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Abstract

The implementation of a general-purpose tetrahedral mesh phantom geometry library for

the Monte Carlo radiation transport code EGSnrc is described. Recently, tetrahedral mesh

geometries have been proposed as standard reference phantoms to advance the state of the

art over rectilinear voxel phantoms. Prior to this work, EGSnrc already supported vox-

elized geometries, but not tetrahedral meshes. Other major radiation transport codes such

as MCNP6, Geant4, and PHITS, are also capable of simulating the interaction of ionizing

radiation with tetrahedral mesh phantoms. Tetrahedral mesh phantoms have a number of

advantages over voxel phantoms including improved modelling fidelity and locally varying

element resolution. In addition, CAD geometries can be converted into meshes, which can

then be directly used in simulations. In this work, an EGSnrc tetrahedral mesh geometry

library called EGS Mesh is implemented. The implementation uses fast computational geom-

etry algorithms from the literature and is accelerated using an octree spatial partitioning

scheme. For a preliminary verification, results obtained using EGS Mesh are compared to

classical EGSnrc geometries and theoretical results (including a Fano test) and found to

match within 0.1%. To demonstrate the capability of EGS Mesh to simulate transport in

complex mesh phantoms from the literature, results using the ICRP 145 reference human

phantoms are compared to published results obtained using Geant4. The comparison has

found agreement mostly within 5% of the Geant4 results, but with some differences up to

10%.
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Chapter 1

Introduction

Knowledge of how ionizing radiation interacts with matter is crucial for many fields. Medical
physicists use ionizing radiation to treat tumours and to obtain valuable patient imaging
data. The radiation processing industry uses ionizing radiation to sterilize products without
even having to unpack them from their crates. In the field, dosimeters are used to obtain
measurements to determine dose. But dosimeters can be awkward, expensive, unreliable,
and usually, only a fraction of the area of interest can be measured. Radiation transport
simulations allow academia and industry to accurately model the effects of ionizing radiation
for a wide range of applications.

The gold standard for simulating radiation transport is the Monte Carlo method [1].
Monte Carlo is a statistical method that uses empirical and theoretical particle interaction
probability distributions to approximate the true solution. There are many different Monte
Carlo radiation transport codes, each with various features. The code used in this work
is EGSnrc, which is maintained by the National Research Council Canada. EGSnrc is
widely considered to be one of the most accurate and efficient codes for electron and photon
transport and so is often used for medical physics applications [2, 3].

This thesis is focused on the development of a tetrahedral mesh geometry library for
EGSnrc. Medical physics and related fields have historically used rectilinear voxel models
for simulating the interaction of ionizing radiation with complex geometries such as human
anatomy. However, there is growing interest in using tetrahedral mesh models for certain
kinds of simulations (such as simulations involving CAD geometries). Tetrahedral meshes
are commonly used in many engineering domains because of their ability to accurately model
a wide range of geometries using a large number of individual tetrahedrons. Unlike voxel
models, which usually have a single global resolution, tetrahedral meshes can have varying
resolution. This means complex sub-geometries can have a higher local resolution without
greatly increasing the total number of regions (and thereby the total simulation time). Some
background for this thesis follows, starting with a closer look at EGSnrc.

1



CHAPTER 1. INTRODUCTION 2

1.1 EGSnrc and egs++

The EGSnrc radiation transport code is a general-purpose software package used to simulate
the interaction of photons, electrons and positrons with matter [4]. EGSnrc is one of the
major offshoots of the Electron-Gamma-Shower (EGS) code [4]. Originally conceived at the
Stanford Linear Accelerator Center in the 1970s, EGS became widely used for radiation
transport simulations and is considered a standard reference code [5]. More recently, the
egs++ library [6] has extended the capabilities of EGSnrc by allowing users to define their
own geometry classes (among other things) in C++. A number of primitive geometries are
implemented directly (spheres, cubes, etc.), but more complex geometries are also supported
through means of combination and transformation. The open-ended design of egs++ has
facilitated the development of many useful geometry packages by the simulation community.
Some of these user-defined geometries end up being incorporated into egs++ if they are
deemed useful for a wider audience. This thesis is focused on the development of a tetrahedral
mesh geometry library for EGSnrc called EGS Mesh.

1.2 Tetrahedral mesh geometry

Because of their modelling fidelity and other useful properties, tetrahedral meshes are gaining
popularity in medical physics and related fields for modelling complex geometries, including
human anatomy [7]. Tetrahedral meshes can be obtained automatically from finite-element
mesh generators. The import of geometries designed using computer-aided design (CAD)
programs has long been a desirable feature of radiation transport codes [8] and is one of the
original motivations for this work. After meshing a CAD geometry, it can then be directly
used in transport simulations. However, creating meshes for complex geometries sometimes
requires manual intervention and tuning. Depending on the geometry, this process can take
a long time. For instance, the adult male and female models used for benchmarking by this
work took years to develop [7], but they are unusually detailed and complex models intended
for use as reference data. Other codes that allow for simulating radiation transport in tetra-
hedral mesh phantoms include MCNP6 (Monte Carlo N-Particle) [9], Geant4 (GEometry
ANd Tracking) [10], and PHITS (Particle and Heavy Ion Transport code System) [11].

1.3 Simulation phantoms

In the context of radiation transport, the term phantom means a model of the simulation’s
subject. So, a computational human phantom refers to a model of the human body used for
simulating the interaction of ionizing radiation with human anatomy. The development of
computational human phantoms for radiation transport has been an active area of research
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(a) Stylized skull (b) Voxelized skull [13] (c) Tetrahedralized skull [7]

Figure 1.1: Examples of stylized, voxelized and tetrahedralized phantoms.

for more than 50 years [12]. As safety regulations become more stringent and computing
power grows, computational phantoms become more sophisticated. Skull phantoms of in-
creasing complexity are shown in Figure 1.1. The first phantom, Figure 1.1a, is a sphere.
Early phantoms like this were composed of basic shapes. As computing power and mem-
ory were limited, phantoms that could be described using simple equations were often the
only choice [12]. The second phantom, Figure 1.1b, uses rectilinear voxel elements. Voxel
phantoms emerged in the 1980s and are still a standard format used today [14]. They offer
better modelling capability than stylized phantoms in most cases but requiring a uniform
voxel resolution means that thin geometries can have defects (e.g. the skin of one standard
voxel phantom [13] has holes due to resolution limitations) [14]. The last phantom, Figure
1.1c, represents the current state of the art: a tetrahedral mesh phantom [7]. The tetrahe-
dral mesh geometry implemented in this work is able to model complex modern tetrahedral
mesh phantoms and has recovered results comparable to those obtained using other major
transport codes.

1.4 Thesis overview

The main contributions of this thesis are:

• the development and implementation of a general-purpose tetrahedral mesh geometry
in EGSnrc,

• a preliminary verification of the implementation, and

• a comparison with benchmark results obtained using Geant4.

An overview of radiation transport using EGSnrc is given in Chapter 2. A review of
existing tetrahedral mesh geometry libraries implemented in other Monte Carlo transport
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codes is conducted in Chapter 3. Chapter 3 also surveys the history of computational human
phantoms. Chapter 4 introduces the tetrahedral mesh geometry, EGS Mesh, including all of
the necessary geometry algorithms required for its implementation. First, a naive version
is constructed, and then the final octree-accelerated version is presented with performance
results. Results of the preliminary verification work, including comparisons to existing egs++
geometries, a Fano test, and results obtained for the ICRP 145 adult reference mesh phan-
toms are detailed in Chapter 5. Future work and conclusions are given in Chapter 6.



Chapter 2

Radiation transport using EGSnrc

EGSnrc, maintained by the National Research Council Canada (NRC), is a complete overhaul
of the original Electron-Gamma-Shower (EGS) program. The EGS family of codes are used
to simulate the interaction of ionizing photons, electrons and positrons with matter [4]. Parts
of EGS are older than C, let alone C++ [15]. EGS has been widely used by the radiation
transport community ever since its initial release.

The first version of EGS was developed at the Stanford Linear Accelerator Center (SLAC)
in the 1970s [15]. It started as a revision to a program known as SHOWER, written by the
visiting German scholar H. H. Nagel [15, 16]. As fate would have it, Nagel never met the
next generation of SHOWER developers [15]. His program was apparently “recovered from
a trash receptacle” by Walter Nelson [17] and then “quickly accepted and put to immediate
use” at SLAC [15]. But SHOWER was not powerful enough for the SLAC team, and Nelson,
his collaborator Richard Ford, and others began implementing extensive changes [15]. Their
goal was “to develop the Nagel code into a general, multi-media, modularized, and versatile
form” [15]. And so, SHOWER became Electron-Gamma-Shower.

The development of EGS at SLAC continued throughout the seventies culminating in
EGS3 [15]. Next, the combined efforts of SLAC, the NRC, and the National Laboratory
for High Energy Physics (KEK) in Japan led to the next major release, EGS4 [18]. But it
was pioneering work conducted at the NRC by Kawrakow, Bielajew, Rogers and others that
resulted in the version still used today, EGSnrc [4].

EGSnrc improved upon its predecessors through the use of a new electron multiple-
scattering algorithm [19] among other advances [20, 21]. Taken together, these features
give EGSnrc its nominal 0.1% accuracy (with respect to its own cross-sections), a massive
improvement over the prior state of the art [4]. Most of the low-level EGSnrc physics routines
are written in MORTRAN3, a macro language for FORTRAN. Over the years, EGSnrc has
also introduced the use of C++ for new features. The parts of EGSnrc written in C++ are
collectively known as egs++ [6]. Nowadays, EGSnrc development efforts usually build on top
of the hardened MORTRAN and egs++ core. New developments include geometry libraries

5
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(e.g. EGS Lattice [22] for repeated cell geometries) and specialized applications such as
egs brachy [23] for brachytherapy dose calculations.

2.1 Physics overview

EGSnrc simulates the interaction of photons, electrons and positrons with matter [4]. In
EGSnrc, photons interact with matter through pair production, Compton scattering, photo-
electric absorption, and Rayleigh scattering, while electrons interact through bremsstrahlung,
positron annihilation, elastic scattering and inelastic scattering [4]. EGSnrc and other Monte
Carlo codes aim to solve the Boltzmann transport equation, which governs particle fluence.
Particle fluence, φ, is defined by the number of particles, dn, flowing through an infinitesimal
sphere with cross section dA [24]

φ = dn
dA. (2.1)

Informally, the transport equation for the time total derivative of φ, can be in written in
terms of a source term, S, particle velocity magnitude, v, and a collision term, I[φ], as [4]

dφ
dt = S + vI[φ]. (2.2)

In other words, the change in particle fluence over time depends on particles generated by
sources and particles generated or destroyed as part of the collision term. The transport
equation for a particle in terms of position, ~x, angular direction, ~Ω, energy, E, and time, t,
is

dφ(~x, ~Ω, E, t)
dt = S(~x, ~Ω, E, t) + v(E) · I[φ(~x, ~Ω, E, t)]. (2.3)

The collision term contains most of the equation’s complexity, since it represents all of the
potential atomic interactions. Because of the collision term, this is an integro-differential
equation which is intractable analytically. It is also very computationally expensive to solve
using deterministic numerical methods without approximations because of the many degrees
of freedom.

Monte Carlo offers an alternative approach, by solving the equation stochastically. Using
knowledge of particle interaction probabilities in different materials (i.e. cross-section data),
randomly generated particles are simulated one at a time to build up a statistical average of
the solution [4]. Particles take discrete steps between interactions in the simulation geome-
try. Each particle is simulated until it either leaves the geometry or all of its energy has been
deposited. Secondary (tertiary, etc.) particles that are produced by the initial particle’s
interactions are themselves tracked in the same way. Particle histories are assumed to be in-
dependent, meaning that separate histories do not influence each other [4]. Photon transport
is fairly straightforward to implement efficiently, as photons tend to have a relatively large
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mean free path between interactions [25]. Unfortunately, charged particle transport is not as
inherently efficient, as the mean free path tends to be much smaller because charged particles
continually interact with the media’s charged atomic components. As electrons (and other
charged particles) move through matter, there are usually a large number of collisions that
have a small effect on the particle and a small number of collisions that have a large effect
on the particle [25]. Being able to “condense” the less important collisions into fewer explic-
itly simulated particle steps allows for massive improvements in simulation performance [25].
This is the idea behind Berger’s foundational condensed history technique [25], which is used
by EGSnrc to simulate charged particles [4]. Berger divides condensed history schemes into
two classes. Class I schemes group all kinds of collisions together, relying on precalculated
path length data [25]. Though simple to implement, this can be a severe approximation
of reality. In contrast, Class II schemes only group less important collisions together while
simulating “catastrophic” particle collisions separately (i.e. when the particle’s energy loss
from a collision breaches some threshold value) [25]. This is the technique used by EGSnrc
[19]. As Berger notes, Class II condensed history schemes tend to be more accurate, but
unfortunately “computations become more laborious” [25]. Although the condensed history
technique was originally proposed without a strong theoretical foundation, it was widely
adopted by various Monte Carlo codes because of its demonstrated agreement with experi-
mental data [26]. Later, it was proven that the condensed history technique does indeed solve
the Boltzmann equation as the condensed history step size approaches zero [26]. Approxi-
mation errors from improper condensed history step sizes are known as step-size artefacts
[27]. The EGSnrc electron-step algorithm, PRESTA-II [19], is notable for its relative lack of
step-size artefacts compared to its predecessors [4].

2.2 The Monte Carlo method

Monte Carlo methods are an extremely general class of numerical integration methods that
work by randomly sampling points in the integration domain. Formalized by the Los Alamos
brain trust in the 1940s [28] to aid the development of atomic weapons [29], Monte Carlo
is the premier choice for accuracy and reliability in radiation transport. The world’s major
general-purpose radiation transport codes (EGSnrc, Geant, MCNP, etc.) all employ Monte
Carlo to perform their calculations.

Monte Carlo integration of a continuous function, f , works by estimating the mean
function value, f̄ . Given the mean value, the integral of f over the domain [a, b] can be then
found using the average value theorem,

f̄ = 1
b− a

∫ b

a
f(x)dx. (2.4)
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The Monte Carlo estimate of the mean function value, X̄, is found by taking the average of
N samples,

X̄ = 1
N

N∑
n=1

f(xn) ≈ f̄ . (2.5)

As the number of samples (for radiation transport: particle histories) increases, results
become more accurate. In the limit of N → ∞, Monte Carlo exactly solves the integral.
The statistical error of Monte Carlo decreases at a rate of 1√

N
, regardless of the number of

dimensions [3]. This is in contrast to other methods such as numerical quadrature, where the
convergence rate is a function of the number of dimensions [3]. As the number of dimensions
grows, Monte Carlo becomes the most efficient numerical integration method (formally, for
integrals of more than four dimensions [3]). Since electron-photon-positron transport at
a single moment in time has 18 degrees of freedom, Monte Carlo is the most appropriate
numerical integration method.

For a given Monte Carlo calculation, the simulation efficiency, ε, is defined by

ε = 1
Tσ2 , (2.6)

with calculation time, T , and estimated variance, σ2, with units of s−1 [30]. So, efficiency
improvements can either come from reducing the required calculation time or by reducing
the variance of the results. There exist a number of specialized techniques to increase Monte
Carlo simulation efficiency, while retaining high-quality results, which are known as variance
reduction techniques [31]. Some techniques make assumptions about the problem at hand,
meaning they are only valid for a subset of possible simulation inputs [32] (e.g. only being
applicable for either photons or electrons). One example of a variance reduction technique
implemented in EGSnrc is electron range rejection [4]. Given an electron’s energy, EGSnrc
can determine the maximum distance the electron can travel in a medium before falling
below the energy cutoff. If the distance to a geometry boundary is larger than the maximum
electron range, the electron’s energy is deposited in the current region and transport is
terminated without having to explicitly simulate the electron’s final steps [4]. However, this
can lead to inaccuracies in certain cases, as the electron, before being cut off, could have
emitted a bremsstrahlung photon capable of exiting the current region [4]. Whether this
is an acceptable approximation depends on the simulation, meaning some care is required
to apply range rejection without affecting results (as is usually the case for most variance
reduction techniques).

To perform a Monte Carlo calculation, a source of random numbers is required. For
practical purposes, pseudorandom number generators, implemented in software (as opposed
to truly random numbers), are employed to obtain reproducible results [33]. Pseudorandom
number generators for Monte Carlo are typically held to stringent standards. History shows
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the risks of placing too much faith in widely-used generators. In the past, “high-quality”
random number generators have been found to cause “subtle, but dramatic, systematic errors
for some algorithms” [34]. In a recent review, James and Moneta list only the generators
RANLUX [35, 36], RANLUX++ [37] and MIXMAX [38] as “suitable for use in the most
demanding Monte Carlo simulations” [33]. Of the three, RANLUX++ was considered “hard
to beat” [33] with the following caveat: since the generator was implemented directly in
assembly, portability may be an issue. This restriction has recently been lifted by Hahnfeld
and Moneta’s pure C++ implementation [39], which nearly matches the speed of Sibidanov’s
original assembly, thanks to careful optimization efforts. Both RANLUX and a simpler
generator called RANMAR are available for EGSnrc applications written in MORTRAN,
but only the RANMAR generator is currently available for egs++ applications, which could
in theory give lower-quality results than the higher-quality generators endorsed by [33].

