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Abstract

This thesis concerns applications of some probabilistic tools to phylogeny reconstruc-
tion and population genetics. Modelling the evolution of species by continuous-time
random walks on the signed permutation groups, we study the asymptotic medians
of a set of random permutations sampled from simple random walks at time 0.25¢n,
for ¢ > 0. Running k independent random walks all starting at identity, we prove
that the medians approximate the ancestor (identity permutation) up to time 0.25n,
while there exists a constant ¢ > 1 after which the medians loose credibility as an
estimator. We study the median of a set of random permutations on the symmetric
group endowed with different metrics. In particular, for a special metric of dissim-
ilarity, called breakpoint, where the space is not geodesic, we find a large group of
medians of random permutations using the concept of partial geodesics (or geodesic
patches).

Also, we study the Fleming-Viot process in random environment (FVRE) via
martingale and duality methods. We develop the duality method to the case of time-
dependent and quenched martingale problems. Using a family of dual processes we
prove the convergence of the Moran processes in random environments to FVRE in
Skorokhod topology. We also study the long-time behaviour of FVRE and prove
the existence of equilibrium for the joint annealed-environment process and prove an

ergodic theorem for the latter.
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Chapter 1

Introduction

1.1 Overview of the thesis

This thesis reports the applications of some mathematical tools, from probability and
discrete geometry in particular, to comparative genomics, phylogeny reconstruction,
and population genetics. Today, the application of mathematics in both modelling
biology structures and in analysing existing models and data is growing very fast.
Among the biological fields in which mathematics has been applied successfully, one
can mention molecular biology, genomics, cancer genomics, phylogeny reconstruction,
population genetics, etc.[26, 19, 53, 25, 8, 62]. This thesis concerns some problems for
both backward and forward stochastic models which arise, respectively, in genome-
level phylogenetic reconstruction and long time behaviour in population dynamics
with environmental changes. In the latter the role of natural selection is emphasized
in a time-varying environment and the adaptation of the population with respect to
this parameter is studied. Studying species from points of view of both its genetic
variations and its large scale genomic evolution is a major research concern of con-
temporary biology. The role of mathematics in inferring phylogenetic trees has been

highlighted in recent years, and many mathematical tools are developed to better
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understand the evolutionary history of species[48, 17]. On the other hand, the foun-
dation of modern population genetics is based on mathematical tools, and one can see
the trace of probability theory and the theory of differential equations in most parts
of this field. In general, firstly, mathematics develops tools by which one can analyse
the observed data and, secondly, serves as a measure of correctness and exactness
for developing theories in biology. In the second case, combining mathematical and
algorithmic tools, may not only finds the limitations of an informal theory, but can

also lead the theory to become more precise.

From the mathematical point of view, in the case of genome rearrangement, we
study certain relations between simple random walks on the Cayley graph of the
symmetric group on n points and its asymptotic local geometry. In fact, because of
some biological applications, we are interested in special subgroups of the symmetric
groups. In this thesis, we concern the problem of the medians of random permutations
sampled from simple random walks on the Cayley graph of symmetric groups with
respect to certain generating sets. In fact the Cayley graphs of any finitely generated
group are quasi-isometric. Therefore, it is not far from reality to have some asymp-
totically invariant geometric properties for finite symmetric groups with respect to
different word metrics. In the level of asymptotic geometry, when one studies the
behaviour of symmetric groups S, as n — oo, with a convenient rescaling of the
metrics, some behaviours of Cayley graphs with respect to different generating sets
are similar. This can be measured by means of simple random walks. In fact simple
random walks have valuable information about the local geometry of the group. In
the biological context, the random walk could correspond to chromosome changes,
for example reversal, under reproduction. For the purpose of this thesis, our objec-
tive is to measure the credibility of the geometric median of £ random permutations
sampled from k independent simple random walks at time cn (where ¢ > 0, and all

random walks start at a same permutation, say identity) as a means of estimating
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the starting state. That is we look for cases in which the median is not far from the
starting state of the random walks. This is applied when the evolution of genomes is
modelled by continuous-time random walks on the permutation groups when a per-
mutation represents a genome. As discussed, most of the results in Chapters 2 and
3 remain true for different metrics in symmetric groups including the transposition
metric. However for its biological importance, we formulate results for the reversal
metric and the reversal random walk on a subgroup of the symmetric group on 2n

elements, namely signed symmetric groups .

Another measure of dissimilarity of genomes is the breakpoint distance. FEn-
dowed with this pseudometric distance, the symmetric group is not a discrete geodesic
space. Understanding the importance of discrete geodesics to determine the median
points in the problems studied in Chapters 2 and 3, we try to generalize the notion of
geodesics to partial geodesics (p-geodesics or geodesic patches). In fact the concept of
non-trivial p-geodesics can serve as an interesting concept in many different problems
corresponding to non-geodesic spaces. Chapter 4 studies the asymptotic breakpoint

medians of finitely many random permutations.

Probabilistic models play a crucial role in population genetics. In particular, for
a long time, different popular models in interacting particle systems have been used
to model several population dynamics. In fact two important mechanisms of evolu-
tion in population dynamics, namely mutation and natural selection, are better to be
understood as random time-varying parameters. The dynamics of a population is ef-
fected by environmental changes. In fact, the genetic variations exist in the genomes
of species and these variations, in turn, are in interaction with the environments.
Natural selection, as the most important mechanism of evolution, favors the fitter
type in an organism. The fitness of different types determines the role of "natural

selection” in a population and depends on an important environmental parameter.
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It is a function of environmental changes and other evolutionary mechanisms, i.e.
mutation and genetic drift. Subsequently, an important question is the effect of en-
vironmental changes on the structure of the population. “Adaptive processes have
taken centre in molecular evolutionary biology. Time dependent fitness functions has
opposing effects on adaptation. Rapid fluctuations enhance the stochasticity of the
evolutionary process and impede long-term adaptation.[45]” In other words, living in
rapidly varying environments, a population is not able to adapt to the environment.
Because of simplicity, the existing probabilistic models in population genetics mainly
concern problems in which the natural selection is not time-dependent. This decreases
the validity of models and does not allow the study of the interactions between the
environment and the population. In other words, they cannot explain the real effect
of the environment on adaptation of a population system. In fact, it is both more

realistic and also challenging to have a random environment varying in time.

Chapter 5 studies long time behaviours of some countable probabilistic popula-
tion dynamics in random environment. For this purpose we make use of the mar-
tingale problem and the duality method and we develop a generalization of existing
methods in the literature to the case of time-dependent Markov processes. Specially,
the duality method has been studied for time-inhomogeneous Markov processes. In
the case of their existence, dual processes are powerful tools to prove uniqueness
of martingale problems and to understand the long-time behaviour of Markov pro-
cesses. We apply these methods in order to define the Fleming-Viot process in random
environment. In fact this process arises as a weak limit of the so called Moran pro-
cesses in random environment which are natural generalizations of their counterpart
in deterministic environment. Characterizing the solutions of Fleming-Viot process
in random environment, we study its long-time behaviour through the long-time be-

haviour of its dual process.
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1.2 Random walks on the symmetric group and

the median problem

1.2.1 Some word metrics on (signed) symmetric groups

When there is no duplication, unichromosomal genomes are represented by per-
mutations or signed permutations. A signed permutation 7 is a permutation on

{£1,...,£n} such that 7_; = —m;, and is denoted by

(—1 +1 .. —n +n)7 (1.2.1)

M1 T41 oo T T4p
or simply by

T A1 Ty M- (1.2.2)

Each number represents a gene or a marker in the genome while the signs indicate
the orientation of genes. In the genome representation, we let i), := +¢ and #; := —1,
for ¢ = 1,...,n, indicating the head and the tail of the gene i, respectively. The set
of all signed permutations of length n with the composition multiplication is a group
called the signed symmetric group (or hyperoctahedral group) of order n denoted by
S#£. Note that the composition of permutations is applied from right to left. In fact,
there exists a group monomorphism from ST into S,,, where S, is the symmetric
group of order m € N. Equivalently, S& can be defined as the wreath product of S,
and 5, that is

SE =5518,. (1.2.3)
Genome rearrangement is the study of large scale mutations, rearrangements, over the
set of genomes or (signed) permutations. An example of rearrangements is reversal
(inversion). Let 7 be a (signed) permutation. A reversal is a permutation acting on
7 that reverses a segment 7_;m;, ..., m_;m; and keeps the other positions unchanged,
that is, for 1 < i < j <mn, the reversal p(i, j) is defined by the permutation

(—1 +1.. (-1 +@G—-1) —i +i.. —j +j —@G+1) +G+1) .. —n —|—n>
-1 4+1.. —(G—-1) +(G-1) +j —j..+i —i —(G+1) +@(G+1) ... —n +(n ')
1.2.4
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The set of all reversal permutations generates S&. The reversal distance (metric)
is the minimum number of reversal permutations needed to transform a permutation
into another. In other words, the reversal distance is the graph metric on the Cayley
graph of the symmetric group with respect to reversals as the generating set. Another
popular metric on (signed) permutation groups is (signed) transposition distance
which is the graph metric on Cayley graph of (signed) permutations with respect to
transpositions. An example of a more complicated genome rearrangement is Double-
Cut and Join (DCJ). Roughly speaking consider a linear genome as a linear segment.
Double cut and join is a genomic operator that cuts the line in two different positions
between genes and rejoins the segments in the freed positions in one of two possible
ways, where one way gives the reversal while the other possible rejoining way gives two
new chromosomes, one linear and the other one circular, i.e. one line segment and one
circle. We can define the same operator not only on unichromosomal linear genomes,
but also on multichromosomal genomes with linear or circular chromosomes. Starting
at a linear chromosome, the iteration of DCJ operators always gives a union of a single
linear chromosome along possibly with some other circular chromosomes. Adding the
extra number 0 at one end of the linear chromosome and joining its two sides together,
the linear chromosome can be represented as a circular chromosome including 0.
Representing genes by numbers, cycles become the permutation cycles, and hence,
whole genome can be represented as an element of the permutation group with an
extra number 0. A restricted DCJ is a combination of two consecutive DCJ operators
on a linear chromosome, that the first splits the linear chromosome to one linear
and one circular chromosomes, and immediately after the creation of the circular
chromosome, another DCJ between the linear and the circular chromosomes occurs

which causes two chromosomes to be united once again as a new linear chromosome.
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1.2.2 Geometric medians and approximating the true ances-

tors in special random evolutionary models

A geometric median of a finite subset A (with possible multiplicities) of a metric space
(S,d) is a point of the space (not necessarily unique) that minimizes the total dis-
tance to points of A, i.e. dp(z, A) := > d(x,a). The set of all medians of A is called
the median set. The median problerrf E}fas played an important role in parsimonious
phylogenetics. However the question of credibility of medians in approximating the
true ancestor remained unanswered for a long time. Some simulation studies suggest
that, in certain random evolutionary models, medians fail to approximate the ances-
tor after genomes have been involved in the evolution for a long time. An example of
such studies can be seen in work of Zheng and Sankoff [66] , in 2010, who observed
that for three independently evolving genomes, all starting at a same ancestor, after
time, approximately, 0.25n, where n is the number of genes in the genomes, their
heuristic median solution does not match the true ancestor, while before this time it
does. Motivated by their work, it is natural to ask when medians are able to give
information about the true ancestor. Chapters 2 and 3 are devoted to answer this
question, when the genome space, ST, is endowed with reversal distance and the evo-
lution process is modelled by a continuous-time reversal random walk in which the
jumps occur at Poisson times of rate 1. Upon a reversal jump two locations of the
permutation are chosen uniformly at random (with replacement), and the segment
including them (between them) will be reversed. In other words, we can think of
a reversal random walk as a simple random walk on the Cayley graph of ST with
respect to reversals as the generating set. Consider k£ independent reversal random
walks X" = (Xti’")tzo, i =1,...,k. We are interested in the asymptotic median set
and the asymptotic median value of the permutations sampled from random walks
X" at time cn, where ¢ > 0 is a constant and n — oco. We are to see that the

1

medians well approximate the true ancestors for ¢ < 7. We show that there exists



1. Introduction

a constant 0.75 ~ ¢* > i for which, after time c¢*n, the median cannot approximate
the initial state anymore. In fact, we conjecture that a phase transition occurs at the

time § and, after this time, the median is no longer a good estimator of the ancestor.

Our studies show that, in a general continuous-time random walk X = (X;):>0

on a discrete metric space (5, d), the median remains a good estimator of the initial

D(t) = d(Xo, Xy),

state, Xy, under the assumptions of linearity of the distance function

asymptotically almost surely (a.a.s.), and symmetry of the state space S. More
explicitly, the median well approximates X if
1) there exists a sequence of positive real numbers (a,)nen, Where lim,, o a, = 00
and a, < n (a,/n — 0 as n — o0), such that for any 0 < ¢ < ¢/,
—d(Xo, Xen , .
(Xo, ) — 0 in probability, (1.2.5)

Qn

d(X07 ch) + d(ch7 Xc’n)

and
(1.2.6)

X07 Xs+t)7

2) for any s,t > 0,
where Y = (Y;),>0, with Y5 = Xj, is an independent version of X on S. That

is, for any s,t > 0, d(X,, Y;) and d(Xo, Xs4¢) have the same distribution.
The latter condition holds when the state space is a Cayley graph of a group.
For simplicity, we formulate the results only for the reversal random walk on

as all the transposition random walk on S,, double cut and join (DCJ), and

Si
restricted DCJ random walks on ST have the same behaviour, and it can be shown
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that the results are true for them. It is shown by N. Berestycki and R. Durrett in
“A phase transition in the random transposition random walk [2]” that the speed
of escape of transposition random walk (X;);>o on the symmetric group S,, endowed
with the transposition metric dy,. := dj., starting at the identity permutation e, is
close to the maximum value 1 up to time c¢n where ¢ < 1/2. Therefore, the linearity
of the distance can be concluded. A phase transition happens after this time, and
the distance dy.(e,, X,) will be sublinear a.a.s.. They proved the similar result for
the reversal random walk on S¥ endowed with the DCJ metric. We show that the
same result is true for the reversal random walk on S endowed with the reversal
metric. Considering k independent reversal random walks X" = (X}")=0, i =
1,..., k, all starting at identity, we prove that, after a convenient rescaling, the identity
permutation (the true ancestor) is an asymptotic median of V,, := {XLn .. Xkn

for ¢ < 1/4 while this is not true when ¢ > 3/4. In fact we conjecture that for any
¢ > 1/4 the median value does not remain a good estimator of the true ancestor. We

also find the approximate positions of all the medians of V,,, for ¢ < 1/4. From the

algorithmic point of view, this reduces the median search space significantly.

1.3 Break point median and random permutations

1.3.1 Non-geodesic structure of the symmetric group under

the breakpoint metric

Breakpoints are among the first concepts used by biologists for comparing two genomes.
In Chapter 4 we study the break point (bp) median value and median set of &k inde-
pendent random permutations, as random linear genomes. The method should carry
over to other similar models such as signed permutations and cyclic permutations.
For a permutation 7 := m;...m, we define the set of adjacencies of m to be all the

unordered pairs {m;, m;11} = {mi41,m}. We denote by A,, the set of all common



1. Introduction 10

adjacencies of x,y € S,. The breakpoint (bp) distance between x and y is defined
to be dz()Z) (x,y) '=n—1—|A;,|, where |A,,| is the cardinality of A,,. The bp
distance is a pseudometric because of non-reflexiveness. We say z is equivalent to
y if and only if dl()z) (x,y) = 0. The equivalence class containing 7 is represented by
[7] and contains exactly two permutations, 7y, ..., 7, and m,, ..., 7. The bp distance,
a metric on the set of all equivalence classes of S, denoted by S, =5, / ~, is de-
fined by d,()z)([a:], ly]) = déz)(:c, y). S, is not a geodesic metric space. In the absence
of geodesics we introduce the notion of partial geodesics (p-geodesics). In a metric
space (S,d), a partial geodesic between x,y € S is a maximal subset of S containing
x and y which is isometrically embedded in a subsegment (not necessarily contiguous)
of the line segment [0, 1, ...,d(z,y)]. For any point z on a partial geodesic between
x,y, we have d(z,y) = d(z,z) + d(z,y). A non-trivial p-geodesic is one with at least
three points. We denote the set of all permutations lying on p-geodesics connecting

z,y € S, by [z,y].

1.3.2 Breakpoint median value of £ random permutations

For k£ random permutations, the bp median value takes its maximum possible value
(k—1)(n — 1) after a convenient rescaling a.a.s.. By choosing two points at random,
the number of common adjacencies is very small with high probability and the case is
similar to when two permutations are at the maximum distance n — 1. In the later, it
is not hard to see that each median of £ genomes with pairwisely maximum distances
from each other, should take its adjacencies only from the union of adjacencies of
those k permutations, and this is the reason for the fact that the median value takes

its maximum possible value.
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1.3.3 Breakpoint medians of £ random permutations

To know the positions of bp medians, we need the concept of accessibility. Let X :=
{z1,...,z1} be a subset of S’n We say a permutation class z € Sn is 1-accessible from
X if there exists an m € N, a finite sequence yy, ..., y,, where y; € X and 2z, ..., zp,,
where z; € Sn such that 21 =y, 2, = 2z and 2z, € m fori=1,...,m — 1. The
set of all 1-accessible points from X is denoted by Z;(X) := Z(X). By induction we
define the set of all r-accessible permutation classes to be Z,1(X) := Z(Z,.(X)). A
permutation class z is said to be accessible from X if there exists » € N such that
z € Z.(X). We denote the set of all accessible points by Z(X) = Uyenuior Zr(X).
Roughly speaking, if X contains k random permutations, then we can show that
Z(X) is contained in the bp median set of X a.a.s. with a convenient rescaling. One

can ask if the converse is true. In other words, do we have Z(X) = M(X)?

1.4 Population models in random environments

Chapter 5 studies the population models in random environment. The classic Moran
process is a basic population model which models a population with N individuals
with types in a metric space I. In this section we introduce a finite population
system in random environment, namely the Moran process in random environment.
For N € N, Let My := {1, ..., N} be the set of individuals in a population. Let I be
a metric space. In the sequel, we always assume that I is compact. Let (Q,P, F) be
a probability measure space. In general, a bounded fitness process is a measurable
stochastic process e : Q@ x Ry x I — [0,1]. For simplicity, we let e;(.) = e(t,.).
Consider the families of independent Poisson point processes 7%/, with rate v > 0 and

") with rate & > 0 for every ordered pair of individuals (4, j), and 7! . with rate

el N
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B > 0 for every individual 7. Let

v oordered i # j € My}
Toe = {70 - ordered i # j € My} (1.4.1)

Tres = {ﬂ-i’j

Tomut = {7 21 € My}
A particle Moran process with N individuals, denoted by Y = YV¢ = (Y™V¢(¢));50
(we drop N and e when there is no risk of ambiguity), is a purely jump Markov

process on the state space IV with
YVe(t) = (YlN’e(t), ...,Y]f,v’e(t)) (1.4.2)

for t > 0, where for any i € My, Y; : Q@ x R, — [ is a purely jump Markov process.
In fact the process Y; can be interpreted as the configuration (type) process, namely
each individual carries an allele or type (also called configuration) during the time
[0,00). The process Y evolves as a purely jump Markov process where the jumps
occur at random Poisson times 7 = s U Toep U - Let Yo = (uy, ..., un) € IV be
the starting state. At every random time 7 € 7%/ the individuals 4,j involve in a
resampling event with probability %, and with probability % no jump occurs. Upon a
resampling event between ¢ and j the individual j dies and is replaced by an offspring
of the individual 7. In other words, the type of j, i.e. Yj(7), is replaced by the type

7
mut)

of i, Y;(7). Similarly, for any ¢ = 1,..., N, at a random time 7 € 7 Y;(7) jumps

according to a one step probability kernel on I, namely ¢(x,dy). This is called the

1,3

mutation kernel. Finally, at a random time 7 € 7,

for a pair of individuals (i, ),
a selective event occurs with probability e.(Y;(7)) where the individual j dies and
is replaced by an offspring of the individual 7. At this time, there is no jump with

probability 1 — e, (Y;(7)).

Note that, always, there exist constants ', 5 > 0 and probability kernels ¢'(dy)
and ¢"(x, dy), where

Bq(x,dy) = B'q'(dy) + B"q" (v, dy). (1.4.3)
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We call ¢'(dy) the parent-independent component of the mutation.

Considering the frequency of alleles at each time, it is convenient to project YV
onto a purely atomic (with at most N atoms) measure-valued process on P¥ (), that
is the space of probability measures on I with at most N atoms. More precisely, for

any t > 0, let
N
. 1
H(t) = % ; Oy ey (1.4.4)

where, for a € I, J, is the delta measure on a. For some results in this thesis, we
assume that e is independent of the initial distribution of u$, and also independent
of Poisson times of jumps (for the dual process). Let E be a compact subset of
C(1,[0,1]) equipped with the sup-norm topology. We assume that the fitness process
is a measurable stochastic process with sample paths in Dg[0, 00), the space of cadlag
functions endowed with the Skorokhod topology. Letting N — oo, the Fleming-Viot
process in random environment arises as the weak limit of p% in Dg[0,00). We
characterize this process as a solution to a martingale problem in random environment
(called quenched martingale problem). The main purpose of Chapter 5 is the study of
the long-time behaviour of Fleming-Viot processes in random environment. In order
to do that, we develop the duality method to the case of time-dependent martingale

problems.



Chapter 2

Phase change for the accuracy of
the median value in estimating
divergence time:

In this chapter, we prove that for general models of random gene-order evolution of
k > 3 genomes, as the number of genes n goes to co, the median value approximates
k times the divergence time if the number of rearrangements is less than cn/4 for any
¢ < 1. For some ¢* > 1, if the number of rearrangements is greater than ¢*n/4, this

approximation does not hold.

2.1 Introduction

The iterative improvement of approximate solutions to the Steiner tree problem by
optimizing one internal vertex at a time has a substantial history in the “small phy-
logeny” problem for parsimony-based phylogenetics, both at the sequence level [51]
and the gene order level [4]. It has been generalized to iterative local subtree opti-
mization methods, such as “tree-window-hill” [49] and “disc covering” [32, 60]. Here
we focus on the “median problem” for gene order, where we estimate the location

of a single point (the median) in a metric space, given the location of the three or

IThis chapter is basically the paper published in [37].
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more points connected to the median by an edge of the tree. Given k > 3 signed
gene orders G, - -+, G} on a single chromosome or several chromosomes, and a met-
ric d such as breakpoints [50], inversions [52], inversions and translocations [6], or
double-cut-and-join [65], we are to find the gene order M such that 3% d(G;, M) is
minimized.

Although it plays a central role in gene order phylogeny, the median suffers from
several liabilities. One is that it is hard to calculate in most metric spaces. Not only is
it NP-hard [61], but exhaustive methods are costly for most instances, namely unless
Gy - -+, Gy are all relatively similar to each other, which we will refer to generically as
the similar genomes condition. Another problem is that heuristics tend to produce
inaccurate results unless a suitable similar genomes condition holds [66]. Still another,
is the tendency in some metric spaces to degenerate solutions [29] unless the same
conditions prevails.

In this chapter we add to this litany of difficulties by showing that as k& genomes
evolve over time, as modeled by any one of several biologically-motivated random
walks, there is a phase change after n/4 steps, where n is the number of genes. With
u < n/4 steps, the sum of the normalized distances ), d/n from each of the genomes
to the starting point — the ancestor — converges to ku/n in probability, and this is the
median value. When u > ¢*n/4 steps, for a constant ¢* > 1, the sum of the normalized
distances to the median converges in probability to a value less than ku/n, and that
the ancestor is no longer the median.

Our proof is inspired by a result of Berestycki and Durrett [2] in showing that
the reversal distance between two signed permutations converges in probability to the
actual number of steps, after rescaling, if and only if u < n/2. The technique is to
construct a graph with genes as vertices and edges added between vertices according
to how they are affected by reversals. Properties of the number of components of

random Erdds-Rényi graphs can then be invoked to prove the result.
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2.2 Definitions

We represent a unichromosomal genome by a signed permutation, where the sign
indicates whether the gene is “read” from left to right (tail-to-head) or from right
to left (head to tail) on the chromosome. Let ST be the signed symmetric group of
order n, i.e. the space of all signed permutations of length n. A reversal operation
applied to a signed permutation reverses the order, and changes the signs, of one or
more adjacent terms in the permutation. A DCJ operation, which can apply not only
to signed permutations but to more general genomes containing linear and circular
chromosomes, cuts the genome in two places and rejoins pairs of the four “loose ends”
in one of two possible new ways (one of which may be equivalent to a reversal). We
define the reversal and DCJ distances, denoted by d™ and dcj™, to be the minimum
number of reversal and DCJ operations, respectively, needed to transform one signed
permutation (genome) to another. For simplicity, when it is not ambiguous, we drop

the superscript “n”.

