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' the symbol that comes out of the channel~symbol to sinkzsymbol .
y conventer should match the symbol that entered the source- {
2 - b . . ‘ ) L
'symbol ~£o- channel symbol converter.. )~ " o o /P
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0 ‘In.a ﬁractical'systemftherefare occasional errors,’
o o . v B .
§ and it ig the purpose of codes to detect such errors. These
r "\_ . [ oA
: o ‘ ' ' : o £
e codes cannot correct every conceivable pattern of,errors but
§~ L, ;rather must be de51gned to correct only the most llkely pi?térhs.
I S . . A
2;- Much of codlng theory has bee{_based on the assumptlon that -
ﬁ. each symbol 1s affected 1ndependently by the noise, 50 That '
:L:?j ‘l_ -~ * ' \\-
3 . the- orobablllty of a- glven ‘error pattern deoééds on the number :
4 oﬁ errors. Thus, for exampler codes have been developed that

correct any pattern of £ or fewer errors in a'block'of n symbnls.
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' » Thé codes devised for combatting this kind of error
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; are called random-erroracorrecting-codes: I : "

The encoder for a block'code-breaks'the contiruoys |
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sequence of information digits .into k-symbdl blocks. It then
6nerates on. these blocks indebendently—according'to the,particular
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; code to be employed Wlth each p6551ble 1nformatlon block is
T - ' * /' : . :
. a65001ated an. n- tuple of channel symbols. where n is greater
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than K The n- k d;glts added to an 1nformatﬂon block by.the

*
-

R “encoder are called redundant d1g1t5° the’ ratlo E,QS called

~

v f

’ the code rate. Then the.result
. et . . .
corrupted by noise, and decod®ed independently of all other &ode

Pt bl Rt LU Rt A

called a-code WO?d.-lS transmitted. §§

a
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wordsl-The-received n-symbol'sequence.is calledéeyﬁord and the.

quantlty n'is referred to as the block length oL
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.ﬁ; ‘ - The set of all nﬂtuples Wlth coordlnates chosen from -
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the fleld of p elements. where p 1s a prlme number, 1s a
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vector space.,A set of these, vectors of 1ength‘n 1s called a -
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t-

-
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d n—tupl%f. Throughout thls thesmsf‘n is always assumed to be

o
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relatrvely prlme to p and a divlsor of p -1.;

I
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The Hammxng metrlc, or simply the welght, of a vector :

Vi denoted by’ IV[,AlS deflned to be the number of nonzero I'--

¥ '!

Eomponents, It is Kr.ovm that a_linear block codé 1s-able.to:
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: weight ( i.e. the minimum distance )-of the code.is at least .
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% 2t+1, Thig may be restated as follows: If r is a received word i'
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LN in which £ t errors have-occurr2d, there is a.unique code word v- .
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at distance £ t from r. Every other member, of the code 15 at o ,
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distanée Nt from . In Chapter 2, it;is assumed that all'errof"

patterns are, correcteble..That 15. they are of we1ght t ar, less. )
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#guboiass of linear codes. Cyclic cheS'can be put into systematic T
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| 'fofh. That isy the oode 'word con 1std of The unaltered K- dlglts

r
. ° ‘l‘:

1nformat10n blmck followed by n- k pirlty,qheck dlgats. Three- ‘ %%
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types of- results w111 be presented. First, the ba51c mathemat1ca1 .
a ( .t - . - : .
propertles of cycllc codes are- explored 1n Chapter 1. Then :
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their propertles are applIEd to the permutatlon decodlng in
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Chapter 2 As nearTy 411 present day equlpment A's blnary, _—
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blnary-codes are of greatest ]mportance"In Chepter 2, we sha)l
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shonghat some binary‘oycl1 es wlth speolal rates, and
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ion decodablg, Such szultS'are useful in
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‘t even - arerperm
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g procedures since ;the existent codes are glv%n, the

rates are known. For example. we have found that i the,case of -
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1. PROPERTIES OF CYCLICCODES - . . - .. .. D
B A A ST N

. 1

= _'During.the_pasifdecade.'mqst,of the 'research on block’ * .

‘e

- T ' N A R e
codes has been concentrated on a subclass of linear codes known

' - I “'£’ . i -.h I ..'-' o . S ,/ : - .
as cyclie codes, Cyclic codes tah bé implemented eesilx'for -

.encodiﬁg and syndfome_celcplatioH,AOh the otherlhand. fhey |

- ‘ S ¢ ‘c .-' a‘ﬁ‘ s = - T '
.possess a grea%‘deal;ofjalgebralc structure and it is possible

: . . T ‘ Ym0
to find vaxious §imple and efficient decoding methods. The . ¢
o ST R T o - ,

.“fbasic.mathema%ical‘proﬁertiES of cyclic codes are explored

¢ in thls chapter. X T L '-_: . _ ‘-‘ ;‘ g o

1. Rlnk of polynomlals

“ The. rlng of polynomlabs F[x] over “a. fleld F has a.

N ) \

umber of prOpertles-whlch parallel those of the r1ng~L\of“

. ~ Y 4
integers. Moreover. thls w&&l be Our prlmary concern here.

S .
f ' l"’: ’,- Kl

A'F(x] may Be partltloned by Yn& polynomlal f(x)EfF[x) of degree

’ %'{[ XZ] [ ]"f:jl';"}'Of

equlvalent classes Just aﬁ I waé partltloned 1n¢o the rlng
. . - ’ l . \ N
I/ . A dltlon and multlpllcatlon ere deflned as usual and Ca
[l Al L

‘ 1t is eﬁélly verlfleg that F[ ]/{f(x}) ie a commutative ring -

| n S 1 1nto a_ring F[x]/(f(x

o

W1th ;dentlty 1 whlqh 1s the 1dent1§y of the fleld F. We call

[ ]/(f(x)) the ring of polynomlals modulo f(x)/”'
.. | ' = :
" | ‘.
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C e .The 1spmorﬁhlsm:a.€——e[ ] 1mp]1es fhat . e

Aol N o .~n P v : I

e e -t e ni"
;s‘ . . .o ] h . i * . . .:’ "!i-,pl " » . . ‘:l.‘\—‘ [- LIS \ + ‘,- ) . '_ i .--‘n I g‘e
o T T T PR e Ay 1[x1”’
f.;';p As flnal 51mp11f1catlbn, let [xj be replaee\\py'q then we - T
L / 3. e
' i : - 1 o\
. have (%)/(f >c)) {a + alrz o+ azq * ot ,an~1TI L agert.
: ‘ LA ! : . ‘ ~ ., 4
i‘ Thus, every resadue olass equals a polynomlalﬁof degree Tess
3 than n. Ih fact; th /(fEf)J lS a ebmmutatlve llnear algebra
b LY .
oo - s . . ’ L A
: Jof dlmen31on n over F 51n£e.~,[kJ{ (x]?,o,r.;‘[x]n -1 form LT o
P : a;pasis.-l_p NS L -'-ﬁ‘14._, Loy T R T
% jf‘. Let V be a vector epace of dlmension h over F, We may .

A

relate v and F[x]ﬁ f(x)) by t{i follOW1ng (i 1) mapplng .. ‘-vi"

‘ .
- e

1 E)
]n 'a.ll'_lscp anl ). .._' ’

:a +a [X] ...-“*'a [x ‘g ( a3
o . - 1 ‘~f
ot qu sum of th ﬂ tup&ss correspoﬁas t the Sum of the~

G
u h

LT QWA N LI TP B R I £
- . . ') -

e

‘.,-.; . .‘: T S .a,

- over 51m113r1y. In thls way, the h- tuples ( a & cees A 1,),'i;5 xS
¥ . N ot 71! n- S
n TJWill be cons;dered

*

4

yoe

R A T
.

3 B,

aﬂﬂ the pblynomlal a t aﬂ? f 3...'f nhf]

Boa
%”\.r/éEfferent way§ of representing the same element of F[xI/ (&JQ» :
% An_e&ement of iﬂ_will sometimes-be eal.ed a'yector{ eometmmeé W
' . _—-”/\ e I. . L P . ] . s N | l- " f ' g . W e ,’—\‘ﬁ“ R
J.‘. , ‘,.“\‘ a po@m:ﬂal. . ‘_ .I : . . o ,‘:A'. “_ '.- “ . ' .' . . ‘ v"" . ; :\’ _‘“‘-'.. ,
N S R A e o S
z 1 2 Cycllc codes ﬁnd Ga101s Flelds C 2 - T .-
Let R be the rlng Oﬁ‘polynom;als modulo X »1. If ' 1s if
Y (] ta ,.0 . ‘ ‘!?
R : : . *
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’- . . -3- ’ ° ﬁ = 4 “l-‘, v i .
‘L: ' . - e v ". "-":‘l I; ) t ‘ . ‘ﬁ N s ’
e 7”h-§n‘1dea;‘of;Rn then g E v 1mplles rg ¢ V for any r e R In . ce
g ° particular, réﬁéfgv.‘fzg eLV.-n.?. Thue an' 1deal in R I
# .  corresponds one-+6=one to a subspacé“v f@f‘v?‘which;is . .
Tyt . - - ’ i LTt T L 1Y
: .} I‘: : ' * - ,;‘, N . , .‘ﬂ L
ﬁ . inyariamt und r a cyclic pe%mutation of doordinates; : \j
L"é_ .t -y ‘ K . o o . ’ ‘ ) o L
E° : s Ine V1ew of thls, we oall a SubSpace V Or V RN B
i 3 . ) " L
%-. Cycllc code }f ferweach.vec?or u,=k( ao,fél};11;1 a4 ) (I ';T; )
iw % p? ; e- vector u ? 1»_ %1, TEER n 2 ) obta}ned L
%3 f’ bv shlftlng the components of u. cycllcally one unlt tJ’therﬂ
;,4::.‘. S \ A . - I L
f rlght 15 also in V. The nrtuples Wlll be cen51dered torbe . St
g a o . E &‘ . : N C
the elements of R _ ;"
- ‘ ‘, h
'»than»ng the pdlynomxal of smallest degree“un the same equAValent° %i
o 2 ) " o ~ ' ’ ﬁ
class 1s found by d1v1d1ng.a(x) by X ~1. Thecremalnder i€ a
N PN . . ‘< LT
polynomlal of degree less than n and corﬂesponds tg a resrdge
#.. : / - 3 ) 4
crass of.R‘ and hence*ﬁ vector in Vs Slnce a cycllc code in vi o
e l A s K o - . ) . : -'J .
L . - ‘
i corresponds to a('ldeal in R, and V1ce versa. we Tepresenu bot}{q o
A \h ~ o : S
i, 1de%? d cyql}c code by the~same symboi . : , e
.§” - . . : “\. .
w9 Lemma 1. An 1deaJ. v in R con51sts of a11 multlples oF a Mt
::h\) . ) -r - F ‘. - .. ' '
e :_ﬂkga;' - polynomxal g(x) whlch divides x'=1 in Flx}.. . ED' o
- o r S
- g(x) is the unmque polynomlal of mlnlmal degree ‘in'V.
L | “[ 5,151~ 152] - . \ﬁ 3 S
SR T A cycllc code ig- §here£ore eompletely SE ed by g(x)sfk“
b . . R L 'h' e
P ‘ . e . - ' . “ ' t . [ ;
~ - A . L .
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The noquomla] g(x) is called th@ genefator of the 1d9a1h or-.

-

equ1va}ently, the generator of the cy@ilc code ¥, The Dolynomlal
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%& ” h( ) fx —1 / x) will be called tnp paraty check polvnomTEZTI/Fd '
E&; S or‘reCLDrocal\factor ) of the cnde V If the degree of hx) (;
is k,.ihen the‘deension of the code 'V as'a, vector gpace of WP ¥
R L - : Y e, Yy
L e '3 . o - - o - |
I js k and g(x) haas degree n-k. [7;p.f53] S o : o T
.- .The element [f£(x)] is in thé code V iff f{x) is divisible
.' . . .. e . VA . L . -
SRR i o o e
oy 9(x) Sindé‘h@x) divideS'xnfl._it can. be- used as the generator, _
.r': o '-»— ) ’ v [

6f a cycllc code. Such a code and its code ‘words are character:zed

by TH OREM 1% A polyﬁomlal r(n) w1ll be, sald to be in the null S
v ! - , L SR

;@ : spa e of an 1deal J 1n R- 1f r( )s( ) = 0 for any s(ﬁy in J.

R
THEOREM 1. [fgx ]'15 in the null space of the 1deal a venerated !
o ‘, by h(x) 1ff [ (x)].ls in the 1deal V geneayted by ’
; - el
L glE) 7 paish] o N
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" (The code V generated’Jy (ﬁ) is called the dual code" VoL
of V, If 7 ois over 2 fleld Flwlth P elements, the code V has
A | %/k )
e+ p- code wovds aﬁﬂ its dual code has D code wol ._Many .
A - dest For ™~
propertles of the code V can be glven from 1ts dual co es. r )
g - g L
‘f example. the welghéwﬁlatrlbutlon { i:’) the number of A for ' .-g
4 ( .
. i=0, 1.....n where A is the number of ¢ de words of weight i ) _
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P ..of,thewcdde Vv can be calculated‘from that of itsﬂdual code.[?;p.6u]
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%.l“ Suppose K.is a finite fﬂeld Slnce the prlmg ‘field of . . §
;- .- . A : ¢ . C,E
g s f a field ofjcharacteristic|z§ro has inﬁ}ﬁitely many elémeﬁfs' e
v K-must be of prime charactéristic, say %har =;pi If the prlme
. .;f191d of K is dPnOtpd by GF (p), K can be thought of as a- vectow
y" ’ ..
ﬁ. space over GF(D). Suppose {K:GF(p)] = m.,(-the dimensiqn<dflx
i : | o imension .of, K '
é‘ . over GF (p) )y then K has Pm elements. fie denoté-a'fiéiﬁ’having
% -y " elements'by.GF(pf)l The e flelds are called Ga101s fzeldu}
)F | ’ P o o .
S-‘-.,g‘. ; L . N .

