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. ABSTRACT .

. An ordinary "angle beﬁweén two intersecting curves iﬁ
Euclidean'Space at «+the point of intersectipn Zo 1s deflned
as thée arc I%ngth which the tangents at Zo -intercept on a
unit circte with cegfre at Zo . Ve also 1earn "in Complex,

g Analysis that thls angle 1s preserved under a map F 1ff F,

is analytic and F'(Zo) - does not ‘vanish.

This idea can be extended %o a solid angle 1n B3 and
R" . This -thesis iy conéerned with what kind of mapping wiil
preserve -solid dngles. In contrast td the, ricn'gariety of con-
flormal maps {n two dimensions it turns out thats only trivial

maps preserve all solld afnigles. - ’ ’

. In Chapter I, the definition and measure of a solid
angle are given. Chapter 1T developés some necessanm;coﬁdiﬁions
which a map F mugt satilsfy if it shall preserve all solid
angles and shows that thesé necessary conditions are not suffi—

cient. Chapter III concludes thht F 1is a similarity. Gener-

alizations to higher dimensions will be given in the Appendix,

It s remarkable that a map which preserves all solid
angles aﬁtomaticalay preserves all ordinary angles, but not
conversely. The inversioh in spheres preserves ordinary angles,
but not solid angles. ' o -

——
- - -
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CHAPTER I

. . -
INTRODUCTION AND PRELIMINARIES-

1. Definition.

&

. )
Let V Dbe a vector space over R, Wwe denote

the k-fold product Vx.....xV by Vk . A function T :VK-+ R

L4 hY

s a multilinean function (or a h-tensorn on V) if Vi with '

-

1 sisk weha

'T(Vl, vees Yy

T(V

- -
We denote the set of all.k-tensors by j’k(V)

2. Definition.

ve

!
H.Ti

1° caes @Vy,

{

s e Vk) TUVIs ceey Vis anes ¥
' TV ey ¥ e vk?

O aT(vy, +.ooy Vis oeees Vi) »

Ir Se 95V) and Te JLev), the temsor I

product  S@T ¢ ¥ (V) 1s defired by

A

SCIT(Vys wovs Vs Via1s 1002 Viwg) = STVps ens V) o P
< T(Vk+l’ Tt Vk+£)
3. Theorem:, Let Vs ++vs V be a basis for V , and let

It

-

95 --+» 0, Dbe the dual basis, ¢i(vj) = Gij . Then the set

of all k-fold tensor products

-

¢il () ceses C) ¢ik 1 < 115 200 1K s n

: r
1s a2 basis for ﬂlk(v) , which therefore has dimension n* .

Proof: See bibliography (1) p. T6.

LY
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¢ . ) & ‘ - ’
. K Y
4. Definition. A k-tensor we J(V) 1s called alternating
if S ‘ '
. v , & -

¢ Q i ’ 2 .

m(vl, o--,I Vi, as e g VJ, L vk) = "'m('v:l; ...-’\v\j, sy

Vys vees Vk) ‘fof all vy ...,\vk”e v g ;/ N

The set of all alternating k-tensors 1s denoéed by ‘Ak(V) :
- ' . F?-

5. Definition. ir Te J5(V), ALE(T) is'd\emm\ad by °
9
. .

Alt(T)(‘;l, ceey vk)‘ = .1-{1—1- z sgn o - T(VU(‘]_)’ ey Vcck))s

’—\ OESk

wheré‘ Sk is the set of all permutations of the numbéfs 1l to k.

L]

6. Lemma. If Te 3%(v), then ALt(T) eAS(V) .

Proof: See bibliography (1) p. 78.
L : .

7. Definition. If weAX(V) and nenf(v), the wedge

product whn e ANTE(Y)  is defined by

—_— r ' -
"whn = (—ili[f'ﬂ ALt (w (D)
8. Theorem. The set of all
. | | ‘ . )
¢11 A ... A ¢ik _ 1 5_11‘4 1, <« <3y sn

-

is a basis for Ak(v) , which therefore has diménsion
n,y _ n! ' 2
(k) T ktin-k)! ° “ :

\
Proof: See bibliography (1) p. 81..

-

-
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t

. basis to (e

for ckrtaln functions w

9. .Definition~  If 'p

\

for veR', 1s denoted

R" at p .

F(p)‘eﬁg , VpeR" .

a differential form on R™).

wWip)y &7 ¥ ' wy
R

i

differentiable 1f these functiong are.

are differentiable.

12. Definition. If £
DE(p) e AY@®™) . A 1- form

-

1)p* cees (e

.

«R"., the set of all pairs tp,v) ,

Brpl » and- called 1?ﬂe Iangent space of

- 11.) Definttiod. .A function w with

Ir 6,00,
)b, then

(p)
T 1k.p

1r s 1;{;

——

;.' + ¢n(p)

-[¢;1(p)n...

,

the form w is continuous,

-

10."' Définition. A veetor fiefd T(is a function F s.t. ¥ @

w(p) eAk(Rg) is called

is the dual

A ¢ik(p)]

We shall assume forms

r

: Bné;IR 1s differentiable, then

df 1s defined by

dep)(v ) = Df(pﬁ(v) .

' /
13, Conﬁider a particula

= Dxt(p)(v) = vi, we.see

I4. Definition.

of w -by

r i form dx

that dxl(p),

. Since

-
dxi(p)(vp)

~ din(ﬁ) is Just the

‘dugl basis to ;(gl)p; e (e n)p . Thus every k-form 9y can
be written . ' o
w o= .7 ® ax A...hdx
- 140, t e e 1

G

We define a "k +1) - form dw , the differentiat



Adxi A...Adxi

1 4y
15. Definition.  A-form w 1s called closed 1f dw = O ard

-

exact if .= dn, for some n. —_—

”»~ . o . . .
/\. 16. .Definition. - Let U, VeR™ be open sets, a diff‘eren—
3 ! -
% tilable f-unction h:U +V with a differentiable inverse _ .
k) h"_:L nv o+ U :Ls called a dLﬁﬁeomonphLAm "Differentialple" hence-—
R
forth means "C " - ’ *
17. Definition. . A subset M of R 15 called & fz-dim?.neion@ ¢

manifofd in R® 1if ¥x e M* the following condition 1s satlisfied;

(M) There is an open set’ U con\ta‘.ining X, an open set VcB' ,. '
.and'a diffeomorphism h : U +.V s.t: ' o Lo
R(UaM) = Voo (BX x{0)) = fyevey = .0 =y =0}

. - ‘ . -
18. Theorem. \'A subset M of R" 1is a k—dimensiona{’méni- . ‘

fold iff ¥x.e M the following "eoordinate cqndition'.' is - C

Al

satisfied d : e S e
( .

