is renormalized by means of distributed Bragg 

reflections. In a photonic crystal, the dielectric interfaces of the periodic structure act as 

the Bragg scatterers for the photons, in the same way as the layers of atoms within a 

crystalline semiconductor interact with electrons. For sufficient dielectric contrast, 

photons within a photonic crystal will exhibit many of the same properties as electrons 

within a semiconductor, most notable forbidden energy gaps. A forbidden energy gap, 

also known as the photonic band gap, is a range of frequencies (energy) where the photon 

is not allowed to propagate within the photonic crystal. In a complete photonic band gap 

the spontaneous emission rate is completely suppressed [1], The photonic band gap is a 

result of the periodic spacing of the Bragg scatterers, whereby light constructively or 

destructively interferes [4], Figure 1 reveals the photonic band structure (in a reduced 

zone scheme) of a typical two-dimensional photonic crystal, formed from a square array 

of dielectric columns in an air background (see Section 4.3 for this calculation). Here, we 

can see a photonic band gap for the TM optical mode (orange region). In this region, 

photons (polarized to match the TM case) will not be allowed to propagate in the 

photonic crystal. 
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Figure 1. Two-dimensional photonic crystal, square lattice of dielectric columns £ = 8.9 in an air 

background £ = 1; Photonic band structure TE bands (red), TM bands (blue) and TM case photonic band 

gap (orange). The axes of the photonic band structure are normalized frequency COajIkc and normalized 

wave vector kaj27Z, where a is the lattice constant and c is the speed of light in a vacuum. 
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However, this is not a complete photonic band gap, because light is allowed to propagate 

in the TE direction. 

Equally important, and related to the photonic band gap, is the fact that the transport of 

electromagnetic energy within a photonic crystal can be tailored by modifying the 

underlying periodically-structured dielectric profile. The global transport properties of 

the optical modes are characterized by their net energy velocity. Averaged over the 

lossless photonic crystal, the energy velocity can be shown to be equivalent to the group 

velocity, which is the velocity of a propagating wave packet, given by the standard 

definition 

\g=d(old k, (1.1) 

([5], PP- 30-32). Propagation of the optical modes is then characterized by the slope of 

the dispersion surfaces, where the photonic band structure characterizes the system 

response (see Figure 1). The complex dispersion surfaces of the photonic crystal optical 

modes can lead to interesting and new energy transport phenomena not found in ordinary 

optical materials, such as: the slow light effect [6]-[8]; negative index of refraction [9]-

[14]; the superprism effect [15]-[17]; and self-collimation [18]-[20]. Many of the 

applications of photonic crystals have focused on these new global transport phenomena 

and the photonic band gap. This has resulted in a large number of publications 

concerning the design and measurement of the overall transport properties of photons in 

photonic crystals and the photonic band gap, in many different configurations [6]-[44], 

A renewed appreciation for the richness of the dispersion relations has led to a deeper 

consideration of the modal structure itself for applications, such as: nano-scale transport 

properties of photonic crystals in the superprism regime [45]-[46]; improving the 

performance of photonic crystal waveguiding [47]-[48]; manipulation of sub-wavelength 

dielectric particles within photonic crystals [49]-[51]; laser cooling of atoms within 

photonic crystals [52], [53]; photonic crystals as a method to generate light that contains 
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orbital angular momentum [4] [54]-[57]; and fabrication of photonic crystals in self-

assembled colloidal systems [58]-[59]. Inherent to each of these studies is an interest in 

the properties of light within photonic crystals at length scales smaller than the lattice 

constant. Investigation into the energy transport properties at the local level (i.e., far 

below the scale of the wavelength) reveals optical features never before explicated in the 

photonic crystal community: The electromagnetic mode structure bears the hallmarks of 

singular optics, whereby the field becomes characterized by singularities - that is, spatial 

locations where mathematical descriptions of optical properties become undefined. 

In the general discipline of optics, the structure of the electromagnetic field at length 

scales smaller than its wavelength is an exciting topic of study [60]-[89]. Since Huygens 

published his Treatise on Light, over 300 years ago, we have known light can be treated 

as a wave phenomenon. However, it was not until the mid-1970's that the optics 

community realized that the sub-wavelength features of electromagnetic waves could be 

systematically described by examining the singular points within the electromagnetic 

field [85]. Optical singularities are locations in the electromagnetic field where a 

particular description of the electromagnetic field becomes undefined. In each case, the 

singular points are major features that greatly impact the behaviour of the 

electromagnetic field around the singular point. In electromagnetic fields that are 

adequately described using scalar waves (i.e., light which is linear polarized in a single 

direction), the singular points take the form of phase singularities. Unambiguous 

definition of the local phase of the optical mode is achieved through the relation between 

real and imaginary parts of a complex field description. Examination of the local flow of 

energy close to a phase singularity reveals that these singular points are the centers of 

optical flux, which form optical vortices. These singular points, while a zero in the 

optical intensity, are also the terminus of a dislocation in the phase of the optical mode 

[77]. The phase behavior in the vicinity of the singularity quantifies the optical vorticity, 

which is necessarily related to the orbital angular momentum of the optical mode [56], 

and thus a primary motivator for research into such states [78]-[79]. Furthermore, when 

one considers complex vector fields, one must also consider the state of polarization. The 
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state of polarization of the electromagnetic field is one of its most fundamental 

properties, quantifying the vector character of the optical response of systems ranging 

from the simple to the complex. In general, it is a spatially-dependent quantity, 

represented by an ellipse extracted at every point by mapping the modulation of the field 

vector over a temporal period. The polarization state is circumscribed by three distinct 

types of singularities: pure circular polarization (indeterminate ellipse rotation angle); 

pure linear polarization (indeterminate polarization handedness); and disclinations 

(indeterminate polarization due to zero field intensity in all polarization directions). 

Polarization singularities in transverse electromagnetic fields were first discussed in 

depth by Hajnal [87], A generalization to random vector fields was performed by Berry 

and Dennis [88]. 

To this point, there has been no formal treatment of group theoretic principles to the 

study of singular optics in systems of high symmetry, such as photonic crystals. As a 

result, the major goal of this thesis is a systematic application of group theoretic methods 

to the optical modes of photonic crystals as a means of establishing fundamental 

relationships linking the symmetry of an optical system to the singular points of its 

electromagnetic field. This will allow us to advance a set of intuitive design parameters 

that can not only be used to analyze existing optical systems, but also to create new 

optical systems that require specific local electromagnetic field characteristics. Previous 

group theoretic studies focused on the global optical response of photonic crystals. Here, 

the purpose is to understand the sub-wavelength characteristic of the electromagnetic 

field. As a consequence, we are the first to apply the concept of site (local) symmetry to 

the optical response of a photonic crystal (Chapter 3), which was critical to understanding 

the properties of the local state of polarization. Confirmation of group theoretic 

predications are supported by simulations of photonic crystals by solving Maxwell's 

equation for the Bloch modes using the Finite Element Method (FEM), studying optical 

singularities within purely two-dimensional photonic crystals and in dimensionally 

confined photonic crystal slabs (Chapter 4). Photonic crystal fabrication poses many 

technological challenges; a single mistake could cost a significant percentage of a 
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research budget (the fabrication techniques will not be considered here, but the interested 

reader may consult [24], [27]-[29], [31]-[33], [43], [59], ([90] Ch. 5-9), [91]- [95]). Our 

secondary goal was the development of the simulation software, which will inform future 

experimental realizations and photonic crystal applications (see Appendix D), and which 

highlights a dramatic improvement to the standard effective index method. Two types of 

optical singularities were studied within the optical modes of photonic crystals: phase 

singularities that formed optical vortices, and polarization singularities. The optical 

vortices are the local field magnitude response to their associated model phase 

singularities; their location in real space and the symmetry rules for their existence are 

determined by using group theory and phasor geometry. Phase singularities are 

categorized into symmetry and accidental singularities, which constrain their locations in 

reciprocal space (Chapter 5). Polarization singularities reveal the complex nature of the 

vector character of the local state of the electromagnetic field in photonic crystals. A 

group theoretic representation is used to express its complementary polarization 

singularity representations, where fundamental transformation operations permitted by 

the system's space group are quantified. As a result, the entire electromagnetic field is 

determined from the fundamental domain of the system's space group, using derived 

transformation properties of the local state of polarization. Furthermore, it is found that 

local symmetry requires the electromagnetic field to become singular at particular 

Wyckoff positions (Chapter 6). 

1.2 Thesis outline 

The main body of the thesis begins in Chapter 2, which first defines the periodicity of a 

photonic crystal by establishing its Bravais lattice, reciprocal lattice and the first Brillouin 

zone. Section 2.3 introduces the optical modes of a photonic crystal as solutions of an 

eigenvalue problem formulated using Maxwell's equations; we show the solutions are 

optical Bloch modes. The rest of Chapter 2 is dedicated to examining the optical Bloch 

modes of purely two-dimensional photonic crystals and two-dimensional photonic crystal 

slabs. It is in these sections that the derivation of the optical Bloch modes in the 
6 
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vanishing dielectric contrast limit is introduced. Chapter 3 reviews the application of 

group theory to the optical Bloch modes determined in Chapter 2. In Chapter 3, it is 

shown that the optical Bloch modes are the partner functions of the irreducible 

representations of the symmetry transformation operators. In Section 3.4, we complete 

the derivation of the optical Bloch modes in the vanishing dielectric contrast limit, in 

which the partner functions of a reducible representation are shown to decompose into 

linear combinations of the optical Bloch modes in the vanishing dielectric contrast limit. 

Furthermore, in Section 3.5, the concepts of site (local) symmetry are applied to the 

transformation properties of the optical Bloch modes. The finite element method (FEM) 

numerical models are presented in Chapter 4, where we begin with the derivation of the 

scalar model. The scalar model is applied to the purely two-dimensional photonic crystal 

problem and later used during the application of the effective index method to the 

photonic crystal slab problem. Section 4.4 details the application of a novel self-

consistent effective index method to determine the photonic band structure of a photonic 

crystal slab and the results are compared to solutions based on the standard effective 

index method and the full vector FEM solutions. It is in Chapters 5 and 6 that optical 

singularities are investigated using the tools established in Chapters 3 and 4. Chapter 5 

starts with defining phase singularities and optical vortices in the general case. 

Examining the analytical form of the optical Bloch modes in the vanishing dielectric 

contrast limit, the locations of phase singularities are determined and the symmetry rules 

for their existence are established. These symmetry insights are confirmed by examining 

FEM simulations of optical Bloch modes in low and high dielectric contrast photonic 

crystals. Chapter 6 is the final chapter in the main body of the thesis, where polarization 

singularities are examined. The elliptical form of the local state of polarization is 

established, where polarization singularities are identified as locations where the elliptical 

description becomes undefined. These polarization singularities are explicitly identified 

in photonic crystals by examining the local state of polarization in the analytical forms of 

the optical Bloch modes in the vanishing dielectric contrast limit. Application of site 

symmetry to the local state of polarization reveals it is constrained to a subset of all 

possible polarization states. These theoretical findings are compared to FEM simulations 
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of the optical Bloch modes of high dielectric contrast photonic crystals. The central 

findings of the thesis are summarized in Chapter 7. Appendix A details the derivation of 

the Poynting vector field within a two-dimensional photonic crystal Bloch mode. In 

Appendix B, we apply the plane wave expansion method to the two-dimensional 

photonic crystal eigenvalue problem as a means of justifying the vanishing dielectric 

contrast approximation from Section 2.4.2. Appendix C adds details to the derivation of 

the partner functions of the E irreducible representation from Section 3.4.4. Appendix 

D is a preliminary study of the optical forces within an optical Bloch mode that contains 

optical vortices, which is a potential future application of this research. Appendix E is a 

second preliminary study examining how to excite an optical Bloch that contains optical 

singularities using an electromagnetic source located outside of a photonic crystal. 
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CHAPTER 2 - EIGENMODES OF PHOTONIC CRYSTALS 

2.1 Introduction 

In this chapter, we formally state the photonic crystal eigenvalue problem: It describes 

the fundamental interaction of an electromagnetic field with the periodic dielectric 

structure known as a photonic crystal. From this eigenvalue problem we can determine 

the photonic band structure and, more importantly for our research, we can determine its 

eigenmodes. The photonic crystal eigenmodes are the fundamental forms of the 

electromagnetic field that are allowed to exist within a photonic crystal, where any 

electromagnetic field can be described as a linear combination of these eigenmodes. In 

many cases, there are a finite number of eigenmodes for a given direction of propagation, 

polarization, and frequency, and usually the electromagnetic field is merely a single 

eigenmode. As a result, it suffices to study the eigenmodes themselves, to understand the 

sub-wavelength optical properties of a photonic crystal. 

We model a photonic crystal as an infinite periodic dielectric structure. As a result, we 

can describe the periodicity of the dielectric permittivity by a Bravais lattice and a 

reciprocal lattice. Real photonic crystals are not infinite, but if the system includes a 

sufficient number of repeated units, and one is only interested in phenomena not 

influenced by the edges of the photonic crystal, an infinite photonic crystal is a sufficient 

approximation. Once the dielectric structure is defined, then Maxwell's equations are 

employed to generate the photonic crystal eigenvalue problem. We explore the form of 

the photonic crystal eigenmodes by applying Bloch theorem. This allows the eigenmodes 

to be identified as photonic crystal Bloch modes. This is similar to the application of 

Bloch's theorem to electron wave functions of solid state physics ([96] chapter 8). We 

describe the transport of energy within a photonic crystal by examining the Poynting 

vector of a Bloch mode. 
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The focus of this study will be on the two types of photonic crystals in which the 

periodicity is limited to the x-y plane: the purely two-dimensional (2D) photonic crystal, 

and the 2D photonic crystal slab. The purely 2D photonic crystal is periodic in the x-y 

plane and continuous in the z direction. The 2D photonic crystal slab is also periodic in 

the x-y plane, but is of limited extent in the z direction. This region of space is on the 

order of the wavelength of the light and the average dielectric permittivity of the photonic 

crystal is larger than the surrounding medium (index guiding). There is an extensive 

body of literature devoted to 2D photonic crystals and photonic crystal slabs ([5]-[37], 

[40], [43]-[48], [52]-[55], [90]-[95], [100]-[101], [105]-[106], [108], and [110]-[112]) 

because they are significantly easier to fabricate using existing planar waveguide 

fabrication technology than are three-dimensional (3D) photonic crystals. Furthermore, 

the analytical and numerical analysis of two-dimensional periodic photonic crystals is 

also simpler than in a three-dimensional periodic structure, but the systems still retain the 

novel defining characteristics we wish to study. 

In this study, optical singularities in photonic crystals will be studied with an array of 

analytical and numerical techniques. The most fundamental of these techniques is the 

vanishing dielectric contrast limit approximation, in which the photonic crystal Bloch 

modes can be approximated as a linear combination of eigenmodes of a similar non-

periodic structure ([5], pp. 5-11), ([5], pp. 50-54), ([5], pp. 179-181), and ([90] pp. 79-

81). Based on this approximation, the photonic band structure can be determined and an 

analytic form of the photonic crystal Bloch modes can be derived (the exact values of the 

coefficients for the linear combinations are determined in Chapter 3 using symmetry 

arguments). The vanishing dielectric contrast approximation is analogous to the weak 

periodic potential approximation used to find electron wave functions in a crystalline 

solid ([96], pp.152-156). In subsequent chapters, such analytical forms of the Bloch 

modes are used to determine the locations and types of optical singularities that must 

appear in photonic crystals, and they are compared to their high dielectric contrast 

counterparts. 

10 
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2.2 Photonic crystals as periodic dielectric structures 

2.2.1 Periodic dielectric structures 

Photonic crystals are structures composed of arrays of materials with different refractive 

indices. These arrays are periodic in one, two or three dimensions. The simplest 

example is a one-dimensional photonic crystal. In Figure 2(a), we see a multi-layered 

dielectric stack that alternates between two different dielectric materials, with a spatial 

period of a. The spatial period a is known as the lattice constant and is on the order of 

the relevant wavelength of light for the photonic crystal. As an illustration of a typical 

lattice constant, we assume light incident upon a multi-layered dielectric stack light is 

parallel to the direction of periodicity. The total reflected light for the relevant 

wavelength is maximum when the lattice constant is a = A0/(2«, ) + Al)/(2n2 ), where \ 

is the free space wavelength of the light, and nx and n2 are refractive indices of the two 

dielectric materials ([76], p. 100). For a photonic crystal that is periodic in two or three 

dimensions, a single scalar lattice constant is no longer suitable, but lattice vectors must 

be defined. As in the case of the one-dimensional photonic crystal, the lattice vectors 

will be on the order of the relevant wavelengths of the photonic crystals. In Figure 2(b) 

and Figure 2(c), we see examples of a two-dimensional photonic crystal, and a three-

dimensional photonic crystal, respectively. To fundamentally describe the multi­

dimensional periodicity, we review the Bravais lattice, which defines the lattice vectors 

and the reciprocal lattice, in the following two sections. 

2.2.2 Bravais Lattice 

The Bravais lattice quantifies the periodicity of a photonic crystal, as in the crystalline 

solids of solid state physics ([96], pp.64-82). It is an infinite array of discrete points that 

specifies the locations of the repeated units of the photonic crystal, given by the set of 

position vectors 

R = + «2a2 + n3a3, (2.1) 
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Figure 2. Photonic crystals with (a) one-dimensional periodicity, (b) two-dimensional periodicity, 
and (c) three-dimensional periodicity. 
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where a, is an elementary lattice vector, n i  is any integer, and / runs over the dimension 

of the system (here, 3). Using Eq. (2.1), the photonic crystal as a periodic array of 

materials with different refractive indices can be written as 

£(r + R) = £(r), (2.2) 

where e (r) is the spatially dependent relative dielectric constant. The repeated units of 

the photonic crystals are called the unit cell, which is a volume of space that, when 

translated by the vectors of the Bravais lattice, will cover all space. There are several 

methods to determine the unit cell of a crystal; we focus on the primitive unit cell. The 

primitive unit cell contains only one lattice point and is the minimum volume of space 

required to define the crystal structure. It can be described by two methods: first a 

parallelepiped is formed by the elementary lattice vectors at, a2, a3 , yielding a volume 

of V = a, -(a2 xa3) (see Figure 3(a)); or second, by the Wiger-Seitz primitive cell, which 

is the volume of space defined by placing the origin at a lattice point and drawing planes 

that bisect the lines joining the nearest neighbours (see Figure 3(b)). The first definition 

is typically used in reference to a dielectric profile, and the presentation of Eq. (2.2) may 

vary depending on where the origin of the lattice is located. As an example, two possible 

unit cells are defined in a two-dimensional hexagonal photonic crystal (top view), which 

is composed of an infinite array of dielectric cylinders that are infinitely tall in the 

z direction (see Figure 3(a)). Since the structure of Figure 3(a) has two-dimensional 

periodicity, the unit cell extends to infinity in the z direction, and the elementary lattice 

vectors are aj = ax and a2 = x a/2 + yV3a/2, where a is the lattice constant. When using 

numerical techniques to determine the eigenmodes of a photonic crystal, the solution 

space can be limited to the unit cell with periodic boundary conditions; this reduces an 

infinite crystal to a tractable finite solution space (see Chapter 4). The second 

representation, the Wiger-Seitz primitive cell, is the standard when viewing the possible 

photonic crystal eigenmodes in reciprocal space (see the next section for a discussion of 

reciprocal space). 
13 
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(b) 

First Brillouin zone 

• X 

Figure 3. Top down view of a two-dimensional hexagonal lattice photonic crystal, where two 
examples of possible unit cells are outlined (dashed lines), and the elementary lattice vectors are a, = xa 

and a2 = xa/2 + v-Jla/l. (b) First Brillouin zone (dashed lines) and reciprocal lattice vectors (black 

arrows) b, = x2nja-y 2kj(V3a) and b2 = y4nj(%/3a), and points in the reciprocal lattice (aqua 

circles). 
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2.2.3 Reciprocal lattice vectors 

The second fundamental description of the periodicity of a photonic crystal is the 

reciprocal lattice. In the following sections, the reciprocal lattice will allow us to 

establish the Brillouin zone (primitive unit cell in reciprocal space), which defines the set 

of unique Bloch wave vectors k of the photonic crystal eigenmodes (wave vectors for 

plane waves and Bloch modes are described in Section 2.3.2). Furthermore, the 

reciprocal lattice also describes the elements of the Fourier series expansion of the 

photonic crystal eigenmodes (described in Section 2.3.2). The reciprocal lattice is the set 

of wave vectors k that yield plane waves e'k r with the same periodicity as the Bravais 

lattice, i.e. 

eiG{r+R) = e'G r, (2.3) 

where G — k is a reciprocal lattice vector, and the wave vector k has the units of radians 

per meter. Equation (2.3) implies e'G R -1, and the reciprocal lattice is defined as the set 

of points 

G = /JBJ + 1^2 ^3^3 ' (2-4) 

a, xa, , „ a, xa, , „ a.xa, 
where bj = 2 n—f  , b2 = I n  - f  —-, b3 = 2J t  j  —- are the reciprocal 

ai '(a
2 xa3) a,-(32X83) a[ -(a2xa3) 

lattice vectors, and /;. , [ i  = 1,2,3), is any integer. These reciprocal lattice vectors have 

dimensions of radians per reciprocal length, due to 2^"/a, -(a2xa3), and the reciprocal 

lattice vectors lie in reciprocal space spanned by the axes k - ,  k ~  and k i .  In reciprocal 

space, a unit cell is defined by the Wigner-Seitz primitive cell and is called the first 

Brillouin zone. The first Brillouin zone of a two-dimensional hexagonal lattice photonic 
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crystal is a hexagon in kk - plane, of infinite extent in the ky direction. The reciprocal 

lattice vectors are bj = x2n/ a-y27rj and b2 = y 4^/(see Figure 3(b)). 

2.3 Maxwell's equations and the eigenvalue problem 

2.3.1 The eigenvalue problem 

Photonic crystals are periodic dielectric structures, similar to the crystalline structures of 

solid state physics that modify the electromagnetic field. The fields are described in the 

form of a photonic crystal eigenvalue problem derived from Maxwell's equations. The 

solutions of the photonic crystal eigenvalue problem are the energy eigenmodes of the 

system that propagate harmonically in the time domain. To derive the photonic crystal 

eigenvalue equation, we start with Maxwell's equations, the most basic description of the 

classical behaviour of the electromagnetic field, where matter is incorporated through the 

constitutive relation. When free charges and the electric current are absent, Maxwell's 

equations in MKS units are as follows ([5] pp.13-14): 

(2.5) 

(2.6) 

(2.7) 

(2.8) 

where E(r, f )  is  the electr ic  f ie ld ,  D(r,/) is the electric displacement, H(r,?) is the 

magnetic field, and B(r,/) is the magnetic induction. In addition to Maxwell's 

equations, we require the constitutive equations 

16 

V-D(r,/) = 0, 

V-B(r,f) = 0, 

VxE(r,/) = ~B(r,/), 
at 

VXH(m) = -|-D(M), 
at 
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D(r,/) = £0f(r)E(r,/), 

B(r,/) = //0H(r,r), 

(2.9) 

(2.10) 

to relate the electric field to the electric displacement, Eq. (2.9), and the magnetic field to 

the magnetic induction, Eq. (2.10); £0 is the permittivity of free space, e(r) is the 

relative dielectric permittivity, and ju0 is the permeability of free space. We assume the 

dielectric permittivity is isotropic and frequency independent, with the permeability being 

equal  to  f ree  space ,  and  the  so lu t ions  having  a  harmonic  t ime dependence  of  e ~ l W .  

Using these assumptions, Maxwell's equations and the constitutive relationships may be 

solved for E(r,?) = E(r)e"'a* and H(r,/) = H(r)e~,a", and we obtain the following 

eigenvalue equations: 

of the Maxwell operators, LE and LH , and a2/c2 is the associated eigenvalue where <x> 

is the angular frequency. To determine the eigenmodes of a photonic crystal either Eq. 

(2.11) or Eq. (2.12) can be solved, because the solutions are identical (i.e., if Eq. (2.11) is 

solved, Eq. (2.7) and Eq. (2.10) would be used to determine the associated magnetic field 

H(r), which is identical to the eigenmodes obtained directly from Eq. (2.12)). All of the 

fields are written in complex notation for ease of manipulation, but the final electric and 

magnetic fields are assumed to be the real part of these complex fields as 

L £ E ( r )"^)V > < { V > < E ( r ) }  =  ZE ( r ) '  
(2.11) 

(2.12) 

where c = l/^£0ju0 is speed of light in free space. E(r) and H(r) are the eigenmodes 

(2.13) 

17 
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H(M) = Re[H(r)£Ti&*]. (2.14) 

The complex conjugate of a field is denoted as E* (r,/), where the complex conjugate is 

2.3.2 Bloch's theorem 

In section 2.1, the periodicity of the photonic crystals is defined by Eq. (2.2), which 

permits the application of Bloch's theorem. This is analogous to the application of 

Bloch's theorem when determining the electron wave functions of solid state physics 

([96], Chapter 8). Bloch's theorem indicates that the electric and magnetic eigenmodes 

can be expressed as vector wave functions in the following form: 

where the Bloch modes Ek/) (r) and Hkn (r) are labeled by their wave vector k in the first 

Brillouin zone (the significance of k is discussed below), and by their frequency (energy) 

band index n (see [5], pp. 18-19 for a proof of Bloch's theorem applied to electromagnetic 

phenomena). Although we typically focus on the electric or the magnetic field, the 

electric and magnetic fields are both in the form of a Bloch mode for a given 

electromagnetic field because the solutions of Eq. (2.11) and Eq. (2.12) are identical (a 

complete argument is presented in Chapter 3, where it is shown that both of the Maxwell 

operators LE and LH have periodic symmetry). The Bloch mode is composed of two 

parts: a periodic part that has the periodicity of the Bravais lattice, given by 

defined as (a(r) + z'6(r)) = (a(r)-z'6(r)). 

E(r) = E>«(r) = uk„ (r)e lkr, 

H(r) = H,^ (r) = (r)e ik'r, 

(2.15) 

(2.16) 

u
t o ( r  +  R )  = uk„( r )> 

vk„(r + R) = v lOT(r), 

(2.17) 

(2.18) 

18 
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and a space harmonic term e'k r, where k is the Bloch wave vector. The Bloch wave 

vector k should not be confused with the wave vector k of a plane wave E(r) = Ae!k r. 

In an isotropic medium, the wave vector of a plane wave k defines the propagation 

direction, and the velocity of the equi-phase surfaces. In contrast, the Bloch mode does 

not have rigorously defined equi-phase surfaces, since it is a superposition of plane waves 

(see the Fourier expansion below). Equally important, the direction of energy 

propagation, defined by the time-averaged Poynting vector as 

is not necessarily parallel to the Bloch wave vector k (see Section 2.4.1 and Chapters 4 

and 5 for an example of the Poynting vector within a two-dimensional photonic crystal, 

or [5] pp.30-34 and [45]-[46] for more in-depth discussion). To investigate the properties 

of the Bloch wave vector k, we allow it to take on any value and relabeled q. The central 

property of the Bloch mode (focusing on the electric field, but equally applicable to the 

magnetic) is the following relationship to the periodic translational symmetry of the 

Bravais lattice: 

where we have used Eqs. (2.15) and (2.17). Equation (2.20) defines q as the Bloch wave 

vector, where the significance of the periodic translational symmetry becomes clear in the 

context of irreducible representations discussed in Chapter 3. The Bloch wave vector q 

can be written equivalently as q = k + G , where k is a wave vector in the first Brillouin 

zone and G is the appropriate reciprocal lattice vector. Placing this equivalent form into 

Eq.(2.20), and using e'G R = 1, we find 

(2.19) 

E„. (r + R) = u„ (r + R) = e" "E,„ (r), (2.20) 

19 
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E lo.(r"t"R) = uk»(r + R)^ l<+G"r+R' =e" iHe'GRE]u)(r)-e" iREkn (r). (2.21) 

That is, we cannot distinguish between q and k based on the translational symmetry, and 

thus Eq. (2.20) and (2.21) are equivalent Bloch modes. Thus any wave vector q can be 

mapped back into the first Brillouin zone. Furthermore, any two wave vectors k and k' 

are consider equivalent when 

k' = k + G. (2.22) 

Equation (2.22) is known as the conservation of crystalline momentum ([5] p. 10). As a 

result of Eq.(2.22), the first Brillouin zone is the volume in reciprocal space that 

identifies all of the unique Bloch wave vectors, k, and hence all the possible unique 

Bloch modes. Due to this relationship, the convention in the field is to identify each 

Bloch mode by its Bloch wave vector k in the first Brillouin zone and its frequency 

(energy)  band index  n .  

The vector Bloch modes can be expanded in a Fourier series, as follows ([5] p. 15): 

Ek„(r) = 2X(Gy(l"G|* = e""2X(Gy°' (2.23) 
G G 

"t, (r) = 2X (G)/ l*G" = (G)^''. (2.24) 
G G 

Equation (2.23) and Eq. (2.24) are summed over all the reciprocal lattice vectors given by 

Eq.(2.4), and the Fourier coefficients, Ekj? (G) and HkK (G), are determined using 

numerical or analytical techniques. For this body of research, the Fourier expansion is 

used to determine an analytic form of the Bloch mode in the vanishing dielectric contrast 

limit, consisting of the first order elements of the Fourier series expansion. 

20 
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2.3.3 Orthogonality of the Bloch modes 

The Maxwell operator of Eq. (2.12) is Hermitian (see [5] pp. 16-18 for a full proof and 

definition of a Hermitian operator). As a consequence, the magnetic photonic crystal 

eigenmodes of Eq. (2.16) will be orthogonal to each other, as indicated by 

jnlH t,„,cIr = rStk,Sm., (2.25) 
V 

where the integral is over the volume V of the photonic crystal ([5] p. 17). However, the 

Maxwell operator of Eq. (2.11) is a non-Hermitian operator and the electric photonic 

crystal eigenmodes of Eq. (2.15) are not necessarily orthogonal to each other. An 

orthogonality relationship can be established between the electric field and the electric 

displacement; a new eigenvalue equation can be developed, where the operator is 

Hermitian and the eigenmodes are Qlm (r) = • s j e 0 e (r)Elm (r). This leads to the ED 

orthogonality given by 

JEL'  DkV* = v  4k"L-.  (2.26)  
V 

where the integral is again over the volume V of the photonic crystal ([5], p. 36). 

2.4 Two-dimensional photonic crystals 

2.4.1 The eigenvalue problem and scalar Bloch modes 

The two-dimensional photonic crystal is represented by a dielectric structure that is 

periodic in the x-y plane and infinite in the z direction, such as the dielectric columns in 

Figure 2(b) and Figure 3(a). In practice, this theoretical structure is suited to model any 

two-dimensional periodic photonic crystal where h (the height of the dielectric structure 
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perpendicular to the periodicity) is such that h » a or X, where a is the lattice constant 

and A, is the wavelength of light ([90], p. 119). Assuming the dielectric profile has no 

z dependence and the Bloch wave vectors k of the photonic crystal eigenmodes are 

restricted to the x-y plane, the eigenvalue problems of Eq. (2.11) and Eq. (2.12) reduce to 

the following: 

f ~\2 2 \ 
L (tm)E (r)  = -  — + 

* z U  e(r)lv9x2  dy2 

of 
EA?) =—EA'), 

c 

'a i a 3 i 3^ 
+ 

v dx e(r)  dx 

(2.27) 

(2.28) 

The eigenmodes of Eq. (2.27) and Eq. (2.28) are Ez (r)  and //, (r) , which are 

independent of the z coordinate, polarized in the z direction, and propagate in the x-y 

plane. The solutions of Eq. (2.27) are called TM modes (transverse magnetic), where the 

electric field of the photonic crystal eigenmodes are of the form E(r) = zEz (r), and the 

associated magnetic field is found using Eq. (2.7), given by H 

The solutions of Eq. (2.28) are called TE modes (transverse electric), where the magnetic 

field of the photonic crystal eigenmodes are of the form H (r) = z//, (r), and the 

associated electric field is found using Eq. (2.8), given by E(r) = xEx (r)  + y^(r).  The 

eigenmodes of Eq. (2.27) and Eq. (2.28) are 

Ek,( r )  = z £k,( r )  = ™i» i ( r )e"" .  (2 .29)  

lUrM/UrMUry1", (2.30) 

where Ekn (r)  and Hkn (r) ,  called the scalar Bloch modes for the TM and TE case 

respectively, are labeled by their Bloch wave vector k in the first Brillouin zone and their 

frequency band index n. They are called the scalar Bloch modes because the fields are 
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only polarized the z direction. This allows the rigorous reduction of the vector 

eigenvalue problem to a scalar eigenvalue problem, significantly reducing the complexity 

of analytical and numerical models. 

The Poynting vectors for the TE and TM cases are found by substituting the Bloch modes 

Eq. (2.29) or Eq. (2.30), and their associated magnetic or electric field into Eq. (2.19): 

SL*(r): 
2d)£0£(r) 

k|v.« (r)f (r)Vv,„ (r)) 

s™ (r)=^T kK(r)f"Im[(^(r)VWk''(r)) 

(2.31) 

(2.32) 

(see Appendix A, for a full derivation). The explicit form of the Poynting vector for the 

TE and TM cases allows us to examine the relationship between the Bloch wave vector k, 

and the direction of energy flow in greater detail than previously seen in Section 2.3.2. 

Equation (2.31) and Eq. (2.32) both have the same form, where the Poynting vector is a 

t  l 2  

sum of two parts. Focusing on the TE case, the first part is k  ̂ ( r )  , where the 

direction is determined by the Bloch wave vector k. The second part is 

-Im (v^(r)Vvta(r))], where the direction is determined by the gradient of the periodic 

part of the Bloch mode Vvkfi (r). Since the Bloch wave vector k and the periodic part of 

the Bloch mode are independent of the z axis, the direction of the Poynting vector will be 

limited to the x-y plane. Moreover, we can see that the direction of energy flow is clearly 

influenced by the Bloch wave vector k due to the first part of the sum, but it is only one 

of two factors, where the second depends on the spatial variation of the periodic part of 

the Bloch mode (r). Examples of the Poynting vector field of a Bloch mode can be 

seen in Chapter 5, where Poynting vortices are discussed. 
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The Fourier expansion of the Bloch mode for the TE and TM cases may be simplified to 

a sum of plane waves polarized in the z direction, as 

Ek.( r )  = f e""2X(G )e '°*.  <2.33)  
G 

H,„(r) = ze'k';>X(G)e'0\ (2.34) 
G 

due to the scalar form of the eigenmodes Eq. (2.29) and Eq. (2.30). 

2.4.2 Two-dimensional photonic crystal eigenmodes in the vanishing dielectric 
contrast limit 

In the vanishing dielectric contrast, the Fourier expansion of the Bloch modes is limited 

to its first order terms, and we can obtain an analytical form for the Bloch mode. We 

express the vanishing dielectric contrast eigenmode with a set of degenerate basis 

functions. The photonic band structure is found by folding the dispersion curves of the 

basis functions into the first Brillouin zone. A two-dimensional photonic crystal is 

typically composed of two materials with relative dielectric permittivities of and e2. 

If £, = e2, the solutions of the Maxwell operators Eq. (2.27) and Eq. (2.28) are plane 

waves given by 

E(r) = Eze'q ' rz, (2.35) 

H(r ) = Hze iq- rz. (2.36) 

The plane wave dispersion relationship is co{q) = v h |q|, where q is the wave vector, 

vph = cjyfe is the phase velocity and c is the speed of light. If the dielectric permittivity 

of one of the two materials is increased infmitesimally, so that e, ~ f2, the structure is 

then periodic, and the eigenmodes now have the form of a Bloch mode. The wave vector 

q can be mapped into the first Brillouin zone using Eq. (2.22) and the dispersion 
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relationship becomes ®(k) = vph |q| = vphy](k + G)-(k + G), where the frequency <y(k) is a 

function of the Bloch wave vector k (see Figure 22 and Figure 25 in chapter 5 for 

examples) ([5], pp. 5-11). Comparing the forms of the Bloch modes Eq. (2.33) and Eq. 

(2.34), to Eq. (2.35) and Eq. (2.36) requires (G) ~ (G) = 1 and 

Ekn (G') ~ IIkn (G') ~ 0 for G' ̂  G , where G is defined by q = k + G . By contrast, for 

higher bands and/or the edge of the zone, there may be multiple coefficients Ekn (G) and 

Hkn (G) that  give r ise  to  the same frequency 

for G^GVG'^ For the degenerate case, the Bloch mode approximates the sum of 

the appropriate plane waves as (see Appendix B) 

Em (r) - e"" (E„„ (G )e'G" (G>'°'' + E„ (G>'°'' + ...)z, <2.38) 

Hl,.(r)-e'k'(ffkj,(G)e"5'+//1.„(G')e«3'' + /fl,j,(G*)e'G"'+...)z. (2.39) 

In Chapter 5, the two-dimensional photonic crystal eigenmodes in the vanishing 

dielectric contrast approximation will be used to analyze Poynting vortices. In Chapter 3, 

we will develop the method to determine the coefficients, Ek n (G) and Hk n (G), based 

on symmetry arguments, where they are known as symmetry adapted plane waves ([90] 

pp. 79-81). 

fl>(k) = vph |q| = vph^/(k + G)-(k + G) = vph7(k + G')-(k + G') 

(2.37) 
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2.5 Photonic crystals slabs 

2.5.1 Eigenmodes of photonic crystal slabs 

The photonic crystal slab is a dielectric structure that is periodic in the x-y plane, but 

confines the light in the z direction, such as the dielectric profile of Figure 4(b). The 

confinement of the light in the z direction is accomplished by guiding light in a 

dielectric which is on average of higher dielectric permittivity (refractive index) than the 

surround medium (index guiding) and of a thickness d on the order of A, the relevant 

wavelength of light. In an infinite dielectric slab, this would be called index guiding by 

total internal reflection. The eigenmodes of the photonic crystal slab are the solutions of 

the vector wave equations Eq. (2.11) and Eq. (2.12), which are difficult to determine 

directly, requiring time-consuming full vector numerical techniques (see Chapter 4). 

Alternate approximation techniques have been developed, such as the effective index 

method [34], and the expansion of the eigenmodes as a sum of dielectric slab eigenmodes 

([5], p. 180). The effective index method approximates the photonic band structure of a 

photonic crystal slab by solving the two-dimensional photonic crystal eigenvalue 

problem, where the dielectric permittivity (index) of the background medium is replaced 

by an effective dielectric permittivity of the guided modes of the unperturbed dielectric 

slab. The effective index method is discussed in Section 4.4.2 under numerical methods. 

To address the index guiding, the expansion of the eigenmodes as a sum of dielectric slab 

modes replaces the Fourier plane wave expansion when the eigenmodes are determined 

approximately in the vanishing dielectric contrast limit. In the following sections, we 

develop the analytical forms of the photonic crystal slab eigenmodes in the vanishing 

dielectric contrast approximation in three stages: first, we examine the eigenmodes of a 

dielectric slab, which are the basis modes of the expansion (Section 2.5.2); second, we 

establish the photonic band structure, where we identify the region in reciprocal space 

that has tractable photonic crystal slab Bloch modes (below the single mode cutoff 

frequency of the dielectric slab and outside of the light cone), and we resolve the 

degenerate basis modes (Section 2.5.3); third, 
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(a) 

r 

(b) 

y 

I 
d 

Figure 4. (a) Dielectric slab, finite thickness d in the z direction and infinite in the x-y plane; (b) 
photonic crystal slab, finite thickness d = a/2 in the z direction, infinite in the x-y plane, air hole radius of 

r = 0.25a, background dielectric permittivity of £x =11.56 (GaAs). 
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we determine the exact form of the symmetry adapted basis modes (i.e. derive the 

coefficients of the expansion) based on the symmetry of the photonic crystal Bloch mode 

(Section 3.4.4). 