£
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“The elements of GF{p™) are the roots of the polymomial xP x
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) ,M?nd GF m) 1s the splitting figld of xF -X over GF(D). Hereafter
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& allwpolynomlals are-assumed to have coefficientsiin GF(D) unless:
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. ‘THEOREM 2, The, polynomial x"-1 divides x~1 iff-m|s. [7ips187-158) i
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THEOREM 3. For any positlve 1ntegers s and m,
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Lemma 2. If O(ln GF(p ) 1S a root of an i
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" fx) of degree S, then éi}ﬂéts roots are glven by(}P /
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P THEOREM 4, Every Irreduc1b1e factor of xp ~x has dégree which

‘- o . - T ‘ \

P o '. ' d\V1des m, Converse]y, an 1rreducwb19 rolynnmlal J?Q

T &'f - degreé s over GF(P) with s;dividing m_1s a factor of. -é' ,

% Proof: Let f(x; be an 1rreduc1b1e ﬂact?r of ‘p -x of degree 83

Eo . . 2. ! .

E‘_ ¢ and X e a’ root of‘f(x) All the con1ugates of CXarﬂ

E \ - '1-5?' S -1 L . . " .

g , '{xpi_gx. ) oaet CX_ . by Lemmg 2 and henca GF(p) () g

? P & contalns all roots of f( Ve I% is clear = GF(p) (OO B

§ ' ' 13 a. subflpld of GF(p ) with. p° elements; Therefore, ..

i . by T‘{FOREM 3, s\m.. ¢ o .

s ‘ ' o

% nere -Convér%ely, 1f f{x) 1s an/Jrreau01ble;Dolyhomlal of
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again, GF(p ) = gF(p"). Henck al {oot“ of f(x\ are
¥ . . - 1 m
. e my /£ . . WP,
~contained in fF(p ) ‘and -tRmrefrore f{x) divides x% -X,

degree s o;br GF {p)- and s giildes m, fhen by THEQREM 3
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BJ an h- th root Gf unrty over GF(p} we shall mean a root
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gt ‘ of tgk polynomlal xh—l 1n and extens1on fleld If the order of

S . .
a root of unlty 1s exactly h, 1t w;ll be called a pr1m1t1ve h +h .

P .
root of Un1tj. A polynom1a1 over GF(p)‘Wlth a" prlmltlve h- th .
. / " . .

root of uniﬁy as a root i called a’ prlmltwve polynomlal.a
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: ~ - -Let A be a.primitive h-tnar ot of'uniﬁy. Since the \ -
! . : - r . - .
§ powersof(x 1nclude all h th roots of unlty. we have the followxng

| Do h s ;

C factorlgailg% X -1 = 7T (x;c& -CL) If % = sd, then

E - R L ’

. o€, ogs. .,u;xxd are all roots of the equ&tlon xd-l = 0,/ This

Lo [ . - - ' - A - ' ' ' X r'
any fTield. Therefore, if X has order h, and d diyides h, the

4 . \

b

N

" - powers of O\inciu@é all d-th roots of unity. Furkhqrngp, every
. ° - \ = i . . . . ., . ! . .

N . . 4 . .- . . \ . L. X
field element whose order-divides h is a power of X 2 This

. A . _ _ :
" suggests that wel can paftition'the povers -of a.gcéqrding to their
.. S . B i’ '.'. = ‘ . " . . ] \ -.' . e ":
- orderss A ,

LN
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o h ' ‘ e e (,'~“‘\5‘~,/ e
"x~"1 dﬁhzg(”’ﬁ)' where/g is a fieldlelement of ord%r dT(rf;) f

.'(: If‘Qd(X)ls a polyhomlal onse roots are the fleld elements i
. . . a ) .

of order d, then xh—l = dTth(x) a?3 Qd(x) is called the Y ‘. }

ke ﬁkw%am‘%?tﬁu’*‘f-fﬁ?ﬁ?'j“rma—:ﬂ?jﬁﬂfvﬁ?ﬂwwmm TR
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cyclotomlc polynomlal. The formula xh—l = dT£Qd(£): g;ermlnes

1] -

-

(xﬂ unlquely. For 1f Qd(x) is known for all positivéyd < h,
\
Qh(x) can bé determlned by dIblSlOﬂ. It xs-known that the

' (r/4d)
cyclotomlc polynomlals are g'ven by Qh x) = dm%(x ml)“ / .

. | t

wherélp( ) ig the " Moblus Functlon " Wthh 1s deflned as

' follows: . . [0 if 17} |r for any p;
' . . B RN = s . .
}l(rj = .("1) if I‘ = p1 5. -p,\._‘ w - N ‘ N L)
e T Y 3 S S
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( P4Py ;.{g_are various prige factors Ofithe ngybgrtr ) :h ‘ |
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P - _ Let n be relatively prime &5 p and a divisor of_ﬁm—lgh: L

] M . * . b . . .

» . ) . N - . n v PRREE - m_l . " . \

/ﬁg From'THEOREMC}, we know that x -1 divides, xP -1, Thus xat -

: can be factdred ihto‘distipcthlineaf factors and all irreducible B

. A R - Fi - ‘
factors of x"'-1 are distinct. When n is mot.too large , thg -,
. '3 & P .

'cycquomic polyqomiais'and'what'we‘haye proved may help to, find
out all irreducible polynomials of ;q;l.fTheracferization of |

'xn—l.into'distinct'frredﬁcible polynomials plays an important

5w
- N

rolé for a cyelic code of block length n and it ﬁiil be qiecussed'

- L - -
.t o7 . - . ‘

later; Lol o . . o . . .

. The. least common multlple of the ordero of the rootc

-~
N

of a polynomialep(x)ris called the equnent of p(x)- If the A\

L}

Q

'exponeﬁt of p(x) is e, then p(x) qivides x®-1 and e divides .n.

. . .
-<“ ' ‘ ‘-\
. .

Lema .3, Supyose ﬁhe'expénept”of the geherator g(x) of the code V
S ; ) - ST :

-

-~ is e? 1f e «n, then dode V' is of minimum weight 2. - <

3Preefx -If the exponent'of v(k) is_ e; then g(x) divides xe—i.

By - Lemma 1, .x —1 'is a «code word of v and thus the code V

2 b

1s cf mlnlmum welght 24 No code wgrd is of welght 1 for Voo

. R
otherW1se we shall have a polynomlal of degree %}sq

e N

'_than that of g(x) by the. cyclic property of V.
u S R s ' o -
° e . e | v, Q.‘E.D_.I_. .
B& the Galois gfeup prK over Fy we,ﬁean the*gfouﬁ'of all

. ab X R i,
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: . ' o tel ‘o . . . CoL ..l' y L V K "::
w . , ] . -. . ‘ - ' - . - . o - 7 ) . .
.automorphisms of K that -ledve every element of F fixed, If p(x)
:I . ’ ‘V . .. . - ‘ -_' Y 7 . . ’ . '
is & polymomial with coefficiénts in' F; we can define the /0
" a ) -‘ " -l'.' o ! . ‘ ' . ' N [-"..
T Galois group of a splitting field of p(x)’ over ¥, Supposep{x)
A ”is a polynomial of degree n with simple roots. If K is a.- - °
: . \ ) ' - . o R -, b .o
' gplitting fi€ld of p(x), we‘méy writg b

*

]

}"-‘:5.0(1) %)--.(X-Dﬁq) a_ﬁd .
F(ul D‘Ql “oey G.n)l WhEre a. E _K. -

An automorphlsm {Yof the spllttlng field effects a certaln

Bix) =

.K,

1|

permutatlon of the roots Og) . We shall denote the rootq

%y their subserlptq alone and (7wlll then be defined’ by the.

notation‘C7= 1 .2 ..;_n o If the group permutéé fﬁj} the R

AyTAZ e An ) P R 9
indices'}n a transitive way, 'sdy.l is carried, over into the - f.‘§§
- . : . . - Ll - "V‘ . ‘,. - '

indices 1,2,..4,Ts the set'of indices 1,2,...,r is ralleda .
- N A ; e ! . . . " .

cyblé.( an orbit ).;wé may divide ald the indices-inyofcycles,

* &

"a7chain:mﬂ“ﬁransifiﬁity,consiéis of all.the indices'that‘ban .
Sy b ' N » P .
] . . . o . v * ‘P .
-be carried into each.other by the permutations of. the group.
- ' - . ‘.‘ - . . " '.L‘ - .
\ . ! ot g a . . I ’ . ' = . l‘ Y ta

| THEOREM 5.. TDere.is.é oﬁe~tqﬂohe _correspondence between the -

Il

1greduc1b1e factors of a separable polynomial p(x) -

over F and the cycTSS of 1ﬁ“ GQI01q group. . oo
) . ) . '
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Proof: i Let p,(x) 5’(X-O&)TX—0%ﬂ@1.(x;Gf) be an.irreducible .,
.ﬁffaa%Of of p(x) over FJ'From"pi(cﬁﬁ'; 0. we have .

~ pj(0(%)) = 0 wherg U is any element-of the Galois—
¢ ggﬁup of p(x).'ConSéquently.'O(GQ)'is’bné-of the

bﬁ’ Ob' ..H} ﬁ}r. Fupthermére,,oh has:étﬁlgaSt

1

-

- r.Qistinct images'fongtﬁefwise it would satiéfﬁ ¢
. : Yy o . . ‘ . o g ‘ .
. an eguation_of lowér degree, It follows that each

‘ . L. -k

N S04y i £ r, is an imdge of & in some automorphism,

v oy e, e e e 1

! . ; ‘ ;andtﬁi‘£aé ﬁd b%ber iﬁéges; In other words.‘fhé

i;reAucibig f?bfér p;(x)_dgtepmines'ﬁhe c:,rc:lelll..z,-..'..,f.‘I

S | | L . Ca.m..

°;A f-Cofollary‘5{1} The ﬁumﬁef of,irreducibléﬁfécﬁbrs of'x?;ik - 3 i.ﬁa
s oGef @%(ﬁ) ig éhe‘numbg; d?fcyci;é ;f its -

n . \ . : ' : N
b . . ' - * . *
g . , Galois ‘group, - . ; I S\

‘ .
3 ' ) e . L

LY
A - .
' H - - - .

(. 'COrpllarﬁ'S.R. Let m; be-%hq,degree 6f an irreducible separable
polynomial;pi(x) over GF(p).JThen m is the length -

‘of the corresponding cycle. - _ e -
“THEOREMlé. If the number of‘cycles of the-Galpis grogp'of‘x‘-l .o
b I ‘ e d-1{ .d L L -
' - . is.d, then‘“there'are [ | cyclic codes of block

length n. =~ -} , . -

. ' - ) .
. - ] T ' " ) . L .,
‘ . T ' - ' - B ! ) . ) : _' A
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~ ,Proof: If the number of cycles of G,is'd,. then x -¥ has
.‘. ",l .'. K - ) ' . '; I . - -\.'.
. - d distinct irreducible factors, Combini

[N

. | 'diétinq; irreduc}ble facﬁdrsf / muitipliéatioﬁ. L
~ . N we .ha've;- ( c]]_. )j%' . +- (d 1} d% ( ) ' .
- / o -~ . i

. dlfferent factors pf X -1. Hence there are
qu (_') cycllc codes of block length n.
=2, | _ )
B T o L j Q-ED.
‘ : : S A \é‘ . | L
N ' - '-', t [ y

| o 4, 3 spec1flcat10n of & cycllc code by the roots of" its generator

e ¢

L f Let &;T‘&Q, .l.; &r be the elements of GF(pm) “such . ‘J %‘
f that they are roots of a polynomlal f(x) Tt is known Fhat ' _1§
E ;\ for ‘each u.; tﬂére is a unlque‘mo;lc 1rreducible_poiynomial p.(x)'
S y .

of least derree such that p. (0&) (.p 1(x) 1s often called

fa mlnlmum polynomlal of(X ) and f(&) is d1v1smble by pi(x)...n (x)

*
1

Heﬁcé‘itiis divisible by L.C.g., pl(x)- pz(x), v pr(x)).
» - * ) ) N - .

Let g(x) = LgC.M: ( Pl(f); pz(x). wses PL (x)) The'exponent
: ' - T . } :
. . of g(x) is e = L.C.M.‘. ( el. €5 ). ‘where e; is, the
| ol ' p-1
expohent of P; (x) If e =7p —1 then g(x) divides. x -1 and

’hence g( ) generates a. cycllc code V of block 1ength n = pr-1.
y e L,
The aode V has mlnlmqp-welght‘@t 1east 2. If e 4 P —1.
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' that [f(x)] is in a code V 1ff’&1. Y ....[Xr are roots of. .

/:.f ¥ If it.is specified that'f(x) must have O as-a rodt'_} .

s -

, . '.:.12-'- : ._
B.‘ J B T . ) "~ . ‘ Ca \

na multlple of ‘e and a d1V1spr of . p "1, Thus the statement

f(x3 unlquély specifies a cycllc code.
5.-.4_._;_

4

of multlpllclty Lio then the minimum polynomlal p (x) of(}

f
lmgﬁt appear in g(x) repeated rl tlmes. If nn P°n o where%

L

~of ‘the elements(}1.(12, vesy O Each is a s1né1e Foot of

S x ©-1, Let T be the maxlmuﬁqﬁultlpllclty of any pjot. and’

‘Example 1.-Let p 2 and let be.a primitive elemerit of GF(2

5 the smallest 1nteger such that ro é-p . Then n = n p .

