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Abstract

In 2010 high harmonic generation (HHG) in solids was first observed where high order

harmonics of a strong laser field’s frequency were observed. HHG in solids is now a rapidly

developing field that allows for exciting applications like fully solid state attosecond XUV

sources and new ultrafast resolution imaging techniques for quantum dynamics in solids.

HHG in solids has been explained by two mechanisms: an interband mechanism, due

to polarization associated with separate energy bands, and an intraband mechanism that

results from nonlinearities and population changes associated with each individual band.

While interband HHG has been seen in wide bandwidth semiconductors, intraband HHG

has been observed in narrow bandwidth dielectrics. There has not yet been an explanation

of the alternation of mechanisms with material differences. The main goal of this thesis

is to attempt to provide a better understanding of the most important mechanisms and

where they prevail. Although numerical modelling of HHG requires consideration of

multiple energy bands, a two-band model consisting only of a valence band and a single

conduction band can explain the most important mechanisms. This model requires a

given material’s band gap between its valence and conduction bands as well as dipole

matrix elements between the bands. In this thesis we follow the Kronig-Penney model

to develop a 1D δ-function potential model of solids to obtain these properties required

of the two-band model. We implement this in a Wannier quasi-classical (WQC) model

of interband HHG in semiconductors that explains the dominant dynamics leading to

such through quasi-classical real space electron-hole pair trajectories. Although HHG in

solids can be explained to be the result of a resonant process in which an electron-hole

pair is generated in the first step, there are also virtual transition processes that lack

consideration. These processes do not conserve energy and correspond to transitions

to conduction bands resulting from field induced distortions of the ground state. We

use methodology introduced by Keldysh for optical field ionization of atoms and solids

along with the 1D δ-function potential model to quantify how both resonant and virtual

transitions lead to HHG in solids for wide and low bandwidth solids.
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Chapter 1

Introduction

The road to laser science was paved over a century ago when in 1917 Einstein wrote

down his theory dealing with stimulated radiation vs. absorption and spontaneous

emission [1]. Since then the field has been realized experimentally with achievements

such as the first microwave maser in 1953 by Charles H. Townes, James P. Gordon

and Herbert J. Zeiger [2] and the first visible light laser by Theodore Maiman [3] in

1960. Since these milestones laser science has been marked by numerous developments

including the ability to generate increasingly short [4] and intense pulses [5]. Notably, in

1964 the concept of mode-locking [6, 7] has eventually allowed for pulses of durations on

the order of femtoseconds [8]. This property relies on the coherent emission of photons

by lasers; when more and more (frequency) laser modes can be locked coherently, shorter

and more intense pulses are generated. These femtosecond pulses were fast enough for

applications, such as Ahmed H. Zewail demonstrated in his 1988 paper [9], of observing

chemical reactions as they occur. Nevertheless, it has been since demonstrated that

femtosecond pulse durations are nowhere near as temporally short as pulses can be. As

the pulse duration is limited by the laser carrier frequency to one optical cycle, shorter

wavelength pulses are required, if one wants to achieve even shorter pulses. Research

in the 1990s allowed attosecond science to be opened as a field when sub-femtosecond

pulses were eventually generated in gas via a different mechanism called high harmonic

generation (HHG) [10].

Perturbative nonlinear optics has been known since around the advent of lasers [11].

Second harmonic generation has been investigated with perturbative nonlinear optics in

the 1960s [12]. Nevertheless, such theory cannot be used for considering phenomena in

a sufficiently intense field [5]. When fields are intense enough, perturbative nonlinear

optics is no longer valid and we enter the field of nonperturbative nonlinear optics. HHG

takes place in this realm of nonperturbative nonlinear optics. HHG, in short, involves

illuminating a medium with a strong field of angular frequency ω0 so that the laser-

medium dynamics cause coherent light bursts (that can be ultrafast [13, 14]) of higher
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integer multiples of ω0, or harmonics, to be emitted. The simplest example of such is

HHG from an atomic gas. For atomic HHG the ‘three-step model’ is often invoked to

explain the phenomenon [15]. The three steps of this model can be summarized as:

1. Ionization: a sufficiently intense laser field of frequency ω0 allows a valence electron

to tunnel out of its bound state from its parent ion.

2. Acceleration: the electron is accelerated away from the parent ion within the laser

field until the field’s polarization changes so that the electron accelerates towards

the parent ion again.

3. Recombination: the electron recombines with the parent ion and additional energy

obtained by the electron at the time of recombination is converted into light that

can be a high harmonic of the laser frequency.

Spectra of atomic HHG are marked by odd harmonics (due to inversion symmetry) of

the laser field within a high harmonic plateau region ending with a sudden cut-off [5]. The

cut-off harmonic order energy Ip+3.17Up is determined by the atom’s ionization potential

Ip as well as electronic motion in the field of a laser in the form of ponderomotive energy

Up = e2E2
0/4meω

2
0 (conventional units; e - electronic charge, E0 - maximum field strength,

me - electron mass, ω0 - laser angular frequency) [5].

Besides the generation of sub-femtosecond pulses [13,14], HHG from gases has allowed

for a variety of applications. The sub-femtosecond generated pulses of HHG allow for

ultrafast time resolution of associated electronic processes [16, 17]. As such is the case,

processes associated with atomic inner shell electrons and even nuclear mechanisms can

be time resolved [16, 17]. Orbital tomography is also possible by allowing recollision

electrons to interfere with molecular orbitals [10,18]. This is because recollision electrons

tend to have wavelengths on the order of molecular orbital sizes (around 1 Å) [10]. In

addition, HHG can be used to generate XUV radiation [19]. Recently, HHG has even

been used to generate XUV radiation with time dependent orbital angular momentum,

or self-torque [20]. Nevertheless, the gas phase presents inconveniences as a medium for

fulfilling these applications, for example, due to the need of vacuum chambers.

A possible solution was found when in 2010 the first observed instances of HHG

in solids were documented [21]. These experiments clearly demonstrated HHG in ZnO

because odd harmonics as high as the 25th order were observed using a mid-infrared laser

beam with a maximum intensity of around 5 TW/cm2. Research of HHG in solids has

developed into a hot topic. It has been since demonstrated in many more materials [22–31]

such as other semiconductors like MgO [32] and MoS2 [24]; insulating dielectrics like

SiO2 [25, 28]; amorphous glass [30] and even graphene [31].
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As seen in the 2010 experiment, features of high harmonic spectra from solids are

similar to those of atomic gases [21]. As with atomic gases, spectra are marked by

high harmonic plateaus consisting of only odd harmonics followed by a sudden cut-off.

Nevertheless, the cut-off harmonic for HHG in solids differs from atomic gases in that it

has linear dependence on the electric field maximum rather than the square of such.

The theoretical model of HHG in solids is based on two mechanisms: an interband

mechanism and an intraband mechanism [27, 33, 34]. The former is associated with

polarization between valence and conduction bands while the latter results from nonlinear

motion of charge carriers within individual bands. As a motivation, let us outline a highly

simplistic model of interband HHG in solids that can be thought of analogously to the

‘three-step model’ of HHG in atomic gases [33, 35].

1. Ionization: an electron from a crystal’s valence band is promoted to a conduction

band and leaves a hole behind in the valence band.

2. Acceleration: the electron and hole are accelerated away from each other by the

laser field until field polarization reverses such that they reapproach each other.

3. Recombination: The pair collide and emit a photon whose energy is defined according

to the band gap between the bands corresponding to the momentum of the pair.

This model provides partial intuition of some important processes leading to HHG in

solids. Nevertheless, understanding so far is incomplete. Semiconductors tend to have

narrow minimum band gaps relative to dielectrics and as a result, to make strong field

processes possible we need fewer photons so that longer wavelengths need to be used

relative to dielectrics to bridge the maximum and minimum band gaps. Because of

this, we say that semiconductors have greater bandwidths than dielectrics. Studies have

demonstrated that interband HHG dominates in wide bandwidth semiconductors [32,36]

while in low bandwidth insulating dielectrics intraband HHG prevails [25, 28]. As such

is the case, it is evident that there is a rift in overall comprehension of the dynamics of

HHG in solids.

HHG in solids is of interest because of its various applications. For example, it can

be used as a fully optical means of reconstructing crystal band properties [28, 37, 38]. In

reference [37], the authours demonstrated that by using a weak second harmonic field

to perturb internal dynamics leading to HHG in ZnO, that even harmonic signals are

generated. These even harmonic signals were found to modulate appreciably with delay

time. The phase of these modulations appeared to be of use for encoding crystal structure.

In [38], the authours use an interband three-step model and demonstrated theoretically,

for impurities in solids, the possibility of extracting transition dipole elements directly
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from harmonic spectra, and from there, reconstructing the impurity ground state. As a

final example, in [28], HHG from the dielectric SiO2 is attributed to intraband current,

with this assumption the lowest conduction band energy was constructed along a particular

direction.

In addition, harmonic radiation bursts in solids can be ultrafast (on the order of

attoseconds) such that they provide a solid state means of probing ultrafast solid state

processes [26]. A notable example is demonstrated in [26] where an HHG experiment

was done with GaSe. In this paper it is found that the temporal characteristics of high

harmonic radiation can be used to map interference of electrons within multiple bands

as a function of time.

Solid state media provide a particular advantage over gaseous media for generating

high harmonics as it is possible to design solids with certain characteristics in order to

control harmonic radiation [24,39–41]. For example, in [24] an experiment was done with a

2D monolayer of MoS2. The authours found differing aspects of the high harmonic spectra

in the low dimensional material compared to the same material in bulk. In particular,

high harmonic efficiency was improved which was attributed mostly as a result of stronger

Coulomb interactions. Another example is in [39] where nanoscale antennas made of gold

that were embedded in a film of silicon increased harmonic brightness by ten times the

amount without the antennas.

There is also, the possibility of generating XUV radiation with a solid state tabletop

setup [28]. For example, in [28] a thin film of SiO2 was illuminated with a 1.5-cycle field

of just over 1 V/Å, with spectral a range of 1.1-2.5 eV to generate harmonics of energy

greater than 30 eV. This is not the only example of an experiment where high harmonic

radiation in the XUV range has been obtained. For example, XUV radiation has even

been observed in glass [30]. Although XUV radiation can be generated using atomic

HHG, the use of gaseous media for readily obtaining XUV radiation is difficult due to its

containment in vacuum chambers. It is therefore advantageous to obtain the ability to

generate XUV radiation from solid state media including abundantly available glass.

The preceding examples therefore demonstrate the potential usefulness HHG in solids

provides. Nevertheless, as previously stated, the lack of understanding of the theory of

HHG hinders the possibility of optimizing HHG from solids for use in its applications.

This barrier indicates a need for more in depth analysis into processes leading to HHG

in solids.

The goal of this thesis is to gain a better understanding of the variety of processes

leading to HHG in both wide (e.g. semiconductors) and narrow bandwidth (e.g. insulating

dielectrics) direct band gap materials. To do this, in the next section, we outline a

simplistic two-band model of HHG in solids from [33] that we use throughout this thesis.
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Although this model only implements two energy bands it can be used to analytically

explain dominant interband and intraband features that may be more difficult to consider

in more sophisticated multi-band numerical models (as an example see the supplement

of [25]). As will be seen, the two-band model requires quantum mechanical solid state

properties like valence-conduction band gaps and transition dipole moments between the

two bands.

In Chapter 2 we will follow the Kronig-Penney model [42] and use a simple 1D δ-

function potential model as a means to construct and obtain properties required of the

two-band model for a large variety of solids. As we will see, this model is useful in that

a direct band gap solid’s properties can be adjusted with only two parameters: lattice

spacing and ‘strength’ of potential barriers. It is useful not only for these reasons, but

also because it allows us to define such properties like wavefunctions and dipole matrix

elements mostly analytically.

In Chapter 3 we formulate an approximate and intuitive Wannier quasi-classical

(WQC) model of HHG that can be used to explain the dominant dynamic mechanisms

leading to HHG in semiconductors. This model relies on experimental observations of

interband current being the dominant mechanism leading to HHG in semiconductors

[32, 36]. As such, we will only consider interband HHG in this chapter. We will see

that this model is similar to the simplistic ‘three-step model’ given above. It makes

use of two particular mathematical techniques: Wannier functions and saddle point

integration. In a periodic solid, Bloch functions are used to characterize eigenstates

in terms of momentum space [43, 44]. Wannier functions are real space alternatives to

these Bloch functions [45,46]. By formulating the model in terms of a real space Wannier

basis, we can gain insight into real space trajectories of electron-hole pairs leading to

HHG. The use of saddle point integration techniques (see for example [47]), valid for

wide bandwidth semiconductors, allows us to additionally characterize the dynamics

via quasi-classical trajectories in terms of the time in which an electron-hole pair is

created following tunnelling, the time of recombination and the momentum at the time

of recombination. As will be seen, this model demonstrates reasonable agreement with

fully numerical results for δ-function potential semiconductors. Therefore, the WQC

model allows for accurate modeling of quantum processes with classical trajectories.

Furthermore, the intuitive nature of this WQC model provides a means of understanding

the most important aspects leading to HHG in semiconductors.

Finally, in Chapter 4, we will approach comprehension of HHG from a different point

of view than in Chapter 3. As is the case with the explanation of Chapter 3, HHG is often

explained entirely via resonant transitions for which energy conserving electron-hole pairs

are born as a result of laser-matter interaction in the first step of the dynamic process
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(see also for example, references: [33,35]). There is a need to also take into account non-

resonant or virtual transitions that are the result of laser field induced distortions to the

ground state. These transitions do not conserve energy and the corresponding conduction

band population disappears at the end of the laser pulse. To better understand HHG

in solids it is therefore relevant to consider not only how resonant transitions result in

HHG, but also the impact of non-resonant transitions on the final spectra. We will

therefore follow references [36, 48] with Fourier analysis to extract resonant and non-

resonant processes from interband and intraband mechanisms of HHG for a CW field.

We will determine the relative weights of the differing processes in influencing HHG and

interpret how resonant and non-resonant transitions influence HHG in both wide and

narrow bandwidth solids. We will see that resonant transitions primarily drive interband

HHG and non-resonant transitions drive intraband HHG, and the reasoning for such.

As a final note, within this thesis all equations will be expressed in terms of Hartree

atomic units (au) unless specified otherwise (see Table A.1 in Appendix A for conversions

between atomic units and SI units).

1.1 The two-band model of HHG in solids

We outline here the two-band model as explained in [33] and its supplement. This is a

useful, but simple method of considering processes leading to HHG in solids. With this

model we implement only the valence band and the first conduction band of a solid and

consider only a single active electron. The advantage of this model is its potential for

constructing analytical models, as will be seen.

We start with the solid’s time independent Hamiltonian Ĥ0 = T̂ + V (x), where

T̂ = 1/2p̂2 is the kinetic energy operator, p̂ = −i∇ is the momentum operator and V (x)

is the periodic potential of the solid. As a result of Bloch’s theorem [43] we can express

the corresponding eigenstates and eigenvalues as Φm,k(x) = um,k(x)eik·x/
√
V and Em,k

respectively. Here V is the crystal volume, um,k(x) are periodic Bloch functions, k is the

crystal momentum wavevector and m = c (conduction band) or m = v (valence band).

Dressing the preceding Hamiltonian Ĥ0 with a laser field leads to the time-dependent

Hamiltonian: Ĥ(t) = Ĥ0 − x · F(t). We can express time-dependent wavefunctions by

linearly combining the set of all time-independent eigenstates Φm,k(x). Doing this leads

to

Ψ(x, t) =
∑
m=c,v

∫
BZ

am(k, t)Φm,k(x)d3k, (1.1)

where am(k, t) are the time-dependent probability coefficients corresponding to states
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Φm,k(x). Applying the time-dependent Schrödinger equation with Ĥ(t), multiplying by

−iΦm,k(x) and then integrating over position leads to

ȧm = (−iEm,k + F(t)∇k) am + iF(t)
∑
m′ 6=m

dmm′(k)am′ , (1.2)

where dmm′ is a transition dipole matrix element that can be expressed in one form as

dmm′(k) =
−i
v

∫
v

d3xu∗m,k(x)∇kum′,k(x), (1.3)

where v defines the unit cell volume. A relationship of the form 〈Φm,k(x)|x̂|Φm′,k′(x)〉 =

−i∇k′δmm′δ(k
′ − k) + dmm′(k) was used to obtain the result (see [49] which the original

derivation [33] cites).

