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Abstract

Although many improvements in the manufacturing of musical instruments have been
made recently, one aspect that has often been overlooked is that of the acoustic
consistency of the final manufactured product. The aim of this thesis is to create a method
in which a soundboard can be frequency matched to a brace in order to meet a set
standard after assembly.

A simple analytical model is created in order to study the effect of the plate's stiffness
and brace thickness on the combined system. The assumed shape method is used in the
analysis.

Results show that by adjusting the thickness of the brace in order to compensate for
the stiffness of the plate, one of the natural frequencies can be adjusted to meet a certain
value. However, matching multiple natural frequencies cannot be done with a rectangular
brace. Therefore modifications to the shape of the brace are suggested.

***

Bien que, récemment, plusieurs améliorations ont été mises en place dans la
fabrication des instruments musicaux, un aspect souvent négligé est l'uniformité dans la
qualité acoustique du produit final. Le but de cette thèse est de créer une méthode dans
laquelle la table d'harmonie d'un instrument peut être unie à une barre afin d'atteindre
un standard de fréquence prédéterminé après l'assemblage.

Un modèle analytique simple est créé afin d'étudier l'effet de la rigidité de la table
d'harmonie ainsi que l'épaisseur de la barre sur le system combiné. La méthode de mode
supposé est utilisée durant l'analyse.

Les résultats démontrent qu'en ajustant l'épaisseur de la barre, afin de compenser
pour la rigidité de la table d'harmonie, une fréquence naturelle peut être ajustée à une
valeur spécifique. Cependant, plusieurs fréquences ne peuvent être harmonisées avec une
barre rectangulaire. Subséquemment, des modifications à la barre sont suggérées.
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Chapter 1

Background

For hundreds of years, craftsmen around the world have been making and perfecting
musical instruments. Knowledge and skill passed on from generation to generation have
allowed the art to progress and flourish. Today, high end musical instruments are still
surprisingly made predominantly by hand.

The use of traditional methods for making musical instruments has always been
considered the only way of tuning and optimizing the individual wood pieces as well as
the whole instrument in order to make each individual instrument sound its best.

Scientific study of musical instruments has proven to be extremely complex with most
sound subtleties unable to be measured to this day [I].

The musical instrument manufacturing industry is one that likes to cling to tradition.
Many customers of the industry still cite tradition as a key component in the
manufacturing of superior instruments which, in many regards, holds a certain truth. This
is primarily due to a lack of technology in the industry, which would permit the
reproduction of the skills used by traditional instrument makers for building instruments
with consistently good tone. This is also the reason that little effort has been made to
improve mass produced manufactured instruments.

1



Background

1.1 Current Techniques

In the industry today, two main techniques for building wooden stringed musical
instruments exist. The first technique involves hand building of the instrument by an
instrument craftsman or a luthier. The second technique is much more industrialised and
involves the mass production of instruments using automatic or semi-automatic
machinery. Both techniques are described in further detail.

1.1.1 Hand-Built Musical Instruments

Hand-built musical instruments are built by instrument craftsmen, which in the case
of stringed instruments are called luthiers. Instrument building techniques and methods
are often passed down from one luthier to another and gained over years of experience.
Current techniques have been perfected over hundreds of years, yet there are so many
variables that luthiers still modify instruments so as to add their personal touch. A hand
built instrument does not necessarily mean that no power tools have been used in the
creation of the instrument, simply that each individual piece has been custom tailored by
the luthier to form a whole instrument. High precision machinery is also generally not
used. For this reason, while being very similar, most hand-built instruments are usually
one of a kind in appearance and sound.

The overall quality of the instrument benefits from the ability to optimise each part. It
is clear that a mediocre luthier will produce a mediocre instrument. However, only those
who are experienced and who have developed a finely tuned ear are able to manually
adjust every part of an instrument so as to optimise it. This leads to a much better playing
and sounding instrument once completed [2]. The optimisation process is explained in
greater detail in section 1.3.

2
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1.1.2 Factory Built Musical Instruments

Factory built instruments considered here are those that are masse produced using
automatic or semi-automatic machinery. This is the second and newer technique in the
production of instruments. The motivation behind mass produced instruments is to lower
their cost and make them available to more people. This is achieved by automating part
or all of the building process. To do so, lumber is run through the machinery and is
accurately cut and assembled to predefined dimensions and specifications. The advantage
of this process is that instruments come out structurally and aesthetically very similar.
The disadvantage is that because of the variable nature of wood, musical instruments
come out of the process sounding acoustically quite different from instrument to
instrument. There is, therefore, a great lack of consistency in the acoustical characteristics
of manufactured instruments.

Once completed, the mass-produced instruments do not generally go through an
optimisation process. This is considered to require the most skill and to be the most time-
consuming part of instrument construction by most luthiers and is therefore completely
overlooked in manufactured instruments in order to save time and money.

1.2 Instrument Construction

Most wooden stringed instruments have similar features that allow them to produce
sound. While it has been shown numerous times that all parts of an instrument contribute
to the overall sound, there is general agreement that it is the soundboard, also known as
the top plate, of the instrument that is most acoustically active and for which the highest
inconsistency exists [3]. The construction of a typical violin and guitar is shown in figure
1 . 1 and figure 1 .2.

3
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Figure 1.1: Construction of a typical violin [1]
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Figure 1.2: Construction of a typical guitar [1]

A stringed instrument is built so that the strings are connected to the soundboard via
the bridge. The energy produced when the strings vibrate causes the bridge to rock. This
energy is then transferred to the soundboard because it is coupled to the bridge. This in
turn causes the soundboard to vibrate. The design of the soundboard serves two purposes.
The first is to structurally resist the immense tension of the strings and the second is to
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produce the sound or tone which is associated with each individual stringed instrument
(e.g. the sound of a violin versus the sound of a guitar).

In order for the soundboard to be flexible enough to vibrate at the desired frequencies,
it is made thin. This makes the soundboard structurally unsuitable to resist the immense

string tension. In order to compensate for this, braces are added to the underside of the
soundboard. While these are structural in nature, they can also be adjusted so as to
produce the desired frequencies. This is discussed further in section 1.3.

f ^^*? . Braces

\jl/ ^^£> J Soundboard

Figure 1.3: Underside of a braced guitar soundboard

The soundboard produces sound in two main ways. Both sound-producing methods
involve the soundboard pushing the mass of air around it. The first method in which the
soundboard produces sound is by acting as a bellow displacing the air within the cavity of
the body. Having nowhere to go, the air leaves the cavity through the aperture(s), known
as the sound hole(s). This method of sound production is known as a Helmholtz resonator
and it has been shown that the important factors in such sound production are the cubic
volume of the space in the cavity, as well as the size of the aperture [4]. Using modern
technology, the cavity within the instrument's body, as well as the aperture can have very
precise dimensions. Therefore the acoustic properties of the sound produced by the
Helmholtz resonator are considered to be constant.

The second method of sound production is of the soundboard moving the air on its
outside surface. The predominant factor which influences the sound produced here is the
natural frequencies of the vibrating soundboard itself. Therefore, so that there is acoustic
consistency in the final product, there must be consistency in the vibration properties of

5



Background

the soundboard itself. This is seen as a difficult task because of wood's inherently
inconsistent properties.

The soundboard itself is assembled around its edges to the instrument's sides. The
sides of the instrument are also known as ribs. The boundary conditions of the
soundboard are probably somewhere between a simply supported and clamped edge [I].
This is primarily due to flexibility in the ribs. These ribs are also assembled to a back
which closes off the body cavity. The body is then connected to a neck which also has a
head. Strings are attached to the instrument's head and run along the length of the neck
where they attach to the bridge, as seen in figure 1.1 and figure 1.2.

It is all these parts assembled as a whole and tuned to specific frequencies which
allow the production of harmonious sound known as music in the hands of a trained
musician.

1.3 Optimisation Process

The most widely used method for optimising musical instruments is known as tap
tuning. Tap tuning involves the manual adjustment of braces placed on an instrument's
soundboard by removing brace material until a desired sound or frequency is obtained. It
is important to note that by removing brace material, the natural frequencies are lowered
[5]. This is because by removing material from the brace, its stiffness is reduced as well
as its mass, however the removal of wood has a larger impact on the brace's stiffness
then it does on its mass. Thus, looking at basic vibration theory as seen in equation (1.1),
if the stiffness k is reduced by a greater factor then is the mass m , the natural

frequencies ? are also reduced.

a?=^ (1.1)
m

For the greater part of the stringed instrument's history, the optimisation process has
been performed by ear. The luthier generally holds the soundboard at a known node
(location of zero displacement) for a given vibration mode. The specific mode chosen for
tap tuning is usually based on the luthiers preference. There is common consensus
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however, that the lower modes are of greater importance [6]. The luthier then holds the
soundboard up to his ear and taps it at the chosen mode's anti-node (location of
maximum displacement). Based on what is heard, the luthier removes material from the
soundboard's braces in order to obtain the desired sound. It evidently takes a lot of
practice and years of experience to know what to listen for and where to remove material
during the optimisation process.

More recently, instrument builders have started looking at the modal patterns
produced at the various natural frequencies of a given instrument. Often referred to as
Chladni patterns, they are the visual representation of the way in which the instrument
vibrates at different frequencies. Much research has been done in this area using both
sand and laser interferometry in order to visualize these Chladni patterns [7]. Some
luthiers have even gone as far as trying to adjust the soundboard braces based directly on
the patterns seen and the frequencies at which they are seen. The soundboard is usually
excited at a certain frequency and the braces adjusted until the expected pattern appears.
This has however proven to be an extremely complex task where only a detailed study on
violins has enabled a set of instructions for the modification of the 1st, 2nd and 5th modes
for improving the sound quality [6]. No other guide is available for the mode tuning of
instruments besides the violin. More recent studies have in fact demonstrated that it is the

natural frequencies that are more important than the modal patterns, due to the fact that
modes can be re-ordered by way of dimensional changes in the specimen being adjusted
[8].

A more intuitive approach, based on old methods and new technology, is also
becoming popular [5]. The soundboard is held similar to the tap-tuning method described
above, but instead of tapping the anti-nodes, each brace is tapped in sequence. The
frequency spectrum is recorded using a microphone. Each brace is then adjusted to a pre-
determined frequency. The pre-determined frequencies are based on those which create a
harmonious frequency spectrum for the overall soundboard. Alternatively, the
soundboard can be supported around its perimeter, similar to the way in which it will be
installed on the instrument, during the tapping process. The use of strobe tuners,
oscilloscopes or frequency spectrum software reduces the amount of experience required
by the luthier. The method also describes removing material from the centre of the brace

7
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to quickly lower the natural frequencies and to remove material from the ends so as to
fine tune to the final desired frequency. This often leads to what is known as scalloped
braces, as shown in figure 1.4.

Figure 1.4: Shape of a scalloped brace

Much debate exists in the industry as to whether or not scalloped braces improve the
sound of musical instruments based directly on its shape or whether it is the result of the
tuning process itself, which more often than not leads to this shape. Proponents exist for
both sides of the argument but little is known scientifically about the effects of the
scalloped shape.

Interestingly enough, some builders have taken the relationship between frequency
and stiffness seriously, and have developed what is called deflection tuning [5]. This
method, which lends itself more useful to manufacturing, is based on the idea that since a
soundboard that is suffer produces a higher frequency, then lowering its stiffness should
also lower the frequency. While the actual process of brace adjustment is just as time
consuming as previous methods, the skill required to understand what needs to be
adjusted is less important. This is because a simple deflection measurement is taken
under a known force and compared to a set standard. Material is then removed until the
deflection matches this standard. This method is ideal for instrument makers who have

not yet developed a finely-tuned ear or for a noisy manufacturing environment which
makes it difficult to take frequency measurements. This method is still quite time
consuming and still requires human intervention, therefore it is not generally used for low
cost instruments.

8
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1.4 Psychoacoustics and Frequency
Measurements

Psychoacoustics is the science of the human perception of sound. The study of how
the human hearing system perceives the sound produced by musical instruments is an
extremely important factor. Studies clearly show that what is measured by scientific
instruments is not necessarily what is perceived by the builder or the player [9]. Their
interpretation of such auditory stimulus provided by a musical instrument can also be
different. While most people cannot agree as to what exactly makes a musical instrument
sound good, most agree upon what instruments do sound good [10]. This leads some to
believe that there are indeed specific factors that make great sounding instruments.
However, these factors are as of yet unknown.

In psychoacoustics, pitch is generally referred to as the perceived frequency heard by
the listener. Because the ear is a complex system, the pitch may not be the same as the
frequency measured using scientific instruments. This seems to be increasingly true
above 1 kHz as the gap between the frequency and pitch widen up to the hearing
threshold [9].

Research into the necessary frequency accuracy during modeling and analysis seems
to point to about a 1% margin due to the ear's sensitivity to pitch [H].

Some people are able to finely tune their ear's sensitivity through training and are
able to distinguish and pinpoint specific pitches. This is especially useful to a luthier who
wishes to optimise the sound produced by his instruments. For those without such a
talent, new tools and techniques exist to help them. The most useful of these tools is
frequency spectrum analysis software. Software such as this allows a luthier to record the
sound produced by an instrument and then to plot the frequency spectrum of the sound.

Avoiding the whole perception of sound all together, some luthiers prefer to use the
Chladni pattern approach. This reduces the psychoacoustic effects, as described above.
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1.5 Musical Instrument Research

While musical instruments have been around for millenniums, their scientific study
has only begun. Since the middle of the 20th century, a few researchers have been trying
to understand the physical workings of musical instruments, notably the violin. Early
research focused mainly on identifying the key factors which give violins their tone and
what differentiates good instruments from great ones. To do so, researchers consider the
methods used to construct violins, the vibration properties of the strings, the way in
which the strings interact with the instrument through the bridge, the effect of braces and
the properties of the wood used itself [12]. This has led to a widespread focus on the
actual vibration properties of the instrument, notably the soundboard. Visual methods
were developed based on Chladni patterns, which allow researchers to see the modes of
vibration at various frequencies. Based on what they observe, researchers attempt to
reproduce instruments which are considered to be of high sound quality. Finally, a lot of
effort has been spent studying the radiation of the sound produced by the instrument,
since it is the sound radiation of the instrument which is heard by both the player and the
audience [7].

More recently, researchers have discovered that the understanding gained on the
violin translates fairly well to other wooden stringed instrument. Therefore, a wider
variety of instruments are now being scrutinized. Also, with recent advances in computer
technology many researchers are now focusing their attention on numerically modeling
musical instruments. More computing power is still necessary in order to refine models
enough for the higher frequency range [H].

Over the entire period of time that researchers have been building theoretical models
of musical instruments, another set of researchers have been continuously improving
experimental methods to test them. This has allowed the science to progress by validating
what little is in fact known about musical instruments.
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1.6 Musical Acoustics

The understanding of musical acoustics has also made leaps and bounds in
understanding what makes music different from noise. Researchers agree that music is
produced by a mathematical arrangement of frequencies which is pleasing to the ear.

Most instruments are played one note at a time or with chords (i.e. an assembly of
notes played at once). Even when only one note is played, a whole set of characteristic
frequencies are excited. These sets of characteristic frequencies are what help
differentiate the sound of various instruments. The lowest characteristic frequency is
known as the fundamental frequency. The other characteristic frequencies help give the
sound body and are known as partíais. These partíais give the sound its flavour and are
considered to be one of the determining factors in giving an instrument its specific tone.
Through experimental study, it has been shown that in instruments of similar design it is
the ratios of these partíais to the fundamental which are related.

When partíais are integral multiples of the fundamental, they are known as
harmonics. The pitch of a set of characteristic frequencies is assigned to the pattern
created by the fundamental and its harmonics. Any given number of these harmonics,
including the fundamental can be missing from a set of characteristic frequencies while
still being able to assign a specific pitch to the sound heard by the ear. In general, a
minimum of two are necessary for the nervous system to recognize the pattern [13].

Furthermore, damping properties or the decay time of specific partíais have also
recently been shown to help give an instrument its tone [H]. This helps explain the
reasons for the lack of success in fully reproducing the sound of a wooden stringed
instrument using composite materials. Although the structural properties can be matched
quite successfully, the tone of a composite instrument is quite different from that of a
wooden instrument due primarily to the different damping properties of the materials
used.
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1.7 Wood

Wood is a naturally occurring material obtained from trees. As with almost any
natural material, wood's properties vary highly from specimen to specimen, usually
requiring compensation for these statistical variations. When using wood as a structural
material, an engineer simply overcompensates using the weakest known property of the
statistical distribution. However, when it comes to getting consistent acoustical
properties, overcompensating in fact dampens the beautiful acoustic properties that are
usually sought.

From an engineering point of view, it is important to understand these variations so as
to be able to better control manufacturing with these materials. All types of wood have
grain that run in one direction, which make it suffer in that particular direction. This grain
is due to the annual growth ring of trees. Growth rings occur because trees grow at a
quicker pace in the early season, expanding width wise. The wood that grows during this
period is known as earlywood and is characterized by cells having thin walls leaving
large cavities. Latewood occurs during the late growing season when a tree's physical
growth slows down creating a much denser wood characterized by thick walled, small
cavity cells. This denser wood is what becomes visible as annual rings or grain.
Depending on the climate and weather, more or less earlywood is produced, increasing or
decreasing the number of growth rings per area or what is known as grain count [14].

Because of this grain, wood is considered to be an orthotropic material. This means
that wood has different constant properties in each of the three orthogonal axes. We name
the three axes as follows [14]:

- Longitudinal axis L (parallel to the grain)
- Radial axis R (normal to the growth rings, perpendicular to the grain)

Tangential axis T (tangent to the growth rings, perpendicular to the grain)

12
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R

7

Figure 1.5: Orthogonal axes of wood

Instrument makers recognize the importance of grain direction and generally agree
that for best instrument wood, the tree should be quartersawn [2]. This means that the
wood is sawn so that the grain is as parallel as possible to the tangential axis across the
wood's thickness. The closer the grain is to being parallel to the tangential axis across the
thickness, the suffer the wood will be in both the longitudinal and radial directions.
Luthiers normally use this degree of grain straightness and uniformity as one important
measure of the wood's quality [2]. This leads to two important property directions for the
instrument maker as seen in figure 1.6.

Figure 1.6: Quartersawn wood

Wood is generally suffer in the longitudinal direction because the grains act as fibres
in that direction. The important properties in each direction are Young's modulus and
Poisson's ratio. It is these properties along with the density of the wood that vary from
specimen to specimen and which need to be adjusted in order to obtain better consistency
of the final manufactured product.

It is interesting to note that for over a century the preferred wood used for backs and
sides by builders of musical instruments, notably guitars is that of rosewood. A recent
study has shown that out of seven typically used hardwoods, rosewood produces the most
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consistent natural frequencies in a finished instrument built using very tight dimensional
tolerances [10]. This may in fact point to the importance of natural frequency consistency
in the instrument building process.

Although consistent material would make the task easier, master classical guitar
player and renowned luthier, Richard Brune, who is considered by some to be in the best
position to give insight on the matter, states that great instruments can always be made
from less than ideal wood [10]. This gives light to the fact that natural frequencies are
adjustable and can be matched to those which are considered to produce great
instruments.

1.8 Technology in the Industry

Over the last decade or so, many larger manufacturers have started to look at ways to
improve the consistency of their manufacturing processes. Most have taken the approach
of increasing the accuracy of their tooling in order to improve their dimensional building
consistency. To do so, many manufacturers have brought in numerically controlled
machinery, lasers and robots as well as custom-built jigs which ensure greater accuracy
and consistency [10]. This has increased the number of good instruments that come out of
the manufacturing process and decreased the number of rejected instruments unsuitable
for sale.

Acoustical consistency is, however yet to be addressed. This is primarily due to the
complexity in understanding the sound produced by musical instruments. Techniques
proven to help improve acoustical consistency are as of yet too time consuming and
require too much manual skill for a typical manufacturing production. Therefore
manufacturers are usually reticent to incorporate any of them as a step in the building
process.

