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ABSTRACT

¥

Recently M. Racine [6] showed that the family H_,
mz 3 of polyhomials defined by Formanek [1j belongs to
'FSQJ <X,Y:nand are central for all simple‘quadratic JordaEJ
algebras of degree m. Thgw‘are‘non—vanishing for reduced

quadratic Jordan algebras except for J=H(e J ) , the J,-

m?
symmetric ‘matprlces with entries in the field ¢ of char 2. 1In
thils thesls our purpose 1s EE show the existence of famlly Fm,
m 2.3 of polynomials in lFSQJ <X, ¥> which are nohhvanishing
and central for quadratic Jordan algebras J = H(Q

me Jv) o &

being a ™Meld of an arbitrary characteristic.

~ This thesis can be divided into two parts. The first
part consists of, Chapters 1, 2 and 3 'in which we.deal with the-
definitions, results and concepts used in the development{of
this work. In Chapter I facts concerning the linear and qua-
dratic Jordan algébras are regalled. We have discussed in
Vshort the development of central polynomlals for the'quadratic
Jordan algebras in'Chapter 2. In Chapter 3 some results regar-
ding the Zariski topology are given. Chapters 4 and 5 consti-
-tute the second part of the thesis This part represgnts the
main work of the author. In Chapter’ 4 we have defined the fa-
_mily Fm’ m 2 3 pof polynomlals in FSQJ'<X Y > and proved that
the polynomials are central for J = H(¢ VN ) and are non-
vanishing if |¢| 2,m . This exception 1s removed in Chapter

5 where it is showed that Fm, mz 3 are non-vanishing on J

even when [¢] < m .



CHAPTER 1

- L]

. *
SOME DEFINITIONS AND RESULTS CONCERNING LINEAR AND

QUADRATIC JORDAN ALGEBRAS

\

<

/

Definition. We define an alfgebra A to be a vector space o{rer

b

! fleld ¢ witfl a binary ﬁi‘oduct (a,b) +a-b saQigfying the'a

.following axioms. A

(1) (a1+a2)-b=‘.al-b+a2-b and a-(bl+b2)=r=1-b1+a-b2

for all- a, b, 2;, a,, b; and 'b2 in A

({1) afa - b) = (aa) ',b;\= a*(ab), aed and a, b{e_A .

Definition. Let A be an algebra. The nucleus N{A}) of A 1s the

set of elements- neA .such that [n,a,b] = fa,n,b] = [a,b,n] = 0
for all a, beA where [ri,a,b] = (n-a)*b-n-+{a-b) . The
center - c{A) of A 1is the subsgt of N(A) of elements ¢ such

that f[c,al = ca - ac = 0 -for all aed .

Definition. Define ‘agf;inem Jondan afgebra A to be an algebra over

a fleld ¢ of characteristic # 2 such that

(i) the product a *b ,- satisfies a- b =Db"a for all a,
be A.

(11) A contains an element 1 such that a-1l

2'b)-a=a2'(b-a) where a’ = a-a for all a,

l1-a, aeh .
(111) (a
o beh. | (’Aﬁ
Note that for a linear Jordan algebra the center = the

nucleus.

-
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Definition. Let ¢ be a fleld of arbitrary characteristic. We

define a unital quadratic Jondan afgebra over ¢ to be & triple (3;

U,1) where Jis a ¢ - vector space, 1 a distinguished element of
- -‘ L

J and U is a mapping a ~ U, into EndgJ satisfying the

- followlng axloms.

(QJ 1) Uy, = 1, the identity operator,

(QJ 2) U 1s a ¢-quadratic, that is Uka = A2Ua for XLed,

a el and Ua,b ='Ua+b - Uy = Uy, 1s ¢~bilinear in a and b.

LY

(QJ 3) U, U, Uy = Uan for all a, beJ

(QJ W) If‘_\ va’b ‘i{ defined by :XVa.’b = aUx’b then .

Ubva,b = Vb,an for all a,bed .

(QJ 5) (QJ1.- @I %) hold for ' :jjp =Jx) of for any extension

field P over ¢ . /

If char¢ # 2, one can shdw t there is a category
isomorphiSr‘n bgtw&n lipear Jordan algebra 'over ¢ and quadré-
-tic Jc.:-rdan al'gebra.s over ¢ [3]. All resultsvconcerning qua-

" dratic Jordan algebras fof 'which no sp,ecif‘f_Lc reference l1ls given

can be found in [4] in particular.’ From now on unital quadra-

tic Jordan algebra will be abbreviated as Jordan algebra.

Let A be a unital assoclative algebra over ¢ then
At = (A,U,1), where bU, = aba, a, b eA 1is a Jordan algebra.
A Jordan algebra J is special if J 1s’a subalgebra of A*Y  for

some associative algebra A., otherwise J 1s sald to be exceps

-
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tional. Again let A be an assoclattve algebra. -We call an
antiautomorphism * of A an {nvofution 1if A** = A for all
aeA . Then H(A,*)

{acAla* = a} {s g subalgebra of At

“In part;.culé.r conslder ¢ the algebra of  mxm-matrices

m 3.
_ with entriés in field ¢ . Denote J, ‘the involution of o
: J, o :
,glven by A Vo= \{Atv'l‘ where A 1s the transpose of A« L
_ ' - _- 0 1
and v = diag(vl,v2, cees V) E.@m s vy # 0. Let Q = (_1 O)E.A¢'2

o Q 0 ‘ of to-1
and let 8§ = Q. e 9 then A~ = SA°S defines an in-
. 0o Q m .

