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ABSTRACT. -

The characteristic- m-sequences over GF(g) with q=2S are
discussed in this thesis. Relevant finite field theory is
first quoted, then general aspects of cyclic codes "and m-

sequences are briefly introduced. The factoring of Binary

‘K\Prgmitive irreducible polynomials over GF(g) . is discussed\\'

and illustrated by some examples. By using one of these g-
nary primitive irreducible factors, . characteristic m-
seguences over GF{(g) c¢an be generated methodically. This is

! " Theorems are derived with

illustrated with'sgmé.examples.
“respect to the special case of GF(g®). Properties of these
g-nary characteristic m-segquences are then observed 'and
finally discussions on their wunique error-correcting
capability and majorit}_,iogid :décodable capability are..

included.
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*Chapter I

'INTRODUCTION

1.1 HISTORICAL DESCRIPTION OF CYCLIC CODES AND M-SEQUENCES

In the mid-1940's, N. Wiener, ' C.E. Shannon and R.M. Fano

were among the pioneers who initiated the science of

statistical communication theory. Error-correcting codes

were-fir§t examined by R. Hamming[bl, with major specific
contributions by I.S. Reed, D.E. Muller, M. Golay, and
others. They were finally systemajized by D. Slepian [18] in
1954. Cyclic codes were first studied by Prange[l6] in
1957. The discovery of BCH codes by Hocquenghem in 1859 and

independently by Bose and Chaudhuri in 1960, had important

subsequent contributions on random “error-correcting codes.

The BCH codes are cyclic codes. They were first defined in

binary symbols and then were generalized to codes 1in pm
symbols (where ©p is any prime and m is any positive
integer) by Gorenstein and Zierler [21] in 1960. Cyclic
codes are attractive for two reasons: first, encoding and
syndrome calculation of a cyclic code can be implemented
easily by employing simple shift registers with -feéaback
connections; secondly, because of their considerable
inherent algebraic structure, it is possible to find simple

and efficient decoding methods.

.
L
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Maximum-length-sequence codes. (often called ﬁ—sequences
ané will be hereafter) comprise one important subset of
cyclic codes. Binary m-sequences were well investigated in
the 1960's and some resulté on their structuradl properties,
methods of generation, correlafion prope;ties, decoding
procedures, énd applications to various electronic systems
were obtained. The majority logic decodiné is.an effective
decoding scheme for certain ;lassgs of cyclic codes such as

m-sequences. The £first majority logic ﬁecpding algorithm

was devised in 1954 by I.S. Reed[17] for a class of multiple

error-correcting codes discovered by D.E. Muller. Reed's

algorithm was later extended and generalized by many coding
investigators. The first unified formulation of majority
logic decodihg algorithms was due to J.L. Massey[12] in
1963.1 It is well known that all binary m-sequences are one-
step majority logic decodable.

1.2 APPLICATIONS OF M-SEQUENCES AND A BRIEF SUMMARY OF THE

THESIS

Binary m-seguences héve been used extensively in many
communication ;ystems [51[7]1[19] Dbecause of their unique
algebraic structure and simple method of generation using
shift régister. By definition, biﬁary m-sequénces ai? the
longest sequences »thatﬁcan be generated by ar given shift
;egister or a delay element of a given length. Binary m-

sequences are used in communications and ranging as well as
5

iy
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spread spectrum systems. Other codes can do no better than
equal their performance. Therefore it is proper that they

and some of their applications be given adequate qxposure._'

Theif first application is as a source of random numbers.:
Certain- computer simulations-and other applicatiohs require
a program to behave p;obabilistically, and the probabilistdb‘
behavior usually is produced by selecting a randoem number.
The successive digits produced by some linear maﬁimél
feedback - shift registers, the m-sequences, satisfy the
specifications for the random numbers, and therefore they
have been used in random number génerator subroutines. In
many communiCation systems where randém numbers qare
required, m-éequences are used. They-are also used 'ir
applications of .difect sequences and frequency hopping in

spread spectrum systems.

The second applicatien of long m-sequences is~ for
security in data transmission systems where the data is of a
sensitive nature. A message must be sent from fhe segéer to
regeiver, but it is possible an eavesdropper may listen to

all messages during transmissions. It is the purpose to

find a simp;e cryptographic system to encode messages
between sender and receiver, so that the eavesdropper will
not understand what he has heard. Yet it 1is required that
the encoding and decoding operations of the message be

relatively simple. Indeed the cryptographic systems ﬁave.
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been.stimulated by diplomatic and military needs. . Of late,
aata communications of a non-military nature have grown
substantially, and with it has grown the need for protecting
data from unauthorized access. Figure 1.1 shows a crude

"block diagram of a secure- communication system where m-

sequences are used.

& sender : ' receiver
. + + .
input >(+) (1) soutput
sequence _ ' sequence
—
m-seguences - m-Sequences
generator generator

Fig. 1.1: A secure communication system based on an m—-
sequence. /-
hS
\‘

&

In such .systems, the sender adds an m-seguence to the data
before transmission, and the receiver subtracts the same m-
sequence from the received sequence. The decoded sequence
then is identical to the original transmitted data, but an
uninformed observer receives the sum sequeﬁ@é which appears
to be quite random because of the nature of m-seqguences.
Without knowing the m-seguence used the observer cannot
decode the data. Thus the data transmission system 1is

secure from casual eavesdroppers.
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The third application of m-sequences is to radar ranging
systems. A pulse train (or continuous-_waﬁe) transmitted
from the _radar to a distant body such as the moon.or a
planet, and the signal reflected from the body'returns.to

the receiver on earth sometime later. Since the pulse

_ train travels at a known speed (the speed of lighi), one can

compute the distance of the body from the earth by measuring
the time delay Dbetween pul;e transmission and pulse
reception. In environments with extreme background noise, a
shift register modulated pulse train, wusing an m-sequence,
has the property that its autocorrelation function is
recoverable despite a 'noise—to-signal excess of many
decibels. In pfactice, for example, the Venus ranging
experiment of M.I.T.'s Linceoln Laboratory in 1959 and 1961
employed an m-sequence of length 2!°-1=8191 tc determine
whether to  transmit 'pulse' or 'ho pulse' in consecutive

time intervals.

There has been much research done on binary m-seguences

and as mentioned above, they are widely used 1in many
communication systems. However, for a sophisticated
communication ., system, one would 1like to reduce the

transmission bandwidth of a sequence, . or a signal, by
reducing the,.number of bits required to transmit such a
seguence. Thus one can accomodate more signals at once.
Consider the g-nary m-seguences, where there are q=2S levels

instead of two levels as 1in the binary case. One: can
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transmit g-nary m-sequences with length per unit time s

times larger than transmitting binary - m-seguences.

Consequéntly, the bandwidth required'to&transmf; g-nary m-
seguences 1is coﬁpressed by a factor of s. It is useful
when bandwidth limitation is takﬁng into account and also
when one wants to transmié more signals through the same
chanﬁel. All binary m-Seuences are one-step mdéority logic
decodable; it is important because majority logic decoding

scheme has been well established. However,.it is found that

not all g-nary m-sequences are one-step majority decodable

‘but all g-nary characteristic m-segquences [20] {(will be

abbreviated c-m-sequences hereafter)  are.  Therefore,
st dles of g-nary c-m-seguences are given in this thesis.
Furthermore, when information is in the form of non-binary
basis, or when errors occur in bursts, it is more efficient

"

to use g-nary codes.

Basic finite field theory and concepts of minimal
polynomials are'quoted as a basis for this thesis in Chapter
II. General aspects of cyclic codes and m-sequences ére
introduced and@ properties of binarj m-sequences are
digcussed.  Added .also aré definitions of weight, distance
and error-correcting capability of a code sequence. Chaptér
I1II, IV and V are‘the main concern of the thesis. Chapter
111 gives the method of factoring binary primitive

irreducible polynomials over GF(g), where q=25. Genéral

approach 1is first introduced and followed by some
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illustrations. Tabulated _results _ are listed for
factoriiations of different degrees ;f binarf primitive
irreducible polynomials and/or of different Galois fields.
A theorem 1is derived with respect to the GF(g®) case and
proof of this theorem is provided. Chapter IV  deals with
the construction of c¢-m~sequences over GF(q). By using one
primitive irreducible factor bver GF{g) obtained from
Chapter III as the logic provided for GF{(g), c-m-sequences
can be constructed methodically over GF(g) ~by using simple
linear feedback shift registérs. A table is provided fof
cdﬁstructing various lengths of c-m-sequences over different
Galois fields. Another theorem is derived with respect to
the GF{g®) case. In Chapter V, general aspects of g-nary c-
m-sequences are observed and discussed. The- propérties of
such sequences are discussed first, they are indeed the
generélized properties of binary m-seguences, then their
importance on error-correcting and majorixy logic decodable
capabilities. Finally, conclusions upon these c-m-segquences

over GF(qg) are given in Chapter VI. *



Chapter II
REVIEW OF CYCLIC CODES AND M-SEQUENCES

There are many , good réferences -on cyclic codes and m-
sequences, such as Peterson & Welden[l14], S. Lin[l01],
Berlekamp[2], Clark[4], Pless[15], Gallager[6], MacWilliams '
& Sloane[l1l], McEliece[13], and Golomb[8]. By using these
as a basis, general aspects of cyclic codes and m-sequences

are given in this chapter.

2.1 GALQIS FIELD AND MINIMAL POLYNOMIAL t

Since algebraic structurel[l] has been _the basis of the
most known codes such as cyclic codes as well as m-
seguences, it is essential to introduce first the finite

field theory. i N\

A field is a set of elements closed under two the
operations of 'addition' {(denoted by +) and 'multiplication’
(denoted by *), and containing additive and multiplicative
identity element denoted by '0' and 'l' respectively. The
addition and multiplication are associative and commutative.
For arbitrary field elements a, b and ¢, the distributive

L

law of multiplication over addition holds, i.e., a * (b + ¢)
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=a *b +a *c.o Every field element a has a unique

additive inverse denoted -a such that a+(-a)=0.- Every
‘ S . v - .

nonzero element a has a unique multiplicative inverse

" denoted 1/a such that a*(l/a)=1.

The order of a figld;‘is-the numbér of elements in the
f;eld. If the order is a finité number g, it 1is caliéd a
finite field or a Galois Field and is designated GF(q). .For

‘example, when g£2, GF(2)={O,%}. The field is called the

Galois field of two eleﬁents.or simply a binary field..
Finite fields exist only when the number of elements is a
prime number or a power of° a prime Bumber, the former are
called prime or gound fields, while the latter are called
extension fieldg over the prime fields. Any two finite
fields of the same order are isomorphic, i.e., Galois fields

1 of a given order are essentially unigue.

In coding theory, a code word or a code vector is usually

expressed in polynomial form. A polynomial

f(x) = fnxn +fn_1xn_l+...+ f1x +£q (2.1.1)

“ever GF(g) with degree n, fn¢0, is said to be monic if
& *
fn=1. The reciprocal polynomial of f(x), denoted by f (x),

is dgfined as

£*¥(x) = x® £(x7h) . . (2.1.2)
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A polynomial f(x) is said to be. irreducible over GF(g)  if .
£(x) cannot be factored using only elements from GF(q).- The -
same poiyﬁomial, ﬁowever, can always have roots in an
exténsion field. Any monic polynomial can be uhiquely
factored into monic irreducible polynomials aﬁef GF(g). A
polynémial f{x) over GF(é), of degree n, 1is said to have

exponent e if it divides 1-x% and not any other 1-x® for

. ¢ :
any}?e'<e; and f(x) has at most n roots 1in any field
\’__,

containing GF(q}. _ ‘

I1f a field contains an element @ , the least positive

integer r for which a®=1 is called the order of a . The

order of an element & is also the number of distinct powers

of this element. (The order of 0 is undefined or sometimes
referred.to as - «.) For example, let q=é, and @ be an

element of GF(g}, @ #0 or 1, then

GF(8) =(0,1,a,e%,a%,¢%,05,0%

(2.1.3)
and ¢7=1. " If @ has an order r then ar;l iff r' is a
multiple of':, In a field of order q, ‘¢ 1is a primitive

~

field element "iff the order of @ is g-1. A finite £field of
order g must contain a primitive field element whose order
is g-1 and whose powers include all nonzero field

elements. ]

. In general, if ¢ is a primitive element of GF(pm) where p

is a prime and m is any positive integer, -an irreducible

#
LY

~ . T ' -
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polynomial p(x) of degree m which has @ as a root is

called a primitive polynomial.

Consider a prime field GF(p) and an extension £field
GFfﬁm), and let o be any element of the extension field.
The monic .polynomial m{x} of smallest degree with
coefficients in GF(p) such that m(a)=0 is called the
minimal polynomial orlminimum function of «. The minimum
function m(x) of any element is irreducible over GF(p).
4 ,ap have the same minimal polynomial. Every element of
an exten;ion field of dggree m over GF(p) has a minimum

function of degree m or less. The minimal polynomial of a

primitive element of GF(pm) has degree m.

It is necessary to introduce the concept of cyclotomic
cosets now. If ¢ is an element of GF(gn), o and a® have
the same minimal polynomial in GF(p). It leads to the fact
that the powers of a fall into disjoint sets wsich are

called cyclotomic cosets.

A cyclotomic coset Cg containing s as the smallest

m)’

element in this set, over GF(p is defined as

CS ='{Sl pl’ st "ae 9y pj_l} ] (2-\1.4)

where Py = ! P;_q S ) mod.q:

(2.1.5)

and j is the smallest positive integer such that .
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[

(pﬁ s) mdn = s . (2.1.6).

-

Therefore j=m-1 and_pj=pm_l=s. (Recéll that a modulo b =

residue after dividing a by b.) -

The subscript s, which is the smallest element in the

coset, is called the coset leader.