Although it is possible to use (1.2) to calculate processes such as band populations

important for HHG, the equation is difficult to work with (e.g. due to the presence

of ∇k). We can simplify this by using an approach used by Keldysh in [48] by letting

am = bme
−i

∫ t
−∞ Emdt′ and also by allowing K = k − A(t) where A(t) is the laser field’s

vector potential such that F(t) = −dA(t)/dt. By doing this we arrive at the following

coupled differential equations:

ḃv(K, t) = iF(t) · d(K + A(t))bc(K + A(t))e−iS(K,t) (1.4a)

ḃc(K, t) = iF(t) · d∗(K + A(t))bv(K + A(t))eiS(K,t), (1.4b)

where d(K + A(t)) = dvc(K + A(t)), d∗(K + A(t)) = dcv(K + A(t)),

S(K, t) =

∫ t

−∞
Eg(K + A(t′))dt′, (1.5)

and Eg = Ec − Ev is the band gap.

Next we form density matrix terms describing population and coherence properties

of the two-band system. This is done by considering band populations to be given by

nm(K, t) = |bm(K, t)|2 and coherence terms to be given by π(K, t) = b∗c(K, t)bv(K, t) and

its complex conjugate. The original derivation [33] asserts that coherence terms relate to

polarization by the expression

p(K, t) = d∗(K + A(t))π(K, t)eiS(K,t) + c.c. (1.6)

Using the definitions of nm(K, t) and π(K, t) along with equations (1.4) we arrive at
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characteristic optical Bloch equations given by

π̇(K, t) = −π(K, t)

T2

− iΩ(K, t)w(K, t)e−iS(K,t) (1.7a)

ṅm(K, t) = ismΩ∗(K, t)π(K, t)eiS(K,t) + c.c. (1.7b)

where T2 is a phenomenologically implemented dephasing time, w(K, t) = nv(K, t) −
nc(K, t) is the population difference, Ω(K, t) = F(t) · d(K + A(t)) is the Rabi frequency

and sm = ±1 is positive for m = c and negative for m = v.

Before continuing further with equations (1.7), a strong field interacting with a solid

leads to two types of current (intraband jra(t) and interband jer(t)) that lead to HHG.

These are given by [33]:

jra(t) =
∑
m=c,v

∫
BZ

vm[K + A(t)]nm(K, t)d3K, (1.8a)

jer(t) =
d

dt

∫
BZ

p(K, t)d3K, (1.8b)

where BZ = BZ − A(t) is the shifted Brillouin zone and vm(k) = ∇kEm,k is the band

velocity. The intraband current jra is due to nonlinear movement of charge (in response to

an applied field) and population variation of charge within individual bands. Interband

current jer results from changing polarization between the valence and the conduction

bands. We can obtain high harmonic spectra by taking the absolute square of the Fourier

transforms of these currents: |F{jra(t) + jer(t)}|2

To obtain expressions for (1.8) in the frequency domain we consider a simplification

to equations (1.7) where we set w(K, t) ≈ 1 (frozen valence band approximation [48]).

Doing so, in terms of k, leads to

jra(t) =

∫
BZ

d3kv(k)

{∫ t

−∞
dt′F(t′) · d(κt′)

×
∫ t′

−∞
dt′′F(t′′) · d∗(κt′′)e−iS(k,t′′,t′)−(t′−t′′)/T2 + c.c.

}
, (1.9a)

jer(t) =
d

dt

{∫
BZ

d3kd(k)

∫ t

−∞
dt′F(t′) · d∗(κt′)e−iS(k,t′,t)−(t−t′)/T2 + c.c.

}
, (1.9b)
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so that in the angular frequency domain,

jra(ω) =

∫
BZ

d3kv(k)

∫ ∞
−∞

dte−iωt

{∫ t

−∞
dt′F(t′) · d(κt′)

×
∫ t′

−∞
dt′′F(t′′) · d∗(κt′′)e−iS(k,t′′,t′)−(t′−t′′)/T2 + c.c.

}
, (1.10a)

jer(ω) = −iω
∫ ∞
−∞

dte−iωt

{∫
BZ

d3kd(k)

∫ t

−∞
dt′F(t′) · d∗(κt′)e−iS(k,t′,t)−(t−t′)/T2 + c.c.

}
,

(1.10b)

where v(k) = vc(k) − vv(k) = ∇kEg(k) is the band velocity difference, κt′ = k +

A(t′)−A(t), and S(k, t′, t) =
∫ t
t′
Eg(κτ )dτ is the classical action. This ends the derivation

originally written in [33]. These equations provide us with the basis for much of the

analysis that is to follow.
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Chapter 2

1D δ-function potential model of

solids

2.1 Introduction to the model

The two-band model of HHG described in the introduction requires solid state valence and

conduction energy band functions as well as wavefunctions for calculating dipole matrix

elements. To do this we want a model for solids that makes analysis simple and is also

adjustable to analyse HHG for solids with different characteristics (i.e. minimum band

gaps and bandwidths). One that allows for this follows the Kronig-Penney model [42],

where we can model potentials in 1D solids using a comb of Dirac δ-functions situated at

atomic lattice sites. This model is given by

V (x) = Ω
∞∑

n=−∞

δ(x− na), (2.1)

where Ω is the potential strength parameter, n indexes lattice sites and a is the spacing

between lattice sites.

Before applying this model, let us describe how such a model arises similar to as

described in [42]. A model solid can be described as being a lattice of rectangular potential

barriers of widths b and heights V0 with edges spaced by a distance a (see Figure 2.1).

Such a model is simplified in the limits b → 0 and V0 → ∞ while maintaining the finite

area V0b = Ω of potential barriers before these limits are applied. Therefore, in (2.1) Ω

represents this potential barrier area and a is the spacing between adjacent δ-function

barriers (equal to the spacing between rectangular well centres in old model). So despite

this model being a simplification, it retains certain properties of a finite rectangular

barrier model.

Finally, this model is useful in that the 1D model can be extended to similar higher
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Figure 2.1: Transformation from a 1D solid potential model consisting of finite rectangular
barriers (blue) of heights V0, widths b and spacing a to a δ-function potential model
(green) as in (2.1) by applying the limits V ′0 → ∞ and b′ → 0 while maintaining the
finite ‘area’ below the barriers of Ω = V0b. The spacing between the δ-function barriers
becomes a′ = a+ b.

dimensional models with little extra work because, in three dimensions for example,

one can write the potential as a sum of potentials along each dimension: V (x, y, z) =

Vx(x) + Vy(y) + Vz(z) [42]. This corresponds to rectangular prism shaped cells with

δ-function potential barriers as walls. It is not directly analogous to the preceding 1D

model because δ-function barriers are not located at individual lattice sites. Nevertheless,

a model of this form allows for the Schrödinger equation to become separable and, as

a result, eigenfunctions have the form Φ(x, y, z) = Φx(x)Φy(y)Φz(z) with eigenvalues

E = Ex + Ey + Ez.
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2.2 The energy-momentum dispersion relation

Our analysis with the 1D δ-function potential of (2.1) begins by expressing the stationary

Schrödinger equation as

κ2 = −∂
2Φk(x)

∂x2
+ 2Ω

∑
n

δ(x− na)Φk(x), (2.2)

where κ relates to energy eigenvalues through κ2 = 2E. We have indicated the crystal

momentum wavenumber k as a subscript to the wavefunctions because the lattice potential

is periodic and when this is the case according to Bloch’s theorem [43] wavefunctions have

the form: Φk(x) = uk(x)eikx (uk(x) = Φk(x)e−ikx), where uk(x) repeats with the lattice

spacing a.

Solving (2.2) the equation in the region where 0 < x < a leads to

Φk(x) = Aeiκx +Be−iκx, 0 < x < a, (2.3)

where A and B are unknown coefficients. Using Bloch’s theorem due to the periodicity

of the lattice potential then leads to

uk(x) = Aei(κ−k)x +Be−i(κ+k)x, (2.4)

and also,

Φk(x) = eika
[
Aeiκ(x−a) +Be−iκ(x−a)

]
, a < x < 2a, (2.5)

where we assume a crystal momentum wavenumber k in the first Brillouin zone (−π
a
<

k < π
a
).

We now apply the following boundary conditions:

lim
ε→0

Φk(a− ε) = Φk(a+ ε), (2.6a)

lim
ε→0

∫ a+ε

a−ε
dx
∂2Φk(x)

∂x2
+
[
κ2 − 2Ωδ(x− a)Φk(x)

]
= 0, (2.6b)

where the first condition allows for wavefunctions to match on two sides of a δ-function

site and the second allows for smooth variation across a δ-function site. Using these
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conditions with (2.3) and (2.5) leads to

(
eika − eiκa

)
A+

(
eika − e−iκa

)
B = 0, (2.7a)

(
eika − eiκa +

2iΩ

κ
eiκa
)
A−

(
−eika + e−iκa +

2iΩ

κ
e−iκa

)
B = 0. (2.7b)

As a result, we arrive at the standard Kronig-Penney model energy-momentum dispersion

relation [42]:

cos(ka) = cos(κma) +
Ω

κm
sin(κma). (2.8)

We have included indices m = 1, 2, ... to indicate the different energy bands Em,k that

can be solved numerically or approximately using this dispersion relation. In this thesis

we use only the valence band (m = 2) and the conduction band (m = 3) as we use the

two-band model of HHG as explained in the introduction. We assume m = 1 to be a core

band that is disregarded.

2.3 Nearest-neighbour model of the band gap

For much of the analysis throughout this thesis it is advantageous to be able to use simple

forms of the energy bands Em,k and most importantly the energy difference between

valence and conduction bands Eg(k) = E3,k −E2,k. To do this, note that that because of

the cosine k-dependence of the dispersion relation (2.8), we can write Eg(k) as a cosine

series:

Eg(k) =
C0

2
+
∞∑
n=1

Cn cos(nka), (2.9)

with coefficients

Cn =
a

π

∫ π
a

−π
a

dkEg(k) cos(nka). (2.10)

In the nearest-neighbour model to the dispersion relation (2.8), where Ω
κm
� 1, it is often

sufficient to use only C0 and C1. As a result, we can use an approximate band gap of

cosine dependence: Eg(k) = Eg+∆{1−cos(ka)}, where Eg is the minimum band gap and

2∆ is the bandwidth. To demonstrate this we first consider an analytical approximate

model for such. Nevertheless, for the calculations throughout this thesis we instead use a
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numerical approach that assumes cosine dependence on k. We will explain this approach

afterwards.

2.3.1 Approximate analytical method

Although not used we will briefly explain it here. In this method we note that because
Ω
κm
� 1 that the term Ω

κm
sin(κma) is much more important than cos(κma) in (2.8).

Because of this we expect solutions to the dispersion relation to be close to the zeros of

sin(κma). Noting such, we seek approximate solutions to κm by introducing a perturbative

parameter ηm(k) and letting κma = mπ+ aηm(k). We use this expression for κma within
Ω
κ

sin(κma) and cos(κma) and Taylor expand (to second order) about mπ
a

to obtain the

following approximations:

Ω

κ
sin(κma) ≈ (−1)mΩa

{
1

mπ
ηma−

1

(mπ)2
(ηma)2

}
(2.11)

cos(κma) ≈ (−1)m
{

1− 1

2
(ηma)2

}
. (2.12)

Combining these expressions as in (2.8) we obtain the following approximate dispersion

relation:

cos(ka) ≈ (−1)m
{

1 +
Ωa

mπ
(ηma)−

(
1

2
+

Ωa

(mπ)2

)
(ηma)2

}
. (2.13)

We can rearrange the above and then use the quadratic formula with regards to ηma to

obtain

ηm(k)a =
mπΩa

(mπ)2 + 2Ωa

{
1±

√
1 +

2

(Ωa)2
((mπ)2 + 2Ωa)(1− (−1)m cos(ka))

}
. (2.14)

We then use the binomial approximation (1+x)l ≈ 1+ lx for the square root with l = 1/2

and x being the second term within the square root. This approximation stems from the

Taylor expansion of (1 + x)l about x = 0, and is most effective for small values of x. In

addition, we choose the minus sign before the square root so that we finally obtain

ηm(k)a =
mπ

Ωa
{(−1)m cos(ka)− 1} . (2.15)
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By returning to the expression κma = mπ + aηm(k) we then obtain the following

approximation for κm,k:

κm,k =
mπ

a
+
mπ

Ωa2
{(−1)m cos(ka)− 1} . (2.16)

From this we use Em,k = κ2
m,k/2 to obtain the following expression for the energy bands:

Em,k =
(mπ)2

2a2

(
1 +

1

Ωa
{(−1)m cos(ka)− 1}

)2

. (2.17)

We can now further approximate Em,k by once again using the binomial approximation

(1 + x)l ≈ 1 + lx for the large squared bracket with l = 2 and x being the second term

within it to obtain

Em,k =
(mπ)2

2a2
+

(mπ)2

Ωa3
{(−1)m cos(ka)− 1} . (2.18)

Using the above we obtain the approximate band gap between conduction (m = 3) and

valence (m = 2) bands as

Eg(k) =
π2

2a2

(
5− 36

Ωa

)
+

13π2

Ωa3
(1− cos(ka)). (2.19)

We therefore found a band gap expression in the form Eg(k) = Eg + ∆{1− cos(ka)} with

Eg = π2

2a2

(
5− 36

Ωa

)
and ∆ = 13π2

Ωa3
. Therefore, we observe that to the extent that this

approximation is valid, that a solid’s bandwidth 2∆ is increased by spatially compressing

wavefunctions of individual cells by decreasing a and to a lesser extent decreasing well

strength Ω so that wavefunctions are reduced less near cell boundaries. For the minimum

band gap Eg, decreasing well strength Ω decreases it and it is clear that corresponding

electronic wavefunctions become less bound. That is, the lower spatial confinement of

wavefunctions corresponds to less distinction at minimum between energies of states of

separate bands. Furthermore, it can be seen that the minimum band gap (assuming it

is positive) has a maximum value of Emax
g = 5π2/2a2 in the limit of maximally bound

wavefunctions when Ω→∞. Finally, varying a can either increase or decrease Eg subject

to to a cubic function of 1
a
. According to how the parameters Ω and a result in variations

of Eg and ∆ we find, to the extent that this approximation works, that we can construct

a wide range of solids with the δ-function potential model.

Also of note is that in the proceeding section we will determine wavefunctions for

the δ-function potential model. In doing so we do not define the k-dependence of

κm,k analytically because we generally solve for this numerically in much of the results

presented in this thesis. Nevertheless, the expression for such in (2.16) could possibly

15



be used for rough analytical wavefunction approximations provided the conditions of the

nearest-neighbour model hold.

2.3.2 Numerical method

The numerical process of obtaining energy bands of the form Eg(k) = Eg+∆{1−cos(ka)}
involves first solving for κm,k using a standard root finding function with the dispersion

relation of (2.8) in its entirety. In doing so we assume that the lowest band (m = 1)

is a core band that is not affected by laser interactions and so can be discarded for our

purposes. With the results of root finding we obtain the band gap Eg(k) = 1
2
{κ2

3,k −
κ2

2,k}. From this we make use of the cosine series formalism of (2.9) and (2.10) and use

numerical integration to calculate ∆ = |C1|. The absolute value can be taken for inversion

symmetric potentials. The minimum band gap Eg can be taken directly as the minimum

of Eg(k) = 1
2
{κ2

3,k − κ2
2,k}.

