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ABSTRACT

The relationship between nonlinear factor analysis (F3)
models and Item Response Theory (IRT) models has been well
established. Furthermore, in terms of modern neasurement theory,
the use of nonlinear FA models to describe item-trait
relationships is currently becoming rmore popular and may offer
some statistical and/or computational advantages in the analysis
of item response data. Both limited-information (LI) and full-
information (FI) nonlinear FA models can be used to derive the
familiar IRT parameter estimates. 1In general, the two approaches
(LI and FI) are distinguished simply by the extent to which they
use information in the data matrix of examinee (subject)
responses.

The focus of this study was to compare the accuracy and
efficiency of IRT parameter estimates (i.e., item difficulty,
item discrimination) using both LI and FI nonlinear FA models. A
Monte Carlo study was employed to investigate the precision and
stability of parameter estimates in situations where a) the
manifest variables (test items) are binary and there is a single
underlying normally distributed latent variable and b) the
manifest variables are binary and there is a single underlying
latent variable that is not normally distributed. In addition,
parameter recovery was explored under various ﬁimulated test

lengths (number of items) and sample sizes (number of examinees).
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The results of the study suggest that, for conditions

involving a normally distributed latent variable, the limited-
information approach incorporated in the NOHARM computer program
generally provides more accurate and stable parameter estimates
than the theoretically preferred FI estimator incorporated in the
TESTFACT computer program. For situations involving a nonnormal
distribution of the latent trait, or ability, FI estimation
'provided a2 marginally better calibration of the Z2-parameter
logistic response model. Both estimators were, however, prone to
producing item values that were outside of feasible ranges,
resulting in poor goodness-of-fit of the estimates. Furthermore,
based on the conditions modelled in the study, neither the sample
size, the test length, nor the sample size/test length ratio were
important in terms of explaining between-program differences in

the recovery of the item parameters.
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CHAPTER I: INTRODUCTION

The relationship between factor analysis (FA) models and
Item Response Theory (IRT) models is well documented (e.g., De
Champlain, 1995; McDonald, 1967, 1982; Takane & De Leeuw, 1987).
More importantly, in terms of modern measurement theory, the use
of FA models to describe item-trait relationships is currently
becoming more popular and may be advantageous in the analysis of
item response data. The increased recognition of the basic unity
between nonlinear FA models and IRT is a significant development
and provides several interesting areas for research in
measurement and testing. For example, even though there are
numerous studies in which attempts have been made to evaluate
competing estimation strategies based on traditional IRT methods
(see, Baker, 1987), there has been little research aimed at
establishing the appropriateness of parameter estimates derived
from competing nonlinear FA models (i.e., limited-information
versus full-information). A quantification of the relative
accuracy and stability of the estimates produced under these two
specifications will be of great interest to testing specialists.

Both limited-information (LI) and full-information (FI)
nonlinear FA models can be used to derive the familiar IRT
parameter estimates. The essential difference between LI and FI
models can be defined by what McDonald (1981) calls the strong
and weak principles of local independence. The strong principle

states that given 8,,...,8,, the conditional probability of any



set of the n variables (items) is the product of the n
conditional probabilities of those values. Under this
specification, responses to some items can be dependent on
responses to two or more other items. The latent trait not only
explains item covariances but also higher order joint moments.
Estimation strategies such as marginal maximum likelihood (MML)
in TESTFACT (Wilson, Wood, & Gibbons, 1991), which use all of the
information in the response patterns, employ the strong
principle. The weak principle, which is probably more tenable in
pPractice, states that the conditional covariances of the items
are zero. From a testing perspective, one assumes the existence
of one or more latent traits characterizing each examinee such
that, for any fixed value of these, the responses of the
examinees to the binary items are mutually statistically
independent. For the unweighted least-squares (ULS) estimation
in NOHARM (Fraser & McDonald, 1988), which is based only on item
covariances, the weak principle is employed. In general, the two
models (LI and FI) are distinguished simply by the extent to
which they use information in the data matrix. However, within
the LI and FI frameworks, there are a number of estimation
pProcedures and options that can be employed.

For traditional IRT based programs (e.g., LOGIST; Wingersky,
Barton & Lord, 1982), nonnormal distributions of examinee
(subject) ability have been shown to result in poor parameter
estimates (Yen, 1987). Under both of the nonlinear FA models

mentioned above, for conditions where a single trait is presumed
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to underlie test performance, it is assumed that the distribution
of this latent trait (e.g., ability) is normal. When the latent
trait is not normally distributed the range of unobserved
abilities for the examinees can become more homogeneous.
Hambleton (1993) suggests that under these conditions the item
parameter estimates will be less stable. Unfortunately, little
is known regarding the possible effect on NLFA parameter
estimates of violating the normality assumption. Hence, there
appears to be a need for an empirical study, using competing
nonlinear FA approaches, that specifically addresses this issue.

The focus of this study was to compare the accuracy and
stability of IRT parameter estimates using both FI and LI
nonlinear FA models under both normal and nonnormal distributions
of some latent trait, say ability. While there are numerous IRT,
or NLFA, representations (see McDonald, 1982), the emphasis in
this investigation was on parameter recovery for a
unidimensional, nonlinear, dichotomous response model. In the
second chapter a review of the common factor model and its
potential application with dichotomous (i.e., 0/1) data is
introduced. This is followed by a brief overview of the
competing nonlinear FA models and asgociated estimation
strategies. An examination of the relevant research related to
IRT and FA is introduced next. The methods and Monte Carlo
design are outlined in Chapter III. The results are presented in
Chapter IV. Chapter V is devoted primarily to relating the

methods, scope and educational implications of the results of the



research topic. The study conclusions and potential directions

for future research are discussed in Chapter VI.



CHAPTER II: LITERATURE REVIEW

Issues related to the specification and use of NLFA are
discussed in this Chapter. This includes an outline of the
operationalization of various models and a description of some of
the possible paraméter estimation methods. In addition, a review
of the relevant parameter recovery studies, using both LI and FI
estimators, is presented. Finally, a specific explanation and

rationalization of the research problem is forwarded.
Factor Analysis Models

An overview of the common factor model is presented below.
The general utility of FA techniques to describe item-trait
relationships is discussed, with a particular emphasis on
situations where the manifest variables (test items) are -
dichotomously scored. This is followed by a brief overview of

competing NLFA models and associated estimation strategies.

Common Factor Model

Factor analysis can be used to reveal relationships between
observed and hypothetical (latent) variables (traits). If a
large number of variables show substantial mutual correlation, it
is reasonéble to suppose that this arises from their common

dependence on a smaller set of unobserved or latent variables.
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The purpose of FA is to describe such a set of multivariate data
in terms of one or more of these underlying variables or traits.
Interrelationships among variables can expressed by a number of
coefficients (e.g., Pearson Product Moment correlations (PPMC's),
polychoric correlations, tetrachoric correlations), depending on
the measurement scale of the items (e.g., interval, ordinal, or
dichotomous). There are 2 number of estimation strategies that
can be incorporated in FA models. These include maximum
likelihood (ML), unweighted least squares (ULS), generalized (or
weighted) least squares (GLS), and many associated variants.

The most common FA strategy is to use Pearson Product Moment
correlations (PPMC’s) and ML estimation. This requires the
assumption that the observed variables (e.g., items) are measured
on at least an interval scale and that the data (e.g., item
responses} follow a multivariate normal distribution. 1In
addition, it is assumed that the regressions between the observed
variables and the latent (unobserved) factors/traits (e.qg.,
ability) are linear. Furthermore, the latent traits are assumed
to have a mean of zero.

The Spearman common factor model can be described as
follows. Assume that the responses to j variables (items) for N

subjects can be explained by k factors. The general factor model

is

Y =06A' + g, (1)



where
Y represents the N x j matrix of observed scores,
<] represents the N x k matrix of latent variable(s),
n' represents the k x j matrix of coefficients

describing the regression of items on the latent
variables (factors), and
€ represents the N ® j matrix of residuals.

The variance-covariance matrix of the observed variables,

denoted as I, can be expressed as:

Z = AdA' + (2)
where
o) is the k x k covariance matrix of 8, and
Y is the j x j covariance matrix of the residuals.
Non1li ; Analvsi

It has been shown that the general factor analysis model
described above is‘not appropriate when the observed scores are
dichotomously scored (i.e., 0/1). The underlying problem is that
when the dichotomous variables are bounded by 0/1, the assumption
of linearity of regression between the latent factor/trait and
the observed dichotomous variable(s). will rarely be met
(McDonald, 1967a; McDonald & Ahlawat, 1874). 1In addition, Olsson
(1979) showed that the application of FA to discrete data may
lead to incorrect conclusions regarding the number of factors,
biased estimates of the factor loadings, and incorrect standard

errors and x° tests of model fit. From a testing perspective, a



linear model would be expected to perform poorly in accounting
for item-ability relationships. For example, the relationship
between item performance and ability would clearly be nonlinear
for high ability candidates. While raw PPMs (i.e., phi
correlations) are easily obtained from the current statistical
packages, their use in the FA of dichotomously scored responses
does not appear to be appropriate.

It has been suggested that ULS estimation of the sample
matrix of tetrachoric correlation coefficients (approximation of
the correlation matrix among hypothetical multivariate normal
latent response processes for the various items) should be
employed. This technique may be superior to the FA of phi
coefficients and generally requires far less computation than
other methods specifically designed for categorical data (e.g.,
nonparametric techniques). Rigdon and Ferguson (19%1) suggest -
that, if one simply needs parameter estimates such as factor
loadings and uniquenesses, one can use tetrachoric correlations
and binary data as a substitute for the sample covariances and
multivariate normal data. Unfortunately, the calculation of the
tetrachoric correlation matrix may be problematic, especially
when the prcportions of the 2x2 tables of item responses are
extreme or when the number of observations is low. Collins,
Ciliff, McCormick, and Zatkin (1986), in a comparison of the
performance of phi coefficients and tetrachorics in the factor
analysis of binary data, found that the solutions based on

tetrachorics contained many Heywood cases (communalities equal to



Or greater than unity). Also, the matrix of tetrachoric
correlations is not necessarily positive definite, which makes
some estimations strategies (e.g., maximun likelihood)
inappropriate. Finally, ordinary FA of the tetrachoric
correlation matrix does not give correct standard errors or a
valid x? test of model fit (Bock & Lieberman, 1970).

Overall, deficiencies in the unweighted least-squares FA of
phi coefficients or tetrachoric correlations restricts their use
as diagnostic tools in test construction involving items with
binary responses categories. However, a number of alternate
strategies have been suggested that are based on the assumption
that the dichotomous variables are indicators of underlying
continuous variables for which FA is appropriate. These
techniques, which overcome some of the computational and
statistical problems outlined above, are described below. A more
detailed review of nonlinear FA techniques for binary data can be

found in De Champlain (1995).

Limited-Information (GLS Estimation). Christoffersson

(1975) and Muthén (1978) proposed similar, and asymptotically
equivalent, solutions for the FA of dichotomous data. These
approaches employ tetrachoric corrélations as the index of
association for factoring binary data. From an IRT perspective,
these solutions result in models that express the probability of
corregtly responding to dichotomously coded items as nonlinear

functions of some ability, denoted 8. The resulting
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reparameterization of the normal ogive models to common factor
analysis models is straightforward. For simplicity, assume that
the set of observed response variables measure a single factor or
trait (e.g., math ability). The y’ variable, depicted below, can
then be thought of as the tendency to respond correctly to a
certain item related to math ability. When this tendency exceeds
a specific threshold (t), the respondent will provide a correct

response, otherwise not. This relationship can be expressed as

follows:

y = { 1ify" > t (3)
0 otherwise,

where

t =07'(p) (p = observed proportion of positive
responses) and ¢! is the inverse of the cumulative
normal distribution function.

This recognizes that all respondents who respond correctly to a
particular math item (y=1) will not have the same level of math
ability. As a result, the relationship between vy and v leads to
& nonlinear relationship between Y and the latent trait (©). This

nonlinear relationship can be expressed as

P(y=1i8) = P(¥" > t) = N(t - A8}, (4)

where

N is the standard normal density function.
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This leads to the common factor analysis model described earlier

Yy = AB o+ gy, (5)

which can be estimated using tetrachoric correlations and the
limited-information generalized least squares (GLS) estimator
(Muthén, 1984). The GLS, or weighted, estimator is similar to
the unweighted least-squares (ULS) estimator in that there is an
attempt to minimize residual sums of squares. However, under GLS
estimation, these residuals are weighted by their sampling
variability and, thus, usually provide more stable estimates.
The solutions provided by Christoffersson and Muthén are
known as limited-information techniques and utilize sample
information up to and including fourth-order moments. They
result in an efficient use of the data because when categorical
response variables are involved, other estimation strategies
(e.g., those based on full-information) may lead to heavy
computation (Muthén, 1983). Although the GLS techniques are
computationally heavier than ULS, and still involve some loss of
information, they provide statistical tests of model fit as well
as standard errors of estimation. Nevertheless, the GLS
estimator requires the creation of a weight matrix that grows
répidly with the number of items. Mislevy (1986) comments that
the computational demands of GLS increase linearly with the
number of factors but with the fourth power of the number bf
items. Therefore, theré may be limitations on the number of

- items that can be employed. Muthén (1978) proposes that, due to
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the largeness of the weight matrix, GLS limits the number of
variables (items) to 20-25. Unfortunately, most tests have
considerably more items. The limited-information GLS solution is

currently available in the LISCOMP computer program (Muthén,
1987).

Limited-Information (McDonald's Harmonic Analysisg) . McDonald

(1967a) demonstrated that corventional FA can be applied directly
to binary data conforming to the normal ogive model. Using
McDonald's formalization, it is possible to specify nonlinear
relationships between item performance and ability. This
provides a powerful methodological framework by which to estimate
item parameters and test the invariance of these measurement
parameters across groups.

McDonald (1986) promotes nonlinear FA as a unifying theory
for the diversity of models for the analysis of multivariate
data. 1In fact, McDonald (1982) outlined the equivalence between
the general case of latent trait theory and item response theory.
The essential principle is that any reasonable regular nonlinear
function can be apprdximated closely by a linear combination of
terms. Using harmonic analysis, the normal ogive can be

approximated by a polynomial series of the general form:

2y = £y + £,0 + £,0° + .. £ 0% (6)
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McDonald (1962, 1965, 1867a, 1967b) provides a theory for a
commor: FA model in which the regressions of the observed
variablés on the common factors are nonlinear. By assuming that
the latent trait has a normal distribution (i.e., the dichotomies
are reasonably considered to have arisen from a continuous normal
latent process), this model yields estimates of the item
parameters based on the Spearman FA of the matrix of item
tetrachoric correlations (Lord, 1952). Thus, the unidimensional
(or multidimensional) normal ogive model can be looked upon as a
confirmatory common factor model for binary variables. For
example, the Rasch model is simply a nonlinear transformation of
the special case of the Spearman single factor model in which the
factor loadings are required to be the same for all items.
McDonald (1980) has also shown that, provided the latent trait
has a normal distribution, the 2-parameter normal ogive model can
be fitted to binary data by the analysis of covariance
structures.

Harmonic analysis of the normal ogive model has been used to
fit the normal ogive model by substituting the best-fitting cubic
model (McDonald, 1967a). Within this framework, the normal ogive
function is approximated by a four term polynomial series with
coefficients defined by normalized Hermite-Tchebycheff
polynomials and scores defined by ratios of factor loadings (see,
Fraser, 1983; Fraser & McDonald, 1988). McDonald (1982) suggests

that this strategy provides a very good approximation to the
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normal ogive and that terms beyond the cubic can be ignored. The

unidimensional cubic model can be written as:

¥, = by + b6 +b;;6° + b8’ + e, (7)
where
by = factor loading of factor j on item i of polynomial
of degree k, and
e, = uniqueness component of item i.

This breakdown of the ICC into a sum of polynomials results in a
restricted common FA of a matrix of item covariances, in which
factor loadings are restricted to be nonlinear functions of item
parameters. This is similar to the limited-information solution
proposed by Muthén (1978) but uses an unweighted least squares
(ULS) fitting function and a conjugate gradients algorithm.
Unlike the weighted LS estimator utilized by Muthén, the ULS
fitting function proposed by McDonald is computationally less
burdensome and can incorporate numerous responses (subjects),
variables (items) and factors (traits).

NOHARM II (Fraser & McDonald, 1988) is a computer program
that can be used to fit both the unidimensional and
multidimensional normal ogive models of latent trait theory. As
part of the theory it is assumed that the latent trait has a
normal distribution. Within NOHARM II, item difficulty (b) is
estimated from a normal deviate corresponding to percent correct.
Item discrimination (a) can be derived from the loading of the

item in a one-factor common FA, which is based on the matriz of
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joint proportions of item responses (i.e., sample product-moment
matrix).

If the residuals (e,'s) are multivariate normal distributed,
this model is equivalent to the normal ogive model (Lord, 1980).
For example, the 2-parameter normal ogive model (Lord, 1952,

1953) can be expressed as

E(yy) = Priy,=11] 8] =N {a, (&8 - by} (8)

where

8 is the latent trait variable (common factor),

a, is the discrimination parameter for item 3.

b, is the difficulty parameter for item j, and

N{.} is the normal density function.
Based on this specification, the pProbability that a randomly
selected examinee of ability © will correctly answer an item is

dependent on the two parameters, a and b.

This model can also be written as:

Efy;) =Prly, =1 18] =N {f, + £,0)} (9)
where
fo = -a,b, and
£y = a,
or
Elyy) = Briy; =11 6] =N [(t, + 48)/(1 - A" (10)
where

t, is the threshold value and
A; is the Spearman common factor loading.
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This final parameterization corresponds to an interpretation of
the model as arising by dichotomization of underlying continuous
variables that follow the linear one-factor model
(Christoffersson, 1975). It is also the most suitable
transformation of straight line regression of test score on a
common factor (McDonald, 1981).

McDonald's Harmonic Analysis is applicable to the two-
parameter normal ogive model and a modification of the three
parameter model in which the pseudo-guessing values afe fixed.‘
In addition, it can be used to fit multidimensional models and
includes a residual analysis to determine model-data fit.
McDonald's polynomial approximation to the normal ogive has been
used to examine some problems in educational testing (e.g.,
Boulet & Gessaroli, 1992; De Champlain & Gessaroli, in press;
Fang & Gessaroli, 1995; Miller & Hirsch, 1991). However,
compared to other IRT programs, NOHARM has not received much

attention in the United States (Hambleton, Swaminathan, & Rogers,

1981).