" For example, let p=2 and m=%, the cyclotomic cosets

modulo n=15 are as the following:

¢, = {1, 2, 4, 8} oy
c3 = {3, 6, 12, 9} (2.1.7)
_Cg = {5, 10}

C? = {7, 14, 13, 11} .

Each Foset leader S has a -corresponding minimal
polynomial ms(x) for which qse GF(pm }. There are various
methods to calculate ms(x) such as the method given by
Berlekamp[Z]. However, .there are also tables of binary
irreducible polynomials available. Peterson & Weldon [14,
Appendix C] have an extensive table of binary irreducible
polynomials of degreeé up to 34, For example, when p=2 énd
m=4, corresponding to GF{(2¢), information obtained from the

table is,

DEGREE & 1 23F 3 37D 5 07
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The first entry 'l' corresponds to the coset leader 'l', it
means that a is a root of the polynoﬁial, by converting ﬁhe
following entry '23' to binary : digits 010 011, the
polynomial_can be written as ml(x)=l+x+x‘.- ) The letter 'F'
which® follows '23' means that the corresponding minimal
polynomial ml(x) is a primitive @polynomial; since & 1is a
root of ml(x), 1+ af a*=0 , tﬁis can be used AS the logic to
generate GF(2+). A detailed description of the meanjings of
different letters is given ig Peterson 7& Weldon [14].
Considgr now the next entry '3', which méahs that ¢® is a
root; -then the-entry '37' can be converted into binary form
as 011 111, therefore the.corresponding minimal polynomial
is m3(x)=l+x+x=+x’+x‘. The letter 'D' means that the

roots of m3(x) are linearly independent. The next entry '5'

means that ¢® is a root; '07' in binary form is 000 111, it

follows that ms(x)=1+x+x=. By examining (2.1.7), there

should be one more minimal polynomial, m7(x), w%th o’ as a
root. Since there is no more information given from the
table, it can be concluded that the corresponding polynomial
m7fx) must be a reciprocal of one of the polynomials ml(x),
my{x) or ms(x). " In order to find out which polynomial 1is
the reciprocal polynomial of m,(x), a~7" and e=1% are

calculated,
a~7 = ql577 = o8

a=l4 = 15724 = 4

-
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The result implies that m7(x) is the reciprocal of ml(x), or

m7(x)=ml*(x)=l+x9+x‘.

Therefore, Table 2.1 is formed and

N

it gives all minimal polynomials in GF(2*).

.

/ i : :
Elements - Corresponding Minimal Polynomials
1
p
{0} 1 m_ (x)=x
{1} - my (x)=1+x
{CI r Gzlr Gk r Cf.s } . ml (X)=I+X+x"
{a?, b,al2, a9} m . (x)=l+x+x2+x3+x*
{a5,20} mg (x)}=l+x+x?
aralt 13, o211} m (x)=1+x°+x‘=m1*(x)_

Table 2.1: Minimal

defined by l+a +a“=0.

The

polynomials

exponent e to which the
belongs, is given by
2™ -1
e = — r

gep (2@-1, )

of elements 1in GF(2*)
minimum function nﬁ(x)
(2.1.8)
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where GCD(a,b) denotes the greatest common divisor of a and
b. If GCD{(a,b)=1, & and b are said to be relatively prime,
gn.equétion‘(z.l.a), if Gep(2" -1,j)=1, the corresponé&ng
éi(X) 'is a primitive polynomial of degree m and mj(x) has
the highest exponent 2m_-l. The number of binary
polynomia}s of dég:ee m which have the highest exponent

2™ -1 is given by,

- T (2%-1) .

o(m) = —— o | (2.1.9)

: m
where ¢(2 =-1) is the Euler number of 2" -1, the number of

positive  integers that are relatively prime to and less than
m ~
2 -1l

m . .
xF -x is the . product of all monic polynomials

irreducible over GF(p) whose degrees divide m. For example,

-~

in the case of p=2 and m=4, S .
x*¢ — x =x(1+x){1l+x+x*¢) (l+x+x3+x3+x*)
(1ox+x?) (1+x2+x*) . (2.1.10)

. . . . n
This 1s an lmportant properﬂ} because factoring x -1 where

m .. . .
n=p -1, is important for constructing cyclic codes.

v
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2.2 GENERAL ASPECTS OF CYCLIC CODES AND M-SEQUENCES

an {n,k) cyclic code C over GF(g)} 1is a linear code with
- . . ‘0 ‘ .
the special property that any cyclic shift of a code word 1is

another code word. That is, if an n-tuple

v =(v (2.2.1)

O'il'VZ' v 'vn—l)v*
is a code vector of C, the n-tuple obtained by shifting V by
"i' places cyclically,

(1) (2.2.2)

VI =V eV g4l e Vi1V o0 e Vi)
is also a code vector. 1In polynomial representation,
V(X)=v +v. X +v x2 +...+v xpl (2.2.3)
‘ 0 l 2 .. n-l * ' .
(1) . Ci
and v (Xy=v _+v | X+...+v x* ltv x*
n-i n-i+l n-1 -0
i+l n-1 |
AL SRR ANPNET S (2.2.4)

An (n,k) cyclic code can be completely speéified by one
polynomial g(X) of degree n-k and exponent n, which is known
as generafor polynomial of ﬁhe cyclic code. Every code
polynomial V(X) is a multiple of g(X), and every polynomial
of degree n-1’or less which is a multiple of g{X) must be a

code polynomizl.

*w

: n
The generator polynomial g(X) is a factor of X -1, that
is, -

x" -1=g(X)h(X) , . (2.2.5)

rd
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which implies that if g(X) is a polynomial of degree n-k and
is a factor of xn -1, then g(X), generates an (n,k) cyclic

code. The polynomial h(X) is kgown as the parity check or

recursion polynbmial'ang‘hés degree k.

By using the procedures mentioned in last section, all

. n .
factors of X -1 can be obtained for various n. For example;

‘when m=4, n=2*-1=15, and from eguation (2.1.10), X33+l can

be factored as o B

X1s+1=(1+K) (1+X+X*) (1+X+K2+X3+K*)

(2.2.6)

(1+x+Xf)(l+x=+x‘) .

— .
The generator polynomial must contain at least one of these

minimal polynomials  which has the highest exponent n,
implying that g(X) also has exponent n. If I(X) denotes the

k-bit information polynomial,

+i. X+ X2+, .+ xk"l,_ (2.2.7)

I(X)=10 1 5 K1

then the encoding of I{(X) into the corresponding code
polynomial V(%) is given byﬂ
. ) l n . )
V(X)=g(Z)I(X) mod (X +1) . {2.2.8)
Cyclic codes are most easily implemented with shift
register devices. The .cyclic code properties and the

property that each c¢ode polynomial is a multiple of the

generator polynomial, minimizes the storage facilities for

the encoding dictionary. A k-stage shift register is a
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“device consisting of Tk consecutive memory .cellé; The
contéht of each cell shifts to the next cell in time to the
regular beat of-é‘clock or by means of other timing device.
According to the parity ‘check polynomial h(x), which is’
given by (2.2.5) if the generator polyrnomial is specified,
suitable feedback function can be fed Sack into the leftmost
cell of the shift register assumipg the shifting direction
is from left tq,right. Figure 2.1 shows a block diagram of
suéh a-shift register device wifh feedback‘mechanism, where

mc's denote memory cells and the number of mc's increases .

. : ' - output -
__54 mey | mep_ o | --- me, - | meg >

sequence

Feedback Function

Fig. 2.1: A block diagram of shift register device with

feedback connection.

from right to left.

An (n,k) cyclic code is completely specified by its
generator polynomial g(X), which is a factor of X +1.
According to equation (2.2.5), let the polynomial h(X) with

aegree k be
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h(E)2hy +h) X+h, X*+ ... +h X, (2.2.9)
= = - 4 2 Cgn-1
where hp=1 and h =1. Let V(X)_Y0+V13+vzx +...+vn_lxn be
a code polynomial, it can be shown [10] that
L] . Y -

v . El h, v ., . for lsgjsn-k . (2.2.10)
n-k-j 4i=0 1 n-i-)

Given the k information digits, equation (2.2.10) 3is a rule
to determine the " n-k parity check digits of the code

polynomial V(X).  Thus, the (n,k} cyclic code generated by

' g{X) is also completely specified by h(x)=(Z"+1)/g(X).

The encoding procedures of an (n,k) cyciic code by using_
a shift register device with feedback function defined by
the parity check polynemial h(X) are illustrated by an
example. The. (7,4) Hamming code is chosen.- It is easy to
obtain all factors of X’+1 by same approach which was

discussed in last section,

X7 +1=(E+1) (X*+X+1) (R2+X*+1) . (2.2.11)

It is desired to have g(X)=X*+X+1, thus g(X) has exponent

7. From 49.2.5), h(x) can be determined as

h{(X)=(X7+1)/(X*+X+1) =X*+X3+X+1. . (2.2.12)

The shift register device shown in Figure 2.2 can be used
for encoding the (7,4) Hamming code defined by (2.2.12). At

first, the initial infomation bits (a2 4-tuple) are loaded on
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the shift register, and after four shifts the information .-
bits are stored in the register. Since the "inputs to the
binary adder correspond to the nonzero terms of h{(X), its
output is the first parity check bit. On the fifth shift
this—digit is entered in the leftmost stage of the register
and the first information bit is shifted out. .Bécause the
code is cyclic, the second parity check digit ;s the sum of
the digits.in the same positions relative to 1itself as the
first parity check digit. The third parity check digit is
calculated in the similar manner. In orde;=>to illustrate
these operations, let an initial information 4¢-tuple
(1,1,0,1) be loaded on the shiff register, and the

scorresponding c¢lock beat as '1'. Table 2.2 shows the
contents of the. shift register corresponding to each clock

beat.

The output  segquence, wvhich corresponds to the
rightmost digit of each clock beat, is found to be 1101001,
with the sequence repeating itself after the seventh shift.
This is a practical method to generate a binary linear (n, k)
cyclic code. Therefore with an initial k-tuple

(1 ) loaded on the k-stage shift register and

0rirn cor ikl
with a feedback function defined by the parity check
polynomial h(X), an n-tuple code word (vo,vl} . 'Vn-l) can
be generated. The first k bits are 'the'infoémation bits
which remain unaltered while the last n-k bits are the

parity check bits. , N



output

v, v. < q .
3+3 sz I+l J sequence

Fig. 2.2: A 4-stage shift register for encoding the (7,4)

code defined by h(X)=X+¢+X2+X+1.

<4

Time (Vj+3;vj+é'vj+l'vj)

1 \ 1011 ‘

2 0101

3 0010

- 4 1001

5 1100

6 1110

7 0111
8 o —1 0-1-1_ ST

9 0101

(repeating)

Table 2.2: Contents of shift register of Figure 2.2
with@initial cepdition (1,0,1,1).

*
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From eguation (2.2.8), a code word can be generated by
the corresponding generator polynomial g(X). However, from
(E.Z.iO) and the shift register scﬁeme mentioned above, a
code word can also be constructed by the parity check
polynomial h(X}. In order to avoid ambiguity, in ‘this
thesis, if a code word V(X) is said to be generated by g(ZX},
egquation (2.2.8) is applied; if v(X) is said to Be generated
{or constructed)- by h(X), it means that the feedback
connection of a shift register device, which is used to
construct V(X), is determined by the parity check polynomial
h{X).

. 2 n-1
In general, if a code word V(X)=v +v E+v X +...+v X

1s generated by tﬁg generator polynomial g(X), then the
. . ' _ n-1

reciprocal polynomial of V(X}, V*(Z)=v__j+v _,X+...+v X

is generated by the reciprocal polynomial of g(X), g*(X).

It is true also for the case of the parity check polynomialj;

if v(X) 1is generated by h(X}, then V*(X) 1is generated by

h*(X), the reciprocal polynomial of h{(X).

The (Hamming) weight of an n-tuple V, w{V), 1is defined
as‘the number of nonzero components of V, The (Hamming)
distance between two n-tuples’'U and Vv, d4(U,V), is defined as
the number of components 1in which they differ. It 1is

obvious that under the modulo-2 addition for binary linear
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codes, d(u,v)=w(U,V). Given a linear code, the distance
between all possible pairs can be-calculated. The smallest

distance is calledfthe minimum distance of that code, which

is denoted as in® In general, a code with minimum
B s .
distaﬂEE‘dm{SM;,s error-correcting capability

- e={(a ;,"11/21 , (2.2.13)

where [(dmin—l)/z] denotes the largest integer no greater

than (d . -1)/2. Minimum distance of a code 1is a very
min ) -

important factor because it determines the error-correcting

capability of that code. ‘
Consider now an important subsef of the cyciic, codes,
known as the maximum-length—sequencé codes, or simply the m-
sequences. They have a rumber of uses in many communication
systems. M-sequences are, by definition, the longest codes
that can be generated by a given shift register or a delay
element of a given length. An. m-sequence of length qk-l is
a sequence of elements of GF(q) that appears in ,a given
stage of a k-stage primitive shift register over Gg%qJ as it
cycles through the nonzero states on its maximum-length
cycle. In order to construct an m—sequence, a primitive
polynomial h(xY is used as the parity check polynomial, and
it determines the feedbapk connection of the k-stage shift
register. The maximum pé}iod possible for a linear feedback

shift register of k-stages 1is qk—l. The sequence will start

repeating as soon as the vector stored in the shift register
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repeats. Therefore there must.be a distinct vector in the
shift register #or each element in one period of the
sequence. Let h(X) -be the polynomial of degree k
corresponding to the feedback connection of a k-stage shift
register device;  if h(X) is a primitive polynmi'al, the
period of the sequence \is exactly,qk—l. The set of all
possible output sequences of such a register has dimension
k, and therefore there are qk‘ such. outputs with one
sequence consisting totally of 0's. In the set of all k-

component vectors, every field element appears in 1/qg of the

kq positions, that is, in qu_l positions. If the 0 vector
k-1

-1) times. Every nonzero
k-1

is omitted, 0 appears only kig
element app;ars’in one period of an m-sequence g times,
and 0 appéars qk-l -1 times. This coméietely determines the
distance structure of m-sequences. . In the binary case where -
q=2 and k=m, the maximum period or length of binary m-
sequences génerated by a2 binary primitive polynomial h(x)
with degree m is ™1, It has been described in last
section that the minimal polynomial of\é_ primitive element
used in defining G?(Zm) is a primitive polynomial of degree
m and with exponent n=2T-1. Hence with the minimal

b1t
polynomial of a primitive .element of GF(2 ), m-sequences

-over GF(2) can be generated.
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2.3- PROPERTIES OF BINARY M-SEQUENCES

Binary m-seguences have been studied very ;extensively
[53[14][8] and they have many unigue properties, each of
these properties ‘especially useful in communication -or
ranging, as well as spread spectrum systems. Properfies
held by all binarx m-sequences generated by a primitive

polynomial h(x) with degree m, are briefly these:

Pl: The number of ones in an m-sequence eguals the number
-of zeros within one bit. This 1is known as the balance
property of binary m-sequences. When modulating a
carrier with a code sequence, one-zero balance c¢an

. limit the degree of carrier suppression ~obtainable
because carrier suppression depends on the symmetry of
the modulating signal. Therefore the longer the code
sequence, the less the effect of the code seguence on

carrier balance.