2.4 Wavefunction determination

We next extend the model to determine wavefunctions that correspond to the valence

and conduction energy bands needed for calculating transition dipole matrix elements

dmm′(k) =
−i
a

∫ a

0

dxu∗m,k(x)∂kum′,k(x) (2.20)

required of the two-band model as mentioned in the introduction. To do this we return

to equations (2.3) and (2.7a) to obtain the relationship between coefficients A and B of

B = −RmA, where

Rm =
eika − eiκma

eika − e−iκma
(2.21)

can be thought of as a reflection coefficient about a δ-function potential site. From here

we can express the part of the wavefunction where 0 < x < a (as in (2.3)) as

Φm,k(x) = A
{
eiκmx −Rme

−iκmx
}
, 0 < x < a. (2.22)

We next allow the crystal lattice to be defined over a finite length l such that we can

write the wavefunction as

Φm,k(x) =
1√
l
um,k(x)eikx, (2.23)
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where

um,k(x) = A
{
ei(κm−k)x −Rme

−i(κm+k)x
}
. (2.24)

We now consider the normalization condition where we write the crystal length as l = Na

where N is the number of unit cells. We also note the repetition of um,k(x) in different

unit cells so that we can write

1

a

∫ a

0

|um,k(x)|2dx = 1. (2.25)

We are therefore considering the normalization condition based on a single unit cell.

Using this normalization condition alongside (2.24) we eventually (through common

trigonometric identities and the energy-momentum dispersion relation) arrive at expressions

for the square of the magnitude of the coefficient Am:

|Am|2 =
κma {1− cos[(κm + k)a]}

2
(
κma+ Ω

κm

)
sin2(κma)− Ωa sin(2κma)

(2.26)

=
1− cos[(κm + k)a]

2
(

1 + Ω
κ2ma

)
sin2(κma)− Ω

κm
sin(2κma)

. (2.27)

Although these expressions are fairly concise, they can sometimes be difficult to use for

numerical calculations because when k = 0 and κ = 2qπ/a, q ∈ Z the equations have the

form of a 0/0 limit case. Another form in terms of complex variables that works around

this difficulty is

|Am|2 =
a

(1 + |Rm|2) a− R∗m
2iκm

(e2iκma − 1) + Rm
2iκm

(e−2iκma − 1)
. (2.28)

This form of the equation can be calculated by directly applying the normalization

condition to (2.24) without further rewriting complex exponents in the resultant equation

in terms of sine and cosine functions.

If we take Am = |Am| and use above expressions for |Am|2, we can then express the

wavefunctions Φm,k(x) and their periodic parts um,k(x) using (2.24) and (2.23) with Rm

given in (2.21). The only unknown variable that remains is κm. As previously stated,

this can be determined by solving the dispersion relation of (2.8) using numerical root

finder algorithms or by approximate techniques in certain circumstances such as the

nearest-neighbour model.
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2.5 Alternative wavefunction choices

Above we have determined a form of wavefunctions for a 1D solid. Nevertheless, this

is not the only choice that can be used because Bloch eigenfunctions are not uniquely

defined since one can choose any real and periodic k-dependent phase factor αm(k) such

that Φ′m,k(x) = Φm,k(x)eiαm(k) [50]. Furthermore, the dipole matrix elements dmm′(k) (see

(2.20)) are gauge invariant in regards to this phase [49, 50]. In addition, in an inversion

symmetric solid there is a choice that allows for purely real or imaginary non-diagonal

dipole elements dm6=m′ [49]. Such a choice also results in zero diagonal dipole elements

dmm = 0 [49]. Such a choice is not only advantageous for its simplicity, but also because

it can be seen from (2.20) that diagonal elements dmm(k) are essentially k-dependent

Berry connection terms that are in turn associated with Berry phases [51]. Such a choice

therefore removes the possibility of such geometric phases. Finally, in the next chapter we

will switch from the k-space Bloch basis to the real space Wannier basis. In such a basis

Wannier functions are real space functions that Bloch wavefunctions can be constructed

from [46]. Wannier functions are maximally confined for the such a phase choice [46].

First, consider the energy-momentum dispersion relation cos(ka) = cos(κma)

+ (Ω/κm) sin(κma). Replacing k with −k leaves the relation unchanged. This means

that Φm,k(x) and Φm,−k(x) have the same energy eigenvalues Em,±k = κ2
m,±k/2 and are

therefore degenerate. As a result, linear combinations of these two solutions (C+Φm,k(x)+

C−Φm,−k(x)) are also valid solutions. To remove any possible phase factor αm(k) our goal

is to determine coefficients C+ and C− so that solutions forming the linear combination

are real. We will see that our work here is alike to choosing a coordinate center symmetric

in the middle between two δ-peaks so that diagonal dipole elements dmm = 0 (note this

effect through the derivative with respect to k in (2.20)). To do this we first use (2.22)

to write Φ± = Φm,±k(x) as:

Φ± =
A±√
l

{
eiκx −R±e−iκx

}
. (2.29)

Note next that from (2.21) the reflection coefficients for ±k,

R± =
1− ei(κ∓k)a

1− e−i(κ±k)a
, (2.30)

can be related to each other through new variables R̃ and δ such that R+ = R̃eiδ and
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R− = eiδ/R̃. Using these relations alongside the square root of (2.28) we obtain

A± =
1√

(1 + R̃±2) + R̃±1
{

eiδ

2iκa
(e−2iκa − 1) + c.c.

} , (2.31)

and note that the coefficients are related to each other through A− = R̃A+. We use these

relations to obtain the following expressions for the periodic parts of the Bloch functions:

u± = A+e
i iδ
2

(
e
∓iδ
2 e±iκx − R̃e

±iδ
2 e∓iκx

)
e∓ikx. (2.32)

To complete these forms of the equations we now only need to determine δ and R̃.

We obtain δ and R̃ by rearranging R+ from (2.30) and by using the dispersion relation

cos(ka) = cos(κa) + Ω
κ

sin(κa) such that we can write

R+ = −Ω

κ

sin(κa)

1− cos [(κ+ k)a]
eiκa. (2.33)

From this we take δ = κa+π and (with further use of algebra and the dispersion relation

of (2.8))

R̃ =
sin
[
(κ− k)a

2

]
sin
[
(κ+ k)a

2

] . (2.34)

We use these results with (2.31) and (2.32) to obtain:

A+ =
1√(

1 + R̃2
)

+ 2R̃ sin(κa)
κa

, (2.35)

u± = A+e
iκa

2

(
e±iκ(x−

a
2 ) + R̃e∓iκ(x−

a
2 )
)
e∓ikx. (2.36)

The next step is to use the phase arbitrariness to define new Bloch functions through

the transformation Φ′± → Φ±e
−iκa

2 to obtain

Φ′± =
A+√
l

{
e±i(κ−k)ξ + R̃e∓i(κ+k)ξ

}
e±iκξ, (2.37)

where ξ = x − a/2. The corresponding periodic parts are defined by Φ′± = u′±e
±ikξ/

√
l
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and are given by:

u′± = A+

{
e±i(κ−k)ξ + R̃e∓i(κ+k)ξ

}
. (2.38)

Considering equation (2.38), we find that u+ = u∗− and Φ+ = Φ∗− (we are now dropping

the primes from the new variables) because both A+ and R̃ are real. Furthermore, for

k ∈ [0, π/a] the linear combinations

Φ1 =
1

2
(Φ+ + Φ−), (2.39a)

Φ2 =
1

2i
(Φ+ − Φ−), (2.39b)

are symmetric and antisymmetric about ξ = 0 respectively. Additional k-dependent phase

is no longer present. Therefore, these equations satisfy a group theoretical constraint

where an inversion symmetric potential must have symmetric and antisymmetric solutions

about inversion centres [49]. We will therefore use periodic parts of Bloch functions that

have the form of u+ as in (2.38) for calculating dipole moments as in the next section.

The wavefunction chosen in this section and related variables can be summarized by

the following equations:

um,k(ξ) = Am

{
ei(κm−k)ξ + R̃e−i(κm+k)ξ

}
, (ξ = x− a/2) ∈ [−a/2, a/2], (2.40a)

Φm,k(ξ) =
1√
l
um,k(ξ)e

ikξ, (2.40b)

Am(k) =
1√(

1 + R̃2
m

)
+ 2R̃m

sin(κma)
κma

, (2.40c)

R̃m(k) =
sin
[
(κm − k)a

2

][
(κm + k)a

2

] , (2.40d)

cos(ka) = cos(κma) +
Ω

κm
sin(κma). (2.40e)

Note that the wavefunctions defined here are the same as ones that would have been
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obtained had we shifted the origin in Figure 2.1 by ±a/2. Only for such a shifted origin

is the potential inversion symmetric with respect to a unit cell.

2.6 Calculation of dipole matrix elements

Wavefunctions are defined in the previous section that now allow us to calculate dipole

matrix elements dmn(k) required of the two-band model of HHG as explained in the

introduction.

The most important dipole matrix elements to calculate are those for which m 6= n,

because in the two-band model the only matrix elements present are dcv = d32 and

dvc = d23. Nevertheless, we consider a more general case where m and n correspond to

any two separate energy bands as these dipole matrix elements could be of interest for

more rigorous models of HHG.

For this section we will use an alternative way (see [50]) of writing dipole matrix

elements to (2.20) that can be used for elements where m 6= n. That is we can use

dmn(k) =
ipmn(k)

Emn(k)
, (2.41)

where Emn(k) = Em,k − En,k is the energy difference between the two bands and

pmn(k) =
1

a

∫ a

0

dxu∗m,k(x)p̂un,k(x) (2.42)

is the momentum matrix element calculated from a single unit cell with p̂ = −i∂x.
We use um,k(x) and un,k(x) from (2.40) to calculate pmn(k) through direct differentiation

followed by integration. Doing so leads to the following formula for dipole matrix

elements:

dmn(k) = i
2AmAn
Emn

{[
(κn − k)R̃m − (κn + k)R̃n

] sin
[
(κn + κm)a

2

]
(κn + κm)a

(2.43)

+
[
(κn − k)− R̃mR̃n(κn + k)

] sin
[
(κn − κm)a

2

]
(κn − κm)a

}
,m 6= n.

This can now be used to calculate interband and intraband high harmonic spectra.

Furthermore, as stated in Section 2.5 there is the requirement that dmm = 0 for the

wavefunction choice considered (see (2.40)). This can be shown to be true by direct

evaluation using (2.20). Furthermore, in Figure 2.4 of Section 2.7 we numerically verify

that this is the case for dcc(k) and dvv(k). We also demonstrate that these diagonal

elements are not always zero for all values of k using wavefunctions defined in the initial
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gauge of Section 2.4.

2.7 Example energy bands and dipole elements

Let us now consider examples of results arising from the 1D δ-function potential solid

model that can be used within the two-band formulation of HHG. Here we consider two

representative examples of solids with similar band gaps and different bandwidths that

Figure 2.2: Comparison of energy band properties for a wide bandwidth material defined
by parameters a = 8.9 au and Ω = 0.9 au (Eg = 0.1437 au and 2∆ = 0.2445 au)
and a narrow bandwidth material defined by parameters a = 11.7 au and Ω = 2.5 au
(Eg = 0.1410 au and 2∆ = 0.0566 au). In (a) valence energy bands are given by the
blue solid and the purple dash-dotted lines for the wide and narrow bandwidth materials
respectively. Also plotted there are conduction bands as red solid and orange dash-
dotted lines for the wide and narrow bandwidth materials respectively. In (b) red (wide
bandwidth material) and orange (narrow bandwidth material) solid lines correspond to
numerically calculated band gaps Eg(k) assuming the nearest neighbour approximation.
Also plotted are ‘exact’ band gaps as blue (wide bandwidth material) and purple (narrow
bandwidth material) dashed lines.
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can be constructed by choosing lattice spacing a and well strength Ω. The first is a wide

bandwidth material with a = 8.9 au and Ω = 0.9 au so that when approximated in the

nearest-neighbour model the minimum band gap is Eg = 0.1437 au and the bandwidth is

2∆ = 0.2445 au. The other is a narrow bandwidth material with a = 11.7 au and Ω = 2.5

au leading to Eg = 0.1410 au and 2∆ = 0.0566 au. Examples as such representing

wide and narrow bandwidth materials are of interest for studying how HHG occurs in

different classes of materials (in the context of strong field physics; see introduction) such

as semiconductors (wide bandwidths) and insulating dielectrics (narrow bandwidths).

Furthermore, these two bandwidth limits demonstrate the usefulness of the 1D δ-function

potential model in that a wide variety of solids can be modelled with it simply by adjusting

a and Ω.

In Figure 2.2 the valence and conduction energy bands (from numerically calculated

κm,k variables) for the wide and narrow bandwidth materials discussed above are plotted

in part (a). We therefore observe how the model provides for distinct energy bands. In

part (b) of the same figure, comparisons of ‘exact’ band gaps to those of the numerical

nearest-neighbour model are plotted for the same two solids. We observe adequate

agreement between the nearest-neighbour and ‘exact’ results for both solids. The only

region of slight disagreement is near the Brillouin zone edges for the wide bandwidth

material. This is because the nearest-neighbour model works best when Ω/κm � 1

and κ3,k for the conduction band reaches an extreme in this region. Furthermore,

the wide bandwidth material has a lower value of Ω (0.9 au) than that of the narrow

bandwidth material (2.5 au) so that the ratio Ω/κm is prone to be smaller and therefore

less representative of the nearest-neighbour model.

In addition, in Figure 2.3 we plot the imaginary part of the dipole matrix element

dcv(k) = d∗vc(k) (the real part is zero) as defined in (2.43) (using wavefunctions defined

by (2.40)) for the same two solids. The variation is much greater for the wide bandwidth

material than that of the narrow bandwidth material. The importance of transitions is

mostly around the centre of the Brillouin zone, but drops off rapidly towards Brillouin

zone edges. This is in contrast to the narrow bandwidth material that never has such

great rises and drops. The importance of transitions does not change much at any given

point in the Brillouin zone. For this reason the dipole matrix elements can sometimes

be approximated as constant for narrow bandwidth materials such as dielectrics. In

any case, we expect that such marked differences in dipole matrix elements for wide vs.

narrow bandwidth materials should have important consequences on HHG in relation to

the choice of a solid state medium.

Finally, in Figure 2.4 we plot numerically calculated diagonal dipole matrix elements

dcc(k) and dvv(k), as well as dcv(k) derived instead from wavefunctions of Section 2.4
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Figure 2.3: Non-zero, imaginary parts of dipole matrix elements dcv(k) calculated from
(2.43). The blue line corresponds to a wide bandwidth material defined by parameters
a = 8.9 au and Ω = 0.9 au (Eg = 0.1437 au and 2∆ = 0.2445 au) and the red line
corresponds to a narrow bandwidth material defined by parameters a = 11.7 au and
Ω = 2.5 au (Eg = 0.1410 au and 2∆ = 0.0566 au).

(see equations (2.21), (2.22), (2.24), and (2.28)) derived in the initial gauge. We observe

that the non-diagonal elements dcv(k) have both real and imaginary parts as opposed to

those as shown in Figure 2.3. The diagonal elements are also non-zero. For comparison

we plotted numerically calculated diagonal matrix elements for wavefunctions of (2.40)

that are used for Figure 2.3. This verifies that the diagonal elements are zero for the

chosen gauge. Also note that the two-band expressions (1.10) given in the introduction

are gauge invariant and give the same results for both gauges.