The trust placed in the Monte Carlo method is readily justified by the method’s power
and accuracy especially compared to results obtained by alternative methods. Nevertheless,
Rogers and Bielajew warn that “Too often, systematic errors are not considered and one tends
to lend too much credence to Monte Carlo results” [40]. They note that Monte Carlo codes
are not free of programming errors (found in virtually all software), modelling inaccuracies
(arising from the limitations of the chosen physics model) and roundoff or truncation errors
inherent to floating-point math routines [40]. Since proofs of program correctness are not
realistic, statistically equivalent results obtained using multiple Monte Carlo codes are often
considered the highest standard for simulation results (assuming a lack of experimental data).

2.2.1 Uncertainty estimates

As with any Monte Carlo method, quantities such as region energy deposition calculated by
EGSnrc have an associated uncertainty value. EGSnrc uses the history-by-history technique
[41] for estimating uncertainties. Generally speaking, a history is defined as a statistically
independent event [41]. For EGSnrc, a history is “all particle tracks associated with one
initial particle” [41]. So, if a photon, emitted from a particle source, generates an electron
through photoelectric absorption, that electron belongs to the same history as the initial
photon. For a per-history calculated quantity, Xi, the uncertainty value of the mean, σX̄ ,
given N total histories is [41]

σX̄ =

√√√√ 1
N − 1

(∑N
i=1X

2
i

N
−
(∑N

i=1Xi

N

)2
)

. (2.7)

For example, the quantity of interest, X, can be energy deposition in a certain medium.
Then, the reported value will be the sum of all deposited energies, divided by particle fluence
to obtain a mean value (energy deposition per particle fluence). For each quantity, EGSnrc
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Table 2.1: Classifying relative uncertainties. Adapted from Table 7 of [42].

Relative uncertainty Meaning
> 50% Meaningless
20% to 50% Factor of a few
< 10% Generally reliable
< 5% Reliable

keeps a running total of both X and X2 for use in uncertainty calculations [41].
Time and resources permitting, it is desirable to obtain as low uncertainty values as

possible, although different applications have different uncertainty requirements. Roughly
speaking, EGSnrc is accurate up to 0.1% with respect to its own cross-section data for
multiple-scattering calculations [4]. So running simulations past 0.1% uncertainty is usually
a waste of time for the practitioner. If a quantity’s uncertainty estimate is too large, the
value is not reliable. It is important to note that the uncertainty estimate is also a statistical
value with an associated uncertainty [42]. This means that quantities with large relative
uncertainties can exhibit much greater errors than implied by just the relative uncertainty
alone [42]. Table 2.1, adapted from the MCNP documentation [42], can be used as a rough
guide. With this brief introduction to EGSnrc and the Monte Carlo method complete, the
relevant literature for the development of a tetrahedral mesh geometry library for EGSnrc
is reviewed in Chapter 3.



Chapter 3

Literature review

The EGS Mesh implementation mainly relies on experience from other radiation transport
codes that support tetrahedral mesh phantoms. First, EGSnrc and the wider ecosystem of
Monte Carlo transport codes, along with some alternative radiation transport solution meth-
ods, are considered in Section 3.1. Then, the existing tetrahedral mesh geometry libraries of
MCNP6, Geant4, and PHITS are reviewed in Section 3.2. And finally, a review of computa-
tional human phantoms (including the ICRP 145 tetrahedral mesh human phantoms [7] used
to benchmark EGS Mesh) is conducted in Section 3.3. As is shown, modern computational
human phantoms can be extremely complex, making them a good stress test for transport
codes.

3.1 Monte Carlo radiation transport codes

Along with EGSnrc, other Monte Carlo radiation transport codes include MCNP [9], Geant4
[10], PHITS [11], FLUKA [43], and PENELOPE [44]. Of these, the most widely used
are probably MCNP, Geant4 and EGSnrc. In his 2013 history of Monte Carlo radiation
transport, Bielajew notes that EGS and MCNP have been “historically dominant” while also
drawing attention to the somewhat more recent rise of Geant4 [3]. He also concludes EGS
and MCNP are “very different in nature” in that their users tend to come from different
fields, since EGS is mainly used in medical physics while MCNP also has a huge nuclear
engineering user base, thanks to its ability to simulate neutrons as well [3]. The same holds
for the other codes, in that each usually has a dedicated group of users clustered within a
certain field. In general, having many Monte Carlo codes aids verification and validation
efforts as each code can help confirm the others’ results.

EGSnrc is somewhat unusual among other modern transport codes in that it can only
simulate photons, electrons, and positrons [4]. Both MCNP and Geant4 (among others) can
simulate a wider range of particles including neutrons and protons [9, 10]. But on the other
hand, for photon and electron transport, EGSnrc is usually considered to be one of the most

11
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accurate and efficient codes, and often serves as a reference implementation [2, 45, 46].
The Monte Carlo method for radiation transport is used by a wide range of applications

and has over fifty years of research history [47]. Rogers credits “massive increases in com-
puting power per unit cost” for the method’s rise to prominence [47], since Monte Carlo is
computationally expensive. Over time, the growth in computing power has enabled the use
of Monte Carlo for an increasing number of applications. A somewhat recent example is the
development of Monte Carlo-based commercial radiotherapy treatment planning systems.
Historically, the high cost of Monte Carlo meant less accurate deterministic methods were
often used by treatment planning systems in clinical contexts [48]. But increases in simula-
tion performance and superior accuracy have led to Monte Carlo being widely accepted for
radiotherapy calculations [1]. Much progress in this area is owed to the OMEGA (Ottawa-
Madison Electron Gamma Algorithm) project of the nineties [49], which resulted in the
EGS-based radiation therapy beam simulation code BEAM [50], and successor BEAMnrc
[51].

As far as computing hardware goes, most major Monte Carlo codes are CPU-based. But
the rise of graphics processing units (GPUs) for scientific computing has also resulted in fast
GPU-based Monte Carlo codes. In 2011, Lippuner and Elbakri reimplemented the photon
transport routines of EGSnrc using the CUDA GPU programming environment and reported
up to 40 times faster performance for equivalent results [52]. More recently, the GPU-
based code ARCHER has demonstrated near real-time performance for treatment planning
calculations, while obtaining comparable results to EGSnrc [53].

The EGSnrc manual holds that Monte Carlo “is the only known solution method that
can be applied for any energy range of interest” [4]. However, the high computational cost
of Monte Carlo means alternative methods can be an attractive choice for practitioners if
simulation time and computing power are limited. Deterministic methods are the main alter-
native to Monte Carlo. Under certain conditions, deterministic methods can obtain accurate
results (usually compared to Monte Carlo as a benchmark). For example, the point kernel
method can calculate the dose from a point source along a line (neglecting scattering from
other areas) using a single equation [54]. This can be a good approximation for low-density
materials with low scattering, but is less accurate for high-density materials [54]. Another
deterministic method of recent interest are linear Boltzmann transport equation (LBTE)
solvers [55]. Instead of a stochastic solution to the Boltzmann equation, LBTE methods
numerically solve the Boltzmann equation (with some approximations) [55]. For some cases,
LBTE methods have obtained very similar results to Monte Carlo for radiotherapy calcu-
lations (within 2%) [56] and a recent review article concluded that LBTE solvers are “very
promising”, though less mature than Monte Carlo [55]. But in general, Monte Carlo is still
considered the most accurate and realistic method available today and as computing power
grows, the case for using less-accurate deterministic transport algorithms becomes weaker
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and weaker [57].

3.2 Tetrahedral meshes in radiation transport codes

As tetrahedral meshes become supported by more transport codes, a body of work has
emerged regarding their implementation and benchmarking. Of first importance are the
existing tetrahedral mesh geometries of Geant4 [10], MCNP6 [9], and PHITS [11]. Geant4
was the first to implement this feature, using a large number of individual tetrahedron
objects (G4Tets) to make up a mesh. Looking at the source code history, G4Tet was created
in 2004, so tetrahedral meshes have been technically realizable in Geant4 ever since [58].
Next came the initial MCNP6 implementation in 2012 [59], which was followed by PHITS in
2015 [60]. But much of the contemporary tetrahedral mesh geometry landscape was foreseen
by a triangle mesh geometry published in 2009 for the transport code PENELOPE. That
code, penMesh, improved on prior work from 2004 on triangle mesh transport [61] by making
great efficiency and usability improvements [62]. The penMesh geometry implementation
has a very similar design to the tetrahedral mesh geometry described in this thesis [62].
Transport acceleration is done using an octree data structure [62], and the implementation
makes use of fast ray-triangle [63], ray-box and triangle-box overlap [64] algorithms from the
computer graphics literature [62].

One of the original motivations for EGS Mesh was to simulate the interaction of ionizing
radiation with CAD geometries. Direct use of CAD geometries in transport simulations has
long been a desirable feature of radiation transport codes. Because CAD tools are so often
used to design objects used in simulations (e.g. particle accelerators), the ability to directly
simulate transport in CAD designs avoids the ostensibly redundant step of redefining the
geometry for the transport code. CAD geometry import has long been a strength of Geant4.
For example, Geant4 has had a STEP file interface for over 20 years [65], though reportedly
with limitations for complex geometries and sometimes requiring the use of commercial
software [66]. MCNP also has a similar STEP file import capability with the use of external
tools [67]. In 2012, Poole et al. implemented an alternative method for simulating radiation
transport in CAD geometries for Geant4 [66]. Instead of translating each geometry directly
into Geant4’s geometry input language, triangular surface meshes are used to represent each
volume. Such surface meshes are provided by common geometry file formats such as PLY
and STL [66]. Though elegantly achieving the goal of CAD import, transport in surface
meshes (termed “tessellated solids” by Geant4) was found to be a “performance bottleneck”,
especially for surface meshes made of many facets [68] (later on, the “DagSolid” library was
developed to accelerate surface mesh transport in Geant4 [69]). To address this issue, Poole et
al. went on to implement a tetrahedral mesh-based CAD interface [68]. They used TetGen,
a freely available mesh generator [70] to convert STL files to a tetrahedral mesh format,
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which after being read in by Geant4, was converted to a large number of G4Tet objects.
The tetrahedral mesh simulations were found to be roughly two orders of magnitude faster
than naive surface mesh simulations [68] (their implementation relied on Geant4’s “smart-
voxel” capability, a kd-tree-like partitioning method used to discretize arbitrary Geant4
geometries and accelerate particle intersection calculations [71]). Poole et al.’s conclusions
on the usefulness of tetrahedral meshes for modelling CAD geometries in Geant4 confirmed
the findings of earlier tetrahedral mesh transport research (e.g. [72, 73, 74]). So over time,
tetrahedral meshes have proven to be an efficient and accurate way to simulate radiation
transport in CAD geometries, though requiring an additional mesh generation step.

Around the same time as the Geant4 developments, work was ongoing on the MCNP
mesh implementation [75]. Again, CAD import was the goal, and again, an unstructured
mesh approach was selected out of the alternatives [75]. In addition to supporting first-order
tetrahedrons, the MCNP unstructured mesh library is also capable of modelling second-
order tetrahedrons as well as first- and second-order pentahedrons and hexahedrons [59].
The implementation uses an skd-tree to accelerate particle transport and also makes use of
mesh element face neighbour information [59]. The commercial software Abaqus CAE is
used to prepare input mesh files [59]. Unlike other codes, such as EGS Mesh, which require
a conformal mesh of first-order tetrahedrons, the MCNP implementation tries to be robust
even when there are gaps or overlap between mesh elements [76].

Finally, the PHITS tetrahedral mesh geometry implementation is considered. The PHITS
implementation uses two octrees to accelerate transport [77]. First, a volume octree con-
taining every mesh element is built, to accelerate nearest-element point searches [77]. A
surface element octree is also constructed to improve the performance of external particles
intersecting with the mesh surface [77]. This idea is also used by EGS Mesh, following the
initial PHITS implementation. However, EGS Mesh uses triangle-box overlap testing (Section
4.4.4) to check if a tetrahedron is inside a bounding box, while the PHITS implementation
tests if the element centroid or any nodes are inside the box [77]. This approach can lead to
false negatives, since tetrahedrons can still intersect a box even if none of the element nodes
or centroid are inside it. The PHITS implementation handles this possibility by continuing
to search other surrounding elements [77], though it is possible this reduces simulation per-
formance. Inside mesh elements, PHITS uses ray-plane intersections to transport particles
and also makes use of element face neighbours [77]. Of the other tetrahedral mesh geometry
implementations considered here, EGS Mesh is most similar to the PHITS implementation,
as they both use two octrees to accelerate particle transport.

A recent study comparing the performance of the ICRP 145 tetrahedral mesh phantoms
versus similar voxel geometries of varying resolution using Geant4, MCNP6, and PHITS was
conducted by Yeom et al. [78]. Relative to the voxel phantom performance, the PHITS
mesh simulations were generally faster than the voxel simulations, the Geant4 mesh simula-
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tions had mixed results, and the MCNP6 mesh simulations were generally much slower than
the voxel simulations. The authors attributed MCNP6’s relatively slow performance to the
“overly sophisticated” unstructured mesh implementation, in contrast with the specialized
tetrahedral mesh implementations of Geant4 and PHITS [78]. A later study on the per-
formance benefits of multithreading for simulating tetrahedral meshes concluded that the
Geant4 implementation had the best scaling [79]. Meanwhile, the ICRP 145 report con-
cluded that Geant4 was the fastest code for simulating photons and electrons. Relative to
Geant4, the report found that PHITS is “three to 20 times” slower while MCNP6 is “six
to 30 times” slower [7]. Performance differences can be attributed to the different transport
algorithms used in each code as well as mesh-specific implementation details.

Before moving on, it should be noted that generating a high-quality tetrahedral mesh
from surface meshes or CAD files can be a difficult process. Researchers plainly state that
“Tetrahedral meshing is a hard problem” [80]. Meshing errors are commonplace, often re-
quiring manual intervention and a skilled operator. Geometry simplification is sometimes
necessary if the mesh generator fails. Another issue is correctly associating material infor-
mation with mesh elements. But if a suitable mesh can be obtained, the resulting simulation
will probably be relatively efficient.

3.3 Computational human phantoms

Computational human phantoms are crucial for studying the interaction of ionizing radiation
with human anatomy. Many experiments are only possible by way of simulation, for obvious
reasons. As radiation simulations have become more sophisticated, so have computational
human phantoms. Calculations using the first “Reference Man” in the 1970s were thought
to be accurate to one significant figure using the methods available at the time [81]. Today,
modern phantoms offer far better predictive power. An important entity in this field is
the International Commission on Radiological Protection (ICRP), which publishes reference
material and makes recommendations to regulatory bodies [7].

In his history of the field, Xu outlines three major generations of computational human
phantoms: stylized phantoms, voxel phantoms, and most recently boundary representation
or BREP phantoms [12]. Examples of each generation are shown in Figures 1.1a, 1.1b, and
1.1c. Another review of computational human phantoms is given by Kainz et al. [82].

In the beginning (circa 1960) [12] there were the “stylized” phantoms: a set of “mathemat-
ical expressions describing idealised body organs” [14]. These stylized phantoms had “obvious
shortcomings” [12] (e.g. some stylized phantoms assumed a uniform density throughout the
phantom [83]) and their inherent defects “sometimes led to inaccurate results” [12]. Varia-
tions on standard reference data were considered out of scope at the time, with researchers
concluding that since numerical results “are often only specified to one significant figure, it



CHAPTER 3. LITERATURE REVIEW 16

is clear that minor changes in the definition to bring it into precise agreement with national
or regional averages are not warranted” [81]. Though stylized phantoms were widely used at
the time (and still used today in certain cases [84]), their limitations were the impetus for a
new cohort of researchers to improve the state of the art [12].

Voxel-based phantoms emerged in the 1980s [12], bringing “an excitement to the research
community because of their anatomical realism” [85] and have since become a standard
reference format (e.g. the “Adult Reference Computational Phantoms” of ICRP 110 [13] and
the “Pediatric Computational Reference Phantoms” of ICRP 143 [86]). Voxel phantoms are
the standard format used today and are universally considered to be a massive improvement
over stylized phantoms [12], but still have “limitations in representing organs and tissues
that are complex or very thin” [87]. These limitations mean that stylized subregions are
still required in order to perform accurate calculations for very thin organs and tissues
[88]. For example, the eye lens is at risk of cataracts from ionizing radiation [89]. But the
structure of the eye is such that the required voxelization for an accurate phantom would
make simulation prohibitively expensive [13], so stylized phantoms are recommended for this
case. For example, the widely-used ICRP 110 voxel models [13] are often enhanced using
the stylized eye model of Behrens et al. [84]. However, requiring two types of phantoms
in a single simulation complicates the setup process. Voxel phantoms also have limited
deformability, meaning that transforming a reference phantom to another posture (e.g. from
standing to sitting) is not feasible, even though it would be valuable for researchers [87].
Voxel phantom simulation is implemented in EGSnrc using the EGS XYZGeometry library
[6].

The third-generation boundary-representation (BREP) phantoms, including tetrahedral
mesh phantoms, seek to overcome the modelling fidelity and deformability limitations of voxel
phantoms [7]. Other kinds of BREP phantoms include polygonal surface mesh phantoms
[90] and phantoms composed of non-uniform rational basis splines (NURBS) [91], but these
are considered more complicated to implement in radiation transport codes (i.e. NURBS
phantoms require voxelization in order to be used by most transport codes) [92]. As a recent
example, in 2020 the ICRP released two adult tetrahedral mesh phantoms [7] as an alter-
native to their voxel reference meshes [13]. The ICRP considers tetrahedral mesh phantoms
to be “the most advanced type of computational phantoms” because of their superior mod-
elling power [7]. The phantoms were created by converting the previous generation of voxel
phantoms to a surface mesh format, which was then meshed [7]. One of the motivations for
the development of mesh phantoms was an investigation of dose to thin organs (which are
difficult to represent using uniform voxelization). A preliminary study comparing the ICRP
110 male voxel phantom to an analogous polygonal surface phantom concluded that for pen-
etrating radiation like photons and neutrons, organ doses were fairly similar [93]. But for
weakly penetrating radiation like electrons, large dose differences were found in thin organs.
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Figure 3.1: Voxelized phantom eye [13] and mesh phantom eye [7] cross-sections.

