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ABSTRACT

Following a brief review of existing source coding
techniques, negacyclic codes are defined and a joint source
and channel coding scheme making use of these codes is
introduced. The distortionless case and cases where distor-
tion is allowed, are examined from the point of view of
data compression. An orthogonal variation on the original
scheme is also introduced. Discrete memoryless sources
are assumed throughout, and the metric used in all cases is

the Lee distance.
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CHAPTER I

INTRODUCTION

In recent years the demand for efficient and reli-
able transmission of digital information has been accel-
erated by the increasing use of digital computing equipment
and the rising need for long range communications [1].
Also, more and more analog signals are being digitally
coded, since digital signal representation offers many
advantages. These include efficient signal regeneration so
that in long range transmission signal quality is nearly
independent of distance. A further advantage is offered
through the possibility of combining transmission and
swifching functions. Digital signals also allow a uniform
format for representing different types of signals and for
use on different transmission media (present and future).
The possibility of using digital techniques for further
storage and processing of the signals is one more factor in
their favour. Digital representation of signals is also
used for solving difficult transmission problems, such as
the transmission of video data from space probes. A final
advantage is the ease with which messages can be encrypted
in secrecy systems [2],[3].

Communications systems [4] can generally be grouped
into one of the following two classes: those requiring a

1
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very high fidelity of reproduction of the transmitted
informgtion, and those which can ﬁolerate a cerfain amount
of distortion in the receivedvinformation. An example of
the first class would be a computer communication link,
while a television link would belong to the second class.

In this thesis a general model of a communications
or memory storage system is first presented. This model
is information-theoretic in that the modem is considered to
be part of the channel [5]. Figure 1 is a block diagram of
such a system. The model is quite general in the sense that
not all coder/decoder pairs need necessarily appear. The
source generates the information which is ultimately
transmitted to the sink or user. The different components
of the system model are described next. |

Referring to Figure 1, the source encoder is the
component which categorizes the different possible output
states of the source into a lesser number of states or
categories. These constitute the source encoder's output.
The source encoder is used to remove redundancy from
the source output. This reduces the amount of data that
must be transmitted to the user for transmission of a given
message. Redundancy reduction results in data compression,
and, all other things being equal, a reduction in
transmission rate. Thus a lower capacity channel can be
used, so that data compression is equivalent to bandwidth
compression. It may be noted at this point that many

expressions have been used to describe the function of the
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Figure 1:- Block diagram of a communications or memory
storage system model.



4
source coder. Those encountered most often are:
bandwidth reduction, bandwidth compression, data compres-
sion, data reduction, redundancy reduction and redundancy
removal [6].

The source encoding step may introduce distortion,
but need not. When distortion is allowed, there generally
exists a trade-off between the allowed distortion and the
amount of data compression. The main purpose of this thesis
is to study certain source coding techniques and the corres-
ponding compression-distortion trade-offs.

Referring again to Figure 1, the channel encoder
serves to introduce some structured redundancy to the
output of the source encoder. This is done on the basis of
a one-to-one assignment rule, to produce a channel code
word. The purpose of the added redundancy is to enable
the channel decoder to correct all of the channel errors
the code is designed to correct.

The channel is a spatial link between the source
and the sink. For example, it can be a cable made up of
many pafallel twisted pairs of wire connecting a computer
to one of its peripherals. Another example would be that
of a microwave link between an earth station and a
communications satellite. The channel can also be a
storage medium such as magnetic tape, drum or disc, core
or semiconductor memory, etc. In the case of a storage
medium, storing data in memory is equivalent to transmission,

and subsequent retrieval of that data, to reception.
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Whether a.spatial link or a storage medium, however, the
channel has the capability of corrupting the information
being transmitted or stored.

The errors caused by the channel can be detected
or corrected by the channel decoder, as long as the number
of errors per code word does not exceed the error-detecting é
or error-correcting capability of the code. The channel
decoder's function is to categorize the many possible channel
outputs into a generally much smaller number of channel
decoder outputs. From this point of view, the channel
decoder's function is analogous to that of the source encoder.

Finally, the channel decoder output is the input to
the source decoder. It reverses the assignment made in the
source encoder, and so its output is an approximation of the
original source output. This serves as the input to the
sink. The source decoder output is identical to the source 1
encoder input if the source encoding scheme is distortionless
and all channel errors are within the channel codec's
error-correcting capability. If the scheme is not
distortionless, or if the number of channel errors exceeds
the channel code's capability, then the source decoder's
output will not be identical to the source encoder's input.
It is not generally possible to determine at the receiver
which portion of the difference is due to the channel

errors, and which is due to the source encoding scheme.

For this reason, it is usual to assume that all channel

errors are corrected by the channel decoder. Thus the
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portion of Figure 1 made up of the channel encoder, channel
and channel decoder can be replaced by a line joining the
source encoder to the source decoder, so that any difference
between the source encoder input and the source decoder
output is due solely to the distortion introduced by the
source encoding scheme.

It should be noted that the channel encoder and the |

source decoder, which must perform one-to-one assignments,

are relatively simple compared to the source encoder and
channel decoder, which must categorize their respective
inputs according to some categorization rule.

Referring to the second paragraph in this
chapter, for communications systems requiring a high degree
of fidelity, efforts have mainly been directed toward
achieving the result promised by Shannon's coding
theorem [7]. The theorem states that the probability of
transmission error can be made arbitrarily small as long as
the transmission rate is less. than the channel capacity.
The rate can be reduced to accomodate the channel capacity
by adding redundancy to the information prior to its
transmission, and removing it at the receiver. This corres- ;
ponds to channel encoding and decoding respectively. To
facilitate the introduction and removal of the redundancy,
it is incorporated in a structured fashion such that a
given information sequence always results in the identical

redundancy being added to it by the channel encoder.
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There have been two fundamentally different
approaches to this problem [8]. The first approach is the
use of block coding, in which the channel encoder partitions
the continuous sequence of information digits into
k-symbol sections or blocks. It then operates on these
blocks independently according to the particular coding
rule being imp}emented, and transmits n symbols for each
k-symbol block,with k < n. These n symbols are transmitted
over the channel, and the channel decoder at the receiver
decodes each n-symbol block independently into a block of
k symbols. Block codes will be defined at the end of this
chapter.

In this thesis, block codes are the main concern.
However, for the sake of completeness, the second type of
codes is mentioned. Tree codes, in contrast to block codes,
do not break up the information sequence into blocks which
are then coded independently. Rather, the tree channel
coder produces an no—tuple which is dependent on the
latest k0 (k0 < no) information symbols and the previous
information symbols. Thus, the ko—tuples are not encoded
independently. Convolutional codes are an important class
of tree codes, since their implementation is less complex
than that of other tree codes.

In regard to block codes, those which have been
most studied are the cyclic codes, possessing a rich
algebraic structure. Originally, this was also due to

their ease of implementation, since they could be generated
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using shift registers instead of a look-up table. (This
is also true of some non-cyclic codes.) With the develop-
ment of faster, more inexpensive, higher capacity and
higher density memories, a table look-up can be a viable
alternative to generating the code words as needed using
shift registers. However, the length of a code implemented
using a table ;ook—up is severely limited.