!k .
T

‘ n
pp and p are relat1Ve1y prlpe. then ,x -1 = (x -1)p . Thus

xt-1 always has all its roots repeated the same number of

p° times. The value af n' can be found for repeated roots as  *

follows;‘Take-no‘to be the, least common'multiple of, the ofderS“

\

n
0

i

~ » . o
” ‘.

. n

oy

4

. R ) . . N . .
Then(x 5 =1, fjﬁhSider a code To .which a vector ﬁ(x?. is

3 5. apd oé are reots; Let'pi(x)”

"acodeword,:.f&[)\ 0" O( o

TR

dendte the mlpflmum polynomlal of Oc . Then()( o( . X s D( are .

Z_the roots of pl(x), and pl(x) 2.(x) = pu(x) = ps(x) Slmllar1y¥

6 '2u

Ogj O( 0( X 0\ are the roots of p3(x) Then g(x) is

pl(x)p3 x)p5(x) and so g(x} has degree 10 The code generated

) by g(x) is called a prlmltlve BCH code Wlth n 5‘15. k =“5,}t = 3,

. -
. .-
: s T . ’
oo . .
. ot
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'*Example “2¢ Let Ovbe the cube of a prlmltlve ele?bnt of GF( 6)

Thentx haédqrder 21 If the mlnlmumﬁpolynomlal df()(J is denoted

oy Py (%) then '0@1 - 1, and &1, q o\‘*, 2, ok, o 3 ._&11 are

.1
I‘ o

: : o - : .- \

roots of pl(x). 3. CX6. Cxlz are- roots of p3('). Therefore. a
. K - » \/- 7 ‘7 |
g(xy = pﬁff)p3 (x) has roots o\, a\.ﬂua tJF and has. degree 9. . ‘7

The code generated by'g(x) is called a nonprlmltlve BCH code

‘ that corrects all double errors. It has n = 21, k = 12 gs paremetersi'

PR . o ¢

. “‘

-

1.4 Rebresentatioﬁ'bf-a cyclic code as a direct sum of its

r - .
|

mini%al ideals

< - ,
) o "f - - * -~ »
A commutative ring is said to satisfy .the descending

chain condition ﬁCCdnf ideals if qhehéver‘llézlé .;.EQIN e

is a descending ¢hain of ideals, there exjsts'an integer such

.

= 1N g o et e - S
'IL = IN..for L = N, Clearly, Rn has- this Property. ®
An Egeal I"of R, 1is called a minimal ideal if: (i) T'#(0)

~“

‘and (ii) whenever_IEQJ!Q(O)} J an ideal-of R, then either
S o - ;o ;
J=TIor Jd=(0). . S ‘ s b
. )
Lemma 4, L?t I # (0) be an 1dea1 of R generated by I(x) w1th
' . reciprocal.factor f(x) I is a mlnlmal 1deal iff f( )

is. irreducible. . , N

Id
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1'.Hll l e .

‘%rqof:' (1) Suppose f{x) is reduC1ble, say f(x) = -flﬂx)fz(x

* L3

Joan Tt ... mheideal gene;eted by I(x)%, (ﬁ/iiq clearly -
‘ ,o": Y proper subldeal of I and J # (O) Then Iis - -
. . ' .
‘not a mlnimal 1dea1 : . } : oo |
¢ - ' ’

¢
(11) Let d + (0) be a proper subldeal of I. Let g,(x)

and gz(x) be. the generator'polynomlal and.realprpcal.

b
» i ‘factef of-J respectively.-Sinee every element
; in J 15;1 mulfiple of I(x). we, have gl(x) = I.f)g | Xx).
C .l  for sqye g (x). Hence I x)%r(x)gz( X) = x —1.aed , &
<. i.therefore f(x) = (x)gz(x), - E _ ﬁ
f l - . That is; f(ﬁ?'iﬁ redueibie. :
Vo - o . | EQ.E;D.{
: An ideel'm'of R 15 celled ‘a maglmal ideal 1f (1) MC:R.
; aedr(ll) ehenever N 1§ an.ideal of R sech that MENZR, then" |
E either N = M or N =-Rn. o _'5' ; '--.. . . b
. R o | e
Lemma 5. Let M be an 1deal of R generated by m ) w1th r801procal
; L ﬁacto: f(x). M is max1mal iff m(x);ls 1rreducible,
i'q Pebef; ’(;)‘h§8ﬁmé m(x) is}irreeucible.zwe'shall show ihet
: e R Alm(x)) is 2 £ield, Let{a(x))# 0 ¢ R, such that |
L nt ’ . : T _ ;
| :.g o _‘W§~ﬁ | 'ej . ‘- . N
‘;. _ ; .
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[a(x)]+ [mtx)] # 0+([rn(x)] Then [a x) e{ [m x)] .".S;.ince’l

: (x) 1s 1rredu01ble. a(J::‘) and m(x) are relat:.\'rely. 'L. ;
prlnlxe. thus there exast u(x)]A [v(x)] € R _such - that | \
oo x)ultx)+m x)v(x) '—_‘ . So we have .' ¥ o o
| ‘a(x)u(-) "1 med m(.x) .That 13‘, ‘_ . ,-' ‘!’.'
{/f {[a x)]+(]:m(x])}{[u(x)] [m(x)] } 1+([m(x)]
- S Th:Ls slm_-ows.ph?t Rl;!/“f{m(x)] is a fiead" ;nd hence g L
([m.'(x')])' 1s 'ma#imal;;._ e : L
(11) Agsume mﬁéxﬂ)fis méx%gal;-;f' | d o \

Al

K . i
Suppose ‘m(x). is reéluc:.ble, say m{x):=m (x)m x)g

Y

36 ’ ” -. - .
S:mce-the dE-’gI‘Gf(? Of my (X) and mz(x) respect:vely LB

-
"

are. less “than 'the degree. 6f m(x). m(x)} (x)-v and

m S,
. m(xum (;5 ( m(x)fm, (x) means m(x) *docs, ot o
: | | lelde ml(x) ) Hence[m x)] h(xﬂ) and[ (%ﬂ@-@ﬁk;ﬁ)f
- - . That 1s.[m (xﬂ+[ (x)) # o+qm(xn) anQ ' % o
PSR N €5 7 CTES MY x>]>..“ o .
T But oy COmy G = 0% Thus R/ @)
. islﬁﬁt:a field and therefore (ftx3) is.;ot @é#imgi.u
| ‘ lHEhisﬁcontradicéion'shoﬁs ;haﬁ;Z(x)fﬁs<irpeducible.- .
! ‘ l. _ S .Q.EéD' )
“ ;’ | . n '
. I. . ~ —~ ' ’ Q' -
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. b
¢

e *he r901procel factor p(x) is-A- pf*mltlve DMTynomlal, th%n

'p‘aﬁ i@émp@ﬁent,of;eacb mimxmal 1deal I; 1i‘or notatlon 31mp11c1ty,-

c 3

| PP - ' :
L L = .w"' ! * -
o T L AL ' vt A E £
‘ \hf\fa-"“ ro g Goa vt 7 T
L . Y S o .
- I N N R AU :
. ) N . ¢ . ‘ e ’ \ . T
-, e ¢ ’ . . ' N - : ’
‘ o - P o . - - . #
- +The above two‘lemmas<are helpful in choosing the , -
S | ‘\ . “)- ' - : ! o
generétor polynﬂmlel e{x) of a cycliag For exémple..if '
T | A R

1 > . *

..'It can,be'shown

L

Such j code is. eal1ed maxrmum length cod

% l‘..‘

that the code v conelsts of the- all zero i e word andue- 1 code

' r"' ! R Co.
viords of the same,welpht p [7 Dy 222 ?23] ' LT
It is not hard to show that R 1s a‘aemr—51mnie rihgﬂ g
and hence every mlnlma] 1dea1 I of Rn has an 1dempot&3t e#O K’ T

such'that_I = R -e._The follow1ng fheorem suggests a, way to flh§ !"

L
- e,

we eﬁ%il*denoye'a polynbmfal A(x) pf degfeeé?vé and.its\equivalent—

-!Qiﬁes [l(x)] by the same symbel A( Yo Thus, whenever we say

KN(x) e Bh7 we mean [‘(x)] lf'in‘ﬁnﬁ ":1_ . fJ
-': - . -3 . ‘ 'l_' . . .'| ’ ".
TdEOREM ? Every 1deal V of. R coﬁtains a unique polynomidl E(x)
. " . M- - . -‘r .
- with the folloW1ng pfopertles o 1 o o .-
'“_. (i) E(x).é_Eg(x) mod x —1 E xh i3 calle&>a prlmrtlge :
. e , . ) o g |
° » : . *jdempotent of V\\\ .
(ll) R E(x). H«x) generates Ve . - s
..I;" L. - . l o ) - Co e, .
C (111 E(x) is a unit for ¥, R T
* ». ' ten ) ) ﬁ{’.f ‘ ) A. . ..
3 L_. N t ) {t/
T ) . . . , '_', ‘
:"*- , .J - 1




T LR (x) 41, ( (“)h“.(x')h(.j(), Tty

- .: N ﬁ?nce E(x) (x) mod ngl.- S --}"?’/ e é@.
. . i)

e e e A
- N .
. . ) .
.

T ) e S
D : .ﬁ - ® ’l
- o ,'_..1.7_5.‘: ' . : ) l. N . } “ /'
. N | ';\:\.-" ‘ L ‘
1v) OTE(x) is anﬁideﬁpoténtfprCQV5}fwhgpe~ﬁﬁig o f: '¥
e S _; an automofpﬁ;sm gf ﬁﬁ s v _;:_ _ N '1.
P'r'(;_of: Lefip g’(.x) and _.‘h_(x‘) b:a ‘thé gferrér.é,fcf, pc;lyr;omi'a;l‘._ an'c.;L
"'.re01proca1 factor of V réspectively Slngf n* and p\ - ;
o . i. :; ;ére relatlve%y pflﬁé th;re éXlS% pqﬁynomla;é h, (x),” | ?'£
}5 T héjx) such that hl x)g(x)+h2 x)h(x) =7 and %1( i’" ;: _)/
R h (%) are relatlvely prlme to h(x). kx) respectlvely.‘ 
_ —*————Lr} Tet E(x) = n, (RQE (%) then( ,\ k o

\ E(x) _(x)+E(X)h(x)p(x}x: ,

»l'

-.

j', = E (x)—l-h (x3n () (x721),

S \ e, L, o,
I ;'i' Thus, E(x) is an: 1d@mpotent d%rv S : -? C
T . ;lf (11) élnce thé génerator polynomlal of'RQn ( )’is. | -
- J the hlghest éommon facto£ Jf é(x) and: x" —1,
; 'this is g(x) by construétlon of Eéx) K
\ : : o s
| Hehc?.V_s RﬁbE(fyﬁ . ‘ -“RJ. T .
c(11¥) 1 i) v,“fhén'b(x). = .p"(}c}ﬁ(-x)_ and -
CoioEed = 5 0E cx>ﬂ : ’%f s
’ ! T 2 - '
~ Igﬁksb;fR)E x)‘- b x)E(x) mod X -1- A '
s ,‘gic; b(x) E(x) .= b(x.).. ) ‘;;' B «.. | \ -I-, n :va.
| » s - - m_\ .
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-18- . . .t
. * ' r,_' . . 3
. '_ (x) lS an 1dent1ty of V and hence -E(x) is unidue. !
“ 'S s - a .. = | -
S (m eteEcx)) d(E (x)) mod X"=1 and” . .
' L - . r ,‘ . ’rd-
C . G(E ) 'O'(E x))d(E %)) mod x-1,
/ . . i ) A

-
VR

Lemma 6. Let e be a nonzero idempotent in a sem;-sihpi_e ring R

. THEQREM 8. 'Suppo se "xn“-'

S () Rr';= I, ® I, ® ...\@I =Rl Ei(.")”Ez(x?ij"”Erm)
)

- Ay 'Thgs (j x)) ‘is an 1dempotent of G

R : 7 !

SR Let R, = {a-ae t ae.R}-. Then ° ° : . ' Do

_ (1) R=RgERe o T\ T . 5_ |
(ii) If Ry #+ (0), there existé a.minimal ideal R-f.
_ e ' ” ‘
. : of ft contalned in Ry and ef :fe = 0, £f°= £ # 0, =. 7
- . P - | ‘ ‘ _:_: : . . - ! -
\(;iii) ‘e+f i§ an Adempctent, [6;p?28-8]‘ S . | 1&
o ' . ' )

s & irfe'd_ucibi_'e 'fact'ors: fl(x)..i.. fr(x)..

ST ,Let I "be’ t\o\mj_nima'l ideal of R with rg_c'iprocala_
‘ .

e factor o (x). Then S B o T

?