Full-Tonformation (MML Estimation). The information in all

cells of the 2P contingency table of responses to all items is
required for completely efficient estimation of parameters in the
factor model for dichotomous items. Full-information (FI)
approaches, based on maximum-likelihood (ML) estimation, have
_been developed for the analysis of factor models incorporating

dichotomous items (see Bock; Gibbons, & Muraki, 1988). However,
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utilizing full-information maximum likelihood (FIML) estimation
of item parameters is computationally difficult in that for n
items it requires the generation and inversion of a 2nx2n
information matrix (Bock & Lieberman, 1970). Also, the entire 2°
table of response counts is usually unwieldy, difficult to
interpret, and full of small expected values (Thissen, 1982).
Unlike the LI approaches presented earlier, FI item factor
analysis analyses response vectors instead of item pairs. Bock
and Lieberman (1970) utilized FIML with a single latent trait and
estimated that, given their ML estimation algorithm and the
computer resources of the day, the upper limit on the number of
items that could be analysed was 10-12. Full-information item FA
based on marginal maximum likelihood (MML) estimation and the EM
algorithm (see Rubin, 1991) was introduced by Bock and Aitken
(1981) . The incorporation of the EM algorithm for ML allows for
the estimation of item parameters in the marginal distributioen,
integrating over the distributioﬁ of ability (see Bock & Aitken,
1981; Bock & iieberman, 1870). As a result, the calculation of
an inter-item correlation matrix is not required, and the
computations are minimized.  This allows for the incorporation of
many more items and more than one factor and should provide
tremendous computational speed advantages for long tests
(Thissen, 1982). Nevertheless, the computations involved in MML
still increase exponentially with the number of factors and
linearly with the number of items (Bock, Gibbons, & Muraki, 1988;

Mislevy, 1986).



18
TESTFACT (Wilson, Wood, & Gibbons, 1991) is an item factor

analysis computer program that uses MML to derive parameter
estimates for unidimensional and multidimensional IRT models.
Unlike LI techniques it uses an iterative procedure to obtain MML
estimates of the item parameters via the EM algorithm. The
program also provides a statistical test for the number of
factors. 1In the unidimensional case, the normal ogive item

response model without guessing is given by

Prob(y,=118) = N([z,(®)] (11)
where
z,(e) = cy + aje and
cy = -ajbj .

The MML estimates of the factor loadings (A,) and the standard
difficulties (5j) are calculated from estimates of the slope

parameter (a,) and the intercept parameter (cy):

_ -l - -1
where

d,

(1 + a’)y”.

The familiar IRT discrimination and difficulty parameters are
easily derivable from the factor loadings (A;) and intercept
parameters (c,):

a
3
bJ
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Within this specification it is also assumed that the subjects

(examinees) are randomly sampled from a normal 6 distribution.
Comparisons of Parameter Estimation Strategies

Various FA techniques and estimation strategies can be used
'£o summarize item-trait relationships. A review of the studies
in which the utility of competing methods were empirically
addressed is provided in this section. This includes studies
where particular FA methods were compared as well as studies
where particular estimation strategies incorporated in commonly
used IRT programs were contrasted. A summary of the use of MML -
estimation in item calibration studies is also provided.
Finally, a review of the studies in which limited- and full-
information FA estimators have been specifically contrasted is

presented.

- . ¢ FA Methods of Dic

Parry and McArdle (1991) used simulation methods to compare
four least-squares (LS) methods of FA of dichotomous variables.
Input matrices were phi correlations, tetrachoric correlations
estimated from bivariate tables of the observed variables,
tetrachoric correlations estimated on the basis of the latent
continuous normal response variables underlying the observed

variables (using LISCOMP with GLS factor extraction), and
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correlations based on a sample raw product-moment matrix (NOHARM
II; Fraser & McDonald, 1988). Under varying sample sizes (N=50,
100, 200), threshold values, and population loadings of a factor
model, the more sophisticated third and fourth methods were not
found to be markedly superior to the first two methods. However,
the calculation of the matrix of tetrachoric correlations
followed by a weighted LS method of factor extraction did not
work well for data sets having small sample sizes. This was due
to the fact that the weight matrix is not always positive
definite and thus this method often fails to converge. The
authors suggested the samples of less than 200 not be used with
weighted LS. The estimates of population factor loadings using
McDonald's NOHARM procedure were not superior to those produced
by the usual ULS estimation of the tetrachoric correlation
matrix. Unfortunately, the simulations in this study were
limited to eight dichotomous variables (items) and one factor in
all cases. As a result, the authors recommended that further
simulation studies be performed in order to study the effect of
changing the number of variables (items) in the model and h&ving
a broader range of sample sizes. Furthermore, they also
suggested that the utility ML (e.g., MML) factor analysis
procedures be investigated.

Collins et al. (1986) also performed a simulation study to
investigate factor recovery in binary data sets. Artificial data
were generated using the two-parameter logistic model. The

authors specifically compared the performance of phi and
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tetrachoric coefficients in factor structure recovery in various
types of binary data sets. Four data sets (normal, low
frequency, rectangular, bimodal) were produced by varying the
shape of the subject ability distribution and the shape, mean,
and standard deviation of the item difficulty distribution. They
found that both indices performed best on the normal data sets.
In the low frequency data sets the use of tétrachoric
coefficients resulted in poor nontrivial factor identification,
which was likely the result of large numbers of Heywood cases in
this condition. Over all conditions 11% of the variables in each
data set had communalities greater than or equal to one. Similar
to Parry and McArdle (1991), Collins et al. concluded that, in
general, phi coefficients rather than tetrachorics should be

factored.

Comparison of TRT and FA Models

There have been a number of studies in which common IRT
based computer programs (e.g., LOGIST, BILOG) for analyzing item
response data have been compared (see Hsu & Yu, 1989). These
comparisons include situations where 1) no assumption of the
model is violated, 2) the ability distributions are nonnormal,
and 3) the unidimensionality assumption is violated.

When trait values are generated from normal distributions

BILOG (Mislevy & Bock, 1984) with MML estimation uses more

processing time than joint maximum likelihood estimation (JML)
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(LOGIST; Wingersky, Barton & Lord, 1982), produces estimates that
are almost always more accurate and is recommended for shorter
tests and/or smaller sample sizes (Yen, 1987). 1In a simulation
study, Drasgow (1989) found that MML estimation was able to
recover true parameter estimates with tests as short as five
items and samples as small as 200. In general, as tests become
longer and sample sizes become larger, MML estimation and JML
estimation tend to converge (Lord, 1986; Mislevy & Bock, 1984).
Therefore, for longer tests, either estimation strategy would
appear to be appropriate.

For nonnormal distributions of ability, the shape of the
ability distributions has been found to have an effect on
paramecer estimation in the unidimensional case. Using simulated
data for 20- and 40-item tests and 1000 examinees, Yen (1987)
compared the item parameter estimates from LOGIST and BILOG under
the three-parameter logistic model. For data derived from
nonnormal trait distributions (negatively skewed, positively
skewed, symmetric but platykurtic) she/found that, in almost
every case, BILOG yielded more accurate estimates of item
parameters than did LOGIST.

In terms of studies involving unidimensional models and
multidimensional data, it has been found that major departures
from unidimensionality can cause severe problems in parameter
estimation (e.g., Hsu & Yu, 1989). 1In general, the accuracy of
parameter estimation is poor when unidimensional models are

applied to multidimensional data.



Jrem Recovery Studies Utrilizing MMI

Zwinderman and van den Wollenberg (1990) investigated the
robustness of MML estimation in the Rasch model. Monte Carlo
methods were used to look at the effect of test length and the
assumed distribution of ability on the standard errors (SEs) of
the parameter estimates. The number of items was 5, 10, or 15.
The simulee parameters were sampled from the stancard normal or
exponential distribution. For the nonnormal case, simulees were
sampled from extremely, moderately, and lightly skewed
distributions. Sampling from exponential distributions will
result in a skewed number-correct score distribution, with a
larger skewness corxresponding to a larger mean of the exponential
sampling distribution. The only sample size incorporated was
4000. Fifty replications of each condition were undertaken. The
accuracy of the parameter estimates was assessed by means of the
square root of the mean square difference (RMSE) between the
input parameters and the estimates, averaged over replications.
The authors found that when the distribution of ability was
assumed to be normal when it was actually skewed, the MML
estimators lose accuracy and efficiency. In addition, the RMSEs
for the MML estimates under the skéwed distributions of ability
varied considerably and increased as the departure from normal
ability distribution increased. The average skewness of the
number-correct score distribution was -2.01 for the extremely

skewed distribution. Overall, the use of an invalid {(nonnormal)



ability distribution led to a loss of efficiency and biased
estimates when this discrepancy was large.

Stone (1992) evaluated MML estimation of item parameter and
ML estimation of ability in a 2-parameter logistic model for
varying test lengths, sample size, and assumed ability
distributions. One hundred data sets for each combination of
factors were simulated. Three possible test lengths (10, 20, 40
items) and three sample sizes (250, 500, 1000 examinees) were
incorporated in the Monte Carlo experiment. In addition, three
ability distributions were used (normal, positively skewed, and
symmetric but platykurtic). These data sets were analysed via
MML produced by the EM algorithm, which is implemented in the
MULTILOG computer program {(Thissen, 1986). Recovery of item
parameter values was assessed by averaging information across the
100 replications. Bias in item difficulty and discrimination was
assessed by examining the difference between the mean of each
parameter and the population value across 100 replications. The
root mean squared error (RMSE) was also used to examine the
goodness or closeness of the estimates. 1In general, Stone found
that the effects of sample size, test length, and assumed ability
distribution depend on the individual item parameters. Overall,
more extreme item discrimination estimates were produced with
small sample sizes and short tests. However, for poorly
discriminating items (2=.33/1.7) the differences in the accuracy
of estimation were negligible, regardless of the number of items,

the sample size, or the true distribution of ability. When
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ability was normally distributed the MML estimate of item
discrimination was generally precise and stable. In addition, as
sample size increased the variability of the point estimates
decreased. 1In terms of the estimation of item difficulty,
somewhat more extreme parameter estimates were produced when the
ability distribution was skewed or platykurtic. The MML
estimates of item difficulty were, however, generally precise and
stable in small samples, short tests, and varying distributions
of ability. 1In terms of both difficulty and discrimination,
greater RMSE values were associated with items that were highly
discriminating and extremely easy. Stone also commented that
some of the large RMSE results that were associated with the
smaller sample sizes and short test lengths were probably due to
a few cases where very extreme estimates were produced through
MULTILOG.

Seong (1990) also investigated the sensitivity of MML
estimation of item and ability parameters when the prior and
underlying ability distributions were not matched. Thirty sets
of 45-item test data were generated by specifying three types of
underlying ability distributions (normal, positively skewed,
negatively skewed). The positively skewed distributions was
defined by a x? distribution with eight degrees of freedom (dfs),
resulting in a skewness of one. The negatively skewed
distribution was simply the mirror image of the positively skewed
distribution. Furfhermore, the type of prior ability

distribution (normal, positively skewed, negatively skewed), the
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number of quadrature points (10,20), and the number of examinees
(100,1000) were systematically varied. For each set of values,
only five replications of the data were generated. The item
response vectors were generated under the two-parameter normal
ogive IRT model. Item discriminations ranged from 0.30 to 1.1.
Difficulty values ranged from ~1.0 to 1.0. The data were
analysed via the MML/EM approach of Bock and Aitken as
implemented in the BILOG computer program (Mislevy & Bock, 1986).

The author used two descriptive statistics to assess the
adequacy of the MML approach. The root mean squared error (RMSE)
was used to assess the adequacy of the estimates. The mean of
the absolute difference between the estimates and the parameters
was used as a measure of bias. He found that item discrimination
and difficulty parameters were estimated more accurately when the
prior and underlying ability distributions were matched and the
sample size was large. Hoﬁever, with small datasets, the
appropriate specification of the prior distribution did not
increase the accuracy of parameter estimation. Nevertheless, the
number of examinees had an important effect on the accuracy of
item parameter estimation. In general, increasing the sample
size improved the accuracy of estimation for the item
discrimination and difficulty parameters. Seong suggested that
the user should specify the prior ability distribution based on
theoretical or empirical considerations. Unfortunately, the

population distribution of ability is often impossible to
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determine. In these situations, the default normal prior ability
distribution is recommended.

Reise and Yu (1990) investigated parameter recovery in the
graded response model using MULTILOG (Thissen, 1986). The graded
response model is used to describe test taking behaviour when the
responses can be classified as ordered categories. While this is
not a binary data model, MULTILOG incorporates MML estimation and
can be considered as an extension of the binary logistic model
(BILOG; Mislevy & Bock, 1984) to the polytomous case. Therefore,
issues related to parameter recovery in this study may have some
bearing on MML estimation of the well established one-, two- and
three parameter binary models. Reise and Yu investigated a
number of conditions that may affect parameter recovery,
including sample size, true 8 distribution (normal, uniform,
skewed), and true discrimination parameter distribution. The
potential effects of test length were not investigated. A number
of indices were used to examine parameter recovery, including the
correlation between population and estimated parameters for each
condition and the RMSE. In addition, means of the population and
estimated parameters were compared for each condition. They
concluded that MULTILOG is an efficient and effective estimation
program for the graded response model. In general, the error of
the estimates was reasonably low when compared to other studies.
Also, there were no consistent positive or negative discrepancies
between the population and estimated discrimination parameters.

However, parameter estimation was found to be more accurate for



larger samples (N > 1000), highly discriminating items, and
samples that are heterogeneous in ability (normal ©
distributions). The authors also suggested that, if structural
parameter recovery is important, at least 500 examinees are
needed to achieve respectable correlations and RMSEs.

In previous item parameter recovery studies where the use of
MML estimation was investigated it has been shown that a
misspecification of the latent ability distribution can have an
effect on both accuracy and efficiency of parameter estimates.
Overall, when the population ability distribution is not normal,
and no constraints are placed on the prior distribution, the
parameter estimates tend to be less stable and precise.
Unfortunately, due to methodological constraints, the use of MML
in item parameter estimation would not appear to have been
sufficiently investigated in these studies. For example, both
Drasgow (1989) and Seong (1990) used very low numbers of
replications (10 and 5, respectively). These relatively low
number of replications yielded unstable results. Even Stone
(1992), who incorporated 100 replications of each condition,
utilized a maximum test length of 40 and a maximum sample size of
1,000. Similarly, 2Zwinderman and van den Wollenberg (19%0) used
only small numbers of items (5, 10, and 15) in their robustness
study. Finally, Reise and Yu (1990) used simulation conditions
that were based on a common test length of 25 items. Although
the authors maintain that with MML estimation test length is not

a crucial variable to manipulate, it would still be interesting
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know how NLFA calibrations using MML estimation are affected by

this factor.

Full-Tnformation Versus Limited-Information

Knol and Berger (1991) compared various factor analytic and
multidimensional item response theory (MIRT) models in the
. estimation of item parameters for dichotomous variables. These
comparisons included both full-information models (e.g., MML
estimation via TESTFACT) and models that use only pairwise
information (e.g., McDonald’s Harmonic Analysis). It should be
noted that the authors chose not to utilize GLS (LISCOMP: Muthen,
1987) due to the fact that it yields similar estimates as
TESTFACT (Bock, Gibbons, & Muraki, 1988). Xnol and Berger
generated numerous data matrices having known discrimination and
difficulty parameters using sample sizes of 250, 500, and 1009.
Comparisons were then made between the population item parameters
and those derived through the various estimation strategies. The
authors concluded that, for multidimensional data sets, NOHARM
and the common FA of the tetrachoric correlation matrix performed
at least as well as TESTFACT. Although full-information methods
(e.g., MML as implemented in TESTFACT) should.be theoretically
preferred, numerical problems involved with this strategy may
have impeded the derivation of more appropriate estimates. It
should also be noted that for each set of item parameters and

each sample size only 10 replications were generated. The
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authors also found that, for the unidimensional data sets, the
mean squared differences between the population and estimated
parameters were comparable for NOHARM and TESTFACT.

Nevertheless, Muraki and Engelhard (1985) have shown that, for
items with extreme difficulties, the root mean squared difference
between the estimated and generated factor loadings was
considerably lower for TESTFACT than for the traditional common
FA of tetrachoric coefficients.

Miller (1991) also investigated the quality of
multidimensional item response theory (MIRT) model parameter
estimates with those derived from NOHARM. In a Monte Carlo
study, two data sets comprised of 50 items were generated under
the following conditions: n=2000, a1,z = 0,0.5. In this study
guessing parameters were set to zero, thus vielding a common
factor model parameterization of the 2-parameter normal ogive
model. Standardized residuals were computed for each person and
each item. In order to check for the accuracy of estimation, the
means of these residuals, for individual items and overall, were
contrasted. The results from this limited simulation suggested
that TESTFACT (using MML estimation) and NOHARM {(using ULS
estimation) produced little bias in the estimates and were
equally effective in reproducing data under well-fitting model
conditions. Even though the scope of this study was extremely
limited, Miller (1991) concluded that the estimates derived from

NOHARM were sufficiently accurate for practical purposes.
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Research Problem

The utility of factor analytic methodologies in the analysis
of dichotomous item response data has not been investigated
thoroughly. More specifically, the comparison of parameter
estimates from factor analytic based methodologies utilizing
full-information and limited-information nonlinear FA models has
not covered the wide variety of situations that would be of
interest to test developers. In terms of the computational
algorithms and computer programs discussed earlier, MML
estimation, as implemented in TESTFACT, and ULS estimation,  as
implemented in NOHARM, may have distinct advantages under certain
testing conditions {e.g., number of items, number of examinees,
shape of underlying ability distribution). Based on empirical
studies, the use of FI nonlinear FA (MML estimation) has
generally provided at least equivalent, if not more accurate,
parameter estimates than more traditional IRT based procedures
(e.g., JML estimition as implemented in LOGIST). Furthermore, to
properly implement IRT grounded methodelogies and associated
computer programs, especially for two~ and three-parameter
models, a substantial number of examinees and items is generally
required. This does not appear to be necessary for MML (Drasgow,
1989). Nevertheless, the computational demands of MML estimation
may be problematic, especially for tests incorporating numerous

items, or traits, leaving LI strategies as the methods of choice.
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In terms of the two LI solutions and estimation approaches
considered earlier (i.e., GLS and ULS), McDonald's harmonic
analysis would appear to be superior in that the computational
demands of the GLS estimator presently precludes the analysis of
tests that incorporate more than 20 or 30 items. Also,
McDonald‘s application of nonlinear FA uses ULS estimation to
find estiﬁates for the unknown parameters. In general,
techniques specifically designed for a least squares objective
function can be expected to converge faster than those designed
for ML estimation (Everitt, 1987). Furthermore, least squares is
the simplest of the standard fitting functions and should be
computationally advantageous over most, if not all, test lengths
and sample sizes.

Recently, McDonald (1994) commented that "unless it can be
shown that full-information methods commonly vield stable
‘additional information, it remains a reasonable conjecture that
bivariate information methods are to be preferred since they do
not require pooling of answer pattern frequencies, and arguably
should be computationally more efficient" (pp. 75-76). In
addition, he suggests that a systematic study of full-information
and bivariate (1imitedf information methods, using both
construc;ed data and resampling from large empirical data sets,
be performed.

It should be noted that the assumption of a normally
distributed latent trait applies for McDonald's model. Although

McDonald (1982) suggests that the harmonic analysis of the normal
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ogive model should be reasonably robust against nonnormal
distributions of examinee ability, he also advises that
robustness studies be performed in order to investigate possible
violations of this assumption. The presence of nonnormal
distributions of ability is a realistic possibility on
achievement tests (Micceri, 1989). 1In particular, the latent
ability distributions are not always normal in educational
applications of IRT, especially in populations with specific
characteristics (Seong, 1990). For example, if we were to
develop a test to select a small group of low or high ability
persons from some population we would likely want to have items
with difficulties near the cutoff. 1In this situation the
distribution of ability, given the items, will likely be skewed.
Therefore, it is important to know how the parameter estimates
from LI (e.g., McDonald's Harmonic Analysis) and FI (i.e., MML in
TESTFACT) methods will behave under situations where the ability

distribution is not normal.

