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Abstract

There is currently interest in developing control over the spin of a
single Manganese (Mn) ion, the atomic limit of magnetic memory, in
semiconductor quantum dots (QDs). In this work we present theoret-
ical results showing how one can manipulate the spin of Mn ion with
light in a QD by engineering Mn-multi-exciton interactions through
quantum interference, design of exciton and bi-exciton states and ap-

plication of the magnetic field.

We develop a fully microscopic model of correlated exciton and bi-
exciton interacting with the Mn ion. The electrons and heavy holes,
confined in the QD, approximated as a two-dimensional harmonic os-
cillator (HO), interact via direct and short- and long-range exchange
Coulomb interactions. The matrix elements of the exchange interac-
tion are computed for the first time in the harmonic oscillator basis
and for arbitrary magnetic fields. The exciton and bi-exciton energies
and states are computed using the configuration interaction method.
The interaction between carriers and the Mn spin is accounted for by

the Heisenberg electron-Mn and Ising hole-Mn exchange interactions.

For a single exciton confined in a magnetic dot, a novel quantum
interference (QI) effect between the electron-hole Coulomb scatter-
ing and the scattering by Mn ion is obtained. The QI significantly
affects the exciton-Mn coupling, modifying the splitting of the emis-
sion/absorption lines from the exciton-Mn complex depending on the
degree of electronic correlations in the exciton state. The second
signature of the QI are the nonuniform energy gaps between the con-
secutive emission peaks due to the scattering of carriers by Mn among

single-particle orbitals.

Magneto-photoluminescence experiments show that the coupling be-
tween the exciton and Mn ion does not change in the magnetic field.

We report that electron-hole correlations counteract the magnetic



squeezing of the single-particle wave functions strengthening the carrier-
Mn interactions. As a result, the rate of change of the magneto-
photoluminescence spectra with magnetic field is reduced as observed

in the experiment.

We develop here for the first time a microscopic theory of bi-exciton-
Mn complex, and report the presence of the fine structure of bi-
exciton-Mn complex, even though as a spin-singlet it is expected to
decouple from the localized spin. Theoretical results are compared

with experiments in Grenoble and Warsaw.
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the emission from X-Mn complex (black) and X X-Mn complex
(red) calculated for the temperature 7' = 75 K. The lower panels
show the normalized spacings of the emission lines (A;/Agyer) of
the X-Mn (black) and X X-Mn (red) (Ager is average spacing)

calculated (c), and extracted (d) from measured emission spectra.
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Chapter 1

Introduction

In conventional hard drives, information is stored in the form of a magnetization
of domains of the ferromagnetic material. Information is written to and read
from the storage medium as it moves past devices called read-and-write heads
that operate very close (often tens of nanometers) over the magnetic surface. The
write head magnetizes a domain region by generating a strong local magnetic field.
The read head detects the magnetization of the region by measuring the change
of the electrical resistance induced by the local magnetic field. The discovery
of the “giant” magnetoresistance effect (GMR) [1, 2] allowed for fabrication of
magnetic storage systems with much smaller magnetic domains. Despite this, in
a regular hard drive one still requires about half a billion atoms to store each bit
of information.

If one wants to manipulate the information stored on the hard drive, one
needs to read it and then send it as an electric current through a wire to the
system of semiconductor transistors, which perform a desired operation. All of
the components of such a complex system are macroscopic.

An alternative direction, called semiconductor spintronics [3—12], involves
putting magnetic ions directly into semiconductor [13-18]. Thanks to their ex-
pected long spin coherence time, and taking into account the fact that they con-
stitute the ultimate limit of miniaturization of the information storage, magnetic
atoms in a semiconductor host hold a promise to store quantum information in

the solid state [19, 20]. In a bulk semiconductor, these localized spins interact



weakly with their environment, and they are difficult to control by electrical or
optical methods.

In the last few years it has been shown that by introducing few Manganese
atoms into the quantum dots, the control of a single atomic spin in a solid state
environment is possible [21-24]. In particular, the state of the Mn atom can be
changed by the injection of carriers into the dot. The carriers can be introduced
into the QDs by optical excitation, which allows optical control of the spin state
of the Mn ion, that is, an all-optical way of writing, reading and manipulating
the information.

To be able to achieve this goal, one needs to understand the interaction be-
tween optically excited excitons and the magnetic ion. The purpose of this thesis
is to explore all aspects of these interactions based on a microscopic model and to
describe ways of engineering the carrier-spin coupling by tailoring the structural

properties of the magnetic quantum dot.



Chapter 2

Short overview of quantum dots

2.1 Introduction: importance, fabrication

In the bulk crystalline solids, both metallic and semiconducting, the motion of
the carriers is free in all three dimensions. In systems such as atoms, on the
other hand, the carriers are fully confined and their energy spectra form discrete
levels. Interest in artificially created confined systems dates back to the early
1970’s, when it has become technologically possible to constrain the motion of
the electrons to two dimmensions. This was achieved by fabricating a “sandwich”
structure called a quantum well [25-27]. In the quantum well the external layers
are made out of a semiconductor material with the energy gap greater than
that of the thin layer in-between. The motion of electrons in such structures is
constrained to the internal quasi-two-dimensional layer of the low-gap material.

The quasi-zero-dimensional structure called a quantum dot (QD) [28-33] con-
fines the motion of electrons in all three dimensions. The first approach to fab-
ricate such structures was reported in 1986. This attempt involved lithographic
etching of the pillars in the quantum well material [34-37]. In such structures, the
restriction of the motion of electrons in all three dimensions leads to the formation
of discrete electronic energy levels. In a quantum dot with a circular or spherical
symmetry, these energy levels form a degenerate shell structure similar to the
energy shells in the atoms. The important difference between QDs and atoms,
however, is the difference in their size. Quantum dots are much larger than atoms

as they are built of thousands to millions of atoms, depending on their type. This
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leads to the difference in the quantization energies for the electrons - in the QDs
the energy gaps between electronic levels are of the order of tens to hundreds of
meV, while in the atom the levels are a few eV apart. An interesting property
of the QDs is the possibility of designing their electronic properties by changing
the size, shape, type of constituent materials, as well as the number of confined
electrons.

This work is focused mainly on the self-assembled quantum dots (SADs),
since these QDs can confine both electrons and valence holes, and therefore can
be addressed by optical means. This makes them good candidates for entangled
photon emitters (where a cascade decay of the bi- and mono-exciton creates phase
correlated photon pairs) [38-44] or far infrared detectors [45-48].

The SADs are also good candidates for quantum computing elements due to
their unique optical properties [39, 41, 42, 44, 49]. The electron spin in a single-
electron quantum dot can be used as a computational qubit [7], the QD coupled
to a photonic crystal waveguide can be used as a single photon gun [50], or can
be used as an active laser medium in quantum dot lasers [51].

In Chapter 4 we also discuss briefly the lateral gated QDs. For that reason,
both the self-assembled and the lateral gated QDs will be desciribed here.

2.1.1 Fabrication of the QDs

Historically, one of the earliest methods of fabricating QDs was selective litho-
graphic etching of semiconductor heterostructures containing a single or multiple
quantum wells [34-37]. This process is used to fabricate pillars containing the
parts of the quantum well in which the electrons were confined. The lateral
dimensions of the confinement obtained in this way was of the order of a few
hundreds of nm [37]. The density of carriers in the structure could be changed
by doping the semiconductors, while applying voltage to the metal electrodes
deposited on the surface of the pillars allowed to tune the number of electrons
confined in the QD.

The electronic motion can also be confined to a small area by creating a non-
uniform electric field 29, 33, 56]. Modulation of the electric field can be obtained

in several ways. The simplest and most commonly used method is lithographic
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(a)

Metallic Gates

Quantum
Depleted Region Dot

(b) (a)

Figure 2.1: (a) An example design of metalic electrodes creating a triple QD in
the 2DEG underneath it. The areas where the electrons are confined are marked
by the color circles. (b, top) Atomic force microscopy photographs presenting
the evolution of the QD islands during the growth of InAs on the surface of
GaAs, (b,bottom) transmission electron micrograph (TEM) of an InAs SAD.
The figure (a) has been adapted from Ref. [52] with permission granted by
authors (Copyright (2006) by The American Physical Society), while figure (b)
is adapted with permission granted by author from Ref. [53], with the original
pictures from Refs. [54] (Copyright (1994), with permission from Elsevier) and
Ref.[55] (Copyright (2003), with permission from Springer.)
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fabrication of metal electrodes on the surface of the sample composed of an epitax-
ially grown heterojunction of AlGaAs/GaAs semiconductor materials, on top of
which the n-doped barrier material (AlGaAs) is deposited (Fig. 2.1 (a,b)). Some
of the donor atoms in the barrier material become ionized, which creates a trian-
gular quantum well formed by the band offset of the materials and the Coulomb
potential of the donors. The excess electrons are confined in this quantum well,
which lies below the surface of the sample. The density of the two-dimensional
electron gas (2DEG) created in this geometry is further locally modulated by
the electrostatic field from the surface gates. With a precisely chosen negative
gate voltage, the area directly underneath is depleted of electrons, while the sur-
face area between the gates translates into a shallow local potential minimum
(Fig. 2.1 (a)). This local minimum of the potential can be populated by electrons
tunneling from the edges of the 2DEG, and can be tuned to control the number
of the confined electrons.

A single [11, 57-60], double, [61-63] and triple [52, 64—68] lateral gated quan-
tum dot molecule in a GaAlAs/GaAs heterojunction with one electron each has
been demonstrated experimentally and extensively studied theoretically [68-73].
In Chapter 4 it is shown that by tuning the voltage on the electrodes one can
create an artificial magnetic moment in the system of four lateral quantum dots
called a quadruple quantum dot molecule.

The most important experimental techniques used for characterizing the lat-
eral gated quantum dots are tunneling spectroscopy [11, 74, 75] and charge sens-
ing [57, 76-79]. In the tunneling spectroscopy the gated QD is connected to two
metallic leads. One of them, the source, supplies the electrons, while the other,
the drain, removes the electrons from the system. The measurement is carried
out by applying a voltage between the source and the gate and tuning the energy
of the QD by applying a voltage on one of the gates constituting the QD. The
source-drain voltage as well as the coupling of the QD to leads are chosen so that
only one electron at a time can be transported through the device.

From the measurement of the intensity of the tunneling current as a function
of the gate voltage one can extract information about the charging energy of
the QD - the energy that is needed to add N + 1 electron to a dot confining

N electrons. Indeed, the tunneling current is detected only if the difference in
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electrochemical potentials of the dot with N+1 and N electrons, u(N+1)—pu(N),
is equal to the electrochemical potential of the leads, which is typically taken as
a reference energy. As a result, measuring the tunneling current as a function of
the gate voltage one expects a series of peaks, separated by gaps, which contain
information about the spacing of single-particle energies and about the Coulomb
interactions between carriers. On the other hand, from the measurement of the
changes of the tunneling current as a function of the gate voltage when the bias
between the source and the drain is larger, one can obtain the information about
the energies of the ground and excited states of the N + 1-electron QD.

Another tool, very useful in investigating coupled QDs off-resonance (i.e.,
when no tunneling current can be detected), is charge sensing. Indeed, the condi-
tions necessary for the tunneling current to be detected are much more stringent
in coupled QDs than in single QDs. In the low source-drain bias regime, the
alignment of electrochemical potentials has to exist not only between the dots
and the leads, but between each tunnel-coupled pair of dots. The charge-sensing
spectroscopy is not subjected to these conditions and can detect internal charge
redistribution in the system even if it is not tunnel-coupled to the leads. There
were several implementations of electrometers coupled to a quantum dot, however
the most commonly used is a quantum point contact (QPC) [76, 78, 79]. The
quantum point contact is a narrow channel in the 2DEG defined by additional
metalic electrodes deposited in the vicinity of the QDs (as shown in Fig. 2.1 (b)).
Since the conductance of the QPC depends strongly on the charge configurations
of the nearby QDs, by measuring the current flowing through the QPC one can
indeed learn about the transitions in charge distribution in the system.

A relatively simple method of producing an array of quantum potentials in
which electrons and holes are confined in discrete quasi-atomic (or zero-dimensional)
energy states, are epitaxial growth of self-assembled QDs (SAD) [54, 80-83]. Self-
assembled QDs are spontaneously formed when a few monolayers of a semicon-
ductor material are deposited on a substrate with a lattice mismatch between
1-10%. The first deposited layers of the new material crystallize on the substrate
in the form of strongly strained epitaxial layers, with the lattice constant equal to
the lattice constant of the substrate. The strain in the deposited material grows

with the increase of its thicknes. After reaching a certain critical thickness (of
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the order of a few monolayers), the additional material forms small, randomly
distributed islands to reduce the strain in the structure. This phase transition
is called Stranski-Krastanov [84] transition. If the growth of the new semicon-
ducting material is continued after the critical point, the diameter and height
of islands continue to grow (Fig. 2.1 (b)). Additionally, the size and shape of
the self-organized islands depends on the magnitude of the strain in the material
(depending on the lattice mismatch between the substrate and new deposited
material) and the temperature during the growth. If the growth of the new ma-
terial is stopped right after the phase transition, the islands evolve to the shape
minimizing the surface energy: a lens on top of a thin wetting layer (Fig. 2.1 (b)).
After the deposition of a thin layer of the substrate material on top of the suface
of the array of islands, one obtains a sample with randomly distributed droplets
of one semiconductor embedded in the other semiconducting material. The SADs
fabricated this way have a diameter of tens of nanometers, while their hight is
of the order of a few nanometers. By varying the materials involved, the growth
conditions, and by vertically stacking layers of nanostructures, a rich variety of
materials can be produced for the study of the fundamental properties of strongly
confined systems, and for the development of electronic and photonic devices.
However, the main problem associated with this method is the size non-
uniformity and the lack of the control of the position of the QD grown in such a
way. There were many approaches to control the dimensions and position of the
self-assembled QDs [85-88]. Omne of the methods is the nano-template technique,
in which the growth of the QDs is constrained by deposition of a mask on the sub-
strate, in which the small openings are etched [87, 89]. The growth of deposited
material on a substrate prepared in this way takes place only in pre-defined open-
ings in the mask, leading to a formation of 3D pyramids. If the first deposited
material is the material of the substrate, and this proces is stoped before the
growth of the pyramid is completed, a small plateau is formed on the top of the
pyramid structure (Fig. 2.2 (b)). The QD material is deposited at this stage, it
continues the growth of the pyramid. Depending on the size of this plateau, one
or more QDs are formed once the Stranski-Krastanov phase transition is reached.

As previously, a thin layer of the substrate material is then deposited. To tune
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Figure 2.2: SEM micrographs of: (a) an uncappped “stripe geometry” ridge. A
linear array of InAs QDs is seen at the apex of the ridge. (b) A single QD at
the apex of a square based pyramidal nanotemplate. (c) A gated ridge. The
InAs QDs in (a) are capped prior to gate deposition. (d) A gated pyramid with
a buried individual QD. Figures are reprinted from Ref. [87], Copyright (2008),
with permission from Elsevier.

the properties of the QDs like inter-shell spacing, or a number of confined car-
riers, one can deposit metalic gates on the sides of the pyramid (Fig. 2.2 (d)).
The creation of the long chains of QQDs on the elongated rectangular pyramids
has been also reported in Refs. [86, 87, 89] (Fig. 2.2 (a))

The advantage of the self-assembled QDs over the lateral gated QDs is the
fact that one can use optical methods to probe their electronic properties, since
they confine both electrons and valence holes. A widely used technique is pho-
toluminescence (PL) spectroscopy [30, 55, 83], in which the barrier material is
excited by laser light to create excitons. The excitons migrate from the barrier

to the QD in which they become confined. The radiative lifetime of the excitons
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in the QD is longer than their relaxation time. This is why, after reaching the
QD material, the excitons relax into their ground state and then recombine with
a simultaneous emission of a photon. The emitted photons have an energy equal
to that of the electron-hole pair existing prior to recombination. If there are
N excitons in the QD prior to the recombination, after recombination there are
N — 1 excitons in either ground or excited state. The energies of the emitted
photons provide information about the difference betwen the ground state energy
of the N-exciton complex, and the energies of the ground and excited states of

the N — 1 exciton complex.

2.2 Approximation of the QD confining poten-
tial

The wave functions of carriers confined in SADs extend over the volume of the
semiconductor containing typically a few milion atoms. For such a system ab
initio methods cannot be used to calculate the electronic and optical properties.
However, with the development of computational power in the recent years, it
became possible to model the QD structures using an atomistic tight-binding
aproach [91-94]. In this method, the QD of a chosen shape as well as barrier
material are constructed atom by atom. The positions of all atoms are adjusted
to minimize the total elastic energy, which arises from the mismatch of lattice
constants of the constituent materials. Having obtained the equllibrium positions
of all the atoms, one can start the calculations of the single-particle energies and
wave functions of electrons and/or holes confined in the QD. In this calculation
typically a basis of ten electron orbitals per atom is taken, and the tight-binding
Hamiltonian is built out of terms describing the energies of these orbitals and
terms describing the coupling (hopping) between different orbitals on different
atoms. The shapes of SADs most commonly realized experimentally are the lens
or the disk, and their models are shown in Fig. 2.3 (a). The result of the atomistic
tight-binding calculation of the single-particle energy spectrum for these SADs
is shown in Fig. 2.3 (b), where the single-particle energies of the electron are

marked in blue, and those of the hole are in red [94]. The single-particle states
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Figure 2.3: (a,left) X-STM images of a lens and disk shaped QDs reprinted with
permission from Ref. [90] Copyright (2011), American Institute of Physics. Model

images (a, right and (b)) by courtesy of Drs. M. Korkusinki and M. Zielinski from
NRC
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for both carriers have a shell structure, with the lowest energy state of the s-
type symmetry (non-degenerate), second doubly-degenerate shell with the p-type
symmetry, and third shell with three almost degenerate states of the d-symmetry.

Another method of finding the single-particle states of the electron and hole
confined in the QD is through solving the Schrodinger equation in the effective
mass approximation [95-97], with the confining potential of the QD approximated
by a smooth analyticaly solvable potential (like a square, a parabola, a gaussian).

The most commonly used model confining potential of the QD is a quasi-
2D parabolic potential. The single-particle shell structure in such potential very
closely resembles the shell structure obtained by computationaly expensive atom-
istic calculations, while it has the advantage of having an analytical solution for
the wave functions, as well as closed-form expressions for Coulomb interaction ma-
trix elements. It was succesfully used in modeling of gated dot devices [9, 98, 99
as well as lens-shaped self-assembled QDs [100-104].

Additionaly, far-infrared absorption measurements [105, 106], high excita-
tion photoluminescence [9], capacitance spectroscopy [60], compared with nu-
merical calculations [95, 101}, and measurements of the evolution of the single-
particle states in the magnetic field [107] confirm that in lens-shaped quasi-two-
dimensional SADs the bound states of both electrons and valence-band holes can
be well understood assuming an effective quasi-2D parabolic confinement.

For that reason we study a quasi-2D parabolic quantum dot (QD) [60, 104]
in the effective-mass approximation (EMA) (Appendix A.1). The confining po-
tential is divided into the isotropic parabolic part and the anisotropic correction.
The influence of the anisotropy on the electronic and optical properties of the QD
is revealed, e.g., in the exciton fine structure [108] and the splitting of the p-shell
[109].

The Hamiltonian of a single electron with mass m}, confined by a two-dimensional
parabolic potential with the characteristic frequency wg, in the presence of an ex-
ternal magnetic field B perpendicular to the dot plane, has the following form

[60, 95, 104]:
|

H =
2m}

. e . \2 1 |
(p + EA) + §mew82r2 + ge.npBo, (2.1)
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where e is the electron charge, ¢ is the velocity of light and A is the vector
potential, which is taken in the symmetric gauge A = [—By/2, Bx/2,0] . The
last term of this Hamiltonian is the electron Zeeman term, with g. being the
electron Lande factor, up - the Bohr magneton, and o = j:% (4, 1) - the z
component of the spin of the electron.

Using the effective Rydberg (Ry* = m*e?/2¢%h?) as the energy unit, and the
effective Bohr radius (ap = eh?/m}e?) as the unit of length (¢ is the dielectric
constant of the material and £ is the reduced Planck constant), the Hamiltonian

2.1 can be rewritten as:

(g, vag) i e
v
2

0
— 20, — Y —— 1 Bo. 2.2
c(33 BayaB yB&caB>+guB o (2.2)

Q5 is the hybrid frequency defined as Q5% = Q& + iQﬁ, the z,p and y,p are the

coordinates describing the position of the electron expressed in units of the Bohr

eB

radius, and Qf = 2= /Ry" is the cyclotron energy expressed in Rydbergs.

The eigenstates of the Hamiltonian 2.2 are called the Fock-Darwin states

[110, 111], and can be written in an analytical form:

1 n,! r r Im| r? 1 .
Uy o (r9) = —4| ————e® [ — | LM ——e'™? (2.3
T ( ¢) l}i (n,,+]m|)' (\/5[2) ny 2lz2 /_271' ( )

where

Ll (z) = Z (—1)F ( ”gj_“:" ) % (2.4)

k=0
are Laguerre polynomials. In this formula, n, is given by n, = "72|m|, where n is
the shell number and m = —n, —n+2...n — 2, n defines the angular momentum

of the state.
It is useful to introduce the inter-Landau-level lowering and rising operators

a, a™, as well as the intra-Landau-level lowering and raising operators b and b"
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[60], defined as:

_ 1 1 =z e x + 1 1 zx e
1( 1 2% e _1(1 > e gk '
where the complex variables z and z* are defined by:
z=T—1y Zx =T + 1y (2.6)

0. =0, +i0, 0F =0, —id,,

with the hybrid length lf = \/19—h in the units of the effective Bohr radius ap.
The harmonic-oscillator operators a, a™ and b, b* fulfill the bosonic commu-
tation relations: [a,a™] = 1,[b,b%] = 1, while any commutator of a (a™) with b
(b™) is zero. This means that the operators a and a™ are independent from oper-
ators b and b™, which ensures independence of the excitations of the 2D harmonic
oscillator in z and z* direction.
The Hamiltonian given by Eq. 2.2 can now be rewritten in the form of the 2D

harmonic oscillator (HO) with the eigenfrequences Q5 = Qf + 1Q¢ [60]:

N 1 1
H=Q% (a+a + 5) +Q° (b+b+ 5) , (2.7)

The eigenstates of the Hamiltonian, Eq. 2.7, can be expressed in the following

form:
1

/nSnf!

where n%. = a*a, and n® = b*b are the quantum numbers describing this state.

