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ABSTRACT

The main object of this thesis is the logical Walsh-Hadamard
transform and the applications of H diagrams for Walsh functions
and Hadamard matrices., A brief survey on the principles and appli-
cations of the orthogonal transformation is outlined. The logical
Walsh-Hadamard transform is introduced and defined. A combina-
torial network for obtaining this transform is worked out for N = 2,
4 and 8. The logical transform is also extended to cover the case
of the length N of the binary data string b.comes greater than 8.
This is achieved either ‘by increasing the dimensionality or by. em-

ploying,the piecewise concept.

The H diagram is first applied for realizing the logical
Walsh-Hadamard transform by~ switching functions. It is also us ed
for factoring the Hadamard matrix , -thereby providing a new
approach for the fast Walsh-Hadamard transform. Finally, a

spectral analysis is performed on the H diagram.
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CHAPTER 1

INTRODUCTION

1.1 Walsh-Hadamard Transforms In Imagze Processing( 1)

Since detailed canprehension of the physical world depends criti-
cally upon vision and a picture is worth better than 1000 words, it is
not surprising that investigators from many different fields are
currently exploring image processing. Aoplications include radio-
graphy, cartography, earth resources data collected by satellites,
spectrum analyzei's, speech analyzers, television pictures, facsimile,
remotely piloted vehicles, and others..Image processing is becoming
of increasing importance for several reasons. Among them there are
firstly the advent of the laser, which makss Fourier processing in the
optical domain a practical reality(z), and szcondly the invention of
- the Fast Fourier Transform-and other fa,s'c'ar.lgcorit]:n:ns(3 +4) , which

makes digital image processing being suitably handled by computer
and thus a practical reality. Nevertheless, the objectives of image
processing are typically data compression and image enhancement.
An image, or a picture, can be defined as a monochrome conti-
nuous non-negative function f(x,y) defined over a finite region of two-
dimensional space and in which the value of the function at any point
is given by the brightness level of the image, which is usually called
the gray 1eve1(4). In general this brightnéss level varies from black
to white with a continuous distribution. When a picture is processed
by a digital computer, it is usually regarced as several discrete
arrays of numbers, i.e., as a matrix, rather than as a function.

Indeed, any matrix having real, non-negative elements can be

thought of as defining a "piecewise constant" picture function.



In digital picture processing, it is often desirable to assume
that a picture function can take on only a finite set of values, in other
words, that its gray levels are quantized. It is not difficult to show
that any picture function is indistinguishable from a quantized picture
function, providing that many sufficient levels are allowed. An
important special case is that of a binary-valued picture function,
which can take on only two values, i.e., "black" and "white" or

0 and 1.
(6)

Shannon has defined redundancy as "that fraction of a message
or datum which is unnecessary and hence repetitive in the sense that
if it were missing the message would still be essentially complete,
or at least could be completed. " Therefore, the objective of data
compression is to reduce the quantity of data in the original signal

to a minimum with no loss of information. A familiar example,
applicable to a signal composed in part of constant values, is to
compress by recording only the positions and magnitudes of signifi-
cant changes. Another example from the field of image processing
is a photograph of a checkboard pattern, which would be highly

redudant if transmitted sample by sample.

The use of transforms to accomplish data compression is based
on an "unbalancing" effect observed when a transform is applied to
data. In the original domain (before transformation) the importance
of any datum is relatively constant, while the redundancy is present
in the form of the interrelationships between individual data. In the
domain of the transform coe.t'ficients., however, there is a great
disparity in the significance or amount of information in a particular
transform coefficient. If the transformation is chosen properly,

the information bearing transform coefficients are in many orders of



magnitude larger than those reflecting redundancy. The redundancy

is reduced by removal of these insignificant terms.

Taking advantage of this basic fact, compres sion can be accom-
plished in several ways. A common way is to assume that the low
frequencies or sequencies*are important while the high ones repre-
sent only noise. The high frequencies or sequencies may then be
deleted in order to compress the data. This is usually called zomal
filtering. Another technique which has been found more successful for
picture compression is that of thresholding or threshold coding. The
tra.nsformed' coefficients are truncated at a threshold and all of those
whose absolute values are less than this threshold are set to zero.
The employment of a constant threshold value exhibits an adaptive
behavior on compression ratio, which is generally defined as the total
number of samples per the number of samples transmitted. Crowded
areas automatically. receive less compression while smooth areas
receive high compression. Various combinations of these two tech-

niques are possible.

The basic image compression scheme can be summarized in the

following éteps:

1. Modeling the original image to a regular-rectangular grid of
points by specifying its values (gray levels) u(x,y) at each
spatial coordinate (x,y). |

2. Applying a transformation to the sampled image.

3. Compressing the transformed samples to a fixed number of
bits by either zonal filtering or tareshold coding, or a
combination of these two.

4. The image is reconstructed by applying the inverse trans-

formation to the compressed samples.

* see p. 15 for ‘definition
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Now suppose that a picture has be.en obtained through some ima-
ge or transmission process that has degraded it. In many cases the
degradation can be mathematically inverted and "restored” to its
original condition. Furthermore, a two dimensional filter can be
accomplished by multiplying the transform of an image, point by

point, with a two dimensional filter functiom,it is able to improve the

quality of the image.

To measure the "quality" of a picture, two quantities are com-
monly used. The first of these called "resolution” relates to the
distinguishability of close objects, while the second called "acutance"
is concerned with the sharpness of edges(4). They are not necessa-
rily dependent. Specific measures of resolution can be defined by
specifying the objects to be seen as distinct as well as the contrast
that must exist between the objects and the spaces between them
before they canbe regarded as distinct. Acutance is usually measu-
red by the average of the square of the rate of change of the gray
levels across an edge divided by the total contrast across the edge.

Besides, the human factor, i.e. the sensitivity of the eye, plays an

important role in the determination of the quality of a picture.

It is often necessary to determine how well two pictures match
one another, or conversely how significant they differ from one
another. These problems arise most commonly in the area of picto-
rial pattern recognition and for the comparison of différent orthogonal
transformations. There are many possible ways of measuring the
difference between two pictures or picture functions. Among them
the simplest one is to compute their average absolute difference,

i.e., the sum of absolute differences at each point divided by the



total area of the picture. Another common way is to compute the

mean-square error, i.e. their average squared difference.

So far, the performance of different transforms is usually
measured by their rate versus distortion functions(7), i.e. the total
number of bits required to achieve a particular fidelity criterion.
Fidelity criteria considered are the mean-square error between
the original and reconstructed images, and the subjective quality of

the reconstructed image relative to the original.

There exist many different kinds of transforms which can serve
the above-mentioned purpose. Some frequently encountered are the
zero-order hold, Fourier, Haar, slant, Karhunen-Loeve , and
Walsh-Hadamard transforms. Among these the Fourier transform
is no doubt the most well-known and is being applied in almost all
possible areas. However, because of the ease and the tremendous
speed for the computations involved, currently the Walsh-Hadamard
transform attracts more and more researchers to work in this field. .
Transmitting the Walsh-Hadamard transform of an image rather
than the spatial representation of the image provides a potential
tolerance to channel errors and the possibility of reduced bandwidth

transmisssion.

8,9)

1.2 Walsh-Hadamard Transforms In Feature Extra.ction(

The essence of pa.ttern. recognition resides mainly inthe selection
of few and good features. This applies not only to the main portion
of information processing in pattern recognition but also to the pre-
liminary choice of observed phenomena in data collection, as well
as to the final stage of decision making. In fact, the decision

making can be characterized as selecting a single particular function



of observed data such that its positive and negative values should
indicate whether each object belongs or does not belong to a class.
Even in the descriptive pattern recognition, the descriptive rela-
tions between component-parts are nothing but a set of highly non-
linear functions of the observed data. The only difference from the
usual method lies in the fact that in the descriptive approach the
possible classes become so large that sometimes they are not

countable at the outset.

We assume that we are given a collection of objects each of
which is described by a vector. Each component of the vector is
the measured value of a certain feature. The selection of observed
features is arbitrary, but we accept their values as our starting
point, and try for a further selection of features from among the

linear combinations of these given data.

We assume that there will be K classes Sk’ indexed by k=1,
2,..., K. Let the vector stated above have N components, in
other words, the dimensionality of our pattern space is equal to N.
Let N be indexed by n=1,2,..., N. Let the pattern space be desi-
gnated by the subscript x and the transform space by subscript A.
Then assuming that a second-order statistic (a2 covariance function)

can be measured or modeled for each class Sk’ let it be designated
k

5 (k)
x

Then a generalized covariance matrix becomes

K
= (k)
L N (1.1)

where the P(Sk) is the a priori class distribution.

A linear transformation provided by a unitary operator A will

map the pattern space into a transform space whose basis vectors



are the orthogonal columns of the matrix A . The features in the
new space are linear combinations of the original axes according

to the structure of A. The second-order statistics in the transform

space become
T

Ea T A BcA (1.2)
The objective now is to find a set of features such that the distri-

bution of importance becomes as uneven as possible, so that we

can ignore eventually those features which are not important.

The different kinds of transforms mentioned in the previous
sectioncanall be used for this purpose simply because all of them
are orthogonal transformations. Among them the Karhunen-Loeve

' 1
transform is optimum in a variety of criteria (10, 11)

, of which
mean-square truncation error and entropy interpretation are just
two. The transformation results in a covariance function that is
diagonal with entries equal to the eigenvalues of &

T

X

v, = X (1.3)

®
_x
where x and A\ are matrices of eigen-vectors and eigenvalues

of §x . The coefficients in the transform spacé become statisti-

cally uncorrelated and for Gaus sian statistics become statistically
independent. However, the transformation requires considerable
computation to form and diagonalize the covariance matrices. It

becomes unpractical when the covariance matrix is relatively large.

The Walsh-Hadamard transform is particularly appealing in
this respect for a variety of reasons. First, it is implementable
2,13
in N log2 N additions wathout any mu1t1p11cat10ns( ). Both

the Walsh functions and +he Hadamard matrix are binary in nature,



making the transform quite appealing for semiconductor special -
purpose computer implementation. It has an analogy between
sequency and the conventional frequency. Thus, this kind of trans-

form has been used widely for feature extraction( 14- 16),

1.3 The Logical Walsh-Hadamard Transform

Assume f:hat the data being transformed is restricted to be
binary. This assumption is logical since the computer processes
mainly with binary data internally. Because of the sampling theory
it is also general in the sense that a frequency or sequency band -
limited signal can be completely represented by the discrete §a.mi>1es
taken at a rate that is at least twice the highest frequency or sequency
present in the signa.l( 1?). Furthermore, the samples are quantized
into levels which are used to be a power of two. A good example is
the‘gray'levels~mentioned'in*“the“first“-se‘ction. For this reason -

(18

Searle ) in 1970 modified the conventional Walsh-Hadamard
transform and introduced the so-called "Logical Walsh-Hadamard
Transform". This kind of modification appears to be useful in the

following respects.

Firstly, the coefficients of the transform are supposed to
contain ho more information than the data. This is due to the fact
that the amount of information contained in each sample is propor-
tional to its energy while the Walsh-Hadamard transform obeys the
law of.conserva.tion of energy. However, some of these coefficients "

contain more bits than a single datum.

Example -
in decimal 3 2 0 : 3
Data in binary 11 10 00 11
in decimal 8 -2 2 4
- Coeffs.

in binary 1000 -10 10 100




If each datum occupies one computer word, the coefficients
may require more space. This forms a certain type of redundancy.
In logical Walsh-Fiadamard transform this kind of redundancy is

removed, hence a logical transform contains no more bits than

the original data.

Secondly, both the elements of Hadamard matrix and the data
are of a binary nature, it would be more appropriate to compute
with the Boelean operations rather than the arithmetic operations.
In this thesis a fast Boolean algorithm is obtained for this logical

transform which would require little or no intermediate storage.

Finally, since the logical Walsh-Hadamard transform has
exactly the same number of bits as the original data, it becomes
a fixed-length operation and can be easily implemented by hardware.
Furthermore, for fixed-length operations the computer can handle

it with ease and higher speed.

However, the general techniques used by the conventional
Walsh-Hadamard transform for data compression or bandwidth
reduction, namely, the zonal filtering and the threshold coding as
mentioned in the first section, can not apply in the logical trans-
form case. This is due to the fact that thelogical transform takes
on values of zeroes and ones only and is restricted to binary data.
In :t‘acf:, the logical transform has included the thresholding
operation in performing the transformation. But, by virtue of the

(20,21)

run-length coding technique a saving in either time or
bandwidth is possible., The basic idea is to transmit only the
lengths of the one and zero runs alternatively instead of transmitting

the message bit by bit.
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1.4 Organization of the Thesis

The organization of the thesis is as follows. Each chapter
except the first three and the last is preceded by an introductory

section describing its contents and the work carried out.

The basic material that is common to all chapters is presented

in Chapter 2.