With the results of this chapter we now have a solid state model that can be used

for actually performing HHG calculations with the two-band model. We consider HHG

calculations in the next chapters.
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Figure 2.4: Numerical results of dipole matrix elements dcv(k) (solid blue lines) as well
as non-zero diagonal elements dcc(k) (purple dashed lines) and dvv(k) (green dash-dotted
lines) calculated using wavefunctions defined in Section 2.4 as opposed to the alternatives
defined by (2.40) and given in Figure 2.3. (a) and (b) refer to real and imaginary parts of
dipole matrix elements for the solid defined by a = 8.9 au and Ω = 0.9 au (Eg = 0.1437
au and 2∆ = 0.2445 au). (c) and (d) are the real and imaginary parts for the solid defined
by a = 11.7 au and Ω = 2.5 au (Eg = 0.1410 au and 2∆ = 0.0566 au). For comparison,
numerically calculated diagonal dipole elements dcc(k) (orange dotted lines) and dvv(k)
(solid black lines) are also plotted for the alternative wavefunction choices of (2.40) and
Figure 2.3 to demonstrate that they are equal to zero.
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Chapter 3

Wannier quasi-classical method

In this Chapter we formulate an approximate Wannier quasi-classical (WQC) method

of calculating interband high harmonic spectra that is valid for materials with wide energy

bandwidths such as semiconductors (need large number of photons to bridge maximum

and minimum energy band gaps as explained in the introduction). There are two parts in

deriving this approach. The first involves transforming high harmonic interband equations

from the Bloch basis of k-space to the Wannier basis of real space. This will allow for

interpretation of interband HHG in terms of relative lattice site separations of electrons

and holes contributing to such. The second part involves using a saddle point method

of approximating integrals needed for calculating the interband current. Such saddle

points describe electron-hole birth time (following ionization), recombination time and

the characteristic crystal wavevector of recombination. We find that the combination of

relative Wannier sites and saddle points provide for a simple quasi-classical interpretation

of interband HHG for examples where the model reasonably represents fully numerical

results. We demonstrate the outcome of this approach using two δ-function potential

semiconductors constructed according to theory in Chapter 2.

3.1 Theoretical methods

3.1.1 Interband current in the Wannier basis

Although intraband current also contributes to HHG, in this Chapter we restrict our

analysis to interband current because, as will be explained, we will be specifically applying

the model to wide bandwidth materials such as semiconductors and experiments [32, 37]

attribute HHG in such materials to interband mechanisms.

We begin with the interband current in terms of angular frequency ω as introduced
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in the Introduction:

jer(ω) = −iω
∫ ∞
−∞

dte−iωt

{∫
BZ

d3kd(k)

∫ t

−∞
dt′F(t′) · d∗(κt′)e−iS(k,t′,t)−(t−t′)/T2 + c.c.

}
.

(3.1)

Note that just for this chapter we will be using an alternative, but valid formulation

than is introduced in the introduction following the convention of the lead authour of

the paper that this chapter is based on. That is, we use κt′ = k + A(t) −A(t′) instead

of κt′ = k + A(t′) − A(t). In considering the above equation we recall that the dipole

matrix elements between valence and conduction bands d(k) = dvc(k) are given by

dvc(k) =
−i
v

∫
v

d3xu∗v,k(x)∇kuc,k(x). (3.2)

The periodic parts of Bloch functions um,k(x) used for dipole calculations can be expressed

in terms of Wannier functions [34]

wm(x− xj) =
1

v

∫
BZ

um,k(x)eik·(x−xj)d3k, (3.3)

such that

um,k(x) =
∑
j

wm(x− xj)e
−ik·(x−xj), (3.4)

where xj are unit cell site vectors. Of note is that if we recall from the introduction that

laser dressed wavefunctions in the two-band model are given by

Ψ(x, t) =
∑
m=c,v

∫
BZ

am(k, t)Φm,k(x)d3k, (3.5)

we find that the valence band Wannier functions at xj = 0 are defined through these

functions (assuming ac(k, t = 0) = 0 and av(k, t = 0) = 1) as

wv(x) = Ψ(x, t = 0) =

∫
BZ

av(k, t = 0)Φv,k(x)d3k. (3.6)

Because all lattice sites are equivalent, it is possible to shift these Wannier functions to

other sites xj with no consequence on calculations to HHG by setting av(k, t = 0) =

e−ik·xj . Nevertheless, we will continue to use xj = 0 due to its simplicity.

We now express the dipole matrix element d(k) = dvc(k) in the Wannier basis using
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the alternative dipole formula d(k) = −〈uv,k(x)|x̂|uc,k(x)〉 and (3.4) so that

d(k) = −1

v

∑
j,q

∫
v

w∗v(x− xq){x− xj}wc(x− xj)e
ik·(xj−xq)d3x. (3.7)

Note that the x−xj terms within the braces are position coordinate vectors that appear

after applying the position operator x̂ within the Wannier basis. We then allow xl =

xq − xj to obtain

d(k) = −1

v

∑
j,q

∫
v

w∗v(x− xj − xl){x− xj}wc(x− xj)e
−ik·xld3x. (3.8)

Then, summation over j in the above equation leads to

d(k) = −
∑
l

e−ik·xl
1

V

∫
V

w∗v(x− xl)xwc(x)d3x (3.9)

=
∑
l

dle
−ik·xl , (3.10)

where, due to the summation over j, we integrate over crystal volume V instead of a

single cell v.

The result of (3.10) is the Fourier expansion of d(k). This means that dl corresponds

both to Wannier dipole moments and Fourier coefficients of d(k). As a Wannier dipole

moment, the index l describes a separation of l lattice sites between an electron and hole

in a transition.

Using (3.10) we can now express the interband current of (3.1) as

jer(ω) = −iω
∫ ∞
−∞

dte−iωt

{∫
BZ

d3k

(∑
j

dje
−ik·xj

)

×
∫ t

−∞
dt′F(t′) ·

(∑
l

d∗l e
i[k−A(t′)+A(t)]·xl

)
e−iS(k,t′,t)−(t−t′)/T2 + c.c.

}

= −iω
∑
j,l

∫ ∞
−∞

dte−iωt

{
djd

∗
l

∫
BZ

d3k

∫ t

−∞
dt′F(t′)

× ei[−S(k,t′,t)+i(t−t′)/T2+k·(xl−xj)+{A(t)−A(t′)}·xl] + c.c.

}
. (3.11)
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This can be rewritten in a compact form as

jer(ω) =
∑
j,l

dj{d∗l ·Tjl(ω)} − d∗j{dl ·T∗jl(−ω)}, (3.12)

where

Tjl(ω) = −iω
∫
BZ

d3k

∫ ∞
−∞

dt

∫ t

−∞
dt′F(t′)eiϕ(k,t′,t,xl,xj), (3.13)

is the propagator that quantifies the change of Wannier dipole d∗l to dj. Its phase

ϕ(k, t′, t,xl,xj) is given by

ϕ(k, t′, t,xl,xj) = −S(k, t′, t) + i(t− t′)/T2 − ωt+ k · (xl − xj) + {A(t)−A(t′)} · xl.
(3.14)

Of note is that the term dj{d∗l ·Tjl(ω)} = Pjl(ω) in (3.12) corresponds to the probability

amplitude of an electron-hole pair with an initial separation of l lattice sites recombining j

lattice sites from each other and, as a result, emitting light of angular frequency ω. That

is, Pjl(ω) (as well as d∗j{dl · Tjl(−ω)} = P∗jl(−ω)) weighs the importance of different

combinations of j and l leading to emission at frequency ω. Its complex nature allows

for interference between these combinations.

Equation (3.12) is now represented in the Wannier basis in a way that is ideal for

approximate evaluation using the saddle point method when eiS(k,t′,t) is highly oscillatory

(i.e. for large bandwidth semiconductors).

3.1.2 The saddle point method of integration

We now turn to the saddle point approximation (see for example [47]) that is valid when

the exponent of the classical action e−iS(k,t′,t) is highly oscillatory. The classical action is

given by S(k, t′, t) =
∫ t
t′
Eg(k + A(t)−A(τ))dτ (for the convention used in the chapter).

According to the action’s relation to band gap, we expect that for semiconductors with

increasingly large bandwidths e−iS(k,t′,t) will become increasingly oscillatory, and so the

saddle point approximation will become increasingly valid.

We begin by setting up saddle point equations characteristic of (3.13) by setting

∂ϕ/∂n = 0 where n = t′, t or k. For the variables (in the same order) these equations

are given by

Eg(κt′,t) + F(t′) · xl = 0, (3.15a)
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Eg(k)− F(t) · {ξ(t′, t)− xl} = Eg(k) + F(t) · xj = ∓ω, (3.15b)

ξ(t′, t) = xl − xj, (3.15c)

where κt′,t = κt′ = k + A(t) − A(t′) and ξ(k, t′, t) =
∫ t
t′
dτv(κτ,t) describes relative

electron-hole motion between t′ and t with band velocity difference v(k) = ∇kEg(k). The

condition (3.15b) has ∓ω to correspond to the two the complex conjugates of each other

in (3.1). Note that all results are obtained through direct differentiation of ϕ except

for the second equality in (3.15b) that is obtained by substituting (3.15c) into the first

equality of (3.15b). Also note that we have dropped dephasing time T2, which can be done

to leading order. In results at the end of this chapter we account for a short dephasing

time of half a laser cycle by solving for trajectories within one laser cycle.

The equations must be solved to obtain saddle points representing electron-hole birth

time t′, recombination time t and the characteristic crystal momentum wavevector k. To

do this we assume that the laser field and its vector potential are linearly polarized along

the x-axis and also that k = kx. Let us write the saddle points as t′ = tb + iδ, t = tr and

k = ks. The complex birth time t′ = tb+iδ required for solving the saddle point equations

can be thought of as a reflection of the quantum mechanical nature of tunnelling (see for

example [52] where an imaginary part of a birth time saddle point is interpreted as the

tunelling time for HHG in gases). For a small value of δ (|δ| < 1) it is possible to solve

(3.15a) by Taylor expanding about iδ. Doing so leads ks = A(tb)−A(tr). Furthermore,

assuming an approximate band gap

Eg(k) ≈ Eg +
1

2

∑
i,j

kikjβij(0), (3.16)

we find that δ =
√

2(Eg+F (tb)xl)

βxx(0)F 2(tb)
, where βij = ∂2Eg(k)/∂ki∂kj is the inverse mass tensor

where i, j = x, y, z. In solving for δ there is a choice of sign. We chose the positive sign

because it results in exponential decay of eiϕ. As for tb and tr, they are difficult to solve

for using analytical techniques. Nevertheless, we can solve for them numerically by using

(3.15c) to find a set of recombination times tr that correspond to an input set of birth

times tb. The angular frequency of light emitted due to HHG is then determined by using

(3.15b).

The next step is to perform approximate integration using the determined saddle

points. We use a second order expansion of ϕ and consider the following asymptotic
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through the saddle points: ∫ ∞
−∞

dqe
i
2
qTHq =

(
√

2π)5√
−i|H|

, (3.17)

where q = (t′, t, kx, ky, kz) and H is the Hessian matrix with elements give by Hij =

∂2ϕ/∂i∂j and i, j being components of q. The determinant of the Hessian matrix

evaluated at the set of saddle points qs can be shown to be given by:

|H| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−F(t′) · v(κt′,t) 0 vx(κt′,t) vy(κt′,t) vz(κt′,t)

+Ḟ(t′) · xl
−F(t) · v(κt′,t) −Ḟ(t) · xl −vx(k) +

∑
i −vy(k) +

∑
i −vz(k) +

∑
i

Fi(t)Dix(t
′, t) Fi(t)Diy(t

′, t) Fi(t)Diz(t
′, t)

vx(κt′,t) −vx(k) −Dxx(t
′, t) −Dxy(t

′, t) −Dxz(t
′, t)

vy(κt′,t) −vy(k) −Dyx(t
′, t) −Dyy(t

′, t) −Dyz(t
′, t)

vz(κt′,t) −vz(k) −Dzx(t
′, t) −Dzy(t

′, t) −Dzz(t
′, t)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
q=qs

,

(3.18)

where Dij(t
′, t) =

∫ t
t′
dτβij(κτ,t). Furthermore, if we assume a driving field of low

frequency ω0 so that Ḟ(t) ≈ 0 and also assume charge velocity is most important along the

laser polarization direction, then to the leading order the form of the Hessian determinant

is |H| = vx(ks)f(tb + iδ, tr,ks) [32].

Let us now express the propagator of (3.13) in terms of these results as

Tjl(ω) =
∑

(tb,tr)

g(tb + iδ, tr)e
−txe−iχ(tb,tr)−iπ/4, (3.19)

where (tb, tr) refers only to ordered pairs that satisfy l, j and ω as specified in Tjl(ω).

The functions within this equation are given by

g(tb + iδ, tr) = ωF(tb + iδ)
(
√

2π)5√
|H|

, (3.20a)

tx = Im{ϕ(tb + iδ)} ≈

√
2{Eg + F (tb)xl}3

βxx(0)F 2(tb)
, (3.20b)

χ =

∫ tr

tb

Eg(A(tb)− A(τ))dτ + ωtr + ks · xj. (3.20c)
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Figure 3.1: Real position space (a) and k-space (b) diagrams of the ‘three-step model’
interpretation of WQC equations (see text). Step 1: an electron-hole pair is born (electron
promoted to conduction band) at time tb with probability based on the dipole component
d∗l and tunnelling term e−tx . Step 2: the electron-hole pair accelerates within the laser
field between times tb and tr. Their trajectory is described classically by ξ(tb, tr) within
real space, but g and χ (in particular χ1) correspond to quantum processes. In k-space
this process corresponds to the pair evolving from a zero wavevector to ks. Step 3: the
electron-hole pair recombine at time tr, with xj (weight and phase determined by dje

iks·xj)
separation and characteristic wavevector ks. As a result, light of frequency ω is emitted
with energy determined by the band gap Eg(ks) and also (not shown) by F(tr) · xj.

Of the functions in (3.20), tx refers to exponential decay and iχ refers to the imaginary

phase of propagator terms. Of note is how tx has dependence on electron birth time

tb and electron-hole lattice site separation index l. It can therefore be thought of as

weighing various electron-hole creation processes. In it, the term Eg+F (tb)xl indicates the

ionization potential barrier that must be overcome for the given electron-hole configuration

and the denominator consists of a combination of solid state (βxx(0)) and field (F 2(tb))

properties besides the ionization potential that further affect the tunnelling process.

The imaginary phase iχ corresponds to interference between different trajectories

associated with the specifications of Tjl(ω). Unlike tx it reflects processes not only

occurring at birth time tb, but also the end result of a collision process where an electron

and a hole recombine at time tr, xj lattice sites apart, with a characteristic crystal

momentum wavevector of ks. For interpretation purposes χ can be rewritten as χ =

χ1 + χ2 where χ1 =
∫ tr
tb
Eg(A(tb) − A(τ))dτ + ωtr and χ2 = ks · xj. χ1 corresponds to

phase acquired between tb and tr due to the action and harmonic frequency ω. χ2 is

associated with the recombination wavevector and electron-hole separation. It results

from the change of Bloch k-space dipole elements to Wannier dipole elements.
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The above equations therefore provide an approximate method of calculating interband

HHG. To the extent of its validity, the fact that the model is defined in terms of birth

and recombination electron-hole lattice site separations xl and xj, as well as characteristic

saddle points tb + iδ (birth time), tr (recombination time) and ks (characteristic crystal

momentum wavevector) allows for intuition of processes leading to interband HHG. Let

us now outline a ‘three-step model’ characteristic of these results. In doing so, we take

the origin to be the lattice site at which electron is initially found in its valence band (all

lattice sites are equivalent). The three steps are (see Figure 3.1):

1. Ionization: At birth time tb an electron tunnels to the conduction band at site xl

leaving a hole in the valence band behind. As mentioned, the tunnelling process is

weighted by tx, but as seen in (3.12), the Wannier dipole element dl also influences

such.