(™)™ (b")"[00)x (o). (2.8)

InS,nt, o) =

The |nS,n¢, o) state corresponds to the eigenenergy [60, 107]:

e e 1 e e 1
Ens e = PO (ng + 5) + A (n® + 5) + geptpBo. (2.9)

e

Quantum numbers (ng,n¢) are related to quantum numbers (n,,m) by rela-

tions: n =n® +nf, m=nc —nS.
Each of the single-particle states has the angular momentum L. given by:

L. =n® —n%. One can create the excitations from the HO state |n4,n_, o) by

14
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applying the ladder operators on HO states in the following way:

o) = ny+1ny +1,n,0),

) = ning —1,n_,0), (2.10)
bFlng,no0) = /no+1ng,no+10),

@) = yilen—1Lo).

|n+7

alny,n_,o

Since the angular momentum of the electron in the state [nS,n¢, o) is defined as
L. =nS —n®, the operator a*(b") creates an excitation of the electron with the
angular momentum increased (decreased) by one unit.

In the absence of the magnetic field the eigenstates form shells with energy
Ep—o = hQ5(n +n + 1), since QF = Q¢ = QF. Degeneracy of shells grows
with the shell number and is given by g, = 2(n$ +n® + 1). The first shell - s,
with (nS,n°) = (0,0), has only one level with angular momentum L. = 0. The
p shell is doubly degenerate where one state is characterized by (nS,n) = (0, 1)
with angular momentum L, = 1 and the second: (n,n¢) = (1,0) with angular

momentum L, = —1 - as shown in Fig. 2.4 (a).

For flat self-assembled QDs with a relatively weak confinement, the strain
present in the QD lifts the degeneracy of the heavy-hole (hh) and light-hole (1h)
states at the top of the valence band [112]. This hh-lh splitting is significant
enough to justify the approximation in which the hh-lh mixing can be neglected.
This allows us to consider only the heavy hole states.

The single-heavy-hole Hamiltonian can be written in the form analogous to
Eq. 2.2, scaled with the heavy-hole effective mass mj}, positive charge (+e¢), and

the hole characteristic frequency Q-

. m* [ O? 0? 1ms 2
H= - —(—- b (22 2 2.11
my, (ang " 3%33) "1 4mg ( Fan +yaB) ( )
) 0 0
Q" 2up—— — Yo —— Br.
" 2 ¢ (a: BayaB Y Bﬁl'aB) + BT

As previously, energies are expressed in electronic Rydbergs, and lengths in elec-

tronic Bohr radii. Single-hole states are labeled by |n/,n" 7), where 7 = + 3 (I, ).

15



2. Short overview of QDs

angular momentum L_
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Figure 2.4: The energy spectrum of an electron (blue) and a hole (red) in a
two-dimensional parabolic potential (a) as a function of angular momentum L
for B =0, (b) as a function of the magnetic field B. The first four of the single-
particle shells are shown.
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The energies corresponding to these states are given by Enh nh = hQ}}r(nﬁ + %) +
hQM (n + l) + ghu pB7. In the absence of the magnetic field these energies also
form shells: % h = hQH(n" +n" + 1) (Fig. 2.4 (a)). The operators n. = c*c

and n® = d+d are defined with the bosonic operators for the hole:

d—l(xlfﬁt—F\/_lha* d+:l(%7_g—\/§lh(‘9)

o= (i +vae.) o =1(L - vaner)., (2.12)

*
me

* (Oh *
mp

Since we define the angular momentum of the hole occupying the state [n", n" , 7)

The HO length for hole in the electronic Bohr radius units is [? =

by Lj, =n" —n”, the operator ¢™(d") creates an excitation of the hole with the
angular momentum decreased (increased) by one unit.

The shell structure of the single-particle levels of an electron and a hole,
confined in the potential of the two-dimensional harmonic oscillator in the absence
of the magnetic field, is shown in Fig. 2.4 (a). To show the increasing degeneracy
of the levels, they are presented for each of the angular momentum L = n, —
n_ separately. The quantum numbers (nS,n°) have been assigned to each of
the single-particle levels of the electron. Since the angular momentum of the
hole is decreasing from left to right, one can assign the quantum numbers to
the single-particle levels of the hole in the same way as it is done to electronic
states (mirroring them). In the energy spectra presented in such a way, the
optical transitions are vertical. The harmonic oscillator frequencies used in the
calculation of the single-particle energies are €2, = 24 meV and €2, = 6 meV.
Magnetic field calculations were done with Lande factors choosen to be g. =
gn = 0 to show only the magnetic field dependence of the single-particle levels of
the harmonic oscillator.

If m.Q5 = m,Qk, the Hamiltonian for the hole can be expressed by the Hamil-

tonian of the electron: H), = e (H.)". In this symmetric case, the following re-
lations between the electron and the hole eigenenergies and wavefunctions exist:
Ep = Eepe and Hy(r) = FZ(r). In this case the HO lengths for the electron and

the hole are equal: I =, /ﬁ =, /QLZ =15.
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2. Short overview of QDs

2.3 Anisotropy correction to the symmetric 2DHO

potential

In this section a small anisotropy of the confining potential will be introduced.
It is assumed here that the single-particle lateral confinement of the dot is ellip-
tical, and can be described by two characteristic frequencies, 2, and €2,. The

Hamiltonian of the electron can be divided into two terms:

. 1 1
Hsnis = 192,612 + ZQ;eyQ (213)
1 Qie+926 Qie_QQe
— Z ( ) 5 Y, ($2 + yQ) + s 5 Y, ($2 _ yQ))
_ 192 T‘Q + 192 (IEQ _ 2)
- 4 0,e 4 0,6’}/5 Yy )

where the first term describes a cylindrically symmetric component of the parabolic
confinement, with the characteristic frequency being the geometrical average of
the two confinement frequencies Q, and Q,, Qf, = %(Qi’e + Qze) The sec-
ond term is the anisotropic correction to this potential and it is proportional to
the anisotropy parameter defined as v. = (Q2, — Q2 ) / (@2, +Q2,) [113]. The
characteristic frequency in the above equations is expressed in effective Rydbergs,
while the 22 and y? are in the effective Bohr radius units. The same transforma-
tion can be done for the Hamiltonian of the hole, and the characteristic frequency
Qo,, as well as the anisotropy parameter for hole v, can be obtained. If v.;) = 0
then the potential is symmetric.

The 22 and y? operators can be expressed in terms of the HO raising and

lowering operators (Eqgs. 2.5 and 2.12):

l

Te = %(a+a++b~l—b+),
I + +
Ye = (a—a —b+0 ),
V2
h
T, = ﬁ(c+6+—l—d+d+), (2.14)
h
Yn = %(—c—f—ﬁ—kd—aﬁ).
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The anisotropic Hamiltonian & H ;&2 = zlng,e(h)%(h) (:pg(h) - yz(h)> for the electron
(hole) can now be written in terms of the HO operators as well. For example, for

the electron anisotropy Hamiltonian:

5]:12711'3 = ;ng,e/ye (l'g - yS)

1
— 193,6%122 (aa+ata® +bb+bTb" 4+ 2a*b+2abT)  (2.15)

where the commutation relations between operators a(at) and b(b") have been
used. The matrix elements of this Hamiltonian between single-particle states
(L| = (i(ny,n_)| and |R) = |j(ks, k_)) can be now evaluated:

(i, n )OH (ks ko)) (2.16)

1
= ZQ%’e%le(i(mﬂ n_) (aa+a*a® +bb+ b*b" +2a*b+ 2ab™) |j(ky, ko))

Q2.
= ﬁ’k [\/ k+ (k+ - 1)5n_,k+725n+k)_ + \/<k+ + 1) (k+ + 2>6n—,k++26n+k_
h

+ ko (ke =160k, 0ny k2 + (k- + 1) (b- +2)0n 0ny k12
+ 2v/(ky + 1) k_0pn_ oy +16n, o1 +2v/ Ky (k- + 1)5n_,k+715n+,k_+1] :

The anisotropic correction to the confining potential for holes has the same form.

These corrections break the rotational symmetry of the quantum dot and mix
those single-particle states with angular momenta which differ by two.

The anisotropy parameters ., are related to the more commonly used ratio:

Qe 1—7,
y,e(h) — 7, (h) (217)

Qye(n) L+ Yen)

2.4 The problem of many interacting particles
in a QD

In the previous section the discussion of the problem of a single particle - elec-
tron or hole, confined in the parabolic potential of the quantum dot was pre-

sented. Now, the single-particle orbitals are populated with several interacting
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2. Short overview of QDs

carriers. In the simplest approach one can construct the many-body states as
Slater determinants of occupied orbitals. These determinants will be referred to
as configurations. The energies of such configurations are built out of the single-
particle energies of occupied orbitals, as well as the direct and exchange Coulomb
interactions between carriers. However, in what follows it will be shown that the
configurations are not eigenstates of the Hamiltonian of the interacting particles.
In fact, the eigenstates will be sought in the form of correlated states, constructed
as linear combinations of configurations. This is the essence of the configuration-

interaction approach, whose details will be presented in the following.

2.4.1 Many body Hamiltonian

The Hamiltonian of the interacting N, electrons and N} holes confined in the
general single-particle potential U(r) in the presence of the external magnetic
field has the form:

N
~ < 1 2
He, = Z [ (f)i + ;Ai> + Ue(r;) + geMBBai:|

- 2m
Ny, 1 . )
pi — “Ai) + Uil Br; 2.18
+ ;{sz (p JAi )+ Un(ri) + gnpis 71 (2.18)
N N N N,

1 «— e2 1 < e2 e, Nn o2
T R RS B

2 i 5(1'1' - I'j) 2 Py 5(I'i — I'j) r 5([‘1» — rj)

where the notation is the same as used in Section 2.2. The first two terms corre-
spond to the single-particle spectrum of N, electrons and N}, holes.The remaining
terms introduce the Coulomb interactions between electrons, between holes, and
between electrons with holes.

In this work the confining potential is the two-dimensional harmonic oscillator,
and the solution of the single-particle part of the Hamiltonian, Eqs. 2.2 and 2.11,
has been described in Section 2.2. One can introduce two sets of creation and
anihilation operators: ¢;. (c;y) and h} (h;,), which create (anihilate) an electron
(with the spin o) or a hole (with a spin 7), on the single-particle orbital i with

the energy ¢;. The creation and annihilation operators obey the anticommutaion
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rules: N
{0107 ]a‘ } = 5ij500’ { Cios ]0’ - {Ci0'7 Cja} = 07 (2 19)
{h’LTJ ! } = 00 {h‘j;wh+ = {h'iTJ th} = 07 ‘
to fulfill the Fermi statistics.
Using these operators, one can introduce field operators for electrons and holes
expanded in the basis of the single-particle wave functions ¢’ and ¢!_, Eq. 4:

vT?

Ve (r) = 345 oo () Ci w: (r)=>,, ZJ* (r) ¢t
Un () =32, & (r) hir U (r) = ZW ) h (2.20)

The second quantzation form of the Hamiltonian ]:Ieh of interacting electrons
and holes can be derived by calculation of the matrix elements of all terms of the
Hamiltonian, Eq. 2.18, between the field operators, Eq. 2.20. For example, the

electron single-particle part of the Hamiltonian takes the form:

(el { (pﬁr A) + Ue(r;) +geuBBaz} |e) (2.21)

- 3 [

jo,ko’

= E :810 zocw?

(p + A> + Ue(r:) +geuBB"’} Dot (F) CChot

since the wave functions ¢ (r) are the eigenfunctions of this part of the Hamil-
tonian.

The electron-electron Coulomb interaction matrix element:

(he| ——— We Z Z Vee(io, jo'|ko” 10" )¢ ¢ Cronciom,  (2.22)

( r; —
1o

ijkl o,0',0'
where in general the matrix element V..(io, jo'|ko”,lc"") is defined as (in Ry*):

2

mﬁbkza” (r2)drom (r1),

(2.23)

The electron wave functions ¢;,(r) are products of the envelope function F?(r)-

Veelio, jo'|ka” 10" = //drldr2¢ 1), (r2)

slowly warying with r, and the periodic part of the Bloch function wu.(r), as
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defined by Eq. A4 in the Appendix A.1. This integral can be approximated by:

Vielio, jo'|ka”  16"") (2.24)

2
= (50 a”’éa o / / drldrgF F'—:;/<r2>—Fk‘U”(r2)E0/”(r1)7
! Ty — 1o

where Fj,(r) is the ith single-particle wave function of an electron with the spin
o confined in the parabolic potential of the QD (the conduction band symbol ¢’
has been droped here) and the integration over the microscopic part has been
carried out. This matrix element has a non-zero value only if the spin of the
orbital i - o (j - ¢’) is the same as the spin of the orbital I -” (k - ¢”), however
the spin of the orbital i can be different than that of the orbital j. Using that

information, the integral takes the form:

2
Vielio, jo'|ko', lo) //drldrgF DF(rg) ——— Fror (r2) Fio (r1). (2.25)

vy — 1y

The electron-electron Coulomb matrix elements in the harmonic oscillator basis
have an analytical form [114] and will be discussed in the next section.
The full Hamiltonian H,; of interacting electrons and holes in the second

quantized notation, written using these operators, takes the form:

] _ § : } : +1
Heh - Szaczocla+ Ezrhw T

+ —ZZVee io,jo' ko’ lo)c; ]U/Cka/cla

ijkl o,0’
1 L
+ 3 SO Vinlir, g7kt I B R e T
igkl 71’
= D) Venlio, jrlkr,lo) e b hircie + Henx. (2.26)
ijkl ot
where the sums over 4, j, k,l go over all single-particle orbitals, while the sums
over o,0’, 77" and o7 go over all possible spins of the particles.
The first two terms are single-particle electron and hole energies. The next
two terms correspond to two-particle Coulomb electron-electron and hole-hole

interactions. The last two terms are responsible for electron-hole direct- and
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exchange-interactions. The electron-hole exchange interaction is described in de-
tails in Chapter 3.

When two electrons (holes) have parallel spin, they interact not only with
the direct but also the exchange Coulomb interaction. The Hamiltonian ]:Ieh,
Eq. 2.26, can be rewritten in a form in which both types of Coulomb interactions

will be clearly seen:

I:[ = Z Z gzcrcwcw + Z 817h:;h’l7'

+ Z Z (Veel(io, jo'|ko' lo) — Vee(io, jo'[loka’)dpe )c;gc;;,ckazclg

1>7,k<l 0,0’

+ Y (Vinlir, g7 kT Ur) = Vi (i, 07, k7)) DR By B
>3kl TT!

= D YD Valio, jrlkr,lo)chhf hyecis + Hpnx. (2.27)
igkl ijkl ot

The states describing many particles, having the form of the Slater determi-
nants in real space, can be written in the language of the creation operators.
For example, a configuration of the N, electrons distributed on M single-particle

orbitals can be written as:

M M
g, may, g g o, o) = [ ()™ T ()™ 10), (2.28)
i=1 j=1

where |0) denotes the vacuum, n;; (n;+), taking a value of 0 or 1, denotes the
number of electrons in the orbital ¢ (j) with the spin | (1), and N, = >, ni +n4q.
The antisymmetry of this state is guaranteed by the Fermionic anticommutation
rules of the operators ¢; and ¢, Eq. 2.19. The state of N}, holes distributed on
M single-particle levels can be written analogously, while the state of IV}, holes
and N, electrons is a product of the two states.

As already mentioned, many-body states constructed in this way are not eigen-
states of the Hamilonian Eq. 2.26, since the Coulomb interaction can scatter parti-
cles among the single-particle orbitals. However, the eigenstates of the interacting

system can be written as linear combinations of such configurations.
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2.4.2 Direct Coulomb interaction in HO basis

The electron-electron Coulomb matrix elements in the two-dimensional harmonic
oscillator basis have an analytical form [114] and used later on in Refs. [101, 107].
The main points of this derivation (Ref. [53, 115]) are presented in the Appendix
B.2.

The Coulomb interaction matrix element V. (io, jo'|ko’, lo) (given by Eq. 2.25)
between the single-particle envelope wave functions: Fj/(r;), F;;,( re), Fior(rs)
and Flg(rl) of the HO, with the composite indices 7,7,k and [ : i = (nl',n!"),
j=n¥,n¥), k= n%* n?) and I = (n},n") has a form:

, (— 1)7&3 +n2T pn2k 42k
Veelio, jo'|ko', lo) =

lestL,LR — 971 2
\/n}ﬁ!nl,‘!nﬂ!nlf!nj!nf!ni’“!n%’“!

min(nli nll)

min(n}! nif) i\ [l = i\ [l
<2 ()0 2 =006 a2
p1=0 b1 b1 29—0 D2 D2

min(n? n3) 2j oy (2 n) 2j 2k P
TE () ) W) () (Y
3=0 P3 P3 ey P4 P4 2 2
The Coulomb matrix element with the largest magnitude is the one with all or-
bital indices from the s-shell of the HO: i = j = k =1 = (0,0): V..(io, jo'|ko’,lo) =
\/TE = Vg. All other Coulomb matrix elements can be expressed in terms of V4 and
are its fractions. It is important to notice that the magnetic field dependence of
the Coulomb matrix elements enters only through the length [7. This allows for
the calculation of these elements only for one magnetic field (B = 0) and then
scaling them with the oscillator length [ appropriate for a specific magnetic field.
If electrons and holes are confined by an identical effective confining potential
(i.e,. when m:QS = m;Qt), the electron-electron (e-e), hole-hole (h-h), and
electron-hole (e-h) Coulomb matrix elements involving the same HO orbitals are
equal.
By identical effective confining potentials one understands that the difference
between the electron and hole confinement compensates the effect of different

effective masses. The corresponding Fock-Darwin orbitals of the electron and
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the hole are the same. In such symmetric cases, h-h and e-h interactions can
be obtained directly from e-e Coulomb matrix elements: Vj,(i7, j7'|k7’,IT) =
Veelio, jo'lko' lo) and Vi, (i, j7'|k7',IT) = —Vee(io, ko'|jo’,lo). In a more gen-
eral case the e-h Coulomb interaction matrix elements have to be calculated

separately [116]:

\/5 (_1>nij+n2,j+n2+k+n2,k

‘/eh(’iU, ko’"jg’yl()’) = __le 5LL,LR A ' S
h \/n},}!nl_’!nﬂ!nl_l!nﬁ!n_]!n?f!n%k!

(2.30)

min(nti ntt)

ZZ ny +n? 42k +n2k min(ni'nil) n}: nH nli ni
<(% > w > w
h p1=0 b1 b1 270 D2 D2

mzn(nij n3k) 2j ok min(n’? n2k) 23 2k

n n n’ n

() ()0

p3=0 b3 p3 pd=0 Pa Pa
p+3

1 lh —2p3—2p4 1
X (_1>p ﬁ (l—Z) r (p"— 5) )
() M

where ' (I¢) is the HO length for holes (electrons), and angular momentum:
Ly and Lg denote the angular momentum of the electron-hole pairs. The e-h
Coulomb matrix element for the symmetric case can be obtained from this formula
by putting [} = I¢. This electron-hole interaction matrix element V,j,(io, ko'|jo’, o)

has the same absolute value as the electron-electron element (with proper indices
Eq. B23).
2.5 Calculation of optical properties of the QDs

Having obtained the eigenenergies and eigenfunctions of the systems of N and
N —1 electron-hole pairs, one can calculate the emission spectra from the Fermi’s

Golden Rule, which in the dipole approximation can be written as:

I-(w) =YY PBf, N —1|P i, N,)’s(E; — E; — w). (2.31)
i
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Here |i, N) denotes the initial state of the N electron-hole piars with the corre-
sponding energy F;. |f, N — 1) is the final state of the N — 1 electron-hole pairs,
which remains after the recombination of one electron-hole pair. The final state
has the energy F;.

The interband polarization operator:

P =) ciohio (2.32)

1,0

annihilates one electron-hole pair from the initial state with a simultaneous
emission of one photon. The oscillator strength - the matrix element of the
polarization operator between initial and final states - is then multiplied by
the probability of occupation of the initial state: P, = exp{—%} /Psuar, with
Psum =), exp{—% , where k is the Boltzman constant and T’ is the tempera-
ture.

Depending on the spin of removed particles, emitted photons have circular o
(Py =3 cithip), o (P~ = 32, enhay) or linear: X (Px = 32, cijhiy + 30, cirhay),
Y (py = > . cithiy — Y, civhiy), polarisation. Due to the delta function in the
above formula, the energy hAw of the emitted photon (the position of the PL peak
on the energy axis) is equal to the energy difference between the initial and final
states.

The absorption spectra can be calculated in a similar way, using the expres-
sion:

IFw) = SOST PN + LB, N)PO(E — By —w). (2.33)
i f
The interband polarization operator Pt = Yo i hi_, creates one electron-
hole pair on top of the existing N pairs in the initial state, with simultaneous
absorption of the photon.

In the calculations of the emission and absorption spectra, Egs. 2.31, 2.33, it
is assumed that the temperature is much lower than the bandgap of the QD ma-
terial, which assures that the conduction and valence band are empty of carriers
in the absence of optical excitation. This implies that if one calculates the emis-
sion spectra of N = 1 electron-hole pair, the initial states |i) are the states of the

interacting photo-excited electron and hole thermally populated with probability
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P;. In the final state |f) there is an emitted photon and a QD with no carriers
in the conduction and valence band due to the low temperature.

On the other hand, in the calculations of the absorption spectra in the case
of N = 0, the initial state is an empty QD. The final states are the ground and

all excited states of the interacting electron-hole pair.

2.6 Exciton confined in the QD

The exciton is a correlated state of an electron in the conduction band and a
hole in the valence band. The recombination of the exciton leads to the emission
of the photon with well defined energy - that is the energy of the recombining
exciton. This energy depends on many factors like the semiconducting material
in which excitons were created, as well as the size and shape of the quantum dot
[108, 117-119].

Detailed theory of an exciton as a collective state of an electron and a hole in
a symmetric parabolic quantum dot has been developed in Ref. [103], while the
effects of quantum dot anisotropy on the exciton p-shell have been discussed, e.g.,
in Ref. [109].

