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Abstract

There is currently interest in developing control over the spin of a

single Manganese (Mn) ion, the atomic limit of magnetic memory, in

semiconductor quantum dots (QDs). In this work we present theoret-

ical results showing how one can manipulate the spin of Mn ion with

light in a QD by engineering Mn-multi-exciton interactions through

quantum interference, design of exciton and bi-exciton states and ap-

plication of the magnetic field.

We develop a fully microscopic model of correlated exciton and bi-

exciton interacting with the Mn ion. The electrons and heavy holes,

confined in the QD, approximated as a two-dimensional harmonic os-

cillator (HO), interact via direct and short- and long-range exchange

Coulomb interactions. The matrix elements of the exchange interac-

tion are computed for the first time in the harmonic oscillator basis

and for arbitrary magnetic fields. The exciton and bi-exciton energies

and states are computed using the configuration interaction method.

The interaction between carriers and the Mn spin is accounted for by

the Heisenberg electron-Mn and Ising hole-Mn exchange interactions.

For a single exciton confined in a magnetic dot, a novel quantum

interference (QI) effect between the electron-hole Coulomb scatter-

ing and the scattering by Mn ion is obtained. The QI significantly

affects the exciton-Mn coupling, modifying the splitting of the emis-

sion/absorption lines from the exciton-Mn complex depending on the

degree of electronic correlations in the exciton state. The second

signature of the QI are the nonuniform energy gaps between the con-

secutive emission peaks due to the scattering of carriers by Mn among

single-particle orbitals.

Magneto-photoluminescence experiments show that the coupling be-

tween the exciton and Mn ion does not change in the magnetic field.

We report that electron-hole correlations counteract the magnetic



squeezing of the single-particle wave functions strengthening the carrier-

Mn interactions. As a result, the rate of change of the magneto-

photoluminescence spectra with magnetic field is reduced as observed

in the experiment.

We develop here for the first time a microscopic theory of bi-exciton-

Mn complex, and report the presence of the fine structure of bi-

exciton-Mn complex, even though as a spin-singlet it is expected to

decouple from the localized spin. Theoretical results are compared

with experiments in Grenoble and Warsaw.
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Chapter 1

Introduction

In conventional hard drives, information is stored in the form of a magnetization

of domains of the ferromagnetic material. Information is written to and read

from the storage medium as it moves past devices called read-and-write heads

that operate very close (often tens of nanometers) over the magnetic surface. The

write head magnetizes a domain region by generating a strong local magnetic field.

The read head detects the magnetization of the region by measuring the change

of the electrical resistance induced by the local magnetic field. The discovery

of the “giant” magnetoresistance effect (GMR) [1, 2] allowed for fabrication of

magnetic storage systems with much smaller magnetic domains. Despite this, in

a regular hard drive one still requires about half a billion atoms to store each bit

of information.

If one wants to manipulate the information stored on the hard drive, one

needs to read it and then send it as an electric current through a wire to the

system of semiconductor transistors, which perform a desired operation. All of

the components of such a complex system are macroscopic.

An alternative direction, called semiconductor spintronics [3–12], involves

putting magnetic ions directly into semiconductor [13–18]. Thanks to their ex-

pected long spin coherence time, and taking into account the fact that they con-

stitute the ultimate limit of miniaturization of the information storage, magnetic

atoms in a semiconductor host hold a promise to store quantum information in

the solid state [19, 20]. In a bulk semiconductor, these localized spins interact
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weakly with their environment, and they are difficult to control by electrical or

optical methods.

In the last few years it has been shown that by introducing few Manganese

atoms into the quantum dots, the control of a single atomic spin in a solid state

environment is possible [21–24]. In particular, the state of the Mn atom can be

changed by the injection of carriers into the dot. The carriers can be introduced

into the QDs by optical excitation, which allows optical control of the spin state

of the Mn ion, that is, an all-optical way of writing, reading and manipulating

the information.

To be able to achieve this goal, one needs to understand the interaction be-

tween optically excited excitons and the magnetic ion. The purpose of this thesis

is to explore all aspects of these interactions based on a microscopic model and to

describe ways of engineering the carrier-spin coupling by tailoring the structural

properties of the magnetic quantum dot.
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Chapter 2

Short overview of quantum dots

2.1 Introduction: importance, fabrication

In the bulk crystalline solids, both metallic and semiconducting, the motion of

the carriers is free in all three dimensions. In systems such as atoms, on the

other hand, the carriers are fully confined and their energy spectra form discrete

levels. Interest in artificially created confined systems dates back to the early

1970’s, when it has become technologically possible to constrain the motion of

the electrons to two dimmensions. This was achieved by fabricating a “sandwich”

structure called a quantum well [25–27]. In the quantum well the external layers

are made out of a semiconductor material with the energy gap greater than

that of the thin layer in-between. The motion of electrons in such structures is

constrained to the internal quasi-two-dimensional layer of the low-gap material.

The quasi-zero-dimensional structure called a quantum dot (QD) [28–33] con-

fines the motion of electrons in all three dimensions. The first approach to fab-

ricate such structures was reported in 1986. This attempt involved lithographic

etching of the pillars in the quantum well material [34–37]. In such structures, the

restriction of the motion of electrons in all three dimensions leads to the formation

of discrete electronic energy levels. In a quantum dot with a circular or spherical

symmetry, these energy levels form a degenerate shell structure similar to the

energy shells in the atoms. The important difference between QDs and atoms,

however, is the difference in their size. Quantum dots are much larger than atoms

as they are built of thousands to millions of atoms, depending on their type. This
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2. Short overview of QDs

leads to the difference in the quantization energies for the electrons - in the QDs

the energy gaps between electronic levels are of the order of tens to hundreds of

meV, while in the atom the levels are a few eV apart. An interesting property

of the QDs is the possibility of designing their electronic properties by changing

the size, shape, type of constituent materials, as well as the number of confined

electrons.

This work is focused mainly on the self-assembled quantum dots (SADs),

since these QDs can confine both electrons and valence holes, and therefore can

be addressed by optical means. This makes them good candidates for entangled

photon emitters (where a cascade decay of the bi- and mono-exciton creates phase

correlated photon pairs) [38–44] or far infrared detectors [45–48].

The SADs are also good candidates for quantum computing elements due to

their unique optical properties [39, 41, 42, 44, 49]. The electron spin in a single-

electron quantum dot can be used as a computational qubit [7], the QD coupled

to a photonic crystal waveguide can be used as a single photon gun [50], or can

be used as an active laser medium in quantum dot lasers [51].

In Chapter 4 we also discuss briefly the lateral gated QDs. For that reason,

both the self-assembled and the lateral gated QDs will be desciribed here.

2.1.1 Fabrication of the QDs

Historically, one of the earliest methods of fabricating QDs was selective litho-

graphic etching of semiconductor heterostructures containing a single or multiple

quantum wells [34–37]. This process is used to fabricate pillars containing the

parts of the quantum well in which the electrons were confined. The lateral

dimensions of the confinement obtained in this way was of the order of a few

hundreds of nm [37]. The density of carriers in the structure could be changed

by doping the semiconductors, while applying voltage to the metal electrodes

deposited on the surface of the pillars allowed to tune the number of electrons

confined in the QD.

The electronic motion can also be confined to a small area by creating a non-

uniform electric field [29, 33, 56]. Modulation of the electric field can be obtained

in several ways. The simplest and most commonly used method is lithographic
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2. Short overview of QDs

Figure 2.1: (a) An example design of metalic electrodes creating a triple QD in
the 2DEG underneath it. The areas where the electrons are confined are marked
by the color circles. (b, top) Atomic force microscopy photographs presenting
the evolution of the QD islands during the growth of InAs on the surface of
GaAs, (b,bottom) transmission electron micrograph (TEM) of an InAs SAD.
The figure (a) has been adapted from Ref. [52] with permission granted by
authors (Copyright (2006) by The American Physical Society), while figure (b)
is adapted with permission granted by author from Ref. [53], with the original
pictures from Refs. [54] (Copyright (1994), with permission from Elsevier) and
Ref.[55] (Copyright (2003), with permission from Springer.)
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2. Short overview of QDs

fabrication of metal electrodes on the surface of the sample composed of an epitax-

ially grown heterojunction of AlGaAs/GaAs semiconductor materials, on top of

which the n-doped barrier material (AlGaAs) is deposited (Fig. 2.1 (a,b)). Some

of the donor atoms in the barrier material become ionized, which creates a trian-

gular quantum well formed by the band offset of the materials and the Coulomb

potential of the donors. The excess electrons are confined in this quantum well,

which lies below the surface of the sample. The density of the two-dimensional

electron gas (2DEG) created in this geometry is further locally modulated by

the electrostatic field from the surface gates. With a precisely chosen negative

gate voltage, the area directly underneath is depleted of electrons, while the sur-

face area between the gates translates into a shallow local potential minimum

(Fig. 2.1 (a)). This local minimum of the potential can be populated by electrons

tunneling from the edges of the 2DEG, and can be tuned to control the number

of the confined electrons.

A single [11, 57–60], double, [61–63] and triple [52, 64–68] lateral gated quan-

tum dot molecule in a GaAlAs/GaAs heterojunction with one electron each has

been demonstrated experimentally and extensively studied theoretically [68–73].

In Chapter 4 it is shown that by tuning the voltage on the electrodes one can

create an artificial magnetic moment in the system of four lateral quantum dots

called a quadruple quantum dot molecule.

The most important experimental techniques used for characterizing the lat-

eral gated quantum dots are tunneling spectroscopy [11, 74, 75] and charge sens-

ing [57, 76–79]. In the tunneling spectroscopy the gated QD is connected to two

metallic leads. One of them, the source, supplies the electrons, while the other,

the drain, removes the electrons from the system. The measurement is carried

out by applying a voltage between the source and the gate and tuning the energy

of the QD by applying a voltage on one of the gates constituting the QD. The

source-drain voltage as well as the coupling of the QD to leads are chosen so that

only one electron at a time can be transported through the device.

From the measurement of the intensity of the tunneling current as a function

of the gate voltage one can extract information about the charging energy of

the QD - the energy that is needed to add N + 1 electron to a dot confining

N electrons. Indeed, the tunneling current is detected only if the difference in
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2. Short overview of QDs

electrochemical potentials of the dot with N+1 and N electrons, µ(N+1)−µ(N),

is equal to the electrochemical potential of the leads, which is typically taken as

a reference energy. As a result, measuring the tunneling current as a function of

the gate voltage one expects a series of peaks, separated by gaps, which contain

information about the spacing of single-particle energies and about the Coulomb

interactions between carriers. On the other hand, from the measurement of the

changes of the tunneling current as a function of the gate voltage when the bias

between the source and the drain is larger, one can obtain the information about

the energies of the ground and excited states of the N + 1-electron QD.

Another tool, very useful in investigating coupled QDs off-resonance (i.e.,

when no tunneling current can be detected), is charge sensing. Indeed, the condi-

tions necessary for the tunneling current to be detected are much more stringent

in coupled QDs than in single QDs. In the low source-drain bias regime, the

alignment of electrochemical potentials has to exist not only between the dots

and the leads, but between each tunnel-coupled pair of dots. The charge-sensing

spectroscopy is not subjected to these conditions and can detect internal charge

redistribution in the system even if it is not tunnel-coupled to the leads. There

were several implementations of electrometers coupled to a quantum dot, however

the most commonly used is a quantum point contact (QPC) [76, 78, 79]. The

quantum point contact is a narrow channel in the 2DEG defined by additional

metalic electrodes deposited in the vicinity of the QDs (as shown in Fig. 2.1 (b)).

Since the conductance of the QPC depends strongly on the charge configurations

of the nearby QDs, by measuring the current flowing through the QPC one can

indeed learn about the transitions in charge distribution in the system.

A relatively simple method of producing an array of quantum potentials in

which electrons and holes are confined in discrete quasi-atomic (or zero-dimensional)

energy states, are epitaxial growth of self-assembled QDs (SAD) [54, 80–83]. Self-

assembled QDs are spontaneously formed when a few monolayers of a semicon-

ductor material are deposited on a substrate with a lattice mismatch between

1-10%. The first deposited layers of the new material crystallize on the substrate

in the form of strongly strained epitaxial layers, with the lattice constant equal to

the lattice constant of the substrate. The strain in the deposited material grows

with the increase of its thicknes. After reaching a certain critical thickness (of
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2. Short overview of QDs

the order of a few monolayers), the additional material forms small, randomly

distributed islands to reduce the strain in the structure. This phase transition

is called Stranski-Krastanov [84] transition. If the growth of the new semicon-

ducting material is continued after the critical point, the diameter and height

of islands continue to grow (Fig. 2.1 (b)). Additionally, the size and shape of

the self-organized islands depends on the magnitude of the strain in the material

(depending on the lattice mismatch between the substrate and new deposited

material) and the temperature during the growth. If the growth of the new ma-

terial is stopped right after the phase transition, the islands evolve to the shape

minimizing the surface energy: a lens on top of a thin wetting layer (Fig. 2.1 (b)).

After the deposition of a thin layer of the substrate material on top of the suface

of the array of islands, one obtains a sample with randomly distributed droplets

of one semiconductor embedded in the other semiconducting material. The SADs

fabricated this way have a diameter of tens of nanometers, while their hight is

of the order of a few nanometers. By varying the materials involved, the growth

conditions, and by vertically stacking layers of nanostructures, a rich variety of

materials can be produced for the study of the fundamental properties of strongly

confined systems, and for the development of electronic and photonic devices.

However, the main problem associated with this method is the size non-

uniformity and the lack of the control of the position of the QD grown in such a

way. There were many approaches to control the dimensions and position of the

self-assembled QDs [85–88]. One of the methods is the nano-template technique,

in which the growth of the QDs is constrained by deposition of a mask on the sub-

strate, in which the small openings are etched [87, 89]. The growth of deposited

material on a substrate prepared in this way takes place only in pre-defined open-

ings in the mask, leading to a formation of 3D pyramids. If the first deposited

material is the material of the substrate, and this proces is stoped before the

growth of the pyramid is completed, a small plateau is formed on the top of the

pyramid structure (Fig. 2.2 (b)). The QD material is deposited at this stage, it

continues the growth of the pyramid. Depending on the size of this plateau, one

or more QDs are formed once the Stranski-Krastanov phase transition is reached.

As previously, a thin layer of the substrate material is then deposited. To tune

8



2. Short overview of QDs

Figure 2.2: SEM micrographs of: (a) an uncappped “stripe geometry” ridge. A
linear array of InAs QDs is seen at the apex of the ridge. (b) A single QD at
the apex of a square based pyramidal nanotemplate. (c) A gated ridge. The
InAs QDs in (a) are capped prior to gate deposition. (d) A gated pyramid with
a buried individual QD. Figures are reprinted from Ref. [87], Copyright (2008),
with permission from Elsevier.

the properties of the QDs like inter-shell spacing, or a number of confined car-

riers, one can deposit metalic gates on the sides of the pyramid (Fig. 2.2 (d)).

The creation of the long chains of QDs on the elongated rectangular pyramids

has been also reported in Refs. [86, 87, 89] (Fig. 2.2 (a))

The advantage of the self-assembled QDs over the lateral gated QDs is the

fact that one can use optical methods to probe their electronic properties, since

they confine both electrons and valence holes. A widely used technique is pho-

toluminescence (PL) spectroscopy [30, 55, 83], in which the barrier material is

excited by laser light to create excitons. The excitons migrate from the barrier

to the QD in which they become confined. The radiative lifetime of the excitons
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2. Short overview of QDs

in the QD is longer than their relaxation time. This is why, after reaching the

QD material, the excitons relax into their ground state and then recombine with

a simultaneous emission of a photon. The emitted photons have an energy equal

to that of the electron-hole pair existing prior to recombination. If there are

N excitons in the QD prior to the recombination, after recombination there are

N − 1 excitons in either ground or excited state. The energies of the emitted

photons provide information about the difference betwen the ground state energy

of the N -exciton complex, and the energies of the ground and excited states of

the N − 1 exciton complex.

2.2 Approximation of the QD confining poten-

tial

The wave functions of carriers confined in SADs extend over the volume of the

semiconductor containing typically a few milion atoms. For such a system ab

initio methods cannot be used to calculate the electronic and optical properties.

However, with the development of computational power in the recent years, it

became possible to model the QD structures using an atomistic tight-binding

aproach [91–94]. In this method, the QD of a chosen shape as well as barrier

material are constructed atom by atom. The positions of all atoms are adjusted

to minimize the total elastic energy, which arises from the mismatch of lattice

constants of the constituent materials. Having obtained the equllibrium positions

of all the atoms, one can start the calculations of the single-particle energies and

wave functions of electrons and/or holes confined in the QD. In this calculation

typically a basis of ten electron orbitals per atom is taken, and the tight-binding

Hamiltonian is built out of terms describing the energies of these orbitals and

terms describing the coupling (hopping) between different orbitals on different

atoms. The shapes of SADs most commonly realized experimentally are the lens

or the disk, and their models are shown in Fig. 2.3 (a). The result of the atomistic

tight-binding calculation of the single-particle energy spectrum for these SADs

is shown in Fig. 2.3 (b), where the single-particle energies of the electron are

marked in blue, and those of the hole are in red [94]. The single-particle states
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2. Short overview of QDs

Figure 2.3: (a,left) X-STM images of a lens and disk shaped QDs reprinted with
permission from Ref. [90] Copyright (2011), American Institute of Physics. Model
images (a, right and (b)) by courtesy of Drs. M. Korkusinki and M. Zielinski from
NRC
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2. Short overview of QDs

for both carriers have a shell structure, with the lowest energy state of the s-

type symmetry (non-degenerate), second doubly-degenerate shell with the p-type

symmetry, and third shell with three almost degenerate states of the d-symmetry.

Another method of finding the single-particle states of the electron and hole

confined in the QD is through solving the Schrödinger equation in the effective

mass approximation [95–97], with the confining potential of the QD approximated

by a smooth analyticaly solvable potential (like a square, a parabola, a gaussian).

The most commonly used model confining potential of the QD is a quasi-

2D parabolic potential. The single-particle shell structure in such potential very

closely resembles the shell structure obtained by computationaly expensive atom-

istic calculations, while it has the advantage of having an analytical solution for

the wave functions, as well as closed-form expressions for Coulomb interaction ma-

trix elements. It was succesfully used in modeling of gated dot devices [9, 98, 99]

as well as lens-shaped self-assembled QDs [100–104].

Additionaly, far-infrared absorption measurements [105, 106], high excita-

tion photoluminescence [9], capacitance spectroscopy [60], compared with nu-

merical calculations [95, 101], and measurements of the evolution of the single-

particle states in the magnetic field [107] confirm that in lens-shaped quasi-two-

dimensional SADs the bound states of both electrons and valence-band holes can

be well understood assuming an effective quasi-2D parabolic confinement.

For that reason we study a quasi-2D parabolic quantum dot (QD) [60, 104]

in the effective-mass approximation (EMA) (Appendix A.1). The confining po-

tential is divided into the isotropic parabolic part and the anisotropic correction.

The influence of the anisotropy on the electronic and optical properties of the QD

is revealed, e.g., in the exciton fine structure [108] and the splitting of the p-shell

[109].

The Hamiltonian of a single electron with massm∗
e, confined by a two-dimensional

parabolic potential with the characteristic frequency ωe
0, in the presence of an ex-

ternal magnetic field B perpendicular to the dot plane, has the following form

[60, 95, 104]:

Ĥ =
1

2m∗
e

(
p̂+

e

c
A
)2

+
1

2
m∗

eω
e
0
2r2 + geµBBσ, (2.1)

12



2. Short overview of QDs

where e is the electron charge, c is the velocity of light and A is the vector

potential, which is taken in the symmetric gauge A = [−By/2, Bx/2, 0] . The

last term of this Hamiltonian is the electron Zeeman term, with ge being the

electron Lande factor, µB - the Bohr magneton, and σ = ±1
2
(↓, ↑) - the z

component of the spin of the electron.

Using the effective Rydberg (Ry∗ = m∗e4/2ε2~2) as the energy unit, and the

effective Bohr radius (aB = ε~2/m∗
ee

2) as the unit of length (ε is the dielectric

constant of the material and ~ is the reduced Planck constant), the Hamiltonian

2.1 can be rewritten as:

Ĥ = −
(

∂2

∂x2aB
+

∂2

∂y2aB

)
+

1

4
Ωe

h
2
(
x2aB + y2aB

)
− i

2
Ωe

c

(
xaB

∂

∂yaB
− yaB

∂

∂xaB

)
+ geµBBσ. (2.2)

Ωe
h is the hybrid frequency defined as Ωe

h
2 = Ωe

0
2 + 1

4
Ωe

c, the xaB and yaB are the

coordinates describing the position of the electron expressed in units of the Bohr

radius, and Ωe
c =

eB
m∗

ec
/Ry∗ is the cyclotron energy expressed in Rydbergs.

The eigenstates of the Hamiltonian 2.2 are called the Fock-Darwin states

[110, 111], and can be written in an analytical form:

Ψnr,m (r, ϕ) =
1

leh

√
nr!

(nr + |m|)!
e

r2

4le
h
2

(
r√
2leh

)|m|

L|M |
nr

(
r2

2leh
2

)
1√
2π
eimϕ,(2.3)

where

L|m|
nr

(x) =
nr∑
k=0

(−1)k
(
nr + |m|
nr − k

)
xk

k!
(2.4)

are Laguerre polynomials. In this formula, nr is given by nr =
n−|m|

2
, where n is

the shell number and m = −n,−n+2 . . . n− 2, n defines the angular momentum

of the state.

It is useful to introduce the inter-Landau-level lowering and rising operators

a, a+, as well as the intra-Landau-level lowering and raising operators b and b+

13



2. Short overview of QDs

[60], defined as:

a = 1
2

(
1√
2

z
leh
+
√
2leh∂

∗
z

)
a+ = 1

2

(
1√
2
z∗
leh
−

√
2leh∂z

)
b = 1

2

(
1√
2
z∗
leh
+
√
2leh∂z

)
b+ = 1

2

(
1√
2

z
leh
−
√
2leh∂

∗
z

)
,

(2.5)

where the complex variables z and z∗ are defined by:

z = x− iy z∗ = x+ iy
∂z = ∂x + i∂y ∂∗z = ∂x − i∂y,

(2.6)

with the hybrid length leh = 1√
Ωe

h

in the units of the effective Bohr radius aB.

The harmonic-oscillator operators a, a+ and b, b+ fulfill the bosonic commu-

tation relations: [a, a+] = 1, [b, b+] = 1, while any commutator of a (a+) with b

(b+) is zero. This means that the operators a and a+ are independent from oper-

ators b and b+, which ensures independence of the excitations of the 2D harmonic

oscillator in z and z∗ direction.

The Hamiltonian given by Eq. 2.2 can now be rewritten in the form of the 2D

harmonic oscillator (HO) with the eigenfrequences Ωe
± = Ωe

h ± 1
2
Ωe

c [60]:

Ĥ = Ωe
+

(
a+a+

1

2

)
+ Ωe

−

(
b+b+

1

2

)
, (2.7)

The eigenstates of the Hamiltonian, Eq. 2.7, can be expressed in the following

form:

|ne
+, n

e
−, σ⟩ =

1√
ne
+!n

e
−!
(a+)n

e
+(b+)n

e
−|00⟩χ (σ) . (2.8)

where ne
+ = a+a, and ne

− = b+b are the quantum numbers describing this state.

The |ne
+, n

e
−, σ⟩ state corresponds to the eigenenergy [60, 107]:

εne
+,ne

−
= ~Ωe

+(n
e
+ +

1

2
) + ~Ωe

−(n
e
− +

1

2
) + geµBBσ. (2.9)

Quantum numbers (ne
+, n

e
−) are related to quantum numbers (nr,m) by rela-

tions: n = ne
− + ne

+, m = ne
− − ne

+.

Each of the single-particle states has the angular momentum Le given by:

Le = ne
− − ne

+. One can create the excitations from the HO state |n+, n−, σ⟩ by

14



2. Short overview of QDs

applying the ladder operators on HO states in the following way:

a+|n+, n−, σ⟩ =
√
n+ + 1|n+ + 1, n−, σ⟩,

a|n+, n−, σ⟩ =
√
n+|n+ − 1, n−, σ⟩, (2.10)

b+|n+, n−, σ⟩ =
√
n− + 1|n+, n− + 1, σ⟩,

b|n+, n−, σ⟩ =
√
n−|n+, n− − 1, σ⟩.

Since the angular momentum of the electron in the state |ne
+, n

e
−, σ⟩ is defined as

Le = ne
+ − ne

−, the operator a
+(b+) creates an excitation of the electron with the

angular momentum increased (decreased) by one unit.

In the absence of the magnetic field the eigenstates form shells with energy

EB=0 = ~Ωe
0(n

e
+ + ne

− + 1), since Ωe
+ = Ωe

− = Ωe
0. Degeneracy of shells grows

with the shell number and is given by gs = 2(ne
+ + ne

− + 1). The first shell - s,

with (ne
+, n

e
−) = (0, 0), has only one level with angular momentum Le = 0. The

p shell is doubly degenerate where one state is characterized by (ne
+, n

e
−) = (0, 1)

with angular momentum Le = 1 and the second: (ne
+, n

e
−) = (1, 0) with angular

momentum Le = −1 - as shown in Fig. 2.4 (a).

For flat self-assembled QDs with a relatively weak confinement, the strain

present in the QD lifts the degeneracy of the heavy-hole (hh) and light-hole (lh)

states at the top of the valence band [112]. This hh-lh splitting is significant

enough to justify the approximation in which the hh-lh mixing can be neglected.

This allows us to consider only the heavy hole states.

The single-heavy-hole Hamiltonian can be written in the form analogous to

Eq. 2.2, scaled with the heavy-hole effective mass m∗
h, positive charge (+e), and

the hole characteristic frequency Ωh
0 :

Ĥ = − m∗
e

m∗
h

(
∂2

∂x2aB
+

∂2

∂y2aB

)
+

1

4

m∗
h

m∗
e

Ωh
h

2 (
x2aB + y2aB

)
(2.11)

+
i

2
Ωh

c

(
xaB

∂

∂yaB
− yaB

∂

∂xaB

)
+ ghµBBτ.

As previously, energies are expressed in electronic Rydbergs, and lengths in elec-

tronic Bohr radii. Single-hole states are labeled by |nh
+, n

h
−, τ⟩, where τ = ± 3

2
(⇓, ⇑).
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Figure 2.4: The energy spectrum of an electron (blue) and a hole (red) in a
two-dimensional parabolic potential (a) as a function of angular momentum L
for B = 0, (b) as a function of the magnetic field B. The first four of the single-
particle shells are shown.
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2. Short overview of QDs

The energies corresponding to these states are given by εnh
+,nh

−
= ~Ωh

+(n
h
+ + 1

2
) +

~Ωh
−(n

h
− + 1

2
) + ghµBBτ . In the absence of the magnetic field these energies also

form shells: εB=0
nh
+,nh

−
= ~Ωh

0(n
h
+ + nh

− + 1) (Fig. 2.4 (a)). The operators nh
+ = c+c

and nh
− = d+d are defined with the bosonic operators for the hole:

d = 1
2

(
1√
2

z
lhh
+
√
2lhh∂

∗
z

)
d+ = 1

2

(
1√
2
z∗
lhh
−
√
2lhh∂z

)
c = 1

2

(
1√
2
z∗
lhh
+
√
2lhh∂z

)
c+ = 1

2

(
1√
2

z
lhh
−

√
2lhh∂

∗
z

)
,

(2.12)

The HO length for hole in the electronic Bohr radius units is lhh =
√

m∗
e

m∗
hΩ

h
h
.

Since we define the angular momentum of the hole occupying the state |nh
+, n

h
−, τ⟩

by Lh = nh
− − nh

+, the operator c+(d+) creates an excitation of the hole with the

angular momentum decreased (increased) by one unit.

The shell structure of the single-particle levels of an electron and a hole,

confined in the potential of the two-dimensional harmonic oscillator in the absence

of the magnetic field, is shown in Fig. 2.4 (a). To show the increasing degeneracy

of the levels, they are presented for each of the angular momentum L = n+ −
n− separately. The quantum numbers (ne

+, n
e
−) have been assigned to each of

the single-particle levels of the electron. Since the angular momentum of the

hole is decreasing from left to right, one can assign the quantum numbers to

the single-particle levels of the hole in the same way as it is done to electronic

states (mirroring them). In the energy spectra presented in such a way, the

optical transitions are vertical. The harmonic oscillator frequencies used in the

calculation of the single-particle energies are Ωe = 24 meV and Ωh = 6 meV.

Magnetic field calculations were done with Lande factors choosen to be ge =

gh = 0 to show only the magnetic field dependence of the single-particle levels of

the harmonic oscillator.

If meΩ
e
0 = mhΩ

h
0 , the Hamiltonian for the hole can be expressed by the Hamil-

tonian of the electron: Hh = me

mh
(He)

∗. In this symmetric case, the following re-

lations between the electron and the hole eigenenergies and wavefunctions exist:

Eh = Ee
me

mh
and Hh(r) = F ∗

e (r). In this case the HO lengths for the electron and

the hole are equal: lhh =
√

m∗
e

m∗
hΩ

h
h
=
√

1
Ωe

h
= leh.
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2. Short overview of QDs

2.3 Anisotropy correction to the symmetric 2DHO

potential

In this section a small anisotropy of the confining potential will be introduced.

It is assumed here that the single-particle lateral confinement of the dot is ellip-

tical, and can be described by two characteristic frequencies, Ωx and Ωy. The

Hamiltonian of the electron can be divided into two terms:

Ĥe
anis =

1

4
Ω2

x,ex
2 +

1

4
Ω2

y,ey
2 (2.13)

=
1

4

(
Ω2

x,e + Ω2
y,e

2

(
x2 + y2

)
+

Ω2
x,e − Ω2

y,e

2

(
x2 − y2

))
=

1

4
Ω2

0,er
2 +

1

4
Ω2

0,eγe
(
x2 − y2

)
,

where the first term describes a cylindrically symmetric component of the parabolic

confinement, with the characteristic frequency being the geometrical average of

the two confinement frequencies Ωx and Ωy, Ω2
0,e = 1

2

(
Ω2

x,e + Ω2
y,e

)
. The sec-

ond term is the anisotropic correction to this potential and it is proportional to

the anisotropy parameter defined as γe =
(
Ω2

x,e − Ω2
y,e

)
/
(
Ω2

x,e + Ω2
y,e

)
[113]. The

characteristic frequency in the above equations is expressed in effective Rydbergs,

while the x2 and y2 are in the effective Bohr radius units. The same transforma-

tion can be done for the Hamiltonian of the hole, and the characteristic frequency

Ω0,h as well as the anisotropy parameter for hole γh can be obtained. If γe(h) = 0

then the potential is symmetric.

The x2 and y2 operators can be expressed in terms of the HO raising and

lowering operators (Eqs. 2.5 and 2.12):

xe =
leh√
2

(
a+ a+ + b+ b+

)
,

ye =
leh√
2

(
a− a+ − b+ b+

)
,

xh =
lhh√
2

(
c+ c+ + d+ d+

)
, (2.14)

yh =
lhh√
2

(
−c+ c+ + d− d+

)
.
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The anisotropic Hamiltonian δĤ
e(h)
anis =

1
4
Ω2

0,e(h)γe(h)

(
x2e(h) − y2e(h)

)
for the electron

(hole) can now be written in terms of the HO operators as well. For example, for

the electron anisotropy Hamiltonian:

δĤe
anis =

1

4
Ω2

0,eγe
(
x2e − y2e

)
=

1

4
Ω2

0,eγel
e
h
2
(
aa+ a+a+ + bb+ b+b+ + 2a+b+ 2ab+

)
(2.15)

where the commutation relations between operators a(a+) and b(b+) have been

used. The matrix elements of this Hamiltonian between single-particle states

⟨L| = ⟨i(n+, n−)| and |R⟩ = |j(k+, k−)⟩ can be now evaluated:

⟨i(n+, n−)|δĤe(h)
anis|j(k+, k−)⟩ (2.16)

=
1

4
Ω2

0,eγel
e
h
2⟨i(n+, n−)

(
aa+ a+a+ + bb+ b+b+ + 2a+b+ 2ab+

)
|j(k+, k−)⟩

=
Ω2

0,e

4Ωe
h

γe

[√
k+ (k+ − 1)δn−,k+−2δn+k− +

√
(k+ + 1) (k+ + 2)δn−,k++2δn+k−

+
√
k− (k− − 1)δn−k+δn+,k−−2 +

√
(k− + 1) (k− + 2)δn−δn+,k−+2

+ 2
√
(k+ + 1) k−δn−,k++1δn+,k−−1 + 2

√
k+ (k− + 1)δn−,k+−1δn+,k−+1

]
.

The anisotropic correction to the confining potential for holes has the same form.

These corrections break the rotational symmetry of the quantum dot and mix

those single-particle states with angular momenta which differ by two.

The anisotropy parameters γe(h) are related to the more commonly used ratio:

Ωy,e(h)

Ωx,e(h)

=

√
1− γe(h)
1 + γe(h)

(2.17)

2.4 The problem of many interacting particles

in a QD

In the previous section the discussion of the problem of a single particle - elec-

tron or hole, confined in the parabolic potential of the quantum dot was pre-

sented. Now, the single-particle orbitals are populated with several interacting
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carriers. In the simplest approach one can construct the many-body states as

Slater determinants of occupied orbitals. These determinants will be referred to

as configurations. The energies of such configurations are built out of the single-

particle energies of occupied orbitals, as well as the direct and exchange Coulomb

interactions between carriers. However, in what follows it will be shown that the

configurations are not eigenstates of the Hamiltonian of the interacting particles.

In fact, the eigenstates will be sought in the form of correlated states, constructed

as linear combinations of configurations. This is the essence of the configuration-

interaction approach, whose details will be presented in the following.

2.4.1 Many body Hamiltonian

The Hamiltonian of the interacting Ne electrons and Nh holes confined in the

general single-particle potential U(r) in the presence of the external magnetic

field has the form:

Ĥeh =
Ne∑
i

[
1

2m∗
e

(
p̂i +

e

c
Ai

)2
+ Ue(ri) + geµBBσi

]

+

Nh∑
i

[
1

2m∗
h

(
p̂i −

e

c
Ai

)2
+ Uh(ri) + ghµBBτi

]
(2.18)

+
1

2

Ne∑
i ̸=j

e2

ε(ri − rj)
+

1

2

Nh∑
i̸=j

e2

ε(ri − rj)
−

Ne,Nh∑
i,j

e2

ε(ri − rj)
,

where the notation is the same as used in Section 2.2. The first two terms corre-

spond to the single-particle spectrum of Ne electrons and Nh holes.The remaining

terms introduce the Coulomb interactions between electrons, between holes, and

between electrons with holes.

In this work the confining potential is the two-dimensional harmonic oscillator,

and the solution of the single-particle part of the Hamiltonian, Eqs. 2.2 and 2.11,

has been described in Section 2.2. One can introduce two sets of creation and

anihilation operators: c+iσ (ciσ) and h
+
iτ (hiτ ), which create (anihilate) an electron

(with the spin σ) or a hole (with a spin τ), on the single-particle orbital i with

the energy εi. The creation and annihilation operators obey the anticommutaion
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rules:
{ciσ, c+jσ′} = δijδσσ′ {c+iσ, c+jσ} = {ciσ, cjσ} = 0,

{hiτ , h+jτ ′} = δijδττ
′ {h+iτ , h+jτ} = {hiτ , hjτ} = 0,

(2.19)

to fulfill the Fermi statistics.

Using these operators, one can introduce field operators for electrons and holes

expanded in the basis of the single-particle wave functions ϕi
cσ and ϕi

vτ , Eq. 4:

ψe (r) =
∑

iσ ϕ
i
cσ (r) ciσ ψ+

e (r) =
∑

iσ ϕ
i
cσ

∗
(r) c+iσ

ψh (r) =
∑

iτ ϕ
i
vτ (r)hiτ ψ+

h (r) =
∑

iτ ϕ
i
vτ

∗
(r)h+iτ

. (2.20)

The second quantzation form of the Hamiltonian Ĥeh of interacting electrons

and holes can be derived by calculation of the matrix elements of all terms of the

Hamiltonian, Eq. 2.18, between the field operators, Eq. 2.20. For example, the

electron single-particle part of the Hamiltonian takes the form:

⟨ψe|
[

1

2m∗
e

(
p̂i +

e

c
Ai

)2
+ Ue(ri) + geµBBσi

]
|ψe⟩ (2.21)

=
∑
jσ,kσ′

∫
drϕj

cσ

∗
(r)

[
1

2m∗
e

(
p̂i +

e

c
Ai

)2
+ Ue(ri) + geµBBσi

]
ϕk
cσ′ (r) c+jσckσ′ ,

=
∑
iσ

εeiσc
+
iσciσ,

since the wave functions ϕk
cσ (r) are the eigenfunctions of this part of the Hamil-

tonian.

The electron-electron Coulomb interaction matrix element:

⟨ψe|
e2

ε(ri − rj)
|ψe⟩ =

∑
ijkl

∑
σ,σ′,σ′′,σ′′′

Vee(iσ, jσ
′|kσ′′, lσ′′′)c+iσc

+
jσ′ckσ′′clσ′′′ , (2.22)

where in general the matrix element Vee(iσ, jσ
′|kσ′′, lσ′′′) is defined as (in Ry∗):

Vee(iσ, jσ
′|kσ′′, lσ′′′) =

∫ ∫
dr1dr2ϕ

+
iσ(r1)ϕ

+
jσ′(r2)

2

|r1 − r2|
ϕkσ′′(r2)ϕlσ′′′(r1),

(2.23)

The electron wave functions ϕiσ(r) are products of the envelope function F j
c (r)-

slowly warying with r, and the periodic part of the Bloch function ucσ(r), as
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defined by Eq. A4 in the Appendix A.1. This integral can be approximated by:

Vee(iσ, jσ
′|kσ′′, lσ′′′) (2.24)

= δσ,σ′′′δσ′,σ′′

∫ ∫
dr1dr2F

+
iσ(r1)F

+
jσ′(r2)

2

|r1 − r2|
Fkσ′′(r2)Flσ′′′(r1),

where Fiσ(r) is the ith single-particle wave function of an electron with the spin

σ confined in the parabolic potential of the QD (the conduction band symbol ’c’

has been droped here) and the integration over the microscopic part has been

carried out. This matrix element has a non-zero value only if the spin of the

orbital i - σ (j - σ′) is the same as the spin of the orbital l -σ′′′ (k - σ′′), however

the spin of the orbital i can be different than that of the orbital j. Using that

information, the integral takes the form:

Vee(iσ, jσ
′|kσ′, lσ) =

∫ ∫
dr1dr2F

+
iσ(r1)F

+
jσ′(r2)

2

|r1 − r2|
Fkσ′(r2)Flσ(r1). (2.25)

The electron-electron Coulomb matrix elements in the harmonic oscillator basis

have an analytical form [114] and will be discussed in the next section.

The full Hamiltonian Ĥeh of interacting electrons and holes in the second

quantized notation, written using these operators, takes the form:

Ĥeh =
∑
iσ

εeiσc
+
iσciσ +

∑
iτ

εhiτh
+
iτhiτ

+
1

2

∑
ijkl

∑
σ,σ′

Vee(iσ, jσ
′|kσ′, lσ)c+iσc

+
jσ′ckσ′clσ

+
1

2

∑
ijkl

∑
ττ ′

Vhh(iτ, jτ
′|kτ ′, lτ)h+iτh+jτ ′hkτ ′hlτ

−
∑
ijkl

∑
στ

Veh(iσ, jτ |kτ, lσ)c+iσh+jτhkτclσ + ĤEHX . (2.26)

where the sums over i, j, k, l go over all single-particle orbitals, while the sums

over σ, σ′, ττ ′ and στ go over all possible spins of the particles.

The first two terms are single-particle electron and hole energies. The next

two terms correspond to two-particle Coulomb electron-electron and hole-hole

interactions. The last two terms are responsible for electron-hole direct- and

22



2. Short overview of QDs

exchange-interactions. The electron-hole exchange interaction is described in de-

tails in Chapter 3.