A recent visit to the Godin acoustic guitar factory has verified the claims in literature
that the acoustical quality of a soundboard plate is tested by measuring its stiffness across
the grain. During the manufacturing process, the deflection across the soundboard's grain
without braces is measured under a known load. Based on a certain set of deflection
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ranges, the soundboards are judged to be of higher or lower acoustical quality and are
therefore used in different product lines. This test gives an idea as to the soundboards
stiffness and thus the resulting frequency of the final product. Although not a robust
scientific verification of the soundboard's potential, this method has been used and has
worked to a certain degree for many generations of musical instruments. Since the
manufacture is aware of the range of soundboards for which its specifically dimensioned
braces produce decent instruments, a certain quality control is obtained.
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Chapter 2

Motivation

2.1 Motivation

A significant amount of research has been performed over the last half century on
modeling musical instruments, figuring out what they do and how they do it, deciphering
the factors that make a great instrument great and improving the dimensional consistency
of the manufacturing process. However, little has been done to improve the acoustical
consistency of the final product and this is what forms the motivation behind this
research.

It is also the purpose of this research not to stray too far from current industry
practice, with the intent of keeping manufacturing costs to a minimum. As mentioned in
section 1.8 on current industry technology, the only acoustic quality control performed on
the soundboard during production is to test its stiffness across the grain. For the purposes
of this research, it is assumed that a precise measurement of this stiffness is available.
Current manufacturing practice involves using dimensionally identical braces on
soundboards. This research seeks to exploit the availability of advanced manufacturing
techniques, such as CNC manufacturing or other, which permit the fabrication of custom-
made braces. The idea behind this is that based on its measured stiffness, it should be

possible to frequency match a given soundboard with a set of custom-made braces to
produce an instrument that meets a set standard. In industry, the information obtained

16



Motivation

through the deflection stiffness measurement can be analysed via software to produce the
required brace dimensions. This information can then be passed on to CNC machinery
which can cut the frequency matched braces for the given soundboard.

The idea of frequency matching discussed throughout this thesis refers to the
adjustment of natural frequencies in individual systems, so that when combined these
systems produce a set of natural frequencies which are matched to a set standard. In
essence, in using and adjusting the natural frequencies of these individual systems, it is
possible to predict the combined system's natural frequencies before assembly. In
musical terms, this is usually referred to as tuning of the individual components.

2.2 Problem Statement

It is assumed that a great instrument exists and can be used as a benchmark for which
the natural frequencies of other manufactured instruments can be compared. It is also
assumed that the soundboard is given, along with knowledge of its stiffness across the
grain as a precise measurement and not a range of measurements. The question is then to
determine the shape and dimensions of the braces that will be matched to this soundboard
so that the coupled soundboard/brace system has the same natural frequencies as the
benchmark instrument. This calculated shape of the brace can then be easily
manufactured with modern manufacturing techniques to produce a custom brace for that
particular soundboard.

To the best of the author's knowledge, no work has been done on the problem as
formulated above, with the current solution consisting of custom, hand manufacturing
and tuning by a luthier as explained in chapter 1.
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2.3 Methodology

The manufacturing problem as stated above can be rephrased in terms of a vibrations
problem. The problem then becomes one of combining two separate vibrating elements,
consisting of the brace(s) and the soundboard, to produce a coupled system with desired
or specified frequencies of vibration. As stated above, it is assumed that the soundboard
is given and cannot be modified, while it is sought to determine the shape and dimensions
of the brace so that the combined system has the desired frequencies.

As explained in chapter 1 , current state-of-the-art thinking is that it is the first few
modes of the coupled system that are necessary in order to tune the soundboard during
manufacturing. Therefore, it is the first few modes of the combined brace/soundboard
system that will be of interest and the approach taken to solving the problem will make
use of this fact.

While the finite element method is seemingly the industry standard for modeling, it is
not necessarily the best choice to gain insight as to the interactions between the
soundboard and its braces. Other methods are therefore also considered.

The first attempt to gain insight into the problem starts with the simplest possible
model in order to understand how the coupled system interacts. Thus, the analysis begins
with a simple two degree of freedom system. In this first model, the soundboard and its
braces have been simplified to a plate and a single brace, where the first degree of
freedom is allocated to the fundamental frequency of the plate and where the second
degree of freedom is the fundamental frequency of the brace.

Using the insight gained from such a simplistic problem, a continuous model of the
brace and plate setup is then developed and analyzed. Since no exact solution exists for
such a setup, different solution approaches must be considered.

To solve the aforementioned continuous problem, numerical methods such as the
finite element or finite difference methods are often used [H]. Numerical methods are

popular because they are able to model extremely complex shapes accurately. The
disadvantage to using such numerical models is the lack of insight that would otherwise
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be obtained by observing how the model reacts to changes in the overall structure. This is
due to the fact that the method of analysis uses finite functions to construct the solution.

However, in this thesis, methods which use global functions such as the Rayleigh-
Ritz, assumed shape and weighted residuals methods shall be used, as they offer insight
into the overall behaviour of the model as changes are applied. Although limited to less
complex shapes than the numerical methods, they are still able to model many coupled
systems that do not have exact solutions. Furthermore, the assumed shape method has
specifically been chosen as the analysis tool because of its direct approach and ease of
use. It is also preferred because of the vibration insight it gives about the model's natural
frequencies, as well as its corresponding vibration modes [15].

The insight gained from this model will further the understanding of the brace-
soundboard interaction and will enable the development of more complex models
through future research.

2.4 Outline of the Thesis

The thesis begins by looking at the simple mass-spring system used to model the plate
and brace in chapter 3. Chapter 4 gives the theory for the continuous system model by
developing the exact solution for each of the brace and the plate. It also describes the
kinetic and strain energy of a plate for both isotropic and orthotropic materials. Higher
order solutions are also discussed. Finally the assumed shape method is explained.
Chapter 5 gives the results of the analysis for the analytical solutions of the brace and
plate along with a comparison of the solutions from the assumed shape and finite element
methods. The ability to frequency match a brace to a plate is also investigated. Chapter 6
discusses the results obtained through the analysis and also discusses the insight gained
throughout the research. Chapter 7 develops and discusses the possibility of using a brace
having a scalloped shape in order to frequency match more than one natural frequency in
the combined system. Finally, conclusions and recommendations for future work are
given in chapter 8.
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It is hoped, that through this research, a complete and efficient method for improving
the acoustical consistency of manufactured wooden stringed musical instruments, without
dramatically altering their cost, can eventually be developed.
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Chapter 3

Analysis of a Simple Mass-Spring Model

3.1 Motivation

We begin our analysis by looking at a simple mass-spring system. The motivation
behind developing such a simple system is to observe the fundamental interactions that
occur between the vibrating plate and brace. To do so, system 1 will be used as
representative of the plate and system 2 will be representative of the brace. The insight
gained herein will be used in developing a continuous model. It is also the purpose of this
simple model to observe the effects that the connection between the plate and the brace
has on the combined system's natural frequencies.

3.2 System Layout and Setup

The simple mass-spring system can be seen in figure 3.1. The setup involves two
mass-spring systems having each one degree of freedom (IDOF). Three different cases
will be used to analyse the systems. The first involves no coupling between mass - spring
systems. The second involves a rigid link between both systems. Finally, the third is
coupled using a link of certain stiffness. We have chosen to analyse this simple example
to better understand the effect the coupling stiffness between the two systems has on the
natural frequencies of the overall system. A mass - spring system can be used as a simple
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representation of the actual system and helps lay down the ground work for our
understanding of the systems behaviour.

/HWWH
ki

///////////////

Link type between mi & ni2

?????
k2

k3

Figure 3.1: Mass - spring system

No link

------ Solid link

Link with stiffness k¡

The Lagrange method is used to solve the natural frequencies for all three cases. We
must begin by finding the kinetic and potential energy of each case. A detailed derivation
of each case can be found in appendix A. We look at each case individually.

3.3 Case 1 - Two Masses With No Link Between

Them

The first case we look at involves two mass-spring systems that have no coupling
between them. Writing the kinetic and potential energy for both systems gives

System 1 System 2
1

T1=^m1X1
V1=^k1X12

T-- ' 2I2 — — m2x2

V2=- K2X2

(3.1)
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Using Lagrange's method, the natural frequencies for each of the two systems can be
found as

System 1 System 2
f*~ [?? (3.2)

^m1 \m2
The natural frequencies above represent those for each uncoupled system. Because no

link is present between them they do not influence each other in any way.

3.4 Case 2 - Two Masses With a Solid Link

Between Them

The second case involves two mass-spring systems which are coupled using a solid
link. The solid link means that both individual systems now act as one large single system
having only one displacement variable and one natural frequency. Developing the kinetic
and potential energy for the system gives

T=±{mx+m2)xx2 V = ^{kx+k2)x2 (3.3)
Using Lagrange's method, the natural frequency for the overall system (subscript V

for solid link) is given by

-¦'¿SA
Since a solid link couples both systems, each individual system now moves as one

entity. There is therefore only one natural frequency for the system as it remains a IDOF
system. It is evident that it is nothing more than the sum of both the stiffness and mass of
each system.
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3.5 Case 3 - Two Masses With a Link of Stiffness

k3 Between Them

The third case couples the two mass-spring systems using a link of stiffness k3 . The
individual natural frequencies of each system influence each other to create natural
frequencies of the coupled system. The kinetic and potential energy for the coupled
system can be expressed as

T = -^2+-™!*!2 v=^k\x\2+^k2x2+^ki{x2~xx)2 (3·5)
Using Lagrange's equation, it can be seen that because the system now has two

degrees of freedom, there are two natural frequencies for the coupled system. The
subscript '/?' is for the plus root and the subscript 'm' indicates the minus root

?1=-- (-W1 fe +^)-OT2(A3+*,)2m,m2

+Jmf (¿3 + k\ + 2k2k3 ) + m\ (fc32 + fc2 + 2^1A3 ) + ImxKi1 [k\ - kxk3 - k2k3 - kxk2 ) J
(3.6)

oi = ¦- (-/H1 (fe, + k2 ) - m2 (k3 + kx )Im^m2

-Jmf [kl + k2 + 2k2k3 ) + m\ [k] + kx2 + 2ktk3 ) + 2m,m2 (fc3 - kxk3 - k2k3 - kxk2 ) I
(3.7)

Theses two natural frequencies are those associated with the 2DOF of the new
coupled system. They are complicated by the fact that they are coupled by a link of

stiffness k3 . The effect that each system has on each other as well as the effect the link
has on the system is not yet clear. However it is obvious that the natural frequencies are a
combination of the properties of each system.
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3.6 Understanding the Effect of Stiffness k3

To better understand the effect that k3 has on the coupled system, the two limits of

£3 being very small and very large are considered. To determine what happens when k3

is small, the limit of k3 in (3.6) and (3.7) is taken as k3 goes to zero. This result is given
by

lim al = ^- = ax2 (3.8)

lim a£= -^ = ß* (3.9)
Clearly in the limit, as k3 approaches zero, there is no link between the two masses and
the two natural frequencies should be those of the uncoupled system. This is indeed the

case as can be seen in equations (3.8) and (3.9). To see what happens when k3 is large,

the limits of (3.6) and (3.7) are taken as k3 it goes to infinity. This gives

limß£=A±*2_ = u£ (3.10)
*3->°° /n,+ra2

lim a?m =00 (3.11)

From the previous equations, it can be seen that when k3 becomes very large, the system
begins to act as a coupled system having only one natural frequency equivalent to a
coupled system having a solid link.

Conversely, as k3 becomes very small, the "plus" root natural frequency approaches
that of uncoupled system 1 and the "minus" root natural frequency approaches that of
uncoupled system 2. This result is to be expected from a system having such a small
coupling stiffness that very little energy is transferred from one system to the other.

The above relationships can be further investigated by solving the natural frequencies
using numerical values. This will allow investigation into the behaviour of the system as
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the stiffness k3 is changed. To determine appropriate stiffness and mass for each system,
consider the properties of Sitka Spruce, the material of interest. Since Sitka Spruce, as
well as any other wood, is an orthotropic material, property values in the longitudinal
direction parallel to the grain will be used as described in section 1.7.

Table 3.1: Properties of Sitka Spruce (12% moisture) [14]
Density µ (kg/m ) Young's modulus El (MPa) Poisson's ratio vlr

403.2 10890 0.372

These properties can be used along with the general dimensions of the test specimens
to get a rough estimate for the mass and stiffness of each system. System 1 is represented
by a thin square plate. System 2 is represented by a beam with a square cross section.
The dimensions of the test specimens can be seen in table 3.2.

Specimen 2 - Brace

Specimen 1 - Plate

Figure 3.2: Test specimen
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Table 3.2; Dimensions of the test specimens
Specimen Length ? - Lx (m) Length y - Ly (m) Thickness - h (m)

0.24 0.18 0.003

0.012 0.18 0.012

The calculation of the mass and stiffness for each system is detailed in appendix A. A
summary of these values is found in table 3.3.

Table 3.3; Mass and stiffness of each system
mi (kg) Ic1 (N/m) m2 (kg) k2 (N/m)
0.05575 60569.74 0.01115 65340

The stiffness of the link k3 is varied to see the effect it has on the system. The
analysis is started by considering the natural frequencies of each individual system as
calculated in equations (3.2). For the mass and stiffness stated in table 3.3, the natural
frequencies are

a\ = 1042.33 radi s CO2 = 2420J6rad/s
The natural frequency associated with the systems coupled by a solid link is given by

equation (3.4)

cos = \31l.SSrad/s
As expected, this natural frequency falls between the natural frequencies associated

with systems 1 and 2. Finally, from equations (3.6) and (3.7), the two natural frequencies

associated with the coupled system having a link of stiffness k3 are calculated. It can be
seen from these equations that they are highly dependent on values of &3 . The values of

the natural frequencies have been tabulated for various values of &3 and are given in table
3.4.
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Table 3.4: Natural frequencies for various values of k,
k3 (N/m) top (rad/s) iom (rad/s)

1 1042.34 2420.78
10 1042.42 2420.95

100 1043.19 2422.61
1000 1050.74 2439.28

10000 1112.06 2605.01
100000 1287.90 4006.27

1000000 1361.43 10616.80
10000000 1370.81 32883.14

100000000 1371.77 103766.07
1000000000 1371.87 328067.65

The 1st natural frequency versus the stiffness k3 is shown in figure 3.3, and it can be
seen that within a range of stiffness of 1000 to 1000000 N/m, k3 has a large effect on the
coupled system's natural frequencies. However, below these values, the system acts as
two separate systems with a 1st natural frequency of about 1042 rad/s, which coincides
nicely with that of the natural frequency of system 1 . Above these values, the system acts
as a system with a solid link with a 1st natural frequency of about 1372 rad/s.
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Figure 3.3: 1st natural frequency versus the stiffness k3

The 2nd natural frequency, is considered in figure 3.4 and it can be observed that
below 1000 N/m, the coupled system has a value of approximately 2421 raaVs. This
coincides with the natural frequency of system 2. Above 1000000 N/m the link becomes
so stiff that the system acts as though coupled by a solid link causing the 2nd natural
frequency to increase to infinity.
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2nd Natural Frequency vs. Stifness k3
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Figure 3.4: 2" natural frequency versus the stiffness k3

These observations indicate that if the coupling stiffness falls outside the range of
1000 to 1000000 N/m, a much simpler approach can be used to determine the systems
natural frequencies. The coupled system can either be modeled as two separate systems if
the stiffness is very small, or as a single system having a solid link if the stiffness is very
large.

While this chapter presents an overly simplistic approach to the modeling of the
system, it gives good insight into its behaviour. In the following chapters, better models
for the system using beam and plate theory will be considered.
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Chapter 4

Analysis of Continuous Models

The purpose of the following methods is to calculate the natural frequencies of the
plate model with the attached cross-brace, as shown in figure 3.2 of chapter 3. It is also
the purpose to visually demonstrate the mode shapes of the vibrating system. These mode
shapes are the visual display of the manner in which the system vibrates and each shape
or mode of vibration relates to a specific natural frequency. Certain simplifications were
made in order to solve the system using the methods described herein. It has been
assumed that the system is conservative in nature allowing us to neglect damping.
Although there is a certain amount of damping found in wood, its effects on the lower
natural frequencies is thought to be minimal and has been neglected. This is justified
because the lower frequencies have a larger effect on the soundboard tuning than do the
higher frequencies [6]. Finally, it is also important to note that the vibration studied
herein is that of the free response and not that of the forced response.

The chapter begins by looking at the exact theory for both the plate and the beam
which are later used when comparing the results from chapter 3. Higher order solutions
for the plate are then given in order to see the effect that neglecting shear deformation
and rotary inertia have on the analysis. The energies for an orthotropic plate are given in
order to improve the model. This is followed by the explanation on how the simply
supported modified plate will be modeled. Finally, the assumed shape method is
described in detail, as well as an attempt at an alternate method which uses similar theory
to the assumed shape method.
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4.1 Beam Theory

As was done in the previous chapter, the analysis of the continuous system will be
broken down into the analysis of the brace and of the plate separately and then together as
a coupled system. The study begins by looking at the simpler of the two components, that
of the brace. While the brace can be analysed using plate theory having two edges simply
supported and two free edges, it can also be analysed using beam theory. In fact, because
the ratio of its width to its length is so large, beam theory is better suited to this system.

Using beam theory, exact solutions for the vibration of the brace can be found. As
with any exact solution, depending on the exact beam theory used, certain assumptions
are made. The assumptions made are similar to those that are mentioned in section 4.2 on
classical plate theory. Differences are due to the fact that only one planar axis is now
present during analysis. Since beam theory is only used for comparative purposes, the
results are given by Hamilton's principle for simply supported beams. These results are
outlined in [16] and given by equation (4.1) below.

The natural frequencies for a simply supported beam are

«)„ =p2 my
KLyJ

FJ
for mv=l,2,... (4.1)

P

where m is the mode number, Ly the length of the beam, E Young's modulus, / the
area moment of inertia and ? the beam's mass per unit area. The corresponding mass

normalized modeshapes can be shown to be

2 m Ky
wmy(y) = J—Tún t— for m, =1,2,... (4.2)\PLy Ly

The area moment of inertia of a beam with a rectangular cross section is given by
equation (4.3).

l = h&- (4.3)
12

where L0 is the width of the beam and \ is the thickness.
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It is important to note that the results for this particular beam theory do not take into
account shear deformation or rotary inertia. For such analysis, the results of the
Timoshenko beam theory should be used.

4.2 Plate Theory

To set a benchmark for the study that is being performed on the plate, the extended
Hamilton's principle is used to give an exact solution to the isotropic simply supported
plate problem at hand, figure 4. 1. The exact solution to the plate problem is used as a
measure of comparison to validate the more complex problem later on.

y

V Ly

Figure 4.1: Plate problem

The extended Hamilton's principle is a variational energy method. As with any exact
solution, a certain number of assumptions are made. For a thin plate, these assumptions
are found within the classical plate theory developed by G. Kirchhoff. These assumptions
are [17]:

1. When compared to the plate's thickness, deflections are small.
2. Transverse normal stresses are neglected.
3. Transverse shear stresses are neglected.
4. Straight lines normal to the plate's neutral plane before deformation remain

normal to the neutral plane during deformation.
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The displacement field used to develop the energy equations is bounded by these
assumptions. It follows from the above assumptions that the displacement field has the
following form [18]

u(x,y,z) = -z—-
ox

v{x,y,z) = -z^ (4.4)3y
w(x,y,z) = w0(x,y)

where u and ? are in-plane displacements, w is the transverse displacement and W0 is
the transverse displacement of the neutral plane. Equation (4.4) implies that w is the only
independent variable and that u and ? are dependent and bounded by the motion of w .
From this displacement field, the non-zero linear strains can be shown to be [18]

du 32Wn
dx dx2
ov ^2W, .. _.e = — = -z—t- (4.5)

y dy By2
12.du dv „ 3 Wn7 = — + — = -2z-1V 3„ ^ *¦:dy dx dxdy

where e? and e are the in plane normal strains along the ? and y axes respectively and

? is the in-plane shear strain. For a vibrating plate, the stress-strain relationships are

obtained from the generalized Hooke's law for a biaxial state of stress [19]. These stress-
strain relationships are

E vE

x 1-v2 * 1-v2 '
E VE <? *S

y 1-v2 y 1-v2

where s? and ay are the in-plane normal stresses along the jc and y axes respectively
and t is the in-plane shear stress, E is Young's modulus, G is the shear modulus and

finally, ? is Poisson' s ratio.

34



Analysis of Continuous Models

It is these linear stresses and strains that are used to develop the strain energy
equation U with all the implications of the assumptions made by Kirchhoff in
developing the Classical Plate Theory.