Purpose

The purpose of this study is to compare the parameter
estimates from nonlinear item factor models based on MML
estimation (TESTFACT) and on a simple approximation to the normal
‘ogive function (ULS; NOHARM) under both normal and nonnormal
distributions of a single latent ability. It has been

demonstrated that IRT is a general form of nonlinear FA.
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Therefore, the comparison of parameter estimates from these
competing estimation strategies (full-information and limited-
information) would appear to be warranted. This research is
specifically concerned with the case where a) the manifest
variables (test items) are binary and there is a single
underlying normally distributed latent variable and b) the
manifest variables are binary and there is a specified underlying
latent variable that is not normally distributed.

There are a number of research questions that are addressed
in this study. First, what is the effect on the parameter
estimates (i.e., parameter recovery of item difficulty and item
discrimination) of using limited- versus full-information
techniques? A quantification of the differences in parameter
recovery between NOHARM and TESTFACT will provide the measurement
practitioner with valuable information concerning the relative
utility of the competing estimation strategies. Second, are the
parameter estimates derived from limited- and full-information
models unduly, and equally, affected by a violation of the
normality specification on the latent response variable (trait)?
Finally, considering the initial two questions, how is the
closeness of parameter recovery affected at the various levels of
the population parameters (i.e., levels of item difficulty
(denoted b} and levels of item discrimination (denoted a)) and

test length/sample size characteristics?
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CHAPTER III: METHODS

The simulation conditions for the Monte Carlo study are
outlined in this chapter. This includes a description of
modelled ability distributions as well as the initial item
parameters that were used. A brief rationale for the choice of
specific conditions is also provided. The study design,
including specific details on both data generation and program
implementation, is also presented in this section. Finally the

methods used to analyse the simulated data are discussed.
Simulation Conditions

The comparison of IRT parameter estimates from NOHARM (LI
estimation) and TESTFACT (FI estimation) were investigated using
Monte Carle methods. The conditions that were explored are

outlined below.

Nop1i FA Estimation F i

Full-Tnformation
Marginal maximum likelihood (MML) estimation, as implemented

in the TESTFACT computer program, was used.
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Limited-Inf .
Unweighted least-squares estimation, as implemented in the

NOHARM II computer program, was used.

Ability Distributi

Normal (Gaussian)

The use of normal trait (ability) distributions has
generally been the standard used for previous comparative studies
of parameter recovery. There have been some studies that have
looked at the effects on parameter estimates for nonnormal trait
distributions (e.g., Yen, 1987), but there do not appear to be
any that specifically compare limited- and full-information NLFA
approaches under these conditions. In this study normal trait
distributions are used as a basis for comparison of the results

of parameter recovery against conditions involving nonnormal

trait distributions.

Nonnormal

Based on empirical data, it would be expected that ability
distributions for general achievement tests would likely be
nonnormal (Micceri, 1989). Micceri suggests that for general
achievement tests the shape of the ability distributions would
likely be moderately asymmetric and contaminated (skewed) .
Although there are a number of nonnormal trait distributions that

could be modelled (e.g., uniform, exponential, double
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exponential), x? distributions with relatively small degrees of
freedom result in skewed, asymmetric distributions. For the
present investigation, the nonnormal trait distributions were
defined by x’ distributions with eight and three degrees of
freedom (dfs). This resulted in ability distributions with
skewnesses of approximately 1.00 and 1.75, respectively. The
three simulated ability distributions (normal, mildly skewed,
moderately skewed) are displayed in Figure 1. It is evident
that, compared to the normal trait distribution, the nonnormal
trait distributions are characterized by relatively fewer
respondents at the tails of the distribution. Alsc, the
homogeneity of the trait, or ability, scores increases as the
skewness increases.

For all conditions the subject ability distribution was
scaled to have a mean of zero and a standard deviation of one.
This results in no difference in the overall level of ebility in

the groups being compared.
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Sample Size and Number of ITtems

The sample size and number of items could both be expected
to have some effect on the accuracy of parameter estimates
derived from the two nonlinear FA approaches. More importantly,
the ratioc of sample size to the number of items may be a limiting
condition for full-information models (Boulet & Gessaroli, 1992).
The sample sizes and test lengths that were incorporated in order
to investigate a possible ratio effect are presented in Table 1.
Henceforth, the conditions modelled in Table 1 will be referred
to as Study 1. The test lengths (15, 30, 45, and 60 items) were
chosen in that they represent a range that is common in
psychological and educational applications (Seong, 1990). The
sample sizes (number of examinees) were chosen in order to derive

ordered ratios of sample size to the number of items.

Table 1

Sanple Sizes for the Fixed Ratio Conditions (Studv 1)

%

N/Items Ratio

ITEMS _ 16.67 33.33 66.67
15 250 . 500 ' 1000
30 500 1000 2000
45 750 1500 3000

60 1000 2000 4000
— s
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For MML estimation it could also be expected that, given
sufficiently large sample sizes (e.g., 10,000 examinees),
accurate and stable parameter estimates could be derived, even
with extended test lengths. Therefore, a further set of
conditions was modelled in order to specifically explore the
individual and combined effect of sample size and test length on
the accuracy and stability of the parameter estimates. Table 2
presents the sample sizes and test lengths that were utilized.
The analysis of these conditions will henceforth be referred to
as Study 2. It should be noted that some of the conditions
explored in Study 2 (see Table 2) overlap with those depicted in
Table 1 (Study 1). Furthermore, due to excessive computational
demands, only the normal and moderately skewed (xﬂ)

distributions were investigated in Study 2.

Table 2

Sample Sizes for Test lLenath and Samnle Size conditions (Study 23

——-—_—_——-___-____=_—_—_____

ITEMS
15 2507 500° 1000° 10000
30 250 500° 1000° 10000
45 250 500 1000 10000
60 250 500 1000° 10000

%
* cells also utilized in first set of ekperiments (Study 1)
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Item Discriminations (a)

Initial item discriminations were set at 0.5, 1.0, 1.5.
Item discrimination parameter values are typically found in the
interval (.4,2) (Hambleton, 1993; Hambleton & Swaminathan, 1985).
Therefore, these values are realistic and also provide a suitable

range for the strength of the item-factor relationships.

I Difficyl b
Initial item difficulties were set at -2, -1, 0, 1, 2.
These values were chosen in order to model a fairly wide range of
item difficulty. Although item difficulty values can
theoretically range from minus infinity to infinity, wvalues
typically vary from -2 to +2 (Hambleton, 1993; Hambleton &
Swaminathan, 1985). Also, the use of extremely easy (b=-2) and
difficult (b=2) items allows for the investigation of the
parameter recovery of items that would normally be difficult to

estimate.
Design

For interpretive purposes the investigation of parameter
recovery was divided into two parts. The purpose of Study 1 was
to determine the effect of the sample size/test length ratioc on

the accuracy and stability of the estimated parameters. For this
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component there were 36 possible combinations of conditions (3
ability distributions x 4 test lengths x 3 n/item ratios (see
Table 1)). By incorporating 100 replications of each condition,
3600 experiments were performed.

In Study 2 the individual and combined effects of sample
size and test length on parameter estimation were determined.
Thirty-two combinations of conditions were modelled (2 ability
distributions x 4 sample sizes x 4 test lengths (see Table 2)).
These conditions included 12 cells that were incorporated in
study 1 outlined above. Therefore, only 20 additional

combinatiens were utilized. This resulted in 2000 additional

experiments.
Data Generation

Data for the various combinations of conditions were
simulated using the M2PLGEN program (Ackerman, 1985) and a
modification to incorporate the sampling of examinees from a
nonnormal distribution of ability. For conditions involving a
normal trait distribution, unidimensional 2-parameter data were
generated in which the discrimination (a) and difficulty (b)
parameters were fixed across items. Using the defined item
parameters, IRT item responses were generated by randomly
sampling from a normal ability distribution, determining the
probability of a correct response according to the 2-paraﬁgter

logistic response model given the item parameters and comparing
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this probability with a random number sampled from a uniform
(0,1) distribution. The simulated item response was scored
correct if the probability of a correct response was greater than
the sampled number. For the nonnormal ability distributions a
variant of the algorithm noted above was employed. Instead of
sampling from a normal ability distribution, the IMSL subroutine
GGCHS was used to randomly select a & from a Xx° distribution with
either three or eight degrees of freedom depending on the
condition of interest. For both the normal and nonnormal
conditions the ability distribution was scaled to have a mean of
zero and a standard deviation of one. This adjustment was
necessary in order to make meaningful comparisons of item
parameters across conditions involving the normal and nonnormal
trait specifications.

The population discrimination parameters were set at .5,
1.0, or 1.5. For each test length (i.e., 15, 30, 45, 60) there
was an equal number of items within each fixed level of
discrimination. For groups of items that had the same

discrimination parameter, difficulty values of -2, -1, 0, 1, and

2 were chosen. For example, the 15 item test had five items with

discriminations (a) set to .5, five items with discriminations
equal to 1.0, and five items with discriminations equal to 1.5.
Within this subset of items (fixed discrimination values) the set
of five difficulty values mentioned above was used once. For
illustrative purposes, the population item parameters for the 15

item test are presented in Table 3. The population item
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parameters for the remaining tests lengths (i.e., 30, 45, 60) are
simply the appropriate repetitions of this initial 15 item

pattern (e.g., 3x for the 45 item test).

Table 3

Population (True) Parameter Values for the 15 Ttem Test

—_—__"'—-_—_—='_"_—-——-___-_===

Item Difficulty Discrimination
1 -2 1.0
2 -1 1.0
3 1.0
4 1.0
5 2 1.0
6 -2 0.5
7 -1 0.5
8 0 0.5
9 1 0.5

10 2 0.5
11 -2 1.5
12 -1 1.5
i3 0 1.5
14 1 1.5

—_—1a 2 15
_—— %

The data were then analysed using item FA based on MML
estimation (TESTFACT) and item FA based on McDonald's Harmonic
Analysis (NOHARM II). One-hundred replications of each of the 56
unique combinations were undertaken, resulting in 5600
experiments. For each replication a different seed for the
starting value of the random number generator was used to

generate the item responses. The use of multiple replications
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allows for the analysis of central tendency and variability
measures across replications.

In order to investigate the validity of the data generation
process, several test data sets, for various test lengths, sample
sizes and ability distributions were independently analysed.

Both item statistics and descriptive statistics concerning the
population item values (e.g., means) and the total test score
(e.g., skewness of number correct distribution) were inspected.
The results of these analyses suggested that both the ability
distributions and the initial item values were being generated

correctly via the programming described earlier.

Erogram Implementation

A brief description of the NOHARM and TESTFACT program

implementations is presented in the next two subsections.

NOHARM (N 1 —_ Analvsis)
One-dimensional models were fitted using the NOHARM program.

Exploratory factor analysis models were specified. The default

convergence criterion of a change of .00001 in the fitting

function was utilized.
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IESTEACT

Full-information item factor analysis is implemented in the
TESTFACT program. There are numerous options that can be
specified. Although it is not a default option, TESTFACT allows
one to set constraints on item parameters. By setting a prior
beta distribution on the unique factor loadings (1 - communality)
Heywood cases can be effectively conﬁrolled. Factor loadings
will not exceed one and the discrimination parameters will not be
excessive. A normal priorlwith a specified mean and variance can
also be placed on the intercept parameter. This will result in
no excessive or small intercepts. In the present study, the
default options (no priors) were chosen in order to maintain
comparability with past research. One-dimensional models were
fitted in all cases. TESTFACT uses numerical quadrature in
fitting models to the data. For the one-factor solution the
default number of quadrature points is 10. For the EM algorithm
implemented in TESTFACT the defaults of five E~step iterations
and 5 M-step iterations were used. The precision criterion for
convergence in the M-steps was .005. No prior distributions were

placed on the intercept and slope parameters.
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Generalizability

It should be remembered that the results derived from this
study are idiosyncratic to the model characteristics that were
investigated (e.g., normal and nonnormal common factor
distributions, number of items, sample size, etc.) and the
specific program implementations (e.g., no constraints on
intercept and slope parameters for TESTFACT). Nevertheless, the
analysis of the results from the varied conditions that are
modelled should provide practical guidelines for the appropriate

use of the competing estimation strategies.
Analysis

The methods and procedures used to analyse the results of

the Monte Carlo experiments are presented in this section.

; iptive Tndi f Gaad —of-Fi

There have been a number of statistics that have been used
when comparing the accuracy of estimates derived from competing
programs for Monte Carlo studies involving multiple réplications.
These include correlations between estimates and population
values, mean differences, ratios of standard deviations, and many
associated variants. Most commonly, the averaged signéd or

unsigned difference between the estimated and population
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parameters is used as a measure of bias. An estimator is said to
be unbiased if the mean of the sampling distribution is equal to
the population (true) characteristic to be estimated. Typically,
2 good estimator should provide reasonable assurance that the
estimates obtained will be close to the population values. For
the present investigation, the difference between the mean of the
estimates and the population value was used to assess the average
bias in the estimates.

The square root of the mean squared difference between the
population and estimated parameters (Root Mean Squared Error,
RMSE) , over replications, has also been widely used as a measure

of goodness, or closeness, of fit. The RMSE is given by:

r L]
RMSE = |} (&, - )%/ z|,

k=l (113)
where r is the number of repetitions, «,, represents the estimate
of the difficulty or discrimination parameter for item I in
replicate k, and &, is the population difficulty or
discrimination value. This measure, while providing an
indication of the spread of the estimates, can be contaminated by
bias. If the estimates are biased the RMSE index will be large.
Also, if the variance of the estimates is large the RMSE index
will also be inflated. It should be noted, however, that
relative cémparisons of RMSE values, as indicators of the spread
of the estimates, are only appropriate once the estimates, across

the comparative conditions of interest, have been shown to be

AN



49
reasonably unbiased. For conditions in which estimators are
unbiased, where the RMSE would equal the standard deviation of
the estimates, the estimator with the uniformly smallest RMSE
would be preferred. Otherwise, outside of this class of unbiased
estimators, the RMSE, or mean square error (MSE), can be looked
upon as a crude measure of the goodness or closeness of an
estimator (Mood, Graybill, & Boes, 1974).

An initial screening of the data indicated that, similar to
Stone (1992), a number of extreme estimates were produced. A
summary of these outliers is given in Chapter IV. Due to the
relatively extreme nature of these improper estimates, and the
possible misleading information that may be provided through any
analyses based on mean values, the discrepant estimates were
rescaled to more reasonable values. For the analyses that
compared item recovery between the two programs it was decided to
constrain extreme estimates as follows: all discrimination
estimates that exceeded 4.5 were rescaled to 4.5; extreme
difficulty values (b>4.5 or b<-4.5) were rescaled to 4.5 and -
4.5, respectively.

Many of the researchers who have investigated item parameter
recovery averaged the bias and error estimates over all items
(e.g., Stone, 1992; Zwinderman et al., 1990). For the present
investigation, measures of bias and error were not initially
collapsed over items. Instead, values were calculated at all
levels of the population item difficulty and discrimination. The

examination of individual items, over replications, provides
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information regarding the accuracy and variability of parameter
estimation for different combinations of iten discrimination and
difficulty. This is important in that, for specific combinations
of population item values, it would be expected that item
recovery would be difficult due to a lack of sufficient examinee

response strings on which to base the item parameter estimates.

Repeated Measures Analvses

The descriptive measures outlined above can be used to
explore both the accuracy and goodness-of-fit of the point
estimates under different modelled conditions. For the present
investigation it is important, however, to determine the specific
factors (e.g., sample size, test length) that lead to estimation
differences between the two programs. Once these elements are
determined, inspections of the mean values, over replications,
.can be used to indicate how the programs differ in terms of
parameter recovery. Similarly, where differences in recovery do
not exist, measures of spread (e.g., RMSEs) can be used to
determine the comparative éfficiency of the two estimation
strategies.

In order to compare the item parameter recovery between the
limited- and full-information estimators four repeated measures
analyses of variance (RM-ANQVAS) were performed. Due to presence
of extreme estimates, these analyses were based on the rescaled

data, noted previously. The RM analyses provide the means by
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which to test hypotheses about differences in the recovery of the
estimated item parameters derived from the competing estimation
strategies as a function of the conditions under which they are
estimated (e.g., test length, sample size, etc.). Thus, one can
.identify the independent variables, and interactions, that
contribute to differences in parameter recovery between the two
estimation strategies. As mentioned above, any differences, or
similarities, in item recovery can then be explored in order to
assess the conditions under which one estimation strategy may
provide more accurate, less biased, parameter values. For
conditions in which LI and FI may recover the parameters equally
well, descriptive measures of the stability of the estimateg
(e.g., RMSEs) can be .used to judge relative efficiency. Since
the same data were analysed with two competing computer packages
the individual program (TESTFACT or NOHARM) can be looked upon as
the repeated measures (RM) factor (within-subject factor which
has been measured twice). Within this framework the combined
effects of classification variables (e.g., sample size, test

length, etc.) on item parameter recovery can be disentangled.

Fixed Ratio (Study 1)
Two separate RM ANOVAS were performed for fixed ratio
experiments (described in Table 1). The first analysis
investigated the differences in difficulty parameter recovery
between LI and FI estimation as a function of the modelled trait

'distribution, the ratio of sample to test length, and the
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population discrimination and difficulty values. The second
analysis incorporated the same between-subject (BS) factors but
used the discrimination estimates from NOHARM and TESTFACT as the
RM factor (within-subject). For both analyses the dependent
variable was the parameter estimates produced by NOHARM and
TESTFACT. The BMDP 2V program (BMDP Statistical Software Manual,

1890) was used for these analyses.

Test TLength and Sample Size (Studv 2}

Two separate RM ANOVAS were alsc performed for this set of
experiments (described in Table 2). The first analysis
investigated the differences in difficulty parameter recovery
between LI and FI e#timation as a function of the modelled trait
distribution, the sample size, the test length, and the
population discrimination and difficulty values. The second
analysis incorporated the same between-subject factors but used
the discrimination estimates from NOHARM and TESTFACT as the RM
- factor. For both analyses the dependent variable was the
parameter estimates produced by NOHARM and TESTFACT. The BMDP 2V
program (BMDP Statistical Software Manual, 1990) was also used

for these analyses.
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CHAPTER IV: RESULTS

The results for the study are presented in three parts. A
synthesis of the extreme estimates is provided in the first
section. A detailed breakdown of the frequency of occurrence of
extreme estimates provides important information regarding the
nature of estimation difficulties encountered with NOHARM and
TESTFACT. The results of the RM ANOVAs are presented in the
second section. The statistical comparison of item recovery
between LI and FI estimation, based on the rescaled data, is
essential in order to delineate the nontrivial conditions in
which one estimator, on average, provides meaningfully different
estimates than the other. For situations in which NOHARM and
TESTFACT did not provide statistically equivalent difficulty or
discrimination estimates, graphical summaries of the means of the
estimates, across conditions of interest, are presented. These
figures allow for the interpretation of the direction and the
magnitude of estimation bias for particular combinations of
population conditions. Descriptive summaries are presented in
section three. These summaries are provided for two reasons.
First, the analyses in part two only provide for a comparison of
the estimators based on means. Therefore, only difference in
- accuracy can be ascertained. For conditions where both
estimators may provide equally unbiased or equally biased
estimates, measures of error or variability are needed in order

to choose the most appropriate estimation strategy. Such
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measures are provided in section three. Second, descriptive
summaries, across conditions identified in section two, provide
an additional mechanism with which to interpret the specific
interactive effects of certain population conditions that lead to
estimation differences between the LI and FI approaches.

