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T4 can be shown that these requirements are suff-
s s . . . N 0 n - A
icient Tor e valid assizament if and only if ¢ % 2, oz g,

We therefore nake the following definition.

Definition 5.7, u qbp's F1y Poyeesy P, vhere P = {_bi; Ei}
over the set S containing g states, are said to be mtually
consistent if and only if
i ~ ro v nen
#(byby - eBy) ¢ PR (5,13)
N
vherem € n = Y_logz q] end bj represents either block

of P..
J

In view of this new definition of consistence, we

now consider the former definition to be 'pair-wise consistence’

and note that pair-wise consistence is a necessary but not’

sufficient condition for rmtual consistence.’
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ABSTRACT

The é@rpdse of this thesis is to present a wethod for
determining from the flow table of a sequential machine whether the
macrine is linear or not. Linear sequentisl machines are introduced
and their bathemeticel properties are discussed. The behaviour
of autonomous circuits is analyzed. Methods for finding the can-
onical form of e linear machine are described. The input-output
beheviour can be described by a transfer funciion, and a method
of finding the transfer function using signal flow graph techniques
is developed. The method for dotormining the linearity of a seq-
uential machine is based on a class of binary partitions of states
and inputs. The partitions are used to {ind a minimel assigament
for the secondary variables, and if necessary the input variables,
such that the next statc and output funetions are linear. The
binary partitions arc exéminod in detnil and the projerties necess—

ary to procuce a valid assignment are developed.



(iv)

ACKNOWLEDGMENTS

The author wishes to express his gratitude to Professor
Janusz A Brzozowski for introducing the author to linear sequential
machines and providing meny stimulating comments and suggestions,
without which this thesis could not have been written,

The author also wis:es to acknowledge the financial

support of the Defence Research Board.



(v)

Table of Contents

Abstract . . . . .. . ... L., R & .1
Acknowledgments . . . . .., .., ... A
1o Introduetion . ... ... .. ... .. 1
2. PFundementals . . . . ., . t e e i e s s B

9.

10,

2.1 Cheracterization of Linear Machines . . . 8

2,2 Autonomous Behaviour . . . . ... . ... 11
2.5 Canonical Forms . . . v v v v v v .., 13
2.4 Companion Matrix . ... ....... .14
2,5 Rationel Canonical Form . ... .. .. 16
The Transfer Function . .. .. ... ... . 19

3.1 Application of Signal Flow Graphs . . . . 23

The Assignment Problem for Lineer Sequential
Machines . .. 30

Properties of Assignments and Partitions . . . 37

The Partition Approach to the Assigmuont
Problem . . . 46

Autonomous Machines .+ . . . . v . .. ... 51
Nonautonomous Machines « v « v v v v . + . . . 66

8s1 Nonautonomous Machines with Nonlinear

Qutput . . 80
Singular Machines , . « v v v v v v o . . . . 93
9.1 The sutonomous Case , » . . . . . . 9
942 The Nonautonomous Case o . . . . . . . . 96

Conclusions and Recommendations for Further
Research » . . 99

Bibliography . . . . . . .. e e 101



1. Introduction. .
Since the publicction of Huffin's poperld in 1955, linear
sequential nechines have been widely studied undef voricus nemes, such
as: linedr sequenticl circuits, .linear coding networks and modular
sequenticl networks. Their usefulness has been conclusively demonst-
ratadsl.in the design of error-correcting encoders and decoders.’
Therefore the majority of the meterial zbout linear segquential mechines
has been written with this importont application in mind. However,
there is on indication that the theory of linear machines, because
of its sound nathemafical basis ey provide an insicht to the theory
of sequenticl machines in general. There are, however, o few problems
vhich may impede any si:nificant progress aiong this line. Linear
mechines hove not been studied nreviously ffom the flow table point
of view, vhich is the starting noint of synthesis. There are no
methods by vhich it is nocsible to deternine whether o civen sequen~
tial machine specified by its flow tzble is linéar or not, PFurthermore,
in most ccses the flow table may be realized by either a linear or
nonlinear sequential machine. Hence, the 1ineari£y of a sequential
zechine reéuces to the problem of finding an assigmment for the mechine
in which the next state and output functions are linear,
This thesis provides, not oaly a new approach to this
problem, but 2lso o solution for @ restricted class of mechines,
waich should prove to be extendable to the general ccse, Ve restrict
our attention to binary reclizations of fully specified sequential
machines. The search for linear realizations leads to the use of o

class of bincry partitions of the set of internal states and inputs

of the machine, The mothod of binary partitions will be showm to

.
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provide an answer to the problem of linearity for the class of machines
considered, and will lead directly to & linear essigmment and %o 2 lineer
realization, if they exist. Although some‘éearch mey be necessary, in
general, the systematic analysis presented festricts fhe vork to a
vractical amount. It should be added, thet we are mainly concerncd

vith finding ninimal rcaliiations, i.e. realizations using the minimm

possible number of internal variables.



PR

LT I,
VAT

2. PMundanentals

28,29 (

A sequenticl machinel sequential cireuit, finite aut-

omoton) is a dyncmic system which sotisfies the following conditions;

1, The system is finite and fixed. It has:

o) A fixed, finite mumber r of independent binery
inputs,

b) A fixed, finite muber s of binary outputs.

¢) A fired, finito mumber q of distinct intornal states.

2, The system is deterainistic:
&) The next (internal) state is completely deter-
mined by the present state cnd tho present input.
b) The next output is completely determined by the
present state and the present input,
3. Tho benaviour of the svysten in time is discrete and
syacaronous; 1.e. the input, stote, and output nis-
tories con be coamletely described es occuring at

discrete moments of tine, t = 0,1,2,44. &

The behaviour of a sequential machine con be completely
described by e flov table (state table) as shown in Fig. 2.1, The
nresent stato is denoted by Si, the oresont. input by Ij ond the next
state and the next output by Sij end Zij' respectively, It ic assumed
that all inputs are distinet, i.e. for no two inputs Ij and Iy does
§ij= By) ond zij = Ljyy for i = 1,2,...,q. Similerly, all machines
are considored to be inlreduced fora,

For constant input machines, which includes autonomous

machines, a simpler fora of the flow table, =s shown ia fig, 2.2,

!
will be used, Hero, if Sj is the stato at time t, Sj is the stato ot

N
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Input
Il I2 LN ] I
Present Stete
[
[ XN E [N ) see e o8 ee
I S ses
5 ssql/qu q2/zq2 qu/qu

Noxt State/Output
Fig. 2.1, Flow table of a sequential aachinec.

time t 4 1. The state 83 is callod tho successor (state) of 84, and

Sj is a predecessor of Sg. In goneral, overy state has 2 unique

successor, but it may have more that ono predecossor.

Present Stato Noxt State Present Output
1
8 B Zy
) 5 2y
]
. SN U S A S

Fig. 2.2, Flow table of an autonorous mnchine.

A sequontial machine is said to bo fullv stecified, if both

the next state and output arc specified for cach prosent state and input
configuration, Tho discussion will bo limited to fully svecifioed

nachines.
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By an assirmiont for o flow table represonting a soquential
ucchine, ve neen the ascigment of internal or socondary variables to
roprosont tho stetos and tho assigment of input or primery veriables
to represent tho inputs of tho machine. More will bo said cbout assign-
nonts later. The sequenticl machines will be constructed from combe
inctional gatos and unit delay clemonts. Thus the secondary variables
will correspond to the outputs of tho delcy elements.

It should be noted thet throughout this thesis we assume
that cech mzehine con be started in any stato and we aro not concerned
with how it gets thero.

2
A linear sequenticl nachine)l is a finite number of oxclusive

Yor' zotes; unit deloys and inputs connceted tozotier according to o
sot of conncetion rulcs, to be deseribed later, so es to produce a
finite mumbor of outputs. The output of a linear sequential iochine
can be oxpressed 23 a lincar function of the present input, a finite
nuaber of past inputs and o finite number of past outputs. Although
the theory is applicable to o rultivalucd p-ncry lozie, whore p can
be any prime, only the binary ccsc will bo considered. In tho algebra
of linoar circuite only tvo operztions cre dofincd: mltiplication. (.)

ond addition (4); end their tables ere shon:

0.0z=0 0+0¢=0
1.1:=1 1+1=0
1.020 1+0=1
0.1=0 0+1z1

In the remeinder of tho thesis the '.' for multiplication

will be omitted; thus, 'e.b' will bo writton as 'ab!,
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Fron the mltiplication and addition tables, the followring

roperties can bo dorived, for the binerv variables a,b,e.
3 v P ]

a+b = b+a (Commtetive Lav for 4) (2.1a)
ab = ba  (Corxmtative Law for .) (2.1b)

a+ (b+c) = (a+b)+ c(Associative Law for + ) (2.2a)

a(be) = (able (hssocictive Law for ,) (2.2b)
n{b«c) = ab+ac (Distributive Law) (2.3)
24 0=n (Idontity Low for + ) (2.4a)
al = a (Idontity Law for o) (2.4b)
a+lz a (Invorso Law) (2.5)

In the physical realization of o linear sequontial nmachine,
the. two types of olezents used aro:
a) Exclusive 'or' gato- where the output is eoual to the

sur. of tho inputs (Fig. 2.3).

&~ N
Z'i')"“r-v cz=a+b
b~

Fig. 2.3+ Exclusivo 'or' gato.

b) Unit delay - where the owtjut is ecuel %o the imput,

but is dolayed by onc unit of timo (Fig. 2.4).

]
&(ti) ""'""{-.—j e G(‘bi v 1) - &(ti)

Fiz. 2.4, Unit dolay.
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Tho clertonts aro connected togotaer subjoct to the following
rules: .
a) the output of cny oloment may be commected to any
muber of inputs,

b) no two outputs noy be comnsctod together, cnd

¢) cvory foodback loop comteins at loast ono unit delay.

It is furthor escwred thot cny finito mmber of oxclusive

Tor! gatees may bo cascaded without accwmlating a time dolay, that is,
v

the input to the first of k coscaded oxclusive 'or' ;otes at time ty
produces 2n outnput at cate k at tho samo tinme ti' Tho notirorks will
bo considercd to be s;mehronous, waich moans that the contonte of the
unit delays must all chango at the saie instont of time. A goneral
linear soquential machine with n-unit doleys, r-inputs and s-outputs
is of the fora showm in Fig. 2.5. WHote, hovevor, that the delays, as
shown in the figure, mey or may not be in focdback loops, thot is,

an outyut of o deley may sorve directly as an out.ut of tho machine.

T

:
[T _......_...,.._.1 sz- hims e — barms b0 oo )

s

N
SO VOV |

L) '

i
(
4
e l SRR | !,‘_._“,...._..............,.
|

s - ~
: 'co;. i cen
; i ! Linear ! i
L™ Combinatorial P
Tt Circuits poT T
xl ~-—->i !. -
o comme e Boe { - cmatts dpae
Inputs 2 aes e %2 Outputs

Fir, 2.5. Tho zenoral lincor scrucatinl mochine.
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For example, tho cireuit in Fig, 2.6 is o lincor sequential
nachine having o siﬁgiebbinaty input (), two unit dolays (y;, y,) and
a single binary output (z).u

%)"’1'_"; S

I

Fig., 2,6, Machine M2.1.

2,1 Characterization of Linear iachines

The(internal)steto of o sequontiel circuit ot any time ty

is definod to bo the state of the outputs of the delay cloments at time
t;» Therefore, the etate (for n deloys, thero are 2" gtates) of a linear
soquential circuit ot any tine ti’ Y(ti), can be oxpressed as a linear
function of the state and tho input at time 4y,

¥(t,)=F (¥(ts_y)s R(ty) ] s (2.6)
whore ¥(t,) is on n-tuple roprosenting the internal state at time %y,
and X(ti) is an r-tuple ropresenting the input at timo ti. Similarly,
the output of the circuit at any time ¥y, Z(ti), can be oxpressed as
another linear funption,

i) = 6 ¥t Kt,)] (2.7)
where Z(ti) is on s-tuple. Hence, the next state function for the 3t
delay element, yj, tust be given by the equation,
ys R TR P A S xlb13 +Xgbog +eent Xy (2.8)

vhore y'j = yj(ti), v, = yi(ti_l), and 2,4, by € £ 0,1V .
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In o sinilar.zanner the 1th

output, z,, is given by the
equation, |
A TR YRR LX)
whore c4 js dij € {0,1}’ .

If the state of the cireuit is oxpressed by a row matrix
of order n, and the input is expressed by a row mtrix of order r,
then the next state function is given by the matrix equation,

Y' = YA+ B, (2.10)
whore A is an (n x n) motrix, and B is an (r x n) matrix.

The output of the circuit is also described by a sinilar
noirix equetion,

Z = Y0 +XD, (2.11)
vhere C is an (n x s) matrix, and D is an (r x ¢) motrix, Obviously
for a ‘loore' type :cchin029, where the output is o function of the
stato only, the matrix D is idontically zero.

The neirices A, B, C and D complotely doscribe the comb-
inotorial circuits in Fig. 2.5, and thorofors completely characterize
the lincar sequential machine.

As an exaple, for the lincar sequential machine shown in
Fig. 2.7 the following relations hold:

=0t

¥y =+

y% =Y, + oyt X

Yy =V5t %

2 =y4+ Xe
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Fig. 2.7. Mochino M2.2.
The A, B, C cnd D notrices are therefore given by:
0100
A ={0010,

0001
1110

B =(1011) ,
0
0

¢ = ,
0
1y

D = (1).

