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Abstract

The onset of flowering time in a plant is extremely significant when evaluating pop-
ulation success. Floral growth, seed production, and dispersal are all dependent
upon flowering time. Flowering early (and hence longer) increases the prospect of
pollination but typically reduces vegetative growth and yields fewer/smaller flowers.
Flowering late (and hence shorter) guarantees more/bigger flowers but carries the risk
of insufficient pollination. This fundamental trade-off between growth and flowering
time suggests that there may be an optimal time to initiate flowering. In this thesis,
we consider a deterministic hybrid integrodifferential model where we represent the
growing season in continuous time and the time between seasons as a discrete map.
We track the evolution of flowering time, as a phenotype, by explicitly considering it
as a variable in our model. The model is analyzed from two different viewpoints: (1)
by mutual invasion analysis in the sense of adaptive dynamics; and (2) by deriving
equations for the mean trait value and total population density when flowering time
is considered to be Gamma-distributed. In both cases evolution to an intermediary
flowering time was observed.
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Chapter 1

Introduction

1.1 Biological background

Plant population growth is dependent upon flower production, pollination, and suc-
cessful seed germination. All of these dynamics occur during the growing season,
when environmental conditions are suitable for plant activity. During the growing sea-
son, plants are faced with the question of how to allocate resources towards biomass
growth, flowering, and seed production. Early flowering increases the time available
for pollination and seed production. However, there is evidence that plant size influ-
ences reproductive success, with larger plants generally producing a greater number of
seeds [1]. This observation suggests that flowering early may be detrimental if plant
biomass is small. Alternatively, late flowering allows for larger plant biomass and
thus increased seed production, but the time remaining for pollination and seed ger-
mination is limited. These advantages and disadvantages for early and late flowering
suggest that there could be an optimal time during the season for a plant to flower.
Examining this trade-off between plant size and seed development is the motivation
for this thesis.

During the growing season, plants initiate flowering at a particular time. At
the onset of flowering, plants begin allocating resources from their own growth and
survival to reproduction and offspring development [33]. Plants that flower too early
less time to grow and will have a smaller size during the reproductive phase, fewer re-
sources to allocate to floral growth, and thus produce fewer seeds. Alternatively, later
flowering allows for more resources allocated to plant growth and seed development,
but shortens the time available for floral pollination, seed dispersal and germination
[11]. This observation describes the fundamental trade-off between plant size and
seed development [4]. Plants also assortatively mate by flowering time; early flower-
ing plants will mate disproportionately with other early flowering plants, while late
blooming plants will mate disproportionately with late bloomers [37]. The tradeoff
between growth and flowering, along with assortative mating, suggests that plant
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1. INTRODUCTION 2

density may be higher when flowering begins midway through the season.
The time that flowering begins is particularly important when climate change is

taken into account. In an environment with a rapidly changing climate, the length
of the growing season can vary unexpectedly from year to year. As a consequence,
plants that previously flowered at a suitable time may become maladapted to their
environment. For instance, if the growing season unexpectedly increases in length, a
plant that previously flowered at a suitable time one year may then flower too early
the next year. Alternatively, plants that previously flowered too late may now flower
at a suitable time if the growing season lengthens. The ability of a plant population
to survive such variation depends upon the evolutionary properties of the plant.

This thesis considers the evolution of flowering time for a fixed growing season.
We hypothesize that, over time, the flowering time of a perennial plant population
will evolve to reach an intermediary value within the growing season. To test this
hypothesis, we model the evolution of flowering time as an explicit variable.

Different models for flowering time have been studied in the past. Many of these
models have been statistical in nature, relying on experimental data [11, 25, 27, 35].
Some probabilistic models track the genetic allelles that code for flowering time and
evaluate fitness under various methods of selection [16, 38], while others construct so-
called integral projection models to make predictions using the life-history of the plant
[22, 28]. Flowering time is also often modelled using a quantitative genetics approach,
where analysis is done on the phenotypic correlation between parents and offspring
[19, 21, 37]. We construct a novel deterministic hybrid integrodifferential model with
flowering time as a variable. We analyze our model using adaptive dynamics and by
tracking the mean trait value and population density. We detail these methods and
the required theory in the next two sections.

1.2 Methods

We create a mathematical model to track the population density of a perennial plant
over time. We explicitly consider flowering onset as a variable in our model and
examine the density of flowers with respect to this trait. Due to the dynamics of
perennial plants, we create a hybrid model across two time scales. We track floral
growth, death, and pollination during the growing season in continuous time using
an integrodifferential equation. Plant survival and seedling success between seasons
is represented in discrete time using a recursion equation, which includes the solution
of the within-season equation.

We analyze the evolution of flowering onset in our model using two different
methods: (1) mutual invasion analysis in the sense of adaptive dynamics; and (2)
reduction to a model for the mean trait value and total density of the population.
For both methods, we perform numerical simulations wherein we iterate the updating
function of the model until the system reaches a steady state. We consider the system
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to have reached a steady state when the difference in population density between
subsequent years is less than a predefined, very small threshold. We compare our
results for both methods.

The adaptive dynamics method requires significant theory, which we present in
the next section. We outline the background behind the approach, and give examples
of a simple and slightly more complex application. Both examples refer to purely
continuous models, as this is the type of model the theory is most often applied to.
Hence, the application to our hybrid model will differ slightly from the examples
given. Subsequent to the adaptive dynamics section, we present our motivation for
choosing this formulation, alongside an example for finding the equilibrium values of
a simple hybrid model.

1.3 Adaptive dynamics

1.3.1 Background and Invasibility Analysis

Adaptive dynamics is a theoretical approach for studying some of the phenotypic
changes that take place in an evolving population [36]. A phenotype is an observable
characteristic or trait of an organism such as flowering time in plants or the colour
of a rabbit’s coat. Adaptive dynamics aims to study the evolution of traits that
specifically affect fitness. Fitness, in this context, measures reproductive success in
the population. Although an organism’s phenotype is in part determined by its geno-
type, adaptive dynamics does not consider the genetic level and instead focuses on
how the ecological interaction of individuals within a population affects the evolution
of the phenotype. This approach allows for the approximation of complicated ge-
netic interactions using simpler models [10]. In the simplest case, adaptive dynamics
considers a single phenotypic trait, represented by a one-dimensional variable. Many
extentions of this theory have been developed, but we will focus only on this simple
scenario.

If the mutation rate for a phenotype is sufficiently low, it can be assumed that the
population reaches its ecological attractor before a new phenotype appears within the
population [26, 29]. Hence, we assume a separation of time scales such that ecological
dynamics take place on a fast time scale while evolutionary dynamics are slow [5].
We also assume that mutations are rare and have small phenotypic effects [12, 26].
Given the rarity of mutation, it is typical to initially focus on a population with only
one phenotype at ecological equilibrium. Such a population, consisting of only one
phenotype, is called monomorphic. Reproduction is assumed to be both asexual and
clonal so that every offspring is phenotypically identical to its parent [10]. Under the
assumption of this separation of time scales, mutations occur only on the evolutionary
time scale and not on the ecological time scale.
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In the simplest case, a monomorphic population, called the resident, develops
along the fast ecological time scale and reaches a steady state, which we call the
resident steady state. Then, a mutation arises on the slow evolutionary time scale
and a mutant phenotype, different from the resident phenotype, emerges. This ini-
tially small mutant population interacts with the resident population along the fast
ecological time scale. The mutant may die out, or it may grow or invade, depending
on the fitness of the mutant phenotype relative to the resident. If the mutant is able
to grow, it may replace the resident entirely, causing an evolution in the phenotype.
We refer to this phenomenon as trait substitution. Alternatively, the two phenotypes
may be able to coexist, leading to a dimorphic population with two phenotypes. An
invasion of the mutant can also cause both populations to go extinct in a process
called evolutionary suicide [10]. Based on the assumption that the effect of mutation
is small, the mutant phenotype will be similar to the resident phenotype. Hence,
adaptive dynamics studies the direction of phenotypic evolution for a given resident
type. In the following, we formalize these ideas in terms of mathematical equations
and dynamical systems theory.

We begin with the ecological dynamics of a monomorphic resident population,
x, with phenotype sx, expressed by the deterministic equation

ẋ = F (x, sx)x, (1.3.1)

where F represents the per-capita growth rate in the population. The dot indicates
the derivative with respect to time. On the ecological time scale, this population
reaches the resident steady state. The steady state is given by F (x∗, sx) = 0 and will
be denoted by x∗ = x∗(sx).

Now a mutation arises on the evolutionary time scale. We introduce a mutant, y,
with phenotype sy. Since the resident and the mutant interact, we rewrite equation
(1.3.1) for the dynamics of the resident as

ẋ = F (x, sx; y, sy)x. (1.3.2)

Based on our assumption that the resident and mutant populations differ only
in the trait value, the mutant equation is

ẏ = F (y, sy;x, sx)y. (1.3.3)

We assume that the initial mutant population is small. We conduct invasion
analysis by linearizing the system at the resident steady state (x, y) = (x∗, 0). The
equations decouple and we find that the linearization for the mutant is

ẏ = F (0, sy;x
∗, sx)y. (1.3.4)

The function F (0, sy;x
∗, sx) = I(sx, sy) is known as the mutant’s invasion fitness,

or as the invasion exponent [5, 10]. The mutant can grow if I > 0 and will die out if
I < 0.
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We now have a condition for the mutant’s ability to invade on the ecological
time scale. Under the assumption that invasion implies replacement, this allows us to
derive an equation for the trait dynamics on the evolutionary time scale. Following
our assumption that mutations are small, we can write sy = sx + ε for |ε| << 1.
Expanding I(sx, sy) in a Taylor series with respect to ε, we get

I(sx, sy) = I(sx, sx) +
∂

∂sy
I(sx, sx)ε+

∂2

∂s2y
I(sx, sx)

ε2

2!
+ . . .

Now I(sx, sx) = F (0, sx, x
∗, sx) = 0 by definition, since (x, y) = (x∗(sx), 0) is a steady

state of the adaptive dynamics. Thus, when ε is small, we have

I(sx, sy) ≈ ε
∂

∂sy
I(sx, sy)

∣∣∣
sy=sx

. (1.3.5)

The quantity ∂/∂syI(sx, sy)|sy=sx , is called the selection gradient. The selection gra-
dient is part of the so-called canonical equation of adaptive dynamics, an ordinary
differential equation used to study the evolutionary change of the trait value in a
monomorphic population [5, 7]. It is given by

dsx
dT

= C
∂I(sx, sy)

∂sy

∣∣∣
sy=sx

, (1.3.6)

where C > 0 determines the speed with which the trait changes on the evolutionary
time scale, and T denotes evolutionary time.