The researchers found the polygonal surface phantom had up to five times higher dose to skin
and other thin organs than predicted using the voxel phantom [93]. Development and dis-
semination work is ongoing, e.g., the ICRP has begun work on pediatric mesh-type reference
phantoms to complement the adult phantoms [94]. Researchers have demonstrated the im-
proved deformability of the phantoms over their voxel counterparts by quickly developing a
number of derived phantoms (e.g. representing the 10th and 90th percentile population height
and weight) [95]. The deformability of BREP phantoms means they are well suited to 4D
transport simulations, “in which the organs and tissue move and deform” [92]. A classic use
case for 4D simulation is to account for a patient’s lung movement, since this complication
can cause “deviations between the planned and delivered doses” [96, 97]. The increased res-
olution of the mesh phantoms meant the use of supplementary stylized phantoms for certain
organs is no longer required for most cases [7]. As an example of the difference in modelling
ability, Figure 3.1 shows the voxelized eye of ICRP 110 compared to the tetrahedralized eye
of ICRP 145. The tetrahedral mesh is much better able to represent the delicate eye tissues
and better approximates the curved eye geometry. And with the improved resolution comes
improved accuracy. The mesh eye distinguishes between the aqueous and vitreous humours,
cornea, and sensitive/insensitive lens tissues, each with its own material composition data
[7]. Meanwhile, the voxel eye only distinguishes between lens and bulb (an amalgamation of
the remaining eye tissues) [13].

The development of the phantoms was a multi-year effort. A number of papers were
written for the design of phantom organs and tissues, including:

• the alimentary and respiratory systems [98],
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• the eyes [89],

• the skin [99],

• the skeleton [100], and

• the small intestine [101].

But the work was worth it and the adult mesh phantoms have been readily accepted and
put to use by the simulation community. Researchers have already used the phantoms for

• determination of organ dose coefficients for external exposures for photons and electrons
[88], and for neutrons, protons and helium ions [102],

• dosimetry of the radiotracer 18F-FDG accounting for body size variations [103],

• proof-of-concept design of a digital tomosynthesis (low-dose x-ray imaging) device [104],

• development of over 200 body-size dependent derived phantoms [105],

• investigation of the influence of different postures (sitting, squatting, kneeling, etc.)
on dose from an external photon source [106],

• investigation of organ dose from radioactive iodine depending on thyroid location based
on the ICRP 145 mesh phantoms [107], and another study adjusted to Korean national
average reference data [108], and

• estimation of dose received by a patient by an overexposure event during a medical
procedure [109].

Even after the phantoms were initially released, development and refinement work contin-
ues. For instance, the ICRP 145 phantom teeth are modelled as a single tissue [7]. However,
some researchers are interested in separating the teeth into constituent tissues [110]. For in-
stance, tooth enamel is useful for assessing absorbed dose after exposure to radiation [111].
In order to calculate enamel doses, Shin et al. created a model of the teeth separated by
tissue, which allowed them to more accurately calculate enamel dose after embedding the
model in the reference mesh [110]. And in another recent study, researchers interested in
obtaining a more accurate understanding of liver dose developed a refined liver mesh model
including blood vessels [112] to differentiate dose to functional tissue and dose to organ blood.
They found up to a 14% difference in absorbed dose with the homogeneous ICRP 145 liver
[112], showing the importance of ever more detailed models. These examples demonstrate
the extensibility of the reference phantoms, wherein the base phantoms can be augmented
with more refined sub-models as required.
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At the time of writing, mesh-type paediatric reference phantoms have been created and
will soon be released as part of an ICRP reference document [94]. These new mesh phantoms
will complement the existing voxel paediatric phantoms of ICRP 143 [86]. In some cases
the pediatric phantoms have more complex organs than the corresponding adult phantoms.
For instance, the paediatric phantoms include a set of deciduous teeth along with their
permanent teeth (i.e. incorporating the detailed teeth model of Shin et al. [110]). Like the
adult phantoms, the development of certain paediatric phantom organs and tissues have also
merited publications [113, 114]. Hybrid phantoms made from combining the mesh phantoms
with patient CT scans have also been created [115].

However, this new generation of phantoms is not yet the final word in modelling accuracy.
In their review paper on Monte Carlo-based internal dosimetry, Fum et al. caution that
organ dose “depends more on the location and shape of the organ rather than on the organ
volume” [116], so just scaling the phantoms by volume may introduce significant errors for
specific individuals. They see “internal organ displacement or reshaping” as the next step
in the development of patient-specific phantom design [116]. This comes with a new set of
challenges, as non-trivial phantom modifications are currently very labour-intensive.



Chapter 4

Tetrahedral mesh geometry: EGS Mesh

EGS Mesh is a tetrahedral mesh class defined in C++. The implementation includes basic
tetrahedral mesh geometry routines (such as finding the closest point on a plane), and
the necessary EGS BaseGeometry interface methods. The EGS BaseGeometry interface is
accelerated using an octree.

Simple code is preferred, even at the cost of some performance. Keeping the code base as
small as possible eases the future maintenance burden and simplifies debugging. But since
EGS Mesh simulations can run for days on end, performance is also an important feature.
Because EGS Mesh is a general-purpose library, only optimizations that apply to most meshes
are considered. Advanced users can modify the library to achieve higher performance than
the reference version in certain cases. As a concrete example, the egs++ method isWhere,
which returns the bounding region for a particle, is accelerated using an element octree. This
improves performance for virtually all meshes. But, if the particle source location is known
beforehand to be inside a certain element, it could be faster to maintain a cache of nearby
elements to check before conducting a full octree search.

First, the egs++ geometry interface is introduced in Section 4.1. Basic tetrahedral mesh
geometry algorithms are then defined in Section 4.2. A naive geometry implementation which
satisfies the egs++ interface is given in Section 4.3 and then the final accelerated version is
given in Section 4.4. EGS Mesh performance tests are conducted in Sections 4.5, 4.6, and 4.7.
EGS Mesh memory requirements are discussed in Section 4.8.

4.1 The egs++ geometry interface

The design of the egs++ geometry library allows for user-defined geometry packages [6]. All
egs++ geometries must inherit from the abstract base class EGS BaseGeometry to properly
interface with the EGSnrc physics engine [117]. The egs++ documentation is a valuable
resource for would-be geometry implementers and contains many useful notes and examples
[6]. Over the years, EGSnrc maintainers and users have developed special-purpose geometries

20
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that are best suited to their requirements. A recent example is EGS Lattice, a library for
simulating a large number of repeated cell geometries [22].

EGSnrc geometries are divided into regions, each of which may be composed of a dif-
ferent medium (e.g. water, air, etc.). One widely used geometry with multiple regions is
EGS XYZGeometry. EGS XYZGeometry divides the domain into hexahedral elements (voxels),
just as EGS Mesh divides the domain into tetrahedral elements. The most important required
methods of the EGS BaseGeometry interface are:

• isWhere: given a point, return the enclosing geometry region, if any,

• hownear: determine the minimum distance from a point to a geometry region boundary
along any direction (used both internally and externally),

• howfar: determine the minimum distance from a point to a geometry region boundary
along a given direction (used both internally and externally), and

• medium: given a geometry region index, return the medium of that region.

There also are some other, technically necessary, methods that are trivial to implement:

• inside: an obsolete method equivalent to isWhere,

• isInside: determines whether a given position is inside the geometry (simplified case
of isWhere), and

• getType: returns the type of this geometry as a string.

And finally, all derived geometries have to set EGS BaseGeometry::nreg to the number of
regions in the derived geometry so that the regions method returns the correct number
[117]. At the time of writing, EGS Mesh stores the following data explicitly:

• node coordinate vectors,

• element node offsets,

• element tags,

• element neighbour offsets,

• element face normal vectors,

• element boundary flags, and

• element medium offsets.
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Figure 4.1: Detecting if a point is in front of a plane.

4.2 Tetrahedral mesh geometry basics

Before implementing the EGS BaseGeometry interface, there are a number of basic geometry
algorithms that are required. Then, the actual algorithms are implemented in terms of these
geometry primitives. For example, the hownear method returns the absolute distance to a
geometry boundary [4], which means the implementation will require a number of closest-
point geometry routines. As another example, the howfar method returns the distance to
the geometry given a particle position and direction vector [4], so ray-geometry intersection
algorithms are also required. This section relies heavily on Ericson’s textbook [118]. The
primitive geometry methods considered here are:

• detecting if a point is in front of a plane (used by isWhere),

• distance from point to plane (used by hownear),

• closest point on triangle to point (used by hownear),

• ray-plane intersection (used by howfar),

• ray-triangle intersection (used by howfar), and

• finding neighbouring elements (used to reduce the element search space).

4.2.1 Detecting if a point is in front of a plane

Given a plane defined by a normal, ~n, and a point, ~a, the goal is to find whether the query
point, ~p, is in front of the plane (i.e. whether the normal points toward ~p). The geometry
is shown in Figure 4.1. For all points not on the plane, the plane divides space into two
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Figure 4.2: Distance from a point to a plane.

halfspaces. An arbitrary point, ~p, is in the plane’s positive halfspace if the normal points
towards it and in the negative halfspace if the normal points away

~n · (~p− ~a)


< 0 if ~p is in the negative halfspace

= 0 if ~p is on the plane

> 0 if ~p is in the positive halfspace

(4.1)

For the four triangular faces of a tetrahedron with vertices ~a, ~b, ~c, ~d, Section 5.1.6 of [119]
shows how a precalculated face normal is not required to determine whether a given point
is outside a triangle’s face plane. For a triangle face with vertices, ~a, ~b, ~c, the fourth vertex,
~d, can used to orient the query. If the dot products (~d − ~a) · ((~b − ~a) × (~c − ~a)) and
(~p−~a) · ((~b−~a)× (~c−~a)) have the same sign, ~p and ~d both lie on the same side of the plane.
Otherwise, they are on opposite sides of the plane.

4.2.2 Distance from point to plane

The objective is to find the shortest distance, d, from a query point, ~p, to the plane. The
plane is defined by a normal, ~n, and plane point, ~a. The geometry is shown in Figure 4.2.
Intuitively, the shortest distance to the plane will always be along the plane’s normal vector.
The distance in terms of the normal’s magnitude, ‖n‖, can be found by projecting the vector
~pa onto the negative normal vector −~n (towards the plane). This projection is the dot
product between the two vectors [118],

d = −~n · ~pa‖~n‖ . (4.2)
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Figure 4.3: Closest point on a triangle for a given point.

After assuming a unit normal, (i.e. ‖~n‖ = 1) and taking the absolute value of the distance,
|d| (as required by the hownear specification [4]), the equation becomes

|d| = |~n · ~pa|. (4.3)

Inside a tetrahedron, this routine can be used to find the minimum distance to the tetrahe-
dron surface by calculating the distance to each face plane and taking the minimum value.

4.2.3 Closest point on triangle to point

The objective is to find the closest point, ~x, on the triangle with vertices ~a, ~b, ~c, for a query
point, ~p. The geometry is shown in Figure 4.3. The implementation from Ericson [119] uses
the concept of Voronoi regions. Essentially, the Voronoi region of a triangle feature is the
space bounding all points which are closest to that feature [119]. The closest point is then
found by projecting onto the corresponding triangle feature. So, the Voronoi region of vertex
~a is the space containing all points that are closer to ~a than to any other triangle feature.
There are seven Voronoi regions for a triangle: three vertex regions, (~a, ~b, ~c), three edge
regions, (~ab, ~bc, ~ca), and the region inside the triangle itself. The triangle Voronoi regions
are defined in terms of negative halfspaces (4.1). A point, ~p, is in the Voronoi region of
an arbitrary triangle vertex, ~v0, if the following conditions are true given the other triangle
vertices, ~v1 and ~v2,

(~p− ~v0) · (~v1 − ~v0) < 0,
(~p− ~v0) · (~v2 − ~v0) < 0.
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For example, the test for containment in the Voronoi region of vertex b is

(~p−~b) · (~a−~b) < 0,
(~p−~b) · (~c−~b) < 0.

Now for the edge Voronoi regions. For a triangle edge, ~e = ~v1 − ~v0, it is necessary that ~p is
in the positive halfspaces of the two planes defined using the edge vertices [119]

(~p− ~v0) · (~v1 − ~v0) > 0,
(~p− ~v1) · (~v0 − ~v1) > 0.

In addition, the point must be outside or on the edge (otherwise it is within the triangle).
This can be checked using the following “triple product” equation [119] making use of the
triangle normal, ~n,

~n · ((~v0 − ~p)× (~v1 − ~p)) ≤ 0. (4.4)

For example, ~p is in the Voronoi region of edge ~ab if the following holds

(~p− ~a) · (~b− ~a) > 0,
(~p−~b) · (~a−~b) > 0,

~n · ((~a− ~p)× (~b− ~p)) ≤ 0.

Then, if a point is in an edge region, the closest point, ~x, is found by projecting onto the
edge. The parametric equation of an edge from ~a to ~b is [119]

P (t) = ~a+ t(~b− ~a), (4.5)

where t scales the direction vector, ~ab. The value of t in terms of real distance (not just in
terms of ‖~ab‖) corresponding to the projection of ~p onto the edge is [119]

t = (~p− ~a) · (~b− ~a)
‖~b− ~a‖2

, (4.6)

which can then be substituted back into the parametric edge equation to find the closest
point on the edge.

Finally, if the point does not belong to any vertex or edge Voronoi regions, it must lie
inside the triangle and the closest point is found by projecting onto the triangle. Barycentric
coordinates are used to determine this closest point. In the barycentric formulation, an
arbitrary triangle point, ~q, can be expressed as a weighted sum of the three triangle vertices,
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~a, ~b, and ~c, with respective weights, w, u and v

~q(w, u, v) = w~a+ u~b+ v~c. (4.7)

Each weight can be found using the triple products, Ti, already calculated for each edge (4.4)

w = Ta

Ta + Tb + Tc

,

u = Tb

Ta + Tb + Tc

,

v = Tc

Ta + Tb + Tc

.

with Ta, Tb, and Tc given by

Ta = ~n · ((~b− ~p)× (~c− ~p)), (4.8)
Tb = ~n · ((~c− ~p)× (~a− ~p)), (4.9)
Tc = ~n · ((~a− ~p)× (~b− ~p)). (4.10)

The actual implementation makes use of Ericson’s efficient reformulation of these equa-
tions to minimize the number of floating point operations (see Section 5.1.5 of [119]).

4.2.4 Ray-plane intersection

Given a plane defined by a unit normal vector, ~n, and plane point, ~a, the goal is to find the
distance, d, to the intersection point, ~x, if any, with the ray defined by the particle position,
~p, and direction vector, ~u. In practice, the particle direction vector is normalized by the
EGSnrc implementation. The geometry is shown in Figure 4.4. The intersection point, ~x,
with the ray can be described using the parametric ray equation [118],

~x = ~p+ t~u. (4.11)

A positive t value means the ray is pointing towards the plane, and a negative t value
means the ray is pointing away from the plane. So, only positive t values are considered
valid intersections. Since ~x is on the plane, the vector from another plane point, ~a, to ~x is
perpendicular to the plane normal, so the dot product between the two vectors is zero

~n · (~x− ~a) = 0. (4.12)
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Figure 4.4: Ray-plane intersection.

Substituting (4.11) for ~x and isolating for t yields

~n · (~p+ t~u− ~a) = 0
~n · ((~p− ~a) + t~u) = 0
~n · ~ap+ t(~n · ~u) = 0 (dot product is distributive)

t = −~n · ~ap
~n · ~u . (4.13)

If ~u is normalized, t = d since t is the intersection distance in terms of ‖u‖. So assuming a
unit ~u, the distance, d, is obtained

d = −~n · ~ap
~n · ~u . (4.14)

This final equation includes a negative sign, which implies a signed distance value. One can
confirm that the equation returns a positive distance under regular conditions. If the point,
~p, is in front of the plane, ~n · ~ap is positive. If ~u is pointed towards the plane, ~n ·~u is negative.
The two negative signs cancel out, returning a positive distance

d = −~n · ~ap
~n · ~u ,

d ≈ (−)(+)
(−) ,

d ≈ (+).

Since there is a division by ~n · ~u, it initially appears that care must be taken to avoid cases
where the particle velocity is perpendicular to the normal and the dot product is zero (i.e.
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Figure 4.5: Ray-triangle intersection.

the particle is travelling parallel to the plane). In the EGS Mesh implementation, a non-zero
check is performed before carrying out the division. If the two vectors are perpendicular,
there is considered to be no intersection (even if the particle lies on the plane and is travelling
perpendicular to it, which would imply infinite intersection points). Other implementations
choose to rely on IEEE 754 infinity arithmetic [120], which returns the conventional answer
of no intersection in this case, to avoid a branch (see Section 5.3.1 of [119]).

