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Abstract

This thesis presents a state space approach to optimal estimation of channel processes, such
as inphase, quadrature, square envelope, phase, etc., of wireless fading channels. The mod-
els are derived from the Doppler power spectral density using factorization and realization
techniques. Several simulations are performed when the channel is Rayleigh and Ricean dis-
tributed under both flat and frequency-selective fading assumptions. The simulation studies
illustrate the tracking properties of the inphase, quadrature and square envelope estimators

for various received signal-to-noise ratios.
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Chapter 1

Introduction

1.1 Mobile Radio Channel

Three fundamental components of a wireless radio communication system are the trans-
mitter, channel and the receiver. The transmitter sends messages to the receiver through
a channel. These messages, called the transmitted signals, are some kinds of electromag-
netic waves, which obey the well known Maxwell’s equations while propagating through the
channel. The physical channel is usually the atmosphere (the free space) in wireless radio
communications. One of the most important characteristics in wireless radio communications
is fading, which causes the received signal power to change with time. The change of the
power at some place or on some time interval is so big that the transmitted signal vanishes
into the void. A concrete example is signal propagation in an urban area, where natural
and man-made objects are concentrated. This kind of signal :p‘ropagation gives rise to the so
called multipath fading, in which the received electromagnetic waves consist of superposition
of a number of the transmitted signals, which each one has a differential amplitude and time

delay.

Statistical techniques have been introduced to describe this kind of channels. In view of
th}s, the channel statistical properties, like mean, variance, autocorrelation, power spectral

density and so on, have been investigated.

Three basic mechanisms which affect signal propagation in wireless radio communications

1



2 CHAPTER 1. INTRODUCTION

are reflection?, scattering? and diffraction®. When the electromagnetic waves propagate
through the atmosphere, they undergo reflections, scattering from various surfaces of objects
and diffractions. These phenomena can be described by stochastic variables for developing
various mathematical fading channel models. After a channel model is constructed, how
"good” the model is has to be we evaluated against real data. It is convenient to simulate
the channel model in a software simulator at first in stead of implementing the channel in
hardware. Doing this way, we will save both time and money.

Channel estimations allow the receiver to approximate the impulse response of the channel
and explain the behavior of the channel. The knowledge of the channel’s behavior is well-
utilized in modern radio communications. It must be stressed here that channel estimation is
only a mathematical representation of what is truly happening. A ”"good” channel estimation
is one where some sort of error minimization criteria is satisfied. Kalman filtering theory
which belongs to the least-square optimal estimation techniques is used in this paper to
estimate the constructed channel inphase, quadrature and square envelope.

Emerging in the area of systems and control theory, the Kalman filter provides a method
for generating an optimal estimation of the system state. That is, given a signal model
that consists of a linear dynamical system driven by stochastic white noise processes, the
Kalman filter provides an optimal way of extracting a signal from noise by exploiting a state
space signal model. The prerequisite of using Kalman filter is the existence of a state space
channel model. The approximation, factorization and realization techniques will help us for
constructing the state space channel model.

In general, the multipath propagation of the transmitted signal can be divided into large-
scale fading* and small-scale fading®. Two typical small-scale fading channels are Rayleigh

and Rican, which we will introduce in the following section. -

1Reflection occurs when a propagating electromagnetic wave strikes a smooth surface with very large
dimensions compared to the RF signal wavelength [31].

2Scattering occurs when a radio wave impinges on either a large rough surface or any surface whose
dimensions are on the order of the signal’s wavelength or less, causing the reflected energy to spread out
(scatter) in all directions [31].

3Diffraction occurs when the radio path between the transmitter and receiver is obstructed by a dense
body with large dimensions compared to the wavelength, causing secondary waves to be formed behind the
ob3tructing body. Diffraction is a phenomenon that accounts for RF energy traveling from transmitter to
receiver without using a line of site path between these two [31].

4Large-scale fading: represents an average received signal power attenuation or path loss due to motion
over large areas [31].

5Small-scale fading: refers to the dramatic changes in received signal amplitude and phase that can be
experienced as a result of small changes in spatial separation between a transmitter and receiver [31].
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1.2 Aulin’s Channel Model

(i) Representation. In small-scale fading statistics, several multipath fading channel
models were reported in the literatures ([1], [2], [3]). Ossanna’s model [1] is one of first, and
assumes existence of a direct path between the transmitter and receiver. Clarke’s model [2],
which includes Ossanna’s model as a special case, has the property of signal scattered in the
vicinity of the receiver. Aulin’s model [3], is a generalization of the Clarke’s model, because
it considers a three dimensional wave propagation model. Our investigation in this thesis, is

based on the Aulin three dimensional model which is shown in Figure 1.2.1.

n't wave with phase ®,,, amplitude cn.
/

o
v

/é Direction of motion

of mobile on x -y plane.

Figure 1.2.1: A wave component in three dimensions

It is important to note that ad@itional models can also be included, such as those in Gans
[5]. It assumed that at any point of the received field, the total wave consists of superposition
of "N plane waves, which each one travels via a different path. Let O(0,0,0) denote the zero
reference phase point; let the n®* incoming plane wave, traveling through the n** path, be
denoted by E,(t) with its parameters {o,, Bn, ¢n, cn }-;. Here c, and ¢, are the amplitude

and phase of the n'" plane wave. Suppose the transmitted signal is Re{e?*<*}, then at point
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O, the n®* incoming wave can be represented by
E,n(t) = Re{cnej"’"ej%t}, 1<n<N,

where Re{z} denotes the real part of the complex-valued quantity z. Further, at any receiv-

ing point O'(zo, yo, 29), the n'® plane wave is®
E.(t) = Re{cne"‘ﬁ"ej“’c(t“f")}
2 .
= ¢,Cos [wct — —;(xo oS ay, €08 By, + Yo sinay, cos B, + 2o 8in G,) + ¢n] ,

where A is the wavelength. Next, let the point O'(zo, yo, 20) move in the received field with
a velocity v on the z — y plane, which has a direction with an angle v to the z — z plane,

then O’(zo, Yo, 20) moves to a new position O”(zg + vt cos 1, yo + visin-y, z9) at time ¢. Thus,

E.(t) = cncos(wnt + 0,) coswet — ¢ sin(wpt + 6,) sinw,t

= IL,(t)cosw.t — Qn(t)sinwct,

= Re{cnej‘b"ej%t},
where
2 2/ 22 + 13
Wy, = ———Zﬁ cos(y — ay,) cos By, O, = —2—7:\—23 sin 8, — ———)\O—y—o cos(an + &) cos By, + én.

Here w, is the Doppler shift, 8, is the phase associated with the n** wave, I,(t), @.(t) are the
inphase and quadrature components, ¢, = V() + Q(t), P.(t) = tan~1(Q,(t)/I.(t)) =
wpt + 6, and £ = tan~*(yo/zo). Thus, at any receiving point, the superposition of the

incoming waves is given by
N
Et) = . Ea(t)
n=1

N N
= ) cacos(wnt +6,) coswet — Y Casin(wnt + 0,) sinwet
n=1 n=1

= I(t)cosw.t — Q(t) sinw,t,
where I(t) = 320 ¢, cos(wnt+6,), Q(t) = TN, cnsin(wyt+6,). When N is sufficiently large
(typically N > 6), both I(t) and Q(t) have the statistical property of Gaussian distribution,

and so does E(t).
6see Appendix A.1.1 for details
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(ii) Mean, Variance and Autocorrelation. It is easily verified that”

E[I(t)] = E[Q()] = EIB(t)] =0,

E[E()E(t+ 7)] = a(7) cosweT — ¢(T) sin w,T,
where

a(r) = B{I®)I(t + )| = B[Q®)Q(t + 7)] = £ T, Blcoswar],

c(r) = E[I(t)Q(t + 7')] = E[I(t + T)Q(t)] =L sl | Elsinw,7].
Here Ej is a positive constant. From above equations, we can easily get the second moment
of I(t) or Q(t) by letting 7 = 0, that is, a(0) = Ey/2. Further, assuming that c, is uniformly
distributed on [0, 27], then we have

a(r) = -E-2£ / JO(ZW;T cos B)ps(8)dB, | (12.1)

c(r) = 0, (1.2.2)

where Jy(-) is a Bessel function of the first kind of zero order. Thus, we conclude that I(t)
and Q(t) are iid with density N(0; Ey/2).
If there is a direct path between the transmitter and receiver, the means of the inphase

and quadrature are finite and not zero, especially, define
p = E[I(t)] £ rocos(wot + ), v = E[Qa(t)] £ rosin(wot + 6o),

where

2 2
wp = ——7)\2 cos(y — ap)cos By, 6o = —IXZB sin By + ¢o

with {r,wo, 00} are unknown constants, then

E(t) = (I(t) + I4(t)) coswst — (Q(t) + Qa(t)) sinw,t.

Obviously, the inphase and quadrature components are still Gaussian with densities N (y; a(0))
and N(v;a(0)). Usually, the direct path between the transmitter and receiver is called the
specular component or the line of sight (LOS).

™ (iii) Received Signal Amplitude Distributions. The received signal amplitude
which is represented by the inphase and quadrature components has the following distribu-

tions.

"see Appendix A.1.2 for details
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Rayleigh Distribution. Since I(t), Q(t) ~ N(0;a(0)). It is easily to prove that the signal
envelope r 2 /T 2(t) + Q2(t) is Rayleigh distributed with pdf &

= I -r%/2a(0) >
f('r) a(O) € y T2 O)
and Efr] = /20T, Var(r) = (2 — T)a(0).
Ricean Distribution. Since I(t) + Iz(t) ~ N(u;a(0)), Q(t) + Qa(t) ~ N(v;a(0)). Obvi-
ously, the signal envelope r £ \/ (I(t) + I4(t))? + (Q(t) + Qa(t))? is obeyed Ricean distribu-
tion with pdf ° ' ‘

r _12113 7
= 2a(0) [o| —— >0
f(r) a(O)e 0(@(0))’ =

where Io(+) is the modified Bessel function of the first kind of zero order, and E[r®] =
r2 + 2a(0), Var(r?) = 4a*(0) — 4a(0)r3.

(iv) Power Spectrum. Suppose that pg(8) = 6(F) which means the incoming waves
travel only on z — y plane. Integrate (1.2.1), we get ao() = 2Jo(35~ cosB). Thus, the
power spectral density function of I(t) or Q(t) is obtained by taking the Fourier transform

to ao(7),

So(f) = F{ao(r)}

Ep 1 A 1 lf|<2-
_ { 22wv\/i___(_,t1)1\)57 -\

otherwise.

O

?

The processes are strictly band-limited within the maximum Doppler frequency shift fq (see
Figure 1.2.2).
Suppose that

| w0 |6] < |G <
— 2sinfBm? — lFm} = 29
Pa(6) { 0, otherwise,

which means the incoming waves travel in the three dimensional space. Take the Fourier
transform to (1.2.1), then we obtain the Doppler power spectral density function (DPSD)

for small angle 3,19,

8see Appendix A.1.3 for details
9see Appendix A.1.4 for details
1056e Appendix A.1.2 for details
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f. =910 MHz, v= 40 km/h, f; = 33.704 Hz

-40 -30 -20 -10 0 10 20 30 40
Frequency Hz

Figure 1.2.2: The Doppler power spectrum of pg(3) = §(0)

Sp(f) = Fla(n)}

(0, If1> 3%
%erllﬂm%’ , 5 €08 Om
= 9 < |fl <3

E 1 A= . 2c082 Br—1—(£2)? v
{ _2Q27rsinﬁm5 (f — arcsin 1_m(,L»\)z ’ If‘ < 'XCOS,Bm.

Let the carrier frequency f. = 910 M Hz, v change from 5 km/h to 200 km/h, then we

obtain a series of the Doppler power spectrums shown on Figure 1.2.3.

1.3 Concepts about Fading Channel

In this section, we are going to introduce some concepts about fading channel for the

purposes of simulation of the channel estimation. Let the transmitter and/or the receiver

move, then there is a phase shift, called Doppler shift, on the received signal. The value

of Doppler shift depends on the velocity of the moving object, the carrier frequency of the

transmitted signal and the angle between the direction of the object’s movement and the
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fc =910 MHz, v= 5 km/h, 20 km/h, ..., 200 km/h
0 { ! T T T T T
: : : : 5 Km/h :

AObe SNSRI NN SRS | Rl SOOI SN S
; | ; : 20 km/h! '
»/ : i

E 5 5 3 . 40kmh
770 e e SN /8 B g

200 km/h

. [ (AN RN . U DO R SR SR (R O R R S P S
! .
: :
: :

Power Spectrum dB
&
o

60 : i i i j i :
-200 -150 - -100 -50 0 50 100 150 200
Frequency Hz

Figure 1.2.3: 3-D power spectrums

direction of the signal arrival. The maximum Doppler shift is defined by f; £ /A, which is

a function of the velocity and the length associate with the carrier wave. .

By, the Doppler spread, is a measure of the spectral broadening caused by the time rate
of change of the mobile radio channel and is defined as the range of frequencies over which

the received Doppler spectrum is essentially non-zero. That is, By £9 fa.

The reciprocal of the Doppler spread is defined as the channel coherence time, T £
1/ By, which is the temporal interval over which the channel characteristics remain relatively
constant. The time-variant nature of the channel can be viewed in terms of fast fading and

slow fading.

A channel is called fast fading when T, >> T, where T; is the time duration of a
transmission symbol (signaling interval). It describes a condition where the time duration
in which the channel behaves in correlated manner is short compared to the time duration
of the symbol. Therefore, it can be expected that the fading character of the channel will
change several times while a symbol is propagating. A channel is referred to slow fading when
Ts << T,. That is, the time duration which the channel behaves in a correlated manner
is long compared to the time duration of a transmission symbol. Thus, one can expect the

channel state to remain unchanged during the time in which a symbol is transmitted.
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B,, the channel coherence bandwidth, is a statistical measure of the range of frequencies
over which the channel passes all spectral components with approximately equal gain and
linear phase. That is, a signal’s spectral components in that range are affected by the channel
in a similar manner. It is defined as B, £1 [T

T, called the multipath spread or the delay spread of the channel, is the standard
deviation (or root-mean-square) value of the delay of reflections, weighted proportional to
the energy in the reflected waves. In a fading channel, the relationship between the delay
spread T,, and the symbol duration T, can be viewed in terms of two different categories,
frequency-selective fading and frequency-nonselective or flat fading,.

