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Abstract

Survey propagation (SP) has recently been discovered as an efficient algorithm in solv-
ing classes of hard constraint-satisfaction problems (CSP). Powerful as it is, SP is still
a heuristic algorithm, and further understanding its algorithmic nature, improving its
effectiveness and extending its applicability are highly desirable.

Prior to the work in this thesis, Maneva et al. introduced a Markov Random Field
(MRF) formalism for k-SAT problems, on which SP may be viewed as a special case
of the well-known belief propagation (BP) algorithm. This result had sometimes been
interpreted to an understanding that “SP is BP” and allows a rigorous extension of SP
to a “weighted” version, or a family of algorithms, for k-SAT problems.

SP has also been generalized, in a non-weighted fashion, for solving non-binary CSPs.
Such generalization is however presented using statistical physics language and somewhat
difficult to access by more general audience.

This thesis generalizes SP both in terms of its applicability to non-binary problems
and in terms of introducing “weights” and extending SP to a family of algorithms. Under
a generic formulation of CSPs, we first present an understanding of non-weighted SP for
arbitrary CSPs in terms of “probabilistic token passing” (PTP). We then show that
this probabilistic interpretation of non-weighted SP makes it naturally generalizable to
a weighted version, which we call weighted PTP.

Another main contribution of this thesis is a disproof of the folk belief that “SP is
BP”. We show that the fact that SP is a special case of BP for k-SAT problems is rather
incidental. For more general CSPs, SP and generalized SP do not reduce from BP. We
also established the conditions under which generalized SP may reduce as special cases
of BP.

To explore the benefit of generalizing SP to a wide family and for arbitrary, particu-
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larly non-binary, problems, we devised a simple weighted PTP based algorithm for solving
3-COL problems. Experimental results, compared against an existing non-weighted SP

based algorithm, reveal the potential performance gain that generalized SP may bring.
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Chapter 1

Introduction

Survey propagation (SP) [2§] is a recent algorithmic breakthrough in solving certain hard
families of constraint satisfaction problems (CSPs). Derived from statistical physics, SP
first demonstrated its power in solving classic prototypical NP-complete problems, the
k-SAT problems [13]. — For random instances of these problems in the hard regime, SP
is shown to be the first efficient solver [28]. Recently, SP has also been applied to other
CSPs, including other NP-complete problem families such as graph coloring (or ¢-COL)
problems [10], as well as problems arising in communications and data compressions,
some examples being coding for Blackwell channels [42] and quantization of Bernoulli
sequences [40]. In all these cases, great successes have been demonstrated.

Powerful as it appears, SP however largely remains as a heuristic algorithm to date,
where analytic understanding of its algorithmic nature and rigorous characterization of
its performance are widely open and of great curiosity and research importance.

This thesis aims at developing theoretical insights in understanding SP, generalizing
SP from sporadic examples as mentioned above to more general context and with more

general forms, and exploring the potential benefits of such generalization.



Introduction 2

1.1 Brief Background

1.1.1 “SP is BP”

Prior to this work, a connection between SP and a well-known algorithm used in itera-
tive decoding [33] and statistical inference [32], Belief propagation (BP), was observed.
Similar to BP, SP operates by iteratively passing “messages” in a factor graph represen-
tation [21] of the problem instance, where each variable vertex corresponds to a variable
whose value is to be decided and each function vertex corresponds to a local constraint
imposed on the variables. This observation has inspired a recent research effort in un-
derstanding whether SP may be viewed as a special case of BP. — The significance of
questions of such a kind has been witnessed repeatedly in the history of communication
research, for example, in understanding the Viterbi algorithm as a dynamic programming
algorithm [16], in understanding the turbo decoding algorithm [7] as an instance of Be-
lief Propagation [24], and in unifying the BCJR algorithm [6] and the Viterbi algorithm
under the umbrella of the generalized distributive law [4], etc. These unified frameworks
have on one hand provided additional insights into the nature of the algorithms, and on
the other hand allowed an easier access of the algorithm by much wider research com-
munities. Specific to the question “is SP BP?”, if SP may be understood as an instance
of BP, then the existing analytic techniques of BP are readily applicable to analyzing
SP; if SP can not be characterized as a special case of BP, one is then motivated to
seek a different algorithmic framework to which SP belongs or to discover the unique
algorithmic nature of SP.

The first result reporting that SP may be understood as an instance of BP is the
work of [11] in the context of k-SAT problems. This result is generalized in [23] to an

extended version of SP for solving k-SAT problems. Briefly, the authors of [23| present a
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Markov Random Field (MRF') [19] formalism for A-SAT problems; a parameter, denoted
by € in this thesis, is used to parametrize the MRF. When the BP algorithm is derived
on such an MRF, the BP message-update equations result in a family of SP algorithms,
referred to as weighted SFH or SP(e) in this thesis, parametrized by € € [0,1]; and when
e = 1, SP(e) is the original (non-weighted) SP. In addition to extending SP — in the
context of k-SAT problems — to a family of SP algorithms with tunable performance,
another significance of this result is a conclusion that SP is BP for the k-SAT problem
family.

Due to these results, the research communities had tended to regard SP (and weighted

SP) as a special case of BP prior to the work in this thesis.

1.1.2 Generalizations of SP

As noted earlier, (non-weighted) SP was first introduced in the context of a binary CSP
family, the k-SAT problems [28]. It is rather straightforward to apply the same design
philosophy to other binary CSPs of similar kinds and to derive the corresponding (non-
weighted) SP algorithm. Prior to this work, generalizing SP on two distinct dimensions
have been explored.

The first dimension is to extend non-weighted SP from binary problems to non-binary
or more general CSP families. Such generalization primarily exists in the literature of
statistical physics (see, e.g., [8]). The other dimension is to introduce “weights” in SP
update equations. We note that prior to this work, such a generalization has only been
presented for k-SAT problems as in [23] and in sporadic example applications involving
only binary variables such as in [40]. In fact, the design philosophy of weighted SP for

CSPs involving binary variables (such as in [23] and [40]) is not readily extendable to

n [23], weighted SP is referred to as generalized SP. We however prefer calling it weighted SP (or
SP(e)) instead since a further generalization is introduced in this thesis.
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arbitrary CSPs with arbitrary variable alphabets for two reasons:

e First, an important notion underlying SP, namely, an appropriate extension of vari-
able alphabets, is blurred in formulation of binary special case in the generalization
in [23], although such notion had been brought to surface in the somewhat distant

field of statistical physics [8].

e Further complicating the issue is the earlier question whether “SP is BP”. The
existing generalization of SP to a weighted version for k-SAT problems is well
justified when in that context SP is viewed as an instance of BP. However, for
arbitrary CSPs, there exists no rigorous understanding concerning the relationship
between SP and BP. As such, for arbitrary CSPs, additional principles need to be

established for such generalization.

1.2 Thesis Contributions

Towards a rigorous understanding of SP, this research, in retrospect, was initiated by
the question whether SP and more generally weighted SP are truly special cases of BP
for arbitrary CSPs beyond k-SAT problems, where along the way, we generalize SP on
both dimensions, namely, extending it to non-binary problems and introducing weights
to the update equations.

The main contributions and results of the thesis are summarized as follows.

1. Generalizing SP to a weighted version on arbitrary CSP families

We formulate SP and weighted SP for general CSPs as what we call “probabilistic
token passing” (PTP) and “weighted probabilistic token passing” (weighted PTP)

respectively, where a message is a distribution (or non-negative function) on the



Introduction 5

set of “tokens” associated with a variable. Here a “token” is a non-empty subset of
the variable’s alphabetﬂ. It has been previously observed in SP applied to various
problems that a “joker” symbol is added to the original variable alphabet. Here
we point out that extending the alphabet by simply adding a joker symbol is not
sufficient for general CSPs, particularly for those involving non-binary variables.
We stress that the right extension of the variable alphabet is to replace it with
the set of all non-empty subsets of the original alphabet. Although an equivalent
treatment has been described in some previous literature for non-weighted SP [8],
this perspective is for the first time made explicit beyond statistical physics context
and for both non-weighted and weighted SP. Based on this notion of alphabet
extension, we generalize weighted SP for arbitrary CSPs in the form of weighted
PTP. In other words, the weighted PTP formulation presented in this work serves

as a recipe for designing weighted SP algorithm for arbitrary CSPs.

We develop several analytic results concerning the dynamics of PTP, which may
provide intuitions on how PTP and weighted PTP work. These results are however

still preliminary and the dynamics of SP algorithms remain largely open to date.

2. Proving that SP is not BP for general CSPs

We present an MRF formalism — which we refer to as “normally realized MRF” —
for arbitrary CSPs using Forney graphs, generalizing the MRF construction in the
style of [23] presented for k-SAT problems. States, each consisting of a left state

and a right state, are introduced in the MRF, where the left state corresponds to

2In fact more rigorously, as will be shown later in this thesis, a token is a non-empty subset of all
possible assignments of a variable — In this work, for more mathematical rigor and clarity, we make a
distinction between the alphabet of a variable and the set of all assignments to the variable, where an
assignment to variable x,, is treated as a function mapping the singleton set {v} to the alphabet of x,,.
Nevertheless, one may always identify the set of all assignments to x, with the alphabet of z, via a
one-to-one correspondence and loosely refer to the set of all assignments of a variable as the alphabet
of the variable.
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the token passed from the variable and the right state corresponds to the token
passed from the constraint. For any given CSP, the MRF is parametrized by a
collection of weighting functions, each corresponding to a variable in the CSP; in

the k-SAT special case, these weighting functions reduce to a single parameter.

On the normally realized MRF formalism, we then proceed to derive the BP up-
date equations and investigate the reduction of BP to weighted PTP (noting that
weighted PTP is weighted SP and that non-weighted SP is a special case of weighted
SP). Primarily re-developing the results of [23] and [34] on BP-to-SP reduction, we
show that for k-SAT problems, BP is readily reducible to weighted PTP as long as
a condition — which we refer to as the state-decoupling condition — is imposed on
the BP messages in initialization. An interesting fact about this condition in the
context of k-SAT problems is that as long as the condition is satisfied in the first BP
iteration, it will continue to be satisfied in all iterations after. This forms the basis
on which BP messages may be simplified to the form of weighted PTP messages.
This condition, also arising in [23] as a peculiar and curious construction, had not
been explained prior to this work. In this work, we argue that the state-decoupling
condition serves a critical role in the reduction of the weighted PTP messages from
the BP messages derived from the MRF formalism in the style of [23] or from the
normally realized MRF presented in this work. Using the example of 3-COL prob-
lems, we show that such a condition is also needed in all BP iterations so as for BP
to reduce to PTP (or SP). However, in that case, we show that this condition can
not be made satisfied in every BP iteration (except for the trivial cases in which the
BP messages contain no useful information) and one must manually impose this
condition by manipulating the BP messages in each iteration. This result on one

hand justifies the important role of the state-decoupling condition in the reduction
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of BP to PTP and on the other hand asserts that BP is not PTP and hence not
SP for 3-COL problems!

At that point, one is ready to conclude that weighted PTP or weighted SP is not
a special case of BP for general CSPs. The manual manipulation of BP messages
in 3-COL problems, which results in what we call state-decoupled BP brings up
a further question, namely, for general CSPs, whether PTP and weighted PTP
are readily expressed as state-decoupled BP. We proceed to show that for general
CSPs, the reduction of weighted PTP from state-decoupled BP requires yet another
condition pertaining to the structure of the CSP. Briefly, this additional condition
demands that the constraints in the CSP be “locally compatible” with each other
in some sense. We show that the local compatibility condition of the CSP is the
necessary and sufficient condition for state-decoupled BP to reduce to weighted
PTP or weighted SP. At that end, we complete the answer to the question “is SP
BP?”.

3. Demonstrating the advantage of the generalized survey propagation in

solving graph coloring problems

It is known that similar to the k-SAT problems, 3-COL problems are also NP-
complete problems in general. It has been previously estimated that when the
average vertex degree 6 is within (approximately) the range [4.42,4.69], a random
3-COL problem is almost surely solvable but difficult [10]. No efficient solvers
were proposed for 3-COL problems in this “hard regime” until [10]. In [10], the
authors developed a non-weighted-SP-based algorithm, which we refer to as the
BMPWYZ algorithm. The algorithm incorporates a sophisticated decimation and a
local search procedure, and is capable of solving a good fraction of 3-COL problems

in the hard regime, although problems in this hard regime with higher average
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vertex degrees still can not be solved by the BMPWZ algorithm.

In order to explore the potential benefit of generalized survey propagation intro-
duced in this thesis, we devised a weighted-PTP-based algorithm for random 3-COL
problems in the hard regime. Utilizing a simple decimation rule and without a local
search procedure, we show that our algorithm already outperforms the BMPWZ al-
gorithm for problems with high average vertex degrees, although for problems with
low average vertex degrees, the performance of our algorithm is upper-bounded by
a success rate of about 0.9 due to our over-simplified approaches to decimation and
local search. Nevertheless, this suggests that generalized survey propagation can

indeed bring additional performance gain for solving CSPs.

The following conference and journal papers result from the work presented in this

thesis.

e [39] R. Tu, Y. Mao, and J. Zhao, “Is SP BP?” IEEE Transactions on Information
Theory, June 2010.

e [38] R. Tu, Y. Mao, and J. Zhao, “Survey propagation as “probabilistic token

passing”,” TEICE Transactions on Information and Systems, Special Section on

Foundations of Computer Science, Feburary 2008.

e [36] R. Tu, Y. Mao, and J. Zhao, “Is SP BP?” in the 2007 IEEE Information

Theory workshop, invited paper, 2007.

e [37] R. Tu, Y. Mao, and J. Zhao, “On the interpretation of survey propagation,”

in the Proceedings of the 10th Canadian Workshop on Information Theory, 2007.

e [34] R. Tu, Y. Mao, and J. Zhao, “On generalized survey propagation: normal real-
ization and sum-product interpretation,” In the Proceedings of IEEE International

Symposium on Information Theory, 2006.
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e [35] R. Tu, Y. Mao, and J. Zhao, “Towards a unified solution for constraint sat-
isfaction problems: A survey-propagation approach based on normal realizations,”

in the Proceedings of the 23rd Biennial Symposium on Communication, 2006.

Another paper presenting our algorithm for solving 3-COL problems is currently

under preparation.

1.3 Thesis Organization

The remainder of this thesis is organized as follows.

Chapter [2| is a concise tutorial overview of factor graphs, belief propagation and
related algorithms.

In Chapter [3] we present a generic formulation of constraint satisfaction problems,
followed by a review of the existing SP algorithms, where we focus on the examples of the
k-SAT and 3-COL problem families. A lemma is proved in this chapter, which provides
an alternative but equivalent formulation of weighted SP for k-SAT problem.

We then proceed in Chapter 4| to present a generalized version of survey propagation,
weighted PTP (probabilistic token passing). Using the examples of k-SAT and 3-COL
problems, we show that weighted PTP generalizes the existing SP algorithms. Analytic
results and discussions on the dynamics of SP and generalized SP are also provided in
Chapter [4

Chapter |5 studies the connection between generalized SP (namely weighted PTP)
and BP. We show that SP is in general not BP and derived the conditions under which
SP may be regarded as an instance of BP.

In Chapter [0, we present an algorithm based on generalized survey propagation and

a simple decimation rule for solving random 3-COL problems. Although bottlenecked
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by the performance of decimation, we show that the algorithm already outperforms the
BMPWZ algorithm presented in [8].
Chapter [7| concludes the thesis and points to possible future directions of research

which may follow upon this work.



Chapter 2

Factor Graphs and Belief

Propagation

In this chapter, we review the notions of factor graphs and a special kind of factor graphs,
Forney graphs. We also explain the well-known belief propagation algorithm and one of
its close relatives, the max-product algorithm. We begin by introducing some notation,

which will be used throughout the thesis.

2.1 Notation

Let V' be a finite set, in which each element will be referred to as a coordinate. Associated
with each v € V| there is a finite alphabet x,. For each v € V| we will assume throughout
this thesis that every x, is identical to each other, and is therefore denoted by y. We
note that this slight loss of generality is made only for lightening the upcoming notations,
and that there is no difficulty to extend the results in this thesis to more general cases
where x,’s are different from each other. For any subset U C V| a x-assignment xy on

U is a function mapping U into the set y. That is, a y-assignment xy specifies a way

11
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to assign each coordinate u € U a value in x. The set of all y-assignments on U will be
denoted by xY. When U is a singleton set {u}, which contains a single coordinate u, we
will call y-assignment x¢,, on {u} an elementary (x-)assignment and write it as x,, for
simplicity. Clearly, any given elementary y-assignment x, is uniquely specified by a value
r € X, which is the assigned value in y to coordinate w. In this case, this assignment is
denoted by r,, for example, if y := {0, 1}, then the only possible x-assignments on {u}
are 0, and 1,, which are the elementary assignments assigning 0 and 1 to coordinate wu,
respectively.

Suppose that U C W C V and that xyy is a y-assignment on W. We will use xy .y to
denote the (function) restriction of zy on U. For any subset of y-assignments Q C y"

on W, we denote the projection of Q on U by §2.;;. That is,

= {xW:U|xW c Q}

If coordinate set U can be partitioned into disjoint subsets A and B, then it is
obvious that assignment x; decomposes into assignments xy.4 and xy.p, and zy may
be written as (zy.4,2y.p) (in any order). Evidently, 2y may be decomposed according
to any partition of U, not necessarily two-fold partitions. In particular, if a collection of
sets {U;|i € T}, for some Z, form a partition of U, then we may write assignment xy as
<$U:Ui>iez-

For simplicity, we will write (x4, xp) and (xy;, );ez in place of (zy.4, zp.5) and (xy.u, )icz
respectively. In fact, unless some particular clarity is needed, we will always write xy.¢
simply as zy, making the underlying xy, implicit. Furthermore, when U is a single-
ton set {u}, as mentioned earlier, we will simply denote it by x,, which reduces to the

conventional “variable” notation in standard literatures of graphical models.
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2.2 Factor graphs

Let C be a finite set indexing a set of real-valued functions {f. : ¢ € C'}, where each
function f., ¢ € C, applies to a subset V(¢) of coordinate V. More specifically, function
f., c € C, is a mapping from x"(© to R, the set of all real numbers.

Globally a factor graph represents the product [ fe(@v(c)).

A factor graph G is a bipartite graph consistincgecof a set of “variable vertices” rep-
resenting the set of variables {x, : v € V} and a set of function vertices represent-
ing functions {f, : ¢ € C'}. An edge connects a variable vertex z, and a function
vertex f. if and only if v € V(¢). Clearly, a factor graph is completely specified via
(V.C.{V(c):c e C},{f.:c€C}).

Conversely, if any multi-variate function F : x" — R factors into the product of local

functions according to

F(Zﬂv) = H fc(xV:V(c))a

ceC
for some choice of {f. : ¢ € C'}, then this factorization structure can be expressed by a

factor graph.

Example 1 Suppose F(x1,xs,x3,24) = fi(x1,22) - fo(Ta, T3, 24) - f3(x2,24). Then F can

be represented by the factor graph shown in Figure[2.1]

In the framework of factor graphs, most commonly encountered multi-variate func-
tions are constraint-indicator functions and more generally probability distributions.

We will adopt the Iverson’s convention [21] to denote a constraint-indicator function:
for any boolean proposition, [P] evaluates to 1 if P and to 0 otherwise.

We now give an example of factor graph modeling in the field of error-control coding,
where factor graphs and the algorithms therein (namely, Belief Propagation, which will

be introduced later this chapter) have revolutionized the field.
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Figure 2.1: A factor graph representing function F' in Example [I}

Example 2 A linear error correcting code can be represented by its parity-check matriz.

For example, the well-known (7,4) Hamming code has a parity-check matrix

0001111

H=10110011

1010101
Essentially, parity-matric H above specifies that the Hamming code C' consists of the set
of all binary vectors © = {xy, s, T3, T4, T5, Ts, T7} that satisfy He' = 0. In other words,

the codewords should satisfy [xs+zs+x6+27 = 0] [X9+23+26+27 = 0]-[11+23+T5+27 =

0] = 1.
Let fi(z1, 23, v5, 7)== [21+23+25+27 = 0], fa(20, 73, 6, 77) = [T2tX3+T6+27 = 0],
and f3(xy, x5, 26, x7) = [24 + x5 + 26 + 17 = 0]. Then the product of local functions fi,

f2 and f3 can be represented by the factor graph in Figure[2.3.

An indicator function for a constraint may be viewed as, up to scale, the uniform
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@)

Figure 2.2: A factor graph model for (7,4) Hamming code based on the parity check
matrix in Example 2]

probability distribution over the set of configurations satisfying the constraint. Indeed,
factor graphs are often used to model distributions in more general forms rather than
uniform distributions. In typical distributions involving a large number of random vari-
ables, the interactions of the random variables are usually sparse. This fact makes factor
graphs an appealing model for systems of large number of variables, since as we will show
via the following example, the interaction topology of the random variables can be made

corresponding to the structure of the factor graph.

Example 3 Fz'gure (a) is a Bayesian network [32] showing that joint probability dis-
tribution p(xy1,Ta, 3, T4, T5) can be factorized as p(xq,x9,x3,x4,25) = p(a1) - p(as|xy) -
p(zslxy) - p(zg|ze, x3) - p(as|xy). Figure (b) is the factor graph representing this fac-

torization structure.

In the above example, each factor consisting of the global distribution is either a
conditional distribution or a marginal distribution. This need not to be the case in general
when a factor graph is used as the probability model. Specifically, when the random

variables interact with “equal footing” rather than in a certain causal relationship, a
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Figure 2.3: (a) A Bayesian network that shows the joint probability distribution

P12, T3, 24, 25) = p(&1) - p(&al) - P(@s|1) - (Eal, 25) - p(sza). (b) A factor graph
that represents the factorization shown in (a).

Bayesian network representation of the joint distribution does not necessarily exist, but
the factor graph model may still be applicable. Example [2] may be regarded as such a
case when the global constraint indicator function is treated as a uniform distribution
over the set of all codewords.

When the global function represented by the factor graph is (up to scale) a probability
distribution, namely, probability mass function (PMF) or probability density function
(PDF), the factor graph essentially defines what is known as a Markov Random Field
(MRF) [19] in the literature. Without giving a rigorous definition of MRF for simplicity,
in this thesis we will simply treat factor graphs representing a joint distribution as MRFs,
although some slight but non-critical differences exist between MRF and factor-graph

probability models. Specifically, in this context, a so-called global Markov property holdsﬂ

IMarkov random fields are a special case of probability models using undirected graphs where each
vertex represents a random variable. There are several types of Markov property which may axiomati-
cally define various probability models based on undirected graph representations. The most well-known
Markov properties are global Markov property, local Markov property, and pair-wise Markov property.
Markov random field is originally defined using local Markov property. It is however known that when
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for any three sets of variable vertices (x4, g, xp) where xg separates x4 from xp on the

factor graph, x4 is independent of xg given zg.

2.3 Forney Graphs

A Forney graph, originally introduced by Forney [17] under the name “normal realiza-
tion”, is a special type of factor graph. In a Forney graph, each variable vertex has either
degree one (i.e., being a leaf variable vertex) or degree two (i.e., connecting exactly two
function vertices). When such a constraint is imposed on the factor graph, it is conve-
nient to suppress the degree-2 variable vertices — which Forney refers to as (generalized)
state variables — and use edges to represent them. The degree-one variable vertices are
represented using “half edges” in Forney graphs.