For any permutation I € SZ, let Iy := 0 and _(41y = —(2 +1). The break-
point graph of signed permutations I, II' € SF, denoted by BP(II,IT'), is a 2-regular
graph with the set of vertices {40, —1,+1, =2, 42, ..., —n, +n, —(n+ 1)}, black edges
{11, 1141y}, for i = 0, ..., n, and grey edges {IT’,,, HL(@'H)}’ fori =0,...,n. In other
words, BP(IL,II") contains vertices for the head and tail of each gene, black edges
defined by the adjoining heads or tails of two adjacent genes in the genome Il and
grey edges defined by two adjacent genes in the genome II'. We use the usual repre-
sentation of BP(II, II') in which the vertices are located along a horizontal line in the
plane, with order Iy, I1_;, 1T, ..., 11, 14, [I_(; 41y from left to right, and the black
edges are represented by horizontal segments. Let id™ = I,, be the identity permu-

tation (when there is no risk of ambiguity, we drop n). Let BP(II) = BP(I1,id). It
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is well-known that

dcj(Il) = n + 1 — [eBP(II)], (2.2.1)

where ¢BP(II) is the set of components of BP(II) with cardinality |cBP(II)|[26]. It
is clear, from the definition, that every element of ¢BP(II) is a cycle graph.

We need to define an orientation for grey (and black) edges of BP(II). We
traverse a cycle ¢ € ¢BP(II) in a counter-clockwise manner if we start at the left-
most vertex of BP(II) (in the usual representation), travel along its unique adjacent
black edge and end at the same vertex through its unique adjacent grey edge. Then
we say a black edge in ¢ is positively oriented if we move along it from left to right in a
counter-clockwise traversal. Otherwise we say it is negatively oriented. Similarly, for
the grey edge (4i, —(i+1)) (i.e. (iz, (i + 1)) with the genome representation) we say
it is positively oriented if during a counter-clockwise traversal we move along it from
+ito —(i+1) (i.e. from i; to (i + 1), with the genome representation). Otherwise it
is negatively oriented. We define the orientation function £ on the edge u of BP(II)

to be:
+1 if uw is positively oriented

E(u) = (2.2.2)
—1 if u is negatively oriented.

We say the black (grey) edges u,u’ are parallel, denoted by w || v’ if £(u) = &£(u').
Otherwise we say they are crossing. This is just a reformulation of Hannenhalli and
Pevzner’s original concept of oriented cycles[30]. An oriented cycle in this definition
is a cycle including at least one positively and one negatively oriented black edge.
The mechanism by which a reversal affects a genome can easily be seen using the BP
graph. Consider a reversal acting on two black edges u,u’ in BP(II), i.e. it reverses
the segment between u and u' in the breakpoint graph. If they are in two different

cycles we have a merger of the two to construct a new cycle. But if  and «' are in a

same cycle, that cycle either splits, if u }f «/, or does not split if u || «’.
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2.3 Limit behavior of the median value

Let d" be a metric on the space of all signed permutations length n. For a set A C S*

of signed permutations, define the total distance to A by

dr(.,A): SF — Ny =NuU{0}, (2.3.1)
dp(x, A) =) d"(z,y). (2.3.2)
yeA
Then let
m®"(A) = min{dp(z, A) : x € ST}. (2.3.3)

m®"(A) is called the median value of A under the metric d". A signed permutation

which minimizes d.(., A) is called a median of A.

Let X = id, the identity permutation, and let X}* be a continuous-time random
walk on ST, where at random Poisson times 7, with rate 1, we choose two numbers

1 <i<j<nandlet p(i,j) operate on X, that is

X" = X7 op(i,j), (2.3.4)

K Tk

where p(i,7) is the reversal acting on ¢ and j. We call X]* a reversal random walk
(r.w.) on SE. Let th’", cee th "™ be k independent reversal random walks, all starting

at the identity element, id. Define

A =X XxEmy (2.3.5)

and
el = @ (id, A" — m&™(AM), (2.3.6)
We investigate the time up to which the median value of X;",..., X", namely

m@m(A;), remains a good estimator for the total divergence time, kt, as well as to the

total distance of points in A; to id, namely d}.(id, AE")). To answer this question we
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use the fact that the speed of escape of the r.w. up to some particular time, is the
same from any point of the space and is close to 1, the maximum value. Berestycki
and Durrett studied speed of transposition and reversal random walks with the related
word distances, while in the latter they used “approximate reversal distance” instead
of reversal itself, ignoring the effect of hurdles. This turns out to be the same as DCJ

distance on single chromosomes. We have

d.(m, 1) =n+1—c(m)+ h(n) + f(n), (2.3.7)

while

dej(m,I) =n+1—c(n), (2.3.8)

where h(r) and f(7) are the number of hurdles and fortresses, respectively.
Although Berestycki and Durrett only proved their theorem for the random trans-
position r.w. on .S, they suggested that the same method should carry over to reversal
r.w. The following proposition is proved in [2] for approzimate reversal distance (i.e.,
DCJ distance).
In this result, and in the ensuing discussion, (a,),en is an arbitrary sequence

such that a,, — oo as n — 0. When it is unambiguous, we drop n from AIE”) and X'

Proposition 2.3.1. [Berestycki-Durrett] Let ¢ be fized and let Xy be a reversal r.w.

on S* starting at id. Then

dcj(id, Xonps) = (1= F(O))n + w(n), (2.3.9)
where
1 i Jk—2 ok
fle) == > T (ce™) (2.3.10)
k=1
and ;“i(;)ﬁ — 0 in probability, as n — 0o.

Remark 2.3.2. The function 1 — f is linear for ¢ <1, f(c) = 1—¢/2, and sublinear
forc>1,1— f(c) < c¢/2. This means that for ¢ <1

dej(id, Xen o) — % = w(n), (2.3.11)
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and r.w. travels on an approximate geodesic (or parsimonious path) asymptotically
almost surely. f is the function counting the number of tree components of an Erdos-
Rényi random graph with n vertices for which the probability of having each edge is
<, denoted by G(c,n). See Theorem 12 in [5], Chapter V.

We extend the above theorem for the bonafide reversal distance. To do so, we
need to estimate the number of hurdles of Xe. Recall that an oriented cycle in a
breakpoint graph is a cycle including an orientation edge, that is a grey edge with
two black adjacency edges e, e/, where a reversal involving e and ¢’ splits the cycle
[30]. As we discussed, this is equivalent to saying e Jf ¢’. It is not difficult to conclude

the following result.

Lemma 2.3.3. Let C' € ¢cBP(w), then C is oriented if and only if there exists exactly
two equivalence classes of black edges, that is there exist at least two black edges with

different signs.

Proof: Suppose all the grey edges are unoriented. Start a travel on C at an
arbitrary black edge e; counterclockwisely. Since the consecutive grey edge after e; is
unoriented, we have e; || eo where €5 is the second black edge in the travel. Continuing
this way, our travel covers all the black edges of ¢ with e; || ez || ... || €. Conversely,
suppose there exists an oriented grey edge in c¢. Then, obviously, its black adjecancy

edges, namely e and €/, are not parallel, i.e. e }f €. [ |

Theorem 2.3.4. Let ¢ > 0 be fixed and let X; be a reversal r.w. starting at id. Define
hy := h(X}) to be the number of hurdles in BP(X;). Then, as n — oo,

hcn/Q
an\/10

Proof: Cycles of the BP that have never been involved in a fragmentation event

— 0 in probability. (2.3.12)

must be oriented, since the two rejoined black edges resulting from an inversion-

induced merger of cycles cannot be parallel.
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Therefore we need only to count the number of edges that have been involved
in a fragmentation event. To do so we apply the method of counting cycles in [2],
Theorem 3. Hurdles occur only in those cycles with length more than one that have
been involved in a fragmentation up to time <. We call such cycles fragmented cycles.
The number of fragmented cycles with length more than /n is always less than /n.
But to count all fragmented cycles in Xen with size less than v/n, we need to find an
upper bound for the rate of a fragmentation up to time . Since a fragmentation
occurs when two black edges in one cycle are chosen, to fragment a cycle in BP for
any chosen black edge e, we only can pick another black edge €' in the same cycle

whose graph distance in the breakpoint graph is less than 2y/n. (The coefficient 2

arises from the fact that the cycles are alternating in BP.)

[\
*[<

Thus the rate of fragmentation at an arbitrary time ¢ is not more than = -
\/iﬁ. Integrating up to time ¢, this gives us the expected number of fragmented cycles
at time ¢ which is \/lﬁ -t. For t = § this expectation is c¢y/n. Now, dividing by a,+/n,
the result follows from Chebyshev’s inequality and the fact that hurdles only occur

in fragmented cycles. [ |

Theorem 2.3.5. Let X, be a reversal r.w. on Sf starting at id and let d, := dﬁ")

denote the reversal distance on SE. Then, with ¢ > 0 fized,
d(id, Xens2) = (1 — fe))n +w'(n), (2.3.13)

where f is the same function as in the statement of Proposition 2.3.1 and w'(n) is a

function with % — 0 in probability, as n — oco.

Proof:  Since d,.(I1) = dej(I1)+h(IT)+ f(IT) by the proposition, we have d,(X,/2) =
(1 - f(C))TL + U}(’I’L) + hcn/Z + f(ch/2)- But

w'(n) o w(n) + Penjo + f(ch/Q)
an\/ﬁ o an\/ﬁ

— 0 (2.3.14)
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in probability, as n — oo, by the convergence of ;“(\% and "2 ip Proposition 2.3.1

an/n

and Theorem 2.3.4 and f(ch/z) <L [ |

Theorem 2.3.6. Let th’”, e ,th’” be k independent reversal r.aw. on ST starting at
1d. Suppose either

a)d™ :=dcj™ dcj distance
or

b) d™ = d™  reversal distance

d,n
Ecn

Then for ¢ < ;11 we have s 0 n probability, as n — oo.

Proof: We prove the theorem only for d,.. The proof of the DCJ case is similar.
For all 4,5 € {1,...,k} and for a median x of A,E")

40 (X3, X < d) (@, X0") + d (, X5™). (2.3.15)
Therefore,
D d (XX < (d (2, X + ) (, XPT). (2.3.16)
i#£] i#£]
We now conclude
DT X < (k= Dmt (A7) < (k- Ddi(id, A7), (2.3.17)
1]
where df. is the total distance with respect to the reversal metric. Let ¢ < %. Then
by Theorem 2.3.5 we have for all i, i # j
d™ (X XTI = 2en — w(n) (2.3.18)

and

d™ (id, X)) = en — w(n), (2.3.19)
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w(n)

as n — 0o, where i 0 in probability. Thus
k
(2) (2cn —w(n)) < (k— 1)m*™(Ay,) < (k — Dk(cn — w(n)). (2.3.20)
Then
Im®™(Aen) — ken| < K'w(n) (2.3.21)

for a constant k'. Also |d}.(id, Aen) — ken| < kw(n). Therefore, there exists a constant
k* such that
Im®*" (Aen) — di(id, Aen)| < K w(n). (2.3.22)

This, as n — oo, implies

En M (Ay) — dp(id, A)
an/n an\/10

This proves the theorem. [ |

— 0 in probability. (2.3.23)

Remark 2.3.7. The statement of the theorem suggests that, ignoring the error of
order o(an\/n) for a, — o0, id remains as the median of leaves of k independent

reversal random walks th’", e ,th’" up to time ’y asymptotically almost surely.

Corollary 2.3.8. Let ¢ < }L be fixed. Suppose d is either DCJ or reversal distance.
Then, by the hypothesis of Theorem 2.3.6, as n — oo,

ken — m3™(A.,)

apr/1

Proof: This follows directly from the fact that , as n — oo,

— 0 in probability, as n — oo. (2.3.24)

ken — o (id, ALY)
an\/10

in probability. [ |

—0 (2.3.25)

It is natural to ask whether the statement of Corollary 2.3.8 is also true for some time
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after . In other words, is the median value kcn a fair estimator for the total time
of divergence? We conjecture that the property is lost after time %, but for now can

only prove a weaker upper bound.

Corollary 2.3.9. Let c > % be fixed. Suppose d is either DCJ or reversal distance.
Then by the same hypothesis as in Theorem 2.3.6, there exists a. > 0 such that

ken — m®™(Ag,) > aen + w(n), (2.3.26)

w(n)

where - N 0 wn probability, as n — oo.

Proof:
ken — m@™(Ag,) = ken — di(id, Ae) = ken — k(1 — f(2¢))n + w(n), (2.3.27)

w(n)

where =75 — 0 in probability, as n — oo. Let a := k(c— (1 — f(2¢))) which is

strictly positive for ¢ > % [ |

Remark 2.3.10. This theorem shows that after time %, the error is of order n, and

so the median value is not a good estimate of k times the divergence time.

In fact, since f(c) is decreasing for ¢ > 0, and f(c) = 1 — § for ¢ < 1, it is easy

to see that in the case k = 3, for ¢ > 0.75 , e%™ is of order S.n for some 3. > 0.

Theorem 2.3.11. Let k = 3 and d be either dcj or d,.. Consider the same hypothesis

as in Theorem 2.3.6. Let c* be solution of

FZ) ==, (2.3.28)

Then, for all ¢ > c*, there exists B. > 0 such that

ad; > B+ w(n), (2.3.29)

w(n)

o 0 in probability, as n — co.

where



2. Phase change for the accuracy of the median value in estimating divergence
time 25

Proof: We have
m*™(Aen) < d(X%T;L", X%") + d(X;T;”, X%”). (2.3.30)

Because of symmetry and regularity of Cayley graphs (so reversibility of simple ran-

dom walks on them), we have d(X%;Ln,Xg) = d(id, XL;L"), for i = 2, 3. Hence,

AXSM X5 +d(X 8, X5 =2(1 = fle))n +w'(n), (2.3.31)
where % — 0 in probability, as n — oo. For ¢ > 0, let
c
B = =201 = () +3(1 - 1(5). (2.3.32)
If . > 0, then
e‘T > di(id, Ae) — (d(X e, X%’?) +d(Xal XZ;;F)) = B+ w(n), (2.3.33)
where % — 0 in probability, as n — oo. So it suffices to prove 5. > 0 for x = ¢ > ¢*.

Since f(x) > 0 for all z > 0,
1+ 2f(x) — 3f(g) >1- 3f(§), (2.3.34)

in which the right hand side is strictly increasing, Therefore, for all ¢ > ¢*,

*

1+ 2f(c) —3f(§) >1 —3f(%) = 0. (2.3.35)

This proves the statement. [ |

Now, we would like to measure the volume of that part of the space ST for which
median does well, compared with the whole space. The ratio of the two converges to
0 as n goes to oo, showing that the median is only useful in a highly restricted region
of the space. The following theorem is entailed by a theorem in [59]. Let ¢, = ¢, (II)
be the number of cycles in the BP graph of a random IT € S. Let d" be a distance

(metric) on SE. Define

B! = B4 .= {11 € SF,d"(Il,id) < cn} (2.3.36)

n

to be the ball of radius cn in SE.
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Proposition 2.3.12. Let 0 < ¢ < 1 be fixed. Then
)
‘Bdcj
Vo = |SC§] — 0 as n — oo, (2.3.37)
ii)
d;
v = ||S:$|| — 0 as n — 0. (2.3.38)
Proof:
i)
For all 1 € B¥ | |cBP(II)| > (1 — ¢)n. (2.3.39)

ii)

Suppose 7, does not converge to 0. Therefore there exists a subsequence {n; };en

such that ~,, > € for a constant € > 0. This implies
E(cy,) > (1 —c)n;. (2.3.40)

But by Theorem 2.2 in [59], we have
E(cp,)

— 0 as n; — oo. (2.3.41)
1

That is in contradiction with the above inequality since , as n — oo,

L= q_g >0 (2.3.42)

T
For the second part it suffices to observe that for all IT € S* we have
d,(I1) = dcj(I1). (2.3.43)

Therefore
B (11) ¢ B(11) (2.3.44)
and the result follows from part (i), since

Y <Y — 0 as n— 0. (2.3.45)
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2.4 Conclusion

We have shown that the median value for DCJ and for reversal distance for a reversal
r.w. has good limiting properties if the number of steps remains below cn/4, for
any ¢ < 1, but for some value ¢ > 1, more than this number of steps destroys these
limiting properties. The critical value may indeed be ¢ = 1, but for now we can only
show that for ¢ > 3 (and ¢ > 2) the median value is no longer a good estimator of
the total distance between the id and the current positions of the random walks (and
k times the divergence time, respectively).

Note that a simulation strategy to estimate c is not available because of the
hardness of calculating the median. As n increases even to moderate values, all exact
methods require prohibitive computing time.

These results imply that the steinerization strategy for the small phylogeny prob-
lem may lead to poor estimates of the interior nodes of a phylogeny unless the taxon
sampling is sufficient to assure that a “similar genomes condition” holds for every
k-tuple of genomes used in the course of the iterative optimization search. This can
be monitored prior to each step in the iterative optimization of the phylogeny through

successive application of the median method.



Chapter 3

Asymptotic medians of random
permutations sampled from
reversal random walks

3.1 Introduction

Medians can serve as good estimators of the ancestor (the initial state) for k inde-

pendent reversal random walks on the space of signed permutations before time 2

4
that is the initial state is a median of k random genomes sampled from k independent
random walks at time cn where ¢ < 1/4. In this chapter we relax the time scale of the
individual random walks, investigate the positions of all possible medians other than

the initial state, and reduce the state space necessary for median search algorithms.

The median plays an important role in the comparative genomics study of chro-
mosomal rearrangements [61]. It is not only the archetypical phylogenetic instance —
one unknown ancestor, k > 3 observed genomes — for the small phylogeny problem
using unrooted trees, but it is also the innermost calculation for the iterative “steiner-
ization” procedure for more larger instances of this problem, with several ancestral

nodes [66].

IThis chapter has been submitted to a scientific journal [38].
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In a metric space, the median is a point whose sum of distances to k given points
is minimized. In the simplest case, where a genome is a signed permutation on {1,.. .,
n}, the biologically relevant metric is the reversal distance, where a reversal involves
a contiguous subset of the elements in a permutation reversed in order and sign. The
distance is the minimum number of reversals necessary to transform one genome to
another.

The median problem is NP-hard for reversal distance [7], and the search space
is very large. Reducing the search space to a much smaller subdomain would be a
significant help in practice.

In a previous paper [37] we showed that the starting point of k independent
reversal random walks on the signed permutation group remains approximately a
median for the k current positions up to time n/4.

In the present chapter, we improve this result to allow the time scales to differ
among the k random walks. We then show how to find the positions of all the
other medians beside the starting point. In doing this we reduce the search space

considerably for median search algorithms.

3.2 Main results

Where there is no duplication, unichromosomal genomes are represented by per-
mutations or signed permutations. A signed permutation is a permutation 7 on
{£1,...,£n} such that 7_, = —m; (see Fertin et al. [26]). Each number represents a
gene in the genome while its sign indicates its orientation or polarity (called strand-
edness in the biological literature). The set of all signed permutations of length n
with the composition multiplication is a group called the signed symmetric group of
order n denoted by SE. Genome rearrangement is the study of large scale muta-
tions, rearrangements, over the set of genomes or (signed) permutations. An example

of a rearrangement is a reversal (called inversion in the biological literature). Let
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T = T_1M...T_,T, be a (signed) permutation. A reversal is a permutation multi-
plying by 7 from right which reverses a segment 7_;m;, ..., 7_;m; and keeps the other
positions unchanged. Other words, for any 1 < i < j < n, a reversal permutation

reversing segment m_;m;, ..., T_;7; 1S

—1+1..—@G-1) 46— +j —j...+i—i—(G+1) +(G+1) ... —n +n
(3.2.1)

The reversal distance between two signed permutations 7 and 7’ is the minimum
number of reversal permutations needed to transform 7 into #’. In fact, the reversal
distance is a metric on S. Alternatively, one can define the reversal distance as the
distance on the Cayley graph of ST with respect to reversals. More explicitly, the set
of all reversal permutations generates S==. We denote by G,, the Cayley graph of S+
with respect to the reversal permutations as the generating set. The reversal distance

is the graph metric on G,,. We denote by d™ the reversal distance on S

A reversal random walk on SZ is a continuous-time simple random walk on G,
starting at identity element e, where the jumps occur with rate 1, that is starting at
en, at each position in ST the random walker chooses one of its (Z) + n neighbours

with equal probability, and jumps to it in a Poisson time rate 1.

A median of a finite subset A (with possible multiplicities) of a metric space
(S, p) is a point of S (not necessarily unique) that minimizes pr(., 4) := > p(., a).
The function pr(x, A) is called the total distance of = to A. The set of aﬁeﬁledians
of A is called the median set. The total distance of a median of A to A is called the
median value. In other words, the median value of A is the minimum value of pr(z, A)
over all x € S. The median problem has played an important role in phylogeny re-
construction to approximate the true ancestor, and more generally, to reconstruct the

ancestral tree. The question that arises is: When does the median approximate the
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true ancestor? For (S*,d™) we denote the median set and median value of A C S*

by M, (A) and m,,(A) respectively.

Let (2, F, P) be a Borel probability space. We denote by o the Cartesian product
SE x S5 x ... Let (an)nen be an arbitrary sequence of positive real numbers diverging
to infinity, and let £ be an integer. For a sequence of random sets of finite points on
signed symmetric groups we define the concept of asymptotic almost surely median

as follows.

Definition 1. For anyn € N and i € {1,...,k}, let x4, be a random element of S,
i.e. Tiy : Q2 — ST is a Borel measurable function. Let A, = {1, ..., Tpn} C ST, and
let A = (Ap)nen. We say y := (Yn)nen € 0 is a median of A asymptotically almost
surely (a.a.s.) if

1. For anyi € {1,...,k} there exists a function f; : N — Ry such that

an\/1

— 0 in probability (3.2.2)

fi(n)

and lim exists.

n—o0

A (4, Ay) — mn(Ay)
A/

In this case we say any function f: N — R, which satisfies

f(n) — mu(An)
any/n

— 0 in probability (3.2.3)

— 0 in probability (3.2.4)

is an asymptotic median value of A. This includes the function f(n) =" fi(n).

In [37], Theorem 3, we proved that the sequence of identity elements e := (e, )nen
is a median of k random signed permutations sampled from k& independent reversal
random walks at time cn where ¢ < 1/4, a.a.s.. By a small modification in the proof

of that theorem we can extend that result as follows.
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Theorem 3.2.1. Let 0 < ¢; < ... < ¢ such that ¢,_1 + ¢x < 3.

For any natural
numbern, let X1 ... X*" be k independent reversal random walks on S, all starting
at e,. Let vy = X""(cn), where X" (t) stands for the position of random walk
at time t. Then e = (en)nen s a median of A = (Ay)nen a.a.s., where A, =

{Z1n, ..., Trn}, and the function 6 : N — R defined by

= (Z e)n (3.2.5)

s an asymptotic median value of A

Proof:  Foralli,j € {1,...,k} and for a median solution y = (yy )nen of A

Therefore,
> A (@i, wj0) <Y (A (Yo i) + A" (Y, 250)) (3.2.7)
i#j i#£]
Thus
> d" (@i, w0) < (k= Dmg(An) < (k= 1) (e, An) (3.2.8)

i#]

By Theorem 2 in [37]
d™ (e, Tin) — cin

an\/1

0 (3.2.9)
in probability, and
d™ (24, T4n) — (¢; +¢j)n
an\/1

in probability, for any i # j € {1, ..., k}. Therefore

— 0 (3.2.10)

mn(An) - 9(71)
any/1

in probability, and hence e is a median of A a.a.s. since

—0 (3.2.11)

A (e,, A,) — 0(n)

P — 0 in probability (3.2.12)
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This proves the theorem. [ |

By definition of an a.a.s. median, it is clear that if there exists y = (¥, )nen such

that for any i € {1,....k}, as n — oo,

d™ (Y, xin) — cin
— - 01i babilit 3.2.13
- — 0 in probability, ( )

then y is a median of A a.a.s.. Is the converse true? The next result shows that the

converse is true under the hypotheses of Theorem 3.2.1.

Theorem 3.2.2. Let k > 3 and ¢;, iy, and A, be as defined in the statement of
Theorem 3.2.1 for i € {1,....k} and natural number n. Then y = (Yn)nen S a
median of A a.a.s. if and only if (3.2.13) holds.