A channel is said to exhibit frequency-selective fading if Ty < T;,, or when the bandwidth
of the transmitted signal is less than the bandwidth of the channel, B, < B.. A channel
is said to exhibit frequency-nonselective fading if T, > T, or when the bandwidth of the
transmitted signal is greater than the bandwidth of the channel, B, > B..

1.4 Outline

A key to our approach is the Doppler power spectral density function which we introduced

in section 1.2. Based on it, we will do the following works in this thesis:

1. Approximation of the Doppler power spectral density function for obtaining a system

transfer function.
2. Factorization of the system transfer function as in [11].
3. Realization of the system transfer function for getting a state space system model.
4. Estimation of the state space system model.

5. Simulation of the state space system estimations.

The thesis is presented as follows.

~ Chapter 2, introduces the multipath fading channel model, and some preliminary material
from random signal and systems. Next, a state space model is derive from Doppler power
spectral density, using approximation, factorization and realization techniques. Then, we

simulate some characteristics of Rayleigh and Ricean state space fading channel models.
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Chapter 3, introduces the state space channel estimation problem. It presents the Kalman
filtering algorithms for estimating the inphase, quadrature and square envelope. In order to
use computer to perform these estimates, we discretize the model. In addition, conditional
distributions for the channel envelope and phase are derived in closed form.

Chapter 4, presents several case studies of the estimation problem considered in chapter
3, assuming that the state space channel model parameters {A, B, G, D} are known. Simu-
lations include inphase, quadrature and square envelope estimates for Rayleigh and Ricean
channels. Both flat slow fading and flat fast fading are considered. Finally, a multipath
state space fading channel model which involves one Ricean and five Rayleigh’s components
is simulated.

Chapter 5, presents certain topics of future research which emerge from the finding of

the thesis.



Chapter 2

Channel Modeling

In general, in wireless radio communications, radio propagation is mainly by way of
scattering from the surfaces of the objects and by diffraction over and/or around them.
These natural phenomena produce very complicated signal, which is a summation of the
transmitted signal, at the receiver. Each term of the summation stands for a multipath
component having an attenuation and a time delay. The number of multipath components,
attenuation and time delay are all stochastic processes. Based on the descriptions in the

previous chapter, we will do the following tasks in this chapter:

1. Representation of a multipath fading channel model. First giving the received signal
model in lowpass and bandpass form, then we introduce the related background about
a wide-sense stationary signal which is transmitted through a linear time-invariant

system.

2. Factorization of the Doppler power spectral density;(DPSD). We approximate the

DPSD by a fourth-order rational function which is similar to [6].

3. Realization of DPSD by state space models. We present a fourth-order approximation

of the DPSD and its equivalent state space realization as in [8].

4. Simulation of the state space channel models. The inphase, quadrature, envelope
and phase of the wireless state space Rayleigh and Ricean fading channel models are

simulated by using Simulink.

11
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2.1 Multipath Fading Channel Model

Suppose we transmit a lowpass signal {s;(t)}:>0 with a carrier frequency f. through a

wireless multipath fading channel. The received signal in the lowpass representation is

N(t) ,
yl(t) = Z ’I‘i(t, Ti)ejq’i(t"ri)sl(t - Ti) + wl(t),

i=1
where {w;(t)}+>0 is a complex-valued white Gaussian noise process, N(t) is the total num-
ber of multipath components at time ¢, 7;(t,7;) is the real amplitude of the 5™ multipath
component at time t, ®;(¢,7;) is the phase shift due to free space propagation of the it
multipath component plus any additional phase shifts which are encountered in the channel
at time ¢ and 7; is the excess time delay on the it* path. Here r;(¢, 7;)e’®®™) is called the
attenuation factor for the received signal on the i* path, which can be used to describe the
wireless multipath fading channel. Another representation is obtained by using the inphase

and quadrature components of the i** path. That is,
rit, )’ O™ = L(t, 1) + jQi(t, 7)),

where I;(t,7) and Q;(t,7) are the inphase and quadrature components of the channel corre-

sponding to the i*" path. Equivalently, the envelope representation is

¥ P tan— Q;(t,73)
ity ) — [Ty + Qi e (%),

Alternatively, the received signal in the bandpass representation is

N() ‘ .
y(t) = Re{[ Z Ti(t, Ti)eJQi(t,'ri)Sl(t — Ti)ﬂ‘l‘\"’wl(t)] ejwct}'

i=1
Consider the lowpass equivalent representation of the transmitted signal s;(t) = S;(t)+37S0(?)
with the inphase and quadrature components Sr(t) and Sg(t). Then, the bandpass received
signal in the envelope format is given by

N()

- y(t) = 3.

=1

{\/Iiz(tﬂ'z‘) + Q?(tﬁi)\/'s%(t — 1)+ S{(t —7)

X COS (wct + ®;(t, 1) + 0(t, =) + olt, Ti))}

+ /vi(t) + v3(t) cos (wct + ﬂ(t))’
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where
_ i t,’/?,;) 1V (t) _ S (t—'T.,,)
0 t i) — t 1 -Q—(-———'— fnad 1 ——Q—— s ) = 1 __.Q__————--
(t,7:) = tan L)’ n(t) = tan (D)’ o(t,7;) = tan St
The bandpass received signal in the quadratures format is given by
N()
y(t) = >, {[Ii(t,n)SI(t — 1) — Qi(t,7:)So(t — 'rz)] cos(w,t)
i=1

— [Ii(t, 73)So(t — 1) + Qi (t, 1) St — ’7’1;)] sin(wct)}

+ vy(t) cos(wet) — vg(t) sin(wet),

where {vr(t)}i>0 and {vg(t)}i>o are two iid white Gaussian noises with density N(0;o2).
The simplest bandpass representation of a received signal is

N(t)
y(t) = Z ri(t, i) cos (wet + ®(t, 7)) s(t — ) + v(t), (2.1.1)

where {s(t) }+>0 is a real bandpass transmitted signal, {v(¢) }+>0 is a bandpass white Gaussian
noise. The quadratures representation of (2.1.1) is

y(t) = Zfi(lt) (Ii(t, 7;) cos(wet) — Qi(t, 1) sin(wct))s(t )
(2.1.2)

+ v1(t) cos(wet) — vg(t) sin{wet)
2.2 Random Signals and Linear Systems

Consider a wide-sense stationary signal z(¢) which passes through a linear time-invariant
system having impulse response h(t). Suppose h € L;!, then the Fourier transform

H(f) = f_ e h(t)e=72"ftdt .

o0
is an absolutely convergent integral for each f € (—00,00). Define H € Cy2, Then the
integral

1L, is the space of all Lebesgue measurable functions satisfying

+o0
/ FOPdt <o, 1<p<oo

2(y is the space of all bounded-continuous functions satisfying

f@®) —0 as |t| >0
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we) = [ H(erop

is called the inverse Fourier transform of H(f) and is not absolutely convergent unless H(f)
is also in L;. The linear system theory tells us that the convolution product between two
time function z and h, called the output of the system, is again a wide-sense stationary

random process, and the definition is given by
“+o00
y®)= [ h(t—7)a(r)dr.
Thus, y(t) = h(t) *x z(t) yields

Y(5) = H(HX(),

for the Fourier transforms of the input X(f), output Y(f) and impulse response H(f).

Equivalently, in the Laplace transform domain, the following equation,
Y(s) = H(s)X(s), s=juw,

hold? for the Laplace transforms of the input X(s), output Y (s) and impulse response H(s).
Further, define the autocorrelations of the input and output signal by

N . A .
Boa(r) 2 Blaft + )5 ()], Ryp(r) 2 Bly(t+1)y" @)
Obviously, by using linear system theory, the autocorrelation function of y(t) is given by*
Ry (1) = Raa(7)  (h(7) % B*(=7)). (2.2.3)

Moreover, define the power spectral densities of the input and output signals by

S:1) 2 [ Realr)eimdr, 5,(1) 2 [T Ry(r)e i ivdr, o< f < oo,

“3The relationship between the Fourier and Laplace transform is

Fla(t)} = L{z(t)Hs=jo

4see Appendix A.2 for details
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From (2.2.3), the following relationship can be found for the power spectral density functions

of the input and output signal®

Sy(f) = H(f) I S=(f). (2.2.4)

If the power spectral density of the input signal satisfies S;(f) = 1, then, from (2.2.4),
the power spectral density of the output signal equals the power spectrum | H(f) |*. For
a white noise signal which is a Gaussian process, say w(t), with zero-mean variance one,
one can easily get S;(f) = 1°. Compared with the discussions in the previous chapter,
| H(f) |* is actually the DPSD, and S,(f) is the PSD of the inphase (or quadrature). Thus,
one can produce the inphase and quadrature branches based on the equation (2.2.4). In
order to generate the inphase and quadrature components, mathematically, one should find
an impulse response h(t) which is related to Sp(f). In the next section, we will introduce
a rational transfer function H(s) whose square magnitude will approximate to the power
spectrum density. In other words, we should find a rational transfer function H(s), which

satisfies

Sp(f) = H(s) I, s=jw.

2.3 Factorization of Doppler Power Spectral Density

Counsider factorization of the Doppler power spectral density function Sp(f). If the Paley-
Wiener condition %2 U%%’émdf < oo is satisfied, which implies that Sp(f) is factorizable,
then we have |H(s)|> = Sp(f), s = jw. Unfortunately, here, the Paley-Wiener condition
is not satisfied because Sp(f) is band limited. But if Sp(f) is approximated by an even
rational transfer function which is factorizable, and the key properties of the DPSD are not
affected in this approximation, then this approach will satiéfy the Paley-Wiener condition.

That is, letting

B oI q1(s + a)(—s + a;)
SD(f) - A ?=1 (3 + bz)(_s + b”') s=jw
dgﬁning
N (s + @)
H(s)= B——F——-=
() ?:1(3 + ) s=jw

5see Appendix A.2 for details
6see Appendix A.7.1 for details
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then
Sp(f) = H(s)H(—s) =| H(s) |,

where Re(a;) > 0, Re(b;) > 0 and A? = |B|?. We choose a second-order rational transfer

function

k

His) = 82 + 20wns + w2

to approximate the DPSD. Here w, is the undamped natural frequency, ¢ is the damping
ratio and k is the gain. That is, Sp(f) is approximated by a fourth-order rational polynomial

in f through

Sp(f) = H(jw)H(—jw).

One approximation is to interpolate the points Sp(0) and Sp(fimas) by determining the

parameters {wy, {, k}. In this case, simple algebra’ shows that

_ 1 . _ SD(O) W = 27rfma:z: — (4)2 /

where
E
fmam - fd COS(ﬁm), SD(fmaw) = Zf_dSi—_:l_ﬂ;, (236)
Sp(0) = mEg(i)n—ﬂ_[;—r — arcsin(2 cos® B, — 1)]. (2.3.7)

Figure 2.3.1 shows Sp(f) and its approximation using the above approach for E, = 2,
fo =910 MHz, B, = 10° v = 5 km/h and v = 120 km/h. Figure 2.3.2 shows Sp(f)
and its approximation using the same approach for Fy = 2, f. = 910 MHz, B,, = 40°,
v=>5 km/h and v = 120 km/h. Clearly, one can increase the Doppler spread by increasing
the velocity. On the other hand, one can also reduce the Doppler spread by increasing G,
while the velocity is fixed. For a much better approximation, one may increase the degree of
the numerator and denominator of H(s). However, for high order approximations it will be
difficult to derive explicit equations which are related to the system parameters {w,, {, k}.
According to the discussions above, one is able to generate the inphase and quadrature

components of a bandpass channel model. Figure 2.3.3 shows the channel model is obtained

"see Appendix A.3 for details
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Figure 2.3.2: Sp(f) & H(jw)H(—jw) at B, = 40°
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by passing two white Gaussian noise process, say {tr(t)}+>0, {wq(t) }t>0, through the rational
transfer functions, say H;(s) and Hg(s) which have the form of H(s). What we have, after
filters Hy(s) and Hg(s), are the inphase and quadrature components of the channel, which

we denote as I(t,7) and Q(¢,7). Thus, the bandpass channel model representation is

Re{r(t, ’r)ej@(t”)ej%t} = I(t,7) cos(wet) — Q(t, 7) sin(w,t).

cos(@.t)
L : I t’ T
@;(1) H,(s) 4
Bandpass
Fading
. o o, %) -
o (r) > H,(s) Channel
sin(@.t)

Figure 2.3.3: A Bandpass Channel Model in Frequency Domain

2.4 State Space Realizations

In the previous section, we introduced a rational transfer function H(s) for generating
the inphase and quadrature components of a wireless channel, which are obtained from their
Doppler power spectral densities. Here a stochastic state space model is used to generate
the inphase and quadrature components. The stochastic state space model which can be

used to realize any proper channel is given by

T = Az -+ Bu
z = Cz+ Du (2.4.8)
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where z € R is the state of the system, u € R™ is the input signal, z € R? is the output
signal (or say the observation of the system), A € R™ x R" is the state matrix, B € £* x R™
is the input matrix, C' € R? x " is the output matrix and D € RP x R™ is the direct feed
through matrix. Here R denotes the set of real numbers. The block diagram is shown in

Figure 2.4.4.

L 4
v}

Initial value —

Y

4
w

J C -

Figure 2.4.4: A Stochastic State Space Model

Although the state space realization for an arbitrary rational transfer function H(s) is
not unique, two common ways of the state space realization of a rational transfer function
are introduced in this thesis, for generating the inphase and quadrature components of a
wireless channel. They are so called the controllable and observable method, respectively.
For the rational transfer function

k
82 + 20w,s + w2’

H(s) =

a second-order stochastic differential equation is related to the state space realization. This

differential equation is given by
£(t) + 2Cwag(t) + wiz(t) = kw(t), #(0),z(0) given.

where {w(t)}s>0 is a Brownian motion. The state space realization of the Controllable
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Canonical Form is®

z = [—8)2 —2an]w+[2]w,
z = [1 0]z

the Observable Canonical Form is®

2
t = [.? —22)$n}”” i m‘b .
z = [0 1]z
Consider a scattering environment, in which the line of sight (LOS) or specular component
is present in the received signal. ‘We assume that there are total N multipath components
appearing in the received signal at time ¢, which one of them is the LOS corresponding to a
Ricean channel, while the other N — 1 multipath components are considered to be Rayleigh
channels. For each multipath component, there is a state space representation corresponding

to the channel inphase and quadrature components. The state space wireless Rayleigh and

Ricean fading channel models will be introduced in the following two subsections.

