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Abstract

This thesis aims at improving the performance of trellis waveform compression sys-
tems and joint source/channel coders. We first provide the theoretical framework
for the new concept of soft source coding, which is based on exploiting the similarity
between trellis source compression and maximum likelihood channel decoding. The
new approach involves using the maximum a postertor: soft-output channel decod-
ing algorithm for trellis source compression. Given a block of source output vectors,
the new algorithm delivers a set of soft reliability values that describe the likelihood
of the different symbols at the encoder output, in the minimum distortion sense. As
a trellis search algorithm, the new soft procedure performs as well as the Viterbi
algorithm.

The soft reliability information delivered during compression is employed to derive
a fuzzy trellis codebook search algorithm. The new algorithm outperforms the Linde-
Buzo-Gray (LBG) algorithm in delivering lower distortion reproduction codeboaks.
Unlike the LBG algorithm, the new fuzzy approach is significantly less sensitive to
the initialization phase, and provides improved performance using “short” train-
ing sequences. This feature is particularly of interest with practical nonstationary
sources of information. The success of this fuzzy algorithm is extended to the case of
channel-optimized trellis waveform compression. Over a practical range of channel
bit error rates, and compared to the channel-optimized LBG algorithm, the new ap-
proach provides lower distortion channel-optimized codebooks irrespective of initial-
ization using short training sequences. Furthermore, the optimal channel-optimized
codebooks show improved performance under channel-mismatch conditions.

The last part of this thesis addresses the design of joint source/channel (JSC)
soft decision decoding/detection systems. First, we study the performance of soft
decision JSC decoding using k-DPCM compressed images over memoryless Gaus-
sian channels with convolutional channel codes. Then, we show the advantage of
using higher redundancy levels in providing higher coding gains, especially during
“bad” channel conditions. This advantage is highly utilized when the alphabets of
the source encoder output match the channel encoder input. For this purpose we
test the performance using dual-k convolutional codes and k-DPCM systems. Fur-
thermore, we provide a comparative study between sequence-MAP and symbol-MAP
JSC detection. Although the two approaches provide similar bit error rates, we show
that symbol-MAP detection is always associated with lower average distortions of
reproduction as applied with VQ systems.
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Chapter 1

Introduction

Efficiency and reliability of data transmission are the two basic fundamentals of dig-
ital communications design. In a properly designed system, these two basic concepts
map into a balanced trade-off between fidelity of reproduction and communication
resources. The required balance is achieved in accordance with the bit error rate,
transmission rate, transmission power, channel bandwidth and system complexity.
Maintaining both objectives is achieved through redundancy management, which
is performed by the different coding systems within the communications link. It is
known that higher redundancy levels tend to drive the data stream to become less
sensitive to channel errors [1], however, at the expense of increased transmission
rates and delay. Accordingly, the redundancy level controls the efficiency of data
transmission, which is directly related to the transmission rate. The reliability, on
the other hand, is measured by the rate of correctly received data symbols, which is
associated with the quality of reproduced information at the destination.

Although some redundancy is augmented into the transmitted data by channel
coding, the efficiency of transmission is mainly controlled by source coding. A source
coding system typically involves the two operations of data compression and binary
coding. The data compression part reduces the level of redundancy inherent in the
information sequence. However, at the expense of a loss in the fidelity of reproduc-
tion (distortion). In order to further reduce the amount of information necessary
for transmission, binary coding is used to mainly apply an efficient codeword as-
signment technique. The branch of information theory that studies the relation
between compression rate and distortion is the rate-distortion theory [2]. This the-
ory is devoted to characterizing the distortion of reproduction at rates lower than



the average amounts of information (entropy) provided by the source output. One
of the fundamental outcomes of the rate distortion theory is that irrespective of the
source statistics, improved performance can be always achieved by block (vector)
processing of the source output rather than scalar processing. This basic result mo-
tivated research and development in the field of vector quantization and its variants
[3]. In chapter 2 we introduce the basic concepts of vector quantization (VQ) as
well as trellis vector quantization (TVQ), which are used in subsequent chapters for
further development. As indicated by the title, the research presented in this thesis
is related to two main themes, data compression and joint source/channel coding.
In the following few paragraphs we shall formulate the motivation and the problem
statements of the material introduced in this thesis.

In [4], the author clearly states the fundamental consepts of maximum likeli-
hood (ML) and maximum a posteriori probability (MAP) detection/estimation.
The choice between the two approaches of ML or MAP is strictly related to the
statistical characteristics of the channel input sequence. Unlike ML decoding, which
is associated with independent and identically distributed (iid) channel input, MAP
decoding covers the case of treating correlated and/or nonuniform channel input
symbols. Accordingly, ML decoding is a special case of MAP decoding. Both ML
and MAP detection can be applied either to minimize the probability of symbols
in error or to minimize the probability of sequences of symbols in error (words).
Operating on an iid channel input sequence, not only ML is equivalent to MAP,
but also minimizing the probability of symbols in error is equivalent to minimiz-
ing the probability of words in error. One algorithm that applies sequence-MAP,
thus, sequence-ML, decoding is the Viterbi algorithm [5]. Symbol-MAP (or ML)
decoding is applied using a forward/backward algorithm, which is referred to as the
symbol-MAP algorithm in the area of channel decoding [6]. For each time instant
in the decoding window, this algorithm delivers a set of soft reliability information
that describes the likelihood of each possible output symbol. Based on the former
argument, both the Viterbi algorithm and the symbol-MAP algorithm are expected
to perform within the same proximity under iid channel input conditions.

A basic contribution of this thesis represents introducing the forward/backward
symbol-MAP algorithm for data compression, in particular for trellis source coding.
This novel contribution is formulated based on an analogy drawn between the two
topics of channel decoding and source compression. It is known that both areas
of research employ the concepts of signal space and Euclidean distance, as well as
block and sequential trellis coding. The theory of trellis vector quantization (TVQ)
has been well established in the seventies and early eighties [7], [8], [9]. [10], [11],
[12] and [13]. Further improvements were achieved when the authors in [14] used
the fundamental concepts of trellis coded modulation and introduced the “natural
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dual” trellis coded quantization (TCQ). The Viterbi algorithm is used with TVQ to
search for the minimum distortion path. In chapter 4, we show how TVQ is similar
to trellis decoding of iid channel input sequence, which allows us to introduce the
symbol-MAP channel decoding algorithm as a trellis source compression algorithm.

The development of chapter 4 includes two parts: algorithm derivation and test-
ing. The testing phase shows the feasibility of using the symbol-MAP algorithm
for data compression. Compared to the Viterbi algorithm, the symbol-MAP algo-
rithm provided similar average performance using memoryless Gaussian as well as
Gauss-Markov sources. In the context of TVQ, the symbol-MAP algorithm delivers
a set of reliability information that describes the likelihood of the different output
symbols in the minimum distortion sense. Accordingly it is referred to as the soft
trellis vector quantization algorithm (STVQ).

A key-part of a TVQ system is the codebook design phase. Unless the approach is
on-line following some adaptive technique [15], the search process is usually iteratjve,
performed using a “long” training sequence. One algorithm that performs off-line
codebook design is the LBG algorithm, which represents the practical implementa-
tion of the theory of optimal quantization developed in [16] as method I. A heuristic
description of this algorithm as applied with VQ and TVQ is introduced in chapter
2. The process of searching for an optimal codebook for a TVQ has several degrees
of freedom. These variants are associated with the source statistics, the training
sequence length, the distortion surface as well as the trellis structure itself. The
procedure of the LBG algorithm is not usually capable of accommodating for these
different parameters. This usually leads the algorithm towards descending to locally
suboptimal minimum distortion configurations (codebooks). In particular, accord-
ing to the theoretical framework of the LBG algorithm, the algorithm procedure
requires a relatively long training sequence to approximate the source statistical
distribution. Practically this condition significantly reduces the efficiency of the
developed codebooks, since very often we deal with nonstationary sources of infor-
mation. Furthermore, since the LBG algorithm is locally optimal, its performance
is highly dependent on the initialization phase.

Motivated by solving the problems associated with applying the LBG algorithm
for TVQ, we introduce in the second part of chapter 4 a fuzzy codebook search
approach using the soft information provided by the STVQ algorithm. The new
codebook search technique is derived following an information theoretic approach in
accordance with the development of Blahut algorithm [17]. The developed proce-
dure minimizes a soft distortion measure computed using the reliability information
delivered by an STVQ step. Minimizing the soft performance measure culminates
into a set of codeword update equations, which allow the different source output
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vectors to contribute to modifying the different encoding sets at each time instant.
The contribution of a training vector to a set update is weighted by the distortion-
related likelihood value of the associated set centroid. The term likelihood refers to
the possibility of a particular set centroid to be the reproduction codeword. This
association step explains the reason for using the name fuzzy to denote the new
codebook search process. Accordingly, the process is called fuzzy soft trellis vec-
tor quantization (FSTVQ). The fuzziness of this procedure is opposed by the hard
association step that is performed by the LBG algorithm. We shall demonstrate
through several simulation cases that the new codebook search approach arrives at
lower distortion configurations while being significantly less sensitive to the initial-
ization phase as well as to the length of the training sequence. Simulation cases
represent the compression of a mixture Gaussian source, a Gauss-Markov source, as
well as still images.

The second part of this thesis considers topics in joint source and channel (JSC)
coding. Significant advances in the research and development of information and
communications theory are based on the separate design of the source and the chan-
nel coding systems. For a comprehensive reference to several milestone publications,
the reader may refer to the October 1998 commemorative issue of the IEEE Transac-
tions on Information Theory. Nonetheless, for several reasons, which are presented
in later chapters, significant improvement in the performance of the overall system
comes from a JSC design with a more efficient use of the available resources. Very
often, the concept of JSC coding extends beyond coding the information sequence in
one redundancy management block to a rather more general understanding. A JSC
coding system can be physically separate. yet it is joint in the sense of considering
the statistics of either of the source sequence in the design of the channel coder, or
the channel in the design of the source coder. Therefore, a broader understanding of
the concept of JSC coding represents the idea of employing the available information
at any point through out the communications link in the design of other parts of
the overall system.

Several publications in literature consider the joint design of source and channel
coding systems. For example we mention the following documented classes of such
svstems. In [18], [19] and [20], the authors incorporate the soft information deliv-
ered by a soft output channel decoder in a channel-optimized vector quantizer design.
Another category considers the design of one block of redundancy management that
takes care of compression and delivers a channel sequence, which is less vulnerable
to transmission errors. This class includes all channel-optimized source compression
systems like the ones developed in [21. 22], [23, 24, 25] and [26, 27] along with the
attempts in [28], [29] and [30]. In particular, Massey in {28] developed a theorem
for distortionless JSC linear coding system. On the other hand, Helman in [29, 30]
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studies the possibility of using a simple convolutional encoder to perform compres-
sion, and at the same time, error protection using the source natural redundancy. In
the last example we mention the class that employs the statistics of the information
sequence as a constraint in the design of a channel decoder/detector. In this class,
the residual redundancy inherent in the information sequence is represented by a
Markov model, which is used in a MAP metric for JSC decoding/detection. Some of
the major publications that consider source-optimized channel decoding/detection
are [31], [32], [1], [33, 34], and [18, 35]. The information sequence referred to in
these publications is at the output of either the source of information or the source
encoder.

In the context of the second class of JSC coding systems, chapter 5 treats a
channel-optimized TVQ coding system. The first practical application of the the-
ory of channel-optimized TVQ was introduced in [22]. After successfully adapting
the LBG algorithm with trellis waveform coding in [12], the same algorithm was
the intuitive choice for the authors in [22] as a codebook search algorithm. It is
known that the problems associated with the LBG algorithm become vanishingly
less pronounced as the channel becomes more noisy. Nevertheless, the algorithm is
still very sensitive to initializations and training sequence lengths over moderate-to-
small, yet practical, channel bit error rates. For this reason, we introduce in chapter
5 a modified version of the FSTVQ approach to fit the context of channel-optimized
TVQ. Before developing the theoretical framework for channel-optimized FSTVQ),
we provide in this chapter a simple and comprehensive introduction to channel op-
timized trellis waveform coding. This introduction is presented in relation to the
more general problem of channel-optimized vector quantization. Several simulation
cases are introduced to demonstrate the potential of channel-optimized FSTVQ in
providing lower distortion channel-optimized codebooks that are reasonably robust
to channel mismatch conditions. Furthermore. we show in this chapter the signifi-
cance of channel optimized TVQ systems compared to tandem systems in terms of
saving extra delay, complexity and bandwidth requirements.

In chapter 6 as well as in appendix E, we apply and investigate the work estab-
lished for source-constrained channel decoding/detection systems. In this class the
residual redundancy at the source encoder output is used to enhance the probability
of correct decision at the output of the channel decoder/detector. We first extend
the existing theory, [34. 33. 18. 35], to accommodate for soft decision decoding,
which as expected provided higher JSC decoding/detection gain. Then, through
several simulation scenarios we show the impact of using higher redundancy levels
on improving the performance of source-optimized channel decoding. The impor-
tance of matching the source encoder output alphabet to the channel encoder input
is shown in [33] through using nonbinary convolutional codes. In chapter 4, we fur-
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ther investigate this point using dual-k nonbinary convolutional codes with k-DPCM
compressed images. The authors in [18] and [35] develop a source-optimized channel
detection system using sequence-MAP Viterbi detection and a new instantaneous-
MAP algorithm. In Appendix E, we provide a simple comparison study between
sequence-MAP, instantaneous-MAP, and symbol-MAP soft as well as hard detection.
We shall also show the advantage of using JSC symbol-MAP detection in providing
lower average distortions of reproduction with VQ-based compression techniques.

1.1 Thesis Outline

This thesis is arranged into seven chapters including the introduction and the con-
clusions chapters. The presentation of the five intermediate chapters unfolds as
follows:

e Chapter 2 introduces a comprehensive background on the topics of rate dis-
tortion theory, vector quantization and trellis waveform coding. Furthermore,
we introduce in this chapter the concept of deterministic annealing, which is
related to the development of the FSTVQ approach in chapter 4. Although
the presentation is supported by the necessary theoretical background, it can
be easily followed for programming purposes.

e Chapter 3 considers the essentials and the advantages of soft channel de-
coding as an introduction for the presentation of the symbol-MAP algorithm.
Once again, the presentation format along with the explanatory figures facili-
tate employing the algorithm for different applications.

e Chapter 4 represents the core contribution of this thesis. In this chapter
we present the source/channel analogy followed by the development of the
STVQ algorithm. Then we talk about the complexity of this algorithm in
relation to the Viterbi algorithm. After that, a comparative study shows the
close performance of both the STVQ algorithm and the Viterbi algorithm as
search procedures for the minimum distortion path on the encoding trellis.
In the second half of this chapter we extend the STVQ algorithm to provide
a reliable and robust codebook search approach, which is referred to as the
FSTVQ algorithm (or approach).

e Chapter 5 first provides an easy to follow, yet comprehensive introduction
to the topic of channel-optimized TVQ in relation to COVQ. Then, the chap-
ter deals with extending the FSTVQ approach to become a codebook search
process over noisy channel. As we shall demonstrate, the new developed proce-
dure provides significant improvement over the LBG algorithm in the sense of
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delivering lower distortion codebooks. The improvement in performance is ac-
companied by being less sensitive to the initialization phase using a relatively
short training sequence over practical noisy channels.

e Chapter 6 investigates and extends the existing source-constrained channel
decoding theory. The development shows the advantage of using soft decision
JSC decoding along with significance of higher residual redundancy levels.
Furthermore, through the different considered simulation cases we show the
advantage of using source-matched JSC decoding.

The last part of this thesis includes five appendices that serve to illustrate several
topics, which are mentioned through out this thesis.

1.2 Thesis Contributions

The main objective of design in communications is to enhance the system per‘for-
mance towards the classical theoretical limits, which are represented by the concepts
of channel capacity and rate distortion function. Several break throughs in the area
of channel coding have led to major advancements towards reaching the channel
capacity limit. For example it has been shown recently that turbo channel codes
. [36, 37], can perform within 0.6 dB of the theoretical capacity limit. Motivated
by the performance of some channel coding systems, researchers have considered re-
flecting the same ideas into the area of source coding, [28], [29] and [14]. Similarly, I
started my work on this thesis research inspired by the power of soft output channel
decoding algorithms, especially with iterative decoding (38, 39]. The work estab-
lished in this thesis can be considered as a step towards introducing the concept of
soft output channel decoding for source compression. The following represents the
major contributions of this thesis

1. Applying the symbol-MAP algorithm for trellis waveform coding.

2. Developing a new reliable and robust trellis codebook design approach using
the distortion-related reliability information, which is delivered by the soft
compression algorithm.

3. Extending the new codebook design approach to the problem of channel-
optimized TVQ.

4. Modifying the existing metric of source-constrained channel decoding for soft
decoding. Besides, showing the advantage of using dual-k convolutional codes
with k-DPCM systems and joint source/channel decoding.



Chapter 2

Lossy Data Compression

Despite the fact that lossless data compression techniques guarantee the exact re-
production of information sources, the rate of compression is always lower bounded
by the source entropy. The source entropy represents the amount of information
(uncertainty) inherent in the source output symbols. Therefore, if we need to pre-
serve the information at the source output (lossless compression), we have to make
sure not to cross the entropy lower limit. However, the storage and the channel
capacity limitations of communication systems usually demand further lower rates
of compression. For such applications, where it is more affordable to lose informa-
tion as opposed to providing more expensive communications resources, we consider
lossy source compression techniques.

The fidelity of reproduction at the destination is specified by an average distortion
measure D, which constraints the minimum rate information sequence. The mini-
mum rate of information. which is associated with D, is the rate distortion function
R(D). This limit specifies the minimum rate of compression required to reproduce
the source of information with average distortion D. In other words, compressing
at rates lower than R(D) would result in average distortions higher than D. The
concept of the rate distortion function was first introduced by Shannon in 1959 [40],
and it is very similar to the measure of channel capacity. In fact, while the channel
capacity represents the maximum amount of mutual information that can be trans-
mitted over a channel given the suitable distribution, the rate distortion function
represents the minimum amount of mutual information between the source output
and its reproduction over the encoding-decoding channel constrained by a distri-
bution and the allowed distortion. It is clear that there is a relationship between



Table 2.1: The distortion rate values of a pdf-optimized uniform quantizer (pdf-OUQ),
a vector quantizer (VQ) and a trellis vector quantizer (TVQ) for a memoryless Gaussian
source.

D(R)
R (bits/sample) | pdf-OUQ | VQ TVQ | Theoretical
0.5 - 0.5734 | 0.5110 0.50
1 0.3631 | 0.3318 | 0.2836 0.25
2 0.1189 | 0.1081 | 0.0853 0.0625
3 0.0374 | 0.0311 | 0.0252 0.0156

the rate distortion function and source entropy, which represents the amount of
redundancy-free information produced by a source. According to the source coding
theorem, the source entropy sets the lower limit for lossless source compression and
compaction. Thus, on the rate distortion curve, the source entropy represents the
value of the rate distortion function associated with perfect reconstruction; i.e., R(0).
Accordingly, for compression rates R(D) < R(0), we actually go beyond redundancy
removal to the point of dropping information, which we cannot reconstruct.

From a system design point of view, the two parameters that limit the performance
of a communication system are the channel capacity and the rate distortion function.
It is essential to know the conditions under which it is possible to convey information
without exceeding some prespecified upper average distortion limit D. It is known
that for reliable communications, the channel capacity should be larger than the
minimum rate of the information sequence, which is required to reproduce the source
at a given fidelity criterion. Therefore, given a source of information, a channel
and a constraint D, the designer should be able to control the channel capacity G
(change the energy per channel symbol) in order to satisfy R(D) < G. The other
way is correct too, given a channel capacity G, which is mainly controlled by the
modulation technique and the channel itself, chose the proper operational R(D)
that meets R(D) < G. Accordingly, the knowledge of the rate distortion function,
whenever available, is of significant importance for the design of communication
systems.
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Figure 2.1: The MSE distortion rate function of a Gaussian source with the performance
of a pdf-optimized uniform quantizer (pdf-OUQ), a vector quantizer (VQ) and a trellis
vector quantizer (TVQ).

The other measure of interest is the distortion rate function D(R). This function
provides us with the lowest possible limit of average distortion that can be achieved
at a given compression rate. The distortion rate function is used to compare the
performance of different data compression techniques. The comparison is based on
how close the average distortion of reproduction is to D(R) at a given information
rate R. As an example, the mean-squared distortion rate function of a memoryless
Gaussian source is given as (2]

Dg(R) = 272842 (2.1)

where R is in bits/sample and o7 is the source variance. Table 2.1 and Fig. 2.1 show
the performance of three lossy compression techniques compared to the theoretical
distortion rate liznit for an independent and identically distributed Gaussian source.
The performance results of the pdf-optimized uniform quantizer is borrowed from
[41]. However, we evaluated the performance of both vector quantization (VQ)
and trellis vector quantization (TVQ) by using a training sequence of 30000 samples
with different comstraint-lengths and dimensions to achieve the specified compression
rates.
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This chapter introduces the basic concepts of vector quantization as well as trellis
vector quantization. These two approaches are block lossy source encoding tech-
niques, which map the source output vectors into an encoding space represented
by a set of reproduction codewords. Furthermore, we shall present the subject of
deterministic annealing, which is used for data clustering. These different topics are
used later in this thesis for further developments.

2.1 Vector Quantization

As recognized by Gray in [42], rounding off is the earliest forms of quantization,
which goes back to 1898. However, PCM is considered the most advanced origins of
quantization. This technique was first adopted in 1938 as a quantization/modulation
approach [43], [42]. In 1957 Lloyd established two methods, one is variational and
the other is iterative, to search for a locally optimal scalar quantizer. His results
were first published in a special issue on quantization in 1982 [16]. The advantage of
using block source coding approaches over scalar coding in the rate-distortion sense
was clearly verified in the classical source coding theories [2, 44, 45, 46, 40, 47]. Con-
sequently, it was intuitive to extend the basic design algorithms for scalar quantizers
to accommodate for multidimensional vector quantization. Vector quantization is
particularly important in applications where the source of information exhibits cer-
tain levels of correlation depth (dependency between successive samples), such as
speech and image sequences.

From an operational point of view, VQ involves first mapping a source output
vector into an encoding space specified by a source-matched reproduction codebook.
The quantizer, then, generates the index that points to the codeword. which is
closest in a prespecified distortion sense. The source decoder, at the other end,
operates using the same encoding codebook to produce the proper reproduction
codeword that corresponds to the received index. The decoding process is performed
using a table lookup technique, as shown in Fig. 2.2. It is clear that although the
encoding process requires a considerable number of comparisons and computations.
the decoding process is fairly simple. Several implementation and design issues of
vector quantization are heuristically presented in [3]-

To mathematically describe VQ, we consider a discrete-time continuous-amplitude
source {yn }n=0.1,2,... blocked into L-dimensional vectors as

Yy = [YnL: YnLtis-- - YnLtiei]
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Figure 2.2: Vector quantization.

An L-dimensional VQ, with a codebook C = {co, 2, -..,Cx-1}, encodes the source
output vectors at a rate of R = log,(K)/L bits/sample (bps). The value of the
codebook cardinality K at a given average distortion D and for sufficiently large L
is theoretically computed using [2]

K (D, L) = 2{L-R(O}

A vector-space treatment of the structure of VQ is presented in [48]. In that paper
Gersho provides a proof for the necessary conditions of the existence of a locally
optimal VQ. The first intuitive condition is the Nearest Neighbor Condition (NNC),
which represents the VQ encoding rule. This rule guarantees minimizing the over-
all average Euclidean distance (for the squared-error distortion case) between the
information vectors and the corresponding partition set representatives. Given the
VQ codebook, optimal clustering partitions the encoding space into K -different sets
P = {So, S2, ..., Sk—1} such that

Si = {Yn " di(Yn,Ci) < dj(Yn,Cj) V] 7“5 1; ’I.,] =0,1,.., K - 1} (2.2)

where for the squared-error distortion measure, d;(Yx, c;) is given by

L—-1

di(Ya, ) = ) (Yarw — ca)’ (2.3)

=0

As depicted by Eq. (2.2), a partition set S; contains all the source output vectors
that are represented by the codeword c;.
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The other condition of optimality controls our choice of the VQ codebook C, which
is derived by minimizing the average distortion measure given the partition P. The
average distortion is given by

K-1
Do-7X | V)Y, )Y (2.4)

=0

where p(Y’) is the joint probability density function of the vector Y. The mini-
mization is performed by applying the orthogonality principle of linear estimation
[48]. Accordingly, the set of optimal reproduction codevectors, which produces the
minimum average distortion, is the conditional mean

¢ =E{Y|IYeS} i=02....,K—-1 (2.5)

where the expectation is over the distribution of the information vectors. It is
known that a particular set exhibits minimum moment of inertia around its centroid.
Considering that the average distortion is equivalent to the total moment of inettia
of the partition P, an optimal codevector computed using Eq. (2.5) is usually
interpreted as the center of mass (centroid) of the corresponding partition set.

The above mentioned VQ optimality conditions are extensions to those of the
scalar quantizer, which were developed in 1957 by Lloyd [16]. The algorithm that
uses these conditions for VQ codebook design is the Linde-Buzo-Gray (LBG) algo-
rithm [49], which is also known as the Generalized-Lloyd algorithm. This iterative
algorithm uses a long training sequence that approximates the source distribution
and guarantees the convergence to a locally optimal average distortion point in a
nonincreasing manner. The procedure starts with an initial codebook, generated us-
ing one of the techniques mentioned in [50] or in [51]. Since the algorithm is locally
optimal, it utterly depends on the choice of the initial codebook. In this thesis we
use the splitting technique described in [49] to initiate the codebook search process.
In the second step the algorithm performs NN-encoding and forms the partition P
over the given encoding space. The reproduction codewords, that constitute the
encoding codebook, are then updated by the centroids of the corresponding parti-
tion sets. These steps are repeated until a minimum average distortion is achieved
according to Table 2.2. It can be shown that in the case of squared-error distortion
the set centroid is simply the average value of the elements of that particular set

(m+1) 1
) = Yy
? 1S5 2

test™
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Table 2.2: The LBG Algorithm

Step 1: Initialize the algorithm m = 0 and D® =0, €. Start with an initial set of
- Reproduction vectors {c”}X3L.
- Training vectors {Yn }n=0,1,...-
Step 2: Decide on the quantization regions
-8 = (Vo : di(Ya, &) < di(Ya,¢;) Vi # thij=o,..k-1
Step 3: Compute the average distortion D(™ between the training vectors and their
reproduction value
- D™ = T Zz—O ”sm“ Z;esm d;(Y5, c:)
Step 4: If D_‘";’D(Ian)_m” < € stop, otherwise, continue.
Step 5: m = m + 1, update the values of {c™YESL by the centroids of {S{™ VAL

Go to Step 2.

2.2 Deterministic Annealing for Data Clustering

The convergence of the LBG algorithm to the global minimum-distortion point is
highly dependent on the initial codebook as well as the nature of the distortion sur-
face [52], [53]. [t is very likely that a poorly-initialized LBG algorithm gets trapped
at a locally optimal minimum-distortion point on a non-convex distortion surface.
Several publications considered modifying the search process by introducing a level
of randomness in order to avoid local minima [54], [55], [56] and [57]. A global
optimization technique that proved to be efficient in the context of source coding is
simulated annealing [58], [24], [59] and [60]. The thermal equilibrium of the physical
annealing process is a phenomenon with multi degrees of freedom, and it is statisti-
cally described in [61]. From a physical point of view, annealing is performed to force
a material into lower energy states by gradually reducing its temperature, spend-
ing more time around critical temperature points. The corresponding probabilistic
annealing algorithm that simulates this physical technique is a Gibbs distribution-
based procedure, which assigns high probability values to low-energy configurations
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[62]. Although simulated annealing (SA) showed potential in providing lower en-
ergy (distortion) configurations, it is a computationally demanding process, which
is extremely sensitive to the temperature or the annealing schedule.

On the other hand, deterministic annealing (DA) features the best of the two
worlds. It is deterministic in the sense that the algorithm achieves an average
gradual progress towards the global minimum of the cost surface without randomly
pondering across local minima [56]. The development of deterministic annealing
goes back to the late 1980’s early 1990’s, and it is based on replacing the random
search performed by simulated annealing by expectation [63], [64] and [65]. How-
ever, the mathematical basis of deterministic annealing is based on the principles of
information theory of minimizing a cost function subject to entropy constraints.

