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Abstract

The main aim of this thesis is to study and develop algorithms to visualise ordered
sets and secondly to develop algorithms to visualise the faces of complicated
ordered sets.

To obtain a “pleasing” drawing for an order is an important issue and deserves
attention. To this end, the ordered set may be drawn with minimum edge
crossing, same edge length, and it may reflect geometrical symmetry
[BaEaTaTo9%94].

A leading problem is to visualise the faces of an ordered set with discrete structure;
some ordered sets, like the projective plane, have a discrete structure that is
difficult to visualise and understand.

In this thesis we are extending to three dimensions the concept of Eades [Ea84].
The ordered set is treated as a physical object and the vertices are considered as
metal spheres with charges while the edges are considered as mechanical springs.
The rules of physics are applied to the system and each vertex moves according to
the net force applied to it until the system reaches its equilibrium position and the

net force on each vertex is zero.
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Chapter 1

Overview

Ordered sets are widely used for representing hierarchical structures. They occur in
computation, in scheduling, in sorting, in social science and even in geography.
Visualising the ordered sets plays an important role in understanding the relation between
entities. To visualise an ordered set, we usually draw a graph on the plane with vertices
corresponding to the elements of the ordered set, with edges drawn monotonically with
respect to a fixed direction in order to represent relation between elements. This, in
general, is called a drawing of an ordered set.

The Force and Energy Controlled Placement algorithm is a well known heuristic
approach to draw graphs. Most of the previous work of the Force and Energy Controlled
Placement algorithm (see [Ea84], [FrRe91], [KaKa89], [Sa96], [SuMi94] and [DaHa89])
deals with graph drawing. We will apply this algorithm for upward drawing of ordered

sets in 3D.

Some orders have complicated structure so a traditional drawing cannot provide a
visualisable structure. One complicated order is the projective plane. Many research
efforts were devoted to study the topological and geometrical structure of the projective
plane ( see [Ha96] and [GrTu87]). The projective plane can be drawn with three
“handles” as a graph and with four “handles” as an ordered set. In this thesis we will
introduce a triangulation algorithm to triangulate the faces of the projective plane and
then apply the Force Directed Placement algorithm to visualise its structure as an

ordered set.
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Chapter 2 entitled “Force and Energy Controlled Placement”, investigates the Force and
Energy Controlled Placement algorithms. It starts with theoretical background from
physics; some laws are presented such as Hooke’s law, Coulomb’s law and the law of
equilibrium. Also the Force and Energy Controlled Placement algorithms are

introduced. The algorithms are the following:

e the spring embedding algorithm of Eades [Ea84] and Kamada and
Kawai [KaKa89]

o the temperature scheme algorithms of Fruchterman and Reingold
[FrRe91] and that of Frick, Ludwig and Mehldau [FLM95]

o the simulated annealing algorithm by Davidson and Harel [DaHa89]

the magnetic fields algorithm by Sugiyama and Misue [SuMi95]

Chapter 3, “Visualising Ordered Sets™, provides an introduction to ordered sets, its
properties, graphical data structures and upward drawing. Then we treat the following
items:
e algorithm to draw ordered sets using force directed placement
algorithm
o spherical drawing of an ordered set

e experimental results

Chapter 4 ,” Triangulation™, presents algorithms to visualise the faces of the ordered
sets using triangulation. Experimental results are provided and the K., cube, double

cube and the projective plane are triangulated.
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Chapter 5, “Implementation”, discuses the tool Order Visualiser that we developed to
get our results. First the interface of the tool is introduced then an example on using the

tool is presented.

Finally, Chapter 6 , “Summary and Future Work”, provides a summary of the thesis and

presents future work to be done.
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Chapter 2

Force and Energy Controlled Placement

2.1 Introduction

Many molecules of substances in nature have a high degree of uniformity. This
uniformity is due to the force and energy effects on the particles of the molecules. The
particles move according to the forces applied to them and come to a position when the
forces balance each other and the molecule is in minimal energy state.

The idea of the Force and Energy Controlled Placement heuristic is to simulate the
physical model that exists in nature. The nodes are considered as particles. Starting from
arbitrary position, the particles move to new positions where the energy is lower until the

system comes to rest.

2.2 Theoretical background

In this section, some of the basic laws of physics are discussed. These laws are the basic
theories that the Force and Energy Controlled Placement algorithm is based on. The first
law we are going to discuss is Hooke’s law the next one is Coulomb’s law and the last is

the law of equilibrium.

2.2.1 Hooke’s law

The performance of the spring is described by a well known law called Hooke’s law.

This law can be expressed mathematically as follows [HaRe88]:
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F=kal 2.1

where F :Is the applied tension force
Al : Resulting compression or elongation
k : Spring constant
The spring may be in three states: the equilibrium state when A/ = 0, the elongation state
when 4/ > 0 and the compression state when 4/ < 0.

The following figure shows the spring in its three states:

Al=0 Equilibrium
\N\I\ Al <0 Compression

Al >6 Elongation

Figure 1. Spring states

The spring stores energy when it is in the compression or elongation states, no energy is

stored when it is in the equilibrium state. The energy stored in the spring is given by :

1 :
=~ K(A)) 2.2)

2.2.2 Coulomb’s law
The quantitative relationship for the interaction forces between any two electric charges
A and B is given by Coulomb’s law [HaRe88]. This law may be expressed

mathematically by
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Cq,.q9g
F = ——~ 2
e (2.3)
where

¢, the measure of charges on point A
q 1s the measure of charges on point B
(" 1s called the proportionality constant

d is the distance between A and B

Electric field force /- is , of course, a vector quantity, and the formula above gives only
its magnitude. The direction of /- is always along the line joining A and B, and the force

is attractive if ¢, and ¢, have opposite signs and repulsive if they have same sign. The

following figure shows the different states of particles 4 and B.

‘—‘ .—* repulsive
O—> <—. attractive

‘—O O—’ repulsive

Figure 2. Charges



7 Chapter 2. Force and Energy Controlled Placement

2.2.3 Equilibrium
An object which has no net force acting on it is said to be in translational equilibrium

[HaRe88]. The condition for translational equilibrium may be expressed in the form

2 F=0 (2.4)

In many equilibrium situations all the various forces lie in the same plane . So, we can
establish a set of x-y-z coordinate axes wherever convenient in the plane and then resolve
each force F into the components Fx , Fy and F=. Thus we can replace Eq(2.3), which is

a vector equation, with three scalar equations

2Fx =0 (2.5)
2Fy=0 (2.6)
2F-= 2.7

In three dimensional space any system is in equilibrium if each of the total forces applied

along the x-axis , y-axis and z-axis is zero.

2.3 Force and Energy Controlled Placement Heuristics

2.3.1 Spring Embedding

The earliest heuristics of force-directed placement is based on the work of Eades [Ea84]
which is , in turn, evolved from an algorithm for placing components on a carrier ,such as
printed circuit board or ceramic substrate. The algorithm is called Force Directed

Component Placement [QuBr79].



