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Abstract. This paper aims to derive an empirical model of the Canadian zero-coupon yield curve using a five-step linear
regression method. By emulating from Adrian, Crump and Moench’s (2013) model, | am able to fit the model-implied yields
to the observable data on the zero-coupon yield curve. The zero-coupon yield curve dataset is constructed by the Bank of
Canada and the sample period is January 1987 to December 2011. There are a total of 7= 300 monthly observations and a
cross section of N = 12 maturities. First, I compute the principal components of the observable yields and use the first five as
state variables. Then, I compute the parameters and derive the model-implied zero-coupon yields. The results show that my
model fits well, with very small errors especially for maturities of less than 5 years. I have also estimated the model-implied

term premiums.
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1. Introduction

The derivation of the government zero-coupon yield curve has been a topic of interest for economists,
investors and researchers. This is primarily because the yield curve affects how much investors earn by
buying government bonds. Its impact on interest rates also determines a person’s or a houschold’s
borrowing power using credits and loans to buy essential goods and services. Therefore, the trend of the
yield curve indeed contributes to the economy significantly. As government bond yields increase, the
interest rates on consumer and business loans with similar term lengths will follow. For example, the 30-
year government bond yield will affect 30-year mortgages, as banks will tend to charge higher interest
on mortgages for a similar maturity duration. Therefore, investors and individuals will be less inclined
to buy houses because they have become less affordable. Such a phenomenon will eventually slow GDP
growth (Amadeo 2020). As a result, economists are interested in analyzing and deriving the government

Zero-coupon curve.

Following Adrian, Crump and Moench’s approach (2013), in this paper | derive an empirical
model of the Canadian zero-coupon yield curve using a five-step linear regression approach. This leads
to a considerable amount of empirical work but a more accurate result than other approaches, as the
method makes fewer distributional assumptions and produces identified structural parameters. Using
Adrian et al.’s (2013) model, I fit the model-implied yields to the zero-coupon yield curve dataset that is
constructed from Bank of Canada data. The sample period is from January 1987 to December 2011, with
a quarterly maturities interval. The method involves an initial construction of a set of state variables,
estimating a VAR(1) model in the state variables and an equation for excess holding returns and finally
using these estimates to compute the remaining parameters of the model. Afterwards, | derive the zero-
coupon yield curve implied by the underlying theory. The steps of the derivation are documented in

Appendix B.



The main results of my study show that my model fits well, as the fitting errors of the model-
implied yields are very small. For a maturity period smaller than 5 years, the mean of the absolute fitting
errors is close to 0. For a maturity period longer than 10 years, the mean absolute fitting errors are less
than 4 basis points. | then estimate the model-implied term premiums, which are shown in the graphs in

Appendix A.

One application for the model is to multi-level stress-testing. By obtaining the vector of state

variables X, from the macro-scenario, one can use the same approach to derive the implied ZC curve at

every point t of the stress-testing horizon. Then, the ZC-curve yt(") can be applied to derive the implied

government zero-coupon curve. Also, since the method can be used with observable factors, one can use
the typical components of macro-stress tests scenario variables such as the interest rate, GDP growth,

CPlI inflation and the unemployment rate, etc. to forecast the term structure of yield curve.

One limitation of this research relates to the data selected. As the code I constructed using the
statistical program R assumes monthly maturity intervals, | must convert the quarterly yield intervals of
the data set to monthly yield intervals. This potentially increases the error in the model and likely affects
the results to some extent. However, since the implied zero-coupon yield curve is found to fit well with

the observable zero-coupon yield curve, | conclude that the model I constructed is quite reliable.?

The rest of this paper is structured as follows: Section 2 reviews the literature on different
estimation approaches for the model. Section 3 presents the data. Section 4 explains the methodology.

Section 5 presents the results of my empirical work, and Section 6 concludes the paper.

! However, in principle, it is possible to adjust the R code for quarterly intervals. | was not able to do so within the time
available for this research.
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2. Literature Review

This section provides a general idea of what interest rates and the zero-coupon yield curve are, and what
affine term structure model used in this paper is. I also review past literature on different estimation

methods for the model.

2.1. Interest Rates

An interest rate is a measure of the proportion of a loan that is charged to the borrower, as compensation
for the risk of default borne by the lender over time. An interest rate is typically expressed as an annual
percentage of the loan outstanding. Although the rate and its determinants are difficult to reverse-engineer,
they provide valuable information regarding the economy. Collins (2013) explains this notion with the
following three reasons. Firstly, the interest rate dictates the consumer's purchasing behavior. For
example, if it is at a lower level, one pays lower installments on consumer products. This can encourage
more spending on goods and services, ultimately driving economic growth. Secondly, it has a significant
impact on governments' deficits. A hike in interest rates is likely to be followed by growing future budget
deficits, discouraging domestic investment and the growth of output. In response, the government must
devote more of its budget to servicing its debt. Lastly, the interest rate influences capital flows. The higher
it becomes, the more foreign capital may be attracted due to the prospect of greater returns. All in all, the

interest rate plays a critical role in the overall economy and financial markets.

2.2. The Zero-Coupon (ZC) Yield Curve

A zero-coupon bond is a debt security where the face value is repaid at the time of maturity. Unlike
regular bonds, ZC bonds do not pay interest to bondholders. The zero-coupon (ZC) yield curve is a
special type of yield indicator that maps interest rates on zero-coupon bonds to different maturities across
time. For instance, it assigns the correct discount factors to cash flows that occur at a single point in time.

It can also be utilized to price coupon bonds (as portfolios of single cash flows) and hence derive the
3



implied yield on coupon-paying securities. Therefore, the term structure of the yield curve has long been
a crucial research topic for economists and investors. Irturk (2006) suggests that the shape of the yield
curve can be a reference for forecasting the future behavior of the economy; for example, the ZC curve

is used to predict the market’s expectations for interest rates.

In another study, Piazzesi (2010) states that given the known condition of an economy, a yield
curve model helps us understand how short-term fluctuations project into long term yields. It thus allows
the central bank to implement monetary policies accordingly. In the investment world, any spike in
interest rates can also impact the return on investments, further emphasizing the potential role of the ZC

yield curve in the global financial market.

2.3. The Affine Term Structure Model

The affine term structure (ATS) model is commonly used in finance and macroeconomics to study the
behavior of the yield curve. The ATS model originated in Duffie and Kan (1996). They define critical
restrictions on the stochastic model for the affine representation of the arbitrage-free model. This ensures
that the yield of any zero-coupon bond at any given maturity can be seen to be a dependent affine function
of the underlying state variables. They also analyze a simple multi-factor model of the term structure of

interest rates using numerical techniques that render the model solvable.

