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ABSTRACT

Magnetic phenomena and hysteresis losses in ribbons of VT1 and
Nb subjected to a slowly timesyarying magnetic field of amplitude h0
directed transverse or tilted with\respedt to a stationary magnetic field,
Hstatic’ have been extensively inves gg;gd. This arrangement is denoted

the noncollinear regime and involves a novel process known as flux

-cutting. Both hD and HS tic 2T oriented along the broad faces of the

ta
ribbon and h0 lies either along the length or the width of the ribbon.
‘The flux configurations and the energy dissipation are determined by
monitoring <B//> and <Bl?,'the sgatial averéges of the magnetic induction
threading the ribbon along its length and width, continucusly and sepa-

rately.

The suggestion of Campbell and Evetts that vortices retain .their
‘ —~

angle of creation as they undergo displacements,compression and decom-
pression, is pursued in detail for a variety of initial magnetic states
exploiting standard approximations for the gradient of the flux density
including the force free case, Comparison with observations ana other
considerations show that the concept is not valid.

Extensive data on hysteresis losses, W(ho, Hb’ H// {or Hl?)
versus H// (or Hl) for various Hb are presented for the VTi and Nb

samples where Hb'is the component of H which lies along ho, H//

static

and Hl.are orthogonal to hO and directed along the length and width of

the ribbon. Also representative curves of <B//> and <Bl> as the time

varying magnetic field oscillates over various amplitudes in different

}% and H// (or Hl) are displayed. Deep valleys are observed for W



versus H// (or Hl}~for full-wave oscillations (Hb = () and half-wave
oscillations (Hb = ho).f -

The double critical state concept proposed by Lachaine is
applied to the analysis of this vast assortment of results. This idea
stipulates that the gradients for the flux density, B(x), and of the
spatial variation of the orientation of the flux sheets, e(x){ are in
'critiéal states described by dB/dx = + FP(B)/B and do/dx = = £(B) F(8)
where FP(B) is a bulﬁ pinning function characterizing the sample. Basic
cases of this generdl concept are developed. Specifically, (i) the
electrodynamic model where B(x) along the stationary H// {or ﬂl) is
taken as uniform and constant, hence do/dx =t k FP/B2 tan 6 .and (ii)
the Boyer’mo&el, where F(6) = k and f(B).= E;(B)/Bz. Guided by the
comparison of these calculations with the data on W, we are led to
explore the form F(8) = k/(1 + [B[)2 and find that‘this yields the best

agreement with all of our observations.

A valley in W wvs. Hb for various ho is observed for-the VT1i
ribbon in the classical ¢ollinear regime where only hD aﬁd Hb are
present. Invoking only bulk pinning hence neglecting the surface step,
and applying the established critical state concept, these data a;e !

well reproduced taking dB/dx = ia/Bllz.

In view of the success of this
approach.we Investigate the predictions of three basic approximations,
namely dB/dx = +qg, * «/B and * all - B/BCZ) for both infinite slab and
cylinder geometry on the structure of the valley énd the evolution of its
minimum as a function of Hb’ in the simplg framework where the surface

step is ignored.

The effect of a B independent surface step (surface barrier)

=



. r
on hysteresis losses in the collinear regime is investigated computa-

tionally. A complete picture of the influence of the surface step is
~ - )
developed by examining a matrix of sixteen cases constructed by consi-

dering (i) two radically different types of surface barriers (symmetric

3

and astmétric)31 (ii) infinite élab and cylinder geomet%y, (1ii) the
basic and extremal approximations dB/dx =*a and * «/B and.(iv)-full—
wave (Hb = q)—and'half—wave osclllations (Hb = ho). In all cases, the
behaviour is scanned over a broad range of ho’ exténdijg from Geéﬁ
penetration to far beyond full penetration.. We find the remarkable

result that in many instances reducing the barrier will also reduce

th® losses.

' -, . ’ .
In the four appendices a large number of new analytic expressions

are derived and presented for many of the various situations which are.

-t -

addressed in fhe body of the thesis.
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CHAPTER 1
INTRODUCTION: HYSTERETIC EFFECTS AND LOSSES
IN TYPE II SUPERCONDUCTORS

s

1.1 BACKGROUND REMARKS

Hysteresis. losses in type II superconductors has been a subject
of continuing interest for theoreticians and experimentalists during the

7,

last two decades. This is illustrated by the partial enumeration of
references in the bibliography ;f this thesis (A). This phenomenon has
attracted the interest of researchers because of the insight and infor-
.mation it provideé on the interactipn on a macroscopic, scale of flux
vortices with various pimning sites in the body or bulk of the materiai ;E
and on the role of surfaces of different degrees of geometric perfection
and physiégl condi£ion in opposing the entry or exit of flux from the

specimens., -~ l&\‘

These investigations also received some impetus because of

their importance to applications of these materials in situations where

. L]
the magnetic field has to vary. For instance, in accelerators, storage
rings and experimental halls constructed and under comstruction for high
energy and nuclear physics, the superconducting magnets used in steering
and focusing the beam and in track detection in bubble or spark chambers

have to be ramped or pulsed and their polarity sometimes reversed. In

A.C. superconducting power cables, the transport current and its asso-

v <

ciated magnetic field change intensity and direction at a chosen low

frequency. In magnetomechanical machinery {(motors, generatdrs, etec)

L3 ]

A
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because of the lumped nature of the components of the assemhly, of ;
mechanical oscillations and imperfect alignments, the magnetic field
produced by and bathing the superconducting'elements experiences sig-
nificant ripples in strength. In high speed transport using super¥
conducting magnetic lévitagiOn and'propu15¥on, the lateral and vertical
motion and even the displacement along the driving circuit

discrete components of the roadbed, cause variations of magnet®

in&epsity.

This field of inquiry has until recently been mainly limited
to the basic éanfiguration where the persistent current density J is
perpendicular to the local magﬁetic induction ﬁ. This means that an
increase or decrease in J will generate a change AB which will be
collinear locally to the existing B. A classic and simple illusérﬂtion
is that of a wire carrying a ;arying transport current in a tramnsverse
{stationary or varying) externally produced magnetic field.

Thé study of h&steresis losses in type II superconductors
appears to be witnessing a resurgence due to a lngical and fundamental
extensgon of the scope. of the investigations, The new interest and
broadgned horizons emerge from the realization that a different situation,
where J has a component parallel to ﬁ, which has been largely ignored
by the cbmmuﬁity-of workérs, is fraught with intriguing and novel
features. The departure from the orthogénality of J and B and the
tileing of thesg two vectors towards each other culminates in for?e free
configurations where 3 lies‘peyfectly parallel to-gleverywhere in the

material. This conceptually simple change in the orientation of these

‘ ' L) - - " I3 A
. vectors constitutes a crucial modification which brings new processes



into play and leads ;6 a variety of new phenomena. The'plaﬁéé of flux

lines cannot now be unidirectional or parallel but vary in orientation

. [

with position. The interaction of nonparallel sheets of fluxhlines
opens new vistas.noﬁ encountered in the parallel.arrangement. In par-
ticular, the fascinating phenomenon of flux cutting enters into the
picture (B). Here a pair of adjacent sheets of vortices, tilted with
respect to each other beyond,? critical angle, attract and merge by
cross—-joining qf segments. Th; ensuing bent vortices straighten and
driven by mutual repulsion, separate, forming two new sheets with an
orientation intermediate between the directipn of the original two
partners. The microscopic details and macroscopic consequences of such
events have 'scarcely been explored and cha11Enging vistas lie ahead.
Forhinsténce, the role of pinning sites and of the surface in this drama
remains to be elucidated.

Again some of the impetus for investigations of hysteresis
losses in this different framework arises from their relevance to
developing technolggy. It is worthwhile at this point to mention. the
large superconducting Tokamaks envisaged for the next decades. We note
that in these devices, the poloidal magnetic field associated with the
plagma current ring is locally perpendiﬁular)t; the toroidal magnetic
field mainly responsible fdr the magnetic confinement of the hot ions.
‘Consequently, the material in the superéonducting coils which generate
the latter is periodically subjected to an increment in ﬁ; orthogonal
to the "steady" toroidal component. -

A classic and éimple situation where the increment in B is not

collinear with the initial B but orthogonal to the latter is that where

a transport current is fed into a long étraight wire immersed in a static
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externally applied"longitud;nal magnetic induction, B// (€). We noge'
that here, BB’ the azimutﬁal magnetic-induction generated by the current
I is everywhere orthogonal to B// and the current density j has a com-
ponent along the local total magnetic induction inside the wire. -Indeed,
if a force. free configuration is adopted in this arrangement, 7 is

perfectly collinear with ﬁ_and.can be written J = cB where ¢ is a

coefficient which may vary with position in the sample.

1.2 " FRAMEWORK AND PERSPECTIVE.

As indicated above, magnetic phenomena and hysteresis losses
in type II superconductors occur for two radically different configd-
rations, namely where, (i) 7 1is always perpendicular to ﬁ-ahﬂ, (ii) I

has a component along B. Since in the former, AE, the change in ﬁ, is

locally parallel to the existing g, we will refer to this situation as

collinear or unidirectional. In our investigations of (ii), Aﬁ, an

increment in the applied mégnetic field, ﬁ; is directed at some apg;e
with respect to the initial H. For this reason we will denoFg tﬁéu‘
latter situation as noncollinéar or tilted. The limit of (ii) where Ef‘
is exactly parallel to B everywhere constitutes a special configugatiﬁg
and‘entails no hysteresis losses since it is fofce free. The literature
on the first configuration is already voluminous. It is fairly exten-

sive on the force free case but the study of the remainder of the

'spectrum of (ii1) is only in its infancy. The bulk of the work in this

last area has been carried out in our laboratory. In this thesis we
pursue two aspects of the collinear situation and examine the behaviour

in planar Eeometry of noncollinear configurationsin considerable detail.
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An excelleﬁt synthesis.of our present ﬁhenoménological under-
standing of magnetic phenomena and energy diss;pation in type 11
superconductors for the J perpendicular to B configuration (the
situation where Ag and B are collineaf) has been presented in various
articles authored or coauthored by Clem (D). To place our work in
perspective, 1t is useful to sketch the salient features of the pre-
valiling picture developed more fully and 4Eantitatively in the articles
just referred to.

Energy dissipation in type II superconductors can arise from
two basic mechanisms; the viscous flow of flux lines and hysteresis
effects. The former is important at high frequencies-large amplitudes
of applied currents or magnetic fields, whert the driving forces dictate
the velocity of the vortices. 1In this thesié we are concerned with the
domain of slow changes of flux and current configurations where the
velocity of migration of the flux lines is inconsequential and hysteresis
effects are dominant. In the regime where velocity dependent contri-
butions are negligible it is nevertheless useful to introduce the concept
of velocity in the analysis of the magnetic behaviour. This approach
is pursued in chapter 3.

The important quasi~mac:oécopic features which determine
hysteretic losses are, a) the‘sequence of configurations of the magnetic
induction or B profiles and, b} the external or applied magnetic field
Ha corresponding to each member of the sequence of B profiles. This
can be seen by considering the classic expression for the enerpy dissi-

?

pation per unit volume and per c¢cyclic variation of Ha



(1.1) : W = § H_ d<B>
. . . . a W
> 3B ,
which follows from introducing V x E = - TS into Poynting's vector,

§ = F x ﬁ, and integrating over space and time. Here Ha 1is the applied

magnetic field and <B> = J ﬁ.dK/A is the spatial average of B over

the cross section A of the specimen. When the velocity dependent
(viscous) forces are negligigie, the B profiles in the body of the
material ére viewed as a succession of static critical state confi-
gurations where the driving Lorentz force density FL = J x B is balanced
by the maximum pinning force density fp. The average maénetic induction
(density of flux lines), Bsi’ a distance of the order of few penetration

depths from the surface Is generally not the same as the external or

applied magnetic induction, Ba =M Ha' The difference, Ba - is

Bsi’
frequently denoted the surface step, My AS, and arises from the operatibn
of equilibrium or reversible diamagnetism in type II superconductors
(internal H in equilibrium with B, the local density of flux lines),

and a surface barrier which can oppose thé entry or exit of flu#. In
spite of a substantial effort, the detalled nature of the surface barrier
remains to be elucidated (E). Dissipation of energy occurs as flux

lines move through pinning sites ana traverse the surface barrier.
Hysteretic, K losses can consequently be classified under bulk pimning and
surface losses. Enerpgy is released when flux 1ines of opposite direction
meet and annihilate in the superconductor. This phenomenon occurs
because f;ux lines of one polarity are pinned in the material and can
subSequently be made to encounter flux lines of the opposite polarity

v

entering the sample. Consequently energy dissipation via flux annihi-

A0
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lation can be included with bulk pinning 1ossesq

1.3 THE BASIC INGREDIENTS

A full account of hysteretic lossés involves three basic
elements: (i) the surface barrier, Ib’ (11) equilibrium diamapgnetism
or the reversible magnetization, Heq(B)’ and'(ii%) the ecritical current
density in the bulk or volume of the material, JC(B). Equilibrium
diamagnetism.énd the surface barrier play a role in establishing the
surface step. Further, for a given B, the barrier against entry of

flux, Ié, may differ from the Egrrier opposing the exit of flux, Ig,
A knowledge of Heq(B), the equilibrium relationship between H and B
together Jrith information-on the bulk pinning function FP(B) are required
to map out the critical state B profiles, The critical state éoncep;

stipulates that the'driving Lorentz force is in equilibrium with the

maximum pimning force and can be written
(1.2) J x B+ FP(B) 20

Introducing Maxwell's equation V x H = J into this leads to

(1.3) (vxi) x8+ fp(B) =0
8 o

To compute B profiles with this expression we require a knowledge of

¥

-the relationship between # and B (1i.e. Heq(B) or Beq(H)) and data on
F (B).
P ) .
At present, first principle expressions are available only for
bl

the reversible magnetization, hence Heq(B). The Fountainhead for these
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formulae is Abrikosov's classic paper of 1957 (111). Many observations
on ideal samples have corroborated the essential feat&res of these
expressions. In practice however, it is frequéntly found more con- -
venient to explolt one of seyefal analytic approximations which have

been propeosed 1n the literat;:e to reprqduce the observed and theoretical
Hvs. B (or B vs. H) curves (Fi: ) | “

In spite of considerable effort,Jc(B), Ié(B) and Ig(B) cannot
be ‘calculated from first principles or determined from a few parameters
characterizing a material. jC(B) has been extracted numeric;lly from
an analysis of measurements of (i) the critical current, Ic versus H_

(with I perpendicular to Ha) and (1i) the magnetization curves (G).
In these exerciggs, the role of the surface bar?ier(s) and Heq(B)
should be taken into accbunt unless }he data or auxiliary measurements
justify neglecting either or both of these contributions. A wealth of .
empirical expfessions have been put forward in the literature for
JC(B), different fd}mé appeéring to correspend closely to the particular
behaviour encountered in different maferials (H). A basic feature
which thes? ex?ressions share is that JC be a decreasing function of B,
or alternatively, that the grédient of the f;ux density becomes steeper
as B decreases. Nevertheless, it is sometimes found adequate in the
treatment of data far below HC2 to take Jc to be constaﬁt for a g?ven
material at a ?ixed temperature. Thils crude and simple picﬁure is
referred to as the Bean-London approximation (2, 13, 117).

Quantitative information on Ib vs. B is however-scarce indeed
and some ambipuity exists regarding the contribution of I'" to the

b

results quoted for Ig. The existence of the surface barrier(s) is well



established from measurements of <B> (or of the magnetizétion) Versus
'Ha. The presence of the barrier causes <B> to remain unchanged over

a range H; —'H; = Ié + Ig. The effect of different surface comfditions
and surface treiﬁggdfs on the height of the barrier(s) has been explored
but no clear picture has yet emerged and much work remains to be done.
in this area (I).  Metallic coatings of Ni, Cr, Cu, Tl and Pb in good
éontact with the surface have been shown to dramatically reduce the
 height of the Earrier(s) (n.

It 1s, of course, desirablé to measure\the spatial distribution
and temporal evelution of the B profile directly and accurately. In
practice this is extremely difficult., Various workers have obtained
such data by inserting suitable magnetic probes in small holes drilled
perpendicularly to ﬁ across the thickness of a ribbon or diameter of a
cylindrical sample (138). The probes used have been either magneto-
resistive (a segment of a fine bismuth wire) or Hﬁll Effect elements.

In spite of the skill and sophistication brought to bear in these
efforts, the spatial resoltution and sensitivitf achieved have not been
encouraging. Further, the perturbation of the B profile by the hole,
which drastically modifies the pattern of flow of the persistent currents
in its vicinity, intfoduces a significant element of uncertainty in the

data.

1.4 VARIOUS EXPERIMENTAL APPROACHES

‘The first step in the experimental and .theoretical investi-
gation of magnetic behaviour and hysteretic losses is the determination}
!

of A¢, the change in magnetic-flux (or equivalently A<B>, the change
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in the average.magnetic induction) threading the specimen as the extermal
magnetic field-Ha‘is incremented.’ A¢/6Ha vs. Ha is denoted, the flux

~

response ‘function. Thg maénetic flux threéd;ng the material can have two
sources; (i) an/externally'applied magnetic‘field and (11) a conduction
current I fed into the specimen via leads attached to it. For simplicity
we consider only idealized geometries (infinite slab.and cylinder) where
" the external magnetic induction is uniform over the.su%face of the spe-
cimen. Under these éircumstances the external magnetic inductiog can
arise only from (i) and/or (i1).

Experimentally, depenéing on the situation, pick qp:coiLs
embracing thé'sample or voltage leads attached to it provide a signal
proportional to A¢/At, hence yield inforﬁation on A¢/AHa since AHa/At
can readily be measured simultaneously. We note that the G;ltage leads
arrangement requires rapid variations of the magnetic flux to ﬁroducg
an adequate signal since, in a sense, the gircuit can be regarded as a
single turn pick up coil., Voltages leads,‘bowever, are required to
monitor, (i) steady state flux flow voltages and (ii) cﬁangeé in the
azimuthal flux permeating a long solid éylinder.

Once A¢/AHa versus Ha is known, it is a straightforward matter
to generate the locus of ¢ (or <B>) vs. Ha' In our work, an operaticnal
amplifier performs the integration of the instantaneous signal due to
Ad /At whiie the intensive variable Ha (or 1) is simultaneoﬁsly monitored.
Using an X-Y recorder we can consequently plot ¢(H) continuously versus
H. Expgrimentally, it is often more convenient to moni tor uO<M> =<B> - uoH
vs. H instead of <B> vs. H; This change is accomplished by using a

bucking coil to perform the subtraction of the instantaneous signal
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h .
of (uo HA)/dt from that gue to Ap/At. We fisd‘hogever that it.is easier
to discuss the physical content of the investigations in terms of ¢ or
<B> vs. H‘rather than <M> vs. H.

Thé}area under any portion of the H vs. <B> curve measures
the energy, averaged.over the volume of the specimen, which is flowing
into the sample when H is iucreasiﬁg in magnitude and the energy

: !
flowing out of the sample when H 1s decreasing in magnitude since
AW = Ha A<B>. This is illustrated in Fig. 1.1. The area enciosed.by
the closed locus of <B>.vs. H therefore measures the net energy flow,
hence the energy di;sipated (converted into heat). When the flux
respoﬁsé function, locus of <B> vs. H and the resulting enclosed area
are independent of Ehe rate of change or freqpency, viscous drag plays
no role and the energy loss is attribﬁted entirely to hysteresls effects.
The closed curve can then be denoted the hysteresis curve. Sequences
of B profiles with H increasihg and degreasing are also depicted in
Fig. 1.2. 1In these di;plays the vertical boundaries at x = 0 and

x = X/2 (or r,= R and r = 0) Lndicate one surface and the midplane of

an infinite slab (the surface and centreline of an infinite cylinder).

[y

> T
We also take B and H to be directed along the vertical,

1.5 | DISTRIBUTION OF ENERGY DISSIPATION

The local rate of energy dissipation and its time average per
cyecle is also of special interest. In particular, this information is
important in assessing the stabllity of a material against flux jumps.
These catastrophic events are triggered when the ;ocal energy dissi-

pation is excessive thereby causing a large and sometimes runaway rise

-
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FIG. 1.1. Schematic display of increments of energy flow into

(AU;,) and out (AU,,;) of a sample during half-wave (a)
and full-wave (b) hysteresis cycles.
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FIG. 1.2. Evolution of B profiles and rate of energy flow
during the sweep of the applied magnetic field H
for half-wave and full-wave cycles.
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in temperatuée. Furthér, the partial or complete éollapse of the super-
conducting state can propagate throughout the‘volume of the sample.
For these reasons these occurrences are called flux avalanches.
! Wischmeyer and Urban (17-18) have calculated energy dissipation
profiles for a hollow tube in the context where H(x) = B(x)/u0 and
Ha = Bsi/uo’ hence they ignored the role of eduilib;ium diamagnetisﬁ
- and surface barriers. 1In each of these computations a specific ana-
lytic expression was introduced to describe Jc(B)' In these studies,
by néglecting‘{{} the existence of Héq(E) at the interface where flux
annihilation occurs and (ii) the presence of any surface barrier(s),
two majorlcontributions to local energy dissipation have been ignored.
Clem has examined the evolution of the eneréy dissipation distribution
and the various contributions to the total energy loss, in a systematic
and thorough manner taking all of the pertiment quantities into account.’
In the following paragraphs we outline some salient features emerging
from his careful theoretical scrutiny.

To explore the local.engrgy production, we return to Poynting's

>

- -+ .
vector, S = E x H, and exploit the divergence theorem to convert the

surface integral into a volume integral, namely

(1.4) ' J @ x 1) .da = J 7. (E x Dydv.

Making use of a vector identity for the divergence of a vectdr product

leads to ~

(1.5 - - 'J (F x ﬁ).dx = J (E. vV x Hj dv - J (g. v x E)dv
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Introducing Maxwell's equation vx % = 3 and Faraday‘é’equation

-+ -
VxE=-3B/at we obtain

/

-
: AW T * 3B
(1.6) ) X E.J + H.—t

.
for the local rate of energy conversion and

t2 2 L'.2 -
+ >
(1.7) oW = J dtf E.5 X4 J ch H.oo
tl : . tl

j= W

av

v

for the spatial average &f energy change during an arbitrary time
inferval At = t2 - tl. When t2 - tl = T corresponds to the duration
{the period)ef a complete cycle of Ha(T), equation (1.7) is a varlant

1

of equation (1.1) and yields the net energy dissipation (heat production)

S T
per unit volume and per cycle, hence hysteretic losses when E, J, H,

-
"and g%—, therefore AW/At are rate (frequency) independent.

In type 11 sgperconductors, whether reversible or irreversible,
the‘second term in equation (1.7) yie;ds no net local contribution to
energy dissipation.dgring a complet§ chle since Heq(B) is single-valued
(reversib}e). In insulating ferromagnetic mdﬁerials, this term is
responsible for the enefgy dissipation since here, H is not a single-

" valued function of B.

To simplify the rest of our discussion of this topie, we focus
on‘planar peometry and consider an infinite slab of thickness 2X with
the midplane located at x = 0.° We take H and B along the =z axi;, hence
F and T along y and drop the axial subsecripts and vecgor'arrows. In

this context the integral form of Faraday's equationij E.dp = dé/dt

A
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leads to

(1.8) E(x) = de(x)

where ¢(x) 1s the flux threading an area xY between the midplane and

the boundary at x.

A reversible (Abrikosov or Meissner) current, in equilibrium

IA’
with BSi flows at the surface in a sheath of the order of a penetration

depth thick. This current always flows in a diamagnetic sense (shielding
against flux entry). The electric field, ES, in the éorresponding
surface volume reverses direction, however, depending on whether Bsi’

hence the flux threading the sample, is increasing or decreasing.

Consequently,.
| t1+T
(1.9) J . E I,dt = 0O
t .5 A
1 -
because the sum of positive Es IA dt during half of the cycle is can-

IA dt during the other half. We

note that the screening current IA =7 J jA dx is connected to the local

{microscopic) magnetic induction b or internal magnetic field = g/uo

in the penetration.depth region via v x b= UOKA or Vx h = ?A

-F
than to the quasi-macroscopic quantity H in equilibrium with the flux

rather

-
line density B.

1

In contrast, the irreversible currents Ié and IE associated

- -
with the surface barviers against flux entry and exit always flow in
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the same direction as the surface electric field Es' This can be seen
by noting that (i) Ié flows in a diamagnetic sense (shielding against

flux entry) when B hence ¢, are increasing in magnitude, whereas

si’

~(i1) Ig, flows in a paramagnetic (flux retaining) sense when Bsi is

decreasing in magnitude.

On one side of an‘inferface where the flux distribution reverses

polarity, Heq(+B) = H . and on the other side Heq(—B)'= -H

cl The region

cl®

Axi, qf the order of a few penetration depths, straddling this interface
(the plane where B traverses zero), 1s therefore filled‘withaa macroscopic?
current Ii = 2Hcl per unit length z. Consideration of the corresponding
sequences of B and H ﬁrofiles shows that; (i) the current Ii always flowé
in the same sense as the electri: field Ei which is generated at the
interface and (ii) A¢1/At = EiY corresponds to the rate of annihilation of
vortices of one polarityt Coﬂsequenply, in the volume Avi = YZAxi wheré

flux annihilation takes place, the .rate of energy dissipation (heat

production)can be written

>
(1.10) (E.D vZax, = E;TY = 2H ) p—

3

Urban and Wischmeyer (17, 18) by ignoring the reversible magnetization,
hence taking H = B/uo, effectivelysdistribute the flux annihilation

energy over a volume of thickness Ax] where B varies from +Bc

i through

1

zero to ﬁBcl' The dimension Axi is at least several penetration depths

and therefore much greater than Axi.

<
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.

The instantaneous temperature prbfile and, conseqﬁently, the
time and spatial evolution of the local energy dissipation can, in
princfple, be monitored by inserting an array of minuscule thermocouples
in small holes driiled in the sample. As with attempts to monitor the
B pfofile directly, the spatial resolutiqn and the sensitivity which can
be achieved.by these techniques are, however, disappointing., Also, as
with the local measurements of the fluﬁ configurétions, it is difficult
to ascertain the éerturbétion introduced by the hole on the energy
dissipation in its vicinitj.

\ ///
(l

1.6 TOFAL ENERGY DISSIPATION Vi

Tﬁérmometric techniques have also been used to obtain infor-
mation on energy dissipation averaged over the sample volume and over
time. This has been accomplished by monitoring; (i) the increase in the
rate of evaporation of the liquid helium in which the specimen is
immersed or (1i) the rise in temperaturé of the specimen assembly
—{precautions having been taken to ensure temperat;re pniformity). The -
thermometric appreoach has merit in cifcuﬁstances where an electromagnetic
method of detection (a wattmeter) provides data difficult oflinterpre—
tation. For'instance, the designer or user of a superconducting magnet
may be interestéd_in knowing the total enérgy dissipated when the device
is faﬁped from zero to a preset value. Here measu;ements of the current
in phase wifﬁ the applied voltage determine.the total energy input.

The fraction of this energy which is stored must bé determined separately

and may be difficult to calculate.



The (alecg%bmagnetic) wattmeter is a most useful device for
providing data on energ& dissipation averaged over the sample“and per
cycle~és a function of amplitude,‘frequenéy, gias field, temperatu;e ete
(139,140). This apparatus is designed to detect and integrate over time,
hence per cycle, the product of the flux response function (A¢/At or
voltage V) inlphase with the sinusoidal intensive (drivingf variable

H{t) or I(t); This device or approach however has an important short-
coming. It does not tecord and provide the user with the very meaningful
Eine-grained information, namely.A¢/AHa vS. Ha, which it actually detects
and processes during 1ts operation.

In our_work, the energy dissipated per cycle is an end result
of detailed measﬁremenps which contain considerable information regarding
the evolution of the spatial average of thé distribution of the flux
density in the specimen. As indicated earlier, we monitor the flux
threading the sample (eor <B> or M%) continuously, starting with specified
initial conditions, as an applied magnetic field is initially véried
and subsequently cycled between chosen limits. 1In the regime where
} adopts a component along E, we monitor the vafiation of the flux per-
fﬁgxing thg sample along two appropriate orthogonal directiomns. Gra-
phical or plgnimeter integration of the area enclosed by the locus of
<B> along the direction of the component of the applied magnetic field
which is varying yields the hysteresis losses per cycle. All cof these
data, the detailed locus of the magnetic moment, as ﬁa is varied and the
energy dissipated per cyclé (the hysteretic "surface") are the raw ma-
terials which we analyse to obtain insight into the detailéd behaviour

of the configurations of the magnetic induttion inside the specimen.
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In this manner we establish contact with the basic interactions and

processes which come into play while gathering data of technological

T

interest.

1.7 DIFFERENT CYCLES
V.
In many applications, the cycle of interest is where Ha is

periodically swept from zero. to a specified value and returned to zero.’

This cycle can conveniently be described by the expression

- (1.11) Ha = ho (1L + cos wt)

although the specific form of the time dependence is immaterial in our
work (triangular, rectangular, irregulér, etc.). The important quantities
here are the,amplitude'h0 and the bias field, Ho ='h0 in the present
example. We will refer to this category of cycles as the half-wave

caée, in analogy with pulse generators.

In other circumséances, the cycle of interest is where Ha
changes direction, swinging between symmetric pésitive and negative limits,
This applied cycle can conveniently Qe written °

I

(1.12) H = h cos wt
4a o]

" We will refer to this situation as the full-wave case, again in analogy
with pulse generators. We have already noted that the reversal of

polarity brings the interesting phenomenon of flux annihilation into the
. -
picture. TFurther, as we shall see in some detail in Chapter 6, the
i
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;ature of the surface step will play an important role in dictating the
shape of the hysteresis curve as Havswiﬁgs through zero. The fuii;Wave !
and half-wave situations therefore present fundamental differences.

It'is evident from inspection of equations (1.11) and (1.12),
that the two special cases just degcribed constitute particular instances
of a wide spectrum of possible cycles. The general case, always in thé
context that the sinusoidal form for the time dependence has no special

merit, can be expressed by
(1.13) H = H 4+ h0 cos wt

The simple expressions just listed focus on thé relative
magnitude of the bias fie}d HO and of the amplitude ho' In order to
examine the spectrum of possible situations realistically and systema-
tically, suitable scales, for measuring HD and ho need to be introduced.
For the ideal type II superconductor (no bulk pinning and no surface

barrier) the appropriate reference Fuantities are Hc In

1 and ch.

irreversible type II superconductors where both bulk pinning and surface
) 7 .
barriers to flux entry (Ig) and exit (Ig) come into the picture, the

useful and important measuring sticks are, (i) IbT = Ig + Ig, the sum

of the magnitude of the two barriers and (ii) ABg The latter denctes

i
the- magnitude of the change in the internal magnetic induction at the
surface which causes the front of a disturbance in the B profile to
penetrate to the midplane {infinite slab) or centreline (infinite

cylinder). - We note that AB*
! s

{ is material dependent in the sense that

-

the bulk pinning strength and the size (thickness ogithe slab or radius

of the eylinder) enter in its determination. TFurthdr since JC decreases
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with B, for a given specimen, AB:i will vary aé the bias field changes.
Exploiting a phase sensitive detector and spectrum analyser, the
harmgnic content of the magnetic response of the specimen in and out of ﬁhase
with a ﬁure sinusoidal driving sigéél can be investigated. The coefficients
of the in and out of phase components of the fundamental correspond to the
magnitude of the real and imaginary permeability. These quantities can be
studied as a function of the amplitude and frequency of the input signal,
of the bias field and temperature. The results ;re'compared with predictions
constructed using various forms for Ib(B), Heq(B) and JC(B). This approach

requiring sophisticated apparatus and demanding special experimental pre-

‘cautions, however, produces no fundamentally new data and is basically

equivalent to the method we have exploited. It may be convenient, for

purposes of analysis, to exploit sinusoidal time dependences. Further, the

\
framework, nomenclature and operations involved in this approach have the

-

merit of being familiar to most physicists. ¥

1.8 FOCUS OF THE THESIS

A. Valley ofv'the Losses (Cd{linear regime)

Clem (3) in a systematic theoretical investigation of the dependence
of hysteretic losses on collinear amplitudes and bias field, predicted a
novel and slgnificant behaviour. He found that for a fixed amplitude
ho < ABgi/po, the losses W can traverse a deep valley as the bias field H0
increases from zero. We call this feature, the Clem valley, for obvious
reasons. He explored various chqices and combinations of JC(B), Heq(B), Ié(B)
and Ig(p) which cause this phenomenon to occur. This survey revealed that
for certain circumstances, the bias field Ho’ %here the minimum in the valley
appears, bears a simple relationship to the amplitude. -

The experimental discovery of the predicted effect was first
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reported by Thompson et al. (40) who investigatéd a thin walled cylinder
> ce

of Nb3Ge. Subsequently, Kovachev (34)'éx§10red the temperature deﬁéndénce
of this minimum in strips of Nb3Sn and extracted information on the variation
of the surface barriler with tempergzﬁre from his observations. Ciszek
et al. (23, 24) hav; also recently explored this minimum. Upoﬁ rebeiving
a preprint of Clem's paper containing the preQiEtion of this effect énd
Thompson's et al's report of its diSCOvéry, we undertook a search and.study
of the phenomenon in a VTi ribbon whose behaviocur we were investigating
in another context. Because this.specimen exﬁibits some anisotropy,‘wE '
pursued the measurements with th; collinear Ho and ho directed along thg
length (z-axis) and along the width (y-a#is)_of the ribbon. Our data,
presented in chapter 5, show that a pronopnced ﬁallgyfoccurs in this
material for both orientationms. -
k Various other inves;igations of the magnetic behaviour of this
—sample indicafé'thaF bulk pinﬂing plays a dominan; role and that the
surface barrier(s) and Heq(B) make negligible contributions to the mag-
netic response, even in the low field regime. Further, this auxiliary

work shows that when B < BcZ’ the B profiles in this sample can be satis-

factorily described by the simple prescription,

(1.14) B, 2

dx - B1/2

We refer to this as the Yasukochi aﬁproximation (123). Using this simple

expression together with the boundary condition BS = uoHa, which

i

implies that Ié = Ig = 0 and uoH(x) = B(x), hysteretic curves and losses

can readily be computed.
In view of the good correspondence between these calculations
and our obsefvations, we deemed it worthwhile to explore compﬁtationally,

the character of the Clem valley, generated by other basic forms for

dB/dx (or dB/dr)Z;always here in the crude but simple framework where



- 24 - ‘ ' o

[
-

Bsi = uoHa and B(x) = uoH(x). These limiting or extremal formulae‘

are the Kim-Anderson approximation

o]

. dB 0
(1.15) = o B

-

and a suitably modified Bean-London approximation

dB

(1.16) ax

B
= * Ctl(l - B——)
cl

. /
4

We pursue these calculations for both infinite slab and cylinder geometry

and examine the dependence of HO , the bias field H0 where the minimum

min
occurs, on the amplitude ho' We also extend all of these calculations
to the range of amplitudes h0 exceeding AB;i/po. We call the situation
where ho = ABgi/uo, the saturation (full penetration) case. Hence we

denote the instances where h0 < ABgi/uo as below saturation and those

where hD > AB:i/uo as above or beyond saturation.

B. Barrier Effects

The dependence of hysteresis losses on the height of the
surface barrier has been examined theoretically by Sekula and Barretr (16)
and by Foﬁrnet and Mailfert in 1970 (6). Both groups exploited the
Be;n—London approximation (JC = constant): took uOH = B, hence ilgnored
equilibrium diamagnetism and considered infinite slab geometry. The
former stipulated -a barrier independent of B against flux entry and no
barrier against flux éxit. We call this picture, the asymmetric barrier

model. They examined the half-wave case {see eqn. 1.11). TFournet and
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Mailfert alse stipulated a barrier independent of.B against
flux entry and a barrier of the same height as the former opposipg flhx
exit., We refer to this plcture as the symmetric barrier mode. Fournet ~
and MailfeEt fécused on the full-wave case (see eqn. 1.12). Both groups
limited their analysis to the situation where h0 <~B§i/uo’ hence to
below full penetration (geLow saturation). These calculations yield
identical results. {Thisgfeature is expected from careful qualitagive
considerations. Further the calculations éhow, as intuitively antici-

r

pated, that the hysEgresis losses, (1) decrease as the ratio of the
barrier height to tﬁ;_hmplitude increases, and (ii) wvanish when the
barrier no longer allows flux to enter the specimen. |

Measurements by Bussiére and collaborétors (76-78, 81) and
otlflers on materials exhibiting a strong surface barrier show a preci-
pitous decline in A.C. losses as the amplitude diminishes to a threshold
value. This threshold constitutes a signature of the surface barrier.
Further, the dependence of Ehe A.C. losées on amplitude is well repro-
duced by formulae akin to that developed by the authors just mentioned.
This agreemeng may have c;eated a climate where it is taken for granﬁed
that large barriers must lead to lower losses. Bussi&re and Clem (22)
have, however, intimated that under certain circumstances an increase
in hysteretic losses may arise although the barrier is made higher.

We ﬁndertook a systematic computational study of this problem.
Focﬁsing'on both the full-wave and half-wave cases we examined the
predictions for both the-infinite slaB and the infinite cylinder
geometries. We explored the behaviour expected using the Bean-London

b

it
approximation, jc‘g?constant, exploited by Fournet and Mailfert and
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Sekula and Barrett.‘ For completeness however we also pursued the
calculations using the Kim—Andérson approximation, jc =ub/B. These two
expressions, represent radically different descriptions of bulk ‘pinning
and span a wide range of possible situations. 'Far simplicity in these
calculations, we took the baériers to entry and éxit of flux to be
independent of B as Ha sweeps between the limiting values. 1In order to
assess the importance of different types of barrier situations we examined
both the symmetric and asymmetric configurations described above. Finally
we ‘considered the regime of amplitudes lying below and beyond full |
penetration (saturation). |

~The results of this extensive investigation are presented in
chapter 6.. The crucial feature which emerges from this scrtitiny and
survey 1s that in numerous iﬁstances, an increase in the surface barrier
wili.give rise to an appreciable increase in hysteretic losses. This
feature has important bearing on applications. A qualitative under-
standing of this phenomenon can be obtained by realising, as noted by
Clem in his 1979 lectures (4), that the losses depend on both, (i) the
quantity of flux movgd in and out during each cyele and (ii) the mag-

nitude of the deviation between <B> and uoHa during the cycle.