3

P2: The statistical distribution of ones and zeros is well
defined and always the same. If a run i; defined as a
series of ones or zeros grouped consecutively in a
seguence; among the runs of ones and zeros in each
‘period of an-m-sequence, one half of the runs of each
kind are of length one, one quarter of each kind are of
length two, one eighth of each kind are of leﬁgth

three, and so on as long as these fractions give
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meaningful numbers of runs. That is, the number of
runs of ;ach‘ length is a decreasing power of 2 as the
run length increases. Wheﬁ.the number of stages, m, of
an m-sequence 1is large, the sequence itself exhibits
excellent randomness propérties. It has been used in
applications requiring random number generation and

also in applications of spread spectrum systems which:

require pseudorandom binary segquences.

If a period of the-sequencé is compared, term by term,.
with any c¢yclic shift of 1itself, the ‘number of -
agreements differs from the number of disagreements by
at most one. This is referred to as the-correlation
property of binary m-sequences. The auto-correlation

function of binary m-sequences of length n=2"-1 is

given by

1, j=0

8(3) = { (2.3.1)
. .M

-1/n , 1£j<2 -1 .

-

This 1s the best possible auto-correlation function of
any binary seguence of length n=2™-1, in the sense of

minimizing max 8(j).
0<j<n

Binary m-sequences possess another valuable property.

A modulo-2 addition of an m-sequence with a phase

-
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shifted replica of itself results in another replica
‘ 1

with a 'phase shift different from either of the

eriginals. ¢

In a binary m-sequence of length n=ém-l, every m
consecutive elements form. a unigue m-tuple, each m-
tuple appearing exactly once. (The all 0'§ m—-sequence
is not counted.) "The m-tuples may be employed to
gontrol a processor such és a frequency'syn;hesizer or

a Monte Carlo test generator. -

The weight of the pon%ero code word V(X) 1in any binary
m-sequence of length n=2"-1 is given by

(vix)| =2 % =(n+1)/2 . (2.3.2)

»
If N(w) . denotes the number of sequences which have
weight w, the weight distribution of binary m-sequences

is

N(0)=1 : .
} (2.3.3)

n+l
N(—-z—' }=n. -

Let Vl(X) be a binary m-sequence gf length n=£n—l and d
be a poéitive integer. Assume V; (X) is generated by
the minimal polynomial ml(x) of X #1. A code
polynomial Vd(X) is obtained by taking  every

(@ mod n)th bit of vl(x) is said to be a decimation by
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d of vl(x). va(x) has period n/GCD(n,d}, and is
generated by the polynomiai md(x) whose roots are the

dth powers of roots of ml(x). If GCD(n,d)=1, the code

'V, has length n and the decimation is called a proper

d
decimation in that case, Vd-is alsolan m-sequence.

»
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Chapter III

FACTORIZATION OF BINARY PRIMITIVE POLYNOMIAL
OVER GF{q)

In this chapter, methods of factoring binary prihitive
irreducible polynomials over GF(q=2s) are illustrated. At
first, the general approach of factoring binary primitive
irredOcible polynomials over GF(q) will be introduced.
Illustrations will be given for factoring polynomials with
different degrees over various Galois fields. Special
attention will be paid with respect to the GF(g®) case, for

which a special result will be derived.

3.1 GENERAL APPROACH

*

The methodical way that one uses for factoring binary
primitive polynomial over GF(q=25) employs the knowledge of
finite field theory and minimal polynomials. Which was

discussed earlier in Chapter Il1 for this purpose.

At -firsp éne needs to fina a binary primitive polynomial,
£f(x), which is a factor of x®+1, with degree m and exponent
n=2"-1. One then attempts to factor f(x) over GF(2S), where
s is any positive integer and s divides m. According to the
table of-binary irreducible polynomials provided by Peterson

& Weldon[l4,Appendix C], one chooses the first entry to

_29-
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calculate f£(x);
' polynomial ensuring that £(x)

Table 3.1 shows

polynomials,

which are

&

which implies

that f(x) .

obtained using the method

30

"is a primitive
has degree m and exponent n.

some of these binary  primitive irreducible

mentioned in Chapter II, 'for different values of m.

m n=2mfl £(x)

2 3 _‘i+x+x=

4 15 l+x+x*

6 63 l+x+x*

8 255 l+£‘+x°+x‘+r£
9 511 l4x*+x°

10 1023 I+x2+xte
12 4095 I+x+xs+xt+x??®

Table 3.1:

n=2"-1.

~
Binary primitive irreducible(r;;EEbrs_ef'xn+l,

with degree and ~exponent n, and
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For n=2nLl, the polynomial £(x) has degree m and can be:

expressed as

. - m-1 _
£lx) = x4E X THE X0 TH.llHfixtl (3.1.‘1)
where all coefficients are either 0 or 1. The next

operation is to factor f(x) over GF(g=2%).

Let be. a. priﬁitiVe element  of GF(g}, 1i.e., GF (g}
contains q elements and vy 1is ag elgment ofrorder g-1l. This
implies that the first gq-1 powers of y are distinct and
hence thét they include all nonzero field elements of GF(q).

Thus, with ¥ as- a primitive element, GF{g) can .be

- expressed as

GF(@ = {0;1,v,v2,v3, oo T2 T (3.1.2)
and ) .

I lag . o 3 . (3.1.3)
GF(g) 1is treated as the ground field.. The corresponding

extension field can then be expressed by assigning o« as a

primitive element of GF(qk), where k=m/s, as

|
~
o
[
-
4
-
24
Q
w
-
.
~
12}

GF () (3.1.4)

]
et
o
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Since o is the primiﬁive element of the extension field and
a is a root of f£(x), the logic provided for constructing the

corresponding extension field is given by’

£la) = 0 =

um = f m-1

m=2
m-1®  TE +...+E g+l . (3.1.6}

m-2% 1

Therefore every element of the extension field can be

expressed in terms of ___ these m basis elements:
l,a,az,a3,...,am_‘]:- .

The next step is to determine how many factors of f{x)

there are in GF(qg). Since £(x) has degree m and with ¢ as a

~ primitive element of 'GF(qk), where g=2% and  ks=m, ' this

implies that.there are s factors of f(x) over GF(g) and each
factor is with degree k. For "example, let f£f{(x) be a
primitive polynomial with degree m=6. -Therenare twe factors
of f£(x) over GF(4) and each factor 1is of degree three.
However, there are three factors of f(x) over GF(8) and each
factor is with degree two. Therefore, f(x) c¢an be written

in the fdrm of,
_f(x)=Fl(x)F2(x)F3(x)...Fs(x), (3.1.7)

where Fi(x)'s are polynomials with degree k,

F.(x)=f, +f x+f x2 +...+f x¥ . (3.1.8)

i ig il i2 ik '
‘for- 1<i<s and for all fij' 0sj<k. fij}s are first found
as combinations of powers of o , and then they are



manipulated as elements of GF{g).

binary primitive polynomial £(x}, a, a2, a®:

are among the m-roots of f(x). The

in each - factor of £(x) 1is k.

corresponding -roots in each f{pctor

33
Since « root of a
: 2@—1
..I, a

is a
a8
number of_roots contained

Table Ep.z shows the
of £(x). |

Fi(x) Roots of Fi(x)
2 qk—l
Fl(x) u,aq,aq r eei Q@ -
, 2 k-1
Fz(x) az,czq,azq r ees ,azq
—
k-1
F3(X) ‘4,a4q,c4Qé, .o ,m4q
i-1 i-1 i-1.2 i-1 k-1
2 2 a
Fi(x) 32 ,az q,a < r eee sQ =
- - 2
2, 3 .k m-1
2
Fs(x) aq/z,aq /2,uq /2, ‘e ,cq /2 =« )
’I
Table 3.2: The corresponding roots of each factor of a
binary primitive  irreducible polynomial £(x)

with degree m and eprnent n.

Now each of the factors in (3.1.7) can be expressed as,

”
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k-1
(x+a) (x+ad) (x+a ) ... (x+a¥ )

Fl(x)

2
F, (x) (x+32)(x+u2q)(x+c2q )...(x+32q )

2
Fy(x) = ety (x4a?d) (x40 )LL)

i-1, i=-1

2 )(x+a2 9y (x+a

Fi(x) = (x+o

: 2 3
F_(x) = (x+a%/2) (x+a¥ 72y (x+a¥ 73y ..

k-1 k
(x+a? /2 (x+ad /2y (3.1.9)

-

_Since one is factoring f(x) over GF(g), it is necessary to

find out the relationship between the primitive element of

G?(q), v, and the .primitive element of GF(qk),' a . From

equations (3.1.3) and (3.1.4),  the following can, be
obtained,
k ~
I toa®=1 (3.1.10)-
©

Y =¢e * (3.1.11)

s .. k .
Since g-1 divides g -1, one essentially has that

= &/ lal (3.1.12)
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After finding out the expression of y in terms of a,
.one simply needs to expand each of the factors of equatfon
(3.1.9) into polynomial form. One then has s polynomigls
and each polynomial is with degree k. The coefficients of
each polfnomial are_combinations of different powers of ¢&.
One can simplify these coefficienté, from the logic provided
by equation (3.1.6), to some combination of powers of «
which are less than m; that is, all coefficients are in the
. form of some combination of these basis elements of GF () :
1, 0, a2, a34e.4, a® L  For iarge m, one can manipulate the
expressions tactfully rather than writing down - all
expressions for all poweré of o ; which will be shown by

some examples in next section. .

As shown by equation (3.1.12), one can express__y in
terms of some powers of ¢ , and thus one can express all
elements in GF(g) in terms of some combinations of powers of

o, Taking a look back at polynomials F;(x)'s, one can

compare their coefficients (in the form of combinations of

powers of @« )} with the expressions of elements of GF(qg)
{also in the form of some powers of o ), these coefficients

can then be written by using elements from GF{(q).

As long as one finds put the first factor Fq(x) with
coefficients belonging to GF(g), it is not necessary to use

the same procedures for F ),F3(x),...,Fs(x). As can be

2
observed from eguation (3.1.9), all roots of F,(x) are

>

L
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double those roots in Fl(x); all roots of F3(x) are four -
times those foots of»Fl(x), and so forth. Let Fl(x) be of *

the feollowing form:

Fl(x) = (x+u1)(x+uz)...(x+ak) P (3.1.13)
then
2
Fo(x) = (xta”) (xtap?) ... (evay ?)
4 4
Fs(x) = (X+ap )} (x+e, )...(x+ak4)
: : . -
. : 511 ©ogi-lC oi-1
F.(x}) = (x+a, ) (x+a, )...(x+ak )
,s-1 58-1 ,5-1 D
Fs(x)=(x+ul ) (x+a, )...(x+uk ) .
(3.1.14)
.From basic algebra theory, if one expands each of the
factors in (3.1.14), the following can be obtained:
Fl(x)= xk+xkdl( I a )+xk_2( z c.ic,j)+ N
‘ i i i,j3 *
i%7.
k=3 L
X { T a.a.a )+...+ 0T a.
i,5.8 i%§"s ; 1t
ixixs
_ oJk, k-1 k-2
= X +X (a1+a2+...+ak)+x (a1a2+a1a3+...+ak*%ak)
ta..+ e
0.10‘.2 Gk
F(x)= 2 T 24a 2. .40 2)4x5 2 (o 2 24a 2o 2+...
2 1 2 k 1 2 13
2 42 2, 2 2 '
+ak_lak)+...+a1 az ce e Oy
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F.(x)= xk+xk_l(a Ypg %4...+0 l+)+xk—2(a by Mgy B %+...
3 1 .2 k 2 1 3
hoob 4 N
+ck_luk)+...+u u2 RN
s=-1. .s-1 s-1 s-1 s-1
F_(x}= .\'.k+xk“l(a 2 +u.2 -1-...+cr.k2 )-i-xk 2(a 2 ] 2
s 1 2 1 2
s=-1 s=-1 s-1 s-1 s-1
- 2 2 2 2 2
+"'+uk-l Gy ?+...+a1 32 el i

(3.1.15)

It is obvious that under the modulo-2 operation, all

coefficients of Fi(x)‘s have relationships as follow,

£ =(£ ¥ (3.1.16)
1
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Theréfore, once one_finﬁs the expression for F,(x) with
coefficients from GF(q),‘Fz(x), §3(x),'..., and Fsz) can be
obtained by simply using.equation (3.1.16) since fij's are
known. As can be observed from (3.1.15), the constant term
of the first factor F (x). 1is-the product of all its k

roots. From Table 3.2, this constant term can then be

expressed as,

I ai = a aq cq aq ees Q7
i

- cx(l+q+qz+c‘r3+...-i-crk"l}

_ L (1-g5)/(1-q)
- a(qk—l)/(q—l)

REVACSS

. (3.1.17)
—3 'Y R

Hence it can be concluded that the constant .term of the

.firsf factor Fl(x) always equals vy .