It should be noted thet the matrii A, bocause it describes
tho intercomnections betweon the doloy elements, pluys a key role in
the operation of a lincar sequential mochine. This is shown b& the
following: Given a linear sequontial uechine i specified by the
natric#s: A cnd B, ond a sequence of input veétore xo,xl, X2, ""Xm-l;
then the state of K at any tino ¢, (whore & =1, 2, 3, .., m) is

givon bys

2 ;
YA+ ;B = YA + XgBA + X3B,

1,
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= Y+ XOBA2 + XBA + X8,

ot
|

<
]

YT+ KEAR 4 xR e X B (2.12)

However, for the given input sequonce and an initiel state
Yo, ench coefficiont of Al g complotoly spocified. Thereforo the
state of the machine ot any tize t is o linear function of powers of

the matrix A,

2,2 Autonoious Behaviour

An autonomous linear sequential machine is o linecr seq-
wential riachine whose input is zero. From (2.10) %ho state of the
rachine at any time t4 is given by:

Y, = Tl = 18 (2.13)
If each state Y; of the machine has o unique predecossor (previous
state) Yi—l’ then tho metrix A must hove o unique inverse A'l, such
that .\A-l = A-lﬁ. = I, vhorc I is the identity matrix,

From ratrix thooey, o squarc matrix R, has o unique inverse
R’l, if and only if R is nonsiggglarjo, that is, if its deterninent,

,Rl y is different frou zero’¥, Evory autononous linear sequential
mochine in which occh state has both a unique predecessor and o unique
successor (next state) mmst consist ontiroly of cycles. Obviously,
if Yo = 0 (tho zoro state) then ¥, = 0, for all velues of i and for
211 =otrices A, FHenco, overy autonomous linoar sequontisl machine
contains the trivial zero cycle.

Fron (2,13) it is scon that if ¥, = ¥, then JUI. &
vhoro I is the identity wmetrix. Thorofore, in order to find the longth

of tho cycles of a linesr sequontial :achino fron ite charactoristic
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matrix A, of ordor m, vithout having to find Yi"‘l for cach valve of
oy it is sufficiont to find tho intezrel values of x< 2 such thet
M= 1,

A neximal poriod linear soquontial machine with n delay
olonents is ono in which tho (2n:.1) non-zoro states fora a single
cycle, A nocosscry and sufficicnt corxdi’hion8 that a lineor soquential

-uchine I be a maximal period linoar scquonticl machine is that: o)

the characteristic Eolﬁomial* of 4 be irreducible, that is, have no

nontrivial factors, and b) it not be o divisor of A ky 1, for ony
intoger k < 2% . 1, Howover, irroducibility by itself is sufficiont
to insuro that all tho nontrivial cycles in the state diagram are of
oqual length., Tables of irreducible polynonials up to dogroe 19 have
been publ:i.shed;zh’51 however, for highor degroos a search for possible
factors rust be mado.

For oxample, consider the autono:ious linear soquential

machine M2.3 with characteristic matrix

/

Fron cquation (2.14) it is socn that ®(A)= A2+ N+ 1, which

o = O
- - O
O

i irroduciblo’t, and it con bo shown that (M) is not o divisor
of ME+ 1 for cny integer k < 7. Honce, M2.5 is a maximal peried
lineor sequontial machine with a major cycle of 7 states. This is
verificd by tho state groph of M2.5 shom in Fig, 2.8.

Bocauso of the ability of maximal poriod machines to gonernte
nexirun longth binary sequences, autonozous lineor sequential machinos

2
have proved) ! to be quite useful in coding thoory for the goneration

Py

*The chercctoristic polynonial ®(\ ) of a squaro netrix R is define

by the oquations @(n )= | R-AI]. (2.14)



of cyclic codes.

.
( 100
/ '
T
000
11}
/

Fig, 2,8, Tho stato graph of M2.3.

2.3 Cononical Forms

It is possible to have two linear sequontinl machinos which
have different intorncl structures, and yot produco the same output
sequence for a givon input sequence and initial utato51. Clearly,
the machines hive tho sane behaviour, are indistingwishable, and
therefore can bo callod isonorphicz9. In isomorphic nachines thore
oxists o one-to-one corrospondence betweon stotes.

Let Mu and Hb be two isomorphic machines. Lot M, oand My
bo both linocar, and thoro oxist a one-to-one lincar transformation
botwoon the stetes Ya of Mn and the statos Yb of Mb such that,

Yb = YQF° (2015)
Wo soo that the states of M aro rolated by the equation,

! =

Ya = YaAu + XB,. (2.16)

Combining (2,15 and (2.16) wo got
-1 _ -1 "

YéF = TFA, 4 ABQ. (2.17)

Fro= this it is scen that,

= v p-l
Y= YFAF + XBF. (2.18)
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However, the states of Mb arc nlso rolated by the equation,

T =AY KB, (2.19)
Conparing (2.18)with (2,19) it is scon that,
' by = FR, (2,20)

B, = B,F. (2.21)
By a similar procedurc it can beo showa thot,

¢, =F°Cy, (2.22)

D, =D. (2.23)
The matrices A, and Ab roleted s in (2.20) by the nonsinguler
matrix F arc called pimilar tntricos?0,

Obviously, if for every group of isomorphic machines,

thore existod o canonical form which had & minincl structuro, the
analysis of lincar sequential ::achines would be greatly simplifiod.

31

It 1&s boen shown thot, indood, this is the case” , and every linear
goquontial machine can be clessificd in one of two forms,
2) companion netrix, and

b) retional canonical form.

2,4 Componion Matrix

Evory sguaro ratrix R satisfios o unique polynomial of
lowost dcgr0050 of tho forr,
=ph n-1 =
n(R) =R" + 8, R+ ..+ eRta =0, (2.24)

cellod tho minimum polynomial of R, An (r x r) motrix is said to be

nondorogatory, if tho dogroo of its miniimn polynomicl is r; other-
wiso the natrix is dorogotory. It has beon s‘nownQl that overy linear
soquential mochino whose characteristic matrisx is nonderogatory has

a copenion metrix which is similar to tho charactoristic matrix of
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the machino. -Tho compenion mairix of a ninimum polyhemial of the forn

of (2.24) is gfuren5 by:

010 0..0

001 0..0
0,={0001..0 . (2.25)

\0.0 0.1 0.2 0-5..0 an"l

This is to scy thet, for overy linear sequential mochine M whose
charceteristic matrix A ie nondorosatory, therc oxists a matrix F
such that C_ = FIAF, cnd the linoar soquential rachine M, having
(2m as its cnaractoristic matriz is isonorphic to M, From (2.25) it
is seen that the noxt stato function of ench delay clemont ¥, is o i
funciion of only the state of tho nrovious delay oleﬁont ¥i.1» the
input x, and the stato of the last dolay oleient Ve This is ofton
tormed the 'shift rogister' rcpreosontetion of tho machine.
For oxomplo considor the lincar sequonticl machine M2.4

shown in Fig. 2.9.

- e

_ — T -
I I L
- ¥, HH. - ¥yt \*i)‘rl Ja |

‘ T | e
g ‘ \SG_-)——-’- Z

Fig. 2.9, Hochino M2.4.

e

-

M2.4 1s doscribod by the following matricos,

0 01
Al=l o,
011

(101),

—

w
—
it
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Tho characteristic polimonizl of 4, is (A )=+ 2+ 1.
It can be shown that @ (A) = a(r ).
Thorefore a linecr soquontial wachine M2.5 exists which is

isomorphic to 2.4, having a choractoristic matrix

o1 0
A2 = 0 01 [
110
It can bo shoim from (2.20) thot Al and AZ arc sinilar matrices roloted

by the nonsingular matrix,
111
F =100 1} .
v 0 1/
Thoreforc, froz (2.21), (2.22) cnd {2.23),

32=(o 10),
0%

C, = {0

2= \y)

Dy = (1)

¥e.5 is shown in Fig. 2.10

Lw‘“’tf"‘yz —‘[ V3 “""('D"‘”””'Z

(R R S }

Fig. 2.10, iachine M2.5.

F PR

2.5 Rational Canonical Form

Every linoar soquential machine M whose charactoristic

netrix A is dorogatory is isomorphic to o machine having a charector-
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istic metrix R, in what is ccllod the rctional canonical fc:rm5 1.

Rl 0 0 ... 0O

0 R 0 ... 0
R = 0 0 35 0 . (2.26)

|

‘0 0 0 ... Rm

Hore, R m‘ is tho companion matrix of the minirun polynomial of A, ond
cach other Ri is the companion matrix of 2 polynomial pi( M), vhere
oc.ch pi()\) divides piﬂ(l ). Cloarly, M is composcd of m smallor
machines which are connceted only by common inputs and whoso outputs
are combined to form the 'output of the total anchine M,

As an exanmple, consider the lincar sequentizl machine whoso

characteristic matrix is,

[0 1 0 0 0

il 0 0 0 0
A= Jo 0 1 1 1} .

0010 0

0 0 0 1 0

The characteristic polynorial of A is,
G(A )=+ A% + 2 +1 = (h+1)5,

By considering the powers of L it is scen that, Al* = I, and that,
P+a2ea+1 =o,

Therefore the nminimmr polynomizl of A is,
m{ A)=2A3 +22 + 2+ L

A is thereforc derogatory cnd has a rotional cononical form L

\

_ /Al 0 )

RA \ )
0 A,

becouse from (2.26) we havo,




0 1 o
Rn=A2=00 1 ,O.l‘ld
111
0 1
A= .
! 1 o0

In summery, oach lincar sequontial machine W is isomorphic
in tho nonderogntory case, to a machine whoso charactoristic ontrix
is tho companion matrix of A, or in tho dorogatory cese, to a colloction
of such machinos whose ovorell charactoristic matrix is in the retionel

canonical form.



3. The Transfor Funotion

If tho binary input or output socuence of 2 linear soquon=
tial mochine is givon by Xgs X175 X2y eeey Xgy veny whore x; is tho
input or ocutput at time ti’ then the sequenco can bo oxprossed as o
polynonial in D, |

X(D) = Xy * %D+ x2D2 + ...+ an”‘+ oo o (3.1)

D is considered to bo a delay operator, and, in goneral
mltiplication by D will doloy a sequonco by one period of time cnd
miltiplication by D'l will advanco o sequonce by one period of time.

It has boon shown”’ *® 19 thet tho bohaviour of o linoar

sequontial machine whose output can be oxprossed as o function of the

prosont and a finito number of provious inputs, can bo described by

& polynomial B(D) in tho dolay oporator, where,

D)= 0y +ad +o0" + s a0 (5.2)
In other words, for a linocar soquential machine with one output and
ono input, tho output sequonce, Z(D), is givon in torms of tho input
sequonce, X(D), by the oquation,

2(D) = X(D)P(D), (5.3)
and the mochine is assumod to bo in the zoro state at time to.

Thus the machino simply mltiplies tho input soquonce by P(D), and

P(D) is callod tho trensfor function of the machine.

As on oxazple, for tho linoar soquonticl machine M3.1 shown

in Fig. 3.1, 2, = x +% 5+ 5 T X and

PD)= 1 +D+ D + D,
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Y2 Y3 1 Ya Ys et

Fig. 3.1. Mochine M3.1.

Howovor, if the prosont output of tho lincar sequontial

machino is oxprossod as a function of tho prosont imput and o finito

nunber of provious outputs, the output and input soquencos aro

rolated by an oquation in tho form:

Z(D)Q(D) = X(D), or (34)
2(n) 20} (35)

The transfer function of tho machine is '6%5')‘ For a givon input
sequonce the output sequonce is obteined by dividing the input soq-
uenco X(D) by tho transfer function Q(D) by standard long division
of polynomials. If Q(D) is not a factor of X(D) the resulting output
soquence will be an infinito sequence with soue poriod k. '

For exumplo, the linear sequential machine M3.2 shown in
Mg, 3.2, hos, z, =X t 2,0 ¥ zm_4, and

QD) =1+ 02 + D

i RL ™ ¥ 4""{ V3

Fig. 3.2, Mochine M3.2.
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Cleorly o combination of the two conditions con exist, when

the output of the linenr scoquential nachine is a function of the present

input ond a finite number of provious inputc plus 2 finite mumber of

e

provious outputs. In this cnse the output scquence is relzted to the

input soquonce by an oquation in the form,

2(0)a(D) = Z(D)P(D), or (5.6)

2(0) = %(D) —5%— . (3.7)

The transfor function is

P(D) .
Q(D
As on enample, for the linear scguenticl =nehine ¥3.3

! 3 -
shon in Fig. 3.3, z, = Xo* Xy vXoh B * Tz and

I Ja N

-

Fig. 5.5. Machino M3.5.
If two lincar sequential machines ) and K cach having
RER & one input and one output with transfor functions H, and Ej respects-

ivoly are coscaded (connocted in series), as shown in Fiz. 5.4, the

output is givon by,

Z(D) = X(D)Huﬁb. (3.8)
This holds becouse, 2(D) = beb(n), whorc Xp(D) is the input to M.
HOWOVG!l Xb(D) =-Zﬂ(D) = X(D)HC‘..

Hence 2(D) = Hb[ X(D), ] =X(D)H Hye
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Fig. 3.4, Cascado machines.

Ir Ma ond Mb are connoctod in parallel, as shown in Fig. 3.5,
the output is givon by,

2(0) =x(0) [ B + 8], (349)

¥
=

---..). }4b . et st e

Fig. 7«5, Parallel machines.

This is true bocause, 2(D) = 2.(D) + Z,(D), whoro Za(D)
end zb(n) are tho outputs of M cnd M, rospoctivoly, But 2,(D) = x(n)nu,
end 2,(D) = X(DMy. Thorofors Z(D) = X(D) + X(D, = X(0) [H +m].

Obviously the revorse is true, for if o linear soquential
mechine has o transfer function E which con be factored so that
H= Haﬂb’ tho machino uny be roalized cs two machinos M, and My,
with transfer functions Hu and rlb rospectivoly, operating in sorios.
Similerly, if H = Hu + Hy, then the machine may be realized by M
and 3, operating in parallol,

In the gonoral caso of o linoar sequential machine with r
inputs, and s outputs, tho output soquenco for the ith output will be
civen by the equation,

Z,(D) = HyyX (D) + Hyp%p(D) + wuut HyX (D). (3.10)




If the r output sequoncos are oxpressed as a vector Z,
such that
2y(D)
Z,(D)
Z= Z;(D) ’ (3.11)

2,(0)
then the output veetor is givon in torus of the input voctor by the §
equations

Z = ()X, (3.12)
where Hij is the tronsfer function of the ith output with respect

to tho j*® input.