Generally speaking, clustering is used for the analysis and processing of signals
without a priori knowledge of their probabilistic distributions. In particular, clus-
tering in vector quantization involves representing a source output vector Y by the
best codevector C € C in the minimum distortion sense. In order to introduce DA,
we will assume that the source output vectors are assigned to a partition set with
an association probability. Accordingly, we define the average distortion as

D = ZZP(Y C)d(Y,C)
= Z P(Y) Z P(C|Y)d(Y,C) (2.6)

where P(C|Y) represents an association probability. Note that when a vector YV
is assigned to one particular partition set, the association probability has a zero or
one value, and the average distortion in Eq. (2.6) becomes identical to that of hard
clustering. Searching for an optimal partition involves minimizing D using the free
parameters {C, P(C|Y)} [56]. However, using these free parameters along with the
nearest neighbor clustering rule leads in the limit to a hard clustering suboptimal
solution. To prevent that, DA imposes another constraint of randomness in the
process of choosing the distribution that minimizes D. The randomness is measured
by the joint entropy

H(Y.C) = = % P(Y,C)log P(Y,C)
Yy C

= H(C)+ H(Y|C)
= H(Y)+ H(C|Y) (2.7)

Then, optimization is performed using the Lagrangian

J=D—1H(,C) (2.8)
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where T is a Lagrange multiplier. It is clear that as 7 increases we trade minimizing
the distortion for maximizing the entropy. In the limit as 7 approaches zero we arrive
at a hard (deterministic) clustering solution. From an information theoretic point of
view, maximizing the joint entropy corresponds to minimizing the average amount
of information necessary to reproduce the source vectors at a given distortion. We
further explain by recalling that the rate distortion function represents the minimum
value of the mutual information [(Y,C) over the suitable distribution given an
average distortion. However,

IY,C) = H{I)-HYI|C)
H(Y)+H(C) - H(Y,C) (2.9)

The mutual information quantifies the amount of information that actually passes
through the encoding/decoding channel. It follows that in order to minimize I(Y, C),
we need to maximize H (Y |C). This means that we can minimize /(Y,C) by max-
imizing the amount of information about the source output vectors given the re-
production codewords at the decoder output, which is given by the equivocation
H(Y'|C), or equivalently by H(Y, C).

In order to proceed with the description of DA, we use
H(Y,.C)=H(Y)+ H(C|Y)

Note that H(Y') is the source entropy, which is a constant that does not affect the
clustering procedure. Besides that

H(CIY) ==Y _ P(¥)>_ P(C|Y) log P(CIY) (2.10)
Y C

Then, we write the Lagrangian J as follows

J = zy: P(Y) ; P(CIY){d(Y.C) + Tlog P(C|Y)} (2.11)

Minimizing J with respect to P(C|Y") resuits in the Gibbs distribution

exp { - —————d(}:,'c) }

P(ClY) = 77 (2.12)
where '
Zy = Zexp{—w} (2.13)
c
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Minimizing J in Eq. (2.11) with respect to C results in the condition [56]

d
> P(Y,C)5=d(Y,C)=0 VCEeC (2.14)
v dC
Eq. (2.14) can be approximated by
d
Y P(ClY) =d(Y,C)=0 VCeC (2.15)
= dC
which for the squared error distortion leads to the following centroid update equa-
tions
> v YP(CY)
C= vCelC 2.16
>y P(CIY) (216

This concludes the derivation of the DA algorithm for clustering or VQ. [n summary
DA for VQ performs the following main steps:

1. Start with an initial codebook C’, and high 7. '
Compute the association probabilities using Eq. (2.12).

Update the codebook using Eq. (2.16).

Ll

Compute J, reduce 7, and iterate until 7 approaches zero, at which point we
minimize D and perform hard clustering.

Clearly. the algorithm procedure is identical to that of the LBG algorithm, es-
pecially at 7 = 0. Clustering the source output vectors {Y'} into the different
partition sets starts with a verv fuzzy association rule (high level of randomness)
at high 7. The process slowly adopts a hard clustering (nearest neighbor) rule as 7
approaches zero. Note that at high “temperatures” (7) the DA process is extremely
fuzzy. thereby, the training vectors influence the update of the different partition
sets. Accordingly, the iterative DA relaxation process provides the proper initial
codebook, which is matched to the training set, to start the hard clustering phase
at 7 = 0. In the case of hard clustering algorithms, the source output vectors only
affect the update of the nearest codeword. This in turn limits the capability of such
algorithms to probe upcoming optimal configurations.

2.3 Trellis Vector Quantization

The efficiency and possibility of implementing sequential decoding algorithms of
tree-structured error-correcting codes directed research interests into trellis source
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coding since the late sixties, [66], [9], [8],[67], [68], [10], [11], [69], [70] and [51].
This section provides a heuristic presentation of design and implementation issues
of trellis waveform coding or trellis vector quantization (TVQ). The same concept
is approached in literature using different names. Since any implementable encod-
ing tree, generated using a finite-state machine, has a corresponding trellis, tree
encoding, mentioned in [8, 71, 66], is basically another version of the same concept.
Delayed decision coding [41] and multipath search coding [69] could also be classified
as trellis waveform coding. TVQ is further extended in [14], [72] by incorporating
Ungerboeck’s concept of set partitioning [73] in the design of trellis coded vector
quantizers, which have expanded sets of quantization levels.

The structure of a TVQ is defined by a finite-state machine (FSM) decoder and
the corresponding encoding trellis. Several papers consider the design of a FSM that
is matched to the source of information in an approach that is known as finite state
vector quantization (FSVQ) [74], [75], [76], [77], [78] and [79]. In general, the design
of a FSVQ involves exploiting the correlation left at a regular VQ output into a ﬁmte
state space. There are two types of FSVQ, depending on whether the codewords are
coloring the states or the transitions between the states, accordingly, FSVQ is either
labeled-state or labeled-transition. On the other hand, it is very common just to use
a simple fixed next-state FSM-decoder, which consists of lookup table addressed by
a shift register. Fig. 2.3 illustrates the coding process of a labeled-transition TVQ
with a shift register FSM-decoder. This system is characterized by a trellis that has
M = 2Kw=1) gtates, constraint length v and 2% branches stemming out of each state.
The branches are colored or labeled by the indices that address the reproduction
codebook C = {cg, 2, ...,Cx—1}, Where K = 2k¥  Encoding is performed using a
trellis search algorithm, by first deciding on the minimum distortion path that cor-
responds to a sequence of source output vectors. Then, the encoder generates the
branch indices {zg, 71, - - .} that constitute the minimum distortion path. Given that
a trellis quantizer is encoding L-dimensional source vectors, and since the branch
indices are k-bits each, the compression rate is simply R = k/L bits per sample. At
the other end, the decoding process involves feeding the encoder output sequence
{zq,1,...} into the FSM to generate the corresponding codebook indices.

In the following, we provide the notation necessary to describe a trellis coding
process. It is assumed that the discrete-time source output sequence is blocked into
L-sample vectors Yy, = [YnL:YnL+1s-- -+ UnL+L—1)- Then, at time n the trellis encoder
produces an output symbol z, according to

Tp = VU(sn, Ya); z, € {0,1,...,25 -1} (2.17)

where s, € {s°,...,sM 7'} is the encoder state at time n, and ¥(-) is used to denote
the function of the trellis search algorithm. After that, the encoder updates to the
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next state following the trellis structure, this operation is modeled by
Sne1 = Q(sn, Tr) (2.18)

On the other hand, decoding at time n involves passing the symbol z, into the finite
state machine of state s,, which in turn produces the corresponding reproduction
codeword using the table lookup technique

Vo =®(5n,za);  Yan€{eo,c1y---0k1} (2.19)

Then the decoder changes state according to Eq. (2.18). The employed trellis
search algorithm decides on the encoder outputt sequence subject to the constraint
of minimizing an average distortion measure D.p. For a source output sequence of
length N, and squared-error distortion

N-1 N-1
1 ~ 1
Da = g > %(¥e ¥) = g 2 dn(¥os &(om 20)) (2.20)
where =
dn(ynv Yn) - Z(Ynl - ?;1[)2 (2.21)
(=0

It is interesting to note that we could achieve- lower distortion levels for the same
compression rate by increasing the complexity of the trellis structure. For example,
for a fixed value of k we may reduce the average distortion of reproduction by
increasing the reproduction codebook size K. This is achieved by increasing the
trellis constraint length v, since K = 2. It is shown in [9] that the computational
average distortion exponentially approaches the distortion-rate function D(R,) in

the following manner
D — D(R,) — A2 BFv-1)

where 4 and B are positive constants. which depend on the compression rate Fo.

2.3.1 Trellis Search Algorithms and Codebook Design

Recall that the basic principle of TVQ is to represent a source output sequence of
vectors by the branch indices that constitute tlme minimum distortion path. Conse-
quently, the process of encoding involves searchiing for the minimum distortion path
throughout the trellis. The authors in [70] provide a survey and cost analysis for
several search algorithms that could be used in rellis source encoding systems. The
different algorithms are categorized as sorting, reon-sorting or exhaustive algorithms.
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Sorting algorithms try to isolate the path with the best metric based on an order-
ing technique that is algorithm-dependent. The M-algorithm [80] is classified as a
sorting algorithm, which sorts at a given depth all paths and keeps only the best
M-paths before any further encoding. The single-stack algorithm [7], on the other
hand, is non-sorting, which keeps storing and following the same path as far as its
cumulative metric is above a pre-specified design criterion. The most widely used
search algorithm, however, is the Viterbi algorithm [5]. To search for the minimum
distortion path, the algorithm employs the principles of dynamic programming in
depth-limited exhaustive search approach.

To complete the design of a TVQ, given the trellis and the search algorithm, we
need to color (label) the trellis branches with the proper reproduction codewords
(codevectors). A rather theoretical approach is to produce, at random, the repro-
duction codebook using a source-matched probability distribution. This approach
was introduced in [68, 8], motivated by the theoretical development of trellis source
coding in [66, 9]. Random coding was also employed in [11] to search for the compres-
sion codebook, however, in this case based on the results of the alphabet-constrai'ned
rate distortion theory presented in [81].

The fact that TVQ is an extension to the general problem of VQ suggests im-
plementing the LBG-algorithm, shown in Table 2.1, in searching for optimal repro-
duction TVQ codebooks. The algorithm is, accordingly, modified in [12] to fit the
general problem of trellis source coding. The algorithm is edited and presented in
Table 2.3 to fit into the notion of this section. Note that in step 5 of Table 2.3
the codewords are updated in each partition set by the vectors that produce the
minimum average distortion in the corresponding set, which is the set centroid. In
order to satisfy the merits of the rate distortion theory, it is desirable to generate
an optimal reproduction codebook with a rate distortion function matched distribu-
tion. However, the source distribution is not always available to evaluate the proper
initial codebook distribution which corresponds to the source rate distortion func-
tion. Usually, the only available information about the source distribution is the
training sequence itself, which represents a statistical sample function. Accordingly,
in several situations, a random initial codebook drawn from the training sequence is
used to start the codebook search process, [12] and [49]. The other issue that needs
to be addressed is the problem of empty cells. Very often, especially at the early it-
erations of the search procedure, some of the constituent codewords fail to represent
any of the vectors in the training sequence. Consequently, producing empty parti-
tion sets, which is clearly a problem since the set centroids are used to update the
quantization codebook. To solve this issue we choose a codeword that has a better
chance to represent source output vectors. Usually we could either use the same old
codeword or another randomly perturbed old codeword or even the centroid of the
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Table 2.3: The LBG-algorithm for TVQ

Step 1: Initialize algorithm; a threshold e > 0, iteration index m = 0.
An M-state decoder of constraint length v. A training sequence
{Y.}n=01,..N—-1, and an initial codebook {C(O)} of cardinality K = 2k,
Step 2: Using generation m codebook {Ct™} = {c{™, ™, ..., %}, find the
minimum distortion sequence {Yn}'n=0,l _____ ~—1- This encoding induces a
partition on the training sequence {8 Yot k1 = {n; Yy = ™}
Step 3: Compute the average distortion D™ = - Z L d(Y, Ya).
Step 4: Ifm>0and2(m)D‘(+(,m_‘l§e
Then STOP with {C™} as the optimal codebook.
Otherwise, go to Step 5.
Step 5: Update the codebook to {C(™*1} = {c (mtDY o1 k—1; such that
cl(.m+1) =c: Zjesf"" d(Y;.c) < Zjesf"" d(Y;, é), Yé (centroid). m = m + 1.

Go to Step 2.

entire training sequence [12]. The same empty cell problem is encountered in the
context of using the LBG algorithm with VQ.
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Chapter 3

The Essentials of Soft Output

Decoding

In the context of error control coding, soft-output decoding is simply a procedure
that provides subsequent systems with likelihood values of the different possible hard
decisions. Soft-output decoding algorithms, in general, produce real numbers that
represent the probability of error in decoding particular symbols. Several publica-
tions have considered the significance of soft over hard decision decoding, amongst
these are [82], [83], [84], [85] and [86]. In these publications, the arguments empha-
size the benefits of passing likelihood ratios rather than absolute decisions between
different decoding stages. To point out the importance of soft decoding, in his paper
[87] Viterbi recommends keeping all decision-related information, which might be
useful for subsequent decoding stages. until decoding is complete.

A typical concatenated coding system is shown in Fig. 3.1. The interleaver
between the inner and outer encoders is used to force the outer channel to be mem-
oryless. The conventional understanding of serially concatenated codes classifies the
inner channel coder as an error re-allocation process, which proceeds the final error
correction stage performed by the outer coder. We can show that soft inner coders
are similar to noise filters in the sense of operating to optimize a conditional pdf
in the process of maximizing the output signal to noise ratio. To further explain,
assume that the conditional pdf p()|z) is Gaussian, where the soft (likelihood value)
Y and z are shown in Fig. 3.1. It is known that the probability of symbols in error
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Figure 3.1: A concatenated coding system

at the output of the outer channel is related to the area under the tail of the Gals-
sian distribution p(Y|z). Therefore, to reduce the probability of error, the inner
soft decoder optimizes p()|z) to minimize the area under its tail. In this particular
case of a Gaussian distribution, the area is reduced by minimizing the noise variance
over the outer channel. Hence, enhancing the output signal to noise ratio. Intu-
itively speaking, enhancing the signal to noise ratio increases the maximum amount
of information that can be transmitted over the outer channel with reliable recov-
ery. Accordingly, larger outer channel capacity limits are achieved with soft output
symbols Y rather than hard ones.

The capacity of a binary-input z = %1 soft-output ) channel is given by [45]

Guore = max I(X:Y)
_ : _ _ p(Y|z:)
‘?ﬁgﬂmlﬁm”b&zgmmmww“ (3.1)

Since in this equation the logarithm has the base 2, the channel capacity is measured
in bits per channel symbol. In the case of symmetry, p()/| — 1) = p(—=Y| + 1), and
equally probable input P(z = £1) = 1, Eq. (3.1) reduces to

p(Y| +1)
p(Y)

where p(¥) = 1{p(¥| + 1) + p(¥| - 1)}. Fig. 3.2 shows the monotonic increase of
G from zero to 1 as a function of SNR for an AWGN channel. Note that SNR =

@m=/pWHUb& 4y (3.2)
y
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1/202, where o2 is the noise variance. On the other hand, the capacity of a binary
symmetric channel (BSC) is computed as follows [45]

Ghara = 1-— H(G)
= 1+4+e€logye+ (1 —¢) log,(1 —¢) bits/channel sym (3.3)

where ¢ is the probability of an incorrect decision, and it is equal to Q(4/22=), where

< 1 A2
T) = exp(——) dA
Q(z) /I W p(—=3)
given that N,/2 is the AWGN two-sided spectral height, and E is the energy of the
channel input symbol. The capacity of the BSC is plotted in Fig. 3.2, where we
demonstrate that Gso5t > Ghrara for the entire range of SNR.

The original soft output decoding/detection algorithm was developed in [6]. The
algorithm minimizes the probability of decoded symbols in error by recursively op-
erating on a block of received noisy data symbols. The algorithm performs MAP-
detection/decoding and delivers the a posteriori probabilities of all possible output
symbols. Different versions of the algorithm are presented in [88], [89], [90], [91],
[85] and [92]. The algorithm introduced in [92] is a simplified version of the origi-
nal [6], which is developed based on the algorithms described in [90] and [91]. On
the other hand, the Viterbi algorithm, [5], minimizes the probability of sequences
of symbols in error. The algorithm performs MAP or ML (maximum likelihood)
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decoding/detection to deliver hard decision symbols. The conventional Viterbi al-
gorithm was first extended to deliver soft-outputs by Hagenauer [93], [84]. The
algorithm was modified to produce a reliability information F,., which represents the
probability of a correctly decoded symbol.

In the following sections we introduce two algorithms for symbol-MAP detection
and decoding. The theory of soft detection/decoding presented in this chapter is
later used in this thesis in a novel approach for data compression.

3.1 Symbol-by-Symbol M AP-Decoding

The fundamental idea of classical hypothesis testing consists of comparing a set of
likelihood ratios to another set of hypothesis-dependent thresholds [4]. Computing
the likelihood ratios requires estimating the a posteriori probability (APP) of a
transmitted symbol or sequence of symbols given the received noisy channel output
sequence of symbols. In this section we consider the problem of estimating the
probability of a transmitted symbol given a channel output sequence of symbols. In
general, the channel input sequence is the output of a source of information that
exhibits some redundancy at its output. The source of information can be a channel
encoder, a source encoder or simply an uncoded sequence of data symbols. As
described in appendix B, the redundancy at the channel input is attributed either
to the nonuniformity or the correlation between data symbols. Considering that the
correlation level at the channel input is described by a Markov process, the problem
at hand boils down to estimating the APP of the elements of a channel input Markov
process given the output of that noisy channel.

The basic algorithm used to estimate the APP consists of a forward-backward
procedure, [94, 95], and it was introduced for the purpose of decoding linear codes in
[6]. A Markov process is characterized by a number of states, an alphabet size in each
state, and a probability mass function that describes the output alphabets as well as
the transitions from one state to another [96]. On the other hand, a Markov process
could also be described by a set of conditional probability assignments between
the outputs at different time instances. Based on this fact, we shall describe two
algorithms with the forward-backward procedure. Given that z, is the channel input
symbol at time n, the first algorithm operates on

{PT‘(Inll’n_l, In_2,-- )} (34)

to estimate the APP of the transmitted symbols given the received noisy sequence.
This algorithm is rather simple and it is used for MAP-detection, whenever an
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estimate of the a priori probabilities in Eq. (3.4) is availablle. Besides that, it
provides a simple heuristic approach to describe the forward-boackward procedure.
The second algorithm, however, estimates the APP of the elemments of the Markov
process given a received sequence. This algorithm is most useful . in applications that
involve trellis-structured sequential decoding.

3.1.1 Symbol-MAP detection

Let the input to a discrete memoryless channel at time n boe z, = a € A =

{ai,as,...,as}, and the output be y,. Furthermore, assumne that the correla-
tion at the channel input is characterized by a first order Markov model with
{P;;} = {Pr {z. = ailzn—1 = a;j}}. Then, the optimum symhtbol-by-symbol MAP
detector decides on the symbol according to

-~ — N

Zn arggg.ﬁPr {z.|Y7'} .
where N is the length of the observation sequence. Therefomwe, given a received
sequence Y, we need to find Pr {z, = a;|Y }in=1,2,..../V,i=1,2,...,J. If
we define

An(a;) = Pr {z, = a;, YN} (3.5)
Then. the measure of interest is computed as follows
/\n(ai) /\n(ai)
Pr {z, = a;|YN} = = . (3.6)
! PI’ {}IIN} Z;{=1 )\n(a];)
Since the channel is memoryless, A,(a;) can be written as
An(a:) = Pr{z.=a,Y"} Pr{¥{|z. = a, ¥I'}

= Pr{zn,=a, Y} Pr{¥¥ ||z.=a} (3.7)

According to Eq. (3.7), the symbol distribution at time n givven the past received
symbols is statistically independent of the symbol distribution gsiven future received
symbols, within the observation window. Then, we define

an(a;)) = Pr{z,=a; Y}
(3.8)
/Bn(ai) = Pr {YnA-{-llIﬂ =a'i} }
Thus,
/\n(ai) = an(ai) - ,Bn(ai) (39)
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Figure 3.3: Computing the forward variable a,(a;)

The forward variable a,(a;) is solved for inductively as follows

J
an(a;) = ZPr {Zn-1 = aj. 20 = ;. Y]}

Jj=1
J
=1
J
= ZPI‘ {In_l = aj’ Y’l(n—l)} - PI’ {xn = a;, ynlxn—]_ — a]_’ )/l(ﬂ—l)}
j=1

J
an(ai) = ZPY {In—l = aj. Yl(n_[)} -Pr {xn = @i, Yn|Tn-1 = aj}
i=1

an-1(a;) -vn(a;.a;) n=23,.. . N&i=12,....J (3.10)

Il
“,
i [\/] <
)

where
n(a;. a;) = Pr {@n = @i, ynlZTa—1 = a5} (3.11)

The variable v,(a;, a;) represents the transition probability of hypothesis z._1 = a;
to the joint event of z, = a; and received channel output y,. Moreover, the variable

an_1(a;) is the joint probability that the sequence {y1,¥2,---,¥n-1} is observed and
the symbol at time n — 1 is a,. Therefore, the product an_1(a;) vn(a;, a:) represents
the probability of the joint event that the sequence {y1,¥2,--.,Yn} is observed and

that the symbol a; at time n is preceded by the symbol a; at time n — 1. The
summation over all 7, in Eq. (3.10), produces the joint event probability of observing
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Figure 3.4: Computing the backward variable 8,(a;)

Y® and that the symbol at time n is a;. Fig. 3.3 represents a graphical illustration
of the way we compute the forward variable ay,(a;).

Similarly, we can solve by induction for £,(a) in the following manner

J
Bn(a;) = Z Pr {$n+1 = aj, YnIL]In = ai}

[
—

J

= Pr {$n+1 =aj:Yn+1, Yffiglﬂln = ai}
1

S,
It

M-

,Bn (ai) =

Pr {Zni1 = @, Yns1lZn = @i} - Pr {¥N,|zn = @i, Tur = @5, Y1 }
1

<
]

Pr {Ynﬁ[—'lixn’{"l =a;} - Pr {Zn+1t = @5, Ynt1]Tn = ai}

I
ML.

=1

5n+1(a]-) ~*,'n+1(ai, aj) n=N— 1, ...,2, 1&1i1 = 1,2,...,.] (3.12)

|
.M“

1

)

The interpretation of Eq. (3.12) is illustrated in Fig. 3.4. Eq. (3.12) describes a
backward recursion used to compute the probability of observing the sequence Y,
given that the symbol at time n is a;. The backward procedure operates on the
probability of the observation sequence after time n+1 given all possible symbols a;
(the variable Bn+1(a;)), as well as the probability of observing y,+.1 and to have had
the symbol a; (the variable v,.1(a;, a;)). Therefore, the forward-backward procedure
computes an(a) in the forward direction (n = 2,3,...,N) at the same time we
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receive y,. However, the procedure evaluates 3,(a) in the backward direction after
receiving the sequence Y;V. The probability variable v, (a;, a;) is computed according
to

t(aj,a;) = Pr{z, =ai|zn-1 = a;} - Pr {yn|zn = a;, Tn1 = aj}
= Pr{z, = ai|zn—1 = a;} - Pr {yn|zn = a;} (3.13)

The second line of Eq. (3.13) follows the fact that the channel output y, is com-
pletely defined by the channel input at time n.

Implementation Approach
1. Initialize a; (a;) and By (a;), V a; € A.

2. Upon the reception of y, the detector computes v,(a;, a;) according to Eq.
(3.13) and o, (a;) using Eq. (3.11). Store a,(a:), Ta(aj. a:),n =1,2,..., N, &V a;,a;5 €
A.

3. At n = N, recursively compute 8,(a;) using Eq. (3.12), n=N —1,...,2,1,
¥ a;,a; € A- Then compute A,(a;) using Eq. (3.9), Va; € A

4. Then the set Pr {z,|Y¥};n =1,2,..., N is computed by normalizing the set
{A\n(a:)}, V a; € A to add up to one. Then, decide on Zn,.

Note that the values of a,(a),Bn(a), ¥V a € A depend geometrically on past
and future values of large number of terms. Therefore, it is very likely that their
values get significantly large or vanishingly small. To solve this problem we scale
an(a), Bala) at each n by 5°_an(a), >, Bn(a), respectively, [96].

3.1.2 Symb ol-MAP-Trellis-Decoding

In some applications the channel input sequence is produced by a finite state ma-
chine with a specific trellis structure. In this section we describe a simplified version
of Bahl’s algorithum, [6], which is presented in [92]. The algorithm follows a pre-
specified trellis structure to estimate the probability of an input to the finite-state
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machine at time n, given a channel output observation sequence. In other words,
according to a received observation sequence, the algorithm provides a probabilis-
tic measure of the corresponding state sequence. The estimation approach is a
forward-backward procedure similar to the one presented in the previous section.
The following development is general for nonbinary-input finite-state machines.

In Fig. 3.5 we show a typical block diagram of a channel coding system. Let
wy, =1;2 =0,1,...,]—1 represent the k-bit input symbol of the finite-state machine
at time n, where I = 2*. The channel encoder output is denoted by z,, and has a
constraint length v. At time n the encoder is in state S, = m; m =0,1,... , M —
1; M = 2k¢=1_ In order to perform MAP decoding, we decide on the symbol @,
with the maximum APP

b = n = 1Y 3.14
Un = arg max Pr {w, =14¥"} (3.14)
where YV = {y1,...,¥n,---.yn} is the channel output sequence. Now, if we define

M (m) = Pr {w, =14,8, = m, Y} (3.15)

then, we compute the APP of a decoded data symbol as follows

ZM—-I 1
A‘L ™m
Pr {w, =i|Y"'} = —77=2 () (3.16)

For the case of memoryless channel and using Bayes’ rule, the joint probability in
Eq. (3.15) reduces to

Ai(m) = Pr{w, =15, =m. Y} -Pr (YN |w, =1,S, =m} (3.17)

Eq. (3.17) states that at some point in the trellis the joint distribution of a state
and a branch index given past received channel output symbols is statistically in-
dependent of the same distribution given future received symbols. Accordingly, we
define the forward and backward variables in the following manner

al(m) = Pr{w,=15,=m Y}
(3.18)
Bi(m) = Pr{YXN |lwn, =1, 5, =m}

Then. it follows that . _
AL(m) = af(m) - B, (m) (3.19)
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To compute the forward variable oZ (m), note that the following is true

I-1 M—1
ol (m) = Z Z Pr {w, =1, wn_1 = 7,5, = m, Sp—y =10, Y*}

=0 th=0
-1 M—1

= Z Z Pr {wn—l = j: S'n.—l = Th’! }/177-—1}
=0 rh=0
-Pr {wn =1, Sn. =m, y‘nlwn—l = j, Sn—l = Th}
-1 M—1 3 .

= D> D od (i) - i (h,m) (3-20)
j=0 1h=0

where
’Y;";’i('n"?., m) = Pr {wn =1,5, =m, ynlwn—l =7,8n1 = Th’} (3'21)

represents the joint probability of being in state m at time n and observing the
output y, following the branch <, given that we arrived at state S, = m after being
in state S,_; = A using the branch j. The variable v2*(rh, m), in Eq. (3.21) can be
written as

v, m) = Pr{S, =m|wa_1 =7, Sncy = m}
-Pr {wn = 'I.lSn =mM,Wn_1 = ] S. -1 = Tl”l}

-Pr {ynlwn =1, Sn =M, Wnpn-1 = j, Sn—L = TI"L} (3.22)

However, since we are following a trellis structure, there is only one state, denoted
as S (m), at which we may arrive if we go backward from state S, = m following the
branch w,_; = j. Consequently, the probability Pr {S, = m|w,—1 = j, Sp1 = ™}
has two possible values, 0 or 1. Furthermore, for uncorrelated sequence of symbols
at the encoder input, the probability Pr {w, = i|S, = m,w,_1 = j,Sny = ™}
simplifies to Pr {w, = i¢}. Also, a trellis path at time n is completely specified by
the state S, and the hypothesis w,. Hence

(i, m) = h(m) = Pr {wn =7} - Pr {ualwn =4, =m} (323

Based on the simplified version of v3(m) given in Eq. (3.23), the forward variable
ol (m), defined in Eq. (3.20), is computed as follows

I—-1
=0

A graphical representation of Eq. (3.24) is shown in Fig. 3.6.
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of_1(S55(m))

a1 (53(m))

wn—1=1—-1

ol 21 (ST (m))

Time n—1 n n+1

Figure 3.6: Computing the forward variable o (m)

In order to inductively solve for the backward variable, note that

i—[(m) = Pr {Y,N|wp_1 = j, Sn_y =10} (3.25)
Then, we proceed as
_ I-1 M—1
Bgl—l(rh) = Pr {wn = I" Sﬂ =M, Yn, Y;ln-i-llwn—l = je S, -1 = Th}
=0 m=0
-1 M—1
= > S Pr{¥X lwn = i.Sn = M, Yn, Wt = J, Spt = 1R}
i=0 m=0
-Pr {w, = 1. S, = M. yn|Wnt = J, Sn—1 = 0} (3.26)

However, the trellis path information at time n—1 is irrelevant given the information
at time n, and since the channel is memoryless, Eq. (3.26) simplifies to
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Bn(S}_l(Tﬁ)) ‘7,‘..(55_1("'1))
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Figure 3.7: Computing the backward variable ﬁf;_t(n’z)

I—1 M—1
F_m) = 3> Pr{¥llw, =45, =m}
=0 m=0
-Pr {U,'n =1 Sn =Tm. an'u"n-l = .7 S, -1 = Tfl}
I—1 A—1
= > ) 8y(m)(th.m) (3.27)

i=0 m=0

The trellis structure. once again, restricts the forward transition from state
Sp—1 = 7h along the branch w,_; = Jj to one specific state at time n, denoted
by S}(rh). Using Eq. (3.22) and Eq. (3.23) into Eq. (3.27) along with the consept
of S}(m) produces

I-1
Bi(rh) = 8i(S}(h)) - 14(S7(R)) n=N,N-1,....2 (3.28)
=0

A graphical representation of Eq. (3.28) is shown in Fig. 3.7. Finally, the initializa-
tion of af(m) and B (m) is application dependent. We will show later in this thesis
the proper initialization for different applications.
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Chapter 4

Soft Source Encoding

(

Several similarities exist between the areas of source compression and channel cod-
ing, which are mainly attributed to the duality between the rate distortion theory
and the channel capacity dispute. Both source encoding and channel decoding are re-
dundancy removal processes. Furthermore, both areas of research use the Euclidean
space and employ lattice and trellis structures in the coding process. In chapter 2 we
reviewed the concept of trellis vector quantization (TVQ). It has been shown that
trellis waveform coding provide near theoretical limit distortion-rate performance
[66], [9], [10]. The authors in [12] describe an efficient approach for TVQ system
design using an LBG-based algorithm to search for an optimal minimum distortion
partition. However, the LBG algorithm is extremely sensitive to initial codebooks,
which control the descent to locally optimal configurations. Furthermore, this it-
erative optimization approach requires relatively long training sequences that are
supposed to approximate the source statistical behavior, which is a suboptimal as-
sumption in the case of nonstationary sources. Consequently, it is very likely that a
nonconvex distortion surface tricks a poorly initialized LBG algorithm into settling
at a locally optimal solution. In addition to these limitations, the codebook design
problem of TVQ has another degree of freedom; that is the trellis size and the code-
word /branch assignment issue. These limitations of the LBG-algorithm called for
other global codebook search techniques, such as deterministic annealing [56], [97],
[57], and simulated annealing (58], [24].