Forney showed in [17] that any factor graph can be represented alternatively by
a Forney graph by introducing additional replica variables and some function vertices
representing the equality constraint indicator between a variable and its replicas. This

may be seen in the following example.

Example 4 Figure 15 a Forney graph that represents the same problem shown in
Figure (2.1,

”

The vertices labeled by symbol “=" are for equality constraints. In this example, we
have four equality constraints: [xy = $11], [Ta = So1 = Sa2 = Sa3), [x3 = s31], and
(x4 = 841 = S42]. The original local functions now involve the state variables, namely in

the form of fi(s11,521), fa(S22,S31,541), and f3(S23, Sa2)-

The significance of Forney graph representation can hardly be overstated. Essentially,

Forney graphs may be viewed as a generalization of state-space models and a most fun-

the joint distribution factors as the product of the functions each on the clique of the undirected graph,
all three types of Markov property are equivalent [22].
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x1

€2

€3

x4

Figure 2.4: A Forney graph representing the same problem shown in Figure [2.1]

damental modern concept in system theory. When Forney graphs obey a chain structure,
they reduce to the conventional state-space model; and when the graph obeys arbitrary
structure, any cut of the graph (at the edges or states) characterizes the state linking
the variable configurations on two sides of the cut.

When modeling error-correcting codes, Forney graphs can be “dualized” via local

operation of the function vertices, and the dual Forney graph represents the dual code.

2.4 Function Marginalization

Given a multi-variate function F(xy) : XV — R, the marginal (function) of F(zy) on z,

for some v € V is a function x{"} — R defined as

S Flay) (2.1)
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A common computational task that may arise with a multi-variate function F(zy)
is the computation of its marginal functions. This is particularly the case when F(xy )
is a distribution or a conditional distribution, and such problems typically arise in the
context of statistical inference. For example, in statistical inference, one often needs to
compute the marginal of F(xy) on some or even every v € V, since the maximizing
assignment 2, of the marginal is the mostly likely configuration of x,, under distribution

F. That is, a statistical inference problem may often be formulated as finding

Ty = arg max Z F(zy), (2.2)
TV\{v}
for every v € V.

In general when F' involves a large number of variables, such computational tasks,
particularly those which compute the marginal function of F' on every v, require com-
putational complexity exponential in number of variables. However, when F' factors
according to a factor graph that is only sparsely connected, it is possible to perform
the computation optimally or sub-optimally with complexity linear in the number of

variables, as we will outline in next section.

2.5 Belief Propagation

When multi-variate function F'(zy ) is represented by a factor graph, the computational
problems specified in for all v € V can be solved using the belief propagation (BP)
algorithm, also known as the sum-product algorithm [21].

The BP algorithm is an iterative algorithm operating on the factor graph by passing
messages between variable vertices and function vertices. A message is a function of a

single variable and is only passed between adjacent vertices in the graph or computed
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locally as the “summary message” at each variable vertex. More specifically, the message
Le—sy Passed from a function vertex f. to an adjacent variable vertex x, and the message
Ihv—se passed from variable vertex x, to function vertex f,. are both functions of variable
Z,; the summary message p, at each variable vertex z, is also a function of z,,.

The BP message-update rule is given next, where we will assume that variable x,
and function f, are adjacent in the factor graph. We will use C(v) to denote the index
set of function vertices involving variable x, and V'(¢) to denote the index set of variable

vertices involved in function f,.

BP Message-Update Rule

fose(Ty) = H fhe! =0 (o), (2.3)

deC)\{c}
Mc—w(xv) = Z fc(xV(c)> H ,uv’—w(l‘v’) (24)
TV ()\{v} v’ €V (e)\{v}
po(@o) = H fre—o(T0)- (2.5)
ceC(v)

The update of messages may be arranged in various orders, or “schedules”. There is

a basic rule in every schedule: a vertex only passes a message to a neighbor when it has
available all messages incoming from all other neighbors.

On factor graph without cycles, a commonly used schedule is that message-passing
starts from leaf vertices, where if the leaf vertex is a variable vertex z,, it passes constant
function 1 (to its only neighbor) and if the leaf vertex is a function vertex f.(x,), it
simply passes function f.(z,) (to its only neighbor z,). After this initialization step, the
message-update simply follows the basic rule. When along every edge, messages passed

to both directions become available, the summary message at each variable vertex is
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computed and the algorithm terminates. Due to the cycle-free nature of the factor graph,
it is apparent that the termination of BP takes a finite number of message-updates. After
BP terminates, it is then possible to show that at every vertex x,, the summary message
1, is precisely the marginal of F' on z,. That is, on factor graph without cycles, BP
solves the inference problem specified in ([2.2]).

On a factor graph with cycles, the most commonly used message-update schedule
is what is known as the flooding schedule, in which the message-updates are packaged
in iterations. In each iteration, first all the variable vertices pass messages, then all the
function vertices pass messages, and the iteration ends with the computation of summary
messages at all variable vertices. Prior to the first iteration, the messages to each variable
vertex are initialized to the constant function 1. The message-update terminates after a
pre-specified number of iterations or upon the convergence of the messages. For factor
graphs with cycles, it is no longer the case that the summary messages are the desired
marginal functions of F. However, experimental results have demonstrated that when
the graph is large and sparse, the maximizing configuration of each summary message is
usually the solution or close to the solution of the inference problem specified in .
This fact precisely underlies the recent celebrated success in applying BP to decoding

error correcting codes represented by factor graphs.

2.6 Max-Product Algorithm

It is observed that the fundamental principle that allows the BP algorithm to save on
computation is the distributive law between addition “4” and multiplication “-” [4,21].

That is, for any z,v, z € R,

r-(y+z2)=z-y+z-z.
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This observation allows a generalization of BP to a family of algorithms, in which each
algorithm may possibly serve a different purpose and in which the max-product algorithm
is of great relevance to this work.

Let us consider the following distributive law: for any z,y,z > 0,

r-max{y, z} = max{z -y, - z}.

This distributive law essentially underlies the max-product algorithm which we now
explain.

Suppose that a multi-variate real-valued function F'(zy) factors as the product of a
set of positive local functions. In many cases (for example in statistical inference), we
may be interested in finding a valid configuration that maximizes function F'(xy). In
this setting, one may apply the max-product algorithm on the factor graph representing

F'. The message-update rule of the max-product algorithm is given as follows:

max—pr x—prod
v CORE S | IR TR () (2.6)
deCw)\{c}
max—pr X— d
N a) = max | felev) [ ST ) (2.7)
V(e)\{v} VeV (e)\fv}
— —prod
™ Prod(z,) = H Hpyer T (@) (2.8)
ceC(v)
where pnax—prod - max=prod ;4 max—prod 1) functions on y, are respectively a left message

(i.e., message passed from variable z, to function f.), a right message (i.e., message passed
from function f, to variable z,), and a summary message (i.e., message computed at variable
Ty).

If the factor graph representing F' is cycle-free, then using a similar message-passing schedule
as that of BP, it is possible to show that upon convergence, the values of all variables each

maximizing its summary message form the configuration that maximizes F' globally. The
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algorithm may also be applied to factor graphs with cycles, in which case the obtained global

configuration approximates the true maximizing configuration of F'.

2.7 The Equivalence of Message-Passing Algorithms

Much of the work in this thesis has to do with the “equivalence” between message-passing
algorithms. Here we take a slight digression to explain this notion of equivalence, which will
be used throughout the thesis.

Abstractly, the algorithms we consider may all be described in terms of the following pseudo-

code.

Initialize @Q;
While (looping condition satisfied){
Qnew = f(Qold)

R:=g(Q)

In essence, each message-passing algorithm iteratively updates a vector-valued quantity @)
according to some function f, and eventually outputs a vector-valued quantity R from the
resulting ) according to some function g. In this setting, two algorithms A and B are said
to equivalent if they use the same function f, namely, f4 = fZ. That is, the equivalence we
consider is the equivalence between the rules that update the respective quantities Q4 and QZ.

Such an equivalence can always be established by identifying the components of Q4 with
the components of Q. If the i*" component QA(Z') of Q* is identified with the j*" component
QP(j) of QP, we write QA(i) + Q(j).

The proofs of algorithm equivalence in this thesis are solely established by such a corre-
spondence between the components of Q’s. We however make no effort to explicitly define @
and f in our proofs, in order to simplify the proofs. This shall result in no ambiguity and, in

fact, better clarity.
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We note that this notion of equivalence only deals with the equivalence between the update
rules of the compared algorithms. In fact, since in most cases, the function g is closely related
to the function f, such an equivalence may also be extended to the equivalence between the

rules of computing the respective outputs, R’s.

2.8 Concluding Remarks

This chapter reviews the framework of factor graphs, belief propagation and related algorithms.
We single out the notion of Forney graphs as a special kind of factor graphs, and will use this
graphical model extensively in the rest of the thesis. We provide a self-contained exposition of
the belief propagation and max-product algorithms, both of which will appear relevant to the

development of this thesis.



Chapter 3

Constraint Satisfaction Problems

and Survey Propagation

In this chapter, we will present a generic formulation of constraint satisfaction problems (CSPs),
sufficiently general for arbitrary CSPs. We will also review existing SP algorithms developed

for several classes of CSPs and present some elementary results.

3.1 A Generic Formulation of Constraint Satisfac-

tion Problems

Given variable alphabet y and index set V', the objective of a constraint satisfaction problem
(CSP) is to find a global x-assignment zy that satisfies a given set of constraints or to conclude
that no such assignment exists. Formally, we will use set C to index the set of constraints
{T'; : ¢ € C'}. Each constraint I'c, ¢ € C, applies to a subset of the coordinates V', which will
be denoted by V(c). Specifically, each constraint I'. is identified with a subset of V@, and
the constraint is satisfied by global x-assignment zy if y.y () € I'e. Then any CSP may be

formulated via specifying V, C, x, {V(c) : ¢ € C} and {I'; : ¢ € C'}, where the objective of the

25
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CSP is to find a y-assignment xy such that

H['rVZV(C) € Fc] =1, (31)
ceC

or to conclude that no such assignment exists.

Now it is easy to verify that the factorization structure of can be represented by a
factor graph [21]: in the factor graph, “variable vertices” are indexed by V', where the “variable”
indexed by v € V' represents an elementary assignment xy-.¢,, on {v}, or simply z,; “function
vertices” are indexed by C, where the function indexed by ¢ € C' is [ry.y () € I'c], which, with
a slight overloading of notation, will also be denoted by I'c(wy(.)); there is an edge connecting
variable vertex x, with function vertex I'. if and only if v € V'(¢). Inspired by its correspondence
(to an edge) in the factor graph, we will use (v —¢) to denote a coordinate-constraint pair (v, c)
where coordinate v is involved in constraint I'. in the CSP.

For notational symmetry, we denote the set {c: v € V(c)} by C(v), namely, C(v) indexes
the set of all constraints involving coordinate v, or the set of all function vertices connecting
to variable vertex x,. We will assume that |C'(v)| > 2 for all v € V. It is clear that such an
assumption is without loss of generality, since if a variable x, is involved in only one constraint,
one may always modify the constraint and remove the variable from the problem. Similarly,
we will assume that |V (¢)| > 2 for every ¢ € C. This is also without loss of generality since
if a constraint I'. only involves a single variable x,, it is always possible to “absorb” this
constraint in other constraints involving x, (noting that x, must have another constraint since

[C(v)] = 2]).

3.1.1 k-SAT

The k-SAT problems are a classic family of CSPs, known to be NP-complete for £ > 3 [13].
An instance of k-SAT problems consists of a set of variables {z, : v € V'}, each of which takes

on values from the set x := {0, 1}, and a set of constraints {I'c : ¢ € C'}, each of which involves
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exactly k variables. For each constraint I'. and every v € V(¢), there is a value L, . € {0,1}
which we will refer to as the preferred value on v in constraint I'.. The k-SAT problem is then
to decide on an assignment xy such that for each constraint I'., at least one of its involved
coordinate is assigned its preferred value in I'.. To map back to the afore-mentioned set-
theoretic formulation of constraints, in a k-SAT problem, for each ¢ € C, let I¢ denote the
x-assignment on V(c) in which every coordinate v € V(c) is assigned the negated value L, . of

its preferred value L, . in I';, namely that lf{v} = Ev,c for every (v — ¢), then constraint ', is

defined as T, := V(9 \ {i°}.
For k-SAT problems, it is convenient to treat each preferred value L, . as the label for
edge (x,,) on the factor graph, and use dashed edge to represent label 0 and solid edge to

represent label 1.

Example 5 Figure[3.1] shows the factor-graph representation of a toy 3-SAT problem specified
by (x1 VT2 VT4) A (21 Va3V Ts)A(xaVaygVexs). Logic operation notations are used here to
define the problem, where V denotes logic OR, A denotes logic AND, and the horizontal bar on
a variable denotes the megation of the variable. The function represented by the factor graph
is [(x1, 29, 4) € Tyl - [(21, 23, x5) € Ty - [(29, 74, x5) € T¢], where T'y = B2\ {(04, 12, 14)},

Ty = 135\ {(01,03,15)}, and T = x 12451\ {(02,04, 05)}.

We note that it is customary in this thesis that variable vertices in a factor graph are listed

on the left side and function (constraint) vertices listed on the right side.

3.1.2 Graph Coloring

Graph coloring or ¢-COL problems are another family of NP-complete problems. Given an
undirected graph (A, E) with vertex set A and edge set =, the objective of the ¢-COL problem
on (A,E) is to assign each vertex in A a color from ¢ different colors such that every pair of
adjacent vertices have different colors. To use the above generic formulation of CSPs, we will

denote the set of all g colors by set x :={1,2,...,q}. We will denote every undirected edge in
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T

Figure 3.1: A factor graph representing a 3-SAT problem in Example [5]

=, say the edge connecting vertices v and v, by set {u,v}. The set V of all coordinates is then
identified with set A, and the set C indexing all constraints is identified with =. Specifically
note that every ¢ € C' is then identified with some {u,v} € E, and V(c) is identified with ¢, or

the corresponding set {u,v}. Suppose that ¢ = {u,v} € E, then constraint I'. is identified with

X{u’v} A\, 10), (20 20), - -+ (Quy @) 3

Example 6 Figure (b) shows the factor-graph representation of a q-COL problem on the

undirected graph shown in Figure (a). The global function represented by the factor graph
is [(z1,22) € Tyl - [(w1,23) € Dy zy) - [(z2,3) € Tpo3y] - [(w3,24) € Tiz4y], where Uy ==
X{u’v} \ {(Lu 1U)a (2U7 21})7 s (Qu7 QU)}'

3.2 Survey Propagation Algorithms

3.2.1 Survey Propagation for k-SAT Problems

Extensive study has been carried out to understand the hardness of k-SAT problems (for k > 3)

and to develop efficient solvers. A parameter 6 := |C|/|V| is observed to be critically related
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Figure 3.2: (a) An undirected graph. (b) The factor graph for a ¢-COL problem on
graph (a).

to the hardness of random k-SAT problems. There appear two thresholds of 8, denoted by
04 and 6., (6; < 0.), marking two “phase transitions” [28]. When 6 > 6., random k-SAT
problems are unsatisfiable (i.e., having no satisfying assignment) with high probability; when
0 < 0 < 0., the satisfying assignments form exponentially many disjoint “clusters”, making
the problem extremely difficult; when 6 < 6,4, the satisfying assignments merge into one huge
cluster and problems are easier. In the regime of 6§ < 6y, local search algorithms, such as
BP, may find a satisfying assignment. In the regime of ; < 6 < 6., local search algorithms
usually fail. We remark that in addition to what is noted above, a large body of literature
exists discussing the structure of the solution space of random CSPs, and the reader is referred
to |13, /5412, 144|15]18.(20},26,27},30,[31},43] for example.

The discovery and first application of survey propagation (SP) are in solving the k-SAT
problems in the hard regime, where messages are passed on the above-defined factor graphs [28].
In SP, a “joker” symbol “x” is introduced to variable alphabet y of the k-SAT problem, where
T, equal to the “joker” indicates that it is free to take any value from its original alphabet,
and that z, equals a non-joker symbol indicates that it is constrained to taking the designated

value. Briefly, SP on k-SAT problems may be viewed as an iterative method for estimating



Constraint Satisfaction Problems and Survey Propagation 30

the “biases” of each variable x, on 0,1 and * respectively and a variable that is highly biased
on 0 or 1 can be fixed to that value whereby simplifying the problem. It is shown that in
the hard regime of random k-SAT problems, the “joker” symbol connects the disconnected
clusters, making SP remain very effective even for 6 very close to 6. [23]. For k-SAT problems,
the original version of SP [2§] is generalized in [23] to what we call the weighted SPE| or SP(e)
in this thesis. SP(e€) is a family of algorithms parametrized by a real number € € [0, 1], where
SP(1) is the original SP and for some judicious choice of € € (0,1), SP(¢) may have further
improved performance.

We note that generalizing SP to the family of weighted SP algorithms has only been reported
for k-SAT problems to date, and one of the objectives of this research is to extend such a
generalization to arbitrary CSPs.

Similar to BP, in the SP algorithms, messages are passed between variable vertices and
function vertices. For the purpose of describing the SP message-update rule for k-SAT problems,
we introduce the following notations. For any (v — ¢), Cr(v) denotes the set {b € C(v) \ {c} :
Lyp # Ly}, and C$(v) denotes the set {b € C(v) \ {c}: Lyp = Ly}

Following [23|, the message-update rule of SP(e) is described as follows.

The message passed from variable vertex x, to function vertex I'. — also referred as a
left message — is a triplet of real numbers (IT%_, I3, II¥ . ), and the message passed from
function vertex I'. to variable vertex x, — also referred to as a right message — is a real number

Ne—v € [0, 1]. These messages are updated respectively according to the following equations.

n [23], weighted SP is referred to as generalized SP. In this thesis, we would like to reserve the term
“generalized SP” to refer to SP algorithms generalized for arbitrary CSPs beyond k-SAT problems.
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I e = 1—e H (1 =) H (1= m—s0) (3.2)

beCi(v) beCs(v)

Mo, = (1= [ Q=m-o)] T (0—mm) (3.3)

beCs(v) beCy(v)
I, = H (1 = Mb—s0) H (1 = —0) (3.4)
beCs (v) beCe(v)
Hu
e = I P | (3.5)

u S *
UEV(C)\{’U} HU—)C + Hu—)c + Hu—>c

The initialization of SP messages is usually random, and message-passing schedule is typ-
ically similar to the flooding schedule [21] in BP message passing, namely, that each iteration
may be defined by all variable vertices passing messages followed by all function vertices passing
messages. We note that throughout this thesis all message-passing schedules are restricted to
the flooding schedule for convenience, where each iteration is defined as first updating all “left
messages” and then updating all “right messages” ﬂ

Similar to BP, at the end of an iteration, SP may compute a “summary message” at each
variable vertex. For any v € V, define C1(v) := {b € C(v) : L, = 1} and C%(v) := {b € C(v) :
L, = 0}, then the “summary message” at z, is a triplet (¢l (8 , () of real numbers, computed

v

by

G o= (1= J] G=m=o) | T =) (3.6)

beCl(v) beCO(v)

¢ o= (1= [T G=mo) | T] O =mmw) (3.7)

beCO(v) beCl(v)

o= I O=mow) T Q=m) (3.8)

beCl(v) beCO(v)

2An iteration may also include updating all summary messages after updating the right messages;
see the description of summary messages.
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where summary message (¢!, ¢°, ¢*) is typically normalized to a scaled version (¢1"*"™, (0™ ¢*norm)
such that

Cll’lOI‘m + COI’IOI‘I’H + C*norm — 1

Equations (3.2) to and the normalization procedure after completely specify the
message-update rule of SP(e).

Usually, SP is applied in conjunction with a heuristic “decimation” procedure, which is
carried out after SP converges or after a certain number of SP iterations. In the decimation

procedure, the “polarity” B(v) := ¢0""™ — ¢l"™™

at each v € V is calculated, and the most
polarized variable (namely, one having the highest | B(v)|) is fixed to 0 or 1 according to the sign
of B(v): zy is set to 0 if B(v) > 0, and to 1 otherwise. The k-SAT problem is then simplified
and SP is applied again. This process iterates until the reduced problem is simple enough for
a local search algorithm.

When e = 1, it is shown in [8] and [23] that the passed messages as in through
can be interpreted probabilistically, namely, 7., may be interpreted as the probability that
a “warning” symbol is sent from I'. to z,, and II}_, ., 1I5_,. and II}_,.  are respectively the
probabilities that x, sends to I'. symbol Ev,a symbol L, . and symbol *.

When € < 1, SP(€) however can no longer be interpreted probabilistically. We now present
a slightly modified formulation of SP(e), referred to as SP*(e), which is completely equivalent to
SP(€) defined in [23], and which will be shown in a later chapter to have a natural probabilistic
interpretation.

In SP*(e), the left message (I}, ., II5_, ., II¥ . ) passed from variable vertex x, to function
vertex I'. is modified to the equations given in to , and the right message 7.,

passed from function vertex T, to variable vertex x, and the summary message (¢!, ¢0, ¢¥) at

variable x, stay unchanged.
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I e = 1—e H (1 =) H (1= m—s0) (3.9)

beCi(v) beCs(v)

st;ﬁc = 1—e¢ H (1 - nbﬁv) H (1 - nb%v) (3'10)

beCs(v) beCy(v)

I, = ¢ H (1= mps0) H (1= mp—s0) (3.11)

beCs(v) beCy(v)

The following lemma shows that SP(e) and SP*(e) are equivalent.

Lemma 1 For the same initialization of {ne.—, : V(v —¢)}, at any given iteration, SP*(€) and

SP(e) give rise to identical results in ne_s, for every (v—c), and in (¢, 0, ¢¥) for everyv € V.

Proof: The lemma follows from the fact that in the computation of 7., and hence of
(¢L,¢Y,¢x), TI5_, . and IT7_, . always appear together in the form of IIS_, +II7_, .. But it is easy
to see that in SP(e) and in SP*(e), II$_, . + II%_, . has the same parametric form, both equal to
[occn) (X = mo—)- u

We conclude this subsection by remarking that it is possible to verify that all results con-
cerning SP(e) in [23] hold for SP*(e). As such, in the rest of this thesis, SP*(¢) rather than

SP(e) will be taken as the weighted SP for k-SAT problems.

3.2.2 Survey Propagation for ¢-COL Problems

Similar to SP developed for k-SAT problems, in ¢-COL problems, SP passes messages between
the variable vertices and the function (constraint) vertices in the factor-graph representation
of the problem. Some notable differences however exist.

First, weighted SP has not been developed for ¢-COL problems to date, and it is not even
clear whether such algorithm family, if existing, can be developed in a similar manner as that
for k-SAT in [23], namely, via reducing the BP algorithm derived from a properly defined MRF.

Answering this question in a later section, we here therefore only review the original version of
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SP applied to 3-COL problems following the formulation in [10], which is analogous to SP(1),
or the non-weighted SP, in the context of k-SAT.

Second, the SP messages for ¢-COL problems can be expressed more compactly, due to a
specific nature of the problem, on which we now elaborate.