2. Acceleration: the electron-hole pair accelerates within the laser field before

recombination. Understanding how this occurs specifically between times tb and

tr is less important than the initial and end conditions corresponding to the set

of saddle points qs and the Wannier lattice sites. The path the electron and

hole pair take can be characterized by (3.15c) as ξ(tb, tr). This path can be

thought of in a generally classical sense. Nevertheless, quantum interference still

has influence on the electron-hole pair’s propagation before recombination. As

previously mentioned, χ has an influence on such (in particular χ1 for this step),

as well as the prefactor of the propagator g (see (3.20a)). In reciprocal space

the process of acceleration is characterised by change of the crystal momentum

wavevector from 0 to the eventual saddle point wavevector ks.

3. Recombination: finally the pair recombines at time tr with a Wannier lattice

site separation of xj. The probability amplitude associated with a recombination

configuration is dje
iks·xj . The energy of harmonic radiation emitted is characterised

by the band gap energy Eg(ks) and the term F(tr) ·xj (see (3.15b)) due to electron-

hole separation within the field of the laser.

3.2 Results

3.2.1 Wannier transition dipole components

To evaluate the functionality of the WQC approximation’s harmonic spectra we model

semiconductors using the δ-function potential model in Chapter 2. We use the nearest

neighbour model Eg(k) = Eg + ∆{1− cos(ka)} and the dipole matrix element of (2.43).
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The semiconductors we consider are defined by the same lattice parameter value a = 7

au and different barrier strengths Ω = 0.5, 1.5 au. In the same order, these barrier

strengths correspond to minimum band gaps of Eg = 0.1414, 0.2691 au; and bandwidths

2∆ = 0.5379, 0.3399 au. Noting that the barrier strength of Ω = 1.5 au is the greatest,

confinement of its wavefunctions in individual unit cells should be greater. For this reason

we expect faster fall-off of its Wannier dipole components than with the solid with Ω = 0.5

au.

In Figure 3.2 we observe the transformation from the dipole defined in (2.43) within

k-space to real space defined Wannier dipole components for the solids mentioned above.

We observe, as we expect, that the narrower bandwidth material that is more confined

with Ω = 1.5 au has faster fall-off of Wannier dipole components in real space than is

the case for the solid with Ω = 0.5 au. This corresponds expectedly with the greater

spread of the tightly bound semiconductor’s dipole in k-space because Wannier dipole

components are Fourier coefficients of the Bloch basis dipole moments.

(a)
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Figure 3.2: Transformation from dipole matrix elements Im(dcv(k)) defined in the Bloch
basis (a) (see (2.43)) to those defined in the Wannier basis dj. The black lines in (a) and
the black crosses in (b) refer to refer to a solid with a = 7 au and Ω = 0.5 au (Eg = 0.1414
au, 2∆ = 0.5379 au). Red lines in (a) and red circles in (b) refer to a more tightly bound
solid with a = 7 au and Ω = 1.5 au (Eg = 0.2691 au and 2∆ = 0.3399 au).
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Figure 3.3: Harmonic yield spectra for δ-function potential semiconductors with lattice
parameter a = 7 au and barrier strengths Ω = 0.5 au (blue circles; Eg = 0.1414 au,
2∆ = 0.5379 au) and Ω = 1.5 au (red squares; Eg = 0.2691 au and 2∆ = 0.3399 au).
Filled shapes refer to the WQC approximation while empty shapes connected with lines
refer to the ‘exact’ approach. In (a) the field amplitudes are F0 = 0.0025, 0.008 au; and
the laser carrier angular frequencies are ω0 = 0.01425, 0.0285 au for Ω = 0.5, 1.5 au
respectively. In (b) F0 = 0.0015, 0.005 au; ω0 = 0.01425, 0.0285 au corresponding to
Ω = 0.5, 1.5 au. Field parameters are chosen to correspond to a range that could be
experimentally relevant. A dephasing time of T2 = π/ω0 is implemented.

3.2.2 WQC harmonic spectra

We next consider high harmonic spectra calculated using the WQC approximation for

the two solids as specified above for experimentally relevant field carrier amplitude and

frequency parameters. We consider such in comparison to ‘exact’ numerical results in

Figure 3.3. In both we use a half-cylce dephasing time of T2 = T0/2 = π/ω0 so that only

electron-hole recombination events within the cycle duration T0 = 2π/ω0 are relevant with

the WQC approach (WQC trajectories are numerically calculated using standard root-

finding algorithms with regards to saddle point equations). The ‘exact’ numerical results

are calculated by direct numerical integration of (3.1) (using trapezoidal integration as

well as fast Fourier transformation of the final integral). For such we assume a laser field

with a Gaussian envelope and sine carrier of F (t) = F0 sin(ω0t)e
−(t/τ)2 . Here we assume

an envelope time constant τ = 40T0 so that the Gaussian envelope is much longer than a

carrier cycle so that the field has characteristics approaching those of a continuous wave
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(CW). With this temporal profile we calculate harmonic yields for angular frequencies at

and around odd harmonics corresponding to

|hn|2 =

∫ (n+1/2)ω0

(n−1/2)ω0

dω|jer(ω)|2. (3.21)

As for spectra of the WQC approximation we use, for simplicity, a CW of the form

F (t) = F0 sin(ω0t). Because of this we calculate harmonic yield from a finite Fourier

series integral rather than a Fourier transform integral for the integral over t in (3.1) or

the propagator (3.13) that we use. In doing so we must consider angular frequencies of

light emitted as discrete integer multiples n of ω0 rather than being within a continuous

range. Furthermore, we modify g to g/(2πT0). The divisor 2π is implemented because

we are using a 1D model, and the divisor T0, required of Fourier series, means we are

now calculating yield |hn|2 rather than |jer(nω0)|2 (this can be verified by observing that

units of the result are not equal to those of |jer(ω)|2 calculated using Fourier transform

formalism).

Considering the results of the spectra in Figure 3.3 we observe in all configurations

reasonable agreement between ‘exact’ and WQC results within the most relevant region

of study of the high harmonic plateau region where the WQC approach was applied.

Nevertheless, some amount of discrepancy is seen between the spectra for certain harmonic

orders such as n = 15 for the less tightly bound semiconductor with Ω = 0.5 au for

F0 = 0.0025 au as shown by blue circles in Figure 3.3a. Higher order saddle point

expansions than second order are likely needed to mediate this. Despite these errors, the

reasonable agreement between ‘exact’ and WQC approximated results demonstrates that

the simple ‘three-step’ quasi-classical interpretation is often sufficient for semiconductors.

We therefore find the WQC to be a useful approximation and method for interpreting

HHG in semiconductors. Nevertheless, we seek to understand processes leading to HHG

in other classes of materials including low bandwidth dielectrics that do not allow for

a saddle point approximation. We take up the first steps of this endeavour in the next

Chapter.
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Chapter 4

Virtual and resonant ionization

processes

When considering high harmonic generation in solids there is a lack of discussion

as to whether resonant as well as non-resonant valence-conduction band transitions are

most important. HHG in solids can be explained due to a resonant transition where

an electron-hole pair is born in the first step (see Chapter 3 as well as, for example,

references: [33,35]). However, as will be seen, non-resonant, or virtual transitions are also

important. They result from electric field induced distortions of the ground state. They

correspond to transitions to the conduction band that do not obey principles of energy

conservation, and so virtual conduction band population vanishes at the end of a laser

pulse. In this section we acknowledge the presence of both resonant and non-resonant

processes as drivers of HHG. Furthermore, we will evaluate the weight of resonant vs.

non-resonant transitions for both interband and intraband harmonic contributions. In

addition, semiconductors often to have small minimum band gaps relative to dielectrics

and as a result, to make strong field processes possible we need fewer photons so that

longer wavelengths need to be used relative to dielectrics to bridge the maximum and

minimum band gaps. Semiconductors therefore tend to have effectively wider bandwidths

than dielectrics. We will therefore extend our study to wide bandwidth materials such

as semiconductors and narrow bandwidth materials like dielectrics.

4.1 Theoretical methods

In order to consider the relevance of resonant and non-resonant valence-conduction band

transition processes (we hereby refer to as ionization processes) leading to HHG due to

interband and intraband currents in direct band gap materials of differing bandwidths we

seek to expand time-dependent processes relating to ionization into constituent frequencies.

For simplicity we consider 1D δ-function potential solids (see Chapter 2) and use a CW
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field of the form F (t) = F0 sin(ω0t) and we will Fourier expand ionization processes in

terms of integer multiples of the laser angular frequency ω0. By determining which of

these frequency multiples are resonant and which are not we can obtain insight into the

importance of resonant vs. non-resonant processes.

4.1.1 Interband current

Expression for interband HHG in terms of ionization and propagation processes

We begin with the 1D interband current of (1.9b) in terms of K = k−A(t) and in terms

of observation time t:

jer(t) =
d

dt

∫ π/a−A(t)

−π/a−A(t)

dKd(K + A(t))

∫ t

−∞
dt′F (t′)d∗(K + A(t′))e−iS(K,t′,t)−(t−t′)/T2 + c.c.,

where

S(K, t′, t) =

∫ t

t′
Eg(K + A(τ))dτ. (4.1)

Here we use the band gap

Eg(K + A(t)) =Eg + ∆ {1− cos[a(K + A(t))]} (4.2)

=Eg + ∆ {1− cos(Ka) cos(A(t)a)− sin(Ka) sin(A(t)a)} . (4.3)

Assuming a monochromatic CW laser field of the form F (t) = F0 sin(ω0t) that has a

vector potential of the form A(t) = (F0/ω0) cos(ω0t) we can separate the band gap into a

sinusoidally time varying part R(K, t) and a non-sinusoidal stationary part Ens(K). This

is done through Jacobi-Anger expansions:

cos(z cos θ) = J0(z) + 2
∞∑
q=1

(−1)qJ2q(z) cos(2qθ), (4.4a)

sin(z cos θ) = 2
∞∑
q=0

(−1)qJ2q+1(z) cos[(2q + 1)θ], (4.4b)

(see [53]) applied to cos(A(t)a) and sin(A(t)a). In doing so we obtain

Eg(K + A(t)) = Ens(K)−R(K, t), (4.5)
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where

Ens(K) = Eg + ∆

(
1− J0

(
ωb
ω0

)
cos(Ka)

)
, (4.6a)

R(K, t) = ∆
(
C̄(t) cos(Ka) + S̄(t) sin(Ka)

)
, (4.6b)

with the Bloch frequency ωb = F0a and expansion terms (relating to cos(A(t)a) and

sin(A(t)a) respectively) can be written as

C̄(t) = 2
∞∑
q=1

(−1)qJ2q

(
ωb
ω0

)
cos(2qω0t), (4.7a)

S̄(t) = −2
∞∑
q=0

(−1)qJ2q+1

(
ωb
ω0

)
cos((2q + 1)ω0t). (4.7b)

Using (4.5) and decomposing the action integral of (4.1) into two integrals with upper

limits of t and t′ we obtain an alternate form of the interband current

jer(t) =
d

dt

∫ π/a

−π/a
dKd(K + A(t))ei

∫ t
0 R(K,τ)dτe−iEns(K)t−t/T2

×
∫ t

−∞
dt′F (t′)d∗(K + A(t′))e−i

∫ t′
0 R(K,τ)dτeiEns(K)t′+t′/T2 + c.c. (4.8)

We have dropped the A(t) in the limits of the integral over K because of Bloch periodicity

(all functions of K repeat over an interval of length 2π/a).

The interband current as expressed in (4.8) now consists of periodically time varying

parts that are separate from non-periodic parts. Following methodology developed by

Keldysh for optical field ionization of atoms and solids as in references [36, 48], it is

therefore advantageous to Fourier expand the periodic parts into integer multiples of the

laser angular frequency ω0. We do this by letting

L(K, t) = d∗(K + A(t))e−i
∫ t
0 R(K,τ)dτ . (4.9)

By Fourier expanding this periodic function in time we can represent it in a new way as

L(K, t) =
∞∑

m=−∞

Lm(K)eimω0t, (4.10)
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where

Lm(K) =
1

T0

∫ T0

0

L(K, t)e−imω0tdt (4.11)

refers to the corresponding Fourier coefficients. We can now use (4.10) alongside (4.8).

With the new formulation in terms of Fourier coefficients as in (4.11) we will now switch

to the angular frequency domain. To achieve this we use a Fourier coefficient integral

over a single cycle of observation time t due to signal periodicity. In doing so we extract

current corresponding to integer harmonics j = ω/ω0 ∈ Z. In following these steps we

obtain

her(jω0) =
ijω2

0F0

4π

∞∑
l=−∞

∞∑
n=−∞

∫ π/a

−π/a
dK

∫ T0

0

dte−ijω0t

{
iL∗−l(K) {Ln−1(K)− Ln+1(K)}

× e−iβ̃−l(K)t

∫ t

−∞
dt′eiβ̃n(K)t′ + c.c.

}
, (4.12)

where β̃n(K) = βn(K) − i/T2 = Ens(K) + nω0 − i/T2, n corresponds to ionization (or

probability amplitude integration variable t′ associated) angular frequency channels and

l corresponds to propagation (or current observation time t) integer angular frequency

channels. Of note is that we absorbed the exponentials of F (t′) = F0{eiω0t′ − e−iω0t′}/2i
into the ionization Fourier coefficient Ln(K) to form the difference {Ln−1(K)−Ln+1(K)}.
Also note that we denoted the result as her(jω0) instead of jer(jω0). This is because by

using a Fourier series integral instead of a Fourier transform integral as in (1.10b) there

is a factor of 1/T0 we introduce such that her(jω0) can be thought of as a time averaged

current that has units that differ from Fourier transform current jer(ω).

We now write (4.12) fully including the complex conjugate terms in braces as:

her(jω0) =
ijω2

0F0

4π

∞∑
l=−∞

∞∑
n=−∞

∫ π/a

−π/a
dK

∫ T0

0

dte−ijω0t

×

{
iL∗−l(K) {Ln−1(K)− Ln+1(K)} e−iβ̃−l(K)t

∫ t

−∞
dt′eiβ̃n(K)t′

−iLl(K)
{
L∗−1−n(K)− L∗1−n(K)

}
eiβ̃
∗
l (K)t

∫ t

−∞
dt′e−iβ̃

∗
−n(K)t′

}
. (4.13)

Note that in the complex conjugate term we have taken the transform of a complex

40



conjugate time signal. As a result we obtain in (4.13),

L∗−m(K) =
1

T0

∫ T0

0

L∗(K, t)e−imω0tdt, (4.14)

which explains the flipped signs of the indices in the last line.

We will use an alternative convention where we reverse summation indices in the

conjugate term (following the minus sign). This is of no consequence due to the infinite

summation limits. This will be of convenience for defining resonant and virtual ionization

channels, as will be explained. Doing so leads to

her(jω0) =
ijω2

0F0

4π

∞∑
l=−∞

∞∑
n=−∞

∫ π/a

−π/a
dK

∫ T0

0

dte−ijω0t

×

{
iL∗−l(K) {Ln−1(K)− Ln+1(K)} e−iβ̃−l(K)t

∫ t

−∞
dt′eiβ̃n(K)t′

−iL−l(K)
{
L∗n−1(K)− L∗n+1(K)

}
eiβ̃
∗
−l(K)t

∫ t

−∞
dt′e−iβ̃

∗
n(K)t′

}
. (4.15)

Note that et
′/T2 can be extracted from both eiβ̃n(K)t′ and e−iβ̃

∗
n(K)t′ . Therefore, if we

assume a finite dephasing time T2 so that limt′→−∞ e
t′/T2 = 0, it becomes possible to

evaluate the two temporal integrals of (4.12) to obtain

her(jω0) =
πijF0

T0

∞∑
n=−∞

∫ π/a

−π/a
dK

{
L∗n−j(K)[Ln−1(K)− Ln+1(K)]

β̃n(K)

+
Ln+j(K)[L∗n−1(K)− L∗n+1(K)]

β̃∗n(K)

}
. (4.16)

Of note is that we have used orthogonality relations of the form

1

T0

∫ T0

0

eimω0te−iµω0tdt = δm,µ,m, µ ∈ Z (4.17)

to express the propagation channel indices in terms of ionization channel indices n and

harmonic orders j.