The heart of a trellis vector quantizer, which controls the encoding process, is
the trellis search algorithm. As mentioned earlier, the Viterbi algorithm is one of
the algorithms used to search for the minimum distortion sequence of symbols, by
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choosing the corresponding minimum distortion trellis-path. The function of the
Viterbi algorithm in searching for the minimum distortion path is analogous to its
function in delivering the most probable transmitted sequence in channel decod-
ing. In the context of channel decoding, it is possible to use either symbol-MAP
or sequence-MAP algorithms, according to the application. Symbol-MAP decoding
minimizes the probability of symbols in error, while sequence-MAP decoding min-
imizes the probability of sequences of symbols (words) in error. Nonetheless, for
the special case of independent and identically distributed channel input symbols,
the two algorithms are equivalent in the sense that both algorithms minimize the
probability of sequence of symbols in error, since

max {Pr {XMYV}} = max{Pr{z:|Y{"} Pr{z|Y}V,z:} - -
Pr {le}/[Nv xN—ler—:.’"--}} (4-1)

Therefore, for independent z,, Eq. (4.1) reduces to

n=1

N t
max {Pr {X[V|Y"}} = max{HPr {:cnm“’}} (4.2)

Clearly maximizing the term in Eq. (4.2) is equivalent to maximizing Pr {z.|Y{"}.
The ultimate goal of any compression scheme, in particular TVQ, is to deliver a
redundancy free output sequence. As explained in appendix B, the redundancy is
due to the nonuniform distribution of the output symbols as well as the correlation
between these symbols. Therefore, in anticipation of producing an uncorrelated
and uniformly distributed sequence of symbols, a TVQ considers the branch indices
as independent and identically distributed. Under this consideration, and given a
source output sequence of vectors, using an algorithm that produces a sequence
of minimum distortion symbols is equivalent to using the Viterbi algorithm, which
delivers the minimum distortion sequence.

In this chapter, we introduce a new TVQ search algorithm. The new compression
approach represents the “natural dual” to symbol-MAP trellis channel decoding.
The search algorithm is based on the early forward-backward BCJR algorithm in-
troduced for channel decoding in [6]. The algorithm performs decision-delayed pro-
cessing and delivers for each time instant a set of reliability (soft) values that are used
to decide on the minimum distortion source encoder output symbol. Since the algo-
rithm delivers soft information, in the form of transition probabilities, we call this
encoding approach “soft trellis vector quantization” (STVQ). It is worth mentioning
that forward-backward algorithms are heavily used in finite-state Markov modeling
and speech recognition systems, [98], [97], [99], [100], [101] and [102]. However,
there is no compression associated with Markov modeling, the forward-backward
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algorithm simply identifies the model parameters following a MAP estimation amp-
proach. The first part of this chapter addresses the derivation of the new soft
compression algorithm. Besides that, we provide several simulation cases to shcow
that this algorithm provides similar rate-distortion performance as compared to t.he
performance of the Viterbi algorithm.

In section 4.3 of this chapter, we extend the new compression algorithm by usi-ng
the reliability information to provide a robust fuzzy, yet deterministic, procedure ffor
the design of trellis compression systems. The fuzzy design approach alleviates t.he
problems associated with the LBG algorithm when applied to TVQ codebook desigen.
The derivation of the new fuzzy trellis search algorithm is conceptually based on t.he
development of the rate distortion theory, and is similar to deterministic anneali-ng
for data clustering, in particular vector quantization. We will show through sevemal
simulation examples that the new fuzzy design approach produces lower distortison
configurations, while being significantly less sensitive to both the initial codebo-ok
and the length of the training sequence. Simulations involve the compression of
mixture Gaussian and Gauss-Markov sources, as well as still images.

4.1 Source Encoding and Channel Decoding

In order to introduce the new compression algorithm in the next section, we fimst
start by drawing the following analogy between channel decoding and source encood-
ing. The two systems are presented in Fig. 4.1. The channel decoder operates son
the channel output sequence YV to produce the maximum a posterior: probabil&ty
sequence X N This sequence represents the best estimate for the sequence XV at
the channel encoder input in the Bayesian sense. In the process of estimating X
the channel decoder removes the controlled redundancy, which was introduced ﬁor
error protection over the noisy channel. Following a similar approach, we use= a
source encoder to remove the redundancy in the information sequence and delivwer
the output sequence X{¥. The symbols of the source encoder output sequence are
ideally uncorrelated and uniformly distributed. Hypothetically speaking, the sourrce
encoder output sequence corresponds to the channel encoder input. Thus, we m:ay
consider the source of information as a communications channel, which corrupts t<he
sequence X{¥ with un-wanted redundancy. However, unlike the channel decodi ng
case, this redundancy is stochastic and uncontrolled.

We know that the measure of performance in TVQ coding systems is the aveer-
age distortion of reproduction. Therefore, encoding is performed by choosing tche
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Source Encoding

YN Xy
Source Encoder

Xll.v = a'rg min:nysn ZTI:,-:]. d(yn’ :BnISn)

Channel Decoding

X7 zy v Xy
' Encoder Channel Decoder

X{V = argmaxz, s, Z:f=1 log p(Yn|Tn. 5n)

Figure 4.1: The analogy under consideration.

minimum distortion sequence according to

N _ . Ny N
Xy = arg_\,glégND{Xl Y7} (4.3)
where
N
DAXYYVY =D d(Ya, znalsn) (4.4)
n=1

and d(Y;, Tn|sn) is the Euclidean distance between the vector Y, and the codeword
associated with state s, € S = {0, 1,...,25¢=D — 1} and branch index z, € A =
{0,1,...,2F — 1}. Accordingly, the Viterbi algorithm searches for the minimum
distortion path by choosing, at each time instant n, the branch labeled by z,-r,
which leads to the minimum distortion path, where T represents the encoding depth.
The search proceeds between a state s,—; and another state s, using the following
metric

M™ = min s{ M+ d(Yn, Tnlsn =m) } (4.5)

Zn€A,Sn-1€

is connected to s,.

where M™ | is the metric (cumulative distortion) at state s,—1 = rh, given that s,
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On the other hand, operating on a channel output sequence YN, a MAP channel
decoder selects an estimate Z{¥ of the channel input sequence Z¥ following the rule

2{ = argmax Pr{Zy'|v}"} (4.6)

Given that the channel input symbols {Z,}, which color the branches of the decoding
trellis, are independent and identically distributed, Eq. (4.6) reduces to the ML
decoding rule

N
ZY = argrrggXli[l Pr{Y.|Z.} (4.7)
We proceed by replacing the channel input hypothesis Z, by the corresponding
trellis state s, and branch index z,, as follows

N
XN = argmax H Pr{Y,|zn, Sn} (4.8)

n=1 '

Since the logarithm is a monotonic function and the probability values are always
nonnegative, Eq. (4.8) is equivalent to

N
XN = argmax Z log p(Yr|Zn, 5n) (4.9)

n=1

where p(Y,|Zn, s») is substituted for Pr{Y;,|z,, s.} as the transition probability func-
tion between the channel output and the channel input, which is associated with
Tn.Sn. It follows that. in order to implement the decision rule of Eq. (4.9), the
Viterbi algorithm is used to follow the channel decoding trellis with the branch

metric ‘
M = max { M7, +log p(Ynl|Tn, S =m) } (4.10)
i

In,Sn—

where M™ | and M™ are the metrics at states s,—; = m and s, = m, respectively.

The similarity between the two cases of employing the Viterbi algorithm for source
encoding and channel decoding is mathematically supported by Egs. (4.5) and
(4.10). In fact, considering that the channel probability distribution is

P(YalZn, 5n) = exp{—d(Yn, ZTalsn)} (4.11)
then substituting this value of p(Y,|Zn, sn) in Eq. (4.10), we get

M™ = max { M7 | — d(Yn, ZTalsn = m) } (4.12)
1

In,Sn—
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Note that the metric in Eq. (4.12) is identical to the metric in Eq. (4.5). Hence,
the problem of trellis vector quantization is equivalent to the decoding problem
of a convolutionally encoded sequence transmitted over a channel characterized by
Eq. (4.11). Therefore, it is coxrect in principle to perform the compression process
using the exponential distribution given by Eq. (4.11). This distribution is used in
the next section with the forward-backward algorithm to develop a new soft trellis
compression algorithm.

In the context of data clustering, the conditional pdf given by Eq. (4.11) rep-
resents an association probability that describes the degree of membership of the
vector Y, to the set represented by the codeword addressed by z,, s». This distribu-
tion is a member of a family of distributions known as the Gibbs distribution, which
represents the solution to the optimization problem in fuzzy clustering [57], as de-
scribed in chapter 2. The Gibbs distribution is controlled by a Lagrange multiplier
N as

p(YalTa, 8n) = expi ndg"’z"ls") ! (4.13)
where Z is a normalizing factor. [t is clear that this distribution assigns higher
probability values to lower energy configurations. Furthermore, for vanishingly small
values of 7, the distribution is uniform in the sense that it equally likely assigns the
vector Y, to the different clustering sets. However, as we increase 7, higher clus-
tering probabilities are expected with the sets that correspond to lower distortions.
Therefore, rather than adopting the special case of n = 1, suggested by Eq. (4.11),
we shall use this degree of freedom (the choice of 77) to optimize the performance of
the new compression algorithmn for different sources and compression rates.
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4.2 Soft Trellis Vector Quantization

In this section we use the analogy developed thus far, between the source and the
channel, to introduce a new TVQ search algorithm [103] and [104]. The algorithm
is based on the fact that we may consider the TVQ process as decoding at the
output of the channel defined by Eq. (4.11). In chapter 3 we introduced a symbol-
MAP algorithm, which uses a forward-backward procedure to find the a posterior:
probability of a transmitted symbol given a channel output sequence of symbols.
In a similar approach we use the algorithm presented in section 3.1.2 to develop a
TVQ search algorithm to deliver a sequence of minimum distortion symbols.

Consider that the output vector of a stationary discrete-time source at time n is
denoted by Y, = [¥n1,¥n2,---,¥nr]- The L-dimensional TVQ is characterized by a
finite state decoder of k-bit input and constraint length v, consequently, a trellis
of M = 2k(v-1) states. A TVQ system uses an N-length source output sequence
YN = {N,Y2,...,Yn} and delivers for each time instant a branch index z, €
A =1{0,1,...,I — 1}, where I = 2. In order to produce a sequence of minimum
distortion symbols, we first assume that the source is the channel described by Eq.
(4.11). Then, given a source output sequence Y, we choose an output symbol
according to

Zn = argmax Pr {z, =4Y;"} (4.14)

Now we follow the same approach presented in section 3.1.2 to solve for the set of
probabilities Pr {z, = i|[Y{¥},i=0,1,...,]—1, at each time instant n. We proceed
by defining the joint probability variable

M.(m) =Pr{z, =i,5, =m, YV} (4.15)

where s, = m is the encoder state at time n. [t follows that

M-1 4
Pr {zn = Y} = e 2a() (4.16)
2 om0 2izo (M)

Recall that the problem of TVQ with the Viterbi algorithm is similar to Viterbi
decoding at the output of a memoryless channel. In other words, trellis waveform
coding is performed without considering the statistical correlation between succes-
sive source output vectors. In fact, appendix D shows the irrelevance of considering
the source correlation to the trellis search process. Therefore, based on the same
analogy the source is considered memoryless in the derivation of the new algorithm.
Accordingly, we write Eq. (4.15) in the form

AL(m) = af,(m) - B(m) (4.17)
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where .
ai(m) = Pr{z,=1,s,=m, Y}
(4.18)
Bi(m) = Pr{¥Y,lzn=1,5,=m}
Similar to the development of section 3.1.2, we can show that the forward variable
is evaluated using

-1
o (m) = 7i(m) 3 d i (S](m)) n=23,...,N (4.19)
7=0
where S](m) is the state at which we arrive if we go backwards from state s, = m
along the branch z,_; = 7. Besides that,

Yi(m) = Pr {Yo|z, = 1,5, = m} (4.20)

Note that in deriving Eq. (4.20), the symbols {z,}n—1,. n~ are considered uncorre-
lated and identically distributed . This assumption is a direct consequence of the
ultimate goal of producing a redundancy free output sequence. Moreover, this con-
dition forces the search algorithm to equally test the different codewords that color
the trellis branches, which is a basic procedure in trellis waveform coding. Then,
Eq. (4.13) is used without the normalizing factor Z to substitute for the channel
transition probability in Eq. (4.20), as follows

vi(m) = exp{—nd(Yn. Tn = ilsn = m)} (4.21)

The normalization by the factor Z is substituted by another normalizing approach,
which will guarantee the stability of the algorithm as explained in the next section.
On the other hand, the backward variable is computed as in section 3.1.2 using

I—-1
() = BL(SH(R) - 1A(SH(R) n=N,N-1,...,2 (4.22)
i=0

where S}(Tf‘l.) is the state at which we arrive if we go forward from state s,_; = M
along the branch z,-; = j.

4.2.1 Implementation Approach

One critical point to consider is the initialization of a}(m) and By(m). In this
particular application, the processing of a block of source vectors starts from the
zero state, thus, it is natural to initialize the forward variable as

ol (m) = { 7{(0()) Z ;8 Vi (4.23)
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Then, we proceed in the computation of o (m) for n = 2,3,..., N according to
Eq. (4.19). On the other hand, initializing 8% (™) depends on whether we know the
final state or not. Practically, we can choose to start encoding from a specific state,
however, we cannot choose the last state that is controlled by the source output
sequence. Therefore, the final states should have the same significance, which leads
to the following initialization of the backward variable

_ L
=

Then, Eq. (4.22) is used to compute 3._,(m) forn = N, N —1,...,2. After evalu-
ating o (m) and B (m), we compute \:(m) using Eq. (4.17). Then, we evaluate the
set of probabilities of interest using Eq. (4.16). Encoding is performed by delivering
the z, = ¢ associated with the maximum probability value, as indicated by Eq.
(4.14).

Bi(m) vm (4.24)

[t is clear that the values of the forward and backward variables depend geomet-
rically on past and future values of large number of terms. Consequently, it is very
likely that their values get significantly large or small. To solve this problem we scale
each of,(m) and Bi(m) by 3,5, ai(m) and 3, >, Bi(m), respectively (96]. This
normalization step compensates for the fact that we are not using the variable Z
shown in Eq. (4.13). In the simulations section, we will demonstrate the significance
of the proper choice of 1 in optimizing the performance of the algorithm in differ-
ent applications. The procedure of this soft trellis vector quantization algorithm
(STVQ) is shown in Table 4.1. In this table CT* is used to denote the reproduction
codeword that colors the i¢th branch out of state m.
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Table 4.1: The STVQ algorithm: sequence of implementation.

Initialize:
Fori=0to/—1, m=0to M —1,
d(i,m) = [Y1 - C["]?,  ~i(m) = exp{-nd(i. m)}.
Fort=0to I —1,
ai(0) = ~i(0), aj(m) = 0; Ym # 0. Biy(m) = 47
Forward:
Forn =2 to N,
Fori=0tol—-1,m=0to M —1,
d(e,m) = [Ya —CI"*,  ~n(m) = exp{—nd(i,m)}
ad(m) = v4(m) - T 25 od_1 (5] (m))
Normalize of,(m) by >°; 3., ad(m); Vi,m.
Backward:
For n = N to 2,
For j=0tol—1.m=0to M —1,
Bioi(rh) = T0iZs Bu(SH(M)) - 7a(S}(1h))
Normalize 83_ () by 3°; 3 BL_,(1h); Vi, 7h.

Compute Probabilities:

Forn=1toN,7i=0to [ —1,

— YNy = _Zmleh(m)-Bi(m)
Priz. =1Y{"} = =8 am]

Decide on the most probable z,.
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4.2.2 Computational Complexity

The forward-backward MAP algorithm, which is presented in chapter 3 and used in
this chapter for compression, is capable of perfectly estimating the a posteriori prob-
ability of an information symbol. The attractive feature of this algorithm is that it
provides soft reliability values for the different information symbols. Nevertheless,
the algorithm is computationally complex in the sense that it performs multiplica-
tion, in the forward and backward directions, for different values of probabilities
and nonlinear functions. In order to solve the complexity problem of this algorithm,
several publications considered performing the entire procedure in the log-domain
[92], [105], [38] and [106]. In the log-domain, multiplications are transformed into
additions, which significantly reduces the complexity issue. The transformation into
the log-domain resulted in two MAP algorithms, one optimal and is called the log-
MAP algorithm, while the other is suboptimal and is denoted by the max-log-MAP
algorithm.

The performance of the optimal log-MAP algorithm is identical to that of ¢he
conventional MAP algorithm. The derivation of this algorithm is based on the
following Jacobian logarithm

log(e® + €°) = max(a,b) + log(l + e~1*~%) (4.25)

Therefore, additions of exponentials performed in the log-domain are equivalent to
choosing the maximum with a correction value given by log(1 + e~1¢=%). To further
reduce the complexity of the log-MAP algorithm, certain range of the correction
function is stored in a look-up table. The authors in [105] show that it is enough to
store 8 values of the correction function to provide a near optimal performance. The
transformation of the symbol-MAP algorithm to the equivalent log-MAP algorithm
is performed by using the rule of Eq. (4.25) in solving for the logarithms of the
forward and backward variables. On the other hand, the max-log-MAP algorithm
drops the correction function log(1 +e~¢~%) in Eq. (4.25) to reduce the complexity,
however, with a suboptimal performance. It is shown in [106] and [105] that the log-
MAP algorithm is about 4 times more complex than the Viterbi algorithm, which
is approximately 2 times less complex than the max-log-MAP algorithm.
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4.3 Performance Evaluation of STVQ

We provide in this section the rate-distortion simulation results of encoding a mem-
oryless Gaussian source, and a Gauss-Markov source. The performance results are
measured in terms of signal to MSE quantization noise ratios (SNR), which is de-
fined in Eq. (C.1) in appendix C. A training sequence of 30,000 samples is used to
search for a locally optimal codebook using the LBG-algorithm [12]. Longer training
sequences usually provide better approximation of the source distribution. However,
the adopted training sequence length provided the computational distortion, which
is expected with TVQ for Gaussian sources [12], [51]. The other critical issue with
the TVQ codebook design is the initial trellis codebook. Simulation results showed
the significance of the initialization techniques developed in [51]. For the memoryless
Gaussian source with compression rate 1 bit/sample (bps), we use a random initial
codebook drawn from a zero-mean and 0.75 variance Gaussian distribution. This
initialization is mathematically supported by the rate distortion theory [2]. In {2] Eq.
(4.3.35), Berger shows that the distribution of the optimal reproduction alphabets
for encoding a o2-variance Gaussian source is Gaussian with variance o2 — D(R),
where D(R) is the distortion rate value of the source. On the other hand, initializing
the trellis branches with o, proved to be effective for the case of the Gauss-Markov
source, where US is the source variance. Furthermore, experimental results showed
that the performance of the STVQ algorithm improves as we increase the encod-
ing depth, however, no significant improvement is achieved after an encoding depth
of approximately 130kv vectors. On the other hand, the survivor paths using the
Viterbi algorithm seem to converge after processing 40kv vectors.

In order to show the average performance of the two compression approaches, the
optimal codebook is employed to find the average SNR value as well as the corre-
sponding 95 percent confidence interval (CI). For this purpose, we use 100 sample
sequences drawn using different random seeds from the same Gaussian distribution,
each of which has 1000 samples. The computation of the confidence interval is based
on the fact that the computed distortion for each sample sequence is a sample aver-
age. Thus, we can apply the central limit theorem to claim that the distribution of
the computed sample distortions is Gaussian. Let the mean and the variance of the
computed sample distortions be D,, and agv. respectively. [t follows that there is a
95% chance that an observation (computed distortion) will fall within D,, £1.96072,.
Then, D,, is used to compute the average SNR in dB, and the +1.9602, is used to
compute the corresponding confidence interval in dB. Although the confidence in-
terval in dB is not symmetric around the average SNR, for simplicity of presentation
we shall use symmetric CI considering the larger off-average values.
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Table 4.2: The VITVQ and STVQ 1 bps coding performance for the memoryless Gaussian
source.

STVQ VTIVQ

v | SNR (dB) | CI (dB) || SNR (dB) | CI (dB)

2 4.747 +0.009 4.734 +0.009

3 4.843 +0.007 4.848 +0.007

4 5.140 +0.004 5.174 +0.004

5 5.147 +0.003 5.150 +0.006

6 5.283 +0.004 5.233 +0.006

4.3.1 Memoryless (Gaussian Source

In the first case study we consider the R = k/L = 1/1 = 1 bps encoding of a
memoryless unit-variance Gaussian source. As shown in appendix A, the MSE-
distortion rate function of a Gaussian source is given by [2]

Dg(R) = 27%Ro?2 (4.26)

where R is the compression rate in bps. Thus, for a unit-variance source and rate 1
bps, Dg(1) = 0.25, which corresponds to an SNR= 6.02 dB. In Table 4.2, we show
the simulation results for several trellis constraint lengths v, where we observe the
very close performance of the two algorithms.

4.3.2 First-order Gauss-Markov Source

The close performance of the STVQ and the VTVQ approaches is also demonstrated
through encoding a first-order Gauss-Markov source with correlation coefficient p =
0.9. A brief introduction to sources with memory, and the AR (1) source in particular,
is presented in appendix A. The MSE-distortion rate function for a first order Gauss-
Markov source is [2]

De(R) = 272E(1 — p?)a? (4.27)

Yy

The validity of this equation is constrained by Eq. (A.18) of appendix A. In the
first case, encoding at a rate R = k/L = 1/1 bps is performed for several values of
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Table 4.3: The VIVQ and STVQ 1-bit coding performance for the AR(1) source, p = 0.9.
STVQ VTVQ

v || SNR (dB) | CI (dB) || SNR (dB) | CI (dB)

2 6.784 +0.195 6.790 +0.204

3 8.603 +0.146 8.629 +0.145

4 9.915 +0.072 9.950 +0.069

5 10.629 +0.038 10.682 +0.037

v. According to Eq. (4.27) the highest theoretical SNR for this source at a rate of
1 bps is 13.23 dB. The computational rate 1 distortion results for this source using
the two algorithms are shown in Table 4.3. To observe the effect of varying the
compression rate on the reconstructed SNR, the performance of the two algorithms
at the rate R = 1/2 bps is depicted in Table 4.4. Using the results presented in Fig.
A.1 of appendix A, the theoretically attainable SNR at rate 1/2 for this source is
9.867 dB.

4.3.3 Discussion: Choosing 7

Thus far, we have applied the forward-backward symbol-MAP algorithm for trellis
waveform compression. The new algorithm delivers a sequence of minimum distor-
tion symbols, which performs in the proximity of the minimum distortion sequence
generated by the Viterbi algorithm. Simulation examples showed that the behav-
ior of the STVQ algorithm is closely related to the value of 7 in Eq. (4.21). This
was expected, since the value of 17 controls the degree of association to the different
encoding sets that are represented by the reproduction codewords. Nonetheless,
experimental results showed that there is an upper optimal value 1", in the vicinity
of which the STVQ algorithm provides its best performance. Note that the STVQ
algorithm computes the forward and backward variables using the basic probability
function defined in Eq. (4.21). Thus, for n >> 1", some of the probability values
computed using Eq. (4.21) become vanishingly small. As a result, this situation
drives either all the forward variables or/and the backward variables to zero at
some intermediate time instants. Thereby, limiting the performance of the STVQ
algorithm by delivering misleading reliability information.
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Figure 4.2: The performance of the STVQ algorithm as a function of n for encoding the
AR(1) source at R = 1 pbs and v = 3: (a) MSE, (b) SNR in dB.

To further explain the malfunction of the STVQ algorithm at n >> 7, the STVQ
algorithm is programmed using the normalizing factor Z defined in Eq. (4.13). At
high 7, note that association is performed almost as hard clustering; i. e., the
transition probability v%(m) defined in Eq. (4.21) and normalized by Z will have
an effective value of 1 for the branch corresponding to the minimum distortion
codeword at time n. At the same time, for the other branches that practically failed
the nearest neighbor test, v(m) = 0. This consequently causes the computation
along the trellis to disconnect, which is reflected in delivering zero forward and
backward variables. Although hard clustering is the correct approach for VQ, the
goal in TVQ is to deliver the minimum distortion sequence, which is performed by
STVQ, rather than delivering the minimum distortion symbol at each time instant
without considering the rest of the options for the entire encoding window. On the
other hand, since the exponential term in Eq. (4.21) is controlled by both 1 and the
instantaneous distortion, we should expect to use smaller values of * with larger
average distortions of reproduction. In fact experimental results showed that 7~ is
proportional to v/(DL).

As an example we apply the STVQ algorithm to search for the optimal codebook
for the AR(1) source used earlier, with rate 1 bps and v = 3. The average distortions
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Table 4.4: The VIVQ and STVQ 1/2-bit coding performance for the AR(1) source,
p=0.9.

STVQ VTVQ

v || SNR (dB) | CI (dB) || SNR (dB) | CI (dB)

2 6.030 +0.110 5.973 +0.107

3 7.377 =0.071 7.431 +0.088

4 8.190 +0.045 8.204 +0.033

) 8.553 +0.042 8.439 +0.018

achieved using several values of 77 are shown in Fig. 4.2. In an attempt to extend
the performance of the STVQ algorithm for values of n > 7", we uniformly re-
initialized the forward and the backward variables whenever the sum of their values
goes to zero at any time instant within the encoding window. For this particular
example, 71° = 13, after this value the STVQ algorithm starts delivering zero sums
of the forward and the backward variables. Nevertheless, as shown in Fig. 4.2
we succeeded to put the trellis computation back on track following the suggested
re-initialization procedure. However, for extreme values of 7, the zero sums start
occurring more frequently, which naturally reduces the reliability of the compression

algorithm.

The preceding discussion sets a practical procedure that we can follow to find
n". Simply we start by apply the STVQ algorithm using relatively high values of 7,
these values are then reduced until no zero sums of forward or backward variables
are detected. At this point, we can use that n as the optimal value of operation
n*. Note that relatively small values of n produce higher expected distortions of
reproduction, as shown in Fig. 4.2 for n < 3. Further discussion of the significance
of  as well as its relation to the rate distortion theory is provided in the development

of section 4.4.
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4.4 Fuzzy Soft Trellis Vector Quantization

The challenge of designing an efficient trellis waveform compression system starts
with the design of the reproduction codebook. The LBG algorithm is a widely used
codebook search algorithm with trellis coding systems [12]. We mentioned at the
beginning of this chapter that the performance of the LBG algorithm is very sensitive
to initial codebooks as well as to the lengths of the training sequences. Consequently,
it is very likely that a nonconvex distortion surface tricks a poorly initialized LBG
algorithm into settling at a locally optimal solution. A rather successful approach
that was followed to alleviate this problem in the LBG algorithm is the method of
simulated annealing (SA) [107], [108]. We stated in section 2.2 the disadvantages
of this random search process along with several references that consider SA for
source coding. Furthermore, we heuristically introduced in section 2.2 the non-
random alternative to SA; that is deterministic annealing (DA). We showed how
the DA process functions in a fuzzy clustering approach in an attempt to descend
to a globally optimal configuration. In the sequel we shall use the development of
the rate distortion theory to extend the STVQ algorithm to provide an efficient
and robust fuzzy and deterministic trellis codebook search approach [104]. We will
demonstrate in this section that the developed approach is capable of descending
to lower distortion points while being highly insensitive to the initialization of the
search process as well as to the length of the training sequence.