C. Model of Non Rotating Vortices

-
L

The major part of our research on hysteretic losses has been

~

' 1
directed to the relatively unexplored and poorly understood regime where

? has a component along B (noncollinear  situation). In this study we
have focused on planar geometry (ribbons), because of the simplicity of

this situation and also in order to complement the earlier and on golng
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investigations of this problem in our laboratory, nameij, the work of
Gauthier (67, 68) on solid cylinders (wires), Boyer (47-49) on rotating
disks and Fillion (623 on hollow tubes. Our hope is that the choi;e of
different geometries as well as samples will méke it possible éo identify
and document all of the basic aspects of the behaviour enéountered in
this novel reg%me. The results achieved to date by our group support the
merits of this multipronged approach. ‘

A si le picture has been put forward and partly developed by
Campbell and Ev§tts {141y in their monograph to account for the con-
figurations of flux encountered in the nonparallel (noncollinear) regime.
They propose that the sheets of flux 1i£es°as they are maéé E? progress
into the specimen retain tﬁg‘érientation they had when created-at the
surface. The stark simpliﬁity of this idea endows it with considerable
appeal. We note also that flux'cutting is ignored or obviated by the
exploitatiop of this concept. Careful qualitative considerations, howevép,
reveal that the concept is flawed:::Firstly it leads to unphysical dis-
continuous changes at ch. More importantly, in our view, application

of the concept leads to serious boundary conditions problems or surface

- -+
mismatches between uoHa and BS when the nonmparallel flux lines arg

caused to move out of the specié&n<’““

¢

In chapter 3 we pursue in considerablé detail the consequences
of this postulate that vortices migrate without rotation., To reduce the
plcture to its essentials we 6nly take bulk pinning into account. We
éxamine the duantitative predictions for three basic approximations for
bulk pinning and also for the special case where pinning is zero (force

free sitdation). The results of these calculations are presented and
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compared with extensive data obtained on a ribbon of VIi immersed in a
static longitudinal magnetic field when a magnetic field perpendicular

to the former and directed along the broad faces is iépressed. We examine
thé evolution of the longitudinal and trgnsverse components of the
magnetic induction threading the sample startiné with four basic cate-
gories of initial unidirectional flux profiles. The comparison shows

* that the data progressively dive;ges from the predictions of the model
regardless of the form of the bulk pinning intreduced in the calculations.
We conclude that by forbidding changes in flux orientation, such as would
be produced by the mechanisﬁ of flux cutting, the model gradually fails

to cofrecply describe the observed behaviour. The concept, however,
provides a useful approximate account of the evolution.of tﬁe flux
'configurations dﬁring the initial portion of the sweep of the applied
field. 1In some.applications, the range over which the predictions are

valid can be significant.
\

D. Noncollinear Regime and a New Valley in the Losses

In chapter 4, the principal éhapteg,-in our view, of this thesis
both in volume and import, we present an extensive serles of measurements
of magnetic behaviour and hysteretic losses in ribbons of VTi and Nb
in the regime where ? has a component along B. This work constitutes e
a major extension of the'earlief investigations of Timms and LeBlanc (142)
aﬁd of Lachaine (143, 144) on ribbon samples.

To simpliff the physics and the analysis we let the ribbon
become superconducting in a chosen bias magnetic field which méy be tilted

with respect to the length of the ribbon. The component of the ‘applied
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magnetic field along the length of the ribbon, H//; is always maintained °

constant while the transverse component, H., directed along the broad

l’

faces is increased and-cycled between chosen limits., In the spirit of

"equation (1.13) we write for the transverse component

(1.17) _ Hl.= Hli +lhl_cos wt

We have investigated the magnetic response and measured the hysteretic
losses as a function of, (i) the amplitude" h

J_!
'component Hli and (iii) the magnitude of H//. We stress that two

(ii) the bias field

quantities are monitored simultaneously and continuously as Hl varies.

These are the average magnetie induction <By> along Hl

H//. A crucial feature to bear in mind is that <Bz> varies although H

and <Bz> along

/!

is fixed. In particular, a very pronounced valley in the hysteretic
losses for a fixed hl.as a function of H// is observed. This feature
is analogous too but more dramatic than the Clem valley. The changes

in this valley brought about by the bias field Hli have also been

documented.

The specimens we have studied exhibit anisotropic magnetic

response. The magnetization curve measured along the length of -the

-
1

ribbon sample differs by a few and even several percent from that along
the width. Further the demagnetization factor along the width of the

ribbons, although small, is not negligible. To obtain some insight

on the role of the anisotropy and end effects on the phenomera under

scrutiny we have repeated many of the measurements with Hl‘maintained

stationary (instead of H//) and with H// (instead of Hl) as the
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variable component. This 1s equivalent to repeating the investigation

‘after rotating the ribbon through 90°.

Qur analysis of this vast assortﬁént of data is empirical.
We retain only the contribution of bulk pinning to the phenomena in o£der
to simplify the picture. In other words we take, consiétent with our
observations, that the surface barriers are neglipible and ignore the
reversible or equilibrium diamagnetism. The latter neglect 1s warranted
when H// is appreciably larger than Hcl' We continue, however, to ignore
this feature ,even when [ﬁ(x)! iz uoHcl.

To iﬁterpret our results we pursue the framework put forward
and explored by our group to account for the noncollinear regime. This
viewpolint assumes that the configurations which nonparallel sheets of ’
flux lines adopt under driving forces where ? has a component along B
corresponds to critical states of density and orientation of the magnetic

-

inductionlﬁ(x). It is fairly straightforward matter to identify a simple
analytic function for the bulk pinning which generates B profiles an \
consequently magnetization curves adequately corresponding to that -
observed inrthe standard collinear regime. We then postulate that the

B dependence of the critical gradients of flux density is unaffected by the
spatial variation of the direction of the vortices. The problem then:
becomes one of obtaining a "good" formula by judicious t;ial and error

to describe the B dependence of the critical angle gradient: Our

approach to this problem is described in chapter 4. -After considerable
computaéional effort we arrived at a simple expression which successfully

accounted for a vast assortment of data on a VIi ribbon. In particular,

the interesting valley exhibited by the hysteretic losses at fixed
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amplitude vs. H// and the effect of the bilas field Hli on this feature,
are remarkably well described. We then applied this formula to the
nalysis of extensive measurements on a Nb sample. Welfind that this

fo a again yields encouraging agreement with our r¥ch collection of

data on this specimgn. These successes may provide incentlve and
direction for future theoretical attacks on the complicated but important
problem of flux line interactions and processes operating (flux line
cutting) in the noncollinear regime. Recent theoretical investigations
by‘Clem and other workers (B) have elucidated basic aspects of this

formidable probiem in the limit where bulk pinning is zero.



- 32 -

’

CHAPTER 2

DESCRIPTION OF SAMPLES AND EXPERIMENTAL PROCEDURE

2.1 INTRODUCTION

In this thesis, the results of measurements of the axial and
transverse components of the magnetization—and of hysteresis losses in.
ribbons of type II superconductors are presented in the situation where
the currents are generated by induction. Another alternative would be
to feed a transport current to thé sample through leads comnected to an
external power supply. However, joule heating at the contacts causes
problems. In particular this leads to nonugiform temperatures in the
sample and possibly, currents limited locally at the contacts. Even if
these difficulgiES are surmounted by maintaining the "waist" of the
sample above the temperature of the enas, presumably the wéakest CTOSS
section will determine the ecritical current. TFurther, in some materials
the criticél cdurrent is extremely high and beyond the capacity of readily
available current supplies. 1In the preseﬁt work, 1t was therefore chosen
to introduce persistent currents, flowing along the ribbon, by induction.
This is done by applying {or reducing) a magnetic field Hi_ directed
perpendicular to the axis of the ribbon and along its wide face. The
ribboa may be visuali;ed as consisting of two halves (iInfinite slabs)
separated by the midplane ﬁarallel to the two wide faces. The magnitude
of:khe total induced current in either half must now be deduced from the
magnitude of the transverse magnetic momen t u0<ﬂl> instead of being read
directly with an ammeter. We also chose to introduce currents flowing

around the axis of the ribbon by induction. This is done by applying



(or reducing) a magnetic field H// directed along the axls of the ribbon.
Since the width of the ribbon is. large compared to its thickness, the
ribbon can again be regarded as equivalent to two infinite slabs
separated by a midplane and carrying "conduction' currents flowing in
opposite directlons in each half and perpendicular to the axls of the

ribbon.

2.2 DESCRIPTION OF SAMPLES

1= Vo,24T0.76

The sample was cut with a wire saw from an arc-melted ingot
of high purity VTi (obtained from Materials Research Corpération) and was
mouﬁted without any chemical or heat treatment after cutting. The ribbon
vas 3.6 ecm long, 0.51 cm wide and 0.15 em thick. .

2- Nb

The samples were cut from a Niobium sheet of metal, {(obtained

from Kawecki Berylco Industries) and unannealed after final rollingi -

It consists of a stack of six identical ribbons electrically insulated
by mylar spacers, as shown in Fig. 2.1-A. Fach sample is a single
rectangular piece of ribbon, 3.63 ecm long, 0.555 cm wide and 0.025 cm

thick.

L
2.3 EXPERIMENTAL PROCEDURE

A non-inductive bifilar heater coil is wound directly on the
sample which permits us to erase previous magnetic history by raising

the temperature of the sample above TC before the start of a measurement.

Care was taken to wind this heater uniformly to ensure temperature homo-

b

,
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geneity along the length of thg sample. An insulated #38 m;nganin wire
supplied by Wilbur B. Driver Co. was used. The sample-heater assembly
was covered with epoxy and fits tightly inside a "slot”—at the centre
of the trans#erse pick up coil, just like a cassette fits in the slot
of a cassette recorder, see Fig. 2.2. Using this set up the number of
turns on the transverse pick up coil was increased by a factor of

more than ten compared to the awkward arrangement exploited by Lachaine
who placed his sample inside a coffin which was inserted in a cylinder
on whose sides the transverse, pick up coil was wound: Extra care was
taken to prevent any possible movement or rotatlon of the sample with
respect to the applied magnetic field. Vacuum grease in the slot
surrounds the sam%le, and fills the slight voids between the walls énd
the sample. At low temperatures the frozen grease prevents motion of
the specimen.

Two orthogonal superconducting coils made of multifilamentary
NbTi,wire provide separately and ithpendently the longitudinal and
the transverse magnetic field. The axial magn?tic field H// is supplied
by a long solencid which 1s positioned inside and rigidly clamped to a
rectangular coil which produces the transverse magnetic field H, .

We monitor continuocusly the magnetization of the sample using
two orthogonal pick up coils, one measuring the magnetization UO<M//>
along the axis of the ribbon énd the other uo<qL> along the width of
the specimen. Fbllowing standard practice, each pick up coil is
connected in series opposition to a bucking coil which senses the corres-
ponding applied magnetic field but does not "see" the sample. A schematic

o

of the sample and pick up coils 1is shown iIn Fig. 2,1. FEach balanced pick
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up coil feeds an operational amplifier-integrator (PAR Model 215) which
drives the Y axis of an X-Y recorder. The X axis of the recorders are
driven by a signal proportional to the transverse field %L or to tﬁe
longitudinal field H// according to the situatlon under study. We
separately monitor the longitudinal and the transverse components of
the magnetization of Fhe samgle conéinnpusly andlsimultaneously using
two XfY recorders, as the transvefse field %L or the longitudinal field
H// is varied slowly over the desired ranges. A schematic of the experi-
mental set up igvshown in Flg. 2.3. Following standafd procedure, the
magnetization curves are calibrated on the assumptioh that negligible
flux enterg the virgin specimen during the initial rise of the applied
magnetic field in the low field range below HCl (perfect diamagnetism).

The magnetic field at which the magnetization ceases to be linear is

tak H .
aken as H_,

2.4 TYPICAL MEASUREMENTS

A- Simple magnetization curve

The sample 1s cooled below TC (becomes superconducting) in the
absencF of a magnetic field (excepg for the earth's magnetic field).
Then the applied axial magnetic field (or the transverse field) is
increased. The correspopding signal from the pick up coll is monitored
continuously as the applied axial figld {or transverse field)-ls variéd.
Then the saﬁple is he;ted to above Tc'to erase traces of this magnetic
history and the measurement is repeated with the sample in the normal

state. This is necessary to determine the background signal due to

slight unbalance of the bucking coll, and nonlinear dependence of the



- 39 -

applied field on the generating current, etc.

B- The four categorigg_gf initial magnetic states envisaged
/

!arethe following,

i) nonmagnetic: the sample becomes superconducting in the
presence of a magnetic field (H// or QL )} then a magnetic
field orthogonal te the first (%L or H//) is applied.

ii) diamagnetic: the sample becomes superconducting in

zero fleld (earth's field) then the loﬁgitudinal {or transverse)
magnetic field 1s increased to the chosen value.

iii) paramagnetic: the sample becomes superconducting in
H//(or HL ) > ch or from a high value if ch is excessive.
H//(or %L ) is then lowered to a selected value of the same
polarity.

iv) hybrid: the sample becomes superconducting in H//

(or Hi.) 3_HC2 or from a high value if ch is excessive.
H)/(or %L } is then lowered to a selected value of the
opposite polarity.

Cf Hysteresis Measuremenps: Types of Measurements,

Precautions and Procedures.

We have measured hysteresis losses in two basically different

regimes, denoted collinear and noncollinear. The initial applied magnetic

field, H

i’ and the maximum superimposed magnetic field increment, Aﬁ

have the same orientation in the cecllinear regiﬁezwhereas they are tilted

with resp
> -
4H and H

the nonco

ect to each other in the noncollinear case. The siltuation where

[ are orthogonal constitutes a specially iInteresting case of

llinear regime. In our work, Aﬁ is always directed either along
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the length of the ribbon (AH//) or perpendicular to the length and
parallel to the flat faces (Aﬁl}. Also, in our work, in the collinear
regime, ﬁf is chosen eitﬁer‘parallel (H//) or transverée (HJ_)'
Representative instances of these two regimes are sketched on the next
page. N

For each regime we have investigated the response of the
specimens over a large span of Hi and a wide range of AH. Two-particular
cases of the collinear regime are of special interest and are QenoEed
full-wave and half-wave. In the former Hi = 0, in the latteer-Hi = AH.
These two situations have been examined quife éktensively by previous
workers and lend themselves more readily to analytic treatmerft and
exposiﬁion. Analogs of these two cases are encountered in the non-
collinear regime and are sketched in Fig. 2.4(ii) (a) and (b).

The approéch we adbpt, of specifying an initial applied magnetie
field ﬁi and regarding * Aﬁ as a vectpr addedlsymmétrically to this
reference vector, may appear to be jusE a matter of convenience. It can
be argued that only the extremal vectors are required and significant.
Indeed in the analysis of the hysteresis curves,.the lnitial conditions
play no role and only the external B profiles and the progressioq between
these enter into the picture. An alternative representation of the non-
collinear regime is shown in Fig. 2.4 (iii). ‘Measurements by J. R. Cave
in our laboratory and some published data show , however, that in practice,
the results depend, although perhaps n0£ markedly, on previous history
hence on the choice of ﬁi: For this reason in our work we always specify

the set of initial conditions, i.e,, the previous temperature-magnetic

field history since the onset of the superconducting state. In our
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FIG. 2.4 Schematic rep;;esengatic'ms of various categories
of gycles of H + AH where (i) j is perpendicular
to B and (i1) and (iii) j has a component along B.



investigation of hysteresis losses we choose to always let the sample

. N L
cool from Tc to 4.2 K in the selected Hi' and varied *AH symmetrically

' . - Lo o ey
about this "bias" ¥ector, proceeding first to H, + AH then to Hi - AH.

i

It is 292 well”establishd® that a superconducting coil generates
a magnetic field H wﬁich is a nonlinear and hysteretié éunction of I; the
current fed into the supercondﬁctiﬁg“coil.' This contrasts with normal
metal (eg. copper) coils wheré,H is a linear and single valued function
of\iﬁxbence can be wriétén H= CI,therg C is a geometric factor. Tﬂe
problem of hysteresié is less severe when the superconducting coil is
wound with multifilamentary wire rathef than with tape. TFurther both a
large ratio of length to outer diameter and a small ratio of outer to
inner diameter tend to reducé the hysteresis. The reason for this is’
that the hysteresis arises from persistent.closed currents induced to
circulate in the body of the winding. As a. consequence, the hysteresis
increases and eventually "saturates" as the sweep in H increases.

' .
The hysteresis of our long and relatively thin wire wound

solenoid, in isolation, is not significant in most of our measurements.‘
The rectangular ceoil, however, although wire wound, exhibits,-as

expected because of its geometry, more hysteresis. The problem of
hysteresis becomes more acute when the recténgular coil embraces the
solenold orthogonally as in our érrangement. Heré the hysteresis curve

of H vs T of one coil is affected not only by the presence of the matérial
of the other coil but also be the magnetic field geﬁerated by its com-
panion and the mégneti;'history of thellatter.

Ideally then, in view of these features, we should monitor

H// and %LAat the position of the sample with suitable "detectors'.
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.The severe problems and difficulties this solution represents compel us
to rely on the currents I;; and {L fed to the/;mﬁ’zoils-éeparately to
-provide the measure of Hy/ and %L' We are well aware however that neither
.I// nor %l. are exact and single—vélued functions of H(/ and gl.' To
minimize the consequences of this hpproach we have exploited a procedure
which: we found, ensures reproducibility of the daté and reduces contri-
butions or disto;tions arising frém the hysteresis of the varying applied
magnet%c fields.

We describe this procedure by focussing on a specific situation.
Cénsider-Fig. 2.4 (i1) (c). ﬁi is produced by first applying the parallf
component and then the transverse component. This order of application i
retained throughout a'given investigation. Next %L. is raised to the
selected EEQEE limit ﬁl. + Aﬁl. and subsequgntly cycled repeatedly bgF_
ween that limit and the lower limit H, - A%L.' This cycling establishes
‘the'locus of the hysteresis which the superconducting coils traverse. Now
we proceed” to the determination of the raw data for the response of the
éample to this identical field cycle. This éetermination always requires
two parts. In one part, (i) the sample is maintained normal and in the
Ether, (ii) the saﬁple is in the superconducting state (at 4.2 K) having

-5
become superconducting in Hi. The order of these measurements is

-

immaterial but i1t is crucial that the sense and the limits of the

variation of the applied field selected earlier by preserved throughout

-

all the cycles. The signals from the pick up ceils versus the current
. - -
generating the varying component of H (A%L_in the present case) are

recorded in (i) and (ii). The "background" curve, (1), 1s substracted

from the response curve, (ii), and the resultant tracing constitutes

ot
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the final data which we display on convenient scales in this thesis.
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CHAPTER 3 >
~,

MODEL OF NON ROTATING VORTICES

3.1 INTRODUCTION

Type II supérconductors exhibit a variety of interesting
behaviour when a transport current-I is made to flow along the length
of a specimen iImmersed in a m?gnetic field H// directed along the longi-
tudinal axis of the sample; In particular, (1) the capacity of wires
;nd ribbons to carry a lossless current IC is appreciably augmented
(C), (ii) hysteresis losses at low frequencies are substantially
diminished (A(iii)) and (iii) the magnetic induction aleng H// varies as
I is changed even though Hy is maintained stationary(67,68,73,142-1459),
Campbell and Evetts (141) have correctly stressed that an
understanding of these phenomena should be developed from ponsiderations ‘
of thé movement of quantized flux vortices since the behaviour of these
entities and their interactioﬁ wiéh each other and with the metallic
lattice ultimately dictate the evolution of the macroscopie configura-
tions of the magnetic induction and the distribution of the current. A
basic and simple situation of practical interest is that of a long,
wide ribbon immefsed in a magnetic field directed along its length.
The initial density of flux lines threading the ribbon parallel to its
length may be uniform or.may vary with depth. A conduction current is
now caused to flow along the length of the ribbon either/Py*iQEBctiéh

or through leads attached to the ends. TFor purposes of/analysis the

ribbon is visualized as a segment of an infinite slah./ Campbell and

Evetts in their monograph (lhl)ha&e put forward andfex lor%d the

—
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interesting postulate that the sheets of vortices already permeating

the élaﬁ and those subsequently nucleated at the surface, as the current
is impressed, retain their orientation as they are made to migrate inside
the specimen.

In this thesis, we focus on infinite slab geometry and examine
in detail the Eonseqﬁences of this assumption. Campbell and Evetts (141)
have already déveloped some general aspects of this aﬁproach and\pursued
a few specific cases. Yamafuji et al. (75) have explored the gpecial
situation where the pinning beh;viour 1s of the Bean-London (2, 13) type..

- The concept that vortices migrate inside an infinite,slab with-
out undergoing Fotation is attractive for its simplicity and appears very
plausible at first glance. Turther, it is in many instances, reaaily
amenable to analytic treatment. . We will show however that upon closer
scrutiny this pictare leads to behaviour not in accord with obgervations
when pursued over extensive ranges and generates unphysical results in a
ivariety of fundamental situations and in the limit\pf ch. Nevertheless
an examination of the predictions of the model is of intérFst and provides
a basis for estimating the extent of rotation oflflux sheets occurring in
real cases.

First we develop basic formulae ﬁo describe the evolution of the
average components of the magnetic induction and the velocity 9f the vor-
tices as the external field varies in intensity and directioggﬂ We believe
that our development is simpler and our formulation physically more trans-
parent than that found in the literature. We also present several new and

useful relationships. We apply the general expressions to a comparative

study of the behaviour ensuing from this model when there is no pinning,
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hence force freé configurations occur, and when a variety of pinning
functions of the form Fp = a B" operate, wheren = 0, % and 1.
These cholces spaﬂ a wide spectrum of the dependence of the pinning
force density on the magnetic induction (B). The predictions

also compared with observations for the simple situation frequently
encountered in practice where B//, the longitudinal component of the
magnetic induction at the suﬁféce is maintained stationary as the trans-—
vérse component Bi-is increased from zero. We examine the behaviour
which arises for a variety of initial configurations of the longi-
tudinal magnetic induction in the slab, namely (i) nonmagnetic or
uniform, (ii) diamagnetic, (iii) paramagnetic and (iv) coexisting
diamagnetic and paramagnetic or hybrid.

Further, we develop general expressions for mapping out the
sequences of By(x) and Bz(x),_the spatial distribution or profiles of
the components of the magnetic induction.~ We épély these formulae to
the special situation where B// is kept fixed and Fp is’ of the simple
form given above. We explore the spatial variation of the angle sub-
tended by the electric field E and the current density 3 as B varies
with B//wstationary. We also examine the behaviour for the critical
traqsporﬁ current Ic vs. H// predicted by this model. Finally, we
discuss some features of the problem when magnetic flux varying in
orientation with.depth is made to exit from the slab under the con-
straint that no rotation of the vortices takes place as they migrate

outwards.

e
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3.2 COMMENT ON THE PHYSICAL CONTEXT

We consider an infinite slab of thickness x = 2a. Eiperi—
mentally this geometry can be approximatéd by using a long, wide ribbon.
The wide surfacesjof the ribbon (the Surfaces of the infigite slgb) are
located at x = 0 and x = 2a. An externally appl%ed magnetic field H//
is directed along the length of the ribbon @hich we take as the z-axis.
We visualize for simplicity, that H// is held stationary. Initially,
flux lines thread the infinite slab along the z direction only.
Depending on the previous magnetic history in the superconducting state,
the density of flux lines may be uniform across the thickness of the
slab or vary with depth. 1In all instances we visualize that the density
of the magnetic induction i ié uﬁiform along the y and z-axis and varies
with x only. Now the external magnetic field ﬁs along the surfaces of
the slab is made to }ncrease in strength and vary in orientation by the
introduction of a component HJ_growing from zero and directed along Fhe
y-axis. As this occurs, sheets of flux lines are generated at the sur-
faces and penetrate into the slab. Two special‘cases.for the origin of
HJ‘are of interggt.

Hi_appears because a conduction.current I per unit width along
the y-axis 1s fed into the slab via leads attached to the ends at
z = * = and connected to an external current source. This conduction
current per unit width can be written I = Jza Jz(x) dx wﬁere Jz(x) ié
the current density along the z~éxis and the t:ansverse magnetic field
generated at the surfaces and outside of the infinite slabh by this con-

duction current is Hl_ = 4 1/2. The y component of the magnetic induc-

tlon then satisfies the condition By(x) = —By(Za—x). This condition
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requires that the only source of the y directed external magnetic field
is the current I. -

Alternatively, a uniform magnetic field«ﬁi_may be externally
applied along the y-axis. The infinite slab is then visualized as con-
sisting of two halves divided by a midplane at x = a. A persistent
current I per unit width is inductively generated by thé application of
Hl_and flows in opposite senses aléng the z-axls in each half of the
infinite slab where ‘I~i [a Jz(x) dx. The "return" paths for this
"circulating" current aie sgtuated at z = + @», The By‘profiles in the
two’ halves are mirror images across the midplane and satisfy the "con-
dition By(x) =‘By(23—x).

Both of these arrangements haye been exploited experimentally
(66, 68, ;I2-144) and are complementary. The experimental results we
present in this thesis have been obtained using the latter (generation
by induction) approach.

‘ The total magnetic field at the surfaces of the slab is given
by
(3.1) H, = (H?/ + Hj‘_)lf

]

regardless of which of the two techniques just described is used for
generating HJ_' It is convenient in the calculations and in thé sketches
to.consider only one half of the infinite slab. We choose to focus on

the half lying between the surface at x = 0 and the midplane located at

x = a. The configurations of the magnetic induction

(3.2)  B(x) = §sy(x>+éaz(x>

-
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N

Which are encountered as Ql_incrgases are then independent of the
]

-

mode of production ofathe latter.

3.3 GENERAL FORMULATION OF THE MODEL

™ The crucial and basic assumpticns we make are that planes of

,/ydgtices as they advance {or retreat), (i) maintain their orientation
,} of nucleation and (i1) are conserved. 1In the present context, conser-
~ ~ '
vation of vortices means that "spontaneous" creation or disappearance
“inside the superconductor is forbidden. The concept of conservation,
however, allows for the process of mufual annihilation of oppositely
directed adjacent vortex sheets. The changes of the components of the

magnetic induction in a sheet of infinitesimal thickness Ax is then

governed by two equations of continuity

- 5 9B
. - (B = -7
‘ (3.3) X ( y v) Jt
L} a '()B .
Ly = . 2
(3.4) % (Bz v) 3t

Awhich follow from the separate conservation of flux along the y and z
directions respectively. These two differential equations are coupled
through the spatially varying velocity of migration 3 = ; vx(x) of
the vortex planes moving in the x direction‘only. They express the
constraints that the number and the orientation of flux lines are con-

served inside the superconducter after nucleation. For brevity, we

write v without the subscript throughout this chapter.

Jz o 2 '
Since B =\B + B |, where B\ =B (x,t) and B =3B (x,t)
y z v y z z



i3

v

3B - 3B .. -

then B —Y + B —2 = pd&
Yy ax Z 9x X

3B 3B .3

and B, —~ + B —2 = g8

“y dt z Jt at

Consequently equations (3.3) and (3.4) can be combined to yield the

relationship

(3.5) %E (Bv) =‘:—E

which is an "equation 6f continuity" for the density N = B/¢o of the
flux lines, where ¢0;is the flux quantum. Equation (3.5) however only
contains the requirement that flux does not wvanish (except by mutual
annihilation) inside the superconductor and does not forbid rotation‘
of the flux lines. ‘

The rate of increase of the average components éf the magnetic
induction can be obtained by integrating equatioﬁs (3.3) and (3.4) over
the half thickness a. ‘

In all of the situations which we examine, v = 0 at the mid-

plane by symmetry considerations. Integration of equations (3.3), (3.4)

and (3.5) over space from x to a then leads to
”

a 3B .
(3.6a) v(x) B f —J ax’
: y x

(3.7a) v(x) Bz

a 9B : ;)
J —£ dx! :

It .
X . [
a
(3.8a)  v(x) B = J —g-% dx'
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We will find it convenient to introduce the following notation

1 a 1 a
<B. > = — J B dx', <B > = —/—— J - B dx'
y X a-x y zZ X a-x z
X x
a
<B> = 1 J de' ¢
X - a-x
x
a a .
<B>=1J’de',-<B>=lJ B dx',
y a Jj, v z a J, ¢z
a
<B> = 1 J Bdx'
a
Q

Equations (3.6a) and (3.7a) can also be obtained “"more formally"

in the following manner. Writing the Maxwell-Faraday equation

VxE = -3B/3t for infinite slab geometry and integrating over space
yvields
a BBZ a oB
0 = ' ‘1 = -_— !
(3.9) Ey(x) Jx P dx and Ez(x) [x szi-dx

since Ey(a) = 0 and Ez(a) = 0 by symmetry. Next, using the Lorentz

equation '
- -+ -
(3.10) E = -vx©3B
where, ’
. ~
v = xv (x) and
X

the negative sign appears because the flux lines are moving with respect
to the metallic lattice. The absence of the components vy(x) and vz(x)
5 '
in v follows from the requirement that the vortices do not change orien-
¢ -

tation as they migrate. Equating components from equation (3.10) with

w
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the corresponding components from equation (3.9) leads to equations
(3.6a) and (3.7a). '
Using equation (3.8a) to eliminate v(x) iIn equations (3;6a) and

(3.78) leads to

B
d ¥y d .
2 e = —— ¢B
(3.11a) i By>x 3 dc >x
“and
d B Y
= Z 4
(3.12a) EE<B2>X 5 ar <B>x
. 'O
. Focussing on the surface, equations (3.6a), (3.7a), (3.8a), (3.1lla)
and (3.12a) canbe written . N
- d _=
(3.6b) v BJ_ a P <By>
(3.76) v_B,, = a3 <> -
s " // dt =z -
{3.8b) B = a g—-<B>
: Vs's dt
“ B
d R T
(3.11b) ar <BY>— -E; (—i—t" <B> .
B .
d _ 11 d
(3.12b) ac <Bz> B it <B>

where'vS denoFes the instantaneous velocity of entry of the flux lines

at the_surface and we usé.;he'ngtétion Bs = B(D), B, = By(O) and

B// = BZ(O) to denote the magnetic_inéuction and 1ts components at

{(but inside) the surface of the superconducting slab. Equilibrium dia-
magnetism and the surface barrier to flux entry or exit will determine
the relatiénsbip between these quantities and the external magnetic field

‘Hs and its components ﬂL-and H//' We can set these complications aside
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and develop the consequences of the basic postulates of the model by

~

focussing on what occurs inside the specimen as Es =y %L +2zB,, 1is

1
made to vary. This is the approach which we adopt.

Integrating the above equations over time, we obtain

t
- - — 1]
(3.1 B> - B>, L, v, B dt
1 t
- = — 1
(3.14) <B_> .<Bz>i a JO v_ B// dt ‘
. 1 t -
(3.13) . <B>- B>y = 3 JD v B dt’ e
t B a
(3.16) <B >~ <B > = = de' & 8B
o s 0
t B a
‘ - = l‘. L} // a_B_
(3.17) B> - B> h J a' - J L
o s o

The prétigds magnetic history of the specimen (prior to time t = 0)

dig;ates the initial configuration of the magnetic induction ﬁi(x) and
determines the spatial averages <By>i
By(x),'Bz(x) and B(x) profiles.‘ We ghall examine in sgme detail how

» <B >, and <B> of the initial
z 1 i

thelinitial B ﬁrofile affects the evolution of <By> and <Bz> by
influencing v (or equivalently d:3>/dt)-

Equations (3.13), (3.14), (3.16) and (3.17) are general
expressions describing the evolution of <By> and <Bz> with time under
the constraints that vortices are conserved and maintain their orien-
tation oflcreation as they migrate. Equat%gn (3.15) only contains the
restriction that.flux lines are conserved after creation and allows them
to rotate Inside the superconductor. These expressions apply whether
both or either %l.and B// are varying with time and are independent of

their rate of variation. When vortices are entering the slab, GC, the

0
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angle of creation of the-new vortices can be written ec = t:an_.1 B,/B

L/
"and is prescribed by the ?irectién of the magpetic induction ﬁs at but ”,\)
inside the surface. fﬁe-variétiéns of Bc and Bs with time are independent :
quantities and can, in principle, be chbsen by thé“external agent {the
Aexperimentaliét). In situatjons,howéyer, where vortices are exiting

from the slab, the angle of departure or disappearance of vortices as

they arrive at the surface, 8, = I:‘.':m—1 ?l!B// is dictated by the

d
exigtiﬁg flux configuration. Consequently, now, only the variation of

BS with time can be chosén by the external agent and Bﬁ becomes a

function of Bs'geneégzad during the creation of the vortices. This

important feature has been ignored in the literature and severely limits

the application of the model in cyelic situations (eg. A.C. losses). We

develop some aspects of this problem in a later section. For completeness (f-
we also note at this juncture that the model cannot deseribe situations
where Es is made to rotate (or Q§ci11ate) at constantlggéﬁitude (48, 146) .
- - If the sweep of the magnitudg of ﬁé &s sufficiently slow,
viscous effects éan be neglected and the sequence of B profiles can be
visualized as a succession of qﬁaéi—static critipal state configurations.

Then the instantaneous B profiles and their spatial averages are indepen-

dent of dB_/dt and "follow" B_ only. Equations (3.16) and (3.17) can be

written
(3.18) <B > - <B > = J =~ d<B>
Y A B .Bs .

si

rand
B B
s

(3.19) <Bz> - <Bz>i = JB 54L d<B> *
si s
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’yhere <B> will henceforth be viewed as a quasi-static critical state
function of the time varying magnepdic induction B;. Here the prime

§
indicates a dummy variable and BS denotes the initial value of B;.

i
We note from inspection of equations—(3.16) through (3.19)
that the orientation of the vortices inside the slab need not be deter-
mined in order to map ocut the evolution of <By> and <Bz> when ﬁs is
increasing in magnitude while changing direction. This considerably
simplifies oug work since the solution of the piobleﬁ then hinges
solely on a knowledge of ;he sequences of B profiles. According to

prevailing views these profiles can be established by exploiting the

critical state concept. !

3.4 VELOCITY DISTRIBUTION OF THE VORTICES

.The velocity distribution of the vortices can be obtained by
solving equation (3.8) which is the integral form of the equation of
continuity (equation (3.5)). Uséful snd intereifing expressions for
v(*) can be readily obtained in the limit where.viscous effects can be
ignored. Under-these‘circumstances, the critical state_equation can

" be written

dB _
(3.20) B = er(B)
where

f (B)
(3.21) FP(B) = 33755

LT

is a pinning function characterizing the specimen and the equilibrium

diamagnetic permeability y = B/H(B) gives rise to the term in the
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'denominator in equation (3.21).
Differentiating equation (3.20) with respect to Bs and noting
that B = B(x, ES) leads to

aF

- 3 @, -1 _ “Fp s _
(3.22) 3% » (aB ) 3% o G2 0
R s S
3 3B 5 OB
since 3B, X = (BBS)

Recalling that differential equations of the form
3.23) 2+ P y= Q@

dx
have solutions of the form

(JQ(x)dx P oy fPdx

(3.24) y

and letting

_ 3B = 2 (3B - _p L
.‘y = 2B_ s P{x) B (ax T 5 ), Q(x) 0
we obtain -
CF
38 _ _p
9B B
5
where we have made use of
1 9B dB '
—-—d = — =
J 3 x x J B nB and )
L OF ) 1 aF "dF
_— ——P- - ——..L.: _._E=_£.
* J 5. Gp) dx= ¢ J B (aB/a%)  ~ ° I GT ) "y
‘ 5-3

In the preceding manipulanions,'we have repeatedly-made use of
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the consideration that B = B(x, BS) and Fp(B) = Fp(B(x, Bg)).

At the surfaces. = 1 hence C = BS/FP(B;) and finally .

3B

- s
sy B L BB B
" 3B B Fp(BS)

Since B(x) depends on t3me only through BS, then

dB

9B _ 3B S
at ~ 3B ac 2nd R
:\S ’
. dB . B F (B)
9B =] - p
n —_— =
(3.262) ¢ G 7 B) B
;P s
and
dB B
B Sy __ s (3B
(3.260) ¢ = * (& ERCRI ™

which apply to the region where the B pfofile 1s changing with time.
Equation (3;25) can be visualized‘and developéd less formally
as follows; Thelcritical~state equaﬁionlleaAS to soluéions sketched in
Figure 3.1 where the vertical dashed lines represent the midplane.and a
surface of the slab. Any critical conﬁiguration'can be-traced by fixing

the position of these boundaries relative to the master curve of B(x).

Referring to Figure 3.1, the critical state equation leads to
’ !

AB' = f(x")ax' and AB" = f{x")ax"

where f(x) = Fp(B(x))/B(x). Let Axo represent a shift éf origin and

take Ax' = aAx" = Axo,

then _ -

! AB' - f(x') _ dB _. 9B -~
AB" £(x") dB 3B

5] S
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DX,

N

FIG. 3.1. a) Sketch illustrat®s that any critical state profile

can be'obéainéa by drawing the pertinent
B(x) = % Fp(B(x))/(dB/dx) curve then placing the
surfaces of the infinite slab to satisfy, the boun-
dary condition Bs and positioning tﬁe midplane at an
abprbpriate distance a from the surface,

.b) Two identical'B(x) vs. X curves are drawn shifted’
horizontally with respect to each other, hence

Axo = ax'" = Ax". Therefore

AB'/AB" = (FP(B')/B')/(Fp(B")/B”) = ‘HB/BBS if AB, = AB".
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where we identify é?" with ABS. In other words, an increment in BS is
equivalent to a shifé\of the origin of B(x) with respect to the boundaries

of the slab.