Piazzesi (2010) reports some successes in the study of the affine structure model by showing that
bond yield movements over time can be captured by simple vector autoregressions (VARs) in yields. The
assumptions and details of the model will be explained later in this paper. In general, the affine model

can be expressed by the following equation:

y™ =Am) +B(n)'X,



where y (™ is the yield of an n-period bond, 4(n) and B(n) contain coefficients that depend on the maturity
n, and X is a vector of state variables. Under varying values of the maturity », the functions 4(n) and B(n)

and the state variables X ensure that the yield equations are consistent with each other.

Bolder (2001) also explains the ATS model by addressing two problems in finance: how the ZC
interest rate curve is fitted to a set of cross-sectional bond price observations, where the relationship
between the ZC interest rate and its term to maturity is called the “term structure of interest rates;” and

how the term structure of interest rates behaves over time.

2.4. Different Estimation Methods for the Model

The standard way to estimate the ATS model is to use the Maximum Likelihood (ML) method. It is
feasible as it takes advantage of the assumption that a subset of yields is priced with an independent and
identically distributed (IID) error. This estimation method involves a numerical search for the parameter
values to maximize a nonlinear likelihood function. However, it is well-known that the traditional ATS
models can be unidentified, resulting in multiple values of structural parameters being associated with
the same reduced-form parameter values (Hamilton and Wu 2012). Consequently, standard models
estimated by the ML approach often feature unstable parameter values that are prone to errors due to
scaling and initial conditions. It is thus preferable to adopt methods that result in identified structural

parameters and require minimal distributional assumptions.

A difference between the approach of Adrian et al (2013) and that of Hamilton and Wu (2012) is
that Adrian et al. do not constrain the principal components to be perfectly priced. Therefore, there may
exist an inconsistency between the actual and model-implied principal components. However, Adrian et
al. (2013) have shown in their paper that any inconsistency is numerically negligible when they use a
five-factor specification. Hamilton and Wu (2012) also assume that the yield pricing errors are

conditionally independent of lagged values of yield pricing errors. However, Adrian et al. (2013, 144)
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argue that this is because it may generate excess return predictability which is not captured by the pricing

factors.

Several alternative estimation methodologies, which also suffer from problems of their own, have
been proposed for pricing the term structure of interest rates. Chen and Scott (2003) apply the ML method
to estimate the Cox-Ingersoll-Ross (CIR) model (Cox, Ingersoll and Ross 1985) of the term structure of
interest rates. The CIR model estimates non-observable state variables which are generated by a Kalman
filter. Although the filter model does not require additional restrictive assumptions, unlike maximum
likelihood estimation, the model does not satisfy all the normality assumptions required for statistical
consistency. Therefore, the filter for the CIR model is non-linear and may contain bias, and corrective

modifications may be required.

Ang and Piazzesi (2003) describe the behavior of the yield curve for bond pricing, using the
Gaussian Affine Term Structure model. The model is then reduced to a VAR with no-arbitrage
assumptions. They find that observable macroeconomic variables explain up to 85% of the movement in
the short and middle parts of the curve, but only around 40% of movement at the long end. Nonetheless,
their representations of the model and their methodology are later criticized by Hamilton and Wu (2012)
for being unidentified. This implies that unstable parameter values may lead to insignificant results. The
same problem has also arisen in Pericoli and Taboga (2008). They derive a canonical representation for
the affine model with both observable and unobservable state variables. However, Hamilton and Wu
(2012) show that such a representation leads to an unidentified parameter result which can complicate

the numerical search process.

In conclusion, traditional ATS models can be unidentified. As a result, standard models estimated
by Maximum Likelihood often feature unstable parameter values that can be sensitive to scaling and

initial conditions. Thus, it is desirable to follow Adrian, Crump and Moench’s (2013) method that can
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result in identified structural parameters while making fewer distributional assumptions. Their method is

outlined in the next section.

3. Methodology

3.1. The Model
This section provides a brief introduction to the affine term structure (ATS) model of Adrian, Crump and
Moench (2013) that is used in my research. There are four assumptions made in the ATS model: (Al)
Financial markets are free from arbitrage opportunities, which results in the existence of a unique pricing
model; (A2) the pricing kernel is exponentially affine in a vector of “state” variables; (A3) the state of
the economy can be summarized by a vector of variables with multivariate time series dynamics; and

(A4) the logarithm of bond prices and the state variables are jointly normally distributed.

Firstly, | assume that the vector of state variables X; evolves according to the following vector
autoregression (VAR):

Xeyr = U+ PXp + Vpyq )

where v, is the factor innovations and u and & are the parameters of the predictable component of
X¢+x- The development of the state variables can be explained by the intertemporal general equilibrium
asset pricing model developed by Cox, Ingersoll and Ross 1985. Specifically, they use the model to study
the term structure of interest rates. Next, | assume that the factor innovations v, follow a Gaussian

distribution with variance-covariance matrix X:

Vegal {Xs}gzo"' N(0,2), 2

where {X,}t_, denotes the history of X,.



Then, | denote by Pt(") the zero-coupon (ZC) treasury bond price with maturity n at time t. Under
assumption (Al), a pricing kernel M, (a random variable) is present such that prices are discounted
expectations of future cashflows. In other words, today’s price is the expectation of tomorrow’s price

with a discount factor. As such, the following recursive relationship thus holds:

Pt(n) = Et[Mt+1Pt(fl_1) ; 3)

where M, 4 is the pricing kernel in the next period (t+1) and Pt(fl_l)is the ZC treasury bond price with

the maturity n - 1 at time t + 1.

Under assumption (A2), the pricing kernel M,,, takes on the following exponentially affine
form:

1 -
My, = o TS Y2y4q ’ 4)

where A, is a vector that contains the market prices of risks, and r; = lnPt(l) is the continuously
compounded risk-free rate. Therefore, if the vector of structural parameter can be estimated, as seen from
the above equation, it is then feasible to deduce the pricing kernel.? ¥ and v, are also related to the

state variables, as indicated above in equation (1).

The following affine form equation from Duffee (2002) is also assumed for the market prices of

risk:

1
A =272(Ao + 11X, ®)

where X, is the vector of state variables, 1, and 4, contain the “structural” parameters to be estimated,

and X is the state variable variance-covariance matrix.

2 The pricing kernel is also known as the stochastic discount factor (SDF). It is a random variable that satisfies the equation
to compute the asset price.
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The log excess holding return of a bond maturing in n periods, rxt(fi;l), is defined by the

following equation:

x0T = PV — i P — 1y (6)

In addition, yields are affine functions of the vector of state variables X;. The following are the

main equations of the model, which illustrate how the yields can be estimated:
in p™ = y™, ()

1 /
W = == (A + BrX) +u” ®)

where yt(”) is the ZC yield, 4,, and B,, are vectors of parameters, and ugn) is an error term. The log of
model-implied bond prices can be calculated by substituting the observable yields into equation (7).
Then, by substituting the log of model-implied bond prices into equation (6), I can compute the excess
return of the bonds. The objective is to find the ZC yields. Since X, are a known input of the model, only
the two matrices of parameters, A,, and By,, remain to be calculated. The state variables X, are the pricing
factors of the yields; they can be macroeconomic indicators such as the unemployment rate, inflation

rate, GDP or the interest rate, etc.