A singular point, which we will denote by s̄, is a trait value at which the selection
gradient vanishes [10]. We classify such singular points in section 1.3.3.

Trait value pairs, (sx, sy), that allow for successful invasion can be visualized in a
pairwise invasibility plot (PIP). As an example for finding both the invasion exponent
and creating a PIP, we work out an exercise from [10].

1.3.2 Example

We consider the Lotka-Volterra competition system for cannibalism. The dynamics
of the resident population are described by the equation

ẋ = xF (x, sx) = x(r − sxx+ (1− ε)sxx), (1.3.7)

where r > 0 represents the low-density growth rate. The trait value sx represents the
degree of cannibalistic activity in the population. The term sxx

2 represents the loss
in the population due to cannibalism and the final term represents the energy gained
due to cannabilism, with parameter 0 < ε < 1 (not to be confused with the use of ε
in the preceding section). We study the evolution of trait sx.
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The resident equation (1.3.7) has the two steady states

x∗ = 0, and x∗ =
r

sxε
> 0. (1.3.8)

The positive steady state is globally stable for all solutions with positive initial con-
dition.

We assume that the resident population has reached this equilibrium, and we
introduce a small mutant population, y. The resident and mutant equations become

ẋ = xF (x, sx, y, sy) = x(r − sxx− syy + (1− ε)sx(x+ y))

ẏ = yF (y, sy, x, sx) = y(r − sxx− syy + (1− ε)sy(x+ y)),
(1.3.9)

where the terms syyx and sxxy represent loss in each population due to cannibalism
from the other population. When the above system is linearized at the positive steady
state (x, y) = (x∗, 0), the mutant equation decouples and becomes

ẏ = yF (0, sy, x
∗, sx) = y

(
r − r

ε
+ (1− ε)rsy

εsx

)
. (1.3.10)

Thus, the invasion exponent is

I(sx, sy) =
r(1− ε)(sy − sx)

εsx
, (1.3.11)

and we have
I(sx, sy) > 0 ⇐⇒ sy > sx. (1.3.12)

Therefore, if sy > sx, the mutant population is able to grow when introduced into
the resident population. Otherwise, the mutant cannot grow.

The corresponding selection gradient is

∂

∂sy
I(sx, sy)

∣∣
sy=sx

=
(1− ε)r
εsx

. (1.3.13)

This selection gradient is always positive, therefore there is no singular point. Fur-
thermore, we have the following lemma.

Lemma 1.3.1. If sy > sx, then all solutions of (1.3.9) with positive initial conditions
converge to the equilibrium (0, r/εsy).

Proof: Assume that sy > sx. We first show that the equilibrum (0, r/εsy) is
locally stable. The system (1.3.9) has 4 steady states

(0, 0),

(
r

εsx
, 0

)
,

(
0,

r

εsy

)
, and

(
− r

sy − sx
,

r

sy − sx

)
. (1.3.14)
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The entries of the last steady state have opposite signs. Thus, this state is not
biologically relevant.

We evaluate the local stability of each viable steady state in the traditional
manner by looking at the Jacobian matrix [30]. For the first steady state, (0, 0), the
associated Jacobian matrix has repeated eigenvalue, r > 0. Thus, it is unstable. This
condition is independent of any relation between the two trait values.

For the 2nd steady state, (r/εsx, 0), the associated Jacobian matrix has eigen-
values

r(1− ε)(sy − sx)
εsx

and − r < 0. (1.3.15)

The first eigenvalue is greater than zero when sy > sx, making this state unstable.
For the 3rd steady state, (0, r/εsy), the Jacobian matrix has eigenvalues

−r < 0 and
−r(1− ε)(sy − sx)

εsy
. (1.3.16)

Both eigenvalues are negative when sy > sx, indicating that this state is locally stable.
We now show that (0, r/εsy) is also globally stable. We first rule out the existence

of periodic orbits in the positive quadrant, using Dulac’s criterion [34]. We apply the
method in example 7.2.4 of [34].

Letting X = (x, y), we choose g(X) = 1/xy with x, y > 0. This function, g, is
continuously differentiable and real-valued as required. We have

∇ · (gẊ) =
∂

∂x
(gẋ) +

∂

∂y
(gẏ)

=
∂

∂x

(
r − sxx− syy + (1− ε)sx(x+ y)

y

)
+

∂

∂y

(
r − sxx− syy + (1− ε)sy(x+ y)

x

)
=

1

y
(−sx + (1− ε)sx) +

1

x
(−sy + (1− ε)sy)

= −ε
(
sx
y

+
sy
x

)
< 0.

(1.3.17)

Thus, ∇ · (gẊ) < 0 has one sign throughout the positive quadrant. Since the
vector field in (1.3.9) is continuously differentiable in the simply connected region
x, y > 0, there can be no periodic orbits in the positive quadrant.

We now show that every trajectory in the positive quadrant remains bounded.
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We pick x̄ > x∗ = r/εsx. Then if (x(t), y(t)) is a solution with x(t) > x̄, we have

ẋ = x(r − sxx− syy + (1− ε)sx(x+ y))

< r + (sx − sy)y − εsxy − εsxx
< r − εsxx
< 0.

(1.3.18)

Hence, all solutions eventually have x(t) 6 x̄.We now set

ȳ =
r + (sy − sx)x̄

εsy
. (1.3.19)

Then, for a solution with y(t) > ȳ, we have

εr − sxx+ syx− εsyy < 0

=⇒ r − sxx+ (1− ε)syx− εsyy − syy + syy < 0

=⇒ r − sxx− syy + (1− ε)sy(x+ y) < 0

=⇒ ẏ < 0

(1.3.20)

Hence, all solutions eventually have y(t) 6 ȳ. Thus, all trajectories are bounded and
the region R = [0, x̄]×[0, ȳ] is an attracting set. Therefore, we can apply the Poincaré-
Bendixson theorem [32]. Since all trajectories are bounded within R, and there can
be no periodic orbits, the ω-limit set of (1.3.9) contains at least one stationary point.

We showed that the steady state (x∗, y∗) = (0, 0) is a source, and thus it cannot
be part of the ω-limit set. Alternatively, the saddle point, (x∗, y∗) = (r/εsx, 0) could
be part of a homoclinic orbit. However, since the stable manifold comes from the
source at (0, 0), we can also rule out this possibility. Therefore, all trajectories go
towards the locally stable steady state, (0, r/εsy).

Therefore the steady state (0, r/εsy) is globally stable.

In figure 1.1, we have created a pairwise invasibility plot (PIP) for this example.
The shaded region represents trait values such that I(sx, sy) > 0 while the unshaded
region represents values where I(sx, sy) < 0.

1.3.3 Classification of singular points

In example 1.3.2, we illustrated a very simple case for adaptive dynamics where the
selection gradient did not have a singular point. In reality, the evolutionary dynamics
can be much more complicated. In this section, we will detail how to classify the
behaviour of a system near its singular points and give an example of a system where
a singular point is present.
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Figure 1.1: Pairwise invasibility plot (PIP) for the cannibalism example with
invasion exponent (1.3.11). By lemma 1.3.1, the invader replaces the resident
for trait value pairs in the shaded region.

From the definition of the invasion exponent, we have that I(sx, sx) = 0. Using
this identity, we also get

∂I

∂sx

∣∣∣
sy=sx

+
∂I

∂sy

∣∣∣
sy=sx

= 0,

∂2I

∂s2
x

∣∣∣
sy=sx

+ 2
∂2I

∂sx∂sy

∣∣∣
sy=sx

+
∂2I

∂s2
y

∣∣∣
sy=sx

= 0.

(1.3.21)

To simplify notation, we define

c11 =
∂2I

∂s2
x

∣∣∣
sy=sx

, c22 =
∂2I

∂s2
y

∣∣∣
sy=sx

, c12 =
∂2I

∂sx∂sy

∣∣∣
sy=sx

= −1

2
(c11 + c22), (1.3.22)

where the simplification of c12 comes from (1.3.21).
We use these derivatives to classify singular points by looking at four different

possibilities [10, 18].

Possibility 1: If s̄ is a singular point that cannot be invaded by nearby strate-
gies, then s̄ is called an evolutionary stable strategy (ESS). Nearby strategies cannot
succeed if the invasion exponent is negative. Hence, we require I(s̄, sy) to have a
local maximum in sy = s̄. Thus, a singular point is an ESS if c22 < 0. Geometrically,
this means that a vertical line drawn through the singular point of the PIP will lie
(locally) in the region where I < 0.
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Possibility 2: If successful strategies are nearer to s̄ than the resident, then s̄ is
a local attractor for the adaptive dyamics and is called a convergence stable strategy
(CSS). Alternatively, if successful strategies are farther from s̄, the singular point is
a repeller for the adaptive dynamics. If successful strategies are nearer to s̄, then the
selection gradient is positive for sx < s̄ and negative for s̄ < sx. Hence, at sx = s̄,
the second derivative of the selection gradient must be negative, such that

0 >

[
∂

∂sx

(
∂

∂sy
I(sx, sy)

∣∣∣
sy=sx

)] ∣∣∣
sx=s̄

= c12 + c22

∣∣∣
sy=sx=s̄

=
1

2
(c22 − c11)

∣∣∣
sy=sx=s̄

(1.3.23)
Therefore s̄ is convergent stable if c11 > c22 at sy = sx = s̄. Geometrically, if I > 0
above the diagonal on the left and below the diagonal on the right of s̄ then s̄ is
convergent stable [18]. Convergent stable strategies are called evolutionary attrac-
tors [26]. A singular point that is both an ESS and convergent stable is called a
continuously stable strategy [13, 14].

Possibility 3: If the singular strategy can invade a nearby resident, the invasion
exponent must be positive, so I(sx, s̄) needs to have a local minumum at sx = s̄.
Thus, we have the criteria c11 > 0 at sx = s̄. Geometrically, this means that a
horizontal line through s̄ lies locally in the region where I > 0.

Possibility 4: We speak of mutual invasibility if I(sx, sy) > 0 and I(sy, sx) > 0.
This occurs when I(sx, 2s̄− sx) has a local minimum at sx = s̄. The first derivative
of I in this case is

∂I

∂sx
− ∂I

∂sy
, (1.3.24)

which has second derivative c11 − 2c12 + c22 = 2c11 + 2c22. Thus, mutual invasibility
occurs when c11 > −c22. Geometrically, this means that the line sy = 2s̄ − sx lies
locally in the region where I > 0.