2.4.1 State Space Realization of Rayleigh Channel

Here we will show how to construct the inphase and quadrature components of the 7t

path state space Rayleigh channel model. The rational transfer function,

) k()
Hi(s) = 82 4+ 2¢(7)wn(7)s + w(7)

Le{l,Q},

s=jw,
can be related to the following two second order differential equations,

Er(t) + 20(T)wn(7T)Z1(t) + Wi(T)z1(t) = k(7)wr(t), £1(0),zr(0) given,

Eq(t) + 20(T)wn(1)Eq(t) + wi(T)zq(t) = k(7)o (t), - £¢(0), 2q(0) given,
for constructing the Rayleigh channel inphase and quadrature. Here {w;(t)}e>0, {wo(t) }izo
are two iid white Gaussian noise processes with density N(0;1). Towards introducing a state

space representation, define the phase variables as follows,
N A
Xh =TIy, )(Q1 =ZQ,

Xy, & @, Xo, £ i,
A r A r
Xr=[Xn, Xpl", Xo=[Xq Xgl"

8see Appendix A.4 for details
9see Appendix A.4 for details
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Then, the state space Controllable Canonical Form of H;(s), Hp(s) are

XI(t) = AI(T)XI(t) + BI(T)’lDI(t), XI(O) € §R2,

. (2.4.9)

Xq(t) = Aq(r)Xq(t) + Ba(r)ug(t), Xo(0) € R?,
where

_ _ 0 1 o
Al(T) = Ag(7) = —w2(1)  —2¢(T)wal(r) |’ B[(T)—’:Bq(T)—[k(T)].
Let I(t) £ z1(t), Q(t) £ z(t), then
It)=[1 0]X1(t), QU)=[1 0]Xq(t).
Define
é AI:'(T":) 0 é Bi(Ti) 0 é XIi(t) ’wé ’Li)[i(t)
A [ 0 Aa(n)}’ B [ 0 qu-)]’ X [XQ,.@)]’ : [wQ.(t)]'

Then, the #** path Rayleigh channel inphase and quadrature representation of the Control-

lable Canonical Form is
Xi = A;X; + B, Xi(0) € R (2.4.10)

Thus,
Lt)=[1 0 0 0]Xi(t), @()=[0 0 1 0]X:(?).

2.4.2 State Space Realization of Ricean Channel

Let {I%(t)}e>0, {Q(t)}:20 be the inphase and quadrature components of a Ricean chan-
nel. Then, the Ricean channel can be generated by assuming E[I®(t)] = rq cos{wot + 65),
E[QR(t)] = rosin(wgt+6p) (see [3]). Thus, the Ricean channel of the Controllable Canonical

Form can be represented as follows,
X}Z(t) = X](t) + 79 COS(wot + 00) |:(1):l y (2411)
X§(t) = Xo(t) + rosin(wot + 6o) [(1)} , (2.4.12)

where the parameters {rg,wp, 6} correspond to the specular component or LOS. For the j*

multipath component, define
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42 [Alj(gTj) AQ:)(TJ')], ;= lBIjéTj) BQJ-O(TJ') '

Then, the Ricean channel inphase and quadrature representation of the Controllable Canon-

ical Form is®

X[ = A X+ fios + By, XJ(0) € R, (2.4.13)
where
—rowp sin(wot + 6p)
Frow = row? cos(wot + 6o)
fos = 1 rowg cos(wot + o)
row? sin(wot + 6y)
Thus,

IfFe)y=[1 0 0 0]X*), QF®)=[0 0 1 0]X;).

Suppose the received signal over [0 7] involves N multipath components of which one is
the LOS. We assume that the first path is the LOS which corresponds to the Ricean channel.
Thus, the state space representation of the output {y(t)}:>o0 corresponding to (2.1.2) is

N

i=1

where G; £ s(t — 7)Ci(%),

Ci(t) = [cos(wct) 0 —sin(w.t) O], D2 [cos(wct) - sin(wct)] and v = [:}Z) ((?)]

2.5 State Space Channel Model Simulations

In this section, several simulations of Rayleigh and Ricean state space channels will be

performed using the simulink package from Matlab.

2.5.1 Rayleigh Channel Simulations

- Here, a fast fading channel is simulated using model (2.4.10) as shown in the block

diagram of Figure 2.5.5''. There are two possible methods. The first one is based on

105ee Appendix A.6.1 for details
1Here only one of the multipath components is simulated. we choose the i*" path state space Rayleigh
fading channel model (2.4.10). It is convenient to remove the subscript ¢ in this subsection.
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specifying the channel parameters {wy, ¢, k} in prior, the second one is based on extracting
the channel parameters from measurement data.

Method 1: Given the values B,,, v, f. and Ey, one can determine the state space model.
For example, when £,, = 10°, v = 120 km/h, f. = 900 MHz and E; = 2, we obtain, from
(2.3.5) to (2.3.7), w, = 637.26 rad/s, { = 0.169 s~!, k = 2.3 x 10*. Figure 2.5.6 shows
the inphase {I(t)}+>0, quadrature {Q(¢)}s»0, phase {®(¢) = tan™" (%t%z) }>o (in radian) and
envelope {r(¢) 2 \/W}tzo (in dB).

A typical Rayleigh fading envelope at 900 MHz and 120 km/h is reported in [12}],
page 173. In order to reach the same signal level, we adjust the channel model parame-
ters {wn, ¢, k}'? for By, = 10°, v = 120 km/h, f. = 900 MHz and FE, = 2, which correspond
to w, = 637.26 rad/s, ( = 0.169 s7% k = 6.11 x 10® (see Figure 2.5.7). Our further
investigations, in this thesis, are based on this modified channel model.

Method 2: Given the steady state mean of a channel envelope, namely, lim;_, Efrgs(t)] =
a dB, which is extracted from measurement data, one can determine the parameters {(, wy, k}

of the channel model as follows. Clearly, since {I(t)}:>0 and {Q(t)}e>0 are iid, then
E[r’()] = EII*(t) + Q*(1)] = E[I*()] + B[Q™(1)] = 2E[I(1)] = 2B[Q*(1)].
The solution of the state space model (2.4.9) is
Xp(t) = e X1 (0) + /0 t eA2t=7) Braipy, (1)dr.
The mean vector is
E[XL(t)] = e** E[XL(0)].

The covariance matrix is

Zr(t) = EX(H)X{ ()]

(2.5.15)
= eAUBX,(OXF (0" + [{ A7 BBy et dr,
which satisfies
- Y1(t) = ALZL(t) + BL(t)AY + BLBY, £.(0) = E[X.(0)X¥(0)], (2.5.16)

where
12Multiply k£ by +/10-1-15
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Rayleigh Fading Channel
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Figure 2.5.5: A Bandpass Rayleigh Fading Channel Model
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Figure 2.5.6: The Rayleigh Fading Channel; f, = 910 MHz, v = 120 km/h
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Figure 2.5.7: The Modified Rayleigh Fading Channel; f, =900 M Hz, v =120 km/h

E[It)I()] E[P()] ma(t) 72(t) |’
The solution {£(t) }+>0 can be implemented recursively using (2.5.16), or obtained explicitly
through (2.5.15).

Since a Rayleigh R.V. r(t) is generated by adding two iid zero mean Gaussian R.V.’s,
then E[r(t)] = \/_ o(t). Further, if lim, ., E[r(t)] = \/— o (e g., variance converges), then
from the data we are given lim; o, E[r(t)] = \[ o. In our case the inphase and quadrature
I(t), Q(t) are generated through the state space model (2.4.9). Therefore, we should find
{k,wn, ¢} so that the measured value lim; ., Efr(t)) \/7 o = a which corresponds to
\/_%— lim; oo \/m .

For a Rayleigh channel, we set E[X(0)] = 0, e.g., X, is a zero mean Gaussian vector.
AS E[I%(t)] = m11(t) = E[Q?(t)], then {k,w,,(} should be chosen so that the steady state
lim; 0 E[I2(t)] = limi oo E[Q?*(t)] converges to a dB. Towards presenting the recipe of

2L(t)=[ E[I*(¢)] E[I(,t)f(t)l] s [m(t) m(t)} Le{lQ)

determining {k,wn,(}, we shall present the explicit solution which requires the following

preliminary calculations. For A corresponding to the Controllable Canonical From, we



26 CHAPTER 2. CHANNEL MODELING

have

eArt  — L—l{(SI_AL)—l}

_ | oa(t)e¢mt + ag(t)etnt az(t)eSwnt
a4(t)e“4“’"t ay (t)e—cwnt _ a2(t)e—(wnt )
where s = jw,
() = cos (ny T= ), aa(t) = iz sin (wa/ T=C72),

as(t) = w,,\/lr_“@ sin (wny/T=C%t), ou(t) = - sin (wnv/T— C%t).
Then
m(t) = ("22(2)1;17%1(23@’" - ji___c,z) sin (2%\/1_—?1:) e~ 2wnt
N 111(0)¢*wn + 2712(0)wn + 7122(0) ? (w \/T—_g;t) o~ 2wt

wa(l—¢?)
k2 —20wnt

2 —2¢wnt
+ 711(0) COs (U)n 1- C2t)e — me

Ckz 2 —20wnt kz
+ 23 (1— 7 cos (2wn\/1—( t)e + Xt

0 - 1 0 th . —2¢wnt k2 —2¢wnt
712(1:) _ (’Yzzz(w) \/T’)/}:%;w )sm (an /1—C2t)e G +—m6 2¢

_ Mm1(0)wid + 112(0)¢Pwn +M2(0)wn +722(0)¢ 2wt
1 Y12 u))n(;d— Cz’;lz( Jwn +722(0)C . ( mt) 2
2

+ 72(0) c08” (wa/1 = (2t)e~6en" - @%f‘tg—) cos (wny/1 - (2t) e,

all) = (k%/l — 7 712(0)wn 4 722(0)¢ ) sin (2w e £)e2eent

2wp, VI={2
2
4 (0w’ + 2C;0n_’h<22(0) + 10 . (1 - 2 s

2 _ 2 2
2 2+ ,—26wnt (2C — C — 1)k —~2Cwnt
+ ¥22(0) cos (wn\/l ¢ t)e + 2o (1) e
¢K? - (1-2¢"+ ¢+ (2¢ = OVI = O)k?
Q1 — C2t) e~ %wnt |- .
) -I-\/i_;_zgcos(w Ct)e Lon(1 = 02)
As t — oo, we can compute the steady state covariant matrix which is
k2
—— 0

iy ma| | Kl
bt [ 7] o]
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Since (see [19])

rap = 20log,, T = clnr?;
the mean value of the dB-record is
o0
Elrqs] =/ clnr?f(r)dr,
0
where ¢ = 10/1n 10, f(r) is pdf. Then, for a Rayleigh distributed envelope, we have
Elrgp] = 10log,(20%) — 2.51. (2.5.17)
In our case, & = E[rgp]. That is,

e 0%
B T T W

2

Thus, the parameters {k,wp,(} satisfy the following equation

k = wn /20w, 1055 (2.5.18)

Figure 2.5.8 [a] corresponds to the mean of the channel envelope a = —10 dB, which implies
k = 4.016 x 10% while ¢ = 0.1691 57}, w, = 644.345 rad/s; Figure 2.5.8 [b] shows the mean of
the channel envelope when o = 0 dB, which gives k = 1.27 x 10* for selecting ¢ = 0.1691 s7!,
wy, = 644.345 rad/s; Figure 2.5.8 [c] displays the mean of the channel envelope at a = 10 dB,
which means k = 4.016 x 10* for choosing ¢ = 0.1691 57!, w, = 644.345 rad/s; Figure 2.5.8
[d] shows the mean of the channel envelope at o = 0 dB, which gives k = 5.34 x 10% while
¢ =0.1s"1, w, =250 rad/s.

2.5.2 Ricean Channel Simulations

This is very similar to the Rayleigh case, because the Rayleigh case is related to Ricean

by (2.4.11) and (2.4.12). A flat fast fading channel is simulated using the model (2.4.13)
as shown in the block diagram of Figure 2.5.9'. There are two ways of Ricean channel
simulation. Both of them are based on a prior knowledge of the LOS parameters {ro, wo, 6o}
) Method 1. Quite like the Method 1 of Rayleigh. Given LOS values {rq,wo, 8o} and fn, v,

f., Ey, one can determine the Ricean state space channel model. For example, when 5, =

13Here again only one multipath component is simulated. We select the j* path (j = 1) Ricean channel
model (2.4.13). It is convenient to remove the subscript j in this subsection.
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[o] 50 100 150 200 250 [o] 50 100 150 200 250
[a] a = -10dB. Time [ms] ) [b]l a = 0dB. Time [ms]

50 100 150 200 250 0 50 100 150 200 250
[cl o = 10 dB. Time [ms] [d] o = O dB. Time [ms]

Figure 2.5.8: The Envelopes of Rayleigh Fading Channel; f, = 910 M Hz, v = 120 km/h.
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Figure 2.5.9: A Bandpass Ricean Fading Channel Model
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10°, v = 120 km/h, f, = 910 M Hz and Ey = 2, we obtain w,, = 644.34 rad/s, ¢ = 0.169 s},
k = 6.21 x 103. Figure 2.5.10 shows the inphase {I®(t)}>0, quadrature {Q®(¢)}:>0, phase
{®(¢) 2 tan~! (?;(%)) }i>o (in radian) and envelope {r(t) = \/IR(t)2 + QE(t)?}i>0 (in dB)
for 7o = 1, wo = 69, By = 30°.

Method 2. The steady state mean of the square envelope of a Ricean channel is

E[r*] = 2a(0) + 12,

which we introduced in the chapter 1. Given the steady state mean of a Rayleigh channel

envelope in dB, say

tllIcI)lo E[’I"dB(t)] = [,
which is extracted from measurement data, then by using (2.5.17), we obtain

a+2.51

E[r’] =100 +13.