Tho noxt scction presents a method of obtaining the
transfor function for cny linear sequontial machine using the

thoory of lincar signal flow grophs,

5.1 Application of Signal Flow Graphs

A signal flow graphzs’26 is a network of directed branches
which connect a set of nodes. Associated vith each node is a quantity
celled the node signal, and associated with each branch is a quantity
called the branch gein. A source node is one having only outgoing
branches, while a sink node is one having only incoming branches.

A path is a succession of comnected branches all having the same
direction. A fggﬁggg path is a path comnecting a source to a sink in
which no node eppears more than once. A feedback path (or loop) is a
peth which forms a closed loop in which no node avpears more then

once. The gain of a path is the product of the branch gains.
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A signal flow grapn is termed linear, if the signcl at any node con
be expressed as & linear function of the signals at the othor nodes.
The node signal at any node is the algebraic sum of the Incoming
signals. The node signal at the sink of a greph having two nodes
and one branch, is equal to the product of the branch gain and the

sourco node signal. The gain or iransmission of e signel flow graph

is the signal at the sink por unit signal at the source.
Bach of the elements usod in linear sequentinl machines
have distinct parallels in linear signal flow graphs. An exclusive
Yor' gate, which has an output oqual to tho modulo 2 sum of tho inputs,
may be reprosented, as shown in Fig. 3.6, by a node of the flow graph, '

where addition is performed modulo 2.

™ “e= ath

Fig. 5.6, Bxclusive 'or' gate, and node representation.
A unit deley elcment, which has an output equal to the
input delayed by one unit of time, may be represented (Fig. 3.7) by

o directed branch heving o gain of D (tho delay operator).

Fige 3.7+ Unit dolay, and branch roprosontation,

‘1
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A connoction from the output of any clomont to the input

of any olement may be roprosonted (Fig. 3.8) by a directod branch

having a gein of 1,

P .

Fig. 3.8, A connoction, and branch ropresontation,

Tho oxtension of tho method to & multivalued p-nary logic,
vhere p is a primo, is accouplishod by roprosonting multiplication by
o constant by a directod branch having a goin oqual to the constant.

Tho clementary equivelencos of flow graph theory can now
be applied to linear soqueatial machines, remembering tho following
algebraic rules for modulo 2 aritimetic,

1) at+ 2=0,

2) o = -a.

o oquiveloncos arc shown in Figs. 5.9 through 3.12,

D b+ —p+y
32
Jr— +
> —2n
1

Hn B

D & ,D 4 S e )

Fig. 3.10, Cascado (or series) paths,
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14D
e j../
p 1
k 1+D
1 ‘/) 1

Fig. 5.11. PFecdback path, case 1.

1 D
1+tD
et et
D

Fig. 3.12. Fecdback poth, caso 2.

Once thet tho structure of the linear sequentinl machine
has becn reduced to a linéar signal flow graph, then any of the
stendard tcchniques for finding the gain of the graph will yield the
desired transfer function. The signal at the sink is the output
function, while the signal at tho source is the input function. The
reduction tcchniques are sufficiently expleined in o variety of ref-
erence925’26 and will not be repected here; however, o mumber of exc-

uples cre shown to illustrate the exse with which the method cen

be used.

The flow groph for the linear sequential mochine M3.1 in

Fig, 7.1 is shown in Fig. 3.13,




2 =)= @@+ D)%+ 1] D +1

D
= 1+ D+ D5+ D5.
r
\N ¥ D
x_-’--\’--,I"——-/‘g > —— —3— 72
,,k\\.\)-/
", I

1

Piz. 2.15. Flow groph of M3.1.

Excamle 3,2

The flow gr—zk for <he lineor sequenticl machine .2 in

Fig‘ 502 13 ﬂhom ﬁi Fig- 5-1@.

Exemple 7.5
The flow grop: for “be linear sequential mechine im Fig. 3.3

is shown in Pig, 3.15.
40) 14O+ _ L+D+pt

-

) 1+F +#D 1 +P+D
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Fig. 3.15. Flow graph of M).3.
In the preceding examples the tronsfer function may be
‘ritten down by inspection from the flow graph, and even directly {rom

the circuit dingren. However, this may not be always straight forward

=z is demonstrated in the following erample.

-
i
1

Tmmle 3.4

For the linecr sequential machine i3.4 ia Fig. 3.16, the
fTow croph ic showm in Fig. 3.17 and the transfer function is

D+ 1) + 1)D
[(1+D)‘(+ D‘*L +1:lD+l

) .

1 ¥ ¥ pF+0D*

D+ 1 - 1
= ——————y ¢
1 + D+ D

'

=D+ DI+ D+l

Fig. 3.16, Machine if3.4.




A

Pig. 3.17. Flow greph of 3.4,

As on example of the use of trinsfer factions, consider
machine M3.4 ~nd its associated transfer fuaction. Given the input
sequence 1011010011 which is represented by the delay
polynomial  x(D) = 1 + P+ P+ P o+ 08 4+, The trans=-

Lo for function of M3.4 is given by 1 _ 1 .
D) "1+ D+ D

The output sequence is tiaerefore given by

(D) _ 1+ D2+ + P +p8+ pd
20) = (o) 14D+ D

Ye now divide X(D) by Q(D) to obtain Z(D).

1+ D + 0%+ pl+ 1
1+ D+ 1+02+ 07+ 100+ 08+ 19
' 1 +D +D
— -, D +D2
: D +D°+ Dl*
| nﬁ+ 0
kS D+ + D7
4 DI + I
g - p/ + p8 + pl0
p? + D10
29 + pl0 + pi2
oIz

(D)= 1 + D+ D%+ D7 + D9,
The output sequence is therefore 1100100101 for the given

input secuence.
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4, The Assignment Problem For Linear Sequential Machines

In section 2.2 and the literatureds11s3l o linear machine
18 called autonomous when it has no input (X = 0); then such o machine
con be desoribed by:
Y= 1, (4.1) !
2 = 1, (4.2) ‘
This terminology lseems to be unnecessarily restrictive: it appears '
logical to allow o machine with a constant input (X = 1) to be called
autonomous. In o physical realizetion 0's and 1's are usually repre-
sented by olectrical signals, cnd the discrimination between o cons-

tant input of 0 and o constant input of 1 hos no physical basis, In

this thesis o sequential mochine will be called autonomous if it has \ :

constent inputs. Thus tho describing equations now become:

Y = 1A + B, (4e3)

2 =1+ 0D, (4.4)

1

shere B 18 o (1 x n) matrix (row vector) cnd D is o (1 x s) matrix,

0f courss, this ccse includes the ccse withX = 0, whenB = D = 0.
To illustrote this extended class of cutonomous linecr

mechines consider the machine MA.1 of Pig., 4.1, The stote graph of

14,1 18 shown in Fig, 4.2,

Fig. 4.1, Mochino M4.1 with constant input.




[ ST 1
DO Wi s
" A J-,“ 1}1.

S vk,

R S LB
DIATNE L 5 )
Rl o o

AT L 8
wotah ad mra

Pig. 4.2, Stato gropn of M1,
It is soon that tho machino has o cycle of length 4. Such n behaviour
connot be obteined from o machine with zero input, sinco evory machine
with zero input must havo the trivial zoro cycla8 (the state (0,0,...0)
returning to itself). Tao machino of Fig, 4.1 is described by the

oquctions:

ot 3 = Gy ) (3 )+ 00

2 = (3 7) (i) + (o).

Consider now tho flow table of Fig. 4.a),

sls nni|ind nwen|dny

AE 000 100 000 1 00

BIH 001 111 000 110

e ci|D 01 0jo011 010 011
D{aA 011 000 011 000

E|G 1 00 110 100 111

FIF 1 01 101 101 101

A G|B 1101001 111 001
HiIC 1111010 110 0l6o0

e) Flow table. b) Assignmont 1.  c¢) Assigrment 2.

Fig. 4.3. Illustrating assizments,
In Pig. 4.3 b), Assiznmont 1 rosults in the next stato functions:
1 _ o | . ) | -
V) =¥+ 1=y Y2 = ¥ + Vs Y3 = ¥p * V5
and is linenr, G donotes thos comploment of y, xvy denotos inolusive

Tor' and xy donotzc 'an¢'), On tho othor hend, Aesigmucat 2 of Fig. 4.3 b)
resu}ts in the noxt stcte functions:
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=1ty |

= Nl t Bl vnds =1 ¢ 0 45+ n,

GE i v n va)s e n gy
whore yé and y% are nonlinoar5 . ) '

Clocrly one could try to discover whethor & flow tnble can
bo linoarly renlized by trying all possible assigmmonts, This nay be
suitablo for tebles with o fow stotes; however, tho mumber of. different
assignments soon becomes very large and other methods must be devoloped,
If n is tho smallost integor such that 2" % q, thon for a flow toble

27
n
N = 53“ - :;inl (4.5)

difforont cssignmonts of n vericbles.

of q states thore are

From the clgebraic point of view, if tha flow teble of the
machine conteins q stotes ¥ = {Yl s YZ"“’ ‘Iq S~ each stnto ‘Ii having

o successor stato Y! € Y, then vo must find motrices A and B such
i

that (4.3) is setisfiod for all I, € Y, ~nd ench stato is reprosented
uniquoly in tho assignod voriebles, If thoro oxists a trivial zero

cyele, Yi = Y,y thon vo con simplify tho problam by saying that B = 0.

If wo considor only mnchines having o nonsingular matrix
A, then oll statos appoar in eyclos of longtlg'anlo = {01, Cosaray Ck} ,
whore Gy + Cy + ... + O = q. Wo cro therofore looking for
matrices A and B such thot,

Yi= YiAj el ey ime B, (4.6)

for all j €C, Agnin, if B = 0, tho problom is simplified, so that
(4.6) becomos, j
Yi = Yi . (4'7)

This appoars to be a difficult problom; however, we can appronch tho

31
problem in a different mommer. If we considor the canonicol i‘orm9
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(shift roglstor representation) as a counter in which the stafe is an

(n-l)J"'h degree polynomial y in an indetorminato x, then counting up

on the countor amounts to multinlying y(x) by x, adding o constont

input polynomial ¢(x) and reducing modulo m(x), an nth degroe monic poly-

nomiul5 1, which is tho minimum polynomio.l5 ! of the mnchine, Ve must

then find m(x) ond ¢(x) such that
70) = x3(x) + ol

for all states y(x) € Y. In torms of cyclo lengths the following

‘mod n(x),  (4.8)

equotion must bo sutisfied,

(4.9)

y(x) = ody(x) + w7 le(z) + I 2e(x) + ..o+ xe(x) + o(x) mod m(x),
for all j € O. Agein tho problom is simplified if o y(x) oxists
such thot y'(x) = w(wdy then (4.8) and (4.9) reduce to,
y' (%)
y(z) = My(x) mod m(x). (4.11)

It is worth noting thot F‘itzpc.tricklo has shown that 21l

% y(x) aod m(x), (4.10)

autonomous sequential mochines consisting ontirely of cycles can bo
renlized linonrly., Howover, these ronlizotions are minimel only in

tho sen®c thet ﬁwy uso tho smallost mumbor of delcy elemonts for

tne wnchine to bo linoor without constont inputs. In genoral, two
distinet cyclos are ronlizod by two distinet sots of olements such

tiaat intorconnections are mede only botwoen olamonts of tho scmo sot.
s cn examplo of this mothod, considor tho machine iih2 given by tho
flow teblo in Fig. 4.4, Using the mothods given by F‘itzpatricklo,

wo soe thnat tho assignaont sivon in Fig. 4,5 ond tho minimum polynomial,

n(x) = xl+ + x5 + x + 1, provido a roalization using 4 delay olomonts,




s | s
A
B |o
c|p
D |E l
E|F |
Fla .
Fig. 4.4, Mechino MA.2. | ‘
LR }'(x) Y= (Yl, Voo Y3 Yl}) '
A 1 1000 Al
B %, 0100
0 x 0010
D ) 0001
Bl xd+ x +1 1102
Flw+ x°+1 1011

Fig. 4.5. Assignment 1 for 4.2,

From (4.5) ond using an exhaustive search, we see that if,

010 L
A=[001] , P
100 i

B =(010), 4

the cssigment of Fig. 4.6 satisfies the flov table using only 3

delay elements.

S Y '__-(Yla ¥ou Y5)
Al 00O
B 010
¢ 011
D 111
E 101
F 100

Fig. 4.6, Assigment 2 for iik.2,

Similarly from (4.11) we note that Assignment 2 is oguivalent

to Assignment 5 in Figz, 4.7 whore m(x) = 2 4+ 1 and c(x) = x.




8 | vlx)

A 0

‘B X

0 *éa'l-x

D | x=t x +1 )
E * + 1

F 1

Fig, 4.7, Assignment 3 for ih.2,
In the nonoutonomous case the comblexity of _‘the“";'arbhlem is

obviously increaged, for, the nonautonomous nochines are described by

it
]

YA + XB,

Z = 3YC *+XD.
Azein to retain generality we permit constcnt inbute; however, there
is no need to cdd o constant input matrix. For an r imput vector X,

th
)

ve merely add a constont 23 an (r + 1 input ond tie input vector

for the general case becomes X = (xl, Zyguery X 1). Similarly,
3 becomes an {r + 1)x n matrix, and D ‘aacomes.{m (r +1) x s matrix.
Clearly one could try to find o lineer assignuent for =
nonrutonomous machine by considering each colwan of the flow table ns
an cutonomous machine, finding an assignment i’or.eac‘n AULONOIOUS 0ase
ond then reloting the inputs, This method will provide a solution;
however, the nrocess may‘ be lengthy, for, the flow table may be linear
colum by colwmn, but not s o unit. Therefore a more direct and
unified approach is desiro.ble. Srinivasan’’” 6
by vhich one con determine the linearity of o restricted class of
sequential machines. This mo"c‘déd is not only lengthy, but can be
apalied to only a limited class of sequontinl mochines. The mela

closses of wmachines excluded from the alzoritim are:

o) autonorous mechines,

presents an algori’f..hmb |
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b) singulor machines,
. £ oh
¢) mchines having ¢ # 2" states, cnd
d) mcchines, where the states nppear in two disjoint
parte, there being no transitions between states
in one part o those in the other,

b £ g 5020 A . :
It is unjustified to say that this cluss of mnchines are of little
practical interest. An example of one such machine is M8.5 in Fig, 8.4,
where the smnller, disconnected part of the mrchine is omitted from
the flow taoble.

