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ABSTRACT

The problem of electron-electron correlation and the
methods for ité consideration are briefly discussed. One of
these methods, called "shell-opening', has gained some
interest in recent years in calculations concerning radial
correlation in simple atomic structures. These calculations
are briefly outlined. The method of "shell-opening" is
extended in the present work to the problem of radiél correla-
tion in molecular structure and applied to the determination
of the energy of the Hez molecule ion by performing variational
calculations. Two different molecular wave functions, both of
the valence bond type, are constructed as approximations A
and B, Rach of these can be written as an algebrailc sum of
terms consisting of a Hylleraas-Eckart type wave function for
a He atom multiplied by a wave function for a Het ion. In
approximation A open-shell configurations are introduced only
for the filled (1 32) shell of the He atom. In approximation B
the idea of the open-shells is further developed and applied
also to the half-fiiied (1 s) shell of the Het ion. As far as
the author knows this 1atter idea is the first attempt of this
kind in the literature. The wave function of approximation A
is a linear combination of four determinants of the third
order with three exponential variational parameters and that
of approximation B is a superposition of oight determinants
of the third order with two exponential and ons linear

variational parametersS. wither one of the two present
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open-shell wave functions contains the simpler closed-shell
wave functions of other authors as speclal cases.
Theoretical considerations, based on the analysis of
the idea of open-shell configurations, permit a new possibility
for the interpretation of the three-electron bond and the
quantum mechanical model of the binding. It is shown
mathematically that the three-electron bond can be inter-
preted as the superposition of resonating Heitler-London type
electron pair bonds. These results suggest the possibility
for an evenbtual generalization both of approﬁimations A
and B but lead to wave functions of considerable complexity.
At R = 28, = 1.058 & the energy of the Hel molecular
ion is found to be =4.935 ez/ao, lower than any previously

calculated value.

In an appendix an approximate method suggested by
Mulliken for the calculation of the two-center exchange
integrals is analyzed mathematically. In another appendix
a few other molecular systems such as Li,, LiH, BeHT, Lig+,
Lif*, BeH'™, are also treated on the Dbasis of a "valence
electron approximation®, i.e. by replacing the closed-shell
electrons by an appropriate screening field.

Finally, it is noted that the numerical calculations
were performed with the aid of an electric desk computer

(MADAS) .
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I. INTRODUCTION

1) The problem of correlation

In the quantum mechanical theory of atomic and molecular
systems the treatment of the electron-electron correlation
offect is an important broblem. This problem originates from
the fact that the many-electron Schrddinger equation cannot be
solved exactly, due to the presence of interactions involving
the interelectronic distances. For this reason, the guantum
mechanical calculation of atomic and molecular structure 1s
usually based upon the gpproximation in which a state is
described as a linear combination of determinants of one-
electron functions. In this representation, also referred to
as the independent particle approximation, the effect of the
repulsion between two electrons is not represented by a
dependence of the wave function on the distances rjp between
the electrons. Any means by which the effect of thé positions
of the electrons can be related to each other in the wave
function of a system, thus allowing for a smaller probability
of finding two electrons at small distances than at great
distances, is called the jnclusion of correlation.

2) Methods of considering»correlation_'

The most straightforward method of considering correlation
is the explicit introduction of the interelectronic distances
into the wave function of the given system, as demonstrated by
Hylleraas (1929) for the He atom and by James and Coolidge (1933)

for the Hp molecule. As these authors have found, this method

leads to a good agreement between the calculated and the
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empirical energy values, but it involves very lengthy calcula-
tions which render its generalization unpracticable for more
than a two-electron problem. Its other disadvantage is the
complete loss of the simple and very useful orbital picture,

Lennard-Jones and Pople (1952), following theoretical
congiderations, divided the correlation effect into radial and.
into angular correlation effects., It is said that the wave
function of two electrons gives some account of the radial
correlation if it is made dependent in addition to the radius
vectors rq and rp also on thelr difference, rj-ro. 1f ¥ 32,
the angle between the radius vectors is also considered in the
wave function, then it is capable of giving some account of
the angular correlation.

Tt has been found that a method based on the introduction
of “open-shell" configurations 1is successful in giving some
sccount of the radial correlation effect of two electrons with
opposite spins. This method was first introduced by Hylleraas
(1929) and independently by Eckart (1930) in connection with
o variational calculation on the ground state energy of the
He atom. Their function 1s based on the idea of assigning
different radial functions for the electrons of the (1 32)
shell and thereby separating them into two concentric shells. ﬁg
The result obtained was considerably better than the simple 1
veriational product function of Frenkel (1929). The improvement
is due to the fact that by the splitting of the originally
closed shell into two half-filled open-shells the electrons

are prevented from being close to each other in space.
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LBwdin (1955), following theoretical arguments, con-
cluded that the possibility of having different orbitals for
different spins is a new degree of freedom in constructing
wave functions and could be used to glve some account of the
redial correlation effect also in other many-electron
systems. In the case of more than two electrons the situa-
tion is somewhat more complicated because there are electrons
not only with antipasrallel but also with parallel spins. I%
was, however, pointed out by Wigner and Seitz (1933) that
applying an antisymme trical, 1.e. determinantael, wave func-
tion the occurrence of the exchange effect automatically
includes the carrelation effect between electrons having
parallel spins, and the essential problem is then to con-
sider the correlation between electrons with opposite spins.
They have shown that the antisymetry requirement of the
Pauli principle leads to a correlation effect for two elec~
trons with parallel spins which will strongly keep them
apart. There is no such connection of the positions, how-
ever, for electrons with antiparallel spins and in construct-
ing wave functions one has to apply physical considerations
such as, for instance, the idea of open-shell configurations.

It may be noted that the introduction of open-shell
configurations for a state of a system may be considered to

be equivalent in a certain sense to the method of ths con-

figuration interaction. This latter method is also applicable

to give account of the correlation since it has been shown

by Green et al. (1L95)ly) in the case of the He atom that the
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superposition of configurations of the proper symmetry 1s
equivalent to the explicit introduction of the rio term into
the wave function. Although this method can be generalized
for many-electron problems, the calculations of Taylor and
Parr (1952) and of Shmll and L8wdin (1955) concerning the
pradial correlation of the He atom demonstrated a not fast
enough convergence towards the experimental energy.

3) Extension of the method gg.open-shell configurations

This method has been extended by Shull and Lbwdin (1956)
to.- @ few He-like ions, by Pratt (1956) and Brigman and
Matsen (1957) to the Li atom, by Burke and Mulligan (1958)
to a few Li-like ions and by Hurst et al. (1958) for all the
three-electron atomic systems of the second period of the
periodic table. In these calculations open-shell configura-
tions are introduced only for the filled (1&?) shell. A4s a
result, the above authors all find an improvement in com-
parison with energy values obtained with "elosed-shell"
configurations, This agrees with the opinion, emphasized
earlier by Mulliken (1952) and by Taylor and Parr (1952),
that "shell-opening" should lead to a significant improve-

ment in the calculated energy values.

The purpose of the present work is to apply the method
of the shell-opening to the simple molecular ion HeE by
perfarming variational calculations. Two approximations wore
carried out. In approximation A open-shell configurations
are intpoduced only for the filled (1s®) shell of the He atom.

In approximation B the idesa of open-shells 1is further
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developed and applied also to the half-filled (1 s) shell
of the He® ion. As far as the author knows this latter

idea 1s the first attempt of this kind in the literature.

Throughout the calculations the atomic units of
Hartree (1928) (1 e2/a0 = 27.2 ev, 1l ag = 0.529 ) are
used unless explicitly stated otherwise. The energy
calculation was carried out at the nuclear separation
R =2 ag = 1.058 A. The experimental equilibrium value
is 2.04 ag = 1.080 2, but the choice of R = 2 2o instead
of R = 2.04 a, allows a considerable simplification in

the numerical work.

II. Experimental methods for the measurement of the

molecular constants of the Hez molecule ion

1) Spectroscopic measurements

According to Herzberg (1950) the experimental
equilibrium value of the internuclear distance is 1.080 A
and the dissociation energy 1is 3.1 ev. Herzberg's value
is based on the measurements of Weizel and Pestel (1929),
and the dissociation energy is 1isted as uncertain. ﬁ%i
The molecular constants were determined from the analysis
of the band spectrum of the excited Hep molecule. The
spectral data were measured partly by Weizel and Pestel
and partly by others (see references in this regard in

the paper of Weizel and Pestel (1929)). They have found

that the bands can be interpreted on the assumption
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that in the excited Hep molecules only one electron is
excited. With increasing excitation of this electron all
molecular constants of the excited Hep molecule converge
to those of the Hez molecule ion. On this basis they
were determined by extrapolation. It 1s difficult to say
now accurate the extrapolated values are since no estimate
is given in this regard in the quoted references. The
value of the eaullibrium internuclear distance can be
considered as quite accurate since the equilibrium inter-
nuclear distances of the various excited states of the

Heo molecule lie 1in a very narrow interval (see Herzberg
(1950) p. 535, 536).

2) Ion secattering measurements

Very recently Mason and Vanderslice (1958) have
determined the dissoclation energy from a theoretical
analysis of ion scattering data, They made use of the
measurements of Cramer and Simons (1957), and glve the
dissociation energy as 2.16 ev. In the experiments of
cpemer and Simons beams of He® ions of 2 wide energy
range (L4 - 40O ev) are scattered in He gas and the
elastic scattering cross section is determined. For the
description of the interaction between the He atom and
the Het ion Mason and vVvanderslice have chosen & Morse
curve. Of the three disposable parameters of the Morse

function the elastic cross section data determine only
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two and for thls reason in the calculation of the
dissociation energy the spectroscopically determined
value of the equilibrium internuclear distance, 1.080 K,
has been applied. Mason and Vanderslice have the
opinion that the calculated dissociatlion energy, 2.16 ev,
is likely to be too small because the Morse function
does not represent well the actual interaction curves at
larger nuclear separations. (Concerning theory and
details see the references in the paspers by Mason and

Vanderslice (1958) and by Cramer and Simons (1957).)

III. Calculations

1) Approximation A

la) Derivation of the energy expression

2 %t
A molecular wave function corresponding to the :Eu

syrmmetry (Herzberg (1950) p. 536) of the ground state

+
of the H92 molecule ion of the form

V-7 +%, -%, -7, (1)
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In (2.1-4) « and B are the spin wave functions, corres-
ponding to mg = + %. and m, = - % respectively, and the ’\{/ ! S

are hydrogenic 18 functions, namely

L ATRY =('2’~=3)‘i PRALC (3)

1%

where y = z', z", z'm are the effective charges, X = a, b
denote the nuclel and the indices i = 1, 2, 3 refer to the
three electrons.

It can easily be shown by expanding the determinants in
(2.1-}4) and rearranging cortain terms in (1) that the mole-

cular wave function Y can alternatively be written as

= .-v;__—'_ { [ b @ Y, (@2 o, 240 1}'&(%',2)][&1\)[5(2) -y (2]
. X ’\l'é_(z"'ﬁ)o(. (3)

+  [Yu@mafEn+ y, @i, @) 9)[«@pe - plI=w]

1"

x Yy lz)n et

+ ¢&(2;3>¢¢(2ﬁ|)+1Pw(2':3)1”&(2',|)][O((3){5(l)-(3(3)0((1))
x V422 €2

= [ Y gt ¥, )] [« (0 prar-pLs (2)]
x Y, (232 (3)

- [hEn et el (0 pen-poy)
x Y 250 i)

(4)

- [ @YY Yo (20) [t p-(p130]
X 't}'a,tz",'z)oc(z)} .
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From (l4) it is seen that the wave function 1k is an

algebraic sum of terms consisting of an Hylleraas-Eckart type

wave function for a He atom multiplied by the wave function

of a He+ jon. It is also seen that the wave function of the

He atom is symmetric in the spatial coordinates and anti-

symmetric in the spin part. Eq. (4) clearly shows that

there is no Heitler-London type bond between the He atom
For this reason in this model the stability

and the He' ion.

of the Hez molecule ion must be entirely due to the exchange

effect of the electrons.

<+
The Hamiltonlan of the system He, 1is

i A i ' Y4 Z 2
z-zA,~—d;-cBy = - — - —
H 27t 2T > 'G)-l Aoz Anz
(5)
2 _ 2 -2 b L.t 4

i3 62 43 Tz A3 423 R
where A 4 1s the Laplace operator, I, 3 and Pry3 (

tween the ith electron and nucleus a and

i=l, 2’3)

are the distances be

b respectively, rjj 1s the distance between the ith and jTB

electron and R is the internuclear distance.
ariational method the energy of a

system described by a trial wave function é with varia-

can be calculated as

According to the v

tional parameiers Cj,; C2,.+-.

* r
J¢ HSdT
E’:C;;‘:z';"’)’ - = ’ ()

(3" ¢ AT

o

-
Y
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where the % denotes the complex conjugate of é; and the
integration 1is extended over all of the space coordinates
and spin coordinates. The minimum energy of the system can

be found from the conditions

QE JE
9C| g 962 ?

It is well known that those trial functions which satisfy
certain general quantum mechanical requirenents never can
lead to a lower energy value than the true one.

In our case the molecular wave function SE is real

so (6) assumes the form
; ‘Q'Hffcit' w
E(z,i",l”'hf . = — o
(¥ °dT N

As the analytical differentiation of E with respect
to the variational parameters is impracticable the energy
minimum is found numericallye.

