INFORMATION TO USERS

" This manuscript has been reproduced from the microfiim master. UMI films
the text directly from the original or copy submitted. Thus, some thesis and
dissertation copies are in typewriter face, while others may be from any type of
computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality illustrations
and photographs, print bleedthrough, substandard margins, and improper
alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete manuscript
and there are missing pages, these will be noted. Also, if unauthorized
copyright material had to be removed, a note will indicate the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand corer and continuing
from left to right in equal sections with small overlaps.

ProQuest Information and Learning
300 North Zeeb Road, Ann Arbor, Ml 48106-1346 USA
800-521-0600

®

UMI

e






AR

MARKOV CHAIN MODELS AND STOCHA$I‘IC
DIFFERENTIAL EQUATIONS

by

Frank H. Fitch

Submitted to the Department of Electrical
Engincering, The University of Ottawa,
Ottawa, in partial fulfillment of the require-
ments for the degree of Master of Science.

Department of Electrical Engineering,
Faculty of Pure and Applied Science,
The University of Ottawa,
Ottawa 2, Canada.

1969




UMI Number: EC52106

INFORMATION TO USERS

The quality of this reproduction is dependent upon the quality of the copy
submitted. Broken or indistinct print, colored or poor quality illustrations and
photographs, print bleed-through, substandard margins, and improper
alignment can adversely affect reproduction.

in the unlikely event that the author did not send a complete manuscript
and there are missing pages, these will be noted. Also, if unauthorized

copyright material had to be removed, a note will indicate the deletion.

®

UMI

UMI Microform EC52106
Copyright 2007 by ProQuest LLC
All rights reserved. This microform edition is protected against
unauthorized copying under Title 17, United States Code.

ProQuest LLC
789 East Eisenhower Parkway
P.O. Box 1346
Ann Arbor, Ml 48106-1346




a0

Erﬁ
S
LALA

Approved for the Department
of Electrical Engineering

Chairman GF tﬁngxaﬁIhihg !
Committee

Chairman of the Department




ABSTRACT

The trajectories of motion of dynamic systems
subject to Gaussian White Noise inputs have in the past
been studied by application of the Fokker-Planck-
Kolmogorov partial differential equation. This thesis
sets forth an alternate approach where step functions are
used to simulate Gaussian White Noise inputs over

intervals of time. Systems considered are of the class

dfy.] = 3 (F,4,t)dt + T, (5,§,t) Alt) dt
where n(t) is a Glassian White Noise vector, y(t) is a
state vector, u(t) is a plecewise continuous vector
function and fl’ T2 are continuous vector functions
which may be linear or nonlinear.
A mathematical procedure is formulated to obtain

a Markov Chain model for {?(t’} or any of the individual
components{yl(CXB, fyz(tﬁ y ees {yr(ti} as separate
and distinct stochastic processes, Finally, a stability

test is developed to predict whether the range of values

of {?(p8 is finite in the Euclidean space R’ for all t>0.
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CH..PTER I

INTRODUCTION

1.1 Review of the Literature - The study of random inputs
in physical systems is an old subject having had its begin-
ings at about the turn of the century with investigations
into the theory of Brownian Motion by Einstein, Smoluchourski
and others. In 1931 Kolmogorov [1] formulated in a precise
mathematical form the equations satisfied by the probability
densities associated with this process. Various papers in
the book by Wax [2] give a summary of these investigations,
Each deals with linear systems where it is well known that
Gaussian inputs produce Gaussian outputs and this leads to
many simplifications in the procedures of analysis., In 1933
a paper published by Andronov, Pontryagin and Witt (3] shows
that it is possible to derive a partial differential equation
(known as the Fokker-Planck-Kolmogorov Equation) for linear
or nonlinear dynamic systems with Gaussian White Noise input.
The solution leads to first and second order statistical
properties of the output trajectory. Many authors ), (5]
and (6] among others have used this approach to obtain first
order statistics of the output trajectory,

Other studies have treated this problem from the

point of view of control engineering viz:
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(a) an open loop involving zero memory with non=-

. linearities preceeded and/or followed by linear
filters,

(b) a closed loop where an approximate lineariza-
tion scheme is used or where a perturbation
method is applied.

The open loop methods are discussed by Deutch [71.

The basic problem is one of finding the spectrum of the out-

put y(t) = gE;(t[] where the input x(t) is a stationary
random process and g is a nonlinear function which repre-
sents a squaring device, rectifier, etc. As this is not a
dynamic system the solution is readily available from
elementary methods, However, by introducing linear filters
in series with the nonlinear element we indeed have a non-
linear dynamic system., While many interesting and useful
results have been obtained for problems of this type they
are not of concern here,

The second class of problems (closed loop) is
often treated by Booton's approximation (81, A-typical

feedback loop is shown below.

nonlinear
n(t) ty,finear| zero o |linear|,  y(t)
memory

J\

Fig. 1.1
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With this scheme the input process must be sta-
tiohary and Gaussian., It is then assumed that the signals
are approximately Gaussian at all points in the loop, and
that the nonlinear element may be replaced by that linear
gain which most nearly approximates it in a certain sense.
This method has been used with apparent success in a large
number of applications, but unfortunately there are no use-
ful methods for setting bounds on the errors introduced in
the approximation.

The perturbation method is useful in problems where
the random component is small in some sense compared with
the deterministic part, (Caughey [9]) or in others where the
systems are nearly linear (Crandall hd], Wolaver [iﬂ )o It
is closely analogous to the classical perturbation method
in solving differential equations and has many of the same
benefits and limitations,

'In a paper by Ito ELZ] in 1951 (see also Doob ELBJ)

it was shown that for a given system

dy(t) = £; (y,t)dt + £y (y,t) dx(t) . (1.1)
t .
where x(t) =Jn(t)dt, n(t) is Gaussian White Noise of pewer
spectral density N such that ’

B {x(ty) - x(ty )} = 0, B{[(ty) - x(t 1% = ¥ |¢, - ¢y
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§ The stochastic process {&(t)} which satisfies this equation

is unique and exhibits the Markov property if
(a) £y *»*) and fz(o,') are Baire functions of the pair (y,t)
fora £t £ b, - wltyloo ;

d (b) There is a constant M for which

|fl(y3t)] € M(l-kyg)%.

| 0 £ £,(y,t) £ M1 + y2)2

| (c) £1(+y+) and f5(+, ) satisfy a uniform Lipschitz condition
on y,

N

]fl(YQ)t) - fl(yl,t)| M'Yé - Yl'
‘fz(tht) - fz(Yl,t)l Mle - yl‘

Although a direct proof has not been given it is generally

n

considered that the transition probability density function

p for{y(t?}in.(l.l) is available from the forward Fokker-

Planck-Kolmogorov equation

2
) P 9 [f 2 -
gg’ +‘§3‘; [-'-fl(Y;t)p] - %A—yz 2(Y,t) P:] =0
Skorokhod [14) and Dynkin [15] have shown that similar results
apply if vy, fl, f2’ and x are vectors in an r-dimensional space.
Although the Gaussian White Noise term n(t) is not a defined

mathematical function we find it convenient in this thesis to

write eqn(l.l)as

3" = fl(Yst') + f2(y,t) n(t)
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Continuing now with investigations using the Fokker-

Plandk-Kolmogorov equations, Robinson Iié] and Wolaver [1ﬂ
among others have shown that solutions of this equation may
be obtained analytically to manifest second order statistical
properties for systems described by first or second order
linear or nonlinear differential equations and driven by
Gaussian White Noise., In advancing to systems described by
second order nonlinear differential equations however, the
solution of the Fokker-Planck-Kolmogorov equation is beset
with mathematical difficulties and attempts to obtain a
general solution have been unsuccessful., Wolaver ﬁi] states
that the Fokker-Planck-Kolmogorov equation does not readily
lend itself to general use.

In cases where the transition probabilities can
in some way be obtained, a numerical approach to determine
the second order statistical properties is to quantize the
motion of the dynamic system in both time and amplitude so
that it may be represented as a Markov Chain. A pertinent
result is the Markov Chain model for a first order nonlinear
differential equation with a Gaussian White Noise forcing
term as derived by Wolaver Elﬂ o It is this approach which

forms the immediate background for the work presented in

this thesis.
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l.2 Statement of the Problem - The systems under study are

defined by the equation
a[F(t)] = 75 (7,4,t)ae + T,(F,0,t) A(c) dt (1.2)
where

y(t) is a vector function in Euclidean space R¥ and t

is the independent variable, i(t) is a piecewise continuous

function in RY

fl, fz are continuous functions in R¥T9

n(t) is an m-dimensional Gaussian White Noise (G.W.N.) vector.

