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ABSTRACT

With the help of the general equations of motion of a continuum in
spherical coordinates, the complete system of differential equations for
axi-symmetric vibrations of deep sandwich spherical shell has been derived.
The shell consists of a thick core layer, and of two face layers of the
same isotropic material and thickness. The core is assumed to be incompressi-
ble in the radial direction and the effect of thicknéss shear deformation
has been considered. The stresses in the tangential direction of the core °
are assumed to be negligible and the faces are taken as membranes. The
general solution of the differential equations has been expressed in terms of
Legendre functions, ~ ‘

The frequency equations for clamped and free edge hemispherical
éandwich siells were developed in terms of Legendre functions. Since the
values of Legendre functions with arbitrary complex indices are not available,
subroutines have been made to generate these values.

The highly transcendental equations were solved on the digital
computer using iterative technique. To examine the behavior of sandwich
spherical shells, cellular cellulose acetate as the core material and.
aluminum, Cu-Zn alloy and mild steel as the face materials were selected.

Thé results, showing the variation of fundamental and higher mode frequencies
with the change of elastic and geometric properties of the core and face

sheets, are presented in the form of graphs,

iv



Chapter 1.

Chapter 2.

Chapter 3,

Chapter 4,

Chapter 5,

Chapter 6.

CONTENTS

INTRODUCTION

FORMULATION OF THE PROBLEM
General

Basic Equation of Motion
Weak Core

Face Sheets

Equation for Composite Shell

SOLUTION OF THE DIFFERENTIAL EQUATIONS

FREQUENCY EQUATIONS

. Clamped edge Condition

Free edge Condition

NUMERICAL COMPUTATION

RESULTS AND DISCUSSIONS

Discussion of The Results
APPENDICES

REFERENCES

Page

10
14

21
28
28
30

32

53

54

63

74



2c

[eX ]

Pn(cos¢), Qn(cos¢)
a a

%

R

Ry» Ry
r, ¢, 6
t

u, v, w
Vi» V3

Yr¢’ Yre) Yd)e

NOMENCLATURE

Thickness of the core
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Instant of time
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face sheets 1 and 2
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respectively
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Tr¢, Tog? T¢e Shear stresscs

w Circular frequency of the shell

In addition, the following quantities have also been used in the thesis,

L ¢/h

r, = p./p

T = Ec/E

Q2 = pw?R2/E

K = Eh/(1 - v?)
Aa = na(na + 1)

Pl’ P2 and Q' are the quantities defined by Egs.(3,3),
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Chapter 1

INTRODUCTION

A sandwich shell consists of three or more layers of
material bonded together such that they act as a single unit. The outer
facings or skins are usually high strength materials, such as steel, aluminum,
plastic, or plywood. The function of the facings is to bear most of the
outer fiber loads. ‘The thicker central layer ( or layers ) normally known
as core is usually a low strength, low density material such as rigid urethane
foam, polystyrene foam, or honeycomb. The functions of the thick core are:
(i) to seperate the face layers in a manner similar to the web in an I bean,
(ii) to resist shear stresses set up by the external loads, (iii) to stabilize
the facings thus preventing buckling and (iv) to provide insulation,

The commercial importance of sandwich construction has
long been recognized in the aircraft industries due to its higher strength-
to-weight ratios, better stability, high load carrying capacity. Sandwich
panels have also increased fatigue life.

In recent years considerable interest has been shown
in the dynamic behavior of sandwich shells, With the exception of a few,
most of the papers appearing in literature deal with the vibration of homo-
geneous spherical shells and shallow sandwich shells. The first general
dynamic thoery of elastic shells was established by A,E.H.Love who included
.the effects of both flexural and extensional deformations in the theory.

Love also included in his work, as special cases, the previous treatment

of inextensional vibrations given by Lord Rayleigh and the extensional
vibrations of closed spherical shells discussed by Lamb. Very few papers
were published on the vibrations of shells until. 1937 when Federhofer recons-
tructed the basic system of differential equations of motion for the spheri-
cal shells in terms of displacements,

Later on in 1946 the problem of axi-symmetric vibrations

of a shallow spherical shell was solved by E.Reissner [12] in which the
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problem was reduced to two simultaneous differential equations for tangen-
tial and normal components of displacements, In the above paper the
approximate value for the lowest natural frequency was obtained by the use
of Rayleigh Ritz procedure. The inextensional vibrations of shallow spheri-
cal shells was alsc investigated in [15] with axial symmetry and in [3 ]
without axial symmetry. In both the cases longitudinal inertia has been
neglected in comparison with transverse inertia, The system of equations
have been, thus, reduced in terms of the transverse displacement component
and a stress function., The exact solution for the torsionless axi-symmetric
vibrations of shallow spherical shell segment with various edge conditions
has been given by Kalnins and Naghdi in [ 5]. Van Fo Fy and V.N.Buivol [20]
obtained the general solution of the differential equation of motion for
the forced vibrations of shallow spherical shell and calculated the numerical
values of the natural frequencies for the axi-symmetric case.

In 1961 Naghdi and Kalnins [10] investigated the torsion-
less axi-symmetric vibrations of non-shallow thin elastic spherical shell
and obtained the results for the lowest natural frequency as a function of
the thickness of the shell. The effect of bending on vibrations of spherical
shells, closed at one pole and open at the other, has been studied by Kalnins
[ 4]. His work also includes the modal shapes for the opening angles ranging
from a shallow to a closed spherical shell, The vibration of deep spherical
shell under the action of a concentrated force has been reported in detail
by Manasyan [ 8]. Further work on this topic has also been published by
Wilkinson and Kalnins [21]. ' .

Very iittle work has been published on the vibrations of
sandwich shells. Major.portion of the available literature deals with the
bending of sandwich plates [14] and shells [18], In a paper by Y.Y.Yu [23],
the dynamic behavior of moderately thin elastic sandwich cylindrical shell
has been studied. The problem of free axi-symmetric vibrations of shallow
spherical sandwich shell has been solved by Koplik and Yu [ 6] and numerical
values of frequencies upto sixteen natural modes have been calculated for

clamped edge condition.
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In this thesis an attempt has been made to study the
axi-symuetric vibrations of deep sandwich spherical shell, closed at one pole
and open at the other. The shell consists of a thick core and of two face
sheets of the same isotropic material and of equal thickness. The core is
assumed to be incompressible in the radial direction and the effect of thick-
ness shear deformation has been considered. The face parallel stresses in
the core are assumed to be negligible and the faces are taken as membranes.
The complete system of differential cquations, based on linear strain-
displacement relationships, has been derived from the general equations of
motion in a continuum, The final set of differential equations is linear in
nature within the frame work of linear elastic theory of shells.