Chapter 3 presents the logical Walsh-Hadamard transform, its
origin and its implementation. The chapter begins with the historic
background and the definition of the logical Walsh-Hadamard trans-
form in Section 3.1. The transform is listed for N=2 and 4 cases
with its combinatorial network provided in Section 3.2. Section 3.3
deals with N=8 case. Analysis of the 8-bit logical Walsh-Hadamard
transform is made in Section 3.4. Section 3.5 provides the reasoning
for the threshold setting of the logical transform. A short summary

of the chapter is contained in Section 3. 6.

The piecewise logical Walsh-Hadamard transform is introduced
in Chapter 4. The idea is to extend the logical transform for longer
and reasonable length by increasing the dimension or performing
permutation. The two-dimensional logical Walsh-Hadamard trans-
form is first introduced and defined in Section 4.1. In this section
a theorem of uniqueness and the combinatorial network for the
two-dimensional case are also provided. Section 4.2 gives a formal
proof of the well-known theorem relating two-dimensional with
one-dimensional Walsh-Hadamard transforms. In Section 4.3 we
define the piecewise logical Walsh-Hadamard transform and give its
relationship with the two-dimensional logical transform. We look

into the practical application of the logical transform in image
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processing in Section 4.4. Section 4.5 covers the higher dimensional

case by using permutation. A short summary of the chapter is also

provided in Section 4.6.

From Chapter 5 on, we make a detour from the logical transform

and study the applications of the H diagram. Chapter 5 presents a
new approach for obtaining the fast Walsh-Hadamard transform by
using H diagrams. The chapter starts with the relationship
between the Hadamard matrix and the Walsh-Hadamard transform
in Section 5.1. Section 5.2 gives a modified factorization method
for the Hadamard matrix. An algorithm for obtaining the fast
Walsh-Hadamard transform with illustrating examples is shown in
Section 5.3. Section 5.4 concludes the chapter with a summary.

Chapter 6 presents the relations among the different character-
istic parameters of Walsh functions. By using H diagrams, certain
spectral analysis concerning axis-symmetry is also provided. The
dyadic translation is first introduced and defined in Section 6.1. Then,
the axis of dyadic translation is related to those of H diagram. In
Section 6.2 the axis-symmetry of a function is defined, and it is shown
that each Walsh function possesses a unique axis-symmetry. Section
6.3 shows the relations of sequency, axis-symmetry, row-index and
period of a Walsh function. Analogous to the sequency or frequency
spectrﬁm, an axis-symmetry spectrum is introduced and defined in
Section 6.4. It can be easily obtained on an H diagram. The spectrum is
analyzed by using H diagrams in Section 6.5 for those functions that
possess axis-symmetries. A short summary of the chapter is included
in Section 6.6. .

Finally, Chapter 7 concludes with a discussion and comments for

further studies.



- 12 -

CHAPTER 2

FUNDAM.F_.INTALS AND DEFINITIONS

In this chapter we are going to introduce some basic material
which will be considered common to all the following chapters. The

reader is referred to references (17, 19, 23, 42) for additional

details.

2.1 Orthogonality And Linear Independence

Definition 2.1: A system £(j, x) of real and almost every-

where nonvanishing functions £(0, x), (1, x), ... is called orthogonal
in the interval Xy s X <X, if the following condition holds :

x

j‘l £(j, x) f(k, x) dx =X, 6,
x j ik
0
5jk= 1 for j =k, 6jk=0 for J#k

The functions are called orthogonal and normalized, or ortho-
normal, if the constant Xj is equal to 1. A nonnormalized system

of orthogonal functions may always be normalized.

Definition 2.2 : A system £(j, x) of m functions is called

linearly dependent, if the equation

£ c(j) £, x) = 0 (2.1)
5=0

is satisfied for all values of x without all constants c(j) being zero.

The functions £(j, x) are called linearly independent, if Eq. (2.1) is

not satisfied.
Functions of an orthogonal systerm are always linearly indepen-

dent. And a system of m linearly independent functions can always
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be transformed into a system of m orthogonal functions.

Definition 2.1,3 A square matrix with real elements is called

an orthogonal matrix if its inverse and its transpose are equal

except for a factor.

Definition 2.4 Let an arbitrary function F(x) be expanded in a

series of the orthogonal functions £(j, x) :

F(x) = ¢ a(j) £€(j, x) | (2.2
j=0

The value of the coefficients a(j) may be obtained by multiplying
Eq. (2.2) by f(k, x) and'integrating the products in the interval of

orthogonality x,. = x < %X, :

0 1
*q
j F(x) ik, x)dx = a(k)
*0
m-1
A series § a(j)f(j, x) having m terms is called the representa-
j=0

tion of F(x) with least mean square deviation.

Definition 2.5 The mean square deviation Q of F(x) from its

representation is defined as :

xi m-1 2
Q={"[Fx) - £ bQ( x)] dx
x0 j=0 :
- 3 2 m-1 m-1 2
=[ " Fix)ax - £ a(j+ = [b(j) - a(j)]
x j=0 j=0

0
The last term vanishes for b(j) = a(j) and the mean square deviation

assumes its minimum.

Definition 2.6 The system £(j, x) is called orthonormal and

complete, if the mean square deviation Q converges to zero with

increasing m for any function F(x) that is quadratically integrable
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in the interval x0 < X £ X

1 :
. X1 m-1 2

lim [ [ F(x) - T a(j)f(j, x)] dx=0

nl -w=oo x j___.o
0
This follows that

® 2 x 2

T a( = [ 1 F7(x)dx

j=0 %0

which is known as completeness theorem or Parseval's theorem.

Its physical meaning is the conservation of energy under orthogonal

transformations.

2.2 Walsh Functions And Hadamard Matrices

2
D'efinition 2.7 : Following Paley's modiﬁca’cion(4 ), the

Rademacher functions are defined as

Ro(m)=1 O «cm =< 1

1 0 <cm < 1/2
Ri(m) ={

-1 1/2 cm < 1

and R, (m+1) =R, (m), R_(m) =R, (2°7'm) (s =2,3,...)

The Rademacher functions form an incomplete orthonormal set.
If we extend these functions to a complete orthonormal set by

multiplication, we will obtain the Walsh functions.

Definition 2.8 : The Walsh functions are defined as

g g, _ g5 g
wal (s,m) = [R_(m)] “[R__,(m)] " .. Rytm)] [Rm)] '

where (gng .. ngl) is the Gray code representation of s

n-1°
and R,(m) is the ith Rademacher function defined in Definition 2.7.
i
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The product of two Walsh functions yields another Walsh function:
wal (h,m) wal (k,m) = wal (h @k, m)

where sign @ stands for an addition modulo 2 while both h and k

are written as binary numbers.

Definition 2.9 : Sequency is defined as the number of zero

crossings or sign changes within the unit interval defined for each
Walsh function.

The sequency is a parameter which characterizes a Walsh
function. Hence, it is unique to a specific Walsh function. Various
analogies exist between the Fourier and Walsh-Hadamard transforms

with sequency playing the role of frequency.

Definition 2.10 : Walsh functions can be further classified as

"sal" (sine-Walsh) or "cal"(cosine-Walsh) based on the odd or even

symmetry of wal (s m) about the axis ~at m = 1/2, i.e.,

wal (2s-1,m) = sal (s, m) for s being odd
wal (2s,m) = cal (s,m) for s being even.
Definition 2.11 : Let A be an (NxL) matrix with its element

at the ith row and jth column denoted as aij and let B be another

matrix of any dimension. The Kronecker-product of A and B

denoted by A ® B is defined as :

a; B 2B ... 2y B
2,1 B 2B .. 25 B
é®§ = . ] - & 0 L
* o B
LaN1§ *n2B 0 L S

The Kronecker-product is alsc called the direct product.
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Definition 2.12: A Hadamard matrix is a symmetric square

matrix of elements plus one and minus one. Its rows (and columns)
are mutually orthogonal. For N = Zn, where n is an integer, a
Hadamard matrix can be constructed by recursively applying the

Kronecker-product. With N = 2" and

H i i
=2 1 -1
EN— ;_Iz® _I__{2®...... ®§-2.
n
[n]
= H,

where the bracketed exponent means that the Krone cker-product is

performed n times upon 'I—_'IZ .

2.3 H Diagrams:

An H diagram is a geometric model which can serve as an
effective visual aid in the analysis of binary functions. It is based
on a geometric transformation of the coardinates of a hypercube onto
a two-dimensional plane. The two variable case takes the form of
a figure "H" from which the name H diagram is derived.

Starting at a central origin, the first binary variable x, and its
complement are represented by vectors along the horizontal axis.
The next variable X, is added by coﬁstructi:g members parallel
to the vertical axis, as shown in Fig. 2.1(a) . In each case, the

conventional positive and negative directions are chosen, respectively,

for the unprimed variable and its complemeni. The extremities of

*

. : _ : .
Fig. 2.1 is adopted from Fig. 1, p 1193 in Marihugh's paper( 9
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the H diagram represent the canonical terms of a Boolean function
in the same manner that vertices are used in the hypercube repre-
sentation. The location of each term is given by the vector sum

of the corresponding variables. In the hypercube case a third
variable X, can be added, shown by the solid lines of Fig. 2. i(b),
generating the coordinate framework of a cube. In the H diagram,

the (x3, 3?3) vectors are rotated into a common plane as shown

in Fig. 2. 1(c).

Fig. 2.1(d) shows the extension of the H diagram to four
variables. The numerical sequence follows a regular pattern that
alternates about successive variables. From O, the sequence
first alternates about the least significant wvariable X, to cell 1.

The next two numbers occur in the same geometric order, but
shifted about the next significant variable Xge By repeating
the process in the same fashion a numerical sequence as in Fig.2. 1(d)

can be obtained.

XXz X\ Xg
o ls 7= fs x3‘5= X,
X. X X X
X,Xo @ X2 a4 6 - 12\(l X, 14
X a ll 3| |9 |||
X [*e Io zI Is lol
(c) (d)

Fig. 2.1 Construction of H diagrams.
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CHAPTER 3

THE LOGICAL WAILSH-HADAMARD TRANSFORM

3.1 Historic Background

In order to eliminate redundancy resulting from the application of
the Walsh-Hadamard transform to binary data, and to take advantages
of the fact that both the input data and the elements of an Hadamard
matrix are binary, Searle (18) modified the conventional Walsh-Hadamard
transform and thereby introduced the so-called logical Walsh-Hadamard
transform (abbreviated LWHT). He pointed out that if a binary data
string of length N = 4, or 8 was transformed by multiplying it by an
Hadamard matrix of order N, and that if the first bit of the data string
is one, then only the sign bits of its transform are necessary in order to
completely restore the information of the original data. Furthermore,
the original data can be recovered by applying the same procedure to the
sign bits of the transform. The set of ordered sign bits is called the
LWHT of the original data.

Since both the data set and the sign bits of the coefficients of the
transform are binary, it is sometimes convenient to denote them by their
decimal representations. Let N be the length of the input data string,
and it is fixed for both the data and its transform coefficient bits. If the

input and output bits are denoted by the ordered sets {xo, x e esX

17 *N-1)
and {zo, Zyseees Bpg 1} respectively, then their decimal representations
will be denoted correspondingly as X and Z. The relationships among

them will be

N-1 i
X = g x 2N-i-t (3. 1)
. 1 ;
i=0
N-1 el
Z = %z N k-1 (3.2)
k=0
and Z = LWHT (X) (3.3)
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The coefficient bits {zk] fork =1,2,...N-1 are defined by the opera-
tion of thresholding :

N-1

L if h

; Zo Pi¥y O
. = (3.4)
x N-1

' 0 if ¥

where hki is the element in the kth row and the ith column of the (NxN)

Hadamard matrix.

A mapping function can be defined instead to take into account this

thresholding operation :

c . {The set of} { The set of }
M G >

integers binary numbers
and -1 if a > 0
f'Nl(a) ={ : (3.5)
0 if a < O '
N-1 '
Therefore, z, = fM( ifo hkixi ) for k=1, 2,... N-1 (3.6)

For k = 0, and xo=1, Zy is always equal to unity since h0'1=1 for all
i's and x, takes on values 0 and 1 only. Correspondingly the zeroth
order bit of the data as mentioned before is restricted to be unity.

Hence,
Zy = :ﬁ( for k=0 (3.7)

For the case that xo = 0, the operation of complementation has to be

introduced. L.et xi, —z_i, X and E be the complements of xi, zi, X and

Z respectively. Then X and Z will be defined as :

_ N-1 _ nois

X =2"-1-x = § X pN-i-t (3.8)
i=0

_x _ Nzt ,N-ked

Z: 2 -1".Z k

k=0
To obtain the LWHT in this case the data is required to be complemented
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twice, one before and one after the transformation. Using the notations

defined aé above,

Z

LWHT (X))
(3.9)

or Z LWHT (X)
If all the above-mentioned rules are followed and N is restricted

to 2, 4 or 8, then the transform will be reversible. That is,

X = LWHT (Z) = LWHT [LWHT (X)) (3.10)
However, for N > 16, these simple prope.i'ties and relationships no
longer hold as pointed out by Parkyn Jr. znd Ca.sh(24). In this thesis
the LWHT is extended to c.over the N =16 case without losing its simpli-
city and reversibility. This is achieved by increasing the dimension
of the transform and using the LWHT's for N = 2, 4 and 8 as lthe building
blocks. The LWHT's for N=2, 4 and 8 are first implemented by a set of
switching functions each and realized by a combinatorial network using
majority gates and NAND gates. Accordiag to the nature of a combina-
torial network, the output LWHT is instantaneous, i.e., almost imme-
diately after the input data is applied. Hence, the transform will be

given directly without any computation.