»

. There 1s an open set. U containing x , an open set -.W CIRk s
-, - < . . k] .
and 1 - 1 differentiable function f : W + R" s.t.° N
" (1) f(W) = Mn U, . ’ IR ’ .
N . - : .

(2) f'(y) has rank k VyeW, ‘
(3) £+ : F(Ww) » W 1is continuous . . s

Ay
where f 1s called & coordinate system around X .

Proof: See bibliography (1) p..111..
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--}19. Definition. A subset M of R" 1s a k—dk}nem’iona,ﬂ ‘

[

3

manifokd - with - boundarny 1f ¥x ¢ M either conditlon (MQ

the followlng condition 1s satisfiled:

(M') There 1s an open set " U contalning 'x , an open set

V c R" , and a‘diffeomorphism h:U0U=+V s.t. '

h(N M) = Von (H¥ x {0}) = {y eV : yl{a@and'

yk+l = y" = 0} and h(x) has kth component =0,

where {x ¢ RS : X = 0} . |
20. Definition. The set of all point x ¢ M satisfled
(M') 4is called the boundary of M and denoted 3M . ‘
21. Definition. If f : B » R" 1s differentlable, we
have a linear transformation Df(p) : & +®™ . A linear

L e m
transformation f. : lRp -+ I‘Rf(p) is defined by
f*(Vp) = (Df‘(p)(V))f.(p) .

22. Definition. Let M be a k-dimensional manifold in R /

4

and let f : W =~ R" be a coordinate system around x = f(a)




for
(£a

denot

agW. The k-dimensionaf subspace f*(Rg) of Ri
k N L]

: R, > Bg) 1s called the tangent space of M at X and

a

ea Myov,

’- -

Def{?ition. A function w which assigns . w(x) e AP (M, ¥

.-

N
XleM 1s called a p-form on M (M 1s a k-dimensional manilfold

 ;_fé%€ﬁn
24,

}fold

in .R"). A p-form w’ on M can be written as

_/‘-_-\\\‘— . -
w = Z ‘ w dx AL.. AdXx
1 ceey 1774 * 1
1< .<ip 1? * Tp 1 . p
Theorem. .Let M be a two-dimensional manifold {(or man-

_with-boundary) with an orientation in R3 and.let N be

the un outward normal- Then

—

(1)
ﬁoreo
(2]
e
(4),

where

, Proof: See bibliography (1) p. 128.

25.
‘mensi

eyery

of those rays through 0 which

(M)

ds = N

Adx3 + N2 dx Adxljﬁ N3 dx Adx2

1)

dx

1 2

ver, on M we have
«

1 .

N2dS = dxg AdX, e . '
-

N34S § ax, Adx, ) 3 .

.

N ‘
dS dendtes the elgment of volume on M .

S :
4 .

Definition. .Let McB" - {0} be a compact (n-1)-di-
onal manifold-with-boundary with an orientation s.t.
ray through 0 intersects M at most once.. The unlon

;}ntersect M, is.a solld cone \i)_

. The so0&id angle @ subtented by M is defined as the




area of C(M) n gh-1 , f(here s" L - (xeR® : Ixi o= 1D).
.« X l ) '
,. S cem)
. o ‘
) hY ) dsl
AR .
-~ ' - p,
/
N /
. /
‘ . ’
Fl //
' 4 s X . :
‘¢ L7

Solid angle subtended by a compact 2-dimensional manifold-with~boundary
v, 3 .
M in R -'{O} .



ay

- -8 -
L] . \ .
| © : :
26. Theorem. Let -M‘=R3 - {0} be a compact 2-dimensional .
manifold-with-boundary with an orientation. The solld angle £
‘Subtqued,by M is glven by ‘{5
o
Q = lJ ———x.g(x) dsl ) \
M r
- ' L4 ’ a
el e
.M ’
. X5 40%x, A dx, ¥ X dx‘ pdx. + x. dx .Adx 2
" Wwhere T = 1Lﬁ 2 3' 23 3 1 ‘{‘3 1 2 is a closed
b »

2-form on m3 - {0}
= (x) x, x5} € My x| = r . . :

«_— N{x) 1s the unit outwgrd normal at polint x

ds is the area element of M

Moreover, § can be locally expressed as

3 | X ,x ? X | lx “/
— n = ‘J 1 d(arc tg -2J| = l J 2 d{arc tg —i;T\g/’j>
) T ‘ X3 r i Xy

: aM aM
’ . \ X X
o o . = 1 [ 3 d{arc tg —l)\ .

_ T X5

aM ‘

The last expression is remarkable because only 9M and not

M appears.

Proof: (1) Let the surface M, be parametrized by the coor- .
dfyfdinétes gystem u,v, then x(u,v} = {il(u,v), xz(u,v),

x3(u,v)} 1s a point on M. An element of area dS at point

v

N



"\.\l

x(u,v) 1s given by

: (x, *X‘;)2 X XX
N -(xu><xv) du Adv = T;*j;;—T—-du Advr where N = X
. uo ;v u v
= lxuxxvl du A dv
= [(xu_xxv) °(xu_xxv)]* du A dv

ere = . = * X,
wh E X, " Xy F X, " Xy G

-
damental coefficients of x{u,v) .