The low-fidelity communications system mentioned in
the second paragraph of this chapter will now be considered.
In this type of system, an approximation of the source ?
output is to be transmitted. Generally, the better the é
approximation, the greater the amount of symbols that must |
be transmitted. Hence, the portion of the source output to
be transmitted and the amount of tolerable distortion are
of primary interest.

Any communications or memory storage system of
this type [5] has associated with it a quantity C
and a function R(D), where C is the capacity of the
channel and R{(D) is the rate distortion function of the
source-user pair. Figure 2 illustrates a typical rate-
distortion function, that of the discrete memoryless source
(DMS) for p(0) = p(1). From Shannon [9], it is known that
transmission of information with, at most, distortion D,
is possible if and only if C > R(D).

A fundamental quantity associated with a source,
as will be seen later, is its entropy H [5],[10]. Entropy can

be interpreted as its effective rate of information
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Figure 2:- A typical rate distortion function R(D) for a
binary source with equiprobable symbols.
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production 'without distortion. When D >0, the effective
rate of information production is reduced, since the source
encoder will be categorizing more distinct outputs of the
source into the same source encoder category (or output).
Hence as D increases, the rate R{D) decreases, and one may
transmit over a channel with a reduced capacity C. Alter-
natively, if D is allowed to increase, then for a given
channel capacity C, the output from a higher-entropy source
can be accomodated on the channel.

It should be noted at this point that while the
source and channel encoders on the one hand, and the channel
and source decoders on the other, are usually represented
as being separate, they need not necessarily be distinct,
and can actually be implemented as a generalized encoder
and decoder, respectively, as will be seen in Chapter IV.

Since the characteristics of the source determine
to a great extent the source-encoding scheme to be used, it
is appropriate at this point to make a closer examination of
information sources themselves.

There are two basic types of sources: discrete
sources, which produce inherently digital outputs, and
analog sources, whose outputs are continuous functions.
Examples of the former would be computer output ports, and
teletype and radar transmitters. Examples of the latter
would include telephone, broadcast AM and FM transmitters,
as well as image orthicon (video) tubes. While this

thesis is exclusively concerned with discrete sources, some
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remarks concerning the conversion of analog source outputs
into a discrete format will be made for the sake éf
completeness.

One of the most-used methods for converting analog
source outputs to a digital format is first examined:
pulse code modulation (PCM).

As is well known [2], discretizing analog sources
involves sampling and quantizing of a band-limited analog
signal. The number of samples per second (the Nyquist
rate [11],[12]), must be greater than, or equal to, twice
the bandwidth of the analog signal, if it extends to the
zero frequency. On the other hand, if the lowest frequency
in the signal is f1, then the minimum sampling rate is
given by 2(f1 + bandwidth) /M, where M is the largest
integer not exceeding (f1 + bandwidth)/(bandwidth). 1In
regard to sampling approximations, it is useful to note that
no distortion is introduced by finite sampling as against
ideal instantaneous sampling. The sampling time At appears
only as a multiplicative constant in the reconstructed
signal.

Quantization can be either uniform or nonuniform.
While uniform gquantization can be implemented simply, it
has some serious drawbacks. Since the quantization error
power associated with the reproduced signal is independent
of the magnitude of the signal itself, it affects the
lower amplitudes more than it does the higher amplitudes.

Thus, the distortion due to quantization will tend to be
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relatively 'greater when the signal level is low. Also,

from an information-theoretic point of view, uniform

guantization does not maximize the entropy when the levels

are not uniformly distributed.

In nonuniform quantization [13], a set of uniformly-

spaced levels is converted into a set of nonuniformly-

spaced levels according to what is usually referred to as a

companding (compression-expansion) law. Among the available

companding laws, the ideal one for minimizing noise is the

logarithmic law since it yields a constant signal-to-noise

ratio. Other companding laws exist which do not perform as

well as the logarithmic law, but are simpler to implement.

Three basic considerations govern the choice of a

companding law. The first lies in choosing between

minimizing noise or maximizing information, since the com-

panding laws differ in both cases. The disagreement between

the two laws increases with the departure of the source

output distribution from the uniform distribution.

(Companding laws maximize the information content by making

the quantizer outputs equiprobable.) The second involves

knowledge of the types of analog signals involved.

The

third consideration is that of the number of quantization

levels. For example, if the number of guantization
is small, the use of nonuniform quantizers will not

ficantly alter the performance of a quantizer.

levels

signi-

Max [14] has presented an algorithm for the design

of quantizers which minimize the quantization noise

for any

e
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given number of quantization levels. However, O'Neal [15]
has pointed out that Wood, as well as Gish and Pierce, have
shown that gquantizers desiéned using the Max algorithm are
not optimum when entropy coding is used to further encode
the quantizer output. On the other hand, a quantizer with
equally-spaced levels has been found to be very nearly
optimum when used with entropy coding. (Entropy coding is
described in Chapter II.)

Besides pulse code modulation, there exist many
techniques for discretizing analog sources. Adaptive
PCM (APCM), differential pulse code modulation (DPCM), and
adaptive DPCM (ADPCM), as well as delta modulation (DM),
adaptive DM (ADM), continuous DM (CDM) and digitally-
controlled DM (DCDM) are examples of the different types.
Jayant [3] gives a general treatment of these different
techniques, as well as an extensive bibliography. A
discussion of éll these techniques is beyond the scope of
this thesis.

At this point it is appropriate to mention that
the concept of a rate distortion function does not in general
apply to continuous sources, since the entropy of unbounded
continuous sources can be considered to be infinite. Since
R(D) is generally equal to the source entropy when D = 0,
this implies that for analog sources, the R(D) function
becomes unbounded as D approaches zero.

As mentioned previously, discrete sources are of

main interest in this thesis. They can be defined as
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producing letters or messages taken from a finitg alphabet
A = {a1, Bor o+ oy aN}. Associated with A is a prgbability
set P, = {p1, Por « « = pN}, where Py > 0 and iiﬁi = 1.
Any analog source can be discretized using one of the
methods listed above. At this point, it is natural to
examine the reasons for the emphasis being placed on discrete

sources.

Discrete sources are gaining in both numbers and

importance because of the advantages of digital trans-
mission over analog, as well as the increasing availability
of more powerful digital integrated circuit processing
blocks, such as microprocessors. The design simplicity
inherent in digital circuitry and the widening use of com- i
puters in handling all kinds of data processing and storing
functions has also contributed to the increase in importance
of discrete sources.

Unless otherwise indicated, the sources mentioned
in this thesis will be assumed to be discrete memoryless
sources [16]. In other words, the successive letters
generated by a source are independent and identically dis-
tributed random variables. Of course, many other types of
sources exist, such as Markov sources and composite sources,
but these are beyond the scope of this study.