The properties of G.W.N. n(t) will be discussed in the next

section,

The general purpose will be to determine the second
order statistical properties of the state variable y(t) given

by
P {?(to +at) €3; y(to)eﬁ'] = P, Z?f(to)éj}-

P, (e, +ac) €1 7(5,0€3 (1.3)
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J =61(jl:%) s K ﬁell(‘jl"‘%), °’\2(32'5) s Yo = ’(2(3.2'*'%)) soe

. . )
seey %(Jr‘%) = ¥ = .(I'(j +£)}
r
Z = 1’ 2, ® 00 ’ r
o),e='- the width of one state of the stochastic process '{3,'& (t)}
i/= the state number of the stochastic process {/}2 (t)} at

time t°+At

‘je= the state number of the stochastic process {3& (t)} at

time to

In writing eqn. (l.3) it is assumed without pr;oof
that the Markov property applies, i.e.
P [Tt rat)e I] 50 €T = p, [Flo mat)e T ] Fieg) e 3;
Fltra) = (b),by, e b
for all to,(bl,bz,...,br) and all At,a>0. If we now con=-
sider that an initial probability vector is given for all

elements of J at a time t, then we may write eqn. (1.3) in

matrix form as

- - |
P (Flegrat] = | PiE(et,0,) | F[Fie,) (1.4)

- _
where P [ﬁ('ﬂ =P, [ylc-state 1, yl(—state 2y cee yl(—state ny 3

Y, €state 1, ... y,€ state Nyj ees yrE-state 1, oo

¥, € state na
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pii (At,to) = Pr {?(towm)e I | 37(1;0)(: ﬁ (1.5)

nz(l = 1,2, ..., r) = the total number of states of the stoch-
astic process [yz (t)} .

It will be assumed here that the intervals chosen

for each state of the process.ﬁQ(t)} are sufficiently small :

that the state Jp at t, may be approximated by its center
value. (See also Wolaver [;ﬂ page 40). This allows us to
write eqn. (l.5) as p3ji = Pr {?(to+At)6 i( ?(to) = 303 (1.6)
where 30 = [yl(to) = center point of state Jis yz(to) =

center point of state j2; cee, yr(to) = center point of |

state jrj « The matrix representation in eqn. (l.4) can be

used as a satisfactory approximation of {?(ti}provided there
exists a finite level fj’?, which is rarely exceeded over the
interval t to be considered. In cases where this condition %

is satisfied for all t>t, and eqn. (1.2) is time-invariant

then we may write

_1% [S'f(to + ml.\t)] = [P'jI]m —I% [}-r(to)] (1.7) |

0L =[] B[] (1.8)

where m =1, 2, ......

and

2 (-
Ps [y] is the steady state probability distribution of

i?(tg for sufficiently large values of mat. (See also
Doob [4] chapter V.)

i
i
1
i
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The aim of this thesis then is to

| (a) Obtain the transition probabilities which describe the |

evolution of the stochastic process {i(t)} ;
g (b) Develop a stability test to determine if the range of

| values of {?(ti} is finite over the interval t to be

considered.,

: I
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1.3 Gaussian White Noise - is a Guassian stochastic process
whose power spectral density function is constant for all
frequencies. As this concept forms an important part of the
background of this thesis, the approach will be to first list
the definitions which support the above terminology, then dis-
cuss a mathematical model of Gaussian White Noise (G.W.N.) and
from this we derive certain specific properties which character-
ize G.W.N.
(3) A stochastic process {ﬁ(ti} is said to be a Gaussian
stochastic process if for every set of fixed times
{tm} y the random variables n(t) follow a multi-
dimensional normalldistribution. For the simplest
case we assume that n(t,) and n(t,) follow a Gaussian
distribution with zero means and eqﬁal variancess'z.:
then the two dimensional probability density function

is given by

p n(tl),n(tzi] = 1 exp {} En(tl)z-zpn(tl)n(tz)+n(t2)2
26 2 f1-p? 262 (1 - (%)
(1.9)

where p = R_ t)('7’) y 7= b=ty
¢ 2

For an r - dimensional Gaussian probability density
function (r>2) the expression of eqn. (1.9) becomes
much more involved , However we have no reason to go

into this here, (See (ii] page 91-95 or (;é] page 155<160.)
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(b) The power spectral density function is defined by Fourier

"~ transforms as
Q

s(f) = /R('f) e~ 3273y | (c0feoo )
-4
-0
and conversely R(7) ='//é(f) eI27E7 4.

-0

The physically realizable one sided power spectral density
functions G(f) where f varies only over (o, oo) are
defined as
G(f) = 28 (f), o £ f £ 0, zero otherwise,

For G.W.N. we have

S(f) = % where N is a constant and

R(7) = / ) 32 7ae
-0 .

=-/G(f) e 74r < G(f)ﬁcos 21£%) df

(4]

=% 5

+

where 5 (%7) is a Dirac-Delta function; /:5(7’) i7 =1
o
SE7) = 0,7# o

The area under the autocorrelation function is
24}

'/R (7) a7 -/% Stn a7 =4 (1.10)

- “o

The Delta function suggests confusion here; for
we may assume that n(t) has zero mean throughout this dis-

cussion and therefore

e

we ety vl

b i e
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2 _ [ - 2_ 2 _ -
gat) = E[0®) -En) %= [n)]? = r0) =§5(0) =
which in turn implies that G.W.N, has infinite average power,
However, this result is only the product of our assumption that

the power spectral density is constant for all frequencies from

0 to oo. In another way we have

6’?1(1:) =js(f)df = g /c:f = o0
~00

o
We may construct a mathematical model to represent
G.W.N. if we first consider a bandwidth limited white noise
(see [ii] page85) and then view the result as we allow the
bandwidth B to increase from o to co. We define
Gr(g)(f ) =N o=f -(B/2) €5 &£  + (B/2)
= 0 otherwise

where fo is the center frequency, B is the bandwidth and
N is a constant,

The autocorrelation function is
f +B/2

Ry (¢) () —/ (f)er“f”'df

-B/é

Since Gn(t (f) is a real function this becomes

£,+B/2
Ry(4).7) = | Nlcos 2n£7)ar = NB(SHLBY) cos 2ns 7
. f,=B/2

In this case £, = B/2 so that

G(f) =N o<r %8B

= 0 otherwise




and

Rﬂ(t) (/7) = NB (%’%178'4{) = o for7'= %@'
= NB for7/= o

As n(t) has zero mean

2
Ba(e)le) =6 () = MB

follows that

bility density function

P
n(t) zﬂNBL

and»fh(t)ﬁf) = Rn(t)(7j

6 n(t)
Eqn, (1.9) then becomes

} p(n(ty), n(t,) = Eﬁ%ﬂﬁL
o fem—
[/'Z—WN .

= p n(tl)} P (p(t.z)]

€

-13-

In the limiting case of G.W.N. we allow B> o to
obtain the same result as before, but for the moment we simply

assume that B is a very large number which we call B. . It

R(7) = o for>tand € an arbitrarily small number. By

definition n(t) is Gaussian so that we may write the proba-

)2

e B

which shows that G.W.N, is stationary

for all t

Rn(t)('7) = 0 for*7’>€

.

3 (0(t3))2+(n(t,))?
NB(

-n t)z °n(t )2

el ) e T

(1.11)

7 et ..«..J?.‘;’x.‘.i‘»’ 2
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which shows that n(tl) and n(tz) are statistically independ-
ent for alllﬁ/F‘(tl-tz)’>'€. In the limiting case of G.W.N.
BL-®o0 and n(tl); n(tz) are independent for any pair of
points t1,ts of t we may choose, Thus G.W.N, in the physical
sense must be interpreted as a sequence of impulses (1) whose
density in time approaches infinity; (2) are statistically
independent of each other and (3) whose amplitude follows a
Gaussian distribution of variance G2 —>00. This definition
does not appear in the literature. However we are only fol-
lowing the dictates of other time honoured definitions.