2.5.2 Eigenmodes of dielectric slabs 

The propagating modes of a dielectric slab are in the form of a traveling wave in the x-y 

plane. They are confined within the dielectric slab by index guiding (total internal 

reflection) according to the degree of index contrast between the slab and the 

surroundings. The dielectric slab has a finite thickness of d in the z direction and is 

infinite in the x and y directions (see Figure 4(a)). The relative dielectric permittivity of 

slab structure is eb, which is presumed greater than the dielectric permittivity of the 

surrounding medium (assumed air, e0 = 1). Since the dielectric structure is infinite in the 

x-y plane, Maxwell's equation may be separated into two eigenmode equations, a TE case 

and a TM, as 

( 32 Of 

e { r )  dz2 

/ 

I 3 f 1 ^ 
dz 

V 
[ e { r  ) d z j  £(r)J HAz)=~^HAz)> 

(2.40) 

(2.41) 

where we assume that the eigenmodes propagate in the x direction (i.e., k = x k x )  ([97], 

p. 15). The x-y plane is located at the mid-plane inside the dielectric slab, and thus the 

dielectric structure has mirror symmetry, oz, about this plane. The mirror symmetry 

allows the classification of the modes (TE or TM) as even or odd. The core concepts are 

explored through the even TE modes, but the extension to the other case is 

straightforward. The even TE electric field eigenmode inside the dielectric slab, 

—dj 2 <z< d/2, is given by 
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E,= 

f f\ \ 

V ° y  

expjz (kxx - (*#)}cos (kzz), (2.42) 

where c2 f £ ( r ) (£ z
2  +^) = Q)2, and outside of the dielectric slab, |z| > d/2, is given by 

E2  = 

r 0 ^ 

"2 J 

v 0 y 

exp(ikxx- Kz-iax), (2.43) 

where at2 = c2 [k] - k1 ) ([5], p. 176). The related magnetic field can be obtained using 

Maxwell's equations: inside the dielectric slab, -dj 2 <z<df 2, 

H, "1 y 

lO)JU0 

kzsm(k2z) 

0 

ikxcos(kzz)J 

exp\i(kxx-cot)}. (2.44) 

and outside of the dielectric slab, Izl > d/2 

exp {ikxx-Kz-i(ot). (2-45) 

V ' - x /  

The x-y plane dependence of the electric field is in the form of a traveling wave, moving 

parallel to its wave vector k = \kx. In general, the wave vector k of the eigenmodes of a 

dielectric slab may appear any direction in the x-y plane k — xkx +yky ; this is due to the 

infinite translation symmetry in this plane. The state of polarization E = yE]y is 

perpendicular to wave vector k = xkx, parallel to the y axis. The wave vector k = \kx 
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and the state of polarization E = yE ly  are orthogonal, k • E = 0. This orthogonality 

relationship satisfies the constitutive relationship V-D(r,/) = 0, where in general 

k • E = 0 for any wave vector k = xkx + yk . The z dependence of the electric field is a 

cosine function within the dielectric slab, -d/2 < z < d/2, and outside the slab, |z| > d/2, 

the electric field is evanescent. The electric field is therefore confined to the slab region. 

The magnetic field given by Eqs. (2.44) and (2.45) has a very similar spatial dependence 

in the x-y plane to the electric field, but the z dependence is different depending on the 

state of polarization. In general, the electric field of the TE mode has its polarization 

restricted to the x-y plane (i.e., Ej = xEx (r) + yEy (r)). In contrast, the magnetic field as 

given by Eqs. (2.44) and (2.45) may be polarized in any direction. Similarly for the TM 

modes, the polarization of the magnetic field will be restricted to the x-y plane and the 

electric field may be polarized in any direction. 

The dispersion relationship of a dielectric slab can be found numerically using a root-

finding technique ([97] pp. 19-22) (see Figure 5). As an example, we examine a dielectric 

slab with a core dielectric permittivity of eb =8.18 surrounded by air £2 = 1 (in the 

following section we will see that ^ =8.18 is the average dielectric permittivity of an 

example photonic crystal slab structure). Figure 5 displays the first two TE dielectric 

slab eigenmodes (red lines), the first two TM dielectric slab eigenmodes (blue lines), and 

the light cone (green area with the edge given by the blue dashed line). The surface of 

the light cone is defined by the dispersion relationship for the bulk medium £2 = 1 

surrounding the dielectric slab co- \k\c/y[e ,̂ where c is the speed of light. Each of the 

bands in the dispersion relationship is labeled by its mirror symmetry as either even 

oz = 1 or odd <rz = -1. One of the main characteristics of dielectric slab eigenmodes is 

that only the first two modes (TE oz = 1 and TM <7z = -1) have dispersion relationships 

that start at [o)d/7rc) - 0. 
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Figure 5. Uniform dielectric slab with core, £ = 8.18, surrounded by air, £ — 1, dispersion 
relationship: TE modes (red lines) and TM modes (blue lines); dielectric slab light cone (blue dashed line 
and green area); TE and TM single mode cutoff frequency (horizontal black dashed line); and mode 

symmetry about the center of the slab indicated as <7Z = 1 or <7Z = — 1. The axes are in normalized 

frequency Ojdj7CC and normalized wave vector kdj71, where d is the thickness of the slab. When 

a = dj2, the K point of the photonic band structure appears at kdj 71 = 2/3 (vertical black dashed line). 
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All of the other dielectric slab modes have cutoff frequencies larger than [cod/nc) - 0; 

in this case, the single mode cutoff for both the TE and TM modes is (a>d/7rc)cf = 0.373 . 

2.5.3 Photonic crystal slab eigenmodes in the vanishing dielectric contrast limit 

The photonic crystal slab eigenmodes have the form of a Bloch mode in the x-y plane 

(due to the periodicity in the x-y plane), and are index-guided in the z direction. A 

photonic crystal slab has the same spatial dimensions as a similar dielectric slab: finite 

thickness d in the z direction, and mirror symmetry about the x-y plane; additionally, it 

is also periodic in the x-y plane. In Figure 4(b), we see an example of a photonic crystal 

slab that has a hexagonal lattice of periodic air holes, e2 = 1, in a dielectric slab with 

relative dielectric permittivity £t. For illustration, we take the radius of the air holes as 

r = 0.25 a, and the slab thickness as d - 0.5 a. The relative dielectric permittivity of the 

dielectric slab is set to e] -11.56 (GaAs), and the surround medium is air e2 = 1, which 

is an example of air-bridge type photonic crystal slab. In the same manner as the two-

dimensional photonic crystals, photonic crystal slab eigenmodes are parameterized by the 

Bloch wave vector k and (frequency) band index n. 

In the previous section, we described the eigenmodes of a uniform dielectric slab, where 

the dielectric permittivity of the slab £b was greater than the surrounding medium^ = 1. 

If the dielectric slab is perturbed by the inclusion of holes that have a dielectric 

permittivity £per that is infmitesimally smaller than £b, the structure is now periodic; 

this is the vanishing dielectric contrast limit approximation for a photonic crystal slab. 

In the vanishing dielectric contrast limit, the photonic crystal slab Bloch modes can be 

expanded as a linear combination of a few terms, similar to the case of the two-

dimensional photonic crystal scalar Bloch modes. Now, the optimum set of basis modes 

is no longer a plane wave set, but the set of dielectric slab eigenmodes of the same 

dimensions as the photonic crystal slab ([5] pp.179-181). In general, TE and TM 

dielectric slab modes may mix to form the set of the basis modes, but they must have the 
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same mirror symmetry either even oz-1, or odd crz = -1; the reason being that the 

photonic crystal slab eigenmodes are also classified as even or odd, thus the basis modes 

must have the same symmetry (see Section 3.3.3 for a more in-depth discussion, where it 

is shown that the photonic crystal slab eigenmodes are the partner functions of the 

irreducible representations of the Clh group; and Section 3.4.4 regarding symmetry 

adapted basis modes). Below the single mode cutoff frequency of a dielectric slab, there 

are only two modes, the even TE mode and the odd TM mode (see Figure 5). In the 

vanishing dielectric contrast limit, any photonic crystal slab eigenmode, whose frequency 

lies below the single mode cutoff frequency of the dielectric slab, will be a linear 

combination of either even TE modes or odd TM modes, due to the symmetry restrictions 

on the basis set. To maintain the tractability of the analytical forms of the Bloch modes, 

we will focus on deriving eigenmodes with frequencies below the single mode cutoff 

frequency. This also allows a direct comparison between the results obtained using the 

vanishing dielectric contrast limit approximation and the photonic band structures 

determined using the effective index method, where only a single effective index can be 

chosen (see Section 4.4.2). 

In Appendix B, in the vanishing dielectric contrast limit, we show the dominant Fourier 

basis modes of the 2D photonic crystal eigenmodes are plane waves that have a 

frequency given by the average dielectric perimittivity of the photonic crystal. In the 

same manner, the dominant Fourier basis modes of the photonic crystal slab eigenmodes 

are the eigenmodes of a dielectric slab that has the average dielectric permittivity^ of 

the photonic crystal slab ([5], pp. 179-181). For the above-mentioned hexagonal 

photonic crystal slab, the average dielectric permittivity is eh =8.18 surrounded by air 

e2 = 1, where the slab has a thickness of d = 0.5a (a is the lattice constant). The 

dispersion relationship of the corresponding dielectric slab was examined in Section 2.5.2 

(see Figure 5). Similar to the purely two-dimensional photonic crystal, we can find the 

photonic band structure of the hexagonal photonic crystal slab in the vanishing dielectric 

contrast limit by folding the dispersion relationship of the dielectric slab into the first 
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Brillouin zone using Eq. (2.22) ([5], p. 179). For example, at the edge of the Brillouin 

zone, the K point, the Bloch wave vector is k = i4;r/(3a) (see Figure 6 for the first 

Brillouin zone of a hexagonal lattice); when d = 0.5a, the K point in normalized 

dielectric slab units is kd/n = 2/3 = kajln (see Figure 5). At kd/K — 2/3 = ka/271, the 

even or odd modes are mapped back into the first Brillouin zone using a reduced zone 

scheme ([96], pp. 159-161). The result is the photonic band structure of the even 

photonic crystal slab Bloch modes, which appear below the single mode cutoff frequency 

(see Figure 7). Note that bands 2 and 3, labeled A and B (labeling to be explained in 

Section 3.4.3), in the T —» K direction are degenerate in the vanishing dielectric contrast 

limit (outside of this approximation they are not degenerate due to symmetry, see Section 

3.4.3), thus superimposed. In Figure 7, the TE single mode cutoff frequency is labeled by 

a dashed line and the light cone is the green area. The surface of the light cone is 

defined by the dispersion relationship for the bulk medium e2 =1 surrounding the 

photonic crystal slab, 0) = |k| cj , where c is the speed of light, just as for the dielectric 

slab. The photonic crystal slab eigenmodes that are located inside of the light cone may 

couple energy to the medium outside of the slab. These Bloch quasi-modes only have 

finite lifetimes, but are very important for certain applications, such as guided resonance 

in photonic crystal slabs (see [35] for a more in-depth discussion of these Bloch quasi-

modes). Bloch modes that appear outside of the light cone are guided within the slab 

structure, which have infinite lifetimes. For this body of research, we focus on the guided 

modes outside of the light cone, although the finite lifetime Bloch modes are an 

important area for future applications of this research. Note that the photonic band gaps 

are infinitesimal in the vanishing dielectric contrast limit, because the band gap is related 

to the dielectric contrast - in this case almost zero ([5], pp. 5-7). With the photonic band 

structure established, we continue to derive the analytical forms of the photonic crystal 

slab eigenmodes in the vanishing dielectric contrast limit, where we focus on the even 

(<7Z = 1) Bloch mode. 
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Figure 6. Hexagonal slab photonic crystal first Brillouin zone (black), and irreducible Brillouin 
zone (grey triangle). 
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Itoff frequency 

Unit cell 

M 2 T T K 
Figure 7. Hexagonal slab photonic crystal, photonic band structure in the vanishing dielectric 
contrast limit, band 1, 2 and 3 (red line, where 2 and 3 are superimposed); dielectric slab light cone (blue 
dashed line and green area); and single mode cutoff frequency (black dashed line). The axes are in 

normalized frequency (Oa!271c and normalized wave vector kajlTl, where a = djl. Irreducible 

representation labels are for the electric field. 
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As previously mentioned, below the TE and TM single mode cutoff frequency, only the 

first even TE (crz = l) modes are the basis modes for the expansion of the even photonic 

crystal slab Bloch mode. As a result, the Fourier expansion of the even photonic crystal 

slab Bloch mode is reduced to a sum of degenerate even TE modes (Eq. (2.42)), which 

have wave vectors  k  + G' :  

( r )  = X A(G> , ( k + G ' ) r  cos(^z) ,  (2.46)  
G' 

where Ekn (r) represents the electric field within the photonic crystal slab 

-dl2<z<d/2, and A (G') are the vector Fourier coefficients of the expansion. Similar 

to the dielectric slab mode, kz is determined by c2/e[r)^ k2
z + (k + G')2 j = o)2, where 

now k x  = k + G'. The field outside of the photonic crystal slab is a summation of the 

same form as Eq. (2.46), but instead the evanescent electric field is the basis. 

To determine the number of degenerate basis modes in Eq. (2.46), one can examine the 

photonic band structure. In the photonic band structure, the dielectric slab modes are 

folded back into the first Brillouin zone, where the original wave vector is mapped to its 

equivalent Bloch wave vector k in the first Brillouin zone using k' = k + G, i.e., Eq. 

(2.22), (see Section 2.3.2 for more detail on equivalent Bloch wave vectors k). When 

there are multiple dielectric slab modes with equivalent Bloch wave vectors k (due to Eq. 

(2.22)) and the same frequency (O, these modes form the degenerate basis set of Eq. 

(2.46). At a general point in reciprocal space (k,(o), in the first band, the photonic band 

structure is nondegenerate, which means there is only a single basis mode and Eq. (2.46) 

reduces to 

( r )  = A(G)e / ( k + G ) r  c o s { k z z ) . (2.47) 
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To determine A (G), we can apply the constitutive relation V • D (r, t) — 0 to the electric 

field within the photonic crystal slab, Eq. (2.47): 

V'£ 0
f  ( r )Ekn ( r )  = V-f 0^( r )  A (G )^  ' ( k + G ) r  cos(& zz)  =  0.  (2.48)  

In the vanishing dielectric contrast limit £ (r)  —> £merage, as a result, e (r)  may be treated 

as a constant. Furthermore, the electric TE modes are polarized only in the x-y plane (see 

Section 2.5.2), and k + G is restricted also to the x-y plane. Then we obtain the simple 

relationship 

A(G)-(k + G) = 0.  (2.49)  

This relationship is applicable to every basis mode of Eq. (2.46). 

Equation (2.47) is consistent with the vanishing dielectric contrast limit because the 

dielectric contrast is only infinitesimal, whereby the photonic crystal slab Bloch mode 

must reduce to a simple dielectric slab mode for the general case. This result is also 

consistent with effective medium theories, where at long wavelengths, A, as compared to 

the lattice constant, a, the background medium can be approximated by an average 

effective index, in this case a uniform dielectric slab (see Section 4.4.2). 

For higher bands and/or the edge of the zone, there may be multiple dielectric slab modes 

that are degenerate when mapped back into the first Brillouin zone. As an example, we 

chose the K point, at the edge of the Brillouin zone, where (<2Aaf/2;ra) = 0.299 (see Figure 

7). At the K point, bands 1, 2 and 3 are degenerate, whereby the three bands correspond 

to the three Bloch mode wave vectors, 

k = x4;r//(3a), 
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k' = k - |x 2 n I  a - y  2 kj  (•V3a j j = -x2;r/(3a) + y 2 kj  , (2.50) 

k" = k - |x 2 7t/ a + y 2 7tj [\f3a^j = -x2^/(3a) - y 2nJ (fi>a j, 

which are equivalent wave vectors according to Eq. (2.22). This point in reciprocal space 

is well below the TE single mode cut-off frequency (o)a/2Ka) = 0.373, and outside of 

the light cone; therefore the Bloch modes are in the form of Eq. (2.46). Substituting the 

three equivalent wave vectors Eq. (2.50) into Eq. (2.46), and using Eq. (2.49) to 

determine the direction of polarization for each basis mode, we obtain 

E k , „ ( r )  =  c o s ( ^ z )  

/n\  

v°y 

A( k-0)e i W 3 a+ 

0 v y 

A |k -  ̂x 2K/a - y 27rj^\/3a j jj e 

+ 

'VP 

-1 

o v y 

A |k - |x 2K/a + y  ̂ K^ \f3a j j j e 

(2.51) 

Equation (2.51) is the analytical form of the photonic crystal slab modes, in the vanishing 

dielectric contrast limit, for the first three Bloch modes at the K point in reciprocal space. 

The determination of the scalar coefficients ^4(k-G) will be explained in Section 3.4. 
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CHAPTER 3 - APPLICATION OF GROUP THEORY TO PHOTONIC 

CRYSTAL EIGENMODES 

3.1 Introduction 

In the previous chapter, we established the photonic crystal eigenvalue problem for the 

two-dimensional photonic crystal and the photonic crystal slab. In each case, we touched 

upon the form of the Bloch modes and used the vanishing dielectric contrast 

approximation to determine the photonic band structures. We were able to generally 

describe the photonic crystal eigenvalue problem by treatments based on the dominant 

symmetries of the photonic crystal, such as the application of Bloch's theorem due to 

periodic symmetry, and the separation of the fields into TE and TM cases due to mirror 

symmetry. A typical photonic crystal has other symmetries associated with the dielectric 

structure and its associated eigenmodes, which we have touched upon in developing Eq. 

(2.51). Therefore it is beneficial to seek further reductions based rigorously on symmetry 

before attempting to solve the photonic crystal eigenvalue problem. Throughout this 

study of optical singularities in photonic crystals, the resources of group theory will assist 

us in taking full advantage of the system symmetries. In this chapter, we establish the 

formal language of group theory applied to photonic crystals. The application to optical 

singularities is left to subsequent chapters. 

Historically, group theory has been used to study the global optical response of photonic 

crystals, using analytical methods. This approach has clarified the sources of new and 

perplexing phenomena undiscovered during numerical and experimental studies. For 

example, it has been shown that certain photonic crystal eigenmodes cannot be excited by 

external plane waves due to a symmetry mismatch [91]-[92], and symmetry insights have 

led to the discovery of Brewster bands [98]-[99], Group theory also has been used to 

determine additional selection rules for nonlinear photonic crystal optical processes ([5] 
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pp. 100-123), and to explain the absence of diffraction loss within a photonic crystal ([5] 

pp. 183-186). For approximate methods, group theory provides the method to choose first 

order functions of the correct symmetry ([5], pp. 5-11), ([5], pp. 50-54), ([5], pp. 179-

181), and ([90] pp. 79-81). 

This body of work focuses on the sub-wavelength properties of the electromagnetic field, 

which to this point have not received any formal treatment in the field of photonic 

crystals. Therefore, it is necessary to make explicit group theoretic methods that have 

only received special treatments, and to apply new local symmetry methods to the study 

of photonic crystals (where the group theory methods used are common to quantum 

mechanical problems [113]-[l 17]); these new applications of group theory form the 

second goal of this thesis. For each type of optical singularity, the group theoretic 

properties were investigated by examining Bloch modes analytically derived in the 

vanishing dielectric contrast limit. The vanishing dielectric contrast Bloch modes are 

explicitly derived using symmetry adapted basis functions, based on irreducible 

representation projection operator techniques. This work is inspired by preivous 

contributions: ([5], pp. 5-11), ([5], pp. 50-54), and ([5], pp. 179-181), in which a 

simplified group theorectic method is outlined to assign irreducible representations to 

photonic band structures; ([90] pp. 79-81), where Bloch modes are treated as symmetry-

related polarized plane waves, although no explicit derivation is given; [115] and [116], 

in which rigorous group theoretic methods are applied to quantum mechanical systems. 

Additionally, the concept of site (local) symmetry has been applied to the transformation 

properties of the optical modes. In this case, the determination of the irreducible 

representations of the transformation operations has been generalized to any symmetry 

axis of the dielectric structure - not just the principal axis. To my knowledge, this is the 

first application of site symmetry to the optical response of photonic crystals. 

Initially, we review abstract group theory, whereby we establish the characteristics of a 

group and group representation. In this context, reducible and irreducible representations 

of a group will be discussed. Next, we move to the application of abstract group theory 
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to photonic crystals. The primary symmetry of which we will take advantage of is the 

transformation properties of the photonic crystal eigenvalue problem given by Eq. (2.11) 

and Eq. (2.12). We show how to extract the modal characteristics encoded by the system 

symmetries given by the transformation properties of the dielectric profile, £ (r), and the 

Bloch wave vector k. Transformation operators cause a coordinate transformation in any 

mathematical entity that follows them. In this case, the mathematical entities will be 

points in Cartesian space, other operators, or functions. More specifically, we examine 

the group of transformation operators that leave the photonic crystal eigenvalue problem 

invariant; this is known as the photonic crystal space group, G. The exploration of the 

photonic crystal space group, G, is divided into two parts, part one global properties and 

part two local properties. 

In part one, Section 3.3, we examine the symmetry properties related to the periodic 

translational symmetry operators and the photonic crystal point group. The photonic 

crystal point group is composed of all the transformation operators that leave the 

principal axis invariant, where the principal axis is the axis of highest symmetry in the 

photonic crystal ([113], p. 39). These transformation operators include rotations, mirror 

reflections, and inversions. The photonic crystal eigenmodes are classified by association 

with the irreducible representations of the above mentioned groups. The irreducible 

representations reveal the allowed symmetry transformation properties of their associated 

photonic crystal eigenmodes and identify frequency degeneracies in the photonic crystal 

eigenmodes. The irreducible representation associated with an eigenmode can be 

determined by examining the spatial transformations of the eigenmodes obtained by 

numerical simulation. However, there is another more fundamental analytical method to 

identify the irreducible representation associated with a photonic crystal eigenmode that 

we review in Section 3.4.3 ([5] pp. 52-54). Finally in Section 3.4.4, we describe fully the 

derivation of the photonic crystal eigenmodes in the vanishing dielectric contrast limit 

introduced in Chapter 2. Here the projection operators of the irreducible representations 

reveal symmetry adapted basis functions, which are the photonic crystal eigenmodes 
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(extending the work of ([5], pp. 5-11), ([5], pp. 50-54), ([5], pp. 179-181), and ([90] pp. 

79-81)). 

In part 2, Section 3.5, we develop the symmetry constraints on the local optical response 

of the photonic crystal via an analysis of its site (local) symmetry, crystallographic orbits 

and fundamental domain. This permits us to characterize the nature of the singularities 

that must arise as a consequence of system symmetries. To our knowledge, this is the 

first application of these concepts to photonic crystals, in which it was motivated by the 

local nature of optical singularities. The site symmetry group is the set of transformation 

operators that leave the photonic crystal eigenvalue problem invariant, where the 

transformation operators may be applied with respect to any point within the photonic 

crystal, not just the principal axis. These transformation operators include not only 

rotations, mirror reflections and inversions, but also translations that are fractions of a 

lattice vector. We show that the classification of the photonic crystal eigenmodes, 

according to their irreducible representations, changes when a non-principal axis is 

considered. 

3.2 Abstract group theory fundamentals 

3.2.1 Elements of a group 

A group is an abstract mathematical entity consisting of a set G  of elements g  ( g e  G )  

that may be of finite order (order is the number of elements g in the set G), or may be of 

infinite order. The group G must have a defined binary algebraic operation that 

associates any two elements with a third element (i.e., group multiplication). In addition, 

the group's binary algebraic operation must have the following four characteristics: 

1. The product of any two elements of the set must be equal to another element in 

the same set: 
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SiSj Sk' <?/'<?/' Sk ^ G ' (3.1) 

that is, the group is closed under group multiplication. 

2. The product of three or more elements is associative: 

( S i S j ) S k  =  g t  ( g j g k ) ,  g i , g j , g k  
e  G .  (3.2) 

3. The group contains an identity element E, such that 

Egi = gtE = g, ,  g,  e  G. (3.3) 

4. Every element g of the set G has an inverse (reciprocal) element g 1, such that 

By establishing the defining characteristics of a group, we can also define subgroups, 

conjugate elements, and conjugacy classes. The set B of elements b are considered a 

subgroup of G, if B is a subset of the elements in G (be B cG), and B also forms a 

group according to the four characteristic given above. Two elements, gt and 

g , (g, ,  g/ e  G), are considered conjugate to one another if  there exists an operator q 

(qe G), such that gi =qgjq1. In addition, if gj and glc are conjugate to gl, then they 

are also conjugate to each other ([115], p. 12). All of the elements that are mutually 

conjugated form what is called a conjugacy class. 

Finally, we note the relationships between groups, defined as group homomorphism and 

group isomorphism. If there are two groups G and G' that have a many-to-one 

correspondence between the group elements, then the two groups are considered 

gg~* =g~ ig = & > g^G. (3.4) 
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homomorphic. The most trivial example is the identity group (order equal to one, the set 

containing only the identity operator E), which is homomorphic to any other group 

because the group multiplication reduces to EE = E. If  there are two groups G and G' 

with the same order that have a one-to-one correspondence between the elements, then 

the two groups are considered isomorphic.  (g t  —> g '  and g ig ]  -  g k  —> g 'g '  = g' k)  

3.2.2 Group representations 

Any group GD  of concrete mathematical entities that is homomorphic to the original 

group G is a representation of the abstract group G. GD is typically a set of linear 

operators D(g) = g in a vector space Lm. The group multiplication of the set GD is 

given by 

£(g,)£(s,) = £(&£,.), (3.5) 

which satisfies the four requirements in Section 3.2.1. The representation G0  has the 

same dimension m and the same basis ei (i = 1,2,... m) as the vector space Lm . The basis 

e (i = 1,2,... m) of the space Lm may be a set of functions, denoted the partner functions 

of the representation. In the vector space Lm , the matrix D{v) (g) (v is a representation 

label) defines the operator Z)(g) given by 

Hs)ei = ^4Df{g)eJ, (3.6) 
j 

where D'p (g) are the matrix elements of D(v) (g). The set of matrices (where r(l,) 

is the set of DIV> (g"), Gg GD) is the matrix representation, v, of the group GD, in the 

basis et (i = \,2,...m). The binary algebraic operations of the set r("' are matrix 

multiplications, where the elements, D(v' (g) (geGD), satisfy the requirements of 
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Section 3.2.1. For this body of research, all the matrices defined by Eq. (3.6) will be 

unitary matrices, where the defining feature of a unitary matrix is =(Z)(g)) 

(i.e. the inverse element g_1 is represented by the transpose of the matrix D ( g ) ) .  An 

equivalent representation of the group G can be created by introducing a nonsingular 

unitary operator A and defining the elements of the equivalent set as 

D ' ( g )  =  A D { g ) A ~ l ,  g e  G d .  (3.7) 

The matrix representation of D'(g) is the set of matrices AD ( v >(g)A ', which is the 

equivalent matrix representation, in the new basis Aet = ^ A-ej in the space Lm  . Since 
j 

there are an infinite number of choices of the operator A and similarly for A , there is an 

infinite number of equivalent representations of the group GD .  

A representation can be considered an irreducible representation or a reducible 

representation. An irreducible representation is defined as a representation which cannot 

be expressed in a representation of lower dimensionality m. All other representations are 

considered reducible representations. In other words, for a representation, if there is a 

subspace Lp (L a Lm, p<m) that is also invariant when acted upon by the operators of 

the group D ( g ) , g e  G D  (given by Eq. (3.6)) then the representation is reducible. The 

irreducible representations are very important because they are considered the 

fundamental representations of the group. The number of irreducible representations of a 

group is equal to the number of conjugacy classes of the group. For a given group G, the 

sum of the dimensions ml of the irreducible representations must be equal to the number 

of elements in the group h (i.e., h = ̂ m~); thus for a finite group, there will be a finite 
v 

number of irreducible representations, each with a definite dimension. In the following 
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sections, we will show that each photonic crystal eigenmode is a partner function for a 

particular irrcduciblc representation of a group of transformation operators. The 

irreducible representation provides the ideal symmetry label for the photonic crystal 

eigenmodes (in quantum mechanics, this is known as "a good quantum number" ([115], 

p. 36)). Furthermore, the dimension mv of the irreducible representation associated with 

a photonic crystal eigenmode reveals the frequency degeneracy required by fundamental 

symmetry arguments. 

The space Lm  of a reducible representation can be decomposed into a direct sum of 

invariant sub spaces 1^ of the irreducible representations: 

where v identifies the irreducible representation, and m = ^mv. Due to Eq. (3.8), the 

L =YL { v )  (3.8) 

matrix representation of the reducible representation Y{RED '> can also be decomposed into 

the direct sum of irreducible matrix representations: 

r(rea,) = J>vr(v), (3.9) 

where al is the number of times T-'J appears in the direct sum. Note the direct sum of 

matrices is not simple matrix addition. For example, the set y{rcd) = p(v) + pM has 

matrix elements in the following form 

(3.10) 

47 

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission. 



where 0 represents a block of zeros. Many times, the reducible matrix representation 

D{rL"'] (g) will not appear in diagonal form such as Eq. (3.10). The rows and columns of 

(g) must be unscrambled using a similarity transformation A, the matrix 

representation of the nonsingular unitary operator A. Since the matrix representation 

D^ (g) is defined by Eq. (3.6) in terms of the basis e; (i = 1,2,... m ), we can conclude 

that the choice of basis determines the irreducibility or reducibility of a representation. In 

Section 3.4, we illustrate decomposition a reducible representation into its irreducible 

representations (Eq. (3.9)). This decomposition process will be used to determine the 

possible irreducible representations associated with each photonic crystal Bloch mode in 

a photonic band structure. 

All equivalent matrix representations related by unitary transformations (Eq. (3.7)) have 

the same character, %(g), where the character, %(g), is defined as the trace of the 

matrix: 

X { g )  =  T r { D { g ) }  =  Y , D i i ( g ) .  (3.11) 
i 

Therefore, the set of characters (the set of z { g ) >  where g e G D  )  provides a way of 

identifying all the equivalent representations and characterizing the group independent of 

the basis. Furthermore, all the elements that belong to a particular conjugacy class will 

also have the same character, since these elements are related by unitary transformations 

(i.e., all the transformation operators of the symmetry groups are unitary 

transformations). 
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3.3 Periodic symmetry and the photonic crystal point group 

3.3.1 Transformation operators 

We here explore the symmetry properties of the photonic crystal eigenvalue problem with 

regards to the periodic translation symmetry group and the photonic crystal point group. 

These groups are both subgroups of the photonic crystal space group G. The 

transformation operators R will be the main tool to establish the symmetry transformation 

properties. Each operator R can be specified by a real orthogonal transformation of the 

coordinates; we first define the application of the operators to points in space and then to 

functions. 

The photonic crystal point group transformation operators are: the rotational symmetry 

operator Cn, where n specifies the 2kjn rotation angle about the principal axis of 

symmetry; the mirror reflection operator av, where v identifies the mirror plane through 

the principal axis; and the identity operator E, which leaves the system the same. 

Similarly, the transformation operators of the periodic symmetry subgroup are all the 

translations by lattice vectors R as defined by Eq. (2.1) , where the operator is T(R). In 

the next section, we will examine some of the typical point groups of two-dimensional 

photonic crystals and photonic crystal slabs and see how they can change depending on 

the choice of the Bloch wave vector k. 

In the Cartesian coordinate system, a point is described by a position vector r = (x,y,z). 

If the coordinate system is rotated about the principal axis (located at (0,0,0) and 

parallel to the z axis) by an angle (p, the position vector remains unchanged, but it has a 

different set of vector components r = (x',j/,z') in the new rotated coordinate system 

(see Figure 8(a)). The old vector components are mapped to the new vector components 

by 
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(a) 
7 

(b) y 

Figure 8. Rotation applied to a position vector r from the two points of view: (a) the vector r 
remains fixed and the coordinate system is rotated; (b) coordinate system remains fixed, and a new vector 
r' is created. 
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x = x cos <p + y sin <p, 

y' = -xsmq>+ycos<p, 

/ 
Z = Z . 

(3.12) 

(3.13) 

(3.14) 

If the position vector r = (x,y,z) is set as a column vector, then the relationships Eq. 

(3.12)-(3.14) can be written in matrix form as follows: 

' x'^ 
/ y -
/ 

vz  

cos cp sin (p 0^ 

-sin^J cos^> 0 

0 0 1 
7 

vzv 

(3.15) 

where the rotation is represented as a real orthogonal matrix R . In fact, any coordinate 

transformation can be placed in the matrix form 

r' = flr. (3.16) 

Since R is an orthogonal matrix, the inverse of this operation is R 1 = R^ , where R^ is 

the transpose of R , and RR [ = E, where E is the identity matrix. The transformation 

of a point by an orthogonal matrix is known as a similarity transformation. An alternate 

point of view has the vector r rotated by —q> to create a new vector r', when it is 

transformed by R , and the coordinate axis remains fixed (see Figure 8(b)). This second 

point of view reduces the confusion of multiple sets of coordinates, and emphasizes the 

effect R has on the object r. It is this second point of view that will be used throughout 

this study for the transformation of any object in space, including scalar functions and 

vector fields. These two points of view have a direct equivalence to quantum theory. 

The first point of view is analogous to the Heisenberg picture, where the basis transforms 

in time but the state vector remains fixed. The second point of view is analogous to the 
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Schrodinger picture, where the basis is fixed and the state vector transforms in time 

([114], pp.191-203). Wc can further develop this idea by writing Eq. (3.16) as the 

application of the rotation operator Cn to the point in space r: 

C„T = CBr = r'. (3.17) 

Comparing Eq. (3.17) to Eq. (3.6), we can see that Cn  is the matrix form of the operator 

Cn in the Cartesian coordinate system. 

Any scalar function / (r) may be transformed by an operator R, under fixed coordinate 

systems as 

R f ( R r )  =  f { r ) ,  (3.18) 

equivalently 

R f { r )  =  f ' { r )  =  f ( R ~ l r ) ,  (3.19) 

([5], p. 46). That is the application of the transformation operator, R, to the scalar 

function, / (r), produces a new scalar function /'(r). 

If this operator R transforms a vector field F(r), the scalar part is transformed as Eq. 

(3.19) while the vector portion transforms as Eq. (3.16), so that 

i?F(r) = OT(^1r), (3.20) 

([5], p. 62). Note that Eq. (3.20) can be written in Cartesian component form as 
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i?F(r) = JPx(^1r)(^x) + F>,(^1r)(^y) + Fz(^1r)(^z) (3.21) 

As an example, we rotate the vector field 

f°) 
E(r) = 0 e~ iky + 1 

A 

-ikx (3.22) 

by (p = 7r/l, where we have switched to column vector notation. The orthogonal matrix 

for a rotation by (p = njl is 

Q = 

0 - 1 0  

1 0 0 

0 0 1 

(3.23) 

/ 

and the inverse of the rotation is 

C"1 = 
4 

f 0 1 0^ 

- 1 0  0  

0 0 1 

(3.24) 

/ 

(For the second point of view, where the coordinates are fixed, the inverse of the matrix 

in Eq. (3.15) is used to derive Eq. (3.23) and Eq. (3.24)). When C4 is applied to a scalar 

function, we obtain 

C4f(x,y,z) = /(C4
_1 (x,j,z)) = f(y,-x,z). (3.25) 

To transform the vector field Eq. (3.22), we apply the results of Eq. (3.25) to the scalar 

components and multiply the vector part by the matrix Eq. (3.23): 
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C4E(r) = 

0 - 1 0  

1 0 0 

0 0 1 

0 

V 

'0^ 

v°y 

e ikx + 

J 

0 

v O y  

v°y 

r0 -1 0N/nN 

e ikx + 1 0 0 

0 0 1 

0 

1 

v°v 

-iky 

(3.26) 

-iky 

3.3.2 Irreducible representations 

A photonic crystal's point group is the set of transformation operators R, with respect to 

the principal axis, that leave the dielectric profile e(r) invariant: 

Jte(r)  = e(r) .  (3.27) 

In a photonic crystal, there may be multiple axes of rotation and planes of mirror 

reflection symmetry that satisfy Eq. (3.27), but the principal axis will be the axis of 

highest rotational symmetry and it will be coincident with the largest number of mirror 

reflection planes ([113], p. 39). For two-dimensional photonic crystals, the dielectric 

structure is periodic in the x-y plane and infinite in the z direction. Thus we focus on 

transformation operators acting in the x-y plane (the principal axis will be parallel to the 

z axis). For a system that is periodic in two-dimensions, the only possible rotational 

symmetries in the x-y plane are Cn, n = 1,2,3,4,6. Due to this limitation on rotational 

symmetry, the two main lattice symmetries of interest are the hexagonal lattice and the 

square lattice. In the case of a hexagonal lattice, the set of symmetry operations R that 

leave the dielectric profile invariant are 

C6v={E,C6,C~\C3,Q\C2,ax,a'x,a:,ay,CT'y,CT;}, (3.28) 
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(see Figure 9(a)). To label the point groups of two-dimensional systems, we use the 

Schoenflies notation Cnv, where n indicates the rotation angle 2kjn of the largest 

rotation operator, and v (h) indicates the presence of mirror reflection operators parallel 

(perpendicular) to the rotation plane ([115], pp. 53-61). Thus the hexagonal lattice point 

group is called the C6v. For a square lattice, the set of symmetry operations R that leave 

the dielectric profile invariant are 

CAv={E,CA,C; l,C2,ax,(Ty,(3.29) 

(see Figure 9(b)). Both of these sets of symmetry operations, C6v and C4v, form 

mathematical groups because they satisfy the group requirements of section 3.2.1 when 

operating on the dielectric profile given by Eq. (3.16): first, any two subsequent 

symmetry operators are equivalent to a single operator within the same symmetry group, 

such as oy (r)j = C2e[r); second, any three symmetry operators are associative, i.e. 

E(C2<7y)e(r)  = (JE'C2)(7>,e(r);  third, the group contains the identity element E that 

leaves every element in the group unchanged when multiplied by it, 

E[C2£ (r)) = C2s (r); fourth, every element of the group R has an inverse R'1 that is also 

part of the group, such that R R =  R ~ [ R  -  E  .  In Figure 9, the principal axis is located at 

the center of a red column, for both the hexagonal lattice and the square lattice. Note that 

the location of the principal axis is unique only to within a reciprocal lattice vector R, 

because the center of each column is equivalent due to the periodic symmetry. The same 

groups of symmetry operators that leave the dielectric profile invariant also leave the 

Maxwell operators invariant. The application of a symmetry operator to the Maxwell 

operator takes the following form: 

RL^R-1 =L{™], (3.30) 

RllTH
E)R- ]  =L(f), (3.31) 
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(a) 

<7 
•—• 

Re( r)  =  e (r )  

•~r 
cr 

Figure 9. Two-dimensional photonic crystal lattices, top down view of the dielectric profile and the 
set of symmetry operators that leave the dielectric profile invariant: (a) hexagonal lattice, and (b) square 
lattice. 
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where we focus on the two-dimensional forms for the Maxwell operators given by Eq. 

