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ABSTRACT

The object of this thesis is twofold; on the one hand the r;diation
configuration factors for certain fundamental geometries —— not previously
treated in the literature — have been developed and; on the other hand,
an entirély new approach proposed by Feingold* has been inveétigated, leading
to a series of new aﬁalytical formulas involving spheres and infinitely long
cylinders. Particuldrly significant aré tvo hitherto unobserved.conclusions;
némely that the radius of the radiating sphere or of infinitely long cylinder
does not affect the factor from that body to an entire class of surfaces
described in the thesis, and that the Lambertian postulate of non-preferential
distribution of rgdiation intensity over the surfaces of sphéres and
infinitely long éflinders is not necessary to the calculation of factors from
these bodies. |

Several gfaphs have been plotted which should. form a usefu1 addition to

the collection of similar data already available in the standard textbooks.

* Reference 9
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I. INTRODUCTION

‘

There ére not many coufigurations.for wﬁich the radiant heat;transfer
configuration factor can be obtained analytically in a closed form. An all-
numerical method can be used to compute the configuration factor in every
case, but the degree of accuracy of the result would be difficult to ascertain.
| In this thesis.an attempt has been made to formulate configuration
factors for a variety of geometries, not previously treated in the literaturc.
The final expressions have, in most caseé, been arrived at analytically in
terms of elementary functions, while in otﬁers the solution proceeded in closed
form as far as possible and then a numerical method was employe§ to perform
the final iﬁtegragion. A single numerical integration performed on a digita;
computer is capablé of producing results with a desiréd degree of accuracy,
limited only by the capability of the particulgr machine,

The éxpreésion ''radiant interchange configuration factor'i has been
chosen hére in preference to such other commonly employed terms as ''‘shape
factors'', ''view factors'', etc., because it is more descriptive.

In some of the sections contour iptegrais have been employed in pre-
ference to a double integration over each surface. The advantage 6f this is
apparent when the two methods are carefully compared.

In the existing‘literature on radiant-interchange configuration factors,
the underlying assumption is that the diréctional distribution of the emitted
radiation follows Lambert's cosine law. It is shown here that in thé case of
radiation from spheres to a certain class of surfaces, the configuration
factors are independent of the validity of Lambert's law. A new technique is
developed to calculate the configuration factors in radiation from spheres,
and formulas are obtained for several important geometries. |

Extremely simple formulas resulted from the present investigation in




certain cases in which the heretofore used methods lead to ﬁultiple integrals
of‘forbidding complexity which often could only be solved bty numerical
processes.

Reasoning, siimilar to the one applied to the spheres, is further

extended to infinitely long cylinders.

Finally, some errors in the formulas published in well-known texts are

pointed out and corrected.




IT. CONFIGURATION FACTOR FROM AN INFINiTESIMAL AREA TO A

TRIANGLE, THEIR PLANES FORMING AN ARBITRARY ANGLE °

As a first step, we shall evaluate the configuration factor from an

infinitesimal area to a right-angle trapezoid, their plénes forming an

arbitrary angle. One of the sides of the trapezoid lies on the intersection

of the two plénes. : -

| Figuré 1(a) ré?resents a trapezoid in the y-z plane. The trapezoid is
composed of a rectangle and a right-angle triangle with a common base b. The
height of the rectangle is a and of the triangle is kb, where k= tan 8. Figure
1(a) also represents an infinitesimal area in a pléne vhich makes an angle ¢
with the’y—z‘planq, In the figure, the y-coordinate of this infinitesimal area

falls arbitrarlly anyvhere between zero and b. It is to be noted he1e that

 the y—coordlnate of the infinitesimal area does not necessarily have to fall

in this particular range, it could equally well fall either above b or below
zero. These two s:t;atlons are shown in figures 1(b) and 1(c) respectlvely
We shall proceed to evaluate the factor for the configuration in figure 1(a).
However, the.exprgssion will bé identical for‘the other two configurations
provided that when the coordinafe ¥, is negative it is entered ingo the
formula with its minus sign.

The factor from an infinitesimal area dA1 to a finite area A, is given
by

cos[&,-.coS/S
Fanm = | | = a1

Ay
The normals to the elements dA, and dA, are denoted réspectively by unit
vectors'ﬁi'ahd'ﬁz‘in figure 1(a). B; and B, are the angles formed by tﬁe
respectivelnormals and the connecting line between the elements, The length

of the comnecting line is r.

—
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If 1,, my, n; are the direction cosines of 'r—ll and 1,,m,,n, that of '52,

then we have

N, = li_{ +'\T\,—j—+ T\,F»,
=—C0OS ¢} 1 + OJT—t-‘ S'lhqb;k.,-
M= L1+ m ]k,
= i + o j+ ok,
T, =—x,—i+(g2—g,)—j + (22-z) K,

=~ ga,-dA, >

. r: —_ J:xf- + (‘:,2—[:{.)2 + (Zz“zl)z | )
COS B = M)+ Yp-dAz _ xicosd +(zzfzx)sinw ¢
| r r -
— Zz28ind , since =x,cos¢=z,sin¢ .
r . ' .

cosp, = 2" Vda,-dA, _ o€
r r

O'.Az = dyz-dzz .

It is easier, in this case, to integrate first with respect to z than

with respect to y. Substituting the values in equation (1), we get

b a+tky,
F“ ____J'f I . Zy_Siﬂd) .S
dAi-Ay; T T2
O N .
b a+ky,

dz, dy, »

O

r Y
_ oasing [y Z: clz
= T0 jc l-_JZ'j [xlz"‘("_)z—gt)2""(21‘2‘)2]2‘
0




T
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Let
Y, ~ Y, = Yy,
then b. a+ky,
FdAn Az = DC.“:rln_g ClLJZ} =2 —222.;;::2;.24- Yz +z2 ]2
' Let ©°

ity +z® = p ,

and |

_zztzq 3

then we have

atky,

| - Az,  OF
FdAn‘Az =2C—‘13~—,“m§_fd"ng [Zﬁ +Zq222~+ P14 ’

: asky,
_ﬂj H[ pt+q=z2) - - paR 2227Q ‘
*[Cap- qz)[Z +(Z,+p] (4)3 CF)% W o

Substituting the values of p and q and the llmlts, we have N

_ X S\nQSJ —z,(x. 2 ry? +z@)+ 22 (Cr kyy)
dA-A, J2 4(1 +y24z,2 ~z*)[(arky)z22z, (@ +ky, - e +yzd |

_ 2(xyfzd) 2022) o storky-z, 2(-22) tan 22
ACh oty rze) B (XY T TR gE T B )% A
or | :
b b
21 Fap-p, =J Orkyz - (P rytezs) dy,
X, Sin @ 2 (x,‘zfgl)[acfwz»r(q+kg;z,’)2] . J, 2 224 Y2

J(I % tcm'l:l SaTa —dy_ - :
_-______-(2.)

-+ (IZ % tan rr“;

% Number in the parenthesis refersto the number in the Appendix




Let us now integrate the third and the fourth terms of equation (2) as

illustrated below

ERYAPp |

=l t 1;' d
(xx+y3)%2 an J—TL]—Z- Y,
0 : ,
b-y, |
= Z, .
(:I2+|L:’2}5}; tQTl = 2+91 dg s Since  y,-y, =‘:J
| ancl dy,= dg .
_ N () b-y,
— 2 = _ x?2 Ty zil% 24 g
= l:(lﬂ,]:r;zi-gz I:%JQ:\Q—HJZ DCVHMZZ (xzfl;’z)a/a xz)xzf\jzoh:ﬂ
T3
: oy
- . .. 2
=oc*f3'c-iyz%anl - =iy ct] 9
. Y X (xl T HZ) Y
- |
- ,
=y taﬁ' =, J‘ Pz 1 J. ]
Ty N EE e ) o yrze) 9 ) T a g

—

=z Yy

x4z | 1o

—]. |
__ﬁbcfwzt i T2

b
- Z Yo a+ky,-Z
(ccz+gIR N T ge

0

b-y,

dy,

afr Jocz?

I
_ b-y
n-’xlz'*'Zl xlz'r ':’:l_

Z.
(:rz_‘_g )O/s
Y

I Z+HZ

Enn‘ kyrarky-z, =y

Joc? 4-y?

xt JocEr yz

|

’tfl ky+a-tky,~z ol

4

i“

e |

9 -
- kyrarkyzz) zudy

_y_‘_ (kg+a+kg. -Z,)%

ocF+y2

(ot 4?) XA
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b-y,
[ =Y yp-kyrarku-z, J lu[ac.kw k-(ky+o-tky-z)yl dg]. |
X :

.—yl

RS2 Joc’+ y= P yIlocrye (ky+avkyrz) ]
s @
Substituting equations (3) and (4) in ‘2), we get‘
b”U( . b’%
2 FdA A — | _(Qrkyrku)z-(ca+y*+=28) g +J~ oy
- ooeing . (Yo Y3 (atky +ky=z)° ] UOCMH*
: =Y. i -
o by,
2y, = kurarkyz zylzeik-ay-kyy-zy] dy
T T & e T (gt a kg T
: : , - by,
. =z JCC.F—\-Z{" . =| (_-J dg 5
+ szil Hz t ]’] J:Iﬁ-‘- Uz -+t .:I(Z tC\\’l 1[:,_‘-2'2 q:z_‘_gsw ( .

The integralé on the right hand side of equétion (5) are combined and

integrated as follows:

b_ga : .
(Qzi+kyzirkyz —od-ytz) i~z y(e’k-ay-kyy-z,4) 4
ot (ac+ g2 o +yP+ (kY +a+ Wy, =21)2 ] . E

b-y,
_ i (Q2.+RLJ z, -z +y¥az,~z -t + kyz.) d_
J axf i+ y?) oty +(kt_; rOHkY -Z,)7]

b-y,

=y,

— (Q;Zl'f'\'\‘g,2|_2|2-x.|2) ' d“‘.’l .
x? [oc®+y2+ky*r2ky@tky;z) +(mkj—z)‘]
: —gl :

(Cl-Z +ku Z|’—7§ *DC‘Z) J dg
| y2Q H<2)+Lj(zkcx+2 K'y-2ka )+ 4(cm\g,z)
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R . b-t
_ (oz+kyz,z2ad) 2 tai 206y r2k(atkyz)
xE {20y rorkyz)E: T 2lacd(itk)+@rkyzy |
- ; (G +kyrz)
' -y

b-y,

-.tQ \7 AT (14K 3)+ (@t Ky ~z

az, +kyz-zi- [:

- - Ay +lotky, -z k
oG o (14K3) + (@tky =z )*

i

Substituting the above result in equation (5), it becomes

20 FdA-A, _ ozvkyzmziod [ (*'#k‘)g“r(&-‘rky.—zbk] |

o, sing T o (kA (@+ky,=z)* JocF(+K3) + (@ +ky -z )?
"J,
~b-y
+ 2Z|g. th‘\‘l Rgﬂ—(l*l—ky,—Z.-'. ‘
OC,J&?—?—LJZ Joct+y* _l
@ . — 3
— / b-y
[ =y Sz gy zE L ooy '
+ : : - _— .
CERREFYERE YT o Y Eme
' ‘ -Y

Recalling from figure 1(a) that xj=c sin ¢ and z;=c cos ¢ , we have.

$ .

a.cos ¢ +ky,cos¢-c Em;'(\+k2)9+(<‘:wku,—ccosd)k]
)2 2

21k A _p =
A AT RN +C+ky—ccosd {+k)eSsing +@rky,~aesd)
' Rl
- b-g‘
|___ycesd . ky-+rotky,—ccosd
| CPsingry? N [Rsint gty
—Y
| b-y
_ycos¢ - ccosd Ly '
.+ S . o H
oo (9N Taemgags T ONE
. -Hl
_ acosd + ky,cosp —-C (L =t arkd)(e-u) +o+ky, - ccosd )k

'-JC\-rkz)c%in‘ds+(C1+kgi—ccos¢)5 A0+ sinG +(Q+ky,~Ccos )

—tan = :
Jk)cSsin'gr (at ky-ccosd)®

i (H\-\-'a)(—g.) 1 (tky-ccosd)k :l
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(b-u)cosd | = k(b-y)+Q+ky,—~ ccosd
(o971  Tentd oy

_ —y, cosd R KEyY)+a+ky, ~ccosd
[T+ Y2 JcEsimig +Cu)*

(b-yycosd o ccosd
Jcsin'g+(b-u)? Jisin'g + (b-y)?

__ -y,cosd ) ccosd Dby Ay,
Eeng+ue " Tosing+ o ttan=c - —tan=g- -
Simplifying the aboﬁe expression, we get
oM 5 5 = C050 +kycosg-—C [ 2 boy+ K2+ 'k (a-c cosd)

q/.\ M2 —.—J(‘\-f-KQ)CI\S'I N +Crtky-Cos@)? EQHJ(\-Jrkz) csin® +(@+ky-cccsg)?