Proof: By the explanation given before the statement of the theorem, it suffices
to prove the necessary part. Let y = (yn)nen be a median of A a.a.s.. Then, by

definition, there exist functions f; : N — R, for ¢« = 1, ...,n such that, as n — oo,

ap/1

— 0 in probability, (3.2.14)

and

@ S (3.2.15)

for real numbers ¢, > 0. Letting a, := /n and applying Theorem 2 in [37], for
0<1,7<k,asn— oo, we have

fz(n> + fj(n) - d(n)<yna xm) - d(n) (yn7 xjn)

— 0 in probability (3.2.16)
n

and
d"™ (2, Tjn) — (ci +cj)n

n

— 0 in probability. (3.2.17)

Therefore, as n — oo,

on — (¢ + ¢}) — (ci + ¢;) in probability, (3.2.18)
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where
5, = L Eins o) & Ay Tyn) = A (Tims Tjn) (3.2.19)
n
which is positive for any n € N. Hence
¢+ > it (3.2.20)

Now, suppose there exists i € {1, ..., k} such that ¢, < ¢;. Then for any j # i ¢; < c;-,
and hence Z?Zl ¢ < Z?Zl c;, since k > 3. This contradicts with the fact that y is
a median of A a.a.s., as we know e = (e, )nen is a median of A a.a.s., and therefore
the function @ defined by 6(n) = 32  ¢mn is an asymptotic median value of A by
Theorem 3.2.1. Hence ¢; < ¢,. Therefore, if there exists 1 < i < k such that ¢; < ¢,

then y can not be a median of A a.a.s., since, as n — 0o,

Zle dn —0(n)
Un\/T0

which is a contradiction again. Thus ¢; = ¢, for any 1 <1i < k. [ |

— o0, (3.2.21)

To simplify the results, we define an equivalence relationship on 0. We say
T = (zp)neny and y = (Yn)nen in o are equivalent and we denote it by x = y if and

only if, as n — oo,
d™ (2, y,)
an\/M

We denote the qoutient space of all equivalent classes of o by &, that is ¢ := o/ =,

— 0. (3.2.22)

It is clear that if = y for two random elements in ¢ and if z is a median of A a.a.s.,
then so is y. Motivated by this, we say that a € ¢ is a median of A a.a.s. if any

T € o is a median of A a.a.s.. Let
M(A) :={a €7 : ais amedian of 4 a.a.s.}. (3.2.23)

Let f be a positive real-valued function on N, and let 0 = (0,)nen be a random

element of o. Define the asymptotic sphere of radius f centred at o by
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0B(o, f) :==

d(n)(om T,) — f(n)
any/n

{a€a: — 0 in probability for any (z,)nen € @, as n — oo}.

(3.2.24)

Let =} := (Zin)nen, and define the function ¢f : N — R, by ¢f(n) = ¢n. The
following is an immediate consequence of Theorem 3.2.2; which reduces the median

search space.

Corollary 3.2.3. Let k > 3 and A = (Ap,)nen be as defined in the statement of
Theorem 8.2.1. Then
M(A) =Nt 0B(x}, ) (3.2.25)

Proof: Trivial from Theorem 3.2.2. [ |

3.3 Conclusion

We have explored the set of all possible positions of the medians of £ random genomes
sampled from k independent reversal random walks starting at the identity, namely,
Xtn(em), ..., Xk (epn), where X5 ...  X*" are independent reversal random walks
on Sﬂf and 0 < ¢; < ... < ¢, such that ¢ + ¢ < % Doing this makes a major
difference in the volume of the median problem search space. This is normally the
whole of ST, but it is now reduced it to a much smaller search space (Corollary
3.2.3). More specifically, the proportion of the volume of the new search space to

the volume of S*, i.e. 2"n!, converges to 0. Also, in the case of existence of several

n
a.a.s. medians for these random genomes, the other medians are located far from
the identity. Settling for a single median, then, can mislead us in the search for the
position of the true ancestor. Further investigation is needed to study the number of

the medians for an arbitrary value of k.



Chapter 4

Sets of medians in the non-geodesic
pseudometric space of unsigned
genomes with breakpoints:

The breakpoint median in the set 5, of permutations on n terms is known to have
some unusual behavior, especially if the input genomes are maximally different from
each other. The mathematical study of the set of medians is complicated by the
facts that breakpoint distance is not a metric but a pseudo-metric, and that it does
not define a geodesic space. We introduce the notion of partial geodesic, or geodesic
patch (p-geodesic) between two permutations, and show that if two permutations are
medians, then every permutation on a p-geodesic between them is also a median. We

also prove the conjecture that the input permutations themselves are medians.

4.1 Introduction

Among the common measures of gene order difference between two genomes, the edit
distances, such as reversal distance or double-cut-and-join distance, contrast with the
breakpoint distance in that the former are defined in a geodesic space while the latter

is not. Another characteristic of breakpoint distance that it does not share with most

IThis chapter is basically the paper published in [36]

36
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other genomic distances is that it is a pseudometric rather than a metric.

A problem in computational comparative genomics that has been extensively
studied under many definitions of genomic distance is the gene order median prob-
lem [61], the archetypical instance of the gene order small phylogeny problem. The
median genome is meant, in the first instance, to embody the information in common
among k > 3 given genomes, and second, to estimate the ancestral genome of these
k genomes. We have shown that the second goal becomes unattainable as n — oo,
where n is the length of the genomes, if there are more than 0.5n mutational steps
changing the gene order [37]. Moreover, we have conjectured, and demonstrated in
simulation studies, that where there is little or nothing in common among the k input
genomes, the median tends to reflect only one (actually, any one) of them, with no
incorporation of information from the other & — 1 [29].

In the present chapter, we investigate this conjecture mathematically in the con-
text of a wider study of medians for the breakpoint distance between unsigned linear
unichromosomal genomes, although the methods and results are equally valid for
genomes with signed and/or circular chromosomes, as well as those with xy > 1
chromosomes, where x is a fixed parameter. Our approach involves first a rigorous
treatment of the pseudometric character of the breakpoint distance. Then, given the
non-geodesic nature of the space we are able to define a weaker concept of p-geodesic,
that we use later, given two or more medians, to locate further medians. We also
prove the conjecture that for £ genomes containing no gene order information among

them, the normalized (divided by n) median score tends to k — 1.
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4.2 Results

4.2.1 From pseudometric to metric

We denote by S, the set of all permutations of length n. Each permutation represents
a unichromosomal linear genome where the numbers all represent different genes.
For a permutation 7 := 7 ... m, we define the set of adjacencies of 7 to be all
the unordered pairs {m;, 711} = {ms1,m} for ¢ = 1,..,n —1. For I C S, we
denote by A; := A§"> the set of all common adjacencies of the elements of I. Then
As, =0, and we also write Ay for the set of all pairs {7, j},7 # j. For any I,J C S,
Ay = Arn Ay, It will sometimes be convenient to write Az, the set of common
adjacencies in I = {1, ...z}, as Ay, ... For example A, , . represents the set of
adjacencies common to permutations x,y and z.
For x,y € S, we define the breakpoint distance (bp distance) between x and y
by
d™ (z,y) =0 —1— | Auyl. (4.2.1)

This distance is not a metric on S,,, but rather a pseudometric because of non-
reflexiveness: cases where d™(z,y) = 0 but 2 # y, namely 2 = 7, ... 7, and y =
Ty ... T, for any x € S,,. In these cases, the permutations x and y are said to be
equivalent, denoted by x ~ y. The equivalence class containing 7 is represented by
[7] and contains exactly two permutations, 7y, ..., 7, and 7, ..., 7. The number of
classes is thus n!/2. For any m, we denote the other element of [7] by 7. The bp
distance, a metric on the set of all equivalence classes of S,,, denoted by S, =5, / ~,
is defined by

4 ([a), [y)) = d(z, ). (1.2.2)

Where there is no risk of ambiguity, we can simplify the notation by using x and y
instead of [z] and [y], and/or drop the superscript n.

It is clear that the maximum possible bp distance between two permutation
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classes is n — 1 when they have no common adjacencies. Bp distance is symmetric
on S, and hence on S,,. By construction, it is reflexive on S,. To verify the triangle

inequality, consider three permutations z,y, z. We have
Ax,z 2 Aac,y,z = Ax,y N Ay,z (423)
Therefore

d(z,z) =n—1—|A,.|<n—1—|A,,

— | Ayl + [ Asy U A, (4.2.4)

But [A,,UA, .| =|A,N (A, UA,)| <n—1and hence the triangle inequality holds.
We say a pseudometric (or a metric) p is left-invariant on a group G if for any

x,y,z € G, p(x,y) = p(zz,zy). The bp distance is a left-invariant pseudometric on

Sh.-

Definition 2. Given a set {z1,...,x} C S and a pseudometric p on S, a median

for the set is u € S such that Zle p(p, z;) is minimal.

4.2.2 Defining the p-geodesic

A discrete metric space (S, p) is a geodesic space if for any two points x,y € S
there exists a finite subset of S containing x, y that is isometric with the discrete line
segment [0,1, ..., p(z,y)] (NU {0} is endowed with the standard metric dist(m,n) :=
|m — n|). Any subset of S with this property, and there may be several, is called a
geodesic between x and y. For example, all connected graphs are geodesic spaces. In
a geodesic space the medians of two points x and y consist of all the points located
on geodesics between x and y.

What can we say when the space is not a geodesic space? To answer this, we
extend the concept of geodesic by introducing the concept of a p-geodesic. A p-
geodesic between x and y is a maximal subset of S containing x,y which is isometric

to a subsegment (not necessarily contiguous) of the line segment [0, 1, ..., p(z,y)]. For
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any two points z and y in an arbitrary metric space (.S, p) there exists at least one
p-geodesic between them because x,y is isometric to {0, p(z,y)}. In addition, any
geodesic is a p-geodesic. A non-trivial p-geodesic is the one that contains at least

three points. Any point z on a p-geodesic between x, y satisfies:

p(z,y) = p(z,2) + p(2,y). (4.2.5)

Therefore all the medians of two points x and y must lie on a p-geodesic between them.

We denote the set of all permutations lying on p-geodesics connecting z,y € S, by

[z, y].

(S‘m d) is not a geodesic space. For example there is no geodesic connecting the
identity permutation id and m := 12 xy o3 ... x4 n — 1 n when xy x5 ... x,,_4 is
a non-identical permutation on {3,...,n — 2}. The smallest change to id is to cut
one of its adjacencies, say {i,7 + 1}, and rejoin the two segments in one of the three
possible ways: 1 ton, 1 to i+ 1 or n to i. Now if we cut the adjacencies {1,2} or
{n — 1,n} in id, the distance of the new permutation to both id and 7 increases. If,
on the other hand, we cut one of the other adjacencies in ¢d all the ways of rejoining,
which increase the distance to id, either increase or leave unchanged the distance to
m, since {1,n}, {1,i + 1} and {n,i} are not adjacencies in A,. Therefore there is no
geodesic connecting id to .

Although S, is not a geodesic space, there may still exist permutations with a

geodesic between them. For example
{id = 123456, 213456, 312456, 421356, 531246, 7 = 135246} (4.2.6)

is a geodesic between id and 7. Note d(id, 7) = 5, the maximum possible distance in

A

Se-
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4.2.3 The median value and medians of permutations with

maximum pairwise distances

In this section we investigate the bp median problem in the case of k£ permutations
with maximum pairwise distances. As we shall see later, this situation is very similar
to the case of k uniformly random permutations. Let (.S, p) be a pseudometric space.
The total distance of a point z € S to a finite subset () # B C S is defined to be
p(x,B) = Zp(x,y). (4.2.7)
yeB
The median value of B, m®?(B), is the infimum of the total distance when the

infimum is over all the points x € S, that is

m®?(B) := inf p(x, B). (4.2.8)

z€S
We can extend this definition to sets with multiplicities. Let ) # B C S. We define
a multiplicity function ng from B to N and write ng(z) = n,. We call A = (B,ng)
a set with multiplicities. We define the total distance of a point x € S to A to be
plx, A) = Znyp(x,y). (4.2.9)
yeB
The definition of the median value in Equation (4.2.8) can be extended in an analogous
way to the median value of a set with multiplicity A. When S is finite, then the total
distance function takes its minimum on S and “inf” turns into “min” in the above
formulation. The points of the space S that minimize the total distance to A are
called the median points or medians of Aand the set of all, these medians is called
the median set of A, denoted by M*5?(A).
Let B and A = (B,ng) be a subset and a subset with multiplicities of S,,. We
define [B] to be the set of all permutation classes of S, that have at least one of their

permutations in B. That is

[B] = {[z] € S, such that Jy € B with x ~ y}. (4.2.10)
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Two nonempty subsets B, B’ C S,, are said to be equivalent, denoted by B ~ B’, if
[B] = [B']. Also we define [ng] to be a function from [B] to N with
ns)([]) = ny = > ny (4.2.11)
z~yEB

Then, for A = (B,ng), the definition of [A] is straightforward:
[A] == ([B], [n5]), (4.2.12)

and we say two nonempty subsets of S,, with multiplicities, namely A and A’ are
equivalent, denoted by A ~ A’ if [A] = [A’]. In fact [A] is the equivalence class
containing A. We call [A] a subset of S, with multiplicities. We use the notations
7[]7 and 7 ~ 7 for all the above concepts without restriction.

With these definitions we can readily verify that in the context of bp distance,

for A~ A" and x ~ 2/, we have
d(z, A) = d(z', A") = d([z], [A]). (4.2.13)

Recall that we use d as both a metric on S’H and a pseudometric on S,,. Therefore we

can conclude that

mS A A) = mS 4 A') = mS4([A]) (4.2.14)

and similarly

[MSA(A)] = [MSI(A)] = M54([A)). (4.2.15)

Henceforward, we will simplify by replacing the notation m>~4(A) and M*5~?(A)
by mn(A) and M,(A), respectively. Also for a subset [A] of S, with multiplicities,
we will use the notation m,,([4]) and M, ([A]) instead of m5~¢([A]) and MS+4([A])

respectively. Where there is no ambiguity, we will suppress the subscript n.

Proposition 4.2.1. Suppose X = {x1,...,z} C S, such that d(z;,x;) = n — 1 for
any i # j. Then the bp median value of X is (k — 1)(n — 1). Moreover, m* is a
median of X, m* € M(X), if and only if A,,- C U A,,.
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Proof: Let 7 € S, be an arbitrary permutation class. Since A, ., C A,, and

Are, CAg, forany 1 <4, <k, we have A;,, N Az, = 0. Also
Ut A € As (4.2.16)

Therefore i

Z ’Aﬂ':xi

i=1

<A =n—1. (4.2.17)

Hence
k

> d(mxi) > (k- 1)(n—1). (4.2.18)

=1

The equality holds by letting 7 = x; for any 1 < ¢ < k. This proves the first part of
the proposition. For the second part, we know that m* € M (X) is equivalent with
the fact that the total distance of m* to X is (k — 1)(n — 1), and this is equivalent
to Zle Azl =n—1and US| A, = Ay But UF_ A« ., can be written as
A 0 (UF_ A,,). This completes the proof of the equivalence relation in the propo-

sition. -

Lemma 4.2.2. Let x,y,z be three permutation classes in S, that are pairwise at a
mazximum distance n — 1 from each other. Then for any w € [z, y|we have d(w, z) =
n—1.

Proof: Having w € [z,y], we have A,, C A, UA,. Also, we know that A, N (A, U
A,) = 0. This concudes the result. [

The above lemma simply indicates that for any two points z;, z; in the set X
in the proposition above [z;, ;] C M(X), since the total distance of each point in

[z, ;] to X is (k —1)(n —1).
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Corollary 4.2.3. Suppose X := {x1,...,xx} C S, such that d(z;,z;) =n—1 for any

) 7é J- Then U@j[l’i,l’j] C M(X)

What can we say more about the median positions? The notion of “accessibility”

will help us to keep track of some other medians of the set X that are not in U; ;[z;, ;].
Before defining this concept, we first need more information about the properties of

[z, y] for z,y € S,.
Lemma 4.2.4. Let z,y € S,. Then z € [x,y] if and only if Ay, C A, C Ay UA,.

Proof:  We know z € [z,y] if and only if d(z, 2) + d(z,y) = d(x,y). On the other

hand, we can write A, as follows
A=A U(A .\ A)U(A, \ A U (AN (A UAY)), (4.2.19)

where the pairwise intersection of the sets in the right hand side is empty. We can

also write
dz,z) = (n = 1) = [Asayl = [Asa \ Ayl (4.2.20)
and
d(z,y) = (n = 1) = [Asay| = [Asy \ Aol- (4.2.21)
Furthermore
d(z,y) < (n—1) = | Azay| (4.2.22)
and
(n=1) = [Azayl = A NV Ay = [ Ay \ Auf = [A\ (A U A (4.2.23)

Now for “sufficiency”, from d(z, z) + d(z,y) = d(z,y), we have
(n=1) = [Azayl = [Acx VA + (0 = 1) = [Asy| = [ Azy \ Ad (4.2.24)

=m—1) = Ayl <(n—1) = [Asy.:] (4.2.25)
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Therefore by Equation (4.2.23) we have
(n=1) = [Aeoyl = [Aew N Ay = [Azp \ Au| = A\ (AU A <0 (4.2.26)

This results in |A,,| = |Asy.| and hence in A,, C A,. Otherwise the inequality
in (4.2.26) will be strict, which is impossible. On the other hand the inequality in
(4.2.26) shows A, \ (A, U A,) = 0 which results in A, C A, U A,.

For “necessity”, we have
(n—=1) = A, oyl = [ Az o \Ay | = [ Ay \Au [+ (n—=1) = [As | = (n—1) — [ Ay, [ (4.2.27)

This is true because of A, C A, U A, and Equation (4.2.23). But since A,, C A, C
A, U Ay, we have |A,,| = |A,,.| and we can replace |A,,| by |A,,..| in the left
hand side of the last equality. Hence, d(z,2) + d(z,y) = d(x,y). This completes the

“necessity” part of the proof. [ |

Definition 3. Let X := {x1,...,x;} be a subset of S,. We say a permutation class
2 € S, is 1-accessible from X if there exists an m € N, a finite sequence v, ..., Ym,
where y; € X, and 2z, ..., 2y, where z; € S’n such that z; = y1, zm = 2 and z;41 €
[z, Yiza] fori=1..m —1. See Fig. 4.1.

We denote the set of all 1-accessible points of X by Z(X). We define Zy(X) :=
X. Also, for r € NU{0}, by induction, we define Z,1(X) to be Z(Z,.(X)) and we
call it the set of all r-accessible permutation classes. That is to say, Z1(X) = Z(X),
Zy(X) = Z(Z(X)) and so on. It is clear that Z,1(X) includes Z,.(X) and also
Um,yGZr(X)m' A permutation class z is said to be accessible from X if there exists
r € N such that z € Z,(X). We denote the set of all accessible points by Z(X) =
Urenufoy Zr(X).

Note that Z(Z(X)) = Z(X). This holds because for any 1-accessible permutation
class z from Z(X), there must exist m € N, rg € NU {0}, y1, ..., ym € Z,,(X) (the
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Figure 4.1: Accessibility. Illustration of how Z is constructed.

y;’s must be in Z(X), thus there must be such an ry) and 2, ..., z,, where z; € S,
such that 21 = y1, z,, = 2 and 241 € [2, yiy1]. Therefore z € Z,,11(X) C Z(X). We
can then conclude that Z(Z(X)) = Z(X).

Proposition 4.2.5. Suppose X := {x1,...,x3} C S, such that d(z;,z;) =n—1 for
any i # j. Then for any permutation class z € Z(X), the total distance d(z, X)
between z and X is (k — 1)(n — 1), and hence Z(X) C M(X). Furthermore, if
my, my € M(X), then [my, mg] C M(X).

Proof:  Suppose my,my € M(X) and m* € [my, m,]. By Lemma 4.2.4 and Propo-
sition 4.2.1 we have A« C Ay, U An, C UF A, . Applying Proposition 4.2.1
again, we have m* € M(X). Now it suffices to show that for any » € N U {0},
Z.(X) C M(X). We prove this by induction. For r = 0 this follows from Corollary
4.2.3. Suppose Z,.(X) C M(X). By definition, we have Z,.,(X) = Z(Z.(X)). That
is for z € Z,,1(X) there exists an m € Ny, ...,y € Z,(X) and 21, ..., z,,, where
zi € S'H, such that z; =y, 2, = z and 2,41 € m z € m, and by the fact
we proved above z; € M(X) since yy, ..., ym € Z.(X) C M(X). Continuing this, we
conclude that z1, 29, ..., 2, = z € M(X). Hence Z,1(X) C M(X). This completes

the proof. m

Question: Is every median point of X accessible from X? Do we have M(X) =
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Z(X)?

4.2.4 The median value and medians of £ random permuta-

tions

In this section we study the median value and median points of k£ independent random
permutation classes uniformly chosen from S,,. This is equivalent to studying the same
problem for k£ random permutations sampled from S,,. All the results of this section
carry over to permutations without any problem.

We make use of the fact that the bp distance of two independent random permu-
tations tends to be close to its maximum value, n — 1. Xu et al. [64] showed that if
we fix a reference linear permutation id and pick a random permutation x uniformly,
the expected number and variance of |A53)z| both are very close to 2 for large enough
n. Because of the symmetry of the group S,, and the fact that bp distance is a left-
invariant pseudometric, the same results hold for two random permutations x and y.
We first summarize the results we need from [64].

Suppose 7, is the uniform measure on S,. Let Il : S, — S‘n be the natural
surjective map sending each permutation onto its corresponding permutation class.
Define

vy =1 % 1, (4.2.28)

to be the push-forward measure of 7, induced by the map II. It is clear that v, is the
uniform measure on S,. The following proposition is a reformulation of Theorems 6

and 7 in [64].

Proposition 4.2.6. [Xu-Alain-Sankoff] Let x and y be two independent random per-

mutation classes (irpe) chosen uniformly from S,. Then

Eld(z,y)]=n—3— % - 0(%), (4.2.29)

Var[d(z,y)] =2 — % — 0(%). (4.2.30)
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Define the error function for the distance of x,y by
en(z,y) = (n—1) —d(z,y) = | Ayl (4.2.31)

Corollary 4.2.7. Suppose x and y are two irpc’s sampled from the uniform measure

En(x7y)

Vp and an is an arbitrary sequence of real numbers diverging to +oo. Then =;

converges to zero asymptotically v:*-almost surely (a.a.s.), that is , as n — oo,

en(T,9)

— 0 in probability. (4.2.32)
Qn

Proof:  The proof is straightforward from [64] and Chebyshev’s inequality. |

Now we are ready to study the median value of k irpc’s. Let [A] be a subset of

S, with multiplicities and with &k elements. Define
ea([A]) = (k = 1)(n - 1) — my([A]). (4.2.33)

Theorem 4.2.8. Let X = {2\ (" ....,(Bén)} be a set of k irpc in S, sampled

k. Then their breakpoint median value m’ = m,(X™) tends

from the measure v
to be close to its mazximum after a convenient rescaling with high probability, that
1s, for any arbitrary sequence a, — o0 as n — o0, Z—Z — 0 in v *-probability where
ek = e, (X™M).

n

Proof: Let 7 be an arbitrary point of S,,. Let Anx = A, \ Ax. We have

k

k
S el < Mox] + Y [ Ar | < (0= 1) + (’;) i, (4.2.34)

i=1 i=1

where «, is max; je,(7;,7;). On the other hand m,(X™) < (k — 1)(n — 1). The

reason is the same as has already been discussed in the proof of Proposition 4.2.1.
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Therefore, subtracting (k — 1)(n — 1), we have

k
0<e < <2) Q. (4.2.35)

Dividing by a,, and letting n go to oo, the result follows from the last corollary.

Theorem 4.2.9. Let X" {xl ,x2 ey x(n)} be a set of k irpc’s in S, sampled

from the measure v*. Then for any permutation class 2™ € Z(X™), the total

distance of 2™ to X is close to (k—1)(n — 1) with high probability after a convenient
rescaling. More explicitly, for any arbitrary sequence of real numbers a,, diverging to

> (k—1)(n—1) —d™ (M x™)

— 0 in v —probability, (4.2.36)
Qp,

as n — oo. Therefore, as n — o0,

A (20, XY — g (X )

Qn

— 0 in v:*—probability. (4.2.37)

Furthermore, if m{™, m$" € M,(X™) then for any m™ € [m'™,m{"], as n — oo,

A (7™, XY — (X )

Qn

— 0 in v:*—probability. (4.2.38)

Proof: The structure of the proof is similar to the proof of Proposition 4.2.1.
Suppose o € S, with A, C¥ | UA,,. Let a, be as defined in the proof of Theorem

4.2.8. Then by the same discussion we have

k
k
n=1<) [Ag | <n—1+ (2) Q. (4.2.39)

i=1
Therefore,

(k—1)(n—-1)>d(o,X)>(k—1)(n—1) — <§) Q, (4.2.40)
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and, as n — 00,

(k—1)(n—1) —d(o,X)

- — 0 in probability. (4.2.41)
From Theorem 4.2.8, as n — oo, we have
(k=1)n _al) = mn(X) — 0 in probability. (4.2.42)
Hence, as n — oo,
(o, X®) = ma(X) — 0 in probability. (4.2.43)

Qn

It suffices to show that z := Z(™ € Z(X) has the same property, that is A, € UF_, A,..

But this is clear by induction. For the second part of the theorem, let mj,,m;, €

Lo — 0 in

M(X). Suppose m* € [mj,,m3,]. By Theorem 4.2.8, as n — oo,

n

probability for 7 = 1,2. On the other hand we have A« x C Am{n\x U .Am; X

Therefore, as n — oo,

MAmx] — 0 in probability. (4.2.44)
G
Therefore
« k
(k—1(n—-1)<dm", X)<(k-=1)(n—1)+ (2)an (4.2.45)
since, as n — o0,

Am* z; N Am* T

[ Az, | — 0 in probability. (4.2.46)

Qn

The statement follows from the last inequality. [ |
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4.3 Conclusions

We have shown that the median value for a set of random permutations tends to be
close to its extreme value with high probability. Also it has been shown that every
permutation accessible from a set of random permutations can be considered as a
median of that set asymptotically almost surely, and conjectured that the converse is
true, namely that every median is accessible from the original set in this way.
Further work is needed to characterize the existence and size of non-trivial p-

geodesics, in order to assess how extensive the set of medians is.



