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Abstract

We propose new unitary space-time codes with high diversity products for multiple
antenna wireless communications. These Hamiltonian and product constellations have
full diversity, and can be used for any number of transmitter antennas and for any data
rate. Hamiltonian constellations for -two transmitter antennas are based on Slepian’s
group codes. We construct Hamiltonian constellations for any M transmitter antennas
by using a direct sum of 2 x 2 Hamiltonian matrices for M even, and a direct sum of
2 % 2 Hamiltonian matrices with the roots of unity for M odd. Product constellations
are proposed using a product of a Hamiltonian constellation and a representation of
cyclic group. We also present product constellations of two Hamiltonian constellations
with diagonal blocks in different order for M odd. Many of our constellations outper-
form, and have higher diversity products, than the best known space-time constellation

designs in the literature.
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Chapter 1

Introduction

The use of multiple antenna systems is a technique for increasing the data rate of
wireless communications in a fading environment [8, 9, 32]. Space-time coding was
developed for use in multiple antenna wireless communications to achieve high data
rate and reliability. It employs a combination of techniques in error control coding
and transmission diversity. The space-time encoder encodes data, and splits it into
M encoded streams for transmission by M transmitter antennas. The received signal
at each receiver antenna is the linear superposition of multiplication of M encoded
streams with fading coeflicients, adding with noise. The design of a good space-time
code with high coding gain and a simple encoding-decoding algorithm is still an open
problem. The construction of full diversity space-time codes for any number of trans-

mitter antennas and for any data rate poses a particular challenge.

1.1 Literature Review

Tarokh et.al. [31] introduced space-time trellis codes for multiple antenna systems in

Rayleigh or Rician fading channels. They defined the diversity and coding gain, which
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are the main design criteria of space-time coding, for both siow and fast fading chan-
nels. Although the space-time trellis code performs very well, its disadvantage is its
complexity, which grows exponentially with the number of encoder memory states.
Alamouti [1] presented a simple transmission scheme for two transmitter antennas.
The decoder algorithm of Alamouti’s scheme was shown to be very simple using a
technique of signal combining and maximum-likelihood (ML) decoding. This idea led
to space-time block codes [30] for any number of transmitter antennas, which are con-
structed from the theory of orthogonal designs. Space-time block codes achieve full
diversity gain and also have a simple decoder algorithm. The performance of space-
time block codes was first shown in [29]. Both space-time trellis codes and space-time
block codes were presented for use with known channels, that is, when the transmit-
ter/receiver antennas know the fading coefficient of the channel.

In practical applications and without imposing any training schemes, the fading
coeflicient of the channel is generally not known to the receiver antenna. Marzetta
and Hochwald [24] suggested that a transmitted signal matrix, which is a product
of a matrix with orthonormal columns and a real-nonnegative diagonal matrix, can
achieve capacity for unknown channels. This suggestion was the motivation for the
development of unitary space-time modulation techniques [14], in which all transmitted
matrices are unitary, for use in those cases of neither the transmitter nor the receiver
antennas know the fading coefficient of a channel. These techniques can work well
either for high signal-to-noise ratio (SNR) or when the time period of transmitted
matrix is much greater than the number of transmitter antennas. The systematic
design of unitary space-time codes was presented later in [15]. Hochwald et.al. [16)
and Hughes [17] proposed differential unitary space-time modulation techniques for
use in unknown fading channels. These techniques can be considered as an extension
of differential phase shift keying (DPSK) of noncoherent modulation for single antenna

communications. The pairwise error probabilities in high SNR when using differential
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modulations were computed for both known and unknown chénnels. It has been shown
that the differential modulations degrade approximately 3 dB coding gain compared
to known channel cases. In [28] and [20], the space-time block codes of [1] and [30],
respectively, are modified for differential transmissions.

For high SNR, a pairwise error probability is approximated by a fraction whose
denominator is the determinant of the difference of two signal matrices in its constel-
lation. The diversity product is defined as the minimum value of one half of the M
roots of this determinant. A constellation has full diversity if its diversity product
is greater than zero. The design problem of differential unitary space-time coding is
to minimize the pairwise error probability, or equivalently to maximize the diversity
product. The problem of constructing a constellation with high diversity product has
been studied in many prior works. For example, some of the group structures pro-
posed to represent unitary constellations are dicyclic and cyclic groups [16, 17, 18] and
fixed-point free groups [26]. Some examples of nongroup unitary constellations include
products of fixed-point free groups [26], subset of the compact symplectic groups [34],
Cayley codes [12], parametric codes [22] and numerical methods [11]. These designs
suffer variously from limitations in performance, the number of transmitters used, and
the data rate achieved. Our goal in this thesis is to find a set of M x M unitary
matrices which has a diversity product as large as possible, where M is the arbitrary
number of transmitter antennas. We propose two new unitary space-time constellation
designs: Hamiltonian and product constellations. These constellations can be used for
any number of transmitter antennas and for any data rate. Furthermore, they achieve
full diversity and can be used for both known and unknown channels using differential
unitary space-time modulation.

We begin with a 2 x 2 unitary constellation which is obtained from 2 x 2 Hamilto-
nian matrices. The diversity product of a 2 x 2 Hamiltonian constellation equals one

half of the Euclidean distance between two points in two-dimensional complex space.
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By considering the transformation from four-dimensional reai space to two-dimensional
complex space, the idea of Slepian’s group codes [27] is used to construct constellations
for any order L. We present a new 2 x 2 Hamiltonian constellation which is constructed
from an (L, 4) cyclic group code [2]. The M x M Hamiltonian constellations for any
M transmitter antennas can be constructed by using a direct sum of 2 x 2 Hamiltonian
matrices for M even, and a direct sum of 2 x 2 Hamiltonian matrices with the L* roots
of unity for M odd. A product of a Hamiltonian constellation and a representation of
a cyclic group is further proposed to increase the data rate and improve the diversity
product. We also propose a product of two Hamiltonian constellations with diagonal
blocks in different order for use in a case where M is odd. Although our Hamiltonian
and product constellations do not form groups, we show that the optimization of their
diversity products will not be computationally intensive for large L. It only requires
checking L — 1 distinct matrices, making it comparable to those that use group con-
stellations. We show that many of our proposed constellations outperform, and have
higher diversity products, than the best known space-time constellation designs in the
literature. These include orthogonal designs, dicyclic groups, cyclic groups, paramet-
ric codes, numerical approaches, nongroup constellation designs, Cayley codes, TAST

codes and some constellations obtained from fixed-point free groups.

1.2 Outline of Thesis

The content of this thesis is described as follows. Chapter 2 gives the background ma-
terial of this thesis. We briefly give an overview of multiple-antenna wireless commu-
nications for both known and unknown channel cases. The design criteria of unitary
space-time constellations, the upper bound of diversity product and prior works on
unitary space-time constellation designs are reviewed. The idea of group codes, and

particularly simplex, orthogonal, symmetric and cyclic group codes, are also explained
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in this chapter. The determination of the best initial vector, Which is the main problem
of group codes, is discussed for each group structure. Chapter 3 begins with examples
of constructing 2 x 2 Hamiltonian constellations from the basic group codes with dif-
ferent group structures, as discussed in Chapter 2. In particular the new signal matrix
form of a 2 x 2 Hamiltonian constellation for any cardinality L, which is constructed
from an (L, 4) cyclic group code, is presented. A direct sum method is used to extend
our construction to the general case of M x M constellations. At the end of the chapter,
we give some examples of specific Hamiltonian constellations with their best diversity
products. Product constellations are proposed in Chapter 4. We discuss the neces-
sary conditions for constructing full diversity product constellations. Some examples
of product constellations are also given. Chapter 5 shows the results and performance
of cur Hamiltonian and product constellations for arbitrary numbers of transmitter
and receiver antennas compared with different known space-time constellation designs.
In Chapter 6, we present our conclusions and discuss possible extensions of the work
of this thesis. Appendix A contains a review of the group theory and representation
theory which are necessary for understanding the group codes in Chapter 2. The four-
dimensional irreducible representation of the symmetric group S; is also computed in
this appendix. Appendix B is the table listing optimal parameter for the (L,4) cyclic
group codes for L = 3 to 100. Appendix C contains the proofs for the simplification of

the optimizations Hamiltonian and product constellations.



Chapter 2

Preliminaries

2.1 Multiple Antenna Systems

We review some background of multiple antenna systems in wireless communications

as given in [14, 16, 17, 31] in this section.

2.1.1 Channel Models

Consider multiple antennas in a Rayleigh flat fading channel with M transmitter an-
tennas and N receiver antennas. At time ¢, the fading coefficient from transmitter
antenna m to receiver antenna n, hymns, and the additive noise on receiver antenna n,
win, are independent complex Gaussian variables with mean zero and variance one,

CN(0,1). Denote by sy, a transmitted signal at time ¢ on transmitter antenna m,

m=1,2,..., M. The received signal at time ¢ on a receiver antenna n, x;, is defined
as
M
Tgn = \/ﬁthmnstm+wm, t=0,1,...andn=1,...,N (2.1)
m=1
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where p is the signal-to-noise ratio (SNR) at each receiver antenna. At each time t,

the expected value of the sum of all transmitted signal powers equal to one, that is

M
ED sl =1. (2.2)
m=]

Generally the transmitted signals can be transmitted in a block period T, therefore

from (2.1) a received signal X, can be written in a matrix form as

X, =pS:H, +W,, 7=0,1,... (2.3)

where 7 is an index of a block. The sizes of the received signal matrix X, and the
transmitted signal matrix S, are T x N and T x M respectively. W, is the T x N
additive noise matrix. H, is called the M X N channel matriz, and we assume that the
fading coefficient is constant within the block. Let R be the data rate in bits/channel

use, and L be the size of the alphabet of a message for transmission. We have L = 2FT.

Known Channels

We first explain unitary space-time modulations as given in [14] for a case of known
channel. If receiver antenna knows the channel matrix, H,, then the receiver antennas
is said to have the perfect channel state information (Perfect CSI). A message is sent
to the space-time encoder as a sequence 2o, 21, 22 ... with 2, € {0,1,...L — 1}. Then
the transmitted signal matrix S, is chosen from a signal constellation V = {V;}.3 by
index z,. Equivalently

S, =V, (2.4)

T

where V} is a T x M unitary matrix, which satisfies V;V}* = Ir. ( )* and Ir denotes

conjugate transpose and a T X T identity matrix respectively. The received signal
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matrix is defined by (2.3). Using the maximum-likelihood (ML) decoder, the receiver

antenna will decode to a message 2, as

Z = arg _mi mm ||X - ViH,|| (2.5)

where [|A[|> = Tr(AA*) = Tr(A*A) = ¥, ; lai;|* (Tr denotes the trace). Suppose the
time period in one block equals the number of transmitter antennas, that is, T = M.