Many sources generate information containing a high
proportion of redundancy. An example will illustrate this. ;

Consider the ternary alphabet A = {0, 1, 2}, with the
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probability set P, = {3, i g}. The entropy* H(P) of this
source is then given by H(P) = -:za—log2 % + %—log2 6 + %log2 6

= 1.25 bits per digit. This means that, on the average,

the information content is only 1.25 bits per ternary digit.
If the three letters of the alphabet were equiprobable,

then the entropy of the source would be log2 3 (=1.58). This
illustrates the case of maximum entropy, making the most
efficient use of each digit in an information-theoretic
sense. For the non-equiprobable case, then, the information
content per ternary digit is less than log2 3. Since
physically it is impossible to transmit a fraction of a
digit, there is a redundancy of 1092 3 - H(P) =~ 0.33 bits per
ternary digit. For example, in a block of 158 digits put

out by the source, only 158 - 33 (= 125) digits carry infor-
mation, while the remaining 33 digits are redundant.

This redundancy is unfortunately unstructured and
consequently cannot be used in an advantageous way. On the
other hand it is worthwhile reducing the redundancy. Hence,
to transmit the same amount of information, a smaller
number of digits per second can be transmitted, thereby
reducing the bandwidth. Equivalently, in a given time, more
information can be transmitted without requiring extra
bandwidth. Hence, if to satisfy a given criterion it is

necessary to transmit a k-tuple instead of an n-tuple (k < n)

*

Note: This is using the logarithmic measure of
information capacity. For other measures of information,
see Hyvarinen [17].
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put out by a source, then a compression ratio of % is said
to have been achieved.

Before concluding this introduction with an outline
of the thesis, some definitions which will be used later
in the thesis are given.

An n-tuple over a certain alphabet A is a sequence
of n symbols taken from the alphabet. There are thus
altogether N" distinct n-tuples, where N is the number of
elements in the alphabet.

A code can now be defined. Suppose each of the Nk
possible distinct k~tuples made up of symbols drawn from A
is converted into an n-tuple according to a coding rule.
The set of Nk distinct n-tuples obtained thereby is said to
be an (n,k) code. The coding rule used, and hence the
values of the code parameters used depends on what the code
is expected to achieve. The n-tuple, called a code word,
implies that the code has a code length or block length n.

In order to average the effects of noise over
large numbers of symbols and thus increase their effective-
ness, codes are usually chosen to be long. This causes
implementation problems since usually it is not feasible to
store all the code words. Hence the interest in codes
which can be conveniently generated as needed, instead of
stored.

It should be noted that, although this thesis is
mainly concerned with data compression, or, equivalently

bandwidth compression, the emphasis is on the use of block
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source coding techniques as opposed to the use of transform
or other techniques. Hence the derived results are also
useful in assessing the probability of decoding error for
the codes under consideration.

An outline of the thesis can now be given.

Chapter II will contain a definition of the standard
array and cosets, followed by a brief review of the better-
known source coding procedures.

In Chapter III, negacyclic codes and their main
features are examined. Then various cyclic binary coding
theorems relevant to source encoding are extended to the
negacyclic case in Chapter IV. This is followed by the
description of a joint source and channel encoding scheme.
Finally, the rate distortion function for a non-binary
source relevant to negacyclic codes will be determined.

A few concluding remarks will be made in Chapter V. %

Before beginning Chapter II, it may be mentioned
that some of the results of this thesis have already been

reported elsewhere [18],[19].



CHAPTER 1II

A REVIEW OF SOURCE CODING TECHNIQUES

1. Introduction

Source‘coding schemes [20] can be classified as
either producing a constant data compression ratio or one
which is dependent on the instantaneous output of the
source. Source encoders of the first kind are said to be
"transparent" in the sense that, for a fixed source encoder
input rate, they produce a fixed output rate. They are also
referred to as fixed-length to fixed-length coding schemes.
This is highly important, since in this case the output
of the encoder will be compatible with fixed-rate modems.

If the compression ratio is dependent on the source
output, then the source encoder output rate will vary with
time. In order to convert the variable-rate output of the
encoder to fixed-rate data compatible with fixed-rate
modems, some buffering will be required. If the variation
of the encoder output rate is high, the amount of buffer
storage required may be extensive.

Because of these problems, much attention has been
given to fixed-rate source encoding techniques, and in

particular, block-to-block encoding schemes, wherein a block

18
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of n source ‘output digits is compressed into a block of m
source coder output digits with m < n, resulting in a com-
pression ratio of %. Disto?tion is generally produced using
this technique. Hence a scheme must be suitably designed
so0 as to minimize the effects of this distortion on the
eventual user.

Another consideration of major importance is that
of source codef-complexity. (This should not be confused
with source coder instrumentability, as discussed in
Berger [21].) This complexity can be expressed in terms of
storage and computational requirements, these requirements
being generally interchangeable, at least to some extent.

In many applications [22] for which data compression is
highly attractive, such as remote telemetry, source encoder
complexity must be a minimum because of weight/space/power
or other such limitations. The source decoder, however, can }
be more complex. This requirement of asymmetric complexity
can be a very restrictive constraint, since the source
encoder would naturally tend to be much more complex than the 5
source decoder, and the source decoder simpler, as outlined
in Chapter I.

There are many possible approaches to describing
existing source coding schemes, depending on the primary
characteristics to be considered. The approach here will
loosely follow that of Tavares [23].

The discussion will begin with a description of the

standard array, since it will be subsequently required to
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explain some’source coding schemes.

Distortionless codipg schemes will be discussed
next, followed by coding schemes where distortion is
allowed. The study of source encoding with respect to a
fidelity criterion, also known as rate distortion theory,
serves as the theoretical basis for data compression [24].
Prior to this, source coding had generally consisted of
entropy coding,.examples of which are Shannon-Fano and
Huffman coding. Since these schemes are distortionless,
the concept of distortion was not required.

Unless otherwise stated, the discussion will apply

to discrete memoryless sources.

2. The Standard Array [25]

The standard array for an (n,k) binary linear code
is a partitioning of 2" n-tuples into a 2n—k by 2k array.

The rows of the array are called cosets, and the
leftmost n-tuple of each row is called a coset leader. The

coset leaders are chosen to be of minimum Hamming weight.

Some important properties of the standard array are:

(i) Every n-tuple appears once and only once in

the array.

(ii) All 2k n-tuples of a coset have the same

syndrome.

(iii) The syndromes for different cosets are

different.
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A synﬁrome is an (n - k)-tuple which is zero when
either a block is received Without error or a block is trans-
formed into another code word by channel errors. Syndromes
are defined in Peterson [26].
The standard array for a given (n,k) binary group code
can be used as a decoding table in the following fashion.

Let Vi be a transmitted code vector. Then if

vi' = v, + e where e, is an error n-~-tuple, vi‘ will be
decoded correctly if and only if the error pattern e, is a
coset leader. 1If, say, e, is the jth coset leader, then
vi' will match up with the array element located in the jth
row, ith column, and will be decoded correctly as v, If
e, is not a coset leader, then the received vector will be
decoded incorrectly. Hence the 2Pk coset leaders are
referred to as the correctable error patterns for the

(n,k) code. These are chosen as the most likely error
patterns to occur for the channel under consideration, in
order to minimize the probability of decoding error.