~ | 2
Let x'?ﬁ, v) be the point on c¢(M)n S s.t. x'(Wv) =

(EG - F2)¥ au hav

= X, * X, are th? first fun-

then the area elements dS' at point x'(u, v) 1is

[(xu -xu)(xv -xv)--(xu °xv)(xu_-xv)]*duﬁdv

x(u,v)

Ixh%VSI*

(E'G' - F'2)¥ duhdv where E', G'; F' are the first fundamental

coefficlents of x'(u, V)

¥

: (x - X)X, - x(x - x,) x % (x, % x)
w7 (x2)372 2372
' (x - x)x, = x(x - %) x % (xg % x)
*v T (x2)372 T 32
" (x2)2 xi +hz;‘?;3&$ x° - 2[x2 X, . (x -xu)xj
(x2)3

(x2)2 EL— x2(x -xu)2

(x2)3

«



G‘.-

-E'G!?

F'.

F'

B

Q"’ ds!

- 10 -
(:~:2)2 G - x2(x xu)2
(x%)3
Lot e 4 A2 exp? (ko x

\

v

(x%)° 2 2

- xTx, (xexdx - X’ x, (% * x,)x]
: ;)3 [x2)2 F 2 x®x e xy) (x v x)]
X

2,3
-’2(x Y F (x-xu) (x-xv)l

(E' g' - F'2) (duhdv)®

1 @ - P - D3 B ety

{(x7)

G%TB" {lce ). (xuxxv)2 - DO xydx

N A G R CEE MR CRENY

+ 2F (x:x)) (x+%,)1} (duhdv)®

)2

- - (x2)3 E (x -xv)2 - (x2)3 G (x*xX

—t [(x2)2 (xu *xy) F x%(x - xv)(x * x,)

2

u

)27

‘_

2

- (x xu) xv]a}

(auhdv)®

-—_—g(xé) '{(x * X) (:xuxzncv)2 - [x x (xuxxv)]z} (du!\dv)z

1
243

- [x - (xuxxv)]] (duAdv)2



t
- .
1 = . ;
ds ;3- [x « (x,xx,)] duhadv _ .
= X ; N as
“ r ’ r
.q = l‘ as' = J-——g—-x"Nds
2 'r
L(M)nS M

(2) By Theorem-(24), we obtaln

' 0 - J Xy dxzhdx3 + Xy dx3hdxl + x3 dxlf\dx2

M r.3

Let T =

xl d:::2 Adx3 + X5 dx3 Adxl + x3 dxlf\dx2 —

" ]
I.3.
w o= Xy dx2 Adx3 + Xy dx3Adxl + x3. dxl!\dxg
and let n. = dxlhdx2 Adx3 s
then ) <:Iim = 3 dxlf\dle\dx3 = 3n ,
dt = —J=§ dw - —334_-—2 (rdr)uw where r° = xi
r r i=1
- 3n _ 3r2n
r3 r3+2 -
,= 0 .
Therefore
Q = ‘ I T | //-*\\

with T 1s a closed 2-form on IR?’ ~ {0}

-y

-




v
AN
(3) Consider the vector field A = 3%
‘ r
div A = 39 e x4 x e yr—3

= 3r"3 + x -(—3r-u Vr) s
= 373 - 3r2 x + x ' v
= 3r—3 - 3r-3 = 0

™.

holds everywhere in RS - {0} , there exists locally a vector-

field B s.t.

curl B = A .

4

Since Vx(B + V) = VxB for an arbitrary function ¢ of

class 02 , so B 1s not uniquély determined.

~

Let €1s €55 € be the basls of R3 and let

3

A = {alxq, %5, x3), b(xl,.xz, x3), c‘xl, x2,'x3)}

to find B = {ulxy, X5, x3), V(xlf Xos x3), w(xl,
s.t. A=V xB, i.e. a =.Dyw - ‘D.3v
b = -Dé-#_'v.Dl"’.'-‘ |
: o m Dy g

are satisfied in R3 - {0} .

Assume w = 0, we obtain

a = —D3v
b = D3u -----------
c = Dlv - Deu

we wish

xz,‘x3)}

-
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() is satisfied’if

*3
v = —[ a(xl; Xy, 5)AT
0 0 ' : .
. Where x3 and subsequently X, are the x3 - and X,=C00T~

dindtes respectively of an arbitrary fixed péint :i’/yB - {0},

and

P

‘ p'e 4

u = I X b(xl? Xos ) dg + alxy, X5)
3 -
Since c = Dlv - D2u
X3 _
= _J ; FDl a(xl, Xy, ) + D, b(xl, X5 £)]dg
* x3 !

"and D. a + D, b = ~-Dyjc, we obtain

2 3

’ \
C = C(Xy, X5, x3) - C(xXqy, X5, xg) - D, a(xq, X5)
Xy . .
hence u(xl, x2) = - J . C(xl, n, x3) dn .
X2

The vector B defined by the functions

X X
3 2 0
u = b(x., X, &AL = c(x, n, x5)dn
0 1 2 0 3
x3 . x2
x3 |
v == [ 0 a(xls xzs T)dzg o ~—
. .3 |
w = 0
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\
15 a solution of our problem. In general

} .“B = uey +ve, tw e f‘VQ

where ¢ 1is an arblitrary twice continuously differentiable func-

tion.. Now A = 3%#, we obtain

T )
B - (JX3x2d) | (JXBxld) 76
= T £ 4ardeq - —= dz) e, + Vo -
0 r3 1 0 r3 2 !

X
_ (3% "% -
= 5 5 5377 45 + J¢
0 (xl + X, + <) 2

_ X3p e - % ez);w T, "
r(x2 + xz) l
1 2
Since - o
Q:JJV&B.Nds, ‘
i _

by Stoke's Theorem,

=
|

= J B -%% ds where ds denotes the element of

M " arc length .