Eades describes his algorithm in this way:

“The basic idea is as follows . To embed a graph we replace the vertices by steel

rings and replace each edge with a spring to form a mechanical system, ... . The

vertices are placed in some initial layout and let go so that the spring forces on the

rings move the system to a minimal energy state. The algorithm outputs the

positions of the vertices in this stable state.”

Eades noticed that Hooke’s Law springs are too strong when the vertices are far apart; he

introduced logarithmic forces as follows:

d
F, =G log( C )
where d is the length of spring

C: and C: are constants.

Secondly, nonadjacent vertices repel each other by the inverse square law

_ G
r dz
where Cs is constant

d is distance between the vertices.

(2.8)

(2.9)
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As a result, the graph is modelled as a physical system of rings and springs.
Thus Eades simulated the graph by a mechanical system, his algorithm is as follows:

Algorithm SPRING (G:graph);
1. place vertices of G in random locations;
2. repeat M times
e calculate the force on each vertex;
e move the vertex by C+ times (force on vertex),

3. draw graph on CRT or plotter

The values C; = 2.0, C2= 1.0, C3 = 1.0 and C+ = 0.1 were appropriate for most graphs, he
noticed also that almost all graphs achieve minimal energy state after 100 iterations , that
is M= 100.

In his paper Eades [Ea84] shows some successes and limitations of the algorithm. Figure
3 shows that symmetries ( graph automorphisms) are usually displayed. Figure 3(a) is the
same as 3(b); the different layout is due to different initial position.

The algorithm is successful with regular grid graphs and trees. Figure 4(a) shows a gnd
graph of 16 vertices, while 4(b) shows a binary tree with 19 vertices.

The algorithm also produces good layout for most sparse graphs. Figure 5 shows some
sparse graphs as drawn by Eades [Ea84]

Some problems with the algorithm may be illustrated in Figure 6. There is a triangle with
vertices that are almost collinear. This problem can be solved by choosing different

values of C1, C2and Cs.

Kamada and Kawai [KaKa89] have their own variant on Eades’s algorithm. They also
modelled a graph as a system of springs, but whereas Eades abandoned Hooke’s law,
Kamada and Kawai solved partial differential equations based on it to optimise layout.

They saw the graph drawing problem as a process of reducing the total energy of a
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system of springs connecting the nodes. By reducing the total energy of the springs, the
nodes would be near their ideal distances from each other. They modelled the graphs
with a dynamic system in which n (=| V|) particles are mutually connected by springs.

The position of the particles in the plane p,, ps, ..., P,corresponds to vertices vy, Vs,
.. v, € Vrespectively.

The total energy of the system is given by:

18 S kle-nl- )

< =l j=eel

where p, is the position of node v,, k, is the spring constant between p, and p; and/; is the
ideal distance between nodesv, and v, .

To minimise the global energy E of the system, the following partial differential equation
should be solved:

GE _cE .
—;——=—:—=Of0r1$1$n
&, ¥

To find the position p, for all nodes. They solved the equation using a numerical
algorithm called Newton-Raphson [BoPr91] algorithm.

The algorithm produces good layout for symmetric graphs. Figure 7 (a) and (d) shows
one picture of the regular hexahedron (cube) graph and regular dodecahedron graph
respectively. They look as if they were the projected images of a cube and dodecahedron.
Figure 7 (b) shows a graph which has the triangulated internal structure.

Also asymmetric pictures are visualised pleasingly. Figure 8 shows two pictures of

asymmetric graphs. In these cases needless edge cross:ings are avoided.

Eades decided that it was important only for a vertex to be near its immediate neighbours
and so calculated attractive forces only between neighbours, but Kamada and Kawai’s
algorithm adds the concept of an ideal distance between vertices that are not neighbours:
the ideal distance between two vertices is proportional to the length of shortest path
between them [BeHo87]. However, trying to place a vertex at its ideal distance from all

other vertices requires an O( | v| 2) algorithm.
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Both approaches have similar results and in many cases the resulting layout shows
existing symmetry. One interesting example of the Spring Embedding algorithm is the
Grid Graph. Figure 9 (see Sander [Sa%96]) shows the Grid Graph drawn randomly. As
the iterations are animated , there is the impression of three-dimensional unfolding

process.
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(a) )

Figure 3. Automorphism as drawn by Eades[Ea84]

1 AN

N -/

(2) (b)
Figure 4. Graphs adopted from Eades [Ea84] (2) grid graph (b) binary tree
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Figure 5. Sparse graphs as drawn by Eades (Ea84]

Figure 6. A triangle with vertices that are aimost collinear as drawn by Eades [Ea84]



Figure 7. Symmetric graphs adopted from Kamada and Kawai [KaKa89]



Figure 8. Asymmetric graphs as drawn by Kamada and Kawai [KaKa89]
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Figure 9. Animation of Spring Embedding of Grid Graph as drawn by Sander [Sa96)
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2.3.2 Simulated Annealing

Davidson, Harel and Sardas ([DaHa89] and [HaSa93]) applied a randomised
optimisation method from statistical mechanics called simulated annealing [MRRTT].
See ([Ha85],[LA87],[JAMS87]) for more surveys on the method and its use. In addition
to the global energy £, there is a global temperature 7 which is lowered as the iterations
progress. In each step, a random move is tried at some node. If the global energy £ gets
smaller with the new position of the node, the move is done. If £ is enlarged by 4F, the
move is accepted with probability

AE

P=eT
otherwise the move is rejected. The uphill changes of the energy prevent the layout to go
towards a local minimum very early. By lowering the temperature T in each step, uphill
changes get more improbable as the algorithm progresses.
The SA algorithm is applied as follows:
« the set of configurations or states of the system ( initial configuration is chosen
at random)
e a generation rule for new configuration , usually new configuration is obtained
by choosing a random configuration from the current one.
« the cost function to be minimised over the configuration space , usually global
energy E.
e the cooling schedule of the control parameter, including initial values and
rules for when and how to change it ( decreasing the temperature 7)
« the termination condition, usually based on the time and the values of the cost

function or control parameter.
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The SA algorithm can be described as follows:
1- Choose an initial configuration « and initial temperature T,
2- Repeat the following ( usually fixed number of times)
(a) choose a new configuration &’ from the neighbourhood of .

(b) let £ and E “be the values of the cost function of a and a’respectively
(E-E7)
if E<E'orrandom <e T take a’

3- decrease temperature T

4- if termination condition is satisfied then stop else go to 2.