We shall start our development by visiting a basic theorem in the rate distortion
theory, which was used to derive the famous Blahut algorithm. This theorem is then
used to explain the computational rate distortion behavior of the STVQ algorithm in
the process of deriving the new fuzzy compression approach. In [44], theorem 6.3.3 in
particular, Blahut parameterizes the rate distortion function R(D) in an equation,
rather than in an inequality, using a Lagrange multiplier . Blahut manages to
perform this parameterization after proving that R(D) is a decreasing, continuous
and convex function of D in the interval 0 < D < Dper. In that theorem, the rate
distortion function is expressed as [44]

) . Qui _
R(D)=&D + min min {; ;ij”j log o K ZJ: ijQ”jdj[ (4.28)
where
D=3 risds (429
) 7o
where 7 and [ are used to index the input and reproduction alphabets, respectively.
Qu; is the conditional probability function between [ and 7, and Q’,“[ ; is the distri-

bution that satisfies the minimum in Eq. (4.28). Besides that, d; is the distortion
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between symbols [ and 7, p; is the input distribution, while g; is the output distri-
bution. The optimal conditional distribution that achieves the minimum value of

R(D) is shown to be [44]
ndj

__qe
Qllj - Z[ q elcdjl

This theorem is significant in the sense that it culminated into the famous Blahut
algorithm, which computes certain number of points on the rate distortion curve
parameterized by the corresponding values of the Lagrange multiplier k. For a
particular value of kK €] — 00,0], Blahut algorithm iteratively solves for the best
distribution of the reproduction alphabets q;, which along with Q; defined in Eq.
(4.30) achieves a point on the rate distortion curve. In other words, Blahut algorithm
characterizes the distribution of the optimal reproduction alphabets (g;) as well as
the transition probabilities (Qy;), which control the encoding rule, for a given value
of k.

(4.30)

At this stage we are interested in incorporating the rate distortion formulation
into the derivation of an efficient fuzzy soft trellis vector quantization (FSTVQ)
algorithm. We demonstrated in the previous section that the derivation of the
STVQ algorithm is based on the association distribution given in Eq. (4.21) and
parameterized by the Lagrange multiplier . This distribution is clearly identical
to the conditional distribution Q;; shown in Eq. (4.30), which leads to an optimal
rate-distortion point parameterized by . The two distributions are different in their
consideration of the distribution of the output alphabet (g;). While it is the goal to
search for an optimal output alphabet distribution (g;) in the development of the
rate-distortion theory, practical compression systems, and the STVQ algorithm in
particular, adopt the uniform distribution to describe the reproduction alphabets.
This consideration reduces the degrees of freedom in practical systems. and allows
for the exact computation of the output alphabets.

The other point of interest is the similarity between the parameters n and x,
where 1 in Eq. (4.21) is equivalent to —« in Eq. (4.30). It is more perceptive
to interpret the independent Lagrange multiplier x as the slope of the tangent at
the corresponding point on the rate distortion curve. Accordingly, as k — —o0
we approach the low-distortion high-rate points of the R(D) curve, while k — 0
corresponds to the flat high-distortion low-rate points of the same curve. On the
other hand, we showed in the previous section, in Fig. 4.2, that the performance of
the STVQ algorithm is closely related to the choice of . Unlike Blahut algorithm,
which functions to find a rate-distortion point given the independent parameter
K, the TVQ problem involves encoding given a prespecified compression rate value.
Therefore, the critical issue with the STVQ algorithm is to find the optimal n given a



compression rate and an anticipated average distortion value. Experimental results
showed that we can expected the values of 1 to control the computational rate-
distortion curve just like the values of x control the theoretical rate-distortion curve.
In other words, these results showed that the value of the “optimal” 7 € [0, c0[ is
inversely proportional to the expected average distortion value.

To further show the relationship between the rate distortion formulation and
practical source coding systems, we consider the general problem of data clustering.
Irrespective of whether clustering is regular or performed over a trellis, the system
design criterion is to minimize the average distortion

D=>">"pymyd (4.31)
7 {

since we are practically interested in delivering a hard decision, the conditional
distribution m; is defined as

_ 1, jE S
i = { 0, Otherwise (4.32)

where S; represents the [th encoding set. Furthermore, since we do not usually have
access to the source distribution p;, stochastic averaging in Eq. (4.31) is replaced by
time averaging. Unlike the distortion measure defined in Eq. (4.29), which includes
the soft conditional encoding rule (Qy;), the practical measure of Eq. (4.31) is based
on a hard association rule (my;).

In order to fit the notion of STVQ, we redefine the distribution m; as follows

Ny _ L wn(l) > L/"n(]) . - kv
(YY) = { 0. otherwise ; 1,7=0,1,...,2 1 (4.33)

where ¥,(I) = Pr {C|Y{"}, and C; is a codeword associated with a trellis state
s, = m and a branch z, = 7. Accordingly,

M (m)
(1) = n :
vnll) = ST

with A (m) defined in Eq. (4.15). We mentioned earlier that for a particular com-
pression rate and expected average distortion there is a proper value 7" in Eq. (4.21),
below which the STVQ-codebook search process with the LBG algorithm converges
to higher average distortion values. Therefore, considering that we are descending
on the computational distortion rate curve from high distortion values (small n) to
the distortion corresponding to the operational rate (at %), we can perform some

(4.34)
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sort of deterministic relaxation by minimizing a soft average distortion while incre-
menting the value of 77 from small values to 7*. This intuitively suggests using the
soft information %,,(1), which is delivered by the STVQ algorithm and defined in Eq.
(4.34), in place of the hard association rule m,(I[Y{") of Eq. (4.33). Accordingly,
instead of minimizing the average distortion given by Eq. (4.31) with mj; defined in
Eq. (4.33), we propose minimizing the following distortion measure in the process
of searching for the optimal codebook

1 2kv 1
D=572_ 2 $a()d(¥n, O (4.35)
n (=0

where Nr is the length of the training sequence. It follows that to minimize the
distortion given by Eq. (4.35) we set the gradient of D with respect to {C;} to zero,
which for the squared error distortion produces the centroid update equations

_ Zn wn(l)Kz
C SRR VG (4.36)

According to Eq. (4.36), a source output vector Y;, contributes a v, (j)-weight of its
value to the update of each reproduction codeword Cj. Clearly this update equation
provides the deterministic relaxation sought for to help the LBG algorithm finding
the global minimum configuration. Eq. (4.36) with the STVQ algorithm defines a
new fuzzy search process we refer to as fuzzy-STVQ or FSTVQ. The search process
with the FSTVQ algorithm is identical to that of the LBG algorithm with the
exception of using Eq. (4.36) and the proper n-schedule instead of hard clustering.
The process starts with relatively small values of 7 that correspond to very fuzzy
association. The level of randomness is reduced each time we increment n towards
the optimal n*. The issue of 7 scheduling is explained in the next section. It is
worth mentioning that an update equation, similar to the one shown by Eq. (4.36),
is derived in [97] following a DA approach for the special case of a labeled-state trellis
coding system. In that brief paper, the authors use a forward-backward algorithm
to solve for a set of probabilities similar to ¥,(l) in association with a dynamic
programming algorithm to search for the minimum distortion path.
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4.5 Performance Evaluation of FSTVQ

Several publications considered solving the problems associated with the LBG algo-
rithm, which are mainly attributed to the descent to suboptimum local minima as
well as the sensitivity to initialization, [15], [54], [109], [110], [111], [112] and [113].
Except [15] and [109], the developments in the former publications are based on
different extensions to the original LBG algorithm. The appealing feature of the
LBG algorithm is that it represents the practical implementation of the theoretical
development of optimal quantization, which is referred to as Method I in [16]. In
this section we shall apply the FSTVQ algorithm to solve the problems associated
with the LBG algorithm in designing trellis waveform coding systems. The perfor-
mance of the FSTVQ algorithm is tested through several examples as compared to
the performances of both the STVQ and the VTVQ algorithms.

An important aspect that controls the performance of the FSTVQ algorithm is
the choice of the relaxation range of . The first thing to keep in mind is that it
is desirable to give the FSTVQ algorithm the chance to iterate using the “optimal”
n*. which is experimentally chosen by optimizing the performance of the STVQ
algorithm. Therefore, within the allowed number of iterations, we need to make
sure that the n schedule converges at the end to n*. Accordingly, depending on the
total number of iterations and the speed of relaxation, we choose the initial 7;,;. By
applying different forms of n-scheduling, experimental results showed a satisfactory
performance using the following geometric schedule

Tn =C X Qnets T =Die,n = 1,2,..., Ny (4.37)

where (¢ is a relaxation time-constant, and N; is the total number of iterations
performed by the search algorithm. The FSTVQ algorithm showed improved per-
formance with slow 7-scheduling at the early stages. This supported the choice of
the schedule shown in Eq. (4.37), which provides slow updates for small . An
example of an 7-schedule is presented in Fig. 4.3. Similar encounters of updating
a Lagrange multiplier is necessary for DA applications, [57], [97], [56]. Nonetheless,
these publications only comment on changing the corresponding Lagrange multiplier
from 0 to oc without stating the procedure followed to perform this extreme transi-
tion. In particular, it is not clear how the authors in [97] increase the value of 1 to
oo and still manage to use a forward-backward algorithm, which fails to function at
extreme values of 77, to compute a set of probability values.
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Figure 4.3: The n-schedule for the mixture Gaussian source: 7;;; = 0.001, ¢ = 1.08,
7™ =3.0. .

4.5.1 Mixture Gaussian Source

The search process for optimal codebooks is substantially dependent on the com-
plexity of the source of information. The word complexity is meant to denote the
nonstationarity and the difficulty of the source statistical distribution model. In the
framework of quantization, such sources are usually associated with complex dis-
tortion surfaces, which are hard to follow by conventional descent codebook search
algorithms. A commonly used synthetic source, which models this situation is the
mixture Gaussian source. The distribution of this source offers the attractive test-
ing feature of a multi-local minima distortion surface [56], which can easily trap
poorly-initialized locally-optimal search algorithms. The example involves encod-
ing a mixture of eight randomly-displaced Gaussian distributions of equal variance.
This source of information, which has a total variance of 31.401, is blocked into
two-dimensional vectors for compression, as shown in Figs. 4.4, 4.5, and 4.6. As an
example we use a trellis of £k = 1, v = 3, thus R = 0.5 bps and the codebook size = 8,
with FSTVQ, VTVQ and STVQ. The search processes over the trellis are initialized
with the same codebook, which is randomly chosen from a 3000-sample training set.
The different achieved minimum distortion points in the training phase are shown
in Table 4.5. As expected STVQ and VTVQ, which operate with the LBG algo-
rithm in the training phase, arrived at a similar minimum distortion configuration.
The achieved minimum distortion point of the LBG-based algorithms is significantly
(—0.69 dB) inferior to the solution provided by the FSTVQ algorithm.
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Table 4.5: The rate 0.5 bps codimg performance for the mixture Gaussian source. Results
in the training phase represent the achieved minimum distortion points. The average
performance of the different genesrated codebooks is categorized under testing.

Training Testing

MISE | SNR (dB) || SNR = CI (dB)

FSTVQ || 9.7758 5.076 4.873 £0.043
STVQ || 11426 4.390 4.290 £ 0.062
VTVQ || 11438 4.386 4.246 1 0.064

It is clear that at a rate of 1 bit/vector, we have two optimal centers of mass
that exhibit minimum momenst of inertia. For this specific source of information
the centroids are ¢; = (—7.625,3.875) and ¢; = (2.35, —3.3). These centroids are
indicated by an “o” in Figs. 2.4, 4.5 and 4.6. Accordingly, the optimal encoding
codebook at this compression raate, is the one that equally clusters its components on
the two optimal center of massses. In our case, the codebook size is 8, which means
that 4 codevectors should be sclustered at each center of mass. As shown in Fig.
4.4, the FSTVQ algorithm mamaged to escape local minima and located the optimal
codewords at the “best” centerrs of mass at this particular compression rate. On the
other hand, one of the codeworsds delivered by the STVQ and the VTVQ algorithms
is trapped in a Gaussian cloud, asshown in Figs. 4.5 and 4.6. Furthermore, Figs. 4.5
and 4.6 show that the other “optimal” codewords are spread out at farther distances
from the optimal centroids. Thae behavior of the FSTVQ algorithm in converging to
a minimum distortion point is demonstrated in Fig. 4.7. The algorithm is applied
for 200 iterations using the -schedule shown in Fig. 4.3. Note that the convergence
of the hard average distortion in Fig. 4.7, which is computed using Egs. (4.31),
(4.33) and (4.34), exhibits nordescending periods. This convergence behaviour is
a feature of global optimizatiom techniques (such as SA and DA), which allows the
algorithm to search for other peossibly lower energy configurations.

The optimal configurations mprovided by the different algorithms are tested using
a 100 realizations of 1000 sampples each. The average SNR with the corresponding
95% confidence intervals are sikhown under “Testing” in Table 4.5, which once again
reflects the advantage of using the FSTVQ approach.
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Figure 4.4: Two-dimensional mixture Gaussian source along with the optimal reproduc-
tion codewords using FSTVQ.
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Figure 4.5: Two-dimensional mixture Gaussian source along with the optimal reproduc-
tion codewords using VTVQ.
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Figure 4.6: Two-dimensional mixture Gaussian source along with the optimal reproduc-
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Figure 4.7: The convergence of the average hard distortion of reproduction using FSTVQ.
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4.5.2 Second-Order Gauss-Markov Source

This section further shows the advantage of the FSTVQ algorithm in providing low
distortion reproduction codebooks, irrespective of the initialization codebook or the
training sequence length. Encoding is performed for a second-order Gauss-Markov
source AR(2), which is defined by the following difference equation

Yn = 1.515yn—1 — 0.752yp_2 + 2, (4.38)

where z, represents a zero-mean Gaussian sequence. This source is often used to
model sampled speech [14]. Appendix A provides a brief background about Gauss
Markov sources as well as some rate-distortion results.

It is known that the distortion surface of Gauss-Markov sources does not have
many local minima [57]. Therefore, it is very likely that a properly initialized LBG-
algorithm might converge to a globally optimal solution using a long training se-
quence, which approximates the source distribution. Nonetheless, the statistical
behavior of real signals is usually nonstationary and have an associated complex
distortion surface. In these real applications, looking for a distribution-matched se-
quence and a proper initial codebook becomes rather challenging, which minimizes
the odds of success of descent search algorithms. In order to simulate these real sit-
uations with the AR(2) source under consideration, we perform the search process
using the different algorithms with relatively short training sequences and several
initial codebooks.

On the other hand, given a particular compression rate, improved compression
performance is expected with increased trellis complexity (constraint length). How-
ever, increasing the constraint length results in increasing the number of reproduc-
tion codewords. Searching for a larger set of optimal reproduction codewords is
clearly more challenging. Not only the LBG algorithm becomes more sensitive to
the initialization phase, but also it requires increased number of training samples to
properly update the increased number of reproduction codewords. These limitations
of the LBG algorithm are exposed in this case study by using several examples with
different trellis structures. The different examples are conducted using two training
sequences, one with 2000 samples and the other has only 1000 samples. The purpose
of this approach is to test the sensitivity of the different algorithms to the training
sequence lengths. Using each training set, the FSTVQ approach along with STVQ
and VTVQ, which both use the LBG algorithm in the search process, are used with
15 initial codebooks that are chosen at random from the corresponding training se-
quence. Then, the lower energy configuration for each case is used to compute the
average compression performance with the corresponding 95% confidence interval

(CI).
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The first example represents encoding the AR(2) source at a rate of 1 bps (k =
1, L = 1), for several trellis constraint lengths (v). Figs. 4.8 and 4.9 show the SNR
performance using the different initial codebooks with the 2000-sample training
sequence. While Figs. 4.10 and 4.11 correspond to the results associated with
the 1000-sample training sequence. Clearly these figures reflect the advantage of
using FSTVQ in both providing significantly higher SNR levels and being almost
independent of the initialization step. On the other hand, the LBG-based STVQ
and VTVQ algorithms provided a similar performance, which was inferior to that of
FSTVQ. Both STVQ and VTVQ failed to provide a consistent performance using the
different initial codebooks. The performance fluctuation becomes more pronounced
at higher constraint lengths. This is attributed to the fact that at higher v the
algorithms are still using the same small number of samples for training an increased
number of reproduction codewords. Nonetheless, the two algorithms succeeded in
matching the performance of the FSTVQ algorithm using some initial codebooks
for the short constraint length of v = 3, as shown in Fig. 4.8(a). For this simple
trellis structure (8 codewords), it happened that the initial codebooks are suitable
for the LBG algorithm to converge to a better minimum distortion point. ‘

Table 4.6 shows the average as well as the variance of the achieved minimum dis-
tortion points using the 15 initial codebooks. It is clear that for the different trellis
constraint lengths, the FSTVQ approach provided higher average minimum distor-
tion configurations. Furthermore, the LBG-based algorithms resulted in higher vari-
ance, which is due to the fluctuation in the achieved performance. This behaviour
obviously reflects the dependency of the LBG algorithm on initial codebooks. On
the other hand, reducing the length of the training sequence to 1000 samples forced
the different algorithms to perform at higher average distortion points. This is clear
in part (b) of Table 4.6 as well as Figs. 4.10 and 4.11. Note that reducing the train-
ing sequence length had more impact on the performance of the LBG algorithm
with v = 3, compared to the other constraint lengths as shown in Table 4.6 parts
(a) & (b). This is simply due to the fact that the performance of the LBG algorithm
was already “poor” compared to that of FSTVQ using the training sequence length
2000. In other words, with 2000 training samples, the performance gap between
the LBG-based algorithms and the FSTVQ algorithm is minimum at v = 3. This
remark is depicted in Fig. 4.10(a) as compared to Fig. 4.8(a), where the LBG
algorithm matches the FSTVQ performance for less number of times within the 15
trails.

The lowest energy configuration amongst the different initial codebooks is used
to compute the average SNR performance with the 95% confidence interval. The
results shown in Table 4.7 are computed using a 100 independent sequences of length
1000 samples of the AR(2) source. The superiority of the codebook generated by
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Figure 4.8: The SNR coding performance of the AR(2) source at a rate of 1 bps, L = 1,
using 2000 training samples: (a) v =3, (b) v = 4.
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Figure 4.9: The SNR coding performance of the AR(2) source at arate of 1 bps, L = 1,
using 2000 training samples: (a) v =5, (b) v = 6.
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Figure 4.10: The SNR coding performance of the AR(2) source at a rate of 1 bps, L = 1,
using 1000 training samples: (a) v =3, (b) v = 4.
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Figure 4.11: The SNR coding performance of the AR(2) source at a rate of 1 bps, L =1,
using 1000 training samples: (a) v =35, (b) v = 6.
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Table 4.6: The mean (x) and the variance (02) of the minimum distortion points (as SNR
in dB) generated using the different algorithms with the AR(2) source. The compression
rate is 1 bps, ¥ = 1 and L = 1:(a) using 2000 traning vectors, (b) using 1000 training
vectors, (c) using 4000 training vectors.

STVQ VIVQ FSTVQ
L a* 7 o* © a*
8.592 | 0.736 || 8.377 | 1.246 || 9.355 | 0.000
9.491 | 0.392 || 9.492 | 0.370 || 10.888 | 0.000
9.836 | 0.662 || 9.775 | 0.563 || 11.810 | 0.000

10.139 | 0.236 |} 10.111 | 0.234 || 12.171 | 0.000
7.857 | 0.430 || 7.851 | 0.433 || 9.338 | 0.000
9.145 | 0.569 || 9.135 | 0.491 | 11.028 | 0.000
9.677 | 0.336 || 9.467 | 0.539 || 11.707 | 0.000
9.775 | 0.258 || 9.787 | 0.299 || 12.917 | 0.000

[ 10.563 [ 0.392 [] 10.723 | 0.467 ]| 12.243 ]| 0.000 |

(a)

(b)

O Ol | | W O Uy | 0| R

[(0) ]

FSTVQ is depicted in Table 4.7, where at v = 6 the advantage is approximately 1.8
dB. Furthermore, in Table 4.7 we demonstrate the effect of reducing the number of
training samples on the LBG algorithm, especially at higher values of v. Clearly
by choosing the minimum distortion configuration of the LBG algorithm we present
the best achievable performance of this algorithm using 15 different initial code-
books. Nonetheless, the average performance of the LBG algorithm would have
been severely deteriorated, had we chosen other higher distortion configurations.
This is true, since the highest distortion configuration of the FSTVQ algorithm in
the different examples are significantly lower than those evaluated by using the LBG
algorithm. It is worth mentioning at this point that the distortion rate function of
this source at 1 bps is D(1) = 14.96 dB [14].

Note that the performance of the TVQ process should improve as we increase
the constraint length of the compression process. Nonetheless, due to the increased
number of codewords and the relatively small number of training vectors (2000 or
1000). the generated codebooks using the LBG algorithm at v = 6 failed to out-
perform the optimal codebooks associated with v = 5, as shown in Table 4.7. In
order to show that this is strictly related to the length of the training sequence, we
perform the search for the optimal codebooks at v = 6 using 4000 training vectors.
The results are shown in part (c¢) of Tables 4.6 and 4.7. These results clearly show the
achieved improved performance compared to the results that correspond to 1000 and
2000 training vectors. Once again, FSTVQ outperformed the LBG-based algorithms
at this relatively higher training sequence length.
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Table 4.7: The rate 1 bps average coding performance for the AR(2) source; k =1, L = 1.
The values are listed as SNR £ CI in (dB): (a) using 2000 training vectors, (b) using 1000

training vectors, (c) using 4000 training vectors.

v STVQ VIVQ FSTVQ
3| 9118 £0.113 | 9.111 £0.109 | 9.117 £0.110
(a) [ 4 || 10.159 £0.090 | 10.124 £ 0.067 | 10.783 % 0.065
5 || 11.178 £0.065 | 11.167 £ 0.065 | 11.720 £0.072
6 || 10.135 £0.194 | 10.305 £ 0.072 | 12.1126 = 0.064
3 ]| 9:105+0.172 | 9.106 £0.171 | 9.102+0.169
(b) | 4 || 10.102 £0.093 | 10.104 £ 0.094 | 10.656 £ 0.133
5 || 10.209 £0.096 | 9.984 £0.112 | 11.706 £0.070
6 || 9.688 £0.112 | 9.596 £0.128 | 11.905 £ 0.052
[(c) | 6 ] 11.401 £0.095 | 11.295 £ 0.087 | 12.221 % 0.070

Although Figs. 4.8, 4.9, 4.10 and 4.11 show some discrepancy between the per-
formances of STVQ and VTVQ with some initial codebooks, these results do not
reflect the general behavior of the two algorithms, since we are using a relatively
short training sequence. The training sequence in our case is not capable of rep-
resenting the source distribution, which means that these results do not reflect the
average performance of the two algorithms presented in section 4.3.

To further show the behavior of the FSTVQ algorithm with other trellis structures,
we perform encoding at a rate of 2 bps. At this rate, the source has a theoretical
distortion value D(2) = 21.64 dB. The trellis in this case is constructed with & = 2
and L = 1. The performance results using 15 different initial codebooks with the
two training sequences are shown in Figs. 4.12 and 4.13, for v = 2,3. The same
observations are demonstrated in these figures; the FSTVQ algorithm managed to
arrive at lower energy configurations using a short training sequence without being
sensitive to initial codebooks. Furthermore, due to the increased complexity of this
encoding trellis as compared to the first example (k = 1), the LBG algorithm failed
to match the performance of the FSTVQ algorithm using any of the initial code-
books. Table 4.8 represents the average results associated with Figs. 4.12 and 4.13.
Note that due to the increased complexity of the trellis, and unlike the results of
Table 4.6, some of the o> under FSTVQ have non-zero values. Nonetheless, these
values are significantly smaller that the values associated with the performance of
the LBG algorithm. To demonstrate the average performance of the best codebooks
generated by the different algorithms, we perform encoding using 100 different se-
quences of 1000 sample each. The average SNR performance with the 95% CI is
shown in Table 4.9. The advantage of using the codebook generated by the FSTVQ
approach reaches 3.08 dB for the rate 2 bps with v = 3 using 1000 training samples.
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In particular, this example shows the indifference of the FSTVQ algorithm to using
only 1000 training samples as compared to the LBG-based algorithms.
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Figure 4.12: The SNR coding performance of the AR(2) source at a rate of 2 bps, L =1,
using 2000 training samples: (a) v = 2, (b) v = 3.
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Figure 4.13: The SNR coding performance of the AR(2) source at a rate of 2 bps, L =1,
using 1000 training samples: (a) v =2, (b) v = 3.
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Table 4.8: The mean (x) and the variance (62) of the minimum distortion points (as SNR
in dB) generated using the different algorithms with the AR(2) source. The compression
rate is 2 bps, £ = 2 and L = 1: (a) using 2000 training vectors, (b) using 1000 training

vectors.

STVQ VTVQ FSTVQ

v I o? L o? 7 o2
(a) | 2 || 12.283 | 0.342 || 12.214 | 0.410 || 13.800 | 0.000
3 || 14.322 | 0.227 || 13.982 | 0.161 || 17.130 | 0.006
(b) | 2 || 12.310 | 0.179 || 12.177 | 0.232 || 13.589 | 0.003
3 || 13.440 | 0.205 || 13.388 | 0.171 || 17.377 | 0.021

Table 4.9: The rate 2 bps average coding performance for the AR(2) source; k = 2,
L = 1.The values are listed as SNR = CI in (dB): (a) using 2000 training samples, (b)

using 1000 training samples.
v STVQ VTVQ FSTVQ
(a) | 2 || 13.150 £0.050 | 13.135 + 0.068 | 13.572 % 0.099
3 || 14.263 +£0.099 | 14.026 + 0.061 | 16.566 + 0.055
(b) | 2 || 12.604 + 0.086 | 12.639 £ 0.078 | 13.266 + 0.082
3 |l 13.302 = 0.053 | 13.257 + 0.053 | 16.380 = 0.036
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4.5.3 Image Compression

The objective of this section is to show that the FSTVQ approach is also beneficial in
the area of image compression. Furthermore, this section serves as a good example
for searching for optimal codebooks over complex distortion surfaces, which are
known to be associated with vector-based image compression. We shall consider
several cases with different trellis structures and compression rates. The examples
involve using two different training sets one with 2 images and the other one with 5
training images as well as a test image that is not used in either of the training sets
[114], [115], [116] and [117]. Clearly increasing the number of training images reflects
into improving the performance of the optimal codebook when applied to encoding
the test image. The training sets consists of 256 x 256 gray-scale images represented
by 8-bit pixels. The test image, on the other hand, is the 512 x 512 gray-scale Lenna
image. The search for the optimal codebook is independently repeated for 15 times,
each time with a different initial codebook chosen uniformly at random from [0 255].

The first example considers using a trellis with £k = 1 and several constraint
lengths v. Compression is performed using 4 x 4 image blocks producing a vector
dimension L = 16. Accordingly, the compression rate R = k/L = 0.0625 bit per
pixel (bpp). The performance measure is the peak signal to noise ratio (PSNR)
defined in appendix C. The results shown in Figs. 4.14 and 4.15 represent the
PSNR performance of the FSTVQ algorithm compared to the LBG-based STVQ
and VTVQ search algorithms, using 2 training images at a rate of 0.0625 bpp. It
is clear that FSTVQ provides lower energy configurations while being significantly
less sensitive to the initialization process.

Note that unlike the case of the AR(2) source, the dependency of the LBG algo-
rithm in this particular case on initial conditions decreased with increased values of
. This is clear from Figs. 4.14 and 4.15 and Table 4.10 (a), where we show the
average as well as the variance of the achieved PSNR values using the 15 different
initial codebooks. It is clear that the fluctuation in performance is reduced as v
increases, this observation is more obvious by comparing the computed values of
o2 in Table 4.10(a). This behaviour is simply attributed to the fact that higher
values of v corresponds to larger values of codebook size. At the same time the
initial value for a pixel in a codeword is to be chosen uniformly at random from
[0 255]. Accordingly, and due to this limited number of initial choices, the difference
between the geometrical map of the different initial codebooks naturally becomes
less significant as the codebook size increases. Nevertheless, the performance of the
FSTVQ approach with images is similar to the AR(2) source; i.e., the dependency
on initial codebooks increased with increased values of v. This is simply due to the
nature of FSTVQ, which is expected to be completely independent of initialization.
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Figure 4.14: The rate 0.0625 bpp PSNR coding performance in (dB) using 2 training
images: (a) v =3, (b) v =4.
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Figure 4.15: The rate 0.0625 bpp PSNR coding performance in (dB) using 2 training
images: (a) v =5, (b) v = 6.
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Table 4.10: The mean (u) and the variance (02) of the minimum distortion points (as
PSNR in dB) generated using the different algorithms with the training images. The
compression rate is 0.0625 bps, £k = 1 and L = 16: (a) using 2 training images, (b) using
5 training images.

STVQ VTVQ FSTVQ

L o* 7 o* 7 o’
20.168 | 0.047 || 20.202 | 0.041 || 20.575 | 0.000
20.646 | 0.020 || 20.667 | 0.024 || 20.929 | 0.000
20.920 | 0.011 || 20.912 | 0.013 || 21.131 | 0.001

21.045 | 0.007 | 21.021 | 0.009 || 21.359 | 0.001
19.755 | 0.079 || 19.766 | 0.080 | 20.317 | 0.000
20.361 | 0.049 || 20.352 | 0.079 || 20.733 | 0.000
20.759 | 0.008 || 20.742 } 0.042 |} 20.959 | 0.001
20.996 | 0.009 j| 20.983 | 0.008 || 21.171 | 0.001

(a)

(b)

o | x| ol ] | | o] &

Table 4.11: The rate 0.0625 bpp PSNR. coding performance in dB for the Lenna image,
=1 and L = 16: (a) using 2 training images. (b) using 5 training images.

v || STVQ | VTVQ | FSTVQ

3| 20.992 | 21.002 | 21.070

(a) | 4 || 21.230 | 21.296 | 21.739

5 || 21.680 | 21.677 | 22.011

6 || 21.909 | 21.844 | 22.160

3|1 21.377 | 21.344 | 21.454

(b) | 4 || 22.167 | 22.197 | 22.630

5| 22.510 | 22.370 | 22.867

6 || 22.787 | 22.820 | 23.166
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However, more complex trellis structures tend to slightly degrade the performance of
the FSTVQ algorithm due to the associated increased complexity of the distortion
surface. The lowest distortion configuration for each value of v is used to encode the
Lenna image. The PSNR results are shown in Table 4.11(a), where we demonstrate
the advantage of using FSTVQ for the different constraint lengths.