Chapter 5

Fleming-Viot process in random
environment: quenched martingale

approach

5.1 Introduction

In this chapter we study the Fleming-Viot (FV) processes in random environments.
By random environment we mean that the fitness function is a stochastic process. We
make use of the Stroock-Varadhan’s characterization of Markov processes, namely, the

martingale problem approach.

In the introduction we constructed the N-particle Moran process with resam-
pling, mutation and selection, where N € N, and from that we derived the empirical
measure-valued Moran process. When the number of individuals diverges to infinity,
we can construct a countable particle system as a limit of the Moran process. In fact,
this system is the N-particle-valued system counterpart of the Fleming-Viot process.

It was first introduced by Dawson and Hochberg [11] and later, considering an order

52
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for the particles, the countable particle system was improved by Donnelly and Kurtz
in a series of papers [14, 15, 16]. The latter is called the look-down process. As
we promised, in this chapter, we concentrate on a method called martingale charac-
terization and duality method which has several advantages and applications in the
literature. Our goal is to set up the martingale and duality method for measure-
valued Moran and Fleming-Viot processes in random environments. We study the
convergence and ergodic theorems for these processes. We organize the chapter as
follows. In the rest of the first section, after introducing some general notations,
we set up the time-inhomogeneous martingale problems and bring some criteria for
existence and uniqueness of solutions. In subsection 1.3 we introduce the notion
of operator-valued stochastic processes and generalize the time-inhomogeneous mar-
tingale problem to quenched martingale problems in order to characterize Markov
processes in random environments as their solutions. Subsection 1.4 defines the joint
annealed-environment process, where we consider the evolution of the annealed pro-
cess together with its associated environment. Section 2 is devoted to martingale
characterization of Moran and Fleming-Viot processes in random environments (r.e.).
The statement of the main theorems will be given in this section as well. Section 3
develops the duality method in the case of general time-inhomogeneous and quenched
martingale problems. Section 4 presents a function-valued dual for the Fleming-Viot
process in random environment and studies its long-time behaviour. In section 5, we
prove the convergence of infinitesimal generators of Moran process in random envi-
ronments to that of the Fleming-Viot process in random environment. The proof of
the well-posedness of the quenched Fleming-Viot martingale problem, along with the
convergence of the Moran process in r.e. to Fleming-Viot process in r.e., will come
in section 6. Section 7 is devoted to the proof of continuity of sample paths of the
Fleming-Viot process in r.e. Finally, in section 8, we prove the ergodic theorem for

the Fleming-Viot process in random environment.
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5.1.1 General notations

Let (S,ds) and (S',ds/) be two metric spaces, and let C(S,5") = C°S,S") and
C*(S,S") (for k > 1) be the space of all continuous, and k times continuously dif-
ferentiable (Borel measurable) functions form S to S’, respectively. In particular,
when S’ is the set of real numbers with the standard topology, we replace C(S,5’)
and C*(S,S") by C(S) = C°(S) and C*(S), respectively. Let B(S), C(S) = C°(S), and
Ck(S) (for k > 1) be the space of all bounded, bounded continuous, and bounded
k times continuously differentiable Borel measurable real-valued functions on S, re-
spectively, with norm || f||. = || f||3, := sup,es |f(2)]. The topology induced by this
norm is called the sup-norm topology. More explicitly, we define the sup-norm metric
between two real-valued bounded Borel measurable (continuous, k times continuously
differentiable) functions on S by || f — g|l. We equip the space of all S-valued cadlag
functions, namely the space of all right continuous with left limits S-valued functions
defined on R,, with Skorokhod topology, and denote it by Dg[0,00). We denote
by #(S) both the Borel o-field and the space of all Borel measurable real-valued
functions on S. Denote by P(S) the space of all (Borel) probability measures on
S, equipped with the weak topology, and let ”=" denote convergence in distribu-
tion. Also for S, C S, for natural numbers n, say a sequence of S,-valued random
variables, namely (Z,)nen, converges weakly to an S-valued random variable Z, if
tin(Zy) = Z as n — oo, where 1, : S,, = S is the natural embedding map. In general,
for two topological spaces S; and Sy, by 57 x S we mean the Cartesian product
of two spaces equipped with the product topology, and by P(S; x S3) we mean the
space of all Borel probability measures on S; x S5. Otherwise, we shall indicate it
if we furnish the product space with another topology. Also, denote by < m, f >
or < f,m > the integration [ fdm for m € P(S) and f € B(S) (or more generally,
s

when m € P(S) is fixed, for all m-integrable functions.)
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Throughout this chapter, S is a general Polish space, i.e. a separable completely
metrizable topological space, with at least two elements (to avoid triviality), and we
assume (€, P, F) is a probability space, and all random variables and stochastic pro-
cesses will be defined on this space. Also, we restrict random variables and stochastic
processes to take values only on Polish spaces. We denote by P(™! the law of an
S-valued random variable ¢ (similarly, a measurable stochastic process ¢ = ((t)i>0)-
Let m = P(~!. For an m-integrable real-valued function f on S, the expected value
of f(¢) is denoted by E[f(()], or to emphasise the law of {, by E,,[f({)]. Also, by
E*[f(C)] (EP°[f(C)], respectively), we put emphasis on the initial state = € S (initial

distribution py € P(5), respectively) of the process (.

5.1.2 Time-inhomogeneous martingale problem: existence and

uniqueness

Let L be a Banach space. We can think of an operator G on L as a subset of L x L.
This definition allows G to be a multi-valued operator. A linear operator is one that
is a linear subspace of L x L. Observe that a linear operator G is single-valued, if
the condition (0,g) € G implies ¢ = 0. For a single-valued linear operator G, the
domain of G, denoted by D(G), is the set of elements of L on which G is defined.
Other words, D(G) = {f € L : (f,9) € G}. Also, the range of an operator G is
denoted by R(G) = {g € L : (f,g) € G}. Let D be a linear subspace of L. A time-
dependent single-valued linear operator G is a mapping from R, x D to L such that
G(t,.) : D — L is a single-valued linear operator. For simplicity, we set G;(.) = G(t, .)
for any ¢t > 0. In this chapter we only deal with time-dependent linear operators for
which the domain of G is D for any ¢t > 0. Therefore we define the domain of G to
be D(G) = D.
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As discussed above, we can identify the (time-dependent, respectively) genera-
tor of an S-valued (inhomogeneous, respectively) Markov process with the domain
D C B(S) as a subset of B(S) x B(S) (not necessarily linear). However for our pur-
poses in this chapter we assume that all the operators are linear and single-valued,
therefore their domains are linear subspaces of B(S). In the sequel we consider the
generators of Markov processes as both single-valued linear operators and also linear
subspaces of B(S) x B(S) for which containing (0, g) implies g = 0. Similarly, for
a time-dependent infinitesimal generator of a time-inhomogeneous Markov process,
G : R,y xD — B(S), for any t > 0, we assume that G is a single-valued linear opera-

tor and also a linear subspace of B(.S) x B(.S) for which containing (0, g) implies g = 0.

The key point in the martingale method of Stroock-Varadhan is observing that,
for a Markov process ((t) with the generator G, for (f,g) € G

£(C(t) — / 9(C(s))ds (5.1.1)

0

is a martingale with respect to the filtration

Fm FV a(/h(((r))dr st heB(S).r<t). (5.1.2)
0

where ]-f is the natural (canonical) filtration of (. In fact, for a progressive process
¢, we have .7:",5 = }"f. Looking conversely at the problem, the following question is
imposed automatically. Can we restrict the set of functions in the domain of G such
that ¢ be the only "nice” stochastic process for which (5.1.1) is a martingale w.r.t. its
canonical filtration? In fact the answer to this question is affirmative, and introduced
by Stroock and Varadhan in [56, 57], this idea establishes a strong mechanism to deal

with Markov processes, namely martingale method.
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Here we speak of martingale problems for general Markov processes (possibly the
time-inhomogeneous case). A martingale problem is identified by a triple (G, D, Py),
where Py € P(S), D C B(S), and G : R, x D — B(S) is a time-dependent linear

operator with domain D.

Definition 4. An S-valued measurable stochastic process ¢ = ((i)ier, defined on
(Q,P, F) is said to be a solution of the martingale problem (G, D, Py) if for  with
sample paths in Dg[0,00) and initial distribution Py, for any f € D

t

F(c(t) — / G f(C(s))ds (5.1.3)

0

is a P-martingale with respect to the canonical filtration, where P € P(Dg|0,00)) is
the law of (. We also say that P is a solution of (2P, F). The process C or its
law P is said to be a general solution if the sample paths of ( are not necessarily in
Dgs[0,00), i.e. the support of P is not contained in Dg[0,00). We say the martingale
problem is well-posed if there is a unique solution (with paths in Dg[0,00), general
solutions not considered), that is there ezists a unique P € P(Dg[0,00)) that solves
the martingale problem. It is said to be C(]0,00),S)-well posed, if it has a unique
solution P in P(C([0, 0), S)).

Remark 5.1.1. If S is compact, D is dense in C(S), and G : Ry x D — C(S5), then
well-posedness of martingale problems {(G, D, d,) }zes is equivalent to well-posedness
of martingale problems {(G, D, Py)}p,cp(sy (See Ethier-Kurtz, question 49(a), chap-
ter 4/23]). Also, for two time-dependent generators G* : R, x Dy — B(S) and
G? : Ry x Dy — B(S) with G} C G? for any t > 0, any solution to the martingale
problem (G?, Dy, Py) is also a solution to the the martingale problem (G, Dy, Py)

for an arbitrary initial distribution Py € P(S), but the converse does not necessarily

holds.

To have a better understanding of solutions of a martingale problem, we con-

sider the forward equation for measure-valued functions defined on the positive real
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line. More explicitly, a solution to the forward equation with respect to the triple
(G,D,Py), defined as above, is a measureable function m : R, — P(S) with m(0) =
P, satisfying the forward equation

t
<my, [ >=<mg, f > +/ <mg Gsf > ds (5.1.4)
0

for any f € D and t > 0, where mg := m(s) for any s > 0. It is clear that for any
solution ¢ = ((;);>0 to the martingale problem (G, D, Py), (P )0 gives a solution
to the corresponding forward equation, but not necessarily conversely (a number
of sufficient conditions are given in [42]). Therefore, under certain conditions, the
uniqueness of the second deduces the uniqueness of one-dimensional distributions for
the solutions of the martingale problem which, in turn, implies the uniqueness of
the martingale problem (see Proposition 5.1.8). If Gy C C(S) x C(S) for any time
t > 0, and D is convergence-determining (Definition 6), then for any solution (m):>o
of the forward equation, the mapping ¢ + my, is continuous. So it is for ¢ — P¢ .
Therefore, in this case, ¢t — Ep[(;] is continuous and differentiable. Regarding this,
differentiating both sides in the forward equation under certain conditions to allow
exchangeability of G; and the integral for any ¢t > 0, we derive Ep[(;]| as a solution of

the Cauchy equation, that is

d

%]Ep [¢i] = GiEp[(] (5.1.5)

for t > 0, and its uniqueness problem is well-studied and well-known when G is the

infinitesimal generator of a contraction semigroup (Theorem 1.3 [21]).

To characterize a Markov processes with the martingale problem approach, we
need to introduce a set of functions as the domain which is sufficiently large such
that the corresponding martingale problem has a unique solution. In many cases we

need this set to be an algebra. Uniqueness is essential in identification of Markov
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processes, since if a martingale problem has several solutions, it cannot identify a
particular Markov process. The following concepts are useful in order to well establish
the uniqueness of martingale problems. Also, we frequently will apply them in the

rest of the chapter.

Definition 5. We say a set of functions U C C(S) (more generally, U C B(S))
separates points if for every x,y € S with x # y there exists a function f € U for
which f(x) # f(y). In other words, U separates points if for every x,y € S we have
x =y if and only if f(x) = f(y) for any f € U. We also say U vanishes nowhere if
for any x € S there exists a function f € U such that f(z) # 0.

Definition 6. A collection of functions U C C(S) (more generally, U C B(S)) is
said to be measure-determining on M C P(S) if for P, P' € M, assuming

/fdP:/fdP’ (5.1.6)

5 S
for all f € U implies P = P'. We say U is measure-determining, if it is measure-
determining on P(S). Also, we say U is convergence-determining on M C P(S) if

for the sequence of probability measures (P,)nen and the probability measure P in M

n—oo

lim S/fdPn:S/fdP for all feU (5.1.7)

implies P,, = P. We say U is convergence-determining, if it is convergence-determining

on P(S).

If U C C(S) is convergence-determining then it is measure-determining , but the
converse is not true in general. When S is a compact space, so is P(.5), and the two

concepts are equivalent by the following proposition.

Proposition 5.1.2. Let S be a Polish space, and let P, P, € P(S) for n € N such
that (Py)nex is tight. Let U C C(S) be measure-determining. Then (5.1.7) implies
P, = P.
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Proof:  Lemma 3.4.3 [23] |

The following is an immediate consequence of the last proposition.

Corollary 5.1.3. Let S be a compact space. Then U C C(S) is measure-determining

if and only if it is convergence-determining.

Proposition 5.1.4. Let S be a Polish space and let U C C(S) be an algebra of

functions which separates points. Then U is measure-determining.

Proof:  Theorem 3.4.5 [23] |

Corollary 5.1.5. Let S be compact and let U C C(S) be an algebra of functions

which separates points. Then U 1is convergence-determining.

Returning to the uniqueness problem, in order to be able to transform some useful
properties from the time-independent martingale problems to time-dependent ones,
it is convenient to define the space-time process for the S-valued stochastic process
¢ = (G)i=0 by ¢ = (¢, t), which is an S x Ry-valued stochastic process. Consider
the particular case when ( is an S-valued time-inhomogeneous Markov process with
time-dependent generator G : Ry x D(G) — B(S), i.e. (Gt : D(G) — B(S))>0. Let

(T )o<s<t be the time-inhomogeneous semigroup of ¢, corresponding to G defined by
Tirf(z) = /f(y)p(s,xm dy) for f € B(S), (5.1.8)
S

where p(s,x;r,dy) is the transition probability for . From the definition of space-

time process, (* is also Markov with the transition probability

p*(t, (ZL‘, 8)7 d(y7 T)) = 5t+5<r)p(5’ T, dy) (519)
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where ¢,(.) is the delta measure on R, for u > 0. Therefore, the semigroup of ¢* is

given by

T*f*(ac,s) = f f*(y,?“)p*(t, (JI,S),d(y,T)) -
5x10,00) (5.1.10)
!f*(y, t+ s)p(s,z;t + s, dy)

for f* € B(Sx][0,00)). Let G* be the infinitesimal generator of (* with domain D(G*).
Let D* := {fh € B(S x [0,00)) : f € D(A),h € CL([0,00),R)} where C}([0,0),R) is
the set of all continuously differentiable real valued functions on [0, c0) with compact
support. In particular for any f* = fh € D* with f € D(A) and h € C!(]0, ), R),
we have

T fh(z,s) = h(s +t)Ts st f(x). (5.1.11)
Therefore, D* C D(G*), and the infinitesimal generator of * restricted to the domain

D* is given by

G fh(z, 5) = lim MEH Tosst/ @) —h()f (@) _
’ t—0

t
h(s)Gsf (x) + W' (s) [ ().
p+. In other words, G' C B(S x Ry) x B(S x R, ) is defined by

(5.1.12)

Let G' = G*

G = {(fh,gh+ f1): (f,g9) € G,h € C}([0,00),R)}. (5.1.13)

By Theorem 4.7.1 of (Ethier and Kurtz-1986 [23]) , ¢ is a solution to the time-
dependent martingale problem (G, D(G),Py) for Py € P(9) if and only if (* is a
solution to the martingale problem (G*,D*, Pf), where P§ € P(S x [0,00)) is the
image of Py under the projection z +— (z,0), that is P§(A,r) = d(r)Po(A) for
A€ $(S). If, in addition, we assume D(G) C C(S) and that it also separates points
and vanishes nowhere, then we can extend G’ to a subset of G* whose domain is an
algebra which separates points. As G* is linear and as D* is closed under pointwise
multiplication of functions, the algebra of functions generated by D*, denoted by D**,
is a linear subspace of D(G*). Also D** separates points and vanishes nowhere. Hence
D(G*) is dense in C(S x R) in the topology of uniform convergence on compact sets

that co
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ncludes G* : D(G*) — C(S x R,). Let G" = G*
problem (G*, D™, P) (or, with an equivalent notation, (G”, D**,P{)). By linearity,

p+. Consider the martingale

any solution to (G*, D**,P{) is a solution to (G*, D*, P{) and vice versa. Hence ( is
a solution to the time-dependent martingale problem (G,D(G), Py) if and only if ¢*

is a solution to the martingale problem (G*, D**, P{).

The following lemma is useful to prove uniqueness in the case that we have a

Markov solution of a time-dependent martingale problem.

Lemma 5.1.6. Let S be a Polish space and G = (Gy)i>o be a time-dependent linear
operator on B(S) with the domain D(G) C C(S) that contains an algebra of functions
that separates points. Suppose there exists an S-valued Markov process with generator
G and initial distribution Py € P(S). Then the time-inhomogeneous martingale

problem (G, D(G),Py) is well-posed.
Remark 5.1.7. The lemma remains true if S is a separable metric space.

Proof: Without loss of generality, we assume D(G) is an algebra, separating
points. Otherwise, we prove the theorem for the subalgebra of D(G) with this prop-
erty, which has at least one Markov solution, and hence the uniqueness of the latter
implies the uniqueness of the original martingale problem. Let a Markov process
¢ = (&)i>0 be a solution to the (G, D(G), Py) martingale problem. Then by discus-
sion before the above lemma, the Markov space-time process (* = ({)i>o defined
by ¢ = ((,t) is a solution to the martingale problem (G*, D** P}) (equivalently,
(G*, D*,P})), where G*, D** and P} are defined as before. Therefore, it is sufficient
to prove that ((;):>o is the unique solution to this martingale problem. Since G” is
the infinitesimal generator of (* restricted to the domain D**, it is dissipative and
there is A > 0 such that R(A — G”) = D(G”) = D*. Thus, by theorem 4.4.1 in
[23], we need only to show that D** is measure-determining. But D** C C(S x R.)

and the algebra D** separates points. The latter follows from the fact that both
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D(G) and CL(]0,0), R ) separate points. Hence by Proposition 5.1.4 D** is measure-

determining. This finishes the proof. [ |

In fact, we can see that the uniqueness of one-dimensional distributions of solutions of
a martingale problem (G, D, Py) guarantees the uniqueness of the finite-dimensional
distributions which, in turn, implies uniqueness of the martingale problem. Another
important fact about martingale formulation is that any unique solution of a mar-
tingale problem (G, D,Py) is strongly Markovian. The following is a restatement
of Theorem 4.4.2 and Corollary 4.4.3 (Ethier and Kurtz 1986 [23]) in the case of

time-inhomogeneous martingale problems.

Proposition 5.1.8. Let S be a separable metric space, and let G : Ry xB(S) — B(S)
be a time-dependent linear operator. If the one-dimensional distributions of any two
possible solutions (V) and (® of the martingale problem (G, D, Py) (with sample paths
in C([0,00),.5), respectively) coincide, i.e. if

P(CW(t) € A) = P(CP(t) € A) (5.1.14)

foranyt >0 and A € BB(S), then the martingale problem (G, D, Py) has at most one
solution (with sample paths in C([0,00),S), respectively). In the case of existence,
the solution is a Markov process. In addition to the above assumptions, if G is a
linear time-dependent operator satisfying G : R, x C(S) — B(S), then in the case of
existence, the unique solution of (G, D, Py), namely C, is strongly Markov, i.e. for
any a.s. finite stopping time T (with respect to the canonical filtration of ¢, namely
{Fthiez.)

Erc1 [f(C(7 + )| F7]) = Epea[f(C(7 + 1)[¢(7)] (5.1.15)

Proof: The same argument as the one used in the proof of Theorem 4.4.2 and
Corollary 4.4.3 (Ethier and Kurtz 1986 [23]) (in homogeneous martingale problem

case) proves the proposition. [ |
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To have the uniqueness for a time-inhomogeneous martingale problem (G, D, Py),
it is necessary and sufficient that the one-dimensional distributions of any two possible
solutions of the martingale problem coincide. The uniqueness of the one-dimensional
distributions concludes that every solution is a Markov process, and, hence, it implies
the uniqueness of time-dependent semigroups of two solutions. For general theory of
martingale problems one can see [58, 23, §|.

In the next subsection we develop the martingale problems with stochastic operator-

valued processes.

5.1.3 Quenched martingale problem in random environment

and stochastic operator process

As we restrict our attention to population dynamics in random time-varying envi-
ronments (fitness functions), we are dealing with the Markov processes which are
not only inhomogeneous in time but also their generators are random (depends on a
random environment). Therefore, the idea of martingale problem should be extended
to characterize time-inhomogeneous Markov processes in random environments with
the mentioned characteristic. In the following paragraph, we describe what we mean

by a stochastic process in a random environment.

Definition 7. Let S’ be a Polish space and let {(*}res be a family of S-valued
measurable stochastic processes with laws {P*} cs all defined on the Borel probabil-
ity space (0, P, F) and with sample paths in Dg[0,00) a.s.. As the supports of all
{P"},es are in Dg|0,00), we regard these measures as the elements of P(Dg|0,00)).
Suppose the map = — P*(B) is measurable for any Borel measurable subset B con-
tained in Dg[0,00). Let X : Q — S" be Borel measurable, i.e. X is an S'-valued
random variable. The mapping (X : w — ¢(X@ (w) is called an S-valued stochastic

(annealed) process in random environment X with law P which is the average over
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all P*, i.e.
P() :/W(.)Pe"”(dx) (5.1.16)
Q

where P = X xP = PX ! is the law of X. Recall that X * P is the push-forward
measure of P under the random variable X. For any x € S, (* is called the quenched
process with the given environment x. As P € P(Dg[0,00)) , the annealed process

has sample paths in Dg[0,00).

The fact that the quenched processes are Markov does not guarantee that the
annealed process is Markov. Also, (¥ need not to be Markov when, for P**-a.ec.

x €8, (" is Markov but X is not so.

We can consider a stochastic process in r.e. from the perspective of its generator
which is a random time-varying generator. This hints us to think of the process by
keeping the information of random variations for its generator. The following devel-

ops this concept.

Definition 8. Consider a Banach space L with a linear subset D C L (i.e. D is closed
under vector addition and scalar multiplication) and denote by £ (D, L) the set of all
bounded linear operators with domain D on L, equipped with the operator norm. By
a linear operator process on L with the domain D C L we mean an £(D, L)-valued
stochastic process, i.e. a mapping G : Q x Ry — Z(D, L) such that G(.,t) is a
measurable function for any t € Ry and G(w,t) is a bounded linear operator on L
with domain D for anyt € Ry and w € Q. A measurable linear operator process G is
a linear operator process for which G is a measurable function. We, interchangeably,
denote G either as above, or as a function from Q2 xRy XD to L, i.e. for any f € D
we set G(w,t, f) = G(w,t)f. Also, by (Gi)i>0 we denote a general linear operator

PTrocess.
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As we odeal withnly linear operators in this chapter, we call the process defined

above an ”operator process”.

Definition 9. For an S’'-valued random variable X : Q@ — S’, we say an operator
process G : QxR — Z(D, L) is consistent with X (or with its law PX~' € P(S")) if
for any t € R, the function G(.,t) is constant on every measurable pre-image X ()
for x € supp(PX~1). In this case we set G(X(z),s) := G(w,s) for an arbitrary
we X Hz).

Let S’ be a Polish space and D be a linear subspace of B(S). Let a probability
measure P € P(5") be the distribution of an S’-valued random variable X :  — 5’
with law P = PX~!. Consider the operator process G : Q x R, x D — B(S)
which is consistent with X. We identify a time-inhomogeneous martingale problem
in random environment (r.e.), or a quenched martingale problem in r.e. X, with
a quadruple (G, D, Py, P") where Py : S" — P(S) is measurable. From now on,
when we speak of a quenched martingale problem (G, D, Py, P""), we automatically

assume that G is consistent with P,

Definition 10. (Quenched martingale problem in r.e.) Let X be an S’-valued random
variable with law P, An S-valued stochastic process in r.e. X, namely (X, with
the family of quenched laws {P*},cs and initial distributions { Po(x)}zes is said to
be a solution of the quenched martingale problem (G, D, Py, P") if for any f € D

t

16 - [ Gato)rs (5.117)

0
is a P*-martingale with respect to the canonical filtration, for P -almost all x € S,

where

G.(s) = G(X (), s) (5.1.18)

In this case, we also say {P"}.cs is a solution to the quenched martingale problem.

We say { P*},cs is a general solution to the martingale problem, if there exists U €
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AB(S") with P (U) > 0 such that for any x € U the support of P* is not in Dg[0, 00).
We say the martingale problem is well-posed if there is a unique ¢~ solution with these
properties (general solutions are not considered in the definition of uniqueness), i.e.
there ezists a unique (P""-a.s. uniquely determined) family {P*},cs satisfying the

above conditions.