Y,— K (@ -ccosg) |
+RICEIn' G+ +ky-ccosg)*

+tar

2

«

(b-y)cos ¢

_— l<b~+d—cccs¢ , i .Ccos@
e ey el e cE e sy e
Y,205¢ [ CL"CCOSCé-_‘__t pl_ccosd
Iesing+-yz | Josing + Ut Qq./czsm”‘g’)ﬂﬁ‘
= b_y -1
4-{xnr\-f—E§~L-—%“EClY1—i§— . e @3)

In order to express the factor in a dimensionless form, let us define

the ratios

L a. .
N =%
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]

C
- %
_ Y
M = -

and let

A =L0+K) 1 2sin*¢ +(N+RM-—LCO§B¢“)2 ,

B = [Zsin'g + (1-M)2

3

D= Fsing +M? .

- Btilizing these, we get

Ncosg+kMcosd -L S MR -Lceo
Fin —n, = -Neo 2;%\ ccs¢ Emn - [ K:\KCN COSQ)

-Ftdl’\J M*k(E-LCOS(L‘} |

(-Mcosd - kﬁ-N*LC_OSéf . 2 Lecos @
4+ ) OS5 D |
o B [%Cuq = +tan Ej :]

Dl iotonsd | Leced]

D
[ td= M &
+.2.IT|E.‘OJ T ttan-—g _ ( )_

The factor for the same configuration would nov be evaluated using

contour intégral method (reference 4) which simplifies the procedure counsider-

“ably since only a single integration along the contour of the trapezoid is

involved in this case.
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The limitation, that each element of either of the objects should "'sce"
each element of the other, as applicable to the q'uadruple integral method
applies to this methcﬂ as well. This method becomes handier when the surfaces
involved are not plane.

The contour integrai representation for the c611figurati6n factor between

an infinitesimal area dA; and a finite area Ay (reference 4) is given by

FdAl..AZ = L'\j; =, "Z')dqa - (Jl—gl)dzz 4+ ‘§ (Iz“x\)CL-Zz—(Zz’Zn)C['Xz

21 r? 2TTr2

(g:z'" l:]l)d-x?_— (X?_""XD d-y?. . | e ( 7)
+h.§6 2mr? |

In our case, with. reference to figure 1(a), we have

.L| = "'COSC]) ,
m, = o,
W = Sil’)¢ s ~ Lt

X, = Csng
Z‘ = C COS¢ 2
X2 == O R Xm= O .

Substituting the values for my, Xp and dx,, equation (7) reduces to

Z-HFAAFAZ =L‘ﬂg (Zz_z,)dg—,_‘—(uz—y.)dzz ¢ nsq QCile.’z 2 . .___(%)
G c

,nZ

~The contour C is composed of four parts as shown in figure 2.

On I : Zz, =0, dz,=0
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On I ,.g?_=b‘,_d‘gy_=0;
| .o's Za a+kb

On I : z, = a+tky , : gz = “'k‘ (z,-Q) ,

0 <y, <b, Aciézééa+kb
On L : y, = o0, dy, =0,

0 £ zZ, £ Q.

Mriting proper limits of integration, equation (8) tecomes

: —z, dy, |
2T E}{Al_/‘\z = LIJ x‘p__*_(éz_a')z—l_z?_ + -nlg -3_-_;3 G dgz
O .

+(Y,-Y) 2425

atkb
1 (= emuyd=, +LJ (arky,~=z) dyz
' ZI_\ 2+(b- Un) +(‘ZZ—Z.) :Cl +(Y,— U)Z*‘((—IH\U —Z‘)Z

L j [K(Z’ Q) -y, _{C‘_Z? vg o, d__l,_’ '
T‘ 2T 4(

+[,<<zz—o W@z T

’ g, de .
1-I 2 z 5/
L X Y, +(Zo2)

| | | - atkb

A , Yo — ‘ dz.
.__(J.|Z|+T1|X|)—S CCIZ’*' (Y,- y,)ﬁz? (b'Ul) L'jg@"ﬁ (b- L_J,) (z2 21)
0

_ o
+(Ll Cl—l,z;+'n‘x0)(‘ : C“UZ’ lkg \J,Cl.gz

S ) Y R RIES ) S B e eyl

Q

CLZZ_ L .4.2_(122
'1'(11 " +l.\g>§ q—.‘;\-_*.Lk(‘,_.}_ a)- UJ %z 4)2 - k‘J

Yo-Un) = (Qtky sz

102 0) -4 | =+ (22T
atkb

|-
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L\Ljnj Xz Iz, ’ | e @

+y+(zs z)Z

Solving the integrals of equation (9) one by one we get

o b '
du, - ,————— tan .
LYY+ 22 [ JCCF"Zt
O . .

arkb " _ | at+kb
AZz - — | TOR 1 Za2—2h .
)ocr (b-u) *+{za-2)* i+ -up g (oegy
0 ' 0 ‘
‘:J:)_d‘gz U, CiLJ., :
gﬁ‘;"-f W,~U) 2 (Crrkyrz)* LJz (+k3) +4, 2y, tzka-2 kz.)+ CENGCEAT I

{:Z(sz In {1.+(g -y) ratky z) }

0
4 Y-katkz, dy_ y
k= ~L.+(Uz DGR s

° 0 ) -
S du. S dy,
bx Uz ) Orkyzz)® b':fzz (163 +Y, 2y, 12 kCl'ZkZ‘)-l—{lr\‘ Y+ (-2) }

JEQ‘-\(WKQ)\JJG\O -kz1-4,)

_ |
"_[J::xf(t ) H{atkysz)*

0 +(ar kgz—zl)
a
z.AZ, _ kK*zaclza
NHlRE- Q-5 (zz)* ) Z20vK)Z {2k Z+z OrkY) J+ k2o Kz (@rky)? }
a+kb atkb

(wk) lg g& +(Zz"CL‘.’\'U‘)%\-_szzz—zly}

Q

__J

(K=, +arky) g d=zs .
TS o (zo- AR & Rz E |
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Q.
dez — : CLZ‘Z (4) =
3<:|+YK(Zv V-ulH-z)* )z (HK)-Z Rz 2 (kg )+ (K K @Ry
a-t+kb at+kb | ‘ ,
o @
[ k= ' O_‘L+k )Zo— (C\H\(Jl"'\\zl) )
k(K3 +k3 & -a- Ky,)* Jxl KK z-a-ky )
a:tk
, 0
g dz. , ta -\ _Za2-2Z, 2 —Z | .
X7 "lU,“i‘(Zv"Zi)& J . ok yi an FVHJI |
and now substituting these results in equation (9) we have
r _Ib a+kb
-— (LI-Z;“‘TM"(I) -\ Us—-y, Ll(b"Eh) ~ Z;—Zl
er{A INES— tan N ozr _J JoeE+(o-u)* {n J +(b~y)?}
- ~k 'k i . .
_ (L.Q-—L‘Zﬁ'ﬂ‘xl)-i-hk'%.,_‘::%i“z‘[ -1 (x~+-k?)g1+-(ka—kz.~u,) ]b
Joc2Qkd) + @+ky=z)? SHESE (@rky—z)* o
Lk . | o
~ Stiae|in 3 +<uz-u.)“+<a+kuz~z‘>]0 ,,
12 k?Z.-l-Cl%'—kL atkb

‘= Q ,_L_ =
KL thy) -k Tk ], =V (k) za— Qurky,

S - t an f‘kél)
Jf K (v )+ K @ -aky)? IS . ky)* o

/L kz 2z 2 | 2 2 2
& 2(1+KY) ﬁ {kx‘ e Ak E2) }[

—Q

a
_ by f s Zemm ]
—v,:r-..+ (:}I J -:ll"{‘ Ull O

Substituting the values of 1;, n 1: X1 and z; , wve have

b

2 - ,
y . cccsc/)+c3m(/‘ o= YL-y,
21l Arfe™ ar dcsing %C‘cog?}

_atkb
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: a+kb
cos @-(b-y,) -l Z,-Ccosg |
Jesin’g + (b-u)* 1C7sin'g +(b-y)?

ok—kccos g-y,
_ —QCosp+ccosgresing+keosd T+ k=

Je®sin (k) + (arky —c cosf) 2

E:C 1 (KR Y+ (ka— kCcquﬁ Y, ]b

nJc SNk +(Qtky-ceosg)?

4 kcosd |1 c%ing +(b-u) % (@a+kb-ccosg)?
2(1+k3) CBIN + u2 + (Q-ccosg)?

L cosd ak®+y,k3—ck*cosg
RE ESIfB(+K) + (ccos@-o-kyy=

a+kh

Ef 1 0+K)Ze — (@ +ky ke cosg)
IR SING k) + ki (ccosq —a—kqg2

_ kcosé Iy, Ke2sin ¢+ (at kb-—a+l\u)~rk @tkb- ccos¢)
2(1+K) KieBing +k'y*+k* (a-ccosd)®

a
Y, COS [Jm,.\.a zz-ccos¢ |
1c™sing+y2 IcsINg+y?

In the foregoing expression the fourth and the sixth members are equal in their

absolute values, but have opposite signs, and, therefore, they cancel out.

. In order to express the factor in a dimensionless form, let us define

the ratios as before, as

| D‘ID UID

e,
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-1
M =5
o ‘Thus, -
A o -011° L a-Mcoss [0, '(]Hk"
B R 2—!\/1J I-M) cos o —-~Lcos¢
dA-A2 [ L NSy +afr1)"’[_ f"sm*cp+0 P’Dz_l
L+ Lk sin‘g-Ncos@-kMcosd
(isz)JLoln @ (+k3) +(N+kM-Lcosd)?
' b
e (k) + (kN—kLcosg— I“I)]
J12sin%p (1+k3) + (N+kM-Lcosg)=
:*.;cosd)-kz N+Mk-—Lcosqﬁ .
k2 Psin®g (1+k3) +(Lcosd -N-kr1) =,
‘ a+kb
’mn' (+k) &2 ~(N+kIM+ KL cosd)
J3sin% (H k3)+(Leosg - N-KN)
| a ‘
N rq’g?s(,g taﬁ' 2 — | cosg .
JEsin’g+ M L {LSsin'g+ M
Let
= [1Zsin¢ (1+K3) + (N-+kM-Leaos@)* ,
B =[S + (-r1)=,
= JL3sin’g + M2 .
Substituting for A, B, D and putting the limits, gre get
21 A—A, = [tcm” ‘L'V + tan’ M]
Jr(\ VIBCOSCf» Eon—' N-{-KéLCOS(/‘ —tar Lcac,q’]
i )
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_ L+Lk*mn'g—Ncosdg - kNCOS¢ oy Kok N-Klcosd -1
(rRTA A

—tan

bk N- l\Lcosc/)— -
A

2 N+ Mk-lLcosdg —'(|+k2)(N+L) (N+KM +E LCCSQ‘
+ieosd kA Efa KA

)
=L (HK?) N= (NHRM kP Lcasd
—tan k i :I

+I‘C_DSL|ECO N- LOOSGﬁ J‘_tcm\ Lcos%}

Simplying, rearranging and adding the third and the fourth members of the above

expression, we have

Ncos g +kMcosd-L

— ~1 1= M+k3k(N-Lcose)
FC;LAI"/’\z - 2T A Eﬁ(ﬁm A o
+JE'O-\ M- k(N- Lcosa)):l
A
(-M)cos g tka-N- LCOJ([? Lcosd
+ 2TE tan = +taf = }

Mcos ¢ ~t N~Lcos @ - Lcasd
+ D Eccm = -+ tan —y ]

T

|  S =M = M.
"z‘-';r[tm_ L+ an L:]

This is same as equation (6%).
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The twp special cases of this configuration are:
@) the infinitesimal area in-line with the shorter-side-end,of the
trapézoid,
(2) the infinitesimal area in line with the longer;éide?end of the
trapezoid. |
Case 1:
This is shown in figure 3. For this the factor is obtained by letting
;=0 i.é. M=0 in the general expression for F

dAy-Ay"

This gives

. Ncos¢-L. - |+\C+L(N Leosd) =t ke(N- Lco~d—|
'FdA|‘A9_ - %C%—lt\:(lh ~tan

-1
Cffr% [m siieN-Leosd 4 ttai chsd} Ay

-where

A = [(1+k3) Zsin® + (N-Lcos@)®

B = [*s\T¢p +1 . | ’

The similar expression is given by Hamiltén and Morgan in reference 1.

" Case 2:
.This is shown in figure 4, for which the factor is obtained by letting
y1==b i.e. M=1 in the general expression for FdAl_A2

This gives

Fa A=A, ____Ncoszd_.;»li-zcosqﬁ—L [ian\k\ (I\A—Lcosa.‘ Hop's (NAL(cx(ﬂ
cos @ N-Lcosd LcoQQ‘ | oty
T arD EC‘” D +tan SET
where

A = [ 12sin’ (k3 + (N+k—Lcosd)*




Figure B
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D = /3sing +1 .

Now, if k i1s negative i.e. tan 6 1is negative, then the configuration
shown in figure 5 resembles the configuration P-11 of reference 1. The factor
is obtained by letting y;=0 i.e. M=0 and replacing k by -k in the general
expression for FdAl‘Az'

This gives

+'taﬁ' k(N -—/\;cos d)

_ Necosg -L [, 2 1+k* =k (N-Lcosg)
FA-n == amp [t A

4 N-k-Lcos® ,, -~ Lcosd | -
) » ,+_tcm‘ B +.2‘T tan

S
L.

where .