As long as the temperature decreased slowly enough, this randomised method results in
uniform and symmetric layouts. The method has the advantage that no vector
calculations are needed, because no force vectors need be calculated. Any complex scalar
formula for the energy is allowed. Taking into account the border of the layout Xmin, Xmas,

yemin, ymax, OF the number of crossings and overlapping. Typical formulas are

Eppar = D, Eny (v W) + D En(v, W)‘*'ZEbam(V)'*'E +E_.

uwel (v.w)eE

R

where

A
Ee ) = el

E,(v,w)= A A, w)

A A A A
border border + border border

Epp = - 2
bkt = ) =X ) (X(V) = Xoe): VO = Vi) V) = V)

E\pp = A yg,* number of overlappings

E s = Aurass®* number of crossings
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where A, 5 Aur 3 dsoreier s Ay 30 ... are parameters for tuning the model

The algorithm produces good layouts for planar graphs. F igure 10(a) shows planar graph
in initial random position , 10(b) shows the final layout.

Another example of a planar graph is Figure l1. Figure 11(a) shows the input with
random locations of vertices. Figure 11(i) shows the final output. Figures 11(b) through

11(h) are seven intermediate steps of the graph.

Figure 12 shows a drawing of a graph containing 37 nodes and 68 edges. The graph is
nonplanar, but nevertheless the algorithm deals with it well. The algorithm does not
always do as well on other graphs. For example, Figure 13 is a complete binary tree of
depth six. It contains 62 edges. The drawing contains two crossings, and the structure of

the tree is rather difficult to visualise.
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10. Planar graph as drawn by Davidson and Harel [DaHa91}

Figure



Figure 11. Another planar graph drawn by Davidson and Harel [DaHa91]



Figure 12. Nonplanar graph as drawn by Davidsen and Harel (DaHa89]



N YA

Figure 13. Complete binary tree of depth six as drawn by Davidson and Harel [DaHa89]
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2.3.3 Temperature Schemes

Fruchterman and Reingold [FrRe91] used the concept of cooling temperature to the
spring embedding. Vertices are moved in the direction of resultant force by 8(7) , but the
value of 8(7) is controlled by the global temperature T. As T decreases 8(7) decreases,
when T=0 and §(7) =0 and all vertices are at rest.

The attractive and repulsive forces that they used are different than those chosen by

Eades, they are as follows:

2
R=%
K

2

P K

d

where K is the optimal distance between vertices

d is the distance between vertices

The most natural and pleasing results of the algorithm may be those from highly
symmetrical graphs. Figure 15 shows Ku, Ks and Ks graphs. Note that K« is planar
although this drawing is not planar.

Figure 16(a) shows the cube and 16(b) shows the hypercube. The four-dimensional

layout of the Aypercube is not visualisable.

Frick, Ludwig and Mehldau [FLM95] expanded the concept of Fruchterman and
Reingold by introducing local temperature T(v) for each node. Each node v is moved
according to the value &7(v)) . A global temperature is introduced as:

1 n
Totobar = ’;Z T(v,)

=l
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The algorithm terminates when Tgioat is less thana threshold temperature Tireshoil

The temperature of each node 7(v) is assigned according to the movement of node v. The
new impulse vector, [new(V) is compared with the old impulse vector lot(v) (Figure 14). If
both vectors point into the same direction then the local temperature T(v) is increased
since the ideal position is more likely to be found in this direction. If both point into
opposite directions, T(v) is decreased since node v is more likely to oscillate around its
ideal position. If a node oscillates several times in the same direction, it is more likely

oscillating around its ideal point and T(v) is decreased.

[otd(v)

[new(v)

Rotaton [ Rotation to
to the left the nght

\ RN / gh

7 ~
s \/\\
4 ~
R 7 \\
Oscillation

Figure 14. Detection of Rotation and Oscillation

The quality of output is similar to that of the spring embedding . Figure 17 shows the
unfolding of a triangular mesh which is similar to that in Figure 9, the unfolding of a
Grid Graph. Figure 18 shows a sparse graph ( the cycle graph) in development stages.
The algorithm also produces good layout for binary trees. In F igure 19 binary trees of size
| v1=31, 63, 127 and 255 are shown.
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Figure 15. Highly symmetrical graphs as drawn by Fruchterman and Reingold [FrRe91]
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Figure 17: Unfolding of a triangular mesh as drawn by Frick [FLM95]
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Figure 18. The cycle graph as drawn by Frick [FLM95]
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Figure 19. Binary tress of'size [v[=31, 65, 127 and 255 as drawn by Frick [FLM95]



2.3.4 Magnetic Fields

Recently, Misue and Sugiyama [SuMi94,SuMi95] proposed an extension according to
which the spring embedder algorithm takes edge direction into account . They considered
the edges as springs, but also as magnetic needles which are oriented according to a
magnetic field. Additional force called the magnetic force is added. While the spring
force is proportional to the length of the spring, the magnetic force is proportional to the
angle o between the edge and magnetic field, and is directed orthogonally to the edge.

The edge is rotated according to the force. The magnetic force can be described by:

F,.=c,bd®6"*

m

where d is the distance between pair of vertices, b is the strength of a magnetic field,
0 (-t <8 < x) is the angle in radians from the orientation of the field to the orientation of
the magnetic edge, «, fand ¢, are parameters for tuning the model.

The magnetic force becomes zero when the edge points exactly in the direction of the

field (Figure20).

Magnetic feid Magnetic field

Figure 20. Spring Force and Magnetic Force
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They considered three types of standard fields: parallel, polar and concentric; and two
types of compound fields: orthogonal and polar-concentric ( Figure 21). The compound

magnetic fields are composed from standard magnetic fields.

Each standard magnetic field B(x.y) at (x.y) is given by:

B(x.y) =bm(xy)

where b is the strength of the magnetic field ( constant for uniform fields)
m(x,y) is the orientation of the magnetic field at any point (X.y)

the value of m(x,y) for different fields is as follows:

o parallel field

((0,1) :North
(-1,0) : West
m(%,¥) = (0,~1): South
(1,0) :East
e polar field
(x,y)
m(x,y)=
(= )
e concentric field
%(y—’—'—t)?-: clockwise
x’
m59) = ()
227 L anticlockwise

e )
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Figure 21. Magnetic fields (a) parallel (b) polar (c) concentric  (d) orthogonal (&) polar-concentric

The output of the algorithm changes as the strength and the direction of the magnetic
field change. Figure 22 shows the layout of a directed acyclic graph in parallel field with
different intensity 5. Figure 23 shows an edge-bipartite rooted tree in the orthogonal field.

Figure 24 shows cyclic directed graph in the concentric field.