We already know that given the steady state mean of a Rayleigh channel envelope, one can
determine the state space Rayleigh channel model parameters {{, wn, k} from (2.5.18). From
the above equation, one can determine the steady state mean of the square envelope of the
Ricean channel by given the LOS parameters {rg, wo, 8o }. For example, while ry = 1, wy = 6°,
o = 30°, Figure 2.5.11 [a] corresponds to the mean of the square envelope is E[r?] = 1.42 dB
for a = —10 dB, which implies k = 4.016 x 103 while ¢ = 0.1691 57!, w, = 644.345 rad/s;
Figure 2.5.11 [b] shows the mean of the square envelope is E{r?] = 8.88 dB when a = 0 dB,
which gives k = 1.27 x 10* for selecting ¢ = 0.1691 57!, w, = 644.345 rad/s; Figure 2.5.12
[a] displays the mean of the square envelope is E[r?] = 25.49 dB at a = 10 dB, which means
k = 4.016 x 10* for choosing ¢ = 0.1691 s~1, w, = 644.345 rad/s; Figure 2.5.12 [b] shows the
mean of the square envelope is E[r?] = 8.88 dB when a = 0 dB, which gives k = 5.34 x 103
while ¢ = 0.1 s71, w, = 250 rad/s.
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Figure 2.5.10: The Ricean Fading Channel; f, = 910 MHz, v =120 km/h



2.5. STATE SPACE CHANNEL MODEL SIMULATIONS 31

20 T T T T
[ Y S S0’ WS RO .
ol - -
T, ) AR AN SN ¥ AU UF SR R A0 SR  SUUURNUIN | SUUS SRS SO SRS A .
Y O S U SRS U SO J -
=30 | l 1 i
o] 50 100 150 200 250
[{al] o = -10dB. Time [ms]
40 T
o U /A VU NG SN PRSP A BP AL OSSO -
0
E 20t i i St B e S ] .........
N
B 0 5000 P ) S
-80 ! L I i
o 50 100 150 200 250

[b] o = 0 dB. Time [ms]

Figure 2.5.11: Part 1: Ricean Channel Square Envelopes; f. = 910 MHz, v = 120 km/h
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Figure 2.5.12: Part 2: Ricean Channel Square Envelopes; f. = 910 MHz, v =120 km/h
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Chapter 3

Channel Model Estimation

These results of chapter 2 are first employed to construct wireless state space Rayleigh
and Ricean fading channel models. The objective of this chapter is to employ least-square
estimation techniques to estimate the channel models from noisy received signals. The focus
on is based on Kalman filtering theory, to extract the channel inphase, quadrature and square

envelope estimations. The following items will be discussed
1. Continuous time channel state estimation.
2. Discrete time channel state estimation.
3. Computation of the conditional Rayleigh envelope and phase distributions.

All investigations will be done by assuming that the parameters {A, B, C, D} of the state
space dynamic system (2.4.8) are known. If {A, B, C, D} are unknown, one can also employ
the state space estimations to estimate the parameters {4, B,C, D} as in [7] and [9]. This

technique is so called systems identification.

3.1 States Estimation

A general state space dynamic system and measurement models are given by the following

equations

X = AX + B
- y = CX+v

Here X(0) ~ N(p,X), w ~ N(0,Q), v ~ N(0, R), and {w(t)}s>0, {v(¢)}¢>0 are independent
white Gaussian processes, which are uncorrelated with X (0). The algorithm corresponding

to the Kalman filter is given by the following equations.

33
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Initialization:
P(0) = Var(X(0)) = £(0), X(0) = X(0) = Mean(X(0)) = y;
Error Covariance (Riccati Equation):
P(t) = AP(t)+ P(t)A" + BQB" — P(t)C" R™*CP(t);
Filter Gain:
K(t) = P(t)C"R™,;

Estimation (Filter):

——

X = AX + K(t)(y — CX).

3.1.1 Continuous Time

First we apply the Kalman filter algorithm for a flat fading channel and then we introduce
the multipath Kalman filter algorithm. The Kalman filter corresponding to (2.4.10), (2.4.13)
and (2.4.14) is given below.

Rayleigh Channel Kalman Filter. On the 5% path (i # 1), the state space dynamic
system and measurement models are given by (2.4.10), (2.4.14), respectively. For simplifying
the notations, we represent the i path state space Rayleigh channel model as follows,

X = AX -+ Bw
y — GX+ Do (3.1.1)

where
X2x, A%4, BLB, wiu, GEG,,

and Dv is a white Gaussian noise added on the i path. Since v has a coefficient D, we should
substitute R™! by DR™! D! in the Kalman filter equations above'. Thus, the least-square
estimates of {I(t)}>0, {Q(t)}s>0 and {r?(t)}:>0 are given by the following equations.

Initialization:

P(0) = Var(X(0)), X(0) =X (0) = Mean(X(0));
lsee Appendix A.5.1 for details
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Error Covariance (Riccati Equation):
P(t) = AP(t)+ P(t)A' + BQB' — P(t)G (t)(D(t)RD" (t))"'G(t)P(t);  (3.1.2)
Filter Gain:
K(t) = Pt)G" (t)(D(t)RD" (t)) ",

where

Estimate (filter): |

—

X = AX + K(#)(y(t) - G(6)X); (3.1.3)
Inphase and Quadrature Estimates:

[ 2 B[rolaeio<esa) = 1o 0 0%,

o) ézﬂmwmmxosSsﬂ]= 000 1 0)X();
Square-Envelope Estimate:
r2(t) & T2(t) + Q2(t) + () + €3 (2),

where €3(t) £ E[(I(t) — I(1))2), e4(t) £ E[(Q(t) — Q(t))?] are the mean-square errors, which
are obtained from (3.1.2), that is, the elements Py;(t), Pss(t) of P(t), respectively.

Ricean Channel Kalman Filter. On the j** path (j = 1), the state space dynamic
system and measurement models are given by (2.4.13), (2.4.14), respectively. Similar to the
Rayleigh, the j¢* path state space Ricean channel model is

X = AX+ fios + B
y — GX+Du (3.1.4)

where

X, A24;, B2B;, wiu, G2G,,

x &

and Dv is a white Gaussian noise added on the j** path. The least-square estimates of

{TR(t) }iz0, {QF(t) }1>0 and {r% (%) }s>0 are given by the following equations.
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Initialization:
P(0) = Var(X(0)), X(0) = X(0) = Mean(X(0));
Error Covariance (Riccati Equation):
P(t) = AP(t)+ P(¢)A" + BQB! — P(t)Gt (t)(D(t)RD™ (£))1G(t)P(t);  (3.1.5)

Filter Gain:

K(t) = P(t)G" ()(D(t)RD" (1)),
where |

RS [%2 f?} and Q= [(1) ﬂ
Estimate (filter)*:
X = AX + fios + K@®)(3(0) - G(0)X); (3.1.6)

Inphase and Quadrature Estimates:

—

= [1 0 0 0]X(®),

)
li>

ey 2 Bl 0<s <1

1>

QR (1)

EQR(t)l{y(sxosSsn} — [0 0 1 0)X();
Square-Envelope Estimate:
() & T7(t) + QR (1) + ealt) + eha(t),

where e2,(t) £ E[(I™(t)—I%(t))?], eba(t) 2 E[(QR(t)— QF(t))?] are the mean-square errors,
which are obtained from (3.1.5), that is, the elements Pi;(t), Ps3(t) of P(t), respectively.

Multipath Channel Kalman Filter. Consider a multipath channel having N multi-
path components, the first of which is a Ricean channel, while the remaining N — 1 com-
ponents are Rayleigh channels. This multipath channel model can be represented by using
(2:4.10), (2.4.13) and (2.4.14), as follows.

X = AX+ F,s+ Bw
y = GX+Dv (3:17)

2see Appendix A.6.2 for details
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where X(0) € R4V,

A - 0 B -+ 0
ARl . |, BE| , GE[Gi -+ Gw]
0 AN 0 BN
and
A 1 2 N tr
Fo 2|70 =2 | T ool
0000 -~~~ 0000

los
Thus, one can obtain the least-square estimates of the inphases, quadratures and square
envelopes by the following equations.

Initialization:
P(0) = Var(X(0)), X(0) = X(0) = Mean(X(0));
Error Covariance (Riccati Equation):
P(t) = AP(t)+ P(t)A + BQB' — P(t)Gt"(DRD')~'GP(t); (3.1.8)
Fz'l»ter Gain:
K(t) = P(t)G"(DRD")™,

where

Estimate (filter):

X = AX + Fios + K(t) (y(t) - OX) (3.1.9)

Inphase and Quadrature Estimates:
i 2 B[Lolwe)
PSS o~
=[0000 - 1T000 - 00 0 0]X(,
@ £ slaolyen|

=[0000 - 0010 - 00 0 0]X(,



38 CHAPTER 3. CHANNEL MODEL ESTIMATION

Here I1(t) denotes the estimate of I7(t), @, (t) denotes the estimate of QF(t).

Square-FEnvelope Estimate:

r3(t) £ T2) + QR(0) + €5 (t) + edult),

where e2,(t) = E[(L(t) — L)Y, ed(t) 2 E[(Qi(t) — Q:(t))? are the mean-square errors,
which are obtained from (3.1.8), that is, elements of Py;_34;—3(t), Pgi—14i-1(t) of P(t), 1 <
1 < N, respectively.

3.1.2 Discrete Time

Discrete Time Multipath Channel Kalman Filter. Although estimations can be
done by using continuous time model, we prefer the discrete time model in this thesis. In
order to use the discrete time algorithm of the Kalman filter, we need to do the discretization
for the continuous time multipath state space channel model (3.1.7). Mathematically, we can
not prove the existence of a white noise, but we can represent a white noise in terms of the
velocity of a Brownian motion, that is, v(t) = dw(t)/dt = w(t). Along this way, we can obtain
a very good result after the discretization. Sampling (3.1.7) on a time interval (¢  b] by using
the Ito process method with respect to an equal time subinterval (¢, tn41], Vi, € [ b],

then we obtain the discrete time multipath state space channel model as follows?

Xps1 = DX+ 7T+ AAw,
MR (3.1.10)

where

I'=06A+1, Y =6F, A=B,

$(tn — 71)Cy(tn) - 0
Q= s s
0 v S(tn - TN)CN(tn)

vr(tn) }

X vQ(tn) |

Here § = t,,1 — t,, is called the step size, I € R*V is the unit matrix,

¥ = [cos(wetn) —sin(wetn)], vn = [

Ci(tn) = [cos(wctn) 0 —sin(wt,) 0]
3see Appendix A.5.2 for details
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and Aw, £ W(tnt1) — w(tn,) € N2V are iid white Gaussian noises, which each element
of Aw, ~ N(0;0). Thus, the algorithm of the discrete time Klaman filter produces the
least-square estimations of the inphases, quadratures and square envelopes are given by the
following equations.

Initialization:
Py =Var(Xo), Xo= X, = Mean(Xo);

Error Covariance (Riccati Equation):

P,i1 =TP.I" + AQA" — TR,Q (QP, Q" + URI-IQP, T, (3.1.11)
where
o - 0
Q=1": | e R,
0 )

Filter Gain:
K, =TBP,Q"(QP,Q" + URY™) L
Estimate (filter):
X1 =X, + T+ K, (yn - QX}); (3.1.12)
Inphase and Quadrature Estimates:

- A
o2 E[Iimyk}?;;o]

N
=[0000 - 1T000 - 00 0 0]X,
0 2 ElQultuin
PR SR -
=[00o00-- 0010 - 000 0]X,.

Here I3, denotes the estimate of I, Q1,, denotes the estimate of QZ.

Square-Envelope Estimate:

2 A2 2
L+ QF +et, +eg,
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where e};_ 2 E(L, - 1.3, b, £ E[(Qi, — 0:,)?] are the mean-square errors, which are
obtained from (3.1.11), that is, elements of Pi—34i-3),, Pai—1,4i-1), of Pn, 1 < i < N,
respectively.

Similarly, we can find the discrete time state space Rayleigh channel model of the it*

path and Ricean channel model of the j** path using the Ito method.

3.2 Conditional Rayleigh Envelope and Phase Distri-
butions

Channel envelope and phase are two very important parameters in channel estimation.
Since the conditional densities of the envelope and phase can be used to compute any condi-
tional estimation of the functions of r(t) and 6(t), we should obtained their explicit expres-
sions. We are interested in computing the conditional distributions of the channel envelope
and phase, given the noisy data. Least-square estimation of Gaussian processes state that
the optimal estimates of X (t) € R?, Xq(t) € R? given {y(s); 0 < s < t} are the conditional

means

Xi(t) = EX:(t)Yd], Xi(t) € R,
Xo(t) = E[Xo)Ys], Xq(t) €%,

where Y{ = {y(s); 0 < s <t}. The conditional joint density of the inphase and quadrature
is still Gaussian?, given by
ty 2 0 ¢
f(mfn Q1> tlYo) = B——PTOb(Xh (t) < x117XQ1 (t) < xQ1|YE))
21,020,
R o - O\ Ll OIS PO
2my/|M(2))]

where
_ | zn - X?(t)] [E[I(t)lYot]]
x = , Xio(t)=|2 = ,
[mol] 1) [qu(t) E[Q(t)|Yy]
{M(t)}+>0 is the conditional covariant matrix of {z(t)}:>0, and each element of M(t) is
related to the Riccati equation (3.1.2) as follows,

o= 2 B o=

4see Appendix A.5.3 for details
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3.2.1 Conditional Envelope Distribution
Let Z = X} + XZh; then we have, by definition,

Prob(Z(t) < 2|Yf) = Prob(Xj (t) + Xél (t) < 2|Yy)

= zr,,2o,,t|Y)dzr, dx
/m§+m2 <zf( Iy & IO) nebe,

Q=
- / 1 e T M OE- T gy, g,
1795, 52 2my | M(8)]

Define the inverse matrix of M(t)
1) = 1 [ Pa3(t) —Pus(t)
Pui(t)Pas(t) — P(t) | —Fs(t)  Pu(?)
[ 9(t) m(t)}

m(t) () |’

Ii>

and introduce to the spherical coordinates

T, = ./pcosf
TQ, = +/psind ’

Then®

z 2r ]
ProfZ(t) <2lY§) = [ [ F(p,0,4¥)dpds
/ 1R - 20 K0 0 -m0 K, () K, ()~ 2
0 2m/|M(2)]
= (=1)k2

Z Y151k

J,k=0
(n<t>XQ1 () + m(®) X5 (1) (at) — n(t)) m*(2)

it I'( "+’°+1 )]'_"("+2J+k+1 )
p(hﬂﬁaﬁﬁz)

GO 0T (1) + mit) Ko (1)

dp.