It is of interest to discuss what we mean by thg
limiting case where B_—> 0o and we have the resulting G.W.N.
random variable n(t)., Lebedev [;é] page 49 argues that n(t)
must be of infinite variance for if éfi(t) were finite and
n(t) uncorrelgted at all points in time then the effect of
n{t) on the motion of the system to which it is applied
would bé zero; the reasoning here is that some uniformity
must exist in the applied force if it is finite and imparts
motion, If it is uncorrelated at all points in timeé then
the motion we observe can only occur if the variation of the
applied force is infinite,

On the other hand; one cannot assume that' an

impulse occurs at each point of the real line, for then its
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dgration would be zero and no energy could be transferred
regardless of its amplitude. The answer to this dilemma
lies in the physical meaning which we assign to the Dirac-
Delta impulse function; i.e. we say that if the duration of
the random impulse were some infinitesimal quantity and its
variance NB_ correspopdingly large; then due to the degree
of resolution or measure of the output {&(ti} we would not
perceive any difference in {&(ti} if the G.W.N. impulses
were mo;e narrow or of larger variance NB. . This viewpoint
is enforced by the fact that any system as in eqn.(1l.2)has
a limitiné‘ bandpass frequency such that increasing the
frequency range of the input beyond this limit has no
measurable effect on the output y(t). The purpose of this
discussion will be more evident in Chapter 2,

To cite physical examples which approximate the
G.W.N. phenomenon we have the classical example of Brownian
motion of a small particle in a fluid, This random motion
results from molecules of the fluid which impinge on the
particle to form a G.W.N. forcing function., In this case
the number of impacts is about lO21 per second each statist-
ically independent of the other (see Yagolom [20] ).
Similar examples arise in electrical circuits due to thermal

agitation of the electrons in resistors or electrons striking
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the anode of a vacuum tube, which are termed thermal noise
and Shot noise respectively. In all these cases, the only
parameter readily measurable is the power spectral density

G(f) which has been found to be:

N = %: PBT for the fluctuating force or a Brownian
particle
= -_:,]-'-r RBT for the termal noise voltage
= é% el for shot effect currents
where P = 6Ta u for a spherical particle of radius a and
a fluid of viscosity u
B = the Boltzman constant
T = absolute temperature
R = the resistance in ohms of the resistor
€ = the charge of an electron
I = the mean value of current in the vacuum tube.

The reader may wish to ask why such intense study
has been awarded to this particular type of noise. A reply
is that G.W.N. represents an almost "perfect" 'or "absolutely"
random pro¢ess. Indeed it may be hypothesized that all ran-
dom processes are but a product of G.W.N. and some determin-

istic element which has been added to reduce the "randomness"

of G.‘VONO
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“LGHAPTER II

STATE TRANSITION PROBABILITIES

In certain probability studies where a solution
to the problem stated earlier is attempted by the use of
Markov Chain models a pressing requirement is to determine
the state transition probabilities. This chapter is de-

voted primarily to this end,

2.1 An Objective - Before considering this problem it

will be convenient to express a class of systems under
study in a "state variable" format and clarify our ob=-

jectives as much as possible. Let us consider the system

1= 7

Yo = v5

: : (2.1)
?r-l BEEEEREE TR

o = £1(¥,8) + £,(F;t) nlt)

where y is a vector (yl, Yos eee yr) in an r-dimensional

Euclidean space and t is the independent variable.

R

T



porat)=l

- 1l7a-

Let us suppose that a well defined continuous

function - say v(t) - were applied to the system input

in place of G.W.N. n

and Falb [21] page 116) that if £y and £

continuous and if

0fm (y,t), m =1,2; /= 1,2,

/)

functions over (t0 <

(t)e It is well known

2

t = t, +A4t) then the

(2.,1) would be obtzined from

-

vy (t +at)

Vo (t +at)

LN X

vp(t +at)

- to+1_\t

yzdt

(see Athans

of (2.1) are

««y, Vv are continuous

solution of

+ yl(to)

+ Yz(to)

v(t)] dt + y.(t,)

> ST



EX :.;-mmmm‘%

- 18 -

where t,At are known quantities, ?(to) is the initial

condition or state of the system at time t_, v(t) is a well

defined continuous function and i(to+At) is the state of
the system at time (to+At). In this case ?(to+At) and
?(to) are points in ant dimensional space and the transi-
tions probability from i(to) to i(to+At) is 1 for a
unique input v(t). Alternatively we may consider a set
of inputs {v(tg - which occur in the interval t, to
(to+At) with probability p - and which move the state
variable ¥(t) from a point j_ to the set of points I. (See
section(i.z)regarding this notation). We may then write

the transition probability as
P3x = P{?(toa-at) E:L} Y(to)€3}
P {v:Tin li(to)é'i}

where T is the transformation determined by eqn. (2.1).
Also we note that from any one of the eqn's (2.,1) we may

determine the transition probability

.-(,(,) P { : T, vei(4) )y)t )€ J}
where 1(£) = &(% -3) £ y, € a\\c(iL+%)3

and ?A is the transformatlon determined by the equation

for ¥, in (2. l).[ 1, 2, eee 4, Ie

Froemens
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Thus the immediate objective is to find a proba-
biliﬁy distribution function for a set of functions which
are equivalent to G.W.N. in the sense that either set when
applied at the system input will move the state vector y(t)

from the point 30 at time t  to the state I at time t *tat.

2.2 Theorems and Examples = To find the state transition

probabilities for the class of systems described above we
will need the following theorem.
Theorem 1 - The average value of Gaussian White Noise (G.W.N.)

over a time interval t is determined by the probability dis-

tribution function:

N

Pr,{é S Average value of G.W.N. over an interval[p,aﬁ]

b
s J/' ~k?At
= [At. . dk : (2.2)
1rN;] / €

Proof: We COnsider a set of m Gaussian impulses from a

b3

Gaussian White Noise source but confine our attention to
the probability distribution of their average value. As
suggested earlier, (section 1l.3) the procedure in treating

G.W.N. will be to deal initially with a bandwidth limited

white noise defined as
G(f) = N for (o< f «B_)

= o0 otherwise

s en o sy st DT IUTER
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and then determine the limiting distribution of the average
value as By+». It will be remembered that a G.W.N. impulse
is of width €in time where &€ -0 and whose amplitude follows

a Gaussian probability distribution given by

P.[a £ n(t) ¢ b]/ --é%dk

The number m of impulses from a Gaussian White

Noise source in the time interval At is determined by the

relation

m = Cat ’ (2.3)
where C is a constant - the number of impulses per unit time.
To obtain a probability distribution fof the average ampli-

tude of any m G.W.N. (Gaussian White Noise) impulses we form

a function

m
km= %) %

m
where X4 (the i® th impulse) is Gaussian; mean zero and vari-
ance NB_ as discussed in Section (1.3). The function Km

is used frequently in statistical sampling theory. For a

brief treatment here we may introduce

z-Z

i=1 x.l.




It is known that Zalso has a Gaussian probability

distribution with mean E[?-] '= 0 and variance

m m

2 = <2 Z e
E[(z- E (202] = 52 = 562 =5 m-n
We have
é;x
Km = §=] * = Z
m m

meanome-E[Km]- E%-%{ EEZ]ao
2
= as 2 = 2 = z
variance of Km = E [Km E(Kmﬂ E[!(m] E [;?:I

=% EZ® = S @yp) =LB

-kz
Thus Pr Ea-

(2.4)
ZTFNBL

Substituting Cat for m as obtained from eqn. (2.3) into
eqn. (2.4) we have

aéKnéb| =P [sxm-b]

2

k
2 NB.
Jz—TBTfe feo Ak (2.5)

To obtain the limiting form of this probability

distribution as B)-co0 we recall that the autocorrelation

SRR -c am £ 2]

B Ry



e

function for bandwidth limited white noise is given by

R (4) = NB__sin 27B, 7= NB_ for 7= 0
27 B, 7 (1.11)
= 0 for=1
2B,

Integrating on both sides

R (%) dr= jNBL sin 27TB._"7" Ll g_
o0

which shows that the area under the autocorrelation function
is a constant independent of B, . Eqn.({1.10) verifies that
this holds as B~ o0.

If we consider a set of Gaussian impulses which
occur sequentially in time - as is the case with G.W.N. -
then eqn. (1.11) shows that they are statistically independent
at intervals!//2B. and it follows that the width in time of each
impulse is |/28..The area under the autocorrelation function may

be considered as a rectangle shown in fig, (2.1)

NB.
B%
Fig. (2.1)
1'?| Ot
2B

Thus the number of impulses per second is

cC = 1 = ZBL (206)

T728;

Phoasmensec vt - 73 = o
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Eqn. 2.5 then reduces to

AT -i2at
Pr[acK, &1 = e N 4 (2.2)

JTN

as was to be shown. (End)

We can use this result immediately to study the
following example

"

Example 1 - dy' = n(t)dt (2.7)

nlt) s

of
L
x4
[
o]
.
N
.
N

The transition probabilities will be obtained first
by integrating eqn. 2.7 and again by a method of applying a
step function in place of G.,W.N., We have

y(at)
dy = yl(at) - y(o)
y(o)
At
/n(t)dt = {average value of n(t) over the interval
o [o,ut]}'m:

so that Javerage value of n(t) over [Q,Aﬂ} = y(at) - y(o)
. X

[



e
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If we define this as the real random variable k and substi-
tute for k and dk in (2.2) we have

Pr [a ¢ average value of n(t) over [o,at] % l;) =

= Ppr Eﬁ(i 2) £ y(at) £ a(i=3) ly(o) = center point of state :9

d(1i=2%)
-(y(at) = y(0))?