(2.27) and Eq. (2.28). Equations (3.30) and Eq. (3.31) imply that the symmetry operator 

R commutes with the Maxwell operators, hence the operators have simultaneous 

eigenmodes (see [5] pp.46-47 for a full proof). 

Substituting the scalar form of the TM Bloch mode Eq. (2.29) into Eq. (2.27), and 

applying the symmetry operator R to both sides (using RR'1 = R~lR = E and Eq. (3.30)), 

we obtain: 

(r)  = L%M)RU]m (r)e i k r  =^Rukn ( r)e ikr. (3.32) 
c 

We have suppressed the z polarization because it is invariant under transformation 

operators R, and we focus on the TM case; these results are equally applicable to the TE 

case.  From Eq.  (3 .32)  i t  i s  c lear  that  s ince u k n (  r )e ! k r  is  an eigenmode,  Ru k n  (r)e'k r  

must also be an eigenmode and has the same eigenvalue of/c2 (i.e., they are 

degenerate). In particular, the application of R to the eigenmode is 

RMr)e«* =Uk,(^V)e«' =u^(r)eA '  ,  (3.33) 

where the invariance of the dot product (scalar quantity) to symmetry transformations is 

used (i.e., k •« r = Rk • RR 'r = i?k • r). In general, the rotated degenerate eigenmode is 

a new mode, having the same band index n, but different wave vector Rk (also within 

the first Brillouin zone). This symmetry relationship allows the reduction of the solution 

space to an irreducible Brillouin zone when solving for the photonic band structure ( a> 

versus k), since the Bloch wave vectors k and Rk are frequency (co) degenerate. In 

Figure 10(a), we see the Brillouin zone of a hexagonal lattice, its irreducible Brillouin 

zone is the grey triangle. This irreducible Brillouin zone will cover the first entire 

57 

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission. 



Brillouin zone when it is transformed by the symmetry operator of C6v and the 

eigenmodes will change from ukn (r)e'krto u'Rkn (r)e'ftk r with each transformation. 

Similarly in Figure 10(b), we see the Brillouin zone of a square lattice; its irreducible 

Brillouin zone is grey equilateral triangle. 

The action of the periodic symmetry operator T (R) upon a function /(r) is 

r(R)/(r) = /(r + R), where the operator T(R) is part of the periodic symmetry 

subgroup. If we apply T (R) to the eigenmode Eq. (2.29), we find 

r(R)E1,(r) = r(R)^(r)c"' l'> =e»"V (r)c«". (3.34) 

Equation (3.34) has the same form as Eq. (3.6), in which the irreducible matrix 

representation of T (R) is e!k R (matrix with dimension of one) and the one-dimensional 

basis is the function ukn (r)e'k r. Next if we apply the same periodic operator T(R) to 

the degenerate eigenmode with Bloch wave vector Rk (Eq. (3.33)) we obtain 

r(R)Wk„ = Ukn (ir'r + ir'R)e'^k'(r+R) = (tf-1r)e iSk'r. 

(3.35) 

In this case u^ (/T'r + i?_1R) = uM (^_1r) because /T'R is a lattice vector and Eq. (3.33) 

is also a Bloch mode, where (/T'r) is periodic in the unit cell ([115], p. 279). In the 

new basis u^^R'1 r^e'Rkr, the irreducible matrix representation of T(R) is e'Rk R . Any 

wave vector that satisfies 

i?k = k' = k + G (3.36) 
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Figure 10. Reciprocal space description of the two-dimensional photonic crystal lattices, with the 
irreducible Brillouin zone and points of high symmetry labeled for the (a) hexagonal lattice, and (b) the 
square lattice. 
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is an equivalent wave vector due to Eq. (2.22). When Eq. (3.36) is satisfied, then 

uk„ (r)e'k' ar|d ukn (^R 'rje,A'k r are associated with the same irreducible matrix 

representation of 7T(R), because e'"kR = e'(k lG)R 
= e'kR The irreducible matrix 

representation eik R and the frequency identify the eigenmode (i.e., k and n). When k 

and n are the same, then «kn(r)e,k'r and ukn (R lr^e'' ik ir must be either an equivalent 

eigenmode of the Maxwell operator, or a linear combination of the degenerate 

eigenmodes also associated with the same irreducible representation. The set of point 

symmetry operators R that satisfy Eq. (3.36) is called the k-group of the eigenmodes ([5] 

pp. 46-47). The k-group is a subgroup of the point group associated with the Maxwell 

operator of the system (i.e., I_™'), where the k-group determines the point group 

symmetry classification of the eigenmodes. It is the k-group that determines if the two 

eigenmodes are the same or degenerate due to symmetry. In Figure 10(a), several 

significant wave vectors and their equivalent points due to Eq. (3.36) are identified in the 

Brillouin zone of the hexagonal lattice. The point K, which has two other equivalent 

points, is associated with C3v = {E,C3,C~\<Ty,o'y,<r"}. The point M has only one other 

equivalent point and is associated with C2v ={E,C2,a",cr'j . Finally, Z has no other 

equivalent points and is associated with C lh = {E, a"). Therefore, it is clear that the 

dielectric profile defines the maximum possible symmetry of the photonic crystal system, 

but it is the symmetry of the particular wave vector k that determines the symmetry 

classification of the individual eigenmodes (k-group). 

So far, we have determined the irreducible matrix representations of the periodic 

symmetry group, but what about the irreducible matrix representations of the point group 

operators? When all the symmetry transformation operators of two subgroups commute 

with each other, then the operators of the two subgroups have simultaneous partner 

functions and their irreducible matrix representations can be considered independently. 
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To demonstrate that the periodic symmetry operators T(R) and the point group 

transformation operators R commute, we apply/? to both sides of Eq. (3.34): 

«r(RK (r)e""'1 = to* V (r)e** = (*"'')""" • (3-37) 

If i?k = k + G, then the righthand sides of Eq. (3.35) and Eq. (3.37) are the same. This 

means that we can apply the operators T(R) and R in any order (T(R)R or R T(R)) 

and obtain the same result, which is the definition of commuting operators. 

The irreducible matrix representations D ' v > ( R )  of the point group operators R  are defined 

by 

<3-38) 

where D l p  ( R )  is a matrix component of D ( v ) ( R ) , v is the irreducible representation 

label, i is the degeneracy index, / is the total number of degenerate partner functions 

(which is determined by the dimension of the basis) ([115], pp. 34-37). This v is not the 

same v as in Cnv, context will make the distinction clear. Equation (3.38) is also 

consistent with Eq. (3.6), the basis functions being the photonic crystal eigenmodes 

Eld; (r) given by Eq. (2.29). Since there are an infinite number of frequency bands, but 

only a finite number of irreducible representations, many of the photonic crystal 

eigenmodes will be associated with the same irreducible representation. In the same way, 

there are many different irreducible matrix representations, as defined by Eq. (3.38), 

which are equivalent representations, as described in section 3.2.2. These equivalent 

representations have the same set of characters, defined by Eq. (3.11). Thus, the set of 

characters collectively identify all equivalent irreducible representations, i.e., it is the set 

of characters that is the meaningful label, but v is used for conciseness, since v maps 

uniquely to the character set. For each symmetry group, a character table can be defined 
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Table 1. C3v character table 

Conjugacy classes 

e 2 C3 3^v 

a 1 1 1 

a2 1 1 -1 

e 2 -1 0 

Table 2. clh character table 

p Conjugacy classes 

e crz 

a 1 1 

b 1 -1 

that lists the characters for each irreducible representation. Table 1 is the character table 

of the c3v point group. Three irreducible representations are listed: at and a2 (which 

are nondegenerate); and e (which is a doubly degenerate). Note that e as employed here 

is not the identity operator, context makes the choice clear. The degeneracy of an 

irreducible representation is equal to the character, xV = /, of the identity operator, E, 

where e is always given in the first column of the character table. Note characters 

are always labeled as follows: the superscript identifies the representation label v 

and the subscript the transformation operator r. Furthermore, the columns of the 

character table are organized under the set of operators which are conjugate with each 

other, where the number preceding the operator denotes the number of elements in the 

conjugacy class. The character tables of all two-dimensional point groups are well 

known and used to determine properties of eigenmodes associated with particular 

irreducible representations. 
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This becomes particularly transparent when dealing with nondegenerate eigenmodes 

because x'r ' = ^>< > (R) (i-e., the matrix is one-by-one) and hence we have all the 

symmetry transformation properties of a nondegenerate eigenmode. For degenerate 

eigenmodes, it is usually required that the eigenmodes be determined first, then D(y) (R) 

be found using Eq. (3.38). 

For photonic crystal slabs, there is another symmetry subgroup, in addition to the two-

dimensional point group and the periodic symmetry subgroup (where the operators act 

with respect to the x-y plane). This is the group of symmetry transformations along the 

z axis that leave the dielectric profile invariant. In Chapter 2, we considered a photonic 

crystal slab that possessed mirror symmetry about the x-y plane; this is associated with 

the Cu point group. The C]h point group has two irreducible representations that 

classify the photonic crystal slab eigenmodes as A (even) or B (odd) (see Table 2). 

Once all the independent subgroups are examined, the irreducible labels from each are 

combined into an overall label for the photonic crystal eigenmode. The overall 

degeneracy of an irreducible representation is determined by 

hspace) periodic) ) poinlgmup) j * • • • (3.39) 

The irreducible representations of the periodic subgroup are l ( p e r i o d i c )  = 1, for all Bloch 

modes. Similarly, the irreducible representations associated with mirror symmetry about 

the x-y plane, Clh group, are also one dimensional. Therefore, the overall degeneracy of 

the purely two-dimensional photonic crystal eigenmodes and photonic crystal slab 

eigenmodes will be entirely determined by the dimension of the irreducible 

representations of its k-group. 
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3.3.3 Irreducible representations of the related electric or magnetic fields 

In the previous section we focused on the irreducible matrix representations, D ( v ) ( R ) ,  

where the eigenmodes of Eqs. (3.30) and (3.31) were the partner functions. We now 

explicitly consider the irreducible matrix representations of the related electric or 

magnetic fields of the eigenmodes. As stated in Section 2.4, the eigenmodes of Eq. 

(3.30) (TM case) are the electric field functions, Eq. (2.29). The related magnetic field is 

determined using Eqs. (2.7), (2.10) and assuming harmonic time dependence e~ im : 

H t a (r)  = ( -MVxEh (r) .  (3.40) 

Similarly, the eigenmodes of Eq. (3.31) (TE case) are the magnetic field functions, Eq. 

(2.30), where the related electric field is determined using Eqs. (2.8)-(2.9) and, again 

assuming harmonic time dependence e~ im : 

Efo,(r) = ('/^(r))VxHk„(r). (3.41) 

In both cases the related field is determined by taking the curl of the eigenmodes. If we 

now examine an arbitrary vector field F (r), we can consider the commutative properties 

of the curl operator, V x, and a k-group transformation operator, R .  This commuting 

relationship is given by 

i?(Vx)^F(r)  = (det^)VxF(r) ,  (3.42) 

where del R  - 1 for proper transformations such as rotations, C n , and deti? = -l for 

improper transformations such as mirror reflections, <rv, (see [5], pp. 62-65). To obtain 

the irreducible matrix representation of the related field, we apply a k-group 

transformation operator R to Eq. (3.40): 
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(r)  = (-i/fl t<o)R(\x)R''REk, (r) ,  (3.43) 

where we have used R  X R ~ E .  Next we substitute Eq. (3.38) into Eq. (3.43) and using 

the results of Eq. (3.42) we obtain 

«h£2 (r) = (det Vx^D" («)Eg. (r), 
' (3.44) 

= (deti)2:;z)«(*)H<->(r), 

where (v),(w) are irreducible representation labels and i, j are degeneracy labels. 

Therefore, from Eq. (3.44), the irreducible matrix representation of the electric field is 

connected to the irreducible matrix representation of the related magnetic by 

/)(h-w) =  ̂ etR)D(^v) (R). (3.45) 

In the same manner, we can determine that the irreducible matrix representations of the 

magnetic field and the related electric field. We apply a k-group transformation operator 

R to Eq. (3.41): 

RE(r)  = R(i/o)£0e{r))R~1R(Vx)R-1RHkn (r) . (3.46) 

Next we substitute Eq. (3.38) (for the magnetic field) into Eq. (3.46) and using the results 

of Eq. (3.42) we obtain 

(r) = (detR)(i/m,e(r)) Vx£'.&;> (R)H« (r), 

=(det^)x>;;'(^)ES(4 ' <3'47> 

Finally from Eq. (3.47), the irreducible matrix representation of the electric field is 

connected to the irreducible matrix representation of the related magnetic by 
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D(e_>w) (R) = (detr)d(h^v) (R). (3.48) 

Equations (3.45) and (3.48) confirm that the irreducible representation of the associated 

field may be obtain starting from the electric field or the magnetic field. As an example 

of the application of Eq. (3.45), we can assume the electric field photonic crystal 

eigenmode is the partner function of the nondegenerate A2 irreducible matrix 

representation associated with the C3v k-group. Since the representation is 

nondegenerate, (R) = , and the character table provides the irreducible 

matrix representations (see Table 1). The first two conjugacy classes of the C3v character 

table, E and C3, are proper transformations, hence det R = 1, and the irreducible 

representations remain the same, (det/?);j£^^ = (l)(l) = 1 = f°r the magnetic 

field representation Zc"~*W>. The last conjugacy class, <rv, is an improper transformation, 

h e n c e  d e t i ?  =  - l ,  a n d  t h e  r e p r e s e n t a t i o n  c h a n g e s  f r o m  X a ' ~ > A ^  = t o  

(detR^Xo ^A2) = (~0 = ^ ~Za'f°r the magnetic field representation. The final 

result is that all of the irreducible matrix representations where the magnetic field is the 

partner function are ~ ^^ e C3v. Examining the C3v character table, we see that 

%{^w] = 1, R e C3v must belong to the Ax irreducible matrix representation. Therefore, 

the electric field is associated with the A2 irreducible representation and the related 

magnetic field is associated with the Ax irreducible representation, of the C3v group. In 

general, although the electric field and the related magnetic field are associated with the 

same Bloch wave vector k and band index n, they are associated with different 

irreducible representations of the k-group. 
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3.3.4 The orthogonality of different irreducible representations 

In Section 2.3.3, we reviewed the orthogonality of the electric and magnetic fields, 

showing that while, the magnetic fields form an orthogonal basis set the electric fields did 

not. Considering the irreducible representations, we can extend the orthogonality 

relationships of the electric and magnetic fields by noting that the partner functions of 

different irreducible representations are also orthogonal. For example, any two photonic 

crystal eigenmodes (electric or magnetic), the following relationship holds true 

J{El , (r)}"E l l , (r)rfr  = 0 (3.49) 
V 

when k ^ k', where the integral is taken over the volume of the photonic crystal. For Eq. 

(3.49), the two eigenmodes belong to two different irreducible representations of the 

translational symmetry group, e'kr and e'k r; therefore they are orthogonal functions. 

This orthogonality relationship holds true for any of the symmetry groups associated with 

a photonic crystal. Furthermore, the orthogonality relationship, or vanishing inner 

product, holds true between any of the related fields of the photonic crystal eigenmode 

and any combination of them ([90], pp. 81-82). For example, the inner product of the 

electric field, from Section 3.3.3 (associated with the A2 irreducible representation), with 

its related magnetic field (associated with the Ax irreducible representation) would yield 

J{E^)(r) [ -HL< l ( r ) r f r  =  0 ,  ( 3 . 5 0 )  
V 

because A2 and Ax are different irreducible representations of the C3v k-group. The 

orthogonality of the partner functions associated with different irreducible representations 

is a very powerful tool that simplifies many of the analytical problems tackled in this 

thesis, such as determining analytical forms of the photonic crystal eigenmodes. 
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3.4 Photonic crystal eigenmodes in the vanishing dielectric contrast 
limit and decomposition of a reducible representation 

3.4.1 Introduction 

In Chapter 2, we showed that the Fourier expansions of the photonic crystal eigenmodes 

in the vanishing dielectric contrast limit are well approximated by a small number of 

degenerate basis modes. In each case, the basis modes of the Fourier expansions were 

solutions of less complex systems, such as plane waves for two-dimensional photonic 

crystals, and eigenmodes of a dielectric slab for photonic crystal slabs. In this section, we 

discuss further the photonic crystal eigenmodes in the vanishing dielectric contrast limit, 

but from a group theoretic perspective. Using the methods of group theory, we will 

determine the irreducible representation associated with a particular vanishing dielectric 

contrast eigenmode, i.e., we can determine which vanishing dielectric contrast 

eigenmodes may be a partner function to a given irreducible representation. The 

assignment of an irreducible representation to a particular vanishing dielectric contrast 

eigenmode also indicates the irreducible representations permitted in high dielectric 

contrast system, because the assignment is rigorously based on symmetry ([5], pp. 54). 

Furthermore, using projection operators, we will determine the exact form of the photonic 

crystal eigenmode in the vanishing dielectric contrast limit associated with a particular 

irreducible representation. 

These group theoretic methods are based on decomposition of a reducible representation 

into its irreducible parts (see Section 3.2.2). In Section 3.4.2, we will show that the basis 

modes of the Fourier expansions are the partner functions of a reducible representation. 

Using the partner functions, the reducible matrix representations will be derived. In 

Section 3.4.3, we will perform a decomposition of the reducible matrix representation by 

comparing the character tables of the reducible and irreducible representations. This will 

determine the possible irreducible representations at a particular location in reciprocal 

space. Finally in Section 3.4.4, the projection operators of the irreducible representations 

will be applied to the Fourier expansions, i.e., the linear combinations of basis modes. 
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The result will be the partner functions for a given irreducible representation, where the 

partner functions are equal to the photonic crystal eigenmodes (as established in Section 

3.3.2). 

Our analytic approach is indebted to earlier contributions [115] and [116], in which the 

following group theoretic methods were adapted from their rigorous applications to 

quantum mechanical systems. Previous photonic crystal research that inspired this 

methodology is the following: ([5], pp. 5-11), ([5], pp. 50-54), and ([5], pp. 179-181), 

who were the first to use analytic techniques to assign irreducible representations to most 

common photonic band structures; and ([90] pp. 79-81), who treated Bloch modes as 

symmetry-related polarized plane waves. The group theoretic methods are derived using 

the photonic crystals slab as the example system, since this demonstrates the method 

applied to a full vector eigenmode. 

3.4.2 Reducible representations 

In Section 3.2.2, we classified group representations as irreducible or reducible, in which 

an irreducible representation is defined as a representation that cannot be expressed in a 

representation of lower dimensionality m. The partner functions of the irreducible 

representations were shown to be the photonic crystal eigenmodes, and the irreducible 

matrix representations were defined (see Section 3.3.2). However, any representation of 

a group can be constructed from partner functions of simpler systems, because any 

complete basis can be used to construct another. In this case, the best choice is to select 

the simplest meaningful partner functions that require the least number of terms. In the 

vanishing dielectric contrast limit, the degenerate basis modes of the Fourier expansions 

are the plane waves Eq. (2.35) for the two-dimensional photonic crystal and the dielectric 

slab eigenmodes Eq. (2.42) for the photonic crystal slab. These degenerate basis modes 

are the ideal partner functions to construct a reducible representation ([5], pp. 50-54) and 

([5], pp. 179-181). 
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Similar to the irreducible matrix representation of the point group, we can define the 

reducible matrix representation, D{red) ( R), in the basis of the degenerate partner 

functions T/"^(r) . . .T/ r e^(r):  

RT'"'cJ> (r)  = {R)^{jCd) (r) > (3.51) 

where [ R )  is an element of the matrix D{rcd] ( R ) , i denotes the degeneracy, I  is 

the number of partner functions. As an example, we examine the photonic crystal slab 

eigenmodes associated with the C3v point group, i.e., for k = x4;r/(3tf), applicable to the 

frequency bands n = 1,2,3 . The partner functions of the reducible representation of the 

C3v group are the elements of the sum shown in Eq. (2.51): 

T,(red) (r) = 

XM) (r) = 

x M ) ( r )  =  

1 

v°y 

'VP 
1 

0 
v 

ei4W3acos (kzz), 

-1 

0 
v y 

e cos(M)_ (3.52) 

Note that the reducible partner functions Eq. (3.52) are only valid for the first three 

frequency bands « = 1,2,3, with the Bloch wave vector k = x4;r/(3a). For bands 

n = 4,5,6, or any other point in reciprocal space, another set of partner functions would 

be required. In each case, the appropriate partner functions are determined by the 

dominant Fourier basis modes, as outlined in Appendix B. 
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Table 3. Transformation Properties of (r)  

E c3 C"1 
3 

/ 

<*y < 
rp(red) 
*1 

rp(red) ! T(red) 
2 X3 

1 ry{red) 
2 2 

rrr{red) 
~ 'l 

1 rp(red) 
2 2 

1 rp(red) 
2 3 

*2 

rw^(red) 
A2 

_2 rp(rerf) rp(recZ) 

3 

rr\{j~ed) 
3 

2f(red) rp (red) 
~ 2 

rp(red) 

*3 

rp(ra^) 
A3 

rw^(red) 
~ *2 

2rp(rea') 
*2 

rp(red) 
3 

_2rp(red) 

At higher frequency bands, such as beyond the single mode cutoff frequency, the 

determination of the partner functions will be more complex, because of contributions 

from both TE and TM modes, but the methodology is the same. 

Since there are three degenerate partner functions, the reducible matrix representation of 

C3v will be a set of three by three matrices Yired^. Wc note that the three irreducible 

representations (Al,A2 and E) of the C3v point group have dimensions of two or less, so 

r(,W), with a dimension of three must, be reducible. To determine the matrix 

representation Z)(re^ (R) in the basis of Eq. (3.52) there are two steps. First, we apply 

each symmetry operator R of the point group C3v to each partner function of Eq. (3.52); 

the results are tabulated in Table 3. The first column lists the function T^ed) (r) to which 

the symmetry operator R is applied. The subsequent column lists the results of the 

application of the particular operator RrY{^'d) (r), where the operator R is listed at the top 

of the column. Second, the results of Table 3 are compared to Eq. (3.51) the definition of 

b{red) ( R j. As an example, we calculate bl"'d) (C3). To determine the first row of the 

matrix fin 'd) (C,), we substitute R — C3 and i = 1 into Eq. (3.51), and expand the 

summation: 

C3T1
M) (r) = D(;x

ed) (C3)T[red) (r)  + D^ed) (C3) T2
(red) (r) + D{

3[ed) (C3)T3
M) (r).(3.53) 
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The left-hand side of Eq. (3.53) must be equal to C 3  T i
]

r r d )  (r)  = -^T3"'d) according to Table 

3. Comparing the left-hand side to the right-hand of Eq. (3.53), we determine that 

D^d) (C3) = j and all other elements are (C3) = D[\ed) (C3) = 0 • To ascertain the 

second and third rows of the matrix y)[red] (C3), again we substitute into Eq. (3.51) 

R = C3, but now i = 2 

C3T(
2

red) (r)  = D^d) (C3 )T,(RERF) (r)  + D%d) (C3 )T2
M) (r ) + D<gd) (C3 )T3

M) (r)  ,(3.54) 

and i = 3 

C3T3
M) (r) = D[[ed) (C3)if"0 (r) + D^ed) (C3) T2

(rerf) (r) + D^d) (C3)T3
(m/) (r).(3.55) 

The left-hand side of Eq. (3.54) must be equal to C3T2
re^ (r) = -2T/re^ (see Table 3). 

Comparing the left-hand and the right-hand side of Eq. (3.54), we determine that 

D{^d) (C3) = -2 and all other elements are D(
22

d> (C3) = D{
3°d) (C3) = 0. The left-hand 

side of Eq. (3.55) must be equal to C3T3^ (r) = -Tjra^ (see Table 3). Comparing the 

left-hand side and the right-hand side of Eq. (3.55), we determine that D{^d) (C3) = -1 

and all other elements are D\3d) (C,) = D33
d> (C3) = 0. The final reducible matrix 

representation is 

f 0 -2 0 ^ 

D(red)(C3): 0  0 - 1  

1/2 0 0 

(3.56) 
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Table 4. C3v reducible representation character table 

Conjugacy classes 

~E 2Q 3cT 

yM) 3 0 -1 
/t R 

Once all of the matrix elements b<red> are determined, we have completely defined 

the reducible representation T^ of C3v, in the basis of degenerate dielectric slab modes 

Tired) (r)...rY(
i
rcd) (r). In the next section, we will decompose the reducible representation 

F,re'/J into its irreducible parts r("'. This will be accomplished by comparing the 

character table of the reducible representation to the character table of the irreducible 

representations. In preparation, we calculate the C3v reducible representation character 

table using Eq. (3.11), where the character of the example fired> (C3) is given by 

£*) = Tr | fired) (Q )} = 0 + 0 + 0 = 0, (3.57) 

and the characters, x')""'1, of the other matrices, D{red) (R), Re C3v, are summarized in 

Table 4. 

3.4.3 Decomposition of a reducible representation into its irreducible parts 

By definition, any reducible matrix representation can be decomposed into a set of 

irreducible representations given by Eq. (3.9), restated for the reader: 

T{red) =^avr(v), (3.58) 
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where v is the index identifying the irreducible representations. The coefficients av can 

be determined by the following relationship between the set of characters of the reducible 

representation %^ (R) and a given irreducible representation ^ |v)  (R): 

(3-59) 
R 

where h is the number of elements in the group and the summation is over all elements 

Re Cnv ([116] p. 158). The rows of the irreducible character table (the set x 'r > 

Re Cnv) form an orthogonal vector system ([115], p. 30). Therefore, Eq. (3.59) is an 

inner product between two vectors representing the reducible representation and the 

irreducible representation. 

Returning to the example of the photonic crystal slab eigenmodes with the Bloch wave 

vector k = x4;r/(3a), we apply Eq. (3.59) for each of the irreducible representations A ], 

and E of the C3v symmetry group to the set of character of the reducible 

representation (see Table 4) and we find: 

"W =1/6Z^r,^l) = l/6[3 + 0-3] = 0, 
R 

aW =1/6Zzri^) =l/6[3+0+3] = 1, (3.60) 
R 

a(n = 1/6 = 1/6 [6-+ 0 + 0] = 1. 
R 

Substituting the results of Eq. (3.60) into Eq. (3.58) indicates the reducible 

representation, Yircd], is decomposed into 

rM) =r(^)+r(£)_ (3.61) 
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This means that A2 and E are the only possible irreducible representations, when T^cd> 

(m = 1,2,3) are the partner functions of the reducible matrix representation. Since the 

partner functions of the irreducible representations are the photonic crystal eigenmodes 

and they are constructed using the basis modes (m = 1,2,3 ), it is only possible for 

the photonic crystal eigenmodes to be associated with either the A2 irreducible 

representation or the doubly degenerate E irreducible representation. Even when the 

dielectric contrast is increased beyond the vanishing dielectric contrast limit, the 

irreducible assignments remains the same, because every eigenmode, regardless of the 

dielectric contrast, is a sum of basis modes with the same symmetry ([5], pp. 54). The 

knowledge of the allowed irreducible representations is very useful, because it indicates 

the symmetry properties of the eigenmodes and their allowed degeneracy at that point in 

reciprocal space. To determine the allowed irreducible representations at other points in 

reciprocal space, such as for the Bloch wave vector k = i4;r/(3a) for frequency bands 

n = 4,5,6, a new set of reducible representation partner functions must be determined. 

The reduction procedure is then repeated with the new set of partner functions, in which 

another set of possible irreducible representations will be determined. As an example, 

the irreducible labels have been assigned to all the even TE photonic crystal slab modes 

of the vanishing-dielectric-contrast, photonic band structure calculated in Section 2.5.3 

(see Figure 7). In a photonic band structure determined in vanishing dielectric contrast 

limit, many of the eigenmodes are degenerate, such as at the K and M points and the 

second and third bands from T —> K within Figure 7. The irreducible labels allow us to 

determine the true degeneracy of each eigenmode as required by symmetry. 

Consequently, as the dielectric contrast is increased, we can predict how the photonic 

band structure will evolve, such as where photonic band gaps will appear. For example, 

at the K point, the irreducible labels are the nondegenerate A2 and the doubly degenerate 

E. Increasing the dielectric contrast will cause a photonic band gap to open between the 

nondegenerate A2 eigenmode, and the two doubly degenerate E eigenmodes. The 

irreducible labels of the second and third bands from T —> K are A and B, which are 
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both nondegenerate. As a result, bands 2 and 3 will split (i.e., become nondegenerate) as 

the dielectric contrast is increased. We can verify the symmetry predictions by 

examining the photonic band structure of a high dielectric contrast hexagonal photonic 

crystal slab, determined using the Finite element method (see Figure 16(c)). Figure 16(c) 

reveals the second and third bands are no longer degenerate and a photonic band gap 

appears where expected. Note that this symmetry assignment only applies to the electric 

field. The irreducible representations associated with magnetic field modes are part of 

the same point group, but their assignment differs as those associated with the electric 

field modes (see Section 3.3.3). Although, the choice of examining the electric or 

magnetic field of a given photonic crystal eigenmode does not change its symmetry 

degeneracy. 

3.4.4 Projection operators and symmetry-adapted sums of basis modes 

In Section 3.4.1, we determined that A2 and E were the only allowed irreducible 

representations, when are the partner functions of the reducible representation. 

Now, we use projection operators to determine the actual analytic forms of the partner 

functions of the irreducible representations A2 and E. We will show using group theory 

that the partner functions of the irreducible representations are linear combinations of the 

basis modes . This will allow us to generate the analytic forms of the photonic 

crystal eigenmodes, because they are the partner functions of the irreducible 

representations. 

We have illustrated, using Eq. (2.51), that the partner functions E^; (r) of the irreducible 

representation can be expanded as a linear combination of the partner functions of a 

reducible representation t['W) . The reverse of this is also true; that is, the partner 

functions of the reducible representation can be expanded as a linear combination 

of the partner functions of the irreducible representations (r) given by 
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Tr'-HICESfr), (3-62) 
n v i 

where v denotes the irreducible representation, i  is the degeneracy index ([116] pp. 125-

128). The relevant band index n for Eq. (3.62) is determined by the eigenmodes, 

(r), that have the basis modes In the example photonic crystal slab system, 

with Bloch wave vector k = x Anj(3a) the band index is limited to n = 1,2,3 . In order to 

extract the partner functions of the irreducible representation E^ (r) from , we use 

a projection operator for a particular irreducible representation p defined as 

P ( p )  = lf"L%RP)R' (3-63) 
h R  

where Re Cn v ,  I is the dimension of the irreducible representation, and h is the number 

of elements in the group Cn v .  The projection operator P { p ]  eliminates any part of Eq. 

(3.62) in whichv ^ p (i.e., does not belong to the irreducible representation/)) ([116] 

p.138). For example, the application of the projection operator, Eq. (3.63), to Eq. (3.62) 

produces 

p { p )j<(red) = p ( p )  (3.64) 

where the result is just the elements of Eq. (3.62) associated with the irreducible 

representation p. However, Eq. (3.64) reveals that if there are multiple bands n 

associated with the same irreducible representation p that are not degenerate (i.e., 

associated with the index /') these eigenmodes will not be separated, but appear as a linear 

combinations. This is a limitation of the projection operator method. The example 

photonic crystal slab system will not be affected by this limitation. Although, if we 
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choose to study a photonic crystal slab mode above the single mode cutoff frequency, 

there are possiblily multiple TE and TM dielectric slab modes with the same symmetry 

that will mix to form the photonic crystal slab mode, the index i in Eq. (3.64) indicates 

the summation over these multiple modes. Each E(
k^ (r) is associated with a unique 

irreducible representation or it is degenerate with another (r) with the same 

irreducible label. This is established based on the results of Section 3.4.1, where we 

determined that each of the allowed irreducible representations A2 and E only appear 

once in the reducible representation (see Eq. (3.60)). 

Returning to our example photonic crystal slab system, we now determine the partner 

functions of the nondegenerate A2 irreducible representation and the double degenerate 

E irreducible representation using the projection operator Eq. (3.63). For A1, the 

projection operator is 

-< ) (3.65) 

where the characters xUl) (R) °f the C3v symmetry group are obtain from Table 1. Next 

we apply the projection operator Eq. (3.65) to Tl'raV): 

P (Al  )T\ red) = - (El\ red) + C3 T1
(rerf) + C3"1T1

(m° - o if"0 - o TjM) - a" T,M)). (3.66) 
g V y y y } 

In Section 3.4.2, we determined RT^ (r) for each of the C3v transformation operators 

(see Table 3). These results can be substituted into Eq. (3.66) and we obtain 
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p[A2)T(red) _}_(rp(red) j_rp(rec/) _j ̂ (red) T(red) _j_rp(rerf) j_ T(ra/) \ 
r *1 r ^ 1 2 a3 2 2 ~r A1 2 l2 ~r 2 A3 j 

b (3-67) 
p(^2)rji(rerf) _ 2-j.(rerf) _ j,(red) rp(rerf) \ 

1 6 ^ 1 2 3 ' 

This same process can be repeated for T2
fm/) and , and we obtain 

p(A2)T(red) _ J_ J_4tM) + 2xM) _ 2T3
M)), (3.68) 

p(A2)T(red) = J_ ̂ (red) _ ̂ (red) + ̂ (red) j _ ^  ̂  

The results of Eqs. (3.67) -(3.69) are three sets of linear combinations of T^ed\ which 

are linearly dependent. In general, we obtain lred linear combinations of Tre^ from 

which we find lv (degeneracy of the irreducible representation) that are linearly 

independent, orthonormal, and are the partner functions of the irreducible representations 

v. The A2 representation is nondegenerate = 1. Hence, we simply choose one linear 

combination, because the others are linearly dependent. Selecting Eq. (3.67) and 

substituting the reducible partner functionsfrom Eq. (3.52) into Eq. (3.67) we 

obtain the partner function of the A2 irreducible representation: 

cos( k z z ) ,  

(3.70) 

where Eq. (3.70) has been normalized to unity (using ^E^2) (r)*(E^2'(r)j =land we 

h a v e  s u p p r e s s e d  t h e  b a n d  i n d e x  n .  
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v y 

^-i2x{x/3a-y/(fia)) + 

'VP 

-1 

o 
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As a second example, we derive the partner functions of the double degenerate E 

irreducible representation. Again, we apply the projection operator P{E] to x/re<^ 

p(E)T(red) =^2E_C^_ q-1 j j(red) _ 

Substituting the results of Table 3 into Eq. (3.71), we obtain 

p(E)rY(red) — J_/4,p(rec') __ ^ 72) 
6 ^ ' 

This same process can be repeated for r\{^ed) and j'-rL:d>
; and we obtain 

( E W(red)  p{ t )r j , l  -(2T1
M) + 2T2

(rea,)+T3
M)) 

p( E ) r j , ( red)  _ 2'p(rec/) _|_ -p(rerf) 4. 2 r̂ed^ j 

(3.73) 

(3.74) 

The results are three equations Eqs. (3.72)-(3.74) that are linear combinations of T^red>. 

In contrast to the A2 case, each equation is not linear dependent, and we require lE = 2 

partner functions of the E irreducible representation. To find the two partner function 

E^(r) and E^(r) (again suppressing the band index n, where 1 and 2 denote 

degeneracy) we use the orthogonality of the partner functions of from different 

irreducible representations (see Section 3.3.4). We assume the first partner function is 

given by Eq. (3.72), 

(r) = p(E) T1M) = -Mred) + T2ed) 
~ 

T3(m/) ) • (3-75) 
6v 

' 
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This selection can be verified by checking it is orthogonal to the A2 irreducible 

representation (r): 

JK'1 (f)}* '4? (>•)* = 0, (3.76) 
V 

substituting Eq. (3.72) and Eq. (3.67) into Eq. (3.76) we find 

ĵ (2T1
M) -if*0 + T3

M))* — (4T,M) +T2
M) -T3

(rarf))<fr = 0, (3.77) 

(see Appendix C for the full calculation). We can determine that 

(r) = p(E) T2M) + P(E)^red) = T2(W) + T3(rea,) (3 -78) 

is also orthogonal to E (
k

l j> (r) 

(r)}" .E^> (r)rfr = 0, (3.79) 
V 

(see Appendix C). Therefore Eq. (3.78) is also a possible partner function of E 

irreducible representation. To confirm that Eq. (3.75) and Eq. (3.78) are indeed the 

partner functions of E irreducible representation, we can determine the irreducible 

matrix representation, b{E) (R), using Eq. (3.75) and Eq. (3.78). From the irreducible 

matrix representations, b{F) (R), we can determine their characters x'f1 and compare it 

to the expected results in the C3v character table. In Appendix C, we derive an 

irreducible matrix representation from each of the conjugacy class: &F) (E), b(E'1 (C3), 

and (<jy). Using Eq. (3.11), we find their characters 
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=Tr{£) (E) (E)} = 1 + 1 = 2. (3.80) 

X
(E) = Tr{b (E) (C3)} = -1/2-1/2 = -1. (3.81) 

x(e) = Tr^(E) (Cr^)J = -1 + 1 = 0. (3.82) 

Checking the the C3v character table (see Table 1), we discover that Eqs. (3.80)-(3.82) 

match the expected results, thus confirming Eq. (3.75) and Eq. (3.78) are the partner 

functions of E irreducible representation. 

To obtain the final partner functions of the doubly degenerate E irreducible 

representation, we substitute the reducible partner function from Eq. (3.52) into Eq. 

(3.75) and Eq. (3.78): 

El'V) = 
24 

[S 
4 ^ i^nx/lct _|_ 1 

0 

/ /r> 

- i27r{x j  la -y j  (>/3a) j  

S 

1 

o 
V J 

cos(&zz), 

(3.83) 

AE)(r\-^L Khl{r)" 
24 

1 

0 
W J 

- i ln ix j  3a-y j  

/ fZ\ ^ 

-ilK^jla+yj (-N&j J 
-1 

o 
v / 

cos(A:zz), (3.84) 

J 

where Eq. (3.83)-(3.84) have been normalized to unity and we have suppressed the band 

index n. 
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3.5 Site symmetry and point subgroups of the photonic crystal 

3.5.1 Introduction 

In Section 3.3, we examined the periodic symmetry subgroup and the photonic crystal 

point group. The transformation operators of the photonic crystal point group acted with 

respect to the principal axis of the photonic crystal. Here, we examine the irreducible 

representations of transformation operators that may act with respect to any axis in a 

photonic crystal, not just about the principal axis. These groups of transformation 

operators are known as site (local) symmetry groups. To explore the site symmetry, we 

must define new transformation operators that act with respect to an axis located a 

distance d away from the principal axis ([113], pp. 36-39). In three-dimensional space, 

the set of all possible transformation operators is called the Euclidean group E3. The 

elements g of E3 are the set of operators that leave the distance between any two points in 

space unchanged. Each element g can be mapped to a transformation operator in the 

Cartesian coordinate system (as defined in Section 3.3.1) that forms a group isomorphic 

to the group of Euclidean operations, which is also known as the Euclidean group E3  

([113], p. 32). In Section 3.5.2, we review the properties of the Euclidean group, E% and 

how these transformation operators act upon spatially dependent functions. When we 

discuss the set of transformation operators from the Euclidean group that leave the 

dielectric profile of a photonic crystal invariant, this set of operators is known as the 

photonic crystal space group G and is discussed in Section 3.5.3. In Section 3.5.4, we 

examine the transformation properties of the Bloch modes when acted upon by the 

operators of the photonic crystal space group G and the associated irreducible 

representations. 