2.6.1 Exciton in Jacobi coordinates

Since the main subject of this work is the analysis of optical properties of QDs
with magnetic impurities, it is important to understand the behaviour of the
exciton in the non-magnetic quantum dots first. Some of the concepts introduced
by Hawrylak et al. in Ref. [103] will be revisited here.

The confining potential of the QD is chosen to be the two-dimensional isotropic
harmonic oscillator, whose single-particle states were described in Section 2.2.
Here it will be assumed that the quantum dot can confine two (SP) or three
(SPD) single-particle shells. The basis for calculations of the exciton is con-
structed out of the single-particle states for the electron and hole by populating

them with one electron and one hole with all possible spin configurations.
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Since in the exciton there is only one electron and only one hole, the Hamil-

tonian of many interacting electrons and holes (Eq. 2.26) can be simplified to:

§ :E'Laczocw—i_ E :617 7,7'

ZZVeh io ka lo)c b hyrcio. (2.34)

ijkl ot

The electron-hole exchange term H erx [108, 120-124] has been neglected here,
and will be discussed in Chapter 3. The Hamiltonian Hy commutes with both
the exciton angular momentum L = L, + L, = nf{ — n¢ + nh — n}jr and the
spin operators, since the kinetic energy operators of the electron and hole are
diagonal, and the electron-hole direct Coulomb interaction conserves the angular
momentum of the pair as well as the spin of the electron and the hole separately,
Egs. B.23 and 2.30.

In this case, the electron-hole basis can be divided into subspaces with dif-
ferent angular momentum L of the electron-hole pair, and with different spin
configurations of the pair. There are four possible spin configurations for the
electron and hole: | 1)), | 1), Ud),| 41). The construction of the basis set
as well as the calculations are the same for each of the spin configurations.
For the subspace with angular momentum L, the spin of the hole 7, and the
spin of the electron o, the basis is created in the form: |L;ij)|To) = hich |0)

(or |L; (nh,nM), (n%,n®))|ro) = h: nh Tcn+ n¢ »0)). The important electron—]hole
configurations with angular momentum L = 0 and a chosen spin projection are
presented in Fig. 2.5 (a).

The first of the configurations shown in Fig. 2.5, |a) = hgy,cg0,]0), is the
configuration with the lowest possible kinetic energy. It consists of the electron
and the hole occupying their s-shell. The configurations [b) = hi,cfy, |0) and
|c) = hgiacor,|0) are the so-called PP configurations, where both the electron and
the hole are on one of the p-shell levels, in such a way that the angular momentum
of the pair is zero (the other configurations would have L = £2 respectively). If
the harmonic oscillator frequencies of the electron and hole are equal (Q, = §23),
the SD — DS configurations |g) = hij,¢50,[0) and |h) = hgo,ciy | 10) have the same
kinetic energy as the PP configurations (|b) and |c)). The |g) (|h)) configuration
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Figure 2.5: (a) The basic electron-hole configurations with the angular momen-
tum L = 0. Electron (hole) is marked by the solid (empty) arrow. (b) The
construction of the important Jacobi coordinates in the p-shell.
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consists of the electron (hole) on the s-shell while the hole (electron) is on the
zero angular momentum state of the d-shell for which (" n™?) = (1,1). The
other three configurations, |d), |e) and |f), are the high kinetic energy DD-
configurations, with both carriers on their respective d-shell levels.

Since the polarization operator PT() creates (anihilates) an electron-hole pair
with opposite spins, all of the configurations |a) — |h) belong to the bright spin
subspace. This means that the spin part of the wave function fulfils the optical
spin selection rules. The spin configurations | f}) with the spin angular momen-
tun of +1 (5, + 5, = 3/2 — 1/2) emit a photon with the angular momentum of
+1 (o4 polarization), while configurations | {}1) with the spin angular momentun
of =1 (j. + S. = —3/2 + 1/2) emit a photon with the angular momentum of
—1 (o_ polarization). The other two types of spin configurations are considered
dark. The second selection rule is related to the orbital part of the wave function
- the created (anihilated) particles need to occupy the same single-particle orbital
i. According to this rule, the configurations |¢g) and |h) are considered orbitaly
dark, while the rest of the configurations is bright.

However, it is useful to create a different exciton representation in which one
can immediately decide which states are optically active [103]. This can be done
by a transformation of the basis into the Jacobi-like coordinates. Starting from

the lowest energy configuration, this transformation reads [103]:

4) = |

B) = S5+

€)= (B -1)

6) = —5(s) =1

) = o)+ 1) (2.35)
D) = i)+l +11)
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1
|E) = 7 (Id) —le))

) = 2= (d)+ fo) = 211)

In particular, the construction of the degenerate states in the p-shell is impor-
tant. To illustrate it, a schematic picture has been shown in Fig. 2.5. The density
of states for an exciton in the two-dimensional, symmetric QD has been presented
in Fig. 2.6. There is one configuration |A) in the s-shell, four configurations in
the p-shell, and three configurations in the d-shell. The polarization operator can

be now expanded in the new basis:
P~ = |A)Y(A| + V2| B)(B| + V3| D)(D|. (2.36)

From this form of the polarization operator it can be seen immediately that only
one configuration from each of the shells is optically active: |A) from the s-shell,
|B) from the p-shell and |D) from the d-shell. In Fig. 2.6 (a), the bright Jacobi
coordinates are highlighted in yellow.

The Coulomb interaction between the electron and hole has been neglected
so far. The inclusion of this interaction causes a coupling between the Jacobi
coordinates and leads to an increased number of emission lines. Calculation of
the absorption spectra of the exciton confined in the QD with two and three single-
particle shells is shown in Fig. 2.6 (b), and it will be discussed in more details
below. For the symmetric QD when w,/w;, = 1, the Jacobi basis is particularily
useful for the analysis of an exciton. In this case one can immediately see which
states are coupled to the bright configurations through the Coulomb interactions
(|A),|B),|D)) and become optically active. The antisymmetric superpositions of
the electron-hole configurations, |C), |E) and |G), do not couple to the remaining
symmetric states. However, the other five states are coupled with each other.
One needs to write the Hamiltonian Hy of the interacting electron and hole
(Eq. 2.34) in this basis and diagonalise it numerically. The resulting eigenstates

of the exciton are in the form of a linear combination of the Jacobi coordinates
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Figure 2.6: (a) The density of states of an exciton confined in the QD with
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Calculated absorption spectra of a CdTe isotropic quantum dot without electron-
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2. Short overview of QDs

[4), |B). |H), D), and |F):
X 1) = (AD1A) + AD(B) + AQ|H) + AD|D) + ADIF)) | 1) (2.37)

where ¢ = 1...5 denotes exciton state number and AS?“  are the amplitudes of
|A) ... |F') configurations in the excitonic state with the number ¢. The ground
state of the exciton in the symmetric case (w./w, = 1) can be approximated
by the linear combination of only three configurations (neglecting high-energy

configurations that do not contribute significantly to the ground state):
Xes)| 1) = (1AD14) +1AP1B) - AP [14). (2.38)

The fact that the sign of Ag—) is opposite to that of the other amplitudes has
been written explicitely. The different sign of the Ag) amplitude is a result of
a different sign of the Coulomb matrix element coupling the configuration |A)
with |B) and |A) with |H). Later on the absolute value symbols will be dropped.
Now, because the configuration |A) has the lowest kinetic energy, the amplitude
AS) in the state | Xgg) is the greatest.

The first excited state is in the form:

Xes) 1) = (AD14) + AD1B) + AP 1H) ) | 14), (2.39)
with a very similar contribution from |B) and |H) (Ag) ~ Af)) and a much

smaller contribution from the |A) configuration. The second excited state is:

Xa) 1) = (AD14) — AP1BY + AP |H) ) | 1), (2.40)

with the most even distribution of the probability of occupation of any of the
configurations of the electron-hole pair.

The situation is slightly changed if the ratio (w./wp # 1). The configura-
tion |G) is not completely decoupled from the bright configurations, however its
coupling to the excitonic ground-state is relatively small. The ground state of
the exciton can be still approximated by the expression Eq. 2.38 although the

amplitudes are changed. A much greater change due to the un-even shell spacing
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2. Short overview of QDs

for electrons and holes appears in the excited states of the exciton. In this asym-
metric case the configuration |g) has a significantly lower energy than the PP
configurations (|b) and |c)), since it is energeticaly preferable to excite a hole to
the d-shell orbital leaving the electron on the s-shell than to excite both particles
to the p-shell. This results in the mixing between |H) and |G) configurations

that in turn leads to the following form of the exciton wave function:
Xes) 1) = (AD14) + AP 1B + AP |H) + ADIGY) 11, (241)

for the first excited state of the exciton, where the greatest amplitude is Ag)
followed by Ag). The second excited state will have now an admixture of the |G)

configuration as well as |D):
Xa)| 1) = (AP 14) - AP|B) — AP D) + AD|G) + A1) ) | 44). (2.42)

This state is built predominantly out of the | B) configuration with significant con-
tribution from the |G) state, which is a big change as compared to the symmetric
case (Eq. 2.40).

It was shown in Ref. [103] that the calculated absorption spectrum of QD
confining three single-particle shells consists of five peaks: one from the state | A)
in the s shell, two from the states |B) and |H) from the p shell and two from
states | D) and |F) in the d shell. The results of similar calculations are shown in
Fig. 2.6 (b).

The calculations of the presented absorption spectra of a CdTe isotropic quan-
tum dot were done for the single-particle energies w. + w, = 30 meV with the
ratio between them w, /w;, = 1 for the upper panel and w, /wy, = 4 for lower panel.
For the QD confining two single-particle shells (black spectra) there is one ab-
sorption line in the s shell and one in the p shell. Their energies are renormalized
by the Coulomb interaction, and are of the different value for both ratios (in
the absence of the Coulomb scattering, both spectra would be identical). The
situation changes dramaticaly for the QD that confines the third - d shell (red
spectra). In that case, the absorption to the d shell and the splitting in the p
shell due to the presence of the d shell is visible. This splitting appears due to the
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2. Short overview of QDs

interaction between the degenerate |B) and |H) configurations, which repel each
other (the energy splitting) and exchange the oscillator strength (the previously
dark |H) configuration becomes optically active). The splitting between the lines
as well as their oscillator strength depend on the QD parameters, although it is
important to remember that it originates from the Coulomb interaction coupling
between PP and SD configurations and it is absent in the QD with only s and
p shells.

2.6.2 Anisotropy

The effects of the quantum dot anisotropy on the exciton p-shell structure have
been discussed in Ref. [109] on the example of a three-exciton complex confined
in the QD with only two single-particle shells (the s-shell was completely full).
In this work, it has been shown that the p shell is split due to the presence of
the deformation potential, and that the oscillator strength of the p-shell state,
which is the sole bright exciton state for the isotropic parabolic confinement, is
distributed over two optically active states, whose energy splitting depends on
the dot deformation.

Calculations of the absorption spectra of an exciton in the two-dimmesional
parabolic potential with increasing anisotropy is presented in the Fig. 2.7. The
QD for which the calculations were made confines three single-particle states
SPD, with the shell spacing w, + w;, = 30 meV, and ratio w./wy, = 4. As it
was discussed above, even in the absence of the anisotropy, the p-shell absorption
consists of two peaks corresponding to | Xgg) and | X3) excitonic states (given by
the Egs. 2.41 and 2.42). The anisotropy causes mixing between the single-particle
states whose angular momentum differs by 2 as described in Section 2.3. This
mixing causes a further splitting of each of the p-shell emission lines into two,
each with a different oscillator strength.

The first bright excited state of the exciton, | Xgg), is coupled with the two
other excitonic states with L = L, + Ly, = 2 and L = —2. They are built
mostly out of configurations |1) and |2), shown in Fig. 2.8. The coupling between
them is mostly through the anisotropic correction of the hole confining potential
which scatters the hole from the s-shell (the state (00)) in the |Xgg) to (02)
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Figure 2.7: Calculated absorption spectra of a CdTe QD without an electron-hole
exchange, with different anisotropies: (a) v = 0 (QD is isotropic), (b) v = 0.15,

(¢) ¥ =10.33 and (d) v = 0.5.
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Figure 2.8: The important electron-hole configurations coupled to the L = 0
bright configurations in the p-shell.

in the |1) configuration or (20) in the |2) configuration (leaving the electron on
the s-shell (00) level). As a result, in the presence of anisotropy, the lower-lying
absorption peak corresponds to the linear combination of the form: |[Xgg) —
a (]02,00) + |20,00)) while the higher peak: | Xgg) + a (]02,00) + |20, 00)).

In the isotropic QD, the third peak in the absorption spectra corresponds to
the second bright excited state of an exciton |X3), which is built mostly out of
the | B) Jacobi coordinate (|B) = 1/4/2(|01,01) + |10, 10))). This state is coupled
with the two other excitonic states with the L = 2 and L = —2 which are built
mostly out of the configurations |3) and |4), as shown in Fig. 2.8. This time,
the coupling between them is through the anisotropic correction of the hole and
electron confining potential. As a result, in the presence of the anisotropy, the
lower lying absorption peak corresponds to the linear combination of the form:
| X3) + « (]01,10) + ]10,01)) while the higher peak: |X3) — « (|01, 10) + |10,01)).
The splitting as well as the oscillator strength of the peaks depend on the strength
of the coupling between L. = 0 and L = 42 states - namely the anisotropy

parameter Ye(x)-

2.7 Multi-exciton complexes in the QD

In the high excitation power regime, when the electron-hole pairs are excited
faster than they can recombine, the existence of multiexciton complexes has been
reported [117, 125, 126], and extensively studied theoreticaly [94, 102, 127-129].
The emission of (a) InAs (figure adapted from Ref. [125]) and (b) CdTe, neutral
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QD as a function of energy and excitation power is shown in Fig. 2.9.

In the charge-neutral QD, in the low excitation power regime, the emission
from the lowest single-particle s shell is visible (Fig. 2.9 (a, left) and Fig. 2.9 (b),
green spectrum). In this regime there is only one electron-hole pair occupy-
ing predominantly the s-shell. With increasing excitation power, the number of
electron-hole pairs increases and the multi-exciton complexes are created, starting
with the biexciton - X X or X5 (a bound state of two electron-hole pairs), up until
the six-exciton complex Xg, when six electron-hole pairs exist simultaneously in
the QD (Fig. 2.9 (a, right)). In Fig. 2.9 (a) the emission from the s shell as well as
the p shell for multi-exciton complexes is visible, while the high excitation power
spectra in Fig. 2.9 (b) show the emission from the d-shell as well (black spectra).

In this work we focus on the QDs in which exciton (X) and biexciton (XX)
complexes are present at the same time. The exciton was described in the previous
Section, while the bi-exciton will be briefly discussed here.

As it was mentioned, the biexciton is a complex that consists of two electron-
hole pairs (two excitons, hence bi-exciton). The s shell of the QD can be occupied
by maximum of two electron-hole pairs. Due to the Pauli exclusion principle, the
electrons (holes) occupying the same QD level need to have opposite spins and
form a spin singlet state. Therefore, the ground state of the biexciton is an
electron and hole spin singlet state, as shown in Fig. 2.10 (a).

As an example, a higher-energy singlet-singlet X X (7., s,)=XXS55(0,0) con-
figuration of the biexciton is shown in Fig. 2.10 (b). In this configuration one
electron-hole pair occupies the s shell of the QD, while the second one is in the p
shell. Since the spin z projection of both electrons (s,) and holes (7, ) is zero, while
the carriers of the same type are on different orbitals, the eight possible electron-
hole configurations are properly symmetrized to create a configuration with a
well-defined total spin of electrons S = 0 and holes 7 = 0. Since the Coulomb in-
teraction scatters the electron-hole pair from the s to the p shell without changing
either the total spin or the z projection of the spin of either particle, the s-shell
configuration (Fig. 2.10 (a)) and sp X X 55(0,0) (Fig. 2.10 (b)) are coupled. This
means that the GS of the X X, similar to the GS of the previously described
exciton, is a linear combination of these configurations and higher lying X XSS

configurations [102].
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Figure 2.9: (a) The change of the emission of an InggyGag4oAs single quantum
dot with excitation power and with energy. Bright regions indicate strong emis-
sion intensities, blue regions low intensities. Figure is reprinted by permission
from Macmillan Publishers Ltd: Nature from Ref. [125], Copyright (2000). (b)
Measured emission spectra from s, p, and d shells of a single CdTe quantum
dot, populated with an increasing number of electron-hole pairs, with increasing
excitation power.
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Figure 2.10: (a) The lowest X X configuration, where all carriers occupy their s
shell, (b) the properly symmetrized (not normalized) configuration of s- and p
electron-hole pairs creating an X X,55(0,0) configuration, (c) the lowest energy
configuration of X XT7T(-3,1), (d) the oscillator strength of the exciton (black)
and biexciton (red -X XSS, blue X XT'T(-3,1)) optical transitions, as a function
of energy, calculated for a QD confining s and p single-particle shells.
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The final state of the recombination from the X X ground state is the ground
state of the exciton, whose main configurations are shown in the inset of the
Fig. 2.10 (a). The recombination of the XX can happen in one of the two
channels, with the emission of the o, photon: recombination of the hole spin-up
and electron down, { - blue pair, with the final state being the “red” electron-
hole |1 pair (on the left), or with the emission of the o_ photon, when the other
electron-hole pair recombines, leaving the exciton in the spin state {1} (blue pair
on the right of the inset).

The energy of the GS of the correlated XX is lower than the sum of the
energies of two excitons. This lowering of the energy is caused by the correlations
in the system, and it results in the redshift of the X XSS emission/absorption
line as compared to the emission/absorption from the X GS (Fig. 2.10 (d)).

From the configurations of two electron-hole paris with the (j.,s.) = (0,0)
one can also construct linear combinations in which the total spin of electrons
or holes, or both, is non-zero: XX ST(0,0) (singlet-triplet), when holes are in a
singlet and electrons in a triplet state, X X7'S(0,0) (triplet-singlet), when holes
are in a triplet and electrons in a singlet, or X X7T7'(0,0), when both carriers are
in a triplet state. This is however not the only way to create an X X state with
non-zero total spin of electrons and holes. There are also spin polarized state of
the biexciton as shown in Fig. 2.10 (c) (Refs. [102, 128]).

The polarized carriers cannot both occupy the s-shell, due to the Pauli ex-
clusion principle. For that reason, the configuration shown in Fig. 2.10 (c), is a
configuration of the spin-polarized triplet bi-exciton X X7T'T'(-3,1) with the low-
est kinetic energy. This complex can only exist in a QD, and it provides a useful
tool for measuring the single-exciton spectrum without resorting to the difficult
absorption experiment (Fig. 2.10 (d)). The recombination from the X X7T7T'(-3,1)
happens with the emission of the photon with the energy from the s-shell energy
range when the final state of the recombination is the excited exciton state in
the p-shell, or with the p-shell energy range when the remaining exciton is in
its GS. Naturally, there are higher kinetic energy configurations of the polarized
XXTT(-3,1) complex, which interact via the direct Coulomb interaction with
this configuration, and have non-zero contribution to the X X77T(-3,1) ground
state [102].
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Chapter 3

Electron-Hole exchange,

derivation and analysis

3.1 Introduction

In the previous chapter it was shown that each exciton state is a linear combina-
tion of electron-hole configurations. Each electron-hole configuration is a product
of orbital and spin wave functions. With the electron spin S, = £1/2 and the
heavy hole spin 7 = +3/2 each configuration is fourfold degenerate due to four
possible spin configurations of carriers. With only the direct Coulomb interac-
tion between carriers accounted for, each exciton level is also fourfold degenerate.
As shown experimentally by, e.g., Gammon and co-workers [130-132] and Bayer
and co-workers [133, 134], the four exciton states are split into a low-energy dark
multiplet and a bright multiplet at a higher energy. The bright multiplet, which
describes the two bright exciton states corresponding to left and right circularly
polarized photons, is further split by the long-range electron-hole exchange inter-
action. This long-range exchange interaction (LRE) removes the degeneracy of
bright exciton states, and leads to a linear polarization of emitted photons. Hence
it is important to understand the fine structure of exciton levels in self-assembled
semiconductor quantum dots before one proceeds to describe the exciton confined
in the magnetic QD and interacting with a magnetic impurity.

The fine structure of the exciton in bulk semiconductors was investigated

almost 40 years ago [135-137]. In semiconductor self-assembled quantum dots
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the fine structure and exchange interaction are significantly enhanced due to
the exciton confinement. This motivated studies of the electron-hole exchange
interaction in low-dimensionality systems within the framework of the envelope
function approximation by, e.g. Ivchenko and co-workers [138, 139], Takagahara
[120, 121], as well as others [140, 141]. Zunger and co-workers investigated the
exciton fine structure using the empirical atomistic pseudopotential approach
[142-144] and Goupalov and Ivchenko[122] and Korkusinski et al. [94] using
atomistic tight-binding approximation [122]. It was shown that the strength of
the bright exciton splitting depends on the QD in-plane anisotropy [120, 134,
139]. Several groups demonstrated tuning of the exciton fine structure by the
application of the lateral and vertical electric field [86, 145], or vertical and in
plane magnetic field [134, 146-148]. In both cases the splitting of bright exciton
states was suppressed by an external field.

In an external magnetic field perpendicular to the plane of the quantum dot
the fine structure splitting of the multiplet is caused by two contributions: the
exchange interaction, which couples the spins of the electron and the hole, and
their Zeeman interaction with the magnetic field. With the increasing Zeeman
interaction, the two exciton states evolve from linear to circular polarization
[117, 134]. The exchange interaction depends on the exciton wave function which
depends on modification of the direct Coulomb scattering and the single-particle
energy levels by the magnetic field.

The key result presented here, and extending the theory from Ref. [123],
is the derivation of the short and long-range electron-hole exchange interaction
matrix elements expressed in terms of known electron-electron exchange matrix
elements. This allows for a simultaneous evaluation of the direct Coulomb, short-
and long-range electron-hole exchange interaction matrix elements, and matrix
elements of the anisotropic confining potential in the HO and spin basis for a
perpendicular magnetic field of arbitrary magnitude.

Such a formulation of the interacting exciton Hamiltonian allows for a detailed
numerical and analytical study of the effect of the electron-hole exchange, direct
Coulomb interaction, anisotropy of the confining potential, quantum dot shell
structure, and the magnetic field on the fine structure of correlated exciton states.

The fine structure of ground and excited correlated exciton states is obtained
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using exact diagonalization techniques and shows a significant effect of electron-
hole correlations.