In this paper, | will use the first five principal components of the ZC yield curve as the state
variables. Hamilton’s and Wu’s study the pricing factors or state variables are often considered to be
unobservable latent variables that are treated as observable. They are sometimes constructed from the
observable yields by taking principal components. In using the first five principal components, I follow
Adrian et al. (2013), whose method treats the principal components as observable variables. The first
three principal components can also be further interpreted respectively as measures of the level of the

term structure (also known as “level risk™), the slope of the term structure (also known as “slope risk’)



and the curvature of the term structure. A brief explanation of the principal components will be provided

in the next section.
Now substitute equation (8) into equation (7), to get the following expression:?
inp™ = — % (An + BiXxy) +u™ . 9)
Next, we substitute equation (9) into equation (6):

rx Y = Ay + Bl X +u Y — A+ BiX —u™ + A, + BiX, —ulP, (10)

Adrian, Crump, and Moench (2013) show that under assumptions Al — A4 the observed excess
returns (i.e., the return generating process for log-excess holding period returns) are given by the

following linear regression equation:

-1 -1 ! 1 —1)/ _ _1\/ -1
reln D = BOTY Qo+ X)) — 5 (B EBOTD 4 62) 4 OV p + oY

Expected : Priced return Return pricin (11)
becte Convexity innovation o g
return adjustment error

where g = [BWB@ - BM] is a K x N matrix of factor loadings, and ¢ is the variance of the e,

As shown, this equation can be divided into four parts: expected return, convexity adjustment,
priced return innovation, and return of pricing error. After substituting equation (10) into equation (11),

Adrian, Crump, and Moech (2013) show that the parameters 4,, and B,, obey the following recursions:

Ap=Ap 1+ Bp 1 (u—129) + % (Byp—1ZBy_1 +0%) = &, (12)

Br’z = Br'1—1(q) - /11) - 51 ) (13)

% In implementing the model, | assume that u§”> is zero and do not calculate it.
10



Ay=0, B,=0, (14), (15)

BM™' =R’ . (16)

&, and &, are the short rate parameters, which will be defined in step 4 of the estimation method. These
equations indicate that the parameters u, @, %, 62, A4, A1, 85, and &§; are necessary for the computation
of A,, and B;,. To determine their values, | will use Adrian, Crump and Moech’s (2013) regression-based

estimator.

3.2. Estimation Method

Adrian, Crump and Moech (2013) establish what they describe as a three-step ordinary least squares
(OLS) estimator to compute the implied ZC yield curves. In this section, their estimation method is

further explained in five steps.

Step 1 (obtain u, @, X):

First, the vector of state variables X;,, is regressed on its lagged value X; as in equation (1), to
obtain the parameters of the predictable component (u, ®) and the factor innovations v, .. After this
VAR(1) has been estimated,, the vectors of shocks ¥, are stacked to form the matrix 77, and then the

variance-covariance matrix is estimated as follows:

S=vvyr. 17)

Step 2 (obtain a, B, ¢, E, a2, B* for A, and A,):

Next, the excess returns are measured as shown in equation (6). Then, I regress them on the

lagged levels of the state variables X, and factor innovations ¥, 4:

rx=al, +B'V+cX_+E, (18)
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where rx is the a matrix of excess returns of all bonds, g = [B®B® ...p™M)] is a matrix of factor
loadings, t7 is a vector of ones and X_ = [X,X; ... Xr_4 ] is @ matrix of lagged state variables. Note that

the B vector in equation (18) are identical to the ones appearing in equation (11). After that, | collect the

matrix of residuals £ from the regression, and estimate 62 = tm%f“ Note that N indicates the number

of maturities. Then, B* is constructed from g as follows:
B = [vec(BWBL) ...vec(BNMpMN]. (19)

Step 3 (obtain A, and 44):

As mentioned previously, the critical objective of this model is to estimate the parameters
Ao and A4, as they are needed to estimate the pricing kernel. Once we have the estimates 3, g, ¢, B*, 62,
%, we can utilize the following expressions to obtain the market price of risk of the “structural” parameters

Ao and A;:

1o =(BB) " BG+3(Bvec(S) +8%y), (20)

A= (BpH e (21)

Step 4 (obtain A,, and B,):

As mentioned earlier, | recursively calculate A,, and B,, using equations (12) — (16), where &,
and &, are the short rate parameters. Short rate means that the yields mature in one month; in other words,
the parameters of the yields when n = 1. The values of the two short rate parameters can be obtained by
substituting n = 1 into equation (8) and regressing the one-month T-bill rate on the state variables. This

means that:

P === (8 +81Xy) . (22)
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After setting A, = —8, and A; = —&;, all As and Bs can be derived computationally.

Step 5 (obtain y™):

Once we have A, and B,,, we can use the equation yt(") = —%(An + B X;) to derive the entire

ZC-curve as a function of X;.
The result of all this work is to produce the yf") values for all the n. A more detailed derivation

of the model is provided in Appendix B.
4. Data
4.1. The Zero-coupon yields

The data used in this paper are the Yield Curves for Zero-Coupon Bonds, constructed by the Bank of
Canada (BoC).* It contains daily yield curves for zero-coupon bonds, generated using pricing data for
Government of Canada bonds and treasury bills. The maturity terms are quarterly based, ranging from
0.25 years (3 months) to 30 years (120 months). All numbers are expressed in decimals (e.g. 0.0100 =>

1.00% yield).

The rationale for using the BoC data set is because it is the most recent and credible Canadian
data available for this study. However, one limitation remains as the Bank measures yields quarterly,
while the methodology and programming in this study is based on a monthly interval. In order to convert
daily data to monthly data, I take the end-of-month value of each month. Since the original raw data

yields of maturity are measured quarterly, I plot the graph with this raw data and obtain monthly yields

4 The source of the data can be found at Bank of Canada (n.d.) Yield curves for zero-coupon bonds,
https://www.bankofcanada.ca/rates/interest-rates/bond-yield-curves/
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by interpolation. As such, errors in the model may increase as the quarterly yield data were converted to

monthly yields.

My sample period is from January 1987 to December 2011. This is the same period chosen in
Adrian, Crump, and Moench (2013). There are a total of 7= 300 monthly observations, and a cross
section of N = 12 maturities. The yields of the maturities are n = 6, 12, 18, 24, 36, 48, 60, 72, 84, 96, 108,
and 120 months. I then extract the principal components from these yields. Table 1 presents the summary

statistics of the yields.