3.2 The LWHT for N<S8

Tables 3. 1(a) and 3. 1(b) list the LWHT's for N=2 and 4
respectively. If the x{ s and the zl'(s are considered as the inputs
and outputs of a set of switching functions, then the tables are ncthing
but the truth tables for the switching functions. For these two cases
the minimal forms of the output functions can easily be obtained by
using either Karnaugh maps or tabular method. However, when N is
raised to 8, both of them will become cumbersome and inefficient.

Hence the output functions will be constructed by first plotting the true
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vertices for each output in a separated H diagra.m( 19) as shown in

3.1 and 3.2.

Figs.

Table 3. 1(a)

2 Case

LWHT For N

Table 3.1(b)

4 Case

LWHT For N

15

12
13
10
i1

10
11
12
13

14

14
15
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L9 ]
’N
Ye—
LW )
Vo)

(a) =z (b) =z,

: Fig; 3.1 H Diagram of zl‘cs For N = 2 Case

X X
{ I l x2 | X3 ! } X2 lxs
o X XQ_"I X e | X
X X X X
| | ! ] | | ! |
| | % X k Yo% l
(a) zo (b) z; o
X X X X
‘ | ‘ x2 |x3 I } l X2 }*3
X X X e x|
' X X X X
| | I | I | ] |
) ! | X ) |
(c) zZo (d) z3

Fig. 3.2 H Diagrams of z'S For N = 4 Case
r
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The switching functions can be obtained in minimal forms from

these H diagrams.

0 0

For N = 2 _ (3' 11)
2y T
zo = x0
zi = xiz's:2 + x1x3 + x2x3

For N =4 - - _
z, = XX, + x X, + X X, : (3.12)
z3 = xlxz. + x1x3 + x2x3

These two sets of switching functions are consistent to the defini-

tion of the LWHT given before such that z_ is equal to x_, and that

0 0
the rest of the outputs are independent of Xqe Moreover, for N = 4,
Zy z, and z3 are totally symmetric functions, and also a-functions(.21)

For the reason that the arguments of the § -function might be omitted
for successive uses without causing any ambiguity, the notation of the

§ -function will be modified. This is simply to denote a §-function -

8 m(xi,xz, .o ,xn), by Mm/n(xi’ xz, e ,xn), where n refers to the
number of variables and m is the original subscript for §, hence m
is always less than or equal to n. Only by such a slight modification the
comparison of the structure of different switching functions for the N=8
case can be made with a quick glance.

Now if the §-function is defined in terms of symmetric function as :
% % %

{n,(n__1),_.,m}(x1,x2,...xn) (3.13)

where M and S represent the &function and the symmetric function

* * %
Mm/n( gs Xyp oo xn)— S

respectively, the stars denote that the variables are in either comple-
mented or uncomplemented form, n is the total number of input variables,

m is a positive integer less thann and the subscript for S indicates the
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(21,22)

set of a-numbers of the symmetric function . The set of equations

in (3. 12) can thus be rewritten as :

Z = X

0 0 _ _

z1 = M2/3( Xy X, x3) (3.14)
2, = M, (x4, X,, X;)

A =

3 = Mpyal®, %50 %5)

The §-function defined in (3. 13) can easily be implemented by a
threshold element —— the so called 'majority gate!(zz), or by a two-
layer NAND network as shown in Fig. 3.3. The combinatorial network
for the 4-bit LWHT is then shown in Fig. 3.4(b). The combinatorial

network for the 2-bit LWHT is obvious, however, for the completeness

of the work it is shown as well in Fig. 3.4(a).

' .
(a) A Majority Gate ‘ E>°————

(b) A Two-Layer NAND Network

sk %

ceeesX )

%
Fig. 3.3 Implementation of Mm/n(xl’ Xos eo Y
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X0 o— ' -2,

o= > 0z, sz\ o

_\\j 0

__j/\\"'j I

X3° .\f o
i

() N =2 (b) N =4
Fig. 3.4 A Combinatorial Network For The LWHT

3.3 The LWHT For N = 8

The dynamic range of X and Z as defined in equations (3.1)
and (3.2) increases rapidly as N increases from 4 to 8. To simplify
the process a bit, we are going to take advantage of the basic pro-
perties of the LWHT, i.e., 25 = *o and that z, is independent of
x for alli # 0. Therefore, Table 3.2 lists only the LWHT of

0 N-1 N
N =8 for 2 < X < 2 -1 in descending order. The H

diagrams for z4 to Zq in terms of x, to Xq are shown

in Fig. 3.5.
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3.2

TABLE

8 CASE

TRANSFORM OUTPUT
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0

LOGICAL WALSH-HADAMARD TRANSFORM FOR N
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From Fig. 3.5 the set of switching functions for N = 8 can be

obtained as follows :

N
)

X

0 0

By = Mg, gle 3y, X )0My (0, %003, %) + My My ) 4M, My ) M

2, = Mg 50y "2”‘3)1"11/4(X X0 %0 %y JEMy 3 My g My Mgy My

By = My (x0%,0 %)My (0%, 3 %) $ My s My b M My M,

ng = My g%, %)M, (2 ;5’;6’;7)+M2/3 My MMy, My, (3415)
%5 T 3/3(x *27 3)1"11/4(x x5’;‘_6”‘7“'1\’12/3 Mg *My3Myyy TM

mg = My gk 3,0 % )My (X, %5, %0,5%0) + My My, +M oMy, + M, ),

2y = My g0, x,,x )My (50 XG0 %0) + My MZ/4 MMyt My

Instead of being totally symmetric as the N = 4 case, the zi's for i #0
are partially symmetric in two subsets, namely, the subset of the first
three variables {xj,xz,x:} an@ that of the final four variables {x x5 x6,x7}
Also, the arguments of the two §-functions for each individual output
are the same throughout. Therefore, they are shown only once at the
beginning and omitted in the rest of the expression. Other points worth
mentioning are that the subscripts for the §-functions are homogeneous,
and that all these seven output functions have the same structure.

The cc;mbinatorial network for the 8-bit LWHT is shown in Fig. 3.6.
With modern-day semiconductor technology this combinatorial network
can be easily implemented ‘with moderate cost. The outputs can be:
obtained serially by using only a single copy of the circuit and applying
the different sets of inputs literals successively,i.e., the arguments

of the §-functions, one at a time. This can also be done in parallel by
applying multiple copies of the circuits. This is the trade-off between the
speed and the cost. Nevertheless, the LWHT for N <8 can be obtained

directly by using hardware only and without any computation.
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3.4 Analysis of the 8-Bit LWHT

First we look into the distribution of data strings that are their
own transforms, i.e., LWHT (X) = X. There are none in the 2- bit
case, 4 in the 4-bit case, and 16 in the 8-bit case. Itis quite obvious
that these data strings form full complementation pairs according to
(3.9). Full complementation changes all i-bits to 0 and 0-bits to 1.

2
(20) if the first bit is unchanged. These

It is partial complementation
data strings starting with first bit equal to 1 and being their own trans-

forms are listed in Table 3.3.

Table 3.3

Data Strings For Which LWHT (X) = X

Paired By Partial Complementation

(a) N =4 (b) N=8

1t 001 it110 11111000 10000111
11101100 10010011
11101010 10010101
11101000 10010111

Next, for a data string beginning with a 1 and repeating the first
half bits in the last half, its LWHT will have all zeroes in the last
half of the bits. In notation form, itis,
‘ = ,0,0,0,0 3.16
LWHT (1,X1,XZ,X3, 1’x1:x2’x3) (1,21,22,23 0 ) ( )
This will be shown in the Appendix I. By taking the inverse as well as
the complementation of (3.16), we have,
T T T 0.7 %%)=(0,2,,2,,2,,1,1,1,1
LWHT (0,x1,x2,x3,0,x1,x2,x3) (0,z1,z2,z3 )
LWHT (1,z1,zz,z3,0,0,0,0) + (1,x1,X2,X3, 1,x1,x2,x3) (3.16a)
LWHT (oozl’zzsz?” 1,1,1,1) =(0:x1’x » X )

1 X, X

172" 3
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Also, for a data string beginning with a 1 and having the last half
bits being a complementation of the first half, we have,

W X ,xX_,x =
L HT (1’x1’x2,x3’0’xi’x2’x3) (190’0’0’z1!zz’z3’z4) (3'17)

Similarly, this will be shown in the Appendix I. And we obtain equations

in (3. 17a) by taking the inverse and the complementation of (3.17).

w x,,x = z. .2 ,2.,2
LWHT (0,x1,x2,x3,1,x1,x2,x3) (0,1,1,1,21,‘z2-,z3,z4)

LWHT (1,0,0,0,zi,z2,z3,z4) = (1,x1,x2,x3,0,x1,x2,x3)

LWHT (0,1,1, 1,z1,z2,z3,z4) = (0,x1,x2,x3, 1,x1,x2,x3)

(3.17a)

At length, we list two more set of interesting transform pairs in

(3.18) and (3.19).

(Lo 2%y, %5, 0% %y, %) €250 (1,402,251, 1,1, 1) 5. 18

(0% 1%, %y LK, By %) €575 (0,7,%,,%3,0,0,0,0)

%l

1,xz,x:‘;, 1,x1,x2,x3)¢::> (1,1,1, 1,z1,zz,z3,z4)
(0,x1,x2,x3,0,x1,x2,x3)¢::> (0,0,0,0,z1,z2,z3,z4)

(1,x
(3.19)

3.5 Threshold Setting tor the LWHT

Although at the very beginning of this chapter the threshold for
the LWHT has been set, now in this section we will show that this
threshold is the only one which can retain the reversibility as well as
the bfnary nature of the transform. For a binary data string of length
N, its Walsh-Hadamard transform coefficients take on values
between plus and minus N. If the binary data siring always starts
with a 1, then its transform coefficients will lie between N and —(g -1).
Table 3.4 lists the frequéncy count of Walsh-Hadamard transform
coefficients for N =2, 4 and 8, i.e., how often does each coefficient
take on the particular value inside the bound. The first .

column :(ists the values of the coefficients and the
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Table 3.4

Frequency Count Of Walsh-Hadamard Traasform Coefficients

FREQUENCY COUNY OF WeHeT. COEFFS, FOR N

= 2
2 1 0
1 1 1
0 0 1
FREQUENCY COUNT OF WeH.T. COEFFS. FOR N = 4
4 1 ) G 9
3 3 0 C 0
2 3 1 1 1
1 1 3 3 3
© 0 3 3 3
-1 o 1 1 1
FREQUENCY COUNT OF W.H.T. COEFFS. FOR N = 8
8 1 ) o ) 3 G 3 T
7 7 D e 0 0 5 0 o
6 21 ) o 0 a- 0 0 0
5 35 0 G 0 0 g a 0
4 35 1 1 1 1 1 1 1
N 3 21 7 7 7 7 77 7
2 7 21 21 21 21 21 21 21
1 1 35 35 35 35 35 35 35
0 0 35 35 35 35 35 35 35
-1 G 21 21 21 21 21 21 21
-2 0 7 7 7 7 7 7 7
-3 0 1 1 1 1 1 1 1

subsequent columns are the frequency count for the corresponding
coefficients. _

The distribution of every coefficient is binomial. And the distri-
butions for all the coefficients except the first one are the same. If
a threshold is applied between 0 and 1 as shown in Table 3.4, the
first coefficient will always pass the threchold and result in a 1, and
the other coefficients will just be balance, i.e. , half of them is over
the threshold and half of them below. This matche's what we defined

at the beginning of this chapter. Conversely, any other threshold
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being set, imbalance will be created. Since there are exactly the
same number of zeroes as the ones in each bit except the first one

of the data to be counted, an imbalance means that the data will not

be reversible.

3.6 Summary

In this chapter we have introduced the LWHT, its definition, its
origin as well as the recent development. An exhaustive study has
been provided for the N = 2, 4, 8 cases. For N <16, the LWHT is
simple, reversible, and can be realized by a set of switching functions.
A condbina.toria.l network for these switching functions is given.

Some analyses of the 8-bit LWHT and on the setting of the threshold
are contained. With all these being furnished we can then increase
the dimension of the transform to cover the N > 16 cases. This will

be the main topic of the next chapter.
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CHAPTER 4

THE PIECEWISE LOGICAL WALSH-HADAMARD TRANSFORM

Recent results by Sakrison(27) and Tasto and Wintz(zs) indicate
that a decrease in rate-distortion by a factor of 2 or 3 is achievable
from the use of two-dimensional processing encoding over one-
dimensional line-by-line processing. However, performing a two-
dimensional transform on an (NxN) array of image intensity samples
with a relatively large and meaningful N requires fairly complicated
implementation. Partition of the two-dimensional imnage has been
propose‘d (7,29-31) as a method for obtaining the advantages on the
rate -distortion as well as on the memory requirements, and further-

more for reducing the implementation complexity.