Remark 5.1.9. In fact, each quenched martingale problem in r.e. (G,D, Py, P),
Pe™-qa.s. uniquely determines an S’-indexed family of time-inhomogeneous martingale
problems {(G, D, Py(z))}res along with the environment probability measure P,
and vice versa. The problems of existence and uniqueness of the first are equivalent

to the problems of existence and uniqueness of the second family P"-a.s..

5.1.4 Markov process joint with its environment

Another process drawing our attention is a joint stochastic process and its environ-

ment.

Definition 11. Suppose (X be as defined in Definition 7, i.e. a stochastic process in
random environment X , with an extra assumption S = Dg|0,00) for a Polish space
E. The random variable X can be regarded as an E-valued stochastic process with
sample paths in S’. Fort € Ry and w € (), define the joint S x E-valued stochastic
process by (;(w) = (QX(W) (w), X¢(w)) and call it the joint annealed-environment pro-
cess. In fact for each w € Q, ((w) gives a trajectory of environment and a trajectory

of the process in that environment.

Suppose we have the law of the joint process (. How can we write the law of (¥
in term of the law of (7 Let P* be the law of ( and P be the law of X. Since S and
S’ are Polish, by disintegration theorem, there exist a unique family of probability
measures {P*},ce C P(Dg[0,00) x §') (unique w.r.t. P that is for any such
family {P*™*},ce, P ({x € &' : P*™ = P*™}) = 1 satistying
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(i) The map = — P**(B) is Borel measurable for any Borel measurable set B C

DS[O, OO) x S’
(ii) P*((Ds[0,00)xS")\Y;) = 0 for P*"-almost all x € 5" where Y, := {(5, %) }seng[0,00)-
(iii) For any Borel measurable subset B of Dg[0,00) x S’ we have

P*(B) = / Pr(B)P™ (dx). (5.1.19)
&

Then, for P**"-a.e. x € S, P* will be the push-forward measure of P* under the
measurable projection from Dg[0,00) x S” onto Dg[0,00). We also can observe that
the annealed measure P is the push-forward measure of P* under the projection from
Dg[0,00) x S" onto Dg[0,00), and it can gives another way to construct quenched
measures, as they are in fact conditional measures of P and can be derived by disin-
tegration theorem for P and P“**. The following diagram summarizes the relations

of these measures.

push— forward

P P
! ! (5.1.20)
*T ush— forward z
{P }mES’ £ {P }zGS’

5.2 Moran and Fleming-Viot processes in random
environments: Martingale characterization

In this section, first, we identify the Moran process in r.e. as a quenched martin-
gale problem and prove its wellposedness, and then we define the generator of the
Fleming-Viot (FV) process in r.e. and the quenched martingale problem for it as well.
Also, in this section, we state some main results of this chapter for Moran and FV
processes in r.e.. This includes the wellposedness of the quenched martingale problem

for the FV process in r.e., some properties of this process such as continuity of the
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sample paths almost surely, and the weak convergence of the quenched (and annealed)
measure-valued Moran processes to the quenched (and annealed) FV process, when
the environments of the first (fitness functions) converge to that of the second. Also,
under the assumption of existence of a parent-independent component of the muta-
tion process and certain assumptions for the environment process, we state an ergodic
theorem for the annealed-environment process. The proofs of the main theorems will

come in sections 5.6, 5.7, and 5.8.

Throughout this chapter we assume that I is a compact metric space, called type
space. Any element of I is called a type or allele. We also assume that £ C C(/, [0, 1])
is compact. Hence, I and F are Polish spaces as they are compact. A fitness function
(or selection intensity function) is a Borel measurable function from I to [0,1]. In

this chapter, we assume that fitness functions are in C'(1, [0, 1]).

Definition 12. A fitness process is an E-valued measurable stochastic process defined
on (0, P, F) with sample paths in Dg|0,00). When the fitness process is Markov, we
call it Markov fitness.

Remark 5.2.1. Restricting the fitness processes to have sample paths in Dg[0, 00)
1s an essential assumption to guarantee the generators of Moran and Fleming-Viot

processes in random environments exist for a suitable set of functions.

Let e be a fitness process. As F is a compact space and therefore separable, e
can be regarded as a Dg[0, 0o)-valued random variable defined on (2, P, F), that is

e: Q) — Dgl0,00) be a measurable map. We denote by
P = P = e x P = Pe ! € P(Dg[0, 00)) (5.2.1)

the distribution of e. For simplicity of notation, we let e, = e(t) for a fitness process
e. We frequently denote by e = (e;);>0 a fitness process and by € € Dg[0,00) a

trajectory of e. Also, we denote by é € E a fitness function. We emphasise that, in
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the sequel, a fitness process e is regarded as both an E-valued measurable stochastic
process with sample paths in Dg[0, 00) and a Dg[0, co)-valued random variable with
the law P"". We assume that the possible times of selection occur with rate o/ N
independently for every individual, and at a possible time ¢ of selection for individual
i < N, a selective event occurs with probability e;(a;(t)), where a;(t) is the type
of individual ¢ at time ¢. For the results in this chapter we assume that the fitness

process is either a general E-valued stochastic process or a Markov process.

We continue this section with identifying the Moran process in r.e. (MRE) as a

solution of a quenched martingale problem in r.e..

5.2.1 Moran process in random environments

In this chapter, by a Moran process we think of the measure-valued Moran process
with resampling, mutation and selection with a compact type space I and the F-
valued fitness process as constructed in Chapter 1 in detail. Recall that E is compact
in this chapter. For N € N, let PV (S) be the set of all purely atomic probability
measures in P(S) with at most NV atoms such that Nm(.) is a counting measure. In

other words, PN (9) is the image of I’V under the map

N
1
(a1,...,an) — NZ% (5.2.2)
=1

from IV to P(S) where 4, is the delta measure with support {a} C S. An element
of PN(S) is called an empirical measure on S (with at most N atoms). In this sec-
tion we assume that the number of individuals N > 1 is fixed. With N individuals
and type space I, let (u%(t))ier, be a measure-valued (P (I)-valued) Moran pro-
cess with fitness process e whose law is given by P’ = P"*¢ € P(Dg|0,00)) and

let v,a/N, B > 0 be the selection, mutation, and resampling rates, respectively. We
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assume that the fitness process e evolves between jumps and is independent of the
Poisson times of jumps (for resampling, mutation and selection), the initial distri-
bution, and also of the mutation kernel, i.e. it is independent of the outcome of a
mutation event that occurs on type a for every a € I. Let g(x,dy) be a stochastic
kernel for the mutation process on the state space I, that is the type of an offspring of
the allele a after a mutation event follows the transition function q(z, dy). As q(z, dy)

can either depend on x or not, it is always possible to write the mutation kernel as

Bq(z,dy) = B'q' (dy) + 8"q" (z, dy) (5.2.3)

for 5/, 5" > 0 s.t. '+ " = > 0. The first term in the right hand side of equation
(5.2.3) is called parent-independent component of the mutation event. When there
is no ambiguity in the notation and the fitness process is known, we drop the super-
script e and denote MRE with the fitness function e by py. Also we denote by uS

the quenched Moran process with the deterministic fitness process é € Dgl0, 00).

To study uy as a quenched martingale problem in r.e. e, we need to determine
a convenient set of functions as the domain of its generator. We use the following
domain for the generator of 1 which has been used by several authors as a domain for
the generator of the classic measure-valued Moran process. For an empirical measure
m € PN(I),let m™ € P(IV) be the N times sampling measure without replacement
from m, i.e. letting da = d(ay, ..., an)

Nm — 04,
N -1

N-1
(dag) x ... x m ?‘1 % (dax)  (5.2.4)

m™ (da) = m(day) x

Let §x be the algebra generated by all functions @4 : PV (I) — R for f € C(IV)
with
L (m) =< mW™), f >= /fdm(N). (5.2.5)

Note that C(I) = C(I), C(IY) = C(IV), C(P(I)) = C(P(I)) and C(PN(I)) =
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C(P™N(I)), since I and therefore P(I) and PY(I) are compact. Also note that any

function in §y is a restriction of a function in C(P(I)).

Proposition 5.2.2. For any N € N, the algebra SN separates points, and hence is

measure and convergence-determining on C(PN(I)). Also §y vanishes nowhere.

Proof:  Let my, my € PV(I) such that m; # my. Let R := supp(my) N supp(my).
There exists a € R such that m;(a) # ma(a). Since |[R| < 2N, there exists r > 0 such
that the ball radius r centred at a (w.r.t. the metric of I), namely B(a,r), excludes
all the points of R except a. It is clear that there exists a function f € C(I) with
f(a) = 1 that vanishes outside of B(a,r). Consider f € C(IV) which depends only
on the first variable in IV and defined by f(zy,2s, ..., 23) = f(x1). Then

<m™ f >=<my, f >= mi(a) £ ma(a) =< ma, f >=<m§", f > . (5.2.6)

Also, §y vanishes nowhere, since the constant function 1 € C(IV) and for any

m e PN(I), <m,1 >=1#0. ]

Remark 5.2.3. Alternatively, the latter proposition can be proved by showing that

SN strongly separates points. For the definition see [23], Section 3.4.

It is straightforward to see that the generator of the MRE with fitness process e
on @ n is the operator process GN.Q xRy % § N — @ n consistent with the environment
process e given by

g~N — gNN,e —
. - _ (5.2.7)
gres,N,e + gmut,N,e + gsel,N,e

gres,N,e g~mut,N,e

where and , i.e. the resampling and mutation generators, are linear
operators from Fy to Fn, and G*»V¢_ the selection generator, is an operator process

consistent with e. We usually drop the superscript e, if there is no risk of ambiguity.
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To be more explicit, let .
L= Jrmur" (5.2.8)

n=k

for k € N. For the resampling generator, we have

GresN G (m) = L Z <m™, fooy, —f> (5.2.9)

zg 1
where 03 : fivj — fivj is a map replacing the j-th component of z € Evj with the ¢-th
one (i V j = mazx{i,j}). In other words, defining another map o : I; — I; for j € N
and y € [ with J]Z-’(x) = (L1, oy Tjo1, Yy Tjs1,s -y Tp) if j <moand x = (24, ..., 2,), and
with o¥(2) := (21,..., 71,9, ¥jp1,...) if © = (21,29,...), we have o5(x) = of" (the
reason to define these functions to be so general is to use them later for Fleming-Viot

processes). To show that the generator is as indicated above, we write

+(1—%s) Yooem®™ s 3 <m®™ f5) (5.2.10)

that implies (5.2.9).

Similarly, for mutation, we have

G NDL (m BZ<m Y.Bif — f>

N
= /3’2 <m™W Blf — f > 48" <m™ B/f - f >, (5.2.11)
=1

where

B, B}, B} :c(IMyu (| Je() —cu™yu( e (5.2.12)
n>t n>1

are bounded linear operators defined by

Bif(x) = /foaf(x)q(xi,dy), (5.2.13)
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Bl () = Bif (@) = [ fo (o) (ay), (5214
I
B/ f(z) = B f(z) :== /f oc!(x)q" (i, dy). (5.2.15)
I

Note that B;, B!, B! leaves C(IV) and, for any n € N, C(I") invariant.

To have a generator process consistent with e we first need to specify the time-
dependent generator of i for any given (quenched) environment é. For any ¢ > 0,
let

éi(t)(x) :=é(t)(x;) (5.2.16)

and, for x € IV and s > 0, define
t+s

éﬁwm:/ammﬁwwm (5.2.17)

t
where P/, is the distribution of the position of a Poisson point in the interval [t t+s],
conditioned to have exactly one Poisson point in the interval. Then the generator

process for the selection is

G ()@Y (m) =
ul —tt N it
li—%%(%s 2. < mMN, & f ooy > 4 2 < m™ (1= f >
2 o (5.2.18)
N N . .
1 =£s) > <m™ f> -3 <m®™ f>)
t,j=1 i,j=1
N
s 35 <m0, P oy~ P 5)
i,j=

But é € Dg[0,00) is right-continuous (has a right limit), and hence so is é; for any

i < N. Therefore for any x € IV

inf  &(r) < @V () < 5.2.19
t§12t+56(r) E (:r)_t;;l%se(?“), ( )

and hence

U (1) = &()(2) (5.2.20)
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as s = 0, and furthermore ?E’HS — €;(t) in the sup-norm topology. This concludes
that the generator process for the selection, G2V : Ry x §nx — v, is given by

N

S <m™ ) (foal— f)>. (5.2.21)
For simplicity, similarly to the Definition 9, we denote

Gt (e 1(8),t) == GPN(1). (5.2.22)

. . 5 5sel,N
Therefore, the selection generator process is the operator process G*V = (G;"") >

or

GV QX Ry X Fn — Fn (5.2.23)
that G*"N(w, ) is a linear operator from T to T, defined by
G*N(w,t) = G*N (e (@), 1) (5.2.24)

for any w € e () and any € in the range of e. Note that the value of G (w, t)
for w € e~ 1(€) with € out of range of e is not important and, actually, it can be any

linear operator on §y. Equivalently,

N
G (w, )DL (m) = % Z <m®™ ei(w,t)(f o O'gj —f) >, (5.2.25)
ij=1
where
ei(w, ) (x) == e(w, t,z;) = G*N(e71(é),1). (5.2.26)

Note that, in order to ensure G (t) : §x — Fn, é(t) must be in C(I, [0, 1]). In fact
we have assumed more, i.e. € € Dg[0,00) (recall E C C(1,[0,1])). The (quenched) lin-
ear generator of the Moran process with a deterministic fitness process € € Dg[0, ),

namely Gg Ry x @N — @N, is given by

GY .= gresN  gmutN . g, (5.2.27)
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Proposition 5.2.4. Let Pév . Dg[0,00) — P(PN(I)) be measurable and GV be as
defined above. The (Q~N,§N, Pév,]P’e"”)-martmgale problem 1s well-posed, and pg 1s

identified as the solution of this martingale problem.

Proof: The existence has been shown by construction. Note that the con-
structed quenched solutions S, for every é € Dg[0,00), is also Markov. It suffices
to prove that, for any € € Dg[0,00), the time-inhomogeneous martingale problem
(GN. Gn, f’év(é)) is well-posed . But this follows from Lemma 5.1.6 and the fact that

the algebra T separates points. [ |

Remark 5.2.5. The latter proposition can also be proved using the duality method
in the same way that we show the uniqueness of the quenched martingale problem for

Fleming-Viot process in r.e.. See sections 5.3 and 5.4.

5.2.2 Fleming-Viot process in random envirnoments

Following Fleming and Viot (1979)[27], one can define a similar process as the Moran
process on countable number of individuals. In fact we can project the classic particle
Moran process with NV individuals and type space I on a measure-valued process, by
looking at the frequency of types of individuals during the time. This gives rise to a
measure-valued Moran process. Identifying this process as a solution of a well-posed
martingale problem, we can see that the FV process arises as the weak limit (in
Dp1)[0,00)) of P(I)-valued Moran process with N individuals as N' — oco. Similarly,
for the Moran process in r.e., we can define the FV process in r.e. (FVRE) as the
weak limit of M RE process, denoted by p%, in Skorokhod topology. A more com-
plicated problem is when the sequence of fitness processes ey is converging weakly in
Dgl0,00) to a fitness process e and then FV RE with the fitness process e, namely
pe, arises as the weak limit of MRE processes puy in Dp(1)[0,00). The first step to
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prove this kind of theorems is to study the FVRE martingale problem. Here we set
up the quenched martingale problem for FVRE.

Recall that by Tikhonov’s theorem ™ is compact. Let B, (IY), C,(IY) = C, (1Y),
and CK(IN) = CF(IV) be the subsets of B(IY), C(IV), and C*(IV), respectively, de-

pending on the first n variables of IV,

Definition 13. For f € B,(IY), a polynomial is a function
F=d:P() >R (5.2.28)

defined by
O (m) =< m®N, f > for m e P(I), (5.2.29)

where m®N is the N-fold product measure of m. The smallest number n for which

(5.2.29) holds is called the degree of ®7.

Let
§F={d7: f eI for some n € N} (5.2.30)

for k € NU {0, 00}, and let § = §°.

Proposition 5.2.6. For k € NU{0, oo}, 3 is an algebra of functions that separates

points and vanishes nowhere, therefore it is measure and convergence-determining.

Proof: First, we show that § is an algebra of function for every k € NU {0, 00}.
Let 7, ®9 ¢ @k with degree n; and ngy respectively. Let n := max{ni,ns}. Then for

any m € P(I), we have
O (m) + ®I(m) =< m®N, f >+ <m® g >=<m®N f4g>=0/ cF (52.31)
as f+g e C,(IV). Also for f € C,,(IN) and g € C,,, (IV)

O (m)DI(m) =< m®N, f ><m® g >=<m®N f. < m®N g >>=
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<m®™ f(got,,) >= & m) ¢ FF (5.2.32)

where 7, : I — IV is the translation operator on I defined by 7.(a1,as,...) =
(@ry1,Gpryo,...) for r € N. This proves that 3% is an algebra for any k € N. To prove
the second part, first note that as P([) is a compact space, then being convergence-
determining and measure-determining are equivalent for §* c C(P(I)), by Corollary
5.1.3. Thus, by proposition 5.1.4, it suffices to show that §* C C(P(I)) separates
points. But the latter follows from the fact that for any my, mq € P(I), there exists
fecrI"), for k e NU{0, 00}, such that

O (my) =< my, f >FE< My, [ >= & (my). (5.2.33)

Also 1 € CE(IV), and for any m € P(I), we have 1 =< m, 1 >=# 0. This proves the

proposition. [ |

Remark 5.2.7. Clearly, § C C(P(I)), therefore it is dense in C(P(I)) in the topology

of uniform convergence on compact sets.

We are ready to define the generator of FVRE and state the quenched martingale
problem in r.e. for it. For n € N and f € C,(IV), let / be a polynomial. The

generator of the FVRE with a fitness process e is the operator process
GOXRLXFT— T (5.2.34)
also denoted by G = (ét)tZOa defined as
Ge = Greve 4 Gruve 4 G, (5239

where the first and the second terms on the right hand side are the linear opera-
tors corresponding to resampling and mutation (generators) from F to §, and the

third one is an operator process serving as the selection generator. Usually, we drop
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the superscript e, when there is no risk of confusion. For &/ € %, m € P(I) and

x = (x1, 2, ...), the operator process is defined as follows.

The resampling generator is defined by

Gresdd (m) = 2 Z <m®™ foo—f>. (5.2.36)

zgl

For mutation, put
G (m BZ <m® Bif — f >

- 5/2 <m®™ Bif — f>+p"Y_ <m®™ B f - f> (5.2.37)
=1 =1

Recall that

Bif(x) = / f o o¥(z)q(zs, dy) (5.2.38)
Bif() = [ foolla)d(dn) (5.2.39)
Bg’f(x):/foag/(x)q"(xi,dy). (5.2.40)

i§
For the selection generator define the following operator process

G OXRLXF—F (5.2.41)
consistent with e such that G*(w, t) is defined to be a linear operator from § to § as
G w, t)®f (m) = az <m® e;(w, t)f — enpr(w, ) f > . (5.2.42)

Recall that e;(w,t)(x) = e(w,t,z;) and &(t)(x) = é(t)(z;) for a given trajectory

€ € Dgl0,00). Then as denoted in Definition 9, we have

G (1% (m) = §(71(0). B (m) = 0 3~ < m™ & (1)f — ()] > . (5.243)
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Also, for a given trajectory é € Dgl[0, 00), let G:: R, x 3§ — § be defined by
Ge := G 4+ Gmt 4 G5!, (5.2.44)

The following theorems state the wellposedness of FVRE martingale problem and
identify the limit of the measure-valued Moran processes in r.e. as the unique solution

of a quenched martingale problem in r.e..

Theorem 5.2.8. Let e be a fitness process and let Py : Dgl0,00) — P(P(I)) be
measurable, and P € P(Dg[0.00)). The (G¢,§, Py, P""¢)-martingale problem is

well-posed. Furthermore, the unique solution is a strong Markov process.

Definition 14. Let e be an E-valued stochastic process with sample paths in Dg[0, 00)
and law P™. The unique P(I)-valued process which is the solution of the martingale
problem (ée,§, 130,]}”6””’6), denoted by p°, s called Fleming-Viot process in r.e. e
(FV RE). When there is no risk of ambiguity, we drop e from the superscripts. For a
given trajectory of e, namely € picked by P, u® represents the quenched F'V process

with the deterministic (fized) environment é.

Recall that we frequently denote by e, ey stochastic fitness processes, and by
¢ a fixed time-dependent fitness function (an element of Dg[0,00)). Also note that
measurable functions Py : Dp[0,00) — P(P(I)) and P} : Dg[0,00) — P(PN(I)),
for N € N, are initial distributions of FVRE and MRE, respectively. Also, in the

following, we assume
penv = Penve € P(Dgl0, 00)) (5.2.45)
pene N = Ppenveny ¢ P(Dg 0, 00))
are the laws of fitness processes e and ey, for N € N, respectively. We usually use
the environment e for FVRE and ey for MRE with N individuals and assume ey
converges to e in Skororkhod topology. In particular, let ¥ be the unique solution
to the quenched martingale (GNVe¥, Fr, PY PeroN) = (GN. F, PN, PN and p°
be the unique solution to (G¢, F, Py, P™) = (G, F, Py, P™).
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Theorem 5.2.9. Let e be a fitness process and P be the law of u® with the family of
quenched measures {Pé}éeDEm,OO) for {1} eeppo,00). Then for P -a.e. € € Dgl0,00),

the process ¢ has continuous sample paths (in C([0,00), P(I))) P°-a.s., that is
P (¢ € Dgl0,00) : P(t + pf(t) is continuous) = 1) = 1. (5.2.46)
Therefore,
P(t — uf(t) is continuous) = 1. (5.2.47)
Theorem 5.2.10. Suppose Py and f’év are continuous, for any N € N.
(i) Let én,é € Dg|0,00), for N € N, such that éy — € in Dg[0,00). Then

a) If Pév(éN) — Py(é) in P(P(I)), as N — oo, then pY = pf in Dp 1[0, 00),

as N — oo.

b) For M € N,
psy = us, as N — oo (5.2.48)

m DpM([) [0, OO) .

¢) uN = pf in Dpp0,00), as N — occ.

(11) Let e and {en}nen be fitness processes (not necessarily Markov) such that e —

e in Dg[0,00) a.s., as N — oco. Then
a) If Pév(eN) — Py(e) in P(P(I)), as N — oo, a.s. then
py = uf (5.2.49)

in Dp(py[0,00), as N — oo.

b) For M € N,
pwyy = sy (5.2.50)

in Dprm(p0,00), as N — oo.
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c) pN = p° in Dpp[0,00), as N — oc.

Remark 5.2.11. We summarize the convergence theorem in the following diagram.

Ifeyy — e, as M — o0, a.s. in Dg|0,00), then
pN' =t
b N | (5.2.51)
by = u°

as M — oo and N — oo, appropriately.

Definition 15. We say an S-valued Markov process Z is weakly ergodic if there exists

m € P(S) such that for every initial distribution of Z

m{/ﬂ&@mm:<mj>, fec(s). (5.2.52)

t—o00

In other words, letting {T?} be the semigroup of Z on C(S), there exists m € P(S)
such that

ﬁm]ff@):<nuf> (5.2.53)

for any x € S and f € C(S).

Theorem 5.2.12. Suppose there exists a parent-independent component in the mu-
tation process, i.e. B’ > 0, and let e either be a stationary fitness process (not nec-
essarily Markov) or a weakly ergodic Markov fitness with semigroup {Tf™} such that

T C(E) — C(E) for any t > 0 . Then the following statement holds.

(i) There exists a P(I)-valued random variable p®(oco) such that
we(t) = p(oo) (5.2.54)

as t — oo, in P(I).
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(i1) By assumption on weak ergodicity of e, there exists an E-valued random variable

e(00) such that the annealed-environment process converges weakly, that is

(1°(t), e(t)) = (1 (00), e(c0)) (5.2.55)

ast — oo, in P(I) x E, and the law of (1°(00),e(00)) is the unique invariant

distribution of (u°(t), e(t))to-

The strategy to prove these theorems for the annealed processes p¢ and py is
to prove them for quenched processes (processes with fixed environments), first, and
then integrating over the elements of Dg[0,00) we get the result for the annealed
process. As each quenched (fixed) environment is a deterministic process and thus
Markov, one can characterize the quenched processes as a quenched martingale prob-
lem in r.e. regardless of having Markovian property for the environments. This is
one important advantage of this method. The technique that we apply is the combi-
nation of martingale problem and duality method. As the fitness process and hence
the quenched generators depend on time, the dual process also must do so. There-
fore, we need to understand the behaviour of the time-dependent dual process. The
next section prepares some generalities about dual processes for time-inhomogeneous

Markov processes.

5.3 Duality method for stochastic processes in ran-
dom environments

The importance of uniqueness of solutions for martingale problems combined with
relative hardness to prove it, has led many researchers to think of new methods and
tools to deal with this issue. One of the most important methods which has been used

by several authors is the method of duality. It has been used by many researchers
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including Holley and Liggett (1975)[31] who applied it in order to prove ergodic theo-
rems for the voter model, by Shiga (1980-1981) [54, 55] who used it for the diffusions
arising in population genetics, and by Dawson and Hochberg (1982)[11] who, for the
first time, introduced function-valued duals for measure-valued processes. Many other

dual processes have been introduced, later (see [8, 10]).