Then the size of V} is M x M, and the data rate will be

log, L

R=M

(2.6)

Using the Chernoff bound, the pairwise error probability that the receiver antenna

decodes an error from V} to Vir can be bounded by [14]

M
1 P 2 -N
<3 ,,I;I 1+ Zom(Vi = Vo)) (2.7)

where 0, (V; — Vi) is the m*® singular value of the matrix V; — V. We know that
the product of the squares of the singular values equals the norm squared of the de-
terminant. Hence at high SNR, the pairwise error probability P, from (2.7) can be

approximated by

L — (2.8)

P,
[det(Vi — Vi) P

I/\

1
2'p
Unknown Channels

The receiver antennas is said to have no CSI if it does not know the channel matrix
H.. Hughes [17] and Hochwald et.al. [16] proposed differential unitary space-time

modulations for multiple antennas with no knowledge of the channel information. The

idea of differential space-time modulation is similar to differential phase shift keying
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modulation (DPSK) for noncoherent modulation in the single antenna communications.
The current transmitted signal S; is obtained by multiplication of the previous signal

Sr-1 with its signal constellation index V,_ . Equivalently,

Sy = ‘/ZTST'—].’ (29)

with Sp = Ips. In the case of unknown channel, we have to modify the received signal
equation of (2.3), since H, is unknown. From the differential modulation (16, 17],

we assume that the channel matrix H, is constant over two consecutive time periods,

H,~ H,_; = H. From (2.3), we will have

X-,-_l = \/ﬁS ..1H+ W ~1 (210)

X, = /pS,H+W,. (2.11)

Substitute S;_; = V713, in (2.10), and then adding the resulting equation to (2.11)
gives
X, =V, Xo_1 + W, -V, Wiy (2.12)

Since additive noise is independent and invariant under multiplication with a unitary

matrix, the received signal matrix X, for unknown channel will be

X, =V, Xry + V2W, (2.13)

where W/ is also independent CN(0,1). The ML decoder is also used for the receiver

antenna to decide a message 2, to be
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£ = argl_on.}‘iL_1 | X7 — ViXr-]|- (2.14)

Now suppose T = M. The data rate is also defined as (2.6). The pairwise error
probability of receiver antenna decodes an error from V; to Vi» can be computed using

Chernoff bound as [{14]

1 o?
< 2 AR )
P, 3 I_ll[l + -—4(1 %) (Vi = V)] (2.15)

At high SNR, P, can be also estimated by

1,8 1
P. < —(=)MN )
=30 aevi— e

(2.16)

Clearly from (2.8) and (2.16), at high SNR, the unknown channel has twice the pairwise
error probability of the known chahnel. This implies a 3 dB penalty for differential

space-time modulation for use in an unknown channel.

2.1.2 Design Criteria for Unitary Space-Time Codes

Let V = {Vi}]2' be a signal constellation, where |V| = L, and V; is an M x M unitary
matrix. We define the- diversity product, {, as given in [26] which is computed from a
constellation V by

v=1, min |det(Vi~ V)| (2.17)

1

2 ogi<li<L-

where M is the number of transmitter antennas. 0 < ¢y < 1. A constellation V which
has ¢y > 0 is said to have full diversity. Clearly we need to minimize P, of (2.8) and
(2.16) for known and unknown channels respectively. Therefore a design criteria for a
full diversity constellation V is to find a set V of M x M unitary matrices which has
(y # 0 as large as possible. The upper bounds of the largest possible values of diversity

products for M > 2 as given in [22] are
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L
v upper < L1 for2<L<2M*+1 (2.18)
1
< 7 for 2M? +1 < L < 4M? (2.19)
1
< 7 for L > 4M* (2.20)

We will call a constellation whose diversity product achieves the upper bound as above,
an optimal diversity product constellation. Furthermore the value ‘/TLL—T)' is also the
exact value of optimal diversity product for L = 2 to 5. Table 2.1 shows the largest

possible values of diversity product for L = 2 to 5.

L 2 3 4 5
¢=/x; 10000 08660 0.8165 0.7906

Table 2.1: Optimal diversity product for L = 2 to 5

2.1.3 Summary of Prior Work

The problem of constructing a full diversity unitary space-time constellation with high
diversity product has been studied in many prior works. We give a brief summary of
them in this section. These designs will be compared to our proposed constellations in
next three chapters.

Orthogonal Designs

A 2 x 2 orthogonal design matrix has the form

(2.21)
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where |z|2 = |y|> = 1. The term 71-2- makes this matrix unitary, and thus this constella-
tion can be used for differential detection in unknown channel [28]. The values of z,y

are chosen from the Q** roots of unity,

z,y € {1,e2/Q 2i2Q 2mi(Q-1/QY,

The order of the constellation is given by L = Q2 The diversity product can be

computed as

G = sin(7/Q) .
V2

The summary of orthogonal designs with their diversity product for M = 2 transmitter

(2.22)

antennas [28] is shown in Table 2.2 on page 27. The 4 x 4 orthogonal square matrix

for 4 transmitter antennas as given in [33] is

V= (2.23)

1
\/g—-z*Ox*y

The value of z,y and z are also chosen from the Q" roots of unity. This constellation

has the order L = Q3.

Dicyclic and Cyclic Group Designs

Hughes [17, 18] and Hochwald et.al [16] used dicyclic and cyclic groups to represent
their constellations. For M = 2, the dicyclic group constellation, a quaternion group

Qp, is
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ed2n/? 0 01
Qp= , : (2.24)

0 edm/? -1 0

The diversity product of Q) is computed as [18]

. 1 .
(v =min{ — , min
V2 i=12,.20-1

And the order of the dicyclic constellation is L = 2P*!. On the other hand, for any L,

2wl

sin —
2p

} . (2.25)

an M x M cyclic group constellation has the form V = {V;}}=} where

V= diag(eerull/L’ ej21ruzl/L, ey ej27ruMl/L )’ (226)
and u; € {0,1,...,L — 1}. The diversity product is given by

1

M bod
LTl
sin —

7 (2.27)

= min
& 1=1.2,..,.L—1

i=1
The summary of dicyclic [17] and cyclic group [16] designs is shown in Table 2.3 on
page 27.

Fixed-point Free Group Designs

A group is called a fixed-point free group if it has a unitary representation which has
full diversity, ¢, > 0 [13]. Hassibi et.al. [26] classified all six classes of fixed-point
free groups, Gmyrs Dty Empry Finpgy Jmyr and Ky, py, which are all induced from cyclic
groups. Some of these resulting constellations have excellent diversity product which
are higher than constellations from [16, 17, 18, 28]. But there are still some limitations
to these designs. First, the size of possible constellations is limited when M is large
and odd. Second, there exist only even order 2 x 2 constellations. A summary of

fixed-point free group designs [26] is shown in Table 2.4 on page 28.
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Nongroup Designs

There are three different nongroup constellation designs for any order L and M trans-
mitter antennas which were also proposed in [26]: a Hamiltonian matrix, for only
M = 2; a nongroup Sp,, which is a generalization of the fixed-point free group Gpr,
and a matrix product of two different representations of fixed-point free groups. It
is shown that some constellations from S,,, and the product nongroups have diver-
sity product higher than group constellation designs. A summary of the nongroup

constellation designs of [26] is shown in Table 2.5 on page 28.

Symplectic Group Designs

Subsets of the infinite symplectic group Sp(2) are used to construct full diversity con-
stellations for M = 4 transmitter antennas in [34]. Sp(2) is not a fixed-point free
group. The constellations produced are finite subsets of Sp(2) with nonzero diversity
product. Although these Sp(2) constellations underperform the fixed-point free group
designs, their significance is in their simple decoding algorithm. The signal matrix is

defined as

Vi 1 AB 4B (2.28)
P)Q»o = 7= - - — .
V2| _AB 4B
where (') denotes complex conjugate.
1 I el 1 37'2%?"'0 T+
A=— dB=— . (229
\/_2- _.e_jofl e“j&rﬁh - \/é_ _e_j'th"_}_g e_j%_m+o ( )

0<k,l < P,0<mn< Q. We can see that there are P? possible choices for A and

QQ? possible choices for B. Hence the data rate is
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R = —(log, P +log, Q). (2.30)

[ e

The values of P,Q and 6 € [0,2r) are chosen to maximize the diversity product.

Parametric Code Designs

A parametric code design [22] was proposed for only M = 2 transmitter antennas. A

parametric code matrix is defined as a product of three 2 x 2 unitary matrices as:

l ! !
et 0 cos(k,0 sin(k,0 kb
v | (kafr)  sin(k,0r) . 23
0 ekl —sin(k0.) cos(kq0z) 0 ekl
where 0, = 2n/L and ki, ks, k3 € {0,1,...,L — 1}. The value of k = (ki, ko, k3) is
found by exhaustive search to maximize y. This search is computationally intensive

when L is large as it needs to consider L(L — 1)/2 distinct values of Vi, Vi in (2.17).

Table 2.6 gives a summary of parametric code designs [22] on page 28.

Numerical Approaches

In [11], numerical approaches are used to construct large diversity product constel-
lations for any dimension M and order L. A simulated annealing and a genetic
algorithm are used to search optimized constellations from the algebraic structures,
A¥BY AB, AkB* A¥B'C™, ABC and A*B*C* where A, B, C are M x M unitary matri-
ces and k,l, m are arbitrary numbers for a given L. A summary of numerical approach

designs [11] is also shown in Table 2.7 on page 29.
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Cayley Code Designs

Cayley codes [12] were proposed for any number of transmitter antennas and any
data rate by considering the transformation of a nonlinear Stiefel manifold of unitary

matrices to a linear space of skew-Hermitian matrices. The signal matrix is

V = (I + A (I - §A). (2.32)

A= EqQ=1 Agoy, where {o;}? € R and the A, are M X M complex Hermitian matrices,
A, = A;. The values of Q,{A,} and A = {oy,...,} are chosen to optimize the
diversity product of a constellation. The data rate is R = (Q/M) log, r, where r is the

number of distinct real values in A.

TAST Code Designs

In [10], the threaded algebraic space time (TAST) codes, Tys,1,, where M is the number
of transmitter antennas and L is the number of threads or layers in space-time layering
technique, were presented for both known channel, and unknown channel by combining
with Cayley transformation. The differential TAST code for M = L = 2 as given in [10]

is

In —jB

" where B is defined by
B 1 V2521 §9"%s11 + ¢%s12 (2.34)
2(1+9¢) ¢l/2512 - .7¢1/2511 \/5522
(311,312)t = M(’Uql, 1.L12)t and (821,322)t = M(’U,gl,UQQ)t. The values of U1, ..., Uz are

chosen from pulse code modulation (PAM) constellations, ¢ = n, = (1 + v/5)/2, and
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M= ——— : (2.35)

1+ TLZ ng 1
2.2 A 2 x2 Hamiltonian Matrix

A 2 x 2 Hamiltonian matrix is used to design a full diversity constellation for M = 2

transmitter antennas as given in [26]. This matrix is defined by

H= (2.36)

where z,y € C and |z|? +|y|? = 1. This differs from the 2 x 2 orthogonal designs in [28]
which require |z|? = |y|> = 1. Let H = {H;}/! be a 2 x 2 Hamiltonian constellation,
generally H does not form a group. From (2.17), the diversity product (3 of a 2 x 2

Hamiltonian constellation for two transmitter antennas can be computed as

1
G = 3l det(H - H')|z (2.37)
| 3
T — zI . RPYAL
= et w-v) (2.38)
y—y (z-2)
1
= sVl —2P+ly-yP (2:39)

From (2.39), we can easily see that now (3, equals one half of the Euclidean distance
between two points (z,y) and (¢/,y') in C2. Consider the transformation from R* to
C2. If A(ay, az,a3,a4)%’ is a point on the unit sphere in R* where a2 + a% +a3+af =1

, then we can convert this point onto the unit sphere in C? using the mapping:

Alay, a2, as, 04)]](‘1 U— A(al + jag, a3 + ja4)c2 = A(z, y)c2 (2-40)
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where z = a; + jas,y = a3 + jag and ay,a9,a3,a4 € R. Coﬁsequently the problem of
constructing a 2 x 2 Hamiltonian constellation can be reduced to finding L points in R*
such that the minimum distance between two points as large as possible. A possible
solution to this problem is to use Slepian’s group codes [27] to get these maximum
equidistant L points in R4, that is, (L,4) group codes when in the group codes these
points are considered as a set of L codewords in four-dimensional space. In the next
section, we will explain the idea of group codes which will be used for constructing the

Hamiltonian constellations in Chapter 3.