Thus, the conditional probability density function of the Rayleigh channel envelope is

FRr@OIYY) = — e 80K - K, () -m()Xr; (0 K, (- 212
|M ()|
- 1% ( 1)k2—j I\(h+129+1)1-\(i+2j~2!—k+1) . . h
hl; o RliljIE! F(h+i+222'+2k+2) (g(t)XIl(t) +m(t)XQ1(t))

X (n(t)XQl (&) + m(t) X, (t))i (g(t) - n(t))jmk (£)rhi+2i+2k+1,

5see Appendix A.5.3 for details
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3.2.2 Conditional Phase Distribution

Here we should first introduce an expression for the conditional density of tan™" (%%2)

given {y(s); 0 < s < t}. Define
{ xIl
g,

Prob(© < ¢|Yf) = Prob(tan™ %—1—.5 YY)
1

= 4 ¢
- -/tan—l (%1)54’ f(mIl’le’tIYO )dx11de1
1

pcosf

> >

psin ’

and then 6 = tan™1! (Z—‘fl) Hence®
1

e~ 3= X1 M OE-X1.0®) pdad)p

o P 1
B /o /o om/|M(2)|

— / 1 aO%0-20K0, () -mX (0K, () RA)
o 2m/IM(t)|
1 e , VTR()
Sk N 7 /)
x(zsz(e)e * 252(9)) ’

where

S(6) = \/E(zt) _9®) ; n(t) sin? § 4+ m(t) sin cos 6,

(9() Xx(t) + m(t)Xq, (2)) cos + (n(t) Xo, (£) + m(t) X1, (1)) sin
25(6) '

R(6) =

Thus, the conditional density of 6(t) £ tan! (%(3) given {y(s), 0<s<t}is

RY(6 - _ o
1+ R(0)/me? ) e_ﬂzﬂx,l"’(t)—ﬁgﬁlelz(t)-m(t)x,l (1) Xa, (1)

FO@IYS) = 4mS%(0)/|M(2)|

6see Appendix A.5.3 for details



Chapter 4

State Space Channel Estimation: A
Case Study

In this chapter, we present a case study of channel state estimation for flat and frequency-
selective channels. The estimation approach is based on the Kalman filter presented in
the previous chapter. The following items, inphase, quadrature and square envelope, are
estimated. For the flat fading channels, we investigate both of slow and fast fading cases.

For frequency-selective channels, only the slow fading case is investigated.

4.1 Frequency-Nonselective Fading Channels

A frequency-nonselective fading channel is also called a flat fading channel. In this
section, one Ricean channel model given by (3.1.4) and one Rayleigh channel model given
by (3.1.1) are performed, respectively. In order to address the performance of the estimator,

the received signal-to-noise power is computed using the corresponding state space model.

4.1.1 Rayleigh Channel

Let X(0) ~ N(0; 3(0)), then, theoretically, the state space channel model (3.1.1) has the
property of Rayleigh fading nature.

(i) Rayleigh Channel Received Signal-to-Noise Ratio. The received SNR is
defined by

%;E[fos | )X (¢) dt]

SNR2 (4.1.1)

?

AB( 1 | Do) 1 o

43
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where T is the signaling interval. There are two possible ways of using the equation (4.1.1)
for the simulation purposes. The first method is specify the desired SN R, and then determine
how much the average power of the transmitted signal should be. The second method is to
specify the desired SNR, the average noise power, and then determine the power of the

receiver. Let E; be the average noiseless received signal power. Then,

B, = Ti [ /OTS|G(t)X(t) 2 dt]

_ Ti /OTS LOCHE[X (6)X7 (1) C (1)dt.

Narrow Band: If {s(t)}+>0 is a narrow band, and hence without loss of generality is assumed

to be s(t) = 1, then by performing the above integration, we get

E, = % /OTSC(t)E[X(t)X"(t)]C”(t)dt

20261 =284~ Bs — P e~XwnTs | G

4Cw, T
+ 208VI —C+ 280+ 2065 + (B3 + Bo — (P2 + B3
4Cw,Ts
" (B2 — (fBs — Ziﬁ;— 2011 — (2 cos <2wn 1_ <2Ts>e—-24wnTs
n 24/1 — (205 + viw—7€2ﬂ3 +/1—- (%6, sin (an 1_ CQTs)e——?CwnTs,
where 7(0) = E[X(O)X”(O)] and
By = (722(0) +m0)Cwn K ), o= 711(0)¢%w? + 2712(0)wn + ¥22(0)
VeI alvI-el T wi(1 - ¢?) ’

kz Ckz k2

B3 = 711(0), By = Bs =

wAa-ay PTaga-¢y T

Then the additive noises are given by!

vr _ Es nr
ve] \ 105w [ne]’
where {n;(t)}i>0 ~ N(0,1), {ng(t)}>0 ~ N(0,1) are independent white Gaussian noise

processes, and the covariance matrix is given by

1see Appendix A.7 for details
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el

105w [0 1
Thus, the average additive noises power is

1 T, 0 1 T o i . B
Bn= [ /0 | D(t)u(t) | dt] == /0 D(t)E[v(tyv"(t)| D (t)dt—l_(;(s—l‘llfg)-—dg'

8

(ii) Flat Slow Fading Channel Estimation. Let f. = 910 M Hz, v = 60 km/h, which
implies a maximum Doppler shift f; = 50.556 Hz, Doppler spread By = 2f; = 101.112 Hz
and coherence time T, = 9.89 ms. Select Ty = 600 us, then we have T, << T, and therefore

the channel is slow fading. The results of the inphase, quadrature, square envelope estimation
are shown on Figure 4.1.1 for (SNR)sp = —3 dB.
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Figure 4.1.1: Flat Slow Rayleigh Fading Channel; (SNR)sg = —3 dB, v =60 km/h

e (SNR)ap = —3 dB, v =60 km/h, T, = 600 us, T, = 9.89 ms
Figure 4.1.1[a] shows the inphase and its least-square estimate. Clearly, tracking is

achieved within the first 600 us; Figure 4.1.1[b] shows the quadrature and its estimate.
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Obviously, tracking is also achieved within the first 600 us; Figure 4.1.1{c] shows the
mean square errors of the inphase and quadrature in dB; Figure 4.1.1{d] shows the
square envelope 72(t) and its estimate ﬁ(t) in dB. Definitely, tracking is achieved

within the first 600 ps with error.

(iii) Flat Fast Fading Channel Estimation. Let f, = 910 MHz, v > 60 km/h, then

T, £ 9.89 ms. Choose T; = 250 ms, which implies T, >> T., and thus the channel is fast

fading. The results of the inphase, quadrature, square envelope estimations are shown as

follows.

(SNR)qp = —3 dB, v =60 km/h, T, = 250 ms, T, = 9.89 ms

Figure 4.1.2(a),(b) displays the inphase, quadrature and their least-square estimate,
respectively, while Figure 4.1.2(c) displays their mean-square errors. Figure 4.1.2(a),(b)
show that tracking of {I(t), Q(¢)}:»0 is possible with mean-square error of 0.049 for
the inphase and 0.052 for the quadrature at 4 ms. Figure 4.1.2(d) display the square-
envelope and its estimator. Unfortunately, tacking is not possible when the channel

experiences deep fades at -3 dB. Next we provide simulation for 10 dB.

(SNR)qp = 10 dB, v =60 km/h, Ts = 250 ms, T, = 9.89 ms

Figure 4.1.3[a],[b] shows the inphase, quadrature and their least-square estimate, re-
spectively, while Figure 4.1.3|c] shows their mean-square errors. Clearly, these Figures
illustrate the perfect tracking properties of the estimator within 3 ms, respectively,
with a mean-square error of —39.1 dB for the inphase, and —33.3 dB for the quadra-
ture. Figure 4.1.3[d] shows the square envelope and its estimate. It is obvious that

tracking is possible at 10 dB even for fast fading channels.

(SNR)4s = —3 dB, v = 100 km/h, T, = 250 ms, T, = 5.9 ms

Figure 4.1.4(a),(b) show the inphase, quadrature and their least-square estimates.
Clearly, tracking is achieved but not well because of the low received signal to noise ra-
tio and the high velocity; Figure 4.1.4(c) shows the mean-square errors; Figﬁre 4.1.4(d)
shows the square envelope r2(t) and its estimate r2(t). The estimator is not able to
track the square envelope because of the low received signal-to-noise ratio and the large

velocity.

(SNR)ap = 10 dB, v =100 km/h, T, = 250 ms, T. = 5.9 ms

Figure 4.1.5(a),(b) show the inphase, quadrature and their least-square estimates.
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Figure 4.1.2: Flat Fast Rayleigh Fading Channel; (SNR)4p = —3 dB, v = 60 km/h
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Figure 4.1.3: Flat Fast Rayleigh Fading Channel; (SNR)g = 10 dB, v = 60 km/h
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Figure 4.1.5: Flat Fast Rayleigh Fading Channel; (SNR)4g = 10 dB, v = 100 km/h
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Clearly, very good tracking is achieved, because of the high received signal-to-noise
ratio; Figure 4.1.5(c) shows the mean square errors; Figure 4.1.5(d) shows the square
envelope 72(t) and its estimate ;E(t) The estimator can track the fading even at points

which of deep fading because of the high received signal-to-noise ratio.

However, better tracking of the deep fade is expected if one employs (SNR)4p = 15 — 20 dB.

4.1.2 Ricean Channel

If X(0) ~ N(0;X(0)), then, theoretically, the state space channel model (3.1.4) has the
property of Ricean fading nature.

(i) Ricean Channel Received Signal-to-Noise Ratio. The received SNR for a
Ricean channel can be obtained from that of a Rayleigh channel by using (2.4.11), (2.4.12).
Therefore, the received SN R is defined by |

TlE[ L Q)X () + G()hs(t) |2 dt}

SNRE 2

7

AB| 121 D) P

where

1o cos(wot + o)
0

To sin(wot + 00)
0

he(t) =

Similar to the Rayleigh channel, the average noiseless received signal power is

ER = -Tl— [ /OTSIG(t)X(t)JrG(t)hs(t) 2 dt}

= 511— /OTB s*(t)C(t)E [X (t)XtT(t)]C't’(t)dt+ %— /0 o sQ(t)C(t)E[hs(t)h?(t)] C* (t)dt
= part;(t) + part,(t),

party(t) = -11,— /0 * S()CHE[X (1) X¥ ()] 07 ()dt = Ti /O " 2ty ()dt = E,

s2(t)r2 s s%(t)r¢ sin (2(wc + wo)Ts + 90)

1 T
party(t) = T /0 32(t)C(t)E[hs(t)h§r(t)]Ctr(t)dt= 5 4w, + wo)Ts
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Thus, the additive noises are given by

ur| EE ny
’UQ - 10(_‘2.1!.?9& 'nQ !

the covariance matrix is given by

RE — ER 10
RTE Ul

and the average additive noise power is given by

1 Ts 2 1 /5 tr tr . Ef
5= | [ 10w P ] = - [ DOB[utn 0] D0t = —g

(ii) Flat Slow Fading Channel Estimation. Let f, = 910 M Hz, v = 60 km/h, which
implies f; = 50.556 Hz, By = 2f; = 101.112 Hz and T, = 9.89 ms. Select T, = 600 us,
then we have T, << T, and therefore the channel is slow fading. The results of the inphase,

quadrature, square envelope estimation are shown on Figure 4.1.6 for 7o = 1, wy = 5°,
00 = 300 and (SNR)dB = -3 dB.
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Figure 4.1.6: Flat Slow Ricean Fading Channel; (SNR)4p = —3 dB, v =60 km/h
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o (SNR)4g = -3 dB, v=060 km/h, T, = 600 ps, T, = 9.89 ms, ro =1
Figure 4.1.6[a] shows the inphase and its least-square estimate. Clearly, tracking is
achieved within the first 600 ps; Figure 4.1.6[b] shows the quadrature and its estimate.
Obviously, tracking is also achieved within the first 600 ps; Figure 4.1.6[c] shows the
mean-square errors of the inphase and quadrature in dB; Figure 4.1.6[d] shows the
square envelope 72(t) and its estimate ﬁ(t) in dB. Definitely, tracking is achieved

within the first 600 us.

(iii) Flat Fast Fading Channel Estimation. Let f, = 910 M Hz, v = 60 km/h, then
T. = 9.89 ms. Choose T, = 250 ms, which implies Ty >> T, and thus the channel is fast
fading. The results of the inphase, quadrature, square envelope estimation are shown on

Figure 4.1.7 for 7o = 1, wy = 5%, 6y = 30° and (SNR)4p = 10 dB.

o (SNR)4g =10 dB, v =60 km/h, T; = 250 ms, T, = 9.89 ms, ro = 1
Figure 4.1.7(a), (b) shows the inphase, quadrature and their least-square estimate,
respectively. Clearly, trackings are achieved at (SNR)sg = 10 dB. While Figure
4.1.7(c) shows their mean square errors. Figure 4.1.7(d) shows the square envelope
and its estimate. It is obvious that tracking is possible at (SNR)p = 10 dB even for

fast Ricean fading channels.

4.2 Frequency-Selective Fading Channels

If we transmit a narrow pulse, thus a wideband signal, through a multipath fading chan-
nel, then the channel is frequency-selective in this case. The received signal model is given
by (2.1.2), which consists of N multipath state space fading channel models given by (3.1.7).
In this section, we employ the Kalman filter algorithm to produce the estimates of the in-
phase, quadrature and square envelope for each multipath component. First, we show how
to determine the multipath components N, then we simulate the frequency-selective slow
fading channel.