4.2.5 Ray-triangle intersection

The objective is to find the distance, d, to the intersection point, ~x, on the triangle with
vertices ~a, ~b, ~c, for the particle with position, ~p, and direction, ~u. The geometry is shown
in Figure 4.5. EGS Mesh uses the standard Möller-Trumbore intersection algorithm [63].
Möller-Trumbore again uses barycentric coordinates (introduced in Section 4.2.3) for an
efficient implementation [63]. For all points inside the triangle, the barycentric weights are
normalized, so w + u + v = 1. Rewriting w in terms of u and v yields the conventional
barycentric coordinate equation for a triangle

~q(u, v) = (1− u− v)~a+ u~b+ v~c. (4.15)

Substituting the parametric ray equation (4.11) for the intersection point ~q on the triangle
from (4.15) yields the following to be solved (one should note the difference between u, the
weight, and ~u, the direction vector)

~p+ t~u = (1− u− v)~a+ u~b+ v~c. (4.16)
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Collecting like terms yields

p+ t~u = (1− u− v)~a+ u~b+ v~c,

p+ t~u = ~a− u~a− v~a+ u~b+ v~c,

~p− ~a = −t~u− u(~b− ~a) + v(~c− ~a).

Isolating for the three unknowns t, u, and v leads to this matrix equation

~p− ~a =

 −~u, ~b− ~a, ~c− ~a



t

u

v

 . (4.17)

There are three linear equations and three unknowns, so Cramer’s rule [63] can be applied
to directly solve the system in terms of matrix determinants where ~b − ~a = ~E1, ~c − ~a = ~E2

and ~p− ~a = ~T


t

u

v

 = 1
det

[
−~u, ~E1, ~E2

]


det
[
~T , ~E1, ~E2

]
det

[
− ~u, ~T , ~E2

]
det

[
− ~u, ~E1, ~T

]
 . (4.18)

There are four 3 by 3 matrix determinants to calculate. The determinant of a 3 by 3 matrix
[ ~A, ~B, ~C] can be found using one cross product and one dot product [118]

det
[
~A, ~B, ~C

]
= ~A · ( ~B × ~C). (4.19)

Rewriting (4.18) with this formula yields

t

u

v

 = 1
−~u · ( ~E1 × ~E2)


~T · ( ~E1 × ~E2)
−~u · (~T × ~E2)
−~u · ( ~E1 × ~T )

 . (4.20)

Finally, these two cross-product identities [118]

~A · ( ~B × ~C) = ( ~A× ~B) · ~C, (4.21)
~B × ~C = −(~C × ~B), (4.22)
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are used to rearrange (4.20) until there are only two cross products (~P = ~u × ~E2 and
~Q = ~T × ~E1) required to calculate all four determinants,


t

u

v

 = 1
−~u · ( ~E1 × ~E2)


~T · ( ~E1 × ~E2)
−~u · (~T × ~E2)
−~u · ( ~E1 × ~T )

 = 1
~P · ~E1


~Q · ~E2
~P · ~T
~u · ~Q

 . (4.23)

If u > 0, v > 0 and u + v ≤ 1, there is an intersection and t is the signed intersection
distance. Only positive values of t (i.e. along the direction vector ~u) are considered valid
intersections. Before calculating any of the unknowns, the divisor, ~P · ~E1, is compared to
a small epsilon range around zero. If it is too close to zero, there is no intersection and
the routine exits early [63]. Another version of these equations using the triangle normal is
described by Ericson (Section 5.3.6 [119]), which could improve performance over the current
version, since EGS Mesh already precalculates triangle normals.

Though efficient, this algorithm is not watertight at the edges, meaning valid intersections
can be missed due to floating point roundoff error [121]. Woop et al. have designed a water-
tight ray-triangle intersection algorithm for single precision floats [121] using the guarantees
of the floating point math standard IEEE-754 [120]. This watertight algorithm has not yet
been implemented for EGS Mesh, so its relative performance for this use case is unknown,
though, by the authors’ measurement, it is “at most 10% slower than Möller-Trumbore” for
rendering scenes with tens of millions of triangles [121]. Their 32-bit implementation relies
on a double-precision fallback case [121], which might necessitate the use of 128-bit floats for
a fully conservative double-precision EGS Mesh implementation. For the initial implementa-
tion of this thesis, the simpler Möller-Trumbore algorithm was selected, but the watertight
algorithm exists and may prove a superior choice (see also Section 4.3.3 and Section 6.6).

4.2.6 Finding neighbouring elements

To increase simulation efficiency, element face connectivity (i.e. element neighbours) is de-
termined and stored. When a particle is in a tetrahedron, the four element faces need to
be checked for intersection with the particle path. When the particle crosses a face, the
new element can be immediately determined thanks to the stored connectivity information
and passed back as the new region number to the EGSnrc physics engine (there are some
exceptions due to floating point errors, see Section 4.3.4). In the case of a boundary element,
the particle may also leave the mesh if exiting through a boundary face. The internal case
of howfar benefits the most from this optimization (Section 4.3.4).

Determining tetrahedron face connectivity is done once at the start of the simulation,
so performance is less critical than for core simulation routines such as howfar. There
exists a straightforward quadratic algorithm to determine tetrahedron (and more generally,
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finite-element) face connectivity. This quadratic algorithm is shown in Algorithm 4.1.

Algorithm 4.1 Quadratic finite-element neighbour-finding algorithm
for element i of elements do

for face fi of i do
for element j of elements, i 6= j do

for face fj of j do
if fi = fj then

neighbours[i][fi]← j
end if

end for
end for

end for
end for

Nevertheless, time-to-simulation is an important metric for users, as certain errors may
only be detected after simulation start-up has completed. The increasing cost of a quadratic
algorithm is especially bad for larger meshes of interest, such as the eight-million element
ICRP 145 meshes [7]. For this reason, an efficient algorithm was selected over the naive
quadratic one. This algorithm is described in Löhner’s Applied CFD Techniques [122] and
shown in Algorithm 4.2. This algorithm shrinks the search space by only considering other
elements as neighbour candidates if they share a face point.

Algorithm 4.2 Linear finite-element neighbour-finding algorithm
for element i of elements do

for node n of i do
nodes2elts[n].push(i)

end for
end for
for element i of elements do

for face fi of i do
n ← fi.nodes[0] . Pick an arbitrary face node
for element j of nodes2elts[n], i 6= j do

for face fj of j do
if fi = fj then

neighbours[i][fi]← j
end if

end for
end for

end for
end for

The actual implementation has some further optimizations compared to the pseudocode
of Algorithm 4.2: if j is found to be a neighbour of i, then i is also a neighbour of j, and
one can skip elements that have already had their neighbours determined in this way.
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4.3 Naive egs++ mesh geometry implementation

With these basic geometry routines in hand, a naive implementation of the egs++ interface for
the mesh geometry is realizable. Since each tetrahedron has four triangular faces, tetrahedral
geometry routines can be built using the triangle routines as primitives. However, care is
required to avoid robustness issues, especially for the howfar implementation.

4.3.1 isWhere

The isWhere routine returns the bounding geometry region index of a given point or -1 if the
point is outside the geometry [4, 117]. As this is a true or false answer for each element, exact
distances need not be calculated. Given these parameters, the algorithm from Section 4.2.1
suffices. In the EGS Mesh implementation, triangle face normals point inwards (their direction
is swapped if called by the EGSnrc visualization tool egs view). If all four tetrahedron face
normals are directed towards the point, the point is inside the tetrahedron. For the naive
implementation, brute-force search over all elements is used. Though easy to implement, this
method has terrible performance: linear in the number of mesh elements, O(n). The worst
case occurs when the query point is outside the mesh. Every mesh element must be checked
before it is concluded the point is not inside the mesh, which is an issue for simulations with
external particle sources. This implementation is improved upon in Section 4.4.5.

4.3.2 hownear

The hownear method is used to find the minimum distance to a geometry boundary in
any direction for a given point, ~x. A geometry region number, i, is also provided. If
i = −1, hownear must find the minimum distance to a geometry surface from outside,
which can be expensive for an arbitrary mesh. Roughly speaking, both EGSnrc electron
step algorithms, PRESTA-I [123] and PRESTA-II [21], rely on hownear to decide whether
to use multiple- or single-scattering [4]. If possible, multiple-scattering is preferred because
of its better performance (usually an order of magnitude faster than single-scattering). If
the particle is close to a boundary and hownear returns a small distance, the algorithm
switches to single-scattering mode if the exact boundary crossing algorithm is used (see
Section 3.6 of [4]). This will not negatively impact simulation accuracy, because single-
scattering is more accurate than multiple-scattering. Therefore, even a trivial hownear
implementation suffices to perform simulations. If implementing hownear is too difficult
or if the resulting performance is too slow, geometry implementers can return 0.0 for all
cases, forcing the electron transport algorithm to assume it is always near a boundary [4].
However, to use multiple-scattering, a fast hownear implementation is required. A less
drastic implementation choice than returning 0.0 in all cases is to instead return a lower
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Figure 4.6: Tetrahedral mesh internal hownear geometry.

Figure 4.7: Tetrahedral mesh external hownear geometry.

bound on the distance to a boundary in any direction (see Section 3.6 of [4]). This is what
is done by the accelerated EGS Mesh hownear implementation below in Section 4.4.6. But
first, a naive implementation of hownear for an arbitrary tetrahedral mesh is considered.

If the particle is inside the mesh (i.e. i 6= −1), then the particle is assumed to be inside
region i that was passed into hownear (there are rare cases where the exact position of the
particle and region disagree because of floating point issues, but this is neglected). Then,
the minimum distance to a boundary is the minimum distance to the four tetrahedral faces.
The implementation calculates the distance to each triangle’s plane using (4.3) from Section
4.2.2 and returns the minimum distance. The four required plane distances, d0, d1, d2 and
d3 are shown in Figure 4.6. If the particle is outside the mesh (i = −1), then a search over
all mesh surface faces is required. The minimum distance to a surface face is stored and
updated as the search progresses. Unlike for the internal case, the plane distance equation is
not applicable here since the closest point on the plane could be outside the triangle bounds.
Instead, the slower triangle-point minimum distance algorithm introduced in Section 4.2.3
is used. The external hownear geometry is shown in Figure 4.7. The number of surface
elements is typically much less than the total number of elements, so at least a full mesh
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Figure 4.8: Tetrahedral mesh external howfar geometry.

search is not necessary. For example, the ICRP 145 adult male phantom [7] has over 8× 106

elements, but only around 9× 104 surface elements. However, this naive implementation
is still extremely slow since hownear is called many times during electron transport. To
summarize, the naive implementation has good, constant-time, performance for the internal
case and slow (linear in the number of surface elements) performance for the external case.
External hownear performance is improved upon in Section 4.4.6.

4.3.3 howfar (external)

The howfar method is generally the most complex routine to implement for a new EGSnrc
geometry [4]. Given a particle position, ~p, and normalized direction, ~u, howfar must find
the intersection distance, ti, with the next geometry boundary. The intended step size, t, is
passed into howfar and if there is an intersection with distance ti < t, t is lowered to ti. If
the particle will enter a new geometry region after the step, the new region number should
also be returned. Like for hownear, there are two cases: external and internal. The external
howfar geometry with particle position, ~p, direction, ~u, and intersection point, ~x, is shown
in Figure 4.8. The naive implementation requires a loop over all surface elements, like the
naive external hownear algorithm. Every surface face of each tetrahedron is checked for an
intersection. Ending the search when the first intersection is found is not possible, since
there could exist a closer intersection given a concave mesh. Like the external hownear case,
the performance of the naive external howfar mesh routine is linear in the number of mesh
surface elements. However, it turns out that naive howfar is simpler and potentially faster
than naive hownear, since many surface elements can be quickly determined to not intersect
the particle during the howfar calculation. Meanwhile, hownear has to find the distance to
every surface element, even in cases where the particle is moving away from the element in
question.

For the external case, the Möller-Trumbore ray-triangle intersection algorithm [63] from
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Figure 4.9: Tetrahedral mesh internal howfar geometry.

Section 4.2.5 is used. The performance and simplicity of this algorithm are its strengths.
However, Möller-Trumbore is not watertight at the edges and vertices, meaning valid inter-
sections can be missed due to floating point issues, resulting in false negatives [121]. The
amount of false negatives will depend on the mesh and source position. As an estimate of
the false negative rate, Woop et al. designed a test case with a ray source shooting 108

rays inside a fully enclosing sphere mesh [121]. For a mesh of 4× 104 triangles, there were
around 40 missed intersections, and for a mesh of 4× 106 triangles, there were around 340
missed intersections [121], meaning the respective false negative rates were 0.00004% and
0.00034%. Based on these numbers and given EGSnrc’s nominal accuracy of 0.1% [4], the
presence of false negatives should not have a noticeable effect on the end result of typical
EGS Mesh simulations, but it is possible that certain meshes have higher false negative rates.
As an aside, a useful extension to this work would be the implementation of a watertight
triangle-ray intersection algorithm from the literature [121] and using it to measure the false
negative rate of Möller-Trumbore for a complex mesh such as the ICRP 145 phantoms [7]
(see Section 6.6). The performance of this naive howfar implementation is improved upon
in Section 4.4.7.

4.3.4 howfar (internal)

The internal howfar case is similar to the external case, except the current bounding mesh
region of the particle is also known. The geometry with particle position, ~p, direction, ~u,
and two tetrahedral geometry regions, i and j, is shown in Figure 4.9. The particle is in
region i, and will be transported along ~u until it intersects the triangular face between i and
j. After the step ends, the particle is now considered to be in j and transport continues.
Since EGS Mesh precalculates tetrahedron neighbours, it might be concluded that given a
face intersection the next geometry region is known immediately (Section 4.2.6). Although
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usually true, this is not always the case, since the particle might exit the current tetrahedron
exactly through a vertex or edge into a tetrahedron other than the immediate face neigh-
bours. Another possibility is that calculating the distance to a boundary results in numerical
undershoot, where the particle is considered to have exited through a face after a howfar
step, but it actually remains geometrically inside the previous region [124]. Overshoot is also
possible, given very thin neighbouring tetrahedrons or intersections near a vertex or edge.

Bielajew has considered both undershoot and overshoot for numerous quadric geometries
in the context of EGS [124] and gives implementation and error-recovery advice for common
shapes such as spheres, planes, cones, etc. The exact recommendations are not immediately
applicable to a tetrahedral mesh geometry, but they have been very helpful in developing the
actual implementation. In particular, the recommended error-recovery method for quadrics
is to return 0.0 as the step distance if a particle is not inside the expected region. For a
tetrahedral mesh, this has been observed to lead to an infinite loop if a particle is exactly
coincident with a mesh vertex or edge. Thanks to numerical issues, particles exactly on the
vertex or edge can be considered part of multiple tetrahedrons at once, causing the proposed
recovery process to loop forever if care is not taken.

To avoid truncation errors at geometry boundaries, a lower bound on the minimum value
of howfar, tmin, is introduced as well. This is slightly different than an enforced minimum
step, as if the EGSnrc physics engine decides to transport a particle by a step smaller than
tmin, it will not be modified by the mesh howfar implementation. Instead, if the mesh howfar
calculation returns a distance result, t, less than tmin (which can occur for a degenerate
calculation), t is raised to tmin and transport continues. In the current implementation,
tmin = 10−10 cm, or one picometre. This value was chosen since tens of picometres is roughly
on the order of an atomic radius measured in angstroms (1 pm = 0.01 Å) [125], yet 10−10 is
large enough to avoid floating point truncation errors of the same magnitude when performing
additions or subtractions with floating point numbers with magnitude similar to those used
by typical simulations. The current value of tmin may not be optimal and can be refined
later on with justification.

The nature of floating point means that a small number added to a large number may
be swallowed up by rounding error [126]. This means choosing a tmin value that is too small
will fail to allow the particle to move far enough so regular transport can resume. Using
the guarantees of IEEE 754 [120], the neighbourhood where tmin becomes too small can be
found. The standard model of floating point arithmetic is [126]

fl(x op y) = (x op y)(1 + δ), |δ| ≤ u, op = +,−, ∗, /, (4.24)

where fl(a) is the floating point representation of a real number, a, and u is the unit roundoff
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specific to the floating point number system with base, β, and precision, t,

u = 1
2β

1−t. (4.25)

For double precision floats with base β = 2 (binary) and precision t = 53, u is

u = 1
221−53 = 2−53 = 1.110 223 025 . . . × 10−16. (4.26)

Specific values of u are also called the machine epsilon, εm [127]. In other words, the standard
model says the rounding error on the floating point result of x op y in double precision is
bounded by |εm · (x op y)|

fl(x op y) = (x op y)(1 + δ), |δ| ≤ εm, op = +,−, ∗, /.
⇒ fl(x op y) ∈ [(x op y)(1− εm), (x op y)(1 + εm)]

(4.27)

As a concrete example, double precision addition with an arbitrary number, x, and
minimum step value, tmin, is considered. The error, δ, on the result is bounded by (4.27)

δ ≤ |x+ y| · εm

δ = |x+ y| · εm (worst case)
δ = |x+ tmin| · εm. (4.28)

Then, one can find the neighbourhood of x where the error can equal tmin,

δ = tmin = |x+ tmin| · εm

⇒ |x| = tmin

εm

− tmin (tmin > 0). (4.29)

For illustration, one can pick a much too small value of tmin for most purposes (e.g. tmin =
εm),

|x| = εm

εm

− εm

|x| = 1− εm

|x| ≈ 1. (4.30)

Therefore, when |x| is near 1, rounding error could completely cancel out the floating point
addition with tmin, i.e. x + tmin = x. One can then find the approximate magnitude of x
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where floating point addition rounding errors approach tmin = 10−10, as used by EGS Mesh

|x| = tmin

εm

− tmin

|x| ≈ tmin

εm

|x| ≈ 900720. (4.31)

Since EGSnrc uses centimetres internally, this corresponds to roughly 9 km, which is much
larger than the typical mesh simulated by EGS Mesh (e.g. the ICRP 145 phantoms are 200 cm
tall). As long as meshes are on the order of metres or smaller and near the origin (i.e. not
9 km away), this tmin value should be sufficient to avoid an infinite loop due to rounding
error.