For ¢-COL problems, each constraint vertex has degree 2. This allows the combination of the
message passed from variable x, to a neighboring constraint, say I'., with the message passed
from constraint I'; to the other neighbor, say x,, of I'c. As a consequence, I'. may be suppressed
in the factor graph, and messages are directly passed between variable vertices that are distance
2 apart E| (or equivalently, messages are passed on graph (A, Z)). Following [10], a compact
version of SP message-passing rule for 3-COL problems is given as follows, where the message

passed from variable x,, to variable x, is a quadruplet of real numbers (nl ., 72 ., 75 0, 7 0)-

Fori=1,23,
I Gt =2 T s T+ T 7
’,71- o weN (u)\{v} J#tweN (u)\{v} weN (u)\{v}
u—v T j j
J=12,3 weN(u)\{v} J=12,3 weN(u)\{v} weN (u)\{v}

(3.12)
where N(u) is the set {v: v € V,{u,v} € E}, namely, the set of neighboring vertices of vertex
uw on graph {A,=}; and

772—)1} =1- Z Wi—w- (313)
§=1,2,3

For 3-COL problems, the “summary message” computed at each variable vertex z, is a

quadruplet of real numbers, denoted by (¢!, ¢2,¢3, ¢¥), where for i = 1,2, 3,

[T (C=mi) =2 I s+ + TT mis,

Ci o uEN (v) J#iuEN (v) uEN (v)
' [T A=mon)= S T iy +m) + I 7,
J=1,2,3ueN(v) J=1,2,3ueN(v) ueN (v)

3Still implementing the flooding schedule, the SP message-update rule for 3-COL problems however
suppresses the passing of one set of messages (say, for example, the right messages) by including the
computation of these messages in updating the other set of messages.



Constraint Satisfaction Problems and Survey Propagation 35

and

Similar to that for k-SAT problems, the summary message for a 3-COL problem at variable
x, may indicate the “bias” of variable x, to each letter in {1,2,3,x}. In the decimation
procedure for 3-COL problems — carried out in a similar way to that for k-SAT problems, a
variable is fixed to a color ¢ € {1,2,3} if it is highly biased to that color. The reader is referred
to [10] for a detailed account of a heuristic decimation rule used in solving 3-COL problems
using SP.

We note that this research primarily focuses on SP update equations, where the decimation
aspect of SP is less emphasized. Later in Chapter [6] when we devise an algorithm for coloring

problems, some of this aspect will be considered.

3.3 Concluding Remarks

This chapter primarily consists of a review of CSPs and SP algorithms. Using the examples of
k-SAT problems and ¢-COL problems, we illustrate the algorithmic procedures of non-weighted
SP and weighted SP and their power in solving such prototypical NP-complete problems.

A modest contribution of this chapter may include
e a generic formulation of CSPs on factor graphs, and
e a reformulation of the weighted SP algorithm presented in [23].

We note that the latter aspect above, never reported in the literature prior to this work, is

in fact an important step towards generalizing SP — the main theme of this thesis.



Chapter 4

Generalized Survey Propagation

To date, SP algorithms have been applied to various other CSPs, for example, in coding for
Blackwell channels [42], in quantization of Bernoulli sources [40], and in solving graph coloring
problems [10], etc.. However, a general formulation of SP, particularly that of weighted SP, for
solving arbitrary non-binary CSPs, has been largely missing. Specifically, we note the following

milestones in the formulation of SP algorithms.

e The work of [8] presents non-weighted version of SP formulas for general CSPs beyond
those involving only binary variables. However, the exposition of [§] uses the language
of statistical physics, rather remote to the engineering community, and a cleaner and
more friendly formulation of SP, and particularly of weighted SP, is desirable for general

problems.

e The work of [23] presents weighted SP for k-SAT problems, in which weighted SP is
treated as a special case of BP in a properly defined MRF. This treatment of SP and
the corresponding principle for developing weighted SP are conceivably applicable to all
binary CSPs. However, it has remained open, prior to our research, whether such an
approach to understanding and developing weighted SP is applicable to arbitrary non-

binary CSPs.

36
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The line of development in this chapter is summarized below.

We will first present an understanding of non-weighted SP for arbitrary CSPs (namely, that
formulated in [§]) in terms of “probabilistic token passing” (PTP). Although similar understand-
ing has been previously reported in various contexts, we here stress the role of extending the
variable alphabet in SP algorithms, and explicitly point out that the alphabet extension is not
to simply include an extra joker symbol, but to replace the variable alphabet with its power
set (excluding the empty-set element). To make the PTP procedure more intuitively sensible,
prior to defining PTP, we will introduce a precursor of PTP, which we call “deterministic token
passing” (DTP).

After introducing PTP, we then show that the probabilistic interpretation of non-weighted
SP in terms of PTP makes it naturally generalizable to a weighted version, which we call
weighted PTP. For a brief preview, the generalization of PTP to weighted PTP essentially
involves generalizing a functional dependency in PTP message-update rule to a probabilistic
dependency. Interestingly as we will show, it turns out that for k-SAT problems, weighted
PTP precisely coincides with weighted SP of [23]. This should convincingly demonstrate that
weighted PTP is a generalization of weighted SP for arbitrary CSPs.

A preliminary investigation of the dynamics of PTP and weighted PTP is carried out and
some results, which may provide intuitions on how weighted PTP works, are also reported.

The outline of this chapter is given as follows. Section introduces the notion of alphabet
extension and related concepts. Section defines DTP as a precursor of PTP and relate it to
the max-product algorithm. In Section we introduce PTP and show that PTP is equivalent
to SP, using 3-COL problem as an example. In Section [4.4] we introduce weighted PTP and
show that weighted PTP generalize weighted SP using k-SAT problems as an example. In
Section we present results pertaining to the dynamics of PTP and weighted PTP. We

briefly conclude the chapter in Section [4.6]
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4.1 Alphabet Extension

For a given CSP with variable alphabet y, we define the extended alphabet x* as the power
set of y excluding the empty set (). That is, x* = {t : t C x,t # 0}). The extended alphabet
X" of k-SAT problems is then the set {{0},{1},{0,1}}. For 3-COL problems, x* is the set
{{1},{2},{3},{1,2},{1,3},{2,3},{1,2,3}}. Each element ¢ of x* will be written as a string —
in bold font — containing the elements of t. For example, we may write {1,2} as 12, {1,2,3}
as 123 and {1} simply as 1.

Given any subset U C V, a x*™-assignment yy; on U is referred to as a rectangle on U. The
set of all rectangles on U is denoted by (x*)V. Given rectangle y; € (x*)Y, for every v € U,
Yu:{v}, Or simply written as y, — following an earlier convention of this thesis — is referred
to as the v-side of yy. Apparently, rectangle yy has |U| sides, and may also be written as the
concatenation of all its sides, namely, as (y,)vecr-

For any v € V, an elementary x*-assignment ¢, € (X*){”} will be referred to as a token on
v. Using this nomenclature, the v-side of any rectangle is a token on v. We note that a token
t, may be interpreted as a set of elementary y-assignments on {v}, which is in fact the set
of all elementary y-assignments on {v} that assign v a value in set t,(v) C x. For example,
suppose that y := {1, 2,3}, then token 12, may be identified with the set {1,,2,} of elementary
X-assignments on {v}.

It is worth noting that when a token t, is identified with a set of elementary y-assignments
on v, a rectangle (t,),cy may be identified with the Cartesian product of all its sides. For
example, rectangle (12,,23,) may be interpreted as the following set of y-assignments on {v, u}:
{(1y,24), (14, 30), (20, 24), (24, 34) }. Under this interpretation, we will also make frequent uses
of the Cartesian product notation, writing rectangle (12,,23,) as 12, x 23,,, and rectangle
(tv)ver as [[ e to- We note that this interpretation is in fact the reason for which we choose
the terminologies “rectangle” and “side”.

For simplicity, from here on, we shall reserve the term “assignment” for referring to a

x-assignment only, and a x*-assignment will be referred to as a “rectangle”, “side” or “token”.
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We say that an assignment xy on U is contained in rectangle yy if xy.4,)(v) € Yu.foy(v)
for every v € U. For example, assignment (1,,2,) is contained in rectangle (13,,23,,) We will
use xy € yy to denote this containedness relationship, since this notation is precise when the
rectangle yy is interpreted as a set of assignments on U.

Given a CSP and a (v — ¢) pair, we define function FY : ()Y O () as follows:

for every rectangle HuEV(c)\{v} ty on V(c) \ {v},

FY H to | == [ ¥ x H te | NT.

ueV(e)\{v} ueV(e)\{v} H{v}

We often write FY in short as F. since the domain and co-domain of the function may be
recovered from the form of its argument. Given rectangle [],cy (o) (o1 tu 0n V() \ {0}, we

call F, (HUEV(C)\{U} tu> the forced token by rectangle HuEV(c)\{v} t, via constraint I'.. It is

easy to verify that the forced token F. ( II tu) is simply the set of all (elementary)
ueV(e)\{v}

assignments on {v} which, when concatenated with an assignment on V'(¢) \ {v} contained in
rectangle [l  tu, make local constraint I'. satisfied. We now give some examples using
the toy 3—%%{'1(“6);?)}:&316111 shown in Figure to illustrate this definition. Consider constraint
[y, if rectangle (1 5y on {1,2} is defined as (11,012), then forced token F,(tf; 2y) = 014, since
when assigning variable x4 either value 0 or 1, it is possible to find an assignment of variables
71 and 72 in rectangle tg 9y that makes I, satisfied; on the other hand, if t{; 9y = (01,12),
then forced token Fa(t{l’g}) = 04, since rectangle ¢, oy contains a single assignment of z; and
x9 (namely (01, 12)), and the only assignment of z4 that will make constraint I, satisfied is the
one assigning 0 to x4, namely 0y4.

A “monotonicity property” of function F., stated in the following lemma, follows immedi-

ately from the definition of the function.

Lemma 2 Suppose that x, and I'. are a pair of neighboring variable and constraint vertices

in the factor graph, and that yy () vy and y(/(c)\{v} are two rectangles on V(c) \ {v}. Then
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YV (e} C Yoo\ quy implies that Fe (Yv(en(vy) C Fe (y’V(c)\{v}) :

Proof: The proof of this lemma is simply based on the definition of forced token.

WMo} C YV (o)
= X" < yvener © X X o\
= (< vione ) e € (X X ) 1T

= Fe(yv(o\fey) € Fe (y'wc)\{v}) :

4.2 Deterministic Token Passing (DTP)

As we will introduce — for arbitrary CSPs — a probabilistic interpretation of non-weighted
SP (namely, PTP) and generalize it to a weighted version (namely, weighted PTP), in this
section, we first introduce an algorithmic procedure, which we call deterministic token passing
or DTP. DTP is also referred to as “warning propagation” in statistical physics literature of
SP algorithms [9]. We note that the purpose of introducing DTP is to provide an easier access
to PTP, a procedure to be introduced in the next section.

In DTP, messages are tokens passed along the edges of the factor graph representing the
CSP of interest. Specifically, the token passed from and to each variable z, is a token on v,
or equivalently, a set of (elementary) assignments on {v}. For any pair of neighboring vertices
xz, and I'. on the factor graph, the token, or left message, t,_. passed from variable x, to
constraint ', depends on all incoming tokens (right messages) passed to x, except the one
passed from I'.. Similarly, the token, or right message, t., passed from constraint I'. to
variable z, depends on all incoming tokens (left messages) passed to I'. except the one passed
from x,. Each iteration of token passing in DTP is defined by every variable passing a token

on each of its edges followed by every constraint passing a token on each of its edges. Within
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any iteration, the token-passing rule of DTP is given as follows.

tymse = ﬂ ty—so (41)
beC(v)\{c}
tesy = Fe I tee] (4.2)
ueV(c)\{v}

That is, the token passed from a variable is the intersection of its incoming tokens from the
upstream, whereas the token passed from a constraint is the forced token via the constraint by
the rectangle formed by the upstream incoming tokens as sides.

It is intuitive to illuminate this message-passing rule using the following analogy. We may

¢

view the token sent from a variable as the “intention” of the variable, indicating the possible
values that the variable intends to take. On the other hand, we may view the token sent from
a constraint as the “command” from the constraint, indicating the possible values that the
constraint allows the destination variable to take. If ¢ is an intention and b is a command,
where both are tokens on the same coordinate, then the relationship ¢ C b may be viewed as
that “intention a obeys command b”. Under this perspective, the token sent from a variable is
the “maximal” intention of the variable that obeys all incoming commands from the upstream
constraints; on the other hand, the token sent from a constraint is the “maximal” command that
is “compatible” with all incoming intentions from the upstream variables. Here “maximality”
is in the sense of maximizing the cardinality of the subset of assignments, and “compatibility”
is in the sense of satisfying the local constraint.

Examples of token passing for a 3-COL problem are illustrated in Figure [4.1

A summary message or “summary token” at variable vertex x,, may be computed, according
to the rule in for each v € V' at any iteration after the all constraint vertices have passed

tokens.

to:= [ tooso- (4.3)

beC(v)

Using the “intention-command” analogy, the summary token at a variable is the “maximal”
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Figure 4.1: Examples of deterministic token passing for a 3-COL problem. (a) Token
te, passed from constraint I, to variable x,. (b) Token t,_,. passed from variable x, to
constraint I',.

intention of the variable that obeys the incoming commands from all directions.

Some caution is needed on the well-definedness of the updating rule of passed tokens and
summary tokens. That is, in , and the right-hand side can be equal to the
empty set (), which is not a well-defined token. Whenever in an iteration a not-well-defined
token (i.e., the empty set) arises from the updating rule, we may force DTP to terminate. —
As we will see later in the “random” version of DTP (i.e., PTP and weighted PTP), we will
eventually condition on the case in which these events do not happen.

At any iteration, one may read out the summary tokens at all variable vertices and form
a rectangle on V using these tokens as its sides. It is clear that at any given iteration, the

resulting rectangle formed by the summary tokens depends on the initialization of DTP.

4.2.1 DTP as Max-Product

To shed more light on the nature of DTP or warning propagation, we take a slight digression to
show that DTP introduced above is in fact not at all a new algorithm but rather an equivalent
algorithm to the well-known max-product (or min-sum) algorithm [21]. For simplicity, we will
omit all proofs in this subsection.

Given the factor-graph representation of a CSP as defined in (3.1)), the max-product mes-
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sages passed on the factor graph are updated as follows.

e N | R Y (44)
beC(v)\{c}

ey = max (v eDd T ueede) (45)
V(e)\{v} ueV(c)\{v}

max—pr x—prod

'uva pod(xv) — H Mglib pro ($U) (4.6)

beC(v)
where ppprod - maxeprod o) q ynaxprod ) functions on y, are respectively a left message

(i.e., message passed from variable z, to constraint I'.), a right message (i.e., message passed
from constraint I'. to variable x,), and a summary message (i.e., message computed at variable

Zy).

Lemma 3 Maz-product messages for factor graph representing are {0, 1}-valued func-

tions, as long as the initial message passed from each node is a {0,1}-valued function.

Proof: This lemma can be simply proved by max-product message-update rules —.

|

We note that any {0, 1}-valued function on y is characterized by a subset, or token, ¢ C x

at which the function equal to 1, we thus use notation ®; to denote such a “token indicator

function”, namely, ®(z) := [z € t].

Lemma 4 1. Suppose that t1,to, ..., t, are an arbitrary collection of subsets of x, then

(1>t1 (Q?)q)tQ (.CL') PN (I)tn (.’E) = (I)t1ﬂtgﬂ...ﬂtn (.TE)

2. Suppose that T'. is a constraint involving coordinates V(c) and {t, : v € V(c) \ {v}} is

an arbitrary set of subsets of x. Then

max | [ty €T [  Pulza) | =@ ().

Fe(TLucvion e )
Ty ()\{v ueV(c)\{v}
V(e)\{v} weV (O\{v}
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Proof: The first part of the lemma can be immediately obtained from the definition function

(I)t(.I)

Dy, ()P, () ... Pty ()
= [zetr] [z ety [x €ty
= [xetlﬂtgﬂ...ﬂtn]

= Pyntan..nt, (2).

The proof of the second part of the lemma is as follow.

_ max [2v(e) € T H Oy, (2u)
V(e\{v} ueV(c)\{v}
= max &

x
Ty ()\{v} TeN((ITuev (e oy tu) Xxw) = V(€)

= (I)(ch((nueV(c)\{v} tu)XXv));{y}xv

= &
Fe([Tuev(e)\foy tu) (z0),

where (a) refers to the fact that given S C x" and U ¢ W, ®g.p(zy) = glgrvlvzi}f] Dg(zw).
|
Under the lemmas above, when each initial max-product message on the factor graph rep-
resenting is a token indicator function, it is easy to verify that at any iteration, the
max-product messages are the indicator functions of the token passed in DTP. Such an equiv-
alence between DTP and the max-product algorithm is precisely due to that each factor in

the factor graph representation of CSPs is an indicator function. Finally we present a simple

lemma relating satisfiability of a CSP to a behavior of the max-product algorithm.

Lemma 5 Suppose that the factor graph representing 18 connected and the max-product
algorithm is applied on the factor graph where the initial message passed from each variable

is the all-one message. If a maz-product message passed on the factor graph is the all-zero
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message at some iteration, then the maz-product algorithm converges (within a finite number of
iterations) to the configuration where all messages are the all-zero message. When this occurs,

it 1is necessarily the case that the CSP has no solution.

4.3 Probabilistic Token Passing (PTP)

We now introduce the “probabilistic token passing” (or PTP) procedure. The key distinction

between PTP and DTP is that on each edge and along each direction, PTP passes a random

token and the messages being updated in PTP are the distributions of the random tokens.
Specifically, PTP message-update rule can be constructed by considering the following

mechanism of passing random tokens.

1. On each edge connecting variable z, and constraint I'. in the factor graph, the token
ty—c passed to constraint I'. and the token t._,, passed to variable z, are both random

variables, distributed over (X*){”}.

2. For any given vertex in the factor graph, all of its incoming random tokens are assumed

to be independent.

3. For any given vertex in the factor graph, the outgoing random token sent along any edge
is a function of all the incoming random tokens from the upstream, where the functional
dependency is precisely that specified in DTP, namely, (4.1) or (4.2), depending on

whether the vertex is a variable vertex or a function (constraint) vertex.

4. The summary (random) token ¢, at each variable vertex xz, is a function of all incoming

random tokens, where the functional dependency is precisely that specified in DTP,

namely, ({3).

Building on this mechanism, we will then define each PTP (passed or summary) message as
the distribution of the corresponding random token conditioned on that the token is well defined

namely, not equal to the empty set). We note that such a “conditioning” merely involves a
ly, not equal to th pty set). Wi te that h a “conditioning” ly invol
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normalization (namely, scaling) of each message so that it sums to 1 over all valid tokens. We
will use Ay to denote the message sent from =z, to ' — also referred to as a left message,
Pe—sv t0 denote the message sent from I', to x, — also referred to as a right message, and p,
to denote the summary message at variable vertex x,. It is then straight-forward to derive the
message-update rule of PTP as follows, where the superscript “norm” on a message indicates

that the message has been normalized.

PTP Message-Update Rule
)\v%c(tv%c) = Z tyse = ﬂ tb—)v H ngzn(tbaﬁ (47)
(tb—v)bec)\{c} beC(v)\{c} beC(v)\{c}

pc—w(tc—)v) = Z teso = Fe H tu—e H /\Egrg(tu—m) (48)

(tussc)uev(e)\{v} ueV(c)\{v} ueV(e)\{v}

Mv(tv) = Z tv: ﬂ tc—)’u H pgg;n(tt:—)v)u (49)
)

(tesv)eec(v) c€C(v) ceC(v

and the normalized messages are defined as

)\ggrcn(tv—w) = )\v—w(tv—w)/ Z )\U—>C(t) (410)
te(x*){v}
PR (ters) = pesoltess)) D pesolt) (4.11)
te(x)
P () = me(te)/ Y (). (4.12)
te(x*){v}

We note that the update of messages in each PTP iteration is proceeded by first computing

the un-normalized messages and then computing their normalized version.
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4.3.1 SP as PTP

We now show that SP is precisely PTP using the example of 3-COL problems. Here we note
that it is possible (and entails little additional difficulty) to show the equivalence between PTP
and the general formulation of non-weighted SP [§] for arbitrary CSPs. However, as we feel it
unnecessary to introduce additional statistical physics terminologies presented in [8], we choose
not to repeat the exposition of SP in [8] and only show that SP is PTP for the special case of
3-COL problems.

In the factor graph representing a 3-COL problem, noting that each constraint vertex has
degree 2, we will make a slight abuse of notation: for any (v — ¢) pair, we will use V'(¢) \ {v} to
also denote the index of the unique other variable vertex (besides z,) connecting to I';, although
V(e)\{v} originally refers to the singleton set containing that index. Whether V' (c)\ {v} should
be treated as the index of a variable or as the singleton set containing the index should be clear
from the context.

For notational simplicity, from here on, for every element in the token set (X*){“}, when
no ambiguity results, we will suppress the subscript indicating the coordinate of the element.
For example, we will write 12, as 12, when the subscript can be recovered from the context.
Additionally, we will use 4, j, and k to denote the three distinct colors 1,2, and 3 in the 3-COL
problem, so that token i can refer to any token that is a singleton set, token ij can refer to any
token that contains a pair of assignments, and token ijk refers to the token containing all three
assignments.

Using these notations, the PTP message-update rule for 3-COL problems can be easily

derived, which is presented in the following lemma.

Lemma 6 For 3-COL problems, the PTP message-update rule is:
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Av—e(i)

Av—e(i))
Av—se(ijk)

Pc—w(ij)
Pc—v (le)

po (1)

Mv(ij>

o (ijK)

I B ) + b2 (ik) + gt (ik) = [T (o2 (i) + ph2yi (k)

beC(v)\{c} beC(v)\{c}
- JI @i +epemaik)+ [ ep%(ik) (4.13)
beC(v)\{c} beC(v)\{c}
I  eorGi) +oorGik) — [ eonik) (4.14)
beC(v)\{c} beC(v)\{c}
| 1Y) (4.15)
beC(v)\{c}
no(n;l\{v}»c( ) (4.16)

V(en{o}—e ) T AV 0 e (1K) + AVER (o) e (GK) + AV (o) e (i) (417)

[T (R + pei (i) + pe2 (k) — [ (oo (i) + P22 (1ik))

ceC(v) ceC(v)
— I (romk) + poeik) + [ phom(ijk) (4.18)
c€C(v) ceC(v)
I (eromrGi) + pponrGik) — [ piomr(iik) (4.19)
ceC(v) c€C(v)
I eronrik). (4.20)
ceC(v)

It is then possible to relate the PTP messages and the (non-weighted) SP messages for

3-COL problems, and show their equivalence.

Theorem 1 For 3-COL problems, the correspondence between SP and PTP message-update

rules is



Generalized Survey Propagation 49

7712—)1} = E(i?u,v} (1)

* norm :
77u—>v e 1 - Z u—){u7v}(l)
i=1,2,3

= Z(ir}?u,v}(lxl)—i_ Ecir)r?u,v}(lk)—i_ Egl?u,v}(-]k)—i_ Eir)r{rilu,v}(l.]k)
e o)
moe 1- Y G,

i=1,2,3

Proof: First we will identify ¢ in the subscript of \J°™ with {u, v} in which v indexes the

destination vertex in the subscript of 7y —..