Cx.{x,dx, = X.dx ..
=J 32 12 1772, JV¢-dx, where

2
am rlxg ¥ *2 oM

}v¢-dx=§d¢=o

X X
- 3 1
= J - d{arc tg x2)



Similarly, we obtaln

x2.
Q = { - d(arc tg
> M

15 -~
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CHAPTER I1I

In analogy to.the problem of conformal map in two dimeﬁ—
sions we now try to find out under what conditlons a map F
preserves solld angles. In this chapter we restpict.our atten-

tion to B3 space.

1. Definition: Let £,, .:«» £, be 1, real-valued functlons

defined on an open set D in R°, and let F.= (f}, «..> £,) -

We denote the Jacobian of F DY J(F)',

(af af - af )
1 1 1
=—=(x) —(x) . . « . =—=(x)
Xy 3.1{2 - 93X, .
J(F) (%) = : o ' K
of ) af ‘
n n : n
—(x) =—(x) =—(x)
L 3%, 3%, : ax ;
' _ 8f, :
at those point xeD where all gif(x) exist. . e

2, Theorem: Let De:R3 be an open set and F:D~ R3 ’

. 1

F = (fl, £5s f3) each fi(xl’ X5 x3)‘ a map of class C7

which preserves all solld angles. Then the fully six partlal

differential equatlons hold in D :
aF 3

1,2,3 2



and '—"-Ex—'-f'o fOI‘,i?!k
’ k

Proof: In order to derive necessary conditlons which F must

satisfy, we consider a speclal type of solld angle and 1ts image,
defined as follow: Let a, b, c be three linearly 1ndependent ’
vectors in R3 , and’ A an arbltrary point of D . (We iden;
tify points and t{helr position vectors, A fixed orthonormal

Ccartesian system of coordinates is used in both spacesft

\\- o )

Consider the parallelogram P wilth centre A whose sides
are parallel to a and b and of length 20lal and 2¢|b| . It
is seen’ from the point A + Tc under a solid angle @. (p, O,

T are positive quantities. Since D 1s open, they can be chosen

<o small that P and A + Tc belong to D)

Domain Space

0- origin
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_ axb ‘

Le% N = Ta < oT be the unit normal to the plane of the
parallelogram P and x = A + aa + 8b - (A + 1c) = aa + Bb - TC,
a vector from the vertex A + 1c of the cone to. a general point

= . . .“3 ' .
of the parallelogram P, with |a] <% and |B| s ¢ variables.

o ("]
Then the area element on the parallelogram is

ds |de a x dB bl = la x b] da dB,

hence

=
n
——
—
o
be

where r = |[x| )

-
il
——a
o
A
Bl
=
L
[#]

a=+B B=to
_ I (ea + Bb = 1c) * (a x b)

la x b] dB da
jea + Bb - 1013 la % bl q.lll

: * a==f B=-a

By the Mean Value Theorem of the Integral Calculus,

[ao a + BO b - Té, a, bl
Q= {~—— 3 YlUpo
lag & + By B - Te

with certain |og| < p, 1Byl = 0

' F(Pr\"tc) ‘
Image Space .
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can be substituted to get the transformed solid angle

“ X+ (v, % ¥g) -
5 = J o 8|y, x ypl doaB
a=-p B=-0C T Iya ) yﬂl

Agaig using the Mean Value Theorem of the Integral Calculus,
we obtaln ‘
> S (Ya X yB)

¢ = { }. Upo
‘ . 1,_3‘ 0

a

which is taken at a certain point Ia’i] s p and 1Bll <0

Since F e c:L ,~ by Taylor's Formula, we obtain the ;‘ollowing

linear approximation of , ‘

F(A + te) - F(R)

(£,(8 + o) = £(A), f(A+ te) - £,(A), fg(A + Te) - £5(A))

= (Vf‘l(A) cte + TE, Vf2(A) cTC + TE,, VfB(A) - te & TE3))
- . . .

= t(c - Vf (R) i@y, . - ¢ TTpIB) * €p ¢+ VE3(A) ¥ €3)

_ of oF aF

= Tley g% ¥ %2 ox, t e §k3) TE 9

™
il
~
M
=t
g
™
no
-
™
(WS ]
p—
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. . 3 OF . 3F
VvV 2 ¢ =— + Ch 759 4+ C. = o
1 3x1_"‘ 2 Bx2 3 );3
From - |®| = |&] we deduce
' -
ﬁ.
p+0 [} ’ 2
g~+0 .
R A - 1e]|3 “ F(A +a; +B3b) ~F(a+Te)
+0
8’»0 fay 2 + B b - Te, a, bl bpo |F(A+ala+81b) -F(A+Tc)l_3'
'\.541-’ J i . .
|
. (yu(alssl) xys(aljsl))upc
3 oF D Fy 2 .13 A
[F(A+1e) -F(A)] 1 3 bylgy—X 2y 19 el
a0k T tex, 9x
= k’J-l K i JEN @
|F(a + te) - F(A)|3 [a, b, ] |
—b .
. hY .
where %?FL; are taken at A . [a, D, ¢] #0 . Since a, b, ¢
are linearly fndependent. In @ , we let now T 0 and sub-
stitute (D)-in (@ . Then we have
| 3 3 F a F
el \ § a,._ b, [V .—-—-]’
| = pier K3 3%, 7 9%y _ .
; ] 3 -
913 e, by el
2
nence det J(F) # 0 .
Hence ~
3 30 3 3F 3F
|fa,b,c]|IV]” = lel § a b.leyzetCoax, T°39x;
. 50 K,3=1 k") laxl 2 9X 3ax3_
oF aF]
]
§xk axj



. 3 .. 3
lc|3\[iii.§¥1 ¢y ) égl ays E OF bQ‘

1 - g

3 ' aF 3F - 9F
lcy.\[a,b,c] | o )

n

[

|v|3 |c|3\det J;F)‘

with det J(F)

jZTl§x\9et 3(F)

Jacoblan determinant of F at A

[———(A), QF(A), 2F ()]

; . 3x3

So we obtain ‘ (

. g . *

w12 = fel? laet (IO

. 2

: 3F _ 3F 2 3
or | 7 ey Cp 3 "% | © le det J(F)|

15k i "k axi .xk l l ‘

v

———

Since this must be an identity in we obtailn

Cl, 02, C3,'