2.3 Group Codes

An (L,n) group code is a set of L codewords in the Euclidean space of dimension n.
Basically we can think that all L codewords are on the surface of unit sphere in n

dimensional space. Let {X;}1!

be codewords and assume that all X; are equiproba-
ble. The distance from any codeword X; to all nearest neighbors is the same as from
codeword X} to all nearest neighbors for all [,k = 0,1,...,L — 1, or equivalently, all
codewords have the same error probability. We first introduce two basic group codes,

simplex and biorthogonal codes, which can be obtained by simple structures. Then

group codes generated from symmetric and cyclic groups are described.

¢ Simplex Codes
One of the simplest group codes is a simplex code. Simplex codes can be constructed
by translating the basis vectors by their average vector. Let us define an orthonormal

basis in n dimensional space by

X; =(0,0,...,0,1,0,...,0), j=1,2,...,n (2.41)

where the n-tuple X; has 1 at the j** position and other entries are zero. The average
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of all vectors {X;}}_, is given by

1< 1
Xovr = — C=2(1,1,...,1). 2.42
nZX ~( ) (2.42)

Then translating the X; of (2.41) by — X, gives

1
X;: (__1.,__1’7_1,1_1,_1,',__) (243)
n n n n n n

To get all these codewords be unit codewords or lie on the unit sphere, we have to divide
(2.43) by its modulus, | X7|, where |Xj| = 1/(n — 1)/n. Ann-dimensional simplex code
is thus obtained by

X" = n-1 1

1 1
j <\/n(n—1)’“.’_\/77,(71——"1)’ n ' Van-1)

1
T W/ =1)
(2.44)
We can see that this set of codewords {X}'}}_, is linearly dependent in n-dimensional
space since » ,._; X” = 0, and therefore they can not span in R, [4]. Consequently this

is an (n,n — 1) group code with the minimum distance

2n

min = 2.45
d — (2.45)
¢ Biorthogonal Codes
An n-dimensional biorthogonal code can be easily obtained by

X =(0,0,...,0,%1,0,...,0), k=1,2,...,n (2.46)

where the n-tuple X; has &1 at the k** position and other entries are zero. An

n—dimensional biorthogonal code has 2n codewords. This is a (2n,n) group code with

dmin = \/§
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2.3.1 Definition

Let {01} be a group of real orthogonal n x n matrices. The codewords {X;}=' of

an (L,n) group code can be generated by

X; =0 X (2.47)

where X is called an initial vector. The initial vector X can be any of the codewords
{Xi1}=). To guarantee that O;X will generate exactly L codewords, the transforma-
tion between X; and the orthogonal matrix O; must be one-to-one correspondence, or
faithful transformation. If there are only L’ distinct codewords, where L' < L, then L’
must divide L. Intuitively to be able to generate L codewords, an initial vector X can
not be an eigenvector of unit eigenvalue of any O,. The distance, d, between an initial

vector X and any codeword X; is computed using

B(X, X)) = | X— X)) =2 - 2X - O,X. (2.48)

The main problem of group codes is how to choose the best initial vector X in (2.47)
to minimize the error probability, or to maximize the minimum distance of nearest
codewords in (2.48). This is extremely difficult and a solution has not yet been found,
except for special cases such as for a cyclic group [2], for a finite reflection group [25]
and for a full homogeneous representation and the (n — 1)-dimensional representation

of the symmetric group S, [3].

2.3.2 Symmetric Group Codes

The best initial vector, X, and maximum d;, of a symmetric group code have been
found in [3] for the (n — 1)-dimensional representation of S, by viewing it as a subrep-

resentation of the natural representation 7" of S,, (see Appendix A) which is a doubly
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transitive representation of symmetric group. In other words, there is an orthogonal
matrix R such that
RTR=1®0 (2.49)

where o is the (n — 1)-dimensional representation of S,,. ( )* and & denotes a transpose

of matrix and a direct sum respectively. The orthogonal matrix R has the form as

Y Y Y o Y Y
A -1 —m —Y1 "N
Rt = 0 ﬁ2 —Yg +en —Y2 —Y2 (250)

0 0 0 ... ﬂn-—l —:Bn—l

where ny? = 1, (n—j)7?+6? = 1and §;—(n—j)y; = 0. Let X = (21,22, ...,%.) be an
initial vector of the natural representation T’; the codewords are T(g)X where g € S,.
Since T'(g) permutes the component of X, we may assume that z; > 2 > ... > z,.
The minimum distance between codewords which we want to maximize is thus given

by

min2(z; — 2;41)®> i=1,2,...,n— 1. (2.51)
2

From (3], we assume that ) ;._, z; = 0 and set z; — ;41 to have constant value a. We

will get a best initial vector for the natural representation T as:

For n odd

— —_ —1
X = <P_£a, —7)‘——3a1-.-7a7 07 —a7"'7_n a) (252)
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For n even

n—-1 n-3 a « n—1
= —a,—0,..., =y — ., — 2.53
X(za,za, 5= 2a) (2.53)

From (2.52) and (2.53), @ can be computed by

12
= \/ =D 1) (2:54)

The best initial vector for the (n — 1)-dimensional representation, o, can be obtained
by deleting the first entry of R*X, which is zero. The order of codewords is n!. This is

an (n!,n — 1) group code with the minimum distance
dmin = V2a. (255)

2.3.3 Cyclic Group Codes

The problem to find a best initial vector, X and maximum dpi, of an (L,n) cyclic
group code has been solved in [2] by a linear programming, the simplex method. Every
real n-dimensional representation of a cyclic group is generated by a matrix O whose

diagonal form is

O = diag(1,1,...1,~1,~1,...— 1, A(k1), ... A(kny)) (2.56)

—n; — — Ny —
where A(k;) is defined by

2—7rki 'nglki
Alk) = CoSLH SRTE (2.57)

—sin %J’—'k:i cos %k,-
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and

ny + ng + ng = n. (258)

The values of n; and n, are the number of repetitions of 1 and —1 in O respectively.
If L is odd then n,; must be 0. In group codes, generally we avoid to have a direct
sum of identity in the orthogonal matrix O, of (2.47) because the component of O;.X
corresponding to the identity will be constant for all X; implying that the codewords

do not span n-dimensional space. Therefore n; in (2.56) must be zero.

Theorem 2.3.1 If O is a generator matriz of an (L,n) cyclic group code, the code-
words which are generated by {O, X }{;’01 will span a space whose dimensionality equals

to the number of distinct eigenvalues of O. [2]

Since we want the codewords to span n dimensions, from Theorem 2.3.1, O must
have n distinct eigenvalues. We can see that the eigenvalues of O when n; = 0 are
—1,-1,...,—1 (with n times) and e*7%* i = 1,2,...,n;. Consequently we need to
choose ny = 1 for L even and n odd, and different values of k;, 0 < k; < L (not equal

to L/2 for L even and n odd). Then O, of an (L, n) cyclic group code will have the form

For Levenand nodd, n =2v+1

O, = diag((—1), A(lky), . .., A(lk,)) (2.59)

For L unrestricted and n even, n = 2v

O, = diag(A(lky), . .., A(lk,)) (2.60)

Let X = (z1,%2,...,2Z,) be an initial vector. We can compute the Euclidean distance

between X and O;.X by
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X - OoX|? 2 - 22;1,- cos 2%”65, for n = 2v (2.61)

i=1

- 2n
= 2-2(-1)'go -2 Zu,- cos —L—lki forn=2v+1 (2.62)

i=1

where

po = T
z3+ah, n=2v+1
pi = (2.63)
:L‘%i_l + .’Egi n= 21/
From (2.61) and (2.63), we can observe that the distance between X and X; does not
depend on a single entry of the initial vector X, but rather on the sum of squares of
pair of entries. Using the property that cos 21 = cos Z2(L — I) in (2.61) or (2.62) we
deduce that

IX — O X|f? = | X — O X||*. (2.64)
The problem of computing a best initial vector, X which maximizes the distance in

(2.61) or (2.62) is thus equivalent to finding

max min || X - O X]|. (2.65)
X I=12..,L/2

First let consider in the case of n even, n = 2v. By using sin’a = %(1 — cos2a) in

(2.61), the distance from X to O;X will be

&# =4 psin® %lki. (2.66)
i=1
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Let d2,, be the maximum nearest distance. Clearly d? > d2,,, so

min?

v
Ap; , o7
— sin? =

dz, L

j=1 _min

Ik; > 1 (2.67)

Let us define

4pi
yz—' d?n .

m

(2.68)

Since pq + p2 + ... + @y = 1, we have that

Y 4
zzzyi: drznin

i=1

(2.69)

We want d2;, as large as possible, therefore we need to minimize

2= u (2.70)
i=1

According to (2.67) and (2.68), u; is always positive and so is d2;,, therefore y =

(3/1, Y2, .- ,y,,) must satisfy

>0 and Ay >(1,1,...,1) (2.71)

where A is an (L/2) x v matrix which is defined by

(A);; = sin? %z‘kj (2.72)

wherei=1,2,...,%andj=1,2,...,l/.

Similarly for the case of n odd, n = 2v + 1 and L is even, we also need to minimize

(2.70), and y = (y1, Y2, - - - , Yv+1) must satisfy
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v >0 and By >(1,1,...,1) (2.73)

where B is an (L/2) x (v + 1) matrix which is defined by

ZED ifj=1
(B)ij = (2.74)
sin? Tikj, ifj>1
wheret=1,2,...,L/2and j = 1,2,...,v+1. Thus we can find the best initial vector,
X, and maximum dp;, for any given L,n and k;,¢ = 1,2,...,v using the simplex
programming method. For fixed L, the different values of k; will give us different
values of dyin. The next step is to find the value of k = (ki, k2, . - ., k,) which gives the

maximum dp;, for fixed L and n. We observe that the number of possible choices of

k; is (L{“’) since k; and L — k; will give us the same distance dp -
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L R ¢ Q" roots

4 1.00 0.7071 2

16 2.00 0.5000 4

64 300 0.2706 8 (Figure 5.2)
121 346 0.1922 11

256 4.00 0.1379 16

4096 6.00 0.0347 64 (Figure5.3)

Table 2.2: Summary of orthogonal designs for M = 2

M L R ¢ Constellation designs

2 4 1.00 0.7071 dicyclic group ¢y

2 4 1.00 0.7071 cyclic group u=(1,1) (Figure 5.1)
2 8 1.50 0.7071 dicyclic group Q2

2 8 1.50 0.5946 cyclic group u = (1,3)

2 16 2.00 0.3827 dicyclic group Q3

2 16 2.00 0.3827 cyclic group u = (1,7)

2 32 2,50 0.1951 dicyclic group Q4

2 32 2.50 0.2494 cyclic group u = (1,7)

2 64 3.00 0.0980 dicyclic group Qs (Figure 5.2)

2 64 3.00 0.1985 cyclic group v = (1,19) (Figure 5.2)
2 120 345 0.1353 cyclic group u = (1,43)

2 128 3.50 0.0491 dicyclic group Qs

2 128 3.50 0.1498 cyclic group u = (1,47)

2 240 395 0.1045 cyclic group u = (1,151)

2 256 4.00 0.0245 dicyclic group Q7

2 256 4.00 0.0988 cyclic group u = (1,75)

3 8 1.00 0.5134 cyclic group u = (1,1,3)

3 63 1.99 0.3301 cyclic group u = (1,17, 26)

3 64 2.00 0.2765 cyclic group u = (1,11,27)

4 16 1.00 0.5453 cyclic group v = (1,3,5,7)

4 240 1.98 0.2145 cyclic group u = (1,31,133,197)

4 256 2.00 0.2208 cyclic group u = (1,25,97,107) (Figure 5.5)
5 32 1.00 0.4095 cyclic group u = (1,5,7,9,11)

6 64 1.00 0.3792 cyclic group u = (1,7,15,23,25,31)

Table 2.3: Summary of dicyclic and cyclic group designs
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<