“volution o on ¢, ~called the Ayr_r;pﬂec,t&c L;Tof:uuon., 1f i), T
are ‘1nvolu ‘ns of ,¢m thén ('¢m,p)- is sald to be J{somorphic
to (¢m,'r) © if there exists an automorp?ism £ of o such
that £(af) = (e(an™ for every .A.e¢m . If * 1is an involution

of ¢_ which fixes &1, the center of.‘d’mﬂ, then (‘Pm,*) is

isomorphic either to <(¢, ,0) (m = 2n) or (¢ s J,) " for some

-«

diagonal matrix v [3]. If '(¢m,*)"= (o5 J,) ‘then * 1s sald

to be of ‘transpose type. In this thesls we will con(’:ern our¥

+ -

: N ] ,
selves mostly with the Jordan subalgebras H(t’bm,*) of ¢,

. /
where * is transpose type.

»

-

Denote by FSQJ < Xl,.Xz, ...> the subalgebra of

¢ <Xys Xyy vno >¥  generated by 1, Xqs Xps o5 where

¢ <Xy, Xy wee? is the free associative algebra -generated by
a countable set of non-commuting variables Xl, X5
Then FSQJ < Xl, _Xz, /\> is the free special quadratic Jordan

algebra generated by - X;, X5, ... [4]. Consider the reversal

*

Lwolution in ¢<Xl, X2, ... > which is the linear map a + &




5 -
s

of{. ¢ <Xy, Xy, -+ > such that 1* = 1 and (xil. xi2. %
X, )% = Xy Xy eeed Xy If H(O <Xy, Xy, o>, %) 1S
ir', 1p "3pg N 1> m2? ’ N
the set of % - symmetric elements, H(® <Xy, X5, ..-> *) 1s
again a suﬁ‘algebra of ©¢< xl, X2, ey >t and 1t contains
1, %, X5, ... . Hence H(-¢<Xl, Xss ...,>?*) > FSQJ <Xq,
Xz,-.... > . We recall the followlng result.
Proposition 1.1. Let ¢ be a fleld then

H(¢><xl, x2>,*) = FSQJ <xi,X2>

PROOF. - Clearly H(® <Xy, X,>, *) 2 FSQJ <X, X, . We de-
fine the iengi:h of a monomial aed< Xl, X,> as the numbers of
factors in 2, where we count X? (£t =1, 2) as one factor. '
. o .
For example E(Xll) = 1, E(X% Xg’_ X; Xi) = 4 where o, B,
! ' - ‘
Y, 8> 0 . Let aet(®<X;,X,>, *) then a is sum of monomials
P with p* =P and' binomials Q + Q* where Q* ¥ Q . To prove

H(® <Xq4 X5 >, *) < FSQJ <X;, X, > we use induction on the length

2
of monomials. ' . .

Let P be a monomial of length 1 then P = xg ,.1=1, 2

b )

and it can-be seen very easily that P e FSQJ < Xl., X2 > . Again
‘ . . . o oy B
if P is & monomial of length 2 then P = Xll X22 (or X22
B. - S 6., o 0., o
L - s Ry 2 21 _
Xl ) E;;nd P* # P . Consider P + P* = Xl X2 + 2{2 Xl .

o

a ' -
-Xll szz_', 1 e FSQJ < Xl, X2 > . Hence by the induction assump-

tion for monomials A of length <n,‘ P . or P + P* ¢ "FSQJ

<X, ¥Xp> according 2s. P* = P or P* #P . Nowlet P Dbe

-




b .
4
Fd

o monomial of-lengbh n . If P* = P then P must be of the

. oy oy
. type X 2%~ (1=1,2) and Z¥ = 2 with  2(Z) = n - 2-

-

. -~
hence 2 ¢FSQJ¢< Xy, X,>. Also P =270 xu‘f.l. 1s in FSQJT <X, X,> .

Nfow if P* # P then consider P + P* ., Y \/\ ‘ @
Qéﬂi-.>lset n be even.l In this c;.se P = ){clll le C xin/2
in/z . 'Le1.: Z = _le ces Xin/E so that #(2) =n-2. T |
P = le z xzn/z =3 U}c:l, xznl'e - X, ' szl

‘ B
- X z*xzn/‘?. So that P+ P* =

1 (’\z -—r+r
Bn/2 oq Br‘l"/“i+sl - +a

where ©r = X2 ZXl = X2

Therefore P + P* e FSQJ <X, X;> .