For any ¢ = {u, v}, let oy, = A0S0 (1) + A5 (ik) + A0S (jk) + A (ijk). When applying

PTP update equations (4.16)) and (4.17]) to equations (4.13) to (4.15)) and re-writing the update

rule in terms of left messages only, the un-normalized left messages are updated as follows.

)\u—w(l) = H (1_ r\l/o(rbr)n\{u}%ba))_ H (I‘l/'o(rbgﬂ\{u}ﬁb(«])+aV(b)\{u}vu)
beC(u)\{c} beC(u)\{c}
- I (%?“\{u}%@+av<b>\{u},u)+ II overnw. @21
beC(u)\{c} beC(u)\{c}

Moe@) =TT (W s00 tovongna) = T ovenre  (422)
beC(u)\{c} beC(u)\{c}

Mse(iik) = T avengua (4.23)

beC(u)\{c}
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After normalization, we have

norm s 1 norm . norm .
A (i) = 3 H (1 - Vo(b)\{u}—>b(l)> - ( Vionfup—s () + aV(b)\{u}M>
beC(u)\{c} beC(u)\{c}
- I ( YR fuy oK) +0¢V(b)\{u}7u> + JI  overjure (4.24)
beC(u)\{c} beC(u)\{c}
normyi /ss 1 norm
Ay (1) = 5 I1 ( Vionfup—b () + aV(b)\{u},u) — Il evergwa| (“25)
beC(u)\{c} beC(u)\{c}
normy /ss 1
Ase (k) = 5 I overwe (4.26)
beC(u)\{c}

where 3 := Zte(x*){“} Au—se(t)-

It is easy to see that

=3 II (1= W) - (M s D) + vy gy
i=1,2,3 beC(u)\{c} i=1,2,3 beC(u)\{c}
+ I averure
beC(u)\{c}

For any ¢ = {u, v}, it is clear that when identifying A3 (i) with 7}, ,, and identifying o, ,; =

1=3 123 )\Ei?u,v}(i) with n%_,,, the update rule for passed message (7. . 1n2 .., 73 ., m5 )
in SP results.
To prove the equivalence of PTP and SP summary messages, we can follow the same

procedure as we did for proving the equivalence of PTP left messages and SP left messages.

When applying message update equations (4.16|) and (4.17) to equations (4.18) to (4.20) and

re-write summary messages in terms of left messages, the PTP summary messages are updated
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as follows.

Hu(i) = H (1 Ilo(rr)n\{u}*)c( )) - H ( I&O(l;r;l\{u}*)c(j) +aV(c)\{u},u>
ceC(u) ceC(u)
- H ( ?/O(rcr)n\{u}%c(k>+aV(c)\{u},u> + H Qv (e)\{u}u (4.27)

ceC(u) ceC(u)

pu(ij) = H (?/()(rcr)rl\{u}%(k)+QV(c)\{u},u)— H QY (e)\{u},u (4.28)
ceC(u) ceC(u)

pu(ijk) = H OV ()\ {u} - (4.29)
ceC(u

After normalization, we have

wem () = /j” ( [T (=20 aoe®) = TT (O re® + avion o)

ceC(u) ceC(u)
=TT (%@ + aviorwa) + TT avenue (4.30)
ceC(u) ceC(u)
norm 1 norm
py () = @' 11 (V(c)\{u}—)c( ) + Qv fu}, ) I v e (4.31)
ceC(u) ceC(u)
ceC(u

where 5:= 3, oyt pu(t).

It is easy to show that

Z H ( Vio\fu} el )) - ( Vi fup—e(d) + aV(c)\{u},u)

i=1,2,3 ccC(u) i=1,2,3 ceC(u)

II v

ceC(u)

For any u € V, it is clear that when identifying p2°™(i) with 7! and identifying 1 —

> ic1.2,3 Hu (1) with 7, the update rule for summary message (nL,m2,m3,m%) in SP is resulted.
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This theorem suggests that for 3-COL problems, SP is PTP. Similar results can be shown
for k-SAT problems — instead of showing this result, we will in a later section, show a more
general result, namely that weighted SP is weighted PTP for k-SAT problems. It should be
convincing then that the general principle of designing SP algorithm for arbitrary CSPs is the
recipe specified in the PTP message-update rule.

In the correspondence between SP and PTP for 3-COL problems established in this theorem,
it is worth noting that symbol ¢ in the SP messages corresponds to the singleton token i that
contains the single element 4, and symbol * in the SP messages corresponds to the group of all
non-singleton tokens. We note that the fact that all non-singleton tokens can be represented by a
single symbol * is rather a coincidence, intrinsically related to the structure of 3-COL problems,
and should not be understood as a general principle. Specifically, for 3-COL problems, each
constraint vertex has degree 2, and as long as a non-singleton token is passed to a constraint
vertex, the outgoing token from the constraint vertex will be token 123. It is precisely due
to this fact that all non-singleton tokens can be represented by the same symbol — the joker
symbol *, as is conventionally termed. This observation then implies that for general CSPs
with non-binary alphabet, SP, or equivalently PTP, may be expected to contain more than one
“joker” symbol, each corresponding to one or several non-singleton tokens. In other words, this
suggests that the notion of “joker” symbol in SP messages is not a fundamental one, and that
the rather fundamental perspective of SP is the extension of the variable alphabet to its power
set with empty set excluded — or equivalently via a one-to-one correspondence, the set of all
tokens associated with the variable.

Finally, we remark that there can be a caveat on whether SP and PTP are exactly equiv-
alent, when taking into account the decimation procedure associated with the SP algorithms.
Specifically, we note that decimation is performed based on summary messages in SP. For 3-
COL problems, each SP summary message contains “biases” on four different symbols, but
each PTP summary message contains “biases” on seven different tokens. The natural decima-

tion procedure for PTP is then to fix one “highly biased” variable to one of the seven tokens,
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rather than to one of the four symbols. Although it is not clear at this point whether this finer
procedure may provide gains in algorithm performance, it nevertheless suggests that PTP is
slightly more general than SP. Investigation on possible benefit of this slight generality can be

an interesting direction of research.

4.4 Weighted PTP

In the mechanism of passing random tokens that underlies the PTP message-update rule, the
outgoing token sent from a variable vertex is a function of all incoming tokens from its upstream.
A natural angle to generalize the dependency of these outgoing tokens on the incoming tokens
is to generalize this functional dependency to a probabilistic dependency. Specifically, using
the “intention-command” analogy, this probabilistic dependency will allow the intention of
a variable, conditioned on all incoming commands from the upstream, to take any set of the
values — not necessarily the maximal set — that obeys by the commands, and this probabilistic
dependency is specified via the probability of each allowed intention. This results in what we
call weighted PTP.

In weighted PTP, we assume that the token t,_,. passed from variable vertex x, to constraint
vertex I'. may be any subset of the intersection of all incoming tokens passed to x, except that
passed from I';, and the probability that token t,_. equals to each subset is specified via a
non-negative function wy(alb) defined on (x*){ x ((X*){v} U {@U}) for each v € V. We will

{v}

restrict wy(alb) to an obedience conditional on (x*)'", the definition of which is given as follows.

Definition 1 (Obedience Conditional) A non-negative function h(alb) on (x*){*}x ((X*){U} U {@U})
is said to be an obedience conditional on (x*)°} if h(aly) = 0 for alla € (x*)'** and h(alb) = 0

for any a,b € (X*){v} with a Z b.

First we note that in the definition, variable a in h(-) is intended to refer to an “intention”,
variable b is intended to refer to a “command”, and function h is evaluated to zero if the

command is null or if the intention does not obey the command. This is the reason for which
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we name such a function an “obedience” conditional. Second, it is also worth noting that an
obedience conditional h as defined above is not a true conditional distribution, since it is not
the case that ) h(a|b) = 1 for all b. However, it is a minor technicality to modify the definition
a
of h (without impacting the development of any result in this thesis) so that it is indeed a
conditional distribution H Thus for the purpose of this research, one may always regard an
obedience conditional as a conditional distribution of an intention given a command.
Apparently, function [a = b] is a special case of obedience conditional, characterizing a
special functional dependency of intention a on command b, namely that the intention set a is
exactly the command set b.
We now give the precise message-update rule of weighted PTP where the only difference

with PTP is in left message and summary message.

!Given an obedience conditional h, we may define a conditional distribution ﬁ(a\b). Let Z be
max S h(alb). Let non-negative function h(alb) on <(X*){v} U {@v}> X ((X*){”} U {@v}) be
be(x ) e () v}
defined as follows: h(a|f,) :=[a = 0,]); h(D,|b) :==1— > h(a|b)/Z for all b # (,; and for all other
aG(X*){U}
(a,b), h(alb) := h(alb)/Z. Tt is easy to see that h(a|b) is a conditional distribution. Since eventually we
will condition on that a # 0, it is straight-forward to verify that the role of h is equivalent to h.
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Weighted PTP Message-Update Rule
Av—)c(tv—w) = Z Wy | to—c ﬂ thp—v H pgg;n(tb—)v) (433)
(tb—v)beC(v)\ {c} beC(v)\{c} beC(v)\{c}

Pc%v(tc%v) = Z tesy = Fe H tu—sc H )\Iul(ircn u%c (434)

(tu—c)uev (e)\ {v} u€V (c)\{v} u€V (c)\{v}

po(ty) = Z ﬂ lesov H Pesy (tesv)s (4.35)

<tc~>u>C€C(v) CGC(U ceC(v

and the normalized messages are defined as

/\ggrcn(tvﬁc) = Aoseltose)/ Z Avse(t) (4.36)
te(x)
P (tesv) = peosvltesv)/ Z Pe—uv(t) (4.37)

(X*){”}

P () = p(te)) Y (4.38)

te(x* {v}

It is easily seen that weighted PTP is a family of algorithms, parametrized by a collection
of obedience conditionals, {w, : v € V}, each for a coordinate. The fact that conditional
distribution wy,(alb) generalizes indicator function [@ = b] immediately implies that weighted

PTP generalizes PTP, as stated in the following lemma.

Lemma 7 If w,(alb) := [a = b] for all v € V, then weighted PTP is PTP.

4.4.1 Weighted PTP Generalizes Weighted SP

Now we will show that the weighted SP developed for k-SAT problems [23] is a special case of
weighted PTP. That is, for k-SAT problems, when setting functions {w, : v € V'} in weighted

PTP to a particular form, weighted SP, or SP*(¢) is resulted.
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For a k-SAT problem, let function w,(alb) for every v € V' in weighted PTP be defined via

a single real number € € [0, 1] as follows.

€, ifa=b=01
l1—e¢, ifacb=01
wy(alb) = (4.39)
1, if a=0+#01
0, otherwise

\

Lemma 8 Let {w, : v € V} in k-SAT be defined as in (4.39). The message-update rule of

weighted PTP is then:

Ase(0) = T (RO +ppo01) —e [ pponr(01) (4.40)
beC (w)\{c} beC(v)\{c}
Ase(@) = ] B @) +pponron) —e [ ppr(01) (4.41)
beC(v)\{c} beC(v)\{c}
NoelO) = ¢ [ sem(on) (1.42)
beC(v)\{c}
Pesv(0) = [Lyc=0]- 11 Auye (0) - 1T Autye (1) (4.43)
ueV(c)\{v}:Ly,c=1 ueV (e)\{v}:Lu,c=0
pe(1) = [Lye=1]- 11 A (0) - 11 AR (1)  (4.44)
ueV(e)\{v}:Lu,c=1 ueV(e)\{v}:Lu,.=0
pesw(01) = 1— J[ Naw©)- JI Maw@) (4.45)
ueV (c)\{v}: ueV (c)\{v}:
Ly,c=1 Lay,c=0
w0 = [ (o) + premion)) —e T pomm(on) (4.46)
ceC(v) ceC(v)
() = [ (o) + pemon)) —e T prom(on) (4.47)
ceC(v) c€C(v)
po(01) = e J] pio(01), (4.48)
ceC(v)

Proof: These update equations can be immediately obtained from weighted PTP message
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update equations (4.33) to (4.35)), where (4.45]) follows from

peso(01) = J]  NARO) + X220+ x2w00) - [ 2w [ e
ueV(c)\{v} ueV O\ v} weV(@\(v}:
= 1— [ xeeo)- I mar.
ueV (c)\{v}: ueV (c)\{v}:
u,c=1 Ly,c=
|

Theorem 2 Let {w, : v € V} in a k-SAT problem be defined as in ({.39). Denote by

(IT3_Borm IT5 norm TIx BO'™) the normalized version of SP message (II5_, ., 1T, ., II5 _, .), namely

that T3 50 = TG,/ (I + 10 + 105 ), TS = T,/ (I + 10, + 115 ,), and

H* norm — HS

v—C v

Lo I+ 118, + 15, ). Then the correspondence between SP*(€) message-

update rule and weighted PTP message-update rule is

530 ¢ [Lye = 0]- Ap%2(0) + [Lye = 1] - Ap% (1) (4.49)
I 2970 4 [Lye = 0] ARE(1) + [Ly e = 1] - ALT2(0) (4.50)
IG5 = A%00(01) (4.51)
Ne—o > P2 (0) + P2 (1) (4.52)
G e m(0) (4.53)
o () (4.54)

G e (o), (4.55)

Prior to proving the theorem, we will introduce some notations and a simple lemma which
will be useful in the proof. For any neighboring variable vertex x, and constraint vertex I,
we will denote by Ly ¢ the singleton token containing the single elementary assignment that
assigns coordinate v the edge label L, .. Similarly, we will denote by I:V’c the singleton token
containing the single elementary assignment that assigns coordinate v the negated edge label

I_/w. With these notations, the following lemma immediately follows from Lemma

(1)
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Lemma 9 For any (v — ¢) pair in a k-SAT problem, the right message pioi* satisfies:

peo (Lve) +0:5,'(01) = 1 (4.56)
Py (Lye) + p2%'(01) = pe?'(01). (4.57)

Now we are ready to prove Theorem

Proof:  We will refer to the message correspondence in Equations to as the
“left correspondence”, the correspondence in as the “right correspondence”, and the
correspondence in Equations to as the “summary correspondence”.

We will prove the theorem by first showing that if the left correspondence holds, then the
right correspondence holds, and conversely that if the right correspondence holds, then the left
correspondence holds. This should prove that correspondence between SP*(¢) and weighted
PTP in their passed messages. We will then complete the proof by showing the summary

correspondence.

First suppose that the left correspondence holds, namely that II$19™ = [L,. = 0] -

)

A8 (0) + [Lye = 1] - A% (1), IEE™ = [Lye = 0] - AJ%E(1) + [Lo,e = 1] - AJ%2(0), and

)

H* norm __ )\HOI“IH(O]_).

v—C v—C

In each iteration, by Lemma (8| and the fact [L, . = 1]+ [L, . = 0] = 1 for every (v — ¢) pair,

)

the right messages satisfy

Pe—sv(0) + pessv(1) + pesu(01) = [Lye =0]- II Ause (0) - I1 AuZye
ueV(c)\{v}:Ly,c=1 ueV(c)\{v}:Lu,c=0
+[Loe=1]- I1 AuZse (0) - II e (1)
ueV (e)\{v}:Ly,c=1 ueV (e)\{v}:Lu,c=0
+1- 11 A2 (0) - 11 e (1)
ueV (c)\{v}:Ly,c=1 ueV (c)\{v}:Ly,=0

= 1.
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That is, each right message p.—, is already normalized, or p.—, = pp2y". Then

Pl (0) + 220" (1) = pesv(0) + peso(1)
= [Loec=0] 11 Aue (0) - 1T Auve (1)
ueV(c)\{v}:Ly,c=1 weV (c)\{v}:Lu,.=0
+[Lye=1]- 11 Auye (0) - 11 Auye (1)
€V ()\{v}:Ly,c=1 u€V (c)\{v}:Lu,c=0

- I xemo- II aemo
ueV (c)\{v}:Lu,c=1 u€V (c)\{v}:Lu,c=0

= 11 ([Lue = 1] - A2 (0) + [Luec = 0] - A% (1))
ueV(c)\{v}:Ly,c=1

11 ([Lue = 1] - A2 (0) + [Lu,e = 0] - AGZE (1))

ueV (e)\{v}:Ly,c=0
T (Zuwe =11 X2252(0) + [Lue = 0] - X222 (1))

ueV(c)\{v}
@I mem
ueV(c)\{v}
(_b) H HE—)C
UEV(C)\{U} H}IJL—>C + Hu—)c + HU—)C
= TNc—wv,

where equality (a) is due to the assumed left correspondence, and equality (b) follows from the

u norm
HU‘)C

definition of . Thus we have shown that if the left correspondence holds, then the right
correspondence holds.

Now suppose that the right correspondence holds, namely that 7._,, = pt2(0) + pioir(1)



Generalized Survey Propagation 60
for every (v — ¢) pair. Following the PTP message-update equations (4.40) to (4.42]), we have
[Lo.e = 0] - Apse(0) + [Lue = 1] - Aduse(1)

= [Lyc=0]- ( IT (o) +pporon) —e ] p?irﬁl(m))
beC(v)\{c} beC(v)\{c}

+[Lye=1]- ( IT Ger@ +eparon) - 1 p?f?(01)>

beC(v)\{c} beC(v)\{c}
= [Loe=0- [ G0 +a%000) + [Luc=1- [ (1) + pp%y'(01))
beC(v)\{c} beC(v)\{c}
e [ eemon)
beC(v)\{c}
" norm norm norm
= [LU,C = 0] ’ H (pb—w (O) + pb—w H pb—w
beCs(v) beC2(v)
HLve=11- [ %@+ o) - ] 02331 [T eoon)
beCs(v) beCy(v beC(v)\{c}
456 Nnorm norm norm
= [Lyc=0]- H P20 (01) + [Lye = 1] - H Prosy (01) — € H P2 (01)
beCy(v) beC(v) beC(v)\{c}
= I msrr)—c I s%(01)
beCe(v) bGC(v)\{C}
= I sy {1-c I somon)
beCs(v) beCe(v)
= I a-m2r @ -por@)- [1-¢ T (1-n%330) - i (1)
beCy(v) beCs(v)
(_9 H (1 - nb—w) | 1—e€ H (1 - 77b—>v) = His;—n:v
beCy(v) beCs(v)

where equality (c) above is due to the assumed right correspondence. We will denote this result

by (A).
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Following very similar procedures, it can be shown that

[Lv,c = O] : )\v—m(l) + [Lv,c = 1] : )\v—w(o)

= J] a-nar©) —ppar@)- [1—¢ J] 1= (o) - ppor(1)
beCs (v) beCe(v)
p— Hu

v—C

We will denote this result by (B).

Similarly,
Ase(01) = e J[ (1=p2m0) —ppir() - [ (1= p%22(0) — ppi(1))
beCs (v) beCe(v)
= HZ—w'

We will denote this result by (C).

Combining results (A), (B) and (C), we have

>‘v—>0(0) + )‘v—w(l) + )‘v—w(Ol) = HB*)C + Hiac + Hzac-

That is, the scaling constant for normalizing (Ay—¢(0), Ay—c(1), Ay—c(01)) and that for nor-
malizing (IT%_, ., II3_, ., II%_, .) are identical. Then results (A), (B) and (C) respectively translate

to

[Loe = 1] - A5e (1) + [Loe = 0] - AJ22N(0) - = T2

(Lo = 0] XSU(1) 4 Ly = 1] - X9 (0) = [12nomm

)\1’101‘1’11(01) — H* norm.

v—C v—C

At this point we have established the correspondence between the passed messages in
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weighted PTP and those in weighted SP. We now prove the summary correspondence.

Starting from Lemma 8] we have

w© = TL )+ pemon) —e [ ptemon)
ceC(v) ceC(v)
_ norm norm norm norm _ norm
— IT (o) + pror1)) T (0h%(0) + pponn(01)) — e H pEo(01)
ceCl(v) ceCO(v) ceC(v
[1 eromon)—e H PRz (01)
ceCl(v) ceC(v

= 1—e I eexicon)| JI ei(on)

ceCO(v) ceCl(v)

= 1—e JI -y —pr@) | [T - o) - p2n)

ceC9(v) ceCl(v)
(@)
- I—e H (1 - nc—w) H (1 - nc—w))
ceC(v) ceCl(v)

= ¢0

where (d) above is due to the right correspondence that we just proved.

Symmetrically, it can be shown that

() = |1—e [T =-p20©0) —p20@) | [I -p%00) - )
ceCt(v) ceCO(v)

= 1—e H (1 = Ne—sv) H (1 = Me—so)

ceCl(v) ceC9(v)

= ¢
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Finally, it is straight-forward to see

po(01) = e T (1=p900)—p2r) J] (1—pk(0) — p2o(1))
ceCO(v) ceCl(v)
= ¢ H (1 - nc—w) H (1 - 77(:—)1))
ceCO(v) ceCl(v)
-
This proves the summary correspondence and completes the proof. ]

This theorem asserts that weighted SP developed for k-SAT problems is an instance of
weighted PTP that we propose in this proposal, or alternatively phrased, weighted PTP gen-
eralizes weighted SP from the context of k-SAT problems to arbitrary CSPs with arbitrary
variable alphabets. When specifying parameter € to be 1, this result immediately implies that
non-weighted SP is non-weighted PTP for k-SAT problems.

Additionally, we note that in the correspondence between the summary messages of weighted
PTP and weighted SP in the above theorem, it is clear that symbols 0, 1, and * in weighted SP
(or SP) corresponds to tokens (sets) 0, 1 and 01 respectively. In addition, if we use notation
L ¢, we may re-write the correspondence between the left messages of weighted SP and those

of weighted PTP in the above theorem as

stjﬁ\c A )‘U—>C(LV7C)
H%—)c « )‘U—ﬂ:(I—Jv,c)

I e < Ause(01)

That is, symbols “s” and “u” in SP respectively correspond to singleton set Ly . and f;v,c.
These observations suggest that, although blurred by the addition of single symbol * to the

variable alphabet, the true alphabet used as the support of SP messages is the set of all tokens

associated with the variable, or equivalently, the power set of the original alphabet with the
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empty set removed.

Finally, we would like to note that the generalization of PTP to weighted PTP (or from
SP to weighted SP) entails only a slight increase of computation complexity. More specifically,
the computation of messages in weighted PTP requires computing probability mass functions
of larger support. This increase of complexity can be loosely upper-bounded by the constant
scaling factor 21!, Such a linear increase of complexity for relatively small alphabets is typically
negligible, as the main complexity concerns are with respect to the problem size, namely the

number of variables involved.

4.5 On the Dynamics of SP

We now present some results concerning the dynamics of SP, based on the formulation of PTP
and weighted PTP. These results, although rather elementary, should help provide intuitions
regarding what PTP is doing in solving a CSP. We will start with the deterministic precursor

of PTP, DTP.

4.5.1 On the Dynamics of DTP

We will refer to a subgraph H of factor graph G as a factor-subgraph of G if for every constraint
vertex I'c in H, all neighboring variable vertices of I'; in G are also in H. It is apparent that
factor-subgraph H is a factor graph representing a CSP involving precisely a subset of the
constraints in G. We will denote by C[H| the index set of all constraint vertices in H, by V[H]
the index set of all variable vertices in H, and by 'y the set of all assignments on V[H] that
satisfy every constraint T, ¢ € C[H].