; |
oF
lﬁiz\ = |det J(F)] # O for .1 =1, 2, 3
- ~ 3F 3F _ v
and 3%, 9%k = 0 -fér LAx

These relatlons must hold at all polnts A € D . They are six

‘ partial differential equations for the functlions fi

&
3%y Ixq - Bxi
(3) Since J(F) = EEL of 351'
0%, 5?; X+ /
. 3y af, 3f3‘
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' aF It _ | 8F | - | 8F - 3F  OF _
| If ‘gizwt— ‘ggg‘ = lg}g\ =y and gzz-~§§; = 0 V“%\f—fi\_

gj?l 1s an orthogonal matrix, so detﬁiézl]'= ¥ 1 implies
Loget 3(F) = 71 N
W o
then® w3 = laet J(P)]
. aF |3 _ .
.e e =, |det J(F)| for 1=1,2,3 .

-

The above necessary conditions for F in Theorem 2 lmply

—

exactly that all_-ggl have the same length and are mutually
il

orthogonal. They are »-the analogues 1in 3 dimenslons the
Cauchy-Riemann equations: we can writefthe ¢ -R eagyations in

é dimensions 1n a similar form, l.e.

X : ‘
¥y for F ﬁ'(¢(x1,x2}1"w(xl,x2))

<
-
u
L+
<
o
-
i
m
:u
+1

) ¢ ¥ .
Since det J(F) = = 9y ¥p — V1 93
_ b, ¥y . :
- gl
. A
or det J(F) .= ¢§'+ ¢§ *

n
[+
o
N

j.e. |det J(F}] "for 1 = 1,2.

rl



+ -
Since ¢l._ - w2 s ¢2 = + ¢1

4y ¢, = = ¥y ¥ )

by by * ¥y ¥ =0

" 3P . F |
i.e. .2 =0 for 1 #k .
Xy 9%y

() Since the above necessary conditions found in Theorem 2

have been obtalned by considering only specilal solid angles;
we cannot expect them to be suffilclent; and indeed they are
not. For example, they are satisfied by an inversion in a

sphere which dois not preserve all solid.angles.

z'=¥Kz)

-

Let the sphere under consideration be of center O and

radius R and let Z Dbe any point # 0, Z' be 1ts image

under the inversion F . Hence 2! 1ies-bn the ray 02 and

0z - 0Z' = R® .
R
.-x-_x

CF(x) = X where x = 0%, F(x) = 02', (x#0)



i

If we let

variable

Qr
o

then

ke

@
e

|

[=F)
-
o

a
o

|

a’
)

aF
axl

d
X

3|

*

|

a2
[AS]

Similarly,

Since

Similarly we obtaln

Then

det J(F)

X

1]

"25— T
2
g(x) = =3 ¥ be a scalar function of a vector
>
]
= (X9, Xps x3) 70
x
g, Xt g e where {el,e2,e3} is the ortho-
U normal basis of the Cartesian
g, X T8 e
coordinate system in both do-
g3 X + g e3 main space and image space
g) 8, XX *t 8 8 X T E; 8N 0
3F 8F _ JF 3F _ g4 .
ax2 3x3 x3 Xq
(x) R ( )
I(x = X X p 4
2 2 12 *22 73
x5 + Xo + x3
2 2 2 -
Bfl ) I;{2.x2+x3—-x:IL ‘
X 2 242 Rl
1 (x1+x2+x3) A
, afl ) 5 - 2xl Xy -~
% - R 5 5
& 2 (x1 + x5+ x3)
ax 2 2 2.2
3 (xl+x2+x3)
of af af 3 f f
ax’a2’aa' afB’B’a
1 X X Xq ax2 9x3
'S
2 _
_ [___R 31 3,2 2 -
[(x2 + x2 N xz)d] x2+x3-x1 —2X4 Xy ~2%q X3
1.72 "3 2%, % 24x2 2% %4
-2X4 %, X HRgXy - X5%q
- . . 2,.2
. ?x1x3 —2x2x3 x1+x2~x3
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l (] = = Y #
get J(M)| = 0
7. 2. .2:3
(xl+x2+x3)
> \3
3 3 3 af, 2 af,, 2 3f., 2
afp |5 _ | R |° o |9F 1 2
and \——\ - \—-—\ - | & - ([—— P )
) IXq 3%, ax3 : _ 3Xq 9X4 Bxl
= — \?QL 5 = ldet J(F)] #. 0
(xl + X5 + x3) -

Hence F satlsfles the necessary conditions for preserva-
tion of solid angles found in Theorem 2 above. However, the
solid angle determined by the cirele k with center 7 seen
-hnder Z 1s 27, put its image is k seen ffom F(Z) and 1is
obviously less than o . Hence the inversion dpoes not preserve

'solid angles. Therefore, the abpve conditions for F are not

sufficient.

o~

i
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CHAPTER III

In this chapter, we investigate what kind of map preserving
solid angles based on what we found in Chapter 2. By means of
the Theorem of Liouville on conformal maps of BB, we shall draw
the conclusioﬂ that F 1s a similarity.

¥ . .
1. - Definition: A homothety of ratio X and with its centre

the origin is a map @ X 7 Ax (Ay a real number # 0).

5. Definition: A map of vectors x + Ax + b 1s a euclidean

t

motion 1if A 1s a constant rotation matrix and b a2 constant

v/

vector.

3. Definition: A sdmiLarnity of ratio » 1is any map, a com- "

position of homothety of ratio A and a euclidean motion.

4, Obviously every similarity preserves all solld angles, since

motions and homothethies do. . We now prove the converse.