When two electrons (holes) have parallel spin, they interact not only with

the direct but also the exchange Coulomb interaction. The Hamiltonian Ĥeh,

Eq. 2.26, can be rewritten in a form in which both types of Coulomb interactions

will be clearly seen:

Ĥ =
∑
i

∑
σ

εeiσc
+
iσciσ +

∑
iτ

εhiτh
+
iτhiτ

+
∑

i>j,k<l

∑
σ,σ′

(Vee|(iσ, jσ′|kσ′, lσ)− Vee(iσ, jσ
′|lσkσ′)δσσ′) c+iσc

+
jσ′ckσ′clσ

+
∑

i>j,k<l

∑
ττ ′

(Vhh(iτ, jτ
′|kτ ′, lτ)− Vhh(iτ, jτ

′|lτ, kτ ′)δττ ′)h+iτh+jτ ′hkτ ′hlτ

−
∑
ijkl

∑
ijkl

∑
στ

Veh(iσ, jτ |kτ, lσ)c+iσh+jτhkτclσ + ĤEHX . (2.27)

The states describing many particles, having the form of the Slater determi-

nants in real space, can be written in the language of the creation operators.

For example, a configuration of the Ne electrons distributed on M single-particle

orbitals can be written as:

|n1↓, n2↓, . . . , nM↓;n1↑, n2↑, . . . , nM↑⟩ =
M∏
i=1

(
c+i↓
)ni↓

M∏
j=1

(
c+j↑
)nj↑ |0⟩, (2.28)

where |0⟩ denotes the vacuum, ni↓ (nj↑), taking a value of 0 or 1, denotes the

number of electrons in the orbital i (j) with the spin ↓ (↑), and Ne =
∑

i ni↓+ni↑.

The antisymmetry of this state is guaranteed by the Fermionic anticommutation

rules of the operators ci and c
+
i , Eq. 2.19. The state of Nh holes distributed on

M single-particle levels can be written analogously, while the state of Nh holes

and Ne electrons is a product of the two states.

As already mentioned, many-body states constructed in this way are not eigen-

states of the Hamilonian Eq. 2.26, since the Coulomb interaction can scatter parti-

cles among the single-particle orbitals. However, the eigenstates of the interacting

system can be written as linear combinations of such configurations.
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2. Short overview of QDs

2.4.2 Direct Coulomb interaction in HO basis

The electron-electron Coulomb matrix elements in the two-dimensional harmonic

oscillator basis have an analytical form [114] and used later on in Refs. [101, 107].

The main points of this derivation (Ref. [53, 115]) are presented in the Appendix

B.2.

The Coulomb interaction matrix element Vee(iσ, jσ
′|kσ′, lσ) (given by Eq. 2.25)

between the single-particle envelope wave functions: F+
iσ(r1),F

+
jσ′(r2), Fkσ′(r2)

and Flσ(r1) of the HO, with the composite indices i, j, k and l : i = (n1i
+ , n

1i
−),

j = (n2j
+ , n

2j
− ), k = (n2k

+ , n
2k
+ ), and l = (n1l

+, n
1l
−) has a form:

Vee(iσ, jσ
′|kσ′, lσ) =

1

leh
δLL,LR

(−1)n
2j
+ +n2j

− +n2k
+ +n2k

−√
n1i
+ !n

1i
− !n

1l
+!n

1l
−!n

2j
+ !n2j

− !n2k
+ !n2k

− !

×
min(n1i

+ ,n1l
+)∑

p1=0

p1!

(
n1i
+

p1

)(
n1l
+

p1

)min(n1i
− ,n1l

−)∑
p2=0

p2!

(
n1i
−
p2

)(
n1l
−
p2

)
(2.29)

×
min(n2j

+ ,n2k
+ )∑

p3=0

p3!

(
n2j
+

p3

)(
n2k
+

p3

)min(n2j
− ,n2k

− )∑
p4=0

p4!

(
n2j
−

p4

)(
n2k
−
p4

)(
−1

2

)p

Γ

(
p+

1

2

)

The Coulomb matrix element with the largest magnitude is the one with all or-

bital indices from the s-shell of the HO: i = j = k = l = (0, 0): Vee(iσ, jσ
′|kσ′, lσ) =

√
π
l
= V0. All other Coulomb matrix elements can be expressed in terms of V0 and

are its fractions. It is important to notice that the magnetic field dependence of

the Coulomb matrix elements enters only through the length leh. This allows for

the calculation of these elements only for one magnetic field (B = 0) and then

scaling them with the oscillator length leh appropriate for a specific magnetic field.

If electrons and holes are confined by an identical effective confining potential

(i.e,. when m∗
eΩ

e
0 = m∗

hΩ
h
0), the electron-electron (e-e), hole-hole (h-h), and

electron-hole (e-h) Coulomb matrix elements involving the same HO orbitals are

equal.

By identical effective confining potentials one understands that the difference

between the electron and hole confinement compensates the effect of different

effective masses. The corresponding Fock-Darwin orbitals of the electron and
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2. Short overview of QDs

the hole are the same. In such symmetric cases, h-h and e-h interactions can

be obtained directly from e-e Coulomb matrix elements: Vhh(iτ, jτ
′|kτ ′, lτ) =

Vee(iσ, jσ
′|kσ′, lσ) and Vhh(iτ, jτ

′|kτ ′, lτ) = −Vee(iσ, kσ′|jσ′, lσ). In a more gen-

eral case the e-h Coulomb interaction matrix elements have to be calculated

separately [116]:

Veh(iσ, kσ
′|jσ′, lσ) = −

√
2

leh
δLL,LR

(−1)n
2j
+ +n2j

− +n2k
+ +n2k

−√
n1i
+ !n

1i
− !n

1l
+!n

1l
−!n

2j
+ !n2j

− !n2k
+ !n2k

− !
(2.30)

×
(
lhh
leh

)n2j
+ +n2j

− +n2k
+ +n2k

−
min(n1i

+ ,n1l
+)∑

p1=0

p1!

(
n1i
+

p1

)(
n1l
+

p1

)min(n1i
− ,n1l

−)∑
p2=0

p2!

(
n1i
−
p2

)(
n1l
−
p2

)

×
min(n2j

+ ,n2k
+ )∑

p3=0

p3!

(
n2j
+

p3

)(
n2k
+

p3

)min(n2j
− ,n2k

− )∑
p4=0

p4!

(
n2j
−

p4

)(
n2k
−
p4

)

× (−1)p

 1

1 +
(

lhh
leh

)2


p+ 1
2 (

lhh
leh

)−2p3−2p4

Γ

(
p+

1

2

)
,

where lhh (leh) is the HO length for holes (electrons), and angular momentum:

LL and LR denote the angular momentum of the electron-hole pairs. The e-h

Coulomb matrix element for the symmetric case can be obtained from this formula

by putting lhh = leh. This electron-hole interaction matrix element Veh(iσ, kσ
′|jσ′, lσ)

has the same absolute value as the electron-electron element (with proper indices

Eq. B23).

2.5 Calculation of optical properties of the QDs

Having obtained the eigenenergies and eigenfunctions of the systems of N and

N−1 electron-hole pairs, one can calculate the emission spectra from the Fermi’s

Golden Rule, which in the dipole approximation can be written as:

I−ε (ω) =
∑
i

∑
f

Pi|⟨f,N − 1|P̂−
ε |i, N, ⟩|2δ(Ei − Ef − ω). (2.31)
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2. Short overview of QDs

Here |i, N⟩ denotes the initial state of the N electron-hole piars with the corre-

sponding energy Ei. |f,N − 1⟩ is the final state of the N − 1 electron-hole pairs,

which remains after the recombination of one electron-hole pair. The final state

has the energy Ef .

The interband polarization operator:

P̂−
ε =

∑
i,σ

ci,σhi,−σ (2.32)

annihilates one electron-hole pair from the initial state with a simultaneous

emission of one photon. The oscillator strength - the matrix element of the

polarization operator between initial and final states - is then multiplied by

the probability of occupation of the initial state: Pi = exp{− Ei

kT
}/PSUM , with

PSUM =
∑

i exp{−
Ei

kT
}, where k is the Boltzman constant and T is the tempera-

ture.

Depending on the spin of removed particles, emitted photons have circular σ+

(P̂+ =
∑

i ci↓hi⇑), σ− (P̂− =
∑

i ci↑hi⇓) or linear: X (P̂X =
∑

i ci↓hi⇑+
∑

i ci↑hi⇓),

Y (P̂Y =
∑

i ci↓hi⇑ −
∑

i ci↑hi⇓), polarisation. Due to the delta function in the

above formula, the energy ~ω of the emitted photon (the position of the PL peak

on the energy axis) is equal to the energy difference between the initial and final

states.

The absorption spectra can be calculated in a similar way, using the expres-

sion:

I+ε (ω) =
∑
i

∑
f

Pi|⟨f,N + 1|P̂+
ε |i, N⟩|2δ(Ei − Ef − ω). (2.33)

The interband polarization operator P̂+
ε =

∑
i,σ c

+
i,σh

+
i,−σ creates one electron-

hole pair on top of the existing N pairs in the initial state, with simultaneous

absorption of the photon.

In the calculations of the emission and absorption spectra, Eqs. 2.31, 2.33, it

is assumed that the temperature is much lower than the bandgap of the QD ma-

terial, which assures that the conduction and valence band are empty of carriers

in the absence of optical excitation. This implies that if one calculates the emis-

sion spectra of N = 1 electron-hole pair, the initial states |i⟩ are the states of the
interacting photo-excited electron and hole thermally populated with probability
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2. Short overview of QDs

Pi. In the final state |f⟩ there is an emitted photon and a QD with no carriers

in the conduction and valence band due to the low temperature.

On the other hand, in the calculations of the absorption spectra in the case

of N = 0, the initial state is an empty QD. The final states are the ground and

all excited states of the interacting electron-hole pair.

2.6 Exciton confined in the QD

The exciton is a correlated state of an electron in the conduction band and a

hole in the valence band. The recombination of the exciton leads to the emission

of the photon with well defined energy - that is the energy of the recombining

exciton. This energy depends on many factors like the semiconducting material

in which excitons were created, as well as the size and shape of the quantum dot

[108, 117–119].

Detailed theory of an exciton as a collective state of an electron and a hole in

a symmetric parabolic quantum dot has been developed in Ref. [103], while the

effects of quantum dot anisotropy on the exciton p-shell have been discussed, e.g.,

in Ref. [109].

2.6.1 Exciton in Jacobi coordinates

Since the main subject of this work is the analysis of optical properties of QDs

with magnetic impurities, it is important to understand the behaviour of the

exciton in the non-magnetic quantum dots first. Some of the concepts introduced

by Hawrylak et al. in Ref. [103] will be revisited here.

The confining potential of the QD is chosen to be the two-dimensional isotropic

harmonic oscillator, whose single-particle states were described in Section 2.2.

Here it will be assumed that the quantum dot can confine two (SP ) or three

(SPD) single-particle shells. The basis for calculations of the exciton is con-

structed out of the single-particle states for the electron and hole by populating

them with one electron and one hole with all possible spin configurations.

27



2. Short overview of QDs

Since in the exciton there is only one electron and only one hole, the Hamil-

tonian of many interacting electrons and holes (Eq. 2.26) can be simplified to:

ĤX =
∑
iσ

εeiσc
+
iσciσ +

∑
iτ

εhiτh
+
iτhiτ

−
∑
ijkl

∑
στ

Veh(iσ, jτ |kτ, lσ)c+iσh+jτhkτclσ. (2.34)

The electron-hole exchange term ĤEHX [108, 120–124] has been neglected here,

and will be discussed in Chapter 3. The Hamiltonian ĤX commutes with both

the exciton angular momentum L = Le + Lh = ne
+ − ne

− + nh
− − nh

+ and the

spin operators, since the kinetic energy operators of the electron and hole are

diagonal, and the electron-hole direct Coulomb interaction conserves the angular

momentum of the pair as well as the spin of the electron and the hole separately,

Eqs. B.23 and 2.30.

In this case, the electron-hole basis can be divided into subspaces with dif-

ferent angular momentum L of the electron-hole pair, and with different spin

configurations of the pair. There are four possible spin configurations for the

electron and hole: | ⇑↓⟩, | ⇑↑⟩, | ⇓↓⟩, | ⇓↑⟩. The construction of the basis set

as well as the calculations are the same for each of the spin configurations.

For the subspace with angular momentum L, the spin of the hole τ , and the

spin of the electron σ, the basis is created in the form: |L; ij⟩|τσ⟩ = h+iτc
+
jσ|0⟩

(or |L; (nh
+, n

h
−), (n

e
+, n

e
−)⟩|τσ⟩ = h+

nh
+,nh

−τ
c+ne

+,ne
−σ|0⟩). The important electron-hole

configurations with angular momentum L = 0 and a chosen spin projection are

presented in Fig. 2.5 (a).

The first of the configurations shown in Fig. 2.5, |a⟩ = h+00⇑c
+
00↓|0⟩, is the

configuration with the lowest possible kinetic energy. It consists of the electron

and the hole occupying their s-shell. The configurations |b⟩ = h+10⇑c
+
10↓|0⟩ and

|c⟩ = h+01⇑c
+
01↓|0⟩ are the so-called PP configurations, where both the electron and

the hole are on one of the p-shell levels, in such a way that the angular momentum

of the pair is zero (the other configurations would have L = ±2 respectively). If

the harmonic oscillator frequencies of the electron and hole are equal (Ωe = Ωh),

the SD−DS configurations |g⟩ = h+11⇑c
+
00↓|0⟩ and |h⟩ = h+00⇑c

+
11↓|0⟩ have the same

kinetic energy as the PP configurations (|b⟩ and |c⟩). The |g⟩ (|h⟩) configuration
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2. Short overview of QDs

Figure 2.5: (a) The basic electron-hole configurations with the angular momen-
tum L = 0. Electron (hole) is marked by the solid (empty) arrow. (b) The
construction of the important Jacobi coordinates in the p-shell.
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2. Short overview of QDs

consists of the electron (hole) on the s-shell while the hole (electron) is on the

zero angular momentum state of the d-shell for which (n
h(e)
+ , n

h(e)
− ) = (1, 1). The

other three configurations, |d⟩, |e⟩ and |f⟩, are the high kinetic energy DD-

configurations, with both carriers on their respective d-shell levels.

Since the polarization operator P+(−) creates (anihilates) an electron-hole pair

with opposite spins, all of the configurations |a⟩ − |h⟩ belong to the bright spin

subspace. This means that the spin part of the wave function fulfils the optical

spin selection rules. The spin configurations | ⇑↓⟩ with the spin angular momen-

tun of +1 (jz + Sz = 3/2 − 1/2) emit a photon with the angular momentum of

+1 (σ+ polarization), while configurations | ⇓↑⟩ with the spin angular momentun

of −1 (jz + Sz = −3/2 + 1/2) emit a photon with the angular momentum of

−1 (σ− polarization). The other two types of spin configurations are considered

dark. The second selection rule is related to the orbital part of the wave function

- the created (anihilated) particles need to occupy the same single-particle orbital

i. According to this rule, the configurations |g⟩ and |h⟩ are considered orbitaly

dark, while the rest of the configurations is bright.

However, it is useful to create a different exciton representation in which one

can immediately decide which states are optically active [103]. This can be done

by a transformation of the basis into the Jacobi-like coordinates. Starting from

the lowest energy configuration, this transformation reads [103]:

|A⟩ = |a⟩

|B⟩ =
1√
2
(|b⟩+ |c⟩)

|C⟩ =
1√
2
(|b⟩ − |c⟩)

|G⟩ =
1√
2
(|g⟩ − |h⟩)

|H⟩ =
1√
2
(|g⟩+ |h⟩) (2.35)

|D⟩ =
1√
3
(|d⟩+ |e⟩+ |f⟩)
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2. Short overview of QDs

|E⟩ =
1√
2
(|d⟩ − |e⟩)

|F ⟩ =
1√
6
(|d⟩+ |e⟩ − 2|f⟩)

In particular, the construction of the degenerate states in the p-shell is impor-

tant. To illustrate it, a schematic picture has been shown in Fig. 2.5. The density

of states for an exciton in the two-dimensional, symmetric QD has been presented

in Fig. 2.6. There is one configuration |A⟩ in the s-shell, four configurations in

the p-shell, and three configurations in the d-shell. The polarization operator can

be now expanded in the new basis:

P̂− = |A⟩⟨A|+
√
2|B⟩⟨B|+

√
3|D⟩⟨D|. (2.36)

From this form of the polarization operator it can be seen immediately that only

one configuration from each of the shells is optically active: |A⟩ from the s-shell,

|B⟩ from the p-shell and |D⟩ from the d-shell. In Fig. 2.6 (a), the bright Jacobi

coordinates are highlighted in yellow.

The Coulomb interaction between the electron and hole has been neglected

so far. The inclusion of this interaction causes a coupling between the Jacobi

coordinates and leads to an increased number of emission lines. Calculation of

the absorption spectra of the exciton confined in the QD with two and three single-

particle shells is shown in Fig. 2.6 (b), and it will be discussed in more details

below. For the symmetric QD when ωe/ωh = 1, the Jacobi basis is particularily

useful for the analysis of an exciton. In this case one can immediately see which

states are coupled to the bright configurations through the Coulomb interactions

(|A⟩,|B⟩,|D⟩) and become optically active. The antisymmetric superpositions of

the electron-hole configurations, |C⟩, |E⟩ and |G⟩, do not couple to the remaining

symmetric states. However, the other five states are coupled with each other.

One needs to write the Hamiltonian ĤX of the interacting electron and hole

(Eq. 2.34) in this basis and diagonalise it numerically. The resulting eigenstates

of the exciton are in the form of a linear combination of the Jacobi coordinates
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Figure 2.6: (a) The density of states of an exciton confined in the QD with
three single-particle shells SPD. The dark (bright) states are presented by the
blue (yellow) bars. All the states in the p- and d-shells are degenerated. (b)
Calculated absorption spectra of a CdTe isotropic quantum dot without electron-
hole exchange. Upper spectra are for the QD with ωe/ωh = 1, while the lower are
for ωe/ωh = 4. The spectra were calculated for a QD confining two (SP - black
bars), and three (SPD - red bars) single-particle shells.
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|A⟩, |B⟩, |H⟩, |D⟩, and |F ⟩:

|Xi⟩| ⇑↓⟩ =
(
A

(i)
A |A⟩+ A

(i)
B |B⟩+ A

(i)
H |H⟩+ A

(i)
D |D⟩+ A

(i)
F |F ⟩

)
| ⇑↓⟩ (2.37)

where i = 1 . . . 5 denotes exciton state number and A
(i)
A...F are the amplitudes of

|A⟩ . . . |F ⟩ configurations in the excitonic state with the number i. The ground

state of the exciton in the symmetric case (ωe/ωh = 1) can be approximated

by the linear combination of only three configurations (neglecting high-energy

configurations that do not contribute significantly to the ground state):

|XGS⟩| ⇑↓⟩ =
(
|A(1)

A ||A⟩+ |A(1)
B ||B⟩ − |A(1)

H ||H⟩
)
| ⇑↓⟩. (2.38)

The fact that the sign of A
(1)
H is opposite to that of the other amplitudes has

been written explicitely. The different sign of the A
(1)
H amplitude is a result of

a different sign of the Coulomb matrix element coupling the configuration |A⟩
with |B⟩ and |A⟩ with |H⟩. Later on the absolute value symbols will be dropped.

Now, because the configuration |A⟩ has the lowest kinetic energy, the amplitude

A
(1)
A in the state |XGS⟩ is the greatest.

The first excited state is in the form:

|XES⟩| ⇑↓⟩ =
(
A

(2)
A |A⟩+ A

(2)
B |B⟩+ A

(2)
H |H⟩

)
| ⇑↓⟩, (2.39)

with a very similar contribution from |B⟩ and |H⟩ (A
(2)
B ≈ A

(2)
h ) and a much

smaller contribution from the |A⟩ configuration. The second excited state is:

|X3⟩| ⇑↓⟩ =
(
A

(3)
A |A⟩ − A

(3)
B |B⟩+ A

(3)
H |H⟩

)
| ⇑↓⟩, (2.40)

with the most even distribution of the probability of occupation of any of the

configurations of the electron-hole pair.

The situation is slightly changed if the ratio (ωe/ωh ̸= 1). The configura-

tion |G⟩ is not completely decoupled from the bright configurations, however its

coupling to the excitonic ground-state is relatively small. The ground state of

the exciton can be still approximated by the expression Eq. 2.38 although the

amplitudes are changed. A much greater change due to the un-even shell spacing
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for electrons and holes appears in the excited states of the exciton. In this asym-

metric case the configuration |g⟩ has a significantly lower energy than the PP

configurations (|b⟩ and |c⟩), since it is energeticaly preferable to excite a hole to

the d-shell orbital leaving the electron on the s-shell than to excite both particles

to the p-shell. This results in the mixing between |H⟩ and |G⟩ configurations

that in turn leads to the following form of the exciton wave function:

|XES⟩| ⇑↓⟩ =
(
A

(2)
A |A⟩+ A

(2)
B |B⟩+ A

(2)
H |H⟩+ A

(2)
G |G⟩

)
| ⇑↓⟩, (2.41)

for the first excited state of the exciton, where the greatest amplitude is A
(2)
H

followed by A
(2)
G . The second excited state will have now an admixture of the |G⟩

configuration as well as |D⟩:

|X3⟩| ⇑↓⟩ =
(
A

(3)
A |A⟩ − A

(3)
B |B⟩ − A

(3)
D |D⟩+ A

(3)
G |G⟩+ A

(3)
H |H⟩

)
| ⇑↓⟩. (2.42)

This state is built predominantly out of the |B⟩ configuration with significant con-

tribution from the |G⟩ state, which is a big change as compared to the symmetric

case (Eq. 2.40).

It was shown in Ref. [103] that the calculated absorption spectrum of QD

confining three single-particle shells consists of five peaks: one from the state |A⟩
in the s shell, two from the states |B⟩ and |H⟩ from the p shell and two from

states |D⟩ and |F ⟩ in the d shell. The results of similar calculations are shown in

Fig. 2.6 (b).

The calculations of the presented absorption spectra of a CdTe isotropic quan-

tum dot were done for the single-particle energies ωe + ωh = 30 meV with the

ratio between them ωe/ωh = 1 for the upper panel and ωe/ωh = 4 for lower panel.

For the QD confining two single-particle shells (black spectra) there is one ab-

sorption line in the s shell and one in the p shell. Their energies are renormalized

by the Coulomb interaction, and are of the different value for both ratios (in

the absence of the Coulomb scattering, both spectra would be identical). The

situation changes dramaticaly for the QD that confines the third - d shell (red

spectra). In that case, the absorption to the d shell and the splitting in the p

shell due to the presence of the d shell is visible. This splitting appears due to the
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interaction between the degenerate |B⟩ and |H⟩ configurations, which repel each

other (the energy splitting) and exchange the oscillator strength (the previously

dark |H⟩ configuration becomes optically active). The splitting between the lines

as well as their oscillator strength depend on the QD parameters, although it is

important to remember that it originates from the Coulomb interaction coupling

between PP and SD configurations and it is absent in the QD with only s and

p shells.

2.6.2 Anisotropy

The effects of the quantum dot anisotropy on the exciton p-shell structure have

been discussed in Ref. [109] on the example of a three-exciton complex confined

in the QD with only two single-particle shells (the s-shell was completely full).

In this work, it has been shown that the p shell is split due to the presence of

the deformation potential, and that the oscillator strength of the p-shell state,

which is the sole bright exciton state for the isotropic parabolic confinement, is

distributed over two optically active states, whose energy splitting depends on

the dot deformation.

Calculations of the absorption spectra of an exciton in the two-dimmesional

parabolic potential with increasing anisotropy is presented in the Fig. 2.7. The

QD for which the calculations were made confines three single-particle states

SPD, with the shell spacing ωe + ωh = 30 meV, and ratio ωe/ωh = 4. As it

was discussed above, even in the absence of the anisotropy, the p-shell absorption

consists of two peaks corresponding to |XES⟩ and |X3⟩ excitonic states (given by

the Eqs. 2.41 and 2.42). The anisotropy causes mixing between the single-particle

states whose angular momentum differs by 2 as described in Section 2.3. This

mixing causes a further splitting of each of the p-shell emission lines into two,

each with a different oscillator strength.

The first bright excited state of the exciton, |XES⟩, is coupled with the two

other excitonic states with L = Le + Lh = 2 and L = −2. They are built

mostly out of configurations |1⟩ and |2⟩, shown in Fig. 2.8. The coupling between

them is mostly through the anisotropic correction of the hole confining potential

which scatters the hole from the s-shell (the state (00)) in the |XES⟩ to (02)
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Figure 2.7: Calculated absorption spectra of a CdTe QD without an electron-hole
exchange, with different anisotropies: (a) γ = 0 (QD is isotropic), (b) γ = 0.15,
(c) γ = 0.33 and (d) γ = 0.5.
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2. Short overview of QDs

Figure 2.8: The important electron-hole configurations coupled to the L = 0
bright configurations in the p-shell.

in the |1⟩ configuration or (20) in the |2⟩ configuration (leaving the electron on

the s-shell (00) level). As a result, in the presence of anisotropy, the lower-lying

absorption peak corresponds to the linear combination of the form: |XES⟩ −
α (|02, 00⟩+ |20, 00⟩) while the higher peak: |XES⟩+ α (|02, 00⟩+ |20, 00⟩).

In the isotropic QD, the third peak in the absorption spectra corresponds to

the second bright excited state of an exciton |X3⟩, which is built mostly out of

the |B⟩ Jacobi coordinate (|B⟩ = 1/
√
2 (|01, 01⟩+ |10, 10⟩)). This state is coupled

with the two other excitonic states with the L = 2 and L = −2 which are built

mostly out of the configurations |3⟩ and |4⟩, as shown in Fig. 2.8. This time,

the coupling between them is through the anisotropic correction of the hole and

electron confining potential. As a result, in the presence of the anisotropy, the

lower lying absorption peak corresponds to the linear combination of the form:

|X3⟩+ α (|01, 10⟩+ |10, 01⟩) while the higher peak: |X3⟩ − α (|01, 10⟩+ |10, 01⟩).
The splitting as well as the oscillator strength of the peaks depend on the strength

of the coupling between L = 0 and L = ±2 states - namely the anisotropy

parameter γe(h).

2.7 Multi-exciton complexes in the QD

In the high excitation power regime, when the electron-hole pairs are excited

faster than they can recombine, the existence of multiexciton complexes has been

reported [117, 125, 126], and extensively studied theoreticaly [94, 102, 127–129].

The emission of (a) InAs (figure adapted from Ref. [125]) and (b) CdTe, neutral
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2. Short overview of QDs

QD as a function of energy and excitation power is shown in Fig. 2.9.

In the charge-neutral QD, in the low excitation power regime, the emission

from the lowest single-particle s shell is visible (Fig. 2.9 (a, left) and Fig. 2.9 (b),

green spectrum). In this regime there is only one electron-hole pair occupy-

ing predominantly the s-shell. With increasing excitation power, the number of

electron-hole pairs increases and the multi-exciton complexes are created, starting

with the biexciton - XX or X2 (a bound state of two electron-hole pairs), up until

the six-exciton complex X6, when six electron-hole pairs exist simultaneously in

the QD (Fig. 2.9 (a, right)). In Fig. 2.9 (a) the emission from the s shell as well as

the p shell for multi-exciton complexes is visible, while the high excitation power

spectra in Fig. 2.9 (b) show the emission from the d-shell as well (black spectra).

In this work we focus on the QDs in which exciton (X) and biexciton (XX)

complexes are present at the same time. The exciton was described in the previous

Section, while the bi-exciton will be briefly discussed here.

As it was mentioned, the biexciton is a complex that consists of two electron-

hole pairs (two excitons, hence bi-exciton). The s shell of the QD can be occupied

by maximum of two electron-hole pairs. Due to the Pauli exclusion principle, the

electrons (holes) occupying the same QD level need to have opposite spins and

form a spin singlet state. Therefore, the ground state of the biexciton is an

electron and hole spin singlet state, as shown in Fig. 2.10 (a).

As an example, a higher-energy singlet-singlet XX(jz, sz)=XXSS(0,0) con-

figuration of the biexciton is shown in Fig. 2.10 (b). In this configuration one

electron-hole pair occupies the s shell of the QD, while the second one is in the p

shell. Since the spin z projection of both electrons (sz) and holes (jz) is zero, while

the carriers of the same type are on different orbitals, the eight possible electron-

hole configurations are properly symmetrized to create a configuration with a

well-defined total spin of electrons S = 0 and holes j = 0. Since the Coulomb in-

teraction scatters the electron-hole pair from the s to the p shell without changing

either the total spin or the z projection of the spin of either particle, the s-shell

configuration (Fig. 2.10 (a)) and sp XXSS(0,0) (Fig. 2.10 (b)) are coupled. This

means that the GS of the XX, similar to the GS of the previously described

exciton, is a linear combination of these configurations and higher lying XXSS

configurations [102].

38



2. Short overview of QDs

Figure 2.9: (a) The change of the emission of an In0.60Ga0.40As single quantum
dot with excitation power and with energy. Bright regions indicate strong emis-
sion intensities, blue regions low intensities. Figure is reprinted by permission
from Macmillan Publishers Ltd: Nature from Ref. [125], Copyright (2000). (b)
Measured emission spectra from s, p, and d shells of a single CdTe quantum
dot, populated with an increasing number of electron-hole pairs, with increasing
excitation power.
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2. Short overview of QDs

Figure 2.10: (a) The lowest XX configuration, where all carriers occupy their s
shell, (b) the properly symmetrized (not normalized) configuration of s- and p
electron-hole pairs creating an XXSS(0,0) configuration, (c) the lowest energy
configuration of XXTT (-3,1), (d) the oscillator strength of the exciton (black)
and biexciton (red -XXSS, blue XXTT (-3,1)) optical transitions, as a function
of energy, calculated for a QD confining s and p single-particle shells.
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2. Short overview of QDs

The final state of the recombination from the XX ground state is the ground

state of the exciton, whose main configurations are shown in the inset of the

Fig. 2.10 (a). The recombination of the XX can happen in one of the two

channels, with the emission of the σ+ photon: recombination of the hole spin-up

and electron down, ⇑↓ - blue pair, with the final state being the “red” electron-

hole ⇓↑ pair (on the left), or with the emission of the σ− photon, when the other

electron-hole pair recombines, leaving the exciton in the spin state ⇑↓ (blue pair

on the right of the inset).

The energy of the GS of the correlated XX is lower than the sum of the

energies of two excitons. This lowering of the energy is caused by the correlations

in the system, and it results in the redshift of the XXSS emission/absorption

line as compared to the emission/absorption from the X GS (Fig. 2.10 (d)).

From the configurations of two electron-hole paris with the (jz, sz) = (0, 0)

one can also construct linear combinations in which the total spin of electrons

or holes, or both, is non-zero: XXST (0,0) (singlet-triplet), when holes are in a

singlet and electrons in a triplet state, XXTS(0,0) (triplet-singlet), when holes

are in a triplet and electrons in a singlet, or XXTT (0,0), when both carriers are

in a triplet state. This is however not the only way to create an XX state with

non-zero total spin of electrons and holes. There are also spin polarized state of

the biexciton as shown in Fig. 2.10 (c) (Refs. [102, 128]).

The polarized carriers cannot both occupy the s-shell, due to the Pauli ex-

clusion principle. For that reason, the configuration shown in Fig. 2.10 (c), is a

configuration of the spin-polarized triplet bi-exciton XXTT (-3,1) with the low-

est kinetic energy. This complex can only exist in a QD, and it provides a useful

tool for measuring the single-exciton spectrum without resorting to the difficult

absorption experiment (Fig. 2.10 (d)). The recombination from the XXTT (-3,1)

happens with the emission of the photon with the energy from the s-shell energy

range when the final state of the recombination is the excited exciton state in

the p-shell, or with the p-shell energy range when the remaining exciton is in

its GS. Naturally, there are higher kinetic energy configurations of the polarized

XXTT (-3,1) complex, which interact via the direct Coulomb interaction with

this configuration, and have non-zero contribution to the XXTT (-3,1) ground

state [102].
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Chapter 3

Electron-Hole exchange,

derivation and analysis

3.1 Introduction

In the previous chapter it was shown that each exciton state is a linear combina-

tion of electron-hole configurations. Each electron-hole configuration is a product

of orbital and spin wave functions. With the electron spin Sz = ±1/2 and the

heavy hole spin τ = ±3/2 each configuration is fourfold degenerate due to four

possible spin configurations of carriers. With only the direct Coulomb interac-

tion between carriers accounted for, each exciton level is also fourfold degenerate.

As shown experimentally by, e.g., Gammon and co-workers [130–132] and Bayer

and co-workers [133, 134], the four exciton states are split into a low-energy dark

multiplet and a bright multiplet at a higher energy. The bright multiplet, which

describes the two bright exciton states corresponding to left and right circularly

polarized photons, is further split by the long-range electron-hole exchange inter-

action. This long-range exchange interaction (LRE) removes the degeneracy of

bright exciton states, and leads to a linear polarization of emitted photons. Hence

it is important to understand the fine structure of exciton levels in self-assembled

semiconductor quantum dots before one proceeds to describe the exciton confined

in the magnetic QD and interacting with a magnetic impurity.

The fine structure of the exciton in bulk semiconductors was investigated

almost 40 years ago [135–137]. In semiconductor self-assembled quantum dots
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3. Electron-Hole exchange, derivation and analysis

the fine structure and exchange interaction are significantly enhanced due to

the exciton confinement. This motivated studies of the electron-hole exchange

interaction in low-dimensionality systems within the framework of the envelope

function approximation by, e.g. Ivchenko and co-workers [138, 139], Takagahara

[120, 121], as well as others [140, 141]. Zunger and co-workers investigated the

exciton fine structure using the empirical atomistic pseudopotential approach

[142–144] and Goupalov and Ivchenko[122] and Korkusinski et al. [94] using

atomistic tight-binding approximation [122]. It was shown that the strength of

the bright exciton splitting depends on the QD in-plane anisotropy [120, 134,

139]. Several groups demonstrated tuning of the exciton fine structure by the

application of the lateral and vertical electric field [86, 145], or vertical and in

plane magnetic field [134, 146–148]. In both cases the splitting of bright exciton

states was suppressed by an external field.

In an external magnetic field perpendicular to the plane of the quantum dot

the fine structure splitting of the multiplet is caused by two contributions: the

exchange interaction, which couples the spins of the electron and the hole, and

their Zeeman interaction with the magnetic field. With the increasing Zeeman

interaction, the two exciton states evolve from linear to circular polarization

[117, 134]. The exchange interaction depends on the exciton wave function which

depends on modification of the direct Coulomb scattering and the single-particle

energy levels by the magnetic field.

The key result presented here, and extending the theory from Ref. [123],

is the derivation of the short and long-range electron-hole exchange interaction

matrix elements expressed in terms of known electron-electron exchange matrix

elements. This allows for a simultaneous evaluation of the direct Coulomb, short-

and long-range electron-hole exchange interaction matrix elements, and matrix

elements of the anisotropic confining potential in the HO and spin basis for a

perpendicular magnetic field of arbitrary magnitude.

Such a formulation of the interacting exciton Hamiltonian allows for a detailed

numerical and analytical study of the effect of the electron-hole exchange, direct

Coulomb interaction, anisotropy of the confining potential, quantum dot shell

structure, and the magnetic field on the fine structure of correlated exciton states.

The fine structure of ground and excited correlated exciton states is obtained
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3. Electron-Hole exchange, derivation and analysis

using exact diagonalization techniques and shows a significant effect of electron-

hole correlations.

While effective mass calculations do not include details of the atomistic struc-

ture, [94, 142–144, 149], they are significantly less computationally expensive.

This computational tool can help in guiding design of quantum dots with a de-

sired exciton fine structure.

3.2 Electron-hole exchange matrix elements in a

special case of the two-dimensional QD with

a parabolic confining potential

Motivated by experimental demonstrations of the two-dimensional parabolic po-

tential as a good approximation for the self-assembled QDs, [95, 104, 107] we de-

rive the electron-hole exchange matrix elements in the the HO basis. Unlike the

direct Coulomb matrix element, which has been calculated previously, [30, 116]

the electron-hole exchange matrix elements, which depend on spin indices, have

not been reported in this basis.

The envelope functions Flσ(r) (Hjτ (r)) are single-particle states of the elec-

tron (hole) in an isotropic parabolic confining potential with a characteristic

frequency Ω
e(h)
0 , in the presence of a perpendicular magnetic field. The single-

particle Hamiltonians of the electron and hole are given by the equations Eqs. 2.2

and 2.11. The index l (j) by the electron (hole) envelope wave function denotes

the full set of the orbital quantum numbers which describe the state, in this case:

l =
(
nle
+, n

le
−,
)
(j =

(
njh
+ , n

jh
− ,
)
). The electron-hole exchange matrix written in

the basis of elecron with spin σ = 1
2
(α) and σ = −1

2
(β) and a heavy hole with

spin τ = ±3
2
, has the form (derived in the Appendix C.3, C.4, C.5):

V X
eh (ciσ, vjτ |clσ′, vkτ ′) = (3.1)
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3. Electron-Hole exchange, derivation and analysis



|vkτ ′clσ′⟩ →
⟨ciσvjτ | ↓ |α− 3

2
⟩ |α + 3

2
⟩ |β − 3

2
⟩ |β + 3

2
⟩

⟨α− 3
2
| (δSL0 + δL) 0 0 δ21

⟨α + 3
2
| 0 0 0 0

⟨β − 3
2
| 0 0 0 0

⟨β + 3
2
| δ12 0 0 (δSL0 + δL)


with:

δSL0

kl

ij = δSRE
0

kl

ij + δLRE
0

kl

ij (3.2)

δSRE
0

kl

ij =
2ESR

VWS

∫
BvK

dr1F
+
ci (r1)H

+
vj(r1)Hvk(r1)Fcl(r1) (3.3)

δLRE
0

kl

ij = −16πµ2

3V 2
WS

∫
BvK

dr1F
+
ci (r1)H

+
vj(r1)Hvk(r1)Fcl(r1) (3.4)

δL
kl

ij = − µ2

V 2
WS

(
Rijkl

xx +Rijkl
yy

)
(3.5)

δ12
kl
ij =

µ2

V 2
WS

(
Rijkl

xx −Rijkl
yy − 2iRijkl

xy

)
(3.6)

δ21
kl
ij =

µ2

V 2
WS

(
Rijkl

xx −Rijkl
yy + 2iRijkl

xy

)
(3.7)

where:

Rijkl
λη =

∫∫
BvK

dr1dr2

(
∂2

∂rλ1∂r
η
1

F+
ci (r1)H

+
vj(r1)

)
2

|r1 − r2|
Hvk(r2)Fcl(r2),

parameter ESR is the radial part of the short-range exchange misroscopic integral

given by Eq. C.33 [123], µ2 is a numerical constant (Eq. C.40) parametrizing the

long-range exchange interaction [123], VWS is volume of the individual unit cell

(Wigner-Seitz cell), while the integration region BvK (Born-von Karman cell)

expands on the QD domain.

The exchange matrix elements V X
eh (ciσ, vjτ |clσ′, vkτ ′) can be divided into two

groups according to their effect on the excitonic levels: diagonal in spin subspace

[123], which causes the splitting between bright (| ⇓↑⟩, | ⇑↓⟩) and dark (| ⇓↓⟩, | ⇑↑
⟩) doublets, and off-diagonal in spin subspace, responsible for the bright doublet

splitting by coupling states with the spin angular momentum ± 1.
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3. Electron-Hole exchange, derivation and analysis

In what follows, the electron-hole exchange matrix elements V X
eh (ciσ, vjτ |clσ′, vkτ ′)

will be refered to as ⟨ciσ, vjτ |V X
eh |vkτ ′, clσ′⟩. The new notation allows for easier

visualisation of the position of the matrix element in the full Hamiltonian matrix.