- .
-~ -~

r. .
« %‘(311)% E.l.(x =1 ] . - T
- ’ . . ) @ ' . . . ‘
o7 i M .
o ( E; (x) is the prlml'tlve 1dempo“ten't of T, )
- ' = S . C .
7 o |
\ v - . . . .
# / ‘ *
’ ’ ) e
N . i ! J
' B L] I ’ I



) k - F ] B‘ - -
x ‘ ¢ ul » ’ ; .
i '.. ¢ - ‘ i ‘. . -19- ., ‘."
| a S A
E. w PPOOf? - let I, = Rthl(x) beﬂa"minimal ideai'géherated‘by El(x)_ '
E, - with f (x) as r801procal fac‘tor.,rBy Lerkna . 6,
( ; - R
A A 3 Ry E I»X‘*)- where V }‘a(x)n E,(x)): a(x) ¢ R }
fr r ‘.;."" .
' o o b‘learly, v 4 1s an- 1deal Wl'th generator polynomlal s (x),._
b T —_ ~ .
L (’ ' re01procal "‘factor s (X) S (x) '‘and primitive 1d'en'ip0't:e‘nt-
I y ' a Tt
L I 1= El(x) ‘JB.V appllca't:lon of Lemma 6 agam, . H
' e ' . LI
; 3 ’let I, = R, E (x) be a mlnlrnal 1deal of R contained
N S e | ]
‘ ! in V, with recipro'é'a'l-' factor f,(x), Then .
-' Rn=V2_@R-E(x)eR-E1(x); S
, : . whére V, = {a(x)(l«-E ( )}: a(x) } wrt;h generatore
S L
s ) Polyl‘l.omlal £ (x)f,(x). . : A
\:‘: 4 / . c ) ‘. .. ) . - - .n
| . E{(X)E,(x) = Eé(X)El(x) =0 mod x™-+1 and
. e Be(x) s'Eth) mod x“.-‘j.., E,(x) € Vy. Also, it
o0 . ! ‘ ’
P o I —p '
_ ‘?(.x‘) € Rn 2(x) ® R E (x), then b(x) ‘ag x)EZ(x 1__(X)El(x)
", and (E:,a(x)+E1(x))b ) = (Ez(x)+E (x))( 2.(X)E2(X)+a;) XJE (x))
;- B . A
i . . - = ag(x)E, (x) gy )E (x o »
| @ - ‘
1 | (x) ® R -E, (x) =R, (_Ez(x')+E1(x)).-Inﬂadd%tion,- ‘
i R . 1f b(x) 3 V then b(x) has fl(k) as a factor, :hence'§
: v \ o . . o l. .
a - ‘b(x)E_i x) = 0 mod x'~1; so we have 3 "
‘ T vy = {ato (1 (B (0 (8] s a0 eR )Lt
3 AP B (X)3E, ' £nle s ‘
b ‘I‘hus R{L = VZ ® R E,(x) @& hist Ei(x) & Rn_'(Ez(#)fl":l_(x)..J;
3 » “" v . . | .
[ By reneated appllca‘tlon of Lemma $4 and by tﬂe fact
~ o a A S n
Y ~ : '
1 - ol —




R Bt R R

v

| / l““ I . b T . | . / - B
T -20-a ' o C
‘ . . ' : ‘ S | k
/ Jthat vo2v,D L, Dvﬁ_l V.= (0}, we get . o
‘l _ " ) Rn =Il & IZ _9--0 6 I = Rn-( (x)+E( ) toon X))|
L= . . ’
: E; (A)E (x)~5 0 mod x"-1 for i #°j and ‘
E (x) = E (x) mod xn -1, . . ’
' It-ls.eas;ly seen thaxig E; (x) = 1. - s
T 2 ) y Q':E°D .

Corollary 8.1 Any iMeal V in R, is the direct sum of all minimal °
\ ' ] 't- R ’ . b . /, )

" ideals contained,in Y;TThe primitive idémpotent
. , = . . . . .
of V 1s-the sum of prlmltlve ldempotent of each , d“
. ‘ '// S : :
mirrimal 1deaLJ;onta1ned in V, o R ¢

/ ¢ : . // v s - L 3%
! . - ) ., - R . N . o r"
. ) yd _— : L : "4

< ' THEOREM 8 .gives a/nféthod of paftitioning a cyclic code V

Q

7 - o
“into disjoint. sets. Tet g(x) and h rk'be the generator and = (
. /Y e
re01Drocal'factor-of V re pectlvelx; Let hex) = x)hz(x). (x),

v |

where h (x) is 1rredu01ble factor of h(x) and has degree ml,

@xponent_ei. From TﬁEOREMFS.we get a descenqing chain
Yo = V:JV1:JV223...ZQNr_i??Vr,=(O); where V. -is gene?ated'by
. ! ) * . ) _ f - ]
ry x)h (x)h (x) .a.h.Lx); 3¢, Define V,_,-V, to mean the set 5
- . e

of all code words that are in V -1 but not in Vi;“It'is seen

that the}collectipn vo'vil Vl-Vz. ,..H-Vr_lfvr partlﬁlons tﬁe

code y. All ‘the Eodg words in Vi-lfvi hagei}he‘same,form e
“ . ) . .. [ R ' _"‘ . ) -



kom0 o 9 aiviaone w0,
T(x)g )h (x X) vaahg 1(x). where f(x) ig' n divisible‘by'h{(x).

*

A cycllc class con31sts of those code .words: whlch are

cyciab shlfﬁs of’one another; the size of the'class is called - A

Al

its perlod. Let b be the smallest integer such that = . B '
x)g(x) f(x)g (x) mod X ~1; then we have © S

b . Ty ) .
(x -1)f(x}g(x) = 0 quax —1. This shows that h(x) divides Lo
" N ) . . . ‘.. ) ' : . 1 . . ﬁu
b . . . - ) . - .
(x -1)f(x) and f(x)ng) represents a tycle of length b, Similarly,

\ ! . .
the perlods'of the cycles of V. can be determined. 'Let d be the - &

~— .
smallest 1nteger such that x f(xﬁg x)h )..;hi(x) : o
| .= (X)g(X)h (x).v.hy (x) mod X1,
0 :
We have’ (x —1)f (x)e( x)h (x)... i(x)' = 0 mod X -1 r’*%ha“t is,
T d ‘ L : o -
!%7” h%&l e hL(X) leldes (x -1)f(x). Thus f(X)g(x>h1§X)-=-hi(%9

represents a cycle of length d
Let E(x) be'fhe'primitive idempotent of code V. We know

tsat E(x) = Ei(x)+E2(x)+...+Er(x} and V = I, & I, &... N3 I

f X - where/Ei(xJ is the primitive idemﬁoteht of I, which has hi(x)

: . : : :

: A S . myo T

g "g%‘a reciprocal factor. Hence each IE has p * code words. From

E } ‘ ’ ’ \

the"abeve discussion, we dan see that the period of the cycles of

AT ST

each minimal ideal I of the code V is the exponent ei of h.(x).
( m. ] ’ . /
' Since there are p *-1 nonzero code words in I., there are
A o ' e in it
c; =P -1/ei cycle representatives in it.

L ¢




R
/ ..‘_l‘...

A s Ebvious thdt all the code words in aJcycTe~have \\\ B

L
wr

- . ; o I R . .
the same weight. If we can determine 2 Yepresentative and the = = &

L % . : . ) ) . T
period .of each cyclic class, we have a great deal-of‘informatimwfz
. - . ) !

L about “the ébdg. Fofuexample,nthe weighquistyibutiok\ié cqmpleteiy |
detérmiéed. The weight distfibation;has a number of gﬁplipatioms

'iﬁ the study of cpges.'For,insE;nce; t;e pfobability'of an ; ~
undeteqgifble efrdr for,é'linégr code_used strictly %or error

B T T T e T n

~

s e

detection can be.calculatedi [2§p.397—&00], [uk[?:p.éu]. : & -
To view a cyciic code V as the direct sum of ifs minimal

. : . . . - /.
9 .
ideals, -we can obtain methods to determirie a cycle revresentative,

AT AT AR TR

-~

‘[1L, {9]. It is not necessary to determine all the cycle "
réﬁ%ésentatives if one applies permutations which map one cycle

nepresentétive into another. The permutation

.0: W — wp, (mod_n) correspohds to an agiomorphism_Tﬁ " x"P

(mod xn¥1) of Rn' Every ideal V' of Rn is preserved by T. Thgs

if we raise any code word to the power of p, we can get’'another
‘code Qord ( possibl§ the same ) of the same weigh?. By using

this property, some reSdlts‘on'peTmutation decodable.cfclic .

v

B - —
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PERMUTATION DECODING FOR CYCLIC CODES

. _ | A.symmetry of a systematlc code is a permutatlon of

¢ . . N
blt p051t10ns in each code\hgrd which preserves the codL\ai, - o

a whole. Permutatlon Decodlng makes use of these symmetries

-

g to build up a decodlng;algorlthm for the code. From the-aégspralc <

-
. ]

"structure of.a cyelic. code which we dlscussed in Chgpter_i.

the problem'to find a set of symmetries for a cyclid code

'.is somewhat easier. -For some peéial.cyclié codes. the prdbiém-

v 18 solved in this Chaptér.

~

;Permutatioh Decoding for cylcic codes is most effective '.'.-wﬁ

.'for decoding single-error-cofreCting codes, It becomes -easier -‘ﬁ'%
. - . N F
as the:redundﬁhcy,of the,pode-increéses. Hereafter, we shall

-, s

. . \\1.\
R . We assume that we wish to decode an { n, %, t ) ecyclic
b ] R o S . '
codé V of V" described in Cli{apter 1 with generator polynomial -

discuss'Permutation Decoding for CYClij codes 6n1y.

. !
N

g(*) of dégree n-K. S .~ . ' o o e

P | The coordinate placeé in V'V are labeled by the number
o - . ‘ . ) . y .
+ 0, 1, 4., n-1, If w stdnds for one of tMese numbers, the

6&clic,permutatibn is Te w —> wtl addiyionomod n.)..The

Dowers‘of the cycllc permutatlon are TE: N w2, L L )
'y : '

0. . . . . \
1w ;Qwﬂhh‘f=‘wa-f+wﬁ1fW. ’

¥




‘e

-

_-L‘ﬁh x‘ —;4 X

'/'—7 ' R -
- . .

. -24— ,‘

. _ e * ..
- Thus*a cyclic code in
’ ) : T

bo I
Al

is a code which is inVvariang,

‘_uhder'T and hence.invariant under T2. 53.'L... Tn'l' '

.Corréspondlng to the eyclic permutatlon T, tje mapplng

i+l ' ‘
* (mod x -1) 1s an automorphism of.R .‘Clearly.“
\ . by

" every cycllo code is preserved byf) Thus, 1f'a word R(x)e &%,

_then (x R(x) mod X -1)6 R, gpd we call X R(x) mod x™-1 the _

’ -

i-th cycllc shlft of: R(x): In partlcularJ if a code word 1 °
v(x)e'V,'then (xlv(x) mod xn;g) €V, We- know thdt if vi(x)ev,
then (x*vP (x) mod x1-1) eV, S ) \\\ C o

‘2.1 Permutation decodable codes

' Let V(x) ¢ V be the transmitted code word and let R(x)
he the recelve? word Then the error pattern caused by the

. channel dlsturbance is E(x) = (x)uv(x), -where E(x) is of

LA

welght t or less. D1V1d1ng R x) by g(x), we ﬁave

R(x) q(x)g(x)+s(x). where S(x) is a polynomlal of degreefin-k 1

- VA
and is called the syndrome of the recelved word R(x) If the

syndrome 1s zero, then R(x) - is lelSlble by g(x)s By ..

r L . -~

'[Lemmefzqchapter 1]‘R(£)-is a code ord ef A and the decoder

will take R(x) as the transmitted code word., If the syndrome

.is nonzero, the received word is not a code ‘word and errors Lo
g et : -c_ . ¢ : ' VL “‘L ‘
‘have been detected. e \\\ L _— - -

Hl .
. ) - R . - . . . . .
. ' .




- ) ‘ <\ ‘QS- g .
- Leffma 7. The SQR;Tome of R(x) is equal to the remalnder resultlng g "
) from dividing xhe error pattern E(x) by z(x). | o
\\>ppoof=; Leﬁ v(x) tV be the transmitted code wore.
Con 1»We'have R(x) = Yix§+E(x).-Dividing ?(x) By_g(x), )
= we nave R(x) = a(x)g(x)+s(x), & . ‘
— .‘§ﬁx ‘Hence R(&)_ q(x)g(x)+S(x} A(x)g(x)+E(x) for some )
A(x) such that ¥(x) ="A(x)g(x). - - - L
.+ That isi E(x)-S(x) = (q(x)-A(x))g(x).
e o ' L) v
. -+ E(x) mog g(x) = S(x). . -
foo L . e T -+ Q.E.D,
;- " . H - '* ‘_Dl ’ n . ' gi\
‘ . Gorollary L.7.1 The syndrome ofi (R® (x) mod x -1) is equal - N ‘
1 ‘ =  -‘ ‘ . . L. ‘ b
L CoL .o to the remainder resulting from dividing . ?ﬁﬁﬁ
] : . o » 1
3 ‘ ' S ot n oo . ' T a
s o . (EP {x) mod x"-1) by g(x). o ~
&
‘ : . v
Lemma 8. The syndrome of (x R(x) mod x wl) is equil to . 1 : ;,
m; I 4 Kx s(x) mod X -1) mod g(x)- where S(x)ﬂs R(x) -mod g(x )
Proof:  Let R(x) = q(x)g(x)+s(x) and oR x) mod X -1 A(x)e( )+t(x)
Then We‘have [x q(x)g(x)+x S(x)] mod -x" 1'“ A(x)g x)+t(x)
" -Tﬁf; is, (x q(x)g(x) mod % ~1)+x S(x) mod X ~1
= (x)g(X)+t(x), or
(x q(x)g(X) A(x)g(x)) mod X _1 - (t'(x)__(xl?’_(X) mod x°-1). .

P TR
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/ T

-, L

, ) 3 ' t ‘ ‘
- Since 3lq(x)g(x)-A(x)g(x) is d1V151ble by g(x).-

§(x) mod g(x)=t(x) = (x'S(x) mod 2-1) mod &(x).

! E \Q—'ED

~

]

Ll

Corollary L 8.1 The syndrome of (Rp (x) mod X n.1) 1s equal to

o (x p S x) mod' % -1) mod g( ).