For example, for the binary symmetric channel, the
lowest Hamming weight error patterns are the most likely to
occur, so that minimum weight n-tuples are chosen for the
coset leaders.

The standard array is thus a table listing every
code vector and the sums resulting from the addition of
every code word with every correctable error pattern.

Some useful definitions relating to maximum coset

leader weight can now be stated [27]. A t-error-correcting
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linear code is said to be perfect if it has n-tuples of
weight t or less as coset leaders, and none of greater
weight. §

A guasi-perfect code, on the other hand, is a t-error
correcting linear code which has all n-tuples of weight t
or less as coset leaders, some of weight (t + 1), and none
of greater weight.

Another‘useful concept is that of code optimality. |
A binary group code is said to be optimum for the binary
symmetric channel if its probability of error is as small
as for any group code with the same length and the same
rate.

Examples of perfect codes are the Golay (23,12)

binary group code and the Hamming (2™ - 1, 20 - 1 - m)

binary group code [28].

Examples of quasi-perfect codes are the 2-error- §
correcting BCH codes and the Golay (24,12) code. The ‘
Hamming codes and the 2-error-correcting BCH codes are
also optimum.

The decoding scheme Jjust described, using the stan-
dard array, requires the storage of the standard array and
searching among 2n-k array elements to find the one matching ;
the received vector. However, properties (i) and (ii) of |
the standard array can be used to simplify the decoding

k distinct correctable error pat-

scheme. Since there are 277
terns for an (n,k) binary group code, and since each syndrome

of an (n,k) code is a unique (n - k)-tuple, there exists a
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one-to-one cdrrespondence between a correctable error
pattern (or coset leader) and the syndrome. So a decoding

n-k correctable error patterns and

table consisting of the 2
their corresponding syndromes can be formed. Hence,
decoding of a received vector would consist of, first,
calculating its syndrome and matching this with a syndrome
in the decoding table. Then the error pattern corresponding
to that syndromé is subtracted from the received n-tuple to
yield the transmitted code vector. This scheme is known as
table look-up decoding, and is much more rapid than using
the standard array, since it involves a search among 2n—k
syndromes. However, for large values of (n-k), this method
will not be practical. Hence the interest in other decoding
schemes which may be more complex to implement but require
liﬁtle storage.

In this thesis, a noiseless channel is assumed, so
that the problem of error correction will not be considered.
In the next section, the Noiseless Coding Theorem is

presented. It sets a lower bound for the average length of

a coded source message.

3. The Noiseless Coding Theorem [29]

A discrete memoryless source which puts out
messages {x1, Xor « o o4 XM} with probabilities
{p1, Por = « -y pM} is assumed.To transmit each message Xs
it must be represented by a finite sequence of symbols,

called a code word, chosen from the set of code characters
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{a1, ayr - - i, aD}. The collection of all such Words or
vectors is called a code, and all code words are assumed
to be distinct. As will be seen below, some restrictions
must be placed on code word assignments so that no
ambiguous code character sequences will be transmitted. A
noiseless channel is further assumed, so that whatever code
word is transmitted, it will be received without error. Hence,
for a fixed trahsmission rate (in terms of code characters
per unit time), efficient communication involves trans-
mitting as few code characters as possible per message x
Thus, the average code word length, L = ?pini, is to be

i=1
minimized, where n, is the length of the code word corres-

i*

ponding to the message X,

Before the Noiseless Coding Theorem can be
presented, some definitions are required in order to explain
restrictions on code word assignments. The first concerns
ambiguity. A code is said to be uniquely decipherable
(or decodable) if every finite sequence of code characters
corresponds to at most one message.

Let A be a finite sequence of code characters
(i.e. a code word) for some code V. Let B and C also be
code words of V. Then if B can be written as a concatenation
of A and C, A is said to be a prefix of the sequence B.

This leads to the definition of an instantaneous code being
one in which no code word is a prefix of another word.

It is also true that, while every instantaneous code

is uniquely decodable, the converse is not true.
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Example 1

Table 1 below lists examples of non-uniquely deco-
dable, instantaneous, and uniquely decodable but not
instantaneous, binary codes.

Theorem 1
(The Noiseless Coding Theorem)

If T = Ip.n, is the average code word length
i=1
of a uniquely decipherable code for a given

source X, then L » H(X)/logD, with equality

i"..ffpi = D-ni for i=1, 2, . . ., M.

It should be noted that for the case where D = 2,
the above reduces to: L > H(X). : i

A lower bound for the average length of the encoded
sequence is thus established and any code that achieves
this lower bound is referred to as an absolutely optimal
code.

The next theorem establishes the existence of a
code whose average code word length L can be brought within

one digit of the lower bound set by Theorem 1.
Theorem 2

Given that X is a random variable describing
the output of a source with entropy H(X), there
exists a base D instantaneous code whose average

code word length L satisfies

H(X) <« T < H(X)

log D ° log D + 1
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TABLE 1

EXAMPLES OF DIFFERENT TYPES OF SOURCE CODES

Source Code Word Code Word Code Word
Message (Code Aa) (Code B) (Code C)
X, 0 0 0
*2 11 11 01
X3 111 101 011
X, 1 100 111
Code Char- Not uniquely Instantaneous ‘Uniquely
acteristic decodable (uniquely decodable

decodable) (not in-

stantaneous

B e
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While‘the Noiseless Coding Theorem has set a lower
bound on L, it does not establish a construction rule for
codes which will achieve, or at least approach, the lower
bound. However [30], it is clear that in order to construct
codes with L reasonably close to H(X)/log D, the different
code characters or symbols must occur with equal probability
at each position of the code word. Also, the probabilities
of occurrence 6f the code symbols at each position in the
code words should be independent of all preceding symbols.

With this in mind, the next section presents two

distortionless source code construction schemes.

4. Entropy Coding

Entropy coding [15] is a term used to describe
various methods of coding the output of sources with
unequal message probabilities so as to achieve a minimum
average code word length. The best known of these are
the shannon-Fano and Huffman source coding schemes, both

of which are distortionless.

a. Shannon-Fano Source Coding [30]

This source code construction scheme will yield
absolutely optimal codes only when the message probabilities
can all be expressed as negative powers of the number of
code symbols.

The procedure for constructing code words is as

follows. Given an arbitrary code alphabet made up of

.
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D symbols, thé message ensemble must be successively sub-
divided into D equiprobable groups. The first pésition of
all the code words for the first group will contain the
first code symbol, the first position of all the code words
for the second group will contain the second code symbol,

and so on until the Dth group. In the Dth group, code

words will have the Dth code symbol in their first position.

Clearlj, the subdivision can only be carried out
exactly if all message probabilities can be expressed as
negative powers of D. Otherwise, the groups will not be
exactly equiprobable.