3.2.1 Electron-hole exchange mixing bright exciton states

The electron-hole long-range exchange matrix elements, responsible for the bright

exciton doublet splitting, have been derived in Ref. [123] (with the full derivation

shown in the Appendix C.3, C.4, C.5) and expressed in terms of electron and hole

envelope wave functions (Eq. 3.6):

⟨i ↓, j ⇑ |V X
eh |k ⇓, l ↑⟩ = δ12

kl
ij =

µ2

V 2
WS

(
Rijkl

xx −Rijkl
yy − 2iRijkl

xy

)
. (3.8)

Using the definition of Rxx, Ryy and Rxy (Eq. 3.8), this matrix element can be

written as:

⟨i ↓, j ⇑ |V X
eh |k ⇓, l ↑⟩ (3.9)

= µ2

∫ ∫
BvK

dr1dr2

({
∂2

∂x1∂x1
− ∂2

∂y1∂y1
− 2i

∂2

∂x1∂y1

}
F+
ci (r1)H

+
vj(r1)

)
× 2

|r1 − r2|
Hvk(r2)Fcl(r2)

= µ2

∫ ∫
dr1dr2

{(
∂

∂x1
− i

∂

∂y1

)2

F+
i (r1)H

+
j (r1)

}
2

|r1 − r2|
(Hk(r2)Fl(r2)) ,

where µ2

V 2
WS

has been defined by µ′2 and the prim was dropped. The band indices

were dropped, since the electron and hole envelope functions are differentiated

by different letters. The matrix element ⟨i ↑, j ⇓ |V X
eh |k ⇑, l ↓⟩ is the hermitian

conjugate of ⟨i ↓, j ⇑ |V X
eh |k ⇓, l ↑⟩. Note that these matrix elements are not sim-

ply matrix elements of the Coulomb interaction 2
|r1−r2| . The long-range exchange

interaction involves interaction of dipoles created by two different electron-hole

pairs: (i,j) and (k,l) (Eq. C27) [120–123]. The interaction of dipoles has been

translated into the Coulomb interaction of the charges (k,l) with derivatives of

the charges (i,j).
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3. Electron-Hole exchange, derivation and analysis

The differentiation operators in Eq. 3.9, acting on a product of the electron

and hole wave function, can be expressed in terms of differential operators acting

on either the electron or hole wave function:(
∂2

∂x21
− ∂2

∂y21
− 2i

∂2

∂x1∂y1

)
F+
i (r1)H

+
j (r1) (3.10)

=

{(
∂

∂x1
− i

∂

∂y1

)2

F+
i (r1)

}
H+

j (r1) + F+
i (r1)

{(
∂

∂x1
− i

∂

∂y1

)2

H+
j (r1)

}

+ 2

{(
∂

∂x1
− i

∂

∂y1

)
F+
i (r1)

}{(
∂

∂x1
− i

∂

∂y1

)
H+

j (r1)

}
.

The differential operators can be then related to the boson creation and anihila-

tion operators of the electron (introduced in Chapter 2 by equation Eq. 2.5):

a− b+ =
1

2

(
1√
2

z

leh
+
√
2leh∂

∗
z

)
− 1

2

(
1√
2

z

leh
−
√
2leh∂

∗
z

)
a− b+ =

√
2leh∂

∗
z =

√
2leh

(
∂

∂x
− i

∂

∂y

)
. (3.11)

A similar expression can be derived for the differential operators acting on the

hole wave function using harmonic oscillator operators of the hole (Eq. 2.12). The

expression, Eq. 3.10, takes now the form:(
∂2

∂x21
− ∂2

∂y21
− 2i

∂2

∂x1∂y1

)
F+
i (r1)H

+
j (r1) (3.12)

=

{(
1√
2leh

(
a− b+

))2

F+
i (r1)

}
H+

j (r1) + F+
i (r1)

{(
1√
2lhh

(
d− c+

))2

H+
j (r1)

}

+ 2

{(
1√
2leh

(
a− b+

))
F+
i (r1)

}{(
1√
2lhh

(
d− c+

))
H+

j (r1)

}
.

After applying the ladder operators to the electron envelope function, the first
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term in the above equation (Eq. 3.12) takes the form:{(
1√
2leh

(
a− b+

))2

F+
i (r1)

}
H+

j (r1) = (3.13)

=
1

2leh
2

{(
a2 − b+

2 − 2ab+
)
F+
(nie

+ ,nie
−)
(r1)

}
H+

(njh
+ ,njh

− )
(r1)

=
1

2leh
2

{√
ne
− (ne

− − 1)F+
(nie

+ ,nie
−−2)

(r1) +
√
(nie

+ + 1) (nie
+ + 2)F+

(nie
++2,nie

−)
(r1)

− 2
√
(nie

+ + 1)nie
−F

+
(nie

++1,nie
−−1)

(r1)

}
H+

(njh
+ ,njh

− )
(r1)

After proceeding in the same way with two other terms, the electron-hole long-

range exchange matrix elements can be expressed in terms of the electron-hole

Coulomb matrix elements V EX
eh :

⟨i
(
nie
+, n

ie
−
)
↓; j
(
njh
+ , n

jh
−

)
⇑ | V X

eh |k
(
nkh
+

′
, nkh

−
′
)
⇓, l
(
nle
+

′
, nle

−
′
)
↑; ⟩ = (3.14)

−µ2

{
1

2leh
2

[√
nie
− (nie

− − 1) V EX
eh

(
nie
+, n

ie
− − 2;njh

+ , n
jh
− |nkh

+

′
, nkh

−
′
;nle

+

′
, nle

−
′
)

+
√
(ne

+ + 1) (ne
+ + 2) V EX

eh

(
nie
+ + 2, nie

−;n
jh
+ , n

jh
− |nkh

+

′
, nkh

−
′
;nle

+

′
, nle

−
′
)

−2
√
nie
− (nie

+ + 1) V EX
eh

(
nie
+ + 1, nie

− − 1;njh
+ , n

jh
− |nkh

+

′
, nk

−
′
;nle

+

′
, nle

−
′
)]

+
1

2lhh
2

[√
njh
+

(
njh
+ − 1

)
V EX
eh

(
ne
+, n

e
−;n

jh
+ − 2, njh

− |nkh
+

′
, nkh

−
′
;nle

+

′
, nle

−
′
)

+

√(
njh
− + 1

)(
njh
− + 2

)
V EX
eh

(
ne
+, n

e
−;n

jh
+ , n

jh
− + 2|nkh

+

′
, nkh

−
′
;nle

+

′
, nle

−
′
)

−2

√
njh
+

(
njh
− + 1

)
V EX
eh

(
ne
+, n

e
−;n

jh
+ − 1, njh

− + 1|nkh
+

′
, nkh

−
′
;nle

+

′
, nle

−
′
)]

+
1

lehl
h
h

[√
nie
−n

jh
+ V EX

eh

(
nie
+, n

ie
− − 1;njh

+ − 1, njh
− |nkh

+

′
, nkh

−
′
;nle

+

′
, nle

−
′
)

−
√
nie
−

(
njh
− + 1

)
V EX
eh

(
nie
+, n

ie
− − 1;njh

+ , n
jh
− + 1|nkh

+

′
, nkh

−
′
;nle

+

′
, nle

−
′
)

−
√
njh
+ (nie

+ + 1) V EX
eh

(
nie
+ + 1, nie

−;n
jh
+ − 1, njh

− |nkh
+

′
, nkh

−
′
;nle

+

′
, nle

−
′
)

+

√
(nie

+ + 1)
(
njh
− + 1

)
V EX
eh

(
nie
+ + 1, nie

−;n
jh
+ , n

jh
− + 1|nkh

+

′
, nkh

−
′
;nle

+

′
, nle

−
′
)]}

,
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where:

V EX
eh

(
nie
+, n

ie
−;n

jh
+ , n

jh
− |nkh

+

′
, nkh

−
′
;nle

+

′
, nle

−
′
)

(3.15)

=

∫ ∫
dr1dr2F

+

i(nie
+ ,nie

−)
(r1)H

+

j(njh
+ ,njh

− )
(r1)

2

|r1 − r2|
Hk(nkh

+
′
,nkh

−
′)(r2)Fl(nle

+
′
,nle

−
′)(r2).

In general, the above expression has to be evaluated numerically, however in

the case of leh = lhh the hole envelope wave function is a hermitian conjugate of

the electron envelope function: Hj(njh
+ ,njh

− )(r) = F+

j(njh
+ ,njh

− )
(r). This condition is

fulfilled when m∗
eΩ

e
h = m∗

hΩ
h
h. In this case, the integrals in expressions (3.14) and

(3.15) can be identified as the electron-electron exchange elements:

V EX
eh

(
nie
+, n

ie
−;n

jh
+ , n

jh
− |nkh

+

′
, nkh

−
′
;nle

+

′
, nle

−
′
)
= V EX

ee

(
nie
+, n

ie
−;n

kh
+

′
, nkh

−
′|nle

+

′
, nle

−
′
;njh

+ , n
jh
−

)
.

These matrix elements can be computed analytically [114, 116] as shown in Chap-

ter 2 (Eq. 2.29). The quantum numbers corresponding to the envelopes of the

hole changed places due to the hermitian conjugation of the hole wave function

as shown above, and the conventionally chosen order of the wave functions in the

element V EX
ee :

V EX
ee

(
nie
+, n

ie
−;n

kh
+

′
, nkh

−
′|nle

+

′
, nle

−
′
;njh

+ , n
jh
−

)
= (3.16)∫ ∫

dr1dr2F
+

i(nie
+ ,nie

−)
(r1)F

+

k(nkh
+

′
,nkh

−
′)
(r2)

2

|r1 − r2|
Fl(nle

+
′
,nle

−
′)(r2)Fj(njh

+ ,njh
− )(r1).

The orbital angular momentum conservation rules for electron-electron Coulomb

integrals stipulate that the z projection of the total orbital angular momentum

of a pair on the right and that on the left have to be equal, otherwise the integral

is equal to zero. Knowing that, as well as the expression for the orbital angular

momentum of the electron-electron pair Lee =
(
n
(1e)
+ − n

(1e)
−

)
+
(
n
(2e)
+ − n

(2e)
−

)
and

for the electron-hole pair Leh =
(
n
(1e)
+ − n

(1e)
−

)
−
(
n
(2h)
+ − n

(2h)
−

)
, the conservation

rules for the matrix elements:

⟨i
(
nie
+, n

ie
−
)
↓; j
(
njh
+ , n

jh
−

)
⇑ |V X

eh |k
(
nkh
+

′
, nkh

−
′
)
⇓; l
(
nle
+
′
, nle

−
′
)
↑⟩ can be derived.

If one denotes LL =
(
nie
+ − nie

−
)
−
(
njh
+ − njh

−

)
as the angular momentum of the

electron-hole pair on the left, and LR =
(
nle
+
′ − nle

−
′
)
−
(
nkh
+

′ − nkh
−

′
)
as that of
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the pair on the right of the matrix element (Eq. 3.14), then the orbital angular

momentum conservation rule for this matrix element is:

LL = LR − 2. (3.17)

At the same time the above matrix element is non-zero only for one specific set

of spin quantum numbers: (τ, σ) = (+3/2,−1/2) and (τ ′, σ′) = (−3/2,+1/2), for

which the electron-hole pair spin conservation rule is:

SL = SR + 2. (3.18)

Hence the total angular momentum of a pair (a sum of the orbital and spin

angular momenta) is conserved:

JL = LL + SL = LR + SR = JR. (3.19)

The long-range electron-hole exchange can flip the spin of the carriers with si-

multaneous transfer of at least one particle to a different single-particle orbital,

so that the total angular momentum conservation rule is fulfilled.

3.2.2 Electron-hole exchange responsible for the bright-

dark exciton splitting

In the previous section the analysis of the bright exciton splitting was provided.

Here we analyze the splitting between the bright and dark exciton states, typically

attributed to just the short-range exchange.

The electron-hole exchange matrix elements ⟨i ↑, j ⇓ |V X
eh |k ⇓, l ↑⟩ =

⟨i ↑, j ⇓ |δSL0 |k ⇓, l ↑⟩ + ⟨i ↑, j ⇓ |δL|k ⇓, l ↑⟩, which are diagonal in the spin

subspace, are a sum of the local short- and long-range exchange δSL0
kl

ij (Eqs. 3.2,

3.3 and 3.4) proportional to the overlap between the two electron-hole pairs, and

a non-local term δL
kl
ij , Eq. 3.5, which involves differential operators applied to

electron-hole pair envelopes [123]. At the same time: ⟨i ↓, j ⇑ |V X
eh |k ⇑, l ↓⟩ =

⟨i ↑, j ⇓ |V X
eh |k ⇓, l ↑⟩.
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First, the non-local long-range contribution to the diagonal terms will be

described:

⟨i ↑, j ⇓ | δL |k ⇓, l ↑⟩ = −µ2
(
Rxx

ijkl +Ryy
ijkl
)

(3.20)

= −µ2

∫ ∫
dr1dr2

{(
∂2

∂x21
+

∂2

∂y21

)
F+
i (r1)H

+
j (r1)

}
2

|r1 − r2|
Hk(r2)Fl(r2).

As previously, the differential operator can be expressed in terms of the electron

or hole ladder operators depending on the type of envelope it is acting upon:(
∂2

∂x21
+

∂2

∂y21

)
F+
i (r1)H

+
j (r1) =

1

2leh
2

{(
b− a+

) (
a− b+

)
F+
i (r1)

}
H+

j (r1)

+
1

2lehl
h
h

{(
a− b+

)
F+
i (r1)

}{(
c− d+

)
H+

j (r1)
}

+
1

2lehl
h
h

{(
b− a+

)
F+
i (r1)

}{(
d− c+

)
H+

j (r1)
}

+
1

2lhh
2F

+
i (r1)

{(
c− d+

) (
d− c+

)
H+

j (r1)
}
.(3.21)

After applying the ladder operators to the envelope functions and inserting this

expression into Eq. 3.20, the matrix element δL
kl
ij can be written as a sum of
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electron-hole Coulomb matrix elements V EX
eh :

⟨i
(
nie
+, n

ie
−
)
↑; j
(
njh
+ , n

jh
−

)
⇓ | δL |k

(
nkh
+

′
, nkh

−
′
)
⇓; l
(
nle
+

′
, nle

−
′
)
↑⟩ = (3.22)

−µ2

{
1

2leh
2

[√
nie
+n

ie
− V EX

eh

(
nie
+ − 1, nie

− − 1;njh
+ , n

jh
− |nkh

+

′
, nkh

−
′
;nle

+

′
, nle

−
′
)

+
√
(nie

+ + 1) (nie
− + 1) V EX

eh

(
nie
+ + 1, nie

− + 1;njh
+ , n

jh
− |nkh

+

′
, nkh

−
′
;nle

+

′
, nle

−
′
)

−
(
nie
+ + nie

− + 1
)

V EX
eh

(
nie
+, n

ie
−;n

jh
+ , n

jh
− |nkh

+

′
, nkh

−
′
;nle

+

′
, nle

−
′
)]

+
1

2lhh
2

[√
njh
+ n

jh
− V EX

eh

(
nie
+, n

ie
−;n

jh
+ − 1, njh

− − 1|nkh
+

′
, nkh

−
′
;nle

+

′
, nle

−
′
)

+

√(
njh
+ + 1

)(
njh
− + 1

)
V EX
eh

(
nie
+, n

ie
−;n

jh
+ + 1, njh

− + 1|nkh
+

′
, nkh

−
′
;nle

+

′
, nle

−
′
)

−
(
njh
+ + njh

− + 1
)

V EX
eh

(
nie
+, n

ie
−;n

jh
+ , n

jh
− |nkh

+

′
, nkh

−
′
;nle

+

′
, nle

−
′
)]

+
1

2lehl
h
h

[√
nie
+n

jh
+ V EX

eh

(
nie
+ − 1, nie

−;n
jh
+ − 1, njh

− |nkh
+

′
, nkh

−
′
;nle

+

′
, nle

−
′
)

−
√
nie
+

(
njh
− + 1

)
V EX
eh

(
nie
+ − 1, nie

−;n
jh
+ , n

jh
− + 1|nkh

+

′
, nkh

−
′
;nle

+

′
, nle

−
′
)

−
√
njh
+ (nie

− + 1) V EX
eh

(
nie
+, n

ie
− + 1;njh

+ − 1, njh
− |nkh

+

′
, nkh

−
′
;nle

+

′
, nle

−
′
)

+

√
(nie

− + 1)
(
njh
− + 1

)
V EX
eh

(
nie
+, n

ie
− + 1;njh

+ , n
jh
− + 1|nkh

+

′
, nkh

−
′
;nle

+

′
, nle

−
′
)

+

√
nie
−n

jh
− V EX

eh

(
nie
+, n

ie
− − 1, nkh

+

′
, nkh

−
′|nle

+

′
, nle

−
′
, njh

+ , n
jh
− − 1

)
−
√
nie
+ (nie

+ + 1) V EX
eh

(
nie
+, n

ie
− − 1;njh

+ + 1, njh
− |nkh

+

′
, nkh

−
′
;nle

+

′
, nle

−
′
)

−
√
njh
− (nie

+ + 1) V EX
eh

(
nie
+ + 1, nie

−;n
jh
+ , n

jh
− − 1|nkh

+

′
, nkh

−
′
;nle

+

′
, nle

−
′
)

+

√
(nie

+ + 1)
(
njh
+ + 1

)
V EX
eh

(
nie
+ + 1, nie

−;n
jh
+ + 1, njh

− |nkh
+

′
, nkh

−
′
;nle

+

′
, nle

−
′
)]}

,

with the following orbital and spin angular momentum conservation rules: LL =

LR and SL = SR.

The remaining part of the electron-hole exchange, which is a sum of the

short-range exchange and the local part of the long-range exchange, Eq. 3.2,

is proportional to the overlap between the envelopes of both electron-hole pairs,
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Eqs. 3.3, 3.4:

⟨i ↑, j ⇓ | δSL0 |k ⇓, l ↑⟩ = δSRE
0

kl

ij + δLRE
0

kl

ij (3.23)

=

(
2ESR − 16πµ2

3

)∫
BvK

dr1F
+
i (r1)H

+
j (r1)Hk(r1)Fl(r1).

The integral in the Eq. 3.23 can be calculated by introducing the delta function

δ(r1 − r2): ∫
BvK

dr1F
+
i (r1)H

+
j (r1)Hk(r1)Fl(r1) (3.24)

=

∫
BvK

∫
BvK

dr1dr2F
+
i (r1)Fl(r1)δ(r1 − r2)H

+
j (r2)Hk(r2).

Similarly to the electron-electron direct Coulomb interaction matrix element,

where the function v (r1 − r2) =
2

|r1−r2| was expressed in terms of the plane waves,

the function v (r1 − r2) = δ(r1 − r2) has the following expansion in the plane

waves:

δ(r1 − r2) =
1

4π2

∫
dq exp (iq(r1 − r2)) (3.25)

The integral, Eq. 3.24, can be now written as:∫
BvK

dr1F
+
i (r1)H

+
j (r1)Hk(r1)Fl(r1)

=
1

4π2

∫
dq

∫
dr1F

+
i (r1) exp (iqr1)Fl(r1)

∫
dr2H

+
j (r2)Hk(r2) exp (−iqr2)

=
1

4π2

∫
dq⟨i| exp (iqr1) |l⟩⟨j| exp (−iqr2) |k⟩

=
1

4π2

∫
dqM e

1M
h
2 (3.26)

The analogy with the derivation of the electron-electron Coulomb interaction

Vee(iσ, jσ
′|kσ′, lσ) has been used. The matrix element M e

1 is given by Eq. B16,

while the element Mh
2 is calculated anologously.

Writing explicitly the HO quantum numbers for each single-particle state
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i, j, k, l, the integral, Eq. 3.26, can be written as:∫
dr1F

+

i(nie
+ ,nie

−)
(r1)H

+

j(njh
+ ,njh

− )
(r1)Hk(nkh

+
′
,nkh

−
′)(r1)Fl(nle

+
′
,nle

−
′)(r1)

=
1

4π2

(−1)n
kh
+ +nkh

− +n+jh+njh
−√

nie
+!n

ie
−!n

le
+!n

le
−!n

kh
+ !nkh

− !njh
+ !njh

− !

min(nle
+ ,nie

+ )∑
p1=0

(
nie
+

p1

)(
nle
+

p1

)

×
min(nle

−,nie
−)∑

p2=0

(
nie
−
p2

)(
nle
−
p2

)min(nkh
+ ,njh

+ )∑
p3=0

(
nkh
+

p3

)(
njh
+

p3

)min(nkh
− ,njh

− )∑
p4=0

(
nkh
−
p4

)(
njh
−

p4

)
×p1!p2!p3!p4!× Ip1p2p3p4 (3.27)

where:

Ip1p2p3p4 =

∫ ∞

0

qdq

∫ 2π

0

ϕqe
−|Qe|2−|Qh|2 (iQ∗

e)
nie
+−p1 (iQe)

nie
−−p2 (iQe)

nle
+−p1 (3.28)

× (iQ∗
e)

nle
−−p2 (−iQ∗

h)
njh
+ −p3 (−iQh)

njh
− −p4 (−iQh)

nkh
+ −p3 (−iQ∗

h)
nkh
− −p4 ,

and

Qh =
lhh
leh
Qe. (3.29)

The difference between this integral and the analogous integral given by Eq. B18

is the power of the variable q, as well as the fact that there are now two different

variables Qe and Qh. By inserting the relation between Qe and Qh (Eq. 3.29)

into the formula for the Ip1p2p3p4 (Eq. 3.28) one obtains:

Ip1p2p3p4 =

∫ ∞

0

qdq

∫ 2π

0

ϕqe
−|Qe|2

(
1+

lhh
le
h

)
(iQ∗

e)
nie
++nle

−−p2−p1 (iQe)
nie
−+nle

+−p1−p2

× (−iQ∗
h)

njh
+ +nkh

− −p4−p3 (−iQh)
njh
− +nkh

+ −p3−p4

(
lhh
leh

)nkh
+ +nkh

− +njh
+ +njh

− −2p3−2p4

.(3.30)

Changing variables in the same fashion as in the derivation of the direct electron-

electron Coulomb matrix elements, the evaluation of the integrals over the wavevec-
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tor q gives the final form of Ip1p2p3p4 :

Ip1p2p3p4 =

(
lhh
leh

)nkh
+ +nkh

− +njh
+ +nje

−−2p3−2p4 2π

leh
2 δLL,LR

(−1)p

(
1 +

(
lhh
leh

)2
)−(p+1)

Γ(p+ 1).

(3.31)

The Eqs. 3.23, 3.27, and 3.31 are the final expressions for the short-range ex-

change contribution.

3.3 Exciton in a high magnetic field. Applica-

tion and analysis of electron-hole exchange

matrix elements

The derived expressions of long- and short-range exchange Coulomb matrix el-

ements in the HO basis, Eqs. 3.14, 3.23, 3.22, for an arbitrary magnetic field

can now be included in the exciton Hamiltonian and combined with the direct

Coulomb interaction, anisotropy, and magnetic field. This methodology allows

to introduce and understand the influence of electron-hole correlations and their

modification by the magnetic field on the exciton fine structure.

In order to understand the effect of electron-hole correlations, the exciton

fine structure is studied as a function of the number of confined electron and

hole electronic shells for a fixed shell energy spacing. The more electronic shells

present, the stronger the electronic correlations. For a very deep quantum dot

with a large number of confined shells, such analysis is equivalent to the analysis

of convergence. In reality, dots with a different number of confined shells can

be grown. Understanding the role of different shells, s,p,d,.. on the exciton fine

structure might allow to design the exciton fine structure by designing quantum

dot shells.

The exciton Hamiltonian Ĥ ′
X (Eq. 2.34) has now four terms:

Ĥ ′
X = ĤX + δĤe

anis + δĤh
anis + ĤEHX . (3.32)
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The first term is the exciton Hamiltonian of the isotropic parabolic quantum dot

(Section 2.6) including the single-particle HO energies ε
e(h)
i,τ of the electron (hole)

HO and the direct Coulomb interaction between them. The next two terms in

the Hamiltonian, Eq. 3.32, introduce the anisotropic correction of the confining

potential of electrons and holes, Eq. 2.15. The third term in the Hamiltonian,

Eq. 3.32, is the electron-hole exchange term, which for ease of use can be written

in the following compact form:

ĤEHX =
∑

ijklσσ′ττ ′

⟨iσ, jτ |V X
eh |kτ ′, lσ′⟩c+iσh+jτhkτ ′clσ′ . (3.33)

The Hamiltonian of the exciton in a QD with an isotropic confining potential

without the electron-hole exchange interaction ĤX conserves both the electron

and hole spin and the angular momentum of the electron-hole pair. The Hamil-

tonian matrix ĤX was built and diagonalized in each of the L, σ, τ subspaces

separately. The presence of anisotropy in the QD, as well as the electron-hole

exchange interaction, mixes different angular momenta and spin subspaces. The

complete Hamiltonian matrix has to be built using all electron-hole configura-

tions in the form |iτjσ⟩ = h+iτc
+
jσ|0⟩, where i, j denote the HO single-particle

levels. From diagonalization of the exciton Hamiltonian matrix one obtains the

set of eigenstates in the form of linear combinations of basis configurations:

|Xk⟩ =
∑N

ijστ A
(k)
ijστ |iτjσ⟩ with energy Ek, where k = 1, ..., N , N is the size of

the basis, and A
(k)
ijστ is the amplitude of the configuration |iτjσ⟩ in the state |Xk⟩.

Coefficients A
(k)
ijστ as well as the exciton energies depend on the magnetic field B

and are evaluated for each magnetic field separately.

Having obtained the eigenenergies and eigenfunctions of the electron-hole pair,

one can calculate the emission and absorption spectra from Fermi’s Golden Rule,

Eqs. 2.31 and 2.33, respectively.

The model isotropic quantum dot discussed below has the electron shell spac-

ing Ωe = 24 meV and the hole shell spacing Ωh = 6 meV. The dielectric constant

ε = 10.6, the effective mass of the electron m∗
e = 0.1m0 and the hole m∗

h = 0.4m0,

and Lande factors ge = −0.7, gh = 0.38 [19, 150–152]. With these parameters,

the effective Rydberg is Ry = 12.11 meV, the effective Bohr radius aB = 5.61

nm, and Ωe = 4 · Ωh. The anisotropy of the quantum dot is given by the ratio
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Ωy/Ωx or the anisotropy parameter γ. Results for the exciton fine structure will

be illustrated for the anisotropy of Ωy/Ωx = 0.72 (γ = 0.32 as defined in Section

2.3).

The exciton Zeeman energy in a high magnetic field dominates over the ex-

change splitting of the two exciton bright states. To bring out the magnetic field

evolution of this splitting due to the exchange interaction, the Zeeman energy is

not included in the calculations presented in what follows.

First, the dependence of several important electron-hole exchange matrix el-

ements, involving the s, p and d shells, ⟨00 ↑; 00 ⇓ |V X
eh |20 ⇑; 00 ↓⟩, ⟨00 ↑; 00 ⇓

|δSL|00 ⇓; 00 ↑⟩, ⟨00 ↑; 00 ⇓ |δL|00 ⇓; 00 ↑⟩ and ⟨00 ↑; 00 ⇓ |δSL + δL|00 ⇓; 00 ↑⟩
on the magnetic field in the symmetric electron-hole case, where lhh = leh, will be

analyzed. Their dependence on the magnetic field is shown in Fig. 3.1.

Since the electron-hole exchange elements are expressed as a linear com-

bination of the direct Coulomb interaction elements, they are proportional to

the parameter V0: V EX
eh ∼ √

πωh =
√
π

lh
, Ref. [104]). The matrix element

⟨00 ↑; 00 ⇓ |V X
eh |20 ⇑; 00 ↓⟩, which mixes bright excitonic configurations, Eq. 3.14,

evolves as l−3
h , while the magnetic-field dependence of the diagonal matrix ele-

ment ⟨00 ↑; 00 ⇓ |δSL + δL|00 ⇓; 00 ↑⟩, Fig. 3.1 (d), is more complicated due to

the interplay between the l−2
h dependence of δSL(b) and the l−3

h dependence of

δL(c).

Now the electron-hole exchange matrix elements will be used in the calculations

of the correlated exciton states. It will be analyzed here how the bright exciton

level splitting depends on the number of electron and hole single-particle energy

shells, anisotropy of the confining potential and the magnetic field. Following

previous publications [108], the bright exciton level splitting is denoted by the

∆2. Fig. 3.2 (right inset) shows the exciton emission spectrum calculated for s,

p, d confined single-particle shells in an anisotropic QD. There are two emission

peaks corresponding to the two bright exciton states.

Fig. 3.2 (left inset) shows the energy of the two lowest bright exciton states

for a different number of confined single-particle shells in an anisotropic QD. As

expected, the more HO shells that are confined in the QD, the lower the exciton

energy, due to the direct Coulomb scattering. Due to the fact that the basis

used is that of the isotropic HO, one does not observe any electron-hole exchange
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Figure 3.1: Magnetic-field evolution of the selected electron-hole exchange matrix
elements, namely: (a) ⟨00 ↑; 00 ⇓ |V X

eh |00 ⇑; 20 ↓⟩, (b) the local part of the
⟨00 ↑; 00 ⇓ |V X

eh |00 ⇓; 00 ↑⟩ matrix element, (c) the non-local part of the ⟨00 ↑
; 00 ⇓ |V X

eh |00 ⇓; 00 ↑⟩ matrix element, and (d) the full ⟨00 ↑; 00 ⇓ |V X
eh |00 ⇓; 00 ↑⟩

matrix element.
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Figure 3.2: The bright exciton state splitting ∆2 for QDs with a different number
of confined shells, and with an anisotropy parameter γ = 0.32. (Left inset) The
energies of bright exciton states for QDs with a different number of confined shells.
(Right inset) The exciton emission spectrum from an anisotropic QD confining
s, p and d single-particle shells.
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splitting, Fig. 3.2, when the QD confines only the s shell for electrons and holes.

As explained in Section 3.2.2, the electron-hole exchange matrix elements are

nonzero only between pairs of states for which the orbital angular momentum

differs by two. For this reason we observe a strong increase in the electron-hole

exchange splitting ∆2 when the shells with angular momenta 2, 4, .., (d- and f -

shells) are added. There is no significant change in the splitting when an odd

shell is added (p, e, g-shell).

To understand why the anisotropy in the confining potential of the QD is

necessary to observe the electron-hole exchange splitting of the bright states ∆2,

an anisotropic QD in the absence of the long-range electron-hole exchange will be

analyzed. The wave function of the bright state with the spin angular momentum

τ + σ = 1 in the presence of the anisotropy has the form:

|GS ⇑↓⟩ = A00,00|00 ⇑, 00 ↓⟩ − A00,11|00 ⇑, 11 ↓⟩ − A11,00|11 ⇑, 00 ↓⟩

+ A01,01 (|01 ⇑, 01 ↓⟩+ |10 ⇑, 10 ↓⟩) + A11,11|11 ⇑, 11 ↓⟩

− A20,00 (|02 ⇑, 00 ↓⟩+ |20 ⇑, 00 ↓⟩)

− A00,02 (|00 ⇑, 20 ↓⟩+ |00 ⇑, 02 ↓⟩)

− A10,01 (|01 ⇑, 10 ↓⟩+ |10 ⇑, 01 ↓⟩) . (3.34)

A similar expression can be written for the second bright state with the spin

angular momentum equal to τ +σ = −1. Now, the coupling between these states

due to the long-range exchange interaction is given by the sum:

⟨GS ↑⇓ |V X
eh |GS ⇑↓⟩ = −2( A00,00A20,00⟨00 ↑, 00 ⇓ |V X

eh |20 ⇑, 00 ↓⟩

+ A00,00A10,01⟨00 ↑, 00 ⇓ |V X
eh |10 ⇑, 01 ↓⟩

+ A00,00A00,02⟨00 ↑, 00 ⇓ |V X
eh |00 ⇑, 02 ↓⟩

+ A11,00A20,00⟨00 ↑, 11 ⇓ |V X
eh |20 ⇑, 00 ↓⟩

+ A11,00A10,01⟨00 ↑, 11 ⇓ |V X
eh |10 ⇑, 01 ↓⟩

+ A11,00A00,02⟨00 ↑, 11 ⇓ |V X
eh |00 ⇑, 02 ↓⟩

+ . . .). (3.35)

Because all of the ⟨i ↑, j ⇓ |V X
eh |k ⇑, l ↓⟩matrix elements are of the same order, the
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3. Electron-Hole exchange, derivation and analysis

Figure 3.3: The three most important paths of coupling between two bright
excitonic states |GS ⇓↑⟩ and |GS ⇑↓⟩ involving e-h matrix elements: ⟨00 ↑, 00 ⇓
|V X

eh |20 ⇑, 00 ↓⟩ (a) ,⟨00 ↑, 00 ⇓ |V X
eh |10 ⇑, 01 ↓⟩ (b) and ⟨00 ↑, 00 ⇓ |V X

eh |00 ⇑, 02 ↓⟩
(c). (d) The percentage of the long-range exchange matrix element covered by
the three first terms of Eq. (3.35).
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contribution of the terms in Eq. 3.35 is largely determined by the magnitude of the

product of the coefficients Aij, Akl in the exciton wavefunctions. Since the lowest-

energy single-particle state is |00, 00⟩, the coefficient A00,00 is the biggest. The

first three terms of the sum, Eq. 3.35, correspond to the most important coupling

mechanisms between the two bright excitonic states |GS ⇓↑⟩ and |GS ⇑↓⟩, involv-
ing electron-hole exchange matrix elements: (a) ⟨00 ↑, 00 ⇓ |V X

eh |20 ⇑, 00 ↓⟩, (b)
⟨00 ↑, 00 ⇓ |V X

eh |10 ⇑, 01 ↓⟩ and (c) ⟨00 ↑, 00 ⇓ |V X
eh |00 ⇑, 02 ↓⟩. They are shown

schematically in Fig. 3.3 (a-c). The contribution of these three terms to the

bright exciton exchange splitting is ≈ 70% of the splitting for a broad range of

values of the anisotropy parameter, as shown in Fig. 3.3 (d).

Now, the effect of the magnetic field on the exciton fine structure will be

analyzed. The magnetic field changes the single-particle energy levels of both

electrons and holes and increases the strength of direct Coulomb interactions

[101, 107]. In Fig. 3.4 (a) the energy splitting of the two bright exciton levels ∆2

for anisotrpic QD (γ = 0.32) is shown as a function of increasing magnetic field.

The splitting ∆2 is extracted from the energies of the exciton, obtained by exact

diagonalization of the exciton Hamiltonian, Eq. (3.32), for different numbers of

confined electronic shells. Alternatively, one can think of different dots, each

confining a different number of electronic shells.

In Fig. 3.4 (a) the splitting increases with the increasing magnetic field, and

its dependence on the magnetic field changes with the number of confined single-

particle shells. While the splitting changes little with the magnetic field for

shallow quantum dots with s, p shells, with increasing number of shells it becomes

a nonlinear function of the magnetic field. Since the exciton Zeeman energy is a

linear function of the magnetic field, the measurement of the exciton fine structure

splitting in a magnetic field should allow the extraction of the nonlinear part and

hence of the magnetic-field dependence of the electron-hole exchange. According

to the results presented here, this dependence should correlate with the number

of confined electronic shells as measured in high-excitation emission spectroscopy.

The nonlinear dependence of the bright exciton splitting can be also traced to

the exciton fine structure of isotropic QDs. For isotropic QDs in the absence of

the magnetic field, there is no electron-hole exchange-induced splitting as shown

previously [120, 121, 123, 134, 139], however, as the field increases, the non-zero
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Figure 3.4: Magnetic-field evolution of the splitting of bright exciton states ∆2,
calculated for the (a) anisotropic QDs with anisotropy parameter γ = 0.32, and
(b) isotropic QDs.
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Figure 3.5: Important electron-hole configurations in the absence of the magnetic
field (upper row), and at a finite magnetic field (lower row).

splitting of the bright states appears, Fig. 3.4 (b), due to symmetry breaking

by the magnetic field. This can be understood on a simple example in which we

consider only four electron-hole configurations, as shown in Fig. 3.5. Two of these

configurations, 1 and 3, are the lowest-energy configurations with both carriers

on the s-shell, and they differ only by the spin projection of the carriers. The

other two configurations (2 and 4) are examples of configurations with angular

momentum L = ±2, which are coupled by the electron-hole exchange interac-

tion with the lowest-energy configurations (1-2) and (3-4). In the absence of the

magnetic field, the configurations 2 and 4 from the upper row in Fig. 3.5 have

the same kinetic energy. Since all diagonal and off-diagonal matrix elements are

the same, the resulting eigenstates will have the same energy, leading to a lack

of electron-hole exchange splitting. However, as the field increases, it shifts the

single-particle levels and causes a splitting of the shells similar to the splitting

induced by the anisotropy, Fig. 3.5. Since the energies of single-particle levels

change in the magnetic field, the kinetic energies of the electron-hole configura-

tions change as well so the second and third configurations in the lower row no

longer have the same kinetic energy. For these reasons the non-zero electron-

hole exchange splits the bright exciton levels of isotropic quantum dots in finite
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magnetic fields.
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Chapter 4

Magnetic moments in

semiconductors

4.1 Mn ion

The properties of an electron-hole pair creating an excitonic complex in a non-

magnetic QD, have been discussed in Chapters 2 and 3. Here we will consider

what happens if magnetic ion (Mn2+) is placed inside the QD.

4.1.1 Free Mn atom and its interaction with solid state

Manganese is a transition metal with the electronic configuration [Ar]4s23d5 with

valence electrons corresponding to the 4s2 orbital. In the ground state the spins

of the five 3d electrons are aligned to maximize their spin, following the Hund’s

Rule. This results in the uncompensated spin of 5/2 of the Mn ion and a total

angular momentum L = 0, since according to the Pauli exclusion principle the

electrons occupy the 3d shell in such a way that the angular momentum of each

electron is different (ranging over five possible values from −2 to +2).

Diluted magnetic semiconductors (DMS, semimagnetic semidonductors) are

semiconducting alloys whose lattice is made up in part of substitutional magnetic

ions. The most extensively studied and understood materials of this type are the

AII
1−xMnxB

V I alloys in which a fraction of the group II sublattice is replaced

at random by Mn. These alloys form either a zinc-blende or a wurtzite lattice
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4. Magnetic moments in semiconductors

Figure 4.1: (a) CdTe zinc-blende structure with the substitutional (MnCd) and
interstitial (MnI) Mn impurity. (b) Two eg and three t2g 3d orbitals of the Mn.
This figure is adapted from [17].
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structure. These two types of crystal lattice are very closely related in spite of

the difference in symmetry, since they are both formed with tetrahedral (s− p3)

bonding, which involves the two valence s electrons of the group II element, and

the six valence p electrons of the group VI element. Although manganese differs

from the group II elements by the fact that its 3d shell is only half-filled, it can

contribute its 4s2 electrons to the s−p3 bonding and can therefore substitutionally

replace the group II elements in the AIIBV I tetrahedral structures. The ease

with which Mn atoms substitute for the group II elements in the zinc-blende and

wurzite structures results from the fact that the 3d orbitals of Mn are exactly

half-filled. By Hund’s Rule all five electrons have parallel spin in this orbital and

it would require considerable energy (about 6 − 7 eV) to add an electron with

opposite spin to the 3d orbital of the Mn atom [153]. In this sense the 3d5 orbital

acts as a complete shell and the Mn atom is thus more likely to resemble a group

II element in its behaviour than are other transition-metal elements.