This 1is the general approach fer factoring binary
primitive irreducible polynomials into factors with
coefficients from GF(g). It requires certain manipulation
and when it comes to real examples, the calculations can be

simplified and thus become easier.
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3.2 SOME EXAMPLES

In this. section, examples are given to illustrate the
factoring of binary primitive irreducibleh polynomials over
GF(g}, with q=25. First, factoring l+x+x* over GF(4) with
length n=15 will be illustrated. Then in another example
with length_n=63r l+x+x* will be factored first over GF(4)
and then over GF(8) to indicat; the differences. The method
is the .same for all n and g. Therefore, the different
results of factors over various GF(g)}'s will be tabulated

rather than giving all calculation procedures.
’ €z

Example 3.2.1:
in the first example, m=4 and g=4 are chosen, that is

n=24=-1=15 and
(3.2.1}
g=2*=4.

From Table 3.1, one can write down a binary primitive
irreducible polynomial £(x) with degree 4 and exponent 15,

as ‘ ‘
fF(x)=1+x+x* ., _ {3.2.2)

Assuming vy 1is the primitive element of GF(4), and according

to equation (3.1.2), one has

GF(4)={0,1, ¥,Y%} , ¥3=-1. (3.2.3)
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One now wants to féctof f(x)=1+x+x* over GF(4), which is
referred to as the ground field. The corresponding
extension field GF(4k), where k=m/s=4/2=2, with_“ as the
primitive element, can be expressed by using eguation

(3.1.4) as,

GF(42)={0,1,e,c2,a3,...7al%} , (3.2.4)

and ald =1, Since « 1is a root of f£(x), from equation

(3.2.2), one has

f(c-)=l‘+a+qz+=0 =

Clk = g + 1 .' (3-2.5)

Equation (3.2.5) is the logic for generating GF(4%).

From eguation (3.1.7), there are s=2 factors of f(x)

over GF(4) and each factor has degree k=2. Hence,

fF(x)=l+x+x* =Fl(x)F2(x), (3.2.6)
where -

F.(x) = £ x2 + f..x + £ :

1 12 11 10 (3.2.7)
and

Fo(x) = fo%x% + £..x + £.. '

F2 22 21 20 . (3.2.8)
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Since o is.a root of f{x), a , a2, o, «8 are among all

roots of £{x). According to Table 3.2,

Fl(x)=(x+u)(x+c“) _ _
T ) (3.2.9)

: . P (x)=(x+a2) (x+ab). -

" As mentioned in -section above, one needs only to find out
the corresponding coefficients of Fl(x)} so Fl(x) can be

expanded into polynomial form as

F (x)=f x2+f x+f
1 12 11 10

2 - (3.2.10)
c=x° + (a+aM)x + o5 .

Now one wants to simplify all coefficients of Fl(x) in terms
of 1, a, «2, and g3 by using the logic provided by eguation

(3.2.5). The following are obtained:

. £10 =1
fll =gc+et =a+a+ 1 =1,
£1o =a5 =¢(a+ 1) =c2+c . (3.2.11)

The next step is to relate Y , the primitive element of

GF(4), with ¢« , the primitive element of GF(4?). From

equation (3.1.12)},

y = als/3 = o5 | (3.2.12)

RN
s
7
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And the elements of GF(4) c¢an be expressed in terms of

powers of ¢ as:

Y= @> '
y2= al0, - ' (3.2.13)
y3=eld=1.

In order to simplify equation (3.2.13), one needs to

‘calculate the following,

08 = (Gu)z 32+ 1,

2
<

Il

Glo = QBQ az(a2+l) = 0'.2+ ot 1. (3.2.14)

Therefore, equation (3.2.13) becomes

'Y=05=G?'+G,
y2=all=e2+a+1, (3.2.15)
y3=el3=1.

-

By observing eguation (3.2.15), one can immediately write

down the logic for GF(4), which is, —
y2=y+1. - (3.2.16)

And then one can compare (3.2.11) with (3.2.15) and the
coefficients of Fl(x) can be expressed by elements Irom

GF(4)., That is,

£,=1"
_ (3.2.17)
£,=1, _
_ s
=" =7 -
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Thus Fl(x) can be expessed by elements of GF(4) as .

2
Fi(x) = x° + g +Y . , ‘ {3.2.18)

, LT X
This also verifies equation (3.1.17). By employing eguation

(3.1.16), the coefficients of F.(x) can be written as

2
- 2 _
fap = (£ =1 .
: 2 S
£, = () =1 ,
21 11 5 , (3.2.19)
f20 = (Fp)7 =V .
Hence .Fz(x) = xz +x + y2 . _ (3.2.20)
Consequently, f(x) can be factored as
6o L4
f(x) =x" + x+ 1
_ (w2 2 2 '

over GF(4) with 72=Y+1 as the logic for Gr(4). For the sake

of argument, f£find Fz(x) by the same approach used to find

F;{x). First expand F,(x) as

P (x) = x2 + (a2+a®)x + all . : (3.2.22)
The coefficients of Fz(x) thus become

= w2408 = g2+ g24 1 = ,
f21 a<+o ac+ o 1 1l

f2-0 = ol0 = g2 +ag + 1 =y2 . (3.2.23)

Fz(x)=x=+x+72, is exactly the same as ‘equation (3.2.20),

verifying that equation (3.1.16) is valid. As a last step,
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verify'equation (3.2.21). The right hand side of equation

(3.2.21) can be expanded to

—~,

-

(x2+x+y)(x2+x+72)

x4+x3(

1+1) +x2 (y2+y+1) +x (y2+y) +v3
| (3.2.24)

x4+x+l

f(x).///—\\\

Therefore the example 1is completed and it can be concluded.

that equation (3.2.21) is the answer for factoring l+x+x*

over GF{(4).

From this simple example, it is seen that %y careful
observation and manipulation, it isn't necessary to
calculate all expressions of all powers of o . It is only
necessary to calculate one of the factors of f£(x). Thus,
factoring binary primitive irreducible polynomial over
GF(g) is not as,éomplicated as one might think. Also it 1is
to be noticed that the logic for GF{(g) " arises from its

extension field GF(qk) rather than being assigned to GF{g).

Example 3.2.2:

In this example, m=6 and g=4, that 1s, n=2¢-1=63 and
g=2%=4, Thé binary primitive irreducible polynomial taken

from Table 3.1 is,

fF(x)=1+x+x* . . {(3.2.25)
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With g=4, the ground field GF(4) in this example is,

GF(4)={0,1,y,y2}, y3 =1, (3.2.26)

i

where - Y is the

primitive element of GF(4). - The

corresponding extension field, - GF(42}, with ¢ as the

primitive element, can be written as,

<

GF(4°)={0,%,¢,02, ... ,a®2} , b3 =1 . (3.2.27)

Since ¢ is a root of

3 R
N -

In t%is case f@x) has

is with degree three.

E(x), the"iogic'fo; GF(4°}) is

Fd

(3.2.28)

two factors over GF(4) and each factor

That is,

f(x) = Fl(x) Fz(XJ ,

and

3

CFp(x) 13

3

Fa () 23

£ox° + £ x% 4 f x + £,

£.ox° + £..x% + f.. x + £

12 11 10 ,

22 21 o -

Among all roots of f{x) are: ¢ , o2, a%, B, al® 32 -and

these are distributed

3.2 as:

Fl(x) (x+ca)

F2(x)

(x+a2) (x+aB) (x+ad2) .

to F; (x) and F,{(x)} according to Table

(x+e®) (x+alf)

(3-2-29” ‘
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Taking the first £factor Fl(x) and expanding it, the result
is

F(x) = £..00 + £, + £..x + £, ?
v T 13% 12

1 10 (3.2.30) -
3 + (a+°u+uls)x? + (o S+al7+a20)x + o21 .

Observing the coefficients of Fl(x), and employing the logic
given by equation (3.2.28), the following results - are

reached.

al2 ‘-=';_(a6)2 = o2+ 1
al® = g4+ o+ 1

a’+ a2+ a

eS+ g+ ads o2

[N
=
I

0'-.21 = QS+ Gk‘}' G.3+ at+ 1

a0 = (a20)2 = o5+ o3+ o2+ o+ 1 .

il | (3.2.31)
Substitute (3.2.31) into (3.2.30),
Z W3 L2 Sy bin3ay 21 ‘
Folx) =20 + x7 + (ePetHedto)x + aft. (3.2.32)
Y can now be related to a as
_ - .21 . . ‘
y = o8¥/3 = a2, S . (3.2.33)

and
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vy = a2l = a%+ o+ a3+ a+ 1 ,

¥2 = a2 = a2(a*?%) = a5+ o+ 3+ ,

-

|
v
-
"
fl

y + 1. ' . _ (3.2.34)

Equation (3.2.34) gives the 1logic for GF(4). Comparing

equation (3.2.32) with equation (3.2.34), the result is

3,2

Fl(x) = x + x -+ sz -+ ¥ - (3.2.35)

The cocefficients of Fz(x) can then be written as,

2 -
23 = (Fy3)7 = 1
= 2 _ 1
£yp = (£1007 =1
2 " {3.2.36)
fa1 = ) =y =7,
_ 2 _ .2
£ = (F19)7 =¥ -
Therefore,
Fz(xj =.x3 +\;% + yx + y2 . o (3.2.37)
;T .
and £(x) can be facédted as:
| f(x) = xs + x + 1
(3.2.38)

(x3+x2+72x+7) (x3+x2+yx+72)

with coefficients over GF(4) and 1logic provided by Y2=y+1.
To verify equation (3.2.38), the right hand side of this

equation can be written as,

-t



(33432 +y Txcby) (xo+x2ryxty?)
= xé+x5(l+lJ+x4(T+1+Y2)+x3(72+7+72+y)

+x2 (Y2+14y) +x (yHy2) +y? .
= xSexel - |
= £(x) . - o : (3.2.39)

This completes the factorization of l+x+x* over GF(4).

E

Example 3.2.3:

In"this example,. the same binary primitive irreducible
polynomial-f(xj=l?x+x' is used as’ in example 3.2.2; but it
gs factored over GF(8) instead ¢f GF(4). That is, m=6 and
n=2¢-1=63 again, but qg=2°=8. Let y be the primifive

element of GF(8)},

GF(8) = {0, 1, v, v2, ... , v5} , v7 =1 . (3.2.40)

The corresponding extension.field GF(8%), with o« as the
primitive element, is given by
; , )

GF(821={ U;l:a:azr LI 1062}31 0'-63 = 1. - (3-2-41)

Since &« is a root of £(x), the logic of GF{82) is given by

ab = a + 1 . o (3.2.42)

As in the previous exampie, among all roots of £(x) are «,

e?, e*, a8, «l6 and 32 but in this case there are three

3
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factors of f(x) over GF(8) and each of these factors is

with degree two. That is, -

£(x)=F (x)F, (x)F5(x) .

Let
Fo(x) = £..%x% + f..x + f
1 12° 11° 10 ¢
oo 2 : "
Fo(x) = £,%% + £0x + £,0 (3.2.43)
_ 2
F3(x) = f32x + f3lx + f30 .

Then each of the factors can be expressed as,

2

Fy{x) = (sta) (x+a8) = x° + (e+e®)x + %,
FZ(X) = (x+o.2) (}H'Clls) =VX‘2 + (Bz'i'ale)x +_Q‘.18, (3.2.44)
Fo00 = (or®) (xhad?) = 57 + (a+a32)x + o3,

Also given is

_ 6377 = 49
y = 06377 = &9 . (3.2.45)

From the logic provided by (3.2.42),  the coefficients of
Fl(x) ~and elements from GF(8) can be expressed in terms of

the basis elements 1, a, a2, «?, a* and «5. Thus obtaining

=

Fl(x) - x2 + (ated)x + o

2+ (etad+a?)x + o

i

oyt y (3.2.46)
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aAnd the logic provided for -GF(8), arising from the logic
provided for GF(8%) by (3.2.42), is

3 = 2+l -
A (3.2.47)

Since Fl(x) has been expressed‘ in terms of elements from

GF(8), Fz(x) and F3(x) can then be written as

Fy(X) = x° +yox + y2,

) (3.2.48)
F3(x) =X+ yox + ¥4 .

Therefore,

fix) =:§ + x + 1

i

(P ixmy) (5 + ¥Ex +y2) (o + ySx + YY)

with coefficients over GF{(8) where y3=y2+l. To verify the
above factorization, express the right hand side of (3.2.489)

as:

i (X2+Y3X+Y)(x2+Y5x+72)(x2+75x+Y“)

4
x> (v Shy 84y 3) ex® (v 24y Shyry L4y Bay®)

+x3 (Y7+Y1'++Y6+.Y10+.Y7+.Y S+.Y7) +x2 (Y6+T1 3+YS+Y3+Y1 0+.Yl?.)
+x (yB+y ey 1) +y7

x6+x+l

=f (x) .