3.5.2 Transformation operators of the site symmetry groups 

The operators of E3 in the Cartesian coordinate system take the form of the combined 

transformation operators, 
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g = (/?|a) = r.i?, (3.85) 

where this represents an operation R, such as a rotation or a mirror reflection followed by 

a translation over a vector a (note a can be any vector, not necessarily just a lattice vector 

R) If we apply the transformation operator (i?| a) to a point in space we obtain 

r' = (i?|a)r = + a; (3.86) 

in component form, this becomes 

= P-87) 
j  

where R f l  is an element of the matrix representation, R , of the Cartesian transformation 

operator defined in Section 3.3.1. The formal composition law of two successive 

transformation operations is given by 

(J«2|a2)(^|a1) = (R2R, |  R2a1  + a2). (3.88) 

If we let the second element equal the inverse of the first element (i?2|a2) = (i?j|a,) 1, the 

right-hand side of Eq. (3.88) is equal to the identity element (£|o) = (i?2i?,|i?2a, +a2). 

Then /?2i?j = E and R2a, + a2 = 0, and the inverse operator is given by 

(•R,|a,)~,=(*,-,|-iif,«1). (3.89) 
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In the same manner that we established conjugacy classes for the point groups we can 

also determine the conjugacy classes for the space group operators. Two operators (#|a) 

and (i?|a) are conjugate if there exists a third operator (^|d), (/?|d)e E3 , such that 

(i?|a)' = (J^|d)(i?|a)(^|d)~1 = ̂ RRR~ l\d +Ra-RRR-'d). (3.90) 

Operators which are conjugate to each other represent transformations which are 

essentially the same, but (/?|aj is shifted from the (/?| a) by the spatial transformation 

(i?|d j. If we examine Eq. (3.90) for the case a = 0 and R = E we find 

(fl|0)' = (£|d)(/?|0)(£|d)_I -(i?|d-i?d). (3.91) 

Now if we define R = R0  as a rotation about an axis passing through the point O, then the 

operator (10 J can be viewed as an identical rotation, but the axis of rotation is at a 

secondary point O' located a distance d from the point O: 

(^o|0)'=(^o-|0) = (JRo|d-JRod), (3.92) 

(see Figure 11) ([113], pp. 36-39). As stated in Section 3.3, the photonic crystal point 

group transformation operators of interest are confined to the x-y plane. Here also, the 

composite operators are restricted to the x-y plane and thus the vector d will be restricted 

to translations in the x-y plane. 
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i?0d-d 

O 

Figure 11. The displacement of a point transformation operation R from the principle axis O to a 

secondary axis O' a distance d away, with the accompanying supplementary translation d - R0D . 
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Application of the composite transformation operator Eq. (3.91) to a scalar function 

/(r) proceeds in the same manner as the application of a single operator r to a 

function (see Eq. (3.19)), whence 

Likewise, the composite transformation operator of Eq. (3.91) when transforming a 

vector field F (r), has the same form as the application of a single operator R to a vector 

function, cf. Eq. (3.20). The scalar part transforms as Eq. (3.93), and the vector portion 

transforms as Eq. (3.86), so that 

(R |d-i? d)F(r) = (i? |d-i? d)F(^"Ir + d-^"1d) = F'(^"1r + d-^1d), (3.94) 

see Section 6.4.3 for the component form of Eq. (3.94) analogous to Eq. (3.21). 

3.5.3 Photonic crystal space group: Crystallographic orbits, Wyckoff positions and 
fundamental domains 

We now expand our symmetry considerations of the photonic crystal to its space group 

G, now including all symmetry elements, defined as 

where (i?|a)e G. Every point r; in a photonic crystal's dielectric profile fc'(r) may be 

classified into sets of symmetrically equivalent points known as crystallographic orbits. 

Beginning with any point r} in a particular crystallographic orbit for f(r), the entire 

(3.93) 
/ ((iT11 d - iT'd)rj = f[R-' r + d - R'1  d) 

(i?|a)f(r) = e(r), (3.95) 
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crystallographic orbit can be obtained by applying all the transformation operators of the 

photonic crystal space group G to this point r, (the generating point): 

(i?|a)-1r, = r;, (3.96) 

where (/?|a) ' e G (remembering that the inverse of every operator is also part of a 

group, see Eq. (3.4), where use of the inverse operator will be clear below) and r)<eQ 

(Q is the set of all points part of the crystallographic orbit). From Eq. (3.95), we can 

define the complementary local transformation property of the dielectric profile as 

Ma)f (ri) = e{ml ri) = £(ri)' (3-97) 

then substituting Eq. (3.96) into Eq. (3.97) we find 

£(rj) = f(r1), (3.98) 

where i] e Q. Therefore, the significance of the crystallographic orbit is that it 

determines the set of points r; e Q which have identical dielectric constant values, f ( r), 

when transformed in space by (i?|a)e G. Since the photonic crystal space group 

contains an infinite number of lattice translations, there will be an infinite number of 

points in every orbit. Not all the transformation operators (i?|a) of the photonic crystal 

space group G will produce another point r2 in the crystallographic orbit, but some will 

instead transform into itself: 

(•^|a)ri = r,, (3.99) 
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which gives 

(i?|a)e(r1) = f(r1). (3.100) 

The set of transformation operators that satisfy Eq. (3.99) form the site symmetry group 

G of £-(r,) with respect to G. The site symmetry group Gr is isomorphic to one of the 

32 crystallographic point groups, where the isomorphic point group of Gr will be a 

subgroup of the photonic crystal point group established in Section 3.3 (see Eq. (3.27)). 

Thus, elements of the photonic crystal point group are simply determined from 

(i?|0)£(r1) = e(r1) (3.101) 

where r, is located at the principal axis of the photonic crystal and R e Cnv. The site 

symmetry groups Gr of other points r e (2, part of the same crystallographic orbit, are 

conjugate subgroups of G such that (/?|a)Gr (i?|a) ' = Gr where (/?|aje G and the 

operator (i?|a) is not part of either site group, Gr , (7?|a)g Gr . Consequently, 

every point r; e Q, of a given crystallographic orbit has a site symmetry group Gr with 

essentially the same symmetry operators as the other points; that is the same number of 

operators, but operators of each site symmetry group Gr are applied with respect to the 

point r; in space (we will consider an example at the end of the section). The points 

r,e Q, of a crystallographic orbit are termed special points if the site symmetry groups 

Gr contain at least one transformation operator (#|a) in addition to the identity element 

(is|0); otherwise they are known as general points. 
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A photonic crystal contains an infinite number of crystallographic orbits, which can be 

sub-divided into a finite number of so-called Wyckoff positions. The points associated 

with the same Wyckoff position have essentially the same site symmetry; that is the same 

number of elements, but the operators are applied with respect to different points in 

space. In other words, all points r  e WD  (WD  is all the points associated with the D 

Wyckoff position), that have conjugate site symmetry groups are associated with the 

same Wyckoff position; the conjugacy is given by (i?|a)Gr (/^| a j ' = Gr, where 

E3, (^|a)g Gr , (/-?|a)g Gr ([117] p. 724). This statement is more general than 

the previous statement regarding conjugate site symmetry groups of points within a 

crystallographic orbit, because for Wyckoff positions, (i?|a) may be any Cartesian 

operator (i.e., (^|a)e /?.,), not just an operator of the photonic crystal space group G. 

Consequently, for the two points r, and r2, in which each point is part of a different 

crystallographic orbit, but associated with the same Wyckoff position, £"(r,) = e(r2) is 

not a requirement (i.e., r, and r2 are not necessarily symmetry equivalent points in 

f ( r ) ) .  The international tables for crystallography list the Wyckoff positions and their 

site symmetry groups within the crystal primitive unit cell for every possible crystal 

space group [117], Since there are an infinite number of site symmetry groups associated 

with a Wyckoff position only the conjugate point group Cnv is listed for simplicity, where 

Cn v  will be a subgroup of the photonic crystal point group established in Section 3.3. 

The number of points for a given crystallographic orbit that appear in the primitive unit 

cell is equal to the order of the photonic crystal point group divided by the order of a site 

symmetry group associated with the Wyckoff position (choice does not matter because 

they all have the same order): 

t = hCm/hGi (3.102) 
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Fundamental Domain 

A Axis of C, rotation 

Mirror symmetry 
plane 

— Primitive unit cell 

• Crystallographic orbit of a 
general Wyckoff position 

Figure 12. Primitive unit cell of a C3v hexagonal lattice: (a) with the symmetry axes mark, 

fundamental domain and the positions the crystallographic orbit for a general Wyckoff position illustrated; 

(b) the same primitive unit cell, but now the fractional lattice vectors d' and d" are indicated for the two 

different points O' and O", which are part of the same crystallographic orbit. 
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where hc  is the number of elements in the photonic crystal point group Cn v ,  and hG  is 

the number of elements of the chosen site symmetry group, G r  ([113], p. 50). Since all 

the crystallographic orbits associated with a Wyckoff position have conjugate subgroups, 

the value of Eq. (3.102) will be the same for all the crystallographic orbits associated 

with a particular Wyckoff position. 

As an example, we examine a triangular lattice crystalline structure with C3v point 

symmetry (see Figure 12(a)), where the first three main Wyckoff position are listed in 

Table 5. The primitive unit cell of the hexagonal lattice is a rhombus (composed of two 

equilateral triangles). Note in the next section, this same space group will be applied to a 

hexagonal photonic crystral eigenmode with C3v point symmetry. A general point in this 

unit cell has a site symmetry containing just the identity operator, thus the number of 

times a point appears in the crystallographic orbit is t = 6/1 = 6 (see the black dots in 

Figure 12(a)). At the vertices of the equilateral triangles, the site symmetries are 

C3 v={E,C2 ,C;\cry  .  The vertices are part of the crystallographic orbit where 

the principal axis at (0,0) is the generating point (associated with the Wa  Wyckoff 

position and / — 6/6 = 1). At the middle of the equilateral triangles, ^-a/2,aj^2yfi 

and ^0,a/-s/3 the site symmetry is C3 = {£, C3,C3'}. These two points are part of the 

same crystallographic orbit (associated with the Wb  Wyckoff position where 

t = 6/3 = 2). The mirror reflection planes coincide with the equilateral triangle line 

segments, on which the site symmetry is C]h ={is,<7v}. There are an infinite number of 

points on each line segment, whereby each point is a generating point of a separate 

crystallographic orbit associated with the 

Wc  Wyckoff position, t  = 612 = 3. Figure 12(a) and the Wyckoff positions provide all 

the relevant information about the space group of the C3v photonic crystal. 

92 

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission. 



Table 5. Special Wyckoff positions in the C3v hexagonal primitive unit cell 

Wyckoff 
position 

Site Symmetry Multiplicity (t)  Location 
(Cartesian basis) 

K Qv 1 (0,0) 

wb C3 2 (-al2,a/(2S)),  (o,a/S) 

K CI* 3 triangle line segments 

To give an illustration of two conjugate site symmetry groups, we examine the points 

-a/2,0/(2^3) j and (o,a/V3) (see Figure 12(b)) which are associated with Wb  

Wyckoff position. These two points are part of the same crystallographic orbit, and 

according to Table 5, their site symmetry groups are conjugate with the C3 point group, 

where C3 = {E,C3  ,C3
_1J. First, we start with Eq. (3.99) for the position O, the origin 

(0,0), and apply the transformation operator (ii|d') to shift to the secondary axis O' at 

|-a/2,a/^2V3jj: 

(^|d')(i?|a)f(r
0) = (^|d/)f(r

0) 

(i?|d')(i?|a)(i?|d')"1(i?|dXr0) = (£|dXr0) (3.103) 

(i?|d'-i?d')f(r0-) = s(r&),  

where we have used Eq. (3.91) , (isld')^(r0) = £(rc y) and Re C3. Note that the point 

r0 is just the starting position of the derivation, because it is the location of the principal 

axis (i.e. the origin). r0 is not part of the same crystallographic orbit or associated with 

the same Wyckoff position as (-a/2,aj^2*j3 jj and ^0,a/V3j, because (/?|d')g G and 

G0 is conjugate with C3v respectively. The site symmetry group of the point O' will 
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contain all the elements (i?|d'-i?d') c G, where Re C3. To determine the conjugate 

subgroup at the second crystallographic orbit location O", we apply the mirror reflection 

operator about the principal axis (o'y |f)j to Eq. (3.103): 

K l°)Md'-^d'Mro')=K l°)f(ro') 

KI0)Md'_jRd')(^|0) 1(<|°)f(r0') = (<|°)f(r0') (3-104) 

K d '~a 'y R o 'yX°'y A ' ))£( ro') = e(v)> 

where we have used Eq. (3.91) , (o'y |oje(r0-) = f (r0-) and Re C3. The site symmetry 

group of the point O" will contain all elements (cr' Ra'11 (cK d' - cr' Ro'yxo'y d')j c G, 

where R e C3. Therefore, the second point O" of the crystallographic orbit has a site 

symmetry group Gcf that is conjugate to site symmetry group of the first point G0, by 

the operator ^ay |oj, hence they are conjugate site symmetry groups. 

Finally, now that we have established the Wyckoff positions and their associated 

crystallographic orbits, we can define the fundamental domain. The fundamental domain 

is the volume of space that covers all space when acted upon by all the transformation 

operators (i?|a ) of the photonic crystal space group G. The primitive unit cell defined in 

section 2.2.2 is the fundamental domain for the subgroup of periodic symmetry 

operators. In Figure 12(a), we can see that the fundamental domain reduces to 1/6 of the 

primitive unit cell when all of the transformation operators (/^|a) of the photonic crystal 

space group G are considered. The fundamental domain represents the smallest amount 

of information we need in order to reproduce the photonic crystal's dielectric profile. In 

Chapter 6, we will see that the description of the electromagnetic field can be reduced to 

fundamental domain. 
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3.5.4 Photonic crystal eigenmode symmetry transformations at a secondary axis 

In the previous section, we considered the photonic crystal space group, focusing on the 

dielectric profile; the concepts introduced, however, apply equally to the photonic crystal 

eigenmodes. In Section 3.3.2, we established the transformation properties of photonic 

crystal eigenmodes and classified them by the irreducible matrix representations D ( v >  (R) 

(see Eq. (3.38)) of the k-group (transformation operators acting about the principal axis, 

which is the location of highest site symmetry, see Section 3.3.2). In this section, we 

establish the irreducible matrix representations (/?|d-/?d) for the transformation 

operators acting with respect to any symmetry axis given by the space group G, where 

again the photonic crystal eigenmodes are the partner functions. For special cases, we 

will show that D(v} (i?|d-i?d) will be related by a phase factor to the irreducible matrix 

representations D'v- (/?) of the k-group. This will allow us to easily calculate 

Z)^ (i?|d-i?d) when (i?) is already known. Here we focus on the global 

transformation properties of the photonic crystal eigenmodes and leave the analysis of 

points in the electromagnetic field to Chapter 6. 

If we apply a general operator (i?|d-i?d)e G of the photonic crystal space group G to 

the scalar Bloch mode Eq. (2.29), we obtain an equation similar to Eq. (3.33) (the 

application of the point group transformation operators R e Cnv to the Bloch mode): 

(R\d-i?d)U ] B ,  (r)e,k (r) = u(R lr + d - R  ld )e 
zk«(d-7? dj k«r) 

4( r)  
i  k*r 

(3.105) 

Note that we have suppressed the z polarization due to its invariance to the 

transformation operators (i?|d-i?d). We focus on the TM case, but these results are 

equally applicable to the TE case. In general, application of any transformation operator 
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of the photonic crystal space group G will create a new Bloch mode u'kn (r)e'~'i k ^ with a 

Bloch wave vector of Rk. Next, we apply the periodic symmetry transformation 

operator r(R) = (£'|R) to Eq. (3.105), we obtain 

(£|RR (r)e' {" "'» = ̂  (R 'r + JT'R + d-V ^ ̂  

i(flk-R) / / \ i (R  k«r) 
= e V(r)^ > 

where we use the fact that uk n  (r) = uk n  (TT'r + d- R 'd) is periodic if (r) is (see Eq. 

(2.20)), becausei?_1R is also a lattice vector ([113], p. 74). Equation (3.106) defines 

g,Rk r as matrix representation (matrix with a dimension of one) of 

(£|R) , in the new basis ukn (r) e^R k ^. Any wave vector that satisfies 

i?k = k' = k + G (3.107) 

is an equivalent wave vector due to Eq. (2.22). When Eq. (3.107) is satisfied, then 

ukn{r)e'kr ar|d u'k„ {r)^R kare associated with the same irreducible matrix 

representation of (is|R), because elRkR =e^klG)R = e'kR (see Eq.(3.34) for the 

ukn(r)e'kT basis case). The irreducible matrix representation e'kR and the frequency 

identify the eigenmode, i.e. k and n. When k and n are the same, then (r)e'k r and 

(r)e''R k ^ must be either an equivalent eigenmode of the Maxwell operator, or a 

linear combination of the degenerate eigenmodes also associated with the same 

irreducible matrix representation e'k R. Therefore, similar to the definition of the k-

group, the operators (i?|d-i?d)e G of the photonic crystal space group G that satisfies 

Eq. (3.107) form the space k-group Gk of the photonic crystal eigenmode. In other 
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words, the non-principal symmetry axes of the photonic crystal space group are also part 

of the photonic crystal eigenmode space k-group. 

If we take a closer look at Eq. (3.105) and assume that d-i?~'d = R', where R' is a 

lattice vector, then 

Mlm(i?-,r + d-i?-1d) = Mk„(i?-1r + R') = Wlm(i?-1r) , (3.108) 

based on the periodicity of u [ r  'r)  given by Eq. (3.35). Substituting Eq. (3.108) back 

into Eq. (3.105) we obtain 

(r)e'k^ =e'k ^ k r'. (3.109) 

If the transformation operator R is part of the photonic crystal eigenmode's k-group, we 

find 

•R<(r)e""" =z' iD?(RX( r)e"" ,>- <3-n°) 

where we have substituted the scalar Bloch mode of Eq. (2.29) into Eq. (3.38) which 

defines the irreducible representations of the k-group (v identifies the irreducible 

representation and j denotes the degeneracy). Finally we can substitute the results of Eq. 

(3.110) into Eq. (3.109) and we obtain 

f / J | d - - D i " '  ( ^ )  " S  

=H,D?(R Id-MXC-)®'0"'1 
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Equation (3.111) defines the elements of the irreducible matrix representation 

i3(v)(/?|d-i?d) of the transformation operator (jV|d - ftd), where (r)e,k'r' is the 

basis. Therefore, if d-i?"'d = R', then the irreducible matrix representations 

(i?|d-i?d) of the photonic crystal eigenmode space k-group are equivalent to the 

irreducible matrix representation D ( v >  (R) of the photonic crystal eigenmode k-group to 

within a phase factor: 

D ( v ]  (R\d-Rd) = e i k '^~R~^D { v )  (R) . (3.112) 

As an illustration, we now examine the irreducible matrix representations associated with 

site symmetry groups at non-principal axes for a non-degenerate photonic crystal 

eigenmode with C3v point group symmetry associated with the A2 irreducible 

representation, where k = x4^/(3a) (see Figure 12 for the space group). The irreducible 

matrix representations associated with non-degenerate eigenmodes are one-dimensional 

(D^ (R) = X^r)- As a result, we can obtain the A2 irreducible matrix representations 

from the C3v character table (see Table 1). For this example we choose the special 

Wyckoff position Wb ,  located within the unit cell at {—a/2,aj(2<j3and (o,a/V3 j, 

with site symmetries of C3 (see Table 6), where C3 ={JF,C3 ,C3
_1]. We start by 

determining if d-iT1d = R/ for the transformation operators (i?|d-i?d), R eC3 

because if this is true we may use Eq. (3.112) to determine the irreducible matrix 

representations. First,  we look at d -  R ld when d = | -a/2 ,  aj(2y/3) j ,  for ReC3: 

( ̂  ( A f r i  0  0 s  ( ^ '(T 2 2 2 r i  0  0 s  
2 '(T 

a 

2-J l  
-E a 

iS  
= a 1 

2S 
— a 0  1  0  1 

2\/J 
= 0  

l o  J  l o  J  l o  J  ,0  0  b l o  J  A  
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( 
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\ C \  a 1 2 
r A 2 

c 1 
2 

V3 
2 0^ f 0 2 

a 

iS  -c3 
a 2V3 = a 1 2V1 -a  73 

2 
1 
2 0 2V3 = a 0 (3-114) 

l o .  / v O j  vO J 0 
V 

0 1 
/ 
lo J vO,  

( A 
2 

/ N 
I a 

2 
f  ^  

2 

( 1 
2 

vs 
2 0^ 2 

/ r 
2 

\ 

a 

2>/3 -C3-1 a 2V3 = a 1 
2s/3  

-a  •J i  
2  

1 
2 0 1 2V3 = <3 VJ 

2 (3.115) 

lo J l o ,  l o ,  0 V 0 1 y l o ,  0 V V 

For Re C 3  and d = (o,a/V3j d-i? ]d is: 

V V 0 ̂  r i  0  (T  '  0  ̂  0  
a -E  a 

s = a  1 
& -a  0 1  0  1 

s 0 
l o j  l o j  ^o j  ^0  0  u  lo j  ,0, 

(3.116) 

'0> f ° '  
( 1 

2 
V3 
2 0^  

K  
( ^ 

2 
a -C 3  

a = a — a  & 
2 

1 
2 0 1 = a & 

2 

l o j  l o j  l o j  0  0  1  
J  l o j  0  

v 7 

(3.117) 

0  ̂  i v  i v  ( 1 
2 

S 
2 

cP f ° ]  ( 
1 ^ 2 

a 

4 i  
-C"1 

3 
a 

£  
= a 1 

s  
-a  V3 

2 
1 
2 0 1 

s  
= a VI  

2 

l o  J  l o j  l o j  0  
V 

0 1  
J  l o j  0  v y 

(3.118) 

We can see from Eq. (3.113)-(3.118) that they are all linear combinations of the 

hexagonal lattice vectors al =ax and a2 = xa/2 + yV3a/2. Therefore we may use Eq. 

(3.112) to determine the irreducible matrix representations (in this case the character) for 

the non-principal axis operators (i?|d-i?d), i?eC3. Substituting the results of Eqs. 

(3.113)-(3.115) into Eq. (3.112) the characters at the point d = ^-a/2,a^2-s/3jj are: 

<3.119) 
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Table 6. The C3 Character Table 

r 
Conjugacy classes 

a 

E 

1 1 1 

1 -1/2 + /V3/2 -l/2-iV3/2 

1 

E* -1/2-/V3/2 -I/2 + /V3/2 

(3.120) 

(3.121) 

Substituting Eq. (3.116)-(3.118) into into Eq. (3.112) the character at the point 

We can see that the characters given by Eqs. (3.119)-(3.121) match the characters of the 

E irreducible representation of the point symmetry group C3 (see Table 6). In like 

manner, the characters given by Eqs. (3.122)-(3.124) match the characters of the E* 

irreducible representation of the point symmetry group C3 (see Table 6). All points in 

this crystallographic orbit have one of these two values. In Chapter 6, knowledge of the 

irreducible matrix representations of the photonic crystal space k-group will enable us to 

determine the location and type of polarization singularities in the electromagnetic field. 

(3.122) 

(3.123) 

(3.124) 
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CHAPTER 4 - NUMERICAL METHODS: THE FINITE ELEMENT 

METHOD APPLIED TO TWO-DIMENSIONAL PHOTONIC 

CRYTSALS AND PHOTONIC CRYSTAL SLABS 

4.1 Introduction 

Up to this point, we have focused on establishing group theoretic approaches to treat 

photonic crystals, in which we have developed the analytical elements of our tool set. In 

this study, group theoretic predictions are verified by numerical simulations of photonic 

crystals in high dielectric contrast systems. This chapter focuses on this second 

complementary element in our tool set, numerical experimentation via computational 

physics. The numerical methods of computational physics play an important role in the 

extensive body of research devoted to photonic crystals. Our present analytical 

approximations are suited to develop a broad understanding, but they lack detail in the 

high dielectric contrast systems needed for experimental realization. In contrast to the 

quantum mechanical problems of solid state physics, Maxwell's equations can be solved 

for exactly within linear media [4]. As a result, using numerical methods, we obtain in-

depth knowledge of the properties of the electromagnetic field in any dielectric 

configuration we can imagine, anywhere inside or outside the structure. Therefore, this 

allows us to study the sub-wavelength properties of the optical Bloch modes directly, 

which can lead to amazing discoveries when one is able view the actual electromagnetic 

field patterns. These patterns reveal subtleties that are not obvious when one is staring at 

a set of differential equations and group theory character tables. In fact, it was an unusual 

electromagnetic field pattern obtained from a computer simulation that sparked my 

curiosity, and led to the discovery of optical singularities in photonic crystals. Finally, 

the development of the simulation software will inform future experimental 

investigations of optical singularities within photonic crystals and photonic crystal 

applications. For example, in Appendix D, using the numerical models developed in this 
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study, we examine the optical forces on a sub-wavelength dielectric particle within a 

Bloch mode which contain optical singularities. 

In the following sections, we first discuss the finite element method (FEM), our chosen 

numerical treatment for the solutions of Maxwell's equations for photonic crystals. We 

examine in detail the application of the FEM to two specific cases: the two-dimensional 

photonic crystal eigenvalue problem, and the photonic crystal slab eigenvalue problem. 

In the case of the two-dimensional photonic crystal eigenvalue problem, the scalar 

Maxwell operator is redefined as a function of the dielectric profile and the Bloch wave 

vector k. The solution space is reduced to a two-dimensional primitive unit cell with 

periodic boundary conditions. In the case of the photonic crystal slab eigenvalue 

problem, we take two distinct approaches to the application of the FEM: a generalized 

effective index method, and the full vector solution method. This novel self-consistent 

effective index method is able to actively match the frequency dependence of the 

effective dielectric permittivity to a particular photonic crystal eigenmode. The approach 

demonstrates a dramatic improvement in the application of the effective index method to 

high dielectric contrast photonic crystals. Finally, we outline the application of the full 

vector FEM to the photonic crystal slab eigenvalue problem. In this case, the full vector 

Maxwell's equations are solved, whereby we obtain the solutions to the full vector 

photonic crystal eigenmodes. Similar to the two-dimensional photonic crystal 

eigenvalue problem, the solution space of the photonic crystal slab is reduced to a 

primitive unit, with periodic boundary conditions in the x-y plane. 

4.2 The Finite Element Method 

From a numerical point of view, simulating linear photonic crystals requires solving a set 

of differential equations within a finite solution space (which defines the dielectric 

profile) for a particular set of boundary conditions. This can be further subdivided into 

two elementary problems: the eigenvalue problem and the driven problem. The 

eigenvalue problem, which is the focus of this body of research, defines a linear problem, 

and seeks to find a set of basis solutions, known as eigenmodes, that are the elementary 
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forms of the electromagnetic field (see Chapter 2). By contrast, the driven problem 

includes a source term in Maxwell's equations, and the solution space encompasses 

dynamic evolution of the electromagnetic radiation within the dielectric profile. There 

have been many numerical techniques applied to the study of photonic crystals, such as: 

the finite-difference time-domain method (FDTD); the plane wave expansion method 

(PWM); the scattering-matrix techniques; the multiple-multipole method; the Wannier-

function approach; the Green's function technique; and the finite-element method (FEM). 

There is no one dominant numerical technique in the field of photonic crystals; each has 

strengths and weaknesses (see [93] for a full comparison of numerical techniques applied 

to photonic crystals). For this research, the FEM is the numerical technique chosen to 

determine the eigenmodes of two-dimensional photonic crystals and photonic crystal 

slabs. 

The FEM uses a variational approach to fit a series of interconnected trial functions to the 

subdomains of the solution space, which minimizes the residual of an integral form of the 

differential equation while satisfying the boundary conditions [41]. The subdomains are 

defined by a series of interconnected tetrahedral elements that form a non-uniform mesh, 

and the electromagnetic field is defined at the apexes of the triangles. The FEM can be 

used to solve an eigenvalue problem directly or a source term can be included to solve a 

driven problem. The FEM is not as numerically efficient as the PWM in solving simple 

photonic crystal eigenvalue problems. In addition, the FEM is more complex to 

implement than the FDTD method when applied to driven problems, where one wants to 

observe time-dependent phenomena [42], If, however, the source is time-harmonic (i.e., 

continuous wave phenomena), similar to the FDTD method, transmission and reflection 

characteristics can easily be obtained with the FEM. The strength of the FEM lies in its 

ability to easily handle both eigenvalue problems and driven problems with complex 

dielectric profiles, as well as unit cells with complex boundaries [42], The FEM uses a 

non-uniform mesh that easily follows curved profiles, and the mesh density is permitted 

to vary dramatically within a problem's solution space. This allows dense mesh patterns 

in regions where the electromagnetic field changes rapidly, and sparse mesh patterns in 
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regions where the field is almost constant, resulting in a numerically efficient mesh 

pattern. The application of the FEM to determine the eigenmodes of a two-dimensional 

photonic crystal or a photonic crystal slab can be subdivided into solving a scalar 

eigenvalue problem or solving a full vector eigenvalue problem. In Section 2.4.1, it was 

shown that the two-dimensional photonic crystal eigenvalue problem may be reduced to a 

scalar problem with the eigenmodes uniformly polarized along the z axis. Due to the 

scalar form of the problem, scalar finite elements may be used to model the 

electromagnetic field. The scalar form of the eigenvalue problem is also applicable to the 

photonic crystal slab problem, when the effective index method is used to determine the 

eigenvalues (see Section 4.4.2). By contrast, we cannot reduce the photonic crystal slab 

eigenvalue problem to a scalar equation, but instead must seek a full vector solution. The 

full vector solutions require vector finite elements. The essential feature of vector 

elements is that the vector components of the electromagnetic field are projected on to a 

basis set (within the element) that is polarized tangential to all the surfaces of the 

tetrahedral shape element [41]. This ensures that tangential components of the electric 

and magnetic fields are continuous across the dielectric boundaries (i.e., enforcement of 

the constitutive relationships Eq. (2.9) and Eq. (2.10)). Due to the vector nature of the 

elements, the implementation of the FEM code is significantly more complex, and 

requires much more computational resources compared to the scalar elements. The FEM 

is implemented through a powerful FEM solver called COMSOL Multiphysics. 

COMSOL Multiphysics was chosen for its capability to easily determine the eigenmodes 

of a photonic crystal, but more importantly, it can solve coupled physics problems. This 

ability to solve coupled physics problems has been applied to steady state nonlinear 

applications of photonic crystals [45]-[46] in our group's previous research and it will be 

important for future research projects based on this research. 

4.3 Two-dimensional photonic crystal eigenvalue problem 

A two-dimensional photonic crystal is an optical system that has a dielectric profile 

periodic in the x-y plane and infinite along the z axis (that is, uniform in the z direction), 
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as discussed in Chapter 2. If the Bloch wave vector k of the eigenmode is restricted to 

the x-y plane, then the eigenvalue problem is subdivided into a TM case, defined by Eq. 

(2.27), and a TE case, defined by Eq. (2.28). The eigenmodes of the two cases are 

uniformly polarized along the z axis. As a result, the vector eigenvalue problem is 

reduced to a scalar problem. The scalar eigenvalue problem can be further reduced by 

substituting the scalar Bloch modes of Eq. (2.33) and Eq. (2.30) into the eigenvalue 

problems of Eq. (2.27) and Eq. (2.28): 

®tm (r)>k]wi„ (r) = 

1 

f(r)  
d2 ., d d 2 d2 d d ,2 
-t— + ik„ 1- ikr /c + ——I-ikr 1- z/c k„ 

dx * dx d  y  x d y  x d y  

of 
v(r)=—̂ (r); 

c 

(4.1) 

©ns (r)>k]vkn (r) = 

"d ' 9 -7 1 1 

dx 
+ ik. + 

d ., 
-r- + lky 
dy 

1 

e ( r ) [ d y  + iky 

\\ 

yj 
V k n  { r ) - ~ T V k n  ( r ) -

(4-2) 

Equation (4.1) and Eq. (4.2) define two new operators: ®T M  [e(r) ,k]  and 

Qte [f(r),kj . These new operators are functions of the dielectric profile and the Bloch 

mode wave vector k.  As a result, they are associated directly with the same symmetry 

group as the Bloch mode (see Section 3.3.2). The eigenmodes of the new operators 

0m[f(r),k], and 0r£[f(r),k] are ^(r) and vta(r), where 

Wk»(r + R) = ^(r)> (4-3) 

VUn{r + R) = V*nir), (4-4) 

but the eigenvalue still remains 0 ) 2 / c 2 .  Since the new eigenmodes have the same 

periodicity as the Bravais lattice, the numerical solution space is reduced to a unit cell of 
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the photonic crystal (as defined in Section 2.2.2), and the boundary conditions given by 

Eq. (4.3) and Eq. (4.4), are periodic boundary conditions. COMSOL Multiphysics can be 

interfaced with Matlab (a script based programming language), to parametrically study 

the eigenmodes. Using the parametric approach, the photonic band structure is found by 

solving the eigenvalue problem at discrete points on the boundary of the irreducible 

Brillouin zone (for various Bloch wave vectors k). As an example, the photonic band 

structure is determined for a square lattice of dielectric columns. The lattice constant is 

a = 3.75x10 7m and the radii of the columns are r = 0.2a . The dielectric permittivity of 

the columns are e2 (r) = 8.9 in an air background of (r) = I. The unit cell chosen 

arbitrarily as a square that has a quarter of a column in each corner (see Figure 13(a)) 

with elementary lattice vectors aj = ax and a2 = ay. In reciprocal space, the Brillouin is 

also a square with elementary reciprocal lattice vectors b, = n j  a x  and b2 = n j a y  .  The 

irreducible Brillouin zone is an equilateral triangle, where, at the vertices of the triangle, 

the major symmetry points in reciprocal space are identified as M, X and T (see Figure 

13(b)). 

When numerically solving the eigenvalue problem, the dielectric profile and Bloch wave 

vector k are the input parameters and a stated number eigenvalues is the output. 

Theoretically, there is an infinite number of eigenvalues associated with Eq. (4.1) and 

(4.2), but as with all aspects of numerical modeling, the eigenvalues must be limited to a 

finite value. To remain computationally efficient, only the first ten eigenvalues are 

determined. The output of the solver is the first ten eigenvalues, where each value is 

labeled by a band index n. The eigenvalues may be nondegenerate or degenerate; this is 

determined by the symmetry as described in Chapter 3. In Figure 13(c), the photonic 

band structure is plotted in normalized units of coajlnc versus kajln, where it is clear 

the eigenvalues change continuously around the irreducible Brillouin zone. For the TM 

case, there is a band gap between bands 1 and 2 for the range coa/lnc = 0.325 - 0.42 . 

The TE case does 
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Figure 13. Dielectric columns in a square lattice: (a) unit cell, (b) first Brillouin zone, (c) photonic 
band structure TE bands (red) and TM bands (blue). 
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not have any band gaps, hence the square lattice is not considered a full band gap 

photonic crystal. 

An alternate way to view the photonic band structure is to determine the eigenvalues for 

wave vectors not only on the boundary of the irreducible Brillouin zone but also inside, 

subsequently mapping the irreducible Brillouin zone over the full Brillouin zone. This is 

the dispersion surface. In Figure 14(a), we see the normalized frequency values coaflnc 

(vertical axis) for all the normalized Bloch wave vectors ha/27V (horizontal plane) in first 

Brillouin zone for the band one TM eigenmodes. The shape is roughly a cone that is 

repeated in reciprocal space with the same symmetry as the dielectric profile, as predicted 

by the photonic crystal point group (see Section 3.3.2). In Figure 14(b), we see a similar 

situation of repeated frequency values within the first Brillouin zone, but for the second 

band TM eigenmodes. 

The Bloch modes of the photonic crystal are determined by multiplying the eigenmodes 

of Eq. (4.3) and (4.4) by the phase factor e'kr. In Figure 15(a), we see an example of an 

electric field TM Bloch mode in normalized units, for band 1, where k = (x + y)4/r/(5a); 

the symmetry group is C l h  = { E , < J h ] .  From the electric field TM Bloch mode, the 

associated magnetic field can be determined using Maxwell's equations. The spatially 

dependent Poynting vector field is found using Eq. (2.32), and we can see in Figure 15(b) 

that the Poynting vector field does not necessarily flow parallel to the Bloch wave vector, 

as noted in Section 2.4.2. 

Typical solution times, for a single Bloch wave vector simulation, are between 2.3 

seconds for 970 mesh points, to 55.3 s for 15520 mesh points, where the calculations 

were performed on a Pentium 4 CPU 2.4 GHz computer with 2 GB of RAM. The 

number of mesh points chosen was 3880 because it was found that the first five 

eigenvalues changed 0.001% or less when the number of mesh points was increased to 

15520. 

108 

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission. 



ky*a/2n -0.5 -0.5 
kx*a/2n 

0.58 

0.56 

0.54 

0.52 

0.5 

0.48 

0.46 

0.44 

0.42 
0.5 

0.5 

•0.5 -0.5 
kx*a/2n 

Figure 14. TM photonic band structure of dielectric columns in a square lattice plotted over the 

entire Brillouin zone structure, normalized frequency 0X1/2710 (vertical axis) and Bloch wave vector 

ka/27C (horizontal plane): (a) band 1, (b) band 2. 

109 

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission. 



Figure 15. TM eigenmode band n = 1, k = 0.8 Jtja (X + y) (a) electric field, where 

Ekn (r) = Ez (r)z and (b) Poynting vector magnitude and direction, both in normalized units. Bold lines 

represent the edges of the unit cell and the dielectric columns. 
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4.4 Photonic crystal slab eigenvalue problem 

4.4.1 Introduction 

In Chapter 2, the photonic crystal slab was described as an optical system that has a 

dielectric profile which is periodic in the x-y plane, but is no longer infinite along the 

z axis (see Figure 4(b)). In the z direction, light is confined to a region that is on the 

order of the wavelength of the light, because the slab thickness is chosen for single mode 

response. This region has a dielectric permittivity that is larger than the surrounding 

medium, where the light is index guided (see Section 2.4). If the Bloch wave vector k of 

the eigenmode is restricted to the x-y plane, then the eigenvalue problem is defined by 

Eq. (2.12) or Eq. (2.11). The eigenmodes of the photonic crystal slab are polarized in 

many directions; hence a full vector solution is required. In contrast to the two-

dimensional photonic crystal eigenvalue problem, there is no rigorous method to reduce 

the full vector problem to a scalar one. Nevertheless, we can use an approximate scalar 

technique to determine the photonic band structure of a photonic crystal slab. This 

technique is called the effective index method, which has been used by many authors 

[34], [43], [92], [94], [95] and [108], In the following sections, we examine the 

implementation of the full vector eigenvalue problem, but first we present an improved, 

self-consistent, effective index method. This self-consistent effective index method 

dramatically increases the accuracy of the traditional effective index method for high 

dielectric contrast photonic crystals, as noted by full vector solutions. 