Introducing equation (3.26b) into equat%on (3.8) and integrating

from x to x, leads to

i

oy aB_ B_ B(x) - B(x,)
(3f2?a) vix) = ¢ (dt') F 3 { B0 }
. . p s
and

“ v
~ dBS i

(3.27b) v = % (dt ) Fp(Bs) { B, - B(xi) }

where Xy is the depth of penetration of the time varying B profile. At

X the front of thé'advancing B disturbance generated by the sweep of Bs

intersects the previously existing B profile, hence the progress of X,

and the growth of B(xi) depend on the initial flux configuration.
Inspection of equations (3.27a) and (3.27b) reveals the interesting

h;esult that, regardless of the particular B dependence of the pinning,

<

vix) = v, if B(xi) = Q. . -

.- We will use the expression, saturation, to denote the instance
where X, attains the midplane of the slab. Let B: denote Fhe magnitude
of the‘magnetid induction’ at but inside the surface when this occurs.
Consequentiy we need to define two‘ranges for the .variation of Bs’

. (1) before saturation, BSi < BS f_B; and (il) after saturationm,

BS > Bg. After saturation,. the timg‘varying B(x) profile spans the

]

entire slab as the sweep of Bs (upwards or downwards) continues,B(a),

the magnetic induction at the midplane is then independent of previous
P

.
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history and becomes a function of Bs. We proceed in the context that
FB(B) is known from experimental or theoreFical consliderations. The
quéntities X5 B(x), B(xi) and B(a) can then, in principle, be obtained
from the critical state equation (equation (3.20)) taking the initial
configuration inte account.

Introducing equations (3.27a) and (3.27b) into equations

(3.13), (3.14) and (3.15) leads to

| 1 (B§ B)
(3.28) <By> — <By>i = % g JB F_fﬁ_) (BS - B(xi)) st
. i P S
B B
1 J s L :
s L —=~ (B_ - B(a)) dB
a B: FP(BS) s s
. B B
- - L1 s _ I _ .
(3.29) B> - B>, *a J 7y (Bg ™ Blxp)dB
Bsi P s
B B '
1 J 8 /1
= - (B - B(a)) dB
a B: FP(BS) S S
. < R |
(3.30) <B> - <B>, = &= J F (BS - B(xi)) st
. BSi R s
: B B '
1 5 _ s _
*a j Fp(BS) (gs B(a)) st
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which apply when BS variles beyond B:. For situations where BS does not
attgin Bg, the second integral on the right-hand side does not appear
and the upper limit of the firsf integral in equations (3.28), (3.29)
and (3.30).15 BS instead of B:. Thgse threé formulae constitute
alternative and very useful forms of equations (3.13) through (3.17) but
apply only whenrviscous effects can be igneored. We stress that all of
the expressions we have developed so ﬁér apply whether ﬁschangeg

direction or not as 1its magnitude increases or decreases.

3.5 HYSTERESIS LOSSES: STANDARD SITUATION -

Equations (3.27a) and (3.27b) for the velocity distribution of
the vortex sheets provides a very useful starting point for calculations
of energy dissipation configurations and hysteresis losses in the stan-

-3
dard situation where BS oscillates in magnitude only about a fixed
-

initial value Bsi' We take BS to be directed along the z-axis and
ignore subscripts except where pertinent. Introducing equation (3.27a)
into equatioﬂ:(B.lo) yields for the electric field
. aB B
s) 5

F(B )

s

(3.31) B (x) = % ( (B(x) - B(x,))
y 1

Alternatively, this result follows from introducing equation (3.26b)

into equation (3.9} and integrating.

!
s -+ —+
Using Poynting's theorem, S = E x H, the rate of energy flow"

through a unit area in the y-z plane can be written

. dB, B
(3.32) S(x) = % (EE“) B (B(x) - B(xi)) HZ(X)
S
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L

The rate of energy.dissipation per unit volume dP/dt = ﬁ.}
becomes
dB B
dP{x) _ . s St _ dn
(3.3_3) it S S 7B, (B(x) - B(x,)) -~

where we have made use of Maxwell's equation V x 0= }.

Clem (3 ) has developed expressions?analogous'to equations
(3.31), (3.32) and (3.33) uéing a different but equiva%ent approach.

To exploit these expressions we need to specify the equili-
brium diamagnetism relation between B and H and the dependence of the
sufface barrier on B increasing or decreasing. Finally integrations
over a period must, be performed to yleld the het energy dissipation
per cycle and hysteresis losses. Clem (3 ) has pursued this formidable

task for a large variety of basic cases.

3.6 EVOLUTION OF <By> AND <Bz>

We now examine the effect of different modes of pinning
inciuding the absence of pinning (the force free 1im£t) and also the
role played by‘various initial configurations of the magnetié flux on
the evo}ution of <Byz and <Bz>‘in the context that flux lines de not
_rotate as they aré made to migrate into the slab. 1In this exercise Qe
have focussed on four "basic" pinning behaviours,namely, three of the
form Fp = uan where n = 1, % and 0 and the force.free case where F_ =0
since a, = 0. The pinning functions with n =1, %, and O aré enshrined:
in the literature and arelassociated historically with Bean-London
(2, 13), Yasukochi et al.(123) and Xim et al.(llg? respectively. These

simple gxpressions span a broad spectrum of the dependence of pinning

)
/

W

<
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.an B. When necessary; the existence of an upper bulk critical field Bc2

" can be taken into account by ‘exploiting more complicated formulae of the

L

o }
form unB f(B/Bcz) where f(B/Bcz) are monotonically decreasing functions
of&B/Bcz. These complications, however, generally make numerical

solutions necessary.

Integration of equation (3.20) with Fp = aan yields

<3-34a} B(x) = B_ ¢ B*g
(3.340) B(x) = (8 %, 3*3/2 x,2/3

s a i
(3.34c)  B(x). = -_(Bs2 . p2X%

* a

" form = 1, % and O wheré B, =u 2/3

a, (3 u%aIZ) and‘(ZaOa)lﬁ respectively

1
and BS*-z B, when BSi = 0. The negative (positive) sign 1s used when BS
is increasing (decre;sing). These expressions apply in the range
0 < x < X, 2 a. In the range X; £ x < a expressions similgr to the above
determ%pe the B profilﬁkbut.the previous magnetic history must be taken
into account in specifying the boundary conditions.

We now confine our attention to the specialhsituation where BS
is méde tg'increase from 351 = B// with B// stationary.

For the force free case B(x) = BS throughout the-thickness of

the slab. Consequently, d<B>/dBS = 1 and integration of equations (3.18)

and (3.19) leads to

' _ -1 "/
(3- 35) <By> = B-l_ - B// cos B_""s
(3.36) <B > - B// = B// in (—B

‘9
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The initial magnetic configuration or state is established by

]

the magnetic and thermal history of the specimen in the superconducting

+ : <>
state prior. to the time t = 0 where the variation of BS from BS starts.,

i

We consider foﬁr categories of initial states which are of special

1

interest. These are shown schematically in Figure 3.2. Let H] denote
the external magnetic field present when the slab cools from TC to T

£

and Hi its intensity at time t = 0 when the- initial state has been est&;

blished. We take Hl and Hi to be collinear and difected along the

z=axis, For ease in visuélizing'the initial B profiles we_ignore equili-

. . a
brium diamagnetism and surface barriers. Consequently we introduce the

boundary conditionms. )
)
= 1 = '
(3.37) BSi uOHi and BSi uoHi
=7 -~
where W, = 41 10 ° Tm/A. ,

The four categories of initial magnetic states we envisage are the

following:

1 ‘ Nonmagnetic; The applied field 1s not changéd aftér cooling

. = 4 — U = = !
from Tc to Tf. Then Hi Hi and_Bi(x) Bi(x) uOHi “oHi

k] . L L
2) . Diamagnetic; Hi > Hi > 0 hence Bi(x) > Bi > 0. ]
3) _ Paramagnetic;_Hi < ch anq 0 E-Hi < Hi hence 0 < B(x) < Bi
. 1 R T
4) Hybrid,-Hi_i ch and 0 < Hi < H, 1s directed opposite to Hi'

The crucial feature of this state is that the B profile chartges
polafdty at some depth 0 < x, < a. H, is the applied field starting
w:tt:ht\i-l.i = 0 which causes the advancing flux gradient to penetrate to

the midplane of the slab.
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Bx) | gl B

X a @O0 X

FiG. 3.2 Schematic of initial configurations of magnetic induction.

a) Nonmagnetic, B(x) = Bi'

b) Diamagnetic, applied field initially raised to‘Bi
from 0 or from Bi' #.0.

¢) Paramagnetic, applied field decreased to Bi from Bi'
or from a field much larger than Bi'.

d) Hybrid, applied field swept to Bi through zerc from

JBi' ¢r from a much larger (negative) field. See

inserts to Fig. 3.10, 3.14, 3,18 and 3.23 for

variation of H// and ﬂl_in superconducting state,
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a) Influence of Pinﬁing

In Figures 3.3 and 3.4 we compare the evolution of <By> and
<Bz? as BS increases from B// (kept fixe@) for the four pinning modes
1%sted above and with the slab initially in the nonmagnetic state.

The curves are normalized to B* and we have chosen B// = B, as a con-

*
 venient illystrative case. We note that the curves of <By> and <Bz>
move away from the horizontal axis in the sequence n =1, % and 0.
Thg force free éurve is uppermost in Fiéure 3.3 and intergects tﬁé
n = 0 and % curves.

For some simple forms of Fp, equations (3.28) and (3.29) can
be readily integrated analytically and we present a collection of such
results in éppendix II. Some of the expressi:&s have already bee?
obtained by Campbell and Evetts (141) and Yam;fuj; et al.{ 75). Cal-
culations exploiting these analytic.expressions have been performed to
provide a check on the computer program we have developed to obtain <By>
and <BZ> numericglly from equations {(3.2B) and (3.29) for arbitrary
forms of Fp. |

When the evolution bf <By> and <Bz> is displayed versus BJ_
instead of Bs’ the relative position of the curves remains unchanged '

cand their main features are not substantially modified. This can

readily be seen by rewriting equations (3.11b) and (3.12b) as follows

for comparison

* d<B > B d<B> d<B > QL d<B>
(3.11) —YL = = , = (52
d B B d.B d B-L ‘B d B
s s S . S s
d<B > B d<B>» d<B > BJ_ ‘B d<B>
(3.12¢) 2z - U , —= > Lh —
dB B d B d B B B d B
. s S 5 5 S s

o
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/3 :
B,/ Bx

Growth of <By?/B* vs. BS/B* at constant B///B* = 1.0

with n = 1 (curve 1), n = 1/2 (curve 2) and n = O
L .

(curve 3) in Fp = anB?. Dashed curve shows force free

(¢ = 0) case.
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3
(48]
N
7\
N
m
v “ ' r
5/ |
1.0L4 4 L '
| 2 3 -4
PJ . .
" FIG. 3.4 Growth of <Bz>/B* vs. leﬁ* at'constant B///?* = 1.0

with n = 1 (curve 1), n = Y% (curve 25~anq‘n = 0 (curve 3)
v in Fp = aan. Curve & (dashed) shows force free

(

(x = 0) case. . )

a A“'.
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N

O x/a

FIG. 3.5 Schematic comparing increment of flux, hence d<B>/dBS
for, (a) force free case, (b) Bean-London approximation

and (c) Kim approximation.-

®
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Here, the expressions on the right apply only when B/1 1s stationary

since then dB_/dBy = B_L/BS.. ] |
Exploitiﬁg numerical or anmalytic solutions of equation {3.20)
to obtain d<B>/dBS‘ we can of course also follow the evolution of <By>
and <Bz> by integrating equations (3.1lc) and (3.12c) analytiecally or
pumerically. We find the latter equations particularly useful in
visualizing the behaviour of <By> and <Bz> and in understanding the
influence of pinning on éhis behaviour. This insight can be ;bfained-
without performing tedious calculations but by éonsidéring sequences
of B profiles as sketghed In Figure 3.5. In this exercise it is also
helpful to examine the expressions for d<B>/st which can be Eeadily
deriyed for simple forms of Fp and are Eresented in appendix I. We
note the following pertinen; features which emerge from these con-

v
sidepations and eccount for the relative position of thg various curves
in Figureé 3.3 and 3.4. (i) In the-force free case, d<3>/st = 1 for
all values of BS. (1i) In the Bean-London approximat}on d<B>/dBS < 1
‘and rises linearly. to unity as BS increases ﬁo the saturation value.
After satufation, d<B>/dBS = 1, '(iii)‘-when 0 < m?<i1, the B profiles
afé'convex upwards, d<B">/dBS <1 a;ring_;he~initigl stages of the
approach to saturation and-is Fhen greater than for thé Bean-London
approximation. After saturation d<B>/dBS Ky i. ‘

The rate of growth of <By> and <Bz> after saturatién‘and in
the high field range is seen to be insensitive to the'preseﬁce and mode
“of pinﬁing. The relative shifts in the various curves arise mainly

- during the approach to saturation and it is in this limited range that

pinning plays a significant role. In view of these predictions, we' can
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i

verify whether rotation of vortex sheets occurs during their compression
and establish the extent of rotation which oceurs by tomparing predictions
with observations taken for sweeps of Bs well beyond BS* at constant

B//. It is accordingly of interest to pursue the evolution of <By>

and <Bz> up to BcZ'

We stress that ®he continuous increase of <Bz> in Figure

. 3.4 is not a -consequence of the cholces made for Fp which, in effect,

takes Bc2 as infinite. In figures 3.6 and 3.7 we preignt curves cal-

.culated using equations (3.28) and (3.29) where we have taken

F_= aB(1 - B/B )2 and chosen B, = 4.0 B, where B == aa, In these two
P - C2 c * * A

2
Figureswe display <M ;> = (<B_> ~ B()/u_ and <M,,>= (<B > - B, ,)/u
L y- L !/ z /17" o

%,

. versus %l.= J!uo for various stationary values of B///de. Again we
; \h\ take the initial state as nonmagnetic.  We note that both <ﬂ1? and
<M//> are appreciable at((gl? + H//2)li = ch when H///HC2 #0 and.Ehat-

<Mjf increases with H///HCZ' The curves displa&ed in Figures 3.6

and 3.7, except that where H// = 0, are not sensitive to the choice

Ld “ +

of uanf(B/Bcz). To illustrate this last feature, we display in

. -

Figures 3.8 and 3.9 families of curves of <gl? and <M//> versus HL

1
calculated with F = a{l - 3/RB )2 where B , = 4,3 B, and B, = (2aa) *.
L. P c2 c * *

2
Inspection’ shows that the curvés in Figures 3.8 and 3.9 nearly overlap

the correéponding curves of Figures 3.6 and 3.7. These features are

intrinsic to the model of non rotating vortex sheets.

215

attained,occurs because every vortex added to the slab increases the

The continuous growth of <Bz> yith BS (or ?l),until BC

z component of the magnetic induction. Since the vortices already

permeating the specimen, maintain their orientation and are conserved,

e
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in Fig. 3.6. Nonmagnetic initial state and H///ch

stationary at 0.1, 0.2, 0.3, 0.6 and 0.8 for curves

A, B, C, D and E respectively. )

1.0

> y ;
<M// /Hc2 Vs, Hl/ch calculated with Fp’ Bc2 and B*ﬂas

"\
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<gL>/Hc2 vs. H%EHCZ c?lculated with Fp = ol - (B/Bc2))

where BC = Afﬁ,B* and B, = (Zaa)%. Nommagnetic

2
initial state and H///Hé2 stationary at 0.0, 0.1, 0.2,
0.3, 0.4 and.0,6 for curves A, B, C, D, E and F respec-

tively. Compare with Fig. 3.6.
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0-4 T l L -l. ¥ ] ¥ I LI

H/H

FIG. 3.9 <M//>/HC2 vs. H /B, calculated with F,» B,y and B, as

c2
in Fig. 3.8. Nonmagnetic initial state and H///Hc2

stationary at 0.1, 0.2, 0.3, 0.6 and 0.8 for curves A,

B, C, D and E respectively. Compare with ng. 3.7,

—
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‘there is no mechanism in this model whereby <Bz> can reach a plateau or
decrease, Inexorably then the model leads to the unphysical existence
. of a large <Bz> >> B// ;t Bc27 The mégnetic moment assdciated with
this "exgess" component of magnetic induction must disappear discon-
tinuously when the superconducting sgate is quenched at Bc2'
The model also intrinsically leads. to the unrealistic result
that <By> < QL at BS = Bc2’ regardless of the cholce of Fp, when
fBz>i‘¥ 0 and Es changes direction as it increases in magnitude., This

arises because the By profile cannot then penetrate to the midplane

¢ T

but can advance only to a maximum depth

*nax _ BcZ - <Bz>i <1
a B
b . c2

)

since a central core reglon of half thicknesg a-x . must exist to
accommodate fhe vortices initially threading the slab along the z-
axis before ql.is applied. Again we note that the magnetic moment
assoclated with this "deficit" of magnetic induction must vanish
abruq&ly when the superconducting state is destroyed at Bc2'
‘* . Experimentally, <ﬁJr and <M// after‘fFaverSing a peak are
_‘observét to approach zero asymptotically as Hs'appfoaches ch (142) .

b) Role of Initial Flux Configurations

-
We examine the evolution of <By> and <4 ensuing with the

H
v

slabin each of the four initial states enumerated earlier in this
section, We again confine our attention to the situation where B//
is maintained stationary as gi_is increased from zero. Bs is swept

. from various B// to values well beyond Bg but low coﬁpared with Bc2'

'
-
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It is convenient to display the locus of the components of the mag-
netization; <PU3 and <M//>, rather than the magnetic induction, "
versus %l: The theoretical curves we present were all calculated
using Fp = m;iB;i since among the four pinning modes we hffﬁ explored,
this simple form generates the best correspondence wité our data anq
we have taken B, =1(3 a%§/2)2/3.

For each initial configuration we present a corresponding

family of ~experimental curves. The experiméntal data were obtained

by continuously'monitoring éBy> and <Bz> with orthogonal pick up

coils embracing a ribbon of VO 24T10 %6 at 4.2 K and each separatelyh _

feeding an electronic amplifier—integrator which drive the Y axes of

an X Aﬁzgpz recorder, A signal proportional to‘Hl_drives the X axis,

The experimental arrangement'and procedure have been described in

chapter 2. HcZ at 4.2 K is * 4 T ' . Since HC for the specimen

2

is appreciably larger than the maximum HS attained in the ﬁeasurements

we can ignore the existence of ch in the calculated curves which we

D

\ Corresponding families of experimen{é; and calculated curves

present.
Yy

i) Nonmagnetic Initial State y

for.:nl? and-<M//>'vs.ql_ﬁith the specimen initially in the nonfag-
netic state {(uniform Bz = uoH/}) for sgveral values of H// can be
compared by inspection of Figures 3.10 through 3,13. The initial
growth of the mégnetic moments versus QL and the rise in the sequence

of the curves with H// when H// is small are wéll reproduced. When

H//\f\o, however, the calculated curves continue to grow with Hy
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whereas the expefiﬁéntal curves decline after traversing a peak.
The latter feature is an indication that the planes of vortices

threading the specimen ﬁnde;go rotation or bending.

ii} Diamagnetic Initial State.
Corresponding families of experimental and calculated curves

with the sléb initially in the diamagnetic (flux éﬁielding)state can

be compared from inspection of Figures 3,14 through 3.17. The rate

-

of quenching of the -initial diamagnetic moment and the subsequent
growth of a paramagnetic moment along H// is satisfactofily reproduced
by the model. As in the nonmagnetic case, the calculated curves

continue to rise with gi_whereas the data curves reach a summit and

decline,

iii) Paramagnetic Initial State.
. i

v
Corresponding families of experimental and calculated I
curves with the slab initially in the paramagnetic (flux retaining)'

state can be compared from inspection of Figures 3.18'through 3.21.

Again only the initial portions of the experimental curves are

rﬁgroduced by the model,
The "extreme" case when H// is absolutely zero deserves
special comment since the model of noﬁ.rotating vortex sheets then

generatecs a special situation.’ Vortex sheets,of trapped flux directed

along the z-axis are being compressed in the region X, < X s x, as

shown schematically in Figure 3.22. The magnetic moment along the

-

z-axis remains constant as Hl_is applied. The region 0 £ x = X,

is penetrated by sheets of vortices oriented purely aiéng the y-axis

1Y

~

prs



and created by the application of %Lf The™physical picture demanded
by. the model in this idealized 1iﬁ1t is one wh e_the orientation‘of
adjacent sheets of flux lines changes abr;ptly by 90° at X, Thé
"discontinuities" in the.Bz and By profiles imply that adjacent
sheets of persistent currents also change direction abruptly by 90°
ét xo. In the wmodel, thesé discontinuities are smearedlout over the
maérosco;ic region O $‘x f.xo provided that H//, although very small,
is not absolutely zero. In the latter caée, <M}/>, accordiné ;é the
.model, must increase sligHtly as ql_is applied since—ﬂ1u¥ lines

Qith a small component along the z-axis are -being created. Under
these circumstance§ we observe (see-Figure 3.21) that <M//>

initially traﬁérses a region where it is slowly diminishing and éﬁen
decreases rapidly. It is Interesting to note that when H// # 0, the
experimental curves do rise initially as Hi_is applied. Subsequently

however <M&/> and <ﬂlf decline with Hl-suggesting that the flux lines

rotate or ‘bend inside the specimen.

iv) Hybrid Initial State.

Corresponding families of experimental and calculated curves

‘with the slab initially.in the hybrid or composite (flux shielding

 and flux retaiﬁing)‘state can be compared from inspection of Figures

3.23 through 3.26., Clearly, the agreement is quite poor.
! For the hybrid initial state, novel circumstances are
\énsduntered in the application of the-model which require special

attention. To fix ideas we consider that the slab became super-

“Eonducting in H//i directed along=~the negative z-axis. This field

; .
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was then reduced in intensity to zero and then-increased in strength
to H// dirécted along the positive z direction thereby generating the
B;(x) ; B(x) profiles.shown schematically iﬁ Figures 3.27(a) and
3.27(c). Two cases can occur: (i) the positive flﬁx exceeds the ne-
gative flux and (1i) vice versa. The treatment of the first chse is
stFaightforward. As ﬁi;is impressed, the pogitively directed flux
lines graduglly annihiléfé\?ll of the initial negative flux. The~
residual positive flux is takggcoﬁpreséed in the regionm X Sx %a

as sketchédkik Figure 3.27(b)_ The evolution of the B(x) and Bz(x)
profiles for casetii) is morgz;omplicated. At some juncture during

the application of H;, the initial~§os;tive flux is completely '
anﬁihilated by a fraction of the négafive flux. Subsequently, the
residual negative flux is compressed, in a é;itical state, Iin a |
central region X f x £ a, The crucial @ifferenCES'between the two
cases 1s the sequence of configurations of the B(x) = Bz(x) profile
encountered in this central region after flux annihilation has been
completéd. In applying the model we visualize that flux lines must

be perfectly antiparallel for mutual annihilation to take place.:
.Conseqﬁently, we: assume that flux lines created during the application
of gl_cannbt annihilate with the adjacent planes of residual negatively
directed flux lines. The sequence of ﬁ and Bz profiles imposed by
.thase ideglized requirements are sketehed in ?iguré 3.27(d). Con-

'

sequently, for case(ii) the sequence of B profiles sketched in
Figure 3.27(d) must be taken intc account in evaluating d<B:§/dBS
when equations (1lle¢) and (12c¢) are-éxploited.

In the idealized model, in case (i1}, as compression takes
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s

place, the Bz profile at X changes direction by 180° less an infi-

nitesimal amount and the residual negative flux persists until Hs

regl‘situation we expect that the flux lines

;o the left of X» al ﬁough not gxacﬁly antiparallel to those'on_Phe
right of X, will cont¥nue to annihilate-withjthe lat;er.until the;e
negatively directed éﬁeets éf flux 1ines have been completely anni-

hilated. A comparison of curves A in Figdresﬁ.ZS and 3.29 suggesté

that this indeed takes place.

Finally we stress that the continuous rise exhibited by the

B ) - F
calculated curves presented in this section is a Hireect consequénce

i.\ .
of the model itself. This feature then cannot be made to disappear

by exploiting pinning functions which decrease to zero as B increases
¢ . K .

to Bc2' Agreement with observations must therefore be-sought in

setting aside the basic postulate of non rotation of the flux lines,

3.7 | SEQUENCES OF B (x) AND'B_(x) PROFILES &

‘The ‘evolution of'<ﬁ§> and'<Bz> as.ﬁé changes'direction while 

increasing in strength can, as we have seen, be followed without a

knowledée of the sequence of the By(x) and Bz(x) profiles. It is,

[l

however, of considerable interest to determine the detailedtgsnfi—

/ . : .
gurations of these By and Bz profiles. Also, this information is

necessary in order to qalcﬁlaté‘the béhavigur of <Ey> and <Bz> for

- VPO ~

' situations‘where ﬁg undergoes Cycliﬁal variations. -
. - o ¥ /

-

: L
The condition that the flux lines maintain their orien-
tatioft as they migrate and éxperiencéﬁcompressibn {or decompresdsion)

can be written

™~ L .

-
Al

[

n
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g where B, = (3 oza/2)2/3

is chosen as 50 mT. Initial state is nonmagnetic. H//
stationary at 0, 36, 72, 180, 360 ‘and 540 mT for curves A, B,

FIG. 3.10 <M;> vs. H; calculated with Fl‘) = aB

C, D, E and F respectively. Inset shows variation of H// o

{none) and Hl_in superconducting state.
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FIG. 3.11 <Mi? vs. QL measured for VTL ribbon at 4.2 K, Initial

state 1s noumagnetic. H// as in Fig. 3.10.
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FIG. 3.12 <M//> vs. Hl_calculated with Fp and B, as in Fig. 3;10.1
Initial state is nommagnetic. H// as in Fig. 3.10

<M//> =0 Qhen H// = 0,
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FIG. 3.13 <M//>' vs. H, measured for VTi ribbon at 4.2 K. Initial
gtate is nonmagnetic. H// as Iin Fig. 3.10. <M//> N 0:
when H// = Q.
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FIG. 3.14 <M_L> Vs, H_L calculated with Fp and B, as in Fig. 3.10.
' Initial state is diamagnetic. H// as in Fig. 3.10.
Inset shows variation of H// and H_L in superconducting

state.
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FIG. 3.15 <}Uj vs. Hi_measured for VvTi ribbon at 4.2 K. Initial

state is diamagnetic. ‘H// as in Fig. 3.10.

¥



FIG. 3.16

L L
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M H (mT)

<M, > vs, “L calculated with Fp and B, as in Fig. 3.10.

/!
Initial state is diamagnetic. H// as in Fig, 3.,10.

<M//> = (0 when H// = Hi = 0.
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FIG. 3.17 <M//> vs, H_L measured for VTi ribbon at 4.2 K, Initial
state is diamagnetic. H ; as in Fig. 3.10. <M,,> 2 0
A / !/
) when H =H, = 0.

j !/ i
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FIG. 3.18 <Mp> vs. Hy calculated with Fp and B, as in TFig. 3.10.
Initial state is paramagnetic. H// as in Fig. 3.10.
Inset shows variation of H// and H_L in superconducting

state.
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T FIG. 3.19 <ﬂl3 vs. H| measyred for VTi ribbon at 4.2 K. Initial
state is paramagnetic. H// as in Tig. 3.10. Sample

becomes superconducting with H = 400 mT,

/i
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FIG. 3.20 <M, /> vs. A calculated with F, and B, as in Fig. 3.10.

Initial state 1s paramagnetic, H// as In Fig. 3.10.
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<M//> vs. ﬂl_measured for ¥Ii ribbon at 4.2 K. Initial

_FIG. 3.21
Samp 1e

state is paramagnetic. H// as in Fig. 3.10.

becomes superconducting with H//i = 400 mT.
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' ) O X5 _ d
FIG. 3.22 Schematic of B,'Bz and Bj profiles as gl-is applied from
zero to infinite slab in paramagnetic initial state
N .

. where B// = 0. Note discontinuity in Bz and By profiles

at X fequired by model of non rotating vortices.
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HM|> vs.-H| calculated with F, and By as in Fig, 3,10.

Initial state is hybrid. H// stationary at 0, 11, 28,

45 and 56, mT for curves, A, B, C, D and E respectively.

Inset shows variation of H

—

// and Hi_in superconducting

state,
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FIG. 3.24 <¥l? VS, gl_measufed for VTi ?ibﬁon at 4.2 K.; Initia%

‘state is hybrid. H// as in Fig. 3.23. Sample becomes

supercanducting with H/}i = 400 mT,
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! o
O 100 - .200

M H, (mT)
FIG. 3.25 <M//> vs. ﬁl-calculated with Fp and B, as in Fig. 3.10.

Initial state is hybrid. H// as in Fig. 3.23,

A
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FIG. 3.26 <M7/> Vs, Hl_measured for VTi ribbon at 4.2 K. Initial

state is hybrid. -H// as in Fig. 3.23. Sample becomes

superconducting with H//i = 400 mT.
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FIG. 3.27 Schematic of sequences of B and Bz profiles as BS is
increased with B// stationary with slab initially in a
hybrid magnetic state. Two possibilities are sketched
in (a) and (c). In (bj and (d) the process of mutual
annihilation of flux lines has been completed. OSubse-
quently, flux lines from the initial configuration which
have survived annihilation are comp;essed between x

~and a. In (c), Bz(x) is continuous since the surviving
flux lines point parallel po B//. In (d), however,
Bz(x) is discontifiuous at X since the surviving flux

lines are oriented antiparallel to B//.
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(3.38) By(x’Bs) ~ By'(x',BS‘) Bzﬂx,Bs) ) B;(x',Bs‘)

B(x,Bs) - B'(x',BS')' : B(x,BS) B B'(x',B'S)

Let Bc denote the magnitude of the magnetic induction at the
surface and B//c and §Lc its components at the time t' for the creation -
of a plane of vortices located at x at a later time t when the maénetic
" induction at the surface is B . Then equation (3.38) reads

B (X,BS) ~ B.LC. BZ(X’BS) . B

- »
B(x,BS) Bc B(x,BS) B

/lc

o4

(3.39)

L = L] - T —
since B (O’Bc) = Bc’ By (O,BC) = QLC and Bz (O’Bc) = B//c

Let 8(x) denote the direction of the flux lines

=

-1 -1 B 1B
(3.40) 8(x) = cos EE = sin EX-= tan El

Z

To determine the present location, or equivélently, the
density, of a sheet of flux lines created at an earlier time t!, when
the magnetic induction at the surface had a magnitude Bc and an orien-
tation ec, we proceed as follows. The change in density of a sheet

of flux lines as it migrates is given by the total derivative
(3.41) dB = (——) dx + (———0 dB

where the infinitesimal displacement of the sheet dx = v(x) dt. Ex-
ploiting the expressions for v(x) derived earlier (equation (3.270
and introducing the critical state relation, B(3B/3x) = ¢ Fp’ equation

(3.41) becomes

. B_ T B_B(x,)

(3:42) BdB = —F (B) r (B ) dB + I‘ (B) m

dB + B(-———) dB
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Using equation (3.25) to rewrite the last term, equation (3.42)

simplifies to

(3.43) Pap _ DsB(%g)dBg
F_(B) F (B)
P P s

To follow the '"trajectory" of a sheet of flux lines as it
advances into the slab after creation at the surface we need to solve

the intepgral form of equation (3.43), namely

*
B 520 (B B_B(x,)dB_ B, B B(a)dB_
(3.442) - s 175 s s
B B F (B B ¥ F (B
. P . p s p

ok
which applied for vortices created when BC < BS but where BS is ralsed

*

beyond BS . When Bs 1s not raised to the saturation value, the second

integral on the right-hand side does not appear and the upper limit of

*

the first integral is BS instead of Bs . Equation (3.44) provides a

relationship between B(x,Bs) and Bc' The components By(x,BS) and

Bz(x,Bs) can then be determined from equation (3.39). The initial
T,

magnetic state {hfluences the evolution of the By and Bz profiles

through B(xi) .

Again we confine our attention to the situation where B// is
maintained constant as B| is impressed from zero, hence B =B and
" A e mere e "1
2.k
- B "
/17
For the force free case where dB = st we trace the path of

the flux lines by introducing v = (a—x)dBS/BSdt, which follows from

equation (3.8a), into the displacement dx = vdt and integrating

B
X dx = s st
a-x B

o B s
c
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which yields BC = (a-x) lea. This result also follows dirgctly from
flux conservation since the flux threading the slab when B = Bc is
compressed inside the region of width Z(a-xj when B = BS. Introducing

B, into equation (3.39) we obtain

a-5% .8 5 B,
(3.45) B _(x) = , B (x) = ——
y X z X
1 -2 1 - X
g a i a
<y < -1 - :
which apply for the range 0 £ x = x_ where xo/a =1 (B///BS). For

the region x £ x £ a, Bz(x) = BS. These results have already been
derived by Campbell and Evetts (141).

As we have noted earlier, for the diamagnetic initial state
when.B(xi) = 0, hence before saturation, v(x) is uniform and given by
vi(x) = (dBS/dt) Bs/Fp(Bs) according to equation (3.2?). Since the ’
vortices all travel at the same instantaneous velocity, they then
experience no change in density as they advance. Thus B(x,Bsz =B
because the density of tﬁe flux lines is not altered during thelr
migration since creation. This result also fqllows from equation
(3.43) where dB = B—BC = (0 when B(xi) = 0. Under thesé circumstances,
equation (3.39) yields
2)%

(3.46) B (x) = @2 - B ., B () =B

/1 /!

.over the range 0 < x = X, and Bz(x) = B(x) from X s x 2 Xy where

X is determined. by B(xo’Bs) = B//. This simple sequence of profiles

is sketched in F;;Lre 3.28.

We now focus attention on the nonmagnetic initlal state

where Bi(x) = B// and develop analytic expressions where Fp = q B"



O

c)

FIG. 3.28

O Xs

Shows schematically evolution of B, Bz and By profiles
as ql_is increased from 0 with B// stationary for dia-

magnetic initial state where B(x) = 0 for x, < x £ a.

Bz(x) = B// for 0 2 x = xo since flux linesiadvance at
a gpatially uniform velocity under these circumstances.
Consequently, flux lines retain the 'density as well as
the orientation of creation during migration until Xy

attains midplane.
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TIG. 3.29 ~ Shows schematically the change of densiﬁy of flux lines“

as they advance in the s1lab a) before and b) after

- saturation is attalned starting with a nonmagnetic

initial state where BS increases with B// stationary.
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*

with n = 1, % and 0. We consider the sequences of profiles before and
<
* after saturation separately,

*
a) Before Saturation: B,, = Bs < BS and B(xi) =

/1 7

In tracing the B, Bz and By profiles we can identify three

regions-;g the slab as shown schematically in Figure 3.29,.

’ =-

Region I spanning the width x, £ X 5 a contains the vortices

i
originally threading the slab whose density is yet undisturbed by the

entry of flux lines. The width of this region shrinks to zero as X

the front of the disturbance in the B profile,'%dvances to the midplane

. *
as BS increases to Bs and saturation occurs. The boundary Xy follows

from the condition B(xi) = B//.- In the Bean-London approximation we

find

X B -8B
(3.47) - "S_Ta'_/i
*

jui]

Region II, oogppying the space between X, and x contains

i,

the vortices which initially were threading the space between

0 £ x =< X at Bsi = B// and are now compressed in a critical state
configuration. Since the vortices maintain their orientation during

compression, Bz(x) = B(x). The location of the X bqundarf as a-

function of BS can be obtained by solving the integral equation

*i
{3.48a) Ix B(x}dx = B//xi

o
Alternatively, xo can be determined by taking Bc = B// as
the limit of integration in equation (3.44a). In the Bean-London

§
approximation we find .
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’

X R (B//(ZBS - B//))

o . _5_
(3.49) a _ B, o

b

*

Region III1 gpaﬁning 02 x¢ ko contains the vortices nu-
cleated during the sweep of Bs from B//. Introducing the appropriate
pinning function into equation'(B.Aéa), noting that B(xi) = B// for
the nonmagnetic 1initial state and inteé(?ting yields

¢ : .

2 2 ;
(3.spa) B =B~ + 23//(3s - B) _

(3.50b) B
(3.50¢) B =B - +=>B

where n = 1, % and 0 for equation (3.50) a, b and ¢ respectively.
The By and BZ profiles are determined by introducing Bc calculated
from these expresslons into equation (3.39). TFor instance equation

(3.50a) leads to

2 X 2 x 2 s
. - + _ _ X, x
(3.51) Bc B// { (BS B//) ZBSB* (a) + B, (a) }
which yields equation (3.49) when BC = B//.
*
(b) After Saturation: BS > BS

Again we identify three reglons although region I has
_vanished. We refer the reader to Figure 3.29(b).