The highly transcendental equations have been solved by
the iteration process on the digital computér. The results obtained, show
the variation of frequency with the change of clastic parameters of the core
and face sheets, Lffect of the change of the ratio of core thickness to ,
face sheet has also been studied. The variation of fundamental and higher ‘...

mode frequencies are presented in the form of graphs.
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Chapter 2

FORMULATION OF THE PROBLEM

General ‘

The present treatment is based on linear strain-displacement
relationships. The face sheets and the core are assumed to be elastic and
homogeneous, This formulation could be extended to the multi-layered shells,
In the following, however, the shell is composed of three layers. The two
face sheets are of the same material and the core is made of a different
material, The material and their assunptions will be discussed in details

later on in this chapter,

Using the generalized equations of motion in a continuum [19],
a complete system of differential equations for a sandwich spherical shell
has been derived, The geometry of the shell is shown in Fig, 1, in which

the thickness of the core is 2c and that of each face layer is h, The A
radius of the middle surface of the shell is R, The thickness shear defor—\

mation is included in the core and the faces are taken as membranes,

Basic Equations of Motion

The equations of motion in a continuum in spherical coordinates,

when body forces are neglected, can be written as

/(xr sin¢) + 7

]

(rzcr),r/r2 + T r¢’¢/r + (*o¢-oe+Tr¢cof¢)/r P¥y iy

r0,0

n

T f oe,e/(r sing) + Te¢’¢/r + (31r6+ Zre¢cot¢)/r PU, o

o, T
Tro,r * Tog, o/ (T Sind) + Oy /T * {Srr¢+(0¢-qe)cot¢}/r = Vs
and the strain components are

E =W
‘r

s¢ = (v,¢ + w)/r



.ee = u,e/(r sing) + (w + v cot¢)/r

(2.2) Y

re = Moy = V)T + v,

<
|

= w,e/(r sing) -~ u/r + u, .
Y6¢ = u,¢/r - u cotp/r + v,e/(r sing)

where u, v and w are the displacement components in 6,¢ and r directions
respectively. The quqntities 0,10y €tc. Tepresent normal stresses and T
T, €tc. denote the shear stresses. The derivative g}(rzor) has been

written in the symbolic form as (rzor),r so that

9 .2 2
Br(r or) (r 0r)’r

9 -
A 56(Tg ) = To9,6
and so on. :

ao

Axi-symmetric Case. For axi-symmetric case, all the derivatives with respect

to 6 must be dropped and the displacement component u in the 6 direction

should be zero. Thus from Eqgs.(2.2)e and (2,2)f, the shear strains and

consequently the shear stresses Tro and oo vanish,
Ty = 0

(2.3) '
Te¢ =0

The equations of motion (2.1) now assume the form

(rzor),r/r2 + Tr¢’¢/r + (—o¢—oe+ T_,cot$)/r .

T P

Wstt
(2.4)

Tr¢,r + o¢,¢/r + {STr¢ + (0¢-06)cot¢}/r PVsrt

b

A



and the expressions for the strain components become

€ =W,

T T
e, = (v,, +w)/r
(2.5) ¢ ¢
€y = (w + v cotd)/r
Try = (w,¢ - v)/r o+ Vi

Equations (2.4) and (2.5) have been used seperately for the core and the
face layers, in order to obtain a complete system of equations for the
composite shell,

Weak Core
Following are the assumptions made for the core material.
(1) - Stresses in the tangential directions of the shell surface are small
compared to those in the facings.
s 70 | (i)
Oy = 0 : : : Q.'..
From Eq, (2.3), it is seen that the shea; stress Te¢ is zero duc to symmetry

of the problem. For nonsymmetric dynamic problems of sandwich spherical

shells, Te¢ would be negligible again because the normal stresses o¢ and g

in the core are infinitesimally small,
(ii) The core is incompressible in the radial direction,
e, =0 '
* (ii)
We =W, =W, =W
(iii) " The thickness shear deformation is included in the core., Thus the

diaplacement component in the meridional direction in the core is given as

Vo= v o+7¥z/c . (i)
*

where, v o= (v1 + vz)/Z

(2,6) v o= (v1 - vz)/Z

and Vs V, are the displacement components in the meridional direction of

the middle surface of face 1 and 2 respectively,
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With the wuse of Eqs.(i) and (ii), the equations of motion(2.4) reduce to

(rzcxr),r/r2 + T /T + cotd Tm/r =p

T, ¢ et

(2.7)

+ 3 =
Trcb,r Trq&/r PeVote

Introducing a new variable z which varies along the thickness
of the core such that,

2.8) r=R+ 2z,

then ( ),r = ( ),Z and 1/r = (1 - z/R)/R

Since z/R3 and (z/R )cr are higher order terms, as the core has been
assumed to be incompressible, the first term in Eq.(2.7)a reduces to o
By making use of Eqs.(2.6) and (2.8) in Eq.(2.7) and

r,r’

integrating with respect to z over the thickness of the core ‘
¢ c
: P! 1
oL | -o. | *{ ﬁfr(# - ZIZT dz} + cotd {3 f 'rmdz -
' -C -c

: ; c
2.9 1 =
~T
ol f 1 £ , *
T " Ty + 35 medz “};Zfz‘rr‘pdz b= 2ep vy,
«C -C

From Eqs.(ii),(iii),(2.5)d and (2.8), it can be easily derived that

c c
2.10 1 21 - 1o2/p2 - Y)/R2
(2.10) & f tr¢dz , 2fzrrq)dz 2¢6_(1+ 3¢ /R.)(w,d) v)/R? +

-C -C
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26_(1+ ?c?-/RZ)\?/R
C 3
( For detail derivation refer to appendix A )
With the help of Eq.(2.10), Egs. (2.9) become
g1 -~ 0. + 2cG (1 + 1c2/R2)(w, +coto w, , - ; - ; cot$)/R2 +
| T ¢t 73 o9 0 e
2= ¢ =-C
2G_(1 + gc2/R2)(\7 + V cotd)/R = 2¢cp w
c 3 ’d c’tt
(2.11)

*
Trel* 6cG (1 + %cz/Rz)(w,¢ - v)/R? + 6Gc(1 + gc%ﬂ{%

z= ¢ z=-¢C ‘

V/R = 2cpcv,tt

Face Layers .

The following assumptions are made for the face sheets,
(i) The faces are very thin and are considered as membranes,
(ii) They are made of the same isotropic material and are of equal
thickness,
The stress resultants in the face sheets are introduced
in the following manner.
h/2

= Jo,dz

No = )%
~-h/2

h/2

Ne = fcedz

-h/2
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h/2
(212) N - J/'T¢e dz
~h/2
h/2
Q¢ = _[TI‘¢ dz
-h/2

By using Egs, (2.5)b, (2.5)c and the Hooke's law

(e

Q
]

8 + vse)E/(l - v?)
(2.13)

Q
]

6 ( € * ve¢)E/(l - v?2)

the stress resultants from Egs.(2.12) are

N1¢ = K {V1,¢+ w o+ v(v1 coto + w)}/R1

N16 = K {vl cotd + w + v(vl’¢+ w)}/R2
(2.14)

N2¢ = K {v2’¢+ W o+ \)(V2 cotd + w);/R2

Nyg =K {v2 cotd + w + v(v2,¢+ w)}/R2

Where, K = Eh/(1 - v2) and Rl’ R2 are the radii of the middle surface of
the facings 1 and 2 respectively, The quantitie§ N1¢ and N16 represent the
normal stress resultants for face sheet 1 in ¢ and 6 directions respectively.
Further, since the face sheets are very thiﬁ, it can be observed that

1/r = 1/R1,2.