=Pj3 ﬁ?‘«l—? / Has dy; 1,5 = 1,2,3, ...

of(i-%)

In this case the differential equation to be solved

is of first order so that only one stochastic process {y(t)} is
to be determined and the transition probabilities are avail-
able immediately to form the Markov chain model.

To obtain a solution using stép functions we say
that a rectangular pulse of duration at and amplitude k may
be considered equivalent to the mean value k of n(t) over the
same interval At. To determine its effect on the output
variable y(t) a simplified procedure is to apply a step func-
tion u(t) of amplitude k at t = O in place of n(t) and obtain
the value of y at a point in time At, We then write

g%=ku(t) : u(t) =1 t 20
=0 ¢t <0
where k is a set of amplitudes of u(t) which moves the output
y from y(o), a fixed point, to any of the points in state i

after an interval of time At.

P omasemn e
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Solving by Laplace Transforms

s Y(8) - y(0) =

Y(s) = + y(0)

S

%&# alx

y(0. +at) = k at + y(0) (2.8)

or y(0 +A€) - y(0) = k (in eqn. 2.2)
Lt .

This method is seen to give the same result as before but can
not be applied to differential equations other than the given
example. The replacement of G.W.N. by step functions of fan-
dom amplitude can however be carried over to other systems,
To deal initially with the linear first order case we intro-
duce the following result and state it as a theorem.

Theorem 2 ~ Consider a first order linear stochastic differ-

ential equation of the form
& + fl(t)y + fz(t) = fB(t) n(t) (2.9)

Suppose that fl, fz, f3 are continuous and differentiable,
n(t) is G.W.N. of power spectral density G(f) = N, and the
solution, with a step function k u(t) applied in place of
the G.W.N. term n(t), can be represented by

y(t) = g (t,8,) + y(t,) galt, b)) + k galt,t ) (2,10)

ih

L
where to t = to + At

gm, m = 1,2,3 are continuous differentiable functions

ER—— L)
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of the variable t and
lim Bpltyt,)=0 m=1,2
t~>to
lim  g,(t,t )1

t-—»"to

Then the transition probability is given by the equation
Pj3 = Pg pi-2) « vt +at) & Ai+d) | y(e )€ state J)

t_+At -%

{/E— 83 (6 t,)] 2 dt}J

6 A(1+d)

exp.- y(t +At)-gl(to,At)-y(t )gz(to,Ac)}

g3(t t )]}

A1-2) (2.11)

where J = the state number of y at time t

i = the state number of y at time t°+At

4 = the width of one state of y

y(to) = the center point of state j of y at time t_

H
%
1
N
§
3
3
H
i
H
i
|
i
{
i

: S
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Proof: Let us introduce a new equation in dy by differenti-

ating eqne (2.10) with respect to t. We have

dy = d (tt)J +y(t)d[g(tt8+kd [g(tt)J

a%-a-e[gl’o °3T:'2’° 3-53’0
(2.12)

In eqn, (%.12) it is implied that the initial condition for

y is zero. Solving for k in eqn.(2%.12):

kK = dy-%_t_ [gl(t,to)] dt - ylt,) %%_ [gz(t,to)] dt
%’g [gB(t,to)] dt
k2 - {dy - g’ﬁ [gl(t,to)] dt - y(to) %%_ [gz(t,to)] dt} 2
{g%_ [gB(t,toﬂ} 2 at dp
k2dt = {dy - g_€ [gl(t’toi] dt - y(to) %%_ [g2(t’to)J dt}z

{%{; [gB(t’toﬂ}z dt

Integrating on both sides
2 2
k*(t-t ) = {&(t) - gy (t,8,) - y(t,) 82(t,t°)3, (2.13)

f fi [ea]}? e
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k Je-t, = {&(t) - gy (t,8,)) - y(t)) gz(t,toi}

M {& [e3(0:%01]}7 a2
U % Kgs‘t,:fﬂ}z o]

If we now let t = (to+At), eqn. (2.11) is obtained by sub-

Jt-to dk =

stituting the R.H.S. of egns. (2.,13) and (2,14) for k%At
and /At dk into eqn. (2.2) which was obtained by theorem 1.
This completes the proof. _
Some further examples may clarify the application
of this theorem,
Example 2 ¥ = t? n(t) (2.15)
where B is a constant

Replacing n(t) by k u(t) and iﬁ?egrating

y (v +at) = y(t ) + k [tF at
to

Substituting in eqn. (2.11) we have
gy (b +at) = 0

gz(to+A$) =1

g5 (tyt,) fJ? tf dt

%

(2.14)




«29a
°+At t°+ﬂt
and / Zd [%3(1:,1—,402 dt = f £2P 4t
to to
so that A(i+4)
t_+at 3
pii "[ﬂ—N _o/ 2P de exp = [-y(to+At)°y(t’oUz dy
% ; T ¥AL
’ 4(1-3) N / t%ae
o

(2,16)
This transition probability satisfies the corresponding Fokker-
Plank-~-Kolmogorov equation
- t.?ﬁ 32

>
A a2

b4
(See also Doob [13] page 274)

Example 3 - % +PBy = n(t) (2.17)
Since this is a time-invariant equation the corresponding
transition probability of the process is temporally homfgenous
so that we may set t = 0 and y(to),"= Yo Replacing n(t) by
a step function k u(t) and solving we have

ylot) =y, ePAt 4 1 (1 - e”PPY) k

i}

gyt ,0t) =0
,52(t095t) = e"PAT

gy(ty,t) = %}(l - 7%




-3

Substituting into eqn. (2.11) gives
' a(i+3)
P31 =[ﬁN(l-e'2PAt“‘é- exp°_(y(At) - Y, e PA%)2 gy (2.18)
2p 1 i) 5 - o %)

This result checks with Middleton [22]page 460*+ In certain
ca$§3 %tais possible to apply theorem 2 to nonlinear differ-

ential'QQﬁatidnS although it is difficult to generalize in
this respect.
Exaﬁgle g - The'first order bang-bang system

$ + seny = n(t)
+1 for y>0 (2°19)

SEN Y =)o for y=0

-1 for y<O0

Let us assume that the states j, i of pji are both positive or
both negative and that no zero crossings occur over At. We

write %x + sgn y =k y(t) ' (2.20)
t

with gsgn y = +1 or -1 over all of At. The solution of (2.20)
is y(at) = kst - ot ( sgn y(0)) + y(0) (2421)

* N = 4D (Middleton's notation)

B
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Substituting into (2.11) we have
‘ Yi+3)
Pji = EITNAt]'i exp -ly(at) - y(o) + 4t sgn v(0)]? dy
A(1-%) e (2422)

This result is obtained by Wolaver* [ii] page 53 using the

Fokker-PlanckiKblmogorov equation, With a small transition
time interval 8t £ 0.2 Wolaver shows that an accurate steady
state probability distribution may be derived from a Markov
Chain model where eqn.(2.22)is used to define the transition
probabilities for all states. However, some improvement may
be obtained by deriving a separate transition probability
distribution for states of opposite sign. Here_we have a
discontinuity at y = 0 and time tq which lies between O and
At, We write eqn. (2.21) in two parts.

y(tg) = 0 = y(0) -ty sgn y(0) + k ty4 (2.23)

y(at) = (6t - t4) sgn y(0) + klat - t) (2f2h)

from eqn. (2.23) substitute ty = -y(0) (Oi]into (2424) to
- 8gny .

give .
y(at) =[At + v(0) ] sgn y(0) + k[At + y(0) J
[k-"sgn y(0)] [k - sgn y(0]]
Solving for k, '
= | ;
[x(at)-y(0) f{&(m-y(ot) 2 iatlylag) sen y(0)-At+y(0) sen y(ol)
| 2t

(2.25)

* In Wolaver's Notation 2N = N (this paper)

gsh
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Using the center point of state j as y(0) and the boundary
points of state i as ykat), eqn. (2.25) may be solved to give
the necessary range of values for k. The transition probability
is then obtained from eqn. (2.2).