Since the algebraic approach to the problem of a ainimal
realization does not nppenr to lod to 2 solution other then by enum-
eration, und the Sriniv-ean ~pproceh is longthy ond restricted, we
will dovelop the partition approach wresented in the folloiing secltions,
Tnile this wpronch dour have its discdvanteges, it is different ~nd

i o S o .
henco/snould arovide n Hetter understonding to the probdlem in general.
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advaniare of using binary partitions is fadir et cosremmiiane
1o the internsl binary variables. The mm

is adle {0 svacify the partition compleisty withmii—meims T
axxle, the qbp Pl above is compielely speciTien T T T
= {C,D). Therofore from nov om e 1 ot et e e om—

ista partition, btut refer only te the ;nrﬁfirn:.% _%;%T‘—

minad by the dlock b = (c,D).

Ne shall now oxamine the promeriies = meriiime Wit

hS

¥ 3ae secondary variables assigned 1o 2 =si T =mmEs.

iama 5. In any minimel assignmemt ni‘m%

“~s2 Vo 90Ny, dofinos & partition 2., over k=i SoF sowme

¥aleh is & qbp.

7

Prood: There are 2" distinct n-tusles of Vs miliiz T o F e

Yt

27 having ¥y = 0 tho other 1) evrr 3 — = Er=chiies

| = . .
sssizrumont for q states we st have = <y BT e Swe

Ait= 1

=T 2ost n-tuples with y; = 1; lcune e TiowrEy,. = S e

€ “E=1 =
£ 77, THes e e =T

ition ?1 dalinod by v, satisfies #Hp,)
a-wuples Wik y; = 1 is cloarly {g - 2!!'1)_ Fanep, e
g - ol $ #(bi) s 211-1, for eny “mriition HEfieer = Sy

T=riadle y3o Thorofore P, is 2 gbp.

i
= a x>

Dafinition 5.4, Two gqbp's, P, = %1; Hjﬁ%;ﬁﬁgn

said to bdo gonsistent, if and only if the Tandher T -Seeesse v T

intorsoction of oithor block of P, vith ciiier Sicer = e
axesed ?.n'a.

'r‘
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In other words tho following conditions mist be satisfieds

Hop,) S 272, (5.20)
#o,5,) S o™, (5.2b)
HEppy) & 22, (5.20)
#(b,by) & 22, (5.24)

For exeuple, lot § = '{A,B,G,D,E,F} and let b = (4,3,0),
by = (¢,D) and b5 = (E,F). Then one can easily vorify that P, is
consistent with P2 and Pé is consistent with P5, but Pl is not
consistent with P3' This example also domonstrates that the cons-

istency reletion is not transitive.

verune 5,2, In any winimel assigmment, the abp's Pl’ Pa,.}., Py,
defined by the secondary variabloes Y17 Y2900y ¥, 8re miually

consistent.

Proof: To prove that the hgbp's arc imtuelly consistent weans to
prove that any two are consistehﬁ. Let Pi and Pj be any two qbp‘sv
defined by the varieblos y, and ¥y There are 2% n-tuples heving
v, = 1 and yj = 1. Hencc the meximum nuber of states in (bibj)
is 2%2, The same ergunent aoplies to all other combinations of
blocke from P, with blocks of Pj‘ Henee Pi is consistent with Pj'
It is oasy to show thai consistency is not a sufficiont

condition for a valid assignment. Por oxamp.¢, let § = :},B,...,!{},
and let b, = (4,B,0,D), b, = (A,B,E,F) and b5 = (4,B,G,H). One
can casily verify that the corrogponding qbp's arc .mtually consis-
tent, If Yy = ], for statos § € Bj’ thon.tho assignment of Fig, 5.2

results,

.
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now oY L
A1 1 1
Bj1 1 1 |
cf1 o o
D|1 o0 o0 |
E{0 1 o0 :
o Flo 1 o
Gfo o 1
: Hfo o 1

[ . N
B SRR PRV |

Fig. 5.2, An invalid essigmnont.

It is clear that this assignmont is invalid, bocause the statos are

not uaiquely detormined by their corresponding n-tuples,

Definition 5.5. The sum of two cbp's, Pl = {Dl; -1;1} and Py = {Pg; 32}
is dofined bys

Pl + P2 = {bl + b23 bl + bz} . (5'3)

Qo

It can be easily verifiod thet tho sum is indopondent of tho ordef of

the qbp blocks, i.e, that %l; 'F]} + 3 L2’ 2} {1, b} {2, bz}
%E)l; -b;]}-} %‘2; bé} = {b-l; b}-f %2, 2{ . (5.4)

Lomne. 5.5. The sum of two consistont qbp's P, and P2 is a qbp

consistont with both Pl and P2.

Proof:  #(b; + b)) = :,;’=(b132 v byby) = i#(by ) ) + #b b2),

vhore ' +!" for numbers Indicatos ordinary'addltion. Henco, from

$ 2, o2 onel

1542 wo have, f(b1 + bz) 2
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AlBO: | #(bl * bg) =4 ,'#‘.(blbz) "“#(bl.ga)' ;

Again from (52) we have, #(bl + b2) 2 q - o2 _ 2n'_2 = q- o0

3

Hence ';}9(b1 + b2) seidsfies the condition of equeiion (5.1) and
P1 + Py is 2 qbr. WNow consider P, and (Pl + Pz). We heve,

-2
ohme

#o(by + 5)) = Ao (bb, v Bin)) = #(bF,) &
since Pl and P2 are coneistent. A similar armuent applies for the
regaining inegualiiis»z, aad hence P1 is consistent with Pl + Py
By symmetry we can eay tust P, is consistent with P1 + P2, which
comnlatas the nroof c‘I"» the lomaa,

As an ersuple, consider‘ § = -{;&,B,G,D,E,Fﬂ" s P1 end P2
zhven by by = (4,8,0) and by = (A,B,E,F) rosnectively. Then P+ P,
iven by by + b, = (C,E,F), und is & ¢bp which is consistent
wi’cﬁ both Pl and P2, siﬁce P1 ond P2 are consigtent.

The following properties of addition of qbp's follow
frop the definitions:

Pt Py =P t R (Commtitive Law),  (5.5)

P1 + (ng P;)-) = (Pl + Py) t P5 (Associative Law), (5.6)

Py + 0 =Py (Idenbity Law). (5.7)
whers 0 répresents tho trivisl binary partition { g; I} .

Similarly, the Pollowing propertics of addition of qbp blocks follow
frow the definitione:

by + b = by + by (Commtutive Law), (5.8)

b+ (By +b3) = (b + by) + by (Associative Law) (5.9)

by + # = b (Identity Law), (5.10)

b1+I bl

(Inverse Law), (5.11)
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Definition 5.6, Let Py,Pn,...,P be n mitually consistent qop's,

Thon P1yPy,eeeyPy are (lincarly) indopondent if and only if

n
7\
Z aP, =0, (5.12)
i=1
implics thet a; = 0, for all i, whero a;¢ {o,l} and OP, = 0,
1Pi = Pio
= 5 a b
For oxuiple, lot § = ‘%A,b,C,...,G,’- ) P1.Pp and By bo

sivsn by b, = (4,8,0), by = (4,0,E,F) and b5 = (A,C,D,8) rospect-
ivelys It can be shown that Pl’ P2 and P3 are mutually consistent,
but not independent, for Py + P2 + P5 = 0. Howevor, it is easily
verificd that Py, Py and Py given by by = (4,3,D,E) arc mtually
consisient and indevpendent.

The apove definitions and reenlts lead to the following

heoPon,

Thoorgm 5.1, Given n mmtually consistont qbn's Pl’ Pyyeeey Py which

ard linearly indepondent, the set of all lincar combinations,

n A
121 aiP,, is a vector space5 of dimension n over tho ficld/
- 1
£
aF(2) = QLO,I}.

Proof: The proucrtiss roruired for 2 vector space’ are casily
vorified,
Hote that olumonts of this voctor space arc mutually

consistont in view of Lema 5.3,

|
|




Lomme 5.4. In any winimel assignuont of n variables Yis Yoreres ¥n
for q statos, the n qbp'e Pl’ Pyyeess Pn’ def'ined by tho n variables

aro indcpondont.

v (=

Proof: If any state Sj hes boen aosiginod the n-tuplo (yl,yz,...,yr),

..

thon we cen lot she qbp, Py = ftw;; b;% dofincd by the vuriablo yi,

be ziver by the rulo, §5 €b, if v = 1, 8; € b, if y. =0,

Supvosc the 2 gbp's are not indopendent, thon we can sey that at

loast onc of tham, P, can be exprosscd @s & lineur combination of

i
the othore. Therofore, ¥, whieh dotorsines Py, can also be eipressed
as & linoar combination of %he othor variables. Honce, cach of the

G statos cwn be unicuoly determined by en (n = 1)~tuple (yl, Voseeey

yk—l’ Ve 4 ERRRE yn); howover, (n—l) viriablee uniquely determine

- Ce e s . i . -1
21 1 shates which violates the condition that ¢ > 27 7y Hence the

n gbp's Pi’ PZ""’ Pn’ mst be indopendent.
We can now sumarizc tho propcriies of partitions in a

¥ycH

o

minime]l assigament by saying that the partitions
a) abp'e, (Lomme 5.1)
b) autually comsistent. (Lo 5.2)

¢) lineorily indopondont. (Louma 5.4)

Theoroi 5.2. Given n = [ log-;2 ¢ ] imtually coneistont and indope
s ( 9, ' N : 3
ondont qby's, Pj = 4 aj; bi% y 3= 1,2,..4,n, thoro oxists a
¢

ninimal assignment of n internul variavlos yj basod on tho gbp's

Pj’ for ¢ statos, whero o=l ¢ q s on,
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Proof: For any state 8;, assign yj = 1i4f Si ¢ bj and yi = OIif‘

8, & bj. Since the Pj arc intually consistont and independent, all
¢ n-tuploe of yj values arc distinet and nonce the assigmmont is
ralid,

The assigmaont problom can now be statod as follows:

"
o

iven ¢ states, to find & winimal assignment, find n = [ log2 ]

iutually consistent and indepondont qbyp's.

Zote that if we have q statos, thon the nuimbor of combinations of

% oof thom is (13)"-——&!-—
k! (q-k)!
order of tho blocks, i.e.

Since a qbp is not dopondent upon the

- 7 e
s b}: 1T b}, tho total rumbor of

AN o

istinct ¢ ! b
distinet ¢bp's for ¢ s’ca'.o.esZ thg! l_givcn ¥

i, - 3 i;(g)' 2

vhoro n = {log2 q),L=gq- 2n-l.

This will now be anpliod in tho following soction to

dotoinzine the existonco of linoar assigmaents.

wlq,“ ’
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6. The Partition Approach to the Assignment Problem

Bofore directly applying the results of the previous section
in order to find out whethor a machine is linear or not, the flow
table of the machine is checlted to ensure that it satisfies the first
necessary condition of linocarity (to be de&cribed). If the mechine
does not comply with the condition thon it is established that the
machine is not linearily realizable with the minimum mubor of dolay
olenents. The first nocessary condition is given in the following

thoorems

Theorem 6.1, For evory linear sequential machino ¥ having n deley
elements and a characteristic matrix A of rank o, vheren 2 0 2 0,
the flow table containing q s 2" distinet states has:
1, in any single input column:
a) d distinct noxt states, where d $ 2°, and
b) each noxt stato cannot bo repeatod more than
28 timos,
2. a unique one-to-one correspondonce between statos

of any two input columns of tho flow tablo.

Proof: Consider M as a machino having 2" infornal states (2%q) <
1l op which have been doleted from tho flow table. Tho behaviour
of M can be described by tho matrix oquation,

Y = YA+ XB. (6.1)
Henco for any input X § we have

Y= YA+ XjB. (6.2)

First suppose B = 0; thon we have:
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= YA (643)
Sinco A has rank s, by & theoren’0 in matrix theory, A is equivalont
to a matrix A, such that
A, = PAQ, (6.4)
whore P and Q arc nonsingular matrices, and
A= (I° 0\ , (6.5)
o o/

where Ie is tho identity matrix of rank e. From (6.4) wo have

sy =rhgt L (6.6)

Combining (6.3)and (6.6) we sco that
ve el (67)
or Q= xp’lae. (6.8)
Let Y;= 1'qQ, (6.9)
1= v © (6410)
Honce R (6.11)

Now (6411) can be considered to be the next state eguation of an
autonomous machine Me’ the statos of which are related to the

states of M by (6.9) and (6.10), Note from (6.11) and (6.5)

that the next states Yé of M are functions of only o of the
variables of the prosont state Y,. Honce, Mo has a maximm of 2°
distinet next states; howevor, Ie is nonsingular, therefore Mo has
exgetly 2° distinet noxt states, Since the noxt state function of
M, is independent of (n~e) of the variables, there are 2" distince
present states of Me which hove the same next state. Hence each
state of Me which eppears in the next state column, is repeated

nws |,
277 tinmes.