A = Ja+kd)sin’d +(N-Lcos @) |,

B = ] sin“g + .

‘The expression for this configuration, given by Hamilton and Morgan is
incorrect, which is very otvious from the curves the authors have drawn for
FdA A in figure 18 of the same referemce. The curves indicate increase in

1782 '

with increasing 8, whereas the figure 5 shows that F should .

Fan-a, dA1-A;

decrease with increasing 6, because the area of the trapezoid decreases with

increasing 6.
This mistake is reproduced in many books, among them is a well-known
textbook by Wiebelt (reference 6).

‘The correct geometry for the expression given in Apvendix C of reference

1, configuration P-11, is shown in figure 4.
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Thus, having obtained equation (6) the expression for the factor from an
infinitesimal area to a right;angle trapezoid, their planes forming an
arbitrary angle, and having discussed two of its specialcases, we shall now
proceed to evaluate the factor form an infinitesimal Area to any triangle,
their plénes forming an afbitrary angle. ‘

An infinitesimal area dA; and a triangle ABC are shown in figure 6,
vhere, their planes are forming an angle . The coordinate axes are éﬁosen
so that one of the corners (A in this.case) of the triangle lies on the z-
axis. The coordinates of the points A, B and C and of dA) can now be defined
with referencc'to this coordinate system as

| A‘(O,za ), B (yb, z, ), ¢C (yc, z, ), dAy (%1, ¥vis z1).
Let us draw a be%pendicular CE from point C and BF from point B on the y-axis,
intersecting the y—gxis at E and F respectively. |

Then, the factor from dA; to the triangle ABC is obtained by utilising

factor algebra as shown below.

Fia-aase = Faa-asro * Bia-Beer ~faa-aceo - (0
The three factots on the right-hand side of equation (10) are tﬁe.factors
from an infinitesimal area dAj to the trapezoids, which can be obtained from
equation (6') by making appropriate substitutions

FdAl—ABFO is obtained.by comparing the trapezoid ABFO with that shown

in figure 1(a) and then substititing as follows.

G = ZQ
b = y,
C = C

Y

Y,

k3
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Y4 - = A~
o |
sk o gy

FdAl—BCEF is obtained by utilising equation (6') with the following

: substitutions.
G = ,Zib
b = gc_gb
cC = C
¥y, = Y-y,
— Zc—Zh : :
k = ZcZb
Ye—Yp
N Ye—Yh
L= =
Ye - Jb
M = Yi—Yp
Ye—Yp
FdAl—ACEO is obtained by defining the following quivalcnt quantities

and ‘then using equation (6').

Q ZQa

i




]

z
i
3

I

F |

Mo :
L.

Now, if the triangle is placed so that B lies below AC, as shown in
figure 7, the entire analysis would remain the same except that equation(10)

would cﬁange tq‘%
Faa-anee = ~Faacaero —Faa-peer +Ria-aceo -0

s . . . . ' A
Thus, having'found FdAl—AABC » applying the rec1?roc1ty rule we can get

__dA | ’
FAABC—C{A. = Aanpc HASAABC e 2

Integrating equation (12) with respect to dA; over any required plane area A,
the factor from anm arbitrary triangie to that area can be obtained. Using the
reciprocity rule, we can now obtain the factor from an arbitrary area A) to a
triangle. Finally, because %ny plane area A, which is bounded by 'straight

lines can be divided into triangles, we have a method for calculating factors

between any such areas A; and A,.
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ITI. CONFIGURATION FACTOR FROM A RECTANGLE TO ANOTHER RECTANGLE

IN A PARALLEL PLANE, ROTATED THROUGH AN ARBITRARY ANGLE

The closed-form solution for the configuration factor between two
identical parallel rectangles facing each other is available jn the literature.
Factor from a given rectangle to anybother rectangle in a parallel plane can
be obtained by meaﬁs of factor algebra, provided, however, that the sides of
one rectangle arg‘pérallel to the respective sides of the other. If these
sides are not parallel, the problem has to be tackled through integration
from the fifst principles.

In this‘section a particﬁlar case is considere@. One of the two identical
parallel rectangles facing each other is now rotated about one of its corners
through an angieka. There appears to be no possibility of a qomplete closed-
form solution to this problem and the integration. in terms of elementary
functions 1ea§es us still with one ingegral to be evaluated numerically.

Figure 8 repéesents two rectangles measuring a Xb, separéted by distance
c¢. The rectangle lying in the x-y plane is rotated clockwise through an éngle
6.

The factor is iﬁdependent of the scale. We may, therefore, divide all
the dimensions by ¢, introducing dimensionless quantities A=a/c and B=b/c
as has been done in figure 9. The coordinates of the corners of rectangle I,
as well as the equations of its sides are also shown in figure 9. The equations
of the sides are not valid for 6=nw/2, where n is any integer.

The contour;integral representation for the factor from a finite area A,

to a finite area A2 is given by equation (19) of reference 4 as follows

| Faj-a, = ﬁ(& (g [IT\ rdx clx, + Inrdy dy,+ )nrdz@;]. (D

In our case, with reference to figure 9, we have

A= Ar = AxB,

32
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! . I’ / o (Asins,Acose. 0)
" (Beose,-Bsing,0) < |
_ G , Ca :
* y;=A -z tane

T C0s0
(As'm@+Bc056,Rcose—Bsine, O)

7 e .—.—__g‘jtaﬂé)

X, =—— + g,tane

N cos 8
] < y, = —o¢,tane
| : o .
:
|
S
|
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' = the distance between the points‘on the boundaries of A1 and A2

= [P + (U,- Y)2+ (z2-2)° ,
Zz"‘Z| - 1 ’
dZ) = d,Zz = QO

With these, integrating equation (13)‘over the boundary C,, we get

| | o o
2mAFp -p, =§ dx,{ g!w'[(xz—xi)a-i- v ‘2+|]ELX; +Jh1 [(ex) (A LJ()Z-r[}Vchxz}
Cy B ' 0 v

G SR (¥

where the integrals with reépect to x, on the boundaries 2 and 4 and with
respect to y, on the boundaries 1 and 3 are zero, since the respective values
2

of dx2 and dy, are zero.

Now, for simplicity, let us write

Asineg = T
Acos® = K
Asine + Bcos6 = |,
Acose — Bsing = M
Bcose = P

- Bsine = 6,

Substititing the above in equation(l4) and then integrating over the boundary

C,, we get

A _ "0 | "
+§ dy, { glh[ocf‘-f(qz—g ) l] V’Elgz —l—S n[(B-x)2t(us Yy ‘]‘/ quz} ;.
-0 . A ;

|




, % 4-[TA|FA‘__AZ —_
| P 0 | B
=de‘ Xln (:X:z'xaz'f(—-xl'tﬂ|1é)z+ﬂd-Xz +Shw l:(acz—x.)ﬁ(AJraé\tan@)iE'dxq_ }
-0‘ B 0 | ~
L 0 B :
L + S;:LX‘f g;:“[l‘z ')'*‘(tane 5n6) :IdX+ Sm[l" l)+(“ tcm(e*ﬂne) :]dXZ}
i 0 .
| HSANTOE | B
i 2 2 2
i -+ de‘{ &ln[(a, X *(CQS 5 -2ctang+ dxa+ h\[(:t;x.)Jr(A—c-é—é +3¢,tane) +Eld>@}
L B 0
0 ° B | _ ,
+SdX:Hh1 [@L o+ () :]dx,_ S"Y\l:('xz (A~ o) LJd } |
y B -0 .
& A - o -
+Sd91 { gh‘ [:( e ‘U) tcme ‘H:ldUz + S"“[Jv ‘*(B *’tcmc) H :ldgz.f
| 0 0 A - .
M A 0 o ' s
+5d9‘{ g\h [(gz—q,)ﬁ-(—c%s—é—rqﬂa t16)2+]d‘g2 +X\‘n Egz-gf%(B—CE%—e-—g,—tan@)%{]clgzy
1 ] o | A . .
| K A N
et el 0 )
o A | :
o +\dy, UH (y2-u)* (Y tan@) + ngz S\*n{( -G (B-yitang’* :]dg } ..... (=8
] koo |

’ ‘ As all the sixteen double integrals are of the same form, only one

general solution is required into which various constants, names of variables,

and limits of'integration can be appropriately substituted.
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Sdzlghﬂ [(zfz) Gz, H) H]
" ——gdz. {(Z°-Z‘)\n [Zz 2) +(GZ'* H) +—J Z(Zz—z7+2m tan (:zz f\)J +\} ;
D

Sdz:{(P«z)ln[(P—z.) +(CZ‘+H) T j 2(Pz) +2 [G W Jrcm =

Gz +H) ™ H

-(:D-z.)ln[@ 2) +(Gz.+H) +‘]+2(D~z) -2](Gz+H)* tan J_CJTLZ‘FJT}

R

=Sdzn i(f’~zl)|'ﬂ[zlz(&-fﬁz)le(zﬁ H-2P) (P H') -2 P2 G ) tqﬁ‘f@-—%rf—\‘?ﬁ
s B | |

: y
_ D-z .
(D-Z.)\ﬂ[z\ 1+G2 +z,(2C\H—7“D)+(D t H]+2—D*2JG;.1-H) QR ml)'ﬂ}gf

_IBfe G- ot e e} 2GR GPr R, S1(116)z +GH-P | ||
__[:P{zrf M;z)ln[(P Z) +Gz,+ |)+ﬂ 22+ e tanJ(MGz)!r(GmH)}}

GH-P)z - zZ zZ @GH-P)? P H*1
{ H—G’—Z _ 2‘ +[2 —CIH'GZ)Z 26 ‘_g) ]\’Y][(P Z))" —r(Gz,H'l)—H]

_ 2GH-PUGI GRS ;- o (+G) 2 GH=P (G otan Lz -i
\(|+GZ); tan JC\#CZ);(GPM) } 2Pz + jz FH)H{O['/(, iH)u

— GH-D - '2 % A ‘_ZJ(HCZ) +(GD¥ H) -\(H—G '7”-('“ )
. D{(Zﬁ Whﬁ[@) Z‘) +(Gz+H) 4—1]1 27 e tan = )+CCD‘+ 2 }

(C«H .D)Zl Z’2 Zz (G H——‘:D)z D 1 H +1 v
e £ 11 - G Ry et

2D G (+G226H-D ), D 52 Gz, +H) tan__lf____,,&
| (+GY™ | J[LmJ(er‘)r((leLHP +2Dz,- Gz RO
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_|f GH-P__ 2% (GH-p)
HPZ'+P 1+G2 *_QL’F((l*—CZJ2

- B (P2 4o ]

_ GH-D _ =, GH-D)?
, {DZ('FD H"GZ 3 -+ (H-G'Z)Z _—

+£\——E_GD2— zZ = 2(p"D)Zi

+ 2 J 1+ G2+ (GP+H)Z
(+G2)=2

{P(HGZ)—. (GH

o, 2 N2 . z -
S

(+G2)>

R

e P[0z Gz e

~P>}“l,‘6\ ﬁ" CH'GZ)Zl +Q H—P

S+ G +GPrH)Z
R

N+ +HGDHH)

"t ﬁ‘ D—ZI

JGz \+H)Z+1

+2§! Gz, +H)*! [tcm“ Pz
A .

I

@ H-p)?

JGzr =+ :’dz' ?

_ PAH*

GH-P _ _R*:
{PRHD wor T2 TG

2 (1+G?) } h’)[(P‘R)Z*‘ (GR+ H)?H] .

_{p5+P GH-P _ S*  (GH-PF _

I+GZ Z (‘.{-62)2

!

E(TE c;; } ‘ﬂ[( P- Sf'%—(q‘s +H) ]

+G2 2 T (+GY®

{DR pGH-D _ R, GH-D)

- jzj(ﬁ‘cf;; } n ]:(D— R)*+(GR+ H)2+El

o i ). |
Dt }I\W[(':D—S)z-i-(GS +H 24-1]

1 (G S+GH-P |

~ 266 HH) | l+CF+(DG £H)?

- . L - ) \ ] N _
yar (LGARAGHD o (1+G)SHGH-D

GH-D _ S* . (GH-D)*
2G(PG+H) 2 [, -l(t+CZ)R+Gt~|~P
-+ - et L) \
-+ iegyz Iita +(PG4'H) N e e

—tan TG e

(1+G3)2

| I+ GE+(GD FHH)

J1rG2 - (GD - HR
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. ' R .
| _P\/<. 26t I ol S P-z2e a0 Dz ‘
E . +(P D)(S R) 1+G? ~+ J (C\Z,fH) + | [t'(_]ﬂWl tQY\J“—‘*—W{‘dZ, ——-QG)

7S
Thus equation (16) gives the general solutlion of the double integral of
the form appearing in equation (15). When the following sixteen sets of values
are inserted one by one in equation (16) and the results are added together,

we get the solution. of equation (13).