If factor-subgraph H is a tree, it is also referred to as a factor tree of G. For any factor
tree T of G, we will denote by L[T] the index set of all leaf vertices of T. Since we have
assumed that factor graph G contains no degree-1 constraint vertices, it is necessary that the

leaf vertices of any factor tree T of G are all variable vertices, i.e., that L[T"] contains no index
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of any constraint vertex.
Suppose that T is a factor tree of factor graph G, U C V[T], and v € V[T|\ U. For any

rectangle ¢y on U, define

FU7(ty) = ((tU X XV[T]\U) N FT):{U}'

It is easy to see that function FZ7?(-) reduces to F!(-) introduced earlier, when T contains

a single factor and U is V/(¢) \ {v}.

Given a factor tree T' of G and two vertices in T indexed by a and b respectively, we will
introduce another notation of message index, a z, b, which indexes the message sent by the
vertex with index a along its only edge that is on the path (in T') leading to the vertex with
index b. For example, suppose that in factor tree T', constraint vertex I'. has a neighbor of z,
and is on the path from x, to x, in T, then message index u Ty s equivalent to u — ¢, and
tu N is equivalent to £, ...

A factor tree T of G will be referred to as a (v, [)-tree of G if the variable vertex z,, is in 7,
every leaf vertex in T is distance 2] from vertex z,, and all vertices in G that have distance to
T, no larger than 2[ are contained in T'. It is clear that given G, v € V and a positive integer
1, if a (v,1)-tree of G exists, it is unique. We therefore denote it by T7.

Given T! of factor graph G, factor tree T!_. of G is the subgraph of T} induced by vertex
r, and all vertices of T! whose paths to x, (in T!) traverse through vertex I'.. On the other
hand, factor tree Tf) 4 8 the subgraph of T induced by vertex z, and all vertices of T} whose
paths to z, (in T!) do not traverse through vertex I'..

In what follows, we will use superscript (1) on a message to refer to the message in the I*®

iteration.

Proposition 1 Suppose that | > 1 and that factor tree T of factor graph G exists. Then in
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iteration | of DTP,

L[Tfkc]%v 1
tgzllw = FTZ H t( 121

o weL[T]_) u =
Proof: We will prove this result by induction on I.
For the base case, we have
1 1
W, = r( II 4.
u€V (c)\{v}
LT! ]—wv 1
= F H t(T)li

v—c

v C
weL[T)_ ] u -

As the inductive hypothesis, suppose that the result of this proposition holds for a given

iteration number [ > 1. This implies specifically that for every u € V(c) \ {v} and every

be Cu)\ {c},

[ u
O = g

Tl
u—b
weL[T! ] w—u

Then
l _ @
tgilc) - m tb%u
beC(u)\{c}
LT ,]—u 1
— ﬂ Fpo " b H ¢ ;l b
beC (w)\{c} weL[T!_,] w~>u

LT, , J=u (1)
- FTifc H t T,
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Finally,
I+1 I+1
iy = e I e
ueV(c)\{v}
LT, ]—u 1
= F H F . ’ H t ;l
ueV(c)\{v} weL[Tfl%C] w“_*fu
LT, v (1)
= Fu I .
weL[TH] w—v
This completes the proof. [ |

Translating this results to summary tokens, the following result can be obtained immedi-

ately.

Corollary 1 Suppose that | > 1 and that factor tree T of factor graph G exists. Then in

iteration | of DTP,

tg)l) — FL[TM‘)'U H t(lié

T}
weL[Tl] ¥

The implication of this result is that on factor graph with sufficiently large girth, DTP is in
fact very well-behaved: the summary token at any variable z, in iteration ! depends precisely
on the initial tokens passed by variables that are 2] away from z,. Specifically, one may view
those tokens form a rectangle on L[T'], and the summary token at x,, in iteration [ is precisely
the set of all assignments on {v} that can make I';u satisfied, given the assignment on L[T!] is
from that rectangle.

Now we develop some results of DTP that require no “local cycle-freeness” in the factor

graph.

Lemma 10 At every v € V and for any [,
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Proof: Suppose that x, € t(l). Then z, € t((;llw for every ¢ € C(v), by the definition of

summary messages. It follows that x, € tz(,lii) for every ¢ € C(v). Then z, € ﬂcEC(v) tz(,lii).

This shows that tﬁf C ﬂcec tg,lii).

On the other hand, suppose that x, € ﬂcec () tq()lii). Then z, € tq(,_m = ﬂbec W\ e} tglw,

for every ¢ € C(v). It follows that z, € tO  for every b € C(v), giving rise to that x, €

b—v

mbEC(U) tl(zllm = tq()l)' Thus mceC(v) tT(Jl:}Z) - tq()l)'

Therefore tg,l) =N ceC(v) tSfi?. [ ]

Lemma 11 Suppose that Ty is a satisfying assignment on V, namely that Ty satisfies .

Ifzv e [T N tz(,l)_m in some iteration l, then &y € [] tgl).
veV ceC(v) veV

Proof:  The fact that 2y € [[ ) ¢"),. implies that for every v € V and ¢ € C(v),
veV ceC(v)

Tyqoy € ) ts,l)_m - tq()l)_m, and hence via the “monotonicity” of function F,, F, ({:I:V;V(C)\{U}}) -
ceC(v)
F. I S}LC = tgllw. Incorporating that &y is a satisfying assignment, we see that
ueV(c)\{v}
®

Tvqoy € Fe ({Bvvengor}) S tgllw, for every v € V and ¢ € C(v). Thus &) € [ tesw =
ceC(v)

tg,l). It then follows that &y € [] tg,l). ]
veV

Proposition 2 Suppose that Ty is a satisfying assignment and that the initialization of DTP
is such that Ty g,y € tS}lc for everyv € V and c € C(v). Then in any iteration l, the rectangle

I tg,l) formed by the summary tokens contains Ty .
veV

Proof: At iteration 1, the fact that Zy.g,) € tq()l_)m for every v € V and ¢ € C(v) implies

that 2y € [[,ey Neec) t{Y... Followed by Lemma we have Ty € [[ eyt £V,
¢

vey to’ at iteration [. At iteration

As the inductive hypothesis, suppose we have Zy € []

[ + 1, followed by Lemma M we have Zv € [[,ey Neeow) D Then by Lemma Ty €
ey 8"
ve :

Therefore, this proposition is proved by induction. [ |
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At this end, we have shown that if DTP is initialized to “containing” a satisfying assign-
ment, then this assignment is contained in the rectangle formed by the summary tokens in
all iterations. That is, the solution of the CSP will never get “lost” during DTP iteration
provided that it is contained in the initial rectangle. This result (Proposition [2) and Corollary

presented earlier will become useful when we discuss the dynamics of PTP.

4.5.2 On the Dynamics of PTP and Weighted PTP

We now turn our attention to (non-weighted) PTP.

Denote by G the factor-subgraph of G' which contains all factors whose messages have
propagated to variable x, by the end of PTP iteration I. That is, G/, is the factor-subgraph of
G that contains variable vertex x, and all vertices whose distances to x, are no larger than 21.
It is apparent that if G/ is a tree, then it is the (v,1) factor tree T.

Let I* be the smallest I such that at least for one v € V, T! does not exist. Denote

my(l) =

(FGi ) }‘. That is, m, (1) is the number of assignments of variable z, that can make
all constraints in. G! satisfied. Clearly, m,(l) is a non-increasing function of 1.

We will first restrict the CSP to a “single-solution CSP”, i.e., having exactly one satisfying
assignment. We will denote this assignment on V' by Zy .

Let [ be the smallest | for which min my(l) = 1. It is worth noting that such | exists since
v

the CSP has precisely one solution. Let © satisfy me(lA) =1.

Proposition 3 Let factor graph G represent a single-solution CSP. Suppose that the initial-
ization of PTP is such that every left message )\5,1_)>c(t) is strictly positive for every t € (X*){”}.
Ifl < I*, then

o™ 0] () = [t ={2vya }]-

Proof: This result relies on Corollary
First, [ <1* implies that (0, Z) factor tree T Ii exists. Then by Corollary if DTP is initialized

such that the tokens sent from the leaves of Tg form [] t(l)i , then the summary token at
weLITL] u2
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Sh .. _L[TH—d
[*™™ iteration is F E ol m ¢
p l

[ i Tﬁ -
weL[T;] u—%0

v in the

. I ~ o L[T!]—d
Since ¥ satisfies my(l) = 1, it is necessary that FTE o=

kol

I {0 is either token

ueL[T!) uiﬁ
{#y. (o3} or 0, which depends on the rectangle initialized.

Now PTP on Tg , with respect to x;, may be understood as initializing a random rectangle
on L[Tg] (the distribution of which is characterized by the product of the initial messages),
transforming the random rectangle to random token on ¢ via a functional mapping F;ET”%]_H; (+),
and conditioning on the resulting token being valid (non-empty set). The fact that in;tial mes-
sages of PTP are strictly positive assures that every rectangle on L[Tg] has non-zero probability
during initialization. After conditioning on the resulting token being valid, the token §) is re-
moved from the allowed realization of the resulting token and thus the resulting token equals
{#v.fv)} with probability 1. This completes the proof. [

This result and its proof can be easily extended to a somewhat larger family of CSPs each

containing multiple solutions, as shown in the next proposition.

Proposition 4 Suppose that in the CSP, there exists a coordinate © € V and an assignment
Ty € (X*){v} such that every satisfying configuration Ty € I satisfies Ty, () = &y. If for some

integer 1, Tg exists and mv(i) =1, then

The proof is similar to that for proposition |3 which essentially relies on Corollary (1| and
that the local tree rooted at ¢ is large enough. Skipping the proof, we note that Proposition
may be viewed as a special case of Proposition [d]

Based on the results above, we provide some remarks concerning the dynamics of PTP and

argue intuitively how it solves a CSP.

1. Similar to what was argued in the proof of Proposition |3 the key insight regarding
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what PTP is doing is that PTP updates a random rectangle whose sides are distributed

independently.

At the initialization stage, PTP defines a random rectangle on V', where the sides of the
random rectangles are treated as independent random variables. In every iteration, PTP

maps this random rectangle to a new random rectangle in the following steps.

(a) Apply a functional mapping defined by the right-message update rule and the left-

message update rule.

(b) Eliminate the resulting empty rectangles (via conditioning on that each side of the

resulting random rectangle is not the empty set and re-normalization).

(c) Take the marginal distribution of the resulting random rectangle on each side vari-
able, and treat all sides as being independent random variables. This defines a new

random rectangle.
PTP iterates over these steps to continuously update the random rectangle.

2. For single-solution CSPs, based on Proposition 3] if the girth of the graph is large enough,
at least one side of the new rectangle, after some iterations, becomes deterministic,
namely the singleton set containing the correct assignment for that variable. This would
allow the decimation procedure to fix this variable to the correct assignment and reduce
the problem. Similar results hold for CSPs having more than one solutions but in which
all solutions share a single assignment on some coordinate. By Proposition [4, in this
case, when the local tree rooted at that variable is sufficiently large, PTP will find that
variable and its correct assignment. Of course, the condition of Proposition [3| and that
of Proposition [4 namely that there is a sufficiently large local tree rooted at a variable
and that the variable only has one correct assignment, may not hold in reality. As a
consequence, no side of the random rectangle is deterministically a singleton. In that

case, the decimation procedure must deal with this ambiguity — resulted from non-ideal
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factor graph structure and the complexity of the solution space — and make a good guess

to fix a variable.

3. Proposition [3| and Proposition (1| also suggest that when the graph has large girth (and
when the solutions share one common assignment on some coordinate), as PTP iterates,
the rectangles containing no solutions will be gradually removed from the sample space

of the random rectangle.

4. Proposition [2implies that regardless of cycle structure of the graph, all solution-containing

rectangles will be kept (possibly in a form of combining each other) over PTP iterations.

5. Combining [3) and [4)) above, one may view each PTP iteration as performing a “filter-
ing” operation on the distribution of the random rectangle. As the distribution of the
random rectangle evolves, the probability mass moves gradually to one biased to some
solution-containing rectangles. When the graph has large girth and some coordinate is
in a “favorable” position (in a sense combining its location in the graph and its role in
the solution space), the summary message at this coordinate may become more deter-

ministically biased to a singleton token, making decimation possible.

Finally, we briefly remark on weighted PTP.

Similar to PTP, weighted PTP also updates a random rectangle. However, instead of
using a functional mapping, in step a) of the above procedure, it uses a conditional distribu-
tion. By examining the form of the obedience conditionals, it is intuitive that comparing with
PTP, weighted PTP shifts the distribution of each side of the random rectangle more towards
“smaller” tokens on each coordinate. (Here ¢, is said to be smaller than ¢! if t, C ¢/.) This
provides the algorithm better opportunity to lead to some side of the random rectangle more

deterministically biased to a singleton.
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4.6 Concluding Remarks

Previous generalizations of SP have been either from the perspective of extending SP to non-
binary alphabet, or from the perspective of introducing “weights” to SP message-update equa-
tions. In this chapter, we consider a full generalization of SP, taking into account both per-
spectives.

By an appropriate extension of the variable alphabet to a set of “tokens”, we show that
SP (on any alphabet) may be regarded as a “probabilistic token passing” procedure, by which
random tokens are passed by the vertices of the factor graph representing the CSP. When
each vertex in the factor graph, generates outgoing tokens via a probabilistic dependency of
the incoming tokens, PTP can be generalized to weighted PTP. We show that weighted PTP
generalizes previously reported SP algorithms for k-SAT problems and for ¢-COL problems.

We show that PTP and weighted PTP may be viewed as iteratively updating a random
“rectangle”. Under certain conditions, we provide analytic results concerning how such updates
lead to the correct solution of the CSP. These results are however still preliminary. Further

investigation is required to understand the dynamics of PTP and weighted PTP.



Chapter 5

Connection To Belief Propagation

At this point, we have identified SP with an equivalent but probabilistically interpretable
algorithmic procedure, PTP, and generalized weighted SP from the special case of k-SAT and
binary problems to arbitrary CSPs, in terms of weighted PTP. Now we are in the position to
discuss the reduction of SP from BP, where we will refer to SP exclusively as PTP, and weighted
SP exclusively as weighted PTP.

As is well known, the derivation of the BP algorithm is based on a well-defined factoring
function, or seen from a probabilistic perspective, a Markov random field (MRF). Thus, whether
PTP or weighted PTP may be reduced from BP boils down to whether there is an MRF
formulation on which the derived BP algorithm coincides with PTP or weighted PTP. In [23],
an MRF is constructed for k-SAT problem, on which BP reduces to what we now call weighted
PTP.

In this chapter, we first generalize the MRF formalism, in the style of [23], to arbitrary
CSPs, and derive the corresponding BP algorithm. Our formalism uses Forney graphs where
we explicitly introduce state variables to make correspondence to the left and right messages
in SP. We then investigate whether the derived BP algorithm may be reduced to PTP or
weighted PTP. We will begin this investigation with the special case of k-SAT problems, and

then proceed to the 3-COL problems and to general CSPs. For k-SAT problems, we show

74
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that the BP algorithm on the normally realized MRF is readily reducible to weighted PTP as
long as the BP messages are initialized to satisfy certain condition. This reduction is cleaner
and more transparent comparing with the SP-to-BP reduction presented in [23]. We note that
the initialization condition, when satisfied in the first BP iteration, will necessarily be satisfied
in later iterations in k-SAT problems. Identifying the important role of this condition, we
call this condition the state-decoupling condition. However, as we proceed to show, in 3-COL
problems, it is impossible for the state-decoupling condition to hold true non-trivially across
all BP iterations. Nevertheless, if one manually manipulate the BP messages to impose this
condition in every iteration, which results in a modified BP message-update rule referred to as
state-decoupled BP or SDBP in short, then the (SD)BP messages will still reduce to PTP. This
on one hand justifies the role of the state-decoupling condition in BP-to-PTP reduction, and
on the other hand suggests that for general CSPs, PTP (or SP) is not a special case of the BP
algorithm. We then proceed further by investigating whether the state-decoupling condition is
sufficient for BP to reduce to PTP or weighted PTP for general CSPs. To that end, we show
that yet another “local compatibility” condition concerning the structure of the CSP (in terms
of the interaction between neighboring constraints) is required for SDBP to reduce to PTP or

weighted PTP.

5.1 Normally Realized Markov Random Field

Given a CSP represented by factor graph G, we now define its corresponding normally realized
Markov random field G using a Forney graph representation [17]. We note that random variables
involved in the probability mass function (PMF) represented by G are no longer those associated
with factor graph (or equivalently MRF) G, but rather a new set of random variables, each
distributed over the set of tokens associated with a coordinate. Additionally, as the central
component of the Forney graph, another set of random variables, typically called generalized

states or simply states, are also included.
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Specifically, as a graph, G can be constructed by adding a “half-edge” to each variable

vertex of G. We now define each variable and local function in G.

e Each local function (or vertex) in G corresponding to variable vertex x, in G will be

denoted by g,(-), and referred to as a left function.

e Each local function (or vertex) in G corresponding to function vertex I', will be denoted

by fc(-), and referred to as a right function.

e The half edge incident on g, represents variable y,, referred to as a side, taking values

from (y*)}.

e The edge connecting left function g, and right function f. represents variable s, ., referred
to as a state, taking values from (y*){} x (x*){"}. We will also write state Sy, as pair

(SL ) of left state sk, and right state sﬁc

v,C) ’UC

e Left function g, for v € V is defined as

gv(ymsv,C(v)) =Wy | Yo ﬂ Sﬁc : H [Sﬁ,c = yv}v (5.1)
ceC(v) ceC(v)

where s,, o(y) is the short-hand notation for (Sv.c) ceC(v) and wy is an obedience conditional

on (x*).

e Right function f. for each ¢ € C' is defined as

fc(SV(c),c) = H [81])%,0 = Fc(S\L/(C)\{v},C)L (5.2)

veV (c)
where sy/(c) . is the short-hand notation for (s,.¢)vev(c)-

e The global function represented by G is

Fyv,svo) = [ 9o(os sucw) - ] felsviee)s (5.3)
veV ceC
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where sy ¢ is the short-hand notation for {s,.: V(v —c)}.

It is clear that upon normalization, function F' may represent a PMF and the factorization
of F encoded by G realizes an MRF. An example of such normally realized MRF, corresponding
to the toy 3-SAT problem in Figure [3.1] is given in Figure [5.1

Using the “intention-command” analogy, one may view that for any v, both y, and each
left state sﬁc stores the intention of variable z,, and that for any given c, each right state sftc
stores the command of constraint I'. sent to variable x,. The intention of variable z, depends
on the intersection of all incoming commands probabilistically via the obedience conditional
wy. The command of I, sent to each variable x, need to equal the forced token by the rectangle
formed by the intentions from all other neighboring variables.

Normally realized MRF G as defined in may be interpreted as a distribution of rect-
angles. Specifically, we say a rectangle yy is valid under F' if there exists a configuration of sy ¢
such that (yy,sv,c) is valid under F. Then it immediately follows that the PMF represented
by MRF G, upon marginalizing over states sy,c, characterizes the set of all valid rectangles

under F' (via the support of the marginal of F' on yy).

Figure 5.1: The Forney graph representing the normal realization of the toy problem in

Figure 3.1]

A simple property of such MRF's is given in the following lemma, which immediately follows
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from the definition of the left functions.

Lemma 12 If configuration (yv, sv,c) is valid under F, then it holds for every (v — c) that

L

_ R
Sv,c = Yv g sv,c'

Now we consider applying the BP message-update rule on the Forney graph G we just
defined, where we will use p._,, (referred to as a right message) and \,_;. (referred to as a left
message) to denote the message passed from a right function f. to a left function g, and the
message passed from left function g, to right function f. respectively, and use u, to denote the
summary message at variable y,. We note that both right message p.—,, and left message Ay_.

are functions on the state space (x*){"} x (x*){}.

Lemma 13 The BP message-update rule on Forney graph G is:

AU—>C(81€,C>811EC) = Z Wy 811;,0 ﬂ Sf,b H pb—w(sicvsﬁb) (54)
Sy o)\ (e} beC(v) beC (v)\{c}

pc—w(szamsftc) = Z [SEC:FC(SXL/(c)\{U},c)} H )\u—>c(35,cvFc(SxL/(c)\{u},c)) (5.5)
ST (e)\ {0} e ueV(c)\{v}

Mv(yv) = Z Wy | Yo ﬂ Sﬁc H pc—w(yvusﬁc)- (5-6)
R

So.C(v) ceC(v) ceC(v)

Before proving this lemma, it is useful to note the following elementary results.

Lemma 14 1. For any function ¢,
S (e, y)ly = 2] = ol 2). (5.7)
y
2. For any collection of functions ¢1,da, ..., Om,

n

b | CEOE | DI ACHE (5.8)

T1,L2,...,Tn 1=1 =1 x;
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We now prove Lemma [I3]

Proof:
L
)\vﬁ\c(sucasﬁc) = Z Z Wy
Yo Sy,C(v)\{c} beC(v

Z[Sﬁ,c = yv]

Yo

Z

Sﬁcwmc}

2.

Sy G e}

Z[Sic = yv] Z Wy
Yo

R
Sv,0(v)\{e}

L
E wy | Sye

R
5v,0(w)\{c}

>, II'es

SV (e)\{v},c u€V(c)

>[5

()

beC(v)

pC%’U(szI)/,c? Sf,c)

> w || )

Wy (yv

ﬂ Sffb
¢ =F¢( SV(C)\{u} )]

J > 11

o L
= Fe(s5v(o)\ (u),

79

[I

beC(v)\{c}

L
pb—)v(sv,bv Sﬁb)

Sv ) H L7b =y
beC(v)
Z H (pb—w(siw Sf,b) : [Sg,b = Z/v])

S0 ey PECWNME

m Sﬁb) H Z (pb—w(szl;/,bv Sf,b) ’ [811)1,17 = yv])
beC(v) beC(v)\{e} sk,

ﬂ Sﬁb) H
beC(v)

11

beC(v)\{c}
beC(v)\{c}

Sv,b
beC(v)

oo (Yo, Shp)

[+

pb—}v(sﬁca Sﬁb)'

II

ueV(c)\{v}

)‘U%C (55,03 Sf,c)

Fe(st (o fuy.e)] - Ause(Stes Sf,c))

SV (e {o}e SV e\ fo}e “eV(C)\{”}
E3)
= Z [Sf,c = Fc(S\L/(c)\{v},C)] H Z ( sV(c)\{u} )] /\U—W(Szl;,cvsf,c))
SV(eN\ (v} e ueV(e)\{v} sfi.
(53
= Y e =Felsvionme)  TI Auselsio Felst o uy.e))-
ST\ (v} ueV(c)\{v}
,va(yy) = Z Wy Yo m Sv,c H [8570 = yv] H IOC—W(sﬁ,c? 81])%,0)
Sv,C(v) ceC(v) ceC(v) ceC(v)
= Z Wy | Yo ﬂ Sv,c Z H = yv Pc—w(sg,c? S’l])%,C))
sﬁav) ceC(v) sv’ cw) cGC(v)
" Z Wy | Yo m Su,c H Z = y”U IOC—VU(sﬁ,c? 31])%,0))
SﬁC(v) ceC(v) ceC(v) sv c
" Z Wy Yo m Sv c H Pe—v (yvv 81])%,0)'
sﬁc‘(u) ceC(v) ceC(v)




Connection To Belief Propagation 80

5.2 Weighted PTP as BP for k-SAT

Now we show that for k-SAT problems, weighted PTP is an instance of BP when the parametriza-
tion of weighted PTP is consistent with the parametrization of the normally realized MRF from
which BP is derived.