L R ¢ Classes of fixed-point free groups
24 229 05000 Es; = SLy(F3)
48 2.79 0.3868 F3;_,
240 3.95 0.2257 Fisin
9 1.06 0.6004 Go; withu=(1,2,5) (Figure 5.4)
63 1.99 0.3851 Gag
513 300 01353 G171,64(t = 19)
240 1.98 0.5000 Kj1,-1

W W NN NN

Table 2.4: Summary of fixed-point free group designs

]

L R ¢ Parameters of nongroups
81 3.17 0.2417 L, =9,u=(1,2)
289 4.09 0.1625 L,=17,u=(1,12)
1089 5.04 0.0794 L, =33,u=(1,26)
4225 6.02 0.0436 L, =65,u=(1,19)

529 3.02 0.1863 L, =23,u=(1,13,19)
289 2.04 03105 Ls=17,u=(1,3,4,11)
4225 3.01 0.1539 L4 =65u=(1,14,21,34)

33 1.01 0.5580 Sii3,u=(1,3,4,5,9)

Ul o NN NN

Table 2.5: Summary of nongroup designs

=

L R ¢ Parameters of parametric codes

16 2.00 0.5946 k= (3,4,2)

32 250 03827 k=(7,8,2)

55 2.89 0.3874 k= (34,15,0)

64 3.00 0.3070 k=(7,10,0) (Figure 5.2)

75 3.11 0.3535 k

91 3.25 0.3451 &k
k
k

105 3.36 0.3116
128 3.50 0.2606

NN N DNDNNNDND

Table 2.6: Summary of parametric code designs
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M L

R

¢

Algebraic structures

27
36
49
64
120
256
)

9

W N NDNDNNN

=

2.38
2.59
2.81
3.00
3.45
4.00
0.77
0.79

0.4122
0.3860
0.3781
0.3090
0.2377
0.1651
0.7183
0.5904

AFBECF
Ak B!
A*B!
Ak Bk

A¢BH

Table 2.7: Summary of numerical approach designs

29



Chapter 3

Hamiltonian Constellations

In this chapter, we begin with the basic examples of constructing 2 x 2 Hamiltonian
constellations from the group codes as discussed in the previous chapter. A new signal
matrix form of 2 x 2 Hamiltonian constellations for any L, which is obtained from
an (L,4) cyclic group code, is then presented. We further extend the construction to
general M x M Hamiltonian constellations for any number of transmitter antennas M

using a direct sum method.

3.1 Basic Examples

3.1.1 For L =2

Consider a unit sphere in R*. For the case of L = 2, it is trivial to choose any two
points which are opposite each other on the surface of a unit sphere to be the two
codewords, X, and X;. Let us choose Xp = (1,0,0,0) and X; = (—1,0,0,0). Then
dmin = 2, and the data rate is R = log, 2/2 = 0.50. Transform the codewords X, and
X to C? by (2.40) to obtain X§ = (1,0) and X&* = (—1,0). Substituting to a 2 x 2

Hamiltonian matrix in (2.36), we get a 2 x 2 Hamiltonian constellation, |H| = 2,

30
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)

The diversity product is {3y = 2/2 = 1. This is an optimal constellation.

3.1.2 A Simplex Code, L =4

The Hamiltonian constellation which is obtained from a simplex code has L = 4 and
R = (log,4)/2 = 1.00. From (2.44), with n = 4, the 4 four-dimensional codewords,
{Xi}3, are '

Xy = (‘/73—\/}2_ \/115 \/115> (3.2)
5 - (-FPd) 339
R 34
X, = ( \/1_ \/1_ r?) (3.5)

Then dmin = 1/8/3 = 1.633. Transforming these codewords from R* to C2 by (2.40)

gives

: (V3 1 1 1

X = (“2"%@"@“%@) (3.6)
2 1 v3 1 1

X = <"_\f1§+’“2""‘ﬁ/1—2'"'“\/1‘2‘) (3.1
- 1 1 V3 1 |

X = (‘ﬁ‘]ﬁ’—r?ﬁ) (38)
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: (1 .1 1 V3

Substituting these in the form of a 2 x 2 Hamiltonian matrix in (2.36), we get a 2 x 2

Hamiltonian constellation, |H| = 4, as

o - P -ive vmoive | | ~vetiY veive |
~Fe-ids $Hikl -k-ik kY
~F i T it ’ ~He-idm IV 3.10)
P-idm ~wmtikl | ~H+IT ~HHik

The diversity product is (3 = 1.633/2 = 0.8165. Table 3.1 compares the diversity
product of this constellation with orthogonal [28], cyclic [16] and dicyclic group [16]
designs at the same L = 4 and R = 1.00. We can see that the Hamiltonian constellation
obtained from a simplex code has diversity product higher than the other three designs,

and in fact it is optimal (see Table 2.1).

Constellation designs
cyclic group
dicyclic group

Table 3.1: Comparison of different 2 x 2 constellation designs at R = 1.00

3.1.3 A Biorthogonal Code, L =8

The order of a 2 x 2 Hamiltonian constellation obtained from a biorthogonal code is
L = 8. The data rate is R = log,8/2 = 1.50. From (2.46), the 8 four-dimensional

codewords are
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X = {(+1,0,0,0),(0,+1,0,0),(0,0,+1,0),(0,0,0,£1)}, (3.11)

hence dmin = V2. Transforming to C? by (2.40) gives

X = {(1,0), (£5,0), (0, %1), (0, £5)}. (3.12)

We substitute this into a 2 x 2 Hamiltonian matrix form in (2.36). This 2 x 2 Hamil-

tonian constellation, |H| =8, is

10 j 0 01 0 J
H=(% ,E ,E , £ . (3.13)

01 0 —j -1 0 j 0
We can see that the Hamiltonian constellation of (3.13) obtained from a biorthogonal
code is a special case in which M forms a group. This H of (3.13) is equivalent to
a dicyclic group [17], denoted @, in Table 2.3. We have a diversity product (3 =
1.414/2 = 0.7071 (the diversity product for dicyclic group) which is still higher than a

cyclic group design [16], as shown in Table 3.2.

Constellation designs ¢
cyclic group
dicyclic g

Table 3.2: Comparison of different 2 x 2 constellation designs at R = 1.50

3.1.4 A Symmetric Group Code from S5, L = 120

Since the solution of an initial vector of (n — 1)-dimensional representation of S, has
been solved as explained in section 2.3.2 and we are searching for four-dimensional

group codes, we thus consider the symmetric group Ss for generating an (L, 4) group
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code. We begin by computing the best initial vector of the S5 group code. From (2.54)

/ 12 1
= = . .14
@ 4x5%x6 /10 (3.14)

In this case n = 5 is odd, so from (2.52), the best initial vector in the natural repre-

with n = 5, we have

sentation is

,_ (2 1 1 2 _
X_(m,m,o, i \/ﬁ) (3.15)

The orthogonal matrix R will be

|
B QJ._.
s OV

o

I
N QJ»—I
[

o
2
N

i

S

Rl = (3.16)

o o o S
N
>
N
N N
[
[

|
o o wl&l ®| &I.-
|
|...
|
|'—‘
|

o Ql
[ %)
|

S~
S

We can easily see that the matrix R® is the result from changing to new orthonormal

basis vectors {1;}:., as explained in Appendix A.3. This gives

5 3 3 1
R'X' = (0, , , , ) ) 3.17
V50" /30" v60 /20 (3:17)

By deleting the first entry of R!X’, we obtain the best initial vector for the four-

dimensional irreducible representation of S5 as

5 3 3 1
X= (\/36 73" V65! m) (3.18)

The four-dimensional irreducible representation matrices of Ss are generated by the

following matrices. (see Appendix A.3)
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-1 45 g g 10 00
YB 1 g9 0 -1 &8 9
p12)=| * * . p(23) = 00
0 0 10 0 ¥ L o
0 0 01 0 0 0 1
100 o] 100 0|
01 0 0 010 0
p(34) = , p(45) = (3.19)
00 -} & 001 0
00 ¥ ! 000 -1

L = |S5] = 5! = 120. The data rate is R = (log,120)/2 = 3.45. The 120 four-
dimensional codewords can be generated by p(g)X, where g € S;. Computing dmin
using (2.55) gives dyin = 0.4472. Thus diversity product of the corresponding 2 x 2
Hamiltonian constellation is {3y = 0.2236. Our constellation again has diversity product
higher than the orthogonal [28}, cyclic [16] and dicyclic group {17] designs, as shown in
Table 3.3.

Constellation designs L R ¢
dicyclic group 128 3.50 0.0491
cyclic group 120 3.45 0.1353

21 346 0.19

orthogonal

Table 3.3: Comparison of different 2 x 2 constellation designs at R ~ 3.45

3.1.5 A Cyclic Group Code, for any L

We want to generate the codewords of an (L,4) cyclic group code by the method
described in the section 2.3.3. In this case n = 4 is even and v = 2. Let X =

(z1, %2, x3,24) be the best initial vector. From (2.63), we will have
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w1 =3+ 23, and pp = 23 + 73. (3.20)

For any given k; and k,, we have to minimize z = y; + y, which satisfies y;,y, > 0,

and

T
L

%2k1y1 + sin®

Lo T
kiy + sin? Zk2y2

T

L

sin®

v
—

sin® 2k, > 1, (3.21)

. om L . om,L
sin? —E(E)klyl + sin? —L-(E)kzyz > 1.

After we get y; and y,, the values of dy;, and py, po can be computed from (2.69) and
(2.68) respectively. The values of k; and k, , which give the maximum dpy of an (L, 4)
cyclic group code for L = 3 to 100, are found by simplex method. Our results are listed

in Table B.1 in Appendix B.

Example 3.1.1 A (10,4) cyclic group code with k; = 1 and ks = 3 gives the mazimum
dmin = 1.2244 (from Table B.1 in Appendiz B). The generator matriz, O, of (2.60),
will thus be

i 1o T
cosE sinf 0 0
o —sin %’ cos %’ 0 0 (3.22)
] = . .
3wl s 3wl
0 0 COSs 5 sin =
s 3l 3ml
] 0 0 —sin<s= cos= |

Let X = (x1,%2,73,24) be a best initial vector. Also from Table B.1, y; = 1.3350 and
y2 = 1.3332. We have
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Ry 1.22442 x 1.3350

3 + 23 = 1 = 0.5003 (3.23)
2, 22442 x 1.
24z = '"Z‘y2 _ L1224 : 13332 _ 0.4097 (3.24)

We can arbitrarily choose the values of z; and x3, and then compute o and x4 respec-

tively. Let choose z, = 0.4 and z3 = 0.6. This gives

g2 = +/0.5003 — 0.4% = 0.5834 (3.25)
zs = /0.4997 — 0.62 = 0.3738 (3.26)

Consequently, the initial vector is

X = (0.4000, 0.5834, 0.6000, 0.3738). (3.27)

The total 10 four-dimensional codewords, {X;}]_,, are generated by {0, X }]_o:

- - -

-
cosZ sin¥ 0 0 | | 0.4000

—sinZ cosZ 0 0 | | 0.5834
X, =
0 0 cos3 sin3 | | 0.6000

0 0 —sin §15'l coS 11571 0.3738

(3.28)

We then use (2.40) to transform these codewords to C2, and substitute them in a 2 X 2

Hamiltonian matriz as defined in (2.36). This gives a 2 x 2 Hamiltonian constellation,

|H| = 10, R = log, 10/2 = 1.66 with the diversity product (» = 1.2244/2 = 0.6122. O

We can see that the method for constructing a 2 x 2 Hamiltonian constellation from a

cyclic group code in Example 3.1.1 is still complicated to compute. In the next section,
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we present a new 2 x 2 Hamiltonian matrix from an (L,4) cyclic group code which is

very simple to construct for any L codewords.