Strain and kinetic energies of a plate are used to describe the motion of the plate.
They can be easily developed for an isotropic plate [20].

4.2.1 Strain Energy

The plate's strain energy is given by [20]

1 LxLyV 2U=^D\\ (W» + WJ +2(1^)K-Vjz o o L
dydx (4.7)

where each subscript on the displacement variable w represents a partial derivative along

that axis (eg. w„ = —=- ) and where D is the plate's stiffness defined asdx

Eh3
D= , 2. (4.8)12(l-v2)

and h is the thickness of the plate.

4.2.2 Kinetic Energy

The plate's kinetic energy is given by
L L1

T = ~yjw2pdydx (4.9)2

where the dot above the displacement variable w represents the time derivative, ? is the

mass per unit area of the plate such that p = ßh, µ is the material density and h the
plate's thickness.
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4.2.3 Hamilton's Principle

The equation of motion and the boundary conditions of a given system can be
determined via the extended Hamilton's principle. It is generally expressed as [17]

h

¡{ST + SW)dt = 0 (4.10)
h

where the ST term is the variation in kinetic energy and SW is the variation in work of
the given system. Equation (4.10) is based on the assumption that each end of the path is
known, consequently the virtual displacement at times i, and t2 are zero (eg.

Sw (x, y,tx ) = Sw ( x, y,t2) = 0). Hamilton's Principle for the plate seen in figure 4.1 has
been developed in appendix B.

The kinetic energy term T comes from the kinetic energy of the plate as defined in
equation (4.9). The work term W is composed of external forces due to potential energy
V and internal forces due to strain energy U . Therefore the total work of the system is
given by

W = -V -U (4.11)

For the present system, only the strain energy of the plate applies, which is obtained from
equation (4.7).

4.2.4 Hamilton's Principle Results for a Simply
Supported Rectangular Plate

After developing Hamilton's principle (appendix B), we obtain the partial differential
equation (PDE) of the rectangular plate as well as the plate's boundary conditions. The
PDE representing the equation of motion of the plate and can be shown to be [17]

2- rd4w „ 34w 34??d'w ^
dx'+2dx7dy7+'dy,4 = 0 (4.12)

After some manipulation, the simply supported boundary conditions reduce to
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w = 0

w = 0

d2w
Bx2

B2W
By2

= 0

= 0

at jc = 0,L

at y = 0,L

(4.13)

(4.14)

Equations (4.13) are the boundary conditions for the edges running along the y-axis and
equations (4.14) are the boundary conditions for the edges running along the *-axis.

Assuming a solution having a harmonic time dependence that depends on the
frequency ?, equation (4.12) reduces to

D ^a4W „ 34w 34-?¦ + 2-
w a w

¦ + ¦ = ? pw (4.15)Bx" Bx2By2 By"
Once a solution in w is found for equation (4.15) and the boundary equations have been
applied as detailed in appendix B, it is possible to solve for the natural frequencies and
modeshapes of the system. The natural frequencies for a simply supported isotropic
rectangular plate are found to be [17]

(On, m =pmxmy v4

S1 (» \
+

m„
for mx,my =1,2,. (4.16)

The corresponding mass normalized modeshapes can be shown to be

wmxmy{x>y)= ? _ - sin-^sin^— for mx,my =1,2,... (4.17)

where mx represents the mode number along the jc-axis and my represents the mode
number along the v-axis.

The values obtained in equations (4.16) and (4.17) for the natural frequencies and
modeshapes are the exact solutions to the simply supported isotropic rectangular plate
problem. They will be used to verify more complex approximate solution methods to
plate problems for which no exact solutions are known.

37



Analysis of Continuous Models

4.3 Higher Order Solutions

While the plate problem, based on the Kirchhoff assumptions, admits an exact
solution, it does not take into account shear deformation effects or rotary inertia, both of
which reduce the natural frequency of the system by decreasing its overall stiffness and
increasing its overall effective mass, respectively [21]. For this reason, the Kirchhoff
theory applies only to thin plates, as these effects are negligible. As the plate's thickness
increases, these effects become more prominent. To account for this, higher order
solutions to the plate problem have been proposed. Notably, a first-order solution was
developed by R.D. Mindlin which includes these two effects. This thesis does not
develop this equation, however relationships that relate exact solutions between the
Kirchoff model and the Mindlin model are presented in [18]. Knowing the natural
frequency using the Kirchoff model, one can calculate the natural frequency of the
Mindlin model using:

\?,?^?? 6K¿3_
ph 1 +-KJ J^ 1 +

Ks(\-v)

? h2(1 + — ¿ymm ) ?-> '? V D
1 +

Ks{\-v)

(4.18)
ph

3KG (oim)

where the subscripts K and M on the natural frequencies represent the Kirchhoff and

Mindlin models respectively and Ks is the shear correction factor suggested by Mindlin
and for isotropic plates, is given by

5
K

s 6-v (4.19)

Numerical results have shown that including shear deformation effects has a much larger
impact on the natural frequency results then does including rotary inertia effects [18].
Neglecting rotary inertia, however, greatly simplifies the equations. By neglecting the
rotary inertia effects, equation (4.18) becomes
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U) = (^)* (4.20)
6(i-v)ä-,Vdi(l-v).

Equations (4.18) and (4.20) are easily used to compare values between the Kirchhoff
plate model and the Mindlin plate model. This allows for the observation of the effect the
plate's thickness has on the natural frequencies of the system.

4.4 Orthotropic Plates

In order to improve the accuracy of the model, the orthotropic properties of wood are
modeled. The difference between an isotropic plate and an orthotropic plate lies in its
material properties. In developing the energies of a plate, the only material properties that
need to be considered in evaluating the difference between an isotropic and orthotropic
plate are Young's modulus E and Poisson' s ratio V . An isotropic plate has a uniform
Young's modulus and Poisson's ratio acting in all directions as seen in equations (4.6).
On the other hand, an orthotropic material has different values for these same material
properties along all three of the orthotropic axes (eg. ?, ?, ? ). In wood, this occurs

because grain runs longitudinally along the length of the wood. Also, since grain grows
as a ring, properties are different both in the radial and tangential direction with regard to
these rings as explained in section 1.7. While the displacement fields in equations (4.4)
and the non-zero linear strains in equations (4.5) are unaffected by these differences in
material properties, the same cannot be said about the stress-strain relationships. For an
orthotropic plate the stress-strain relationships become [19]

^1=S1A + S^,
s,= S¿¡, + S„e, (4.21)
t =Gyxy I xy

where the S are stiffness components that are defined as
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iJ„ — '
1-v ?

xy yx

S= Ey (4.22)
1-v ?

xy yx

? E ? E
c _c — yx ? _ xy y

*y J» l_v v i_v vxy yx xy yx

The subscripts represent the direction or the plane in which the material properties act.
Therefore, Ex is the Young's modulus along the ?-axis, Ey along the y-axis and V0,
and ? the major Poisson' s ratios along the x-axis and y-axis respectively.

4.4.1 Strain Energy for an Orthotropic Plate

Using the modified stress-strain relationships of equations (4.21), the strain energy
for an orthotropic plate is given by [20]

U=\] 1[DxWlx + 2?^? + Dy„ + 4Dkwl ] dydx (4.23)1 o o

Note that plate's stiffness D can no longer be taken out of the integral because it has
different values in each direction and these are defined as

12 12 (424)
S„h3 Gxyh*

* 12 k 12

4.4.2 Kinetic Energy for an Orthotropic Plate

Because the orthotropic properties of the plate only affect the plate's stiffness and not
its density, the potential energy for an orthotropic plate remains the same as described for
an isotropic plate in equation (4.9).
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4.5 Modified Plate Energies

The problem that is of most interest in this thesis is not that of the simply supported
rectangular plate as seen in figure 4.1, but rather that of a modified simply supported
rectangular plate having a brace across its width as seen in figure 4.2.

Ly Cross brace

/

0
h

Pate0

X] X2

Figure 4.2: Modified simply supported rectangular plate with cross brace across its width

One way that can be used to solve such a problem is to modify the strain and kinetic
energies directly in order to account for the change in thickness between jc, and x2 . This
modeling is based on the insight gained from chapter 3, where two systems, connected by
a solid link, have a natural frequency composed of both the sum of stiffness and of mass
from each system as seen in equation (3.4). Since the strain energy is a function of
stiffness and the kinetic energy is a function of mass, the same principle can be applied.
To do so, we look at both energies individually.
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4.5.1 Strain Energy for a Modified Plate

Looking back at the strain energy for a rectangular plate in equation (4.7), it can be
seen that the only term affected by the change in thickness between Jc1 and x2 is the
stiffness D . This can be confirmed by looking at the stiffness equation (4.8), which
contains the thickness term h . One way to overcome this change in thickness is to split
the integral of equation (4.7) into three separate parts so that the strain energy becomes

z o o L

1 XlLyr 2+TDJf K + wJ +2(?-?)(?£-?>?)Z X1 0 L

+
1 Lx T 2
L X2 0 L

dydx

dydx

(4.25)

Here, Dp and Dc are the stiffness for the sections having different thicknesses which can
be seen in figure 4.2 and can be written as

EhID = p-—
p 12(l-v2)

and D = EK

12(l-v2)
(4.26)

The same can be done for a modified orthotropic plate, by splitting the integral of
equation (4.23) into three parts

U=k\ ¡[D*pW* + 2D*yPW~wyy + Dyp< + AD*< ]^
\ J J[DxWL + IDxyc^yy + D>„wj, + AD^ ] dydx (4.27)Z X1 0

— Í [\d w2 +2D w w +D w2 +4D1, w2 Idydx^ J J |_ xp XX xyp xx yy yp yy kp'rxy\J

0 0

+ -

X1 0

42



Analysis of Continuous Models

The stiffnesses D are now section specific because of the change in thickness h from Xx

to X2:

D = *=£ D =^Á- D =*s£ D =G^
* 12 w 12 ^" 12 *" 12

and (4.28)

D = **£ ? =Í¿ ? =? ? =?
12 vc 12 ^ 12 te 12

4.5.2 Kinetic Energy for a Modified Plate

The change of thickness between X1 and x2 also affects the kinetic energy due to the
mass per unit area term ? in equation (4.9). The mass per unit area ? is defined as
? = µ- h from which it is clear that it contains a thickness term h . Similar to the method
used to modify the strain energy term, the kinetic energy can also be written to take into
account the change in thickness from Jc1 to x2 :

T = \\ JvvVp dydx+Y\ ¡w2pc dydx+Y\ ¡w2pp dydx (4.29)
where the density per unit area ? is now calculated as:

PP=M-K and pc= µ- hc (4.30)

As mentioned in section 4.4, since the orthotropic properties of the plate do not affect
the plate's density, the orthotropic kinetic energy remains the same as given in equation
(4.29).
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4.6 The Assumed Shape Method

By using exact methods, it becomes extremely difficult to study anything other than
simple models that have already been derived. Since this study goes beyond the analysis
of a simply supported rectangular plate, a different method must be used.

The problem in question can be seen in figure 4.3, where a plate has been fitted with a
brace across its width. No closed-form solution is expected.

Ly

V

o
h

h
O

X1
Xi

Figure 4.3: Orthotropic rectangular plate fitted with brace across its width

The addition of a brace across the width of the plate means that the properties of the
overall system are not constant throughout. Notably, the plate becomes thicker between
X1 and X2 . The grain also changes direction in this area, meaning that Young's modulus
and Poisson' s ratio values also change direction with the grain.

To accommodate for these complexities in the system, an approximate method may
be used. The approach chosen for the analysis here is the assumed shape method, which
is also known as the assumed modes method or in some cases the Rayleigh-Ritz method
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even though a similar but different method also takes this name. This method has been
chosen because of its inherent ability to be both developed intuitively and to give clear
physical results. Other approximate methods were considered, including global functions
methods in which trial functions extend over the entire domain of the system. Such
methods, which include the assumed shape method, also include the Rayleigh-Ritz
method and the Galerkin method. The latter two methods are not used because they
involve solving the harmonic free response before the application of the chosen trial
functions to the problem, whereas the assumed shaped method solves for the harmonic
free response after the chosen trial functions are applied. While all three methods lead to
the same eigenvalue problem, which generally converges rapidly, the assumed shape
method allows for the development of a more intuitive solution on which this work is
based.

Also considered was the finite element method. While this method offers significant
advantages over the other three methods, namely its ability to model complex systems
and boundaries, its disadvantage for the purpose of this work, is its inability to be
developed using the known mode shapes of the system without the brace and it also
requires a large number of degrees of freedom in order for the solution to converge to
accurate results. Contrary to the nature of the global functions approach, the finite
element method uses local functions which extend over small subdomains of the system
known as finite elements [22], thus expected global behaviour based on the exact solution
of a simple plate problem cannot be incorporated into this solution approach. As a point
of interest, any of the three mentioned global functions methods can be used to solve the
eigenvalue problem of each individual finite element. The exact solution can also be used
for elements that have shapes with known solutions. Nonetheless, the finite element
method is used to compare results obtained from the assumed shape method.

All the methods mentioned use the superposition of a finite number of pre-assigned
mode shapes on which the solution is built. In this manner, it is possible to discretize the
system [15].
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4.6.1 Procedure for Developing the Assumed Shape
Method

The assumed shape method is a technique used to model a continuous system as a
discrete one, thereby simplifying the solution. The assumed shape method is used to
determine the equation of motion of a system from which an eigenvalue solution may be
determined. The first step is to approximate the displacement w(x, y,t) in the transverse ?
direction. To do so, a finite series for the displacement is chosen as [22]

w(*, y. 0 = £ S A* (*. y) ¦ <inxny (0 (4-31)
nx=\ ny=2

The f? n are the chosen discrete spatial trial functions and qn n (t) are the generalized

(time-dependent) coordinates. Also, mx and nx represent the mode number and trial

function number in the ? direction respectively and my and ny represents the same in the
y direction.

4.6.2 Trial Functions

The next step is to choose a suitable set of trial functions. The trial functions should
satisfy the geometric boundary conditions and be complete in order to ensure
convergence of the solution [22]. Because the trial functions satisfy the geometric
boundary conditions from the beginning, no other considerations of the boundary
conditions need to be taken into account while solving the problem.

A simply supported plate represents geometric boundary conditions on its perimeter
such that the transverse displacement w of the perimeter of the plate is zero as seen in
equations (4.32) and (4.33) [17].

w = 0 at x = 0, L, (4.32)

w = 0 at y = 0,Ly (4.33)
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When looking at the general solution to the rectangular plate problem, an exact solution
having a displacement w as indicated in equation (4.17) is found. It is generally common
in the assumed shape method to use the same modeshapes of a related simpler problem as
the trial functions of the more complex problem in order to obtain good results [22].
Since in the case of this study, the modeshapes of the simply supported rectangular plate
are known, these will be used as the trial functions in the finite series of equation (4.31),
such that

(

f„„ =sinTnrnv ?^p-
V

f
sin

-? J

\
y?,-p-f (4.34)

where ? represents the position along the x-axis and Lx the total length of the plate in the

same direction and where y and Ly represent the same along the y-axis.

It is also possible to use other complete sets of trial functions. One such set that may
be used is that of a polynomial series such that

F =
f „ V"'-'> f y v«,->)
KkJ KLyJ

(4.35)

Alternatively, a mix of a trigonometric and polynomial trial function can also be used
over a two dimensional plate, as given by

f ? V»'-1)
v^y

(
•sin

?
yny-x-fV LyJ

(4.36).

The latter trial functions are used to verify the accuracy of the first set of trial functions in
equation (4.34). While both sets of trial functions will produce slightly different results,
they should all be within the same general range in order to validate the method. For
plates, trigonometric functions usually produce more accurate results than do polynomial
functions because they are the eigenfunctions of the simple plate problem and better
match the dynamic characteristics of the plate than do polynomials [22]. For this reason,
the trial functions as defined in equation (4.34) are used.

Applying the trial functions of equation (4.34) to the displacement equation (4.31),
gives a discrete series
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^j,í)=¿E
my ( (

sm ?·p· sin

-w

?

v Ly J
InAt) (4.37)

Setting the mode number to 2, for example in both directions {mx and my J , gives a
displacement for the plate of

W = Sm
f-? (xy\p?

sin

VLyJ
qn(t) + sin

? p?^
Khj

sin
^2?·??
vL> y

+sin
f 2p? ?

Lx J
•sin

( ?

vL^y
q2i (t) + sin

^2^-x^
vh J

4i2(0

A^_ ?
(4.38)

•sin
2p?

K ly J q22(t)

It is this displacement that is then used in the strain and kinetic energy equations of
sections 4.2, 4.4 and 4.5.

4.6.3 Strain and Kinetic Energies

Using the chosen trial functions, the next step is to develop the strain and kinetic
energies for the system being considered. Since four cases are being considered, four
separate strain and kinetic energies must be determined. These cases have already been
developed in previous sections. Notably the case of a simply supported rectangular plate
is developed in section 4.2, the orthotropic simply supported rectangular plate in section
4.4 and both the regular and orthotropic modified simply supported rectangular plates
having a brace running across their width are developed in section 4.5.

Continuing the example using a mode number of 2 in both directions, the
displacement, as calculated in equation (4.38), can be inserted into one of the previously
developed strain energy equations by taking the displacement's second derivative in both
directions such that
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Substituting equations (4.39) into, for example, the strain energy for a simply
supported rectangular plate as developed in equation (4.7), after some simplification, the
result becomes

Dk"
U =

SUxL]{(4 +2L2L2 + L^1 +(164 +8L2L2 +Üy)qf2 (4.40)

+(l:+8L2L2+16L;)^+(16L:+32L2L2+16L;)4]
The same can be done for the kinetic energy of a simply supported rectangular plate

as developed in equation (4.9), by taking the time derivative of the plate's displacement
in equation (4.38) such that

dw
w = — = sin

dt
f Kx ^
\LXJ
ir, ?

sin

+sin
2??

\~LX ) ¦sin

f ?
Ky

^yJ
Ky

^LyJ

¦à.(0 + sin
1 KX^

021 (0 + sin

KLxJ
(2kx^

•sin (2Ky}
V Ly J

¦0,2(0

K Lx )
¦sin

V Ly J

(4.41)

•022(0

The time derived displacement is then substituted into the kinetic energy equation which
leads to a simplified result given by

PLxLT = X y (-2 -2 · 2 · 2 \
011 +012 +021 +022 J (4.42)
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The same approach can be used to develop the strain and kinetic energies for an
orthotopic and modified plate of sections 4.4 and 4.5.

4.6.4 Lagrange's Equations

To find the equation of motion, the potential and kinetic energies are used in
Lagrange's equations. Lagrange's equations can be written as [22]

d_
dt

( dT

d<lnxn
+- = Qnn > nx=l,2,...,mx and ? =1,2,..., m (4.43)

y J d1nxny dqnx„
where Qn n are the generalized non-conservative forces and where V is the potential

energy. Since there are no other forces acting on the system, Qn n = 0 . Also, since the

potential energy V has not yet been defined, it is important to look at all the potential
energies in the system. Given that the only potential energy in the plate system under
consideration is that of the strain energy, then:

V = U (4.44)

Continuing with the example by substituting in the strain and kinetic energies of
equations (4.40) and (4.42) respectively into Lagrange's equations, equation (4.43), it is
possible to determine the equation of motion of the system. First, some preliminary
derivatives are calculated as

dt
dT

àqnrny J

PLxL,? y

4

0

0

0

0

pLxLy
4

0

0

dT

0

0

pLxLy
4

0

0

0

0

pLxLy

«11

All.

(4.45)

= 0 (4.46)
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(4+4)2
44

o

O

O

O

44

O

O

O

O

(4+4L-)2
44

O

O

O

16

O

(4+4)2
44

ill
012
021
«22

(4.47)

It then follows that the equation of motion is

where A/ is the mass matrix

~1 0 0 0
pLL

4

0 10 0
0 0 10

0 0 0 1

and K is the stiffness matrix given by

K =
?p*

(4+4)2
44

o

0

0

0

(44+4)'
44

0

0

0

0

(4+4L-)2
44

o

o

0

16

0

Additionally, q is the generalized coordinate vector:

(4.48)

(4.49)

(4.50)

(4.51)

It is important to note that for any linear conservative system, the equation of motion
will be the same as that presented in equation (4.48), however the mass matrix M and
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stiffness matrix K will be system specific. Once again, the same can be done for
orthotropic and modified plates of section 4.4 and 4.5.