’ e

1

.. ' Lemma 9 Let S(x) R(2)~ mod g(x) and R(x) x)+E(x)u | ) LY
| - Then lS x)lét iff E(x) 1s of degreecin—k 1,

Proof: If E(x) is of degreecin—k 1, then by Lemma ?,

¢
. VE(x)‘; S(x) and hence IS(x)]é't. ~ ]
e~ _ ' o
. Now assume |S(x)|44t Since E(x x) = B(x)g(x)+s(x) for
_some B(x), E(x) 5(x) is & code word of Vv and therefore _
. |E(x)=S( x)]é;2t+1. This is impossible 'since

. ' T : y | - ) K
S ___/..,..._.IE__(x)-'s(x)l A.'lE(x)}‘+ls‘(‘x)| L2t, :

N ' --ﬁeexo_»l : e
', Thus the fact that E( ) = 8(x) is a code word-implies

N .

thatmﬁ(xJ‘- S(x) is the all zero word; so E(x) = S(x) and

~.E(x}) is of degree éﬁ—ke_l.
: Q:.E.D.

wis L s o ®

,.A#‘§rom Lemma 9. we ‘see thit 1f,the errors in R(x) are

pw e e =

-

confined to the n-k .parity check p031tlons or if the syndrome |




_gfa

Ve . . . . . .

of R(x) is of weight t Or;leSS.'then the syndrome is identical
. o h ! }

to the error pattern S(x} = E(x) Thus,‘cbrrection,can be

accompllshed 51mply by subtractlng the syndrome from the n-k

L
] LY

'received-parlty check digis. Sinte we know that every cycllc'

Qode'is a systematic code, ‘fhe §irst k-digits are error free

provided E(i) is of degreeg;n-kli. v ‘ -

Suppose that the errors are not_confined te the n—k.-

. I
1

'Darlgy check pos1t10ns of R{xY but are conflnea to n- k consecutlve T

' / i it qD-k+i-1
DO°lthHS ( 1nclud1ng the end ‘round case ), say X7y X7 TheeX 1= )

>

After n-i cycllc shlfts of R(x), the error w1ll be shlfted to

.

2

" the n-k parity check-positions Of'the,cycllcally shlfted ﬂecelvéd ‘.

: + word x" ‘R(x). Then the syndrome of x' ‘R(x) will give information a
¥ : g SRR T .‘+1 . _ :
to the errors confined to the positions xl, i '...‘}n- i-

;. of R(x). As a resulti\jhe ég;brs can be corretted. PefTutation o
i - o . v . i . . . . )

- Decoding Tor cyclic code is based on these -facts.

-

DEFINITIONS: Let R(x) be any received word and let’ _:' -
B ‘ o \ [
Sij(x)'s (x JRP (x) mod X -1) mod g( Youst
| -
'If 1Sﬂﬂjx)‘-ét ‘for some i and j, then code V is <\v

1

L | . said to be Permutatlon Deco?able ( in brlef P.D. )
' n p'lr ' ~
and (x~ Js. J(x) mod x '=1) s the error patterna

N
”

" 1If the maximum value of i ghqulfea s s-1 for a1l>

”~




o

'_ -25_— | | ‘. | r: -
- _ | v o~ .
possible error paﬂat:e;rns E(x)"with.weight L%,- o
» . C . 3
‘then code. V is S;ald f‘to'be' s-step‘.P.D. " - _ N
. A o . : _
2.2 1-step permutation deqéda‘ble codes
THEOREM 9. Code V is 1——s..t_¢.ap P.D. iff %z_% [u] “ ‘
’ Proof: Assume.cé_de V" is _1-—S‘t-:ep P.D. | _ . "
Then every .nf-sylﬁb.ol .errbr pattern E(x) wi‘thﬂ;véight t

. _or less will contain & sequence of a/Kleas.t_z k successive
’ ‘ _ L4 : R -

| k1 7 -
zeros. Hence n >tk or Sl : o : o

Assume % 4-%. Sugpose-c’ode‘ .V. is nb'\: 1-step P.D. .

Then there exists at least one error pattern E(x) ' N
o ‘ : @ ’ ‘ o 4
of weight t.which does not contain a séquence of ° RS

P - : . - . - ]
k zeros; -or equivalently, does not have a gap of

leng‘th_i. k. Since the code is cyclic, it is ‘enough . .

if we gonsidef E(x) 6f>tr1_'e foll!oﬁi'ng type:

23

-) - N a
B(x) = by#byx

a
2, o Bl arn)y. O
+b,x to4otby 4 X ; biFGF(p). |
: . A . : o
© Since there is np gap of length sk 1n Efx), 'E(‘x)

must sat'isfy ‘bhe_'following. condition:

a. .. -aiék and n-at_lé-_ k- for i,= V71,0 est=2, a0=0.

. i+l
. : 17 Siue . ko1
. This condftion will give n&tk or ==r.

This contradicts the assumption,

' ..code 'V is,__l-step P.D.
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If code Vis a b1nary code and is ]-stép P.D., then .

~ the calculatlon of tﬁb syndrome of (x R(x) -mod X ~1) 1s greatly

81mpllf1ed. This is. becauseﬂgﬁ the appllcatlon of Lemma 8 and

\
(x S(x) mod X —1) to g(x) if (x* S(x) mod'x =1) is of degreelsn -k

,:of Toe prdpertles of GF
. syndrome of (le(x) mod x ul). we need ohly calculat
‘_(ﬁ S{x) mod > - 1) mod g(x) ThlS is-done by addlng

of t or 1éfs;-

- THEOREM 10 If code V has rat

Proof:

Y

( ).\For example. to éalcul

-

i "x

othe;wisé-vvﬁ%inue‘cx;llc shlfjlng S(x) until its welght is

..' ) . v ’ ' W

{
2.

° .
, . -

= %; theﬁ the oﬁly error oatterns'c-'

o) oy

Wthh are not 1- step P D. are of the followlng form

J(b +b1xk+-‘02x2k veodt ;”;x (1~ 1)k). ’. - -‘F _‘; ‘ga
.+ for § = p,;; ket and b, ¢ GF(p) ;f L';f. ﬂ-;
_Since §~= %‘cg%—.!he ce bleHEOREM;9 every erfoo,‘
| pattern of'weight,steictly ;éés tﬁén_£ is 1-etep,§.o.f
x lIt's'ehough Wo'coneider.those}érror'patternSfof .
J welght t whlch are of the follow1ng tgpe ﬁ' .
. ',-f” \E X bo+b1xa1+b2xa2+...+bt 1% et

Suppose E(x) is not'l—step:P.D.. then'from THEOREM_Q;
F ‘ ) ' o .
- ' = ; |no.oi 2
hdhmf? h?ve'di+1-aié=k and n\at 14.k for i= 0 1f' t-
. T ' ¢« - '
- and a0=0| _.,' \
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Since n = %;, we can‘divide_the n-bit-positions

o - into 1t parts, eaqp with k—pit-positioné; say/;ﬁw““

. - _ . . /
-AO S A.l - A’Z J‘ - ‘ A't 1
. _ 4 ‘ ‘ ° —
k - 2k e (t 1)k

R . P . N ) .z_
.

It is obv1ous that eachxavxilas ihreach A for.

"'o'-aq:

N -

. '.":f - 1=0, 1..."t 1. If the’ g%y between any two err@rs .\
P * . . . E . ' k | - J

.1ctl¥ less than k, then - there are only tw&‘

° bl

i -11t1es elther ﬁwo errors lle in the; same A

for some: 1‘0r E(x) has,a gap of length:;k Both of

c. T ' EX - .

thése two posslbllltles Wlll mdke Elr) 1-step P D
K : ‘ahd fhié cbdtradicts thé assumption Thus-a.'= ik

S o . 2
R *

: %_ R -_ . £orli } 2,..”t 1, By the éycllc oroprty*
4L .
xF 40 x2k+...+b

> (t 1)k) are not 1- step P, D

X
(b +b g-1X

1 /. V‘
L o Slnce the perlod of thls cycle is k. there are only . \\

. ' JoooEee '
T k such.error batterns Wthh are not 1-step P D.

4 . R T

| L S -‘i | e @« Q-E-D- o

e _

2, 3 2- smeﬁupermutatlon decodable binary:codes

= {
' 2.3.7 Case of 2 error-correctlng COdes Lo

. oy

B Suppose code V with error-correctlng caﬁﬁblllty t=2
1S no ”f ' dlfzx-‘ We have kAnéZk and hencen'
is not l-step ?.D,,an >3

. o

e




S—

e
-

I

o
A&,

e \"-‘-: ¥

eI T

Y

TR
A

2

. . : .. ! oL . s . - " ) - / -
- can he written as.n “:Pk+1'for/‘some p,ositive ' integer 1 with
. . - ) X '

A B TR

W rthrs

R el

 THEOREM 11. Suppose t=2 and code® has rate 533!

-~ 3
r 1 I
' . . ot .
] . ’ 4 iy . . h
v o \ . 1 .;' p
e - * 3 a T Y [+ l
. = s - N
- . b : . . By :
. .7 a ; o . L. O3 A 2
: v .
o “317 e T ol ¢
’ - . . .‘ . . ;| ! L A‘.'i

AR

0 Ll £ ku"l: | SUAPPOSE, E(X) = 1+x° 1S no‘t‘ 1"'9't9p P D By THEOREM 9:'

. . ' ‘-. o - . - . -
k 2 apn-ki= i and hence 2k > 2aé21.- ( note 21é,n 'forr othgrwi%e" '
l ’ \'.-I o C ' ! - ) & ' ‘ S 1' l" - ‘6
" wé have 2idn.= kti = 1>k ). Therefore, either nd2ax2ji.or -/
: . i K - ¥ o . P ) . ST b .
-0 <42a-n<k-i, If i>5, then eithern>2ayk -wmm—es (1) "7 o0 o ¥
a .. . ' S - . ' e P : -~
_ T L ©or 0 4 2a-n &kiLnck —mmeen{2}.7
o . -0 : . . ]
: Conditions - 1)/"8\1'1(1 (2) can be mterpreted as follows:J ‘
¢ . _
if E? (x) mod X' -1 is expressed as Ez(x) mod X" -1 = 1+xb.'
. . ¢ Con < “_‘
then elther bén !{ or n bk, In either c”ase. E? (x) mod x —1
always has- a gapof length é};. That ig, BE(x) is 2- s'tep 5.D..
" On the other harjd, -if 1L };, *’;hen the érror ﬁattern E(x) = 1+‘5<l -
| ‘ \ . o : V.. & “‘ G, ) . L . t“.
is not 1-step P.D. since n=k = 12 2 and n-i = k+1 1 =%, - .
. s o Y
Now EZ (%) mod ¥'-1 = 1+x°F, But 2i <4k anid n-2i = kam;)l = kel 2K,
c ‘ - : S
That is,. E°(x) mod x"-1 = 1‘+x2:L does not ha_vé' a gap of 1epgth Yk
.. ’ - ‘.7_ <L ) 'k' S i
Hence E(x) = Azt “is not 2 step P D. In othér words,:if 14 s or
n& k+§ = 22—,‘. code V is not-*Z-step P.'D.. ' . )
- These results'caﬁ be summarized as follows:‘
- L e "

K ) . ' . } . ‘|1,:» L
1..

- . \ - ) * N
- . B . * " ' . .
@ - - ' o k cul . .
v . .
. ]

 Code V is 2-step P.D. iff = % - R
. "J ’ Lo ‘ a e o
e "
> ’ 2 iy a’b‘ b
. ‘: o l:—h ® !
¢ " N
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, S s TEN =32 " j S /
5 i ., . » L . . I ~ : )
5 . vy , . ) , . Y N / : D L v . .
-1 _ 7L As an ex%?ple..we consider-the - 63, &2 2 )'binary ' .

i

ik
cyclic c-ohde. Simce & ="gvit is not -2-step P.D, by THEOREM 11,

) _ One can check that the error pattern 1+x2~Jés not 2~step P.D.
LI K

. - 0 * o
Howpyer, we have'yhe follawing result; *
. ' ' - . - ’»
- “ ’ i ° . R L v . !
.3 THEOREM 12, §uppose code V has rate & l 2, ' )
. ‘ . X n} 3
[ " " __" Then x3(1+x ) mod X -1 are/the only error paﬁtérns‘
A whlch are pot 2—step p.D. B ~
‘Proof:* . :Let E(x) = 1+x° be ‘an error pattern which is not
v S i )
: AT ‘i~step P.D. Then we-have o e e
‘L‘ . .. |-" ) ' )' E . ” ' . , : \ - - | :'f
SR ‘ (1) If n-kza ¢k, then 2(n-k)£2a42k. But h = kit
E I{. :a cy hinat -t .
, ’ . and nik = ~]2£. S0 re'ither n>2aSk or 2a-n< %r? n-k.
;’. ’ In eith?rcase" E(x) :': ul +xa( iS ;Z;Step‘ p ID. * .. o, '
S (A T y o j
? - (ii) If a = n-k = 5» then 2a = k>n-k.
5; N . & ’ . =
é JE(x) = 1+x2 is not 2-step P.D.-
: . _ 7 .
g . . . ' L. 4 D k '
§ ' g (iii) If a = k, then 2a = 2k and hence 2a-n = 5 = n-k,
§ ;f HZE(xi =‘1+ick is not 2-~step P D.
$ ) L3 . ’ k . -
4 . ' o ! . .
§’~.1 . Since’1+xk is a” oy*llc shlft of 1+x2 thys #hé only
i R & L -
i error patterns-which are not 2~step P:EE are
Z ‘ ‘ixﬁ(mxz} mod x7-1. o .
.}J B v ’ . ’ Y - . S ' .
% B ’ i Q F D ‘
4 o - - ¥ ) N . .
: _ “ i T VRN . -