RS L H

.| Bcose 0 OB | taneé — 0
2.| Bcose 0 Blo| tane A
, 3.| Asin 6+Bcose Bcose OB l/{one -B/sin®
4|Asin6+Bcose | Bcose | B o I/tan6 | —-A—E:/sih@
5. Asine | Asine+Bcose | O | B | tano ~Afcose
6. Asine | Asine +Becose | B0 | tane | A- Ajcos &
T 0 Asing o |B|i1ftan® o ’
5 3. o - A sine B |0 \/tan® -A
o. -Bsine | o A [0 | vtane 0
0. -Bsing O o|A |1/tane B
. [Acose-Bsine | -Bsin® Alo | tane B/cos6
12. Acos@-Bsing -Bsine oA | tano Bfcose ~B
| 13 Acose Acose-Bsin® | A | 0 | 1/tan@ ~-Af sing
14.[  Acose Acose-Bsing | 0 | A |1/tane B-Alsine
5.0 © Rcoso Alo tane | (j_
; 6. @) " Acos@ . |0 |A tané -B
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The term (P D) (S- R)(li—ZGZ)/(lﬂ'Gz) cancels out when added sixteen
tlmes for the abovementioned set of values. Hence, it can .be, om1tted in the
computation.

The numerically computed values of the factor for two equal rectangles
are presented in flgures 10 to 13, as a function of dlmensionless ratios A=
a/c for different values of the angle of rotation and of B=b/c. The accuracy
of the computation is checked by interchanging the values of A and B. The
results show an accuracy of twelve significant figures.

The curves are plotted for 6 ranging from 0° to lSdﬁonly, since; for two.
equal rectangles, the configuration is symmetrical .in the range 6<6<180" and
360> 6> 180° For two unequal rectangles this will ro longer be true.

Moreover, these numerically computed values of the factor as 6 approaches
0, m/2, m etc. are found to approach the values of the factof found froﬁ
factor.algebra for ® equal to 0, w/2,m etc., respectively. This is an additio-

nal check of our procedure.
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'IV; CONFIGURATION FACTOR FROM A CIRCULAR DISK TO A NON-

COAXIAL CIRCULAR DISK LYING IN A PARALLEL PLANE

We have in the literature, the configuration factor between two co-
axial circular disks in a parallel plane. Let us now procéed to formulate
‘the factor for the case when the two parallel disks are not coaxial, We shall

!
futilise the factor from an infinitesimal area to a parallel circular disk

i
3

‘given in reference 2 and by integrating this factor with appropriate limits
we can find the factor from a circular disk to a noncoaxial circular disk.

Tigure 14(a) and 1l4(b) represent two noncoaxial parallel disks having
radii b and ¢ and areas A; and A;. Their planes aée separated by a distance d
and their axes‘py a distance e. An arbitrary infinitesimal area on A, is

denoted by dA;. The factor from dA2 to Al'is given (reference 2) as

— ol e o 7)
rgﬁ"*fﬂ' I [‘ T+ 2 b @ b)e {

By the rule of reciprocity

dA2 F-dA_z"Hl = A_IF;)H'."GlP\Z‘ ’v

from which we ‘have

e N P i - ]d 48)
Facdh, T 7A | It 2d=b)r 2+ d+b)? Ay ()

where .
Al = Tl'bz R
dA, = rcdedr,
Letting
b = d%-b*,
q = A b*
we have
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— r2+p | _ _ '
FAl—dAz . 2Trb" l: Jr4+2Pr +C1, f d@ dr. ---_-_,Gg)

The factor FA A is obtained by integrating equation (19) over the area A,.
1772 : : :

Thus,

| | ri+p
FAacAs —W’( D—- ———Irdedr___(20)
. - Jr*+apr+q, |
- “Az
Now we are faced with two cases. They are:
(1) Axis of A; not intersecting Ay, i.e. e>c,
(2) Axis of Alintersecting Aé, i.e. e<ec.
Case 1
In this cése (figure 14(a)), area A2.can'be divided into a number of

segments of rings of infinitesimal thickness dr. Writing the limits of

integration, equation (20) becomes

" ost ¥ L% ec?
' T a2re

rip . o ,
F:Z\.—Az Trb’ S g [ r4+2pr +q2.l‘ dodr, -

| r’+p ] S _rre®ct )
1 sz [I Ira+2prirq? 2re
c-c
erc (C_’:!'C
| v+e —c? r>rp Ne—cdy

e—c

Twice the first integral in equatiom (21) is obviously the area Az' The check

for.this is shown in the Appendix (9).

' Thus equation (21) becomes

” e+c
T 1 3+ ~1
F-A szJ trp CO3 rie—ct clr ,
e-

Az T oplr T T 42 pr2rq? 2re
- c
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etc e
{’—“ RS A2l apigild Aide
2\92 41rb-{_2 r +2PHQ coS 2\8] 4nb 41"@2—‘2\’%(@12—5‘)2 2\”26 dy
e-C e-C
e+
_.c* 1 [:o} ! Jrivaprig? rEEE Y,
2b*  4wbh? 21h? J rﬂ—e‘\-c4+2(r~e+ec-:c”r’) r

etc
_ <21 [Jyri+zpr+g2
T 2t T 2mbr ) J-ratzrg-hz ¢
. e-c
where _
'q = e*+c”

rho Ay, o (22)

" We find that the integral of equation (22) cannot be solved in terms of

elementary functions.

In order to write equation (22) in a dimensionless form, let us

introduce the ratios

= b/d
-
= c¢/d
= r/d
p/d
- 9/

I 0 ® T A M O O
I

= (C’z— CQ)/dz

EZ+C*>

= (d=b)/d* =
= (%) /d* =
= (ez’i‘cz)/dz =

|+ B?

E% C?.
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Then
CEtC - ,
_ ¢ R>+RP - R +E%C? N
F/-\t"/\z T 2B TR )JRIt2PR% -8 cos 2RE dR,---22) ;
| E-C
or ,
' E+C ‘ .
) . ‘ .
| | /JRIT2PR 67 R*H dR . . 2"

Facp, =S
Ai-Az 2B*  TB? ) [FRA+2GR>- HiZ R
- E-C

Case 2

The second case is represented by figure 14(b). In this case area A, is
taken to be composed of a circle and a ﬁumber of segments of rings. This
circle of area AS is shown shaded'in figure 14(b). The limits of integration

are different from case 1 and hence equatlon (20) becomes
e+C COS r +(° C.k

2re - "
| ri+p s
'FAF‘/“\?. T omb? S S D Jrd+2p rz-rqz] rdedr -+ FA\"AS
“e+c |
C+C . e+C

S r4etc? r3rp rre-d -
bﬁ OO 2re dr— ’sz _L 03 dr’fE%rRs

r4+2pi Q7 2re
~erc ' . —etc (23)

Twice the first integral in equation (23) is the unshaded area of A2 i.e.

(A~-A.) and F is the factor from A; to a parailelcoaxial disk A _, given
27"%s Ay-Ag 1 s’ ©

as
I DY Sy G
FAl'“/\s 2 [Z /Z b= :l

where ‘ . 2 N2

Zz = 1+ Oéz + (Cbez)
Thus equation (23) reduces to

e+C _
I 1 S {( S N r34pp vt ,
F Arhz T oirh? Zﬁb"ﬁr“‘m;nr%qz COS - pe—dr+ Fm-f}s
—€+C
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' o e+C
_ S (c-ep J(C-f’:) ¥2pE-e*+92 1 | frtr2pr=g?® v: dr+FC . ¢
2b* 2b? 2B J_y hogren: ¥ Ar-As
------------- (z4)
where 9 =(‘32"\‘C2 "
h =c*-c?
and the dimensioniéss form of equation (24) is
' E+C
CX(c-Ef | R*RP | O RYE-C 2__4(C-E)
F Arhe= " opBe | nBzﬂRﬁsz%rngOS 2RE dR-+75 [:Z = B2 ]’
C-E ,
or I (24")
.F _CretP lerreera® 1 (IRFrZPRMEE. R*H dR
Arhe™ oR? 2B 208 FR=zGre—m2 . R
‘ C-E |
. ) .
——[ - [z*- HEE) :]9 (24"
'where R l+ ‘ N (C—E)z )

B* B*

Thus the factor from a circular‘ disk to a noncoaxial paréllel disk is

given either by equation (22) or by equation (24), depending upon the configu-
ration; in terms of a single integral. In figure 15, the numerically computed
values of the factor for two equal disks are presented as a function of the
dimensionless fatlios Y=E/C=e/c and B=b/d. Equations (22') and (24') rather
7 - than (22'') and (24'') have been used in the numerical integration. It should
belnoted that' the latter equations do not lend themselves_ to npmerical inte-

gration becausc in both cases the integrand becomes infinite at the limits.
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V. CONFIGURATION FACTOR FROM A CIRCULAR DISK TO

A COAXTAL SQUARE LYING IN A PARALLEL PLANE,

Figurc 16 represents a circular disk of radius. b and aréa Ay and a
square of side 2c and area A;. A; and A, are parallel, coaxial, and distance
d apart. Let a circle of radius c be inscribed in the squaré (shown shaded in

the figure) and let its area be Ap'. Ap''= Ay-A,' is the unshaded area-of A,.

Then,
E\F‘AQ_ = E\r‘/\'z + ‘:Ar"A'Z’. * TTTmmrmm e (2‘5)

We know from equation (18) that

i — ._‘__ — . rz"i' P | .
"AcdAs - 2A [t’ Jr4+zpr2+q?]dA2 f

where

CLZ“" b2 .

| q, d2+ b2 s
dA, = fd@ dr ,.

and for coaxial’'and parallel disks, we have the well-known formula

Farcs = |z [ZacB |

T
i

I

where

I

Z | + d*/b®+ c*/b* .

Thus, equation (25) becomes

' : 2
o =-F_,+_—'f N S
ens = Fan 5 [0 st

1ZC T4 ) |
= 8 rap )
= 49 .
P A zwsz f ~|CD JY4+2PI'2+CI/2]rded'”
C “CosF |
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2c Jzc .nM

—F | _ Y'3+VP R
‘7%' 2 TR Trbj JYd@d' b"J' Lr“—r 2p v 3+q2 s
C Cos— C o'

-

The middle term of the above expression is obviously equal to @c-mdfznls,

the check for which is given in the Appéndix(lo). And the last integral of‘the

above expression is simplified as follows

Bc T4 o
>3
Y +l’|’-’ dr
Ird+2prig®
C co§'§
2c¢C ,
m =le r3+YP
=15 —CO05S
(.4: c ")JY4+2pr2+q2 dr >
C .
lzc. e
i N e 3+ rp S -
4J;r4+2pr2+q,2 clr - Jr4+2pr +q?2 COS'Fdr ’
c
Zc [zcC

| =1[m [z, ] Irfizpithe” Efde
=32 ./ C¥r2
IZc

%—l}4c+4PC+Q "JC“+2PC+C;:’——-—WJ JI RIETRERY

II

Tvao | f

31

K Lzc |
Z=___T_T_J\2‘_Z C | /3 zpraqgz
5 clopciq? + zj e dr .
It is shown in the Appendix(ll) that the integrai in the.ébove expression
can be transformed into a sum of elliptic integrals, which proves that it can-
not be integrated‘in terms of elementary functions.

Equation (26) can now be written as
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Iz¢c

_____l_ [ 2_4C | i r3+rp |
. FAf— 2 2 Z- Z bﬂ] bz[ Trb‘J( COS )JY’].i.qPr*_rq\ dr 4
C

or

J2c

i, 4-T" 2¢c \[r*+2pr¥+q? :
Facn=HEE el S m - e

Defining the ratios

B = b/d
cC = ‘c/d
R = r/d
p
a

I

p/d* = 1-B
—_ q//dz__: |‘+BZ
and ‘

Z = 1+1/B*+CYB"

we get the dimensionless form of equation (27) aé follows

I / 4C >\ _R*+RP Y
Fa- ——2[ Z- ]52[: ]WBZJ COSR)JR4+2PR2+QZC(R--.@7

or .
|7 5= 4c ’——4 oc ([RazPRF@ o |
‘_—;\.—AZ'—Z[ 52] BZ[ ] ZE 2P SRJR aeE "“9(27

For the reasons similar to those explained on page 51, the equation used

for numerical integration was (27') rather than equation (27'').
We shall now proceed to evaluate the factor for the same configuration
in 5 little different manner. Figure 17 is similar to the figure 16 except
ﬁhat in this the circle is circumscribed on the square instead of being inscri-
bed in it. If.Aseg.represents the area of the shaded portion i.é. the area of

the four segments, as shown in the figure, then
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— {28

F— ~Az T ‘—/-\ Acir. \F:“\.*Aseg. P e (28)

where Acir. is the area of the circumscribed circle. Writing the values of the
factors FA -A apd FAl-Aseg’ we have

1 cir,
AFAz -
o 2¢ cos f}
_— | 2 }C I v _HQ :
-—'Z_.. o 1 ,
z[ 7225 Af Jr4+zprf+q2]rd® dr
. 7 C ‘o .
- e
= 3
=t [z [z%32E < r +rp e
- - C B
1zC 2C
[ prac |4 it ¢ + 4 Ir# +2pr*+q2 ac m A
=~2— Z.—' —. b2 T[b2 . 2 bezl_ r 'n‘b".)l Y'xc-—
| i 2 %C:’— C2 'Tr__z | P 2 Z ‘L{ Zpr+q ,.l '
=7z % |- CHrapc r..(29
i b* | bz[“']+lbz[j4' P ﬂ] SrJr e (

Using the same ratios that are used for equation (27'), we get the

dimensionless form of equation (29) as

zC

o 2sC]| e?m2], 4 R3+RP -IC
Fache Z[Z 8 52} 5 L‘T}r T8 [RAZ PRI 0 RO -
| C |

or .
3 .
A=tz BT | <:'a 2 ﬂc‘*ﬂpcﬁta\ 2C y’wzm\u& R, (29"
l A2 2 B? 2B2 TR J) RIR=Cz :
where

2 2
Z. = 1 +1/B*+ 2C% /B2,
The numerically computed.values of the factor from a circular disk

to a parallel, cecaxial square are presented in form of graphs in figure 18.
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VI. CONFIGURATION FACTOR FROM A SPHERE TO A COAXIAL CIRCULAR DISK

‘

Figure 19 reprcsents'a'sphere of radius s and area Aj;, its center being
at 0, which is chosen as the origin éf the coordihatc system. An infinitesimal
area dA2 is centered on the y-axis at the point E distant d from the origin
and inclined in such a manner that the normal to dAg intersects the z-axis
while forming an angle ¢ with the y-axis. Let us draw a cone with its vertex

at E, tangent to the sphere, as shown in the figure.