Table 1. Summary Statistics: Means and standard deviations

Yields to maturity (months) Mean (sd)
n=6 5.009 (3.125)
n=12 5.127 (2.992)
n=18 5.250 (2.879)
n=24 5.363 (2.785)
n=236 5.097 (2.655)
n=48 5.290 (2.570)
n =60 5.369 (2.506)
n=72 5.967 (2.452)
n=84 6.067 (2.407)
n=96 6.151 (2.370)

n=108 6.225 (2.341)
n=120 6.294 (2.322)

As shown in table 1, the mean yields climb gradually as the time to maturity lengthens. For
example, the mean for a six-month term is approximately 5.0%, while that for a ten-year term is
approximately 6.3%. The percentage increase in the yield is 26%. On the other hand, the standard

deviation of the yields decreases as the time to maturity increases.

Graph 1 shows the observed yields for maturities n = 12, 36, 60, 96, and 120 months. The red,
purple, blue, green and yellow lines indicate the yields for maturities of different durations: ten years,

eight years, five years, three years and one year respectively. We can see that yields are highly correlated

14



across maturities, with an overall decreasing trend in the percentage yield over the time period. During
the first subperiod, covering the time between 1987 and 1996, yields are relatively high and volatile, but
a considerable drop is observed between 1990 and 1994. It is also interesting that during the time between
1989 and 1991, yields for longer terms of maturity are lower than those for shorter terms. This type of
yield curve is rare and is considered a predictor of an economic recession; indeed, a recession occurred
after 1990. During the second subperiod, covering the time between 1996 and 2011, yields are low but

more stable.

Graph 1 - Observed yields for maturity n = 12,36,60,96,120 months
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4.2. The Principal Components

| follow Adrian, Crump and Moech (2013) in choosing the state variables X, to be the first five principal
components of the cross-section of N = 12 maturities. Principal components (PC) is a data reduction
technique that allows statisticians to extract the independent sources of variation from a group of highly
correlated variables. The principal components are normalized orthogonal linear combinations of the N

= 12 yields. The core of a principal components analysis is represented by the eigenvectors and
15



eigenvalues of a covariance matrix. The eigenvectors (the principal components) determine the directions
of the data, while the eigenvalue is a number that explains how much variance there is in the data along

that eigenvector.

In other words, a larger eigenvalue indicates that the principal component explains a larger
amount of variance in the data. The first principal component explains the largest percentage of the
variance of the component yields, whereas the second principal component explains the second largest
percentage variation of the component yields, etc. Thus, using principal component analysis, | can create
a reduced set of variables that still contains most of the important information in the larger set. These

new variables have the advantage of being uncorrelated with each other.

Since twelve maturities are used to construct the principal components, there will be twelve
principal components. The usual procedure is to return a subset of the principal components, such that
the selected principal components account for a high proportion of the variation in the original data. Table

2 presents the contribution of the first five principal components of the observable ZC yields.

Table 2. The Contribution of the first Five Principal Components
PC1 PC2 PC3 PC4 PC5
81.108 17.580 0.103 0.013 0.006

The table shows the percentage of the total variation explained by each component. The contribution of
the first principal component is the eigenvalue of that principal component divided by the sum of all
eigenvalues.® The results show that the first principal component explains 81% of the variance of the

component yields, while the second principal component explains approximately 17% of the variance of

5 In Table 2, the proportions have been multiplied by 100.
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the component yields. The fifth principal component only explains 0.008% of the variance of the yields.

The sum of the principal components is the total variation of the data.

5. Results

As discussed in section 3, the objective of all this work is to produce the yt(") values for all the n.® First,

| estimate the VAR(1) model, equation (1), to obtain its parameters and residuals. The residuals from this
model are used to construct the matrix . Then, | estimate equation (18) using OLS. This requires first
using equation (7) to compute the prices for each n, and then substituting them into equation (6) to
compute the excess returns. Then equation (18) is estimated using the newly computed excess returns as
the dependent variables. After that, | obtain the market price of risk “structural” parameters 1, and A,

by substituting the estimated parameters from equation (18) into equation (20) and (21). Next, |

recursively calculate A,, and B,, using equations (12) — (16) and obtain the yt(”) values using equation

(22).

Figure 1 illustrates the results of the yield fitting model and term premium estimates for maturities
of n = 12, 24, 60 and 120 months respectively. The green, red and blue lines represent the observed
yields, model-implied yields, and model-implied term premiums respectively. The model-implied fitting

errors are the difference between actual yields yt(")and the model-implied yields 375"). As shown in the

graphs in Figure 1, | observe that the fitting errors of the model-implied yields 375") are very small. For
n <5 years, the mean of the absolute fitting errors is close to 0. For n > 10 years, the mean absolute fitting
errors are less than 4 basis points. Therefore, the model fit is comparable to that of other ATS models as

it performs well within an acceptable range of pricing error. For example, Piazzesi (2010) states that the

& All calculations were programmed in R.
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mean absolute value of fitting errors for a 5-year maturity yield is 8 basis points. All fitting errors of my
model are smaller than the range as stated in Piazzesi (2010)’s paper. The term premium is given by the
difference between the risk neutral yield and model-implied yield. The risk neutral yield assumes there
is no price for risk in the yield curve. It is thus measured by setting the price of risk parameters A, and
A, to zero in equations (12) and (13). The results generated for the risk-free yields are then subtracted

from the model-implied fitted yield to get the model-implied term premium.
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Figure 1 Five-factor model: observed, model-implied yields and term premiums

Yield fitting and term premium estimates of maturity n = 12 months
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In order to compare my results with Adrian, Crump, and Moench’s model. | present the graph
below shown in Figure 2. The dataset used in their paper is the U.S. zero coupon yield data over the
sample period 1987:01 — 2011:12. Under the five-factor specification, the yields and term premiums for
the two-year and ten-year maturities are as shown in Figure 2. The observed yields, model-implied yields
and model-implied term premiums are represented by the solid, dashed and dash-dotted lines

respectively. | can see that there is no visible pricing error in their model at either maturity. This may be

due to the fact that they have computed the log bond pricing errors (u§">) in their model, which I didn’t.

Figure 2 Five-factor model: observed, model-implied yields and term premiums
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Source: Figure 5 of Adrian, Crump, and Moench (2013)

Table 3 presents the results of the VAR (1) model. It shows the estimates of p and beta @ in
equation (6) respectively. PC1, ..., PC5 denote the first five principal components of the government

zero-coupon yields, which are used as the state variables.
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Table 3. The estimates of yuand ¢

PC1 PC2 PC3 PC4 PC5
M -0.0216  -0.0065  0.0005 0.0001 0.0007
(t-statistic) (-1.1348)  (-0.3086) (0.05451) (0.0312)  (0.2050)
Dy 0.9955 -0.0028  0.0321  -0.1549  0.0683
(t-statistic) (136.0099) (0.4788)  (0.8607)  (0.1554)  (-0.0887)
®;, 0.0039 0.9635 0.1382  -0.1219  -0.2653
(t-statistic) (-0.1962)  (60.2158) (-0.7275) (-0.3650)  (0.5206)
®is 0.0034 -0.0057  0.8343 0.0078 0.0743
(t-statistic) (0.5394)  (2.0906)  (25.9009) (-2.3204) (-0.5781)
diy 0.0003 -0.0012  -0.0320  0.7305 0.0726
(t-statistic) (-0.9110) (-0.6447)  (0.0847) (18.5147) (1.0861)
Dis -0.0001 0.0014  -0.0062  0.0335 0.5847
(t-statistic) (0.2670)  (-0.9323)  (0.5360)  (1.2234) (12.5807)

Notes: PC1,...,PC5 represent the first through fifth principal components of the
government zero-coupon bonds. t-statistics are in parentheses. Each row denotes
an explanatory variable; thus @;; represents the estimated coefficients of the first
pricing factor and so on. Bold coefficients represent significance of the estimated
parameters using for a two tailed t test at the 5% level.