Lo . “ . ’ : Co - _.\,. Y |
o : Cl33- e ' @ . s Y
» o ; 3 13- . | . iy

T T e

Lo g ' E_ -(x);:“mod X" -1 = 1+x

u'/_ ! -
- e

. -
r

-2.3.2 Case of u-error-correcting codes - Ty . Vg
" . 1

p

'I‘HEOR;M 13 Suppose code <V is an ( n, t=h ) bmary cycllc .
code wi 'th rate EA é%. Then code V‘J.S 2-°ten P.D.
. al . a .
Proof: Let E(x) = ,%+x 2 ¥x °3 be an error pattern which

" is not 1-step P.lj. By 'I"HEOREM.9, a £k and

. . . : _ ..+1-a._ ) -
! '-a /_k for i= O fanda—o Smce ékél we \
o 3= . g0 Iy 3’

. F .
. have 4k sn\'-}k and hence we. can write n = 3k+i and. ]
g :
'n k = 2k+i for some posn.?tlve »mteger iL£k-1, . g
' 4, . ) ‘

) - - > ki
_3 a14 2k 1mplles alha3 2k i,, Slmllarly, 2, K {7 SO
) \ . o
. k-Sal__ , 2k éaz-} k+i and 3k>_a3,l‘~_2k+1. Thu,'s we have
21 ¢ 2a, £ 2k | _
2x42i < %a < Ly -=<(#*) which implies either
k421 < 2a, éék‘ . 3 _ -
2i42a1_2k L 2t £ 2ay 402k o
2k+214 2a, £n . }--=(i) or 0428,-n & k=i p==--(ii)
- é .é_ had "‘f/:'*. .y ‘1
K+i £ 2a3 n£.3k-i k+id2a-n& 3k-1 ‘

-

ot

In (i) we have 2a2e(2a3-n)§k+i_\_.k. - |
o / A |

For if 2a2-(2'a3-n)¢-'k+i, then 2: 2-2a3+n4k+i./_

) 2a

S B0 8y

- "

Theref‘oré. .2a33.2é.2+2k; this is impossible since

. 1. = \ Y ‘..- -} “‘—.' =+ --
B.2g2+n-k—1. = 2a2+3k+1 k=1 2a2 2k

“\/B-az Z k. Also (1) imfal’ies' either- 2a3-'—n L2ay
" ' or ?a3—n S 281. Thus, in case (i) , it 'Ne"expr'ess_
. K> ' . b bz bj ' . . [
lix %4x 7, then .either the £ap

0. (]
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\ /IA S betw?en bg,?nd b3 is qi‘-‘lepgﬁfh é'k or a_ and by, -

has a gap of,length-ék:
/‘ | o Aé for 'the case (i.i),.\.xé“sha‘ll s.iﬂo.w. fhat H
‘2a'1—'(2a;_;-n):\é kfi. Since 2a, > 21{;1-21 s, ..a-z} =k .i+jq
whlere"j b}—c_—;i.' Tluare'flor:'e.a1 >—* i’é!-'j; S0 We have
' 2aq>2i42] S"2i+k-i = k:l"i —.-—-'-—'-—'-—--(1) :

Furthermore, 2a, = 2k+2i+2jn and

P - | - “‘. Zaz_n = 2k+2i+2j—3kﬁi2: i+2j“k --—‘*-(2)‘

L on the other hand, 2a, <4k => 2a,-n £k-i --(3) 2

e e T

Combiﬁing '(‘1), (2) and (_3)§. we have 2a, > 2a,+n

X,

and 2a1;(éa2-n)>.21+2j-(i+2j-k) K+,

' Finally, we note tha{:'if'Zaj—né 284 then’ L.

2a,~-n 4_2&1‘4 2k £n-k, Thué, in case (ii),

3
) . b b b :
if E.z'(x) mod x'-1 = 1+x g Zux 3, then either

' the gap between 131 and b, is of length3k or

/ T b, £ n=K.

3
’ . L E(x) is 2-step P.D. in either (i) or (ii).

QlEoDl

2.3.3 Case of 6~error-corrpcting codes :

-

THEOREM 14. Suppose <code V is an ( ny ky £=6") jbinarly cyclic

code with rate %L/g-é%_. Then code"V is 2._-_step P.D,




" Proof:

-'\‘

‘ ’fi 4(2a5—n) £ k+1, then 2a5x2a k-1 = 225tk

~35- . “'4‘ y ) o

. k 1 ' 7' . “ - .
From 6‘5 45, we can wrl’ce n _..5'}{’+i and n-k = 4k+i 7,

lfor some positive integer i £k-1, By THEOREM 9, !

ai+1—a.'ék and-,h-a54k, for i=0,1,2,3,4; ao=0.' ‘
a5-a1é4}c 1mplles alén-k—uk i consequeﬁtly,'

we have Jk;‘-a_jr N(j-1)k+i and 'ijézaj; 2(j-1)k+2i. .

For ] 313, 6k>2a,d8k+2i; this implies either

21 ¢ 2ay £ 2k o - cei< 28, 42k ‘
2k+2i £ 2a, &4k T 2k+23 £ '2a, £hk :
k421 £ :za3 Z n H=-=(1) or 0A2a3-n4}c 1 Ye-=(2)

k+i £2a;,-n £ 3k-1 | k+i £ 2a),-n £ 3k-1

3k+i"42a 0 £ 5k-1)_ | 3k+1"’2a5-n £ 5k-1

in (1), we have 2a.: -(2a5—n)5k+1. For if

3

and hence as—aj‘.\. 2k which is. 1mpossn.ble since E(x)

is not 1-step P.D. 1t 2a2 lies between Za3 and

(Za -nj, échen 2a1 and Zau—n lie in a 1ength>-3k

-

pQS:L't:LOTIS. In other words, E(x) ‘with (1) is 2-s‘tep P. D

In (Q:we shall slow that 2a1—(2a -n) Lkﬂ‘.

a., = 2k+i+] for some p'051;t1ve integer J'sinc,e

3

131I—k+21. Therefore al_ 1+3- so we have

“#3 |
2alé 2i+2] N 2i+k-1 et ——————— (.3).

4

Furthermore, 2d, = Wk+2i+2j and 2ag-n = 142 5ok == (49

(3) and (&) show thatlZaln(?_ej-n)é it+k.

N
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"Finally, if 2a4—n lies hetween 2a1 and Zaj-n, then
‘_2a2 and 2a5—n lie ‘in-a length_Xék pbsitidns sincé
S 23,42k and n-2a, > 3k+i, Thus E(x) with (2) 'is

a o 'é—stepxP.D. That is, code Vﬂ&s 2~step P.D,. .
- S ‘ - Q.E.D%.

L

2.4 3~step:permhta§ipn decodable binary codes

2.4, 1 Case of 2.error-correcting codes |
"l.-‘ . A |

-~

THEORENM 15, Suppose code V is a double error-corrééting code

with k o d and n = k+ % - % Then code—¥ is 3-step P.D.
- Proof: We'f'rsﬁ‘note that k>3 for otherwise n will be even

-~

-

or n = k, Let E(x) = 1+x be an errdr pattern ‘which
is not l-step P.D. Then we have to consider the ~ -

following 3 cases:

(i) k-La=2 n-k+j:;’ where j=1%
| This gives 2k-2>2a22(n-k)+2] = 2(}%' - 2)+2j Mk,
J.either n 5...25_1. >k’-1+2j xk or

ol kL 1ok _3,n
.04_2a-n../,2k--2—k—7 > + =5 " 2{&7’1 Ke

. » Phus E(x) is 2-step P.D.-

. - oran Ifa_lzi-%-, then n-k 4 2a = k=1£K.

Thus E(x) is not 2—step P D But ha"¥ 2k-23 n ,

! ' -

.
. S )
\ . . . a L .
» . . . “
.
. .




Ta,

:-‘l‘ X ‘- . ’ '.- .._ ‘ ) . . * ' . . N -
- ’ . O - p J . '
a : - =37~ C : '
L. (it 2k-24n, then 2k-2<k+ K - Liknis implies
v = ’ | ' :
. | that k<3 ), so aa-p=}£..14n-k' e
}{ 1 2 ..‘ - -
. _2_ -2 ST
.. ..E(X? = is’ 2;7¢ep p.D.
' Y\ [ o
» (111) If a,= k; then E(x) is not. h-stepJP.D. -t
f ‘ e . .. A S
But 4a = Yk > 2n and bLa- 2n = k+iNk, L -
/‘ [ v . .
. ..E(x) i% 3- step P.D. /’“ Y . \\
. - e o . <. Q,E)D.

. THEQOREM 16. Supposé code V iS a double-erroﬁ:éorrecting codé

~withn = 3b, k = 2b+1;- where b is séme'positi%e'-

ihteger. Then code 'V isB—ste;‘;>D. if we do not

v consﬁder the error patterns: x3(1+xb) mod x -1,

2b

_ ' . R . .
" Proof: : Since (1+x0)2 = 14x% and (1+x2b)2

mod x-1"= ;+xb,1

xj(i+xb) mod x'-1 and x3(1#x2b) mod 'x*-1, are not
. 3estep P.D. In fact; 14x°C is a cyelic shift of
X , B
, . "~
.

b be an. error péttern o

1+%°, Now let E{(x) = 1+x

’ S . . ,
which is not 1l-step P.D. Then kxa>n-k = b-1,

2

-
s

1f p#1Lad2b-1, then 2b+2% 2a &hb-2.

-

' ’ P N r
‘either nX2a 22b+22k or 04 2%-71 £ -2 Zn-k.

. , ! ¥
’ \ In either case, E(%) is easily seen to be 2-step P.D,
1f é-= k = b 1,_theana =2b-2 and ha = #b-l, i
‘ TN o

.Zua—n Ub 3b—u = b-uzin-k 1nd hpnce E(x) .= 14% N ‘

*is 3- tep P.D. Now if a =‘k = 2b+1, then weApan show

o Y
that Ha-2n = 2b+2>>k. . E(x) = 1+x is 3-step P.D,

Q.E.D.
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Example 4.-Cons;dér the ( 63, 43

. -~

i t . - i “.,_ ) -38- ' | .
' e | e - )

' Example )k Con51der the BCH code w1th parameters n= 31 k521.-.

21 |
t=2, Slnce n = 21+ ?? - % 31 and t=2, it,is 3-step P.D.
e

’

| by THEOREM 15. The bnlyf%rror patterns whlch requlre 3-step P.D.

are x3(1+x10) mod le and x3(1+x } mod x31

blnary cycllc code.
[

- Since n = 3(21)”aqg/y~= 2(21)+1, hence by THEOREM 16,
4 _ %
J(1+x,1) m 63-1 are the only error patterns whloh are‘not'
) i ) \ . . ‘ ) N
Bs’cepPD ' . - )

LS

Y

c2.b4.2 Case . of 3-érror—correc$ing codes

Let code V be an ( n, k, t 3 ) blnary/cyéllc code with

k }i so that we can wrrte?n = k+ %}ch and n-k = 2—.1{+1;

t

qa_%e -}—“-L.

a

. - a C
' Lemma 10, The error pattern E(x) = 1+x 1ﬁx Z such that o
3 ) ' ‘, . o
o ali;k
, . T az-al-_k‘ o
' o mwmam |
. n-a, £k (*)
- ' 2a1 £k : :
2(3./3.1 )ék . l _' _. I .
- ‘ 1 ) '4 o - i
- _ Ar1-2a_2 ﬁk.
Proof: - From (*), we ﬁave.qié %'and 2(a2-3174=k.
‘“““———“But“nﬂs2a§ﬁ§thsk}-=L%k+2ir~th€fefbré"*lﬁ”"“"%~t'9*~
| kv vk
%k+21—2a1 £ Z(az-al) £ k;&l\'\enc 5-5-' 1; +
. ," B . . ) q'

LIS

2 H 7 7 : A d .-
where Oziié.g and/??fi.'Then we have the following_j lemmas, -

el



) ‘- - . . L \ -- . ) o . ) . | . | -
_ .\. . > ~39-
M S . “, . ’ ‘
or egujvalently, 2}c;>'ll»a,1ék+il»i --------- (1)~ T
[ . . . ) - . . . . >
T - (note kvbisn, For if kahisn, then hidfkh = id k),
. " (1), yields. either n > ‘+a’1 S kN ko —————(2) , o

) j . ‘ ‘ . ‘ .. | . '.v.:#':
*  Purthermore, 4k> Ura?é 2k+k+HHi, = 3k+4isn, L

'2k-k—'i>.4a -nkk'+k+3‘>}{ . ' by,

e E . ) 2 = E 1l A wmwmemm———. ( ).

(3) and ¢4) show ’thgt.uaz-ﬁ-(aal-n) Sk Nk —=me(5)
Thus, .the condit-i‘ons (2), ) and the-'conditions ;

48.1 4a2 .
(3), (5) show, that E' (x) 1+x +x  © mod x'-1

F always has a gap of length 3 K. , .- oo
, _ ol .
g o a, a :
Tix 2 wiﬁ_/()lis j-step P.D

Hence E(x) = 14x “+x

» -

. x | 7 : a
Lémma 11, The errof pattern E(x) = 1+x ‘+4x 2 with

o, a, £x . _
! a,-ay ék N . . \\ ,
n-3, é‘k >""_(**). is 3-step P.,D, - - : .
s . -

\Prbc-af:, | From (¥#%), we have 2y xfalsﬁ—k angd 2a1~n42k-k—_ &k-i

e - -215 2840k =mmmeen(1)

e . | k k )
But 2a1-n-r(2a1-n) 4 k = az‘aq,é -2- or - azé k+ 5 = %}c,

- : - - " .
. . . 4 . . . '
’

5




- '\: . _l‘,O_ A .
f ' N . .ﬂ ) . B » b

hence 2a é3k. SO 2a2-—nék+ 17 -i, " | »
Ya -2né2k+ 12{— 2] =mmeeme—camecmiaden (2). ‘
' \By (**),‘L{a.z-ZnQZ'(n—k) $k+ %'.+.2.i'_-_.:..___._-‘_7'__(3).
) (2)"and (3) imply e;tﬂer n~k 5.3-}:-3{/} ka,-3n ;fﬂo (41
-2 | c.)rl o h‘l‘i 1+a2:-2.n=.\,pk-!j }2{-+21 (5).
If E_L;(x_) = 1+x'4a1+x4a2»'mod' x'-1 = 1+xb1+xb2_.- . ‘— -
theﬁ.condifibns (1) aﬁ_d (4) show ‘that bzlnnk and %
i condifions (1) ‘and (5) show that a éap between b, and 62,

" Lemma 12,

Q e

. Proof:
’/\

e

is of length k.

a a
1+x 1-t-x 2

SE(X) with (#*) is 3-step P.D,

 Q.E.D.