Mutual invasibility may lead to the coexistence of two subpopulations with dif-
ferent traits. This scenario, sometimes called branching, changes our monomorphic
population into a dimorphic population. In order to analyze such dynamics, different
methods must be used, which we will not detail in this thesis. In the following section,
we generalize the previous example and apply the classification for singular points.

1.3.4 Example for classification of singular points

We introduce a tradeoff into example 1.3.2. This idea is novel and not previously
introduced in [10]. We suppose that as individuals improve their ability to cannibalize,
their efficiency at producing offspring decreases. To represent this tradeoff, we replace
the growth rate r with a positive decreasing function r(s). The resident ODE for the
monomorphic population becomes

ẋ = xF (x, sx) = x (r(sx)− εsxx) , (1.3.25)
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which has the two steady states

x∗ = 0, and x∗ =
r(sx)

εsx
> 0. (1.3.26)

As in the previous example, we assume that the resident reaches the positive
steady state and introduce the mutant population y. We get the system

ẋ = xF (x, y, sx, sy) = x(r(sx)− sxx− syy + (1− ε)sx(x+ y)),

ẏ = yF (y, x, sy, sx) = y(r(sy)− sxx− syy + (1− ε)sy(x+ y)).
(1.3.27)

Linearizing the above system at the steady state (x, y) = (x∗, 0), the mutant equation
decouples and becomes

ẏ = yF (0, x∗, sy, sx) = y

(
r(sy)−

r(sx)

ε
+

(1− ε)r(sx)sy
εsx

)
. (1.3.28)

Hence, the invasion exponent is

I(sx, sy) = r(sy) +
r(sx)((1− ε)sy − sx)

εsx
, (1.3.29)

which has first order partial derivatives

∂I

∂sx
=
r′(sx)((1− ε)sy − sx)

εsx
− r(sx)(1− ε)sy

εs2
x

,

∂I

∂sy
= r′(sy) +

(1− ε)r(sx)
εsx

,

(1.3.30)

and second order partial derivatives

∂2I

∂s2
x

=
r′′(sx)((1− ε)sy − sx)

εsx
− 2(1− ε)sy(r′(sx)sx − r(sx))

εs3
x

,

∂2I

∂s2
y

= r′′(sy),

∂2I

∂sx∂sy
=

(1− ε)(r′(sx)sx − r(sx))
εs2
x

.

(1.3.31)

The corresponding selection gradient is

∂

∂sy
I(sx, sy)

∣∣∣
sy=sx

= r′(sx) +
(1− ε)r(sx)

εsx
. (1.3.32)

Now suppose we have some singular point s̄. We check the conditions for each
possibility outlined in the previous section using the derivatives in (1.3.31). Firstly,
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s̄ is an ESS if r′′(s̄) < 0. Secondly, s̄ is a CSS and an attractor for the adaptive
dynamics if c11 > c22, or

r′′(s̄) +
1− ε
εs̄

r′(s̄)− 1− ε
εs̄2

r(s̄) < 0, (1.3.33)

and a repeller if c11 < c22.
Thirdly, we suppose that the mutant has strategy s̄ and the resident has some

nearby strategy. The mutant can successfully invade if c11 > 0 at sx = s̄, i.e. if

r′′(s̄) +
2(1− ε)
εs̄

r′(s̄)− 2(1− ε)
εs̄2

r(s̄) < 0. (1.3.34)

Lastly, we have mutual invasibility if I(sx, sy) > 0 and I(sy, sx) > 0 which occurs
when c11 > −c22, such that

r′(s̄)− r(s̄)

s̄
< 0. (1.3.35)

For more concrete results, the function r(sx) must be specified. We choose
r(sx) = r̄e−asx , where r̄ > 0 is the growth rate in the absence of cannibalism and
a > 0 is a parameter. As required, r(sx) is a positive decreasing function of the trait
value. The selection gradient in (1.3.32) is now

∂

∂sy
I(sx, sy)

∣∣∣
sy=sx

= r̄e−asx
(
−a+

1− ε
εsx

)
. (1.3.36)

The singular point for this selection gradient is

s̄ =
1− ε
aε

. (1.3.37)

This point cannot be an ESS since r′′(sx) = a2r(sx) > 0. The singular point will be
a CSS and an attractor for the adaptive dynamics if it satisfies

a2 − 1− ε
εs̄

a− 1− ε
εs̄2

< 0, (1.3.38)

or a repeller for the adaptive dynamics if the opposite inequality holds. For the
singular point in equation (1.3.37), the above inequality simplifies to

εa2

1− ε
> 0. (1.3.39)

Hence, since 0 < ε < 1, this singular point is an attractor for the adaptive dynamcis.
For our third possibility, the singular strategy can invade a nearby resident if s̄ satisfies

s̄2 − 2(1− ε)
εa

s̄− 2(1− ε)
εa2

< 0. (1.3.40)
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This condition simplifies to ε > −1, which is always true. Finally, we have mutual
invasibility if a singular point s̄ satisfies

s̄ > −1

a
, (1.3.41)

which is always satisfied since a > 0 and s̄ > 0.
For this example the singular point is not an ESS but it is a CSS for the adaptive

dynamics. Additionally, the singular phenotype is able to invade nearby phenotypes
and pairs of neighboring phenotypes are able to invade each other. In figure 1.2, trait
values for which I(sx, sy) > 0 are presented in a pairwise invasibility plot (PIP). The
singular strategy, s̄, is at the intersection of the two shaded regions.

Figure 1.2: Pairwise invasibility plot (PIP) for the revised cannibalism exam-
ple 1.3.4. The invader successfully invades the resident population for trait
values in the shaded region.

1.4 Hybrid Models

So far all theory and examples have been applied to population dynamics modelled
using continuous differential equations. However, our goal is to create a model for
perennial plants in a seasonal environment. In particular, perennials recruit only once
a year at the beginning of their growing season but undergo various other dynamics
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continuously throughout the season. Although there are various ways to model this
environment, we chose to use hybrid models (or impulsive models).

In the simplest case, hybrid models can be used to describe the continuous in-
teractions between a population and its environment throughout the year, along with
the discrete reproduction event of the population [31]. Often, using a purely dis-
crete or purely continuous time model cannot accurately describe population growth.
For instance, a continuous-time model assumes both mortality and recruitment occur
instantaneously. However, for some populations there is a recruitment period that
is mainly discrete while other ecological dynamics are continuous during this period.
Alternatively, mortality occurs throughout the lifespan, and is thus mostly continuous
[17, 20].

For a population of perennial plants, population growth is most easily measured
by comparing the number of plants from one year to the next. Recruitment of new
plants occurs only during a certain part of the year and is best measured in discrete
time jumps. However, plant growth, mortality, and pollination all occur continuously
throughout the growing season. These two different time scales make a hybrid model
useful to represent the full population dynamic.

We now present an example of a very simple hybrid model that can be solved
explicitly and reduced to a discrete-time model. The goal is to calculate the steady
state(s) of the model and evaluate stability. In example 1.3.2, we performed these
calculations for a continuous model. For a hybrid model the method differs slightly.
We detail the steps to obtain the steady state below.

We consider a plant that emerges and grows during a certain period of the year
after which it remains dormant until the following year. We track the biomass of
the plant from year to year in discrete time. The biomass of the plant at the end of
year T will be denoted by x(T ). The plant then survives through the winter with
probability 0 < γ < 1, and emerges at the beginning of the following year, T + 1,
with biomass γx(T ).

During the season, the plant biomass grows according to the standard logistic
differential equation

f ′(t) = rf(t)

(
1− f(t)

K

)
, 0 < t < t1, (1.4.1)

where r > 0 is the rate of maximum biomass growth, K > 0 is the carrying capacity
of the environment, and t1 represents the length of the growing season. The initial
condition for the equation is the plant biomass at the beginning of the season, f(0) =
γx(T ). The solution to (1.4.1) is

f(t) =
Kγx(T )ert

K + γx(T )(ert − 1)
. (1.4.2)
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The biomass at the end of the season is x(T + 1) = f(t1). Hence, the discrete
recursion equation to update the plant population each year is

x(T + 1) =
Kγx(T )ert1

K + γx(T )(ert1 − 1)
. (1.4.3)

The recursion equation has two steady states

x∗ = 0, and x∗ =
K(γert1 − 1)

γ(ert1 − 1)
. (1.4.4)

The second steady state is only positive when γert1 > 1. We analyze the stability of
the two steady states by evaluating the linearization of (1.4.3) at each steady state.
We find that the zero steady state is stable only if γert1 < 1 and the non zero steady
state is stable only if γert1 > 1. Thus, whenever the positive steady state is present
in the system, it is stable. Otherwise the plant population tends to zero. Hence, at
the point γert1 = 1, the system has a transcritical bifurcation. This is illustrated
numerically with a cobweb diagram in figure 1.3.

Figure 1.3: Cobweb for the hybrid model (1.4.3) when the positive steady
state exists (left), and when only the zero steady state exists (right).

This example describes a perennial plant with very simple dynamics. The model
equation appears in various places in the literature. The model does not include
flowering and reproduction but instead models only the vegetative growth of the
plant. In the next chapter we derive our model for a perennial plant, which includes
more complicated evolutionary and ecological dynamics.
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1.5 Thesis outline

In chapter 2, we derive a model for the evolution of flowering onset in a perennial
plant. We then nondimensionalize the model (section 2.2) in order to reduce the
number of parameters. We prove that the zero state of our model is locally stable,
and we discuss the biological consequences of this result (section 2.3). We present
brief numerical results for the nondimensionalized model (section 2.4) for one special
case. However, the full model is too complex to allow for in-depth analysis. Instead,
we consider two simplifications that can be analyzed to some extent, and compare
the results.

In chapter 3, we apply the adaptive dynamics framework to our model. We
present and prove several properties of the resident-only model (section 3.1). We
then introduce the mutant population and perform invasion analysis (section 3.2).

In chapter 4, we reduce our model to a model for the mean trait value and
population density. We present the derivation of the required moment equations
(section 4.1), and apply a particular distribution to the derived model (section 4.2).
We simulate the model and present the results in section 4.3.

In chapter 5, we close the thesis with a discussion of our work and some sugges-
tions for future directions.



Chapter 2

Model derivation and basic
properties

2.1 Model derivation

In this chapter, we derive our novel model for the evolution of flowering time in a
perennial plant. We are not aware of any other attempt in the literature to model
the evolution of flowering time with a similar approach. Our trait of interest is
the time after emergence that flowering begins. This trait will be denoted by s.
The total population of perennial plants may change from year to year, but each
individual plant has a growth and dormant period within the year. To capture this
behaviour the model is separated into two time scales. The year, denoted by T ,
will be represented in discrete time, and days within the year, denoted by t, will be
represented in continuous time.