For robustness, Möller-Trumbore is not used for the internal case, as edge and vertex
intersections can be missed. As far as the EGSnrc geometry interface is concerned, this
should be impossible if the particle is inside a tetrahedron. Though the same issue is present
for the external case, a false negative for an external intersection calculation means the
next particle is simulated and the simulation continues. An early version of EGS Mesh us-
ing Möller-Trumbore for the internal howfar implementation was prone to infinite loops if
an intersection could not be found, requiring a fallback case using ray-plane intersections
(Section 4.2.4). Ray-plane intersections are watertight, guaranteeing a intersection if the
particle is inside the four face planes. But since ray-plane intersections are required with or
without Möller-Trumbore for a conservative implementation, the routine was redesigned to
use ray-plane intersections from the start. Quantities obtained from the ray-plane intersec-
tions are also useful for recovering from region-position mismatch errors, as is shown later
on. Using ray-plane intersections to calculate polygon face intersections is a well-known and
straightforward method (see [128]).

The final implementation uses thick planes (or fuzzy planes) for each tetrahedron face. A
particle can be considered part of an element if it is close enough to the element (i.e. d < ε

for some small ε value). For consistency, ε = tmin, (the minimum howfar bound previously
discussed). Four ray-plane intersections are tested using (4.14). There are three potential
cases depending on the results of the intersection tests. Figure 4.10 shows each case in 2D
for clarity. Case 1, shown in Figure 4.10a, is the “normal” case, where the signed distance
from (4.2) to each tetrahedron face plane is positive. Since each distance is positive, the
particle is strictly inside the element and can be transported using the minimum distance
of the ray-plane intersection equation (4.14) for each side. This is the fast path. Case 2
(Figure 4.10b) uses thick planes to try and transport the particle as if it was inside the
element. Since EGSnrc provides the element number the particle is supposed to be inside,
boundary crossing calculations are assumed to have occurred already. For example, the
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(a) Inside the element (b) Within a thick plane (c) Outside the thick plane

Figure 4.10: Three cases of an interior howfar method using thick planes.

previous howfar step may have resulted in the particle being slightly outside the destination
element due to numerical undershoot [124]. If the particle is close enough to the element (i.e.
the magnitude of the minimum negative signed distance to a face plane is smaller than ε) and
the particle is not travelling away from the thick plane face, transport continues as in Case
1 using the ray-plane intersection algorithm. Finally, Case 3 is an error-recovery case (i.e.
the slow path). If the particle is outside the assumed element’s thick planes or the particle
is travelling away from the element entirely, the particle can no longer be considered inside
the assumed element. To recover, the particle is shifted by tmin and a search is conducted
to find the actual element the particle is inside. First, the immediate element neighbours
are checked, and then a general search using isWhere is conducted if the particle is not in a
neighbouring element. Since this occurs fairly rarely and the final isWhere implementation
is accelerated using an octree, this case has been observed to have negligible impact on
overall performance. An alternative approach is to ignore floating-point issues, as most of
the particles will not fall into the last two cases. However, this more conservative algorithm
was chosen for the first implementation in an effort to be as accurate as possible.

4.3.5 medium

In the mesh input file, each tetrahedron has an assigned medium. During EGS Mesh setup,
the EGS BaseGeometry::addMedium method [117] is used to add each unique medium to the
list of known media. The corresponding medium offset index is stored for each element and
is used to implement the medium interface.

4.4 Accelerated egs++ mesh geometry implementation

With the naive implementation complete, the final accelerated version of EGS Mesh is now
considered. One should note however, that the naive version, though slow, fully implements



CHAPTER 4. TETRAHEDRAL MESH GEOMETRY: EGS MESH 40

the required EGS BaseGeometry interface. Turning off the acceleration features and compar-
ing to the naive brute-force implementation can aid debugging and development. However,
there are huge performance gains from acceleration that are necessary for EGS Mesh to have
competitive performance with the other transport code mesh implementations.

4.4.1 Octree partitioning

EGS Mesh uses octrees to accelerate its geometry routines. Given a global axis-aligned bound-
ing box, octrees recursively divide the box into smaller boxes [129]. Octrees are a relatively
simple example of what the ray-tracing community calls a spatial partitioning technique
[130]. Other spatial partitioning techniques include kd-trees and BSP trees (both considered
generalizations of the plain octree). It is possible that using another spatial partitioning
technique could increase the performance of EGS Mesh, but the octree’s straightforward im-
plementation makes it a good initial choice of acceleration structure. For future reference,
an efficient kd-tree implementation with extensive commentary can be found in [127].

The goal of spatial partitioning is to exclude as many elements as possible from the
intersection search. For example, if a particle intersects a single octant, only elements in
that octant need to be tested for intersection. Compared to brute-force search, this can yield
multiple order of magnitude improvements in simulation efficiency [130].

EGS Mesh uses two element octrees: one octree containing every element, and another just
for surface elements. This setup is also used by the PHITS tetrahedral mesh implementation
[77]. Having a second octree just for surface elements does slightly increase the simulation’s
memory use, but the number of surface elements is usually much less than the total number
of elements. This means the surface octree can have much larger octant bounding boxes and
therefore exhibit superior exterior ray-mesh intersection performance. The surface octree
will tend to improve performance more and more as the total number of elements increases
and the volume octree grows deeper at a faster rate than the surface octree. Examples of
volume and surface octrees for a sample mesh are shown in Figure 4.11.

The EGS Mesh octrees use the simplest subdivision strategy of halving the box on each
axis to obtain eight octants of equal volume. This process recurses in each octant until a
minimum number of intersected elements is obtained. So child octants may have different
depths if one octant intersects more elements than another. Other subdivision strategies
exist for creating more balanced trees [127]. For example, a tree could search for a division
where a roughly equal number of elements are on either side. For the initial implementation,
fixed leaf octant element thresholds were set, following the default values of the PHITS
implementation (100 for the surface octree and 200 for the volume octree) [77].

Spatial partitioning is not the only way to accelerate ray-tracing geometry routines. The
major alternative is to use a bounding volume hierarchy [127, 131]. Both approaches aim
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(a) Input mesh (b) Volume octree (c) Surface octree

Figure 4.11: Volume and surface octrees for an example mesh.

to reduce the number of elements checked for intersection, but bounding volume hierarchies
can overlap in space and elements usually only belong to a single bounding volume [131].
In contrast, spatial partitioning schemes usually have elements that overlap the partition
and so elements can belong to more than one subdivision [131]. This is certainly the case
for the EGS Mesh octrees, as elements cut by an octree subdivision plane are assigned to
both octants. Usually, input meshes are very dense and most elements are connected to
other elements. This dense, connected mesh means that strict partitioning to construct a
bounding volume hierarchy would become more expensive, compared to say, a ray-tracing
scene with objects scattered around the domain.

As for which acceleration technique is best suited for EGS Mesh, spatial partitioning ap-
pears to be the best choice for dense tetrahedral meshes. In their rendering textbook, Pharr,
Jakob and Humphreys compare bounding volume hierarchies to spatial partitioning using
kd-trees as an example [127], writing

BVHs are more efficient to build than kd-trees, which generally deliver slightly
faster ray intersection tests than BVHs but take substantially longer to build.
On the other hand, BVHs are generally more numerically robust and less prone
to missed intersections due to round-off errors than kd-trees are.

Taking octrees as a special case of kd-tree, it is a good tradeoff to have increased construction
time versus runtime performance, because the EGS Mesh octrees are initialized when the
simulation begins and then used as-is for the entire simulation.

To properly implement particle transport using an octree, a few further geometry routines
are required. First, an algorithm to find the closest point on an axis-aligned bounding box,
required for hownear, is considered in Section 4.4.2. Next, a ray-box intersection test used
to accelerate howfar is shown in Section 4.4.3. Section 4.4.4 implements a test for whether
a given tetrahedron lies inside an axis-aligned bounding box. Finally, accelerated isWhere,
hownear, and howfar routines are implemented using these basic algorithms (Sections 4.4.5,
4.4.6, and 4.4.7 respectively).
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Figure 4.12: Closest point on an axis-aligned bounding box for a given point.

4.4.2 Closest point on axis-aligned bounding box to point

Given a point, ~p, and an axis-aligned bounding box, the goal is to find the closest point, ~x,
on the box to ~p. Since the box is axis-aligned (the box extents are parallel to the x, y and
z axes), the closest point can be found by clamping each point coordinate, pi, to the box’s
boundaries, (imin, imax), for each axis [119]

xi = clamp(pi, imin, imax) =


imin ⇐⇒ pi < imin

pi ⇐⇒ imin < pi < imax

imax ⇐⇒ pi > imax

i ∈ {x, y, z}. (4.32)

A 2D version of this geometry is shown in Figure 4.12. If the query point, ~p, is inside the
box, this algorithm considers ~p itself to be the closest point. As implemented in EGS Mesh,
this algorithm is only used if the point is already known to be outside the box, avoiding this
potential ambiguity.

4.4.3 Ray-axis-aligned bounding box intersection

To implement howfar with an octree made of axis-aligned bounding boxes, a ray-axis-aligned
box intersection algorithm is required. Given a point, ~p, with direction, ~u, the goal is to
find the intersection with an axis-aligned box. The 2D analogue of this geometry is shown
in Figure 4.13. A common way to implement this test uses three ray-slab intersections [119]
[127]. Each slab (made of two parallel planes) is checked for intersection. An intersection
test for the y-slab is shown in Figure 4.14. The ray does not intersect the y-slab’s near
plane, but it does intersect the far plane. Slab intersection t-values can be found using the
ray-plane intersection equation (4.14) (rearranged to avoid the minus sign), with slab plane
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Figure 4.13: Ray-axis-aligned bounding box intersection.

Figure 4.14: Single ray-slab intersection.

normal, ~n, plane point, ~a, ray position, ~p, and ray velocity, ~u,

t = ~n · (~a− ~p)
~n · ~u .

The general equation can be simplified for each component since each plane is axis-aligned.
For example, the normal vector of the x-slab is (1, 0, 0), so the y and z components of the
dot product will be zero. So the intersection distance, ti, for each component, i, is

ti = ai − pi

ui

, i ∈ {x, y, z}. (4.33)

If the ray is parallel to the slab, and not inside the near and far planes, there is no intersection
with the box (this check is done before the division by ui, since ui = 0 if the ray is parallel
to the slab). If the first slab test concludes there might be an intersection with the box,
the next slab is tested, and so on. For a test using multiple slabs, an intersection is found
if the intersection distance intervals, [tnear, tfar], for each test overlap, as shown in Figure
4.15. If an intersection is found, the distance to the box is the smallest intersection distance,
tmin, and the closest point, ~x, can be found using ~x = ~p + tmin~u. If any slab test distance
intervals are instead found to be disjoint, the ray does not intersect the box. An improved
ray-box intersection test accounting for some robustness issues in this basic test is considered
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Figure 4.15: Overlap of two ray-slab intersections (adapted from Figure 3.2 of [127]).

in Section 3.9.2 of [127], but this has not been implemented in EGS Mesh yet.

4.4.4 Triangle-axis-aligned bounding box overlap

During octree construction, each bounding box needs to determine which tetrahedrons are
intersected by the box. Even if a tetrahedron is not contained fully within an octant, it
should be included if there is any overlap at all to properly implement isWhere and the
other geometry methods. Since each tetrahedron has four triangular faces, this can be
done using four triangle-box overlap tests per tetrahedron. Triangle axis-aligned bounding
box overlap testing is conventionally implemented using multiple separating axis tests [119].
Separating axis tests are a general way to test whether two convex objects overlap (i.e. the
approach can be used for any convex polyhedra) [119]. Both objects are projected onto a
potential separating axis, and if the projection intervals overlap, the axis is not a separating
axis and the next potential separating axis is tested, if any. If a separating axis is found
(as shown in Figure 4.16), it is concluded the objects do not overlap. But if no separating
axis can be found, the test instead concludes the two objects do overlap. To construct a
separating axis test for two convex shapes, A and B, it is known the minimum number of
axes required to check are [119]:

• Axes parallel to the face normals of A,

• Axes parallel to the face normals of B, and

• Axes parallel to the cross products of the edge vectors of A with the edge vectors of
B.

So for an axis-aligned box, A, and triangle, B, there are 13 total axes to check:
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Figure 4.16: A separating axis for a box and triangle.

• Three axes parallel to the face normals of the box (i.e. in the x, y, and z directions),

• One axis parallel to the triangle face normal, and

• Nine axes resulting from the cross products of the three box edge vectors (the three
unique x,y,z box edges are used four times to make the box) with the three triangle
edge vectors.

Conventional wisdom holds the edge-edge tests are performed first, then the box face normal
tests, and finally the triangle face normal test [119].

The three box face normals (aligned with the Cartesian axes) can be tested by trans-
forming the triangle coordinates relative to the centre of the box. Then, for each component,
if all vertices are outside the box bounds, a separating axis has been found and there is no
overlap. Given a box centre point, ~o, and triangle with vertices, ~a, ~b, ~c, the transformed
triangle vertices, ~v0, ~v1, ~v2, are (~a − ~o), (~b − ~o), (~c − ~o), respectively. Then, if either of the
following tests are true for a box with extents (half-widths), ei, for i ∈ {x, y, z}, a separating
axis i has been found

vni < −ei ∀n ∈ {0, 1, 2},
vni > ei ∀n ∈ {0, 1, 2}.

(4.34)

Next, the triangle face normal can be tested using a box-plane overlap test. If the box
does not overlap the triangle plane, the box cannot overlap the triangle. The test geometry
for a triangle face plane, P , is shown in Figure 4.17. First, the distance |s| in terms of ~n
from the box centre point to the plane is found using the point-plane distance equation (4.3).
Next, the distance in terms of ~n from the box centre point to the furthest box vertex, |r|,
is found. If |s| < |r|, the box intersects the plane (i.e. the distance from the centre to the
plane, |s|, is less than the distance to the further vertex, |r|). The distance |r| from the box
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Figure 4.17: Box-plane separating axis test.

centre, ~o, to a vertex, ~v, in terms of ~n is the projection (dot product) of ~o− ~v onto ~n

|r| = (~o− ~v) · ~n. (4.35)

Now, each of the eight box vertices, ~vn, can be expressed in terms of the box extents, ex, ey,
ez, box face normals, ~fx, ~fy, ~fz and box centre, ~o

~vn = ~o± ex
~fx ± ey

~fy ± ez
~fz, 0 ≤ n ≤ 7. (4.36)

Substituting back into (4.35), the following is obtained

|r| = (~o− (~o± ex
~fx ± ey

~fy ± ez
~fz)) · ~n

|r| = (±ex
~fx ± ey

~fy ± ez
~fz) · ~n

|r| = ±(ex
~fx · ~n)± (ey

~fy · ~n)± (ez
~fz · ~n).

(4.37)

To maximize r, the absolute value of each component term can be taken

|r| ≤ |ex
~fx · ~n|+ |ey

~fy · ~n|+ |ez
~fz · ~n|. (4.38)

And since the box is axis-aligned, the face vectors are the Cartesian unit vectors (e.g. ~fx ·~n =
nx). Assuming positive box extents, the final equation for |r| is

|r| = ex|nx|+ ey|ny|+ ez|nz|. (4.39)

Again, after finding |s| and |r|, the box overlaps the plane if |s| < |r|.
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The final category of axes to test are the nine edge-edge cross products. Each cross
product results in a potential separating axis. Both the box and triangle are projected onto
the axis and checked for overlap. The box’s projection radius, |r|, on an axis, ~a, is given by
(4.38), substituting ~a for ~n

|r| = |ex
~fx · ~a|+ |ey

~fy · ~a|+ |ez
~fz · ~a|. (4.40)

The vectors from the box origin to the triangle vertices are ~v0, ~v1, and ~v2 and the projection
of each relative vertex vector onto the axis is ~v ·~a. If the projection intervals of the box and
triangle onto ~a are disjoint, ~a is a separating axis. This is the case if either of the following
tests are true

~vn · ~a < −r ∀n ∈ {0, 1, 2},
~vn · ~a > r ∀n ∈ {0, 1, 2}.

(4.41)

The triangle-box intersection test is now complete. If all 13 possible separating axes are
tested without finding a true separating axis, the box and triangle overlap.

A potential issue with the separating axis test can occur for the separating axes created
by an edge-edge cross product. If the two edges are parallel, the resulting vector is the zero
vector and so could mistakenly be counted as a separating axis [119]. There are a few ways to
try and recover from this issue, such as constructing a new potential separating axis which is
perpendicular to the two parallel edge vectors [119]. The EGS Mesh implementation instead
skips the axis, and continues with testing the remaining axes. This choice has the advantage
of simplicity, but skipping an axis does risk potential false positive intersections (i.e. an
octant may include elements which do not overlap it). However, any false positives should
only lead to a theoretical slight performance loss from having to check elements which do
not intersect the octant. A far worse issue would be false negatives — tetrahedrons actually
intersected by the box but not detected as intersecting, which could affect the final simulation
result. Now, with these additional geometry routines in hand, the final accelerated EGS Mesh
implementation is considered.