One of the goals of the duality method for martingale problems is to transform
the problem of uniqueness for one martingale problem to the problem of existence for
another one which is a dual of the first. Furthermore, in many examples, as the dual
process is a relatively simpler process, it is much easier to understand its behaviour.
This gives more information about the main process which is harder to deal with
directly. One example is to prove ergodic theorems for the solution of a well-posed
martingale problem when the dual of the main process reaches special absorbing states
with probability one. Here we extend the method of duality for stochastic processes
in random environments, and generalize the notion of time-dependent Feynman-Kac
duals, namely we study general duals in which an exponential term appears. In ap-
plications, we usually cannot avoid appearance of Feynman-Kac term in our dual
that makes the dual process harder to analyse. However, in the case of Fleming-Viot
process when the fitness process is bounded, one can give duals in which there is
no exponential term. In fact, when the fitness function (process) is unbounded, the

existence of Feynman-Kac term is unavoidable.

In this section we assume that S’ and S; are Polish metric spaces, Ss is a separable
metric space, and P“*" is the law of the environment X : Q — S” which is an S’-valued
random variable. Let D; C B(S;) for i = 1,2. We assume G*' : R, x D; — B(S;)
to be time-dependent linear operators, for ¢ = 1,2, and let m € P(S;). Also, we
assume, for ¢ = 1,2 and for any real number ¢t > 0, G : Q x R, x D; — B(S;)

are operator processes with domain D;, and P}, : S — P(S;) are measurable. Let
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f € B(S1 x S) be such that f(.,v) € Dy and f(u,.) € D, for any v € S and u € Sj.
Let g : Ry x S5 — R be a Borel measurable function. We start with the definition of

duality for two families of time-inhomogeneous problems.

Two families of time-dependent martingale problems ¥*' = {(G'*, D1, m{) }ier,
and ¥*? = {(G*', Dy, mf) }rer, are said to be dual with respect to (f,g), if for each
family of solutions {('}iegr, to the martingale problem ¢*!, with respective laws
{m""}ier,, and each family of solutions {{'}icr, to the martingale problem ¥*2,

with respective laws {m?'},cg, , we have

/mzt[|fu£ exp{/ §))dsYmd (du)] < (5.3.1)

S1

for any ¢t € R, and

/ Bt [(CH(2), 0)]m2(dv) =

Sa

[ Bl @) expl [ g(s. ¢ o)dspimiatn). (532

S1
We extend this idea to two families of quenched martingale problems in random
environment. Let M*(z) C P(S;) be a collection of measures on S;, for any z € S’

and 1 = 1,2. Set
M= {P}, € B(S',P(S;) : Vo € 5, Pi(z) € M'(z)}, (5.3.3)
where B(S’,P(S;)) is the set of all Borel measurable functions from S” to P(.S;) for

i=1,2.

Two families of quenched martingale problems in r.e. X, namely

Gt =GN M) == {(G", D1, Po, P™) } 1 po)er, xa
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and
gQ — g2(M2) — {(G2,t7 DQ, Qo;Penv)}(t,Qo)eRerMz?

are said to be (strongly) dual with respect to (f,g), if for each family of solutions
{¢PPoXY  poyer, xar to 4, where each solution ¢“F¥ has the family of quenched
laws {P"P*"},c o, and for each family of solutions {€" X}, q Jer, xar2 to 92, where

each solution ¢¥QX has the family of quenched laws {Q"/’QO’Q”}IE 5, we have:

Been || B /(0,20 ()] exp [ g(s. €% (5))ds}Po((X) (du)] < 0

B (5.3.4)

for any t € Ry, Py € M', Q, € M? (Recall PPPoX : (y s POPOX@ 5pq QUQ0X .

W Qthf)’X(“)), and for P"-a.e. x

[ o T 1), 0] Qu(a) d0) =

Sa
/EQ“QO’IU(% ét’QO’z(t))eXp{/g(&€t’Q°’$(8))d8}]Po(fC)(dU) (5.3.5)
S1 0

for any t € Ry, Py € M' and Q, € M>.

We say they are dual in average if for any ¢t > 0, Py € M' and Q, € M? (5.3.4)
holds, and

Epens| / Eprroox [F(CFX (1), )] Qo () (dv)] =

Sa

Been | | Equans[£(u.¢ 0¥ (0) exp [ (5, @ % (9)dsHPo(X)(dw)] (536

S1

for any t € R, Py € M! and Q, € M>.
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Remark 5.3.1. Fori=1,2, x € S’ and t € Ry, recall that G5! : Ry x D; — B(S;)
15 defined by
GH(s,h) = G"(X(z), s, h). (5.3.7)

Fori=1,2, x € S' and m}, € P(S;), let 4" (m{) be the family of martingale problems
{(G%, Diymi) her, - In fact 91 (M) and G*(M?) are dual if and only if for P***-a.e.

r e S, g (m) and 4*(md) are dual for any m{ € M*(z) and m3 € M?(x).

When there exist a time-dependent operator G! : R, x D; — B(S;) and an
operator process G : Q x R, x D; — B(S;) such that for any ¢ > 0, G = G' and
GY = G, all the martingale problems in the families 4*! and ¢! coincide with the
ones in the families {(G*, D1, Po) }p,eart and {(G*, Dy, Py, P"*) }p s, respectively.
Because of the importance of these special cases, we give their definitions separately

as follows.

Definition 16. Suppose G' : R, x Dy — B(S}) is a time dependent linear operator,
and let m{, € P(S;) for i = 1,2. The martingale problem 4*' = (G', Dy, m{) and
the family of martingale problems 9** = {(G*', Dy, mi) }rer, are said to be dual with
respect to (f,g), if for each solution ¢ to the martingale problem 4*!, with law m?!,

and each family of solutions {£'}er, to the martingale problem 9G**, with respective

laws {m*'}ier, , (5.5.1) holds for any t € Ry, and

/ Byt [£(C (1), 0)mE(dv) =

Sa

/ B [ (u, £4(1)) exp / 9(s.€(s))ds}mb(du) (5.3.8)

S1

for anyt € R,.

Remark 5.3.2. If, in addition, we assume that G' : D1 — B(S1) and there erists a
linear operator G* : Dy — B(Sy) such that for any t > 0, G*' = G2, then the duality
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in Definition 16 reduces to the classic time-homogeneous duality. In this case, it is

still possible to find a family of time-dependent duals (not necessarily one dual).
For the quenched martingale problem in random environment we have:

Definition 17. Let f and g be as defined above and G : Q2 x R, x Dy — B(S}) be

an operator process. We say a family of quenched martingale problems
Gt =G (M) = {(G", Dy, Po, P™™)} pyennt
and a family of quenched martingale problems
G* = G*(M?) = {(G*", Ds, Qy, P™™) } 1,0y er . x M2

are (strongly) dual with respect to (f,q) if for each family of solutions {CPo*} p,can
to 9", with the respective families of quenched laws {{ P} ,cs'} pyerrt, and for each
family of solutions {£"9X}; go)er, xarz to G2, with respective families of quenched
laws {{Qt’QO’x}aceS/}(tQO)eRerMz, we have:

For every t >0, Py € M and Q, € M?, (5.5.4) holds and for P***-q.e. x € S’

/EPPM- [F(C7(1), 0)] Qo (w)dv =

Sa

/Ecztv%w[f(u,€t’Q°’m(t))exp{/g(s,ft’QO’m(S))dS}]Po(x)du (5.3.9)

S1

foranyt e R, Py € M and Q, € M>.

They are said to be dual in average if (5.3.4) holds for any t > 0, Py € M,
Q, € M? and

Epens| / Epryx [ (P (1), 0)] @ (X)du] =

Sa
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oo | Egrans (w60 (1) exp{ [ 9(s,6 % (s)) s} Po(X)du] (53,10

St

for anyt >0, Py € M and Q, € M>.

Remark 5.3.3. Fori = 1,2, x € S, and t € Ry, as we already defined, let G :
R, x Dy — B(S1) and G*>' : R, X Dy — B(Ss) with

Gl(s,h) := GHX Y (z),s,h) (5.3.11)

and

G2t(s, h) = G2H(X"L(x), s, ). (5.3.12)

Fori=1,2, x € S and m, € P(S;), let 4:'(m}) := (GL,D1,m}) and 4:*(m3) :=
{(GL,D1,m}) }1er, . We have that G*(M') and 4*(M?) are dual if and only if for
P-g.e. x € S, 4 (md) and 4*(m3) are dual for any my € M'(x) and m} €

M?(z).

When the family of functions {f(.,v) : v € Sy} is sufficiently nice, in other
words measure-determining, the duality relation ensures the coincidence of the one-
dimensional distributions of any two solutions of the martingale problem, which itself
implies the uniqueness of finite dimensional distributions of those which is equivalent
to well-posedness of the martingale problem. The following proposition transforms
the problem of uniqueness for a martingale problem to the problem of existence of
a dual process, or in other words, to the problem of existence of a dual martingale

problem. This is a generalization of Lemma 5.5.1[8] and Proposition 4.4.7 [23].

Let P.(S1) = {m € P(S1) : m has a compact support}, and recall that, for
y € S, 0, is the delta measure with the support on {y}.
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Proposition 5.3.4. Suppose that, for any mo € P.(S1) and y € Sy, the time-

dependent martingale problem
G*(my) = (G*, D1, myp)
and the families of time-dependent martingale problems
G2(0,) = {(G*", D2, 8) }rew,.

are dual with respect to (f,g). Consider a collection of measures M C P(Sy) con-
taining PL(s)™! for every s > 0 and every solution ¢ of 4*'(mg) with my € P.(S1).
Suppose that {f(.,y) : y € So} is measure-determining on M. If for every y € Sy
and t > 0 the martingale problem (G*',Da,d,) has a solution, then for any initial
distribution mg € P(S1), the time-dependent martingale problem (G', Dy, mg) has at

most one solution (a unique solution).

Proof: For my € P.(S1), let ¢ and ¢’ be two solutions to ¥*!(my), and denote
by £ an arbitrary solution to the martingale problem (G**,Dy,d,) for ¢ > 0 and
y € Sy. By the duality relation

E[f(C(t),y)] =

/ E[f (u, €9(2)) exp} / g(s, €29(s))ds}md(du) = E[f(('(t), 9)] (5.3.13)

S1
that, as {f(.,vy)}yes, is measure-determining on M, implies the uniqueness of one-
dimensional distributions, i.e. P¢(#)™* and P¢’(¢)~! coincide for any ¢ € R,. Hence,

P(~! = P¢’~! that means uniqueness.

For general mo € P(S}), let ¢ and ¢’ be solutions to the martingale problem
4*'(my), and let K C S; be compact with mg(K) > 0. Denote by (x and (j, the
processes ¢ and ¢’ conditioned on {¢(0) € K} and {¢’(0) € K}, respectively. It is
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clear that (x and (J, are solutions to the martingale problem ¢*!(mq(.|K)) with

mo(.|K) = o (K)

€ P.(Sh). (5.3.14)
Thus, as proved above, P(x ()™ = P, ()" which means
P(C(t) € AIC(0) € K) = P(¢'(t) € A[C(0) € K) (5.3.15)

for any Borel measurable subset A of S;. Since S is a Polish space, from regularity of
my, there exist a sequence of compact sets (K, ),en such that mo(K,) — 1 asn — co.

Therefore,

B(C(1) € A) = lim B(C() € AI((0) € K,) =

lim P(C'(t) € A|C'(0) € K,) = P(C'(t) € A) (5.3.16)

n—oo

which implies uniqueness, by Proposition 5.1.8. [ |

We easily generalize the last Proposition to the case of quenched martingale
problems. For every z € S’, let M.(x) = P.(51), and let Ms(z) = {5, € P(Ss) : y €
Sa}. We define M, and Mjy from M.(z) and My(z) as already defined.

Proposition 5.3.5. Suppose that the families of quenched martingale problems
g1<MC) = {(Gl,Dl, POa]P)em)}POeMC

and

G*(M;) = {(G*", Ds, Py, P™)} 1. py)yer, x M
are dual with respect to (f,g). Consider a collection of measures M C P(S1) such
that for P-a.e. x € S" contains PC(s)™* for all s > 0 and all solutions (* of
(GL, Dy, PC*(0)7Y) for which PC*(0)~! € P.(S1). Suppose that {f(.,y) : y € So} is

measure-determining on M. If for P*"-a.e. x € S’, for every y € Sy and t > 0
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the martingale problem (G2',Dy,d,) has a solution, then for any initial distribution
function Py : S" — P(Sy) the quenched martingale problem (G', Dy, Py, P*"") has at

most one solution (a unique solution).

Proof:  First note that, as mentioned in Remark 5.3.3, ¢'(M,) and ¢4*(M;) are
dual with respect to (f, g) if and only if, for P*"*-a.e. x € ', 4! = (GL, Dy, mp) and
G*2(5,) = {(G%', Dy, 6,) }1>0 are dual with respect to (f, g) for every mg € P.(S;) and
y € Sy. For any initial distribution function Py : " — P(S}), the quenched martin-
gale problem (G', Dy, Py, P“") has at most one solution if and only if (GL, D;, Py(z))
has at most one solution for P“**-a.e. x € S’. But the latter follows from Proposition

5.3.4 and this finishes the proof. [ |

Now we try to find conditions that guarantee the duality relation between two
families of martingale problems. The following proposition is a natural extension of
a theorem by D. Dawson and T. Kurtz [12] to the case of time-dependent duality

relations.

Proposition 5.3.6. Let S; and Sy be two metric spaces, and let Dy C B(S1) and
Dy C B(S3). Let G : Ry x Dy — B(S1) and G*' : Ry x Dy — B(S,), fort > 0,
be time-dependent linear operators. Consider functions g € B(Ry X Sy) and f €
PB(S1 % Ss) such that, for any u € S; and v € Sy, f(.,v) € Dy and f(u,.) € Dy, and
foranyt>s>0

G'(s)f € B(S1 x ) (5.3.17)

and

G>'(s)f € B(S1 x Sa), (5.3.18)

where for (u,v) € Sy x Sy

G'(s)f(u,v) = G'(s)f(.,v)(u) (5.3.19)
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and
G (5)f (u,v) := G*'(5) f (u, ) (v). (5:3.20)

Let m{ € P(S;), for i = 1,2. Let (' and ¢*' be solutions to martingale problems
(GY, Dy,ml) and (G*', Dy, md), for any t > 0, respectively. Assume that for any

t > 0, there exists an integrable random variable Cy such that

(i)
sup 1£(¢H(s), )| < G (5.3.21)

(1)
sup G (5) £ (¢ (5), ¢ ()] < Ci (5.3.22)

(ii)
j}gIQQ’t(T)f(C (5),¢**(r)] < Ci. (5.3.23)

If, for any t >0, for a.e. 0<s <t
GH(s)f(v)(u) = G (t = ) f(u, )(v) + g(t — 5,v) (5.3.24)
for every u € Sy and every v € Sy, then
G (mg) = (G", D1, mp)

and

g*Q(mo) {(g%D2amo>}t>0

are dual with respect to (f,g).

Proof: =~ We assume (' and {(*'};>¢ are independent. For ¢ > 0 and s,r < ¢ define

r

F(s,r) = E[f(¢'(s), > (r)). exp(/ g(u, ¢ (u))du)]. (5.3.25)

0
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Therefore, by martingale property
F(s,r) = F(0,r) = jE[gl(U)f(Cl(ULC“( exp{fg u, ¢*!(a))dutldu  (5.3.26)

Let F; and F5 be partial derivatives of F'. Then
Fi(s.1) = EIG (9)(¢}(5), ¢ (r)) exp [ g(a, ¢ (@) da}|. (5.3.27)
0

We must also compute F(s,r) — F(s,0). In order to do so, applying lemma 3.1.2 in

[12], for h > 0 with r + h < ¢, we can write

F(s,r+h)— F(s,r) =

L), ¢+ M) o2 exp [ on, 2 @pan)ans
B 62 (¢ (). exp [ o0 ¢*4(1)) ] =

Tfhf )62 (w2 (u):expl (62! (@)l +

7"+h7"+h (5.3.28)
BT T G066 g, xp( o 340+

5 e <s>,<27t<u>>exp<of“ (6, (@) dit) -+

r+h

E[ [ G*'(u)f(¢'(s), (' (w)).

r

{exp( fg ¢ (a ))dU)—eXp(bf( ,¢*H(@))d) }du).

Under the assumptions above integrals exist, and the second and the forth terms in

the last equation are bounded by
[
SEICH. (5.3.29)

Writing F'(s,r) — F(s,0) as

> _(F(s,rs) = F(s,7i1) (5.3.30)
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for [ € N and an increasing sequence of real numbers 0 =7y <7y < ... <7, =7, and

letting [ — 0 and max;(r; — r;_1) — 0, we get

s,m) — F(s,0) =

E[{f(¢'(s), ¢*"(u))g(u, (**(u) + G*H(u) f (¢ (s), (P (u))}. (5.3.31)
eXp{fg , (P (w))du}]du

O —=s M

Thus the partial derivative F; exist for a.e. » <t and

Fy(s,r) =
E[{f(¢ (), ¢®H(r)g(r, ¢*H(r)) + G>H(r) f(CH(s), () }- (5.3.32)
eXp{ofg(i ¢*'(a))du}].

By Lemma 3.1.1 [12]

F(t 0) — F(0,1) =

fFl b —8) — Fy(s,t —s))ds =

‘!{E (G () £(¢1(5), €2 (t = s)) exp{ f g(t, ¢*'(w))di}]—
]E[{f(Cl( ), (¥t = 5))g(t — s, C“(t =)+ G2t = 5)f(CN(s), ' (t = )}
expf f g(, 2 (@))dii})}dr.
(5.3.33)
But this vanishes for a.e. t > 0 and a.e. 0 < s <t by (5.3.24). The statement follows,
since F'(t,0) and F(0,t) are continuous for t € R,.
|

The following is an automatic extension of the last proposition to the case of quenched

martingale problems.

Proposition 5.3.7. Let Sy and Sy be two metric spaces, and let Dy C B(S1) and
DQ C B<S2> Let G' : Q x R+ X Dl — B(Sl) and G** : Q x R+ X D2 — B( ) fOT’
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t >0, be operator processes. Consider functions g € B(Ry x Sy) and f € ZB(S; x S5)
such that, for any u € Sy and v € Sy, f(.,v) € Dy and f(u,.) € Dy. Let P €
P(S"), and m}y € P(S;), fori=1,2. Suppose {(*},es and {{*"*},cs are solutions
to quenched martingale problems (G, Dy, m}, P™) and (G**, Dy, m2, P™), for any

t > 0, respectively. Assume that for P"-a.e. x € S, for anyt > s >0
GL(s)f € B(S, x S) (5.3.34)

and

G>'(s)f € B(S1 x S,), (5.3.35)

and P"-a.s. for any t > 0, there exists an integrable random variable CY such that

(i)

sup £ (¢H2(s), ¢ ()| < CF (5.3.36)

(it)
sup |G () F(CH(5), ¢ ()] < CF (5.3.37)

(m)
sup |G2H(r) F(CH(s), PP (r))| < CF (5.3.38)

If for P -a.e. x € S', for any t > 0 and for a.e. 0 < s <t
GL(8)f(,,v)(u) = G*(t — 8) f(u,.)(v) + g(t — 5,v) (5.3.39)
for every u € S1 and every v € Sy, then
G (mg) = (G, Dy, mg, P™)

and

g2 (m?)) - {(G27t7 DQ: mga Penv)}tZO

are dual with respect to (f,g).
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Proof: The proof is an automatic application of Proposition 5.3.6 and Remark
5.3.3. -

5.4 A function-valued dual for FVRE

The goal of this section is to construct a dual process in r.e. e which is a fitness pro-
cess (not necessarily Markov). Recall that P is the law of e. For any é € Dg[0, 00),
we define the quenched dual family {wt’é}t€R+ of Markov processes with the deter-
ministic environment € € Dg[0, 00), where "¢ = (1¥)cr, . The process ¢° is a
Markov jump process with the state space C* = |J C,(IV) without any jumps after
time t € Ry, i.e. 't +s) = ¢'(t) for any s zngN(The process stays forever in its

location at time t). Also, as before, we assume that e is independent of Poisson times

of jumps and also independent of the initial distribution of the process.

In order to define the transition probabilities of 1%¢ at times of jumps, we need

ins .

the following notations. For a = (ay,as,...) € IV, define the insertion function o
IN — IN to be

0" (@) = (aj-15,., )jen, (5.4.1)
where the value of 15, is 1 if j > 4, and it is 0, otherwise. Also, the deletion

function ¢ : IN — I is defined by

07 (a) = (a414,.,)jen- (5.4.2)

For n € N, the process ¥ jumps from state f € C,(I") C C* to
foaoio gj-”s at rate % fori,j=1,...,n (resampling) (5.4.3)

to

Blf atrate 8 fori=1,..,n (parent — independent mutation) (5.4.4)
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to
Bl'f at rate 8" fori=1,..,n (parent — dependent mutation) (5.4.5)

(Recall = '+ " and also recall the definition from (5.2.14) and (5.2.15)),

to

et —s)f + (1 —¢&(t—s))(fool) atratea fori=1,..,n (selection) (5.4.6)

1

for a jump occurring at time s < ¢.

Having the fitness Markov e with law P which can be considered as a Dg[0, c0)-
valued random variable, we can think of a family of stochastic processes in random
environment e, namely {¢"“};cr,. In fact, for ¢ > 0, ¥"° is a stochastic process
in random environment e whose quenched processes, {¢"}zep,i0,00), are defined as

above.

We define the duality function H : P(I) x C* — R by

H(m, f) =<m® f > (5.4.7)

for f € C* and m € P(I).

For f € C,(IN) C C*, in fact H(m, f) = ®/(m), where by definition ®/ € §. Note
that H is a continuous function and hence measureable function but not bounded.

The following is automatic.

Proposition 5.4.1. The collection of functions {H(.,f) : f € C*} is measure-

determining on P(I).

Proof: The set in the statement of proposition is in fact 3 and, it was already

proved that § is measure-determining. [ |
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Before proving the duality relation, we find the generator of %€ for t+ > 0. For

m € P(IV), define ¢™ € C(C*) (remember C* is equipped with sup-norm topology) as

" (f)=<m,f> [feCl" (5.4.8)

From construction, for ¢ > 0 and m € P(IV), the time-dependent generator of 1"

on function ¢™, namely G, is computed as follows. For 0 < s <t and f € C,(IV)

forne N
ggt(s)¢m(f) = %0 Z< < ﬁl, f (@] U’ij (@] Q;ns — f >
<i,j<n
+6' Zn? <m,Bif = f>+p5" i <m,Bl'f —f> (5.4.9)
=1 i=1
+G:" (5)¢™ (f)

To continue, we must compute the last term that is the generator of the dual process
Y€ corresponding to the selection jumps (5.4.6). Recall that the probability measure
P*

wsrr O [8,8 4 7], for any t — s > 1 > 0, is the law of choosing one Poisson point in

the interval [s, s + r| conditioned on having only one Poisson point in that interval.

For z € IV, let
s+r

et () = / &(t — u)(x) Py, (du). (5.4.10)

S

As before, since € € Dg|0, 00), the left limit of é exists for any i < n and any time

s € Ry and
inf  &;(t —u)(x) < €M) < sup &t —u)(x). (5.4.11)
s<u<s+r s<u<s+r
Therefore
s+r
lin% et —u)( )Py (du) =é(s7)(.) (5.4.12)
r— ’

S

pointwisely, (and furthermore in sup-norm topology), where

éi(s7)(x) = lim é&;(u)(x). (5.4.13)

uU—Ss—
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Thus

n Ss+r

*tsel( )¢m<f):7l}_1)%%{ar§ f <Th,€~i(t—u>f+

s

(1 —é&i(t—u))f ool > P;8+r(du)+(1—ar)2 <m,f> —;<m,f >} =
s+ s+r

hma Z <m,f f &t —u)Pr ., (du) + fool(1— [ &t —u)P;,  (du)>)
—ozz <m,f>=
i=1

ay <m, fé(sT)+ fool(1—é(s7)) — f>=

i=1
ad <, féi(s7) = foof?e(sT) > +ay (< m, fool" >~ <, f>)

= i=1

(5.4.14)
If i = m®N for m € P(I), then the right hand side of the equality will be

azn: <m®N fé;(s7) — fénia(sT) > (5.4.15)
=1

Remark 5.4.2. As we already mentioned, assuming that e has sample paths in
Dgl0, 00) is essential in order to compute the operator process. Also note that under
this assumption the operator processes (GS)sso and (G%)s>o take sample paths in

Dgl0,00), a.s..

Applying above computations on H(.,.), we have

G (s)H(m™, )(f)=3 > <m®™ foaog™ —f>

0<i,j<n

+6' 5 <m®N Bif — f>+8"> <m®N BIl'f — f > (5.4.16)

i=1 =1
n
+a > <m®N fei(s7) — fénii(sT) > .
i=1
Because of exchangeability, we can rewrite the first term of the last equation as

,Y ins ,}/
2 Y <m®™ foo o4 —f>=3 > <m®™ fooy—f>. (5417

0<i,j<n 0<i,j<n
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On the other hand, for the function H(., f) = ®/(.), where f € C,(IY), we already

saw that

Q.