We begin with introducing a simplification of notations. For any (v — ¢) and edge label
Ly, we will write Ly ¢ as L, and f,v,c as L. This suppression of the dependency of Ly ¢ and
I_JV,C on their subscripts should not result in any ambiguity, when the context clearly indicates
the subscript (v, ¢) or the edge to which the edge label L, . refers. Additionally, for any v € V,
we will write 01, as *. Thus, each left or right state will take configurations from set {L, L, *},

where the interpretation of L and L depends on the edge with which the state is associated. For

sk sP ) we will suppress the comma between the left-state

any given configuration of a state (sy; ., si'.

configuration and the right-state configuration. For example, state configurations (L, ), (L, *),

(%,%) and (L, L) will be written respectively as L#, L*, ¥+ and LL.

Lemma 15 Let F be defined via , and , where each weighting function w, is

defined in . If (yv,sv,c) is valid under F', then
1. for every (v — c), it holds that sfjc # L, sy # LL and that s, . # *L, and

2. Flyy, sve) = - 0vmvie) (1= ) 0v3v0) where n, (g, sv,c) and n.(yv, sv,c) are

respectively the cardinalities of set {v € V : y, = ﬂcEC(U) sffc =x} and set {v €V 1y, C

mc€C(v) Slli:c = *}

Proof: For part 1, first we observe that sﬁc # L, directly following from the definition of

the right function ([5.2)). Then by Lemma it is easy to see that s, . # LL and that s, . # *L.



Connection To Belief Propagation 81

For part 2, we may proceed as follows.

F(Z/VvsV,C) - Hgv Yv; Sy,C(v ch SV (e
veV ceC
BT (o (o] O ) TL Gs I T Isvle = Felsvion o o)
veV ceC(v) ceC(v) ceCveV(c)
@ ITwo{v| N sk
veV ceC(v)
®) el (visv.e) | (1— E)Tl-\*(yvysv,c)’

where equality (a) is due to the fact that (yv, sy,c) is valid under F', and equality (b) follows

Neec) 55 ) i (4.39): n

The second part of this lemma, as a slight digression, suggests that the PMF under this

from the definition of the weighting function w (yv

MRF model is identical to that of [23], since an equivalent result is shown for the MRF in [23].
We note that the MRF in [23] serves as a combinatorial framework for the study of k-SAT
problems, which leads to further insights of SP for k-SAT problems (the reader is referred
to 23] for additional results). To a certain extent, one may expect that the normally realized
MRF presented here may serve similar purposes for general CSPs.

The first part of this lemma suggests that although each state takes on values from {L, L, } x
{L, L, *}, there are in fact only four possible state configurations that contribute to defining a
valid rectangle. When applying the BP message-update rule on the Forney graph representa-
tion of a k-SAT problem, this implies that messages Ay, pc—s» and u, are all supported by
{LL, Lx, L, %x}.

The BP message-update rule is given in Lemma which directly follows from equations

D to E3).

Lemma 16 The BP message-update rule applied on Forney graph G of a k-SAT problem gives
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rise to:

/\v—m(LL) H pbav H (pbav (LL) + Po—v (L*)) (5-9)
beC(v beC3(v)

Avse(Lx) = H pb%v(f‘*) ( H (Po—sv(L*) + ppsp(LL)) — € H pb%v(L*)) (5.10)

beCs(v) beC(v) beCy(v)

)\v—w(L*) = H Pb—m(i*) ( H (Pb—w(L*) +pb—>v(LL)) — € H Pb—w(L*)) (511)

beCy(v) beCs(v) beCs(v)
Avose(#%) =€ H Pb—sp (%) (5.12)
beCe (v)UCE(v)
Peso(LL) = IT  Muse@o (5.13)
ueV(c)\{v}
Pc—m(i*) = H ()\u—>c(L*) + )\u—w(**) + Au—)c(i*))
ueV(c)\{v}
+ Z <)\u—>c(LL) - Au—>c(L*) - )\u—m(**)) H )\w—w(f‘*)
ueV(e)\{v} weV(e)\{u,v}
= I use(@x) (5.14)
ueV(c)\{v}
Peso(Lix) = H (Ause(Lix) + Ausse(3%) + Ay (Lix)) — H Ause(Lx)  (5.15)
ueV(c)\{v} ueV(c)\{v}
Pomso(3%) = T OCuoe(@n) + Ause(o) + Ause(@x)) = J[ Ausse(@w)  (5.16)
ueV(c)\{v} ueV(c)\{v}

po(0) = ] peso(@) ( IT (peso(@L) + pesu (L)) =€ ] ool L*) (5.17)

ceC (v) ceCO(v) ceCO( )

ﬂv(l) = H Pc—)v(]:*) ( H (pc—w(LL) +pc—>v L* H pc—w L* ) 5 18)

ceC9(v) ceCl(v) cGCl(U)

po(x) =€ [ pesulxx) (5.19)
ceC(v)

Now we are ready to investigate how these BP messages may reduced to (weighted) PTP

messages. It turns out that the following condition has a special role to play in this reduction.

Pe—sv(Lik) = PCHW(E*) = Pe—sv(**) (5.20)
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Proposition 5 In k-SAT problems, if the BP messages are initialized to satisfy condition

, then this condition is satisfied in every BP iteration.

Proof: ~ We only need to show that if is satisfied during initialization, then it is
satisfied in the first iteration after initialization. — In fact, noting that pe_, (L) = pe_yy (%)
necessarily holds in each BP iteration due to and , we only need to prove that
pe—sv(L*) = pe_sy (L) holds in the first iteration provided BP messages are initialized to satisfy
(15.20)).

Under this initialization condition, we have, in the first BP iteration after,

AUHC(L*)‘{'}W%C(**) = H Pb—w H (pb—w(L*)_"pb—)v LL H Pb—w L*
beCE(v) beCs (v) beCs(v)
e [T peoulx)
beC2(v)UCE(v)
= II oso@) JI (ooosu(Tx) + ppso(LL))
beCy(v) beCs(v)
H Py (L) H Ph—o(L¥) H Ph—sv (¥*)
beC“( ) beCs (v) bng(v)UCg(v)
YT peee@d) TT (P (@) + ppsu(LL))
beCy(v) beCs(v)
= )\U—)C(LL)7

where equality (a) is due to the initialization condition ([5.20]).

Then in the subsequent update of the right messages, we have

ueV(c)\{v}
+ Z (>\u—>c(LL) - )\u—>c<L*) - >\u—>c(**)) H )\w—w(i*)
ueV(c)\{v} weV (c)\{u,v}
- H Au—)c(]j”‘)
ueV(c)\{v}
D TT Cuoe@o) + el + Ao @) = [ Auore( )
ueV(c)\{v} ueV(c)\{v}

pc—)v (L*))
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where equality (b) is due to the above result Ay_c(LL) = Ayse(Lik) + Ayoye (k). [ ]

Theorem 3 In a k-SAT problem, suppose that the following two conditions are imposed in the

BP messages.

1. For every (v — ¢), the BP messages are initialized such that is satisfied.

2. In each BP iteration, \y_s. is scaled to D™ such that AP (L )+ AR (L) 4 ADOT (4 ) =

v—rC v—C v—C v—C
T . ; norm (L R\ ._ 1 L R
1, before it is passed along the edge; that is, Ny (5, ¢y Sue) 1= W.)\U%C(s%c, Suee)

for every (35,@ sﬁc) in the support of A\y—c and the right messages are updated based on

the normalized left messages, namely,

pon@L) = ] Aem(Ls) (5.21)
ueV(c)\{v}
peso(Lx) = TT 0o (L) + AR (o) + A5 (Lix))
uweV(e)\{v}
+ > (NAR(LL) = AR (L) = A ) [ Nee(e)
u€eV(c)\{v} weV (c)\{u,v}
I e (5.22)
u€V(e)\{v}
peoso(Lin) o= [T OB (L) + 020 () + A0 (L)) — [ A%W(Lx)  (5.23)
ueV(c)\{v} ueV(e)\{v}
peso(e) =[] N2 (Lox) + AR (o) + A0 (Lx) — [ A (@), (5.24)
ueV(c)\{v} uweV(e)\{v}

Then the correspondence between BP messages and weighted PTP messages is

MEEI(LH) 4 [Loe = 0] X2 TT(0) + [Lue = 1] - M2 (@) (5.25)

v—C

AT (Lx) 45 [Lye = 0] - Mp2mPTR(2) 4 [Ly o = 1] - 0P 0) - (5.26)

v—C v—C

NZE B e o NZR TR () (5.27)
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PR (Lx) o phorm®TR) () (5.28)
pEL(LL) & prrPTR(0) + prorr (PR (1) (5.29)
pFP©0) « ufT™(0) (5.30)
pFP) o uf™() (5.31)
pPP ) o T (x). (5.32)

Proof: Note that based on Proposition [5, condition pgil?(L*) = pgi%)(i*) = pgilj,)(**)

holds in every BP iteration. From the proof of Proposition |5} it also holds in every BP iteration
that

AR BP) (L) AT PP (1) = X5 PP (L), (5.33)

Now we will prove this theorem by first proving that the “left correspondence” ((5.25)) to
(5.27))) implies the “right correspondence” ((5.28) and (5.29)) and conversely that the “right
correspondence” implies the “left correspondence”, whereby proving the correspondence in the

passed messages. We then prove the summary correspondence ((5.30) to (5.32))).

First suppose that left correspondence holds, namely that AB%?(BP) (L) = [Ly. = 0] -

)

ALr(PT) () 4 (L, o = 1]- ARETR) gy AmormBP) oy 1, = 0] AT (1) (L, = 1)

AEﬁ?‘PTp) (0), and Ai}ﬁfg‘(BP)(**) = AEX?”TP)(*). Following PTP message-updating equations

(#-43) to (4.45)), we have

I 0) + 1)
(a)
= pEED0) + (1)
= [Ly.=0]- H )\gcf)rél(PTP)(O) H )\E(gIél(PTP)(l)
weV (c)\{v}:Lu,.=1 weV (c)\{v}:Lu,.=0
+[Ly=1]- H Anorm(PTP) () H Anorm(PTP) (1
ueV (e)\{v}:Ly,c=1 weV (e)\{v}:Lu,c.=0
- I om0 et

ueV (c)\{v}:Ly,c=1 u€V (c)\{v}:Ly,c=0
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= 11 [Lue = 0] X2 T (1) 4 (L, = 1] - XiPTP) (0) )
ueV(e)\{v}:Ly,c=1
T (e =0 NEEETO() (L, = 1] AT o)

ueV (e)\{v}:Lu,c=0

= IT (1Bue =01 M2 (0) 4 (Lo = 1] - X2 TP (0) )
ueV(c)\{v}

b —

S | PVl A
ueV(c)\{v}

= pBH (L)

where equality (a) is due to the fact that pe—y

norm(PTP) (PTP)

c—v

Theorem 2} equality (b) is due to the assumed left correspondence.

Similarly, we have

86

as is shown in the proof of

)\norm(BP)

PP =PI (x)
= 1- [T aemet) ] aemtTR)
ueV(e)\{v}:Ly,c=1 ueV(e)\{v}:Lu,.=0
= 1= I e
ueV(c)\{v}
DT T (L) 4+ AR L)+ XD ) — [ Ao
ueV(e)\{v} ueV(c)\{v}
= pgipv) (L*)v
where equality (c) is due to the fact that )\Eo_rff(BP)(L*) + Aﬁ‘fcn(BP) (L*) + )\Eﬁrf(BP)(**) =1.
Thus we proved that if the left correspondence holds, then the right correspondence holds.
Now suppose that the right correspondence holds, namely that pgi};) (Lx) = P (PTP)(*),
and pgilz,)(LL) = pESL“(PTP)(o) + pgir?(PTP)(l). We then have
pBE) (L) + pPRN(LL) = g (PTF) () 4 pRorm(PTF) () 4 prerm(PTR) (1)

= 1.

(L)
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Following PTP message-update equations (4.40) to (4.42)), we have

[L’U,c - O] : )‘z(;F:tiP)(O) + [Lv,c - 1] ) )‘g]i?cP)(l)

norm(PTP norm(PTP
= [LU,CO]-( (o 0+ 2 ()
beC(v)\{c}

norm norm(PTP
+[Lv,01]-( IT ™M@+ - 1
beC(v)\{c}

beC(v)\{c}

norm(PTP norm(PTP
= [Loe=0- [ ®00) + o™ ()

« 11

beC(v)\{c}

87

norm(PTP
SR C >)

norm(PTP
P ( )(*))

beC(v)\{c}
norm(PTP norm(PTP norm(PTP
HLve=1- [T @@+ ) - [T a2 e
beC(v)\{c} beC(v)\{c}
(4.57) norm(PTP norm(PTP norm(PTP
= [Loe=0- JT G20+ 47 ™) T st @)
beCs(v) beCy(v)
norm(PTP norm(PTP norm(PTP
Hlve=1- TT G2 @)+ IT s ™)
beCs(v) beCy(v)
norm(PTP
— I 2"
beC(v)\{c}
(4.56) norm(PTP norm(PTP norm(PTP
= Loe=0- [ a2+ Loe=1- TT A2 - TI s
beCy(v) beCy(v) beC(v)\{c}
norm(PTP norm(PTP
= II 2w - I ao™
beC2(v) beC(v)\{c}
norm(PTP norm(PTP
= II 2™ (1 IT Ao ™™ e
beCy(v) beCs(v)
< oo (L) (1= T o2 ()
beC3(v) beCs(v)
(e) (BP
= P @) | [T 20 @)+ o 50 @) —¢ T n) (@
beC:(v) beCs(v) bECS( )
() =
= oo @) [ TT o2 @) + 2 @m)) —e TT o2 (L
beC¥(v) beCs(v) beCS( )

AE (L)

where equality (d) is due to the assumed right correspondence, equality (e) is due to the fact that
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pQEE) (Lx) +p£]ipv)(LL) = 1, and equality (f) is due to that the condition pl(,Bj;) (Lx) = p,()]ipv)(f,*)
is satisfied in every iteration. We will denote this result by (A).

Similarly, we have

[Loe = 0] - APV (1) 4+ (L, = 1]- AFTP) (0)

norm(PTP norm(PTP norm(PTP
i [L”’CO]'( I Ge™w+ g™ - ] pb:v”)(*)>

beC(v)\{c} beC(v)\{c}

norm(PTP norm(PTP norm(PTP
+[qu-< [T e ®™ )+ oo™y e ] oot ><*>)
beC(v)\{c} beC(v)\{c}

= AZ ().

We will denote this result by (B).

Finally, we have

NREORESENN | IS O
beC(v)\{c}

= € H pl()]ii)(**)
beC(v)\{c}
= )\(BP)(**).

vV—C

We will denote this result by (C).

Combining results of (A4), (B) and (C), we have

APTPI0) + APTP) (1) 4 APTP) (4) = ABP) (L) + ABP) (L) 4+ ABP) ().

v—C v—C v—C v—C

That is, the scaling constant for normalizing ()\q(}iTcP)(O),Aq(,}i,TcP)(l),)\f,(}P_?cP)(*)) and that for

normalizing ()\S,Ifc) (Lx), AEF) (L), ABE) (xx)) are identical. Therefore, result (A), (B) and (C)
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respectively translate to

[Ly,c=0] )‘EE;?(PTP)(O)‘F[LMCZ 1] - )‘go—izn(PTP)(l) = /\30—2?(]3}))(1‘*)
[Loe = 0] - MR ET(1) 4 [Lyc = 1] - N2RET(0) = AR (L)
NZe T ) = RO ().

At this point we have proved the correspondence between the passed messages in BP and
those in weighted PTP.

We now prove the summary correspondence. Following the PTP message-update equations

- ) to , we have

W) =TT (™) + @) < e T T )
ceC(v) ceC(v)
= II (@™ + o ®™() T (o @™ (0) + o0 s
ceCt(v) ceC(v)
e TI ™)
ceC(v)
(4.56)),(4.57) norm norm
= H Pe—v (PTP)( )_6 H Pe—v (PTP)()
ceCl(v) ceC(v)
=TI o™ (1-c T Aent™i
ceC(v) ceCO(v)
= IT AZ0@o [ T eERan) + o8B —e [ oY
ceCt(v) ceC(v) ceCO(v)
= PP (0).

Following a similar procedure, we have

pF) = T (e @) + p2opr TR e I P ™™ (+)
ceC(v) ceC(v)
ceCO(v) ceCl(v) cEC’l(v)

= wPP ().
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Finally, we have

) = ¢ T Aem®™ e = T pB) (ee) = PP (),
ceC(v) ceC(v)
which proves the summary correspondence. [ |

5.3 State-Decoupled BP

In this section, we will consider reducing PTP from BP for 3-COL problems, where we only
focus on the non-weighted version of PTP, namely that each weighting function w, is defined

as

wy(alb) := [a = b]. (5.34)

This gives the form of BP messages in the form specified in the following lemma, easily obtain-

able from BP update equations (5.4]) to (5.6]).

Lemma 17 The BP message-update rule for 3-COL problems is as follow:

)\vac(ia 1.]) = H (Pb—m(i, ij) + Pb—w(i, lk) + Pb—w(i, ljk))
beC(v)\{c}
= I (om0 15) + poso (i, 1K) (5.35)
beC(v)\{c}
)\v—>c<i7 l.lk) = H (pb%v(ia ij) + Pbav(i; lk) + pb%v(ia l.lk)>
beC(v)\{c}
— I (posoli 1) + posu(i, 5K))
beC(v)\{c}
= I (ooosoiik) + poso (i iik) + [ poo(isifk)  (5.36)
beC(v)\{c} beC(v)\{c}
Mose(ii i) == [ (osoo(i 1) + poso(i, ifk)) (5.37)
beC(v)\{c}
Mose(id k) = ] (oo (i, 10) + poo (i, 1K) — [ ool ifk)  (5.38)
beC(v)\{c} beC(v)\{c}
Mooe(likifk) =[] pe(iik, iik) (5.39)

beC(v)\{c}
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Pc—w(i, 1.])
pcﬁv(ia le)
pcﬂv(ija ij)

Pc—v (1.] > 1.] k)

pe—o(ijk, ijk)

po(1)

po (i)

o (1K)

AV (@)\fv} (K JK) (5.40)
AV )\ {v}—c ik, k) (5.41)
AV (@)\fv}—re(K; 1K) (5.42)

AV (e)\fv}—se(ids TK) + Ay o) fo1—c (K, 1K) + Ay o) (o) —e(ik, ijk)
FAV )\ {v}—e ik, ijk) (5.43)

AV e\ fv}—e(ids TK) + Ay o) fo1—c (K, 1K) + Ay o) (o) —e(ik, ijk)

AV (e)\ v} —e(ijk, ijk) (5.44)
IT (Pessv(d35) + peso(is i) + pesu(i, ijk))
ceC(v)
— TI (peolisid) + peosu(is iik))
ceC(v)
- H (Pe—sv(i, 1K) + peso (i, ijk)) + H Pe—o(i, ijk) (5.45)
ceC(v) ceC(v)
I (Pemso(idii) + pesolii,ifk)) = T e, ik) (5.46)
ceC(v) ceC(v)
I peooiik, ijk). (5.47)
ceC(v)

Before we begin to consider the BP-to-PTP reduction for 3-COL problems, it is helpful to

take a closer look at the BP-to-PTP reduction mechanism for k-SAT problems.

In Theorem |3] one may notice the two conditions governing the BP-to-PTP reduction for

k-SAT problems, namely, the initialization condition and the normalization condition. It is

arguable that the normalization condition imposed on the BP messages, although serving to

simplify the form of BP messages and possibly to alter the interpretation of the messages, does

not have a critical impact on the message-passing dynamics. This is because the normalization

condition merely involves a scaling operation, without which BP messages and PTP messages

for k-SAT would still be equivalent up to a scaling factor. On the other hand, the initialization

condition in Theorem [3| plays an important role on the message-passing dynamics. In essence,

the initialization condition assures that any right message depends only on the right state it



Connection To Belief Propagation 92

involves. Using the “intention-command” analogy, in which one views each right state as storing
the “command” sent from a constraint and each left state as storing the “intention” of a variable,
this condition simply restricts that the distribution of the command sent to any variable does
not depend on the intention of the variable. It is remarkable that this interpretation of the
initialization condition in Theorem [3| (or ) is consistent with the PTP message-passing
rule, in which any right message (i.e., outgoing distribution of command) sent to a variable
is independent of (or, not a function of,) the incoming intention from that variable. This is
however not the case for the right messages of BP in general.

We are then motivated to formalize this condition for general CSPs as what we call the
“state-decoupling” condition and impose it on the right messages of BP, so as to achieve a
consistency with PTP. It is intuitively sensible that such a consistency is needed in the reduction

of PTP from BP.

Definition 2 (State-Decoupling Condition) For an arbitrary CSP and at any given iter-
ation, the BP messages based on the MRF formalism defined by , , and are said

to satisfy the state-decoupling condition if for every (v —c), the right message pe—y(Sy.c) is only

R

v,c?

R

a function of the right state s namely, if for any fixed sffc € (X*){v} and any s{ic C Spes

pC%U(Sql)/,m Sﬁc) = pC%U(Sll)%,c? 850)‘

It is clear that the initialization condition for BP-to-PTP reduction for k-SAT in Theorem
is equivalent to this condition, where we note that the condition in Theorem [3| only puts
restrictions on the right messages with right state equal to *, since for the remaining case with
right state equal to L this condition is trivially satisfied.

It is interesting to observe, as shown in Proposition |5 that for k-SAT problems, as long as
the state-decoupling condition is imposed in the initialization of the BP messages, the condition
is preserved in every iteration. This serves as the basis for BP to reduce to PTP as shown in
Theorem [3land its proof. For 3-COL problems, however, the corresponding result to Proposition
[l does not hold.



Connection To Belief Propagation 93

Lemma 18 For 3-COL problems, if the state-decoupling condition holds for BP messages both

in iteration | and in iteration 4+ 1, then the right message in iteration | must satisfy for every

(v—r¢)

pc—>v(5L7 SR) =0

as long as right state s # 123.

Proof: In 3-COL problems, the state-decoupling condition can be expressed as

pcav(ia ij) = pcﬁv(ijﬁj)

Peso(LijK) = peso(if, ijk) = peo(ijk, ijk).