All of the vortices originally permeating the slab are now
comﬁressed in a criticai stéte in region I1 which spans the width

=
o

1A

x € a. The boundary X is a function of Bs and can be obtained

by solving the integral equation

a ;
(3.48b) J B(x)dx = B, a /
%, Y
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o

™
Alternatively X can be ohtained by taking Bc = B// as the limit of\

integration in equation (3.44a). In the Bean-London approximation we

find

. o 5 B2 B -8By
(3:52) Syl {(B*) - 2(_13;_) + 1}

»

b

o

*
Region III(a) spans the width X, £ x £ x_ and contains all
*
the vortices created during the sweep of B from B to B . The
08 !/ 8 ‘
first integral on the right-hand side of equation (3.44a) describes
.k
the trajectory of these vortices as Bs increased to BS . The second
integral describes their subsequent advance as BS progresses beyond
*
BS . Introducing the appropriate pinning function into equation
(3.44a), again noting that B(xi) = B// for the nonmagnetic initial

state and integrating we obtaln

2 2 2

2 *
(3.53a) B =BC +ZB//(BS —BC)+{ (BS—B*) —B// }
3/2 5/3

5/2 5/2 5 _ - * 3/2 3/2 3/2 S5/2

(3.53p) B™'" =3B~ +38,,0 - BT ) + (B - B, -8,/
3/2 3

3_.3.3 *2 2 2 2 - B

(3.53¢) B~ = Bc +.2_ 13//(}3,5 - Bc )+ {(BS =B /7l

.

for n = 1, % and O respectively and we have made use of equation

(3.34) for B(a). Equation (3.53a) can readily be solved and leads to
)t .

2 2 .x
- 2B B, (3) + By () }

) - B,

(3.54) B, =B, + (28, (B, - B,

Sk
where we have made use of Bs = B// + B, which follows from equation
{3.34a). Lletting BC = B// in equation (3.54) leads to equation (3.52).

Region III(b) adjacent to the surface and spénning the .

* *
width 0 £ x < xo contains the vortices created since BS attained BS .



Their trajectory is described by the expression

-

) B Bde BS BSB(a)dBS
(3.44b) 3 F (B) = B T (B ) -
c P c P s
ﬁhich yields
K

2 2 . 2 2

'(3.55a) B =B~ + (B, - B)" - (B_ - B
"¢

5/2 _ _ 5/2 3/2 3/2.5/3 3/2 - 3/2,5/3
(3.55b). B =B + (B - B, - (B - BT

3 3 2 0 2.3/2 2 2.3/2
(3.55¢) B” = Bc + (BS - B, - (Bc - B,

+

for ﬁ =1, ¥ and O respectively. The intérface between regions I&I(a)
and ITII(b) is obtained by letting Bc = Bs* in equation (3.44b) (hence
in equation (3!55)). For the Bean-London approximation, {(equation
(3.55a)), we find _: r ‘

) . By 2
(3.56) Bc = Bs(l - EJ + — (59

which leads to

* ) .
X R B (8 -8B, X
(3.57 0 L8y -5 I,y
) . a B* B* B*

0l

* *
when we let B B where B = B + B,.
¢ s s /! *
In Figure 3.30 we present a sequence of Bz and By profiles
for the force free case and for the Bean—Londqn.égproximatioh étarting

from the nonmagnetic state. The curves are normalized to B//'and

we have chosen B// = B, for 1llustration.

¢



FIG. 3.30

- 110 -
4 - .

g.
Y
o
~
5

\\
05 1.0
X/Q -

Illustrates evolution of BZ and By profiles as %L
increases from zero with B// stationary and taken equal
toB.. B /B, = 2,3 and 4 as B“(x) rises And B (x)

* s % z y
advances. Dashed and solid curves are calculated for

force free case and with Bean-London approximation

(FP = gB) respectively.



3.8+ - DIRECTION OF F WITH RESPECT TO J

It is of interest to determine

1Ex7J 1E. 73
a— - v x 3 - hd
{3.58) P = sin 2 E J cos %

the angle subtended by the electric field ﬁ, generated by the pene-
tration of the €lux lines into the slab and the persistent current
density 3. Introducing equations (3.1lla) and (3.12a) imteo equation
(3.9) yields

B

- B
: = (aey) 2 9 = _(aex) Y
(3.59) Ey {a—-x) B at <B>x, Ez (a-x) B

According to ﬁhe concept of equilibrium diamagnetism

(assuming isotropy)

H OH_ .
(3.60) = 2= :
9B oB 3B ’
Y zZ

The components of the current density from Maxwell's equation
vxH =7 can therefore be written, for infinite slab geometry,

B B

) S = _y
(3.65) J 9B ax ? Jz 9B ox

Exploiting equations (3.59) and (3.61} we write

. _E = {a=x) (oH, d Y _p —=
(3.62) Ey Jz Ez Jy B (aB) dt <B>x {Bz 9% By 9%

In region II (see Figure 3.29) where flux lines,initially

threading the slab at some arbitrary uniform orientation 8(x) = Bi’

are now undergoing compression, we find that
3B aB '

S A —Z .
(3.63) B_ 3= B, o 0
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since here By(x)/Bi(x) = tan_l B(x) = t:an—1 8,, an arpitrayy constant.

i)
Consequently E ¥ =0 and ¢ = 0, hence the electric field lies
.parallel to the current density, as expected.

Using equations (3.59) and (3.61) we write E.E as

3B oB

‘ - - (oXy (3Hy d _Y z
(3.64) ny Jy + Ez Jz - ( B } (BB) dt <B>x {By 9x + Bz 9% }

In the force free situati?n, By BBy/Bx + Bé BBZ/BX = 0 since 1

; x B - 0. Consgquently £.J = O_and.the electric field is orthogeonal to
the current demnsity, as £equired, since there is no energy dissipationl_
,In hysteretic matetials, in the region O S x 2 X the slope
of Bz is positive {(negative) when the slope of By is negative (pog;Eive).
Consequently, Bz (éBy/Bx) _.By (BBZ/Sx) # 0 hence sin y # 0. There-
fore, E cannot lie along J in the volume where the flux lines are not
unidirectional as they are created and, advance into the slay. We
stress .that this result is independent of the choiee of pinmning function.
In his analysis of rotational hysteresis, Bean (146),examines.a quasi.
steady state where fqu lines rotage in phase with gs whicﬂ rotates
with constént magnitude. He presents éolptions which satisfy the
condition ¢ = Q, in‘congrast‘with the situation é%ich prevails in the
model we pursue in this thesis. Our andlysis indicates that. the

-

requitement ¥ = 0 is incompatible with the postulate that the planes
of vortices do not rotate as fhey advance into the slab.

For the speéial situation where B// is maintained constant

as %L is impressed, differentiation of equation (3.39) leads to
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2 2 2
aB B - B B - 9B
YT R i Sk T Rl 1) z ¢
. Ix B’ B3X B 2 C L oax
c c (8 % - B )
c /!
and
3B B,, “B,,B 03B
(3.66) .__z=_LL ) /! - c
- S b4 B ax 2 89X
.c B
. c
Introducing these results into equations (3.61), (3.62)

and (3.58) we obtain

. ' . B//B 3B /9x
(3.67) sin ¢ = T < 5
2 2 BBZ 2 EEZ_z
{ (3;—) + (Bx ) }

e

Again we note that P{(x) # 0 when B// # 0. The computatién

-
—

of y(x) is evidently a formidable task. Using equation (3,45) in

equation (3.67) we can verify that sin ¢ = -1 for the force free
‘ - _ :

configuration. .

3.9 'REMOVAL OF FLUX AND CYCLIC BEHAVIOUR

WhEn-gs, the magnetic induction at thg surface increases in
magnitude as its direction es changes, the twalvariables BS and Bg
are independent. Among the multitude of possible'concomitaﬁt vaéiationé
of BS anﬁ BS we have focussed-on the special situgtion where QL is
ralsed from zero with B// stagionary. When, how%ver, ﬁé decreases in

magnitude, its orientation becomes a function of BS and this rela-

tionship is dictated by B

-max(x)’ the configuration of the magnetic

induction existing in the slab when the down sweep of BS starts.



FIG. 3.31

By [

Sketches of the evolution of various B{x) profiles to aid

in visualizing the meaning and relationship of wvarious
quantities employed in section 3.9 of the text in the
framework of flux conservation
a) Vortices located at x" on the B, ,.(x) profile are
found at x' after decrease of Bg from Bgpax.
b) Nonmagnetic initial state. Vortices created at
= 0 have advanced to x" ¢indicated by dot) when Bg
attains Bsmax-
c) Paramagnetic initial state. Vortices created at x

have advanced to x" (indicated by dot) when Bg attains

Bsmax -

_d) With By stationary Bg.is increasing {solid curve)
until saturation proflle (not shown ) is established,
Subsequently By is decreased. - By flux. conservation,

when area under dashed profile equals that under

solid profile, vortices which entered -at flux density

Bg4 must exit at flux density Bg,. The postulate
that vortices do not rotate during migration then
requires that at exit, BZ(O) // /B e

Lt

Q o
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>
Now, the dependence of Bs on BS (herice of ?L_and B// on BS)'musf first
be unravelled before equations (3.16) and (3.17) (or the eduivalent
equations (3.28) and (3.29)),which describe the evolution of <By> and
<Bz>, can be exploited,

Throughout this study, the critical state equation (equaticn
(3.20)) enables us to map out the sequences of B(x) profiles as Bs
is swept up, swept down or variled cyclically, starting from any
imaginable initial configuration. To detérmine the concomitant
evolution of 8(x, BS) during Fhe down sweep of Bs we can continue
to exploit equation (3.43) in the integral form

2 * ' L] 4//

'.. -
B(x ,BS) B°dB _ BS BSB(xi)dBS . Bs BSB(a)dBS )
) F (B) * F (B )
s B p s
max* smax - s

where 0 < BS < Bsmax' See Figure 3.31(a) for aild in visualizing

the symbols. In situations where X does not penetrate to the mid-

plane, the second integral on the right-hand side does not appear

. % )
and BS replaces BS as the upper 1limit on the first integral. BS

again denotes the magnetic induction at the surface when X reaches

the midplane during the down sweep of Bs' Equation (3.68) provides

" a relationship between x' and x". It enables us to determine the |

depth x" on the Bﬁax(x) profile from which a sheet of vortices has
originated and is now located at x' when the magnetic¢ induction at
the surface ig;BS. The components of the magrnetic induction at x'
on the B(x,Bs) profile can then be determined from the postulate of

conservation 'of orientation during migration, which can be written:



. and is a variant of equation (3.38).
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..
e
o

B (x' ,BS) _ Bymax(x") B (x' ,Bs) B ax X"

B(xi ’BS) 'E- Bmax(xlt) » B(xl 3BS) = Bmax(xn)

Eﬁ,ﬁQai,

Focussing on the sheets of'vortices as they arrive at the
surface, x' = 0, the upper limit.of the integral on the left-hand
side of equation (3.68) becomes BS = B(O,Bs). This special case of

vation (3.68) enables us to determine from which deptﬁ x" ;; the

Bmax(x) profile, the plane of vortices now at the surface has

criginated, We then determine the orientation of BS from equation

. (3.69) which can now be written

EJ._ B max(x") B// _ Bzmax(x“)_
B B __(xM ° B B__ (x"
max 5 max

(3.69b)

We emphasize that we cannot now prescribe that B// remain constant
during the down sweep of BS evén if B// was held constant during the
up sweep of BS which established the ﬁmax(x) configuration. The
postulate of non rotating vortices reqfftres that B//+/Bs% = B//+7Bs+
where we let the up and down arrows denote entry and'exit quantities.
In the force free case Bs+ = Bs+ since the flux lines emerge at the
same density they had at entry. In Hysteretlic materials, however,
BS+ < BS+, tﬂe density of a sheet of flux lines at exit is less than
thelr density at entry: Tﬁis can readily be seén by considering
sequences of B profiles during the up sweep ahd.subsequent down sweep
in the light of flux conservation (see Figure 3.31(d)).

Having followed this procedure just outlined to extract the

variation of gl-and B// with BS decreasing we can then proceed to a

£
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calculation of the evolution of <By> and <Bz>.using equations (3.16)
and (3.17) (or (3.28) and (3.29)). We can tﬁereby again avoid the
effqrt required to.trace in detail the sequence of the‘By(x) and Bz(x)
profiles. In this exercise, it is only necessary to determine the
detailed gmax(x) configuration. The latter can be obtained, without
caleculating the intermediate‘g(x) configurations during the up sweep
of BS f rom Bsi to Bsmax’ Py taking BS = Bsmax for the upger limit

of integration_of equation (3.44) and letting the lower limit sweep

* the range Bsi 5 Bc s Bsmax'

We now outline an alternative approach for the determination
of the sequences of By and Bz profiles during the up and down sweeps
of Bs' The method is equivalent to that developed earlier and is
not more nor less tedious to implement. To fix ideas we focus on the

situation where B_ is decreasing from B_ - (see Figure 3.31(3)).

From conservation of flux we can write

i

' Bmax(x)dx

. X
(3.70) J

X
B(x,BS)dx = J
X Jx

which can be solved analytically or numerically to yield x' versus x"
(or vice versa).’ This expression contains the same information as
equation (3.68). The sheet of vortic?s‘located at x" when the
magnetic induction at the surface was ﬁsmax is now found at x' when
the magnetic induction at the surfacg'is BS. Exploiting equation
(3.69a) we then determine By(x') and Bz(x'). Choosing x' =0 in
equation (3.70) we obtain the position of origin‘on the Bmax(x)

profile of the vortices now exiting. Introducing this information
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o , ‘ ‘ *;23?
in equation (3.69b), yields %L and B// versus Bs' Thus a calculation -

.

of detailed By and Bz profiles can again be set aside and the evolﬁtiﬁn
A

of <By> and <B> with BS computed using equations (3.16) and (3.17)

(or (3.28) and (3.29)).

In the Bean-London approximation,B(x) = BS + B*(x/a) when

0 5% < X, and B(x) = Bmax(x) when Xy £ %X £ a and Bmax(x)'= Bsmax - B*(x/a)
r
we find )
xi smax, s B
(3.71) = - T
2
and
, .
. x" Bsmax 1 Bs + Bsmax : B x! 2 *
(3.72) 2 = - {5 () - E+
) a B, . 2 B, B, a

1

o1
In the Kim (Fp = ao) approximation, B(x) = (Bs2 + B*z(x/a))

when 0 < x 2 g and B{x) = ?max(x) when Xy £ x £'a and

2 2 2
Boax(®) = (B o~ By (x/a)) we find
4

_xi BZ .- 2
(3.73) === _ S

a 2

ZB*‘ )

and , 2/3

x" Bsmax ’ 1 Bi + Zmax i Bs : X ik
R e - (R

a * T * *

Letting x' = 0 in equations (3.72) and (3.74) gives the initial
position of the sheet of flux line which is now exiting from the slab
hence its orientation since the configuration gmax(x) is presumed to

be known.
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The ﬁgax(x) configuration generated by the up sweep of
. .
B, can also be calculated "using equation (3.70) with x' = 0. Ve
refer the reader to Figures 3.31(b) and 3.31{c} for sketches of

B(x) profiies.' Again we note that in this exercise the iftermediate

By and Bz profiles generated during the up sweep of ﬁg need not be.

-computed.

By way of illustration of the behaviour we consider a
cycle where %l_osc1llates between 0 and ngax' Again we stipulate
that'B// is maintained stationary during the increase of BJ; When
QJ_decreases from %Lmax to zero, B//(BS), however, musF be allowed
to vary as dictated by the configuration of the flux inside the
slab as the vortices depart. We also wish to insure that the cycle
is closed. This is accomplished by starting from a saturated
paramagnetic initial state (see Figure 3.31(c)). In this situation,

-

when gl_returns to zerc and BS returns to B//, aftg% thelr excursions

to %L and B » the configuration of flux which is encountered
max smax "
corresponds to the initigi one . 3
We adopt the Bean-London approximation and choose B =B

*

1
let B £ B B " hé * - 3p W7
and let 5 Sweep from // to B_ , hénce BS = 3_//, %Lmax = B,.

The cyéle traversed by.ﬂ; in the B// - %L_piane is displayed in
Figure 3.32. In the force free case, ﬁ; descending retraces the
path of ﬁé ascending. Taking O = n 21 in Fp = aan and the |
cqrregponding B, vields return paths of ﬁ; lying between the
gean—London (n = 1) trajectory and the horizontal (force free case)

and displayed upwards with decreasing n. The sequences of B2 and

By profiles when n = 1 are displayed in Figure 3.33. During the
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1.0

BII/B%

00— >
T B,/B,

FIG. 3.32 Locus of B (0), hence B , in B,, — B, plane which 1is man-
z s /1~ L

dated by the model when Bs is decreased from 3 B// to B//
subsequent to an increase of Qi_from 0 with B// sta—
tionary where the Bz(x) profile was initially in a sa-
thrated paramagﬁetic configuration. The Bean-London
approximation (Fp = gB) is used to determine the B
profiles and B// is chosen equal to B,. In force free

case locus of gs during down sweep retraces that of

up sweep.
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25
2.0
B,/B,
15
.0
q)
C2F |
By/Bx |
™
b) {
O L ' 1|
0.0 05 4 O

ﬁs shown in Fig. 3,32 where previous history and para-
meters of the calculation are indicated; In the sequence
_of the profiles as indica by the arrows, Bs/B* = 2.4,
1.6, 1.2, 1.06 and 1.0 fol and 3.0, 2.2, 1.6 and

1.2 for (b).
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FIG. 3.34

- 122 - \

~ [ i

o | 2 .3

B,/ Bx

Evolution of <By> profile corresponding to closed-cycle
shown in Fig. 3.32 where the initial state and the
parameters of the célculation are indicated. Solid

curve shows <By> vs. ql_where H// 1s maintained constant
only during up sweep of BS. Dashed curve shows variation
of <B;> for force free case, the curve is reversible
since down sweep of*ﬁg must, in thls case retrace the

up sweep shown in Fig. 3.32.

¥
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FIG. 3.35

o7 08 09 O
B, /B«

Evolution of <Bz>profile corresponding to closed cycle
shown in Fig. 3.32 where the initial state and the
parameters of the calculation are indicated. Solid
curve shows <Bp> vs.’Bss which is maintained constant
only during up sweep.of B;. Dashed curve shows
variation of <B,> for force free case, the curve is
reversible, since down sweep of Bg must, in this

case, retrace the up sweep shown in Fig. 3.32, then
B// is stationary during decrease of QL and <B,>

VS, B// traces a vertical line,
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initial portion of the down sweep of Bl the front of the By profile,

X remains stationary until X, = xo-and decompression of the initial

trapped flux begins. Sybsequently x  moves outwards and the B

profiles retreat ‘from the slab as X continues its advance to the

midplane. We show <By> versus %L and <Bz> versus‘B// dhring'the cycle

in Figures 3.34 and 3.35 respectively. The dissipation of energy

P

per cycle is equal to B*zluo times the sum of the areas enclosed by

@

these two curves. dashed line in Figures 3.34 and 3.35 show <By>

vs, B) and <B > vs. B,, for the force free case. Using F = a Bn,
4 z /1l p n

1 . *
the corresponding B, and letting E; sweep from B// to Bs generates

—

enclosed areas which diminish as n decreases”from 1 to 0,

3.10 I VERSUS B
c 58,

The conduction current is taken to flow in the z direction.
For initia1 magnetic states where <Bz> # 0? a steady state of flux
flow resistance cannot occﬁr with nop'rotating vortices since then
v = 0 at the midplane by symmetry. Under these circumstances a bulk
critical current ;c (per unit length y of sl;b) is attained only when

s

B = B§2 and superconductivity in ﬁ:f:ffik is destroyed. This leads

to a Silsbee-like rule

-2z
(3.75) IC = i (Bc2

- which is not in accord with observations (66, 68). We also note that
Ic is independent of the initial magnetic state. When B// = 0 and

<Bz> = b, mutual annihilation of oppositely directed vortices, at the

-
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midplane, generating a steady state.flux flow resistance can take

*
place when BS 2 BS . Ignoring equilibrium diamagnetism and surface

*
barriers, this picture leads to IC = ZBS /uo. Consequently IC vs. B//

*

is discontinucus at B = 0 unless B =B ,.
// . s c2

The critical currents encountered when the externally applied
magnetic field has a component gLa in the y direction are also of

interest (147). Under these circumstances and again ignoring equi-

librium diamagnetism and surface barriers we can write

B
s _ = + L -
(3.76) ) E; =y (%La + 2) + =z H//

for the magnetic induction just inside the surfaces, where the po-

sitive sign'applies_tg one surface of the slab and the negative to

the other, The B profiles across the width of the infinite slab aré

no longer symmetric about the midplame when I # 0. At the surface

where the negative sipn applies, Bs changes direction and decreases

in magnitude as I/f2 +‘QLa' According to the éritica} state concept,

the decrease in BS causes an exit of some vortices at this surface.

Let us now visualiz; that initially (at I = 0) the vortices threading

the slab are oriented along H = §%La + 2H//. As 1 is impressed the

direction of the vortices does AOt correspond to ﬁ;/uo = ;(%La - (I/2)) + EH//.
, The present model of vortices not rotating during migration now leads

to a dilemma or imp;sse and is inapplicable to a treatment of the
straightfgrward situation just envisaged. At the surface where ﬁ;

increases in magnitude as I is introduced, vortices are created and v

enter the slab,and no problem of a discontinuity arises.
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3.11 CONCLUSION

We have examined in some detail, in the con£ext of the quasi-
static critical state, the consequences ;f the postulate that vortice;
.migrate withouglrotation in infinite slabs, of type II superconductors
when, ﬁs ;he magnetic induction at the surface changes its’dire;tion,

S

88, as it is éwept in‘magnitude. i R “?
For large sweéps_oé Bs and 8;, the.beﬁgviou; predicted Sy
the model is insensitive to the mode of pinning and approaches the
force free case. This occurs because the sequences of B profiles
are nearly parallel and-horizontai as ﬁs becoﬁes large. ., The rate of
entry of flux lines is then approximately proportional to ABS whether
pinning operates or not. Although B// is maintained constant the
model leads to a continuous increase in <Bz> until ﬁ; reaches Bc2
since every vortex added to the slab has a component along the z-
axls. The net flux initially threading the slab along the 2z diréction
is compressed in a core area straddling the midpiane as ﬁs is increased.
The penetration of the vortices entering the slab during the sweep
of ﬁs is limited by the boundaries of this central coré. As a con-
sequence <By> also lags significantly below Bi_until BS attains BC2
and bulk superconductivity is destroyed. These features of the model
which can be appreciated intuitively appear to have heen previously
overlookéd and are developed quantitatively. A comparison of the
predictions of the model with ocur observations shows fair agreement
during the initial portion of the increase in gs starting from a

-+
variety of initial magnetic states. As the sweep in BS progresses
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however, the theoretical and experimental curves diverge ma;kedly since
- <Mz> and <My> after traversing a peak are observed to decline and
approach zero asymptotically whilst the -calculated curves continue to
rise. We are led to the concipsion that the flux lineé can undergp
‘significant rotation as they migrate into the specimen (42, 68, 144).

We have developed two different but equivdlent approaches
for the calculation of the evoluéion of the sequences of B_ and Bz
‘profiles and their spatial averages as BS and Bs are varied simul-
taneously. 1In the discussion of hysteresis losses, basic and simple
formulae are obtained which can be explolted in the standard situation
where ﬁ; osclllates in magnitude only without changing_orientation.

Many aspects and ramifications of the model hitherto not
touched upon in the literature, are deveioped in this thesis. 1In
particular, we have (1) examined the behaviocur prescribed by the model
when (a) flux is made to exit and (b) ﬁ; undergoes cyclical variations
in magnitude and orientation, (ii) studied the direction predicted
for the electric field with respect to the current density and shown (
that £ does not lie along j in the reglon where the configuration
of B changes direction with depth and (iii) shown that the critical
currents anticipated are much larger thgn measured.

In summary, the simple and conceptually appealing.assumption
that vortices, after creation, migrate without rotation as the‘applied
magnetic field changes magnitude and direction has been carefully
pursued. In some materials (e.g., NbTi), the model leads to a satis-

féctory description of the data obtained with uOH// stationary and

spanning a range extending up to ® 1T with up sweeps of uoHJ‘also up to
.
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-

~ i? (144). The agreement in those circumstances is misleading in

our view, because in that sample, B the macroscoplc penetration

*?

depth, is also very large and & 0.8T, The present invesiigation,

where the ranges of ﬁbH// and uoﬁl_extend to several B*i;indicates
strong%y thaﬁ the basic postulate of non rotation during migration
ultimately leads to po;r agreement with observations and cannot be
seriously retained. The detailed picture which emerges from our
scrutiny of this concept should provide useful background and insight
for the development of an acceptable model. The process of flux

cutting (B} may very well play a role in the reorientation

of the sheets of flux lines as_thei\Qéfrate.
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CHAPTER 4
HYSTERESIS LOSSES AND MAGNETIC PHENOMENA
IN NONCOLLINEAR REGIMES

-

4.1 INTRODUCTION

Hysteresis losses in situations where -an oscillating magnetic

field ﬁ;(t) is collinear with a stationary bias magnetic field ﬁSias
applied along the surfaces‘of a ribbon or cylindrical sample of a type II
sypercondu;tor have been extensively investigated both experimentally

aﬁd theoretically. 1In a major survey and synthesis of our present under-
standiné of hysteresis losses in the collinear regime, Clem (3) predicted

that, in some samples, these losses, w(ho, Hbias)’ would trace a wvalley

when the measurements are performed and displayed as a function of the

v

N .
bias field Hbiés for particular chosen amplitudes ho' This feature, of

import  for applications, has already been reported and investigated by
several workers (23, 34, 40). 1In the next chapter we address the
contribution of bulk pinning to this phenomenon. The losses, both pre-
dicted and ohserved, at the bottom of the valley, W(h_, Hb' ) , still
o ias® .
constitute, however, a significant fraction of the losses occurring
at its left hand summit (at zero bias, w(ho, 0)). In other words, the
depth of the wvalley is not impressive.

In this chapter we investigate hysteresis losses in situations
where ﬁo(t) is orthogonal to ﬁbiaé' In this configuration we find that
the losses, W(ﬁ s ﬁb' ) again traverse a valley when examined as a

; ) ias
function of Hbias for various chosen amplitudes. The valley now, however,

wr

can be appreciably more .spectacular than in the collinear regime. This
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feature is of technological interest., Further the otigin of this deep
valley appears to involve a physical process which does not occur in
the collinear arréngement, namely, flux cutting.

A valley in W(ﬁo, ﬁbias) where ﬁo and ﬁbias’ directed along
the broad surfaces of the sample, are orthogonal or tilted with respect
to eaéh other, (this is denoted the noncollinear regime) was first
ob;erved by Lachaine in ribbon samples oﬁ NbTi'and VIi. In his mea-
surements, the "left side" of the valley was mapped out but only the base
of the right slope was explored experimentally. His analysis reproduced
the dramatic decline in the losses from zero bias to the floor of the
valley and predicted a continuation of the rise and the formation of
a right slope beyond the observed base. In this chapter we extend his
measu;ements on the VTi specimen and trace out the entire valley in
detail. Further we show that the right slope rises to a broad plateau
which then descends towards zero ('sea level) as Hbias increases
towards ch. Pursuing the trailblazing exploration of Lachaine -
further, we examine the evolution of the shape of the valley and the

et .
broad peak when ﬁbias has a component, Hbl_along the oscillating field "

ho’ *It is convenient to plot W versus H//, the_component of ﬁbias
which is orthogonal to Ko'. These plots show that the valley shifts
to the right and fills in (becomes shallower) as Hbl_is increased. -
We have also investigated the behaviour of hysteresis losses in the
4
noncollinear regime for a Nb ribbon. Here H// and Hbl.+ ho scan the
entire range from O to ch.
Clem has pointed out a basic difference between the collinear

and noncollinear regimes. In the former (assuming material isotropy),
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the current density j is perpendicular to the magretic induction B
everywhere in the sample, Here 3 aAd i aré viewed as quasi—micréscopic
averages over cross sections encompassing a few vortices.. Iri the latcter
' regime,‘regiona occur where j has a component along B. Indeed the entire
sample may be occupied By such regions. Further, an extfeme ca e can
be envisaged such that 3 lies along B wherever 3 exists. This arrangement
is known as a force free configuration. In regions where 7 has a com-
ponent along g, thé direction, é, of neighbouring sheets of flux line
varies spatially. To account for our observations we adopt the double
critical state formulation first put forward by Lachaine and successfully
exploited by him and other workers in our laboratory to reproduce exten-
sive data for a variety of geometries and situations where the noncollinear
regime prevails. According to this approach, configurations of non
parallel sheets of flux lines in hysteretic type II superconductors are
dictated by two critical state prescriptions, one for dB/dx, the gradient
in the density of the magnetic flux (B profile) and another for de/dx
thelspatial varlation of the orientation of the flux lines «(9 profile).
Lachaine, Gauthier and Boyer have pursued various ahaiogous expressions
for do/dx. We have found that their formulae do not yield a good des-
cription of our data. Consequently we devoted a major effort to a me-
thodical search for a simple analytic function for do/dx which yields
an optimum fit to our extensive results.

We then examine the detailed evolution of the spatial average
of the magnetic induction threading the ribbon specimen along its length,
<Bz>, and along its‘width, <By>, as the external applied field is cycled

with the longitudinal component, H//, kept fixed. We also compare the
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%

rich variety of intricate curves encountered with that generated by
the double critical state model using our final formula,
£

4.2 QUTLINE OF THE EXPERIMENTAL RESULTS

Extensive measurements were performed on a ribbon of VTi and

also on a ribbon of Nb, The dimensions of these samples are given in
H 3 .

taBle 4.1.
Table 4.1
Sample ul/2 BC2 B* Thickness Width
3/2 -
% my () (1) (m) (m)
. -3 b =3
VTi 10 4.0 0.05 1.5 x 10 §.l x 10
3 -3 -3
Nb 1.8 x 10 0.4 0.24T 0.25 x 10 5.5 x 10

In Fig. 4.1 we display, W, the pysteresis losses per cycle per unit
volume, measured’/on the VTi spegimen at a chosen amplitude h0 =0.05 T
"as a function of the stationary longitudinal magnetic field H//. This
amplitude was chosen after an exploratory scan of hysteresis losses.
The choice was guided by the following observations from this survey.
Although deeper valléys occurkwith decreasing amplitude, the small
signals make measurements difficult and lead to greater scatter and
uncertainty in the data. With increasing-amplitudes the bottom of

the valleys shifts to higher H// and the valleys fill in. Indeed

upont further increases in ampl?tude; WI;EISUS H// exhibits a rise which

becomes steeper and a peak whose summit becomes higher and shifts to

>
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the right. Selections from our data illustrating this sequence of
behaviour are presented in Fig. 4.5a. The time varying transverse

magnetic field can be written
(4.1) Hy(€) = B, + h £(t)

where Hbl is a transverse static bias magnetic field and £(t) varies
smoothly between Plus and minus one. The special cases where Hbl =0
and Hbl.= ho afe referred to as the full-wave and half-wave cases
respectively. Inspection of Fig. 4.1 reveals that‘for'the full-wave
case, W versus H// traces a deep valley which.is followed by a broad
peak which is expected to continue its monotonic descent towards zero
at_ch. The ratic of 1 to 6 between the losses at the minimum and
"at‘H// =0 isﬂcomparabie toz;hat reported by Lachaihe for a NbTi
ribbon sample. These values are of interest for applications. The
valley obser?ed fér the half-wave case is evidently shallower and its
flaor is shifted towards higher H//. These modifications in the
structure of the valley brought about by }ncreasing Hbl fr?m 0 to hO
Gere pursued By taking Hbl_= %—ho, 2hO and 3h0. These data are also
displayed in Fig. 4.1. It is evideht that the valley fillsrrapidly as
Hbl is increased and has essentially vanished at Hbl_= 3h0u
Series of measurements were also taken with ﬁ// set at the
minimum in the valley for the half-wave cage and in the vicinity of
this minimum:as a function of Hblf These measurements constitute
vertical data cuts of Fig. 4.1 and examine the movement of the valley

floor as HblAiS increased. One such set of data, shown in Tig. 4.5b,°
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exhibits, in a different perspective, a monotonic rise of the valley
floor and its transformation inteo a peak, -

WT note that the data points where H// = 0 in Flg. 4.1 represent
measurements of W(ho, Hbias) for a fixed ho where Hbias and ho are
collinear. Examination of the sequence of these five data peoints as
a function of Hbl_shows that W initially decreases, then rises and
decreases again. In other words, this subset of data algo displays a
valley followed by a peak. This valley was predicted by Clem dand in the
next chapter we examine this particular featgre in detail.

Hysteresis losses observed in the Nb ribbon sample in the non-
collinear regime are displayed in Fig. 4.6. 1In this specimen, the
valley for the full-wave case is less pfon0unced than in the VTi sample
and the peak is a dominant-feature. The family of.data curves show the
disappearance of the valley and collapse of the peak 55 a bias field
along ho is increased.

The hysteresis losses are determined by measuring the area
enclosed by the closed curve of <§l? versus Hl(t) which is traced on
an X-Y recorder as gl(t) is rgpeatedly cycled sloyly and smoothiy
between the chosen limits. <B.> denotes the spatial average of the

1

magnetic induction along H,, Alternatively and equivalently the mag-

1

netization M <ﬁl? = <Bl? - Mg Hl may be monitored. We refer the

reader to chapter 2 for an exposé of the experimental arrangement, details
- /

of procedures and precautions, method of calibration and tests of the

reliability of data. Figs. 4.15, 4.17, 4.19, 4.21 and 4.23 present

-

various sets of observed hysteresis cugves.
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<B//>, the spatial average of the magnetic indgctioh along
H//, also evolves as HL is variled although H// is maintained constant,
An in;rease in <B//> during the initial applicati?n of El with H//
stationary is already well known and has been called the longitudinal
paramagnetic effect. Anlanalogous behaviour is also observed in wires
of type II superconductors immersed in a static longitudinal magnetic
field as a conduction current I, fed through the wire via leads from an
external source, is impressed. Here,, the azimuthal magnetic field HB,
generated by I, plays the role of Hl applied to the ribbqp. The rich

variety of behaviour of the locus of <B//> as ql or are cycled,
although extensively investigatea by our group, remains to be addressed
in detail in the publiéhed literature. In part IV of this chapter we
repor& on this intriguing phenomenon and Figures 4.21, 4.23 and 4.29
show-sélected set$ of observations.
Evidently, for a ribbon specimen, one may choose to maintain
Hl stationary and ;ause H// to be cycled. We then write
(4.2) H//(t) ‘= Hb// +h, f(r)
in analogy with eq;ation 4;1, Here Hb// is a bias magnetic field collinear
with h; ECL), whi;h varies between +h0 and —ho. These measurements
provide aaditional iﬁformation ana shed iight on the role of anisotropy
and the finite dimensions of-the ribboﬁ on the phencmena encountered.
We have investigéted the hysteresis losses in eur VTi and Nb
ribbons in both of these two arrangements., For the Nb sample we choose

to show the data where Hi is stationary and H// 1s varied in Fig. 4.6.
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One reason for this choice is that the occurrence of flux jumps for
some ranges of H// and Hbl’ cast doubt on the validity of some of the
data, Focussing on one arrangement/;;r the VIi sample and the alter-
native arrangement for ﬁhe Nb sample alsc has the merit of shedding

light on an important component of our formulae for amalysing the

phenomena, as we shall see later.

4.3 DEVELOPMENT OF THE MODEL

A. The Double Critical State Concept

7 ‘
/éﬂ Iin the preceding chapter we have shown that the conceptually

attractive concept of the displacement without rotation of flux Lines
can generate an adequate description of the evolution of <By> and <Bz>
during the initlal application of Hl in g static H// over a limited
range, Thus ﬁhe model may be exploited to describe the magnetic
response durlng the first quarter cycle of a full-wave oscillation or
during the first half-cycle of a half-wave oscillation. We have seen,
however, that the model is intrinsically incapable of addressing the
outward migration of the flux lines in the conditions of our meésurements,
and is therefo%e inapplicable to the déscription of the phenomena during
periodic oscillations of ﬁs' Consequently we seek a different approach
which allows flux lines to rotate at they migrate in order to interpret
our observation. |

To analyze éur vast assortment of observations we adopt the
basic approach developed by Lachaine and successfully exploited by

Gauthier, Boyer and Cave. Gauthier investigated hysteresis losses and

the evolution of the longitudinal flux in wires of type II superconductors
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as T is cycled below the critical current IC with H// stationéry. Boyer
and Cave studied the evolution of the magnetic flux threading the plane
of disks and hysteresis losses as:rotation and oscillationg of the disk
are made to occur in the presence of a static magnetic field directed
parallel to its flat faces and perpendicular to the axis of rotation or
_oscillation. Iﬁ view of 1ts conceptual simplicity we present the model
in its entirety.

We consider an infinite slab, of thickness 2X, whose surfaces
lie in the y-z plane and are located at x = 0 and x = 2X. In view-of gh;
symmetry of the configurations envisaged, we focus on one halflof the
slab occupying the space between the surface at x = 0 and the midplane

: 4
at x = X. The externally applied magnetic field, ﬁs’ is directed
parallel to the surfaces. The components of ﬁs along y and z are denoted
Hl and H// respectively. We visualize that H// is kept fixed while Hl

varies with time as described by equation 4.1. .

For simplicity, we assume that the density of vortices adjacent
to the surface is BS = M HS and that gs ltes along the external magnetic
field ﬁs as the latter changes direction. 1In other words, we ignore
equilibrium diamagnetism and thg possible existence of surface barriers
to flux entry or exit. The essentié1 model, however, is independent of
these siﬁplifications and, in principle, these features could be intro-
duced into the basic framework if needed. "

The model stipulates that (i) all gradients In the density
of magnetic flux exist in a criticél state and (i1) there is no depen-

dence of the critical density gradient on the orientation configuration

of the lattice of flux lines. Formally then we write
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\\\w 4B . .

(4.3a) = fB(B) .
\ Y

regardless of whether the lattice of flux lines is unidirectional or

spatially varying in orientation, Here fB(B) is a continuous functien

- 1/2 -
of B characterizing a given specimen and B = (By2 + Bzz) with By and

Bz the components of the magnetic flux density along y and z.