While effective mass calculations do not include details of the atomistic struc-
ture, [94, 142-144, 149], they are significantly less computationally expensive.
This computational tool can help in guiding design of quantum dots with a de-

sired exciton fine structure.

3.2 Electron-hole exchange matrix elements in a
special case of the two-dimensional QD with

a parabolic confining potential

Motivated by experimental demonstrations of the two-dimensional parabolic po-
tential as a good approximation for the self-assembled QDs, [95, 104, 107] we de-
rive the electron-hole exchange matrix elements in the the HO basis. Unlike the
direct Coulomb matrix element, which has been calculated previously, [30, 116]
the electron-hole exchange matrix elements, which depend on spin indices, have
not been reported in this basis.

The envelope functions Fj,(r) (H;,(r)) are single-particle states of the elec-
tron (hole) in an isotropic parabolic confining potential with a characteristic
frequency Qg(h), in the presence of a perpendicular magnetic field. The single-
particle Hamiltonians of the electron and hole are given by the equations Eqs. 2.2
and 2.11. The index [ () by the electron (hole) envelope wave function denotes
the full set of the orbital quantum numbers which describe the state, in this case:
l = (nlf,nlf,) (j = (nﬁh,nj_h,)). The electron-hole exchange matrix written in

1 1

the basis of elecron with spin o = 5 (a) and 0 = —3 () and a heavy hole with

spin 7 = ﬂ:%, has the form (derived in the Appendix C.3, C.4, C.5):

VX (cio,vjT|clo’ vkt') = (3.1)
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vkT'clo’) —
|
(ciovj|d | la—=3) Ja+3) [B-3) 18+3)
(o — %| (56% + 5L) 0 0 da1
(a+3 0 0 0 0
(B -3l 0 0 0 0
(843 012 0 0 (655 +o%)
with:
o5 = OgTEL 4 6LREY (3.2)
srekl _ 2Esg + +
o iy = Vs dryFj (v1) H (1) Hop(r1) Fa(r1) (3.3)
BvK
kl 167 >
5" =~ / dr, F (r)H(0) Ho(r) Fa(ry) (34)
ws JBuvK
2
5Lf; — V2 (RZJkl+RZJkl) (35)
ws
2
St = L (REM — RUM _ 2iRIM) (3.6)
VWS
2
kl ijkl ijkl - yijkl
Oo1j; = Vv%/s (R — RYM 4 2iRYF) (3.7)
where:

ij 2
m = [ vt (S ) ) e Pate),

v — 1y
BuvK

parameter Fgg is the radial part of the short-range exchange misroscopic integral
given by Eq. C.33 [123], u? is a numerical constant (Eq. C.40) parametrizing the
long-range exchange interaction [123], Vjys is volume of the individual unit cell
(Wigner-Seitz cell), while the integration region BvK (Born-von Karman cell)
expands on the QD domain.

The exchange matrix elements V. (cio, vjt|clo’, vkT’) can be divided into two
groups according to their effect on the excitonic levels: diagonal in spin subspace
[123], which causes the splitting between bright (| 1), | 1)) and dark (| {J4), | 1M
)) doublets, and off-diagonal in spin subspace, responsible for the bright doublet

splitting by coupling states with the spin angular momentum =+ 1.
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In what follows, the electron-hole exchange matrix elements VX (cio, vj7|clo’, vkT’)

will be refered to as (cio, vj7|V¥|vk7’ clo’). The new notation allows for easier

visualisation of the position of the matrix element in the full Hamiltonian matrix.

3.2.1 Electron-hole exchange mixing bright exciton states

The electron-hole long-range exchange matrix elements, responsible for the bright
exciton doublet splitting, have been derived in Ref. [123] (with the full derivation
shown in the Appendix C.3, C.4, C.5) and expressed in terms of electron and hole
envelope wave functions (Eq. 3.6):
LVl U, 11) = bl = (kal RJM — 2RUM) . (3.8)

Using the definition of R,,, R,, and R,, (Eq. 3.8), this matrix element can be

written as:

(4t Varlk 4,07) (3.9)

0? 0? 02 . .
B dryd - — 2 Fl(r)H,,
- //BvK e ({89{:183:1 010y Zamayl} e (1) w(rl))

Hvk(rZ)Fcl(FQ)

m
i //drler { (8_x1 - zaiyj Fj(rl)H;(rl)} ﬁ (Hy(r2) Fi(r2)

where —L has been defined by p/? and the prim was dropped. The band indices
were dropped since the electron and hole envelope functions are differentiated
by different letters. The matrix element (i 1,5 | [VX|k 1,1 }) is the hermitian
conjugate of (i |, j f |[V:X|k §,11). Note that these matrix elements are not sim-

ply matrix elements of the Coulomb interaction I . The long-range exchange
interaction involves interaction of dipoles created by two different electron-hole
pairs: (4,7) and (k,l) (Eq. C27) [120-123]. The interaction of dipoles has been
translated into the Coulomb interaction of the charges (k,l) with derivatives of

the charges (i,j).
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The differentiation operators in Eq. 3.9, acting on a product of the electron
and hole wave function, can be expressed in terms of differential operators acting
on either the electron or hole wave function:

0? 0? 0?
( 5 — oy — 20
ori Oyj Oz10

) F 0 ) (3.10)

= 2 an ) e} (a0}

The differential operators can be then related to the boson creation and anihila-

tion operators of the electron (introduced in Chapter 2 by equation Eq. 2.5):
1/ 1 2 171 2
bt = 2| == 20000 | — = | —=—= — V20;0;
‘ 2(@:;*[“) 2(@2 Vo)
9] 0
a—b" = \ﬁli@j = \@li <— — z—) . (3.11)
ox
A similar expression can be derived for the differential operators acting on the

hole wave function using harmonic oscillator operators of the hole (Eq. 2.12). The

expression, Fq. 3.10, takes now the form:

P P N\
<8_;13% — a_y% — QZagjlayl) P; (I'l)H] (rl) (312)

_ {(V%lz (a— b+))2Fi+(r1)} HY (r1) + F (1) {<f%l’ﬁ (d— c+)>2H;(r1)}
ce { (J%lz (= b+)) Fﬂrl)} {(J%l;; (2= C+)) Hj(rl)} |

After applying the ladder operators to the electron envelope function, the first
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3. Electron-Hole exchange, derivation and analysis

term in the above equation (Eq. 3.12) takes the form:

{ (\/%le (a— b+)) Fi+(r1)} Hf (r) = (3.13)

1 2
— 2l22 {<a2 _pti 2ab+> F(Zij,nif)(rl)} H(J:Lih,n{h)(rl)

1

- Th?{ N (= DF ey (01) 4\ (08 1) (0 + 20 ()

_— 2 (lef —I'_ ].) ,TF(—;T_'_]_ nze 1)( )} H(—:Lih,n{h)(rl)

After proceeding in the same way with two other terms, the electron-hole long-
range exchange matrix elements can be expressed in terms of the electron-hole

Coulomb matrix elements VEX:

(Z(n+, l)¢j<n+, Jh)TH Vv |k<n+, )Ul( lef ,>T;>: (3.14)
1

. : ; ih ik / / ’
_N2{2l“32 [ ni (n —1) VEX <n+,n —2;nd" |n nlih ;nlf ,nl_e>
h

; ie. jh kh! kR, le! le!
+\/(ni+1) (ne +2) VEX (n’f—klnﬁnﬁ, Tk pkh, f,ne>
- - : ‘W iR ' ' / /
—2¢/n% (nif +1) VEX <nf+1,n —L;nd' n’ |nkh n* ,nlf,nlfﬂ

S

kh!. le! _le’
ns, n_,n+—2n |n n_,n+,n_)

1 . .
+—s [ nl (nl=1) VEX

+\/( +1)< J’”‘+2) VX

/N

h e/ le!
nS,nt n+,n +2\n n+,n)

ih ih h, le! el
=2 [ (n_—i—l) VX <n+n ol —1,n7 —i—l]n ;nf,nfﬂ
+ 1 e, Jh VEX ie , ie —1; —1, ‘ kh!. le! |, le!
e (Ve Ve n',n' nll n’"'|nkh " ¥ sy, ne
h'h
—4/nf (n_ + 1) VEX <nf,n’_e —1;n 0" 4 1|n R ple ,n_>
Jh (e EX ie kh! _kh!. le!  le!
—\/ ! (n'e+1) Vy n't +1,n* ol — 1,07 |n ,nny n’

+\/(nfﬁ +1) (n2 1) VA

A

e 4 1,n 0l 0’ +1|n h,;nlf/,nl_lﬂ},
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3. Electron-Hole exchange, derivation and analysis

where:

in / / /
VE <n+,n ndn |n " pkh ;nlf ,nl > (3.15)

2
//drldrzF ie w)(rl)HJr( W, th)(rl)mﬂk(ny’,n@’)(1‘2)5(715’,1#_6’)(1“2)-

In general, the above expression has to be evaluated numerically, however in
the case of I = I the hole envelope wave function is a hermitian conjugate of
the electron envelope function: H i ]h)(r) = Fj +(n7+hnf_h)<r) This condition is
fulfilled when m;Q§ = m;QF. In this case, the integrals in expressions (3.14) and

(3.15) can be identified as the electron-electron exchange elements:
EX jho o dh kR kRl le!\ _ 1 EX KR! kB le!. jh _jh
Vo <n+,n ;nd nnt ™ ng n ) = V2 n+,n_,n+ ,n |n ;nSsnd,nl) .

These matrix elements can be computed analytically [114, 116] as shown in Chap-
ter 2 (Eq. 2.29). The quantum numbers corresponding to the envelopes of the
hole changed places due to the hermitian conjugation of the hole wave function

as shown above, and the conventionally chosen order of the wave functions in the

element VEX:
VEX <n+,n nih ,nkhl|nf,,nl_e/;nih,n’;h> = (3.16)
2
+ .
//dr1dr2F ” w)(rl)Fk(nTgnﬁh/)( )MF( ter ey (£2) En iny (1)

The orbital angular momentum conservation rules for electron-electron Coulomb
integrals stipulate that the z projection of the total orbital angular momentum
of a pair on the right and that on the left have to be equal, otherwise the integral
is equal to zero. Knowing that, as well as the expression for the orbital angular

momentum of the electron-electron pair L = (n$e) — n(le)) + <nfe) — n(_26)> and

for the electron-hole pair L = (n$€) — n(_le)> (nfh) n(%)>, the conservation

rules for the matrix elements:

(i (n+, ’e) 17 <n+ M > VX |k (n’ih/, ) ;1 <n+ M > 1) can be derived.
If one denotes £, = (ni¢ — n’®) — (nih n’ h) as the angular momentum of the
electron-hole pair on the left, and Ly = ( — ) — (ni" 'jh/> as that of
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3. Electron-Hole exchange, derivation and analysis

the pair on the right of the matrix element (Eq. 3.14), then the orbital angular

momentum conservation rule for this matrix element is:
L =L —2. (3.17)

At the same time the above matrix element is non-zero only for one specific set
of spin quantum numbers: (7,0) = (+3/2,—1/2) and (7', 0’) = (-3/2,+1/2), for

which the electron-hole pair spin conservation rule is:
8, =8r + 2. (3.18)

Hence the total angular momentum of a pair (a sum of the orbital and spin

angular momenta) is conserved:
Jr =L +38,=Lr+3r=10r. (3.19)

The long-range electron-hole exchange can flip the spin of the carriers with si-
multaneous transfer of at least one particle to a different single-particle orbital,

so that the total angular momentum conservation rule is fulfilled.

3.2.2 Electron-hole exchange responsible for the bright-

dark exciton splitting

In the previous section the analysis of the bright exciton splitting was provided.
Here we analyze the splitting between the bright and dark exciton states, typically
attributed to just the short-range exchange.
The electron-hole exchange matrix elements (i 1,7 | [V X |k |},11) =

G 1,7 U055k U0 1) + G 1,5 4 |65k I,1 1), which are diagonal in the spin
subspace, are a sum of the local short- and long-range exchange 56%?; (Egs. 3.2,
3.3 and 3.4) proportional to the overlap between the two electron-hole pairs, and
a non-local term 5ij,
electron-hole pair envelopes [123]. At the same time: (i J,j ft [VX|k 1,1 ]) =
1,7 b VIR U0,

Eq. 3.5, which involves differential operators applied to
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3. Electron-Hole exchange, derivation and analysis

First, the non-local long-range contribution to the diagonal terms will be
described:

@t 0% |k11) = —p® (Rea”™ + Ry, ™) (3.20)
0? 0? 2
= —U //dI‘ldI'Q { < 8y1) F+(I'1)H+(I'1)} mHk(rg)E(rg).

As previously, the differential operator can be expressed in terms of the electron

or hole ladder operators depending on the type of envelope it is acting upon:

(3 + 5 ) Fr 07 ) = ;2 {(b—a*) (a—b%) F7(r0)} B (1)

© g L0 0} (e ') By )
t g L0 ) B} (- ) By )

LRt {(e—d) (d— e*) H (r2)(3.20)

+ 2lh2 7

After applying the ladder operators to the envelope functions and inserting this

expression into Eq. 3.20, the matrix element 5ij can be written as a sum of
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3. Electron-Hole exchange, derivation and analysis

electron-hole Coulomb matrix elements VEX:

<Z(”lv )TJ<”+> jh>U|

1 .
ie,,Jh EX
toem [V Ve

ndl' (e + 1) VEX
+\/(n"f +1) (nj_h + 1) VEX

iey,Jh EX
+y/nen’ Vo

nf (nff +1) Vit

=\ (nif + 1) VEX

+\/ (nig +1) (! +1) VEX

5t |k<nkh
_M2{L{ [niepie  VEX
/(e 1) (i 4 1) VEX
() VR
1 —
—l——[ nihn]h VX

(1) (w4 1) v

— (1) vEX

) gt (0 ) 1) =

ie ie . gh _ghy _kh! _EkRh'. le! le
<n+—1,n_—1,n+,n_ Ini" n™nk n

; . jh jhy, _kh! _Kkh!. le! | le’
n' + 1,0 + 1;n/", n”"n" n” ,nf,ne>

A/~ 7

b ik kn! _kh!. le! | le!
n'e e ndt 0t Int o nt ke nle
kh'!. le!  le’
<n+,n mr 1,n” —1\n ;e nly n’ )
h le! le!
<n+,n n++1n +1|n sy, e )
Jhghy kh! _Kkh!. le! | le!
<n+,n_,n+, it nt el
1, 1, nkh ¢
ni¢ —1,n'nl — 1,70 |n n+,
ie ie.
<n+—1,n7,n+,n +1|n n+7 >
/
<n+,n’e+1n — 1, 0" nkh "ok >
/
<n+,n“”+1 n+,n —|—1]n i n+, )
i kh’ kh’ le! _jh __jh
<n+,n —1,nY \n ;n ndt nt —1
' kh
<n+,n —1n 1,0 |n ,n n+, >
<nze+1 nie.njh j —1|TL 7’L >
+ s 10—y +a +7

<nif—|—1,ni_e;n +1,n” |n "k n+, )]}

with the following orbital and spin angular momentum conservation rules: £ =

LR and SL = SR.

The remaining part of the electron-hole exchange, which is a sum of the

short-range exchange and the local part of the long-range exchange, Eq. 3.2,

is proportional to the overlap between the envelopes of both electron-hole pairs,
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3. Electron-Hole exchange, derivation and analysis

Egs. 3.3, 3.4:

ki
ij

) /BUK dey F (e Hf (v1) Hy (v1) Fi(ra).

GG U] 855 kUL 1) = 5REY 4 6hRE

16712
= (QESR— o

(3.23)

The integral in the Eq. 3.23 can be calculated by introducing the delta function
d(ry —ra):

/B KdrlF’f(rl)Hj(rl)Hk(rl)Fl(rl) (3.24)

- /B K/B Kdrldr2ﬂ+(rl>ﬂ(r1)5(r1 _TQ)Hj_(I'2>Hk(I‘2),

Similarly to the electron-electron direct Coulomb interaction matrix element,

where the function v (r; — ry) was expressed in terms of the plane waves,

= Trir]
the function v (r; —ry) = d(r; — re) has the following expansion in the plane

waves:

d(r; —ry) = 4—71T2 /dqexp (iq(r; —r9)) (3.25)

The integral, Eq. 3.24, can be now written as:

/BKdr1FZ-+(rl)Hf(rl)Hk(rl)ﬂ(rl)
- ZLL7T2/dq/drlFiJr(rl)eXp (iqu)ﬂ(rl)/dI'QH;_(I'Q)Hk<I'2)exp(_inQ)

1 . . . ,
= 4—7T2/dQ<Z!eXp (iqry) 1) (j] exp (—iqrs) |k)
_ b
 4n2

dq MMy (3.26)

The analogy with the derivation of the electron-electron Coulomb interaction
Vee(io, jo'lko’,lo) has been used. The matrix element M{ is given by Eq. B16,
while the element M} is calculated anologously.

Writing explicitly the HO quantum numbers for each single-particle state
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3. Electron-Hole exchange, derivation and analysis

1,7, k, [, the integral, Eq. 3.26, can be written as:

/ drl}?{znf’ni_e) (1‘1)Hj+(nih7nj;h) (rl)Hk(nih/,nih’) (rl)Fl(nlj’,nl_e/) (ry)

. . le ) ie
kh_ ,kh . jh min(n’e,n’e
1 ( 1)n+ +nft4ny jhtn’

ie le
n
_ + +
4 i)y ie]yylel g e, kbl k), iR, dh) <p1>(p1>
n+.n_.n+.n_.n+ n= .n+ n_ . p1=0

min(nte n'e) mm(n’j_h ,nih) min(nkh niM)

<2 GG x GG 5 GG
a0 b2 /) \ P2 pa—0 D3 D3 pa—0 D4 D4
Xpﬂpg!pg!p;;! X ]p1p2p3p4 (327)

where:

o) 27
. % n’iC, . niei . nlei 1
Lo popsps = / qdq/ ¢q6_|Qe‘2_|Qh|2 (1Q7)"™ o (iQe)"~ P2 (iQe)™* P (3.28)
0 0
-~y b —po -y —ps . n"—py . nkh —pg - kR —py
x  (iQr) (—iQ5)" 7 (—iQn) (=iQn)" 7 (—iQ},) ,

and
I
Qn = 70 Qe- (3.29)
h

The difference between this integral and the analogous integral given by Eq. B18
is the power of the variable ¢, as well as the fact that there are now two different
variables (). and Q. By inserting the relation between Q. and @, (Eq. 3.29)

into the formula for the I, ,,p.p, (Eq. 3.28) one obtains:

oo 2w h
_|Qe‘2(1+%) . * nif+nlf7p27p1 . nif{»n{f—pl—pQ
[P1P2P3P4 = qdq ¢qe (ZQe) (ZQe)
0 0

I kb n 3 4n?" —2ps —2p,
: )

X <_Z'Q2)”ih+n’ih—p4—p3 (_Z-Qh)nj_h-ﬁ-”'ih—}?s—m (l_e (3'30)
h

Changing variables in the same fashion as in the derivation of the direct electron-

electron Coulomb matrix elements, the evaluation of the integrals over the wavevec-
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3. Electron-Hole exchange, derivation and analysis

tor ¢ gives the final form of I, ,,pqp,:

jh

lh 7zlf&—|-7l’ih—§—717L +njf—2p3—2p4 9 lh 2 —(p+1)
[P1P2P3P4 = (TZ) F_25LL7LR(_1)p (1 + (Z—Z> ) F(p + 1).
h h h

The Egs. 3.23, 3.27, and 3.31 are the final expressions for the short-range ex-

change contribution.

3.3 Exciton in a high magnetic field. Applica-
tion and analysis of electron-hole exchange

matrix elements

The derived expressions of long- and short-range exchange Coulomb matrix el-
ements in the HO basis, Egs. 3.14, 3.23, 3.22, for an arbitrary magnetic field
can now be included in the exciton Hamiltonian and combined with the direct
Coulomb interaction, anisotropy, and magnetic field. This methodology allows
to introduce and understand the influence of electron-hole correlations and their
modification by the magnetic field on the exciton fine structure.

In order to understand the effect of electron-hole correlations, the exciton
fine structure is studied as a function of the number of confined electron and
hole electronic shells for a fixed shell energy spacing. The more electronic shells
present, the stronger the electronic correlations. For a very deep quantum dot
with a large number of confined shells, such analysis is equivalent to the analysis
of convergence. In reality, dots with a different number of confined shells can
be grown. Understanding the role of different shells, s,p,d,.. on the exciton fine
structure might allow to design the exciton fine structure by designing quantum
dot shells.

The exciton Hamiltonian H'x (Eq. 2.34) has now four terms:

H'x = Hyx +6HS . +6H"  + Hpyx. (3.32)

a
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3. Electron-Hole exchange, derivation and analysis

The first term is the exciton Hamiltonian of the isotropic parabolic quantum dot
(Section 2.6) including the single-particle HO energies ef’(Th) of the electron (hole)
HO and the direct Coulomb interaction between them. The next two terms in
the Hamiltonian, Eq. 3.32, introduce the anisotropic correction of the confining
potential of electrons and holes, Eq. 2.15. The third term in the Hamiltonian,
Eq. 3.32, is the electron-hole exchange term, which for ease of use can be written
in the following compact form:

Hpnx = Y (i, g7V |kt 10") e b i, (3.33)

iolljr
ijkloo’Tr!

The Hamiltonian of the exciton in a QD with an isotropic confining potential
without the electron-hole exchange interaction Hy conserves both the electron
and hole spin and the angular momentum of the electron-hole pair. The Hamil-
tonian matrix Hy was built and diagonalized in each of the L, o, 7 subspaces
separately. The presence of anisotropy in the QD, as well as the electron-hole
exchange interaction, mixes different angular momenta and spin subspaces. The
complete Hamiltonian matrix has to be built using all electron-hole configura-
tions in the form |iTjo) = hicj,|0), where i, j denote the HO single-particle
levels. From diagonalization of the exciton Hamiltonian matrix one obtains the
set of eigenstates in the form of linear combinations of basis configurations:
| X)) = Zgﬂ AZ(»?()TT|’iTjO'> with energy Ej, where kK = 1,..., N, N is the size of
the basis, and AZ(-;-?,T is the amplitude of the configuration |iTjo) in the state | X}).
Coefficients AE?;T as well as the exciton energies depend on the magnetic field B
and are evaluated for each magnetic field separately.