~ FYIE

Case 2. If n 1s odd, then p i (1 =1, 2 " where

2(2) =n-2. If P = ZUXal.. and hence P + p*

_ 1
(z +Z*)sz1 ¢ FSQJ <Xy, Xy>. If ay # ay then.by considering

P* 1f necessary we may assume o, > &5, SO that

ay, @) ~=C%p %2

_ * _ Ckypp O

P =X~ X < Z X4 and P + P° = (t + ¢ )Uxi2 where
aq = Oy,

t = Xi 7 a monomial of length n-1 ande therefore

*
P + P* ¢ FSQJ <Xy, X,

-

Now if & e H(¢® <Xy5 X572, *) then a 1s the sum of mono-
migls P with P*=P and binomials Q + Q* where Q* # Q .
But 2all these moncmials P and binomials Q + Q* Dbelong to

/FSQJ <X1, X2> . Hence a eF3QJ <Xl, X2> . Therefore

2

7
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- Ju, = {aU.a ¢J} 1is of the form oe + z where ae?
n .

H(® <X s Xy *) ¢ F8QJ < Xl, X5> which proves that -
¥ H(¢<Xl, *) = FSQJ <X, X, > .

Here we recall some more définitions about.Jordan élgebras.
. v .--—-—--—/ "
Let ® be a $-vector subsapce of'd . B 1s an 4ideat of~J 1if
Yor ael, b eb’d,aug\ and ( bU_ belong tod> .- A Jordan algebra

s said to be &dmple 1f 1t has no proper ideals. An element

k\ " eed 1s an- {Yempotent 1f e’ = e; two idempotents e -and f

are onthogonal if eUn = fU ‘=0 and eV =0, A n?m-zerci
f e _ f,1
idempotent e. 1s called absofutely primitive 1if every .e&gﬂent of
nd z

1s nilpotent. If 1 = ):'e‘j where e, are absolutely primi-
: 1

tive idempotents then g 1s sald to be nreduced. -

. . _ . .
‘Let J/¢ be finite dimenslonal and (Ugs Ups +%es u) a.,

basis for J/¢ . Let P be the field extension O(Eqs Eps ves

E_;n) where Ei are algebraically independent over @ and consi~

der the algebra 3 = 3@ P.~ We chall call the element

x =7 g, uy of SP a generic element of SP . Let \{nx()\/) be
1

the minimal polynomial of x in Jp so that m (1) e P[A] and

has leading coefficient 1 . It can be seen ([4], p. 222) that
" _ .M m -1 RS

mx(?\) has the form mx()\) = A - ol(E)A | + ...+ (=1) cm(E)

wherg 03(5) = qj(al, cens E;n) € @[51, Eos e En] is' homoge-

. | n
neous of degree J 1in the E&;s . Now let a = J aiuieﬂ. If we
. l d
_ 4y m-1 _qym -
put ma(}\) = A" - Ul(a)A $...+ (1) Um(a) where ci(a)

ci(al,az, ,an) then ma(a) =0 [4]. We will call the

!




polynomial 'ma(J\) ¢ 6[A], the generic minimum polynomial of a and
the degree m of all ma(k) in ) the generic degree of the

algebra 3

4



CHAPTER II
. CENTRAL POLYNOMIALS

Definition. Let & be a field, A an assoclative ®-algebra.

: Denote by ¢ <X,, X2, e+ > the-free associgtive algebra gen-
erated by a countable set of non-commutipg variables. A non-
zero element P(X) = P(Xl, Xos +ov1 Xn) of ¢<§X1} Xos \ove?
is‘said to be a cuﬂxaﬂ;mﬂmuﬁdaﬂlfor A; if P(al, 8oy +ev> @ )
bélongs to the center of A for every subsitution Xy 58y
P(X) - 1s non-vanishing 1if 1t asSumAs a non-zero value of A for'

some substitutilon Xy = 2y eh .

/

The first exaﬁple of a central polynomial was discovered
by Wagner-[é]. He showed that [Xl, X2]2 = (Xlxz.- X2X1)2 is
a non—van%shiﬂg central golynomial for simple assoclative alge-
bras of degree 2. It was conjectured by Kaplansky [5] that such ~ 9
polynomials exist more generally and Formanek [1] solved the con-
jecture affirmatively. He showed the existénce of a family H_,
m=z 3 of polynomlals such that for each m, Hm‘ is non—yanishing

énd central for ¢m ,, m % m matrices with entries in the field ©¢.

In §1 we have seeﬁ that the cenéer of linear Jordan alge-
bra is a well defined object but the corresponding ﬁption does
-not seeﬁ to have been investigated for quadratic Jordan algebras.
Eventhough some difficulties arise [7] there 1s no question
that 1f J is a unital quadratic qordhn algebra over ¢, ¢1

%
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contalned in. any sensibly defined center:' Therefore

a polynomial to be centwal for J 1if it assumes va-

-

$1 for every substitution from 3

egsor Jacobson noted that Wagner's identity [Xl, X2]2 =
2
- XlUX - X2 Ux eFSQJ < Xl, oy sene? and 1s a cen-