It is useful to write

(4.4) . £.(B) = - Y

where FP(B) represents the pinning force density. Equation 4.3a then reads

FP(B)
dx B

With this presecription, once equipped with a knowledge of FP(B) for a
given mﬂte}inl, sequences of B proflles, as Bs.is caused to vary, can
readily be mapped using the "classical' rules for the generation of
gradients of flux denslty, and for the entry, exit and migration of flux
lines,
D

The "classical" rules howevqr, were developed and apply in the
restricted framework wh;re adjacent shcet; of flux lines are parallel,
Gauthier and also Boyer and LeBlanc ;élt c;mpellcd to infer from thelr
obsefvations that, in certain circumstances,-dinmngnetic grﬁdients in

flux density can be generated when the orientation of adjacent sheets

of vortices is mﬁde to vary spatially (with depth in the present planar
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£
geometry).. Recently, Clem has examined these configurations theoreti-

cally and developed a detalled quasi-microscopic description of this

. ]
behaviour from considetations of the interaction of non parallel flux

lines and the ensuing flukjcutting processes. For the time being we
) s - Sy . .

will ignore these complications and pursue the "standard" picture for

the evolution of the B profiles.

.

Next, the model stipulates that all gradients of the 8 profile
. J B .'
exist in a critical state wherever a spatial variation of 8(x), the

direction of the sheets of flux lines, is made to occur. Here

(4.5) 6(x) = tan R Al -
: z

The picture put forward by Lachaine is therefore referred to as aidouble
cr;tical state model.

| At the outset we visualize that for a given isotropic material
,at a fixed temperature, de;dx should depend on the flux density only

and write

(4.6) L =g ()

where fe(B) is a continuous function of B characterizing'a given specimeq.
For the present we make no assumption regarding any relationship between
fB(B) and fB(B)(équations 4.3 and 4.6)im haFmony with the data on ro-
tating and oscillating disks of Bo&er, Cave and Leélanc. Lachaine and
also Gauthier found, however, that tb account for their observations,

Ia dependence on 8 had to be introduced in equation 4.6, Our efforts to

\
\
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satisfactorily reproduce our data using equations 4.3 and 4.6 also proved
quile. We will return to Fhese gndeavodrs below, 5 a cbnsequence
we also explored 8 gradients of ‘the form
4.7) et E® R
where F(9) is a continuous function of 8.

We have developed a computer program whigh generates appro-
’ pria&e_sequences of B(x) and 8(x) prafiles using equations 4.3 and 4.7
in tandem as Bs’ the magnitudel and BS, the orientation, of the surface
magnetic induction ﬁs are swept between the cheosen limits (see Fig. 2.4).
Some speclal aspects of th; sequences of B profiles will be addregséd
laté: in ﬁhis chapter. Arbitréry functions for EP(B), fe(B) and F(8)
can be introduced in the computations. The program provides us, as
desired; with sequences of profiles of B(x), 6(x), By(x)= B(x) sin 8(x),
Bz(x) = B(x) cos 8(x). Further the program yields sequences of spaFial
averages, <By> and <B;>, aiso denoted <B > and <B//>, or equivalently,

1
i = - 5 = & -
- ¥ <M//> <B//> My H// and Mo <Ml Bl_ ¥, Hl versus Hl(t) for
selected values of stationary H//. Finally, the program 1s designed
-
to compute the area enclosed by the <Bl? vs Hlﬁt) curves (hysteresis
lodps) for series of stationary H//. In other words W, the hysteresis

losses per unit volume, are computed numerically by exploiting the

standard expression

(4.8) . W =_§ HJ_ d<Bl>
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which_follows from Poynting férmulation for the met energy flow into
Fhe specimen when H// is taken to be stationary. Figures 4.4 and 4.9
show the families of curves for hysteresis losses in the VTi and Nb
ribbons generated using equations 4.3 and 4.7. The correspon&ence with
the appropriate data is, in our view, quite impressive.

We now Eﬁrn to our approach for the determination of FP(B),
fB(B) and eventually, out of neceséity, F(8). Tor computational con-
venience and esthetic reasons we seek simple analytic expressions. We
ascribe no special or profound ﬁhysic?l meaning to the various choices
that are made during the search gnd to the final selectionlthat ensues.
Various phenomenological considerations have played a role in our pursuit
of this goal and we will outline those aspects which may have some
merit. ‘Basically, our methodology is empirical. We scrutinize the
wealth of data we have accumulatéd for clues and proceed by trial and
error, In this tedious enterprise, however, we are aided by the wealth
of information contained in the pertinent literature and a background
of experience in such exercises which provide some helpful guidelines.

Chronologically, we first address FP(B) in "isplation". We
focus on our observations of full-wave and half—wave hysteresis curves
of various amplituﬁes when H// = 0, hence the rich paqg%ly of magnetic
behaviour of the specimen in the classical regime where 3 is perpen-
dicular to ﬁ, and obtain a simple expression which satisfactorily

describes these data. This effort leads us to the formula

2

1/2 B
(4.9) Fo=a ,, B/° (1 -
! _ P Y1/2 By

&
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Hence equation 4.3 in our work reads,

2

dB _ 1/2 B .
(4.10) By =% B 1 - Bcz)

‘

in both the VIi and the Nb ribbons. In our view, it is mainly a coin-
cidence that the same FP(B) appears adequate to generate the ''standard"
magnetic response of these two samples of different materials. The

parameters a1/2 and Bc2 used in the calculations are listed in table 4.1,

The success achieved by our choice can be jud%ii/hyﬂneﬁgé;lhg Fig. 4.25 .

with 4.26 and inspection of Fig. 4.10. In our view, the correspondence

Vg

between calculations and observations is good for the VTi ribbon. The
"fit" in the case of the Nb sample leaves much to be desired. In the
latter instance, however, we do not expect a éimple formula for FP to
yield a good description of thé relevant data. In this materiq}, the
.neglect of the surface step, hencg equilibrium diamagnetism and the '

surface baréier(s), is not justified and the magnetic behaviour cannot
correctly be ascribed mainly to bulk pinning. Other investigations

pursued in our laboratory of other samples cut from this Nb sheet show

that the surface ep indeed makes an appreciable contribution to the

\_’-

~

magnetic response

o //

B. The Ele ﬁrodynamic Model, Bz(x) =y H

Befoi ertake the quest for explicit formulae for
fe(B) and F(p) and as Hackground for this endeavour, it is useful to

explore a plausible deslkription of the noncollinear regime which we,

/(--.
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denote the electrodynamic model.

Thé well established critical state idea that, the Lorentz
driving force density %L = § X E is in equilibrium with the piﬁning
.force density ¥P(B)’ éombined with Maxwell's equation, V x H = 3, in

the planar geometry we are considering, lead to

(4.11) B

in the context where B(x) = Bo H(x), which ignores equilibrium diamag-
netism. In the latter context, after allowing an isotropic slab to

become superconducting in a static applied magnetic field,

Hbias =y Hbl_+ Z H//, wve exp?ct

(4.12) By(x) =y Hbl; and Bz(x) = H// to prevail.

0

-

. Next Hl is made to vary while H// is kept constant. In the
light of Faraday's law of induction, it 1s not unreasoéable to imagine
that Bz(g) = g H// might'remain unchanged as this occurs, I;deed,
this 1s to be expected, if a type II superconducter is conceived to be
a metal 6f zero resistance where, however, the current density cannot

-exceed % ceiling jch). The plcture we have just put forward has

already been much exploited in the literature. Equatioﬁ 4.11 then’

simplifies to

—Y - LF
(4.13) By iFP(B)
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Fig. 4.2 shows the hysteresis losses calculated for the VTi ribbon on
the basis of equation 4.12 where FP given by equatibn 4.9 has been
introduced. We note that here, self consistently,
3 = § jz = 2 dBy/uo dx = z jC(B). Further, we point out that the
electric fields E(x) generated at the B profiles are made to change

-+
must lid along the z-axis, heqfe parallel to j{x). (In other words,

the angle subtended by E and 3 is zero). This is a consequence of

Maxwell-Faraday's equation V x E = -a%/ac which reads

(4.14) Ez(x) = - E?'I ,By dx
X

and

(4.15) Ey(x) =0

for the chosen geometry, taking Bz(x)uniform and constant. From the

above, it is clear that the model is in acc;rd with the cl;ssical

single critical state idea and simply constitutes an application of

this concept to a special situation. Chang, Kiggins, Timms, Gauthler

and LeBléné have already applied this model to a variety of circumstances.
From inspection of TFigs. 4.2 and 4.7 we see thatlthis model

generatés some salient features in seml-quantitative accord with ob-

servations. Focussing on Fig. 4.2 we note in particular, the presence

of a deep valley which fills in and subsequent peaks which become less

prominent as Hbl increases from 0 through hO to 3/2 ho' Also, the

ﬁalley disappears when ho =3 ho' The model, however, produces a
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full-wave curve which liés above that for the half—yave in the region
of the valley. Experimentally, the opposite occurs, in this range.
Further, the valleys are too flat and bread. Finally, the point of
intersection of the curves. E and D and the point of crossing of curve
B over curves C, D anq E straddle the region (H// N 1.8 T) where A .
traverses ;he'otﬁer cﬁrves. In the data, an inversion of all the five
curves takes place in the vicinity of H// =1 T,

The occurrence of a valley followed by a peak in these curves

of W versus H// can be understood qualitatively from examination of

2
1/2 (l ___B._)

1/2B B

dB
(4.16) B —2L = tq
dx
c2

y
which gxplicitly combines equations 4.9 and 4.13. For clarity and to
fix ideas we focus on the half-wave and full-wave cases. We note that

with an amplitude ho = 0,05 T, and our choice for the parameter g

1/2?
the penetration of the By profile, when H// = 0, just attains the midplane,.

As H// is initially increased, the rise of FP(B) causes the By profiles
to become steeper. Hence, the depth of penetfation vf the By profiIes
decreases and recedes from the midplane. As a conseqheﬁce, the amount
of flux swept in and out of the slab during.each cycie diminishes,
causing the hysteresis losses to diminish also. This generates the
left hand side of the valley. With a further increase in H//, hence B,
the pinning function FP(B) sketched in TFig. 4.lla traverses its Peak
agd begins to decline. The decline in FP(B) causes the slope of the

By profiles to become less steep and hence now to penetrate deeper

and extend closer and closer to the midplare. The concomitant growth

in the amount of flux swept in and-out of the slab per cycle leads to
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a rise in hysteresis losses. This traces ;he right hand side of the
valley. ' Essentially then, the valley in losses is the imagé of the
peak in FP(B) versus B.

The peak in W versus H//‘and its decline to Zero as H//
approache§ HC2 occurs once the "effé?five" depth of penetration of the
more and more shallow By profiles ex;ends further and further "beyqnd"
the midplane as FP(B) diminishes monotonically to zero. The reason
for the concomitant decline in hysteresis losses can be appreciated
from conéideration of Figpw4,11 . The shallow By profiles span the
thickness of the slab and their slopes differ only slightly in magnitude.
As a consequence, "the energy entering the slab during the upswéep of
By becomes comparéble to the energy flowing out during the downsweep
of By over a\?orresponding range. The nee dissipation of energy
therefore becomes sméll.

It is of interest ag this point to remark that Introducing
the simple Kim-Anderson appfoximation FP = oy for the pinning function,
into equation 4.13 which is a statement of the electrodynamic model,
(Bz(x) = Uy H//), leads to hysteresis losses, at a fixed amplitude
and chosen transverse bias field, which are independent of H//. The
losses, of course, will vary with amplitude and t%an5verse bias field.
Analytic expressions for the hysteresis losses in this special case
of the electrodynamic model can readily be obtained...These results
are developed in appendix IIT.

The electrodynamic model has an important bearing on our final
account of hysteresis losses and magnetic behaviour in the noncollinear

regime in two respects.
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Firstly, there are basic differences in the sequences of B

3
profiles between the full-wave and half-wave cases. We refer the reader

4

to Fig. 4.12 which illustrates these differences and aids in understanding

the reason for their occurrence. The crucial feature is that for the

full-wave, after Hl(t) ar es(t) reverse sign, the B profiles must descend

f = .
rom Bs to Ho H// in vigw of the stipulation that Bz(x) uq ﬁ// Here

@S(t) indicates the drientation of the externally applied field.

These considerations!also apply to intermediate cases where 0 < Hbl< ho'

v Secondly, the electrodynamic model carries very specific
implications with respect to 8(x), the spatial ;ariation of the direction

N
of the magnetic induction B(x). This can be seen in the following way.

v

By definition

(4.17) Bz(x) B(x) cos 8(x)

———

’ [

Taklng the derivatives with respect to x yields

—Z _ dB _ ; ds
(4.18) Ix cos 0 i B ai.sin 2]

Inﬁroducing the postulatq that Bz is uniform leads to

(4.19) 49 _1dp 1 _

which leads

(4.20) — = + ==
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when the critical state equation for the flux density (equation 4.3)
is introduced.
The stipulation of a uniform B, thereldcontains explicit

expressions for fB(B) and ¥(8) in the double critical state framework,

namely
: /
F /
-1 dBy _ P
(4.21) fe(B) = 3 (dx) =*—
B
A ]
and
(4.22) F(8) s 1
tan ©

We will see that the special form for fe(B), equation 4.21,
« which emerges directly from the stipulation of a uniform and constant
Bz(x), will remain useful even when Bz(x) varies with space and time

although H is fixed.

M
At this juncture, we wish to indicate that, computationally
and conceptually, the electrodynam£; model can ge addressed in two ways.
One can f2cus on equation 4.16 asd develop a computer program which
generates sequences of By profiles, curves of the spatial average

of <B§> Vs Hiﬁt) and calculates W, the area‘enclosgd by these curves, ’
for various stationary ?nd.uniform Bz(x) = g H%/. This constitutes

a classical single critical state approuch sinc; the §(x) profiles are

not explicitly implicated in the exercise. Alternatively, all the

quantities just enumerated as well as sequences of B(x), Bz(x) profiles
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and also sequences of <Bz> can be obpai?ed in the context of the double
critical state model by exploiting equations 4.10 and 4.20 in tandem.
As pointed out earlier, we have developed a gener?l computer program
for this purpose. The electrodynamic model therefore pFovides us with
a means of verifying the latter program, since the two independent

computational approdches must yleld identical results at all stages

in the present case,

C. lachaine Formulation of the Double Critical State F(8) = k/tan 6

Lachaine showed that a simple empirical modification to

equation 4,20, namely, the introduction of an adjustable coefflcieﬂéfk

so that this equation reads,

(4.23) O 2L kg |

where k > 1 together with the critical state eqﬁation for the flux
density (equation 4.10) generated curves in good accord wi;h.much of his
obse;vations on'fibbons.of NbTi and VIi. In particular, he noted that
the evolution of <Bz> as Hl is initially impressed with H// maint;ined
fixed (the longitudinal paramagnetic effect) was reproduced in some
detail. Also, these expiébsions pxovidedlan account of the expulsion

of magnétic flux along H// kept fixed as H -is decreased to zero from

1

its initial value after the sample has become superconducting in the
chosen H// and initial Hl. The latter phenomenon is unknown in the

published literature and has been referred to as the longitudinal

L4
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diamagnetic effect by Lachaine. Further, these €quations led to curves
of <M//? and <Ml? versus ﬁl in various fixed H// for full-wave and
half-wave cycles which reproduced the main feaéures of his measurements.
Lachaine found that taking k = 2 and 3 in equation 4.23 lead to a good
correspondence with his data on NbTL and VTiL ribbons respectively. We
have ;lso calculated the pradictioné of equation 4.23 using k = 2 and
3 and find poor agreement with our observations of W vs. H//. !
We note that the sample‘bf VTi investiga;ed by Lach;ine and

ourselves is the same. The reason we reach different conclusions is that

. 2
we examined hysteresis losses over a considerably more extensive range
of H// and Hbl' Over the smaller range he expldred, taking k = 3
provides an acceptable fit with the data.

To appreciate why Lachaine's choice of formulae and values
for k, intrinsically yield the experimeﬁtally:well established longi-
tudinal paramagnetic and diamagnetic effects, it 1is uséful to rewrite
equation 4.18. As seen above, the'stipulation that k # 1 in equ;tion

4,23 signifies in the double critical state framework that de/dx # 0.

Introducing equation 4.23 into equatiocn 4.18 leads to
: © dB) B ‘
(4.24) —Z = 22 (x - 1)

We note that with k > 1, the gradients of B and Bz have opposite signs.
Thus <B//> must become larger than Mo H// (hence paramagnetic) when BS
is increased but smaller than Mo H// (hence diamagnetic) when BS is

decreased. ] -
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The latter feature, however, points to a basic "flaw" in the
Lachaine formula. His'data as Qell as all our pertinent observations
reveal that <B//> does not always decrease monotonically as BS is
lowered with H// kept fixed. Indeed the curves of <B//> versus Hl_with

constant H//, often traverse a valley and rise as Hl_approaches zéro.
His formula for F(8), looked at in the perspective of equation 4.24,
is seen as intrinsically incapable of accéunting for this revefsal in
the evolution of <B//> during the final state of the downsweep of Bs
since variations of the magnitudes of B and dB/dx canégz induce a re-
versal of the sign of de/dx. Our main theoretical effort has been
directed at rectifying this shortcoming.

It is now well known that the paramagnetic effect plays a
significant rg}é iﬁ enhancing the lossless current carrying capacity

—

or critical current IC of wires and ribbons of types II superconductors
immersed in static longitudinal magnetic fields. This enhancement

can be understood from a detailed consideration of equation Apll or

its equivalent in cylindrical geometry. To illustrate the basic

mechanism for the enhancement, it is useful to rewrite equation 4.l1

in the form

dB '
o g Z N
R N N e PN LIRS
4.25) — —XL=3 = =
“-2) 37 a7 AN N

B

This presentation brings out the essential feature for the increase
in longitudinal or transport current densities due to the paramagnetic

effect. This occurs because the component of the Lorentz force density,
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jy Bz’ assoclated with the paramagnetic effect aids the pinning force
in balarcing the jz B component of the Lorentz force density. Since,
2X .
- :
by definition, Ic==YJ jz dx, an increase in Ic ensues. Here Y is
. o R . .

a length along the width of the slab. Further consideration shows that

the diamagnetic effect is basically an "image" of the paramagunetic

\
effect and is also conveyed by equation 4.25. Both effects then lead

to an enhancement in jz and contribute to the reduction of hysteresis

losses.

4

D. Boyer Formulation of the Double Critical State, F(8) = k

The electrodynamic model, where F(8) = 1/tan 6 assigns, in a
natufal way, a‘privileged status to the z-axis, the direction along
which the strength of the applied magnetic field is kept fixed. This

| privileged statds is a consequence of the stipulation that B {x) remain
constant and uniform. It is not evident, how;ver, that Eyiég;rivileged
status should survive.in a framework where Bz(x) is allowed to vary with
position and time even though H// ?sxmaintéined constant as Hl ié‘made
to change., For this.rquon and also because of its analytic simpficity,
we turn our attgnfion to the forﬁ for F(B)‘successfully exploited by

Boyer and Fillion and also by Cave, namely,

4,

(4.26) F(6) =k =

s .
which assigns E% mathematical preference to the z-axis. Here k is an
adjustable. temperature dependent parameter characteriaing the‘specimen.l

We pursue this avenue aware of the fact that in the experiments of Boyer

ra

-
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and Cave on rotating disks, all directions in the f—z plane were equi-
valent (assuming material isotropy), whereas in oﬁr work, the "z"
axils cor;esponds to a physically meaningful direction, since along
this direction; the aé%lied % is maiptained constaﬁt.

Bofer, Fillion and LeBlanc explored three analogous forms for
de/dx = fB(B)’ namely
a0 _ , “aTp® . -

dx Bn

(4.27)

-~

.Qith n=0,1and 2. They found that the choice, d§/dx = k F;(B)/B = k(dB/dx)
best reproduced their data. We have also pursued the predictionsuof the
QOuble-critical<state model using these three choices. Further, we have

also examined the curves generated when n = 3/2 and 5/2. We find, in

contrast to ;he conclusion of these workers, that among these choices,

the form,
(4.28) 49 s k¢ (p)

leads to the best correspondence with our data for both the VTi and Nb

samples. Tﬁe W versus H// curves penerated by this choice aré diéplayed

in Figures 4.3 and 4.8. In all our calculations relating to the VTi

sample the parameter k was chosen to yield a fit to the experimental
‘data %f H// = 1 T when Hbl.= 0 (full-wave case). _In the anaiysis of

the data for the Nb sample, we seek a parameter k which causes some

-

of the various curves to either intersect or appreoach each other at

1,, ~ 1.8 T.
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. For various chosen n we have also investigated the effect of

B .

éﬁanging the parameter k by factors of 1/2 and 2. This significantly
affects the degree of divergence of the fine calculated curvés, the
depth and position of the valleys, the height and position of the peak(s)
ané, of course, the fit at H// ~ 1l T. Sigcé we are dealing with.fam?lies
of five experimental and five calculated curves, comparisons between
data and theory become somewhat complicated and conclusions, perhaps
subjedtive, since inferences résé.on overall impressions. Consequently,
our prefereﬁce for eqﬁation 4 .28 over the neighbouriﬁg chéices, namely
"3/2 and 5/2, must be viewed with caution. Nevertheless, settling on
equation 4.28 aS‘tge final result of this exercise, we find the ensuing
agreement with the corresponding data, to be less than satisfactory,
although, perhaps, encouraging.

The curve of W versﬁs H// for the half-wave case shows good
correspondence witﬁ the experimentai results. The sequence for the
valleys is in accord with that observed.. Althouéh, this does not
emerge from Figure 4.3 the calculated curves intersect at H// ©0.8T
and reverse their vertical order beyond that peint in qualitative
~agreement with the data. Sjnce the.calculated separation is very small
however, the curves appear to OVErlap-beyond_H//‘% Qj§ T on Figure 4.3.

Finally, as.notéd earlier, the locus of <M//> versus H, can

1

trace a valley when Hl_is diminishing in a constant H//u This feature

is assoclated with £(8) = k in equation 4.28 and this source can be

. identified by combiﬁing equation 4.28 with equation &4.18 to read,

=2
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- 9B, dB . B, =
(429 C T@m T T X 172
1+ GHo
z

where, empirically, we find k > 1. The pertinent aspect 1is that |dBé/dx|

decreases as Hl’ hence as By/Bz diminishes towards l/k, thereby causing

the longitudinal diamagnetic effect to aEcline and even, in some instances,

to vanish. Indeed, a weak longitudinal paramagnetic effect cén érise, as
By/Bz decreases from 1/k to zero. We have not observed this reversal of

P
sign experimentally.

E. Our Proposed Formula, F(g) = k/(1 + Ie[)2

At -this juncture, for guidance, we return to the behaviour
generated by the electrodynamic model and compare those results with the
data on hysteresis losses and the predictions of equation 4.23. 1In our
view, this survey indicates the need for a function £(8), whose "structure"

lies between F(§) .= k > 1 and T(8) = 1/|tan ¢|. We recall that Gauthier,

-

' - .
achieved good results exploiting F(g)} = k c052 6§ which is convex upwards

for 0 < 8 < 45° and downwards fér 45° < Bu< 90?. We find that this form .

is an'improvemeﬁt on the choice F(g) = k in.reproducing our results. It

is, however, in our view, not quite satisfactory in this respect. We

have conséquenfly exploged a variety 25 other choices starting with linear
f

dependences of the form, Fte) =1 - bfe| where b is a coefficient. These

calculations indicate that a function of F(@) versus g which is convex

towards the origin is required. After several trials which we will not

enumerate we picked the formula



(4 .30) F(O) = —8

where 8 = — By/Bz 1s in radians, as producing the best results among

a variety of simple analytic expressions which have the desired shape

and which we tried. Equation 4.7 then reads

——

(4.31) B L :
x B (1 + |8])

o]

4

We ascribe no special physical significance to the'spécific

' "
mathematlcal form chosen for F(8) and assign equal merit to alternative

expressions generating curves of F(8) versus 8 closely resembling the

former. A rapid initial .descent of F(8) with 8 and a finite walue as ¢

- '
-

aﬁproaches /2 appear important in providing behaviour corresponding to
éur méasurements. In contrast to F(8) = k/tan 6 exploited by Lachaine,
which varies fggm*?nfinitf_to zér;, limits wﬁich appear excessive from
the physical standpoint, our expreésicﬁfigﬁas to better results partly

-+

from being finite at ® = 0 and /2.

Figures 4.4 and 4.9 show the families of W versus the stationary

H// for different tranéverse bias fields Hbl which we obtain using

'eﬁuation 4,31 together with equation 4.10 in the double critical state

fraﬁework. We regard 8 as the first term in an expansion of tan 8.
In the computations for the full-wave case we consequently replaced § by

tan 6 in the range 0 £ H///HC2 < 1/40 or 1/2 for the calculations per-

taining to the VIi and Nb samples respectively. }

b
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Comparison of Fig. 4.4 with the Eorrésponding data curves
(Fig. 4.1) shows, in our view, a remarkable accord between the model
.predictions and the observations for the VTi gib?onl Consideration
of Figures 4.3 and 4.4 indicates that, (i) the correct evolution in the
structure of the valleys as Hbl.is increased and (ii) the separation of.
the calculéted c;&ves beyond their point‘of intersection, are due mainly
to the introduction of the factor F(8) = K/(1 + Iel‘)2 in de/dx.

We note ghat although the demagnetization factor ‘aleng the
length of both samples and along the width of the Nb ribbon is small,
it is not negligible along the width of the VTi ribbon. Further, the
two samples reveal a significant degree of material anisotropy. This
;anlsotropy emerges from superposing the magnetization curves measured
along the length, wheﬁ only H// applied, with that measured along the
width, when only HL is applied. A surﬁey of our observations suggest
that the anisotropy and the ‘geometric factors play a not_insignificant
role in the measurements. These contributions, however, are difficult.
to quantify and remove from the raw datd. We believe that in the absence
éf any such contributions, a function F(g) would nevertheless be required
to accouht for the ;bservations. In other words, we regard the
function F(g), hence the angle g, as not fundamentally linked to the
geometry or the“anisgtropy of thé speciﬁen. We envlsage, rather, that ?he
direction in the ;—z plane along which a component of the externally
abplied magnetic field is maintained stationary, (hence equivalently,
the direction aiong which the applied magnetic field is caused to vary),

thereby achire a special status which must be taken into account by

introducing a function F(g) in the prescription for do/dx. We therefore
. ) :

,
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view that, 6 = 0 in F(9), is determined solely by the direction of the
stationary component of the applied magnetic field. Presumably, if no
statioﬁary component were maintained in the experiments the formula for
d6/dx would be consequently affectéd. This view is consistent with the
analysis of the data on. the rotating and oscillaﬁing disks where all
directions in the y-z plane are equivalent and, F(8) reduces to a coqstant.

As a fu?ther test of ourkinterpretation of the basié for F(8)
we display the set of data for hysteresis losses of the Nb ribbon where
Hl is kept stationéry and H// is varied with t%me (Fig. 4.6). The
corresponding calculated curves 'displayed in Fig. 4.9 were obtained in
the framewofk that the plane 8 = 0 is determined b; the stationary
component of HS, hence here, this plaﬁe.lies along Hl i.e. along the -
with-of the slabs The reasons we select the Nb data for this test,
is that tﬁis-specimen has a very small demagnetization factor along
its-length and width and also exhibits‘less anisotropy than the VTi
sample. In'section IV, we also anaiyse‘data oﬁ the VTi ribbon in this
framework. In our view, it is instructive that the same F(e)'can_be"
exploited for both the VTi énd Nb sampl;s and ylelds good results in
both instances, provided that the plane 8 = 0 is considered as tied
to the stationary component of the applied magnetic field.

ﬁe attribute the &iéparities between calculations and ﬁea—
;E¥€;énts for the Nb specimen (compare Figures 4,6 and &.9), to, (i)
our Qgglegt of revgrSible (Meissner) shielding currents and surface

barrier(s) in the model and (ii) our choice of a crude approximation

. ii'.
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(equation 4.9) for the bulk pinning behaviour. We also note here,
although it is not germane to the validity of the model, that the
presence of the Meissner currents,{ the operation of the surface barriers,

to H . for the Nb sample, allow little room

and the small ratio of H
. c? cl

for maneuver and exploration in the choice of h0 and the range of choices
of Hbl' The reasons are the following. Firstly, h0 must be sufficiently
large to overcome the reversible shielding current and the surface
barrier opposing flux entry. TFor our specimen, this means hO 7 0.15 T
when Hbl_= 0. Secondly, hO should be chosen small enough so that the
flux disturbance does not penetrate to the midplane when Hbl_= 0. This
criterion implies ho &5 0.2 T for our sample. If h0 is ch&sen larger

than this, the enspinglw versus H// curves for wvarious Hblf shgw little
structure and a disappointing sameness. As a consequence such data
presents a poor challenge for testing the descriptive powefs of our
model.

i

T. Sequences of B profiles when 0 £ Hbl_< ho'

As noted above, in the discussion of ﬁhe electrodynamic regime
(Bz(x) = u, H//), there is a fundamental difference in the sequence of
B profiles depending on whether the bias trénsverse field is smaller or
greater than the amplitude (Hbl_z ho)' For perspective and backg¥ound,
it is useful to examine the collinear regime and compare the behaviour
in this regime when Hl(t) does not reverse and does reverse polarity
duriﬁg its cyclical éweep.  The former is 1llustrated in Fig. 4.12a)

and c), the latter in Fig. 4.13a) and ¢). In the latter case it is also
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instructive to view the sequences of the magnitude of the B profile
which are displayed in Fig. 4.13bh). In the noncollinear regime, this is

the representation which must be considered in applying equation 4.10,
1/2
2 2

-since B = (By + Bz ) does not change sign when By changes direction.

In the noncollinear regime, however, *it is no longer necessary that

B = 0 at the plane where 8 = 0. Indeed, usually B will not be zerc at

I

6 = 0. Consideration of a three dimensional éketch of the B configu-
ration (see Fig. 4.13e) and consideration of Fig. 4.13d) and 4.13f)
indicate however that ]B(x)l will reach a minimum at the plane“8(x) = 0.
In the situations we are now‘envisaging, this minimum, however, may be
zero when H// is small, since Bz(x) is allowed to evolve up or down,
hence may decline to zero at that plane. We recall that in the elec-
trodynamic model, the situation which occurred was B = Bz = uo H//

at 0(x) = 0, since we stipalated thaF Bz(x) = H//. Removing this
stipulation, allows 0 < B § M, H// at 8 = 0. ’

The sequences of B profiles during the cycle when Q < Hbl_< ho,
hence‘for intermediate situations between the full-wave and half-wave
‘éases, are slightly more complicated than that sketched in Fig.’4.13d).
The detailed picture wh;ch applied can readily be traced from consi-
derations of sequences a@,}&l profiles in the collinear regime for

cycles of corresponding 1imits.

The scheme we have just presented for the sequences of the

»

B profiles-in the noncollinear regime, in cases where 0 < Hbl < hO

leads to a smooth transition of the flux configuratigns in that regime
to that encountered in the collinear regime as H// is taken to diminish

and vanish.
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In the collinear regime, the migration of the interface where N

B = 0 from the surface of the slab to its midplane, is associated with

the encroachment of a slope of positively or negatively directed

vortices into a territory occupied by oppositely directed vortices. At

the advancing B = 0 plane, annihilation of antiparallel vortices, moving

from the left and the right B profiles along critical flux density

gradients, takes place. In the noncollinear regime, as pointed out by
Clem, the processes involved in the migration of the plane where 6(x) = 0

2

and a minimum in [BI profile occurs, are more complegm Here it is
visualized that the cutting and cross-joining of'flux lines wifh the
subéequent straigh£3nin§ of the segment; effectively causes an anni-—
hilation or consumption of flux by eliminating opposite By components
of adjaceut.nonparallel sheets of flux lines, straddlinglthe 8{x) = 0
interface.
2

The picture we have just developed appl}es in our analysis
of cufﬁé A for the VTi sample and four of the family of five sets of
data presented for the Nb specimen.

4.4 LoCus OF <M//> AND <Ml? DURING GYCLIC VARIATIONS OF ﬁs

+ The area enclosed by the.component of the magnetic moment
which lies along the cyclically vafying component of the externally
applied magnetic field ﬁs is a measure of the dissip;tion of energ;
in the specimen. WE have up to now focused on these fiﬁal data and //"
deve;oped a model which accounts for these results. In order to éb@?in

. ’ ~
these integrated data, we monitored the locus of the appropriate com-

ponent of the magnetic moment du;ing'complete cycles. TFurther, we
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. r
generally, also traced the evolution of the magnetic moment along the

stationary component of ﬁs during each periodic sﬁing. The intricate

1
qualitative and quantitative informgtion which the model we put
n .

structure of tthe curves of <M//> and <M.> are replete with detailed
forward should also be able to reproduce in order to be accepted.
In this respect we are confronted by éﬁ embarrassment of

. riches since our investigation has man; facets and spans a wide range

;f the several parameters or variables which enter the total picture.

It is useful to enumerate these parameters:

i) The magnitude of the stationary component of ﬁs'

ii) This component ma§=be chosen to be directed along some arbitrary_t
direction in thé plane defined by the length and width of the
ribbon specimen. Forvexperimental ease we have chosen to let ﬁ
stationary lié

i *

~a) . along the length of the ribbon and alternatively
b) along the width of fﬁe ribbon. We have avoided the experimental

' complications involved in choosing intermediate orientations.

iii1) The magnitude of the bias magnetic field which is directed perben-

dicularly to H stationary, hence collineér with the oscillating
magnetic field, namely Hbl.if H// is kept fixed or Hb// if it is
Hl which is maintained constant. TFinally,

iv) The amplitude ho of the oscillating conponent of the apﬁlied
magnetic field.,
]

We note that for each measurement where (i) through (iv) have,

been specified, we simultanecusly monitor the locus of both <M, ,> and <M. >,

I 1
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N In the measurements on hysteresls losses, we have already

T
covered the domain where.hd ~ Hy. In order to expand our survey into
new territory we now turn our attentioh ﬁo the range of large amplitudes
where the 1oc;s of the curves*qﬁﬁ trace very elaborate and fasclnating
meanderings. At these large amplitudes and with the Ehosen H stationary,
the range of 8 and B being scanmed is appreciable, These mgasurementsA
therefore constitute a severe test of equation 4,31, F;¥ convenlence,
but with the assurance that this "limited" approach covers th essential
ASpects, we have coﬁfined this investigation to half-wave andifull-wave )
éycles, hence takgn Hbl (or Hb//) = 0 and ho' ‘

The odd numbered Figures in the series from Fig. 415 through
4 .36, comprise a partial catalogue selected from an extensive compi-
lation of observations to illustrate various salient features of the
variety of behaviour encountered as th; several parameters just enume-
rated are caused to change. The even numbered Figures in this sequencé,
display corresponding families of curves computed with E?e double
critical state model using equations 4.10 and 4.31.

Figures 4.15 and 4.25 actually belong to the collinear regime
since here H// = 0 (the stationary component is the eath's magnetic
field). As indicated earlier, it is these data that we exploit to obtain
a suitable approximation for FP(B) for thé specimen in thelcontext of
the classical single critipal state approach. Figures 4.16 and 4.26
display the magﬁetization curves which this collinear medel yields
using equation 4.10 alone. It is of interest, however, to note that

curves essentially identical to that presented in the latter two Figures

are also obtained with our formulae for the double critical state model

+
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in the limit where H// is smﬁll (say & 0.1 mT), and tan 6 is substituted
for 8 in equation 4.31. This is a striking example of the versatility
of the model, since its predictions continue to be wvalid in the extreme

limit of a vanishingly small.H ‘where, in a sense, the non-

stationary
collinear regime merges with the collinear regime.

We have adopted a side by side instead of a superimposed
display of observed and calculated curves. Our reasons for this approach
are twofold. Firétly, in view of the variety and intricacy of the
families of measured curves there is a ne;d to aveld cluttering the
figures. Secondly, since in the calculations we ignore, for simplicity,
any contributions from reversible Meissner currents and surface barriers

and choose, for convenience,.a simple analytic.app:oximatioﬁ to describe

the bulk pinning, we do not expect the model to yieid a one ta one
quantitative correspondence in all circumstances. We believg it is sufficient
for the model to generate results whose gnitudes are approximately

correct and to yiéid famlilies of curves whére the salient features and

the trends of the various magnitudes evolve in harmony with observations

as the pertinent parameters are modified.

An inspectién and comparison of the corresponding families of
measured and calculated curves in this compendium, provide strong
support for the basic validity of the double critical state approach
and the particularlprescriptions we have 'selected (equation 4.10 and
4.315 to generate the B and g profiles, hence the_By and Bz, profiles.

A few comments on scme of the features are'approﬁriate.

The growth in the gradients of the By profiles, hence in the

eritical curreﬂt density, (i) shielding the ribbon against entry of an

.
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increasing transverse component of the applied flux and (ii) opposing
the exit of this flux as El is reduced, emerges from a comparison of
the magnitude of thermaximum diamagnetic. and paramagnetic magnetizations
in Figuresy 4.15, 4.17 and 4.19. This growth is due to the presence of
the stationary H//,.the parameter;which has beep changed.r The qua?t;ties
just mentioned are seen to increase by a factbr of & 2 in fhis set éf
Figpres. This enhancement has already been exploréd in some detail by
Timms and LeBlanc who analyzed their data on'a NbTa ribbon using the
electrgdynamic model, 1.e. Bz(x) = H// hence <M//> = 0, The rise in
magnitudes caused by H// is also evident when full-wave cycles é;e ?
applied (see ¥igures 4.25 and 4.27).

The intricate evolution of the locus of <M//> as a function

1
is exhibited in Figures 4.21 and 4.23 for the half-wave case. We note

of the amplitude of the time varying.H when a static H// is present,

the changes in the semse of circulation of the curves; namely from
counterclockﬁise at ;;éll ampliﬁydes of Hl to clockwise at larger
amplitudes via figure eight loops at intermediate amplitudes. Df\is
remarkable that our model duplicates this convoluted sequence of
behaviour (see Fig. 4.22 and 4.24).