As mentioned above, the study was broadly divided into two
parts (Study 1, Study 2), each corresponding to specified
research questions. Therefore, the three sections noted above
will also be summarized individually for each study.

Furthermore, for clarity, the results for the difficulty and

discrimination estimates will also be segregated.
Extreme Estimates

A preliminary examination of the data indicated that some of
the difficulty and discrimination estimates produced by NOHARM
and TESTFACT were outside of reasonable ranges. Although it was
decided to constrain these values for the parametric analyses
(i.e., RM BNOVAs), a thorough investigation of the conditions
under which extreme estimates were produced is also essential in
order to ascertain the comparative utility of the two estimators.

The parameter estimates derived from the two programs were
initially screened for possible values that were outside of
reasonable ranges. This process was performed separately for
Study 1 and Study 2. Similar to Stone (1992), discrimination (a)

parameter estimates that exceeded 4.5 were considered to be
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improper. Likewise, for the difficulty parameter (b), estimated
values greater than 4.5 or less than -4.5 were considered to be

aberrant.

Fixed Ratio (Study 1)

Both TESTFACT and NOHARM produced discrimination and
difficulty estimates that, based on realistic values, could be
considered to be unreasonable. A summary of the patterns of the
outlier generation, by estimation method, is presented here,
This overview encompasses the conditions described for Study 1.
The profiles of improper estimation are presented separately for

tlie discrimination and difficulty values.

I Discriminati

The number of outlier discrimination values, based on the
criteria described above, by modelled trait distribution and
estimation method is shown in Table 4. It should be noted that,
besed on the Monte Carlo design described previously, the total
umber of item parameter (a,b) pairs estimated for this part of
the study was 135,000. Furthermore, there were 45,000 estimates
produced under each or three modelled trait distributions
(normal, x%_xﬂ). As depicted in Table 4, the number of improper
estimates of the discrimination parameter increased markedly as
the modelled trait distribution became more skewed. For example,

when the trait distribution was normal. NOHARM only produced 11
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discrimination values that were greater than 4.5. 1In contrast,
788 discrepant estimates were produced under the moderately
skewed (x%;) distribution. Overall, both estimation methods
produced relatively few outlier discrimination values when the

ability distribution was normal.

Table 4

.
El ]

dnproper E i i
Irait Distriburion (Studv 1)

~amelers (a8 > 4.5) by

DISTRIBUTION PROGRAM ESTIMATES
OF_ABILITY TESTFACT NOHARM {TOTAL)
. NORMAL 2 11 45000
x2(8) 8 113 45000
%23 | 49 788 45000
____ ToTaL 59(.044) 912 (.629) _
() percentage of the total number of estimates

The number of outlier discrimination values by the sample
size/test length ratio, trait distribution and estimation method
is presented in Table 5. As previously depicted in Table 4, the
number of outlier discrimination values was negligible when the
trait distribution was normal. For FI estimation (TESTFACT),
within each level of the trait distribution, there did not appear
to be a strong relationship between the sample size/test length
ratio and the number of discrepant discrimination estimates that
were produced. 1In contrast, the number of outlier discrimination
values produced by NOHARM, under the nonnormal specifications,

—_—

“tended to decrease as the sample size/test length ratio



increased. For example, under the x% ability specifications,
NOHARM produced 379 (0.842 %) outlier discrimination values when
the ratio was 16.67. This value decreased to 153 (0.340 %} when

the :atio was 66.67.

Table 5

Improper Estimates of Discrimination Parameters fa > 4.5) by

Iraitr Distributjon and n/Items Ratio (Study 1)

%

DISTRIBUTION RATIO PROGRAM ESTIMATES
OF ABILITY {TOTAL)
TESTFACT NOHARM

NORMAL 16.67 2 11 15000
NORMAL 33.33 0 0 15000
NORMAL 66.67 0 0 15000
x*(8) 16.67 5 75 15000
x* (8) 33.33 1 27 15000
x?(8) 66.67 2 11 15000
X (3) 16.67 20 379 15000
x? (3) 33.33 12 256 15000

2(3) 66.67 17 153 15000
==X 3} _ 06.67 17 153 15000 _

The number of discrimination ou;liers by distribution,
sample size/test length ratio and population a and b values is
shown in Table 6. This table only depicts outliers for
population conditions involving a=1.5 and b=-2,+2. For both
TESTFACT and NOHARM the inflated estimates of.the discrimination

parameter (a > 4.5) occurred almost exclusively when the
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population values for a and b were 1.5 and 2, respectively.

Table 6

Jnproper Bstimates of the Discrimination Parameter (a > 4.5} hvy
Trait Distribution, n/Items Ratio, and Population a and b (Studvy

1)L
._——-=-——__'——‘__—_———__—_m=

Type Ratio a b ESTIMATES

NOHARM TESTFACT (TOT2L)

Normal 16.67 1.5 -2 7 1 1000
Normal 16.67 1.5 2 4 1 1000
Normal 33.33 1.5 -2 0 0 1000
Normal  33.33 1.5 2 0 0 1000
Normal 66.67 1.5 -2 0 0 1000
Normal  66.67 1.5 2 0 0 1000
x?(8) 16.67 1.5 -2 1 0 1000
x?(8) 16.67 1.5 2 65 4 1000
x?(8) 33.33 1.5 -2 ) 0 1000
x?(8) 33.33 1.5 2 23 1 1000
x*(8) 66.67 1.5 -2 0 0 1000
x? (8) 66.67 1.5 2 11 2 1000
X3(3)  16.67 1.5 =2 0 0 1000
x*(3) 16.67 1.5 2 342 19 1000
x*(3) 33.33 1.5 -2 0 0 1000
x2(3) 33.33 1.5 2 247 12 1000
x*(3) 66.67 1.5 -2 0 0 . 1000
2(3) 66.67 1.5 2 151 17 1000

Only includes outliers for conditions involving a=1.5 and b=-2,+2
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For NOHARM, over all conditions, there was a total of 912
discrepant discrimination values that were produced. Eight
hundred and fourty-three (92.4 %) of these outlier estimates
occurred when the population item parameters were a=1.5 and b=2.
Similarly 56 (94.9 %) of the 59 outlier values produced by
TESTFACT occurred under these conditions. For the experiments
involving a normal specification on the latent trait there were
also some inflated discrimination estimates corresponding to
modelled items that were highly discriminating (a=1.5) and easy
(b==2). However, based on the total nuﬁber of estimates produced
under the normal conditions where a=1.5 and b=-2 (n=3000) these
outliers are likely to be due to sampling fluctuations. Similar
to the results presented in Table 5, Table 6 also shows that, for
NOHARM, the number of outlier discrimination estimates produced
under the nonnormal trait specifications appears to be dependent
on the sample size/test length ratio. Larger ratios result in

fewer discrimination outliers.

I Difficul
Based on the criteria for improper difficult§ estimates
outlined previously, both TESTFACT and NOHARM produced few
improper estimates when the modelled ability distribution was
normal. However, similar to results found for the estimated
discrimination parameters, the numbe; of improper estimates of
the difficulty parameter increased as the ability distribution

deviated from normal (see Table 7). Based on 45,000 individual
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estimates, NOHARM and TESTFACT each produced only three outlier

difficulty values when the ability distribution was normal.
However, when the trait distribution was moderately skewed (x°,)
both estimation procedures resulted in significantly more outlier
estimates. For example, NOHARM produced over 1,900 outlier
difficulty values under‘this nonnormal trait condition.
Nevertheless, it should be emphasized that 45,000 difficulty
estimates were produced under each of the three ability
specifications. Therefore, based on proportional representation,

the number of discrepant estimates that were generated is still

fairly small.

Table 7

Improper Estimates of the Difficultv Parameter (b < =4.5 or b >
4.5) by Trait Distribution (Studv 1)

%

DISTRIBUTION PROGRAM
ESTIMATES
OF ABILITY TESTFACT NOHARM {TOTAL)
NORMAL | 3 3 45000
x?(8) 48 83 45000
x2(3) 473 1924 45000
TOTAL 524(.39)  2010(1.49)

()} percentage of the total number of estimates

The number of outlier difficulty values by the sample
size/test length ratio, trait distribution, and estimation method
is presented in Table 8. For each of the nine combinations of

ratio and distribution there were 15,000 difficulty estimates
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produced by each program. In contrast to the outlier results
discussed for the discrimination estimates, the impact of the
sample size/test length ratio, within specific ability
distributions, was more pronounced for TESTFACT than for NOHARM.
For example, under the x%; specification, TESTFACT produced
approximately three times as many outlier difficulty values (244
v rsus 82) when the ratio was small (n/items=16.67) as opposed to
large (n/items=66.67). Under identical conditions, NOHARM

produced a relatively consistent number of difficulty outliers.

Table 8

Inproper Estimates of Difficylty Parameter (b < =4.5 or b > a4.5)
by Trait Digtribution and n/Ttems Ratio {(Study 19

_———.‘_—_—_‘-__-_—__—______'——:__—_—__

DISTRIBUTION RATIO : PROGRAM ESTIMATES
OF ABILITY TESTFACT NOHARM {TOTAL)
NORMAL 16.67 3 3 15000
NORMAL 33.33 0 0 15000
NORMAL 66.67 0 0 15000
x*(8) 16.67 38 59 15000
x?(8) 33.33 9 20 15000
x*(8) 66.67 1 4 15000
x*(3) 16.67 244 644 15000
x*(3) 33.33 147 628 15000

X3 66.67 82 652 15000

While the frequency pattern of difficulty outliers under the x% :
ability distribution does suggest that the sample size/test

length ratio may possibly impact on the precision, and
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variability, of the difficulty estimates for both programs, the
relatively small number of outlier values, compared to the total
number of estimates produced under these conditions, makes this
observation difficult to generalize.

The nmber of difficulty outliers for the ratio experiments
(Study 1) by distribution, sample size/test length, and
population disc:imination (1.5) and difficulty (-2 or +2) values
is shown in Table 9. Relatively few difficulty outliers were
produced by TESTFACT (n=98/524, 18.7 %) or NOHARM (n=219/2010,
10.9 %) outside of conditions with these initial population
parameter values (i.e., a=1l.5, b=-2,+2). Therefore, the
frequencies of improper estimation are not summarized for
population values outside of combinations of these population
values. Unlike the discrimination outliers, improper difficulty
estimates were produced almost exclusiﬁely under population
conditions involving easy (b=-2) highly discriminating (a=1.5)
items. For TESTFACT, over 81 percent (425/524) of the outlier
difficulty estimates were produced when the population item
values were a=1.5 and b=-2. Similarly, over 89 percent
(1790/2010) of the outlier values produced by NOHARM occurred
when the population values were a=1.5 and b=-2. As noted
previously, the generated outlier difficulty estimates did not
appear to be dependent on the ratio of sample size to the number
of test items, except for the FI estimates under the moderately
skewed trait distribution. It should also be emphasized that,

under conditions involving a normal distribution, there were

2R

T
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relatively few discrepant estimates produced. Of the combined

Table S

Improper Estimates of the Difficultv Parameter (b < =4.5 oar b >
4.5) by Trait Distribution, n/Items Ratrio, and Population a and b

Yalues (Study 1)
%

Type Ratio a b ESTIMATES

NOHARM TESTFACT (TOTAL)

Normal 16.67 1.5 -2 0 0 1000
Normal  16.67 1.5 2 1 1 1000
Normal  33.33 1.5 -2 0 0 1000
Normal  33.33 1.5 2 0 0 1000
Normal  66.67 1.5 -2 0 0 1000
Normal 66.67 1.5 2 0 0 1000
x2(8) 16.67 1.5 -2 46 25 1000
x?(8) 16.67 1.5 2 0 0 1000
x? (8) 33.33 1.5° -2 17 8 1000
x?(8) 33.33 1.5 2 0 0 1000
x*(8) 66.67 1.5 -2 3 1 1000
x? (8) 66.67 1.5 2 0 1000
x (3) 16.67 1.5 -2 520 184 1000
x?(3) 16.67 1.5 2! 0 0 1000
X*(3)  33.33 1.5 -2 567 130 1000
x2(3) 33.33 1.5 2 0 0 1000
x2(3) 66.67 1.5 -2 637 77 1000
2(3) 66.67 1.5 2 0 0 1000

Only includes outliers for conditions involving a=1.5 and b=2,-2

total of 2,534 difficulty outliers that were produced, 2,528 (or

99.8 %) were produced under conditions where the trait

(\
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distribution was not normal. Also, for both TESTFACT and NOHARM,
all of the outlier difficulty estimates were less than -4.5.

That is, the direction of bias in the difficulty value

corresponded to the direction of the population value.

Sample _Sjize and Test Lenath (Studv 2)

Outlier discrimination and difficulty values for Study 2 are
summarized in this section. Similar to the previous synopsis of
discrepant estimates in Study 1, patterns of improper estimation
are profiled separately for the discrimination and difficulty
estimates. As described in the methods section, only a normal

and a moderately skewed trait distribution were utilized in Study

2.

Item Discrimination

The number of outlier discrimination estimates, by
distribution, for the 32 conditions involving sample size and
test length (see Table 2) is displayed in Table 10. For these
conditions there was a total of 120,000 item parameter pairs
estimated. Similar to the values reported for the fixed ratio
experiment (Study 1), the number of discrimination outliers
increased substantially when the underlying trait distribution
was skewed. For NOHARM, 1,207 (97.3 %) of the 1,241 improper
discrimination estimates occurred when the distribution was not

normal. For TESTFACT, only 20 percent of the discrimination
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outliers were estimated under a normal trait specification.
Overall, TESTFACT produced relatively few outlier discrimination
estimates. Even for the x?, distribution, only %0 (of 60,000)
discrimination estimates were in excess of 4.5. In contrast,
over two percent (1027/60000) of the NOHARM estimates, under
conditions involving a nonnormal trait distribution, were

considered to be outliers.

Table 10 . ‘
. e e . S
Wmmmwmumm e Disieipaa STndos
DISTRIBUTION OF PROGRAM ESTIMATES
ABILITY
TESTEFACT NOHARM (TOTAL)
NORMAL 23 34 60000
x2(3) 90 1207 60000
TOTAL 113(.094) 1241(1.03)

( ) percentage of the total number of estimatec

In order to look at the effect of test length within a given
sample size, the number of outliers was also expressed as a
percentage of the total number of estimates produced within each
test length. Simply comparing the raw numbers would be
inappropriate in that, within a given sample size, four times as
many éstima;es are produced for a 60 item test as opposed to a 15
item test. The actual number of outlier estimates and the
percentage that this figure represents of the total number of

estimates within that condition are both shown in Table 11.



Table 11

Jmproper Fstimares of the Discrimination Parameter (3 > 4.5%) bhv

Distribution, Sample Size and Test Length (Study 2)
Dist. N Items NOHARM (%) TESTFACT (%) ESTIMATES

, (TOTAL)

Normal 250 15 10 (.667) (-133) 1500
Normal 250 30 7 (.233) 5 (.167) 3000
Normal 250 45 4 (.089) 11 (.244) 4500
Normal 250 60 11 (.183) 5 (.083) 6000
Normal 500 15 0 (.000) 0 (.000) 1500
Normal 500 30 1 (.033) 0 (.000) 3000
Normal 500 45 1 (.022) 0 (.000) 4500
Normal 500 60 0 (-.000) 0 (.000) 6000
Normal 1000 15 0 (.000) 0 (.000) 1500
Normal 1000 30 0 (.000) 0 (.000) 3000
Normal 1000 45 0 (.000) 0 (.000) 4500
Normal 1000 60 0 (.000) 0 (.000) 6000
Normal 10000 15 0 (.000) 0 (.000) 1500
Normal 10000 30 0 (.000) 0 (.000) 3000
Normal 10000 45 0 (.000) 0 (.000) 4500
Normal 10000 60 0 (.000) 0 (.000) 6000
X2 (3) 250 15 61 (4.067) 15 (1.000) 1500
x?(3) 250 30 108 (3.600) 11 (.367) 3000
x?(3) 250 45 144 (3.200) 7 (.156) 4500
x* (3) 250 60 191 (3.183) 9 (.150) 6000
x?(3) 500 15 41 (2.733) 12 (.800) 1500
x?(3) 500 30 83 (2.767) 5 (.167) 3000
x? (3) 500 45 119 (2.644) 1 (.022) 4500
x? (3) 500 60 131 (2.183) 0 (.000) 6000
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Table 11 (cont.)

Dist. N Items NOHARM (%) TESTFACT (%) ESTIMATES
_ (TOTAL)
x* (3) 1000 15 28 (1.867) 17 (1.133) 1500
x2 (3) 1000 30 62 (2.067) 0 (.000) 3000
x3(3) 1000 45 84 (1.867) 0 (.000) 4500
x2(3) 1000 60 128 (2.133) 0 (.000) 6000
x2(3) 10000 15 2 (.133) 13 (.867) 1500
X*(3) 10000 30 6 (.200)  © (.000) 3000
x?(3) 10000 45 S (.111) 0 (.000) 4500
x* (3) 10000 60 14 (.233) 0 (.000) 6000
TOTAL ‘1241 113 120000

Normal Dist. 34 23 60000

x3(3) Dist. 1207 90 60000

' a=1.5, b=2 1043 97

() 1s the percentage that this figure represents, given the
number of estimates produced within the specified condition {row
of the table) :
For example, with a normal distribution, a sample size of 250,
and a test length of 15 items, NOHARM and TESTFACT produced 10
and 2 outlier discrimination estimates, respectively. Under
these conditions there were 1,500 estimates produced (15 items x
100 replications). Therefore, based on a percentage of the
estimates produced within this cell, the number of TESTFACT and
NOHARM outliers repreﬁents a relatively small percentage of the
total (.133 and .667 %, ‘respectively).

Both estimation stratégies resulted in the generation of

significantly greater numbers of outliers under conditions
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involving a skewed trait distribution. However, based on the
percentage figures, test length, individually, did not appear to
affect the likelihood of generating improper discrimination
values based.on LI estimation. For NOHARM, while the actual
number of discrimination cutliers tended to increaée as test
length increased, the values, expressed as a percentage of the
number of estimates, remained relatively constant within a given
sample size. For TEST?ACT, however, substantially greater
proportions of discrimination outliers were produced for shorter
test lengths. For the shortest test length (items=15) and a
skewed trait distribution approximately one percent of the
discrimination estimates were greater than 4.5. In contrast, for
the longest test length (items=60), less than 0.05 percent of the
FI estimates were greater than 4.5. For both NOHARM and
TESTFACT, under both the normal and nonnormal specifications, the
number or outliers, expressed as a pefcentage of the estimates,
decreased as the sample size increased. For test lengths of 250
and a nonnormal ability distribution, 3.36 percent of the NOHARM
discrimination estimatés exceeded 4.5. Under the same
conditions, 0.28 percent of the TESTFACT estimates exceeded 4.5.
In contrast, when the sample size was 10,000, the percentage
figures for NOHARM ahd TESTFACT were 0.18 and 0.087,
respectively.