4.6.5 Generalized Coordinate Solution

Letting the generalized coordinate system have a harmonic solution as in [17], then

q = Acos(cot + 0) (4.52)
Here, ? is the system's natural frequencies, f the phase shift and A is a magnitude

vector of dimension mxxmy by 1 . Then replacing the assumed harmonic solution into the
equation of motion, equation (4.48) becomes

-?a?????,(?? + f) + ????$(?? + f) = 0 (4.53)
Taking out the common factors

(K- (O1M)AcOs(UX + f) = 0 (4.54)
Finally, since cos (ox + f)*0, then it is clear that equation (4.54) leads to

(K-(O2M)A = O (4.55)
This equation is an algebraic eigenvalue problem which represents a set of simultaneous
algebraic equations.

4.6.6 Eigenvalue Problem

The eigenvalue problem of equation (4.55) can be solved using the standard
approach. While most computational software now available have built in eigensolvers, it
is also possible to solve the eigenvalue problem by first equating its determinant to zero:

det [(AT-ûftlf)Â] = 0 (4.56)
Since nonzero solutions are sought, A F 0 so then
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UQt[K-(O2Ai] = O (4.57)
Calculating the determinant, a polynomial is obtained for the natural frequency ? .
Solving this polynomial equation yields the total number of possible natural frequencies.
The number of natural frequencies is due to the order of the polynomial and the order is
directly based on the number of degrees of freedom of the system.

Once the natural frequencies have been found, they can be substituted back into

equation (4.55) one by one. For each natural frequency, a nonzero vector A can then be
found. Since equation (4.55) is made up of multiple independent equations with one

dependent equation, it is necessary to set one of the values in vector A . It is then possible
to solve for the other values in the vector. Modeshapes (or plate displacements)

associated with each natural frequency can be calculated by substituting each vector A
into the generalized coordinate equation (4.52). The generalized coordinate q is then

substituted into the displacement equation (4.31). In order to calculate the maximum

amplitude of the displacement, the time function cos ( (Ot + f) must be equal to 1 . The
result is a modeshape associated with each natural frequency obtained for the system.

To solve the example started previously, the mass matrix and stiffness matrix
determined in equations (4.49) and (4.50) respectively are substituted into the eigenvalue
problem, equation (4.55). The eigenvalue problem can then be solved using an
eigensolver. This results in a set of natural frequencies given by

" O^(L4x + 2L]L]+L\)

(D2

0)A

L4L4
* y

D^(í6L4x+SL2xL]+L4y)
L4L4? y

?p4 (Lx+SL]L] + l6L4y)
L4L4

Jt y

16D^(LX + 2L]L]+L4y)
L4L4? y

(4.58)
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and a set of magnitude vectors given by

"A,
A12
A3

.A4

where the magnitude column vector A1 is associated with the natural frequency Cu1 and

so forth, that is A1 = [An A12 A13 A14] . In this case, the magnitude matrix A is found
to be the identity matrix because the solution is obtained for a rectangular plate. Since the
trial functions used are the exact solutions for the plate, each trial function is individually
the solution to one of the modes. Generally when the exact solution is unknown, the
assumed shape method modal solutions would be built from a combination of trial
functions having different magnitudes A . This would then increase the magnitude
matrix's population.

The Maple codes used to solve all four cases, including the isotropic and orthotropic
rectangular plates, as well as the isotropic and orthotropic rectangular modified plates, for
a various number of trial functions can be found in appendix D. The simply supported

rectangular plate using 2x2 trial functions used as an example herein was developed
using one of these codes.

4.7 Alternate Method

For comparison purposes, an alternate method was considered where the brace and
plate were separated along the jc-axis at the location of thickness change, figure 4.4. This
leads to a modification of the assumed shape method in which the boundary conditions of
the first section of the plate are equal to those of its second section at X1 and the boundary

conditions of the second section are equal to those of the third section x2 .

A21 A31 A41
A22 A32 A42
A23 A33 A43
A24 A34 Ah

10 0 0

0 10 0
0 0 10
0 0 0 1
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Section 1

Section 3Section 2

Cross brace

Plate

Figure 4.4: Modified plate divided into sections along the x-axis

If each section is considered to be an element with distinctive properties, then the
method can be considered to be a form of the finite element method. This method was

demonstrated to work for a two-section beam by Dr. Frank Vigneron in a set of
unpublished notes given in appendix C [23], where a polynomial of the form found in
equation (4.60) must be used in order to satisfy both the simply supported boundary
conditions as well as the displacement and slope conditions found between the element
boundaries.

A =
f x v->
\hj

(4.60)

Expanding this method to a three section beam has also been found to work well when
compared to the exact solution of a single-section beam.

Problems with the method begin to occur when expanding it to a two dimensional
plate. Degrees of freedom no longer seem to match the dependence of the available
equations. Polynomials of the form seen in equations (4.61) and (4.62) have been tried
with little success.
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F =
\(»,-i) ( ??_1)

\hj KLyJ
f

¦sin

?
y?,-p-fV Lyj

(4.61)

(4.62)

Further investigation of this method is required in order to pinpoint the cause.

Analysis of all the methods described herein was done using Maple. Its symbolic
computational abilities allowed the creation of algorithms which could symbolically
solve the problem set forth using the various methods. Using Maple, a set of results were
obtained and analysed.

56



Chapter 5

Results

The purpose of this analysis is to first validate a theoretical model that has not been
used on a problem similar to that of the plate problem shown in chapter 4, and secondly,
to verify if it is possible to frequency match a brace to a plate so as to obtain a desired set
of natural frequencies from the coupled system knowing their respective properties
before assembly. To do this, an in-depth analysis of all the theoretical models presented
in chapter 4 will be performed. The results obtained herein are discussed in greater detail
in chapter 6.

5.1 Software

5.1.1 Maple

In order to analyse the many cases described in chapter 4, it is necessary to formulate
the problems using computational tools, which make it easier to change variables and
update models. Maple is a symbolic algebra system produced by Waterloo Maple Ine
which has the benefit of allowing a user to solve problems symbolically rather than
numerically. This gives much greater insight into the internal workings of the theory as it
is solved for various cases.

Once an algorithm is created satisfying the theory presented in chapter 4, Maple will
create a symbolic solution to the eigenproblem. From there, various properties can be
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given a value and the solution can be obtained analytically. By changing the property
values, a new set of results can be obtained almost instantaneously. The advantage of

solving such a complex set of equations symbolically is that once solved, it's a simple
matter of solving the eigenproblem. Changing certain properties and seeing their effect
on the system becomes a simple matter of entering the new values into the equation.

Three isotropic models are first analysed, notably that of the brace, the plate by itself
and the plate with the brace across its width as seen in figure 4.2. Both the exact solutions
(when available) and assumed shape method solutions are used in order to validate the
accuracy of the latter method. These values are then compared to those of chapter 3 in
order to verify if the same trends exist for both models. This will then help give insight as
to what needs to be done in order to frequency match a cross-brace to a given plate in
order to obtain the desired results from the coupled system.

Once the model has been validated, orthotropic properties of the wood will be taken
into account in order to improve the model.

5.1.2 ANSYS

For the purpose of comparison and validation, a finite element model was also
created. This helps verify the claims made about global versus finite element trial
functions. While most of the analysis is done using global trial functions via the assumed
shape method, the models have also been created using the finite element method. In
order to do so, ANSYS was used to create these models. ANSYS is an engineering

simulation software produced by ANSYS, Inc. It specializes in finite element analysis
and more specifically for the purpose of this study, finite element modal analysis. The
results obtained with finite element models are compared to those obtained using the

assumed shape method.
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5.2 System Properties and Dimensions

5.2.1 Materials Properties

The material used throughout the analysis is that of Sitka spruce. Material properties
for Sitka spruce are obtained from the U.S. Department of Agriculture, Forest Products
Laboratory [14]. Since properties between specimens of wood have a high degree of
variability, the properties obtained from the Forest Products Laboratory are an average of
specimen samplings. These properties are used in two ways. The first is by transforming
the wood's orthotropic properties into an isotropic material for validation purposes. To do
so, the properties longitudinal to the wood's grain are used as the materials overall
properties. The properties of wood as an isotropic material are seen in table 5.1.

Table 5.1: Material properties for the isotropic plate and brace [14]
Material Properties Values
Density- µ (kg/rrí5) 403.2

Young's modulus - E (MPa) 10890
Poisson' s ratio- ? 0.372

The second way the material properties are used is as an orthotropic material. This is
based on the naturally occurring properties of wood, which present different properties
along each of its three main axes as seen in figure 1.5 of section 1 .7. Values for Sitka
spruce as an orthotropic material are seen in table 5.2. The subscripts '/?' and 'L' refer to
the radial and longitudinal property directions of wood respectively. These property
directions are adjusted accordingly for both the plate and the brace.
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Table 5.2; Material properties for Sitka spruce as an orthotropic material [14]
Material Properties
Density - µ (kg/m )

Values

403.2

Young's modulus - ER (MPa) 850

Young's modulus - El (MPa) ER/ 0.078

Shear modulus - Gm (MPa) EL ? 0.064

Poisson' s ratio - vlr 0.372

Poisson' s ratio - vRl vlr ? Er/El

It is the orthotropic material properties that are used to verify the feasibility of
frequency matching a brace to a plate.

5.2.2 Plate and Brace Dimensions

A control test specimen, having the same dimensions for every analysis, is used. The
dimensions of the plate are based on a typical area of instrument soundboard for which a
brace is used for structural reinforcement. The thickness of the plate is based on a typical
soundboard thickness and the braces dimensions are also typical. The brace dimensions
are defined as in figure 5.1.

h
Y

H,

Figure 5.1: Brace showing pertinent dimensions

The plate dimensions are defined as in figure 5.2. Other important reference points
are also indicated.
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V

Figure 5.2: Plate and brace showing pertinent dimensions

All the dimensions used in this thesis for the brace and the plate as well as other
pertinent reference points are listed in table 5.3. To avoid confusion, subscript '/?' stands
for plate, 1V for brace and V for combined plate and brace.

Table 5.3: Test specimen dimensions
Dimensions Values

Length - Lx (m) 0.24

Length - Z0, (m) 0.18

Length - L¡, (m) 0.012

Reference - x¡ (m) Lx/ 2 -U /2

Reference - X2 (m) Xi + Lb

Thickness - hp (m) 0.003

Thickness - hb (m) 0.012

Thickness - hc (m) hp + hb

61



Results

All the values presented herein are used throughout the various analyses. Specifics
will be given for each case.

5.3 Exact Values of the Natural Frequencies

The exact values for the natural frequencies of the brace seen in figure 5.1 using beam
theory are given by (4.1). For both the isotropic and orthotropic cases, the longitudinal
properties of the wood are used in the beam equation. A list of the lowest frequencies
calculated using beam theory can be seen in table 5.4.

Table 5.4: Natural frequencies of the exact solution to the isotropic and orthotropic brace

mv
Natural frequencies of Brace via Beam Theory

(rad/s)
5484.02
21936.08
49356.18
87744.32
137100.50

The exact values for the natural frequencies of the simply supported isotropic plate
seen in figure 4.1 using the classical plate theory of (4.16), as well as Mindlin plate
theory with and without rotary inertia as per (4.18) and (4.20) respectively can be seen in
table 5.5.

Table 5.5: Natural frequencies of the exact solution to the simply supported isotropic plate

Wl» mv

Classical
Plate Theory

(rad/s)

Shear Plate
Theory
(rad/s)

Shear/Rotary
Inertia
(rad/s)

% Error Between Classical
and Shear/Rotary Theory

J_
_2_

1

2307.82 2306.33 2305.92 0.08%
4800.27 4793.83 4792.09 0.17%
6738.84 6726.17 6722.75 0.24%

3_
2

8954.35 8932.00 8926.02 0.32%
9231.29 9207.53 9201.19 0.33%
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5.4 Number of Trial Functions Used

The number of trial functions used in the assumed shape method affects the value of
the results. Since the interest lies within the lower natural frequencies, it is necessary to
determine how many trial functions are needed. The lowest five natural frequencies are
chosen for analysis and comparison. Although only the lowest five natural frequencies
are analysed, because of the nature of the assumed shape method and its method of trial
function superposition, it is necessary to determine how many trial functions are
necessary for these five natural frequencies to converge to values which are sufficiently
close to the exact values. A comparison is done for both the simply supported rectangular
plate with and without the cross brace, as well as for both the isotropic and orthotropic
cases. Since the number of natural frequencies is related to the number of trial functions

used by the equation mxxmy,a minimum of six trial function must be used to obtain five
natural frequencies.

The simply supported isotropic rectangular plate's natural frequencies are found in
table 5.6 using 6 trial functions (i.e. 3 in the x-direction and 2 in the v-direction).

Table 5.6: Natural frequencies of the isotropic plate using 6 trial functions

mx mv
Classical Plate Theory - Exact Solution
______________(rad/s)

Assumed Shape Method
(rad/s)

2307.82 2307.82
4800.27 4800.27
6738.84 6738.84
8954.35 8954.35
9231.29 9231.29

As expected, since the trial functions used are the same as the exact modeshapes for
this system, exact values are obtained no matter the number of trial functions used.

The simply supported orthotropic rectangular plate's natural frequencies are found in
table 5.7 for various numbers of trial functions.
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Table 5.7; Natural frequencies of the orthotropic plate using the assumed shape method

m» mv

Number of modes:
mx = 2, niy = 3(rad/s)

1040.61
2075.18
3332.59
3951.13
4162.45

Number of modes:
mx = 4, my = 4(rad/s)

1040.61
2075.18
3332.59
3951.13
4162.45

Once again the natural frequencies for the orthotropic plate go unchanged, as the trial
solutions are the actual solutions to the system.

For the isotropic modified plate, the natural frequencies obtained for various numbers
of trial functions are seen in table 5.8.

Table 5.8: Natural frequencies of the isotropic modified plate using the assumed shape method
Number of modes: Numher of mod«

Wl, mv

Number of modes:
mx = 4, my = 4

(rad/s)

Number of modes:
mx = 5,my=5

(rad/s)

(rad/s) % change of
previous

Number of modes:
mx = 6, my = 6

(rad/s)
(rad/s) % change of

previous
4262.90 4257.89 0.12% 4257.89 0.00%
7244.29 7244.29 0.00% 7132.40 1.57%
25442.48 11015.53 130.97% 11015.53 0.00%
11825.85 11825.85 0.00% 11611.43 1.85%

1 12821.82 11831.71 8.37% 11831.71 0.00%

For the isotropic modified plate, decent results are obtained from using a 6x6 number
of trial functions since there is less than a 2% change from the previous number of trial
functions. Although higher precision is possible using even more trial functions, this
seems to be the computational limit of the current research setup. Using a higher number
of trial functions causes Maple to become unresponsive during the analysis. It is
unknown whether this is due to a hardware issue or an internal limit within Maple.
Therefore, 6x6 trial functions will be used during the analysis.

It is interesting to note that for 4x4 trial functions, the order of the appearance of
modeshapes changes. This makes this number of trial functions or lower inadequate for
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modeling the system presented. In fact, the modeshape which shows up 3rd in table 5.8,
jthfalls to 8m behind the 2x3, 1x3 and 4x1 modes.

The number of trial functions required for the orthotropic modified plate is examined
in table 5.9.

Table 5.9; Natural frequencies of the orthotropic modified plate using the assumed shape method

WIr /ft«

Number of modes:
m, = 4, my = 4

(rad/s)

Number of modes:
mx = 5, my = 5

(rad/s)
(rad/s) % change of

previous

Number of modes:
IHx = 6, WIj; = 6

(rad/s)
(rad/s) % change of

previous
3719.98 3717.52 0.07% 3717.52 0.00%
4567.43 4567.43 0.00% 4469.28 2.20%
6259.26 6259.26 0.00% 5969.38 4.86%
6798.69 6677.94 1.81% 6677.94 0.00%
7986.43 7986.43 0.00% 7609.13 4.96%

For the orthotropic modified plate, the order remains unchanged for all three sets of
trial functions, however at 6x6 trial functions there is still just under a 5% change from
the previous number of trial functions. While this may not be optimal convergence, due
to computational limits, the natural frequencies obtained are decent for the purpose of this
study. Therefore, as stated before, 6x6 trial function will be used during the analysis.

5.5 Validation

Using the assumed shape method for both the isotropic and orthotropic modified
plates of figure 5.2 or similar has, to the best of the author's knowledge, never been done.
In order to validate the method set forth, it is compared to a finite element model. Results
of the natural frequencies obtained via the assumed shape method for the first five modes
are compared to those obtained using the finite element model. Their associated
modeshapes are also displayed. The finite element method uses over 21000 nodes for
both models. Table 5.10 gives these results for the isotropic modified plate.
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Table 5.10; Comparison of results for the assumed shape vs. the finite element method (isotropic)

WIr mv
Assumed Shape Method

Natural
Frequency (rad/s) Modeshape

Finite Element Method
Natural

Frequency (rad/s) Modeshape

4257.89 5394.9

7132.40 5826.8

11015.53 10017.9

11611.43 10340.9

11831.71 10436.4

The dip in the center of the x-axis for the assumed shape method modeshapes is the
location of the brace, which is clearly visible on the finite element method modeshapes.
The brace stiffens this area and limits the amount of displacement that can occur. Similar
results are also given for the orthotropic modified plate in table 5.1 1.
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Table 5.11: Comparison of results for the assumed shape vs. the finite element method (orthotropic)

mx Hf.

Assumed Shape Method
Natural

Frequency (rad/s) Modeshape

Finite Element Method
Natural

Frequency (rad/s) Modeshape

3717.52 3489.3

4469.28 3528.5

5969.38 4679.0

6677.94 5398.4

7609.13 6287.0

As seen in these two tables, lower estimates are obtained using the finite element
method for all but the fundamental frequency of the isotropic modified plate. However,
all the natural frequencies are within the same range. These interesting results are
discussed in greater detail in chapter 6.

5.6 Simple Mass-Spring Model Comparison

The results from chapter 3 on the two degree of freedom simple mass-spring system
with rigid link indicate that the combined system is the sum of the stiffness and of the
mass components of each system. This leads to natural frequencies for the combined
system which generally fall somewhere between the two separate system's original
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5.7 Frequency Matching

The purpose of frequency matching is to adjust the natural frequencies of the brace so
that when coupled to a soundboard having a given set of natural frequencies, the
combined system's natural frequencies would have predetermined values.

In order to verify the feasibility of frequency matching braces to a plate having a
predetermined cross-grain stiffness, it is necessary to look at effects of a change in both
the Young's modulus in the radial direction ER and the brace thickness \ on the
modified orthotropic plate of figure 5.2. Thus, it is the orthotropic simply supported
modified plate model that is used during the analysis. Although the lowest five natural
frequencies carry a certain importance in frequency matching, only two will be observed
during the variation in structural properties. This is because frequencies that have a mode
of vibration which contains a node at the location of the brace are not as affected by the

brace as those which have a mode which passes through it. Therefore the two frequencies
observed during this analysis are the first and fourth natural frequencies of the orthotropic
modified plate. This is because the second and third modeshapes have a node at the
location of the brace and are not as affected by the brace, contrary to the first and fourth
modeshapes which do not have a node at this location. This can be observed in table 5.13,
where the first and fourth modes use only one trial function along the x-axis such that

o\\mx-\,my=\ and O)4 : mx = 1, my = 2 .
Since it seems that the cross-grain stiffness of a soundboard has a large impact on its

acoustical properties and since this stiffness is related to the soundboard's radial Young's
modulus, the radial Young's modulus or ER is varied to see its effect on the systems
natural frequencies. The brace is kept to a constant thickness of \ = 0.012m .
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Table 5.14; Results of the 1st and 4th natural frequency when varying ER (hb = 0.012 m)
Young's Modulus

ER (MPa)
First Natural Frequency
______?? (rad/s)

Fourth Natural Frequency
o)4 (rad/s)

750 3492.00 6272.83
800 3606.53 6478.56
850 3717.52 6677.94
900 3825.30 6871.55
950 3930.12 7059.84

It is clear from table 5.14 that as ER increases, so do the 1st and 4th natural
frequencies.

A similar analysis is again performed, but this time ER is held constant at SSOMPa

and the thickness of the brace or \ is varied.