The t-statistics for g and ® are shown in parentheses. The results show that there are few
relationships between the principal components. A VAR(1) process is stable if all eigenvalues have
modulus less than 1. | test for stability and the results show that the roots are outside the unit circle,

hence, my VAR(1) process is stable.

Table 6 summarizes the estimates of the market price of risk parameters 4, and A,. The t-statistics
are reported in parentheses. Following Adrian et al. (2013), | calculate the standard errors under the
assumption that u is unknown, meaning that I have used demeaned yields to accommodate the sampling
uncertainty. The estimated price of risk coefficients are economically important. The first principal
component is a measure of the level of the term structure (also known as “level risk™). As shown in the
top element of A, in table 6, the price of level risk has a negative significant negative constant component.

This result is similar to Adrian et al.’s (2013) result as shown in Table 7. The second principal component
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also has a significant negative coefficient at the 10% level. Since the loading of level risk on the slope

factor of my model is negative, therefore, the negative coefficient of PC2 in the equation of PC1 implies

that a higher slope leads to a higher expected return. However, unlike the finding of Adrian et al. (2013) ,

my fifth principal component shows no significant effect on level risk. Like Adrian et al. (2013), 1 find

that slope risk is not priced, as there are no significant coefficients in the row for PC2 in Table 6.

Table 6. Market Prices of risk

Factor Ag A1 Ao A3 Ag Ais
PC1 -0.0550 0.0029 -0.0276 0.0930 -0.1007 0.0255
(t-statistic) (-2.8872) (-0.4069) (-1.9202) (-1.5654) (-0.5916) (-0.0994)
PC2 -0.0081 -0.0033 -0.0048 -0.0837 -0.2858 -0.0720
(t-statistic) (-0.3807) (-0.4084) (-0.2980) (-1.2571) (-1.5004) (-0.2511)
PC3 0.0039 0.0016 -0.0070 -0.0851 0.1612 -0.0558
(t-statistic) (-0.3683) (-0.3888) (-0.8260) (-2.5788) (-1.7009) (-0.3905)
PC4 0.0015 -0.0005 0.0028 -0.0407 -0.2731 -0.0220
(t-statistic) (-0.3307) (-0.2762) (-0.3321) (-2.8764) (-6.7169) (-0.3529)
PC5 0.0046 0.0006 -0.0009 -0.0018 0.0466 -0.4278
(t-statistic) (-1.3005) (-0.4259) (-1.5654) (-0.1640) (-1.4704) (-8.9532)
Note: Bolded coefficients represent significance at the 10% level.

Table 7. Adrian et al. (2013) Market Prices of risk
Factor Ao Aa A1 A3 g Ais
PC1 -0.019 -0.003 -0.016 -0.005 0.012 0.030
(t-statistic) (-2.566) (-0.443) (-2.160) (-0.648) (1.605) (3.987)
PC2 -0.013 0.027 -0.011 -0.003 -0.011 0.015
(t-statistic) (0.951) (1.914) (-0.818) (-0.213) (-0.792) (1.077)
PC3 -0.030 -0.077 -0.001 -0.093 -0.132 -0.056
(t-statistic) (-0.951) (-2.466) (-0.029) (-2.987) (-4.244) (-1.783)
PC4 0.042 0.064 -0.007 0.015 -0.058 -0.086
(t-statistic) (1.062) (1.594) (-0.189) (0.367) (-1.461) (-2.147)
PC5 0.005 -0.105 0.012 -0.004 -0.073 -0.324
(t-statistic) (0.097) (-2.028) (0.243) (-0.070) (-1.431) (-6.287)

Source: Table 3 of Adrian, Crump, and Moench (2013)
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6. Conclusion

In this paper, | follow Adrian, Cump and Moench’s (2013) approach to estimate the affine term structure
model. | first use the principal components approach to get the initial five principal components that are
used as the state variables of the model. After deriving all the equations and programming techniques, |
then obtain the implied (theoretical) government zero-coupon yield curve using only linear regression

methods.

This model can be applied for solvency stress-testing. Given the value of a state vector X;, the
model can be used to derive the ZC yield for any maturity using the equation yt(”) = - % (A, + B, X,).

When used as part of a multi-level stress-testing model, the analyst will obtain a “path” of the state vector

X, from the macro-scenario, and using the above bond pricing equation, will derive the implied ZC curve

at every point t of the stress-testing horizon. Then, the ZC-curve yt(”) ,forn=1,2,3, ..., 10 years (etc.)

can be applied to derive the implied government zero-coupon curve.

An advantage of this approach is that it does not rely on numerical optimization to estimate the
parameters, which means that unique solutions exist for the parameters. In the results section, one can
see that the model gives small fitting errors. Since the method can be used with observable factors, an
implied zero-coupon yield curve can also be generated with typical components of macro-stress test
scenario variables such as the interest rate, GDP growth, CPI inflation and the unemployment rate, etc.
However, one limitation of the model is that the raw data set from the Bank of Canada is quarterly based,
and | converted the dataset to monthly based. It may be more accurate and desirable if a monthly dataset
was available. Further work could be done to explore whether pricing errors for n > 10 years can be

improved further.
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In order to compare my results with that by Adrian et al. (2013), | have chosen the exact same
sample period as theirs. However, the model could also be applied to a longer sample period. I also chose
to extract five principal components to use as state variables. This is because Adrian et al. (2013)
compared the results of three factor, four factor, and five factor models and found that the five factor
model worked best. Further work could be done for Canada to see if different choices for the state

variables would work better for deriving the zero-coupon yields.
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Appendix A

Yield fitting and term premium estimates of maturity n = 6 months
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Yield fitting and term premium estimates of maturity n = 18 months
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Yield fitting and term premium estimates of maturity n = 84 months
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Yield fitting and term premium estimates of maturity n = 108 months
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Appendix B: Derivation of equations of Adrian, Crump
and Moech (2013) model

Tsun Yan Chan

The Adrian, Crump and Moech (2013) model

Assume the vector of K x 1 state variables X; follows the vector autoregression VAR(1) process:

Xipi= p + @ Xi +o (1)
(kx1)  (kx1) (kXK) (kx1)  (kx1)

We also assume that the shocks v,y; conditionally follow a Gaussian distribution with variance-covariance
matrix :

Ut+1|{Xs}§:0 ~ N(0,%)

The assumption of no-arbitrage implies that there exists a pricing kernel M; such that

Pl' = Ey[My PG =>1= Et[MtH}zf] (2)
We also assume that the pricing kernel M, is exponentially affine:
Myt = efr,f%A;,\,,fA;E*%mH 3)
where rt:lnPt(l) is the continuously compounded risk-free rate.
We further assume market prices of risks
AN =32 (XA 4+ A owm ) (4)

~~ ~ I~~~ ~— =~
(Kkx1) (KXK) (Kx1) (KXK)(KX1)

(KX1)

(

n—1)
We denote rx;

as the log excess holding return of a bond maturing in n periods:

r:vgizl) = rt(ifl) —r = P lnPt(n) — 1y

t+1
rxgizl) +r = lnPt(_fl_l) — lnPt(n)
P(”*l)
(n—1) _ t+1
Ty e = In( D )
t

Take logs on both sides of the equation:

ISee https://www.sciencedirect.com /science/article/abs/pii/S0304405X13001335
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(n—1)
(n—1) P,
eMtery e — ZtHL (5)

Pt(n)

Now we have,

1=E, [efrtfé)\;)\tfkiiféuﬁ—l (erI£1I1)+Tt )]

e _1
1= Et[67.xi+l Do IX AN T 2Ut+1]

n—1 -1
1= eféAi)‘tEt[emiﬂ —xz 2V

Assume {rzii}l),vﬂ_l} are jointly normally distributed

n— n— n—1 n—1
[r:ﬁg”] NN[[E[T%EHD]} , a?(mf%ll )) cov(r:viJrl )71);“) }
Vi1 0 cov(rxii} ),th) b

The moment generating function of a jointly normal distribution is:
If X~(11, %) then Eles'*] = e¥'#+25's From equation (5), we have

, 1 - X
== O =
(1X1)  (1xk) (KXK)

Nl=

1X(1XK)

Therefore,
1 N E[rx(nfl)] 1 02(T1‘(n_1)) COU(Tx(n_l) vl )
1 =exp(—=NX)exp([]1 —NX~2 [ i+1 1) 4 = AT Lo Ty
4 2™ 2 p([ ' } 0 2 COU(T‘rgill)avt+1) by )

—1 n—1 7
nonsd] | ot ) et el { L
cov(raf} Y vip) = -z

DN | =

1 o
1= ea:p(—i)\;)\t)exp(Et[rx,(f_H 1)})ea:p(

2

1 n— 1 n— n— n— 1
1= ea:p(—i)\;)\t)-FEt[rxg_,_l 1)])exp(* {Ufrxg_,_l D /\227%0011(1"1',5_’_1 1), Vi) cov(rxg_H 1), Vie1) — )\22*5} ] )

1 n— 1 n— -1 n— n— -1 11
1:e:vp(—ﬁ)\g)\t)—i—Et[rxgH1)])exp(§(afrx§+11)—)\22 2cov(rmiﬂD,vgﬂ)—cov(rxiﬂl),V}H)E D VDD kD

1 n— 1 n— n— 1 1
1= exp(—i)\g)\t + Et[r:rgﬂl)] + iafmcgﬂ b_ cov(r:vg+1 1),11;“)2 A+ iké)\t)

1 n— n— _1
+ fvart[m‘ﬁﬂ 1)] — cov[ravg_&_1 1), CARID é)\t)

1)]
2

1 =exp(F; [rx,(gr_ﬁ
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Take logs on both sides,

n— 1 n— n— 1
0= Et[rx£+1 1)] + §vart[rx§+1 1)] - cov[rmEH b, CARIDREPY

n— n— 1 1 n—
- By [erH 1)] = C’ov[mc;r1 1), CARDIRED W Fvary [erH 1)]

Now, we denote

Bt(nil) = Covt[rﬂsi’l}”,vé+112‘l

By using equation (4), we have

_ _1) 1 _
FEy [TI,ELD] = 5t(" b (Mo +MXy) — Fvart [”3:511 1)]

FACT: (From Adrian et al. (2015) equation 11)

(n—1) (n—1) (n—1)’

_ (n—1)
ragyy 0 — Eilrayy = Vi1 €4

(n—1) . ..
where e, is the return pricing errors.

We want to show that fyt("_l) — 575"—1):

Since
Cov(z,y) = Elr — piz][y — py]

From equation (8):

(n—1)’ (n—1)
) = covglrey v 4|8

n—1 n—1 —
Eyralt Y — Eyfral Vvl — 0]

Substitute (10) into (11),

(n—1)’
t

—-1)’ -1 _
= By v + €1 Vlvg ]2

= (" Bilvoeravp] + EdleliVvi ) £

P 0

= VSR

—-1) n—1)
A e

Next, we find that

(

var[rxt;l;l)]

n—1 n—1 n—1 2
varlra{t V) = E[(ral1 " — Elral V)
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Substitute equation (11) into (12)

n—1 n—1) n—1
varfrai V) = ("™ v+ €]
n—1)" n—1 n n—1
= B vavanin = 1)+ 2V oaeliT + (el >>21
n— n—1 n—1) n—1 n—1
=AY Bt o) 4 0 B+ Bl
—_——
o 0 o
_ NS
n—1 n—1)’ n—1
cvarlrayiT V) =" 2 467 (13)
Substitute equation (12) into equation (9)
Efra(i7V) = A"V o+ ha) = 3 50 + 021
= (” V(o + Auze) — 280V Y 4 07 (14)
Substitute equation (13) into equation (10)
rafin = BT o+ M) = 3BTV EB Y 4+ 0% + B v + el

= ﬁtn 2 Bo + Be(Mwy) — §[ (n=1)’ Eﬁtn 2 ] - %02 + ﬂt(nil) Vgy1 + eﬁi}l)

Now, we have

(n=1) _ g(n=1) \ Ly n—1) (n—1)’'
TT By o + B (M m ) 2[5t 51& '+ o2 ]+5 Vir1 + €pq1
(1X1) (1XK) (KX1) (1XK) (KXK)(KX1) (1xK) (KXK) (1x1) (1X1) (1XK) (KX1) (1X1)
————
(1X1) (1X1) (1X1) (1X1)
(15)

By putting all T observations of bond (n-1) together

/ 1 /
[mgn 1) ngn—l) mgy 1)] — (8D ) — 5(5(71—1) 2D 1 42)) o1 - 1+
/6(7171)’/\1 [fEO Zy - fol] + ﬁ(nfl)’ |:V1 Vo - VT} + |:egn—1) 6én—l) o 6/(1?_1):|
Let
X =[zo 21 - wxr_1]
V=W Vo - Vq
F= [egn—l) egn—n eg—m}