The plant emerges and begins to grow at time t = t0. We assume that the
growth and flowering phase of the plant occur separately [33]. The plant grows until
it flowers, i.e. for t ∈ [t0, t0 + s]. Flowering lasts until the season ends at time t = t1.
The length of the season will be denoted tg = t1− t0. These dynamics are illustrated
in figure 2.1. In table 2.1 we present the variables and parameters that will be used
in the model.

17
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Figure 2.1: Illustration of the timeline for our model.

Table 2.1: Table of Model Quantities

Quantity Representation
s Flowering time trait value, measured in days since emergence
t Time within the year, measured in days
T Time, measured in years

N(T ; s) Plant population with trait s at the beginning of year T
F (t; s) Unpollinated flowers with trait s at time t

Ŝ(t) Total density of seeds produced

Ŝ(t1; s) Density of seeds with trait s at time t = t1
S(T ; s) Seed population with trait s at the end of year T
t0 Beginning of the plant growing season
t1 End of the plant growing season
tg Length of the season
ν Rate of conversion of biomass into flowers
µ Natural death rate of flowers
ρ Rate of pollination between flowers
α Strength of density-dependence among seedlings
m Heritability proportion
σ2
K Variance of the mutation kernel
γ Probability of successful plant overwintering
ω Probability of successful seed germination
ξ Number of seeds produced per pollinated flower
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The number of plants with flowering time s in year T will be denoted by N(T ; s).
To update the plant population from year to year, we use the recursion equation

N(T + 1; s) = γN(T ; s) + ωS(T ; s), (2.1.1)

where γ is the probability of successful overwintering of plants from the previous
year, S(T ; s) the population of seeds produced during the previous year, and ω the
probability of successful germination.

In order to determine the number of seeds with flowering time s that will be
produced by the end of the year, we model growth, pollination, and seed production
during the season. To begin, plants grow according to some function g(t). The
biomass of a plant with flowering time s will be denoted by B(t; s) and represented
by the equation

∂

∂t
B(t; s) = g(t), (2.1.2)

where t0 < t < t0 + s, and B(t0; s) = 0 ∀s. In the simplest case, wherein g(t) = g is
some constant growth rate, we have

B(t0 + s; s) =

∫ t0+s

t0

g(t)dt = gs. (2.1.3)

The population of unpollinated flowers will be denoted by F (t; s) and represented
by the equation

∂

∂t
F (t; s) =

νB(t0 + s; s)N(T ; s)

1 + α
∫ tg

0
N(T ; s′)ds′

− µF (t; s)− ρF (t; s)

∫ tg

0

F (t; s′)ds′, (2.1.4)

where the first term represents floral growth, the second term the natural mortality
of flowers, and the third term the pollination of a flower with trait s by a flower of any
other trait, s′. Since flowers with trait s begin growing at time t0+s, this equation has
initial condition F (t0 + s; s) = 0, and F (t; s) is defined for t ∈ (t0 + s, t1). This makes
the equation difficult to analyze because the pollination term requires integration
over all possible trait values, for s′ from 0 to tg = t1 − t0. To deal with this issue, we
introduce the Heaviside function, H(t− s), which is defined as

H(t− s) =

{
1, t > s,

0, t < s.
(2.1.5)

With this notation, we can write (2.1.4) as

∂

∂t
F (t; s) =

νB(t0 + s; s)H(t− s)N(T ; s)

1 + α
∫ tg

0
N(T ; s′)ds′

− µF (t; s)− ρF (t; s)

∫ tg

0

F (t; s′)ds′,

(2.1.6)
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for t0 < t < t1 and initial condition F (t0; s) = 0 ∀s.
According to (2.1.6), the rate of pollination for flowers with trait s1, by flowers

with trait s2, is given by ρF (t; s1)F (t; s2). The total density of all seeds produced by
pollination is denoted by Ŝ(t). We assume that each flower produces an equal number
of viable seeds, so that the density of pollinated flowers is proportional to the density
of seeds produced. We denote this proportionality constant by ξ. The rate of change
for Ŝ(t) is therefore given by

d

dt
Ŝ(t) = ξρ

∫ tg

0

∫ tg

0

F (t; s1)F (t; s2)ds1ds2. (2.1.7)

The density of seeds with trait s at time t is denoted by Ŝ(t; s). To determine the
flowering time of a particular seed, assumptions must be made regarding heritability.
If the seed solely inherits the trait of the“mother” (or “father”) plant, then the rate
of change of seeds with flowering time s is given by

∂

∂t
Ŝ(t; s) = ξρF (t; s)

∫ tg

0

F (t; s1)ds1 (2.1.8)

This special case, called clonal reproduction, will be studied in chapter 3. Instead, we
can assume that the flowering time, s, of the seed is given by some convex combination
of its parental traits, s1 and s2. We express this assumption as

ms1 + (1−m)s2 = s, 0 < m < 1. (2.1.9)

Solving (2.1.9) for s2, we make a change of variables s2 = (s−ms1)/(1−m) in (2.1.7)
to find

d

dt
Ŝ(t) = ξρ

∫ tg

0

∫ ms1+(1−m)tg

ms1

F (t; s1)F

(
t;
s−ms1

1−m

)
ds

1−m
ds1. (2.1.10)

To simplify these expressions slightly we define F (·; s) to be a function on all of R by
setting F (·; s) = 0 for all s /∈ [0, tg]. Then the integrals involved can be taken over
the entire real line.

The density of seeds with flowering time s at the end of the season is obtained
as

Ŝ(t1; s) = ξρ

∫ t1

t0

(∫ ∞
−∞

F (t; s1)F

(
t;
s−ms1

1−m

)
ds1

1−m

)
dt. (2.1.11)

In this notation, the total density of seeds at the end of the season is Ŝ(t1) =∫
Ŝ(t1; s)ds.

Finally we introduce the possibility of mutation into our model. We denote by
K(s − s′) the probability that a plant from a seed with flowering time s′ will flower
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at time s. Then the total number of seeds with flowering time s in year T is denoted
by S(T ; s) and given by

S(T ; s) =

∫ ∞
−∞

K(s− s′)Ŝ(t1; s′)ds′, (2.1.12)

where K is some suitable probability distribution. The effects of mutation are not
the focus of this thesis, and hence, we will make the simplest possible assumption
that K is a unimodal symmetric distribution with mean zero. When required, the
variance of the distribution will be denoted by σ2

K .
Under these assumptions, equation (2.1.1) becomes

N(T+1; s) = γN(T ; s)+ωξρ

∫ t1

t0

∫ ∞
−∞

∫ ∞
−∞

K(s−s′)F (t; s1)F

(
t;
s′ −ms1

1−m

)
ds1

1−m
ds′dt,

(2.1.13)
where the flowers, F , are found by solving (2.1.6).

2.2 Nondimensionalization of the model

We nondimensionalize our system in order to simplify the model and reduce the
number of parameters.

We begin by writing n = N/N̂ , f = F/F̂ , τ = t/t̂, and σ = s/t̂, where N̂ , F̂ , and
t̂ have the required units and n, f , τ , and σ are dimensionless. We nondimensionalize
only for the case where biomass growth is constant, as in (2.1.3). Applying the change
of variables to (2.1.6), we get

∂f

∂τ
=

t̂

F̂

∂F

∂t

=
t̂

F̂

νgt̂σH(t̂(τ − σ))N̂n(T ; t̂σ)

1 + αt̂N̂
∫∞
−∞ n(T ; t̂σ′)dσ′

− µt̂f − ρt̂2F̂ f
∫ ∞
−∞

f(t̂τ ; t̂σ′)dσ′.

(2.2.1)

A straight forward choice would be to set µ = 1/t̂. However, after multiple numerical
simulations, we found that the system was most sensitive to changes in the death rate,
µ. Hence, we chose a nondimensionalization that keeps µ as the primary parameter
in the model. Therefore, we set ρt̂2F̂ = 1, νgt̂N̂/F̂ = 1, and αt̂N̂ = 1. Solving the
three equations, we find that we must choose

t̂ =

(
α

ρνg

)1/3

, F̂ =

(
νg

α
√
ρ

)2/3

, N̂ =
(ρνg
α4

)2/3

. (2.2.2)

Hence, we have

∂f

∂τ
=

σH(τ − σ)n(T ; t̂σ)

1 +
∫∞
−∞ n(T ; t̂σ′)dσ′

− f(t̂τ ; t̂σ)

(
µ̂+

∫ ∞
−∞

f(t̂τ ; t̂σ′)σ′
)
, (2.2.3)
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where

µ̂ = µ

(
α

ρνg

)1/3

. (2.2.4)

Applying the change of variables to (2.1.13), we get

n(T + 1; t̂σ) = γn(T ; t̂σ)

+
ωξρF̃ 2t̂2

Ñ

∫ t1/t̂

t0/t̂

∫ ∞
−∞

∫ ∞
−∞

t̂K(t̂(σ − σ′))f(t̂τ ; t̂σ1)f

(
t̂τ ; t̂

σ′ −mσ1

1−m

)
dσ1

1−m
dσ′dτ.

(2.2.5)

Setting

ω̂ = ωξ

(
νgα2

ρ2

)1/3

, t̂1 = t1

(ρνg
α

)1/3

, t̂0 = t0

(ρνg
α

)1/3

, (2.2.6)

we get

n(T + 1; t̂σ) = γn(T ; t̂σ)

+ ω̂

∫ t̂1

t̂0

∫ ∞
−∞

∫ ∞
−∞

K̂(σ − σ′)f(t̂τ ; t̂σ)f

(
t̂τ ; t̂

σ′ −mσ1

1−m

)
dσ1

1−m
dσ′dτ,

(2.2.7)

where K̂(σ − σ′) = t̂K(t̂(σ − σ′)). The mean of K̂(y) is zero and the variance is

σ2
K̂

=

(
α

ρνg

)2/3

σ2
K . (2.2.8)

To simplify notation, we write n̂(T ;σ) = n(T ; t̂σ) and f̂(τ ;σ) = f(t̂τ ; t̂σ). Thus,
the general model in nondimensionalized form is

n̂(T + 1;σ) = γn̂(T ;σ)

+ ω̂

∫ t̂1

t̂0

∫ ∞
−∞

∫ ∞
−∞

K̂(σ − σ′)f̂(τ ;σ1)f̂

(
τ ;
σ′ −mσ1

1−m

)
dσ1

1−m
dσ′dτ,

∂f̂

∂τ
=

σH(τ − σ)n̂(T ;σ)

1 +
∫∞
−∞ n̂(T ;σ′)dσ′

− f̂(τ ;σ)

(
µ̂+

∫ ∞
−∞

f̂(τ ;σ′)dσ′
)
.