Table 5.15; Results of the 1st and 4th natural frequency when varying hb (ER = 850 MPa)
Brace Thickness

hb(m)
First Natural Frequency
_______?? (rad/s)

Fourth Natural Frequency
_________W4 (rad/s)

0.0110 3458.57 6481.33
0.0115 3587.91 6581.25
0.0120 3717.52 6677.94
0.0125 3847.25 6771.21
0.0130 3976.95 6860.91

In the same way as the previous case, from table 5.15, when \ is increased so do the
1st and 4th natural frequencies.

Based on these results and in order to verify if it is possible to get consistency out of
the natural frequencies, an analysis was performed in which an increase in the plate's
radial stiffness was compensated by reducing the thickness of the brace, table 5.16. The
plate's radial stiffness and the thickness of the brace were varied so as to keep the 1st
natural frequency relatively constant while examining the effect this would have on the
*th4 natural frequency.
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Table 5.16: The system is compensated so that the 1st natural frequency is held constant
HK-Young's

Modulus
ER (MPa)

Brace
Thickness

hb(m)

lsl Natural
Frequency
(Oi (rad/s)

% Change
of ?? From

ER = 850

4m Natural
Frequency
(04 (rad/s)

% Change
of (04 From
Er = 850

750 0.0129 3711.34 0.17% 6428.13 3.74%
800 0.0124 3707.21 0.28% 6551.22 1.90%
850 0.0120 3717.52 0% 6677.94 0.00%
900 0.0116 3718.59 0.03% 6792.23 1.71%
950 0.0112 3711.02 0.17% 6894.64 3.25%

It is apparent from table 5.16 that although the first natural frequency has been held
more or less constant, this also resulted in significant variation in the fourth natural
frequency. This led to a further analysis in which the radial stiffness and brace thickness
were varied so that the fourth natural frequency was held constant, table 5.17.

Table 5.17: The system is compensated so that the 4th natural frequency is held constant
4ïrNatural
Frequency
?4 (rad/s)

Young's
Modulus
Er (MPa)

Brace
Thickness

hb(m)

1st Natural
Frequency
?? (rad/s)

% Change
of wi From
Er = 850

% Change
of W4 From
Er = 850

750 0.0145 4099.29 10.27% 6676.50 0.02%
800 0.0131 3883.36 4.46% 6673.04 0.07%
850 0.0120 3717.52 0.00% 6677.94 0.00%
900 0.0110 3558.84 4.27% 6669.23 0.13%
950 0.0102 3438.51 7.51% 6676.37 0.02%

Once again, forcing the fourth natural frequency to be more or less constant causes
the first natural frequency to vary considerably from its value at ER = SSOMPa .

While it is clear that it is possible to frequency match the brace to the plate so that the
coupled system offers one desired frequency based on the analysis above, it remains
inconclusive as to whether or not more than one match in frequencies can be obtained. A
modification to the shape of the brace would undoubtedly be required.
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Chapter 6

Discussion

Based on the results presented in the preceding chapter, it seems the analysis, while
not entirely accurate from a natural frequency perspective, has demonstrated clear trends
in the behaviour of a soundboard having a brace across its width. The results obtained
throughout have been consistent with basic vibration theory, adding to its credibility.
Detailed results are discussed herein.

6.1 Material Properties

The first thing to note during this analysis is the use of the statistical average values
of spruce's material properties. It is obvious that these material properties vary on a
specimen by specimen basis. However the assumption was made that there is a
relationship between the radial stiffness ER and the other properties. While this is
definitely alluded to by the Forest Products Laboratory (US) [14], it is unclear how much
variation is actually present in these relationships. Based on years of luthier experience in
using the cross-grain stiffness as a measure of soundboard quality, it would appear that
the relationship between this stiffness and other properties is more consistent than the
properties themselves. It would however be quite interesting to further investigate this
phenomenon, as this is has been found to be a great way of modeling the material
properties of wood.
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6.2 Dimensions

The dimensions used on the test specimen consisting of the simply supported
rectangular plate and brace across the width, are based on typical dimensions of those
used on guitar soundboards. The plate itself having only one brace is typical of the area
on a soundboard around the lower bout where is positioned one of the legs of the typical
x-brace pattern. This leads to a model which produces a set of the lowest frequencies
within the acoustical range sought by a typical musical instrument (e.g. A0-C8 or
27.5 -41 86.01 Hz).

6.3 Exact Solutions

The natural frequency results using exact theory for the brace seen in table 5.4 show a
rapid increase in the natural frequencies as the mode number is increased. This is
primarily due to the thickness of the brace itself. When compared to the plate, the brace is
much thicker and not as wide. This extra thickness of the brace significantly increases its
stiffness while not drastically increasing its mass, thereby forcing higher natural
frequencies across the entire spectrum.

Using exact theory for the plate, it is clear that including shear deformation and rotary
inertia helps improve the model solution. As can be seen in table 5.5, as shear
deformation and rotary inertia are included into the model the natural frequencies are
lowered, improving the accuracy of the model. Shear deformation and rotary inertia act
on the system by lowering its stiffness and increasing its effective inertia respectfully,
both of which help reduce the natural frequencies. However, shear deformation and
rotary inertia also complicate the problem enormously, which is why they are usually
neglected.

Although this effect of frequency reduction is less than 1 % for the plate, as seen in
table 5.5, an increase in the plate's thickness would increase the frequency error. This is
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because the plate is thin in comparison to its width, which leads to minimal shear and
rotary effects and justifies the use of a thin-plate theory where these effects are typically
neglected. This is not true for the brace since its width is similar to its thickness therefore
shear and rotary effects become important. For increasingly accurate result using the
assumed shape method, it would be necessary to take into account these effects when the
brace is included in the system during analysis. However, taking into account these
effects in the assumed shape method goes beyond the scope of this study, since the
complexity increase involved is immense.

Although the assumed shape method is solved using ordinary differential equations, it
follows similar theory to the Rayleigh-Ritz method which is based on minimisation
principles. In fact the eigenproblems obtained at the end are the same. Since the
Rayleigh-Ritz method is a minimisation method, this indicates that the solutions must be
overestimates of the actual solution. Therefore a reduction in the natural frequencies is a
great indication of an improved solution. This theory seemingly applies throughout the
analysis, as a lower natural frequency indicates an improved solution over the previous
one.

6.4 Trial Function Convergence

As seen in table 5.6 and table 5.7 for both the isotropic and orthotropic plates,
because the exact modeshapes are used as trial functions for the plate, exact natural
frequency solutions are obtained. This also helps validate the code used in Maple. Since
the exact solutions are obtained from both the isotropic and orthotropic plate codes, it is
reasonable to assume that the theory was applied correctly.

Trial function convergence becomes tricky when the plate is modified to include the
brace. This is because the trial functions used are no longer the exact solutions, but rather
solutions to a similar problem.

Another problem is that of the computational limit. This limit appears to be at 6x6
trial functions for the current setup. Since there is a lack of response that occurs during
the analysis above this computational limit, it would be interesting to discover whether
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this is a hardware issue or whether this is a computational limit within Maple itself. It is
clear that the natural frequency solutions could be improved by increasing the number of
trial functions. This is evident simply by looking at the percentage of change from the
previous number of trial functions as seen in table 5.8 and table 5.9.

The reason for the higher number of trial functions necessary to model the lower
frequencies is based on the fact that the assumed shape method is solved by superposition
of the original trial functions. Since the brace of the modified plate now acts to stiffen the
region of the plate to which the brace is attached, the nice dome shape seen on the regular
plate for the lxl mode is now flattened. This can be seen in figure 6.1.

C^ N/
O"-? ww

0.0 0.0

0.05 0.05
0.20.1 0.1

0.1 0.10.15 0.15
* 0.0 * 0.0

Simply supported rectangular plate Simply supported modified plate with a
without a brace brace

Figure 6.1: Comparison of the first mode for the simply supported plate with and without a brace

In order to obtain this local stiffening effect around the brace, a modeshape of

w(x) = A1 ·??{p·?^?) along the x-axis is no longer sufficient to correctly model the
first mode of the plate with the brace. Similarly, adding the second modeshape,

w(x) = Ax ¦ sin (p ¦) + A2 ¦ sin (2p - ?/Lx ) , has little effect in modifying the results because
the second modeshape contains a node at the location of the brace. Finally, by adding the
third modeshape, w(x) = Ax ¦ sin [p ¦) + A2 · sin (2p - ?/Lx ) + A3 ¦ sin (3p ¦ ?/Lx ) where
A2 = 0 , the stiffening effect can finally be taken into account because the third shape can
be used to diminish the peak of the first mode. This superposition of modes can be seen
in figure 6.2.

75



Discussion

Modified plate vibrating at its fundamental frequency

Figure 6.2: Modeshapes required in calculating the fundamental frequency of the modified plate

Clearly adding other odd modeshapes will help improve the accuracy of the modeled
fundamental frequency by allowing the calculated shape to get closer and closer to the
actual shape. As mentioned for the second mode, since even shapes have a node at the
location of the brace, they do not affect odd calculated shapes. However, they are used
for calculating even shapes as seen for the second modeshape of the modified plate in
figure 6.3.
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Modified plate vibrating at its second natural frequency

Figure 6.3: Modeshapes required in calculating the second natural frequency of the modified plate

Evidently, different magnitudes of each superimposed trial functions are required to
create any given calculated modeshape, this is where the An 's come in. While not

perfect, 6x6 trial functions seem to produce decent results.
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6.5 Assumed Shape versus Finite Element
Method

The finite element method is used in this thesis for comparison purposes only. Since
no experimental work has been done, another means of validation was necessary.
Therefore, a simple finite element model was developed in ANSYS for both the isotropic
and orthotropic modified plate systems. These finite element models are compared to
their equivalent assumed shape method models. These comparisons are seen in table 5.10
for the isotropic modified plate and in table 5.1 1 for the orthotropic modified plate.

Looking at these results, the first thing that is apparent is how both sets of natural
frequencies for each case fall within the same range. This helps justify the accuracy of the
assumed shape method models. Differences in both models are primarily based on two
factors. The first is the different assumptions made for each case, given that both methods
are approximate ones. The second is the level of convergence attained by each model
based on the computational limits of the current setup. However, even though these two
models use completely different approaches in building the given systems, they both
seem to be converging to similar frequencies.

It is also evident that the order of the modeshapes for both the isotropic and
orthotropic cases has converged to the same result using both models. This convergence
has occurred differently in both the isotropic and orthotropic case because of the large
difference in the stiffness across the grain for each. The fact that both the assumed shape
and finite element methods have converged to the same order of modeshapes indicates
that a similar solution is obtained for both. This helps in validating the accuracy of the
assumed shape method because it demonstrates a rigorous order in the natural frequencies
of the system. Although the assumed shape method has not converged to the level of
precision in the values of the natural frequencies obtained through the finite element
method, both models indicate that they are vibrating in the same manner.

In acoustics, it is difficult to get extremely precise frequency results from theoretical
calculations because of the number of assumptions necessary to create models that are
computationally manageable. It is clear that this aspect needs to be improved in order to
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produce models which can accurately predict the natural frequencies of a given system.
This is ultimately necessary if the goal is to improve the manufacturing consistency of
wooden musical instruments.

Future work involving precision of the natural frequencies should look to the finite
element method. This is clear in the results presented in table 5.10 and table 5.1 1, since
the natural frequencies obtained through the finite element method are lower than those
obtained via the assumed shape method. Once again, this is true because both methods
are based on minimisation theory which dictates that all solutions are over-

approximations of the actual values.
It is interesting to note that the fundamental frequency of the isotropic modified plate

is found to be lower when calculated using the assumed shape method. This indicates
that, in this case the assumed shape method converges faster than does the finite element
method. A mesh refinement of the finite element method should help it converge to a
more accurate value.

6.6 Two Degree of Freedom versus Continuous

In chapter 3, a very simple two degree of freedom system was developed in order to
understand exactly the effect of combining two mass-spring systems. While intuition and
common sense may have led to the same results, it was important to get a good
understanding of how such systems interact. Interestingly enough, very specific results
were obtained.

The first thing that is observed from these simple systems and which helps form the
fundamental understanding of vibration properties is that on their own, both systems have
a natural frequency of ?? = k/m . This form of the natural frequency, which may vary in
magnitude depending on the theory used, always follows this stiffness over mass trend.
Therefore if the stiffness of the system increases or the mass is reduced, the natural

frequencies are also increased and vice-versa. Also, if both the stiffness and the mass are
increased at the same time but the stiffness is increased by a larger amount than is the
mass, the natural frequencies will go up. On the other hand if the increase in mass is more
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significant, the natural frequencies will go down. While simple in nature, these facts form
the basis on which frequency matching can be performed in order to improve the
consistency of manufactured wooden musical instruments.

An example of this trend is the dimensions of the plate versus those of the brace. The
plate's mass is distributed over a very large area making the plate thin. This thinness of
the plate makes it more flexible in the direction normal to the plate's face but still allows
for a large amount of material mass to be present. Meanwhile, the brace's mass is
concentrated over a very small area, allowing it to be much stiffer along the brace without
needing too much material mass. It is then clear that the brace will produce much higher
frequencies by itself than would the plate.

The second interesting result is that when the two systems are combined with a solid
link between them, forcing them to move in unison, the combined systems natural
frequency becomes the ratio of the sum of both the stiffness and masses respectfully,
¿y2 = (&j + k2 )/(m, + m2 ) . This, once again goes to show the simplicity in which the
systems combine to form a new system when they are forced to move in unison. Since no
previous energy model similar to the one developed in chapter 4 was found on which to
base this work, it is this simple result for the sum of stiffness and mass that helped create

the model used in the continuous model analysis. To do so, in the region from X1 to x2 as
seen in figure 4.2, the material of the brace was simply added to that of the plate. This led
to an increase in thickness in this region which affected both kinetic and strain energy of
the plate. The mass and stiffness matrices are direct derivations of the kinetic and strain
energy respectively and the results obtained from them for the modified plate represent a
sum of both the original stiffness and masses but only in the region were the brace is
directly attached to the plate.

Conversely, when results are compared between the plate and the plate with the brace
as seen in table 5.12 and table 5.13, it is clear that the addition of the brace affects modes

for which the location of the brace is not a node, such as mx=\, more than a mode

having a node at the location of the brace, such as mx = 2. This is also clear from the

percentage increase in the natural frequencies for the mx = 1 mode, which is much higher

than for the mx = 2 modes. This trend is even more obvious in the orthotropic plates
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because there is a much higher increase in stiffness across the grain when the brace is
added compared to the isotropic plate. It is also impossible to avoid a slight increase in
the natural frequencies for the mx = 2 modes or all other even modes because their nodes
are along a line and the brace does in fact have a finite width. This finite brace width
causes local stiffening to occur around it, affecting the curvature of the even modes and
thereby also increasing their frequencies.

These tables also demonstrate that for modes directly affected by the brace, the
natural frequencies in fact fall somewhere between those of the brace and plate alone.
These are the same results obtained from the two degree of freedom system. For the
modes not directly affected by the brace, a simple increase in the original plate's natural
frequency is observed due to the forced changes in the mode's curvature.

Finally, as common sense would have indicated, the simple 2DOF model indicates
that when the link between the brace and the plate is not solid, but rather has its own
stiffness, the natural frequencies of the combined system are modified accordingly. In
chapter 3 it is observed that as the link between the systems becomes more flexible, the
combined system acts more and more like the individual systems. When the link becomes
increasingly stiff, the combined system acts more and more like the system having a solid
link. Since in practice, the link between the brace and the plate is wood glue, it would be
important to know whether it acts as a solid link or rather has its own distinct flexible
component. Background research has pointed to the former being the case, however this
is a point that should be verified in the future.

6.7 Frequency Matching

The eventual purpose of this work is to create an optimisation system which helps
improve the acoustical consistency of manufactured wooden stringed instruments. Since
very little research has been done to this effect and in order to achieve this goal, it is
crucial to start with the basics. The analysis begins by looking at the possibility of
frequency matching a wooden brace to a wooden plate. This meaning that a brace could
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be adjusted so that when combined to a plate of given stiffness, their coupled natural
frequencies would be those as prescribed by a set standard. The orthotropic modified
plate model is used for this analysis since it represents the closest model to reality. To do
so, the effects of variations in the cross-grain stiffness of the plate, measured as ER , are

observed in table 5.14. It is clear that when the stiffness across the grain is reduced so too
are the natural frequencies. This is exactly as expected and perfectly follows vibration
theory.

Similarly, the effects of the brace's thickness, measured as \ , are considered in table
5.15. Once again, it is noted that as the brace's thickness increases, so does its natural
frequencies. This is entirely due to the fact that as the brace's thickness increases, its
stiffness increases at a larger rate than its mass.

Luthiers use this phenomenon in order to adjust the braces to a given soundboard.
This adjustment process is tested herein. In order to do so, the first natural frequency is
held more or less constant by adjusting the brace inversely to the property values of the
plate's cross-grain stiffness. These results can be seen in table 5.16. While the first
natural frequency variation falls well below the 1 % human hearing threshold for sound
variation [1 1], the variation in the fourth natural frequency lies above it.

A second attempt was made to frequency match the fourth natural frequency. As can
be see in table 5.17, a wider adjustment span is required for the brace in order to achieve
consistency in the fourth natural frequency. This time, the frequency variation of the
fourth natural frequency lies well below the 1 % threshold. However, the variation in the
first natural frequency is wider than the first attempt.

These results indicate that it is possible to produce an acoustically consistent set of
brace-plate assemblies that have at least one matching natural frequency. Conversely, it
does also indicate that a rectangular brace is not suitable for adjusting multiple
frequencies.

After obtaining these results, it became clear that adjustments to the shape of the
brace itself would be required. This led back to the debate on whether or not scalloped
braces had in fact an acoustical role in producing more consistent instruments. This being
an interesting topic on its own, further investigation of scalloped braces is found in
chapter 7.
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6.8 Interesting Insight

Interesting insight has been gained throughout this analysis. An overview of certain
insight is discussed herein.

While this analysis describes a simple method in which a brace could be frequency
matched to a soundboard, it demonstrates the possibility of developing a manufacturing
process in which a brace could be modified according to the measured properties of the
soundboard. It is suggested that after numerical measurement of the soundboard stiffness
across the grain, braces could be custom-cut using computer numerical controlled (CNC)
machinery during production to match a given soundboard. Since the stiffness across the
grain is currently manually measured in industry, a numerical process would need to be
implemented. Braces are currently already being cut using CNC machinery. However,
these machines would need to be numerically linked to the soundboard measuring
devices using software which would dictate the required dimension to the brace-cutting
CNC machines. This would allow the braces to be frequency matched to specific
soundboards before assembly, minimising overall cost increase of the process and
limiting construction time.

This method does not need to be used exclusively on soundboards having only braces,
but can also be used for graduated soundboards. To resist the immense tension of the
strings, certain instruments such as the violin, mandolin and archtop guitars use arched
soundboards instead of flat ones. Since these soundboards are generally thicker than their
flat counterparts, their thickness is usually graduated. They are left thick at their peak for
strength and are gradually thinned towards the edges to allow it to be flexible enough to
produce beautiful musical tone. Graduating the thickness of the soundboard has the same
effect as adjusting the thickness of the braces. In fact, a graduation method for the violin
is described by Carleen Hutchins in [6]. Therefore, a similar process such as the one
described earlier can also be used for graduated soundboard instruments.

Lloyd A. Loar was the acoustical engineer at the Gibson Mandolin-Guitar Company
between 1920 and 1925. Under his supervision, Gibson Master Model instruments were
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individually tap-tuned in order to optimise their sound and improve the consistency of
their product [5]. Recently, a group of 25 Loar signed F5 mandolin owners gathered to
compare instruments. The astounding result was the consistency in the sound of all the
instruments present. When compared to other sets of dimensionally identical instruments,
the difference in acoustical consistency is striking. For this reason, Loar signed
instruments are highly sought after. While Lloyd Loar instruments were individually tap-
tuned by hand, this would be unreasonable in today's economy. Therefore the process
proposed herein represents a method in which similar results could one day be attained.