3
[
[
[
y’.
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Since P and £ are nonsingular, the correspondences bet-
ween the sfaﬁes .pf-ly\&‘ and.M;.déaciibéd by ‘(6.9.) and (6.10‘) are -
one-to-one; | “I‘herefvor;e,uf.o‘rmxj,M has éé ‘diskt.i'nc.t next stetes, each
state being repeated 518 4ines, |

Removing the restriction that B = 0, it is seen that the
transformation o _

o=y xjs',' (6,12)
is one-to-one, end the condition holds for all XjB, end hence any
input Xj'

Finally, by deleting rows of the flow table, it is
obvious that the number d of distinct next states, under Xj, rust

be less than or equal to 2%, and the number of repetitions mist

be less then, or equal to 2°°°, which completes the proof of the

first part of the theorem.

Now consider a distinct second input X;. From (6,12)
the next states for X:l are related to Y by the transformation
Y+ =Y * X3, (6.13)
which is again one~to-one, Combining (6.12) and (6+13) we have
tt= 1+ X8 + B, (6.14)
Again, the transformation given by (6,14) is one~to-one, and this
completes the proof of the theorem.

In sumery, & flow table of a sequentiel machine satisfies

the first nocessary condition of linearity vhem, if tho teble cohtains

q distinct states, and any input column contains d distinet next states,

=8  where
the maximum number of times that e state can be .gpe&teg {s/n= [logz_q]
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and e = [logy 4] , and for every pair of inputs there exists a

one~-to-one transformetion between the next states.

For example, consider the nonautonomous mechine M6,1

given in Fig. 6.1,

S
A|B A C I F
B |B 4 ¢ I F
c |D ¢ A E B
D |E 6 H D I
E

H E 66 H D I

I E ¢ H D I

Pig. 6.1, Machine M6.1,
Prom the flow table we see that q¢ = 9, d = 3; thereforen = 4,
e =2, The maximum number of times that a state is repeated in
any one colum is 4, and 2"® = 4, It is emsily verified that
there exists a one~to-one correspondence between next states for
any two inputs. Hence, M6.1 satisfies the first necessary condition
of linearity. However, for the sequential machine 16,2 in Fig, 6,2,
it can be shown thai the machine does not satisfy the first necess-
ary condition. In this case, ¢ =6, d = 3, and state 0 1is repeated
3 times for input 1, which is greater that 2° = 2; hence Part 1)

of the condition is not satisfied..

I
b
i.
i
i



,ﬁif_ﬂ:~ bag Also the correspondence between the next states under input 2 and
7o i~ann input 3 is not one-to-one; hence Part 2) is not satisfied. .
” Il1 2 3
S
. A D B E
vk onoviy
B C A F
C A ¢ E
D |C A F
E A c E
F C A D

o

=
(=Y

~50=

Figo 602- Machine M6c2.

If ¢ ¢ n, we say that the machine is singular, in vhich
e
case p < q. Alternately, if e = n, the machine is said to be ' .
nonsinguler, end p = q. We will first consider the nonsingular

case, then proceed to the singular caso.
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7. Autonomous Maciiiﬁes |

In the nonsingular autonormous case we consider only those
flow tables in which each state appears in the next etate column once
and only once. Glearly, each etate hes both 8 unique successor and

a unique predecessor.

Definition 7.1, Given an autonomoua sequential m&chine and the qbp
P = Sb, b_§ where b = (Sl, 82,..., 8y)» OP the successor of P

is a qbp defined by oP ={ab; ob) , where ob = (8], sz,...,s Ye
Similarly o P is temed the Eredecessor of P and is given by the qbp
wP = {\:n’b; ﬂb} , where 1rb consiste of all states Si such tha’o

s;{ b,

It follows that in a nonsingular flow table, every qbp

has both & unique successor and & unique predecessor.,

Definition 7.2. & gbp ez‘cle; Pl, Poyecey Pp of length k, is an
ordered k-tuple of distinct qbp's such that 7P, = Py for

i = 2, 5,'0-, k, and ”Pl;= Pk.

Tt ig clear that for any nonsingular flov table, all
qbp's are contained in cycles. For exomple, consider the nonsingular

machine 7.1 in Fige Tule

s | 8
A B
B|D
c| A
DI E
E|C

Figa 701. Machine M?olo
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ot T The qbp P determined by b, = (A,B) is contained in the gbp cycle

-————

of length 5 given by, (A,8), (8,D), (D,E), (C,E), (A,C).

Theorem 7,1. If P j is the qbp determined by eny veriable ¥y §=1

da il
) ) \ 2,104y 0, in a minimel assigmnment for an autonomous linear sequential
machine ¥, which is nonsingular, the predecessor qbp "Pj is a linear
N i
Combination Of Pl, P2’0-0| Pnc
spiriniedd
. Prooft M can be characterized by an equation of the form,
. «
- Y! = YA + B, (7.1)
suotp a8t
If A= (ai) and B = (b,), then
viralinid ] )
1
s TR IR R S
. Since Yir Yoseees ¥p each determine a qbp at time t, and y% determe
e ines a gbp at time (t + 1) we have,
'Pj = Plalj + P29~2j + se0 + Pnanj + bjc (7.5)
[ S Now b j is a constant, therefore the predecessor of Pj is a linear
I combination of Pl’ Pyye "’Pn' '
T 1 7 (wP) = w%P, then ve can say that 7% is tho

b predecessor of P, and we have the following:

Corollary 7.1. If Pj is defined as in Theorem 7.1, then 'lrkPj is

& linear combination of Pl, P?_,..., Pn, for k2 1.

Proof: The case for k = 1 is proved by Theorem 7.1, For k = 2,

from {(7.1) we have

Yt =A%+ BA +B (7.4)

1f A2= .(cij),

and BA +B = (dj),
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then
o_ (1) o .. . .
vy = (V] = mpogy + 0+ wov b 0y + (7.5)
Again  ¥ys Yoseens ¥y, each deteraine a qbp at time t, and nov y%'
dotermines a qbp at time (t + 2). Hence we have,

(7.6)
Clearly the

” .
7TP‘-) = Plclj +P202j + 00 t Pncnj + dj,
and 1r2Pj is a linear combination of Py, P2""’ Pn’
same arguient holds for any k > 2.

Frou the definitions, it can be shown that, if P. and Py

1

zre any two qbp's for & nonsingular autonomous machine, then

With repeated applicetion of (7.7) it can be shown that,
and hence
T S N L N (X

k
T (P1

where Pl’ P2”"’ Pm are gbp's for a nonsinguler autonomous machine.

Dofinition 7.3, A valid gbp cycle of lenzth k and order m is a

gbp cyclo in vhaich,
a) there aro m £ k mutuelly consistent end independent :
abp's. 1

b) the remaining (k-m) ¢bp's are linear combinations of

tie m independont qbp's.

For example, consider thc nonsingular autonomous sequential
nachine H7.2 in Mg, 742, A velid qbp cyels of lengtl 7 and order 5 .
is ziven by (A507F); (D‘/AvE)i (B,D,C), (G,B;A), (FyG)D>: (E':FYB)i l

(¢,2,6), whore (A,C,F), (D,A,E), (2,D,C) urc independent. ;




S

Lerma 7.2, In a valid gbp cycle of length k end order m, any m

consecutive gbp's are independent.

Proof: The lemma is cloarly satisfied for k = m. If k> m, then
there exist i> 1 successive indepondent qbp's Pyy Py yseeey P
such that 'n"Pj = Pj + 1 and TP, = aP;+ ai-lPi-l + 0t ayPy

Therefore ﬂzPi: aiﬂ Pi + &, Pi + 40 t o8

1 Pye Cloarly TP

1 i

is a linear combination of Py, Py_jsees; Py Similarly it can be

saown that cach TP , 18 dopondent until r = k-i* 1, in vhich
-1+

case we have ki ]'Pi = Pl‘ However, the gbp cycle is valid and

of order m, thereforc i = m, end any m consecutive qbp's are indep~

endent.,

Lemma 7.3. If Pi can be usod to define a variable vy in a ainimal

lincar assignment, then Pi is contained in a valid qbp cycle.

Proof’: Pi is containod in a ¢bp cycle, and wPi is a linear comb-
ination of Pl, Poyeres Pn, therefore P, is either equal to Py,
or TPy and Pi are indopendent, If ﬂPi = Pi’ then Pi is a valid
qbp cycle of length 1 and order 1. If wP, end P, are independent
then 1r2Pi, TPy, Pi ere either dependent or independont. If the
former is true then 'fraPi is equal to either P, or Pi+ ’ITPi, and
in cither case the lemms is satisfied for T (Pi + 'IfPi) = P,
For tho letter case we can repcat the argument until 'n'rPi = Pi’
and Pi is contained in a valid gbp cyclo.

Since we are only concorned with m independent qbp's

contained in a valid gbp cycle, eand it me.y' become rather latorious

i
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o

el el to find the remainder, we meke the following definition,

syl iraouoy

Definition 7.4, A gbp m-tuple consists of any m consccutive qbp's

of a valid gbp cycle of order m.

We now relate qbp m-tuplos to linear sequential machines
in the following two theopems.. Linear sequential mechines are divided

into two disjoint sets, and tho distinction betweon the sets is made

31

by the characteriatib matrix”” which can be either derogatory or
nonderogatory, (An (rxr) matrix is said to be nonderogatory if the

degrec of its 3inimum polynomia151 is r; othorwise it is derogatory.)

Wo firet consider the nonderogetory case.,

Theorem 7.2, For evéry autonorious linéar'sequential machine Y, éﬁ
wiose characteristic matrix is nonderogatofy there oxists a gbp

n-tuple.

Proof: M can bo characterized by the matrix oquation,

y' = YA+ 3B, ‘

51

where A is tho transpose of the companion”” matrix, and B is a con- %'

stant input vector. Therefore,

yi - ya + bl,
T -
YZ - y5 + b2’
1l {

! -
yn...l - yn * bn"l,

y;l = agy) + B¥p t ene * B Yy * b

Sinco each ¥y deteraines a qbp Pi’ and tho addition of a constant

loaves the partition unchanged ve have,
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TPy = Py
”?2 = P3,
TP =P,
n-l n [
- i
7rPn = aOPl + u1P2 + 400 * an_an. ;

|
3

Honco, (Ps Ppalseees Pos Pl) is a gbp n-tuple for M,

To demonstrate this, considor tho nonsingular autonomous
sequential machine M7.2 in Fig. 7.2, Hereq = 7,andn =3, Aqbp

3-tuple for M is given by,

by By by = (AB,D,F), (B.D.E,E), (B,0,F,0).

It cen be shown that by = by + b5; therefore, if we let y; =1

for Sj € by, we have the linear assigmment for M7.2 given in Fig. Te3s

g8 | 8
A|D
B |G
c | A
D | B
E|C
F | E
G | F

Fign 7020 Machine M7020




N oY s
A1 0 o0
Bl1 1 1
clo o 1
pl1 1 o0
E|o0 1 o
Fl1 o0 1
¢lo 1 1

Fige 743+ A linear assignment for M7.2,

The next state function for M7.2 are therefore,
| -
yl =9 + }’51
1 _
Yz =¥

}'% = Yoo

The above theroem does not include autonomous lineer

secuential machines having a derogatory characteristic matrix,

therefore for this class of maéhines we have the following thebmam,-

Theorem 7.3, For every autonomous linear sequential machine M,
whose characteristic matrix is derogatory, there exists r qbp
ni-tuples such that my + ny + .o +n, = nand then qbp's
constituting the ni—tuples are mutually consistent and independent.
Proof: M can be characterized by the matrix equation

Y' =YA +B

where B 18 the constant input vector end the transpose of A is,




C, 0 0 o O

0 02 0 LN 0 i‘

Each (}i is the companion matrix of the polynomial @ i( M) If

tho order of the 1™ polynonial is n,, and we let
N(i) =n1+ n2 + e + ni_.l,

then

yl‘i(i) v1 S T)e2 t Py(g) +1?

W) +2 CTR)+s Py +2’

] - +

! = 3 A e I
W) +my Byo¥n(a)el *oaN(e) + 2% T ®ing~19(1)+ ny ¥ ‘f

N(1) + n, ;

Since each vy determines & qbp Py at time t, and each y'j determines

2 qbp Pj at time (t+ 1) we have,

TPys) +1° FN(1) + 27

Thit) +2= Pa(a) +3'
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TPN(s) + nyl F(2) * n,’

+ ove t+ 8

Th(s)+ ny 4O TR 4 2 ing- N +n )

Hence for M there exists the r qbp ny~tuples

(PN(i) + '’ PN(i) +n, - AR PN(i) + 1)

vhere 1 = 1, 2,0!1, b

For example, consider the nonsingular eutonomous machine

M7.3 in Fig. ek

KIS
LD
B | A f
c|F
D |E
£ |
F|B

Pig, 7ob. Machine N7.3,
We can show that for M7.3 we have the qbp 1-tuple given by
b, = (A,E,F) and the qbp 2-tuple given by bz,b3 = (A,B,0,E),
(k,C,D,F) such that Py, Py, P5 are mitually consistent and indep-;

endent.

We have shown that for every autonomous 1linear sequential

machine there exists r > 0 gbp n ~tuples whose gbp's are mituall
i ¥

consistent and independent. However, only for a limited class of
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machines which have a emall number of states are we able to
exhaustively search for the required gqbp ni-’cuples. Ye therefore

consider the output of the machine,

Lermia Tu4s Each binary output of an autonomous lineer sequential

machine defines & qbpe

Proof: The output is given by the matrix equation
Z =Y +D.

From this it is seen that any output Z; is given by,

33 = Y1015 t ¥ol2i + aee t YpOps + 4.
Each ¥ defines a qbp Pj such thet the gbp's Py Poyeesy P are
mituelly consistent and independent. Hence, being 2 linear comb-
ination of Py, Poyees, Pn and of the constant dy, 23 defines &
qbp.

Obviously, since each outpub qbp is a lineer combination
of mituelly consistent and independent qbp's, the output qbp'-s

must be mitually consistent.