(2.2.9)

The nondimensional system has 7 parameters, γ, ω̂, µ̂, m, t̂0, t̂1, and σ2
K̂

, whereas the
original system had 12 parameters. For the remainder of this thesis we will use only
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the nondimensionalized model above. Hence, since no confusion can arise we rewrite
the system using the original notation

N(T + 1; s) = γN(T ; s) + ωS(T ; s), (2.2.10a)

S(T ; s) =

∫ t1

t0

∫ ∞
−∞

∫ ∞
−∞

K(s− s′)F (t; s1)F

(
t;
s′ −ms1

1−m

)
ds1

1−m
ds′dt,

(2.2.10b)

∂

∂t
F (t; s) =

sH(t− s)N(T ; s)

1 +
∫∞
−∞N(T ; s′)ds′

− F (t; s)

(
µ+

∫ ∞
−∞

F (t; s′)s′
)
. (2.2.10c)

In table 2.2 we present the default parameters we will use for numerical simulation
throughout this thesis. We chose these particular parameters because they produced
interesting results for both approaches (chapters 3 and 4). We conducted simulations
for a variety of parameters and reported those where significantly different behaviour
was observed.

Table 2.2: Default nondimensional parameter values

Parameter Value
t0 0
t1 60
µ 0.5
m 0
γ 0.2
ω 0.9

2.3 Local stability of the extinction state

We formally linearize (2.2.10) at the zero steady state. Our calculations indicate that
the state is likely locally asymptotically stable. We will prove this in the special case
of the adaptive dynamcis approach in the next chapter.

A steady state of (2.2.10), denoted by (N∗, F ∗), is a solution of

N∗(s) = γN∗(s) + ωS∗(T ; s),

∂

∂t
F ∗(t; s) =

sH(t− s)N∗(s)
1 +

∫∞
−∞N

∗(s)
− µF ∗(t; s)− F ∗(t; s)

∫ ∞
−∞

F ∗(t; s′)s′, F ∗(t0; s) = 0.

(2.3.1)
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For some small ε > 0, a nearby solution can be written as

N(T ; s) = N∗(s) + εn(T ; s) + h.o.t,

F (t; s) = F ∗(t; s) + εf(t; s) + h.o.t,

S(T ; s) = S∗(T ; s) + εS̃(T ; s) + h.o.t.

(2.3.2)

Substituting (2.3.2) in (2.2.10), we get

N(T + 1; s) = N∗(s) + εn(T + 1; s) + h.o.t

= γN∗(s) + ωS∗(T ; s) + ε(γn(T ; s) + ωS̃(T ; s)) + h.o.t

∂

∂t
F (t; s) =

∂

∂t
F ∗(t; s) + ε

∂

∂t
f(t; s) + h.o.t

=
sH(T − s)N∗(s)
1 +

∫∞
−∞N

∗(s)ds
− µF ∗(t; s)− F ∗(t; s)

∫ ∞
−∞

F ∗(t; s′)ds′

+ ε

sH(t− s)
(
n+ n

∫∞
−∞N

∗(s)ds−N∗(s)
∫∞
−∞ n(T ; s)ds

)
(

1 +
∫∞
−∞N

∗(s)ds
)2 − µf(t; s)


− ε
(
F ∗(t; s)

∫ ∞
−∞

f(t; s′)ds′ + f(t; s)

∫ ∞
−∞

F ∗(t; s′)ds′
)

− ε2sH(t− s)

n(T ; s)
∫∞
−∞ n(T ; s)ds(

1 +
∫∞
−∞N

∗(s)ds
)2 −

N∗(s)
(∫∞
−∞ n(T ; s)ds

)2

(
1 +

∫∞
−∞N

∗(s)ds
)3


− ε2f(t; s)

∫ ∞
−∞

f(t; s′)ds′ + h.o.t

(2.3.3)

We write Ŝ(t) = Ŝ∗(t) + εS̃(t) + h.o.t. We get

d

dt
Ŝ(t) =

d

dt
Ŝ∗(t) + ε

d

dt
S̃(t) + h.o.t

=

∫ ∞
−∞

∫ ∞
−∞

F (t; s1)F (t; s2)ds1ds2

=

∫ ∫
F ∗(s1)F ∗(s2)ds1ds2 + ε

∫ ∫
(F ∗(s1)f(t; s2) + f(t; s1)F ∗(s2)) ds1ds2

+ ε2
∫ ∫

f(t; s1)f(t; s2)ds1ds2 + h.o.t.

(2.3.4)

We compare powers of ε. For ε0, we get the steady state equations in (2.3.1). For ε1,
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we obtain

n(T + 1; s) = γn(T ; s) + ωS̃(T ; s),

d

dt
S̃(t) =

∫ ∞
−∞

∫ ∞
−∞

(F ∗(s1)f(t; s2) + f(t; s1)F ∗(s2)) ds1ds2.
(2.3.5)

We do not include the f because its value does not affect the equation for S̃(t) when
we are studying the trivial steady state, wherein (N∗, F ∗) = (0, 0). At this state,
we get the ODE d

dt
S̃(t) = 0, which has initial condtion S̃(t0) = 0. Hence, S̃(t) = 0.

Then, since S̃(t1) =
∫
S̃(t1; s)ds and S̃(T ; s) =

∫
K(s−s′)S̃(t1; s′)ds′, we also get that

S̃(T ; s) = 0. Therefore, from (2.3.5), we have n(T + 1; s) = γn(T ; s) for 0 < γ < 1.
Thus, n(T ; s) → 0, so that solutions nearby the trivial steady state go towards it.
Therefore, the zero steady state seems to be locally asymptotically stable.

Biologically, the stability of the zero steady state represents the presence of an
Allee effect in the population [8]. Allee effects occur whenever the fitness of an
individual in a small population decreases as the population size or density also
declines [2]. An Allee effect could be generated by multiple factors, such as a lack of
genetic variation, demographic variation, or pollinator limitations [9].

2.4 Numerical simulation

In this section, we simulate (2.2.10) using the parameters in table 2.2 for the simplest
case, wherein m = 0. When m = 0, seedlings solely inherit the trait of one parent
plant. For the probability of mutation we chose the Gaussian distribution with mean
zero and variance σ2

K . Equation (2.1.12) becomes

S(T ; s) =

∫ ∞
−∞

1√
2πσ2

K

e
− (s−s′)2

2σ2
K Ŝ(t1; s′)ds′. (2.4.1)

In the actual model the integral was infinite, but in order to run numerical simulations
we integrate only over s values that are contained within the season. Hence, we
simulate the model

N(T + 1; s) = γN(T ; s)

+
ω√

2πσ2
K

∫ tg

0

∫ t1

t0

∫ tg

0

e
− (s−s′)2

2σ2
K F (t; s1)F (t; s′)ds1dtds

′,

∂F (t; s)

∂t
=

sH(t− s)N(T ; s)

1 +
∫ tg

0
N(T ; s′)ds′

− F (t; s)

(
µ+

∫ tg

0

F (t; s′)ds′
)
.

(2.4.2)

We discretize the interval (0, tg) with a regular grid and denote gridpoints by
sj, j = 1, ..., J . Given N(T ; sj) for all j, we solve the J differential equations for
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F (t; sj) by discretizing time and using a simple forward Euler method. Since the
dynamcis of the F -equations are simple and monotone, this method proved to be
sufficiently accurate and fast. All integrals were approximated as Riemann sums.
Given the solutions of F (t; sj), j = 1, ...J , we then calculated the updated values for
N(T + 1; sj) for all j.

In figure 2.2, we plot the plant population, N(T ; s), as a function of flowering
onset, s, and time, T , for m = 0. We observe that over time the population seems
to reach some steady state. The peak of the distribution appears to occur at an
intermediary flowering time.

In figure 2.3, we plot the plant populationN(T ; s) as a function of s, after the final
time step, T = 100, for varying σ2

K . We observe that the distribution narrows as the
mutation variance decreases. Hence, as mutation variance decreases, the distribution
of flowering times seems to be converging to a Dirac delta distribution. In other
words, the population is becoming monomorphic over time when mutation variance
is low and reproduction is clonal. This suggests that the adaptive dynamics approach
is a valid method of analysis for our model.

Figure 2.2: N(T ; s) as a function of flowering onset, s, and time, T , for
T = 10 and T = 100. Parameters are as in table 2.2 with m = 0 and
σ2 = 15. The initial population is chosen such that N̄(0) = 50.
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Figure 2.3: N(T ; s) as a function of flowering onset, s, at T = 100 for
different values of σ2

K . Parameters are as in table 2.2 with m = 0. The initial
population is chosen such that N̄(0) = 50.



Chapter 3

Adaptive dynamics approach

In this chapter, we apply the adaptive dynamics approach from section 1.3 to our
model. Our model contains both ecological and evolutionary components. Adaptive
dynamics separates these two aspects by assuming that the ecological dynamics are
fast compared to the evolutionary dynamics. We identify the relevant processes and
make the required assumptions to obtain an appropriate model for the ecological dy-
namics. We then apply the adaptive dynamics approach to evaluate the evolutionary
component.

Since adaptive dynamics assumes that offspring are identical to their parents, we
set m = 0 in (2.1.9). The theory also assumes that mutations are small and occur
only on the slower evolutionary time scale. To represent this in our model, we use
the Dirac delta distribution for the mutation kernel. Hence, we have

S(T ; s) = Ŝ(t1; s) =

∫ t1

t0

F (t; s)

(∫ ∞
−∞

F (t; s1)ds1

)
dt. (3.0.1)

To begin, we assume that our population is monomorphic with only one trait
value. Then all mass of N(T ; s) is concentrated at a single point. This value, denoted
by s = sx will be called the resident trait. We can write N(T ; s) = xT δ(s − sx),
where δ is the Dirac delta distribution and xT =

∫∞
−∞N(T ; s)ds is the height of the

distribution. Similarly, we write F (t; s) = F (t)δ(s − sx), with F (t) =
∫∞
−∞ F (t; s)ds

for unpollinated flowers with monomorphic trait. Upon introduction, the mutant
population will have trait sy, plant population yT δ(s − sy) and unpollinated flowers
H(t)δ(s− sy).