4.4.2 Self-consistent effective index method 

All effective index methods approximate the photonic band structure of a photonic crystal 

slab by solving the two-dimensional photonic crystal eigenvalue problem, with the 

dielectric permittivity (index) of the background medium being replaced by an effective 

dielectric permittivity of the guided modes of an unperturbed dielectric slab. The 

frequency dependent effective dielectric permittivity of the dielectric slab eigenmode is 

given by 
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£eff (®) = (neff f = (K (t0)c/0) f (4.5) 

where co is the frequency and kx(co) is the wave vector of Eq. (2.42), explicitly as a 

function of frequency. The validity of the effective index method rests on two criteria: 

First, that the dielectric slab eigenmodes are a suitable basis functions to expand photonic 

crystal slab eigenmodes (see Section 2.5). Second, that the photonic crystal slab 

eigenmodes in the x-y plane bisecting the photonic crystal slab (x,y, 0) are identical to 

the electric and the magnetic fields of the two-dimensional photonic crystal eigenmodes: 

where the eigenmodes compared have the same Bloch wave vector k [34] (see example 

in Section 5.4). As a consequence of its basic premise, the effective index method is only 

valid in the single mode region of the dielectric slab eigenmodes [34], Outside of the 

single mode region of the dielectric slab eigenmodes, the effective dielectric permittivity 

of the photonic crystal slab eigenmodes would need to be approximated by dielectric slab 

eigenmodes with multiple effective dielectric permittivities (similar to the vanishing 

dielectric contrast eigenmodes discussed in Section 2.5.3). The basic premise of 

substituting an effective dielectric permittivity into the two-dimensional photonic crystal 

eigenvalue problem clearly cannot treat multiple effective dielectric permittivities. 

To implement the effective index method, the dispersion relationship (se f f  (co) vs. co) of 

the unperturbed dielectric slab (i.e., of a solid slab formed from the same base material) is 

calculated using a simple numerical root-finding technique (see [97] pp. 19-22), where 

the frequency co of the dielectric slab eigenmode is the input parameter and the 

frequency dependent effective index eeff (co) is the output as defined by Eq. (4.5). This is 

different from the vanishing dielectric contrast approximation, where we found the 

E ^ ( x , y , 0 )  =  E ^ ( r ) ,  

o) = Hrc )(r) ,  

(4.6) 

(4.7) 
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dispersion relationship for a dielectric slab with the average dielectric permittivity of the 

photonic crystal slab, and then folded the bands into the first Brillouin zone. In general, 

the effective dielectric permittivity determined by the dispersion relationship will be a 

range of values bounded at the upper limit by the dielectric permittivity of the dielectric 

slab and at the lower limit by the dielectric permittivity of the surrounding medium (i.e. 

Esur ^ £eff H ̂  £S,ab ) ([97], pp. 16-19). 

The challenge when applying an effective index method is that eeff (a>) must be chosen 

before one can solve the two-dimensional photonic crystal eigenvalue problem, but we do 

not know the correct co until afterwards. Previous research solved this issue by assigning 

an average value to the dielectric permittivity of the base two-dimensional photonic 

crystal medium. We will refer to this method as the average effective index method. For 

low dielectric contrast photonic crystals, the two-dimensional photonic crystal 

eigenvalues calculated with an average effective dielectric permittivity are very good 

approximations to the eigenvalues of a full vector solution, even over extended frequency 

ranges encompassing many frequency bands [34]. For the effective index method, low 

dielectric contrast refers to the surrounding medium (i.e. substrate and superstrate). Low 

dielectric contrast does not refer to the two materials comprising the two-dimensional 

photonic crystal (as is the case for the vanishing dielectric contrast approximation). A 

large dielectric permittivity difference between the base medium (effective medium) of 

the photonic crystal and the second material, such as air holes, is perfectly acceptable 

when using the effective index method. This means characteristic features of the 

photonic crystals such as photonic band gaps can be studied. It is for this reason that the 

effective index method is far superior approximation to the vanishing dielectric contrast 

approximation (see Section 2.5.3) when accurate photonic band structures are sought. 

However, as the dielectric contrast is increased, the range of effective index values also is 

increased. Therefore, an average effective dielectric permittivity does not suffice. The 

difference between the two-dimensional eigenvalues calculated with the average effective 

index method and the eigenvalues of the full vector solution becomes much greater. In 
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this case, the average effective index method is only a good approximation over a very 

small frequency range [34], To increase the accuracy of the effective index method, we 

are proposing a self-consistent effective index method. The self-consistent effective 

index method is able to match the frequency dependent effective dielectric permittivity 

£eff (a)) to the proper photonic crystal eigenmode frequency co. 

The self-consistent effective index method is implemented as follows: To start, the two-

dimensional photonic crystal eigenvalue problem is solved using an average effective 

dielectric permittivity, where we obtain the eigenmode frequency a\. This frequency 

value then is used to determine a frequency dependent effective dielectric permittivity 

£eff[o\)\ ) is used to solve the two-dimensional photonic crystal eigenvalue 

problem again; a new frequency value co2 is obtained and again used to determine a new 

frequency dependent effective dielectric permittivity £e f f  (ct)2); this loop continues until 

£ e f f  (a) i n ) -  £ e f f  {(»i )< error  (error  is an input parameter), where the algorithm is 

performed for each value of Bloch wave vector k and separately for each frequency band 

n. 

To demonstrate the improved performance of the self-consistent effective index method 

over that of the average effective index method, we compare the eigenvalues 

(frequencies) of both methods to the eigenvalues (frequencies) of the full vector solution. 

The system we choose to simulate is a hexagonal photonic crystal slab from the T point 

to the K point in reciprocal space (see Figure 16). The photonic crystal slab has a lattice 

constant of a = 3.75xl(T7m, where there are air holes of radii r = 0.25a in a dielectric 

slab with a thickness of d - 0.5a and a base dielectric permittivity of e2 = 11.56 (GaAs). 

The photonic crystal slab is surrounded by air on all sides. The normalized single mode 

TE cutoff frequency of the dielectric slab is coTEcutojf = coajlnc - 0.384. The frequency 

dependent effective dielectric permittivity is equal to 1 < £e f f  (cv) < 7.84 in the frequency 
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range 0 <Q)<(Oj.Ecutojf. In Figure 16(c), we see the photonic band structure calculated 

using the three different methods: the average effective index method (red lines), the self-

consistent effective index method (blue line with an error - 0.0001), and the full vector 

solution (black circles, where the full vector solution will be described in the next 

section). Over the entire range of Bloch wave vectors, from F to K, and for all three 

frequency bands, the self-consistent effective index method shows a much better 

agreement with the vector solution than the average effective index method, where the 

most pronounced improvement is in the higher frequency second and third bands. We 

found that, in the case of the photonic band structure determined using the average 

effective index method, the narrow frequency region, where the accuracy of the 

eigenvalue determination is good, varies in location depending on the average effective 

dielectric permittivity chosen. Although, without comparing to the full vector solutions, 

there is no way to determine which frequency range is a good approximation to the full 

vector solutions. This is one of the main issues of implementing the average effective 

index method that we address with the self-consistent effective index method. For this 

example, we chose an average effective dielectric permittivity of £eff = 6.00, which 

matches the frequency of a photonic crystal eigenmode close to the band edge (see the 

crossing point of the red and blue first bands in Figure 16(c)). The self-consistent 

effective index method provides the best possible fit to the vector solution achievable by 

an effective index method, because the dispersion of the base material is accounted for 

within the calculation, which is applicable for every point in the photonic band structure 

simultaneously (below the single mode cutoff frequency). Another deficiency in the 

photonic band structure determined using an average effective index method is that it is 

just a scaled version of the two-dimensional photonic crystal photonic band structure. 

Many authors have shown that the actual photonic band structures of photonic crystal 

slabs significantly differ from their analogous two-photonic crystal photonic band 

structures [101], By contrast, the self-consistent effective index method is able to 

overcome the two-dimensional photonic crystal bias in the average effective index 

treatment more faithfully describing the true photonic band structure. 

115 

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission. 



r K 
Figure 16. Hexagonal slab photonic crystal (a) unit cell, and elementary lattice vectors, in Cartesian 
space; (b) Brillouin zone (black) in reciprocal space; (c) photonic band structure for first three bands 
between T and K point in the irreducible Brillouin zone, the average effective index method (red), the self-
consistent effective index method (blue) and the full vector solution (black circles). The axes are in 

normalized frequency (DajljlC and normalized wave vector kaflJC. Irreducible labels are for the 

electric field. 
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Photonic band structures determined using effective index methods have the largest 

relative errors, as compared to the full vector solution, close to the edge of the Brillouin 

zone (K point), because they are based on an averaging approximation. Close to the edge 

of the Brillouin zone, the wavelength of the light is on the order of the lattice vectors and 

thus interference effects play a dominant role. When the error parameter of the self-

consistent effective index method was reduced to error — 0.0001, the calculated 

eigenvalues have the greatest relative error as compared to full vector eigenvalues at the 

K point, where it is 5% for band 1, 2% for band 2, and 0.7% for band 3. These relative 

error values remained consistent to within one significant digit as the error parameter was 

varied between 0.0001 < error < 0.1. What does change as the error parameter varies is 

the accuracy of the self-consistent effective index method at known degenerate 

eigenvalues, such as the doubly degenerate bands 2 and 3 at the edge of the Brillouin 

zone (K point). The two photonic crystal slab eigenmodes at the K point are associated 

with the two-dimensional E irreducible representation of the C3v point group (see Figure 

6(b)). As the self-consistent error parameter is reduced, the two different eigenvalues of 

band 2 and 3 converge to the degenerate full vector eigenvalue. The photonic band 

structure determined with an average effective index method can be made to match these 

relative error values for band 1 or for band 2, 3 depending on the average effective 

dielectric permittivity chosen. Independent of the type of effective index method, the 

light cone of the dielectric slab accurately predicts the region in reciprocal space where 

the full vector photonic crystal slab eigenmodes become unbounded (i.e., the eigenmode 

is not guided by the photonic crystal slab). The light cone is determined by dispersion 

relationship of the surrounding medium, in this case air (i.e., a>LC (k)  = cVk-k )  

Although we can obtain significantly better accuracy with the self-consistent effective 

index method, the downside is much longer computational times, because we are 

calculating each photonic crystal eigenvalue multiple times. The self-consistent effective 

index method must be calculated for each frequency band separately, whereas the 

average effective index method and the full vector method determine all the eigenvalues 
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at once for each Bloch wave vector k. The number of iterations before the self-consistent 

effective index method converges depends on the error parameter. In the case of the 

hexagonal photonic crystal slab, the smallest error parameter tested was error = 0.0001, 

where the self-consistent method converged on average in 9 iterations, with a maximum 

of 11 iterations. For the largest error parameter tested error = 0.1, the self-consistent 

method converged on average in 3 iterations, with a maximum of 4 iterations. For our 

given example, these values will be multiplied by three, one for each of the three bands. 

Regardless, these increased computational times are still much less than the full vector 

calculations, and they can be performed on an ordinary desktop computer (the full vector 

solutions require a much more powerful system; see Section 4.4.3). To obtain 

eigenvalues for the first three frequency bands, a typical full vector calculation takes 

about 330 seconds and the average effective index method take about 2 seconds. 

Obtaining the same frequency bands using the self-consistent effective index method on 

the same computer takes 55 seconds on average, when error - 0.0001 and 19 seconds on 

average, when error = 0.1 (where the computational time of the FEM dominates the run 

time of each iteration). This result is approximately 5.9 to 17.4 times faster using the 

self-consistent effective index method over the full vector solution, depending on the 

error parameter chosen. 

In conclusion, the presented self-consistent effective index method is a significant 

improvement over the average effective index method. The self-consistent effective 

index method demonstrates the best possible accuracy for any solutions based on an 

effective dielectric permittivity, regardless of the dielectric contrast of the photonic 

crystal slab. Furthermore, the self-consistent effective index method is able to capture 

the differences in the photonic band structure when one is comparing two-dimensional 

photonic crystals and photonic crystal slabs. The average effective index method is 

unable to model these differences between the two-dimensional photonic crystals and 

photonic crystal slabs. Finally, these improvements to the effective index method are 

obtained with a moderate increase in computational complexity as compared to the 

solutions of the average effective index method. 
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4.4.3 Full vector eigenvalue problem 

The most accurate method to determine the eigenvalues and eigenmodes of a photonic 

crystal slab is to solve the full vector eigenvalue problem given by Eq. (2.11) or Eq. 

(2.12), where both equations give the same electric and magnetic fields. In the case of a 

full vector solution to the photonic crystal slab eigenvalue problem, it is not possible to 

reduce the vector problem to a scalar problem, as in the case of the two-dimensional 

photonic crystal eigenvalue problem. However, the photonic crystal slab is periodic in 

the x-y plane and has the form of a Bloch mode in these directions (see Section 2.5). Due 

to the periodicity of the Bloch mode, we can reduce the solution space in the x-y plane to 

a two-dimensional primitive unit cell, similar to the two-dimensional photonic crystal 

eigenvalue problem (see Section 4.3). The boundary conditions applied to the edges of 

the primitive unit cell due to the periodicity are: 

The walls of the two-dimensional primitive unit cell are the boundaries of the solution 

space parallel to the z axis. Equation (4.8) and Eq. (4.9) are Floquet-periodic boundary 

conditions and they are a direct result of the periodicity of the Bloch modes, given in Eq. 

(2.20). Along the z axis, the photonic crystal slab eigenfunctions are mostly confined 

within the photonic crystal slab and decay exponentially outside of this region (see 

Section 2.5.3). Theoretically, to model the exponential decay, the solution space should 

extend to infinity along the positive and negative the z axis. However, the magnitude of 

the photonic crystal slab eigenmode becomes very small a short distance outside of the 

photonic crystal slab, which allows us to truncate the solution space without any 

significant loss of accuracy. The boundary conditions on the planes perpendicular to the 

z axis are set to perfect electrical conductors nxE(r) = 0, where n is a unit vector 

normal to the plane. The truncation of the solution space is done by inspection, where the 

height is varied until the photonic crystal eigenvalues no longer change significantly. 

E^r  + R^XJr) ,  

H t a  (r  +  R)  =  (r) .  (4.9) 

(4.8) 
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Since this is a three-dimensional problem, it is computationally intensive, so a non­

uniform mesh is used to reduce the run times. The mesh is densest inside the photonic 

crystal slab, where the electromagnetic field varies the most, and decreases moving away 

from this region. Furthermore, on the boundaries of the solution space, the mesh pattern 

is copied from one surface and an image of the mesh pattern is placed on the opposite 

surface. This helps the program enforce the Floquet-periodic boundary conditions, which 

reduces the eigenmode error. As mentioned in the Section 4.2, vector finite elements are 

used to model the photonic crystal slab eigenvalue problem. As a consequence of the 

vector finite elements, false eigenmodes may be obtained. Reduction in the number of 

false eigenmodes is achieved by presenting a good guess to the FEM solver. This guess 

value is typically the eigenvalue obtained from the photonic band structure calculated 

using the vanishing dielectric contrast limit approximation (see Section 2.5.3), or for 

more accuracy, the eigenmode obtained from the effective index method (see Section 

4.4.2). Moreover, to identify the real eigenmodes, we must determine that its spatial 

symmetry is correct, and that the eigenvalue is reasonable when compared to the 

approximate methods. The identification of physical photonic crystal slab eigenmodes is 

one of the important reasons for studying their approximate solutions and their symmetry 

transformation properties. As an example, we calculate the magnetic field, electric field 

and the Poynting vector for a hexagonal photonic crystal slab eigenmode with the same 

parameters as described in the previous section, for the first band, and with a Bloch wave 

vector k = x4;r//(5a). In Figure 17 to Figure 19, we see the three-dimensional view of 

the magnetic field, electric field and Poynting vector respectively, where the arrows 

represent the field vectors and the magnitude is proportional to length. The magnitudes 

of the fields are also given by the background colour in normalized units. The field 

vectors are shown in the x-y planes at the middle of the slab z = 0, and at the bottom of 

the photonic crystal slab z = - a/4 . There is a third plane (y-z plane at z = 0) that shows 

the vertical dependence of the magnitude along the z axis. The bold black lines represent 

the edges of the photonic crystal slab primitive unit cell and the location of the air hole. 

The magnetic field vectors are parallel to the x-y plane at z = 0 and the electric field 
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vectors are parallel to the z axis at z = 0, which means the photonic crystal eigenmode is 

a quasi-TM mode. This eigenmode is only a quasi-TM mode because the electric field 

vectors are no longer parallel to the z axis away from the z = 0 plane (see z = - a/4 

plane in Figure 18). The Poynting vector is always parallel to the x-y plane within the 

photonic crystal slab (see z = 0 plane and z = -a/4 plane in Figure 19). In Figure 

20(a), we can see the top view of the Poynting vector in the z = 0 plane, where it is clear 

the direction of energy transport is spatially dependent. Moreover, the Poynting vector 

field is only average parallel to its Bloch wave vector k = x4tt/(5a), similar to the two-

dimensional photonic crystal eigenmodes. In Figure 20(b), we can see a cross section of 

the Poynting vector magnitude along a plane that cuts the air hole, where it is clear the 

Poynting vector is at a maximum inside the air hole and disappears very quickly outside 

of the photonic crystal slab (the edge of the photonic crystal slab is the bold black line). 

The fact that the Poynting vector is mostly confined within the photonic crystal slab is 

one of the primary indicators that it is a physical photonic crystal slab eigenmode in 

addition to the identification of the quasi-TM characteristics of the electric fields and the 

magnetic fields. 

The full vector calculations were performed on an IBM server with 24 GB of RAM and 

two Xeon quad 2.6 GHz processors, because memory requirements are significant, 

beyond conventional desktop systems. To determine six physical eigenvalues at a 

particular Bloch wave vector k, the solution time was on average 5.5 minutes (328.2 

seconds) when the mesh contained 11067 elements (89148 degrees of freedom). In 

comparison, the two-dimensional photonic crystal eigenvalue problem on the same 

computer system would take about 2 seconds. There were several mesh densities tried 

and it was found that 11067 elements provided the right balance between accuracy and 

computation time. 
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Center of the slab 
z = 

Bottom of the slab 

Figure 17. Hexagonal photonic crystal slab lattice air holes in dielectric background Bloch mode, 

band 1, k = x4^r/(5a) magnetic field magnitude and direction (arrows) three-dimensional view. Bold 

lines represent the edges of the photonic crystal slab unit cell. 
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Center of the slab 
z = 0 "• mm 

Bottom of the slab 

Figure 18. Hexagonal photonic crystal slab lattice air holes in dielectric background Bloch mode, 

band 1, k = x4^/(5a) electric field magnitude and direction (arrows) three-dimensional view. Bold 

lines represent the edges of the photonic crystal slab unit cell. 
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Center of the slab 
z = 0 """ •• 

Bottom of the slab 

Figure 19. Hexagonal photonic crystal slab lattice air holes in dielectric background Bloch mode, 

band 1, k = X 4?r/(5a) Poynting vector magnitude and direction (arrows) three-dimensional view. Bold 

lines represent the edges of the photonic crystal slab unit cell. 
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Figure 20. Hexagonal photonic crystal slab lattice air holes in dielectric background Bloch mode, 

band 1, k = X 471 j( 5a J Poynting vector magnitude and direction (arrows) (a) top view x-y plane at 

Z = 0, (b) cross section view (along dashed line in part (a)). Bold lines represent the edges of the photonic 
crystal slab unit cell. 
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CHAPTER 5 - SYMMETRY CONSTRAINTS AND THE EXISTENCE 

OF BLOCH MODE VORTICES IN LINEAR PHOTONIC CRYSTALS 

5.1 Introduction 

Akin to flow vortices in the more familiar mass transport systems, the defining feature of 

an optical vortex is the circulation of the flux about a singular point. This singular point, 

while a zero in the optical intensity, is also the terminus of a dislocation in the phase of 

the optical field [77], Unambiguous definition of the local phase is achieved through the 

relation between real and imaginary parts of a complex field description. The phase 

behavior in the vicinity of the singularity quantifies the system vorticity, which is 

necessarily related to the angular momentum of the optical mode [56], and thus a primary 

motivator for research into such states [78]-[79], The vorticity v is an integer quantity 

arising from a contour integration for the change in phase d& around the singularity 

In this chapter, we report the existence of modal phase singularities within photonic 

crystals, whereby we present a general analytic methodology of predictive power based 

on group theoretic principles and plane wave interference in the limit of vanishing 

dielectric contrast. We have validated this approach by numerical simulation at higher 

dielectric contrasts, exploiting the finite element method to generate the Bloch mode and 

phase distributions for photonic crystals of various symmetries. Both approaches agree, 

showing modal phase singularities associated with the classical flux vortices revealed by 

Poynting's vector maps of optical intensity within the photonic crystal's unit cell. 

[77], as 

(5-1) 
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To our knowledge, this is the first report describing phase singularities within the Bloch 

modes of linear photonic crystals [55]. Flux vortices were earlier noted in photonic 

crystal defect state (waveguiding) systems [47]-[48], but were neither identified as phase 

singularities nor further studied. Photonic crystals have been mentioned as a potential 

source of vortex arrays, but the discussion focused only on the angular momentum for a 

system of rectangular symmetry [56], Phase singularities have recently been identified in 

other systems of discrete rotational symmetry, such as finite optical lattices and photonic 

crystal fibers [80]-[83]. These are all systems where the net flow of optical energy 

parallels the nodal line, as originally noted in the now-familiar Laguerre-Gaussian beam 

illustration [84], and they are known as pure screw phase dislocations ([85] p.98). By 

contrast, phase singularities in linear photonic crystals need not, in general, form nodal 

lines, nor are the energy circulation and phase variation constrained to planes normal to 

the mean transport direction. In particular, for purely two-dimensional (2D) photonic 

crystals, where the spatial dependence of the optical mode is invariant along the direction 

of continuous translational symmetry, the resulting nodal lines are purely orthogonal (not 

parallel) to the mean energy flow direction. This is known as a pure edge type phase 

dislocation ([85] p.99). 

Here, we examine optical vortices within two-dimensional photonic crystals, because the 

symmetry classes of two-dimensional photonic crystals and photonic crystal slabs are 

easy to visualize, and the analytic and numerical treatments comprehensive. We establish 

the basic principles of vortex formation by exploring several cases of pure two-

dimensional photonic crystals, and then finally conclude by examining a particular case 

of the photonic crystal slab to determine the effect of light confinement in the z axis. 

The extension to three dimensional photonic crystals, while tedious, is straightforward. 

The existence of phase singularities in photonic crystals is predicated on general 

symmetry principles involving specifically the photonic crystal eigenmode point group 

(k-group see Section 3.3.2). By merging group theory with a phasor representation of 

interfering plane waves, in the limit of vanishing dielectric contrast (see Chapters 2 and 

3), we find that their locations in real and reciprocal space may be determined. By 
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examining the geometry and symmetry of the summation of degenerate plane waves, we 

can determine which modes fundamentally contain phase singularities. Since our phase 

singularities are associated with a complex field, the geometry of this sum is most easily 

examined in phasor notation. Two distinct singularity classes are identified: (i) symmetry 

singularities, which appear at locations in reciprocal space of high symmetry, and (ii) 

accidental singularities, which appear at locations in the band diagram where there is 

accidental mixing of modes from adjacent bands. The former may be predicted solely via 

group theoretic principles; by contrast, the latter can only be determined by an eigenmode 

decomposition technique such as the phasor representation of interfering plane waves. 

5.2 Analytic description of phase singularities 

We represent the relevant optical modes as complex quantities, for example, the magnetic 

component of the TE eigenmode of a two-dimensional photonic crystal can be separated 

in real and imaginary parts given by 

where pz (r )  is the spatial dependent real part and qz (r )  is the spatial dependent 

imaginary part of the magnetic field. In phasor notation, Eq. (5.2) can be rewritten as 

Hk„ ( r)  = ( r)  = z{p
z  ( r)  + *'0 z  ( r))» (5.2) 

(5.3) 

where f( r)  =  j p.f  (r  ) + ql (r )  the field magnitude and the modal phase ?9( r)  is defined 

as 

r)  = arctan[gz (r )/pz (r ) ]  .  (5.4) 
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The modal phase r) becomes undefined, and hence singular at points in the field 

when pz (r0) = qz (r0) = 0. In Figure 21, we see an example of the modal phase /?( r) of 

the magnetic field, given by 

Hk„(r)  = z(x + z>), (5.5) 

where the phase goes from 7U to —Jt (note this field is not of a particular system, but 

chosen as a simple example). There is a phase dislocation as noted in Figure 21, which 

terminates on the singularity at the origin, (x,y) = (0,0). The vorticity of this singular 

point is v-l as defined by the contour integral Eq. (5.1). 

In this chapter, we employ modal decomposition into the dominant components of a 

plane wave basis set in the vanishing dielectric contrast limit to determine an analytic 

form for the eigenmodes, where the focus is on the TE eigenmodes of a two-dimensional 

photonic crystal and the TE eigenmodes of a photonic crystal slab (see Section 2.4.2 and 

Section 2.5.3). The base form of the two-dimensional photonic crystal eigenmodes is 

given by Eq. (2.30), and for the photonic crystal slab, by Eq. (2.51). The coefficients of 

the base forms are determined using the projection operator method outlined in Section 

3.4.4. The analytic forms of the eigenmodes are analyzed using phasor geometry to 

illustrate how two distinct types of singularities arise for various symmetry classes of 2D 

photonic crystals. 

Our analytic approach is indebted to earlier contributions [81]-[82], These groups 

studied optical vortices analytically by examining interfering plane waves in free space 

systems, in which they established the required plane wave geometry for the formation of 

optical vortices. It is these same criteria we use for this study of optical vortices within 

photonic crystals, where the criteria are described in the following. Vortex locations may 

be determined by finding the spatial locations where the complex field vanishes. 
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Phase 
Singularity 

Figure 21. Modal phase Z?( r j of a magnetic field, given by Hkn ( r )  =  z  ( x  +  i y ) ,  with a phase 

singularity at the origin, (x, y) = (0,0). 
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We express the TE eigenmode of a two-dimensional photonic crystal (Eq. (2.34)) as a 

linear combination of plane waves in phasor form as 

«U r) = (G)e''k+C| r = i]TSF, e"-"> (5.6) 
G 

where hkn (G)  is a complex coefficient for the plane wave; fs is the magnitude of the 

sth plane wave, and 6s (r) is its spatially dependent phase in complex notation. Note 

that a plane wave in complex notation has a magnitude fs that is not spatial dependent. 

Adding the phasors vectorially, if they form a closed path at any point, the complex field 

vanishes. The existence of phase vortices thus requires 

Consequently, there must be three or more plane waves to form a phase singularity. If 

there are less than three, it can be shown that the overall phase is constant along contours 

that are infinitely long; therefore dislocations in a phase contour cannot be formed, which 

is characteristic of a phase singularity [81]. Closed-form determination of the existence 

and location of phase singularities requires mapping system symmetries to the band 

structure using group theory, where phasor analysis of the Bloch mode generated by a 

tractable plane wave expansion spatially locates the singularity. In Section 5.3, we show 

this for the vanishing contrast case of the two-dimensional photonic crystal, which limits 

the plane waves to only those apparently required by the system symmetries. Numerical 

treatment, and a discussion of higher contrast systems, is found in Section 5.3.2. Finally, 

in Section 5.4, we examine the phase singularities in the eigenmodes of photonic crystal 

slabs. 

f s  <f 1 +f 2 +. . .  +  f s _ l .  (5.7) 
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5.3 Two-dimensional photonic crystals 

5.3.1 Symmetry and the vortex state 

We describe below an investigation of all permissible Cm point groups of the TE 

eigenmodes of two-dimensional photonic crystals, specifically the odd and even 

rotational symmetries, focusing simply on how one determines vortex location. In 

Section 5.3.2, we demonstrate explicitly that the singularities thus identified are indeed 

optical vortices via the behavior of phase and local Poynting vector flux distributions. 

Since the choice of k sets the point group (see Section 3.3.2), we consider the various 

symmetries for both the hexagonal and square lattices. Consider the hexagonal lattice, 

whose unit cell is a rhombus composed of two equilateral triangles with sides of length a, 

shown in Figure 22(a); its Brillouin zone is shown in Figure 22(b). Consider the K point, 

k = \Anj(3a): this point is associated with the C3v point group. At the K point, bands 1, 

2 and 3 mix; this is shown in the vanishing dielectric contrast limit in Figure 22(c), the 

bands having been determined by unique choice of reciprocal lattice vectors. To 

determine the photonic crystal eigenmodes, we consult the C3v character table (see Table 

1) and employing the decomposition technique of Section 3.4. These eigenmodes will 

individually be associated with either the A1 or E representation; the former is one 

dimensional and the latter is two dimensional. The analytic forms for the Bloch modes 

(in the vanishing dielectric contrast limit) that correspond to these representations are 

(5.8) 

(5.9) 

(5.10) 
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(a) (b) ky 

M z r T K 

Figure 22. The hexagonal lattice: (a) real-space unit cell, (b) the Brillouin zone, and (c) the band 
structure in the vanishing dielectric contrast limit with the locations of the modes associated with the 

A] and E irreducible representations of the C3v point group. 
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The origin of Eq. (5.8) to Eq. (5.10) is located at the k-group principal axis of the 

hexagonal lattice unit cell (see Figure 9), and the magnitude of each plane wave 

component is normalized to same arbitrary coefficient iik, (0). Inspection of Eq. (5.8) 

and (5.9) reveals that each mode is simply a superposition of three unique plane waves, 

thus each may form a closed geometry with attendant phase singularities. Equation 

(5.10), however, contains only two plane waves and therefore cannot contain any 

singularities. Let us consider Eq. (5.8) and Eq. (5.9) individually, and then the e 

representations collectively. We rely on the fact that, for the Bloch mode associated with 

the a1 representation, all the phasors have the same magnitude, fx = f2 — F3, thus 

satisfying f 3 <f 1 +f 2  (see Eq. (5.7)). Phase singularities will occur thus at the spatial 

locations where the phasors form equilateral triangles, resulting in the complex field 

vanishing.  Since there  are  two unique vector  forms for  an equi la teral  t r iangle ,  the  a x  

representation gives rise to two distinct vortices: one with v = l ,  where the phase 

increases in a counterclockwise direction around the singulari ty,  and one with v = -1 ,  

where the opposite occurs; these are shown in Figure 23(a) and Figure 23(b), 

respectively. Examining Figure 23, we find (6h,dc) = (2tt/3,4tt/3) for v = \, and 

(0h ,0 c)  = (4/z-/3,2tt/3) for v = - \ .  By direct comparison with the phase angles of Eq. 

(5.8), these yield the respective sets of linear equations 

—Ik) a 2 nf >/3a 

_ 2 7t/ a 2 7i/ -v/3a 

These band-edge vortices are thus located, for v  =  l ,  and v  =  - l ,  at 

( x , y )  =  [ - a / 2 , a / 2 \ f 3 ^ j  and ( x , y )  =  [ - a / 2 , - a / 2 > / 3 ^ ,  respectively; these are the 

centers of the equilateral triangles which comprise our real-space unit cell 

(crystallographic orbit associated with the special Wyckoff position wh, see Table 5). A 
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(a) 

(b) 

Figure 23. Phasor geometries for the Bloch mode of the Ai representation, where (a) is v = l and 

(b) is v = -1. 

135 

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission. 



more comprehensive discussion of the phase and optical flux distribution within the unit 

cell, including the impact of increasing dielectric contrast, is deferred to Section 5.4. 

We now consider the Bloch mode of the first e  representation, as given in Eq. (5.9). This 

mode contains three plane waves whose magnitudes satisfy f3=fl+f2. Figure 24 

demonstrates the two permissible phasor arrangements that yield vanishing complex 

fields. Clearly, the phase angles 6b=dc-n do not depend on the order in which the 

phasors are added together. Thus, the same set of linear equations 

-2 nja 2nj-f ia 

2tf /  a  In/  V3a 

characterizes the locations of both the v  =  \  and v  = - I  vortices. Hence, 

(x,y) = ( - a/2,0) is the point where the two vortices of opposite spin annihilate each 

other; no phase singularities manifest under this circumstance. The e  representation, 

being doubly-degenerate, may be written as a linear combination of Eq. (5.9) and Eq. 

(5.10). The general form may thus be expressed, for arbitrary normalization, as 

H k ( r )~H k 2  ( t )  +  (J + (r ) , (5.13) 

where (A + iB) is a complex coefficient, and thus 

H k  ( r )  =  ̂ 2  -  ( ^  + 1  +  z i ? )  ^  
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(a) 

el \ 4 

(b) 

9, 

Figure 24. Phasor geometries for the Bloch mode of the first E representation, where (a) is v = 1 and 
(b) is v = -l. 
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Equation (5.14) has the required minimum of three plane waves; if their coefficient 

magnitudes F are such that F3 <Ft+F2, as required by Eq. (5.7), then the doubly-

degenerate case may manifest vortices. In general, this may occur when 

is satisfied. As earlier illustrated for the first E representation alone, the case of 

F3 = Fj + F2 will once again result in two vortices of opposite spin occupying the same 

location in real space. For relative source amplitudes governed by Eq. (5.15), vortices 

will arise in those locations with closed phasor geometry. This suggests that the location 

of such vortices may be tuned by varying the phase or intensity of the Hk3 (r) sources 

relative to that of the Hk 2  (r)  source. 

The odd rotational symmetries here permissible are n = 1 and 3: Having demonstrated 

that vortices exist for the C3v group, we now consider the former, that is, the C]h group. 

In the case of vanishing contrast, only a single plane wave is required by symmetry to 

describe a Clh Bloch mode. In comparison with the case described above, the reduction 

in symmetry means that vortices are, ipso facto, impossible. However, the understanding 

of a vortex state as a plane wave mixing effect suggests that a vortex may arise where 

three or more adjacent bands mix. For the photonic crystal eigenmodes associated with 

the Clh point group, determined in the vanishing dielectric contrast limit, the only way 

multiple plane waves may mix is at a k vector which locates a three-fold accidental 

degeneracy. Consistent with this nomenclature, we refer to such vortices as accidental 

phase singularities. As illustration of such, let us consider the square lattice in vanishing-

contrast, whose band structure diagram appears in Figure 25(c). The £ direction is 

associated with the Cih point group (see Table 2), hence an n = 1 rotational symmetry. 

(5.15) 
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(a) (b) 

A ,M r 

.! 

Accidental Singularity 

Figure 25. Square lattice (a) the unit cell in real space (b) the irreducible Brillouin zone and (c) the 
band structure (in the vanishing dielectric contrast limit) with the locations of the accidental singularity and 

the modes which are associated with the a l ,  b 2  and e  irreducible representations of the C4v point 

group. 
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Inspection of the band structure diagram reveals that bands 4, 5 and 6 are all degenerate 

at k = x;r/(3a) + y ;r/(3a); the sum mode of the three individual plane waves is 

(r) = zHk 4 (x2nja)(^eilnxla +eanyla+e~i2^xla+yla^ je'Mxfta+yM. (5.16) 

Equation (5.16) clearly satisfies the necessary condition (specifically, Fl -F2 =F3, see 

Eq. (5.7)), and one may determine six spatial locations (x,y) where closed phasor 

geometries exist via the manner described above. However, on symmetry grounds, in the 

vanishing dielectric contrast limit, there is no justification for stating that all odd 

rotational symmetries must have vortices. What is the situation when n is even? Let us 

return to the square lattice of Figure 25 and consider the M point, 

wherek = in/ a + y 7t/ a, thus an eigenmode associated with the C4v point group. At M, 

four bands are frequency-degenerate: bands 1, 2, 3 and 6. These correspond to the two 

one-dimensional representations and B2, and to the two-dimensional representation 

E. By examining the character table for C4v (see Table 7 and Section 3.4), the Bloch 

modes for the individual representations may be found as 

{4} : Hk j (r) = zHk l (0) ̂ {x/a+y/a) + ein{~xla+yla) + + e'^xla-yla)), (5.17) 

{B2}: Hk 2 (r) = zHk l (0) ̂ {x/a+y/a) - ̂ la+yla^ - j ? (5 18) 

{ E }  : Hk 3 (r) - z//k l - ei<xja~y!a)), and (5.19) 

{£} : Hk 4 (r) = zHk l (0) ̂ e"r(x/a+y/a) - ein{-x,a-y,a)). (5.20) 
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Table 7. Qv character table 

r 
Conjugacy classes 

E 2C4 C2 2°"v 2(7, 

A 1 1 1 1 1 

A 1 1 1 -1 -1 

1 -1 1 1 -1 

B2 1 -1 1 -1 1 

E 2 0 -2 0 0 

The E representations contain only two plane waves, and thus individually do not meet 

the necessary condition for the formation of phase singularities. Unlike the C3v case for 

the degenerate E representation, there are no linear combinations of the E representations 

in the C4v case that are not wholly real. The necessary phase dislocations required by 

Eq. (5.1) for vortex formation are symmetry-forbidden in states of even rotational 

symmetry, since all plane waves occur as conjugate pairs. Moreover, plane wave pairs 

from each Bloch mode remain conjugate under any transformation operator of the 

symmetry group. Since the conjugate relationship between the plane waves comprising 

the modes is maintained under group transformations, any linear combination of 

degenerate Bloch modes belonging to an even rotational symmetry group forms a 

standing wave pattern (i.e., no energy transport at the global or local level), precluding 

the existence of vortices. 

5.3.2 Phase and local flux distributions 

Using analytic descriptions of the photonic crystal eigenmodes in the vanishing dielectric 

contrast limit, we have determined the spatial location of the phase singularities. Now, 

we identify them by revealing the modal phase z?( r) and local flux distributions 

(Poynting vector field) for the symmetries of the hexagonal and square unit cells. We 
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explicitly demonstrate for each phase singularity that the modal phase i}( r)  does indeed 

satisfy Eq. (5.1), and that the local energy flux does circulate about the singular point. 

Also, we touch upon their scaling with increasing dielectric contrast {i.e., vortex 

stability). This was achieved by numerically solving the eigenvalue problem, described 

by the Maxwell's equation for the magnetic field (TE Bloch mode), using our proprietary 

code based on COMSOL's Multiphysics finite element analysis software 8 (see Section 

4.3). 

We have extracted the local phase from the relation between real and imaginary parts of 

the numerically determined field, and have found the local flux from the time-averaged 

Poynting's vector (see Eq. (2.31)). Figure 26 to Figure 33 detail the results of the field 

simulations in hexagonal and square-lattice unit cells for both weak and strong dielectric 

contrast, the half approximating the vanishing contrast case at a ratio of 1.2, and the 

others ten times greater. The phase is denoted by grey scale mapping from -7t (black) to 

k (white). The direction of optical power flow is shown separately by the black arrows, 

flux magnitudes being proportional to arrow length, and the magnitude as the colour 

backdrop,  given in  arbi t rary uni ts .  Dis locatons in  phase occur  as  contours  with 2k  

discontinuities that terminate in phase singularities. 

Figure 26 and Figure 27 present our simulation results for the n = 3 odd rotational 

symmetry case introduced in Section 5.3; the band 1 TE mode for the hexagonal lattice at 

k = \ 47r/(3a) (the A] representation of the C3v point group). The simulation is of an 

array of periodic air holes eajr -1, with radii of r = 0.25a, in a dielectric background 

eBG, where the lattice constant is a = 3.75x10 7m. In Figure 26, the low contrast images 

are displayed, where eBG =1.2, while in Figure 27, the high contrast images are 

displayed, where eBG =12. As predicted by our group theoretic and phasor geometric 

approach, there are two phase singularities located at either end of a phase dislocation 

line, where the phase changes by 2n, and thus must have opposite vorticity 
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Figure 26. Hexagonal lattice Bloch mode, band 1, k = X 47tj(3a), and low dielectric contrast of 

1.2. (a) Modal phase with two symmetry singular points (grey scale from -n to k  ), and (b) Poynting 
vector magnitude and direction. Bold black lines represent edges of the air holes and unit cell. 
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Figure 27. Hexagonal lattice Bloch mode, band 1, k = x47vj(3a), and high dielectric contrast of 

12. (a) Modal phase with two symmetry singular points (grey scale from -n to n ), and (b) Poynting vector 
magnitude and direction. Bold black lines represent edges of the air holes and unit cell. 
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(see Figure 26(a) and Figure 27(a)). Further confirmation is noted in the circulation of 

energy flux about these same points, the flux magnitude vanishing at the ends of the 

phase dislocation line (see Figure 26(b) and Figure 27(b)). Comparison of Figure 26 and 

Figure 27 with the analytic results reveals the locational stability of the vortex pair with 

increasing dielectric contrast. This demonstrates that sufficient information is retained in 

the vanishing dielectric contrast limit to fully quantify vortex properties for the general n 

= 3 odd symmetry case. 