A rise in the longitudinal magnetic flux as Hl(t) increases-
in magnitude with H// kept fixeq {the longitudinal paramagnetic effect)
and a decrease in this flux to levels below the applied magnetic flux
(the longitudinal diamagnetic effect) are also evident in Figs. A.ZL
and 4.23. These "effects" are thé manifestation of complicated patterns

of circulation adopted by the induced persistent currént densities

- =
f (x, t), hence configurations of the magnetic induction B (x, t) during
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the swing of tgé ékternal pagnetic field. All the macroscopic features
pfﬁth;ge phenomena are well rgproduced by the model (see Figs. 4.22
and 4.24), Under full-wave oscillations qf El(t), the elabora;e
contortions of the persistené!currents and.magnetic fields lead to
b;autiful butterfly shaped curves as illustrated in Fig. 4.29 anq
duplicated theoretically in Fig. 4.30.. |

In Figures 4.3, 4.33 and 4,35, thé component of the magnetic

field along the width of the VTi ribbon, H,, is kept fixed while 1t is

the longitudinal component, H// which 1s time varying. As indicated HJ/,#—EJ///

A}

earlier this 90° rﬁtated arrangement serves especially to shed light
on.the physical meaning of F{8) in equation 4.31. In this set.of
Figures, the émplitude of the time varying field is chosen the same
for a given family gf curves and dDfferent stationary H// are sele;ted.
The families of calculated-curves displayed in Figs. 4;32, 4.34 and

4.36, exhibit similar general features and trends as the measured ones. (
5 : A

PR g
'We note, however, that the numerical values for the amplitudes and

o™
stationary H// for the measurements and the calculations do not correspond-

exactly. We attribute this»"shift" in the matching to anisotropy and

- the demagnetization factgr.J The essential message is nevertheless

conveyed, that the F(8) is linked to the direction of the statlonary
component of the externally applied magnetic field.

.Finally we .focus on the valley traced by the diamagnetic

magnetiz%tion along the stationary §omponént of the applied magnetic

field as the time varying component'is decreasing to zero after an

e .
excyrsion to sufficiﬁntly large magnitudes. This behaviour is witnessed

N : .
A .
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during both %alf—wave and full-wave cycles (see Fig. 4.21, 4.23, 4.29,
4.31, 4;33 and 4.35). It is'evident from an examination of the corres-
ponding calculated curves that our-modei‘reproduces this prominent
feat;re (see fig. 4.22, 4.24, 4,30, 4.32, 4.34 and 4.36). We find the

rise in flux along the stationary component in eircumstances where the

L=

varying field 1is being reduced to be a particularly intriguing pheno-~-
menon. We have already seen that Lachaine's expression for F(8),
namely k/tan 6, with k > 1, is intrinsically incapable of generating
this rise, whereas it ié produced by Boyer's choice of F(B) =k > 1
and also by our ﬁormuia.

To gain insight into the origin of this phenomenon in our

model, we proceed as before and introduce equation 4.31 into equation

4.18., This ylelds,

f

dB
z _ _ ,dB 1
(4f32) dx <dx)

kw a8

L
-1 = - 9B s
1+ 8)> dx

o177 ¢
(1 +w)
where w = By/Bz. To simpiify this exﬁression we max'replace g by w,
a valid approx{mation in the situations we a?e conéi&éring. We have
selecté; k = 13 and 25 for the VTi and Nb samples respectively.
Ex;mination shows that -f(w) tfaverseé a valley when w & O.é. As a
consequence, -the sequence of Bz profiles behavés as depicted schema—'

tically in Fig. 4.14¢c) thereby causing <Bz>, hence <Mz>, to reverse

its descent and form a valley with Hl(t) decreasing in H// statlonary.

L]
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4.5 SUMMARY AND CONCLUSION

-

We have investigated the evolﬁtion of the sparial average

| of theJmagnetic induction, <B//> and <B1?, along the length and width

of ribbons'of VTi and Nb in the presence of a stationary longitudinal
q

magnetic field, H//,las a tiﬁe varying transverse magnetic field, Hl(t),
is made to ﬁndergo oscillations of various amplitudes hn. A transverse
bias magnetic field, Hblf of different chosen intensities islals?
introduced. lWe frequently focus on the special cases where Hbl.; 0

and ho, denoted the full-wave and half-wave cycles. The'magnetié
response was'explored ovér.extensive ranges of H//, Hbl_and ho' The

area enclosed by the hysteresis curves, W = % Hl d<B.> was also

1
measured. Performing a 90° rotation of the applied magnetic field,

J

another series of measurements was carried out where HL is maintained
fixed and artime varying H//, superimposed collinearly on a blas level,
Hb//’ is caused to oscillate.
| The lattice of flux lines encountéred in the samples under the
ﬁci;cumstances just described contains regions where adjacent planes of
véftices are not parallel,. Tbgsa sitﬁationé‘where thehsh;ets af flux
1ine; are made.tc vary in }elgtive orientatioswith depth and time are
referred to as the noncollinear regime. These configurations differ
fundamentally from that occurring in the standard arrangement where a
varying magnetic field is superimposed upon and collinear with a pias
ﬁagnetic‘field. In the noncollinear regime, the interactions of the

flux lines can be radically modified and flux cutting processes come

into play, dictating the flux configurations which ensue.
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Our oﬂservationé are anaiyzed phenomenologically, expleiting
the framework that both ﬁhe gradients in the ﬂensity of the flux 11&&5
and in their angular orientation exist in critical stétes. For sim-

- plicity, in our work; contributions from surface barriers and reversible
shielding currents arelneglected. The B profiles are téken to .obey the
classical critical state con;ggt whereAthe driving Lorentz force density

\\iﬁ in equilibrium with the pinning force density FP(B). Consequent}y;
dB/dx = iFP/B, since we assume B(x) = u; H{x) and use plaqgr geometry.
Focusing on the magnetizatlon curves in the collinear regime, a simple
analytic expression for FP(ﬁ) is identified fof each gpecimen which

b
adequately reproduces the corresponding data. Armed with this pres-

A

\Ki:iption for the B profiles, an Empirical search for an appropriate
t

rmula to describe the critical angle gradients, d6/dx, 1s undertaken.

&

This inquiry, guided by previous work, leads.us to the form,

de/dx = k FP/BZ(Jf+l6|)2- The appearance of a 6 dependence in this

governing ‘equation is examined in several ways. ¢ ‘
- . ‘ Firstly, by computationally exploring the behaviour when the
magnetic induction along .the static applied ﬁégnetic field componént
is taken ;o:be uniform and con.:cant (Bz(#) =, H// or By(x) ='p0 Hl
as the case may be). This picture, called Fhe electrodynamic model,
leads naturally to‘the form do/fdx = Fﬁfﬁz tan 6, hence FP/B2 for the
B dependence and l/tan & for the § dependence.
In tﬁis model, the‘induced persistént currents flow along the
- electric fields, E(x), hence along the stationary component fo the

applied magnetic field ﬁs and orthogonallté the time varying component

of ﬁs' This model consequently provides a fréﬁe.of{referencelfor
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assessing the influence on the hygteresis losses of the appearance of

persistent currents which flow perpendicularly to the stationary

gomponent of ﬁs' A comparisoﬁ of the full-wave curve predicted by this

-

madel with the corresponding data for the Nb sample (see Figs. 4.6 and
.7; reveals that the oécurrence of a deep valley in the locus of W
can be attributed to the presence of the latter compoment of the .
current de&sity. Let jy denote the current density perpendicular.to the
stationary component of gs and, Bz, the magnefic induction along this
\ componené of ﬁs' We visualize that the reduc£ion in energy dissipation.
occurs gecause the ijz component pf the Lorentz force density, FL’
predominently aids the pinning force density in opposing‘the other, .
energy aissipating, szy component of th% Lorentz forces, This allﬁws
jy(x tofattain ¥érger densities than‘would exist if szy were absenp.

This interﬁlay of the components of the Lorentz force and the pinning

force is also partly responsible for the enhancement of the current

carrying tapacity of wires and ribbons in stationary 16ngitudinal'
magnetié frelds, H//: Using the electrodyﬁémic model as a starting
point or condeptual framework, several phenomena are readily seen to
be intimately reld namely; (i) the longitudinal paramagnetic
effect, (ii) the longiifudinal diamagnetic effect (the less well known
image of (1)), (iii){ e enhancement'of.the critical current by a
static %LL¢?nd (iv)}the decrease in hysteresis losses_by a static H//.
. To further?ﬂelineate the role of F{8) and té evaluate its
.. necessity, we pursued the double critical étate concept, eliminatiq&

the 8 dependence, hence taking F(8) = k in equation 4.31. Under these

circumstances, we find tfat the model yields poor agreement with our”
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data on hysteresis losses (see Figs. 4.1, 4.3 and 4.6, 4.8). "Also,
the locus of the curves of <M//> and ﬁMl? as ﬁs is cycled was not

satisfactorily reproduced although this choice for F(8) éénerates an
intriguing feature o% the data, fhe_appearance of a valley in the
evolution of the magnetic induction along the static component‘of ﬁ‘

s : °
as the time varying component is reduced to zero.

We contend that F(8) in equation 4.31 is required because

in our work, a component of ﬁs is mainfained fixed, thereby giving
physical meaning and a privileged status to & = 0, the direction al&ng
the stationary component.of,the applied magnetic field. Although
anisotropy and demagnetization factors are seen to play a role in our
data, the severe &ependence on g which we find necessary to introduce
precludes associating F(8) with these features. Further, we note ﬁH;t
taking 8 = 0 to be fixed by the direction of the stationary_compoﬁent

-3 :
of HS and using the same form for dg/dx, namely equation 4.31, we

successfully accou?; for our observations, (i) on both of the materials

- we have studied and (ii) for eggﬁ material, for the situation wﬁere this

component is made to lie along the léngth/and also along the width of

A

the ribbon” samples. These results indicate that anisotropy and demag-

netization factors are not responsible for the appearance of the g *
) -
dependence’
The spatial distribution of the angle  subtended by the,
current. density f(x) and the electric field ﬁ(x) has played no role in
our empirical approach. On physical grounds, this angle is required to

X

@i
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lie.in the range 0 5 ¢ < w/2. The appearance of § greater thaﬂ 90° would
iﬁply the existence of a sdurce of energy in the reéion where this oc;urs.
Further, the requirement that E(x) be spatially continuous has not been
addressed. Preliminary computations of the sequences of g(x) and wﬁﬁ)
profiles occurring with‘our model indiéate that it does not generate
unphysical conf£gur£tions in the situations we have expléred. These

" features are under éitensive scrutiny and'will'be report;d on d4s a

continuation of our work.,

“

Clem has recently developed a major modification or extension
.o : : g,

‘vn
. of our double critical state model which phenomenologically focuses on

the processes involved in the establishment of the sequences of fluxi

2 -
cohfigurations for the general noncollinear regiéé. +In his appreach

N

jlf j//, El_and E// the components of the current density and of the
electric field perpendicular and parallel to ﬁ(x), are explicitly taken
into account. Pursuing these considerations, Clem envisages the exis-

tence of three types of situations; (1) E is perpendicular to ﬁ, jl is

AY

in a critical state and j// is subcritical, (ii) E is parallel or anti-

-
parallel to ﬁ(x) is suberitical and j//'is in a critical state,

,jl-
and (iii) the angle subtended by T and § is #0 nox /2, jl.and j/] are

. N |
in a critical state., Further E{x) must be continuous and the requirement

that 0 £ % £ 7/2 must be met._ Noting that ¥, j, 1s equivalent to

1
dB/dx and L j// to Bd0/dx, (i), (1i) and (iii) translated into the
. ' = .
framework of our double critical state model signify that domains can

’
a -

exist where (a) dB/dx 1s critical .but dB/di is éubcritiéal, (b) d&/dx is

erftical but dB/dx is subcritical and (c) both Q-}é-zmd El—Ei-arein critical

dx dx
tgtes, Clearly, the model proposed by Clem permits greater flexibility

.t
A
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’ *

anq a richer varilety of B and § profiles than our simple model which
allows only configurations of category (c).br equivalently (iii). In
the foregaing we ignore the "inert" regioﬁs where no changes have taken
place (B and B are uniform).

The computafions required to determine thé appropriate sequences
of B -and © profiles exploiting Clem's proposals are necessarily consi-
derably more complicateq and time consuming than in our simple model.
NeveftheIess his more rigorous and fundamental framework is being
pursued in the analysis of our observations. Pgnding ﬁhé result of these
elaborate computations we speculate that the agreement of the pre-
dictions of our mQAel with our vast assortment of data suggests ghat our
approach generates the major features of the sequences of B and 0 profiles.
We also conjecture that the introduction of a © dependence in our
formulae (equations 4.10 and 4.31) may prove to be a stratagem or shortcut
which, in effect or indirectly, incorporates and takes into-account our
ignoring the occurrence of domains of types (a) .and tb).

JIn closing we remark that the existence of deep vaileys in
the hysteresis losses in the noncollinearlregfﬁe‘for full-wave and
half-wave ogcillations nmay prove useful in the technology of type II

'sﬁperconductors. In the light of our study of this valley we visualize
that the decrease.in A.C. losses reporte&.by Taylor and by Sugahara
and Kato for wires of type Il suéerconductors in static-H// mapped out

a partion of the left-side of such valleys.

-—
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Losses(lG)éd/mz'/cycle )

.FIG. 4.6

ol 02 03 04
Mo Hy (T) @

Hysteresis losses per cycle per unitivolume measured

on the Nb specimen (at 4.2 K} at an amplitude hy, = 0.18 T
as function of the stationary dongitudinal magnetic

field Hy. ?he bias mgknetic fields (collinear with, hg)
selected were, Hpy7 = 0, 0.03, 0.05, 0.09 and 0.18 T

for the curves A, B, C, D and E respectively, -
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.FIGf 4.7 . Hysteresis losses calcdulated for the Nb ribbon on the

basis of equation 4.12 where Fp is given by equation 4.9,

as function of the stationary magnetic field H;. The
chosen bias magnetic field (collinear with hg)
= 0, 0.03, 0.05, 0.09 and 0.18 T corresponding to
éées A, B, C, D, and E respectively.
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FIG.. 4.8

|
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Hysteresis losses calculatéd for the Nb ribbon,
generated with equation 4.28 and equation 4.9
as function of the stationary field_Hl for the
same bias magnetic field of Fig. 4.7
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Hysteresis losses calculated for the Nb ribbon, for
different bias magnetic field Hy, / {same as in
Fig. 4.7} using equation 4.31 togéther with equation
4,10 in the double critical state framework, as

function of the stationary magnetic field ﬁl.



- 183 -

0.2k

Ol

~MoSM,» (T)
7

-0l \ /
Vo /
1] /
Vo /
{ | /
\ /!
-0.2}- \ /4 -
\ 7/
| [N\ N | L.
=04 -Q2 -0 02 04
}'l'o H// (T)
FIG. 4.10

Magnetization curve (—uo <M/{>'vs. Ho H//)
o

for the Nb specimen,

The s

id curve is
experimental and the dashed curve is calcu-

lated using equation Azg_q;th a = 1.8 x 10

103 T3/2/m.
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FIG. 4.12 Schematic of the basic differences in the «
sequences of B profiles between the full-wave
and the half-wave cases in the electrodynamic
model where B, 1s constant. (a) Sequence of B
and (b) 6 profiles as Bg is decreasing and (c) B
and (d) 0 profiles as Bg is increasing for the
half-wave case. 1n (e), sequence of B and (f) 0
profiles for the full-wave case.
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FIG. 4.13

(a) Schematic of B and (c) 8 profiles for the
full-wave case in the collinear regime. (b)
Sequences of the magnitude of the B profile
when Hl(t) reverses polarity. (d) [B(x)l
reaching a minimum in the plane 68(x) = 0 and
(f£) the corresponding 6 profiles. In (e),

a three dimensional sketch of the ﬁ confi-
guration is presented,
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FIG. 4.14 (a) Sequence of B and (b) 6 profiles as
H, decreases while H;/, is statiomary. In
(c) the sequence of B, profiles causing
<M_> to reverse its descent and form a
valley (d) as Hj decreases toward zero
while H// is stationary.
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FIG. 4.15 Hysteresis curves -p,<M;> vs. uy H) observed
with the VTi ribbon in a stationary magnetic
field H// = 0. The various amplitudes of these
half-wave cycles are: h, = 0.05, 0.10, 0.15,
0.20 and 0.25 T for curves A, B, C, D and E°
respectively. ' '
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Calculated curves coﬁputed with the double
critical state model usingRequatiohs 4.10
and 4.%}. Compare with Fig. 4.15.
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FIG. 4.17
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Hysteresis curves Mg <Mp> vs. u, Hp observed
with the VTi ribbon in a stationary magnetic
field Hy, = 0.036 T, The various amplitudes
of these half-wave cycles are: hg = 0.017,0.034
0.051;, 0.068, 0.085 and 0.102 T for curves
A', B', A, C', D" and B respectively.
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FIG. 4.18

- 0lo Q.15
) Jlo H.L(T)

Calculated curves computed with rhe double
critical state model using equations 4.10
and 4.31., Compare "with care" with Fig. 4.17

0.20

L]

- because the amplitudes are not exactly in

correspondence, hy = 0.0125, 0.025, 0.0375,

0.05, 0.075 and 0.10 T for curves A', BT, ,

C', A, D' and B respectively,
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FIG., 4.20 Same as Fig., 4,16 with H// = 0.18 T.
Compare with Fig. 4.19.
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FIG. 4.21 Family of My <M//> VS'.Ubqu curves observed with
the VTi ribbon in a stationary magnetic field
H/{ = 0.72 T. The various amplitudes of these
half-wave cycles are: hy, = 0.017, 0.034, 0.051,
0.068, 0.085 and 0.102 T for curves A', B', A,
C', D' and B respectively., ’ '
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FIG. 4.22 Calculated curves computed with the double
critical state model using equations 4.10
and 4.3%. Compare "with care” with Fig. 4.21
because the amplitudes are not exactly in
‘correspondence, n, = 0.025, 0.05, 0.075,
0.10 and 0.15 for curves A', A, B', B and C
respectively.
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FIG. 4.23 ‘Family of pug <M;;> vs. Uy Hj curves observed
with the VTi riééon in a stationary magnetic
fleld Hyy = 0.18 T. The various amplitudes

- of these half-wave cycles are: hy = 0,025,
- 0.05, 0.10, 0.15, 0.20 and 0.25 T for curves
A', A, B, C, D and E respectively. . '
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Calculated curves computed with the double
critical state model using equations 4.10
and 4.31. Compare with Fig. 4.23,
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O 0.2 04
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Family of pg <Méé> vs. lg Hy curves observed
with the VTi ribbon in a stationary magnetic

field H;, = 0.36 T. The various amplitudes

of these full-wave cycles are: hy = 0.1, ‘
0.2, 0.3 and 0,4 T for curves A, B, C and D (p\

respectively. ’
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FIG. 4.30 Calculated curves computed;with the aoublﬁ ¢ritical

state model using equations 4.10 and 4.31. Compare
with Fig. 4.29. - |
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FIG. 4.33

1
02 04 06 0.3
Mo Hy(T)

Family of curves u, <M;> vs. yg H curves
observed with the VTi ribbon. The amplitude
of the half-wave cycles is hy = 0.4 T.and the
varlous stationary magnetic fields are:-

Hy = 0.036, 0.072 and 0.09 T for curves B, €
and D respectively.
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Fp=esB"*(1-B/Bs2)”
dE’__P(Fb ( | (2
dx ~ g% |+9)

02 03 04 05
Mo Hyy (T)

Calculated curves computed with the double
critical state model using equations 4.10

and 4.31. Compare "with care" wirh Fig. 4.33°
because the statiompry magnetic fields are -
not in correspondence, Hy = 0.06, 0.07 and
0.08 T for curves B, C and D respectively

and the amplitude of the half-wave cycles is
hO = 0,25 T.

FIG. 4.34
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0 0.2 04 = 06 0.8
FIG. 4.35 Family of curves u, <My> vs. g, H// curves
observed with the VTi ribbon. The amplitude
of the half-wave cycles is h, = 0.4 T and the
various stationary magnetic fields are
Hy = 0.108, 0.144 and 0.18T for curves E, F
and G respectively.
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Calculated curves computed with the double
critical state model using equation 4.10

and 4.31. Compare "with care" with Fig. 4.35
because the stationary magnetic fields are
not in correspondence, Hy = 0,10, 0.15 and
0.20 T for curves E, F and G respectively
and the amplitude of the half-wave cyeles

is ho =0.25 T.
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'CHAPTER 5

HYSTERESIS LOSSES‘IN-THE COLLINEAR REGIME

5.1 INTRODUCTION _ ’

Recently workers have reported the discovery that hysteresis

. losses in type‘II superconductors subjected to a periodically varying

magnetic field of chosen amplitﬁde ho, directed parallel to the broad

by

surface gf the specimen, initially decrease, traverse a mfhimum and then
rise, hence trace a valley, when a static bias magnetic field Hb ;s
impressed collinearly with ho' Clem has investipated this phenomenon
systematically and phenomenologically in the framework where (i) bulk
pinﬁing, (ii) équilibriumfdi;magnetiém andv(iii) surface barriers to entry

and exit of flux, are taken into account. His survey reveals that a

minimum occurs in most circumstances where realistic approximations are

exploited to describe these various quantities. In particular, he notes

that the B dependence of the bulK pinning alone can yield a minimum.
Further, with the pinning fﬁnction chosen in his study he finds that the
minimum occurs when Hb o 2h0/3.

In this chapter we report on our measurements of this Clem.valley
at various amplitudes in our ribbon sample of VTi. Since the spepime;
shows sipgnificaht anisotropy, we have explored t£e behaviour of the
hysteresis losses, with the c;llinearly superimposed h0 and Hb directed
along the length of the ribbon and also along its width.

We compare our data with the predictions of the critical state

model neglecting surface bgrriers and reversible shielding currents. This
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approach was agopted for simplicity and in view of the success previously
achieved in analysing magnetic phenomena in this material in this bare
context. In the light of the remarkably good correspondenbe between
déta and calculations provided by this rudimentary framework we deemed it
instructive to pursue in some detall the ﬁéhaviour predicted for, a) the
structure of the valleys and b) the evolution of Hb where the minimup
occurs as a function of (i) the ampIit;de ho’ (ii) the characteristics
of the bulk pinning and (iii) the geometry; always in this simple

| context. |

The results of these computatiqns are of intrinsic interest.
quther, a knowledge of tﬁe effect of changes in the character of the
Brprofiles and of the cholce of geometry should prove useful in assessing
the contributions of surface barriers and reversible surface shielding
currents to the behaviour- encountered in various materials. Our results,

‘ -

prqvide a background for more sophiéticated analysis where these additional
‘features, as in Clem's wprk, are taken into account.

The appearance of a minimum in the A.C. losses'may prove signi-
ficant in the exploitation of these materials in the technologigal appli-

cations of type II superconductors.

-

5.2 EXPERIMENTAL RESULTS AND DISCUSSIbQ
In Tig. 5:1 we display the magnetization curve of the ribbon of
VTi measured when the applied magnetic field increasi;g from zero is
directed along the length and aléng the width of the ribbon (upper and
lower curves respectively). The difference between the two measured

curves may be attributed to the demagnetization factors and the material

=
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anisotropy.

Boyer observed anisotrepy in the magnetic behaviour of a disk
of VTL cut from the same ingot from which our ribbon sample was obtained.
In his work the magnetization was measured with the magnetic field
directed along various diameters of the disk, hence the demagnetization
factor is tﬂe same for his several data curves. The ma‘}mum and minimum
magnetization curves occur for two diameters orthogonal to each other
and the deviation he observes is comparable to that which we encounter.
We consequently ascribe the deviation. between the two solid curves in
Fig. 5.1 mainly to anisotropy. The degree to which this assignation is
correct’, 1s not germane to the purpose of the present investigation. . Yy,

; . ]

The dashed curves in Fig. 5.1 were calculated exploiting the ‘/[
well established idea that wherever a gradient in the magnetic flux
density is made to arise,'it exists in a critical state., For planar
geometry, taking the magnetic inducgion to be directed along the z-axis,

the critical gradients at a constant temperature can be written

F(B)

1+

where the subscript z is omitted and FP(B) is regarded as the bulk pinning
function characterizing the given sample. For simplicity and as a first

approximation we make use of the boundary condition,
(5.2) B =, H

where\BS is the density of flux lines in the vicinity of the surface and

4 4

_,hrt
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H0 is tﬁe'?pbl?ed magnetic fgﬁyd. " This means Fhat we ignorelthé‘possible
existence of a surface step or a-discontinuity in the magnetic inductign
which .could arise from the presence of reversible surface shielding
(Meissnei)currénts and the operation of a surface barrier against flux
entry. |
Guided by other investigations on this material we choose fhe

simple analytic expression

' 2
1/2 B
(l——-B )
c2

(5.3) Fp(B) = ¢ B

1/2

-

for the pinning function. Equation 5.1 then reads

2

1 - =2
Bcz

Q

B _
(5.4) Ik

1/2
1/2

B

A useful measure of the magnitude of magnetic inductions in this
study is the magretic induction at the surface of the slab (or cylinder)
when the B pr;file drops to zero exactly at the midplane (or axis). Let
B, = Mo H, denote this quantity. Taking Bc2 as infinite, equation 5.4

leads to *

(5.5) B, = E'QX) = E-QR)

where X is the half thickness of the slab and R the radius of the cylinder,
The upper and lower dashed curves in Fig. 5.1 were calculated taking

B, = 0.06 and 0.05 T respectively and BcZ =4 T, i
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The data‘points in Figs. 5.2 and 5.3 present hysteresis losses,
W, measured at four different amplitudes h0 S H, as a function of the
collinear bias magnetic field Hb applied along tﬁe length and width
Iof the rihbon respectively, The solid curves in Figs. 5.2 and 5.3

were calculated using a simplified version of equation 5.4, namely

a
a8 . %1/2
(5.6) = inz‘

which we refer to as the Yasukochi approximation. For the range of mag- '

netic’ inductions under consideration here, the term (1l - B/B vl

c2)
since Bc2 ~ 4 T and the results of the calculations with equations 5!&
and 5.6Jalmost overlap. The simpler form is more convenient for the
investigation we pursued.

Figures 5.4, 5.5 aﬁd 5.6 display hysteresis loopé observed
at one chosen amplitude (ho = Q.OS T) with the collingar bias ﬁield directed
along the length of the ribbon and éhoséﬁ such that the locus of W versus
Hb (see upper data curve of Fig. 5.2) is located at the start of the
valley (Hb = 0), near its minimum (Hb = 0.04 T) and near the top of the
peak on the right hand side (Hb = 0.09 T). The solid curves are experi-
mental and the dashed curves are calculated using equation 5.6.

We have developed a computer program which starti;g with arbi-
trary formulae for the B dependence of dg/dxt (i) generates sequences
of B profiles as HD = Hb + hD f(t) undergoes cyclical sweeps, where £(t)
varies between *1 and ¥1, (ii) computes <B>: the spatial average of the

series of B profiles for planar and cylindrical geometry, (iii) deter-

mines A<B>/apo HD Versus H0 and (iv) calculates the area enclosed by the
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locus of <B> vs. HO (the hysteresis loop), hence, -
(5.72 w(ho, Hb) = § HO A<B> = } <B> dHO.

The emergy dissipated per c}cle per unit volume. The computer program has

ﬁeen verified as follows. (a) By comparing its results in the limit where

Hb = 0 with separate calculations using éiosed form expressions derived
p B - (b)

By comparing its predictions with calculations using the analytic

by Dunn and Hlawiczka for pinning functions of the form F = a B

expression for W(ho, Hb) developed in appendix III for the case where
dB/dx = uD/B (the Kim-Anderson approximation) and the amplitude of.the
oscillations does not cause the front of the disturbance in the B pfofilé
to penetrate to the midplane. We refer to this range of amplitudes as
lying ﬁelow saturation.

The correspondence between observations and calculations in
Fig, 5.2 through 5.6 is remarkable tonsidering that the presence of a
surface step has been ignored in the analysis whereas the data spans the
low field range where reversible shielding cugrenté and surface bgrriers
are expected to play a significant role.

The agreement is not entirely fortuitous. In principle,
dB(B) /dx, ABin(BD and ABout(B), the surface steps during flux entry and
exit, can be extracted from the magnetization data. 1In view of the
number of unknown quantities, it is necessary to exploit several distinct
pieces of information in this analysis; namely (i) <M> versus Ho increasing,
(ii) <M> versus Ho decreasing, (iii) <M> versus H0 increasing in a posi—

tive (negative) sense after traversing zero and starting from a high
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—l

!

ﬁegative (positive) value, and (iv) <M> generated by flux expulsion as

the sample cools through TC te 4.2 K in various statiomary HO. Boyer
ﬂag pursued thislgask ;qd extracted these quantities for the VTi disk
ﬁentioned above, Hé finds that dB(B)/dx is well reproduced by equation
5.6 and”;bat the surface steps are only a small fracti;n of B, in this
material (< 1/10).

It is noteworthy that once the choice for FP(B) is made in
the calculations, the good agreement with the set.of data taken élong the
length of the ribbon and along its wi isVachieved simply by adjusting
the ﬁinning strength paramerEf“uw—heéi:ﬁ:;;\iull penetration magnetic
field H,. This.suppOfts the view that the difference between the two sets

of data arises mainly from anisotropy in the bulk pinning.

' \

5.3 EFFECT OF FP(B) AND GEOMETRY ON THE VALLLY

In view of the results just presented where, by exploiting bulk
pinning only and neglecting other baéic elements of the complete picture,
a good description of observation was obtained, we considered it worth-
while to retain this simg}e format and explore the effect of FP(B) on
the-structure of the valley. An iﬁportant aspect of the structure of the
valley is W i, the bias magﬁetic field where the jinimum in W(h_, Hb)

versus Hb occurs. Clem has already examined this feafure in the same

(5.8) 4 _,_«
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where A is an adjustable paramete¥. To avoid all complications, in our

study, we focus on the simplest form of this formula, namely, -

o]

: dB ., o
(5.9} o vl .

which we will denote as the Kim-Anderson approximation,
-

1

Here

Hy = V2o X =,_'/2aoR :

~We have calculated the evolution of Hb min as the anplitude ho increases
(i) for both planar (infinite slab) and cylindriﬁgl‘geometry, (ii)
using the Yasukochi (eqn. 5.6) and the Ki@-Andersoﬁ (eqn. 5.9) appro-
ximations. The ?esults of these calculatibns are displayed in Fig. 5.7
and 5.3;_ The choice between the two g%ometries brings about a greater
separation between the cur;és for a giveﬁ form of pinning than the change
in the latter for a chosen geometry. The locus of Hb min Versus h0 is
nearly linear, (a) in the range of small amplitudes (ho/H* v 0.5) for
slab geometry when the Yasukochi approximation is used and here
kﬂ)min x 0.7 b and {(b) in the range of large amplitudes,(hO/H* z 1.0}
for slab and cylinder geometry for both forms of FP(B) with
}% min % 0.9 ho' For slab geometry; a noticeable inflection point occuis
with both forms of FP(B) when hO/H* % 1.0.

The contour of the valley is seen to change as the amplitude
increases, with the left hand slope becoming steeper and the right hand

peak less prominent. Eventually the valley is only a depression on the

side of a hill (see Fig. 5.3}. This depression becomes imperceptible and
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R |
for practical purposes has vanished when ho/H* > 2 for slab geometry

with both forms of FP(B)._ The transformation of the valley into a dip

on the side of a hill as ho/H* increases.occuréﬂat smaller ho/H* with
: )
the Kim-Anderson approximation than with the Yasukochi approximation

This can be segn by comparing Figs. 5.2 and 5.9. The transformation of
the valley into a dip on the side of a hill also occurs at smaller
ho/H* for cylindrical geometry than for slab geometry. This is illus-

trated in Fig.5.10 where W(ho, Hb)/W(ho, 0) versus Hb/H* is compared

2
at hO/H* = 0.8 for slab and cylinder geometry, taking dB/dx = ullz/Bll

(Yasukochi approximation}.
An interesting case in the spectrum of pinning functions

= aan is that where n = 1, hence dB/dx =\ta . This

of the form, F o,

P

is denoted the Bean-London approximation. With this approximation,

W(ho, Hb) for a chosen amplitude is iﬁdependent of Hb’ hence no wvalley
occurs. Thi% result can be seen without performipg any calculations.
The locus of <B> versus H; can be easily sketched from consideration of
the sequences of B profiles during the éscill;tion of H0 when Hb = 0.
We now note that since dB/dx is constant, the hysteresis loop is simply

displaced without alteration when Hb is impressed. A shallow valley

will appear however, if the B profiles are given a curvature convex

away from the B = 0 horizontal line. This can be accomplished by mul-

tiplying the Bean-London pinning function by a function of B/BC2 which

decreases monotonically to zero as B/BC2 poes to unity. A straight-

forward choice is that where

B .
ET—)

(5.10) FP(B) = alB(l -
c2

.
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5. The results are

1

We have pursued this particular case, taking BCZ/B*
displayed in Fig. 5.11 where H, = oX = cR. We note that for plamar
geometry, Hbudn versus h0 is linear when h0 < 0.8 H, and here

B~ h0/2. In the range 0.8 < ho/H* < 1, the behaviour of B nin
versus ho becomes nonlinear. 1In this range, as ho/H* approaches unity,

the valley, however becomes too shallow to be meaningful. For cylindrical

geometry, Hbtnin versus h0 shows no linear behaviour.

5.4 " SUMMARY AND CONCLUSION

The hysteresls losses, W(ho, Hb), in a VTi ribbonhﬁeasureg at
various amplitudes ho of an oscillating external magnetic fileld as a
function of a static bias magnetic field Hb collinear with h%, exhibit a
vallgy. The hysteresis loops and the valleys are well accounted for
exploiting'the simple formula, dB/dx = ial/z/B¥/2, denoted the ¥Yasukochi
approximation, to genetate the sequences of critical B profiles. The
éxiskenqe of a B éépendent surface step during the entry and exit of flux

is ignored in the'analysis; In the light of the success of this approach

we pursue tﬁis_simple framework, which focuses only on the role played

. by the form of the B profiles, to investigate W(ho, Hb) versus Hb

computationally for planar and cylindrical geometry. We examine the
begaviour taking dB/dx = iaO/B (the Kim-Anderson approximation) and
dB/dx = tal(l - (B/BCZ)) (a modified Bean-London approximation) aswell.
as the Yasukochi approximation. We explore the phenomena for the range
of amplitudes and bias fields lying below saturation and also beyond

this range. Since experimental workers have sought to extract linear

dependences, of andn’ the bias magnetic field where the bottom of a

~t
"
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valley occurs, on ho’ from .their data, we scrutinize-our‘computed results
for the appearance of sﬁch linear behaviour. This occurs over various
ranges of Hbmin which depend on the geometry and the bulk pinning
function.

In various épplications of type 11 superconductors with al-
ternating fields or alternating currents, it is desirable to operate

in the vicinity of the minimum. Qur survey provides a rough guide for

this purpose.
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Hysteresis iosses measured on thé VTi ribbon

FIG. 5.2

at four different amplitudes: hy = 35, 40,

45 and 50 mT for curves A, B, C and D respec-
tively as function of the collinear biasmag-
netic field applied along the length of the
ribbon. The-solid curves are calculated '
using equation 5.6.
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FIé. 5.3 Same as Fig. 5.2, except that the bias

magnetic field is now applied along the
width of the ribbon,
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FIG. 5.4
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\7ﬁﬂysteresis loops observed at an amplitude
hy = 0,05 T with the collinear bias field
directed along the length of the ribbon.
Here the bias magnetic fiéld is chosen at
the start of the valley (H, = 0) in the
upper curve of Fig. 5.2, The solid curve
is experimental and the dashed curve is
calculated using equation 5.6.
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(B (mT)

FIG. 5.5° Same as Filg. 5.4 with the collinear bias

field chosen near the minimum of the
valley, Hb = 0.04 T,
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FIG. 5.6

]
40 /80 120
HH, (mT)

Same as Fig. 5.4 with the collinear bias
field chosen near the top of the peak on

" the right hand side, Hb = 0.09 T,
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FIG. 5.9 Same as Fig. 5.2 using equation 5.9.
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FIG. 5.10 Hysteresis losses (normalized) as function

of the bias magnetic field Hy (rormalized)

~at an amplitude h, = 0.8 Hx, for slab and

cylinder geometry using equation 5.6,
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CHAPTER o
EFFECT OF A FIELD INDEPENDENT SURFACE BARRIER

ON HYSTERESIS LOSSES

6.1 INTRODUCTION

Several workers have shown that type-II superéonductors, below
Hc2’ exhibit a surface barrier t; the entry or exit of_magnetic flux (E)}.
This barrier can make a significant contribution to the critical current
Ic which ribbons anq wires of these materials can support (148, 1@9, 150).
Further, the barrier plays a crucial role in dictating the range over which
an ;pplied magnetic field, Ho’ or an impressed conduction current, I,
can be cycled without-having energy dissipation occur (76, 77, 78).
Wheg the amp}itude of the variation in I or H0 exceeds the boﬁndaries set
by the surfacg barrier, displacement of flux in the bulk of the sample
takes place and hysterééis losses are generated. These losses then arise
from motion of flux, (i) through the barrier and (ii) in the bulk.
Consequently.gurface and bulk contributions to the energy dissipation can
be identified, at least theoretically,(Clem (3)).

in some applicatlions, it is desirable and feasible to operate
within the limits prescribed by the éurface barrier and avoid any changes
of flux in the bulk. 1In this regim;, losses are negligible and, ideally,
zero at low frequencies. Superconducting power transmission cables are
designed to operate in this regime. In many situations, however, this
boundar§ is inevitably surmounted and flux motiom takes place in the
volume adjacent to the surface. Circumstances must also be envisaged

where changes of flux density, hence vortex motion, are made to occur

s
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throughout the entire volume of the sample during some portion of the
working cycle. This state of affairs is encantered when supefconducting
coils and magnets are pulsed or ramped to high fields.