The substitutional MnCd and less common interstitial MnI positions are il-

lustrated in Fig. 4.1 (a). When the Mn atom is placed substitutionally in the

cation site of a AIIBV I host lattice, it is acted upon by the crystal field. The

dominant crystal field interaction arises from the four surrounding anions, and

in this sense the effect of the crystal field is the same in zinc-blende and wurtzite

systems. The degenerate 3d obitals split into two groups of orbitals: triply de-

generate t2g (3dxy, 3dxz, 3dyz) and doubly degenerate eg (3dx2−y2 , 3dz2), which are

shown in Fig. 4.1 (b). Since the orbitals t2g hybridize strongly with the ligand s

and p orbitals, they form a bonding tb state in the valence band. The antibonding

state ta is pushed up into the band gap of the host. The eg orbitals form a highly

localized nonbonding e state due to the small p− d hybridization (Fig. 4.2 (a)).

If the impurity is interstitial, all orbitals can hybridize strongly with the ligand s

and p orbitals, leading to a completely different level sequence (Fig. 4.2 (b)) All

occupied d orbitals have the same spin orientation (as it was for a free Mn atom),

and together comprise the S = 5/2 local moment.

At the same time, since the Mn ion has two electrons on its valence orbital

- the same number as the atoms from the II group - the Mn ion does not intro-

duce an additional Coulomb potential or carriers if it is placed in a II-VI CdTe
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Figure 4.2: Schematic picture of the electronic structure of the 3d impurity in
semiconductors at (a) the substitutional site, and (b) the interstitial site. This
figure is adapted from [154].

semiconductor. This is a big advantage of this material since it allows to treat

the Mn ion as a pure spin impurity with the angular momentum M = 5
2
.

4.1.2 Magnetic II-VI quantum dots

In recent years, incorpotation of the single Mn ions into the CdTe QDs grown on

a ZnTe substrates [20, 22, 155, 156], as well as into InAs QDs grown on GaAs

substrates [157, 158] has become possible.

Since in the absence of the magnetic field the life-time of the spin of the Mn

ion has been measured to be about a few µs [159–161], there is growing interest

to use the magnetic moment of Mn as a medium for information storage. For

that reason, these materials have been extensively studied using optical methods

[20, 22, 24, 162–165], as well as theoretically [151, 166, 167]. The initialization

and readout of information with the Mn spin are possible optically [161, 164].

For example, optical pumping with σ− photons tends to decrease the population

of the spin state of the Mn Mz = −5/2 with simultaneous increase of the one

with Mz = +5/2. This fact can be used to prepare the Mn ion in a state with

Mz = +5/2. The initialization time of the Mn spin is of the order of a few
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Figure 4.3: Growth of magnetic QDs using method based on (a) the diffusion of
the Mn ions from the ZnMnTe layer, (b) direct injection of the Mn ions during
the growth of the CdTe QDs.

nanoseconds [164].

The magnetic field evolution of the optical spectra has been studied as well,

revealing a number of interesting structures [22, 156] which will be described

below.

Most of the methods of introduction of the Mn ion into non-magnetic QDs

use the interdiffusion of the Mn from the diluted magnetic layer [168–170], or

from a remote Mn-rich layer [22, 171].

First, the method used by the Besombes et al. [22] will be described. In

this method a few layers of a Zn0.94Mn0.06Te material is deposited on the ZnTe

substrate, which is followed by ten monolayers of a ZnTe spacer (Fig. 4.3 (a)).

When the CdTe layer is then deposited, the growth of the QDs takes place due

to the lattice mismatch between CdTe and ZnTe. During the growth of the
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ZnTe spacer and the CdTe layer, the migration of the Mn ions takes place which

introduces a sparse distribution of Mn ions in the QD layer. The layer of the CdTe

QD is then capped with a ZnTe barrier. The composition of the Zn0.94Mn0.06Te

layer has been adjusted to introduce the same density of Mn atoms as the density

of the QDs (≈ 5× 10−9 cm−2). This assures a high probability of finding many

QDs with a single magnetic impurity.

The other method of growing the semimagnetic QDs is by introduction the

Mn ions directly into the QDs themselves, with the intentional position of the

Mn in the center [172] (Fig. 4.3 (b)). The samples are grown in a molecular beam

epitaxy apparatus as well. On a GaAs substrate, a 4 µm thick CdTe buffer is first

deposited, followed by 1 µm thick Zn0.6Cd0.4Te barrier layer. The QD layer is

formed from five monolayers of a large lattice constant material of which the two

lower and the two uppermost monolayers are made of pure CdTe. The Mn ions

are introduced during the growth of the central CdTe monolayer. The density

of quantum dots in the samples grown this way is about 5 · 10−9cm−2. The Mn

concentration during the growth of the middle CdTe layer is adjusted to obtain

a significant number of QDs containing exactly one Mn ion. The QDs are finally

capped with the 100 nm thick Zn0.6Cd0.4Te barrier layer.

4.1.3 Model of e-h-Mn interaction Hamiltonian and its

properties

The interaction of the Ne electrons and Nh holes with the Mn impurity is modeled

by the short-range sp−d exchange interaction, and its Hamiltonian in the effective

mass approximation has the form:

Ĥe−Mn + Ĥh−Mn = −Je
c2D

Ne∑
i=1

M̂ · Ŝiδ (r
e
i −R) + Jh

c2D

Nh∑
i=1

M̂ · ĵiδ
(
rhi −R

)
,(4.1)

where M̂ is a spin of the Mn ion, Ŝi is the spin of the i-th electron, and ĵi is

the spin of the ith hole, while re(h) is the electron (hole) position respectively,

and R is the position of Mn in the QD. The interaction with Mn is ferromagnetic

for electrons, while for holes it is anti-ferromagnetic, with coupling strength J
e(h)
c2D ,

respectively. Constants J
e(h)
c2D for a quasi two-dimensional system are computed as
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J
e(h)
c2D = 2J

e(h)
c /d, where constants J

e(h)
c are bulk carrier-Mn exchange constants,

and d is the thickness of the quantum dot.

For computational purposes it is convenient to transform the Hamiltonian,

Eq. 4.1, to a second-quantization form [152] by the introduction of the quantum

field operators Ψ̂ expanded as:

Ψ̂ =
∑
i,σ

(Fi(re)⊗ χσ) ciσ, (4.2)

where Fi(re) is a wave function of the electron single-particle state described

by the composite index i, χσ is the spin part of the wavefunction, and ciσ is the

anihilation operator, anihilating an electron with a spin σ from the single-particle

state i. Here only the transformation for the e-Mn part of this Hamiltonian is

shown, and the h-Mn part is written analogously.

⟨Ψ̂|He−Mn|Ψ̂⟩ = −Je
c2D

∑
ijσσ′

∫
dreF

∗
i (re)δ(re −R)Fj(re)

× ⟨χσ′|Ŝ|χσ⟩M̂c+iσcjσ, (4.3)

After integrating out the position re and spin degrees of freedom, one obtains:

He−Mn =
∑
ijσσ′

Je
ij(R)Ŝσσ′ · M̂c+iσcjσ′ , (4.4)

where Ŝσσ′ are Pauli spin matrices, and

Je
ij(R) = Je

c2DF
∗
i (R)Fj(R) (4.5)

are exchange matrix elements between the electron and impurity spin. The ex-

change matrix elements Je
ij(R) are given by the product of the wave functions of

the states i and j at position R of the Mn ion. In what follows, the Mn position in

a QD is fixed at R = (0, 0) (the center of the QD). Detailed results of calculations

of e-Mn interaction as a function of the position of the Mn were given by Qu et
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al. [152]. An analogous expression can be derived for holes:

Hh−Mn = −
∑
ijττ ′

Jh
ij(R)ĵττ ′ · M̂h+iτhjτ ′ , (4.6)

with Jh
ij(R) = Jh

c2DH
∗
i (R)Hj(R) (Refs. [150, 152]), where Hj(R) is a single-

particle wave function of a hole at the position R. Explicit form of these coupling

constants will be given in the Section 4.1.4.

The exchange Hamiltonian written in terms of the Mn spin rising and lowering

operators M+,M− allows to analyze the interaction more easily:

He−Mn = −1

2

∑
ij

Je
ij(R)

((
c+i↑cj↑ − c+i↓cj↓

)
Mz + c+i↓cj↑M

+ + c+i↑cj↓M
−) .(4.7)

where 1
2
is the absolute value of the electron spin projection. This Hamiltonian

consists of two terms - the first one acts as the local Zeeman energy, and when

i = j, it measures the difference of the number of electrons with a spin of +1/2

and of −1/2. The second term accounts for the simultaneous flip of the electron

and Manganese spins (total spin projection Sz +Mz is conserved). At the same

time the Mn acts as a “regular” dopant, scattering the electron between different

i and j orbitals.

As was mentioned previously in Chapter 2, the light- and heavy- hole bands

are split in the QDs, by around 30 meV, due to the strain and confinement [173].

Because of this splitting, in the first approximation, the Mn-hole spin flip can

be neglected. The Hamiltonian describing the hole-Mn interaction has the Ising

form:

Hh−Mn =
3

2

∑
ij

Jh
ij(R)

(
h+i⇑hj⇑ − h+i⇓hj⇓

)
Mz. (4.8)

where 3
2
is the heavy-hole angular momentum - hole spin. The spin projection

of the hole jz is conserved by this part of the Hamiltonian. Since the hole-Mn

coupling constant Jh
c2D is around 4 times greater than the electron-Mn coupling

constant Je
c2D, the hole in the QD acts on the Mn ion as an internal magnetic

field, leading to Zeeman-like splitting of Mn spin energy levels.
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From the form of the e-Mn Hamiltonian (4.7) one can see that the electron-

Mn interaction couples dark (Sz+ jz = ±2) and bright (Sz+ jz = ±1) heavy-hole

exciton states [22]. This coupling can be observed in photoluminescence spectra

[165]. Note that the electron-Mn as well as hole-Mn exchange interaction can also

mix the configurations with a different total angular momentum by scattering

electrons from state i to j. Thus the total angular momentum Ltot is no longer

a good quantum number. Thus, the effect of Mn is to introduce a spin related

disorder to the electron-hole complex.

The full e-h-Mn Hamiltonian in a magnetic field has now the form:

ĤehMn =
∑
iσ

εeiσc
+
iσciσ +

∑
iτ

εhiτh
+
iτhiτ (4.9)

+
1

2

∑
ijkl

∑
σ,σ′

Vee(iσ, jσ
′|kσ′, lσ)c+iσc

+
jσ′ckσ′clσ

+
1

2

∑
ijkl

∑
ττ ′

Vhh(iτ, jτ
′|kτ ′, lτ)h+iτh+jτ ′hkτ ′hlτ

−
∑
ijkl

∑
στ

Veh(iσ, jτ |kτ, lσ)c+iσh+jτhkτclσ

+
∑
ijσ

teijc
+
iσciσ +

∑
ijτ

thijc
+
hτhiτ + ĤEHX

+ gMnµBBMz +
∑
ij

3Jh
ij(R)

2

(
h+i⇑hj⇑ − h+i⇓hj⇓

)
Mz

−
∑
ij

Je
ij(R)

2

((
c+i↑cj↑ − c+i↓cj↓

)
Mz + c+i↓cj↑M

+ + c+i↑cj↓M
−) ,

where the first five terms of this Hamiltonian are the same as in the electron-hole

Hamiltonian Heh (Eq. 2.26), which was discussed in detail in Chapter 2. These

terms are: single-particle energies of the electron and hole with their Zeeman en-

ergies, and all Coulomb interactions between electrons and holes. The following

terms correspond to the anisotropy corrections of the confining potential (Chap-

ter 2) of the electron and hole, and it is followed by the electron-hole exchange

term (Chapter 3). Next is the Zeeman energy term of the magnetic ion with the

gMn being the Lande factor of the Mn ion, and µB - the Bohr magneton. The

last two terms describe the electron-Mn and hole-Mn interaction.
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4.1.4 Electron-Mn exchange constants

The electron-Mn exchange constants are defined as:

Je
ij(R) = Je

c2DF
∗
i (R)Fj(R) = Je

c
2D

∫
dreF

∗
i (re)δ(re −R)Fj(re), (4.10)

where Fj(i)(re) are the electron single-particle envelope functions corresponding

to the HO state with the complex indices j = (nje
+ , n

je
− ) and i = (nie

+, n
ie
−). This

equation can be written in the form that explicitly shows that Je
ij(R) is a matrix

element of the delta function between the two electron envelope wave functions:

Je
ij(R) = Je

c2D⟨i|δ(re −R)|j⟩. (4.11)

This element can be calculated in a similar manner as the integral in the

short-range electron-hole exchange matrix element, given by equation Eq. 3.23.

The delta function δ(re−R) can be expanded again as a sum of the plane waves:

δ(re −R) =
1

4π2

∫
dq exp (iq · (re −R)) , (4.12)

and the matrix element Jh
ij(R) takes the form:

Je
ij(R) = Je

c2D

1

4π2

∫
dq⟨i| exp (iq(re −R)) |j⟩ = Je

c2D

1

4π2

∫
dqM1. (4.13)

The integral M1 has been defined while calculating the analytical form of the

direct Coulomb interaction in the HO basis Vee(iσ, jσ
′|kσ′, lσ), by the equation

Eq. B16. After changing variables to the cylindrical coordinates one obtains:

Je
ij(R) = Jh

c2D

1

4π2

∫ ∞

0

qdq

∫ 2π

0

dϕq · exp (−iq ·R)M1. (4.14)

Since in this work the main focus will be on the Mn in the center of the QD,

75



4. Magnetic moments in semiconductors

R = (0, 0), this expression can be simplified to:

Je
ij(0) = Je

c2D

1

4π2

∫ ∞

0

qdq

∫ 2π

0

dϕqM1

= Je
c2D

1

4π2

1√
nie
+!n

ie
−!n

je
+ !n

je
− !

min(nie
+ ,nje

+ )∑
p1=0

min(nie
− ,nje

− )∑
p2=0

p1!p2!

×
(
nie
+

p1

)(
nje
+

p1

)(
nie
−
p2

)(
nje
−

p2

)
Ip1p2 , (4.15)

where the integral Ip1p2 is given by:

Ip1p2 =

∫ ∞

0

qdq

∫ 2π

0

dϕq exp (−|Q|2) (iQ∗)n
ie
+−p1 (iQ)n

ie
−−p2 (iQ)n

je
+ −p1 (iQ∗)n

je
−−p2 .

(4.16)

Following the same steps of calculations as in the case of the direct and short-

range exchange Coulomb interactions, one finds:

• the angular integral has non-zero value only if the angular momentum of

the electron on the right is equal to the angular momentum on the left

LR = LL,

• if one defines the variable p = nie
+ + nje

− − p1 − p2, then the integral takes

the form:

Ip1p2 = (−1)p
4π

leh
2

∫ ∞

0

dQ exp−|Q|2Q2p+1 = (−1)p
2π

leh
2Γ (p+ 1) . (4.17)

The final expression for the electron-Mn exchange constants takes the form:

Je
ij(0) =

1

2πleh
2

1√
nie
+!n

ie
−!n

je
+ !n

je
− !

min(nie
+ ,nje

+ )∑
p1=0

min(nie
− ,nje

− )∑
p2=0

p1!p2!

(
nie
+

p1

)(
nje
+

p1

)(
nie
−
p2

)(
nje
−

p2

)
× (−1)pΓ (p+ 1) , (4.18)

with p = nie
+ + nje

− − p1 − p2. For the Mn in the center of the QD, its scattering

abilities are supressed. Only the single-particle orbitals with the angular momen-

tum equal to zero are interacting with Mn. The other interesting property of
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Figure 4.4: The dependence of the electron-Mn coupling constants on the position
of the Mn in the QD.
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such a system is that the coupling constant of the L = 0 orbitals have all the

same absolute value, while the sign depends on the number of the shell to which

the orbital belongs, for example:

Je
00,00(0) =

Je
c
2D

2πleh
2

Je
00,11(0) = − Je

c
2D

2πleh
2 = −Je

00,00(0) (4.19)

Je
11,11(0) =

Je
c
2D

2πleh
2 = Je

00,00(0).

The dependence of the coupling constants as a function of the position of the Mn

ion in the QD is presented in Fig. 4.4.

The expressions describing the electron-Mn coupling constants in the situa-

tions when Mn is away from the center can be either obtained from the general

equation, Eq. 4.14, or Eq. 4.10 using the analytical expressions for the Fock-

Darwin wave functions, Eq. 2.3. In the second method, one needs to remember

about the change of phase with respect to the z, z∗ representation of the HO wave-

functions. In the calculations for Fig. 4.4 the latter method has been used. The

parameters used to calculate the Je
ij(R) coupling constants are: single-particle

energies ωe + ωh = 30 meV and ωe/ωh = 4, the height of the QD d = 3 nm,

while the material constant Je
c2D = 15 meV · nm3. The effective Rydberg and the

Bohr radius, are the same as used in Chapter 2 for CdTe. The coupling constants

that have a non-zero value when Mn is in the center of the QD decrease with the

position of the ion R. The coupling constants of levels with angular momentum

L ̸= 0 initially increase with the R. However, when the Mn is far away from the

center of the QD, all of the coupling constants quickly decrease to zero.

4.2 Magnetic moment realised in the Quadruple

Quantum Dot

Another method to introduce a magnetic moment into the semiconductor struc-

ture is through the design of artificial lateral quantum dot molecules with con-
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trolled number of electrons.

The theory of electronic properties of a quadruple quantum dot molecule

(QQD) [174–178] [179, 180] has been developed and presented in the Ref. [181].

The geometry of the molecule has been varied by changing the physical parame-

ters such as inter-dot tunneling, energy bias, intra- and inter-dot Coulomb inter-

actions, as well as a number of electrons Ne confined in the QQD.

Here it is shown that for a ring-like half-filled QQD molecule charged with

either an electron or a hole, the chirality of the three(five)-electron complex leads

to the appearance of a topological phase and an effective gauge field. As a result,

the ground state can be tuned between a total spin of S = 1/2 and S = 3/2 by

changing the strength of onsite interactions. This allows to introduce a tunable

magnetic moment into semiconductors.

The QQD can be realized in a lateral gated AlGaAs/GaAs heterostructure

[68, 179, 180]. For example, a metallic gate with four openings can be deposited

on the surface of the AlGaAs/GaAs heterostructure, as shown in Fig. 4.2. Elec-

trostatic fields due to the openings in the gate create local potential minima in the

plane of the two-dimensional electron gas (2DEG), which are capable of confining

electrons. The lateral confinement results in a quantized energy spectrum in each

dot i. The voltage on the main metallic gate and additional gates (not shown

here) can be tuned to control the number of electrons confined in the QQD as

well as the geometry of the QQD without significantly altering the confinement

energies Ei.

Assuming that the interactions between dots are short-range, one can go from

a ring geometry to a linear quadruple quantum dot geometry (LQQD) by inserting

a gate (G1 in Fig. 4.2) between dots 1 and 4. Applying a high negative voltage

increases the tunneling barrier and prevents electrons from tunneling from dot 1

to dot 4. A triangular configuration, studied previously in Ref. [176] i.e., three

dots arranged on the corners of an equilateral triangle that are equidistant to a

central dot, can also be obtained by tuning the tunneling between the dots.
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Figure 4.5: (a) A schematic cross-sectional view of the four-dot lateral gated
device. The dots can be arranged in ring or linear geometry (b). The solid lines
represent nearest-neighbor interactions. (c) Single-particle energy spectra of ring
and linear geometries, respectively.
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4.2.1 Hubbard model

Electronic properties of the QQD can be described in the Hubbard model with one

spin-degenerate orbital per dot.[68, 71] In the Hubbard model, the Hamiltonian is

characterized by the energy levels of the ith quantum dot Ei, the on-site Hubbard

repulsion Ui, the tunneling matrix elements tij ≥ 0, and direct Coulomb matrix

elements Vij between dots i and j. The Hamiltonian in site representation is

written explicitly as:

Ĥ =
4∑

σ,i=1

Eic
+
iσciσ −

4∑
σ,⟨i,j⟩

tijc
+
iσcjσ +

4∑
i=1

Uini↓ni↑ +
1

2

∑
⟨i,j⟩

Vijϱiϱj, (4.20)

where c+iσ(ciσ) are operators creating (annihilating) an electron with spin σ on

the ith orbital |i⟩ of the dot. Here, niσ = c+iσciσ and ϱi = ni↓ + ni↑ are the spin

and charge density on the ith dot, respectively. The summation goes over the

nearest-neighbor (NN) dots ⟨i, j⟩ and retains the NN interactions Vij and the NN

tunneling matrix elements tij. With a single energy level per dot, up to Ne = 8

electrons can occupy the quadruple quantum dot molecule.

In Ref. [181] the electronic structure of the QQD with Ne = 1 to Ne = 8

electrons is calculated using the exact diagonalization approach. In this work,

however, the main focus will be on the case of three and five electrons in the

QQD. For a given number of electrons Ne one can form all possible configurations

|α⟩ =
∏Ne

i=1 c
+
iσ|0⟩, where |0⟩ denotes the vacuum. Since the Hamiltonian, Eq. 4.20,

commutes with the total S and Sz, the matricies of this Hamiltonian can be

constructed and diagonalized (numerically or analytically) separately in each of

the S, Sz subspaces, to obtain the corresponding eigenenergies and eigenvectors.

When all dots are on resonance, the energy of the single state in each QD is

the same, i.e., E1 = E2 = E3 = E4 = E0 = 0. This resonant case resembles the

situation in the Mn atom, where all five 3d states are degenerate. Additionally,

if the tunneling matrix elements are equal, t12 = t23 = t34 = t and t14 = τ (ring

geometry), one-electron energy spectrum in the QQD, is symmetric around a

doubly degenerate energy level E0 = 0, with the ground and highest excited level

energies of ±2t as shown in Fig. 4.2 (c, right). As in the case of the triple dot

[70], the degeneracy of two levels is an outcome of the geometry. In the limit of
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a linear quadruple dot molecule where τ = 0, the degeneracy is lifted and the

energy spectrum of the molecule consists of four energy levels, {(1±
√
5)t/2, (−1±√

5)t/2}, as shown in Fig. 4.2 (c, left).

4.2.2 Three electrons in a QQD

The importance of topology can be further demonstrated by the example of the

three-electron system. The three-electron states can be classified according to

their total spin, S = 3/2 or S = 1/2.

In the strong coupling limit, U ≫ V > t, one can demonstrate [181] Nagaoka’s

ferromagnetism [182] for a QQD in a ring geometry. If the dots are on resonance,

the S = 1/2 ground state can be perturbatively calculated from the real-space

Hamiltonian as:

ES
1/2 ≈ ES

3/2 + t(2−
√
3)− 2t2

U +
√
3t

− 3t2

U − 2V +
√
3t
. (4.21)

Compared to the S = 3/2 ground state energy ES
3/2 = 2V + 3E − 2t, the en-

ergy of this level increases by (2 −
√
3)t, but decreases with the superexchange

contribution (the last two terms in Eq. 4.21). As a result, by manipulating the

tunneling and on-site Hubbard repulsion, one can tune the ground state of the

three-electron system between the total spin S = 3/2 and S = 1/2 states. If
2t

U+
√
3t
+ 3t

U−2V+
√
3t
> (2 −

√
3), the ground state corresponds to S = 1/2. By

increasing the onsite repulsion U or decreasing the tunneling matrix element t,

the transition between S = 1/2 and S = 3/2 can be induced as seen in the phase

diagram in Fig. 4.6 (b). So as in the case of the Mn ion, the interaction between

the electrons, leads to the polarization of the spin of the electrons. In the case of

the QQD one can turn on and off the magnetic moment by changing the voltages

applied to the gates, which might be usefull in application.

On the other hand, one finds that the ground state of the linear, topologically

different QQD is always spin depolarized. Therefore it is not possible to tune

the ground state of the three-electron linear QQD molecule between the S = 1/2

and S = 3/2 states by varying the strength of the Coulomb interaction or the

tunneling matrix elements.
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Figure 4.6: (a) Ground state phase diagram. Red corresponds to parameter
space when the state with the S = 3/2 is the GS, while blue when the GS has
S = 1/2. (b) Total spin of the GS as a function of the number of electrons in the
system.
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In Ref. [181] it was shown that since the single-particle spectrum is fully

symmetric,Fig. 4.2 (c), the energy spectrum of Nh = N holes is always the same

as Ne = N electrons, however all energy levels are shifted up in energy because of

the additional terms in the diagonal elements of the Hamiltonian (the selfenergy

of the holes). For that reason, the similar spin phase transition is present for the

Ne = 5 electrons in the QQD.

The total spin of the ground state as a function of the total number of electrons

in the system is shown in Fig. 4.6 (c). The total spin of the three-electron/hole

ground states can be tuned between S = 3/2 and S = 1/2 by varying the onsite

repulsion and tunneling matrix elements without the need of a magnetic field, as

discussed above. However, it was shown in Ref. [181] that in the S = 3/2 regime

for Ne = 3 and Ne = 5 electrons one can observe spin blockade when one tries

to add an electron to a QQD. The ground state of the linear QQD also follows

the black line given in Fig. 4.6 (c) as it becomes total spin-0 and spin-1/2 ground

state for even and odd numbers of electrons, respectively.
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Computational Procedure

In this chapter the computational details of the calculations of the electronic

properties of the interacting electron-hole-Mn complexes will be described. The

most straight-forward, however computationaly expensive approach, is to con-

struct the Hamiltonian of the interacting electron-hole-Mn complex, Eq. 4.10, in

the basis built out of the configurations of non-interacting electrons and holes,

multiplied by all states of the Mn ion |Mz⟩, Mz = ±5/2,±3/2,±1/2. The basis

states of Nh⇓ +Nh⇑ holes and Ne↓ +Ne↑ electrons would have the form:

|Ψ⟩ = |h+1⇓ . . . h
+
Nh⇓⇓h

+
1⇑ . . . h

+
Nh⇑⇑c

+
1↓ . . . c

+
Ne↓↓c

+
1↑ . . . c

+
Ne↑↑|0⟩ ⊗ |Mz⟩, (5.1)

where the particles are grouped according to their spin. The Hamiltonian matrix,

Eq. 4.10, built in this basis, upon numerical diagonalization, gives the eigenen-

ergies and eigenstates of the interacting e-h-Mn complex in the form of a linear

combination of the configurations defined by Eq. 5.1. However, there are two

disadvantages of such an approach. First, the form of the obtained eigenstates of

the e-h-Mn complex is difficult to relate to the excitonic states in the absence of

the Mn. The analysis of the Mn-induced coupling between the excitonic states

is difficult in this case. The second problem has a computational origin. Due

to the electron-hole exchange, the presence of the anisotropy in the confining

potential of the QD, as well as the scattering by Mn, none of the quantum num-

bers such as the angular momentum of a electron-hole pair L, z-projection of the

total spin of holes jz, electron Sz, or Mn Mz, are conserved. That means that
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the size of a basis constructed in such a way cannot be reduced by dividing it

according to any of the above quantum numbers. In this work, the effect of the

strong magnetic field on the optical properties of the QDs will be considered.

Each magnetic field requires separate computation, including diagonalization of

the Hamiltonian, Eq. 4.10. Therefore, having very big sizes of the Hamiltonian

matricies is not desired.

To solve the problem of big matrix sizes one can use a different approach. It

will be described here in the example of the exciton-Manganese complex. The

computation of the interacting e-h-Mn complex, Eq. 4.10, is broken into two

separate steps.

5.1 Exciton

One can start with the Hamiltonian ĤX which describes the electron-hole pair in

the isotropic parabolic quantum dot with single-particle HO states i, energies ε
e(h)
i,τ

and only direct Coulomb interaction matrix elements [114, 116] Veh(iσ, jτ |kτ, lσ).
This Hamiltonian is given by Eq. 2.34. In this step the single particle energies ε

e(h)
i,τ

do not include Zeeman energies of the electron or the hole. Since the Hamiltonian

ĤX commutes with both the exciton angular momentum L = ne
+−ne

−+nh
−−nh

+

and spin operators, one can construct the electron-hole configurations separately

for each total angular momentum L and spin configuration (τσ) of hole and

electron. These configurations are in the form:

|L; ij⟩|τσ⟩ = h+iτc
+
jσ|0⟩, (5.2)

where the composite indices i and j correspond to the HO states with the num-

bers: i = (nih
+ , n

ih
− ) and j = (nje

+ , n
je
− ). However, the single-particle energies of

the electron and hole ε
e(h)
i,τ , as well as the direct Coulomb interaction between the

electron and the hole do not depend on the spins of the carriers. In this case the

calculations can be done in one of the four spin subspaces, and the spin indices

can be dropped. The new exciton basis will have the form:

|L; ij⟩ = h+i c
+
j |0⟩. (5.3)
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In each of the L subspaces and for each value of the magnetic field B, the ĤX

Hamiltonian matricies, Eq. 2.34, are built and diagonalized numerically. All of

the results presented in this work were obtained using the procedure DSYEV

from the numerical library LAPACK for Fortran 77. The diagonalization of the

Hamiltonian matrix gives a set of eigenstates in the form of linear combinations

of basis configurations:

|XL
k ⟩ =

NL∑
(ij)

A
(k)
L;ij|L; ij⟩, (5.4)

with energy EL
k , where k = 1, ..., NL, and NL is the size of the basis with angular

momentum L, and A
(k)
L;ij is the amplitude of configuration |L; ij⟩ in state |XL

k ⟩.
Again, since the Zeeman energies of the electron and the hole are not included in

the single-particle energies ε
e(h)
i , the resulting energies EL

k are fourfold degenerate

due to the four possible electron and hole spin alignments. The coefficients A
(k)
L;ij,

as well as the exciton energies, depend on the magnetic field B and are evaluated

for each B separately. The calculations are done in all of the angular momentum

subspaces, since the electron-hole exchange as well as the exciton interaction with

the Mn ion mixes X states with different angular momenta.

5.2 Exciton-Mn Hamiltonian

In the next step the electron-hole exchange, the quantum dot anisotropy, the

Zeeman energies of the electron, hole and Mn ion, and the exchange interaction

of electron (hole) with the Mn ion are included. The interacting electron-hole-Mn

system is described by the Hamiltonian [150]:

ĤX−Mn = ĤX + ĤEHX + Ĥanis + ĤZeeman + Ĥh−Mn + Ĥe−Mn. (5.5)

The first term is the electron-hole Hamiltonian ĤX , Eq. 2.34, discussed above.

The second term is the electron-hole exchange term in the magnetic field [113]

described in Chapter 3:

ĤEHX =
∑

ijklσσ′ττ ′

⟨iσ, jτ |V X
eh |kτ ′, lσ′⟩c+iσh+jτhkτ ′clσ′ . (5.6)
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The third term is the anisotropic correction, Eq. 2.16:

Ĥanis =
∑
ijτ

thijh
+
iτhjτ +

∑
ijσ

teijc
+
iσciσ, (5.7)

which breaks the cylindrical symmetry of the quantum dot and mixes the single-

particle states with different angular momenta.

The fourth term is the Zeeman energy of the magnetic ion, the hole and the

electron:

ĤZeeman = gMnµBBMz + geµBBSz + ghµBBjz, (5.8)

where gMn, ge, gh are the Mn ion, electron and hole Lande g-factors respectively,

and µB is the Bohr magneton. Mz, Sz and jz are the Mn, electron, and heavy-hole

spin z-projections.

The Ĥh−Mn and Ĥe−Mn are respectively the hole-Mn Hamiltonian, Eq. 4.8,

and the electron-Mn Hamiltonian, Eq. 4.7, that describe the scattering of the

hole and electron by the Mn ion at position R. This scattering process depends

on the state Mz of the Mn spin as well as its position R.

Having calculated the excitonic states |XL
k ⟩, one generates the X-Mn basis

states by multiplying each excitonic state by the electron-hole spin wave function

|σ, τ⟩, and by the Mn spin wave function |Mz⟩. Thus, the X-Mn basis configura-

tions are of the form:

|XL
k , τσ,Mz⟩ = |XL

k ⟩ ⊗ |τσ⟩ ⊗ |Mz⟩. (5.9)

In the next step, the X-Mn basis is limited to the states that are built using

the correlated exciton states with energies below the energy cut-off EX
c . The

energy cutoff is varied to assure convergence of numerical results. The results of

the diagonalization of the exciton-Mn Hamiltonian with Ex
c = 6.19R∗, the energy

of the electron-hole configuration with both carriers on the d shell, are shown in

Chapter 6. The total number of the basis states in that calculations is Nc = 768.
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5.3 Construction of the exciton-Mn Hamiltonian

The matricies of the Hamiltonian HX−Mn, Eq. 4.10, are built in the basis of

the correlated exciton states. The non-zero elements of the e-Mn Hamiltonian,

Eq. 4.7, consist of two parts: one is an Ising-like interaction leaving the electron

and Mn spins unchanged, and the second, flipping the Mn spin with simultaneous

flipping of the electron spin to leave Mz + Sz constant.

The Ising-like terms of the electron-Mn interaction written in the basis of

correlated exciton states take the form:

⟨XL
r ↓⇑,Mz|Ĥe−Mn|XL′

s ⇑↓,Mz⟩ =

NL∑
(ij)

NL′∑
(kl)

A∗r
L;ijA

s
L′;kl⟨ijL ↓⇑,Mz|Ĥe−Mn|klL

′ ⇑↓,Mz⟩

=

NL∑
(ij)

NL′∑
(kl)

A∗r
L;ijA

s
L′;kl

Je
i,l(R)

2
Mz

=
1

2
Je,eff
r,s (R)Mz, (5.10)

where

Je,eff
r,s (R) =

NL∑
(ij)

NL′∑
(kl)

A∗r
L;ijA

s
L′;klJ

e
i,l(R) (5.11)

is the effective coupling constant constructed as a combination of single-particle

exchange coupling constants Je
i,l(R) weighted by their probability in the exciton

wave function. All elements building the effective coupling constant, the wave

function coefficients Ar
L;ij and the single-orbital coupling constants Je

i,l(R), de-

pend on the magnetic field. The matrix element of the electron-Mn Hamiltonian,

Eq. 4.7, calculated between the X-Mn basis states with the opposite spin of the

electron e.g,: ⟨XL
r ↑⇑,Mz| and |XL′

s ⇑↑,Mz⟩, has the same value but opposite

sign to the matrix element given by Eq. 5.10.
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The spin-flipping matrix elements take the form:

⟨XL
r ↓⇑,Mz|Ĥe−Mn|XL′

s ⇑↑,M ′
z⟩ =

NL∑
(ij)

NL′∑
(kl)

A∗r
L;ijA

s
L′;kl⟨ijL ↓⇑,Mz|Ĥe−Mn|klL

′ ⇑↑,M ′
z⟩

= −
NL∑
(ij)

NL′∑
(kl)

A∗r
L;ijA

s
L′;kl

Je
i,l(R)

2
⟨Mz|M+|M ′

z⟩

= −1

2
Je,eff
r,s (R)⟨Mz|M+|M ′

z⟩. (5.12)

The Hamiltonian Ĥh−Mn, Eq. 4.8, has only the Ising elements similar to the

diagonal elements for Ĥe−Mn.

5.4 Bi-exciton-Mn complex

Calculations of the electronic properties of the bi-exciton-Mn complex (XX-Mn)

are done in a similar two-step process as in the case of a X-Mn.

The bi-exciton Hamiltonian Ĥeh, given by the equation, Eq. 2.26, conserves

the total angular momentum L of the carriers, the total spin, and spin projection

of electrons (S, Sz) and holes (j, jz). The electron-hole configurations can be

divided according to these quantum numbers into subspaces denoted by α =

[L, j, jz, S, Sz]. In the first step, one can build the matrices of the electron-hole

Hamiltonian Ĥeh in the basis |α; ijkl⟩ of two-electron and two-hole configurations

of the form:

|α; ijkl⟩ = h+iτh
+
jτ ′c

+
kσc

+
lσ′|0⟩, (5.13)

where the complex indices i, j, k, and l correspond to the HO states, while spin

Sz = σ + σ′ and jz = τ + τ ′.

Diagonalization of this Hamiltonian in each of the basis α gives the energies Eα
r

of Nα states of the biexciton, where r = 1, . . . , Nα. The corresponding eigenstates

|XXα
r ⟩ =

∑Nα

ijklA
(r)
α;ijkl|α; ijkl⟩ are linear combinations of two-pair configurations,

in which single-particle orbitals i,j (k,l) are occupied by holes (electrons) and

A
(r)
α;ijkl are their amplitudes.

Next, the XX-Mn basis is prepared as the tensor product |XXα
r ,Mz⟩ =
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|XXα
r ⟩⊗|Mz⟩ of the XX eigenstates (with energies lower than the energy cutoff)

and the Mn spin wave functions with Mz = ±5/2,±3/2,±1/2. In this basis, the

matrix of the Hamiltonian, Eq. 5.5, of the XX-Mn system [167] is built and

diagonalized numerically.

The energy cut-off for theXX-Mn states is EXX
c = 5.32 Ry∗. If one introduces

the notation:

EX
GS + ϵ = 6.19Ry∗ = EX

c

EXX
GS + ϵ = 5.32Ry∗ = EXX

c ,

then the energy cut-off EXX
c for XX assures that the ϵ for the X-Mn and XX-

Mn is equal. This means that we include in the basis all the states that have

energies lower than EX
GS + ϵ (EXX

GS + ϵ), while neglecting the ones that are higher

in energy. This way the absolute number of 26136 of XX-Mn configuration in

the QD with three single-particle shells is restricted to 4902, what significantly

improved the computation time.

5.5 Calculations of emission spectra

Having obtained the eigenenergies and eigenfunctions of N and N − 1 electron-

hole pairs in the presence of Mn, the emission and absorption spectra can be

calculated from Fermi’s Golden Rule. The equations Eqs. 2.31 and 2.33 need to

be slightly modified to take into consideration the presence of the Mn in the QD.

The formula Eq. 2.31 takes the following form now:

I−ε (ω) =
∑
i

∑
f

Pi|⟨f,N − 1,Mz|P̂−
ε |i, N,Mz⟩|2δ(Ei − Ef − ω). (5.14)

The |i, N,Mz⟩ denotes the initial state of the N excitons with a Mn ion in state

Mz, while |f,N − 1,Mz⟩ is the final state of N − 1 excitons, in the presence of

the same Mn state Mz, which remains unchanged after the recombination of one

electron-hole pair.

Since the polarisation operator (Eq. 2.32) does not act on the spin of the Mn

ion, the Mn has to be in the same Mz state in the initial and in all final states.
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The absorption spectra in the presence of the Mn can be calculated as:

I+ε (ω) =
∑
i

∑
f

Pi|⟨f,N + 1,Mz|P̂+
ε |i, N,Mz⟩|2δ(Ei − Ef − ω). (5.15)

Now, the initial state |i, N,Mz⟩ has N excitons, while the final state |f,N+1,Mz⟩
has one more exciton, and the state of Mn is Mz in both final and initial states.

In the absorption there are now six initial |Mz⟩ states thermally populated

depending on the Mn Zeeman splitting, while there is a large number of final

states for each Mz visible in the absorption spectra. In the calculations of the

emission spectra, on the other hand, there are six final |Mz⟩ states that need to

be considered. Note that the interband polarization operators anihilate/create an

electron-hole pair in the initial state without changing the |Mz⟩ state of the Mn.

Since the Mn state does not change, the Mn Zeeman energy does not contribute

to the energy of the emitted/absorbed photon.
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Chapter 6

Exciton-Mn complex

It was shown recently that the coupling of the finite spin of the exciton to that

of the impurity opens a way to detect and manipulate localized spins by optical

means [183]. For that reason, the system of an exciton confined in a QD and

coupled to a magnetic impurity, typically a Manganese (Mn) ion, was analyzed

experimentally [22–24, 155, 156, 162–165, 173, 184] and theoretically [139, 150,

151, 161, 167, 185, 186]. The existence of the Mn ion with the magnetic moment

M = 5/2 has been detected by observation of a characteristic exciton emission

spectrum consisting of six emission lines related to the 2M+1 = 6 quantum states

of Mn. This emission spectrum was explained on the basis of a spin model, where

the electrons and valence band holes are represented as spins interacting with the

spin of the Mn ion. This spin model will be briefly discussed in Section 6.1. Here

we apply the fully microscopic treatment of the exciton-Mn interaction to provide

a more complete understanding of the system. The results, their analysis as a

function of the model parameters, as well as a comparison of the calculated and

measured optical spectra are shown in Section 6.2.