Figure 22. Layouts of an acyclic directed graph in the parallel field from Sugiyama and Misue [SuMi95]
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Figure 24, Layouts of three cyclic directed graphs in the concentric field from Sugiyama and Misue

[SuMI9s]
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Chapter 3

Visualising Ordered Sets

3.1 Graphs

A graph G is a pair of sets (V,E) where ¥ is nonempty, and £ is 2 (possibly empty) set of
unordered pairs of elements of V. The elements of / are called the vertices of G and the
elements of £ are called the edges of G . A graph may be finite or infinite depending
whether the set ¥ is finite or infinite. In our work we will consider finite graphs.
In a graph it is not allowed that two vertices are joined by more than one edge. If we
allow such multiple edges , the structure is called a multigraph. In our work only graphs
are considered.
If x and y are vertices of a graph G, we say x is adjacent to y if there is an edge between x
and y. We say also x and y are neighbours. We say that a vertex x is incident with an
edge ¢ if x is an endpoint of e. We also say that e is incident with x whenever x isan
endpoint of e.
There are several aesthetics for obtaining pleasing drawings of general undirected graphs
[BaEaTaTo 94]. The main such aesthetics are:

e display symmetry

e avoid edge crossings

e avoid bends in edges

o keep edge lengths uniform

o distribute vertices uniformly



3.2 Ordered Sets

Ordered sets are special kind of graphs with two abstract properties. The first is
antisymmetry or, loosely speaking, “inequality” [Ri96,Ri89]. Mathematically
antisymmetry means that,

if a is bigger than b, then b is not bigger than a.
For example 4 is more than 2 and 2 is not more than 4, that is antisymmelry.
The second abstract property of order is transitivity,

if a is smaller than b and b is smaller than c, then a is smaller thanc.
The natural number I is less than 3 and 3 is less than 4, it follows by transitivity I is less
than 4.
There are three graphical data structures for ordered sets: comparability, covering and
diagram[Ri89]. The comparability graph is an undirected graph in which an edge joins
two vertices a and b precisely if either a < b or b < a. Figure 25 shows the comparability

graph of 2°, the ordered set of all subsets of {a,b,c} ordered by inclusion.

b

Figure 25. Comparability graph
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The profusion of edges in the comparability graph may be avoided by exploiting the
“transivity’ of an order. For elements a and b in an ordered set P we say that a covers b or
b covered by a, if a > b and if, for each x in P, a > x > b implies x=b. We also call a an
upper cover of b, and b a lower cover of a. The covering graph of P is an undirected
graph whose vertices are elements of P and in which an edge joins two vertices a and b

precisely if a covers b or b coversa (Figure 26).

Figure 26. covering graph

Antisymmetry of the order relation makes possible an orientation of the covering graph
from which the comparability relations may be readily inferred. To this end we orient any
edge a > b of the covering graph so that it makes an angle @ with the horizontal line
satisfying 0° < © < 180°. This is a diagram of P. Thus, the elements of P are represented
by small circles on the plane so arranged that any circle corresponding to an upper cover
a of b is situated higher in the plane than the circle corresponding to & and is joined to it

by monotonic arc (that is, an arc with no repeated y-coordinates) (Figure 27).
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Figure 27. Digraph

3.2.1 Upward Drawing

It is customary to identify an ordered set with its geometrical representation, called its
upward drawing. According to this convention, the elements of the ordered set P are
drawn on a surface, traditionally a plane, as disjoint small circles, arranged in such a way
that for a, b belonging to P, the circle corresponding to a is higher than the circle
corresponding to & whenever @ > b and an arc, monotonic with respect to a fixed
direction, usually south to north, is drawn to join them only if a covers b. These arcs are
drawn, of course, to avoid the incidence of any other circle on it, to avoid unwanted
comparabilities and when possible, to avoid intersection, except where two arcs meet at a
circle. Figure 28(i) shows an upward drawing where a > b and a covers b, figure 28(ii)

shows an upward drawing where d > ¢ but d does not cover ¢.
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(i) (ii)

Figure 28. Upward drawing of ordered sets, In(i) a covers b, in (ii) d > c but d does not cover ¢

An ordered set is planar if it has an upward drawing on the plane with no arc crossing,
although they may meet at a vertex with which they are incident. Usually, by a planar
upward drawing of an ordered set, we mean a drawing in which all edges are straight
lines. It is a fundamental fact that every planar ordered set has a straight line planar

representation (see Figure 29).

(a) (b)

Figure 29. (a) A planar ordered set  (b) A nonplanar ordered set
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An ordered set is spherical if it has an upward drawing on the sphere
S={(xyz):x2+y2-z2=l}

such that all edges are monotonic paths with respect to a fixed direction, say the positive
direction of the z-axis, that is northerly direction, and no two edges cross. The ordered set
in Figure 29(b) is a spherical order and it can be drawn on a sphere as shown in Figure
30.

Figure 30. Spherical order
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3.3 Drawing on a Sphere

In this algorithm, we will modify the Force-directed placement algorithm to draw
ordered sets and graphs on a sphere. The decision problem whether an ordered set has an
upward drawing on a sphere is an NP-complete problem [HaKiRi96]. Our algorithm is a
heuristic approach that tries to draw an ordered set on a sphere with minimal edge
crossing.

The idea of the algorithm is that we introduced a sphere with center at (0,0,0) and with
radius Rs. When the Force-directed placement algorithm is applied, the vertices will
repel each other but they will be attracted to the sphere with certain attractive force fs.
After a certain number of iterations all the vertices will eventually lie on the surface of
the sphere and hence we get a spherical drawing of the ordered set. The concept of our
sphere is that the vertex can penetrate the sphere from outside to inside or from inside to
outside depending on the direction and magnitude of the resultant forces. The radius of
the sphere should be chosen in a way that all vertices are able to stick to the surface of

the sphere. We define the force of the sphere to be

d
=)

=k, 1
/s ,og(&

where k, is sphere constant, d is the distance of the vertex from the center of the sphere

and R, is the radius of the sphere.

The direction of f,is in the same direction as the directed line from the center of the

sphere to the vertex v. The value I(d-R.r) Irepresent the distance of the vertex from the

surface of the sphere. As | (d-Ry) | decreases f,decreases and the system stabilises more.
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>0 ifd > R, vertex outside the sphere
_f; =0 {f d= R, vertex on the surface of the sphere

<0 !f d< Rs vertex inside the sphere

-

Figure 31. Spherical Drawing

In Figure 31, the force /, on vertex v, is toward the outside of the sphere, while the sense

of f on vertex v, is toward the inside.

3.4 The Frame

The order should be confined to the frame specified by the user. Fruchterman and
Reingold [FrRe90] placed dummy vertices around the perimeter of the graph that exerted
repulsive forces and these dummy vertices could not move. They consider the frame as
an immovable object, modelling it as four “walls”, each of which exerts a normal force
exactly equal to the force pushing any vertex beyond it, thus stopping it like a real wall.
They introduced many approaches to model the frame as physical walls. The first

approach is the “sticky” vertex that adheres to the spot on the wall where it first strikes



44 Chapter 3.  Visualising Ordered Sets

and this is called inelastic collision. The vertex sticks to the wall until the force vector
applied on it has only components to move it away from the wall (see Figure 32(a)).