-

(3.2.49) _
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Hence the factorization is completed and eguation (3.2.49)
*is the exact answer for -factoring l+x+x* over GF(8) with

logic provided by . y3=y2+1,

Three examples illﬁst;ating the factorization of binary
primitive irreducible _polynomféls over'GF(q=25) have now
been shown. The method discussed holds for any m  and g,
hence it is possible to list some results réthéf than
showing all necesséry steps. Table 5.3 shows the factors of

binary primitive irreducible polynomials for different

~values of m and/or of different Galois fields.

N ' -
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n G £(x), a binary Y. logic Factors of f(x) over
=2"-1 | =2%| irr. factor of |= csn/ (a-1) for GF(q) GF{cj)
x+1 with exp. n
15 4 | Xt | y=aS ¥2= vl | (Beery) (xR 2)
63 | 4 | Pl y=a?21 v2= y+l (x3+x2+y2x-hr) (x3+x2+yx+y2)
8 y=c® ¥3= y2+L | (P 3xy) (xSt 2) (x4 Sy )
" 255 4| sSadtednda y=a$3 ¥2= vl | ey (a7 232y 2y 2)
16 | y=!7 Yi= vl | Py 2xy) (e ey 2) |
' (% Exchy ) (xPyacy B) '
511 | 8| Poudn v [ yi= vl | ey Sxty) (090 2%y B 2)
| | (B xy)
1023 | a4 %Pn y=a34l | y2= il | Py 2y k)
| - ' St 2)
4095 4 NS PN y=21365 | 2= y41 (x6+x2+x+y) (x6+x2+x+-yz)
8 ‘ y=a°8% | y3i= y41 ety 3 %ety) (2334652
< Hxy2) (0 Sy )
16 - y=a273 | y= gl | (0P 1soty) (0 Sty sy 2
< (o4 0Py Taxty ) (o4 Sy Ty 8)

Table 3.3 : Factors of binary primitive irreducible
polynamials with different lengths over

-

different Galois fields.

-~
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3.3 THE SPECIAL CASE OF GF(g*)

In this -section spgcial attention will be given to an
‘extension field GF{(g?®) with fespect to a ground field GF(g),
where q=25. It is necessary to introduce the concept of
“'trace' here before going further. The trace I3][ll][2]-of

an element B € GF(p¥), abbrgbiatéq fr(B), is defined by -

k-1 i
: TI(8) = I gP
1=
(3.3.1)
2 k-1
= g + g2 + gP o+ L.+ g¥
Trace has the following properties: -
Tr(8) €« &F{p .
Tr(+y) = Tr(s) + Trly)
(3.3.2)

Te(8P) = Tr(e)P = Te(8)
Tr(l) =k md p ,
k
for all +y,B eGF(p ).

Recall that if vy 1is the primitive element of GF(g),

where q=2s,
] GF(Q) = (0,1, v, v2, «-- » Y"1}, (3.3.3)

where v=q-1=28—l and y'=1. The corresponding extension

fBeld, GF(g?), with ¢ as the primitive element, is given by

GF(qz) ={0,1, a, a2, ad, ... , un_l} ’ (3.3.4)
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2s_ n

where n=q2-1=2 1, and a'=l. Consider the polynomial

g{x), where

(3.3.5)

gl(x}=x?+x+y ,

with @ . as a root of g{(x);. the following theorem is

obtained.

Theorem I : a = v iff Tri{y)=1.
? . -

The proof of Theorem I is as follow:
Proof: If a is a root of g{x)=x*+x+Yy , then
0,2 =% + a - (3-3.6)

By squaring (3.3.6) repeatedly,' the following is *

obtained,

L

ot = o2+ y2 = y2+ yt o, -

o = y4+ y24+ o2 = yh y2+ v+ o,

als = .YB.}. .YL!.]. .Y2+ 0‘2 = .Y8+ .Yl++ .Y?_+ Y+ o,

-

i-1 A2
a =¥ + + ...%1“+'ley+ a .

s-1 .s-2
‘< =v +y T e e A e T
(3.3.7)

Multiplying both sides of (3.3.7) by & , gives
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s s-1 s5=2
o2 Lo a(v? Ty 4 L. +y2ey)+ae?
s-1 .s-2 ' (3.3.8)
= a(Tz +Y2 + oo Fy2ey+l) Yy,
which. means that
s
: . 25—1
1+ v+ .Y2+Y‘++ e + Y =0 , . {(3.3.9)
and conseguently,
s
« 2oy iff Tr(y) = 1.
Q.E.D.

The specially chosen polynomial g(x)=x=+x+y, which haé a
as a root, where ce¢GF(g®*), is indeed one factor of a binary
primitive irreducible polynomial £(x) with degree m and
exponent n, where néanl. According to (3.1.7), (3.1.8) and

(3.1.16), the corresponding f(x) is

f(x) = (x2 + x + v) (x2 + x + v2) (x2 + x +y*¥)
2. 2572 o oS-l (3.3.10)
N & 'S 7 Yoo (xT ety T ) . .-

With a suitably chosen logic provided for GF(g), f(x) can be
determined. It is to be noticed that with that particular
case in which Theorem I holds, the corresponding binary

primitivé irreducible polynomial f(x) is not necessarily the

.- 2
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first entry of the table of binary primitive polynomials

provided by Peterson & Weldon[14{Appendi£,C]; The reason

being that f(x) has one constraint, Tr(y)=1, for yv€GFlq). -

According to eguation (2.1.8}), the numbe; of - binary
primitive polynomials of degree m and exponent ﬁ*is given by
g (m)= ¢ (n)/m, whére ¢ (n) is the Buler number of n , where
n=2"-1. ‘Since there are ¢ (n)/m such binary prmitive

pelynomials, the one with x*+x+y as a factof may not

. Ay
. necessarily be the one corresponding to the first entry of

this table.

Table 3.4 shows some examples of binary primitive
irreducible polynomials which have x*+x+Yy as a factor where
a is a root of this factor, and Tr(y)=1l, where a 1is the

s
primitive element of GF(g®}, q=2s and o2t

Y . The first
column of this table lists the number n where n=2"-1 while
the second column shows the value of g which satisfies
q2=2m=n+1. The third column shows the relationship between
y and a , which is given by vy = q25+1=éq+l. The fourth

column lists the logic chosen for the corresponding GF(q},

in which it ensures that Tr(Y)=1 and has degree s. The
fifth column, by using (3.3.10), shows all factors of a2
binary polynomial which has x*+x+y as one factor. The

sixth column 1lists such a binary primitive irreducible
polynomial with degree m and exponent .n. The last
column indicates the corresponding primitive root of f{x) in

GF{g?).
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n _ 2541 k.l.‘0qic Factors of £(x) f(x), an irr.n The
4 ~ _fof GF(Q) | over GF(Q) factor of 14X primitive
- , over GF(2) element of
£(x)
a5 2 2 2 ot 2 4 '
15 4| y=a yé=y+l (XT4xeby) (Tt 4} X +x+l a
[ 63 8 | y=at y3=y241 (x2+xhr) (x2+x+72) x6+}55+x3+x2+1 all
(x2+x+yz‘) .
255 |16 | y=al7 | yb=y3+l (x2+x+r) (x2+x+12) xS P+ a’
(P achy ) (i)
1023 { 32 | v=a33 | yo=y¥+y3+ (x2+x+y) (x2+x+-(2) (x2:+x+y"‘) xlo+x9+x8+x4 a3u3
y2+1 (x2+x+'ys) (x2+x+715) +x3+x2+l
4095 | 64 | y=aB3 | yS=y5+1 (aacty) (Pacy2) (o) | s ZancdanBad 1 197
(P aciy8) (sc%4aciy 16)
(x2+x+y_32)
Table 3.4 : Binary primitive irreducible polyncmials
with +xty as a factor over GE(q) ,
where o 1S a root of x2+x-1-y and ce GF(qZ) .
,,"'"--
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Chapter 1V

CONSTRUCTION OF C-M-SEQUENCES OVER GF{g)

In the last chapter it was showﬁ how to factor a binary
primitive irreducible polynomial, f(x), over GF(g) with g=2%
where there are s factors in every f(x) with respect to
different GF(q)'s. Each of tﬁese factoré is irreducible .
over GF(g). One of these primitive factors caﬁ be used as
thé porfesponding‘ parity check,polynomial to coﬁstrpc; the

.q;nary m-seguences. First the general approach of

- . constructing g-nary c-m-sequences will be outlined and

illustrations will be given wupon various lengths of such
sequences. Finally, attention will be paid to the GF(g?)

case.

4.1 GENERAL APPROACH AND ILLUSTRATIONS

As menfioned before, m-sequences are seguences which have
the maximum period possible for a 1linear feedback shift
rggister . of k stages, corresponding to a primitive
polynomial of degree k. The period of the g-nary m-
sequences is exactly qk-l, and they can be generated by a
k-stage shift register with feedback function determined by

the primitive parity check polynomial with degree k. As for

-58-
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g-nary ‘'characteristic' m-sequences, one . constraint is
added. _

~

>

Definition: 1If an‘m—sequence over GF{(g) .is represented By

an n-bit code vector, where n=2m—l=qk-l,

V=(v0,v1,v2,...,vi,.,.,vn~l) , - (4.1.1}

for all 0s<isn-1, v, e GF(g), and if
V= Ve s ' (4.1.2)

V is called a characteristic m-sequence or

simply a ¢—m—seguence.

Without the constraint of (4.1.2), the code may not be
one-step majority logic decodable. It will be shown why the
c-m-sequences are one-step majority logic decodable after

the method for constructing such seqguences is illustrated.

it is known that either the generator polynomial or the
parity check polynomial 1is needed in order to generate the
m-seguences. In the method described below, the parity
check polynomial 1is needed to determine the feedback
' Euhction of a feedback shift register deviée and thus to

construct the c-m-sequences corresponding to some arbitrary

chosen initial conditions.
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The parity check polynomiql-uhiéh is. to beiused is one of
the factors of the binary-primitive -irreduciblé polyndmial_

f(x) ﬁith-‘degree m and expéﬁent n, over GF{(g), . where

n=2m;1=qk—1; as provided by Table 3.3. The first factor,

Fl(x), a primitive pélynomial over GF(g) with degree k, |is

‘chosen to be the ﬁgrity check polynomial h(x). However, it

is also possible to generate c-m-sequences by using the
other factors of f(x) as the parity check polynomial, as

long as the chosen factor is pfimifive over GF(q). The

methodical . approach wili be used where by the 1initial

conditions by the recursive formula defined by V-H=0 will be

found, whérg- H is the parity check matrix defined by the

parity check polynomial h(x). These will then be used to

construct the c-m-sequences by linear shift register devices

with feedback logic determined by h(x).

. The above approach 1s best unéefstood by workiné through
some examples. The examples giQen below illustrate the
constFﬁction .0f c-m-sequences over GF(g). .It must be
realiééd however that once one such sequence is obtained,
all qk—l m-sequences over GF{(g) can also be obtained by
simply shifting the seduence cjclically. Thgfefore, it is
nof-necéésary to ifiustrate the generation -of‘genersl m-

v
sequences over GF(g).’
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Example 4.1.1: - -

~For the case when m=4, g=4, - then n=24-1=15; énd from

‘Table 3.3, x*+x+y 1is a factor of'x‘+x+l'with ¢ as a root,

where ae GF{43). Theréfore GF(4)={0,1,y,y2} and y3=1.
The légic provided for GF(4) is y2=y+1l, Now X+Xx+y can be

used as the parity check polynomial, that is,

hix)=x*+x+y , ' . (4.1.3)

where y?=y+l.  Let V=(v0 ) be the 15-bit éode

'Vir¥arerorVag
generated by h(x). In order to yield the c-m-sequences,

v.=v . or in this case,

i gi

V. = V. . : (4.1.4)

Therefore the corresponding coset numbers for g=4 and n=15

are ’

7,13

10 ——

11,14 , ' ' ' ~ (4.1.5)
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. . : . e .
for later use in calculations. = Since h*(x) generates the .
reciprocal of VvV, V*, ‘starting with h(x)=x*+x+y -, with the
inner product-of V and H being zero, the following equations

are ‘obtained:
- ' 1 '

+
YVO v

.le+v2-i'-v3=0

YV2+V3+V1=0‘ .
YWy + V) + Vg =0 S v (&.1.6)F
/Tvi-z tvg gty =0

/ .

-

where yZ=y+l. The purpose is to express all vi's in term§

. of vd if v0¢0( and in terms of vy if vg=0.  Because of tbe
unigue propéfty'given by (4.1.4), and by observing (4:1.6),
i; Vg is fixed, there are only four variables namely~vl, vé,
v

' 3 and Vg in - the top --four eguations. Hence these four

equations can be solved and the following results are

obtained: _
vy = 0, : - - o
v2==f& . |
vy = ¥y (4.1.7)
v5= Q.

The recursive formula according to h(x) can be written as

i-2 - (4.1.8)
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'By using (4.1.7) and (4.1.8), 1it is possible to find all

vi's in terms of v

’ for examples,
- * )

1

* -+
VS =V, = Vl ‘ -7
~ v9=v8+Y“7=le
; \
: . - . (4.1.9)
. o ) «
The seguehce repeats itself after v,,. According  to

(4.1.5), only thé two initial stages neéd to be known and
then the whole sequence pf length 15 can ﬁe‘constructed by
using (4.1.8) recursivei;. - Since v6=0, oniy.three different
" initial conditions for vy can bé assigned, namely-1l, v and
¥2. That is because, the all "zero seﬁuénce has been excluded
and hence only three nonzero elements from GF(4) remain.
‘With these three different initial conditions, the three
different c¢-m-seguences can be obtain;d, designated by Vl,
V2 and‘v3 respectively as follows:

Vi : 0 101 ¥2 1 0 v ¥ 1 ¥ 0 y2 ¥2 y y2
V2 : 0 v v 1 vy .0 y2 ¥2 « Yz 0 1 1 y2 121
2 .2 2 2 *
V3 : 0 v v Y ¥ 0 1 1 ¥y 1 0 v v 1 ¥
4

(£.1.10)
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147
showing .that the period of these sequences is 15. It is

These three seguences start repgating'theméelves after v

*lso observed that the sequences are a cyclic shift of each

other. For examples, if v (X), V,(X) and Vy(X)  represent
1

these three segquences corresponding to initial c¢onditions

(vl,é )%(1,0), (vy,0), and (v2,0) respecti&ely, then . .

xlovl (X) mod (X+°+1)

Vo (X)-

5 (4.1.11)

Vy(X) = X7 Vv, (X) mod x4y .