From Theorem 2 in Chapter 2, we deduce that the analogues
to the C - R Equations mean (as do the C - R equation themselves)
that the linegr.map 'F*p induced by‘ F from tangents of curves
through any P ¢ D is a similarity, hence F*p preserves all
ordinary angles. Wwe are golng to sﬁow the above statement as

follow : ’
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Let x .,be the curve through P . The tangent of the "image

curve y at F(x) 1s given by ’

) o 1 1 )
y' o=y Voo ¥3)

dF(x)

af of of of af Bf
1 ' 1 1 2 2 2
= (dx +dX, 50— HX, 37 dx. =—= +dx, s t&y 3y
1 Bxl 2 sz 3 Bx3. 1 axl 2 3x2 3 8x3
of of af
3 _3 3
ax, mo= tdx P&, )
' r o1 axl 2 3x2 '3 Bx3
[ )
1 Bxl ax2 Bx3 1 |
y' _ 3f2 sz Bf2 g !
2 Bxl X, 8x3 2
y‘ af3 3f3 af3 o
L 3 { axl 8x2 3x3 L 3 ‘
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"4.e. All tangents are transformed by a linear'transformatioﬂ

which is determined by the Jacoblan matrix

with A = ldet J(F)| 1i.e. The linear map Fup

O&r previous conditlions . \ - N
BF 2 2/3 . Le
v = |det J(¥)| for 1 =1, 2, 3
Bxi
- oF aF . : '
and m— * 53— = O for 1 # K
Bxi 8xk , . .
can be wpitten in matrix notation as - -
laet F(F) 123 0 }
aaT = |- 0 laet 3(m %3 0 = laet J(®)|°T
o 0 lget 3 () 1273
1 ' ' -
= A =AM -
hence M Tdet J3(F l A 1s an orthogonal 4n rix and

induced by F

from tangents of curvgs°through P 1is a similarixy of ratilo

A = ldet J(F)I

in order to draw the same concluslion

for

F itself in-
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e
stead of F*p , we are going't6 prove TLouville's Theorem.

5. Theorem (Liouville) Any. conformal transformation F in

' ’
B3 jg either a similarity or an "inversion or the composition

of one inversioq{and one similarity.

Before proving this theorem, we now present some defini-

tions, lemmas and theorem which we need. L ®

3

5.1. Notations: A?, Given an immersed surface in R by
i

x(ul, uz) , we denége the coefficients of the First Fundamental

Form by

-

: - — X o
g1 = *1 " %1 E where 3 Xy ‘

By = B
2z 12 for L = 1, 2

l

822

and the coefficlents of the Second Fundamental Form by

Ly = N7 xgye = 7 Mg Ko Lig = Dby )
X, % X C
aN
where N = T%—jrigT and Ni = =71
172 : Ju”

B. As usual we obtaln the derivatives of the

vector N, glven by the Formulas of Weingarten

_ _ i 1. 43 12 _ 1 e 4
Nk = - kai wlth Lk f g ij where & Bpy Gk’ g g



- 31 -

N

¢. Let the normg} curvature of the curve
. l ! .
x(s) = x(u~(s), u2(s)) on the, surface x(ul, u2) at a glven
point P0 be _ - ;

Ly gt g i !
K = — where £ = u for 1 = 1,2. (1)
n i .k

B4k E” &
and let Kl’ K2' be the principal curvatures of the surface at

P. . Then XA = K

5 1 %5 must satisfy

e
(Lyy = A By = °

1
o

iff det(Ly, - * Biy) = (2)

For the corfesponding directions of the principal curvature

i -
Ewy %1 (p = 1,2), we have

K 17 ko
(Lyy = Ky BBy 7 0 g1y (1) B(1) T 0
-+ -+ (3)
1 .1
¥ k _ 1 k -
(Ly, - %o 81?8(2) 0 gy E(2) 5(2)

5,2, Lemma: A necessary and sufficient cpndition for the para-

metric curves to be 1ines of curvature is ﬁhat 810 = le = 0.

Proof: (A) Assume the parametric curves (ul - curves, u2 - curves)
through polnt Po to be lines of curvature. Then they are mubtu-

ally perpendicular, and we have = 0.

€12

_ : 1 . 1 -
Since X, = 1xl + 0x, are tangents to U -curves where E(l) 1,

|
o

2
f(1) T
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Xy = Ox1 + 1x2 arertangents to u2-curves where 5%2) = 0,
. ) )
5(2) = 10
From (3) we have
Ly = ¥y 8170 Lyo = K5 8p0» L, =0
. ' _ 1 2
(B) If g5 © 0, then u -curves and u“-curves are mutu-
ally orthogonal. From ¢2), under the assumption L12 =0 we
have
g = A(ZeaLoo * Boobpp) ¥ -
811822 gyalpp + B20P12) * Tnabea 7 °
, - Baaber + g3,0y) + (B11lpp — Baplyy)
T 2813 822
' - . Ly Loz
-then the principal curvatures Kl = ==, K2 = = . _ , -
| gy3 €2 <

On the other hand, the normal curvature K/ of ul-curves 1is

i .k
T A L
Kn'——T‘E-r'Kl
Bix E” & 11
and Kn of u2-curves 1s
L |
Kn - 22 - K2
22

Hence the parametric curves are lines

5.3. Lemma: If a plece of surface ¢

and flat points,-then it is a plece o

of curvature.

onsists entirely of umbilics

f a sphere or of the plane..
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Proof: At an umbilic: we have Lik = A Bix 3 at a flat point,
x = 0. Multiplication by _gji and'summation over 1 yiel&s
‘Li = Aai', so that Weingartin's.équéfions Nk = = 1F X, here

assume the form

Nk = -k.xk
Differentiating W.r.t. ul ,  we fing
. ' 3
= - {
Mg = % M7 KM ~ | .
so that 0 = Nki - Nik = Jxk Ai + Xy xk, whence, for:
4 =1, k=2, it follows that Xy =0, hence A = constent. -

i
Thus we can integrate Welngarten's equations expliciply;'obtainﬂ

L]

»

ing N = ax + &, where & 1s 2 constant vector., Hence, 1f

» = 0, then the normal vector is constant and the surface 1is

plané, while, ;f »# 0 , we obtaln x - m = % s (;H- m)2 = %? ,.
which 1s the equation of a sphere. - - - R | <
5.4. Definition: Let H(ul, u2, u3) be a vyector function of .
class 02, assume that Hi = %ET are lineariy independent, ané

- u .
assume finally that Hy = He=0 for i # k . Then the surfaces

ui = const. constitute three mutually orthogonal families of

surface, a so called taiply onthogonal system.