2 1-
nomial for Jordan algebras of degree 2. It is non-

for simple Jordan algebras except for some algebras
teristic 2. He ‘asked whether non—vanishing central
1ls gxist for all simple Jordan algebras. Recently M.
] ﬁrovided an affirmative answer to his que§£;gn, He
at the family Hm’ m 2 3 of polynomials defined py
[1] belongs to FSQJ < X;Y > and are central for all
rdan algebras of degree m. They are non—yanishing
ed Jordan algebras except for ‘q = H(¢m, Jv) the J,-
natrices. with entries in a field ¢ of‘characteristic
urpose of thils theslis 1s to'gilve a family F_, m 2 3
mials in FSQJ <X, ¥ > which are central and non-vanls-

J = H(e,, J,) where ¢ ijs a field of arbitrary charac-

we recalf some Pesults of [1]. Let o[x] = ¢[x1,
], m2 3 be the polynomial algebra over ¢ in the

indeterminates and let ¢ <X, Xl,

Xys Xos nees Xt
> be the free assoclatlve algebra %inerated by non-

commut ing indeterminates X, Yq, cees Y . Let £{x)

Q
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5 . ni Ny ﬁm+l - _
f(xl:‘ Kny ore xm+1) = (E)C(n) X" Xy e X4l d[x] wh.ere (n) =
(nl,n2,...,nm;l). Define Pf(X,Yl,Y2,...,Ym) =

»

n n n n - -
1 2 m m+1 !
(I{ﬂc(n) X TY, X TY, . X TY X . Let ey, be the matrix
£ - ? Lrg‘ Y
units o o and a,ed®. We have P ( a, e e .
m i £ 121 1 -ii? ilkl’ f
1 P2 O Mmel
e y= Je¢ a,” a," ... a, a e e =
1 Em (my (W) 1y i 1, Tky 1K 1k
. n n n
1 2 M mtl
6 6 P 6 e C a a o‘u- a a
k12 k213 Yp-1tm  F1¥m () (n) ™1, 1 In ¥m

R o :
where 6pg =0 1f r # s and S, < 1. TEFrefore the right hand side

of the abové expression is zero unless kJ = 1J+l , 1 s sm-1

in which case we get

m
P.(]a,e e , € s o€ e Y=f(a, a, -..ay 8, )€ .
T it 17131 1112 1213 ’ im_1 %{ imkm il i2 im km if%l

-

We remark that since there are only m cholces of the subs-

~

cripts, two numbers in the sequence (11, i2, vee, i,k ) are

m .m

equal. Now suppose f(xl, Xos ""xm+1) has factors Xy = Xy Qll

1 # 3 except then right hand side of @ 1s zero

X1 7 ¥+l

if ir = is for 1 s r, ssm oOr if ir = km, 2 <y < m, Hence

m

P.(} a, e e y erey € , e } #0 only if k_=1.
£r4 517147 1,1, 111y in¥n m 1

Thus we have the following result. \

PROPOSITION 2.1 I £(Xys X roe> Xne1) 1S divisible by

Xy = xJ 1 # ] except Xy = Xpa and ey are matrix units

of ¢m and aie ¢ then
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m .
P} a, e e vevy € ) = f(a a Jo., 8, 5, 8y €
f T i-iLe 11 kl’ ! 111'1 km il’ 12’ ? im’ il ilil

if kj = iJ+1 1sj)sm-1 and k = is otherw;se

m

P.(] a, e e ceey € y =0
fl i “ii¢ ilkl’ ? imkm
-
-
L
> -
a .
1}
— - d
’ »



CcHAPTER III -

ZARISKI TOPOLOGY

Definitions. Let ¢ be an infinite fleld of arbitrary characé

teristid and V be a finite dimenslonal vector space over $
Let {eq, e,, ...,em}* be a basis of V over ¢ . For
f(xl, X5 ...,xm) € ¢[xl, Xps ...,xm] we define a pofynomial

m
function £ on V as f(izl a, &) = flay, a,, ceesan) . Ve

. m
say that the point ] a,e, eV is 2 zeno of £ if  flaq, a,,

.,-am) = 0. The_i;% of zeros of f 1s called the {Locus of L.
A subset W of V 1s called a, hypersungace of V 1if 1t is a
locus of a non-constant pol Tomial function, Weknow topologilze
& by taking as closed sets the finite sets together with ¢
and the empty set. The coarsest topology on V such that all

polynomial functions on Vv are continuous 1s called the lanishi

topology-
Here we recall some results regarding the Zariski topology.

(a) The complements of hypersﬁrfaces of V form a basis

for the open sets in the Zariski Topology.
1

(b) Any two non-empty open sets have noﬁ-empty intersec-
tion, thét is, every non-empty open set 1in the Zariski Topology

is dense.

Now consider the particular case V = J = e, J,)

For Aed , let &8(A) be the discriminant of characteristic

-
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o,

polynomial of A . The mapping §: J +.5 sending A to 6(A)

is a polynomlal function. Clearly & 1s ;on constant since
§(A) = 0 for any scalar matrix A and .G(A) # 0 for a diago-
nal matrix A with distinct dlagonal entries. {(Such a matrix
exlists in.j since ® 1is infinite). Therefore V($) - iA.eJ |
§(A) = 0} 1is a hypersurface of J and hence the complement
gyis) = {aeJd|8(n) # 0} 1is a non-empty open set. - (In fact

gv(s) 1is a basic open set). Thus we have the following result.