By substituting the following quantities

r = R1 + z! and
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(2.15) C =0,
for face sheet 1 in Eqs.(2.4), it can be easily shown that

1r,2' * Tirg,¢/R1 * T T T1rgCOte) /Ry = pw, .

T1rg,z0 ¥ 1, R ¥ BTyt (0p4- opg)cotol/R, = PV1,tt

Integration of the above equatlons with respect to z' over the thickness

of face sheet 1 gives

°i&| 1r| *Quy,e/Ryp * - Nyym Npg + Qg cotd) /Ry = phw,
z= h/2 2=-h/2
(2.16)
Tirg| T Timg| * Mig,e/Ry * 13 (N4~ Npgdeotod/Ry= ohvy
Z=h/2  z:-h/2 -

-

Similarly for face sheet 2

U |7 O [* Qg /Ry * (- Nygr Ny + Queote)/Ry = ohu,

z=h/2 z=-h/2
(2.17)

T2T¢l 2r¢|+ N2¢ ¢/R + {3Q2¢+ (N2¢- Nyglcotd }/R, = ohv, et
z=h/2  z=-h/2

For free natural vibrations of the shell, its outer surface is free

from external loadings and hence,

=0, Tqu) =0

z'=h/2 2'= h/2
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(2.18) 021. =0 i =0

T2r¢
2'=-h/2 z'=-h/2

Also, since the faces are membranes, the transverse shearing forces Q1¢ and

Q2¢ in the face sheets 1 and 2 respectively, are zreo.

Q, = 0
Q= 0
From Fig.1,
Ry =R+ ¢
R,=R-¢
where, c = (2¢ + h)/2

Neglecting the higher order terms of c/R compared to unity, the

following equations can be easily obtained.

1/R1 (1 - ¢/R)/R
(2.19)

1/R (1 + ¢/R)/R

2

Substituting the Values of l/R1 and l/R2 from Eqs.(2.19), Egs.(2.16)

become

- %1r l' (A - c/RIMy o+ Ny )R = phwr,

‘ z'=-h/2
(2.20)

- Tlr¢l
z'=-h/2

and Egs.(2.17)

+ (1 - E/R)N1¢,¢/R + cot¢(l - E/R)(Nl¢- Nle)/R = phvl,

t

N
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o, l -+ E/R)(N2¢+ Nyo)/R = phw

z'=h/2

'tt
(2.21)

rér¢l + (1 + E/R)N2¢,¢/R + cotd (1l + E/R)(N2¢ - Ny )/R = phVZ,tt

z'=h/2

Equation for Composite Shell

At this point, it is convenient to introduce the
following notations.

*
N, = N N
¢ 19 * 29
N, = N, -N
¢ 1¢ 2¢ .
(2.22) ~
+*
Nog = Nyg * Ny
Nog = Nyg - Ny

Substitufihg the values of N1¢, N2¢, Nle,and N29 from Egs.(2.14) and using
[ . * * - -
Eqs.(2.6) and (2.19), the stress resultants N¢, Ne, N¢ and Nereduce to

§$ = 2K'{;,¢+ W o+ v(; coty + w)}/R - 2Ke (§,¢ + v cot¢)/R2

ﬁe = 2K {v cotp + w + vC;,¢+ w)}/R - 2Kc (V cot¢ + v§,¢)/R2
(2.23)

Ny = 2K (§,¢+ vV cot¢)/R - 2Ke {;,¢+ W o+ v(; cot + w)}/R2

Ne = 2K (v cot¢ + v§,¢)/R - ZKE‘{; cotd + w + v(;,¢+ w) }/R2
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The equations of motion for the composite shell arc obtained by
combining the six Egs,(2.11), (2.20) and (2.21) and simplifying them in

a proper manner. The summation of Eqs.(2.11)a, (2.20)a and (2.21)a gives

*

- 1 2/m2y _ o 2
Gr' Orl + 2¢G_(1 + 3¢2/R )(h,¢¢ * W, cotd V4" V COto)/RZ 4
7= ¢ z=-¢
2G (1 + gcz/Rz)(\—/ ; vV cotd)/R - o + 0 - (§ + ﬁ J/R +
c 3 ) 1r| 21 o " Vo

z'=-h/2 z'= h/2
- o- - 2 '
c(N¢ + Ne)/R = (2ph + 2pcc)\«,tt

and from Egs.(2.11)b, (2.20)b and (2.21)b

- Y 202/R2)T/R - 4
Tr¢| - Tr¢l + 6cGC(1 + 3§2/R2)(w,¢ - v)/R? + 66, (1 + 3¢?/R JV/R -,
(2.24)

- -

* 2 * } * )
Tirg| * Tawg| * Ng,ofR = E Ry f/RE ¢ cotall- N/
z'=-h/2 z2'=h/2

— *
c cot¢ (N¢ - Ne)/R2 = (ZpE + 2pcc)v,tt

Further, subtracting Eq.(2.21)b from (2.20)b

. - ) -
- rlr¢| - 12r¢| + N¢’¢/R - N¢,¢[R + cotq>(Nqb NG /R

z2'=-h/2 z'=h/2

- * * 2 N
¢ cote (Ny - No)/R® = Zohv,
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The continuity conditions at the interfaces are

Gr, = 0lrl g Gr, - 0Zr,
2=c z'=-h/2 Z=wC z'=h/2
(2.25)
Tre| = Tirg| “rgl = x|
zZ=¢ z'=-h/2 z=-¢ z'=h/2

By making use of Eqs.(2.23) together with the continuit

y conditions (2.25),
the system of Egs. (2.24) reduces to

+

2ch(1 %cz/Rz)(w,¢¢ + w,¢cot¢ - ;,¢— v cot¢)/R? + 26 (1 + %cz/Rz)

N

(v

<y

+

' 'cot¢)/R - 2K(1 + v)(;,¢+ ; cotd + 2w)/RZ + 2K¢(1 + v)

-

<

(§,¢ +V cot¢)/R3 + 2KS(1 + v)(§,¢+ Vv cot¢)/R3 - 2K32(1 + v)

* *
Lo
(v,¢+ v cotd + 2w)/R* = (2ph + 2pcc)w,tt

1.2/02 Lk p2 2.2 /p2y2 er ¥
6cG (1 + 3¢?/R2 G, - VI/R? + 66_(1 + 2e2/R2)7/R + 2k Vg