A more interesting result is available when we consider
higher order differential equantions. Let us take the simplest

example
2

g_§ = n(t)

dt

which may be written as
yl =¥y
¥, = n(t)

With a step function k u(t) applied in place of n(t) the

solution is
y, (at) = y,(0) + 5t y,(0) + (m)2§
v, (at) = y2(0) + 4t k

By applying theorem 2 we obtain two transition probability
distributions

PR(2) = P[4, (1,-3) £ y,(86) & o, (1,43)] v, (0) = state Jj,
YZ(O) = state jzj

4, (1,+3)

. ) 2
==ETN(M:)]-i / exp - [yz(A;)(A );2 (O):, d¥z
4 (1,-3) ¢

35 N
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PIL(L) = P_[4) (1,-3) £ yy(at) £ % (1,93) | y;(0) = state Jy,
A ¥,(0) = state j2]
Ay (1,+3)
é exp =[yy (88)=0% ¥,(0)=y;(0)[% ay)
. 41(11-§) N jg%lz

= [’ITN §A§)3] B
3

Since transition probability distributions obtained in this
way are each derived from the G.W.N. source n(t) they may be
expressed in another way as follows:

k%At

i(e) p V2 kAt
PJi(Z) = Pr [8. = KAt & b] ==/ [;ér‘i%] e v dk (2.26)
a

1(2)

where Kzéﬁ) € Tzl it

i(£ < 4
YMS Dald(s - 1) &y, (v rat) & fli,+ B)]

7,7t = [& (b +at) = gy (6 ,at) =y, (¢,) gz(to,mﬂ
t At
2 !
At / (%t- g3(t,to)] dt /2

2

1

The function T~ is obtained directly from Theorem 2. This

resqlt provides sufficient information that we may state the

following theorem without proof,
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Theorem 3 - Consider an rth or&er system of the form
y]_ =72

Y2 =73 (2.27)

yr = fr"‘l(t) yr""l+ fr-z(t) yr-z + 060000000 G
+ fl(t) ¥ + fo(t) + fn(.t) n(t)

such that each of the eqns. (2,27) satisfy the conditions of

theorem 2, Then the transition probabilities P }I may be

obtained from
Psz = Pr[dy (1,-3)
d.(1.-%)

In
"IN

Voltotat) €4 (ig43), ... ,
%r(ir+é)’ |

yl(to) = state j,, yz(to) = state J, cccccccos

IN
)

yr(to+At)

yr(to) = state Jr:]

2

. k2t

- [%%%] e V™ ak (2.28)
e
Z=1

To show an example where this theorem may be applied we now

consider a stochastic Van der Pol equation.
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Example 5 - d°y -p(1 - y°) dy + y = n(t) (2.29) |
. 467 dt -

We replace the G.W.N. term n(t) by a step function k u(t), i

choosef = 1 and rewrite in state variable form as §
S'l=y2
o 2 , :
The method of "Undetermined Coefficients"™ serves

adequately for solving this equation. We may write:

a + bt + ct2 + dt3 + eth + ft5 +.eoese

y (0 + t) : '
(2.30)

¥ (0 + t) b + 2¢ct + 3dt2 + hetB + sftl+ + tenen

Using series multiplication obtain

v% = a® + 2abt + (2ac + b2)t? + (2ad + 2bc)t> + (2ae + 2bd + c2)th

2 2 2

y"dy = ab + (2ab” + 2a%c¢c)t + (babc + b+ 3a2d)t2 + ?
dt

+ (2abd + 2bzc + Aac2 + 2b20 + 53bd + %aze)t3 +
. - 2 2 2 " 2
+ (2abe + 2b“d + be” + hacd + Lbe” + Haecd + 3b°d

+ 8abe + 5'c12f.‘)'t:LF

We may now substitute these polynomial expressions
back into eqn. {(2.30) and equate coefficients for powers of

t on either side to obtain
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c =k - azb + b-a
2

_azk + k-a + a3 - 2ab

6

2 . 32% + aMp (2.31)

Q.
i

e = k(a“-zaz-éab)+2a3-a5-2b§~8ab2~b+ua2b+2a3b2+a“b+6a3b2+3a4b-a6b

f= .00
E = ceseo
where the initial conditions are y(0) = a and ¥(0) = b.

It is interesting to note from egn's (2.30 and (2.31)
that the solution to the Van der Pol equation is linear in k at
least for the first few terms so that for a small t approxi-
mation theorems 2 and 3 may be applied directly. For simplicity

let us choose to = 0 and an initial state

[y(o), ?(O{] = (0,0). Eqn's (2.30) then become
_ 2

y(t) "'k(_E +t3 +OCLP+ '..ooo'.)
2 6
. 2 3
y(t) =k(t +_t_»_ +Ol;/ + e 00 0000 )
2
Using the notation of theorem 2 we have
for y(t) for ¥(t)
2 3 2
gylt) =15 + ¢ g.(t) =t +t
3 2 6 > 2
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t

/ d_ (_1;_2+t3ﬂ2 dt = (_*93 +tl*+_l_tt5),

o Lt 2 [ 3

% , t

/d(t+§2}]dt=f(l+t)2dt=t+t2+g3

0 dt 2 0 3

In the notation of Theorem 3

s Bt mye B e e T
t(t” + t* + 4t?) t(t + t° + t°)
F e+ ] ; 1]

Let us define t = 1 and

state (2) of y(1) = Y21} =[o.15, 0.25]

B2 .25, 0.35]

State (3) of ¥(1)

from which

k2(1) = o102, 017 , K23 - [o.163, 0.22d]
and
k2 N ) = o163, 0.7

The transition probability
Pr {y(l) = state (2), ¥(1) = state (3), y(O)‘= state O,
7(0) = state O}
is then given by eqn. (2.26) where the limits of integration

are l?.léB, O.l7i]. This completes our discussion of the

Van der Pol equation.
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2.3 Transformations of Multi-dimensional Weiner Processes -

To introduce ourselves to transformations of Weiner Processes
let us first consider a function A{£) which has a continuous
second derivative iné and apply it to a Weiner process x(t)

(where d{x(t)) = n(t)dt). Expanding in a Taylor series we have:

Alx(t) +ax(t) = A(x(t) + X(x(t)ax(t) + 3 »(x(t)) Ox(£))?

(2.32)
Rearranging,
X(x(t)) ax(t) = AMx(t) +ax(£)) - Alx(t)) = 3 > (x(t))
(ax(t))?

Taking the limit on both sides as ax(t)—>0 and integrating

over [to,tl];

t t]
S AHe) @ lx(e) = Alx(y)) = MHxleg)) - %fﬁ(X(t))(dX(t))z

Lo t

0
(2.33)
We write the integral on the R.H.S. as
tl t '
3 | Mx(e)) (ax(e))? = —jj P (x(e)) B [l In(ey ] ayds,
0 s
Substituting E [:n(t,a) n(tb)] =g ﬁ(t.a—tb) this becomes
t t
-3 ﬁ’i‘:(X(t)) (ax(t))* = -3 (,Pzi) jl 7~ (x(t))de
t t

o ‘ 0

TR ...
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In the same way it may be verified that higher order terms
in ﬁhe Taylor series of (2.32) vanish as Ax{(t)—>0. Eqn.

(2.33) then becomes

31 ' F1 t

J7 Amenane) = Mxtsy)) - 2o -8 [T Flxtehae
t
o}

%

(2.34)
This result was originally derived by Ito lﬁé] Appendix 1.

(See also Stratonovich [?ﬂ ). It is sometimes written as

31 Jal o,
Y(x(t))dx(t) =f > (x () )dx (t) ~_1\1f ~(x(t))dt

L 2
to to t’o

(2.35)
where the asterisk #* on the left indicates the “true integral,
or integral in the sense of Ito,while the integrals on the right
hand side are obtained by the normal methods of integration.
With the help of (2.35) we are now able to determine transition
probabilities in cases where the inverse transformation from
the output y(t) to the input n(t) (represented by k) is easy to

find. We see this from

Example 6 dy = —pydt - yd(x(t)),péft (2.36)




L

5l

- 4O -

The integral with respect to d(x(t)) we write as

tl tl t

1

LA - ydlx(e)) = f ~yd(x(t)) =N 2(=y). (dy) dt
3 £ b AY dx

; 0 0 0

ty t

= f -yd(x(t)) - N fl y dt

£ * g,

Substituting this into (2.36) we have a modified eqn. in
dy, ie
| dy = -(p +7) y d&t - yd(x(s))

Writing d(x(t)) = n(t)dt and replacing n(t) by k this becomes
dy = -(p + %) y dt =~ k y dt

Integrating and solving for y(t),

N
v(t) = yoe-(p +~2: + k)t

The inverse transformation from k to y(t) is

k = :% [log (.)/(‘t)’yo)+ (P + %I) t;l

To determine the transition probabilities we calculate

2 Ny, 2
kKt =1 |log y(t)/y_  + (B + )%
Jt dk = dy

JTN v(t) (rhe)2
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Substituting these quantities into (2.2) we find
P [Y(t)Eil yo""""j-] = Pji (Yat)to)

Hi+s)

exp - [log (y(t)/y,) + (p #N/u)t]? dy
Nt

1

for sign (i/j) = 1
= 0 forsign (i/j) =-I
This transition probability satisfies the corres-

ponding Fokker-Planck-Kolmogorov equation

2p* = B (pyp') + XN B2 (y*p1) , pt =4 (P..)
At dY L ay2 dy
as so it should. The above example is also discussed by
Caughey and Diénes léé].