Having obtained the eigenenergies and eigenfunctions of the electron-hole pair,
one can calculate the emission and absorption spectra from Fermi’s Golden Rule,
Eqgs. 2.31 and 2.33, respectively.

The model isotropic quantum dot discussed below has the electron shell spac-
ing 2. = 24 meV and the hole shell spacing €2, = 6 meV. The dielectric constant
e = 10.6, the effective mass of the electron m} = 0.1mg and the hole m; = 0.4m,,
and Lande factors g. = —0.7, g5, = 0.38 [19, 150-152]. With these parameters,
the effective Rydberg is Ry = 12.11 meV, the effective Bohr radius ag = 5.61

nm, and Q, = 4 - €. The anisotropy of the quantum dot is given by the ratio
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3. Electron-Hole exchange, derivation and analysis

€, /€, or the anisotropy parameter 7. Results for the exciton fine structure will
be illustrated for the anisotropy of €2,/€Q, = 0.72 (v = 0.32 as defined in Section
2.3).

The exciton Zeeman energy in a high magnetic field dominates over the ex-
change splitting of the two exciton bright states. To bring out the magnetic field
evolution of this splitting due to the exchange interaction, the Zeeman energy is
not included in the calculations presented in what follows.

First, the dependence of several important electron-hole exchange matrix el-
ements, involving the s, p and d shells, (00 1500 { [V:X|20 ;00 1), (00 1500 |
1655100 1};00 1), (00 1500 b [§4]00 ;00 1) and (00 1;00 { |65 + §%100 ;00 1)
on the magnetic field in the symmetric electron-hole case, where I!' = [¢, will be
analyzed. Their dependence on the magnetic field is shown in Fig. 3.1.

Since the electron-hole exchange elements are expressed as a linear com-
bination of the direct Coulomb interaction elements, they are proportional to
the parameter Vp: VEY ~ \/mw, = ‘l/—f, Ref. [104]). The matrix element
(00 1500 { VX120 1; 00 J), which mixes bright excitonic configurations, Eq. 3.14,
evolves as l;3, while the magnetic-field dependence of the diagonal matrix ele-
ment (00 1500 | |65F + 52100 {};00 1), Fig. 3.1 (d), is more complicated due to
the interplay between the [, dependence of §°L(b) and the I, dependence of
6L (c).

Now the electron-hole exchange matrix elements will be used in the calculations
of the correlated exciton states. It will be analyzed here how the bright exciton
level splitting depends on the number of electron and hole single-particle energy
shells, anisotropy of the confining potential and the magnetic field. Following
previous publications [108], the bright exciton level splitting is denoted by the
Ay. Fig. 3.2 (right inset) shows the exciton emission spectrum calculated for s,
p, d confined single-particle shells in an anisotropic QD. There are two emission
peaks corresponding to the two bright exciton states.

Fig. 3.2 (left inset) shows the energy of the two lowest bright exciton states
for a different number of confined single-particle shells in an anisotropic QD. As
expected, the more HO shells that are confined in the QD, the lower the exciton
energy, due to the direct Coulomb scattering. Due to the fact that the basis

used is that of the isotropic HO, one does not observe any electron-hole exchange
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Figure 3.1: Magnetic-field evolution of the selected electron-hole exchange matrix
elements, namely: (a) (00 1,00 { |[VX[00 1;20 1), (b) the local part of the
(00 1500 { |V2£]00 |};00 1) matrix element, (c) the non-local part of the (00 +
;00 { [V2X00 4500 1) matrix element, and (d) the full (00 1500 { [VX|00 {;00 1)

matrix element.
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Figure 3.2: The bright exciton state splitting A, for QDs with a different number
of confined shells, and with an anisotropy parameter v = 0.32. (Left inset) The
energies of bright exciton states for QDs with a different number of confined shells.
(Right inset) The exciton emission spectrum from an anisotropic QD confining
s, p and d single-particle shells.
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splitting, Fig. 3.2, when the QD confines only the s shell for electrons and holes.
As explained in Section 3.2.2, the electron-hole exchange matrix elements are
nonzero only between pairs of states for which the orbital angular momentum
differs by two. For this reason we observe a strong increase in the electron-hole
exchange splitting Ay when the shells with angular momenta 2,4, .., (d- and f-
shells) are added. There is no significant change in the splitting when an odd
shell is added (p, e, g-shell).

To understand why the anisotropy in the confining potential of the QD is
necessary to observe the electron-hole exchange splitting of the bright states A,,
an anisotropic QD in the absence of the long-range electron-hole exchange will be
analyzed. The wave function of the bright state with the spin angular momentum

T+ 0 = 1 in the presence of the anisotropy has the form:

[GS L) = Aoo0l00 1,00 4) — Ao |00 11, 11 1) — Ary0/11 1,00 )
+ Ao (01,01 4) + 101,10 4)) + Agp e [11 1,11 ))
—  Aso,00 (]02 1,00 1) +120 1,00 1))
—  Ago2 (100 11,20 1) + 100 11,02 )
( ) )) -

— A1 (|01 1,10 ]) + 109,01 4 (3.34)

A similar expression can be written for the second bright state with the spin
angular momentum equal to 74+ 0 = —1. Now, the coupling between these states

due to the long-range exchange interaction is given by the sum:

(GS U [V IGS 1) = —2( Ag0.00420,00(00 1,00 I [V3[20 1,00 L)
A0,00410,01 (00 1,00 4 [V [10 1,01 1)
A00.00400,02(00 1,00 { [VX|00 1,02 |
A11,0042000(00 1, 11 [VX|20 1,00 1)
A11,00A1001(00 1, 11 4 [V25[10 4,01 1)
A11,0040002(00 1, 11 4 [VX|00 1,02 )

) (

+ o+ o+ o+ o+

3.35)

Because all of the (i 1,7 | [VX|k A, ) matrix elements are of the same order, the
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Figure 3.3: The three most important paths of coupling between two bright
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the three first terms of Eq. (3.35).
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contribution of the terms in Eq. 3.35 is largely determined by the magnitude of the
product of the coefficients A;;, Ay in the exciton wavefunctions. Since the lowest-
energy single-particle state is |00, 00), the coeflicient Agggo is the biggest. The
first three terms of the sum, Eq. 3.35, correspond to the most important coupling
mechanisms between the two bright excitonic states |GS ||1) and |GS 1), involv-
ing electron-hole exchange matrix elements: (a) (00 1,00 |} |[V.X]20 1,00 J), (b)
(001,00 I} [VX]10 1,01 J) and (c) (00 1,00 [VX|00 1,02 |). They are shown
schematically in Fig. 3.3 (a-c). The contribution of these three terms to the
bright exciton exchange splitting is ~ 70% of the splitting for a broad range of
values of the anisotropy parameter, as shown in Fig. 3.3 (d).

Now, the effect of the magnetic field on the exciton fine structure will be
analyzed. The magnetic field changes the single-particle energy levels of both
electrons and holes and increases the strength of direct Coulomb interactions
[101, 107]. In Fig. 3.4 (a) the energy splitting of the two bright exciton levels A,
for anisotrpic QD (v = 0.32) is shown as a function of increasing magnetic field.
The splitting Ay is extracted from the energies of the exciton, obtained by exact
diagonalization of the exciton Hamiltonian, Eq. (3.32), for different numbers of
confined electronic shells. Alternatively, one can think of different dots, each
confining a different number of electronic shells.

In Fig. 3.4 (a) the splitting increases with the increasing magnetic field, and
its dependence on the magnetic field changes with the number of confined single-
particle shells. While the splitting changes little with the magnetic field for
shallow quantum dots with s, p shells, with increasing number of shells it becomes
a nonlinear function of the magnetic field. Since the exciton Zeeman energy is a
linear function of the magnetic field, the measurement of the exciton fine structure
splitting in a magnetic field should allow the extraction of the nonlinear part and
hence of the magnetic-field dependence of the electron-hole exchange. According
to the results presented here, this dependence should correlate with the number
of confined electronic shells as measured in high-excitation emission spectroscopy.

The nonlinear dependence of the bright exciton splitting can be also traced to
the exciton fine structure of isotropic QDs. For isotropic QDs in the absence of
the magnetic field, there is no electron-hole exchange-induced splitting as shown

previously [120, 121, 123, 134, 139], however, as the field increases, the non-zero
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Figure 3.4: Magnetic-field evolution of the splitting of bright exciton states A,
calculated for the (a) anisotropic QDs with anisotropy parameter v = 0.32, and
(b) isotropic QDs.
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Figure 3.5: Important electron-hole configurations in the absence of the magnetic
field (upper row), and at a finite magnetic field (lower row).

splitting of the bright states appears, Fig. 3.4 (b), due to symmetry breaking
by the magnetic field. This can be understood on a simple example in which we
consider only four electron-hole configurations, as shown in Fig. 3.5. Two of these
configurations, 1 and 3, are the lowest-energy configurations with both carriers
on the s-shell, and they differ only by the spin projection of the carriers. The
other two configurations (2 and 4) are examples of configurations with angular
momentum L = 42, which are coupled by the electron-hole exchange interac-
tion with the lowest-energy configurations (1-2) and (3-4). In the absence of the
magnetic field, the configurations 2 and 4 from the upper row in Fig. 3.5 have
the same kinetic energy. Since all diagonal and off-diagonal matrix elements are
the same, the resulting eigenstates will have the same energy, leading to a lack
of electron-hole exchange splitting. However, as the field increases, it shifts the
single-particle levels and causes a splitting of the shells similar to the splitting
induced by the anisotropy, Fig. 3.5. Since the energies of single-particle levels
change in the magnetic field, the kinetic energies of the electron-hole configura-
tions change as well so the second and third configurations in the lower row no
longer have the same kinetic energy. For these reasons the non-zero electron-

hole exchange splits the bright exciton levels of isotropic quantum dots in finite
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magnetic fields.
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Chapter 4

Magnetic moments in

semiconductors

4.1 Mn ion

The properties of an electron-hole pair creating an excitonic complex in a non-
magnetic QD, have been discussed in Chapters 2 and 3. Here we will consider

what happens if magnetic ion (Mn?") is placed inside the QD.

4.1.1 Free Mn atom and its interaction with solid state

Manganese is a transition metal with the electronic configuration [Ar]4s*3d° with
valence electrons corresponding to the 4s? orbital. In the ground state the spins
of the five 3d electrons are aligned to maximize their spin, following the Hund’s
Rule. This results in the uncompensated spin of 5/2 of the Mn ion and a total
angular momentum L = 0, since according to the Pauli exclusion principle the
electrons occupy the 3d shell in such a way that the angular momentum of each
electron is different (ranging over five possible values from —2 to +2).

Diluted magnetic semiconductors (DMS, semimagnetic semidonductors) are
semiconducting alloys whose lattice is made up in part of substitutional magnetic
ions. The most extensively studied and understood materials of this type are the
Al _Mn,BY! alloys in which a fraction of the group II sublattice is replaced

at random by Mn. These alloys form either a zinc-blende or a wurtzite lattice
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4. Magnetic moments in semiconductors

Figure 4.1: (a) CdTe zinc-blende structure with the substitutional (Mn¢4) and
interstitial (Mn;) Mn impurity. (b) Two e, and three ¢y, 3d orbitals of the Mn.
This figure is adapted from [17].
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structure. These two types of crystal lattice are very closely related in spite of
the difference in symmetry, since they are both formed with tetrahedral (s — p?)
bonding, which involves the two valence s electrons of the group II element, and
the six valence p electrons of the group VI element. Although manganese differs
from the group II elements by the fact that its 3d shell is only half-filled, it can
contribute its 4s? electrons to the s—p? bonding and can therefore substitutionally
replace the group II elements in the A/ BV tetrahedral structures. The ease
with which Mn atoms substitute for the group II elements in the zinc-blende and
wurzite structures results from the fact that the 3d orbitals of Mn are exactly
half-filled. By Hund’s Rule all five electrons have parallel spin in this orbital and
it would require considerable energy (about 6 — 7 €V) to add an electron with
opposite spin to the 3d orbital of the Mn atom [153]. In this sense the 3d° orbital
acts as a complete shell and the Mn atom is thus more likely to resemble a group
IT element in its behaviour than are other transition-metal elements.

The substitutional Mncy and less common interstitial Mn; positions are il-
lustrated in Fig. 4.1 (a). When the Mn atom is placed substitutionally in the
cation site of a A BY! host lattice, it is acted upon by the crystal field. The
dominant crystal field interaction arises from the four surrounding anions, and
in this sense the effect of the crystal field is the same in zinc-blende and wurtzite
systems. The degenerate 3d obitals split into two groups of orbitals: triply de-
2, 3d2), which are
shown in Fig. 4.1 (b). Since the orbitals t5, hybridize strongly with the ligand s

generate tog (3dyy, 3,2, 3d,.) and doubly degenerate e, (3d,2_,
and p orbitals, they form a bonding ¢, state in the valence band. The antibonding
state ¢, is pushed up into the band gap of the host. The e, orbitals form a highly
localized nonbonding e state due to the small p — d hybridization (Fig. 4.2 (a)).
If the impurity is interstitial, all orbitals can hybridize strongly with the ligand s
and p orbitals, leading to a completely different level sequence (Fig. 4.2 (b)) All
occupied d orbitals have the same spin orientation (as it was for a free Mn atom),
and together comprise the S = 5/2 local moment.

At the same time, since the Mn ion has two electrons on its valence orbital
- the same number as the atoms from the I group - the Mn ion does not intro-

duce an additional Coulomb potential or carriers if it is placed in a II-VI CdTe
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Figure 4.2: Schematic picture of the electronic structure of the 3d impurity in
semiconductors at (a) the substitutional site, and (b) the interstitial site. This
figure is adapted from [154].

semiconductor. This is a big advantage of this material since it allows to treat

the Mn ion as a pure spin impurity with the angular momentum M = g

4.1.2 Magnetic I1I-VI quantum dots

In recent years, incorpotation of the single Mn ions into the CdTe QDs grown on
a ZnTe substrates [20, 22, 155, 156], as well as into InAs QDs grown on GaAs
substrates [157, 158] has become possible.

Since in the absence of the magnetic field the life-time of the spin of the Mn
ion has been measured to be about a few pus [159-161], there is growing interest
to use the magnetic moment of Mn as a medium for information storage. For
that reason, these materials have been extensively studied using optical methods
[20, 22, 24, 162-165], as well as theoretically [151, 166, 167]. The initialization
and readout of information with the Mn spin are possible optically [161, 164].
For example, optical pumping with o_ photons tends to decrease the population
of the spin state of the Mn M, = —5/2 with simultaneous increase of the one
with M, = +5/2. This fact can be used to prepare the Mn ion in a state with
M, = +5/2. The initialization time of the Mn spin is of the order of a few
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Figure 4.3: Growth of magnetic QDs using method based on (a) the diffusion of
the Mn ions from the ZnMnTe layer, (b) direct injection of the Mn ions during
the growth of the CdTe QDs.

nanoseconds [164].

The magnetic field evolution of the optical spectra has been studied as well,
revealing a number of interesting structures [22, 156] which will be described
below.

Most of the methods of introduction of the Mn ion into non-magnetic QDs
use the interdiffusion of the Mn from the diluted magnetic layer [168-170], or
from a remote Mn-rich layer [22, 171].

First, the method used by the Besombes et al. [22] will be described. In
this method a few layers of a Zngg4Mng s Te material is deposited on the ZnTe
substrate, which is followed by ten monolayers of a ZnTe spacer (Fig. 4.3 (a)).
When the CdTe layer is then deposited, the growth of the QDs takes place due
to the lattice mismatch between CdTe and ZnTe. During the growth of the
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Zn'Te spacer and the CdTe layer, the migration of the Mn ions takes place which
introduces a sparse distribution of Mn ions in the QD layer. The layer of the CdTe
QD is then capped with a ZnTe barrier. The composition of the Zngg4Mng g6 Te
layer has been adjusted to introduce the same density of Mn atoms as the density
of the QDs (=~ 5 x 1072 cm™2). This assures a high probability of finding many
QDs with a single magnetic impurity.

The other method of growing the semimagnetic QDs is by introduction the
Mn ions directly into the QDs themselves, with the intentional position of the
Mn in the center [172] (Fig. 4.3 (b)). The samples are grown in a molecular beam
epitaxy apparatus as well. On a GaAs substrate, a 4 ym thick CdTe buffer is first
deposited, followed by 1 pm thick ZngeCdg4Te barrier layer. The QD layer is
formed from five monolayers of a large lattice constant material of which the two
lower and the two uppermost monolayers are made of pure CdTe. The Mn ions
are introduced during the growth of the central CdTe monolayer. The density
of quantum dots in the samples grown this way is about 5 - 10~°cm~2. The Mn
concentration during the growth of the middle CdTe layer is adjusted to obtain
a significant number of QDs containing exactly one Mn ion. The QDs are finally

capped with the 100 nm thick ZnggCdg4Te barrier layer.

4.1.3 Model of e-h-Mn interaction Hamiltonian and its

properties

The interaction of the IV, electrons and N, holes with the Mn impurity is modeled
by the short-range sp—d exchange interaction, and its Hamiltonian in the effective

mass approximation has the form:

Ne Nh
He o+ Hyonm = —Jop D M- Si6 (xf —=R) + T, > M- jid (x! —R) (4.1)
=1

=1

where M is a spin of the Mn ion, S; is the spin of the i-th electron, and 7j; is
the spin of the ith hole, while r* is the electron (hole) position respectively,
and R is the position of Mn in the QD. The interaction with Mn is ferromagnetic
for electrons, while for holes it is anti-ferromagnetic, with coupling strength J;(?)),

respectively. Constants Jfg%) for a quasi two-dimensional system are computed as
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JA — 2,7¢M /d. where constants J¢™ are bulk carrier-Mn exchange constants,
and d is the thickness of the quantum dot.

For computational purposes it is convenient to transform the Hamiltonian,
Eq. 4.1, to a second-quantization form [152] by the introduction of the quantum

field operators 0 expanded as:

b= 3 (Fir) @ o) o, (4.2

1,0
where Fj(r.) is a wave function of the electron single-particle state described
by the composite index i, x, is the spin part of the wavefunction, and ¢;, is the
anihilation operator, anihilating an electron with a spin ¢ from the single-particle
state ¢. Here only the transformation for the e-Mn part of this Hamiltonian is

shown, and the h-Mn part is written analogously.

<@|H6—Mn|\p - 2D Z /dreF* Te 5( Te R)Fj<r6)

ijoo’!

X <XU/‘S’XU>MC;';-Cj07 (43)

After integrating out the position r, and spin degrees of freedom, one obtains:

e Mn — Z Mcwcjd ) (44)

ijoo’

where S,/ are Pauli spin matrices, and
Ji;(R) = JopF (R)Fj(R) (4.5)

are exchange matrix elements between the electron and impurity spin. The ex-
change matrix elements J§;(R) are given by the product of the wave functions of
the states ¢ and j at position R of the Mn ion. In what follows, the Mn position in
a QD is fixed at R = (0,0) (the center of the QD). Detailed results of calculations

of e-Mn interaction as a function of the position of the Mn were given by Qu et
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al. [152]. An analogous expression can be derived for holes:

Hp pn = — Z JZ(R);TT/ - Mh by, (4.6)
Z_]TT’
with J(R) = JhpH(R)H;(R) (Refs. [150, 152]), where H;(R) is a single-
particle wave function of a hole at the position R. Explicit form of these coupling
constants will be given in the Section 4.1.4.
The exchange Hamiltonian written in terms of the Mn spin rising and lowering

operators M™, M~ allows to analyze the interaction more easily:
1
Hermn = —5 D IE®R) ((ches — cfiejy) M+ cliepMT + cfie;y M7) (4.7)
]

where % is the absolute value of the electron spin projection. This Hamiltonian
consists of two terms - the first one acts as the local Zeeman energy, and when
i = j, it measures the difference of the number of electrons with a spin of +1/2
and of —1/2. The second term accounts for the simultaneous flip of the electron
and Manganese spins (total spin projection S, + M, is conserved). At the same
time the Mn acts as a “regular” dopant, scattering the electron between different
1 and j orbitals.

As was mentioned previously in Chapter 2, the light- and heavy- hole bands
are split in the QDs, by around 30 meV, due to the strain and confinement [173].
Because of this splitting, in the first approximation, the Mn-hole spin flip can

be neglected. The Hamiltonian describing the hole-Mn interaction has the Ising

form:
3
Hyan = 5 > JL®R) (hfihy — hifyhyy) M. (4.8)
tj
where % is the heavy-hole angular momentum - hole spin. The spin projection

of the hole j, is conserved by this part of the Hamiltonian. Since the hole-Mn
coupling constant J%, is around 4 times greater than the electron-Mn coupling
e

constant J%p, the hole in the QD acts on the Mn ion as an internal magnetic

field, leading to Zeeman-like splitting of Mn spin energy levels.
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From the form of the e-Mn Hamiltonian (4.7) one can see that the electron-
Mn interaction couples dark (S, + j, = +2) and bright (S, + j, = £1) heavy-hole
exciton states [22]. This coupling can be observed in photoluminescence spectra
[165]. Note that the electron-Mn as well as hole-Mn exchange interaction can also
mix the configurations with a different total angular momentum by scattering
electrons from state ¢ to j. Thus the total angular momentum L, is no longer
a good quantum number. Thus, the effect of Mn is to introduce a spin related
disorder to the electron-hole complex.

The full e-h-Mn Hamiltonian in a magnetic field has now the form:
I;Ieth = Zgw CioCio + Zgwh;'hﬂ (49)

+ _ZZVee (io, jo'|ka' lo)cs, Jg/Cka'Cla

ijkl o,0’
1 . .
+ 52 > Vinlim g kT )R b e
igkl 771’
= 0D Valiojrlkr, lo)e b hircis
ijkl ot
+ Z thC;CZU + Z ChThZT + HEHX
ijo T
3.0 (R)
t guunsBM.+ ) (Riyhse = gy hja) M-
ij
J?.(R)

= >~ ((chep — clen) Mo+ e MT + clhey M),
ij
where the first five terms of this Hamiltonian are the same as in the electron-hole
Hamiltonian H., (Eq. 2.26), which was discussed in detail in Chapter 2. These
terms are: single-particle energies of the electron and hole with their Zeeman en-
ergies, and all Coulomb interactions between electrons and holes. The following
terms correspond to the anisotropy corrections of the confining potential (Chap-
ter 2) of the electron and hole, and it is followed by the electron-hole exchange
term (Chapter 3). Next is the Zeeman energy term of the magnetic ion with the
gun being the Lande factor of the Mn ion, and up - the Bohr magneton. The

last two terms describe the electron-Mn and hole-Mn interaction.
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4.1.4 Electron-Mn exchange constants

The electron-Mn exchange constants are defined as:
J4(R) = Jop FY (R)F)(R) = J&2P / dr.F? (r)8(r. — R)Fy(r.),  (4.10)

where Fj;)(r.) are the electron single-particle envelope functions Corresponding

to the HO state with the complex indices j = (n’,n’®) and i = (n’¢, n’). This

equation can be written in the form that explicitly shows that J;(R) is a matrix

element of the delta function between the two electron envelope wave functions:

Ji(R) = Jop(ilo(re — R)j). (4.11)

This element can be calculated in a similar manner as the integral in the
short-range electron-hole exchange matrix element, given by equation Eq. 3.23.