1(., f)(m) =
Z <m®N fooy;—f>+

0<i,5<n
n
/

+B8"5° <m®N Bif — f > +B”Z <m®N BI'f — f >
=1 =1

ta 3T <m®, fEi(s) = feni(s) >
=1

NIQ

(5.4.18)

Since € is in Dg[0, 00), it is right continuous with left limit. Also the number of

discontinuity points of € is at most countable. For any ¢t > 0, this yields the equality
Ga(s) = GI(t — s) (5.4.19)

for every s < t except possibly at most countable points of discontinuity of €. Further-
more, constructing the corresponding operator process of 1%¢, namely Q*t’e, which is

consistent with e, for any ¢ > 0, there exist at most countable times s < t for which
G(s) = G*e(t — s) (5.4.20)

does not hold almost surely.

In fact we can deduce the duality relation between FV in environment € and jump
Markov processes {1"};>¢. Before doing this, we need to know an easy property of
the dual processes whose proof will be postponed, namely, for ¢ > 0, starting at the
state 1y € C*, [|¥4%]|s (||.]|oo-supnorm on C*) remains bounded by [|¢h||os for any
s > 0, a.s.. The following proposition states that for any é € Dg[0,00) and ¢t > 0,
conditioning on p§ = mg € P(I) and ¢5° = 1) € C*, the duality relation holds for
and {Y"}cg, .

Proposition 5.4.3. For every é € Dgl0,00), mo € P(I), and 1y € C*, the time-
dependent martingale problem

(Ge, T 6mo) (5.4.21)
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and one-parameter family of time-dependent martingale problems

{(G2", {< m®™, . >}mep), 05,) b0 (5.4.22)
are dual with respect to (I:I, 0), that is for every t > 0

E" [H (15, 90)] = E[H (mo, v;)] (5.4.23)

Remark 5.4.4. The statement of the theorem is stronger than Definition 17 as it
guarantees the duality relation for every fized (quenched) environment. Also, from
the proof, it will be clear that, for any integrable C*-valued random variable v, the

duality relation holds between (Gz, §, Om,) and

{(ggt7 {< m®N7 : >}m6'P(I)a Pg_l)}tZU (5424)

Proof: Boundedness of %€ a.s. for any ¢, s > 0 yields that for any ¢ > 0 and for

any s, < t, there exists a constant C' > 1 such that

< W, Y >< lolles < Cllollss as. (5.4.25)
1Ge(8) H (12, 419 [loo < C < i, 9% >< Clldho]loo a5, (5.4.26)

and
G2 () H (15, V) | < C' < i, 05 >< O]l a.s. (5.4.27)

since for any f € C*, || f00i;0 0" [loc; [|Biflloos [| B} flloc; and || f&i(s) = fént1(s)]|c are
bonded by |||l (cf. Proposition 5.4.8). Therefore the assumptions of Proposition
5.3.6 hold. Then the statement of theorem follows from (5.4.19) (for every t and a.e.

s < t), and Proposition 5.3.6. [ ]

Remark 5.4.5. The same argument as the one in the proof of the last proposition
shows that, in fact the following more general duality relation is true. For r >0, let

Gt QO xRy X T — § be an operator process defined by

Gt (w,s) == G(w,s+71) for s >0 and w € Q. (5.4.28)
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Then, the simple observation that fort > 0 and for a.e. s <t
GUs)=G(t—s) =G (t—r—s) P™—as. (5.4.29)

shows that for every é € Dgl0,00), mg € P(I), r > 0, and 2@0 € C*, the time-
dependent martingale problem

(G 8. 6mo) (5.4.30)

and one-parameter family of time-dependent martingale problems

{(ggt, {< m®N, . >}m€73(1)> 51[,0)}t27" (5431)

are dual with respect to (H,0), that is for every t > r

E™ [H (1175, o)) = EY[H (mo, 417, (5.4.32)

t—r >
where ™t = pl, . for s >0,

The family of annealed stochastic processes {¢)"“}icg, is called the dual in r.e.
e. Also for any é € Dg|0,00), the family of time-inhomogeneous Markov processes
{¢"*}ier, is called the dual in quenched environment (or with quenched fitness pro-

cess) €.

Proposition 5.4.6. For any measurable map

Py : Dgl0,00) — P(P(E)),
the (é,@, PO,IP’e””)—martmgale problem has at most one solution.

Proof: Stronger than the statement of the theorem, we show that for every e €
Dgl0,00), the time-dependent martingale problem (Gz, §,mg) for any my € P(P(I))
is well-posed. Since P(I) is compact, this is equivalent to well-posedness of (Gz, T, 6,)
for every v € P(I). The latter is an immediate consequence of the duality relation

(Proposition 5.4.3), Proposition 5.4.1, and Proposition 5.3.4. [ |

In order to prove an ergodic theorem for FVRE we study the long-time behaviour of

the dual family.
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Proposition 5.4.7. Suppose there exists a parent-independent mutation component,
that is ' > 0. Then there exists an almost surely finite random time T at which, for
every t > 0 and é € Dg[0,00), ¥%¢ does not depend on variables of IV, i.e. V'€ is a
random constant function (a Co(IN)-valued random variable), and T is independent

of t and é.

Proof: First note that if there exists such a random time, then it is independent
of the choice of ¢ > 0 and é € Dg[0,00). This is true since the random time is
only a function of Poisson jump processes which by assumption are independent of e
and t. So it is enough to show the existence of 7 for an arbitrary quenched process
Y = (Vg)s>0 := L for € € Dgl0,00) and ¢ > 0. Note that constant functions , i.e.
the elements of Co(I"), are absorbing states. For an arbitrary initial state f € C,(IV),
we prove that there exists a random almost surely finite time at which the process hits
Co(IY). The degree of a function in C* is the maximum number of variables (possibly
0) on which the function depends. Consider the natural surjective mapping from C*
onto N U {0} that corresponds to each function in C*, its degree in N U {0}. This
mapping induces a continuous time random walk on the state space N U {0}, more
precisely defined by ¢; = n if the degree of ¢, is n. for ¢ > 0. Note that ¢ hits a
constant if and only if ¢ = (¢4)s>0 hits 0. In fact, we can see that ¢ is a birth-death
process with a quadratic rate of death and a linear rate of birth. In order to see
this, we need to determine the degree of all the states to which ¢ can jump from an
arbitrary state f € C,(IV). Tt is clear that, at any time s < ¢, f can jump only to

states

fouoiyo00 €Coy withrate 3 fori,j=1,.,n

Bif € C,my with rate B’ fori=1,..,n
B!f e€C, withrate " fori=1,..,n (5.4.33)
ét—s)f+(1—¢é(t—s9))f €Chy1 withrate o fori=1,.,n
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Again, it is clear that time s and environment € do not affect on the birth and
death rates. Let g be a polynomial with degree n. There exists an n > n such that

g € Ci(IV). Therefore, at a time of jump, a birth occurs at state n with probability

no
(3 + 0

(5.4.34)

and a death occur with probability
(5)3 +ns
(M)2 +np +na

Thus, for any n > 2, ¢ starting in n will hit 1 in an a.s. finite random time. Suppose

(5.4.35)

¢ does not hit 0. Then the last line of argument implies that ¢ hits 1 infinitely many

times without jumping afterwards to 0. But this is not possible due to the existence

of the parent-independent mutation component which gives a positive probability,
5/

F1a> Of jumps from 1 to 0. -

Similarly to [13], we show that the dual process is non-increasing a.s..

Proposition 5.4.8. For any ¢ € Dg[0,00) and t > 0, the dual process ¢, starting
in vy, is non-increasing and bounded by ||Uo||c a.s..

Proof: Let n € Nand f € C,(IY) C C* be arbitrary. For any 4,7 <n and a € I,
fooijoo™, fool and fo gl are defined by setting restrictions on the first n

variables of f, that is they are restrictions of f on a subdomain and therefore

1f o 0illoo < M1flloo
1f 0 0flloo < I flloc

| (5.4.36)
1f 00550 0" |loo < [|.f]loo
Also
1B flloe =
sup | [ f o o' (x)q'(du)| < (5.4.37)
xecIN T

Ifllfoaz”llooq'(dU) < [ fllse
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Similarly,

1B" flloo < 1f llo- (5.4.38)

For a selection jump at time ¢ > 0, for x € IV, if f o ol (z) < f(x), then

)

Gt — (@) (@) + (1 - &t — (@) f o () < @) < Il (5439)
and if, f(z) < f o 0%!(x), then

Ei(t — s)(x)f(x) + (1 — &(t — s)(x)) f o of(x) (5.4.40)
< foof(x) < | f o ofoe < [Ifloo-

Thus,

l€i(t — s)f + (1 = &(t — ) f © 6l < || flloo- (5.4.41)
Therefore, all jumps lead us to a function with a smaller sup-norm. In other words,
t — |[4%€]| is a non-increasing function, a.s.. In particular, for any s > 0, |[5¢||o <

HQ@()HOO a.s.. [ |

To understand the long time behaviour of FVRE, we can study the long time be-

haviour of the dual process. We need the following lemma for this purpose.

Lemma 5.4.9. Let Z*° be an S-valued Markov process with initial distribution vy €

P(S) and with homogeneous transition probability function p(t, z, dy) whose semigroup

is denoted by (TZ : C(S) — C(S))i0, with

fﬁﬂwzjf@memfwfecwy (5.4.42)

Assume that Z*° takes its sample paths in Dg|0,00) a.s.. Suppose Z is weakly ergodic,
i.e. there exists v € P(S) such that for any x € S and f € C(S) we have TZ f(x) —<
v, f > ast — oo. Let m"™ be the law of Z*° for vy € P(S), and let Z = Z" and denote
its law by m (i.e. Z is a stationary Markov process with law m = m” ). Denote by

¢, the k-dimensional distributions of m"® and m, respectively,

1]
Mgy gty ATVG TNyt

for k € N and real numbers 0 < t; <ty < .. <t,. Then
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(i) For any vy € P(S), any k € N and any sequence of real numbers 0 < t; < ty <
e < T

Vo ~
mt1+s,t2+s,...,tk+s = My oty (5443)

as s — oo, forany k € N and t; < ... <t € R,.

(ii) In addition to above assumptions, let S be compact, and D(GZ), where GZ is the
generator of Z, contains an algebra that separates points and vanishes nowhere.
Let Z"0t := (Z") s, defined by Zt .= Z, (the initial distribution of Z"o*
is the law of Z;°). Then for any vy the process Zvort weakly converges to Z in

Dg[0,00) ast — oo.

Remark 5.4.10. Recall that another equivalent definition of weak ergodicity for Z is
that there ezists a probability measure v € P(S) such that for every initial distribution
Yo

lm oo [f(Z1)] =< v, f > f€ C(S) (5.4.44)
Proof:

(i) We must prove for arbitrary vy € P(S), k € N, 0 < t; < to < ... < t; and
fecsm
/fdm;/f—‘rs,tg—l-s ..... tats 7 /fdmt1,tz,---,tk- (5-4-45)
sn sn
In order to prove the convergence, it suffices to prove it for a convergence-

determining set of functions. In particular, we prove that convergence holds

for

{f€C(9): f(x1,m2,....x1) = fi(x1) folT2)... fr(Th),
keN, f;eC(S),i=1,...,k} (5.4.46)
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Set s; :=t; 1 —t; fori=1,...,k — 1. For fi,....fx € C~(S)
ffl(l’l)ffz(@)fmffkq(l’kq)x
S S S s
[ fr(@e)p(sk—1, Te—1, dag)...p(s1, x1, drs)p(ts + s, o, dxy)vo(dag) =
S

gTsZTg(fl(x)Tszl(“'(fk:—?(x)TsZk_g(fk—1($)TsZk_1(fk(z)»)“'))dyo'

(5.4.47)

Under the assumptions, the function

9(2) = T AT fra@TZ (fir@TZ (ful@)))  (5.448)

is continuous, therefore < vy, T?g >—< v,g > as s — 0o, by weak ergodicity

of Z.

(ii) It suffice to prove the tightness (cf. Theorem 3.7.8 [23]). But this follows Remark
4.5.2 in [23] and the fact that the generators of Z**, for any t > 0 is identical
to GZ.

Now, we are ready to state a main tool to study the long-time behaviour of the FVRE.

We do this by the study of long time behaviour of the dual processes.

Theorem 5.4.11. Suppose that there exists a parent-independent component in the
mutation process, i.e. 3 > 0, and let e either be a stationary fitness process (not
necessarily Markov) or a weakly ergodic Markov fitness with semigroup {Tf™} such
that Te™ : C(E) — C(E) for any t > 0 . Then, conditioning on 5° = 1y € C*, the
limat

lim EY°[f(4%)] (5.4.49)

t—o00

exists for any [ € C(C*) and is bounded by ||[{ollc. In particular

lim B [150¢] (5.4.50)
t—o00
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exists (remember that Yi© hits a constant function, an absorbing state, in finite time

a.s. and therefore (5.4.50) is meaningful).

Proof: Let Ji¢ be the set of all times of Poisson jumps for ¢"¢ up to time
s, including resampling, mutation , and selection times of jumps, that J>¢ has all
information of Poisson point processes, but not any information about e. Because
of stationarity, the process (J¢)s>0 is independent of ¢ and also e (by assumption).
Therefore, it is convenient to drop (¢, e) from the superscript. Similarly, we define the
following stochastic processes which are independent of e and ¢ (for the same reason)

and therefore we drop (¢, e) from the superscript again. Let k¢ be the stochastic jump

process counting the number of selective events of ¥*¢ up to time s > 0, and let
Tohi={ < << (5.4.51)

be the times of selective events occurring for ¢»¢ up to time s. As before, let 7 be
the stopping time at which "¢ hits a random constant function. Recall that (cf.
Proposition 5.4.7) 7 is independent of e and ¢, and it is a.s. finite. For any ¢ and e,
¥ is a random constant time whose value is a function, F, of 7, J;, k., T5¢ and
{et_gisez}f;l. Specially, fixing 7 = s, J, = J,, k, = k, T3¢t = {t,...,tx}, the function
F' is continuous with respect to e;_,,...,e;—y,, i.e it is continuous with respect to
variables of E*. Let (e%)s>0 be the stationary process generated by the semigroup
T and invariant initial distribution v (In the case that e is stationary, let ef = e,
for s > 0, and continue the same proof). As e is weakly ergodic, by Lemma 5.4.9, for

any continuous function g € C(E¥)

tlgg E[9<et—tk7 Ct—tp_19-o0s et—tl)] = (5'4'52)
E[g(eg, €f b e ejk_tl)].

Since e is independent of 7, J., k., T (by assumption), the conditional process e
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given values of J,, 7, k,, T is still weakly ergodic, and hence

lim E% [yLe|r, J,, 5, T5] =
t—o00

lim B [F (€1 s Cteys Ty Iy 16, T2 7, Ty 1, TEY) = (5.4.53)
—00
EYo [F(€5, €5 oo yor € eys To I b, T2 |7, Ty 5, T,

Similarly, for any f € C(C*),

lim B[ f (4)2°)|7, Ty, 6, TE] =

t—o0

lim BP0[f 0 Fer—c, s €1—eys Ty Jr b6, TED)| 7, T 1, T2 = (5.4.54)
—00

ETZ}O [f © F(€87 eﬁk_gk—l te ezk—q Ty ']7'7 R, Tfel)‘Ty JT) K, T:el]

Getting another expectation, knowing that 7 is finite and [[2¢| < ||| a.s. yields

that
lim Evo[yte] =
t=0 -] (5.4.55)
E%[F(ef, €l € Ty s K, Tseh),

and hence the limit exists and is bounded by ||to||cc. Similarly,

lim Evo[f(yie)] = (5.4.56)

E%[f o F(ef, e e o Ty ek, T5)

Sk—Sk—1"""7 "Sp—¢1?

for f € C(C*). |

5.5 Convergence of generators

This section is devoted to the convergence of generators of MRE to FVRE. Before
setting the convergence of generator processes, we need to extend the generators of
the measure-valued Moran processes in a convenient sense. The Moran process takes
values in PN (I). Also all functions in §y have domain PV (I). On the other hand, the

FV process is a P(I)-valued Markov process, and P(I) is the domain of polynomials
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in @ In order to measure the distance of the elements of @ and § ~, for N € N, we

need to extend the functions in the second algebra to take all measures of P(1).

Let S C S, and consider time-dependent linear operators A : R, x D(A) — B(S5)
and B : Ry x D(B) — B(S") with D(A) C B(S) and D(B) C B(S"). For f € D(A)
and g € D(B), let g/ € B(S) be

g/ (x) = ole) ized (5.5.1)
f(z) ifxeS\S.
Set

D:=D(B,A) ={¢' € B(S): f € D(A),g € D(B)}, (5.5.2)
and define, for ¢ > 0, the time-dependent linear operator B4 : R, x D — B(S) by

Bt () = B(t)g(z) ifxe s (5.53)
At)f(z) ifzeS\S.

It is clear that (f, g) — ¢/ is bilinear with respect to the function addition. Moreover,

if D(A) and D(B) are algebras, then so is D. The time-dependent linear operator
(B4, D) is called the extension of (B, D(B)) with respect to (A, D(A)).

For a moment, denote by |[|.|lc = [|.]|2, the sup-norm on B(S). We extend the

notion of supnorm to restrictions of functions to a subdomain of S. More precisely,

for
e ) B, (5.5.4)
P#£S'cScs
define
||h1 — h2||f; = Sug |hi(x) — ho(z)]. (5.5.5)
zesS’

Then, the following properties are trivial.

g = Flloo = llg — fIZ

/ (5.5.6)
1B4g" — Aflloo = [|Bg — Af3
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Let tsr,¢ be the natural embedding from S’ into S, and let mg € P(S’), and, as before,
denote by ts/ g *my its push-forward measure under tg . If an S’-valued measureable
stochastic process ¢ = ((;)s>0 is a solution to the martingale problem (B, D(B), my),

then its image under the natural embedding, (ts7.s((t))>0, is a solution to the mar-

tingale problem (B4, D(B, A), 155 * mg).

The following proposition is a generalization of Lemma 4.5.1 [23].

Proposition 5.5.1. Let S be a separable metric space, S, C S, D C C(S), D, C

B(S,), for n € N. Consider time-dependent linear operators
A:Ry xD—C(S) (5.5.7)
and
A, R, x D, — B(S,). (5.5.8)

Denote the sup-norm on S by ||.||«, and let
Moo =112 for n €N, (5.5.9)

where the right side is defined as before. Let m{ € P(S,), forn € N, and my € P(S).
Let Z,, be a solution of the martingale problem (A, D,, m{) (with sample paths in
Dg, [0,00) C Dgl0,00)) for every n € N. Assume that, for any f € D, there exists a

sequence (fn)nen, with f, € D, for every n € N, such that
(i) nh_{gO [fn = flloowm =0
(1) lim ||A,(s)f — A(S) fulloomn = 0 for a.e. s> 0.
n—oo

(i1i) For anyt >0
sup || An(s) fulloon < 0. (5.5.10)

neN,s<t
If Z is an S-valued stochastic process with the initial distribution mg such that Z,, = Z

in Dgl0,00), as n — oo, then Z is a solution of the martingale problem (A, D, my).
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Proof:  Let Z,(t) = 1, 5(Zn(t)), for t > 0, where 1, 5 is the natural embedding
from S, into S. As explained above, Z, is a solution to the martingale problem
(A4 D(A,, A),mp), for n € N, where A4 is the extension of A, with respect to A
with the domain D(A,,, A) (defined as before), and m{ = tg, s*m{ is the image (push-
forward measure) of my under g, 5. In order for Z to be a solution to (A4, D, my), it
is necessary and sufficient that for any k € N, 0 <t; < ... <t, <t < s, h; € C(5),
fort=1,...,k,and f € D

E[{f(Z(s)) - fA dT}Hh( (t:))] = 0. (5.5.11)

Under the assumptions, for any f € D, there exists a sequence of f,, € D,, such that

T [~ flloo = lim [[fy — Fllan = 0 (5.5.12)
and
T [A4(6) 1] = AG) oo = i |An(s) o = Al =0 (5513

fora.e. s >0. Let k€N, h; € C(S), fori=1,....k Letall0<t; < ..<t, <t<s
be in the times of continuity for Z, i.e. they belong to {r > 0: Z(r) = Z(r™) a.s.}
which contains all positive real numbers except possibly at most countable ones. Since

Z, = Z in Dg [0,00), as n — oo, and f is bounded continuous, we have
lim E[A(r) £1(Z,(r))] = E[AG) £(Z(r)) (5.5.14)

for a.e. » > 0 (for all r > 0 except possibly at most a countable number of points).

Thus, by (1),

S S

lim | E[A2(r) £ (Z,(r)]dr = /E[A(r)f(Z(r))]dr. (5.5.15)

t—o00
t

Therefore, as Z, is a solution to (A2 D(A,, A),mp?) for any n € N,

OzﬁgﬁMﬁKZ@D—ﬁHZﬁ)—fAATfW@W»W%ﬂhMﬂMHI

E[{f(Z(s)) — — [ A( W}ﬁhx()ﬂ:&

t =1

(5.5.16)
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Since Z is right continuous a.s., by (7i1) and continuity of f, the last equality holds

for any choice of k € N and ¢4, ...,tx,t,s > 0. [ |

Remark 5.5.2. One can replace (ii) and (iii) in the assumptions of the last propo-

sition by

(i1)’" There exists a measure-zero subset of Ry, namely U, such that for any t > 0,

lim [|A,(s)fn — A(S) flloon = 0 uniformly on s € [0,t] N U®.

(i11)” For anyt >0
sup ||A(8) flloo < 00. (5.5.17)
s<t

In fact (ii)" and (iii)" conclude (ii) and (ii7).

To apply the last proposition in our problem, we must verify the validity of the
assumptions (7),(#7), and (#4i), for the generators of MRE and FVRE. We can see that

the generators are uniformly bounded in a very strong sense.

Recall that for € € Dg[0, 00), G. = Gres +(jm“t+(j§el and C;év = Gres:N 4 gmut,N |
Géez’N for N € N. Also, from now on in this chapter, we denote by |.|| the supnorm
on B(P(I)), and by ||.|[x := [|.]|”" P the supnorm on restrictions on B(PN(I)). Also,
similarly to the last section, we denote by ||.||s the supnorm on B(IV), specially we

use this notation for the functions on C*, i.e. the state space of the dual process, and

we denote by ||y = ||.|Z2 the supnorm on restrictions on B(IV).

Proposition 5.5.3. For any ® := &/ ¢ 3

sup 1G:(5)®|| < o0 (5.5.18)

$>0,eeDg[0,00)
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Proof:  Assume that f € C,(IY). As we saw in the proof of Proposition 5.4.8, for
any i,j <nandy € I, foo;; and f oo} are defined by setting restrictions on the n

first variables of f, that is they are restrictions of f on a subdomain, and therefore,

Hf © Uzy“oo < ||f||oo

1f o oijlloe < I fllo (5.5.19)
Thus, for any m € P(I),
G @ (m)| =
31 i <m®™, fooy; —f>]|<
hj=1 (5.5.20)
3G U oaillos + 11 flleo) <
Y s
Also,
G DS (m)| =
=15y <mTBf — f > 48y <m® B/~ f > | <
n =t n = (5.5.21)
%ﬂ;ﬂ&ﬂw+WM%WW;W&ﬂ%+W%JS
4B flloo,

and for any € € Dg[0,00) and s > 0
Gel(s)®! (m) = azn: <m®N () f — Enp1(s)f >< 2na| f|ls. (5.5.22)
i=1
Therefore, there exists a constant C' > 0 such that for any s > 0 and é € Dgl0, 00)
1G(s)®! (m)| < C|| ]l < 0. (5.5.23)



5. Fleming-Viot process in random environment: quenched martingale
approach 116

Proposition 5.5.4. Let éy, é € Dgl0,00), for N € N, such that éy — € in Dg|0, 00),
asn — oo. For any ® = & € §, there exists a sequence of functions @y = Ci){\ﬁv €

gN, for N € N, such that
(i) lim [|®y — &y =0.
N—o0

(ii) For a.e. t >0

&gy@g@éN—@@@mzo (5.5.24)
(111)
sup HQNé\][V(s)&)NHN < 00 (5.5.25)
NEN,s>0
Proof: To simplify the notation, when it comes to applying it in the proof, we
denote
e (s)(x) == én(s)(x), (5.5.26)

for s > 0 and x = (21, 79,...) (or & = (21, ...,7x)). We assume f € C,(IV), for fixed
n € N. Consider an arbitrary sequence of injective maps n™ : IV — IN for N € N,
such that each 7% is identical on the first N coordinates (e.g. 0V : (z1, 22, ..., zn5) —
(y1,Y2, ...) where x; = y; for i < N and, for ¢ > N, y; = c for a fixed ¢ € I). Note that,
as we deal with the limit and the supremum, for N < n, neither the value of ®, nor
the value of ng ®y are important. So we assume these functions are 0 functions, for

N < n. For m € PN(I), recall the definition of m™) from (5.2.4) and set
™ =gV« m®™ N eN, (5.5.27)

that is the push-forward measure of m®) under n. It is clear that for any function
g€ C(IY)
L/gmhm7:1/gonNmnWW (5.5.28)
m N

As f depends only on the first n variables, we can define f € C(I") by

fz, 2, oy xn) = f(21, Ty oy Ty Tii1,y -1), (5.5.29)
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for an arbitrary choice of x; for i > n. Let fy := fon".

|5 — ||y =

sup | <m™M fonN > —<m®N f>]=
mePN (I)

sup | <™ f>—<m®N f>|=
mePN (1)

n Nm(dz;)— Z Oz n (5530)
sup | [ f(x)m(dxy) HN—ZH ff H (dx;)| <
mePN(I) In 1=2 i=1
n Nme)-% 6w
[fllc sup | > (m(z1) I1 N—Zil — [T m(z))| <
mePN() (z1,...,2n)Esupp(m)™ =2 i=1
£ lloo(§ + ()
for a constant C'. This yields (7).
To prove (i7), first we observe that for i,7 < N
fvooy=fonN o= foaijon". (5.5.31)

Let tr;; be the transposition operator on ¢ and j. Since f depends only on the first n

variables, for N > n

gres,N('i){év(m) —
N
7 > <m(N)7fOUijo77N—fo77N >=
,J 1
2 Z <mW) fooy — f>=
7,7=1
3 X <™ fooy—f>+ (5.5.32)
Q=1

=

R

< m(N),fOUij —f>=

2

=2 1=
i

N)7foaij_f>+

[\
-
&,
[
N
A
3
>

<7”7L(N),f0t7"ij—f>.