3.2 The Case M =2

From (2.61), we observe that the distance between an initial vector X and any codeword
Xi depends on the sum of squares of pair of entries. Let X = (,/z1,0, /%2, 0) be the

initial vector with

T1+2Z2=1 and z;,20 > 0. (3.29)

Generate the (L,4) cyclic codewords by {X;}£5 = O,X, where O for n = 4 is defined

as
cos 3’%’“ sin &’%1 0 0
—gin 228 g 22t 0 0
O = L L (3.30)
0 0 cosZtk gjp 2k
0 0 —sin 27r_Ilez Cos 2"—£kz
This gives
2nlk 2nlk 2nlk 2nlk
X = (,/:z:l cos WL 1,— Ty sin T 1,\/55005 " 2,— T, sin WL 2> . (3.31)

Transforming these codewords to the new codewords in C?, X,cz2, by (2.40) gives

X V1 (cos ZE — jsin 27k (3.32)
ez = .
V/Z2(cos ——22"£k — jsin —Zz"ék )

Using the property e/ = cosf + jsin 8 for (3.32) gives
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. 2xlk
VE1eI T
. 2nlk

Substitute in the form of a Hamiltonian matrix in (2.36) to get a 2 x 2 Hamiltonian

Xz = (3.33)

constellation Hyyo = {Hl}{;';,‘ with

.2xlk . 2wlk

Tie T — /T I
H = V3L & (3.34)

- 2nlky . 2mlky
Toe™ L N A

We can also write H; of (3.34) in terms of Hi_q = Hy as

.2nlk

Hy = &"T" RiH,T; (3.35)
where
e N e Tt 0
Rl= i2niky N H0= andTl= 2mlky .
0 et VT2 JT1 0 e

Both {R;}{ and {Ti}= form cyclic groups of order L. The diversity product of this

2 x 2 Hamiltonian constellation is computed by

min | det(H, —- Hy)l% (336)

¢ 1
L 2 0<i<l’<L-1

Even though the H; do not form a group, we may compute (3 just by taking H;—¢ and
Hy—; (see the proof in Appendix C.1), since
|det(Hl - Hl')l = |det(H0 - Hl’—l)l- (337)

Then the optimization of diversity product in (3.36) will be
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i, | det(Hy — H))[

1
, nlky AL
o {4 (:1:1 sin? < t2 ———1-_;-) } ) (3.38)

The values of z = (z1,z2) of (3.29) and k = (ki, k2) are chosen to maximize (3 of

(3.38).

N t\)lr—-

3.3 The Case M Even, M > 2

An M x M constellation for a case where M is even can be constructed by the direct
sum of 2x 2 Hamiltonian matrices. Hyrxpr = {Jl}f;_ol for M even has the block diagonal

form

Jy = diag(H?, HM, ..., B ~WM) (3.39)

where H;™™" is defined as

j2nlkm 2xlky
mn \/_e_J —\/—ej L
H, . 2nlk 2nlkm (3'40)
f— == \/— Tiel L
Using a similar derivation as above, the diversity product can be computed as
1 M2 rlbgani]”
(o = 5 zémn oM H Zx, sin? 2’ 2 (3.41)
j=1 i=1
The values of z = (z1,z2) of (3.29) and k = (k1, ks, ..., kn) are chosen to maximize

CH of (341)
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3.4 The Case M Odd, M >3

For the case where M is odd, an M x M constellation is constructed using the direct sum
of 2x2 Hamiltonian matrices and the L** roots of unity, {1, e/27/L e2m%/L ei2r(L-1)/L},

The matrices of Hyxpr = {J,},_0 , for M odd, are of the block diagonal form

Jy = diag(e/ T, H, ... HM™1M), (3.42)

Using a derivation similar to the above, the diversity product can be given by

(M+1)/2 2 w

(o = %z— min  |2™sin lkl H Zx, sin? —=10 7rlk2] mand (3.43)

1,2,...,.L—1
j=2 i=1

The values of z = (z1,x2) of (3.29) and k = (k;, ks, .. ., kn) are found such that they

maximize (3.43).

3.5 Results of Hamiltonian Constellations

Table 3.4 shows some Hamiltonian constellations with their best diversity products.
The constellations were found by computer-simulated searching. We use a simplex
method only for cases of M = 2 and 3. The Hamiltonian constellations for every M
even case and L = 2 to 5 are optimal constellations whose diversity products achieve
the upper bound as given in Table 2.1. These optimal M x M constellations can be
constructed by the direct sum of 2 x 2 Hamiltonian constellations as listed in Table 3.4.
The Hamiltonian H3xs with L = 3, which has a diversity product { = 0.8660, is also
an optimal constellation for M = 3.

For M = 3, the diversity product of Hamiltonian Hsx3 with L = 9 is 0.6632, which
is even higher than, that obtained by the fixed-point free group Gg [26]. Hamiltonian

constellations for M = 4,5 and 6 also have diversity product much higher than cyclic
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group designs [16]. For example, the diversity product of Hexs is 0.5185 while the

diversity product of the cyclic group is 0.3792 at the same L = 64. Unfortunately

Hamiltonian constellations do not give competitive diversity products for the case

where the number of transmitter antennas, M = 2.

M L R ¢ Parameters of Hamiltonian constellations
2 2 0.50 1.0000 =z; =0.5000, k=(1,1)

2 3 0.79 0.8660 ;= 0.5000, k= (1,1)

2 4 1.00 0.8165 =z;=0.6667, k=(1,2) (Figure 5.6)

2 5 1.16 0.7906 z; = 0.5000, k = (1,2)

2 8 1.50 0.7071 z; =0.5000, k = (1,3)

2 16 2.00 0.5098 =z; =0.5198, k = (1,4)

2 32 250 0.3827 =z, =10.4953, k= (1,7)

2 64 3.00 0.2816 z;=0.6281, k= (1,27)

2 121 346 0.2106 z; =0.5590, k = (1,22)

2 128 3.50 0.2031 z;=0.5142, k= (1,12)

2 240 395 0.1511 =z; =04173, k= (1,85)

2 256 4.00 0.1477 z; =0.5526, k = (1,119)

3 3 0.53 0.8660 z;=0.5000, k= (1,1,1)

3 5 0.77 0.7673 z;=0.2316, k =(1,1,2)

3 8 1.00 0.6588 z; =0.8089, k =(1,3,4) (Figure 5.6)
3 9 1.06 0.6632 z;=0.4679, k =(1,4,3) (Figure 5.4)
3 63 1.99 0.3498 x; =0.3758, k = (1,20,27)

3 64 2.00 0.3478 z; =0.6994, k = (1,23,30)

4 3 040 0.8660 =z, =0.5000, k=(1,1,1,1)

4 4 050 0.8165 z;=10.6667, k= (1,2,1,2)

4 5 0.58 0.7906 =z; = 0.5000, k =(1,2,1,2)

4 9 079 0.7119 =z, =0.4094, k= (1,2,6,5)

4 16 1.00 0.6377 z; =0.3680, k =(1,3,7,5)

4 256 2.00 0.3320 =z; =0.4834, k= (1,121,79,87) (Figure 5.5)
4 289 2.04 0.3287 z;, =0.4646, k = (1,126,12,67)

5 32 1.00 0.5444 z; =0.4500, k = (1,11,13,15,7)

6 3 0.26 0.8660 z; =0.5000, k =(1,1,1,1,1,1)

6 4 0.33 0.8165 z;=0.6667, k= (1,2,1,2,1,2)

6 5 039 0.7906 =z, =0.5000, k =(1,2,1,2,1,2)

6 64 1.00 0.5185 x; =0.4549, k = (1,19,3,57,23,31)

Table 3.4: Summary of some Hamiltonian constellations with their best diversity prod-

ucts
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Product Constellations

In this chapter, we increase the data rate and improve the diversity product of the
Hamiltonian constellations constructed in the previous chapter by using a matrix prod-
uct method. We propose two structures of product corstellations: a product P for any

M, and a product Py for M odd transmitter antennas.

4.1 Product Constellation P

Lo-1

Let C be a cyclic group of order Lc. An M-dimensional representation of C = {Og},5;

has the diagonal form

0, = diag(ePoni/lc grmomllc | Jmrullc). (4.1)
We use the product of Hamiltonian constellation Hprxar = {J {j__’{)'l in (3.39) and

(3.42) and an M-dimensional representation of a cyclic group C in (4.1) to construct a

product constellation P for M even and odd respectively, as follows:

P =MHxC = {0}, (4.2)

43
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The product constellation P is unitary, and |P| can be at most LyLc. From (2.17),

the diversity product of Parxas is

—- 1 : ML
(p = 2 Pfg}gp |det(P — P')|m (4.3)
1 . N
= —2- osl’l'n_1<_1[l:lﬂ—1 | det(JlOg - Jl'Og’)lM (44)
0<g,9'<Lc-1

(Lo)£.g)

It is a straightforward calculation (see the proof in Appendix C.2) to check that

Idet(JlOg - JyOg:)l = ldet(Jg - Jp_,Og:_g)|. (4.5)

Therefore to compute the diversity product, it suffices to consider the case of { = g =0

and l', ¢’ are arbitrary. This will give the optimization of (p in (4.4) be

1 1
— min |det(Jy— J;O,)|™. 4.6
2 (l,g);é(o,O)l (o = 2O, (4.6)

Cp=
Thus although the product constellation P does not form a group, our optimization
will require the checking of only LyLc — 1 distinct values of P, P’ € P. We search
for the values of z = (z1,z2) of (3.29), k = (k1,k2,...,knm) and 7 = (ry,72,...,7M)
which maximize (p in (4.6). A necessary condition for full diversity, (» > 0, is that

ged(r;, Le) = 1 for all i. Hence we may restrict our search to choices of r such that

ry =1 and ged(ry, Le) =1for i =2,3,..., M.

Theorem 4.1.1 The product constellation P will reduce to the matriz form of Hamil-
tonian constellation of (3.89) and (3.42) if roi1 + 12 = Lo for all i =1,2,...,M/2
for M even and ro; + 194y = Lo foralli=1,...,M — 1/2 for M odd respectively.
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Proof: The proof is shown for the Pyx2 case, where the proof for Pryxar follows imme-

diately. From (4.2), we have

[ . 2nlk . 2wlk . 2mgr

VEe T n —ymein | | €Te 0
{JlOg} = _ 2nlk2 s 2mlk) . 2mgro (47)

VI ' T JZie In 0 ¢€Tc

B . 2nlky 21rgr] 21rlk2 2ngry
JIe P tn @ Ic — f5;¢ I ¢ o (48)

= _ 2k .2ngr c2xlk .27 gr *

VZe T TH ¢ Lo JZie n & lc

We can see that J,O, in (4.8) will reduce to the matriz form of a 2 x 2 J; for all
2wgr 2ngr. 21r (r] +'r2)

g=0,1,...,Lc—1if dIe = e ’_’“952, or equivalently €~ Tc = 1. This gives L¢

divides r1 + r2. The values of 1 and ry are chosen from {0,1,...,Lc — 1} thus the

only one possible condition which satisfies Lo divides ry + 19 is 71 + 12 = L. ]

To get a product constellation P which has a diversity product higher than a Hamil-

tonian constellation M, we thus omit those choices of r in Theorem 4.1.1.

Theorem 4.1.2 For M odd, if ged(Ly, Lc) > 1 then any product constellation P
will have {p = 0. If gcd(Ly,Lc) = 1, then there exist values of k = (k1 kg, ..., kn)
and r = (r1,72,...,7p) Such that (p > 0, with k; relatively prime to Ly, and each

ri,t=1,2,..., M relatively prime to L¢.

Proof: In (4.6), (p will be 0 if SIS for some (I,9) # (0,0). The first
part of Theorem 4.1.2 can be proved by showing that if gcd(Lg, Lc) > 1, then for any
choices of ky and ry there exist choices of g and l, not both zero, such that ’fkf’- - EL% is
an integer. There are two cases that need to be considered.