Also, observing each sequence iﬁdepenaently,' it is found
that VsV, is true~fof a}l of them.  Therefore, three ¢-m-
sequences over GF(4) according to the parity check
pelynomial "h(x)=x*+x+y with v2=y+1l have been generated.
Figure 4.1(a) shows the 2-stage shift register device which
can be used to generate the c-m-sequences by .loading the
three different 1initial conditions on the shiff registers.
In practice, since each element of GF(4) can be represented

by a 2-tuple over GF{(2), Figure 4.1(a) can be implemented in

binary shift registers fashion, as shown in the following:

Vg = 2 +aly ’ . .

\

(4.1.12)\



65

1 b0 and bl are either 0 or 1.

According to the recursive polynomial of (4.1.8), the

where all coefficients ao, a

following expreésion holds:

Vv, = Vy Tty Vg : -
= (by*+byv) + y(agfagy)
= (al+b0) + (ao+al+b1)t, . (4.1.13)
" where thé logic 1is provided Bf v2 = y+l. __FiguEe 4.1({b}

illustrates the binary implementation of Figure 4.1(a) .with
circuit connection in accordance with eguation (4.1.13).

The binary output {x,y) represents a symbol in GF(4), i.e.,

v, = x+yy , for 0sisn . (4.1.14)
i ‘ ;

“The 3 initial states to be loaded on the shift registers to

generate the c-m-seguences thus become

(v, ,v.)

1Y ((bo,bl),(ao,al))

((1,0),(0,0)) | o
((0,1),(0,0}) |

e

((1,1),(0,0)) . (4.1.15)
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=

- . [ j Vl Vo ___-_}Vovlvz. . .Vl4

VLSV . oYL
e - ViSVia1TYVio2

)=(1,0},
(Tro)r ‘

(v2,0)

(ViVo

+

Fig} 4.1(a): A 2-stage‘shift register for generating the c¢-

L

. m-sequences over GF(4). The feedback

connection is according to h(x)=x?+x+Y , with

S R

T Gp '

+

Fig. 4.1(b): The implementation of Fig. 4.1(a) by wusing

bInary shift registers.



Example 4.1.2:
®

Consider now m=6 and gq=4, producing n=2¢-1=63 and

GF(4)={0,1, v,v2} with logic provided by y2 =y+1. Again from

Table 3.2
h{(x)=x2+x3+y2x+y , (4.1.16)
4
assigned as the parity check polynomial. The coset

numbers corresponding to n=63 and Q=4 are listed as follow:

1,4,6 15,60,51
2,8,32 21
3,12:48 22,25,37
5,20,17 23,29,53
6,24;33 26,41,38
7,28,49 27,45,54
9,36,18 30,57,39
10,40,34 - 31,61,55
11,44,50 42
13,52,19 43,46,58
14,56,35 47,62,59 . (4.1.17)
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Let ‘the 63-bit- code V generated by h(x) be

v=(v0,v v v__), the recursive formula can then be

1'7°2'°°"" 62
derived, ' from the fact that Y-H=O, as

= 2
Vi S Vi Py oty vig - . (4.1.18)

And the following equations can be written down: -

Ty + yzvi + vy + vy =10
TV]_+YZV2+V3+VJ.=O
'Yv2+yzv3+vl+vs=0
'YV3+Y2V1"‘V5+V6=0
wl+72v5+v6+v7=0
Yoy + YZVS + v, o+ vy =0 |
- Xy . (4.1.19)

As can be observed, if v, is fixed, the first six equations

of (4.1.19) have only six. variables namely v_, , , ,
) ’ 1 2 3 5
Vg and Vo hence the following can be obtaned:

1 0
v2=v6
vy = 0
Vg = Y2V,
Ve = 0
v =0 . . - (4.1.20)

From (4.1.18), at least three stages of initial conditions

need to be known 1in order to generate the code sequences.

™



Since all vi's can be expressed 1in terms of vah abitrary

values to v

corresponding sequences, Because there

o+ can be ‘assigned  thus

nonzero elements from GF{(4), wv.=1l, y or y

0

sequences can be obtained according to

(4.1.20) aé

vi: 1110120011y Y2 0
y Yy Yy 0y 100~y y ¥21 0
v2vy2y20 y2y 0 0 y2y21 y O

Vs vy y vy 0Oy 1 0 0 v y y21 ©
v2vy2y20 ¥y 0 0 ¥y2y*1 v O
1 11 01 20011 +y y20

Vy:  vy2¥2y20 ¥y 0 0 y2y21 y 0O

111 01 2001 1 v y2o0

Yy vy y 0Oy 100«y <y Y210

*

2

are

r

69

generating the

only three

three ¢-m-

(4.1.18) and
1 0y2 17921 1 42
vy 01 v 1 y vy 1
Y20 vy Y2y 242y
y*0 1y 1y y1
Y20 v y2y v2y2y
1 0 ¥y21 421 1 42
Y20 v vy y2yiy
1 0 v21 v21.1 +2

y 01y 1ly y1

Let these c-m-sequences be designated V,(X),

’vz{x) and

VB(X)’ éorresponding to initial conditions of vo<ls Y . v2

respectively. It can be observed that

X42

vV, (X) = v, (%) mod x8341)

and

x?1 v, (X) mod x83+1) .

V4 (X)

(4.1.21)
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And all three sequences repeat.themselves lafter 63 Dbits.
Notice tﬁat _the relation v, =v4i does hold for all-three
sequences. Therefore, by using equation (4.1.16) and

assigning three initial conditions to v the three c-m-

0!

_sedquences over GF(4) can be generated.
According to (4.1.18), a 3-stage shift register dewice is

needed in_order to construct these c-m—seguences, with

respect to three different initial conditions which are

(1,1,1)

(Vzrvlrvo) = { (y:v,v) o (4.1.22)
(vy2,v2,v2) .

Figqure 4.2(a) shows such a . shift register device with
feedback function determined by (4.1.16). Again, this
device can be implemented on binary fashions by using the

following adoptions:

v = a + a .
I R
= + b
vl b0 lY
v, =¢c_ +c vy, ' (4.1.23
2 7% T &Y )

where all coefficients are either 0 or 1. From eguations

(4.1.18) and (4.1.23), the following is obtained,

4
n

v2+72vl+yv0

(c_+c_v)+Y2(b _+b_y)+v(a +a ¥)
0. 1" 0 1 0 1

= 2
C04E17+b07 +b

1

-+ ) -+ 2
178pYT 3 Y

+b _+b_+ + +a + Y . L.
,(al b0 bl co) (a0 al b0+cl) (4.1.24)

n
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Figure 4.2(b) gives the implementation of Figure 4.2(a) by
binary shift registers. The binary output (x,y) represents
a symbol in GF(4) and thus.the following:

. vy = x+yy , for Osisn . (4.1.25)
~The '3 initial conditions to be loaded on the shift registers

to construct the c-m-sequences thus become

(v.,v

2 ,vo) = ((co,c

),(bo,bl),(ao,al))

1l 1

((1.0),(1,0),(1,0))
=4 ((0,1),(0,1),(0,2))
((1,1),(3,2),(3,1)) . (4.1.26)

-

Surely, the above consideration of binary implementations
can be applied to any other éalois fields GF(q=Zs). - For
example, if g=8, a 3-tuple over GF(2) is needed to represent
a symbol in GF(8); if g=16, a 4-tuple over GF(2) is needed

to represent a symbol in GF(16); and so forth.

From the above examples, the construction of c-m-
seguences can be done‘methodically.‘ At first one.needs teo
express every vi's in terms of A (if v0¢0), Br in terms of
v, (if v0=0). Then by choosiqg different nonzero initial
conditions for Yy (or vl), ‘a-l c-m-sequeﬁbes can . be

constructed by the recursive formula defined . by the parity

check polynomial h(x). This. is because there are only g-1



*““4 V2 V1 Yo TP VeViVa- e Vg2

—_ 2
V=V YTV otV

gy,
(v2,v%,v%)

Fig. 4.2(a): A  3-stage shift register device for

constructing c-m-sequences over GF(4) with

- -

h(x)=x?+x*+y2x+y , where y2=vy+l.
a Y Y Y =Y <

b *
) 0 .
> by )
N
&
. ¥
l ¢
. r}
+
Fig. 4.2(b): The binary shift register implementation of

" Fig. 4.2(a).
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nonzero elements which can be assigned to e

G?(q). The number of stages that a shift. register has in

order to generate such sequences equalé-fto'the degree of

hi{x).

Table 4.1 shows some results for generating c-m-sequences

- over differeht Galois. fields, according to the specifieé

parity check polynomial h(x) which is chosen as one of the
factors from Table 3.3. Also included in Table 4.1 are the
feedback shift register circuits and the corresponding

initial conditions in order to construct the c—-m-sequences.

-~

~

e ———————— . e s B ¢ R B 4 R s e i e

{or f
(o vl) rom
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I * .
n |g | hi(x} over [|1ogic for initial cond'n corresponding shift
f _.m | s G?[q) GF (q) . for generating register circuit
* 27-1 F2 char. m-segs.
15 |4 pFexey - p7 o=yl (V) v =(1,00, (v, 0,
: ! (v<.0)
B2 2.2 2. -
63 4 X +x‘ _+T X+ Y -Y-!'l (Vzrvlrvo)-(ltlrl} r
(YrTr?)r(Tszzr'Yz)
) 8§ IxZeyix+y yi=yi+l (vl,v01=(l.0§.(7.0).
{vy2,01,(y3%,0),(xy",0),
(v5,0),(v%,0)
255 .4 x4+X.+Tx 2=yl (v3.v2.v1fv0)=(0.l.l,l}.
: : +yx+y (0,v,v:y) . (0.¥2,v2,v%)
16 |x2+yix+y “oyel (V) ,vg)=(1,0) ,-(¥,0)
(v2,0),(¥2,0) ...y, 0}
511 | 8 | x3ryxZvSod] yi=y+l (vz.vl,v0)=(72.1.llu
- Y -J (TBlefT)r(ThnYaaTz}a
' R CPe PR
- - 3
- T
1023} 4 x5+§4+72x3 y2=y+1 _(V4:V3vvj,vl,vo)=
. +yx“+y : (L,0,1,2,0),(v.0,v.x,Y),
(v2,0,v2,v2,¥%) .
“ .

Table 4.1:

Some examples for generation of characteristic

mjsequeﬁces over GF{g] by hix) as specified

w

/

~
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4.2 THE SPECIAL CASE -OF GF(g?®)

Consider now a parity check polynomial h(x) with degree

2. The shift régister device used to generate the c¢-m-

sequences has 2

stages. The folldwing‘theorem deals with

such a special case corresponding to a 2nd degree parity

check polynomial.,

et

Theorem II:

-y .
-‘GF(q}={0,1,7,72,..;,Yv_1}‘ (4.2.1)
. . . ’—'
where u=q-1=2s-l according to the logic
, ' ‘provided by
/\\/ .
- } ‘o
~— hi{x)= x*+x+y (4.2.2)
1} } o 5
v ovef-Gf(q) with ¢ -as a root , where ¢ 1is the
: "primitive element of GF(qg?). The segquence
'\ Proof:

By definitiony

V V.V ...

2

With reference to

Vo1’ where n=g?-1, _generated-by'h(x)

GF(qg) * is an

0Lz

over m-sequence iff 'Tr(y)=l.

Furithermore, the m-sequence is characteristic
L 8

iff v0=0t

-

if a primitive parity check polynomial

h{x) over G?(q) which has degree k and exponent n, where
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&4

n=g*-1, is used t??gengrate a sequence V=(v0, Ve Ve e

. 2
vp-1} over GF(g), 'V is an m-seguence. Since ¢ 1is a root of
o - . 1 A4 -

hi{x)=x+x+y ,_ where & is the primitive element of GF(g?),

-

then

GF(a®) = {0,1,a,02, -.. o™ %) , | (4.2.3)

V is an m-sequence if
hie) =0 7. R (4.2.4)
a2 =y + a

*
i

is indeed the 1logic to generate GF(g®). Prove first that

&J=1 for j=0 or j=n, but not. any other integer which 1s less

‘than n- . agd greater -thaﬁ Since the .0th power of any-
s.

number is %;' a%=1 is obv What is left now is to prove

o =1 for n=g*-1. It;hés already beenr shown in equation-
S’

. . . 2541
(3.3.9) that if h(x)=x*+x+y with ¢ as a root, y=a

t
iff-Tr(y)=1. That is
. . 25—1
yHy2ey 4L Lty =1 . . (4.2.5)

L4

By taking squares of (4.2.5), the following are obtained:

Cy2aybay B ay? =1,

_ yUay By 164 | 4y =1,
o~ ’ o

By st

1 _s+2 2s-1

25 s+ 2 -2 ‘ _ ‘
+ + +o..F =l .

Yoy el i - (4.2.6)

By squaring (3.3.7)prepeatedly, %

P

~
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S : 25—1 .
el Sydyl4ytel Loy +a > :

o8+l S

a '=Y+72+Y“+2..+m +a
,S+2 s+l

& =y+y 2y, L +y +a

225 , . 52s-1" .
a =y+y ity Loty L o (4.2.7)
"

Breaking the egquation (4.2.7) into
2s - s-1
a; =(Y+Yz+yk+...+;e )+
oS 2s+l 2s-1 : (4.2.8)
B ' +.. .Y J+a .