" (i) Determination of the Multipath Components N. The multipath components
N can be obtained by the formula N = [T,,,B,] + 1 with the deterministic time delay {r; =
iT,}N 2. The typical values of multipath delay spread T, are listed in the table of Typical

2the formula can be found in [17], page 797
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Figure 4.1.7: Flat Fast Ricean Fading Channel; (SNR)sg = 10 dB, v = 60 km/h
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Measured Values of RMS Delay Spread, which is reported in [12], page 162. Based on that
table, we are able to compute the multipath components N. We choose 1;, = 2 ps which
corresponds to the New York city environment, carrier frequency is 910 M Hz. Let the
bandwidth of the transmitted signal be B, = 2.5 M Hz, then the symbol duration (signaling
interval) T, = 1/B, = 0.4 us. Thus, we get the multipath components N = 6, the time
delay {r; = iT,}}_,

(i) Received Signal-to-Noise Ratio. The received SN R is defined by

SNRZ i [foT'" | oo, GiXi |2 dt]
2 E[ I | DEw(e) P dt]

By simple computing, we obtain the average noiseless power of the received signal3

1

Es=i;n:E[/0 |ZGX|2dt / ESZ(t_T,)(%Ierzl)dt

where i, = part,(t) is the steady state variance of the inphase (quadrature) of the z**
multipath component, d}; = party(t) (see [13]), di; = 0 for s # 1 and

st —7) = const 7 <t<T+Ts
v 0 otherwise '’

and the average additive noise power

B, = 7B [ 1 D00w) P ] = o [ DOBWOO 10" @)t = o2

(iii) Frequency-Selective Slow Fading Channel Estimation. The estimations are
done by using Simulink blocks, which is referred to (3.1.7), as shown in Figure 4.2.8. This
multipath fading channel model consists of one Ricean and five Rayleigh’s.

Next, we are going to simulate the estimators of the inphase, quadrature and square
envelope for each path. Each path at the receiver corresponds to the same transmitted
signal with a certain transport delay (T.D.). Let f. = 910 MHz, v = 60 km/h, then
T. = 9.89 ms. Thus, T, < T,, < T,. The multipath fading channel shows the property
of slow fading nature. Suppose the transmitted signal is a pulse with duty cycle 25, which
the pulse width is 0.1 us. Then the received signal has total 6 pulses separated by 1/B;
during T,,. The results of the simulations are shown from Figure 4.2.9 to Figure 4.2.17 for
(SNR)4p =20 dB.

3see Appendix A.7.5 for details
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Figure 4.2.8: Multipath Fading Channel Estimator

Figure 4.2.9[a] shows the transmitted signal; Figure 4.2.9[b] displays the absolute value
of the received noiseless signal |y(t)| = | X2, (Ii(t) cos{wet) — Qi(t) sin(wct))s(t —7;)|, the
multipath delay profile, which illustrates the amplitude of the received signal of each path
goes down because of the longer distance and larger time delay. Path #1 is a Ricean
channel, the steady state mean of the channel square envelop is 8.88 dB which corresponds
to the channel model parameters k = 2.197 x 103, w, = 322.1724 rad/s, ( = 0.1691 s~*
and the LOS component parameters 7y = 1, wy = 31.4 Hz, 6, = 30°. Path #2 is a
Rayleigh channel, the steady state mean of the channel envelop is 10 dB which corresponds
to the channel model parameters k = 6.748 x 10, w, = 322.1724 rad/s, ¢ = 0.1691 s71,
The steady state means of the channel envelops from path #3 to path #6 are 15 dB,
20 dB, 25 dB and 30 dB, which correspond to the channel models parameters ({k,wy,¢})
{1.2x10%,322.1724,0.1691}, {2.1339x 10%, 322.1724,0.1691}, {3.7947x 10*, 322.1724, 0.1691}
and {6.748 x 10%,322.1724, 0.1691}; Figure 4.2.9]c] shows the absolute value of the received
noisy signal; Figure 4.2.9[d] displays |y(t)| and its estimate |§(t)| = | 5., (E(t) cos(w,t) —
Qi(t) sin(wet) ) s(t — 7).

Figure 4.2.10 shows the received signal of path #1, path #2, path #3 and their estimates.
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Figure 4.2.9: [a]: the transmitted signal; [b]: the multipath delay profile | y(t) |; [c]: the
received signal with noise; [d]: | y(¢) | and its estimate

Figure 4.2.11 shows the received signal of path #4, path #5, path #6 and their estimates.
Figure 4.2.10 and Figure 4.2.11 show that tracking is not achieved at the beginning of each
path, but it is achieved as the time elapses.

Figure 4.2.12[a] shows the inphase and its least-square estimate. The initial value of the
inphase is ro cos(fp). Obviously, tracking is achieved from the time 0.4 us to 0.5 us, because
there is a transmitted signal on [0.4 0.5]; Figure 4.2.12[b] displays the quadrature and its
least-square estimate. The initial value of the quadrature is rosin(f). Clearly, tracking is
achieved between the time 0.4 ps and 0.5 us; Figure 4.2.12[c] shows the mean square errors
of the inphase and quadrature; Figure 4.2.12[d] displays the square envelop r%(t) and its
estimate 72(£) in dB. Clearly, tracking is achieved between 0.4 ps and 0.5 s, after the time
0.5 ps, the estimator has a predicted value.

' Figure 4.2.13[a] shows the inphase and its least-square estimate. Obviously, the initial
value of the inphase is 0.6, tracking is achieved between 0.8 us and 0.9 us; Figure 4.2.13[b]
displays the quadrature and its least-square estimate. Clearly, the initial value of the quadra-
ture is 0.6, tracking is achieved during the time 0.8 us and 0.9 us; Figure 4.2.13[c] shows

the mean square errors of the inphase and quadrature; Figure 4.2.13[d] displays the square
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envelop 2(t) and its estimate 72(t) in dB. Clearly, tracking is achieved between 0.8 us and
0.9 ps, after the time 0.9 us, the estimator has a predicted value.

Path #3, path #4, path #5 and path #6 illustrate the same properties as path #1 and
path #2. Tracking is achieved during the different time interval for each path because there

is a different time delay signal over it.
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Figure 4.2.12: Multipath Component #1: Ricean Channel
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Chapter 5

Conclusion and Future Work

5.1 Conclusion

This thesis describes state space fading channel modeling and estimation using the
stochastic differential equation. Models and estimates are obtained for inphase, quadrature

and square envelope.

1. Flat Slow Fading Channel, e.g., T, << T.. The state space estimates of I(t), Q(t),

r2(t) show very good tracking at received signal-to-noise ratio as low and as -3 dB.

2. Flat Fast Fading Channel, e.g., T, >> T,. The state space estimates of I(t), Q(t),
r%(t) also show that tracking is possible, when the received signal-to-noise ratio is 10

dB.

3. Frequency-Selective Slow Fading Channel. Similar results are also obtained for
frequency-selective slow fading channels, which the state space estimates of the inphase,
quadrature, square envelope of each path show very good tracking with respect to mean

square errors, when the received signal-to-noise ratio is 20 dB.

5.2 Future Work

The various investigations pursued in this thesis, provide encouraging results, opening
the possibility of continuing work in various directions. Some directions for future research

are the following,

1. Systems Identification. In this paper, all investigations have been done by assuming

that the parameters of the state space channel models {4, B,C, D} are known. One
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can also estimate the channel states by first estimating the parameters {A, B,C, D}

from measurement data. An algorithm for computing these matrices is given in {7} and

[9].

. High Order Approach. One can use high order rational transfer functions to ap-

proximate the Doppler power spectral density function, and then employ order reduc-
tion techniques to find lower order models which are closer to the true channel power

spectral density.

. Robustness of the Models. The dynamic channel model can be described as a

nominal one which its parameters are uncertain but having an range. Fixing the
velocity v and the carrier frequency f,, then v/X is a constant. Thus, Sp(f) is a
function of G,,. Given a nominal transfer function H,(s) by choosing a f,,. For
appropriate selecting a weight function Wy(s) and a variable stable transfer function
A(s) which satisfies ||A(s)||oc < 1, one can get the perturbed transfer function which
is defined by

Hy(s) & [1+ A(s)Wa(s)| Ha(s), s = jw.

Based on the above perturbed transfer function, one can generate the robust state space
channel model and then simulate the multiplicative perturbed inphase, quadrature and

square envelope by using the robust Kalman estimation techniques.

. Receiver Design. Another interesting possibility for future work is to design receivers

using optimal decision rules which do not assume knowledge of the channels. For the
Bayes decision pay-off rule, the optimal decision rule can be computed explicitly by

Mrosky to Kalman Filter estimate presented in this thesis.

. Optimal Coding Decoding. One of the most challenging problem is to design

encoder and decoder which do not assume knowledge of the channel state information.



Appendix A

Expressions and Derivations

A.1 Notes about Aulin [1]

A.1.1 Part 1: Expressions

Let
N
E(t) = 2_:1 En(t),

where E,(t) = Re{C,e’%"} at original coordinate, {C,, ¢, On, Bn }1_; are random variables,
a, ~ u(0,27) and ¢, ~ u(0,27). Here u(0, 27) is denoted the uniform distribution through-
out 0 to 27.

(i) At any receiving point (zo,%0,20). Suppose that the transmitted signal is s(t) =

Re{e?<*}, then the received signal is
Ey(t) = Re{Cpelvett—m)¥ien 1,

where Re denotes the real part of the expression in its following brace,

d
cTn = cTn = c—"_—2 )
WeTy = 27 feT, 27rfc Uy

A is the wave length associated with the carrier frequency, ¢ is the velocity of light and d is

the distance between the transmitter and receiver. That is,

- gz

E,(t) = C, cos(w,t — 3 d+ ¢n).

h

Let the vector (zo,%¥o,20) project to the n** wave path, then d = zgcosa, cos G, +

Yo Sin o, cos B, + 2o sin G,. Thus,
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2 ]
E.(t) = C, cos|w,t — —Xw—(xo COS Qtp, COS B + Yo Sin 0, €08 By, + 2o 8in Br) + én).

(ii) Let the point (zo,%o, 20) move in the received field. Then, (zo,¥yo,20) — (To +
vt cosy, Yo + vtsin-y, 2o), that is,
2 . .
E.(t) = Cycos [wct —_ —; ((mo + vt cosy) cos ay, cos By, + (yo + vtsiny)sinay, cos B,
+ 205in Ba) + ¢n]
2 . .
= (C,cos [wct - _}7\_r (vt cosy cos a, cos B, + vtsiny sin oy, cos B,

+ o oS ay, €08 By, + Yo Sin oy, cos B, + 2o 8in B,) + ¢n]
vt 21z,

= (C,cos [wct — 2 ; cos(y — a,) cos B, — —-XE sin G,
2m/ 22 + 9?2
- VT cos(an + €) cos a + 6]
= Cpcos(wst + wnt + 0,,)

= Cpcos(wnt + 6y,) cosw.t — Cp, sin(wyt + 6,) sinwnt,

where
2mv
Wy, = —T COS(’)’_an) COS/BTM
9 2wz} + y}
en - _ 7;\20 sin  — _\/—;\)____—_yjo_cos(an +€)Cosﬂn+¢n, n € N.

Here ¢ £ tan!(yo/zo). Let

N
T(t) = > Cncos(wnt+6y),

n=1

N : M
Ts(t) = D Cusin(wnt + 6y).
n=1

Then we have
E(t) = Te(t) coswet — Ts(t) sinwet.
A.1.2 Part 2: Mean and Variance

(i) Take the expected value to T,(t). That is,

E[T.(t)] = E[i Cr, cos(wnt + 0,)]

n=1
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since

‘Zt C,]E[cos(wnt + )],

n=1

Elcos(wnt +6,)] = E[E[cos(wal + 00) | wn=w]]

2m
= E[-l—/0 cos(wt + 0,,)d6,]

2
= O,

then E[T.(t)] = 0. In the same way, we get E[T;(t)] = 0. Thus,

E[E®)] = E[T.(t)coswet — Ty(t)sin wet]

= E[T.(t)] coswet — B[Ts(t)] sinwet
= 0.

(ii) Take the autocorrelation to E(t). That is,

since

where

E[E@{)E(t + 7)]

E[T.(t)Te(t + 7))

E[(T.(t) coswet — Ts(t) sinwet)

X (Tu(t + 7) coswe(t + 7) — Ts(t + 7) sin we(t + 7))
E[To(t)T(t 4 7)) cos wet cos we(t + T)

— E[T()Ty(t + 7)) cos wet sinwe(t +7)

— BT, (t)T,(t + 7)] coswe(t + 7) sinwel

+ E[T,(t)T,(t + 7)) sinwet sinwe(t + 1),

i E[CCr cos(wmt + Om) cos(wn(t +7) + 6a)]

n,m=1

N
% Z E[C»Crm cos(wmt + wn(t + T) + Om + 01))

nym=1
2

n,m=1

(O + 6,) mod 27 ~ u(0,2m),
(0 — 6,) mod 21 ~ (0, 2m).

N
+ L Z E[C,Cr cos(wmt — wr(t +7) + Om — 0n)],

71



72 ‘ APPENDIX A. EXPRESSIONS AND DERIVATIONS

Thus, we have

E[C,Crmcos(wmt + wp(t +7) + 0y + 6,)] = E[C,CrnE(cos(wmt
+ wn(t + T) + Om + gn)lwn,wm)]
= 0,

and

YN E[C?cosw,T], m=mn

E[CnCr, cos(Wmt — wp(t + T) + b, — 6,)] = { mAn

Then,

E[T(t)T(t+ 7)) =

it=

-t

E[C,,Cp, cos(wmt — wyp(t + T) + 0, — 6,,)]

3

E[C? cos w,T)

3
il
MR

E[C?E|cos w,T]

i
N = N|= D
M= ilM=

S
1l

u
=[5
="

3
I
A

Elcos wyT],
where E[C?] = Ey/N. Using the same method, we get

ET,@)Ts(t+ 1) = 2N Z E[cos w,T]

ET.)Tst+7)] = 5 N Z E[sinw,T]

ElT.(t+7)T(t)] = ———0 Z Elsinw,T),
2N ' :
Thus, we have
E[E@)E(t + 7)] 2N E E[cos w,T] cos wt cos w,(t + T)
Ey &
+ :‘ZW Z Elcos w,T]sinwt sinw(t + 7)
. o
+ N 2 Z E[sin w,7] sin wt cos we(t + 7)
Ey &

T 9N 2 Z Elsinw,T| coswet sinw,(t + 7)
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Eo
= N Z E[cosw,T] cosw,T —

2N

Z E[sinw,7]sinw,r

= [Tc(t)Tc(t +7)]cosw,T — E [Tc(t)Ts (t + 7)] sinw,r

= a(7)cosw.T — ¢(7) sinw,T,

where
2N

2N

Let w,, = w, then we have

c(r) = Z E[sin w,7]

2N

Ey :
= WN Elsinwr]

= %E[sinuﬂ]
E
= 2 / sin( wT)pwdw
27r 1 .
- / /e 775

and

a(t) = Z E|cos wy,7]

2N

Ey
= WNE[COS wr]

= E?E[cos wT)

= = / cos(wT)p,dw

Eq 2 27rvT
= -— / / cos(—
2 =0
- Do / / Tl cos(
" 2 =0 27

Let 6 = w/2 — (v — a), then
77 1
//___75%—(:05(

a(T)

Z E[cos w,T},

Z E[sinw,T].

cos(fy a) cos fB)pa(o)ps(B)dadp

T sin 6 cos B)ps(B)dods

cos(y — a) cos B)pa(a)ps(B)dadp

sin(% — (7 — @)) cos B)ps(B)dadp.