Similar to the results reported for Study 1, outlier
discrimination estimates occurred primarily for highly

discriminating (a=1.5), difficult items (b=2). For NOHARM, 1,043
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(84.0 %) of the total 1,241 outlier values were generated under
conditions inveolving population values of a=1.5 and b=2 (see
- Table 11). Similarly, over 85 percent (97/113) of the TESTFACT
outliers were produced under these initial population item

values.

It Di £ficul
The number of improper difficulty estimates, by estimation
Strategy and trait distribution, for Study 2, is displayed in
Table 12. For both NOHARM and TESTFACT there were relatively few
discrépant difficulty estimates prodﬁced when the assumed trait

distribution was normal.

Table 12

lmproper Estimates of the Difficulty Parameter (b < -4.5 or b >
4.5) hy Trait Distribution (Studv 2}

e —

DISTRIBUTION PROGRAM ESTIMATES
OF ABTLITY TESTFACT NOHARM {TOTAL)
NORMAL 43 28 60000
x2(3) 1048 2861 60000
TOTAL 1091(0.91)  2889(2.40) 120000

() percentage of the total number of estimates

For example, the 43 outlier estimates’ produced through FI
estimation represents only 0.072 percent -3= the 60,000 total
estimates. However, based on conditions involving a skewed

distribution, both NOHARM and TESTFACT produced substantially



70
larger numbers of discrepant difficulty estimates. For NOHARM,
4.8 percent (n=2,861) of the difficulty estimates produced under
the nonnormal trait distribution were categorized as outliers.

The number of improper difficulty estimates as a function of
the trait distribution, sample size, and test length is shown in
Table 13. The number of outliers produced by TESTFACT and NOHARM
is also expressed as a percentage of the total number of
estimates produced within each test length. Similar to the
results presented for the discrimination estimates, both LI and
FI estimation produced some discrepant difficulty estimates when
the sample size was small (n=250) and the trait distribution was
normal. Nevertheless, when considering the minimum number of
estimates produced for particular test length and sample size
combinations (n=1500), the number of discrepant estimates is
relatively small. For example, under conditions involving a test
length of 60 items and a sample size of.250, only 0.42 percent of
the TESTFACT difficulty estimates were found to be unrealistic.
For conditions involving the skewed trait distribution, both
TESTFACT and NOHARM produced substantially greater numbers of
outlier difficulty estimates. In fact, of the combined total of
3,980 difficulty outliers, 3,909 (98.2 %) were produced under the
x’; trait distribution. The generation of LI (NOHARM) outlier
difficulty estimates did not, however, appear to be dependent on
ﬁest length. For each sample size the percentage of discrepant

estimates was relatively constant across all test lengths.
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Improper Estimates of the Difficylty Parameter

71

(b < =-4,5 or b >

4.5} by Traitr Disrribution,

Sample Size and Test Length (Study 23

_—_—__———

Distribution N Items NOHARM (%) TESTFACT (%) ESTIMATES
(TOTAL)

Normal 250 15 3 (.200) 3 (.200) 1500
Normal 250 30 4 (.133) 3 (.100) 3000
Normal 250 45 7 (.156) 13 (.289) 4500
Normal 250 60 14 (.233) 25 (.417) 6000
Normal 500 15 0 (.000) 0 (-000) 1500
Normal 500 30 0 (.000) 0 (.000) 3000
Normal 500 45 0 (.000) 0 (.000) 4500
Normal 500 60 0 (.000) 0 (.000) 6000
Normal 1000 15 0 (.000) 0 (.000) 1500
Normal 1000 30 0 (.000) 0 (.000) 3000
Normal 1000 45 0 (.000) 0 (.000) 4500
Normal 1000 60 0 (.000) 0 (.000) 6000
Normal 10000 15 0 (.000) 0 (.000) 1500
Normal 10000 30 0 (.000) 0 (.000) 3000
Normal 10000 45 0 (.000) 0 (.000) 4500
Normal 10000 60 0 (.000) 0 (-000) 6000
x? (3) 250 15 95 (6.333) 64 (4.267) 1500
x*(3) 250 30 182 (6.067) 123 (4.100) 3000
x3(3) 250 45 245 (5.444) 155 (3.444) 4500
x*(3) 250 60 317 (5.283) 175 (2.917) 6000
x%(3) 500 15 64 (4.267) 41 (2.733) 1500
x3(3) 500 30 133 (4.433) 64 (2.133) 3000
x?(3) 500 45 206 (4.578) 95 (2.111) 4500
x?(3) 500 60 269 (4.483) " 124'(2.067) 6000
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Takle 13 (cont.)

Distribution N Items NOHARM (%) TESTFACT (%) ESTIMATES

(TOTAL)

x?(3) 1000 15 67 (4.467) 46 (3.067) 1500

x2(3) 1000 30 127 (4.233) 42 (1.400) 3000

X2 (3) 1000 45 192 (4.267) 49 (1.089) 4500

x?(3) 1000 60 230 (3.833) 59 (.983) 6000

x2(3) 10000 15 71 (4.733) 14 (.933) 1500

X2 (3) 10006 30 144 (4.800) 2 (.067) 3000

x2(3) 10000 45 223 (4.956) 0 (.000) 4500
X° (3) 10000 60 296 (4.933) 0 (.000) 6000

TOTALS 2889 1091 120000

Normal 28 43 60000

X2 (3) 2861 11048 60000
a=l.5,b=—2 2315 716 ‘

( ) is the percentage that this figure represents, given the
number of estimates produced within the specified condition (row

of the table)

In contrast, the percentage of outlier estimates produced through
FI estimation, within a given sample size, decreased as test
length increased. For example, under conditions involving a
nonnormal trait distribution, a sample size of 1000, and a test
length of fifteen items, approximately three percent of the FI
difficulty estimates were outiiers. This figure decreased to
approximately one percent when the test }éngth was 60. For both
NOHARM and TESTFACT the estimation of discrepant difficulty
values under the x% ability distribution also appearéd to be

dependent on the sample size. Fewer outlier estimates were
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produced as the sample size increased. This trend was more
pronounced for FI estimation. Overall, FI estimation produced
less than half as many improper difficulty estimates than did LI
estimation.

Similar to the results presented for the ratio experiments
(Study 1), improper difficulty estimates were most likely to
occﬁr for highly discriminating (b=1.5) easy items (b=-2). OFf
the combined total of 3,980 difficulty outliers, 3,031 (77.8 %)
were produced when population item values were a=1.5 and b=-2.
Under these conditions the difficulty estimates were always less

than =-4.5.

Summary of Extreme Estimates

The analysis of the outliers produced by NOHARM and TESTFACT
revealed some interesting trends. It was clearly evident that,
under almost all conditions, FI estimation produced fewer
discrepant discrimination and difficulty estimates than did LI
gstimation. Furthermore, for both LI and FI estimation, the
number of outlier values ingreased markedly as the modelled trait
distribution deviated from normal.

In terms of the discrimination estimates, the number of
cutlier values produced via TESTFACT did not appear to be
dependent on the sample size/test length ratio. Instead, under a
skewed trait distribution, proportionately fewer outliers were
produced as the test length increased. For NOHARM, the number of

discrimination outliers decreased as the sample size/test length
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ratio increased. However, test length, alone, did not appear to
be associated with the number of discrepant discrimination
estimates that were produced with LI estimation. Nevertheless,
regardless of estimation method used, the majority of outlier
discrimination estimates were produced when the population item
parameters-were a=1.5 and b=2. Under these conditions,
especially with a skewed trait distribution} there will be very
few examinee responses on which to base the item-trait
relationship. BAlso, given the positive skew of the trait, or
ability, distribution, it is likely that under these population
values most examinees would provide incorrect responses to all
items. As a result, estimation of the discrimination parameter
will be difficult and likely yiéld extreme values. However, as
expected, the number of discrimination outliers that were
estimated by both NOHARM and TESTFACT decreased as the sample
size increased.

In contrast to the results for the discrimination estimates,
difficulty outliers occurred predominantly when the pcpulation
item parameters were a=1.5 and b=-2. In addition, other than a
few values under normal trait conditions involving a small sample
size (n=250), most of the outlier estimates occurred under the
skewéd trait specifications. For NOHARM, the generation of
discrepant difficulty estimates did not appear to be overly
dependent on the sample size/test length ratio, éxcept under the
mildly skewed trait distribution where increased sample size/test

length ratios resulted in fewer discrepant estimates. Moreover,
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neither test length nor sample size, independently, appeared to
have a profound effect on the generation of discrepant difficulty
estimates. In contrast, under all conditions inveolving a skewed
trait distribution, TESTFACT produced fewer outliers as the
sample size/test length ratio increased. Furthermore, the number
of difficulty outliers decreased with increases in sample size.
Likewise, within fixed sample sizes, and a nonnormal trait
distribution, the number of difficulty outliers decreased as test
length increased. Overall, for both LI and FI estimation, the
generation of outlier difficulty values was not problematic when

the modelled trait distribution was normal.
Repeated Measures ANOVA

Repeated measures (RM) designs involve a repeated
measurement on the unit of analysis (e.g., subjects) for one or
more independent or between-subject variables.. For the present
investigation, parameter estimates were obtained from TESTFACT
and NOHARM under identical sets of conditions. Theiefore, two
measures of the dependent variable (parameter estimate) were
obtained. The estimation method can then be described as the
within-subject measure and has two levels (LI- and FI
estimation). There are a number of between-subject factors which
include the trait distribution, test length, sample size and

population parameter values (a,b).
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The RM design was chosen to disentangle the sources of

estimation differences between LI and FI estimation. Significant
main effects, and interactions, indicate where important
differences in parameter estimation between TESTFACT and NOHARM
occur. For any significant effects, an inspection of the means
of the estimates, across the particular between-subject factors,
will show conditions where the recovery of the parameter
estimates is not equivalent between LI and FI estimation.
Furthermore, comparisons of the means of the estimates with the
population values will indicate the degree and direction of bias
for a particular estimation method.

The results from the RM analyses are outlined in the
following section. Similar to the descriptions of the outlier
analyses, the results are presented separately for the ratio
(Study 1) and sampie size (Study 2) experiments. These summaries
are preceded by a brief discussion of the statistical criteria

that were used to determine significant effects.
Effect Importance

Typically, standard P and « values are used to determine the
significance of particular effects in RM ANOVA (between-subjects
main effects, within-subjects main effects, and interactions).
This strategy was not employed in the present study. 1In both
parts of the investigation the relatively large total (n=135,000

for Study 1, n=120,000 for Study 2) and cell sample sizes
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precluded the use of significance levels to determine meaningful
effects. This was due to the fact that with large sample sizes
small effects will be more likely to be detected as statistically
significant. These potential small effects would provide little
practical guidance in terms of delineating meaningful differences
in parameter recovery between TESTFACT and NOHARM. Instead, it
is important to determine the practical significance of an effect
and use this as an index of the degree of departure from the null
hypothesis.

As outlined by Cohen (;988, 1992) and Prentice and Miller
(1992) effect sizes, which are usually based on standardized mean
differences, can be used to assess the importance of the
relationships between a set of independent and dependent
variables. Cohen (1988) suggests that for multiple regression
and correlational analysis, where a quantitative dependent
variable is studied in relation to one or more independent
factors, small, medium and large effect sizes would be of the
order .02, .15 and .35, respectively. 1In the present study,
where small differences in parameter recovery between LI and FI
estimation would probably be of little practical significance,
only medium and large ES values were interpreted.

Cohen (1992) operationally defiﬁes a number of ES measures
that are appropriate for any given statistical test. For the RM
ANOVAS the ES measure should be based on the proportion of
variance of the dependent variable accounted for by the'source,

or sources, under study. For general data-analytic systems such
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as multiple regression a measure of ES based on partial eta
squared, which is applicable to all F and t-tests, can be
calculated and used to assess the degree to which the phenomenon
under study is manifested. This Strategy, combined with
utilization of the defined conventions for small, medium, and

large ES values, was employed in the interpretation of the RM

ANOVA results.

Statistical Resul -

The results of the repeated measures analyses are reported
here. As described above, two RM ANOVAS were run for each of the
experiments (Study 1, Study 2). In the first analysis, for each
experiment, the differences in the recovery of the difficulty
parameter between the two estimation methods was explored. The
second analysis was used to investigate differences in the
recovery of the discrimination parameter between FI- and LI
estimation. For all analyses, outlier values were rescored as
described previously. In terms of the determination of
significant effects, only effect sizes greéter than .15 are

reported and interpreted.

Ratio Experi Study 13
An interpretation of the statistical results from the
analysis of Study 1 are presented below. The results concerning

the recovery of the difficulty and discrimination parameter are
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reported separately. All of the analyses were based on the
rescaled parameter values (i.e., discrimination estimates that
exceeded 4.5 were rescaled to 4.5, difficulty estimates that were
greater than 4.5 or less than -4.5 were rescaled to 4.5 and -4.5,

respectively).

Difficulty values. The meaningful within subject effects for

the comparison of difficulty estimates between TESTFACT and
NOHARM are repdrted in Table 14. As stated previously, the
within-subject factor is the program type (estimation method)
which has two levels (TESTFACT, NOHARM). Results are given for
the main effect for estimator and the significant interactions of
estimator with the other modelled factors (i.e., distribution,

item difficulty level).

Table 14

Parameter Estimates (Studv 1)

%

_Effect daf F ES (partial ETa%)
Estimator - 1,134865 133362 - .497

Estimator x dist. 2,134865 39732 .370

Estimator x b 4,134865 .54071 . 620

Estimator x dist. x b 8,134865 13624 .446 '
%

The significant estimator effect indicates that, averaged
over all the independent factors (i.e., distribution, sample

size/test length ratio, population a and b values), there is a
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difference in overall parameter recovery between NOHARM and
TESTFACT. While recovery of the difficulty parameter was
dependent on both the underlying trait distribution (estimator x
distribution) and the population difficulty value (estimator x
b), the interpretation of these effects is confounded by their .
interaction (estimator x distribution x b). This interaction
indicates that the differences in the recovery of the difficulty
parameter for NOHARM and TESTFACT can be attributed to some
combinations of population b values and the three modelled trait
distributions. Neither the sample size/test length ratio nor the
population discrimination value were important in explaining
differences in parameter recovery between the two estimation
methods.

The significant two-way effects also provide information
concerning the sources of estimation differehces between NOHARM
and TESTFACT. The significant estimator x distribution effect
suggests that, averaged over other conditions, differences in
parameter reccvery between LI and FI estimation can be credited
to the underlying trait distribution. Likewise, the significant
estimator x b effect indicates that, averaged over the modelled
trait distributions, estimation differences between NOHARM and
TESTFACT can be attributed to the population value of the
difficulty parameter.

Figure 2 shows the mean values for the difficulty estimates
by estimator, population difficulty values and the modelled trait

distribution. These mean values are based on the rescaled data.
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Visual inspection of Figure 2 shows that differences in parameter
recovery resulted predominantly irom items with population b
values at the extremes of the difficulty range (b=-2,2).
MoreSver, for easy items, combined with nonnormal trait
distributions, LI estimation produced more biased difficulty . .
estimates than did FI estimation. That is, compared to the
population value of b=-2, the estimates produced by NOHARM were,
~on average, more negatively biased than those produced by
TESTFACT. For the more difficult items (b=2), and a nonnormal
trait distribution, TESTFACT produced difficulty estimates that
were, on average, positively biased. In contrast, under
identical conditions, NOHARM produced difficulty estimates that
were negatively biased.

These differences, across the population b values, account
for the significant estimator x distribution x b effect noted
previously. For both TESTFACT and NOHARM, parameter recovery was
reasonably accurate for conditions involving a normal trait
distribution. Furthermore, parameter recovery was reasonably
unbiased for items of moderate difficulty (b=-1,0,1), regardless

of the modelled trait distribution.
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Population Difficulty Values and Trait Distribution
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Discrimination values. The meaningful within subject

effects for the comparison of discrimination estimates between
TESTFACT and NOHARM are reported in Table 15. Similar to the
results described for the difficulty parameter, differences in
the estimation of the discrimination parameter were dependent on
a number of factors. While some individual conditions (e.g.,
population a and b values), led to differences in parameter
estimation between NCHARM and TESTFACT, more complex interactions
of factors (i.e., estimator x a x b x distribution} are needed in
order to fully describe estimation differences between the two
programs. It should also be noted that the results of the RM
analysis indicated that the ratio of sample size to the number of
items did not, either independently or in combination with other
independent factors, result in meaningful differences in the
recovery of the discrimination parameter between the two

programs.
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Table 15

Tests of Hypotheses for Within Subsect Effeects for the
Discrimination Parameter Estimates (Studv 1)

_——_-——-——_-——__ﬂ_-_—_“_'_=_'_———._—______—______

Effect df F ES (partial
ETAY)

Estimator 1,134865 139274 .508 -

Estimator x a 2,134865 38639 .364

Estimator x b 4,134865 44056 .567

Estimator x dist. x b 8,134865 13390 .443

Estimator x a x b 8,134865 16635 .497

Estimator x a x b x dist 16,134865 5258 .384

Figures 3a, 3b, and 3¢ display the mean values for the
discrimination estimates by population a value, population b
value, and trait distribution.

Figure 3a shows the mean values under the normal
specification. The comparison of the estimates from TESTFACT and
NOHARM suggests that, while the mean discrimination values for
TESTFACT tend to be negatively biased, especially for items with
population discrimination values of 1.5, the recovery of the
discrimination parameter tends to be fairly consistent across ail
population b values. At extreme population b values there would,
however, appear to be evidence of negative bias in the recovery
of both the TESTFACT ,and NOHARM estimates, especially for
population discrimination values of 1 and 1.5. The comparison of
the LI and FI estimates with the‘corresponding population values

suggests that NOHARM provides more accurate discrimination
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estimates, especially when the population discrimination values
are 1.0 or 1.5. Under these conditions TESTFACT consistently
produces discrimination estimates that, on average, underestimate
the population value. However, for items with population
discrimination values of .5, both TESTFACT and NOHARM produce
discrimination estimates with little or no bias.

When the assumed trait distribution is mildly {cositively)
skewed (x’) the use of LI estimation terds to produce inflated
(positively biased) discrimination estimates, cspecially for more
difficult (b=1,2) discriminating (a=1,1.5) items (see Figure 3b).
In contrast, FI estimation produces relatively more accurate
discrimination estimates, especially for difficult,
discriminating items. Nevertheless, these FI estimates still
remain negatively biased. For both estimators, under conditions
involving poorly discriminating items (a=.5), parameter recovery
did not appear to be overly dependent on the population
difficulty value. Similar to the results presented for the
normal trait distribution (Figure 3a), parameter recovery was

more accurate for items in the moderate difficulty range (b=-

1,0,1).
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Figure 3c

ifficulty Values (X, _Trait Distribution)
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The mean values for the discrimination estimates over
population a and b values, under an extremely skewed trait
distribution (x%,) are shown in Figure 3¢. Similar to the
results presented in Figure 3b, LI estimation produced inflated
discrimination estimates, most markedly for highly discriminating
(a=1.3), difficult items (b=2). While parameter recovery using
FI estimation was still biased under certain conditions {e.g.,
a=1.5, b=-2), the discrepancies between the mean values and the
population values were generally less than those resulting from
LI estimation. For poorly discriminating items (a=.5), or items
with average difficulty (b=0), parameter recovery was consistent,

and reasonably accurate, for the two estimation strategies.