5.5. Theorem (Dupinl: The curveé of intersection of the sur-

races of a triply orthogonal system are 1ines of curvature on

" each of these surfaces.

Proof: pifferentiation of Hy ° H, = 0 (1 # k) yilelds




hen

Sin

the

whi

€12

cur

sur

5.6.

“_ 3u _

H H, *+ H1 H

12 73 o3 = Hoz M1 ¥ o
ce ‘

H12 H3 = Hé3 Hl_= H31 H2 =0
ce the three vecltors Hl, Hz, H12.
y are linearly dependent, i.e.

Hy x Hy * Hip - 0
ch impliles le =-O, in addition t

= g for the surface u3 = const.
ves\@ae_}ines of curvature and this

faces of the other two families.

L)

Theorem: If the parametric cur

are

is

i.e.

int

Proof: Since the parametric curves a
giz = L12 =0 , Suppose ul-curves, u2

rec

Fro

Sin

,-
~ .

4ts lines of curvature, then for s
H(ul, u2, 3) = x(u s U ) +

a triply orthogonal system.

Every curvature 1ine on a surfac

ersecﬂ{on with a surface of a tripl

tion of the principal curvature Kl

m Eqg{3), we have . .
Ly; —- %y 811 7 o LT

ce L11 = lel L22 =

al; are orthogonal to H3,

-+

a

o which we have Hy° B, -
Therefore, the parametric

applies similarly the

4
ves of a surface X = x(ui)

ufficiently small u3,

u3N

e may be otalned as an

y erth nal system.

re lines of curvature,
—eurves are in the di-
R Ka‘,respectively.

K, Bap

No%2
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e o = -
the? Nlu lel . N2 K2x2
so Ny 18 proportional to xi . Hence "
= 3
Ny = xqg +u” Ny
= 3
N2. x. + % N2
N3=N +
imply that
. = - 30 :3. . '
H1 H2 xl‘% + UTXq N2 + u x2<N1 + N1 N2 ~
N IPRLE SN w3, s (Kyxp) ]+ Nyl )
' =0 . £
H.-H, = N°X s W3 N,N = O
23 2 2
. = [y 3 - —i
H3 Hl Nexy +u N1 N 0
which proves the asserted orthogonallty. Since il X Xq # 0;

we also have, for sufficlently small u3 )

Hy X Hy # 0 >

- 80 that we are indeed

5.7. Definition: A map F

of class C1

that

-

LY

dealing with surfaces.

. D+ R® which pre-

servés all ordinary angles in magnitude and sense 1s called

congormak.
5.8. Properties of Inversion:
2 X
y=R —7%
x|

LY

A. y 1s the vector .of length

L

Hence the sphere of pfadius

Conslder an inversion

x# 0 .

-1

R2lxl off the ray of X .

R is {nvariant in an inverslion.



2

Consider ax2 + bxR™ -+ r:l’{]4 =0 . It is a sphere for a # 0,

a plane for a = 0, b # 0. Its image 1in an inversion (at
least for the point X # 0) 1s

a + by + cy2 = 0 _
which is a sphere for ¢ #.0, a plane for ¢ = 0, b#0
Especially, spheres through the origin (¢c'= 0) are gran57
formed into planes (c = 0, b # 0) and planeg (a= 0, b.¥ Q)

are transformed into spheres through origin (a = 0}). : '\\\

Inversion 1s conformal.

e — . - N
Let x(s) and x(o) be any two intersecting curves, y(s*), y(o*.
respective images. s,0,8%,0* denote arc lengths, then Xg»

EU, Yo §d* are all unit vectors. Hence the angles of in-

tersection of the curves and theilr images are equal if

g Xg = Vg * Ygx - .

=
Since Y ® Tox _
o=y ds xs(x-x) = x(2x°xg) g
* - *
5 S ds* (x-x)2 ds
w
and xs-ks = Ly, Yga'¥gr 1, we have
ds _
I {-x
) L Fxex) - X(2%X,) ~
Similarly Yg*. © —
X * X

gince x = x at the point of jntersection, we have
*5'%g = Vgu'Vgw

Hence an inversion 15 conformal.
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-

D. It is an involutive transformation, i.e. two, successive

applications'of it result in the identity transform Since

y = — , another inversion z = —i—

then z =

Now, we prove Liouville s Theorem as follow

g;ggg; A conformal map F transforms a triply orthogonal sys-

tem of surfeces into a triply orthogonal system of surfaces

By Theorem 5.5y the curves of. intersection of the surfaces of

a triply orthogonal system atfe lines of curvature on these sur-
faces. Then, by Theorem 5.6, the image of curvature lines on

the image surfaces may be obtained as an'intersection with the -
1mage surface of the neg orthogonal system i,e. they are cur-n
vature llnes. Hence curvature 1ines are mapped into curvature
1ines, umbllics g0 over into umbilics. By Lemma 5.2, plane 5 ‘

[
and s#ﬁ&res are mapped into planés and spheres.

F transforms the planes Xy = const. (1 =1, 2, 3)
(xl, X5> x3 {s a cartesian system of coordinates 1in the domaln

space of F) elther (a) or (B)

(n).. A trioly orthogonal systtm of planes. .
(B) A triply orthogonal system of spehere all pgssing through
g = F(w?. Here we 1et I be the one-to-one inversion;pf center
z, then IF(=) = w.' Hence the planes X4 = const. are mapped

n\;onto some triply orthogonal system of planes, 1.e. F(Xi) =y

const., in a new cartesian system of coordinates in the image

space. : S




--._\‘

A coordinates axls xi = x'j = 0

the axis Yy = yj = 0. The maps F

(1\# §) 1s mapped onto

in (A) and IF 1in (B)

therefore have an analytic representation vy = yi(xi). z

AY
N
either into (A') or (B')

(A') A triply orthogonal system of

Op the other hand, F transforms spheres X* %@9 const.

spheres y*'y = 0

(B') A triply-orthogonal system of planes s.b. ™ ="F(z")

where . z' 1s the common boint

through which the spheres

“x+x = const. all pass. if I be the inversion of center

z', then IF(z') = T(w) = 2'.