Since the one-dimensional logical Walsh-Hadamard transform
isv restricted to N < 8, the image is first broken up into a number of
pieces of size (8x8) elements or less and then transform taken. In
this chapter, we are going to extend the LWHT to two-dimensional
case and to establish an algorithm so that it is not necessary to
know in advance the exact size of the entire image. Higher dimen-
sional LWHT will be proposed, and it will be proved

-that the conventional one-dimensional and two-dimensional

Walsh-Hadamard transform are interchangeable under a special

ordering will be included as well.

4.1 The Two-Dimensional LWHT

In the last chapter a combinatorial network for obtaining the
LWHT for N < 8 was given. It was obtained from the three sets of
switching functions given in (3.11), (3.14) and (3.15). Each switching
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function is nothing but a mapping from an n-dimensional binary space
to a one-dimensional binary space, where n is the number of input
variables. In our case, n =N, and each set in (3.11), (3. 14) and
(3.15) has exactly N functions. Therefore, either of these three

sets of switching functions defines a mapping from an N -dimensional
binary space onto itself. Moreover, the mapping is one-to-one, i.e.,
for each input combination the output combination is unique. In

other words, for N < 8 each binary data string has a'unique LWHT.

As mentioned before this kind of relationship breaks down for
N = 16. Parkyn Jr. and Cash have given « nice analysis on thié for
N = 16(24). However, if we first arrange a binary data string of
length greater than or equal to 16 to a two-dimensional binary matrix,
and next define a two-dimensional LWHT zfor it, then we can retain
whatever we have obtained in the one-dimensibnal case - the instanta-
neous output without computation and the reversibility of the transform.
In this section we confine ourselves to the two-dimensional case.
Nevertheless, the same kind of reasoning can be extended to any

higher dimensions.

Now, the definitions of the mapping function fM shall be extended
to include that both its domain and its range can be a matrix, i.e.,

given an (NxL) matrix A, fM(é) is defined as:

/
£, A COPIIRPPIES fM(aiLh
8- £4254) £,0855) <oeens £,(250) 4.1)