In instances where the inverse transformations can
not be represented by al % ! mapping such as in the above
example it becomes necessary to use a numerical method to
find the transition probabilities. Prior to stating this

method we consider the vector equation

a[7(e)] = 7, (7,8,0)de + E, (F,5,0)d [R(¢)]
where 7(t) = [y(8), vp(e), euen, yo(e)]
Q) = [uy(6), uy(e), weneny ug(e)]

x(t) = [xl(t), xz(t), ceeee, xm(tlj is an m-dimensional
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1jener process and the cross products of G.W.N. elements
are correlated i.e,

’ Elng (t'a) nﬁ(tbi]"N S(J‘— - ) eaﬁ'*s 9..;.9m

2
uf’l("): Ell(.)’ f12(')9 ""’flr(')]
?2(«:) d[:?(ti]= -f211(°) f212(') se e lem("ﬂ dX.l(t)W

£201(+) 1222(+) oo f2om(+)| | d2(t)

LfZ;‘l(’) f2r2(-) coe f;m(\.)-‘ \_d;c:n('f’)_

For an arbitrary component y, (t) of y(t) we nave,
,

Yy (tl) = y[ (t,)+ ffi‘q (‘-J':,_L{,t)dt t *ﬁfage (-5;,9.'351'-)"177‘9(13) (2.37)
<

and 1,

T,

t,
2 WCELNOERP L EIDEER

5;2 Mp(f)[ La00 (750t | e, (t)dxg(t)

apl

Continuing fur Lher s

1o

L L o [rae|aomntin 2 > [0 () 2 Jaxg) ()
6,B=! 0 xa(t) SaL OF 0 xg(t)
-4 Df"g@ ) b;z! aJ‘Z 6 v ) b\'n + one." bf?.!’ﬁ( ) ay —] dx (t)dxﬂ(t)
. ! 8-l [ oy, t)+ 0% 9%y o (%) Yy ox:( ®
ZZ[bsze (+) foue(” >] SEROLINC (2.38)
681 M1
(From (2.37) we see that dy, = f%ﬂﬁ(') )

Sxg(t)

Replacing dxe(t)dxﬁ(t) by E%édt as was done in (2.34) we have,

¥ Soaosiir s
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P b
1 - 1o - »
*j Fo(y,i,t) d [%(t)] = § To(F,0,t) dff(t)
t, - to
1
! _%t\r TB(-};’G’NOP :t') dt (2-39)
’ where [ m (f_\/ .
i > Z_ 219( )oup (* Wep
.8 Zi
B s | S Z e (O
6,p:! ﬂﬂ
Zmi $2or0 (')f%uﬁ(')Neﬁ
8,8« Hsl 2V u -

We note here that in forming (2.29) the only requiremént

imposed is that fzz('y,ﬁ,t) be differentiable with respect to yju

for pou =1, 25 eeey To We are now in a position to consider

transition probabilities.

Theorem L - Consider the system

)] = BETOE+ TEan R (t)] (2.40)
(i) §{t) is a function from [_uu,t,q-* at) into the

where

Fuclidean space RF

(1i)3(t) is a piecewise continuous function from

(tostot 2t] into R

S —
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? (iii) fl(fi,ﬁ,t) is a continuous function from
r+q
R x [to,to +At_]

into R' and there is a constant M>O with the property
that

P (3,8,0) - B (F,,0,0) | € MF, - 3,
for all ¥,,¥, in R", @ in RY and t in [to,to +4t]

(iv) f2(§,ﬁ,t) is also a continuous function from
rTH « [to,to +4t] into R'x [to,to +4t] and the partial
derivatives bfzs(}"r,ﬁ,t)/byjZ ; §,4£4=1, 2, ..., r are
continuous functions from RY14 x[po,to +£3€] into R.

(v) d[;c(t)] = n(t)dt and n(t) is an m-dimensional

G.W.N. process such that E [ne(ta)np(tb{) = Neg S(ta-tb);
2

6,=1, 2, ..., m E[ne(t)] =0
Suppose § (K,t) over the interval l}o’to +txq is a
polynomial which satisfies the eqn.
A0 (Ee) = 2)(6,5,0) + Tp(0,8,00R-4 25(8,3,N,,,¢) (2.41)
where I‘B()?,E,Nep,t) is given by (2.39), and suppose

® (E,to +At) is modified in such a way that each element

K (at)®, ¢E€R, 8 =1, 2, ..., m of B (K,6, +4t) is multiplied
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by a factor +(@2/2@-l)%'. Denote this modified function by
d * (K,t, +At). Then the transition probabilities
. + 14, . + 14y,
.+ .
oo V(b +at)ey (1) - %)l vy (t,) =‘4lgl; ces
SRR °§rjr] = Pj I
are given uniquely by
n KT [N, ]tR/EE
Pj I =|yat) € F

dk dk, ... dk (2.42)
™2 (e [n,,])"

Nk

where [Nep]is an m x m matrix

Nk is the set of all values of kK which move
y(t) as described by 6*(E,t) from the point ?(to)=30
to the set of points §r(to +At)€ 1 ie

30}

Remarks: In writing (2.41) we have first added ~i(¥,T, Neat) dt

I

k = ZE: @*(E,to +At) € I; 5*(1;0)

to (2.40) so that it may be integrated normally, then substi-
tuted both k for n(t) and @(k,t) for y(t). The integral in

(2.42) is the joint probability distribution
Pr [g, & average value of nl(t) < bl; ceej @p £ average value

~of%nm(m):€ bm] of m G.W.N. sources each of which are charact-

erized by the average value distribution (2.2) derived in

T—— s
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Theorem 1. The proof of the theorem then must show that
conditions (iii) and (iv) are sufficient to define a mapping
from K to @*(E,to +At) which is 1 to 1 in probability.
Proof: It is known from the fundamental theorem of differ-
ential equations (see Athans & Falb [Zﬂ page 116) that
conditions (i) through (iv) are sufficient to ensure that
the function @ (k,t) is both unique and continuous. Also,
we know from the Weierstrass approximation theorem that

any continuous function may be approximated to any degree
desired by a polynomial function. Let us then consider a

polynomial @t(ﬁ,t) which satisfies the equation for
dy, (t) in (2.40); £=1, 2, ror T We write

(DL(E,tO +8t) -0, (to) = fu(if),{i,t)dt +g/f211(q'),ﬁ,t)k,dt
at

[+] At
cee +‘[f2,(m(©’ﬁ’t)dt = ka3[(©’ﬁ>N6?)t)dt (2'1"'3)

d
e

Assume we have the term k (At)c on the L.H.S. Then we must

_ t
d-1,c-1
have a term c ke t kedt on the R.H.S. Now (c-1) must

o

be non-negative or f2(§,ﬁ,t) does not satisfy a continuity
condition as At—>0,

for all kJ at®, €=1,2, ..., m in § (K,t, +At)

CSec 21 (2o44)

SIS Sre—— L
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We wish to establish what is the maximum value d may have

in relation to ¢ for all terms kgAtC in 0 (E,to +0t).

More generally, we will show that

m
04 = 4, £ ¢ (2.45)
i=1 1

dl . dp

d .7
for all k;7, k,“ ... k‘mm 5t€ in @ (E,to + At) and that ds

are positive integers. To do this we may assume without

loss of generality that £, ((.I.),ﬁ,t)= 0, fBI((T),ﬁ,Ne,,)ﬂ:O,

m=2,4L=1, ..., r and fZAl(q)’ﬁ) = f212(®,ﬁ) such that
both are time-invariant. This time-invariance property

assures that the exponents of At in @, (E,to + At) will be

a minimum as seen from (2.,44). With this simplification

(2.43) now becomes .