A basic expression for W, the energy dissipation density per

cyc%f, is

(6.1a) W= f H0 d<B>

where <B> 1s the average of the magnetic flux density over the cross
section of the sample. We wvisualize that H0 and B are collinear and
parallel to the surface of the specimen. W can be written

B
(6.1b) | W= % (AH + f‘—i) d<B>
(o]

where AH is the difference between the external magnetic field and,

Bsi’ is the internal magnetic induction (density of flux or vortices)
adjacent to the surface. AH is referred to as the surface step or dis-
continuity and is taken to occupy a negligible element of thickneés.

Two ingredients enter into the construction of the surface step; a) a
surface barrier and b)-a reversible surface Screening current (the
intrinsic or equilibrium Abrikcsov diamagnetism). tAH in equation 6.1b
can therefore be rewritten in terms of these two contributions. The-
critical surface barrier ié known to depend on the magnetic field strength
and may also depend on whether it is called upon-to oppose the entry or
exit of flux. The evolution of AH during a cycle of Ho caﬁ,‘in practice,
be quite complicated. 1In ocur work, however, we will invoke oniy simple
but usefui”modéiities.l Further, in our work, the ?structure” of the

surface step plays no role. Consequently we will often, for convenience,
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also refer to AH as the surface barrier.

In the context of equation 6.1b, the essential quasi-macroscopic
elements of calculations of W are; (1) AH looﬁggjupon as one entiﬁy or in
terms of its two basic constituents and (ii) ghe sequence of profiles
of the magnetic induction (B profiles) in the bulk. We view these profiles
as Independent of thé raﬁe of change of Ho, hence focus on hysteresis
losses onl&. Several workers have investigated hysteresis losses experi-
mentally and analytic expressions for these losses have‘been developed
using models and functiomal forms of various degrees of sophistication
for the surface step and for the B profiles. Ihese,-sdmetimes elaborate,
mathematical formulae have frequently lain dormant and their conversion?
to families of curves of W versus ho for various chosen AH or W versus AH
fﬁr.v;rious chosen ho has been pursued iﬂ only a few instances. We let
h0 denote the amplitude of the oscillations of Ho' The purpose of this

chapter is to conduct a survey of the effect of AH on hysteresis losses’

"~ and display the results of this survey graphically. This survey reveals

interesting, unsuspected and useful physics.
¢l
It is indeed possible to extract important conclusions and read

Y

the essential message we will convey from simple qualitative considerations
without resorting to any mathematical manipulations and computations.

In Fig. 6.1a and 6.1b we sketch hysteresis loops (<B> vs. HO curves) of
gmplitudg, (i) ho = HC2/2 and (11) ho = ch for applied magnetic fields

of the form (i) HO = hO + ho cos wt and (ii) HO = h0 cos wt respectively,

We denote (i) as the half-wave and (ii) as the full-wave cases. A sketch
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FIG. 6.1 Sketch of hysteresis loops (<B> vs. H  curves)

‘of amplitude (a) hg = Hep/2 {half-wave) and
(b) hg = Hyy (full-wave) showing the hysteresis

loop when no barrier exists and also when a barrier .

is acting. In (c), W(hg, 4H) vs. hgy curveg are
presented, one with no barrier and the others when
barriers of different magnitude operate. Vertical
cuts through the family of curves of (c)‘are shown
in (d). - -
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is drawn of the hysteresis loop when no barrier exists and also when a

’

barrier is acting. The barrier is taken to vanish at H § H No

' o -2’
precisions are required regarding thg detailed form of the critical B

profiles. For simplicity, i{n this pictorial exercise] we assume an

asymmetric type of barrier. By thls we mean that the barrier AH opposes

entry of flux but does not impede the exit of flux. Indeed; this
approximation appeérs to be fairly realistic. The detailed dependence

of the barrier against entry on Ho'is immate%ial. We note that the
enclosed area of the hysteresis loops, hence the maximum W, must increase
with increa;ing AH.* Hysteresis lcops for intermediate amplitudes need

not be drawn. Their enclosed area, however, will fall between 0 and the

corresponding maximum. We then sketch curves of W(ho,‘AH) vqféus ho’
one wiéh no barrier and others where barriers of different magnitudes’
operate as in Fig. 6.1c (See Fig. 6.18 also). The important feature
which emerges-from this éxercise-is that pairs of W vs. ho curves must
intersect. There is therefore a threshold amplitude beyond which
w(ho, ARH) > w(ho? 0). Bussigre and Clem (22) ﬁave iﬁdeed alreédy
observed this phenggenon. They have also genérated behaviour similar
to ;hJL shown in Fig. 6.lc and Fig. 6.18 by exploiting a strongly magnetic
fiela\dependent barrier. -

Examining Fig. 6.lc we now focus on h(hO,AH) at various chosen
amplitudes and regard AH as the variable, all qther things rema;ning the
same. We-then plot vertical cuts through the faﬁilx of curves of

Fig. 6.lc. Two modes of behaviour of W(ho, AH) versus AH will be en-

countered as shown in Fig. 6.1d. For a chosen ho, as AH/hO varies from

* In practice, this might be accompanied by plating the surface with an
appropriate thickness of a suitable metal (antiferromag%;fic, ferromagnetic

or a good conductor) or by piercing the surface of the sample with a small
static transverse component of the applied magnetic field:
| /
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zero to unity, (a) the losses will decline monotonically to zero and (b)
the losses will initially rise, traverse a peak and then d nish gra-
dually to zero. The first type of behaviour has been extensively e%amined
in some detail in the literature. Perhaps bécause of this work, the idea
that hysteretic losses should decrease as the barrier is increased seems
to -have become implicitly accepted generally. To our knowledge, ‘the latter
ver& important regime seems to have been ove?looked. Indeed, 1ts existence
seems not to have peen suspected and the possibility of an iﬁipial rise
in energy dissipation over ﬁhe initial range of increase of the barrier
" may even int;itively appear unacceptable. This rise is particularl@
surprising in cases where the amplitude is too small to cause the flux
disturbance generated during the'cycle of Ho to attain the midplane of a
ribbon sample or the centreline of a eylindrical spécimen. We refer to
this as the regiﬁe below saturation. -

fn this chapter, we investigate the effect of a magnetic field
independent surface barrier on hysteretic losses for two basic geomet?ies
readily amenable to analysis and also of practical interest; the infinite
slab and ‘the infinitely long cylinder. The external magnetic field is
directed parallel to the surfaceé of the slab or the axis of the cylinder.

T
We examine the hysteresis loops occcurring for both half-wave =

Y
(HO = ;; + h0 cos wti and full-wave (HO =.h0 cés wt) wvariations of the
external field. - The raterof change.of H0 is regarded as sufficiently
slow so that viscous flow of vortices m;kes a negligible contribution
to the gnergy dissipation. Since we are concerned only with the form of

the hysteresis loops and the area they enclose,'the specific time

dependence of H is immaterial, and the expressions just introduced for

7
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Hé(g) are used only for convenience. In particular these provide brief_
and clear statemeﬁts of the meaning of the expressions half-wave and
full-wave oscillations, and othet terms we need -to introdpce such as
amplifude, bias field, maximum and minimum external field etc.
| In this study we introduce two radically different types of
behaviour for the surface barrier: (i) the symmetric case, where the‘
entry and exit of flux are equally opposed and (1i) the asymmetric
case, where the entry of flux only is opposed. Both of these barrier
configurations have already been exploited in the literature and there
is some evidence that examples of both forms can be encountered in nature.
The detailed sequence of confiéurations 6f the magnetic induction
inside the specimen plays an important role in hysteretic losses since
this prescfibes A<B> in equation 6.1. Consequently, to better delineate
the influence of the surface barrier we explore the phenomena exploiting
two extremal types of bulk pinning, namely, the Bean-London (2, 13)
approximation where P, = alB (hence jC = al) and the Kim-Anderson (120, 151)
approximation where FP = o {hence jc = aO/B). For brevity we will refer
to these simply as the Bean and Kim apﬁroximatiogs.
Finally we pursue the evolution of the losses for (i) the range
of amplitudes below that needed for penetration of the flux prbfile to
the midplane ‘or centreline of the specimen’ (below saturation) and (ii)
the range of amplitudes where the B profile changes throughout the
cross section of the sample during some portion of each cycle of Ho
(above éaturation).

Each of the modalities we investigate may, taken individually,

be regarded as artificial and crude. The pattern of behaviour which
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emerges from our study of the collection of cases we have mapped out may, -
however, be useful in outlining basic features of the real phenomena and

stimulate as well as guide experimental exploration of these model

predictions.

6.2 RESULTS AND DISCUSSION )

'
A. General Description

It 1s instructive and useful to present the set of sixteen

situations we have investigated in tabular form. We will see ‘that some
cases yield identical results. The reasons for this readily emerge from
qualitative considerations of these particular cases.. .As"a consequence,

-

the set of sixteen, in effect reduces to twelve distinct cases.

Table 6.1 \
Ceometry ‘ Infinite Slab : ' Infinite Cylinder
Cycle ‘ Half-Wave Tull-Wave ‘Half—Wave Full-Wave
Barrier Sym Asym Sym Asym Sym | Asym Sym Asym
Bean 1la 1lb lc 2 3a 3b 3c b4
Pinnfng
Kim 5 (\Q\; _ 7 8 9 10 11 12

Situations numbered'la, 1b qd lc generate the samé results, and, simi-
larly, situations 3a 3b and, 3c.

In Figure ugh 6.16 we present the results of our com-
putations of w(ho, AH) for* this assortment of situations in a perspective

where we regard the amplitude h as fixed and the barrier AH as a varlable
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parameter whose magnitude can be adjusted to span the range from zero to
a height which allows ne flux motion in theiﬁulk, hence, the extinction
of hysteresis losses (ideally).. This occurs when AH', the height of the
symmetric type of bé}tiﬁ;_bgcomes equal to the ?mplitude (AH' = ho) and
when AH", the heigha‘of the asymmetric type of barrier becomes equal to
h;-for the full-wave ;ycle but égigg'the amplitude (AH" ='2h0) for the
half-wave cycle. These limlits follow from our definitioné of these two
types of barriers as will be seen below. ' ' ’ ¢

For a chosen amplitude‘it is convenient to display the
evoluti;n of the energy dissipation W(ho, AHD) yeésus AH by normalizing
w(ho, AH) for a specified ghoice of geometry, cycle, barrier and bulk
pinning to the corresponding dissipation, N(ho, 0) when no barrierlis
presenﬁ.

A convenient and mganingful unit for measuring the amplitude
(and therefore the barrier). is the magnetic field H* = B*/uo, where B*
is the magﬁetic induction just inside the surface when a critiéal B
profile exists over the entire cross section of the sample and declings
to zero at the midplane or centreline. Alternétively the "ﬁirror image"
can be envisaged, where B = 0 just inside the surface and the critical

B profile rises from there to B, at the midplane of centreline.

We display the evolution.of W, normalized as just indicated,

i oo
versus AH, also normalized, for various fixed amplitudes expressed

relative to H,. We let C indicate the latter ratio. We choose C such
that when C = 1, and no barrier is acting, the cycle of the applied field

H between the specified limits (H = h cos wt or H = h_ + h_ cos wt),
o ‘ o o o 0 0

causes the disturbance in the B profile to reach the midplane or centreline
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but produceé'go change In the magnetic induction at that inner boundary. -
Consequently we take C = C' = ho/H* for half-wave and full-wave cycles
when the Bean aﬁproximation is Introduced and also for the full-wave

. -l
cycle when the Kim approximation is used. For the half-wave cycIe when

% ,
the Kim approximation is exploited we, however, let C-'= C" V2 GhO/H*). - .
The reason for the laéter chdice emerges from consideration of the
appropriate limiting B profiles sketched below. The Y2 factor results
E;om integration‘of dB/dx =lu0/B from x = 0 where B = 0 to x = 2X and
taking B, = ZGOX. |

When the Bean approximation is ﬁeing used, C = 1 also serves
as a direct indicator of the fractional depth of penetration of the flux
front into the slab or cylinder since the B profiles are linear. With
the Kim approximation, however, because of the B dependence of the
gradient of the flux density, C is no longer a linear meaSurg of the
penetration. For infinite slab geometry, when 0 < C £ 1, the curves
of W (normalized) vs. AH (normalized) are independent of the normalized
amplitude ho/H*' The "universal" curve for each of these instances is
labelled C = 1.0.in the Fipures. This independence on C over the range
0 < C =21, is a consequence of the geometry and of our scaling of the
hysteresis lossés for a given amplitude to the situation where there is
no barrier. - This feature can be qualitatively understood from consi-
- deration of sequences of B profiles for situations below saturation

(C £'1). We note that A<B>/ABS for planar geometry is unaffected by

1
displacements of the midplane away from the surface (enlarging the half
thickness X of the slab). TFor cyiindrical geometry, however, the nor-

malized curves of W versus®'AH do depend on C even in the range C = 1.

<
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Tﬁis arises from the presence of the radius r in the element of area
AA ; 2mrir in the evaluaéipncof <B> and hence in the determination of A<B>,

When C approaches zero, the depth of penetfation of the B
profilés becomes small cpmpargd to the radius R of the cylinder. The
normalized results for cylinder geometry then merge with that for the
corresponding case, below saturation, for the infinite slab. Therefore
the curvé, labelled C = 0 _for the cylinder, corresponds to that labelled
C =1 for the slab, all other featufes (type of cycle, barrier, pinning)
being the same,

The B profiles depicted by solid lines in Fig. 6.2 represent
the limiting flux configurations of a cycle which we denote as saturated
{or saturation cycle). Limiting B profiles lying inside these boundaries
correspond to cycles whichwe denote as below saturation. Limiting B
profiles which embrace these boundaries correspond to cycles denoted
asﬂabove saturation. It is important to note in scrutinizing the graphs
of W (normalized) versus AH (normalized) that‘the sequence of limiting
B configurations when C > 1, progresses from above saturatién, to sa-
turation, to below saturation as AH grows. This progression occurs
because it is the sweep of Bsi’ the magnetic induction just inside the
Surfaée which determines the limiting B profiles. Clearly, with the
amplitude kept fixed (réiafive to H*), the range traversed by Bsi/u0
must shrink as AH is made to increase. This, feature is illustrétgd

1

schematically by the dashed profiles in Fig. 6.2 where AH is taken to be

.symmetric,

B. Types of Surface Barriers (Surface Steps)

-

Qualitatively, four surface barrier regimes can be envisaged;
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(1) no barrier either to entry or to exit of flux, (ii) a barrier against
entry but none against exit (we refer to thils as the asymmetric. case),
(1ii) a barrier against entry and also against exit, and finally, (iv)

a barrier against exit but none against entry. We set the last option
aside since it appears unphysical in view of image fo{ce interactions and
is not supported by any ekpefimental evidence. For-simplicity, we take

the eritical magnitu&é of the barrier (s) to be independent of the magnetic
induction. Among the multitude of possibilities embraced by the third
category'Qe select the special case where f%ux entry and exit afe equally

L3

opposed. This situation, which we denote as the symmetric case, presu-
s

‘mably constitutes a limiting or extreme configuration since image,?orce
interactions make it‘unlikely that flux exit can be as stronly opposed
as flux entry. Further, when equilibrium (Meissner) screening currents
are taken into account, it is even less plausible that such an equality"
in magniEude‘of the éurface steps can occur. The su?fate stép is
regarded as the fesultant of the operation of the barrier and the presence
of reversible surface shielding currents. Evidently a large variety of
barrier or surface step .arrangements, other than the two simplistic
configurations we have chosen, can be visualized. The two regimes we
explolt, however, bracket the spectrum of possibilities and serve as
useful benchmarks. Intermediate an@ alternative situations caﬁ be
semi-quantitatively mapped out,from interpolation and ektrapolation of
the results we bresent. y

For clarity and completeness we supplement the verbal statéments

of the two types _of barriers with detailéed mathematical descriptions and

plctorial representations. A quawtity of much importance in the. deter-

ol
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;”imination of A<B> is BSi’ the magﬁetic induction just inside the surface.
Consequéntly we describe the surface barrier and its behaviour by writing
explicit expressioﬁs for BSi ﬁor the variety of situations encountered
during the half-wave and full-wave oscillations of.Ho.

A convenient starting point is the end of the initial increase
in |H0| to |2ho| (half-wave case) or to |h°| (full-wave case) where the
sense of the swegp.of HO reverses direction. We often abbreviate full-
wave case to f.w and half-wave case to h.w. We refer the reader to Fig. 6.3
for aid in visualizing the followipg.

a) Symmetric Barrier, AH'.
i) Half-wave cycle, HO = ho + h0 cos wt

|Bsi|remains constant "at the value attained during the initial

sweep of |H01, namely, lBsi/uol = 2[h0[ - |aH"], while |Hol decreases
from 2[h0| to 2(|h0| - |am'|). Subsequently, IBSi/u0| = |H6| + |an'! as
|HO| continues to diminish to zero. At this juncture: upoﬁ reversal of

the sence of the sweep of |HD|, |B remains constant at the value |

sil

IBSi/uol = |AH'| as |H0| rises from zefo to 2[AH'|. Then, throughout
the rise of |H | £rom 2[88'| o 2|0 |, |B . /u | = |H | - |aH"]. The
: ) o si’ "o o

sequence just described repeats as H0 osc¢illates between the specified

limits.

i1) TFull-wave cycle, HO = h0 cos wt

IBsi/Uol = |ho| - |an'| while [HOI decreases from Whoi to
|h0| - 2|aH'|. Subsequently lBsi/uol = |H0| f‘[?H'| as\hHo| is reduced
to zero. After reversal of the sign of Ho’ |Bs£| = IHol‘_ |aH' |, hence

diminishes to zero while IHOI increases from 0 to IAH'!. Then

[B .
51

- -

| = [H01 ~ [AH'] while |H0[ increhses from |AR'| to |ho|. The

o
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Sketch of a half-wave cyele (a and b) and of a

a full-wave cycle (e) when a symmetric barrier
is acting and when an. asymmetric barrier is in
operation (¢, d and f).
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sequence just described now repeats as Ho swings through subsequent

half cycles. ’

o1’ hence

<B> will remain constant duigng the entire cycle and hysteresis losses
s

From consideration of (1) and (11) it ensues that B

vanish when AH' = ho'
We note that witb this type of barrier (surface step), |<B>L
decreases continuously, albeit with variations in the slope,|A<B>/AHo|,

\
during the traversal of H0 through the range straddling zero. In other

words, no region_is encountered in this portion of the hysteresis curve
where <B> remains constant. This is the behaviour, puzzling as the absence
of such a region may be, which is encauntered'experimedfgily.

Aside from the simplifying ;tipulation that the critical AH
is independent of the magnetic induction, the symmetric AH' we have just
described is fundamentally unrealistic. It ﬁegiects ihe existence of

equilibrium (Meissner) flux shielding surface currents even when Ho fy Hcl
The latter by alding the barrier to flux entry and counteracting the
barrier to flux exit will introduce some degree of asymmetry in the

surface steps for |H0| increasing and decreasing. Nevertheless, the-

perfectly symmefric 6H' we envisage above, provides a useful, simple,

-
.

extrémum situation for purpose of comparison or reference.
b) Asymmetric Barrier, AH" .
i) Half-wave cycle, H = h + h cos wt
o o [
|B51| remains constant at the value attained during the initial,
— - n
sweep of 1H0|, namely, [Bsi/uo|.— 2|h0| fan"|, while |H0[ decreaseﬁ‘
| - " =

from 2|h0| to 2|h0[ | aH I.. Subsequently, [Bsi/uo| |H0| as |Ho|

continues to diminish to zero. Now upon reversal of the sense of the

L]
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sweep of IHOI, lBsil = 0 as Ho rises from zero to |aB"|. Then,  during
the rise of IHOI from |AH"| to 2]h0|, |Bsi/u0| = IHo[ - IAH"[. The

sequence then repeats. In order that Bs hence <B>, remain constant

i'
during the entire cycle and hysteresis losses vanish, H" must grow to
2h0. This can be seen from the first sentence of this paragraph. It

follows also that Bsi = 0 under these circumstances, although <B> need

™

not wvanish.
11} Full-wave cycle, Ho = ho ‘ : .
|B _/u | = |h_|- |aH"| while |H:| decreases from lh!‘rto |h | - |aB"].
si’ o o] 0 o] o

Then |B  /u | = IH | as |H | 1s reduced to zero. After reversal of the
si "o 0 0 :

sign of H_, |Bsi[ = 0 while |Ho|grows from zero to |an"|. Next,

-

| B L = | | - |aH"| while |H |continues to increase from |AH"| to |h
si o] ] o] o
The sequence now repegﬁs as Ho completes the full eycle. Here the li-

-

miting barrier%for extinction of the losses is AH" = ho.'

In terms of equiliﬁrium (Meissner) shielding currents and
critical surface currents, the asymmetric AH" just described implies that,
when ]HOI 1s decreasing, these two counterflowing currents éffectivel;
cance; each opher. In practice, such an exact canceliationyappears
unlikely and fariations on the degree of asymmetry are expected. The
simple, extreme case envisaged here, however, hgs heuristic merig.

C. Sequences of B profiles, A<B> and Losses
; A
The accepted picture of the evolution of the magnetic flux

configuration in irreversible type II superconductors as the magnetic
induction at the boundaries undergoes changes and traverses one of a va-

riety of possible cycles, starting from different initial states (B
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profiles), has now been presented in many articles in the literature.
The different categories of B profiles encountered during half-wave and
- full-wave cycles of amplitudes lying above and below saturatigp are
displayeg schematically in Fig. 6.19.

In this chapter we exploit two basic and radically differeﬁt
forms for the B profiles. These ensue from the stipulation that the
gradients of the flux density are (i) independent of B, hence dB/dx = a,
and (ii) inv&rsely_proportional to B? hence dB/dx = ao/B. These modalities
are often referred to as the Bean-London (2,x13) and Kim-Anderson (120, 151)
approximations. They are chosen for thelr simplicipy and because they
conveniently bracket the spectrum of expected flux configurations.

In .appendix IV we present analytic expressions for d<B>/dBSi

and W(ho, AH) for many of the twelve different cases enumerated in table
6.1, bqth below and above full penetration. Case la (or equivalently 1b)
of table 6.1 (half—wave oscillations) has been examined in detailigy ..
Ullmaier (B83) and also by Sekula and Barrett (16). Although the latter
consider a cylindrical arrangement, they ﬂufsue this geometry in the limit
of superficial flux penetration{/hence{ the?lare actually éddressing
infinite slab (planar) geometry. Case lc (which is equivalent to la and
lb)constitutes a special limit of the general expressions develbped by
Dunn and Hlawiczka (5)‘f0r full-wave oscilla}ions with planar‘geometry.°
These authors also énvisage a wide varilety of fjeld independent surface
ste5;T\ Closed form expressions for case lc‘and also' for case 7 have been
derived as particular examples by Fournet and Mailfert (6) who explored
full-wave oscillations applied to an infinite slab with arbitrary pinning

and symmetric barriers (surface steps). All of the above authors confine

A
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s

their_analysis to amplitudes below full penetration. The equivalence -
of cases la, 1b and lc is not explicitly indicated in the papers just
referenced. It is notewortﬁyhﬁhat W(ho, AH) vs AB exhibits no initial
rise, for the two (non-equivalent)- cases just mentioned when the amplitude -
falls below saturation (C = 1, in our nomenclatqre). As a consequence,
an important feature which emerges from our extensive exploration, was
ﬁot encountered nor intimated in these previous studies.

The equivalencé of cases la, 1b and lc of table 6:1 and also,
of caées 3a; 3b and 3c as anotﬁer distinct group, can be seen without
mathemaﬁiﬁal magipulation. We consider hfsteresis loops of corresponding
amplitudes and note that here, (i) the B profiles are taken independent
of B (hence linear) and (ii) ghe barriers are also independent of B.
éhoosingﬁidentical (+ and - ) slopes for the B profilés in all cases.
and identical sample aimensions, it follows that <B> versué Bsi will

trace a "basic" curve as BS is cycled over a seletted range, whether

i

this range lies below or extends beyond saturation., Clearly, due to the

2nr gactor, the form of <B> vs B for cylindrical geometry, will differ

si’
from that for the infinite slab. ‘We now note that when <B> is evolving
‘as BSi variles, ABsi/A (uOHO) = 1 since AH is taken independent of B,
consequently, the form of the "basic" curve of <B> vs Ho is not affected
by the presence of the barrier. Finally, introducing <B> constant over
equal ranges of H0 for all cases.(AH" = 2AH'), generates three identical
hysteresis loops, displaced horizontally and/or vertically_gith respeét

to the <B> and Horaxes as shown schematically in Figs.-é.éa,.é.éb and 6.4c.
- The broad matrix of situations tabulated and investigated by

Clem (3) overlaps with a portion of the cases we have pursued in compu-

ay
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=



- 252 -
&

tatiénal detail. This author focuses on several interestiﬁg aspects

of hysteretic i;sses, in particular, (i) th; pelative contribution-of
different processes (barrier, pinning, "flux annihilation) to the energy
dTssipation and (iij the occurrence of a valley when W(ho, AH, H Pias)

ié plotted as a function of H bias. A rise i% W ensuing from an initial
increase in the barrier does not explicitly emerge from this encyclopedic
survey. Clem, however does envisage the possibility that strongly
B-dependent surface barfiers, can lead to larger losses in a superconductor
when compared to }hose occurring in-an-identical sample without a surface

* barrier.

Bussiére and Clem (22) have investigated hysteresis losses in
samples subjected to full-wave osclllations for amplitudes lying below,
saturation. Although their arrangement is cylindrical, the penetration
of flux is peripheral, hencz, ‘the situation corresponds to planar geo-
metry. In their calcﬁlations, they exploit a'symmetric‘B;dependent

-

surface barrier where '

1/2

2 2 .
(6.2) AH(B) = (A" + (Bsi/“o) ) - Bs'i/“o

where A, an adjustable parameter, is the.height of the ecritical barrier
when BSi = 0,(first'entry fiel&). These workers - indeed find, both
experiméﬁtally and theoretically.that, above a threshold amplitude,
larger losses occur when a barrier is present.(as skeéched in Fig. 6.1¢c)
This cross over behaviour is encountered in their analysis when they
exploit the Bean approximation for the E profile and also‘when they use-

a standard modification-of the Kim approximation, namely,
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dB/dx ao/(B + B'), where B' is an adjustable parameter. They choose
B' = 24 and examiné the behaviour over the range A-<h0 <24 In the
lighE/pf Eheir analysis, Bussi&re and Clem v%iy a cross over in the
curves of W vs ho’ hence an increase in. losses by a barrier, as re-
quiring a rapid decrease of AH with B. fherlowermost curges of Fig. 6.5
and of Fig. 6.11 have a bearing';; their investigation.since, aside from
ghe B dependence of the barrier, thé other set of conditions are in
correspondence (p}anar geometry, C i 1, Bean and Kim épproximations,
full-wave oécillatio;s, symmetric barrier). We note that these two
curves exhibit a continuous decline of W vs AH. In these circumstances
the cross over in W.vs hd (a rise in W vs AH) whiqh they caléulafé, must
then indeed arise from the introduction of a B dependence on the
‘symmetric barrier. . - | ‘
In our work we developed a cémputer program which calculates
numerically:
i) sequence of B 5?3?;1es for arbitrar& fgﬁggiggal choices of

dB(B)/dx, (or equivalently of pinning function FP(B)) as BS is ecycled

i
through full-wave of half-wave oscillations of‘amplitude below and
beyond sa¥uration.
i1) the .corresponding sequences of the average magnetic Induction <B>
and of A<B?/ABSi for planar and'cylindrical geometry and
iii) the integral of Ho(Bsi) A<B>» for the chosen cycle of HO and
barrier regime (symmetric or asymmetric).

Aside from internal consistency of the families of curves of
Q(hog AH) vs AH, and overlap of'the results at the apprébriate limits

-

(eg&mguperficial-penetration for cylindrical geometry corresponding to

S y
| {
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C £ 1 for planar geometry), the computer program has been verified in
-
two ways. Firstly, by graphical and planimeter integration of the

computer output for <B> versus BS and HO in a sampling of cases.

i
Secondly, by comparing the fina} results of the computer program with
the corresponding computer calculations usihg the analytic expressilons
for W(Ho,‘AH) given in éﬁpendix Iv,

For purpose of illustration of the phenomenon in a different
perspective, in Fig.:6.17 Qe display three hysteresis loops calculated

for case 9 of table 6.1 where a particularly impressive incre2se in W

vs. AH 1s encountered even when C 2. 1. We show a hysteresis loop with

no barrier, one where the barrier height AH'/h0 0.25 which yields

the peak 1in energy dissipation, and one where AH'/ho % 0.6, where the
losseé aéain correspond to tﬁat encountered with no barrier.

Finally in Fig. 6.18 we show W vs h0 calculated for case 9.

6.3 fSUMMARI AND CONCLUSION

An irreversible type II superconductor subjected te a perio-
dically varyingdexternal magnetic field HO whose'amplitude is too small

to overcome the surface barrier will exhibit negligible hysteresis losses.

-
v

If the amplitude ho is augmented or the barrier AH is. somehow lowered,

rl

a situation is reached where movement of flux in the BEQy of the specimen
gill také place.. This shuttling of flgx in and out of the bulk will
cause energy dissipatién. We focus on the hysteretic regime,‘where the
losses, by definition, are indépendent of the velocity of flux line

motion, hence on the rate of change of the external magnetic field.
> :

,
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All other things being the same, the hysteresis lvsses will initially
increase as/;he surface barrier shrinks and/or the aﬁplitude grows. We
find that, in:many circumstances, the hysteretic losses do not grow
continuocusly to attain their maximum when the barrier vanishes. Rather,
the'losses, in numerous cases, traverse a peak when the barrier is still
finite ani then decline mo;otonically to a value smaller than the
maximum when the barrier is made to vanish.

8 This tyﬁe of behaviour has already been reported by Bussiére!
and Clem (22). These authors examined the growth of'tﬁe losses as a
function of amplitude, for a specimen ;ith and without a surface barrier.
They observe that the two curves intersect at a certain amplitude and
beyond this cross over amplitude, the former cﬁrve lies above the latter
(see Fig. 6.18 for'iliustration). They attribute this phenomenon to
the presence of ; surface bar;ier whose height diminishes rapidly as a
function of %agnetid field. They visualize that such a dependence is

cruclal for the inversion to occur and exploreutwo cases theoretically

which exhibit this feature.

- We have investigated the effect of a magnetic-field-independent
surface barrier on hysterésis losses for a repre§entative set of sixteen
cases, twelve of yhich are truly disFinct. The conditions we select
for our survey are chosen to sample and span the spectrﬁm of physical
possibilities. We examine two baéic geometries, that of the infinite
"slab and the cylinder, subjec;ed to an external magnetic field directed
?arallel to the length of the ribbon or wire which undergoes.either
fﬁfl;wave (HO = hO cos wt) or half-wave oscillations (Hov= h0 + h0 cés wt).

Sxn .
We explore the behaviour cover an extensive range of amplitudes which,

&
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when no barrier exists, cause the B profile to change over onlf part

of the cross section of the sample (below saturation, C 2 1) and over

all of the cross section during part of the cycle (beyond saturatien,

C > 1). The latter regime has generally‘been neglected in the pertinent

literature and eylindrical geometry has been usually pursued in the

context of superficial flux penetration, hence in the limit where it

corresponds to planar geometry. We exploit tﬁp radically different

forms for the graéients of the sequenceé of B profiles, namely, the

Bean-London approximation (dB/dx = al) and the Kim—-Anderson approximation

(dB/dx = aofB). We visualize two special types of barrier actions or

discontinuities between the external magnetic induction and the maénetic-.

induction just inside the surface, Bsi' A symmetric type, where the

entry and exit of flux are equally opposed, and an asymmetric situation,

where only the entry of flux is impeded and no diécontinuity occurs

after [uOHO| decreasing becomes equal to Bsi'
We find that an initial rise in hystér§tic losses caused by

the prowth of the barrier, is a frequently occurring feature. Our

survey reveals that this phenomenon is promoted by a change from

i) slab éo cylindrical geometry,

ii) asymmetric to symmetric barrier,

iii) full-wave to half-wave oscillations and,

iv) Kim-Anderson to Bean-London B profiles.

These trends or rules emerge from comparing Figures where all of the

elements are'the same(except‘thé item under consideration. It is also

clear from all of the families of curves and emerges from qualitative

considerations that increasing the effective depth of penetration (the

:



- 257 -~

pérameter Cca ho/H*)’ pushes the peak in losses to higher levels and
larger barriers.

We are currently extending this investigation to the situation
where the strength of the magnetic field reduces the height of the

S

barrier(s), exploring the effect of different rates and functional forms
for the decrease in height. Our preliminary survey confirms and extends
the conclusion reached by Bussiére and Clem. We find that a barrier
wh?;h diminishes with magnetic field intensity promotes the occurrénce
of a cross over of the curves of W vs. hD with and without a Earrier.-
Further, the separation of the two curves beyond the point of inversion
becomes more pronounced as the decline of the barrier versus magnetic
field becomes stéeper. -

Tt is worthwhile to note that all the result; developed for
planar geometry also apply to the case of special practical interest
of a long straight cylindrical wire where a varying transport current
I is fed from an external supply via leads suitably connected to its
ends. Here, in equation 6.1, H = I/27R (S.I. units) with R, the radius

of the wire and
' R

; r
<R» = —_—
E By d ()
‘o
where Be(r) is the azimuthal magnktic induction inside the wire. Under
these circumstances, d<B>/dt can be monitored by measuring the potential-
difference along the length of the wire with attached voltage leads in
the range where T is smaller than Ic’ the critical current for the onset

of flux flow voltages. It 1s well known that intricate configurations

of the magnetic induction are encountered as I is varied when a

N
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stationary longitudinal magnetic field H// is pfesent. The complicated
configurations will influence the hysteresls losses only through their

'

effect on the sequences of the B profiles when H// is kept constant.
The curves where C > 1 will, however, not apply to the case of the current
carrying wire whether in a static longitudinal magnetic field or not,

since, by symmetry, the azimuthal magnetic induction at the centreline

must remain B8 = 0 as I is cycled below or even above Ic;

T

Hysteresis losses can be viewed as proportional to the
difference between,(i) the total energy entering the specimen during the
portion of the cycle where |H0| increases from zero (or a miqimum) to a
maximum and (ii} the totai enéfgy leaving during the portion of the
cycle where |H0I decrease; from the maximum to zero (or a minimum). TFor
the full-wave and half-wave oscillations which we consider, tHe-minimum
is zero. Part of th? energy flowing into (out of) the spécimen during
the ascending {descending) portion of the cycle can be és;ignéd to the
barrier, (J AH A<B>), and the remainder to the bulk, (J Bsi A<B>). At

1\ a fixed amplitude for a given sample, a rise in the total "barrier"

Nt
contribution generated by a growth in AH, must be accompanied by a

decrease in the "bulk" contribution. A rise in the-;ombination,
requires that the net dissipation associated with the barrier has
increased more than thelconcomitant bulk aiésipation has decreased.

Due to the complexity of the variation of the sequences of the
contributions during ‘each portion of the cycle (particularly-wﬁen
descriptions of the B profiles other than the Bean-London approximation

" are used), it is extremely difficult to predict whether in a given
v .

situation, the growth of a barrier will cause a rise in the total losseé,



- 259 -

Cw

without resortiné'to computational or amalytic development.

An alternative approach, outlined in the introduction and
illustrated in Fig. 6.lc, predicts, quite generally, that for aSYmmefric
types of barriers? regardiess of the form of the. B dependence, a
cross over of W vs. h0 curves wili ?pcﬁr with an inéreasé in barr}ér.
_These conslderations, however, impart no information on the relative
amplitudes where the intersections will occur.

The results we have bfesented in_this chapter can prove to be
useful in practicél situations. We can visualize an arrangement whefe
the amplitude is set by various considerations and causes the system
to operate in the vicinity of the maximum in W vs. AH. Two solutions

.can be envisaged. The losses may be reduced by either increasing or
decreasing the barrier by known techniques.  We expect that the latter

avenue will usually prove easier and less costly. ™

[N



"¢Tg PuB 0z ‘¢"T “0°T = O yara 19 3qel jo

o7 pue qy ‘®BT s3ses 1oy (19711eq ITIIIWILSE UEB 10J
®yz/.HY 10) °y/,HV uoylerrIdso jo apnitfdme oyl o3
pPozZTIEWIOU ISTIIEQ JTI]9WWAS JUBISUCD ] moﬂuswﬂmz
ayl .m>avmuwamﬁuocv $95S0T S1SPI93SAl JO SUOTIRINOTE)

Yz LHY ‘U /HV

§'g "H14

\
00l ' 60 0G0 mw.o.

- 260 -

WAS 'MH
Nv3g

WASY ® WAS"
MH
gvs

e o.

o]

G0

(G3ZITYWHON) SISS071

|



. . '8°g pue p°¢g

‘¢'Z ‘0°Z ‘ST ‘0°T = 2 ulim "9 ITqeI jJo 7 ISED 103
(P2ZITPUWIOU) 19TII8q JTIJHMUASE JURISUOD 3yl Jo Y318y
m:u..mbAvaHHmEhocv S98S0 ] STS2191SAy JO SUCTIEINO[E)

U/HV

9°'9 "DId

00l Gl0 0§0 = 620
e T I

- 261 -

GT

O
O

(Q3ZIYWEON) S3SS07T



- 262 -

.hnumsomw ieuetd

1031 T 5 o o3 Burpuodsaiazod (Q = 2) 4£13omWod3

1E9TIPUTTAd 103 uorieijsuad TRIOTIIadns Sa3vdTpHET
2AIND paysep ayl ‘'G'T Pue ¢z°T ‘0°T ‘S°0 ‘0 = @ ya?
T'9 @2Tqe3 jo d¢ pue gg¢ ‘Bf s2sEd I0J ¢'g 31y Se Pmeg

*yz/,HV ° U/HV

00| ¢L0 0G0 520
- . !