Classification of ionization channels

Equation (4.16) is in a form that allows us to classify different ionization processes leading

to interband HHG. Of note is that for the integration interval K ∈ [−π/a, π/a], the

terms 1/β̃n(K) = (βn(K)− i/T2)−1 and 1/β̃∗n(K) = (βn(K) + i/T2)−1 are maximized for
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ionization channels n that can fulfill the conservation condition βn(±Kn) = Ens(±Kn) +

nω0 = 0, for some Kn ∈ [0, π/a]. We therefore consider resonant ionization channels to

be ones that fulfill this condition (see also Figure 4.1) and those that do not to be virtual

channels. Of note is that the summation convention we are using as in (4.15) allows us

to define all resonant channels using this same constraint, as opposed to the convention

of (4.13) where resonant processes would be more difficult to isolate.

Following the approach in [36], we can determine the set of all resonant channels by

writing the condition again using (4.6a):

Eg + ∆

(
1− J0

(
ωb
ω0

)
cos(±Kna)

)
+ nω0 = 0. (4.18)

We seek Kn ∈ R that satisfy this. For real arguments, cos(±Kn) ∈ [−1, 1]. Using this

constraint we obtain the set of all resonant ionization channels as

Nr =
{
n ∈ Z|nmin

r ≤ n ≤ nmax
r

}
, (4.19)

where

nmin
r = −

Eg + ∆
(

1 +
∣∣∣J0

(
ωb
ω0

)∣∣∣)
ω0

 (4.20a)

nmax
r = −


Eg + ∆

(
1−

∣∣∣J0

(
ωb
ω0

)∣∣∣)
ω0

 (4.20b)

are the minimum (maximum magnitude) and maximum (minimum magnitude) resonant

ionization channels respectively. Similar results are obtained in [36].

The total number of different resonant ionization channels nmax
r − nmin

r is controlled

by both laser and field parameters as Ens(K) is a laser dressed band gap that changes

dynamically with field. The simplest way to increase the number of resonant channels is

by decreasing the laser frequency ω0, but finding a solid that has a wide bandwidth 2∆

relative to another solid (e.g. a semiconductor compared to a dielectric) will also allow for

an increase in resonant channels. The ratio ωb/ω0 = F0a/ω0 often must be small enough

to support any integer resonant ionization channels because of how the Bessel function

J0(θ) damps out as its argument θ increases. Nevertheless, J0(θ) oscillates through zeroes

so that there are particular values of the ratio ωb/ω0 that completely close all resonant

ionization channels.
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In Figure 4.1 we consider examples of processes associated with resonant and virtual

channels n for a 1D δ-function potential solid defined by parameters: a = 8.9 au, Ω = 0.9

au, Eg = 0.1437 au and 2∆ = 0.2445 au. A sine field of the form F (t) = F0 sin(ω0t)

is used with F0 = 0.003 au and ω0 = Eg/7. Figure 4.1a and Figure 4.1b correspond to

two different processes associated with a given channel n and have arrows colour coded

according to (4.16) rewritten there. Purple arrows correspond to propagation energy

difference required to reach harmonic order j = 9.

We observe that a process associated with n (blue arrows) in Figure 4.1a is associated

with a change of energy nω0 (weighted according to [Ln−1(K) − Ln+1(K)]/β̃n(K)) and

that one (red arrows) in Figure 4.1b is associated with change −nω0 (weighted according

to [L∗n−1(K)− L∗n+1(K)]/β̃∗n(K)). That is, for a resonant channel (like n = −10 shown),

where n is negative, the process of Figure 4.1a corresponds to resonant de-excitation

while that in Figure 4.1b corresponds to resonant excitation. We note that the arrows

in parts a and b corresponding to a resonant process like n = −10 would be reversed for

its opposite sign (n = 10). Nevertheless, we do not consider the opposite sign (n = 10)

process as being resonant because it does not satisfy: βn(±Kn) = Ens(±Kn) + nω0 = 0,

for some Kn ∈ [0, π/a]. Other examples of n = −5 and n = 4 that more clearly do not

satisfy this condition are shown in Figure 4.1.

Considering the examples of propagation energy differences (purple arrows) in Figure

4.1 needed to reach fixed harmonic order j = 9, we note that for a given channel value

n, these processes are weighted by L∗n−j(K) and Ln+j(K) for processes in Figure 4.1a

and Figure 4.1b respectively. Note the dependence of the Fourier coefficients Lm(K)

on bandwidth dependent variables d(K + A(t)) (see Chapter 2 and in particular (2.43))

and
∫ t

0
dτR(K, τ) from the Fourier coefficient definitions in (4.11) and (4.9). Because of

this we expect that propagation processes with energy magnitudes that vastly exceed the

bandwidth are not supported and therefore have low probabilities of occurrence. This is

important in considering the weight of the process in Figure 4.1a vs. Figure 4.1b for a

particular channel n. For the resonant channel of n = −10, for example, we expect the

process in Figure 4.1a to be less important because of the large amount of propagation

energy change required to reach j = 9 compared to that in Figure 4.1b.
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her(jω0) =
πijF0

T0

∞∑
n=−∞

∫ π/a

−π/a
dK

{
L∗n−j(K)[Ln−1(K)− Ln+1(K)]

β̃n(K)

+
Ln+j(K)[L∗n−1(K)− L∗n+1(K)]

β̃∗n(K)

}

Figure 4.1: Examples of resonant and virtual interband ionization processes for a 1D
δ-function potential solid with parameters: a = 8.9 au, Ω = 0.9 au, Eg = 0.1437 au and
2∆ = 0.2445 au. A sine field of the form F (t) = F0 sin(ω0t) is used with F0 = 0.003 au
and ω0 = Eg/7. Energy changes (∆E) of two processes associated with a given channel
n are shown in (a) and (b) as blue and red arrows and are colour coded according to
blue and red parts of (4.16) rewritten here. Of these processes, dash-dotted and dotted
arrows refer to virtual processes while solid arrows refer to resonant processes. For each,
a purple arrow indicates the propagation energy difference required to reach the fixed
harmonic order j = 9 (green dashed line) for the given ionization process. For parts (a)
and (b) either ±Ens(K)/ω0 is shown in orange with black lines and dots corresponding
to energy changes (∆E) of resonant processes.
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4.1.2 Intraband current

Expression for intraband HHG in terms of ionization processes

We start with the following expression of time-dependent intraband current in terms of

K = k − A(t) from the density matrix approach as in (1.9a) in the introduction:

jra(t) =

∫ π
a

−π
a

dKv[K + A(t)]

∫ t

−T ′
dt′F (t′)d[K + A(t′)]

×
∫ t′

−T ′′
dt′′F (t′′)d∗[K + A(t′′)]e

−iS(K,t′′,t′)− (t′−t′′)
T2 + c.c. (4.21)

Here shifts on Brillouin zone limits of−A(t) have been dropped because of Bloch periodicity.

The lower limits on the two temporal integrals are chosen to be −T ′′ and −T ′ instead

of −∞. We do this because the infinite limits pose limitations on the calculation

with the assumptions we will be using of a monochromatic CW laser field of the form

F (t) = F0 sin(ω0t) and a finite dephasing time T2. Such limitations are due to divergence

of e−t
′/T2 as t′ → −∞ as well as phase indeterminacy of the monochromatic field in that

limit.

Following the steps of section 4.1.2 involving Jacobi-Anger expansion of the action

integral as well as Fourier expansions defined through equations (4.9) to (4.11) we rewrite

the intraband current of (4.21) in full as

jra(t) = −F
2
0

4

∞∑
ν=−∞

∞∑
n=−∞

{∫ π
a

−π
a

dKv[K + A(t)]

∫ t

−T ′
dt′
{
L∗−1−ν(K)− L∗1−ν(K)

}
× e−iβ̃−ν(K)t′

∫ t′

−T ′′
dt′′ {Ln−1(K)− Ln+1(K)} eiβ̃n(K)t′′ +

∫ π
a

−π
a

dKv[K + A(t)]

×
∫ t

−T ′
dt′ {Lν−1(K)− Lν+1(K)} eiβ̃∗ν (K)t′

∫ t′

−T ′′
dt′′
{
L∗−1−n(K)− L∗1−n(K)

}
e−iβ̃

∗
−n(K)t′′

}
,

(4.22)

where n and ν correspond to ionization channel indices from Fourier expansion in the

t′′ and t′ time variables respectively. Both t′′ and t′ are integration variables that result

in transition probability. This is in contrast to interband current that has only one

integration variable over t′ for transition amplitude leading to only one summation index

n in the Fourier series formalism. Although we do not do this here, v[K + A(t)] can

also be Fourier expanded with Fourier coefficients integrated over t such that velocity

channels can be defined.

We now rewrite (4.22) with an alternative summation convention where we let ν → −ν
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in the first term in braces and n → −n for the second term in braces. As result of this

change we obtain:

jra(t) = −F
2
0

4

∞∑
ν=−∞

∞∑
n=−∞

{∫ π
a

−π
a

dKv[K + A(t)]

∫ t

−T ′
dt′
{
L∗ν−1(K)− L∗ν+1(K)

}
× e−iβ̃ν(K)t′

∫ t′

−T ′′
dt′′ {Ln−1(K)− Ln+1(K)} eiβ̃n(K)t′′ +

∫ π
a

−π
a

dKv[K + A(t)]

×
∫ t

−T ′
dt′ {Lν−1(K)− Lν+1(K)} eiβ̃∗ν (K)t′

∫ t′

−T ′′
dt′′
{
L∗n−1(K)− L∗n+1(K)

}
e−iβ̃

∗
n(K)t′′

}
.

(4.23)

This is of no consequence because of the infinite summation limits. We have chosen to

use the given summation convention as it will later provide convenience in considering

resonant vs. non-resonant ionization processes. In much of the analysis that follows we

abbreviate the second term in braces of (4.23) as c.c. with the corresponding summation

convention assumed. That is, we write:

jra(t) = −F
2
0

4

∞∑
ν=−∞

∞∑
n=−∞

∫ π
a

−π
a

dKv[K + A(t)]

∫ t

−T ′
dt′
{
L∗ν−1(K)− L∗ν+1(K)

}
e−iβ̃ν(K)t′

×
∫ t′

−T ′′
dt′′ {Ln−1(K)− Ln+1(K)} eiβ̃n(K)t′′ + c.c. (4.24)

We now directly integrate the two temporal integrals to obtain

jra(t) =
−iF 2

0

4

∑
n,ν

∫ π
a

−π
a

dKv[K + A(t)]
{Ln−1(K)− Ln+1(K)}

β̃n(K)

{
L∗ν−1(K)− L∗ν+1(K)

}
×

[{
ei(n−ν)ω0t − e−i(n−ν)ω0T ′

i(n− ν)ω0

}
− e−iβ̃n(K)T ′′

{
e−iβ̃ν(K)t − eiβ̃ν(K)T ′

−iβ̃ν(K)

}]
+ c.c. (4.25)

If for simplicity we assume T ′′ = T ′ and T ′/T0 ∈ N. Then

jra(t) =
−iF 2

0

4

∑
n,ν

∫ π
a

−π
a

dKv[K + A(t)]
{Ln−1(K)− Ln+1(K)}

β̃n(K)

{
L∗ν−1(K)− L∗ν+1(K)

}
×

[{
ei(n−ν)ω0t − 1

i(n− ν)ω0

}
+

{
1− e−iβ̃n(K)T ′e−iβ̃ν(K)t

−iβ̃ν(K)

}]
+ c.c. (4.26)
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Further we assume T ′ is large so that e−iβ̃n(K)T ′ = e−iβn(K)T ′−T ′/T2 ≈ 0, and

jra(t) =
F 2

0

4

∑
n,ν

∫ π
a

−π
a

dKv[K + A(t)]
{Ln−1(K)− Ln+1(K)}

β̃n(K)

×
{
L∗ν−1(K)− L∗ν+1(K)

}[{1− ei(n−ν)ω0t

(n− ν)ω0

}
+

1

β̃ν(K)

]
+ c.c. (4.27)

Using this, and a Fourier coefficient integral over observation time t, we can write a single

cycle averaged harmonic current expression hra(jω0) analogous to her(jω0) for interband

current. In doing so we obtain

hra(jω0) =
F 2

0

4T0

∑
n,ν

∫ T0

0

dte−ijω0t

{∫ π/a

−π/a
dKv[K + A(t)]

{Ln−1(K)− Ln+1(K)}
β̃n(K)

×
{
L∗ν−1(K)− L∗ν+1(K)

}{1− ei(n−ν)ω0t

(n− ν)ω0

χn6=ν +
1

β̃ν(K)

}
+ c.c.

}
, (4.28)

where χn6=ν = 1 − δn,ν is introduced to remove anharmonic terms that come from(
1− ei(n−ν)ω0t

)
/(n − ν)ω0 when n = ν. We discount these terms as our theory only

allows for analysis of periodic signals. However, we do not even need to consider these

terms because they do not result in harmonic contributions. If we were to use a full

Fourier transform integral to obtain a continuous range of frequencies these terms would

result in frequency broadening about spectral maxima of harmonic intensity.

Finally, note that according to our summation convention defined in (4.23), the

complex conjugate of the term shown within the outer braces of (4.28) is

∫ π/a

−π/a
dKv[K + A(t)]

{
L∗n−1(K)− L∗n+1(K)

}
β̃∗n(K)

{Lν−1(K)− Lν+1(K)}

×
{

1− e−i(n−ν)ω0t

(n− ν)ω0

χn6=ν +
1

β̃∗ν(K)

}
. (4.29)

That is, we took the complex conjugate of the term in braces of (4.28) directly as

it appears. Note that the form we are using can also be understood by interpreting

summation indices directly as how they appear in

hra(jω0) =
F 2

0

2T0

∑
n,ν

∫ T0

0

dte−ijω0tRe

{∫ π/a

−π/a
dKv[K + A(t)]

{Ln−1(K)− Ln+1(K)}
β̃n(K)

×
{
L∗ν−1(K)− L∗ν+1(K)

}{1− ei(n−ν)ω0t

(n− ν)ω0

χn6=ν +
1

β̃ν(K)

}}
, (4.30)
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an alternative form of (4.28).

Classification of ionization channels

Unlike the case with interband HHG where there is only one summation over ionization

channels n, here we must consider pairs of ionization processes (n, ν). Nevertheless,

because of how we set up equation (4.28) with complex conjugate (4.29), we define the

sets of resonant channels for both n and ν in exactly the same way we did for channels n of

interband current as in equations (4.19) and (4.20). Because of this, there are more ways

to classify ionization processes. There can be processes where both channels in a pair are

resonant (pure resonant processes), those that have one of either n or ν being resonant

(mixed processes) and those that have both being virtual (pure virtual processes).

Examples of these processes are shown in Figure 4.2 for a 1D δ-function potential

solid defined by parameters: a = 8.9 au, Ω = 0.9 au, Eg = 0.1437 au and 2∆ = 0.2445

au. A sine field of the form F (t) = F0 sin(ω0t) is used with F0 = 0.003 au and ω0 = Eg/7.

The (n, ν) energy changes are shown by pairs of arrows that are colour coded to hra(jω0)

rewritten below the figure. As with a channel n of interband HHG, each pair of intraband

channels (n, ν) is associated with two processes shown in parts a and b of Figure 4.2. In

Figure 4.2 we do not consider velocity harmonic contribution terms. Examples are given

of pure virtual (dotted arrows), mixed (dashed and dash-dotted arrows) and pure resonant

(solid arrows) processes. Also shown, boxed in red, is an example of a process we exclude

where n = ν = −13 as it leads to a non-sinusoidal signal that we discount from our

theory.

Let us consider Figure 4.2 in the context of resonant channels by considering the

example where (n, ν) = (−16,−15). We see in Figure 4.2a that this process is associated

with resonant excitation with energy change −nω0 = 16ω0 and resonant de-excitation by

energy νω0 = −15ω0. n and ν reverse roles in resonant excitation and de-excitation in the

process of Figure 4.2b. However, it should be noted that the reversal of the sign(s) (and

therefore direction of arrows) of at least one of n and ν results in a non-resonant pair (n, ν).