Proposition 3.1. If ® 1is an infinite fileld then the set
(aed

) # 0} 1s a Zariskl dense set in J

The Zariskl topology will be used in the following way.

Let f be a polynomlal functlon wanishing on a Zariski-dense
set A of V . Since’ £~1(0) 1s a closed set contalning A,
f—l(O) -V or £ vanishes on V . Thus if we wlsh to show
that two polynomial functions are equal on V , 1t is sufficient

to show that they are equal on a Zariskl dense set on V .




CHAPTER IV

CENTRAL POLYNOMIALS FOR J = H(e , J.), ® A FIELD WITH |¢] 2m

Consider f(x) = f(xl, Xos .;.,xm+1) e 0(x,, xé, ...,xm+1]

defined as
w2
£(x) = x,(x,-%x) T (xy=-%x.)(x -x.) ™ (x;-x_) T (x, - %40
227,y 1T T el M e 17 %m 251<J<m"1 3
Define P

ped < X,Yl,'YE,...? Y > as given 1n §2.

Let f_(X,¥) = Po(X, ¥,¥,...,¥) the element of & <X, Y>

~—

obtained by substituting Y for each Yi in Pf

1

LEﬂgA h.1 Let A be a diagonal matrix and B be a J, -sym-

metric matrix in ¢ then fm(A, B) e o1 .

m

PROOF Let A= | a,e,, and B = b,, e such that
' j=p + M 154, jsm 9 |
: m
- y-d -
byy = Vi Vg byy - Consider fm(A,B) = Po Z ay €445 ¥ byyeyyo
121 1,5 .
3 ) i |
c e B,,€54) = P.() a,e b e ..., D e
A 11,5 <m prh 81010 P1yd) i3y T g dn Ind.
o .
=} b Dy ; =enes b, . Pa(Ja,eiss@y-q se02s8 ) .
181, J sm 13, 129 13 e gL AR AR gy 2T Ty
Since f(xqy, X5, .,xm+1) 1s divisible by x4 - xJ: 1 #3 ex-
cept X1 = X o0 by proposition 2.1,
f_(A,B) = )) b b e b £, 58y 3eers8y »84 )€
me 11 sm 111, "ipig S T I’

Replacing 1, DY o(r), oeS_ , the group of permutations of m

LS

objects we haves
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S

‘f}$A’E”’=Ugg Po(1)0(2) Po(2)a(3) *** bc(m)d(l)f(aU(l)’aq(2)""’aOCm)’ac(l))ec(l)c
m ) . ‘

Let By(1)g(2) Po(2)ot3 " Po(myo(1) ~ Po 20

- 2 _ 2 2
2515m(30(1) (1)) 2<g<m(ac(i) 2o(m)’ 2sg<J<m(a0(i)'_aU(J?) = Bg -
2 2
that 1 = (a, - t for the factor (a_ oy =2 ) .
e =S & 1s§<35m "1 aJ) excer or the ltacto q(2) o(m)

n

and let G, {oes, | o(1) = r} so that fmfA,B) can be written

as

m
£ (a,B) = I 1

r=1 GeG a°62)(a0(2),- 25(m)’ PoBg €a(1)0(1)
r _ |

Now for o €S define E'eSm as o(1) = o{m+2-1) for
2 s1sm and O(1) = o(1), So that Tely(yy and O # 0 .

(Since m = 3, o(2) = a(m) # o(2)).

Also bz = bze1yg(2) P5(2)T(3) " ba(m-l)E?E) PS5 (m)T(1) .

= bg(1)o(m) Polm)o(m-1) *°° Po(3)0(2) Ps(2)o(1)

= by(2)o(1) Pa(3fo(2) "1t Po()a(m) ' ‘

b u_l "V b
;ﬁ) Vo(2) Po(1)a(2) Ya(2) Yo(3) “o(2)o(3) 77

-1
Voim) Vo(1) Po(m)o(1)

U

bg(1)a(2) Po(2)o(3) *°* Po(m)o(l)

_b '&
o
and gz = T (ai - aj)2 except for the factor
1<i<j<m

2 _
(a=(sy = a5(my)  + Bt &5(2)  Zo(m) ™ %T(m) T 2g(2)
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hence g§ = lSg(jsm-(ai - aj)2 except‘the fadtor (30(2)-a0£m))?
= g
Consider a0(2)(ad(2) - ac(m)) 8 Y5 €(1)o(1) +
2502y (35(2) ~ 2a(m)) 8 ’F 5(1)T(L)
= a5(2)(3g(2) = Fo(m) 8o B0 Sa()o(1) * Zo(m) Com ~20(2)]
&5 Py Co(1)0(1)
= 85 b5 g(1)0(1) Bo(2) T ‘E"cr(m))2
v
1825 (2) ~ ao(m)’E} ®s €o(1)0(1)
" lereqem 217 2% Bg 2g(1)0(2) g
_ Aéain if o, peSy then o # (p zgﬁlies g #p (since
5 = 0) . Therefore G, 1s disjoint union of pairs f{o, @} .
Let K_ be a subset of G ¢hat §p = K, uK, end
Krnfc’r = ¢ where K, = {Gec,|oeK,} . Thus ve have
. gG 85(2) (ac(2)"ao(m))gobceo(l)g(l).= ls;<jsm(éi—aj)2(oggfd)¢n

=1 _
Fix r> 1. IfceGy, let q=071(r), 2= D5(1)q(2) + B (g-1)a(

= . e = = = b
and ¢ bc(q)c(q+l) bd(m)o(l) , then bU ac ca 0
where p G, and p is defined as p(i) = o(i + El(r).- 1).