WAS - M4
" NV 39

WAS 8 WASY
2 ‘ ‘MH
TAD

29 913
%
-
Q
(¥))
wn
450 O
=
O
i)
MW\
Ol [
/4 N
m
=
o



- 263 -

*f139wo0s3 aeueydioy T > D-03 mcﬂvcoammuuoo.ﬁo = D)

A1lowoad TeoTipuflT£d 103 uollealsuad JeIoTjiadns

S2JBDTPUT 2AIND paAysep Yl ‘07 PuB ¢°T ‘0°T ‘S0
‘0 = 9 Yats 1°9 279e31 Jo 4 9sed 10F g'g °"3TJ S JWES

Oﬁh\\QTLAN L L

8'9 "OId

O

0]0)] GL0 0SS0 Go0
N ! ! I

(Q3ZITYINNON) S3SSOT]

&)



- 264

€T PUB Z2°T *T°T “0°T = 2 43atm 1°9 2T9e3 Jo ¢ 8SEBd 0]
(poziTPWIOU) JaTiieq JT1ldWuAS Jueisuod 3yl jo 3Iy3tay
9131 -sA (pIZIIEWIOU) SBSSOT STEIIIISLY JO SUOTIBTNITED

U/ HV

6°'9 "OI1d

9]

00l G/0 - om.o _&20
. T . _

(Q3ZINMYNYON) SISSOT

#



T .- 265 -

A9°T pue.y T ‘2°T ‘0°T =2

yaim 19 919e3 JOo 9 3sSed 103 (pozilEullou)

aajxaeq

oTilsumise juelsuod oyl jo 3ufiay ay3z !

*SA (p3zZITPmIcCU)} SISSOT STS31371SAY JO SUOTIBINOTE) 0T'9 *o14d

”

CCYgLHY T

001  SJO

0G0 G20 0
1 . T O

(Q3IZINYWHON) S3SS0T



- 266 -

*8°T PUBE 9°T “4°T ‘2°1 “‘0°1
Yyiim+1'g 219e3

Jo ; @sea 103 g'9 '314 se meM 119 "91d
N ; . ; -
o,
Gl 0 0S50 G20 OO
= _ u




'g'T pue 9°T ‘B T ‘Z2°1 ‘0"1T =9
UiTs 19 °27qe3 Jo g 3ased 103 QOT°9 ‘8314 se Dueg

U/,

001 go 050
. 1

520

- 267 -

21°9 914

7\



- 268 -

oy

*f£79 *3T74 ur se Furuesw sUES JYJ SBY 2AIND
PaUsEp YL °‘T°T PUE 0'T “SL°0 ‘S°0 ‘0 =2

OQI

HIFM T79 9TAEI JO 6 @SB 103 679 813 se suweg £€1'9 '91d
oc \qu .. |
GJO 050 G20 0
T T T 0

&

(Q3ZITVWYON) S3SS0OT]

3

I



- 269 -

OO

uh.c *311 ut se Surupaw WS IYJ SEY 2AIND

paysep aylL ‘€°T PuUB g*'T ‘1T ‘0'T ‘6°0 ‘0 = 2

yats 1°9g ma@mpmwo 01 2se2 10 gT°9 311 se sweg 9T1°9 *9I4
) 42/, HV
GSO 0S'0 G20 o .
.. ) | °
b
- S0 @
AN
=
Q
A
5 ol £
-
I~
m
2
i gl
1 { L

~



SN

- 270 -

001

*£*q 817 ur se JuTupall JWES IYJ STY IAIND
paysep a4yl °‘¢°T pue ¢'T ‘T'T “0°T ‘¢'0 ‘0 =79

Uyita 179 2Tqe3 Jo TT 2582 1031 T1"9 *314 se suwesg m.m..o “0Id
. |
Y/,HV -
G0 . 050 G20 0
T _ _ —0

(Q3IZIIVNHON) S3SSOT




*4°9 314 ul se FUTUEBSW SWES 3l SEY JAIND
paysep aylL ‘9T Pu®e #'T ‘Z°T ‘0°T ‘6'0 ‘0 =29

-~

yims Ho aTqel jo g 9sed 103 7T°9 314 mm.. awes 9T*'9 "OI4.
"4/,HV
00’ ¢.0 0S0 G20 0
| T . T : w0

- 271 -

3Ol

gl

(Q3ZINMYINYON) $3SS0T



- 272 -

1.4
CyL { -O'O_..
L2 HW J
SYM
Kim
oL C=l0
>
o
/\E 0.25
- m
X Q8
P
m
~ -
T 0.60
06— ,/!
L
0 0.2 04 06 0.8 1.0
H/Hmax ﬁf;
FiG. 6.17 - Hysteresis loops‘calculated for case

9 of table 6.1 with AH'/h
0.25 and 0.60.

o = 0

el



- 273 -

FIG. 6.18

Wwvs, h_calculated for case-9fc :.

of tabl® 6.1.
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Schematic of different categories of B

FIG. 6.19

profiles encountered during half-wave
and full-wave cycles of amplitudes
lying above and below saturation.

g
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p o
SUMMARY AND FUTURE DIKECTION

"

We have investigated magnetic behaviour and hysteresis losses
in type II superconductors in the classical arrangement where é time
varying magnetic field, ho f(t), is superimposed upon and directed along ‘'
a static bias magnetic field Hb' We denote this as the collinear regime.
We have also pursued thgse phenomena in the less familiar but very funda-
mental situation where.ﬁ; f(t) is directed pefpendicularly‘to ﬁ£ or v
rilted with respect té‘t%e latter. The latter arrangements are denoted
the noncollinear regime. In both regimegi-flux 1ineé undergo compression
or decompression as they are made to enter or’ieaye the specimen and are
diéplaced withi& its bulk. . In the noncollinea? fegime however, the
experimentalrobservations indicate ﬁnambiguously that a significant
rearrangement in the orientatiég of the flux lines takes place during
their migratlons. Flux line cutting 1s believed to be the mechanism
whereby these changes in configuration can occur. Our measurements
thereforé provide insight.iﬁto the sequence of intricate flux confi-
guratioﬁs which ensue from the operatioh of this intfiguing and novel
process.“ - '

We examine the magnetic resp?nse of ribbon samples where ﬁb '
and Ko f(t) are directed along the flag surfaces sf the specihens.

For expediencyoﬁo f(tjlis directed either along the length or anng the
width of the ribbony Also for simplicity, we let the main componént

~

of the fixed bias magnetic field be directed either along the width . "
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or length of the ribbon and perﬁeﬁdicular to Eo £(t). OQur arrgngemenﬁ
is not only convenient experimentally but corresponds to the situation

encountered when a ribbon carries a transport current in a staticnary

longitudinal magnetic field,

In chapter 3 we compare pur observations with the predictions
of 'a model originally proposed by Campbell and Evetts. They put .
forward the idea that in the noncollinear regime, the flux lines migrate

within the samplé at the angle they possessed when they were created
. . - 1\

. f} . . ’ M
and when they entered the sample at its surfaces. We show thit as the
total external magnetic field ﬁ; increases in magnitude and changes its

orlentation BS, this concept does provide an aaeqdate description of

the initial behaviour but that the data and the predicfidns progreési—
- ) . .

vely diverge as the change in Bé and HS become3¢51gnificant_ We show

that these deviations cannot be attributed to any B dependence.of the

bulk pinning but are an intrinsic feature of the model. Eésentiall}
_ “o .- L o

then the model fails because its basic premise that the flux lines

maintain their initial ofientation is invalid.

\\*//) Consequently the idea that vortices do not rotate as they are

.

ﬁaﬁsgxo migrate and are caused to undergo changes in density is aban-

—~ . e
: -~ : . o
doned. '

In chapter 4 a‘vask assortmebt Qf'observatiohs-of hysteresis
. _ ' h N oS o
losses and magnetic responses of ribbons of VIi and b in the non-

/
-

collinear regime is analyzed exploiting an. alternate proposal of

Lachaine,‘rqfefréﬂ to as the double.crifiégl state;concept: According
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to this idea, the gradients in the density of the flux lines and in the

.spatial variation of their orientation exist in critical configurations

whenever changes in these quantities have occurred. We pursue this

idea in the simple context that the density gradient dB/dx may depend

on B but not on &8(x), the orientation configuratio‘ﬁ of the sheets of

flux lines. We present the major milestones in o™ empirical search

for a simple analytic prescription for the critical orientation gradient

do/dx. We find that the formula

de k Fp

_=i

dx 2 2
BY (1 + |8])

in tandem with the standard critical state expression

dB FP

— = 4+ =

dx B

provide the most satisfactory description of our extensive data. We regard
8 = 0 to bé-determined by the stationary component of ﬁs' This view
is tested and supported by performing two sets of measurements, one
where the stationary component of H; lies along the length and another
where it lies along the width of the samples.

A profound modification of our simple double critical state
approach has recently been develqped by Clem from fundamental consi-
derations. His framework examines E(x), the electric fields'genérage&

as the configuration of flux lines and the associated quasi-macroscopic

persistent current density pattern are’ caused to change. The model
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visualizes ;riglcal levels (possibly B depén@g&ﬁl{éxist separately

for jl'and j//, the critical-currenf densities perpendicular and
parallel to B(x). We note that jl corresponds to dB/dx and j// to

B d8/dx. A crucial consequence of the model is that two additicnal

types of regions, ignored in our approach, can be encountered, namely,
regions where (i) dB/dx is critical but B d8/dx is subcritical and

(ii)AB d8/dx is critical but dB/dx is subcritical. Which of the three
possible types of region occurs and the level of the subcritical quantity

which arises are determined by a systematic and basic consideration

of ﬁ(x), g(x) and ](x), the angle subtended by these varbdpus quantities

as well as the requirement that the components of E(x) and \B(x) be

‘continuous. Clearly our data need to be reexamined in the light of
J

this model. This formidable task has already been launchedy/

Another difficult, but basic and technological;y important
problem which awaits scrutiny is the behaviour of the surface step
in.the noncollinear regime.

In chapter 5 we focus on the congribution of bulk pinning
alone to the valley in hysteresis-losses, W(ho, Hb) Versus Hb,

' predictgd by Clem for the collinear regime and first reported by him
and co-workers. We show that this contribution aione can account for
our data on a VTi ribbon, In the light of this result we pursue
computationally the influence of distinct typés of B profiles, which |
bracket the range generally envisaged, and the role of geometry on the

structure of the valley.
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In chapter 6 we conduct an extenslve computational investi- .

gation of the effect of a surfacé step (surface barrier) on hysteresis
\ -

losses in the collinear regime. To obtain a coﬁ%lete picture we

construct an inventory of basic cases. We ;ccomplish this by intro-

ducing two radically different and extreme types of surface steps

(denoted symmetric and asymmetric). We also examine the behavioug

when the sample is subjected to full-wave (Hb = 0) and half—wa@e.

(Hb = ho) oscillations.

We explore the full range of amplitudes causing the B distur-
bance to penetrate only partially into the sample and also those large
enough to considerably exceed full penetrat;on levels, We bracket.the
spectrum of accepted B préfiles by exploiting two well established
but extremal approximations, namely dB/dx = *a and dB/dx = *a/B. TFurther
we pursue the problem for bothinfinite slab and cylinder geometry.
For simplicity, however, we have chosen a B independent surface step.
A startling and important message which emerges from this thorough
study is that very frequently the hysteresis losses can be diminished
by lowering the surface barrier. |

Evidently this work should be extended to the more realistic
situation where the barrier diminishes as B increases. Of course,‘a
vafiety of B dependences incorporating this basic feature need to be
envisaged. A preliminary study reveals theé dramatic result that the

decrease in losses by a lowering of the barrier is accentuated. -
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APPENDIX I

We list expressions for <B> and d<B>)dBS'applicab1e to an
infinite slab in various initial magnetic states and where the pinning
can.be described by Fp = aan with n = 0 or 1. The evolution of the
B profiles for the different configurations are sketched in Figure
I - 1 of this appendix. The exp;:essions for d<B>/st can be obtained

- by differentiation of <B> or by exploiting equation (3.30).

A) Before saturation

1) Diamagnetic Initial State

a) n=1 :
X, X xi Bs‘
B{x) =BS-B*(-;) for 05;5;—=§;
B X,
B(x) = 0 for —=—¢ %<1
B* a a
R
(I —,1) <B> =E
r
B
d<B> s
a$-2 d8_ =~ B
s *
.which apply when 0 < BS < B, where B, = o a
hb) n =0
2
L X B
2 2% x i 5
B(x) = (B~ - B* (g)) for 0 = ;S‘—= (B—*)
B 2 X
B(x) =0 for () =& <2<
B a a



=

FIG. I - 1

-.281 -

Schematic of increments of B profiles before and after
saturation where the initial configuration or state is

a) diamagnetic, b) nonmagnetic

¢) paramagnetic and d) hybrid.
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'3
B
(I -3 <B> =‘§ —=
B*
2
‘ B
d<B> .,'8
(I - 4) = 2(32)
dB B,

which apply when 0 < Bs 2 B, where B, = (ZaOa)15

ii) Nonmagnetic Initial State

a) n=1
(Bs'- B
B(x) = B// for B,
(B -8B )2. .
(I - 5) <B> =S‘_L+B
2B, /!
B -8B
. d<B> _ !/
-6 F =73
. I *

‘which apply when B

. /1
b) n =20
2
, B“ -8
B(x) = B for — 1/
o0 /1 B;Z
3 . 3
(B~ -B,,7)
(I -7 <B> =2_58 1/ - B
. 3 2
B*
’ B B -B
(1-8 $£B2_, s s 1
dB_ By B,

which apply yhen B// = Bs ; (3*2 + E//

1P

S B_ < (B, +B

i
a

/7

=

T P
1A

| A
R fad

2

)

’

k23



- 283 -

1

- . J
iii} Paramagnetic Initial State

+a) n=1
B - B
- X. s [/
B(x) = B//3+ B*(a) for 73,
2
(B -B,,) B
_ 1l s !/ . .
(L -~ 9) <B> =7 g, +2+B//
B. - B
d<B> s //
(1 -10 =5 ="z,
=]
which apply when B// < BS < (B// + 2B,)
B) n=20
2
. - Y B
BGo = 8, + 8,7 &) for =
2
B + B
(1-1) @ =—% (3%-2 L0
3B, s
2 2
B B + B
(I - 12) d;g>-z—s§{3—(32//)
s B*
2 2 g

which appl hen B < B < (B + 2B
tch apply when B/, < Bg = (B, *)

iv)  Hybrid Initial State

a a

2
WA
2 a
:k_
3/2

+

(B//
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®_ +8)°
(I --13) <B> = T - B‘i
(I = 14) d<B> _ Bs * Bi
dB ~ B,
s

which apply when Q < BS < (B, - Bi) and Bi < B,.

If xi/a =1 (see Fig. 3.35(d)), there is no region with B(x) =

L

=

*
s "7

(I -15) <B> =3B =

d<B>

(1—16) aB—.=l
s
b) n=20
Y
_ 2. .x 2
B(x) ==(B,"(D) - B
B 2 X X B 2 + B 2
for (—EJ = =2 s E's 22 =
B, a a a 2
B
*
xi X
B{x) = -B for — s =51
i a a
2 3 3 Bi 2 2 2
(I -17) <B> = 2(13 -B,)+——= (B" -8B, +B,7)
i 2 s * i
3B, B,
d<B> _ 2
(1-18) Gg—=—7 BB, +B)
s B*
2 2 '
which apply when 0 < BS < (B, - Bi ).

If there is no region with B(x) = -B, then xi/a = 1 and

i

i
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>t 3 2 2 32

(r - 19) <B> = 3 {Bsﬂ - (Q* - Bs ) }
3B, .
(1 - 20) d<B> 2§ (3 4+ @2-3 2)15}
dB 2 s * s
s B,
.which apply when O < BS < B,.

B) After saturation '

When the front of the advancing disturbance in the B profile
has attained the midplane, the initial configuration has been erased

and ceases to play any role.

a) n=1
'B* ’
(I - 21) <B> =BS_§—
d<B>
(I - 22) b =1
s
b) n=20 '
3/2
(1-23) <> =-2_ (83_@2_82%
. 2 s s *
3B, .
B *s
d<B> s 2 2
(I - 24) B ZBZ{BS-(B - B,) }
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_ APPENDIX II
In many instances equations (3.28) and (3.29) can be inte-
grated dnalytically. We liét expressions for Mo <M//> =<B > - B

z !
“and qu <ﬂl? = <B > - B; for the case where F = a B-n with n.= 0 or 1
o y 1 P n -

where B, = @ a and (ZaOa)li respectively. We consider only the situation

where the initial state is nonmagnetic and B// is maintained constant
as BS increases,

A) Before saturation

a) n=1
(I - 1) <M>"M{(B—B) B LB—S—}
Yo 17 T B, A VS Y
L BB, B//z B) + B_
(IT1 - 2) uO<M_L>=B—*{2 - Rn(BH)
B
2 -1/
—B//B_L +B// cos B } —B_L
b) n=20 ’
ar -3 =BLé (B —B//)z
Q B*
LB 3 BL*B
(IL -4 uy<My>=—=5 (2-3--B B, B +3B," in( B/S)'}_ Bl
B, T /

B) After saturation



(IT - 5)

o

<M//>

(II - 6) uo <M..L>

-
“

I
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B B

where ij{ B*(Z B//' + B*) }!5-
b) n =0

(I - 7)

(IT - 8)

o

-—

<M//>

B
B, (1 -l gn (14— +tn (—3_)
I B 811 Brr* Ba
* + 2 + + B
I_{BJ_(B// B,) _B// - (BJ_ B, .
B, Z 2 B,
B,, By +38,,° -1 (——B—U——)}
f1 oL By COF B, + B,
DAY B
{B// (COS_I B_//_'{T/B—* - COS_l E'/'_/‘)} - Bi
' S

B2-B B2+B2--B|/.B2—B2

B
_ 1 2
TRz B TRy By TRy B = BB - By
*
+ B, in (2 = ) )
2 2
B//+ B//+B*
1 .2 .3 S22
*
2 2
3 B*+1/B// + B,
+B// in B// 1
B
2 s 2 2 2 2
* (B,,° + B,Y)
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_ Analytic expressions for the latter integréi involve
elliptic integrals of the first and second kind. We refer the reader
to the Table of Integrals, Series, and Products by I.S. Gradshteyn

and I.M. Ryzhik, &4th Ed. p. 248 Equation 3.155 (2).. Academic Press -

‘

1965.
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APPENDIX III -

We develop an expression for W(ho, Hb)’ the hysteresis losses
per cycle per unit volume when a static magnetic field Hb collinear with
an oscillating magnetic field of amplitﬁde h0 are applied along the

surfaces of an ihfinite slab of thickness 2X. We write

IT1I-1 Ho(t) = Hb + h0 f(r) .

Fa

where f(t) varies between +1 and -1. We take the sequence of B profiles.

to be prescribed by

4B d%y' dBZ
ITI-2 BE=By dx-_FBz dx= ta

where o is a temperature dependent parameter characterizing the sample.

In chapter 4 we focus on a situation where a uniform stationary

magnetic induction, B

static’® is present and directed orthogonal to ho’

hence Hb. In chapter 5, we examine the simpler limiting situation where

only ho and a collinear Hb are applied and the orthogonal Bstatic =0

In both instances, without loss of generality, we take hO and Hb to be

directed either along the vy or the z axis. When B # 0, it is

static -
useful to focus only on the component of the B profile which is changing

1/2
rather than on the total magnetic induction B = (B2 .+ B) cr B =
1/2 static 4
2 2 '
..+ B . 'In the formulae given below, we ignore the subscripts
static z ‘

y and z but it is implied that we are considering either By or Bz with

dB /dx = 0 or dB /fdx = 0.
Y Z
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The surfaces of the infinite slab are located at x = 0 and
x = 2X, We focﬁs on the half width between x = 0 and x = X,

We ignore the possible existence of surface steps and use the

boundary condition

//51113 § . Bs = B(0) = Mg HO
)
b
Let the magnetic induction at the surface swing from B to B . To
max min

fix ideas we consider that Bmax is pogitive and B a is negative. Let

mi

t
|

III-4 ‘ max uo(Hb + ho)

© III-5 ‘ B

min uo(Hb - ho)
I11-6 . B, =y, B

I11-7 By =ent? -

I

Energy flows out of the slab during the swing of BS from Bméx

to 0 and from Bmin to 0. We refer to this as the descending portions

of the cycle., Energy flows into the slab during the swing of Bs from

0 to Bmax and from 0 to B in- Ve refer to this as the ascending portions

-v*§f the cycle. The’spatial average of the magnetic induction during the
descending portions of the cycle can be written
x, (B ) '
is 2 1/2 [ "2 2 x.l/Z

_ - 2 x X
III-8  <B> = Jo (B," + B, P A +
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and a similar expression where X

replaces X Bmin replaces Bmax and the

sign in front of the two integrals is changed to negative.

We confine our derivation to amplitudes where 0 < x. < X,

i
(0 < xi < X}, a situation denoted as lying below saturation. Since we
are ultimately interested in d<B>/dBS, the upper limit to the second
integral in equation 8 and the area under the B profile in the region

x, <x <X (xi < x < X) are immaterial here.

-

integrating equation 8 and its analog with Bmin and taking the

derivatives with respect to BS, neting that

- B, B
IIT1-9 x, = _EEEL_E_E_‘, xi = _EL__—E_E
2B, 2B,
\\_, /‘
//
; |
o 1 [
i
xe X, X
"Bb l
- Buin |
0 i | )
0 xe X
we obtain
i /5 ' L ‘
11-10¢a) B2 .72 5 (5?2 4 g2 - vz Y
- dB 2 s max s
s B*
d 'y 2 2" s 2
<B>
III-10(b) - a5, : (|g_| (B~ + B i) - /TBS )
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1

Turning our attention to the ascending portibns of the cycle

we refer the reader to tht sketches below.

Bron |
I
] Bmin
| Bs

0 > l 0
%o *: X

- Bs | ! - Brin |
|
| N

\ (o) | A

Focussing first on the situation where BS is changing from 0 to —Bmin

(sketch (a) above) we write

'KO('BS) L
IIT-11 B> = - @2 -82% ad
. 0 s * X X
1

xi(Bs) ) s , I §
+ (B, 3 - BJ) 4

xO(BS)
2 2 x X
+ JXE(BS) (Bmax - By X) d(X)

’

where the upper limit on the third integral and the area under the B

profile in the region x; < x £ X are of no concern here and,

B 2 2 2

_ _S w . _max s
ITI-12 X, T T3 T3
*
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Integrating equation 1l and taking the derivative with respect to Bs leads

»

%
/ 2 2 2
I11-13(a) d;g’ = - 22 (| B, -8B +v285)
s B

o

The swing from 0 to Bmax consists of two stages (see sketch {(b)
above). Firstly the increase from 0 to Bmin where equatién 11 applies
with the sign in front of the integrals changed and Bmin replacing Bmax'
This leads to

1
d<B> _ /2 2 2 5w 2
III-13(b) i 5 (BS (Bmin ~B ") +v¥2 B
s B B*
In the second stage where B_ is increasing from B to B ,
5 - .. min max
"
xi(BS) 2 2 x g X
I1I-14 . <B> = J (B, -Bx p 4
0
s
2 x 2 X
+ —_— - —_—
J " By X ™ Bpin) 4R
X, (B )
1 3
&

where the upper limit on the second integral and the area under the B
o .

profile in the region x"" < x £ X is not pertinent and
2 i P

~-B2. + B2

I1I-15 T ym - _max  min
| 28,

*
- Integrating equation 14 and-taking the derivative with respect to Bs

leads to
'\
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Q
I1I-16 d<B> _ V2 4552 _p (g2 g )%)
' st A 2 s s s min

*

Iﬁtrodhcing equations 10, 13 and 16 for the appropriate range

of variation of BS into the standard éxpression

d< B> 4B

' !
III-17 Wb, B) = o } B_ 3.

and integrating leads to,

»

III-18 w(ho, Hb) =
u _ - h
=25 5 Gy + 0" (log(1 + /) - /7 - sin™h %Th—")}
* o
LT 4 . .
(H, -~ h ) .
4-—j3l75*41—— + 2/2 (Hy - h) (8 h0)3/2'

o) 1
R R T S T N Rk

M /3 4 .
+F[_-§(Hb—h0) {log(1+\/§)—/2—+§}
ES
4
(B +h) -
2 Gy ) (8 h

.3 .2 2 3 i
“ Ty (Hb f Hb ho B Hb ho + ho ) (Hb ho)

| H - hO\
Hb +h o+ 2(Hb ho)‘

V2
-3 (Hb - ho)4 log
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where we have introduced equations 4 and 5. In equation 18, the set of
terms contained in the first and second pair of rectangular brackets
pertain to the net energy flow

(i) - as Bs swings from Bmax to —Bm a (the downsweep portion of the cycle)

i

and

(1i) as Bs-syings from —Bmin to Bm;x‘(the gpswegp port;on of the cycle).

. ‘ : ol
We verify that equation 18 reduces to the well known full-wave

limit when Hb = 0, hence |B [ =B . |.
max min
H h b ¥
I1I-19 Wh_, 0) = -&—g— (% log(l + vV2) + % + i-g ™)
.. H*
- u h 4
= 1.367 =20
2
H*

Indeed we find that the two groups of terms of equation 18 become equal,

as they should, in this Ilimit.

For the special case, H = h , which we refer to as the half-
P o

wave case, equation 18 reduces to

: 4
¢ h 4 v h

II1-20  W(h, h ) = ——— (2/2 log(1 + v2) - 4(/7 - 1) = 0.836 ——3-
H : H
* *

q

Equation 19 (full-wave oscillations) has been oﬁtained by several

workers focusing on that particular case. Equation 18 and also equation 20, the

expression for the half-wave oscillations are new results. The latter

can of course be obtained much less tediously by focusing on that parti-

cular situation.
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Chmer and Heinrich have developed analytic exprgssions for <M>,
hence <ﬁ>, versué Ho for cylindrical geometry exploiting the Kim—Andergon
approximation (equation 2) for the B profiles and ignoring the surface
step. They obtain W(ho, Hb) from graphical or numerical insegration of
the hysteresis loops calculated using their formulae for <M> wvs. Ho'
Since the focus on large amplitude§, where the valley in W versus Hb
has consequengly vanished, they report a monotonic decrease of W vs. Hb'
They examine, in particular, the ratio of W for half-wave (Hb = ho) and
full-wave osc%llations (Hb = () and find thatA

W(h_, h) .

o’ "o’ _
ﬁfﬁT_Egju_ = 0.345

when h. = 5 H,.
o
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APPENDIX IV

In this appendix we present analytic expressions for hysteresis
losses for eight of the sixteen cases listed in table 6.1 of chapter 6.
These expressions can be intrinsicallf useful. Further they provide a
means of chécking the computer program we have developed for computing
hysteresis losses for arbitrary 5ulk pinning functions and B dependences
of the surface barrier againsE,entry and exit.
We consider;
a) i) infinite slab and ii) infinite cylinder geometry,
b) ?) amplitudes hO lying below and ii) extending above full
penetration (saturationj,
c) i) half-wave‘and ii) fuli—wave oscillations, and
d) - i) symmetric and ii) asymmetric types of surface steps

(surface barriers).

We exploit the Bean-London approximation

V-1 a) -— = *qg b)

[« =W
S
1l
I+
je]

‘to describe the B profiles. ‘The magnetic induction B, for full penetration

(saturation) can be written

B, = oX

We refer the reader to Fig. IV~1 which schematically displays
the various basic sequences of B profiles which are encountered during

the cycle. With the Bean-London approximation, the B profiles are linear.
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Bmax - |

{
Bnﬂn" }
O ; !
0 Xi/ X X
e)
H
B, i
t
\/ I
{
0 —
|
@ ,’,:
. |
_ @ I
Bmu—" :
0 Xo X; X

Schematic of different categories of B

profiles encountered during half-wave
and full-wave cycles of amplitudes
lying above and below saturation.
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These profiles are drawn curvéd in Fig. IV-1, in order to present the more
general and realistic configuration.

In preéenting our results it is useful to identify all the

pertinent features in each instance. Consequently it is convenient to

introduce the following abbreviations; '

Slab for Infinite slab geometry.
Cyl for infinite cylindrical glometry.
H.W. for half-wave oécillations (between 0 and 2h0).
F.W. for full-wave oscillations (between tho ana ?ho).
Sym for symmetric type of surface step or surface barrier (AH'
against flux entry AH' against flux exit).
Asym f&f asymmetric type of surface step or surface barrierr
(AH" = 2AH' against flux entry, AH = 0 against flux exit).
Bean for Bean-London approximation for Ehe B profiles.
Kim for the Kim—Aﬁderson approximation for the B profiles:
Saturation instead of full penetration,.
W denotes.the hysteresis lo;ses per cycle per unit volume in
S.1I. units.
'ho is the amplitude.

H, = B*/u0 = aX/uo is the magnetic field for full penetration.

Infinite Slab Geometry

*

The B profiles are constructed from two solutions of equation
IV-1. x =0 and x = X locate a surface.and the midplane of the slab.

For the descending portions of cycles,
-
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= _ 3
v-2 B(x) = Bmax B*(X) where .xi < x <X
Iv-3 =B + B, (X < x <
Vv B(x) BS B*(X) where 0 £ x 2 Xy
, 4'-= o X - B
V-4 with ook _ max s
. ‘\\‘-H X 25*

Finding the average area under the B profile and its derivative with

respect to Bs leads to s

AY
B - B
d<B> _ “max s
V-5 a8 = ZB* where Xy < X
s
d<B>
-6 = >
IV dBS 1 when X X

-
-

For the ascending portion of cycles, the profiles are cons-—

tructed using,

- = = '
v-7 B(x) Bmin + B, ﬁx) where x{ £ x g Xy
IvV-8 B(x) =B - B, (%) where 0 £ x < xi, with
X B - Blig
Iv-9 = = :
X 2B, -
(Bmax - Bmin)
and equation 2 where x, £ x < X with x, /X = —————"—
i i ZB*
' B - B
d<B> _ s min '
Iv-10 a8 = 7R when X < X
g *
. <B> :
v-11 d<B> _ 1 . when x! < X
dB i

S
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Case la): Slab, H.W., Sym, Bean

i) Below séturation;‘ hO < H, + aH'

2 3
% L t
Iv-12 w220 o3 @l AT

* o] o

ii) Above saturation; h0 2 H, + AH'

. 2
H H H
_ 2 * 2 Tk AH' *  AH'
1v-13 W= Zuo,ho { T3 (h Yy + 2 o (1 - T T Th ) )
o 0 o 0 0
Case 1b): Slab, H.W., Asym, Bean ’
. . AH”
i) Below saturation, ho S Hy + - ‘
3
u h 2 3
_2 0o o 3 AR" 1 40"
IV-14 W3R t1-76G0 76 )
o 0
»
AHII
ii) Above saturation, h 2 H_ + —/—
] 0 * 2
2
H H ‘ ‘
: - 2 *_2 . % AHT _* _ A"
V=15 W=2u b " {—=-3G) +-—0- =) !
o 0 o ) 0
. We note that equations 14 and 15 are identical to equations 12

and 13 respectively -with AH" = 24H' .

Case 1lc): Slab, F.W., Sym, Bean

i) Below saturation, h0 s H, + Qﬁ'
Same as equation 12

ii) Above saturation, h0 2 H, + AH'

Same as equation 13
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Case 2: Slab, F.W., Asym, Bean

i) Below saturation, h0 < H + aH" a
‘ U h 3 . _ 9
_2¥% M 3 aH" BHT 5 eH"
IV-16 W= 3 i, (1-75 Qr25—-3 G !
. o o o

i1) Above saturation, ho‘z H, + an"

Two ranges of the amplitudes above saturation must be consi-
dered separately. The g%ason for this state of affairs is presented
schematically below and in Fig. IV-2. |
.
e

\
S

>
. . ‘i:,}”””’,

(o) | (A

The configuration depicted by the solid 1line in sketch (b) which is
“encountered during the descending quarter cycles in the range of the
larger amplitudes must be taken into account in deriving the appropriate

expression for W.

a) M, + OH" < h_ S 2H, + OH"
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3 2 *3
H h H H t t |I2
-2 0 o * _*y. 3 AH" AH AR
1\(-17 w-3——H;—{3(h) —2(h TR (1-2(h)+(h))
0O [w] [»] > o] [+]
H H
AHII * * AHI!
te g w G o)
[s} [e} [} o} '
b) h032H*+AH"
2 L
H H
_ 2 2 kBT aEt Tx
Iv-18 W_?‘”oho{h_B(h)+h(l"h“h)}
[o] o] o] o]

Infinite Cylinder Geometry

The magnetic Iinduction is directed along the cylinder axis
r = 0 and r = R locate the centreline and the surface of the cylinder.
The B profiles are constructed from two solutions to equation 1(b).

For the descending parts of cycles,

r

Iv-19 B(r) = Bmax - B* (1 - R) where 0 g r g r,
r

IV—20- B(r) = Bs + B, (1 - R) where r.<T <R
ri 1 Bmax - Bs
IV-21 = 1 - 5 (-—B:—-'-)

The spatial average of the magnetic induction is determined
introducing these into the definition
R

' = r &
v-22 .<B> = 2. JO B(x) R d(R)
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Taking the derivative with respect to BS leads to_

V=23 a<8> _ Pmax ~ % (1-2 Pmax ~ % 5)} wh >0 and
1B B, % B, when r, an
s
d<B> _ _
Iv=-24 4B =1 when T 0

cycles, the profiles are constructed
using

kY
_ . )
IV-25 B(r) = Bmi + B, (1 - ﬁi where r, 21 £ ri and
V-26 B(r) = B_ - B, (1 - %) where r] ST <R  with
r! B -~
: i _ 1l ., s min
Iv-27 R~ 1l - 2 ( B, ) and

1.-
equation 19 when 0 < r < r, with r,/R=1-35 B ax ~ B in)/Ba-
Calculating <B> and taking its derivative with respect to BS

leads to
B -8B ' B -B
d<B> s min 1l s min
IV-28 1B = B {1 - Z (———E;——~—)} when r, > 0 and
s .
d«B> —
IV-29 e =1 when r, = 0Q
Case 3a):

Cyl, H.W., Sym, Bean

i) Below saturation, h0 < H, + AH'
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4 - S

- H h H* . 1 2 ' 3
1V-30 w=£._2__0_{__(1_3(1\i) +2(&_))__]-.
3 2 h h h s 2
“H, o o &
2. 3
AH! AH' 1 ,aR!
P GG v G )
o o o
ii) Above saturation; h 2= H, + AR
H g, ° H
-4 2 * 1 . ARY 2 % _ AH'
1V-31 W=3u h { - 7 (h ) + 3 - (1 o ( m y) }
o o o o
Case 3b): Cyl, H.W., Asym, Bean
i)} Below saturation; h < H, + éﬂ:
. * o 2
h 4 H 2 J 3
Ja e B o3 en® 1 a1
1v-32 W= 2 { = (1 4 ( o )+ A ( o ) ) - >
* 0 . o 0
- 2 3
STV U Y LN BT
tr R Q-7 G G}
0 O O_

- "
ii) Above saturation; h_ > 1M, + —%ﬂ
r
2
IvV-33 W=£ hz{&._}.(ﬂ_*) +§M(l_g_ﬁ_}_(éﬁ_")) }
: 3 Yo Mo b, "Z h " T2 m 3h "2 Ty

We note that equations 32 and 33 are identical to equatioms 30 and 31
respectively with AH" = 2pH'.

" Case 3c): Cyl, F.W., Sym, Beam

i) Below saturation; ho < H, + aH'

Same as equation 30
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ii) Above saturation; h oz H + AH'

Same as equation 31

 Case 4: Cyl, F.W., Asym, Bean

i) Below saturation; hO < H, + ap"

4

V=34 W= fEE_EE_. { Eﬁ Y. W E_(£§:93
3 2 h 2 8 h 3 h
H, o o o
!
a4 H 2
3 % AH" AH" 5 AR"
“ThoR G2 -3 G
o o - 0

ii) Above saturation; h0 > H, + aAH"
As in case 2, two ranges of amplitudes above saturation must
be considered separately and lead to different éxpressions.

a) H, + H" S H 7S ZH, + O

- Loh 4 2
_4 0 o _*,  AH" R 2 %
W-35 W= (3G H-a-2--25
H* o 4] )
- 3 .
H H
X 1 T
) A7)
) o
3 H
-1_‘. AH” AH" l ._* Hll H"
+ 8 (1 - o ) % B ( ) (1 - ——“0 }
) o o
) h_ z 2H, + aH"
2 2
2y h H H H
0o o * * AH" 2 % AQM
IV-36 W = S {2 T - (E—) + 3 — (l Ih " h
o o o : o o

)
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4
Case 1(b), below saturation (equation 14) has been developed,
by a different approach, by Sekula and Barrett. Fournet and.Hailfert

and Dunn and Hlawiczka have independently developed general fo%mulae for

_hysteresis losses under full-wave oscillations below gituation in planar

geometry. TFournet and Mailfent derive equation 12 and an explitit

expression for case 7 as illugtrépive examples. Dunn and Hlawiczka focus
on pinning functiens of ghe“form FP = aB"” and introduce ; field independent
surface stgp, comprising a reversible (Meis;ner) shielding éontribution
and a barrier, thereby providing surface steps of differenb\deéfees of

asymmetry. Equations 12 and 16 are generated by the general formula’

of Dunn and Hlawiczka when the Bean-London approximation is introduced

“and the parameters are chosen to yield symmetry and asymmetric surface

steps, Their general formulae also yield explicit expressions for cases
5 and 7, below saturation. Equations 13, 15, 17, 18 and 30 through 36 of

this appendix constitute new results.

[l
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