By substituting X_, V and E into the equation,
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’ 1 ’ ’ ’
[mgnq) ménq) mqu)} = (BD" ) — §(ﬁ(n—1) 280D 4 o2\ + BV N X+ V'Y 4 B (16)

Next, we stack all N assets

RO [ W\ — %(5(1)’25(1) +02) ] [ B\ ] B’
rz2) B@ Ny — %(5(2)’25(2) +02) B@ B’
Lo : , : :
ra=1| ﬁ(”—l)’)\o _ %(/@(n—l)’zﬂ(n—l) +02) Ly + ﬁ(n—l)’/\l X_+ ﬁ(n—l)’ V+E (17)
Lra™ || 0 - LBV 530N 4 o) | _ BV ), _ _ VY _
We define _
BN = 5 (B2 +0?)
5(2)’)\0 _ %(5(2)’25(2) +0?)
a= Bn=1) ), — %(5(@1)’25(%1) +0?)
BN Dy = L(B B 4 02)
!
BN
C = 6(71_.1),)\1
BN
We have
Mo T [ B N — %(5(1)’25(1) +02) ] [ s ), ] [ pW'zp® ] M
a2 BE N\ — %(5(2)’25(2) +02) B@ N B '25(2) 1
. : - : _ : B 1( : N : o2
gD | T ﬁ(n—l)’)\o _ %(5('@—1)’25(71—1) + 0_2) - ﬁ(n—l)’)\o ) B(n—l)'zﬁ(n—l) 1 g
L a™ | BNY Xy — L(BNY' S8 4 g2) BV A, s |1
(18)
Next, we need to show
BV $a1)

B2 %32

ﬂ(n—l)’.zﬁ(n—l) = B*UGC(Z)

BV 55N
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where

B* = [vec(BVBW') ... mw(mg(m’)]’

Since ('S4 is a (1X1) matrix, therefore 8 B4 = pec(f™ B3
Property 1:
vec(ABC) = (C' @ A)vec(B)

By property 1, we thus have

B ST = vee(B™8pM) = (8 @ B ) vee(X)
—~— M~ N——
(1XK) (1XK) (K2X1)

(1X1)
And so,
B M ] [ (B @ W)
B (2 (B @ g
ﬂ(n—l)”zﬂ(n—l) = (B(n_l)/ ® ﬁ(n_l)/) U@C(Z)
BN 53N) (B @ BV
Property 2:
(Ao B =A'"®B
[ BV o™y 1 [ BV ALY T
2y @) (2) (2)y/
(B @B (B @ B=)
(ﬁ(nq)’ éﬁ(nq)') = (B(n—l) éﬁ(n—l))/
V) @ BN’ (V) @ gy
L B ep™y L (B B |
Property 3:

vec(ed) =d®@c
By property 3, we thus have:

(B(l) X 5(1))’ T I Uec(ﬂ(l)/g(l)l)l
(B @ p@Y vec(8 A"y

(ﬁ(nfl) éﬁ(nfl))/ Uec(ﬂ(nfi)/@(nfl)')/

| ™ ap™y || pee(p™pa0'y

Therefore, substitute it back to equation (19)
LHS:
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RHS:

AL zaM)
B2 532

Fin—1) 5y 5(n-1)

BN 525(N)

.. LHS = RHS

Substitute @ into equation (17)

Let

ral

B*vec(X) = [vec(ﬁ(l)ﬁ(l)/)

ez ]

ra®

ra

n—1)

(N)

BN\ = au, +

(B @ MY T vee(fM M"Y
(5(2) ® 5(2))/ 060(5(2)5(2)')/
(ﬂ(nfl) éﬂ(nfl))l vec(Z) = Uec(ﬁ(n—l')ﬁ(n—l)’)/ vec(Z) (20)
(5(1\/) ®5(N))/ | I Uec(ﬁ(N.)ﬂ(N)/)/ |
vee(H Ny
vec(BD Ry
17/
vee(SN BIN)] vee(X) = pec( B gy vec(X)
_ vec(BV BNy _
10 :1¢Y
B '25(2)
g1y sygm-ny | = Bvee(D)
BV 55V)
1
sa= "X — g[B*vec(E) +1n0] (21)
DY [ " ]
B\ B’
-, : :
=al, + ﬂ(nfl),/ﬁ X + B(nil)l V+FE
] BV 3, VY
B A, [ B Moz 7
B@ N B’ re®
: ;L : _ :
5(7%1)/)\1 , B = B(nfl)/ and rx = pp(n=1)
(N.)l)\ (N)l rq:&N)
| B 3 i ]
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1
re = (8'Xo — i(B*vec(Z) iy +MX_+ BV +E

1
re =Bt + M X_) — i(ﬁ*vec(E) +invo?)p + BV + E (22)
1
re = (8'Xo — 5(,8*’060(2) iy + X+ BV +E (23)
srr=alp+FV+ceX_ +FE (24)
vr
ST = [a B c] V |+F
X
;i
Let 2=[ip V' X ']|'=|V
X

Substitute 2 into equation (23)
Ty = [a B C]Z+E

Let 6 = [a B8 c]

Lrr=02+F
E=rz—07Z (25)

Criterion: For single OLS estimation, we have to find B that minimize the sum of squared residuals. Therefore
we take the derivate with espect to f For multiple OLS estimation, we have to find the parameters that
minimize the trace(EE’)

tr(EE') tr((re —62)(re — 62))
tr(ra(ra’ — 2'8') — 6Z(ra’ — 2'8"))

= tr(rara’ —raZ'6 — 02rx' +622'8)

Property 1
tr(A+ B+ C+ D) =tr(A) +tr(B) + tr(C) + tr(D)

Ar(EE) = tr(rara’) — tr(ra2'0') — tr(6Z'rax’) + tr(622'5")

Property 2 . .
tr(A) =tr(A") - tr(raZ'd') =tr(6Zra’)
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S Ar(BE") = tr(rara’) — tr((ra2'8')) — tr(62'ra’) + tr(622'8")
tr(rara’) — tr(0Zra’) — tr(82ra’) + tr(622'8")
= tr(rera’) — 2tr(8Zra’) + tr(622'5")
tr(rara’) — 2tr(8 Zra’) + tr(6(Z2")8")
—_—

al a2 a3

otr(EE") _ 0)

We can find §* by taking the first derivative (i.e. 55

First, we take FOC of part al:
otr(rara’)

a5

. FOC of al is 0.
Next,we need to take Foc of part a2: By using property 3: % = B’ We have

otr(6Zra’) o,
a5 = reZ

. FOC of part a2 is —raZ

Lastly, we have to take FOC of part a3: By using property 4: % =CD'+CD

A
% = (22 + 8(22') = 26(22)
We have,

our(EE')
a9

Premultiplying both sides by (ZZA’)*1

= a2 +26(Z2") = OraZ! = 6(Z2")
raZ (22NN =8(Z2 W22V = raZ!(Z2) 7

a B ] =raz/(Z22)7!
From equation (21), we have
1
a= 83— 5[3*’060(2) +in0?]