Figure 28 and Figure 29 give the numerical results for the even rotational symmetry case 

d i s c u s s e d  i n  S e c t i o n  5 . 3 ;  t h e  B a n d  1  T E  m o d e  f o r  t h e  s q u a r e  l a t t i c e  a t  k  =  X 7 r / a  +  y n / a  

(the AI representation of the C4v point group). The simulation is of an array of dielectric 

columns (with ecol =1.2 low dielectric contrast case and ecol =12 high dielectric contrast 

case), with radii of r- 0.25a, in a dielectric background £air = 1, where the lattice 

constant is a = 3.75xl0~7m. The phase profiles shown in Figure 28(a) and Figure 29(a) 

are constant in each of their four quadrants, changing discontinuously from -n to zero 

along orthogonal nodal lines. This reflects the underlying nature of the mode as a set of 

conjugate plane waves, that is, either wholly real or wholly imaginary. The nodal lines 

express the symmetry of the system. Since the mode is a standing wave, the flux is 

essentially zero; the randomly oriented arrows in Figure 28(b) and Figure 29(b) are due to 

numerical noise, the arrow length arbitrarily scaled to the peak noise magnitude. Again, 

comparison of these two plots with the analytic results demonstrates that the vanishing 

contrast approach fully quantifies system response for the general even symmetry case. 

Figure 30 to Figure 33 give the low and high contrast simulation results for the n = 1 odd 

rotational symmetry case introduced in section 5.3; the band 4 TE mode for the square 

lattice at k = i^'/(3a) + y^')/(3a) (the A representation of the C{h point group). In 

Figure 30 and Figure 31, the simulation is an array of dielectric columns (with ecol =1.2, 

the low dielectric contrast case and ecol = 12, the high dielectric contrast case), with 
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(a) 

y  

U 
-n 

(b) 

Figure 28. Square lattice Bloch mode, band 1, k = X7r/a + y7r/a, and low dielectric contrast of 

1.2. (a) Modal phase with no singular points (grey scale from -it to n), and (b) Poynting vector magnitude 
and direction that is zero everywhere (standing wave). Bold black lines represent edges of the air holes and 
unit cell. 
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Figure 29. Square lattice Bloch mode, band 1, k = X 71ja + y 7T ja , and high dielectric contrast of 

12. (a) Modal phase with no singular points (grey scale from -k  to k  ), and (b) Poynting vector magnitude 
and direction that is zero everywhere (standing wave). Bold black lines represent edges of the air holes and 
unit cell. 
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(a) 

(b) 

Figure 30. Square lattice dielectric columns in air background Bloch mode, band 4, 

k = x^/(3a) + y^r/(3a), and low dielectric contrast of 1.2. (a) Modal phase with six accidental 

singular points (grey scale from -k to n), and (b) Poynting vector magnitude and direction. Bold black 
lines represent edges of the air holes and unit cell. 
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Figure 31. Square lattice dielectric columns in air background Bloch mode, band 4, 

k = i/r/(3a) + y;r/(3a), and high dielectric contrast of 12. (a) Modal phase with four accidental 

singular points (grey scale from -it to n), and (b) Poynting vector magnitude and direction. 
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radii of r = 0.28a (or 0.25 volume fraction of the columns versus the square unit cell), in 

a dielectric background eair = 1, where the lattice constant is a = 3.75x10 7m. Recall, in 

the vanishing dielectric contrast limit (see Section 5.3.1), we asserted the appearance of 

six phase singularities. In Figure 30(a), we reveal their locations explicitly; a dielectric 

contrast of 1.2 is sufficiently close to the vanishing contrast limit that no significant shift 

in vortex location is anticipated. We see again that all vortices occur in counter-rotating 

pairs, a consequence of finite dislocation line lengths and angular momentum 

conservation, as illustrated by the flux circulation (see Figure 30(b)). In contrast to the 

C3v case, we found in the vanishing contrast limit Clh case, that vortices may only arise 

when there is an accidental crossing of three or more bands, and we classified them as 

"accidental singularities". Thus, we expect a marked change in the vortex state with 

increasing contrast, as is revealed in Figure 31. These singularities experience a large 

change in form and number when plane waves from higher-order Brillouin zones are 

coupled into the description of the Bloch mode. Their analytic description and 

classification require a treatment beyond the vanishing contrast limit. 

In Figure 32 and Figure 33, we see the same eigenmode, but now the simulation is for the 

opposite case of an array of periodic air holes eajr = 1, with radii of r = 0.28a ( or 0.25 

volume fraction of the columns versus the square unit cell), in a dielectric background 

eBG (with eBG =1.2 low dielectric contrast case and eBG = 12 high dielectric contrast 

case), where the lattice constant is a = 3.75xl0"7m. If we compare the low dielectric 

contrast case for the two opposite dielectric configurations (see Figure 30 and Figure 

32), it is clear that both have the same number and form of phase dislocations, and similar 

vortex structures. By contrast, in the high dielectric contrast cases, the two dielectric 

configurations (see Figure 31 and Figure 33) are not only different from their low 

dielectric contrast counterparts, but also from each other. This again emphasizes the 

change in the form and structure of the accidental vortices when the dielectric profile is 

changed. 
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Figure 32. Square lattice air holes in dielectric background Bloch mode, band 6, 
k = X7r/(?>a) + y7TJ(3>a^ , and low dielectric contrast of 1.2. (a) Modal phase with four accidental 

singular points (grey scale from -n to n), and (b) Poynting vector magnitude and direction. 
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Figure 33. Square lattice air holes in dielectric background Bloch mode, band 6, 

k = X7r/(3a) + y7uj{3a), and high dielectric contrast of 12. (a) Modal phase with four accidental 

singular points (grey scale from -k to n), and (b) Poynting vector magnitude and direction. 
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5.4 Photonic crystal slabs 

The basic principles used to determine vortex location have been established by 

examining the eigenmodes of two-dimensional photonic crystals, and the methods have 

been confirmed by comparing the results to numerical simulations. This final section will 

apply the same approach to the eigenmodes of photonic crystal slabs to determine if 

vortices appear when there is vertical confinement of the light. As described in Section 

4.4.2, the electric and magnetic field profiles of the two-dimensional photonic crystal 

eigenmodes and photonic crystal slabs eigenmodes are identical in the x-y plane that 

bisects the photonic crystal slab when the Bloch wave vector k and band index n of the 

two eigenmodes are the same (with the same x-y plane dielectric profiles). As a result, 

we choose to examine the hexagonal photonic crystal slab eigenmode for band 1 and 

Bloch wave vector k = x4;r/(3a); this is the same location in reciprocal space where the 

symmetry vortices appear in the two-dimensional photonic crystal. Therefore, we predict 

symmetry vortices will also appear in the photonic crystal slab eigenmode with the same 

parameters. In Section 3.4.4, we derive the photonic crystal slab eigenmode for band 1 

and Bloch wave vector k = x4/r/(3a); we restate Eq. (3.70) for the reader: 

/ 

V 

2 

c rx\ 

e'W3a + 

& 
-1 

o v y 

e-i2*W3a-y/(^a))+ 
-i 

o 
V J 

•ilTr^xj^a+yj (yfea jj 
cos ( k z z )  .(5.21) 

Using Maxwell's equations (Eq. (2.7)), we can find the associated magnetic field: 
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At z = 0 the x-y plane bisects the photonic crystal slab; substituting z = 0 into Eq. (5.22), 

we find the magnetic field as 

Hkl(r) = 8# 

ju0co3a 

'0^ 
f0' 

0 g/47»/3<»_|_ 0 

,1, 

^-i2x(x/la-y/{Jia)) + ^xjha+yj^Jla (5.23) 

Comparing Eq. (5.8) (the two-dimensional photonic crystal eigenmode) and Eq. (5.23) 

(the photonic crystal slab eigenmode), we can confirm that the magnetic fields are the 

same to within a scalar constant. It is clear from Eq. (5.22) that the phasor geometry is 

more complex because now the magnetic field is polarized in many different directions, 

but we can break it down by examining each polarization component separately. True 

vector analysis of singularities is the subject of the following chapter on polarization 

singularities. The i axis polarization of Eq. (5.22) contains three plane wave 

components, but their magnitudes are F] =F2+F3. This situation yields the same phasor 

geometry as Figure 24; hence there will be two vortices of opposite sign that annihilate 

each other. The y axis polarization of Eq. (5.22) only contains two elements and thus 

manifests no vortices. Finally the z axis polarization of Eq. (5.22) matches the two-

dimensional eigenmode (5.8) in the x-y plane at z = 0. As a result, there will be two 

symmetry vortices that match the phasor geometry of Figure 23, which appear at the 

same locations within the unit cell ( x , y , z )  = (-a/2,a/2V3 ,o) and 

( x , y , z )  =  (-a/2,-a/2\/3 ,o). Beyond the z = 0 x-y plane, the z axis polarization 
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maintains the same form, but is modified by a cosine z dependence. Therefore, we expect 

the phase singularities to continue infinitely along the positive and negative directions of 

the z axis, maintaining the same locations in the x-y plane. 

Once again, we confirm the analytical predictions by revealing the phase and local flux 

distributions of the photonic crystal slab eigenmode for band 1 and Bloch wave vector 

k = x4;r/(3a). This is achieved by numerically solving the photonic crystal slab 

eigenvalue problem, using COMSOL Multiphysics (see Section 4.4.3). Since it was 

shown in Section 5.3.2 that symmetry vortices are locationally stable over a wide range 

of dielectric contrasts, we focus on the high dielectric case of the photonic crystal slab. 

In Figure 34 to Figure 36, the simulations are of an array of periodic air holes eajr = 1, 

with radii of r = 0.25a, in a dielectric slab £slab =12 with a thickness of d = a/2, where 

the lattice constant is a = 3.75xl0~7m. The simulation space is the hexagonal lattice unit 

cell in the x-y plane with periodic boundary conditions, where the unit cell is slightly 

shifted so that the air hole is located at the center. In Figure 34, two cross-sections of the 

flux distribution photonic crystal slab are shown (the x-y plane at z = 0, and the y-z plane 

through the middle of the unit cell), where the edges of the photonic crystal slab are 

highlighted with bold lines. As expected, we can see two locations where there is 

circulation of energy flux in the x-y plane, and the y-z plane cross-section reveals that the 

majority of the energy flow takes place within the photonic crystal slab. This is further 

reinforced in Figure 35(a), where we view the z = 0 plane from the top. In Figure 35(b), 

we observe a cross-section of the local flux distributions perpendicular to the x-y plane 

that passes through the centers of the two vortices. This figure clearly shows that the 

vortices (where the flux is zero) are lines which extent through the photonic crystal slab. 

This is similar to the lines of zero energy flux in the two-dimensional photonic crystal. In 

Figure 36, we display the modal phase of Hz (r) and we confirm that the flux magnitude 

vanishes at the ends of the phase dislocation lines, as predicted (see Figure 36(a)). In 

addition, these phase dislocations extend infinitely in the z axis, as also predicted (see 

Figure 36(b)). Therefore, we have demonstrated that the essential forms and locations of 
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Figure 34. Hexagonal photonic crystal slab lattice air holes in dielectric background Bloch mode, 

band 1, k = x471 j(3a) Poynting vector magnitude and direction (arrows) three-dimensional view. Bold 

lines represent the edges of the photonic crystal slab unit cell. 
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(b) 

t ->x-v 

Figure 35. Hexagonal photonic crystal slab lattice air holes in dielectric background Bloch mode, 

band 1, k = x4^r/(3a) Poynting vector magnitude and direction (arrows) (a) top view x-y plane at 

Z = 0, (b) cross section view (along dashed line in part (a)). Bold lines represent the edges of the photonic 
crystal slab unit cell. 
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Cross-section plane 

1—>x-y 

Figure 36. Hexagonal photonic crystal slab lattice air holes in dielectric background Bloch mode, 

band 1, k = X 4-.Tr/(3a) modal phase of h _ with two symmetry singular points (grey scale from -k to 

n) (a) top view x-y plane at z = 0, (b) cross section view (along dashed line in part (a)). Bold lines 
represent the edges of the photonic crystal slab unit cell. 
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symmetry vortices are maintained in a photonic crystal slab structure, and that index 

confinement of the light does not alter the vortices. 

5.5 Conclusions 

In this chapter, we have reported fundamental symmetry rules for the existence of phase 

singularities within the modes of linear photonic crystals. Initial insights were extracted 

by applying phasor geometry and group theoretic principles to analytically describe 

Bloch modes in the vanishing contrast limit. This permitted the number, type, and 

location of optical phase vortices to be determined, and revealed the existence of two 

distinct types of vortex state: the symmetry and the accidental. The former are a 

transparent expression of the contrast-insensitive n = 3 symmetry, while the origin of the 

latter arise from a more subtle expression of the n = 1 symmetry. That is, the modes 

associated with the irreducible representations of the C3v symmetry group fundamentally 

have the required number of plane waves to form a phase singularity (and thus 

demonstrate form and locational stability with varying dielectric contrast), whereas the 

modes associated with the CXh symmetry group do not, unless adjacent bands contribute 

to form the appropriate accidental degeneracy. These accidental singularities do evolve 

with increasing dielectric contrast and swiftly vanish, implying a prima facie limitation to 

our analytic approach, as is otherwise implied by the existence of different phase 

singularities at high dielectric contrast. We also saw that modes of even rotational 

symmetry cannot have phase singularities, since they are composed exclusively of 

conjugate plane waves. Such observations were all validated through numerical 

simulation of the various 2D photonic crystal symmetry classes at low and high contrast, 

where the vortex states were more clearly presented. Furthermore, it was demonstrated 

that vortices also exist in photonic crystal slab structures. The significance of the vortex 

state in photonic crystals may also have implications for the robust generation of optical 

vortex arrays. Moreover, a 2D planar photonic crystal that contains quantum-confined 

structures at predicted vortex locations may permit interesting experimental 
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investigations, in addition to the novel expression and control of vortex arrays. One such 

experiment may be the measurement of the quantum cores of optical phase singularities 

[86], 
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CHAPTER 6 - SYMMETRY TRANSFORMATION PROPERTIES 

EXPRESS POLARIZATION SINGULARITIES IN BLOCH MODE 

SYSTEMS 

6.1 Introduction 

The state of polarization of the electromagnetic field is one of its most fundamental 

properties, quantifying the vectorial character of the optical response of systems ranging 

from the simple to the complex. In general, it is a spatially-dependent quantity, 

represented by an ellipse extracted at every point by mapping the modulation of the field 

vector over a temporal period. The polarization state is circumscribed by three distinct 

types of singularities: pure circular polarization (indeterminate ellipse rotation angle); 

pure linear polarization (indeterminate polarization handedness); and disclinations 

(indeterminate polarization direction with a concomitant vanishing field). Polarization 

singularities in transverse electromagnetic fields were first discussed in depth by Hajnal 

[87], A generalization to random vector fields was performed by Berry and Dennis [88], 

However, it appears that no formal treatment of polarization singularities in optical 

systems of high symmetry has yet been reported. We demonstrate, based on an analytic 

approach derived from group theory, that symmetry transformation properties allow us to 

map the general states of local polarization. Furthermore, we reveal how polarization 

singularities are expressed, noting that a system's symmetry will constrain local states of 

polarization to subsets of the system's polarization response. A linear two-dimensional 

photonic crystal is used to demonstrate the theoretical method, since it has complex 

symmetry properties and tractable analytic solutions in the vanishing dielectric contrast 

limit. Because the results are inherent to system symmetry, they are invariant to 

dielectric contrast and the mode order of the same irreducible representation. This 

invariance to dielectric contrast will be demonstrated by comparing the group theoretic 

predictions to numerical simulations of high dielectric contrast two-dimensional photonic 
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crystals and photonic crystal slabs. Our approach provides an important tool for 

understanding the polarization response of structured complex optical systems. To the 

best of our knowledge, ours is the first report quantifying the predictive power of group 

theory in describing the local states of polarization in optical systems with discrete 

symmetry 4-5. Previous reports have noted polarization singularities in such periodic 

systems as optical lattices [89], including polarization gradients in photonic crystals [53], 

but without formal reference to symmetry and its field impact. 

In Chapter 3, we introduced the formal language of group theory in the context of the 

Bloch mode, whereby we classified the optical Bloch modes according to the irreducible 

representations of the point groups; this quantified the global transformation properties 

(see Section 3.3). In addition, we established that group-theoretic concepts of site (local) 

symmetry may be applied to the study of photonic crystals and their eigenmodes (see 

Section 3.5). These concepts are commonly applied to conventional solid state physics 

and molecular chemistry problems, but they had yet to be applied to the field of photonic 

crystals. In this chapter, we further develop in three stages, the application of site 

symmetry to the local state of polarization of photonic crystal eigenmodes. First, we 

examine the global transformation properties of the local state of polarization, whereby it 

is shown that when a photonic crystal eigenmode is transformed by the operators of its It-

group, the sense of rotation of the local state of polarization (i.e., left-handed or right-

handed polarization) remains invariant. Second, we reveal how a specific point within 

the electromagnetic field, with a given local polarization state, transforms under the 

operators of the photonic crystal's eigenmode space k-group, whereby we are able to 

define the crystallographic orbits of the local field vectors. Furthermore, we express the 

eigenmode's fundamental domain from which the entire mode can be constructed. Third, 

we demonstrate that particular polarization singularities must appear at those positions 

associated with special Wyckoff positions, where the site symmetry (the sets of all 

symmetry operators that leave the local field vector spatially invariant) contains at least 

one element in addition to the identity operation. 
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6.2 Group theory and the symmetry transformation properties of 
Bloch modes and its associated electric field 

To establish the general transformation properties of the local state of polarization, we 

restrict ourselves to the purely two-dimensional TE photonic crystal eigenmodes of Eq. 

(2.28). The eigenfunctions of the operator Eq. (2.28) are the magnetic fields, Hkn (r) 

given by Eq. (2.30) (see Section 2.4.1), whose polarization is always parallel to the z-

axis. The corresponding electric field, E,^ (r), may be determined directly from the curl 

of the magnetic field (see Eq. (3.41)), and its polarization must thus lie within the x-y 

plane. In Section 3.3.2, we defined the irreducible matrix representations D(v)(R) of the 

photonic crystal transformation operators R,  in which the photonic crystal eigenmodes are 

the partner functions, where v denotes the irreducible representation. For simplicity, we 

have restr ic ted ourselves  to  nondegenerate  modes,  1  =  1 ,  whereby we may obtain x ( r  

directly from known character tables, obviating matrix determination, since now 

X(g)=D(v\R) (see Section 3.3.2). If F(v)(r) is a partner function to one of the 

irreducible matrix representations, D ( v ) (R)  =  x { r  , of the photonic crystal eigenmode It-

group, then Eq. (3.38) provides the symmetry transformation relation, 

if Fw( r ) = ;)-<•> F<». (6-D 

where Rg C n v .  Equation (6.1) holds for Hk j; (r) and its assoicated Ekn(r), with their 

k-group, Cnv, fixed by the choice of [f(r),k]. Their characters are related by 

Zr^E) — (deti?) ZrW^R) > (6-2) 
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where v and w denote the irreducible representations for the electric and magnetic fields 

respectively (see Section 3.3.3). Note that det j? = 1 for proper transformations (rotation 

operators, Cn), and deti? = -l for improper transformations (reflection operators, oy). 

As in the case of phase singularities in Chapter 5, we again consider a two-dimensional 

photonic crystal and we examine eigenmodes of a hexagonal lattice (see Figure 9(a)) and 

of a square lattice (see Figure 9(b)). For the hexagonal lattice, we chose to examine the 

fundamental mode (n = 1) at the K point, k = x(4^r/3a) (see Figure 10(a)). The k-

group associated with this eigenmode is C3v = {2C3, 3crv. |, where the magnetic field is 

associated with the A} irreducible representation and the electric field is associated with 

the A2 irreducible representation (see Section 3.3.3). We exploit the vanishing dielectric 

contrast approximation to access a simple analytic form (see Section 2.4.2): 

{A}- Hkl(r) = 0 

vly 

Hkl (0)1 1 + e~i2^x/a~y/^)+e~i2^x/a+y/^)\ix(4^M (6.3) 

where Hkl (0) is an arbitrary scaling coefficient and the vector components are in 

column matrix form. From Eqs. (6.3) and (3.41), we obtain the associated electric field: 

{ 4 } :  E ( r )  = -4^.(°) 

3 ad)£0£ 

For the square lattice, we chose to examine the fundamental mode (n = 1) at the M 

point, k = x(;r/a) + y(;r/a) (see Figure 10(b)). The k-group associated with this 

eigenmode is C4v = { £, C4, C4
1, C2, ox, <7y, o'd, <rj} , where the magnetic field is associated 
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with the Ax irreducible representation and the electric field is associated with the 

irreducible representation. Again, we use the vanishing dielectric contrast 

approximation, to access the simple analytic form (see Section 2.4.2): 

M): HkJ (r) = 

xb 

H (0) ̂ e
i' t(xla+yla} + ei!r(-x/a+y/a) + e>x(x/a-y/a) _j_ e^(-x/^y/a) j ^ 5^ 

and from Eqs. (6.5) and (3.41), we obtain the associated electric field: 

E«,(r): 
-*«.,( o) 

a(O£0£ 
-1 gi(xx/a+7ry/a)_^ 

f I"! 
i ( -7tx/a+7ry/a)  

+ 

'-1^ 

-1 e ' ("x/a-xy/a)  

^-0 
- ix(x/a+y/a)  

(6.6) 

In this chapter, we focus on the electric field, because it has a nontrivial polarization state 

when transformed in the x-y plane. 

In Section 3.5, the concepts of site symmetry groups, crystallographic orbits, and the 

fundamental domain were applied to the dielectric profile of a photonic crystal. The 

application of these concepts to photonic crystal eigenmodes is more complex because 

they are full vector functions, this is the focus of Sections 6.4.3 and 6.4.4. The global 

symmetry transformation properties of a Bloch mode about the principal axis are given 

by Eq. (6.1), where the character x$ °f the irreducible matrix representation associated 

with the Bloch mode quantifies the transformation. These symmetry transformation 

properties remain invariant to lateral shifts of the principal axis when it is shifted by a 

lattice vector R (i.e., all points of the crystallographic orbit where the origin is the 
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generating point). If a symmetry transformation R acts with respect to an axis located a 

distance d away from the principal axis, we can define transformation of F(v)(r) by 

(i?|d-/?d)r (v)(r) = e (6.7) 

where Gk, d is any distance such that R' = d-i? 'd is a lattice vector and 

is the same character from Eq. (6.1) (see Section 3.5.4, Eq. (3.112)). Equation (6.7) 

holds for Hk n (r) and its assoicated Ek n (r), with their space k-group, Gk, fixed by the 

choice of [f(r),k]. In Section 6.4.3, we will find that the global transformation 

properties of the electric field are closely related to the transformation properties of 

individual points in the electric field. This is the primary motivation for determining the 

global transformation properties at points other than the principal axis. 

6.3 Expressing polarization: local variation and the existence of 
singularities 

6.3.1 The local polarization state 

To quantify the local state of polarization, we note that the electric field is complex, 

whence 

where P(r) is the spatially dependent real part of the field and Q(r) is the spatially 

dependent imaginary part of the field. The two parts P(r) and Q(r) are not necessarily 

orthogonal, but if we define a(r) and b(r) such that 

E(r) = P(r) + /Q(r), (6.8) 
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[P(r) + /Q(r)J = [a(r) + /b(r)]e'r(r (6.9) 

a judicious choice of the phase angle, 

T(r) = itan '[2p(f)-Q(r)/(P2(r)-Q2(r))] + «r^r (6.10) 

will ensure a(r) _L b(r), where nr is a spatially dependent integer ([102], p. 35; [85], p. 

272). This spatially dependent integer, nr, is chosen to make certain |a| > |b| at each 

point in the field. Note that r(r) is not necessarily continuously cyclical within an 

elect r ic  f ie ld  because  i t  i s  jus t  an  or thogonal i ty  constant .  Given in  terms of  P (r) ,  Q( r )  

and t(r), a(r) and b(r) are 

Finally, the spatially varying, time-dependent electric field is determined by substituting 

Eq. (6.9) into Eq. (2.13): 

These vectors a(r) and b(r) are the semi-major and semi-minor axes, respectively, of 

polarization ellipses in the time domain, given by Eq. (6.13), and uniquely defined at 

every field location (or undefined at a polarization singularity, further discussed below). 

The tilt of the polarization ellipse, /(r) (with respect to the x-axis), is quantified by 

(6.11) 

(6.12) 

(6.13) 

167 

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission. 



/(r) = tan"1 \jxy (*)/ax (r)] (6.14) 

where ax (r) and ay (r) are the x and y components of a(r) respectively. To 

demonstrate that the polarization state may indeed exhibit an intrinsically rich and 

spatially varying character, intimately connected with the underlying symmetry of the 

structure within which the optical mode propagates, we have generated the polarization 

ellipses for the fundamental mode of a two-dimensional hexagonal photonic crystal. At 

the K point, the optical mode is described by Eq. (6.4) in the vanishing contrast limit, 

and is placed into the form given by Eq. (6.13) before plotting. The result is shown in 

Figure 37(a) by the blue ellipses, which were generated for an equally-spaced array of 

points by mapping the tip of the electric field vectors over one temporal period, where a 

common major axis length has been imposed for clarity. The large grey circles are the 

putative locations of the hexagonally arrayed cylinders. The direction of polarization is 

determined from 

P(r)xQ(r), (6.15) 

which is perpendicular to the plane defined by the polarization ellipse (Eq. (6.13)). Since 

the state of polarization of the electric field is restricted to the x-y plane for this 

discussion, Eq. (6.15) is restricted to the z direction. The z component of Eq. (6.15) is 

positive for the left-hand polarization (i.e., the state of polarization rotates 

counterclockwise in the time domain, for an observer, whose eye the light is entering), 

and negative for the right-hand polarization (i.e., the state of polarization rotates 

clockwise in the time domain, for an observer, whose eye the light is entering), as shown 

in Figure 37(b). Figure 38(a) reveals the actual magnitude of the electric field, for 

comparison. Similarly, we have generated the polarization ellipses for the fundamental 

mode of a two-dimensional square photonic crystal at the M point, as described by Eq. 

(6.6) in the vanishing contrast limit. Figure 39(a) and Figure 39(b) display the local state 

of polarization, which is linear everywhere, and the resulting P (r)xQ(r)  = 0 

168 

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission. 



(P(r)xQ(r) = 0 is explained in the context of L lines, see Section 6.4.3). Figure 40(a) 

reveals the magnitude of the electric field. Further discussion follows below. 

6.3.2 Singularities in the local state of polarization 

The local state of polarization may be undefined with respect to its mathematical 

descriptors at distinct locations, r0. These points are known as polarization singularities 

and three types have been noted: C points, L lines and disclinations ([85], pp. 271-291). 

We now illustrate their existence explicitly from the modal response of our optical 

systems, deferring discussion of system symmetries to the following section. 

C points are generally individual points in space, r0, (inclusively, lines at higher 

dimension) where the local state of polarization is circular, whence T(r0) is undefined 

and from Eqs. (6.11)-(6.12) a(r0), b(r0) are also undefined. From Eq. (6.10), 

P(r0).Q(r0) = P(r0)2-Q(r0)2 = 0 in consequence. For the hexagonal lattice, in Figure 

37(a), the C points of the electric field are marked as red circles. These locations 

correspond, in Figure 37(b), to extrema in P(r)x QOO- Alternatively, we can plot the 

phase term t { r ) ,  which ranged in value from ±0.785 and n r = 0 for the entire field. 

The C points occur at a dislocation in r(r) (see Figure 38(b)) (i.e. where r(r) is 

discontinuous), but we note that this discontinunity does not go from n to - k , such as 

the phase singularities of Chapter 5, because r(r) is not required to be continuously 

cyclical in the field. There are no C points in the square lattice. 

L lines are continuous arrays of points in space (inclusively, planes at higher dimension) 

where the local state of polarization is linear. On an L line, b(r0) = 0 and the direction 

of the vector normal to the ellipse must vanish, P (r0) x Q (r0) = 0. This may occur when 
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(a) 
U <s 

(b) 

-1 
Figure 37. Polarization response for the electric field associated with the A2 irreducible 

representation of C3v. (a) Calculated local polarization states: polarization ellipses (blue), dielectric 

columns (closed grey circles), linear polarization (black lines), circular polarization (red circles) 
disclinations (green circles); the primitive unit cell is delineated by the dashed red lines and the 

fundamental domain is shown in gold; (b) P (r)xQ (r) . 
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Figure 38. Polarization response for the electric field associated with the A2 irreducible 

representation of C3v. (a) Magnitude of the electric field \JE*E , arbitrary units; (b) Phase angle 

r(r) that ensures a(r j _L b (r) in units of radians, which is discontinuous at C points and disclinations. 
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either P(r0) or Q( ro) vanish, or are (anti)parallel. For the hexagonal lattice, in Figure 

37(a), the L lines are denoted by the straight line segments in black. These lines 

correspond, in Figure 37(b), to the demarcation between regions of right-handed 

(negative) and left-handed (positive) polarization. For the square lattice, the entire field 

is linearly polarized, whereby there is an L plane parallel to the x-y plane (see Figure 

39(a)). 

Disclinations are locations where the field magnitude vanishes and the local state of 

polarization is completely undefined. This arises because P (ro) - Q(ro) = 0, and Eq. 

(6.10) shows 7(r0), a(r0),and b(r0) are consequently undefined, similar to C points. In 

the hexagonal lattice, we note that the field magnitudes vanish at the column centers (see 

Figure 38(a)). In the square lattice, we note that the field magnitude vanishes at the 

column centers and the centers of the unit cells (see Figure 40(a)). In Figure 37(a) and 

Figure 39(a), these locations are indicated by the green circles. Figure 38(b) reveals the 

disclinations are also located at dislocations in r(r). In Figure 40(b), the square lattice, 

the dislocations are much harder to locate because r(r) - /r, everywhere except at the 

points mentioned, where it is undefined. r(r) = n because it is linearly polarized which 

means b(r) = 0 and in this case nr = 1 over the entrie electric field. In Sections 6.5, the 

dislocations in r(r) will allow us to identify the locations of the C points and 

disclinations in high dielectric contrast photonic crystals. 

Similar to r(r), for the C points and the disclinations, the tilt of the polarization ellipse, 

y(r), is undefined (see Eq. (6.14)). Figure 37(a) and Figure 39(a) reveal that if we 

make a complete circuit about these singular points, the tilt, /(f), of the local state of 

polarization rotates, similar to the Poynting vector around a phase singularity (see 

Chapter 5). This can be made more apparent when we plot y(r) directly. 
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-1 

Figure 39. Polarization response for the electric field associated with the A2 irreducible 

representation of C4v . (a) Calculated local polarization states: polarization ellipses (blue lines), dielectric 

columns (closed grey circles), disclinations (green circles); the primitive unit cell is delineated by the 

dashed red lines and the fundamental domain is shown in gold; (b) P(r)xQ(r) = 0 everywhere. 
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(a) 

(b) 

;r+0.785 

n-  0.785 

Figure 40. Polarization response for the A2 irreducible representation of C4v. (a) Magnitude of the 

electric field \l E«E , arbitrary units; (b) Phase angle T (r) which ensures a(r)lb(r) in units of 

radians. 
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A complete circuit about these singular points reveals that y ( r )  goes from k /2  to -n /2  

(see Figure 41(a) and Figure 41(b)), similar to the contour integral definition of vorticity 

(see Eq. (5.1)). Since polarization ellipses are distinguished only by a major and minor 

axis, the tilt, y(r), has a modulus of n. In contrast, the phase singularities of Chapter 5 

were of modulus of v2n (see Eq. (5.1)) depending on the vorticity v. 

6.4 Symmetry transformation of the local state of polarization 

6.4.1 Symmetry and the local state of polarization 

Singularities provide a framework for establishing the spatial variation of the local 

polarization state from the underlying group structure. In the previous section, we 

employed an earlier developed group theoretic technique for deriving analytic 

expressions of photonic crystal modes (see Section 2.4.2), from which the local 

polarization states were extracted, noting singularities in particular locations. Using the 

photonic crystal eigenmode space k-group symmetry transformation properties, we now 

more specifically establish the following: first, the invariance of the global polarization 

state under point group symmetry mode transformation; second, the mapping of local 

polarization states via their symmetry transformations, where we establish the behaviour 

of the local field vectors within a crystallographic orbit; third, the specific site symmetry 

of distinct locations, the special Wyckoff positions, will by necessity constrain the local 

state of polarization to one of three types of polarization singularities. 

Before we examine the properties of polarization singularities, we review the space k-

groups for our example systems, the hexagonal lattice and the square lattice. Each space 

k-group transformation operator (/?|d — Gk acts with respect to an axis located a 

distance d from the principal axis. In the following, we display the space k-group in the 

graphical format of the international crystallographic tables, which indicates the location, 

d, of each 
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Figure 41. ^(r ) the tilt with respect to the X axis of the polarization ellipses for (a) the electric 

field associated with the A2 irreducible representation of C3v and (b) the electric field associated with the 

Aj irreducible representation of C4y . 
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symmetry axis, and the set of operators j(i?|d-i?d)} that acts with respect to this axis. 

In Figure 42(a), the space k-group, Gk, of the C3v Bloch mode is displayed ([117], p.74). 

It shows the following features: the edge of the primitive unit cell (dashed line); the 

fundamental domain (a third of an equilateral triangle in orange); the mirror reflection 

segments (black lines) that form two equilateral triangles; and the axes of C3 rotational 

symmetry (red triangles) which lie at the vertices of the triangles and the center. The 

principal axis of the unit cell is located at the point of highest site symmetry, namely the 

origin (0,0), where the center of C3 rotational symmetry and three mirror reflection 

planes intersect. There are three other symmetry equivalent points to the principal axis 

which lie at the vertices of the mirror reflection segments equilateral triangles. The 

transformation properties of the eigenmodes with respect to principal axis and its three 

symmetry equivalent points is given by Eq. (6.1) or the more general Eq. (6.7). The two 

other axes located at the centers of the equilateral triangles are not symmetry equivalent 

to the principal axis. As result, the transformation properties of the eigenmodes with 

respect to these axes are given by the more general form Eq. (6.7). Similarly in Figure 

42(b), the space k-group, Gk, of the C4v Bloch mode is displayed ([117], p. 70). It 

shows the following features: the edge of the primitive unit cell (dashed line); the 

fundamental domain (an eighth of a square in orange); the mirror reflection segments 

(black lines) that form four smaller squares within the unit cell; the centers of C4 

rotational symmetry (red squares) at the vertices of the mirror reflection plane squares; 

and the centers of C2 rotational symmetry (red ellipses) between the vertices of the 

mirror reflection plane squares. The principal axis is located at the edge of the unit cell, 

the origin (0,0), where the center of C4 rotational symmetry and three mirror reflection 

planes intersect. There are three other symmetry equivalent points to the principal axis 

located at the other edges of the unit cell. Note, at the center of the unit cell, there is an 

addition point with the same site symmetry as the principal axis C4v. 

177 

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission. 



Fundamental Domain Mirror symmetry Primitive unit cell 
segment 

• Axis of C4 rotation Q Axis of C2 rotation • Crystallographic orbit of a 
general Wyckoff position 

A Axis of C3 rotation 

Figure 42. Primitive unit cell: with the symmetry axes mark, fundamental domain and the positions 

the crystallographic orbit for a general Wyckoff position (a) of a C3v hexagonal lattice, and (b) of a C4v 

square lattice. 
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This point is not symmetry-equivalent to the principal axis, and in Section 6.4.4, it will be 

demonstrated that the character of the transformations about this point are different from 

the principal axis (see Eq. (6.7)). 

6.4.2 The global transformation of P(r)xQ(r) 

In Figure 37(b), we presented the polarization response of the hexagonal system as a map 

of P(r)xQ(r). Inspection reveals that it clearly possesses the full space group 

symmetry of the mode at the K point. What are the transformation properties of this 

polarization metric when the photonic crystal eigenmode is transformed by operators of 

its space k-group? Consider the application of to a nondegenerate electric 

field mode, E(r), where (i?|d-i?d)e Gk. From Eq. (6.7), and Eq. (6.8), we note that 

(i?|d-i?d)E(v) (r) = (i?|d-i?d)P(r) + z'(i?|d-i?d)Q(r) 

* dWiv)(p(r)+z'Q(r))-
(6.16) 

= e 

Linearity asserts that P(r) and Q(r) must have the same character, e'1"-'1 R ^XrV), and 

so they must have identical symmetry transformation properties. Thus, on mode 

transformation, the operator drives a corresponding transformation in the polarization 

response 

(i?|d-i?d)P(r)x(i?|d-i?d)Q(r) = e
i2k"(d_'?"ld) )2 p(r)xQ(r). (6.17) 

Since xrV) = ±1 for nondegenerate modes and e'k '*' = 1 when d = 0, P(r)xQ(r) 

will remain completely invariant to any point group transformation (/?10) applied to the 

electric field mode, when R e C3v. Hence, any modal excitation that is symmetry 
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equivalent, i. e . ,  (i?|o)E(r) = E'(r) = jj^E(r), has identical polarization response, 

P(r)xQ(r) = P'(r)xQ'(r). 

6.4.3 Local transformation, crystallographic orbits and fundamental domains 

In Section 3.5.3, we established sets of symmetry equivalent points that defined the 

crystallographic orbits within the dielectric profile, e(r), where the value of the 

dielectric profile was shown to be the same at each symmetry equivalent point. 

Similarly, we can define crystallographic orbits within the electric field, E(r). A 

crystallographic orbit is generated by applying all the symmetry operators 

(/?|d-/?d) 'eGk of the space k-group, Gk (see Section 3.5.4), to a point in space r, 

(the generating point), which defines the set of symmetry equivalent points 

where r,,r; e  Q k  ( Q k  being the set of all points that comprise the crystallographic orbit). 

Since Eq. (6.7) must be valid at every point r, within the electric field, we can define 

the complementary local electric field relation 

Applying the operator (i?| d - i?d) to the vector and scalar parts of E(v)(rj) we find 

( R \ d - R d )  \  = r , ,  (6.18) 

( R \ d - R d ) E ( v ) ( r l )  =  e  (6.19) 

( ( R \ d - R d ) E i v ) ^ ( R \ d - R d ) ' 1 r ^  _ g!k'(d~Rld)jj^v) E(v)(r,), (6.20) 

and upon substituting Eq. (6.18) into Eq. (6.20) we find 
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((if|d -ifd)E)"°(r,) = eM'~*'V E"V,). (6.21) 

Therefore, Eq. (6.21) defines the relationship between the local electric field vector 

E(v)(rj) at r, and the local electric field vector, E(v,(r.), at its symmetry equivalent 

points r; e Qk. Since every point in the electric field can be associated with a 

crystallographic orbit, this allows us to quantify the local transformation properties of the 

entire electric field. 