Lemma 7.5. The output qbp Pj of en autonomous linear sequentiel

machine mist be contained in e qbp k-tuple.

Proof': Pj is contained in a gbp cycle, and in & linear combination
of qbp's determined by the assigned varisbles. Therefore, by
considering the predecessors 'n'in of Pj we can show that the
cycle is valid, Hence, Pj is contained in a gbp k-tuple.

" As an example, consider the nonsinguler autonomous

mechine M7.4 given by Fig. 7D
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S| 8|2
AlE |1
B|F]O
cC| B | 1
D|l|C]O
E| G} 1 ‘
FlA]O
GiD}1
Fig. 7.5. Machine N7.4s

We see that the output qbp given by b1 = (A,C,E,G) is contained

in the qbp 3=-tuple deterained by,
(4,6,2,6), (B,D,E,G), (C.D,F,0).
In summary, assuaing that the machine satisfies the
first necessary condition of linearity and is nonsingular, to find
a minimal lineer ccsigniaent for an autonomous gequentiel machine

containing q states, we must findn = [_1_052 _q] qby's Q-l-’

PoyeeesP ) ¥hich are mitually consistent end independent, such

that each predecessor gbn, Py, and each output qbp is & linear '

combination of (Py, Bpeesy P ). For a systematic procedure to
find thé n qbp's required, we teke the following steps, vaich are
{1lustrated in detail by the flow chart in Fig. 7.6:

a) Find the qbp deterained by each output.

b) Deternine the gbp n ~tuples containing the output obp's,

i
¢) Ensure that cll qbp's contained in the ng~tuples are
mtually consistent.

d) If the muber of independent gbp's is less than n,
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Are the output qbp's\ No >
\ mitually consistent? ,
Yes \
Is each output gbp contained\__No -

in a gqbp ni-’cuple?

Yes

/Are all qbp's contained in the\ o
\n.l-tuples mitually consis’ceni?/ 3
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Fig. 7.6, Flow chart of linearity procedure.
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then find the qbp n;~tuple containing a gbp mutually
“consistent and independent with those already i
found, and revert to step ¢). ’
For example, consider the nonsingular autonomous

maciine M7.5 in Fig. Ta7s

s | sz
SERE
370 |
clajo
DIE|O
Bl |1
rle |1
¢l1lo0 ‘
Bls o
1i¢ o0
BERE

Fig. 7.7, Mechine M7:5.

We can easily.ahow that the output gbp Py, given by by = (4,B,F,J),
is contained in tho qbp 4-tuple given by,

bl,bz,bs,bu = (A,E,F,J),(D,F,G,H),(B,E,G,I),(C,H,I,J)
and that n’bl = by + by + b5 + by. Honce ¥7.5 is linear,
and if wo let y, = 1 for Sj € by, vo havo the lineer assignuent
for #7.5 in Fig. 7.8, and the following ne-t state and output

functions,
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=V +V2+ V3 4V

]
}'2 = ¥
V) = Yo
YL = }'5:

1{o o0 1 1

Jj1 o 0.1

Fig. 7.8. A lincar essigment for M7.3.

As a further oxample, consider the nonsingular auton-
omove scouontiel machine ¥7.6 in Fig. 7.9, which, although
aciuelly not in reduced form, will %e assumed to be g0, for
the purpose of illustrations The output gbn givon by bl = (C,E,I)
is contained in the c¢bp 2-tuplo deteriined by

by by = (c,E,I), (4,8,D).

Therefore, sinco ¢ =9, n = 4, and ve require 4 qbp's vhich
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Fig. 7-90 Machine M7o6a

satisfy the requirements, ve auet resort to an exhausiive search
of all gbp's mutually consistent and independent with by, by

Tt cen be shown that one such gbp, determined by b5 = (4,I,F)

is contained in the gbp 2-tuple given by
b'j; bl(. = (A»I’F), (EzBaﬁ),

and by, by b5’ by arc mitually consistent and independent.
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8, Nonautonomous Machines

In this section we consider only nonsingular machines;
hence, each present state appears once and only‘once in each
column of the flow table.

With regard to the input, two cases are considered:

In the first case the input r-tuple for each input is given;
hence, the input qbp's are already specified. In the second cese
the inputs are labelled Iy Inyeeey Ip; here r = [ log2 P ] input
gbp's that are mutually consistent and independent will have to

be found, In the following definitions, lemmas and theorems no
distinction between the two cases is nocessary; however, both are

illustrated, for the sake of added clarity, in the examples.

Definition 8.1, 4 total state Sin (or Ijsi) is an input state

I, end an internal state 81.

]

Definition 8.2, The product of a set ¢ of input states end a
set b of internal states is denoted by be and is defined as

the set of all total states Sin such that Ij € c,and B4 € b,

I* 8§ = {31: Byreees sq':’{ is the set of all internal

states and I = {;Il, Injeeey Ii}» is the set of all input states,
_ ST = 2

then 16 = S = {3111' Syl eees STpY 19 the sot of all

total staies.

e
¥
i
i
i
i
|
4
o
ki
3
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Definition 8.3, The sum of a set ¢ of {nput states and & set
b of intornal states is & sot of total states dofincd by

b+ ¢ =bo v be, (8.1)
where b is the complement of b with respect to S,-and'z is the

complement of ¢ with respect to I,

For example, consider the flow table of machine NB.1

in Fig. 8.1,

111 2 3
)
AlA C B
B|D A A
c|jc E D
D A B
E|E B O

Fig. 8.1, Machine M8.1.

If b= (A,3,0) and o= (1,2), then
be = cb = (A1,A2,B1,32,01,02),
(A3,83,03) v (D1,D2,E1,E2)

b+ ¢c= be v bo

(43,83,03,D1,D2,E1,E2),

Dofinition 8.h. The successor of & total state 8,I, is the noxt
internal state 8§ for the prosont internzl state §, and present
input Iy, and is denotod by,

Similarly, tho predecessor of the internal state Sk is the set P
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of all total states Sin such that O(Sin) = 8, and is denoted

w8k= B .

A e i i e = s

As an exemple, for M8.1
o(D2) = 4, and
w (A) = (Al, B2, B3, D2).

Definition 8.5. The successor of a set of total states, is the

union of successors of each total state. Similarly, the predecessor

of a st of internal states is the union of predecessors of each

internal state. '

For example, consider 48.1 and b = (4,3,0), ¢ =(1,2).
o (bo) = (4,6,D,A,0,E) = (A.0,D,E). N
o(b+ ¢)= (8,4,D,D,A,E,B) = (4,B,D,E).
7 (A) v 7 (B) v 7(C)

(A1,32,33,D2,E2,A5,D§,01,A2,E5).

m(b)

Definition 8.6, The sum of en input partition Q = &; ?} and

a state partition P = % b; -ﬁ% is defined as the total state
- J

partition
¢ —
P+Q=ib+c;b+o!. (8.2)

Definition 8,7, The successor of P+ ( is defined as a grouping

(or arrangement) of sets of internal states

-

o(p+ Q)= {o(b+c);°(b+ c)}. (843)
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Obviously, o (P + Q) is en internsl state qbp 1f end
only if

R ———————

(b +¢c) = o + c)

Dofinition 8,8. The predecessor of an internal state qbp

P = '6} {s defined as the total state partition

TP = {'ﬂb; w%} . (8.4)

For example,consider the sequential machine MB.?. given

& Ya in Fig. 8424
I
1 2 3 4
A F D G B
B A C E H
C B G D F
pl|l¢c A H E

kK{J I KX L

L{L X I J

Fign 8.2- Machine M802o

b = (4,0F,G)andc = (2,3), then it can be shown

that:
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(b + o) = (A3,05,FHLIKL:
m(b) = (AL,A3,B1,82,02,C4,D1,D2,E2,E4,F5,F4,63,64,

H1,H3).

Definition 8,9, An 8/I pair, P/Q, is an internal state gbp P and

en inwt qbp G, such that o(P + Q) is an internal stete gqbp.

It is clear that if of(P; + Qj) = Py, then
TP = Py + Qj.
As an example, consider mechine M8.2 given by Fig. 8.2.
It can be saown that thé input and state qbp's Q and P, given by ‘
¢ =(1,2) eand b = (4,8,D,E,I,L) respectively, constitute an §/1
peir, for the successor of P + Q is an internal stete qbp given

by (4,0,0.F,%:L).

Theoren 8.1, If Pj is any qbp determined by any internal state
variable ¥sr j =1 25000y 1y ina minimel assignment for a non-
autonomous linear sequential machine M, then ’H'Pj 'is a linear

combination of Pl, P2,..., P Qs Qz,..., O.r, where Q, is eny

gbp determined by the input variable Xys 1= 1, 25000y Io

Proof: M can be characterized by en equation of the form,
Y' = YA + xBn

If A= (aij), and B = (bij), then

y'j = ¥)8; + Yolys +oee + ynanj + xlblj + xzsz + oeer xl‘brj'

Since Yyo Yoreees ¥n and Xyy Xyeees Xp each determine a qbp at time
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t, and y% determines & gqbp at time t + 1, we have,
’er = Plan + P2a2j + eee + Pnanj + Q1b1j+ szzj + -|o+ Qrbrj.

Hence, the predecessor of Pj is & linear combination of Ppy Poyecey
Pn, Ql’ Qa,ooo’ Qr.

1t follows from the above theorem and the definition of
en §/1 pair, that the predecessor of any qbp defined by a state
variable in a miniml assignment for a linear sequential machine "

is an S/1 pair, : .

Definition 8.10. An 8/I cyclo of length k is an ordered k~tuple of
8/1 pairs Pl/Ql, PZ/QZ,..., Pk/Qk, such that TPy =Py gt Q4

fol‘ = 2,5,0-0’1{ &nd 1TP1 = Pk + ch

For example, consider 48,2 in Pig. 8.2, An 8/1 cycle
of length 3 is given by bl/cl’ b2/°2, b§/°3 = (BaEsGsHaLJ)/(lsh)’

(4,D,6,H,1,K)/(1,3), (6,7,6,H,0,K)/(1,2)s

Definition 8.11. A yvalid S/I cycle of length k and order m is an
8/1 cycle in which
a) thero are m S k matually consistent and independent
internal state qbp's.
b) each of the remaining (k - m) state qbp's can be
expressed as a linear combination of the m independent
gtate gbp's.

¢) oach of the k input qbp's can be expressed as &
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" {inear combination of the r input gbp's which

" are mitually consistent end independent.

As en oxample, it can bo verified that the 8/I cycle
for 18,2 given by by/oy b2/°2' 5/4: above is valld end of order 3.
Similarly, it can bo shown that t:e S/I cycle for 8.3 given by
bb/°§' b5/c1, b/ 00, whore bys b5, b6 are given below, is valid
and of order 2.

by, b=y bg = (A,B,D,E,J,K), (A,C;D,F,I,J), (B,C,E,F,I,K).
L P50 6

Lemue 8.1, Anym consecutive internal state qbp's, in a valid

S/1 cycle of length k and order m, are independent. ‘

Proof: The lemme is cleerly satisfied for k = . If k > m, then
starting with any stete qb.p P there oxist 1 > 1 successive state
qbp's Py Py _pree Py Jhich are independent such thet

TPy = pj'+ Lt q“ p for = 1,2,000,1 =1, and TPy = Piaa1*
Qq 410 Where Py 1= aPf * agPp et oP # Py, Yow,

if TPy 4y ='Pi +92 + 0y 4 2 then Pi +2= aialPl

(8 + aiaz)Pa-i- (8, + 8,8 )P T aai)Pi’

and cleerly Py o 2 is a lineer combination of Pi’ By L preees Pl.
The argunent is repeated, until we have WP, = Py + Qp, each
state qbp Pj’ j=141,1 ¢ 1,000y Ky Delng & linear combination

of Pyy Ppyeces Pyo However, the 8/ cycle is valid and contains

n indepondent state qbp's, henco 1 = Mo
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Lomma 8,2. Bvery state qbp Pi defined by a veriable y; in e
ninimal assignment for a noneutonomous linear sequential mechine,

shich is nonsingular, is contained in a valid 8/I cycle.

Proof: @P, = P}‘ + Q}', where P}. is a linear combinetion of

i
Py Poyeeey Pn' Therefore P}_ is either equal to Pi or; P}. and

P, are indepondent. 1f Py = Py, then P/} is 2 velid §/1

cycle of length 1 end order l. If Pi, P, are independent then

TP = 52+ G2, whore B 1s  Linoer combination of Py, PyyueesPys
Hence Py, P}', P? ore oither dependent or independent., If the
former is true, thon Pg is equal to elther Pi orPy + P}_, and

in cithor case the loma is sstisfiod for m(y + P}) = Py +

Qi + Q%. For the lattor case we cen repeat the argument until
""Pi = Py + Qqe By & similar argument we can show that each

Qli{ 1s & linear combination of Gy, Qoseees Qs Hence, P, is |

contained in a valid 8/I cycle.

Again, as in the autonomous case, it mey become &
tedious chore to find all of the 8/1 peirs in an S/1 cycle,
when all that is nocessary is to find m consecutive S/I peirs

whose m state qbp's are mutuelly consistent and independent.

Definition 8,12, An S/I m-tuple consiste of m consecutive S/I

pairs which are contained in a valid 8/1 cycle of order m.

As an examplo of an 8/I m-tuple, consider M8, 12

given in Fig, 8.2,

-
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For the 8/I 4—t\{ple given by b7/c7, b8/°8’ b9/c9, byg/0y0 =
(A,B,F,H,I,K)/(l,i), (A,E,PG,J,K)/(1,2), (D,E,F,H,1,9)/(1,4),
(C,D,E,G,I,K)/(l,ﬁ), it can be shown thet 7Py = Q9 + P7 + Py +
P1ge

We now relate S/I m-tuples to lincar sequential machines
in the following two theorems. The first deals with linear sequen<
tial machines havinz a nonderogatory characteristic matrix, while
the second deals with machines having o derogatory characteristic

matrix,

Theoren 8.2, For every nonautonomous linear soquential machine
i, vhose characteristic matrix is nondorogatory, there oxists

an 8/ n-tuple.