With (4.2.5) and (4.2.6), the eguation (4.2.8) becomes

225 . )
a =]1+1l+a=qa

225 02_
o =g - =a -

a =1 . : (4.2.9)

This proves that e?=1, but suppose there 1is another

integer J' , which is less than n and greater than O,

r

such that «J =i. And suppose there exists an integer = j

¢

where' 5

oI o for 1<j<n+l . (4.2.10)
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It is known that #2=Y+G and since (4.2.10) assumes a3=u,
““then . ' . L
(0332 = 23 = a2 =y + &,

2

43

. and a’d = v+ v+ e
usj = y+ y2+ v+ a <,
k-- k=1 )
o2 3 a g 4y eyt o+ eyl + e, (4.2.11)

for any k . By comparing (¢.2.11) with (3.3.7), obtained

k. k .
273 . a2 .. That is j=1,

earlier, it -.can be concluded that «
which contradicts the gséumption of equation (4.2.10).
Therefore, it proves'rthat aq=l and <o''=1 are ' the only two
.cases='existing, meaning that «?= y+¢ 15 the logic to

generate GF(g®). Hence the %eQuence v eV g produced

0°1"2
from the logic provided by hi{x)=x*+x+y 1is an m-sequence.
The next thing to do is to prove that the m-segquence is

characteristic 1ff v0=0. From V.H=0 1t is known that

YWg vy ¥V, =0, ' © o (4.2.12)

. o . e
or eguivalently

= +
v v 'YVO

2 1

vy = Voryvy = (VitYvohtyvy

(Y+l)vl+vv0 (,,/
Vg < V3+Yv2_= FY+1)V1+YVO+I(YI+YVO)

o2y
=(y+y )v0+vl
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Vg = vatyvy = v0+(yz+y+l)vl

<
IS
|

<
~J

+

<

<
o
i

2404
(y+Y Y Yvgtvy

Vig= VistYVi4 = (rev2eytiveyvord)

W

VSV oo RV
2% 25-1 25-2 -
2,54 s-1
) = (y+yS+y 4. .4y Jvg + vy
«-= Tr(y) v, + v .
o L (4.2.13)
Since Tr(v)=1,
R :
v25 =rv0 + vy . (4.2.124)
The c-m-sequences have an unique property, which 1is Vi =Vai
.
where q=2s for any 1 . When i=1,
Ve = V_ =V . (4.2.15)

Compare (4.2.14) with (4.2.15), v _=v,=v.+v,, which implies
2S 1 "1 "0 ‘ R

that v0=0. Therefore the m-sequence is characteristic iff

v0=0; which completes the proof for Theorem II. Q.E.D.
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Now some examples will be éfvenn to show the validity for

Theorem II.

Example 4.2.1:

Examine-zxqmple 4.1.1,.where m=4, n=2*-1=15 and q=4, the
périty check polynomial h(x)=x=+x+§ which 1is the case when
the corresponding extension field is GF(g?). The logic
provided for ﬁkx)‘J is y2= y+1. It 1is ciear that
Tr(y)=y2+ y=}. As can be observed from (4.1.10)}, the three
sequences generated by h(x) were indeed a cyclic shift of

-

each others, and these seguences are characteristic since

i%Vag and v0=0. Therefore, with reference to the

polynomial x*+x+y with o as a root, where & 1is the
primitive .element of the corresponding extension field

GF(g?®*), the seguences with length n=2m—1=q=~l constructed by

h{x) are m-sequences when Tr{y)=1l. Furthermore, these
sequences are characteristic 1iff v0=0. Theorem II thus
holds.

Example 4.2.2: %

In the case of m=6, n=2‘-1=63, and g*=2‘ which implies
g=8. The corresponding binary primitive irreduciblé
polynomial 1is £(x)=x*+x*+x?+x*+1 as listed in Table . 3.4.

The ground field with.y as .the primitive element and the
oo p

¥
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corresponding extension field with « as the primitive

element can be expressed as .

GF(8)={0,1,v,v%,...,v8} , y7 =1
5 ' (4.2.16)
GF(87)={0,1,a,a2,...,a82} , o83 =1 ,
| W
with the logic provided for GF(8) as v3=vy%1. Hence the

following:

yd=y2+1 ,

Y=y 1,

yS=vy+ 1,

v6 = y24 y .

S =1, : _ (4.2.17)
and Tr(Y)=Y+72+Y4=Y+Y2+Y2+Y+l¥1. Lgt'V=(v0,v1,v2,...,v62)

represents the code generated by the parity check polynomial

h(x)=x%*+x+Y . The coset numbers for g=8 and n=63 are

1,8 14,49 30,51 .
2,16 | 15,57 31,59
3,24 18 _ 36
4,32 19,26 37,44
5,40 20,34 38,52
6,48 21,42 39,60

7,56 22,50 45 :
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9 23,58 46,53

ﬂ T 10,17 27 © 47,61
11,25 28,35 54
12,33 29,43 . 55,62 J
13,41

]

Since V-H=0, the following are obtained,

Il
o

YV * Vit v,

YVy + v2+ v3 =0

YV, + Vv + v, = 0

3
‘EHV YVy vt Vg = 0 .
] ; = : (4.2.18)
TV, fjw5+ Ve 0 | .
YVe + Vet Vp = 0
YVg + v7+ vy = 0 -
v ’ . )
It can be observed from (4.2.18) that 1if v is fixed,

) 0
there are only 7 variables in the top 7 equations, namely

Vl' v2, v3, v4, vs, v6 and v7. Hence these eguations can be

solved and the following solutions are obtained,

vo =0
V2=Vl
vy = vivy

N
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Vg = Vg
Vs = Y‘L"’ll .
Vg = YV) ]
\'r_.]‘= 'yE“Vl - (4.2.19)
The recursive equation according to h(x) is |
VeSSVt YV, - - (4.2.207

By using (4.2.19) = and (4.2.20), all vi's can be expressed
in terms of v . " Therefore the code V generated by h{x)
contains only 7 sequenceé, it 1s because there are only 7
nonzero elements from Gf(B) which can be assigned to v in
order to generate these sequences. These are designated V.,
Voo Vi, V.,V

5 v6 and V7 as the sequences generated

- corresponding to wv_ =1, y , y2 , y3, %, ¢35 and yb

1

respectively. These sequences can then be obtained by

applying (4.2.19) and (4.2.20) as follows:



-V

These sequences

observed?

V4 (X)

V4 (X)

it

' V4(X) = X

repeat

54

X Yl(X)

45

X Vl (X}

36
vy (X)

27
U3 (%)

[

themselves

63

mod (X “+1)

mod (X63+1y

€

med (X 3+J.)

3

mod (x°3+1)

after

-l
o
’_l

)
(34

63

84

-
r
-
i

v
[
<
w
<
<
w
'_l

(4.2.21)

bits. AS

i

[3*]

3
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‘\(v-,'vo)=(1,0), (v,0), (¥2,0), (v3,0), (x*0), (v50), and

" 85

x*8 v (x) moa (x83+1)

x> v (x) moa (x83+1) . C (e.2.22)

n

Each of these sequences 1s a c¢yclic shift of ' others, \énd
nces 1 k

- A
with maximum-length being 63, they can be generated/ by

pfimitive feedback §hift regiéter of 2 stages, hence each
seqﬁencé is an m-sequence over GF{(g). Since h{x} is a
polynomial with degree 2, the}e are two stages in the shift
register device in which the feedback connection 1is
determined by hi(x). The seven initial conditions whiéh the

shift register device used to generate tBe sequences are:

1
\{is,o). Figure 4.3 shows such a 2-stage shift register
de;ice. 1t is obvious that ViTVes in all seven seguences
of (4.2.21}, ‘hence these sequences are c¢-m-Seguences over
GF(8). It has been shown beforé that - Tr(y)=1l], and as
observed from (4.2.21), v0=0 in this case; hence Theorem

11 holds.

~

Since h{x)=x*+x+y can be used to construct c-m-sequences
ovef different Galois fields provided by different'logics,
the shift fegistef circuits usef to generate such seguences
are always the same as shown either iﬂ FigPre 4.1{(a) or

Figure 4.3. The only difference is the number of initial
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i

> vl VO ______>v0vlv2...v62
ViTVi-1TVi-2
_— (vl‘rvo)=(l‘ro')f(.Yr0)r
(v2,0), (¥3,0),
(T“;Q),(TS,O),
(YS,BT
Fig. 4.3: A  2-stage  shift register . device  for

e

constructing c-m-sequences over GF(8) byh

h{x)=x®+x+y , where y3 =y2+1.

conditions to be loaded in the shift registers for different
Galois fields. This number 1is g-1 and the cogresponding
ihitiél conditions are (vl,v0)=. (1,0), (v,0), (¥2,0), ...,
(Y?_Z,O). Of . course it shoéld be noticed that' there is
different logic provided for different Galois fields, .the
design of binary shift register implémenation,is based on

individual logic_ provided.

A similar approach is used to find the initial conditions
to generate the c-m-sequences over different GF(Q)'S by “some
logics provided as shown by Table 3.4. ° It is found that
Theorem II holds in all our examplés. 'Hence,_Theorem 11 is

satisfied by all our examples.

v . /.

i

L)
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In general, once 'the parity check polynomial h{x) "has

~ been determined with some degree, "it can be used recursively

according to some logic and thus generate the g-nary ¢-m-
sequences by'specifying g. It can be ‘done by computer
programming,_aiim;;;t is needed is to represent the elements
of GF(g) such as v, v2, etc., into some numbérs, and then
write the program according to the specific logic used. For
example, a computer program was written to‘pbhpute the c-m-
sequences over GF(4) by different parity check polynomials,
and the logic provided for GF(4) is: YZ=Y+1. The output
prints all q-i=3 c-m-seqguences for different h(x). In the
program, 'l' represents vy , '2' represents «y%, '3'
represents 1(;Y3)' and "0’ fepresepﬁs 0. The output
sequences match the results obtained earlier- 'in the
examples. 1In the case of other Galois fields being'usea,
one only needs td‘modify the program slightly accordiné to
the different logic provided “for different Galois-fields.
Hence, with the aid of computer progééms, even for larger
length of seguences, one can still compute the cd}reéponding
c-m-sequences and thus can observe the behaviors of these

sequences with detail.

-

by

-
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Chapter V
GENERAL ASPECTS OF q-NARY C-M-SEQUENCES

As shown above in Chapter IV, the g-nary c¢c-m-sequences
. . m R
can be computed for any length n. where n=2 -1 with respect
to different GF(q)'s where q=2s. Furthermore, n=§k-1 for

some positive integer k where k ' is the degree of the

.corresponding primitive parity check polynomial. S It is

obviocus that the set of all g-nary crm-seguences Qihh lehg;h
n is a subset of the set of all g-nary m-seguences with the
same length n, with respect to the same logic provided for .
GF(g). Therefore, c¢-m-sequences have. all, plus some
additional properties, of m-éequences} These properties of
general -m-sequences will be discussed, - and also the
additional, special behaviors of c-m—éeéuences, where thé
error-correcting capability and majority 1logic decodable

capability of c-m-sequences are studied.

5.1 PROPERTIES OF C-M-SEQUENCES OVER GF(qg) 2

Some observed behaviors of  g-nary m-seguences are
listed below. Since the set of c-m-sequences is a subset of
the set of m-seqguences, what is true for m-seguences is also
true for c-mfsequences;::7 Alsa included are the specia1|
properties of the c-m-sequences that the m-sequences do not
have. . -

.- 88 -
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The q—nary‘ m-sequences (and the c-m-seguences) have
length n, where n=2m;l=qk—l. It is the maximum period
possible for a‘linear feedback shift register of k
stages since h(x) is chosen to be a primitive
polynomial. .In the binary case where g=2 and k=m, the

length-of m-seguences thus become 2™-1.

Each of the code sequeﬁceé is"a cyclic'shift qf.otheré.
In the Qg-nary m-sequences, the toéa; number of
sequences generated by h(x) which has degree k, is

qk-l. It‘is because, given any code seguence, all qk-l

cyclic shifts of it must be code:. sequences too. But

there are only g-1 c-m-sequences over GF(g) that can-be
generated by h(x) because of the extra restriction

ViTVai- Since all v;'s can be expressed in terms of

one variable, Yo (if v0¢0) or vy (if v0=0), the number

of nonzero elements from GF(q) which can be assigned to

Vo or Vl

sequences over GF(g) that can be constructed by h{x).

is only g-1. Hence, there are only g-l c-m-

For m-segquences, each sequence is a cyclic shift of one
bit of another seguence. But if the m-sequences are

characteristic, each of the sequences is a cyclic shift

-
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of n/(g-1) bits of.another sequence. For example, let

- AT
Vl(X), vz(x), VB(X)' q_l(x) be §é51gnated as the
2 3

c-m-sequences generated by using 1, Y, Y°, Y° , ...,

vy3™2 as the initial values being assigned to v, OF v,

respectively, and let j=n/{(g-1), then

© VLX)

1]

xJ (a-2) vl(xi mod (X7+1)

Va(X) = xia-3) Vv, (X} mod (x™+1)

~ov, = 3398 v noa (xR
Vo (X) = x?3 V1(X) mod (x™+1)
. = ]
Vgm 1 (X) = X7 V) (X) mod (X"+1) (5.1.1)

The balance property still holds for g-nary m-
sequences. That is, the number of appearances of all
nonzero elements are eqgual and this number is ‘qk_l.
Therefore the number of appearances of zere 1is-
(qk-l)-(q-l)qk'l=qk”l-l. In the binary case, it
becomes the number of 1's and number of 0's are

different from one.
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The Hamming weight of a g-nary m-sequente is the number

of all nonzero elements in this sequence. That is

k-1__k__k-1

Hamming weight=(gq-l)q" ~=g —g (5.1.2)

For g=2, the Hamming weight 1is simply oK1, Let N(w)

denote the number of sequences which have weight w,
the weight distribution of g-nary m-sequences- thus

becomes,

N(0)=1 N
} (5.1.3)
N(g*-gk=1)=gk-1=n.