The delta function d(r, — R) can be expanded again as a sum of the plane waves:

S~ R) = 11 [ daesp (ia- (v~ R)), (412)

and the matrix element J/'(R) takes the form:

Ty(B) = Ty [ daflex (ialv. ~ R) 1) = Jpys [dadh. (113

The integral M; has been defined while calculating the analytical form of the
direct Coulomb interaction in the HO basis V,.(io, jo'|ko’,lo), by the equation

Eq. B16. After changing variables to the cylindrical coordinates one obtains:

Ji;(R) c2D4 2/ qu/ dog - exp (—iq - R)M;. (4.14)

Since in this work the main focus will be on the Mn in the center of the QD,
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R = (0,0), this expression can be simplified to:

I50) = T [ ada / A6, M,

mm(nfﬁZ ni ) min(n'e,n?®)

p2=0

I

where the integral I, ,, is given by:

_ e
= c2D4 2 E E p1!po!
T \/ ze'nw'n]e'n ' pi=0

X

0 2 X . je ) nje—
Lo = [ ada [ doyexp (-1QP) GQ7)E T (@) Q) i@y
0 0
(4.16)
Following the same steps of calculations as in the case of the direct and short-

range exchange Coulomb interactions, one finds:

e the angular integral has non-zero value only if the angular momentum of
the electron on the right is equal to the angular momentum on the left
Lr=1Lyg,

e if one defines the variable p = n'f + n’® — pi — po, then the integral takes

the form:
p47r * 2 "2p+1 p27T
Tpipy = (=1) =i dQ exp —|Q[*Q™" = (1) il (p+1). (4.17)
h h

The final expression for the electron-Mn exchange constants takes the form:

mzn(n+ ,nﬂ_ Y min(ni¢,ni®)

1 1 ni\ [\ (ni\ (n’°
50 = e 3 2 (3 (5) () ()
2705 Jietneind ine) P/ AP/ \p2/ A\ P2

p1=0 p2=0

(-D)T'(p+1), (4.18)

X

with p = n’f + n’® — pi — p,. For the Mn in the center of the QD, its scattering
abilities are supressed. Only the single-particle orbitals with the angular momen-

tum equal to zero are interacting with Mn. The other interesting property of
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R=(X,0) (I.°)

Figure 4.4: The dependence of the electron-Mn coupling constants on the position
of the Mn in the QD.
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such a system is that the coupling constant of the L = 0 orbitals have all the
same absolute value, while the sign depends on the number of the shell to which

the orbital belongs, for example:

‘ Je
Joo,oo(o) = or]e?
h
JeQD
Jgo,11(0> = _—2cle2 :_Jgo,oo(o) (4-19)
s
J62D
Jf1,11(0) = —2;162 :Jgo,oo(O)'
h

The dependence of the coupling constants as a function of the position of the Mn
ion in the QD is presented in Fig. 4.4.

The expressions describing the electron-Mn coupling constants in the situa-
tions when Mn is away from the center can be either obtained from the general
equation, Eq. 4.14, or Eq. 4.10 using the analytical expressions for the Fock-
Darwin wave functions, Eq. 2.3. In the second method, one needs to remember
about the change of phase with respect to the z, z* representation of the HO wave-
functions. In the calculations for Fig. 4.4 the latter method has been used. The
parameters used to calculate the ij(R) coupling constants are: single-particle
energies w, + wy, = 30 meV and w,/w, = 4, the height of the QD d = 3 nm,
while the material constant J%,, = 15 meV - nm?®. The effective Rydberg and the
Bohr radius, are the same as used in Chapter 2 for CdTe. The coupling constants
that have a non-zero value when Mn is in the center of the QD decrease with the
position of the ion R. The coupling constants of levels with angular momentum
L # 0 initially increase with the R. However, when the Mn is far away from the

center of the QD, all of the coupling constants quickly decrease to zero.

4.2 Magnetic moment realised in the Quadruple
Quantum Dot

Another method to introduce a magnetic moment into the semiconductor struc-

ture is through the design of artificial lateral quantum dot molecules with con-

78



4. Magnetic moments in semiconductors

trolled number of electrons.

The theory of electronic properties of a quadruple quantum dot molecule
(QQD) [174-178] [179, 180] has been developed and presented in the Ref. [181].
The geometry of the molecule has been varied by changing the physical parame-
ters such as inter-dot tunneling, energy bias, intra- and inter-dot Coulomb inter-
actions, as well as a number of electrons N, confined in the QQD.

Here it is shown that for a ring-like half-filled QQD molecule charged with
either an electron or a hole, the chirality of the three(five)-electron complex leads
to the appearance of a topological phase and an effective gauge field. As a result,
the ground state can be tuned between a total spin of S = 1/2 and S = 3/2 by
changing the strength of onsite interactions. This allows to introduce a tunable
magnetic moment into semiconductors.

The QQD can be realized in a lateral gated AlGaAs/GaAs heterostructure
[68, 179, 180]. For example, a metallic gate with four openings can be deposited
on the surface of the AlGaAs/GaAs heterostructure, as shown in Fig. 4.2. Elec-
trostatic fields due to the openings in the gate create local potential minima in the
plane of the two-dimensional electron gas (2DEG), which are capable of confining
electrons. The lateral confinement results in a quantized energy spectrum in each
dot i. The voltage on the main metallic gate and additional gates (not shown
here) can be tuned to control the number of electrons confined in the QQD as
well as the geometry of the QQD without significantly altering the confinement
energies I;.

Assuming that the interactions between dots are short-range, one can go from
aring geometry to a linear quadruple quantum dot geometry (LQQD) by inserting
a gate (G1 in Fig. 4.2) between dots 1 and 4. Applying a high negative voltage
increases the tunneling barrier and prevents electrons from tunneling from dot 1
to dot 4. A triangular configuration, studied previously in Ref. [176] i.e., three
dots arranged on the corners of an equilateral triangle that are equidistant to a

central dot, can also be obtained by tuning the tunneling between the dots.
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Figure 4.5: (a) A schematic cross-sectional view of the four-dot lateral gated
device. The dots can be arranged in ring or linear geometry (b). The solid lines
represent nearest-neighbor interactions. (c) Single-particle energy spectra of ring
and linear geometries, respectively.
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4.2.1 Hubbard model

Electronic properties of the QQD can be described in the Hubbard model with one
spin-degenerate orbital per dot.[68, 71] In the Hubbard model, the Hamiltonian is
characterized by the energy levels of the ith quantum dot FE;, the on-site Hubbard
repulsion U;, the tunneling matrix elements ¢;; > 0, and direct Coulomb matrix
elements V;; between dots 7+ and j. The Hamiltonian in site representation is

written explicitly as:

4 4 4
. 1
H = Z Eicj;cio — Z tijC;Cjo- + Z Uinunm + 5 Z V;'j Qin, (420)

o,i=1

where ¢ (c;,) are operators creating (annihilating) an electron with spin o on
the 4th orbital |i) of the dot. Here, n;, = ¢} ¢, and o; = n;; + n; are the spin
and charge density on the ith dot, respectively. The summation goes over the
nearest-neighbor (NN) dots (¢, j) and retains the NN interactions V;; and the NN
tunneling matrix elements ¢;;. With a single energy level per dot, up to N, = 8
electrons can occupy the quadruple quantum dot molecule.

In Ref. [181] the electronic structure of the QQD with N, = 1 to N, = 8
electrons is calculated using the exact diagonalization approach. In this work,
however, the main focus will be on the case of three and five electrons in the
QQD. For a given number of electrons N, one can form all possible configurations
la) = vajl c]0), where |0) denotes the vacuum. Since the Hamiltonian, Eq. 4.20,
commutes with the total S and 5,, the matricies of this Hamiltonian can be
constructed and diagonalized (numerically or analytically) separately in each of
the S, S, subspaces, to obtain the corresponding eigenenergies and eigenvectors.

When all dots are on resonance, the energy of the single state in each QD is
the same, i.e., By = Fy = F3 = E, = Ey = 0. This resonant case resembles the
situation in the Mn atom, where all five 3d states are degenerate. Additionally,
if the tunneling matrix elements are equal, 15 = to3 = t34 = ¢ and t14 = 7 (ring
geometry), one-electron energy spectrum in the QQD, is symmetric around a
doubly degenerate energy level £y = 0, with the ground and highest excited level
energies of £2¢ as shown in Fig. 4.2 (c, right). As in the case of the triple dot

[70], the degeneracy of two levels is an outcome of the geometry. In the limit of
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a linear quadruple dot molecule where 7 = 0, the degeneracy is lifted and the
energy spectrum of the molecule consists of four energy levels, {(14+/5)t/2, (—1+
V/5)t/2}, as shown in Fig. 4.2 (c, left).

4.2.2 Three electrons in a QQD

The importance of topology can be further demonstrated by the example of the
three-electron system. The three-electron states can be classified according to
their total spin, S =3/2 or S =1/2.

In the strong coupling limit, U > V > ¢, one can demonstrate [181] Nagaoka’s
ferromagnetism [182] for a QQD in a ring geometry. If the dots are on resonance,
the S = 1/2 ground state can be perturbatively calculated from the real-space

Hamiltonian as:

2t2 3t?

ES. ~ES., +t(2—+3) - - .
12 ~ Bapp + 1 ) U+V3t U—2V++/3t

(4.21)

Compared to the S = 3/2 ground state energy E§/2 = 2V + 3FE — 2t, the en-
ergy of this level increases by (2 — v/3)t, but decreases with the superexchange
contribution (the last two terms in Eq. 4.21). As a result, by manipulating the
tunneling and on-site Hubbard repulsion, one can tune the ground state of the
three-electron system between the total spin S = 3/2 and S = 1/2 states. If

2 4 3t > (2 — v/3), the ground state corresponds to S = 1/2. By

U+V3t | U—2V++/3t
increasing the onsite repulsion U or decreasing the tunneling matrix element ¢,

the transition between S = 1/2 and S = 3/2 can be induced as seen in the phase
diagram in Fig. 4.6 (b). So as in the case of the Mn ion, the interaction between
the electrons, leads to the polarization of the spin of the electrons. In the case of
the QQD one can turn on and off the magnetic moment by changing the voltages
applied to the gates, which might be usefull in application.

On the other hand, one finds that the ground state of the linear, topologically
different QQD is always spin depolarized. Therefore it is not possible to tune
the ground state of the three-electron linear QQD molecule between the S = 1/2
and S = 3/2 states by varying the strength of the Coulomb interaction or the

tunneling matrix elements.
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Figure 4.6: (a) Ground state phase diagram. Red corresponds to parameter
space when the state with the S = 3/2 is the GS, while blue when the GS has
S =1/2. (b) Total spin of the GS as a function of the number of electrons in the
system.
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In Ref. [181] it was shown that since the single-particle spectrum is fully
symmetric,Fig. 4.2 (c), the energy spectrum of N, = N holes is always the same
as N, = N electrons, however all energy levels are shifted up in energy because of
the additional terms in the diagonal elements of the Hamiltonian (the selfenergy
of the holes). For that reason, the similar spin phase transition is present for the
N, =5 electrons in the QQD.

The total spin of the ground state as a function of the total number of electrons
in the system is shown in Fig. 4.6 (¢). The total spin of the three-electron/hole
ground states can be tuned between S = 3/2 and S = 1/2 by varying the onsite
repulsion and tunneling matrix elements without the need of a magnetic field, as
discussed above. However, it was shown in Ref. [181] that in the S = 3/2 regime
for N, = 3 and N, = 5 electrons one can observe spin blockade when one tries
to add an electron to a QQD. The ground state of the linear QQD also follows
the black line given in Fig. 4.6 (c) as it becomes total spin-0 and spin-1/2 ground

state for even and odd numbers of electrons, respectively.
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Chapter 5

Computational Procedure

In this chapter the computational details of the calculations of the electronic
properties of the interacting electron-hole-Mn complexes will be described. The
most straight-forward, however computationaly expensive approach, is to con-
struct the Hamiltonian of the interacting electron-hole-Mn complex, Eq. 4.10, in
the basis built out of the configurations of non-interacting electrons and holes,
multiplied by all states of the Mn ion |M,), M, = +5/2,4+3/2,£1/2. The basis
states of Njy + Npy holes and N + Ny electrons would have the form:

|U) = \hfu o h;hwhfﬂ . h}hwcﬁ . c}ewcfT . .c;eTT]0> ® | M,), (5.1)

where the particles are grouped according to their spin. The Hamiltonian matrix,
Eq. 4.10, built in this basis, upon numerical diagonalization, gives the eigenen-
ergies and eigenstates of the interacting e-h-Mn complex in the form of a linear
combination of the configurations defined by Eq. 5.1. However, there are two
disadvantages of such an approach. First, the form of the obtained eigenstates of
the e-h-Mn complex is difficult to relate to the excitonic states in the absence of
the Mn. The analysis of the Mn-induced coupling between the excitonic states
is difficult in this case. The second problem has a computational origin. Due
to the electron-hole exchange, the presence of the anisotropy in the confining
potential of the QD, as well as the scattering by Mn, none of the quantum num-
bers such as the angular momentum of a electron-hole pair L, z-projection of the

total spin of holes j,, electron S, or Mn M., are conserved. That means that
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the size of a basis constructed in such a way cannot be reduced by dividing it
according to any of the above quantum numbers. In this work, the effect of the
strong magnetic field on the optical properties of the QDs will be considered.
Each magnetic field requires separate computation, including diagonalization of
the Hamiltonian, Eq. 4.10. Therefore, having very big sizes of the Hamiltonian
matricies is not desired.

To solve the problem of big matrix sizes one can use a different approach. It
will be described here in the example of the exciton-Manganese complex. The
computation of the interacting e-h-Mn complex, Eq. 4.10, is broken into two

separate steps.

5.1 Exciton

One can start with the Hamiltonian Hy which describes the electron-hole pair in

the isotropic parabolic quantum dot with single-particle HO states i, energies gz(Th)

and only direct Coulomb interaction matrix elements [114, 116] V,p,(io, jT|kT, l0).
This Hamiltonian is given by Eq. 2.34. In this step the single particle energies si(f)
do not include Zeeman energies of the electron or the hole. Since the Hamiltonian
Hy commutes with both the exciton angular momentum L = nf —n® + nh — n’}r
and spin operators, one can construct the electron-hole configurations separately
for each total angular momentum L and spin configuration (7o) of hole and
electron. These configurations are in the form:

|L;ij)|ro) = hict |0), (5.2)

T jo

where the composite indices ¢ and j correspond to the HO states with the num-
bers: i = (n",n”") and j = (njf ,n’°). However, the single-particle energies of
the electron and hole 5?7@, as well as the direct Coulomb interaction between the
electron and the hole do not depend on the spins of the carriers. In this case the
calculations can be done in one of the four spin subspaces, and the spin indices

can be dropped. The new exciton basis will have the form:

| L) = hc]]0). (5.3)
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5. Computational Procedure

In each of the L subspaces and for each value of the magnetic field B, the Hy
Hamiltonian matricies, Eq. 2.34, are built and diagonalized numerically. All of
the results presented in this work were obtained using the procedure DSYEV
from the numerical library LAPACK for Fortran 77. The diagonalization of the
Hamiltonian matrix gives a set of eigenstates in the form of linear combinations

of basis configurations:

|Xk: ZAL 1]|L Z] (54)

with energy EX, where k = 1,..., N, and Ny, is the size of the basis with angular
momentum L, and Agfzj is the amplitude of configuration |L;ij) in state |X}).
Again, since the Zeeman energies of the electron and the hole are not included in

e(h) , the resulting energies Ef are fourfold degenerate

the single-particle energies ¢,
due to the four possible electron and hole spin alignments. The coefficients Ak i Z],
as well as the exciton energies, depend on the magnetic field B and are evaluated
for each B separately. The calculations are done in all of the angular momentum
subspaces, since the electron-hole exchange as well as the exciton interaction with

the Mn ion mixes X states with different angular momenta.

5.2 Exciton-Mn Hamiltonian

In the next step the electron-hole exchange, the quantum dot anisotropy, the
Zeeman energies of the electron, hole and Mn ion, and the exchange interaction
of electron (hole) with the Mn ion are included. The interacting electron-hole-Mn

system is described by the Hamiltonian [150]:
I:IXan = I:[X + [:[EHX + ]f[anis + ]f[Zeeman + ]f[thn + I:Iean- (55)

The first term is the electron-hole Hamiltonian H x, Eq. 2.34, discussed above.
The second term is the electron-hole exchange term in the magnetic field [113]
described in Chapter 3:

I:IEHX = Z <Z'0'7‘]'T|‘/e)}f|]€7'/, l0'> j_gh;;—hlw’clcr (56)

ijkloo’ 1!
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The third term is the anisotropic correction, Eq. 2.16:

Hopis = Y bl hie + > t5ch cio, (5.7)

1T jo

which breaks the cylindrical symmetry of the quantum dot and mixes the single-
particle states with different angular momenta.
The fourth term is the Zeeman energy of the magnetic ion, the hole and the

electron:

]f[Zeeman = gMn,uBBMz + ge,uBBSz + gh,UBsz? (58)

where garn, ge, gn are the Mn ion, electron and hole Lande g-factors respectively,
and pp is the Bohr magneton. M., S, and j, are the Mn, electron, and heavy-hole
spin z-projections.

The Hj,_nm and H._p,, are respectively the hole-Mn Hamiltonian, Eq. 4.8,
and the electron-Mn Hamiltonian, Eq. 4.7, that describe the scattering of the
hole and electron by the Mn ion at position R. This scattering process depends
on the state M, of the Mn spin as well as its position R.

Having calculated the excitonic states |X}), one generates the X-Mn basis
states by multiplying each excitonic state by the electron-hole spin wave function
|o, 7), and by the Mn spin wave function |M.). Thus, the X-Mn basis configura-

tions are of the form:
| Xm0, M) = |X[) @ |r0) @ | M), (5.9)

In the next step, the X-Mn basis is limited to the states that are built using
the correlated exciton states with energies below the energy cut-off EX. The
energy cutoff is varied to assure convergence of numerical results. The results of
the diagonalization of the exciton-Mn Hamiltonian with EY = 6.19R*, the energy
of the electron-hole configuration with both carriers on the d shell, are shown in
Chapter 6. The total number of the basis states in that calculations is N, = 768.
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5.3 Construction of the exciton-Mn Hamiltonian

The matricies of the Hamiltonian Hx_jz,, Eq. 4.10, are built in the basis of
the correlated exciton states. The non-zero elements of the e-Mn Hamiltonian,
Eq. 4.7, consist of two parts: one is an Ising-like interaction leaving the electron
and Mn spins unchanged, and the second, flipping the Mn spin with simultaneous
flipping of the electron spin to leave M, + S, constant.

The Ising-like terms of the electron-Mn interaction written in the basis of

correlated exciton states take the form:

N, Np/

(XU, M| Heoyo XE LML) = D0 AT A G55 I M| Heo g K1Y ), M.
(i5)

(kl)
N, N
s Ji(R)

R
= ZZA*LTU sL’kl 2 MZ

(i7) (kD)

=)

1
= —JeN(R)M., (5.10)

2 r,8

where
Np Np/

TR =) Z Ay I (R) (5.11)

(#5) (

is the effective coupling constant constructed as a combination of single-particle
exchange coupling constants Ji‘fl(R) weighted by their probability in the exciton
wave function. All elements building the effective coupling constant, the wave
function coefficients A}, and the single-orbital coupling constants J7;(R), de-
pend on the magnetic field. The matrix element of the electron-Mn Hamiltonian,
Eq. 4.7, calculated between the X-Mn basis states with the opposite spin of the
electron e.g;: (XX M, M,| and | XL {1, M.), has the same value but opposite
sign to the matrix element given by Eq. 5.10.
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The spin-flipping matrix elements take the form:

Ny, Np/

(XF U0 M| He o XE 1, ML) = ZZA’ZZ] Do (i7" L0, Mo Heoppa| K1Y 01, MY)

) (kD)
e < )

R
= _ZZALU L';kl <M|M+|M/>

(ZJ) (k)
= T (RY(MLM M),
The Hamiltonian Hj_ Mn, Eq. 4.8, has only the Ising elements similar to the

diagonal elements for I:IE_ Mn-

5.4 Bi-exciton-Mn complex

Calculations of the electronic properties of the bi-exciton-Mn complex (X X-Mn)
are done in a similar two-step process as in the case of a X-Mn.

The bi-exciton Hamiltonian ﬁeh, given by the equation, Eq. 2.26, conserves
the total angular momentum L of the carriers, the total spin, and spin projection
of electrons (S, S.) and holes (j, j.). The electron-hole configurations can be
divided according to these quantum numbers into subspaces denoted by a =
[L, 7,72, 5,5;]. In the first step, one can build the matrices of the electron-hole
Hamiltonian H,, in the basis |o; ijkl) of two-electron and two-hole configurations
of the form:

s ijkl) = hifthl el cb|0), (5.13)

1T )T
where the complex indices 7, j, k, and [ correspond to the HO states, while spin
S.=oc+0c and j, =7+ 7.

Diagonalization of this Hamiltonian in each of the basis « gives the energies £

of N, states of the biexciton, where r = 1,..., N,. The corresponding eigenstates
| XX = Zﬁiz Agz irila ijkl) are linear combinations of two-pair configurations,

in which single-particle orbitals i,j (k,l) are occupied by holes (electrons) and
A

okl L€ their amplitudes.