4.4.5 Octree-accelerated isWhere

The mesh isWhere implementation is accelerated using the element volume octree from
Section 4.4. Thanks to the triangle-box overlap algorithm from Section 4.4.4, each octant
can find the list of tetrahedrons that overlap it. The naive implementation from Section 4.3.1
used a brute-force search over all elements to find the bounding element (if any) for a query
point. With the octree, random position search, which was O(n) for brute-force, becomes a
O(log8 n) algorithm in theory as the vast majority of elements are completely excluded from
the search.

First, the query point is tested against the volume octree’s root octant (i.e. the mesh’s
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Figure 4.18: The isWhere octree search process.

global bounding box). If the point is outside the mesh’s global bounding box, it cannot be
inside any mesh elements and the search ends. If the point is inside the root octant, the
appropriate child octant (based on the point position) is then tested. The search descends
the tree until a leaf node is reached. Then, each element bounded by the leaf node is checked
using the query point. The maximum number of elements to check is determined by the
octree’s maximum number of bounded elements. This process is shown in Figure 4.18. Since
each octant has a list of overlapping tetrahedrons, if the leaf node search fails to find an
element that contains the query point, the search can end once a leaf node is processed
(i.e. the search does not have to consider neighbouring octants). Section 4.5 shows the
performance improvement obtained using this accelerated version of isWhere.

4.4.6 Octree-accelerated hownear

There are two hownear cases: internal and external. The internal implementation from
Section 4.3.2 cannot be accelerated using an octree, since the bounding element is known and
all that is required are four point-plane distances. However, the external case requires further
optimization. The naive external hownear implementation calculates the minimum distance
to all surface elements. This can be improved thanks to the octree of surface elements and an
approximation allowed by the hownear specification from the EGSnrc manual [4]. In Section
3.6, the manual notes that for “complex geometries, the mathematics of HOWNEAR can become
difficult and sometimes almost impossible! If it is easier for the user to compute some lower
bound to the nearest distance, this could be used in HOWNEAR” [4]. This simplification is
crucial for quickly determining hownear for an arbitrary mesh. Without allowing for a lower
bound, the hownear search becomes more complicated, since the bounding box containing
the point is not guaranteed to have the closest element, as shown in Figure 4.19. But allowing
for a lower bound means only one leaf octant needs to be visited, instead of continuing to
search the neighbouring octants. The hownear lower bound in an leaf octant is found by
first determining the minimum distance to all octant elements. Then, the minimum distance,
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Figure 4.19: The minimum distance to a tetrahedron in the query point’s octree bounding
box is not necessarily the global minimum distance to an element for hownear.

Figure 4.20: Finding the lower bound for a point in an octree bounding box (2D view).

dmin, to the octant boundary is found using (4.42), given bounding box extents, imin, imax,
and particle position vector, ~p,

di = min(pi − imin, imax − pi), i ∈ {x, y, z}
dmin = min(dx, dy, dz).

(4.42)

After both potential minimums (to an element, and to the octant boundary) are found,
the smaller of the two values is the final value of hownear, as shown in Figure 4.20. The
naive linear search has become a search over the maximum number of elements in an octree
leaf node. Finally, since the surface element octree only partitions the mesh’s bounding
box, particles can exist outside the octree. In that case, the minimum distance to the mesh’s
global bounding box is found using the algorithm from Section 4.4.2. The accelerated version
of hownear is now complete. A performance comparison of the naive version of hownear
and the accelerated version can be found in Section 4.6.
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Figure 4.21: Octree child numbering.

4.4.7 Octree-accelerated howfar

After implementing improved versions of isWhere and hownear, it is time to implement a
better howfar. The naive external case of howfar from Section 4.3.3 requires a loop over
all surface elements and so is the most important case to optimize. The internal case of
howfar from Section 4.3.4 is already constant-time for the fast path, and so is not optimized
further. A performance test for this version of howfar compared to the naive version is given
in Section 4.7.

Ray-tracing an octree is a common operation in computer graphics. There exist many
different ray-octree traversal schemes, e.g. [132, 133, 134]. This work uses a simple top-down
traversal method, which is probably less efficient than the wealth of more complex schemes.
In other words, further optimizations are possible at a later date. The EGS Mesh surface
octree, used to implement the external case of howfar, can have varying suboctant depth.
Octree nodes stop subdividing when a set number (100) of elements are bounded by the
node, so two neighbouring octants may have different volumes.

The ray-octree intersection routine starts with the root octree node. If the ray does not
intersect the root node’s bounding box (Section 4.4.3), it cannot intersect any child nodes
and howfar can exit with no intersection. However, if the ray does intersect the root node,
the search process begins. Each octant is either a parent or leaf, and the search progresses
according to the type of octant.

Given a parent octant, the first intersected child is determined using the ray intersection
point. The eight octree children are indexed by their relative positions as in Figure 4.21.
For example, the child octant at index 0 bounds the region of the parent octant with centre
point, c, where d ≤ cd, ∀d ∈ {x, y, z}. So the first octant to search can be determined
using three comparisons against cx, cy and cz given the intersection point. If there are
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Figure 4.22: The octree search process used by howfar.

no element intersections found in the first child octant, intersection tests are performed
using the remaining child octants. If any other child octants are intersected by the ray,
they are searched in order of minimum intersection distance. An example octree search as
implemented in howfar is shown in Figure 4.22. If the octant is a leaf octant, all bounded
surface tetrahedron faces are checked for intersection (4.5). If an intersection is found, the
search still has to check all bounded tetrahedrons in case there is a closer intersection.
Once an intersection is found in a leaf node, howfar is complete, since leaf octants are
searched in order of minimum distance to the ray. Given the surface octree decomposition,
howfar’s complexity is O(log8 n). But unlike hownear, which can terminate as soon as a
single leaf node has been completely searched, howfar has to continue searching until either
an intersection is found or the ray exits the octree. The worst case for howfar is having to
traverse many octants without finding any intersections (e.g. the ray is travelling parallel to
many surface tetrahedrons but not far enough away to be excluded from the search).

4.5 Accelerated isWhere performance testing

The performance of the naive brute-force isWhere from Section 4.3.1 was compared against
the accelerated version of Section 4.4.5 that uses an octree. Transport simulations using
sphere meshes of increasing resolution (shown in Figure 4.23) were conducted using both
implementations to check the performance of the naive version of isWhere against the accel-
erated version. The test geometry is a mesh sphere of 1 cm radius made of water (H2O521ICRU
from the EGSnrc media file 521icru.pegs4dat) in a 2 cm vacuum cube. An isotropic 2 cm
cube photon source was used to generate particles both inside and outside the mesh sphere.
The total number of elements and the number of surface elements for each mesh is given in
Table 4.1. The simulation geometry is shown in Figure 4.24. Figure 4.24a shows the coarsest
sphere mesh (roughly 700 tetrahedrons) in the vacuum cube while Figure 4.24b shows the
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Figure 4.23: Three sphere meshes of increasing resolution

Table 4.1: Element information for performance test meshes

N elements N surface elements
690 318

11,070 2,112
31,115 4,242

109,495 9,960
442,046 25,198

1,033,252 44,448
3,585,980 100,088

10,118,604 203,794

particle tracks from 1000 primary photons generated throughout the geometry.
To emphasize the performance effect of isWhere, the final accelerated implementation of

EGS Mesh was used (i.e. hownear and howfar both use their final accelerated implementa-
tions), but the brute-force isWhere was swapped in for the naive timings. A single core of
an Intel Core i5-4690 @ 3.50GHz computer with 8 GB of RAM was used for the simulations.
A total of 105 1 MeV photon histories were simulated. Simulation setup and finalization time
was neglected, so only the time taken to actually simulate the particles was counted (i.e. the
time to simulate a single batch of 105 particles). The default EGSnrc transport parameters
were used, with energy cutoffs set to 10 keV kinetic.

The performance results are shown in Figure 4.25. The average of five measurements
was taken and the standard deviation for each measurement is less than 5%. As Figure
4.25 shows, simulation performance using naive isWhere diminishes greatly as the number
of mesh elements grows. Meanwhile, performance of the accelerated version of isWhere also
diminishes as the number of mesh elements grows, but to a much smaller degree. For all
measured cases, the accelerated implementation shows better performance. This will likely
always be the case unless the mesh has a very small number of elements, where the two
algorithms should have roughly equal performance. Comparing the runtimes of the smallest
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(a) Sphere mesh in vacuum box (b) Sphere mesh with particle tracks

Figure 4.24: Performance test geometry for isWhere.
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Figure 4.25: Performance of the naive and accelerated isWhere implementations.
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and largest meshes simulated by both implementations, the runtime of the smaller mesh for
the naive implementation is roughly 600 times faster than the runtime for the largest mesh
(the larger mesh has around 640 times more elements than the smallest mesh). This is in line
with the expected result, since naive isWhere has linear complexity for the total number of
mesh elements. For the accelerated implementation, the runtime of the smallest mesh is only
around five times faster than for the largest mesh. This is a larger difference than predicted
by pure algorithm complexity, since given the log8 n octree lookup algorithm, the predicted
difference is 1.99 times. However, the measured value is the same order of magnitude as the
predicted difference. The additional performance hit for larger meshes is possibly caused by
increased cache misses, because as the number of mesh elements gets larger, the likelihood
a given element is in cache decreases. Cache behaviour is known to have a strong effect on
CPU performance [135]. The accelerated isWhere version is also shown to scale to at least
107 elements, allowing users to simulate much larger meshes than the naive version.

To ensure the accelerated implementation does not affect the end result, the results for
the sphere mesh with 4.4× 105 elements using both implementations were compared. That
mesh was used because it is the largest mesh simulated by both implementations. The
simulation output files were bitwise identical (i.e. element doses and uncertainties were
exactly the same). This may not be the case for longer simulations, since only 105 particles
were simulated, but this serves as a check the accelerated version is working as expected for
this case. A potential difference between the two versions could arise for a query point lying
on the intersection of an element boundary and an octree boundary. Due to floating-point
issues, it is possible the point could be considered part of two or more elements. In the current
implementation, the brute-force search will always return the lowest numbered element, while
the octree search could potentially return a higher numbered element, depending on which
leaf octant is searched. This could cause a very small difference in dose for the elements in
question for the two implementations, but overall any differences from this rare possibility
should be negligible. Next, the performance of the accelerated hownear implementation is
tested.

4.6 Accelerated hownear performance testing

The performance of the naive implementation of hownear was compared against the octree-
accelerated version. The goal is to measure hownear performance for the external case, since
the internal case of hownear is the same for both implementations. The same hardware and
sphere meshes from Section 4.5 were used. But the simulation setup was changed from the
isWhere configuration, since hownear is more specialized than isWhere. First, hownear is
only called for electrons (since it is used as input to the EGSnrc electron step algorithm [4]),
so a benchmark using a photon source would erroneously conclude that the two algorithms
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Figure 4.26: Performance test geometry for hownear.

have the same performance. And since hownear is only called in non-vacuum media, the mesh
envelope medium must be changed as well. This benchmark uses another common medium
for geometry envelopes: air (e.g. AIR521ICRU from 521icru.pegs4dat). To summarize, for
this test case, the external mesh hownear routine is responsible for finding a lower bound
on the minimum distance to the mesh in any direction once the electrons enter the air box.
The naive algorithm searches all surface elements to find the minimum distance, while the
accelerated version uses an octree of the surface elements to greatly reduce the number of
elements to search. Once electrons enter the mesh, both implementations use the fast internal
case of hownear. The hownear benchmark geometry is shown in Figure 4.26. A pencil beam
of 1 MeV electrons from the left hand side of the figure irradiates the mesh sphere of water
in a 4 cm cube of air. The electrons only reach a relatively small depth into the sphere. The
same transport parameters as for the isWhere test were used.

Since the naive algorithm has linear complexity for the number of surface elements, it is
expected that simulation performance is reduced by the ratio of mesh surface elements (from
Table 4.1). The performance results are shown in Figure 4.27. Like the isWhere benchmark,
an average of five measurements was taken. The standard deviation for each measurement
is less than 2%. As expected, the accelerated version of hownear has superior performance
for each of the meshes considered and performance decreases at a slower rate than the naive
version as the number of mesh elements grows. The runtime ratio of the smallest mesh versus
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Figure 4.27: Performance of the naive and accelerated hownear implementations.

the largest mesh simulated is 3.4 for the accelerated version and 70 for the naive version.
These observed results are similar to the theoretical performance differences of the O(log8 n)
and O(n) algorithms (2.3 and 79, respectively).

A comparison between the results of the two implementations for the same simulation
conditions was conducted to ensure that the accelerated version of hownear does not notice-
ably affect the end result. Unlike isWhere and howfar, the accelerated version of hownear
will often return a different value than the naive version (i.e. returning a lower bound instead
of the exact distance in some cases). This means the random number generator states are
almost certain to diverge, meaning a completely bitwise identical result as obtained for the
other methods is very unlikely. Instead, the comparison was designed to account for this
uncertainty. Simulations using the same mesh for 107 histories were conducted with both im-
plementations. Dose ratios for each region were calculated, and to avoid uncertainty-related
discrepancies, only ratios with combined uncertainties under 1% were examined. Out of the
initial 4.4× 105 elements, this meant only around 5.5× 103 elements were retained. Dose
ratios for these elements are shown in Figure 4.28. Most of the dose ratios are within a
single standard deviation of the expected value, though some are within two or three stan-
dard deviations. So, for this simulation, the difference between the two implementations
can be explained by statistical uncertainty alone. However, this does not prove that the
accelerated version of hownear yields statistically equivalent results to the naive version in
all cases. Nevertheless, further evidence can be drawn from Chapter 5, since every EGS Mesh
simulation there uses the accelerated version of hownear.
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Figure 4.28: Dose ratios between the naive and accelerated versions of hownear for geometry
regions with less than 1% uncertainty.

4.7 Accelerated howfar performance testing

For testing howfar, the same simulation setup as the hownear test was used. The perfor-
mance results for an average of five runs are shown in Figure 4.29. The standard deviation for
each measurement is less than 1%. Like the hownear comparison, the naive implementation
has linear complexity for the number of surface elements and the accelerated implementation
has logarithmic complexity for the number of surface elements. However, the naive version of
howfar is faster than naive hownear, because hownear is forced to check all surface elements
to find the minimum distance, while howfar can skip any elements facing away from the
particles velocity vector since there will not be an intersection. The observed runtime ratio
between the largest and smallest mesh is 3.4 for the accelerated version and 70 for the naive
version. Like for the hownear test, these are similar to the theoretical performance results
given each algorithm’s complexity.

As done for the other accelerated implementations, a comparison between the results of
the naive and accelerated versions of external howfar was conducted to ensure the accelerated
version obtains comparable results to the naive version. As was the case for isWhere (but
not hownear), the two result files were bitwise identical, meaning the exact same howfar
results for 105 particles were obtained by both implementations for the given mesh. This
is not guaranteed for all simulations, whether from rounding error in determining ray-box
intersections or intersecting an element edge exactly on an octant boundary, but again serves
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Figure 4.29: Performance of the naive and accelerated howfar implementations.

as some verification that the accelerated version is performing as expected.

4.8 EGS Mesh memory use

The EGS Mesh implementation aims to have predictable and stable memory use for a given
mesh. There is minimal use of dynamic memory after the EGS Mesh setup steps are finished.
A memory profile recorded by the massif heap profiler for a typical EGS Mesh simulation
using the ICRP 145 adult male phantom is shown in Figure 4.30. Memory usage rises during
EGS Mesh setup until a steady state is reached when the actual simulation begins (around
70% on the plot). For this sample, only a small number of particles were simulated to
highlight the EGS Mesh setup steps. The profile can be divided into five regions:

1. Mesh data parsing (0-9%),

2. Element neighbour-finding (9-20%),

3. Octree building (20-56%),

4. Face normal generation (56-70%), and

5. Simulation steady state (70-100%).

Memory use starts to rise when the mesh file is parsed into node and element data. Next,
there is a local maximum due to the fast neighbour-finding algorithm, which uses a large
amount of temporary memory. After the neighbour-finding temporary memory is deallo-
cated, memory use rises again while building the volume and surface octrees. After the
octrees are complete, there is another large jump due to explicitly storing mesh face normal
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Figure 4.30: EGS Mesh memory profile for a simulation using the ICRP 145 adult male mesh
phantom. The actual simulation begins when the memory profile reaches steady state (near
70%). Only a small number of particles were simulated to emphasize the EGS Mesh setup
steps.

vectors. Finally, after allocating memory for per-region dose scoring, steady state is reached
and the simulation begins. Relative memory requirements of different EGS Mesh simula-
tion components for simulating the ICRP 145 male phantom is shown in Figure 4.31. For
this mesh, explicitly storing face normals (which are used to speed up EGS Mesh geometry
routines) is responsible for almost 50% of the total memory. If EGS Mesh memory usage
becomes an issue, changes to how EGS Mesh stores face normals will most likely have the
largest impact. Memory requirements in other transport codes for simulating the ICRP 145
mesh phantoms have been studied by Yeom et al. [78]. Table 4.2 gives reported memory
requirements for Geant4, MCNP6, and PHITS, as well as for EGS Mesh. PHITS uses the
least amount of memory, while EGS Mesh uses around 0.5 GB more than PHITS. Geant4 and
MCNP6 use roughly an order of magnitude more memory then PHITS and EGS Mesh. Along
with memory, simulation setup time for various codes was also studied. Results for the ICRP
145 male phantoms are given in Table 4.3. For EGS Mesh, the peak setup time for five runs
was taken. Setup time also includes other EGSnrc setup steps such as media initialization
(EGS Mesh-specific setup took 1.7 minutes). PHITS has the fastest setup time at 0.2 minutes,
while the other codes take 2-3 minutes to begin the simulation. This difference likely comes
from the PHITS implementation’s ability to save a given tetrahedral mesh’s data as a binary
file to reduce the setup time of subsequent simulations [77].
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Figure 4.31: Percentage memory breakdown from an EGS Mesh simulation of the ICRP 145
adult male phantom. “Other mesh data” combines node coordinates, element node offsets,
element neighbours, and media offsets. The “EGSnrc data” portion is mostly due to the
large per-region energy deposition scoring array, which is an optional simulation component.