O (R, t, +4t) = 0,(t,) +ﬁ241(@?ﬁ)(k1 + k,)dt

(]

(R.46)

As (Dl (k,t) contains a constant term (the initial condition

q)ﬁ(t'o) =y, (to) which is not a function of k), so also

fz,(l(q)’ﬁ) contains a constant term and we have that the
coefficient of At in bf (Kyt,+ At) is linear in k. Denote
this term by Ll(kl + k2) At. Similarly since lel(@),ﬁ.)

is invariant both in t and in k it cannot change the

relationship in exponents of kgl k%ZAtc. In performing
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successive integrations on the R.H.S. of (2.46) we add 1

to the exponent of At and 1 to the exponent of k., 1 = 1,2,

» dl=l d2=l

. c=1
«'e. Since Ll(kl + k2 JAt

satisfieg O < di < ¢ so

also all other terms of QL(E,tO +At) satisfy this relation-

. . dl dp dm c
ship. Now choose an arbitrary term kl k2' ose km (at)

dj d d
of ¢£(E’to +At) and factor it into (kl (At)dl)(kzz(At) 2)

m
cevos (km(At)c'S) where s = Eéi d(i) and c-s T 1

To next determine a probability transformation we note
that the probability distribution for k as given by (2.2)

is itself a function of At. Let us consider an increment
¢£l)(§,to +At) - Q}l)(to) caused by an.element Eedtc,

c Z1 of Qe(ﬁ,to +At). We write this as

Jzt d[@(l)(t{] =‘2F cketc-—ldt

Applying theorem 2 (see also example 2) we make the fol-

lowing calculation:

(1)
ke = AtAq)’(' > A‘bg(l) = (D,((l)(At) - (D!(l)(O)
ekt ®lat
4 ) (1) (1)
v 1)]2 12
kS At = j k5 dt = (a0, %] _ (a0t
(0] At

2 2c-1
2,.2¢c-2 c“(at)

(-]

(2.47)

(2.48)
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4 Substituting the R.H.S. into (2.2) we obtain the transition

O N e LS IR A S S P e AU A A N

A

probability for Qél) (At) which is a unique transformation

in probability from n_(t) to @(l)(at). Solving for k_ in

(2.48) we find

c | kplat)® =0t Jzez (2.49)
(2¢-1)%

which is a unique transformation from ke to Qél)(At).
Applying this same transformation to each element keLXtC'
of (E,to +At) we obtain the function § * (E,to +At)
which gives a unique transformation from ?(to), k to
?(to +At). Thus, the transformation from n(t) to

?(to + At) given by (2.42) is well defined and unique.
This completes the proof.

Corollary - The systems described in Theorem 4 possess

the Markov property.

Proof - The transition probabilities pJi are obtained from
the probability distribution given in (2.41) and the function
@*(E,to,at). @*(E,to,ﬂm) is implicitly a function of the
initial state ?(to) but neither is a function of t<t .

The Markov property therefore follows,

i
H
i
H
i
¥
:
]
]
{
{
i
H
i
{
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CHAPTER IIX
STABILITY

3.1 A Stability Test - With the availability of transition

probabilities for the class of systems discussed in Chapter
IT it now becomes feasible to approximate the stochastic
process ii(tﬂ by a Markov chain model. Wolaver [}ﬂ has
shown a computer calculation for this purpose subject to
the condition that there exist finite extremities of li(t)l
which are exceeded only in rare instances over all t> 0.
Here we wish to find a stability test for time-invariant
systems of the type expressed in (2.40) to determine if
’?(t)l(oo, all t>0 for any initial state y(0). It is

apparent that this will be the case if

5 i e ol

We now introduce a stability test and state it as a theorem.

Theorem 5 - Consider a time-invariant system
d [Fe)] = 2(F) dt + 2,(3) d [&(s)] (3.2)

described by conditions (iii) to (v) of theorem 4.

The inequality (3.1) will be satisfied if
_lim 22y(o)[ -3 £y, 50), N ] £ 0 (3.3)
(F(0)]» o0 CRIA H

where T3(§,t,Nep) is given by (2.39)

e o A R i £
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Proof: We write the differential in y(t) as
F(0 + dt) = §(0) + [F1(§(0)) - & F5(3(0), N )]de

+ 1,(3(0)) (L) dt

Taking expectations, with”E(ne(ti] =0, e =1, 2,
+esy M we have )
B[00+ ae)] = §(0) + [(5(0)) - & B5(5(0), N MJar  (3.1)

In writing the Euclidean norm for the R.H.S. of (3.4) we
see that terms of order (dt)2vanish to give %,
- - L N - -~ : 1
& (50 +ae)]| ={ 50033 +25(0) |2y (7(0)) - & B5(5(0),8, )] ¢
.Substituting this into (3.1) and simplifying:

lim . 2y (0) [f. (7(0)) - & r,,(y(0),N )]dn}io
|v(0)] » o {1=1 ‘ 1 S o
Removing dt from this expression it becomes (3.3) which

completes the proof,

Cerollary - Suppose Tl(ﬁ), fz(ﬁ) in (3.2) are time-varying
functions f{l)(ﬁ,t), fél)(ﬁ,t) which satisfy conditions

(iii) and (iv) of theorem 4 over [to,oq). Let us further
suppose that we add the variable dy.,; = dt to d[?(ti]in

(3.2) and express the modified system as

af5e)) = 5 ac + E,5) a[&(c] (3.5)

where y(t) = (yl’ Yos sees Yy yr+l)

R ..
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If the system given by (3.5) satisfies (3.3), then so

also does
a[3e)] = 25,00 av + 2 (5,00 o [E(e)]

Proof - The proof is obvious.

3.2 Examples - The following examples are taken from

Kushner [?3] pages 55 and 62 where the method of Liapunov

functions is applied.

Example 1 - dy = «ydt + 4yd(x(t)) - (3.0)
Substituting into (3.3), with

- £,(y(0),N) _-4 ZE y(0);

13 0)? {24~ ZN}LO
f}’%g)f’?oo %y( [ ﬁ?e—]

and the stability condition is seen to be

o £ 42N
L

Kushner [?j] suggests that this result is not apparent
from stability testing methods currently available.
For this simple example we may obtain some addi-

tional information. Write (3.0) as

dy = (o - 11\1;,2 + ky) dt (3.7)
v

* In Kushner [?i] it is assumed N = 1
2
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where k has been substituted for n(t) and -z f£,(y,N) =

—/fsz is added as discussed in secticn 2.3. Integrating i
b

in (3.7),

2

log y(t) = (A - NAu© + ko)t (3.8)
L

Yo
Before taking moments on the R.H.S. in (3.8) we may

consider the moments E [kdt?]. From (2.2) in Theorem 1

we have the moments
2
E [k] = O E |k = N
[1- o 5[]~

The higher order moments for this Gaussian distribution

are

E (_kd] = a1 (w2t)Y? for d even

(a/2) 1 2%
!
= 0 for d odd.
Thus for d even
. l?dtc] = ¢ (d!I(N/2t)d{2) = Q}_NQKELEE:ELEI (3.9)
(a72) T ,d/2. (a/2) 129

Now, taking expectations E™ on the R.H.S. of {3.8) we see
from (3.9) that E{gat]n is of lower order in t than t" for

alln=1, 2, 3, & «sue. o Thus if we have @-N 4°)4 0,
L

then as t->00 , log y(t)—>-00 and y(t)»0 with probability 1.
Yo

e
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Example 2 - dyl = yzdt

2 (3.10)
dy, ==Xy dt -py, - 7y, dlx(t))

We see that for this system, the expression

-k £ (3(0),N) = ¥%y,(0) N

—

1

Substituting into (3.3) we have

(55 e {201(0072(0) + 25,0) (=473, (0) - p v,(0)

+ 5°y,(0) N 340
L

This reduces to
|y (0] (1=4%) + [y, (0)[(-p+ ggu ) <0,
so that the conditions for stability are

|of{” 1 and (~2/3+_25_§_1g ) £ 0.




Chapter 1V
MARKOV CHAIN MODELS

In this chapter the transition probabilities for
higher order systems will be discussed in greater detail
while the general purpose is to show the application of

theoretical results obtained in previous chapters.

L. Thg quptization Problem - The problem of quantizing

a contiquous.parameter stochagtic process into state inter-
vals so that it may be approximated by a fipite number of
states has been studied by Wolaver [}ﬂ » Widrow [?g and
Kramer @5]among others. Wolaver has shown that the output
{y(@ﬂ of a ﬁirst opder system of the type cpnsidered here
requires approximately 40 states that it may be represented

by a Markov Chain model of the form:
- e
P[y(t-,omf,)] =| Pjilat,t ) P[_y(to)J

The difficulty encountered when proceeding to higher order
stochastic differential equations = say of order r - is

that we now have r random processes each of which influénces
the behaviour of all others. For this reason the transition

probabilities are normally written

Pr{yl(tomt)éil, Yoltgtat)€isg, ooy vt tot)€ ir|

yl(to)éjl’ Yz(to)e 32’ cocey yr(to)ejr}




On finding these transition probabilities as is done glso
with the FokgeraPlanckoKolmagorov equation, the dimension
of the transition matrix increases sharply with r; for if
L0 states are required for a first order differential

equation then (AQ)2 would be required forva secogd order
equation and (hO)3 for a third order equation etc. which

taxes the capacity of a computer and limits the order of

equations to be solved, In the sequel a method is described

where each stochastic process {}1(t§},{?2(t)}, cos ,{?r(t)}

is described separately by a Markov Chain model, This has
advqntages in two ways:

(a) Instead of one matrix of size (40)T x (40)F we have
r matrices of size (,0) x (40) which lessens the computer
capacity required considerably; and

(b) For practical problems in analysis it may be of
interest to know the statistical parameters of the pro-

cesses {}l(ti}, cos ’i?f(ti} individually.