We consider the model with constant biomass growth rate as in (2.1.3). For the
F equation, we apply the above notation to (2.2.10c) and integrate over s. We get

d

dt
F (t) =

sxH(t− sx)xT
1 + xT

− F (t)(µ+ F (t)), t0 < t < t1, F (t0) = 0. (3.0.2)

28
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From (3.0.1), we have

S(T ) =

∫ t1

t0

F 2(t)δ(s− sx)dt. (3.0.3)

Hence, applying the notation to (2.2.10a) and integrating over s, we get

xT+1 = γxT + ω

∫ t1

t0

F 2(t)dt. (3.0.4)

To simplify calculations we will start at t0 +sx instead of t0 so that the heaviside
function is no longer necessary. Therefore, the resident population satisfies the hybrid
system

d

dt
F (t) =

sxxT
1 + xT

− F (t)(µ+ F (t)), t0 + sx < t < t1, F (t0 + sx) = 0,

xT+1 = γxT + ω

∫ t1

t0+sx

F 2(t)dt.

(3.0.5)

In figure 3.1, we plot xT+1 as a function of xT for two different parameter sets.
In one case, we observe that the system has 3 steady states, and in the other case the
system has only a single steady state at zero. Hence, simulations suggest that the
resident system emits a fold bifurcation. This indicates that the populations ability
to grow is heavily dependent upon its initial population density. In both cases, the
updating function for xT appears to be monotonic. We prove this, as well as other
properties of the resident system in the next section.

In figure 3.2, we plot the larger of the two positive steady states of (3.0.5),
when it exists, as a function of sx. We observe that the equilibrium, x∗, is highest
when flowering begins roughly halfway through the season and lowest when flowering
begins early or late. This illustrates the effect of the tradeoff described in section 1.
In particular, for µ = 0.5 and tg = 60, x∗ was highest at sx = 30.62.
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Figure 3.1: Plot of xT+1 as a function of xT for two different parameter sets
with sx = 1. Parameters are as in table 2.2 with µ = 3.5 (left) and µ = 5
(right).

Figure 3.2: Plot of the larger of the two resident steady states, x∗, as a
function of flowering time, sx, for different values of µ. Other parameters are
as in table 2.2.
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3.1 Properties of the resident system

Lemma 3.1.1. The solution of (3.0.5), with initial condition F (t0 +sx) = 0, is given
by

F (t) = F1

[
1− µ+ 2F1

F1 + (µ+ F1)e(µ+2F1)(t−(t0+sx))

]
, (3.1.1)

where

F1 =
1

2

(
−µ+

√
µ2 +

4sxxT
1 + xT

)
. (3.1.2)

Proof: The equation is a Ricatti equation with constant coefficients. We follow
the standard steps to solve it. A constant solution of (3.0.5) satisfies

0 =
sxxT

1 + xT
− µF1 − F 2

1 . (3.1.3)

The unique positive (i.e. biologically meaningful) solution is given by (3.1.2). As is
standard for Ricatti equations, we now substitute F = F1 + 1/F̄ into (3.0.5). We get
the ODE for F̄

dF̄

dt
= (µ+ 2F1)F̄ + 1. (3.1.4)

The general solution for F̄ is

F̄ =
−1 + c(µ+ 2F1)e(µ+2F1)t

µ+ 2F1

, (3.1.5)

where c is a constant. Inverting F̄ , we get the general solution for F (t)

F (t) = F1 +
µ+ 2F1

−1 + c(µ+ 2F1)e(µ+2F1)t
, (3.1.6)

with F1 as in (3.1.2). Applying the initial condition, we obtain the final solution
(3.1.1).

Lemma 3.1.2. Solutions of (3.0.5) with non-negative initial conditions remain bounded,
i.e. if 0 < xT < ∞, then 0 < xT+1 < M < ∞ ∀T , where M depends only on system
parameters.

Proof: Firstly, we have that
∫ t1
t0+sx

F 2(t)dt > 0, ω > 0, and γ > 0 so that if
xT > 0, then

xT+1 = γxT + ω

∫ t1

t0+sx

F 2(t)dt > 0. (3.1.7)
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Hence, solutions with non-negative initial conditions remain non-negative. By lemma
3.1.1, the solution of F (t) is given by (3.1.1) where F1 > 0 and µ > 0. Hence, F < F1,
where F1 is given by (3.1.2). We have the upper bound

xT
1 + xT

< 1, (3.1.8)

so that

F < F1 <
1

2

(
−µ+

√
µ2 + 4sx

)
:= C. (3.1.9)

Hence, F (t) < C, for some 0 < C <∞ independent of t or T . Then,

xT+1 < γxT + C2(t1 − t0 − sx) <∞. (3.1.10)

Thus, solutions of (3.0.5) with non-negative initial conditions remain bounded. Fur-
thermore, we can define a sequence x̃T such that

x̃T+1 = γx̃T + C2(t1 − t0 − sx). (3.1.11)

Then a steady state, x̃∗, of this system satisfies

x̃∗ =
C2(t1 − t0 − sx)

1− γ
. (3.1.12)

Furthermore, (3.1.10) is bounded by (3.1.11). Hence, a solution, xT , of (3.0.5) is
bounded by the maximum of x̃∗ and the initial condition, i.e.

xT < max

(
C2(t1 − t0 − sx)

1− γ
, x0

)
. (3.1.13)

Lemma 3.1.3. The recursion equation in (3.0.5) is monotone.

Proof: Case 1: Assume xT+1 > xT . We define F in year T and T + 1 by U and
V , respectively. From (3.0.5), we have

U̇ =
d

dt
U(t) =

sxxT
1 + xT

− µU(t)− U2(t),

V̇ =
d

dt
V (t) =

sxxT+1

1 + xT+1

− µV (t)− V 2(t),

(3.1.14)

with U(t0 + sx) = V (t0 + sx) = 0. Furthermore, by assumption

sxxT+1

1 + xT+1

>
sxxT

1 + xT
. (3.1.15)
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Then V̇ (t0 +sx) > U̇(t0 +sx). So V (t) > U(t) in some interval t0 +sx < t < t0 +sx+ε,
where ε is sufficiently small. We want to prove that V (t) > U(t) ∀t.

Assume, towards a contradiction, that for some t > t0 + sx + ε, V (t) 6 U(t).
Then there exists some t∗ > t0 + sx + ε such that V (t∗) = U(t∗), where t∗ is the
smallest such t > t0 + sx + ε. By (3.1.15), U̇(t∗) < V̇ (t∗) so that V (t) < U(t) for
some t∗ − δ < t < t∗, δ sufficiently small. However, we assumed that U(t) 6 V (t) for
t < t∗. Therefore, we have a contradiction. Thus, V (t) > U(t) ∀t, and

xT+2 = γxT+1 + ω

∫ t1

t0+sx

V 2(t)dt

> γxT + ω

∫ t1

t0+sx

U2(t)dt

= xT+1.

(3.1.16)

Hence, xT+1 > xT =⇒ xT+2 > xT+1 so that the recursion equation is monotone
increasing.
Case 2: Assume xT+1 < xT . Following a similar argument as in case 1, we find
xT+2 < xT+1 so that the recursion equation is monotone decreasing.
In either case, the recursion equation in (3.0.5) is monotone.

As a consequence of the previous two lemmas, we get lemma 3.1.4.

Lemma 3.1.4. Solutions of (3.0.5) converge to either the zero steady state or some
other positive steady state.

Lemma 3.1.5. The zero steady state of (3.0.5) is locally asymptotically stable.

Proof: A steady state of (3.0.5), denoted by (x∗, F ∗), is a solution of

x∗ = γx∗ + ω

∫ t1

t0+sx

(F ∗)(t)2dt,

dF ∗(t)

dt
=

sxx
∗

1 + x∗
− F ∗(t)(µ+ F ∗(t)).

(3.1.17)

For some small ε > 0, a nearby solution can be written as

xT = x∗ + εx̃T + h.o.t,

F (t) = F ∗ + εf(t) + h.o.t.
(3.1.18)
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Substituting (3.1.18) into the recursion equation in (3.0.5), we get

xT+1 = x∗ + εx̃T+1 + h.o.t

= γx∗ + ω

∫ t1

t0+sx

(F ∗)2(t)dt+ ε

(
γx̃T + 2ω

∫ t1

t0+sx

F ∗(t)f(t)dt

)
+ ε2ω

∫ t1

t0+sx

f 2(t)dt+ h.o.t

(3.1.19)

We compare powers of ε. For ε0, we get the steady state equation in (3.1.17). For ε1,
we have

x̃T+1 = γx̃T + 2ω

∫ t1

t0+sx

F ∗(t)f(t)dt. (3.1.20)

Finding an equation for f is not necessary since we are studying the trivial steady
state, (x∗, F ∗) = (0, 0), so that F ∗(t)f(t) = 0. Hence, we have that x̃T+1 = γx̃T for
some 0 < γ < 1. Thus, x̃T → 0, so that that solutions nearby the trivial steady state
go towards it. Therefore, the zero steady state of (3.0.5) is locally asymptotically
stable.

3.2 Invasion analysis

We now introduce the mutant population. The system for the resident and mutant
populations together is

d

dt
F (t) =

sxxT
1 + xT + yT

− µF (t)− F (t)(F (t) +H(t)),

xT+1 = γxT + ω

∫ t1

t0+sx

F (t)(F (t) +H(t))dt,

d

dt
H(t) =

syyT
1 + yT + xT

− µH(t)−H(t)(H(t) + F (t)),

yT+1 = γyT + ω

∫ t1

t0+sy

H(t)(H(t) + F (t))dt.

(3.2.1)

Linearizing this system at the resident steady state, denoted by (x∗, F ∗(t)), the
mutant system becomes

d

dt
H(t) =

syyT
1 + x∗

− µH(t)−H(t)F ∗(t),

yT+1 = γyT + ω

∫ t1

t0+sy

H(t)F ∗(t)dt.
(3.2.2)
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The mutant can grow if y1 > y0, and will die out if y1 < y0 [10]. We define the
invasion exponent for the hybrid model as

I(sx, sy) =
y1

y0

, (3.2.3)

A mutant with trait sy can invade the resident when I(sx, sy) > 1 and is unsuccessful
if I(sx, sy) < 1.

As in section 1.3, we assume that mutations are small so that sy = sx + ε, for
|ε| << 1. Expanding I(sx, sy) in a Taylor series with respect to ε, we get

I(sx, sy) = I(sx, sx) +
∂

∂sy
I(sx, sx)ε+

∂2

∂sy2
I(sx, sx)

ε2

2!
+ . . . . (3.2.4)

At the resident steady state we have I(sx, sx) = 1. Thus, for ε small enough,
I(sx, sy) > 1 as long as the selection gradient is positive, i.e.

∂

∂sy
I(sx, sy)

∣∣∣
sy=sx

> 0. (3.2.5)

Hence, for our hybrid model the sign of the selection gradient once again indicates
the direction in which a trait will evolve from the resident strategy. Singular points
for the hybrid model can be classified according to the theory outlined in section
1.3.3.