: " . . .
The error pattern E{x) with - . 7 1

Ly ) B
al_k Do ST |
- 1 ! [ - -
az ay &k - -
o 24}( >----(***) - is 3-step P.D.

2a1_k

2a ---n--Za1 & k

2
2(n-a )£k

-

- . k ' kK _
By (**{*), a, -é- arrd aléa -kin-k E' =
28

! - Q
k . k 5 k l N }E s,
=E_-+1. ..-2- 1= +i and k 2a1_2.+21. .
Hence 2kél+a k-Nn,' S0 en‘ther
n—k N E ~i é#ai-n NQ mmm—mmme (1)
. ' | .
or n 54a D kHE] —smmmcmnem—— QZ). .



o j - '_1”:_, 3_. . ._.l-s

Also. we have either n- k}.%}c ji_l&az-—’in;o S, !

o

: or - ln,‘_~.’+a2ﬁ‘-2néqk+ %- +21 -—--(LI-)
The above discussions show that if we express

o n by b, o -
E'(x) mod x ~1 = 14x +x ©, there are 4 possibilities

~_to be.considered, namely: (1} and (3), (1) and (4),

+ © (2) and (¥}, (2) and {3). From the first 3 possibilities,

”””” A gy, : /

it can be eas:le ‘checked that E (x) mod x''-1 alway's
. v ' ' .
has a gap of length A-{{'VAS for ‘c.on&iitions “-‘-(2) and (3)..

we have n k’-l—al.. k+41 and Prk 31_49. -3n§.0 We shall

show - that hal-(Ll-az-jn) kk, Suppose 4a1.—('-l~212—3n) ié :

Then .4alél+aiz+k-3néh(al+k)¥1t-3n = Ug 1 T5k-3n since
) k' az—aié k =» ba él&(a +k) Hence Sk 3n 20 or Sk ljn. r*ﬁgi]
s - ' L b .}.(_[L.i .8

That is, K %h-—. Contradlct to the fact_that e

Théref‘qre. hag-(4a,-3n) > k. This shows that

'_Eu(x) mod x"'-1 with conditions (2) and (3) is j-step. P.D,

“ '. ' . ’ ) . ’ . QlEch-

s : | : . e
3 d - e * ’ ' Lo~

THEOREM 1?. Suppose code V is an { n, k, t=3 ) binary.cyclic

code with rate % P2 A%‘. Then the error pattern

- | a4, a2 ‘ \ ‘ :
i e B ) =4 - Swibhe— B fk e
. S ap=ag €k | - |
\ - . n-a, £k &--‘--(****) may not be
' 2a - £k ' 3-ctep P.D,
- -n )< :
2a1 2(a2_n)_k

- £k ' ; '

S



o

L b2

:-,\ . . . T a N a § '
Broof: Let E(x) = 1+x 1+x"? be an error pattern whlch

is not 2 step P D. There are only 4 cases sug:',h that
' E (x) mod x"-1 has'no gap of lengthkk Namely: ;
\ T.(*) in Lerp_ma 10, (%*#) in Lemma 11, (##%) in lemnma 12.
and (###w), The first thre'e cases have‘been sh'own‘..
thgt Eu(x) moci ich—-i.is j_—'st_epAP.D. So w;" need only

consider the case (####), From (%***) we have °

ke > X gﬂd-n-kéazégg—k-. Hence 2k Mn\2a, nak;

v : =

> k4213 k —--m(1)

consequently, elther n‘ﬁ@al_ 2

et o or  nlba -n };,O. --------- (2').j

¥

| Furtherny{r'e, n<2a, £n+k and 0< 232'“ £%; so0 /’Eithef" |
Oé'#%—Zn'gn ""‘"‘(3) or Oé‘+a "3714}{: S R N Y T

Oonditions (1) to (4) show that it is- pqss:ble

l./ ! .
tha't E (x) mod x -1 may have no gap .of length>k. VC\
| " Q/E.D*
RN . ‘ o 1 .
Example 5, Consider the Golay ( 23,12, 3 ) code generated by

\
\15%_ %—% L;.‘ then by .

al a

10, 11

g(x) = 14x% +x +x5+x +x . Sinc

) THEOREM 17, the error pattef‘n E(x) = i+x_ +x .‘q}which may not

[

» 1
‘be 3-step P.D. hag 12 ﬁal_ 2(23 12) 52 and 1°14a‘ —(23+12) =175

El(x) = x3(1+x7+x15) mod x23;1, Ez(x) = x3(1+x +x15) mod- x 23_4

]

T In fact,' such” errzc;r‘“patterns are- found aé”’ﬁellows ‘:“’—'-———— e



~

: 'Since Ez(x)'a k23(1+x ! ) mod x23

_43._ - : | “

m,

ahd'Ejfx) ](1+x +x ) mod x23 “ - | N i'” ﬂk‘

Lo o Qﬁ
x2€(1+k9+x ) mod %23 -1

Ez(x)

mo
‘Ill

23(1+x7+x16) mod x23 } and - E (x)

t

we have. Ei(x) 43(1+x5+x11+) mod x23 - N
4 N )

v
»

Thus Eq (x). Ez(x) and EB(x) are not 3 step P.D. Note that.

E (x) mod %231 for i=1,2,3 always has a gap of length)lm
' I fJ

A:dThxs means that th% Golay code 1s u_step P. D. S

s

[

<£xample 6. Colsider tﬁﬁ‘& 63, 36, t=3 ) BCH.code. THEOREM 17
¢ A - )
: is not applicable here since % = %. The error pattern 1+x

which satlsfles (*) in. Lemma 10 can be ea311y shown that it
: . Vs

1 S ) - =

‘rgte # of”an exlstont code V W1th t=3 cannoty be 1mprovod.

° Card - . : 1

1?+x20

- ‘ '. N . .M , . .
2.5 2-step permutation decoding for binary Codes with t_even

o ~

To obtaln the bound for the rate of -an. existent code

. : ~
" which' is hlgher step permutatlon decodable needs compllcated'

. 1
computatlon, espedlally for those Wlthéﬁ ver{/lazge. However,

for codes-whlch'are 2-st§£3? .D. and have even error correctlng

-. -capability,-we-have. .the._foﬂ_-low.ing.. _I‘_e_—Suli? S RO S

EZ( ) ; 43(1+x9+x ) mod x23%1 and E (i)“—ffuj(i;x9+¥18) ﬁod x23-1

is not 3 step P.D. ThlS example shows that the bound for the .

.‘:.é'
sk



e~ SRR
* . . _ nt o

THEOREM 18, Let. V be blnary ( n, k, E}) cyclic ‘code with ..
o . .

t_evenflk_odd and fkxndth~ 5 + . Then code v

L, is 2—ste_p'P..D. - T ‘ o

".,‘ e Before we g:.vé the proof of 'th].S theor‘em. we flrSt

. p,rove jhe followmg 5 lemmas which are based on the fact that

code V is a bmary ( n—.\—k). t ) ﬁycllc ‘code with t even. k odd

- L
. N i

.and tkin N k- _... %_.‘ ' _ B )
B V . 3 ’ BRI . ‘.
Lemma 13. (i) Every e{‘ror pattern of welght strictly 1ess :

o

ghan t is 1- -step P. 5

L y _ ,
(ii) . The only error patterns which are not t-step P.D. _°
¢ . o i o ‘ %\N
. ~are- of Weight t and of the ‘follewing type: %
T ‘ ot a a, - ' :
. 1,22 A1 S
e E(x_) 1+x +x ‘+:;.*. +x with a; +1-ai_:<.
i & 'and_‘n-at_'_lﬁék for i=0,1,...,t—-2 and a =0.
(if3) jkSay> (3- Pk + Lfor §=1,2,0 0080 4, as in (33)
B . * ; - ‘ s
5 oo 3 N CKL L e kol
' ¥ Broof: (i) Since n _tk —2— 5 = tk-k+ 5t 5 = (Jo-l‘) +5 t 3
’ . | .,‘n ’{1)}: or E _}T ‘every e‘rror patter’n‘of L
| | ,welgh S'tI‘lC“{;l’y less th n t is 1-step P.D.
{‘ii) I‘c i‘ollows from the cycl'o property of the
S . code V and THEOREM 9. . .
s o L .
et , (iii) From (llh we have al+1 -a ,lf-_fﬂi_}fl'!ﬁt 1—k
) B
™ : Tt follows that 3k5a3. fo -j=1.2.....t-1.
&



4
7
" Temma 14,
Proof s
]
Lemma 15.
Proof:
E

e

- %
. ‘_Lr,s_r o ' l. l." - A . - - i
- - ' - * * ' -‘. ” )
Slnce nbtk— }(+%z (e 1)k+ %, e ‘

k'
2'c. 5 !
_k’ﬁtk- 3§}\§_— (t 2)}c+12 153 ﬁl;o. —ﬁt 1. Lk implljs

031‘ /

k
that at 1, n- kfﬁ(t 1)k- = + § and at 1—a1 (t 2)k.,

ﬁ\ N ._‘ LY
So weé have a1 t 1 (t-zﬂ?§m¢k (t 2)k Y
. -, .
© T svtke 2+ L Ctkezk = (1= Pkt L=
- o 2. T 2 f,z .
4t . Tyes L
a.t_l"?-z = ( 3)}{ => az— t—l-(t 3)k 2 (2", 2)k+ 2.1
e ‘ ‘.. Ty, 1, .l T
Slmllfc_'ir‘ly; 8]' - (J_ 1-71.)1{-*. = for J'_—l!?-r R A co
. we have jkéﬁajé (- %)k+ %. for j=1,2,.1.,t-{. C R
‘ b o Q-E:‘Do b ".-!J.
g :

. V N . :‘Q . . .
. PR . ) . .\ - . ~— ,
o , o Y @
- . ) . . - o
. . i s i . . .‘\‘
. . \
R

k+1 éZaj'Z n-k"’for 14£jé5 -1,

Nt

t -
. L3

. g
By Lemma 13 (111). we have Jk"ﬁa lsﬂgm‘z)k+;§

hna - hence 23k—\2a 32(3- Shk+Ht, for j=1, 2....,1: -1,

o

For = -1, ¥e have Oaaé 2(%‘5 1)k = t—2°)kn‘in_-k' —-=(1).

Furthe*‘mo,r’e. ?5\-&2(1- §)k+1' S R GO R
Comgin (1) and (2), we have
k+1 _é-—Eazj .fi n-}c for 1 é% %-}‘ - '..\:.

o

§ | S Q_E;D} K

o

© . . . : 4
A1 . . . .

i - . . ‘ o

k+14q2a3—n£h -k for %i +1éj e, .

By Lemm&~lﬁﬁagaln, we have 2
‘.'.'-:. . l_‘. e . ) n l



BTN T s = e
. . B .

‘:{ . ﬁ 1 | s .'. . IA: - }‘"
' " '4-; 1"6" . v l | " J h
%o : L Je AR | -
Il ? 3 > .
G ,2;]1{_&233_\‘ (J,- 2)k+‘1 for j=1, 2,....1: l. , *
Y ' '
‘ &~ For J—\*—“ Ly 2a352(-2— - 2)p;+1 = thtk+l S n,
- ZaJ-n Ltk+k+1-n.stk+k+1 tk = k+1 S A | h
- .. - |hen =t-1, J:jé 2(t-1)k = 2tk- 2k and therefore
! " ‘ « . 8 - .
J ! - N . . .
-n 4 - -tk }.S-_ -j-'- = o }i 1 .
2a j-n & 2tk-2k-tk+ 77 3 (t-2)k+ 3 - é-é_n-k. R
‘ " This means that k+1é;2aj~n‘£n~k for %-+—1 Lidt-1,
. : i
T [ . 'i ' . , ! -
i Q-EcD.‘
. X it
Y . n L !
" | * v [_._’,‘) , b I E . - .
. .Lemma 16. k+1._haa mod nzin k- for = 1 2,....2 ~1,§ +1, .50 t-1,
Proof: Combining Lemma 14 and Lemma: 15, we get this lemma
[ ' . P - v
Coae | T s L | c-. . T -
o immediately.. ' : T S e
- .. CQEDe
R , S . | 7 -
.---5\‘ ‘f"‘:. ) . - . -
A .
Lemma 17. For j=J%, elther Ozfzat-n}ik or n- k -Za z;n.
| . : | | . 2 o, _..
: " Proofs For J= %. from Lémma 13 (}ii), we have {
S o ‘2(;5}_{ N2a Jé 2(% L ._)}{+1, i.e. tkéZaj,é(t-l)kﬂ.'
{ ‘ ~ This ,showsu'.that eit]\er 0< 2a-n £k jbr. n-k .423%& n.

' | . ‘ "" o E v E ‘. -__‘§ 2 =
" l . v b “ . C . ’ - - QIE.D-
! .