S le Si E . (Study_2)
An interpretation of the statistical results from the
analysis of Study 2 is presented below. Similar to the analyses
described for Study 1, the results are presented separately for

the difficulty and discrimination estimates.

Diffienlty wvalues. The meaningful within subject effects
for the comparisoﬁ of discrimination estimates between TESTFACT
and NOHARM are reported in Table 16. Similar to the results
presented for the sample size/test length ratio experiment (study
1), differences in the recovery of the difficulty parameter were
dependent on the estimation strategy, the population b value and

the modelled trait distribution. The estimator % distribution z
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b effect indicates that differences in the recovery of the
difficulty parameter between LI and FI estimation are dependent
on scme combination of the trait distribution and population b
value. The significant lower-order effects (estimator, estimator
X b, estimator x distribution) are identical to those found in.
the analysis of Study 1, and are not interpreted here. Neither
sample size nor the number of items could be used to explain
differences in the recovery of the difficulty parameter between

the two programs.

Effect df F ES (partial ETA?)
Estimator 1,119520 45176 270

Estimator x dist. 2,118520 45625 .276

Estimator x b 4,119520 16043 .349

Estimator x dist. x b 8__@19529_&930 -333 —

The mean values for the difficulty estimates by estimation
strategy, population difficulty value and distribution are shown
in Figure 4. It is readily apparent that, for items of extreme
difficulty (i.e., b=-2) and a nonnorﬁal trait distribution, both
LI and FI produce negatively biased difficulty estimates. Under
these conditions, NOHARM produces less accurate difficulty
estimates. For more difficult items (b=2), and a nonnormal trait

distribution, NOHARM produces somewhat downwardly biased
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difficulty estimates whereas TESTFACT produces estimates that are
slightly positively biased. The patterns noted above account for
the significant estimator x distribution x b effect. While not
directly displayed in Figure 4, the lower-order effects can also
be interpolated. For example, averaging over trait distributian,
there are differences in parameter recovery by population b
values. This results in the significant estimator x b effect.
Likewise, the signifiéant estimator x distribution effect can be
investigated by averaging the reéults, for each estimator, over
the population difficulty wvalues.

Overall, recovery of the difficulty parameter, under a
normal trait distribution, is reasonably accurate for both NOHARM
and TESTFACT. Moreover, for items of medium difficulty (b=-
1,0,1), and either a normal or nonnormal trait distribution,
recovery of the difficulty parameter was reasonably accurate,
regardless of the estimation strategy that was employed. This
can be seen in Figure 4 by inspecting the closeness of the mean
of the estimates tc the population values under the conditions

that exclude extremely difficult (b=2} or extremely easy items

(b=-2) .
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Figure 4
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Discriminarion values. The important within—subject effects
for the comparison of discrimination estimates between TESTFACT
and NOHARM are presented in Table 17. Neither sample size nor
test length explain differences in the recovery of paraweter
estimates between NOHARM and TESTFACT. The large ES valve for -
the estimator x distribution x a x b interaction indicates that
some combination of these factors can be used to explain

differences in parameter recovery between the two programs.

Table 17

Tests of Hypotheses for Within Subiect Effects for the
Discrimination Parameter Estimates (Studv 2)

—_—

Effect af F ES (partial
ETAY)
Estimator ‘ 1,119520 53971 .310
BEstimator x b 4,118520 15988 .349
Estimator x ¢t x b 4,119520 16001 .348
Estimator x a x b 8,199520 5946 .285
Estimator x dist. a x b 8,119520 5910 .283

e e e e e A L i i . A R
_— Y —

The mean values for the discrimination estimates over the
population parameter values and trait distribution are plotted in
Figures 5a and Sb. Mean values for conditions involving a normal
trait specification are presented in Figure 5a; mean values under

the nonnormal specification are presented in Figure Sb.
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Figure 5a
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Figure 5Sb

Mean Values for Discrimination Estimates by Estimarion Method and

Population a and b Values (X', _Trait Distribution)
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From Figure 5a it is evident that, under a normal specification
for the latent trait, both LI and FI recover the discrimination
parameter reasonably well. Nevertheless, it is noteworthy that
FI systematically underestimates the population discrimination
value, especially for items with population discrimination values
of 1.5. Likewise, differences in parameter recovery were
slightly greater for conditions involving items with extreme
population difficulty values. This pattern accounts for the
significant estimator x a x b effect noted previously. For the
nonnormal trait distribution both LI and FI produce biased
estimates of the discrimination parameter, more so for highly
discriminating, difficult, items (see Figure Sb). Under these
conditibns (2a=1.35,b=2) LI produces the least accurate estimates.
In general, FI estimation yields more precise discrimination
estimates under conditions involving a nonnormal trait
distribution. Nevertheless, for items with population difficulty
values of zero, both estimators recover the discrimination
parameter with little or no bias.

The significant estimator x distribution x a x b effect can
be interpreted by comparing the results from Figure 5a and Figure
Sb. It is evident that differences in the recovery of the
discrimination parameter are dependent on combinations of the
trait distribution, the population discrimination value and the
population difficulty value. For example, when comparing the
results across conditions invelving extreme population difficulty

values (b=-2,2), it is evident that differences in the recovery
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of the discrimination parameter vary by both the trait
distribution and the population discrimination value. For the
skewed trait distribution, differences in LI and FI estimation
vary profoundly as a function of the population discrimination
and difficulty values. In contrast, where the trait distribution
is normal, there are relatively minor, and consistent,

differences in parameter recovery across the a x b conditions.

Summary of Statistical Results (RM _ANOVA)

The RM ANOVAs lndicated the important conditions that led to
differences in parameter recovery between LI and FI estimates.
Furthermore, an inspection of the means of the estimates, over
these conditions, uncovered the nature and strength of the bias
in parameter estimation. Based on the repeated measures
analyses, neither the sample size, the test length nor the sample
size/test length ratio were important in terms of explaining
differences in parameter recovery between LI- and FI estimation.
For these analyses, parameter recovery was based on the mean of
the rescaled data.

The RM analyses indicated that differences in the recovery
of the difficulty parameter, between TESTFACT and NOHARM, were
attributable to the modelled trait distribution, the population
item difficulty, and the combination of these two factors. An
inspection of the means of these estimates, over this combination

of factors, showed that the estimation of the difficulty
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parameter was reasonably accurate for conditions involving a
normal trait distribution. For both TESTFACT and NOHARM there
were only minor differences between the means of the estimates
and the pg¢pulation difficulty value. However, for conditions
involving a nonnormal trait distribution, and easy (b=-2) or _
difficult (b=2) items, there were clear differences in the
accuracy of the difficulty estimates across estimation method.
Differences in the strength and direction of the bias in these
estimates accounts.for the significant estimator x distribution x
population difficulty interaction that was found. Overall, for
items of moderate difficulty (b=-1,0,1), and either a normal or
skewed trait distribution, parameter recovery was reasonably
accurate, regardless of the estimation strategy that was
employed.

Differences in the recovery of the discrimination parameter
between NOHARM and TESTFACT were dependent on the modelled trait
distribution and the population item (a,b) values. Under
conditions involving a normal trait distribution, NOHARM produced
reasonably accurate discrimination estimates, across all
population levels of a and b. In contrast, TESTFACT produced
negatively biased estimates, especially for more highly
discriminating items (a=1,1.$). For conditions invelving
nonnormal trait distribution, NOHARM produced highly discrepant
mean discrimination values, especially for conditions involving
population parameter values of a=1.5 and b=2. Overall, the

impact of the nonnormal trait distribution was more pronounced
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for LI estimation than for FI estimation. Nevertheless, bias in
parameter recovery was still apparent for both estimators under
conditions involving highly discriminating (a=1.5), easy (b=-2)

and difficult (b=+2) items.
Bfficiency

The results from the outlier and RM analyses provide a
detailed profile of parameter recovery differences between NOHARM
and TESTFACT. Furthermore, the inspection of the means of the
estimates, across conditions of importance, indicates where
parameter estimates may be unbiased. However, for conditions in
which both estimators provide reasonably equivalent, or unbiased,
results, a measure of error (e.g., RMSE) is needed in order to
discern which estimation method is more efficient. However, as
stated previously, the value of the RMSE will be contaminated by
bias. Therefore, for conditions where bias exists,‘the RMSE can
only be used as a global measure of goodness—-of-fit.

A comparison of the error of the LI and FI esﬁimates is
presented in this section. For the most part, comparisons are
made across conditions where both estimators recover the
parameters equally well. In some instances, however, RMSE
measures are contrasted under condi;ions where one of the
estimators was shown to produce biased results. This strategy
was employed for two reasons. First, if an estimator produced

biased results consistently for a set of conditions then the
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deviation between the population and estimated parameters could
be easily corrected for in item calibration studies. Hence, the
choice of a superior estimation method may be augmented by an
indication of the error, or spread, in the estimates that are
produced. Second, for some conditions, it appeared that the =
estimates were only biased for extreme population item values
(i.e., a=1.5,b=-2,+2). Thus, a comparison of the goodness-of-fit
of the estimates across conditions involving items of moderaté
difficulty (b=-1,0,1) and lower discrimination (2=0.5,1.0) will
provide additional information with which to judge the
appropriateness of a given estimation method under a specific
subset of conditions.

The RM analyses, which were based rescaled outlier values,
could possibly have yielded some misleading information regarding
the true discrepancy between the estimates and the population
values. For example, based on the outlier analysis, it was found
that NOHARM yielded substantial numbers of discrepant
discrimination estimates under conditions where the trait
distribution was not normal and the population item parameters
were extreme (i.e., a=1.5 and b=2). Therefore, depending on
whether one sca}ed these discrimination values to 4.5 or used
nonparametric summaries in the data analysis, slightly different
results could possibly emerge. In order to investigate the
effect of rescaling the outlier values, descriptive statistics,
based on the median of the raw data and the mean of the rescaled

data, are also presented for some conditions of interest.
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Difficul Fatd

Ratio E . (Study 1)

The results from the RM-ANOVA suggested that both the FI and
LI estimators produced reasonably unbiased difficulty estimates.
when the modelled trait distribution is normally distributed.
However, under nonnormal trait specifications, combined with
extreme initial difficulty values (e.g., b=-2), LI estimation .
produced estimates that were more biased than those produced
through FI estimation. Based on these results, it is important
to investigate the error of the LI and FI difficulty estimates,
especially under conditions involving a normal trait
distribution, where both programs produced reasonably unbiased
parameter estimates.

The median, mean, and RMSE values for the difficulty
estimates, by distribution and population item difficulty, are
presented in Table 18. As mentioned previously, the mean and
RMSE summaries are based on the rescaled data (i.e., difficulty
values that were greater than 4.5 or less than -4.5 were rescaled
to 4.5 and -4.5, respectively). It is evident that, based on the
median of the original data and the mean of rescaled estimates,
both NOHARM and TESTFACT produce reasonably unbiased difficulty

parameter estimates when the modelled trait distribution is

normal.
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Table 18

Descriptive Statistics for Difficnltv Estimates bv Distributrion

and Population b (Study 1)

=_———___-_-————————.._____"—T:_—_——__:_;——
Dist. b Md Md Mean’ Mean' RMSE RMSE
(NEb) (TFb) (NHb) (TFb) (NHb) (TFb)

Normal -2 =-2.06 =-2.32 =2.08 <-2.32 0.23  0.40 .
Normal -1 =-1.01 =-1.12 -1.01 -1.12 0.10 0.16
Normal 0  0.00 0.00 0.00 0.00 0.06 0.07
Normal 1  1.01 1.12 1.01 1.12 0.10  0.16
Normal 2  2.06 2.31 2.08 2.31 0.23  0.40

X’ e -2 -2.89 -2.74 -2.91 -2.77 1.03  0.87
Y -1 =-1.14 -1.17 +-1.13 -1.16 0.18 0.20
Yo 0 0.09 0.06 0.08 0.05 0.10 0.09
X 8y 1 0.99 1.13 0.99 1.13 0.09 0.17
o 2 1.74 2.16 1.77 2.15 0.35 0.24
%3 -2 -3.66 =3.13 -3.74 =-3.24 1.75 1.34
X% -1 -1.31 -1.25 ~1.30 -1.24 0.35 (.28
X% 0 0.14 0.10 0.13 0.0%9 0.15 0.12
X &) 1 1.01 1.16 1.01 1.15 0.09  0.19

2 2 1.65 2.12 1.69 2.11 0.36 0.25

* Statistic is based on the rescaled estimates

However, even under a normal specification, FI estimation results
in some scale expansion for the difficulty estimates. That is,
difficult items (b=2), on average, are estimated as being more
difficult (b > 2) whereas easy items (b=-2) are, on average,
estimated as being less difficult (b < -2). This trend is
important in that any summary measure based on data collapsed
over population difficulty values will potentially average out

the bias in the estimates.
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Based on summary measures in Table 18, a number of other

observations can be made. First, the comparison of the RMSE
values for the NOHARM and TESTFACT difficulty estimates suggests
that NOHARM provides more efficient estimation of the difficulty
parameter under conditions involving a normal trait -
spécification. For this condition the LI estimator produces
difficulty estimates with less error than does TESTFACT. Second,
conclusions regarding the potential bias of a particular .
estimator are consistent, regardless of the parametric ({(mean) or
nonparametric (median) statistic that is used. Third, bias and
error (RMSE) in the estimates tends to increase as modelled trait
distribution deviates from normal. Fourth, for both NOHARM and
TESTFACT, when extreme population parameter estimates are
eliminated (i.e., b=2,-2), the estimated values lie reasonably
close to the population values, more so for conditions involving
a2 normal trait distribution. Finally, for the normal trait

specification, error increases, for both LI and FI estimation, as

the modelled population item difficulty deviates from zero.

Sample Size and Test Lenath (Studv 2)

The RM analyses suggested that neither test length nor
sample size had a profound effect on the comparative accuracy of
the NOHARM and TESTFACT results. Test length and sample size
did, however, have some effect on the error of the difficulty
estimates (see Table 19). The effect of test length on the

spread of the difficulty estimates can be investigated by
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inspecting the RMSE values across the four sets of items within
each fixed sample size. Based on che examination of the RMSEs,
there did appear to be an effect due to test length, but only for
the TESTFACT estimates under a normal trait specification. For
fixed sample sizes, and a normal trait distribution, the RMSE .
values for the FI estimates incveased with expanded test lengths.
In contrast, there did not appear to be a strong effect due to
test length on the error of the LI estimates. For conditions ’
involving a nonnormal trait distribution, where both estimators
were shown to produce estimates that deviated from the population
values, the error of the estimates for both programs did not vary
considerably as a function of test length. For a given test
lehgth, and a nonnormal trait specification, TESTFACT did,
however, produce estimates with somewhat lower RMSEs than those
obtained through NOHARM. However, given that NOHARM was shown to
produce less accurate difficulty estimates under the nonnormal
conditions, this result can at least be partially explained by
the contaminating effects of the bias.

The effect of sample size on the error of the estimates can
be examined by inspecting the RMSE values for a specific test
length across the four sample sizes. For both the NOHARM and
TESTFACT difficulty estimates, for a fixed test length and a
normal trait distribution, the RMSE values decreased as the
sample size increased (see Table 19). This effect was not
readily apparent for conditioné involving the nonnormal trait

distribution.
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Rescriptive Statistics for the Difficulty Fstimates bv

Distribution,

Sample Size and Test Lenath

105

%%

Dist. N I Md Md MEAN' MEAN' RMSE' RMSE'

(NHb) (TFb) (NHb) (TFb) (NHb) (TFb)
Normal 250 15 0.00 0.00 0.00 -0.01 0.36 0.36
Normal 250 30 0.01  0.02 0.00 0.00 0.33 0.36
Normal 250 45 0.00 0.01 0.01 0.01 0.34 0.43
Normal 250 60 0.02  0.01 0.01 0.00 0.35 0.47
Normal 500 15 0.00 0.00 -0.02 -0.02 0.25 0.25
Normal 500 30 0.01  0.01 0.01 0.01 0.24 0.29
Normal 500 45 0.00 0.00 0.00 0.00 0.22 0.32
Normal 500 60 ~-0.01 =-0.01 0.00 0.00 0.22 0.37
Normal 1000 15 -0.00 -0.00 0.00 0.00 0.16 0.17
Normal 1000 30 0.00 0.00 0.00 0.00 0.16 0.21
Normal 1000 45 =0.00 -0.00 0.00 0.00 0.16 0.27
Normal 1000 &0 0.00 0.00 0.00 0.00 0.15 0.32
Normal 10000 15 0.00 0.00 0.00 ©0.00 0.06 0.08
Normal 10000 30 -0.00 -0.00 0.00 0.00 0.06 0.14
Normal 10000 45 0.06 -0.00 0.00 0.00 0.06 0.22
Normal 10000 60 -0.00 -0.00 0.00 0.00 0.06 0.29
X3 250 15 0.12  0.11 -0.40 -0.30 0.86 0.77
% 3y 250 30 0.16 0.12 -0.39 -0.25 0.87 0.75
% s 250 45 0.14 0.09 -0.39 -0.21 0.85 0.74
X 2 250 60 0.14 0.09 -0.40 -0.19 0.84 0.72
X ) 500 15 0.14  0.12 -0.39 -0.30 0.80 0.72
X% 500 30 0.14  0.10 -0.40 -0.24 0.81 0.66
X2 3 500 45 0.14  0.09 -0.41 -0.22 0.83 0.67
X% ) 500 60 0.14 0.09 -0.40 -0.19 0.83 0.68
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Table 19 {(cont.)

Dist. N I Md Md MEAN" MEAN" RMSE® RMSE’
(NHb)  (TFb) (NHb) (TFb) (NEb) (TFb)
x’e 1000 15  0.13  0.12 -0.40 -0.31 0.81  0.72
X2 1000 30 0.14 0.10 -0.41 -0.24 0.82 0.64
x* 1000 45 0.15  0.11 -0.40 -0.20 0.82 0.62
X 1000 60 0.14 0.09 -0.41 -0.18 0.81 0.63
X cas 10000 15 0.14 0.13 -0.42 -0.31 0.82 0.71
X @ 10000 30 0.14 0.10 -0.42 -0.24 0.82  0.59
X 10000 45 0.13  0.10 -0.42 -0.20 0.82 0.57

Ezﬂl 10000 60 0.14 0.10 -0.42 -0.18 0.82 0.59

* Statistic based on the rescaled estimates

Note: median/mean of the population values equals 0.00

Overall, comparing the NOHARM and TESTFACT results, LI
produced estimates with lower RMSEs under most conditions
involving the normal trait specification. This is important in
that both the LI and FI estimators performed reasonably well in
terms of parameter recovery under conditions involving a normal
trait specification. Therefore, LI can be said to be more
efficient for difficulty parameter estimation under conditions
involving a normal trait specification. Under the condition
involving a nonnormal trait specification both LI and FI produced
biased difficulty estimates. However, although both programs
performed poorly in recovering the b parameter under these
conditions, FI éstimation was comparatively more accurate, or

less biased. Furthermore, under conditions involving the
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nonnormal trait distribution, the error of the difficulty
estimates was almost always greater for LI estimation, regardless
of sample size or test length. This finding will be due, in
part, to the greater bias in the NOHARM estimates. Nevertheless,
based on the conditions modelled in this study, it would appear.
that FI estimation of the difficulty parameter would be preferred

under conditions involving a nonnormal trait distribution.