e s 0 0
s s e
PR B
o e & & 0
* s 000
a e 008
o s o 00

.. £
4981 M a2 M(aNL)/

For N, L. £ 8 and both of them being a power of 2, the two -dimensional

~~~ e 0 e 0o
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LWHT will be defined as :

IN
[

2-LWHT (X) = £, {Hf,XH )]} (4.2)

-1
and X = 2-LWHT (2) =f, (f,,(H Z)H ) (4.3)

where both X and Z are (NxL) binary matrices, and H is the
Hadamard matrix, also xij =ifori=1orj=1. Forx,. or x,

1j it
to zero, the complementation defined in (3.9) for the one-dimensional

equal:

case shall be applied to the corresponding column or row respectively.

By the definition of fM as in (3.5) and (4.1), for A and a being

binary we have,
fM(é) = A and fM(a) =a

Therefore, for N=1, X becomes a row vector and its LWHT will be

z =15, {H £,(X H))
=i Eg (X B L |
= £, (X H)
and X =£,(ZH)

Similarly, for L = 1, X becomes a column vector and its LWHT will

be

IN
1

0 By X)

and X = Z)

fM( EN
This is exactly the same as the one -dimensional case defined in (3. 6)
but the data and its transform are now in matrix or vector form.
Actually, the two-dimensional LWHT defined is nothing but one-
dimensional LWHT applied twice; first rowwise and then column-
wise. The inverse 2-D LWHT is just the reverse, first column-

wise and then rowwise.
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Theorem 4. 1 The two-dimensional LWHT defined as in (4.2) is unique,

for N, L. < 8.

Proof: Assume that _}_(1, g_(z, Xi’ XZ’ -Z-i’ ZZ are ( NxL) matrices
for N, LL £ 8, and

Z, = 2-LWHT ( _}_{1) fori=1, 2
= f i =

Xi M( L-IN '}Si ) for i 1, 2

Zi = fM( Xi EL ) fori=1, 2

We have already shown that for the one -dimensional case the LWHT

is unique, or in mathematical forms :

Zy = %, X, =X

and _Y__1 =X, iff 2_(1 = X,

Therefore, Z, = z, iff g_{i = X,
Q.EID.

A combinatorial network for the 2-D LWHT of an ( 8 x8) matrix is
shown in Fig. 41, However, 64 is the maximum length for the
two-dimensional case. For binary data string of N > 64 higher

dimensional LWHT is needed.
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Example 4. 1 Find the 2-D LWHT of an (8x8) binary matrix

1

i 0 £t 0 1 0 1 0 ~
1t 0 0 1 1 0 0 1
1 1 1 1 0 0 0 O
t 1 0 0 0 0 1 ¢
Data x| 1 0 1t 00 1 1 o0
B = t 01t 0o 1 1 o0 1
0 0 1+ 1 0 0 1 1
0 0 1 1 1 0 0 0 _
—1 1 0 0 0 0 0 0
1 0 0 1f 0 0 O O
1 0 0 o 1 0 0 O
Avpl 1 0 0 0 0 0 { O
8 -bit LWHT t o001t 01
: - t{ 1 1 £ 0 1 0 O
TowTise 0 1 0 1 1 & 1 1
|01 0 1 1 0 0 0 _|
1 1 0 0 0 0 0 0 |
0o 1 0 0 1 1 1t 1
1 ¢+ 1 1 0 1 o0 1
Apply 0o £ o0 0 0 0 1 1
8-bit LWHT Z =2-LWHT (X)=|1 0 0 0 0 0 1 O
columnwise o 1 1 1+ 1 0 0 O
o 1 0 1 1 o0 1 1
o0 1 1t 1t 0 1 1 1 |

Example 4.2 Find the inverse 2-D LWHT of Z given in Example 1.

X can be obtained simply reversing the order of the procedure in

Example 1, i.e., work from the bottom upwards.
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4.2 A Theorem Relating Two—Dimen'sional With One-Dimensional

Walsh-Hadamard Transforms

In image processing, either two-dimensional processing encoding
or one-dimensional line-by-line processing can be used. Practically
speaking, the latter is more desirable since it is consistent: with
conventional scanning methods thus resulting in considerable re-
duction in implementation complexity and storage requirements.
However, as mentioned before, the former gives a better perform-
ance as far as the rate _distortion is concerned. For Walsh—Hadamard
transforms applying the one -dimensional one is actually equivalent
‘to taking the two-dimensional transform. This is a well-known fact
for most of the researchers in this field, but a rigorous mathema-
tical proof is not existing in the literature. The following theorem

will show the equivalence, and we give this teorem 2 proof.

Theorem 4.2 Assume that the matrix g shown below represents

the values of a two-dimensional image or pattern,
_g_-:Lgi! _g_z, ".I'.’E{-‘]= gil gizoo.u-o giLT

B,y 822 *°cct E2n

gy En2°
N1 °N2
L.

ENL

where all g..'s are real numbers, _g_i's are column vectors and

ij .
N, L are powers of two. Then, the two-dimensional Walsh-Hadamard
transform will produce the same coefficients as the one-dimensional

one applying to
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[ T
£= [g,
g,
= [ gii’ 321, e ey gNi; giZ’ gzzs---sgNZ; e oo o
T
s o0 v Bnpd

where the superscript T denotes the transpose of a matrix or a

vector.

Proof: Let G = EN _g._I-_IL be an (NxL) matrix where N = 2",

L =2{’ and n, 4 are integei's. And let

E'= Huyy £

be a column vector of (NL) elements where each _I«:i is a column

vector of N elements. Hence, if
E' : [ ‘Ei, Ez’ ® & o & & 0 EL] ’
Then F' is an (NxL) matrix. We will show that

F' ' = G
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Since HL = [hij] LxL and hij €(-1,1) for i, j equal to
ito L,
H =
=(NL) =N ® —L
= H, e Hy
=| P11 By P Eyg e By By
h21 -I:IN hZZ -I:IN e h2L 'I;IN
b By BBy e briEn
where ® denotes the Kronecker-product operation (35) .
h =
Then, F E(NL) I )
=—h H h, H . .. h H ] g |
11 —N 12 —N 11, =N 1
by By PapHyreoees Pop Bn| | B2
e & & * h
C‘Li Hy Pre®x LN | | BL
L T n . —]51: 1"
=L= by Bngy F 2iENE e B PLiings
i=1 i=1
= 1, 2 L
= f j = ) Py . »
Therefore, -Ej z hji EN g, or
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L
t = h, . , & h. H g.,.0000
and E [i§1 13- e i?ihZi—N'g'l’ ’.?1 hLi'I:'IN'g'lj
= = i=
- [H._zh H Th
= [HyThE By Thyg, oo Hy Z b8, ]
i=1 i=1 i=1
L L
= H_[Z h.g.,TTh,g.,..... ,& . g. ]
N =1 1121 i=1 2 i=1 Li =1
- H, A

where the element in the kth row and the jth column of A will be
L L
a , = T h_ . = . h
k) i=1 Ji gkl .2 gkl ij
i=1
This is due to the fact that the Hadamard matrix is symmetric, i.e.,

h, =hij for all i's and j's.

Ji
Hence, A =g _I-_IL
E'= Hy & Hy
=G
Q.E.D.

4.3 The Piecewise Logical Walsh-Hadamard Transform

In Section 4.1 we have introduced the two-dimensional LWHT.
For a two-dimensional LWHT, the length of the data string is restricted
to be less than 128 and has to be a power of two. The first restriction
can be tifted by introducing higher dimensional LWHT, which will
be discussed in the next section. The second one can alsc be
extended to some other cases, i.e., instead of being a power of two
between 8 and 64 the length of the data string can be any even numbers.

However, to be of practical use the length will be confined to a
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multiple of eight between 8 and 64.

Consider a binary data string of length 8 < N < 64, where N
is also a multiple of 8. This data string will first be partitioned
into n blocks of 8 bits each. Obviously, n = N/8. Each block
will then be applied to the LWHT defined in (3.6) and (3.9). Since
LWHT preserves the length of the original data, the transform thus
has the same length N as before. An octal number of two octal
digits can be used to represent the ordering of the data string.
Namely, the eight elements in the first block will be assigned the
number 00, 01 to 07, with the second block the numbers 10, 11 to
17, and in the last block the numbers (n-1)0, (n-1)1 to (n-1)7.

If we give a weight of n to the second octal digit and a weight of

one to the first one, then the weighted values of these octal numbers
will lie between zero and N-1 without any repetition. Now, a
Permutation can be performed on the transform coefficients accord-
ing to the ascending order of the weighted value of its corresponding
octal number. Apply once again the 8-bit LWHT to each block

of the transform after permutation. This will be called the piece-
wise logical Walsh-Hadamard transform (abbreviated PLWHT)

of the original data.

Actually, the PLWHT is a two-dimensional transform. The
one -din:;ensional 8-bit LWHT has to be applied before and after the
permutation. The only difference between the PLWHT and the two-
dimensional LWHT lies in that the n in PLWHT can be any integer
while in the two-dimensional LWHT case it has to be a power of two.

Three examples for obtaining the PLWHT are given as follows,
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Example 4.3 N =16, n =16/8 =2

Data o o o ¢t o £t ot 1+ 0 o0 1 1 1 1 0

g-BitLWHTO 0 0 1 0o { 0o ¢ ¢ 1 4 14 0 O O 1

Octal No. 00 01 02 03 04 05 06 07 10 11 12 13 14 15 16 17
Ordering

Weighted 0 2 4 6 8 10 f2 14 1 3 5 7 9 11 13 15
Values

Permutation
OfLWHT0101011100100011

PLWHT o o oo o o t1 o1 o0 o0 o0 1 10

Example 4.4 N = 24, n=24/8 =3
Data 101101110'101001111010001

8-BitLWHT100001010001101110011010
Octal No.

00 01 02 03 04 05 06 07 10 11 §2 13 14 15 16 17 20 212223 24252627
Ordering

Wei hec.
eighted 0 3 6

12 15 18 21
Values 9

(WS
1N
~J

10 13 16 19 22 2 5 8 11 1417 2023

Permutation _
1110
Of LWHT 1 o0 1 0 0 O O O o o ¢ 1+ 0o 1t 1 1 0 0 0 1

PLWHT { { o o 1 1 00 0o0wOW OO O 1101 01110 0 0 1

Example 4.5 * N = 16, n =2

Data o 0 o 0o 0o 0o t 1 ot o o0 o0t 10

8-BitLwygTO 1 0 1 0 ¢ 1 & 0 O 1 0 O o 1 1

Octal No. 00 01 02 03 04 05 06 07 10 11 12 13 14 15 16 17
Qrdering

Wei |
Veghted 5 2 4 6 8 101214 1 3 5 7 9 1114315

Permutation
w00010101.11110001

PLWHT o o o 1 0o 1t o0 1 {1 o 0o 1 1 1 1 0
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For n being a power of two, the PLWHT can be obtained from
the two-dimensional LWHT by simply transposing the resultant
matrix of the LWHT and arranging the matrix row by row into-a
single array. In Example 3.5, we showed the inverse transform of
the PLWHT of Example 3.3. It turns out to be that the PLWHT is

its own inverse. Thus, the original data can be recovered by simply

applying the PLWHT twice.

The operations involved in the PLWHT is nothing but twice the
8-bit LWHT 's and a permutation in between. Since the 8-bit LWHT
can be done by using a combinatorial network and the rule for
permutation is quite simple, the speed for obtaining PLWHT will
be as fast as the two-dimensional LWHT. Besides, the length of the
data string or the overall size of the imags is not necessary to be
known in advance for performing the PLWHT. The number of blocks -
n, can be easily counted while the input data is entering the register

for the first 8-bit LWHT.

4.4 The Logical Transform For A Two-Dimensional Image

Of LLarger Size

With the materials introduced in sections 4.1 and 4.3, namely,
the two-dimensional logical Walsh-Hadamard and the piecewise
logical Walsh-Hadamard transforms, we are now in the position to
look into the practical application of the logical transform in image
processing. Previously, we confined ourselves to the data string
of length 1e.ss than or equal to 64,-or an iimage with elements no
more than 64. Actually, both the two-dimrensional LWHT and the
PLWHT are defined within this bound. However, practically
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speaking, the number of picture elements in an image is always
exceeding this bound. The size of an image is usually 16x16 and up.
Therefore, we have to partition the image into blocks of small units.
The recommended size of this kind of unit will be 64 in the two-
dimensional LWHT case and 8 in the PLWHT case. The other
restriction such as the length or the number of picture elements

has to be a power of two or a multiple of eight will not have much
effect. Because of the broad use of the computer in digital image
processing the size of the image is usually to be a power of two.

For a number larger than eight, this implies that it is a multiple

of eight.

The partition of an image into blocks of picture elements
is best shown by illustrations. Fig. 4.2(a) shows the arrange-
ment for the PLWHT case and Fig. 4.2(b) shows the arrangement
for the two-dimensional LWHT case. In Fig. 4. ;(b), because

of the size limit of this sheet we are showing a block of (4x4) elements

instead of the often mentioned size of (8x8). In Fig. 4.3 we also
show the way we used in this thesis to arrange the picture element

in the blocks into vectors.

Comparing the two schemes shown in the Fig. 4.2(a) and (b),
we will easily notice that the PLWHT needs only one -dimensional
combinatorial network while in the other case two-dimensional
combinatorial network is required. Furthermore, the first scheme
is more compatible to the current scanning devices. Therefore, as

far as the implementation complexity concerned, the PLWHT will be

superior to the two-dimensional LWHT.
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Block No.. 1
: T—BlockNo. 2 YBlock No. 1 TBlockNo. 2
AY \

|...\\....J|.\.\......| N- - - . o \-1 [~
.. picture elements o o .
(2) (b)

Fig. 4.2 Partition of images into blocks for (a) PLWHT and (b) 2-DLWHT

1 2 3 4
x, %, x3 X, x5 x6 x7 x8 . . .
L ] L ] - [ ] ] L ] x5 x6 x7 x8
Block . . . .
e x x

[x.1x2x3 X, Xy X

Vector X 13 14 i5 16
B]Ilck
[x1 Xy Ky Ky eonnrees .x14x15x16] o
Vector X
(a) (b)

Fig. 4.3 Arrangement of picture elements into vectors for (a) one-
dimensional and (b) two-dimensional blocks
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However, if we compare them in terms of rate -distortion, speed
and intermediate memory requirements, then we will find just the
opposite, i.e., the two-dimensional LWHT is better than the PLWHT
in all respects. Having mentioned in the beginning of this chapter,
the rate-distortion can be decreased by a factor of 2 or 3 in favor of
(27, 28)

the two-dimensional scheme Secondly, for two images contai-

ning exactly the same number of picture elements, one of them will
be partitioned into N1 blocks according to the scheme (a.).while the
other one is partitioned into N2 blocks according to the scheme (b).
In general, N1 is greater than NZ' If the time delay introduced

by the conventional logic gate or the majority gate is negligible ,
then the time required to obtain the logical transform for each block,
either in (a) or in (b), will be the same. Hence, for the overall
image, the transform can be obtained faster by a factor N1/N2 by
using scheme (b) -- the two-dimensional LWHT, than using scheme -
(a) -- the PLWHT. Also, because of partitioning, the computer has
to assign a portion of its memory to keep track of the ordering of
the blocks. The larger the number of blocks, the more interme-
diate memory is required. In addition to this, for the PLWHT there
is a permutation involved which also requires a certain amount of

memories to take care of this matter.

Hence, there will be a trade-off between the implementation
complexity and the performance. But due to the inherent limitation
of the logical transform on the size in one direction, in other words,
the maximum number of clements in a one-dimensional block is
8, 64 in a two-dimensional block, 512 in a three -dimensional
block, and so on, the two~-dimensional LWHT in scheme (b) will

turn out to be the better choice.
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A problem identified with partitioning is edge effects. Because
just like the Fourier transform, the Walsh-Hadamard transform
is equivalent to an expansion of Walsh functions, differences in
brightness between opposite edges act like a discontinuity requiring
a substantial number of spectral components to represent it. Errors