Another approach is the elastic collision Figure 32(b)). In this approach the order and the
orientation in which the vertex hits the wall are important. This may add extensive
computation since the vertex may bounce many times. This approach is computation-

intensive method and it uses the same concept of ray-tracing [HeBa86] used in computer

graphics.
>
v
C T
‘® e
Figure 32. (a) Inelastic collision (b) Elastic collision

Our method is similar but since we are working in three dimensions, we chose to confine
our graph inside a sphere. We call our frame the spherical frame (Figure 33). The center
of the sphere is at (0,0,0) and the radius can be controlled . Originally, all the graph is
drawn inside the sphere, when a vertex tries to cross the borders the applied forces
considered are only the centrifugal and tangential forces and the distance from the origin
does not exceed the radius of the sphere. In this way no vertex can cross the borders of

the sphere.
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Figure 33. Spherical frame

3.5 Centralising the Order

The whole order is drawn at the center of the screen. We used a function called
centralise to draw the graph at the center of the screen. The idea is to pass through the
coordinates of our vertices one time and find the highest and lowest x;y and z
coordinates, then we consider that the central point of our drawing is located at the point

0'("‘1,}’1::1)-

- —_—

~ max ~min

2

LTmax = Tmin _ Ymax ~ Ymin
— 5 =7 >

where x, = and z, =

Cma, Ymaz, Xmax are the maximum ordinate on the z-axis, y-axis and x-axis respectively.

Zmin, Ymin, Xmin are the minimum ordinate on the z-axis, y-axis and x-axis respectively
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To draw our graph at the center of the screen we simply translate the center from
O'(x,,¥,.=) backto 0(0,0,0).

The algorithm is as follows:

stepl: Find  Zmax, Ymax, Xmax
Zmin, Ymin, Xmin

step2: Find X1, y1, 21

step3 : V i € G do begin
Xnew(i) = Xotd()-X1
Yrew(i) = Yotu()-Y1
Znew(i) = Zotd(i)-Z1

End

3.6 The Algorithm

The algorithm , in more detail, for drawing an ordered set in three dimensions, Is as

follows :

Repeat
For each vertex viin G
1- Find the x, y, and = components of the total resultant force
2- move vertex v: in the x-axis and y-axis by:

xv;, =xv, +a Flx,
w, =y +a Fy;
3- {V vj e G/vjcovers vi } if zvj >zvi + a Ftzi then move vi by

zv, = zv, + a Fiz,

4
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Until (Resultant force on each vertex < Fiareshold)

Finreshotd and o are two constants used throughout the algorithm. In the implementation

their values are 1 and 0.1 respectively.

3.7 Experimental Results

In this section we provide some experimental examples of some orders. Most of the
results that we get are pleasing (see section 3.1) and symmetrical.
The forces considered are of two types:
(1) Fa: attractive or repulsive forces caused by the springs between neighbours
(2) Fr: repulsive forces between every pair of non-neighbouring vertices

The value of these forces is given by:
d
F=Clog( )

C,
F;zdl

Where d is the distance between a pair of vertices
k is the “ideal” distance between neighbours
Cs is spring constant
Cr is the repulsion constant

The default values of the parameters are setas Cs = 1.0, Cr=1.0and k= 1.0.

We experimented with many orders, some of which appear to be highly symmetrical like
the Double cube, Grid , and the Cube . The time needed by the tool to produce the results
ranges from 0.32 to 4 seconds. The language used to implement the algorithm is Visual
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Basic 3.1 ( see Chapter 5). The machine used was a Pentium P60Mhz CPU speed and 8
MB memory.

The following table shows the number of iterations, number of vertices, number of edges

and the time in seconds to produce each order.

ORDER NUMBER OF NUMBER OF NUMBER OF TIME IN
ITERATIONS VERTICES EDGES SECONDS

Cube 50 8 12 0.73
Double Cube 70 14 23 3.08
Grid 16 70 16 24 3.8
Spider 50 ) 19 25
Kss3 50 6 9 0.32
K3.3 with top and 50 8 15 0.75
bottom
Grid 9 60 9 12 1.1
Non-planar order 50 6 8 0.4
Projective Plane 50 16 35 3.8
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7

Figure 34.  cube

11

13

14

Figure 35. Double cube
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16

Figure 36. Grid 16

Figure 37. Spider
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Figure 38. K33

Figure 39. K33 with top and bottom
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Figure 40. Order 5D

Figure 41. Grid 9
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Figure 42. Nonplanar order
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Figure 43. Other order
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Figure 44. Projective plane

The Kz.3 and the projective plane (Figure 38 and 44) are not easy to understand and

visualise. In the next section we will introduce the triangulation algorithm to visualise

the faces.
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Chapter 4

Triangulation

4.1 Introduction

We can enhance the Force Directed Placement algorithm with triangulation. In this
chapter we introduce an algorithm to triangulate ordered sets and then apply the Force
Directed Placement algorithm.

To triangulate the ordered set we propose two constraints. The two constraints are:

» global order is preserved, if a vertex a is higher than a vertex 4 in the original
triangulation, then a is higher than 5 in the final triangulation (if a > 6 in the
original order then @ > 6 in any triangulation)

o the resulting triangulated ordered set is always monotonic. If a > b in the
original ordered set, a > b in any triangulation and the path from a to b 1s

monotonic.

We propose an algorithm to triangulate ordered sets by inserting additional edges and

vertices to its embedding covering graph.

4.2 Algorithm

The algorithm starts with the polygonal embedding of cover(p) which we call G. Graph G
is triangulated by adding new edges between the vertices so that all the faces are
triangulated. After triangulation, the Force Directed Placement algorithm is applied.
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The Simple Triangulation Algorithm is as follows:

Step 1: triangulate the polygonal embedding of cover(p) ( call it graph G) on the
plane by inserting edges between vertices:

1- insert edges to destroy 4-gons in each face, where k£ >4

Step 2: input all triangles in a queue call it T={t112, ..., {n}

Step 3: apply the Force Directed Placement algorithm on T’

This, of course, can certainly be done provided G is a planar graph.

The quality of output may be enhanced by adding more triangles. To do that, the
triangulation algorithm starts with a queue T that contains a set of triangles that describes
the faces of the ordered set. At each triangulation level the queue is updated with a new

generation of triangles.

The Triangle Refinement Algorithm is as follows:
Step 1: start with queue T = {1y, t2, ..., tk}
while there are non triangulated triangles do:
Step 2 : remove(t;) {remove triangle ¢ from the queue }
Step 3 : - let a,b & c be the vertices of the triangle &
- remove covering relation between a,b &c

{ a,b & c are non-comparable now}

Step 4 : - create new verticesd,e & f
- assign the following covering relation between a,b,c,de & f
a covers d, d covers b, b covers e, e covers ¢, f covers c,

d covers e, d covers f, f covers e and a covers f



Step S : - assign the coordinates of d,e,f as follows
Xd = (Xatxp) /2, yd = (Ya+ys)/ 2, zd=(za+z)/2
Xe = (x6+Xc) /2, Ye=(Yb+ye) /2, ze =(m+zc) /2
Xf=(XavXxc) /2, Yy = (Va*yc) /2, zf=(za+z)/2

Step 6 : -push into the queue the following triangles:
adf, dbe, def, efc

Endwhile

Step 7: -apply Force Directed Placement algorithm

After each triangulation level each triangle is split into four triangles and the number of

vertices is increased from 3 to 6 (Figure 45(a)).