V¥ cotp + W}, /R2- 2KE(T, + v cotd), /R® - 2K3(V

b 3
' +VV cot¢),¢/R +

2K52{3,¢+ W o+ v(; cotd + w)},¢/R“ + 2Kcot¢ (1 - v)(;,¢— ; cot¢)/R2 -
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2Kc cot¢(l - v)(§,¢- v cot$)/R3 « 2KC cotd(l - v)(V,¢; v cot$)/R3 +
e - * * *
2KcZcotp (1l - v)(v,¢ - v cotp)/R* = (20h + 2pcc)v,tt
and
* - - -

- ZGc(w,¢ - v)/R - ZGC(l + cz/Rz)v/c + 2K(v,¢+ v cot¢),¢/R2 -
2K2{3,¢+ w o+ v(;éot¢ + w)},¢/R3— 2Kc {;,¢+ w o+ v(; cotg + w)},¢/R3 +
?KEZ(G,¢+v§ cot¢),¢/R“ + 2Kcot¢ (1 - v)(§,¢ - V cot$)/R? - 2K cotd

* * - * * -
a - \))(v,¢ - v cot¢)/R3 - 2Kc coto(l - v)(v,¢- v cotd)/R3 + 2Kc2

coto(l - v)(\?,¢ - Vv cot)/R¥ = 2ph§,tt

For detailed explanation of the first two terms in Eq.(2.24)c, refer to

appendix B,

Further algebraic simplification of the above three equations, yields

the final set of differential equations.

. 2¢6,(1 + %cz/Rz)(w,¢¢ *+ W, ,Cote)/R? ~ AK(1 + v) (1 + E2/RZ)u/R?

{206, (1 + 3c2/R2)/R? + 2K(1 + V) (1 + C2/R2)/R2} (W, + v cotg) +

N
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{ZGc(l + %cz/Rz)/R + 4Kc(1 + v)/R3 }(17,(1> + Vv cotp) = (2ph+2pcc)w,tt
{6cG_(1 + §c2/R2)/R2 + 2K(1 + v)(1 + Ez/Rz)/Rz}w,¢-6ch(1 + §c2/R2)
(2.26) /R 4+ 2k(1 + 52/R2)(3,¢¢ s 3,¢cot¢ -V cot2p - w)/R2 + 66, (1 +
2 - - - - - -
302/R2)V/R- 4Kc(v,¢¢+ Vigcotd - ¥ cot?p - w)/R3 = (2ph+2pcc);,tt
and -{2G /R + 4Kc(1 + v)/R3} w, + 2G ;/R - 4KE(; + ; ‘cot¢ ; ;
c ¢ C ,¢¢’ K

N

cot24 - wv )/R3 - 26,(1 + ¢2/R2)¥/c + 2K(1 + R (W, + T,

-
-

cotd - v cot?¢ - vv )/R? = 2phi'r,tt

For convenience in writing the equations, the following symbols are

introduced.

* * *

0 = Cv,¢ + v cot¢)/R
(2.27) § = c§,¢ + ¥ cot$)/R

The Laplace operator is given by’

2
V2 o= ( §¢z + cot¢ g-d,)/R2
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*
Substituting the values of o, 6, and

v2 from Eq.(2.27), Eq. (2.26)a
becomes

{(2c6_/R2) (1 + %CZ/RZ) R2 ¥2 - 4K(1 + v)(1 + S2/R2)/R2}u

{ zccc(1 + %c2/R2)/R + 2K(1 + v) (1 + c2/R2)/R }3 + '{2Gc(1 +

2 2/n2 = 2 17
3C /R€) + 4Ke(1 + v)/R? 1B (2ph + 2pcc)w,tt

leferentlatlng Eq.(2.26)b with respect to ¢ and multiplying the same
equatlon by cot¢ and adding them together gives the following equation.

¢

-~

'{6ch(1 + %cZ/Rf)/RZ +2K(1 + v) (1 + EZ/RZ)(R2} R? v2w + {(2K/R)(1 +
(2.28)  ©2/R2) R2 ¥2 4+ 2K(1 - v)(1 + c2/R%)/R - 6¢6, (1 + 3 2/R2)/R} 8 +
{- (4Kc/R?) R? V2 + 6G (1 + §c2/R2) - 4Kc(1 - v)/R2ié = 2p53(1 +
E p/e ) S’tt
and similafly Eq.(2.26)c reduces to

—'{ZGC/R +4Ke(1 + V)/R3IR? V2w +  {~(4KS/R2) R2 V24 26,
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4KS(1 -v)/R2}8 + {(2K/R)(L + G2/R?) R2 v2 4 2K(1 - v) (1 + €2/R2)/R

- 2 /p2 B = B
2GcR(1 + c4/R%)/c } B zthe,,Ct

For detail derivation of these equations refer to appendix D.




Chapter 3

SOLUTION OF THE DIFFERENTIAL EQUATIONS

* -
The solution of the variables W, 8 and 8 is now
sought in the form

w/h elmt W

iwt

D *
1]
(¢
@ *

(3.1)
'A— iwt <

where w is the circular frequency of the shell in rad/sec.

The use of Egs.(3.1) in Egs.(2.28) yields

-

{(Zcth/Rz)(l + %cz/Rz] RZv2 . 4Kh(1 + v) (1 + c2/R?)/R? + 2ph2y?

(1 + fp /0)} W = {2K(L + v)(1 + E2/RZ)/R + 2¢6_(1 + %CZ/RZ)/R}B +

|
(]

{261 + zc2/R2) + 4Kc (1 + v)/R%}®

+

{6chG_(1 + %CZ/RZ)/R2 + 2Kn(1 + V) (1 + G2/R2)/R2} R2V2W +

4+

(3.2) {(2K/R) (1 + 52/R2)R2v2 + 2K(1 - v)(1 + ¢2/R2)/R - 6cG_(1 +

%cz/Rz)/R + 20hRu2(1 + o' /0)) o + {66_(1 + %cz/Rz) - 4Ke(1 -

21
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v)/R% - (4KS/R2) R2v2}8 =0

and ~{2hG_/R + 4KnE(1 + v)/R3} R2V2W 4+ {-(4KS/R2) R2v2 4+ 26, -

4KE(1 - v)/R2I® + {(2K/R)(1 + G2/RZ)R2V2 + 2K(1 - v) (i + S2/RZ)/R -

'zkcc(l + ¢2/R2)/c + 2phRw2}d = 0

For simplicity, the following nondimensional quantities have been introduced.

E = E_/E
A pc/p N
r, = c/h :
Q2 = pw2R2/E
(3.3)
P =1+ c2/R?
P. =1 + Lc2/R?
1 3

P, =1 +.§c2/R2

Q' (a+ T, 1) 924

By using Eqs.(3.3), the system of basic Egs.(3.2) reduces to

0

n
o

) *
292
(AlRV +A2)W+A36+A4

.
3. 292y - 292 292 ha
(3.4) . By R®VAW -+ (B, R%VZ + B) 0 + (B, R%VZ + B.) ©

]
(=]
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*
2y2 2g2 2y2 5 =
C, ReVeW + (C2 R“V4 + C3) 0 + (C4 ReV4 4+ Cs) © =0

In the above equations the constants Al’ AZ’ Bl, B2 etc. are introduced
?
for brevity. These are listed below in details.