Proof: U can be charactorized by an equation of the form
Yt = YA+ 33,
where A is tho transpose of the companion matrix. Thercfore,

if XB = (ei) then

vi= o +en
Yé= ¥z + 69

y;‘: ylao + YZB-I + ese ¥+ ynan_l + eno
Now, esach ¥y dotermines a qbp of internal states and each 84 doterm=

ines o gbp which it a linear combination of the input qbp's. Hence,

we have,
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ﬂ"P].: P2 + Ql,

, 7TP2= P;"’ Q2,
M1 Bt Sy

Therefore (Pn/Qn_l, Po1/On-2seves P1/Q) isen 8/1 n~tuple for M,

Theoren 8.3, Fo= every noneuionoinous linoar sequential machine M,
whose choractefistic matrix is dorogatory, there exist. r 8/1
ni-tuplos such that ny + ny + eee +n, =1, and the n state
qbp's contained in the ni-tuplos are mutually consistent and

independent.

Proof: i can be characterized by the matrix equation,

T =14 + 1B,
where A is the sum of transposed companion mairiccs, It has been
proved that for every coppanion matrix there ‘exists an 5/1 n-tuple;
hence for ¥, there exists r 8/I ny~tunles such that n; + np + ees
+ 0, =0 The n state qbp's are nutually consistent end

indenendeat beceuse the sesignment is velid, which conpletos the

proof of the theorem.

We have showm, in the two provious thoorens, that for
overy nonautonomous linear sequentinl machine there oxists k> 0
5/1 ny=tuples such that n) * np ¥ ..t ome = n, and the n state

qbp's are mutually consictent end indepondent and oach of the
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n input qbp's is a lineer combination of r mitually consistent and

independent input gbp's. The next problem to consider is that of
finding the ni-tuples. As with the autonomous case, Ve first

consider tho output of the inachine.

Lemma 8.3, Bach binery output of & nonautonomous linear sequential

aechine defincs a total state qbp, which is the sum of an input qbp,

and an intcrnsl state qbp.
Proof: The output is given by tho matrix equation,

72 =YC + XD.

From this it is seen that any outout 24 is given by, ‘
zi_-. ylcli + y2021 + aee + yncni + xldli + xdei + sre xrdrin

Each Y3 defines & state qbp Pj such thet P, Poyeeey Pn are
mitually consistent and indepondent. Similarly, each x;.definaa
an input gbp Qk such that Qyy Qseees Qr are mutually consistent
and indencndent. Hence, being a linear combination of Pl’ PZ’""
Pn’ Q‘l’ Q2’“" Q‘r’ 2y defines a totel state qbp which is the

swa of an input qbp and en internal state qbp.

Lomma 8.4, Tho intornal stcte qbp P."l dofined by an output of
2 nonsutonoaous linear sequential machine, which is nonsingular,

must be contained in an 8/1 k-tuple.

Proof': P:1 is a lincar combination of Fy, P?_,...,Pn. Each prode=
cossor TPy, 1 =1 2,400, n 18 an 8/1 qbp, hence TPy is on

8/1 qbp, say TP i = P} + Qi. Contiruing tho argument by considering



g funug

R r—
Jan et
GAEE

=TT~

successive predecessors, it is pasily shown that P ] is contained

in an 8/I k-tuple.

In sumsary, assuming that the machine satisfies the
Pirst necessary condition of lincarity and is nonsinguler, to
f£ind & minimel linear assignment for a nonautonomous sequential
mechine containing q internal states and p inputs, we mst find

n= [ logs _q] internal state qbp's (Pl, PQ,..., Pn) which are

mrtually consistent snd indopendent, and r = [ Llog, 3] input

qbp's (Q,l, Qoseses Q’r) vhich aro mutually consistent and indepen=

dont, such that thc prodecessor of ench state qbp, TP, and

each output gbp is a lincar combination of (Pyy Ppseees Ppy Qs

Qoyeees Qr). For o systematic procedure to find the n + r gbp's
roquired, wc take the following steps, which are illustrated in
detail in Fig. 8.él |
a) Find the intornal state and input qbp's, Py and
Qj' determined by cach binary output.
b) Dotermino the 8/I ny-tuple which contains cach Py,
¢) Ensure that all intornal stato gbp's contained in
the ni-tuples are mitually consistent, and that
all input qbp's are mitually consistent.
d) If the number of independont stato qbp's is less
than n, then find the s/1 ni-tuple vhich contains
a stato qbp mutually consistent and independent

with those already found, and revert to step ¢}

o
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——
3% Start
ok Docs each output deternine \__ No -
| .20 input end a state gbp?! / -
(Yes
et ! Are the state qbp's mitually consistent, N, No
< end are tho input qbp's mitually consistentl/ E [

1&33

/18 each intornal statc gbp deterainod by\

Yes

S/

Yos

/

Arc there n indopendent internsl state qbp's?)
. \,
Linear S——

- !

> 1 *I\Yo
Find the S/I ny-tuple containing e state

qbp mutually consistent and independent
with those already found.

No /Are all stato gbp's contained in the
ny~tuplos mitually consistent?

Yes

Y
0

\

Ko /Have ell statc qbp's, which are mutually
consistent and independont with those
clready found, been checled?

Fiz. 8,2, Nonautonomous Lincarity Procoduro.

\.an output conteinod in an S/I ny~tuple? /° —>—
Are all state gbp's contained in the \, No ;
ny=tuples mtually consistont? 1

Are all input gbp's conteined in the\' o _
ni-tuplos mutually consistent!? -t

v 1

T{ Arc all input &bp‘s contained in the\ Yes
ni-tuplos mutuclly consistont?

To _

No Minimal
Linear
Assignmont,



As an oxample, consider the nonautoncaous sequential

nachine 8.2 givon in Fig. 8.3
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I| 1 2 3 L 5 6 7
SA E/1 B/0 G/1 A/0 ¢/t E/o D/o
3 |p1 Fo ML G/ HA /0 E/O
¢ | 80 e Bl B Do E/1 O/
p | 1 0o o1 BO G/1 Ao B/O
£ | oo &1 Fo B/l E0 D1 B
F | A0 oL Do E/L B/o F1 G/l
¢ |e/o B1 EO D/ Flo B1 WM
g |84 B0 BA C/o AL /o F/o

Fig, 843+ lachine 118424

It can be easily shown that tho output defines the state qbp Py, and
the input qbp Qy ziven by (4,3,D,K) end
Py is contained in the /I 3~tuple given by b1/°1’ by/Coy b3/c5=
(A,5,D,8)/(1,2,7), (B,D,E,F)/(1,2,3,6), (A,C,F,D)/(1,4,6)

It is seen thet '”Pl =P + P5 + Ql + Q,3, and that

Q)+ = Q'l + Q}-

(1,3,5) respectively, where

=
By,
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8,1 Nonautonomous Machines with Nonlineer Output

There are machines, that either do not have the output

" gpecified or the output is clearly nonlinear, in which case it is

dosirable to know whether the next state functions are linear or
not. For the autonomous case, under the seme circumstances, an
exhaustive search was required; however, for a nonautonomous mac;.h-
ine, while the search is still necessary, there is a method by
which the search can be restricted. This method is presented

in this section.

Definition 8.13. Two distinct states Si and Sj will be called

a primary corresponding pair (pep), denoted (8, Bj] , wnder
inputs I‘1 and I, if and only if there exists a state Sy, such

that either, o(SkIa) = 8 and o(Ska) = By, or c(sﬁaj = By

Obviously a pep is independent of the order in which
the states are listed, i.e. [Si' Sj] = [sz Bi] .

For example, consider the sequential machine given by
the flow table of Fig. 8.4, For M8.,3 the primary corresponding

pairs under inputs O and 1 are:

[a: D), [B:1], [O:K], [EsH], [(Fen], [G: 0],
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Lemma 8.5, For a nonautonomous linear soquential machine (singular
or nonsingular) two distinet pep's under inputs I, and Iy are

disjointe

Proof: Lot M be a linear sequontial mechine specified by the
matrices A and B having the pop [Sks Sh] under inputs I, and
I,. Therefore a state Sj exists, such that oS an) = By and
o8 ij) = 8,. Therefore, wo have,
Y = Y;}A + X8, (845)

PN

where Y, 1s the n-tuplo assigned to state Sgs If tho lemma is

= YjA + be, (806)

false, then a state S, different from Sh and Sk’ exists such



~82-

that either [ Gt 8 ] or [ Shz Sm] is a pep under inputs

I, and Iys For the foruer, a state 8y must exist, such that

either,

a) Ym= YiA + xaB,
= LA+ XBy

or b) Y = Lt X3,
For a) we have,
Ym = Yk + XbB +XaB.
Adding (8-5) we get
From (8,6) Y, = Yp, vhich contradicts the assumption that
8, was different from By The situations for both b) and
[ Syt Sy ] can be proved by symmetry, hence two distinct

per's under inputs I, end I, are disjoint.

Lemne 8.6, For evory pair of distinct inputs I end Ip, ina

flow tablo of a nonaingular linear sequential machine M ocontaining

q statos, there exists /2 pcp's.

Proof: There are q pcp's [0 (SiIa)’ o(SiIb)] fori= 1,2,u04,
q; however, I is nonsingular hence O (81,) =0 (s1,) = 8 end each
of the q states appears twice. Since two distinct pep's are
disjoint, there arc exactly q/2 pep's.

Obviously, from the above lemma, g 18 necessarily an

even number for & nonsutonomous lincar sequential machine, which

is nonsingular and fully spocified.
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It is also a consequence of the lemme that for eny 81
of & nonsinguler machino end ony two inputs I, and I the states %
0(811a) = 8 and O(8;I,) = By are distinct internel states,
and that there exists a state Sj such that © (San) = 8, and
O(Sjlb) = Bg; 1.0, the flov teble haa this pattern

S\Il Ia a0 Ib
5.1 8

i g,o-o Sh

S
j Sh s0 0 Sg

(see for examplo Fig. 8.2)s This leads to the following definitions

Definition 8.14., Two states Sg and Sy, are called a secondary

corresponding pair, (scp) denoted ¢ Sg: Sh> under inputs Ia and

I, if and only if there exists a pop [5y: Sj] under I, and Iy

such that ¢ (sgla) = ¢ (8y,) =84 and 0 (Sply) = 0(8yTp) = 83

For example, consider M8.3 given by Fig. 8,4, It is easily shown
that the scp's for 3.5 ere:
<A I>, <Bt F», <0:s H>, <D: G>, <B: K>, <I: L>,

Clearly, for a.nonsingular nachine all scp's ere disjoint.
1t elso follows from Lerms 8.7 and Definition 849 that for every

pair of distinct inputs I, and I of a nonsingular linear

soquenticl machine with g statos, thore are q/2 sep's.

Having defined corresponding peirs (cp's) and proved

some of thoir olemontary properties, we can now stato their use in

finding a linear assignment.,
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Theorem 8.4, For every linear sequential machine ¥, and any

two distinct inputs I, and Iy, there exists a qbp, P, which can
be used to define a variable Yo in a valid linear assignment for

M, which separates all cp's under I, and Iy,

Proof: To prove that Po separates all cp's, it is necessary end
sufficient to prove the existence of qbp's Pj and Py such that
TR,= Pyt Q, (87)
TR, = Pt G (848)
where P ] and Pk ere linear combinations, not necessarily distinct,
of Pl’ Poyesey Py, and Q is eny input qbp which separates I, and
Iy
For the inputs I, and Iy, M can be characterized by an
equation of the form
' = YA + X8, (849)
where X = G) is the input vector, having the binary variable x
and a constant input }, and A is in canonical form., Since A is
either a companion matrix or a sum of companion matrices (rational
canonical form) we need only corsider the companion matrix case.

We therefore assume A to be of the form

0 1 0 0 4.0
0 0 1 0 ... 0
]. LN
p= (00 0 b 0l (gao)
00 0 0 ...l

8.0 8.1 8.2 a3 e an“l

However, A is nonsinguler, therefore ) = 1, M is nonautonomous,




Theorem 8.,4. For every linear sequential machine 4, and any
two distinet inputs Iy and Iy, there exists a qbp, Py, which can
be used to define a variable y, in a valid linear assignment for

M, which separates all cp's under I and Iy,

Proof: To prove that Po seperates ail cp's, it is necessary and
sufficient to prove the existence of qbp's Pj end Py such that
TP, = Pj + Q, (847)
TP = Bt G (8.8)
where P ] end Pk are linear combinations, not necessarily distinect,
of Ppy Poyeesy Py, and Q is eny input gbp which separates I, and
Iye
For the inputs I and Iy, M can be characterized by en
equation of the form
I' = YA + X8, , (849)
where X = G) is the input vector, having the binary veriable x
and a constant input }, and A is in canonical form., Since A is
either a companion matrix or a sum of companion matrices (retional

canonical form) we need only consider the companion matrix ocase.

We therefore assume A to be of the form

0 1 0 0 . O
0 0 1 0 ... 0
A= o 0 0 1 .. O . (8.10)
0 00 0wl
ao &1 &2 9.3 XX an"'l

However, A is nonsinguler, therefore &y = 1, M is nonautonomous,




e S et
ALE TN

P s o> S e

Ao 3 Ly d
RGN

NI 203

85~

hence there exists at least one bi = 1, in the matrix

b b [EX] b
B = ( 1 2 “) . (8.11)
01 02 a0 On

There are four cases to consider: If bl = 0, then there exists
ab = 1, such that by _ 1 7 0. The case where by .1 = 0
is treated in a), end where b, ., = 1 is treated in b).

If b = 1, end b = 11s shown in ¢), and where b, =0 is

ghown in d).