Figure 45. Triangulation (a) Initial triangles (b) After triangulation

After triangulating the triangles in queue T, no correction is needed. Consider the case in
Figure 46(a). Adjacent triangles share some vertices after triangulation. Figure 46(a)
shows two triangles with four vertices; after triangulation, the number of triangles is 8
while the number of vertices is 9 (see Figure 46(b)). Edge 1~4 is a common edge
between triangles 124 and 134, vertex 9 is a common vertex between triangles 698 and

597 and no correction is needed.
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Figure 46. Triangulation (a) Initial triangles (b) After triangulation

As an example, consider the cube ordered set. Figure 47 shows the cube and its planar
graph. In stepl of the algorithm, edges are inserted in each face to destroy k-gons, k > 4.
The dark lines in Figure 48(a) are edges inserted to destroy k-gons, &£ > 4 in all faces.
Each face consists of 3-gons and no parallel edges are introduced. In step 2 the set of
triangles is entered in a queue 7. Finally in step 3 the Force Directed Placement
algorithm is applied.

By following the algorithm, T can be triangulated again by inserting three vertices in each
triangle. The result of this triangulation is shown in Figure 48(b) , no parallel edges are
created during this step. The output after triangulation is shown in Figure 43(c).
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Planar graph

Figure 47. Triangulating the cube
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(b) After one triangulation refinement

(c) Output of the cube after three triangle refinements
Figure 48. Triangulated cube
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Another example is the double cube. The double cube and its polygonal embedding are
shown in Figure 49. In step | of the algorithm, edges are inserted to destroy > 4-gons , the
result is shown in Figure 49(b). A parallel edge is introduced between vertices 3 and 8.
This can be avoided by choosing another triangulation as shown in Figure 50(a). In step 2
the set of triangles are entered in a queue 7. T can be triangulated by inserting new three
vertices in each triangle. After applying the Force Directed Placement algorithm the

result is shown in Figure 50(c).
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(a) Double cube

(b) Triangulation with parallel edges

Figure 49. Triangulating the double cube
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Top view

(c) Output of double cube after three triangle refinements

Figure 50. Double cube after applying the Force Directed Placement algorithm
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Sometimes we cannot avoid parallel edges, especially if the graph is not planar.
Therefore, the algorithm should be able to treat parallel edges. Also after triangulation
some parallel edges may be introduced. This is especially the case if the graph has genus
> 1, for example, K> (Figure 51). If there exist parallel edges, then the triangulation is
corrected by destroying parallel edges. Notice that faces of graphs of genus > 1 may
contain a vertex more than once.

After triangulation and correction, the Force Directed Placement algorithm is applied.

al a2 a3

bt b2 h3

Figure51. (a)K33 (b) Embedding on polygonal model of torus
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The Parallel Edge Triangulation Algorithm is as follows:

Step 1: triangulate the polygonal embedding of cover(p) ( call it graph G) on the
plane by inserting edges between vertices:

1- insert edges to destroy k-gons in each face, where £ 2 4

Step 2: check the adjacency list of the triangulated graph G and mark parallel

edges to be corrected (parallel edges to be corrected are parallel

edges created during Step1)

Step 3: for each parallel edge a~b to be corrected do the following:
1- check the right and left neighbouring regions of a~b and treat the
following cases:
casel: (i) n parallel edges (n >1) adjacent to two 3-gons
(a x1b6 and a x2b) from left and right (Figure 52 a).
e split the parallel edges by inserting new
vertices vi, vz, ..., Vn
« add new edges between vertices as follows :
xXi~vi, vi~v2, v>~vs, ..., vr~x2 (Figure 52 b)
(ii) 1 parallel edge adjacent to two 3-gons (a x: b and a x2
b, x1=x2) from left and right (Figure 52 c).
o split the parallel edge by inserting new vertex vi
e add new edges between vertices as follows :
XI~VI, X2~VI
e split the parallel edges x/~viand x>~v1 by inserting
new vertices vzand vs;
e add new edges between vertices as follows :

a~vz, b~vz, a~vs3 and b~vs (Figure 52 d)
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case2: n parallel edges (n21) adjacent to one 3-gons
(a xb) (Figure 52 e).
« split the parallel edges by inserting new vertices

Vi, V2 Vn

9 Vég veny

« add new edges between vertices as follows:

XI~vI, vi~v2, va~vs, ..., vn-1~vn (Figure 52 f)

case3: (i) n parallel edges (Figure 52 g ).
« split the parallel edges by inserting new vertices v1, vz, ..., v
o add new edges between vertices as follows:
vi~v2, v2~v3, ..., vn-i~va (Figure 52 h)
(ii) 1 parallel edge (Figure 52 1).
e add new parallel edge between vertices a and b:
o split the parallel edges by inserting new vertices vi, v2

o add new edge between vertices as follows:

vi~v2 (Figure 52 j)

Step 4: input all triangles in a queue which is called 7={t.¢2, ..., tn}

Step 5: apply the Force Directed Placement algorithm on T



Case 1:

{i)lnput (x1+x2 andn2 1 or({x1=x2andn> 1} Output
@ ®)
a a
x1 2 x1 2
b b
(i} Imnput { x1=x2 and n=1} Output
(©) )

Figure 52. Parallel edge correction
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Case 2:

(e Q)

Case 3:

b b
{i}input{n> 1) Qutput
(8 (h)
a
0o a
v1 v2
o
b b
{i)lnput{n=1) output
(1) 0)

Figure 52.(continued) Parallel edge correction



As an example, consider the Kus ordered set. Its polygonal embedding is graph G in
Figure 53(a). Figure 53(b) shows the graph G after triangulation, some parallel edges are
introduced. The double edges are the parallel edges. Figure 54 shows graph G after
destroying the parallel edges. In Figure 54(a) parallel edge ai~as is destroyed by inserting
vertex vi and creating edges vi~b2 and vi~bs. In Figure 54(b) parallel edge a/~as is
destroyed by inserting vertex v2 and creating edges v2~az and v2~vi. Parallel edge ai~b21s
destroyed by inserting new vertex v; and creating two edges vi~br and vs~a2( Figure
54(c)) . Finally, parallel edge a:~b: is destroyed by inserting new vertex v+ and creating
two edges v+~as and v+~vs ( Figure 54 (d)). The polygonal embedding of the triangulation
is shown in Figure 55(a) and the embedding on a torus is shown in Figure 55(b). The
polygonal embedding of the correction is shown in Figure 56. After applying the Force
Directed Placement algorithm the output is as shown in Figure 57.
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f——