The map h : ¢ +p 1s a bijection of G, onto Gr , the in-

-”

verse map being given by h:p*0 where o 1s defined as

o(1) = p(1 + El(l) - 1) . Moreover h(z) = 7 . Indeed since

A " ~
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__1.- -1 - . .
g (r) =m+2-0 (r), we have @ +n where n{i) = -
E(i+m+2-c'1(r)-1)= a(m + 2-i—m—2+c-l(r)+l) =
-1 _
o(l+or(r)-1). While Dp(1) = p(m+2-1) = 0(m-+2-—1-+0"1(r)-jl)

-

= g(1 + ¢-i(r)~- 1) . Thus h restricted to Ky 1is also a bi-

jection. Also for © eKi , if h(o) = p then bU = bp and hence
) b;‘=' ] by=T1 say.
UeKr UeKl

Therefore by (2) and (3)
m 2

m (ai - aJ) T e
r=1 1lsi<jsm

11

£, (A, B) o

= 2
2l where a =T (ay. - aj)

m
1<1<]<sm

r

Thus f_(A, B) e oL . /

LEMMA 4.2 Let A, Bed = (S, J,) ‘then £ (A, B) eel .

PROOF Let ® be the algebraic®losure of ¢ and J =

)

H(&m, J,) . Since J is a subalgebra of J it 1is enough to

prove that for A, Bed, fm(A, BY e 1 .

Let A, B ¢35 and &(A) be the discriminant of the char- [

acteristic polynomial of A. Let §(pA) # 0. Then the charac-
teristic polynomial of A must have distinct roots and hence

A& 1is %&agonalizable. 1¢r ©lac=D, a diagonal matrix for i
~ J J
some Ce® then AC =CD and c’A =DC
J J J J

Vo = ¢c VaC =¢C YCD . Thus C Vo centralizes D . Since

v Conslder

DC

diagonal entrles of D are distinct and C 1s invertible




y
Ju ‘
¢ V¢ is a dlagonal matrix whose diagonal entrles are non-zero

: ' -1/2 - ~1/2
$ay Qys Qps +v+s 9p ¢ Let Q=d1ag(q1'l/ , q21/'2""’qm1/)

_ J . .

chen o~} c laca=D and (c@) Ycq =17 Let €Q =T then
wl Iy 2 -1 Iy

we have T ~AT =D and TT ~ =1 or T~ =T

-

=L -12my am=1 Ty -1
~ Consider ,fm(A,B) = T[f (T "AT, T BT)JT ~ = Tlf (D, T BT)YIT ~ .

Now D 1is d“iiigonal matrix and T °BT ¢J hence by lemma

J .
4.1 £.(D, T VET) € 81 . Therefore f (A,B) ¢ $1 . But by pro-
3 ~

position 3.1 (A eJ|8(A) # 0} ' is a Zariski dense set of J.
Therefore fm(A,B) ¢ 81 for all A, Be J and this proves the

lemma. ¢

‘ ’ ’ m
LEMMA 4.3 Let o be a field with |[¢| z2m . If A= y a
i=
] .

m ,
with a,'s distinct elements of ¢ and B = ] (vyey 44497

i=1
) ed = H(e , J,) then fm(A, B) = Vq Vo5 +res

Vi4l S141 8

v ' (ai—aj)2 1 and fm(A,B) # 0 . [Note that the sub-
Me1<i<jsm .

seripts are consldered.as lintegers modulo mJ .

m’

PROOF Consider G ={pe S,le(1) 31} . Let o0eG,y be the

identity perr\nutatio_n. By cholce of B for -p.eGl bp =0

unless p = o or 0 where T 1s defined as o(1) = olm+2-1)

and by, = Vy Vpeoesrr Yy oo Thus ] b, = Vy Vpecor Vg
peKl
2
Therefore by @ £ (A, B) = V) Vgerees T (ai—-aj) 1.
lsi<jsm”’

Also since V4 # 0°- and ai's distinct f‘m(A, BY # 0 .