Table 4.2: Memory required to simulate the ICRP 145 adult male phantom using various
transport codes. EGS Mesh memory usage was measured using massif. Geant4, MCNP6,
and PHITS results are from Yeom et al. [78].

Software Memory (GB)
Geant4 10.6

MCNP6 13.7
PHITS 1.2

EGS Mesh 1.7

Table 4.3: Setup time required to simulate the ICRP 145 adult male phantom using various
transport codes. Geant4, MCNP6, and PHITS results are from Yeom et al. [78].

Software Setup time (minutes)
Geant4 3.3

MCNP6 2.3
PHITS 0.2

EGS Mesh 3.3

60



Chapter 5

Verification results

This chapter describes the methodology and results used to verify the EGS Mesh implementa-
tion. Tactics from both theory and practice are employed. First, simulations using EGS Mesh
are compared to simulations using other egs++ geometries, given that simulations of two
phantoms representing the same geometry should obtain statistically equivalent results. For
example, the dose to a sphere of water should be independent of the underlying geometry li-
brary used to carry out the simulation (i.e. whether the sphere is made of a tetrahedral mesh
or a sphere geometry should not matter, assuming the mesh accurately models the sphere’s
curvature). Following this idea, a comparison of an EGS Mesh water-box phantom against an
equivalent hexahedral voxel phantom is conducted in Section 5.1. Next, the stringent Fano
test, which serves as a consistency check of radiation transport codes, is applied to a sample
EGS Mesh phantom in Section 5.2. An ion chamber simulation using EGS Mesh is conducted
in Section 5.3 and results are compared to a classical egs++ geometry simulation. Finally,
Section 5.4 goes through a real-world test case using the ICRP 145 adult reference mesh
phantoms including a comparison to results obtained using Geant4 [78]. All simulations
were conducted with EGSnrc 2021 (using EGS Mesh as a custom geometry library). Unless
otherwise specified, the default EGSnrc transport parameters were used for the simulations.

Most simulation results in this chapter are reported in terms of absorbed dose. Absorbed
dose measures the energy, E, deposited in a mass, m, by ionizing radiation

D = E

m
. (5.1)

The SI unit of absorbed dose is joules per kilogram, also known as Gray (Gy) [136]. For
the human phantoms used in this work, overall organ dose is usually calculated by dividing
the total energy deposited in that organ by the organ mass (there are some exceptions). It
should be mentioned that for most radiological protection applications, absorbed dose is not
precise enough. For instance, if the same dose is given to the brain and the left foot, should
they both count as equally risky? And what about various kinds of radiation? Is there a

61
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Figure 5.1: EGS Mesh results (left) and EGS XYZGeometry (right) dose per incident fluence
results for a broad parallel beam of 1 MeV photons irradiating a 10 cm cube water phantom
from the lower right.

difference for dose from photons and dose from electrons, neutrons, alpha particles and so
on? The answer is to use equivalent dose and effective dose, derived quantities that account
for these factors, instead of plain absorbed dose. The unit of equivalent dose is joules per
kilogram multiplied by a unitless weight and so is technically equivalent to absorbed dose’s
Gray. But equivalent dose uses another unit, Sievert (Sv), to differentiate reported values
from absorbed dose. For radiological protection, having doses calculated in Sieverts has more
meaning than plain absorbed dose. That said, this chapter mainly uses absorbed dose for
simplicity.

5.1 Comparison vs. structured voxel mesh

One straightforward verification method is to compare EGS Mesh results with those obtained
using the existing EGSnrc structured hexahedral voxel geometry EGS XYZGeometry [6]. It
should be noted that dose results for coarse unstructured meshes can look quite different
than structured meshes with roughly the same number of elements (see Figure 5.1). Usually,
all structured mesh elements have the same volume, so for example, a parallel beam source
irradiating all regions would cause two elements beside each other to have very similar dose
values. But an unstructured mesh can have elements that are much larger than others. El-
ement size and position can have a large impact on the final absorbed dose value. This is
especially noticeable for coarse unstructured meshes, and as the mesh is refined, this phe-
nomenon diminishes. But how to detect potential implementation errors for coarse meshes?
One method is to divide hexahedral elements into tetrahedrons, run the simulation, and
check that the sum of the split element energy depositions is statistically equivalent to the



CHAPTER 5. VERIFICATION RESULTS 63

0 100 200 300 400 500 600 700 800 900 1,000
0.9990

0.9995

1.0000

1.0005

1.0010

Region number

M
es

h
/

vo
xe

ld
os

e
ra

tio

Figure 5.2: Dose ratios for a 10 cm EGS Mesh cube of water compared to an equivalent
EGS XYZGeometry phantom calculated using Equation (5.2)

original hexahedral voxel energy deposition. This method was also used to verify the PHITS
tetrahedral mesh implementation [77]. Each voxel, V , is divided into five tetrahedrons, Ti,
i ∈ {1, 2, 3, 4, 5}, so volume-averaged dose ratios can be calculated by [77]

DT

DV

=
∑5

i=1ETi∑5
i=1mTi

mV

EV

=
∑5

i=1ETi

EV

. (5.2)

An ideal dose ratio is 1, but given EGSnrc’s nominal accuracy of 0.1%, ratios within 0.1%
of 1 are considered to show excellent agreement. To compare the two geometries, a 20 cm
diameter circular 1 MeV photon parallel beam was used to irradiate a voxel geometry of
1000 elements (and a corresponding tetrahedral mesh of 5000 elements) in vacuum. Results
from simulating 1012 histories are shown in Figure 5.2. All values are within the 0.1% band,
meaning for this case, the difference between the two geometries is less than that of EGSnrc’s
nominal precision and can be considered negligible. So, for this simulation, the EGS Mesh
geometry results are shown to be statistically indistinguishable from the voxel geometry,
serving as evidence that the EGS Mesh library has been implemented correctly.

5.2 Fano test

One of the most powerful verification tools for radiation transport simulations is the Fano
test. Though passing the Fano test does not guarantee a simulation is accurate, it is an
important consistency check for Monte Carlo transport codes (i.e., a known analytical solu-
tion). The test relies on the Fano theorem, which gives a theoretical reference dose value for
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Figure 5.3: Fano test results for a sample mesh of 1.1× 103 tetrahedrons.

certain types of radiation transport problems [137]. Briefly stated, given a uniform, isotropic,
density-scaled source of particles in an infinite medium, the secondary particle flux in the
medium is independent of the density including any density variations throughout the ge-
ometry [137]. In practical terms, this means the dose in every geometry region should equal
the theoretical Fano dose value. This theoretical Fano dose, F , can be calculated given the
primary source energy, ES, and the total geometry mass, mT ,

F = ES

mT

. (5.3)

A Fano test for a sample EGS Mesh geometry was conducted using the egs fano source
particle source library [138] and an egs++ user code called egs fano that implements periodic
boundary conditions to model an infinite medium (provided by Dr. Frédéric Tessier of the
NRC). A 2 MeV Fano electron source was used to irradiate a 10 cm meshed cube of water in
a larger 20 cm cube of water. For the test, 500× 109 histories were simulated. The photon
cutoff energy was 10 keV and the electron cutoff energy was also 10 keV (kinetic). Figure
5.3 shows the Fano test results for this simulation. All mesh regions are within 0.1% of
the theoretical value for three-sigma uncertainty bounds, meaning this specific EGS Mesh
simulation passes the Fano test at the 0.1% level with a 99.7% confidence interval. However,
this does not imply that all EGS Mesh simulations (or even other simulations using this mesh)
pass the Fano test, because each unique simulation can be used to construct a separate test.
Resources permitting, the Fano test will be a crucial tool for practitioners working to verify
specific EGS Mesh simulations.



CHAPTER 5. VERIFICATION RESULTS 65

Figure 5.4: Ion chamber drawing, adapted from [139]. Units are in centimetres.

5.3 Ion chamber simulation

Part of the motivation for EGS Mesh is to model complex geometries which are tedious and
difficult to model using existing egs++ geometries. One example of such a geometry is an ion
chamber. Ion chambers are relatively complex geometries often used in EGSnrc simulations.
To demonstrate the ability of EGS Mesh to model complex geometries, an ion chamber was
drawn in CAD and then meshed to perform an EGS Mesh simulation. Results are compared
to an equivalent “classic” egs++ chamber model. For ease of comparison, the ion chamber
from Chapter 6 of the EGSnrc Getting Started manual [139] is used. Figure 5.4 shows the
dimensions of the ion chamber. The chamber was drawn in SolidWorks, exported into the
STEP CAD format [140], and then meshed using the mesh generator Gmsh [141]. Geometry
media (C552 plastic, and air) were also assigned using Gmsh. A few meshes of varying
resolution were generated to check the effect of mesh resolution on simulation results. One
of the meshes in shown in Figure 5.5. The mesh ion chamber was visually inspected to make
sure it matched the classic egs++ model. Figure 5.6 shows a render of both chambers using
the EGSnrc visualization tool egs view.

For the simulation, the ion chamber was embedded in a 10 cm cube of water centred at
the origin. A 10 MeV collimated photon point source was used, as in Chapter 6 of [139]. Both
ECUT and PCUT were set to 10 keV kinetic and all variance reduction settings were turned off.
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Figure 5.5: Ion chamber mesh with 1.1× 105 elements.

Figure 5.6: An egs view rendering of the two ion chamber models. The classic egs++ model
is above and the mesh model is below.
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Figure 5.7: Particle tracks for the ion chamber simulation.

Sample particle tracks for the mesh chamber simulation are shown in Figure 5.7. Figure 5.8
shows air dose results for a number of meshes of increasing resolution. It appears the two
coarsest meshes slightly over-predict dose to air compared to the classic model, though they
are still within 0.2% of the expected value. The more refined meshes are all within 0.1% of
the expected value, though there seems to be a slight downwards trend in dose ratios as the
mesh becomes extremely refined. This does not necessarily imply a problem with the mesh
implementation however, as the more refined meshes could passively increase the overall
simulation accuracy by reducing the average particle step size (in theory, as the particle step
size approaches zero, the condensed history approach exactly solves the transport equation
[26]). Further simulations using only single-scattering instead of multiple-scattering (more
accurate but much slower) and the lowest possible EGSnrc energy cutoffs (1 keV kinetic)
would be useful to determine whether the refined ion chamber mesh simulations are indeed
more accurate than the classic model.

Simulation performance measured in histories per second is shown in Figure 5.9. For
this benchmark, 106 histories were simulated and the average of five measurements was
taken. The standard deviation for each point is less than 1%. As expected, the general
trend is that higher mesh resolution leads to longer simulation times. Overall, there is not
an enormous runtime penalty from using EGS Mesh instead of a classical egs++ geometry
for this simulation, even for very refined meshes. The largest mesh studied, with 1.3× 107

elements, was roughly 50% slower than the classic geometry. A few of the coarsest meshes are
actually slightly faster than the classic geometry, which may be due to the EGS Mesh surface
octree being able to rapidly determine whether particles will intersect the geometry at all.
It is possible that the classic model, being made of a few disparate geometries, may have
to do more work in this case (but this is conjecture and further study would be beneficial).
However, coarse meshes can have relatively large discretization errors compared to the classic
model—for example, the volume of air in the coarsest ion chamber mesh is 11% smaller than
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Figure 5.8: Air dose ratios for ion chamber meshes of increasing resolution.
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Figure 5.9: Simulation performance for ion chamber meshes of increasing resolution.
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Figure 5.10: Peak memory for ion chamber meshes of increasing resolution.

the ideal value. Though as Figure 5.8 shows, in this case, the discrepancy does not lead to
a noticeable difference in overall air dose.

There are some unexpected local performance maxima. The measurement uncertainties
are not large enough to explain this phenomenon. One possible explanation comes from
the octree partitioning scheme used by EGS Mesh. Since each leaf octant has a maximum
number of bounded elements, increasing the total number of elements could force the tree to
subdivide again, leading to smaller leaf octants with fewer elements. These new leaf octants,
having fewer elements, are then faster to do intersection tests with (assuming the cost of the
additional bounding-box intersection test is less important than the speed up from being able
to check fewer tetrahedrons). As plotted, this effect is more prominent when the maximum
number of bounded elements is a larger percentage of the total number of elements (i.e.
when the mesh is coarser).

Peak memory usage for each simulation is shown in Figure 5.10. The average of five
measurements (using /usr/bin/time -v) was found. The standard deviation for each mea-
surement is less than 1%. The baseline value from the classic geometry simulation is shown
using a solid black line. As expected, memory use increases monotonically with the number
of mesh elements. For the coarsest meshes, the required amount of memory is roughly equal
to the amount used by the classic model (around 35 MB). But as the mesh becomes more
refined, memory usage grows rapidly. The largest ion chamber mesh of 1.3× 107 elements
requires 2.7 GB of memory. However, this is less than the typical amount of memory avail-
able even on typical laptop computers (8 GB), so memory usage for single-core calculations
should not be an issue in practice except for extremely large meshes. However, running sep-
arate simulations on multiple cores will require a proportionally larger amount of memory,
which might necessitate a larger memory resource.
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Figure 5.11: Adult male ICRP 145 reference phantom with internal view.

5.4 ICRP 145 reference phantoms

The ICRP 145 adult mesh reference phantoms and accompanying report were released in
2020 [7]. The report authors consider these new mesh phantoms as the “most advanced”
kind of computational human phantoms because they can be directly used in simulations
without requiring further voxelization [7] (e.g. NURBS phantoms require voxelization to be
used in most transport codes [92]). The male phantom has roughly 8.2 million elements and
1.2 million nodes, while the female phantom has roughly 8.6 million elements and 1.3 million
nodes. Each phantom has 52 specific media definitions and nearly 200 separate tissues and
organs. The upper half of the male phantom along with an internal view is shown in Figure
5.11. As an example of the mesh phantom’s improved modelling fidelity, the gallbladders
of both the ICRP 110 voxel male phantom and ICRP 145 tetrahedral mesh male phantom
are shown in Figure 5.12. Resolution limitations for the voxel phantom mean the voxelized
organ has holes where the voxels cannot accurately represent the thin wall. Meanwhile the
mesh organ has no holes and can better model the thin, curved geometry. The ICRP 145
phantom data files are freely available as supplemental material to the report [142]. But
report access is required to correctly associate media with organ identification numbers and
generate media data files. To use these meshes for EGSnrc simulations, node coordinates,
element node numbers, and element media are required. The polygonal mesh phantoms are



CHAPTER 5. VERIFICATION RESULTS 71

Figure 5.12: Voxelized gallbladder of ICRP 110 vs meshed gallbladder of ICRP 145.

also specified in the supplemental material, but only the tetrahedral mesh phantoms are
considered here.

5.4.1 Conversion to EGS Mesh input format

A dedicated computer program was written to convert the provided TetGen input files to
the Gmsh msh4.1 format. Both phantoms have a node coordinate file and element file
(e.g., MRCP AM.node and MRCP AM.ele for the adult male phantom). The node file has ID
and coordinate data for all the unique mesh nodes and the element file has the four node
ids and tissue numbers of each element. The conversion process was fairly straightforward.
Each tissue was assigned an entity-physical group pair and then all node and element data
were converted to the Gmsh format. To test the converter, the generated Gmsh files were
then converted back into the TetGen format and compared against the original inputs.
No differences were found. Next, EGSnrc organ media were created following the report
specifications in Annex B [7].

5.4.2 Organ media

Phantom organ media were specified using EGSnrc density correction files [4]. Each of
the density correction files for both the male and female phantoms was generated using
the National Institute of Standards and Technology (NIST) ESTAR database [143] and
the media elemental composition tables B.1 and B.2 from ICRP 145, Annex B [7]. Media
composition files for each phantom are part of the report’s supplementary material (e.g.
MRCP AM media.dat). Using the site manually to generate data for over 100 media ran the
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Table 5.1: egs dose scoring media energy deposition

medium Edep [MeV · cm2] D [Gy · cm2]
100 1.1036e−6 ± 0.569% 6.3698e−20 ± 0.569%
200 9.2266e−7 ± 0.621% 5.3577e−20 ± 0.621%
300 6.7504e−8 ± 1.819% 2.2422e−21 ± 1.819%

... ... ...

risk of input errors and tedium (in case the media ever have to be regenerated or new
phantoms are introduced, such as the forthcoming paediatric phantoms [94]), so a short
program was written to automate the media generation process. Spot checks were conducted
to ensure the automatically generated media matched with the manually created files.

Both phantoms each have 52 specific media definitions. The media names are the same,
except that medium 43 for the male phantom is the prostate, while for the female phantom
it is the uterus [7]. There are small elemental composition differences between the male and
female phantom media. For example, the density of the upper humerus spongiosa of the
male phantom is 1.233 g/cm3, while for the female phantom the density is 1.185 g/cm3 [7].
Each phantom has 187 numbered tissues as specified in ICRP 145 Table A.1 [7]. Most tissue
numbers (with varying media compositions) are shared by both phantoms except for the
testes and prostate of the male phantom and the ovaries and uterus of the female phantom.