(a) Polygonal embedding of Ks with the faces: ({a2,b2.a3,b3},{a1,b1,a2,b3}, {a2,b3,a3,b1, b2azblas3,b2})

(b) A partial “triangulation” of the universal covering space of this polygonal embedding

Figure 53. Triangulating the Ks.3



i1 (e JELER/00-F Feo & TERETTHTIEEEEE

{a) Destroying parallel edge al1~a3

{b} Destroying parallel edge al~b1

Figure 54. Correcting parallel edges
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(c} Dastroying parallal edge a1~b2

(d) Destroying paraliel edge a1~ bl

Figure 54. (continued) Correcting parallel edges
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(b) Embedding on a torus

Figure 55. Embedding of the triangulation
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Figure 56. Polygonal embedding of the corrected triangulation
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Figure 57. Output after applying the Force Directed Placement algorithm
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4.3 Triangulating some orders

In this section the triangulation algorithm is applied to the cube, double cube, K5.5 and the
projective plane. The system used during the experiment is a Pentium P60 MHZ PC with
8 MB RAM.

4.3.1 Cube
The cube has a discrete structure, we will try to view it as smooth structure using our
triangulation algorithm.
t
1 3
4 6
b
F igure S8. (a) Cube (b)Triangulation

After applying the triangulation algorithm the cube is triangulated as shown in Figure
58(b). The set of triangles is as follows:

T= {(t.1,4).0t.2,4).(t.3.6),(t.2.6).(t.1,3).((t.3,5).(2.4.6).(2,6,6).(3.3,b).(3.6,5).(1.4,6).(1,5,b)
}. The value of the constants ( Kspring and Cr) affect the final shape of the cube. Figure 59
shows a cube after 3 levels of triangulation where we got 378 vertices and 768 triangles

with Kspring =4 , Cr=1andLs=2.
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The cube appears here as a discrete structure , we changed the constants to Kspring = 1,
Cr =4 and Ls =2.5 . The results appeared to be more differentiable (Figure 60).
The time required to produce the orders in Figures 59 and 60 is around 360 seconds.

Figure 59 has a discrete structure while Figure 60 has sphere like structure.
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4.3.2 Double cube
Another order that we want to triangulate is the double cube . The double cube order is

shown in Figure 61(a), its triangulated polygonal embedding is shown in Figure 61 (b).

After applying the triangulation algorithm, the set of triangles is as follows:
T = { (1.2,6).(t1,1,6).(t1,1.7).(3.7.61).(3.8,61).(t1,3.7).(2.6,b1) .(2,8.61).(3.9.t2).(3.8,6)
(3.9.b2),(12,5,9),(12,5,10).(12,4,10).(5.9.42).(5,10,b2),(4,10,62).(4.8,b2).(t1,£2.3).(11,2,8).(12.4,8)

(11,22,8) ).

Figure 61. (a) Double cube  (b) Triangulation

We started with the triangles set 7 and applied our algorithm with the following constants

Ls = 1, Kspring = 2 and Cr = 2. After one triangle refinement the result Is as shown in

Figure 62.
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The result seems to be not smooth and the faces are not clear. Another triangle
refinement was applied; the result is more smooth as shown in Figure 63.

Another triangle refinement was applied. The result is shown in Figure 64. Compared to
Figure 62, the double cube is changed from a non smooth structure to a smooth structure

by applying more triangle refinements.



Side view

Top view

Double cube after one triangle refinement

Figure 62.
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View

Side
Top view

Figure 63. Double cube after two triangle refinements
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Side view Side view

Top view

Figure 64.  Double cube after three triangle refinements
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4.3.3 Ks,;

The Ks. ( Figure 65(a)) has complicated structure that makes it difficult to visualise. The

Ks.5 can be embedded on polygonal model of a tourus as shown in Figure 65(b).

a3
al a2 a3 a2 bl
al
Tzl b2 b2 T

3 b3

bl b2 h3
bl
—
Figure 65. (a)Kss (b) Embedding on polygonal model of torus

The triangulation algorithm is applied and the K3 is triangulated ( Figure 66) such that

the global order is not violated and no parallel edges are allowed.
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Figure 66. Triangulated embedding of Ks.5 on polygonal model of a torus

The algorithm is applied with the following constants : Ksprng =2, Cr=2and Ls = 1,
After three levels of triangulation and 600s the output is clearly a torus as shown in

Figure 67.
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Figure 67. Kss with Kspring=2, Cr=2, Ls=



43.4  Projective plane

The projective plane has a complicated structurs that makes it one interesting order to
visualise. To date there is still no satisfactory actual drawing either of its undirected
graph or its upward drawing on a surface with crossing edges. Figure 68 shows an
upward drawing of the projective plane on the plane. As it is shown it is difficult to

visualise the relation between vertices.

Figure 68.  An upward drawing of the projective plane on the plane

One triangulation of the projective plane is as shown in Figure 69. After two triangle

refinements this produces the upward drawing illustrated in Figure 70.



4 124

Figure 69. One triangulation of the projective plane
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Side view

Bottom view

Figure 70. Projective plane of Figure 69.
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The projective plane is then triangulated as shown in Figure 71. No parallel edges are

added and we added two temporary vertices (a and b) in order to avoid adding parallel

edges.

013

124

013 »35 450
124 346 S61 a
3
s 0 b
4 N
1
Figure 71. Triangulating the projective plane

First we applied the algorithm with the triangles as shown in Figure 71. After 300
seconds and two levels of triangulation we got 576 triangles and 214 vertices and the
output is as shown in Figure 72.

At this writing we have no automatic technique to detect “handles”. Nevertheless,

visually we can detect handles. In Figure 72 (a)(Top view) three handles are shown. In
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order to enhance the visibility of the projective plane we then applied other methods. The
first method is to let the vertices of the handles be neutral with respect to any vertex that
does not belong to a handle; in other words we changed the equation for calculating the

repulsive force between vertices to be as follows:

(0 if v, belongs to any handle and v does not

Fr

i

I
~

zr if v, does not belong to any handle but v; does
]

The vertices located in the handles can repel each other , also the vertices outside the
handles can repel each other, but vertices from the handles cannot repel vertices outside,

while vertices from outside can repel vertices in the handles.

The equation for calculating the repulsive forces can be given as :

Fr, = u(1 - handle(i)* DCzr_

q

Where u(l-handle(i)) is the unit step function [Kr88] defined as

u(t):{l ift>0

0 otherwise

and handle(i) is defined as follows

1 ifv, € to a handle

0 otherwise

handle(i) = {



s -

We applied the algorithm with the constants Kspring = 2, Cr=5 and Ls=1 for 400 seconds,
the result is as shown in Figure 73( a & b). The output is more visualizable and the

handles are more clear.