" $inf cos Bps(B)dods
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By g1 2m 2T .
= %Pﬁ(ﬁ) /9:0 cos( X sin 8 cos §)d8dp

E, T
- _29 / Jo(zﬂ/\v cos B)ps(6)dp,

where Jo(-) is a Bessel function of the first kind of zero order. That is,

1 T,
Jo(z) = 5 / el*5in0 g

-7

A.1.3 Part 3: Rayleigh Fading
(i) Suppose pg(B) = 6(B), in this case, denote a(r) by ao(7), then
ao(r) = a(r)

= 20 [ (BT cos 0)6(6)dp

By _ 27ur
= 0=

Take the Fourier transform to ao(7), we get

Ao(f) = Flao(7)]

_ ;__%9/00 /7T ej27r'u-rsin0/)\e—j27"f7d7-
7 —c0 J—7

— EQ/” /oo e~j27rT(f—vsin9/A)de9
AT Jo=—n J1=—00
Ey [~ v,

= zl—;/az_ﬂé(f—xsuw)dﬁ.

Let f = $sinf, then 6 = arcsin %, | % |=sinf < 1. Thus, we get

1 A v T T
==, =3 bel-5 3
Finally, we obtain
. By 7 (A
Ao(f) = E/ez_wé(f—)\sm@d&

Ey 3 ) 1 A
= =2 - = RN
o /f=—% o(f — 5 sin0) — f
Bod 1
- drv [1 _ (f1)_>\)2

(ii) Suppose

Jcosf_ <| B I &
p,B(:B) — { 2sin Bm | 18 |—l ,8 ‘— 2

0, otherwise

)



A.l. NOTES ABOUT AULIN []]

then
1 P 27rvT
a(r) = 2 250 /g__ﬁ Jo(=—— cos ) cos Bdf.
Take the Fourier transform to a(t), we get!
Alf) = [a(T)
-3 SlIl,B / / i / ) cos el cosBsin0/Xe=12IT 41 404 3
n m =—fm J0=—n Jr=—0c0
= 87rsmﬁ / . /7' o(f — —;cosﬂsing) cos 3d@dp
v .
T 2 sm,B / / /2 o(f - b\ cos (sin §) cos Bdfdf3.
Let
z = \/—g cos f§
y = \/g sing ’
then

{Sinﬁ - 1—%552 = {‘x' i \é = 06[—?— E]-

cosf = [1—2y2

Since Jacobian determinate is

dz,y) _ » f sinf 0

d(8,9) ,\cose
Then,
A(F) B, T 2ad(f - wy)
27 sin By Jo= VEcoshm Jy=—1/% [¥ — 22, /%
(0, lfl > 5
E 1 A
_2Q2sin,3m5’ %COS,Bm

= <|fl<y

2 FAy2 .
E_ 1 Ml=m_ - 2co8® fm—1—(12) v
- | 2 2msin i v (2 Arcsin =———= 7xy; , |fl <% cosfm.

1As the integration is symmetry, cos a is an even function. Thus,

¥ Y v/2
/ cosada = 2 / cosado = 2 / cos ada.
-y 0 -/2
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(iii) The envelope R(t) and the phase ®(¢) are defined as follows
{ T.(t) = R(t)cos®(t)
T(t) = R(t)sin®(t) ’
then R2(t) = T2(t) + T2(t). Since E[T,(t)] = ET:(t)] = 0, E[T.(t)Tc(t + 7)] = a(7),
E[T,(t)T,(t + )] = a(7), thus the second moment (variance) a(0) = E[T2(t)] = E[T2(t)).
Let y = T2(t) + T2(t), then vy is chi-square distribution with two degrees of freedom. The
pdf is

e ¥/290) 4 > 0.

Pr(v) = 3209 V2

Then

[ee] [ore} 1
Py(y)dy = / ~v/2a0) gy — 1.

Let R(t) = /T2(t) + T2(t) = /9, then y = R*(t), dy = 2R(t)dR(t). Integration the pdf

with respect to y gives

0 o 1 o R 2
Pel(y)dy = [ 5oe /0 = [T e TR = 1.
/0 ¥ (y)dy 0 2a(0)e Y= a(O)e
Thus, the pdf of Rayleigh distribution is
T 2
P — —r2 /2a(0) > 0.

And the mean of the envelope is

E[R(t)] = /OOOTPR(r)dr
- /0 E(_O_)e—ﬂ/zam)d,.

= [T —re 0d(1224(0)
0
0 0

— /oo e—r2/2a(0) dr

0 o 1
= 4/2ma(0 ——
( )/0 \/27a(0)

_ _,,,e-—r2/2a,(0)

e-r2/2a(0) dr




A.2. AUTOCORRELATION FUNCTION AND PSD 7

A.1.4 Part 4: Ricean Fading

For the specular component with the parameters {cay, fo, ¢o, v Ea}, we have the envelope
R,(t), which is Ricean distribution?,

—_ ?

T {2 v/ Ed
P = —_p—(r*+E4)/2a(0) y-—a >
r, (T) a(O)e IO(Ta(O))’ 0

where Iy(+) is the zeroth-order modified Bessel function of the first kind.

A.2 Autocorrelation Function and PSD

(i) Consider a wide-sense stationary input signal z(t) which passing through a linear

time-invariant system having impulse response h(t). The output signal y(t) is given by

y(t) = h(t) % 2(t) = / °; h(r)a(t — 7)dr

in time domain, which has the format

Y(f)=H(HX()

in frequency domain. Here Y (f), X(f), H(f) are the Fourier transforms of the output signal,

input signal, impulse response. The autocorrelation is given by
Ry(r) £ Bly(t+7)y"(?)]
: E{ [ w@strr-B)ds [ w)ee - v)dv}
= [ [ RoOE[ - et + - B)|drds
= [ [ W) Raslr + 7~ By
= /_ o:o (Raa(r +7) % b(r +7))B* (7).
Let v = —t, then
Fo(r) = [ (Realr +2) bz +M)B*(1)y

— /_o:o (Roa(r = t) % h(r = ) ) (~t)dt
= Ryo(7) * h(7) * h*(—T).

2there are two ways to find the pdf, one is on page 43 of [17], the other is like the same way of finding
the Rayleigh.
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(ii) Take the Fourier transform to R,,(7), we obtain

Sy(f)

Let u=7+v— (3, then

A

| Rulr)e s
/_ o; /_ o; /_ c: B*(V)B(B) Rae (T + v — B)e 7™ drydBdr.

Sf) = /_o:o /_c: /_0:0 R*(Y)A(B) Reu(T + v — B)e > " dydBdr
- /—oo /—oo /—oo h*(7)h(/8)Rzm(u)e_jznf(u+ﬂ_7) dydfdu

= /°° R (—)e= 92 (D d(—) /oo h(,@)e—j%fﬂdl@/oo Ruw(u)e 92 dy

= H(=f)H(f)S(f)
= |H(f) |* Sz(f)-

A.3 Approximation DPSD by H (s)

A.3.1 Approximation H(s)

Let the second-order rational transfer function be

where s = jw. Then

Thus

Define

k
T 82+ 2was + w?’

H(s)

. k
H(jw) = w2 — w? + 2(jwpw
| H(jw) | = /H(jw)H(~jw) (A3.1)

_ i (A.3.2)

\/(w,% — w2)2 4 4C2%2w?

fma:z: é deOS(/Bm),

v/Sp(0)

>

| H(jw) |
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\ SD(fma:z:) é I H(jwmam) I

k
VW2 —w2,,)? + 40202,

where Wmaz = 27 frmaz. Take the derivative to (A.3.2) with respect to w, we obtain

4| H(jw) |  —k( - wlw + 20lw)
dw [(wg —w2)? + 4(2%:;“)2] 3/2°
Let
4\ HGo) |
dw b
then we get
Whnaz

W= e

From the previous equations Sp(0) and Sp(fmaz), We get

SD (fma:c) w'rzz

\ 0(0)  flwR - w2 ) + AR,

Let
_ SD(fmaz)
Sp(0)
_ Wh
B (w'?z - w72na:z:)2 + 4<2w121.w12na:1:
w4maz
_ (1-2¢?)?
- w2 A¢204
(32585 — Wl )? + 552
_ 1
I TCI Tk
then
4a¢* — 4a¢®* +1 =0,
that is,
4o — +/16a2 — 16
¢ =
o 8a
1 1 1
= ———4f1—=,

2 2 o
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because the property of the damping ratio ¢ — 0 as Sp(fmaez) — ©0. Finally, we have the

parameters

L LU _ _Ymaz _ 9
C_\l \Jl Sp(fmaz)’ wn—\/l__—TCZ and k= w’4/Sp(0)

for the transfer function H(s).

A.3.2 Multiplicative Perturbation of H(s)

Replace Sp(f) by A(f) in the previous section, we got the parameters {¢, k, w,} of H(s)
for the normalized DPSD, which only depends on ,,.

Let the nominal transfer function be

kn
H,(8) = ————
(s) 2+ a,s+ b,
and the perturbed transfer function be
k
Hy(s) = —2——
»(s) s2+aps+b,’

then we have, by the definition, the weight function

Wa(s) = ﬂ(—S~)~l

H,(s)
(£ — 1) + (2an — ap)s + (bn — bp)

52 + aps + by
A.4 TFrom H(s) to State Space Representation

Consider the Laplace transform of the impulse response

_Y(s) _ k
H(s) = U(s) 82+ 2(wns + w2’

(i) The Controllable Canonical Form. Based on the equation above, we define

- k
| = — feed back
X(s) 32+2§wns+ng(S) eed back,

Y(s) = X(s) — feed forward,

then we have, by taking the inverse Laplace, the following equations
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,C‘l{(.s2 + 2¢wy,s + wi)X(s)} = kﬁ_l{U(s)}, (A.4.3)
LY ()} =£x(s)}. (A.4.4)
From (A.4.3), we get

i+ 20w + wiz = ku.

Let 23 =z, zo = ¢, that is, 2; = 25, 2, = %, then we have

21 = Zy
2 = ku— 20wz — Wiz
that is,
21 _ 0 1 z1 0
Al 2] ]
from (A.4.4), we obtain

that is,

y=|1 0][2}.

(ii) The Observable Canonical Form. From the equation

Y(s) _ k
U(s) 2+ 20wps+w2’
we get :
Y(s) = _ijny(s)—%Y(s)+§U(s)
= %( - 2Aw,Y (s) + %(—in(s) + kU(s))).
- (s) = X ()
| Zi(s) = L{(—wlY(s)+kU(s
{ Zo(s) = L(=20w.Y(s) + Zi(s)) ’ (A.4.5)
then

Y (s) = Zy(s). (A.4.6)
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By substituting equation (A.4.6) into equation (A.4.5) and multiplying both sides of the

equations by s, we obtain

$Z1(s) = —w2Zy(s) +kU(s)
{ 8Z9(8) = —20wnZa(s)+ Z1(s)

Take the inverse Laplace transforms of the preceding two equations, we get

{?1@) = —whz(t) + ku(t) 7
) = —2wnz(t) + 21(t)
that is,
2= s ][z] 6]
and
v=10 112}

A.5 The Kalman Estimator

A.5.1 The Noise Covariance Matrix

Let the additive bandpass noise is v(t) = vr(t) cos(wet) — vo(t) sin(wet), {vr(t)}ezo and

{vo(t) }s>0 are two iid with density N(0;02). Then the covariance matrix is

R = BElu(t)v"(t)]
Ei(t)]  Elvr(t)ve(t)] ]
| Elur(t)uo(t)]  E[(®))

_ [BRA®] 0 ] B
] 0 E[vé(t)]

_ | 0
— LO a2 |’

v

and so does the Q.

™ We know the state space model

£ = Ax+ Bu
y = Cx+v
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with error covariance equation and Kalman gain. We want to find the error covariance

equation and Kalman gain of the state space model as follows
z = Ax+ Bu
y = Cz+ Dv
Let the state space model be
t = Az+ Bu
y = Cz+
where v/ = Duv, then we get
R = Ep'"v"]
= E[Dvw'"D"]
= DE[w"|D"
2

— gy 0 tr
o D{ 0 oﬁ}D

= DRD".

A.5.2 TIto Method
Consider a time interval [0,7] with 0 = ¢, < t; < -+ <t < --- < iy =T, which has
step size Oy = tx4+1 — tx. For equation
dr = Azdt + Bdw,
we have
T(tki1) — o(tk) = Az(te)(trer — ) + B(w(ters) — w(t)),
where z € R". Let Awy = w(try1) — w(tr), then we get, by ‘denoting k = tg,
Tky1 = Axpdy + zx + BAwyg
= (Ad; + I)zr + BAwg,
where E[Awg] = 0, E[(Awg)?] = 6k, I € R* x R™ is an unit matrix. Let éy = T/N = 9,
which means that the step size has an equal length. Denote Aw = Awy, then E[Aw] = 0
and E[(Aw)?] = 4. That is, Aw ~ N(0;6). Thus,
Tp+1 = Axid+ xp + BAw
= (Ad+ Iz + BAw
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A.5.3 Computation of the Conditional Distributions

We know that if the vector of random variables (X,Y, Z) is joint Gaussian with zero
means and covariance matrix
var(X) cov(X,Y) cov(X, Z)

cov(Y,X) war(Y) cov(Y,Z)
cov(Z,X) cov(Z,Y) war(Z)

Mxyz =

b

then the marginal pdf for X and Y is also Gaussian and has the same set of means, variances

and covariances®. That is, the pair (X,Y") has zero means and covariance matrix

M = [ 22 o)),

(i) Conditional Envelope Distribution. From the least-square estimation of the

conditional stochastic process, we have?
I(t) = EI(t)|Yy] and Q(t) = E[Q®)IYF),

where Y¢ 2 {y(s); 0 < s < t}. Then the conditional joint Gaussian pdf of the two stochastic

processes, the inphase and quadrature, is

f(-[, Q,t|Y0t) = __}___e—%(m_atrM—l(x_a,
2

/| M|

where

8)

=g} ==[ab)

Next, we will find the pdf of the envelope given by Y{. Let Z = I + Q?, then we have,
by the definition,

Prob(Z < 2|Y§) = Prob(I* + Q* < 2|Yy)
= [, . FLQIVHdIdQ
I1?74Q?%<z

1 1 -
~3(@—2)""M l(w—?@dde
= e .