.Proof of THEOREM 18 By Lerima- 13. the err_or patterns which are

notl l-ctep P. D. are of the form . ’ -~
| o e
: - a, @& B\ agq
. B : E(X) = 1+X 1+x 2+- :.o+x .‘t J"~ =
- ' - . ﬂ%
o - .[ .



b

h | i r@%—'

\ Exprass Ez(x).mod X1 - 1

|
% ‘ .
T . -\

]

-1

14+x "X TH. .Y ,

7 - : v I
from Lemma‘16 and Lemma 17 we have either b, ,<Zn-<k

LY
v

\“‘ _ N ; .
- Tor if bt 1_ _‘ n-k, then b1'\'k+.1'

we have proved gene”ally that the thporem is true,

2

s - 5 .

-~

- 2-step P.D.

PP

Proof:" Since n Nthk- =y n = ti- % + i MNtk-

_— U
is some positive integer with e

In either casg, Ez(x) mod’xn-lris ertép_P.D. Thus,

ﬂ.'

QlEtDl

THEOREM 19. Let V be a binary ( n, X, t ) cyclic code with:

-t even, k even and'ﬂc5n Ntk %— Then code V' is

+ =: where i

SN
AT

Hence Lemma 13

+o Lemma .17 hold here so we have this theorem.

R

1T _.4

?t FToT then V is 2—St9p P.D,

3

Q,E.D.

o4

‘THEOREM 18 and THEQREN 19 can he restated as follows:

Suppose-V is a Binary {'n, k} T ) éxglic code with‘t even.

(':3

2.6 Decoding procedure for permutation decodable codes

o
.\ -

On rere1v1ng the word R( x),‘we d1v1de R(x)‘by g(x) and

xn'lR(%) by g*(x) sfmultaneously; where g#(x)’

. N ) . A . .., 1’1—1{ .
-pokynomial of g(x). .That 1s, ge(x) = x &),

is the recwprochl

-

“ oo




o 3 S 'L*,):
. _ua-l . . e . N

C e
o

Correction can be made without cyclic shifting R(x)

. " . ) . . 4 ‘ . i .
if errors of/é(x) are confined to the first or last n-k check .
positionss The worst is that some errops in E(x) lie in the

»
-l

first and last n—k check positions respectlvely.
. . S

Iﬁy&ﬂe code vV is 1—step P, D.. then the errors of E( )4
) will be brought to the flrst or- 1ast n-k A;eck p051t10ns with
at most n- (k+1) cyollc shlfts of R(x) " The error pattern which o

‘requlres n- (k+1) cycllc shlfts of R(x) has only one gap of
.-
length k. N
Ii the codeﬁv is 2= step P.D. and (x R(x) mod x'=1)"mod g(x) .
o .
has weight L t, for i=0, 1.....n (k+1).‘then we con81der o e
5 .

(x Rp(x) mod xX'-1) mod g{x). The errors can be found out W1th

at most 2(nLk 1) cyclic shlfts of R(x) and rP (%) totally.

In'general, 1f the code V #5 s-step P.Dus then”atﬂmost
. o.s-1 "
s(n-k- 1) cycllc shifts of R(x). Rp(x). R Rp (x) totally

will complete the , decodlng procedure.

Suppose I; want to decode the ( 63, U3, 2 ) binary
| ‘ {14x21) mod 31 the-
CyCllc code. we have shown tHat x (1+x ) mod X are |

only. error patterns whlch are not 3 ~step P D Thus, if the

| o 321
,syndrome of R(x) matches one of the syndromes of x~@1+x )

mod X 3 -1, then the error pattern can be found. OtherW1se
'-f

:‘:’ . . ’1.-“. L




. , . ‘-49_ ) . . ‘ . i .

at mdst 3(63-43-1) = 57 cycl‘ic.shif'tsf'(!{'(x.)‘. 47 (x), Ru.(:c)

4
totally w111 complete the decodlng prbcedure,
Slmllarly. to decode the Golay ( 23, 12,3 ) codé;

we can elther proCeed with the hwstep permutatioﬁ_deéoﬁihg or

.w1th ﬁhe 3 step permutatlon decod1ny tegether w;th matchlny

‘-the syndrom% of R(x) and the precdlculatgd dyndromco ot

xj(1+x?+x155\mod x23-1, J(1+y +x15) mod ; 3 1 and /

A .x,j/{{-kx8+x16) ~mod x23__1. respectlvelj.
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~ APPENDTX
- THEOREM A is a gefheralization of THEOREM 13 and Ve

. THEOREM 14 in Chapter 2. The following Lemma and 'ifs corollaries

si’mpli.ﬁf‘ the proof of this theorem.

» . B . ’ ‘ ¢ 2

T,emma 18. Suppose codg' Vis a binarjr (n, k, t ) cyclic tode with -
- 1k, 1 - ® '
with rate %’dﬁ'_/_jc-_l’ t even and t4 4, °Then

(1) Every error pattern of weight £ t,is 1-step P.D,

. L .8y B a4q : , .
(ii) If E(x) = I+X_ X TH.eatx 27 is an error pattern
which is not l1-step P.D., then
jk é'ajé(j—‘l)kfi for some i, 04 il k-1'dnd f‘zar
_{"‘b . ~ é = 1!2r3_top't-1o . o
- Proof: (1) Since_% é‘t%ll" ‘every error. pattern o;f‘;wfo_igﬁ,t_c’-f
/ . " is 1-step P.D. by THEOREM 9 in Chaptér 2,
— . o 8y 8 Bi-1 o
{ii) If E(x) =.1+4x “+x “+,..+x is an error pattern

which is not 1-step P.D., then we ha‘ve

b

_ L0 aggmagtk and n-a,_ 4k for j = 0,1,...,%-2; a_=0. =

Thus we have‘aj £ jk. On the other hand,

_' .Z.‘- I e ~ 13 ‘.& - TSR -
241 aj_('t 1-3)k, "aj‘,at-l (t 1.1 k2 (n }g) ('t ‘I ik,

/L" Since /-}-{-4;}- 'we. can wi‘ife n = (t-l)k-i:ijf)nd

- ‘ n *t-1" ‘ ;
, . R \ . . : s
: hence n-k = (t-2)k+i for some pé:i\tive Jinteger .
“ ' . " . .
b 7 B I



sii- ‘ -
‘1€k-1. Therefore, a é'(n—k)-(t-l-’j)k implies that
| - 'aj;(t-z)mi (5-1-5)k (J-1)k+1. .

..Jkla 2 (- 1)k+1 for j =_1,2,...,‘t-1.

Corollary L,18.1, . 2142a £ (t- Z)R‘Zn-k for‘ 1 l‘]/—% -1,

‘Proof: J T r By Lemma 18, jk é_aj é.(j-l)kﬁ'and hence

.j.

2ik22a;s 2(j-1)k+21, = "

For 5. = 1, 2k22a, 325 1 vuveens (1),

For' j = 2 -1, 2{

Nt

) . . 't .
Dk 222, 22(5 -1-1)ig2i

u/‘

ive. (£-2)k 2223 (t-6)k+2i ....(2),
Combining (1) and (2), we have
T neRM(2)kd2a325 Tor § o= 1,2,...,5 -1,

T —Q.E.D.

Corollary L,i8,2, }(E@i _ﬁ.Zaj-n'é(:t-'l)k,—i. for ;i +1 éﬁj £t-1,

Proof: ° . * By Lemma 18, agaln, 2‘]}{32&35 2(3 1)k+21.
) ‘ S . F‘or j-= %---i-l., 2a3é2(§ +1-1)k+21 = tk+21‘_sn,

ZaJ—n S tk+2i-(t-1)k-1 = ki,

< Thus 2a -nllclfor Jlg—ﬂ PRI (1) B

rthﬂcrmo‘r‘e, for j = t-1, 2a .é 2 (- 1)}c = 2%k-2k;

: r"’\:@

. = . ..'..Za'-j‘né2_’c!'c-2.k.-(t—‘1)k-i = {t-1)k-1 wee(2). 0
-l 4 ' l }.'7 - |



S : .
‘ dii- - 1
1 Y /? '. J [ ]
. ' .o S N o»
"From Lh)‘and (2), we have \
o 1_{+i.é2aj-n £ (t—l)k-i for ;—- +1 ﬁ-—"j Lot
' 2.E.D. ,
'Corollar‘y; L'.18.3.' Fo_r j= —;-, either.{‘c-’é?)k"%f—?": £z 5, té.h\ -
_“ _. « . '§' - “
o ] e  Or 6 £2a -n&k-i. |
‘ | C ooy L2 = SR D
‘Proof: For j = 5y We have o . ' ’
_ " '1 s % | o
. (§ - )k+21..2aJ ?(g)k = tk by Lemma 18 again.
v Thus either (t- 2)k+21 £ 2a\<n
) - '
_ or OéZat-nék i )
: I .
. QOEDQO .
iy ’ !

> ' - o :
© THEOREM A.  Suppose code' V ig 2 binary ( n, k, t J.eyclic code

S with r.ate ‘54,5' :l%'f' t even and t X4, Then cod‘g v

'-is‘2—step P.D. o .
Proof: - As in Iemma 18, we WI“,‘L'te n = (tal)k-l-i' ahdf‘ﬁ?ence
n—kj:: t- 2)k+1 f‘or seme pomhve Jhtegor 1/-k ‘1

BY the- cychc property of ‘t}“e code V and Lemma 181 (1),

S 'anJ error pattern which is not l-ctEP P.,D. is ot

. A, A o
the following type: "Er(,x) = 1+x Lix 72.+-..‘.+x t- 1 d

w0 a ‘. a a - ’ . o ’
1+x .1'+x '2+.-...+x -1 is not 1-step P.D.

1

P " Now suppose E(x)
' '.«._ bt

S _ o2 o
~  Consider Ezr(x-) 14x 4% toootx 77 mod -1,

- .

1l

P



. ' e the corollaries of Lemma 18, E°(x) 'mod‘xi% —
will give -either | -
. D21 4723, £,7k \
2k+2i. £ 2a, £ W
. s (t-b)k+23 £ 2a, . £ (t-2)k (D)
| o z ~
e T : (t-2)k+2i £ Za_t Zn
- '2', - - -
a '<5 _ o {t=3)kH 42a_t_L n'é—(‘t-l)k-il_'
OI' . .. ! ‘ : . ' .
- » : . | e, | T (;
R : . 23, é-zai, £ 2k \
. 2k+2i £ 285 Z bk -
SRR s S »
O Z Zat wT} 1 k l ‘ : '
. r N
(t=-3)k+i AZat_.l-n < (t 1)k-1

I

In (1); we have

i

| o (D) 231 (2a_ 1—n)§~k+3.. For' \13" 2511;&-(?*,C 1) £ K, '
i 2 - \ 2 " .
i - then 2a,c 1> ?at+n—k i = ZaEf(?—z)h. .
o R o .2 2
- ‘ o Therefore, Zat_l-za (t- 2)k =y ay_y17By >(? - )kT

o — Sz 'z
: . This contradicts the:fact that E(%) is not

&
o

1-step P.D. . . R

(ii) If 2a "1ies between 2a, and 22 s-n, then
- ;, e E . X ; 't t"l
; 5 — [ ‘ § .

me I LTRSS W TR LT T e L



s N

<i

-V -

[}
|

2a

2a =0 and 2ay 17D is of length ® (3-3)k+i-1.2 (t~3)k

Thus in either (i) or (ii),
a gap of lengthak.

In (2), we ha%e

(iii') 2a1-(.2a'—'n)}-_k+i. For if 2&1—(2at-n)4k+i,

Q

at most (t-4) errors will lie in a gap of

EZ‘(‘X)A‘/!TIOG }:p-i‘alway_s ha\'s'

=y

1ength > (¥ -3)k pocsn.'tlons. Thls is becaucse

£ PPt 5('t j)k']'l and hence the gap between

| - Ve

2

then §2a1-n -k-i, This implies that: é»““’*{
-

| : E
2
2a E—Za1 N(t-2)k or.a
2 A .

This gives a ‘contradiction,

(iv) If 2a,
2, 71

o

t

2

—a1 5.-(3-1)}{.', |

5 2'

-n lies hetween 2at~n-and 2a1,

2

then we'haveAat most, (“t:—ilr) errors lying in a

gap 01" length > (£=3)k+i-1 > (t-3)k positions

since ?a14 2k and hence n- 2a, A (t- 3)k+1.

i

From the above discussions in
' . ! }

A

always has a gap of length}-k.

. - . 4l
Thus either (iii) or (iv) implies ‘th'l‘t E° (x) mod x -1
. |\

(1) and (2), we- conclude

that the -code V is 2-st¢p P.O.



Dem"*r‘k THEOREM A does net hold for t

SuppOSe it .is true for t = 2.

(1)

(ii)

which «does not im}ly that 2a1.must be greater ifiyn K,

Every _d;ouble—erfor—correcting' code with rate ey Z1
‘ | \f\’ * ' A .
is 2-step P.D. Fhis will contradict THEOREM 11

and THEOREM 12 in Chapter 2.

In the proof of this-theorem, the fact that either i
| :
(t-—2)k+2i52atén or Oézat—nék i pTays an
z - z
€.

important role. For t = 2, we ,ha\"ré n = k+i and

hence n-k = i; we also have either 2i<2a;4n or .

0£2a1-n-'é-k"~ih.‘ In'par'ticula.r, for i =1, n = k#1 ‘ﬂi\
: | Y
%

and n-k = 1., We may assume tha¥ k>4, ( For k = L
or 3, n will be evsq; for k =2y £

been discussed., ) Thus we have ri-k &2 £2a,<n

E]
o

" In other words, the range of i for t = 2. in THEOREM ¢

is not the s\ne“o as ‘thd"t for TBLF That is, fo'r t = 2,

code v meed not be 2--f"tep p;D, for some partjcular 1,
) - ‘ Y

4

E Lt
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