Di ‘s Lon EStj

Ratio E . (Study 1)
The median, mean, and RMSE values for the discrimination
estimates, by distribution and population item difficulty, are
presented in Table 20. It is evident that, based on the median
and the mean of the estimates, NOHARM produces reasonably
unbiased discrimination parameter estimates when the modelled
trait distribution is normal. However, under the normal trait
specification, FI estimation leads to downwardly biased
discrimination estimates, regardless of the population difficulty
value. Furthermore, the bias in the discrimination estimates is
greater for extreme (i.e., b=+2,-2) difficulty values. This
resul; is borne out by both the parametric and nonparametric
summaries. For conditions involving a nonnormal trait
distribution, both NOHARM and TESTFACT yield biased parameter
estimates. 1In addition, as shown previously, the discrepancy

between the estimates and the population value is dependent on
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the population item difficulty. For both FI and LI estimation,
parameter recovery was the least accurate for easy items (b=-2).
Furthermore, for NOHARM, upwardly biased discrimination estimates
(estimates > population values) resulted from conditions in which

the items were difficult (b=1,2). -

Table 20

Ristribution and Population b (Studv 1)

Dist. b Md Md Mean  Mean" RMSE'® RMSE"

(NHa) (TFa) (NHa) (TFa) (NHa) (TFa)
Normal -2 0.80 0.78 0.92 0.80 0.20 0.27
Normal -1 0.97 0.86 0.8 0.87 0.12 0.18
Normal 0 1.00 0.89 1.00 0.90 0.09 0.15
Normal 1 0.98 0.86 0.98 0.87 0.11 0.18

Normal 2 0.90 0.78 0.92 0.81 0.19 0.27

x% e -2 0.57 0.62 0.56 0.62 0.54 0.46
X2 s -1 0.77 0.78 0.75 0.77 0.32 0.28
X @) 0 0.97 0.87 0.97 0.88 0.10 0.17
e 1 1.14 0.80 1.21 0.92  0.35 0.17
X ) 2 1.25 0.88 1.43 0.93 0.70 0.24
X’ -2 0.43 0.52 0.43 0.52 0.68 0.58
X2 ) -1 0.64 0.71 0.61 0.69 0.47 0.38
X ) 0 0.91 0.85 0.91 0.86 0.14 0.19
X3 1 1.21  0.91 1.38 0.93 0.60 0.17
2 2___1.47 0.91 1.85 0.99  1.27 0.33

* Statistic based on the rescaled estimates

Note: mean/median of the population values equals 1.00
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The RMSE summaries in Table 20 indicate that the error in
both the NOHARM and TESTFACT discrimination estimates is
dependent on the trait distribution. Inspection of the RMSE
values indicates that greater error is associated with the most
skewed trait distribution. However, the most skewed trait -
distributions also yielded the most biased discrimination
estimates. For both estimators, under conditions involving a
nonnormal trait distribution, the RMSE values were generally
lowest for conditions involving items with moderate population
item difficulties (i.e., b=-1,0,1). A comparison of the RMSE
values, under conditions involving a normal trait specification,
suggests that LI estimation provides less dispersed estimates
across all population difficulty values. While this observation
can be attributed, in part, to the fact that TESTFACT
consistently produced downwardly biased discrimination estimates
under these modelled conditions, it suggests that LI estimation
of the discrimination parameter is preferred under conditions
involving a normal trait distribution. Descriptive summaries for
the discrimination estimates are also presented for combinations
of the population item parameters (see Table 21). Since both
NOHARM and TESTFACT yielded somewhat biased discrimination
estimates under conditions involving nonnormal trait
distributions, and the combined effects of distribution and other
factors has previously been discussed, only the results for
conditions involving a normal trait distribution are presented.

The mean and median summaries, by combinations of population item
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parameters, indicate that discrimination estimates derived under
conditions involving extreme population values (e.g., a=l1.5,b=-
2,+2) are less accurate than those produced under more moderate
combinations of population a and b values. Furthermore, as shown
previously, the estimates from FI estimation tend to be -
downwardly biased, especially for easy (b=-2) and difficult items

(b=2) .

Table 21

Descriptive Staristics for Discrimination Estimates by a and b

dStudy 1)

=—_—=2===
Dist. a b Md Md Mean® Mean' RMSE® RMSE’
{NHa) (TFa) (NHa) {TFa) (NHa) (TFa}

Nermal 0.5 <=2 0.48 0.43 0.48 0.43 0.06 0.09
Normal 0.5 -1 0.51 0.45 0.51 0.46 0.05 .06
Normal 0.5 0 ¢.52 0.47 0.52 0.47 0.06 0.06
Normal 0.5 1 0.51 0.46 0.51 0.46 0.05 0.07
Normal 0.5 2 0.48 0.43 0.48 0.44 0.06 0.09
Normal 1.0 -2 0.9¢ 0.78 0.°91 0.80 0.15 0.23
Normal 1.0 -1 0.97 0.86 0.%8 0.87 0.09 0.15
Normal 1.0 0 1.00 0.89 1.0t 0.91 0.08 0.13
Normal 1.0 1 0.98 0.86 0.98 0.88 0.09 0.15
Normal 1.0 2 0.0 0.79 0.91 0.80 0.15 0.23
Normal 1.5 -2 1.34 1.13 1.65 1.18 0.31 0.40

1.5 -1 1.45 1.25 1.46 1.28 0.17 0.27

Normal

Normal 1.5 0 1.47 1.29 1.48 1.31 0.12 0.22
Normal 1.5 1 1.45 1.25 1.46 1.28 0.15 0.27
Normal 1.5 2 1.34 1.14 1.66 1.18

0.30 0.40
— e e e
* Statistic based on the rescaled estimates
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Based on the RMSE calculations shown in Table 21, NOHARM
produced discrimination estimates with less error across all of
the combinations of item population values. For both the
TESTFACT and NOHARM estimates, error increased as the population
discrimination value increased. Furthermore, error, within a
firxed discrimination level, was less for items in the middle of

the difficulty range (b=-1,0,1).

Sample Size and Test Tenath (Study 2)

Table 22 provides summary statistics for estimated
discrimination values by distribution, sample size, and test
length. Based on the medians of the estimates and the means of
the rescaled estimates, there did not appear to be a strong
effect of sample size on the recovery of the discrimination
parameter. That is, for a fixed test length, the deviation of
the median, or mean, of the discrimination estimates from the
population value (1.0) did not vary substantially as a function
of sample size. Furthermore, test length also did not appear to
have an effect on the recovery of the discrimination parameter,
except for FI estimation under conditions involving a normal
trait distribution. For these situations, holding sample size
constant, bias in the estimation of the discrimination parameter
increased as the test length increased. Although the statistical
analyses (RM ANOVAs) suggested that differences in recovery of

the discrimination parameter were not attributable to the sample
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size or the number of test items, TESTFACT, under an assumed
normal trait specification, produced the least biased
discrimination estimates when the test length was short

(items=15). However, as shown previously, recovery of the

Table 22

Descriprtive Statistics for the Discrimination Estimates bv
Distribution, Sample Size and Test Lenath

e T —

Dist. N Items Md Md Mean® Mean’ RMSE" RMSE’
{NHa) {(TFa) (NHa) {TFa) {(NHz) (TFa)

Normal 250 13 0.94 0.92 1.02 1.00 0.42 0.37
Normal 250 30 0.94 0.89 1.00 0.93  0.31  0.29
Normal 250 45 0.95 0.84 1.00 0.88 0.29 0.30
Normal 250 60 0.94 0.81 0.99 0.84 0.29 0.29
Normal 500 15 0.95 0.93 0.97 0.95 0.21  0.20
Normal 500 30 0.94 0.89 0.97 0.90 0.20 0.20
Normal 500 45 0.96 0.85 0.96 0.86 0.20 0.22
Normal 500 60 0.96 0.82 0.98 0.82 0.18 0.24
Normal 1000 15 0.96 0.94 0.96 0.94 0.16  0.15
Normal 1000 30 0.96 0.90 0.96 0.8%9 0.14 0.17
Normal 1000 45 .96 0.85 0.96 0.84 0.14 0.2
Normal 1000 60 0.96 0.82 0.96 0.81 0.13  0.23
Normal 10000 15 0.6 0.95 0.95 0.93 0.09 0.11
Normal 10000 30 0.96 0.90 0.95 0.88 0.08 0.15
Normal 10000 45 0.96 0.86 0.95 0.84 0.08 0.20
Normal 10000 60 0.96 0.82 0.95 0.80 0.08 0.24
X2 250 15 0.70 0.74 1.07 0.94 0.84 0.57
X 3 250 30 0.7 0.75 1.05 0.87 0.81  0.46
X% 250 45 0.70 0.76 1.06 0.82 0.79  0.38

X 250 60 0.70 0.74 1.06 0.80 0.81 0.39
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Table 22 (cont.)

Dist. N Items Md Md Mean” Mean’ RMSE" RMSE’

(NHa) (TFa) {NHa) {(TFa) {NHa) {TFa)
X 500 45 0.68 0.74 1.04 0.80 0.77  0.35
x} 500 60 0.68 0.73 1.04 0.77 0.74 0.34
¥ 1000 15 0.67 0.71 1.03 0.90 0.71 0.51
X 1000 30 0.66 0.74 1.04 0.82 0.74  0.33
X 1000 45 0.66 0.75 1.02 0.78 0.72  0.33
i) 1000 60 0.66 0.74 1.04 0.76 0.74  0.33
X% 33 10000 15 0.64 0.69 1.02 0.88 0.68  0.48
X 10000 390 0.64 0.72 1.02 0.81 0.68  0.32
Yo 10000 45 0.64 0.72 1.02 0.78 0.68  0.32
2 10000 60 0.64 0.70 1.03 0.75 0.68  0.33

* Statistic based on the rescaled estimates

discrimination parameter was more accurate for LI estimation
under 211 conditions involving a normal trait distribution.

Based on the median values, FI estimation generally produced
more accurate discrimination estimates under conditions involving
a nonnormal trait specification. However, summaries based on the
mean of the rescaled data, which effectively diminishes the
effect of skewed distribution of discrimination estimates,
suggest that NOHARM produces comparatively more accurate
estimates of the discrimination parameter. Overall, it would
appear that both estimators produce biased discrimination when
the modelled trait distribution is not normal.

The comparison of the RMSE values shows that for conditions
involving a normal trait distribution there is generally less

error in the NOHARM discrimination estimates. Furthermore, for
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both LI and FI estimation, sample size has an effect on the RMSE
values. That is, larger sample sizes, holding test length
constant, result in estimates with less error. This effect was
more pronounced for the LI estimates. For NOHARM, error in the
discrimination estimates did not appear to be dependent on the.
test length alone. In contrast, for TESTFACT, error generally
increased as test length increased. This trend was not readily
apparent for the smallest sample size {(n=250), where outlier )
estimates may have partially contaminated the results.

For conditions involving a nonnormal trait distribution,
there were minor decreases in error associated with increases in
sample size. However, given that the discrimination estimates
would appear to be biased under these conditions, and error is
contaminated by bias, this trend may not be meaningful. In terms
of test length, under a nonnormal trait distribution, the RMSEs
based on LI estimation were relatively consistent across all test
lengths, for a given sample size. For TESTFACT, the RMSE values

were greatest for shortest test length (i.e., items=15).

Summary of Results

Item Difficul

Both NOHARM and TESTFACT produced reasonably unbiased and

stable estimates under conditions involving a normal

specification of the latent trait. However, as evidenced by the
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descriptive summaries of the mean and median values of the
estimates and the patterns of improper parameter estimates,
estimation accuracy was the poorest for easy (b=-2) and difficult
(b=+2} items. In terms of the error of the estimates, FI
estimation generally produced larger RMSEs under all conditions:
involving the normal trait specification. For LI estimation, the
exror of the difficulty estimates generally decreased as the
sample size increased. In contrast, for FI estimation, error.
decreased as the test length decreased.

For nonnormal trait distributions, FI estimation generally
produced superior, yet still somewhat biased difficulty
estimates. 1In addition, for both TESTFACT and NOHARM, the
accuracy of estimation of the difficulty parameter decreased as
the modelled ability distribution deviated from normal. This was
especially evident for items with high initial discrimination
values (a=1.5). The recovery of the difficulty parameters under
conditions involwving nonnormal trait distributions did not,
however, depend on either the sample size or the test length. 1In
terms of the error of the estimates, which are contaminated by
the bias noted above, the RMSE values were generally comparable

between the two sets of estimates over most conditions.
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I D - .

Although somewhat dependent on the initial difficulty and
discriminations values, LI estimation generally produced more
accurate (unbiased), more stable, discrimination estimates whene
the modelled ability distribution was normal. Marginal Maximum
Likelihood estimation, as implemented in TESTFACT, produced
discrimination values which, when summarized via the median o£
mean, were consistently lower than the population values.
Furthermore, bias in the TESTFACT discrimination estimates was
not consistent and varied as a function of both the population
difficulty and discrimination values. This suggests that there
may be problems associated with the estimation of the
unconstrained item-factor correlations. The FI estimator did,
however, produce generally more accurate, yet still biased,
parameter estimates when the assumed trait distribution was not
normal. As expected, the accuracy and error of the
discrimination estimates, for both LI and FI, was dependent on
the population item parameters. The estimates for poorly
discriminating items (a=.5) showed the least amount of bias and
greatest stability. Similarly, the discrimination estimates were
more accurate and less variable for items of average difficulty
(b=-1,0,1). Overall, item recovery was generally less superior
for items with extreme population values (e.g., a=1.5, b=-2 or
2) . This effect was evident for both the FI and LI estimators.

Extreme parameters (e.g., a=1.5, b=-2 or 2), combined with
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distributions of the latent trait that were not normal and small
sample size/test length ratios, resulted in the most biased
unstable estimates. Under these conditions there will be few, if
any, examinees in the ability continuum where the estimates must
be derived. Collapsed over the initial item parameters, the
sample size/items ratio had little effect on parameter recovery.
The estimates produced by NOHARM and TESTFACT were, however,
subject to less error as this ratio increased.

In terms of test length, sample size, and trait
distribution, the recovery of the discrimination parameter varied
by the estimation strategy employed. Under a normal
specification for the latent variable the accuracy of the LI
discrimination estimates did not improve with increases in sample
size. There was, however, an associated decrease in the error of
the estimates as the sample size increased. For MML estimation,
under the normal specification, estimation accuracy tended to
decrease as test length increased. Furthermore, the error of the
estimates tended to increase with longer test lengths but
decrease with larger sample sizes. For the nonnormal trait
distribution both TESTFACT and NOHARM produced discrimination
estimates that were biased and unstable. For both estimation
strategies, parameter recovery worsened as the trait distribution
deviated from normal. Under the conditions inveolving a nonnormal
trait distribution it was difficult to discern the independent
effects of sample size and test length. However, when the

assumed ability distribution was not normal, neither test length
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nor sample size appeared to have a substantial effect on
estimation accuracy for either program. Although there were some
conditions where the estimates from NOHARM were marginally more
accurate than those produced via TESTFACT, the FI estimator was
generally superior in recovering the true item discrimination .,

parameterxs under the nonnormal trait specifications.
Conclusion

Overall, the LI approach generally produced at least
equivalent, if not more accurate and stable difficulty and
discrimination estimates, than the FI approach under conditions
involving the normal specification of the latent variable. Full-
information FA (MML estimation) did, however, provide marginally
more accurate calibration of the 2-parameter model when the
assumed trait distribution was not normal. . In addition, the
generation of improper difficulty and discrimination estimates
was much less likely when FI estimation was employed. Although
the MML estimates lost accuracy and stability under conditions
involving a nonnormal trait distribution and eitreme population
item parameters; parameter recovery was still generally superior

to that obtained via the LI approach.
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CHAPTER V: DISCUSSION

McDonald (1994) recently stated that "given the notorious
instability of the higher moments of a multivariate distribution,
it seems unlikely that information in the data above the level of
bivariate moments will commonly make a nonspurious contribution
to the efficiency of estimation and to badness of fit" (p. 80).
Thissen (1982) has also suggested that, although we can estiméte
the item parameters using full-information estimators such as
MML, the use of the entire 2P table of response counts may be
problematic. From a practical perspective, accurate parameter
estimates are extremely important in the test development process
(see Hambleton & Jones, 1994; Hambleton, Jones, & Rogers, 1993).
For IRT, or NLFA, items will be selected based on a2 consideration
of their item information functions which, in turn, are
determined by the item parameter estimates. If the parameter
estimates are not precise then the final item pool may not
provide for an optimal test. These issues, combined with the
restricted research to date, establish the need for a more
elaborate quantification of the conditions under which both
limited- and full-information ncrnlinear FA can be used to produce
traditional IﬁT based parameter estimates.

The results presented in this study suggest that, similar to
Miller (1991), the LI FA technique incorporated in NOHARM
provides a reasonable calibration of the 2PM logistic response

model under conditions involving a normal distribution of the
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latent trait. That is, information in the one-way (percent
correct) and two-way (joint percent correct) is sufficient for
the estimation of the location and slope parameters. Item
recovery was, however, less accurate and somewhat unstable for
extreme population item parameters. . Full-information FA, while_
also providing an acceptable calibration of the 2PM logistic
response model, did not provide equivalent results under well-
fitting model conditions. Although the recovery of the
difficulty, or threshold, parameter was reasonably equivalent
across both the LI and FI approaches, the MML estimator
incorporated in TESTFACT consistently yielded discrimination
parameter estimates that underestimated the corresponding
population values, especially for more highly discriminating
items. An inspection of the results from Muraki and Englehard
(1985) also suggested that FI solutions underestimated the factor
loadings, especially for items with extreme threshold, or
difficulty, values. The lack of equivalence between the LI and
FI discrimination estimates under conditions involving a normal
trait specification was not expected and suggests that there may
be problems with the MML algoritﬁm incorporated in TESTFACT in
terms of recovering true item—facto; relationships. Moreover,
the lack of equivalence in parameter recovery may be partially
attributable to the specific Program implementations thét were
used (e.g., minimization algorithm, convergence criterion, number
of quadrature points for FI Fa). Nevertheless, given the

marginal strength of the systematic underestimation of the
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discrimination parameter and the equivalence of difficulty
parameter estimates, it is doubtful whether test-calibration
efforts based on FI FA would vield dramatically different item
sets than those based on LI FA, at least under well-fitting model
conditions.

It was also fouﬁd that the estimates derived from FI
estimation, where one attempts to extract more from the data,
were comparably more accurate under conditions involving
nonnormal trait specifications. However, similar to the
conclusions of Collins et al. (1886), factor recovery was poor
when compared to results that were obtained from experiments
involving normal data sets. Furthermore, misestimation of the
item parameters was magnified for extreme population values
(i.e., a=1.5, b=-2,2). For FI.FA, the poor parameter recovery
was consistent with Zwinderman and van den Wollenberg (1990) who
found that when the distribution of ability was skewed, MML
estimators lose accuracy and efficiency.