To examine Eq. (6.21) explicitly, we expand the local electric field at r, into its 

components 

The application of to Eq. (6.22) allows us to examine the transformation of 

the local electric field (the left-hand side of Eq. (6.21)) in more detail: 

Equation (6.23) is the analog to Eq. (3.21), for the space k-group. Substituting Eq. (6.18) 

into Eq. (6.23), we can transform the scalar components: 

Ew(r1) = ̂ (r1)i + ̂ (r1)y + ̂ (rI)z. (6.22) 

( R \ &  — i?d)E(v)(r,) = d-R d ) ~ l  r,)( r \d -R d ) x  +  d -tfd)"' r , )(i?|d-i?d)y 

(6.23) 

( R \ d - R d ) E M [ r l )  = ex { r i ) ( R \ d - R d ) x  + ey { r i ) { R \ d - R d )y  

+ e z { r i ) ( R \ d - R d ) i .  
(6.24) 
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The application of (i?| d - i?d) to the unit vectors of E(v)(r;) can be expanded as 

( R \ d - R d ) %  = %  =  ZR j , * j+  R '  »  ( 6 . 2 5 )  
j 

where = x, x2 = y , i3 = z and R' = d - R d  (R' is a lattice vector) (see Section 3.5.2). 

The point operators R (where Rjt is an element) are similarity transformations (see 

Section 3.3.1), which means the length of the unit vector x,. remains unchanged (this will 

be shown explicitly for the local electric field below). Additionally, any lateral shift of a 

unit vector, x;., by a lattice vector, such as R', creates an equivalent unit vector, because 

the origin (principal axis) of the second unit vector is renormalized by a lattice vector; in 

a periodic system, axes separated by lattice vectors are equivalent (see Section 3.5.3). As 

a result, when we examine transformations of the vector part of the local electric field, 

E(v)(rj), we may focus on the effects of the point operator R . 

The left-hand side and right-hand side of Eq. (6.21) are both complex vectors, where the 

components from both sides must be equivalent and the magnitude of both sides must be 

equal. The magnitude of the left-hand side of Eq. (6.21) is 

((Jild-MjEfV,) =J{((i!|d-M)E)W(r,)}".{((^|d-«d)E)W(r,; 

(6.26) 

Substituting Eq. (6.24) into Eq. (6.26) we find 
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((i?| d - ySdjE^'fr, )| = ̂ (i;-) £,(•>)+^(«V ) £,(1;) 

= |E"'(r,)| 

(6.27) 

which demonstrates that the magnitude of a vector when transformed by (i?|d-i?d), a 

similarity transformation is invariant. Similarly, we can find the magnitude of the right-

hand side of Eq. (6.21) 

/•I'-"d ̂ >EM(r,) 

=|E"'(r,)| 

(6.28) 

where we have used x'i< ] = ±' (from Section 6.4.2). We can equate the magnitudes of 

the left-hand side, Eq. (6.27), and right-hand side, Eq. (6.28), of Eq. (6.21), where we 

find 

|E(v)(rr.)| =|E(v)(r1 )|. (6.29) 

Therefore, the magnitude of the local electric field, |E(v)(r. )|, is invariant at each point r, 

in a crystallographic orbit. 

The transformation of the mode at any point, (i?|d-/?d)E(rj), drives a corresponding 

transformation in the local state of polarization, 

(i?|d-i?d)P(r1)x(i?|d-i?d)Q(r1), (6.30) 

183 

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission. 



where (i?| d - i?d) e Gk . Applying the transformation operators to the scalar components 

(substitution of Eq. (6.18)) and to the vector components of Eq. (6.30) we find 

(i?|d-i?d)P(r1)x(i?|d-i?d)Q(r1) = ((i?|d-i?d)p)(rj)x((i?|d-i?d)Q)(ri), 

(6.31) 

where rj,r;e Qk. From Eq. (6.17), the complementary local relation for the states of 

polarization is obtained 

((i?|d-Rd)P)((i?|d-RdY1 r, )x((i?|d-i?d)Q)((/?|d -RdV' r,) 
V { ' (6.32) 
= e>M«~R d)(zw)2p(ri)XQ(ri). 

Substituting Eq. (6.31) into Eq. (6.32) and noting that^v)=±l, we can express the 

relationship between states of local polarization, at the points r; of a crystallographic 

orbit as 

((i?|d-i?d)p)(rJx((i?|d-i?d)Q)(ri) = ei2k,(d"""ld)P(r1)xQ(r1). (6.33) 

where r; e Qk. We may make this more explicit by first considering the point operator 

R . The cross product of any two vectors, F and G, forms a third vector J = FxG . If 

the two vectors F and G are transformed in space by the operator R, the cross product of 

the vectors /?F and RG creates another vector J' = .KFxi?G. The vectors J and J' are 

related by the transformation law for the cross product as 

J' = (det/?)i?J. (6.34) 
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where /?J is a direct transformation of the vector J ([103] p. 269). In this case, the 

electric field polarization is restricted to the x-y plane, and the vector P(r,)xQ(rj) only 

contains a z component at any point in the field. Transformations R  within the x - y  

plane leave the vector P(r,)xQ(r,) (parallel to the zaxis) unchanged. The invariance 

of P(r,)xQ(r1) allows us to simplify Eq. (6.34), in which R J  = J , and the cross product 

transformation law reduces to 

RFxRG = (det/?)(FxG). (6.35) 

When discussing Eq. (6.25), we noted that we could focus on the point operator R, 

because the lateral shift R' = d - Rd created equivalent unit vectors. If we now apply 

this to vector P(r,)xQ(r]), and apply the transformation law for the cross product, Eq. 

(6.35), Eq. (6.33) becomes 

(det^)(P(r/)xQ(ri)) = e'2k'^"fl d'p(r1)xQ(r1). (6.36) 

where det R = 1 for proper transformations (rotation operators, Cn), and det/? = -1 for 

improper transformations (reflection operators, a). Using the same steps that led to Eq. 

(6.29), we find that polarization response magnitudes (i.e., ellipticity), 

|P(r,)xQ(r,)| = |P(r2)xQ(r2)|, (6.37) 

are the same for all members of the crystallographic orbit. The polarization direction, 

however, depends directly on the nature of the symmetry operation and the value of 

e'2k (d d'. In general, for any transformation (/?|d-i?d) applied with respect to the 

principal axis ( d = 0 ), or one of its symmetry equivalent points, where e'2k^ =1. In 
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this case rotations will preserve the handedness (det(/f) = 1), while reflections will 

reverse it (det ) = -1). 

The polarization response of the field, Eq. (6.4), is shown in Figure 37(a) for the 

extended hexagonal lattice to more clearly reveal the symmetry. In Section 3.5.3, we 

determined the characters of the transformation operators of the hexagonal lattice for the 

C3 site symmetry group acting with respect to the axes located at the centers of the 

equilateral triangles (see Figure 42(a)). These two axes are the only ones within the unit 

cell not equivalent to the principal axis. From Eqs. (3.119) through (3.124), we can 

, • 1 i2k.(d-«_ld) , _ , ... , 
determine that e v -1 for each symmetry operator acting with respect to these 

two non-principal axes. Therefore, the transformations of the local state of polarization, 

given by Eq. (6.36), will change in the same manner regardless of the symmetry axes 

(i.e., rotations will preserve the handedness, det(i?) = l, while reflections will reverse it, 

det(/?) = -l). The parallelogram inscribed by the dashed red lines (comprising two 

equilateral triangles) denotes a primitive unit cell, and the optical response clearly 

possesses its full translational invariance. Selecting an arbitrary position r,, close to the 

origin, as a general Wyckoff position, we see that there are six elements comprising the 

crystallographic orbit (t = nCi fnG ^ = 6 /1 = 6) in the primitive unit cell (see Figure 

42(d)). The crystallographic orbit with generating point r, within the primitive unit cell 

has two elements deriving from the subgroup of rotation operators 2C3, where ellipticity 

is again preserved, and polarization handedness is maintained (e.g., 

P(rj)xQ(r,.) = P(rl)xQ(rl) where / = 2,3) (see Figure 37(b)). The orientation of the 

polarization ellipse is advanced by the rotation angle 2^/3 (see Figure 37(a)), which can 

be understood by the local transformation properties of the electric field given by Eq. 

(6.21). Likewise, it has three elements, deriving from the reflection operator o'y applied 

to the first three elements, where the orientation and ellipticity of the polarization ellipses 
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are mirror-symmetric, with Figure 37(b) demonstrating their opposite polarization 

directions (e.g., P (ri)x Q (r;) = - P (r,) x Q (r,), where i = 4,5,6). The full optical 

response of the entire extended system can thus be expressed by the fundamental domain, 

where one element from each crystallographic orbit of all local field vectors exists, 

denoted by the shaded one-third of an equilateral triangle. Note that this region is one-

sixth the primitive unit cell. In contrast, the transformations of the polarization response 

P(r1)xQ(r1) within the square lattice are trivial, due to P(r)xQ(r) = 0(see Figure 

39(b)). Figure 39(a) reveals, however, that the orientation of the local linear polarization 

states transforms as expected when points E(v) (r,) are transformed in space within their 

crystallographic orbits as given by Eq. (6.21). Therefore, based on the examples 

presented, it is clear that we may associate every point in the electric field with a 

crystallographic orbit, where the local state of polarization of the symmetry equivalent 

points will change, according to Eqs. (6.21) and (6.36). 

6.4.4 Symmetry transformation properties of fields at special Wyckoff positions 

We have thus far established only the transformation properties of the local polarization 

state at general Wyckoff positions. However, for local fields at special Wyckoff 

positions, we may show that the site symmetry reveals the local state of polarization to be 

a polarization singularity. The local field symmetry transformation at a special Wyckoff 

position, from Eq. (6.21), proceeds as 

(i?|d-i?d)E(v)(r,) = ek"(d"^d)^v) E(v)(r,), (6.38) 

which is an eigenvalue equation, where e'k ^d " ^Zr  ' is the eigenvalue and E(v)(r,) the 

eigenvector. To relate the singular nature of a local state of polarization to a particular 

site symmetry, we will express the local field, via Eq. (6.8), as 
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E'v> (••,) = [P(r,) + <Q (r,)] = 

p,M+iQ,M' 

P,M + iQ,(r,) 

0 

= Q(r,) 

/D(r,) + /J8(r1) 

C( r.) 

0 

; (6.39) 

components 

and 

are purely real, while 

^(r1) = ^(r1)P,(r1) + a(r1)2,(r1), 

B(r i) = -Px(r i)QyM + Qx(^)Py(r i), 

C(r1) = i?(rI) + fiJ(r1) 

^(r>) = 1/(^(r>HG,(r>)) 

(6.40) 

(6.41) 

(6.42) 

(6.43) 

is a complex phase factor. For any r,, substitution of Eq. (6.39) into Eq. (6.38) will yield 

a self-consistency condition contingent on the local symmetry. We now consider, in 

general, local fields with either reflection or rotation symmetry (or both), with the goal of 

identifying the site symmetry subgroups of C3v and C4v, and the respective natures of 

their local polarization states. 

In Section 6.4.3, we established that elements of the crystallographic orbit related by 

reflections, (crv|d-i?d)E<v) (r2) = e'k R d^v)E(v) (r,), have an equal but opposite 

polarization handedness, P (r2) x Q (r2) = -P (r1)xQ(r1), when g'2k(d R d)=l. Hence, 

for (<7v|d-i?d)E(v)(r1) = e'k^d R d^v) E(v) (r,), we require P(rj)xQ(r,) = 0, whence 

the sense of rotation is undefined, and thus mirror planes must constitute L lines. It now 

remains to determine the linear polarization rotation angle, vis-a-vis the respective mirror 

planes. Let us investigate the self-consistency condition, employing (^|o) f°r 

illustration, where oy e C3v or ay e C4v depending on which system is being considered. 

The argument is general and proceeds identically for all the other mirror reflection planes 
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passing through the principal axis. The site symmetry of the general case of a field 

vector located on this mirror plane is clearly Clh = {£, <JV}, where the symmetry axis is 

located at the principal axis. Suppressing rt, for convenience, we obtain 

"1 0 0" 'D + iB^ /  D + iB" 'D + iBN 

0 -1 0 C = -C 
ik* 

= e (d-*-'d) r(v) 
C 

0 0 1 ,  o J v 0 J 

(d-*-'d) r(v) 

,  0  J 

As it stands, Eq. (6.44) does not provide any insight into the required form of the 

eigenvector, E(v)(r,) (i.e., local field) upon a mirror symmetry plane. However, we can 

turn to the global transformation properties of the mode given by Eq. (6.7) to provide 

additional information. Field vectors located on this mirror plane have a character given 

_ flcfd-ZT'd) iv\ (A) , i iWd-JT'd) 
Eq. (6.7) as e v X V)X (remembering e v -1 on the principal °y Gy 

axis), this is the character of the A2 irreducible representation about the principal axis. 

Substituting this value into Eq. (6.44) then generates the constraint D = B = 0, where C 

is given by Eq. (6.42), whence E (r,) = Q (r}) (0, C(r,), 0), either in the +y-direction or in 

the -^-direction, depending on phase. The polarization direction is thus orthogonal to the 

mirror plane. Similar expressions may be found for any other mirror plane that passes 

through the principal axis or any points in the crystallographic orbit where the principal 

axis is the generating point. This is in accord with the singular states determined for the 

C3v eigenmode by direct calculation of Eq. (6.4), where Figure 37(a) reveals the L lines 

and Figure 37(b) their polarization directions (from PxQ = 0). Similarly, Figure 39(a) 

reveals the L lines of the C4v eigenmode by direct calculation of Eq. (6.6), where the 

local state of polarization is orthogonal to any of the mirror planes that pass through the 

principal axis or any point part of its crystallographic orbit; although, this is not the case 

for all the points on mirror reflection planes. In the C4v unit cell, there are four mirror 

reflection planes that intersect at (a/2, a/2), where two of the mirror reflection planes do 
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not pass through the principal axis or any of its symmetry equivalent points (see Figure 

42(b)). Upon these mirror reflection planes the local state of polarization is parallel to the 

plane (see Figure 39(a)). To explain the change in orientation of the local state of 

polarization along these secondary mirror reflection planes, we examine the global 

transformation properties of the photonic crystal eigenmode about the axis (a/2,a/2) 

given by Eq. (6.7): 

(a,|(V2(i + y))-<T,(V2(i+y)))E(>) = ̂ ^jE(>)- (6-45) 

From Section 6.2, if R' = d - /? d (where R' is a lattice vector), then Eq. (6.7) may be 

used to determined . In this case, 

'a/ 2^ 1 0 0^ fa/2^ f°l 
d-/r'd = a/2 0 -1 0 a/2 = a 

,0 0 b v ° ,  A 

whereby R' = (0,a,0) is a C4v lattice vector. Then from Eq. (6.7) 

^(52)=exp(z'[(i+y);r/fl]-[yfl])4f=(-1)(-1)=1- <6-47) 

To determine the orientation of the local state of polarization along the secondary mirror 

reflection planes, we substitute Eq. (6.47) into Eq. (6.44). Equation (6.44) then generates 

the constraint C = 0, where D + iB is determined by Eqs. (6.40) and (6.41), whence 

E(v) (r,) = Q(r1)(Z)(r,) + z5(r,),0,0), either in the +x-direction or in the —x-direction, 

depending on phase. The polarization direction is thus parallel to the secondary mirror 

planes in the square lattice (see Figure 39(a)). 
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We next determine if there are any locations where Eq. (6.38) is valid for rotation 

operations. However, because polarization handedness is maintained upon rotation, no 

specific insight is gained from the general local transformation properties, established in 

Section 6.4.4 for rotation operators. Employing Cn in the self-consistency condition 

yields 

cos -sin(^f) 

sin(^) 

0 

0 

cos(^f) 0 

0 1 

'D + iB^ 

C 

0 

ik* d-TT'd = e z(l} 

^D + iB' 

C 

0 

(6.48) 

where we focus on the point translations R of applied to the vector, Eq. 

(6.39), because the lateral translations simply create equivalent unit vectors (see 

Eq.(6.25)). Inspection reveals that there are no local field solutions where Eq. (6.48) 

identifies singularities for n — 1 or n — 2. However, for n - 3, we find two distinct types 

of singularities, dependent on the site symmetry to which the C3 operator belongs. The 

expected form of the state of local polarization can be determined for the rotation 

operator C3; Eq. (6.48) becomes 

-(D + iB)-cS 

(.D + iB)S-C 
ik- d-TT'd = e V^) 

AC, 

D + iB 

C 

0 

(6.49) 

In contrast to Eq. (6.44), we can determine the form of the eigenvector E(v)(rj) and its 

eigenvalue e'k''' R ^Zcf} from Eq. (6.49). These eigenvalues e'k'^ R ^X(cf will t>e 

compared to global transformation characters determined by Eq. (6.7). When the 

eigenvalues and the global transformation characters match then the local field we be in 

the same form as the eigenvector of Eq. (6.49). If they do not match the local field must 

vanish. Taking the ratio of the two vector component equations, to eliminate 
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(t'd R ' > cross-multiplying and equating the consequent real and imaginary parts 

yields B2 = C2 + D2 and BD = 0, respectively. The only possible solutions to this 

constraint system, for non-zero fields, are D = 0, B = ±C or B = 0, D = ±iC. From all 

possibilities, there are only two unique eigenvectors for Eq. (6.49): the eigenvector in the 

form of left-hand circularly polarized light given by 

E(v)(r1) = C(r1)£2(r1)(/sl>0), (6.50) 

where the eigenvalue is (t R d^f) - (-1 + /'V3 ; or the eigenvector in the form of 

right-hand circularly polarized light given by 

Ew(r1) = C(r1)Q(r,)(-z,l,0), (6.51) 

where the eigenvalue is e'k'd R ^Zc' ]  = z-s/3^2. 

Similarly for n = 4, the expected form of the state of local polarization (i.e. eigenvalue 

and eigenvector) can be determined for the rotation operator C4, whence Eq. (6.48) 

becomes 

v 

-C ^ 

D + iB 

0 

: eH i~R' 

rD + iBN 

C 

v 0 y 

(6.52) 

Again, taking the ratio of the two vector component equations, to eliminate 

e'k ^ R ^Zcl' > •> cross-multiplying and equating the consequent real and imaginary parts 

yields B2 = C2 + D2 and BD = 0, respectively. The only possible solution to this 

constraint system, for non-zero fields, is D = 0, B = ±C or B = 0, D = ±iC. From all 
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four possibilities we only obtain two unique eigenvectors for Eq. (6.52): the eigenvector 

in the form of left-hand circularly polarized light given by 

E (v)(r1) = C(r1)Q(r1)(/,l,0), (6.53) 

where the eigenvalue is e'k  R  Z (cf = '5 an<3 the eigenvector in the form of right-hand 

circularly polarized light given by 

Ew(r,) = C(r1)Q(r1)(-i,l,0), (6.54) 

where eigenvector is e'k ' ' '  ' ' 'Zq2  '  =~i • Therefore, upon the centers of C3 and 

C4 rotational symmetry, the local states of polarization must be circularly polarized (i.e., 

C points). 

Are there any locations within the unit cell of the hexagonal lattice which have global 

transformation characters (given by Eq. (6.7)) which match the eigenvalues derived from 

Eq. (6.49), when n = 3? The cyclic group C3 ={£,,C3,C3~1] identifies points of pure 

three-fold rotational symmetry in the hexagonal lattice at the centers of equilateral 

triangles located at ^a/2,aj(2\f3 jj and [a,a/V3 j in the unit cell, as shown in Figure 

42(a). These two points are part of the same crystallographic orbit. In Section 3.5.3, we 

determined that a general Bloch mode transformed by the C3 symmetry operator about 

the points ^a/2,aj(2\ l3{^a,a/V3j in the unit cell, possessed characters of 

and 2' resPectively (see Eqs. (3.120) 

and (3.123). Matching the global characters Zru''f'^' and to the two 
(C3|a C3aj (--3d) 

different eigenvalues determined by Eq. (6.49), we can predict that, at the point 
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a/2,<y ^2v3 jj, the state of local polarization will be left-hand circularly polarized, and 

that at (a,a/V3) the state of local polarization will be right-hand circularly polarized. 

The remaining C3 points within the hexagonal unit cell (associated with the special 

Wyckoff position of highest symmetry) are found at the intersections of the mirror 

planes, where they possess both C3 and C[h symmetries, i.e., the point group symmetry 

of the mode, C3v = {E,2C3 ,3cry}  . These positions are the points of the crystallographic 

orbit where the principal axis is the generating point and Xc2' = 1 • Z~c21 =1 does not 

match the two possible eigenvalues as determined by Eq. (6.49); therefore the field must 

vanish and form a disclination. Analytic determination of the mode, via Eq. (6.4), reveals 

that C points (circular polarization states), denoted by the red open circles in Figure 

37(a), do indeed exist at all points in the crystallographic orbit where {a/2,aj(2V3 jj is 

the generating point. Moreover, the observed polarization handedness, as noted in Figure 

37(b), conforms to that anticipated by the symmetry arguments (i.e. left-handed PxQ 

positive, right-handed PxQ negative) and alternates when two points in a 

crystallographic orbit span a mirror reflection plane. Secondly, disclinations indicated by 

green circles in Figure 37(a), appear as expected at the principal axis and all of its 

symmetry equivalent points. 

What of the square lattice are there any locations in space that match the eigenvalues 

derived by Eq. (6.52), when n = 4 ? Each center of C4 of rotational symmetry with the 

square lattice, also possesses mirror reflection symmetry for a total site symmetry of 

C4V =|£,,C4,C4
1,C2,<tX,Gy,cr'd,(fd} . At the principal axis and its symmetry-equivalent 

points, the global C4 character is ' =1- At the secondary axis (a/2,a/2) and its 

symmetry-equivalent points, the global C4 character is Z(cfi-~ca) = ~~1 (^(c|d-cdj 's 

determined using the same process to obtain Z^fx+^\ > given by Eq. (6.47). Neither of 
[<7,\d-aydj 
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these results matches the expected eigenvalues from Eq. (6.52), when n = 4, and 

therefore disclination must appear at these locations. Analytic determination of the 

mode, via Eq. (6.6), reveals that disclinations, denoted by the green open circles in Figure 

39(a), do indeed exist at all the centers of C4 rotational symmetry. 

There is an alternate, more intuitive method to determine the locations of disclinations. 

In this section, we determined that the local state of polarization must be linear upon a 

mirror reflection plane. In contrast, upon the center of C3 or C4 rotation symmetry, the 

local state of polarization must be circular polarized. When a mirror reflection plane and 

a center of rotational symmetry coincide, the local state of polarization cannot be 

simultaneously linear and circular polarized. Therefore, the electric field must vanish at 

these locations (when its polarization is confined to the x-y plane) and thus it forms a 

disclination. 

6.5 Polarization singularities in eigenmodes of high dielectric contrast 
photonic crystals 

6.5.1 Purely two-dimensional photonic crystals 

Using group theoretic arguments, we have determined the spatial locations of the 

polarization singularities. Furthermore, we have confirmed the existence of polarization 

singularities in the vanishing dielectric contrast limit, by plotting the spatially dependent 

polarization response, derived from the analytic descriptions Eq. (6.4) and Eq. (6.6). The 

group theoretic arguments are based solely upon the symmetry of the photonic crystal 

whence they are ubiquitous, regardless of the dielectric contrast of the photonic crystal. 

We now verify that the polarization singularities appear at locations so predicted by 

group theoretic arguments for high dielectric contrast, purely two-dimensional photonic 

crystals. This was achieved by numerically solving the scalar eigenvalue problem, 

described by the Maxwell's equation for the magnetic field (TE Bloch mode) Eq. (2.28), 
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using our proprietary code based on COMSOL's Multiphysics finite element analysis 

software (see Section 4.3), where we concentrate on the hexagonal lattice. 

Figure 43 and Figure 44 present our simulation results of band 1 TE mode for the 

hexagonal lattice at k = £4;r/(3a) (the electric field associated with the A2 

representation of the C3v point group). The simulation is of an array of periodic air holes 

£air ~ '> "with radii of r = 0.25a, in a dielectric background eBG =12, where the lattice 

constant is a = 3.75x10~7m. We have extracted the related full vector electric field from 

the numerically determined magnetic field using Eq. (3.41), where the direction is shown 

by blue arrows (length proportional to vector components), and the time-averaged 

magnitude, |E(r)| = -^E* (r)-E(r), as the background color (see Figure 43). Figure 

43(a) and Figure 43(b) display the electric field at two different points in the time 

domain: cot- 0 and cot = nj2 respectively. In Figure 44(a), we have extracted the 

polarization response P(r)xQ(r) for the electric field (z direction), and in Figure 

44(b), we plotted the phase angle r(r) defined by Eq. (6.10). The principal axis of the 

C3v point group is located at the center of the bottom right air hole, indicated in each 

figure (see Figure 42 for the full symmetry). 

Initially, we can examine the transformation properties of P(r)xQ(r), as discussed in 

Section 6.4.3. Figure 44(a) reveals P(r)xQ(r) has the same characteristic C3v 

symmetry as the vanishing dielectric contrast case displayed in Figure 37(b). These 

characteristics include the change in sign of P(r,)xQ(r1) across a mirror reflection 

plane and the invariance of P(r, )xQ(r,) when rotated by the operator C3. This 

confirms that the transformation properties of P(rj )xQ(r,) (defined in Section 6.4.3) are 

maintained in a high dielectric contrast photonic crystal. 
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(a) 

(b) 

Principal Axis 

f f 
Principal Axis 

Figure 43. Hexagonal lattice Bloch mode, band 1, k = \47r/(3a),  and high dielectric contrast of 

12. The electric field is associated with the A2 irreducible representation of C3v. The electric field 

direction (blue arrows, length proportional to vector components) and VE-E* magnitude time-averaged 

(background color), of the field (a) at time (Ot = 0, and (b) at time 0)1 = nj 2 . Bold black lines are edges 

of the unit cell and holes. 
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(a) 

y 
A 

Principal Axis 

(b) 

It 

0.785 

-0.785 

x Principal Axis 

Figure 44. Hexagonal lattice Bloch mode, band 1, k = X 471 J(3a j, and high dielectric contrast of 

12. The electric field is associated with the A2 irreducible representation of C3v. The (a) electric field 

polarization response, P(r)xQ(r) (z direction), and (b) the phase r(r), which ensures 

a(r) ± b(r) . Bold black lines are edges of the unit cell and holes. 
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Next, we examine the local state of polarization and confirm the existence of polarization 

singularities, as predicted by our group theoretic arguments. The group theoretic 

prediction are the existence of L lines along the mirror reflection planes, of C points at 

the centers of C3 site symmetry, and of disclinations at the centers of C3v site symmetry. 

Figure 44(a) reveals that P(r)xQ(r) = 0 along the mirror symmetry planes, which 

indicates the existence of L lines. This is further confirmed in Figure 43(a) and Figure 

43(b), where the local state of polarization on the mirror reflection planes maintains its 

orientation in time and is perpendicular to the mirror symmetry planes (as predicted for 

electric fields associated with the irreducible representation, see Section 6.4.3). 

Figure 44(b) reveals r(r) is discontinuous at the centers of C3 site symmetry. The 

discontinuity of r(r) is characteristic of a C point. Equally important, at these same 

locations, Figure 43(a) and Figure 43(b) indicate that the local state of polarization 

maintains a constant magnitude over time, but changes its orientation by n between the 

two slices in time, which are the characteristics of circular polarized light. Thus we can 

confirm the presence of C points at the centers of C3 site symmetry. At the centers of 

C3v site symmetry (the centers of the air holes) the electric field vanishes, indicating the 

presences of polarization disclinations (see Figure 43(a) and Figure 43(b)). As well, in 

Figure 43(a) and Figure 43(b), the orientation of the electric field vectors, y(r), rotates 

about the center of C3v site symmetry, where the centers of orientation rotation alternate 

locations between the two slices in time. This is consistent with the location of 

disclinations presented in Figure 41(a), where disclinations were singular points in the 

field y(r). With this evidence, we can confirm the presence of disclinations at the 

centers of C3v site symmetry. Note, in Figure 44(b), we expect the dislocations to 

appear at singular points in r(r). In practice, the registration of the unit cell did not lend 

itself well to spotting the discontinuities in r(r) at the edges of the solution space. 

Furthermore,  there  is  evidence of  poor  numerical  accuracy in  calculat ing r (r)  
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approaching a disclination, when the calculations are compared to the photonic crystal 

slab case (see Figure 48(a); further discussion regarding why this is a valid comparison in 

the next section). As mentioned, the electric field was calculated from the numerically 

solved magnetic field, and from the electric field numerous calculations were performed 

to determine t(t) . At each calculation step, the numerical error increases; when coupled 

with the vanishing electric field as we approach a disclination, this introduces significant 

noise into r(r). In the case of a photonic crystal slab, the full vector electric field is 

solved directly, which significantly reduces the error in t(r). For future work, this issue 

could be addressed by solving the purely two-dimensional photonic crystal problem using 

the full vector FEM solver, but at a significant increase in numerical resources. 

6.5.2 Two-dimensional photonic crystal slabs 

To demonstrate that the group theoretic arguments used to locate the polarization 

singularities are applicable beyond purely two-dimensional photonic crystals, we now 

examine the two-dimensional photonic crystal slab case. All of the results derived for the 

purely two-dimensional photonic crystals were for the TE modes case, where the electric 

field vectors are restricted to the x-y plane. To simplify the analysis of the photonic 

crystal slab system, we examine a photonic crystal slab Bloch mode with a electric field 

profile similar to the purely two-dimensional photonic crystal eigenmodes. As described 

in Section 4.4.2, the electric and magnetic field profiles of the two-dimensional photonic 

crystal eigenmodes and photonic crystal slabs eigenmodes are identical in the x-y plane 

that bisects the photonic crystal slab when the Bloch wave vector k and band index n of 

the two eigenmodes are the same (with the same x-y plane dielectric profiles). 

Furthermore, in Section 2.5.3, we determined that even photonic crystal slab eigenmodes 

with frequencies below the single mode cutoff of a similar uniform dielectric slab were 

well approximated by a summation of even TE dielectric slab modes. The electric field 

vectors of the TE dielectric slab modes are restricted to the x-y plane, whereby we expect 

the even photonic crystal slab Bloch mode to have the same polarization restriction. As a 

result, we chose to examine the electric field of the photonic crystal slab eigenmode for 
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band 1 and Bloch wave vector k = £4;r/(3a); this is the same location in reciprocal 

space that was examined in the two-dimensional hexagonal lattice photonic crystal 

example. Therefore, we predict polarization singularities will also appear in the photonic 

crystal slab eigenmode with the same parameters in the electric field. 

We confirm the analytical predictions by revealing the local state of polarization of the 

photonic crystal slab eigenmode for band 1 and Bloch wave vector k = x4;r/(3a). This 

is achieved by numerically solving the photonic crystal slab eigenvalue problem, using 

COMSOL Multiphysics (see Section 4.4.3). In Figure 45 to Figure 48, the simulations 

are of an array of periodic air holes eair = 1, with radii of r = 0.25a, in a dielectric 

slab£slah =12 with a thickness of d -  a/2 , where the lattice constant is a = 3.75x10 7m. 

The simulation space is the hexagonal lattice unit cell in the x-y plane with periodic 

boundary conditions, where the unit cell is shifted so that the air hole is located at the 

center. Similar to the two-dimensional photonic crystal, the electric field direction (blue 

arrows, length proportional to vector components), and the time-averaged magnitude, 

|E(r)j = ̂ E*(r)-E(r) (background color) are displayed for the two time steps o X - 0  

and 01 = 71 12; there are x-y plane cross-sections at the center of the slab, z = 0, and the 

bottom surface of the slab, z = -af 4, and a y-z cross-section centered on the principal 

axis (see Figure 45 and Figure 46). The principal axis of x-y plane point symmetry, C3v, 

is located at the center of the air hole, in the middle of the unit cell. The edges of the 

photonic crystal slab are highlighted with bold black lines. Figure 47 reveals the 

P(r)xQ(r) field, where the arrows indicate the direction (length proportional to vector 

components) and the background color is the time averaged magnitude in z direction. 

Finally, Figure 48 displays the spatially dependent phase factor -r(r) in the x-y plane at 

z = 0 and at z = - a/4. 
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Figure 45 and Figure 46 reveal the local state of polarization of the electric field is 

restricted to the x-y plane. This is reinforced by the plot of P(r)xQ(r), where the 

vector field only points along the z axis (see Figure 47). The field P(r)xQ(r) displays 

full C3v symmetry the same as the two-dimensional case, where a point in the 

P(r)xQ(r) distribution changes sign across mirror reflection planes, but maintains 

direction and magnitude when rotated by C3. P(rj)xQ(r,) = 0 along the mirror 

reflection planes, which indicated the presence of L planes. This is confirmed by 

examining the local state of polarization at the two different time steps, where the electric 

field maintains the same direction and it is perpendicular to the mirror reflection plane (as 

expected for the electric associated with the A2 irreducible representation) (see Figure 45 

and Figure 46). The C points are located at the centers of C3 site symmetry, indicated by 

the two singular points in r(r) located on either side of the air hole (see Figure 48). 

Again, this can be confirmed by examining the electric field at the two time steps, where 

at the C point, the electric field maintains the same magnitude at each time step, but the 

electric field direction rotates by 90 degrees (see Figure 45 and Figure 46). This is the 

behaviour characteristic of circular polarized light, which confirms the presence of the C 

point. The third singularity in r(r) is associated with a disclination and it is located at 

the center of C3v site symmetry at the principal axis (see Figure 48). At the center of the 

a i r  h o l e ,  t h e  e l e c t r i c  f i e l d  v a n i s h e s  a n d  t h e  o r i e n t a t i o n  o f  t h e  e l e c t r i c  f i e l d  v e c t o r s ,  y ( r ) ,  

rotates about the point, thus confirming the presence of a disclination at this point. 
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Figure 45. Hexagonal photonic crystal slab lattice air holes in a dielectric background, Bloch mode, 

band 1, k = X A7tj(3A). The electric field is associated with the A2 irreducible representation of C3V, 

where the direction (arrow length proportional to vector components) and VE-E* magnitude time-

averaged (background color) of the electric field at time (Ot = 0. Bold black lines are edges of the unit cell 
and holes. 
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Figure 46. Hexagonal photonic crystal slab lattice air holes in a dielectric background, Bloch mode, 

band 1, k = X 47t/( 3ty ). The electric field is associated with the irreducible representation of ( ";. , 

where the direction (arrow length proportional to vector components) and VE • E* magnitude time-

averaged (background color) of the electric field at time OJt = 7rj2 . Bold black lines are edges of the unit 

cell and holes. 
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Figure 47. Hexagonal photonic crystal slab lattice air holes in a dielectric background, Bloch mode, 

band 1, k = x4;r/(3a). The electric field is associated with the A2 irreducible representation of C3v, 

where the polarization response P(r)xQ(r) is displayed, arrows give the direction (which are 

proportional to length) and magnitude in the z direction is the background color. Bold black lines are 
edges of the unit cell and holes. 
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(a) 

C Point 
Singularity 

Disclination 
Singularity 

C Point 
Singularity 

0.785 
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Figure 48. Hexagonal photonic crystal slab lattice air holes in a dielectric background, Bloch mode, 

band 1, k = x4;r/(3a). The electric field is associated with the A2 irreducible representation of C3v, 

displayed the phase angle T(r) (a) x-y plane cross-section at the center of the slab and (b) x-y plane cross-

section at the bottom of the slab. Bold black lines are edges of the unit cell and holes. 
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6.6 Conclusions 

In this chapter, we developed a set of polarization symmetry insights based on the full 

space symmetry of the optical system. These polarization symmetry insights were as 

follows: From the global perspective of the electric field, E(r), we showed that the local 

state of polarization characterized by P(r)xQ(r) does not change when the electric 

field was transformed in space by a symmetry operator R  of its point group; From the 

local perspective, we showed the transformation properties of the local electric field 

between its symmetry-equivalent locations (i.e., crystallographic orbit), where at 

locations called special Wyckoff positions, polarization singularity appeared in the local 

electric field. Since every point in the electric field was associated with a 

crystallographic orbit, we were able to define the fundamental domain of the photonic 

crystal eigenmode. Collectively, these polarization symmetry insights allow us to 

determine many of the defining features of the state of local polarization of our example 

optical system, the electric field of a hexagonal lattice photonic crystal. Finally, these 

symmetry insights were verified by comparing the theoretical predictions with 

simulations of high-dielectric contrast, purely two-dimensional photonic crystal, and for a 

two-dimensional photonic crystal slab. 

The polarization insights were presented from the viewpoint of this particular optical 

system, but they can apply equally well in designing an optical system with specific 

polarization characteristics. Therefore, future work may be focused on using the 

polarization symmetry insights to design an optical system with a desired optical 

response. This research will be especially important to any area that requires precise 

control over the local state of polarization, such as the laser cooling of atoms, where large 

changes in the local state of polarization increase the efficiency of the laser cooling 

([104] pp. 231-235). 

207 

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission. 



CHAPTER 7 - CONCLUSIONS 

7.1 Summary of the central findings 

A definitive study on the sub-wavelength features of the optical modes of photonic 

crystals expressed through the optical singularities of the electromagnetic field was 

successfully accomplished. This work is the first comprehensive study to examine phase 

singularities and polarization singularities in purely two-dimensional photonic crystals 

and photonic crystal slabs using the fundamental principles of group theory, and 

supported by numerical simulations of physically realizable systems. It has consequently 

allowed fundamental design paradigms to be addressed regarding the sub-wavelength 

features of the electromagnetic field within optical systems of distinct symmetry. The 

central findings of the research are summarized below. 

The first of the two types of optical singularities, the phase singularity, was reported in 

Chapter 5, where fundamental symmetry rules for the existence of phase singularities 

within the eigenmodes of photonic crystals were described. Initial insights were extracted 

by applying phasor geometry and group theoretic principles to analytical optical Bloch 

modes in the vanishing contrast limit. This permitted the determination of the spatial 

locations and the number of optical vortices within the photonic crystal eigenmodes. 

Furthermore, we were able to characterize the vortices into two distinct types: symmetry 

vortices and accidental vortices. In both cases, the optical vortices were found to exist 

within the photonic crystal eigenmodes associated with odd rotational symmetry k-

groups, (i.e. Cm, where n = 1 or 3). We also determined that photonic crystal 

eigenmodes associated with even rotational symmetry k-groups, (i.e. Cm, where n = 2,4 

or 6) cannot have phase singularities, since they are composed exclusively of conjugate 

plane waves. Such observations were validated through numerical simulation of the 

various two-dimensional photonic crystal k-groups, Cnv, at low and high dielectric 
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contrast. The optical vortex states were more clearly presented by examining the 

dislocations in the phase and the circulation of the Poynting vector about these 

dislocations. In simulations of the photonic crystal eigenmodes associated with odd 

rotation k-groups, we demonstrated that the spatial positions of the symmetry vortices 

remain invariant to changes in the dielectric contrast. In comparison, the accidental 

vortices experienced large changes in their spatial positions between the high and low 

dielectric contrast cases. The simulations of the photonic crystal eigenmodes associated 

with even rotation k-groups displayed no phase singularities. The symmetry vortices are 

associated with contrast-insensitive n = 3 symmetry, while the origin of the accidental 

vortices arise from a more subtle expression of the n = 1 symmetry. That is, the modes 

associated with the irreducible representations of the C3v k-group fundamentally have the 

required number of plane waves to form a phase singularity (and thus demonstrate form 

and locational stability with varying dielectric contrast). In contrast, the modes 

associated with the Clh k-group do not unless adjacent bands contribute to form the 

appropriate accidental degeneracy. These accidental singularities do evolve with 

increasing dielectric contrast and swiftly vanish, implying a prima facie limitation to our 

analytic approach, as is otherwise implied by the existence of different phase singularities 

at high dielectric contrast. Furthermore it was demonstrated that vortices also exist in 

photonic crystal slab structures. In these photonic crystal slab structures, we verified that 

optical vortices appeared at the same locations in the x-y plane as within the two-

dimensional photonic crystals. It was also shown that the phase singularities extended 

infinitely along the z axis beyond the confines of the photonic crystal slab structure. 