In the second part of the first case, we are still considering the compression at a
rate R = 0.0625 bpp (k = 1, L = 16), however, using 5 training images. The highest
achieved PSNR values in the training phase are plotted in Figs. 4.16 and 4.17. As
shown in Fig. 4.16(a) , using the 8th initial codebook the STVQ and the VTVQ
algorithms succeeded in matching the performance of the FSTVQ algorithm, which
provided a consistent performance using the different initial codebooks. Clearly,
the fact that we are using a relatively long training sequence made it easier for the
LBG-based algorithms to converge to a lower energy configuration, which was simply
coincidental. On the other hand, the FSTVQ algorithm proved to provide relatively
better PSNR results with more complex trellis structures, as shown in Fig. 4.17.
The dependency (fluctuation) of the performance of the LBG on initial conditions
is clearly demonstrated in Table 4.10(b). Similar to the observations made earlier,
it is clear in this case too that the fluctuation measured by the values of o2 gets
smaller with increased values of v.

Table 4.11(b) shows the results of encoding the Lenna image using the lower
distortion codebook for the different algorithms and constraint lengths. Comparing
the performance of the different algorithms in both the training phase and the
testing phase, we notice a clear advantage of the codebook generated using FSTVQ,
especially at v = 4 in Table 4.11(b). Although the different algorithms arrived at a
comparable low distortion point using initial codebook number 12, as shown in Fig.
4.16(b), the corresponding optimal codebooks should not necessarily be expected to
have similar components. In this particular example, the FSTVQ lowest distortion
point is achieved using initial codebooks (1,4,5,6,8,10,11). Accordingly, when
encoding an external test image, these different initial codebooks are believed to
provide different performance.

The other case study considers encoding at a rate of 0.25 bpp. For this system
we use a trellis of £ = 2 and constraint lengths v = 2,3, as well as 4 x 2 image
blocks, thus a vector dimension L = 8. To show the superiority of FSTVQ with
short training sequences, we only consider the 2-image training set. Fig. 4.18
shows the PSNR performance results using 15 uniformly distributed random initial
codebooks. Note that at this relatively more complex trellis, the FSTV(Q approach
showed some dependency on the initialization step, as shown in Fig. 4.18 and
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Figure 4.16: The rate 0.0625 bpp PSNR coding performance in (dB) using 5 training
images: (a) v =3, (b) v =4.
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Figure 4.17: The rate 0.0625 bpp PSNR coding performance in (dB) using 5 training
images: (a) v =35, (b) v =6.
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Table 4.12: The mean (x) and the variance (02) of the minimum distortion points (as
PSNR in dB) generated using the different algorithms with 2 training images. The com-
pression rate is 0.25 bps, k = 2 and L = 8.

STVQ VTVQ FSTVQ

2 2

v 7 o L o 7 o2

2 || 22.595 | 0.013 || 22.565 | 0.020 |} 22.772 | 0.002

3 |[ 23.175 | 0.009 || 23.157 | 0.008 || 23.377 | 0.001

Table 4.12. However, the FSTVQ performance is still better than that of the LBG-
based algorithms. The improved performance is further supported in in Table 4.13,
which represent the PSNR performance of encoding the Lenna image using the best
generated codebooks in the training phase. '

To show the impact of the PSNR improvement on the image subjective quality,
Figs. 4.20 to 4.25 show the reproduced images associated with the results of Table
4.13. In general, MSE-based VQ of images suffer from what is known as the stair-
case effect in image areas that include edges [114]. Several studies have successfully
treated this VQ compression deficiency, we mention in this context subband VQ of
images [115], addressed-VQ [117] and classified VQ (114, 116]. The MSE compression
process for VQ and TVQ is similar in the sense that in both cases the reproduction
codeword at any intermediate step in the process is the one with the minimum Eu-
clidean distance. Therefore, it is expected to face the same staircase effect problem
with TVQ. Nonetheless, in this case study we are interested in showing the relative
improvement resulting from applying the different codebook search algorithms with
image sources. Therefore, we will not consider applying staircase-proof techniques,
which have been thoroughly investigated in literature.

The original Lenna image is shown in Fig. 4.19. The images in Figs. 4.20, 4.21 and
4.22 represent the results with a trellis constraint length v = 2, where it is clear that
the PSNR improvement is reflected into enhancing the quality of the corresponding
reproduced image. In particular, higher PSNR values resulted into improving the
quality of high frequency values like the feather area. The same conclusions apply
for Figs. 4.23, 4.24 and 4.25, which are associated with v = 3.
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Figure 4.18: The rate 0.25 bpp PSNR coding performance in (dB) using 2 training images:
(a) v =2, (b) v =3.

Table 4.13: The rate 0.25 bpp PSNR coding performance in dB for the Lenna image
using 2 training images.

v || STVQ | VTVQ | FSTVQ

2 | 23.901 | 24.047 | 24.614

3 | 24.738 | 24.693 | 25.065
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Figure 4.20: The rate 0.25 bpp reconstructed image with FSTVQ, v = 2 and PSNR
= 24.614.

76



Figure 4.21: The rate 0.25 bpp reconstructed image with STVQ, v = 2 and PSNR
= 23.901.

Figure 4.22: The rate 0.25 bpp reconstructed image with VIVQ, v = 2 and PSNR
= 24.047.
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Figure 4.23: The rate 0.25 bpp reconstructed image with FSTVQ, v = 3 and PSNR
= 25.065.

Figure 4.24: The rate 0.25 bpp reconstructed image with STVQ, v = 3 and PSNR
= 24.738.
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4.6 Summary

This chapter introduced a novel approach, which used the source-channel coding
analogy to implement the symbol-MAP algorithm for data compression. The new
soft compression algorithm (STVQ) delivers a sequence of minimum distortion sym-
bols, which is commensurate to the minimum distortion sequence generated by the
Viterbi algorithm. Both the STVQ algorithm and the Viterbi algorithm performed
within the same rate-distortion proximity with memoryless Gaussian and Gauss
Markov sources. Even though the STVQ algorithm is more complex than the Viterbi
algorithm, through its distortion-related soft information, the new algorithm offers
new degrees of freedom for the design of reliable compression systems. We showed
that the complexity of this forward-backward algorithm can be cut down to roughly
2-4 times the complexity of the Viterbi algorithm.

In the second part of this chapter we considered extending the STVQ algorithm
by using the distortion-related reliability information to provide a fuzzy soft com-
pression approach (FSTVQ). In the process of deriving the FSTVQ algorithm, 'we
showed th close relationship between the functionality of Blahut algorithm and the
STVQ algorithm. The two algorithms use similar association probabilities and la-
grange multipliers to approach the sought for minimum distortion-rate point. This
interpretation led to proposing the minimization of a soft distortion measure, which
culminated into deriving the FSTVQ codewords update rule to replace the LBG-
based STVQ codebook design technique. The new approach alleviated the prob-
lems associated with the LBG search algorithm as applied to TVQ. The FSTVQ
search process provided lower distortion optimal codebooks that are significantly
independent of the initialization process using short training sequences. Due to the
nonstationarity of real data sources, it is not always preferable or even possible to
have a suitable long training sequence. FSTVQ showed significant improvement over
the LBG algorithm using short training sequences, which makes the new approach
an attractive choice for real applications. The performances of both the FSTVQ-
algorithm and the LBG-based algorithms were compared using a mixture Gaussian
source, an AR(2) Gauss-Markov source as well as still images.



Figure 4.25: The rate 0.25 bpp reconstructed image with VIVQ, v = 3 and PSNR
= 24.693.
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Chapter 5

Channel-Optimized Soft

Trellis Waveform Coding

In [46], Shannon shows that as long as the source entropy is less than the channel
capacity it is feasible to achieve an arbitrarily low error probability using separa-
ble source and channel coding systems. Although most of existing communication
systems apply the separable Shannon coding theory, tandem source and channel
coding systems only provide suboptimal performance. The suboptimality is mainly
attributed to the fact that the independent design of either system is based on the
ideal performance of the other one, which is practically rather elusive. In order to
explain this fact, consider the design of a channel coding system that is based on
ideal source coding. First, ideal source compression systems are characterized by
delivering memoryless and uniformly-distributed sequences of finite-alphabet sym-
bols. In other words, thev produce uncorrelated sequences of symbols that exhibit
maximal amount of information over the induced alphabet set; i.e., redundancy-free
sequences. However, practically any kind of nonstationarity in the source statistics
or suboptimality in the compression approach always reflects into residual redun-
dancy at the source encoder output. Therefore, a channel coding system that is
designed without considering the residual redundancy at its input is expected to fail
to provide the anticipated level of error protection in practical situations.

On the other hand, the design of channel-independent source compression systems
assume error-free transmission. The implication of this design approach represents
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the loss of some of the fidelity of reproduction over real noisy channels. The loss
can be significantly reduced by introducing an error correcting code, which practi-
cally reduces the error rate over the channel to zero. However, the channel coding
system imposes extra complexity, delay and bandwidth requirements on the commu-
nications system. In order to solve this issue of suboptimality several publications
considered a joint source and channel coding approach. Generally speaking, joint
source and channel coding systems function to properly exploit the trade-off between
fidelity of reproduction and error protection over channels within fixed transmission
bandwidths.

Several studies considered the effect of channel noise and the design of channel
optimized scalar quantizers [118, 119, 23]. Furthermore, the significance of vector
quantization systems in different speech and image compression applications moti-
vated research efforts into developing channel optimized vector quantizers (COVQ)
[59, 120, 121, 24], [25, 122], [21, 22]. Applying COVQ proved to provide lower
distortions of reproduction over the noisy channel by constraining the codebook de-
sign and the encoding process by the distribution of the channel noise. Encociing
is performed by transmitting the codeword index that produces the lowest aver-
age distortion over the channel distribution, rather than transmitting the index of
the codeword closest to the source output vector. On the other hand, the codebook
search process is performed through minimizing an average distortion measure, with
averaging performed over both the source and the channel statistics.

Channel-optimized trellis vector quantization (CO-TVQ) is a natural extension to
the basic principles of COVQ. The theory and the application of CO-TVQ systems
is presented in [21] and [22]. The CO-TVQ system design approach presented in
[22] is based on employing the LBG algorithm along with an initial codebook, a
“long” training sequence and a search algorithm. However, for a practical range of
channel bit error rates, the LBG algorithm suffers from the same limitations of the
noiseless channel case of simply being a local descent algorithm. Motivated by the
performance of the FSTVQ approach presented in the last chapter, we provide in
this chapter the necessary development for a channel-optimized FSTVQ codebook
search algorithm (CO-FSTVQ). Experimental results show the superiority of the
new CO-FSTVQ approach in providing robust channel-optimized trellis codebooks,
which are capable of providing competing distortion performance under channel-
matched and mismatched conditions. Simulations are conducted using first and
second order Gauss-Markov sources using several trellis structures, different initial
codebooks as well as short training sequences.
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5.1 Background and Problem Statement

Due to the close relationship between regular VQ and TVQ), it is always more in-
sightful to look into a TVQ problem from a VQ perspective. This section provides
the notation, the problem statement as well as the necessary background for COVQ
and CO-TVQ as an introduction for the generalization of FSTVQ to the counterpart
channel-optimized system, which is presented in the next section. The source con-
sidered in this chapter is a discrete-time continuous-amplitude source {yn}n=01.2,....
which is blocked into L-dimensional vectors as

}fn = [ynL: YnL+1ls---» yn.L+L—].]

Furthermore, the quantizers use a codebook denoted by C = {Cy,Ci,-.-,Ck-1}:
with K representing the codebook cardinality.

5.1.1 Channel Optimized Vector Quantization

The pioneer work of Farvardin in [24] set the basics for COVQ systems. In order to
introduce COVQ, we start by defining an encoding probability-like variable similar
to the one defined in Eq. (4.32) as

(i) = { Lo Thes (5.1)

0, otherwise

where S; represents the ith encoding set. Note that the definition in Eq. (5.1) repre-
sents a hard association rule. Then, similar to the conventional VQ design approach,
the design of COVQ is based on minimizing an average distortion of reproduction,
however, averaging is over both the source and the channel distributions [24, 25]

K—-1 K-1

D=— Z > ma(@) Pyad(Ya, Cs) (5.2)

n =0 ;=0

where d(Y,, C;) represents the instantaneous distortion between the vector Y, and
the codeword C’ Furthermore, Pj; is the probability that the symbol j is received
given that i was sent over the channel, and N7 is the length of the training sequence.
For the special case of a squared error distortion, Eq. (5.2) reduces to the sum of
the distortion introduced by VQ over the noiseless channel (Ds) and the contribu-
tion of the noisy channel.to the overall distortion (D¢) [24]. For this particular
case, it is possible to individually minimize the two distortion components. Clearly,
minimizing the Dgs represents a regular VQ design problem, which we refer to in
this chapter as source-matched quantization. Minimizing the distortion associated
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with the channel noise D¢ is solved by following an index assignment (IA) tech-
nique [59, 120, 121, 24]. Nonetheless, as demonstrated in [97], solving for a covQ
using an IA approach is locally suboptimal, since it is substantially dependent on
the noiseless VQ design.

The other approach that guarantees locally optimal COVQ structures involves
minimizing the average distortion given by Eq. (5.2). The design procedure is
similar to that of the noiseless VQ case. In this case the Nearest Neighbor Condition
(NNC), which represents the encoding rule, is given by [25, 24, 122]

K-1 K-1
S; = {Yn > Puid(Ya,Cj) < Y P d(Yn,C',-)} ,i=0,1,...,K—1 (53)

Note that the encoding rule takes care of the fact that the COVQ output is passing
through the noisy channel by delivering the index, which is most likely to produce
minimum distortion given the distribution of the channel noise. The second condi-
tion of optimality resembles the solution to the direct minimization of Eq. (5.2).
The solution represents the conditional mean over both the source and the channel
statistics, and it is given in the following equation for the special case of squared
error distortion [24, 97]

C. = Zlﬁgl Pj|i (Zn:Ynes‘ Yn)
7

- K—1 .
1=0 Zn:YnES, ﬂ’n(?')PJ'li

In this equation the term ) .., cs 7n(Z) specifies the source output vectors, which
are allowed to contribute to the update of codeword C;. In order to clearify the
presentation of the COVQ procedure, we define the following decoding probability
variable

(5.4)

K-1
ROEDPEROIT (5.5)
=0
where m,(Z) is the encoding probability defined in Eq. (5.1). Note that the defini-
tion of the encoding probability takes care of the conditional subscript of 3.y, cs,-
Similar notation is adopted in [97]. Using Eq. (5.5) in Eq. (5.4) produces

7 Zn Lrgn (j)
Then, using an initial guess, a training sequence, and the NNC of Eq. (5.3), the LBG

algorithm is employed to iteratively solve for a locally optimal COVQ codebook. The
codewords are updated using the centroid equations shown in Eq. (5.6).

ji=0,1,.... K —1 (5.6)
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5.1.2 Channel Optimized Trellis Vector Quantization

The first heuristic statement of the principles underlying channel-optimized trellis
vector quantization (CO-TVQ) was developed in [21], and was later implemented
in [22]. In order to explain the concept of CO-TVQ), consider a TVQ system that
delivers at time n the symbol z,, which represents a branch index out of state s,.
This symbol is received at the FSM decoder input as Z,. In the case of passing
information over a noiseless channel, £, along with the current F'SM state 5, repro-
duce the exact codeword that colours the corresponding encoding trellis branch. On
the other hand, this statement is never valid when operating over noisy channels,
since %, and 3, no longer match z, and s,. Nonetheless, from a probabilistic point
of view, and given a trellis state s, and branch index z,, the reproduction of a
particular codeword C is controlled by a probability mass function, which is given
by [21]

Pr{Clsnza} = >, Q5 s, za) (5.7)

£,5:®(5,2)=C

where Q(-|-) is the channel distribution, and ®(3, £) represents the F'SM decoder
function as defined in section 2.3.

In the case of COVQ, the effect of noise on the distortion of reproduction is
considered through modifying the encoding rule, which is represented by the NNC of
Eq. (5.3). Similarly, ir order to consider the channel noise in the CO-TVQ encoding
rule, Eq (5.7) intuitively suggests colouring the trellis branches with Pr{:|sn, Zn}
rather than with ®(s,, z,). Accordingly, the contribution of a particular branch z»
at state s, to the path metric is evaluated using

85n (Y, Ta) = Y _ d(Ya, C)Pr{Clsn, za} (5.8)

cecC

This equation represents the basic metric, which along with a search algorithm
constitute the channel-optimized TVQ encoding process over noisy channels. Note
that the definition of Pr{C|s.,z,} in Eq. (5.7) is meant to represent the general
situation, in which more than one FSM output point to the same reproduction
codeword. However, in this thesis, the FSM is a deterministic finite-memory shift
register, thus, the codewords are addressed by only one FSM output. In this case,
the variable Pr{C|sn,z»} is simply the channel transition probability Pji;, where j
represents the index of the codeword C, and i is the index of the codeword that
colours the branch z, at state s,.

The search for an optimal CO-TVQ codebook is performed by minimizing the
average distortion given by Eq. (5.2). However, to fit the notation of CO-TVQ,
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7n (1) is replaced by the TVQ encoding probability m,(i[Y{'), which is given by Eq.
(4.33) and reproduced as follows

. 1, 2(2) > Yn(J .. "

Trn(ZIYIN) - { 0 :ftlfez'wisi} “ v %7=0,1,... 2% -1 (5-9)
Recall that 2% is the total number of trellis branches, thereby, representing the
trellis codebook cardinality K. Besides that, ¥,(¢) = Pr {C;]Y{'} is defined in Eq.
(4.34). Accordingly, the channel-optimized average distortion is

K-1K-1

= Tvl? S5 S mGnY)Pyd(Ya, C) (5.10)

=0 7=0

The minimization process once again results into the centroid updates shown in Eq.
(5.6), however, the decoding probability of Eq. (5.5) is defined in the CO-TVQ case
as

K—1
on(7) = Z T (G YY) Py (5.11)
=0
Then. the codewords update is performed according to Egs. (5.6) and (5.11) using
the LBG algorithm along with the modified node-metric of Eq. (5.8) and a search
algorithm.

The complexity of the distortion measure defined in Eq. (5.10) usually perplexes
the search for a globally optimal minimum distortion point. Besides that, for several
practical information sources and high quantization dimensions, a globally minimum
distortion point is a rather hard-to-retain issue that cannot be described mathemat-
ically. This directly reflects into the significance of the search process initialization,
especially with local descent algorithms like the LBG algorithm. However, the search
process for a noisy channel-optimized codebook is less sensitive to the initialization
phase, this was first reported in [25]. To explain this statement, consider the ef-
fect of channel errors on the quantization process for a given codebook. For small
channel BER values €, the channel errors will not result in dramatic changes of the
location of a reproduction codeword in the encoding space, thus having a relatively
local effect within the vicinity of that particular codeword. On the other hand,
for higher values of ¢, the errors introduced over the noisy channel will change the
location of a particular codeword in a larger area of the encoding space. Therefore,
over “very” noisy channels, the impact of having a particular initial codebook on
the global convergence process is limited by the effect of channel errors. In other
words, the local effect of the reproduction codewords becomes less significant as the
BER over the noisy channel increases. Similar interpretation is presented in [123].
Despite this fact, we shall see in the simulations section, and for a practical range
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of the channel BER ¢, that the performance of the LBG algorithm is still dependent
on the choice of initial codebooks. This dependency along with the need for “long”
training sequences still preclude achieving lower-distortion channel-optimized code-
book configurations. The authors in [97] provide a robust deterministic annealing
based approach to solving the problems associated with the LBG algorithm in the
context of COVQ. In the next section, we extend the FSTVQ approach presented in
chapter 4 to fit the problem of CO-TVQ. The approach is denoted by CO-FSTVQ.

5.2 Channel-Optimized FSTVQ

The objective of this section is to extend the fuzzy relaxation approach (FSTVQ)
presented in chapter 4 to fit the context of CO-TVQ. The extension is established
using the argument of section 4.3, which culminated into employing the two ba-
sic principles of soft encoding and fuzzy association in the TVQ codebook search
process. The FSTVQ approach was motivated by having measures and probabiiity
values that match those used in the development of Blahut algorithm. Blahut algo-
rithm solves for the optimal distributions that achieve an optimal point on the rate
distortion curve parameterized by a specific Lagrange multiplier. Inspired by this
algorithm, the FSTVQ approach solves for the exact reproduction codewords, rather
than their distribution, by gradually increasing the value of the Lagrange multiplier
to arrive at a specific rate-distortion point using an association distribution that
matches the one used in Blahut algorithm.

In summary, the soft encoding part of FSTVQ represents minimizing a soft aver-
age distortion measure rather than a hard one. The word “soft” is used to denote
the process of weighting the contribution of the source output vectors to the dif-
ferent encoding sets. By virtue of having the STVQ algorithm, which delivers soft
distortion-dependent reliability information, we managed in section 4.4 to define a
soft average distortion measure similar to the theoretical distortion rate function.
Minimizing this distortion measure produced the FSTVQ codeword update equa-
tions, which eventually provided initialization-independent lower-distortion code-
books using short training sequences. On the other hand, the fuzzy association part
of the process is performed via gradually increasing the value of a Lagrange multi-
plier to control the degree of membership of a source output vector to an encoding
set. This part is performed based on an instantaneous distortion measure.

In the CO-TVQ framework of reference, the channel-optimized average distortion
measure is given by Eq. (5.10). However, in accordance with the development of
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FSTVQ, the hard encoding probability m,(i[Y;") is replaced by (i) = Pr {C;|YV}
resulting into the soft channel-optimized average distortion

K—-1K—-1

1 .
D= o SN %n(i)Pid(Ya, Cy) (5.12)
n i=0 ;=0
where ¥,(2) is given by Eq. (4.34), which is represented by the following equation
. AL (m
Yn(t) = =37 (m) (5.13)

with A;(m) defined in Eq. (4.15) and solved for using the STVQ algorithm. Fur-
thermore, in harmony with Eq. (5.13), C; represents the codeword associated with
the trellis state s, = m and the branch index z, = ¢. In order to solve for the
codewords-update rule, we simply differentiate the average distortion given by Eq.
(5.12) with respect to C;. For the case of squared error distortion, this step produces

8D -2 <= :
5C; = N_Tzzwn(z)zvﬂ,- (Yo—Cj); Y¥i=0,1,....,K—1 (5.14)

n 1=0
Equating the derivative to zero results in the following codewords update equations
K—1 .
=i n{l P'iYn .
CjZZI—[g-—Ian()- 2 v =0:11'--1K—1
im0 2 Yn (1) Py

At this stage, we redefine the decoding probability variable ©.(j), given by Eq.
(5.11), using ¥,(?) instead of the hard probability variable . (i|Y{") as follows

(5.15)

K-1
wn(J) = Z Yn(2) Py (5.16)
—

Applying Eq. (5.16) into Eq. (5.15) results in the following simplified codewords
update equation

Zn on(J)Yn .

C; XL j=01,...,K -1 (5.17)
Note that the difference between Eq. (5.17) and Eq. (5.6), as applied to CO-TVQ,
is inherent in the definition of w,(j). The value of @,(j) in Eq. (5.11) represents
only one probability variable; that is Pj;, with ¢ representing the output symbol
delivered by the CO-TVQ at time n. On the other hand, the value of ©,(j) in Eq.
(5.17) stands for a weighted sum of Pj; over the different values of 7, as shown in Eq.
(5.16). The weights are the soft values 1, (7) defined in Eq. (5.13), which provide
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the fuzzy association rule necessary to update the different encoding sets for the
noisy channel case. Unlike CO-TVQ, at the early stages of CO-FSTVQ each source
output vector contributes to updating the different encoding set centroids. As it is
the case with FSTVQ, the fuzziness of the codebook update process is controlled
by the Lagrange multiplier used in Eq. (4.21). This concludes the derivation of the
CO-FSTVQ approach. The following represents a summary of the procedure of the
CO-FSTVQ process:

1.

5.

For a particular channel bit-error rate €, start with an initial “small” 7, which
is used in Eq. (4.21), and a random initial codebook.

. Perform CO-TVQ over the noisy channel using the node-metric defined in Eq.

(5.8) and the STVQ algorithm.

Use the soft information delivered by the STVQ algorithm and defined in Eq.
(5.13) to update the codewords according to Egs. (5.17) and (5.16).

Compute the soft average distortion defined in Eq. (5.12) using Eq. (5.13).
This step is necessary to test the approach towards the optimal minimum,
which is used by the inherent steps of the LBG algorithm. The algorithm
halts the process when no decrease in average distortion is achieved at n = n".
Recall that ™ is the value of ) associated with the optimal performance of the
STVQ algorithm for a given distortion and compression rate.

Increment 1. If n > n*, then 7 = n~, go to step 2.

Note that the final stages of the CO-FSTVQ algorithm is controlled by step 4 in the
above procedure. The termination stage occurs at 7 = 1%, in an approach identical
to the LBG algorithm with CO-STVQ.
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5.3 Performance Evaluation

In accordance with the development presented thus far in this chapter, we shall
consider trellis quantization over a binary symmetric channel (BSC) with bit error
rate (BER) €. This channel models the case of binary modulation (BPSK) over a
memoryless Gaussian channel with constant or time varying SNR and hard decision
decoding. Therefore [124]

1., [Ep
€= 2.7-"( No) (5.18)

where E}, represents the energy per transmitted information bit, N,/2 is the variance
of the Gaussian channel noise. Besides that, F¢(-) stands for the complementary
error function, which is given by [124]

Fé(z) = %/ et dt

To compute the channel transition probability variable Pj;;, which is used in the
development of the theory of this chapter, note that the symbols 7,7 are kv-bit
codeword indices. Accordingly, the variable P;;; of a BSC with BER ¢ is computed

as follows
Pj/i = Ehd(]. ha G)ku—hd

where h, represents the Hamming distance between 7 and <.

Performance evaluation is performed using different trellis structures with first
and second order Gauss-Markov sources. The fuzzy codebook search approach (CO-
FSTVQ) is compared to the LBG algorithm, which is implemented using both STVQ
and VTVQ. In order to show the advantage of using CO-FSTVQ, the codebook
search process is performed 15 times, each time with a different initial codebook
chosen at random from the training sequence. The same initial codebooks are used
with the different algorithms for each particular case. Unlike the LBG algorithm,
we demonstrated in chapter 4 that the FSTVQ approach is capable of descending
towards lower distortion points using relatively short training sequences. Therefore,
to accentuate this feature in the channel-optimized version of the FSTVQ algorithm,
training is performed using sequences of length 2000 samples. Based on several ex-
perimental outcomes, this sequence length proved to provide the rough performance
borderline sought for in the different cases considered in this chapter.

The methodology of our simulations involves two phases; training and testing. For
each algorithm and given a particular compression rate, trellis structure (constraint
length) and channel bit error rate €, we employ the same training sequence to look
for the “optimal” codebook 15 times using the different 15 initial codebooks. On
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the other hand, the testing phase involves applying the “best” and the “worst”
optimal codebooks, in the minimum distortion sense, to encoding 50-different 2000-
sample test sequences over the corresponding noisy channel. The results are used to
compute the average signal to quantization noise ratio as well as the corresponding
95% confidence interval (CI). The computation of the confidence interval is once
again based on the argument presented in section 4.3. Recall that 1000-sample
realizations were used in the process of average performance evaluation of chapter
4. In this chapter, however, we use 2000-sample realizations in order to increase
the number of channel errors over the coding discrete-time window. For instance,
the minimum BER € used in the different simulation cases is 0.005. Therefore,
transmitting 2000 source output samples over a channel with € = 0.005 is expected
to produce a maximum of (0.005 x 2000Rk) channel errors. Note that R represents
the compression rate, and k is the number of bits per a TVQ output symbol.

The testing phase itself has two parts; testing over the noisy channel, which is
referred to as the channel-optimized performance, and testing over the noise-free
channel. This last part is performed to measure the performance degradatlon of
using channel-optimized codebooks over noise-free channels. To further complete
the picture, we apply regular TVQ codebooks over the noisy channel, which demon-
strates the performance loss due to channel noise as compared to channel-optimized
codebooks. For this purpose, we apply FSTVQ to perform the codebook search
process using the different 15 initial codebooks and the same 2000-sample training
sequences. Moreover, the advantage of using channel-optimized codebooks is tested
in channel mismatched conditions as compared to noiseless channel codebooks for
several selected cases.