6.1 Spin model

The simplest approach to solve the X-Mn problem involves restriction of the

single-particle states of the electron and the hole to the lowest energy level in

the s-shell, as is frequently done for the QDs. Within this restriction there are
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6. X-Mn

four possible exciton configurations due to different spin alignments of carriers as

shown in Fig. 6.1.

Figure 6.1: Four possible exciton configurations in the spin model. Configurations
differ in the spin allignment of the electron and the hole.

The exciton configurations |a⟩ and |c⟩ are bright. This means that excition

in configuration |a⟩ or |c⟩ can recombine radiatively, creating a photon with po-

larization σ+ or σ−, respectively. On the other hand, exciton configurations |b⟩
and |d⟩ are dark - radiative recombination of the exciton in those configurations

is not possible. More about the optical selection rules can be found in Chapter 2

(Section 2.6).

If one retains only this lowest single-particle level for the electron and the

hole, then the correlated model of X-Mn system, discussed in Chapter 4 with

the Hamiltonian given by Eq. 4.10, can be reduced to the simple spin model

[22, 150, 165] with the following Hamiltonian:

Ĥss
X−Mn = EX 1̂ + gMnµBB⃗ · M̂ + geµBB⃗ · σ̂ + ghµBBzjz

− 1

2
Je(R)σ̂ · M̂ +

3

2
Jh(R)jzMz +HEHX , (6.1)

where M̂ , σ̂, jz are the Mn, electron and hole spin operators, respectively. For

electron σ̂ represents Pauli matricies, while for hole jz = ±1. EX is the energy

of the excitonic configuration, containing single-particle energies of the electron

and the hole, and the direct Coulomb interaction between them, Eq. 2.34. Since

this term is equal for all four configurations, it is often neglected. The Zeeman

energies of the electron and the hole are typically included the single-particle

energies, but here they are written explicitly. The next three terms represent the

Zeeman energies of the magnetic ion, the electron, and the hole respectively, while

the following two terms represent the electron-Mn and the hole-Mn interactions,
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6. X-Mn

with the exchange constants Je(h)(R) = J
e(h)
00 (R), where the Mn ion is at the

position R. Often the coupling constants of the lowest single-particle state of

the electron (hole) are replaced by phenomenological constants Je(h) fitted to the

experimental data.

The last term of Eq. 6.1 represents the electron-hole exchange, which in the

basis of exciton states (Fig. 6.1): (|a⟩, |c⟩, |b⟩, |d⟩) can be written as [134]:

HEHX =
1

2


∆0 ∆2 0 0
∆2 ∆0 0 0
0 0 −∆0 ∆1

0 0 ∆1 −∆0

 . (6.2)

This fully phenomenological model of the electron-hole exchange interaction is

characterized by the parameters extracted from the experiment: bright-dark ex-

citon splitting ∆0, and the anisotropic exchange splitting of the bright (∆2), and

dark (∆1) exciton states. The spin model of the electron-hole exchange was cre-

ated to allow for a simple correction of the exciton energy levels, without using a

fully microscopic model. For simple calculation it is epecially important because

the application of the full electron-hole exchange model (as described in Chap-

ter 3) in this restricted basis would lead only to the bright-dark exciton splitting,

leaving each of these manifolds degenerate. It follows from the fact that the bright

exciton splitting is caused by the coupling of the s-shell exciton configurations

with each other through higher excitonic configurations with angular momentum

L = ±2, as seen in Eq. 3.35.

It is important to notice that in the spin model described by the Hamiltonian

Eq. 6.1 all of the exchange constants Je(h)(R) as well as ∆0−2 are parametrized at

B = 0, and the dependence on the magnetic field enters only through the Zeeman

terms.

As explained in Chapter 5, to construct the Hamiltonian matrix of the in-

teracting exciton with Mn ion, each of the configurations (Fig. 6.1) need to be

multiplied by one of the six Mn spin projections |Mz⟩. The construction of this

basis is schematically shown in Figs. 6.2 and 6.3. In the following, the notation

|a,Mz⟩, |b,Mz⟩, ... will be kept when talking about the spin alignments defined in

Figs. 6.2 and 6.3.
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6. X-Mn

Figure 6.2: |a,Mz⟩ = h+00⇑c
+
00↓|0⟩ ⊗ |Mz⟩, |b,Mz⟩ = h+00⇑c

+
00↑|0⟩ ⊗ |Mz⟩

Figure 6.3: |c,Mz⟩ = h+00⇓c
+
00↑|0⟩⊗)|Mz⟩, |d,Mz⟩ = h+00⇓c

+
00↓|0⟩ ⊗ |Mz⟩

Here the X-Mn spectrum in zero magnetic field in the absence of an electron-

hole exchange will be analysed, starting from the pure exciton and gradually

turning on the interactions between carriers and the Mn ion.

Figures 6.2 and 6.3 show the basis of X-Mn configurations |a,Mz⟩, |b,Mz⟩,
|c,Mz⟩, |d,Mz⟩. In the absence of X-Mn interactions, all those 24 configurations

are degenerate (Fig. 6.4).

In the presence of the hole-Mn interaction only, the second quantization form

of the Hamiltonian of such a system is given by [187]:

Ĥss
h−Mn = ÊX 1̂ +

3Jh(R)

2

(
h+00↑h00↑ − h+00↓h00↓

)
Mz (6.3)

This Hamiltonian conserves the spin of all particles. Configurations with the same

exciton state, for example: |a,Mz⟩ and |a,Mz′⟩ are not mixed by the Hamiltonian,

Eq. 6.3, because they differ by the Mn spin projection. On the other hand, the

configurations from different excitonic groups, like |a,Mz⟩ and |b,Mz⟩ are not

coupled due to a different spin allignment of carriers. For that reason, the hole-

Mn interaction has only diagonal Hamiltonian matrix elements. It leads to a

splitting of the 24-fold degenerate level into six fourfold degenerate levels, see

Fig. 6.4. These levels are equidistant in energy with splitting equal to 3
2
Jh (R).
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6. X-Mn

One can think about the fixed spin of the hole as a source of an effective internal

magnetic field, which acts on Manganese spin and leads to the Zeeman splitting

of its levels. The lowest X-Mn level in this case is fourfold degenerate, and

corresponds to the following configurations:

h+00⇑c
+
00↓|0⟩ ⊗ | − 5

2
⟩, h+00⇑c

+
00↑|0⟩ ⊗ | − 5

2
⟩, (6.4)

h+00⇓c
+
00↓|0⟩ ⊗ |5

2
⟩, h+00⇓c

+
00↑|0⟩ ⊗ |5

2
⟩.

Figure 6.4: The evolution of the X-Mn energy spectra with inclusion of the inter-
actions: first column - no X-Mn interaction, second column - h-Mn interaction,
third - Ising part of the e-Mn interaction, fourth - full X-Mn interaction present.
Red colour bars correspond to energies of the bright X-Mn states. Calculations
done with following parameters: Ry = 12.11 meV, aB = 5.61 nm, ωh + ωe = 30
meV, ωe/ωh = 4, Je

c = 15 meV · nm3, Jh
c = 60 meV · nm3, d = 3 nm.
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6. X-Mn

The full X-Mn Hamiltonian at zero magnetic field, Ĥss
X−Mn, Eq. 6.1, can be

expressed in second quantization as:

Ĥss
X−Mn = ÊX 1̂ +

3Jh(R)

2

(
h+00⇑h00⇑ − h+00⇓h00⇓

)
Mz (6.5)

− Je(R)

2

((
c+00↑c00↑ − c+00↓c00↓

)
Mz + c+00↓c00↑M

+ + c+00↑c00↓M
−)

From this form of the Hamiltonian one can see that the hole spin jz is conserved,

while the electron spin can be flipped with a simultaneous flip of the Manganese

spin. The spin-flip process conserves the total Mz +Sz. From that, one can draw

conclusions about mixing of X-Mn |a,Mz⟩, |b,Mz⟩, |c,Mz⟩, |d,Mz⟩ configura-

tions.

The Ising part of the electron-Mn interaction term, as h-Mn Hamiltonian, has

only diagonal non-zero matrix elements. Inclusion of this interactions leads to

the splitting of the fourfold degenerate levels into two doubly degenerate levels,

as shown in the third column of Fig. 6.4. For example, the previous ground

state, Eq. 6.4, splits into two levels. The lowest level corresponds to the bright

X-Mn state: h+00⇑c
+
00↓|0⟩⊗ |− 5

2
⟩, degenerate with h+00⇓c

+
00↑|0⟩⊗ |5

2
⟩, while the first

excited level: h+00⇑c
+
00↑|0⟩ ⊗ | − 5

2
⟩, degenerate with h+00⇓c

+
00↓|0⟩ ⊗ |5

2
⟩ is dark. The

splitting between the states due to the e-Mn interaction is not equal (Fig. 6.4),

but depends on the Manganese spin projection. However, the energy distances

between the bright X-Mn states are still equal, and equal to:

δMn =
1

2

(
3Jh (R) + Je (R)

)
. (6.6)

The second part of the e-Mn Hamiltonian involves an electron-Mn spin flip.

As previously, this interaction doesn’t mix states within the same exciton group,

e.g., |a,Mz⟩. These groups consist of the same orbital exciton configuration but

with a different Mn spin, while the spin-flip interaction relies on a simultaneous

electron and Manganese spin flip. On the other hand, this interaction mixes states

from groups |a,Mz⟩ and |b,Mz⟩ (|c,Mz⟩ and |d,Mz⟩), which have the Manganese

spin different by 1, e.g., |a,Mz⟩ and |b,Mz − 1⟩. There is no mixing between

states from groups with different spins of holes, e.g., |a,Mz⟩ and |c,Mz⟩ due to
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jz conservation. In Fig. 6.4 the coupling scheme has been shown by the black

arrows.

In the absence of the electron-hole exchange, the basis of all 24 configurations

can be divided into the subspaces according to jz and Mz + Sz. As a result one

obtains ten 2 × 2 matricies and four configurations that are eigenstates of the

Ĥss
X−Mn Hamiltonian.

An example of the calculations in one of the two-dimensional subspaces,

namely Mz + Sz = −2, is shown below. In this subspace there are two con-

figurations |b,−5/2⟩ and |a,−3/2⟩. The Hamiltonian matrix in this basis has the

form:

Ĥ = EX 1̂ +

[
−5

2
1
2

(
−Je + 3Jh

)
−
√
5Je

2

−
√
5Je

2
−3

2
1
2

(
Je + 3Jh

) ] . (6.7)

Diagonalization of this matrix leads to eigenenergies:

EX−Mn
+/− = EX +

1

4
Je ± 3

4
Jh

√
96 (Je)2 − 24JeJh + 9 (Jh)2, (6.8)

and eigenvectors in the form of linear combinations of the bright configuration

|a,−3/2⟩ and the dark configuration |b,−5/2⟩:

|X −Mn⟩+ = α+|b,−
5

2
⟩+ β+|a,−

3

2
⟩ (6.9)

|X −Mn⟩− = α−|b,−
5

2
⟩+ β−|a,−

3

2
⟩. (6.10)

The emission spectra of the X-Mn complex confined in the anisotropic QD

depend strongly on the interplay between two energy scales: the electron-hole

exchange and the exciton-Mn exchange. In case of a symmetric quantum dot

with Mn in the center, the spectrum is strongly dominated by the presence of

the Mn ion. On the other hand, if the coupling constant Jh(R) is smaller or

comparable to the bright exciton splitting ∆2, the spectrum is dominated by

electron-hole exchange. This takes place if the QD is asymmetric or tall, or when

the Mn is shifted away from the center. These two cases of the X-Mn emission

spectra will be analysed.
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The figures presented in this section show results of calculations using quan-

tum dot parameters defined previously in Chapter 3 (Section 3.3). Additionally,

the bulk electron-Mn exchange coupling is given by Je
c = 15 meV · nm3, while

the hole-Mn exchange constant is Jh
c = 60 meV · nm3 [152, 187]. The QD height

is d = 3 nm, while the electron-hole exchange parameters, defined by Eq. 6.2,

are: ∆0 = 0.506 meV, ∆2 = 0.166 meV, ∆1 = 0 meV.

Figure 6.5 shows two cases: (a) when the X-Mn interaction completely domi-

nates electron-hole exchange, and (b) with the electron-hole exchange larger than

X-Mn exchange. This results in increased spacing between consecutive emission

lines in the center of the spectra. The electron-hole exchange induced opening of

the central gap was first reported by Leger et al. [155]. The central gap can be

approximated by the expression
√

∆2
2 + δ2Mn, where δMn is given by the Eq. 6.6.

In Ref. [155] the observed spectra, either the Mn or e-h exchange dominated,

were related to the in-plane shift of the Mn ion position from the center of the

QD. This shift of the position of the Mn ion causes a decrease of the hole-Mn

and electron-Mn coupling constants as shown in Fig. 4.4. However, one should

remember that the coupling constants depend also on the height of the quantum

dot d and the s-p single-particle shell spacing.

To learn more about the X-Mn emission spectra one can extract from them

the splittings between the emission lines ∆i, where ∆i = Ei+1 − Ei, as shown in

Fig. 6.5 (a). To compare the splittings ∆i for different QDs they are normalized

by the average splitting of the spectra ∆aver = (E6 − E1) /5. The dependence of

the average splitting of the emission spectra ∆aver on the height d of the QD is

shown in Fig. 6.6 (a), while the normalized emission line spacings ∆i/∆aver for

these dots are shown in Fig. 6.6 (b).

As was mentioned, the parameter d changes the strength of the hole-Mn and

electron-Mn coupling, and as a result changes the splitting of the spectra ∆aver.

In figure 6.6 the paramter d was varied between 2 and 6 nm. The smaller the

height of the QD, the greater the exchange coupling of the spin of the carriers to

the Mn spin, and the greater average splitting (Fig. 6.6 (a)). Since the electron-

hole parameters are kept unchanged, the electron-hole exchange-induced gap in

the middle of the spectra becomes more pronounced with the increase of the

height d (Fig. 6.6 (b)).
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Figure 6.5: The calculated emission spectra from the QD with different hights
of the QD: d = 2 nm (a) and d = 10 nm (b).
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Figure 6.6: The dependence of the average splitting of the spectra (∆aver)(a) and
∆i/∆aver (b) on the height d of the QD. The height of the QD was d = 2, 3, 4
and 6 nm.
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The other feature that one notices in Fig. 6.6 (b) is the general non-zero slope

of the ∆i/∆aver(i) function. The dependence of this slope on the other param-

eters of the QD has been investigated. The greatest variation of the slope was

observed when the bright-dark electron-hole exchange splitting ∆0 was varied.

This dependence has been presented in Fig. 6.7 (a). For the ∆0 = 0 meV the

slope of the ∆i/∆aver is the greatest. It decreases quickly when the value of the

parameter ∆0 is increased. In the spin model, the non-uniformity of the distribu-

tion of the X-Mn emission lines is related to the spin-flip part of the electron-Mn

exchange interaction, Eq. 6.6. This interaction causes mixing between bright

and dark exciton configurations which are split by the energy ∆0. The greater

the difference between the energies of the interacting bright and dark configura-

tions of the exciton, the smaller the repulsion between them and the smaller the

re-normalization of the X-Mn emission lines. For the range of the bright-dark

exciton splitting observed experimentally, ∆0 = 0.5 − 1 meV, the change of the

emission line splitting does not exceed 2%. A uniform splitting of the emission

lines corresponds to ∆i/∆aver = 1).

Figure 6.7 (b) shows the dependence of the normalized emission line spacing

∆i/∆aver on the bright exciton splitting ∆2. The parameter ∆2 was varied be-

tween 0− 0.5 meV. This figure has many similarities with the Fig. 6.6 (b). They

both represent the interplay between the two energy scales - carrier-Mn coupling

δMn, and long-range electron-hole exchange interaction ∆2.

6.2 Microscopic, correlated model of the X-Mn

complex

Here we move beyong the spin model of the exciton and show how one can

engineer exciton-Mn interactions in a semiconductor quantum dot through design

of a quantum-dot exciton [103, 125]. A novel quantum interference (QI) effect

between the electron-hole Coulomb scattering and the scattering by Mn ion is

shown to significantly change the exciton-Mn coupling revealed by a characteristic

pattern in the emission spectrum. All the figures in this Section are obtained

using quantum dot parameters defined in Chapter 3 (Section 3.3). Additionally,
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the bulk electron-Mn exchange constant: Je
c = 15 meV · nm3, while the hole-Mn

exchange constant: Jh
c = 60 meV · nm3. The QD height is typically d = 3 nm.

The full microscopic model of electron-hole exchange (Chapter 3) is implemented,

and calculations are done with the bulk parameters µ2 = 0.11 and ESR = 0.093.

The exciton energy spectra in the non-magnetic QD with the above parameters

have been calculated as well. This allowed for the extraction of the dark-bright

exciton splitting ∆0 = 0.506 meV and bright exciton splitting ∆2 = 0.166 meV

from energy spectra.

6.2.1 Quantum interference

6.2.1.1 Magnetic field produced by the spin of the hole

The dominant component of the exchange interaction of the correlated exciton

with the Mn spin is the hole-Mn Ising-like interaction. For a qualitative descrip-

tion of the exciton-Mn interaction one can focus on the hole-Mn part of this

interaction [150, 188]. As discussed in the previous Section, the spin of the hole

plays the role of the effective magnetic field, leading to the “exchange” splitting

of different Mz states. One can evaluate how the strength of this internal mag-

netic field changes due to the correlations. This can be done by calculating the

expectation value of the hole-Mn Hamiltonian, Eq. 4.8, in the ground state of the

exciton: ⟨Hh−Mn⟩ = ⟨Mz|⟨↓⇑ |⟨XGS|Hh−Mn|XGS⟩| ⇑↓⟩|Mz⟩.
It was shown in Chapter 2 that the ground state of a correlated exciton con-

fined in the QD with three (SPD) single-particle shells can be approximated

by the linear combination of the three Jacobi coordinates: |A⟩, |B⟩ and |H⟩
(Eq. 2.38). With p orbitals not coupled to the Mn in the center of the dot [152],

the ground state of the exciton can be further simplified and written as:

|XGS⟩| ⇑↓⟩ =
(
A

(1)
A |A⟩ − A

(1)
H |H⟩

)
| ⇑↓⟩. (6.11)

The expectation value of the hole-Mn interaction Hamiltonian in this state is
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then:

⟨Hh−Mn⟩ = ⟨Mz|⟨↓⇑ |⟨XGS|Hh−Mn|XGS⟩| ⇑↓⟩|Mz⟩ (6.12)

= A
(1)
A

2
⟨Mz|⟨↓⇑ |⟨A|Hh−Mn|A⟩| ⇑↓⟩|Mz⟩

− 2A
(1)
A A

(1)
H ⟨Mz|⟨↓⇑ |⟨H|Hh−Mn|A⟩| ⇑↓⟩|Mz⟩

+ A
(1)
H

2
⟨Mz|⟨↓⇑ |⟨H|Hh−Mn|H⟩| ⇑↓⟩|Mz⟩

=
3

2

(
{A(1)

A

2
+ A

(1)
H

2
}Jss(0)−

√
2A

(1)
A A

(1)
H Jsd(0)

)
Mz,

where the example of a matrix element:

⟨Mz|⟨↓⇑ |⟨H|Hh−Mn|A⟩| ⇑↓⟩|Mz⟩ =
1√
2
⟨Mz|⟨↓⇑ | (⟨sd|+ ⟨ds|) |Hh−Mn|ss⟩| ⇑↓⟩|Mz⟩

=
1√
2
Jsd(0). (6.13)

Equation 6.12 can be written in the compact form:

⟨Hh−Mn⟩ = αMz, (6.14)

where the exchange splitting α = 3/2
[
A∗

A
2Jss −

√
2A

(1)
A A

(1)
H Jsd

]
of Mn levels is

a difference of two terms. The first term, A∗
A
2Jss, is proportional to the product

of the sum of probability amplitudes of the hole occupying s and d orbitals,

A∗
A
2 = A

(1)
A

2
+A

(1)
H

2
in the exciton GS, while the electron is on the s-shell, weighted

by the exchange matrix element Jdd = Jss. The renormalized amplitude A∗
A
2 is

slightly smaller than 1, which is the value in front of the Jss in the spin model. The

second term, −
√
2A

(1)
A A

(1)
H Jsd, changes the magnitude of the hole-Mn exchange.

This term is proportional to the product A
(1)
H Jsd, i.e., the amplitude A

(1)
H of the

|H⟩ configuration in the exciton GS, and scattering matrix element Jsd of the hole

by the Mn ion. The presence of the |H⟩ configuration in the ground state of the

exciton is caused by the direct Coulomb interaction between the electron and hole,

while the scattering of the hole from s to d = (1, 1) orbital is caused by the Mn

ion acting as an impurity. Hence, both the electron-hole Coulomb interactions,

and the scattering by the Mn impurity must be simultaneously present to induce

a change in the hole exchange field. This effect is the quantum interference (QI)
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effect between these interactions. The QI is absent in shallow quantum dots with

s-p shells, but takes place in quantum dots with at least three confined shells.

The same conclusion holds for Mn off-center but with A∗
A renormalized by the

Jpp coupling.

Figure 6.8 shows the results of the numerical calculations of the average spac-

ing of Mn energy levels in the s shell as a function of the number of shells confined

in the isotropic QD, with a negligible electron-hole exchange. The calculations

include the electron-hole direct Coulomb interaction and electron-Mn and hole-

Mn interactions, and are done for parameters typical for a CdTe quantum dot,

specified at the begining of this Section. Figure 6.8 (a) shows the case when the

scattering constants Jsd have opposite signs to the Jss, Jsd = −Jss, as it follows
from the calculations presented in Chapter 4. Figure 6.8 (b), on the other hand,

presents the results with Jsd = Jss. In the first case (Fig. 6.8 (a)), there is a con-

structive quantum interference between the Coulomb and Mn scattering, which

leads to the increase of the hole-Mn interaction, and the increase of the splitting

of the X-Mn emission lines, when the d shell is present in the QD. The effect

persists when the higher shells are introduced to the QD. If one were to develop

the means to control independently the value of the coupling constants Jij, the

system in which Jsd = Jss could be designed. In the case when the scattering

constant Jsd is equal to the Jss, the quantum interference is destructive and the

splitting of the emission lines decreases. In Fig. 6.8 (b), this splitting decreases

by a factor of about 2, Ref. [151], when the quantum dot admits the d shell.

6.2.1.2 Effects of the excited states of the exciton

In Chapter 5 it was mentioned that the eigenstates of the exciton in the non-

magnetic QD are no longer eigenstates in the presence of the Mn. The Mn ion

acts as a scattering center coupling different exciton states. This coupling leads

to the second signature of the quantum interference. For the simplicity of the

analytical analysis the number of the excitonic states is restricted to only two:

the ground state and the first excited state. The effect of the Mn ion-induced

coupling between the excitonic states on the distribution of the s-shell emission

lines from the X-Mn complex will be shown.
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Figure 6.8: Calculated average spacing ∆aver = (E−5/2 − E5/2)/5 of Mn energy
levels in the s-shell as a function of the number of shells of an isotropic CdTe QD
with negligible electron-hole exchange. The parameters used in the calculation
were specified at the begining of this section, while the scattering constants:
Jsd = −Jss (a) and Jsd = Jss (b).
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For CdTe QD, the shell spacing for hole is around four times smaller than

that for the electron. In the case of Ωe/Ωh = 4, the first excited exciton orbital

state is of the form (Eq. 2.41):

|XES⟩| ⇑↓⟩ =
(
A

(2)
A |A⟩+ A

(2)
B |B⟩+ A

(2)
H |H⟩+ A

(2)
G |G⟩

)
| ⇑↓⟩, (6.15)

where the greatest amplitude is A
(2)
H , followed by A

(2)
G , and then by A

(1)
B . The

contribution from the |A⟩ configuration is very small.

The states of the X-Mn complex built out of this bare exciton state |XES⟩ in-
teract with Mn in a similar way as the states built out of the ground state of the ex-

citon XGS. They experience a uniform splitting ⟨Mz|⟨↓⇑ |⟨XES|Hh−Mn|XES⟩| ⇑↓
⟩|Mz⟩ = βMz, where the coefficient β is different from the coefficient α, describ-

ing the splitting of XGS. This leads to a different magnitude of the splitting of

the ground and excited states of the X-Mn complex.

The coupling between the ground |XGS⟩|στ⟩|Mz⟩ and excited state

|XES⟩|στ⟩|M ′
z⟩ of an exciton by the hole-Mn exchange interaction is given by

the matrix element: ⟨Mz|⟨↓⇑ |⟨XGS|Hh−Mn|XES⟩| ⇑↓⟩|M ′
z⟩ = κMzδMz ,M ′

z
, which

turns out to be proportional to the projection of the Mn spin Mz, with the

proportionality coefficient

κ =
(
A

(1)
A A

(2)
A − A

(1)
H A

(2)
H

)
Jss −

(
A

(1)
A (A

(2)
H + A

(2)
G )− A

(1)
H A

(2)
A

)
Jsd. (6.16)

The Hamiltonian matrix is then block-diagonal. For each of theMz one can write

2× 2 matricies: [
EGS + αMz κMz

κMz EES + βMz

]
. (6.17)

From this simple model one can see that the excited state renormalizes the

energy of the ground state of the exciton-Mn complex:

EMz
GS = EGS + αMz −

(
κ2M2

z

(∆E + (β − α)Mz)

)
, (6.18)

where the excited exciton state |XES⟩ has energy EES, and ∆E = EES − EGS

[151].
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The spacings between the s-shell energy levels of the X-Mn complex are now

renormalized and non-uniform:

∆Mz = EMz+1
GS − EMz

GS (6.19)

=

(
α− κ2

∆E
− κ2 (β − α)

∆E2

)
− 2κ2

∆E
Mz −

2κ2 (β − α)

∆E2 Mz.

The renormalization of the s-shell Mn energy levels by the excited exciton

state is shown schematically in Fig. 6.9. The ground and excited exciton levels

corresponding to the same Mz are coupled by Mn, with the coupling strength

proportional to the magnitude of the manganese spin z-projection. The repulsion

between the states with a higher |Mz| is stronger, which leads to a greater shift

of their energies. This in turn leads to a nonuniform spacing of levels. The

differences in the magnitude of this shift are visualized in Fig. 6.9 in the form

of different lengths of arrows. The solid (dashed) vertical lines represent the

exciton-Mn energy levels with (without) the ground state-excited state coupling.

Usually for a QD with Jsd = −Jss the splitting of the p-shell is smaller that

the splitting of the s-shell of the X-Mn complex: β − α < 0. This leads to a

competition between the terms in Eq. 6.19. The final result depends on the sign

of the following expression:

− 2κ2

∆E
Mz −

2κ2 (β − α)

∆E2 Mz = − 2κ2

∆E
Mz

(
1− |α− β|

∆E

)
. (6.20)

If the splitting of the s and p-shell structures of the X-Mn complex is similar

(α ≈ β), the expression for the emission line spacing ∆Mz , Eq. 6.19, can be

simplified [151]:

∆Mz = EMz+1
GS − EMz

GS =

(
α− κ2

∆E

)
− 2κ2

∆E
Mz. (6.21)

6.2.2 Results of numerical calculations

Having obtained the eigenenergies and eigenstates of the X-Mn complex, one

can calculate the emission and absorption spectra using the Fermi’s Golden Rule,
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Figure 6.9: Schematic renormalization of ground |GS⟩ and excited |ES⟩ exciton-
Mn complex energy levels by the Mn-induced interaction between them. Levels
corresponding to the same Mn ion spin projection repel each other, with the
strength proportional to Mz, whose magnitude is represented by the horizontal
arrows. Dashed-unrenormalized (solid-renormalized) vertical lines represent the
energy levels of the X-Mn system in the s-shell (six lines on the left) and the
p-shell (six lines on the right) energy region.

111



6. X-Mn

Eqs. 5.14 and 5.15. The results of these calculations are shown in Figs. 6.10,

6.11 (emission) and Figs. 6.12, 6.13 (absorption).

The exchange constants of the hole-Mn and electron-Mn interactions used in

the calculations are Jsd = −Jss (Fig. 6.10) and Jsd = Jss (Fig. 6.11). The main

difference between the figures is the average splitting between emission lines - the

first figure represents the case of the constructive quantum interference, where

∆Mz are greater than δMn as calculated in the spin model, Eq. 6.6. On the

other hand, Fig. 6.11 presents the results with destructive quantum interference,

where the average emission line spacing is smaller than the one predicted by

the spin model. The height of the emission lines corresponds to the emission

intensity in the polarization px (upper panel - red) or py (lower panel - black

bars). The emission spectra in Fig. 6.11 have greater linear polarization. This is

so because in this case the relative strength of the electron-hole exchange is greater

in comparison to the Mn-induced splitting, hence the stronger linear polarization.

The fact that the polarization px is stronger than the py in both Figs. 6.10 and

6.10 is related to the thermal occupation Pi of the X-Mn states |i⟩. States with
lower energy have greater population at low temperature. This re-normalizes the

emission intensities and leads to stronger emission intensity from these states. At

very high temperatures,when all of the X-Mn states are equally populated, the

intensities of the lines directly correspond to the oscillator strength of that states.

Finally, Figs. 6.12 and 6.13 show the calculated absorption spectra. In these

spectra one can see the s shell, the two excited exciton states associated with |B⟩
and |H⟩ configurations in the energy range of the p shell, and the d shell. The

shells are split into a fine structure by the presence of Mn. In the same way as in

the emission spectra, the different height of the peaks corresponds to the degree

of linear polarization of absorbed photons, with black (red) denoting the py (px)

polarization. In this spectrum one can identify two consequences of the existence

of the d shell: the complex emission pattern in the p-shell range of energies, and

the QI in the s shell. For the QD with the Jsd = −Jss (Fig. 6.12), where the

constructive interference in the s-shell occurs, the splitting of the p-shell due to

the presence of the Mn ion is much smaller than for the QD with the Jsd = Jss

(Fig. 6.13), with the destructive interference in the s-shell. This effect can be
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Figure 6.10: Emission spectrum calculated for a CdTe QD, with parameters as
specified at the begining of this section, while the exchange constant Jsd = −Jss.
The top panel is calculated with px, bottom - with py polarization. The calculated
emission spectra with gaussian broadening of the emission lines are shown in blue.
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Figure 6.11: Emission spectrum calculated for a CdTe QD, with parameters as
specified at the begining of this section, while the exchange constant Jsd = Jss.
The top panel is calculated with px, bottom - with py polarization. The calculated
emission spectra with gaussian broadening of the emission lines are shown in blue.
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Figure 6.12: Absorption spectrum calculated for a CdTe QD, with parameters as
in Fig. 6.10 (top - px, bottom - py polarization) and Jsd = −Jss. The calculated
absorption spectra with gaussian broadening of the absorption lines are shown in
blue.
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Figure 6.13: Absorption spectrum calculated for a CdTe QD, with parameters as
in Fig. 6.11 (top - px, bottom - py polarization) and Jsd = Jss. The calculated
absorption spectra with gaussian broadening of the absorption lines are shown in
blue.
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easily understood by studying the form of the ground, Eq. 2.38, and excited wave

function of the exciton (Eq. 2.41). The electron-hole exchange splitting of the

p-shell is larger than that of the s and d shell. This leads to a much stronger

linear polarization of the emission lines in the p-shell. Experiments are on the

way to verify the predicted absorption spectra.

Using the notation of the emission line spacings ∆i defined in Section 6.1

(Fig. 6.5 (a)), one can extract the values for the ∆i from the X-Mn emission

spectra calculated using the correlated model. Figure 6.14 (a) shows the compar-

ison of the average emission line spacing ∆aver, calculated using the correlated

model (Jsd = −Jss) (full bars), and the spin model (empty bars), for a few dif-

ferent heights of the QD d = 2, 3, 4, and 6 nm. In the correlated model the

constructive quantum interference is visible, leading to the increase of the aver-

age splitting ∆aver with respect to the spin model (the full bars are taller than the

empty ones). At the same time, the average spacing decreases with the increase

of the parameter d in the same way as in the spin model. The dependence of the

normalized splittings ∆i/∆aver on the QD height d is presented in Fig. 6.14 (a).

The thick-solid lines represent the calculations done using the correlated model

(SPD), while the black-dotted line shows the result of the analogous calculations

using the spin model with d = 2 nm (as in Fig. 6.6 (b)). The data calculated using

the spin model are shown here for comparison. The slope of the line ∆i/∆aver(i)

calculated in the SPD model, with the d = 2 nm (black-solid line), has signif-

icanly increased compared to the spin model (black-dotted line). The second

signature of the QI, namely the increased non-uniformity in the emission lines

due to the Mn ion-induced interaction of the ground state with the excited states

of an exciton is clearly visible.

As in the spin model, the slope of the ∆i/∆aver(i) decreases with the increase

of the QD height d. This happens because the carrier-Mn exchange constants

decrease with increase of the parameter d. In the correlated model this effect

leads not only to a suppression of the spin-flip process between the electron and

Mn ion, due to the smaller scattering constants, but also to a decreased coupling

between the ground and excited exciton state. Together with the decrease of

the slope, the electron-hole exchange-induced gap in the middle of the spectra

increases, creating a growing “bump” on the ∆i/∆aver(i) function. The effect of
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Figure 6.14: (a) The dependence of the average splitting of the spectra (∆aver) on
the height of the QD d, calculated in the correlated (solid bars) and spin (empty
bars) model. The parameter d changes the hole-Mn and electron-Mn coupling,
and changes the splitting of the spectra. (b) The dependence of the ∆i/∆aver on
the height of the QD d. The thick solid lines show the data calculated using the
correlated model, while the thin dotted lines show calculations in the spin model.
Parameters used for calculations were specified at the begining of this section.
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the interplay between the Mn and electron-hole exchange-induced splitting has

been discussed previously in Section 6.1, which describes the spin model.

In the spin model there is a very strong dependence of the slope of the

∆i/∆aver(i) on the bright-dark exciton splitting ∆0 (Fig. 6.7 (a)), since the non-

uniformity in the distribution of lines in this model is caused by the spin-flip

process between the electron and Mn. This proces couples the bright and dark

exciton states, and is very sensitive to the energy difference between them, mainly

∆0. In the correlated model this dependence is much weaker, as presented in

Fig. 6.15 (b). The thick-solid lines correspond to the data obtained in the corre-

lated model, with the different brigth-dark exciton splittings ∆0 = 0, 0.25, 0.506

(bulk) and 2 meV. The different ∆0 splittings were obtained by varying the short-

range exchange parameter ESR. For comparison, the spin model calculations for

the ∆0 = 0 and 0.506 meV, and d = 2.2 nm, are shown in Fig. 6.15 (b) (thin-

dotted lines). The height of the QD has been changed with respect to the cor-

related model to compare the splittings ∆i/∆aver of the emission spectra with

same average spacing. Figure 6.15 (a) shows the comparison of the ∆aver spacing

in the correlated (solid bars) and spin (empty bars) models as a function of ∆0.

The ∆aver does not depend on the bright-dark exciton splitting.

The comparison of the ∆aver between the correlated (solid bars) and spin

(empty bars) models, calculated for a few values of the bright exciton splittings

∆2 is shown in Fig. 6.16 (a). As in the previous case, the average splitting of

the X-Mn emission lines ∆aver does not depend on the bright exciton splitting

∆2. The different values of the ∆2 were obtained by changing the strength of the

long-range electron-hole exchange µ2, leaving the dark-bright exciton splitting

unchanged (∆0 = 0.506 meV) to limit the number of varying parameters. Since

both long- and short-range exchange interactions contribute to the dark-bright

exciton splitting, the value of the short-range exchange parameter ESR had to be

adjusted accordingly.

Figure 6.16 (b) shows how the ∆i/∆aver(i) depends on the bright exciton

splitting ∆2. The slopes of the curves do not change, however the electron-hole

exchange induced gap in the middle of the spectra becomes more pronounced

with the increase of the parameter ∆2. This behaviour is very similar to the

dependence observed in Fig. 6.7 (b) for the spin model.
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Figure 6.15: (a) The dependence of the average splitting of the spectra (∆aver)
calculated using the correlated (solid bars) and spin (empty bars) model on the
bright - dark exciton splitting ∆0. To obtain the same average splitting for both
model, the spin model was calculated for a dot with the d = 2.2 nm height, while
the correlated model with d = 3 nm. (b) The dependence of the ∆i/∆aver on the
∆0 splitting. The thick-solid lines show the data calculated using the correlated
model, while the thin-dotted lines show calculations in the spin model. Other
parameters used here were specified at the begining of this section.
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Figure 6.16: (a) The dependence of the average splitting of the spectra (∆aver)
calculated using the correlated (solid bars) and spin (empty bars) model on the
bright exciton splitting ∆2. The spin model was applied to a dot with the d = 2.2
nm height, while the correlated model to a dot with d = 3 nm. (b) The depen-
dence of the ∆i/∆aver on the ∆2 splitting. The thick-solid lines show the data
calculated using the correlated model, while the thin-dotted lines show calcula-
tion in the spin model. Other parameters used here were specified at the begining
of this section.
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6.2.3 Comparison of the model calculations to the exper-

imental emission spectra

The experimental emission spectra of the quantum dots were obtained by Kos-

sacki at. al for CdTe-based heterostructures grown using molecular beam epi-

taxy [151, 172]. The process of the fabrication quantum dot samples has been

described in Chapter 4. For the measurements, the sample was placed in a micro-

photoluminescence setup composed of piezo-electric x − y − z stages, and a mi-

croscope objective. The system was kept at the temperature of 4.2K in a helium

exchange gas. The PL of the QDs was excited either above the gap of the ZnTe

barrier (at 532 nm) or using a tunable dye laser in the range 570− 610 nm. Both

the exciting and the collected light were transmitted through a monomode fiber

coupled directly to the microscope objective. The overall spatial resolution of the

set-up was better then 1 µm which assured possibility to select different single

quantum dots containing a single Mn ion. The dots without Mn ion were observed

in the same samples. The PL analysis was done for the dots having emission lines

in the low energy tail of the broad PL emission band [24, 172] which assured good

separation from the lines related to the other dots. The characteristic PL spectra

contain a neutral exciton line split into sextuplets. Lower in energy, the lines

related to charged excitons (X+ and X−) and biexciton were observed. Higher

in energy, the emission from higher shells (s, p, d . . .) appear with an increasing

excitation power, as is shown in Fig. 2.9 (b). From many quantum dots, those

with emission spectra with six emission lines, i.e., Mn in the center of a dot [155],

were selected.

Figure 6.17 (a) presents the measured and calculated s-shell emission spec-

trum at temperature T=75K. The QD parameters used in this calculations are

the same as defined in the Chapter 3, Section 3.3, while the coupling constants

between carriers and Mn ion in the bulk material were defined in Section 6.2.

This calculation was done for the case when Jsd = −Jss, when the constructive

interference takes place. To compare this calculation to the experimental data

height of the QD was taken as d = 6.9 nm.

The predicted peak spacing ∆i(Mz), i = 1 − 5 calculated using the Eq. 6.21

and normalized by the the average line spacing ∆aver, is plotted in Fig. 6.17 (b) in
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Figure 6.17: (a) Measured and calculated s-shell emission spectrum at tempera-
ture T = 75 K with Jsd = −Jss. Parameters used in the calculation are explained
in the text. (b) Comparison of the measured (black) and calculated (red) peak
separation ∆i(Mz)/∆aver (∆aver being the average distance) as a function of the
peak separation number i. The inset shows measured ∆i/∆aver for ten QDs
from the same wafer. The green line shows ∆i(Mz)/∆aver calculated analytically
(neglects anisotropy and electron-hole exchange interaction).
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green. It decreases linearly with increasing i or Mz. This decrease is reproduced

by numerical calculations (red line) and the ∆i(Mz)/∆aver extracted from the

experimental data (black line). Deviations from linear dependence of ∆i are due

to the electron-hole exchange interaction and anisotropy. The inset of Fig. 6.17 (b)

confirms the characteristic pattern of spacings between the X-Mn emission peaks

for ten different quantum dot samples.