-, \/I2+Q2SZ 271' /iMl

Let the covariance matrix be

3see [15]
4see [13]
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a b
=[5 <
then the inverse matrix of M is
1 c b
-1
M= = ac—bQ[—b a}
_ g m
T im n

Thus, we have

se=mrare=n = =5 ([o]-[a] ) = 7] ([l -[a])
= SU-IP-mI-DQ-Q) - 5Q-Qr
= P20t -miQ- 51 - 2Q*— mIQ
+ (g7 + mO)I + (nQ —I—mf)Q.

Let

{I = ,/pcosf
Q = ./psind’

then we get 0 < p< 2, 0<60< 2w, |J| =3, and

z 27r1
Pro(7 < Y§) = [ / > (0,0, 4{Y7)dpdt
0 Jo

with
1 a\ir -1 ~ g A2
—i(w—x) M z-12) = —5 ——Q ——mIQ
gp—l—Q_T)ﬁsin 6 — mpsinfcosf
+ (9T + mQ)/pcosb + (nQ +mI),/psiné.
Then

Ea |
. Prob(Z < YY) = / / - f(p,HlYot)dde
/ $P2-302-mIQ-40g, / 2 (el tm@)y/Beosd
2 0

27r\/——— ¢

e(nQ+mI)ﬁsm0 Gl )psm20 —mpsm@cosOdQ

89
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. n
Since e” = }>22  Z7, we have®

L ~ . . .
/ e(gI+mQ)ﬁcos Oe(nQ+mI)\/;—)sin geig_zﬁlp sin? Qe—mp sin @ cos9d0
0

=4 Z h" ‘Qk' (9T + mQ)*(nQ + mI)i(g — n)'m*

h,t,7,k=0
htit2j+2k / 3 cosht* 0 sint 2k 94
oo kz—J ~ Ah A N ok
=9 g OF +mQ)" (n@ +mD)(g —ny'm
h,i,j,k=0 h k!

Xp

h+i+22j+2k F( h+12c+1 )P(i+2j;—k+1 )

hti+2;+2k+2
D(AE)
Thus, we have

2 nd 70
-7 -3 miQ-4p

Prob(Z < 2|Y]) = /027r\/——
& (1R

>

L (o] + mQ)*(nQ + mI)(g — n)’mF

hid =0 hlzl lk;l
hebict 252k F(h+§+1 )F(i+2j;k+1 ) d
[(PHiE2aE) p-
g

Then the conditional pdf of the channel square envelope is

fro(athf) = e AT
2m\/| M
- (1)k2— 7 ANl A TRV AN
x 3. (g + mQ)(nQ + mI) (g — n)im

hoi g 0 hlil Ik;l
k
F(h+12c+1)F(z+2J;- +1)

h+i+2j+2k
2

h+14+-254+2k42 :

PE)

Let r = \/z = /T2 + Q?, then z = r2, dz = 2rdr. Thus, we obtain the conditional pdf of

the channel envelope

e L7222 —mIQ—4r? i (—1)k2_j F(h+§+1)F(i+2j;k+1)
oy T
/| M i g =0 hlilglk! F(_h+z+212+2 12)

x(gI + mQ)h(nQ + ml)i(g — n) mPrhtit2it2ksl

Tr(r, t|Yg)

(1;) Conditional phase distribution. Let § = tan™! (—?), then

Prob(6 < ¢|Y¢) = Prob(tan™* (%) < ¢|Yy)

Ssee [16]
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— t
=/ . (2)¢ T QIY)IAQ

]. 1 trpar—1

- (z-z)" MY (z-Z) dIdQ

= e 2 .
/tan-l ($)<¢ 21,/| M|

Let
{I = pcosfh
Q = psinf’
then § < ¢, 0 < p < o0, |J| = p. Thus, we have

e~ 3 (@E—®)TMHa—3) pdfdp

Prob(6 < ¢|Y¢) = /om/oqS m}%

e e
0 Jo 2m/|M|

% e(gI-i—mQ)pcos Oe(nQ+mI)psin Oeggﬂ;ﬂ sin? 06—-mp2 sin # cos Opdedp

413" -mIQ ~(Ro=5)¢5" g dp,

oo réd 1
= e
/0 /0 27,/ M|

where
R= \/g— - g;nsin20—|—msin06030,
S = (91 + mQ) cosd + (nQ + mI)sind
B 2R '

Thus?,

¢ n 5
Prob(0 < ¢|v) = / 1I le_gf?_in_mIQeszde
0 2m/|M '

Thus, the conditional phase distribution is

' s? SR
FOIYg) = LESVTE -sP-30° T
4nR?,/| M|

6 o _Li. V2o ' +oo 1 ___-‘”_22.
Jo €27 de = %o, because [ To=s€ 2ldr =1
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A.6 Ricean Channel Model

A.6.1 State Space Representation

Let E[IE(t)] = rocos(wot + ¢p), then the Ricean state space channel model can be

represented as follows

X{(t) = X1(t) + 7o cos(wot -+ o) [(1)], (A.6.7)

where X;(t) is Rayleigh case, the parameters {rq,wq, ¢o} are given. Take the derivation to
(A.6.7), that is,

XE(t) = Xi(t) — rowo sin(wot + ¢o) [(1)}

= ArXy() + Brubn(t) — rowo sin(wot + ¢°>[3J

= A ( XE(t) — 7o cos(wot + ¢o) m) + B () — rowg sin(wot + éo) {(1)]

= A[Xf(t) -+ Bj’d)j(t) — Arro COS(Wot + ¢0) [é} — ToWo Sin(wot + ¢0) {é:l

) —7rowp SIn{wyt +
= ArXF(t) + Brig(t) + [ T:Zz OCOS(E,O% + ¢¢(§3) } '

Let E[QR(t)] = rosin(wgt + o), then as the same way of finding XF(t), we get

SR/ R . rowp cos(wot + do)

Ar 0]

A
Thus, define 4 = | 0 A

given by

0 B ], the state space representation of {y(t)}:>o is
Q -_

XE(t) = AXE(t)+ Los(t) + Bu(t)
y(t) = GE)XER)+ D()v(t)

where G(t) = s(t)C(t),
—Trowp sin{wot + ¢o)
row? cos(wot + ¢o)
rowp cos(wot + ¢g)
row? sin(wot + @o)

Los(t) =
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A.6.2 The Filter for the Ricean Channel Model

~Since the Ricean and Rayleigh have the following relationship

7o cos{wot + do)

or_ o 0
XT=X+ 7o sin{wot + ¢o)
0

Take the derivation to the above equation, we get

—row sin(wgt + ¢o)
X = X 0
o T Towp cos(wot + ¢g)
0

—rowp sin(wot + ¢o)

— -~ 0
= AX —
+K(y—GX)+ rowg cos(wot + o)
0
—rowp sin(wot + ¢o)
— - 0
= AX+K(GX +Dv—-GX)+ rowo cos(wot + o)
0
10 cos(wot + ¢o) 7o cos(wot + $o)
_ TR _ 0 R_ 0
o A(X To sin(wot + ¢0) ) + K(G(X To Sil’l(wot + ¢0) )
0 . 0
7o cos(wot + ¢o) —rowp sin{wot + ¢o)
+ Do - G(X ro sin{wot + ¢o) ) Towp cos{wot + ¢o)
0 0
= AX®+ K(GX"+ Dv - GX®)
- To COS(LL)()t + ¢0) —ToWo Sin(th + ¢0)
0 0
N 1o sin(wopt + ¢o) + Towo cos(wot + ¢o)
0 0

— AX® 4 Los(t) + K(y — GX®).
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A.7 Signal-to-Noise Ratio
A.7.1 White Gaussian Noise X(t) ~ N(0; Np)

(i) The definition of the power spectral density function” is

Sx(f) = F{Rx(r)}
= /oo Rx(m)e *"dr,

—00
where X(¢) is a continuous time WSS random process with mean my and autocorrelation

function Rx(7), which defined as follows

Rx(r) = EX@®X({E+7)]
= N()(S(T)

Especially, Rx(0) = E[X?(t)] = Ny. Thus, we have

Sx(f) = [ Rx(r)e*Fdr

oo .
= / Nob(r)e 327 dr

- NO:

which means that if X(¢) ~ N(0,0?), then the power spectral density of X (¢) is o2. Let the
bandpass additive noise (substitutes the user’s interference, but it is the worst case because

the user’s interference has band limit) is
v(t) = vr(t) cosw.t — vg(t) sinwet,

where {vr(t) }e>0, {vg(t) }1>0 are two iid white Gaussian noises with zero-mean and variance

N(). Then,

E[*(t)] = E[(vi(t) coswet — vg(t) sinw,t)?]
= E[v}(t)] cos® wet + E[v}(t)] sin® wet
)
= No.

(ii) Let (SN R;)4p be the transmitted signal-to-noise ratio in dB, E; be the transmitted

signal power. Then,
"see P404 of [15]
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1 (T
Et - T‘A | Stransmitted signal (t) |2 dt,

where T is the signaling interval; and

E
(SNRy)4p = 101og,, Ft
0
Thus,
E
=

which means if we have white Gaussian noise n ~ N(0, 1), then

E E; 1 0
—@mta:r—w n=uvr~N(O0,No), R=—mryg [
10710 00

0 1

|

91

(iii) Let (SN R, )4p be the received signal-to-noise ratio in dB, E, be the noiseless received

signal power. Then,

E_i/ng () | dt
r = Ts 0 received signal .

Thus,
E,

(SNRrygp
10710

NO =
which means the additive noises are
o] = oot
vQ 1055 [ ne |’
where {ny(t)}:>0 ~ N(0;1), L = I,Q. And the covariance matrix is

E, 1 0
-

(SNRr)gp
0 10

A.7.2 The Noise Power

By the definition, the average noise power is
_ 1 T 2
B, = B[ [ D)) | dt
1 (T
= = /O D@)Ev(t)o!" (£)| D' (£)dt
_ L Evi(t)]
- 7/ o]

]
0 E[UQ(t)]
= N,.
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A.7.3 The Rayleigh Channel Received Signal Power

By the definition, we have
1 T,
By = TE{/O | G)X(t) |? dt}
- T / [ X(t) [ }dt
=7 /0 S()CHE[X (&)X (£)|C* (t)dt
ls Ts
= _f/() 52(15) (E[XHXZ] COSQ(wct) —}-E[XQng‘l] Sinz(wct))dt
Ts
= % /0 s*(t) B[ Xy, X{T|dt
1 Ts
= T /0 2 ()71 (t)dt.

aJJy al-OIf {s(f)}t>0 is a narrow band signal, and hence without loss of generality

assumed to be s(t) = 1, by performing the above integration, we get

2¢°01 — 204 — B3 — Ba e~ %enTs | g,

E,
4Cw, T
2Cﬂ1v 1— (% + 2044 28205 + (03 + o — o + Bs
4¢w, T
+ $Ba — CPBs — 2005 — 201v/1 — (2 cos (an 11— Csz)e"%“’”Ts
4w, T,
2\/1 — (%0 + \/Lil —T2ﬁ3 ++/1=C26, sin (an 1— CZTS)e—QC“’"TS,
w'n, S
where v(0) = E[X(0) X" (0)],
W, sz Wn+Y2
G = (722(2?;}1{52( _ 4wg\k/21_cz)’ By = 712(0)¢ :223112(22))4 +y 2(0)’
Bz = m1(0), s = 4—@%7
2
Ps = 4w2(llc—c2)’ Pe = Zg’z‘

A.7.4 The Ricean Channel Received Signal Power

Let s(t) = 1, then we have, by the definition,

E} =

r

—%—E{ / C L GOX) + COhy(e) | dt
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- 7| | lc0x6 + con P a
= i/o SQ(t)C(t)E[X(t)XtT(t)]Ctr(t)dt+%:/()Ts 32(t)C’(t)E[hs(t)hiT(t)]Ctr(t)dt

= Tis /OTs fyll(t)dt + 7_1_"_8 /OTs C(t)E[hs(t)hir(t)] Ctr(t)dt

= FE, +los,
where
1o cos(wot + ¢p)
0
hs(t )
() o sin(wot + ¢o) |’
0

ws:T/ C(t)E[H,(t)HY (8)]| C" (t)dt

= & / ro 2 cos?(wet) cos? (wot + ¢o) — 275 sin(w,t) cos(wet)
s J0

x sin(wot 4 ¢o) cos(wot + do) + o sin?(wt) sin®(wot + <Z>o))dt

e [T 4
= 'j:,; A Ccos (wct + wot + ¢o)dt
13, rosin (2w +wo)T + do)
2 4 we + wo)Ts '

A.7.5 The Multipath Received Signal Power

E Ll ™ 156, P
s—~'ﬁn‘[/0 |;ii|dt:|
1 T 6 6
- T_/O E[(ZGiXi)(ZGij)}dt
m i=1 =1
— L/TME[ ’ G_X.XtrGtr dt+_:l_/TmE[ 26: G.X,Xt'rGtr]dt
= Tmo ; gL Ny 1,] TmO = iGN 5 3 .
i#£]
Since
2
s@—mdwww={§““ 2l 1<ig<e
Then,

1

T 6
B, = T—E[/O !;GiXi 2 at]

m
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[um—ry

Tm
= | B ZGXX“‘G” Jdt + -—/ ’]Zl G X XY GY)dt

1#]

3

T 6
/0 > GE[X.X!) Gt

i

[~

T,

3
I

(=]

/T Y5t —m) (75 + diy)dt.

0

=

-

[y
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