Note that we only need to prove the lemma for s being a pair of assignments, since when

R is a singleton, all right messages equal 0 by the construction of the MRF and Lemma

s
describing the BP message-update rule for 3-COL.
In iteration [ 4 1, following 3-COL message-update equations (5.35)) to (5.44]) and using a

superscript to denote the iteration number, we have

. es l :
D) = A i)
_ (0) : (1) - 0 ij
= 11 (P82 o 0 0) 1y O 8B) 47, (1500
bEC(V(O\{vh\(c}
(1) ; 9 ij
= I (Ao 830+ 4 (e 1K) (548)
beC(V(@)\ (o)) e}
_ (0 : (1) - 9 ij
= 11 (lob%V(C)\{v} (ke 3K) + 0y o\ oy (6 1K) + 0%y gy (5 ‘Jk)>
bEC(V(\{vh\(c}
(1) - 9 ij
I (Ao 010+ a4 (1K)
beC(V(O\{vh\(c}
(1) i 9 ij
=TT (v 0390+ g (1K)
bEC(V (N {vD)\{e}
(l) .o
+ H pb—)V(c)\{U}(k’ ijk). 049

beC(V(e)\{vh)\{c}
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Now suppose that the state-decoupling condition as expressed above can be satisfied both

in iteration [ and in iteration [ 4+ 1. Then we may equate the right-hand sides of (5.48) and
(6-49), namely,

@ s (1) . 0) .
H (prV(c)\{v}(k"]k) +055v (o0 oy K 1K)+ 0450 oy (K IJk))
beC(V(e)\{v})\{c}

O] . ) ..
= I (Ao 030+ a1y (e i)
beC(V NP\ (e}

_ 0 : 0 : 0 N
= H (pb%V(c)\{v}(k’Jk) + 05y (00 oy K 1K) + 0 5y on oy (K le))
beC(V(c)\{v})\{c}
U] @

. l .s
- 11 (pb—>V(c)\{fu}(k’ ik) + 2y Sy (o oy (K 1Jk)>
beC(V(e)\{vh\{c}

l . l ' l oo
- I (vow®i0+alvogpi) + TT Al ik,
beC(VN )\ e} beC(V oD}

which implies

0) . 0 N
11 <pb—>V(c)\{v}(k’Jk) + Py (o oy (K le))
beC(V(e)\{v)\{c}
O]

B . 0 ..
= H (Pb—u/(c)\{y}(kv ik) + pb—)V(c)\{v}(k’ 1Jk)>
beC(V(e)\{vH)\{c}

l . l oe l o
I (Ao it a kv tik) =TT Al O )
beC(VN )\ e} beC(V oD}

Since every right message must be non-negative, when the state-decoupling condition is satisfied

in iteration [, the only way to make the above equality hold is the case where

O] )
Posv (o) o} (K> 1K) = 0.

Under the state-decoupling condition, this also means pl()gv(c)\ {U}(ik, ik) = 0. Thus we
establish this lemma. [ |
This lemma suggests that when the BP messages satisfy the state-decoupling condition

in two consecutive iterations, then the right messages must take a trivial form — equal to
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[s = 123] up to scale, and contain no information.

At this point, one is left with either the option of concluding that PTP (or SP) is not an
instance of BP for 3-COL problems (and hence for general CSPs) or the option of doubting the
usefulness of the state-decoupling condition in BP-to-SP reduction. In the remainder of this
section, we will clear this doubt and assert the usefulness of the state-decoupling condition by
showing that when the state-decoupling condition is manually imposed on the BP messages in
each iteration, BP still reduces to PTP for 3-COL problems. That will allow us to conclude
that PTP (or SP) is not a special case of BP.

To force the state-decoupling condition to be satisfied in each BP iteration, now we modify
the message-passing rule of BP on the Forney graph representation of general CSPs, and intro-

2

duce a “new” message-passing procedure which we refer to as the state-decoupled BP or SDBP.
We note that introducing this “new” message-passing procedure is solely for the purpose of
verifying the usefulness of the state-decoupling condition and hopefully arriving at a unified
reduction mechanism for PTP to reduce from BP (or more precisely from SDBP). Beyond this
purpose, we have no intention to justify the introduction of SDBP.

Identical to BP at local function vertices, SDBP differs from BP in that messages passed
from the right functions need an additional processing (so that the state-decoupling condition
is satisfied) before they are passed to the left functions. In SDBP, there are three kinds of
messages: right message p.—, is computed at right function f. to pass along the edge to gy;
state-decoupled right message p}_,, is computed at the edge connecting f. and g,,, which satisfies
the state-decoupling condition, computed only based on the right message p.—, on the same
edge and to be passed to left function g,; left message Ay is computed at the left function g,

to pass along the edge connecting to f.. The precise definition of SDBP message-update rule

is given next.
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Definition 3 The SDBP message-update rule is defined as follows.

)‘U%C(Sic’sﬁc) = Z Wy 8’5,6 m 81])%,17 ’ H PZ—w(Sﬁ,b) (550)

K oon e} beC(v) beC (v)\{c}
p:—)v(sﬁc) = 0- pCH’U(sf,c’ 81]1%,0) (551)
pCﬁv(squl,c’ Sﬁc) = Z [Sf,c = FC(S\I}(C)\{U},C)] H )‘UHC(Sic’FC(S\L/(C)\{u},c)) (552)
SV (e)\ (v} ¢ ueV(c)\{v}

Hv(yv) = Z Wy | Yu ﬂ Sﬁc H p:—w(svﬁic) (5'53)

SZC(U) ceC(v) ceC(v)

where 6 =1/ ZSE‘CE(X*){”} pc_w(sﬁc, sfic).

Comparing this definition with the BP message-update rule in Lemma the following
remarks are in order. First, the expression of right messages p in terms of left messages A
is identical to that in BP. Second, each state-decoupled message p}_,, may be regarded as a

sk sR

function of (s, sy
bl bl

) but the value of the function only depends the sf;c component, namely
that the (state-decoupled) right message satisfies the state-decoupling condition. Furthermore,
the expression of A in terms of p* is precisely the same as the expression of A in terms of p in
B

Following this definition, the next lemma summarizes the SDBP message-update rule for

3-COL problems.

Lemma 19 Let {w, : v € V'} in 3-COL problems be defined as in . The SDBP message-

update rule is then :

! Although it is possible to formulate SDBP in more compact form by, for example, suppressing p and
expressing the message-update rule only using p* and A, we feel the current way of formulating SDBP
makes it easier to compare SDBP with BP.
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Moe@ij) = [T (o) + pio (k) + 5, (1K)
beC(v)\{c}
- I (i Gi) + pis(iik)) (5.54)
beC'(v)\{c}
Mose(B k) = [ (oo () + piu (iK) + pi, (1K) — (Ph— (13) + Py (1K)
beC(w)\{c} beC(v)\{c}
- I iR+ i)+ I ris.(iik) (5.55)
beC(v)\{c} beC(v)\{c}
Mooeyii) = [ (o) + i, (1K) (5.56)
beC'(v)\{c}
Mooe(iisiik) == [ oo () +pis (k) — [ pi(iik) (5.57)
beC(v)\{c} beC(v)\{c}
Moselikijk) == [ pis.(iik) (5.58)
beC(v)\{c}
Pemsp(ld) 1= 0 Avepfu)—e(k, ijk) (5.59)
oy (iik) = 0 (Avopfo1—e(ds 1K) + Ay o1—e (K, 1K) + Ay (o) o) - (K, ijk)
AV (o) fo} e ik, 1K) (5.60)
po)) = T (Phse() + piso (k) + pi, (5K) — [T (PFs (i) + £ims(iik))
ceC(v) c€C(v)
— T oisik) + o2, (k) + [T pise(iik) (5.61)
ceC(v) c€C(v)
po(i) = [I (Pimoi) +pisu(ik) — T pis.(iik) (5.62)
ceC(v) ceC(v)
po(ijk) =[] pis.(iik), (5.63)
ceC(v)

where 6 s such that

Py (5K) + > ph, (i) = 1.
ij

It is now possible to establish a correspondence between PTP and SDBP messages for

3-COL problems.

Theorem 4 For 3-COL problems, the correspondence between PTP and SDBP message-update
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rules is

A(PTP) (i)

vV—C
AT (1)
AFTP) (1K)

PR (i)

prorm(PTP) 35k )

us TP ()

uPTP) (1)

1P (ijk)

Proof: ~ We will first prove that if the
(5.68))) holds, then the “left correspondence” (namely that (5.64) to (5.66)) holds.

AEDBP) (k)

vV—C
ABDBP) (145, ijk)
ABPEP) 45k, ijk)

PV 3)

pEPBP) (3jk)

pSPPP) )

nPPP ()

niPE (k).
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(5.64)
(5.65)
(5.66)
(5.67)
(5.68)
(5.69)
(5.70)

(5.71)

“right correspondence” (namely that (5.67) and

Suppose that the right correspondence holds (where the symbol < in (5.67)) and (5.68) is

understood as equality). Then

o e *(SDBP) /.. *
NPk = [T (S0 60) +

beC(v)\{c}

—V

S0P o)+ 5 ko))

*(SDBP) /.. +(SDBP) /..
- II (B85 6 + 650 k)

beC(v)\{c}

*(SDBP) /. *(SDBP) /.. *(SDBP
SO (S )+ ] A

beC(v)\{c}

=T () +

beC(v)\{c}

. H (p;)lifm(PTP)
beC(v)\{c}

norm(PTP)
- H (pb—w
beC(v)\{c}
= AFIP3).

v—C

beC(v)\{c}

norm(PTP) norm(PTP)

Po—v (ik) + P (l-lk)>
) + o k)

(i) + oo TG )+ T

beC(v)\{c}

norm(PTP) (ljk)
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Similarly, we can prove that ASoe ) (ij, ijk) = A i) (i) and ASoED) ik, ijk) = AF o) (ijk).
It then follows that the left correspondence holds.
Now we prove that if the left correspondence holds, then the right correspondence holds.

Suppose that the left correspondence holds, then we have

PTG = o plTD ()
_)\norm(PTP)

= Ay uyoelK)
o (PTP)
= a (5 ‘ /\V(c)\{v}%(k))

B (SDBP) ..
= B Av(en gyl 1K)

where o =1/ 37, .y pgiT;JP) (t) and B =1/37 ¢ yvients )\g(fi?{v}ﬁc(t). We also have

* .o S .o
PEDERIGG) = 5 AT (K 1K),

*x(SDBP) norm(PTP)

Since both pesy and pe—syp are normalized, it must hold that a8 = ¢. This in-
dicates that pessy (PTP)(ij) = pz(_sml? BP)(ij). Following a similar procedure, one can show that

e (PTP)(ijk) = p:(_st BP)(ijk). This implies that the right correspondence holds.

At this point, we have established the correspondence between passed messages in PTP
and those in SDBP.

Now we will prove the summary correspondence (namely, that (5.69) to (5.71)).

uEPBG) = T (piSDBP) (3) 4 prSDBP) (k) + prSDBP) i)
ceC(v)
— JT @:E2PPG) + pr S0P (ijk))
ceC(v)

— T e:SPPak) + oG0P Gik) + [T #:S0P7 (k)
ceC(v) ceC(v)
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- H (pEom TR i) 4 prorm T (k) + ppos TP k) )

(v)
— T (e ®T)) 4 plom T (3jk))

ceC(v)
H élgqun(PTP 1k)_‘_pnorm(PTP IJk + H pggqrjn PTP) le)
ceC(v) ceC(v)

— (PTP)(I)

Similarly, we can prove that ul(}SDBP)( ij) = MS,PTP) (ij) and MS,SDBP) (ijk) = uq(,PTP)(

ijk). This
proves the summary correspondence. [ |

At this end, it should be convincing that the state-decoupling condition is an important
ingredient in the reduction of BP to PTP. It is worth noting that in the case of k-SAT problems,
this condition can be imposed simply by the initialization of BP messages. However in the case
of 3-COL problems, one needs to manually impose this condition at each iteration, namely,
carrying out SDBP instead of BP, so as to arrive at an equivalence to PTP messages. This
extra complexity involved in 3-COL problems then suggests that for 3-COL problems, PTP
and hence SP are not a special case of BP. Thus at this end, one may conclude that SP is not
BP for general CSPs.

Now it remains to investigate, for general CSPs, whether the state-decoupling condition is

sufficient for PTP or weighted PTP to reduce from BP, or equivalently whether and when PTP

and weighted PTP are SDBP.

5.4 The Reduction of Weighted PTP from SDBP for

General CSPs

Up to this point, we see that the state-decoupling condition critically governs the reduction of
BP to PTP (or weighted PTP) for k-SAT problems and 3-COL problems. In this section, we
will however show that the state-decoupling condition is not sufficient for BP (more precisely

SDBP) to reduce to PTP and that an additional condition is needed in the general context.
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Definition 4 (Forceable Token) For any (v—c), we say that a token t, € (X*){”} is forceable

by I'. if there exists a rectangle  [[  t, on V(c)\ {v} such that F. ( IT tu> =ty.
ueV(e)\{v} u€V(c)\{v}

We will denote by F.(v) the set of all tokens on v that are forceable by I'.. Let A.(v) :=
Uter, () t- Since Ac(v) =F (Huev(c)\{v} (X*){“}), it follows that A.(v) is always forceable. In
fact, it is easy to see that A.(v) is the “largest” forceable token on v by I'. — in the sense of

containing all other forceable tokens as its subsets — due to the monotonicity of Fe(-).

Example 7 In k-SAT problems, for any (v — c), it is easy to see that F.(v) = {*,L}, and
Ac(v) = *. In 3-COL problems, for any (v—-c), it is easy to see that F.(v) = {123,12,23,13},

and A.(v) = 123.

For any (c —v), let A..(v) be defined by

Awc)= (] Av).
beC(v)\{c}
Definition 5 (Locally Compatible Constraint) A constraint T'. is said to be locally com-
patible if for any v € V(c), any forceable token t, € F.(v), any rectangle t' € F 1 (t,)
on V(c) \ {v} (where ;! (t,) is the set of all rectangles yy gy on V(c) \ {v} such that

Fe(Yv(e\{v}) = tv) and any u € V(c) \ {v}, it holds that

Ave(t) € Fe (B0 Xty (o uny ) -

We note that the local compatibility of a constraint I'. as defined above is not simply a
property of I'. itself. It also relies on the structure of all constraints that are distance-2 away

from I'. in the factor graph.

Theorem 5 Let the set of obedience conditionals {w, : v € V'} be given, where each v € V
corresponds to a coordinate of a CSP. Let both the MRF' of the CSP (that specified via ,
and ) and the weighted PTP for the CSP be both parametrized by {w, : v € V}.
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Then if every constraint of the CSP is locally compatible, the SDBP derived from the MRF is

equivalent to the weighted PTP, where the correspondence is

norm(PTP *(SDBP
c—v ( ) < pcgv )

Conversely, if such an equivalence holds for every choice of {w, : v € V'}, then every constraint

of the CSP must be locally compatible.

Alternatively phrased, Theorem [5] suggests that if the state-decoupling condition is satisfied
in every iteration of BP, the local compatibility condition on all constraints is the necessary
and sufficient condition for weighted PTP to reduce from BP. — We note that Theorem [5| only
refers to the equivalence of right messages. It is however straight-forward to verify (as seen in
earlier proofs of equivalent results in this thesis) that right equivalence implies the summary
equivalence.

This theorem answers the question when SP is SDBP in a general setting.

Proof:  Following the message-update rule of SDBP,

P:(—S:EBP)(SE,C) X Z |:81])%,c =Fe (S\L/(c)\{v},c>] H A(FDBE) (55,07 Fe (S\L/(c)\{u},c»
ST (e)\ {0} e ueV (c)\{v}
= D [Sﬁc =Fe (86(0)\@},(;)] 11 >
SV (eN\ [o} e wEVOMYY )l oy ()
Wy 85,0 ﬂ Sﬁb NF. (8‘[}(0)\{u,v},c x 830)
beC(u)\{c}
S || A ) (5.72)
beC(u)\{c}

Similarly following the message-update rule of weighted PTP, we have
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PO (tee) o D | oo = Feltvienpuy—e)] 1 >
W (e)\{v}—e ueV (e)\{v} te)\ (e} —»u
Wy | tusse m th—u . H pzzqr?(PTP)<tb~>u> (573)
beC(u)\{c} beC(u)\{c}

Identifying every right state sﬁc in (5.72) with token t., in 1D and every left state

sﬁc (5.72)) with token t,_,. in 1) the only difference between 1) and 1} is the

*(SDBP) and p norm(PTP)

argument of function w,. (We note that since both pc5, are normalized,

the scaling constant in ((5.72)) and (5.73)) are necessarily the same.) We now prove the sufficiency

norm(PTP)

and necessity of the local compatibility condition for the equivalence between pc— and
p’é(jlﬁ BP) Via the following chain of two-way implications.
pLSPEP) o ppomPTP) iy €V (c)
L R R L R
< Wy 8u7c m Su,b N F ( (C)\{’u, U} c X S ) = Wy Su7c m Su,b
beC(u)\{c} beC(u)\{c}

Vv € V(c) and every (sf’c, s‘L/(c)\{U}ﬂ) in the support of {sﬁc =F. (S‘L/(C)\{v}’c)] ,
Yu € V(c) \ {v} and every choice of |C(u) \ {c}| tokens on {u}, {sZ b be Cu)\ {c}},

with each sﬁb in the support of pl()iTuP).
< 1 s ] NFe ( V(e)\{wo}e R) = 1 s
beC(u)\{c} beC(u)\{c}

Vv € V(c) and every (sffc, s‘L/(c)\{v}ﬂ) such that sf:c € Fe(v) and s‘L,(C)\{v}’C € Fgl(sﬁc),
Vu € V(c) \ {v} and every choice of |C(u) \ {c}| tokens on {u}, {sub be Cu)\{c}},

with each sﬁb € Fp(u).

& (] s CF (55(c>\{u,v}»c % Sﬁc)
beC(u)\{c}

Vv € V(c) and every (3513:3%/(0)\{1)},0) such that s, € F.(v) and s{j(c)\{v}’c € Fc—l(sfjc),
Vu € V(c) \ {v} and every choice of |C(u) \ {c}| tokens on {u}, {sub be Cu)\{c}},

with each sib € Fp(u).
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A ﬂ Ab(u) CFe (86(0)\{%@}@ X Sﬁc)
beC(u)\{c}

Vv € V(c) and every (sﬁc, S‘I}(c)\{v},c) such that Sﬁc € Fc(v) and SXL/(C)\{U},C € Fc—l(sﬁc),
and every u € V(c) \ {v}.

= ANC(U) g FC (S‘I}(C)\{u’v}’c X Sﬁc> s
Vv € V(c) and every (sf’c, s‘L/(C)\{U}’C) such that sf’c € F.(v) and 86(0)\{v}’c € Fgl(sﬁc),
and every u € V(c) \ {v}.

< Constraint I'; is locally compatible.

Thus

PR PTR) o5 prSDBP) for every (w0,Te) € E(G)

< Every constraint I'. is locally compatible.

|

Now it is easy to verify that for both k-SAT and 3-COL problems, the fact that PTP or
weighted PTP can be reduced from BP with state-decoupling condition imposed is due to the
fact that every constraint is locally compatible.

For k-SAT problems, as noted earlier, F.(v) = {L,*}. If we pick ¢, to be either to-
ken from F.(v), then for any ¢ € F, !(t,) and any u € V(c) \ {v}, it can be verified that
F. <t{V(c)\{u,v} X tv> = *. This makes A..(u) C F, (t{V(c)\{u,v} X tv> always satisfied, indepen-
dent of the factor graph structure of the problem instance.

For 3-COL problems, as noted earlier, we see F.(v) = {123,12,23,13}. Suppose that u
is the only other coordinate (except v) that is involved in constraint I'.. If we pick ¢, to be
any token from F.(v), then F¥ (¢,) = 123. This again makes A..(u) C F¥ (¢,) always satisfied,

independent of the factor graph structure of the problem instance.
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That is, in both k-SAT and 3-COL problems, the structure of each local constraint alone
guarantees the local compatibility condition satisfied by every constraint, irrespective of how a
constraint interacts with other constraints (that are distance 2 apart) as is generally required
in the local compatibility condition. We generalize this fact in the following corollary —
immediately following Theorem [5| — which provides a sufficient condition for SDBP to reduce
to PTP without relying on the interaction of neighboring constraints. For CSPs constructed
with generic local constraint by random factor graph structure, the corollary may turn out to

be useful.

Corollary 2 Let both the MRF of the CSP (specified via , and ) and the

weighted PTP for the CSP be parametrized by the same {w, : v € V}. Suppose that every
constraint T'. is such that for any v € V(c), any forceable token t, € F.(v), any rectangle

t' € F71(t,) on V(c)\ {v}, and any u € V(c) \ {v}, it holds that

F. (tv x tfv(c)\{w}) = ()"

Then SDBP derived from the MRF is equivalent to weighted PTP, where the correspondence
18

norm(PTP *(SDBP
c—v ( ) e pc(—w )

For completeness, we conclude this section by constructing an example of CSP in which the

local compatibility condition is not satisfied by every constraint.

Example 8 Suppose that I'. and 'y, are two of the constraints defining a CSP, and the fac-
tor graph representing the CSP locally obeys the structure shown in Figure [5.3.  Suppose
that each variable of the CSP has alphabet x = {0,1,2} and that T, is defined as ' :=
{(04,04), (04, 1), (14, 24), (24, 24) }. Suppose that Ty is defined as Ty := {(04, 00), (1us L)y (20, Lup) }-
Note that Fe(v) = {0,,12,,012,}, and it is easy to verify that A.(u) = Ap(u) = Fp (012,,) =

012,. Now if we pick t, = 0,, then we have A..(u) € F.(t,) = 01,. Thus constraint T is not
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locally compatible, and following Theorem [3, PTP or weighted PTP can not be reduced from
SDBP for this CSP.

Ty Fc Ty, Fb
] Y ]
L] \_/ L]

Figure 5.2: A portion of a factor graph G.

Ty

With this example, we see that it is not always the case that SDBP is SP.

5.5 Concluding Remarks

In this chapter, we present a normally realized MRF formalism for arbitrary CSPs, in the style
of [23]. We derive the BP message-update equations from such an MRF, which we use as the
basis for answering the question “is SP BP?” in the general context. We show that although it
is possible, in the context of k-SAT problems, to reduce the SP (or weighted or non-weighted
PTP) message-update rule from these BP equations, the claim that “SP is BP” is false in
general. This clarifies the earlier misconception that understands SP as a special case of BP.
We also establish necessary and sufficient conditions under which one may validly regard SP
as an instance of BP.

A consequence of this result is the possibility that new analytic tools may be needed for
analyzing SP algorithms, since direct applications of the existing tools for BP are likely to be
less effective. Some machineries from statistical physics seem particularly promising and for
a comprehensive review of the related subjects therein, the reader is referred to |25, a work

being developed concurrently with this thesis.



Chapter 6

Graph Coloring with Weighted PTP

In this chapter, we apply the generalized survey propagation algorithm, namely, the weighted
PTP algorithm, to 3-COL problems on Erdés-Renyi random graphs. It is known that this is a
family of NP-complete problems and an SP-based solver was recently proposed by Braunstein
et al [10]. We will first describe the problem and then propose a weighted PTP based algorithm
to investigate whether there may be benefit resulting from this generalized notion of SP. Ex-
perimental results are then presented and the performance of our algorithm is compared with
the algorithm of [10] (which we refer to as the BMPWZ algorithm). The chapter is concluded

with a brief discussion.

6.1 The 3-COL Problem on Erdos-Renyi Random

Graphs

Recall as introduced in Section given an undirected graph (A, E) with vertex set A and
edge set Z, the objective of the 3-COL problem on (A, =) is to assign each vertex in A a color
from 3 different colors (each denoted by a number in set x = {1,2,3}) such that every pair

of adjacent vertices have different colors. Formulated as a CSP on a factor graph, the graph

107
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vertices A may be identified with the coordinate set V' and the graph edges = may be identified
with constraint-indexing set C. In particular, each constraint connects precisely two variables
in the factor graph.