THEOREM 4.1 For’ m =2 3 there exists a central polynomial




' ¥
F (X,¥) eF8QJ <x, ¥ > for the Jordan algebra J= H(® - J.)
the vJv"' symmetric matrices with entries in a fleld ¢ of ar-

bitrary Y haracteristic. Furthermore Fm is non-vanishin_g‘for

9 1r lef zm . :

PROOF  Let * be the reversal involution of & <X, ¥?>

Define F (X, Y) = o (X, Y)f (X, ¥) where fm 1s defined as
above. Then F. (X, ¥) = [f (X, ¥) £r(x, DI* = £ (X, 1) £ (X, ¥)
= Fm(X, 11) . Thus Fm(X, Y) eH(tb <X, Y>*) the space of *
_symnietric elements of ¢ <X, ¥Y>. BY proposition 1.1

H(d' <X, Yo%) = FSQJI<X, ¥ >, 'Hence ’Fm(x, ¥Y)eF SQJI<X,Y>.
Nou; by lemma 4.2 £ (A, B) e 01 for. A, BeJ . Let

fm(A,' B) = al, a¢d. Then F (A, B) = (A, B) £*(a, B) =
fm(A; B)-[fm(A,' B):I'}\J = (al)+(al) = u2l or’ F (A B) e¢1 for

A, Bed . Also by lemma 4.3 £ (A, B);éo for A-{ai 11 °

a, distinct and B—?(\):L ey i+1)+“i+l 1+11) . Let

.
£ (A, B) = al, o #0 then F (A, B)=c¢ 2y #0 .

3
Thus F_(X, ¥) ¢FSQJ <X, ¥> and it-is central for
J= H(®, J,) . Moreover 1f |4| = m then F 1S non-vanis-

hing for j




CHAPTER V-

CENTRAL POLYNOMIALS FOR J = H(® ,J ), m 2 3 -

We have already proved (Theorem 4.1) that le(x ,¥) is |
non-vanlshing on \gi]m H(fbm s Jv)\b ir l¢| 2 m, now our aim is

to show that Fm( ) 1s non-vanishing on J even when |¢|<m.

proposition 5.1  Let @ be o finite field with |2| = a and
: L . }

I be a fleld extension of degree m OVEr d. If A 1s a ma-

trix oi/the regular rgpresentation of a primitive element of T

then there exists a Be tbm such that A = B-lAB . Moreover

there exists a Uel such that vaUt = diag(oy, @ps +ves a)

-1,-1 -1 “1y _
_and (UBU ) (uau~") (UBU 7) = diag(am,’ ¢y '7"am—1)

PROOF - Let 8 be a primitive element of T over ¢ 1.e.

r = ¢[8] and A be the matrix of regular representation of 6.
The unique homomorphism g : T = o[8] ~ ¢[A] of o algebraj such
that g(8) = A'ls é‘naisomorphism and hence T = ¢[A] . Also the
map C ~+ cd, ceo¢la]l 1s an automorphism of ®[A] and it fixes 4

element wise hence by the Skolem-Noether Theorem [2] this auto-

morphism of #[A1/9 extends to an automorphism of N and hence

(_ .
there exists a Be suWAq = p~lap . Now 8, 84,
2 m—-1 ’
8 , ..., g4 _are the®haracteristic roots of A. They are

distinct and hence A .can be diagon&lize_d/j.ﬂ Too- Denote

pd sbed L ees 8 DY Gy, Ops eresOp respectively. Pick

-1
a Uel such that UAU & = diag(al, ag, eeis am) ., Also
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' =1 .o
(uBUTY) (UAUT 5 (UBU~Y) = UB™LABUTT = uady~t =, (uarThe = !
! |

diag(am, Gys Ops ""fxm-l) .

Propositfon 5.2 [6,Prop 4.2] Let ¢ be 2 finite fleld, T a fitld

extension d_fj degree m OVE ¢ and J‘v 15 an involution of

s

d . Then there e istse

0 basis of T[/¢ such that every matrix

- _of the regular representation of T~ belongs to H(tbm s Jv)

THEOREM 5.1 Fm(X, Y) 1is = non-vanishing central polynomi.-al
for J= H(d>m, Jv) mz 3.

/ -
PROOF In view of theorem 4.1 we may assume that ¢ is finite ~ >
say |¢] =a " Let I be the field. extension of degree m OVer

o . By proposition 5.2 we may choose & pasis of T[/¢ siuch that
the matrices of the regular representation aré contained 1n J
Let A Dbe the ﬁatrix of regular representa:cion of a primj..tivﬁ
element 6 of T . Let hr(g,v) = uvvt , U, V vectors in an
m—dbﬂensi-\onal fﬁ&r—vector space on whiéh &Em aéts, where E; <_ie-
_notes the algebralc closure of ¢ and € tl;le tra'p,spose. Let ‘
{a;} De the gigenvalues of A and {w,} De the set of elgen- -
gectors of A corresponding to {ui} . For 143 a:;_ wy vmg =

£ £ £t _ -
‘.h(wiA’ ,“’j) = wy A vy = wy VAT wy (since A €¢J) &p(mi, mnjA)

t £ _ ¢ N 3
¢y wy Wy implies mj_‘\nu‘j = 0 (since o4 # aj) ., As h 1is non-
degenerate and h(w,, wj) —p, 1#J weget h(w,, w ) # 0 .
Since & 1s algepraically closed, multiplying wy DBY

v]i/a h(wi, mi)"l/2 we may assume h(wi, (.Ji)J= vy o- Let Te <bm

be- the matrix with w's as TOWS then pr ¥ = 1 and oAT L =

-




-

TAT ¥ = diag(ay, %5y +0es @ o) ¢+ BY proposition: 5.1 there exists

ax - - -
B¢, such that. B ,ag; Aq ana ("Y1 (raT"hy(TBTTY) = -

diaglo, 1, .;.,am_l) . Thus action of the above inner auto-

morphlsm permutes the roots cyclically and hence ‘I‘BT_1 must

equal the permutation matrix times a matrix which

Z JS114
Idbntralizes TAT_l (recall thatthe indices are to be read .