We have
k* = OP*-0a*,
vhere ) .
OP = s = radius of the sphere,
0 = OP?/OE =s*/d.
Hence ' ) ' '

k2 = Sz_(_gslf)z

I
%
—~
5
i
)
N
S’
I~
ol
\

Let dA=dAy cos ¢ be the projection of dA, on a plane p?rallel to the
plane x~z and passing through E. The area dA is shown dotted in.figure 19.
Now, the factor from dA to the sphere is the same as the factor from dA
to thé circular disk of radius k. This is so because any ray of .radiant
energy emanating from dA and striking the sphere wogld also strike the disk
and §ice versa — if it sgfikes the disk it Qould alse strike ﬁhe sphere. Thus
thc.factor from dA to the sphere is
, ‘<2
R |
.which is obtained by letting r=0 in equation (17) and where g==QE. But,
becéusc dA and dA2 are infinitesimal,
[:/-\r"d.A - FA«“ dAZ ?

60
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(again a ray emanating from any point on the sphere and striking dA, would
also strike dA, and vice versa) ' ‘

By reciprocity rule

A dAs —
A, MdA-A= TR0 FdasA

therefore,. .
- d A d Az cos 3
. F_dAz—A, = ?/_\'; FdA—/\, = éu\z L gzi:, 2
- k3 '
= —gE RGOS P - e (31

This ;esult caﬁ also be obtained with a much gréater expenditure of
energy by the usgal double integration or by contour ;ntegration as shown in
the Appendix(IZjE |

Le; us now rotate the y-z plane about x—éxis such that dA, becomes
paraliel to tﬁe x-z' plane in figuye 20. Let the projection of‘point'E on the
y'~axis be E', and EE' and OE' be denoted as r and a respectivély. Hence

d? = o+ r?,
and C05¢ _ a
JaZ+r?
Rewriting equation (31), and noting that
¥ = g%+ k? = d*- s?,
~ we have o |

| P
Fdh.-A = e €O @

__k* o
=7 Jarrre

Inserting the value of k2 from equation (30), we obtain

__s* a
Faa-n = ol* JaZrr2
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or | o

| = dA dA, as?
l—_- _ ) p——y — ——3 o 32
A, dAz /‘\l dA2 A AI (O_z,*_rz)?yz ( )
Choosing the polar coordinates, dA;=r d6 dr. The factor from the sphere to
the ring of thickness dr and radius r is obtained by integrating equation (32)

with respect to 8 as follows.

2m

=__§ rdr as? ‘de ,_

FT%“ inf.ring 4ms? @*+r?)%

o

_2mnrdr as?
4mMs2 (Q2+r2)2

= z(a(3+ r2)% rdr. T £

The factor from the sphere to a coaxial circular disk of radius r is

obtained by integrating equation (33) as shown below. (see figure 21).

~
Foed = 5.F—A,—inf. ring "’
| 0

r

== 5 2 (02+ )”2)3/2 Cl‘ b

0

I

a —| ]r
2 2. 23/, s
@+ r=)72 ],
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Defining the ratio R=r/a, we have the dimensionless form of ‘equation (34) as

=._l__[,'___l__], '
2 |'TTeRE]T e
Thus haviné found the factor from a sphere to an infinitesimal area, to
a ring, and to a circular disk, we can now proceed further to obtain the
factors for some other configgrations,'which are dealt with below.
It should be pointed out, however, that an enti%ely new approach
developed in théknext section makes it possible to obtain the results arrived

at in this section with almost no intermediate mathématical passages.
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VII. NEW METHOD OF EVALUATION OF COMFIGURATION FACTORS FROM A SPHERE TO:
1) A COAXIAL CIRCULAR DISK; 2) AN INFINITESIMAL COAXIAL RING; 3) AN IN-

FINITESIMAL AREA LYING IN A PLANE WHICH DOES NOT INTERSECT THE SPHERE

In the existing literature on radiant-interchange configuration factors,
the underlying assumption is that the directional distribution of the eﬁitted
radiation followé Lambert's cosine law. A new technique is developed here to
calculate the configuration factor from spheres to a certain class of surfacés
and it is shown that in .these cases the factors are independent of the validity
of Lambert's law.

1) Configuration factor from a sphere to a coaxial circular disk

- As befbre;ﬁwe shall consider a disk coaxial with a given sphere and
lying in a plane perpehdicular to the line joihing their centers.

-Figure 22 represents a sphere and the projection of the coaxial disk AB.
The factor from the sphere to the disk AB is the same as the factor from the
sphere to the hollow spherical surface ACB, ?rovided tﬁat AB does not inter-
sect the sphere. This is so because any ray; emanating from any point on the
radiating spheré and striking the disk; would ﬁeccssarily also strike the
surface ACB. The opposipe is equally true — thus, any ray strikiné ACB could
not come from the radiating sphere without passing through the circle AB. This
observation is the keystone of the method deQeloped below.
| It must further be.observed éhat the irradiation per unit area on the
surface of the outer sphere is the same at every point quite irfcspectively of
the validity of Lambert's cosine law; provided only that, whatever is the
angular distribution of emanating energy, this distribution does ndt vary
throughout the radiating surface. This represents no real restricti&n, because
in most practial cases the surfaces of radiating spﬁeres can be considered

homogeneous, while not necessarily behaving in accordance with Lambert's law.
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The factor from the radiating sphere to the outer éphere is, obviously
unity. Thué, bearing in mind our previous remarks, we.must conclude that the
factor from the sphere to.the area ACB (and with it the factor from the sphere
to the coaxial disk) is gqual to the ratio bgtween the area of the spherical
segment ACB and the total area of the outer sphefe. Thus, tﬁe factor from

the .sphere to the disk is

E _ 2miaz+r2 (Ja=r? —-a)
ST AT (Q>+r3).

-1 .- Q . | =5
2 2lo2+rz . TTTTTTTTTT (=5)

This is same as equation (34) obtained before.
In order to obtain this factor as a function of a dimensionless quantity,

let us introduce the ratio R=1r/a which may conveniently be called 'the relative

. ] .
radius. After simplification, we obtain

I ' . » '} )
Fe—d =7 "I s (35')

For a sector of the disk (figure 23) the factor is

~o|L____a _ 56
FS"SC:’C"ZOY 21 2 ZJW ’ “““"“““"( )

or

FT . — . B { . ESEg)
SfSGCRﬂ' Qi 2 erfRz ---------

2) Configuration factor from a sphere to an infinitesimal coaxial ring

Ve shall now consider the differential increase in the factor Fs—d asr
-grows from a value x to x+dx. This increase represents the factor from a

sphere to an infinitesimal ring of radius x and width dx.

aX -3
ARy = ereay Tdx. =7




FIGURE 23
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For a portion of such a ring subtending an angle a at the center (figure

24), the factor is ' . .

CU'TS—sec}.'mf.r =%’- %(CL +X ) zdx ___________ ®8)

The diwensionless form of these equations is obtained by deflnlnr the
Yatio X=x/a and subqtltutlng aX for x and a dx for dx. After simplification,

ve get

l
[><
L

dFs—inf. Y T2

dFg

-seq-inf.r 2m

3) Configuration factor from a sphere to an infinitesimal area

" lying in a plane which does not intersect the sphere

It will be useful to consider at this point the factor from a sphere to

a unit area on a coaxial ring. This factor per unit area is

dFS—'Inf. r
d I’—s— untarea =

271X dx
_ 2 z
/_m (0®+%x3)"
Therefore, the factor fpom sﬁhcre to a differential elemené of area lying in a
plane which does not intersect the sphere is -
> .
dr:S—dAR =S5 —Zlq[‘_(—(O.Q-i'Xz)—.—z—C{AR ) __---___.___(39)

where x 1s the distance between this element and the perpendicular drawn from
the center of the sphere to the plane of this element.

Putting X=3x/a and dA:=dAR /a?, ve get




Figure 24
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dFs_dgn =37 (14%)

It should now be notéd that equation (39')}has'been developed from ecqua-
tion (35)'through a précess vhich required no reference té Lambert's law and
is, therefore, just as independent from this law as‘equatipn k35), itself,
Further, this independence applies equally to any finite area lying in a plane
which does not inéersect the sphere.‘

A digréssion may be in order at this point in relation to the reéiprocity
iaw. It is well-known that this law is in general not valid for non-Lambertian
surfaces. Since the factors obtained here are valid also for Lambertian
surfaces; the recipfocity law will apply, provided oﬁly that the surface

paired with théisphere follows Lambert's law.
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VIII. CONFIGURATION FACTOR FROM A SPHERE TO A SEGMENT

OF A COAXIAL DISK

Figure 25 fepresents the disk AB in figure'22,'viewed from above. Point
0 is the projection of the center of the sphere. This projection coincides

with the center of the disk.

The angle subtended at O by the shaded ring is 2 cos ! 2 . Thus,utili-
sing equation (38), we obtain
' r 'y 3
2 COS' 0 ax /.2 23
= X a*+Xx?) 2dx
Foseq =) 225 8% @toc)
r
—Q’ -1 h x
=27 | 05 % CEar dx ,
h.
r
_a| cos'k e h | el
27| JaZraxcr Jlxcth? x? Jou o ¥
- 2| y .
- _ah C (13)
_a’|_cos=x +h 2 ¢ doc
2| Jaz2c? Xt @ihe) - ‘
' N
r
_a ] cos'h =, h | S“,]'(Ctﬂhz)x 20°h?
2 | Jozrac: 2 ah TV o g Ao N
_a coS :‘)c ( Sm b @4 202 |
o x* (@ h?) .
h - \ v 2 ?} .
S} cos' + 205 L L gl @iiadh 1 g5 (o—h JH—adl|| §
Ja~+v2 JCL-\W 20 ri(a3hy 2a &) || 4
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h . : |
a cos (o.—h r-2a h PR
=T __EI“TZ + 0 + 55 81N Fah) - T 2 e)

= |
_ o.cos 4 ) gt xn OrZzoth® (__;T_T_) )
T 2m JQ + r* 4T SICEUVNE U

~ 8 T zrlanrz T am r2(Q¥h?) = T

,-‘ v
1 _acsy sm'@ vl 2aCht

Equation (40) is transformed to a dimensionless form by the substitutions

R=r/a and H=h/a.

-~ H >
cosS Sm'(l ~H)R*% 2 12

1 __
Fé"seq' -8 2"’Jl+’“” 4rr R2(\+H?) T

It may perhap’s be useful to underline the ﬁetlxod employed in this section
which can be used t‘o an advantage in calculating factors from spheres to.othér
plane areas. The mulf:iple integration, commonly resorted to in the exist.ing
literature, bhas here been replaced by a éingle integral.

The graphic representation of the dependence of F on R and on a

s-seg.
ratio Z=H/R is shown in figure 26.
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Feure 265. Comciguro’cion ‘FQC’(OYS from a: sphere toa segment of o, coaxial disk.
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IX. CONFIGURATION FACTOR FROM A SPHERE TO A COAXIAL RECTANGLE

We shail say that a rectanéle.is coaxial with a given sphere when it lies
in a plane perpendicular to the line joining its center with the center of the
- sphere. Figure 2% represents the view from above of.a rectangle measuring
2b; X 2by, which is circumscribed by a circle of radius /bfﬂ-h%.. The center
of the rectangle , 0, coincides with the proﬂection of the center of the sphere.