Hence .spheres X*X < const.

are maﬁped onto ﬁgme triply'orthogonal system of spheres

. y°y = const. by IF . The equations Zx dx; = 0 and

dyi dx

iyi . 9% = 0 must nhold simultaneously. Since x+dx = 0,

Xy

dx may be any vector opthogonal to X hence-

dy
a—l) mu
X3

— 3 . |
“dy <h
= 1' = 02 xi’ . y ( ') = O

Vi d%,

imply
y = Cx .
Therefore elther F or IF 1

origin of the Xy coordinates on th

LIS

st be linearly dependent ‘

s a translation bringing the

at of the ¥4 coordinatés

followed by a rotation of the parallels to he Xy axes onto

the y, axes followed by & homothety of ﬁftio c . Herce either

F or IF 1s a similarity. b
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« By Liouville's Theorem, the map F which preserves all
solld angles should be & combination of similarities and inver-
[ ]
sions. The similarities do preserves solid angles, but the

inVersions not. Hence we have

3

“ §. Conclusion: A map w : D+ R’ of class .Cl, which pre-

L]

serves all solld angles 1s & simmlgrity

F(x) = Ax + D ) , with A = AM, M any orthogonal
matrix, A >0 2 constant scalar

and b & cbnstant vector.

-
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APPENDIX
Generalizations to higher dimensions . <\
-
.
1. Let 0 be an arbitrary point of Rn and dencte

D = R® \ {0}. The scalar gproduct in R" with respect ot a

fixed orthonormal basls €4, €hs +ves €p is denoted'by

<X, ¥> = z Xy ¥y oo Furthermore let fr(P) be ﬁhe distanctf

of a variable polnt P with position vector oP = x from O,

A(r) a Cl function in D4 and define the vector field

X(P) = A(r)-x

To the vector field X ijn D belongs a dual differen-

tial 1-form defined by

I

a(Y) <X,¥>
irf we write

in the system of coordinates dx1,~h,f, ax, dual to-fcl, e

C.s We obtainyfor ¥ = Ty ey

E& a(Y)
)

(1 oy dxk)(EZYi ei)'

=1 o vy 81

=):0.i yi ..
o i

= z )\xi yi 3

hence

N
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ui=?\xi 1 =1, 2, , T,
o= Al xg dxg = % a(y xi) = Arér
We conclude
de = § d(xy) A dxy
2 (Ax;)
=} (§ 35 xi) A dxy
ar X1 Tk
= E 9) lar Yy + Aéki] dxy f dxk}

(pecause for 1 = x the terms vanilsh since dxy A dxy = 0,

and for 1 # k the two terms Xy Xp gxi A dxy + Xy Xy dx, A dxy = 0

Hence « 1is always closed in D . It is in general not exact.

2. For an n—dimenéional Riemannlan manifold R with local
coordinates Xg, ses3 X and corresponding local metric compo-

nents &4y the element of volume 1s defined by

g = /G dxq A ... A dx, with G = det(gik)

Applying this to an (n - 1)-dimensional embedded hyper "surface

R=M in Rn .we obtaln

n . : e

- 1-1 N\ .

o= .1 (-1) Ny dxq A ..ol B dxy A oo B8R,
1=1 SR

where N = (N5 «--» Nn) is the,unit normal to M and the hat’

A~ denotes  omission. In pérticglar'fbr the unit sphere in R"

-

4



_M - R 1

~

we obtaln

n .
.o 1-1 e
gl = Zl (-1) Xy dx4 A ... A Gxy A Lo Adx .

If N makes an angle © gith the posifion vector x of

M and if o' 1is the central projection of ¢ ' from the origin

0 we hdve . .
____g‘——— = ___-l—l'—- N \'n . - . - ’
G cos 8 .n-1 ' ' ) .
T i . .
£ . v

Tn analogy tQ the 3-dimensional case we thus obtain’the'eiement

of solid angle spanned by- M and’subtenéed'frqm 0 .as

¢
-

Cx e No ' e )
L] ' T»_ ‘n * ’ -. L
r . . .
, . ~ X . * /\ .. .
Sy (et Raxg A A Ay A ... Adxg - |
4 . ro. n

P .

If M. intersects #ny,ray through 0 in ét—mbst:onefpoint it 1is

. geen from O uéﬁer the soliﬁ angle - ;

N

By 1, we find that-. T is agaln a closed, but not exact (n - 1)

form.

3. If fﬁp 1s replaced by & connected n-dimensional Riemannian
manifold R in the prévious.considerétions 1t seems natural to

adapt two different aefinitibns of a solid angle Q
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(a) Q' is formed by 2 (n - 1)-parameter famuly of line-ele-
ments at a point P of R 3 l.e. by tangen£s~at P to R and

e

it lies in the tangent space TRg . Tt is measured by the vo-

L]

jume cut out from the unit sphere in this tangent space.

. -
(b} Q 1is formed by shortest geodeslc segments within R

joining P to 2 hypersurface M in R.

From our previous results it follows that for the first

dpfinition a map F : R~+R preserving all solid angles also
' preserve a}l-ordinary angles, since every induced map TFP of
the Euggzdean tangent spaces T%P -+ TRF{P) must be a homothety.
Hence - F 1§ then 2 conformal selfmap of R . Tt is well-known

that these maps form a.Lig transformation group of dimension at

most % (n + 1)(n + 2) for n= 3.

Note that for R = 33_— {0} aﬁ inversion in a sphere

k aboubt 0 preserves the solid angles of the first definition,

but not of the second definition: .

_ A stralght line ¢ through P goes over into a circle

2' through P'.
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