Case 1: If ged(ky,Ly) = t > 1, then take | = Ly/t, so that kil = ki Ly/t =
lem(ky, Ly), which is an integer; and also take g = 0. Sincet > 1,15# 0, andl < Ly.

The case of ged(r1, Lc) > 1 can be treated similarly.
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Case 2: If gcd(ky,Ly) = 1 and ged(ry, Lg) = 1, then set ¢ = ged(Ly, Le). Then
the values of Ly/q and L¢/q are integers strictly less than Ly and L respectively.

Moreover, we compute

Lu/g _Le/g _ 1
Ly Le ¢

1
——=0. 4.9
7 (4.9)
We require the following lemma.

Lemma 4.1.1 If ged(a, A) = 1, then the set S = {al mod A |1l =0,1,...,A—1}

has A distinct values.

Proof of lemma: If not, then some al must equal another al’ modulo A; sayl' < 1. This
would mean a(l — ') = 0 mod A. Both sides are integers, so this means A divides
a(l — U'). But this is impossible unless | = I': since ged(a, A) = 1, no part of A can
divide a, and sincel — ' < A, A cannot divide l — 1" unless | — ' = 0. Thus all values
are distinct, and give representatives of all residue classes. (In particular, the value

I =0 gives the zero residue class.) 0

Using the Lemma 4.1.1, we may choose l so that lky = Ly /q mod Ly and also choose
g so that gry = Lc/q mod Lg for proving the first part of the theorem.

Now to prove the second part of the theorem, suppose that gcd(Ly,Le) = 1. If
ged(ky, Ly) > 1 or ged(r1, Le) > 1, then a similar argument as we made in Case 1
above shows that the diversity product will be zero. So suppose we choose ged(ky, Ly) =
+12)

. 1k
1 and ged(ry, Le) = 1. In this case, the lemma shows that & Ty =1 if and only

if for some choice ofa =0,1,...,Lg—1andb=0,1,...,Lc — 1, we have
a b

— - —=0. 4.10
In Io - (4.10)

This is equivalent to saying that aLc = bLy for some a,b. But this product is strictly



Chapter 4. Product Constellations 47

less that Ly Lc, which is the lem of Ly and Lg, by the hypothesis that ged(Ly, Le) = 1.
Hence it must be zero, and thus a = 0 and b = 0. Consequently, the only values of
g and |l giving ejz"(%+%ré) = 1 in the original product are g = 0,1 = 0. That the
remaining 2 X 2 blocks will not produce a zero diversity product for all choices in the

given set follows from (2.39) and the remarks preceding Theorem 4.1.1. O

4.2 Product Constellation Py

Due to a limitation of possible full diversity product constellations P for a case where
M is odd (from Theorem 4.1.2), we propose another unitary product constellation, Py,
which is constructed by a product of two Hamiltonian constellations with the diagonal

blocks in different order.

Ly, —-1,Ly,-1

Pr="Hy x Hy = {JJI} 12 (4.11)

where Ly, , Ly, are the order of H; and H, respectively. |Py/| can be at most Ly, Ly, .

J} denotes a block diagonal matrix with different order than J in (3.42):

J} = diag(H}? HY, ..., HM-2M=1 gitrara/Lin ) (4.12)

where HJ*" ia also defined in (3.40). To optimize the diversity product it also suffices

to consider a case of [, g = 0 and arbitrary ', ¢’ since (see the proof in Appendix C.3)

| det(J1J} = Jp )| = | det(JoJ§ — Jr—iJh_ ). (4.13)

Thus the optimization of a product constellation Py, is
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1 1
3 o F = Jp )| 4.14
2 051,5215},1_1 |d6t(JlJ9 J Jg )™ ( )

099/ SLiry~1
(Lg)#('\9")
1 1
2 i § = DM 4.15
2 051195Lg1111:l’LH2_1 I det(JOJO v]l']g)lM ( )
(L.9)#(0,0)

C‘PH

Consequently, the optimization of the diversity product {p,, of (4.15) also requires
checking only Ly, Ly, — 1 pairs of matrices. We assume that both ; and M} have the
same value of z = (z1,z2). ‘We choose x which satisfies (3.29), k = (k1,k2,...,knm) of

H; and 7 = (r1,...,7p) Of 'H; in order to maximize {p,, in (4.15).

4.3 Results of Product Constellations

Table 4.1 shows some product constellations with their best diversity products. The
constellations were also found by computer-simulated searching. Our product constel-
lations have diversity product higher than orthogonal designs [28], dicyclic groups [17],
cyclic groups [16], nongroups [26], numerical methods [11], parametric codes [22] and
some of those obtained from fixed-point free groups [26]. From Table 4.1, we can see
that many product constellation Psyo for M = 2 transmitter antennas give very good
diversity product. For example, Pox2 with L = 120 has ¢ = 0.3090, which equals that
of the excellent fixed-point free group SLz(F5) constellation. The product constellation
Paxe with L = 1089 also has an excellent diversity product of 0.1142. For M = 3, the
constellation Py, , with L = 513 has good diversity product = 0.2283, which is higher
than that of the fixed-point free group Gi71,04. The Pyxq with L = 16 also has diversity
product higher than the cyclic group design.
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M L R ¢ Parameters of product constellations

2 16 2.00 0.5412 P Ly =8,z = 0.5858,k = (1,2),r = (1,1)

2 24 229 0.5000 P Ly =8,z;=0.5000,k=(1,3),r=(1,1)

2 27 238 04122 P Ly =9,2; =0.7733,k=(1,3),r = (1,1)

2 32 250 04082 P Ly =38,z; =0.6667,k=(1,2),r = (1,1)

2 36 2.59 04039 P Ly =9,z =0.2577,k = (1,2),r =(1,1)

2 48 2.79 03678 P Ly =3,z; =0.2113,k=(1,2),r =(1,7)

2 49 2.81 04118 P Ly =7,z; =0.5000,k = (1,6),7 = (1,4)

2 55 2.89 04074 P Ly =11,z; = 0.5904,k = (1,2),r = (1,1)

2 64 3.00 0.3678 P Ly =4,r; = 0.6533,k = (1,2),r = (1,9)%

2 75 3.11 03535 P Ly =25,z; =0.5000,k = (1,7),r=(1,1)

2 81 3.17 02974 P Ly =27,z; =0.4024,k = (1,12),r = (1,1)

2 91 3.25 0.3451 P Ly =13,z; =0.5000,k = (1,5),r = (1,1)

2 105 3.36 0.3116 P Ly =35,z; = 0.5000,k = (1,13),r = (1,1)

2 120 3.45 0.3090 P Ly =24,z, =0.5000,k = (1,5),r = (1,1)

2 121 3.46 0.2795 P Ly =11,z, =0.3670,k = (1,6),r = (1,1)

2 128 3.50 0.2793 P Ly =16,z; = 0.6104,k = (1,6),r = (1,3)

2 240 3.95 0.2381 P Ly =10,z; = 0.2960,k = (1,4),r = (1,5)

2 256 4.00 0.1981 P Ly =8,z; =0.3477,k = (1,4),r = (1,13)

2 280 4.09 0.1838 P Ly =17,z =0.6640,k = (1,4),r =(1,1)

2 1089 5.04 0.1142 P Ly =99,z; =0.7900,k = (1,9),r = (1,1)

2 4096 6.00 0.0685 P Ly =64,z; =0.3898,k = (1,28),r = (1,33)*

2 4225 6.02 0.0671 P Ly =65,z; =0.4026,k = (1,39),r = (1,33)

3 9 1.06 0.6283 Py Ly, =3,z =0.3820,k=(1,1,3),r = (2,2,1)

3 63 1.99 04023 Py Ly, =7,z = 04603,k = (1,1,6),r = (5,3,1)

3 513 3.00 0.1664 P Ly =27,z; =0.4110,k = (1,3,11),r = (1,18, 15)
3 513 3.00 0.2028 Py Ly, =9,z = 0.4970,k = (1,1,5),r = (15,20,1)
3 529 3.02 02283 Py Ly, =23,z; =0.3671,k = (1,19,1),r = (2,20,1)
4 16 1.00 0.6580 P Ly =4,z, = 0.5000,k = (1,2,1,4),r = (1,3, 3, 1)§
4 240 198 0.3614 P Ly =16,z; =0.3614,k = (1,2,9,18),r = (1,11,7,2)

Table 4.1: Summary of some product constellations with their best diversity products
(Note: £ for Figure 5.2, 1 for Figure 5.3 and § for Figure 5.6)



Chapter 5

Performance

We compare the performance of the Hamiltonian and product constellations in Ta-
ble 3.4 and 4.1 respectively with different space-time code designs as introduced in
Section 2.1.3 at the same data rate for arbitrary numbers of transmitter and receiver
antennas. The performance is considered by plotting the block error rate, bler, against
signal-to-noise ratio, SNR in dB. All plots are considered in unknown Rayleigh flat
fading channels which receiver antenna does not know the information of channels,
except the Figure 5.1 which is also considered in the case of known channel. The fad-
ing coefficient and additive noise are independent CA(0,1). For the case of unknown
channel, we use the differential modulation to transmit signals. The channel matrix is
chosen randomly and is assumed to be constant within two consecutive time periods
as explained in Section 2.1.1. We use the ML decoder of (2.5) and (2.14) for decoding

for the case of known and unknown channels respectively.
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5.1 Hamiltonian vs. Cyclic Group Designs

Figure 5.1 shows the block error rate performance in both known and unknown channels
for M = 2 transmitter antennas and N = 1 receiver antennas at R = 1.00,L = 4 of
the 2 x 2 Hamiltonian constellation of (3.10), which is obtained from a simplex group
code in Section 3.1.2 with ¢ = 0.8165, and the cyclic group u = (1,1),¢ = 0.7071 [16]
as given in Table 2.3. The 2 x 2 Hamiltonian constellation has gain improvement = 1
dB over the cyclic group. We can also see that the performance of constellations for a
known channel has 3 dB gain over the differential modulation of an unknown channel

as mentioned in Section 2.1.3.

~b— hamiltonian |. .. ]
—#— cyclic

bler

SNRindB

Figure 5.1: Block error rate performance for M = 2, N =1 at R = 1.00 of the 2 x 2
Hamiltonian constellation from a simplex code and cyclic group
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5.2 Product vs. Group, Orthogonal and Paramet-
ric Code Designs

Figure. 5.2 shows the block error rate performance for M = 2 transmitter antennas
and N = 2 receiver antennas at R = 3.00, L = 64 of the product Py, with ¢ = 0.3678,
dicyclic group Qs, ¢ = 0.0980 [17], cyclic group u = (1,19), ¢ = 0.1985 [16], orthogonal
design with 8"-roots of unity ¢ = 0.2706 [28] and parametric code k = (7,10,0), ¢ =
0.3070 [22]. Our product constellation outperforms the other four designs. The gain

improvement is 2 and 3 dB over the orthogonal design and cyclic group respectively.

""" -+ dicyclic ; :
..... -89 onhogona’ ‘.
s - © - parametric : :

0 5 10 15 20 25
SNRindB

Figure 5.2: Block error rate performance for M = 2 and N = 2 at R = 3.00 of the
product Pays, dicyclic group, cyclic group, orthogonal design and parametric code
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5.3 Product vs. Orthogonal, Cayley and TAST

Code Designs

Figure. 5.3 compares the block error rate performance for M = 2 transmitter antennas,
N = 1 receiver antenna at high rate R = 6.00,L = 4096 of the product P,xo with
¢ = 0.0685 and orthogonal design with 64*-roots of unity ¢ = 0.0347 [28], Cayley code
@ = 4 [12] and differential TAST code 752, [10] with an exhaustive search ML decoder.