The various molecular inteograls grising from (7) (66 in
number) have been calculated with the formulae of Roothaan
(1951), except the exchange-coulomb and exchangé integrals,
which have been evaluated according to the works of
Rildenberg (1951), and rildenberg, Roothaan and Jaunzemils
(1956)? The problem of the evaluation of the exchange=-
coulomb and exchange integrals will be discussed in more

detail in Appendices 1, and 2.

*In preferences Roothaan (1951) and rlldenberg (1951) there

are some errors which were later corrected in a paper by
Roothsan and Rudenberg (1954).

e

yr
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Defining the gquantities

f@tH’\Ia AT 4 =1,2,3,H4

e

S:4

(8)

fWI‘\. ga OQ'T a;:l,?.).?)l{

the energy expression (7) can be brought to the form
W = Hyy + 2Hio + Ho2 - Hy3 - 2Hiy - Hp), (9.1)
N = Sp1 + 2512 + Sp2 - S13 - 251, - B2k ¢ (9.2)

Tn deriving (9.1) and (9.2) it has been considered that

by interchanging a and b

iE,“‘* 1P3 1P3 __q'ipz
ipz — qu @Eq — iEZ (10)

and that the Hamiltonian (5) is hermitian and invariant under
the interchange of a and b and under the permutation of
1, 2, 3. These symmetry properties together with (10)

established the following simplifying relations

Hii = H33 511 = 333 N
Hpp = Hy) Spp = Sy i
Hiz = H3y S12 = S3i o

Hpy = Hj) Sy), = S23 -

As a next step, using (8), we integrate over the spin
coordinates considering the following normalibty and

orthogonalily properties of the spin functions <£ and B
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goc W rde; =)

f(&(i)(&(i)ib“iz | 421,23
(12)

(etiy piy d63 = 0

After this integration the Hij and sij quantitles are only

functions of the space coordinates and can be brought to

the form
_ {23,123 I n_in I_n_wm
Hll'Haa‘G,a—a—-@(aaa 222 )

_ iz3,32! P 1 oy
Ho.a—‘g’,a-a-/@' (zz 2,222 )

H =H‘Zi.|23 Iu i _1_n_im
12 Naad aak (22'2)227°2)

123,132 e _1_N_n
Hant ang (222522 2)

(23,213 Vw_m _t_n_m
Ho=Hong ant (222,222

|2-312-3l t n_n |, m (1301)
cHand ank (222 22'2)
_H'Z3"7'3 g o
= aa4'44mlzzz,%zz)

{23,321
PN e

- A A A

Haaog«,»@-,@a—(zz E )

H,

2

H -H'7—3' 213 (2 n 1w
Iy - au'g—gg@m 2,222
H"LB,ZBI I_n_ lllm>

cod Bho (222 222

123,123 t g A _
HZH:Haa@.'e»@ou (22,22 2 )
123,132 [ _V_{i_
Haa.@-,éﬁ—au (2’2 ,22'2")
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3,123 Sl nom
Sllzsaafg'a,a,.@'( Z%’ 22)
123,321
! !
“Sa,a,»g— aak (2?2 2"2",2'2"2")

123,123 l” mo_ 1 g
Szz: Sa_a-@r,a.a.g— (2272,2272)

S'Z3)l32 £ iiom
aak, ookt (2'z"2") 2’2’ '2"")

b23,213 m t v
5,1=5a_a4,a_a_,g.(2 222 )
t23y213
Sa.a..é- ) (2’2 2/1/2,2 '2")
- 23, 123 I n m "_ i
Slg'saa’g"g_&_ ‘,22 %2)
5'13,31, n_
- (222 zz?.)
ok, Lo

1_R_ ur

123,213 "
S, Sa“@g,g,w/azz 22 2 )

l2 3,231 f
= Sk B (221D

5'13)'23
4 " an kbbb (2'2"2") 2'2"2")

123,132

y
“Sa&g_/g_g_w (22 2 122

S

In eqs. (13.1) and (13.2) the gquantities on the right

hand side are defined by

(13.2)
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H t2 3, 13 4. (22l 3! v
ao kb, aa@— 22 )

= ((H'a,(%"”1"@“";”4’{7‘%";3) H “{’a,(%;’;) Y (%';a.“)'%— ") dvdy, dv,

> T

(1h4.1)

1223, 134
Haa_,g: 4—!3‘:. (2'2"2" 2’2"

e o

- ﬁ((,l ! ) wo. U
J %_(%,l)\i'a_(%,z) %_(z‘,s) 'l ‘\i%(z',i) ’%iiﬂ,é‘: "Pa,(?. ,u)at'u,a'uzof'vg

and

lz:s,{,j,& '
" _ t_n_ 5
Suw,g,wa’& (222", 222")

= _(H\k,,(t',l) Yo 2529, 129, Y, () ¥, (2P Y (2 Rrdv, dv,dlv,
(14e2)

S 1z 2, '»3,& (z'z"z"' ot
oot bio Y22 2 )

= [V ntacint, @ A 2o 2% @ R dvdudvs

whepre both in (il.1) and (1h.2)
15k = 123, 213, 321, 132, 231 .
he Hamiltonian from (5) into (13.1) and inte-

grating over the configurational space, of which the voluwme

elemerit is dv = dvp dvp 4dv3, the energy expression can be

Inserting t©

exprogsed in terms of molecular integrals. The result is
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123,123 Lo m _gliqiny 11 " m o
Hoo b aak (E2 227 27) ‘ﬁo,a,lle)*"&u,a,(%,z yate, (2" 2"

'3 11 a ' a wo_ a 1l a "n_n &
+an (B2) ¥ Pan (20F) ¥ fan BL D TR BRITE COENIRLEED L

" m_ y

+fon,an (FE2'ED F Pra, bk BE2"E 4P, 04 BT 2TED =

123 321 o m_t_p_g _ i_m [ a r_w o "'2'
Hont aak C2'2'2522"5" = 2fag 32 eag 11 P 212+ g 02
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S;Z;:;;é (2'2"2" 22"z = -f;;’ (22 (16.3)
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Séiz:{:éz (2'z"2" 2'2"2") = -fal% (22" {o g 252" (1606)
S 23 TEL s —f W 2 fp 12 6.7
Sand 2ho (22'2" 222" o g (2121 {ag (220 fag 22" (16.8)

;7;,2,’43«;; (2'2"2") 2'2"2") = :a_ 22" {ag (2" 2" (16.9)
fi:;é;z(##@@iJ#ﬂ=ﬁ;J££%ﬁJJ%#). (16.10)

The molecular integrals in (15.1-10) and (16,1-10)
belong to several types which are defined below. It is noted
that in order to unify the notations extensive use has been
made of the invariance propertiles of the Hamilbtoniane. The
different integral types are defined so that they can be

S

obtained as special cases of general argumnents. The

*phe arguments < and B are not to be confused with the spin

functions.
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arguments denoted by a star refer to integrals which will
appear only in the second approximation, discussed later on.

1b) Definition and classification of the integrals

A. Atomic types
1. One-electron one-center integrals

i) Non-orthogenality integrals:

‘(a,o. (e; ) = j‘,qla. («, 1) q'a,({}’i') Av‘i

(17)
(o, p) = (22" ; (243" ; (22"
ii) Kinetic energy integrals:
foan @ [ A 3 80) Ya (pr0) oV
o) ol o i Ul I gm n (18)
(«,() = (2)2); (2,2); (2,2 ); (22 (2,27); (7).
iii) Nuclear abttraction integrals:
a . 2 .
?a.a, ldt(s) = H’a,(im) (';M) '\kx'((;pt) AU;'
(19)
(x,p) = (2,2); @%2"; 2" 25 (2" (20 PHCATIOR
2. Two-electron one-center integrals
i) Coulomb integrals:
Phaaﬁjxdﬁg)-ffw(uw# Wr)( 1L(53Y¢(&wdvdu
iy’ ¢ (20)
(e, yg) = (2'252"2").
ii) Exchange integrals:
(i ot S A - 1 A .. §
Pra,aa oy yd) = H%(e{.t) LA (;:—) a,(g,&)%,w,av)afviaué
(21)

\Q, -

. ‘.v-"ééj
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B. Molecular types
1. One-electron two-center integrals

i) Overlap integrals:

fag (o) = g’l"a, (%,4) Yy (5,1 dv;

22
(0(,{5)2 (1',2')} (2",2")‘) (1’", im) ’ (2',%") ; (21’1541); (%n) %m). ( )
ii) Klnetlc energy integrals:
(VAT f W, (24} (--;- Ai)'t}él(s,&)oivi
(23)
(w,p) = (2,2) ("2 (22" )" )R, (2",2").
iii) Coulomb type nuclear attraction integrals:
& . . 2 .
Pok 4= g"h@“‘-” ) @i
(2h)
]
(o) = (%)2:); (2::)211); (2/::)2111); (20)211); (21)2114); (211)2///).
iiii) Exchange type nuclear attraction integrals:
'Pa@’ (o)) = \('4/&[&.1}) ":F’: ) '4’.6,((51'{') OLU,:
‘ av
(25)
(o)) = (%‘)?l) (2 %”) (z" 2" ; (2')2") ; (}") 2’);
(2) III) (%’1;2); {-zll) %IH) } (%IH, 2“).
2. Two-electron two-center integrals
i) Coulomb integrals
- . . | - > . .
foa, 44 (tpygd) -“%{u.x)’#’al(s,@) ('E;':B)’%lx,&) ‘4’6,(4;3)0“10(1/& 6
2

(o((l)a(d‘) - (E‘%‘ %m%iu) (}.”2!4 ’"l'") (2’2”,‘/” ///)\
(z2")2’ 2”’); (z'a") 2 2""’); (2'2",2""")
(', 2'2")*; (2'¥,2"2")" (2%, 2'2")* .
(%4?__/;)2;:/)%) (}II%// ;n II)-;‘; (%!2//)2 {/);g’




ii) Exchange-coulomb integrals:
Yoo, o0t (xfr¥d) =,(‘(1tl'a.(°‘n‘5)‘l'a((5:i) (‘;—';3) "J’a,(d’la:)1l'4(d',?)aéviolva;

Ny - olt ol oty fol My ftly, fan gy,
(x@yyd) = (2T 2% )y (272, 2 ) (x2,2"27);
!
(22" 2’2" (2" 2, ' e
! !
(%2”’, 213" ; (2v%m, 2”2")} (23", ?;'2’)*5
i1
(22 )?.”2:')* , (%'?_", ;;II%I)*} (%l?:,,) _t:?:t)*;
(2'&')2” 2:/1)-%; (%l%u) 2"200)4‘; (211#)1' 20)*}

! — =
(2 gll) 1‘.':” zﬂ)* i

iii) Exchange integrals:

Pak ok (P yd) = f'(*#a_(u.i)th,qs,i) (;ég)ﬁfa,(g,gnk&(é‘,g()dvi g{y}
(28)

(xp,y &) = (22,22, (2222 ; (2"2",2"2");
(2"2")3"2"); (2'2",2'2"); (2'2",2"2) ;
(a'2f ety 'z (222120
(2'2'2'2%; (2'%,2"2); (2", 22"
(2'¢",2"2"%*.

The atomic btype integrals are funotions of only z',z",z™

and can easily be evaluated in spherical polar coordinates.

The molecular type integrals are functions of the variational

parameters z!,z',z" and of the internuclear distance R and

can be evaluated in elliptic coordinates. Explicit formulae

for the simpler ones are given in the gquoted iiterature and

these will not be discussed further here. However, no

explicit formulae can be found in the 1iterature for the

sxchange-coulcmb and exchange integrals and for this reason

they will be given in Appendices 1 and 2o

(27)

N

oy
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A%t this point it may be added that the wave function (1)
describes only one of the doublet components of the ground
state of the He; molecule ion. Another doublet component is
described by a similar wave function, differing from (1) only
in the interchange of spin < by spin § in the last column of
determinants (2.1-L). Since no external magnetic field 1s
present and the Hamiltonian (5) does not include the spin-
orbit interaction the gecond doublet component leads to the
same energy level. Due to the spin degeneracy the most
general wave function is the superposition of the wave
functions of the two doublet components. This, however, as
a consequence of the orthogonality relations of the spin

functions leads to the same energy level.

1c) Discussion of the calculation

The molecular energy at R = 2 ap was first calculated
u m
with the values of the parameters z;, Zos Zo that correspond

to the system of a He atom and of 2 Het ion at infinite
separation. The energy Sso obtained is, of course, & very
rough estimate and is useful only as a reference point. The

energy at R = 2 ag is then calculated by the variational
i 1

- ' 4
method in which the effective charges z , 2 , %2 2Tr® varied.

1 1t
The initial set of parameter values is denoted by Zos Zo
1" 1 ] s
and zg and the corresponding energy by E(2os %o0» Zo)e
"

In this work the z; = 2,15 and z, = 1.19 values are used for

the He atom, as determined by F. Roseén (1950), and, of course,
111

Zo = 2,00 for the He+ ion.
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1

Variation of z! only, while Zg

,zg‘ are kept fixed, does
not improve significantly the energy ﬁalue obtained with the
set zé,zg,zgg The gain is only E(zzzg,zg) - E(zé,zg,zg) =
~0.03 ev. This is understandable since ﬁhe "inner sheil",
characterized by z!', is very tight around the nucleus and
therefore it is only slightly effected in thé binding.
Variation of z" only, while zg,zg are kept fixed, leads

to a significant improvement compared with the value obtained

i 1 m

noom n '
. ,Zo)-E(ZO’ZO’ZO)

with the set zh,%Zg,Zgs The gain is E(zg,z

= =0.38 ev. The shsll, characterized by z", is the more

{

loosely bound "outer shell" and therefare it enters in a more
effective way in the binding.