For the portion of intraband HHG shown in Figure 4.2, given that resonant channels are

negative in our formulation (same reasoning follows as with interband current) and that

the energy difference leading to harmonic order j is (ν − n)ω0 (Figure 4.2a) or (n− ν)ω0

(Figure 4.2b), we observe that a purely resonant process always consists of a resonant

excitation contribution (e.g. n = −16 in Figure 4.2a for (n, ν) = (−16,−15)) and a

resonant de-excitation contribution (e.g. ν = −15 in Figure 4.2a for (n, ν) = (−16,−15)).
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dKv[K + A(t)]

{Ln−1(K)− Ln+1(K)}
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{
L∗ν−1(K)− L∗ν+1(K)

}{1− ei(n−ν)ω0t

(n− ν)ω0

χn6=ν +
1

β̃ν(K)
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+

∫ π/a

−π/a
dKv[K + A(t)]

×
{
L∗n−1(K)− L∗n+1(K)

}
β̃∗n(K)
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{

1− e−i(n−ν)ω0t
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1
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Figure 4.2: Examples of resonant and non-resonant intraband ionization processes for a
1D δ-function potential solid with parameters: a = 8.9 au, Ω = 0.9 au, Eg = 0.1437 au
and 2∆ = 0.2445 au. A sine field of the form F (t) = F0 sin(ω0t) is used with F0 = 0.003 au
and ω0 = Eg/7. ±Ens(K)/ω0 is shown in orange with black lines and dots having absolute
values equal to absolute values of individual resonant channels. Examples of processes
associated with ordered pairs of channels (n, ν) have energy differences (∆E) shown as
pairs of arrows in each figure. Each pair of channels (n, ν) has two processes associated
with them ((a) and (b) correspond to these processes). The arrows are colour coded
according to (4.28) with complex conjugate (4.29) rewritten here. Shown are examples of
pure virtual (dotted arrows), mixed (dashed and dash-dotted arrows) and resonant (solid
arrows) processes. Boxed in red is an example of a case where n = ν leading to a non-
sinusoidal signal that we remove from our theory. Terms relating to velocity harmonics
from v[K + A(t)] are not shown here.
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4.2 Results

4.2.1 Interband and intraband ionization processes based harmonic

spectra

In this section we compare numerical results of interband and intraband harmonic spectra

|her(jω0)|2 and |hra(jω0)|2 calculated according to equations (4.16) and (4.30) respectively.

Furthermore, for both interband and intraband currents, we compare harmonic spectra

constructed only from specific classifications of ionization channels (resonant and virtual

for interband; resonant, virtual and mixed for intraband). In doing so we consider

different 1D δ-function potential solids (see Chapter 2) with similar minimum band

gaps of Eg ≈ 1.4 au and bandwidths 2∆ ranging from 0.0566 au to 0.2445 au to

allow for insight into HHG in wide bandwidth materials like semiconductors vs. narrow

bandwidth materials like insulating dielectrics. In all examples we take the field amplitude

to be F0 = 0.003 au and the laser field angular frequency to be ω0 = Eg/7. To

facilitate numerical calculations we use a relatively short dephasing time of T2 = T0/2 =

π/ω0 so that denominator terms such as 1/β̃n(K) = (βn(K) − i/T2)−1 of (4.16) and

(4.28) do not vary too abruptly for K in the neighbourhoods of ±Kn that fulfill the

condition βn(±Kn) = 0 for resonant channels (same idea for 1/β̃ν(K) terms). All

integrals are calculated numerically via trapezoidal integration except for action integrals,∫ t
0
R(K, τ)dτ , that can be calculated analytically from (4.6b).

Interband

In Figure 4.3a-d are plots of harmonic yield |her(jω0)|2 (along with virtual and resonant

ionization channel only yields) for odd harmonics j for four solids in order of decreasing

bandwidth 2∆. We observe, as should be expected, that high harmonic plateau regions,

above the minimum band gap harmonic j = 7, have greater extents and yields for the

solids that have greater bandwidths 2∆. This is likely because such can support greater

ranges of frequencies for fixed field parameters and similar minimum band gaps Eg.

Despite the variation in bandwidth, we observe similar characteristics in all examples:

the full yields are well represented by resonant ionization processes alone in the high

harmonic plateau region above the minimum band gap Eg (j > (Eg/ω0 = 7)). Virtual

channels generally tend to be of most importance only for low harmonic orders j below

the minimum band gap. Of note is that the full spectrum is not always greater than

the spectra of virtual and resonant channels alone. This demonstrates the importance

of interference, not only constructive but also destructive, between processes associated

with these channels for given harmonic orders. This is indicative of the importance of
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signs/phases of components of interband currents. We consider such interference more

closely in Section 4.2.2.

Figure 4.3: Comparison of full interband HHG spectra (blue squares), to resonant
ionization channel only spectra (green circles) and virtual ionization channel only spectra
(black diamonds). Plots (a)-(d) are given in descending order of solid bandwidths
2∆ = 0.2445, 0.1573, 0.1153, 0.0566 au and are defined in the same order by lattice
parameters a = 8.9, 9.9, 10.5, 11.7 au; barrier strengths Ω = 0.9, 1.2, 1.5, 2.5 au; and
the minimum band gaps Eg = 0.1437, 0.1431, 0.1440, 0.1410 au. For all, the field form
is F (t) = F0 sin(ω0t), with F0 = 0.003 au, ω0 = Eg/7 and dephasing time T2 = π/ω0.
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Intraband

Next, in Figure 4.4a-d we consider intraband harmonic yield |hra(jω0)|2 for the same

four solids as with interband current. Also plotted are harmonic yields corresponding to

ionization channels pairs (n, ν) that are purely resonant, purely virtual, mixed and the

combination of both mixed and purely virtual (at least one part of ionization process is

virtual). As with interband HHG, the extent of yield and high harmonic orders is greater

for solids with greater bandwidths 2∆. In all examples purely resonant ionization channel

pairs have very little influence on the full harmonic yields and the yields corresponding

to such fall off very rapidly from the first harmonic onward. Furthermore, in all examples

the combination of mixed and virtual channels matches very closely with the full result. It

should be stated that both mixed and purely virtual channels are non-resonant because

at least one channel in the pair (n, ν) is not. We therefore observe that in contrast

to the situation with interband current HHG being mostly driven by resonant ionization

processes, intraband HHG is driven mostly by virtual ionization processes. Distinguishing

purely virtual ionization processes from mixed ionization processes we observe that mixed

processes tend to be of most relevance for above minimum band gap harmonics (j > 7).

For the lowest harmonic orders (j = 1, 3), much like the situation with virtual channels

for interband HHG, purely virtual processes are most important. For j = 5 and j = 7,

below and at the minimum band gap respectively, mixed and purely virtual processes

are both of importance and destructively interfere. The only exception to this is for

the narrowest bandwidth material of Figure 4.4d where mixed processes have the most

similarity to the full spectrum.
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Figure 4.4: Comparison of full intraband HHG spectra (blue squares) to those constructed
of purely resonant (green circles), purely virtual (black diamonds), mixed (cyan triangles)
and the combination of mixed and purely virtual (pink crosses) ionization channel pairs
(n, ν). Plots (a)-(d) are given in descending order of solid bandwidths 2∆ = 0.2445,
0.1573, 0.1153, 0.0566 au and are defined in the same order by lattice parameters a = 8.9,
9.9, 10.5, 11.7 au; barrier strengths Ω = 0.9, 1.2, 1.5, 2.5 au; and the minimum band gaps
Eg = 0.1437, 0.1431, 0.1440, 0.1410 au. For all, the field form is F (t) = F0 sin(ω0t), with
F0 = 0.003 au, ω0 = Eg/7 and dephasing time T2 = π/ω0.
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Summary

In summary, our results seem to imply that primarily resonant ionization driven interband

HHG is more significant than non-resonant (mixed and pure virtual channel pairs)

ionization driven intraband HHG. We find that how ionization processes affect HHG

does not vary much by changing solid state bandwidths. However, we will consider these

mechanisms more closely in Sections 4.2.2 and 4.2.3. We will next consider these results

in the context of experimental findings.

Comparison with experiments

Let us discuss these findings in relation to experimental findings. Results for wide

bandwidth materials (like the solid in Figure 4.3a and Figure 4.4a) seem to be in agreement

with certain experiments involving semiconductors [32, 36]. In [36] an HHG experiment

is performed with the semiconductor zinc oxide. In this experiment, odd harmonic

symmetry is broken using a weak second harmonic laser field, and the time delay signature

of second harmonics closely resembles results from an interband simulation. In [32] such

an experiment is performed with magnesium oxide. There, results are attributed to an

electron-hole recollision based interband model.

On the other hand, in [25, 28] HHG experiments are performed with the dielectric

silicon dioxide (polycrystalline). The conclusion of both papers is that intraband current

has greater importance than interband current. These results contradict our findings for

narrow bandwidth materials like that in Figure 4.4d. Nevertheless, the method for which

these conclusions were made are based on comparisons to chosen computational models.

In the model used in the supplement of [28], interband HHG is modelled to be greater than

intraband HHG. The conclusion that intraband HHG was greater from the experiment

was according to closer similarity between the experimental signal characteristics to

those of modelled intraband HHG. Similar is done in [25], but, in the computational

simulation in the corresponding supplement, Coulomb binding energy of excitons is

accounted for. Increasing this binding energy in turn increased the strength of intraband

HHG relative to interband HHG. Despite this, they computationally found similar group

delays (chirps) with harmonic order for interband and intraband currents for different

exciton binding energies, indicating that important characteristics are not lost despite

the introduction of such. The models we use are highly simplified and do not account for

such features as exciton binding energy. In semiconductors screening is often greater than

in dielectrics [54], such that excitonic binding energies are expected to be lower. Although

this may not be an essential difference, this may be part of the explanation as to why

our results agree better for experiments involving semiconductors than those involving
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dielectrics. However, because much of our models can be expressed in simple analytical

terms, they may still be of use for obtaining insight into idealized scenarios or situations

where the strength of HHG in of itself is disregarded for overall spectral characteristics.

In particular, its insight into the importance of virtual vs. resonant ionization processes

may still be of relevance. However, the eventual addition of more complex features into

reasonably simple models as such is still an objective.

To the extent that this model is viable, given the nature of different ionization

processes explored in Figure 4.3 and Figure 4.4 in this section, we would like to have

a better understanding of how such differences arise. We will explore such questions in

the next sections.

4.2.2 Interband HHG more specifically

In this section we regard more closely how ionization channels lead to the harmonic

spectra in Figure 4.3. We focus here on the example with greatest bandwidth material

of Figure 4.3a and the examples with the smallest bandwidth Figure 4.3d. Figure 4.3

provides an overview of the ionization characteristics of interband HHG, but does not

provide indication of how individual ionization channels contribute to the overall result

based on their contributions’ magnitudes and relative phases.

Phase free harmonic spectra

One method to regard this is by calculating interband HHG with relative phases of

summation terms removed from (4.16) by rewriting it as

her(jω0) =
πijF0

T0

∞∑
n=−∞

∣∣∣∣∣
∫ π/a

−π/a
dK

{
L∗n−j(K)[Ln−1(K)− Ln+1(K)]

β̃n(K)

+
Ln+j(K)[L∗n−1(K)− L∗n+1(K)]

β̃∗n(K)

}∣∣∣∣∣. (4.31)

That is we are now taking the absolute value of each summation term. We then compare

phase free results of total, resonant and virtual spectra to actual spectra of Figure 4.3.

Figure 4.5a and Figure 4.5b show the phase free spectra corresponding to the wide

and narrow bandwidth materials of Figure 4.3a and Figure 4.3d respectively. We observe

in both cases that without relative phases, virtual contributions become significantly

more important until regions of spectral fall-off that are beyond the high harmonic

plateaus in Figure 4.3. The importance of virtual ionization channels in the phase

free spectra of Figure 4.5, but not in the original spectra of Figure 4.3 demonstrates
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the importance of destructive interference between interband current contributions of

different virtual ionization channels. By contrast, the resonant ionization spectra do

not differ so much between the original spectra of Figure 4.3 and the phase free spectra

of Figure 4.5. This is particularly seen for the narrow bandwidth material’s spectra of

Figure 4.5b relative to Figure 4.3d where the resonant spectra are the same in both

cases because this solid has only one resonant ionization channel (n = −8) for the given

field configuration (see (4.19)). As for the wide bandwidth material of Figure 4.5a and

Figure 4.3a, there is some degree of destructive interference as its resonant ionization

channels range from -16 to -10. Nevertheless, the extent of this is significantly less than

destructive interference between virtual channels. Overall, we find that, for both wide and

narrow bandwidth materials, virtual ionization processes contribute the greatest overall

magnitude to interband current, but much of these processes destructively interfere so

that resonant ionization processes are the main drivers of interband HHG.
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Figure 4.5: Phase free interband harmonic spectra for (a), the wide bandwidth material
(a = 8.9 au, Ω = 0.9 au, Eg = 0.1437 au, 2∆ = 0.2445 au) of Figure 4.3a and (b), the
narrow bandwidth material (a = 11.7 au, Ω = 2.5 au, Eg = 0.1410 au, 2∆ = 0.0566 au)
of Figure 4.3d. Symbols plotted have meanings analogous to those in Figure 4.3 (blue
squares - total, green circles - resonant, black diamonds - virtual) and field parameters
are the same. That is, for both the field form is F (t) = F0 sin(ω0t), with F0 = 0.003 au,
ω0 = Eg/7 and dephasing time T2 = π/ω0.

Cumulative summation steps over ionization channels

We can further regard individual ionization channel contributions by considering the

harmonic yield calculated from each cumulative summation step in (4.16) for a

representative set of ionization channels n (starting for example from the greatest

magnitude negative channel to the greatest magnitude positive channel). Doing so allows

us to examine the amount of change in harmonic yield resulting from any given step.

It also allows us to pinpoint how channels interfere to give the final full result. We can

regard such as well to observe similarities and differences between how such occurs with

resonant vs. virtual channels.
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To be clear, let us define

h(n)
er (jω0) =

πijF0

T0

n∑
n′=nmin

∫ π/a

−π/a
dK

{
L∗n′−j(K)[Ln′−1(K)− Ln′+1(K)]

β̃n′(K)

+
Ln′+j(K)[L∗n′−1(K)− L∗n′+1(K)]

β̃∗n′(K)

}
, (4.32)

so that the cumulative summation harmonic yield is |h(n)
er (jω0)|2. Using this we plot in

Figure 4.6, for various harmonic orders, log10(|h(n)
er (jω0)|2/|her(jω0)|2), where |her(jω0)|2

corresponds approximately to the summation total (corresponds to results of Figure 4.3;

approximate because summation limits are finite and are given by n = ±23 in Figure

4.6a and n = ±15 in Figure 4.6b). Figure 4.6a corresponds to the wide bandwidth solid

(a = 8.9 au, Ω = 0.9 au, Eg = 0.1437 au, 2∆ = 0.2445 au) of Figure 4.3a and Figure 4.6b

the narrow bandwidth solid (a = 11.7 au, Ω = 2.5 au, Eg = 0.1410 au, 2∆ = 0.0566 au)

of Figure 4.3d.

Considering Figure 4.6a for the wide bandwidth material we observe for harmonic

orders in the plateau region (j = 7 − 17; see Figure 4.3a) that the total harmonic

yield is approximately reached upon summation to the final resonant channel n = −10.

Generally, virtual channels beyond this either result in little change or destructively

interfere. In this region the greatest change is generally contained in the resonant region

while virtual channels below usually contribute little. The trend only differs at lower

harmonic orders where virtual channels above n = −10 have the most significance.