The factor from the sphere to this rcctangle can be obtained by subtrac-
ting the sum of fhe factors from the sphere to the four segments from the
factor from the sphere to the circle; i; caﬁ, therefore, be easily calculated
with the help of equation (35) and (40). Thus,
Fovect. = Fé—d 2 Jdg—seq.’mfir 2 dFs—-seg.im‘.r ,

. b‘ bz
J '*bz t§+b:

a __ _, J 2c0s' & ax +x2) , [2c0s'2e @ ﬂ)‘

Jd__a
2 21a2+bf+b§ AT S
b) ) . bz

nNW

{:

d___a
2 T 2a%biib;

R | - ,TJ b +bs

- - . 2 1.2 2 2L
_ 2_@_ . CoS' —}%— 4 { Siﬁ| (a=bi )Q:IL—;ZQQbI
o Tazi>cz = 2Q > *(a*bf) b
, |

T < ba

o _Ibi+b:

o, Q CcoOS == ’ "(tL b )CC -2(12 3

— 25| Tramar taS T wanhl |,
2

I

|
2 2]azbigb: T | Jo%bab2z  [a&birb2

717

§ | —t b, -\
! o 0 e COS e cos (1)
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| iy L@} bi+biract Chy i f oib)bi—2d ob; _g.__ COSJ“‘E“-bz
Taa (b; 2, b3 D@xb) 20 bZ(Q*bd) m

+—sin sin

cos'(l) bt @B(DE sz)"‘—'-lo.bzz 1 .o (@b bi-2ah?
fa==berbt 2 (b=b3)(@+b3) 24 CRICELY

b
A Q n CLCOSJ‘B}+‘-3‘ ! ( O)
27 2 obab T a=birb: W

+ ——sIA

b2
: : e
o 20°bi- @bEYbHE) | -sm"(—!) 4 O.C0S [+ b2

2T @%b?)(b+b3) Tz ., M Jo2+bi+bZ
P 200 (@*b) (birb))
(o) + S Sirl G = sin ( e

_1 _ 5 s b2 J |

2 m ] 2+ bi+bd J bz Jbzb3 .

N 2a2bf—(02—bf)(bf+b§) _
T 2m SN T (@b bl) A
IR PR - Tef N (46Xl %) (b+b2) L,

2% @EbIbuD) A&

| L 202bi- @ n~)6b+b§) | 20?b2- (a—ba)(bub):[
=z [Sm G R E S G R

After introducing the ratios B=b,/a and B,=b,/a, the nondimensional

form of equation (41) becomes
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L [sip 2Bi=(-BH)(BH BS)

St e,

-
— * . S
Fs—rect. T 2T (=B (Bi+B:3) e

iléij"(V“ESZ)(155415ég ‘64’”
(+BA(BHBD [

Equation (41) is equivalent to the éxpression bbtained by Mackey, Wright,
Clark and Gay (referencei3), for the factor from sphere to a coaxial rectangle.
This equivalence is shown in the Appendix (14). These authors assumed that the
size of the sphefé is very small as compared to the dimensions of the rectangle.
The same fadtor‘h;s later been obtained independently by Wilson, Hwang and
Crank (reference 7) by means of the usual method of quadruple integration,
involving in this case some rather compiicated three~dimensional drawings.
Their contribution lies in the fact that they have shown that the radius of the
sphere does notﬁinfluence the factor, provided that the plane of the rectangle
does not cut the sphere. They have, thus,.found that the restriction imposed

by Mackey et al. (reference 3) was unnecessarv. However, the conventional

approach used by these authors precluded them from discovcringrthat the assump-

tion of validity of Lambert's law is also superfluous.




X. CONFIGURATION FACTOR FROMY A SPHERE TO A COAXIAL

RIGHT CIRCULAR CYLINDER

Surprisingly simple expression is obtained.for‘the factor from a sphere
to a right circular cylinder of length 2a and radius r, when the sphere is
placed at the center of the cylinder as shown in figure 28:

Because the factor from the sphere to an enclosure containing ghis
sphere is unity,~ghe factor from the ;phere to the cylinder can be obtained by

subtracting from unity the factors from sphere to the two bases. Using equa-

tion (35), we have

Fseey. = 1—2 27 Z]avE |

Q

e

After the transformation R=r/a, the factor becomes

\
Fo-cyl. LS

|

If the sphere and the cylinder are coaxial but not concentric as shown

in figure 29, the relevant self-explanatory equation is

=y -1 |_Q2 Q. ]
S-—CUL 2 _/022+r2 | ./Q.2+Y'2

Putting R1==r/a1 and R2==r/a2, we obtain

| _ I o
E‘CU_L 2 Esz J|-+Rf‘]'




__Figure 28
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XI. CONFIGURATION FACTOR FROM A SPUERE TO A POLYGON

v

Let us consider an arbitrary n-sided polygon lying in a plane which

does not intersect the radiating sphere, e.g. the polygon. ABCDEA in figure 30.

Let point O to be the projection of the center of the sphere on that plane.
This projection can fall either within thelpolygon, or witﬁout. It will be
sufficient to examine the latter case, because it is more comprechensive than
the former, as will readily be understood from the fo;lowing analysis.

By joining the corners of the polygon to tﬁe point O, we obtain n
triangles with a common vertex at that point. The problem is now reduced to
the evaluation of the factér from a sphere to an ‘arbitrary triangle with a
vertex at O. Thq,factor from the sphere to the polygon will be a simple
algebraic sum of n such sphere—to-triangle'factors, provided that the
triangles which lie.completély outside the poiygon are éonsidercd negative.

Let the triangle OCD in figure 31 be one of the above-mentioned
‘triangles. We shall now draw two circles with the common center at O and

with the respective radii OC and OD. The factor F (from the sphere to

s-AOCF

the triangle OCF) can be obtained by subtracting a factor to a segment (equa-

tion (40)) from a factor to a sector (equation (36)). The same applies to the

factor Fs—AODE (from the sphere to the triangle ODE).
Clearly,
) | | B .
F;—AOC'D =2 FS——AOCF l:3—-AODI:
vhere
| -1.OP _
F N S N Q___ ] COS oC -__;__o,cos'E)QcE
s-AOCF 2 2]a*oc? T 8  20]a%+ oc2
2 AP2 2 5A2MP2
+ i @E0PI0Ct 2020P )
ull (@%0P3)oC?
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P

- sin

and

£ =|5 - ;=2
s-AODE ~ |Z " zJa%op| 1T

4+ ———

_¢co

» ’I:herefore,

r:—AC)CD

e
2T 4n ~ @=0PI)OoC* 8

-—\Qi
cosos [ i acos'SDP
8 2“' +O 2

it (@*0PYont ZCFOP}

4T (Q‘+OF’)OD‘
~1.OP
STO5 _ I gt @-0PI0DR2a0P
R 4T (@Q*+0P%)oD*? )

oC oD

' [cos LOP_ tpg! OP]

-3

i @=0P)0C=2a"0P"

PJoc )ocz _ gt OP)ODE2070F :] .

(a+0P3) 0D
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XII. CONFIGURATION FACTOR FROM A

Point O in figures 32(a) and 32(b)
the radiating sphere and the shaded arcs

Evidently, the whole surface of the disk

SPHERE TO A NONCOAXIAL DISK

‘

is the projection of the center of

are drawn with 0 as their center.

can be covered by such arcs in

figure 32(a), but not so in figure 32(b). Therefore, the integral of equation
(38) with appropriate limits will give us the factor from the sphere to the
disk in the former case; while in the.latter, another factor (from the sphere
to the coaxial disk, shaded in the figure) will have to be added to the

integral.

In both figures we have

. _ 2 2_ 2
Thus, for b'a c
b-iC-,(C:)S 1 b -c? CKI
! —==p - 2
Fs——nonc_oax.d T (Cl +C>C) cl:vc > _-_@2)
b-c
and, for b < c b
. C;S—l :I.::‘ bi_c2
— S 2xb Qo€ 7.2 V= -
Fs—noncoqx.d = T > Qi+ 2c?) obc—i-—,zj— C Q @ik (40

c-b

It can be shown that the equations (42) and (43) lead to elliptic

integrals and cannot, therefore, be integrated in terms of elementary

. . .. (1
functions. This is shown in the Appendix ( 5). It was thought, however, that

it may be useful to present in figure 33 the numerically computed values of
and R=c/a.

the .factor as a function of the dimensionless ratios Z=b/c
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Figure 33. Conf-igum’cion factors from a sphere to a noncoaxial d\'s‘k.




XIII. CONFIGURATION FACTORS FROM A SPHERE TO

SOME SELECTED PLANE AREAS

The radiation from a éphere to a surrounding concentric cube is equally
divided among its six sides irrespectively of the valldlty of Lambert's law.
Thus, the factor from a sphere to a coaxial square (flgure 34), the side of

which is twice the distance between their centers, must be equal to 1/6.

This is in agreement with the result obtained from equation (41') by putting

‘ i F 2 | -1
s-square =27 3”“"4‘*5'” 41 6

The factér-from a sphere with its center at the centroid of a regular
tetrahedron to one of the four sides of the regular tetrahedron is 1/4,
irrespective of the validity'of Lambert's law. This can also be obtained by
theidifference of the factors from a sphere to the disk, circumscribing one
of the triangles, and to the three segments of the same disk; as shown in

figure 35.

)

s—txi. = ls- s-seq.

"If b is the distance of the point of projection of the center of the
sphere on the triangle, to one of its edges, then each side of this equilate-
ral triangle measures 2v3 b. The radius of the circumscribing circle is 2b

and the height a of the center of the sphere above this triangle is

Height of the tetrahedron
4

Y2/3 edge of the triangle
4
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. B 4 )
b
= TV

Hence,

-...—_[.'_ —_— b/'j??’— ]_3[___ ‘n'(b/z b)‘”_’) b4

s-1ri. 12 T 2]5z+400 AT 4b* (5/2+ b

__ blz cos'+ L]
RN b/2+4D? 8

;_:——- — - ~:]— [;”_sm (L)- COS(Z)—l—E]

T

3 | 3
T 6 3 8§

~~

b4

_ « 3T
—Z & tam e

.I‘Jct us now consider the éeometry shown. in figure 36. We are interested
in obtaining the factor from the sphere to one of the triangularlsides of the
hollow pyramid.

The factor from the ‘sphere to one Qf. the sides of the cube is 1/6.
‘Therefore, the factor from this sphere to one of the four triangles of the_

pyramid is (1-- 1/6) / 4, that is, 5/24.

i
3
i
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XIV. CONFIGURATION FACTOR FROM AN INFINITELY LONG CYLINDER
TO AN INFINITELY LONG PARALLEL RECTANGLE OF EITHER

FINITE OR INFINITESIMAL WIDTH

The same reasoning emploved in the development of equation (35) can be
applied to the radiation from an infinitely long cylinder to a parallel,
symmetrically place&, infinite rectangle appearing in cross section in figure
37.

AB represents the width of the rectangle and ACB is an arc of a
circumscribed circle concentric with the cylinder. Provided that AB does
not intersect the cylinder, the factor from the radiating cylinder to the
rectangle is the:Fame as the factor from this cylinder to the portion ACB
of the cylinder. irrespectively of‘the validity.of Lambert's law this factor
equals af/n and does not depend on the radius of the radiating cylinder.

Because o ==tan—1(b/a), we have

F’

cyl=symm. rect.

— 1 paatb '
= ——tan-3 I %)

Putting B=b/a .

E

I B : .
cyl=symm.rect. — T tan' B . a4

If the rectangle is not placed symmetrically, shown in figure 38, we

obtain through simple subtraction

S I PN R .
E—g’l.*ﬂonsgmm.rect = ZTT[CQW -~ tan-g NN C 1)

or

.

— i’z —+an | ’5!.
Egl;—honsgmm.rect. = Eﬁ—[m“ B,—tan B:,. ........ @s)
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It can be seen from figure 38 that this factor is simply ¢/2w. This

could have been guessed intuitively, but it is not easy to prove directly.

Assuming now that the rectangle radiates in accordance with Lambert's

law, we can apply the reciprocity theorem, and obtain

=Y = Y 2| .
F;cct.—cgl. - 'E_Efo‘n _Ig_,_ ~ tan _g—

Putting b= bj-by, R=1r/a, By=b;/a and By~ by/a, we obtain
-\ -\
= == | tai'B, — tari' Ba| -
rect=cyl. BB :
The parantheses in this formula have been erroncously omitted by
Hamilton and torgan (reference 1) and that mistake has been subsequently

reproduced in man& books, among them the widely used text by Sparrow and Cess

(reference 5). Apart: from the error involved, it should be pointed out that

in these references the reciprocal factor, from the cylinder to the rectangle,

has not been evaluated. Thus, its independence from the radiug of the radiating
cylinder has not been noted.

In this connection it ought to be mentioned that another formula in
Hamilton and Moréan (reference 1) is mistaken. Figure 39 is a reproduction
from this work. An infinitely long strip of infinitesimal width is denéted by

Pp. The factor from this strip to the cylinder is given as

F%—A, NENE

This is manifestly wrong, as can be seen by putting N=M which would
lead to an infinitely large factor. The correct result can be obtained from
equation (44).

Let the width of P, be dm. Then
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‘ _L g
Ffj;gl-—t'ect.of wicth vy = 21 tan Tj]l ’
dE:LJl.—recf.oF width m l )
| T m? '
dwm 21 (1 )n.
But,
d cyl—rect.of widthm = Fa-p -
Thus,
' ——mndm
Fa P2 2m(MmHnv) T &¢)
and, therefore,
2 =
F;é;—Fh Cﬂrn FiAr'Rz

2Tr 71 dm
dm = =2m(n~m)

I

rhn
(m2*+m?)