>
|

= {rEthl/(l V. ) }h2/R2

P
n

, = {-4P/(1 - v) + 2Q'}h2/R2
A:5 = —{rEthI/(l + vc) + 2P/(1 - v)}h/R |
Ay T TPy (v ) {4(rh + 1/2)/(1 - v)}h2/R2
B, ='{3rErhpl/(1 +v.) +22/(1 - v) }h2/R2
B, = {2P/(1 - v2)}h/R

B, = {-SrEthI/(l + vc) + 2P/(1 + v) + 2Q'}h/R
(3.5) .
B, = {-4(z; +1/2)/(1 - v?)}h?/R?
Bg = 3r.P)/(1+ v) - {4(r, + 1/2)/(1 + v)h2/R?
C, = ~{rp/(1 + vIM/R - {4(r,+ 1/2)/Q - v)I3/R3
C, = ;{4(rh + 1/2)/(1 -v2)}h2/R?
Cg = 1p/(1 + v) - {4(x, + 1/2)/(1 + v)}h2/R?

c, = {2P/(1 - v2)}n/R

C. = {2P/(1 + v) + 202}h/R - rE(l + rﬁhz/Rz)/{(l +vc)rh h/R}
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The general solution of Eqs.(3.4) can be expressed in
terms of Legendre functions of degree n. For a distinct value of n (e=1,2,3),
o

the solution takes the form

6 = A Zn (cosé)
a o

(3.6) 0= B Z (cos$)
@ o

W= Cn Zn (cos¢)
a o

where Zn (cos¢) is a linear combination of Pn (cos¢) and Qn (cos¢) the

first and“the second kind of Legendre functionsarespectively.a

3.7 ' =
(3.7) i.e. Zn(cos¢ Dlpn(cos¢) + D,Q_(cos¢)
a : o o ‘
In this case An s, B, Cn are arbitrary constants. ‘
o nd. o
For simplification another parameter xais introduced
which is a function of n.

na(na +1) = Aa

On simplification, this equation gives

_ 172 _ .
(3.8) n, = (Aa + 1/4) 1/2 .
Introducing the operator v2 given by Eq.(2.27)c to the general solution for

W, 6, and ® (Eq.3.6) and making use of Eq.(3.8)a, the following three

relationships can be established,

2 g2 -
RZV2W = - AW

*
(3.9) R2 720 = - A0

R2 v20 = - 2 0
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In order to simplify Eq.(3.4) and to check whether the solution of the type
mentioned above in Eqs, (3.6) is possible, a routine substitution of Eq. (3.9)
in (3.4) yields

(-Ap +R)C + AgA + A B =0
o a o
3.10 - - + (- -
(3.10) By Cut (B, + B A+ (-BA + BB =0
o o : [+
-_Clla Cn + (-Czka + C3) An + (—C4Aa + CS)Bna =0

a o

It is,theefore, seen that the solution (3.6) is admissibie. The quantities

ns An ’ Bn and Cn will, now, be obtained. In order to have a non-zero
solutidns of AL Bg and C_ , the determinant of the coefficient matrix
. o o o
must vanish.
- Al?a * A Ag Ay
- Blla - sza+ B3 - B4Aa + BS =0
_C)\ .
1 = Gt G -G+ G

which after expansion gives

3, . 42 -
(3.11) a, A>+ ay A2+ ag o+ a, 0

The coefficients a,, 2,, ag and a, used in Eq.(3.11) are

[
n

A1(34c2 - BZC4)

0
N
1]

Ay (ByCg - BgCy + B3Cy - ByCg) + Ay(B)C, - B4Cy) +
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AS(B4C1 - B1C4) + A4(BIC2 - B2C1)

[+
n

3 Al(BSCS - Bscs) + AZ(BSCZ - BZCS + B4C3 - B3C4) +

AS(BICS - B5C1) + A4(BSC1 - B1C3)

]
]

4 = Ay(BgCs - B.Cy)

Since the characteristic Eq.(3.11) will have three roots )\a(a =1, 2, 3),

the general solutions of the system of Egs.(3.4) are

*
0 =}3; An Pn(costb)
o= a o
f 3
(3,12) A =
6 = Bn Pn(cos¢)
=1 o o
W = i <) Pn(cos¢)
a o
o=l

In the above equations, due to the singular character of the function
Qn(cos¢) at ¢ = 0, the coefficients of Qn(cosq)) are set to zero.
o o

From Eqgs.(2.27), (3,12) and the recurrence relation

(3.13) P = (P!

pe1 ) - P )@+ 1)

* -
the expression for V and V are
3

) ,
V= -(R/suub)g;l{an+ 1(cos¢) - Pna_ 1(cos¢)}8a Cna/(Zna + 1)
(3.14) 3
V= —(R/sin#))m;lﬂ)no‘~l~ 1(cosgb) - Pna_ 1(cosct») }na Cna/(Zna + 1)
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For detailed discussion of Egs.(3.14) refer to appendix E. The primes in
Eq.(3.13) denote the differentiation with respect to u, While writing
Eqs. (3.14) use has been made of the relationships

A =8 C

na ana
(3.15)

Bn=nan




Chapter 4

FREQUENCY EQUATIONS

Equations (3.12) and (3.14) are applied to study the free vibrations
of a sandwich spherical shell closed at one pole and open at the other.

The frequency equation in general can be written as

(4.1) | =0 (i, a = 1, '2, 3)

The exact form of the elements Dia is obtained by the use of the boundary

conditions prescribed at the open edge ¢ = ¢O'

In this chapter, frequency equations for a hemispherical sandwich
shell have been derived for two types of boundary conditions such as clamped

and free edge conditions,

Clamped edge Condition \

The boundary conditions for this case are

W =0

*
(4.2) V =20

V =0
at ¢ = w/2

Inserting the boundary conditions (4.2) in Egs.(3.14), the following

equations can be obtained.

P (0) C +# P (0)C - + P (0)C =0
m n i) n N RS

28



(4.3) S, C + S, C + S

C =0
1 n1 2 n, 3 n3
H, C + H, C + H., C =0
1 nl 2 nz 3 Il3
where, Sa = Ba{ an+ 1(0) - Pna-'lco) Y/ (Zna + 1) and
(4.4)
Ha = na{ Pna+ 1(0) - Pna_ 1(0) Y (Zna + 1)

For a non-trivial solution solution of the constants Cn s, the determinant

of the coefficient matrix must be set equal to zero. e
P (0) P (0) P (0)
n, n, n,
(4.5) 51 52 | 53 | =0
Hy i) Hy

Equation(4.5) is the frequency equation of this system,
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Free edge Condition

In this case the shell is assumed to be freely

supported at the outer edge. Thus the boundary conditions are given as

Q= 0
(4.6) N =

N¢ 0

N¢ =0
at ¢ = n/2,

The shear force Q¢ can be evaluated by integrating the shear stress T

over the thickness of the core.