in these discontinuities appear as newly introduced lines, or contours
along the boundaries of the blocks in the recovered picture. A

(32)

possible solution proposed was to add an extra row and column

in order to permit interpolation. Introduction of the extra row and
column reduces the sharpness of the discontinuities due to bright-
ness differences between 6pposite edges of the two-dimensional
blocks. In order to accomodate this extra row and column the image
has to be partitioned into blocks of size one less than the block size
used for the combinatorial network in each dimension. For instance,
if the combinatorial network designed is of size (8x8), then the image
should be partitioned into blocks of (7x7) each. The block size will
be consistent with the size of the network after interpolating the
neighbouring rows and columns between the blocks and annexing

the extra row and the extra column to the end of the preceeding

block.

4.5 The Higher Dimensional Case

In order to have a unique logical transform for a binary data
string of longer length we have to raise the dimension of the trans-
form. For instance, for data string of length greater than eight we
have to use two-dimensional LWHT instead of the one ~-dimensional
LWHT. Similarly, for a data string of length greater than 64, a
three -dimensional LWHT is required. However, in doing so we

have first to define a three-dimensional binary array and the
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multiplication for such an array to the Hadamard matrices. Further-
more, for a dimension higher than three this kind of extension will

be more and more complicated and very hard to grasp. Even

through this kind of concept might eventually work out it will not

have much practical meaning.

In section 4.3 we introduced the piecewise logical Walsh-Hadamard
transform. By applying one-dimensional LWHT twice and performing
a permutation in between, the PLWHT obtained had a similar effect
as the two-dimensional LWHT. This is to say that a unique high
dimensional LWHT can be achieved by using lower dimensional
LWHT more than once and performing permutations in between.

As suggested in the last section there are two different ways -- one
using one-dimensional building blocks and the other using two-dimen-
sional building blocks. A comparison of these two different methods
was also considered in that particular section . Next, we are going
to consider the case of an image consisting of (16x16) elements.

This size of the image is specially chosen for the ease of illustration.

In Fig. 4.4 the building block is one -dimensional and the block
size is eight. Since there are altogether 256 elements, 32 blocks
are required. Octal numbers are used throughout the figure. The
number on the top of each block is the block number of that corres-
ponding block and it is invariant of the permutation. The three
octal digit numbers inside the block denote the position or the address
of the elements with reference to the original layout. For example,
the second element of the third block of the original image will have
an address 032 (Note: The blocks as well as the elements inside the
block will start with the zeroth order) after the first permutation this

element will move to the third position of the second block, and after
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Fig. 4.4 Arrangement of picture elements for a 3-D LWHT by

using 1-D building blocks.
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| the second permutation this element will move further to the zeroth
position of the twenty-sixth (32 in octal representation) block. At
the original layout of the image the first two octal digits of the three
digit number denote the block number in. octal representation and the

last digit denotes the location within the block.

In Fig. 4.5 the building block is two-dimensional and the block
size is (4x4), i.e., 16 elements in each block. There are altogether
16 blocks. Instead of using the octal numbers as in Fig. 4.4 we
use hexadecimal representation, i.e., in addition to the decimal
number using the alphabets A to F to represent 10 to 15 respecti-
vely. The hexadecimal digits are nece;ssarSr to denote uniquely, the
element location the first digit for the block number and the second
digit for the position within the block. As in Fig. 4.4 the location
number shown in the block is always with refe.rence to the original

layout. |

Since the logical transform retains exactly the same size as its
original data. No matter if the transform is one-dimensional or two-
dimensional, it is an 'in place' operation. This is to say that the
transform will occupy the same location as its original data after
the transformation, or the data is replaced by its transform in the
same location. Therefore, the LWHT will not be shown in Figs.

4.4 and 4.5. But it has to be understood that in Fig. 4.4 a one-
dimensional LWHT shall be performed before and after each permu-

tation while in Fig. 4.5 a two-dimensional LWHT shall be performed

instead.

-

The permutation rule we chose is a very simple one. In Fig. 4.4
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Fig. 4.5 Arrangement of picture elements for a 3-D LWHT by using
2-D building blocks. "
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the first two digits are fixed for each block in the original layout, the
first and the third digits are fixed for each block in the layout after
the first permutation, and the last two digits are fixed for each block
after the second permutation. In Fig. 4.5 the first digit is fixed for
each block in the original layout and the last digit is fixed for each
block after the permutation. A permutation rule for the general case

can be found in the same fashion.

For the case as in Fig. 4.4 the one-dimensional LWHT will be
performed three times. And for the case as in Fig. 4.5 the two-
dimensional LWHT will be performed twice. As we noticed before
the two-dimensional LWHT is equivalent to applying one-dimensional
LWHT twice with one permutation in between. Therefore, for both.
these two cases as in Figs. 4.4 and 4 5 the LWHT obtained will be a
three -dimensional one. To extend this kind of reasoning, an n-dimen-
sional LWHT for any number of n can be obtained by either applying
the one-dimensional LWHT n times and a permutation in between any
of the two operations of the LWHT, or applying the two-dimensional
LWHT (n-1) times and a permutation in between any two operations of

the LWHT.

4.6 Summary

In this chapter we extended the LWHT to the cases that the length
of a data string or the number of elements in an image is considerably
large. There were two ways to achieve this --- one way is to increase
the dimension of the transform and the other way is to introduce a
permutation and repeat the LWHT several times. Both of these were
tried and worked out in some detail. The dimension was only increased
to two and we were convinced that higher dimensional transform in the

structural sense would not have much practical meaning. We did
obtain the higher dimensional transform by using permutations.
Partition of an image was also introduced and its effects werediscussed.
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CHAPTER 5

THE FAST WALSH-HADAMARD TRANSFORM BY USING H DIAGRAMS

As stated in the first chapter the Walsh -Hadamard transform
has been recently applied in communication, namely in the trans-
(17)

mission of digital images , and also in pattern recognition for

image processing and feature extraction( 16,33, 34). The Walsh-
Hadamard transform replaces the orthogonal system of sine-cosine
functiohs of the Fourier transform by another system of orthogonal
functions known as Walsh functions. Each row (or column) of the
Hadamard matrix is a Walsh function defined in the interval ('% ’ %)( 17).
The elements of a Hadamard matrix take on values of plus and minus
one only. This leads to simple implementation with semiconductor
technology, and simplifies the analysis by digital computer. Further-
more, fast Walsh-Hadamard transform can be used by factoring the
Hadamard ma.trix(35’36). This in turn reduces the number of required

operations and provides a faster computer implementation.

In this chapter we introduce a modified and simple factorization
method of the Hadamard matrix, and interprets the factorization in
terms.of operations on an H diagram, a geometric model originally
used for the synthesis of combinatorial logic circuits(ig). This
method not only maintains the advantages of the fast Walsh-Hadamard
transform by reducing the number of storage elements and the number
of arithmetic operations, it also has the advantage of providing a visual

aid for the computational procedure.
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.

5.1 The Hadamard Matrix And The Walsh-Hadamard Transform

The Hadamard matrix is a symmetric square matrix of elements
plus one and minus one. Its rows (and columns) are mutually ortho-

gonal. Let H be a Hadamard matrix of order N, then,

N
-I;IN-I:IN = N‘-I-N (5.1)
where -LN is the identity matrix of order N.

For N = Zn, where n is an integer, a Hadamard matrix can be
constructed by recursively applying the Kronecker-product. Let EN

be a Hadamard matrix of order N = Zn, then the matrix

l—-IN EN
H =
=2N
Bxn “Hy
= H, © Hy=H, ¢H, 8....0H,
o)
[n+1]
= 5.2
H, , (5.2)
w1thl—_12

(5.3)

il
lv—b -
]
el

where the operation ® is a Kronecker-product and the bracketed
exponent means that the Kronecker-product is performed (n+1)

times upon H2 .

The order of a Hadamard matrix need not be a power of two.
It has been conjectured that a Hadamard matrix of order N exists
31
for all N equal to a multiple of four( ),

In this thesis, however, we will restrict our-

selves to those Hadamard matrices with orders equal to powers of two.
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The Hadamard matrix can be used to obtain the one or two-dimen-
sional Walsh-Hadamard transform. For a given column vector f of

N elements, the Walsh-Hadamard transform is defined as

F = Hyf - (5.4)

and the vector f can be recovered from its transform by

i

For the two-dimensional case, given a matrix ENxM’ the

Hadamard transform is defined as

G =H (!

M - BN Enxm Bwm (5.6)

. R I H (5.7)
ENxM  NM =N =NxM =M .

Since the Hadamard matrix is a matrix of elements plus and minus
one, addition and subtraction will be sufficient to calculate the coeffi-
cients of the Walsh-Hadamard transform. However, for N = Zn, a
number. of algorithms (34,38, 40) have been developed using matrix

(35)

factorization to reduce the number of operations from N(N-1) to
Nlog, N or nN. This not only reduces the number of computational
operations, but also leads to considerable savings in storage requi-
rements. Hence the name of fast Walsh Hadamard transform (FWHT)

applies.

5.2 A Factorization Method For The Hadamard Matrix

b
It is well known that the matrix factorization method has long been
established(ss) and a number of algorithms have been derived.
Generally, to achieve 'in place' computation, the existing methods

(41)
require a shuffle right after each operation has been performed .

% The matrix factorization is not for the Kronecker product.
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In order to apply the fast Walsh-Hadamard transform directly on an
H diagram and still retain the property of 'in place' computation

we will first introduce a modified factorization method by stating the

following theorem. In order to apply the fast Walsh-Hadamard

transform directly on an H diagram and still retain the property of
'in place ' computation we will first introduce a modified factoriza-

tion method by stating the following theorem.

Theorem 5.1 N of order N = Zn,

.... then this matrix can be factored into a product

Given a Hadamard matrix H

forn =2, 3,

of n (NxN) matrices of the following forms

The theorem is true for this case.

I .
H, ol 132 *2 0 v/ L2
=5 171,
I-_{N = . _I-z "_I_Z e e o0
0 . T.
- 0 1212
- -1
H, 11, Inysz Inga
. JL
i ' 2 RN n
n -
or EN = .-rr1 'Ii where Ii = _LG_i ® }_—Iz ® Lyi-1
; i =
Proof: The proof will be by induction.
: H o ||z 1
For n =2 EZ 'I;IZ =2 =2 2
H, = = .
N=4 H, K 0 Btz =2
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k

Assuming that it is true for n =k and N =K =2

=
=
H = ¢
K L]
0
i
k
= w I
i=1 *

I

2K

- =
I. I
I,1,
1,1,
1,1,
0
H,
2
- 2k = 2Ft!
4 _
| [s, o
Hyg 0 Ex
Ly Ly
) ]
I, Ix

By the property of the Kronecker-product ,

expressed as

i

v

1

(I, ®

T.

a——

).

, that is
] - -
0 “k/2  k/2
1,1, .
1,2, Irsz Exkye
k
I 1
Iy Ik I Ik
=, ® Hy)
‘lK -_I.K lK ".lK
L - b -—
35
(33) the first term can be
Hence,
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It is clear that each of the factor matrices Ek has exactly two
non zero elements in each row (column). Therefore, for multiplica-
tion with a vector of N elements each factor matrix takes exactly
N operations. There are altogether n( = logZN) factor matrices,

" hence the total number of operations is nN,

The factor matrices have the following properties

: i-1 T. for 'j an . odd number

m o) = (2 77 :
-% -I'N for j an even number

T : T .

(2) T = T. where Ti is the transpose of Ei
=. =i =
i
. T _ n T . n .
Since HN = EN = 11;1 n-i+1 11;1 “n-i+ 1
n n
That is ™ T = = Lot
i=1 "1 i=1 n-i+

5.3 Fast Walsh-Hadamard Transform By H Diagram

A simple, two-dimensional geometric model called H diagram
was developed by Marihugh and Anderson(ig) to serve as an effective
visual aid in the analysis of binary functions. The method is based
on a geometric transformation of the coordinates of a hypercube into
a two-dimensional plane. Examples are shown in Fig. 5.1.

The extremities of the H diagram represent the canonical terms
of a Boolean function in the same manner that vertices are used in
the hypercube representation. The conventional positive and negative
directions are adopted, respectively, for the unprimed variable and its
coﬁplement. Assuming that x4 is the most significant variable it is
easier to map a function that is expressed in terms of the decimal equi-

valent. The corresponding decimal numbers are shown inFig.5.1
(b) and (c).
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Since there are 2% extremities on an H diagram, a data vector,
or a discrete function of Zn elements can be represented on such an
H diagram. This can be generalized to cover a data vector of any
number of elements simply by adding zeroes and hence expanding
the dimension of the vector to 2%. The Walsh-Hadamard transform
of such a vector can be obtained by multiplying a Hadamard matrix
of the same order to this vector. Or we can think of the Hadamard
matrix as an operator over the data vector, requiring additions and
subtractions of the vector elements only. These operations may be
performed along each of the axes of the H diagram succes sively.

This is equivalent to factoring the Hadamard matrix as in Theorem 1.

To relate the factor matrix with the H diagram we will show that