One can observe a marked analogy with molecules consist-
ing of atoms with closed electron shells. It is well known
that in such cases the bond formation is restricted to the
valence electrons and the orbits of the atomlc core are not
greatly affected. In the Hylleraas-Eckart type open-shell
configuration for the He ato;?%inner shell", according to the
results of the variation, plays the role of the core and the
"outer shell® the role of the valence shell.

Variation of z' ohly,'with the fixed values of zé and

1t .
Zq, Proves to be effective also., It leads to an improvement

of E(zé,zg,zm) - E(zé,zg,zg) = 0,27 ev. g”
The variational results are given in Tables 1, 2, 3 and ‘
li. Table L gives an idea of the energy surface containing

the data of Tables 2 and 3 together with a few energy values
obtained with the simultaneous variation of z® and z'™ while

t .
Zzo was kept fixed.
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Table l. The molecular energy (in units ez/ao)

as a function of z!

R =2 a,

' E(z',20520)
2410 -L.915
2.15 = zg -, 921
2.20 -l1o 9223

"Minimum, as can be shown by fitting a parabols.
Table 2. The molecular energy (in units ea/ao)

as a function of z"

R =2 a4
z" E(zé,z",zg)
1.19 = z, ~ly. 921
1.28 ~1.930 f,
193”- -Ll'O 93)‘1' ‘
1.Lh0 -}.935% '
1.55 -}1.926

2

"Best value obtained in Approximation A.

Table 3. The molecular energy (in units ez/ao)

as a function of z'™

R = 2 ag
Zm E(zé,zg,zm)
1.75 ~l.931
1385 "'u.o 929
2.00 = zg ~l.921
2015 -L!-° 905
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Table lj. The molecular energy (in units ez/ao)

as a function of z" and 2z

zé = 2,15
R =2 gp
o E 1,75 1.85 1.90 2.00 2.15
1.19 =1.931 =l1.929 =l1.921 -1, 905
1.28 -4.230
1.32 ~11.929
1.3h ~14e933
1.140 -1}.208 -4.935
1.55 -l1.926

One definite result is the fact that the 'correlation
splitting" is less in the Hez molecule ion than in the He

atom. According to Shull and L8wdin's (1956) terminology

one can write

zt = M (1L + v)

Z" = M (1 - V)
and call v the "splitting factor". They have shown that
this factor decreases from H to cli+ as the ratio of the
negative charges to the positive cherges decreases. For the
free He atom Vv = 0,287 (with P. Rosen's (1950) values)
while for the Hez molecule Vv = 0,211 with z! = 2,15 and
z" = 1,10,

1d) Discussion of other authors! calculations on the Heb

——— S—— ———

Previous works done on the He§ molecule ion are those

of Pauling (1933) (in two approximations), Majorana (1931),
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Weinbaum (1935), and Moiseiwitsch (1956). The molecular wave
functions of these authors, except that of Moiseiwitsch (1956),
are speclal cases of function (1)e The calculations of
Pauling, Majorana and Weinbaum are based on closed-shell

configurations. Their wave function is of the form

T--1", (29)

where
\ Y, (g M &0Y) Yoz, npt) gz nelh)
ot
1 LF] Y, (2,,2)%(2) Y, (20,0 B2 ’1190.(24. y2) o) (30.1)
Vo2 »%(3) Y 30003 Y, (25,3003
0 Wkgﬂuﬂ)&(n ﬂgjzaﬂ)ﬂU) V@l%iﬂ)diﬂ W
v 5| fezawxe Py 2o,y A (25,000 (30.2)
1}:%(?.,,,,3)0“3) Y, (2,003 G A @Hpoed) |
The one-electron functions are defined by
Y (22\1 -2y Ay =h2?
2. .4) T ——<L e
x Egrt? () X=a,& (31)
%’Aa= ZayZ4i)

where z, is the effective charge for the electrons of the He

atom and zi is that one for the electron of the He™ iomn.
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(29) can easily be derived from (1) if one lets the two

concentric shells coincide by putting z!' = z" = z, and

1"t
Z = Zje In this case

¥,-%, -7
and ”I’zz"h=\}"

which leads to ed. (29).
By expanding the determinants on the right hand side

of (29) the molecular wave function of the closed-shell

approximations can be written as

¥ ‘T’;T{"l'au“")ww‘%“’z)[“ B - pOIx(2)] X, (2;,3)e0(3)
+ VYoV (243 [x2p3)- POIXD]x Yy (2131 D)
+ Yatza,m YalZza W [«(3)pW - B3N ]X Yp(2i02) 2i2)

(32) ‘
- Y @ay Y a2 [« @) - plOx(2)] X Y, (2,303 5

~ "}",lz,_,?;)“h,(%a.?ﬁ)(_o((z)p(z)— {Bumaz’;] X Ay (2300

[ |
-

o Ytza ) VN o (B~ PUBIL ] X p (25520002

It is seen from (32) that the spatial wave function of
the He atom is of the Frenkel type

Jz,n Yiz,, (33)

which is a special case of the Hylleraastckart type spatial

wave function

Pz Y@ + oYz, (3L)
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The earlier calculations of other authors are described
as follows:

1) If zg = z3 = 2.00, we have Pauling's (1933) first
approximation. The Eggic (Roo Value is that one which can
be obtained for a He atom by a first order perturbation
calculation (Pauling and Wilson (1935) p. 162), plus

- 2,000 2/ao, which is the energy of the Het ion,

2) If z, = z; is varied, we have Pauling's (1933)

5
second approximation. The Eggle (Roo) value can be obtained
if one minimizes the emergy of the He atom and of the Het ion

when all one-electron functions have the same effective

charge.

3) If zg and z; are taken as two independent variational
parameters we have Weinbaum!'s (1935) result. In this case
the Ecgle (Roo) value is the sum of the separately minimized

energies of the He atom (Pauling and Wilson (1935) p. 184)

and of the Het ion.

i) Moiseiwitsch (1956) uses the same function as

described by (1) and (2.1-l) but instead of varying the

effective charges z', z" and z' he assigns fixed values

(z' = 2,19, z" = 1.18, zM = 2.00) to them. His assumption

that variation of the effective charges would only negligibly

. . ' " wmo
imorove the value derived with Zg, Zos Zos is not borne out

| § -
here since relative to E(zé, zg, z;) a lowering of 0.38 ev

ijs obtained by the variational method.

5) Majorana's (1931) work is the same as that of
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Pauling's (1933) first approximation, except that he has

chosen z' = z" = z™ = 1,8, which seems to be arbitrary.
The molecular energy derived by closed-shell

calculations is compared with the present open-shell

calculation in Table 5.

TABLE 5. Molecular energy derived by closed-shell

calculations and by the present calculation

Author Ecale (Re) SEE:%Z%ion Beale (Rao)
(in e2/ay) (in ) (in e%/ao)
Pauling lst appr. -l 865% 1.01 -l 750
Pauling 2nd appr. <1,906 1.085 -4.815
Weinbaum 11,930 1,097 L. 848
Present calc. -14.935 1,058 -14.875

* »
Pauling (1933) originally gave =l1,857 but Moiseiwitsch

(1956) after recalculation found -l.865.

The internuclear distance in Table 5 is nearly the

same in every approximation. The listed wvalues are

calculated equilibrium values, except that of the present

calculation, where the choice of the R = 2 a5 = 1.058 R

value makes the comparison possible. It is seen from

P
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Table 5, thr." 3he more parameters the molecular wave
function ha: the lower is the value of the molecular
energy, which is in accordance with the variational
principle.

It is also seen from Table 5 that an improvement
in the molecular wave function lowers the energy of the
system at R = Re more than that at R = Rg, which
makes the calculation of the energy of the molecular
system Hez more difficult.than that of the atomic
system He. This is shown in Table 6 for the various

approximations.

y
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TABLE 6. The improvement (in unilts ev) between subsequent

approximations at equilibrium and at infinite

internuclear distance

Between E [Re) B (Roo)
Approximations cale ‘ cale
Pauling 2nd and Pauling 1st -1l.12 ~1a77
Weinbaum and Pauling 2nd -0.653 -0.898 .
Present calc. and Weinbaum -0.136 -0.734
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2a) Derivation of the energy expression

Another wave function of the form

Q:ﬂfl_ +2“IE

has also been tried where A is a variational parame ter and

1II - ’lIn ~"’%7-"’%3'@4
Qif ‘L*‘IG“‘L-‘L

with

A
2| -

’\l)w (%’,l) ()

Y (2 12

Yo (2)310013)

u
S ERIEE0)
Y, 2x0)

4, (2)3)a13)

gtz 0
P, (3,290l 12)

Ay 23w 03)

Y, @0
Y, 2)0p0)

4, 2N3)p13)

Y, )00

’\}o.w"n D p(2)
Y, 2\3)p03)

"-l%,(a'{n[)m
'\};s,(a“, 2B
Y, 243w

'42,[*')”““’

1}’_‘_[%')2) o 12)

«}'{rle', 3) ol (3)

1&_(%’,\)0{{\)

Yy ()21 %02)
Y, (23 13)

| !
(2,001

. [xe)
R EAKIIIE)

(35)

(36)

(37)

(38.1)

(38.2)

(38.3)




A
gt

=) -

1&(2’,’ yoL(1)
’l&(i':z) al2)

Y, 2) 31y
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), (250et
A, (22)%12)
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Y, 251 pay
‘\P‘,(%', 2) P(Z)
P, 212 p)

'\l'q, ‘z“)np“)
¥, (2)2p0)
A, (53R

"k\_(i')\)ﬁ(n
"J’M%’,Z)[S(z)

Y, Z3pi2)

'4'{,(%'; AL
Py (212) L)
Abp (23)p13)

“P ]
a (ZyDa )
Y, @2 a)

Y, @ a(3)

WP (20010
121 12)
Y 12 Dot 13)

'4"_(%'; b ol 1)
’\k#(z'iz)oc 12)
Y (213X (3)

P, E e
Ay )2V

A, 12)3)0(3)

(38.1)

(38.5)

(38.6)

(38.7)
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(ZFCHILTT) Ve (20 Bt
‘lg =-ﬁl__’- «\h (2','2)«(1) ’\h(z’,z) [3!2)
pEinar)  fg2p0)

Y, (2" nout)
by, 212110

VY, 253)a03)] . (38.8)

In (38.1-8) the one-electron functions are defined by

iy = y? ‘% - ¥ x4
Y '(EE) e’

I
=22
X = a,,‘g'

(39)

’i/ = l) 2)3.

The molecular wave function (35) corresponds to the ldea

that the 1s orbital in the half-filled shell of the Het ion

can also be decomposed into two concentric "shells" one of

which is characterized by z' and the other one by z".

Function 'ﬂZI in (36) describes the case when the He atom

interacts with a He' ion whose nsnner-shell" is occupied and

function — in (37) refers to the case when the “outer-

I
shell" of the Het ion is occupied.

Assuming resonance

between these two structures oneé arrives at the general form

expressed in (35).

It is easy to see that the second approximation includes

the first approximation as a special case. If one assumes

that for the Het ion z'=z"=z'"' then

I,ﬂls ) ‘Iz”}e ) {f{-ﬂ@q:@g

and iE in (35) can be written as
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ip 3 - (rr))iI

appr- aper A

where the (1 + A) multiplier is an irrelevant constant.
To illuminate what the "pesonance’ means the molecular

wave function (35) can be rewritten in the form

¥ =—é-f{ [, 2\ 252+ & 0, 22y (2= 1) 2]

x [dp(2)3) +2 9 2] D]« (3)

v [heot e+ en ] l«@oper-por« ]
x [ (20 + 21, @50 o 1)

+ (el eh + et @] [«e3)pu) - prarcny]
[y 2 @5 n]e ()

(L40)
- [ @npain +d @ mdy i) {awpa -pyx(2)]

x {4, 23+ ¥ (2 3)] or13)

- [ 0, @)t 2 Y, (23] [a (2240 - pr)x (3]

([ 2 endain] et

- [ Y2 ﬂh,(z'{n+1J/6,l%','3)1hra',n]{occz)(sm - ptz)ow)]
x [V @52+ 1da(252)] o(tz)} .
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From (4O) it is seen that there is no electron pair bond

between the He atom and the He' ion and, as 1in the case of

+
approximation A, the stabillty of the He, molecule ion is due

to the exchange effect of the electrons.