The next step consists in subdividing each of the
D equiprobable groups into D equiprobable sub-groups. Then
the first code symbol is assigned to the second position in
all the code words of the first sub-group, the second
code symbol to the second position in all the code words
of the second sub~group, and so on until the Dth sub-group,
in which all code words will have the Dth code symbol in
the second position.

This process of subdivision is continued until all
the sub-groups contain exactly one message.

The Shannon-Fano coding method is illustrated in

the following example.
Example 2

The message ensemble X = {x1, Xor o o oy x27} with

the corresponding message probabilities P = {p1, Por + - .,pz7}
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as given in Table 2 below is considered. These messages
are to be encoded using the.D code symbols {-1, 0, 1},
so that D = 3.

X is first subdivided into three equiprobable
groups,.the first consisting of Xqr X5, X3, the second of
X, to X450 the third of X3 to Xooe Thus the first position of
the code words for the first group will contain a =1, the first
position of the code words for the second group
will contain 0, and that of the code words of the third
group, -1, as shown in Table 2.

The next step is to subdivide each of these three
groups into three equiprobable sub-groups. The three sub-
groups of the first group then consist of {x1},'{x2} and
{x3}respectively. The three sub-groups of the second group
contain {xu, Xe o x6}, {x7, Xg x9} and {x10, Xqq7 x12}
respectively, and the three sub—groups of the third group,
agr ®qyr Xqsde xggr %90 xqgds {xqgr 300 Xpp0 + o oy xy)
respectively.

This process of subdivision and assignment of code
symbols is repeated until all sub-groups consist of only
one message, yielding the set of code words of length 2, 3
and 4 illustrated in Table 2. It is clear that for each
subdivision, each code symbol occurs equiprobably. Thus

L, the average length of the code words, is given by
T=3(0 (2) +1501) (3) +9(L) (1) = 2.778
9 27 ‘ 81 '

while H(x) , the entropy of the source ensemble, is given by
log,D
2

-
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TABLE 2

SHANNON-FANO SOURCE CODE FOR A 3-SYMBOL CODING ALPHABET

Message Subdivisions Code Word—-Symbols
Message Probabilities 1st 2nd 3rd 4th Drawn from {-1,0,1}

X4 T } -1 -1

X, -;— * } -1 0

%5 | 7 } -1 1

%, o~ } 0 -1 -1

Xg TJI' 3 } 0 -1 0
Xg . } 0 -1 1

x, = } 0 0 -1

Xg -2—; } 0 0 O
%g - } 0o 0 1
%10 - } 0 1 -1
%41 - L) o 1 0
X1, - } 0 1 1
X3 7;- 1} 1 -1 =1
X4y % } 1-1 0
X415 % b 1-1 1
Xy o } 1 0 -1
Xq9 % } 1 0 O
Xyg = } 1 0 1
X4q & ) 11 -1 -1
%50 .~ . ) 1 1-1 0
X1 & | 11 -1 1
%oy = 1) 1 1 0 -1
X3 -~ } 110 0
%, - ) 11 0 1
X5g 8_} } 11 1 -1
X6 - ) 11 1 0
. - ) } 11 1 1
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-3lglog, (3)] - 1504109, (L)1 - 91k 1og, ()]

H(x) _ _
Tog,D - .~ log,3 = 2.778

The compression ratio CR achieved with Shannon-Fano
encoding can easily be computed once L is known. This is
best illustrated by computation of the CR for Example 2.
Since M = 23, then all original meséages {x1, Xor o o ay x27}
can be represenfed by a block of 3 symbols taken from the
set of D code symbols {-1,0,1}. This would then be the
length of all messages prior to source encoding. Thus the
CR would be given by

CR = block length prlgr to encoding _ _ 3 = 1.08
T 2.778

Clearly, the maximum value for CR will occur
whenever L is a minimum, but from the Noiseless Coding
Theorem, the source entropy is a lower bound on L, so that

for Example 2,

CR ='block length prior to encoding _ 3 = 1.08
max source entropy 2.778 ‘

This is to be expected, since the code of Example
2 is absolutely optimal.

Thus, since the average code word length L has
achieved the lower bound set by the Noiseless Coding
Theorem, the code in this example is absolutely optimal.
However, this source coding procedure does not guarantee

an absolutely optimal source code, or even an optimal code.
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In thé.next section, a source coding technique is
presented which does in fact yield an optimal soufce code,
in that no other code will ﬁave a smaller average number
of symbols per message. Thus the code will always Be

optimum, but not necessarily absolutely optimal.
b. Huffman Source Coding

Huffman [31] discovered a systematic procedure
which always yields an optimum code, in the sense that no
other code has a smaller average code word length for the
given message ensemble.

Briefly, the coding procedure is as follows. Given
an ensemble X of M messages {x1, Kor « o o4 xM} occurring
with probabilities P ='{p1, Por - « -1 pM}, each méssage
is to be expressed as a code word made up of elements drawn
from an alphabet of D symbols. The messages will be grouped
together m, messages at a time, where My is the integer

satisfying the two requirements

= positive integer.

The m, least probable messages are grouped together,
and the sum of m, message probabilities is used as the

probability for this grouped message.

A reduced ensemble of messages is now constructed

in order of non-increasing probability, with the grouped

Tz
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message acting as a single message in the reduced ensemble.

New "grouped" messages are then formed bf taking
the D least probable messaées of the reduced ensemble, and
using this as a new group to form a new auxiliary ensemble.

This is repeated successively until the auxiliary
ensemble consists of but D grouped messages, which leads to
a final auxiliary ensemble consisting of one message with
a unit pfobabiiity. i

The steps briefly described above are equivalent to |
forming a tree of which the original messages are the
terminal nodes. If, to each branch of the tree, a code
symbol is assigned, then a code word for every message can
be written by beginning at the root and following the
branches to the terminal node associated with a pafticular
message.

The Huffman source coding procedure is illustrated

in the following example.

Example 3

Given the M = 27 messages of Example 2, an optimal
code is to be constructed using the D code symbols
{-1,0,1}.

The 27 messages are first arranged in order of non-
increasing probability. Since M = 27, and D = 3, mg = 3.
So the first auxiliary message ensemble is formed by
grouping the three least probable messages, and assigning

to the group message a probability equal to the sum of the




TR

34
probabilities of the three constituent messages. ~The
auxiliary ensemble is then reordered so that it will be in
noniﬂcreasing order.

Since D = 3, in the next step the three least
probable messages are again grouped in the auxiliary
ensemble, assigning the group message a probability as in
the previous step, and reordering the auxiliary ensemble.
This is continued 11 times, until only one message is left,
occurring with a unit probability. This is illustrated in
Figure 3. Starting at the root of the graph of Figure 3
and working up the tree. to the original messages, the
code words can be constructed. In this case, the set of
code words resulting from Huffman encoding is given in
Table 3. From this.table, it is clear that the average

code word length is:

1

) (2) + 15(5) (3) + 9(L) (4) = 2.778

1
9
From Example 2, it is known that H(X) for the
10923
original message ensemble is equal to 2.778, so that this
code is absolutely optimal. This is to be expected,
since the Huffman encoding procedure always produces an
optimum code, and the code constructed using the Shannon-
Fano encoding technique was absolutely optimal.
The compression ratio achieved using Huffman coding
can easily be computed once I, is known.