The invasion exponent for our model is

I(sx, sy) = γ +
ω

y0

∫ t1

t0+sy

F ∗(t)H(t)dt. (3.2.6)

The corresponding selection gradient can be calculated analytically in terms of F ∗(t)
and x∗. The mutant equation (3.2.2) has the solution

H(t) =
syy0

1 + x∗

∫ t

t0+sy

e−
∫ t
τ (µ+F ∗(z))dzdτ. (3.2.7)

This gives us the selection gradient

∂

∂sy
I(sx, sy)

∣∣∣
sy=sx

=
∂

∂sy

(
ω

y0

∫ t1

t0+sy

F ∗(t)H(t)dt

)∣∣∣
sy=sx

=
ω

1 + x∗
∂

∂sy

(
sy

∫ t1

t0+sy

F ∗(t)

(∫ t

t0+sy

e−
∫ t
τ (µ+F ∗(z))dzdτ

)
dt

)∣∣∣
sy=sx

.

(3.2.8)
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Using the product rule, we have

∂

∂sy
I(sx, sy)

∣∣∣
sy=sx

=
ω

1 + x∗

∫ t1

t0+sy

F ∗(t)

(∫ t

t0+sy

e−
∫ t
τ (µ+F ∗(z))dzdτ

)
dt
∣∣∣
sy=sx

+
ωsy

1 + x∗
∂

∂sy

∫ t1

t0+sy

F ∗(t)

(∫ t

t0+sy

e−
∫ t
τ (µ+F ∗(z))dzdτ

)
dt
∣∣∣
sy=sx

(3.2.9)

For the first term, letting sy = sx, we get

ω

1 + x∗

∫ t1

t0+sx

F ∗(t)

(∫ t

t0+sy

e−
∫ t
τ (µ+F ∗(z))dzdτ

)
dt. (3.2.10)

Adaptive dynamics assumes that the resident and mutant populations differ only in
our trait value. Thus, at sy = sx, and yT = x∗, we have that H(t) = F ∗(t). Hence,

1

1 + x∗

(∫ t

t0+sy

e−
∫ t
τ (µ+F ∗(z))dzdτ

)
=
F ∗(t)

sxx∗
, (3.2.11)

such that the first term in (3.2.9) for the selection gradient is

ω

sxx∗

∫ t1

t0+sx

(F ∗)2(t)dt. (3.2.12)

For the second term in (3.2.9), we use Leibniz rule of integration. Since F ∗(t) is
independent of sy, we have

ωsy
1 + x∗

∫ t1

t0+sy

F ∗(t)
∂

∂sy

(∫ t

t0+sy

e−
∫ t
τ (µ+F ∗(z))dzdτ

)
dt. (3.2.13)

Applying Leibniz rule a second time, we get

∂

∂sy

∫ t

t0+sy

e−
∫ t
τ (µ+F ∗(z))dzdτ =

∫ t

t0+sy

∂

∂sy
e−

∫ t
τ (µ+F ∗(z))dzdτ − e−

∫ t
t0+sy

(µ+F ∗(z))dz

= −e−
∫ t
t0+sy

(µ+F ∗(z))dz
.

(3.2.14)

Thus, at sy = sx, the second term in (3.2.9) is

− ωsx
1 + x∗

∫ t1

t0+sx

F ∗(t)e
−

∫ t
t0+sx

(µ+F ∗(z))dz
dt. (3.2.15)

Therefore, the selection gradient is

∂

∂sy
I(sx, sy)

∣∣∣
sy=sx

=
1− γ
sx
− ωsx

1 + x∗

∫ t1

t0+sx

F ∗(t)e
−

∫ t
t0+sx

(µ+F ∗(z))dz
dt. (3.2.16)
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Lemma 3.2.1. A singular point of (3.2.16) is an ESS.

Proof: As shown in section 1.3.3, a singular point, s̄, is an ESS if c22 < 0 for
sy = sx = s̄. Taking the derivative of (3.2.9) again, we get

c22 =
∂2

∂s2
y

I(sx, sy)
∣∣∣
sy=sx=s̄

= −(2 + µs̄)ω

1 + x∗

∫ t1

t0+s̄

F ∗(t)e
−

∫ t
t0+s̄(µ+F ∗(z))dz

dt. (3.2.17)

Hence, given that all parameters in our model are positive, c22 < 0. Therefore s̄ is an
ESS.

Although we can formally calculate the coefficients c11 and c12, we cannot simplify
them sufficiently to check the remaining possibilities for the singular strategy from
section 1.3.3 analytically. Instead, we generate the PIP numerically and use the
geometric criteria from section 1.3.3 to further classify the singular strategy.

We calculate the singular point of (3.2.16) numerically, using the default param-
eters in table 2.2, and find s̄ = 30.96. This value is slightly higher than midway
through the season, which has length tg = 60. We find that the singular point is both
an ESS and a CSS. However, the singular strategy cannot invade other strategies,
which means that it cannot be reached in a single mutation step. Additionally, mu-
tual invasibility does not occur. In figure 3.3, we present the PIP for our system with
parameter values in table 2.2. In figure 3.4, we evaluate the singular point based on
the geometric criteria in section 1.3.3.

Other PIPs were constructed by varying parameters individually. We observed
that the PIP only differed significantly when µ was altered, and showed little change
for other parameters. We present PIPs for two alternate values of µ in figure 3.5.
Although the PIPs look different overall, local behaviour was the same as that pre-
sented in figure 3.4 when focusing in on the singular point. This was consistent for
all tested parameter values.
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Figure 3.3: PIP for model (3.2.1) with parameters as in table 2.2. The
singular point is numerically calculated to be s̄ = 30.96.

Figure 3.4: Closeup of the PIP in figure 3.3 around s̄ = 30.96. Geometrically
we confirm that a) s̄ is an ESS, b) s̄ cannot invade nearby strategies, and c)
mutual invasibility does not occur.
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Figure 3.5: PIP for model (3.2.1) for a) µ = 0.1, and b) µ = 2. Other
parameters are as in table 2.2.



Chapter 4

Moments approach

In the previous chapter, we applied the Adaptive Dynamics approach to our model.
Under this method, the population was monomorphic, meaning that all individuals
had the same flowering time. This simplification allowed us to obtain some explicit
results for our complex model. In this chapter, we consider a different simplifica-
tion, based on moment approximations. Deriving equations for moments is a fairly
standard approach to dealing with complicated systems that describe physical or bio-
logical densities. However, we will see that our model leads to non-standard moment
equations and requires slightly different ideas for moment closure.

We apply this approach to our original model derived in section 2.1, by assuming
that our plant population represents a continuous distribution of flowering times.
Under some additional assumptions, we obtain an approximate set of equations for the
total population density (zero moment), and the mean flowering time (first moment).
We then solve these equations numerically.

4.1 Derivation of the moment equations

As in the general model, we begin with N(T ; s), the plant population with flowering
time s in year T . As described in section 2.1, we can set the plant and flower pop-
ulations to zero for s /∈ [0, tg]. Hence, all integrals involving s will be taken over the
entire real line.

The i-th raw moment of the density N , with respect to flowering time, is given
by

M i
N(T ) =

∫ ∞
−∞

siN(T ; s)ds. (4.1.1)

In particular, M0
N(T ) is the total density of plants, which we will also denote as

N̄(T ) =

∫ ∞
−∞

N(T ; s)ds. (4.1.2)
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We denote moments of the other densities in the same manner, as M i
F (t) and M i

S(T ).
The total density of flowers and seeds will be denoted by F̄ (t) and S̄(T ) accordingly.
The mean flowering time of plants in year T is then given by

µN(T ) =
M1

N(T )

N̄(T )
. (4.1.3)

We integrate equation (2.1.1) to obtain the recursion equation for the total plant
density as

N̄(T + 1) = γN̄(T ) + ωS̄(T ). (4.1.4)

Similarly, we take the first moments in (2.1.1) and find

M1
N(T + 1) = γM1

N(T ) + ωM1
S(T ). (4.1.5)

In order to get S̄(T ) and M1
S(T ), we apply moments to the within-year equations.

Using (2.2.10), we find

d

dt
F̄ (t) =

∫ ∞
−∞

∂

∂t
F (t; s)ds

=

∫ ∞
−∞

(
B(t0 + s; s)H(t− s) N(T ; s)

1 + N̄(T )
− µF (t; s)− F̄ (t)F (t; s)

)
ds

=

∫ t
−∞B(t0 + s; s)N(T ; s)ds

1 + N̄(T )
− µF̄ (t)− F̄ 2(t),

(4.1.6)

with initial condition F̄ (t0) = 0. With constant growth rate as in (2.1.3), we get the
nonautonomous Ricatti equation

d

dt
F̄ (t) =

∫ t
−∞ sN(T ; s)ds

1 + N̄(T )
− µF̄ (t)− F̄ 2(t). (4.1.7)

Similarly, we find an ODE for the first raw moment, M1
F (t),

d

dt
M1

F (t) =

∫ ∞
−∞

s
∂

∂t
F (t; s)ds

=

∫ t
−∞ sB(t0 + s; s)N(T ; s)ds

1 + N̄(T )
−MF (t)(µ+ F̄ (t)),

(4.1.8)

with initial condition M1
F (t0) = 0. With constant growth rate, we get

d

dt
M1

F (t) =

∫ t
−∞ s

2N(T ; s)ds

1 + αN̄(T )
−MF (t)(µ+ F̄ (t)). (4.1.9)
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The density of seeds with trait s is given by the convolution

S(T ; s) =

∫ ∞
−∞

K(s− s′)Ŝ(t1; s′)ds′, (4.1.10)

where Ŝ(t1; s′) is described in (2.1.11). For the total density, we get

S̄(T ) =

∫ ∞
−∞

S(T ; s)ds

=

∫ ∞
−∞

(∫ ∞
−∞

K(s− s′)Ŝ(t1; s′)ds′
)
ds

=

∫ ∞
−∞

K(y)dy

∫ ∞
−∞

Ŝ(t1; s′)ds′

=

∫ ∞
−∞

(∫ t1

t0

∫ ∞
−∞

F (t; s1)F

(
t;
s′ −ms1

1−m

)
ds1

1−m
dt

)
ds′

=

∫ t1

t0

(∫ ∞
−∞

F (t; s1)ds1

∫ ∞
−∞

F (t; y)dy

)
dt

=

∫ t1

t0

F̄ 2(t)dt.