Figure 6.18 (a) shows the same measured emission spectrum from the s-shell

of the X-Mn complex as in Fig. 6.17 (a). The calculated emission spectra, how-

ever, are obtained by using the scattering constant Jsd = Jss, while the other

parameters are the same as used in the calculations shown in Fig. 6.17. Since in

the case Jsd = Jss the destructive interference occurs, the height of the QD has

been adjusted to d = 2.56 nm to increase ∆aver. The spectrum is calculated at

temperature T=75K.

Analogously to the figure 6.17 (b), Fig. 6.18 (b) shows the predicted peak

spacing ∆i(Mz)/∆aver calculated using the Eq. 6.21 (green), extracted from the

experiment (black), and computed numerically (red). The slopes of the calculated

peak spacings are much greater for this data set. The reason for this is that

the coupling between the ground and excited states, given by the parameter κ,

Eq. 6.16, is significantly greater compared to the calculations with Jsd = −Jss.
At the same time, the average splitting of lines ∆aver, defined mostly by the

splitting of the ground state α, is unchanged. The average splitting is kept the

same (controled by the parameter d) to compare the results with the experiment.

However, for the same height of the QD d, the parameter κ is greater when

Jsd = −Jss. After re-scaling of the carrier-Mn exchange constants by the param-

eter d to fit the experimental data, the coupling of the ground state with the

excited state significantly decreases, leading to the smaller slope of the ∆i/∆aver.

In summary, in the microscopic description of the exciton-Mn interaction,

which includes correlations in the electron-valence hole complex, the short range

exchange of Mn ion with the hole and the electron, the long- and short-range

electron-hole exchange and the quantum dot anisotropy has been presented. A

new quantum interference (QI) effect between the electron-hole Coulomb scat-

tering and the scattering by Mn ion has been predicted and observed in the

emission spectra as the increase of emission peak spacing with increasing state of
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Figure 6.18: (a) Measured and calculated s-shell emission spectrum at tempera-
ture T = 75 K with Jsd = Jss. Parameters used in the calculation are explained in
the text. (b) Comparison of the measured (black) and calculated (red) peak sepa-
ration ∆i(Mz)/∆aver as a function of the peak separation number i. The green line
shows ∆i(Mz)/∆aver calculated analytically (neglects anisotropy and electron-hole
exchange interaction).
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the Mn ion. This opens the possibility of engineering exciton-Mn spin interaction

in quantum dots via quantum interference for quantum memory and information

processing applications.
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Chapter 7

Exciton-Mn complex in a

magnetic field

By applying a strong magnetic field one modifies the electron and hole energy lev-

els and wave functions. By increasingly localizing the electron and hole wave func-

tion in the quantum dot, one expects to increase the strength of electron(hole)-

Mn exchange interaction, and hence significantly modify the optical properties of

semi-magnetic quantum dots. However, recent experiments [22, 155, 165] indi-

cate that the emission properties do not change significantly with the magnetic

field and can be described by a magnetic field-independent spin model, where the

exchange constants between the carriers and Mn ion are parameterized at B = 0,

from fitting the experimental data. The exchange constants do not change with

the magnetic field, and the only dependence on the magnetic field is the Zeeman

energy.

Here, the microscopic model of the exciton-Mn system presented previously

in Chapter 6 and in Refs. [151] is extended to high magnetic fields, Ref.[167].

The impact of the magnetic field on the absorption and emission spectra of a

model quantum dot with different shell structures is analyzed [167]. This allows

to predict the signature of a Mn ion in the absorption spectra corresponding to

excited quantum dot shells, as well as to compare the emission spectra from a

correlated X-Mn complex with a spin model. In Chapter 6 it was shown that

the experimental data [151] indicate that in CdTe quantum dots there are at

least three confined electronic shells s, p, and d, and that the presence of these
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shells leads to qualitatively different effects, such as the quantum interference in

the electronic structure of the X-Mn complex at B = 0. Hence all calculations

were performed for CdTe quantum dots with s; s, p, and s, p, d shells. The QD

parameters used in the calculations presented in this chapter are the same as in

Chapters 3 and 6, and are described in the details in Section 3.3 [14, 150–152].

The electron-Mn and hole-Mn bulk coupling constants are Jsd = −Jss, while the

height of the QD is assumed to be d = 3 nm, with the Manganese impurity in the

center (R = 0). In Ref. [167] the scattering constants Jsd = Jss were used, while

the height of the QD was d = 2.56 nm. The Lande factors are: ge = -0.7, gh =

0.38, gMn=2, for the electron, the hole, and the Mn respectively. The electron-

hole exchange is calculated using the full microscopic model (Chapter 3) with

bulk paramters µ2 and ESR as in Chapter 6. The bright-dark exciton splitting

in B = 0, calculated for the non-magnetic QD with the same parameters, is

∆0 = 0.506 meV, while the bright exciton splitting ∆1 = 0.166 meV. The dark

exciton splitting is ∆2 = 0 meV.

Figure 7.1 shows the results of calculated absorption spectra in the (a) corre-

lated exciton-Mn model with SPD shells, and (b) the spin model. The red (blue)

lines correspond to the absorption of the σ− (σ+) photons.

From Fig. 7.1 (a) one can see that the absorption consists of three groups of

lines corresponding to the absorption into the s shell, p shell and d shell. The

p-shell absorption consists of lower-energy transitions involving SD configura-

tions (|H⟩ Jacobi coordinate), activated by Coulomb interactions [103, 151], and

higher-energy PP states (|B⟩ Jacobi coordinate)(Chapter 2). The SD transitions

correspond to zero angular momentum states and evolve in B in parallel with

the emission from the s-shell states. The PP transitions are split by Coulomb

interactions and anisotropy, with the upper branch crossing the transitions asso-

ciated with the d-shell. All excitonic transistions are “dressed” by the electron,

hole, and Mn spin states. By contrast, the absorption in the spin model covers

only the s shell. The number of absorption lines in this energy range is equal

to the number of absorption lines in the correlated exciton model, however the

spin model predicts only a linear magnetic-field dependence through the Zeeman
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Figure 7.1: Magnetic-field evolution of the absorption spectra calculated in the
spin model (a) and correlated exciton model (b) which includes s, p and d single-
particle shells and a small anisotropy of the QD confining potential (γ = 0.33).
Parameters used in the calculation are given at the begining of this section.
Calculations correspond to the temperature of the sample of 75 K. Thickness of
the lines represents the heights of the absorption peaks at a given energy.
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7. X-Mn in the high magnetic field

coupling. Hence, the correlated exciton model is necessary for the description of

the higher-energy part of the absorption spectra.

Since the easiest experimentally accesible optical information about the QD

is its emission spectra, the main focus of this chapter will be on the discussion

of the emission spectra from the s shell of the X-Mn complex [167]. Figure 7.2

compares the magnetic field evolution of the emission spectra for the two cir-

cular polarizations, calculated using different approximations. Panels show the

calculated emission spectra in increasing degree of accuracy: (a) the spin model,

(b) the s-shell model, with electron-hole configurations restricted to the s-shell

but with a microscopic form of exciton-Mn interaction, (c) the SPD-correlated

exciton model, with |A⟩, |B⟩ and |H⟩ Jacobi configurations as described in Chap-

ter 2, but with Mn not allowed to mix different electronic configurations (i = j

in the He−Mn and Hh−Mn part of the Hamiltonian, Eqs. 4.7 and 4.8), and (d) the

SPD-correlated exciton model including scattering by Mn as a spin-dependent

impurity.

The emission spectra are different for the two polarizations and vary depend-

ing on different models used. In the s shell of the X-Mn complex there are

Nc = 24 low-energy configurations. In the spectra predicted by each model there

are, however, only six dominant emission lines for each polarization. At model-

specific characteristic values of the magnetic field, more features are visible due

to anticrossings of emission lines.

In the spin model, the only magnetic-field dependence of emission of photon

energy is linear through the Zeeman terms. The current emission experiments

combine the spin model spectra as shown here with a diamagnetic term added

ad-hoc in order to fit the experimental spectra [155, 165]. In the s-shell model, the

magnetic field dependence enters through the electron and hole s-shell energy lev-

els, their Coulomb attraction, and through the magnetic field dependence of the

e-Mn and h-Mn exchange coupling constants J
e(h)
00,00 (R). The exchange coupling of

the hole in the s shell with the Mn ion in the center [152] Jh
00,00(0) = Jh

2D
1
2π

1
leh

2 is

inversely proportional to the area of the quantum dot, with explicit dependence
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Figure 7.2: Magnetic-field evolution of the emission spectra calculated using dif-
ferent models: (a) spin model, (b) s-shell model, (c) SPD-correlated exciton
model neglecting the scattering by Mn, and (d) full SPD correlated exciton model.
Parameters of all the QDs are the same as for Fig. 7.1. The thicknes of the lines
represents the heights of the emission peaks at a given energy.
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on the magnetic field given by:

Jh
00,00(0) = Jh

2D

1

2π

√
Ωe

0
2 +

1

4
Ωe

c
2. (7.1)

J
e(h)
00,00 increases with the magnetic field due to squeezing of the wave function

toward the center of the QD. The rate of change with the magnetic field depends

on the ratio of the hole cyclotron energy to the energy spacing of hole electronic

shells.

Figure 7.2 (c) shows the calculated excitonic emission spectrum with the cor-

related exciton state built out of the s, p, and d shells. The interaction of the

exciton with the Mn ion does not allow for the scattering by Mn impurity. The fi-

nal result is a slight decrease of the splitting of the emission lines in zero magnetic

field due to a decreased occupation of the lowest-energy s-shell configuration in

the exciton wave function, and an increased population of p-shell orbitals which

do not couple to Mn. This leads to a decrease of the Jh,eff
GS , Eq. 5.11, and hence

the effective magnetic field produced by the spin of the valence hole. However,

the inclusion of scattering by Mn, described previously in the Chapter 6 and Ref.

[151], leads to the quantum interference (QI) effect. As calculated here, QI results

in a significant increase of the splitting of the emission lines (Jsd = −Jss) as a

function of the magnetic field, as shown in Fig. 7.2 (d). The article [151] shows

the results for Jsd = Jss, with a decrease in the splitting of the emission lines

due to the QI. As shown in Ref. [151], together with the decrease of the effective

field produced by the hole, the electron-hole exchange becomes more visible in

the emission spectra, since its strength becomes comparable to the exciton-Mn

exchange coupling (∆1 = 0.16 meV vs. an average splitting of emission lines in

the SPD model of 1
2

(
Je
GS(0) + 3Jh

GS(0)
)
= 0.38 meV at zero magnetic field). In

the calculations with Jsd = −Jss one observes opposite tendency. The electron-

hole exchange becomes less visible due to the constructive QI and spectrum is

dominated by the Mn induced splitting.

Details of the σ+ emission spectra in the spin model and in the correlated

exciton model for two selected values of B, B = 0, and B = 8.8 T, are shown in

Fig. 7.3. The magnetic field B = 8.8 T was chosen, because for this magnetic field

most of the anticrossings take place in the emission spectra shown in Fig. 7.2 (d).
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Figure 7.3: Comparison between calculated emission spectra in the spin (left)
and correlated exciton model (right) for zero magnetic field (upper panel) and
magnetic field B = 8.8 T (lower panel) with the parameters explained at the
begining of this chapter. Both models predict a splitting of excitonic emission
line into six X-Mn emission lines due to the interaction of the exciton with Mn,
however the quantitative splitting between lines is much different in these models.
In SPD model at B = 8.8 T there are more emission lines, since this is the
magnetic field for which most of the anticrossings take place in this model.
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7. X-Mn in the high magnetic field

The predicted lineshape of the correlated exciton emission spectrum at B = 0

is similar to the spin model spectrum. The main difference is that the spacing

of emission peaks is greater than the spacing in the spin model. However, the

correlated exciton spectrum at B = 8.8 T is different compared to the spin model.

This is because the anticrossings of emission lines in the correlated model take

place at a higher magnetic field, which is visible in Fig. 7.3, since the correlated

exciton model leads to a greater exchange coupling with Mn. The central crossing

(subspaceMz+Sz = 0) takes place atB = 8.6 T (in the Ref. [167] with Jsd = −Jss
and d = 2.56 nm, B = 5.25 T) for the SPD correlated model, instead of B = 6.6

T (B = 7.6 T) in the spin model. The magnitudes of the magnetic fields at which

the crossings occur are a sensitive measure of the approximate model used.

Figure 7.4 identifies different emission peaks in the σ− polarization (upper

panel) and compares the σ− emission spectrum with the calculated σ+ emission

spectrum (lower panel) for the magnetic field B = 8.8 T. The σ− polarization

spectrum has a very rich structure at this magnetic field. Peaks are labeled

according to the final-state Mn spin projection Mz. Since all of the anticrossings

appear for that field, all of the peaks split into two, except the first peak with

Mz = 5/2. This peak comes from the subspace with Mz + Sz = 3 which doesn’t

couple to any state through the spin-flip part of He−Mn Hamiltonian.

The σ+ emission spectrum is much simpler due to the lack of the anticrossings

between emission lines. This spectrum is also qualitatively similar to the emission

spectra in the absence of the magnetic field for both polarizations with the only

difference being the splitting of the Mz = −1/2 emission line. The state with

the final Mz = −1/2 appears three times in the σ+ polarization spectrum. The

reason for that is the electron-hole exchange mixing between this state,

| ⇑↓,Mz = −1/2⟩, visible in σ− polarization, and state | ⇓↑,Mz = −1/2⟩ visible
in σ+ polarization. As a result both states are visible in both polarizations - the

two lines with the lower intensity have the same energy as the two lines in the

σ− polarization spectrum with the Mz = −1/2.

The important aspect of this calculation is the discussion of the magnetic field

evolution of the spacing of the peaks in the emission spectra shown in Fig. 7.2.

The focus here will be on the discussion of the average splitting of emission

lines in σ+ and σ− polarizations. The spin model assumes that the electron-Mn,
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Figure 7.4: Comparison between calculated emission spectra in the correlated
exciton model in σ− (upper panel) and σ+ (lower panel) polarization for a small
magnetic field B = 8.8 T with the same parameters as for Figs. 7.1, 7.3.
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7. X-Mn in the high magnetic field

hole-Mn and electron-hole exchange constants do not change with the magnetic

field. Since in the emission process the initial and final states correspond to the

same Mz state of the Mn ion, the Zeeman energy cancels out, and the spacing

of the emission peaks shown in black in Fig. 7.5 , does not change with the

magnetic field. However, as discussed earlier, the hole-Mn exchange coupling

Jh
00,00(0) (Eq. 7.1) increases with the magnetic field. The splitting of the emission

lines is directly proportional to the hole-Mn exchange coupling. Figure 7.5 shows

the magnetic-field dependence of the splitting of the emission lines, based on

the analytical expression for Jh
00,00(0)(B), and on a numerical calculation of the

spacing of the emission peaks in the s-shell model (green dotted line and green

empty dots respectively).

When one allows for the scattering of the electron and hole to s, p, and d shells

by the Coulomb interaction, the ground state of the exciton in a magnetic field

becomes a linear combination of the electron-hole configurations as described in

Chapter 2 (Eq. 2.38) and Ref. [151]:

|XGS⟩| ⇑↓⟩ =
(
|A(1)

A ||A⟩+ |A(1)
B ||B⟩ − |A(1)

H ||H⟩
)
| ⇑↓⟩. (7.2)

The configurations |A⟩, |B⟩, and |H⟩ are Jacobi coordinates given by Eq. 2.35.

The magnetic field B changes both the energies of the HO states [101, 107],

as well as increases the electron-hole Coulomb interactions. This changes the

probabilities AA(B), AB(B), AH(B) of occupation of the single-particle levels with

increasing magnetic field, and modifies the strength of the exchange coupling

of the electron and hole spin with the spin of the Mn ion. The Mn ion acts

as an impurity and scatters carriers among single-particle states as well. With

this scattering turned off, the resulting splitting of emission lines, calculated

numerically, is shown in Fig. 7.5 as magenta squares.

One can see that at zero magnetic field there is a slight decrease of the emission

line splitting, due to the decreased population of the lowest exciton configuration,

and transfer of this probability to higher-energy configurations. The splitting in-

creases with the magnetic field, but the correlations in the excitonic wave function

lead to a decrease of the rate of increase of the peak splitting. For each mag-

netic field it is possible to calculate semi-analytically the effective exciton-Mn
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Figure 7.5: Magnetic-field evolution of the average splitting of the emission lines
calculated in different models: spin model, s-shell model, and SPD with and
without Mn scattering. The line spacing is calculated analytically as 1

2
(Je,eff

GS +

3Jh,eff
GS ) (solid, dashed or dotted lines) based on the expectation values of Hh−Mn

and He−Mn in the exciton ground state wavefunction [151] and as an average
splitting of emission lines from both σ+ and σ− polarization calculated based on
numerical emission spectra shown in Fig. 7.2 (dots).
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interaction (splitting of emission lines) as 1
2

(
Je,eff
GS + 3Jh,eff

GS

)
using the exciton

ground state wave function form as demostrated in Eq. 5.11. In Fig. 7.5 these

calculations are shown with the red dot-dashed line which agrees very well with

the emission line spacings calculated numerically.

The splitting of emission lines calculated in the SPD model accounting for

the scattering by the Mn ion is shown in Fig. 7.5 as the blue solid line and

light-blue empty squares (analytical and numerical calculations, respectively).

The quantum interference effect causes a significant increase of the splitting of

the emission lines (Chapter 6) due to the increase of the effective magnetic field

produced by the hole, leading to the “exchange” splitting of different Mz states:

⟨Hh−Mn⟩ = ⟨Mz|⟨↓⇑ |⟨XGS|Hh−Mn|XGS⟩| ⇑↓⟩|Mz⟩.
The result of analytical calculation of the emission line splitting ∆Mn(B),

shown in Fig. 7.5 with the blue solid line, exhibits only a slight deviation from

the full numerical calculations. This deviation is due to the fact that the semi-

analytical solution does not include the anisotropy of the QD, the electron-hole

exchange or interactions with higher exciton states. However, it is instructive

to see that this simplified calculation gives qualitalively the same result as the

complicated numerical calculation.

Comparison between the green-dotted and blue-solid lines shows that not

only the magnitude of the splitting decreases, but that the correlations lead to

the decrease of the rate of growth of the splitting with increasing magnetic field.

The change in rate with which the emission line spacing grows with the mag-

netic field is even more visible in Fig. 7.6. In Fig. 7.6 the ratio between the spacing

between ∆Mn(B) (changing in magnetic field) and ∆Mn(B = 0) is shown. The

colors and symbols used in this figure are the same as in Fig. 7.5. The rate of

growth of the emission line spacing, calculated in the fully correlated model SPD

(blue squares), is the lowest. This is a further confirmation that the correlations

in the X-Mn complex are responsible for the slow growth of the spacings of the

emission lines seen in the experiment.

Current experiments probe the emission spectrum of CdTe quantum dots in

magnetic fields up to 30 T. As can be seen from Fig. 7.5, the magnetic field depen-

dence of the splitting of the emission peaks is weak in this magnetic field range.
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Figure 7.6: Magnetic-field evolution of ratios of the average splitting of the emis-
sion lines ∆Mn(B)/∆Mn(B = 0) calculated in different models: spin model, s-
shell model, and SPD with and without Mn scattering. The average distances
∆Mn(B) have values as in Fig. 7.5. The notation used in this figure is the same
as in Fig. 7.5.
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Much higher magnetic fields, of the order of 100 T, are required to distinguish

the different theoretical treatments of the emission spectrum.
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Chapter 8

Bi-exciton-Mn complex

In this chapter the analysis of the optical properties of the self-assembled quantum

dots with the magnetic impurity is extended to the higher excitation power.

In this regime, the existence of bi-exciton (XX) in quantum dots is observed

[117, 125, 126]. As was mentioned in Chapter 2, in self-assembled quantum dots

the XX ground state is a spin singlet, with the carriers of the same type arranged

in pairs with antiparallel spins.

In QDs with magnetic impurities each of the carriers interacts with the local-

ized impurity spin via the contact exchange interaction (Chapter 4). Since the

XX ground state is spinless (the total electron S and hole j spins in the ground

state are zero), it is typically assumed to be decoupled from the impurity spin

[23, 156, 163, 173, 184]. For that reason the XX-Mn complex was considered a

good candidate to probe the excited states of the X-Mn complex.

It has been shown previously in Chapters 6 and 7 [151, 167] that, although

the spin model for the exciton is a significant simplification of the problem (does

not describe quantum interference or non-uniform emission line splitting), it is

still a good tool to describe the physics of the exciton-Mn system in the range of

experimentally accessible magnetic fields.

Here we are going to show that for the bi-exciton-Mn complex (XX-Mn) the

spin model does not apply. We report the existence of the fine structure in the

ground state of theXX-Mn due to the magnetic impurity-mediated interaction of

the lowest XX singlet-singlet (XXSS) state with higher XX states, like triplet-

singlet XXTS state [189].
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Further, the dependence of this ground state splitting is analyzed as a function

of the strength of the electron- and hole-Mn interaction and the quantum dot shell

spacing. The XX-Mn emission spectrum is predicted as a function of photon

energy, number of confined shells, and anisotropy. The signatures of the XX-Mn

ground state fine structure in the emission spectra are presented and analyzed.

Our model predicts also a fundamental difference between the temperature

dependence of the XX-Mn and X-Mn spectra, and provides a method of engi-

neering of all of the above effects.

8.1 Fine structure of the ground state of the

XX-Mn complex

Figure 8.1 (a-b) shows the schematic picture of the six lowest XX-Mn energy

levels in the models with increasing accuracy. In the spin model there is only

one possible configuration for the bi-exciton with all the carriers on the s-shell:

|XXspin⟩ = h+s⇓h
+
s⇑c

+
s↓c

+
s↑|0⟩ (Fig. 8.1 (a, left)). Since the matrix elements:

⟨XXspin,Mz|He−Mn|XXspin,Mz⟩ = 0 and ⟨XXspin,Mz|Hh−Mn|XXspin,Mz⟩ = 0,

XXspin does not interact with Mn ion and the XX-Mn GS is sixfold degenerate

(Fig. 8.1 (a, right)). In the correlated model, on the other hand, there are higher

states of the bi-exciton, which due to the presence of the Mn ion interact with

its ground state (similar to the X-Mn in Chapter 6). This interaction leads to

the splitting of the GS manifold into three groups of doubly-degenerate levels

(Fig. 8.1 (b)), each for a different Manganese spin z-projection |Mz|.
The signature of the XX-Mn fine structure was seen previously in the ex-

perimental emission spectra [156], however the origin of this splitting was not

understood. The present work identifies the anisotropic Kondo coupling of the

spin-singlet electronic system to the localised spin as responsible for the XX-Mn

fine structure.

The spin-flip interaction between electron and Mn ion leads to the further

splitting of these group of levels (Fig. 8.1 (c)).

To illustrate this effect on an even simpler example, the localised Mn spin

|M⃗ | = 5/2 interacting with a pair of holes confined in a QD can be considered.
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Figure 8.1: Schematic picture of the six lowest XX-Mn energy lines (left) in
the spin model (a), the correlated XX model without spin-flip processes between
the electron and the Mn ion (b), the full correlated model (c). The important
configurations of the XX-Mn for each of the models are shown on the right.

143



8. XX-Mn

Figure 8.2: Schematic picture of the Mn ion-mediated coupling between the spin-
singlet GS-Mn and the spin-triplet ES-Mn states. Panel (a) shows schematically
the two-hole configuration dominant in the singlet state |GS⟩, while panel (b)
shows the triplet linear combination of configurations dominant in the state |ES⟩.
The two states do not interact with the localized spin directly, and therefore form
a sixfold degenerate ground and excited manifold shown in the left-hand part of
panel (c). The localized spin can, however, scatter the carriers from |GS⟩ to
|ES⟩, resulting in the appearance of splitting of both manifolds into three pairs
(right).
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The ground-state configuration of two holes in a QD without the localised spin

is a spin singlet j = 0 (Figure 8.2 (a)), and is created by placing the holes on the

lowest-energy single-particle orbital |0⟩:

|GS⟩ = h+0⇑h
+
0⇓|0⟩. (8.1)

The interaction of the two holes with the Mn can be described by the Ising

Hamiltonian, Eq. 4.8, [187]. Clearly, the expectation value of this Hamiltonian

in the ground state of the pair of holes is equal to zero:

⟨Mz|⟨GS|Hh−Mn|GS⟩|Mz⟩ = 0, (8.2)

for any Mz, i.e., the holes and the Mn spin are decoupled. Therefore, the state

|GS⟩|Mz⟩ is sixfold degenerate with the energy EGS. This is shown schematically

in the lower left-hand part of Fig. 8.9 (c). As in the Kondo problem, Ref. [190],

one can construct an excited triplet state by promoting a hole with either spin

to the excited single-particle orbital |1⟩ (Fig. 8.9 (b)):

|ES⟩ = 1√
2

(
h+1⇑h0⇑ − h+1⇓h0⇓

)
|GS⟩ (8.3)

The |ES⟩ is decoupled from Mn, which produces a sixfold degenerate excited

manifold, with energy EES represented in the upper left-hand part of Fig. 8.9 (c).

The two degenerate manifolds are coupled by the scattering term of the hole-

Mn Hamiltonian

Hh−Mn ≈ J10
(
h+1⇑h0⇑ − h+1⇓h0⇓

)
Mz. (8.4)

Here, the hole-Mn exchange interaction J10 scatters a hole from state |0⟩ to state

|1⟩ in the effective magnetic field produced by the Mn spin. The minus sign in

the hole-Mn Hamiltonian is going to play an important role in further calcula-

tions. The matrix element of the hole-Mn interaction ⟨Mz|⟨GS|Hh−Mn|ES⟩|Mz⟩
between the ground and excited states for each Mn spin projection can be eval-
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uated as:

⟨Mz|⟨GS|J10
(
h+1⇑h0⇑ − h+1⇓h0⇓

)
M̂Z

× 1√
2

(
h+1⇑h0⇑ − h+1⇓h0⇓

)
|GS⟩|Mz⟩.

In this expression there are two minus signs, one in the Hamiltonian and one

related to the Fermi statistics (triplet character) of the excited state. They cancel

each other and lead to the constructive interference resulting in a non-zero matrix

element:

⟨Mz|⟨GS|HhMn|ES⟩|Mz⟩ = κMz, (8.5)

where κ =
√
2J10. With these off-diagonal matrix elements, the six-fold degener-

ate ground-state manifold splits into three pairs of energy levels. The energy of

each pair,

E−(Mz) ≈ EGS − κ2

EES − EGS

|Mz|2, (8.6)

acquires a correction proportional to the magnitude of |Mz|, as shown in the

right-hand side of Fig. 8.9 (c). The excited manifold splits similarly, but with the

reversed order of the gaps.

The removal of degeneracy of the ground state of two holes depends on the

form of h-Mn exchange coupling - the splitting is largest for Ising and vanishes

for the isotropic Heisenberg coupling [191].

The analysis of the XX-Mn ground state splitting will be done by analogy to

the simple example of the two-hole-Mn complex described above. The splitting of

theXX-Mn ground-state manifold occurs as a result of the Mn-mediated coupling

of the XX ground (GS) and excited (ES) states. To capture the underlying

physics one must therefore go beyond the spin model and construct the relevant

XX states.

Using the notation introduced in Chapter 5, denoting the two-electron-hole

pair subspaces by α = {L, j, jz, S, Sz}, the ground state of the bi-exciton |XXGS
SS ⟩

is the state |XXα
1 ⟩ with α = {0, 0, 0, 0, 0}. On the other hand, one of the excited

states with two holes in the triplet and two electrons in the singlet spin state

|XXTS⟩, is the state |XXα′
1 ⟩ for α′ = {0, 1, 0, 0, 0}. In the presence of the electron-
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hole Coulomb interaction, the ground state |XXGS
SS ⟩ of the bi-exciton consists of

several configurations, of which the most important are:

|XXGS
SS ⟩ = ASS

ss−ss|s ⇓ s ⇑, s ↓ s ↑⟩

− ASS
sd−ss (|s ⇓ d ⇑, s ↓ s ↑⟩+ |d ⇓ s ⇑, s ↓ s ↑⟩) .

The |XXTS⟩ state is constructed by promoting one of the holes into the d shell

and creating a properly antisymmetrized hole triplet

|XXTS⟩ =
1√
2
(|s ⇓ d ⇑, s ↓ s ↑⟩ − |d ⇓ s ⇑, s ↓ s ↑⟩) .

In both of these states the electrons are on the s-shell, and they are playing

the role of spectators. The expectation values of the hole-Mn and electron-Mn

interaction Hamiltonian Hh−Mn and He−Mn (Eqs. 4.7 and 4.8) in each of the

|XXSS,Mz⟩ and |XXTS,Mz⟩ states are equal to zero:

⟨XXSS,Mz|Hh−Mn +He−Mn|XXSS,Mz⟩ = 0

⟨XXTS,Mz|Hh−Mn +He−Mn|XXTS,Mz⟩ = 0, (8.7)

since the spin projection of electrons, and holes (Sz and jz) in both of those states

is equal to zero, and for the Mn at the center of the QD R = (0, 0), Jh
ss(0) =

−Jh
sd(0) = Jh

dd(0). Thus, at this point both states of the XX-Mn complex are

sixfold degenerate. However, in a similar way as in the example with two holes,

the two states are coupled by an offdiagonal matrix element of the Hh−Mn Hamil-

tonian:

⟨XXSS,Mz|Hh−Mn|XXTS,M
′
z⟩ = κMzδMz ,M ′

z
,

where κ = 3√
2
ASS

ss−ssJ
h
sd(0). This matrix element is proportional to the Mn-ion

spin projection Mz and to the hole-Mn exchange constant Jh
sd(0), which scatters

the hole from the s-shell to the central orbital of the d-shell. Thus, the 12 × 12
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Hamiltonian splits into six 2× 2 matrices of the form:

Hh−Mn =

(
ESS κMz

κMz ETS

)
, (8.8)

with ESS and ETS being the energy of bare XXSS and XXTS, respectively. As

previously for the case of the two holes, assuming that the offdiagonal element is

small, one obtains the energy of the lower state:

E− = ESS − κ2

ETS − ESS

|Mz|2. (8.9)

Since the correction to the ESS energy is proportional to the square of Mn spin

projection |Mz|2, the repulsion is the strongest for the states with Mz = ±5/2

and the weakest for states with Mz = ±1/2. This leads to the splitting of the

sixfold degenerate ESS-Mn energy level into three pairs, as shown in Fig. 8.1.

Each of the levels has different |Mz|, and is doubly degenerate. The s-shell

energies of the XX-Mn complex are denoted by EXXi (i = 1 . . . 6). The lowest,

doubly degenerate energy level has the energy EXX1 = EXX2 and the Mn spin

projection |Mz| = 5/2, the higher, EXX3 = EXX4, corresponds to |Mz| = 3/2,

and the highest-energy EXX4 = EXX6 pair has |Mz| = 1/2. The splitting between

the states with |Mz| = 5/2 and |Mz| = 3/2 (δ2 = EXX3 = EXX2 = 4 κ2

ETS−ESS
) is

twice as big as between |Mz| = 3/2 and |Mz| = 1/2 (δ4).

In figure 8.3 the numerical calculations of the energy level spacings of the

XX-Mn ground state for two different QDs: shallow (SP -black) - confining only

the s and p single-particle shells, and deeper (SPD-red), confining also a d shell,

are analyzed. The inset shows the schematic picture of the XX-Mn energy levels,

with the six energy levels grouped into three two-levels groups. Figure 8.3 (a)

shows the distances between the XX-Mn energy levels δi = EXXi+1 −EXXi as a

function of its number i. The splitting of the XX-Mn levels, is much weaker in

the shallow QDs. The average splitting between energy levels (δaver = (EXX6 −
EXX1)/5) is over an order of magnitude smaller than in the deeper QDs. The

SP model does not predict the splitting between XX-Mn states with the same

|Mz| (δ1 = δ3 = δ5 = 0), while in the presence of the d-shell in the QD, these

splittings, although still dominanted by the main splittings δ2 and δ4, are non-
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8. XX-Mn

Figure 8.3: (a) Comparison of the splittings (δi) of the six lowest XX-Mn energy
levels for the shallow (SP) and deep (SPD) quantum dots as a function of the
distance number i. (b) The normalized energy level splitting (δi/δaver), with δaver
being the average splitting of the energies of the XX-Mn complex.
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zero. Figure 8.3 (b) shows the ratio between the energy level distance and the

average distance between XX-Mn lines, δi/δaver, as a function of the distance

number i. This re-scaling, leads to the alignment of the δi/δaver lines calculated

in both models. The numerical calculations confirm simple analytical formulas

discussed above, which predicted that the δ2 spacing is twice as big as δ4.

To explain the origin of the splitting of each of the three doubly degenerate

XX-Mn levels (seen in the SPD model), corresponding to the same magnitude

of the Mn spin projection |Mz|, the contributions from the sp-sp electron-hole

pairs (with one electron-hole pair on s-shell, and the second on the p-shell) to

the bi-excitonic ground state cannot be neglected (as done in the Eq. 8.7). The

ground state of the bi-exciton |XXGS
SS ⟩ has then the form:

|XXGS
SS ⟩ = ASS

ss−ss|s ⇓ s ⇑, s ↓ s ↑⟩ − ASS
ss−sd (|s ⇓ s ⇑, s ↓ d ↑⟩+ |s ⇓ s ⇑, d ↓ s ↑⟩)

− ASS
sd−ss (|s ⇓ d ⇑, s ↓ s ↑⟩+ |d ⇓ s ⇑, s ↓ s ↑⟩)

+ ASS
sp−sp| (s ⇓ p1 ⇑ +p1 ⇓ s ⇑) , (s ↓ p1 ↑ +p1 ↓ s ↑)⟩

+ ASS
sp−sp| (s ⇓ p2 ⇑ +p2 ⇓ s ⇑) , (s ↓ p2 ↑ +p2 ↓ s ↑)⟩, (8.10)

where p1 = (n+, n−) = (0, 1) and p2 = (1, 0). The configurations of XX-Mn,

created based on the XX ground state: |XXGS
SS ,Mz⟩ = |XXGS

SS ⟩⊗ |Mz⟩, are cou-
pled through the spin-flip terms of the electron-Mn Hamiltonian He−Mn, Eq. 4.7,

with the higher XX-Mn states. An example of the XX state coupled to the

|XXGS
SS ,Mz⟩ is the state in which the holes are in a spin singlet and electrons in a

triplet state from the subspace χ = {L, j, jz, S, Sz} = {0, 0, 0, 1,−1} of the form:

|XXχ
ST ,Mz + 1⟩ = {Aχ

ss−sd|s ⇓ s ⇑, s ↓ d ↓⟩ (8.11)

− Aχ
sp−sp| (s ⇓ p1 ⇑ +p1 ⇓ s ⇑) , s ↓ p1 ↓⟩

+ Aχ
sp−sp| (s ⇓ p2 ⇑ +p2 ⇓ s ⇑) , s ↓ p2 ↓⟩} ⊗ |Mz + 1⟩.

In this state, both of the electrons have spin down and the z projection of Mn

spin is increased by one |Mz + 1⟩.
There is also a coupling between the |XXGS

SS ,Mz⟩ and the XX-Mn configura-

tion, in which both electrons have spin up (χ′ = {L, j, jz, S, Sz} = {0, 0, 0, 1, 1}),
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and the Mn spin is lowered by one:

|XXχ′

ST ,Mz − 1⟩ = {Aχ′

ss−sd|s ⇓ s ⇑, s ↑ d ↑⟩ (8.12)

− Aχ′

sp−sp| (s ⇓ p1 ⇑ +p1 ⇓ s ⇑) , s ↑ p1 ↑⟩

+ Aχ′

sp−sp| (s ⇓ p2 ⇑ +p2 ⇓ s ⇑) , s ↑ p2 ↑⟩} ⊗ |Mz − 1⟩.

The splitting between the states with |Mz| = 5/2 is the greatest, so the analysis of

the splitting between the states with the same |Mz| will be done using the example

of these states. The interaction between the XX-Mn states |XXGS
SS ,Mz = −5/2⟩

and |XXχ
ST ,Mz = −3/2⟩ is given by the matrix element:

⟨XXSS,−5/2|He−Mn|XXχ
ST ,−3/2⟩ (8.13)

=
(
ASS

ss−ssA
χ
ss−sdJ

e
sd (0)− 4ASS

sp−spA
χ
sp−spJ

e
ss (0)

)
⟨−5/2|M−| − 3/2⟩,

while between the XX-Mn state |XXGS
SS ,Mz = 5/2⟩ and the state |XXχ′

ST ,Mz =

3/2⟩:

⟨XXSS, 5/2|He−Mn|XXχ′

ST , 3/2⟩ (8.14)

=
(
ASS

ss−ssA
χ′

ss−sdJ
e
sd (0) + 4ASS

sp−spA
χ′

sp−spJ
e
ss (0)

)
⟨5/2|M+|3/2⟩.

The matrix elements ⟨−5/2|M−| − 3/2⟩ = ⟨5/2|M+|3/2⟩, as well as the ampli-

tudes Aχ
ss−sd = Aχ′

ss−sd in the absence of the magnetic field. For that reason,

the corresponding terms in the matrix elements given by Eqs. 8.13 and 8.14, are

equal. However, these matrix elements (Eqs. 8.13 and 8.14) have different values,

since one is a difference, while the second is a sum of the two terms. This results

in a different magnitude of the coupling between the two pairs of states, which

in turn leads to the different energies of the final XX-Mn states with ±5/2. In

the SP model, the amplitude Aχ
ss−sd is equal to zero, Aχ

ss−sd = 0, and the above

matrix elements differ only by a sign, hence the energies of XX-Mn states with

Mz = ±5/2 are the same.
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8.2 The fine structure of the XX-Mn in the emis-

sion spectra

It will be explained now how the Kondo interaction of XX with the Mn ion can

be observed in the emission spectrum. Figure 8.4 (a, left) shows schematically

the energy alignment of the Mn, X-Mn, and XX-Mn complexes in a diagram

similar to that in Refs. [156, 184]. The energy levels of the Mn, X-Mn, and XX-

Mn are plotted as a function of the Mz (horizontal axis). The Mn states are a

degenerate manifold. The spectrum of the X-Mn complex, built from the electron

spin-down and hole spin-up states is shown in blue (opposite spin alignment in

red). Emission from both X-Mn and XX-Mn occurs vertically within the same

Mz channel. The polarization of the resulting maxima is denoted by colors - blue

(red) for σ+ (σ−). The right-hand side of this panel shows schematically the

corresponding emission spectra.

Figure 8.4 (a) shows the energy level alignment and the schematic emission

spectra for the spin model. The energy levels of the X-Mn are approximatelly

equally spaced and the XX-Mn energy is sixfold degenerate. The emission spec-

tra from both complexes (Fig. 8.4 (a, right)), with equally spaced emission lines,

look exactly the same.

The schematic picture of the energy levels and emission spectra resembling

the one calculated in the correlated model is presented in figures 8.4 (b and c).

Note the irregular distribution of the bright X-Mn levels due to the quantum

interference effect [151, 167]. The splitting of the XX-Mn sixfold degenerate

manifold into three pairs, due to the coupling of the XX complex with Mn,

is visible in Figures 8.4 (b and c). Each pair of levels is further split due to

electron-Mn spin-flips, however this effect is much smaller (Fig. 8.3) and is not

shown here. Similar splitting of XX-Mn levels was observed by Besombes et

al. [156] who found that the injection of a second exciton almost cancelled the

exchange interaction of X with Mn ion. The remaining splitting was attributed

either to perturbation of carrier orbital wavefunction by Mn ion or strain-induced

magnetic anisotropy [184]. The suggested interpretation in terms of the strain-

induced magnetic anisotropy turned out to lead to the opposite order of the

XX-Mn levels [184].