As for the case of Shannon-Fano coding, the CR

of Example 3 would be given by:
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-1
-1 0
1/9 X1 '
N 1/3 1
1/9 2 1 '
1/9 *3 ‘f:;“‘ 1
1/27 %,
o 1/9 0 1/3
1/27 %g . )
/27 x4 . )
1727 %, :
1/27 %4 0 1/3 0 1/3
—1 1 1
1/27 %q .
1/27 %4, e
1727 %45
1727 %,
1/27 %44 e
1/27 %9,
1/27 ¥¢
1/27 % . s
1/27 %4
1/81 X =1
< 0 1/27 -1
1/81 ¥,
1/9
1/81 %y
1/81 X,,—
e x22 o | 1/27
/81 ¥,3
1/81 X%,, .
1/81 X,¢
1/81 x 0 1/27
/ 26
1/81 X,

Figure 3:- Tree obtained by Huffman source coding of the
27 messages of Example 2. (The message proba-

bilities are given in Table 3.)
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TABLE 3

HUFFMAN SQURCE CODE FOR A 3-SYMBOL CODING ALPHABET

Message Message Probability Code Word
X, % 1 -1
x, % 1 0
X3 % 1 1
x, = -1 1 -1
Xg % -1 1 0
Xe % -1 1 1
Xq % -1 0 -1
%g - -1 0 0
Xq - -1 0 1
%10 55 -1 -1 -1
%44 - -1 -1 0
X1 . -1 =11
X3 > 0 1 -1
X4y > 0 1 0
X5 77 0 01 1
%16 > 0 0 -1
X497 % 0 0 O
X,g - 0 0 1
X1 - 0 -1 1 -1
%0 - 0-1 1 0

. %y, ot 0-1 1 1
Xpy o 0 -1 0 -1
%3 a1 0-1 0 0
%, . 0 -1 0 1
Xy - 0 -1 -1 -1
X506 - 0-1-1 0

1

x
N
~)
o
-
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CR = block length prior to encoding = 3 = 1.08
T 2.778
As for Example 2,
CR - block length prior to encoding _ 3 = 1.08
max source entropy 2.778 =

Again, this is to be expected, since in Example 2,
it was shown that L was equal to the source entropy.

Both Shénnon—Fano and Huffman [32] codes have non- !
uniform sequence lengths and exhibit the prefix property,
i.e., no sequence can be obtained by concatenating terms of
one.sequence with another.

Shannon-Fano coding is very efficient for large
alphabets but can be significantly inferior to Huffman
coding for short alphabets.

Shannon-Fano and Huffman coding are both examples
of schemes in which fixed-length message blocks are i
converted to variable length code words. This type of
scheme is susceptible to loss of synchronization and buffer
overflow. However important these considerations may be
in practice, they are beyond the scope of this thesis and
will not be considered.

Another block to variable-length distortionless
coding technique is Elias' sequential coding scheme [23].
While it does not possess the prefix property, it is
uniquely decodable and can be more easily implemented than

either of the two schemes just described.
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In the next section, two variable-length to fixed-
length (or block) distortionless encoding schemes‘are
considered. They are syndréme encoding (which includes

run-length coding) and fixed-weight coding.

5. Syndrome Source Coding [23]

As seen in Section 2, there exists a one-to-one
relationship befween the set of correctable errors for a
code and the set of syndromes of the code. Hence any
message (or source) block which is equivalent to the sum of
an all-zero code word and a correctable error pattern can
be represented by the syndrome for that error pattern, and
the syndrome transmitted instead of the message block.

This technique is only useful where the source symbol
probabilities are highly unequal.

There are two variations of this method. The first
variation is described by using as an illustration the
case of a binary discrete memoryless source with
p(0) >> p(1). The source output is first partitioned into
n-tuples, where n and k are parameters of an (n,k) binary
group code. If there are t-1 or less 1's in the n-tuple,
then the (n-k)-tuple (or syndrome) representing that error
pattern is transmitted, thus giving a CR of (H%E).

If there are, however, t or more 1's in a source
n-tuple, enough zeros are appended to the portion of the
n-tuple containing the t 1's to form an n-tuple of weight

t, which has of course an (n-k)-tuple as syndrome. The
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rest of the 1's in this n-tuple are then used to begin a
new n-tuple, formed as above. Thus the CR for thése blocks
will be less than HQE, and ﬁay be less than unity. At the
receiver, the decoder discards the appended zeros whenever
an n-tuple of weight t is decoded. If the weight of the
decoded n-tuple ig (t-1) or less, the entire n-tuple is
retained.

One speéial case of syndrome encoding is known as

run-length encoding. This discussion is confined to the

binary case, but can be extended, with suitable modifications,

to non-binary sources. For a binary source, the appearance
of a run or string of zeros will be terminated by a one,

and vice-versa, so that a string of length j corresponds to
(j-1) zeros terminated by a one. Therefore, a run‘of length
zero corresponds to the occurrence of a one. If

p(0) >> p(1), it is more efficient to code the run lengths
of zeros as opposed to the zeros in the runs.

If the probability distribution of the different
run lengths are known, then a Huffman code can be used to
efficiently encode the runs. However, this code, while
optimal for the given probability distribution, will not be
optimal for a different distribution.

Thus, a suboptimal code which is much less sensitive
to the run length distribution is required. One approach
would be to represent each possible run length by a unique
fixed-length code word. This is inefficient, since the

code words would be too long.
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A second approach involves representing all possible
runs up to a certain maximum length by a non—zero'k—tuple.
Since there are 2k k—tuples; they could represent runs from
length 1 to length (2k - 1. Thé problem in this scheme
lies in the choice of k. If it is chosen too small, it will
not be able to represent the longer runs, while if chosen
too large, it will be inefficient in representing the
shorter runs. This problem may be reduced by letting the
k-tuple of all zeros represent an unterminated run of 2k
zeros, so that runs longer than 2k - 1 can be represented
by a succession of k-tuples.

Still another scheme [33] has been to classify the
runs as type 1 or type 2. Type 1 runs are those terminating
with a one, while type 2 runs are unterminated runé of
zeros of differing lengths. These differing lengths are
all multiples of the shortest unterminated run.

It has been shown [34] that run~length coding for
a discrete memoryless source is a special case of syndrome

m .
- 1 - m) single-error

source coding using a (2m -1, 2
correcting Hamming code. The maximum run length that can
be encoded using this scheme is 2™ - 1,

There are many other types of distortionless source
coding schemes, such as variations on syndrome coding, fixed
weight coding and transition image coding. The latter is
relevant to discrete sources with memory, but still requires

the use of another source coding scheme once the transition

sequence has been obtained.
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All of the source-encoding techniques discussed
so far have been distortionless, i.e., the source output
is reproduced exactly at the receiver, given a noiseless
channel. However, if some distortion can be tolerated,
then the compression ratio can be greater. 1In the next
section, some of the source coding techniques which allow

distortion are discussed.