Substitution of (35) into the energy expression (6) with

the Hamiltonian (5) leads to

=
E N

>

where

W= H  +22H; +2°Hgg

{

N =Sgr+225;g +2° Sz

with
Hxy
Sxy

1]

o, HE, dT
(&, ¥, dt

1

Y

=I5

\={

=1,

\=

Considering (36), (37) and (38.1-8), and using the

invariance properties of the Hamiltonien and the following

' -
symme try properties of the iE s under the interchange of

a and b
i[““a iEl iks
:Ql -7 "Iq /%6
A Py 1
Ej}. — gv s 7
ﬂ:—i? 7 {L 4‘.‘?{*

-——-7

t,

2

o

J
-

N

(L41)

(42.1)

(L2.2)

N
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one can prove the following ecualities

511 = 533 817 = S35
Se2 = Sul Si18 = 536
Si, = 823 Sig = 837
S12 = S3) S16 = 538
(43.1)
Sgg = 577 S27 = Sis
566 = 588 Sp8 = Sué
Sg6 = 578 Sgg = Sy
Sgg = Sé7 Sz6 = S|8
and
Hi1 = H33 Hi7 = H35
Hpp = Hy H1g = H36
Hy, = H23 Hyg = H37
fz = b Fie = 736 (43.2)
Hgg = Hyy Hpp = Hyg
Hee = Hgs Hpg = Hye
Hge = H78 Hpg = Hy7
Hgg = Hey Hog = HLG e

With these simplifying pelations the gquantities on the

right hand side of (4L2.1) and (42.2) can be expressed as

Hy 1 = Hi1 + 2Hi2 + H22 - Hy3 - 2Hy) - Hah
HII T = HSS + 2H56 + Héé = H57 - 2H58 - H68 (hh)
Hy 17 = Hig + By - H17 - Hig + Hpg + Hpg - Hpp - Hog



-ho;

and
ST 1 = Sqq t+ 2812 + Soo = 513 - 281).]. - SZL!.
SII T = 355 + 2356 + 366 - 357 - 2858 - 868 (L5)
ST 1T = Sig + S16 - S17 - 818 + S25 + S26 - Sa7 - 528 -
In ()-1—3-1)’ ()-l-302)s (Ll»)-l-) and (’—l—S) the Hij and Sij
guantities are defined by
H'La - gi‘i H/II'} OLL is= 192’3:)4—,536’7’8
- S’\I'L /l}'é, Avt/ J = 192:3:}4,5:657:8
and those which appear in (L)) and (L45) can be expressed
as follows
vy 123123 TR IRES !
Hu'HM,@.wWL‘%%”%“ Hoodaag FEH222) (o)
123,122 l"lll!l 123,132 Iulrur
le:Ha—a/@r a.auz&'(%% 212) "Haao@—'aa—'@' (z2'2,222) (L6,2)
. 123231 { ot (_t
0320103 @) - Haakiea kb 322 $22)  (46.3)

ao.@"aa,»@’

123, 321

3,123
H = Hont'g 4o 22228 - Holg 2h, e (o)

(23,231

H M- H;.Zaé, lrz@ra, (%%"%s%'z“%l7 - Ha,a,z@ Lo (2 .?‘“2’» %'%”’7—',) (46.5)

123,123 123,132 ( (”66)

Hw - Ha.a,,g Lo (%'z"%‘,'k?: 29 -HM,,g,,@ga,czz Z,2 '2"2")

r32) on___n_un

o 1
ss H”—:s >3 (2-2" U333 - Haa«@—uw@l 222,22 %) (L6.7)

Ot-a/g‘ aw



U1~

U2 2,203 uon gty _ (233230 uw _in_m

fop a _1_u_u

12 3,123 123,132 (u it 1 .
Heoz Hoak aak (22 2" 22"z - H )

aadaak (T E,222

1230023 gl it YT EZ32 0 o 1
HS""HaaLa@-,-@Era,(%% 2)222) Haw,@,“&‘@_w (z2 2,22 2)

T23;,213 4 an tan (23,2320 v 1 y_u

H58=Hawg_%@a_(nz,uz>—HML4‘4@& (2'2'%) 2'2"2"

023y 022 4 g 0_y1 yatt 123,032 ot
Hee = HML@‘,@,@Q_(zzz,z%u;_)—Haa',g,'g_ﬂgrov (z272,222)

His = votiaod FEDEE %)-Haa@,aa@(%% z,22"2)

l?’3'?r!3 o f_t_n tt '1312'3' UNCTIRL I B 7
H,, - HML@'M‘% (22"2,2'2"¥") - Hpog ang (2222272

\23,127% IR 123,321 T B Y (]
Hy = Hao.ﬁr.’@‘@a, (222,222 - Hang b4, 201222

a1 t oyt
122,212 RN R 1232 Iyl 5oy
Ho Hane o do 2202220 - Hoa g 40 G252 2 )

123,213 4t fqn 123,312 Cat 1o
st‘ Haa.g.m,a,g,(%z"%,%%"z)- Ha.a@.o.a_& (222,22 2)

t2 3,132 (_n_t

‘2'3"23 Cu_d t_n,n f_nm_u
Hzé:Ha’o&‘@"“Ag, (zz2,222)~ HML@,M,@ (222,22 2)

3,312

L2202 03 ¢yt _tuyn H’Z ! In_t Inu)
= 22 )" (222,22 2
H27' Ha: 444 (22,2 ) aakblo )

123,32 i
122,123 R H ! b L

H x2)” 2 £ (z3 2,232 %)

aa:g—,—@fa@ra.(%ai’i a0k &bo )

g

Y

(16.8)

(46.9)

(4L6.10)

(4L6.11)

(46.12)

(46.13)

(46.1l)

(46.15)

(46.16) W

(46.17)

(46.18)

(4L6.19)

(1416.20)



and

t23,123 122,32 ]
S“ - Savo-@':a,a.g' (z'2'z)2'2"2)- Sa.a,‘g—, ao b (2 "3 2'2"3)

Szzzsa.a,'@—,a.a.'@— (222,%2'2) —Sa.a,g—, aad (® “'"%" 2’2"25

LR - R N N Y2323 gt n_t
SIZ 'So.a.»@—,a.o.@— (222,22 z) ~ Sa.a,@-.a_a.-@— (227222 2)

123 023 gt 4t P2 3,320 40t _qp_t
S13= Snnd Léo (22'2)22"2) - Spn g 484 (2 H22'E)

(23,202 (g1 1 0t 122,231 (gt "t
S = Sandidla (22'3)22"2) - Saal bha (2371222)

V23,122, F2 3 132

Siy=Sand bba (22 32'2"e) ~Saa & 8o 2

I_u_t

[} !
22, 2'2"2")

P2 30122 4 yw o 23,320 _p_u_w_t_u_n
SSS= Sa.a@.ao.& (z'z 2)2%"2")'50.0,@,&&/@ (222,22 2)

-23,2143 _u_u _f_n_t
S¢ So.o.@waa,-@' (2272, 22 2)

¢ Saadaak BT T 2) -

(23,122 (g gt V23,132 uu _tun
- [ PS Lig
See = Seabiook 222, 22'2) ‘Sa,a,@,a,a,-@— (e'z,221)

t23y123 ' 123,321
- (ot v _w_f ) (0 g0 _f_i_¥
557- Saa,é,.@fm, (222222 )‘Saaé,@@a}**%;?? z2)

12 3, 21 2 o 'L3, 2 31 f_ g _t_n o
- - 222,22 &)
Se3 Saw&g@“}%%*>%%%> Snal bbo (222

5123.123 _— V230032 o0 i 0 u

S¢s = 2o b blo (T2 ' 2'2"2") ~Seal bholt2z)222)

Ion_u
a,a.é, (o W+

(23,123 t n_t '2'3/37" Clw !l _r t_t
i ~SLRLTE e SAL B b

(47.1)
(47.2)
(47.3)
(47.4)
(L7.5)
(L7.6)
(47.7)
(4L7.8)
e Y
(47.10)
(47.11)
(47.12)

(4L7.13)



~)i3-

V23,213 gul 123, 2
= n_n 1 & 31
SIG So.a biaaf l2e 22220 Sa,a@', aat (%'*"*,; 2'2"2)

123,122 !
_n_t 23,321 N (]

S17=5%004 &40 (2'2'2)2'2"s" - Spa g g 4o (R2'H 22D

123,213, ,

518 = Sand bda 22

123,231
(. u_u i i t_t
2,222 = Saad L4, (2 2"y 222"

123,213 123,3)
R NN 1312
S5 2S00k nok 322,222 Saak anl (22",22"2")

123,122 t2
- RN A 3pV32
S26= Sankianl (22" 221 - 55,0 5, 0 (212" 22"D

123,203 (ot 123,312
- [
S37= Sant 0o B2 - Spp g g (FETIEEED

122, 123 . . v2 3
= ] f a_tt y 1 32
528 - Saa.—@—,.@—.@-a_(%‘% 2,22 2 )" Sj e 8 Lo (2'2"2,2'2"2") .

The quantities on the right hand side of (46.1-20) and

(47.1-20) are defined by

'13)133& o b _g_u_l
H&aé,a.o.«@r (zx'z,222)

= ({20 ¢a (2 w2ty Ha @ irda ' yhgterdv,dv, dv,

123,194
Haa.@:‘@'gﬁo. (2'2"2\2'2"%)

- UI“‘PA(*')“ 4'&‘*’;2"“6(-‘—"3’ H 1!’91%')‘3) Yy (2 })1}&(%',{0-)4‘/,0(%01 V3

123,43 4
w1 n_n
Haa’g'a&@,l%z%,zzz)

- .(“qya[%’»" Yo l23 2 Y (373) TR AT 1Y 24yl dv, dvs

(L47.1h)

(47.15)

(4L7.16)

(L7.17)

(47.18)

(L7.19)

(47.20)

(48.1)

(48.2)

(48.3)



123, 1 é&,
Ha‘a.e_"&&a' (2'2"2“’2'2"2")

=III1I/0,(1',I) Y22 VY, 2)3) H Y, (2 P23 1y, (2 fe) elv,dv, v,

A;a’k = 1235 2135 3215 1325 231 fo+ (48.1-4)
'23'1“5'6‘ (Ut 1 u_n

ook ook (REHTRZ)

= (((¥, @0 @I Y H @ irde ) iy ) ) dudvy dv

1232 1iade
Hook, £8a (22"2)2'2"2Y

= ({2 @i e Hap hird, i) Gl ) v ddvadyg

42}&: 1235 213;321;231; 312; 132 o (48.5-6)

and

'13){j{< ottt
Safa&',a.a,&« (222,22 x)

= ([(d @0 B2 Y, @3y A By 2 ) A, Gy dvolvady

'2'31’31'}‘0?. (ot f
Sa—a,@‘@,@a, (222,22 %)

= g_(_(WPa(i',z) 4&(&",2)'4@(%',3). Y, (2 i)‘{’{, " f 1, @' ¢e)dv,dv, dv,

123,44 =
y VY T (Y P
cod, and (z2'%,222)

S ((ENCTE MO AL ACOR AT by ) fe) v elvy dus

'2—3'1‘”}& I _a_n_t
Saag.ggw (22 2,32%)

(48.L)

(48.5)

(48.6)

(49.1)

(49.2)

(49.3)

={{{y, =\ Y, (23 .«{’é(a',a‘,m}%t;,“,j)#«&cz’ﬁ te)olv,dvyolv, (191

iyde = 1235213 321 132; 231 for (49.1—4)
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123,41} Lo
S ‘g ‘g’ (%ozn%l’ %’2”2“) |
aaeiba (49.5)

= (f(daEm b\, 23 2 DY R P Y R dvde, Av,

23, it e
Sao,@'gg,a (222,22 2) (49.6)

= “ g '\i‘o__(%’;') 1‘}&. (*'“) 2‘)'\{’@, l*') 3). ’4{6,(%",‘{ )"&, (%“‘ j«) 1’/0_(?:'; {e) A Ve "IVL plus

igfe= 12312135 3215231,312, 132 for (43.5-6).

The next step is to eXpress these quantities in terms
of individual molecular integrals. Considering the

Hamiltonian in (5) the resulting expressions are

V230023 gt ! a1t a i
Ha.a,é—,aa_@, (2=2,x22) ~ 2{‘920,0_(2,2)-}1)%L%,Z)-rf&%[%,%')}
(50.1)

+{fan (352 +pan ()2 + Pee tz'iz")} t Poa,aa (22,22

1t o0t
"Pra 64 222 40 2 (2'2z)2"2") 4 % .