—N__.
N2+M2

Again the erromncous result received wide currency; being reproduced,

among others, in a book by Wiebelt (reference 6).
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XV. CONFIGURATION FACTOR FROM AN INFINITELY LONG’CYLINDER TO AN

INFINITELY LONG NO&CONCENTRIC CYLINDRICAL ENCLOSURE

We shall now use equation (45) as a startiﬁg point in our quest for an
analytical expression for a factor from the infinitely long inner cylinder
shown -in figure 46? to the portion PQ of the outer cylinder.

Equation (45)-fepresents the factor to an arbitrary infinitely long

strip of width dm identified by the variables m and n shown in figure

40. But m, dm and n are functions of the angle a. Specifically:

M = € sihk ,
Cirn = Vo Cia: ’
Nn = f,-c coscx ,

where e is the distance between the centers of the two cylinders.

Let dA, denote the areca of the strip dm. Equation (45) becomes now

F o —_ndm _ (r-ccosx)rdx
ArcdAs  anmdmy) T 2m(ri-2r.ccosx +e2)
Integrating from o«; to ap, we obtain the required factor FAI_A2 , from
the inner cylinder to the portion PQ of the outer cylinder.
.0(’2 o
N £ Y2 — C COS X Ci
— - n 2 o) . 2 m ?
Ar—Az R Fo~—2 1, @ COSK+CR
: o d

I £ (o d F-zne+e(n+ez) ]
RN | 21,e —-21,C rr—u?: 21 HCCOSK

since

>

a+bcose b b a+bcose

JA+Bcose do =B bA—aBJ de =0 .
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And, since
de 2 -t Jazb® tang K2/a®
= Q
atbcse  Ja¥b* tan ~atb > blas,
we have
= N Ko SN 21— ~e? 2 Tcm'”}(r 4&)2-(266)2 T
ArfAz 2T 2 2 13 L2 1=0)2

LHC-21,C

| To< o
=?ﬁ' + tan ( tan jl

fl

- _
|| K= (\me X (me )
2T 5+ an (=2 =—{on= ) ton tan

As was the caée with the factors given ﬁy equations’ (44) and (45),

FA A is independent of the radius of the inner cylinder and of the applicabi-
1742 . .

lity of Lambert's law.




XVI. SUMMARY

The configuration factors, discussed in this thesis are presented here
in the form of a catalogue. In the list, the configuration factors from 6 to
15 are all indépendent of the validity of Lambert's cosine law and of the
radius of the radiating bodies (spheres or infinitely long cylinders). Nonme
of the factors, witﬁ exception of numbers6 and 14, has previously appeared
in the literature. Factor 14 has appeared in Hamiltomn and Morgan (reference
1) with a printing error which was subsequently reproduced by others. Factor
6 was first calculated by Mackey et al. (reference 3) who, however, failed

to recognize its greater generality.

1. Configuratién factor from an infinitesimal area to a trapezoid, their

planes forming an arbitrary angle ¢.

z rd

k =tane

[

‘ Q
N=-%

i

{
i

-

M — gl
)

A = 1(+k)12sin?® + (N +kM-Lcosg)2

B = [L%sin%p + (1-M)2

D

I

4 L2sin?® +M2 |

n _ Ncosé +kMcosd-L 1= M K2k (N- L cosg)
Fan-A, = 21 tan A |
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+iar M-K(N=Lcosd) :l
A '

(1-MYcas g - k+N-L.cos¢ —; \cosa |
e Eccm 5 +tan = ]

Mccsqﬁ -1 N— l_cos¢ 1 Lcosg
27D [tcu +Jcon 5 ]

1-M - ™M .
+-27T—-[tcm O ++tan L] ‘

Configuration factor from an infinitesimal area to a triangle, their

planes forming an arbitrary angle ¢.

——

A L
Ly z) %Au" A ABC

equ.ation ().

equation (10) .
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3. Configuration factor from a rectangle to another rectangle in a parallel

plane, rotated through'an arbitrary angle 6.

T' A _ ——cqL ion (13
e Fa-p, " equation (13)
" i ~ Numerical values in
ﬁgures 10,11,12 and. 13.
B 5 Yy :

4, Configuration factor from a circular disk to a noncoaxial circular disk

lying in a parallel plane.

| } @ |

o g

_ >‘ C P=1-B?
N <

5 1 Q= |+ B?
G= E2+C2
H = E2-C?

Q) E >C

E+C

= O = c* ] RAT2PRIGE _R=H dR
| A-A,  2B* 2mB? | [TRATaGRoE | R ’
. E-G o




STY P trer e

Z =1+ ,‘3,+(CBE)

- _ C?—(c-E¥ _ Je-ptar-p*r g
A~y 2B* 2%
- C+E
2_4C-E?|_ | FR4+7PR2+QZ R*-H
[ jZ B* J B R 26 RHE T R dR.

C-E

Numerical values tnh fiquwe 15.

5. Configuration factor from a circular disk to a coaxial square lying in a

pérallel plane.

Q) @

P=1-R?
1
- V////ﬁ Gl = |} ESZ
A i
/9/ I C?
Z = t+82+ S

-—.L 2 4C 4 2102
I:z Z7— ] [ ] ZBZJC +2PC2+Q

R4+,2 PR2+@QZ "
T‘B”jj T ReC2 R
Numerical values in figue 8.

3
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— 6. Configuration factor from a sphere to an infinitesimal area lying in a .

plane which does not intersect the sphere.
s 14
_ xc

' X =
J . | (iy2y o
o dRiap =z (X

Q -

o

AA.

i . - :
_ 7. Configuration factor from a sphere to an infinitésimal coaxial ring.

X =%
dmx
dX =g

ARty =% (17 Rlx.

- 8. Configuration factor from a sphere to a coaxial circular disk.

s - d r
Y A R =7
| | = ___.'l N .| __
| . ‘ s-d T2 TITTTRZ
Q — '

-

9. Configuration factor from a sphere to a segment of a coaxial disk.
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g H
ces |’

ol (U RZ S 12
L) sm'o H3)R"—2H

% =4
$—=8eg. - 8 2nf1+rz. ‘4T

R2(1+ R2)

>

Numerical values in Pigure 26.

Configuratibn factor from a sphere to a coaxial recganéle.
| .
Q / Bl —_ gi
. N k)
7 %~k
» bl kf(
V=2
= — L [ 2B (-BBR B | o2 B-(-B3)(B B
s—rect. " 2T |77 (14T )(Bi+B3) TEREEED

11,

Configuration factor from a sphere to a coaxial right circular cylinder.

)
& R =&
%
|
P S-cyl = e

).
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12. Configuration factor from a sphere to a polygon lying in a plane which

does not. intersect the sphere.

G . sece section X1 .

13. Configuration factor from a sphere to a noncoaxial disk.

- b
B ==
N _c
I C =<7
_ b
Y ' .
¥ B=C B+C |
| o X BECT X dX
= = | CCs . |
r;.moncoax.d jc 2XB 21 (1t X7
B-C |
Q
b B<C

: — 1 _ l A RBEC? X dX
E—noncoax.d 2 2T —(C-B)Rr + f 05 =25%B 2T (K
Cc-B

Numerical values in figure 33.
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_ 14, Configuration factor from an infinitely long cylinder to an infinitely

long parallel rectangle of either finite or infinites'imal width,

_ b
Q -
P
l E:_glrsgnmw.'r&c‘l‘.'z"‘Tl["tah B .
{i’l--b-L-b_.J
— M
—) M = L
' — .cam.
L dM =5

M
21 (1+M3)

| = chl.—- vrect.of widthdm =

-’-||dnrl«-m-v

15. Configuration factor from an infinitely long cylinder to a portion of an

infinitely long nonconcentric cylindrical enclosure.

—_ | |, Vz (\2'1' ___)
F;'\l"'AZ ‘2-”[ 2 'f"tCﬂ C tCln —tan c an 2:]




XVII. APPENDIX

0 J‘ z, dz, ~(zp+qZz:) zq dz.
=32 +QqZz+ P C4P*’qf)(zz*qzzﬂ9) (4P—q2) Zz:"\'qzz +p
cdc _ - —(2c+bx _ bln- d=x . @
(QxErbx+dt  n@Eac-R)axHbx+AM  n@dacb) Jaxzbxt)™
and,
d=. _ 2 2275+ 2
~Traz 1P e Tan T Q= L4p
= e 42/ 44(xF+y¥zd)
dx .2 . - zax+tb 2 b
gcmcz—\-b:x.-‘t—c J4ac—b2 tan Jgac—-bT b*l4ac. : )

@ | dy
y2(i+k3) +g(zka+zku.—«kzl)+pc,+(Q+\\gl~z.)]

e
Comparing this integral with integral (b), we have

a = 1+k?

b = 2k(a+ky-z) ,

; . ) . C = xl2+ (CI+I<LJ.'ZQ2 ,

E - Jaacw Jaarofet ey =y 4Ky )7

) - =2 ]:tr(wk”) + (a+kyzyyr Karky2)-Klavky-=)" ,
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and

= 2]xc2(1+kI + (@ +"<9,—ZJ‘ ,
4K (arkyz)" < 40| ot + (arkyz)] .

@j‘ AT

-2yt 2zka-zkz) +[oci+y’ +@-z)]

Comparing this integral with integral (b), we have

Y,cly,

a =

P+ k2,

b

I

2( ka—kz.—g,) ,
. C

X4yt +(@-z)°
/4dc—b2 =

L ARl ry T @z - A(kakzo9)®

= 2/ +Y P+ @z) Ky K@) [ oz v

-Z.Lj‘k(Cl-Z\)] s
= 2] oc?(1+K) + (@-z)= Ky v 29 k(@-z) ,

= 2 [(@)(i+K) + @rkyz)?

( ' d,22
TS A

Cu

. Py 2
+2 @+ ky) [+ [ ot + ="+ (atky)?]
Comparing this integral with integral (b), we have '
. ‘ 2
b+ kS

b = _.'2'[ \<ZZ,—F©-PKUI)1 5
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C= Koo+ K=+ (a+ky)?,

I

laacB = 40 [Coci K=t (0t kO F] -1 k= + (0 Wl

= 2]t K+ + () kZ3+ (arky ]

—[Kzf+ 2Kz (arky) + @+ ku)*]

=2 AR+ + k=37 K atky)*= 2Kz (atky) |

= 2 JocRR+KY + K3z -a-ky) .

(5.) oy (\+k2)(N-t-'k)—‘£NAi—kP1 +k3Lcosd)

— O N+Nk2+k+‘lir\-l\l-kl\1—k2Lcosdﬁ ,

= oy LK+ NKk-M-k| cosd
A

and

i G+ N = (N +kM-+K3Lcose)
] | kA |

= tay7' Nk=bLcoso 1

Thus the bracketed terms of the fourth member are equal to the bracketed terms

of the third. Hence, adding their coefficients, we have

L +Lksin® — Ncese — kMcosg 2 Nt &0 -Lcosd
(+K)A +keasd G A

V,,__,m,‘:.‘Hyi_u_a_‘.A....Vw.,.u.‘.4_‘4,.,U‘.u
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__—L-Lk*rLk*0s® + Ncasd +kMcosd +k?Neosd +Nk CCbCf Lkzcosdf ,
L Q+k)A

_ 0+R)ED + Ok (Necose) + (wLZ)(mCosc@)
(+kYA

_ Ncosé +klMcosg ~L
A .

< dox ,

(6) Jh’l (eck)de = In (ac*+k) - J H(,

= 2cln otk - Z[i— K tan' g -

= (k- 2c+2 kmﬁl-%

(7) yln (03 boc+ddx = :)cm(qxz—vb:mc)—-jac ZC‘,?C*b dx,
axX*+ba+c

(AQI_-\-QbI"‘«C) bx-2¢ dec, |

= 2cn(Qx*bactc
( )= Qaoc + boc +C

= ch @S +boctd-2004 | DX ce | zedax |
ax*bx+c - Jaoc-bxte 7§

= achn @a+booto) -z +b [—— \n(QCC—\rb:C-t-C)




In our case,

l4ac-B

2ax+b

Jaac-b?

=2 (Goctrbex Q-2 +2 In (@t b +c)

I
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b doc + 2c dx
20 jaxc+Hbxe+C axrbx +C

+ (ae-E1) [

QxC*+bx +C
LA z2axth
R TON e
=(x+ ibﬁ> In(qoc+bx+Q) —2ac 4+ 42& b K %‘2“'&32
4 [Gac-b3

Mo 200 b
= (c+22r) (aac-ebamc) “22 AT tan ==

I+ GZ

I

2GH-

PrrH

Il

J40+GA(PHHA) - (2G H-2P)2

=2 | PUHN G P H G H Y GG =P+ 2G 1P,

24(+GY) +(GP+H)Z

i

=, ’

0+¢¥)zZ, +GH —P
1 QG +(ap+H)?
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(3 J"I. n (b +¢) dxe =

2qxc+b -
Z Qx 4bx+c

%C—- In (@oc®+bac +c) j doe

1 | xax+2bxrac)— ba2—zcot doc.