6. Source Coding with Distortion ?

As already stated, in block coding for channel
error control, a k-digit information sequence is converted
into an n-digit sequence. 1In the so-called systematic
coding, the (n-k) check digits are determined according to
some coding rule and are simply appended to the k information
digits. One way to make use of this in source coding is
as follows.

Let agr 897 @5r « .« -, A be an n-tuple put out

n-1
by the source. Instead of transmitting all of the n digits,
only the first k are transmitted, so that a CR of % is

achieved. At the receiver, the (n-k) check digits are com-

puted and appended to the k digits to get, say,

agyr a1, a2, - bk’ bk+1’ e .« ey bn—1‘ Thus the
source and received n~tuples differ in at most the (n-k)
last positions, and the distortion is confined to those
digits. The difference between the two sequences is

measured in some metric and divided by n to obtain the

average distortion per digit.
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In the case of binary sources, the maximum possible
distortion using systematic coding is thus (n-k),)and
the minimum is, of course, éero. Hence the average distor-
tion per digit will be given by (%i¥), because of the
linearity of the code.

Instead of using systematic codes, nonsystematic
codes can be used in the same way as above. If a set of
k—-tuples is coded into a set of n-tuples, this set is called ;
a code, and every n-tuple is a word of the code. In the
case of nonsystematic codes, the n-tuples are made up of
k scrambled information digits and (n-k) scrambled check
digits. Hence, given the n-tuple Agr Qg7+ o -4 AL 4
emerging from the source, the codeword nearest to it with
respect to some metric is chosen. This can be doné using ]

the standard array. Assume the chosen n-tuple is ags a1,

e+ ., A& Then the k-tuple corresponding to this code

n-1°
word is determined and transmitted and bO’ b1, e v ey bn—1

is reconstructed at the receiver. Then the difference ;
(or distance) between Agr @0+ cr ALy and bO’ b1, e . oy |
b _q1 will be the distortion for that block, and it will be
distributed among the n digits of the n-tuple. !

If a perfect code is used, then because of the |
discussion in Section 2, it is clear that the maximum

distortion would be %, where t is the random-error-

correcting capability of the code, while a quasi-perfect

i
£ (t+1) . :

code would have a maximum distortion o =




43

nm

Also, if Hamming (2m -1, 20 - 1 - m) perfect codes

are used, the resulting compression ratio will be given by

Similarly, for the 2-error-correcting BCH codes,

which are quasi-perfect, the compression ratio would be

CR =

The techniques which apply to block codes can
usually be extended to tree codes, with appropriate
moaifications [35].

Many other nonblock channel coding techniques have

been successfully applied to source coding. One such

technique is known as sliding-block source coding [36]. It

includes as special cases many other nonblock algorithms,

including quantization schemes, tree code schemes, trellis
code schemes, convolutional source coders with sequential

channel decoders used as source decoders, etc.

This very brief review of some of the better-known
source coding technigques is incomplete. More information
on source coding can be obtained by consulting Wilkins
and Wintz's bibliography on data compression [37] and the

Special Issue on Redundancy Reduction, Proceedings IEEE,

Vol. 5., no. 3, March 1967, as well as Tavares [23].

e e e e e+ o



CHAPTER III

NEGACYCLIC CODES

1. Introduction [38],[39],[40]

while there is a natural division between block
and tree codes, linear block codes can themselves be
further classified as to their cyclic or noncyclic nature.

Negacyclic codes [41], as their name might suggest,
are closely related to cyclic error-correcting codes. 1In
this chapter, negacyclic codes will first be defined, their
features explained and their parallels with cyclic codes
pointed out. Then some relevant binary coding theorems will
be extended to the non-binary case. This will be followed
by the description of a novel joint source and channel
encoding scheme, and the derivation of some of the scheme's
parameters. Finally, the rate distortion function of a

non-binary source relevant to negacyclic codes is determined.

2. Definition of Negacyclic Codes [40],[41]

Since the weight function relevant to negacyclic
codes is the Lee weight, the discussion begins with its
definition.

The Lee weight of a sequence B = bO’ b1, b2, e v ey

bn—1 over GF(p), where p is an odd prime, is the sum of

4y

R S - ]
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the Lee weights of the bi's. The Lee weight w; of bi is

byl if 0 < b, « 251 and [p - b,| if B l<b, < p - 1. This
should be contrasted with the Hamming weight Wy of B,

which is defined as the sum of the Hamming weights of the
bi's. The Hamming weight of bi is 1 if bi # 0 and is 0 if
bi = 0. Thus the Hamming weight is a measure of the number
of nonzero digits in a sequence. This is illustrated in the

following example.
Example U4

(a) LetB=0 1-1 1 0 1t 1 0 1-1T 0 1,
with p = 3. Then the Lee weight of B is 8, and its Hamming
weight is also 8, since it contains 8 nonzero digits, all

of which are *1.

(b) LetB=0 1 3 2 19 1T 0 0 1 3 1 1,
with p = 5. Then the Lee weight of B is 12, while its Hamming

weight is 9.

It can be remarked at this point that from the

definition of the Lee weight, a sequence B = bo, b1, b2 e e ey

bn—1 over GF(p), where p is an odd prime, can be treated
equivalently as being over the set

- - -3 p-1
s = ¢ =3 2, -1,00,01, 2, .. B EED

In all further discussions, B will be assumed to be over S.
The Hamming and Lee metrics are not the only error
measures which have been defined. A general definition of

error metrics is given in Golomb [42].
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A weight function, or metric, must assign low

weights to likely error words, and high weights to unlikely
error words. Thus, the choice of weight function is depen-
dent on the modulation scheme used in a given communications
system, which along with the signal set to be used, is, in
general, dependent on the channel characteristics. The
Hamming metric is particularly suitable for orthogonal modu-
lation schemes, since it can be shown that the probability
of occurrence of an error word depends only on the number of
nonzero digits in the error word, and not on the values of

those digits. However, it is not a suitable weight function

for other modulation schemes, such as phase modulation, where

the probability of obtaining a small phase error is much
greater than that of obtaining a large phase error} The
Lee weight function, however, is a metric which is well-
suited to phase modulation schemes.

It is interesting to note that for a system using
amplitude modulation to transmit information via a channel
containing additive Gaussian noise, neither the Hamming nor
the Lee metric is particularly suited. The Lee metric does,
however, provide a much better approximation than the
Hamming metric, if the number of symbols in the alphabet
is large.

The codes which make use of the Lee metric are the
negacyclic codes invented by Berlekamp. These can now be

defined.

e
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A negacyclic code over GF(p), where p is an odd
prime, and of length n, whe;e n is a nonmultiple of p, is
the set of multiples of a generator polynomial g(x) which
divides x™ + 1 over GF (p) .
A few remarks can be made at this point. First, it

can be noted that a cyclic code of length n is the set of

multiples of a generator polynomial g(x) which divides X - 1.

Secondly, since the metric used for negacyclic codes is
the Lee metric, the code will be considered to be over the
set S, rather than GF(p), from this point on.