V23,321 oy tut ! t,! a 1
Ha,a,—@—,a,a-@r (%2'%)2% z) :2'{&'@ (%,2){-&0_1@ ‘%’2)+zfa@[%’2 )}

y7

+f“‘1{7 &"2'){’&“““(&“‘ 2+ fffa, (2,2 + ?2@(%“’ 2")} +Z'(Lu€((2;i) Taom,a b (2"?';2'2')
2 (50.2)
i1 {
*Pad 0k (2'2,22) + ‘faé (2,2) % )
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1Z 3,037 _wt_1n e _ (o o a  gn a . ui
H[m,g.‘&a’g (223,22 2) = wag_(t,% ){‘eQag_(%,%)+fwg_(_%,i).,.fa&(z)g)}

(50.3)

ot n

.1 [ a !l
Haa B2k, B2+ faa 2R+ P4 (0 42,4 (212 P o £(2E12"2)

t 2 t_n, 4
Hadah BB H{at @ 3

123213

Aa@- Qa 22 2 1 2,2 & a
a.'@ ( # ’) 2 ') - ‘M‘ " ")g a.a_‘il)%“)"'ﬁx& G")%“) F.gs ‘%")2”)}
\ }

L
2 a 1) [ I Y [
H, E e BRtg, B g (302 N+ Panyac(FEI2E)
(50.4)

! [
e B2 o 44 (22 122"+, . (32 % :

‘13)2-3’ pH_ e i tf | a (a a "ot
Ha—a@waa-@ (22 %222 )zfma(%)z )fa‘gr(%ﬂ" ’{‘&a«ﬁliﬂ")w‘faéta,z 1+ (202 )}

I ! a (!
+f4@(z',z")fa4 @ {fean (21204 P ) t L (32 )}

e _n_i

{
{4 @ fan (212" {oag i) 420, (z’,z’)} T‘(w@('?'ﬂ"’ra » a4 Z212E)

+'faa, (2)%) Pobal (2'2)2"2) +fa4tz',z“) Prcrat (z'x"2'2))
(50.58)

{
+fa/g ( 2)%") '(oua, (%'t 2" fang (2',2') % .
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123,122 ot Lt "o | @ . 1.1
Ham4'4@& (222,22 2= z-fwgr(%,z)f&é(e,e ){4@&@(2,%; tap, (2 )}

tot_n_u

) |
+ag (12 {&auz‘; ) + zfa"@, 2" z")} + z-f&ga»l 2y Potbia b (BT ) (50.6)

o4 252" Pog 0l (2'%)2'2) -l-f;'& @2, 0 #52"h % :

123,321
H ) (%42"2',%,%"2") - Z‘fa.-g— =" %u){&aa—(%l,?_})‘%v&(%v'%v) _PR:& L%", .y)}

a0 ba

+{&Ag,(e", ¥+ Zfa"}, (e",e")} +2 Poa,ad (2'?, 2""
(50.7)

U] 1ttt n uy 4
g G120, gg (BT +fad 2320 2

X 3) 132 f_u a
[ S Y LN N fn -@4. 22" + Li"%“
Haa{_"g&k (22 z,?zz)-Z-fa@ [%,z){aali,i){ aa® Vaa x)

a 2
Pt 229 tfaa (2',2"){ Yo, g )2, (a',a')}-rzfuti,z") Prae (212 (50.8)

13! I AN A
Hat B2 P, g0 (22522) Hfag (2 faqg B2 2
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H 123, 113 (2121121 %'2"2' =2 ( { qu l. t i n
aab féo ) ) =2y g (2)2 )fa@(z,z){&,&g,(z,z)

a .t a il {
tPal B1E ) Vhad ()2 )} +fa”4 (2, z"){&a.g,(z',z'n 2 f;}, c%',%i)f

ot BV Pag, o £ (F252°2Y) +f 1212 P g 0 g (B'%)2"2) (50.9)

z
+fa4.lz',z") Pabiad ('7)2"2) +1at (252 {0 (%’,%’)% .

{ 1 Y
H 2fz)z'z") =1, g_(z',z"){«b’e“_ (2! ?:"M?:acz’,e"nf& (z',%")}

| I I N~ S I Y - !

I u

a il a olof 10 5la ' |
+1om(z,u+&4(a,e)f-rfm,ag,(%%;“”'fa&‘*'*"faa,ulu'“) (50,10)

|
tfaa @) Paa ak (22,2"2) + foa (25200t 292" % ,

123,023 1 u sl ( a o, A 0l
Haa‘ﬁ—,aw@ (22"222"" = {‘&a—o» (2)2) tPea (&)%) t1es (2)2 ’%

w,u 2'12")

+?2 {'&La.a,(*“’*") +f£a(%ll‘§") +f':& (z,}_ )} + fﬁ»a., pa ( 2120)
(50.11)

"a n

*‘fmk,%(z'g',z"z") tfra bt (B 222 4.1‘_;_.

|13)3?—| 1 0 n 1 " (0 I a {n a a1
Hoog, nal (22222207 2{,4 (252 ){-91&@(%,2 1+ Pak (D1 >+&4(z,;)}
wh_i_u

[ | ' a ‘
ffa Z (2,2'){‘3%& (2" 2" +?& (2')2" +-ﬁ(rtz’f i')}' foag,(%’ﬁ") Pan,al (BE1E2D
(50.12)

! { l
*htad @ 222" +-{azg(2,%") % .
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|2-3,‘37- o __n_nt Il "{ [/ a i
=2 (2" 2984 , 2 (22" +2 (22"
Ha,a,g-,a,a@' (222,22 2) f“’" ’ akt® fad L2

n ! a a 1,1 .
*fa.?@ (2';2"’{&41,0.(*"»?’ ""PM(%”Z'HW% (%2 )} tPabiag (2252 )

(50.13)

Inon {_1_u_n rA nou 4
+ 20l N2V P, L g (222D +fal (2;2),72-

123,213 ! ! 0y - o . n ' SR a !
Ha,a;g—:awg— (22",2'2"2") = 2{"*“(%‘% ){kaa.(i’i Hfaa(%‘% )+?ﬁ—-€—l re)

! a. a_u in _1_w
HE e (g 012 45 GY29 4 9 00} ¢ Pagaa P50 (5020

(g (ot U T o Y
t2{p, (02 P, g (B2 t{aa (2)2) 2 -

t2 2,231 It ty e tt (i t_n 2}( ) a (i"%")}
Haa@,a.m& (22"2),22°2) -fa,o,(?,% ){Mg,(%,z >{1’2za{,( 2 +20,0 (2

a { .t o [
+fag, (2",2")-(0_4 (z',-z“)i&a_a (2)2" +Poo La,i')-&p&é (#y2 )}

a u Uaof
+ -{a L&) z")fam (/2" {-&ag ',2" tPad (2" + ra"l (2,2 ’i ou15)

t+fat (22" Pra,ak (22520 t{aa (2)2) Pk, at (2'2"2"2")

nat

"
tfad (242 Poajat (2'2%2 2" +{al 9 {asn &Y2", ¢ (292 )% ,

a 1!
23023 gl ol 0oty _ £ 5 (2" 2" (22" +2 ﬂ’)%)}
Haa,%(-&@—o. (22’2, ¥E'2) ‘f“—%’ ) {_&“’g’ ! 'fa@
150 (50.16)

! . n
+Z‘fa.€f (2(»2,)'faﬂ— (3"12"){{@0.@ (2")2')‘*1'&“@(%";2")} +Lfo£,(%,2 )'rwg_‘ag(zz,z 2

( bate £ 2 gttty H
+fag_ ‘23')’?@@,@-@— """ + fa'@ (%pa)fa,g, @23



-50~-
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t fa{}fi';?—“) Pro b4 (2'22'2") +f£(z',2") fae 22 % : (50.17)

123,132 It
Hao.-@r.o@«-@'o. (22
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2 2'"2") =2{, 4 2} z'){&‘w_(z'; 2’ tPaal2 12" VIS 2")}

w

+{{<a4_(z',z')+21oa”g (a’,z')} +'f"-€'&;2”?aa,44 (22" 202" (50.18)

+2 'Faa..a,é (2"2”, 2'2") +{a.»€—(2')2'7%'

123, 2113 ’ [ Tl o
Haa&:»&&a, (2'2"&",2 22" =7—f¢4&":%')‘faé (2,2 ){‘&2&412,2 )

a A
g 32 1 P (2% z'>} +{, 4 32", 0 2529 nfa"}; (2 %")} (50.19)
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{4 ()2 Pt ol (22" 2'2) +2fa g (2 Vod ot (2T EEY
+ 2 I_n won H
fat 220 f, 0 0203
(23,231 ottty _ 0 talyd o (2)2")
HO—A‘@,-&@-&, (2 2 %,%k%)—‘fa@(?; ’fm(;’)%,{ ao. )
b n

a a i
+ a2+, z")} taa G120 o s Gl2hp L Y+ O ,;‘)}
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(23,123 | VIR y | D TR (.} 2—"+ o Loty 4 a’(%’%’)}
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o B o ot
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iﬁ 11 (Y
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123,213 gty —of % I_u %!2u + a (2;%")
Hﬂ«ag'.o.ccg— (2222 2) '3Iaw(2’2){&am( 12) T Paa t®
'

(_a_1_nu
Y "2 130 3424 (22 12’2z 2")
+ ’F{"é‘ (2"2")% 1"(&@, (?)2 )‘Paa‘% (2,2 ) '{’a’a’ ) Pa’a'rg_&

(50.23)
+fa2;, (%2 %
W
12 3,23 t ol NG P 3
Haa%—:ax%— (2'2"2! 222" = 2 2 M a g (212 ){»&a_@ (22"
" L I [ a i
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123,312 oot 1 ] oM 1! a 5l 4!
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Ha.a,é—.awé (2'x'2)222) f““ 12ag ) )gﬁaén’z’nfa@( ’ )}

Had (2 {ald 2529 {&a& (12 + Pra (2\2+ pog (B z")}
+f at ) {aa 2 2" {-fq_a_,@ (232" +2 ?oj"g, (2", 2" }ffw@(%',' 2" Priak (22" 2'2")
(50.25)

. _nu_n

+fa7; @) Pag,ad @'2)2'2") +{al 1) Pan,a b (2EH2 Y

+'fa.€— (l‘)i')'fa.a, (2—', %")'(a»@ (%n;%u)% .

123,132 , a1
Hao.-(,—, g3 (%’%“}:',2'2"2") ""fa,f— =", q"’"){&a-g—l“)%")*fa@ (22"

rPad @0} fal 30 fak CUEDICNERLEE N (2)2) + P42 )}
(] Nl a ] U [ Iy [
Hag(2)2 ){&ag 22"+ 14,0 Y2 )% Ha b @) Pra,n 422 >) (50.26)

PPt b (B2 2 a8 B1E0 Paaiat (BEIEED)
+fa b 2\ fal BH2H % :

23123 \ a (1!
Hondop o (222,222 1at (22"9{, ¢ (' z“){&auz‘,a‘) +2pp 0% )7[

. o 1o "ot o0
fae (¥ el l*‘»*"{'&laé(?»* h+ Zfa&(%u’z")}+f“€’(2’”{“1’(2 * ){ﬁa{'(zﬂ )(50-27)

a_u

o
Pk (22 ¢ T’o?gr (z",z')} +{at (£,2" Pad.at (z'2,2"2")

g N2 P g0 4 (220220 Had BT Palind (2222

+fa g @) fat 2 ¥y {al 2" % '

123, 32] Tl oy f.n ot (%'7’,‘) a (2—'%')
Haaé,%%a (2 2,22 % ) ’{aa"%’z )‘{a‘ér(% ) >%'&‘a,a, ! *fa,a. ! (50.28)
+ fzfg,(z‘,z' )} +fan (2! 2"){4@,@' (22" 2 o (2 2")% ot (&) z“){&a,a,(%',%")
+pla 1292 1 1252 tfaa (22 Panya b BB a0 L (22

4_‘(“%’(%!; -‘”“)‘Pa,a,ré—,g—(?‘-'ir)%lzn) ¢ 'fa,@ (%“,i") _f&& (%l)%u) % )
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123 2123

aoad bba )2

(2'2"2!,2'2"2") =31(az£« ()2 ){&ag. tz‘,#‘nfa‘} (2)2"
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a-,a"g'l‘@"ga, (2

L
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oo BE) Pan,ad (22H2'2) +faa ®F) Paa,a b (2EHEE)

A { LU
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Hlng 2" +pap 2)2Y +f2’4tz",a‘)} +ag 29 an 520
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(50.29)

(50.30)

"fa‘: (2" 2t "'f.@—%& (%u,%u)} +'fa,o.,, aéli”‘*‘)iui')+f4€—wl%“)faa-_r@4’(%,3’% 2"

+* Paa, a b (' 2'2") t{ag (242" %
Lot a o
H | Zz,ézz (2'2z 222" ’fa.&— wﬁs){&aa(%); )+ Pao (2,2)
aav, o
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+«a>2'g, Lz—',?")% +—fa,a'(%',k"){—€eag, (2)2) +2 Pa b (%{)2')%
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Ham B3 F g b e B2 40 12 102 0]

! I Ut
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' il oL gl YN
a0 P Pan a ke (2'22'eh + . 2 fae ) %

(50.31)
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5\2 3,123 (2'2l'2' 222 =
a,a,é,a,a,‘g' y2 2R = |

V23,32 ) Iyl 10 ‘
Sonk,aond (2 2!, 22"y :.f“?-& (242"

123,132 |
Sa'“"é'l aaot (%lzuzll 2/2"2)) = -faig' (—!:')‘2”)

123,213 , 5
Sa.az@q oo b (%'7—'“2', 22"2) = {a—o— (%‘)241)

123,2 3! o

aa,gr.a,o\.-@» (2 2 falta!