C

Q¢= fTr(p dz

~-C

-

On simplification (refer to Eq.(cC) appendix A), the equation yields.

* ! -
(4.7)a Qy = (266/R) W,y ~ (26 /R) v + 26 (1 + %CZ/RZ) 3
From Egs.(2,23), the stress resultants are

*
N

6" 2K{ ;,¢+ w o+ v(3 cotd + w) }/R - 2Kc (§,¢+ Vv cot)

‘Before proceeding with further simplification, it will be convenient to

write the above equation in a modified form,
* . % * *
N¢ = 2K{v,¢+ v cotd + (1 + v)w - (1 - v)v cotp }/R -
2KE'{17,¢ + Vv cotd - (1 - v)¥.cotd }/R2

Using Eqgs,.(2.27)a and (2.27)b

T

N

/R?
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(4.7)b §¢ = zx'{Ra + (1+vw-(Q1 -'v)3 coté¢}/R - 2Kc {R® -
(1 - v)v cot¢}/R2

The expression for the stress resultant N¢ can also be obtained in a

.similar manner,
| ) o o o
.7)c R, = 2K{R - (1 - V)V coto}/R - 2KE{RE + (1 + Vv -

(1 - v); cotd}/R?

By using the boundary condition (4.6), Eqgs.(4.7) reduce to

c c ¥ 1 2,00y =
R w,¢ - gV * a + 3 C /REY v =0
* w (-:_
(4.8) 8 + U+wjy - g 8 =0
) c 3 + (1 + v) cw 0
" R RR ~.

, . | .
Substitution of the values of 0, 6 and w from Eqs.(3.1) and those of 0,
- %* - . o .

@, W, V,and V from Eqs.(3.12) and (3.14) in Egs.(4.8) will result in the
three Egs.(4.9)a, b and c. -

D, = rh(hz/Rz)Paa(O) + 1, (h/R) sa'- 1+ % cz/gz) H
(4,9) D, = { B+ (1 + VIh/R - (r, + 1/2)nah/R} P (0)
o
Dy, = ‘{(rh + 1/2)Bh/R + (1 + V) (r, + 1/2)h2/R2- n, P (0)

o

la’ 72
for free edge condition of the sandwich shell,

In Eqs, (4.9) D D 0L.and D3a are elements of the frequency determinant (4.1)



Chapter 5

NUMERICAL  COMPUTATION

The computation have been carried out for the frequency
Q of the sandwich shell. Variation of the frequency parameter has been
studied with the geometric and elastic properties of the core and face sheets,
Since the analytical closed form solutions of highly transcendental Egs.(4.5)
and (4.9) occuring in frequency computations is not possible, high speed
digital computer has been used to solve the equations. The method of itera-
tion has been utilized for the solution., Computer programs, in Fotran IV
language, have been developed to compute the frequency of the sandwich shell
for various boundary conditions. All the calculations have been done with .
the aid of IBM(360/65) available at the computer centre of the University |
of Ottawa. '

First, the dimensionless ratios Tps Tos Ty together with
h/R and the Poisson's ratios v and vc were chosen for a particular combi-
nation of materials and the geometry of the shell, These values have been
presented in the table (1).

The quantities Al’ A2, A3, ----- C4, C5 are functions of
non-dimensional parameters given in Egs.(3.3), h/R, Poisson's ratios of core
and face sheets, and the frequency Q. At this stage, itis seen that there
are two unknowns A, and 2 and two equations, These two equations, for the
clamped hemispherical shell, arc the characteristic cubic Eq.(3.11) and the
frequency determinant (4.5). By specifying a value for the non-dimensional
parameter @, the coefficients a5, 2y, 2z and a, in Eq.(3.11) were evaluated.
These calculated values were used as the input quantities to the subroutine
CUBIC (page.42 ). This subroutine, first, calculated one root which is real
in all the cases and then reduced the cubic Eq.(S.ll) in quadratic form.

The subroutine QUAD is called next to calculate the other two roots which

may be real or complex conjugate. Thus all the three roots Aa (o0 =1, 2, 3)

of the charateristic Eq.(3,11) were obtained.

032
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Thg frequency determinant (4.5) consists of Legendre
functions of different orders na(a =1, 2, 3 ). These orders of Legendre
function were obtained with the help of Eq,(3,8)b. In the case, when all
the roots of Eq,(3.11) are real, the order of the function Pn (cos¢) is
either real or of the form ¢
(5.1) | n,= -1/2 + ip,
where p, are real quantities. In the event the order n& is given by Eq.(5.1),
the Legendre functions are evaluated as conical functions which yield real
values. When the two roots of Eq.(3.11) are complex conjugate, the orders
n, (a = 2, 3) are also complex conjugate, The nature of roots of the
characteristic equation will be discussed in detail in the next chapter,

Since the values of Legendre functions Pn(cos¢) are not
available for arbtrary value of n, which may be real or complex, subroutines
MIRLF (page.45) and COMLF (page.47) were developed to generate these values
valid in the interval 0 < ¢ < w. This evaluation was based on Mehler's
integral representation of Legendre functions, The integfation was carried

' out numerically using trapezoidal rule, The derivative of Pn(cds¢] with

respect to ¢ was obtained from relations between contiguous Legendre functions
with the help of these subroutines, Other subroutines LFHCA (page.49),
DLF (page.51),and LFUNCT (page.52) were also made to evaluate the Legendre
functions of higher orders.

With the aid of these subroutines the frequency deter-
minant given in (4.5) was evaluated. Keeping the parameters ré, T Tps
v, Vc and h/R constan?, the values of the frequency determinant was
calculated for a series of values of Q. The same procedure was repeated
until'fhe value of the determinant changed the sign. For free end conditions
of the shell Eqs.(3.11) and (4.9) were used and the same procedure as '
described for the shell with fixed boundary was followed, This procedure
yiélded the values of the frequencies for the sandwich shells with free

outer edge.

In the case Ia (Table.l), the purpose of numerical

computétion was to examine the effects of face thickness and its materials
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on the variation of natural frequencies 2. The case Ib was investigated to
see the variation of the frequency with the thickness of the core layer.
Case II yielded the information about the behavior of the spherical sandwich
shells at higher modes.
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Chapter 6

RESULTS AND DISCUSSIONS

Numerical results for the frequency Q are shown in Figs.

3-7 for sandwich shells with fixed and free boundary conditions. The results
for the fixed shell have been generated from the simultaneous solutions of
the characteristic cubic Eq.(3.11) and the frequency determinant (4.5).
Equafions (3.11) and (4.9) were utilized to yield the solutions for the free
shell, For the present study, a sandwich spherical shell with cellular
cellulose acetate core has been considered. The face sheets were taken to
be of three different materials, aluminum, Zn-Cu alloy and mild steel.