However, even in this region the full range of virtual channels is not needed as many

of their contributions destructively interfere.

Next, considering Figure 4.6b for the narrow bandwidth material we see a similar

trend. For most harmonic orders j = 5 onwards, approximate convergence to the total is

seen at the sole resonant channel n = −8. The significance of processes associated with

n = −8 is therefore clear. Virtual channels above n = −8 are generally insignificant (more

so even than with the wide bandwidth material), but when they are, they destructively

interfere out similarly to the case with the wide bandwidth material in Figure 4.6a.

Virtual channels are only important for low harmonic orders in the same way as with the

wide bandwidth material.

Overall, the results here further assert the importance of resonant transitions compared

to non-resonant transitions as the cause of interband HHG.
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Figure 4.6: Cumulative summations over representative sets of ionization channels n
used for calculating her(jω0) and corresponding spectra |her(jω0)|2 as in Figure 4.3.

Specifically, the colourbar refers to log10(|h(n)
er (jω0)|2/|her(jω0)|2) where |h(n)

er (jω0)|2 from
(4.32) refers to the cumulative summation from the lowest channel displayed to channel n
and |her(jω0)|2 refers to the summation total. Part (a) corresponds to the wide bandwidth
solid (a = 8.9 au, Ω = 0.9 au, Eg = 0.1437 au, 2∆ = 0.2445 au) of Figure 4.3a with
summation minimum nmin = −23 and part (b) the narrow bandwidth solid (a = 11.7 au,
Ω = 2.5 au, Eg = 0.1410 au, 2∆ = 0.0566 au) of Figure 4.3d with summation minimum
nmin = −15. In part (a) the summation total |her(jω0)|2 is calculated from summation
from n = −23 to n = 23 while in (b) such is calculated from n = −15 to n = 15. Plots are
asymmetric about n = 0 because little change is seen beyond maximum positive channels
n displayed. Field parameters: F0 = 0.003 au, ω0 = Eg/7 and T2 = T0/2 = π/ω0.
Dashed and dash-dotted lines refer to greatest and lowest magnitude resonant channels
respectively. Grey spaces are used to indicate results of |h(n)

er (jω0)|2 approximately equal
to the total summation harmonic yield |her(jω0)|2. Grey area ranges are from -0.4908 to
0.3129 in (a) and from -0.2219 to 0.1627 in (b).
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4.2.3 Intraband HHG more specifically

In this section we regard transitions leading to intraband HHG more specifically. We

do this primarily by comparing spectra with phases removed in summation terms for

(n, ν) to actual spectra of Figure 4.4 corresponding to widest and narrowest bandwidth

materials there. For both materials, we will also test an approximation where we set

v[K + A(t)] ≈ v(K), and consider the insight this provides us.

Phase free harmonic spectra

Here we follow the same approach as we did for calculating phase free interband harmonic

spectra. That is we modify (4.28) as

hra(jω0) =
F 2

0

4T0

∑
n,ν

∣∣∣∣∣
∫ T0

0

dte−ijω0t

{∫ π/a

−π/a
dKv[K + A(t)]

{Ln−1(K)− Ln+1(K)}
β̃n(K)

×
{
L∗ν−1(K)− L∗ν+1(K)

}{1− ei(n−ν)ω0t

(n− ν)ω0

χn6=ν +
1

β̃ν(K)

}
+ c.c.

}∣∣∣∣∣, (4.33)

and calculate corresponding phase free spectra from |hra(jω0)|2. The results of such for

the configuration of Figure 4.4 for the wide bandwidth material (a = 8.9 au, Ω = 0.9

au, Eg = 0.1437 au, 2∆ = 0.2445 au) and the narrow bandwidth material (a = 11.7 au,

Ω = 2.5 au, Eg = 0.1410 au, 2∆ = 0.0566 au) are shown in Figure 4.7.

We observe for both materials of Figure 4.7 that non-resonant processes (pure virtual

and mixed) overwhelmingly carry the majority of weight. Of these non-resonant processes,

pure virtual processes hold greater weight than mixed processes. Nevertheless, in the

actual spectra of Figure 4.4a (wide bandwidth material) and Figure 4.4d (low bandwidth

material), we observe that high harmonics are primarily dominated by mixed channel

processes. This demonstrates a significant degree of destructive interference amongst

pure virtual processes (we would expect in a similar way as with virtual interband

channels shown in Figure 4.6) and not amongst mixed channel processes. Despite this,

virtual processes still retain greater importance than purely resonant processes that carry

negligible weight.
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Figure 4.7: Phase free intraband harmonic spectra for (a), the wide bandwidth material
(a = 8.9 au, Ω = 0.9 au, Eg = 0.1437 au, 2∆ = 0.2445 au) of Figure 4.4a and (b), the
narrow bandwidth material (a = 11.7 au, Ω = 2.5 au, Eg = 0.1410 au, 2∆ = 0.0566 au)
of Figure 4.4d. Symbols plotted have meanings analogous to those in Figure 4.4 (blue
squares - total, green circles - pure resonant, black diamonds - pure virtual, cyan triangles
- mixed, pink crosses - mixed and virtual) and field parameters are the same. That is, for
both the field form is F (t) = F0 sin(ω0t), with F0 = 0.003 au, ω0 = Eg/7 and dephasing
time T2 = π/ω0.

The v[K + A(t)] ≈ v(K) approximation

Finally, let us consider an approximation where we set v[K+A(t)] = v(K). That is, within

the context of the velocity gauge (K = k − A(t)), we remove the oscillating part that

could possibly contribute to HHG. Within this context, transition processes associated

with channel pairs (n, ν) could be taken as direct drivers of HHG. The processes leading

to such can then be described exactly as shown in Figure 4.2. That is Figure 4.2a

corresponds to j = ν − n and Figure 4.2b corresponds to j = n− ν. Furthermore, in the

context of positive harmonic orders (j > 0), we would only need to consider one of the

processes for any given pair (n, ν) where n 6= ν.
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In the context of a nearest-neighbour band gap Eg(K) = Eg + ∆ {1− cos(Ka)} the

velocity term is given by v(K) = ∂KEg(K) = a∆ sin(Ka). For a sine field of the form

F (t) = F0 sin(ω0t), the vector potential is given by A(t) = (F0/ω0) cos(ω0t) so that

v[K + A(t)] = a∆ sin[Ka + ωb/ω0 cos(ω0t)], with Bloch angular frequency ωb = F0a.

Therefore, for a small ratio ωb/ω0 we expect that we can neglect corresponding small

amplitude oscillations about Ka values.

In Figure 4.8 we test this approximation (green circles) compared to the full result

(blue squares; same as in Figure 4.4) for the widest bandwidth material (a = 8.9 au, Ω =

0.9 au, Eg = 0.1437 au, 2∆ = 0.2445 au) and narrowest bandwidth material (a = 11.7 au,

Ω = 2.5 au, Eg = 0.1410 au, 2∆ = 0.0566 au) configurations of Figure 4.4. That is we use

field parameters: F0 = 0.003 au, ω0 = Eg/7 and T2 = T0/2 = π/ω0. We observe that the

approximation works better for the wide bandwidth material than it does for the narrow

bandwidth material. Note that the ratio ωb/ω0 ≈ 1.301 for the wide bandwidth material

configuration while it is ≈ 1.743 for the narrow bandwidth material. Although greater

than one, the fact that this ratio is smaller for the wide bandwidth material is the most

likely explanation for the better approximation there. This is despite the wide bandwidth

material having a larger velocity amplitude of a∆ ≈ 1.088 au than that of the narrow

bandwidth material with a∆ ≈ 0.3311 au. This demonstrates the potential usefulness

of this approximation for simplifying analytical intraband calculations. Furthermore,

our reason for testing this approximation for these particular examples is because in

the context of our discussions about transitions associated with channel pairs (n, ν),

we observe that these transitions are the primary drivers of intraband HHG for the

wide bandwidth configuration, while with the narrow bandwidth configuration, one must

consider the effect of nonlinear velocity oscillations with t in addition to these transitions.

In addition, because mixed channel non-resonant transitions dominate the high harmonic

plateau of the wide bandwidth material’s spectrum as in Figure 4.4a, we note that

thinking about intraband HHG being caused directly by these transitions is a valid

approximation.
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Figure 4.8: Comparison of intraband harmonic yields |hra(jω0)|2 calculated using (4.30)
with the approximation v[K+A(t)] ≈ v(K) (green circles) and without the approximation
(blue squares). Part (a) corresponds to the wide bandwidth solid (a = 8.9 au, Ω = 0.9
au, Eg = 0.1437 au, 2∆ = 0.2445 au) of Figure 4.4a and part (b) the narrow bandwidth
solid (a = 11.7 au, Ω = 2.5 au, Eg = 0.1410 au, 2∆ = 0.0566 au) of Figure 4.4d. Field
parameters: F0 = 0.003 au, ω0 = Eg/7 and T2 = T0/2 = π/ω0.
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Chapter 5

Conclusion

In this thesis we tried to gain a better understanding of prevailing mechanisms leading

HHG in solids. We explored the mechanisms leading to HHG in solids by implementing

a 1D δ-function potential of solids into a two-band model of interband and intraband

current. We found that the 1D δ-function model provides a simple means of modelling

electronic properties of solids required of the two-band model such as band gaps and dipole

moments. We then constructed a WQC model for interband HHG in semiconductors by

transforming k-space dependent Bloch dipole moments to the real space Wannier basis,

and then applying the saddle point approximation. Using the 1D δ-function potential

model we formulated, we found that this model demonstrated reasonable quantitative

agreement with a fully numerical model. Furthermore, we found that this model provided

an intuitive description of HHG in semiconductors in a ‘three-step’ model of ionization,

acceleration and recollision of electron-hole pairs. Given that interband HHG has been

demonstrated by experiments [32, 37] to be the dominant mechanism in semiconductors,

we find that the WQC model explains the most important dynamics there. In the

final chapter we approached HHG from a different perspective. We used methodology

similar to that of Keldysh in [48] to examine the importance of resonant as well as

non-resonant valence-conduction band transitions leading to interband HHG as well as

intraband HHG in solids. Using the 1D δ-function potential model we developed, we

found interband HHG to be primarily driven by resonant transitions and intraband HHG

to be driven primarily by non-resonant processes. In both cases we noted that non-

resonant transitions carried the most weight when phases of individual transitions were

neglected. Nevertheless, destructive interference of non-resonant processes diminished its

importance for interband HHG while this interference was lesser with intraband HHG. We

saw similar results in narrow bandwidth modelled solids and wide bandwidth modelled

solids with interband HHG dominating in all cases. We found this to be consistent

with semiconductor experiments [32, 37] where interband HHG was found to dominate,

but inconsistent with dielectric experiments [25, 28] where intraband current dominates.
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Despite this, we considered the model to provide qualitative HHG characteristics in an

idealized scenario where effects such as electron-hole Coulomb forces are neglected.

Although the results of the simple models used in this thesis are certainly non-

exhaustive in explaining HHG in solids, we considered new ways of comprehending the

relevant dynamics of such. Building on these simple models by adding such features as

electron-hole Coulomb forces and thermal effects should hopefully improve understanding

further. The improved understanding of HHG in solids will hopefully eventually allow

for better control of such in its applications such as being an all-optical tabletop XUV

source [28] and being a means to probe solid state quantum dynamics [37].
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Appendix A

Hartree atomic units

Hartree atomic units (au) are convenient for calculations on scales relevant in atomic

and molecular physics. The system of units is formed by setting ~ = me = e = 4πε0 = 1;

where ~ is Planck’s reduced constant, me is electronic mass, e is the absolute value of

electronic charge and ε0 is the vacuum permittivity [55]. For example, by using these

constants the unit of length can be constructed with the relation

4πε0~2

mee2
=

~
αmec

= a0, (A.1)

where the fine structure constant α = e2/4πε0~c (α−1 ≈ 137.036) [55] is commonly used

for expressing atomic units. As can be seen, the length scale is equivalent to the first

Bohr radius a0. A second example is the unit of energy given by

Eh =
e2

4πε0a0

= α2mec
2. (A.2)

This is known as Hartree energy and corresponds to double the ionization energy of a

hydrogen atom in the limit of infinite nuclear mass [55]. Expressions for other atomic

units and their equivalent values in terms of SI units are given in Table A.1.
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Table A.1: Expressions defining units of various physical quantities in Hartree atomic
units and their equivalent values in terms of SI units (rounded to six significant figures)
[55].

Quantity Expression SI units

Length a0 0.529177× 10−10 m

Mass me 0.910938× 10−30 kg

Charge e 1.60218× 10−19 C

Energy Eh 4.35974× 10−18 J

Action ~ 1.05457× 10−34 J·s

Time ~/Eh 2.41888× 10−17 s

Velocity αc 2.18769× 106 m/s

Electric field Eh/ea0 = α~c/ea2
0 0.514221× 1012 V/m

Force Eh/a0 0.823872× 10−7 N

Power E2
h/~ 0.180238 W

Intensity E2
h/~a2

0 64.3641× 1018 W/m2

67



Bibliography

[1] A. Einstein. On the quantum theory of radiation. 1917.

[2] J. P. Gordon, H. J. Zeiger, and C. H. Townes. Molecular microwave oscillator and new

hyperfine structure in the microwave spectrum of nh3. Physical review, 95(1):282–

284, 1954.

[3] T. H. Maiman. Stimulated optical radiation in ruby. Nature (London),

187(4736):493–494, 1960.

[4] J. Levesque and P. B. Corkum. Attosecond science and technology. Canadian Journal

of Physics, 84(1):1–18, 2006.

[5] P. W. Milonni and J. H. Eberly. Laser physics. Wiley-Blackwell, Oxford, 2010.

[6] M. DiDomenico. Small-signal analysis of internal (coupling-type) modulation of

lasers. Journal of applied physics, 35(10):2870–2876, 1964.

[7] L. E. Hargrove, R. L. Fork, and M. A. Pollack. Locking of he-ne laser modes induced

by synchronous intracavity modulation. Applied physics letters, 5(1):4–5, 1964.

[8] T. Brabec and F. Krausz. Intense few-cycle laser fields: Frontiers of nonlinear optics.

Reviews of modern physics, 72(2):545–591, 2000.

[9] A. H. Zewail. Laser femtochemistry. Science (American Association for the

Advancement of Science), 242(4886):1645–1653, 1988.

[10] P. B Corkum and F. Krausz. Attosecond science. Nature physics, 3(6):381–387,

2007.

[11] N. Bloembergen. Nonlinear optics. 1965.

[12] P. A. Franken, A. E. Hill, C. W. Peters, and G. Weinreich. Generation of optical

harmonics. Physical review letters, 7(4):118, 1961.

68



[13] P. M. Paul and T. Le. Observation of a train of attosecond pulses from high

harmonic generation. Science (American Association for the Advancement of

Science), 292(5522):1689–1692, 2001.

[14] M. Hentschel, R. Kienberger, C. Spielmann, G. A. Reider, N. Milosevic, T. Brabec,

P. Corkum, U. Heinzmann, M. Drescher, and F. Krausz. Attosecond metrology.

Nature (London), 414(6863):509–513, 2001.

[15] P. B. Corkum. Plasma perspective on strong field multiphoton ionization. Physical

review letters, 71(13):1994–1997, 1993.

[16] M. Drescher, M. Hentschel, R. Kienberger, M. Uiberacker, V. Yakovlev, A. Scrinzi,

T. Westerwalbesloh, U. Kleineberg, U. Heinzmann, and F. Krausz. Time-resolved

atomic inner-shell spectroscopy. Nature (London), 419(6909):803–807, 2002.

[17] N. Milosevic, P. B. Corkum, and T. Brabec. How to use lasers for imaging attosecond

dynamics of nuclear processes. Physical review letters, 92(1), 2004.

[18] J. Itatani, J. Levesque, D. Zeidler, H. Niikura, H. Pépin, J. C. Kieffer, P. B. Corkum,
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