2,222 =, ¢ (2',2")faa(z',z"){a@(z',z‘)

122,123 o

Spak bho () {7 Bl {0 B2

123,321
S““"o’-&@-a. (%'*“%') 2'22)) =‘fa«£— (2% 2"

123,132 RN N, 2 | u o
Saa@.»@@w (22'2,22°2) =]Cm ()2 )]Ca-@— (¥,%)

123, 213 2
50—“ ‘6': bbo (%'?’" 2" ') = 'Fa,@ Li', 2 'f'a.'g' (2') 2’

123, 231\ IR | u Cn
Seal bo (RTBEZTE) ={9,,_,_(2,z)-fa_4(a,z;

T 2,023 O L

\L3\32.| e 2 .
i {1 U -

'2_5,]32_ N N N ] (A Wt
2'alz" '3ty = @ 2"
saa.@( oot ( ) ) fa,é

123, 2173% ety (ol L T
P ae'x) = (%
Saaé.a.a,g (Z )22 R) ‘fa.a 1)

(51.1)

(51.2)

(51.3)

(51.4)

(5%.5)

(51.6)

(51.7)

(51.8)

(51.9)

(51.10)

(51.11)

(51.12)

(51.13)

(51.1L)
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123,132
Sna b Bha (222" ={, 0 212
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SiEYEAL @ { I g (212

‘23,231 1t it Syt I _u 1"
Saat, Lha (222 222 (g (2120 {4, (2)2)

122,123 Iul‘ IjtSu et
Spatank (2222 2y ={pa (®)2)

23,3
Sa.u-@—:a,:,.é. { 'z ?’llllgu ') ='fa.»€r (2'12'){0'@(2',2“)

123,213 Co ittt 3 Vi
Saa;@-.uo.@— (272,222 :{aa(%'z)

123,231 5
Saa,é—, ral (%H’t"t‘,l‘iu 2" = _(a& (%l)zu){w (%‘, 2"

(23, 312
Saa—‘@',,aa,-@« (%'%"%',2’2"%”) =fa@,(%'ﬁ'){p,o.(i'ﬁ"l{aé(2"»2")

123,132
S aa @-': aad( 22! 2'I%’%“ ') = ‘fo.g- (22 {wg— (2", %"

‘?,3,,23

Sanlitla (22)2'22" = fag @3 {, p 21,4 (22D

(51.15)

(51.16)

(51.17)

(51.18)

(51.19)

(51.20)

(51.21)

(51.22)

(51.23)

(51.24)

(51.25)

(51.26)

(51.27)
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(o)
Saad hba (22 #)2'alz") = fa.é- (22 fa 0 (22

re 3, 21 Ul

3
Sont tba (22"2h2'2"2") = £, ()2

2 3y, 231

! A
Sa.a,@r. yyre (2'3212, 2'2"%) = fa.a» (2 '(a.& (2,2

123, 312

So.a.@', £&a (222 222! = 'fa{— (2)2")

123, 132

Snt tbe (221212 = {,, 2" {4 ()20

Some of the integrals in (50.1-32) and (51.1
with those of the first approximation and some are new (19 in
number). They are already defined in edqs. (17-28) where the

integrals appearing only in the second approximation are

distinguished by a star.
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2b) Discussion of the calculation

The numerical calculation of the dissociation energ

sarried out at R = 28 with zy = 2.15 end 7o = 1.19. By applying

the condition of minimum

3E (A _ o

for the energy expression in (41),
can be determined analytically as

variational parameter, Ag,

3 A -

B 1B - I AC

Ao =

where

24

A =87 17 Hrr 11 - BI II Str 1T

B =S8y 1 Hrrrr- Br 1 SII II

¢c =871 H 1x - Hf 1 St IT

the optimal value of the

(51.28)
(51.29)
(51.30)
(51,%1)

(51.32)

~32) are identical

y has been
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The resulting energy is =l.92L ea/ao. This is shown in
Table 7 together with the optimal value of the variational
parameter, Ag. Also shown are the quantities denoted by

H H
Bt = LI ana By = AL 1L , Which can be interpreted as

St I ST II

the energy of the Hez molecular ion when the electron of the
et ion occupies the "inner shell" or the "outer shell',
respectively.

TABLE 7. The energy of the He; molecule ion (in units eZ/ao)

with and without resonance

zl = 2,15 , zg = 119

E E1 Err 2o

=l. 92l =4+ 905 -4.593 0.26

It is seen that consideration of 121: alone leads to
-14.905 eC/a, and that of 'ﬁzi alone to =11.593 e2/ag. The

assumption of resonance nowever is fruitful and leads to a

more stable state than E or Eyye.

3) New interpretation of the three-electron bond

3a) Approximation A

In this section it is pointed out that the introduction

. +
of open-shell configurations for the discussion of the Hep

molecular ion leads %o interesting consequences concerning

the quantum mechanical model of the binding. Let us consider

the following two configurations



P (20 )
@5 = "W;: “}'d (D (2)
4, ERe(3)
and
7. 1!1{71%',!)‘1(\)
- f
¢ AR

which by interchanging a amd b obey the relations

o, =Y

These configurations can arise only when open-

Y; s @s

introduced for the He atom,
z! = z" and the determinants in (52.1) and (52.2) would have

two identical columns and would consequently vanish.
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'\-]’a(i'; Do 1)

“}a 212y 12)

WJ/G 2 p
Y, 2" )1
A @03y A 213

4 2 0pm
. @72 p12)
Yyipam Y, @ aps

by iEinetn
g B2 ol12)

Introducing the functions

i(im’ ;'___;!') z 'y' +@L-Q3-ﬁ‘i

oo, v - A -y + L

iE(fzzh__zm) :iE14“§5 “i&g"é&é

shells are

because in case of closed-shells

(52.1)

(52.2)

(53)

(54)

(55)
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the molecular wWave function of approximation A can be written

as

Pha—2z) = =P (2)2"—2") + P2 —2",

(56)
which evidently is identical with that given in (1).
With the aid of "gtpuctures” (56) can be expressed

symbolically as
2 + + 2!
[ HC i" Z’”HC -] { HC u ‘” ]+[ He 2”\2"’HC+] . (57)

Expanding the determinants on the right hand side of (54)

and rearranging certain termﬁ;§E (z1,z"-z") can be written as

1z 22 )--—{x[) (e x[ Yo (231 Y (2 04 1&(%"’:)%(;”3)]
x[ ploa 3 ~«(2)313)]

R R P PR AR AT OR DR
X [ PR ~X(3) p]

+

Y, a3y 2[4, @ P, (2"2) +1h 20 Y (2 7]

« [ Py < 0 pi2)] (58)

- P znam x {4, @24, 2" 3+, 2" Y, 2 3))
x { (5(2)0:(3)—«(1)(5(33]

- Yz <) x[‘%( 134, @S0+ (;"’3)4}4&,:)]
X [ptaretm ~x 13) (1)

()3 (3 x [P @0 Y125 RURCLIE 1)
X { pinecta) ~ e LD (5(2)’_& :
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Following an analogous treatment on the right hand side

of (55) the function iE (z",z!-2z™) can be brought to the form

Feateezh = (Yt x( a2y 29 + ¥ @b 352)

x[ pany - pi3)]

+ Y @oxwx [, @Y, @y n+1, 33 Y ()]
x [ PRty — (1P ]

"

v+ hanas x [, @ o @ (22 ]
x[ pmetr) -t (121]

)

'\l/‘ @Inxin [1}‘,(2',2)1.}'&(2"‘, 3D+ «lza'(z’",z) 1&(;’) ) (59)

x[ pl2Y&13) - x(2) B(3)]

- ‘h (@12 () 5[ (2130, (3504 Yo (20 (0]

x[ proyoctn =« (3)pm)

- ’\I'{rli".smlz)x[1&_(2';"’%(#'{2)+"}'a(z";n¢ﬁﬂlﬂ)]
X[ ploet) ~« m(sm]?( :

Evidently (58) describes 2 Heitler-London type electron
pair bond between the touter" electron of the He atom and the
olectron of the He't ion. Quite gimilarly (59) describes a
Heitler-London type electron pair bond between the "inner"

electron of the He atom and the electron of the He® ion.
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(58) and (59) show that the three-electron bond
described by (1) can be interpreted as the superposition of
two resonating electron pair QOnds as expressed in (56) or
symbolically in (57).

It is slso seen from (58) and (59) that the Heltler-
London.type electron pair bonds are of the heteronuclear type
because of the inequality of the effective nuclear charges\
zt, z" and z'", respectively. In case of heteronuclear
electron pair bonds it is pointed out (GCoulson, 1952) that
the bond is the stronger the smeller is the difference in the
energy of the participating electrons. Our results of
variation, shown in Tables 1, 2 and 3, correspond nicely to
this theorem. Evidently the smaller 1s the difference between
z" and z™, for instance, the smaller is the difference in the
energy of the electrons having these effective nuclear charges.

Since the difference between z" and z'™ can be made smaller

either by increasing z% or by decreasing z™, in both cases the

binding energy must beilarger. Indeed, this is exactly what

has been found.

3b) Possibility of generalizigg_approximation A

The fact that the structure in which there is no Heitler-

London type electron pair bond is equivalent to the super-

position of two structures in both of which the electron pair

bond is between the He atom anc Het ion is in agreement with

Rumer'!s rule (see Pauling and Wilson (1935) p. 375). This

rule states that only those structures are jindependent which,

when superimposed, 4o not exhibit bonds crossing each other.

%
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However, this situation can be modified by allowing
different weight factors for the structures shown in (57).
In this case the three structures become canonical, 1.e.
independent, and one may assume that the ground state of the

Hez molecule ion can be described by the wave function

i} e, P eE"E-2M ¢, P2zt + e, 0 (2 2-2", (60)
or symbolically by

' 1 !

2 ' + 2 b %
§3 =c![He:'£n z”HC ]'} Cz[He%u/%“ C+]+ CS{-He‘zu\%ch-*}) (61)

where g means generalized and cj,cp,C3 are variational
parameters.
Considering (5L4) and (55) one can rewrite (60) in the

form

§% = (Cl+C1)f| +(Cl+c3)iz _(C'*C")@?a (62)

- (c\+c3)\Iq - (€= ¢3) "Is + (62‘53){6 )

A

from which by putting c¢j = ¢ = €3> the original form of

approximation A is obtained. One can prove that the generalized
i 2 +

wave function in (62) satisfies the S:u molecular symmetry

<=3

and for the first time, due to the different weight factors,
the configurations described by iEs' and iEQ appear
explicitly in the molecular wave functlon.

3¢) Approxzimation B

Similar conclusions to those derived concerning approxi-
metion A can be drawn also for approximation B. However,

some additionasl features appedr.



In order to investigate the mechanism of the binding
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let us consider the following configurations which exist only

when the concept of shell-opening is introduced.:

, =L

[
ET

Y, @0t
4 @«

4, (2,3 u(3)

g AL
Y @ aw
AR LT

4 (@)
Y, (2\2)e(2)

Y, @33

«h(z‘.nxm
"‘&L%','L)o(lz)
4, @, 3)x(3)

M
"k"(i)l)ol(l)

4 2% a2y

Y, @302

s ALl
% @11x2)
Te (21913)

¥, @nam
A, @i2al)

4, ()3 (3)

1&_(2‘{1) X (1)

Yy (2h2)(2)
f\’!/é(z‘} 3)a((3)

’\}’(r (%;n/su)
Yy (3)2) B12)
Y 12)3) B(3)

1Pa, (2')1)[5 (1)
Y (2)2) B12)
¥, (2)3) p(3)

Y, @ npw
2 o

A 213)p(3)

4, @0 po)

Y, (212 p (1)

4&(2“,3) p>>

(63.1)

(63.2)

(63.3)

(63.4)



By interchanging a by b these functions obey the
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following relations

iE% - 1'I:-’lo

¥, —7,

iEll - iElz ig,z - iP" ,

Introducing the notations

2 -2ty =+, -F, -,
-2.) =’§5+@6 -“}f

—25) ?. "“Iﬁ "'{3‘*?,0
RORE AL 2
—z) = &rs-“lu —‘L +'§Pn

n

{(i‘a, 2;-2’4.) = @6*’?" "TI«S"{lz )

where the a and i subscripts of the effective charges refer

to the He atom and Het ion,

(36) and (37) as

‘I(%:'n Z'a- %’:x.) = ? (24,

]
Y,

2 —2ly =Pz, 2 - ) T

respectively, one can ©Xpress
( ]
~23) -VI(%Z yZa— %)

Il
) L4

(6k)

(65)

(66)

(67)

(68)

(69)

(70)

(71)
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It is obvious from (70) and (71) that iES ’ 1P|o ’ 1Pu and

1Pn- do not appear explicitly in the molecular wave function.

Symbolizing an electron pair bond again by a solid 1line

the "structures" described by eqs. (6L) - (69) are

[ Hel, *He']
[Hel, oHe']
[HeZ ¥ He']
[He ™% He']
[He Zu_ o He']

[ HC zu\;u C+] .

One may note that, as a consequence of the introduction
of open-shell configurations for the Het ion there appear
not only heteronuclear but also homonuclear electron pair
bonds in the molecular wave function.

The molecular wave function (35) of approximation B

can be rewritten as

!