Next, the X X-Mn basis is prepared as the tensor product | XX M,) =

T

90

(5.12)
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| XX ®]|M,) of the X X eigenstates (with energies lower than the energy cutoff)
and the Mn spin wave functions with M, = £5/2,+3/2, £1/2. In this basis, the
matrix of the Hamiltonian, Eq. 5.5, of the X X-Mn system [167] is built and
diagonalized numerically.

The energy cut-off for the X X-Mn states is EX* = 5.32 Ry*. If one introduces

the notation:

Els+e 6.19Ryx = EX
EXS +e = 5.32Ryx = B,

then the energy cut-off EXX for X X assures that the e for the X-Mn and X X-
Mn is equal. This means that we include in the basis all the states that have
energies lower than EXg + ¢ (B3 + €), while neglecting the ones that are higher
in energy. This way the absolute number of 26136 of X X-Mn configuration in
the QD with three single-particle shells is restricted to 4902, what significantly

improved the computation time.

5.5 Calculations of emission spectra

Having obtained the eigenenergies and eigenfunctions of N and N — 1 electron-
hole pairs in the presence of Mn, the emission and absorption spectra can be
calculated from Fermi’s Golden Rule. The equations Eqgs. 2.31 and 2.33 need to
be slightly modified to take into consideration the presence of the Mn in the QD.
The formula Eq. 2.31 takes the following form now:

(W)=Y > Pf,N=1,MIE|i, N, M.)§(E; — By —w).  (5.14)
i f
The |i, N, M.) denotes the initial state of the N excitons with a Mn ion in state
M., while |f, N — 1, M,) is the final state of N — 1 excitons, in the presence of
the same Mn state M,, which remains unchanged after the recombination of one
electron-hole pair.
Since the polarisation operator (Eq. 2.32) does not act on the spin of the Mn

ion, the Mn has to be in the same M, state in the initial and in all final states.
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The absorption spectra in the presence of the Mn can be calculated as:

IF(w) =YY P(f N+1,M|PFi,N,M.)(E; — By — w). (5.15)
i f

Now, the initial state |i, N, M) has N excitons, while the final state | f, N+1, M.)
has one more exciton, and the state of Mn is M, in both final and initial states.
In the absorption there are now six initial |M,) states thermally populated
depending on the Mn Zeeman splitting, while there is a large number of final
states for each M, visible in the absorption spectra. In the calculations of the
emission spectra, on the other hand, there are six final |, ) states that need to
be considered. Note that the interband polarization operators anihilate/create an
electron-hole pair in the initial state without changing the |M.) state of the Mn.
Since the Mn state does not change, the Mn Zeeman energy does not contribute

to the energy of the emitted/absorbed photon.
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Chapter 6

Exciton-Mn complex

It was shown recently that the coupling of the finite spin of the exciton to that
of the impurity opens a way to detect and manipulate localized spins by optical
means [183]. For that reason, the system of an exciton confined in a QD and
coupled to a magnetic impurity, typically a Manganese (Mn) ion, was analyzed
experimentally [22-24, 155, 156, 162-165, 173, 184] and theoretically [139, 150,
151, 161, 167, 185, 186]. The existence of the Mn ion with the magnetic moment
M = 5/2 has been detected by observation of a characteristic exciton emission
spectrum consisting of six emission lines related to the 2M +1 = 6 quantum states
of Mn. This emission spectrum was explained on the basis of a spin model, where
the electrons and valence band holes are represented as spins interacting with the
spin of the Mn ion. This spin model will be briefly discussed in Section 6.1. Here
we apply the fully microscopic treatment of the exciton-Mn interaction to provide
a more complete understanding of the system. The results, their analysis as a
function of the model parameters, as well as a comparison of the calculated and

measured optical spectra are shown in Section 6.2.

6.1 Spin model

The simplest approach to solve the X-Mn problem involves restriction of the
single-particle states of the electron and the hole to the lowest energy level in

the s-shell, as is frequently done for the QDs. Within this restriction there are
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four possible exciton configurations due to different spin alignments of carriers as

shown in Fig. 6.1.

+ - <+ | -
pal pyl =

Figure 6.1: Four possible exciton configurations in the spin model. Configurations
differ in the spin allignment of the electron and the hole.

The exciton configurations |a) and |c) are bright. This means that excition
in configuration |a) or |c) can recombine radiatively, creating a photon with po-
larization o, or o_, respectively. On the other hand, exciton configurations |b)
and |d) are dark - radiative recombination of the exciton in those configurations
is not possible. More about the optical selection rules can be found in Chapter 2
(Section 2.6).

If one retains only this lowest single-particle level for the electron and the
hole, then the correlated model of X-Mn system, discussed in Chapter 4 with
the Hamiltonian given by Eq. 4.10, can be reduced to the simple spin model
[22, 150, 165] with the following Hamiltonian:

H vy = Ex1+ guapsB - M+ gepsB - 6 + grppB.j.
1 RS _
— §J6(R)O'M+§Jh(R)szz—|—HEHX, (61)

where M , 0, 7, are the Mn, electron and hole spin operators, respectively. For
electron ¢ represents Pauli matricies, while for hole j, = +1. FEx is the energy
of the excitonic configuration, containing single-particle energies of the electron
and the hole, and the direct Coulomb interaction between them, Eq. 2.34. Since
this term is equal for all four configurations, it is often neglected. The Zeeman
energies of the electron and the hole are typically included the single-particle
energies, but here they are written explicitly. The next three terms represent the
Zeeman energies of the magnetic ion, the electron, and the hole respectively, while

the following two terms represent the electron-Mn and the hole-Mn interactions,
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with the exchange constants J*(R) = Jg(()h) (R), where the Mn ion is at the
position R. Often the coupling constants of the lowest single-particle state of
the electron (hole) are replaced by phenomenological constants J¢*) fitted to the
experimental data.

The last term of Eq. 6.1 represents the electron-hole exchange, which in the
basis of exciton states (Fig. 6.1): (|a), |c),|b),|d)) can be written as [134]:

AO AQ 0 0
gL A A 0 0
EEX =9 0 0 —-A, A
0 0 A, -4

(6.2)

This fully phenomenological model of the electron-hole exchange interaction is
characterized by the parameters extracted from the experiment: bright-dark ex-
citon splitting Ay, and the anisotropic exchange splitting of the bright (As), and
dark (A;) exciton states. The spin model of the electron-hole exchange was cre-
ated to allow for a simple correction of the exciton energy levels, without using a
fully microscopic model. For simple calculation it is epecially important because
the application of the full electron-hole exchange model (as described in Chap-
ter 3) in this restricted basis would lead only to the bright-dark exciton splitting,
leaving each of these manifolds degenerate. It follows from the fact that the bright
exciton splitting is caused by the coupling of the s-shell exciton configurations
with each other through higher excitonic configurations with angular momentum
L = +2, as seen in Eq. 3.35.

It is important to notice that in the spin model described by the Hamiltonian
Eq. 6.1 all of the exchange constants J(R) as well as Ay_, are parametrized at
B =0, and the dependence on the magnetic field enters only through the Zeeman
terms.

As explained in Chapter 5, to construct the Hamiltonian matrix of the in-
teracting exciton with Mn ion, each of the configurations (Fig. 6.1) need to be
multiplied by one of the six Mn spin projections |M.). The construction of this
basis is schematically shown in Figs. 6.2 and 6.3. In the following, the notation
la, M), |b, M), ... will be kept when talking about the spin alignments defined in
Figs. 6.2 and 6.3.
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Figure 6.2: |a, M.) = hgy,cgo,10) @ |M.), |0, M..) = hgoqCoor10) @ |M..)

4+ Iz 4+ Iz
—+ 11@ — ﬂ@

Figure 6.3: |c, M) = har(wcg'm|()>®)|Mz>, |d, M,) = thouC&ulm ® |M,)

Here the X-Mn spectrum in zero magnetic field in the absence of an electron-
hole exchange will be analysed, starting from the pure exciton and gradually
turning on the interactions between carriers and the Mn ion.

Figures 6.2 and 6.3 show the basis of X-Mn configurations |a, M.), |b, M.),
le, M), |d, M.). In the absence of X-Mn interactions, all those 24 configurations
are degenerate (Fig. 6.4).

In the presence of the hole-Mn interaction only, the second quantization form

of the Hamiltonian of such a system is given by [187]:

h

a1, = Bt + 2 (0 oy — i o) M. (©3)
This Hamiltonian conserves the spin of all particles. Configurations with the same
exciton state, for example: |a, M) and |a, M,/) are not mixed by the Hamiltonian,
Eq. 6.3, because they differ by the Mn spin projection. On the other hand, the
configurations from different excitonic groups, like |a, M,) and |b, M) are not
coupled due to a different spin allignment of carriers. For that reason, the hole-
Mn interaction has only diagonal Hamiltonian matrix elements. It leads to a
splitting of the 24-fold degenerate level into six fourfold degenerate levels, see

Fig. 6.4. These levels are equidistant in energy with splitting equal to %J "(R).
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One can think about the fixed spin of the hole as a source of an effective internal
magnetic field, which acts on Manganese spin and leads to the Zeeman splitting
of its levels. The lowest X-Mn level in this case is fourfold degenerate, and

corresponds to the following configurations:

5 5
hoorCoo,]0) ® | — §>7 hgopCoorl0) ® | — §>a (6.4)
5 5
h30u630¢!0> ® |§>, héouc(ToHO) ® |§>
0.15
2x all
5 . «
0.10- 27
' 4x all -
3 . <
0.05- 37 —4 —_
éﬁ 1 24xall L
= 0.00 - 2 ) E—
> Y
Nt _005 i 2 —_—t— —
o
- 3 . —
W 0.104 — 3
3
2 « _
0.15- R S —
X h-Mn h-e-Mn Ising h-e-Mn

Figure 6.4: The evolution of the X-Mn energy spectra with inclusion of the inter-
actions: first column - no X-Mn interaction, second column - h-Mn interaction,
third - Ising part of the e-Mn interaction, fourth - full X-Mn interaction present.
Red colour bars correspond to energies of the bright X-Mn states. Calculations
done with following parameters: Ry = 12.11 meV, aB = 5.61 nm, w;, + w. = 30
meV, w,/wy, =4, J¢ =15 meV - nm?, J* = 60 meV - nm?, d = 3 nm.
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The full X-Mn Hamiltonian at zero magnetic field, H ¥ uns Bq. 6.1, can be
expressed in second quantization as:
. . - 3JMR
HY v, = Exl+ 2( )
J(R

- 9 ((C(J)FOTCOOT — CgoyCooy) M- + Cooy Coor M =+ gy o0y M )

(har(thOﬂ - harouhoou) M, (6.5)

From this form of the Hamiltonian one can see that the hole spin 7, is conserved,
while the electron spin can be flipped with a simultaneous flip of the Manganese
spin. The spin-flip process conserves the total M, + S,. From that, one can draw
conclusions about mixing of X-Mn |a, M,), |b, M.), |c, M.), |d,M.) configura-
tions.

The Ising part of the electron-Mn interaction term, as h-Mn Hamiltonian, has
only diagonal non-zero matrix elements. Inclusion of this interactions leads to
the splitting of the fourfold degenerate levels into two doubly degenerate levels,
as shown in the third column of Fig. 6.4. For example, the previous ground
state, Eq. 6.4, splits into two levels. The lowest level corresponds to the bright
X-Mn state: hio,cgo,10) @ | — ), degenerate with hgy,cgo,|0) @ |3), while the first
excited level: hgy,cio:|0) @ | — 2), degenerate with hgoyCo0,10) ® 2) is dark. The
splitting between the states due to the e-Mn interaction is not equal (Fig. 6.4),
but depends on the Manganese spin projection. However, the energy distances

between the bright X-Mn states are still equal, and equal to:

(3J"(R)+ J°(R)). (6.6)

N |

6Mn =

The second part of the e-Mn Hamiltonian involves an electron-Mn spin flip.
As previously, this interaction doesn’t mix states within the same exciton group,
e.g., |a, M.). These groups consist of the same orbital exciton configuration but
with a different Mn spin, while the spin-flip interaction relies on a simultaneous
electron and Manganese spin flip. On the other hand, this interaction mixes states
from groups |a, M,) and |b, M. ) (|c, M,) and |d, M.)), which have the Manganese
spin different by 1, e.g., |a, M,) and |b, M, — 1). There is no mixing between
states from groups with different spins of holes, e.g., |a, M) and |c, M) due to
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J. conservation. In Fig. 6.4 the coupling scheme has been shown by the black
arrows.

In the absence of the electron-hole exchange, the basis of all 24 configurations
can be divided into the subspaces according to j, and M, 4+ S,. As a result one
obtains ten 2 x 2 matricies and four configurations that are eigenstates of the
H3 ,, Hamiltonian.

An example of the calculations in one of the two-dimensional subspaces,
namely M, + S, = —2, is shown below. In this subspace there are two con-
figurations |b, —5/2) and |a, —3/2). The Hamiltonian matrix in this basis has the

form:

- —21(—Je+3J") —/5ZL
H = FExl 22 e 2 .
R T )
Diagonalization of this matrix leads to eigenenergies:
pX-Mn gy Ly §Jh\/96 (Je)* — 24 Jh 4+ 9 (Jh)? (6.8)
e TN Ty ’ '

and eigenvectors in the form of linear combinations of the bright configuration
la, —3/2) and the dark configuration |b, —5/2):

5 3
| X = Mn) = oy b, —§> + B+la, —§> (6.9)
X — M) :oz_lb,—g>+ﬁ_]a,—g>. (6.10)

The emission spectra of the X-Mn complex confined in the anisotropic QD
depend strongly on the interplay between two energy scales: the electron-hole
exchange and the exciton-Mn exchange. In case of a symmetric quantum dot
with Mn in the center, the spectrum is strongly dominated by the presence of
the Mn ion. On the other hand, if the coupling constant J"(R) is smaller or
comparable to the bright exciton splitting As, the spectrum is dominated by
electron-hole exchange. This takes place if the QD is asymmetric or tall, or when
the Mn is shifted away from the center. These two cases of the X-Mn emission

spectra will be analysed.
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The figures presented in this section show results of calculations using quan-
tum dot parameters defined previously in Chapter 3 (Section 3.3). Additionally,
the bulk electron-Mn exchange coupling is given by J¢ = 15 meV - nm?, while
the hole-Mn exchange constant is J* = 60 meV - nm? [152, 187]. The QD height
is d = 3 nm, while the electron-hole exchange parameters, defined by Eq. 6.2,
are: Ag = 0.506 meV, Ay = 0.166 meV, A; =0 meV.

Figure 6.5 shows two cases: (a) when the X-Mn interaction completely domi-
nates electron-hole exchange, and (b) with the electron-hole exchange larger than
X-Mn exchange. This results in increased spacing between consecutive emission
lines in the center of the spectra. The electron-hole exchange induced opening of
the central gap was first reported by Leger et al. [155]. The central gap can be
approximated by the expression \/m , where d,;, is given by the Eq. 6.6.
In Ref. [155] the observed spectra, either the Mn or e-h exchange dominated,
were related to the in-plane shift of the Mn ion position from the center of the
QD. This shift of the position of the Mn ion causes a decrease of the hole-Mn
and electron-Mn coupling constants as shown in Fig. 4.4. However, one should
remember that the coupling constants depend also on the height of the quantum
dot d and the s-p single-particle shell spacing.

To learn more about the X-Mn emission spectra one can extract from them
the splittings between the emission lines A;, where A; = E;.1 — F;, as shown in
Fig. 6.5 (a). To compare the splittings A; for different QDs they are normalized
by the average splitting of the spectra Ay = (Eg — F1) /5. The dependence of
the average splitting of the emission spectra A, on the height d of the QD is
shown in Fig. 6.6 (a), while the normalized emission line spacings A;/A e, for
these dots are shown in Fig. 6.6 (b).

As was mentioned, the parameter d changes the strength of the hole-Mn and
electron-Mn coupling, and as a result changes the splitting of the spectra Ay e,
In figure 6.6 the paramter d was varied between 2 and 6 nm. The smaller the
height of the QD, the greater the exchange coupling of the spin of the carriers to
the Mn spin, and the greater average splitting (Fig. 6.6 (a)). Since the electron-
hole parameters are kept unchanged, the electron-hole exchange-induced gap in
the middle of the spectra becomes more pronounced with the increase of the
height d (Fig. 6.6 (b)).

100



6. X-Mn

—
Q

) —
N

-]
8
= 11
g JAVE DAVY DAW A4“A5I
Q
i=
0 : : :
-0.2 0.0 0.2
(b) , Energy (Ry*)
=5
8
2 1 -
‘0
(-
9
T
01— : : _ .
-0.05 0.00 0.05
Energy (Ry")

Figure 6.5: The calculated emission spectra from the QD with different hights
of the QD: d =2 nm (a) and d = 10 nm (b).
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The other feature that one notices in Fig. 6.6 (b) is the general non-zero slope
of the A;/Auer(7) function. The dependence of this slope on the other param-
eters of the QD has been investigated. The greatest variation of the slope was
observed when the bright-dark electron-hole exchange splitting A was varied.
This dependence has been presented in Fig. 6.7 (a). For the Ay = 0 meV the
slope of the A; /Ay is the greatest. It decreases quickly when the value of the
parameter 4\ is increased. In the spin model, the non-uniformity of the distribu-
tion of the X-Mn emission lines is related to the spin-flip part of the electron-Mn
exchange interaction, Eq. 6.6. This interaction causes mixing between bright
and dark exciton configurations which are split by the energy Ay. The greater
the difference between the energies of the interacting bright and dark configura-
tions of the exciton, the smaller the repulsion between them and the smaller the
re-normalization of the X-Mn emission lines. For the range of the bright-dark
exciton splitting observed experimentally, Ag = 0.5 — 1 meV, the change of the
emission line splitting does not exceed 2%. A uniform splitting of the emission
lines corresponds to A;/Agper = 1).

Figure 6.7 (b) shows the dependence of the normalized emission line spacing
A;/Agper on the bright exciton splitting As. The parameter Ay was varied be-
tween 0 — 0.5 meV. This figure has many similarities with the Fig. 6.6 (b). They
both represent the interplay between the two energy scales - carrier-Mn coupling

Orrn, and long-range electron-hole exchange interaction A,.

6.2 Microscopic, correlated model of the X-Mn

complex

Here we move beyong the spin model of the exciton and show how one can
engineer exciton-Mn interactions in a semiconductor quantum dot through design
of a quantum-dot exciton [103, 125]. A novel quantum interference (QI) effect
between the electron-hole Coulomb scattering and the scattering by Mn ion is
shown to significantly change the exciton-Mn coupling revealed by a characteristic
pattern in the emission spectrum. All the figures in this Section are obtained

using quantum dot parameters defined in Chapter 3 (Section 3.3). Additionally,
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the bulk electron-Mn exchange constant: J¢ = 15 meV - nm?, while the hole-Mn
exchange constant: J" = 60 meV - nm®. The QD height is typically d = 3 nm.
The full microscopic model of electron-hole exchange (Chapter 3) is implemented,
and calculations are done with the bulk parameters u? = 0.11 and Egr = 0.093.
The exciton energy spectra in the non-magnetic QD with the above parameters
have been calculated as well. This allowed for the extraction of the dark-bright
exciton splitting Ay = 0.506 meV and bright exciton splitting Ay = 0.166 meV

from energy spectra.

6.2.1 Quantum interference

6.2.1.1 Magnetic field produced by the spin of the hole

The dominant component of the exchange interaction of the correlated exciton
with the Mn spin is the hole-Mn Ising-like interaction. For a qualitative descrip-
tion of the exciton-Mn interaction one can focus on the hole-Mn part of this
interaction [150, 188]. As discussed in the previous Section, the spin of the hole
plays the role of the effective magnetic field, leading to the “exchange” splitting
of different M, states. One can evaluate how the strength of this internal mag-
netic field changes due to the correlations. This can be done by calculating the
expectation value of the hole-Mn Hamiltonian, Eq. 4.8, in the ground state of the
exciton: (Hy—nn) = (M:|( [(Xas[Hn—nn| Xas)| 1)[M).

It was shown in Chapter 2 that the ground state of a correlated exciton con-
fined in the QD with three (SPD) single-particle shells can be approximated
by the linear combination of the three Jacobi coordinates: |A), |B) and |H)
(Eq. 2.38). With p orbitals not coupled to the Mn in the center of the dot [152],

the ground state of the exciton can be further simplified and written as:

[Xes)| 1) = (AD14) — APIH) ) | 14). (6.11)

The expectation value of the hole-Mn interaction Hamiltonian in this state is
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then:

(Hh—nvm) = (MU (Xas|Hi—vm| Xas)| 1) M) (6.12)
= AP OLI A a4 H)[M)
— 24V AR LA [(H Hy-aral A)] A1) M)
+ ADX LA [(H Hioama HY| (ML)
= - (1A + AP} 10(0) — VEAD 4G 1(0)) M,

where the example of a matrix element:

(M| (A [(H [ Hp—mn A D IM,) = %(Mzmﬂ | ({sd| 4 (ds]) [Hn—nn|s5)| 1) M2)
1
= EJsd(O)- (6.13)

Equation 6.12 can be written in the compact form:
<thMn> = OéMZ, (614)

where the exchange splitting o = 3/2 [AZQJSS — \/ﬁAg)Ag)Jsd of Mn levels is
a difference of two terms. The first term, A%2J,,, is proportional to the product
of the sum of probability amplitudes of the hole occupying s and d orbitals,
A = AS)2+AS)2 in the exciton GS, while the electron is on the s-shell, weighted
by the exchange matrix element Jz3 = Jss. The renormalized amplitude AZQ is
slightly smaller than 1, which is the value in front of the Jg, in the spin model. The
second term, —\/ﬁAg)Ag) Jsq, changes the magnitude of the hole-Mn exchange.
This term is proportional to the product Ag) Jsd, 1.€., the amplitude Ag) of the
|H) configuration in the exciton GS, and scattering matrix element .Js4 of the hole
by the Mn ion. The presence of the |H) configuration in the ground state of the
exciton is caused by the direct Coulomb interaction between the electron and hole,
while the scattering of the hole from s to d = (1,1) orbital is caused by the Mn
ion acting as an impurity. Hence, both the electron-hole Coulomb interactions,
and the scattering by the Mn impurity must be simultaneously present to induce

a change in the hole exchange field. This effect is the quantum interference (QI)
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effect between these interactions. The QI is absent in shallow quantum dots with
s-p shells, but takes place in quantum dots with at least three confined shells.
The same conclusion holds for Mn off-center but with A% renormalized by the
Jpp coupling.