From (8.9), (8:10) end (8,11) ve have:

yi =Yn + 01,

y'i_l = Yi.p + 8y.0¥n t 041!

He gttt R
Vie1= Yottt oL
Either,

1) & =8y in which case

Vl-l**'i:Yi-z +¥; .1 -2 *

B.i_lyn+ X +¢.) + Cf,

y;+y;+l ¥i.1 + ¥ +X 4G+ G e

Hence, Po defined by ¥4 * Vi» Pj defined
by ¥i2 + ¥y + 8y oV, + ai_lyn and Py
defined by yg + V3 4 10 satisfy the require-

nents of (8.7) snd (848)s
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3 oenmmid

11) 8 £ 8,10 in which case,

t | - o | .
Vgt Y= Vet Y tAain T Rt

+ x+ °i-1 + Oy

€3,

1 1 | =
yl +yi +Yi+ 1 -:¥1_1 +y1 +x + ¢ +

e ¥ C4

Hence, P, defined by’ ‘y’i_l + ¥ Py defined
bY Yyp * Vi1 * e1-2¥n * B4dVn 0P
defined by yy + ¥4 * V341 satisfy the

requirements of (8.7) and (848).

From (8.9), (8+10) and (8,11) we have:

yi =¥ * o
= vi2 t fdhn T ol
¥ =Vt 4l H X F oD

y'1+1=3'1""*i3’n)”"""1.+1'

Either,

1) 8, = 0 in which case,
y'i = Vi + 819 + X + 04
] =

Hence, P defined by yi,s P i defined by ¥y 3+
8319 and Py defined by ¥y 4 1 satisfy the

requirements of (8,7) and (8.8)s
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= 1, in vhich case,

«
-
!

| ! -

Hence, Po defined by ¥y P 3 defined by

Vi1 + 831 and Pk defined by y; * ¥y .1

satisfy the requirements of (8.7_) and (8.8).
bl =1,b, = 1,

From (8.9), (8.10) and(8.11) we have:

yi yn+X+ cl’

y;l Yp1 + %ped¥n + X 4 Cpe

Hence P, defined by Yy Pj defined by ¥p.) + @ne1¥n

and P, defined by y; satisfy the requirements of

k
(8,7) and (8.8).

b, = 1, b =0.

1 n

Hence thers exists & by = 0, such that by_) = 1.

From (8,9), (8:10) end (8.11) we haves

yj= ¥y t X+

y;_—l.- yi-2 + ai_zyn + X + ci"l’

¥y = Vil ¥ 0adn t O

!
yn Yn-1 * an-lyn + Oy



Elther,

1) By = 1, in which cese,

! =
yi_l - yi-2 + n‘i,,,ayn + X + 01_17

yi+y; =¥y * Xt ooy + gy

Hence, P, defined by y; 1, Pj defined by

Yo + 250V and P, defined by Nty

satisfy the requirements of (8.7) and (8.8).
or,

ii) By = 0, in which case,

y;._l + yr'l = yi_'2 + yn-l + 03.0¥p +
8p1¥p T X + o1 + ey

B oHd eh tnat ot o

Hence, Pc defined by Y1 + Yy P 3 defined
BY ¥yo* Ype1 ¥ %4-¥n * En-l¥y and Py
defined by oty gatisfy the requirements
of (807) and (808).

This completes the proof of the theorem.

Since Pc is a linear combination of Pl’ Poyeeey Pn’
it can be shown, by an argument similar to the proof of Lemme 8.4,

that P, is contained in an §/I n;=tuple.

As an example, consider M8.5 and the associated cp'ss

e et Sty = Y i

e

et
TVt




Y

[aD] <A 3> ¥
(1] <B: P>
[c:x ] <0: H> t
[EB:n ) <D: 6> E
[Fm L] <E: K>
[6:7 ] <It L>

It is easily shown that the only qbp's which separate all cp's

are given by:
bl,bz.bybf (A,,0,E,6,L), (A,B,6,H,K,L), (A,C,E,F6, ),
(A,F,G,H,I,K).

Furthermore, it con be shown that Py and Py are contained in the

1l

8/1 2-tuples given by: bl/o, 35/1 and by/c, b6/I, where
= (1)7(A’B9C’F9H9J)s (AsG’H,I,J’L): ond

ST

Cy b5, b6

TP= 4+ Py * Py
7TP2= Q + P2+ P6.

It is worth noting thet b} = b ¥ b5 + Dbgand by = bg + by +bge

Therefore, in order to show that an autonomous seqen=
tial mnchiﬁe, which satisfies the first necesscry condition of
linearity, is linear of not, we toke the following steps, which
are illustroted in detoil by the flow chart in Fig. 8.5t

a) Select two inputs Iy and Iy,

b) Find all cp's for I and Iy

¢) Find 2 distinct qbp of states P separating all cp's.
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For any two inputs are No Minimael
all distinct pep's disjoint? [} Linear

i 2
<:?§ P containedrin an 8/1 ?i:fuplfzj>_

Assignmen
Yes

L4
Select two inputs I, and Iy, Stop
and £ind all op's.

1

—Find a distinet gbp, P,
separating all cp's for I ond I,
Yes

-

No Mave all qbp's separating\ Yes

A ¢y <

‘\911 cp's been checked? // ->

Yes )k

Are there n independent state qbp'fi)

stote gbp mutually consistent and
independent with those already found,
1

[r?ind the 5/ ny-tuple conteining a

Are nll state qbp's mmtunlly consistent, and Yos |
re all input qbp's mutually consistent?

No

Fig. 8.5, Linearity procedure for nonlinear output.

No /Have all state gqbp's, which are autuelly consistent\ Yes
and independent with those in the ni-tuples,
been checked?

+

skl

L e b e o150
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d) IsP contained in an §/1I n;~tuple! If the answer
is 'no' return to c), otherwise continue to e).

e) If the number of independent state qbp's is less
than n, then find the 8/I n;~tuple containing e
state gbp mutually consistent and independent with
those already found.

£) Ensure that all state qbp's contained in the
ni-tuples are mutually consistentrand that all input

qbp's are mitually consistent and revert to e).
For excmple, consider machine 18,4 shown in Fig. 8.6,

The input qbp's Qy, Y Qs for 18,4 are given by oy, ¢, ¢ =

(3,4,5), (2,4,5), (2,3,5), where 1, 2, 3, 4, 5 =000, 011, 101,

110, 111, From 1 and 2 ve have the following cp's:

la:¢], [B:u], [c:0], [p:n), [E:1], [FE],
[0: K], [LeP], <A: B>, ®: 0>, <D: 6>, <E:H>,
F: P, <Jt L>, <K: P>and <M: 0>,

It is easily shown that the gbp, vhich seporates all

cp's, given by (4,3,D,E,F,J,0,P) is not contained in an s/1

n;~tuple; however, the qbp P, given by by = (,C,D,E,F,J,4,P)

is contained in the §/I 4-tuple given by: Pl/Ql + Q5' PZ/Q']. + Q,

P5/Q,2 + Qg P05, vhore TPy = Pyt By + Py Qy, and

Fo, P5’ Py, are given by by, b§, by = (A,8,D,H,1,d,0,P),

(B’C)D’EDG'H,JlL)’ (C,D,F’H,L,N,O,P).

SOTENN T
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1{000 011 101 110 111

=

o

K

Pig. 846, Machine ¥8.4.



9. Singular Machines

If the machine satisfies the first necessary condition
of linearity and is singular, then e < nand d < g, (see Theorem

6.1)s We first consider the singular autonomous ease.

9.1 The Autonomous Oase

Definition 9.1, The nonsingular gtates of a singular sutonomous
sequential machine consist of all states which appear in cycles,

and all other states are termed transient states.

The £irst problem of finding & linear assignment for
a singular sutonomous machine i{s that of finding a linear assign-
ment for the nonsingular states using the methods presented in
Section 7. Once the required k > 0 qbp niu-tuplea have been found
for the nonsingular states, we cen add the transient states to the
gbp's so that, for the resulting qbp's, ﬂbj oontains the pre-
decessors of bj ; remembering that in e singular machine eech
state does not necessarily have a unique predecessors

We are now Paced with the problem of finding an

assignment for what we will call the transient varisbles, or in
terms of partitions, trensient gbp's. Because there is very

little theory existing in the references about singular linear
sequential machines, the 'aoarch for the transient qbp's will be

demonstrated by an example.

Sincs e < n, we can find (n - o) qbp's, Pyy Pyyeees L

e e L ——
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satisfying our consistence and independence requirement, such
that TPy = 0, vhere 0= {ﬁ; 6} , These qbp's are based on
present states whioh do not appear as next gtates. If the number
£ of nonsingular states is less thon the musber of distinot next
states, £ < d, we mast find t = [1052((1 - £)] qbp's, P;, P4,
P:, again satisfylng our consistence and independence reg-

uirement, such that each predecessor 'n‘P; is & linear combination

L * L]
of (Pl' Pa,ooc, Pn_e, Pl’ Pa,oco' Pt).

For example, consider the eutonomous pechine M9.1

given in Fig, 9.1,

518
B‘,l
¢ |8
a
B | F
¢iE
B|oD
1|0
J1D

Figo 901‘ Machine M901.

It can be shown that M9.1 satisfies the first necessary

condition of linearity and is singular. The only gtates which

Sieo i

!
i
4
i
!
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appear in cycles are 4,B and F, hence these are the nonsingular
gtates of the machine., A qbp cyole of length 5 and order 2 18
given by bys by, b5 = (a), (F), (B), where b3 =b *+by ¥ 8.
Since states B and D are both predecessors of A, states B and

D mist be in the seme block. Similarly, F, C, H and J are the
predecessors of (B,D) and we have the block (F,0,H,J). By sin-
jlar arguments we can ghow that the qbp cycle of length 3 end
order 2, which includes all states is given by by, boy b5 =
(4,8,1), (F,0,5,3), (B,D,8), end againby= by + by * 8

We now need the necessary trensient qbp's. From the flow table
we See that states G, H, I and J do not have a predecessor,
Hence, if by, = (6,H,1,9), then by = fand TPy = O

We now note that there are 5 intermediate states C, D and E
such that if l:5 = (C,D,E) then 'lrb5 = by, Howaver, b, and

b_ are not consistent, because #(-\;1'55) = 5, but we can overcome

5
this by adding state H to bgs We oan no¥ show that Py, Po, Py

2
(C,D,E,H) are mtually consistent and independent, such that
each predecessor is & linear combination of Pl' P?.’ Pl P5.
If we assign yy = 1 for 8 j € by the assigmment

given in Figs 9.2 results, The next state functions for M9.l
are given by,

Vi=n+ Yot h

Yé = ¥

h="0

Y,'j = Yho'

-

et e et L AR RO R, T e L T amers
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Fig, 9.2, A linear assigment for i9.1.

We can show that, as for a Nonsingular machine, each
output mst be & gbp and the output qbp's must be contained in
gbp ny-tuples unless they are transient outputs, in which case

they can be used to determine transient qbp's.

9.2 The Nonautonomous Oase

The assignment problem for & singular nonasutonomous
pachine is slightly different to that of a singular autonomous
machine, However, We can use & combination of techniques used
in the previous cases with the exception of scp's, For example,
consider machine 9.2 given in Fig. 9.3, Under inputs 1 and 2,

there are no scp's and under inputs 2 and 3 the scp's are not

distinct.




1ly 2 3
8

p!p B F
B |6 H B
¢ |c B H
p!D B F
E|A F B
F|le H B
¢ |{c E H
E|{A F B

Figo 903. Machine H9020

Agein, we demonstrate the techniques by exemples

" For M9.2 wo see that the predecessor of the gbp P1 given by

b = (4,6,D,68) is given by Py = Qs where Q, is given by

¢, = (1), Under inputs 1 and 2 wo have the following pep's:

[a: F], [B:D], [O: £], [6: H] . Ve note that there a
are only 3 internal state qbp's which separate all pep's and
are mutually consistent with P,. These are Py, P5 and Py
given by by, b5, by = (4,B,C,H), (A,B,E,68), (A,D,B,H) respect-

ivoly, It is easily shown that
TP,y = Py + P3+ %,
T P5 = P1 + Q)
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where Q, 1s given by ¢ = (2). Hence any three independent {
i

qbp's solected from Pl, Pa, P5’ P will provide & valid assignment.
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s 10. Conclusions and Recommendations for Further Research

S o
v

.
a'qup
In conclusion, & method has been presented by which

1% can be determined whether & restricted class of sequential
pachines are linearly realizable with a minimm nunber of delay
elements, Linear sequential machines have been introduced and
gome of their basie properties have been examined including the
canonical forms and the tremsfer function. A method hes been
presented for finding the transfer function using signal flow
graphs. The problems involved in determining from the flow table
whether a sequential machine is linearily realizable ere presented.
Several approaches to the problem were considered, and the con-
clusion drawn that none of the approaches seem to vield the de-
gired solution. We have therefore examined the properties and
behaviour of a class of binary partitions called qbp's. It has
been shown that the gbp approach is straight-forward and in general
provides a ready solution. In the case of a flow table containing
a large number of states, it may be argued that the method is
to00 cumbersome and unwieldy; however, it is Pelt that this draw-
back can be readily o;ercome gince the method can be programed
on a digital computer.

There are, however, some problems which were considered
to be beyond the scope of this thesis, as a result, these are

presented as recommendatiens for further research:




[
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1)

3)

5)
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In section 9 it was indicated that the gbp approach
can be used for singular machines. With some
further research into the structure end behaviour
of singular machines it is felt that an algorithmic
method could be found for determining whether 2
singular machine is 1inear or not.

It should be possible to devise & method for re-
ducing the search problem for nonautonomous mechines
when the output is either not specified or nonlinear.
Machines whoss flow tables are not fully specified
should be considered.

It is felt that by using qbp's one could determine
the smount of nonlinearity (in number of 'and'
gates) for a nonlinear sequential machine.

The method of gbp's could be applied to the assign-

ment, problem in generals
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