modulo m) that 1s, times a diagonal matrix (the a;'s are dis-
1

tinct). Therefore TBT = = iz Byeyi41 and B, # 0 for
o . -1 J J'\J J Jv
1<ism . Now consider (TBT™ ) = (TBT ) = 7' T =
J ‘ J J
7. V7"l . Thus TB vp=l = (ppp~1) Y = (BT VT -1
l.
v( z Bi 141 i)vflf X B1 141 V1 1411 .and hence
' Jv -1 & -
T(B+B )T T = izlsivi (vyeyy41 T Vie1 %141 1)
Therefore as in lemma 4.3
f (TAT‘l T(B+BJv)T_i = B.B B T (o, = O )-21
m 3 - - l 2- ../L. . i j . .

M 1<i<jsm

»

c 9y -1 -1 N |
Now £ (A, B¥B ) =T (£, (TAT™Y, T(B+B YT =

.
B, By voses B T (o - a,) 1 # 0
1 % m 151<jsm 1 J
(since By #.,0 and oy are distinct). Thus there exlst
. J
A, B+B eC] such that (A, B+B Vy # 0 and hence

F (4, B +B ") #0 or, F (X,Y) 1s non-vanishing on’ J=Hee 3,0

Remark : Fm(X,Y) ,mz3 1s not a central polynomial for &,

. If ¢ is infinite let A " dis-

]
o
'_I-
w
18]
P
. R
‘—3
R
[
R
o
Q
E_I-

tinct elements of Q wlth 'a2

"
[ ]
W
3
[a N
o
I
g3
) .
[=Y
)
L=2
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Then by using equatidﬁ 4,2 we get fm(A,B) = dlag(ry, Tps - -

rm)— here 1, = flay, Byqqsons a,. ), [ belng same as in

i+m
5L, is easy to see that .
-1 2
r, =4 1 - o 1) T o, — ;) ;g Now
1 141 %141 14m-1" 1 deqem 1 i .
ry = % (a2 - am)-% T (ui-—aj)2 = Q. TFor J>1 o, 18
S 1<i<jsm A Lot

not ‘a factor of rJ and u}_ age distinct hence Ty £ 0 .
2 2 2 2 2
Also Fm(A, B) = dlag(ry, Ty ...,rm) and Ty = 0, ry #0

for 1 > 1 . Therefore Fm(A, B) ¢ ¢1 .

if ¢ is finite wilth |¢| = q consider I, the fleld ex-
H

o

" tension of degree m over ¢ . Let 6 be the primitive element.

- By proposdition 5.1 there exists a Be ¢m such that A% = B—lAB.
Moreover there exists a Uel, such that yau~t = dlag(aq,
Gy eeesa_) and (‘UBU_;L)-"1 (UAU-l) (UBU_l) = diagla_, ®qs >
2 m \ m—1i £ m 1
Gm—l) where oy = 84 for 1< 1 sm. The action of the

above 1nner automorphlsm permutes the roots cyclically(and hence

m

-1 _ / . .
uBU - iz_ltsi ei 141, and/Bi # 0 ) 1 <1 sm. (See the pl"OOf
of fheorem 5.1).

P

~

Wow consider f (A,B) = Tt fm(UAU-l, UBU" M) U =

diag(ry, Tp» ..., ) where T, = 81‘82 ceeen By floygs G440
-1
= - 2
) = By B2t P 0141(8341 ~ C1em-1’ SN CHE
1<l<jsm
Ty are distint. For if ry = rJ and 1 #J 1let i < J then

—

= aj+1(aj+l - aj+le Theref?re

) eqm—j-l(eqm—.j—l _ eq-J+1)_l

-1

. ay 4200440 ~ %41 ) T
-1 -1-1 -141

m-1-1 qm i q

g9 (o -9 y~L
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m-1 _ -1 _ -
This implies B(q a)(a a) - 1 put this means

qm'l(qm'1 N g3y or cf“”:"‘ll(clm"2 1) (q?r-1) . Now

(qmﬁe-l)(qd—i-l) < an-'j_i_2 < qmﬂ-l and hence

(2 -1y(g "t-1) = 0. since q=2 ang M2 3 g1 =1

which contradicts the fact 1 < J . Therefore 'r'i are distinct.
oy oo 2 2 2

Now conslider Fm(A,B) = d_iag(rl, oo s rm) . Since r, are

distinct and m 2 3 at least two diagonal entries of Fm(A,B)

are distinct proving that Fm(A, B) ¢ %1 or Fm(x, Y) is not

a central polynomial for ¢m .
‘b

e

N
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