' It is observed that the solution of the frequency
determinant is strongly deptndent on the character of the three indices n, ‘
and n, given by Eq.(3.8). Fig.2 shows a plot of n, (a=1, 2, 3) vs @

n
fir a given value of v and h/R. The indices n, nz,and n; are seen to be
of different natures within three distinct zones identified in Fig.2. The
variation of the indices n,, N, and n, has been summarized in Table., 2.
In Table 2, Pys Py and py are real quantities. The classification of
indices n,, m, and n, has been done with the following data about the mate-

rial and geometry of the shell.

0.004, . r, = 7.0

h/R = h
T, = 1(2000, rp = 1/34.4
v = 0.3 and V. = 0.091

The variation of indices n, and n, vs @ for free vibrations of spherical
shells, based on the membrane theory, have also been plotted in Fig. 2.

These results were obtained by substituting Tp = o, T, = 0 and V.= 0.
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They are identified by the dotted lines, The indices n, and n, for this
type of shell have been found practically independent of the thickness to

radius ratio h/R of the face sheet.

Discussion of Results

The lowest natural frequency has been plotted in Fig.3
and Fig.4 with @ as the ordinate and h/R as the abscissa, Fig.S shows the
variation of @ with the thickness to radius ratio of fhe face sheet h/R
for clamped edge condition and Fig.4 for free edge condition. Three curves

E
It should be noted that frequency Q increases with the thickness of the face

have been drawn for each boundary condition for different values of r. and T

sheets but the slope of the curve decreases. The effect of modulus of

elasticity of the face material on the frequency of the shell can also be

studied from these curves. It has beén found that frequency increases with ‘
decrease in Tg. In other words, if the core material is the same and face
materials of higher modulus of elasticity are selected, natural frequency of

the sandwich shell increases considerably. The curves flatten as Ty decreases

for both the boundary conditions.

In Fig.5 and Fig.6, frequencies have been plotted for
higher modes. Frequency increases with the thickness and with the mode
nﬁmbers. For higher values of thickness to radius ratio h/R, fhe curves
are almost flat but for lower nalues, frequencies increase rapidly with the
thickness. )

' The effect of the thickness of the core on the lowest

natural frequency Q of the shell can be studied from Fig.7 which shows the
variation of Q with h/c. For constant thickness of the core, frequency
increases with the increase in the thickness h of the face sheet. In Figs.
5, 6 and 7, the characteristic curves have been plotted for the sandwich
hemispherical shell with a cellular cellulose acetate core and aluminum
face sheets of equal thickness. ‘

Since the amount of literature available on the

vibrations_of deep sandwich spherical shell is very little, the direct

\
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comparison of results could not be made. Naghdi [10] and Kalnins [ 4], while
dealing with the problem of deep spherical shell based on the bending theory
of shells, also calculated the natural frequencies for the axi-symmetric
vibration of free hemispherical membrane shells. In the present study the
faces are considered as membranes and for the sake of comparison of resvlts
with those mentioned in [10, 4] the problem was reduced to the vibrations

of membrane shells. The calculated values of frequencies have been compared
with the results available in literature in the form of graphs. It has been
observed that the present results lie within # 1,0 % of their previous
values in [10] and [ 4]. The membrane modes have been found to be indepen-
dent of the thickness to radius ratio h/R of the shell.
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APPENDIX A

Using Eqs.(2.5)d, (2.8)c and the stress-strain relationship

the expression for t_, is given by

ré

Fa) Tr¢ = Gc(l - z/R)(w,¢ - v)/R + Gc v,,

Substitution of v from Eq.(iii) gives

Trp " Gc(l - z/R) {w,¢- (; + v z/c)}/R +.Gc§/c

Further simplification of the above equation yields

(b) Trp Gc(l - z/R)(w,¢— ;)/R +'Gc(1 - z/R + z2/R?) v/c

Multiplying Eq.(b) by 1/R and integrating with respect to =z over the

thickness of the core, following equation has been obtained,
C

(c) % /rr¢dz = 266 (v, - V/R? & 26_(1 + %cZ/RZ){r/R
: -C

In a similar manner following equation can also be obtained as
. c
1 D4, - 2.3 CX R - 2 .20 o/m3
(d) --2.}/;Tr¢ dz = -3¢ Gc(w,¢ v)/R 3 C ch/R

Re*¢c
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Subtracting Eq.(d) from (c)
C

C
1 1 -
(e) 5 /r dz - = [ztmdz = 2¢G_(1 + :l;,cz/R’-)(w,d, - VI/R2 4

2 -
2cc(1 + 3«:Z/RZ)v/R



APPENDIX B

With the help of Eq.(2,8) , the expression for Yr¢ from Eq.(2.5)d
reduces to

(a) Yeg = 0= 2/R)W, - VI/R + v,

Substituting the value of v from Eq.(iii), Eq.(a) becomes

* - -
Yr¢ = (1 - z/R)(w,¢- v - vz/c)/R + v/c
Further simplification of the above equation gives

(®) Ype = @ - z/R)Cw,¢— VR + (1 - /R + 22/R2)¥/c

Thus the expression for shear stress t_, is

T

(c) Trp T Gc(l - z/R)(w,¢— ;)/R + Gc(l - z/R +’z2/Ré)§/c

By evaluating Tr¢ at z = ¢ and z =-c and adding them together, following
equation can easily be obtained.

(d) . fr¢l + Tr¢|' = ZGch,¢- VI/R + 26, (1 + c2/R?)V/c
z= C ==C
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APPENDIX C

From Egs. (2.27), the Laplace operator V2 and the expresion for 8 are

(a) Ve = (—1% + cotd o )
* * * .
(b) 8 = (V,¢ + v cot$)/R

Differentiation of Eq.(b) with respect to ¢, yields

@

(©) 3 = (W, + V400t ¥ cosec?$)/R
. * o ¢

¢

Furthér differentiation reduces Eq.(c) to

2 _.{* R * ¢ (1 N 2 )* (1 t2 )* .
Y = -v,¢¢¢ v,¢¢ cot¢ - cot<o v,¢ - (1 + cot<¢ v,¢

Q’ .
b lar P73

@

*
+ 2cotd (1 + cot?4)v}/R
*
With the help of Egs.(a), (c) and (d), the expression for V28 is

' * . % * . ] * %
- (e) V29 = {v,¢¢¢+ 2v,¢¢ cotd-~ (2 + cot2¢)v,¢+ cotd(l + cot?4)v}/R3
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APPENDIX D

This appendix deals with the simplification of Eq. (2.26)b

{6cG_(1 + §c2/R2)/R2 + 2K + v) (1 + 62/R2)/R2}w,¢ ~ 6c6_(1 +

%&2/R?)3/R2 + 2K(1 + 62/R23(3,¢¢+ v

cot¢ - ¥ cotz? - v;)/R2 +
(a) ' '