152
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Figure 8.4: Left-hand diagrams show schematically the energies of the Mn, X-Mn
(bright subspace), and XX-Mn systems in the spin model (a) and in the corre-
lated model (b) and (c), as a function of the projection Mz of the localized spin.
Right-hand diagrams show the corresponding emission spectra. Gaps between
X-Mn (XX-Mn) lines are denoted as ∆i (∆

XX
i ).
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The figures 8.4 (b and c) differ in the magnitude of the splitting of the XX-

Mn ground state. The two situations presented here lead to significantly different

XX-Mn emission spectra. If the splitting of the XX-Mn ground state is small,

the XX-Mn emission spectra is a mirror reflection of the X-Mn emission spectra

- the XX-Mn peaks are denser on the low-energy side of the spectrum while the

distribution of X-Mn peaks is opposite (Fig. 8.4 (b)).

In Fig. 8.4 (c), the splitting of energy levels of the XX-Mn complex is larger,

and it inverts the XX-Mn emission spectrum: now the pattern of gaps in the

XX-Mn and X-Mn spectra is the same.

Let us now discuss emission spectra resulting from this arrangement of XX-

Mn levels. The notation introduced in Fig. 8.4 (b) will be used and the recom-

bination channel with Mz = −5/2 will be described as an example. Here, the

XX-Mn state has the lowest energy EXX1. Since this state contains both σ−
and σ+ excitons, there are two recombination paths: (i) σ+ emission (blue),

leaving the X-Mn in the state |h+⇓ c
+
↑ |0⟩ ⊗ | − 5/2⟩, and (ii) σ− emission (red),

with the final state |h+⇑ c
+
↓ |0⟩⊗|−5/2⟩. The first event produces the lowest-energy

emission line with energy L1 = EXX1 − EX6, while the second one - the highest

energy line L6 = EXX1−EX1. The same photon energies, although with opposite

polarizations, will be obtained in the channel Mz = 5/2. As a result the emis-

sion spectrum is unpolarized. The same procedure is applied to the other four

XX-Mn states to obtain the emission energies L2-L5.

Here, in Figs. 8.5 and 8.6, the calculated emission spectra from the QD con-

taining bothX-Mn andXX-Mn charge neutral excitonic complexes for few differ-

ent temperatures are shown. As discussed above (Fig. 8.4), there are six dominant

emission lines from each of the X-Mn and XX-Mn complexes in each polariza-

tion, px and py, however, the polarization of the X-Mn and XX-Mn emission

lines is reversed [192]. The emission spectra from XX-Mn and X-Mn behave

significantly differently with increasing temperature. In the limit of very low

temperature (T = 0.1 K, Figs. 8.5 and 8.6 (a)), the X-Mn complex is trapped in

the dark-X-Mn state (due to the electron-hole exchange splitting of the excitonic

states), which is the GS of this complex. For that reason there is no emission

from the X-Mn complex at low temperature. On the other hand, the GS of the

XX-Mn is the bright state, which results in a strong emission from the GS and
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Figure 8.5: Emission spectra of the QD, with the emission from X-Mn com-
plex (black) and XX-Mn complex (red) calculated for the range of temperatures
T={0.1K, 1K, 10K, 75K}. The energy spectra are calculated in px polarization.
The calculated emission spectra with gaussian broadening of the emission lines
are shown in blue.
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Figure 8.6: Emission spectra of the QD, with the emission from X-Mn com-
plex (black) and XX-Mn complex (red) calculated for the range of temperatures
T={0.1K, 1K, 10K, 75K}. The energy spectra are calculated in py polarization.
The calculated emission spectra with gaussian broadening of the emission lines
are shown in blue.
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first excited state (almost degenerate with the GS), of the XX-Mn complex with

Mz = ±5/2. The two emission channels from these states were discussed above,

and as a result the emission spectra consist of two unpolarized emission lines

(in fact there are line doublets, but since the splitting between these lines is of

the order of the |Mz| = 5/2 energy level splitting (δ1), it cannot be seen on the

Figs. 8.5 and 8.6).

When the temperature is increased to T = 1 K (Figs. 8.5 and 8.6 (b)), the

higher XX-Mn states become populated and more emission lines are visible. At

the same time the lowest bright state of the X-Mn is thermally populated and one

weak X-Mn emission line is present. As the temperature increases to T = 10 K

(Figs. 8.5 and 8.6 (c)), the six lowestXX-Mn states are almost equally populated,

due to small XX-Mn energy level splitting compared to the temperature, while

in the X-Mn emission the emission from the lowest X-Mn level is still dominating

the spectra.

The temperature of T = 75 K is needed to reach the limit of almost equal

thermal population of theX-Mn levels (Figs. 8.5 and 8.6 (d)). In this temperature

the emission from the X-Mn and XX-Mn complexes look qualitatively similar,

however the emission from higher states of the bi-exciton-Mn complex is already

visible.

It was mentioned previously that the form of the emission spectra from XX-

Mn complex depends on the splitting of the XX-Mn ground state. Here, the

three regimes of the magnitude of the XX-Mn ground state splitting, which lead

to three different distributions of the XX-Mn emission lines, will be defined.

Similarily as done previously for the X-Mn complex, one can extract the

splittings of emission line for both excitonic complexes ∆XX
i for the XX-Mn, and

∆i for X-Mn, and plot them as a function of the spacing number i. Figure 8.7 (a)

shows schematically a dependence of the ∆XX
i /∆aver on the spacing number i,

in the case when the splitting of the XX-Mn ground state δ4 is smaller than the

critical value δ∗4. For this case the distances ∆XX
i of the XX-Mn emission lines

increase with the spacing number i. The XX-Mn emission lines (red) shown on

the left are a mirror reflection of the analogous emission line distances of the

X-Mn (black).
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Figure 8.7: Schematic picture of the relative X-Mn and XX-Mn emission line
distances for the small(δ4 < δ∗4) (a), medium (δ4 = δ∗4) (b) and big (δ4 > δ∗4) (c)
XX-Mn ground state splitting. δ∗4 is a critical XX-Mn GS splitting for which
the (∆XX

i /∆aver) is constant. On the left side of the (a-c) figures the schematic
picture of the ditribution of emission lines for both complexes is shown.
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The magnitude of the XX-Mn splitting δ∗4 is defined as the splitting that

leads to uniform distribution of the XX-Mn emission lines in Fig. 8.7 (b). In

that case the distance between the two lowest-energy emission lines for the XX-

Mn complex has to be equal to the distance between its two highest energy

emission lines ∆XX
5 = ∆XX

1 , where ∆XX
5 = L6 − L5 and ∆XX

1 = L2 − L1. Using

the relations between the XX-Mn emission lines energies (Li) and the energies

of the XX-Mn (EXXi) and X-Mn (Ei) one obtains:

∆XX
5 = EXX1 − EXX3 + (E2 − E1) = ∆1 − 2δ4, (8.15)

and similarly

∆XX
1 = 2δ4 +∆5. (8.16)

Critical splitting of the XX-Mn levels is then related to non-uniformity in the

X-Mn emission lines:

δ∗4 = (∆1 −∆5) /4. (8.17)

The distribution of the emission lines from both XX-Mn and X-Mn complexes,

when the splitting of the XX-Mn levels is greater than critical (δ4 > δ∗4), is shown

in Fig. 8.7 (c). The splitting of the XX-Mn emission lines ∆XX
i /∆aver follows

that of the X-Mn complex.

The results of the numerical calculations of the splittings ∆XX
i /∆aver and

∆i/∆aver of the emission lines for XX-Mn and X-Mn complexes respectively,

confined in shallow QD confining the s and p single-particle shells, are presented

in Fig. 8.8 (a). This figure is qualitatively similar to Fig. 8.7 (b) when the splitting

of the ground state of the XX-Mn complex is smaller than the critical value δ∗4.

In fact, in the SP model one can observe a small splitting of the XX-Mn levels

(Fig. 8.3), but it is weak and it does not lead to the reversal of the emission

spectra.

On the other hand, the figure 8.8 (b) shows the emission line splitting ∆XX
i /∆aver

and ∆i/∆aver computed in the SPD model. It is aparent that in this model the

XX-Mn ground state splitting is big enough (δ4 > δ∗4) to overcompensate for the

non-uniformity in X-Mn spectra and leads to the X-Mn-like distribution of the

XX-Mn emission lines.
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Figure 8.8: The normalized spacings of the emission lines ∆XX
i /∆aver and

∆i/∆aver of the XX-Mn and X-Mn complex, calculated for the shallow (SP )(a)
and deep quantum dot(SPD)(b). Black lines (triangles) correspond to the dis-
tances of emission lines of the X-Mn, while red lines (circles) to those of the
XX-Mn complex.
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However, one could potentially engineer the XX-Mn ground state splitting to

exactly compensate the non-uniform distribution of X-Mn energy levels, and as a

result obtain equally spaced emission from theXX-Mn complex. This effect could

be achieved by changing the s-p single particle energy spacing or the anisotropy

of the QD.

We now demonstrate that the gaps between XX-Mn energies δ2 and δ4 can be

extracted from the emission data. In the X-Mn emission spectra one has direct

access to all energies Ei, as well as all XX-Mn emission maxima Li, as defined in

Fig. 8.4 (b). The gaps between XX-Mn ground state energies are by definition:

δ2 = EXX3 − EXX2 and δ4 = EXX5 − EXX4. From Fig. 8.4 it is evident that the

position of the lowest XX-Mn emission maximum L1 = EXX2−E6 (alternatively

L1 = EXX2 − E6) while the second maximum L2 = EXX3 − E5. By subtracting

L1 from L2 one gets:

δ2 = ∆XX
1 −∆5 = (L2 − L1)− (E6 − E5) (8.18)

Similary one can show that:

δ4 = ∆XX
2 −∆4 = (L3 − L2)− (E5 − E4) (8.19)

8.3 Fine structure of the XX-Mn as a function

of the QD parameters

In this section the dependence of the XX-Mn ground state splittings (δ1−5) on

the size of the quantum dot and its anisotropy is investigated. The main splitting

of the XX-Mn ground state δ2 and δ4 as a function of the s-p energy spacing

Ωe + Ωh is shown in Fig. 8.9 (a). The calculations were performed for four

different ratio r = Ωe/Ωh={1,2,3,4}, which are represented by various symbols

(r = 1, squares, r = 2, stars, r = 3, triangles, r = 4, circles), and for four different

s-p single-particle shell spacings Ωe +Ωh = {20, 30, 40, 50} meV. The red-dashed

lines showing the δ4 splitting (multiplied by factor of 2), and the black-solid lines

corresponding to the δ2 splitting, are overlapping and have a linear dependence

on the s-p energy spacing for each of the ratio r = Ωe/Ωh.
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Figure 8.9: The splittings of the XX-Mn GS as as a function of the size of the
quantum dot (Ωe + Ωh) calculated for different Ωe/Ωh ratios={1,2,3,4}. Panel
(a) shows the main splittings of the XX-Mn GS: δ2 (black-solid line) and 2× δ4
(red-dashed line), while panel (b) shows the splittings between the XX-Mn states
with |Mz| = 5/2 - δ1 (black-solid line), |Mz| = 3/2 - δ3 × 5/3 (green-dashed line)
and |Mz| = 1/2 - δ5 × 5 (red dotted line). Different ratios are differentiated
by the symbols: ratio=1 (squares), ratio=2 (stars), ratio=3 (triangles), ratio=4
(circles). (c) The main (δ2) and (d) |Mz| (δ1) splittings of XX-Mn GS, calculated
for different s-p spacings Ωe + Ωh and shown as a function of ratio r = Ωe/Ωh.
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8. XX-Mn

This can be understood in the following analysis. The splitting between XX-

Mn states with |Mz| = 5/2 and the |Mz| = 3/2, can be approximated by the

expression:

δ2 = 4
κ2

ETS − ESS

. (8.20)

The parameter κ = 3√
2
ASS

ss−ssJ
h
sd(R) is poportional to the Jh

sd(R), a scattering-

exchange constant of the hole by Mn ion. For the QD with the Mn ion in the

center, R = (0, 0), the magnitude of the exchange constant Jh
sd(0), is equal to

Jh
ss(0) = Jh

00,00(0) = Jh
2D

1
2π

1
leh

2 - and is inversely proportional to the area of the

quantum dot leh [152]. Since the inversion of the hybrid length (leh)
−2 ≈ Ωe

h,

the parameter κ is proportional to the electron intershell spacing Ωe
h as well.

On the other hand, the difference of the energy between the bare XXSS and

XXTS levels ETS −ESS is proportional to the s-p energy spacing Ωe +Ωh, while

Ωe + Ωh = 1+r
r
Ωe. For a given ratio r = Ωe/Ωh, the main XX-Mn splitting is in

fact proportional to the Ωe + Ωh:

δ2 ∼
κ2

ETS − ESS

∼
(

r

r + 1

)2

(Ωe + Ωh) . (8.21)

In Figure 8.9 (b) similar calculations for the spin-flip induced splitting of each

of the three groups of XX-Mn levels are presented. The black-solid lines show

the splittings between Mz = ±5/2 biexciton states (δ1), the green-dashed lines

correspond to the splittings between Mz = ±3/2 biexciton states (δ3), while the

red-dotted lines to splittings between Mz = ±1/2 (δ5). The ratios are denoted

with the symbols as explained in the caption of Fig. 8.9 (a). The splitting between

each of the groups of levels is proportional to Mn spin projectionMz. To simplify

the picture, the splitting δ5 is multiplied by a factor of 5, while δ3 by a factor 5/3,

which alignes the lines corresponding to the same Ωe/Ωh ratio. The dependence

of the |Mz| splitting on the s-p single-particle shell spacings is also linear.

Since in the experiment it is easier to measure the s-p energy spacing (Ωe+Ωh)

than the ratio r = Ωe/Ωh, the same results as in Figs. 8.9 (a,b) can be presented in

a different form. Fig. 8.9 shows the XX-Mn splittings δ2 (c) and δ1 (d) calculated

for the different s-p energy spacing Ωe + Ωh as a function of Ωe/Ωh ratio. The

dependence of the δ2 agrees with the relation, Eq. 8.21 derived previously.
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8. XX-Mn

Figure 8.10: (a) The main δ2 and 2δ4 and (b) |Mz| δ1, 5/3δ3 and 5δ5 splittings
of XX-Mn ground state, as a function of the anisotropy parameter γ.

The splittings δ1−5 of the ground state of the XX-Mn are analysed also as

a function of the anisotropy of the QD (Fig. 8.10) which is parametrized by the

anisotropy parameter γ. Fig. 8.10 (a) shows the main splittings of the XX-Mn

GS δ2 (black-solid line) and 2δ4 (red-dashed line), while 8.10 (b) presents the

|Mz| splittings δ1 (black-solid line), δ3 (green-dashed line), and δ5 (red-dotted

line). The main splittings grow by approximately 23.5% when the anisotropy

parameter changes from γ = 0 to γ = 0.4, while the |Mz| splittings exhibit very
weak dependence on the anisotropy of the QD, growing by approximately 4.7%

in this range.

Figure 8.11 shows a measured (b) and calculated (a) X-Mn and XX-Mn

emission spectra. Good agreement between experiment and theory can be seen

[189]. Most of the parameters used in the calculations leading to the emission

spectra presented in Fig. 8.11 (a) are the same as in the rest of this Chapter.

However, the dielectric constant of the barrier (ZnTe) ε = 7.4, is used this time.
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8. XX-Mn

Figure 8.11: Computed (a) and measured (b) emission spectra of the QD, with
the emission from X-Mn complex (black) and XX-Mn complex (red) calculated
for the temperature T = 75 K. The lower panels show the normalized spacings
of the emission lines (∆i/∆aver) of the X-Mn (black) and XX-Mn (red) (∆aver

is average spacing) calculated (c), and extracted (d) from measured emission
spectra.
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8. XX-Mn

Previously the dielectric constant of a CdTe ε = 10.6 was used. With this new

dielectric constant the effective Rydberg is Ry∗ = 13.4 meV. This change was

motivated by the fact that screening of Coulomb interactions in mainly due to

barrier material. The value of the dielectric constant is probably between 7.4 and

10.6.

The short-range and anisotropic electron-hole exchange exciton fine structure

calculated with the bulk exchange parameters (µ2, and ESR), and the above

material parameters, give the bright-dark exciton splitting ∆0 = 0.45 meV, the

bright exciton splitting ∆1 = 0.16 meV, and the dark exciton splitting ∆2 = 0.

For completenes, all other parameters are also given below. The shell spacing

is taken to be Ωh + Ωe = 30 meV, and Ωe/Ωh = 4. The bulk e-Mn and h-Mn

couplings are: Jh
c2D = 60 meV·nm3 and Je

c2D = 15 meV·nm3. The height of the

QD is d = 2 nm.

Figs. 8.11 (c) and (d) show the gaps between the calculated and measured

maxima ∆i/∆aver and ∆XX
i /∆aver, respectively. As in Fig. 8.8, the calculated

emission peak spacings for both X-Mn (black-dashed line) [151] and XX-Mn

(red-solid line) decrease with increasing peak separation number i. Deviation

from the linear decrease is due to the electron-hole exchange and anisotropy, as

explained in Chapter 6. One needs to reemphasize that this tendency is opposite

to that predicted by the spin model, where the peak spacing ofXX-Mn is a mirror

image of that of X-Mn (Fig. 8.4 (b)). The experimental results, presented in Fig.

8.11(d), show an identical trend to that predicted by the correlated exciton-Mn

model.

In the X-Mn emission spectra one has direct access to all energies Ei, as well

as all XX-Mn emission maxima Li, as defined in Fig. 8.4 (b). By extracting these

values from the presented experimental spectra one obtains the energy splitting

of the XX-Mn complex. The energies EXX2, and EXX3, as well as EXX4 and

EXX5 are separated by: δ2 = EXX3 − EXX2 = (L2 − L1) − (E6 − E5) = 0.2

meV, Eq. 8.18, and δ4 = EXX5 − EXX4 = (L3 − L2) − (E5 − E4) = 0.105 meV,

Eq. 8.19. For comparison, the numerically calculated splittings of theXX-Mn are

δ2 = 0.079 meV and δ4 = 0.039 meV, close to the ones extracted from experiments

by Besombes et al. [156] (δ2 = 0.075 meV and δ4 = 0.035 meV).
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8. XX-Mn

The fine structure of the XX-Mn complex can also be detected directly by

absorption of microwave radiation due to transistions in the Mn spin system as in

NMR. The absorption of a photon requires change of angular momentum by one,

with transitions of Mn spin from, e.g., E−(−5/2) to E−(−3/2) energy levels. The

predicted absorbed photon energies would hence correspond to the two energy

splittings, δ2 and δ4.
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Chapter 9

Summary

In this Thesis I have presented studies of the electronic and optical properties

of the self-assembled CdTe quantum dots containing a single magnetic Mn im-

purity. The presentation started with a general introduction to quantum dots

and a short review of the methods of their fabrication describing two different

methods of their fabrication. In the first method the lateral confinement is cre-

ated by the metalic gates generating electrostatic field that locally depletes the

two-dimensional electron gas. These QDs can confine only electrons. The second

method uses the Stranski-Krastanow phase transition in the epitaxial growth of

heterostructures. The QDs grown this way can confine both types of carriers:

electrons and holes. The important experimental techniques used to probe the

properties of carriers confined in the QDs have been briefly summarized.

In Chapter 2, the fundamental facts about the non-magnetic quantum dots

have been presented, including a short overview of the methods of modeling of the

QD confinement with the focus on the two-dimensional parabolic potential model

within the effective mass approximation used throughout this Thesis. The meth-

ods of the analysis of many interacting particles have been discussed, followed

by a detailed analysis of the electronic and optical properties of an exciton (an

interacting electron-hole pair) confined in the QD as well as a short presentation

of the multi-exciton complexes.

In Chapter 3 the electron-hole exchange in the basis of the harmonic oscillator

functions has been derived and analysed. Its influence on the fine structure of

the exciton complex has been discussed as a function of model parameters: the
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number of confined shells, the anisotropy of the confining potential as well as the

external magnetic field.

Next, in Chapter 4 I present an analysis of the electronic structure of the single

Mn atom, and of the formation of bonds between Mn and neighbouring atoms in

the crystal. The short-range exchange interaction between the Mn and carriers

confined in the QD has also been analysed. The introduction of the magnetic

moment into semiconductor material can be also achieved by fabrication of a

lateral quadruple quantum dot which can confine electrons. It is shown here that

one can turn on and off the magnetic moment created by the spin of the electrons

confined in such structure by changing the number of confined carriers.

In Chapter 5, the computational approach to the problem of interacting car-

riers confined in a magnetic dot has been described. For both the exciton and

bi-exciton complex the procedure consists of two steps. First, the Hamiltonian

of the interacting electrons and holes in the symmetric confining potential of a

nonmagnetic dot is diagonalized to obtain the correlated energies and wave func-

tions. In the second step the electron-hole exchange interaction, anisotropy, as

well as the electron-Mn and hole-Mn interactions are included, and Hamiltonian

matrices are written in the basis of the correlated electron-hole states calculated

in the first step of the procedure. This two-step procedure allows to reduce the

computational power needed to carry out these calculations.

Chapter 6 begins with the description of the widely used spin-model of the

interaction of the spins of electrons an holes with the spin of Mn ion. This model

allows for a basic understanding of the exciton-Mn system. However, by compar-

ing it with the fully microscopic, correlated model of the exciton-Mn complex, it

is demonstrated that the spin model is an oversimplification. By using the mi-

croscopic description of the exciton-Mn interaction, a novel quantum interference

effect is predicted, leading to the change of the strength of the interaction between

the exciton and Mn ion. This effect originates from the correlated character of

the confined excitons, and is therefore not captured by the simple spin model.

The quantum interference is reflected in the optical spectra of this complex as a

modification of the splitting of the emission/absorption lines as compared to the

spin model. Moreover, the splitting between the lines becomes non-uniform as a
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result of the Mn-induced interaction between ground and excited exciton states.

This second signature of the QI is also reported here.

In Chapter 7 the magnetic-field evolution of the optical properties of the

exciton-Mn complex has been analysed. It is compared to previously reported

experimental results in which the coupling between the exciton and Mn ion is

approximately constant in a wide range of the magntic field. This puzzling re-

sult indicates that the coupling between the Mn spin and the confined charge

carriers does not depend on the magnetic field, contrary to an intuitively ex-

pected increase of the coupling due to the magnetic squeezing of carrier wave

functions. The calculations in the fully microscopic model lead to the conclu-

sion that the excitonic correlations are responsible for a near cancellation of the

magnetic squeezing effect with increasing magnetic field.

In Chapter 8 the interaction between a bi-exciton and the Mn ion has been

discussed. Since the ground state of the bi-exciton is spinless, it is not expected to

interact with the magnetic impurity. However, the existence of the fine structe of

the ground state of the biexciton-Mn complex has been predicted and its signature

in the optical spectra was analysed. The existence of this novel fine structure of

a spin-singlet system is again due to correlations, this time brought about by the

scattering by the spin impurity from singlet to excited triplet state. The optical

signatures of the XX-Mn fine structure are predicted theoretically and compared

the experimental emission spectra.
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Appendix A

.1 Envelope function and effective mass approx-

imation

In the envelope function approximation (EFA), the state of an electron ψ(r) is

approximated by a product of a slowly varying envelope function F (r) and a

microscopic function u(r) which varies on the scale of the Wigner-Seitz unit cell

(WS): ψ(r) = F (r)u(r).

The electronic states in a periodic crystal satisfy the Bloch theorem ϕnk(r) =

exp(ikr)unk(r), while unk(r) = unk(r+R), where unk(r) is the periodic part of

the Bloch function, k is the crystal momentum, and R is the lattice vector. The

periodic part of the Bloch function at a crystal momentum k can be expanded as

unk(r) =
∞∑
i=1

bin(k)ui0(r) (1)

because all bands at k=0 form a complete set of functions. bin(k) are the expan-

sion coefficients, whose exact form is not cecessary for the following considera-

tions. In practice this expansion is truncated to some subset of bands.

Since the envelope F (r) varies slowly with r, one can further approximate it

by the sum: F (r) =
∑

iA(Ri)S(r − Ri). The discrete function A(Ri) has one

value for each unit cell at the position Ri, while the function S(r − Ri) is the

continuation of this discrete function and is defined as S(r−Ri) = 1 within the
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unit cell at the position Ri. From this assumption it follows that:

∫
BvK

F (r)V (r)dr =
∑
i

A(Ri)

∫
BvK

S(r−Ri)V (r)dr (2)

=
∑
i

A(Ri)

∫
WS(Ri)

V (r)dr

=
1

VWS

∫
BvK

F (r)dr

∫
WS(Ri)

V (r)dr

and the last step follows from the fact that:

∫
BvK

F (r)dr =
∑
i

A(Ri)

∫
BvK

S(r−Ri)dr =
∑
i

A(Ri)VWS(Ri). (3)

The symbol BvK denotes the QD domain, while WS(Ri) denotes the Wigner-

Seitz cell at the positionRi. In general the valence band (VB) and the conduction

band (CB) wavefunctions can be written as:

ϕj
v(r) =

∑
r,τ

Aj
rτF

rj
v (r)uvτ (r), vτ → −3/2,−1/2, 1/2, 3/2

ϕl
c(r) =

∑
p,σ

Al
pσF

pl
c (r)ucσ(r), cσ → −1/2(β), 1/2(α)

In this work, all calculation are made in the effective mass approximation (EMA),

which neglects the coupling between the bands. In EMA, each j th valence band

electron (lth conduction band electron) state is labelled by its band index vτ (cσ)

and the envelope label j (l):

ϕj
vτ (r) = F j

v (r)uvτ (r), vτ → −3/2,−1/2, 1/2, 3/2

ϕl
cσ(r) = F l

c(r)ucσ(r), cσ → −1/2(β), 1/2(α) (4)

The microscopic part of the conduction and valence states are the periodic

part of the Bloch functions at the Γ point. The microscopic functions in the

conduction band have s symmetry in Td crystals. They are labeled as |cα⟩ and |cβ⟩
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for sz = 1/2 and sz = −1/2 electrons, respectively. In the spinor representation:

ucα(r) = ⟨r|cα⟩ = ϕs(r)

(
Y00(r̂)

0

)
(5)

ucβ(r) = ⟨r|cβ⟩ = ϕs(r)

(
0

Y00(r̂)

)

On the other hand, the microscopic parts of the valence band have p symmetry.

They are labeled according to the generalized angular momentum as |v − 3/2⟩,
|v − 1/2⟩, |v + 1/2⟩,|v + 3/2⟩.

uv−3/2(r) = ⟨r|v − 3/2⟩ = ϕp(r)
|X⟩ − i|Y ⟩√

2
| ↓⟩ = ϕp(r)

(
0

Y1−1(r̂)

)
(6)

uv−1/2(r) = ⟨r|v − 1/2⟩ = ϕp(r)

(
|X⟩ − i|Y ⟩√

6
| ↑⟩+

√
2

3
|Z⟩| ↓⟩

)

= ϕp(r)


√

1
3
Y1−1(r̂)√
2
3
Y10(r̂)


uv+1/2(r) = ⟨r|v + 1/2⟩ = ϕp(r)

(
−|X⟩+ i|Y ⟩√

6
| ↓⟩+

√
2

3
|Z⟩| ↑⟩

)

= ϕp(r)


√

2
3
Y10(r̂)√

1
3
Y11(r̂)


uv+3/2(r) = ⟨r|v + 3/2⟩ = −ϕp(r)

|X⟩+ i|Y ⟩√
2

| ↑⟩ = ϕp(r)

(
Y11(r̂)

0

)

173



where the spherical harmonics are given by:

Y00(θ, ϕ) =
1√
4π

(7)

Y1−1(θ, ϕ) =

√
3

8π
sinθ exp(−iϕ)

Y10(θ, ϕ) =

√
3

4π
cosθ

Y11(θ, ϕ) = −
√

3

8π
sinθ exp(iϕ)

The electrons excited to the conduction band leave behind unoccupied states

in the valence band. The unoccupied state in the VB is called a hole, and its

wave function can be described by taking a transformation of the function of VB

electrons. To describe the hole wave function, the wave function of the electron in

the VB: ϕj
vτ (r) = F j

v (r)uvτ (r) is transformed into: ψj
v−τ (r) = Hj

v
+
(r)uvh−τ (r),

where Hj
v (r) is the hole envelope function, while uvh−τ (r) is the microscopic part

of the hole wavefunction.
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Appendix B

.2 Derivation of the direct Coulomb matrix el-

ements

The electron-electron Coulomb matrix elements in the two-dimensional harmonic

oscillator basis have an analytical form derived by Hawrylak [114] and used later

on in Refs. [101, 107]. Here the main points of this derivation will be presented

(Ref. [53, 115]). The Coulomb potential expressed in the units of the effective

Rydberg has the form:

v (r1 − r2) =
2

|r1 − r2|
, (8)

with position variables in the units of Bohr radii.

The matrix element Vee(iσ, jσ
′|kσ′, lσ) (given by Eq. 2.25) is a matrix ele-

ment of the Coulomb potential between the single-particle envelope wave func-

tions: F+
iσ(r1),F

+
jσ′(r2), Fkσ′(r2) and Flσ(r1). The composite indices i, j, k and l

describe the states in the harmonic-oscillator basis with the quantum numbers:

i = (n1i
+ , n

1i
−), j = (n2j

+ , n
2j
− ), k = (n2k

+ , n
2k
+ ), and l = (n1l

+, n
1l
−), where the index

enumerating the electrons is kept for transparency of the derivation. This matrix

element can be symbolicaly written as:

Vee(iσ, jσ
′|kσ′, lσ) = ⟨iσjσ′|v (r1 − r2) |kσ′lσ⟩, (9)

while the function v (r1 − r2) can be expressed in terms of the plane waves. This

175



allows for the separation of the variables describing each of the particles:

Vee(iσ, jσ
′|kσ′, lσ) = ⟨iσ|⟨jσ′|

∑
q

4π

q
eiq(r1−r2)|kσ′⟩|lσ⟩

=
∑
q

4π

q
⟨iσ|eiqr1 |lσ⟩⟨jσ′|eiqr2 |kσ′⟩

=
∑
q

4π

q
·M1 ·M2. (10)

The next step is to calculate the single-particle matrix elements M1 and M2 of

the form: M1 = ⟨iσ|eiqr1 |lσ⟩. To do so, the coordinates x and y for each particle

are expressed in the language of the HO operators (Eq. 2.15).

eiqr1 = e
i
[
qxl√

2
(a1+a+1 +b1+b+1 )+i

qyl√
2
(a1−a+1 −b1+b+1 )

]
(11)

Introducing the notation Q =
leh√
2
(qx + iqy) and using the Trotter-Suzuki formula:

eÂ+B̂ = eÂeB̂e−
1
2
[Â,B̂], (12)

one obtains:

eiqr1 = e−|Q|2eiQ
∗a+1 eiQa1eiQb+1 eiQ

∗b1

e−iqr2 = e−|Q|2e−iQ∗a+2 e−iQa2e−iQb+2 e−iQ∗b2 .

The matrix element M1 = ⟨iσ|eiqr1 |lσ⟩ does not depend on the spin of the

particle, so the spin variables will be dropped in further derivation. Using the

expansion of the Fock-Darwin states in terms of the HO operators (Eq.2.8), one

can write the unit operator as:

1̂ =
∞∑

p1=0

∞∑
p2=0

|p1p2⟩⟨p1p2| = 1

p1!p2!

∞∑
p1=0

∞∑
p2=0

(a+1 )
p1(b+1 )

p2 |00⟩⟨00|(b1)p2(a1)p1 .

(13)
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Introducing the unit operator in this form, and using the expansion of the expo-

nential operators in the Taylor series:

eiQa1 =
∞∑
s=0

(iQ)s

s!
as1, (14)

the matrix element M1 will have the form:

M1 =
1√

n1i
+ !n

1i
− !n

1l
+!n

1l
−!

min(n1i
+ ,n1l

+)∑
p1=0

min(n1i
− ,n1l

−)∑
p2=0

e−|Q|2

p1!p2!
(15)

× ⟨00|bn
1i
−

1 a
n1i
+

1

(iQ∗)n
1i
+−p1

(n1i
+ − p1)!

(
a+1
)n1i

+−p1 (iQ)n
1i
−−p2

(n1i
− − p2)!

(
b+1
)n1i

−−p2 (a+1 )p1 (b+1 )p2 |00⟩
× ⟨00|bp21 a

p1
1

(iQ)n
1l
+−p1

(n1l
+ − p1)!

(a1)
n1l
+−p1 (iQ

∗)n
1l
−−p2

(n1l
− − p2)!

(b1)
n1l
−−p2

(
a+1
)n1l

+
(
b+1
)n1l

− |00⟩.

This form follows the fact that only one of the terms in the power expansion of

each of the exponent opetators results in the non-zero matrix element.

Application of all of the HO operators gives:

M1 =
e−|Q|2√

n1i
+ !n

1i
− !n

1l
+!n

1l
−!

min(n1i
+ ,n1l

+)∑
p1=0

min(n1i
− ,n1l

−)∑
p2=0

p1!p2!

(
n1i
+

p1

)(
n1l
+

p1

)(
n1i
−
p2

)(
n1l
−
p2

)
× (iQ∗)n

1i
+−p1 (iQ)n

1i
−−p2 (iQ)n

1l
+−p1 (iQ∗)n

1l
−−p2 (16)

The matrix element M2 for the second particle has an analogous form. Now, the
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Coulomb interaction matrix element (Eq. 10) can be calculated as:

Vee(iσ, jσ
′|kσ′, lσ) =

1

4π2

∫ ∞

0

qdq

∫ 2π

0

qϕq
4π

q
M1M2

=
1

π

1√
n1i
+ !n

1i
− !n

1l
+!n

1l
−!n

2j
+ !n2j

− !n2k
+ !n2k

− !

min(n1i
+ ,n1l

+)∑
p1=0

p1!

(
n1i
+

p1

)(
n1l
+

p1

)

×
min(n1i

− ,n1l
−)∑

p2=0

p2!

(
n1i
−
p2

)(
n1l
−
p2

)min(n2j
+ ,n2k

+ )∑
p3=0

p3!

(
n2j
+

p3

)(
n2k
+

p3

)
(17)

×
min(n2j

− ,n2k
− )∑

p4=0

p4!

(
n2j
−

p4

)(
n2k
−
p4

)
× Ip1p2p3p4

where the integral:

Ip1p2p3p4 =

∫ ∞

0

qdq

∫ 2π

0

qϕqe
−2|Q|2 (iQ∗)n

1i
+−p1 (iQ)n

1i
−−p2 (iQ)n

1l
+−p1 (iQ∗)n

1l
−−p2

× (−iQ∗)n
2j
+ −p3 (−iQ)n

2j
− −p4 (−iQ)n

2k
+ −p3 (−iQ∗)n

2k
− −p4 . (18)

Since the variable Q is a complex number and Q =
leh√
2
(qx + iqy), the variable q

in the integral Ip1p2p3p4 can be changed to Q in the following way: Q = |Q|eiϕq =
leh√
2
qeiϕq , and dq = d|Q|

√
2

leh
. The integral can be separated into two integrals - one

over Q:

√
2

leh

∫ ∞

0

d|Q|e−2|Q|2 (iQ)n
1i
++n1i

−+n1l
++n1l

−+n2j
+ +n2j

− +n2k
+ +n2k

− −2p1−2p2−2p3−2p4

×(−1)n
2j
+ +n2j

− +n2k
+ +n2k

− , (19)

and one integral over the angle ϕq:

∫ 2π

0

dϕqe
iϕq(−n1i

++n1i
−+n1l

+−n1l
−−n2j

+ +n2j
− +n2k

+ −n2k
− ) = 2πδLL,LR

, (20)

where LL is the angular momentum of the pair of electrons on the left side of
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the Coulomb interaction matrix element (particle i and j), and LR is the angular

momentum of the pair of electrons on the right side of the matrix element (particle

k and j). Using the identity that follows from the conservation of the angular

momentum: n1i
+ + n2j

+ + n1l
− + n2k

− = +n1l
+ + n2k

+ + n1i
− + n2j

− , one can rewrite the

exponent in the integral over Q: n1i
+ + n1i

− + n1l
+ + n1l

− + n2j
+ + n2j

− + n2k
+ + n2k

− −
2p1 − 2p2 − 2p3 − 2p4 = 2

(
n1i
+ + n2j

+ + n1l
− + n2k

− − p1 − p2 − p3 − p4
)
= 2p. Then

the integral Ip1p2p3p4 takes the form:

Ip1p2p3p4 = 2π

√
2

leh

∫ ∞

0

d|Q|e−2|Q|2 (Q)2p (−1)p (−1)n
2j
+ +n2j

− +n2k
+ +n2k

− δLL,LR
. (21)

After changing integration variables one more time to x = 2Q2:

Ip1p2p3p4 = δLL,LR

π

leh

(
−1

2

)p

(−1)n
2j
+ +n2j

− +n2k
+ +n2k

−

∫ ∞

0

dxe−x (x)p+1/2−1

= δLL,LR

π

leh

(
−1

2

)p

(−1)n
2j
+ +n2j

− +n2k
+ +n2k

− Γ

(
p+

1

2

)
. (22)

Finally, the Coulomb interaction matrix element (Eq.17) attains the form:

Vee(iσ, jσ
′|kσ′, lσ) =

1

leh
δLL,LR

(−1)n
2j
+ +n2j

− +n2k
+ +n2k

−√
n1i
+ !n

1i
− !n

1l
+!n

1l
−!n

2j
+ !n2j

− !n2k
+ !n2k

− !

×
min(n1i

+ ,n1l
+)∑

p1=0

p1!

(
n1i
+

p1

)(
n1l
+

p1

)min(n1i
− ,n1l

−)∑
p2=0

p2!

(
n1i
−
p2

)(
n1l
−
p2

)
(23)

×
min(n2j

+ ,n2k
+ )∑

p3=0

p3!

(
n2j
+

p3

)(
n2k
+

p3

)min(n2j
− ,n2k

− )∑
p4=0

p4!

(
n2j
−

p4

)(
n2k
−
p4

)(
−1

2

)p

Γ

(
p+

1

2

)
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Appendix C

.3 Definition of the problem

The first step in the description of the electron-hole exchange interaction is the

explanation of the terms and notions used. Figure 1 (a) shows the reference state

with the valence band filled with electrons and an empty conduction band. The

excited state of the system is shown in Figs. 1 (b) and (c). The excited state is

created by a transfer of the electron from the valence to the conduction band. In

Figs. 1(b) and (c) there is one additional electron in the conduction band with a

spin of 1/2. The valence band can be described as a full valence band with one

missing electron with a spin of 1/2, Fig. 1(b), or from the point of view of holes

- a band with one hole with the spin of −1/2 Fig. 1(c) (after removal an electron

with a spin of 1/2 the valence band has an uncompensated spin of −1/2 which

is called the spin of a hole). The origin of the electron-hole exchange Coulomb

interaction becomes clear if one uses the language of the missing electrons in the

valence band. For that reason, in this Chapter the language of electrons in the

valence band will be used and the final result will be translated into the language

of the electron in the conduction band and the hole in a the valence band.

The Coulomb interaction Hamiltonian between two electrons has the form:

ĤV =
1

2

∑
i′j′k′l′

∑
σ,σ′σ′′,σ′′′

Vee(i
′σ, j′σ′|k′σ′′, l′σ′′′)c+i′σc

+
j′σ′ck′σ′′cl′σ′′′ (24)

where the matrix element Vee(i
′σ, j′σ′|k′σ′′, l′σ′′′) is given by the Eq. 2.23, while

ci′σ and c+i′σ are the anihilation and creation operators of the electron with the
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Figure 1: Illustration of two different languages used to describe the simplest
excited state of a semiconductor.

spin σ in the state i′, where i′ denotes the set of the orbital quantum numbers

appropriate to describe this state.

The matrix element of the Coulomb interaction between two configurations,

⟨L| = ⟨ciσ, vjτ | = ⟨0|ciσc+jτ and |R⟩ = |vkτ ′, clσ′⟩ = ckτ ′c
+
lσ′|0⟩, will be calculated.