To ease post-processing, an EGSnrc medium was defined in the input file for each organ
and tissue using the identification number from Table A.1 of ICRP 145 [7]. In the input file,
medium energy deposition values and uncertainties were scored using the egs dose scoring
ausgab object [6]. It should be noted that turning region dose off in the egs dose scoring
object is not strictly required, but having it on means every region dose value (over 8 million
total) will be written to stdout or a log file, which can quickly take up a large amount of
disk space for batch jobs. With the dose scoring object, a summary table (e.g. Table 5.1)
is printed at the end of the simulation, which can be used for further post-processing to
calculate organ absorbed doses and other quantities.

One should note that the energy deposition values reported by egs dose scoring shown
in Table 5.1 are normalized by source fluence and that the dose values are not valid, since it
is assumed that the media volume is 1. Media doses must be calculated as a separate step.
The values in Table 5.1 can be used for an example calculation. For the organ with ID 100,
one knows from ICRP 145 Table A.1 that it is the left adrenal gland. Assuming these results
are for the male phantom, the left adrenal has a mass of 8.683 g (Table A.1 again). So, the
absorbed dose per fluence, D, calculated using Equation 5.1, organ mean energy deposition,
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E and the mass, m, (using the joules per MeV conversion factor [144]) is

D = E

m
=

1.1036× 10−6 MeV · cm2 · 1.602× 10−13 J
MeV

8.683× 10−3 kg = 2.036× 10−17 Gy · cm2.

5.4.3 Anterior-posterior external beam organ doses

To verify the ICRP 145 implementation in EGSnrc using EGS Mesh, a comparison to results
from the literature was conducted. Researchers have previously calculated ICRP 145 mesh
phantom organ doses for various external exposure cases using Geant4 [88]. The Geant4
study considered six external irradiation geometries [88]. Of these, only the anterior-posterior
(AP) configuration is studied here. For the AP case, the phantom is irradiated by a broad
parallel particle beam incident on the front of the phantom in vacuum. This case was
simulated in EGSnrc using a 2 m diameter circular source transformed to face the phantom
and centered at the origin. The phantom was enclosed in a vacuum box centred at the
origin with side lengths of 60 cm in the x-direction, 40 cm in the y-direction and 180 cm in
the z-direction. For each calculation, 109 histories were simulated without the use of any
variance reduction techniques. Following the EGSnrc simulation settings used by the ICRP
116 report, the electron cutoff energy was 0.531 MeV (i.e. 20 keV kinetic), the photon cutoff
energy was 2 keV, and the NIST brems cross-section data base was used [145]. Figure 5.13
shows absorbed dose results for the adult male phantom liver for 1 to 10 MeV photons in
the anterior-posterior external irradiation geometry. Also plotted are results obtained using
Geant4 [88], and results from ICRP 116 using the previous generation of voxel phantoms
[145]. It should be noted that the ICRP 116 data are a combination of results from various
transport codes (including EGSnrc) [145]. The photon results show agreement between
both the voxel and mesh phantoms, as well as agreement between the two mesh phantom
implementations. This confirms the ICRP 145 finding that “the MRCPs [mesh phantoms]
provide effective dose DCs very similar to those of the voxel-type ICRP reference phantoms
for penetrating radiations” [7] such as photons.

Figure 5.14 shows absorbed dose results for the adult male gallbladder. These results also
show that the photon organ dose is very close for the voxel and mesh phantoms. However the
gallbladder photon results show more disagreement than the liver results, possibly owing to
the difference in phantom geometries. The voxel gallbladder has holes due to voxel resolution
limitations, while the mesh gallbladder does not have holes as shown in Figure 5.12. But
for electron exposures, there are larger discrepancies between the voxel and mesh results.
Figure 5.15 shows electron results for the liver and Figure 5.16 shows electron results for the
gallbladder. The electron doses are plotted using a log scale, as the electron organ doses
increase exponentially for this energy range considered, while the photon doses increase
linearly. Unlike for photons, the electron beam liver doses show worse agreement than the
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Figure 5.13: Photon absorbed dose per incident fluence results for the adult male liver, AP
external irradiation geometry. All uncertainties are less than 1%.
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Figure 5.14: Photon absorbed dose per incident fluence results for the adult male gallbladder,
AP external irradiation geometry. All uncertainties are less than 1%.
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Figure 5.15: Electron absorbed dose per incident fluence results for the adult male liver, AP
external irradiation geometry. All uncertainties are less than 1%.

gallbladder doses, especially for the 4, 5 and 6 MeV sources. This may be because the liver is
closer to the phantom surface than the gallbladder. Since electrons are weakly-penetrating,
most of their energy is deposited near the phantom’s surface, before reaching the gallbladder.
This means that discrepancies between the voxel and mesh gallbladder doses for electrons
will likely be smaller than the discrepancies seen for the liver.

Yeom et al. concluded that differences between the voxel and mesh phantoms are “mainly
owing to the improved representation of the organs” in the mesh phantoms (i.e. differences
in geometry) [88]. Generally, mesh phantom organ positions and sizes are very similar to
the corresponding voxel organs, but there are differences due to the different element shapes
(i.e. curvature, resolution, etc.). This explains why the electron results show less agreement
than photon results, since electrons, being weakly-penetrating, will often be more sensitive
to subtle geometry differences than photons, which tend to spread out through the phantom.

Both the 5 MeV photon and electron results for the adult male liver in the anterior-
posterior external irradiation geometry are shown in Figure 5.17. The photon liver dose
is much more uniform than the electron dose. The electron dose has two hot spots where
the liver is closest to the phantom’s surface. Because electrons cannot penetrate as far as
photons, the dose falls off quickly afterwards. Dose is shown using a log scale, so, on a linear
scale, the hot spots would be even more pronounced compared to the other areas of the liver.
In the high-dose regions, the 5 MeV electron dose is higher than for the photon case, but
taking the liver as a whole, the total dose is around 2.9 times higher for photons than for
electrons.

Figures 5.18, 5.19, 5.20 and 5.21 plot organ absorbed doses for the ICRP 145 adult
female and male phantoms using EGSnrc and Geant4 (excluding the lungs, red bone marrow
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Figure 5.16: Electron absorbed dose per incident fluence results for the adult male gallblad-
der, AP external irradiation geometry. Uncertainties for the ICRP 116 and Geant4 data are
less than 1%, while the EGS Mesh uncertainties are less than 5%.

Figure 5.17: 5 MeV photon and electron adult male liver dose per incident fluence, anterior-
posterior external irradiation geometry. The beam is directed into the page.
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Table 5.2: ICRP 145 tissue ids for calculating absorbed dose to radiosensitive organs.

Organ ICRP 145 tissue ids
Extrathoracic region 302, 402 (see Equation (5.4))
Eye lens 6600, 6800
Stomach 7201
Small intestine 7401
Colon 7601, 7801, 8001, 8201, 8401
Oesophagus 11001
Skin 12201, 12301, 12401, 12501
Urinary bladder 13701

and endosteum, as these require special calculation methods). For the EGSnrc results, 109

histories were simulated using the same transport parameters as before. There are many
different types of organs represented, including thin-walled organs such as the stomach and
urinary bladder, superficial organs such as the skin, and simple organs like the kidneys. Most
of the results obtained using EGS Mesh are within 5% of the Geant4 value. Generally, the
photon organ doses show less variance than the electron organ doses. Following [78], certain
organ absorbed doses are calculated by averaging only over radiosensitive organ regions.
These organs are given in Table 5.2. In addition, the extrathoracic region absorbed dose
was calculated using the weighting scheme from Table 2.3 of ICRP 133 [146], where the final
extrathoracic absorbed dose, DET , is calculated using the following weighted sum,

DET = 0.001 ·D302 + 0.999 ·D402, (5.4)

where D302 is the absorbed dose of region 302 and D402 is the absorbed dose of region 402.
In general, it can be difficult to determine the root cause of differences between Monte

Carlo transport codes. Differences can arise from various parts of each code, including differ-
ences between transport algorithms, cross-section data and geometry implementations. It is
also possible that one or both implementations might also have errors, further confounding
explanation. At the time of writing, the majority of dose ratios studied so far have been
within 5% of the Geant4 value, and all are within 10%, demonstrating that EGS Mesh is able
to obtain similar results to Geant4, the code primarily used by the initial ICRP 145 report
[7]. Further work is required to completely verify the use of the ICRP 145 phantoms with
EGS Mesh.
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Figure 5.18: ICRP 145 adult female phantom organ dose ratios between EGSnrc and Geant4
for a 5 MeV photon anterior-posterior beam.
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Figure 5.19: ICRP 145 adult female phantom organ dose ratios between EGSnrc and Geant4
for a 5 MeV electron anterior-posterior beam.
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Figure 5.20: ICRP 145 adult male phantom organ dose ratios between EGSnrc and Geant4
for a 5 MeV photon anterior-posterior beam.
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Figure 5.21: ICRP 145 adult male phantom organ dose ratios between EGSnrc and Geant4
for a 5 MeV electron anterior-posterior beam.



Chapter 6

Future work and conclusions

The tetrahedral mesh geometry implementation described in this thesis can be used as a
basis for further research. Research directions include new features, such as tetrahedral
mesh sources (Section 6.1), embedded ICRP 145 lung airway modelling (Section 6.2) and an
improved transport algorithm for homogeneous mesh media (Section 6.3). The actual mesh
implementation is fairly naive, meaning further performance optimizations are possible as
discussed in Section 6.4. The ongoing verification work must continue and further compar-
isons to the literature and other real-world calculations will be invaluable as support for the
implementation’s validity as detailed in Section 6.5. Section 6.6 highlights some EGS Mesh
numerical routines with inherent floating point robustness issues, that could be addressed
with algorithmic improvements or alternative implementations. The thesis is concluded in
Section 6.7.

6.1 Internal mesh sources

The ICRP 145 mesh phantoms were designed with a number of “source regions”, organs and
tissues that themselves emit radiation after, for example, ingesting a radioactive substance
for a medical procedure [7]. Some source organs of the ICRP 145 adult male phantom
are shown in Figure 6.1. For example, thyroid cancer is treated with radioactive iodine,
which is concentrated in the thyroid, but other organs receive dose as a consequence of
treatment [107]. As a complement to the external source results considered in Chapter 5,
the development of a tetrahedral mesh particle source for comparison against the ICRP 145
data [7] and other studies (e.g. [107]) would be a straightforward extension to this work.
Annex I of ICRP 145 has simulation results for different internal organ sources including the
thyroid, liver, and cortical bone [7]. A comparison against values obtained using the voxel
reference phantoms in ICRP 133 [146] would be immediately realizable.

80
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Figure 6.1: Three source organs of the ICRP 145 adult male phantom (thyroid, lungs and
liver).

6.2 ICRP 145 lung airway modelling

Though not strictly relating to the tetrahedral mesh implementation, implementing a com-
bined model of the ICRP 145 mesh and the detailed lung model developed by Kim et al. [98]
would be especially valuable for researchers interested in the lungs and more accurate results
for dose to different lung tissues. Implementing the lung model using a tetrahedral mesh is
considered too expensive because the large number of tetrahedrons required for modelling it
would use around 50GB of memory [98]. Instead, a constructive solid geometry approach is
used to model the fine structure of the lung airways [98]. This detailed model is then over-
laid with the mesh geometry for a combined simulation [98]. So far, there is only a Geant4
implementation of this enhanced model [7, 98], meaning another implementation would be
useful for verification. More generally, implementation of refined mesh organ models such
as the teeth model of Shin et al. [110] would further improve the calculation power of the
ICRP 145 mesh phantoms considered here.

6.3 howfarless: efficient transport in homogeneous
tetrahedral meshes

For many applications, a complete set of region doses like those output by EGS Mesh simu-
lations is unnecessary. For example, calculation of organ dose coefficients using the ICRP
145 meshes [7] only requires total organ average dose. In that case, only considering the
distance to a medium boundary and transporting the particle to the next medium bound-
ary without having to explicitly simulate transport in every medium voxel could increase
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simulation efficiency without noticeably affecting result accuracy. Walters and Kawrakow
implemented such a feature in the rectilinear voxel code DOSXYZnrc [147]. They found up
to a 5 times increase in efficiency for certain simulation configurations [147]. They observed
that efficiency increased as the source energy increased [147], which makes intuitive sense as
particles with more energy tend to travel farther. Other researchers have extended their im-
plementation for further efficiency improvements in certain slab geometries [148]. However,
it may be the case that a similar implementation for a tetrahedral mesh would result in lower
efficiency improvements because of the increased difficulty (compared to a voxel geometry)
of determining the distance to an arbitrary mesh boundary.

6.4 Other performance improvements

The computer graphics literature has a wealth of performance-oriented research. It is virtu-
ally certain that the implementation presented in this thesis can be improved with regards
to performance. The performance-oriented parts of the current implementation are:

• storing tetrahedron neighbours,

• volume and surface octree spatial partitioning, and

• precalculating triangle face normals used heavily in the geometry routines.

Further performance improvements could be realized from either improving on the current
implementation or adding to the list of optimizations. One major optimization challenge
is that unstructured meshes are notoriously cache-unfriendly. On a case by case basis,
reordering the input mesh file so elements closest to the source come first in memory would
likely improve performance somewhat. More sophisticated mesh reordering algorithms also
exist in the literature [149]. It is possible another spatial partitioning scheme like a kd-tree
[127] would improve performance over the octree used in the initial implementation. The
use of an industrial-grade ray-tracing library such as embree [150] would also likely improve
performance, though it would introduce a heavy external dependency. In computer graphics,
geometry routines are typically accelerated using single instruction multiple data (SIMD)
intrinsics that allow for multiple intersection tests to be performed at once. The use of double
precision values in EGS Mesh instead of the single precision floats often used in computer
graphics [127] means more recent instruction sets like Intel’s Advanced Vector Extensions
(AVX) are required to process four doubles at once [151]. A SIMD implementation of the
mesh geometry routines could improve performance, though it may be that the cost of cache
misses would drown out any improvements obtained through vectorization.
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6.5 Continued verification and benchmarking

The comparison work begun in this thesis regarding results obtained using the ICRP 145
phantoms compared to the ICRP 116 data [145] and those results obtained using Geant4 [88]
is not yet complete. Only the anterior-posterior geometry was studied in depth so far, (the
other five irradiation geometries being posterior-anterior, left lateral, right lateral, rotational
and isotropic). Implementation of the rotational source might be accomplished using the
EGS DynamicSource class [6]. At the moment, there is no direct analogue to the inwardly
directed spherical isomorphic source in the egs++ class library, so would-be implementers
may have to design their own special-purpose source. At the time of writing, an ICRP
report on mesh paediatric phantoms is being finalized [94]. Once the report is released,
implementation of the paediatric phantoms following this work would be valuable both for
EGS Mesh verification and for further study of the phantoms themselves using EGSnrc. More
performance testing of the system is also crucial. A thorough examination of EGS Mesh
performance for different cases would be a useful resource and would help guide the efficiency
expectations of practitioners setting up a new simulation.

6.6 Robustness improvements

Geometry routines making use of floating point numbers like C++’s float and double can
have some inherent robustness issues. Not all real numbers can be described using floating
point, meaning truncation is inevitable in the general case. However, for a performance
sensitive project like EGSnrc, floating point alternatives like arbitrary precision arithmetic
are probably too expensive. The frequency of robustness issues is estimated to be below
the sensitivity threshold of EGSnrc (< 0.1%), but nevertheless a better understanding of
the various issues and measurement of their true frequency would be very beneficial for
the implementation. Section 3.9 of [127] has a thorough introduction to these concepts
and some immediately applicable algorithms, such as a more robust version of the ray-box
intersection algorithm considered in Section 4.4.3. Along with an improved ray-box test,
another interesting result would be to compare the existing Möller-Trumbore ray-triangle
intersection algorithm [63] with the watertight intersection algorithm of Woop et al. [121]
for various meshes.

6.7 Conclusions

A tetrahedral mesh geometry library, EGS Mesh, for the radiation transport code EGSnrc,
was implemented. EGS Mesh can be used in combination with other egs++ libraries, allowing
users to design ever-more powerful and accurate simulations. EGS Mesh also allows users
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to simulate radiation transport in CAD geometries after a meshing step. The EGS Mesh
implementation uses known algorithms from the computational geometry literature and is
accelerated using octree spatial partitioning. EGS Mesh has been verified by comparison to
theoretical results (including a Fano test and a comparison against an equivalent voxelized
geometry) and by comparison to results obtained using Geant4, another transport code
capable of simulating radiation transport in tetrahedral meshes. EGS Mesh has been shown to
be capable of simulating radiation transport in large and complex tetrahedral mesh phantoms
from the literature, such as the ICRP 145 adult reference male and female phantoms [7].
ICRP 145 organ dose comparisons to Geant4 for the energies considered here found agreement
mostly within 5%, but some organs had differences of up to 10%, requiring further study to
be completely assured of the use of the ICRP 145 phantoms with EGSnrc. Future research
directions include the design of an accelerated transport algorithm for use in homogeneous
tetrahedral meshes as well as continued performance and benchmarking studies (including
the use of tetrahedral mesh phantoms from the wider simulation community). With this
work, an initial implementation of tetrahedral mesh transport in EGSnrc has been realized.
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