.MZ
M=

<
Il
3
+
—
<
Il
—
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But the last term vanishes because of exchangeability of m(®¥). Therefore, similarly

to the proof of (i),

nges,N@{\zfv . gNres(i)fHN <
7 osup > <™ fooy—f>—<m® fooy; —f>]< (5.5.33)
mePN (1) i,j=1
%+ o)
for a constant C'; > 0. Similarly, for mutation
||g~mut7N&){\1fv o gmut&)f”N S
sup > | <m™N B(Bjf — f)+B"(B] f - f) >
mePN (1) i=1 (5.5.34)
—<m® B (Bif = f)+B"(B/f - f)>] <
£+ o(3).
To verify this for the selection, first note that as éy — € in Dg[0,00), as N — o0,
for every positive real number ¢ > 0, except possibly a countable number of them,
we have éx(t) — é(t). The selection operator is very similar to the resampling one,

except, here, the constant rate 1 is replaced by a time-dependent cadlag fitness, and

hence, the terms corresponding toi = n+1,...N,7 = 1, ..., n do not necessarily vanish.

More explicitly, for a continuity time s > 0 of €

S S <, Ely(5) 0 oy — Ey(5)f S
i=n+1j=1
N n ) ‘
Y <™ (& (s)f) 00y — E(s)f >=
i=n+1j=1
N n
SO <™ (E(s)f) otry — En(s)f >= (5.5.35)
i=n+1j=1
% Zn: < m(N),éfv(s)f — e (s)f >=

i=n+1j=1

2 Y <, e (s)f — T s)f >
]:

Z|o =2|o =|e

=
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Therefore, for constants C3 and CYy,
HgselN( )(I)fN g~sel( )(i)fHN _
sup | Z <mN,e(s)(fooy — f)>
mePN (1) 3,j=1
—a ) <mEN E(s)f = Ena(s)f > | <
i=1
sup [§ 2 <m™ e(s)(foay —f) >+
mePN (1) i,j=1
N n
sup | > > <miM.ey(s)f oo —éy(s)f > (5.5.36)
mePN (1) i=n+1j=1
—a s <m E(s)f — Ena(s)f > | <
=1
€ 4 o(4)+
sup a5 30 < mt el (s)f — ey (s)f >
mePN (1) i=1
—a Y, <m®N &(s)f —eni1(s)f > |,
i=1
where the right hand side is bounded by
Cs 1
T+ o(g)+
Mo N0 o i (5.5.37)
o ; [ lloc{llEn (s) — €i(s)lloo + lER" (s) = €nta(s)loc}
Hence, there exists C5 such that
|Gz ()88 — G2l () |l < G2+ 0(F) (5.5.38)

EN

This finishes the proof of (ii).

For part (7i7), similarly to the proof of Proposition 5.5.3, there exists a constant

C > 0 such that for any m € PN(I), s >0

G, ()21 ()] < Cllfwllooy = CIIf 00V |oev = C| fllos

(5.5.39)
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Proposition 5.5.5. Let éy,é € Dg[0,00), and suppose that éxy — € in Dg|0,00).
Foranyé:&)f€{~§
lim |Gz, (5)® — Ge(s)®|| = (5.5.40)
N—oo

for every s > 0 except possibly a countable number of real numbers. Moreover,

sup |Gy (5)®7]| < 00 (5.5.41)
NEN,s>0
Proof: As éy — € in Dgl0,00), for every positive real numbers s > 0, except

possibly countable ones éy(s) — é(s) in E, as N — co. The resampling and mutation
rates, for both generators, are identical. Thus we need to verify that the limit is O for
the selection terms. To this end, for any m € P([), and any continuity point s > 0

of e,

IGey (5)® — Ge(s)@|| <

; 8617131?1)\ <m,ey(s)f — e (s)f > — <m,&(S)f — énpr(s)f > |

n g ) _— 3 (5.5.42)
< ; [(€x(s)f —€i(s)f) — (ex" (s)f — énta() )l <
; /oo (15 (5) = €i(3)lloo + [1ERT(5) = Ensa(8)lloc)-
The last term converges to 0 and this yields the result.
For the second part, write
sup [|Gey ()7 < sup [|Ge(s)®T|| < o0, (5.5.43)
NeN,s>0 €eDg[0,00),s>0
where the last inequality follows Proposition 5.5.3. [ |

Proposition 5.5.6. Let M € N, and let éy,é € Dg[0,00), and suppose that éx — €
in Dg|0,00). Then for any Oy = (fg/[ €Fu

Jim |G (5)@sr — G (5)ag s = 0 (5.5.44)
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for every s > 0 except possibly a countable number of real numbers. Moreover,

sup HC;%(S)@MHM < 00 (5.5.45)
NEN,s>0

Proof: The proof is similar to the proof of Proposition 5.5.5. Again, resampling
and mutation terms of both generators are the same, and for a continuity point s > 0
of the function €

1G2 (5)®as — GM(5)Pas||ar <

N
p3) 1ex(s) = Ei(s)llocllf 0 03 = flloo < (5.5.46)

INES
N 3
2N = 1) 2 e (s) = éls)loell e
1=
where the last term is converging to 0 as N — oo. As before, there exists a constant

C > 0 such that for any m € PM(I) and s > 0

G (8)®rs(m)| < C| floo,r < 0. (5.5.47)

5.6 Convergence of MRE to FVRE

In this section we prove the wellposedness of the FVRE martingale problem (Theo-
rem 5.2.8), and also prove convergence of MRE to FVRE (Theorem 5.2.10). In the
previous sections, we prepared all necessary tools to construct FVRE from MRE.
We proved the uniqueness of the FVRE martingale problem, convergence of gener-
ators, and other required properties. What remained is the proof of tightness that
is relatively simple, due to compactness of the state spaces I and F and uniform
boundedness of the fitness process. This section essentially is devoted to the problem
of tightness, and proves it for {u%Y Yyen, {4 }nven, and {uSY¥ Y nven, where & and éy,
for N € N, are cadlag functions in Dg[0,00) and M € N. We apply a modification
of Remark 4.5.2 [23] which best fits our problem.
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Lemma 5.6.1. Let S be a Polish space, and S, C S. Consider D C C(S) that
contains an algebra that separates points and vanishes nowhere. Let D, C B(S,) and

consider time-dependent linear operators
A, Ry x D, — B(S,) (5.6.1)

forn € N. Forany N € N, suppose there exists an S,,-valued solution Z,, = (Z,(s))s>0
(with sample paths in Dg,[0,00) C Dg|0,00)) to the martingale problem (A, D,,, m{)

where mg € P(Sy). Assume:

(i) For any f € D, there exists a sequence (fy)nen, fn € Dn, such that

1o = Flloom = 0, (5.6.2)

asn — 0o (here ||.||oom 45 the general norm ||.||3» defined in the beginning of

Section 5.5).
(i) For anyt > 0, there exists r > 1, such that

1
T

i sup B / An(8) f (Za(s))[ds) ] < 0. (5.6.3)

(i11) (Compact containment condition)

For any e,t > 0, there exists a compact set K., C S such that
infP[Z,(s) € K.y for0<s<t}>1-¢ (5.6.4)
Then {Z, }nen is relatively compact (equivalently tight) in Dg[0, 00).

Proof:  The set D contains an algebra that separates points and vanishes nowhere,
and hence it is dense in C(S) in the topology of uniform convergence on compact
sets. As the compact containment condition holds, and Z, takes sample paths in

Dgsl0,00) for any n, applying Theorem 3.9.1 [23], it suffices to show for any f € D,
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foZ,=(foZ,(s))s>o is tight in Dg[0,00). Theorem 3.9.4 [23] gives certain criteria
under which f o Z,, is tight, namely for any ¢t > 0
limsupE[ sup [fu(Zn(s)) = f(Zn(5))] < |lfa = fllocsn- (5.6.5)
n s€[0,t)NQ

But the last term converges to 0 as n — oo. Thus (i) and the fact that Z, are

solutions to martingale problems (A,,, D,, my) yields the result. [ |

Lemma 5.6.2. For any M € N and (éx)nen C Dg[0,00), the sequences (1S )nen

and (uN)nen are tight in Dp [0, 00), and (1Y )ven is tight in Dpa (1[0, 00).

Proof: First note that the compact containment condition always holds due to
the compactness of the state space P(I). Propositions 5.5.4, 5.5.5, and 5.5.6 guar-
antee the conditions (¢) and (i7) of Lemma 5.6.1. Of course, condition (7) holds for
{11 } yen by setting Dy = & and /v = & for any N € N. Similarly, in the case of
{5 Y ven, we set Dy = S, for any N € N, and the sequence of functions, @{1}, all
identical to ®,;. Further, § and §y separate points and vanishes nowhere (Proposi-

tions 5.2.6, 5.2.2) on P(I) and PY(I), respectively. This finishes the proof. |

Now we are ready to prove Theorems 5.2.8 and 5.2.10.

Proof of Theorems 5.2.8 and 5.2.10

For Theorem 5.2.8, it suffices to prove existence of a solution to the martingale prob-
lem (Qé, 3, 150) for every € (uniqueness of such a martingale problem has been proved
(cf. Proposition 5.1.8). Then wellposedness of the quenched martingale problem
follows immediately. Also, for Theorem 5.2.10, integrating over €2, part (ii) fol-

lows part(i), automatically. Therefore, we concentrate on the proof of existence of
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(Ge, T, Py), for any é € D0, 00), and proof of part (i) in Theorem 5.2.10.

Let M be an arbitrary natural number. By assumption and continuity of Py and

P} we have the convergence of initial distributions, i.e.

Py¥(en) = Po(e) in P(P(I))
Py(én) — Py(8) in P(P(I)) (5.6.6)
P (en) — BM(é) in P(PM(I)).

Propositions 5.5.1, 5.5.4, 5.5.5, and 5.5.6 combined with the uniqueness of mar-
tingale problems (Gz, §, Py(€)), (GM, §ar, P (€)) (Propositions 5.4.6 and 5.2.4) ensure
that any convergent subsequence of (15 )ven (1 )nen and (uSY)yen, respectively)
converges weakly in the corresponding Skorokhod topology to the unique solution of
time-dependent martingale problem (Gz,§, Po(€)) ((Ge, S, Do(€)), (GM, Far, PM(€)),
respectively). By tightness of (uS)ven ((1¥)nen and (u5Y)nen, respectively) |
Lemma 5.6.2, the weak limits exist. This yields part (i) of Theorem 5.2.10. Note
that, for any é € Dg[0, 00), letting éy = € (or éy = €y, respectively) for all N € N,
we have also proved that

My = 1 (5.6.7)

PN =
in Dp)[0,00) as N — oo. Also, in particular for any é € Dg[0, 00), setting éy = €
for all N € N, implies existence of a solution to (Qi,:,@, ]50), and this, together with
the uniqueness, Proposition 5.4.6, deduces wellposedness.

Note that we do not need continuity of Py, except to prove convergence results

U = 11 and u]é\ﬂf = s in the corresponding Skorokhod topology, as N — co.

5.7 Continuity of sample paths of FVRE

The purpose of this section is to prove the continuity of sample paths for the FVRE

process. We make use of the criteria developed recently by Depperschmidt et al. in
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[13] (see also [1]). To formulate the sufficient conditions under which FVRE takes
continuous paths a.s., we shall introduce the concept of first and second order oper-

ators. We follow the definitions and the proof of Section 4 in [13].

Definition 18. Let L be a Banach space and suppose D C L contains an algebra A.
A linear operator G on L with the domain D is said to be a first order operator with

respect to A if for any f € A
Gf*—2fGf =0. (5.7.1)

It 1s said to be a second order operator, if it is not a first order operator, and for
every f € A
GfP+3f°Gf - 3fGf*=0. (5.7.2)

The following lemma is an extension of Proposition 4.5 in [13] to the case of

time-dependent martingale problems.

Lemma 5.7.1. Let S be a Polish space, and consider D C C(S) containing a countable
algebra A that separates points of S and contains constant functions. Let G : Ry x

D — B(S) be a time-dependent linear operator such that, for anyt > 0,
G(t) = GMt) + G2(1), (5.7.3)

where G1(t) and G*(t) are first and second order linear operators for every t > 0,
respectively. Assume that for anyt > 0 and f € A, G(.)f is uniformly bounded on
0,¢], i.e.

sup |G(s) f| < oc. (5.7.4)

s<t
Let mg € P(S). Then, any general solution Z = (Zy)i>o of the martingale problem
(G, D, myg), has sample paths in C([0,0),S) a.s..
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Remark 5.7.2. Note that under the assumption, any general solution of the martin-
gale problem (G, D, mg) is a solution, i.e. takes its sample paths in Dg|0,00) a.s. (cf.

Theorem 4.3.6 [23]).

Proof: = We follow the proof of Proposition 4.5 in [13]. Let Z = (Z;);>0 be a solution
to the martingale problem (G, D, my). For any f € A, first we prove (f(Z:))i>0 has
continuous paths a.s.. For f € Aand z,y € 5, let Fy,(x) := f(z) — f(y). Since A is
an algebra, for any y € S and f € D, Fy,, € A, and hence F},, F}, € A. Thus

t

F?(Zy) — / G(u)F},(Zy)du (5.7.5)

0
is a martingale with respect to the canonical filtration. In particular, for t > s

E[F?, (7)) = / E[G()F2, (Z.)]du < Ci(t — 5) (5.7.6)

S

for a constant C; > 0. Also,

E[(f(Z:) — f(Z:)'] =
E[F},(Z)] = (by Lemma 4.4. [13])

SftE[FJ%,Zs(Zu)(fiGF}%’ZS(ZU) — 8F2,(Z.)GFyz,(Zy))]du < (5.7.7)

t
Cy [E[F?, (Z,)]du <

t

CCy [(u— s)du = C1Ca(t=s)”

2
s

Continuity of (f(Z;))i>o follows from Proposition 3.10.3 [23]. The remainder of the
proof is identical to that of Lemma 4.4 in (Depperschmidt et al. [13]). |

Lemma 5.7.3. Let é € Dg[0,00). Then

(a) G™* is first order.
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(b) For anyt >0, G (t) is first order.
(¢) G is second order.

Proof:  See Proposition 4.10 in [13]. |

Proof of Theorem 5.2.9

Continuity of the sample paths of u¢ a.s. follows the continuity of sample paths of
ué for every é € Dg[0,00). The latter is a consequence of Propositions 5.2.6, 5.5.3,

Theorem 5.2.8, and Lemmas 5.7.1 and 5.7.3.

5.8 An ergodic theorem for FVRE

This section proves the main ergodic theorem, Theorem 5.2.12, for the FV annealed-
environment process. Before giving a complete proof, we show that the semigroup of
FVRE has Feller property, that is for any 0 < s < ¢, the semigroup is from C(P([))
to C(P(1)).

For any 0 < s <t and é € Dg[0,0), let p°(s, x;t,dy) be the transition probabil-
ity of u¢ and let p°(s, z; t, dy) be the transition probability of . Denote by (T )o<s<t
the semigroup of u¢, i.e. for f € C(P(I)) and m € P(I)

T%,f(m) = / Fm)pE (s, ms £, dm). (5.8.1)
P(I)

Proposition 5.8.1. Let e be a fitness process. Then, (T,

i.e. for any 0 < s <t and for any f € C(P(I)), Tg,f € C(P(I)). In other words, for
any 0 < s <t

Jo<s<t is a Feller semigroup,

Ts, :C(P(I)) — C(P(1)). (5.8.2)
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Proof:  Recall from Remark 5.4.5 the definition of (z,%¢),>¢:

+s,e

Ho = lu’i+s (583>

Let m{ — myg in P(I), as n — oo, and Yo € C*. For any 0 < s < ¢, the duality
relation (in average) follows Proposition 5.4.3 and Remark 5.4.5, and since 77@0 is

bounded continuous depending on a finite number of variables, we have

+s,e t,e

lim E™6[< _8,7,2 >] = lim Eo <mg, Py > =
novo0 [< 0 >] e A[ 00 ¥t ] (5.8.4)
E¥o[< mg,y¢, >] = E™0[< 1 °F o >].
As {< .,y >} jocc- 18 measure-determining, for any f € C(P(1))
Jim 75, f(mg) =
lim [ f(m)p(s,mg;t,dm’) =
Tim E™ (£ ()] = (5.8.5)
E™[f (1)) =
T;tf(mo)-
|

Proof of Theorem 5.2.12

By duality relation (in average), Proposition 5.4.3, and Theorem 5.4.11, for any mg €
P(I) and 1&0 eC*

lim E™[< 1,y >] = lim E%[< mq, ¢ >] = lim EY [y, (5.8.6)
t—o00 t—00 t—o0

where the limit on the right hand side of the last equality exists and does not depend

on mg € P(I). Since P(I) is compact, {u }i>o is tight and therefore there exist some



5. Fleming-Viot process in random environment: quenched martingale
approach 129

convergent subsequences. Let (¢;);en and (s;);eny be two strictly increasing sequences

of positive real numbers, and let {yf }ien and {ug }ien (With pu§ = mg) be such that
e, = 4™ (00) (5.8.7)

4, = 5™ (c0) (5.8.8)

in P(I) as N — oo, where p"™°

2" (00), for i = 1,2, are random measures in P(I). For

any 1/30 ecr
E[< 15(00), 4o >] = lim E™[< g, o >] = lim B[] =
) 1—00 A g t;—o0 ) ¢ (589)
lim Ewo W;Zﬂ - hm Em0[< M§i7¢0 >] = ]E[< M;7m0(oo)7¢0 >]
8;—>00 i—00
As tlim Evo (] = lim Evo [45¢] does not depend on myg, so do ;™ (oc0), for
i—>00 8§;—00

i = 1,2. Hence, there exists a random probability measure p(c0) € P(I) such that

for any mo € P(I), conditioning on u§ = my,
wg = pf(o0). (5.8.10)

For part (i), it is sufficient to prove that conditioning on any initial distribution of

(:ugvet)a namely Tho € P<P(I) X E)v

lim BIfy () fo(er)] - fr € C(P(I)), fo € C(E) (5.8.11)

exists and does not depend on 7. In that case, since P(I) x E is compact, any
convergent subsequence of (uf, e;) converges weakly to a unique limit, and from part

(1) and assumption, then

(1i,e) = (uf(00), e(00)). (5.8.12)
To prove the existence of the limit for any arbitrary 1&0 € C* and mg € P(I), write

E[< pf, 0 > fole))] =
E[E[< 1,00 > |e] fa(er)] = (5.8.13)
E[E[< mo, 91 > |e] fa(ey)]
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But, conditioning on 7, J;, k, T°¢, knowing the fact that 7 is finite a.s. and does not
depend on e, and replacing the continuous function f in (5.4.54 )by 1} “e(t), we can see
the limit of the last term in the last equality exists and does not depend on the choice
of mg and 9. (Recall that {< ., f >}sec+ is measure and convergence-determining.)
Now let v* be the distribution of (uf(00), e(c0)). Let T} be the semigroup of the joint
annealed-environment process, (us,e;). For F € C(P(I) x E), mg € P(P(I) x E),
and s > 0,

| TrFdv = lim [ Ty Fdng= [ Fdv*. (5.8.14)

P(I)xE P(I)xE P(I)xE

The last equation holds for any myg, including all invariant measures. Hence the

uniqueness holds.

5.9 Conclusion

Natural selection is one of the most important mechanisms in evolutionary biology.
The interaction between a population and environment as well as the effect of other
evolutionary mechanisms (e.g. mutation and genetic drift) on the fitness of types,
must be addressed in studying the genetic variations of an organism. The envi-
ronmental fluctuations change the evolutionary behaviour of a population. If the
environment fluctuates very fast, then the population cannot adapt to it, and this in-
creases the randomness (noise) in the system [45, 44]. In the case that there exists an
equilibrium for the environment, rapid environmental changes cause the population
to behave, on average, as it would behave in the equilibrium environment. Indeed,
the adaptation in the population is not as fast as the changes in environment and,
therefore, the environment can adopt itself only with the average information from
the rapidly fluctuating environment. Several interesting questions about interaction
of the environment and the genetic variations have been addressed in the literature.

However, because of the mathematical complexity, many of them have not been stud-
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ied in depth.

In this chapter we studied different aspects of the Fleming-Viot population model
in random time-dependent environment in its generality with compact environmental
and type spaces. We have formulated quenched martingale problems and charac-
terized the FVRE process as a unique solution of a quenched martingale problem.
We have formulated and developed the notion of duality for time-dependent and
quenched martingale problems and applied the method of duality to prove uniqueness
of the FVRE martingale problem. Simultaneously with the proof of wellposedness, we
showed that the Moran processes in random environments converge weakly to FVRE
in Dp()[0,00). Also, we studied the long-time behaviour of FVRE, with weakly er-
godic or stationary fitness processes, via the behaviour of its dual family of processes
and observed that the behaviour of equilibrium population does not depend on the

initial states and, in fact, the ”loss of memory” property holds for the FVRE process.

An interesting project is to compare the effect of different environmental changes
by studying the Radon-Nikodym derivative of laws of FVRE (MRE, respectively) in
different environments. This has been done partly, by a new method called branch-
ing representation of the Radon-Nikodym derivative[33]. We have studied change
of measures for MRE in finite and infinite times. This can be applied to study the
mutual differential entropy between the measure-valued process and the environment
(the fitness process). A Shannon-McMillan-Breiman type theorem can be studied in
random environment with the same method of branching representation. Another
interesting problem is studying the fitness flux which provides a tool to measure the

interaction of the environment and the population[45].

Once we construct the FVRE process, one can talk about the joint annealed-

environment process. In fact the generator of the the joint process is written as
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follows.

Definition 19. For f € B,(IN x E), a joint polynomial is a function ® = & :
P(I) x E — R is defined by

O (m, é) =< m®N f¢ >= /fé(m)m®N(dx) formeP(I),écE, (5.9.1)

where m®N is the N-fold product measure of m, and f¢(.) = f(.,€).

Let § = {®/ : f € BUYx E)} and §* = {®/ : f € C*(IN x E)}, and let § = §°.

In fact we can show that §;, and §* are algebras of functions.

The generator of Fleming-Viot-environment process (FVE) on §, with domain §
is given by G = G 4+ g™ + G*¢! + G where the terms on the right hand side of
the equality denote the resampling, mutation, selection, and environment generators,
respectively. Let f € C,(IN x E). The resampling generator is given by

G ®f (m, ¢) = ’% ST <m®™ ffog — o> (5.9.2)
ij=1

For mutation, we have

gmutq)f BZ < m®N Bfe fe

i>1
=8> <m®Biff = ff> 48"y <m®™ B fF— [ >, (5.9.3)
i>1 i>1
where
Bif(x,¢) = Biff(x /feoa q(z;, dy) (5.9.4)
Bif(x,é) = Bif*(x /feoo dy) (5.9.5)

B/ f(x.¢) = B! f(x /feoa ¢ (1, dy). (5.9.6)
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To write the selection generator G*V let y; : I; x E — [0,1] be defined by
xi(a, é) = é(q;) for a € I; where g, is the ith component of a. Then G*V is a linear

operator from §y to Fn, and is given by
G F =5 (5.9.7)
G'ol (m,é) = a Y <m™ X fF = xG S > (5.9.8)

Let e = (e)icr, be a Markov fitness with semigroup 77" and generator A°™.

The environment generator is

G (m, ¢) = %i_{%% / (T F(u, &) — F(u, ))m(du) =< m®, (Af) > . (5.9.9)
N

Many interesting questions can be addressed in the relation of environment and
the F'V process. In an ongoing project, we are studying the joint dual process and
other behaviours of the joint annealed-environment processes. This includes the
change of measures for the joint process and the population systems with interac-

tions with fitness functions [34].
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