Another method people have used in attempting to overcome the acoustical
inconsistencies of wood is to use composite materials instead. Composite structures can
be designed to match the orthotropic structural properties of wood. Time and time again
however, instruments built with composite soundboards have proven to have a different
tone then those built of wood. Once again, this is due to the damping properties of wood
which are quite different from those of composite. These different damping properties
damp out specific frequency partíais which help give the specific tone to a given
instrument. In fact most people agree that a wooden instrument sounds warmer than a
composite instrument. For this reason, wooden instruments are generally still preferred
over those made of composite materials.

6.9 Sources of Error

While it has been previously mentioned that improved accuracy in the calculation of
the natural frequencies of the modified plate could be obtained by incorporating shear
deformation and rotary inertia theory into the model, other assumptions were also made
which have an impact on the preciseness of the calculated values.

The first assumption was that the mass of air which would normally surround the
soundboard of a musical instrument has been neglected. Including the mass of air
surrounding the soundboard would in fact decrease the natural frequencies because the
mass of air acts to increase the total inertia of the soundboard [21].
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To simplify the model, the assumption was also made that the soundboard is simply
supported when in fact it is probably somewhere between simply supported and clamped
[I]. Since clamped edges prevent rotation at the edge, local stiffening occurs. This leads
to an increase in the natural frequencies.

Damping was also neglected during the analysis, which allowed for a much simpler
model. Although this assumption is justified due to the fact that a musical instrument is
designed to sustain rather than to absorb vibration, it is the damping or decay time of
specific partial frequencies, because of wood's distinct properties, which help give a
wooden instrument its tone [H]. Therefore, to improve the acoustical preciseness of the
model, damping would need to be included in the analysis.

Finally, in order to create the orthotropic modified plate model described in chapter 4,
it was necessary to make an assumption about grain direction in the region between X1

and X2 as seen in figure 4.3. Because of the method in which the brace thickness is added
to that of the plate in the kinetic and strain energy equations, it was necessary to change
the direction of the grain of the plate, in this region only, to match that of the brace. This
is a reasonable assumption because of how thin the plate is in comparison to the brace
and the solid link of wood glue which bonds them together. Since the stiffness of the
brace is much greater than that of the plate in this region, it is the brace which dominates
the stiffness properties.
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Chapter 7

Analysis of a Scalloped Brace

Based on the results obtained from the analysis of the modified plate in chapter 5, it is
clear that a rectangular brace, while able to be modified to frequency match one of the
lower frequencies of the system, is unable by itself to frequency match multiple
frequencies at once. Based on these results, insight was obtained as to what needs to be
done in order to frequency match at least two of the lower modes.

As previously mentioned in section 1.3 on soundboard optimisation, many times
during the optimisation process, a brace will end up having a scalloped shape. While
some believe this is the result of the optimisation process, speculation has led to the belief
that this enables a luthier to control two modes at once [5]. This theory is based on the
fact that because of a scalloped brace's peculiar shape, individual modifications of the
two lowest modes running along its longitudinal direction, as seen in figure 7.1, are
possible.
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Brace

1st mode of vibration

2nd mode of vibration

Figure 7.1: Scalloped brace with the modes of vibration it affects

7.1 Modeling of the Scalloped Brace

In order to model the scalloped brace, a second order piece-wise polynomial function
was chosen to model the thickness of the brace. This polynomial function puts the peaks
of the scallops at 1A and 3A of the way down the brace. The function can be seen in
equation (7.1).

K =

y2+Ko for y<

y-h.
V 2y

L 3L
+ hhn for -^<y<^L»° 4 y 4 (7.1)

(y-Ly)2+Ko for y> 3L„

where \0 is the height of the brace at its ends and center. This \ is then substituted into
the kinetic and strain energy equations as used for the modified plate model in the
assumed shape method.
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7.2 Results

Since the equations of kinetic and strain energy now include a polynomial instead of a
constant during the solution process, the computational power necessary for such a
symbolic solution increases immensely. Therefore, due to computational limits, only
2x2 trial functions on the isotropic modified plate will be considered for analysis. Also,
for the same reasons, only the lowest four natural frequencies are examined in table 7.1.

In order to compare results, the rectangular brace is given a thickness of \ = 0.012m , as
before. The original thickness of the scalloped brace is also marked as H00 = 0.012m .

Table 7.1; Comparison of brace geometry on a simply supported isotropic modified plate

Wr /Hv
Rectangular Brace

Natural Frequencies
(rad/s)

Scalloped Brace Natural
Frequencies

(rad/s)

% Change in
Frequencies

6108.00 6448.31 5.57%
10012.40 10565.2 5.52%
19485.21 21238.89 9.00%
19833.26 20286.20 2.28%

7.3 Discussion

Although the natural frequencies have a clear increase in value throughout for the
scalloped brace compared to the rectangular brace, there is a marked difference for the
1x2 mode, where the increase is almost double that of the others. The reason for the

increase is that the original thickness of the scalloped brace is equal to that of the
rectangular brace. Since the scalloping of the brace only serves to add additional material
(mass) to the system, it is only logical for all of the natural frequencies to increase.

Since the peaks of the scalloped brace occur at the maximum displacement locations
of the 3rd mode of vibration in the direction of the brace, it limits the amount of
displacement possible through this mode by increasing the stiffness locally. This is the
reason for the higher increase in the natural frequency observed for the 3rd modeshape.
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These peaks also minimise the effect of extra stiffness on the other modes of vibration,
because their maximum displacement is found to be either at the center of the brace
where the brace's thickness goes unchanged or the brace is in fact at a location of one of
their nodes.

These discoveries lead to the theory that what a luthier is in fact doing when
scalloping a brace, is adjusting two or more modes at once, or at least controlling which
modes are affected the most by the bracing since not all modes are equally affected. It is
evident that the exact shape chosen based on the polynomial of equation (7.1) may not be
the optimal solution. Further investigation into the scallop shape itself is necessary to
further grasp the magnitude of its effect on the frequency spectrum of the soundboard.
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Chapter 8

Summary, Conclusions and Future Work

8.1 Summary

In this thesis, the problem of increasing the acoustical consistency in wooden
manufactured musical instruments has been considered. This was approached by looking
at the feasibility of adjusting the soundboard's braces before assembly in order to
compensate for the variability in the soundboard's stiffness so that the coupled system's
natural frequencies would match those of a set standard. In order to accomplish this, the
problem was turned into a vibration problem. Chapter 3 introduced the problem as a
simple mass-spring system used to model the plate and brace. Chapter 4 gave the theory
for the continuous system model by developing the exact solution for both the brace and
the plate. It also described the kinetic and strain energy of a plate for both isotropic and
orthotropic materials. Higher order solutions were also discussed. Finally the assumed
shape method is explained. Chapter 5 gave the results of the analysis for the exact
solutions of the brace and plate along with a comparison of the solutions from the
assumed shape and finite element methods for the modified plate and brace system. The
ability to frequency match a brace to a plate was also investigated. Chapter 6 discussed
the results obtained through the analysis and also discussed the insight gained throughout
the research. Chapter 7 developed and discussed the possibility of using a brace having a
scalloped shape in order to frequency match more than one natural frequency in the
combined system.
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8.2 Conclusions

This analysis set forth has proven insightful for the manner in which a brace affects
the natural frequencies of a soundboard. Although the frequency accuracy of the model
has been shown to be less than perfect when compared to a finite element model because
of minimisation theory, insight gained by using the assumed shape method has
demonstrated to be tremendous.

First, the analysis has shown that the acoustic properties of a soundboard can be
modified by adjusting the thickness of a brace. In fact, it has shown that specific natural
frequencies can be targeted to be made consistent within a set standard. However, the
rectangular brace used for most of the analysis has been found to have the ability to only
frequency match one frequency at a time.

Scalloped braces have been shown to be a solution for which multiple natural
frequencies of a soundboard can be adjusted. This not only helps to clarify the purpose of
using scalloped braces, as has been done for hundreds of years, but also gives hope that it
is possible for a wooden musical instrument manufacturing process to include acoustical
consistency.

While much work still needs to be done in order to implement a frequency matching
process. Overall, the study shows promising results which could lead to a mechanized
process in which braces could be frequency matched to a soundboard in order to improve
the acoustical consistency of manufactured wooden musical instruments.

8.3 Recommendations for Future Work

In order to increase the accuracy of the model with the assumed shape method, things
that have otherwise been neglected during this analysis should be included. These include
shear deformation and rotary inertia effects, the mass of air surrounding the soundboard,
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the flexibility of the soundboard's edge support (simply supported versus clamped), as
well as the damping properties of wood and its effect on various partíais of the natural
frequency spectrum.

For a more complex system involving multiple braces and an irregular soundboard
shape which is better representative of an actual soundboard, a finite element model
should be developed.

Experimental results of a test specimen having the same dimensions as those used
during this analysis would be an asset in determining the validity of the work performed
herein.

Finally, more time needs to be spent looking at the material properties themselves.
This includes investigating the relationship between the Young's modulus in the radial
direction and other wood properties, as well as the flexibility of the wood glue used in the
assembly of the braces to the soundboard.
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Appendix A

Derivation of a Simple Mass - Spring

System

/HVWVH
ki

hVWV^-k

///////////////

Link type between mi & m.2

ks

No link

— Solid link

Link with stiffness &?

Figure A.l: Mass - spring system
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A.l Calculation of the System's Natural
Frequencies

Lagrange's Equations

dt
3D dL „
dqi Oq1

for i = 1,2,..., ? (A

where
T : Kinetic Energy
V : Potential Energy
D : Power Dissipation
Q : External Forces
L = T-V

D = O

Q = O
? = s±??

A.l.l Two Masses With No Link Between Them

System 1

Tx=^mxXx
V1=^k1X12
*? =~Znhx\ ~~Z'l\x\

'ai>
dt

dL
dx,

\??\ j = mxxx

— KxXx

KixX1 +IcxXx =0
IUxAx1 +kx =0

System 2

T2 = -m2x2

V2 =—k2x2

L2=- m2x2 --K2X2

d_
dt

3L
3x,

f*T\BL

~~ /?^?^

m2x2 + k2x2 = 0
m2X22 +k2=0

(A
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Solving we get:

Vm1
?-±.&-

m,
(A.3)

(A.4)

(A.5)

A.1.2 Two Masses With a Solid Link Between Them

T = -(mi+m2)x{
1V=-(*,+*i)V

L = -{ml+m2)x12--{k]+k2)xl2

(A.6)

d_
dt

'a??
v^y ^m1 +Tn2)Jc1

— [K1 +k2 JX1
OX1

(?\ +W2)Jc1-I-(K1-I-K2)JC1 =0
(^n1 + m2 ) Ax2 + (?, + K2 ) = O

(A.7)

Solving we get:

(m, -Hm2)
(A.8)

(A.9)
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A.1.3 Two Masses With a Link of Stiffness k3 Between
Them

T-. 1 -2,1 -2T = -^ + ~miX2

V =—???? +—k2x2 +~zki\x2 — X1 )

G — '2 · 2 1 . 2 1/ 2 it A^L — -TnxX1 + — m2x2 — — K1X1 --Ic2X2 — — ^[X2-Xx)

(A. 10)

(¦ÒL ^
dt

dL_
dx¡

V ^i J
n\xx

/Ci ?? "T" /Ct I ?^ ?? I

An1Jc1 + Ai1JC1 — k3(x2-xx) — 0
YnxXx +(Zc1 +Ar3)JC1 — ?3?t2 = 0

d_
dt \°?2 J

~~ /C-??·^ /C·} I ?<t ?· I
dx2
ifI"}Jí-y ~? K"\JÍ,/y "?" /C·^ I ?^ ~~ ?· I -^- ?*

iflij JC^ ? I /C^ ? /C^ I ?2 /Ct ?· — W

(?.11)

In matrix form:
AW1 0
0 m0

/Cj ~? /Ct /Ct

K2 +K3
M

Mx + /Cc = O

det(MA2+/s:) = 0
^m1 + K1 + K3 -&det 3 ""3

^/Ct ^V /7?t I- /C^ I /Ct
= 0

(A.12)

(A.13)

À*mlm2+((mx + m2) Ic3 + ?\?2 + m2kx) ?2 + (Ic1 + k2)k3+kxk2 = 0

Solving we get:

À2=- (-m1(/:3+Â:2)-m2(K3+K1)2mlm2

+Jm12 (?2 + K22 + 2K2Jt3 ) + m2 (?2 + Jt12 + 2K1K3 ) + 2m,m2 (?3 - Ar1K3 - ?2?3 - kxk2 ) I
(A. 14)
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CO- — (-ml(k3+k2)-m2{ki + kx)2m,m2

+Jmf (k¡ + kl + 2k2k3 ) + ml [k¡ + kf + 2k{k3 ) + 2m,m2 (fc32 - ^k3 - k2k3 - kxk2 ) J
(A.15)

and

öJL = ¦- (-mx{k3+k2 )-m2(k3 + kl)2mlm2

-JmY[k¡ + kl + 2k2k3 ) + m2 (fc2 + kf + 2k¡k3 ) + 2m,m2 (k3 - kYk3 - k2k3 - kxk2 ) I
(A.16)

A.2 Calculation of the System's Mass

Volume:

Masse:

v = WA

m — p-V

(A.17)

(A.18)

System 1
V1 =0.24 m 0.1 8m 0.003 m
V1 =0.000 1296 m3
m, = 430.2 kg / m3 · 0.000 1 296 m3
m,= 0.05575 kg

System 2
V2 = 0.012m0.18m0.012m
V2 =0.00002592 m3
m2 = 430.2 kg/m3- 0.00002592 m3
m2= 0.01 115kg

(A. 19)

A.3 Calculation of the Beam's Stiffness

To calculate the beam's stiffness, we use the beam equation for a simply supported
beam loaded at its center.

Stiffness:

w
(A.20)
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where P is a point load and w the displacement

Area moment of inertia:

12
(A.21)

PL* PLy3
w = — — ^~

48£/ 4Lh3E (A.22)

Ie =
4LWE

(A.23)

System 2

_40.012m(0.012m)3 10.89XlO9Pa
(0.24m)

(A.24)

k2 =65340N/ m

A.4 Calculation of the Plate's Stiffness

To calculate the plate's stiffness, we use the Navier solution for a simply supported
plate loaded at its center.

Stiffness:

Plate's stiffness:

D =

w

EW

12(l-v2)
Plate loaded at its center:

a = x = ^L,b = y = —¿-
2 2

(A.25)

(A.26)

(A.27)
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. ( mna
sin

w=-- SS
sin

( ?p??
V1W

sin
mnx

sin
nny

7C DLxLy m=1 „=1 f \m
2 f ?

KLyj

2\
(A.28)

k = JfDLxL,
sin

4SS
m=l n=l

??pa
sin

?p?
sin

m;z\x
? f

v 4 y
sin

nny

( \2 f \?\
m

+
?

(?.29)

System 1

10.89 x IO9 Pa (0.003 mfD =
12(l-0.3722)

= 28.44 Nm

Ic1 =
p -28.44 Nm -0.24 m -0.18 m

sin
oo oo

*SS-
m=l n=l

m^-0.12m^ . (?p-0.09??
--------------- sin

0.24m J ? O- 18m J
(

sin
m^0.12m

0.24 m
sin

(A.30)

np¦0.09m
0.18m

?

fr m

0.24 m

( ?

0.18m

?2?

?

A:,= 60569.74^ /m
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A.5 Maple Code for Calculating the Stiffness of
the Plate

Lx
Ly
a ·=

b :=

h:=
V :=

X ¡=

= 10.89e9
= 0.24
= 0.18

Lx
2

Ii
2

0.003
0.372
a

b
E-K

12(l-v2)
k:=

150 150 sin I ^L*SS [ Lx sin
n-K-b

Ly ,
sin

m-p-?

Lx
sin

n-Ti-y
Ly

p -d-Lx-Ly m = in=i m

Lx

?2
+

.2V

Ly



Derivation ofa Simple Mass - Spring System

A.6 Maple Code for Calculating Natural
Frequencies

Block 1 is a 0.24 ? 0.18 m plate that is 3 mm thick
Block 2 is a 0.012 ? 0.012 m barthat is 0.18 m long
Stiffness 3 is that due to the glue holding the two blocks together

m] := 0.05575
W2 ¦¦= 0.01115
kx := 60569.75
Jc2 := 65340
Jc3 ¦¦= 1000
Two Masses with no link between them

col ¦¦-

co2 ¦¦=

rn,

m~

Two Masses with a solid link between them

OX :=
/Ci ~l /Cry

W1 + W2

Two Masses with a spring of stiffness k3 between them

1 1
op , · w,/c, — m,L· — k-m^ — k-,mn2 Ul1M1 V ! 3 1 2 3 2 1 2

(1 1 1 1 11
W1 ¿3 + 2 W1 k3 Ic2 + 2 W1 k3 m2 — 2 W1 Zc3 ^1 M2 + W1 k2

— 2mxk2k3)n2 — 2mxk2kx)n2+k3m2 + 2k3m2kx+kx ???
(

? \

J J

am ·=
1 1

2 W1W2 - W1^3 — W1Zr2 — tyth ~ ^1^2

2 ,2-i/«1^ + 2ra1i3i2 + 2ff!1^ffl,-2 W1 A3 kx In2 + W1 fc2

— 2 W1 ¿J A3 W2 — 2 W1 A2 kx Wi2 + k3 W2 + 2 A3 w2 ^1 +Zr1 W2)
1 \?

2 2\ 2



Appendix B

Hamilton's Principle for a Simply

Supported Plate

Figure B.l: Simply supported rectangular plate

In order to solve Hamilton's principle for the case of the simply supported vibrating
rectangular plate, the displacement variable is w(x, y,t) .

Hamilton's principle is stated as
'2

j(aT + SW)dt = 0
h

Sw(x, y,tx ) = Sw(x, y,t2) = 0

(B.l)

(B.2)

Geometric boundary conditions of the problem:

@x = 0
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Hamilton's Principlefor a Simply Supported Plate

w(0,y,t) = 0 => Sw(0,y,t) = 0 (B.3)

@x = Lx
w(Lx,y,t) = 0 => Sw[Lx, y,t) = 0 (BA)

@y = 0
w(x,0,t) = 0 => Sw(x,0,t) = 0 (B.5)

@ y = Ly
w(0,Ly,t) = 0 => Sw(0,Ly,t) = 0 (B.6)

B.l Kinetic Energy

U U

T = - j jw2pdydx
O O

ST = S
LL,

J \w2pdydx
O O

LxU

— \ YIwSw?dydx
^ O O

(B.7)

Lx Ly

ST = J J wSwpdydx
O O

(B.8)

B.2 Strain Energy

1 L'Lyr 2U=^D\\ K + WJ +2(l-y)«-w**wyy)¿ o o L
dydx

where

D =
Eh3

12(l-v2)

(B.9)

(B. 10)
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Hamilton's Principle for a Simply Supported Plate

L1 LU
W

SW = S

= -U = ~D]\\(w^ + wJ + 2{\-v){wl-wxxwyy)\dydx1 o o L

1 L" Ly rT^JJ[^ + 2w„ww+i^+2(l-v)(M¿-w[Iww)Jífy¿1 OO

1 ** ¿v ?SW=~DÍ\[2( WJWx* + WW<Kv + WJWyy + WyySwx* )
+2(l-v)(2w^wv -wxxSwyy - w„Sw„)\dydx

(B.ll)

0 0

LrK

+(1-V)(Iw39Sw39 - w„Sw„ - wjw^dydx
o o (B.12)

B.3 Hamilton's Principle

Substitute ST and SW into (B. 1).

? Lx Ly h Li Ly

J J jwSwpdydxdt - ¡D J J[w„^wn + wwiww + w„^ + ww<?wx
/,0 0 I1 0 0

+

(B.13)

"i -y

ÍÍ
0 0

Jw^wJi pdydx— J
{1}

D J j[W„<yW„ + WyySWyy + WaSW„ + WyySW^
0 0

+(1-V)(Iw39Sw39 -wjwyy -w„Sw„)~\dydx
? = 0 (B. 14)

{2}

Each term is considered separately.

Consider {1} .
3Jw— <£Wf = w<Jw[2 - iwSwdt

? ?

'2

= w(i2 ) Syvfâj - ??(?, ) SM??) - \wSwdt
(B. 15)
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Hamilton's Principlefor a Simply Supported Plate

Jw— Swdt = — iwSwdt (B

Consider {2}
"J y

0 0

w Sw + w Sw + w Sw + w Swxx xx yy yy xx yy yy xx

T 4
f

+(l-v) Iw Sw —w Sw —w Swxy xy xx yy yy xx

V 7 9 J.
dydx

(B

Using the Green- Gauss theorem [24]

Ju—dA= \uvndc— \ —vdAA dx * ÌAdx

\ u —dA = I uvndc - \ —-vdAJa ¿y i y Ja ¿y
where for the plane case, nxdc = dy and nydc = -dx .