A

1 A
Ao —5( B*  wvec(X)+ ino?)

o a = B
~ \6/ ~~
(NX1) (NXK)(KX1) (NXK?) (g2x1) (NX1)
(NX1) (NX1)
A~ 1 ~ 2 5
a+ i(B*Uec(E) +in0o%) =N
We multiply both sides by B, we get:
1 ) A
Bla + 5(3*@66(2) +unvo)] = B8 o
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We pre-multiply both sides by (35/)~1, we get:

A A

(BB~ 'Bla+

A A

(B*vec(E) + invo?)] = (B8)"H(BB)Xo

N |

(B Bla+ 3 (Bvee(S) + o) = Iy

Since we have é = BA’)\l
We multiply both sides by B

We pre-multiply both sides by (33)~*

B)71Be (29)

Inference

Let us denote

A=o M
A= Do M)
= |(B8) 7 Ba+ H(Broee(S) + o2un))  (BF)fe]
= (33)715 [a+ L(Broee(S) + ouy) ¢ (30)

From equation (14), we have rz = auy + BV+cX +FE
m:zaLip—i—cXi—l—ﬁ’f/—i—E

/

tp
re=[a ¢ B]|X |+E=aW+E
———— ‘7
@ ——
w
Let

vp
a=la ¢ f W= X_
\%
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Then, the OLS estimator for ais &= [a ¢ f/] = raW/(WW’)~!

Let
Z =l X ’]’_[)éT,]
then,
Z_
w5
3 51 1y
Since W = | X__|. Therefore W = | X __ :[V]
1% \%
Then R
Z A Z Z ' zZ v
P = | T / N =|""— P
ww [V] [Z_ V] {VZ_’ VV’]

By partitioned matrix we need (WW’)~1. By the ? of the partitioned matrix inverse, we have:

All A12
A =
{Am A22]
A_l |: D 7DA12A2_2 :|
A} An D Ay} + Ay} Ay DA A

where
D = (Ay — App Ay Agy) ™t

Then, we have that

AV AREAR Y
WW' = |“— .
[ V]

vz 1

D= (A — ApAptAn)t=(Z Z '—Z V(VV)WZ N =(Z (Ip - V/(VV)~V)z )71

Let o .
My =Ip —V'(VV')"'V
~D=(Z Myz ")
— A} AnD =—(VV)'VZ 'D
5 D
— /
cas i V)
. D
— / / A A A
= [Z V] |:(VV/)1VZ /D] (31)
= raZ 'D—raV'(VV)"VZ_'D (32)
ra(Ip —V'(VV)"'W)Z_'D (33)
Since



[a ¢ =ra(lp —V'(VV)) =raM;Z_'D

" |:<“/'/ \c/'/:| = rx M, z ' ( Z M; z ' )_1 (34)
(NX1) (NXK) ~ ~~ ~— ~— =~ ~—
(NXT)(TXT) (TX(1+K)) (1+k)zt (TXT) (TX(1+K))

(NX(1+K)) (1+K)(1+K)
A= (BB {& + %(E*vec(i) +o2y) é} = (BB’)_lﬁ[[& e) + [%(E*vec(E) +02uy) 0}]
[%(E*vec(z) +02uy) 0} = %(é*vec(i)+02LN) 1 0] A= (33’)713[[& é]ﬂL%(BA*UeC(gJFU%N) [1 0]
Substitute [& 6] = mcM‘A,Zi’(ZiMVZi’)_1

= (B3 BlreMy 2!+ S (Broec($) + %) [1 0))
vZ

CLAIM: [1 0] =uJpMyZ '(Z_M Nl =o]
Now, we will prove that v, My Z_ ( _MyZ )7t = g}, where g1 is a (K+1)X1 vector with first element
equal to one and zero elsewhere.

=~
Il
| —
O =
| I
~
Il
—
—_
o
=

UM Z (2 MyZ Y=o

Let A=upMyZ 'and B~ = (Z_MyZ ')™*
Let us derive A:

A= L/TM‘*/Zil = (L&“(IT — V’

Substitute Z_" = [1p X_']

SDA=LZ =0 [LT Xﬁ'] = [A’TLT L/TXil]

Now, let us derive B—!:

B~ = (Z_Myz )™
= (|:)2,T:| (IT — V (VV’)*IV) [LT X /])71

Ut rx ! -t
|:XLT — XﬁV’(VV’)_l‘/LT X X '—-X V’(VV’) 1V)(":|

_ rir GX !
X o X [Ip—-V'/(VV)WX_’

_ Uptr X ! -t
X_LT X_MvX_I
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Therefore, we have

-1

1 1 ULy X !
AB :L’TMVZ_’(Z_MVZ_’) = [L/TLT L/TXil] Xq;LT XﬁTZWW‘A/Xil

Let
A11 A12 . L/TLT /,/TXi/
A21 A22 o XﬁLT XﬁM‘A/Xil_

Therefore, we have
1

(A1 A
(A1 Az

AB_l = L{TM‘A/Zil(ZiM‘A/—Zil)_l = [All A12]

We need B! = (Z_MyZ_')~*, by the formula of the partitioned matrices. (P.660 of Lutkepohl’s New
Introduction to Multiple Time Series Analysis)

-1 -1 -1 g-1
‘A11,+\A\1’1/ Az G A Ay Aq A G
B1l— (1x1) (1x1) AXK) (KXK) (KX1) (1x1) (1x1) (1XK) (KXK)
— G Agl Al_ll G
N~ =~ ~—
(KXK) (KX1) (1X1) (KXK)
where
G =( A — A AT 4 -1
N ( Az 21 Ay Anz)
(KXK) (KXK) (KX1)(1x1) 1XK)
A+ A A1sG AR A — AT ARG
A A
S ABT = NN, (axy (1XK)
(1X1) (1XK) —GAn AT G
\W_./ -~
(KX1) (KXK)
_ AllAI11+A11A;11 AlgGA21AI11—A12G121A;11 —A11A;11 élf% \(z/ + A12 G
=1 =1 (1X1) (1X1) =1 (1XK)(KXK) (1XK)(KXK)
— \1// + "41261"421‘41_11 - AlQGA21A1_11 —A1G+ ApG
(1x1) (1X1) (1X1) (1XK) (1XK)
o)
= O~
(1X1) (1XK)
Therefore,

AB™' = MyZ (Z_Myz )"t =1 0]
Now, we can substitute this into equation (32)
A= (B BlraMyZ (Z_MyZ )7
1

N A A A ~ 1
A= (B8 e + §B*vec(E)L’T + 502LNL/T)MVZf/(ZfMVZf/)71 (35)
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