’¢

6G_(1 + §c21R2)§/R - 4KE(§,¢ + Vv, cotp - v cot®p~ vv)/R3 =

$ ¢

N

*
(2ph + 2p.C)V, .,
Equation given below is obtained by differentiating Eq.(a) with respect to 9,

{6ch(1 + %cz/Rz)/Rz + 2K(1 + v) (1 + EZ/RZ)/RZ}W,¢ - 59Gc(1 +

¢

12,028 2 2Ry (6 L ¥ oy 24 o v
3c2/R )v,¢/R + 2K(1 + ¢2/R )(v,¢¢¢+ V,44C0tS - v, cosec?} Vi

¢
(®) cot2¢ + 2v cotd cosec?4- v3,¢)/R2 + 66, (1 + %cz/R2)§,¢KR -

4KE(§,¢¢¢ + 9,¢¢ cotd - §,¢ cosec2$ - §,¢cot2¢ + 2v cot¢ cosec?$ -

. .
. VV,¢)/R3 = (th + zpcc)vﬁ¢tt
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Multiplying Eq.(a) by cotg,

{6cG_(1 + %cz/Rz)/Rz + 2K(1 + v) (1 + c2/R2)/R2}cot Wiy - 6cG (1 +

1 * - * *
3c2/R2)v cotd/R2 + 2K(1 + c2/R2)Cv,¢¢cot¢ + v, cot?¢ - ; cot3¢ -

_ ¢
(c)
v 2 2.2 /0297 (5 5 2
Vv cot¢)/Re + 6Gc(1 + 3¢ /R9)v cot¢/R - 4Kc(v,¢¢cot¢ + v,¢cot ¢ -
v cot3¢ - v cot¢)/R3 = (2ph + 2pcc)cot¢ G’tt
Addition of Eqgs.(b) and (c) yields the following equation. ‘

-

'{6ch(1 + %CZ/RZ)/RZ + 2K(1 + v) (1 + c2/R%)/R2}(w,,, + cotd w,¢) -

*¢¢

6cG (i + 3c2/R2)(3 . v cot$)/R2 + 2K(1 + S2/R2){v + 2cotd
¢l 3 ' *o¢¢

;,¢¢'— 1+ cot2¢);,¢+ (2cotp + cot3¢); - v(;,¢ ‘v cot¢) }/R? +

66, (1 + %cz/Rz)(§,¢ + v cot$)/R = 4KE{§,¢¢¢ + 2§,¢¢ c9t¢ -1+

cot2¢)§,¢ + (2coté + cot3P)v - v(§,¢ + v cot$)}/R3 = (2ph +

* *
chc)(v,¢ + v cotcp),tt
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By making use of Eqs.(2.27) and Eq. (e) of appendix C, the above equation
reduces to the following form.

{6ch(1 + %cZ/RZ)/R2 + 2K(1 + v)(1 + c2/R2)/R2}R2v2y . - 6cG (1 +
1 o,00v% =2 /02y 132t * 2 =
(d) 3C¢“/R°)8/R + 2K(1 + c2/R?){R3v26 + (1 - v)RO}/R2 + 66 (1 + 3c2/R2)e -
- -- - . %
4Kc {R3v28" + (1 - V)RB}/R3 = (2ph. + 20 CR B,
Equation (2.26)¢ can also be reduced to the following form in a similar

manner, ' \

- * - *
-{26 /R + 4Ke(1 + v)/R3IR? v2y & 26,6 - 4Kc{ R3 v2¢9 +

(e) - v)RE}/R3 - 2G_R(1 + c2/RY)B/c + 2K(1 + EZ/RZ){R3VZ§ + (1 -

a1on _
VIRB/R? = 20hR B,



APPENDIX E

:
]
[
|
|

. *
From Eq.(2.27)a, the expression for 0 is

* * *

(a) 0= (V,¢ + V cot$)/R
* .

-where, v = ¥t {:/

*
Substituting the value of @ from Eq.(3.12)a, Eq.(a) reduces to

3 *
(b) R A P (cosg) = (V sing), ,/sin¢
o=l o «

A new variable y is introduced, such that

cos ¢

=
n

il
9%

- sin¢ : -

(c)
( ),¢= = sin¢ ( )’u

(),,= = 0,/ sing
With the help of Eq.(c), Eq.(b) takes the following form,
3 * /___2
RZAnPn W =-O71-u%,)
a=1 a o
Integrating the above equation with respect to wu,
. 5
(d) VA - 2= ZlAn {Jp (W)dn }
o= o

o

From reccurénce relation given by Eq.(3.13), the expression for Pn (u) is
[0 ]

(e) P () = {Pr G -PL V(2 + 1)
: o o a

71




72

where, prime denotes the derivative with respect to yu,

Integrating the above equation with respect to yu, following equation is
obtained,

(£) an () du = P, o - Poo ) o+ CI}/(2n + 1)
[ o : a .
where, CI is the constant of integration.

By making use of Eq. (f), Eq. (d) reduces to

_ . 3
(g) VYl -u2= - RYA (P
a=1 na

n + () - P (W) + CI} /(21 + 1)

n -1
o

. .
Due to axi-symmetry of the problem, V =0 at 4= 0, Using this condition \

in Eq.(g), the constant of integration is )

L3
-

3
2P, , @ - Pp -1 (13
o=l o o

Since PUCI)' = 1 for all non-integral value of v, the value of CI becomes

zero and heénce Eq. (g) with the help of Eq.(c) assumes -the following form,

(h) = - (R/sin¢) Z A {P S 1(cos¢) - P _1(cos¢)}/(éna+ 1)
o

a=1 a

Similarly, with the help of Eq (2.27)b, the expressmn for V can also be

obtained as follows.
3 .

1) V = ~(R/sin¢) Z B {Pn . 1(cosq>) ~P 1(c'osd»)}/(_an-i- 1)
a=1 o a o

The quantities An and Bn can be represented in terms of Cn as follows
o o a
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. Ay = LG gAy - AAR) (A s - Ahi )Y €
(J) a a
b, ~ lAgyAg = Apghyy)/ (Ajphos = Aph o)) “n,
where All’ A12’ ——- .A23 are the coefficients of the simultaneous

Egs. (3.10).

Substituting the value of A and Brl from Eqs.(j) in Eq.(g) and (),

the expressions for V and V* are gi\of‘en by the following equations.

3
v = - (R/sing) ¥ {P_ p 1(cosq>) P, . q(cos$)} C /(2n + 1)
o=1 o ¢
3 ;
- cR/sig¢)El{pna+ 1(c0s6) - 7, ., (cost)In,C, /(n e A
where, Ba = (A13A21 A11A23)/(A12 23 22 13) |

Ny = (A1fan = Apghp )/ (Aphss = Ajhyq)
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