Before presenting the results it is important to discuss the theoretical rate-distortion
limits of transmitting information over a noisy channel. As indicated in appendix
A, we can solve for the exact values on the curve of the distortion rate function for
a particular source. These theoretical values, set the lowest possible limits for the-
oretical compression over the noiseless channel. For the case of source coding over
the noisy channel, McEliece in chapter 5 of [125] develops the optimal performance
theoretically attainable (OPTA) limit for transmitting information sources over noisy
channels. The OPTA limit R(D) represents the minimum compression rate possible
to convey information over a noisy channel with capacity G and average fidelity of
reproduction D. Clearly, the OPTA is conceptually related to the rate distortion
function, in fact it is defined as

R(D) = —— (5.19)
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Nevertheless, for comparison purposes, we are usually interested in the theoretical
minimum distortion limit, which we shall denote hereafter by the minimum distor-
tion theoretically attainable (MDTA) D(R). Note that, the MDTA value for a partic-
ular source coding system is the value at the OPTA curve corresponding to the oper-
ational compression rate. However, on the noiseless distortion rate (D(R)) curve, the
MDTA point represents the value of the distortion rate function at R(D) = G R(D);
given that R(D) is replaced by the operational compression rate of interest.

This treatment of the OPTA concept intuitively shows the impact of channel noise
on re-shaping the theoretical rate distortion curve of an information source. As an
example, Figs. 5.1 and 5.2 show the OPTA curves for an AR(1) source with a = 0.9
over a BSC. Note that the channel capacity G, which for the BSC is given by Eq.
3.3, is always less than or equals to 1 symbol/channel use (the channel symbol in our
case is a bit). Therefore, to achieve a given average fidelity of reproduction D(R),
the channel noise actually increases the required theoretical minimum information
rate (R(D)) by a factor of 1/G, as shown in Fig. 5.2. This factor accommodates for
the extra theoretical penalty required to balance the compression/ error—protectlon
trade-off over the noisy channel. The increased level of redundancy at the channel
input is necessary to reduce the sensitivity of the transmitted sequence to channel
errors. Thereby, achieving the same average distortion D that is associated with
R(D) for the case of transmitting over the noiseless channel (G = 1).

5.3.1 AR(1) Source

In this section performance testing is conducted using the highly correlated AR(1)
source with a coefficient p = 0.9. Two compression cases over the noisy channel are
considered: 1 bps and 0.5 bps. The first case represents 2-dimensional compression
(L = 2) at a rate of 1 bps using a trellis with kK = 2 and constraint lengths v = 2,3.
Note that in order to enhance the performance of the trellis we use two-dimensional
compression with & = 2 to achieve a rate of 1 bps. It is worth mentioning that
although increasing the trellis constraint length increases the number of reproduction
codewords, it is the parameter & that mainly controls partitioning the encoding space
into 2% main subsets. Aside from the fact that the former argument is supported by
the physical compression rate (k/L), it was experimentally demonstrated that the
training algorithm equally divides (clusters) the different codewords in the vicinity
of 2% centroids in the encoding space.

Searching for the channel-optimized codebooks is performed over the following set
of channel BER
€ = [0.005 0.01 0.03 0.05 0.1]
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Tables 5.1 and 5.2 show the average SNR as well as the 95% confidence interval
over the corresponding noisy channel and the noiseless channel. In these tables
we show SNR ... and SNR,.;n, which amongst the 15 independent training runs
correspond to the best and worst codebooks, respectively. The bold numbers rep-
resent coding over channel-matched conditions, while the second-line numbers of
each cell represent the performance over the error-free channel. For this particular
source and compression rate, the channel-optimized TVQ (CO-TVQ) outperformed
the regular source-matched TVQ (SM-TVQ), designed using FSTVQ, under noisy
channel-matched conditions as shown in Table 5.1. As expected, the coding gain of
the channel-optimized approach increases as the channel conditions worsen.

On the other hand, Table 5.2 shows the channel-optimized performance of the
LBG-codebooks using both STVQ and VTVQ. The sensitivity of the LBG algo-
rithm to initial codebooks and to the 2000-sample training sequence length is clear
from the gap in performance between SNR,,; and SNRmin. This gap is significantly
reduced as the channel became more noisy. This anticipated behaviour was physi-
cally explained in the problem statement in section 5.1.2. Nonetheless, the difference
in performance, as compared to the performance of CO-FSTVQ codebooks, is still
at least ~ 1 dB at € = 0.05 and v = 3. This channel BER value is considered higher
that most practical BER values, which justifies using CO-FSTVQ for the design of
the trellis codebook below for instance € = 0.05. Furthermore, lower distortions of
reproduction were achieved by CO-FSTVQ as compared to the best performance of
the LBG algorithm amongst the 15 trials for low channel BER. In Figs. 5.3 and
5.4 we demonstrate the behaviour of the CO-LBG-based algorithms compared to
that of the CO-FSTVQ algorithm. The impact of channel noise on reducing the de-
pendency of the different algorithms on initial conditions is clear from Fig. 5.4(a).
However, the advantage of CO-FSTVQ is clear for more complex trellis structures,
Fig. 5.4(b), especially at lower channel BER as shown in Fig. 5.3.

One disadvantage of the channel-optimized performance is the degradation in-
volved during operating under channel-mismatched conditions. As shown in Tables
5.1 and 5.2, there is a performance loss that results from applying the channel-
optimized codebooks to compression over the noiseless channel as compared to the
performance of SM-TVQ codebooks. The performance degradation becomes more
pronounced as we employ codebooks that are matched to noisy channels with higher
BER. Nevertheless, as shown in Table 5.1, there is also a certain level of performance
degradation that results from applying SM-TVQ codebooks over the noisy channel.
For example, in reference to the results documented in Tables 5.1 and 5.2 for € = 0.05
and v = 3, using the CO-TVQ over the noisy channel provides a gain of ~ 1.2 dB,
while risking a loss of only ~ 0.5 dB in the event of error-free transmission. Further
treatment of operating through channel mismatched conditions is considered later
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Table 5.1: The CO-FSTVQ and FSTVQ rate 1 bps coding performance for the AR(1)
source with p = 0.9; k = 2, L = 2. The values are listed as SNR + CI in (dB). The bold
numbers represent the channel optimized performance, while the other numbers represent
testing over the noiseless channel.

CO-FSTVQ FSTVQ
e |v SNRmaz SNRmin SNRmaz SNRmin

2 9.305 £0.076 9.233 £ 0.090 9.184 +£0.116 | 9.138 +£0.116

0.005 9.856 +0.063 9.818 £ 0.066 10.300 £ 0.033 | 10.273 +0.034
3| 10.134+0.034 | 10.110£0.037 | 9.967 =0.041 | 9.801 £ 0.064"

10.857 £ 0.020 10.830 £ 0.023 10.869 £ 0.013 | 10.794 £0.013

2 8.866 = 0.087 | 8.834 +=0.077 8.235 £0.152 | 8.208 :-0.149

0.01 9.913 £0.063 9.908 £ 0.063 10.300 £ 0.033 | 10.273 +=0.034

3 9.579+0.058 | 9.553 +0.060 || 9.270 1+ 0.0747 | 8.995 + 0.066

10.694 +0.036 10.653 £ 0.039 10.869 +£0.013 | 10.794 £0.013

2 7.243 +=0.135 7.176 = 0.148 6.039 £=0.258 | 5.995 +0.255

0.03 9.294 £ 0.108 9.188 +£0.129 10.300 £0.033 | 10.273 +0.034

3 8.073 £ 0.091 8.073 £0.091 7.244 £0.254 | 6.941 =0.194

10.253 = 0.063 10.253 £ 0.063 10.869 +0.013 | 10.794 £0.013

2 6.364 = 0.161 6.342 +0.163 4.586 £0.275 | 4.556 = 0.278

0.05 8.520 £ 0.157 8.489 + 0.160 10.300 +£0.033 | 10.273 +£0.034

3 7.553 =0.098 7.553 +=0.098 6.307 £0.115 | 5.903 =0.122

10.471 = 0.061 10.471 £ 0.061 10.869 £ 0.013 | 10.794 +0.013

2 4.987 +0.214 | 4.987 +0.214 2.347 +0.387 | 2.345 +0.393

0.1 7.517 = 0.220 7.517 £0.220 10.300 £0.033 | 10.273 +0.034

3 5.719 +0.173 5.719 £0.173 4.522 £0.174 | 3.969 4+ 0.242

8.549 £0.173 8.549 £ 0.173 10.869 +0.013 | 10.794 £0.013
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Table 5.2: The CO-STVQ and CO-VTVQ rate 1 bps coding performance for the AR(1)
source with p = 0.9; £k = 2, L = 2. The values are listed as SNR + CI in (dB). The bold
numbers represent the channel optimized performance, while the other numbers represent
testing over the noiseless channel.

CO-STVQ CO-VIVQ
€ v SNRma.:r SNRmi-n. SNRma.z SNRmin

2 1 9.379 +=0.066 | 7.406 £0.179 || 9.381 £ 0.068 | 7.414 +0.156

0.005 9.981 +0.054 8.619 +0.091 9.984 + 0.049 8.622 +0.097
3] 9.780+0.063 | 7.931 £0.252 || 9.348 + 0.079 | 7.986 +0.256

10.500 £0.035 | 9.300 +0.077 10.240 £=0.038 | 9.350 £0.079
2 | 8.887 +0.076 | 7.458 +0.192 || 8.846 £0.074 | 7.4241+-0.184

0.01 9.966 +£0.057 | 9.009 £ 0.086 9.976 + 0.052 9.037 & 0.086
31 9.414+0.076 | 7.919 £0.221 || 9.411 £+ 0.090 | 7.787 = 0.143

10.526 =0.044 | 9.840 = 0.069 10.605 0.047 | 9.576 £0.073

2 || 7.252+0.153 | 6.371 £0.252 || 7.256 + 0.150 | 6.381 +=0.248

0.03 9.306 £-0.108 8.679 +£0.137 9.300 £ 0.108 8.671 +0.138
3 | 8.436 +=0.110 | 6.679 +0.280 || 8.464 = 0.073 | 6.780 +=0.277

10.477 £0.046 | 10.095 £ 0.059 || 10.564 +0.045 | 10.185 £0.051

21 6.342+0.143 | 6.275 +0.187 || 6.338 £0.149 | 6.285 +0.174

0.05 9317 £0.107 9.444 +0.086 9.288 +£0.114 9.498 + 0.082
3| 7.545+0.103 | 6.525 £0.134 || 7.548 +-0.101 | 6.626 +=0.114

10.398 =0.060 | 9.417 £0.106 10.379 £0.062 | 9.368 £0.121
2 || 4.996 +0.181 | 5.003 +0.209 || 4.997 £0.181 | 5.005 £0.207

0.1 7.519 £0.219 7.568 + 0.218 7.525 £ 0.219 7.583 £0.217
31 5.753 +0.168 | 5.666 +=0.237 || 5.743 £ 0.171 | 5.625 £ 0.241

8.667 +=0.168 9.752 + 0.081 8.647 £ 0.170 9.739 £ 0.075
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Figure 5.3: The channel-optimized coding performance of the AR(1) source at a rate of
1 bps, k =2, L = 2, and € = 0.01, using 2000 training samples: (a) v =2, (b) v =3.
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Figure 5.4: The channel-opiimized coding performance of the AR(1) source at a rate of
1 bps, k =2,L =2, and € = 0.05, using 2000 training samples: (a) v = 2, (b) v =3.
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in section 5.3.3.

In the second case study, we perform 0.5 bps compression using 4-dimensional
vectors and a trellis with £ = 2 and v = 2,3. The results are shown in Tables
5.3 and 5.4. As demonstrated in the previous 1 bps case, similar algorithms be-
haviour is expected in this case. However, due to the increased coding dimension
the advantage of using the CO-FSTVQ approach is more evident. Once again as the
performance gap between SNR ., and SNR,;, of the CO-LBG algorithm increased
with reduced levels of noise, CO-FSTVQ showed less sensitivity to initializations at
this relatively short training sequence length. Furthermore, CO-FSTVQ provided
lower average distortion of reproductions especially for € < 0.03 as compared to the
best performance provided by the CO-LBG algorithm in Table 5.4. The relatively
poor performance of the CO-LBG algorithm is demonstrated in Figs. 5.5 and 3.6
for the special cases of € = 0.01, 0.05, respectively, as compared to the performance
of CO-FSTVQ. As a comparison point between the performance of the CO-TVQ
and the SM-TVQ, consider in Table 5.3 the results that correspond to v = 3 and
€ = 0.03. The performance loss due to using the CO-FSTVQ codebook over the
error-free channel is ~ 0.3dB, however, the same codebook provides a gain of ~ 0.65
dB over the matched noisy channel.
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Table 5.3: The CO-FSTVQ and FSTVQ rate 0.5 bps coding performance for the AR(1)
source with p = 0.9; k = 2, L = 4. The values are listed as SNR £ CI in (dB). The bold
numbers represent the channel optimized performance, while the other numbers represent
testing over the noiseless channel.

CO-FSTVQ FSTVQ
€ v SNRmaz SNRmin SNR oz SNRmin

2 7.738 +-0.052 | 7.687 +=0.0527 | 7.565 £ 0.056 | 7.523 £ 0.065

0.005 8.074 £ 0.037 7.930 £0.047 8.128 +0.015 8.113 £0.017
3 7.900 = 0.035 7.721 = 0.058 7.835 £0.060 | 7.752 £ 0.035

8.301 £0.018 8.127 = 0.018 8.311 £0.013 8.180 £ 0.020

2 7.222 = 0.087 7.095 £0.101 6.812+0.136 | 6.764 + 0.148

0.01 7.976 £ 0.031 7.835 £ 0.095 8.128 £ 0.015 8.113 £0.017
31 7.534+£0.0667 | 7.399 £0.112 7.307 +£0.118 | 7.195 £ 0.101

8.338 £ 0.020 8.207 £0.029 8.311 £0.013 8.180 £ 0.020
2 6.054 = 0.151 6.027 = 0.155 5.162 £ 0.171 | 5.227+0.174

0.03 7.355 £0.113 7.323 £0.114 8.128 £0.015 8.113 £ 0.017
3 6.512+0.115 6.502 £0.104 5.853 +0.140 | 5.877 £ 0.118

7.995 £ 0.058 7.939 £ 0.0648 8.311 £0.013 8.180 £0.020
2 5.335 +0.178 5.317 £ 0.171 3.922 +0.224 | 3.864 + 0.257

0.05 7.089 £0.137 7.040 £0.138 8.128 £0.015 8.113 £ 0.017
3 5.793 £0.117 5.779 £0.119 4.860 +-0.129 | 4.778 £ 0.192

7.919 £ 0.0896 7.929 £ 0.087 8.311 £0.013 8.180 +£0.020

2 4.220 £0.248 4.220 = 0.248 1.921 +0.326 | 1.843 +-0.385

0.1 6.514 £ 0.187 6.514 £0.187 8.128 £0.015 8.113 £ 0.017
3 4.711 +£0.205 4.711 £0.205 3.314+0.138 | 3.240 £ 0.279

7.162 £0.140 7.162 £0.140 8.311 £0.013 8.180 £ 0.020
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Table 5.4: The CO-STVQ and CO-VTVQ rate 0.5 bps coding performance for the AR(1)
source with p = 0.9; £ = 2, L = 4. The values are listed as SNR £ CI in (dB). The bold
numbers represent the channel optimized performance, while the other numbers represent
testing over the noiseless channel.

CO-STVQ CO-VTVQ
€ v SNR ez SNRmin SNRmaz SNRmin

21 7.326 £0.076 | 6.111 +0.143 || 7.153 £ 0.086 | 6.086 =0.141

0.005 7.597 + 0.068 6.697 == 0.093 7.489 £+ 0.074 6.649 + 0.099
31 6.807+0.110 | 5.9901+0.142 || 6.663 =0.127 | 6.100 = 0.151

7.319 +0.068 6.551 +=0.116 7.313 £+ 0.064 6.723 = 0.107

211 7.004 +0.144 | 5.423 +0.342 || 6.791 = 0.166 | 5.406 +-0.376

0.01 7.67 £0.071 6.642 +0.101 7.482 £+ 0.088 6.622 +0.100
31 6.307 +0.232 | 5.483 +£0.341 || 6.597 +0.150 | 5.500 + 0.345

7.411 £0.072 6.823 +0.108 7.663 £ 0.032 6.871 + 0.099
21 6.046 +0.102 | 4.939 +-0.287 || 6.107 +0.103 | 5.171 £ 0.114

0.03 7.316 =0.103 6.937 = 0.121 7.399 4+ 0.097 7.321 £ 0.057
31 6.467+0.052 | 4.707 £0.239 || 6.491 +0.052 | 4.672 +0.244

7.953 +£0.036 6.938 - 0.140 8.020 4+ 0.037 6.905 £ 0.146

21 5328 +0.176 | 5.212+0.196 || 5.327+0.176 | 5.162 +=0.240

0.05 7.063 +=0.140 7.045 £0.127 7.08 +0.137 7.422 + 0.088
31 5.759 +0.179 | 5.356 +0.159 || 5.750 +0.145 | 5.206 = 0.176

7.923 +0.056 7.362 +=0.108 7.797 + 0.061 7.363 &= 0.102

21 4278 +0.228 | 3.921 +0.423 || 4.276 :=0.227 | 3.914 +0.426

0.1 6.421 +0.184 7.165 £0.111 6.451 4= 0.183 7.157 £0.111
3 4.625 +0.182 | 4.590 +0.229 || 4.6353+-0.178 | 4.516 +-0.322

7.227 £ 0.133 7.123 +0.128 7.211 £ 0.135 7.667 +=0.070
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Figure 5.5: The channel-optimized coding performance of the AR(1) source at a rate of
0.5 bps. k = 2,L =4, and € = 0.01, using 2000 training samples: (a) v =2, (b) v =3.
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Figure 5.6: The channel-optimized coding performance of the AR(1) source at a rate of
0.5 bps, k = 2,L =4, and € = 0.05, using 2000 training samples: () v=2,(b)v=3.
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5.3.2 AR(2) Source

The AR(2) source used in this section is the one used in chapter 4. The source
has the two coefficients a; = 1.515,a; = —0.752, which are computed to match a
sample speech signal [14]. Two-dimensional vector compression is performed using
a trellis with £ = 1, v = 3,4, 5, hence, and encoding rate of 0.5 bps. The codebook
optimization is performed over the same range of channel BER used in the previous
section. The results of using the different algorithms are presented in Tables 5.5 and
5.6, where we show the best and the worst performance amongst the 15 training
experiments. [t is interesting to demonstrate that the performance of the FSTVQ
approach, for this source and at this particular compression rate, is completely
independent of the initialization process. To explain this point, consider the power
spectral density of this source, which is given in Eq. (A.20) and plotted in Fig.
5.7 along with the power spectral density of the AR(1) source with p = 0.9. It
is clear that the spectrum of the AR(2) source covers a wider range of frequencies
as compared to the AR(1) source. Therefore, it is more likely for an initial two-
dimensional codebook, which is chosen at random from a sample AR(2) sequence,
to represent a wider class of samples. On the other hand, due to the selectivity
of the power spectral density of the AR(1) source, some of the initial codewords
are expected to represent smaller number of training vectors. This explains the
different sensitivity levels the FSTVQ approach exhibited with the two AR(1) and
AR(2) sources.

The spectral richness of this source did not hinder the sensitivity of the CO-
LBG algorithm to the initialization phase for ¢ < 0.05. This is clear from the
gap between SNR,,,- and SNR.;n as shown in Table 5.6. Although the CO-LBG
algorithm provided slightly higher SNR,,.; at € = 0.05 in Table 5.6 compared to
the CO-FSTVQ performance in Table 5.6, the two performances are within the
same 95% confidence interval. Furthermore, the CO-FSTVQ provided a steady
low distortion of reproduction for the entire range of channel BER. Note that as
expected the sensitivity of the LBG algorithm is significantly reduced over a very
noisy channel with € = 0.1. As for the comparison between the SM-TVQ, which is
designed by FSTVQ, and the CO-TVQ approach, we can demonstrate the increased
performance loss of the SM-TVQ codebook as the channel becomes more noisy. As
an example we consider the case in Table 5.5 with ¢ = 0.05 and v = 6. For this
case we demonstrate the importance of employing a CO-TVQ codebook over the
matched channel, which provides a compression gain of ~ 1.3 dB, compared to a
gain loss of only ~ 0.27 dB over the error-free channel.

Figs. 5.8 and 5.9 show the fluctuation in performance of the CO-LBG-based
algorithms as compared to the consistent performance of the CO-FSTVQ. In Fig.
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Figure 5.7: The power spectral density of the AR(1) source and the AR(2) source

5.8 two cases of optimizing over a channel with ¢ = 0.01 is demonstrated, while
Fig. 5.9 represents the results of optimizing over a channel with € = 0.05. Note the
reduced sensitivity of the CO-LBG algorithm to initialization for increased levels of
channel noise represented by Fig 5.9.
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Table 5.5: The CO-FSTVQ and FSTVQ rate 0.5 bps coding performance for the AR(2)
source; k = 1, L = 2. The values are listed as SNR £ CI in (dB). The bold numbers
represent the channel optimized performance, while the other numbers represent testing

over the noiseless channel.
CO-FSTVQ FSTVQ
€ v SNRﬂnaa: SNRmin SNRma:z SNRfmin
4| 6.567+0.136 | 6.567 +=0.136 || 6.707 £0.115 | 6.707 £0.115
6.813 +0.115 6.813 £0.115 7.021 +0.092 7.021 £ 0.092
0.005 [ 5| 7.012+0.106 | 7.012 +0.106 || 6.854 +0.099 | 6.854 = 0.099
7.195 +0.089 7.195 £0.089 7.232 + 0.082 7.232 +0.082
6| 7.112+0.089 | 7.112-+0.089 || 6.992 +0.123 | 6.992 +0.123
7.462 +£0.062 7.462 + 0.062 7.526 £ 0.043 7.526 +0.043
4 |l 6.390 +0.130 | 6.390 -0.130 || 6.337+0.124 | 6.337 = 0.124
6.900 £0.121 6.900 +£0.121 7.021 £+ 0.092 7.021 £=0.092
001 | 5] 6.688 +0.129 | 6.688 +0.129 || 6.448 = 0.157 | 6.448 +0.157
7.290 +0.094 7.290 +0.094 7.232 £ 0.082 7.232 +=0.082
6]l 6.839+0.116 | 6.8394+0.116 || 6.402+0.197 | 6.402 +0.197
7.552 +0.061 7.552 £0.061 7.526 +=0.043 7.526 +0.043
4| 5491 +0.198 | 5.491 +0.198 || 5.223+0.188 | 5.223 = 0.188
6.820 +0.135 6.820 £0.135 7.021 £ 0.092 7.021 £=0.092
0.03 | 5| 5.847 +0.180 | 5.847 +0.180 || 5.314 +£0.150 | 5.314 = 0.150
7.332 +£0.114 7.332 £0.114 7.232 +0.082 7.232 £=0.082
6 || 5.949 +0.176 | 5.949 +0.176 || 4.774 +0.211 | 4.774 = 0.211
7.53 £0.107 7.53+0.107 7.526 +0.043 7.526 £0.043
4 || 4.796 +0.266 | 4.796 :-0.266 || 4.373 +0.189 | 4.373 £ 0.189
6.660 £ 0.157 6.660 £ 0.157 7.021 £+ 0.092 7.021 +=0.092
0.05 | 5 || 5.069 £0.221 | 5.069 +=0.221 || 4.361 =0.243 | 4.361 =0.243
7.102 £0.132 7.102 +£0.132 7.232 +0.082 7.232 4+ 0.082
6 || 5.096 +0.212 | 5.096 +=0.212 || 3.710 +-0.342 | 3.710 £+ 0.342
7.260 +=0.136 7.260 £0.136 7.526 +£0.043 7.526 ==0.043
4] 8.556+0.337 | 3.556 +£0.337 || 2.921 +=0.218 | 2.921 £ 0.218
6.015 +0.220 6.015 £0.220 7.021 £+ 0.092 7.021 £ 0.092
0.1 5 || 3.847 +-0.288 | 3.847 = 0.288 || 2.955 +0.234 | 2.955 +=0.234
6.412 +0.197 6.412 £ 0.197 7.232 £+ 0.082 7.232 +0.082
6 || 3.950+0.280 | 3.950 +=0.280 || 2.108 £0.210 | 2.108 £+ 0.210
6.625 +0.194 6.625 £0.194 7.526 £+ 0.043 7.526 £0.043
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Table 5.6: The CO-STVQ and CO-VTVQ rate 0.5 bps coding performance for the AR(2)
source; k = 1, L = 2. The values are listed as SNR £ CI in (dB). The bold numbers
represent the channel optimized performance, while the other numbers represent testing

over the noiseless_channel.
CO-STVQ CO-VTVQ
€ v SNRmax SNRmin SNRmaz SNR.min
4| 6.539 +£0.128 | 5.384 +0.230 || 6.5391+0.128 | 5.271 +0.201
6.912 +0.097 5.753 =0.137 6.912 +0.097 5.623 £ 0.146
0.005 | 5| 6.692+0.127 | 5.213+0.234 || 6.698 +£0.141 | 5.310 = 0.209
7.064 = 0.080 5.644 +0.154 7.061 +=0.086 5.758 £0.138
6| 6.224 -0.142 | 5.583 +0.219 || 6.165 £0.185 | 5.743 - 0.198
6.632 £ 0.097 6.103 +£0.113 6.710 = 0.097 6.311 £0.116
4] 6.294 +-0.142 | 5.065 +0.289 || 6.167 +=0.118 | 4.980 £ 0.118
6.805 + 0.102 6.198 +=0.148 6.759 +=0.098 6.098 +0.104
0.01 |5 6.3803+0.179 | 5.367 +0.365 || 6.379 £0.189 | 5.478 + 0.269
7.122 +0.105 6.402 +0.144 7.119 £0.106 6.393 +-0.115
6 || 6.203 :=0.229 | 5.264+-0.261 || 6.314 +0.152 | 5.416 = 0.325
7.125 £ 0.090 6.349 +0.123 7.167 £ 0.095 6.527 £ 0.127
41 5.326 :=0.205 | 4.118 +0.269 || 5.487 +0.198 | 4.192 +0.314
6.654 £ 0.143 5.863 +0.190 6.810 +0.133 6.222 + 0.183
003 |51 5.853 +0.184 | 4.117+0.414 || 5.750 =0.198 | 4.424 + 0.351
7.331 +=0.112 5.989 4+ 0.169 7.248 +0.104 6.270 = 0.186
61| 5.784 = 0.184 | 4.374 +0.296 || 5.769 = 0.201 | 4.490 +0.324
7.342 +0.117 6.382 +0.168 7.290 +0.126 6.634 +0.151
4 || 4.804 £0.265 | 4.740 +0.254 || 4.794 +-0.269 | 4.662 £+ 0.236
6.696 +0.153 6.565 + 0.168 6.654 + 0.158 6.561 £ 0.168
0.05 [ 5] 5.111 £0.216 | 3.707 = 0.401 || 5.015 +-0.221 | 3.654 = 0.415
7.193 £0.131 5.917 £0.190 7.080 £0.132 5.975 +£0.197
6 || 5.104 £0.231 | 4.031 +0.331 || 5.117+0.182 | 4.191 £0.321
7.255 £ 0.138 6.275 +=0.179 7.270 £0.113 6.371 +£0.179
4|l 3.614+0.257 | 3.574+0.308 || 3.614 +-0.256 | 3.526 = 0.271
6.161 £0.215 6.109 +0.219 6.161 +=0.214 6.023 £0.225
0.1 5| 3.878 £0.251 | 3.803 +-0.286 || 3.879 +=0.261 | 3.597 £ 0.294
6.573 +0.185 6.387 =0.213 6.579 = 0.181 6.183 +£0.211
6 || 3.943 £ 0.258 | 3.804 +0.308 || 3.890 +0.269 | 3.781 +0.291
6.712 £0.175 6.360 £+ 0.220 6.527 = 0.187 6.364 + 0.201
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Figure 5.8: The channel-optimized coding performance of the AR(2) source at a rate of
0.5 bps, k= 1,L = 2, and € = 0.01, using 2000 training samples: (a) v =5, (b) v = 6.

(@)
st + + + - g Q ? °] ®? Q + ® g ;l
] [¢] o o
—_ x x
o
g x
~45r n
«
=
7]
atb + FSTVQ | A
o VvIivQ
3 x x STvQ
L 1 1 i I3
2 4 6 8 10 12 14
Initial codebook number
(b)
+ © 5 pa ® + 5 ® - ] + & g F3 L
5% x * o x . x o x ° X
3 x °©
oy x 8
kel ] 4
0:4.5 °
= x + FSTVQ
7] o VIvQ
4k x STvVQ .
2 4 6 8 10 12 14

Initial codebook number

Figure 5.9: The channel-optimized coding performance of the AR(1) source at a rate of
0.5 bps, k = 1,L = 2, and € = 0.05, using 2000 training samples: (a) v =5, (b) v =6.
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5.3.3 Channel Mismatch Conditions

In this section we investigate the effect of channel mismatched conditions on the
performance of CO-TVQ codebooks as compared to the performance of SM-TVQ
codebooks. This kind of study is always associated with channel optimized com-
pression approaches, since it measures the robustness of the designed codebooks
over nonstationary channels, which represent many practical communication chan-
nels [22], [24], [126] and [127]. The impact of the design BER as opposed to the
actual operating values is of significant importance in the design procedure. Based
on this design constraint, it is logical to minimize an average distortion value that
is a function of both a design BER ¢; and a random actual BER ¢,; denoted by
D(eq,€,). Farvardin in [24] presented such a distortion function, however, due to
the complexity of that function he finds a solution for the optimal €4 in the range of
very small values of €, (le, < 1), with [ representing the number of bits per code-
word. The solution is found to be ¢4 = E{e,}. However, recall that the significance
of using channel optimized quantization is for reasonably large values of channel
BER. Therefore, this channel mismatched design criterion not only assumes the a
priori knowledge of the BER distribution, but also it is practically of no value.