We can see that our proposed constellation also outperforms these other three designs.

bler

~~~~~ -3 orthogonal
-O- cayley : : S
- % TAST exhaustive search : :

i )
10 15 SNF?RI dB 25 30

Figure 5.3: Block error rate performance for M = 2, N = 1 at R = 6.00 of the product
Paxz, orthogonal design, Cayley code and TAST code
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5.4 Hamiltonian vs. Fixed-point Free Group De-
signs

Figure. 5.4 compares the block error rate performance for M = 3 transmitter antennas,
N =1 and 2 receiver antenna at the same R = 1.06 and L = 9 of the Hamiltonian
H3xs with ¢ = 0.6632 and fixed-point free group Gy, ( = 0.6004 [26]. We can see
that the Hamiltonian constellation outperforms the fixed-point free group. The gain
improvement is ~ 1 dB.

10° R

—&— hamiltonian

10

Pe

SNRin dB

Figure 5.4: Block error rate performance for M = 3,N =1 and 2 at R = 1.06 of the
Hamiltonian H3x3 and fixed-point free group
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5.5 Hamiltonian vs. Cyclic Group, 'Cayley and Or-
thogonal designs

Figure. 5.5 shows the bler performance of different 4 X 4 constellations for M = 4
transmitter antennas and N = 1 receiver antenna: Hamiltonian H4,4 at R = 2.00 with
¢ = 0.3320, cyclic group v = (1,25,97,107) at R = 2.00 with ¢ = 0.2208 [16] , cayley
code with Q = 7,7 = 2 at R = 1.75 [12] and orthogonal design as (2.23) with z, y, z are
chosen from 6-PSK at R = 1.94 [33]. We can see that our Hamiltonian constellation

outperforms other three designs.

--| =~ hamiltonian
- % cyclic
-O- cayley
- 8- orthogonal

Figure 5.5: Block error rate performance for M = 4 and N = 1 of the Hamilto-
nian Hyx4 R = 2.00, cyclic group R = 2.00, Cayley code R = 1.75 and orthogonal
design R = 1.94
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5.6 Owur Proposed Constellations at R = 1.00 for
M =23 and 4

Figure. 5.6 displays the block error rate performance of our proposed constellations of
Haxe with ¢ = 0.8165, Hsx3 with ¢ = 0.6588 in Table 3.4 and Pyx4 with ¢ = 0.6580
in Table 4.1 at the same R = 1.00,N = 1 for M = 2,3,4 transmitter antennas

respectively. We can see that Pyx4 performs very well for high SNR.

-1

.....................

........................
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Figure 5.6: Block error rate performance for M = 2,3,4, and N =1 at R = 1.00 of
our proposed constellations, Haxo, H3xs and Pyx4 respectively



Chapter 6

Conclusion

6.1 Summary

We have constructed new unitary space-time constellations with high diversity prod-
ucts, which can be used for any number of transmitter antennas and for any data rate.
Our Hamiltonian and product constellations have full diversity and can be used for
both known and unknown channels with differential modulations. We use the cyclic
group codes for constructing 2 x 2 Hamiltonian constellation for any cardinality as
shown in (3.34). The Hamiltonian constellations for any number of transmitter anten-
nas can be constructed by the direct sum of 2 x 2 Hamiltonian matrices and the roots
of unity. Product constellations, P, are constructed by the matrix product method of
Hamiltonian and cyclic group representation. According to the limitation of possible
constellations of product P when the number of transmitter antennas are odd and the
ged of the order of Hamiltonian constellation and cyclic group is greater than one, we
have also presented another structure of product constellation, Pz which is the prod-
uct of two Hamiltonian constellation with the diagonal blocks in different order. This
product method increases the rate of constellations and also gives an excellent value

of the diversity product. Although the Hamiltonian constellations and the product

o7
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constellations do not form groups, the optimization of the diversity product requires
checking only L — 1 distinct matrices in their constellations, which is comparable with
group designs. Our Hamiltonian constellations for L < 5 for the case where M is even
achieve the optimal proven bound of the largest possible value of diversity product. In
addition, many of our proposed constellations have the best known diversity product
in the literature, as listed in Table 3.4 and 4.1, and outperform all other constellation

designs as shown in Chapter 5.

6.2 Future Works

In this thesis, for simplicity, we choose cyclic groups to generate group codes. There are
still many abstract groups which we have not investigated, e.g., finite reflection groups.
It has shown in [7, 25] that several good group codes can be generated by reflection
groups. For example, from the Table 8.3, pp.249 in (7], the subgroup of finite reflection
group Z4 has dmip, = 0.6181 for L = 120. This gives the 2 x 2 Hamiltonian constellation,
which is constructed from this subgroups, have a diversity product =0.6181/2=0.3090
which equals the excellent fixed-point free group SL,(FF5) and our product P at the
same L. While the 2 x 2 Hamiltonian constellations which are constructed from the
symmetric group Ss with dpy;, = 0.4472 in Chapter 3 and cyclic group with dpyin =
0.4194 for L = 120 have diversity products 0.2236 and 0.2097 respectively.

Taking the tensor product of two different Hamiltonian constellations is also a
possible extension of the work of this thesis. Not only does tensor product increase the
data rate, it also increases the dimension of the constellation with the small number of
optimized variables. This may be found useful when working with the large number of
transmitter antennas, which typically requires computationally intensive optimization.
For example, for M = 16, a cyclic group design in (2.26) has u = (u1,uz,...,u2)

12 variables for optimization the diversity product. While the tensor product with
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the same M = 16, H},, ® H3,,, has only 10 variables for optimization (z; and k =
(ki, k2, k3, k4) from each Hyyy4).

Concatenation of our proposed constellations and forward error correction (FEC)
codes is another method for increasing the performance of coding gain. There were
many works which have already studied the performance of concatenated space-time
codes with different FEC codes, for example, convolutional codes, turbo codes and
trellis code modulations were considered in [23]. Also it has been shown that these FEC
codes improve the performance of the systems. Most of these works were considered
with the case of space-time block codes from orthogonal designs [1, 30]. It is thus
interesting to concatenate these FEC codes with our proposed constellations, since the
performance of Hamiltonian and product constellations are superior to those orthogonal
designs.

When the data rate R and the number of transmitter antennas M are large, the
maximum-likelihood decoder will have a high exponential complexity in M and R.
Thus fast decoding algorithm is another interesting extension that can be considered
for decoding the proposed constellations. These algorithms which are based on lattice
decoding have been introduced for nongroup constellations in [26] and for diagonal
constellations in [6] with a polynomial complexity in R and M.

Only for the case of Hamiltonian constellations for M = 2 and 3 that we use
the simplex method for optimization the diversity product. Thus another venue of
further rescarch is to use the advanced optimization techniques in computer science or
mathematics to improve the results obtained by Hamiltonian constellation designs as

given in (3.41) and (3.43) for M even and odd respectively when M > 4.



Appendix A

Representation Theory of Groups

A.1 Group Theory

e A set G of elements with a binary operation is called a group if G satisfies [5]

1. Closure. VYa,b € G,ab e G
2. Identity. There is an element e € G such that ae = ea = a for every a € G.

3. Inverse. For each a € G. There is a unique solution, a™!, such that a~la =

as"l=e.

4. Associativity. a(bc) = (ab)c for all a,b,c € G.

A group G is called an abelian group if it is also commutative, meaning ab = ba for all

a,b €q.
e The order or cardinality of a group G, |G|, is the number of elements in G.

e H is a subgroup of G, H C G, if H is also a group itself under the binary operation
from G. A subgroup H satisfies e € H and hk~! € H for every h,k € H, and |H| must
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divide |G|. A subgroup N of G is a normal subgroup of G iff g7'Ng = N for all g € G.
We write N 1 G.

o The symmetric group S, is the set of all permutations on n symbols, which forms a

group. We call n the degree of the symmetric group. |S,| = nl.

Every element in S, can be written as a product of transpositions, e.g., (1234) =
(123)(34) = (12)(23)(34). In fact S, is generated by {(12),(23),...,(n — 1 n)}. Note:

In this thesis, we take the action of a product of cycles from right to left, e.g.,

(1 9 3)
(12)(23) = — (123).
2 31

A symmetric group S, has subgroups which are symmetric groups of smaller degree,

e.g.,

Sy = {1a (12)}
S3 = {1> (12)7 (13)a (23)7 (123)’ (132)}
S = {1,(12),(13),(14), (28), (29), (39), (12)(34), (13)(24), (23)(14), (123), (132), ..

(124), (142), (134), (143), (234), (243), (1234), (1243), (1324), (1342), (1423), (1432)}

with Sy C S5 C S,.

e The Alternating group A, is a normal subgroup of S,,, A, S, consisting of all g € S,,

which can be expressed as a product of an even number of transpositions.
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A.2 Representation Theory

o A representation of a finite group G over the field F' is a homomorphism p defined

in [21] as

p:Gr— GL(n,F) (A1)

where GL(n, F) is the general linear group consisting of n X n invertible matrices, and
F can be either R or C. We call p an n-dimensional representation or a representation
degree n of G. n is called the degree or dimension of p. p = {p(g) : for all g € G}.

The representation p satisfies:

1. p(gh) = p(g)p(h) for all g,h € G.