This is analogous to the binary case when g=2.

For c-m-sequences with 1length qk-l, if a nonzero
seguence is compared to another nonzero sequence
within a period, terﬁ‘by term, the only agreements are

the'O's, since all nonzero elements are different

from one. sequence  to another. While there are
qk_l—l zZeros in a c-m-sequence, the number of
disagreements(D) differs from the number of

agreements(a) by . A-D=qk_l-l-(q—l)qk'l=(2-q)qk'1-l.
This i1s also found true for the general m-seguences
over GF(g}. Therefore, the auto-correlation function
of g-nary m-sequences of length n=2m-1=dk-l is given
by 8(j)=(A-D)/n, thus the following can be

written,
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1., Cj=a-,
8(3j) = {
o1 | (5.1.4)
(2-g)g™ = ~ 1 , l¢ j<n .
R

R

In the binary case when g=2 and k=m, equation (5.1.%)
ls reducgd_to.eqﬁatioﬁ (2.3.1), meaning that the number

of disagreements and the number of agreements differs

by one. It %f also observed  that the minimum distance

between any two nonzero code sSequences is just the

Hamming weight of any one seguence,

k-1
dpig=(g-1la = . (5.1.5)
I1f an m-sequence over GF(g) is denoted by
VaViVaoreeVy 17 and let j=n/(g-1l}. it is very

interesting to find that the sequence is divided into

g-1 segments. Suppose these segments are denoted as
Sl = (vovlvz...vj_l)

35 Wp3Va541¥2542 -0 V33-1) \\\

a1 = W(g-293V(g-2)§+1V (g-21§42 = Vn-1]
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It is observed that >
S, = v2s5, mod y3 1
73 1 Y
Sy = v3s; mod v&1 . o
-2 T qe L
Sqo1 = v4 s, mod v2 1o e (5.1.7)

This is an important property since one can indéed
generate the whole sequence by computing only the first’
segment. Then by simply multiplication the. rests of
these segments can be obtained. Once a. complete
sequence has been obtained, . apply equation (5.1.1) to
yield the total g-1 <code sequences. Thus the
computation 1is much simplfi?d. Furthermore, by
investigating one of thesé segm;ktg of the m-seguences,

the properties of m-sequences can be observed within

limited amount of time.

These are generalized properties of g-nary m-sequences as
well as c-m-seguences. There are also other important
factors which make these seguences become vital roles in

many communication systems, such as the error-correcting
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capability and majority logic decodable ;apabi}ity, .which
will be discussed in the next section.

5.2 ERROR-CORRECTING AND MAJORITY LOGIC DECODABLE
CAPABILITIES OF C-M-SEQUENCES

Let D denote the minimum distance of c-m-sequence codes
in qg-nary field. From property P6, discussed in last
section, D is equal ¢to the Hamming weight of this code,

n

hence,

-

-
3

1

*

Recall that the error-correcting capability of cyclic codes,

"

t, is given by

t = [(Dp-1)/21 , | o (5.2.2)

where [] denotes the largest integer which is less than the

guantity inside the bracket []... . Hence, by substituting

~{5.2.1) into (5.2.2),

<

t=f (gk -gk-1 -1}/2] . (5.2.3)

Therefore given the g-nary c-m-sequences with length qk-l,
this code can correct at most ¢ errors.

The majority logic decoding 1is an effective decoding

>
scheme, especially for certain classes of cyclic codes such

¥ D=(g-1)g" . (5.2.1) -

23
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as m-sequence codes, There has been much, - successful

~research done on majority logic decodable cyclic codes and

the shift register circuits provided for such decoding
schemes are given in many books such as Peterson &

Weldon[14] and s. Lin{10].

- >,

The concepts of orthogonal parity check sums are central

to majority logic decoding. Let e e e; denote, the

1’ 21---'r'

error digits and let s S . sj denote the check sums

l'r 2r
of various error digits. If a particular error digit e .
weighted by a coefficient a from GF(g), is involved in
every sum in the set and no "other error digit is checked by
more than one sum, then the sums are said to be orthogonal
on e,. . More general{y} if.every sum checks e_, e

1 1 2'
with coefficients a, b, ... , Jj and no other error digits

L
1

appear 1in more than one sum, then the check sums are

orthogonal on the sum ael+be2+?e3+...+jei.

It is well known that if one is able to construct a set
of D-1 check sums ortﬁogonal on any digit in a Cyclis code,
then the code has . minimum distance at - least D.

Conseqguently, orthogonal check sums provide a lower bound on

"minimum distance. A cyclic code with minimum distance D is

said to be completely orthogonalizable in. one step iff-it is
possible to form J=D-1 parity check sums orthogonal on every
error digit. The decoding procedures for one-step majority

logic decodable cyclic codes are very'simple. Figure 5.1
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gives a one-step majority logic decoder for a cyclic (n,k)
code, which is given by Perterson & Weldon [14, section

10.1], where the decoding procedurés are explainéd step by

-

Recaved word |
{n=ki=S510ge syndromea generator A@

t

l___l I

|

GF (g .- ]
multipirers :
1

1

-+ - I

. //’ﬂ

GFiq) }

{d=1}=Input majority gote multipliers i

|

L GFlq} i ol

' Inverter J\
— Recoived | k-510ge informotion register > s

information digits information digits

Fig. 5.1: A one-step majority logic decoder for a cyclic

{n,k) code.

step.

Even all‘binary m-sequences are known t0 be one-step

majority logic decodable. In general, not all g-nary m-
sequences are. Hence it leads to the study of c¢-m-
seénénces. The examples given below illustrates this
resplt.-
v
s
//ﬁ//
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Example 5,2.1:

Let -m=4, n=2°-1=15, and let h{(x)=xj}+x+y

GF(4)={0,%,¥,

h(x), with length 15,

V-H=0, the following can be written,

YVg + Vit vy, =0

1 2

YVy + Vs + vy = 0

YV2 +V3 +V4

From eguation
a2

and Vi1ZY VY,
el =

1

By - arranging

H
o

(5.1.7), the property of m-sequences, Vv

equivalently
Y2V6
Y11 -

the top three equations

- - ' —y2y =
VSTVt EVatYY,, and also Vo=Y2VeSYV g

\ =32vghvv

3 13’

following check syms on vl are obtailned,

2 ' :
= =YV, . T h
v4 Y v9 14 ogether wit

YiVG
V11
Yvo +v
vs + ¥ivy
Y2y +Y Vi,

V3 + YV4

are denoted by voViVa

e e e e N TR B e
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over GF(4) where’

¥}, y2=y+l, The m-seguences generatéd by

...vl4. Since

(5.2.4)

=YV

Ve 1

(5.2.5)

of (5.2.4),
=2 —

NIRRT

(5.2.5), the

o
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v, = sze + Vg

= yVyq + Y2V,, . . :
13 14 ' (5.2.6)

-

e >

All 8 orthogonal check sums on vl have been formed since all

v v have been used, and each of the v.'s

Vor 1! e 14 1

- appeared only once. Now determine the minimu@ distance D of-

- .

these m-sequences,

D = (q-l)qk"l =12 . ' ' (5.2.7)

Since all vi's'have been used to form 8 orthogonal check

sums on vl, it is obvious that one cannot obtain J=D-1=11
orthogonal check sums on vl. Therefore it must be concluded
that this'q-nary-‘m—sequences code is nbt"onefstep majority

logic decodable.

It has been illustrated from example 5.2.1 that i% is not
fmssible to fo?m_JzD—l qrthogonal check sums on v,
v0¢0) for q-naryim-sequences. It leads to the fact that not
all g-nary m-sequences are one-step majority  logic
decodable. However, by introducing t?e cohstraiht V=V

i
these g-nary m-seguences become characteristic and they :re
indeed ?ne-step majority logic decodable. The _foliowing
explains. For c¢-m-sequences generated by h(x) with degree k
over GF(q) provided by some logic, denote such sequences as

V V. V_ ...V where'n=qk—l.-' Try to f£ind the orthogonal

012 n-1'

— e e ot m e ————

{or v if
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0" 0 . 1 0 :
éééuencés.' It has been shown earlier that one can indeed

| ‘gheck sums. on v. (if wv_.#0). or .v. (if 'v_=0) for c-m-_

express all “nonzero v.'s in terms of Yy {or vl). Since

there are fq—l)qﬁ'1=n nonzero. elements in  every c-m-

-

sequence,. there are D-1 expressions on 60 (or vl), and each

of these exp;essions contains one nonzero element from the
c-m-sequence. For thé zero valued vi's, simply add them to
any one of these expressions because they don't have any
effect on these check sums. Thus, one can use all nonZero
elements and form D-1 ofthogonal check sums on Vo (;r vl)
since each of these v.'s appears once and only once in the
check sums. Consequently, this ensures that there are’ D-1

orthogonal check sums that can be formed on v, (or vl) for

0
- - .
c-m-seguences. Eguivalently, c-m-sequences are one-step

majority. logic decodable. To 1llustrate this, the

constraint V=V, is added to example 5.2.1.

i

Example 5.2.2¢

-

By adding v, =v example 5.2.1 becomes the same as

4i’
example 4.1.1. From (4.1.7) and (4.1.9), v0=0, vl=v2 =Yv3
ey a2 v2¢ v =vy? - - —y2 -
=V, =YV, =YSvg =ve =YTvg = Yy, =Yvy, =Y v13‘ -le4, and
also Ve= Vo= 0. By adding zero valued vi's to expressions
[ ] " M

of vl's, the following orthogonal check sums on vy can be

obtained, “

- *
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i

V12

= 32 -
Y73 Vi - S (5.2.8)

Therefore one can form J=11=D-1 orthogonal check sums on Vl'
vhich implies that the corresponding c-m-sequences are one-
step majority logic decodable and can correct up to

t={(12-1)/2]=5 errors.
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Chapter VI
CONCLUSIONS

Binary- m-sequences have been used very extensively in
many communication systems such as spread spectrum, radar
ranging, cryptographic and 'multiple access systems. -
However, for sophisticated applications, the g-nary m-
sequences were studied since they can reduce the bandwidth
required to transmit such sequenées and they can also be
generated by simplé linear feedback shift registers
qircuits. Furthermore, by adding a constraint to the g-nary

m-sequences, the c-m-sequences over GF(q) were obtained,

 where g=2°.

First, the basic finite field theory and concepts of
minimal polynomials were introduced since they are essential
for establishing the factorization " methods '6f bihary
primitivé polynomials over GF{(qg). As 1llustrated by some
examples, such factorizations can be done methodically. All
the factors obtained were irreducible over GF(g) androne of
these primitive factors was used to construct the g-nary m-
sequences. The linear feedback shift registers used for
individual examples were included. With the computed
initial conditions .being loaded in such shift registers, c¢-
m-sequences were constructed over G%(q) for different logics

-

provided.

- 10 ¢
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Two theorems were dérivéd with respect_to the case when
the corresponding extension field was GF(g?). With a
particular chosen parity check polynomial with degree 2, 'g-
nary c-m sequences.were then constructed by a‘2-stage shift

register with - feedback connections determined by the

“corresponding primitive parity check polynomial h(x}.

Finally, the properties of m-sequéncés as well as c-m-
sequences over GF(q) were discussed. It was also shown that
because gf the special properties which the g-nary m-
sequences héve,ﬁ only a portién of the g-nary m-sequénces
needed to be C#éPUtEd' The o;her porﬁions.of such seqﬁencés
were then obtagﬁéﬁ'-by simple multiplications of elements
from GF(qg). The m-seguences as wellsas the c-m—-sequences
over GF(g) were random error-correcting codes. The maximum
number of errors which they were able to correct depended.
on the minimum distance of the corresponding code, meaning
that it also depended on the degree of the corresponding

parity check polynomial and the Galois field being used.

In general, not all g-nary m—sequences have the one-step
majority logic decodkble capability but the g-nary c-m-

seguences do. It 1is important in the sense that majority

¥ logic .aecoding is a well-established decoding scheme for

certain classes of cyclic codes such as m-seguences. This
type of decoding scheme has  been investigated by many

researchers and they have found -some good, step-by-step
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decoding procedures as well as the decoding shift registers

circuits.

The c-m-sequences inherit all properties of -the m--
sequences and 1in addition they‘”have the one-step majority -
logic decodable capability. Therefore it is reasonable that o
the g-nary c-m-sequences can be employed in communicationiF
systems where binary m-sequences are used. When ¥nformation

}is in the form of nbn-biﬁary basis, or when érrors occur in
bursts, it is more efficient to use non-binary codes. Since
there are q=2s levels for c-m-sequences over GF(g), the
béndwidth and the number of bits reguired to tfapsm&t\Fuch-

_ seqguences are cg%pressed by a factor of s . compared with
the binary case. The corresponding decp@ing procedures are
simple because such seqguences are one-step majority logic
decodable and the decoding procedures have been well-
established. In this thesis, special attention was given to
the GF(g*)} cases. Further ‘studies may be taken upon cases

“with respect to other extension fields such as. GF(g?),
GF(g*), and so forth. Also the design of feedback shift
registers circuits for generating c-m-segquences .over GF(g)
and/or the simplification of the one-step majority ‘1ogic
decoding schemes are interesting subjects for further

investigation.
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