This is a direct result of the identical group theoretic description of the symmetry within 

the x-y plane between the purely two-dimensional photonic crystals and the photonic 

crystal slabs, which leads the way to the application of these techniques to more complex 

optical systems. 

In Chapter 6, a second type of optical singularity was studied: the polarization 

singularity. Here the complex state of local polarization of the electromagnetic field was 
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systematically analyzed by locating the polarization singularities within the field and by 

deriving the symmetry transformation properties of the local state of polarization. The 

polarization symmetry insights were derived based on the site (local) symmetry of the 

optical system and ranged from the global perspective to individual points within the 

electromagnetic field. From the global perspective of the electric field, E(r), we 

showed that the state of polarization, characterized by the vector field P(r)x Q(r) , does 

not change even when the electric field is transformed in space (i?|o)E(r) by a 

symmetry operator R of its k-group. Next, the crystallographic orbits were defined, 

which are sets of symmetry-equivalent points in the electric field. In the crystallographic 

orbit, relative polarization relationships between points were established based on the 

symmetry transformation properties of E(r;). When all the points in the field were 

classified according to a crystallographic orbit, the fundamental domain of the photonic 

crystals eigenmode space k-group was defined. It was shown that, from the fundamental 

domain, the entire polarization response of the eigenmode is obtained. Finally, for points 

within the electromagnetic field congruent to positions of high symmetry, we 

demonstrated that the local state of polarization must be singular. These points in the 

field E(rJ appeared at locations known as special Wyckoff positions, where it was 

found: first, upon a mirror reflection planes, L lines must appear; second, upon a center of 

rotation symmetry (Cn, where n> 3 ), a C-point must appear; and third, at the crossing 

point between a mirror reflection plane and center of rotational symmetry ( Cn, where 

n> 3), the field would vanish and a disclination must appear. Collectively, these 

polarization symmetry insights allow us to determine many of the defining features of the 

state of local polarization. These group theoretic insights where shown to be universal by 

examining the polarization singularities within high-dielectric contrast, purely two-

dimensional photonic crystal, and two-dimensional photonic crystal slabs. In each case it 

was found that the polarization singularities were at locations predicted by their site 

symmetry maps. 
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This thesis reported on marked accomplishment in the novel application of the techniques 

of group theory to the optical response of photonic crystals. A notable result was the 

application of site (local) symmetry to photonic crystal eigenmodes. Previous work had 

focused on transformation operators R of the photonic crystal eigenmode k-group 

(Re Cnv), with respect to the principal axis of the dielectric structure. By contrast, this 

work derived the irreducible matrix representations of the transformation operators (7?|a) 

of the photonic crystal eigenmode space k-group ((/?|a)e G), which may be applied with 

respect to any symmetry axis. As a result, the symmetry transformation properties of the 

local state of polarization could be derived in Chapter 6. Furthermore, a general method 

to determine the analytical forms of the optical Bloch modes in the vanishing dielectric 

contrast limit was presented, which was previously absent from the literature. 

The final objective of this research was achieved by developing FEM numerical models 

of purely two-dimensional photonic crystals and photonic crystal slabs including a fully 

developed FEM software package. These numerical models provided confirmation of all 

the group theoretic insights, and they will be the basis of future experimental 

investigations of optical singularities within photonic crystals. While developing the 

numerical models of the photonic crystal slabs, an original self-consistent effective index 

method was developed, which addressed the deficiencies of the standard effective index 

method when applied to high dielectric contrast photonic crystal slabs. For this body of 

research, the improved self-consistent effective index method provided a much needed 

verification of the full vector simulations of the photonic crystals slab modes in high 

dielectric contrast systems. This was accomplished with a modest increase in numerical 

resources as compared to the standard effective index method, but still much faster than 

full vector approaches. 
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7.2 Future Work 

Due to the fundamental nature of this body of research, many different avenues for future 

work have been opened up. First and foremost is the experimental confirmation of 

optical singularities within photonic crystals. The challenge of this endeavor will be to 

fabricate a photonic crystal sample and then map the local energy flow and the local state 

of polarization within a photonic crystal where the optical singularities can be observed. 

The local characterization of the optical modes of the photonic crystal could be measured 

using near-field scanning optical microscopy (NSOM) [105]-[112], which allows 

resolution below the diffraction limit X/2 (i.e. sub-wavelength resolution) of the 

electromagnetic field. This work would require a complementary numerical study to 

correlate the NSOM probe results with the expected behaviour of the electromagnetic 

field around an optical singularity, as continuation of the work by [105]-[106], The 

concept of the fundamental domain would be critical to this study in order to obtain the 

maximum information about the optical mode within a minimum scanning area. 

The significance of the vortex state in photonic crystals has implications for the robust 

generation of optical vortex arrays. Optical vortices have been shown to be innately 

related to the orbital angular momentum of the light [60], [73], In other systems, such as 

Laguerre-Gaussian laser modes, it has been demonstrated that the light can transfer 

orbital angular momentum to dielectric particles, causing them to rotate around a vortex 

structure [78]-[79], and [84], Very preliminary numerical investigations have revealed 

that the optical vortices within two-dimensional photonic crystals are not amenable to 

rotation of isotropic dielectric particles (see Appendices D-E). However, a full 

investigation needs to be conducted to explore the full potential of possibilities regarding 

the relationship between optical forces and optical singularities within photonic crystals. 

There are further possibilities regarding the manipulation of anisotropic particles, where 

it has been shown that different states of polarization can rotate such particles [118]-

[119]. This study would include developing a group theoretic understanding of the 
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optical forces, in which desired behaviours would be mapped to system symmetries. In 

addition to nano-particle manipulation, planar photonic crystals that contain quantum-

confined structures at predicted vortex locations may permit interesting experimental 

investigations. One such experiment may be the measurement of the quantum cores of 

optical phase singularities [86]. 

For the polarization symmetry insight developed in Chapter 6, future research would 

entail application to other systems with distinct symmetry, such as optical waveguides 

and optical cavities. This would be most interesting for applications that are sensitive to 

polarization, such as laser cooling of atoms, where large changes in the local state of 

polarization increase the efficiency of the laser cooling [53], ([104] pp. 231-235) or 

manipulation of anisotropic particles as mentioned previously. 
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APPENDICES 

A. Derivation of the Poynting vector, scalar Bloch modes 

In Section 2.4.1, we stated the form of the Poynting vector within a two-dimensional 

photonic crystal Bloch mode given by Eq. (2.31) and Eq. (2.32), they are restated here for 

the reader: 

s " ( r ) « l !  - H t e  « V v -  < r » ]  

(r)=-— kK (r)f _Im[K (r) Vwk„ («•)) 
2 O)jU0 L 

(8.1) 

(8.2) 

In this appendix we explicitly derive TE case, Eq. (2.31), for the reader. By definition, 

the time average Poynting vector is 

S(r) = |Re(E(r)xH*(r)) (8.3) 

For the TE case, the magnetic field is linear polarized along the z axis, and the related 

electric field is determined using Eq. (3.41): 

E(r) = 
O)£0£(r) 

r). 3g(r) 

dy dx 
(8.4) 

Taking the cross product of Eq. (8.4) with related magnetic field i/(r): 

214 

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission. 



E(r)xH*(r): 
/ . A 

yox0e{r)J  

x y z 

dH(r) dH( r) 

0 

dx ° 

0 H* (r) 

TTU ,dH(r)„ rr* t \ dH(r) 
-H (r) —x-H (r)— 

3x dy 

(8.5) 

Equation (8.5) is substituted into Eq. (8.3) 

S(r) = {Re 
v^(r)yv 

f  d H ( r )  ̂  
v  '  x + H (r) y /T(r) 

3x v / 

where it can be rewritten as 

S(r) = }Re 
f  .  \  

—i 

coe0e{ r) 
(iT(r)Vtf(r)) 

(8.6) 

(8.7) 

We can eliminate i by using Re(a + ib) = a = + ib)) and then Eq. (8.7) becomes 

S(r) = 
r 1 ^ 

2a)£0e(r) 
Im '(/T(r)V//(r))' (8.8) 

The periodic symmetry of the system allows us to state the magnetic field in the form of a 

Bloch mode (r) = z//kn (r) = zvkn (r)e'kr, (see Eq. (2.30)). The spatial derivative of 

Eq. (2.30) in the x direction is 

&Ur)_ 3 
= -^(vk„(r)exp(/k-r)) = 

(exp(z'k-r)) 

dvk„ (r) 

d x d x  d x  
exp(ik • r) + ikv^ (r)(exp(zk • r)) 

(8.9) 

dx 
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and in the y direction is 

6Hk^ = ̂ K (r)exP (ik - r))= SVk̂  cxp(/k"r)+ /7Svk« (r)(exp(/'k • r)) 

: (exp(ik-r)) 

(8.10) 

Substitution of Eqs. (2.30), (8.9) and (8.10) into Eq. (8.6) and we obtain the Poynting 

vector in terms of the Bloch wave vector k and its periodic part (r): 

C(r) = iRe 
' • V f - i  

K(oe,e{x)JK 

v L ( r )  
dvkJ r)  

dx 
+ x + v^(r) vt a(r) 

\ \ 

dy y y 

(8.11) 

Alternately we can express Eq. (8.11) in form similar to Eq. (8.7): 

SL£(r) = iRe 
/ A 

—i 

K(oe0e(r)  j  
Z 'kk( r) |  + Vkn ( r)^7 v

k» ( r  

f  \  
1 

+Re 

/ \ 

y(D£,e{r) j 
(vto(r)Vv t a(r)) (8.12) 

Finally using Re(a + ib)  = a = Im(/(a + ib))  again, 

re[b^j(v,l(r)vv""(r)) 
we can obtain a form similar to Eq. (8.8) 

2(O£0£ (r) 
Im (>V.(')V vk.(r))] (8 1 3) 

S(r) = 
2co£0£(r) 

klv^fr)! -Im (vto(r)Vvi»(r (8.14) 
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B. Two-dimensional photonic crystal eigenmodes plane wave 
expansion 

This is an expanded derivation of the two-dimensional photonic crystal eigenmodes in the 

vanishing dielectric contrast limit, as discussed in Section 2.4.2. In the vanishing 

dielectric contrast limit, we show that photonic crystal eigenmodes are well approximated 

as linear combinations of a small number of degenerate plane waves. This will be 

acomplished using the plane wave expansion method applied to the TM eigenvalue 

problem and examining the general form of the Fourier coefficients. 

The eigenvalue problems for the TE and TM modes are as follows as given in Section 

2.4.1: 

( 32 32 A 

f  ( r) 

d_ d_ 

dx 2  +  dy 2  

L^H z ( r )  =  -
rd 1 a d 1 

+ 
dx  £  (r) dx  dy  e ( r )  dy  

E^) = ̂ Ez{r) ,  
c  

Hz(r)^Hz( r) .  
/ 

(8.15) 

(8.16) 

From Eqs. (2.33) and (2.34), the Fourier expansion of the Bloch mode for the TE and TM 

cases is 

<fUr)=2X(G)e* 
G 

i(k+G)-i 

i(k+G)-r 

(8.17) 

(8.18) 

where we suppress z for convenience and place the term e i k  r  inside the summation. 

The dielectric profile is a periodic function with the periodicity of the Bravais lattice, as 

discussed in Section 2.2.2 given by Eq. (2.2). Therefore, \je(r) can also be expanded 

in a Fourier series just as the Bloch modes: 
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l/£(r) = X*-(G)^' (8.19) 

where /f(G) is the Fourier coefficient in reciprocal space and because the dielectric 

profile is a real function /r(-G) = £"*(G) ([5], p. 14). Focusing on the TM case, we 

substitute Eqs. (8.17) and (8.19) into Eq. (8.15) and obtain 

G' dx 2 + dy 2  
ZiUGy(k+G)r=^z^(G)^i(k+G)r 

c G 
(8.20) 

Using standard techniques ([5], pp. 19-21), from Eq.(8.20), we can obtain the following 

eigenvalue relationship for each Fourier coefficients (G) of Eq. (8.17): 

X «r(G -G') |k + Gf E„ (G') = (G) (8.21) 
G' 

where co^ is the frequency of the (k, n) photonic crystal eigenmode. Now, we can 

rearrange the lefthand side of Eq. (8.21), so that the Fourier coefficient (G'), when 

G' = G, is placed outside the summation: 

ir(G-G)|k+G|22UG)+X*(G-G')|k+Gl2£'1„(G') = 4-MG) (8-22) 
G'*G 

and then place all the coefficients Ek n  (G) on one side 

Xr(G-G ')|k + Gf^(G') = 
GVG 

%-*-( 0)|k + G|: ^(G). (8.23) 
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Then the general relationship for a Fourier coefficient (G) becomes 

E„(G)-
<-*-(0)|k + G I

2 2 
c  

2>(G-G')|k+G1X(G'). (824) 
G'*G 

The relative weighting coefficient of the general Fourier coefficient E^ (G) is 

determined by 

1 

<-*•( 0)|k + G, v 
(8.25) 

from Eq. (8.24). In Eq. (8.25), 

*r(0)|k + G|'V (8.26) 

where (O is equal to the frequency of a plane wave with a wave vector k + G in a 

medium with the dielectric permittivity of £ = l//r(0), in which the plane wave 

dispersion relationship is a>/\k\ = c/yfe . In the Fourier expansion given by Eq. (8.19), 

the zero order term is /r(0) = l/f(0), where e(0) is the average dielectric permittivity 

of the photonic crystal. Therefore, (O from Eq. (8.26) is the frequency of a plane wave 

with a wave vector k + G in a medium that has a dielectric permittivity equal to the 

average of the photonic crystal. If 

<~r(0)|k + G|v (8.27) 
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then Eq. (8.25) becomes very large, which means (G)» Ek n  (G'), where G' * G . 

In this case, we can assume the Fourier coefficient Ekn (G) dominates and all other 

Fourier coefficient (G') ~ 0. Then Eq. (8.17) becomes 

= G)/k,G)r. (8.28) 

If there are multiple wave vectors k + G such that 

» jr(0)|k + G|2 C2 = *-(0)|k + G'F c2 - *-(0)|k + G"f c2, (8.29) 

then the Fourier coefficients ^(G), Ek n  (G') and Ek n  (G") dominate Eq. (8.17) and 

then the photonic crystal eigenmode is 

Eu (r)-i^ (G)eI|k+GJf +£kn (G+£b (G')^k*°> +... (8.30) 

From Section 2.4.2, in the vanishing dielectric contrast limit, the two different dielectric 

permittives of the photonic crystal are £] ~ e2. The wave vector q can be mapped into 

the first Brillouin zone using Eq. (2.22) and the dispersion relationship becomes 

®(k) = v„|,| = v„,/(k+GMk+G). (8.31) 

which is equivalent to Eq. (8.27). Therefore, when Eq. (8.31) is true, Eq. (8.25) ensures 

that just a small number of Fourier coefficients ^(G) are needed to obtain a good 

approximation to the photonic crystal eigenmode (r) given by Eq. (8.30), where the 

plane waves are degenerate (see Eq. (8.29)). 
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C. Projection operators and irreducible representations: inner 
product of two partner functions and irreducible matrix 
representations 

In Section 3.3.4, we reviewed that the partner functions from two different irreducible 

representations are orthogonal when their inner product is defined as 

•«$ M* -  VSk XS v w ,  (8.32) 
v 

where the integral is over the entire photonic crystal with a volume of V and S d= 0 

w h e n  p ^ d .  

From Section 3.4.4, we need to use the orthogonality of the partner functions to 

determine the partner functions of the E irreducible representation. The following is the 

explicit calculation of the inner product 

J{EW>(r)}*.E<f(r)dr = 0. (8.33) 

Substituting Eq. (3.72) and Eq. (3.67) into Eq. (8.33) we find 

J-(2T,(rerf)-T {; e d )  +T { / e d )J • -^ r e d )  +T {
2

r e d )  -T3
(rerf))dr = 0. (8.34) 

This integral is best solved by examining the inner product of the reducible partner 

functions first. The partner functions of the reducible representations are given by 

T(red)  ̂  = 1 

v0. 

(  iAnxfha 
COS (M> (8.35) 
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Tf>): 

TM) (r): 

'VP 

0 v y 

'>/T 

-1 

0 v y 

- i2x(x/ la-y/(Sa)) ,  N 

e w /*. ''cos(£zz), 

- i2n{xj  ' ia+yj 
COS (M)-

(8.36) 

(8.37) 

If we examine the inner product of just two of the reducible partner functions we find: 

J{xM)(r)j*.T(^)(1.)rfr= J 

v°y 

- i4nx/3a 
COS ( . Kz ) •  

0 
v / 

e-a,(  VW(^))cos(M)dr = 0 

(8.38) 

The inner product of jjnW> and T[red> vanish, because any two different plane waves 

are orthogonal. Therefore we can state 
^xx/ la and e-n*(x/3a-y/(^aj)  

J{ir"(r)}' fJ>(r)dr = VS^. (8.39) 

Next, we examine the inner product when n - m  

{ n:\ 

i27l{xj ' ia-yj{^[ ia^ 
J{TM(r)} .Tf-"(r)rfr=| 

£ 
1 

0 
V J 

cos ( M ) -

vr 

1 

0 
v J 

0S(^z)dr 

(8.40) 

The terms e 
i2x(x/ la-y/(Sa))  ̂  ^- i2x(x/3a-y/(-Jia)) 

from Eq. (8.40) cancel as a results of 
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Hk[%I 3a-yj (V3a)j -i2ft(x! 3a-yj (V3a)J 
(8.41) 

Substitution of Eq. (8.41) back into Eq. (8.40) we find 

J{T2
(^(r)f -T(;ed){r)dr= J 1 

0 v y 

i 

0 v y 

(cos(£zz)) dr. (8.42) 

The dot product of the two vectors in Eq. (8.42) is 

f^l ( S ]  

1 1 

0 
V / 

0 
*v J 

= (V3)V3+(1)1 = 4. (8.43) 

Substitute Eq. (8.43) into Eq. (8.42) we find 

j{T2
M)(r)} •Ti[ed){r)dr = |4(cos(£zz))2dr. (8.44) 

V V 

The same exercise can be performed for the other partner functions and we find 

j|T^(rerf)(r)j •xi
(rerf)(r)t/r= J(cos(^zz))2Jr. (8.45) 

V V 

JjT^) (r)J •T3^(r)c/r= |4(cos(&zz))2 Jr. (8.46) 

Using the inner product rules established for the reducible partner functions , Eq. 

(8.39), and Eqs. (8.44)-(8.46), we now can easily evaluate the integral Eq. (8.34) 
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j I ( 2 T M )  _ t M )  + T ( r e d )  J  .  I j 4 T M )  + T ( r e d )  _ j ( r e d )  j  ̂  

= J^(8{'Ii(red)}* •T,(rerf) -{if"0}* -T^ -{if"0}* -T3
M) Jc/r, (8.47) 

= JTT(8~4-4)(COS(A:ZZ))2 dr = 0. 
F 36 

Therefore, we have shown that 

jE^)(r)-E^(r)Jr = 0, (8.48) 
V  

and confirmed our initial assumption that Eq. (3.72) is the partner function of the E 

irreducible representation. 

The second potential partner function of the E irreducible representation is 

E$ (r) = p[E)I?*0 + P{E)T{
2

red) , (8.49) 

where 

p ( E ) T ( r e J )  =  2 J2 t M)  +  2 T ( r e d )  +  ̂( r e d )  j ^  ^  ̂  

6 

p ( E ) j . ( r e d )  _  2 / _2j{red) + ̂ { r e d )  + jjj™"') \ (8.51) 
6 ^ ' 

Substituting Eqs. (8.50)-(8.51) into Eq. (8.49) 

Ek2J (r) = Ttd) + • (8-52) 

Then the inner product of 
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J{E^2) (r)}* -Eg (r)dr = J—(2T1
(re<5?) -T2

M) + T3
(,W))* -(if"0 +T3

M))dr . (8.53) 
v 6  

Using the inner product rules established for the reducible partner functions T^ed], Eq. 

(8.39), and Eqs. (8.44)-(8.46), we now easily evaluate the integral Eq. (8.53) 

|{Ei,*l(r)}".Eg(r)rfr=ji(-4+4)(cos(t,Z))!rfr = 0. (8.54) 
V V ® 

Therefore the second partner function E^ (r) is also orthogonal to E^2' (r). 

As a secondary check, we can determine the irreducible matrix representations ( R ) ,  

using the partner functions E^ (r) are E^ (r), and match the character of D<E> (R) to 

the C3v character table. The irreducible matrix representation is defined by 

ra™ (r) = Z',£>j7" (R) Elf (r), (8.55) 

where ( R )  is an element of the matrix bi'':) (R), i denotes the degeneracy, / is the 

number of partner functions. For R = C3 and i = 1 the left-hand side of Eq. (8.55) is 

CjEg' (r) = (AC,T\red) + C3T(
2

red) - C3T3
(red)), 

(8.56) 
_ ^2j^(red) _2^red^ + rp(rerf) j 

where we have used the results of Table 3. Equation (8.56) is equal to the following 

linear combination of partner functions 

(2T3
M)-2^ r e d )  +T2

M)) = -1/2E^ (r) + 2/3Eg (r). (8.57) 
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The right-hand side of Eq. (8.55) is 

( E U r  \ v ( E )  i (8.58) 

Comparing the Eq. (8.57) and Eq. (8.58), we can determine (C3) = ~ 1/2 and 

(C3) - 3/2. For R = C3 and i = 2 the left-hand side of Eq. (8.55) is 

C3E[\\r) = (C3T(
2

red) + C3T(
3

red)), 

— ^_2J*(red) _ J*(red) j 
(8.59) 

Equation (8.59) is equal to the following linear combination of partner functions 

J_ 2 tM)  _ T ( r e d )  j = _1/2E^ (r)-1/2E^ (r). (8.60) 

The right-hand side of Eq. (8.55) is 

A(f(C!)E™(r) + Z);2'l(C))El,£
J

l(r). ( r  W E )  i  (8.61) 

Comparing the Eq. (8.60) and Eq. (8.61), we can determine D[^ (C3) = -1/2 and 

D(
21

] (C3 ) ~-1/2 . Then the final irreducible matrix representation is 

D(E\C3) = 
M/2 -1/2^ 

3/2 -1/2 
(8.62) 

We can repeat this process for the trivial operator R - E  
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D ( E ) ( E )  =  
rl 0A 

v0 1, 
(8.63) 

and for the operator R  =  c r 

&*{',)= 
M 0^ 

v0 1, 
(8.64) 

Using Eq. (3.11), we can determine the characters of D l E )  ( E ) ,  D { E )  (C3) and D ( E >  (crv j:  

% ^ = T r { D { E ) ( E ) }  =  1 + 1 = 2. 

=7>{D(£)(C3)} = -1/2-1/2 = -1 

£) = T r [m(o y )}  = -1  + 1  = 0 .  

(8.65) 

(8.66) 

(8.67) 

Checking the the C3v character table (see Table 1), we find that Eqs. (8.65)-(8.67) match 

the characters from each of the three conjugacy classes. Therefore, we are sure that the 

partner functions of the E irreducible representation are 

Eg} (r) = -(4T1
(red) + T(;ed) - j(red)), 

E^r^T^+T^,  i ( r ed )  .  r p ( r ed )  

(8.68) 

(8.69) 

because the two functions are orthogonal to E"/' (r) and the character matches the 

expected value from the C3v character table. 
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D. Optical forces and their relationship to optical singularities in 
purely two-dimensional photonic crystals 

The significance of the optical vortex state in photonic crystals has implications for the 

robust generation of optical vortex arrays. Optical vortices have been shown to be 

intimately related to the orbital angular momentum of the light [60], and [73], In other 

systems, such as Laguerre-Gaussian laser modes, it has been demonstrated that orbital 

angular momentum can be transferred to dielectric particles that are smaller than the 

wavelength of the light, which causes the particles to rotate within the optical vortex 

[78]-[79], and [84], The following is a preliminary numerical investigation studying the 

optical forces generated within an optical Bloch mode containing optical vortices to 

determine if the same transfer of orbital angular momentum is possible. There have been 

previous studies of optical forces within photonic crystals, but they have not examined 

the effect of optical singularities [49]-[59], which makes this research unique. These 

numerical simulations have revealed the optical vortices within two-dimensional 

photonic crystals are not amenable to the transfer of orbital angular momentum to 

isotropic dielectric particles, as is the case for the Laguerre-Gaussian beams. However, it 

is shown that optical singularities form the focal points for the optical forces. This 

appendix represents unfinished work regarding the impact of optical singularities on the 

optical forces generated within photonic crystal structures. A full investigation needs to 

be conducted to explore the potential of this application of optical singularities. A 

possibility for future research is the manipulation of anisotropic particles, where it has 

been shown that circular polarized light can rotates these particles [118]-[119]. The 

complex states of local polarization discussed in Chapter 6 would provide very 

interesting for this work, where different particles would experience different rotational 

forces. 

In order for dielectric particles to travel freely, they are normally suspended within a 

fluid. For this initial theoretical study, the impact of the dielectric materials and their 

effect on the movement of small dielectric particles were not considered. An important 
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future question is, therefore, what real dielectric materials are suitable for experimental 

realization? The optical forces are calculated using Lorentz force in the dipole 

approximation. In the dipole approximation, dielectric particles that are much smaller 

than the wavelength of the light d X (where d is the particle radius) can be viewed as 

ideal charged dipoles within the electromagnetic field. Using the dipole approximation, 

the time-averaged optical forces are given by 

(f, M) = (l/2)Re[f£, M&S (r)/a*,] (8.70) 

where j , k  =  1,2,3 [120], 

a  =  a 0 j { l - j i k 3 a 0 ^ j  (8-71) 

is the polarizability of the particle which includes a radiation reaction term, where 

a0=d^(e-i)/(e + 2) is the Claussius-Mossotti equation for static polarizability and 

£ = £2 /f, , e2 is the dielectric permittivity of the small dielectric particle and £x is the 

dielectric permittivity of the background material. The direction of the optical forces 

changes depending on the sign of the Claussius-Mossotti equation, where a0 will be 

positive if e2 > £l and negative if e2 < ex. In Eq. (8.71), the wave vector k is equal to an 

electric field of the form 

E(r) = E0 (r)eik'r. (8.72) 

Substituting Eq. (8.71) and Eq. (8.72) into Eq. (8.70), we can obtain 

(F(r)) = 1/4 Re (or) V|E0 (r)f +l/2kIm(«r)|E0 (r)|2 -l/2Im(a)Im(E; (r>VE0 (r)), 

(8.73) 
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where the first term is the optical gradient force and the second term is the radiation-

pressure force [121]. It is the second term radiation-pressure force that is associated with 

the transfer of orbital angular momentum to dielectric particles [84], In Laguerre-

Gaussian beams the optical forces that cause particles to rotate within the vortex structure 

are formed as follows: the optical gradient forces create a ring structure that forms a 

circular equal potential energy surface, where particles are free to move; then the 

radiation pressure move the particles around equal potential energy surface. The goal of 

this study is to determine if the photonic crystal electric fields (which contain optical 

vortices) form the same circular equal potential energy surfaces as the Laguerre-Gaussian 

beams and will the radiation pressure be able to move particles within these equal 

potential surfaces. 

Examining the form of Eq. (8.72), we can see that it matches the form of the optical 

Bloch mode given by Eq. (2.15), where k is the Bloch wave vector and E0 (r) = ukH (r). 

Substituting E0 (r) = (r) into Eq. (8.73) we obtain 

(F(r)) = l/4Re(a)V|u lm (r)|2 +l/2Im(flr)k|uta (r)f -l/2Im(«)lm(u^ (r).Vuto (r)). 

(8.74) 

If we focus on the eigenmodes of a two-dimensional photonic crystal, then for the TM 

mode E0 (r) = zu(r) and Eq. (8.74) becomes 

(F(r)) = l/4Re(a)V|Kta (r)|2 +l/2Im(or){k| l/k„ (r)|2 -Im(< (r)Vu^ (r))J .(8.75) 

In Section 2.4.1, we stated the form of the Poynting vector for the TM modes Eq. (2.32), 

restated here for the reader: 

S™ ̂  = 2a/d klWk" ̂ |2 (r) (r)) (8.76) 
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Comparing Eq. (8.75) and Eq. (8.76), we can see that the last two terms of Eq. (8.75) 

match the form of the Poynting vector. This result confirms the last two terms of Eq. 

(8.75) are both associated with the optical forces that are related to direction of energy 

flow (i.e., the Poynting vector). The significance of this result requires further 

investigation beyond this appendix. 

To determine if the optical vortices discussed in Chapter 5 can rotate sub-wavelength 

dielectric particles, the optical forces within these Bloch modes were calculated using Eq. 

(8.74). The optical forces were considered for an isotropic dielectric particle (fj =1.5) 

within a two-dimensional hexagonal photonic crystal, where the Bloch wave vector is 

k = i4;r/(3a) for the first band 1. The TE and TM modes are both associated with the 

irreducible representations of the C3v k-group, where in Chapter 5 we demonstrated that 

these modes must contain optical vortices. 

In Figure 49(a) and (b), the simulation is of an array of dielectric columns e = 12 in a 

background of air e = 1, and in Figure 50(a) and (b), the simulation is of an array of air 

holes e = 1 in a dielectric background £ = 12, where the TE and TM modes are 

considered in both cases. The optical forces are calculated for a dielectric particle with 

permittivity of £ = 2.25 and a diameter of d~ a/\(), where a is the lattice constant. 

They are denoted by black arrows (length proportional to magnitude) and the magnitude 

is given by the background colour. Figure 49(a) reveals that in the TE mode the optical 

forces are directed radially inward towards the centers of the dielectric columns. 

Similarly, Figure 49(b) reveals that in the TM mode the optical forces are directed 

radially, but now they are directed outward from the center of the dielectric column. In 

both cases, the center of the dielectric columns is the location of the principal axis. For 

the TE mode, the center of the dielectric columns is also the location of a polarization 

disclination, where the field vanishes (see Chapter 6, Figure 43 and Figure 44). 
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0 

Figure 49. Hexagonal two-dimensional photonic crystal dielectric columns in a air background, 

£ = 12, Bloch mode, band 1, k = x4?r/(3a). Optical forces on a dielectric particle, £" = 1.5, black 

arrows (length proportional to magnitude) and magnitude back ground colour, (a) TE mode, where the 

electric field is associated with the A2 irreducible representation of C3v (b) TM mode, where the electric 

field is associated with the At irreducible representation of C3v. Bold black lines are edges of the unit cell 

and holes. 
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As a result, the optical gradient forces are directed inwards to create a stable equilibrium 

point. In contrast, the electric field of the TM has a maximum at the center of the 

dielectric column and thus the optical forces are directed outwards, creating an unstable 

equilibrium point. Stable equilibrium points are positions in space where a particle is at a 

local minimum of potential energy (e.g., a valley). Unstable equilibrium points are 

positions in space where a particle is at a local maximum of potential energy (e.g., hill 

top). The optical forces of the TE mode within a dielectric slab reveal no district 

symmetry (see Figure 50(a)). However, the optical forces of the TM modes within a 

dielectric slab are directed radially inward towards the centers of C3 site symmetry (see 

Figure 50(b)). The electric field of the TM modes contains a phase singularity at this 

point and the field vanishes as a result. The phase singularities are located at the centers 

of C3 site symmetry and form stable equilibrium positions. 

Based on the examples presented, we can determine that locations where the electric field 

vanishes due to a phase singularity or a polarization disclination form stable equilibrium 

positions in the force fields. Note that these positions would change to unstable 

equilibrium positions if the dielectric permittivity of the particle was e2 >ex, because Eq. 

(8.71) would change sign and reverses the direction of the forces. In fact, it is at the 

special Wyckoff positions that equilibrium positions occur and the dielectric contrast 

between the particle and the background determine if the position is stable or unstable. 

This is no doubt due to the effect the local symmetry has the sub-wavelength features of 

the electromagnetic field. In all the cases considered, the dominant optical force, by 

several orders of magnitude, was the optical gradient force (the first term of Eq. (8.73)), 

which was directed radially from the positions of high symmetry within the unit cell. The 

radiation pressure which is required for the transfer of angular momentum was almost 

nonexistent. As a result there was no formation of circular equal potential surfaces. 

Therefore optical force patterns that would result in rotation of the dielectric particles 

within the optical vortices were not observed. 
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(a) 

0 

Figure 50. Hexagonal two-dimensional photonic crystal air holes in a dielectric background 

£ = 12 , Bloch mode, band 1, k = x4^r/(3a). Optical forces on a dielectric particle, £ = 1.5, direction 

given by black arrows (length proportional to magnitude) and magnitude background colour, (a) TE mode, 

where the electric field is associated with the A2 irreducible representation of C3w (b) TM mode, where 

the electric field is associated with the Ax irreducible representation of C3v. Bold black lines are edges of 

the unit cell and holes. 
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E. Generation of Optical vortex modes in 2D photonic crystals 

Central to the future experimental characterization of optical singularities, within 

photonic crystals, is the generation of the optical modes that contain vortex structures. 

This body of research has focused on the eigenmodes of photonic crystals, where they 

have been studied analytically and numerically, but there has been no mention of how to 

generate the eigenmodes. The following appendix is a preliminary study which seeks to 

address this issue, where we simulate the interaction of an electromagnetic source (an 

external plane wave) with a two-dimensional photonic crystal. The results are the 

following; we are able to excite an electromagnetic field within the photonic crystal that 

contains optical vortices and polarization singularities, which matches the symmetry 

vortices from Chapter 5 and the polarization singularities from Chapter 6. 

These results are achieved using the finite element method set up as a driven problem. 

That is we solve Maxwell's equations for the TM case, but now we are including a source 

term. The source term is a plane wave, where the magnetic field is given by 

H(r  ) = zH0zeikr~m, (8.77) 

which is polarized along the z direction. This source originates from the left most edge 

of the simulation and spans the entire length of the edge. The parameters of the source 

term were chosen in an attempt to excite the hexagonal photonic crystal eigenmode at the 

K point, i.e. k = x4ft/(3a) for the first band 1 and H0z =1.0 A/m The frequency, CO, of 

the plane wave was set equal to the eigenvalue determined from Chapter 5, which 

simulated a unit cell with the same dielectric profile. The wave vector k was restricted 

to the x direction. This was done in two stages: first, the confirmation of the numerical 

model by examining the propagation of the source plane wave in a uniform dielectric and 

second, the interaction of the plane wave source with a periodic dielectric structure. In 

each case the boundary conditions were set to scattering, where this boundary condition 

simulates a transparent interface on the edge of the solution space. This boundary 
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condition was not completely effective, which resulted in some back reflection from this 

interface. Figure 51 reveal the propagation of the source term in a uniform dielectric 

e = 12.11, where we can see that the magnetic field is a perfect plane wave (background 

colour is the amplitude in the z direction). In Figure 53, we can see the modal phase 

(determined by the arctangent of the ratio of the real to the imaginary parts of the field), 

which has parallel equi-phase planes as expected by Eq. (8.77) (background colour is the 

phase from k to -n). Consequently, we have verified the driven model in a uniform 

dielectric medium. Next, the hexagonal array of air holes in the same dielectric medium 

is simulated (i.e., a photonic crystal structure). Here we see that the external plane wave 

excites a magnetic field within the photonic crystal where the field has C3v point 

symmetry (see Figure 53). The maximum amplitude of the magnetic field is 2.3, 

concentrated within certain air holes. To properly determine the coupling efficiency of 

the external plane wave to the photonic modes we would need to perform an average over 

a unit cell. However, visually we can see from the amplitude and distribution of the 

magnetic field within the photonic crystal that a significant percentage of energy is 

coupling from the external plane wave to the optical Bloch mode. In Figure 54, we see 

the modal phase of the magnetic field, which reveals the characteristic phase dislocations 

of optical vortices. Figure 56 displays the Poynting vector and confirms the appearance 

of optical vortices within the photonic crystal, where the arrows indicate direction (length 

proportional to magnitude and background colour is the magnitude). The model phase 

and the Poynting vector field present in Figure 54 and Figure 56 match the eigenmode 

that contains symmetry vortices discussed in Chapter 5 (see Figure 26 and Figure 27). 

Furthermore, the electric field of the Bloch mode demonstrates the characteristics of 

polarization singularities, such as the rotation of the electric field vectors about 

polarization disclinations within the field (see Figure 55, where the arrows indicate 

direction for t = 0 and the background colour is the field magnitude). The electric field 

pattern of Figure 55 matches the eigenmode from Chapter 6 that contain polarization 

singularities C points, disclinations and L lines (see Figure 43). Therefore, we can 

conclude that photonic crystal eigenmodes that contain optical vortices and polarization 
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singularities may be generated by an external electromagnetic source that is in the form 

of a plane wave. 
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Figure 51. Uniform dielectric, where the holes and the background have been set to £ = 12.11. 

The magnetic field is polarized along the z axis and the background colour is H. component in units of 

A/m. Bold black lines are edges of the holes. 
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Figure 52. Uniform dielectric, where the holes and the background have been set to £" = 12.11. 

The model phase of the magnetic field polarized along Z axis and background colour is phase ( 71 to -71). 
Bold black lines are edges of the holes. 
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Figure 53. Hexagonal two-dimensional photonic crystal air holes in a dielectric background 

£ = 12.11, plane wave exciting the band 1 Bloch mode with wave vector k = X 4/rf (3a). The 

magnetic field is polarized along the Z axis and the background colour is Hz component in units of 

A/m. Bold black lines are edges of the air holes. 
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Figure 54. Hexagonal two-dimensional photonic crystal air holes in a dielectric background 

£ = 12.11, plane wave exciting the band lBloch mode with wave vector k = x4;r/(3a). The magnetic 

field is polarized along the Z axis and the background colour is model phase (71 io -71). Bold black lines 
are edges of the air holes. 
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Figure 55. Hexagonal two-dimensional photonic crystal air holes in a dielectric background 

£ = 12.11, plane wave exciting the band 1 Bloch mode with wave vector k = X 47rj(3a). Electric field 

is polarized in the x-y plane at time zero, arrows denote direction (length proportional to vector 

components) and the background colour is Ve • E* time averaged magnitude in units of V/m. Bold 

black lines are edges of the air holes. 
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Figure 56. Hexagonal two-dimensional photonic crystal air holes in a dielectric background 

£ = 12.11, plane wave exciting the band lBloch mode with wave vector k = x4^/(3a). Poynting 

vector, arrows denote direction (length proportional to magnitude) and background colour is the magnitude 

in units of W/m2 . Bold black lines are edges of the air holes. 
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