2. p(1) = I, where I, is the n X n identity matrix.
3. plg™") = p(g)™

e The representation p is a unitary representation if, for all ¢ € G, p(g) satisfies

p(g)p(g)* = I, where p(g)* is the conjugate transpose of p(g).

o The representation p is called a faithful representation if p is a one-to-one mapping
between g and p(g), for all g € G. If there exist g # h € G such that p(g) = p(h), then

we call p an unfaithful representation.

e Let p and p’ be two n-dimensional representations of G. These two represen-

tations will be equivalent if there exists an n x n nonsingular matrix 7" such that

p(9) =T (9)T for all g € G.
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o If p is a reducible representation of G, then there is a unitary matrix 7" such that it
p can be written as the direct sum of irreducible representation matrices p* and p’ as

follows

T'p(9)T = p'(g) @ P'(9) = #l9) .0 (A-2)
0 p(g)

where p is an [; + [;-dimensional reducible representation. /; and I; are the dimension

of p* and p? respectively.

e Let I},15,...1. be the dimensions of all the inequivalent irreducible representations
of G. Then we have [27] > ;| I? = |G|, e.g., |S3] = 3! = 6 = 22 + 12 + 12. This means
that a symmetric group S3 has 2 one-dimensional irreducible and 1 two-dimensional

irreducible representations all inequivalent.

e The natural representation of S, is by n X n matrices of zeros and exactly one one
in each row and column which correspond to the action of g € S, e.g., the natural

representation of Sy satisfies

0010 0100
0100 001090
on(134) = - and p,(1234) = '
0001 0001
1 000 1000

o The character, x of p is x(g9) = Tr(p(g)) = > i, p(9)ii, where Tr denotes the trace

of a matrix.
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A.3 Four-Dimensional Irreducible 'Representation

of 55

Let’s first consider the 5 basic basis vectors in R5:

n

]

U3

V4

Us

(1,0,0,0,0)
(0,1,0,0,0)
(0,0,1,0,0)
(0,0,0,1,0)
(0,0,0,0,1)

(A.3)
(A4)
(A.5)
(A.6)
(A7)

We want to express this with Ss acting by the natural representation in the form 1 p,

where p is the 4-dimensional irreducible representation of Ss. The trivial representation

1 will be spanned by a vector u satisfying gu = u for all g € G. Hence u is the sum of

five basis vectors as above:

u=’U1+’02+Ug+’U4+U5’—"(1,1,1,1,1)

(A.8)

Using the Gram Schmidt method to get new 5 orthonormal basis vectors, {1;}?_; of

U, V1, V2, U3, Uyq gives

111)

o (LI
FA\VEVE VBV VB

¢_(£__ I S S
T\ 26 2B 2V 2vB

1

1

(A.9)

(A.10)
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_ V3 1 1 P
¢3 = (Oa7>_2\/’§a_2\/§:—2\/§) (All)
2 1 1
Py = (O,O,J;,—%,—%) (A.12)
1 1
Ys = (0,0,0,7—2',—3) (A.13)

Now we can start to find the representation of Sy with the orthonormal basis vectors

{¥:}2_, as above. For g = (12)

o2 =(Hhkis) =
(12)¢ = (-2 2 __1_ __ 1 __1_ =_l¢ +@¢
P 2 V5’ V5'  2v5'  2v5' 2B 1¥2 7 ¥3
p(120(12) = (F,0,~55,~35—5) =Bt +Lus (A.14)
P2y =(0,0,/2,-%,-%) = v
p12)gs = (0,0,0,45,—%) = ¥s

Consequently the representation matrix of g = (12) will be

e

p(12) =

o o o] o
|
© e blél = <
[a] [ R blﬁ e}
o
[en] bt o o o
e o (e (e}

Similarly we also do for g = {(23), (34), (45)}.
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1o 0 0o0] [1]0 0 0 o]
0|-1 & ¢ ¢ 0j1 0 0 0
p(12)= 0¥ L o0}, A2)=|0]0 -1 ¥ 0o
0]0 0 10 ojo £ L o
|00 0 01 010 0 0 1]
(100 0 o] (1{o00 0|
0|10 0 o o[t 00 0
pBY=10{01 0 0|, p45)=]0l0 1 0 O (A.15)
0jo 0 -1 & 0j0 01 0
[ 0j0 0 F 1| [ 0(0 00 -1

This demonstrates the five-dimensional reducible representation of Ss as the direct sum
of a one-dimensional and a four-dimensional irreducible representation. By deleting
the first row and column of these matrices, we will get the four-dimensional irreducible
representation for S5 as shown in (3.19). And from the previous section, these elements

g ={(12),(23),(34), (45)} generate Ss.
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(L,4) Cyclic Group Codes

Table B.1: The values of ki, k; and dmin of an (L, 4) cyclic group code for L = 3 to 100

kik, un Yo Armin L kuka u Yo Amin
1,1 0.6667 0.6667 1.7321 16 14 2.0000 1.8478 1.0196
1,2 1.0000 0.5000 1.6330 17 14 2.0507 2.0507 0.9876
1,2 0.8000 0.8000 1.5811 18 1,5 1.9886 2.0114 1.0000
1,2 1.0000 1.0000 1.4142 19 14 1.7210 2.5271 0.9704
1,2 0.7754 1.3972 1.3569 20 1,8 2.0000 2.3416 0.9598
1,3 1.0000 1.0000 1.4142 21 14 2.0170 3.0101 0.8920
1.3 1.3333 1.1254 1.2755 22 16 2.9680 1.6689 0.9288
10 1,3 1.3333 1.3333 1.2247 23 1,5 2.2906 2.4042 0.9230
11 1,3 1.0547 1.6043 1.2265 24 1,5 2.5798 2.5798 0.8805
12 14 2.0000 1.1547 1.1260 25 1,10 2.8944 2.3763 0.8712
13 15 1.56251 1.5251 1.1452 26 1,10 25395 3.1517 0.8384
14 14 1.8529 1.4859 1.0946 27 1,6 3.6279 2.3019 0.8213
15 14 1.6793 1.6793 1.0913 28 1,6 3.1003 2.4724 0.8472

© 00~ O G ol I~
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L kiuky wn Y2 dmnin L kyke Y2 dmnin
29 1,6 3.6473 2.6141 0.7993 65 1,10 9.0554 4.5325 0.5426
30 1,12 4.0000 2.3940 0.7909 66 1,10 79076 4.6914 0.5635
31 1,13 28146 3.7617 0.7799 67 1,10 8.7143 4.8031 0.5440
32 1,7 3.3597 3.4687 0.7654 68 1,9 6.7664 6.0408 0.5589
33 1,6 3.5103 3.3127 0.7657 69 1,26 7.7917 5.3910 0.5509
34 1,6 3.1807 3.5107 0.7732 70 1,8 6.0576  8.0008 0.5334
35 1,10 2.8944 4.2238 0.7496 71 1,26 43366 9.9458 0.5292
36 1,15 4.2929 3.4822 0.7173 72 1,16 6.8284 6.7884 0.5420
37 1,14 2.6993 4.8839 0.7263 73 1,11 0.7843 4.7240 0.5251
38 1,16 3.5938 3.9847 0.7265 74 1,22 5.5923 8.1975 0.5386
39 17 4.2873 3.4036 0.7212 7 1,33 6.7662 7.0296 0.5385
40 1,7 4.4288 3.5631 0.7075 76 1,10 7.9140 6.1136 0.5340
41 19 4.3332 4.3332 0.6794 77 1,9 6.6639 7.6730 0.5282
42 1,12 4.0000 4.2598 0.6959 78 1,9 7.0442 7.8618 0.5180
43 1,12 3.6939 5.4336 0.6620 79 1,35 8.0492 7.7348 0.5034
44 1,8 6.0330 3.3162 0.6541 80 1,22 7.1893 8.6297 0.5029
45 1,19 4.2743 4.2743 0.6840 81 1,18 8.5486  6.8038 0.5104
46 1,7 4.1756 4.6327 0.6739 82 1,30 5.6197 10.1728 0.5033
47 1,20 4.8171 4.4954 0.6554 83 1,15 6.0251 10.1287 0.4976
48 1,18 4.0000 5.7889 0.6392 84 1,37 8.3464 7.1429 - 0.5082
49 1,14 53119 4.2809 0.6457 86 1,10 8.7667 7.5714 0.4948
50 1,22 3.7121 7.0173 0.6281 86 1,10 8.0157 7.7524 0.5037
51 1,9 6.7534 3.5161 0.6241 87 1,9 7.1012  9.7176 0.4877
52 1,22 5.5698 4.2556 0.6380 88 1,16 6.8284 9.8866 0.4892
53 1,8 5.2471 4.7076 0.6339 89 1,20 9.8275 8.2538 0.4703
54 1,12 4.0000 6.7300 0.6106 90 1,20 10.4721 6.8147 0.4810
55 1,8 6.4912 5.0281 0.5893 91 1,25 7.1506 10.3100 0.4786
56 1,16 6.8284 4.2942 0.5997 92 1,12 12.1560 6.2110 0.4667
57 1,24 6.0615 5.2282 0.5952 93 1,41 103330 7.2279 0.4773
58 1,22  5.2667 6.1111 0.5929 94 1,28 8.9429 8.4609 0.4794
59 1,26 4.3224 7.1725 0.5899 95 1,11 10.0481 7.8128 0.4732
60 19 6.8794 4.7604 0.5862 96 1,10 8.0963 9.5945 0.4755
61 1,8 5.3279 6.1478 0.5904 97 1,29 9.7809 8.9649 0.4619
62 1,8 6.0135 6.3310 0.5692 98 1,36 10.3693 9.1083 0.4532
63 1,14 5.3119 6.7658 0.5755 99 1,18 8.5486 9.9100 0.4655
64 1,27 79212 4.6904 0.5632 100 144 11.3462 7.4389 0.4614




Appendix C

Simplifications of Optimization

Diversity Products

C.1 For Hamiltonian Constellation H

We prove that to compute the diversity product of (3.36), it suffices to choose ! = 0 for
H; and arbitrary ' =1,...,L—1 for Hy. This proof can also be worked for the general
M x M case. We show that | det(H; — Hy)| = |det(Hp — Hy—))| for 0<I<l' < L—-1.

Proof:
|det(H, — Hy)| = |det(e’ T  RiHoT; — &7 Ry HyTy )| from (3.35).
= |ei?k| det Ry]| det(Ho — €/ T Ry_1HoTy_y)|| det Ti|
= Idet(Ho - Hl'—l)l
Since |/ 7T | = |det R;| = |detTh] = 1. a
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C.2 For Product Constellation P

We prove that to compute the diversity product of P in (4.4) it suffices to choose | =
g =0for P, and arbitrary 0 < ' < Ly —1, 0< ¢’ < Lg—1and (!, ¢') # (0,0) for P
The proof is shown for the 2 x 2 case, from which the general M x M case follows imme-
diately. We will show that | det(P— P’)| = | det(H;Oy— HyOy )| = | det(Ho— Hy—1Og)|

for0<l<l'/<Ly-1and0<,9,4,¢" < Lc—1.
99,9

Proof:
.2l L2nl
|det(H,0y — HyOy)| = |det(e’ Tn RiHoTiO, — & Tit - Ry HoTvO, )|
. 2nl L 2nl!
= |det(e’ T RHoT; — € T Ry HoTyOyn)|
L2 c2n( 1)
= |e7¥2®||det Ry||det(Ho — &~ i Ry_yHoTv_104)|| det Ty
2n(l/—1)gy
= !det(Ho - 6] Lu : Rl’—lHOII}’-lOg")l
= |det(Ho — HyOp)
The second equality is from OyOy-1 = Ogn € C (W

C.3 For Product Constellation Py

We prove that to compute the diversity product of Py in (4.14), it suffices to choose
l=g=0for JIJJ, and arbitrary 0 <!’ < Ly, —1, 0< ¢’ < Ly, —1and (I, ¢’) # (0,0)
for Jl:J;',. The proof is shown for a 3 x 3 case; for a case of general M x M odd case

follows immediately. The 3 x 3 J; can be written as

J = KR JoT, (Cl)

where
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2ngy1
€ ‘m 0 0 1 0 0
. 27gol _27mgql
K= 0 dtm g JRi=|0 ¢7TH 0
0 0 0 o0 'fm
1 0 0 1 0 0
_;2mgol
Jo=1|0 i —vi | amdTi=|0 7T o
j2roal
0 V2 vui 0 0 € tm
Similarly, we can also write the 3 x 3 Jgf as
J} = K[R}J{T} (C.2)
where
.27 L 27
T 0 0 im0 0
Ki=| o % o |,R=| o < o
j2rrag
0 0 ¢ 0 0 1
Prulst]
N NI € 0 0
. 27
B=|vem o 0| adTi=| o Bk 7l
0 0 1 0 0 1
Define
a 00 a 00 10 O

A=lo0o b 0|, D=|l0bo0]|andE={01 0
0 0 ¢ 0005 0 0 blc

where a, b, ¢ are arbitrary number and |a| = |b| = |c] = 1. A = DE, and also A™! =

D~'E~1. We will use this property in our proof:
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JoAJ} = DJyJE (C.3)

We note that D, D~! and E, E~! can commute with J, and Jg (as well as any diagonal

matrices) respectively.

Proof: |det(J;J} — JpJ;;)l

= | det(K,RiJoT K} RYJITS — Ky Ry JoTv K}, R TS
= |det(HoTiR}J§ — Ky Ry JoTv Ry KL, _ TS _)|
= |det(JoAJS — Ky iRy JoTy R K},_ JIT),_ )| where A=TiR}.
= |det(DJoJSE — Ky Ry_1JoTvRL K, _ JiT},_ )| from the property in (C.3).
= |det D||det(JoJ} — D™ Ky_1Ry1 STy RL K} _ JITL_ E™")|| det E]
= |det(JoJ} — Ky Ryt WTy D' E7'RLK,_ J3TH_ )
= |det(JoJ{ — Kvo1Ry_1JoTv A RYKL,_ JITS )|
= |det(JoJ{ — Kro Ry oy TR RV KT, AT )|
where A~ = (TR})™ = TR .
= |det(JoJ§ — Kv1 Ry JoTviRY,_ KL,_ T, _ )]

= ]det(Jng - Jl’—lv]lt_[)l
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