to pre-(post-) multiply each of the factor matrices with a row (column)
vector is equal to adding and subtracting the corresponding vector
elements about a particular axis of the H diagram. Let us examine

the case for n = 3. The factor matrices are

11
1 -1 0
T, =1, ® H, ®1,=1, @ H, = it
21 T2, ® 2y @01, =1, 0k, L -1
11
1 -1
0 11
1 -1
1 o0 1t o0
- _lo 1 o 1
I, =1, ® H, ol, 1 o -1 o 0
o 1 -1

Pt
-, O = O

O = O =
- 0O = O
o
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i o 0o o 1 o0 o o]
0 1 0 0 0 1 0 O
T, =1 ® H, 1 =H, @ I, =1]0 0 1 0 0 0 1 0
— .—-1 -— -— — -—
3 2 4 2 4 0 0 0 | 0 0 o 1
1 0 0 o -1 0] 0O o
0 i 0 0 o -1 0 o0
0 0 i 0 0 0o -1 o0
0 0 (0] | 0 0 0 -1
Let £ = [a,b,c,d,e,f,g,h]T be a real column vector to be
operated on. Then
(2 +b ] ) ra+c- —a.+eﬂ
= - = T £f=| b +1f
_1‘1_1'_ a-b Iz_g b+d AP +
c +d a-c c+g
c -d b -d d +h
e + £ e+ g a -e
e-fL ' f+h b -1£
g+h | e -g c-g
g-h £-n | d-h

If we enter the elements of f into the H diagram according to the
ascending order of the decimal numbering, we have the situation of

Fig. 5,2

X3

L

a b e f
Fig. 5.2 The H Diagram of £ .
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i’ =2

T ,I3with_£

is equivalent

to adding and subtracting the two corresponding elements along the

axes Xg, x50 Xy respectively as shown in Fig. 5.3.
c+d c-d g+h g-h
X3
2
Xy
T, i —°
a+b a-b e+f e-f
a-¢ b-d e-d f-h
X3
Xs
Xy
I, f: =
a+cC b+d © e4g f+h
c+g d+h c-g d-h
Xs
X2
X,
Is I.: ' —e
a+e b+f a-e b-f

Fig. 5.3

The H diagrams of I

premultiplied by factor matrices.
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Since the Hadamard matrix is equal to the product of these
factor matrices, the transform of a column vector can simply be
obtained by performing the operations about each of the axes of
the H diagram successively. And because of the symmetry property
of the matrices the sequential order of the multiplications, and hence
the order of operations is immaterial. However, as a rule we would
prefer to operate from the axis corresponding to the least significant
variable to the axis cofresponding to the most siguificant one. This

is shown in Fig. 5.4.

For the two dimensional case, let g be a (4 x 2) matrix.

a e

g = [gi g, ] = b f where the elements are real numbers
. c g
d h

and its Walsh-Hadamard transform is

G = H, g H,

The premultiplication of g by H , can be performed separately

4
on the two H diagrams for g n and g, as shown in Fig. 5.5(b) and

(c). To postmultiply the resultant by H_ is equivalent to linking the

2
two separate diagrams by another axis between the center points and
performing additions and subtractions about this new axis. This is
shown ;1n Fig. 5.5(d). If we follow the numbering convention of H
diagrams, i.e. the zero cell is'position invariant and always at the
left-lowest corner, and the outermost axis corresponds to the least

significant bit, then Fig. 5.5(d) and Fig. 5.4(d) give us the same

results. This agrees with Theorem 5. 1.



(y+b-3 -9)-
(P+9—Q-D) |

(Y-b+j-9)-
(P—-3+q-D)

(Y-b-j+ar-
(p-9-q+D)

(Y+bH-4-9)H
(P+2-q-D)

(Y+Db+j+9)-
(p+0+Q+D)

(Y=b+3-9)+
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~(c+d) | -(c-0)

d) +c-d) +3+h) +(@g-

g+h

c-d

e+f e~f (a+bh) (a-b
+(C+

a-b

h c+d

t a+b

e .

T.T f
(c)

FIG 54 FWI-IT.ON THE H DIAGRAM
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The procedure of getting the FWHT can now be summarized as
follows:

i. Enter the discrete function £ to an H diagram. If the
number of its elements is not equal to a power of 2, increment the
function by asserting zeros until the number of its elements is N = 2",

2. Set the index register to n, perform addition and subtraction
about the axis corresponding to the content in the index register.
Replace the sum in the lower or left location of the two operands and
the difference in the upper or right location.

3. Reduce the index by one and repeat step 2 until the index
becomés zero. Then the resultant will be the Walsh-Hadamard

transform of function f.
Since we reuse the storage location of the original function
to get its transform, the so-called 'in place ' computation is achieved.

Thereby, the savings in storage is evident.

Example 5.1 Using the above-mentioned procedure, find the FWHT
of the discrete function f = (i, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13,
14, 15, 16). In this case, N =16 andn = log.2 N = 4.

Step_ 1

The function £

6 8 14 16
I I X3 _[Xa
Is 'Ir By X, 15
2 4 10 12
I | I

| Lol !



Step 2

Addition and subtraction

about the axis x4

0 0 4

Index Register

Step 3

Reducing the index by one

Step 2-1

About the axis %,

SteE 3-1

Reducing the index by one

Step 2-2

About the axis XZ
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36

| X3 [Xa
5 A 2!7 % Xo 3
- w-l -
|
|
7 19 23
o] 3
o -2 )
'. l X3 !x4
—l _ JBX, )(2 -4
o -2 o)
| | |
| ]
-4 42 -4
o | 2
0 0 0
| X3 |Xa
L =16 X X2 CI)
P
o -4 o
I |
| |
-8 100 -8
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Step 3-2
Reducing the index by .one 0 0 1

Step 2-3

About the axis x1

x
N
»

x
N

o———9° o—x°

SteE 3-3
Reducing the index by one 0 0 0

Since the index becomes zero, the result~nt is the Walsh-Hadamard
transform of the function £, i.e., (136, -8, -16, 0, -32, 0, 0, 0, -64,
o, o, 0, 0, 0, 0, 0).

5.4 Summary

In this chapter we have developed an algorithm for obtaining
the fast Walsh-Hadamard transform on an H diagram by using
'in pla.ce" computations. Comparing with the other methods, this
algorithm seems to be simple, clear and straightforward. The H
diagram not only provides a visual aid to the process of the computa -
tions, but also helps to supply a tool for the factorization of a

Hadamard matrix. In case that the order of a Hadamard matrix

becomes large, the H diagram can be decomposed
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into several H diagrams with fewer axes. Then the spectral
coefficients can be obtained by getting the Hadamard transform

on these subdiagrams, recombining them with some new axes, and
eventually performing additions and substractions along these new
axes. This is analogous to ha.ving a two-dimensional transform
instead of a one-dimensional one. Higher-dimensional transforms
can be achieved by repeating the decomposition and recombination
processes. Another merit might be that the spectral analysis can
be done directly on the H diagram as well. This will be the
subject of Chapter 6.
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CHAPTER 6

SPECTRAL ANALYSIS ON THE H DIAGRAMS

In this chapter, Walsh-Hadamard transforms of one-dimensional

patterns are analyzed, an "axis-symmetry" parameter (42,47)

(48)

and a row-index i which can distinguish the members of the
complete set of Walsh functions are introduced and defined. It is
shown that there is a one-to-one correspondence among the row-index,
the sequency and the axis-symmetry of each Walsh function .

(47,48)

Through the row-index, the period of a Walsh function can

also be obtained easily.

The representation of a pattern in the Walsh domain is called
"Walsh spectrum?". It can be a sequency spectrum, an axis-symmetry
or simply a Walsh-Hadamard transform depending on the ordering of
the coefficients. It is a measure of the correlation of the pattern
with the Walsh functions. The spectral analysis concerning axis-
symmetries is stressed in this chapter by using H diagrams. And a
simpler procedure for obtaining Walsh-Hadamard transform for
those functions that possess axis-symmetries is shown by

illustrating exampies.

6.1 Axes Of Dyadic Translation And H Diagram

It is one of the important properties that Walsh functions
possess even and odd symmetries about axes. Thus, while the
Fourier functions constitute the na.tufal representation of systems
with translational symmetry, the Walsh functions has the natural
representation of systems with dyadic symmetry. Dyadic convolu-

tion, dyadic invariance, and dyadic translations are terms used in
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(43, 44)

the theory of linear systems analysis . Recently, dyadic

integration and differentiation are also introduced by different

(45,46)

researchers . Only dyadic translations are of interest here

because they are closely related to symmetries.

When a function f(t) is sampled at N = 2" discrete points in
time, the discrete function f = (fo, fi’ cens fN-i) is produced.
A dyadic translation ‘44) f of function f(t) gives the function
i(t® 1), where t@® + repr;sents the modulo-2 sum between the
respective entries of the binary expressions of t and 1. Consider
the ramp function £(t). Under such sampling procedure, f(t) is re-
presented by the discrete function £ = (0,1,2,3,4, 5,6,7). This
discrete ramp function with i:cs dyadic translations X for 1t=14,2,...
.., 7T are shown in Fig. 6.1. For «r =0, the function remains

unchanged, i.e., f(t). Hence, dyadic translations are simple

permutations of the sampled components of function f(t).

*

44
Fig. 2, pp. 18 in Pichler's pa.per( ) .



X(t})

X(t02)

0 t —~-

o t —

X(t©4)

X(t®6)

X(t® 1)

X(t®3)

X(t ®5)

X(t®7)

Figure 6.1 Dyadic translations f'r’ = 0,4,..., 7

of a Sample Ramp Function f(t).
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A discrete function with N = 2" components defines n
axes of dyadic translations. This is shown in Fig. 6.2(42)

for n=1, 2 and 3.

r g
l }I:?- | ’fz
| ! b
£
o1 I 0 T 2 5
(a) n=1, N =2 (b) n=2, N=4
*4
l
x2 = xlz
[ |
x { x 1 x i x
I I
| | ¢ ) f
for 5 5 T BT

Figure 6.2 Axes Of Dvyadic Translations.

From the definition of these axes, every dyadic translation of Fig. 6.1
is obtained by translating (or interchanging) the vector component
about respective axes. The binary expressions of 71 are associated
with translations about axes x3, X5 x1 . A one for x.i indicates
translations about axis X, 3 a zero indicates no translation. For
example, £ (t ® 3 ) is generated from f by translating the
entries of f about axes X, and x ., which corresponds to the 1's

1
in the binary expression of t = 011, Table 6.1 shows the functions
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.

which result when a discrete function of eight components undergoes

dyadic translations.

Table 6.1

FUNCTIONS UNDER 1 DYADIC TRANSLATIONS

Axes of dyadic translations
f(t® 1)

1
|+
]
M
]

T 17273 X3 Fp  Fy F¥y X3 Fp T3

| 1T
f(t®0) =£ 000 £, ! £, : £, % : f4i f5= f6= i,
L(E@1) =1, 001 fiif0=f3ifzifs=f4=f7:f6
£(t@2) =1, 010 fz: 1, i f0=f1 : f6if7if4 :fs
£(t®3) =£, 011 . £l 1, : £, 15 i £, 1% | 1 I
L(t®4) =£, 100 £, ': £ '} £, '|lf7 | £, Efi ifz Ef3
£(t®5) =£, 101 S A =f6 E 7y 1% A ifz
L(t®6) =1, 110 £, ! £, i £, =f5 : £, =f3 Efo =f1
LT =1, 111 £ 5 |1 be, 1 1y Lo, 15, 15,

Now, if we enter the components of each function g_i fori=0,1,..
.., 7 into an H diagram following the way as mentioned in Chapter 5,
we will obtain eight different H diagrams representing the corresponding
£,'s. Fig. 6.3 shows the H diagrams for these _f_i's. It is not sur-
prising to find out that the axes of H diagram coincide with the axis
defined for dyadic translations, since in mathematics a dyadic group
is a group of binary numbers and the H diagram is specially suitable
fof the coordinate representation of binary fuuctions. However, the

H diagrams provide a much better tool for obtaining the dyadi; trans-

lation or detecting axis symmetries.




f2 f3 fG X3 f7
X X2
497
f(t®0)
y--
fo f3 s f7
f(1®2)
o f5 fp f5
P —
fa s fo f
f(1®4)
o
fs ., 1 f3
f(t®6 )
Fig., 6.2.
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fa

f3 fo fz
(1@ 1)
f| fo fg
f3 fz f7
f(1®3)
f7 fs f3
fs A f,
f(t ®5)
f5 fa fi
fo fe f3
f(t®7)

H Diagram For Dyadic Translations.
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6.2 Axis-Symmetry And Walsh Functions

Definition 6. 1(4'7 ):

A di i = o e
iscrete function £ (fo, fi’ R fN-i)

possesses 1 axis-symmetry when it is invariant under ¢ dyadic

translations ; it remains the same when its entries are translated
about all x, axis that corresponding to Ti's = 1 of the binary expre-

ssion of .

Since we have shown in the previous section the axes of dyadic
translations coincide with the axes of an H diagram; the 1 axis-
symmetry can be easily obtained from the H diagram representing the
function. The following examples show some discrete functions and

their respective axis-symmetries.

Example 6.1 £ = (0, 1,2, 3,4,5,6,T7T).
2 3 el
The H diagram of £ : )
~ X
A4
O I 4 5
Axes of symmetry : none.
Hence Ty = T2 5 T3 =0, Tdecimal =
Exa.mple 6.2 £_ = (1: 2: 1’ 20 3; 4’ 3’ 4)
| ——2 3—X*a
The H diagram of f : X2
= ~ X
A
| -2 3——24
Axis of symmetry: x,

Hence, Ti= T3 = 0, T, = 1, and Tdecimal = 2.
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Example 6.3 £ =(,1,0,0,1, 1, 0, 0).
0O____ 0 o_"3 o0
x, [*2
The H diagram of £ ot :
- A4
Axes of symmetry : x, and Xa ] —
Hence, 7y =73 = 1, 71, =03 and 1y ima1 = 5

Therefore, axis-symmetry is another characteristic property
of the Walsh functions in addition to the sequency and period. The
relationship with them will be shown in the next section. Table 6.2

shows the ¢ axis-symmetries of Walsh functions for the case N = 8.

Table 6.2

Axis-Symmetries Of Walsh Functions For N =8,

Wal (s, m) Walsh functions Axis -Symmetry

Tdecimal 17273

Wal (0, m) + + + + + + + + 7 1 1 1
Wal (1, m) + + + - - - - 3 O . |
Wal (2, m) + 4 - - - - + + | 0 0 1
Wal (3,m) + + - - + + - - 5 1 0 t
Wal (4, m) 4+ - -+ + - - + 4 1 00
Wal (5, m) + - -+ - + + - 0 0 00
Wal (6, m) + - - -+ -+ 2 010
Wal (7, m) + - 4+ - + - + - 6 1t 10
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6.3 Relations ©of Sequency',Axis—Symmetry, Row-Index And

Period of a Walsh Function.

Let the domain m of a Walsh function wal (s, m) be divided
into N = 2™ Subintervals. Then the period p of a Walsh function

is the minimum number for which
wa.lN(s, m+p) = walN (s,m) (6.1)

is true for all m, when the addition is modulo N(48).

The period is the smallest number of subintervals after which the
Walsh function repeats itself. By examining the Walsh functions
listed in Table 6.2 we can find that their periods are 1,2,4 or 8.
All of them are powers of 2 and if the period is expressed in binary

notation, then only 1 bit will be equal to 1 and the rest will be zero.

To find the period of a Walsh function or to relate it with
sequency, the best way is to use the row position (which will be
called the row-index and counting from zero) of that particular
Walsh function in an Hadamard matrix. It is well known.tha.t there
is a one-to-one correspondence and simple relationship between the

(50)

row-index and the sequency Actually, if we express the sequency
by its Gray code of n =log2N bits, say gn_ign_z. --8g» and reverse
the bits, then the decimal representation of this reversed bit Gray
code using general binary transformation will give the row-index 1
of the corresponding Walsh furnction. In mathematical expression,
N-1

i = T g.2
j:O J

n-j-1 (6.2)
For example, let N = 8 and S =4, then the Gray code for 4 will be