Consider {3}
Lx h LL,

Consider {10}

0 0

L Ly

0 0

10

L, L,

0 0 0 0

LL,

.·. j \wjwjydx = [wjw^dc- | wmSwnxdc + j ¡w^Swdydx
0 0 0 0

Consider {4} .
In the same way as {3} , it can be shown that

LxLy LL,

J ]*>„Sw„dydx= [wjw^dc- [wmSwnydc+ J ¡wmySwdydx
0 0 0 0

(B

j JwJw„dydx = J wjw^dc- J jwmSwxdydx (B

- j J wxaSwxdydx = - [ w^Swnßc + JJWx^Swdydx (B

(B

(B



Hamilton's Principlefor a Simply Supported Plate

Consider {5}
Lx h L,?

J ¡w^Sw^dydx = | wjwynydc - j" ¡w^SWydydx (B
0 0 0 0

Consider {11}
L. L, Lx Ly

j ¡WxxyöWydydx = - J w^Swnydc + J Jwx^Swdydx (B
0 0 0 0

LxLy LxLy

··· } ¡w^Swyydydx= [w^ôw^dc- [Wxxyôwnydc + J jw^Swdydx
0 0 0 0

(B

Consider {6} .
In the same way as {5} , it can be shown that

L, L, LxL,

J ¡WyySw^dydx= [WyySwxnxdc- [w^Swnßc+ J jw^Swdydx
o o 0 0

(B

Consider {7} .
We can expand as follow

Lx Ly Lx Ly Lx Ly

¡ i^Sw^dydx= j ¡w^Sw^dydx+ J ¡wyxówyxdydx
0 0 0 0 0 0

13

Consider {12}
LxLy LxLy

0 0 0 0

(B

J" \yvvSwvdydx = |w^Sw^dc - \ ¡w^SWydydx (B

Consider {14}
L Ly Lx Ly

- J \wttySWydydx = - 1 w^Swriydc + j" jw^Swdydx (B
0 0 0 0

Ux ^y Ux **y

·'· { ¡wväwv<fydx= [w^ôw^dc- [w^Swriydc + J jw^Swdydx
0 0 0 0

Consider {13} .
In the same way as {12} , it can be shown that

(B



Hamilton's Principlefor a Simply Supported Plate

h ^y h "y

\ ¡wyxSwyxdydx= [wyxSwxnydc- | wm6wnxdc + J ¡w^Swdydx
O O O O

Consider {8} .
In the same way as {5} , it can be shown that

h y h¡ '

- J jw^Sw^dydx = - 1 w„SwynjJc + | w^Swn^c - j" jw^Swdydx
0 0 0 0

Consider {9} .
In the same way as {6} , it can be shown that

Lx Ly Lx Ly

- j J wyySw„dydx = - 1 WnSwxHjIc + | w^Swn^c - J jw^Swdydx
0 0 0 0

Gathering all the terms back together as in (B. 17),

Lx Ly

D ] ¡\W10001 + wyyyy + Iwx^ +{!^(¿w^^^C^ywdydx
0 0

+Di[(W**n* + Wyynx+(l-V){-Wyynx+Wy*ny))Sw*
+KA + Wx*Uy +{l-V)(-W^ny+Wxynx))Swy
+(-V: - Wyyyny ~ WxxyHy ~ 1V*
+ (!-^("W1, +Wxyynx -W^ny ~ Wxyynx) Sw]dc

KK

D J \[Wxxxx + 2% + Wyyyy ^wdydx
0 0

+Dí[(Wxcnx+VWyyn*+(l-V){Wyxny))¿Wx
+(V, +VwxJIy +{l-v)(wxynx))Swy
+ {-Wxxxnx-Wyyyny ~VWxxyny ^"W**
-{\-V)(Wxxyny+Wxyynx)Ôw\dc

where nxdc = dy and nydc = -dx [24].

(B

(B

(B

(B

(B



Hamilton's Principlefor a Simply Supported Plate

o o
D j \[wm + 2»W + wmy ¥™àydx

+D I [( W« + VW» )^^~ Í 1 ~ V i wy^w-dx
-(wyy +vwxx)Swydx + (l-v)wxySwydy
-(W101x + vww ) Swdy + (wm +Vwx^ ) Swdx
+(l-v)w Swdx-(l-v)w Swdy]

(B.36)

Reorganising,

Consider {15}

UK

D J \[wm + 2Wxxyy + wyyyy ~ftwdydx
0 0

( Wyy + VWxx ) <H + ( l - V) Wy*SWz
{15}

dx

-[(wœ+vww) + (l-v)ww]iwdy
(wxc +^)1^* +(1-v) wxySwy

v ? '
{16}

dy

[{l-v)wyx — Swdx =(\-v)wyxow\L¿ - [(\-v)wyxxSwdx

(B.37)

-[{\-v)wyJwdx

'B.C. s

(B.38)

[{\-v)wyx — Swdx = -[(\-v)wyJwdx
Consider {16} .
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Hamilton 's Principlefor a Simply Supported Plate

[{^-y^YÔwdy = (\-v)wxyôw\^ - [[X-V)Wx^OWdJBy

= (l-vK(Lj¿v^SCj -(l-v)v^(O) d?$'B.C.S

O O

-[(\-v)wxyySwdy
l i1 - V) Wxy JT Swdy = - I Í1 - V) Wxyy8wdy

Finally,
i* h

D j" J[Wx^ + Iwx^ + wmy ~ftwdydx
+Di{[(wyy,+VwJ+ (I-V)":
+(\-v)wyx~^Swdx
-[Kv + vw„)Swy ~\dx
-[(w^+vww) + (l-v)ww
+ (\-v)wxy~^ôwdy
+[(w^+vw^Sw^dy]

(B.39)

(B.40)

Put equations (B. 16) and (B.40) back into equation (B. 14),

LLy

-Ji
0 0

2 '2

\wowdt pdydx— Jl

Ir T

O O

+Di{[(wyyy+VwJ + (l-y)w*v
+(l-v)wyx~\öwdx
-[(w„ +Vw1x)Sw^dX
-[(w^+vww) + (l-v)ww
+(l-vjw^jjwáy
+[(w^+vw^Sw^dy]

VU = Q (B.41)
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Hamilton's Principle for a Simply Supported Plate

Regrouping

¦2 ^x y

ÍÍÍ
/,0 0

pw
+WXt

+2w,xxyy

+W
yyyy

'2

Swdydxdt-D ? [

G term

\(w + Vw ) + (\-v)w\_\ yyy **y /V / xxy

+ {\-v)wyx~^Swdx
-[(ww+vw„)<?wy]dx
-[(wœ+vww) + (l-v)ww
+ (l-vJw^J^HYÍy
+ [( W„ + VWyy ) ^W1 ]<fy

VIt = O (B

2™ term

The two terms are independent since Sw is arbitrary, therefore

1st term:

Since Sw = Sw (x, y, t) F 0 , therefore
Ow + w +2w +w = 0r xxxx xxyy yyyy

which can be rewriting in the form

32w n(*34w
+ 2

94w 34µ?
3jc4 dx2dy2 dy4

= 0

Equation (B .44) represents the equation of motion of the rectangular plate

2nd term:

(B

(B

Since Sw = Sw(x, ?,?f?, Swx = Swx (x, y,t) F 0 and Swy = Swy (x, y,t) F 0 .
therefore

Along jc:
TtI^vJwyx = 0 (B

and



Hamilton 's Principlefor a Simply Supported Plate

y/ + VWxx=0
W

dx2
O

Along y:

and

-TfT^T =0

yC + vw„

w

3y2
o

Therefore it follows that the boundary conditions are,

w = 0

w = 0

a2w

dx2
2Wa2-

dy2

= 0

= 0

at x = 0,Lx

at y = 0,Ly

(B.46)

(B.47)

(B.48)

(B.49)

(B.50)

(B.51)

These boundary conditions are those of a simply supported rectangular plate.

B.4 Solving the Plate's Equation of Motion

From the equation of motion, equation (B .44), a harmonic solution is applied such as,
w(x, y,t) = w(x,t) COs(CtX + f)
w(x, y,t) = -o^w(x,t) · cos(ax + f)

Substituting equation (B.52) into the equation of motion,

- + 2. „_ „ +

(B.52)

D

w
+ 2-

34w 34W^
dx4 dx2dy2 3/ J

D{dx4 ~dx2dy2 ' dy4
the solution in w(x, y) is found to be [17],

w{x,y)co§j^dt+^ = œ2pw{x,y)c^i^t^) (B.53)

= ?2?\? (B.54)
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Hamilton 's Principlefor a Simply Supported Plate

w(x, y) = A1 sin orjcsin yy + A2 sin a?cos yy + A3 cos örxsin ??
+A4 cos flfjccos yy + A5 sinh /fa sinh ?y
+A6 sinh ß? cosh TJy + A1 cosh ß? sinh ?y
+A8 cosh ß? cosh ?y

where a, ß, ?,? are arbitrary constants represented by,

(B.55)

a2 + f=ß2+tf=. feD (B.56)

Applying the simply supported boundary conditions of equations (B.51), all A 's with
the exception of A1 are found to be zero. Therefore,

sin CcLx = 0 and sin yL = 0 (B.57)

Their solutions are,

OL

Ym. =

mr7T

myn

mx=l,2,...

mv =1,2,...
(B.58)

Substituting back into equation (B.56), the natural frequencies are obtained,

mxmy

' m, *

v^y
+ /— for mx,my =1,2,. (B.59)

Solving the mass normalized modes so that V P pw2dydx = 1 , results in following
modeshapes,

w. v»,(*»:y): V^
2 . mxKx . mnysin — sin — for mx,mv =1,2,...*' y (B.60)

The solution to the simply supported isotropic rectangular plate is thus obtained.
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Appendix C

Assumed Shape Method for a Beam

Divided into Two Equal Sections [23]



Assumed Shape Methodfor a Beam Divided into Two Equal Sections [23]
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Assumed Shape Methodfor a Beam Divided into Two Equal Sections [23]
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"Wv '
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Assumed Shape Methodfor a Beam Divided into Two Equal Sections [23]
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Assumed Shape Methodfor a Beam Divided into Two Equal Sections [23]
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Assumed Shape Methodfor a Beam Divided into Two Equal Sections [23]
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Assumed Shape Methodfor a Beam Divided into Two Equal Sections [23]
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Assumed Shape Methodfor a Beam Divided into Two Equal Sections [23]
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Assumed Shape Methodfor a Beam Divided into Two Equal Sections [23]

ÇU*» O) iM (p) A-V^. ,JL^KA ^- < 1 ¿r*^
?? " /wUf ^a-- ? ,a.? ^- ^ ¿ä.¦t- -¿iC^ C-?/???

C-S
G?

A '

(U -, wL ¿<u^ 1
S ? f^ * -£ ( { j ^- _. -?__ ¦+?

t - t

Î -«?

4" t T

, '«-?

«s

K^O

=t ] ^' lì L "7 i
1 /

-"Oi-S '> K. 4, #^> f. ^ ^

Sf n¿JP<s-&r-i (\f \ S^^, ^



Assumed Shape Methodfor a Beam Divided into Two Equal Sections [23]
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Assumed Shape Methodfor a Beam Divided into Two Equal Sections [23]
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Assumed Shape Methodfor a Beam Divided into Two Equal Sections [23]
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Assumed Shape Methodfor a Beam Divided into Two Equal Sections [23J
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Assumed Shape Methodfor a Beam Divided into Two Equal Sections [23]
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Assumed Shape Methodfor a Beam Divided into Two Equal Sections [23]
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Assumed Shape Methodfor a Beam Divided into Two Equal Sections [23]
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Assumed Shape Methodfor a Beam Divided into Two Equal Sections [23]
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Assumed Shape Methodfor a Beam Divided into Two Equal Sections [23]
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Assumed Shape Methodfor a Beam Divided into Two Equal Sections [23]
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Maple Codefor the Assumed Shape Method Plate Models

D.l Maple Code for the Simply Supported
Isotropic Rectangular Plate

Isotropic Rectangular Plate

with(LinearAlgebra) :

Assumed Shape

Direction 1 = ?

JW| := 6
Direction 2 = y
?«.-, := 6

o := sin \??·?·-— -sui nvJt--f-'",.»2 ^ ! Lx J ^ - Lv ^
m m

1 2

VV
« = 1« = 1 G 2 12

1 2

Wj I= Wa o

W ·= W
* dx °

ö
W := H'

y dy °
a2
dx
Ô2

ô ô

?>' a* ôv °

Kinetic Energy

T= 2
Ux Lv

1
Wj- p dydx



Maple Codefor the Assumed Shape Method Plate Models

Mass Matrix

Qd ·= Vector ( 1 ..?^-??.? :

k ¦¦= O :;
for ? from 1 by 1 to m t do
for / from 1 by 1 to m-, do
k:=k+\;
Qd[k] ¦¦= qUJ{t);
T:=subs(Od[k]=PjeT):
end do;
end do;

k:=0\:

for ? from 1 by 1 to /H1 do
for / from 1 by 1 to ?«, do
k-.= k+ 1;

ô

end do;
end do;

G := [seqigp k=\ ../H1-ZM2")
P ¦= \seq(pk k=\ ..??^???

M, Z := GenerateMatrix\G, P

Potential Energy

:= -d
2

.Lx Ly

((^+^)2+2i1-v)-(Mi

Stiffness Matrix



Maple Codefor the Assumed Shape Method Plate Models

Qo ·¦= Vector( 1 ..HJ1-W7) :

k := O :;
for /' from 1 by 1 to Wi1 do
for/ from 1 by 1 to W7 do
k-.= k+l;
Q0[k]:=qu{t);
V:=subs[Qom=P]evy,
end do;
end do;

k ¦= 0 :;
for i from 1 by 1 to /M1 do
for / from 1 by 1 to W7 do
k-.= k+h

9
Sk := ^-1''dp,
end do;
end do;

G ·¦= \seq{gk k = 1 ..W1 -W2)
P ¦= yseq{pk k= 1 ../W1-W7)

K. Z ¦= GenerateMatrixiG. P)

Numerical Solutions

Properties

Ly ¦¦= 0.18
Lx := 0.24
h ¦¦= 0.003

µ := 403.2
? := µ- h
E ·¦= 10.89e9



Maple Codefor the Assumed Shape Method Plate Models

? == 0.372
E-Ir

a ¦=

12(l -v2)

Natural Frequencies

M2 ¦¦= evalfiM)
K2 ¦¦= evalf(K)
X. A ¦= Eigenvectors[K2, M2)
?:= SR (?)
A := 3î{.4)
û) := mapísqrt, ?)

Plots

F := Vector (\ ..???-??? :
U ¦= Vector ( 1 ..m^ ¦ m-, ? :
w2 '·= Vector(I ..In1 -m,) :

for / from 1 by 1 to Tn1 -m-, do
k '¦= 0;
for ;?j from 1 by 1 to mx do
for ?? from 1 by 1 to m2 do
k:=k+l;
F[£] := siili ?,·?· -— -sin I ??·?· -JC—\ Lx J I ^ Ly
U[Jc]:= A[Jc,!];
end do;
end do;
w2[l] := Wl[I] = U + .F;
end do:;

with [plots] :



Maple Codefor the Assumed Shape Method Plate Models

for / from 1 by 1 to /K1 ·t?2 do
\ implicitplot3d(w2[l],x = Q.J,x,y = 0..Ly,wl[l]=-2..2,title

= convert{Natural Frequency = ? [ / ], string ) , titlefont = [ TIMES, 12], axes
= boxed, orientation = [ 134, 45 ] )

end do;



Maple Codefor the Assumed Shape Method Plate Models

D.2 Maple Code for the Simply Supported
Orthotropic Rectangular Plate

Orthotropic Rectangular Plate

with(LimarAlgebra) :

Assumed Shape

Direction 1 = ?
mx ¦= 6
Direction 2 = y
m2 '¦= 6

• ( x Ì ¦ ( ?o :=sin ?,·p·—— -sin «0·p·-?—'nf"2 { l Lx ) [ - Ly
m m

1 2

W = 1« = 1 G 2 12
1 2

W ,'·= W
a ?

d
W ¦= — W

a? °
a

y dv °
?2
a?

?2

_ ô T

Kinetic Energy

W

r-l
?«· ..A»''

Wj- ? dyáx



Maple Codefor the Assumed Shape Method Plate Models

Mass Matrix

Qj '¦= Vector! 1 ..m] ·»/·,') :

k := O :;
for / from 1 by 1 to /H1 do
for/ from 1 by 1 to/?/-, do
k := Jt +1:

Qd[k'\ ~q, -(0;

end do;
end do;

/t := 0 :;
for / from 1 by 1 to /H1 do
for / from 1 by 1 to ///-, do
jfc:= fc+1:

Ö
&k dpk

T:

end do;
end do.

G··= [seq(gkrk=l..m]-m2)]
P ¦¦= \seq(pL. k = 1 ../W1- /W2) 1

M, Z ¦= GenerateMairix { G. P )

Potential Energy

V ¦¦--
.Lx .Ly

0 ·'
(dx-w~ + dvw~ + 4-dxv- w'. + 2-clJ ¦

Stiffness Matrix



Maple Codefor the Assumed Shape Method Plate Models

Qo ¦= Vector( 1 ..mx -mA :

k ¦= O :;
for i from 1 by 1 to WJ1 do
forJ from 1 by 1 to m-, do
k ¦¦= k + 1;
Q0[k]:=qu(t):
V:= Subs{Q0[k]=Ple V);
end do;
end do;

k ¦¦= 0 :;
for / from 1 by 1 to m^ do
for / from 1 by 1 to m-, do
k:=k+ 1;

a
gk:= t— v-dPk
end do;
end do;

G ¦¦= [seq(gk k=l .Jn1In2)
P ¦= \seq(pk, k=\ ..???·???

K, Z ·= GenerateMatrixiG. P]

Numerical Solutions

Properties

Ly-= 0.18
Lx := 0.24
h := 0.003

µ := 403.2
? := µ·/?
Ey := 850e6



Maple Codefor the Assumed Shape Method Plate Models

' 0.078
Gxy ¦= Ex- 0.064
vxy := 0.372

vxy-Ey
IVX :=

Sxx ¦=

Syy ¦=

Sxy.=

Ex
Ex

, Sxx· h
ax ¦=

1 — un;· vyx
Ey

1 — vxy- ivx
wx-Ex

1 — un; ¦ vyx

12
Sw-h"

dv ¦=
12

dxy ¦=

12
Gxv-h*

12

Natural Frequencies

M2 := evalfiM)
K2 := evalfiK)
h A ¦= Eigenvectors {K'2, M2)
?:=?(?)
.4 :=3?(?)
OD == /?í<3p(sqrt, ?)

Plots

?

F ¦= Vector (I ..??^??? :
U-= Vector(1 ..m^-??? :



Maple Codefor the Assumed Shape Method Plate Models

w2 ·= Vector ( 1 ..???·t?? :

for / from 1 by 1 to Yn^m1 do
\ k ¦= 0;
; for ^1 from 1 by 1 to mx do

for rij from 1 by 1 to To2 do
! k-=k+l;
: FG^? := sin «, ·p I -sin ? ?, ·p· -^- ;\ l Lx J [ Ly ^
\ U[k] := A[k, I];

end do;
end do;

! w2[l] ¦= W][I] = U + .F;
end do:;

with (plots) :
for / from 1 by 1 to mx -m2 do

\ implicitplot3d(w2[l],x = 0..Lx,y = 0..Ly,wl[l]=-2..2,title
= convert(Natural Frequency = Q)[I], string), titlefont= [TIMES, 12], axes
= boxed, orientation = [134, 45 ] )

end do;



Maple Codefor the Assumed Shape Method Plate Models

D.3 Maple Code for the Simply Supported
Isotropic Modified Plate

Isotropic Modified Plate

wilh(LinearAlgebra) :

Assumed Shape

Direction 1 - ?
/Jíj := 6
Direction 2 = y
m-y '¦= 6

¦ f x ì ¦ f yf :=sin ?,·p·—— rsm B1-Jt1T"

m m
1 2

"* ' etc W°

'd

'?, ? 1H, ? ^
? = \? = 1 1 t 1 2

1 2

?