Instead of attempting to search for a solution to a rather complex distortion
function D(egq,€,), with an unknown ¢, distribution, we can just investigate the
dependency of the system performance on the choice of ;. Then, in harmony with
the real environment, and using some engineering sense, we can chose the proper
value of €4 in the light of the available tradeoffs. As an example we employed the
codebooks generated using CO-FSTVQ at ¢4 = 0.03,0.05, and the source-matched
codebooks (FSTVQ) for compression over the channels with the following values of
BER

€, = [0.0001 0.001 0.005 0.01 0.03 0.05 0.1 0.2]

[n Fig. 5.10 we show the results of this application using the codebooks that are
associated with v = 2 in Table 5.1. Similarly, the results in Fig. 5.11 are for the
codebooks that are associated with v = 2 in Table 5.3. The last case is shown in Fig.
5.12. which is the result of applying the codebooks associated with v = 5 in Table
5.5 of the AR(2) source. A common conclusion from Figs. 5.10 and 5.11 is the fact
that source-matched codebooks perform better than channel-matched ones at very
low channel BER. Now, this is a known fact. However, for the speech-like AR(2)
source, and for this particular example the the codebook with €4 = 0.03 performs
slightly better, although within the same CI, at very low channel BER.

Further investigation of the different curves of Figs. 5.10, 5.11 and 5.12 shows
that the codebooks associated with ¢; = 0.05 have an average performance that is

slightly better than the performance of the codebooks associated with €4 = 0.03 for
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Figure 5.10: Channel mismatched performance using codebooks generated by CO-
FSTVQ and FSTVQ. Two CO-FSTVQ codebooks are used; one associated with € = 0.03
and the other one with ¢ = 0.05. The source is AR(1) and the compression rate is L bps
with trellis parameters k =2. L =2 and v = 2.

108



10
8r 4
6 4
o ‘
=
c 4T .
=
7
2r 4
N
\v
ok [— BER=0.03 N_—
""" BER = 0.05
.~ -FSTVQ
* MDTA
_2 1 1 1 1 L L ]
-4.5 -4 -3.5 -3 -2.5 -2 -1.5 -1 -0.5

log10(BER)

Figure 5.11: Channel mismatched performance using codebooks generated by CO-
FSTVQ and FSTVQ. Two CO-FSTVQ codebooks are used; one associated with € = 0.03
and the other one with € = 0.05. The source is AR(1) and the compression rate is 0.5 bps
with trellis parameters £ =2, L =4 and v = 2.
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Figure 5.12: Channel mismatched performance using codebooks generated by CO-
FSTVQ and FSTVQ. Two CO-FSTVQ codebooks are used; one associated with ¢ = 0.03
and the other one with € = 0.05. The source is AR(2) and the compression rate is 0.5 bps
with trellis parameters k = 1, L =2 and v = 5.
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Figure 5.13: The MDTA curve for the AR(2) source.
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€, > 0.05. At the same time, the ¢4 = 0.05 codebooks under-perform the ¢; = 0.03
codebooks for €, < 0.05. However, the performance loss of adopting €4 = 0.05 for
€, < 0.05 is significantly larger than the gain over using ¢; = 0.03 for 0.05 <¢, < 0.2.
Accordingly, a smart, yet not hard to make, decision should be taken regarding the
choice of the proper €, according to the expected range of ¢, over the noisy channel.

Based on the summary presented in appendix A, we included the MDTA curves
for AR(1) source in 5.10, 5.11. Note that the gap between the MDTA curves and
the practically achieved curves is quite wide. Due to the large difference between
the MDTA curve for the AR(2) source and the actual curves, and for the sake of
clear presentation of the results, this MDTA curve is separately shown in Fig. 5.13.
It is known that this large gap between the theoretical and the practical values can
be bridged using higher compression rates, higher trellis constraint lengths as well
as higher dimensions. Further improvement is expected by exploiting the source
memory using for example predictive compression, as shown in Table XIX in [14]
for the AR(2) source used in our case studies. However, it was observed in [22]
that under channel-mismatched conditions predictive TVQ under-performs regular
TVQ.

5.3.4 CO-TVQ versus Tandem Coding

At this point we are interested in showing where tandem source/channel coding
systems come into the picture. Recall that the development of this kind of channel-
optimized compression assumes a certain level of BER over the channel. Therefore,
as far as the channel-optimized design is concerned, an error control coding system
does only reduce the effective channel BER, and most of the times, it significantly
reduces that value to very low levels. On the other hand, most of the channel-
optimized quantization systems reported in literature provide “good” performance,
that is worth the extra complexity, for ¢, > 0.01. This can be demonstrated through
the different simulation examples presented in this chapter. Thus, with a channel
coding system we are actually better off with a SM-TVQ system rather than CO-
TVQ. Nonetheless, as reported in [126], [24], using a tandem coding system involves
extra delay, complexity as well as extra transmission bandwidth.

A fair comparison between a tandem coding system and a channel-optimized one
should be based on the same transmission rate. For example, assume that we are to
transmit the AR(1) source at a rate of 1 bps over a channel with € = 0.0177. One
option is to first use a channel coding system, for instance a rate 1 /2 convolutional
code with a large constraint length, to reduce the channel BER to 0.0001. Then a
SM-TVQ is used to perform a rate 1/2 compression, hence, delivering information
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over the channel at 1 bps. As shown in Fig. 5.11, for v = 2,k = 2,L = 4,
the expected SNR of this system is ~ 8 dB. The exact same performance and
transmission rate can be achieved just by using the codebook generated by CO-
FSTVQ with v = 2,k = 2, L = 2 that is designed using €4 = 0.03, as shown in Fig.
5.10. Accordingly, we managed to achieve the same SNR performance and the same
transmission rate using a much simpler joint system without the extra processing
delay that is needed for channel decoding. Furthermore, based on the introduction
argument of this chapter and as mentioned in [24], the expected performance of
most tandem coding systems is quite optimistic compared to their actual practically-
attainable performance.

5.4 Summary

This chapter introduced the FSTVQ approach in the context of channel optn:mzed
TVQ. We provided a review of the fundamentals of channel-optimized quantlzatlon
along with some of the associated literature. This review showed the importance of
channel-optimized compression as a joint source channel coding technique over tan-
dem coding systems. The presentation started with a heuristic treatment of COVQ
and CO-TVQ as an introduction to modifying the FSTVQ codebook search process
to incorporate the effect of noisy channels. The modified equations provided a reli-
able trellis codebook search algorithm over noisy channels. Reliable in the sense of
delivering lower distortion configurations using relatively short training sequences.
Furthermore, the developed channel-optimized search process is significantly inde-
pendent of the initialization step, which is usually a major problem associated with
the channel-optimized LBG algorithm.

The new channel-optimized search algorithm (CO-FSTVQ) is implemented with
the CO-LBG algorithm in several simulation cases using AR(1) and AR(2) Gauss-
Markov sources. Based on these cases, we observed the following points:

e In general channel-optimized compression provides significant performance im-
provement over source-matched compression for channel BER € ~2> 0.01.
Therefore, in cases with channel coding systems it is more efficient, in terms
of complexity, to use source-matched encoders. However, note that extra com-
plexity, delay and bandwidth are imposed on the overall system by using chan-
nel coding.

e The dependency of the CO-LBG algorithm on initial codebooks is a function
of the level of channel noise. The dependency becomes less pronounced as the
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channel noise increases. Nonetheless, compared to the performance of CO- .
FSTVQ, the performance of CO-LBG algorithm was significantly unstable for
€ < 0.1. The instability is measured by the difference between the minimum
and maximum average SNR that are associated with the best and the worst
minimum distortion configurations arrived at during 15 independent training
trials.

The robustness of CO-FSTVQ codebooks is tested under channel mismatched
conditions compared to the performance of source-matched codebooks. The
channel-optimized codebooks outperformed regular codebooks for values of
€, ~> 0.01. Furthermore, simulation results showed that choosing the design
BER ¢4 is not a very critical issue especially at high channel BER. For example,
the channel optimized codebooks associated with ¢; = 0.03 and €4 = 0.05 had
very close performance under channel mismatch conditions for €, ~> 0.03.
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Chapter 6

Joint Source and Channel

Decoding/Detection

An optimal source compression system is the one that produces redundancy-free
finite-alphabet memoryless and uniformly-distributed sequences of symbols. The
symbols at the output of ideal source encoders have the same significance or chan-
nel error sensitivity. However, residual redundancy is always expected at the channel
input due to either source nonstationarity or suboptimal compression. The redun-
dancy can be either correlation-related or distribution-related, as explained in ap-
pendix B. In general, redundancy removal, performed by data compression systems,
forces the transmitted data to be more vulnerable to channel noise. In order to
enhance the quality of transmission, channel coding is used to achieve the required
reliability within minimum redundancy as weil as reasonable complexity. Whether
redundancy-management is performed in one combined source/channel system or
two separate systems, the ultimate goal is to meet the channel capacity limitation
within an expected average distortion of reproduction. Although using two separate
systems of compression and channel coding seems rather unnecessary, in its natu-
ral form, the redundancy in the information sequence is kind of raw or unrefined.
One method for a combined system was introduced in chapter 5, where compression
is performed considering the channel distribution, which made the source encoder
output sequence less vulnerable to channel noise.
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Another form of joint source and channel (JSC) coding is performed using the
source a priori information, at the channel decoder input, in a JSC decoding/detection
approach [34], [33], [18] and [35]. The JSC decoder uses the a priori information,
which is inherent in the redundancy statistics, to enhance the reliability of decisions.
The approach is simply a MAP decoding/detection procedure. The authors in [34],
[18] and [35] use the residual redundancy at the channel input for JSC sequence
estimation. In [34], the residual redundancy at a DPCM source encoder output is
used, while in [18] and [35] the authors consider the detection of Markov channel
input sequences. On the other hand, the authors in [33] develop a JSC sequence-
MAP convolutional channel decoder. The study in [33] addresses the problem of
JSC decoding of binary as well as nonbinary convolutional codes using the residual
redundancy at the output of DPCM-compressed images.

The decoding schemes addressed in [34] and [33] are based on hard sequence-MAP
decoding. In [18] and [35], detection is based on hard sequence-MAP detection as
well as a new instantaneous symbol- MAP algorithm. In this chapter we extend the
work established for JSC MAP decoding through several case studies [128], [129] and
- [130]. We shall develop the soft decoding versions of the existing MAP approaches.
Furthermore, we will test the effect of having different redundancy (correlation) lev-
els, at the source encoder output, on the decoding gain. An improved performance is
achieved in [33] using nonbinary convolutional codes, which match the source output
alphabets. In this chapter, we will also demonstrate the advantage of using the sim-
ple dual-k nonbinary convolutional codes in providing improved levels of JSC error
protection compared to binary convolutional codes. For the sake of completeness,
appendix E is introduced to provide a comparative study between symbol-MAP,
sequence-MAP as well as instantaneous-MAP detection. The appendix shows the
superiority of symbol-MAP detection in providing lower distortions of reproduction
at comparable bit-error rates. This expected behaviour is due to the fact that max-
imizing the probability of correctly decoded symbols reflects into maximizing the
probability of correct reproduction codewords.
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Figure 6.1: The communications system under consideration.

6.1 JSC Soft Viterbi Decoding

Based on maximizing the probability of correct decision, the authors in [33] and
[34] use the residual correlation at a DPCM source encoder output to derive a new
path metric for a joint source/channel (JSC) hard-decision sequence-MAP Viterbi
decoder. The developed decoder is shown to outperform the conventional hard-
decision ML-Viterbi decoder at relatively low SNR values. In this section we extend
the derivation presented in [33] to the case of soft-decision sequence-MAP Viterbi
decoding. The advantage of soft JSC-decoding is demonstrated via simulating rate
2/3, 1/2, 3/4, dual-2 as well as dual-3 convolutional codes with DPCM-compressed
gray images. We will show the significance of matching the alphabets of the source
encoder output to the channel encoder input in providing better error protection.
The advantage of higher levels of residual redundancy in JSC-decoding is demon-
strated using 3-bit DPCM. This source encoder provides higher levels of nonunifor-
mity, which is measured by the difference between the number of bits per symbol
and the symbol entropy.

6.1.1 System Configuration

The system under consideration includes a source of information, a DPCM system,
a memoryless Gaussian channel and a channel coding system as shown in Fig. 6.1.
The source of information is a still gray image, which is represented by 8 bits/pixel
(bpp). The k-DPCM system includes both a 5th-order linear predictor (LP) matched
to the source image, and a pdf-optimized uniform quantizer with 2% reproduction
levels. The reader is referred to [50] for a complete treatment of the structure
as well as the operation of DPCM systems. The pdf-optimized quantization is
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Table 6.1: The DPCM system parameters and statistical measures.

2-DPCM 3-DPCM
Aope/Te 1.0874 0.7309

e —0.00671 —0.00457

o2 0.115893 0.093252
Q Lower Limit —-0.372 —0.672
A 0.372 0.224
PSNR (dB) 27.538 31.134

H(z) 1.528 bit/sym | 2.009 bit/sym '

performed using a midrise quantizer along with the normalized step size (Acpt/0e)
values tabulated in Table 4.1 of {41]. The symbol o, stands for the standard deviation
of the sequence that represents the difference between the linear predictor output
and the image pixels. It is known that this error sequence is best modeled by
a Laplacian distribution [131]. In Table 6.1 we present the different parameters
necessary to perform 2-DPCM and 3-DPCM on the training image as well as the
over all PSNR values. In this table Q is used to denote the midrise quantizer.

Compression is performed by delivering k-bit output symbols {zn}n=0,1,.. for the
corresponding 8-bit pixels. As shown in Table 6.1, the symbol entropy at the DPCM
encoder output is found to be equal to 1.528 bits/symbol and 2.009 bits/symbol for
2-DPCM and 3-DPCM, respectively. This means that the amount of redundancy
due to nonuniformity provided by the 3-DPCM system is 0.991 bits/symbol, while
the 2-DPCM system provides 0.472 bits/symbol. Furthermore, higher degrees of
correlation (memory) is expected at the output of the 3-DPCM encoder, due to the
increased number of reproduction symbols as compared to 2-DPCM. Therefore, the
residual redundancy using 3-DPCM is higher than that left at the output of the
2-DPCM encoder. We shall demonstrate in the simulations section how to use this
redundancy to provide higher levels of error protection.

On the other hand, the convolutional encoder configuration employed in our simu-
lations is the one presented in [124]. The encoder has a rate R = &/l and a constraint
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length v, thus a decoding trellis of 2¥(“~1) possible states with 2 branches out of
each node (state). In the simulations section we shall use the following convolutional
codes

e R=1/2, v =3, dree = 4, with
G=[4,7]

e R=2/3,v =3, dfree = 5, with
G = [27,75,72].

R=3/4, v =2, dfree = 4, with
G = [13,25,61,47).

Dual-2, v = 2, dfree = 4, With
G = [12,5, 16, 11].

Dual-3, v = 2, dfree = 4, With
G = [44,22, 11, 64,12,41]. ,

where G is the generator polynomial in octal form. The transmission is BPSK over
an AWGN channel. Therefore, the energy per bit required to maintain a specific bit
error rate € 1s

N,

B, =& [Fe(1—2 x €)]? (6.1)

where F¢(-) is the complementary error function, and N,/2 is the AWGN two-sided
spectral density.

6.1.2 Soft Sequence-MAP Viterbi Decoding

In harmony with the thesis notation, let the source encoder output be the stationary
discrete-time sequence {z,}2., with alphabet A = {0,1,2,...,—1}. Furthermore,
we will denote the channel input sequence by Y = {vo,¥1,---»Yr-1} and its output
sequence by Y = {¥o,¥1,.--.Yr-1}, where L represents the sequence length, and
both g, and y, are [-bit symbols. The authors in [33] use the residual redundancy
(correlation) at the DPCM encoder output, or equivalently at the channel input,
to propose their modified hard decision JSC (sequence-MAP) Viterbi metric. This
correlation is modeled by a first order Markov process. The optimum MAP decoder
maximizes the probability of correct decision according to [33]

’ no+L—1
max {log{P(YlY)P(Y)}} = max{ S log{P(g]nlyn)P(ynlyn_L)}} (6.2)

n=ng
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Using the Viterbi algorithm to implement this MAP-decoding rule involves deciding
on the branch index Tn—n,, Which is associated with the best metric at state Sno+r-1-
Accordingly, the Viterbi algorithm follows the decoder trellis using the branch metric

-1
M:zn = max {MvT—l + log P<yﬂ-‘yﬂ—1) + Z [logp(gn.ilyn,i)]} (63)

InSn—1 —0
1=

where v, is the channel input symbol associated with branch index z, and s, =m,
and m =0,1,...,25¢=1) 1. Besides, y,—1 is the channel input symbol that colours
the branch connecting state s,—1 = T and state s, = m. The hard decision decoding
version of the metric in Eq. (6.3) is given by [33]

M™ = max {M™, +log P(ynlvn_1) + 108 P(Jalya) } (6.4)

Tr,Sn-1

For the binary symmetric channel, the value of P(§nlyn) is evaluated according to

P(gnlyn) = (G)hd(l — 6)l—h4 '

where hy is the Hamming distance between Un. and Yn.

In order to derive the soft decoding metric, we use the channel Gaussian distri-
bution

P(Qn.ilyn,i) =

{ (gn.i Y/ REbyn,i)2
expy —

N }; i1=0,1,...,l—1

7N,
where R = k/l is the channel coding rate. RE, is the energy per transmitted bit,
and E, is given by Eq. (6.1). Substituting for the channel distribution in Eq. (6.4)
produces

. -1 .
™m ™ ‘NO Yn,i 2
M™ = max {Mn_1 + RE, log P(ynlyn-1) — E [(\/RE — Yn.i) ]} (6.5)

In,Sn—1 N
i=0

or equivalently

-1 “
; N, 2-Yni Yni
M™ = max { M o P(y,|yn-1) + _— 6.6

n Tn.Sn—1 { o+ REY log (Ynly U pry \i RE, }} ( )

Eq. (6.6) represents the soft version of the JSC metric developed in {33].

120




6.2 Performance Evaluation

The implementation of the soft decision JSC metric (Eq. (6.6)) and the hard deci-
sion metric (Eq. (6.4)) requires first estimating the term P(yn|yn—1) at the channel
input. Note that this probability measure is both source and channel encoder de-
pendent. However, for ease of implementation, if we assume stationarity in the
source statistics, we may use the same estimate for similar images [33]. For a more
involved approach of an online parameter estimation, the authors in [132] use a
forward/backward algorithm to estimate the Markov model probability variables,
which describe the redundancy at the channel input. The simulations in this sec-
tion consider computing the bit error rate, which represents the ratio of decoded
information bits in error to the total number of information bits. Following a Pois-
son approximation, the 95% confidence interval is presented as well for the different
results introduced in this section. We shall consider the following two case studies.

6.2.1 Hard versus Soft JSC Decoding

In Figs. 6.2 and 6.3 we demonstrate the performance of both the rate 2/3 code and
the dual-2 code with conventional soft decision decoding (SDD) and JSC-SDD. Note
that in Fig. 6.3 the JSC decoding metric improves the performance of the dual-2
nonbinary code for the entire range of the relatively low SNR. On the other hand, we
can see in Fig. 6.2 the point after which SDD outperforms JSC-SDD decoding. This
behaviour is also observed in [33] and [1]. This simply means that even though the
channel input exhibits statistical correlation, we are better off using ML decoding
during “good” channel conditions. In order to clarify this behaviour, note that the
JSC decoding metric given by Eq. (6.6) consists of two terms: the weighted channel
input a priori information and the channel-dependent a posteriori information. For
good channel conditions, note that the spectral height of the channel noise NN, is
“small”, which accentuate the contribution of the channel-dependent part of Eq.
(6.6). Under these conditions, it is enough to use the error-correcting capability
of the channel coder along with the received channel output symbols to provide
a reliable decision. In fact, using the extra a priori information might produce
misleading results after a critical E,/N, value, as shown in Fig. 6.2. The critical
Ey/N, value is clearly dependent on the characteristics of the channel coding system.
The author in [1] suggests using the source a prior: information (MAP-decoding)
only during bad channel conditions (low SNR, or high IV,).

On the other hand, the expected improvement of using JSC-SDD over JSC hard
decision decoding (HDD) is demonstrated in Figs. 6.4 and 6.5.
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6.2.2 Source-Matched JSC Coding

Although the sequence of bits at the source encoder output exhibits certain level
of residual redundancy, the “actual” information, and thus redundancy, is conveyed
through the symbols at the encoder output. Therefore, the residual redundancy is
best exploited by symbol-based processing rather than a bit-wise treatment. This
intuitively suggests matching the source encoder output alphabets to the channel
encoder input, which reflects into better mapping of the residual redundancy of the
source encoder output to the channel input. From a channel decoding point of view,
this matching procedure has a significant impact on the performance of the JSC
decoding process. As shown in Eq. (6.6), the JSC decoding metric includes the
correlation measure P(yn|yn—1), which is directly related to the residual redundancy
at the channel input. Source-matched channel coding corresponds to using the
source encoder output symbols as indices for the decoding trellis branches. Note
that the correlation between successive branch labels (y,) is directly related to the
correlation between consecutive branch indices. Accordingly, using source-matched
channel coding results in exploiting the available residual redundancy levels more
efficiently through the JSC decoding metric.

A new family of nonbinary convolutional codes is proposed in [33] for the purpose
of source-matched JSC decoding. The performance of these codes is close to binary
convolutional codes, which are matched to the source output alphabets. In this sec-
tion we demonstrate the impact of using the exact redundancy structure available
at the source encoder output in providing better JSC error protection. For this
purpose we present the following two cases using 2-DPCM and 3-DPCM systems.
Recall that due to increasing the compression rate, higher levels of redundancy are
available at the 3-DPCM encoder output. Accordingly, improved JSC decoding per-
formance is expected using 3-DPCM.

Case 1: Rate 1/2 Channel Code with 2-DPCM vs. Rate 8/4 Channel Code with
3-DPCM

Fig. 6.6 represents the performance results of using rate 1/2 channel code with
2-DPCM, and rate 3/4 channel code with 3-DPCM. Note that the two systems have
the same transmission rate of 4 bits/sample. The rate 1/2 code outperforms the rate
3/4 code at low SNR with SDD, while at “high” SNR the rate 3/4 code provides
better performance. Nonetheless, the rate 3/4 with 3-DPCM system provided better
error protection with JSC decoding. The improvement in performance is attributed
to the fact that the input of the rate 3/4 encoder is matched to the DPCM encoder
output. Meanwhile, the rate 1/2 channel code is using the redundancy in the se-
quence of bits rather than symbols at the 2-DPCM output, which does not properly
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represent the residual compression redundancy at the source encoder output.
Case 2: 3-DPCM with Dual-8 vs. 2-DPCM with Dual-2 Code.

In this case we demonstrate the effect of exploiting higher redundancy levels to pro-
vide better JSC error protection. Furthermore, we show the significance of source-
matched channel coding on the proper performance of the JSC decoding process.
The benefit of source-matched channel coding is depicted in Fig. 6.7, where the
rate 1/2 dual-k channel codes with k-DPCM outperform the rate 1/2 channel code
with 3-DPCM. As shown in Fig. 6.8, dual-3 and dual-2 codes provide comparable
bit error rate performance with soft decision decoding. However, due to the in-
creased amount of residual redundancy at the 3-DPCM encoder output, the dual-3
code provides significant coding gain with JSC-SDD compared to the performance
of dual-2/2-DPCM system, as shown in Fig. 6.7. Nevertheless, we should keep in
mind that the increased redundancy is associated with a 3/2 factor of increased

transmission rate.
(

In order to see the impact of the channel coding part on the perceptual quality
of the reproduced image, we chose the channel with E,/N, = 4.86 dB. This point
represents the best channel conditions under consideration that is associated with
the rate 1/2 channel codes. To start with, we show in Figs. 6.9 and 6.10 the error-
free reconstructed image using 2-DPCM and 3-DPCM, respectively. As shown in
these two figures, using 3-DPCM provides a gain of 3.596 dB of PSNR. Decoding
the compressed images at the output of the noisy channel without error protection
produces the images shown in Figs. 6.11 and 6.12. It is clear that the image
quality is highly deteriorated at this channel BER of 0.04, which is computed using
Eq. (5.18). In Fig. 6.13 we show the effect of using dual-2 channel code with
SDD, which provided a BER of 2.29 x 10~* accompanied with a PSNR of 25.712
dB. An improvement in the image quality associated with a PSNR of 27.023 is
achieved using the Dual-2 code, however, with JSC-SDD. The MAP decoding metric
provided and average BER of 7.63 x 107°. Similarly, Figs. 6.15 and 6.16 show
the advantage of using JSC-SDD over SDD with the dual-3 channel code and 3-
DPCM. The subjective improvement is associated with a PSNR gain of 1.847 dB.
Furthermore, this improvement resulted from an average BER of 1.91 x 1073 as
opposed to 1.14 x 10™* for dual-3 JSC-SDD and SDD, respectively. The different
performance measures for this case are tabulated in Table 6.2.
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Table 6.2: The overall system performance results over the channel with Ey/N, = 4.86
dB. The channel codes used are dual-2 and dual-3 codes with 2-DPCM and 3-DPCM,
respectively.

2-DPCM 3-DPCM
PSNR (dB) BER PSNR (dB) BER
Error Free Channel 27.538 0.0 31.134 0.0
W /O Channel Coding 9.264 0.04 8.458 0.04
JSC-SDD 27.023 7.63 x 10~° 29.543 1.91 x 10
SDD 25.712 2.29 x 10~4 27.696 1.14 x 104

6.3 Summary

This chapter presented an extension to the work developed for joint source and
channel decoding, [33]. The studied system involved transmitting a DPCM encoded
image over a memoryless Gaussian channel with convolutional channel codes. Af-
ter introducing the system under consideration, we presented the derivation for a
soft JSC MAP decoding metric, in accordance with the hard metric introduced in
[33]. The JSC decoding metric was developed to take advantage of the residual
redundancy left at the source encoder output. The advantage of using the soft de-
cision metric over the hard decision metric was shown through the different studied
examples. Simulation cases pointed out the following observations

e The advantage of using JSC decoding over conventional ML decoding at low
SNR values, in particular we showed the expected advantage of soft over hard
channel decoding.

e The achieved gain of using source-matched channel codes in providing lower
JSC decoding bit error rates. This point was tested using dual-k convolutional
channel codes matched to the k-DPCM compression systems.

e We managed to achieve improved coding gains using increased levels of resid-
ual redundancy. We showed that in order to properly exploit the advantage
of having higher levels of residual redundancy, the source encoder output al-
phabets should be matched to the channel encoder input.

124



Log10(Pe)

Log10(Pe)

-—--SDD
|—JsC-spp

I

_5 b -
-1 0 1 2 3 4 5 6
Eb/No (dB)

Figure 6.2: The performance of the rate 2/3 code.
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Figure 6.3: The performance of the dual-2 code.
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Figure 6.9: The 2-DPCM reconstructed image over an error-free channel. PSNR = 27.538
dB.

Figure 6.10: The 3-DPCM reconstructed image over an error-free channel. PSNR =
31.134 dB.
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Figure 6.11: The 2-DPCM reconstructed image over a channel without error-protection.
The channel has an E/N, = 4.86 dB, thus BER = 0.04. PSNR = 9.2639 dB.

Figure 6.12: The 3-DPCM reconstructed image over a channel without error-protection.
The channel has an E/N, = 4.86 dB, thus BER = 0.04. PSNR = 8.4576 dB.
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Figure 6.13: The 2-DPCM reconstructed image over a channel with Dual-2 code and
SDD. The channel has an Ep/N, = 4.86 dB, the channel code provides an average BER
of 2.29 x 10~*. PSNR = 25.712 dB.
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Figure 6.14: The 2-DPCM reconstructed image over a channel with Dual-2 code and
JSC-SDD. The channel has an E;/N, = 1.86 dB, the channel code provides an average
BER of 7.63 x 107°. PSNR = 27.023 dB.
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Figure 6.15: The 3-DPCM reconstructed image over a channel with Dual-3 code and
SDD. The channel has an Ep/N, = 4.86 dB, the channel code provides an average BER
of 1.14 x 10~%. PSNR = 27.696 dB.
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Figure 6.16: The 3-DPCM reconstructed image over a channel with Dual-3 code and
JSC-SDD. The channel has an Ey/N, = 4.86 dB, the channel code provides an average
BER of 1.91 x 10~°. PSNR = 29.543 dB.
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Chapter 7

Conclusions

i

This chapter rounds up the major research highlights of this thesis. The general
concepts treated in this thesis are related to trellis data compression and joint
source/channel coding. Our presentation started with introducing the preliminary
background necessary for understanding VQ-related topics as well as soft-output
channel decoding. Chapter 2 shed some light into the basics of VQ and TVQ in-
cluding design and implementation issues. Furthermore, we presented deterministic
annealing as a VQ codebook search technique. In Chapter 3 we introduced the basic
idea of soft output channel decoding as well as related algorithms. The introduction
included a heuristic treatment of the symbol-MAP soft-output channel decoding
algorithm. These two chapters established the proper framework, within which we
developed the material presented in the subsequent chapters.