(72.1)

(72.2)

(72.3)

(72.4)

(72.5)

(72.6)

Fo[Fh detp ea T, -] e[ eb oo tedd-2n), s

where illustrating the meaning of ipesonance’, the quantities

in the square brackets can be expressed as follows
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@[f(i"&) Z:_“ -Z!i) +2 ?(2‘.’&_, 21-— z",i )]

= Y, awm x{ Yy 2oz, a9 023)]

+[ ¥, &y +a 2] 1{/&(273)} [(5(2)0( (3)-o (DP(3)]

+ ¥ Ena x{ RCHINACDEP RATHY

+ [ gtz 0+ 2 2)9)] '\.}'w(a';i)} [ pI«) -x ) po]

¥ ﬂ}'wl%',z)dts) x{«lfa(z',") [wé(z;znz Yy (212)]

+{ gz +24l',5_(§')'i)]’\}'&(%':'2)}[ Bai2) - ¢ p)]
(74)

- “&(2’,))&!»x{\]z&(z'fz)['\}’w(%',3)+71lfw(%'{3)]
+ (Y242, (2 2)] ‘%(z’iz)} [pIo(s) - (2 3(3)]

- ’4’& lz','z)oaz)xflﬂlfét%'{.?,)['\h_(z', 0+ Y, (230]
(o @3 +2a,209] ’\1/6_(2’;!)} [(5(3)0((\) -octz)(sm]

- “{’91%290‘(3?%{*&(%')") [, @0 2, &50]

+ L ey +2d, @] 4. (%';2)} [Py —o M p2)]

%
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and

B ['y(%:o%'a."?'i)‘i' ?\‘}(zﬁ_, 7":»"22)]

= @i x{ Yo @0 B2, 2]

+ [4'{,(%'.1)+Ml",ty;z)] 1}/&(2',3)} [(scz)x(s)-a (2){)(3)]
+ @0« xf 4, @a [0 eady @]

+ [V 29+ 2y, 12 3] %(;;»)} (pGIat) - (3)3(1)]

+ Yo @D x{ A, 130 [, @) 0+29, 2)2)]

+H{g B +2 P (251) 1&,,_(2',0} [pinuizy -ty (i(zy)

(75)
- Y@ x{'tl/‘_(e',zﬂ'\}l“(2',3)-!-71‘4'0,(%'(3)]
@0+, @] g 1] [pRx ) -x(2)p)]
- Y oax( Y @04, @0 afain)]
et +ata @]y @] [pBew-ampw]
J
- f\lzé(,z'i 3)&13);({’4",(%‘,!)[4[3}%;7«)* 21, (5] S

+{d @ n+aa 2] Py (%',2)} (pxi2) -],
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3d) Possibility of generalizing approximation B

L Hez:. *He'] < ch’u/z’HJ] +[ H&Z',,—;'Hcﬂ (76)

[HCE:. o He*]={}ic:'.._2..Hc+]+{He— N ,,He+] (77)

(76) and (77) are the symbolical forms of (70) and (71)

which show again that Rumer's rule (see Pauling and Wilson,

1935 p.375) is confirmed. Removing the restriction that the
structures in (76) and (77) contribute with equal weight to

the molecular wave function, one may assume the following

generalized wave functions

§I% = C.?(21,%a'—2a,)+cz'@l?-a,)ia z3 )+C3'I(Zmia 21) (78)

1) "o

f][% ce izt 2 -2 e Pizy, Ea- 2D B (20, 2,- 21) (79)

and write the molecular wave function as

g, - 8z, + 3z, oo

In (80) the idea is expressed that all the six

conceivable structures contribute to the ground state of the

+
He2 molecule ion, or symbolically

C»[Hc H6+] +Co[He® u/ He+]
+03[Hc% —2H +]+Cq[He'u ..He+] (81)
+ (g I_ HCZ,H__ 2" HC+] + CQ[ HCZu\% " H€+] .
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By putting ¢y = ¢p = €3, €) = Cg = Cg and A = e1/co
the original form of approximation B is obtained.,

i) Conclusions

From the experimental value of the dissociation energy
of the Hez molecular ion, and from the known energiles of the
He atom and He® ion (measured from the state when the electrons
and nucleus of the He atom and the eleétron and nucleus of
the Het ion, respectively, are infinitely separated) one can
calculate the experimental energy, Eexp (Rg), of the system
He;. With the value of Mason and Vanderslice (Dgzxp = 2.16 ev)
one obtains EeXp (Rg) = =L.983 ez/ao, and with Herzb;rg's
value (Dgxp = 3.1 ev) one gets Egxp (Rg) = =5.018 ez/aof*

Our calculated value (-L4.935 ez/ao), althoﬁgh better than any
previously calculated value, 1is st1l1ll not as close as one
would like to the above experimental values. One may remark
that the nuclear separation, R = 2.0 a5 = 1.058 &, that we
have chosen to simplify the numerical work and to make
comparisons with other authors! work possible, 1is not the
actual equilibrium value. For this reason, the energy
obtainable at the true minimum of the potential curve would
be lower than our caldulated value. A correction of that kind,
however, would not £i11 the gap between the calculated and
measured value, since the potential curve is "flat" in the
neighbourhood of 1ts minimum. In order to obtain a closer
agreement one could try to apply more complicated functions

for a better description of the radial correlation.

® It is remarked that 1 el/a, = 27+2 oVl
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As more complicated wave functlions one might consider the
generalized wave functions of approximations A and B. Since
they have more adjustable variational parameters than approxi-
metions A and B there is some reason to suppose that they
would lead to an improvement in the calculated energy of the
HeE molecular ion.

Another possibility for a better description of the radial
correlation would be the inclusion of 2s, 38, etc. terms in the
wave function of the He atom, essentially following the works
of Taylor and Parr (1952) and Shull and L8wdin (1955), with the
modification that instead of closed-shell configurations the
Hylleragas-Eckart type wave functions should be generalized also
to the ns functions,

It seems, however, very probable that considerable improve-
ment in the calculated energy of the He; molecular ion could
only be obtained by considering simultaneously with the radial,
also the angular correlation. The first step in this direction
could be the construction of wave functions with angular
dependence capable to give account of the polarization energy
(see Pauling and Wilson (1935) pe 383) of the He atom. One may
note in this regard, as pointed out by Cramer and Simons (1957),
on the basis of the work of Simons, Muschlitz and Unger (1943),

that at 1.1 & the polarization energy of the He atom in the

field of the Het ion is ~1 evV. Considering that the obtained

~1 ev is approximately the difference between the calculated

and the experimental vaius of the molecular energy, the

inclusion of polarization seems to be the most probable way of

obtaining further improvement.
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Appendix 1

Evaluation and explicit formulae for

the exchange-coulomb integrals

The general exchange-coulomb integral of 1 s functions

Taa,ad Pryd)= “’J’ ()4, ((‘)‘v)( )"}'a.(&’t;}“!’g.m;})oll’wlv fl)

can be written as

fa,a,‘a,,g— (d(s,é’J‘) = ,(V(“l(;,’ra,}) 11,&(&';“3:)(4/4(&’(62:)0(‘/3. b (2)

where

(3)

Yy Wy Aai) Uy (Prdai) dvs
4{8

is considered as a potential. It may be determined in

Vi dag) = |

spherical polar coordinates with the aid of a theorem in

electrostatic theory as

Vi) fag) = f /%(d J‘M)n}' (B dai)dv;
(L)

+

dv;
P

Taq A

g

Having determined V(A,B,raj) the integral in (2) can be

evaluated without difficulty in confocal elliptic coordinates
s V,@ defined by

s fai-f4a . o =
M= fag 4ty ) yz % ty ) (P-Ct’)o.-q’g'

R R

These coordinates are defined in the intervals

13w ;3 -12v =S <1 ; O £ ¢ £ 2w,

-_— b4
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and in terms of them the volume element 1is
olv = ()w ~v?Y) Jﬁdvd¢

The resulting general expression, from which the 16
different integrals involved in the calculations can be

derived as special cases, 1s of the form

3/, 03232 pY2 R3
fll@)afg— (0([5)6(?): ol /2{3 sz /ZJ‘ 2 R
(ot+(5)3
{ (o +(3) A?,(X)Bo("a) Hotx)31(%)] ()

n L[ A, 3ol Ly - Reix) B u&)] + = LA, (x)ZBwa\-qoaxxB “6"]}

with variables

X = %.R («+ B + ¥ + 05)

¥y = % R («+ B + vy - 9)

= 1
= = 4+ O
X = R (v )

T=%R (v -8 .

The quantities A, and Bn' are defined by
| n ok
M N AL -g 3 = X, X
A (g)-f,we Ap = P Z Y 8= % )
=0

and

+1 _o _ n - - -
:Bn(g) z gv eg AV:-’AM(Q)"('D Ants 8‘%)‘3' (7)
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In deriving the formulae for the individual integrals
one must consider the following additional relations
Bp(0) = 2
0

B4 (0)
and

Bg('?) = Bp(T)

By (-7) = =By (7) .

It should be noted that the above outline of the
evaluation of the exchange-coulomb integrals practically
agrees with the work of RlUdenberg, Roothaan and Jaunzemis
(1956}, sxcept that for convenience different variables

(x,X,5,y) were introduced.

Appendix 2

Evaluation and explicit formulae of the exchange integrals

The evaluation of the exchange integrals is one of
the toughest problems of molecular quantummechanics. Until
recently, when Rlldenberg (1951) presented a general butb
tedious method, only special cases were treated even for

exchange integrals composed only of 1s functions. The

importance of Rldenberg!'s method is, that with its aid,
exchange integréls composed of functions with unequal
offective charges can also be calculated.

Omitting details of the very lengthy and
difficult derivation of the formulae we may only

mention that Rlidenberg's work is based on the
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Neumann expansion of _].-._ in terms of elliptic coordinates.
Tij
Accepting Rlldenberg!s notations let us redefine the general

exchange integral, composed of 1s functions with unequal

effective nuclear charges, as

- . . . { - . -— .
faﬁ',a&(gakksko,x{,) =“'-‘I’a”'lta,ﬂ)q",“‘,)‘)(}:%)'%_(Ka,)j)1}",“‘)3)0‘!/,; olu3 .
Rildenberg has proved that (1) can be written as

3y -3 &£
Pobiad Qulp Ll =RTS1T S, Zy

with variables

",iR (fa."'k—&)

n

«

L}

(5 ',2‘12 (.‘fm“lé)

D_C. = -IZ"R (-Ko.z-‘. g.@)
aap _ ‘ - -———
In words, the general expression (2) is built up from

two kinds of functions. From the one -parame ter functions

!' ((5) and w‘e(()) and from the two-parameter function ¢ (o( o).

(1)

(2)

(3)
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The one-parameter functions are defined by

/) 2 Jgoe
= o - .
w,, () 320 o B5 )
— Lo < oL
Wopy= 7 ooz b (B ()
n F %o 73 \’Ba ((5) )
where
e +1 n .
3; ‘(‘”%fzf?fﬂﬂ"’folt’Pz(f)ep t? (6)
=
o _ ) + Bt ?
B (B) = ~[w28n]™? At Pptre th

In (6) and (7) ’Pz (t) is the Legendre polynomial
P, () - 4 (g2 (8)
L %! dtt '

Before defining the much more complicated two-parameter

function ¢n£ (£,X) , we recall that the integral (1) is
presented in form of an infinite series, as given in (2). With
certain rules given in Rudenberg'!s paper one can determine
which of the w"j and ;;5 coefficients in (4) and (5) are

zoro and which have given numerical values. Applying these
rules one can write

] {B{’QWBQ’ ((5)94" wir-3 3t ¢o”ze(«,i)

0 =
L

L
Y

B3t ¢ e +B°’Z((n3°’2<(&>¢ i } ,

(9)
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To illustrate the procedure let us stop at the first

term of the series (2) and write

- -~ 3 3
T’a&—,ai—‘fau, ka,k‘.) ~ rRS'j, 3/2k f2 3/z§ /7. a (10)
Defining
¢00 - , -0l - _;[ -—
e  (1%) =;‘—E-{e. G, ) +& Gy le) - Go("‘*"ﬂ} (11)

one can compute ¢ (w,~)as

4500(«&')- L{g <,1»°o (o) &) 94 Z
nn { -;o-..? -1y i3 ) +% in (G- )(o(,ot) 12)
- o0 v

- nn ol s "'x - -0l - -— §
Sé”_mﬁ__”( yol ) +e G;; (x)+e G (=) vaﬁ (X4l )T

where introducing éo and G, defined by

GOCX):JZ-e"x{C +Qog 2X _ezxgi C-?.X)} (13)

-1 X X .
G, (x) =5 € {C-r—eo%?_x t+e E;(-zx)} (1)

the Gh quantities are calculated as

G, (0 =G,,_, 0-A, 0. (15)

In (13) and (1L4) € is Euler's constant and Ei 1is the

exponential integral for which tables are available. In (15)

Olh
A, Lx)*(*!)d Ae (X) (16)

g

A

A
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A,x0=Le*
X (17)

In order to calculate 3| , the second term of the

ol
infinite series (2), one needs the qﬁnﬁ (o, ) quantities,

These can be calculated according to

ol 00
¢m’« (o)) = Sém-l)u?»-n) (%) =Ap WO AR &)= A5 (2, (18)
where
Anﬁ (x,&'):;ﬂ; ”A(n—n)ﬁ (%) +m Ahlﬁ-n(“'z)-’.A““)A?’(&)} (19)
with
Aop (4 Z) =—— Ao (2 Ag (T). (20)

Ktot

The above discussion shows well that this is a very lengthy
method when numerical calculations are concerned. Evaluation
of higher terms becomes much more complicated. We only add,
for the sake of generality, that the method in case of integrals
composed of more complicated functions (for instance angular
dependence) is also applicable but it becomes much more compleX.
For this reason, much work has been done to find fairly
accurate approximations which can be handled more easily. One of
these methods is known as the Mulliken (1949) approximation.