Ô
???-
a

— W

Ô2
etc
a2

'w:= 7TWo
? ?

Kinetic Energy

G:= ~
1 .Ly

W,p dvdxHd rp . 2

?
. 2 Ly Lx Lv

wjpdydx + ivy ? dvdxa rp -



Maple Codefor the Assumed Shape Method Plate Models

Mass Matrix

W

Qd ¦= Vector ( 1 ..??^-??? :

k:=0:-
for 7 from 1 by 1 to mx do
for / from 1 by 1 to m7 do
k-.= k+l:

Qd[k] ¦= ^4/ 0;
T:=subs(Qd[k]=PjtT);
end do;
end do;

k ¦¦= 0 :;
for z" from 1 by 1 to ?\? do
for / from 1 by 1 to n¡2 do
k·.= k+1:

ô
a, := T.

0Pk
end do;
end do:

G ¦= G seq(gk k=\ ..mx · nu ?
P := \seqipj,,k= 1 ..t?^???

M. Z ·¦= GenerateMatrix(G, P)

Potential Energy

v·= H
X

((^+My2 + 2(1-^0-{^~M^"M:xv))^dx
0 J



Maple Codefor the Assumed Shape Method Plate Models

2 .Lv

+ t^ ((^+^??)2+2(1-?)-{%,-^·^))f^?
? -?

1

2 ?

Lx Lv

( ( w +w Y + 2 ( 1 — v ) · ( w — w ¦ w ) )\ { xx yy) V I \ xy ?? yy} ) àvàx
'X 'U

Stiffness Matrix

Qo ¦= Vector(I ..??^-??? :

k := O :;
for / from 1 by 1 to mx do
for / from 1 by 1 to m, do
k--=k+l-

V:=subs(Q0[k]=pk,Vy,
end do:
end do:

k := 0 :;
for ? from 1 by 1 to mi do
for / from 1 by 1 to m7 do
k-.= k+ 1:

ö
&lc 0Pk

-V

end do:
end do:

G == \seq(gk k= 1 ..Wj1-Ot2) 1
P ··= \seq(pk k= 1 ..m^m-? 1

K, Z ¦¦= GenerateMatrix(G.P)



Maple Codefor the Assumed Shape Method Plate Models

Numerical Solutions

Properties

Ly.= 0.18
Lx ¦¦= 0.24
Lb := 0.012

Lx Lb
?

X, := X1 +Lb
hb ¦¦= 0.012
h ·¦= 0.003

µ := 403.2
P := .u 'h„

pc ¦¦= µ?
E ·¦= 10.89e9
? := 0.372

E-K
d„

dc:=

12(l -v2)
E- h)

12(1 -v2)

Natural Frequencies

M2 := evalf(M)
K2 ¦¦= evaif(K)
?,?'·= Eigenvectors [K2, M2)
?:=9?(?)
A
?

= ViIA]
= map (sqñ, ?)



Maple Codefor the Assumed Shape Method Plate Models

Plots

F ¦— Vector (I ..??^??? :
U-- Vectori 1 ..m^m2] :
w2 ¦— Vector! I ../M1 •m,') :

for / from 1 by 1 to /M1 -nu do
k ¦¦= 0;
for O1 from 1 by 1 to /M1 do
for w? from 1 by 1 to /M9 do
k := k + 1;

U[k]:=A[k,l]\
end do;
end do;
w2[l] ¦¦= wl[l] = U + .<£>;
end do:;

with i plots) :
for / from 1 by 1 to /M1 -/w9 do
implicitplot3d( w2 [l],x = 0. .Lx, v = 0. Xy, w/ [ /] =- 2 . .2, title

= convert(Natural Frequency = o[l], string), titlefont= [TIMES, 12], axes
= boxed, orientation = [134, 45 ])

end do;

F[?"] := sili W1 ·p· -— I'siii ??')?·V Lx ) \k *

152



Maple Codefor the Assumed Shape Method Plate Models

D.4 Maple Code for the Simply Supported
Orthotropic Modified Plate

Orthotropic Modified Plate

with{LinearAlgebra) :

Assumed Shape

Direction 1 = ?

?«j := 6
Direction 2 = y
I)U := 6

o := sin «, ·p· —— 'Sin «-,-p

m m
I 2

w0 := S Sf„ „ ¦?„,„ (o
? = In = I I J I 2

I 2

H' j := H'
a o

W '·— — W
x dx °

w := vt'
y ôv °

Lv

w
?2

« „2Wo
a2

? 9
W*y'~ dx bv*°

Kinetic Energy

T:=
1 M

0 J
w ,p dvdr + —

2 Ly Lx L\

w¿ ? dydx +
? J0

vt'y p dvdx:



Maple Codefor the Assumed Shape Method Plate Models

Mass Matrix

OQd·= Vector(\ ../M1-WJ9) :

k ¦¦= O :;
for / from 1 by 1 to /W1 do
foiy from 1 by 1 to m-, do
k ·¦= k + 1;

Qd[k}:=qu{ty,
T:=subs(Od[k]=PleTy,
end do;
end do;

k := 0 :;
for /' from 1 by 1 to /W1 do
for / from 1 by 1 to /jj-, do
k-=k+\;

ô
Sk :z dPk

T:

end do;
end do:

G := [seq(gk k = 1 ../JJ1-HJ2) ]
P ¦¦= [seg(/?£ fr=l.. /MJ-Oi2)]

M Z ¦= GenerateMatrixiG P)

Potential Energi-

en:

V :=
2

1 Lv

I ¿fep · W1^x + dyp ¦ hÇ + 4 · dxyp · w~ + 2 · dip ¦ w^· w^j dyàx



Maple Codefor the Assumed Shape Method Plate Models

Y

2 ,Ly

(clxc-w^x + dye -W + 4-dxyc- w" + 2 -die- wxxw\ did*
? "O

1

.Lv ,Ly

( dxp ¦ vi·" . + dyp- w1 . + 4 · dxyp· µ? + 2 · clip ¦ \v ¦ w ) dvdx
-.? -?

Stiffness Matrix

Qo ¦¦= Vectorf 1 ../Ji1 -??? :

/t := 0 :;
for/ troni 1 by 1 to //J1 do
for/ from 1 by 1 tom7 do
k--=k+h

QJ.k] ^q1Ji):
V:=subs[Oo[k]-=PlfV):
end do;
end do;

k ~ 0 :;
for ; from 1 by 1 to ;;?, do
for / from 1 by 1 to m-, do
it:= k+ 1:

_ JL -8k'" VkP'
end do.
end do;

G-= [seq(gk, /r=l..íM, ·»;,)]
P := [se#(p¿ k=\ ..W1-WJ2)]

£.', Z == GenerateMatnx{G, P)

+ T

+



Maple Codefor the Assumed Shape Method Plate Models

Numerical Solutions

Properties

Ly
Lx
Lb

X1

h.

= 0.18
= 0.24
= 0.012

= Lx Lb
2 2

= Xj +Lb
= 0.012

= 0.003

= h + hP
µ ¦¦= 403.2

Eyp ¦= 850e6
Exp · 0.078

Exp-0.064
vxyp := 0.372

vxyp -Eyp
xyxp:-- Exp

Exp
1 — vîçvp· ?µ??

Syyp-

dxp ==

dip ¦=

1 — vxvp· vyxp
iyxp-Exp

1 — ray· vyxp
Sxxp-h0

12

Syyp-hp
12

12



Maple Codefor the Assumed Shape Method Plate Models

Gx\;p-h
dxyp == -^-
Eye ¦= Exp
Exc ¦= Eyp
Gyxc '·= Gxyp
XAocc ¦= vxyp

ixyc ¦=

Syyc ^=

Sxxc ·=

Sxyc ¦=

dye ¦—

dxc ¦=

dlc~

dxyc :=

lyxc-Exc
Eye

Eye
1 — vxyc· vyxc

Exc

1 — vxyc· vyxc
vyxc·Exc

1 — rxyc- yyxc
Syyc- hc

12
Sxxc· h

12
Sxvc-h'

c

12

Gyxc-h'
12

Natural Frequencies

M2 ¦= evalfiM)
K2 := evalf(K)
?. A ¦= Eigenvectors \K2, MT)
?:=3?(?)
A :=mA)
O) := /Mqp(sqrt, ?)

Plots



Maple Codefor the Assumed Shape Method Plate Models

F ¦·= Vectorfl ..m^mA :
U ·¦— Vector? \ ..??^??? :
w2 ¦= Vector(\ ..mx-m2\ :

for / from 1 by 1 to m^ -m2 do
k·= 0;
for ?? from 1 by 1 to mx do
for »2 from 1 by 1 to m2 do
Jc:= Jc+ I;

0[k] ¦= sin ??·?· -— -sin ?~·p· -7—\ i Lx ) [ ¿ Ly
U[Ic] ¦= A[JcJ];
end do;
end do:

w2[l]
end do:

+= Wl[I] = U^ .F:

with (plots) :
for / from 1 by 1 to mx -m2 do
implicitplot3d{ w2[l],x = 0. .Lx, y = 0. Ly, wJ[l]=-2..2, title

= convert(Natural Frequency = ?[/], string), titlefont= [TIMES, 12], axes
= boxed, orientation = [134, 45 ] )

end do;
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Maple Code for the Assumed Shape

Method Scalloped Brace Plate Model
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Maple Codefor the Assumed Shape Method Scalloped Brace Plate Model

Scalloped Brace Plate

V

with(LinearAlgebra)

Assumed Shape

Direction 1 = ?

Direction 2 = y
/H1 := 2

è := sin «,·p· -f— -sin «t·p· -f-'",''S V ' Lx J I * Lv

W0== SS?.„·9„„(')
/í =1;; =1 1 9 1 2

1 2

Wrf:= W0
a

* dx °
a

H! := VV
-v dv °

a2
IV := —-W
~ ax2 °

a2
vv := —-w

OV
a a

VV := VV
A>- ax a? °

Scalloped Brace

» - f



Maple Codefor the Assumed Shape Method Scalloped Brace Plate Model

y2 ¦¦

Ki
hy2
h>3
Vyi
P.v2
pv^

Kl

3 -Lv

y+hb + hp
Ly^
2 + K + K

(y-Ly)- + hb + hp
V Kl

V Ks
E-Ki

12(l -v2)
E-h;2

12(l -v2)
3E-h

d y3
v3 12(l -v2)

Kinetic Energy

Lv

t---

+}

wVpnd}4x +
0 J

'2r>2

?

2 yl

W/Pv7d>dx·

wj-pv2d);dx+w

? J0
1

I Lv

? ' vl
1 "

wdPv3d>'dx
? v¿

1

,Lx .Ly
+ Wj- ? dydx

~X U

Mass Matrix

Qd := Vector( 1 ..W1 ¦/«-,¦)



Maple Codefor the Assumed Shape Method Scalloped Brace Plate Model

Jt:= O:;
for i from 1 by 1 to m ^ do
for / from 1 by 1 to m7 do
k:= Ic+ 1;
Qd[k] := q..(t);
T:= SUbS(Qj[Jc]=P1, T);
end do;
end do:

k ¦¦= 0 :;
for / from 1 by 1 to /H1 do
for / from 1 by 1 to m7 do
k-= k+l;

ô

end do;
end do:

T;

G ¦¦= [seq^gf. Ic= 1 ..??? -/H2] ]
P := \seq(pk k= 1 ..??^-??? 1

M. Z ¦= GenerateMathxiG, P)

Potential Energy

"·= ft
o J

M'

( (M;^+ Wvv)2 + 2( ! - V) ¦ {M¿- Wx,-Wyyì ) F^
2 .vi

+

+

V((W«+W»')2 + 2(1-V),(HÌ-W»W»'))d>,dX
•?- ·?

1
_r

2 .V-?

V {{Wxx+Wyy)2 + 2{ 1 - ?) · (u¿- W^wJ ) d-V(Lv"
.?- Jvl

1 "



Maple Codefor the Assumed Shape Method Scalloped Brace Plate Model

2 Lv

+ dy3 ( {WXX+WyyV + 2( 1 - v) · {w¡y- ^^) ) dydx
A' V-:

1 "

•fi-rf
2 ^

..Lx Ly
( (w +w Y +2(1 — v) · ( w' — w -w ì Ì chdxV\, xx yy) \ / V *>' ^* .XVv / '

Stiffness Matrix

Q0 ·= Vector(1 ../W1- /W9 Ì :

k ¦= O :;
for / from 1 by 1 to /M1 do
for / from 1 by 1 to m9 do
Ar:= A-+ 1;
OJ*] := qu\ty,
V:= subs (Q0[Ic]=Px V);
end do;
end do;

k:= 0 :;
for /' from 1 by 1 to /W1 do
for / from 1 by 1 to M9 do
k--=k+h

Ô

f*
end do;
end do:

G ·¦= [seq(gk k= 1 ..Wi1-Bi2) ]
P := \seq(pk k= 1 ..??^??? 1

Ä', Z := GenerateMatrix{G, P)



Maple Codefor the Assumed Shape Method Scalloped Brace Plate Model

Numerical Solutions

Properties

Ly-= 0.18
Lx := 0.24
Lb ¦¦= 0.012

_ Lx_ _ Lb_X'1 :~ ~2 2~
X7 := X1 + Lb
hp := 0.003
hb ¦¦= 0.012
µ := 403.2
E := 10.89e9
? == 0.372

Ppi= ^p

12(1 -v )

Natural Frequencies

M2 ¦¦= evalfiM)
K2 ¦¦= evalf(K)
?, A ¦= Eigenvectors {K2, M2)
?:=3?(?)
A :=SRU)
Oi := map (sqrt. ?)

Plots

F := Vector(1 .Jn1- ??? :



Maple Codefor the Assumed Shape Method Scalloped Brace Plate Model

U-= Vector(1 ..mx- ?p? :
w2 ¦= Vector(I ..mx-m2\ :

for / from 1 by 1 to M1 -m2 do
k:= 0;
for ?? from 1 by 1 to /M1 do
for Yi1 from 1 by 1 to m2 do
k:=k+l;

Ly
U[k] := A[k, I];
end do;
end do;
w2[l] ·¦= wJ[l] = U + .0;
end do:;

F[£] == sin Yi1-Tt- -— -sin Yi1-Ti

with {plots) :
for / from 1 by 1 to m^ -m2 do
implicitplot3d{w2[l], x = 0 .Lx,y = Q ..Ly, wl[l] =-2..2, title

= convert(Natural Frequency = ?[1], string), titlefont= [TIMES, 12], axes
= boxed, orientation = [ 134, 45 ] )

end do;



Appendix F

ANSYS Code for the Finite Element

Method Plate Models

Ly Brace
y

V p

o
8 9

H2

O Pate

?. ??

Figure F.l: Location of keypoints on the modified plate model
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ANSYS Codefor the Finite Element Method Plate Models

F.l Prep7 Input File for the Simply Supported
Isotropic Modified Plate

/prep7

!Variables
lx=0.24
Iy=O. 18
h 1=0.003
offset=hl/2
h2=hl+0.012
xl=lx/2-0.012/2
x2=lx/2+0.012/2
el=850e6
e2=el/0.078
divs=8
divm=20
divb=40

!Keypoints
k,l,0,0,-offset
k,2,xl,0,-offset
k,3,x2,0,-offset
k,4,lx,0,-offset
k,5,lx,0,hl -offset
k,6,x2,0,hl -offset
k,7,xl,0,hl-offset
k,8,0,0,hl -offset
k,9,xl,0,h2-offset
k,10,x2,0,h2-offset
k,ll,0,ly,-offset

!Lines
lstr,l,2
lstr,2,3
lstr,3,4
lstr,4,5
lstr,5,6
lstr,6,7
lstr,7,8
lstr,8,l
lstr,2,7
lstr,3,6

lstr,7,9
lstr,9,10
lstr,10,6
lstr.1,11

!Areas
al,8, 1,9,7
al,9,2,10,6
al, 10,3,4,5
al,ll,6,13,12

!Number of elements
lesize,l,„divm
lesize,3,„divm
lesize,5,„divm
lesize,7,„divm
lesize,8,„divs
lesize,9,„divs
lesize,10,„divs
lesize,4,„divs
lesize,2,„divs
lesize,6,„divs
lesize,12,„divs
lesize,ll,„divs
lesize,13,„divs

lesize,14,„divb

!Element type and mesh
et,l,shelll81
mshape,0,2D
amesh, 1,4,1
et,2,solid45

!Material Properties
mp,ex,l,e2
mp,prxy, 1,0.372
mp,dens,l,403.2
mat,l
!Make 3D
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vdrag, 1,2,3,4,,, 14

!Select nodes for boundary conditions
aclear, 1,4,1

asel,s,area„l
asel,a,area„2
asel,a,area„3
asel,a,area„5
asel,a,area„9
asel,a,area„13
asel,a,area„15
asel,a,area„17
nsla,s,l
nsel,r,loc,z,-0.000 1 ,0.000 1

!Boundary conditions
d,all,ux,0
d,all,uy,0
d,all,uz,0
alisei

/PNUM,area,l

!Modal solution
finish
/solu
antype,modal
modopt,lanb,6,0,3000

solve

F.2 Prep7 Input File for the Simply Supported
Orthotropic Modified Plate

/prep7

!Variables
lx=0.24
Iy=O. 18
h 1=0.003
offset=hl/2
h2=h 1+0.0 12
xl=lx/2-0.012/2
x2=lx/2+0.012/2
el=850e6
e2=el/0.078
divs=8
divm=20
divb=40

!Keypoints
k,l,0,0,-offset
k,2,xl,0,-offset
k,3,x2,0,-offset
k,4,lx,0,-offset
k,5,lx,0,hl-offset
k,6,x2,0,hl -offset

k,7,xl,0,hl -offset
k,8,0,0,hl -offset
k,9,xl,0,h2-offset
k,10,x2,0,h2-offset
k,ll,0,ly,-offset

!Lines
lstr,l,2
lstr,2,3
lstr,3,4
lstr,4,5
lstr,5,6
lstr,6,7
lstr,7,8
lstr,8,l
lstr,2,7
lstr,3,6
lstr,7,9
lstr,9,10
lstr,10,6
lstr,l,ll

!Areas
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al,8,l,9,7
al,9,2,10,6
al, 10,3,4,5
al,l 1,6,13,12

!Number of elements
lesize,l,„divm
lesize,3,„divm
lesize,5,„divm
lesize,7,„divm
lesize,8,„divs
lesize,9,„divs
lesize,10,„divs
lesize,4,„divs
lesize,2,„divs
lesize,6,„divs
lesize,12,„divs
lesize,ll,„divs
lesize,13,„divs

lesize,14,„divb

!Element type and mesh
et,l,shell 181
mshape,0,2D
amesh, 1,4,1
et,2,solid45

!Material Properties of the plate
mp,ex,l,e2
mp,ey,l,el
mp,ez,l,e2*0.043
mp,gxy,l,e2*0.064
mp,gyz,l,e2*0.003
mp,gxz, 1 ,e2*0.06 1
mp,prxy, 1,0.372
mp,pryz, 1,0.435
mp,prxz, 1,0.467
mp,dens,l,403.2
mat,l
!Make plate 3D
vdrag, 1,2,3,,,, 14

Plate Models

mp,ey,2,e2
mp,ez,2,e2*0.043
mp,gxy,2,e2*0.064
mp,gyz,2,e2*0.061
mp,gxz,2,e2*0.003
mp,prxy,2,0.040
mp,pryz,2,0.467
mp,prxz,2,0.435
mp,dens,2,403.2
mat,2
!Make brace 3D

vdrag,4„„„14

!Coincide node between the plate and
brace
nummrg,node

!Select nodes for boundary conditions
aclear, 1,4,1

asel,s,area„l
asel,a,area„2
asel,a,area„3
asel,a,area„5
asel,a,area„9
asel,a,area„13
asel,a,area„15
asel,a,area„17
nsla,s,l
nsel,r,loc,z,-0.0001,0.0001
!Boundary conditions
d,all,ux,0
d,all,uy,0
d,all,uz,0
alisei

/PNUM,area,l

!Modal solution
finish
/solu
antype,modal
modopt,lanb,6,0,2000

!Material Properties of the brace
mp,ex,2,el solve
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