110 and the reversed bit Gray code becomes 011. The decimal re-

presentation for 011 is 3. Theretfore, th= Walsh function with
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sequency 3 will be in the third row of the Hadamard matrix counting

from zero.

As mentioned in Chapters 2 and 5, an Hadamard matrix of order

N = 2" canbe generated simply by the Kronecker-product:

- g ]
B, = H, (6.3)

where the bracketed exponent means the Kronecker-product is

performed n times upon H >° Any Hadamard matrix will have the

%k
nested structure shown in Fig. 6.4 for H

16°
idec . *bina ry pbina.ry . Pdec.
i, i, i, i, Py P3 Py Py Pg P
0 o o o 0 o o o0 O 1 1
H, 1 o 0 o {1 o 0 O t © 2
2 0O 0 i © o 0 1 0 O 4
B 3 o 0 1 1 o 0 {1 o0 O 4
4 o 1 0 O o I o0 O O 8
-H, 5 o t 0 1 o t o 0 0 8
6 o 1+ 1 0 o {1+ 0 0 O 8
7 o 1+ 1 i o 1 o 0o O 8
8 1 0 0 O { 0o 0 O O 16
9 1 0o o 1
10 1 0 t O
-H
=8 =8 11 1 o 1t 1
12 1t 1 0 O
13 1t 1+ o0 1
14 1 1 1 0
15 1 1 1 4 +

Figure 4 Nesting In The Hadamard Matrix H,/

. , (49).
Fig. 1, pp. 230 in Parkyn Jr.'s paper .
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For those Walsh functions having row-indices i =p/2 top - i,
the period is always equal to p, since each of them is merely N/p
consecutive repetitions of the row in H .having the same index i.
The periods' along with the row-indices a.I;'e listed side by side in
Fig. 6.4 for _1:116. It has to be pointed out that if we want to expresé
the period in binary notation an extra bit is. required, i.e. for N= 1og2n
we need n+1 bits instead of n bits. Let us assume that the binary
notations for i and p are in-iin-Z' . io and PP _q° - P,

respectively, then they are related as follows:

pn = 'n-1
Pph-t ~ -;1.-1- in-Z
Phz °© —1;-1—;-2 n-3
: (6.4)
P = G gt ipiy
Py = gl i,

g
o
1
a
1
[ ad
s
1
N
[
o
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Table 6.3

Walsh Functions, Sequency, Axis-Symmetry, Row-Index And Period For N=8.

Walsh Functions Sequency Axis-Symmetry Row-Index Period

5.2 z 7237 LI 2 p.2]

j=o J j=1 J j=o J j=o J

=S 8,5S) =T TT,T;3 =i i1, =P PyP,P4Py
++++++++ o0jo 0 O 711 11 0000 ijo o0 1
+++4+---- 1jo o { 0 i 41100 8 00O
+4+----+4+ 2|0 1 0 1lo0 o1 61110 8|t 00 O
++--++-- 310 &t 1 511 01 210 10 410 10 O
+--4++--+ 4|1 0 O 411 00 3|0 11 410 1 0 O
+-=-4+-++- 5]t 0 {1 olo GO 711 11 8|t 00O
+-+--+-+ 611 1t O 210 10 511 01 8|t o0 00
+-+4+-+-+- 711 1t 1 611 10 110 01 210 01 O

Table 6.3 lists the 8-bit Walsh functions along with the sequency,
the axis-symmetry, the row-index and the period. The relationship
between the ij‘s and 'rk's is extremely simple as shown in the following

equation :

—

i, = . for j=0, 1, 2

In summary, the row -index relates with sequency by reversed bit
Gray to binary conversion, with axis -symmetry by complementation and
with the period by the equations shown in (6.4). Through these links

all other relations can also be easily derived.
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6.4 Axis-Symmetry Spectrum.

In the previous section we have shown that there exists simple
relation among sequencies, axis-symmetries, row-indices and
periods of Walsh functions. Moreover, the one-to-one correspondences
between sequency and row-index, and axis symmetry and row-index
of Walsh function are shown. The coefficients of Walsh-Hadamard
transform defined as in Chapter 5 is ordered according to the
ascending order of the row-index. If sequency spectrum is ;.‘equired,
the coefficients have to be rearranged according to the relationship
as listed in Table 6. 3. Since an extremely simple relation exists
between row-index and axis-symmetry, we can easily obtain an axis-
‘symmetry spectrum directly from the H diagram which is used for
obtaining the fast Walsh Hadamard transform in Chapter 5.

Analogous to the sequency spectrum, an axis-symmetry spectrum
of a function is an orthogonal transformation using Walsh functions as
bases, hence it is also a measure of the correlation of this function
with the Walsh functions. It differs from the sequency spectrum in
that the ordering of the coefficients is according to the ascending order

of the axis-symmetry instead of the sequency.

Let the Walsh-Hadamard transform of a discrete function £
be F'= (Fo, Fi’ ceeeens FN 1), and its axis-symmetry spectrum be
= . h
-é' (AO, Ai,ooo.o‘, AN_l) Ten’
= £ all i (6.5)
Ai FN- 1.3 or
This is due to the fact that if both the row-index and axis-symmetry
are expressed in binary numbers, one can be obtained from another

simply by complementations. Since both of these two numbers have the
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same number of bits, namely n = logz N, and range from 0 to-N-1,
their relation in decimal representation is shown above in (6.5)

as the subscripts for A and F .

Assuming that the transform is obtained by using fast algorithms
on an H diagram, then the axis-symmetry spectrum can be read out
directly from this H diagram. The procedure is that instead of
starting from the left - most bottom corner, going from left to right
and upward along the axes, it starts from the right-most top cell of
the H diagram, going from right to left and downward. This is shown

by the following examples.

Example 6.4 £ = (0,1,2,3,4,5,6,7)
8 ____ 0 023 o
The Walsh-Hadamard transform of f
X
2
F = (28,20,-8,0,-16,0,0,0) x4
©
(The H diagram for E is shown
on the right)
A = (0, 0,0,-16,0,-8,20,28) . 28— 30 4T o
Example 6.5 £ = (1, 1,0,0, 1, 1, 0, 0).
X
3
0 —70 0 ~—p—0
The Walsh-Hadamard transform of £
E = (4’014’0’09090’0)0 ) i xi XZ
2D
o?
A = (0,0,0,0,0,4,0,4) .
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6.5 Axis-Symmetry Spectral Analyzis

Let us examine the spectrum coefficients of the discrete function
possessing axis-symmetries. First, we assume that a discrete
function of 8 components is symmetry about axis X, Referring
to Fig. 5.4(a), this is equivalent to say thata =b, c =d, e =f and
g = h. Under this condition and by Fig.5.4d)we will find that

A0=A2 = A4=A6 = 0
where Ai's are the axis-symmetry spectrum coefficients of the
function. If we denote the subscripts of these zero coefficients by
binary number, then all its least significant bit will be equal to zero.
Table 6.4 lists all the z=ro coefficients for functions that possess

axis-symmetries

Table 6.4

Zero Coefficients For Functions That Possess

Axis -Symrhetrie s

Symmetries about Zero coefficients Subscripts in binary
A 000, 001, 010, 011
! Bor Far o s 100, 101
: 000, 001, ,
-z Ror barte 10, 100, 110
A 000, 010, ,
& Bor B a6 1 11, 100, 101
A, 000, 001, 010, 011, ,
Xy ¥ Ags Bys By Ags BysBy N
LA LA 000, 001, 010, 011, 100,110
Xy ® Ags By Ays Baa By By
, ALA 000, 001, 010, 100, 101,110
*30 ¥g Ags Bys By Bys Be %% .
.. .. A 000, 001, voveevenness 110
KpXar¥s Ags By . 6
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Although Table 6.4 listed only N' =8 case, it can be genera-
lized to any length N = 2", Let the subscripts in binary be denoted
by (bl’b?.’ RN ,bn). Then, for a function having axis-symmetry about
xi, all its spectrum coetficients with subscripts bi = 0 will be equal
to zero. For a function having axis-symmetries about x. and x,,
all its spectrum coefficients with subscripts bi =0 or b, =0 will be
equal to zero. And for a tfunction having axis-symmetries about all
the axes, all its spectrum coefficients will be equal to zero except the
one with the subscript i1 .... 1 or (Zn-i) in decimal. It is worth

-pointing out that the set of zero coefficients for a function possessing
axis-symmetries about X and xj is the union of the two sets of
zero coefficients for the functions possessing axis-symmetry about

x, and x_ - sepé.ra.tely.

Taking into account this symmetry prepe rty, for a function
possessing axis-symmetries the procedure for obtaining its tfast
Walsh-Hadamard transform can be simplified. This is illustrated

by the following examples.

Example 6.6 £ = (1,1,2,2,3,3, 4, 4.
Axis-symmetry about X3 2 2 4 %3 4
% *2
(1) H diagram of £ o
i | 3 —3
(2) Reduce the axis corresponding 4 13
to x. and double the ‘ _ X2
values
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(3) Perform the fast Walsh-Hadamard -2 -2 -4 0
transform on this reduced H X, X,
diagram ~ x, %y

~ A4
6 14 20 -8
-4 0 o T30

(4) Expand the H diagram by ———e —

adding the x_ axis. < |*2
3 o5
A4

Retain the values on the left

of this axis and insert zeroes
on the right. 200 O -8 0

Thus, the Walsh-Hadamard transform F = (20,0, -4,0, -8,0,0,0)

or, the axis-symmetry spectrum A = (0,0,0,-8,0,-4,0,20).

Example 6.7 f = (1, 1, 0, os 1’ 1’ 0’ 0)

Axis-symmetries about X, and Xa

o 0.% o

(1) H diagram of f 0 —
x xZ
1
Yoy
A4
11 1 ) I . |
(2) Reduce the axes corresponding 0
to x2 and x3 and times xz

the values by four

K
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(3) Perform the fast Walsh-Hadamard 4
transform on this reduced X
2
H diagram o
4

(4) Expand the H diagram by
x
adding the x, and x_ axes, *1 2
1 3 -
Retain the values on the left-most
corner and insert zero on the rest 4 0 0 0

The Walsh-Hadamard transtorm F = (4, 0, 4, 0, 0, 0, O, 0)
or, the axis-symmetry spectrum A = (0, 0, 0, 0, 0, 4, 0, 4)

Certain combinations of the axis-symmetry spectral values

(42)

are invariant to cyclic shifts that preserves axis-symmetries .
Table 6.6 shows these combinations for the case N = 8.
Table 6.6

" Invariant Quantities Under Cyclic Shifts

Symmetries Invariant Quantities
about
2 2 2 2
x, D1 —A4+A5+A6+A7
2 _ A2 2 2 2
x, D‘2 A2+A3+A6 +A7
2 2 2 2 2
X, D32 = A12+ A3 +A5 +A7
= 2
Xq1%2 Dya= g+ &
2 - aZs+ A’
Xy 0%g D13 = 52 72
2
= A
X, %, D23 A3 + Ay
p2. = A’
*q2 %20 %3 123 7

Comparing Table 6.6 with Table 6.5, the invariant quantities

are nothing but the sum of the squares of the non-zero coefficients.,
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6.6 Summary

The "axis-symmetry" was first introduced and defined in

terms of dyadic translation. In addition to the sequency, every
Walsh function can be distinguished by a unique axis-symmetry
number. A row-index repfesenting the row position of each Walsh
function in a Hadamard matrix was alsointroduced. It was shown that
simple relations exist among the sequency, axis-symmetry, row-
index and period of a Wa.ls}_l function. Among the first three there

also exists a one-to-one correspondence.

The axes of an H diagram coincide the axes used for defining
the axis-symmetry. And it is also useful for setting up the row-index.
Hence, with great ease one can do spectral analysis on the H diagram.
The analysis of spectra for those functions that possess axis-symmetries
was shown in this chapter. A simpler procedure for obtaining the
Walsh-Hadamard transform of those functions was also achieved on

an H diagram.
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CHAPTER 7

CONCLUSIONS AND COMMENTS FOR FURTHER STUDY

In conclusion, the properties of Walsh-Hadamard transforms
have been studied from different points of view. Initially, a brief
survey on the philosophy and the applications of the Walsh-Hadamard
transform was presented. The logical Walsh-Hadamard transform
was generalized for certain-longer lengths. A combinatorial
network for obtaining the logical Walsh-Hadamard transform was
worked out tor N =2, 4 and 8. The two-dimensional version was
also prc.:vided. The piecewise logical Walsh-Hadamard transform
was introduced by using modular design and permutations. The H
diagram was not only used for implementation of the logical Walsh-
Hadamard transform, but also found useful in the conventional fast
Walsh-Hadamard transform and in the spectral analysis of those

functions that possess axis-symmetries.

The following problems may be worth further study.

1. The performance and efficiency of logical Walsh-Hadamard
comparing with the conventional Walsh-Hadamard transform and other
orthogonal transforms in terms of speed, rate-distortion, quantized
levels, etc.

2. It is well known that the Hadamard matrix is not unique.
The classification of the Hadamard matrices, especially for those that
have an order of multiple of four but not a power of two, will be
interesting.

3, To perform dyadic differentiation, dyadic integration and
the like by using H diagrams.

4. Spectral analysis for two-dimensional patterns on an

H diagram.
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APPENDIX 1
To sh that w =
oW (a) LWHT (1,x1,x2,x3,1,x1,x2,x3) (1,z1,z2,z3,0,0,0,0)
(b) LWHT (1lx1’x2’x3’0’x1’x2’x3)=(11080)0’219Z2’z3’z4)
Proof: (a) Let X = [1,x1,x2,x3,1,x1,x2,x3] and Z its LWHT in
vector form. Assum1ng that Y = [yi,yz,y3,y4,y5,y6,y7,y8]
is the conventional Walsh-Hadamard transform of X .
By definition,
Y = XHg
= [1,x1x2,x3,1,x1,x2,x3] 111 11 11 17
1-14 1-1 1 -1 1-1
1 1-1-1 1 1-1-1
1-1-1 1 1-1-1 1
1 11 1-1-1-1-14
1-4 1-1-1 1-1 1
1 1-1-1-1-1 1 1
L}-i-i i-14 1 1-1
Or, y1=2( 1+x1+x2+x3)
y2=2( 1—X1+X2-X3)
y, =2(1+x, -x, - %;)
y4=2( 1-X1-X2+X3)
= = = =0
V5 =Yg “¥7 = Vg

Since x.'s take on values of 0 and {, Yy
i

z

6
LWHT (X).

z

By applying threshold, z, = 1 and Zg 7

for i = 2, 3, and 4, then Z

=z_ =0,

8

is always greater than 1.

Let z, =f1\/fyi)




(b)

assumption as in

For i =5, 6, 7 and 8, yi's are

This time let X =
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, 0, xi,x x3 .
Then we have

1,x,,x_,x

1’72773
isfor Y and 2Z .

The same

(2)

1+(x1+x1) + (xz-!-xz) + (x3+x3)

1-(x1+§1) + (x2+§2) - (x3+‘>':3)

1+ (x1+x1) (x2+x2) (x3+x3)

1 - (x1+§1) - (x2+§2) (x3+;—£3)

of no concern ; we simply let

2y = Ig(yy)-
Since xi's take on values of 0 and 1, we have,

x, +%, = { for i =1, 2 and 3

i

Therefore,

yy=4

Y =¥3 57,0
Hence, z, 1 and Z, =2, =2, = 0. Thus Z =LWHT (X)
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APPENDIX II

A Program for the Frequency Count of the Walsh-Hadamard Transform Coefficients

1 DIMENSION MF(16), MI(16), MJL1E), MG(16), MHUL1E), NC(16416)

2 CCMMON NyNH, MF, NVAR

3 20 FORMAT (I1) .

4 33 FORMAT (®X*//' FREQUENCY COUNT OF WeHeTe. COEFES. FOR N = vy 13,/)

5 40) FOCRMAT (19, B16)

5 25 READ (1, 20) NVAR

7 N = 2%%*NVAR

R NH = N/2

@ N3 = N + NH

1 N2 = N3 + 1

Ll DO 28 I=1,N2

¥4 DO 28 J=14N

13 28 NC(I,J) = ¢

o GENERATION OF DATA

14 NN = 2¥%%N

15 NNL = NN/2

16 24 DO 11 T1=1,NN1

17 K = NN-T1

18 CALL DBNHX (X, 2)

19 DO 17 J = 1y N

2N L7 MI(J) = MF(J)

21. 16 CALL FINDV

22 . DD 26 J = 14N

23 IX = 1 + N — MFLJ)

24 NC1 = NC(IX,J) + 1

25 26 NC{IXyJ) = NC1

26 11 CONTINUE

27 WRITE (3,30) N

28 DO 27 I = 1y N3

2¢ IXL = N - 1 + 1

3C 27 WRITE (3540) TXly (NCUI»d)os J=1 4N}
31 GO TO 25

32 END .

33 SUBROUTINE FINDV

34 DIMENSTON MB(16)

3¢ COMMON NSy NHSy MFS(16), NVS.

36 00 120 KK=1, NVS

37 PO 100 I = 1y NHS
e 100 MB(I) = MES(2%I-1)+MFS(2*1) .
3§ T TURLENHS LT

40 DO 11C I= N1, NS

J=2%1-NS-1

41
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42 110 MB(I) = MFS(J) - MFS(J+1)
43 DD 120 I=1, NS
44 120 MFS(I) = MB(T)
45 RETURN
L€ END
&7 SUBROUTINE DBNHX (1D, NMN)
48 COCMMON ND, NHD, MFD(163), NVAD
49 DN 105 I=1y ND
5C KD = ND-1I+1
51 MED(KD) = MOG{ID, NMD)
52 105 ID = (IN-MFD(KD}) / NMD
5 RETURN
END

54

$ENTRY
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