The first major contribution in this thesis was using the concept of soft output
channel decoding in the area of data compression. The development was established
considering the source of information as a communication channel, however, with a
distortion-based statistical distribution model. This treatment of the information
source paved the way to applying the forward-backward symbol-M AP algorithm for
data compression. This algorithm was employed with TVQ as a search algorithm
for the minimum distortion path, and it was denoted by the soft TVQ algorithm
(STVQ). By soft we refer to the feature of delivering a set of reliability information,
which describes the likelihood of all possible TVQ output symbols in the minimum
distortion sense. The overall performance of the minimum distortion symbols deliv-
ered by the STVQ algorithm was shown to be within the proximity of the perfor-
mance achieved by the Viterbi algorithm with TVQ. Furthermore, we showed that
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the performance of the STVQ algorithm is closely related to a Lagrangian multiplier
(1), which controls the degree of association of a source output vector to a quanti-
zation cell represented by a reproduction codevector. In reference to the problem
of channel decoding, the parameter 7 is very similar to the SNR variable, which
appears in the channel distribution function. The value of SNR is usually known
and controlled by the power of transmission in addition to the level of channel noise.
This fact reflects into a clear description of the decoding space, which leads to the
accurate computation of the likelihood of a channel output symbol as compared
to the different channel hypotheses values. On the other hand, the value of n was
experimentally shown to be related to the anticipated value of average distortion of
reproduction D(R). Note that this value is clearly related to the source variance
and trellis structure.

Introducing STVQ represents a building block, which sets the ground work for
several future potential source compression applications. The attractive feature
of delivering soft distortion-related reliability information might come in handy
for multistage compression systems as well as joint compression and channel cod-
ing/modulation systems. In this context we mention residual quantization, in par-
ticular multistage trellis coded quantization systems, [133] and [134]. Passing soft
information along with hard decisions from one stage to another might provide im-
proved mapping of the information sequence using the trellis as well as the residual
codebooks structures. Furthermore, the STVQ algorithm might provide significant
advantage when applied for joint optimization of trellis quantization/modulation
[135]. To get the sought for advantage of applying the STVQ algorithm in multi-
stage source coding systems, the STVQ algorithm has to be modified to make use
of soft information in subsequent stages. Some insight and lessons regarding such
applications can be learned from iterative and/or concatenated channel coding, in
this context we cite the following references [136], [137], [38],[138] and [39].

After deriving the STVQ algorithm and showing the dependency of the algorithm’s
performance on the parameter 7, we introduced the FSTVQ codebook search ap-
proach. The development of the new approach was motivated and based on several
factors. The first one is the availability of soft distortion-related information de-
livered by the STVQ algorithm. The second factor is related to the rate distortion
theory. As an introduction to FSTVQ, we showed the relationship between the basic
theory behind Blahut algorithm, and the measures used and delivered by the STVQ
algorithm. This comparison justified introducing the soft distortion measure, which
led to the FSTVQ codeword update equations. The last factor is the fuzzy part
of the new approach, which was introduced based on the dependency of the perfor-
mance of the STVQ algorithm on the parameter 7. In general, fuzzy coding has been
shown to provide reliable results with deterministic annealing, which we introduced

136



earlier in chapter 2. It is known that the performance of the LBG codebook search
algorithm is highly dependent on the initialization step as well as the length of the
training sequence. However, searching for the proper long training sequence as well
as the proper initial codebook is not always feasible due to practical nonstationarity
conditions. Simulation results showed that the FSTVQ codebook search approach
outperforms the LBG algorithm by providing lower distortion trellis codebook con-
figurations. The improved performance is achieved while being significantly less
sensitive to initial codebooks using relatively short training sequences.

The LBG algorithm suffers from the same deficiencies when applied with channel-
optimized TVQ. Although, the sensitivity of the LBG algorithm to initial conditions
becomes less noticeable as the level of channel noise increases, the algorithm is
still dependent on initial conditions over a practical range of channel noise. In
chapter 5 we extended the derivation of the FSTVQ algorithm to the case of channel-
optimized TVQ. Simulation results showed the advantage of using channel-optimized
FSTVQ as opposed to the channel-optimized LBG algorithm in providing lower-
distortion trellis codebooks. In addition to that, the computed minimum distortion
codebooks showed reasonable robustness under channel-mismatch conditions. We
further showed the effect of different design channel BER values on the generated
channel optimized codebooks in providing different robustness levels under channel-
mismatch conditions. Besides that, we showed the features and differences between
channel-optimized TVQ systems and tandem source and channel coding. It was
shown that we can achieve the same BER levels achieved by tandem coding systems
by just using channel-optimized compression, which reduces system complexity and
processing delay.

The last part of this thesis considered introducing soft joint source/channel de-
coding/detection. The studied system involved transmitting k-DPCM compressed
images over memoryless Gaussian channel with convolutional channel coding and
MAP decoding. The redundancy level at the source encoder output is modeled
by a 1st-order Markov model, which is used in a soft MAP-decoding metric as a
source-optimized channel decoding approach. Several simulation cases emphasized
the advantage of using higher redundancy levels with the JSC decoding metric,
particularly during “bad” channel conditions. Improved performance was achieved
after matching the alphabets of the source encoder output to the channel encoder
input. For this purpose, we used dual-k convolutional codes matched to the k-bit
DPCM output symbols. Furthermore, in appendix E we provided a comparison
between sequence-MAP, instantaneous-MAP and symbol-MAP detection as three
possible choices for JSC detection. As applied with VQ-compressed images, sim-
ulation results showed the advantage of symbol-MAP detection in providing lower
average distortion of reproduction. This is due to the fact the that the symbol-MAP

137



approach minimizes the probability of incorrectly detected symbols, which improves
the chances of reproducing correct VQ codevectors. It is worth mentioning at this
point that several studies have considered using the soft information delivered by the
symbol-MAP channel decoding/detection algorithm for a soft input source decoding
approach [18], [19] and [20].
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Appendix A

Background on Selected Sources

In this appendix we introduce the different sources, which are used mainly to test
the different compression systems proposed in this thesis. Moreover, we present the
theoretical distortion rate results for these sources of interest.

A.1 The Memoryless Gaussian Source

Memoryless sources deliver sequences of independent random variables. The Gaus-
sian source is a frequently used source for standard comparisons. The pdf for a
zero-mean Gaussian random variable of ¢ variance is given by [124]

__ ! —y’
pG(y) - ma_y exp { 20_3 } (A'l)

The uncertainty measure for continuous-amplitude sources is quantified by the dif-
ferential entropy. The differential entropy of the Gaussian source is

he(y) = -;—logg {2mec?}  bits/sample (A.2)

It is clear from Eq. (A.2) that the amount of information of a given source is
proportional to the variance of its output samples around their statistical average. It
is known that the Gaussian source has the maximal differential entropy amongst all
other sources. In other words, the output of a Gaussian source contains the maximal
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amount of information per unit variance. In order to measure the relative amount
of information per unit variance of different sources, we introduce the quantity of
entropy power [41]
1
Y = -—2%® :
2me (A-3)
Note that the entropy power of a Gaussian source Vg = 03.

A.2 Sources with memory

The samples of the output sequence of sources with memory are correlated. The
statistical dependencey between successive samples results in reducing the amount
of uncertainty (information) at the source output. This means that the entropy rate
of sources with memory is less than that of memoryless sources. Consequently, the
source memory is usually exploited in the design of coding systems to provide the
expected lower rates of compression. Assuming that the source output sequence is
statistically predictable, it is mathematically correct to represent the source memory
by a Markov model. In accordance with this hypothesis, there exists a white Gaus-
sian process, which represents the difference between the source output sequence
and a linear-filtered version of the same sequence. A mathematical treatment of
this point is presented in [139]. The variance of the white Gaussian process repre-
sents the minimum prediction error variance, and it is given by

7, = exp {%/ In Syy(ej’”)dw} (A.4)

where S, (e7) represents the source power spectral density. [t can be shown that
the entropy power of sources with memory is equal to the minimum prediction
error variance [41]. This equivalencey is intuitively justified, since as the sequence
becomes less predictable (high le) its uncertainty increases. One important measure
associated with sources with memory is the spectral flatness 'yy, and it is given by
(140, 41]

72
T =% (A.5)

where the variance 05 is related to the power spectral density of the random variable

y through
o= L [ s (e™)dw (A.6)

vy o2

For the special case of a white process, Syy(ej“’) = 02, thus, 77 = 1. Otherwise

0<y2<1L

140



In summary, we define the entropy power of sources with memory in terms of the
spectral flatness of the source output

V= 'yf, - 032, = 773 (A7)

It is clear from Eq. (A.7) that higher degrees of nonflatness (low +2), which is a
feature of predictable sequence, reduces the amount of information inherent in the
source samples.

A.3 Distortion-Rate Results

In this section we present the theoretical distortion-rate functions associated with
the sources introduced earlier. These distortion-rate limits form lower bounds for
practical attainable distortion values at the corresponding compression rates. As
explained in appendix C, the objective distortion of interest in this thesis is the mean-
squared-error (MSE) distortion. In order to introduce these theoretical limits, which
assume infinite-length block processing, we show how the distortion rate function is
defined in the context of finite-length block compression. In particular, the L-block
distortion-rate function, which is associated with L-dimensional vector processing,
is defined as [41]

Di(R) = min {Eld(¥,?)]} (A.8)

p(YIYV)eT
where

T = {p(yW):IL(KY)sR}} (A.9)

d(Y.Y) = tTLlYi-YP
and Y is an L x 1 reproduction codeword. Then the distortion-rate function is given

by
D(R) = lim D.(R) (A.10)

It is shown that the MSE distortion-rate function for memoryless, continuous-
amplitude sources with zero-mean and 03 variance is upper-bounded by the distortion-
rate function of a Gaussian source, which is given by [2]

Dg(R) = 272Rg2 (A.11)

where R is given in bits/sample. On the other hand, any MSE distortion-rate
function is lower bounded by the Shannon lower bound [124]

1
D.(R) = %2—2[‘?-’1@)1 (A.12)
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Therefore, the MSE distortion rate function of any memoryless, continuous source
is bounded by

D.(R) £ D(R) < Dg(R) (A.13)
To have a sense of the deviation between the lower and upper bounds of Eq. (A.13),
we find a close-form expression of the difference Dg(R) — D.(R). Using Eq. (A.2),

we express the Shannon lower bound, of Eq. (A.12), in dB per unit variance as
follows

10log;o Dc(R) = —6R — 6[ha(y) — R(y)] (A.14)
[t follows that
10log,, g%g% = 6{hc(y) — h(y)] dB per unit 03 (A.15)

In theorem 4.5.3 in [2], Berger presents a parametric model for the rate-distortion
function for the nth-order Gauss-Markov source. This parametric form is used in
[141] and more recently in [142] to compute the different theoretical rate-distortion
functions for the class of wide sense Gauss-Markov sources. As an example, we im-
plement the theoretical development in [142] to compute the distortion rate function
for different AR(1) and AR(2) sources as shown in Figs. A.1 and A.2. An interesting
treatment of the computation of the rate distortion function for correlated sources is
presented in [143]. The development in [143] is based on transforming the correlated
source into a set of statistically independent coefficients. This factorization aided
in expressing the rate distortion function in terms of the source covariance matrix.
This particular development is used to compute the rate distortion function of the
AR(2) source (a; = 1.515, as = —0.752), which is shown in Fig. A.3. Nonetheless,
for the range of small distortion, the distortion-rate function of a Gaussian source
with memory is given by [41]
= '7'3DG|memorylss (A.16)
where 73 is the source spectral flatness defined in Eq. (A.5). The definition of Eq.
(A.16) is valid in the region

D G l mermory

Sy (e’¥) 2 Dg(R)

Once again, the distortion-rate function of Gaussian sources with memory serve
as an upper bound for the distortion-rate function of other sources with memory.
Consider the the first-order autoregressive (AR) Gaussian (thus Markov) source

Yn = Zn + PYn-1

where z, is a white Gaussian process of variance 175 given in Eq. (A.4). The spectral
fAatness of the AR(1) source is given by [69]

v, =1-p°
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Accordingly, the distortion-rate function of a 1st-order Gauss-Markov source is given
by

Dg = 272R(1 — p?*)a? (A.17)

Eq. (A.17) is valid in the range of small distortion, which is restricted by the

following condition [41]
R > logy(1 + p) (A.18)

Next we consider the second order Gauss Markov source defined as
Yn = Zn + Q1Yn—1 + Q2Yn—2 (A~19)
The power spectral density of this source is given by [41]

2
) o
Jwy — Y
Sy (e”) 1+ a? + a3 — 2a;(1 — az) cosw — 2ascos2w (A.20)

It is easy to show that the spectral flatness of this source is given by (see problem
2.15 in [41])
2 (1+a)(1—a;—as)(l+a; — as)
’Yy (l - ag)

This definition can be used to solve for the D(R) values in the range where Sy, (e’) >
Dc(R) according to Eq. (4.18).
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Figure A.1: The distortion rate functions for the AR(1) source. The distortion values are
per unit source variance.
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Figure A.2: The distortion rate function for the AR(2) source. The distortion values are
per unit source variance.
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Appendix B

Classification of Residual

Redundancy

The residual redundancy at the source encoder output is usually characterized by
the amount of nonuniformity in the alphabet distribution as well as the level of
correlation [27]. In order to explain the two folds of redundancy we introduce the
concept of entropy rate, which represents the entropy of the whole sequence at the
encoder output [144]

Ha() = Jim —H(XY)

= A}im H(znlzn-1,---,Z1) (B.1)

[t can be easily shown that conditioning reduces the amount of information, therefore

Zf:l H(z,)
N
< H(z) (B.2)

Hoo(z)

IN

Consequently, we define the part of redundancy that is related to the level of memory

(correlation) as
pu = H(z) — Hoo(z) (B-3)

On the other hand, the nonuniformity part of redundancy is defined as the difference
between the number of bits B = log, J required to represent the output alphabet
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and the symbol entropy
pp = B — H(x) (B.4)

Then, the total redundancy at the source encoder output is defined as {27]

pr =pm + pPp (B.5)
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Appendix C

Performance Measures

In the context of data compression, the performance measure of interest in this thesis
research is the mean squared distortion of reproduction. Our interest in this measure
is attributed to the universality of this distortion measure in real life application, as
well as to its relevance to perceptual measures. To start with, this measure repre-
sents a special case of the general weighted quadratic distortion measure, which is a
contender distortion measure in speech compression applications [49], [53] and [145].
Furthermore, the authors in [146] cite several references that prove the pertinence
of the MSE measure in image and video applications. In particular, they report
the correlation between minimizing the MSE measure and the improved perceptual
quality of JPEG2000-based compressed images.

The overall signal-to-quantization noise ratio (SNR) is used as a performance
measure through out this thesis. This quantity measures the amount of average
distortion of reproduction per unit-variance of a source output sequence. It is given
by

2
o2

S — (C.1)
E{d(Y,Y)}

SNR = 10log;,

where .
R 1 o
dY.Y) = ;m - ¥
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For the special case of image compression, the performance is measured using the
peak signal to noise ratio (PSNR) [33]

i Y

PSNR =10 logw — =
E{d(Y,Y)}

(C.2)

where Y, is the highest intensity value used to represent a pixel. For example
Y = 255 in the case where each pixel is represented using 8-bit integers.
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Appendix D

Source Correlation and the

STVQ Algorithm

[n this appendix we consider proving that the correlation between the different
source output vectors has no weight on the search for the minimum distortion path
over the compression trellis. To show this point we use the development of the
STVQ algorithm. Assuming at first that the source output vectors are correlated,
we write the joint probability variable defined in Eq. 4.17 as

AL(m) = aL(m) - 8,(m) (D.1)
where )
ai(m) = Pr{z,=1is,=m, Y}
(D.2)
ﬁrzz(m) = Pr {Yn[i-l!xn = ‘i, Sn =M, }/ln}

Recall that 8.(m) is independent of Y7 in the memoryless version of the BCJR
algorithm.
In the following we recursively solve for the forward variable af,(rn). Note that

-1 M=1
ol (m) = Z Z Pr{Z, =1,Tn1 = J:Sn =M, Sp1 = T, Y]} (D.3)

j=0 =0
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It follows that

I—-1 M-1
a:,(m) = Pr {I'fl = 7:1 x‘n—l = j1 sn = m1 sﬂ-—'l = Th’! y‘n-’ }/171—1}
7=0 m=0
I—-1 M-1
= Z Z Pr {xn—l = j: Sp—1 = TI"L, Yln—l}
7=0 m=0
Pr {z, =1, 5, = M, Yn|Tn1 = J, Sn—1 = 1, Yy} (D.4)

Let 7 be the probability variable in the third line of Eq. (D.4), then, we simplify
this variable as

T = Pr{znl|Za1 = Jj,sn-1 =M, Y '} - Pr {sa =ml|Tn_1 = J, 801 = m, Y"1}
Pr {ynlxﬂ-—l = jv Sn—1 = m, T, =1,8, = m, Y]_n—l} (D.S)

In anticipation of delivering a maximal information sequence (maximum entropy
sequence), we consider an uncorrelated and equally-probable source encoder outf)ut
symbols (ideal compression). This unbiased constraint, which is implicitly imposed
by all trellis waveform coding algorithms, ensures making use of the available trellis
encoding power. Thus, Pr {z,|Zn_1 = J. a1 = T, Y '} = Pr {z,} = 1/I, which
is a constant that has no weight in the process of computing the different variables.
Furthermore, Pr {s, = m|Zn—1 = J, Sn—1 =1, Y" '} has a zero or one value, which
specifies whether we are following the right trellis branch or not. Thus, as in section
4.2, we define S}(m) as the state at which we arrive if we go backward from state
s, = m following the branch z,_; = j. Regarding the third term in Eq. (D.5),
encoding vy, is controlled only by the state at time n, the branch index at time
n, and due to the considered source memory, the previous source output symbols.
Accordingly, we the intermediate variable 7 of Eq. (D.5) reduces to the conditional
probability variable

vi(m) = Pr {yn|Tn = 1,5, = m, ¥ '} (D.6)
Based on the previous argument, Eq. (D.4) reduces to
. - [—l - -
al(m) = v4(m) > od_(§{(m)) (D.7)
7=0

At this point the problem at hand is to find a close form solution to Eq. (D.6).
Following an approach similar to MAP-decoding over channels with memory, which
is treated in [147], [148], and [149], we found a recursion to solve for ~i(m) in Eq.
(D.6). Simulation results of the derived equations delivered unexpected and rather
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incorrect outcomes. The problem was inherent in the definition of the distortion
metric that we are trying to minimize. To explain the problem, we first replace z,
and s, Eq. (D.6) by ¢™*, which stands for the codeword that colors the branch
z, = t out of state s, = m. Accordingly,

Yi(m) = Pr {yn|c*, Y"1} (D.8)
or equivalently
Pr {yn, Y7" e’}
Pr {Y{" e}
Pr {ynlcp’} Pr {¥" " lym, i’}

- Pr (171} -

¥i(m)

Due to the source correlation (memory), the sequence Y*~! provides statistical
information about the vector y,. Therefore, ignoring the past n — 1 source output
vectors in the definition of the different probability variables, which appear in Eq.
(D.9), seems rather impetuous. However, keep in mind that the ultimate goal is
to minimize the cumulative distortion measure, which represents the sum of the
“distances” between the source output vectors and the constituent reproduction
codevectors at each time instant. Based on this objective we shall be interested in
finding the best codeword that is fit to represent a source output vector for each time
instant. This basically culminated into defining Pr {y,|c™'} in Eq. (4.11). Thus, as
far as searching for the minimum distortion path is concerned, Pr {Y;* 'y, c™'} =
Pr {Y7" !ly.}, besides, Pr {¥*!|c™} = Pr {Y;""'}. Employing the results of this
argument in Eq. (D.9) produces

Pr {¥"'lyn}

1 — P Un m,i
o Pr{v.l¥7"""}
= Pr {yalc* D.10
{ynle™} —5- o] (D.10)

Clearly the contribution of the source memory to the computation of the variable
+i(m) is independent of the indices i,m. Consequently, it can be dropped out
without affecting the performance of the STVQ algorithm. In conclusion, unlike
the case of MAP-decoding over channels with memory, the source memory cannot
be used over the trellis to minimize the overall distortion of reproduction. This
is mainly attributed to the fact that redundancy in the channel decoding case is
introduced before passing through the channel with memory. Thereby, having a
clear statistical model, which describes the relation between the received sequence
and the original codewords on the channel decoding trellis.

152



For the sake of completeness, we derive the recursion of the backward variable
Bi(m) defined in Eq. (D.2). We first write the backward variable as

7 _ (1) = Pr {Y V|21 = Josn1 =R, YT} (D.11)

Then, we solve for 57 _, (1) using the recursion

I-1 M—-1
h—1(h) = Z > Pr{sa=m,z. =1 Yooy Yo (| Tn1 = J, Sn1 =0, Y771}

=0 m=0
I-1 M-1

= z Z Pr {sn =mM,Tn = i’ y‘lllx‘n—l = j: Sp—1 = Th’a }/171—1}

=0 m=0

-Pr {Y’X_dsn =T, Tn =1, Tnok = J,Sn-1 =, Y]"} (D.12)

n

However, given the values of s, Zn, the trellis path is completely specified before
Sn+1- Thus,

Pr {Y,f\j_lls,1 =M, T, = i, Tnol = J, Sn—1 = 10, Y*} = B5(m) (D.13)

Furthermore, based on the constraint of ideal compression, the probability variable
in line 2 of Eq. (D.12) can be simplified into

Pr {z, = i} - Pr {sp = m|Tn_1 = J,Sn—1 = T} - Ta(m)

with % (m) defined in Eq. (D.6) and eventually in Eq. (D.10). The variable Pr {sn =
m|Tn_1 = j,Sn—1 = m} has a one/zero value, which specifies the state s, = S}(rh)
at which we arrive if we leave state s,_; = rh akong the branch z,_; = j. Therefore,

-1

Bi_\(h) = > BL(SHT)) - va(SH()) (D.14)
=0
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Appendix E

Source-Optimized Channel

Detection

This appendix examines sending the information sequence over the communications
channel without channel coding. In this system the residual redundancy at the
source encoder output (lossy compression system) is used to enhance the reliability of
detected symbols at the channel output. In their papers [18] and [35] the authors use
this approach to design a JSC coding system for transmitting Markov sources over
discrete memoryless as well as Markov channels. The authors use the statistics of a
Markov source to develop two Mazimum A Posteriori detectors, one minimizes the
probability of received sequences in error. and the other minimizes the probability of
received symbols in error. The latter, however, is instantaneous in the sense that it
decides on the transmitted symbol at the same time the channel output is received.
In this appendix, we compare through several cases the performance of sequence-
MAP and instantaneous-MAP to the performance of symbol-MAP detection.

As shown in section 3.1.1, given an L-symbol channel output sequence, the symbol-
MAP algorithm minimizes the probability of received symbols in error. As compared
to sequence-MAP and instantaneous-MAP, symbol-MAP shows similar or improved
bit error rate performance in several simulation conditions with hard as well as
soft detection. Note that, maximizing the probability of correct symbols at the
source decoder input reflects into maximizing the probability of correct reproduction
codewords. We will show that employing symbol-MAP detection with lossy symbol-
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based compression techniques provides lower average distortions of reproduction.
In addition to a binary symmetric Markov source, the performance of the three
detection approaches is tested via transmitting vector quatized (VQ) gray images.
Furthermore, the effect of changing the correlation level, at the channel input, on
the detection gain, is demonstrated in the simulations section. Improved system
performance is expected by incorporating the design of the source coding system
and the channel detection part. Several points regarding this system are addressed
in [18], [19] and [20], which is generally referred to in literature as soft input source
decoding.

E.1 Background and System Configuration

In this appendix we consider the transmission of first-order Markov sources over
AWGN channels with spectral height N,/2. The transmission is assumed binary,
however, the channel input is assumed to be the output of a stationary discrete
source {X,}%2, with alphabet A = {0,1,2,...,J — 1}. The source statistics are
characterized by the following transition probability matrix

{P(:rnlxn—l)} = {P(Xn = xann—l = mn—l)}
Ty Tn-1 € A

Note that this source is a typical output of a practical source compression sys-
tem. The set {Pr {z, = ¢|zn—1 = j}} is estimated at the channel input using a
training sequence. In [18], the authors consider the problem of optimal detection
of Markov sources over discrete memoryless channels. Their approach is based on
both sequence-MAP and instantaneous-MAP detection.

E.1.1 Sequence-MAP Detection

Similar to sequence-MAP decoding, the detector in this class decides on the most
probable transmitted sequence of length L according to [18]

Xt = arg Jpax Pr{X{IV}
XieAL
L
Xt = arg max, [z1°g[Q(1}nIrn)P($nlzn_1)]+10g[Q(1711x1)P($1)]] (E.1)

where )71[‘ = {41, %2, .., G} is the channel output sequence, and Q(-|-) is used to
denote the channel distribution. The Viterbi algorithm is used to search for the
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MAP sequence using the following metric

In—1,Tn

B
M, = max {Mn-—l + log P(Zn|Tn-1) +10gHQ(:l73;I$¥L)} (E.2)

=1

where B = log, J bit/symbol. Consequently, to perform soft Viterbi decoding we
substitute the Gaussian distribution for Q(#|z2) in Eq. (E.2) to get

M, Moy + 2 log P(znlTnr) EB: 20327
n= max < M,_ o nlTn_1) + n_n E.
Tn-1:Tn YT B g ' o Vi (E-3)

E.1.2 Instantaneous-MAP Detection

The decision in this class is made based on present and past received channel sym-
bols. This detection scheme maximizes the probability of detected symbols, however,
unlike sequence-MAP detection, no delay is involved in this approach. The detection
algorithm decides on the most probable transmitted symbol at time n according to
the following equations, [18]

Tn = argirﬂxg.iitpr{y1 .Tn}
- (n) _
argg}g“}f (zn) n=12,.... (E.4)
where
fO(z) = QUlzi) P(z1)
f(n)(xn) = Q(gnlxn) Zzn_leA P(rnlxn—l) - f(n—l)(xn—l) n=23,.....

E.1.3 Symbol-MAP Detection

After receiving a sequence of channel output symbols, this algorithm decides on the
transmitted symbols such that

-~ . o ) L
Zn = argmax Pr {za[Y{"} (E.5)

Thus, the algorithm minimizes the probability of detected symbols in error. The
procedure for this algorithm is completely described in section 3.1.1.
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E.2 Simulation Results

In the sequel, we present the performance results of the different detection algorithms
mentioned earlier. The transmission is BPSK over AWGN channels with bit-error-
rate €. In all figures, the bit-error-rate (Pe) performance curves are plotted along
with the no MAP-detection line, which represents the case where Pe = .

E.2.1 Binary Symmetric Markov Source

In this case the source is binary symmetric Markov (BSMS) with the following
transition probabilities

Z -
Py ={5_, ~ HZT

The transmission is over a binary symmetric channel; i.e., hard detection. The
simulation results for the cases with p = 0.05 and p = 0.01 are shown in Figs.
E.1 and E.2, respectively. In these figures we demonstrate the close performance of
symbol-MAP detection to sequence-MAP detection. Note also that higher detection
gains are achieved with increased correlation levels (smaller p) at the channel input.
For both cases of sequence-MAP and instantaneous-MAP detection, the authors
in [18] show that the optimum detected sequence is the channel output sequence
whenever ¢ is below certain values denoted as €sequence a0 €istantaneous- T his system
behavior is clear in Figs. E.1 and E.2, where the curves merge into the "w/o MAP”
line at different €. However, the diverging point happens at smaller values of € in
Fig. E.2, where the algorithms have more correlation to enhance their detection
capabilities at lower channel BER values.

E.2.2 Vector Quantized Source

The residual redundancy (correlation) at the output of a vector quantizer is used,
in this case, by the detection algorithms to reduce the impact of channel errors.
The source is an image represented by 8 bpp. A 16-dimensional VQ is used with a
codebook of cardinality 4. Therefore, the source encoder produces 2-bit information
symbols at a rate of 0.125 bpp. A training image is used to estimate the transition
probabilities { P(zk|Tk-1)}z.ef0,1,23} at the channel input. Furthermore, the entropy
of the source encoder output for the same training image equals 1.935 bps, which
results in 0.065 bit of residual redundancy in each symbol. At this compression rate
and for the used training image, the error-free PSNR is 22.55 dB. In Fig. E.3 we
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Table E.1: The achieved PSNR values in dB for the reproduced transmitted image
as a function of channel BER e. The detection is soft, and the error-free PSNR
= 22.55 dB.

PSNR (dB)

€ w/o MAP | sym-MAP | seq-MAP

0.4 10.305 13.4571 11.49

0.1 | 10614. | 20182 | 18.123
0.06 | 10.685 21.080 | 18.280
0.01 | 10779 92.300 | 18.393
0.001 | 10.773 922544 | 18413 '

present the performance of the different detection algorithms. Note that the effect
of soft detection in achieving higher error protection is clear in this figure.

Although the bit-error-rate performance of symbol-MAP detection is comparable
to that of sequence-MAP, a symbol-MAP detector functions to provide the source
decoder with sequences of more reliable codeword indices. This in turn enhances
the quality of the reproduced sequence of information at the source encoder output.
The significance of using symbol-MAP with VQ is clear in Table E.1, where we
demonstrate higher PSNR values as compared to w/o MAP as well as sequence-
MAP.
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Figure E.1: The detection performance of the different algorithms with a BSMS of p = .05.
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