Figure 6.8 shows the results of the numerical calculations of the average spac-
ing of Mn energy levels in the s shell as a function of the number of shells confined
in the isotropic QD, with a negligible electron-hole exchange. The calculations
include the electron-hole direct Coulomb interaction and electron-Mn and hole-
Mn interactions, and are done for parameters typical for a CdTe quantum dot,
specified at the begining of this Section. Figure 6.8 (a) shows the case when the
scattering constants Jyg; have opposite signs to the Jg, Joq = —Js, as it follows
from the calculations presented in Chapter 4. Figure 6.8 (b), on the other hand,
presents the results with Jgg = Jgs. In the first case (Fig. 6.8 (a)), there is a con-
structive quantum interference between the Coulomb and Mn scattering, which
leads to the increase of the hole-Mn interaction, and the increase of the splitting
of the X-Mn emission lines, when the d shell is present in the QD. The effect
persists when the higher shells are introduced to the QD. If one were to develop
the means to control independently the value of the coupling constants J;;, the
system in which Jg; = Jgs could be designed. In the case when the scattering
constant .Jy4 is equal to the J, the quantum interference is destructive and the
splitting of the emission lines decreases. In Fig. 6.8 (b), this splitting decreases
by a factor of about 2, Ref. [151], when the quantum dot admits the d shell.

6.2.1.2 Effects of the excited states of the exciton

In Chapter 5 it was mentioned that the eigenstates of the exciton in the non-
magnetic QD are no longer eigenstates in the presence of the Mn. The Mn ion
acts as a scattering center coupling different exciton states. This coupling leads
to the second signature of the quantum interference. For the simplicity of the
analytical analysis the number of the excitonic states is restricted to only two:
the ground state and the first excited state. The effect of the Mn ion-induced
coupling between the excitonic states on the distribution of the s-shell emission

lines from the X-Mn complex will be shown.
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Figure 6.8: Calculated average spacing Agper = (E_5/2 — E5/2)/5 of Mn energy
levels in the s-shell as a function of the number of shells of an isotropic CdTe QD
with negligible electron-hole exchange. The parameters used in the calculation
were specified at the begining of this section, while the scattering constants:
Jsa = —Jss (a) and Jyq = Jgs (b).

108



6. X-Mn

For CdTe QD, the shell spacing for hole is around four times smaller than
that for the electron. In the case of Q./€, = 4, the first excited exciton orbital
state is of the form (Eq. 2.41):

Xes) 1) = (AD14) + AP 1B + AR |H) + ADIG)) 1), (6.15)

where the greatest amplitude is Ag), followed by Ag), and then by Ag). The
contribution from the |A) configuration is very small.

The states of the X-Mn complex built out of this bare exciton state | Xgg) in-
teract with Mn in a similar way as the states built out of the ground state of the ex-
citon Xgg. They experience a uniform splitting (M, |0 (Xes|Hn—nm|XEs)| M
)| M,) = BM,, where the coefficient 3 is different from the coefficient «, describ-
ing the splitting of Xgg. This leads to a different magnitude of the splitting of
the ground and excited states of the X-Mn complex.

The coupling between the ground | Xgs)|o7)| M) and excited state
| Xgs)|oT)|M!) of an exciton by the hole-Mn exchange interaction is given by
the matrix element: (M.[(IN (Xas|Hnr—rm|Xes)| 1) ML) = M.6ar, arr, which
turns out to be proportional to the projection of the Mn spin M., with the

proportionality coefficient
k= (ADAD - AP AR gy = (ADAF + 4F) - AP AD) St (6:16)

The Hamiltonian matrix is then block-diagonal. For each of the M, one can write

2 X 2 matricies:

[ EGS—f-OéMZ I{MZ ‘| . (617)

K:MZ EES +6Mz

From this simple model one can see that the excited state renormalizes the

energy of the ground state of the exciton-Mn complex:

2 2
EM: — Eqs +aM, — M, (618)
e (AE+ (B —a)M,) )"

where the excited exciton state |Xgg) has energy Egg, and AE = Egg — Egs
[151].
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The spacings between the s-shell energy levels of the X-Mn complex are now

renormalized and non-uniform:

Ay, = Egs™ — Egs (6.19)
(a— k?  K? (ﬁ—&)) ZKZM 287 (B_Q)Mz.

AE  AE? CAEC AE?

The renormalization of the s-shell Mn energy levels by the excited exciton
state is shown schematically in Fig. 6.9. The ground and excited exciton levels
corresponding to the same M, are coupled by Mn, with the coupling strength
proportional to the magnitude of the manganese spin z-projection. The repulsion
between the states with a higher |M,| is stronger, which leads to a greater shift
of their energies. This in turn leads to a nonuniform spacing of levels. The
differences in the magnitude of this shift are visualized in Fig. 6.9 in the form
of different lengths of arrows. The solid (dashed) vertical lines represent the
exciton-Mn energy levels with (without) the ground state-excited state coupling.

Usually for a QD with J,3 = —Js, the splitting of the p-shell is smaller that
the splitting of the s-shell of the X-Mn complex: g — a < 0. This leads to a
competition between the terms in Eq. 6.19. The final result depends on the sign

of the following expression:

2/12M 2112(ﬁ—oz)M_ 2k (1_\04—5])‘

iy VS G’ |/ S Vs
AE 7 AE? : AE 7 AFE

(6.20)

If the splitting of the s and p-shell structures of the X-Mn complex is similar
(a = f), the expression for the emission line spacing A/, Eq. 6.19, can be
simplified [151]:
2 2/{/2
Ay, = EM:AV_pMe— (o ) -2y 21
M, GSs GS YT AE N (6.21)

6.2.2 Results of numerical calculations

Having obtained the eigenenergies and eigenstates of the X-Mn complex, one

can calculate the emission and absorption spectra using the Fermi’s Golden Rule,
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Figure 6.9: Schematic renormalization of ground |G'S) and excited |ES) exciton-
Mn complex energy levels by the Mn-induced interaction between them. Levels
corresponding to the same Mn ion spin projection repel each other, with the
strength proportional to M,, whose magnitude is represented by the horizontal
arrows. Dashed-unrenormalized (solid-renormalized) vertical lines represent the
energy levels of the X-Mn system in the s-shell (six lines on the left) and the
p-shell (six lines on the right) energy region.
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Egs. 5.14 and 5.15. The results of these calculations are shown in Figs. 6.10,
6.11 (emission) and Figs. 6.12, 6.13 (absorption).

The exchange constants of the hole-Mn and electron-Mn interactions used in
the calculations are Jyq = —J,s (Fig. 6.10) and Jgg = Js (Fig. 6.11). The main
difference between the figures is the average splitting between emission lines - the
first figure represents the case of the constructive quantum interference, where
Ay, are greater than d,s, as calculated in the spin model, Eq. 6.6. On the
other hand, Fig. 6.11 presents the results with destructive quantum interference,
where the average emission line spacing is smaller than the one predicted by
the spin model. The height of the emission lines corresponds to the emission
intensity in the polarization p, (upper panel - red) or p, (lower panel - black
bars). The emission spectra in Fig. 6.11 have greater linear polarization. This is
so because in this case the relative strength of the electron-hole exchange is greater
in comparison to the Mn-induced splitting, hence the stronger linear polarization.
The fact that the polarization p, is stronger than the p, in both Figs. 6.10 and
6.10 is related to the thermal occupation P; of the X-Mn states |i). States with
lower energy have greater population at low temperature. This re-normalizes the
emission intensities and leads to stronger emission intensity from these states. At
very high temperatures,when all of the X-Mn states are equally populated, the

intensities of the lines directly correspond to the oscillator strength of that states.

Finally, Figs. 6.12 and 6.13 show the calculated absorption spectra. In these
spectra one can see the s shell, the two excited exciton states associated with |B)
and |H) configurations in the energy range of the p shell, and the d shell. The
shells are split into a fine structure by the presence of Mn. In the same way as in
the emission spectra, the different height of the peaks corresponds to the degree
of linear polarization of absorbed photons, with black (red) denoting the p, (p,)
polarization. In this spectrum one can identify two consequences of the existence
of the d shell: the complex emission pattern in the p-shell range of energies, and
the QI in the s shell. For the QD with the Jg; = —Jss (Fig. 6.12), where the
constructive interference in the s-shell occurs, the splitting of the p-shell due to
the presence of the Mn ion is much smaller than for the QD with the Jyq = Jg
(Fig. 6.13), with the destructive interference in the s-shell. This effect can be
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Figure 6.10: Emission spectrum calculated for a CdTe QD, with parameters as
specified at the begining of this section, while the exchange constant Jyq = —Jg,.
The top panel is calculated with p,, bottom - with p, polarization. The calculated
emission spectra with gaussian broadening of the emission lines are shown in blue.
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Figure 6.11: Emission spectrum calculated for a CdTe QD, with parameters as
specified at the begining of this section, while the exchange constant Jy; = Jgs.
The top panel is calculated with p,, bottom - with p, polarization. The calculated
emission spectra with gaussian broadening of the emission lines are shown in blue.
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Figure 6.12: Absorption spectrum calculated for a CdTe QD, with parameters as
in Fig. 6.10 (top - p,, bottom - p, polarization) and Jy4 = —.Jss. The calculated
absorption spectra with gaussian broadening of the absorption lines are shown in
blue.
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Figure 6.13: Absorption spectrum calculated for a CdTe QD, with parameters as
in Fig. 6.11 (top - p,, bottom - p, polarization) and Jyq = Js;. The calculated
absorption spectra with gaussian broadening of the absorption lines are shown in

blue.
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easily understood by studying the form of the ground, Eq. 2.38, and excited wave
function of the exciton (Eq. 2.41). The electron-hole exchange splitting of the
p-shell is larger than that of the s and d shell. This leads to a much stronger
linear polarization of the emission lines in the p-shell. Experiments are on the
way to verify the predicted absorption spectra.

Using the notation of the emission line spacings A; defined in Section 6.1
(Fig. 6.5 (a)), one can extract the values for the A; from the X-Mn emission
spectra calculated using the correlated model. Figure 6.14 (a) shows the compar-
ison of the average emission line spacing A,,.,, calculated using the correlated
model (Jyq = —Jss) (full bars), and the spin model (empty bars), for a few dif-
ferent heights of the QD d = 2,3,4, and 6 nm. In the correlated model the
constructive quantum interference is visible, leading to the increase of the aver-
age splitting A,yer with respect to the spin model (the full bars are taller than the
empty ones). At the same time, the average spacing decreases with the increase
of the parameter d in the same way as in the spin model. The dependence of the
normalized splittings A;/Agyer on the QD height d is presented in Fig. 6.14 (a).
The thick-solid lines represent the calculations done using the correlated model
(SPD), while the black-dotted line shows the result of the analogous calculations
using the spin model with d = 2 nm (as in Fig. 6.6 (b)). The data calculated using
the spin model are shown here for comparison. The slope of the line A;/Agyer(7)
calculated in the SPD model, with the d = 2 nm (black-solid line), has signif-
icanly increased compared to the spin model (black-dotted line). The second
signature of the QI, namely the increased non-uniformity in the emission lines
due to the Mn ion-induced interaction of the ground state with the excited states
of an exciton is clearly visible.

As in the spin model, the slope of the A;/A e (i) decreases with the increase
of the QD height d. This happens because the carrier-Mn exchange constants
decrease with increase of the parameter d. In the correlated model this effect
leads not only to a suppression of the spin-flip process between the electron and
Mn ion, due to the smaller scattering constants, but also to a decreased coupling
between the ground and excited exciton state. Together with the decrease of
the slope, the electron-hole exchange-induced gap in the middle of the spectra

increases, creating a growing “bump” on the A;/Age (1) function. The effect of
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Figure 6.14: (a) The dependence of the average splitting of the spectra (Agye,) on
the height of the QD d, calculated in the correlated (solid bars) and spin (empty
bars) model. The parameter d changes the hole-Mn and electron-Mn coupling,
and changes the splitting of the spectra. (b) The dependence of the A;/A e, on
the height of the QD d. The thick solid lines show the data calculated using the
correlated model, while the thin dotted lines show calculations in the spin model.
Parameters used for calculations were specified at the begining of this section.
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the interplay between the Mn and electron-hole exchange-induced splitting has
been discussed previously in Section 6.1, which describes the spin model.

In the spin model there is a very strong dependence of the slope of the
A;/Agver (1) on the bright-dark exciton splitting A (Fig. 6.7 (a)), since the non-
uniformity in the distribution of lines in this model is caused by the spin-flip
process between the electron and Mn. This proces couples the bright and dark
exciton states, and is very sensitive to the energy difference between them, mainly
Ag. In the correlated model this dependence is much weaker, as presented in
Fig. 6.15 (b). The thick-solid lines correspond to the data obtained in the corre-
lated model, with the different brigth-dark exciton splittings Ay = 0,0.25,0.506
(bulk) and 2 meV. The different A splittings were obtained by varying the short-
range exchange parameter Esg. For comparison, the spin model calculations for
the Ag = 0 and 0.506 meV, and d = 2.2 nm, are shown in Fig. 6.15 (b) (thin-
dotted lines). The height of the QD has been changed with respect to the cor-
related model to compare the splittings A;/Ag,e- of the emission spectra with
same average spacing. Figure 6.15 (a) shows the comparison of the A, spacing
in the correlated (solid bars) and spin (empty bars) models as a function of A,.
The A,per does not depend on the bright-dark exciton splitting.

The comparison of the A, between the correlated (solid bars) and spin
(empty bars) models, calculated for a few values of the bright exciton splittings
Ay is shown in Fig. 6.16 (a). As in the previous case, the average splitting of
the X-Mn emission lines A, does not depend on the bright exciton splitting
As. The different values of the A, were obtained by changing the strength of the
long-range electron-hole exchange p?, leaving the dark-bright exciton splitting
unchanged (Ag = 0.506 meV) to limit the number of varying parameters. Since
both long- and short-range exchange interactions contribute to the dark-bright
exciton splitting, the value of the short-range exchange parameter Fgg had to be
adjusted accordingly.

Figure 6.16 (b) shows how the A;/Ague-(i) depends on the bright exciton
splitting A,. The slopes of the curves do not change, however the electron-hole
exchange induced gap in the middle of the spectra becomes more pronounced
with the increase of the parameter A,. This behaviour is very similar to the

dependence observed in Fig. 6.7 (b) for the spin model.
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Figure 6.15:

(a) The dependence of the average splitting of the spectra (Agper)

calculated using the correlated (solid bars) and spin (empty bars) model on the
bright - dark exciton splitting Ay. To obtain the same average splitting for both
model, the spin model was calculated for a dot with the d = 2.2 nm height, while
the correlated model with d = 3 nm. (b) The dependence of the A;/A,,, on the
Ay splitting. The thick-solid lines show the data calculated using the correlated
model, while the thin-dotted lines show calculations in the spin model. Other
parameters used here were specified at the begining of this section.
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Figure 6.16: (a) The dependence of the average splitting of the spectra (Agyer)
calculated using the correlated (solid bars) and spin (empty bars) model on the
bright exciton splitting As. The spin model was applied to a dot with the d = 2.2
nm height, while the correlated model to a dot with d = 3 nm. (b) The depen-
dence of the A;/Age on the Ay splitting. The thick-solid lines show the data
calculated using the correlated model, while the thin-dotted lines show calcula-
tion in the spin model. Other parameters used here were specified at the begining
of this section.
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6.2.3 Comparison of the model calculations to the exper-

imental emission spectra

The experimental emission spectra of the quantum dots were obtained by Kos-
sacki at. al for CdTe-based heterostructures grown using molecular beam epi-
taxy [151, 172]. The process of the fabrication quantum dot samples has been
described in Chapter 4. For the measurements, the sample was placed in a micro-
photoluminescence setup composed of piezo-electric x — y — z stages, and a mi-
croscope objective. The system was kept at the temperature of 4.2K in a helium
exchange gas. The PL of the QDs was excited either above the gap of the ZnTe
barrier (at 532 nm) or using a tunable dye laser in the range 570 — 610 nm. Both
the exciting and the collected light were transmitted through a monomode fiber
coupled directly to the microscope objective. The overall spatial resolution of the
set-up was better then 1 pm which assured possibility to select different single
quantum dots containing a single Mn ion. The dots without Mn ion were observed
in the same samples. The PL analysis was done for the dots having emission lines
in the low energy tail of the broad PL emission band [24, 172] which assured good
separation from the lines related to the other dots. The characteristic PL spectra
contain a neutral exciton line split into sextuplets. Lower in energy, the lines
related to charged excitons (X* and X ) and biexciton were observed. Higher
in energy, the emission from higher shells (s, p, d...) appear with an increasing
excitation power, as is shown in Fig. 2.9 (b). From many quantum dots, those
with emission spectra with six emission lines, i.e., Mn in the center of a dot [155],
were selected.

Figure 6.17 (a) presents the measured and calculated s-shell emission spec-
trum at temperature T=75K. The QD parameters used in this calculations are
the same as defined in the Chapter 3, Section 3.3, while the coupling constants
between carriers and Mn ion in the bulk material were defined in Section 6.2.
This calculation was done for the case when Jy,; = —J,,, when the constructive
interference takes place. To compare this calculation to the experimental data
height of the QD was taken as d = 6.9 nm.

The predicted peak spacing Ay, ¢ = 1 — 5 calculated using the Eq. 6.21
and normalized by the the average line spacing A, is plotted in Fig. 6.17 (b) in
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Figure 6.17: (a) Measured and calculated s-shell emission spectrum at tempera-
ture T' = 75 K with J,g = —J,,. Parameters used in the calculation are explained
in the text. (b) Comparison of the measured (black) and calculated (red) peak
separation Ajar,)/Aaver (Agver being the average distance) as a function of the
peak separation number i. The inset shows measured A;/Ay.. for ten QDs
from the same wafer. The green line shows Aj;ar,)/Aaver calculated analytically
(neglects anisotropy and electron-hole exchange interaction).
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green. It decreases linearly with increasing ¢ or M,. This decrease is reproduced
by numerical calculations (red line) and the Ajs)/Agver extracted from the
experimental data (black line). Deviations from linear dependence of A; are due
to the electron-hole exchange interaction and anisotropy. The inset of Fig. 6.17 (b)
confirms the characteristic pattern of spacings between the X-Mn emission peaks
for ten different quantum dot samples.

Figure 6.18 (a) shows the same measured emission spectrum from the s-shell
of the X-Mn complex as in Fig. 6.17 (a). The calculated emission spectra, how-
ever, are obtained by using the scattering constant Jy; = Jss, while the other
parameters are the same as used in the calculations shown in Fig. 6.17. Since in
the case Jyq = Jss the destructive interference occurs, the height of the QD has
been adjusted to d = 2.56 nm to increase A,,... The spectrum is calculated at
temperature T=75K.

Analogously to the figure 6.17 (b), Fig. 6.18 (b) shows the predicted peak
spacing Ajar,)/Aaver calculated using the Eq. 6.21 (green), extracted from the
experiment (black), and computed numerically (red). The slopes of the calculated
peak spacings are much greater for this data set. The reason for this is that
the coupling between the ground and excited states, given by the parameter x,
Eq. 6.16, is significantly greater compared to the calculations with Jyq = —Jg,.
At the same time, the average splitting of lines A, defined mostly by the
splitting of the ground state «, is unchanged. The average splitting is kept the
same (controled by the parameter d) to compare the results with the experiment.

However, for the same height of the QD d, the parameter x is greater when
Jsq = —Jss. After re-scaling of the carrier-Mn exchange constants by the param-
eter d to fit the experimental data, the coupling of the ground state with the
excited state significantly decreases, leading to the smaller slope of the A;/A e

In summary, in the microscopic description of the exciton-Mn interaction,
which includes correlations in the electron-valence hole complex, the short range
exchange of Mn ion with the hole and the electron, the long- and short-range
electron-hole exchange and the quantum dot anisotropy has been presented. A
new quantum interference (QI) effect between the electron-hole Coulomb scat-
tering and the scattering by Mn ion has been predicted and observed in the

emission spectra as the increase of emission peak spacing with increasing state of
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Figure 6.18: (a) Measured and calculated s-shell emission spectrum at tempera-
ture T' = 75 K with J,q = Jss. Parameters used in the calculation are explained in
the text. (b) Comparison of the measured (black) and calculated (red) peak sepa-
ration A;(ar,)/Aqver as a function of the peak separation number i. The green line
shows Ajar,)/Aaver calculated analytically (neglects anisotropy and electron-hole
exchange interaction).
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the Mn ion. This opens the possibility of engineering exciton-Mn spin interaction
in quantum dots via quantum interference for quantum memory and information

processing applications.
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Chapter 7

Exciton-Mn complex in a

magnetic field

By applying a strong magnetic field one modifies the electron and hole energy lev-
els and wave functions. By increasingly localizing the electron and hole wave func-
tion in the quantum dot, one expects to increase the strength of electron(hole)-
Mn exchange interaction, and hence significantly modify the optical properties of
semi-magnetic quantum dots. However, recent experiments [22, 155, 165] indi-
cate that the emission properties do not change significantly with the magnetic
field and can be described by a magnetic field-independent spin model, where the
exchange constants between the carriers and Mn ion are parameterized at B = 0,
from fitting the experimental data. The exchange constants do not change with
the magnetic field, and the only dependence on the magnetic field is the Zeeman
energy.

Here, the microscopic model of the exciton-Mn system presented previously
in Chapter 6 and in Refs. [151] is extended to high magnetic fields, Ref.[167].
The impact of the magnetic field on the absorption and emission spectra of a
model quantum dot with different shell structures is analyzed [167]. This allows
to predict the signature of a Mn ion in the absorption spectra corresponding to
excited quantum dot shells, as well as to compare the emission spectra from a
correlated X-Mn complex with a spin model. In Chapter 6 it was shown that
the experimental data [151] indicate that in CdTe quantum dots there are at

least three confined electronic shells s, p, and d, and that the presence of these
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shells leads to qualitatively different effects, such as the quantum interference in
the electronic structure of the X-Mn complex at B = 0. Hence all calculations
were performed for CdTe quantum dots with s; s,p, and s, p, d shells. The QD
parameters used in the calculations presented in this chapter are the same as in
Chapters 3 and 6, and are described in the details in Section 3.3 [14, 150-152].
The electron-M