The output still needs some modifications to enhance the view.
To enhance the visibility we tried another method. The spherical drawing algorithm is

applied on the vertices that do not belong to the handles .

We changed Cr from 5 to 2 and maintained the same other constants as before and
applied the algorithm for 300 seconds the result was pleasing and the projective plane is
shown as a sphere with four handles Figure 74. Figures 74(b) and (d) are outline drawings
of Figures 74(a) and (c) respectively.

As an undirected graph it is known that the projective plane has genus three. We have
displayed a genus four upward drawing. We do not know whether there is a genus three

upward drawing.
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Figure 72. Projective plane ( Kspring =3, Cr=1, Ls = 1)
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Figure 74. Projective plane ( Kspring = 2, Ksphere = 0.2, Rsphere = 1000, Cr=2)
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Chapter S

Implementation

5.1 Interface

[n visualising 3D graphs, an important aspect resides in the ability to dynamically change
the view of the graph. The interface to our system is user friendly and the user is able to
enter the order by only using the mouse and in a graphical style, that is, without
keyboarding.

The algorithm is implemented using Visual Basic 3.0. The 3D layout is presented with
visual clues (colour, perspective and light). The user may choose to view the

development of the graph step-by-step.

The interface of the program is the following:
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K_sphere Jjj 0.1 V\. .7" 14
N AI
R_spherelill 5 e 16
Kspring i} 2 3l
Lspring 3l 1 3N

C_reputsive il 2 IR
1

Figure 75. Interface

Using the controlbox (Figure 75, left), the user is able to control the input and output by
using the following buttons:

Show order: shows the graph in its initial state in the output screen

Order: consider the input as an ordered set

Random: tnitiates the graph or order with random positioning

Pause: pause the current executing function

Zoom+: enlarge the view in the output screen

Zoom-: reduce the view in the output screen

Rotate: used to rotate the graph or order in the output screen around the

x.v and = axis and around the xy-axis, xz-axis, vz-axis and xyz-axis.
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Ksphere: change the sphere constant
Rsphere: change the radius of the sphere
Kspring: change the spring constant

C-repulsive: change the repulsive force constants

The pull-down menu contains two choices : File and Options ( Figure 76 ).
The File option contains the following:

New :to enter new order, the current order is erased.

Open File : displays a saved input on the input screen.

Save file :saves the current input in a file.

Exit : terminates the execution of the program.

The Options choice contains the following:
Colors : displays the colour icon ( Figure 79 (b) ) which is used to change the
colour of the order in the output screen

Graph : treats the input as a graph.

Figure 76. Pull-down menu

Using the Inputscreen (Figure 75, middle), the user may input or update the initial graph
or order by using the mouse. A new vertex can be inserted by clicking on the screen, two

vertices may be joined by an edge by clicking on both of them one after the other.



The Outputscreen (Figure 75, right) is used for output only and the user can change the

backcolor, the vertex colour and the edge colour by using the colors option from the

main menu.

5.1.1 Input screen

The order can be entered through the input screen (Figure 77). By clicking on the input
screen a node is automatically created, the node can be removed by clicking on the node
using the right button of the mouse. The edge between two nodes can be created by
clicking once on both nodes, the edge can be remove by clicking on the circle on the

middle of the edge. In Figure 77 a grid graph is entered as an ordered set.

5.1.2 OQOutput screen

The output screen is used only for outputting the ordered set, the order can be visualised

by using the control box options. The zoom buttons Zoom + and Zoom - are used for

uu
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Figure 77. Input Screen
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zooming the order for better view, also it can be rotated around the X, v, z, Xy, Xz, yz and
xyz axis. The rotation is performed by pressing on the corresponding axis in the rotation

icon (Figure 79(a) ).

14
16

Figure 78. Output screen

Colars

E ¥

1§ =
I —
i F'

.

Figure 79. (a) Rotation icon (b) Colour icon
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5.2 Using the Tool

[n this section we provide an example on how to use the tool for inputting the Grid 16
ordered set. The steps are as follows:

Step 1 : create 16 nodes on the Input Screen by clicking 16 times using

the left button of the mouse.

Step 2 : input the covering relation between nodes. To have node 1 cover
nodes 2 and 3 first place node 1 above nodes 2 and 3, then draw

edges from 1 to 2 and from 1to 3.

Step 3 : press Show order button, the order will be displayed randomly on

the output screen

Step 4 : press Order button, the Force-Directed Placement algorithm will
be applied to the order and the output screen shows the

development of the order.

Step 5 : press Pause button to stop applying the algorithm on the order.

The constants ( Crepuisive, Kspring, Lspring, Ksphere and Lsphere) may be changed by the user
either when the algorithm is running or when the order is in the pause state. The rotation

icon ( Figure 79(a) ) is active only when the order is in the pause state. The user may

chose to rotate the order around the x, y, =, xy, X<, y= Of Xy= axis.

The Zoom+ and Zoom- buttons are active when the algorithm is running or when the

order is in the pause state. They are used to enlarge and reduce the view of the order in

the output screen.
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Figure 80 shows the development of the Grid 16 order. Figure 80(a) shows the order in
initial random positon, Figure 80(f) shows the final drawing after 25 iterations. Figures

80(b) to 80(e) are intermediate states.

(a) (b)

Figure 80 . Grid 16 in development stages
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16

(d)

Figure 80 . (continued) Grid 16 in development stages
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10

16 16

(e) (f)

Figure 80 . (continued) Grid 16 in development stages
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Chapter 6

Summary and Future Work

6.1 Summary

In this thesis we introduced algorithms to draw and visualise ordered sets using Force-
Directed Placement algorithm. Most of the Force-Directed Placement algorithms deal
with graph drawing . We implemented a tool that draws orders in 3D and the user is able
to manipulate the input and the output in a natural and user friendly fashion.

The complexity of our algorithm can be summarised as follows: the individual iteration
has a time complexity of ©(|V|2+|E]) for the basic algorithm(i.e. to calculate the
attractive and repulsive forces) and ©(|V|+[E]) for centralising our graph in the middle of
the screen. The spherical drawing adds no time complexity to the algorithm, but another
force called f; (force of the sphere) is added to our set of forces. The number of iterations
needed varies according to the initial layout of the graph, but experimentally it was found

that the number of iterations is a function of number of edges and number of vertices.

6.2 Future work

Although the Force-Directed Placement algorithm gives pleasing results in many cases
and it deterministically converges to a minimum energy state, its theoretical behaviour is
not clear. Experimentally the time complexity is O(|V}3), but we cannot give a formal

proof.
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Another interesting problem for future work is applying our triangulation algorithm with
other Force and Energy Controlled Placement algorithms and compare the results in

terms of quality of output and speed.
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