We now consider the 3-COL problems on Erdos-Renyi random graphs. For any integer
n > 1 and any real number p € (0, 1), the Erdés-Renyi random graph ensemble G, (p) is the
ensemble of random graphs each containing n vertices and in which every pair of vertices are
connected by an edge independently generated with probability p. It is straight-forward to
verify that the expected total number of edges in a random graph drawn from G, (p) is (g) P,
and the expected (or average) vertex degree of any vertex in the graph, which we denote by 6,
is

0 =2x (Z)p/n: (n — 1)p.

As we typically consider large random graphs (i.e., n > 1), we see that § ~ np. Instead of
using p, the Erdés-Renyi random graph ensemble G, (p) may be alternatively parameterized by
6, in which case we denote the ensemble by G,[6].

It is well-known that 3-COL problems are in general NP-complete. On Erdds-Renyi random
graph ensembles, one expects a phase transition phenomenon in the hardness of the 3-COL
problems. Similar to the random k-SAT problems, it is shown that there are two thresholds of
parameter 6: 6, ~ 4.42 and ; ~ 4.69; when 6 < 6., 3-COL on G,,[0] is easy and solvable by local
search algorithms; when 6 > 6,, the problem does not have solution almost surely; when 6 is
between the two thresholds, the problem is hard and local search algorithms almost always fail.
In the hard regime of 3-COL on G,[d], Braunstein et al. applied a survey propagation based
algorithm, which we call the BMPWZ algorithm, to solve the problems |10]. The performance
of their algorithm is shown in Figure [6.1

As shown in Figure the BMPWZ algorithm is capable of solving a significant range of
the problems in the hard regime. However, there is still a range of § in which the algorithm
fails.

In this study, we will apply weighted PTP to 3-COL on G,[f] in the hard regime (namely,
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Results of the BMPWZ algorithm

1 == z "P' T T

—e—n = 4000
--9-+n = 8000

| -B--n = 16000 H

0.8

0.6

0.5

0.3

percentage of solved problems

0.2~

4.4 4.45 4.5 4.55 4.6 4.65 4.7

Figure 6.1: The fraction of 3-COL problems on G, [f] solved by the BMPWZ algorithm.
The plots are reproduced by visual inspection of the plots in [10].

0 € (4.42,4.69)) and investigate whether this generalized notion of SP may potentially push

further the solvability of such problems.

6.2 Solving 3-COL Problems by Weighted PTP with

Decimation

As in their applications to other problems, SP-based algorithms typically involve
e a local message-update rule for variables, for constraints, or for both;

e a set of decimation rules that select a subset of the variables and fixes their values so as

to reduce the size of the problem:;



Graph Coloring with Weighted P'TP 110

e a schedule that orders and iterates over message-update procedures and decimation pro-

cedures; and

e a local-search algorithm that assigns the values of the remaining variables when the size

of the problem is relatively small.

We now propose an algorithm based on the generalized SP, or weighted PTP, to answer
the question if there is any performance benefit by using the generalized SP. Although the key
distinction of our algorithm from the BMPWZ algorithm in |10] is on the message-update rule,

there are also several other differences, as are listed below.

e Instead of using a complicated decimation rule as in the BMPWZ algorithm (involving
seven different cases), we use two very simple decimation rules, which we call “gentle

decimation” and “aggressive decimation”.

e The schedule of the proposed algorithm has three nested loops, called “iterations”,

“rounds”, and “epoches”.
e The local-search algorithm is eliminated for the simplicity of implementation.

We first describe the message-update and decimation rules, and then the schedule of the

algorithm.

6.2.1 Message-Update Rule

It is clear that specifying the message-update rule in weighted PTP boils down to specifying
function w, for each v € V. Since each vertex v in G,[0] is statistically identical and the three
colors are symmetric, the most natural choice of {w, : v € V'} is to make w, independent of v

and parameterize it by three real numbers a, 8,7 € [0, 1] as follows.
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1, ifa=b=1i
5 if a Cb=1ij
1—a, if a=0=1ij
wy(alp) = q &, if @ =1iand b= ijk (6.1)
3, if a =1ij and b = ijk
1—-p8—7v, ifa=b=ijk
{ 0, otherwise.

Using this choice of wy, it is straightforward to verify that the weighted PTP message-update
rules (equations to ) reduces to equations shown in Figures to

We note that Figures to APOTI g the normalized left message, namely, the scaled
version of function A such that the sum of the function over its support equals 1. Similarly,

norm

0 is the normalized right message, defined in a similar manner.

6.2.2 Decimation Rules

There are two kinds of decimation procedures that will be applied, “gentle decimation” and

“aggressive decimation”, the rules of which we now explain.

o Gentle Decimation Gentle decimation is parameterized by two threshold values in
(0,1), Thx and Tiorpia, where Tgy is relatively close to 1 and Tioniq is relatively close
to 0. The gentle decimation procedure takes as the input the summary messages at all
variables (that have not been fixed to a color) and, if successful, fizes one variable to
a particular color or forbids a variable to take a particular color. More precisely, the
procedure first attempts to find a variable whose summary message is the most biased to
one singleton token and if the bias is greater than Tgy, it fixes the variable to the color
corresponding to the singleton token; if this is not possible, the procedure looks for a
variable whose bias on some singleton token is the smallest across all variables and all

colors, subject to the constraint that the bias on this singleton is below the threshold
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3-COL Left Message-Update Rule

Moo= [ (ARom(12) + g (13) + ppom(123)
beC(v)\{c}
a 10orm norm
- (1-5) II (a2 +pmeazs)
beC(v)\{c}
« norm norm
- (1-3) I e=ras)+aeazs)
beC(v)\{c}
' (1—a+§)- [ semaes)
3
beC(v)\{c}
Moo= [ (Rom(12) + g (23) + ppo(123)
beC(v)\{c}
a 1Norm norm
- (1-5) II (a2 +pmeazs)
beC(v)\{c}
(6%
- (1=%) II (emes)+ pem123))
beC(v)\{c}
+ (1—a+é)~ I seom2s)
3
beC(v)\{c}
Moe®) = [ (Am(13) + 4 (23) + o (123))
beC(v)\{c}
O{ rim norm
- (1=%) T (ems) + ppm123))
beC(v)\{c}
a 10orm norm
- (1-3) (P (23) + pios(123))
beC(v)\{c}
+ (1—a+§)~ [T sena2s)
beC(v)\{c}
norm norm ,y norm
Noe12)i= (1=a) - [T (em2) +ppr(128) - (1—a— 1) - I mora2s)
beC(v)\{c} beC(v)\{c}
norm norm ’}/ norm
Aoe18):= (1=a) - [T (om(18) + ppr(128) = (1—a— 1) - I mora2s)
beC(v)\{c} beC(v)\{c}
norm norm 7 norm
Aoe(28)i= (1= a)- [ (om(28) + i (128) = (1—a— ) - T pra2s)
beC(v)\{c} beC(v)\{c}
Nore(128) = (1= 8 —7)- [ mom(123)
beC(v)\{c}

Figure 6.2: Proposed algorithm for 3-COL: left message update rule
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3-COL Right Message-Update Rule

peso(12) = NZ(3)
pesn(13) = NZ(2)
pen(23) = A2
Pesn(123) = AZ(12) + A5 (13) + A50(23) + 2,50 (123)

Figure 6.3: Proposed algorithm for 3-COL: right message update rule

Tiorbid and that the biases for this variable on other singleton tokens are not lower than
Ttorbia- If the procedure is able to fix or forbid, it returns true, indicating successful

decimation; otherwise, it returns false, indicating a decimation failure.

e Aggressive Decimation Aggressive decimation, also taking the summary messages at
all unfixed variables as input, simply finds the variable whose summary message is most

biased to one singleton token and fixes the variable to the corresponding color.

We note that if a variable is fixed to a color or forbidden to take a particular color, in the
subsequent updates of its left messages, certain modification of the left messages is required.

We now give the specifics of such modification.

e If a variable is fixed to a particular color, say i € {1,2, 3}, its left message is always the
probability mass function that puts probability 1 on the singleton token corresponding

to that color.

e If a variable is forbidden to take a particular color, say color i € {1,2,3}, the left message

A, after being updated according to the regular update rule, is modified to A by setting

Mi) = A(j) = Aik) = A(ijk) =0
AG) = AG) +A0)
AMk) = A(k) + A(K)

AGk) = Aijk) (6.2)
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3-COL Summary Message-Update Rule

po(1) = T (Ao (12) + ppor(13) + ppor(123))

beC(v)
«Q Nnorm norm
- (1-3) TI (mera2) +ppen(i2s)
beC(v)
Q Nnorm norm Nnorm
- (1-5)- TI e+ pmrazsy « (1-a+5) [T ez
beC(v) beC(v
(@)= TT (oim12) + ppose(23) + i (123))
beC(v)
a norm norm
- (1-5) TI maz) + pioe(123)
beC(v)
a norm Nnorm /8 Nnorm
= (1-5) T e s aeraz) + (1-ar ) T armazs)
beC(v) beC(v)
po(3):i= [ (oo (13) + pporr(23) + ppoin(123))
beC(v)
& norm Nnorm
- (1-5) TI (mas) + ppe(a23)
beC(v)
«Q Nnorm norm /8 norm
= (1-5) TT e+ peazsy + (1-a+2) - IT aowazs
beC(v) beC(v)
uo(12):= (1= a)- T (p12) + ppr(128)) — (1—a— 3) - T m123)
beC(v) beC(v)
norm norm /y norm
uo(13):= (1= a)- T (e (18) + ppr(128)) — (1—a— 2 ) - T m(123)
beC(v) beC(v)
norm norm ,y norm
po(28) = (1= a)- [T (o (28) + i (128) = (1—a — 1) - ] siew123)
beC(v) beC(v)
(123):= (1= 5—)- [ pom(123)
beC(v)

Figure 6.4: Proposed algorithm for 3-COL: summary message update rule
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Then normalization may be performed as needed.

We note that if color ¢ is forbidden, the support of the message is no longer the entire

extended alphabet, but rather the set {j, k, jk}.

6.2.3 Message-Update and Decimation Schedule

The update of messages and decimation procedures are packaged in three nested levels of loop,
which we call iterations, rounds, and epoches. Each epoch encapsulates many rounds, and each
round encapsulates many iterations.

The global schedule of updating messages and executing decimation is summarized in the

pseudo-code in Figure |6.5] which we now explain in detail.

e Throughout the algorithm, the left message of each degree-one variable always passes the

distribution that puts probability mass 1 on token * or ijk.

e The innermost loops are called iterations.
In each iteration, all constraints update their right messages followed by all variables
updating their left messages.

e A round encapsulates iterations.

Before the loop over iterations in each round, all left messages are initialized. If a variable
has not been fixed, we initialize its left message randomly. That is, for each token in the
support of the message, we assign a random number uniformly distributed in the interval

(0,1) and normalize the message so that it is a distribution (on its support).

In each round, iterations are terminated when the messages converge or when a predeter-
mined number, My, of iterations is reached. Then all summary messages are computed

and a gentle decimation is performed.

e An epoch encapsulates rounds.



Graph Coloring with Weighted P'TP 116

Pseudo-Code of Proposed Algorithm

EPOCH=1;
do //loop over EPOCHES
{
if (EPOCH==1)
fix v* and v**;
else
aggressiveDecimation ();

ROUND=1;
do //loop over ROUNDS
{
initializeLeftMessages ();
ITERATION=1;
while (messagesHaveNotConverged or ITERATION<M;)
//loop over ITERATIONS

{
updateAllRightMessages ();
updateAllLeftMessages ();
ITERATION ++;

}

updateAllSummaryMessages () ;
isGentleDecimationSucessful=gentleDecimation ();
ROUND ++;
}while(isGentleDecimationSuccessful)
EPOCH ++;
}while (problemSolved or conflictDetected)

Figure 6.5: Pseudo-Code of Proposed Coloring Algorithm

Except for the first epoch, every epoch begins with an aggressive decimation. The first
epoch begins with fixing two variables, namely those indexed by v* and v**; here v* is
the vertex (in the graph to be colored) that has the maximum degree, and v** is the

neighboring vertex of v* (in the graph to be colored) having the maximum degree. The
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variable indexed by v* is fixed to an arbitrary color, say 1, and the variable indexed by

v** is fixed to a different color, say 2.

In each epoch, the loop over rounds is terminated when the gentle decimation fails,

namely, when no variable is fixed or forbidden.

e The loop over epoches is terminated when either one of the following two conditions

holds:

— Each variable has been fixed to a color and there is no conflict between the assigned

colors of neighboring variables, in which case, the problem is solved.

— Conflict occurs between the assigned colors of some neighboring variables, in which

case the algorithm declares a failure.

6.3 Experimental Results

6.3.1 Parameter Setting

The performance of our coloring algorithm is clearly related to the parameter setting of the
algorithm, particularly («, 3,7v). We first performed an investigation on how to choose these
parameters.

Under various trial parameter settings, we observed that when the algorithm fails to solve
a problem, in most of the cases, it fails in the first epoch. Based on this observation, we
used various parameter settings of (a, 3,7) and ran the algorithm on 50 random graphs from
ensemble Gyo00[4.55] up to the end of the first epoch. The frequency at which the algorithm
passed the first epoch is plotted in Figure

The results plotted in Figure suggest that the best parameter setting for («,f,7) is
near (0.09375,0.0625,0.25).

Based on this investigation, we set parameters («, 3,7) to the above configuration. Other

parameters appear less critical, which are set as follows: Tgyx = 0.9, Tiorniqa = 0.15, My, = 400.
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Figure 6.6: The frequency at which the algorithm passed the first epoch for various
settings of («, 3, 7).

6.3.2 Behavior of Proposed Algorithm

We ran the algorithm on G, [6] for n = 4000, 8000, 16000 in the hard regime of 6 (6 € [4.40,4.70]),

where from each graph ensemble, 50 graphs are drawn.

We note that since aggressive decimation fixes the most biased variable without taking

into account the extent of bias, the aggressive decimation procedures impact the behavior of
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proposed algorithm significantly. In particular, because aggressive decimation starts from the
second epoch, we investigated how the algorithm behaves in the first epoch and in the later
epoches, respectively.

Figure plots the average fraction of variables that are fixed in the first epoch across all
solved problems, against # and for each choice of n. Although when the average vertex degree
approaches the algorithm’s solvability limit, the three curves behaves somewhat differently,
within the limit, consistency among the three curves is observed. Specifically, the algorithm
consistently fixes about 40% to 60% of the variables on average. In addition, the fraction
of fixed variables increases with average vertex degree 6; this trend is expected, since as the
average vertex degree increases, fixing a variable will immediately impact a correspondingly
increased number of other vertices (namely, the adjacent vertices) in the graph.

On the other hand, it is also revealed from Figure that the first epoch does not reduce
the problem to a sufficiently small size.

Figures to each plot the average and the maximum number of variables fixed in
each later epoch (after the first epoch). Deduced from these figures, most later epoches fixes
only one variable, although there are sporadic epoches which may fix much more. This suggests
that the algorithm after the first epoch behaves like a crude “local search” algorithm: In an
epoch when a relatively large number of variables are fixed, the local search is more effective
and finds a relatively long “path” of variables to fix. In the majority of later epoches, however,
only one variable (namely, the one fixed by aggressive decimation) is fixed in each epoch; in
this case, the algorithm is prone to fixing a wrong variable.

The observations from Figures to suggest that the decimation rules used in the
proposed algorithm (under the global schedule) are rather far from being optimal. That is, the
algorithm seems to have started its “local search” too early and the local search is not done in
the most effective manner. Even though this is the case, we will show next that the proposed

algorithm does bring some advantages comparing with the BMPWZ algorithm.



Graph Coloring with Weighted P'TP 120

o
3

—&—n = 4000
~@- 1 = 8000
--6--n = 16000

o
)

o
[

o
<D=

o
w

0.2

o
[

average fraction of variables that are fixed in the first epoch

©

0 : &
4.4 4.45 45 4.55 4.6 4.65 4.

Figure 6.7: The behavior of proposed algorithm in the first epoch.

6.3.3 Performance of Proposed Algorithm

For each choice of graph ensemble, we ran our algorithm to color 50 randomly chosen graphs.

The relative frequency at which the problem is solved is plotted in Figures[6.11], [6.12] and [6.13]

In each figure, the performance of the BMPWZ algorithm is also plotted for comparison.
Across the three figures, it can be seen that as n increases from 4000 to 8000 and 16000,
the proposed algorithm exhibits sharper threshold effect, similar to the BMPWZ algorithm.
This is due to the fact that when the graph size increases, every graph drawn at random has
statistically similar structure and the proposed algorithm performs similarly on them.

The most distinctive phenomenon in these figures is that the two performance curves in
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Figure 6.8: The behavior of proposed algorithm in later epoches for n = 4000.

each of the figures cross. That is, at higher values of the average vertex degree 6, the pro-
posed algorithm performs superior to the BMPWZ algorithm, i.e., it is more capable of solving
“harder” problems than the BMPWZ algorithm. However at low 6 values, the proposed algo-
rithm appears to perform inferior, in which case the frequency of solving a problem is bounded
below 0.9 or so. We next briefly comment on this observation.

We note that the SP component of the BMPWZ algorithm may in fact also be viewed as
weighted PTP with («, 8,7) set to (0,0,0). However, when we ran our algorithm using (0, 0, 0)
as the setting of (a, 3,7), our algorithm resulted in poorer performance than the BMPWZ al-
gorithm (data not shown). This suggests that the decimation procedures (which also implicitly

performs local search) appear to underperform the decimation and local search component of
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the BMPWZ algorithm. This reasoning is consistent with and further justified by the observa-
tions described in the previous subsection. Indeed, in [10], the proposed decimation rule is quite
sophisticated, and partly due to such sophistication, it is unfortunate that our best attempts
to implement the decimation rules in the BMPWZ algorithm could not reproduce the reported
results in [10].

Nevertheless, the performance comparison between the proposed algorithm and the BM-
PWZ algorithm does indicate that when the suboptimality of our decimation rules becomes less
dominant, the proposed algorithm begins to outperform the BMPWZ algorithm. This should
convincingly suggest that generalizing SP algorithms to weighted PTP allows potential perfor-

mance improvements and that the solvability of random 3-COL problems using SP algorithms
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may be pushed further by a careful design of weighted PTP based algorithms.

6.4 Concluding Remarks

123

In this chapter we have proposed a simple algorithm based on weighted PTP, or generalized SP,

for 3-COL problems. With a heuristically selected parameter setting, the algorithm performs

better on harder problems than the existing SP coloring algorithm, the BMPWZ algorithm

of |10]. For easier problems, however, the BMPWZ algorithm still performs better, which is

expected to result from less delicate implementation of decimation and local search in our

algorithm. With further tuning of the parameters and better design of the decimation proce-
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dure and local search components of the proposed algorithm, one can anticipate the proposed
algorithm to outperform the BMPWZ algorithm consistently over a larger range of problem
hardness. Nevertheless, the proposed algorithm has provided a convincing proof of concept
for weighted PTP based CSP solvers and suggested the potential power of the generalized SP

introduced in this thesis.



Chapter 7

Conclusions and Discussions

7.1 Thesis Summary

In this thesis, survey propagation (SP) is generalized to what we call the weighted probabilistic
token passing (weighted PTP) algorithm. Weighted PTP has a simple and intuitive probabilis-
tic interpretation and can be applied to arbitrary constraint satisfaction problems. Earlier SP
algorithms presented in the literature for k-SAT problems and 3-COL problems are shown as
special cases of the weighted PTP algorithms. Preliminary results on the dynamics of weighted
PTP are also presented.

For a better understanding of SP algorithms, the question whether SP may in general be
regarded as belief propagation (BP) is also investigated. We show that although when applied
to k-SAT problems, SP and generalized SP (weighted PTP) may be derived from BP on a
properly defined Markov Random Field, the claim that SP is BP is in general false. Additional
conditions are required for the reduction of SP from BP. Such conditions are also established
in this work.

Using a simple proof-of-concept implementation of a weighted PTP based graph-coloring
algorithm, we show that generalized SP may potentially bring performance advantages over

the existing SP algorithms.

128
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7.2 Discussions

We would like to remark that PTP and weighted PTP formalisms in this thesis merely serve to
give a more intuitive and easy explanation of SP algorithms and that we have no intention to
use these names to replace the “SP” terminologies that have been established in the statistical
physics community. In addition, to respect the history of SP algorithms and to include the
concurrent developments in the field relating to this thesis, we list some important literature

and their relation to this work.

e SP was first introduced in [29] for solving random k-SAT problems, which corresponds
to PTP and weighted PTP in this work. Specifically, for the weighted version of the

algorithm, a specific set of weights were used.

e Non-weighted version of SP (corresponding to PTP of this thesis) was introduced in [§],

where the notion of token in this thesis was referred to as a “warning”.
e DTP in this thesis was previously presented as “warning propagation” in [9].

e The first published discussion on the connection between SP and BP for k-SAT problems
may be found in |11, which was later generalized in [23] asserting that weighted SP is

BP for k-SAT problems.

e Reduction of SP from BP for general CSPs has also been studied recently in [25], where
the authors use a similar MRF formalism over the fixed-point max-product messages on
the factor graph representing the CSP. The authors of |25] show that under suitable con-
ditions ( [25] Equation (19.27)), carrying similar effects as the state-decoupling condition
and the local compatibility condition of this thesis), standard (non-weighted) SP may
be reduced from BP on their MRF formalism. In addition to discussing the connection
between SP and BP, |25] provides a comprehensive treatment of cavity methods in statis-
tical physics which lead to powerful analytic and algorithmic tools in information theory

and computation.
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It is worth noting that our answer to whether SP is BP is only restricted to the MRF
formalism in the style of |23]. Although this restriction is not completely satisfactory, it appears
to us that such an MRF formalism, particularly using Forney graphs, is the most natural in light
of the natural correspondence between the states in the MRF and the SP messages (namely
that left states correspond to the “intentions” of variables and right states correspond to the
“commands” of the constraints). An additional and perhaps even stronger justification of this
MREF is its combinatorial descriptive power as is elaborated in [23| for k-SAT problems, which
— using the terminology of this thesis — captures the connectivity of the solution in the space
of all “rectangles”. In fact, we conjecture that further investigation of this perspective may
provide useful insights into the algorithm design for solving hard instances of CSPs, whether
or not SP or BP is considered as the choice of algorithms. [

Further we note that the BP algorithm has been understood as a special case of Gener-
alized Belief Propagation (GBP) [41]. In that perspective, BP may be derived from iterative
minimization of the Bethe-approximation of the notion of free energy [41]. The framework of
GBP allows a variety of ways (unified under the notion of “region graphs”) to approximate the
free energy whereby leading to a much richer family of BP-like algorithms. Given the results
of this work, one may not want to exclude the possibility that certain choice of free-energy
approximation allows the corresponding GBP to reduce to SP algorithms for general CSPs.
Research along that direction may still be of interest.

Finally, characterizing the dynamics of generalized SP and understanding the role of deci-
mation in solving CSPs appear to be the next important problems in research on SP algorithms.
Progresses along such directions are expected to help the design of SP algorithms and decima-
tion rules and to significantly extend the applicability and effectiveness of SP solvers for CSP

problems.

n [23], under the MRF formalism, Gibbs sampling-based approach has also been presented as an
algorithm for solving random k-SAT problems.
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