The electron with quantum numbers described by iσ (lσ′) is in the conduction

band, while the quantum numbers jτ (kτ ′) describe a missing electron in the

valence band.

The matrix element of the Coulomb intection between these configurations

consists of two terms, direct and exchange (in the same way as that between two

electrons in the conduction band):

⟨L|ĤV |R⟩ =
∑
i′j′k′l′

∑
σ,σ′σ′′,σ′′′

⟨0|ciσc+jτ{c+i′σc
+
j′σ′ck′σ′′cl′σ′′′}ckτ ′c+lσ′|0⟩Vee(i′σ, j′σ′|k′σ′′, l′σ′′′)

= −V D
ee (ciσ, vkτ

′|vjτ, clσ′) + V X
ee (ciσ, vkτ

′|clσ′, vjτ). (25)

Note, that there is no 1/2 factor in this matrix element, since the indices i′ and l′

go over the conduction band states, while the indices k′ and j′ go over the valence

band states.
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.4 Calculation of Exchange Matrix Elements

.4.1 Division into the short- and long-range electron-hole

exchange

The direct part of the Coulomb interaction matrix elements is given by

V D
ee (ciσ, vkτ

′|vjτ, clσ′) = 2

∫∫
BvK

dr′1dr
′
2

q1(r
′
1)q2(r

′
2)

|r′1 − r′2|

q1(r
′
1) = F+

ci (r
′
1)u

+
cσ(r

′
1)Fcl(r

′
1)ucσ′(r′1)

q2(r
′
2) = F+

vk(r
′
2)u

+
vτ ′(r

′
2)Fvj(r

′
2)uvτ (r

′
2)

where the wave functions of the conduction and valence band electron have been

explicitly written as products of a slowly varying envelope F (r) and a microscopic

part u(r) (defined by Eq. 4 in the Appendix A.1). This integral is a Coulomb

interaction between two generalized charges, where each charge is a product of

two conduction or valence band wave functions. If the integration over the mi-

croscopic part is carried out, as in the case of Eqs. 2.24 and 2.25, this integral is

approximated as:

V D
ee (ciσ, vkτ

′|vjτ, clσ′) (26)

= δσσ′δττ ′

∫∫
BvK

dr′1dr
′
2F

+
ci (r

′
1)Fvj(r

′
2)

2

|r′1 − r′2|
F+
vk(r

′
2)Fcl(r

′
1)

The exchange matrix element can be compared to the Coulomb interaction of

the two charges as well:

V X
ee (ciσ, vkτ

′|clσ′, vjτ) = 2

∫∫
BvK

dr′1dr
′
2

q1(r
′
1)q2(r

′
2)

|r′1 − r′2|
(27)

q1(r
′
1) = F+

ci (r
′
1)u

+
cσ(r

′
1)Fvj(r

′
1)uvτ (r

′
1)

q2(r
′
2) = F+

vk(r
′
2)u

+
vτ ′(r

′
2)Fcl(r

′
2)ucσ′(r′2).
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Each of the charges is now a product of the wave function of the electron in

the valence band and the electron in the conduction band. The goal now is

to integrate out the microscopic part of this integral. It is useful to divide the

integration region (the QD domain) into two parts: the short-ranged part, where

the electron and the hole can be found in the same Wigner-Seitz unit cell, and the

long-range part, where they are in different cells. The full integration region (QD

domain) will be refered to as the Born-von Karman cell (BvK) and the individual

unit cell within the BvK cell as theWigner-Seitz cell (WS). The double integration

over the BvK cell (which consists of Ncell WS cells) is replaced by Ncell × Ncell

integrals over WS cells. One can write

∫
r′1∈BvK

∫
r′2∈BvK

dr′1dr
′
2 −→ (28)

Ncell∑
q=1

∫
r1∈WS(Rq)

∫
r2∈WS(Rq)

dr1dr2 +

Ncell∑
q,p=1,q ̸=p

∫
r1∈WS(Rq)

∫
r2∈WS(Rp)

dr1dr2,

where Rq and Rp describe the position of the WS cells as shown in Fig 2. The

Figure 2: Schematic picture explaining the notation and relations between the in-
tegration variables in the BvK cell r′1 and r

′
2, the variables describing the position

of the WS cell Rp and Rq, and the variables within a WS cell r1 and r2.

183



first term in the equation (28) consists of Ncell integrals, in which r1 and r2 go over

the same cell (short-range exchange integral), whereas the second term consists

of Ncell × (Ncell − 1) integrals, in which r1 and r2 go over two distinct WS cells

(long-range exchange integral). Therefore, the exchange matrix element is de-

composed into the short-range exchange V E
SR and long-range exchange V E

LR parts

as: V E(ciσ, vkτ ′|clσ′, vjτ) = V E
SR(ciσ, vkτ

′|clσ′, vjτ) + V E
LR(ciσ, vkτ

′|clσ′, vjτ)’.

In more detail,

V X
ee (ciσ, vkτ

′|clσ′, vjτ) =

= 2

∫∫
BvK

dr′1dr
′
2

F+
ci (r

′
1)u

+
cσ(r

′
1)Fvj(r

′
1)uvτ (r

′
1)F

+
vk(r

′
2)u

+
vτ ′(r

′
2)Fcl(r

′
2)ucσ′(r′2)

|r′1 − r′2|

= 2
∑
q

∑
p

∫∫
BvK

dr′1dr
′
2

u+cσ(r
′
1)uvτ (r

′
1)u

+
vτ ′(r

′
2)ucσ′(r′2)

|r′1 − r′2|

×A+
ci(Rq)Avj(Rq)A

+
vk(Rp)Acl(Rp)S(r

′
1 −Rq)S(r

′
2 −Rp).

The expression for the slowly varying envelope function F (r) =
∑

q A(Rq)S(r−
Rq) described in the Appendix A.1 was used. In the second step the variables

r′1 −Rq = r1 and r′2 −Rp = r2 will be changed. Since the function S(r′1 −Rq)

(S(r′2−Rp)) is equal to 0 outside of the unit cell described by position vector Rq

(Rp), the integration region over r1 (r2) can be changed to the unit cell WS(Rq)
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(WS(Rp)).

V X
ee (ciσ, vkτ

′|clσ′, vjτ) =

= 2
∑
q

∑
p

∫
WS(Rq)

∫
WS(Rp)

dr1dr2
u+cσ(r1 +Rq)uvτ (r1 +Rq)u

+
vτ ′(r2 +Rp)ucσ′(r2 +Rp)

|r1 +Rq − r2 −Rp|

×A+
ci(Rq)Avj(Rq)A

+
vk(Rp)Acl(Rp)

= 2
∑
q

∫
WS(Rq)

∫
WS(Ri)

dr1dr2
u+cσ(r1)uvτ (r1)u

+
vτ ′(r2)ucσ′(r2)

|r1 − r2|

×A+
ci(Rq)Avj(Rq)A

+
vk(Rq)Acl(Rq)

+2
∑
q

∑
p

∫
WS(Rq)

∫
WS(Rp)

dr1dr2
u+cσ(r1 +Rq)uvτ (r1 +Rq)u

+
vτ ′(r2 +Rp)ucσ′(r2 +Rp)

|r1 +Rq − r2 −Rp|

×A+
ci(Rq)Avj(Rq)A

+
vk(Rp)Acl(Rp)

= V X
SR(ciσ, vkτ

′|clσ′, vjτ) + V X
LR(ciσ, vkτ

′|clσ′, vjτ).

The short-range interaction part is given by:

V X
SR(ciσ, vkτ

′|clσ′, vjτ) (29)

=
∑
q

ISR (ciσ, vkτ ′|clσ′, vjτ)× A+
ci(Rq)Avj(Rq)A

+
vk(Rq)Acl(Rq),

while the long-range interaction part is:

V X
LR(ciσ, vkτ

′|clσ′, vjτ) (30)

=
∑
q

∑
p

IqpLR(ciσ, vkτ
′|clσ′, vjτ)× A+

ci(Rq)Avj(Rq)A
+
vk(Rp)Acl(Rp).
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.4.2 Short-range exchange

The microscopic integral of the short-range exchange has the form:

ISR (ciσ, vkτ ′|clσ′, vjτ) = 2

∫
WS(Rq)

∫
WS(Rq)

dr1dr2
u+cσ(r1)uvτ (r1)u

+
vτ ′(r2)ucσ′(r2)

|r1 − r2|
.

(31)

Using the multipole expansion for 1/|r1 − r2|:

1

|r1 − r2|
= 4π

∑
l

l∑
m=−l

1

2l + 1

rl<
rl+1
>

Y ∗
lm(Ω

′)Ylm(Ω) (32)

and the fact that ucσ(r) = ϕs(r)×Ycσ(Ω), uvτ (r) = ϕp(r)×Yvτ (Ω), one can obtain

the expression for the short-range exchange microscopic integral:

ISR (ciσ, vkτ ′|clσ′, vjτ) =

= 8π
∑
l

l∑
m=−l

1

2l + 1

∫
WS(Rq)

∫
WS(Rq)

dr1dr2r
2
1r

2
2

rl<
rl+1
>

|ϕs(r1)|2|ϕp(r2)|2

×
∫
WS(Rq)

∫
WS(Rq)

dΩ1dΩ2Y
∗
lm(Ω1)Ylm(Ω2)Y

∗
cσ(Ω1)Yvτ (Ω1)Ycσ′(Ω2)Y

∗
vτ ′(Ω2).

This expression can be parameterized by a single numerical parameter

ESR =
1

3

∫
WS(Rq)

∫
WS(Rq)

dr1dr2r
2
1r

2
2

rl<
rl+1
>

|ϕs(r1)|2|ϕp(r2)|2 (33)

which is the radial part of the short-range exchange microscopic integral. The

angular part of this integral can be written as the 8× 8 matrix:

⟨cσ, vτ |HSR|cσ′, vτ ′⟩ = 3 · 4π
∑
l

l∑
m=−l

1

2l + 1
(34)

×
∫
WS(Rq)

∫
WS(Rq)

dΩ1dΩ2Y
∗
lm(Ω1)Ylm(Ω2)Y

∗
cσ(Ω1)Yvτ (Ω1)Ycσ′(Ω2)Y

∗
vτ ′(Ω2)

186



Now ISR (ciσ, vkτ ′|clσ′, vjτ) has the form:

ISR (ciσ, vkτ ′|clσ′, vjτ) = 2ESR⟨cσ, vτ |HSR|cσ′, vτ ′⟩ (35)

An example calculation of one of the ⟨cσ, vτ |HSR|cσ′, vτ ′⟩ matrix elements is

given below:

⟨α,+3/2|HSR|α,+3/2⟩ = 3 · 4π
∑
l

l∑
m=−l

1

2l + 1

∫
dΩ1

∫
dΩ2Y

∗
lm(Ω1)Ylm(Ω2)

× (Y ∗
00(Ω1), 0)

(
Y11(Ω1)

0

)
(Y00(Ω2), 0)

(
Y ∗
11(Ω2)

0

)
= l=1

m=−1
3
4π

3

∫
dΩ1

∫
dΩ2Y11(Ω1)Y1−1(Ω2)

1

4π
Y11(Ω1)Y1−1(Ω2)

= 1,

where the notation α denoting electron spin 1
2
, and β for electron spin −1

2
is used

as introduced in Appendix A.1. Analogous calculations have to be done for all

other matrix elements and the final form of the matrix HSR is:



|cσ′vτ ′⟩ →
⟨cσvτ | ↓ |α− 3

2
⟩ |α− 1

2
⟩ |α + 1

2
⟩ |α + 3

2
⟩ |β − 3

2
⟩ |β − 1

2
⟩ |β + 1

2
⟩ |β + 3

2
⟩

⟨α− 3
2
| 0 0 0 0 0 0 0 0

⟨α− 1
2
| 0 1

3
0 0

√
1
3

0 0 0

⟨α + 1
2
| 0 0 2

3
0 0 2

3
0 0

⟨α + 3
2
| 0 0 0 1 0 0

√
1
3

0

⟨β − 3
2
| 0

√
1
3

0 0 1 0 0 0

⟨β − 1
2
| 0 0 2

3
0 0 2

3
0 0

⟨β + 1
2
| 0 0 0

√
1
3

0 0 1
3

0

⟨β + 3
2
| 0 0 0 0 0 0 0 0


Using equations Eqs. 29 and 35, the final short-range matrix element has the
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form:

V X
SR(ciσ, vkτ

′|clσ′, vjτq) (36)

= 2ESR⟨ciσ, vjτ |HSR|clσ′, vkτ ′⟩
∑
q

A+
ci(Rq)Avj(Rq)A

+
vk(Rq)Acl(Rq)

=
2

VWS

ESR⟨cσ, vτ |HSR|cσ′, vτ ′⟩
∫
BvK

dr′F+
ci (r

′)Fvj(r
′)F+

vk(r
′)Fcl(r

′)

where the summation over the unit cells WS is replaced by the equivalent inte-

gration over the QD domain.

.4.3 Long-range exchange

The microscopic integral in the long-range exchange depends on the orientation

of the cells:

IqpLR(ciσ, vkτ
′|clσ′, vjτ) (37)

= 2

∫
WS(Rq)

∫
WS(Rp)

dr1dr2
u+cσ(r1 +Rq)uvτ (r1 +Rq)u

+
vτ ′(r2 +Rp)ucσ′(r2 +Rp)

|r1 +Rq − r2 −Rp|

In what follows, the shorter notation: IqpLR = IqpLR(ciσ, vkτ
′|clσ′, vjτ) will be used.

The Coulomb potential is expanded in a power series of r1 and r2 (which are

defined in the unit cells at the positions Rq and Rp respectively):

1

|r1 − r2 +Rq −Rp|
=

1

|R|
− R

|R|3
(r1 − r2) +

∑
λ,η

rλ1r
η
2

|R|2δλη − 3RλRη

|R|5
. (38)

188



The notation R = Rq−Rp and r = r1−r2 has been used. Equation (37) becames

then:

IqpLR =

=
2

Rq −Rp

∫
WS(Rq)

dr1u
+
cσ(r1 +Rq)uvτ (r1 +Rq)

︸ ︷︷ ︸
∫

WS(Rp)

dr2u
+
vτ ′(r2 +Rp)ucσ′(r2 +Rp)

︸ ︷︷ ︸

+ 2
Rq −Rp

|Rq −Rp|3


∫

WS(Rp)

dr2u
+
cσ(r1 +Rq)uvτ (r1 +Rq)

︸ ︷︷ ︸
∫

WS(Rq)

dr1ucσ′(r2 +Rp)uvτ ′(r2 +Rp)r2

−
∫

WS(Rq)

dr1u
+
cσ(r1 +Rq)uvτ (r1 +Rq)r1

∫
WS(Rp)

dr2u
+
vτ ′(r2 +Rp)ucσ′(r2 +Rp)

︸ ︷︷ ︸



+ 2
∑
λ,η

|Rq −Rp|2δλη − 3 (Rq −Rp)λ (Rq −Rp)η
|Rq −Rp|5

×
∫

WS(Rq)

dr1u
+
cσ(r1 +Rq)uvτ (r1 +Rq)r

λ
1

∫
WS(Rp)

dr2ucσ′(r2 +Rp)u
+
vτ ′(r2 +Rp)r

η
2

where integrals above the underbrackets are equal to 0 due to a difference of sym-

metry of the conduction and the valence band Bloch functions (radial integrals∫
WS

r2ϕ∗
s(r)ϕp(r)dr = 0).

Finally:

IqpLR = 2
∑
λ,η

|Rq −Rp|2δλη − 3 (Rq −Rp)λ (Rq −Rp)η
|Rq −Rp|5

×
∫

WS(Rq)

dr1u
+
cσ(r1 +Rq)uvτ (r1 +Rq)r

λ
1

∫
WS(Rp)

dr2ucσ′(r2 +Rp)u
+
vτ ′(r2 +Rp)r

η
2.
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The definition of the transition dipole moment between the microscopic parts of

the electron and hole wavefunctions is:

dαβ =

∫
WS(R)

dru+α (r)ruβ(r) = µd0
αβ, (39)

where d0
αβ is a reduced dipole moment, which is an integral over the angles. It

depends on the spherical harmonics involved in the integration. Parameter

µ =
1√
6

∫
WS

r2ϕ∗
s(r)rϕp(r)dr (40)

is a radial integral within the WS cell and its value is taken from the experiment.

IqpLR = 2
∑
λ,η

(
d0η
cσ′vτ ′

)+ |Rq −Rp|2δλη − 3 (Rq −Rp)λ (Rq −Rp)η
|Rq −Rp|5

d0λ
cσvτ (41)

Using the equations Eqs.30 and 41, the long-range exchange interaction can be

written in the form:

V X
LR(ciσ, vkτ

′|clσ′, vjτ) = 2µ2
∑
qp

A+
ci(Rq)Avj(Rq)A

+
vk(Rp)Acl(Rp)

×
∑
λ,η

(
d0η
cσ′vτ ′

)+ |Rq −Rp|2δλη − 3 (Rq −Rp)λ (Rq −Rp)η
|Rq −Rp|5

d0λ
cσvτ

The summation over the WS unit cells may be replaced by the integration over

the QD domain (BvK) over the variables r′1 and r′2. The ”primes” can be then

dropped:

V X
LR(ciσ, vkτ

′|clσ′, vjτ) =
2µ2

V 2
WS

∫∫
BvK

dr1dr2F
+
ci (r1)Fvj(r1)F

+
vk(r2)Fcl(r2) (42)

×
∑
λ,η

(
d0η
cσ′vτ ′

)+ |r1 − r2|2δλη − 3 (r1 − r2)λ (r1 − r2)η
|r1 − r2|5

d0λ
cσvτ
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The difference Rq −Rp in the integral was replaced by r1 − r2, since during inte-

gration the regions inside the same unit cell make a negligibly small contribution

to the double integral. If the following identity:

|r1 − r2|2δλη − 3(r1 − r2)λ(r1 − r2)η
|r1 − r2|5

= − ∂2

∂rλ1∂r
η
1

1

|r1 − r2|
−4π

3
δληδ(r1−r2), (43)

is inserted to the expression for the long-range exchange interaction Eq. 42, one

obtains:

V X
LR(ciσ, vkτ

′|clσ′, vjτ) = −8π

3

µ2

V 2
WS

∑
λ

(
d0λ
cσ′vτ ′

)+
d0λ
cσvτ

×
∫
BvK

dr1F
+
ci (r1)Fvj(r1)F

+
vk(r1)Fcl(r1) (44)

− µ2

V 2
WS

∑
λ,η

(
d0η
cσ′vτ ′

)+
d0λ
cσvτ

∫∫
BvK

dr1dr2
∂2

∂rλ1∂r
η
1

2

|r1 − r2|

× F+
ci (r1)Fvj(r1)F

+
vk(r2)Fcl(r2).

The first term in this expresion has exactly the same form as the short-range

electron-hole exchange (Eq. 36).

V XS
LR (ciσ, vkτ ′|clσ′, vjτ) = −8π

3

µ2

V 2
WS

∑
λ

(
d0λ
cσ′vτ ′

)+
d0λ
cσvτ (45)

×
∫
BvK)

dr1F
+
ci (r1)Fvj(r1)F

+
vk(r1)Fcl(r1)

The second integral, after double integration by parts over r1, takes the form:

V XL
LR (ciσ, vkτ ′|clσ′, vjτ) = − µ2

V 2
WS

∑
λ,η

(
d0η
cσ′vτ ′

)+
d0λ
cσvτ

∫∫
BvK

dr1dr2 (46)

×
(

∂2

∂rλ1∂r
η
1

F+
ci (r1)Fvj(r1)

)
2

|r1 − r2|
F+
vk(r2)Fcl(r2).
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Using the notation:

Rλη =

∫∫
BvK

dr1dr2

(
∂2

∂rλ1∂r
η
1

F+
ci (r1)Fvj(r1)

)
1

|r1 − r2|
F+
vk(r2)Fcl(r2),

the long-range exchange integral (46) can be written as:

V XL
LR (ciσ, vkτ ′|clσ′, vjτ) = − µ2

V 2
WS

∑
λ,η

(
d0η
cσ′vτ ′

)+
d0λ
cσvτRλη (47)

The dipole moments dαβ (Eq. 39) can be written in the form of a table:

dx dy dz

|α− 3/2⟩ 0 0 0

|α− 1/2⟩ 1/
√
3 −i/

√
3 0

|α + 1/2⟩ 0 0 2/
√
3

|α + 3/2⟩ −1 −i 0
|β − 3/2⟩ 1 −i 0

|β − 1/2⟩ 0 0 2/
√
3

|β + 1/2⟩ −1/
√
3 −i/

√
3 0

|β + 3/2⟩ 0 0 0

× µ

Here we show an example calculation of the dipole matrix element dx
α−1/2:

dx
α−1/2 =

∫
WS(R)

drϕ∗
s(r) (Y

∗
00(r̂), 0)xϕp(r)


√

1
3
Y1−1(r̂)√
2
3
Y10(r̂)


=

∫
WS(R)

drϕ∗
s(r)rϕp(r)︸ ︷︷ ︸

∫ 2π

0

dφ

∫ π

0

dθ sin θ cosφ sin θ

√
1

3
Y ∗
00(r̂)Y1−1(r̂)

=
√
6µ

∫ 2Π

0

dφ cosφ exp(−iφ)︸ ︷︷ ︸
∫ Π

0

dθ sin3 θ︸ ︷︷ ︸
√

1

3

√
3

8π

1√
4π

=
√
6µ · π · 4

3
· 1√

2

1

4π
=

µ√
3
.
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The matrix
∑

λ

(
d0λ
cσ′vτ ′

)+
d0λ
cσvτ corresponding to the short-range-like element

in the long-range interaction (Eq. 45) can be written as:

∑
λ

d0λ
cσvτ

(
d0λ
cσ′vτ ′

)+
= d0x

cσvτ

(
d0x
cσ′vτ ′

)+
+ d0y

cσvτ

(
d0y
cσ′vτ ′

)+
+ d0z

cσvτ

(
d0z
cσ′vτ ′

)+
=(48)



|cσ′vτ ′⟩

⟨cσvτ | ↓ |α− 3
2⟩ |α− 1

2⟩ |α+ 1
2⟩ |α+ 3

2⟩ |β − 3
2⟩ |β − 1

2⟩ |β + 1
2⟩ |β + 3

2⟩

⟨α− 3
2 | 0 0 0 0 0 0 0 0

⟨α− 1
2 | 0 2

3 0 0
√

2
3 0 0 0

⟨α+ 1
2 | 0 0 4

3 0 0 4
3 0 0

⟨α+ 3
2 | 0 0 0 2 0 0

√
2
3 0

⟨β − 3
2 | 0

√
2
3 0 0 2 0 0 0

⟨β − 1
2 | 0 0 4

3 0 0 4
3 0 0

⟨β + 1
2 | 0 0 0

√
2
3 0 0 2

3 0

⟨β + 3
2 | 0 0 0 0 0 0 0 0


On the other hand, the key element in the calculation of the second part of the

long-range exchange (Eq. 46) is the matrix

∑
λ,η

(
d0η
cσ′vτ ′

)+
d0λ
cσvτRλη (49)

For the two-dimensional system or any system for which Rzα = 0 (a 3D QD which

doesn’t have a bound excited state in the z direction) it takes a form:

∑
λη

(
d0η
cσ′vτ ′

)+
d0λ
cσvτRλη = (50)
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

|vkτ ′clσ′⟩
⟨ciσvjτ | ↓ |α− 3

2
⟩ |α− 1

2
⟩ |α + 1

2
⟩ |α+ 3

2
⟩ |β − 3

2
⟩ |β − 1

2
⟩ |β + 1

2
⟩ |β + 3

2
⟩

⟨α− 3
2
| 0 0 0 0 0 0 0 0

⟨α− 1
2
| 0 1

3
Akl

ij 0 1√
3
Bkl

ij
1√
3
Akl

ij 0 1
3
Bkl

ij 0

⟨α + 1
2
| 0 0 0 0 0 0 0 0

⟨α + 3
2
| 0 1√

3
Ckl

ij 0 Akl
ij Ckl

ij 0 1√
3

kl

ij
Akl

ij 0

⟨β − 3
2
| 0 1√

3
Akl

ij 0 Bkl
ij Akl

ij 0 1√
3
Bkl

ij 0

⟨β − 1
2
| 0 0 0 0 0 0 0 0

⟨β + 1
2
| 0 1

3
Ckl

ij 0 1√
3
Akl

ij
1√
3
Ckl

ij 0 1
3
Akl

ij 0

⟨β + 3
2
| 0 0 0 0 0 0 0 0


where the following notation is used:

Akl
ij = Rijkl

xx +Rijkl
yy

Bkl
ij = −Rijkl

xx +Rijkl
yy + 2iRijkl

xy

Ckl
ij = −Rijkl

xx +Rijkl
yy − 2iRijkl

xy

.5 Matrix form of the electron-hole exchange

.5.1 Electron-electron language

From the derivation of the short-range exchange (Eq. 36), short-range-like ele-

ment in the long-range interaction (Eq. 45) as well as the long-range exchange

integral (Eqs. 46 and 47), one can notice that the state |α− 3
2
⟩ and |β+ 3

2
⟩ are not

coupled with any other state. The full electron-hole exchange matrices written

in the basis including both light and heavy valence band are shown below:

V X
ee (ciσ, vkτ

′|clσ′, vjτ) = (51)
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

|vkτ ′clσ′⟩

⟨ciσvjτ | |α− 3
2⟩ |α− 1

2⟩ |α+ 1
2⟩ |α+ 3

2⟩ |β − 3
2⟩ |β − 1

2⟩ |β + 1
2⟩ |β + 3

2⟩

⟨α− 3
2 | 0 0 0 0 0 0 0 0

⟨α− 1
2 | 0 1

3δ
SLL 0 1√

3
δ12

1√
3
δSLL 0 1

3δ12 0

⟨α+ 1
2 | 0 0 2

3δ
SL
0 0 0 2

3δ
SL
0 0 0

⟨α+ 3
2 | 0 1√

3
δ21 0 δSLL δ21 0 1√

3
δSLL 0

⟨β − 3
2 | 0 1√

3
δSLL 0 δ12 δSLL 0 1√

3
δ12 0

⟨β − 1
2 | 0 0 2

3δ
SL
0 0 0 2

3δ
SL
0 0

⟨β + 1
2 | 0 1

3δ21 0 1√
3
δSLL 1√

3
δ21 0 1

3δ
SLL 0

⟨β + 3
2 | 0 0 0 0 0 0 0 0


where, as in the Ref. [123], the following notation was used:

δSL0

kl

ij = δSRE
0

kl

ij + δLRE
0

kl

ij (52)

δSRE
0

kl

ij =
2ESR

VWS

∫
BvK

dr1F
+
ci (r1)Fvj(r1)F

+
vk(r1)Fcl(r1) (53)

δLRE
0

kl

ij = −16πµ2

3V 2
WS

∫
BvK

dr1F
+
ci (r1)Fvj(r1)F

+
vk(r1)Fcl(r1) (54)

δL
kl

ij = − µ2

V 2
WS

(
Rijkl

xx +Rijkl
yy

)
(55)

δSLL
kl

ij = δSL0

kl

ij + δL
kl

ij (56)

δ12
kl
ij =

µ2

V 2
WS

(
Rijkl

xx −Rijkl
yy − 2iRijkl

xy

)
(57)

δ21
kl
ij =

µ2

V 2
WS

(
Rijkl

xx −Rijkl
yy + 2iRijkl

xy

)
(58)

and as previously (Eq. 47):

Rλη =

∫∫
BvK

dr1dr2

(
∂2

∂rλ1∂r
η
1

F+
ci (r1)Fvj(r1)

)
2

|r1 − r2|
F+
vk(r2)Fcl(r2).
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If the basis is restricted, and the light-hole band is neglected, then the electron-

hole exchange matrix takes the form:

V X
ee (ciσ, vkτ

′|clσ′, vjτ) = (59)


|vkτ ′clσ′⟩ →
⟨ciσvjτ | ↓ |α− 3

2
⟩ |α + 3

2
⟩ |β − 3

2
⟩ |β + 3

2
⟩

⟨α− 3
2
| 0 0 0 0

⟨α + 3
2
| 0 (δSL0 + δL) δ21 0

⟨β − 3
2
| 0 δ12 (δSL0 + δL) 0

⟨β + 3
2
| 0 0 0 0


. The diagonal matrix elemets δSLL

kl
ij were written explicitely as a sum of the

δSLL
kl
ij = δSL0

kl

ij + δL
kl
ij .

.5.2 Electron-hole language

Now one can transfer the obtained result into the language of an electron in the

conduction band and a hole in the valence band, remembering that ϕh = ϕ∗
e.

Due to this fact, the spin parts of the wave functions are transformed in the

following way:

|α− 3/2⟩ −→ |α + 3/2⟩, |α + 3/2⟩ −→ |α− 3/2⟩
|β − 3/2⟩ −→ |β + 3/2⟩, |β + 3/2⟩ −→ |β − 3/2⟩.

The electron-hole exchange matrix in this language has the form:

V X
eh (ciσ, vjτ |clσ′, vkτ ′) = (60)


|vkτ ′clσ′⟩ →
⟨ciσvjτ | ↓ |α− 3

2
⟩ |α + 3

2
⟩ |β − 3

2
⟩ |β + 3

2
⟩

⟨α− 3
2
| (δSL0 + δL) 0 0 δ21

⟨α + 3
2
| 0 0 0 0

⟨β − 3
2
| 0 0 0 0

⟨β + 3
2
| δ12 0 0 (δSL0 + δL)


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with:

δSL0

kl

ij = δSRE
0

kl

ij + δLRE
0

kl

ij (61)

δSRE
0

kl

ij =
2ESR

VWS

∫
BvK

dr1F
+
ci (r1)H

+
vj(r1)Hvk(r1)Fcl(r1) (62)

δLRE
0

kl

ij = −16πµ2

3V 2
WS

∫
BvK

dr1F
+
ci (r1)H

+
vj(r1)Hvk(r1)Fcl(r1) (63)

δL
kl

ij = − µ2

V 2
WS

(
Rijkl

xx +Rijkl
yy

)
(64)

δ12
kl
ij =

µ2

V 2
WS

(
Rijkl

xx −Rijkl
yy − 2iRijkl

xy

)
(65)

δ21
kl
ij =

µ2

V 2
WS

(
Rijkl

xx −Rijkl
yy + 2iRijkl

xy

)
(66)

where now:

Rijkl
λη =

∫∫
BvK

dr1dr2

(
∂2

∂rλ1∂r
η
1

F+
ci (r1)H

+
vj(r1)

)
2

|r1 − r2|
Hvk(r2)Fcl(r2). (67)
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Reithmaier, F. Klopf, and F. Schäfer. Fine structure of neutral and

charged excitons in self-assembled In(Ga)As/(Al)GaAs quantum dots.

Phys. Rev. B, 65:195315, May 2002. doi: 10.1103/PhysRevB.65.195315.

URL http://link.aps.org/doi/10.1103/PhysRevB.65.195315. 12, 27,

28, 57

[109] D. Chithrani, M. Korkusinski, S.-J. Cheng, P. Hawrylak, R.L. Willinams,

J. Lefebre, P.J. Poole, and G.C. Aers. Electronic structure of the p-shell in

single, site-selected InAs/InP quantum dots. Physica E, 26:322, 2005. 12,

27, 35

[110] C. G. Darwin. The diamagnetism of the free electron,. Math. Proc. Cam-

bridge Phil. Soc., 27:86–90, 1931. doi: 10.1017/S0305004100009373. URL

http://dx.doi.org/10.1017/S0305004100009373. 13

[111] V. Fock. Bemerkung zur quantelung des harmonischen oszilators in mag-

netfeld. Z. Phys., 47:446–448, 1928. 13

[112] E. S. Kadantsev, M. Zielinski, M. Korkusinski, and P. Hawrylak. Ab initio

calculation of band edges modified by (001) biaxial strain in group IIIAVA

and group IIBVIA semiconductors: Application to quasiparticle energy lev-

els of strained InAs/InP quantum dot. J. Appl. Phys, 107:104315, 2010.

doi: 10.1063/1.3406144. URL http://dx.doi.org/10.1063/1.3406144.

15

[113] A. H. Trojnar, E. S. Kadantsev, M. Korkusinski, and P. Hawry-

lak. Theory of fine structure of correlated exciton states in self-

assembled semiconductor quantum dots in a magnetic field. Phys. Rev.

B, 84:245314, Dec 2011. doi: 10.1103/PhysRevB.84.245314. URL

http://link.aps.org/doi/10.1103/PhysRevB.84.245314. 18, 87

213



REFERENCES

[114] P. Hawrylak. Far infrared absorption by screened d− states in

quantum wells in a strong magnetic field. Solid State Com-

mun., 88:475–479, 1993. doi: 10.1016/0038-1098(93)90617-V. URL

http://dx.doi.org/10.1016/0038-1098(93)90617-V. 22, 24, 49, 86, 175

[115] A. Wensauer. quantenpunkte im Magnetfeld. PhD Dissertation, Universitat

Regensburg, 2003. 24, 175

[116] A. Wojs and P. Hawrylak. Negatively charged magnetoexcitons in quantum

dots. Phys. Rev. B, 51:10880–10885, Apr 1995. doi: 10.1103/PhysRevB.51.

10880. URL http://link.aps.org/doi/10.1103/PhysRevB.51.10880.

25, 44, 49, 86

[117] K. Hinzer, P. Hawrylak, M. Korkusinski, S. Fafard, M. Bayer,

O. Stern, A. Gorbunov, and A. Forchel. Optical spectroscopy of

a single Al0.36In0.64As/Al0.33Ga0.67As quantum dot. Phys. Rev. B,

63:075314, Jan 2001. doi: 10.1103/PhysRevB.63.075314. URL

http://link.aps.org/doi/10.1103/PhysRevB.63.075314. 27, 37, 43,

141

[118] M. Grundmann, O. Stier, and D. Bimberg. InAs/GaAs pyramidal quantum

dots: Strain distribution, optical phonons, and electronic structure. Phys.

Rev. B, 52:11969–11981, Oct 1995. doi: 10.1103/PhysRevB.52.11969. URL

http://link.aps.org/doi/10.1103/PhysRevB.52.11969.

[119] M. Molas, K. Golasa, K. Kuldova, J. Borysiuk, A. Babinski, J. Lapointe,

and Z. R. Wasilewski. The effect of In-flush on the optical anisotropy of

InAs/GaAs quantum dots. J. Appl. Phys., 111:033510, 2012. doi: 10.1063/

1.3681329. URL http://dx.doi.org/10.1063/1.3681329. 27

[120] T. Takagahara. Effects of dielectric confinement and electron-hole exchange

interaction on excitonic states in semiconductor quantum dots. Phys.

Rev. B, 47:4569–4584, Feb 1993. doi: 10.1103/PhysRevB.47.4569. URL

http://link.aps.org/doi/10.1103/PhysRevB.47.4569. 28, 43, 46, 62

214



REFERENCES

[121] T. Takagahara. Theory of exciton doublet structures and po-

larization relaxation in single quantum dots. Phys. Rev. B, 62:

16840–16855, Dec 2000. doi: 10.1103/PhysRevB.62.16840. URL

http://link.aps.org/doi/10.1103/PhysRevB.62.16840. 43, 62

[122] S. V. Goupalov and E. L. Ivchenko. A tight-binding representation

of electron-hole exchange interaction in semiconductors. Phys. Solid

State, 43:1867, 2001. doi: 10.1002/(SICI)1521-3951(200104)224:3⟨649::
AID-PSSB649⟩3.0.CO;2-Y. 43

[123] E. Kadantsev and P. Hawrylak. Theory of exciton fine structure in semi-

conductor quantum dots: Quantum dot anisotropy and lateral electric field.

Phys. Rev. B, 81:045311, Jan 2010. doi: 10.1103/PhysRevB.81.045311.

URL http://link.aps.org/doi/10.1103/PhysRevB.81.045311. 43, 45,

46, 50, 62, 195

[124] E. S. Kadantsev and P. Hawrylak. Effective theory of electron-hole exchange

in semiconductor quantum dots. J. of Phys.: Conf. Ser., 248:012018, 2010.

doi: doi:10.1088/1742-6596/248/1/012018. 28

[125] M. Bayer, O. Stern, P. Hawrylak, S. Fafard, and A. Forchel. Hidden

symmetries in the energy levels of excitonic artificial atoms in quan-

tum dots. Nature, 405:923, 2000. doi: 10.1038/35016020. URL

http://dx.doi.org/10.1038/35016020M3. ix, 37, 39, 104, 141

[126] D. V. Regelman, D. Gershoni, E. Ehrenfreund, W. V. Schoenfeld, and P. M.

Petroff. Spectroscopy of single semiconductor quantum dots at negative,

neutral, and positive charge states. phys. stat. sol. (a), 190:491–497, 2002.

doi: 10.1002/1521-396X(200204)190:2⟨491::AID-PSSA491⟩3.0.CO;2-G. 37,

141

[127] M. Korkusinski and P. Hawrylak. Optical signatures of spin polarization

of carriers in quantum dots. Phys. Rev. Lett., 101:027205, Jul 2008. doi:

10.1103/PhysRevLett.101.027205. 37

215



REFERENCES

[128] M. Korkusinski, Hawrylak P., and M. Potemski. A spin-polarized bi-exciton

in a semiconductor quantum dot. J. Phys.: Condens. Matter, 20:454213,

2008. doi: 10.1088/0953-8984/20/45/454213. 41

[129] A. Wojs and P. Hawrylak. Exciton-exciton interactions in high-

tly excited quantum dots in a magnetic field. Solid State Com-

mun., 100:487–491, 1996. doi: 10.1016/0038-1098(96)00403-6. URL

http://dx.doi.org/10.1016/0038-1098(96)00403-6. 37

[130] G. Chen, N. H. Bonadeo, D. G. Steel, D. Gammon, D. S. Katzer, D. Park,

and L.J. Sham. Optically induced entanglement of excitons in a single

quantum dot. Science, 289:1906, 2000. doi: 10.1126/science.289.5486.1906.

42

[131] D. Gammon, E. S. Snow, B. V. Shanabrook, D. S. Katzer, and D. Park. Fine

structure splitting in the optical spectra of single GaAs quantum dots. Phys.

Rev. Lett., 76:3005–3008, Apr 1996. doi: 10.1103/PhysRevLett.76.3005.

URL http://link.aps.org/doi/10.1103/PhysRevLett.76.3005.

[132] J. G. Tischler, A. S. Bracker, D. Gammon, and D. Park. Fine struc-

ture of trions and excitons in single GaAs quantum dots. Phys. Rev.

B, 66:081310, Aug 2002. doi: 10.1103/PhysRevB.66.081310. URL

http://link.aps.org/doi/10.1103/PhysRevB.66.081310. 42

[133] M. Bayer, A. Kuther, A. Forchel, A. Gorbunov, V. B. Timofeev,
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Reithmaier, F. Klopf, and F. Schäfer. Fine structure of neutral and

charged excitons in self-assembled In(Ga)As/(Al)GaAs quantum dots.

Phys. Rev. B, 65:195315, May 2002. doi: 10.1103/PhysRevB.65.195315.

216



REFERENCES

URL http://link.aps.org/doi/10.1103/PhysRevB.65.195315. 42, 43,

62, 95

[135] R. S. Knox. Theory of excitons, vol. 5 of Solid State Phys. Suppl. Academic

Press, Berlin, 1963. 42

[136] M. M. Denisov and V. P. Makarov. Longitudinal and transverse excitons

in semiconductors. Phys. Stat. Sol. b, 56:9–59, 1973. doi: 10.1002/pssb.

2220560102.

[137] G.L. Bir and G.E. Pikus. Symmetry and Strain-Induced Effects in Semi-

conductors. Wiley, New York, 1974. 42

[138] S.V. Goupalov, E.L. Ivchenko, and A.V. Kavokin. Fine structure of lo-

calized exciton levels in quantum wells. J. of Exp. and Theor. Phys., 86:

388–394, 1998. 43

[139] M. Glazov, E. L. Ivchenko, L. Besombes, Y. Léger, L. Main-
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