(4.1.11)

For the first moment, a similar calculation gives

M1
S(T ) =

∫ t1

t0

M1
F (t)F̄ (t)dt, (4.1.12)

where we have used the fact that K has zero mean.
All together, we have derived the system of equations for the moments

N̄(T + 1) = γN̄(T ) + ω

∫ t1

t0

F̄ 2(t)dt,

M1
N(T + 1) = γM1

N(T ) + ω

∫ t1

t0

M1
F (t)F̄ (t)dt,

d

dt
F̄ (t) =

∫ t
−∞ sN(T ; s)ds

1 + N̄(T )
− µF̄ (t)− F̄ 2(t),

d

dt
M1

F (t) =

∫ t
−∞ s

2N(T ; s)ds

1 + N̄(T )
−MF (t)(µ+ F̄ (t)).

(4.1.13)

As is common with this approach, our moments system is not closed. We discuss
one way to close the system in the next section.
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4.2 Moment closure

In general, the approach to deal with such a set of moment equations is to assume
some sort of moment closure (for example by assuming that a certain moment is zero
or constant) [24]. Such an approach cannot be directly applied to our system because
the integral terms in (4.1.13) range from −∞ to t rather than over the full domain of
the distribution. Instead, we proceed by assuming that the flowering times follow a
particular probability distribution. Once a parametric form is fixed, we can calculate
the integrals in (4.1.13), and analyze the behaviour of our system.

More specifically, we assume that

N(T ; s) = N̄(T )G(s), (4.2.1)

where G(s) is the probability density function of the chosen distribution. The i-th
raw moment of N(T ; s) is then

M i
N(T ) =

∫ ∞
−∞

siN(T ; s)ds = N̄(T )

∫ ∞
−∞

siG(s)ds, (4.2.2)

and the total density remains N̄(T ) = M0
N(T ).

Under assumption (4.2.1), (4.1.13) becomes

N̄(T + 1) = γN̄(T ) + ω

∫ t1

t0

F̄ 2(t)dt,

M1
N(T + 1) = γM1

N(T ) + ω

∫ t1

t0

M1
F (t)F̄ (t)dt,

d

dt
F̄ (t) =

N̄(T )

1 + N̄(T )

∫ t

−∞
sG(s)ds− µF̄ (t)− F̄ 2(t),

d

dt
M1

F (t) =
N̄(T )

1 + N̄(T )

∫ t

−∞
s2G(s)ds−M1

F (t)(µ+ F̄ (t)),

(4.2.3)

where G(s) has parameters dependent upon the moments of the chosen distribution.
For example, suppose we chose the exponential distribution for G(s). Then, we have
G(s;λ(T )) = λ(T )e−λ(T )s, where 1/λ(T ) is the mean. The distribution would then
update from year to year according to the equation

λ(T + 1) =
1

µN(T + 1)
=

N̄(T + 1)

M1
N(T + 1)

, (4.2.4)

where M1
N(T + 1) and N̄(T ) are determined by (4.2.3).
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4.3 Simulation results

In order to numerically simulate the moments model (4.2.3), we choose a distribution,
G(s). Although many distributions are possible, we choose the Gamma distribution
because experimental studies have found that the onset of flowering appears most
often to be Gamma distributed [15, 16]. We write the probability density function of
the Gamma distribution in the modified form [23]

G(s; k, n) =
kn

Γ(n)
(kns)n−1e−nks, (4.3.1)

where n = n(T ) is the shape parameter and 1/k (k = k(T )) is the mean. We update
the parameters of our distribution according to the equations

k(T +1) =
1

µN(T + 1)
=

N̄(T + 1)

M1
N(T + 1)

, n(T +1) =
(M1

N(T + 1))2

N̄2(T + 1)σ2
N(T + 1)

, (4.3.2)

where k and n are found by applying using the standard formulas for the mean
(µN = 1/k) and variance (σ2

N = 1/nk2) of a Gamma distribution.
We assume that the variance, σ2

N , is constant, choose an initial N̄(0) and M1
N(0)

and update k(T ) and n(T ) in the Gamma distribution according to the derived re-
cursion equations. In order to perform simulations, all infinite integrals in (4.1.13)
are calculated only for s values that are contained within the season, i.e. from t0
to tg. By choosing sufficiently small variance, the distribution is concentrated close
to the mean so we can assume that loss on the boundary will be minimal. This is
consistent with the biology that motivates our system. Flowering is impossible before
emergence, and any plant that would flower after the season ends will not produce
seeds for dispersal.

In figures 4.1 and 4.2, we plot the distribution of flowering times, N(T ; s), as a
function of s with different initial conditions. We observe that over time, the mean of
the distribution appears to be approaching the halfway point of the season, although
it may take many years to reach its equilibrium.

In figure 4.3 we plot the change in plant density N̄(T ) and mean flowering time
µN(T ) for different season lengths. In all simulations, we observe convergence to a
steady state. At this steady state, the mean flowering time appears to be around half
the season length. Plant density is positive only when the season length is greater
than the initial mean flowering time. For the default parameters in table 2.2. the
equilibrium mean flowering time was µ∗N = 30.2978 which is around the middle of the
season. This compares well with the adaptive dynamics method where we simulated
the ESS to be s̄ = 30.96.

In figure 4.4 we plot the equilibrium mean flowering time and density, µ∗N and
N̄∗, as functions of the season length for different values of µ. The death rate µ was
found to have a negative relationship with plant density, as expected, but to have
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a positive relationship with mean flowering time. This occurs because with a lower
plant population, flowers must remain open longer before they can find a pollen match
and thus will flower later.

Figure 4.1: Plot of N(T ; s) as a function of s for tg = 60. Parameters are as
in table 2.2, with variance σ2

N = 15. We chose initial conditions µN(0) = 20,
and N̄(0) = 50.

Figure 4.2: Plot of N(T ; s) as a function of s for tg = 60. Parameters are as
in table 2.2, with variance σ2

N = 15. We chose initial conditions µN(0) = 40,
and N̄(0) = 50.
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Figure 4.3: Plot of the change in plant density N̄(T ) and mean flowering
time µN(T ) for different season lengths (tg = t1− t0). Parameters and initial
values are as in figure 4.1.

Figure 4.4: Plot of the equilibrium mean flowering time and density, µ∗N and
N̄∗ as functions of the season length. Parameters and initial values are as in
figure 4.1.



Chapter 5

Discussion

In this thesis, we studied the evolution of flowering time in perennial plants. Due to
the trade-off between plant size and seed production we believed that there may be
an optimal time for a plant to begin flowering. We hypothesized that this time would
occur midway through the season. We created a mathematical model for the onset
of flowering time in order to test this hypothesis. We also used our model to study
the evolution of flowering time as a phenotype. We hoped to determine whether the
trait value would evolve towards the middle of the season.

We created a novel hybrid integrodifferential model for the onset of flowering
time in a perennial plant. We proved that the extinction state was locally stable,
which indicated the presence of an Allee effect in our model (lemma ??). The model
was simulated for m = 0 using the Gaussian distribution to account for the prob-
ability of phenotype mutation within seeds. Due to the complexity of the model,
further analytical and numerical results were unobtainable. Instead, we applied two
simplifications that could be analyzed.

Two alternative methods were used to analyze the model: (1) the adaptive dy-
namics approach; and (2) the moments model. We applied the adaptive dynamics
approach by rewriting our model for a monomorphic population. This simplified
model had an analytical solution (lemma 3.1.1), that was monotone, and bounded
(lemmas 3.1.3 and 3.1.2). This ensures that if the initial population is large enough
it will converge to a positive steady state (lemma 3.1.4). This was confirmed numer-
ically by plotting the update function of the resident system (figure 3.1). Simulating
the resident model, towards the stable positive steady state, showed that the equilib-
rium population would be largest when flowering began roughly halfway through the
season (figure 3.2). When performing invasion analysis, we were able to prove that
the singular point is an ESS (lemma 3.2.1). Based on simulations, we also believe that
this singular point will be convergent stable (figures 3.3 and 3.4) for all parameter
values. In this case, the singular point is considered a continuously stable strategy
and the population will evolve towards it.
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For the second simplification to our model, we considered a population with a
continuous distribution of flowering times. We derived equations for the moments
of this distribution and rewrote our model in terms of the total population density
and mean flowering time. Under the assumption that flowering time was Gamma-
distributed, we looked at the change in mean flowering time and plant density for
different season lengths (figures 4.3 and 4.4). In all cases, the mean flowering time
evolved to approach the middle of the season. The season length, tg, was found to have
a positive relationship to both mean flowering time and population density. Using the
same parameter values, the equilibrium mean flowering time of the moments approach
was very similar to the ESS value of the adaptive dynamics approach.

Comparing the two approaches, we were able to confirm our hypothesis that the
population would evolve to have an intermediate flowering time. Under the adaptive
dynamics approach, we also found that the singular strategy occured at an inter-
mediate flowering time, and proved that this strategy was an ESS. Hence, once the
singular point is established in the population, no further evolutionary change is pos-
sible through small mutations [18]. We also believe that the singular strategy will
the convergent stable, meaning the trait will evolve towards this strategy. Hence,
the adaptive dynamics approach suggests that an intermediate flowering time can be
reached through evolution.

Moving forward there are several ways in which our model could be extended.
In this thesis we were only able to present numerical results for the full model with
m = 0. This was enough to justify the adaptive dynamics application, but it only
represents the case in which reproduction is clonal. To further explore the dynamics
of our model different heritability conditions should be considered. Hence, the an
important next step would be to create numerical methods to simulate the program
for any possible heritability proportion, 0 < m < 1.

We also only analyzed the model for a constant biomass growth rate, as in
(2.1.3). However, plant growth is often dependent upon many external factors, such as
temperature. It is likely that biomass growth would be slower at the beginning of the
season, when temperatures are lower, and faster later in the season, as temperatures
increase. Additionally, our model assumes that plants immediately stop growing once
flowering begins. In reality the plant will grow more slowly, as growth resources are
allocated to flowering, but is unlikely to stop growing completely. To capture these
dynamics in our model, we would use a biomass growth rate that is dependent upon
temperature, and decreases over time when flowering begins.

We would also like to examine the evolution of the trait across space by including
dispersal in our model. Due to differences in elevation and/or latitude, population
phenology may differ depending upon location [3]. To study trait evolution across
these environmental gradients, dispersal must be taken into account. Seeds are trans-
ported across environmental gradients by flowing wind and water or in soil which is
moved by animals or machinery [6]. Pollination is also dependent upon space, with
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pollen being transferred between flowers via wind and insect or other animal vectors.
To include all aspects of dispersal in our model, we would introduce some location z,
and track N(T, z; s), F (t, z; s) and S(T, z; s) across both space and time. Dispersal
kernels would be included for the seed portion of the N equation and for pollination
in the F equation.
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