Both LI and FI estimation produced spurious and unstable
parameter estimates when the assumed trait distribution was not
normal. Furthermore, the errors in parameter recovery increased
as the trait distribution became more skewed. This result, in
terms of MML estimation, was consistent with the findings from
earlier research (e.q., Seong, 1990; Stone, 1992). For NOHARM
II, the instability and inaccuracy of the estimates under
nennormal trait specifications was noteworthy. For conditions

involving a nonnormal specification of ability the LI approach
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produced estimates that were not only biased and unstable, but
also prone to "infinite" values. For these specific situations
it may not be appropriate to collapse the table over all items
save two at a time and use only the pairwise information for
estimation. More specifically, and contrary to McDonald s
(1982,1994), the harmonic analysis of the normal ogive model did
not appear to be robust to the normality assumption. While the
seriousness of the violation of the normality assumption willn
depend on the nature of the examinee sample and the intended
application df the results, the estimates derived under the
conditions modelled in this study suggest that the utility of
NOHARM is suspect when the distribution of ability in the
examinee sample is not normal. Although the parameter estimates
for moderate difficulty and discrimination items (e.g., b=-1,0,1,
a=.5, 1) were less subject to error, item recovery via NOHARM II
still remained poor.

The improper estimates described in this study are neither
plausible nor useful and indicate that, under certain conditions,
practical applications of these FI and LI strategies may be
problematic. Swaminathan and Gifford (1985) suggest that "while
marginal maximum likelihood eStimators are superior to joint
ma#imum likelihood estimators of item parameters, at least in
small samples, they do not offer protection from Heywood type
cases where inadmissible estimates of the discrimination
parameters are obtained” (p. 350). From a factor analytic

perspective, the existence of infinite item parameter estimates
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indicates the occurrence of one or more unique variances
approximately equal to zero. These are typically referred to as
Heywood cases. For TESTFACT, the occurrence of some Heywood
cases is not unexpected. By knowing the proportion of examinees
that respond correctly to both items in any pair one can estimate
the tetrachoric correlations for all distinct n(n-1)/2 pairs of
items. To calculate these correlations TESTFACT uses Divgi's
(1977) method. Collins et al. (1986) suggest that when item “
frequencies are low overall, as would be the case when the trait
distribution is highly skewed, Divgi's method should never be
used. Under these conditions Heywood cases are more likely to
occur. As part of the TESTFACT program one can constrain the ML
estimation of the slope and intercept parameters using a beta
prior distribution on the uniquenesses and a normal prior
distribution on the intercepts. Due to the unknown effect of the
prior on the estimated factor loadings and a desire to maintain
comparability with the NOHARM results, these options were not
invoked. Nevertheless, if the parameters of the beta
distribution are suitably chosen, the factor loadings will not
approach one, thereby eliminating "improper" estimates of the
discrimination parameters. Similarly, by specifying a normal
prior with a specified mean ahd variance on the intercept
parameter, excessively large or small difficulty estimateé can be
avoided.

Lord (1983) suggests that in practical work the ML estimates

of the discrimination parameter sometimes tends to become
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infinite. Although this suggests a positive bias in some data
sets, for certain items, the results of the present investigation
revealed a consistent negative bias in the discrimination
parameter when estimated via MML. When the effects of outlier
values were controlled, the mean of the discrimination estimates
tended to be lower than the mean of the population values. This
result, while unexpected, may be associated with the bias in the
threshold values. When the population difficulty value was lérge
and positive the estimated difficulty value was positively
biased; when the population value was large and negative the
estimated value tenced to be negatively biased. Given that the
data were generated using the two-parameter logistic.model, there
may be a number of possible a,b pairs that represent the data
equally well. Therefore, there may be a number of different
slope and intercept parameters that maximize the likelihood
function. Finally, the bias evidenced in the discrimination and
difficulty parameters was magnified by data sets that
incorporated an ability distribution that was not normally
distributed. - The distortion in the factor loading matrix due to
shape of the population distribution results in estimation
problems which, in:turn, may account for the bias in the
parameter estimates.

The effects of sample size, test length, and the ratio of
sample size to test length on parameter recovery were also
investigated for various initial population item parameters.

Although these factors were not important in explaining



125
differences in the accuracy of parameter recovery between LI and
FI, they did have some effect on the error, or spread, of the
estimates. In general, more stable estimates were produced as
the sample size increased. This property was not unexpected in
that a good estimator should do better when it is based on a
large sample than when it is based on a small sample. Also, as
with common linear FA, one would expect that the increased
information afforded by larger samples in nonlinear FA would )
allow for a more precise estimation of the factor loadings and
item thresholds. Thus, the estimates of the item discriminations
and difficulties would alsoc be more stable.

For some conditions, especially with sufficiently large
numbers of items, it would be expected that numerical integration
used in the MML approach would be heavy, thereby affecting the
accuracy and stability of the parameter estimates. For a test
comprised of 45 items, a total of 2*° (35,184,372,088,832)
distinct response patterns are available. Thus, even if many of
these patterns will not occur in a given sample, hundreds of
thousands of distinct pieces of data must be maintained to
produce fully efficient MML estimates of the item parameters.
Also, in many situations, especially when trait distributions are
not normally distributed, numerous combinations of these response
vectors will not be present. Only when the sample size is
sufficiently large will all the 2P possible response patterns

have expected values greater than one or two. Therefore, using

FI FA with missing response patterns results in the collapsing of
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cells, which would appear to impact on the error of the parameter
estimates. While Bock et al. (1988) comment that the
computations involved in MML estimation increase linearly with
the number of items, Reise and Yu (198%0) suggest that with MML
estimation test length is not a crucial variable because a -
distribution is being estimated at each cycle rather than a
potentially error-prone point estimate of & for each person. For
the present investigation, the accuracy of the FI difficulty ;hd
discrimination estimates was not overly affected by the test
length. However, increases in test length were generally
associated with increases in the RMSEs for the MML difficulty and
discrimination estimates. This trend was consistent with Mislevy
(1986) who suggested that the use of a greater amount of
information in the estimation process should be advantageous for
tests that contain fewer items. For the LI approach, which
incorporates a simpler ULS fitting function, test length did not-
appear to be related to the goodness-of-fit of the parameter
estimates. This was to be expected in that the sampling
instabilities inherent with using information in the higher joint
moments of the binary responses should not be a factor in
deriving parameter estimates through_LI FA approaches.

Therefore, at least for well-fitting model conditions where
parameter recovery is unbiased, the LI approach would appear to
be advantageous for extended test lengths.

The differences that were found in both the accuracy and

error of the two NLFA approaches can be better understood through
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the use of an IRT framework. From an IRT perspective, the ICC,
which can take different mathematical forms, is simply a
nonlinear function for the regression of item scores on the
ability or trait measured by the test. It is therefore quite
reasonable that for accurate item parameter estimation one wouhﬂ
require a heterogeneous distribution of examinees on the ability
measured by the test. Without data distributed along the abilicy
continuum it would be very difficult to estimate the ICC.‘ -
Furthermore, it follows that any combination of population
parameters that yields an ICC that is practically flat on the
part of the range of ability where examinees are concentrated
should yield less precise, unstable, parameter estimates. For
the 2-parameter IRT model, item difficulty, b, is simply the
value of the ability score (8) when the slope of the item
characteristic curve is at a maximum (inflexion point). In terns
of ability tests, the higher the difficulty parameter, the
greater the ability that is required before the examinee has a
50% probability of a correct response. Item discrimination, a,
is the value of the slope of the ICC at the inflexion point.

High values lead to very steep ICCs, indicating that the item
discriminates well over a narrow range of abilities. A low value
indicates a flat ICC which suggests that the item discriminates
pocrly over a2 wide range of abilities. It would therefore be
reasonable to expect that the intercept parameter would be

difficult to estimate accurately if the number of examinees at

the inflection point for a particular item is small. Similarly,
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if the slope of the ICC is difficult to estimate, the location
along the ability scale at which an examinee has a probability of
0.5 of correctly answering the item would alsc be difficult to
determine. Overall, when items do not match the ability of the
examinees one would expect less accurate, unstable, parameter =
estimates. In the present investigation, especially for
conditions involving a nonnormal trait distribution and extreme
popﬁlation parameter values, a heterogeneous distribution of i
scores along the ability continuum was unlikely. Therefore,
estimation problems occurred. The number and pattern of improper
difficulty and discrimination estimates highlights this point.

Not surprisingly, even under the nonnormal specification,
increases in sample size resulted in fewer discrepant
discrimination estimates. It would be expected that the specific
distribution for trait would not be very crucial if the sample
size was extremely large. Under such conditions the trait
distribution should only have a marginal effect on the parameter
estimates. As either sample size, or the ratio of sample size to
the number of items increases, the homogeneity of examinee
samplef in terms of ability, will likely decrease. As a result,
there will be more data distributed along the continuum where the
estimate is made. . For the location parameter a substantial
proportion of the improper estimates occurred under a nonnormal
trait specification and initial conditions corresponding to a
highly discriminating (a=1.5) easy items (b=-2). The ICC

suggested by these initial values, combined with the distribution
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of ability, alsc implies that there will be few, if any,

examinees in the range of ability with which to estimate the
location parameter. Under the nonnormal specification of the
latent variable, LI estimation resulted in more improper
difficulty estimates for larger sample sizes. While this result
is unexpected, it suggests that, for the LI estimator, the
additional heterogeneity of the examinee sample does little to
compensate for the estimation difficulties associated with a |
nonnormal trait distribution. Foxr FI, this trend was not
evident. In fact, even under the skewed ability distribution,
there were very few discrepant difficulty estimates when the
sample size reached 10,000. In terms of test length, holding
other factors constant, both LI and FI produced comparably fewer
impropesr difficulty estimates when the number of items was small.
This result, combined with trends noted akove, suggests that,
when the ability distribution is not normal, the additional
information utilized in the FI estimation process may vield
superior parameter estimates, provided that the sample size is
sufficiently large.

As stated above, tests that are very easy or hard for the
calibration sample of examinees can result in.biased and unstable
item parameter estimates. However, for TESTFACT, Bayesian priors
can be placed on any item parameters that are difficult to
measure. Hambleton (1993) suggests that the feasibility of
Bayesian procedures should be investigated more fully. While the

incorporation of prior information in the estimation procedure
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will likely provide improved parameter estimates, especially for
short tests and small sample sizes, the use of an inappropriate
specification may detract from estimation. Seong (1990)
suggested that the user should specify the prior ability
distribution based on theoretical or empirical considerations.w:
Unfortunately, the true population distribution of ability is
often impossible to determine. In these situations, the default
normal prior ability distribution is recommended. At present:
the LI estimation incorporated in NOHARM does not provide a means
for placing constraints on item parameters or, if possible,
utilizing prior information concerning the distribution of the
latent variable in the population of persons responding to the
items. The relatively large number of improper estimates,
especially for conditions involving nonnormal ability
distributions, suggests that the ability to place place
constraints on the item parameter estimates may facilitate the
estimation process. It should be noted, however, that setting
such constraints may mask serious problems with the data.

Unlike much of the previous research concerning parameter
recovery from wvarious estimation strategies, the accuracy and
error of the estimates at different levels of the population
parameters was investigated here. For e#treme levels of
population difficulty, one would expect that the parameter
estimates would generally be less accurate and less stable.

These estimates would be based on the information (responses)

provided by a relatively small number of examinees. It would
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also be anticipated that, provided the distribution of the latent
trait was normal, conditions involving extreme population
difficulty values and high population discrimination values would
also provide unstable estimates for both LI and FI estimators.
Under these conditions, the range of ability where the examinees
are concentrated may not correspond with the area where the ICC
has an inflection point. Therefore, due to potential range ..
restrictions involved in estimating item-factor correlations,—it
would be difficult to determine where and how sharply the curve
turns. From an IRT perspective we are attempting to describe the
proportion of correct responses in a certain range of ability.
When this range is small (e.g., the items are too difficult or
easy for a given group), there will be a variety of discrepant
(a,b) pairs that capture the data equally well. Therefore, one
would expect unstable estimates. The incorporation of a
nonnormal trait distribution, especially one that is positively

skewed, compounds this problem.
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CHAPTER VI: CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE PRACTICE

It remains that "the issues and technology associated with.
iten response theory are neither fully developed nor without
controversy {(Hambleton, 1993, p. 149). In a review article .
covering major developments in factor analysis Mulaik (1986)
suggested that further developments in terms of generalizing
particular FA models will be an important ongoing research
activity. Furthermore, given the equivalence between NLFA and
the more traditional IRT model specifications, applications of
NLFA to existing measurement problems such as test
dimensionality, model-data fit, local item dependence and item
bias need further exploration. The results of the present study
add to the synthesis of common FA and latent trait models by
providing empirical evidence to suggest that test calibrations
can be accomplished using nonlinear FA. That is, for some
conditions, NLFA is appropriate for the analysis of binary data.
Furthermore, for well-fitting model conditions, little
information is lost by not using higher-order relationships among
the items. Full-information F3, whiéh is based on the estimation
of item response vectors, did provide a marginally better
calibration of the 2PM model under conditions involving a
nonnormal trait distribution. Nevertheless, given the general

instability of the FI estimator under the ill-fitting conditions
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modelled in this study, the use of all of the information in the
2° item vectors may still be insufficient for practical
applications, at least for small sample sizes and tests that
consist of items with extreme difficulties.

The results of this study raise a number of concerns -
regarding the use of NLFA methods and estimation strategies. In
addition, the restricted scope of this investigation suggests
that there are a number of additional areas where studies of the
use of NLFA for item analysis are warranted.

First, the comparison of two nonlinear FA models was based
on their estimation of the threshold and slope values for the
two-parameter normal ogive model. The lower asymptote parameter
was set at zero and not estimated. In many testing situations it
would be unrealistic to assume that guessing is not a relevant
factor. For example, one would expect some low ability examinees
to.correctly answer some test items due to guessing.
Nevertheless, the present investigation does provide valuable
information regarding the relative utility of FI and LI
estimation methods in recovering item parameters under the 2-
parameter normal ogive model. One would expect that the choice
of another model may have some effect on item recovery under the
conditions investigated. For example, the 3-rarameter model,
which has three unconstrained parameters per item, may require
proportionally larger numbers of examinees to calibrate

successfully. Unfortunately, while both TESTFACT and NOHARM
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provide a mechanism for inputting fixed guessing values, there
are currently no procedures available to estimate 3PM models.

Second, although the simulated conditions (number of items,
number of examinees, item parameter values, ability
distributions) were selected to represent a realistic set of
population values, they do not cover all combinations that would
be of interest to educational testing specialists. They do, -
however, provide a substantive array of conditions in which td
compare parameter recovery for LI and FI methods. Furthermecre,
given the extremely heavy computational resources required by
TESTFACT, the existence of simulated conditions such as. those
involving 60 items and 10,000 examinees provides valuable
information on the practical utility of LI and FI methods.
Nevertheless, there may be certain population conditions that
need further exploration. For example, although two nonormal
trait distributions were modelled in this study, it would be
-informative to delimit more specifically the conditions (i.e.,
degree of skewness of the ability distribution) under which
NOHARM produces discrepant parameter estimates. .

Third, although unidimensional, nonlinear, dichotomous
response models are still mainly used by researchers who wish to
analyse a set of test items and estimate examinee ability (De
Champlain, 1992; Hambleton, 1893), there is a growing concern
regarding tenability that one latent trait is sufficient to
explain examinee performance and the interrelationships among

test items. Moreover, fitting unidimensional models to
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multidimensional data is rarely appropriate. As a result,
numerous research efforts are now being directed at formulating
and testing the utility of multidimensional IRT models (e.g.,
Ackerman, 1994; Reckase & McKinley, 1981). The present
investigation, while still based fundamentally on the arguably-
unrealistic assumption of unidimensionality, provides valuable
data on the relative strengths of competing estimation -
strategies. As both McDonald (1994) and Muthen (1978) suggested,
very little information is lost by not using higher-order
relationships among the items, provided that the model
assumptions are not violated (e.g., for a2 unidimensional model
the underlying trait is normally distributed). However,
additional studies are needed in order to ascertain whether this
premise is sustainable when the data are multidimensional in
nature. It would be expected, however, that the lack of
robustness of the parameter estimates would extend to
multidimensional item response theory. (MIRT) models. From a MIRT
perspective, the Item Characteristic Surface (ICS), which can
take on different mathematical forms, is simply a nonlinear
function for the regression of item scores on the traits measured
by the test. It is therefore quite reasonable that for
appropriate item parameter estimation one would require a
heterogeneous distribution of examinees on the abilities measured
by the test. This situation would be less likely to occur when
the underlying latent response vaiiables are not normally

distributed. Fortunately, both the LI and FI methods used in
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this study allow for the incorporation of models that are not
unidimensional. Therefore, parameter estimation comparisons
between LI and FI could be performed for MIRT models.

Fourth, many indices and statistics that are used to test
dimensionality are based on LI and FI models. Both TESTFACT ana
NOHARM provide, either directly or indirectly, information that
can be used to assess departure from the assumption of -
unidimensionality. For NOHARM, the analysis of the residual h
covariance matrix after fitting a nonlinear 1-factor model can be
used. Unidimensionality of the latent trait would theoretically
imply zero residual covariances among all pairs of items
at fixed ability levels. Indices based on this premise have
recently been shown to be quite promising (De Champlain, 1992;
Gessaroli, 1995). For TESTFACT, a chi-square approximation for
the likelihood ratio test of fit of the model relative to the
general multinomial alternative is used. In terms of assessing
dimensionality using indices based on nonlinear FA models, it
would be important to ascertain the comparative accuracy of the
estimates from LI and FI estimators. It would be expected that
the validity of tests of dimensionality that are based on either
the weak or strong principles of local independence would depend,
in part, on the degree to which FI And LI methods adeguately
calibrate.the test items.

Finally, only two NLFA strategies were investigated in this
study. Limited-information estimates can also be derived via the

- GLS estimator available in the software package LISCOMP (Muthén,
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1887). However, unlike the ULS estimator, GLS is computationally
very demanding and utilizes not only terms from the one-way and
two-way margins but also from the three-way and four-way margins.
Muthen (1989) suggests that GLS estimation probably should not be
attempted when the number of items exceeds 30. Muraki and -
Englehard (1985) also advise that this approach to item FA is of
little practical use for analyzing achievement and cognitive -
tests since these tests consist of a sizable number of items.
Finally, in order to estimate the GLS weight matrix properly Qith
many items, numerous subjects may be required. The
asymptotically distribution free (ADF) estimator proposed by
Browne (1984) can also be used in the factor analysis of
dichotomous variables. Unfortunately, this solution is also
computationally burdensome. Nevertheless, the rapid growth in
the availability of powerful computing facilities suggests that
the cost of test calibration using GLS or WLS (ADF) may not be
that prohibitive. Therefore, where adequate conditions exist
(i.e., adequate sample sizes, restricted test lengths, small item
to factor ratios), contrasts of NLFA parameter estimates using
these alternative estimation strategies should be undertaken.

The establishment of nonlinear FA as an appropriate
methodology for analyzing latent trait models will be of bhenefit
to many researchers and practitioners. Nonlinear FA is a more
general meodel and, provided that a suitably large and appropriate

sample of examinees is available to facilitate parameter

estimation, allows for analysis of response data under various
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conditions typically encountered in educational testing.
However, the properties of the item parameter estimation
techniques are intertwined with the computer program used to
estimate them. Therefore, additional theoretical and empirical
studies are needed in order to delimit the specific conditions-~
where NLFA, and the associated estimation strategies, can be best

used to solve practical measurement problems. .
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