4.2 r-Dimensional Msdels - For ease of notation it will

be assumed that we are dealing with a second order differ-
ential equation although it will be seen that this in no
way limits the generality of results., The 2-dimensional

Markov Chain model would appear as:

e e e o ¥

= O



r-

Pll(to+At )W Pll/ll P11/12 ocoo Pll/'ln Pll/zl oes Pll/nnw

Pt +2t)l |Piasny Prajyz o0 Pra/in Pi2/21 oo P1z/mm

o
o
©

Pln(to+At)" P1n/ll P1n/12 oo Pln/ln Pin/xl cee Pln/nn

Pyq (t+0t)| |Poy 1y Parj1z oo P21/1n P21/05 o F21/mnm

Pnn(to+0t) Lpnn/ll Poin/12 °e Pnn/ln Pnn/_.,l cee Pnn/nn_

where

Pcd/ef

- 58

[ o o ] o
o o o o o
° o o o o

conoo
o000
co0GO00
cooes
20000

= Pr{}(to+4t)e state ¢, y{t +at)€ state d|

y(to)e state e, y(to)érstate ﬁ}

Pef(to) = Pr {y(tc)e state 2, ¥{t ) €state f}

Pogltgtat) = Pr {yls wan) = state ¢, jit rau)e state d}

n = the total number of states for y or ¥

From the matrix representation of {4.1) it is possible

to obtain most of the statistical parameters normally required,

We have for expectations:

E [y(t)]oo =4;‘; ;%16% %l Pef(t), qer

\

[~ 'i""‘.e uu\d"r"\ 0£ ang $to't: O{ {y(t)}

(4.2)

RO -4

R e S AT B T
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. n n
B [3(6)]? =] Z (o) e%l Pef(t), (4e3)

and the autocorrelation function (see Sittler (?6])

n. n_n_n
R [y(to) y(to+mAt)] =‘*§ ‘%éa ;éi Eéi gi% ce Pcd(t +mat) X

x Pef(t,) (ko)

n n n n
¢ fteg) stvgme) < B B B ar

x Pcd (s +mat) Pef(t ) (4.5)

For time-invariant systems, the transition
probabilities are also time-invariant so that the proba=-
bility vector Fid(to+ mdt) may be obtained by matrix multi-
plication as

m
— -
Pcd(to+mm:) = | Peg/ef Pef(t,) (4.6)

and the steady state vector Ps(is) is available from egn.
(L.8). For component elements of Ps(§) in the two dimensional
case we have
2%.
Pc(y, ) = Pr {&5 = state é] = 4=1 Pcd(?s)' (447)
o ,

and Pd(js) = Pr [ﬁs = gtate q] = éé% Pcd(is) (4.8)

OO ...

N
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Conversely, for time varying systems, the transi-
tidns probébilities are different at each point in time
and are tle refore functions of both t and At. The matrix
multiplication formula (4.6) applies only for m = 1 and we
must insert '"new" transition probabilities in the matrix
for each successive integer m. Egqn. (4.6) for the time

varying case must be written

-> -7 ]
Pcd(to-i-mnt) = [Pcd,ef(to,m,m;) P r [t,o+(m-=1)4\t

(4.9)

th Order 3ystems - To intro-

L.3 l=Dimensional Models for r

duce some simplification into the methods of calculation
let us devise a way to obtain Pji(y,t,at) and Pji(§,t,at)
for {y(ti} and {}(ti} as distinect and separate processes.
The process {y(ti} will be considered first,.

The starting vector -;>[?(toi] appears in component

form as

-
P[‘ir(to)] = [Pll(to),Plzc(tO),, ccoy Pln(to); P?_l(to)

P2n(to); Pnn(to)] (L.10)

and such that

n n
Z = per(t,) =1 (4.11)
e=]l f=1

. W
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The transition probabilities

Pji (y,t,,4t) = Pr {y(to+ﬂt}6 state i | y(t )€ state j}

are written on the basis that y(to)fEstate j with proba-
bility 1 so that the starting vector of (4,10) must be

modified to bring about this condition., For

Pr {y(to)E-state j ==1}eqn. (4.10) is written as

.—? -
P [y‘to)] = nl [0,0,ooo,o,Pj,sz,ooo,Pjn,O’O’ooo,0]
Zpif (4.12)

= [0,0’ooo’O,le(N),sz(N), ooo’Pjn(N)’O,o, ooo,o:]

where 1 is a normalizing factor used to satisfy

= pir
f=1

(4o11) and P .(N),f = 1,2,...,n are the normalized com-
jf
-2
ponents of the modified starting vector P[i(toﬂ . With

the information that transition probabilities available

from theorem 2 or 4 may, be written

Pi/jf = Pr{_y(tomt)estate i y(to)estate 3y sr(to) € state f}

we see that the transition probabilities Pji(y,t,At) may be

represented by the following flow=graph model.

——

™
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Fige. L.l

The transition probabilities are expressed by

n
Py (ystyat) = = Pye(N) Py /e (4.13)

f=1 .

n

: = .

Similarly Pji(?,t,At) = o P (N) Pl/eJ (holl)

where Pej(N) is a component of the normalized probability
vector obtained as before with the exception that we begin

with the condition

Pr [&(t ) € state i} = 1 and write

P [y(t )] [o O Finopooo,O sz pvYpoeosey pnj]
= [O’O’Pij(N)’O’ LICICY Oppzj(N)pO, 20900 oe.gpnj(N)]

For a third order differential equation (4.13) becomes

41 (75t548) —2 = 5

o 5 Pars™) Piyses (4.15)

OSPRUO -..5..




T R

e
A AT

This allows us to express y(t) or ¥(t), ¥(t) ete. as a 1-
diménsional Markov Chain model but the transition proba-=
bilities for any future point in time zare dependent on
the present state of y(t), Ji(t) ceee and must be
recalculated for each increment At. The moment and

autocorrelation equations (4.2 through L4.5) now become

n
E [y(t)]q =°\3 21 el p.(t), qeR
e:

Y=
e n_ n .
R [y(t) yletmor)] =97 Z = cep lvhmat)p, (t)
- n
R [Sr(t) 5/’(t+mot)]=°§?_ é Z_ dfpy(t+mat) pe(t)
Toad=l f=1

L., A Comparison

To asses what savings may be made in repetetive
computation or equivalently-compuher time by the reduction
to l-dimensional Markov models let us make a compariscn on

the an

order system considered in this chapter. Assuming
the total number of states for each of {y(:)} and {?(ti}is
n = LO, the number of entries in the 2-dimensional matrix

of (#.1)1s uo“ and 2 transit.ion probability calculations

SOPURRPOPRSNY L5025

(4.16)

(4,17) -

(4L.18)

{(4.19)
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are required for each entry. On the other hand each of

the two l-dimensional mcdels have QOZ entries but 40
transition probability calculations are reqguired for
each entry as seen from Fig. 4.1. Thus the ratio of

savings in transition probability calculatiocns is §

2 x hOh/ 2 x 403 = ,0/1. For matrix multiplication %
the savings ratio may be seen to be 403/1 for a second , §
order system. It is not the author's intent to enumerate
in detail the computational savings incurred by the : ¢
method outlined here. However, when we consider that O
the Markov Chain model obtained by Wolaver for a

l-dimensional model requirad approximsztely 15 minutes

operating time on an IBM 7090 computer, then it may be

conjectured that models for higher order systems would

not be feasible to constzruct without at lsast the re-

duction to r models of lL-~dimension. {

L.5 Conclusions

(A) A procedure has be«n described to obtain state

transition probabilities for r h order stochastic
differential equations with Gaussian White Noise

forcing terms.




(8)

. 6HE -

A stability test was derived for a nonlinear time-
invariant class of differential equations tc
determine if the state varizble {?(t)} is contained
in a finite interval for &ll t>0.

th

For r order systems the transition probabilities

P {y, (¢, +av)|7 (to)}  L=1, 2, v..., r available
from the procedure noted in (A4) may be used to form

r separate llarkov Chain models for each of gy_'e (t)} o

B
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