2 +C
In (aoctrbac +¢) — Qo T brTC
— fﬁ‘ 2 b acRdoe - o clae
=% In@QaC+hxe+Q) — {xxdx :
z M ) j Cbr* 2 Jaxzabx+C T Slaan bax+c

o2 2 . 2, b laxbaxic)-hx-c ( o doe
—-—“‘2—\\'\ (QOC-\‘bi +(:) 7 -+ 20 CL’_'?CQ‘{’b."'C‘I'C ’{X'*C'

3

Jax*+bactc |

_ 2 ] ___ b B ‘- xdx  be r doc ;
) \W(QQC‘\ bj*c) + 2a LA (C 2a )quc*—\-baﬁc 2a Jax—lb:o{e

)

% Ih @c+bac+e) — % -+ (C~— %) IZZ'—G In (@xc*+boc+c)

_b clac _ _bec dac
QA |axhaxcte 20 Jax b +c

2, ¢ L b (be b3 b dc |
=z *za~ 4 )Ih(aac+b:c+c)—- BT (za 4az*zé«>_$a:c?+b:c+a’.l

—bx o a2 ¢ ? 2 bHac b2 AR At 1
=Za -2 HEr 2~ 2z Jn(aatbrg) - Jﬁ—‘b‘%;‘

The equivalent quantities for a, b and ¢ are the same as in (7).
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C+C’

2
Q) zjrcos‘ ";%e S dr =
e-C
EH
-1 r3er-c? 2 ~2ve - zre@y)-2e(rietd)
= S o 4
=2 l: co 2re jz A@2re)2—(r*e*~c3)? @ve)? T’
‘ . . Q-C

=lv cos‘r+e cz r(ric’*—e® dr
2re J—r‘f-e“—c“+2(rf’e'°+éc?+c’r2)
e—C

etc

AMriicie?
=|o +J—l—(‘ e _cdr 5
~ =423 %) -
ce—<
Let r‘=aox , 2rdr =dox,
c"'—'ez——-g , e4c® = h,
(etc)”
e x+q dc
A—oC*eaxh-g2 — 77 - |
(02 | .
(e+c)*
— 1 |f=x2v2xh—g2 _ zh e | 20¢-2h
= . - +gsin =l
2 SO RED | ot vaxcheg? [an—aga ( )2
-

| 3 ! y
= —?J—Iﬂ-ith—gz + 7z (hrg)sinty g2
B . Jh q v CC_C)Z

B | (e0)?
= |~z lorax(etc) - (e)? +L(ac?) sin' 2X=E=C ]
(e-0)*

2 J(zc)(zed)

(e+c)?
~1_oc—h ],

Il

[—o +0 + s C\)—czs\n“(—l)]

= A(H)-cCL). = et
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Zc Til4

28A rdedr =
= Je cos'$ '

=4 (I -sec L) rdy

A <
c
J‘z'c 2C
=4 Dvdy — [ ysed L dr|
AL A -
c c
2 zc | e
. 4| 2 gectlt _ |2 zdr|
A‘[z] | s jz gy = dr
C ez c
Zc ECC{
e arr oy 2¢ [__rdr
= - sec L
2 A A l:z . C:, + At Jlr¥c?
c c
2¢C

__rm¢ Tre? 2
,’lAl /‘\\ Al -0 g
mer | 2c2
= —_—— 4
é ZA! Al :
_ 4C*TC2 ’
I 2 A
- _ 4cEmc?
| | 2Trb?
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r“-rzpr—rqz SN
1 dr =
() j. y Jri-cz c?
_ 4 +2prig? dr
— v JY.Q__Cz JY\4+2Pr2+C~'/2 ]
Putting .Y‘Z = IC ,
ardr = doc,

l P 2pac+q,?

xX_fox—C? ] +2pxtqr T

| X p2pactg?

A

ok apz G2

S T

-
He

Jaeoc 3+ z3a,x +3a,x

~x cloe

dax,
+Qa

dec

Qe X3 +30, 430, X + Qa

:3*-L

dec

+
PJ A3 +3 Q0 +3 QX +Q

2 ) Q.2 +30.07+30,X +Q 5

where

Qs

The solutions of these integrals are

reference 8.

I

)
2p-c?
q2-2pc?,

_ CZC'/Z .

given in terms of elliptic integrals in
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(HZ) - Referring to figure 19, we haQe the direction cosines of.dAz as
L,b' = o,
m, = ¥cds<b,

h2 == S'in ¢,

and the direction cosines of the circular disk of radius k are

L, = Q,
m = V,
n‘ = O-l

The factor from dA; to A, using contour integration is given by

equation (7) as

F(;.A:z—/'\l

= | (z, —zz)dg,~(gl—uz)dz. +. C’DC.—DCz)ClZ; (Z —Zo)dx
- R 2T % 2TF2

C

_,‘- n‘ \@ (U‘-'Uz) dx|:‘ Cx\—xz) dyj
2Mr?2

wvhere, in our case

=PE = +* (say) = d*-s?

Therefore,

FcLAQ—A,— —COS ¢ i(oc‘dz,—z‘c’{x.)—i— Sing 2)fgsgdz,

21T (d*>s?) 217 (d*

-850 4 fo‘z‘ dz jﬁ«‘ dXJ ,?'&? sl
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The second integral in the above expression reduces to zero, since the

. line integral of a function around a closed boundary is zero if the function

is constant. Therefeore,

ko
— _Cos¢ T —%
Gren = o gy 42 JIRRE

o .

k

i==_ 4 COsQ -—L-[}XZ.JF<Q—7QZ ﬂ-%{%s]yﬂ—%%éi]

2__82 2
(%) 5

_ 2c0sé [m k2|,
m({d+s?) | %

k*cosg _ Kcosé¢
dis2 g%+ k2

—

Let us now obtain the same.factor using quadruple integration method.

The factor from dA, to A is

_ COSB,cus A
Faaz-A, —fL e A

where

ro= | x?+q9%2+z7% ,

O+ ™My (91_‘:}1)""0
r

COospy

g
¥
O+ M= (Y,-Yz) + N2 (Z-22)
Y
Qcos ¢ +z,s1ng
I

COsp,
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lence,
. . g  gcosp+=zsing '
F&Az‘Al —y j. Iy r dxdz, ,

._k -— ,k?-Z,z | .
| k J kz =z —Z( ‘

COS(ﬁ clx, dz, eom fb z dxdz,
(::.-+g’+z,2)° (4 Q2+203)2
':I'Kz—zl - '/I\Z—Z'

Transferring the rectangular coordinates into polar coordinates, we get

H

21T k amr
2 ' ”
F;LAZ—A. g %OS¢J J v de dr gsing r2sine cle dr

GV I SN (KT DG

amgkosg [ | 7" gsing
_..2ugcosé | sin Ta.
AT | rg? Jo+ J g2 [O Jdr, -

. } }
== ngOqu 92 - k?+9'*’jl + O 4 . g

R " kZ%o0s ¢
- kjl+(32

_ Kcosg¢
dts?

This result is same as obtained by the contour integration method. |
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(1) J 22 dac _
o | ocd+ o (@t b)) —a?h?

_ J ydy
J Y Jyir i) ar
where | x? = flzl

2ocdae = dy,

' S‘ ) = (Q hz)g - OCC h
ah Y J@*- h?) +4azh?,

= (@ih)act—2a?h?

| .
=——sin
ah ? J(@th?) +4ah?

Oti) The factor from a sphere to a coaxial re;tangle as obtained in equﬁtion
(41) is
. 2 2) 2 10
F [ sin ' 2Q b —(Q_b )(bi'*bz) 1 ~l 2¢x b, (Cl hi )(hﬂ}')z) w_ (T1}
s-vect. = 27 (@%b (bi+b3) +sin (Q.‘_b;)(bl_ibz) (I

The same factor as given in reference 3 or reference 7 is

: |
| 2 2 7
Foorect, =3t [(az bl ]

I TCUny) N L

To prove that equation (I) is equivalent to equation (II) , twe:proceed as
follows.

Let,

A = 24D @b (bi+bs)
@) (bi+b3)  °

)
4
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B = za’bf—(az—bf)(bﬁb’;)‘ ..
. o (@ab)(bi+bs) T
o = siiA , |
P = sfiB.
 Then
A = sina ,
I=A* = cos«,
B = s'mﬁ s
=B = cospP .
We have .
sin(x+p) = sina- COsf3 + COSK-sInf ,
or

X+pB = sif (sinoc~<:os prcosksinB), op I,

= TI-Si' (Sincx-cos 3+ coser-sinp))

we have

7

Substituting for o and B,

s A+sifil B = <’ (A [FB2 + BJ-AT) ,

or

SITA+SIN D =T— 81 (A[FB? + BIFAZ).

H A and B being given,
P

let us find the expression for A-/1—824—BJ 1-A2,

Az — _4a'bi-4a’bit bf)( b+ bi)+ (@+b2)*(bi+ba)?
(CLZ+.bf)2(bf +b;)* ’
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AR — - 4a°b§ (bf b))% 4atb+408h? (a2by) (bi+b3)
| @*+b7)? (bl+b$)? ’

= 40_ bz b| +'7b| bz +b4~0 bl ‘\‘a bl ‘l'azbzz"blz bzz
@%bd)?* (b rb;)2 . “’

p— 4&2 b|2 —Zb\z bzz + bzq + Q2 b; — b\szz
’ (@*b)? (bi+h:)?

‘ 2 b 2
= 4atbbr A tbit b
T T b (bt bYe

N-Az — _2abbs " ey
1A hm ja+b, "'bé Py

Q

BIrR — [2ab’~(@>bi(bi+b)]2ab, b, [l bt b
(b'+b)* (@bd)(a%b3) | ’

If b; and b, are interchanged in the above expression, we get

/‘\ "_Bz — [2Q2 b,{_ (c\’é__b:)(bl:1 bf)]iﬂ b]bz JQ?+b|21 bzz
Cbi+bi)* (a%by) (o bi)

Hence,

, _ [2a%(bi'+b3) - (a +Q=bi- bz)(bwb?]iabb meubz
A Il BT +B) !
HBl-A® (bi+b3 )z(a+b2)(a “+b2)

_ Lz2a*~za%+ b("+b§].zab. b, Jakbi+b;
(btz'\‘ bf)(C\ ?+‘be) X! bzz) ’
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20ab, ba ,C\z-l-bf +b#

(@+bd)(@* b3)

Therefore,

1 . - 2abib.Ja*+b! +bF
sin (/—lfl—é_4—BW> = ST (a%b)) (@%b

- .o
= sin A+ s B.

NMow, we are 1cft_: to prove the following.

i 2Akbdatbirbl o 3t bibe

(mb Jaua by 1(a’+bi)(a% bY)
Let |
c=>b = J(a?ﬂ?f' )b(;%bf)
Then
25" b b , = Sii'C + sin'D
J(a®b) @b3) ’

il

sii' (c 7D +pl-c2) ,

I

sin' (z¢c [i-D%)

I

‘"‘\\4 2b;bz j|__ b|J b.2
oiN J(Cl?'l bf)((l?-f b;.z) (Q?.lbf) (a?.; bf) b/

I

- .Zb\bz
sin [(mb *) (@1 bd) J@tbr) (C”b*) hb]

= S‘\ﬁ\ [’2 blsz a1+’ blaa’hA br'b.*~bi’h.? }
(a®+h*)(a*bi) 8
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— ZC\bbJOHbl-#br—
sin L (@%b?) (a’+b3) :'

Hence,

4 2abih. Jazth, —rbz
(% b7) (0% b3)

. . - (|
sIN'A +an' B = S = 23\ C

or

- b2 b| (C\—hl)(bl+b2)

i ~l 2Q bz (Q bz)(b\ )
Sl (& b)(br+bd)

(a +b2)(bl -+ bl)

+ st

— 2SI bib:
— AD J(024 b.l:z) (C\?_szz)

. Thus, equation (I) is equivalent to equation (II).

-

LRe 2 -
©) feos T 0 (oo P
— Q|0 xtb-c? (_ L\ 22cb ,z-:rb('voc)—’?b(;(*b.cz)v{
2T 22b Ja1+acz) 14— (xxHb=c?)2 (@xb)? a4 ¢
— Qs xHb-c _ a | o - c? 4
- 2|TJC\+ 20ch Gioe 2 Xt () - (50

Let us take the remaining integral of the above expression.

j‘ b +C | CQOC,
x Jat+ocr [~ocdpea (b)) - (b2

Putting

2

X =1L_|,




ZZ’JCC(OC. :Ctg )
K*¥ "= b-c
N* = b+c
we get
oc’— b+c

x ot - DC‘H\xl(bwLCz) (b-c) i

::‘[ 'U“\<2 qu )
24 Ja%y J-y2+2y N*—K4

= ‘J 4-K* cy
YyJ-ys+yx(2nNZ-Q?) +‘-J(/\C\N K4)—o@K4

-+ X s
Y la.yr+3a,9? +3Q.Y+Qs 4

where C)o = —|

C]g = __C12#<4 .

dy

o s K dy
10 YP+30Y%30.4+0: 2 JYJa.gR3aYT30.0105

The solutions of these integrals are given in terms of elliptic integrals

in reference 8.
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