The investigations of the author (1958) concerning the accuracy

of this method are presented in Appendix 3.,
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Appendix 3

Approximation of two-center exchange integrals

Mulliken's (1949) intuitively found approximation gives

for the four-center integral

Lagep = 8.0 953(')(7:7) ¢, 0 ¢, @aly,dy,

~d
-

| .
‘ans jco{l—aacc tLanpp * L:BBCC ¥ LBB‘PP} ’ (1)

where ¢A R (}(B s ¢c and ¢D are general atomic orbitals of

electrons 1 and 2 centered on the nuclel A, B, C and D.

The overlap integrals JﬁB and jc'.D are defined by

ﬂAB=f¢A¢BJV and j(‘,]):!qgcd’;p”l")

while the two~center Coulomb integrals LAACC’ LAADD’ LgBcC

and LBBDD are defined by (1).

For the simplest “symmetric" case of two-center exchange
integrals when ¢A and ¢3 are hydrogenic 1s functions, with
the same M"effective nuclear charge' Z, the corresponding
expression can be derived Irom (1) by putting C = A and

D =B. It is
LF?BH'B :j—((ﬁﬁ(l) ¢3“)(—4:l|;) ¢A(2) ¢3(2)JV‘OIV2

¥ Jas {Lannn * Lanzsl.

Since Sugiura (1927) has evaluated in this case the

(2)

integral (2) exactly, it is possible to compare the exact

values with the approximate ones. In Table 1, LSABAB gives
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the exact values of the integral (2) for various internuclear
distances R when Z = 1, taken from a paper of Hirschfelder

and Weigandt (1938).

Table I. The exact andapproximate values of the exchange 1ntegral

at various nuclear separations in atomic units e /éo
and ag. The percentage errors are in parentheseés.

R Lo5BAB MyBan Ll pRaB L1 apam

1.0 0,436651  0.434550 (-0.481) 0.460516 (+5.47) 0.408585 (=64L3)
1.5 0.296835  0.293265 (=1.20) 0,328673 (+10.7) 0.257857  (-13.1)
2.0 0.184156  0.180729 (-1.86) 0.21495L (+16.7) 0.14650l4  (-20.L)
2.5 0.106622  0.104329 (-2.15) 0.131279 (+23.1) 0.0773784 (=27.4)
3.0 0.0585083 0.0573773 (-1.93) ©0.0759118  (+29.8) 0.0388429 (-33.6)
4.0 0,0156272 0,015627L (0.00) 0,0223875  (+43.3) 0.00886737 (-L3.3)
5.0 0.0037170L 0.0038l4L461 (+3.43) 0.00582948 (+56.8) 0.00185973 (-50.0)
6.0 0,03814027 0.03877901 (+7.85) 0.02138629 (+70.3) 0.03369513 (-54.6)
8.0 0.0),328959 0.0),388292 (+18.0)  0.0j6L47154 (+96.7) 0.0,129429 (-60.7)
12.0 0.07354836 0.074197508 (+40.2)  0.0,87795L (+147) 0.0,117061 (-67.0)

Column LMABAB of Table 1 gives the agproximate values of
the integral (2) evaluated with the help of expression

%leB{LAQAQ + LAABB}' The corresponding percentage deviations

from the exact values are given in parentheses. The agree-
ment is very good except at large internuclear distances.
The Mulliken approximation was obtained by Riidenberg (1951).
by expanding the wave functions of one electron centered at
a given nucleus in terms of a complete orthonormal set of

functions of unspecified naturse contersd at another nucleus

and neglecting all but the largest term of the expression.
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The fect that a single term of an infinite expansion gives
such good agreement 1s due to the following circumstances.
The Mulliken formula in (2) is the arithmetic mean of two
approximations, each of which is based on the same expansion
theorem mentioned before.

In one approximation, one sets

[+ = .
‘fﬂ s 41 =2 das, V’Bi‘?}’ & vt
1 1

133 1.5) 25)-“ (3)

where the '¢%i's are hydrogenic functions with Z = 1 and
335{=f¢ﬁ 1,'84'. oAy . Keeping only the first term of

each series after substitution in the integral in (2), one

obtains
LapaB = 1°pp L gpag -

Column LIABAB of Table 1 gives the values obtained
from this expression. The errors have positive signs and
are given in parentheses,

In the other approximation, one sets

Tns; Ve, (0
]

¢A|s (=

W 18

(L)

and
o0

¢Bl$ ()= Z 3331: ,4,3,{,(2)'

12
Keeping again only the first term of each series after

substitution in the integral in (2), one obtains
2
LagaB % Ipp,PaaBB"
The values obtained from this expression are listed in

column LIIABAB of Table 1. The errors have negative signs
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and are given in parentheses.

The faet that the errors of LIABAB and LIIABAB are not
of the same sign suggests the possibility that inclusion of
the second term of the Rﬁdenberg series may not improve the
result, because the convergence of one series may be much
better than that of the other. It would be difficult to say
whether the same situation arises in the case of exchange
integrals composed of functions other than 1s functions.

One may state that the Mulliken approximation will give
a good result when the two approximations (3) and (L) give
errors with opposite signs. If both approximations give
- errors with the same sign, then one of them would be better
than the Mulliken approximation.

It is noteworthy that recently a new approach has been
worked out by Taﬁber (1958) for the evaluation of homonuclear
exchange integrals which is based on the solution of

Poissont's equation.
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Appendix U

Valence electron approximation

1) General remarks

In calculating the binding ensrgy of molecules the ques-~
tion as to whether the electrons of filled inner shells may
or may not be neglected is important. If the simplification
of omitting the cores is allowed then the calculation of the
binding energy of most diatomic molecules is reduced to a
one-, two- or three-electron problem.

In this section an attempt has been made to reinvestigate
this problem and to work out such a method which will be
referred to as Valence Electron Approximation (VEA).

2) Discussion

a) The Li, molecule. (Homonuclear two-electron.bond).

In the early stage of molecular guantum mechanics, based
on the assumption that only the valence electrons outside of
closed shells are responsible for the binding, several mole-
cules were discussed in an approximation that explicitly
considered only the valence electrons. In this type of
calculation the orbital exponents of the wave functions of
the valence electrons usually have the value obtained by a
variational calculation on the infinitely separated component
atoms when all electrons are considered. James (1933, 193L)
criticized these calculations and pointed out that the
omission of the inner shells leads to a serious error in the

calculated energy of the molecules since by the omission of

,
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the cores their repulsive effect is neglected. It is also
believed by Coulson (1952, p. 95) that the repulsion is the
only role that the inner shells play in the binding. For
this reason if one wants to omlt the inner shells and to
deal only with the valence electrons, a method must be found
which includes the repulsion of the cores,

Let us demonstrate the rightness of James! criticism
in the case of the Li, molecules which was discussed by
Bartlett and Furry (1931) as a two-electron problem. For
the molecular wave function they have chosen a Heitler-London
type wave function. Their energy expression, derived with
a two-electron Hamiltonian, at R = ® goes over ingo the

expression
Ecalc.( R”) =ZEL52$ =2 j.cpl_;zs HLi25 ‘-fl_;q_s ﬂlV. (1)

Calculation of Epjpg with
H zalpa-2t
Lizs 4 A
.
and with the Guillemin and Zener (1930) type function
¢ (}5)1/24‘ -3

. = | = e

Li2s 35T

used by Bartlett and Furry)gives

Ll _ 1y (2)
ELEZS'GT zz |

?

W
* Apart from the numerical value of the orbital exponent 1t

is the same as the nodeless 2s function of Slater (1930)
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We must now interpret what Erjioy means. Since the
inner shell of the Li atom is not considered, Bripg is
the energy necessary to remove the 2s electron from the
Li atom, because in this model a Li' ion has no energy.
Bg. (2) upon substitution of Z' = 0,63 as applied by

Bartlett and Furry yields
E1,5 = -0.248 2/
Li2 s o 9 e /a, »

for the ionization energy of the valence electron of

the Li atom. This value is wrong because according to
Landolt-Bdrnstein (1950) the measured value is

~0.1985 e2/a,. The too low value is due to the fact that
the repulsion between the core and the valence electron
is neglected when the inner shell electrons are omitted.
For similar reasons the molecular energy calculated by

Bartlett and Furry is also too large.

Knowing the experimental value of the ionization
energy, the repulsion between the core and the 2s valence
electron of the Li atom can be taken care of. The

solution of the equation
- . —.'.2,.‘—‘-:[:.
fcﬁjzs HlllschlZS‘*V'g} 207 =Lizs exp. (3)

yields the ; = 0.4709 value which is much smaller than
the [ = 0.63 used by Bartlett and Furry. The wave

function with the orbital exponent ; = 0,4709 describes .~

an electron which is centered at a nucleus of single

positive charge and moves in the Coulomb field of this
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point-like attractive center occupying a 23 orbit of the
same energy as that of the 2s electron of the Li atom in
the superimposed field of a triply charged point-like nucleus
and a doubly charged centrosymmetric but not Coulomb-like

core. Due to the repulsion between the core and the valence
electron the latter is pushed to an orbit which is of

larger dlameter. .

A calculation has been carried out for the Lip molecule

by the author with the Heitler-London type function

Y - F s Py DI+, (DY, (2D,

where the one-electron functions are Slater type nodeless

functions of the form

s\l 1o vEh2
(( (1) = ? ) -Z N1
4) = | Z .- €&
XZ25s 2N X2 Xx= A, B
with orbital exponent } = 0.4709 as determined from (3).

The molecular energy is calculated from

Vv HYd
E- j , (1)
{ 2 olv

where

TP L I B L A A (5)
H""EA' 7 8 1 R

All integrals were determined exactly except the

exchange integral which was calculated in the Mulliken
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approximation. The potential curve has been determined and
the values corresponding to its minimum are shown and
compared with the experimental values in Table 2. The
experimental energy of the Lis molecule is calculated from
the measured ionization energy (Landolt-Bbrnstein, 1950) of
the 2s electron of the Li atom and from the measured
dissociation energy (Herzberg, 1950) of the Lis molecule.
(In the following paragraphs of this appendix all the |
empirical data are taken from the previously quoted two

sources and for this reason they will not be quoted again.)

TABLE 2. The calculated and experimental constants

of the Lig molecule

Equilibrium internuclear

Molecular energy distaﬁce

(in ev) (in &)

Experimental -11.83 71302+
Calculated ~11.50 “2.67%

Comparison of the experimental values with our values
shows a satisfactory character, insomuch that the calculated

energy value is higher than the empirical one and the

calculated Rg valus is larger than the empirical one as
expected using a Heitler-London type function. In our
approximation it is assumed that the interaction between the
valence oelectron of one atom and the superimposed field of

the nucleus and core of the other atom is very much the same
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as that between the valence electron and the reduced charge
(nuclear charge minus charge of K-shell) of the other atom.
b) The LiH molecule. (Heteronuclear two-electron bond).

A calculation has been carried out with the wave

function
7+= Cars 10 Yg 5 (2 + Wgas (V) G5 (2, (6)

and Hamiltonian (5), where A and B represent the nuclei of
the H and L1 atoms respectively, and the 1ls and 2s functions
are Slater-type nodeless functions with orbital exponents
J,=1and Jg=0.4709. The calculated and experimental

values of the molecular constants are shown and compared in

Table 3.

TABLE 3. The calculated and experimental constants

of the LiH molecule

Equilibrium internuclear

Molecular energy distance
(in ev) (inag)
Experimental -21l.42 ¥ 1,60
Calculated -20,32 1.53

3¢
In calculating the experimental molecular energy

Velasco's (1958) dissociation energy has been used.

¢) The BeH' molecule. (Heteronucleér two-electron bond).

The results of a calculation of the author with the

Hamiltonian
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end wave function (6) with orbital exponents }A =1 and

}B = 0,7567 as determined from

EBe"zs exp- = fq)se*zs H Betzs (‘pae*zs dv

where

Hperos =503
is compared with the experimental values in Table l.

TABLE L. The calculated and experimental constants

of the BeH+ molecule

Equilibrium internuclear

Molecular energy distance
(in ev) (in A)
Experimental -3500 10:31
Calculated -33.9 1.35

+
d) The Li, molecule. (Homonucle ar one-electron bond).

The calculated values of the author, using the wave

function

1II = ('Fﬁz,_r, +C?Bz§

with orbital exponents fA = K B = 0.14709 and the Hamiltonlan

are shown in Table 5. Unfortunately no comparison 1s

possible with the experimental values since the dissociation N

energy and the equilibrium internuclear distance have not

been mesasured.



- 89 -

The calculated constants of the

TABLE 5.
+
Lis, molecule
Equilibrium internuclear
Molecular energy distgnce
(in ev) (in A)
Calculated I -5.66 he23
~-6.,52 2.70

Calculated II

A second calculation of the author, which includes also

‘the polarization of the valence electron, 1s based on the

function
= + P :
functions are of the Slater-type and have the

where the Z2Zp,
The

same orbital exponent (0.44709) as the 2s functions.
results obtained when the variational parameter A has the
optimal value of 1,26 are also shown in Table 5.

e) The BeHtt and LiH+ molecules, (Heteronuclear

one-electron bonds).

Calculations of the suthor using the wave function

1" = ‘fms +2 s

and Hamilltonian
I 2

]
E-zsb- = T
H 2 fA 4 R
indicated no stability of these molecules in a large interval

of nuclear separations.
As far as the suthor knows these molecular ions have

not yet been observed experimentally elther.
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