A negacyclic shift B' of an n-tuple B = bo, b1,

i ' = o
- bn_1 over S 1s the sequence B bn—1’ bo,

b1, . e ey bn—2'
of the n-tuple is negated. All other digits are merely
shifted. Since g(x) divides x" o+ 1, if B belongs to a
negacyclic code, then B' will also be a code word. B and
all of its distinct negacyclic shifts constitutes a nega-
cyclic class, while B and all of its distinct cyclic shifts
forms a cyclic class.

It is of interest to note that a cyclic shift of
an n-tuple B = b, b1, byr o o oy b _4 is the sequence B' =
b

b b1, e . ey bn—2’ which is parallel to that of the

n-1" ~0’

negacyclic shift, but without the negation of the bn-1 term.

This explains how the name of negacyclic codes arose.
Before giving examples of cyclic and negacyclic
classes, a theorem relevant to negacyclic classes is

presented.

It should be noted that only the‘bn_1 term
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Theorem 3 [43]
The number of distinct elements in a negaﬁyclic
class of a (n,k) neéacyclic code V can only be
2n or a factor of 2n. , |
Example 5

t
(a) LeeB=0 1 1 1 1 1 0 0 1 1 1 1,
|
with n = 12. Then B and its (n-1) cyclic shifts are: !

o 1 1t 1 1 1 0 0 1T 1 1 1
Tt 01T 1T 1T 1 1 0 0 1T 1 1

(b) LetB=0 1-2 2 1 1 0 0 1-2 1 1,
with n = 12. It should be noted that this is the same
sequence as in Example 4, except that in this case, B is
over S = {0, *1, +2} instead of over GF(p). Then B and its

(2n - 1) negacyclic shifts are:




Following the usage in the case of cyclic codes, a

r
negacyclic code of block length n = p -1

-2

2

; Where

r is any
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positive integer, is said to be a primitive negacyclic
code. On the other hand, if the block length is a

r .
divisior of n = E——:—l, then the code is said to be a

2
nonprimitive negacyclic code.
The error-correcting capability of negacyclic

codes can now be investigated. Before introducing the

relevant theorem, it is useful in passing to note that,

since
2n n n
X -1 = X"+ 1Y - 1)
the roots of Xn + 1 are the roots of in - 1 which are not
roots of X% - 1. Also, if o is a primitive root of x2n_ 1,

then all odd powers of o will be roots of x4+ 1, while

all even powers of o will be roots of " - 1 f41]1. In
r

addition to this, if 2n = p~ - 1, then every irreducible
factor of X2n - 1 over GF(p) has degree r or less. Hence
every irreducible factor of X" - 1 and x® + 1 must also

have degree r or less.
Since h(X) = X" + 1
g(X)
then deg[h(X)] + deglg(X)] = n, where h(X) and g(X) are the
parity-check and generator polynomials, respectively, and
every irreducible factor of h(X) and g(X) must have degree

r or less.

The most important result concerning the error-
correcting capability of negacyclic codes is contained in

the following known theorem [41].
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Theorem 4

With o as a primitive root of in - 1, if the

roots of the generator polynomial of a negacyclic

code over S includes a, a3, a5, . e .y 02t

14
where 2t - 1 < p, then the code can correct all

error patterns of Lee weight t or less.

Recalling the rule of construction of BCH codes,
it is clear that a parallel exists between BCH codes

and negacyclic codes. However, BCH codes do not have the

p - 1
< 5 .

This theorem provides a rule for constructing g(X),

restriction that t

the generator polynomial of the negacyclic code, requiring
only a and its odd powers to a2t-1. Clearly, o must be a
root of X" + 1, since it has order 2n. Hence, it is
necessary to factor x® + 1 into irreducible factors in
order to obtain g(X). This has been done for p = 5 to 13,
with r = 2 and 3 [u44].

The information rate of negacyclic codes can now be
examined. Since every irreducible factor of x" + 1 has

r
degree r or less, because n = E——%—l, the degree of the

generator polynomial is ¢ rt. Since t < P ; 1, then

deg [g(¥)] ¢ x5

and the information rate will be given by [45]

_n - (n-k) < W rt 5 1 - rip - 1) (2)

n n 2(p° - 1)

S

]
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which reduces to
n r
p -1
Taking t = P ; L to achieve the maximum error-

correction capability, the expression for information rate

can be expressed as

2rt

S|
W
-

e+ T - 1

For the case of r 2, this reduces to

p — 1

P 1

v

k
n

which gives a lower bound on the information rate of an
(n,k) r = 2 primitive negacyclic code.

It should also be pointed out that negacyclic codes
do not have any particular advantage over binary cyclic
codes for burst error correction, since the significant
variable for burst error correction is the length of the

burst, and not its weight.

At this point, it is useful to examine the different

error patterns which are correctable by a negacyclic code V

for which t = 2 and p = 5. This implies that t ¢ P ; 1,

and for equality, t = 2. Hence V can correct any error
pattern of two or less errors whose total Lee weight does
not exceed 2. These would include all patterns of the form

bin, where Ibil = 0, 1 or 2 and of the form bixl + bjxj,
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where |bi| + |bj| < 2. |
A negacyclic code can now be constructed. This is

illustrated in the following example.

Example 6
-
Let n = EL—E——-= 12, so that p =5, r = 2,
k=n-rt =8, andt=p;1=2. Then GF(5°) can be

constructed using X2 + X + 2, a primitive polynomial of

degree ¥ = 2. This yields the following:

2
GF(52) in terms of ¢, a root of X + X + 2:

o = 1+0
a1 = 0 + q
az = -2 - q
a3 =+2 - o
oau = +2 - 2q
o = -1 - qa
a6 = +2 + 0
ol = 0+ 2q
a8 = 1 - 2q
o’ = =1 - 2¢g
a10 = -1 + g
a11 = -2 - 24
oL,12 = -1 + 0
o 13 = 0 - g
oz1u = +2 + g

Pt

O
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a16 = =2 + 2q
a17 = 1+ g

a18 =-2+0

a19 = 0 - 20

0(,20 = -1 + 20

o2l = 1+ 24

a22 = 1 - q

OL23 = 2 + 2q
a24 = 1+ 0 = ao

Now g(X) must have as roots all odd powers of o up

to aZt—1, which is a3 in this case. 8Since ¢ is a root of

X2 + X + 2, another irreducible polynomial of degree £ 2

which has a3 as a root is required. From the GF(52) just
constructed, it is clear that u6 = (oc3)2 = 2, is such a root,
so that X2 - 2 is a polynomial of degree 2 which has q3 as

a root. Hence,
g(X) = (x2 + X + 2) (x2

<+ x3 - 2x + 1

2)

contains roots ¢ and a3 and will generate a (12,8) 2~error
correcting primitive negacyclic code.

The information rate for this code would be

=

= %—%—% = %, since r = 2.
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p._ - 1
2’

have been covered. However, there are also nonprimitive

Only primitive negacyclic codes with n =

negacyclic codes. While the better negacyclic codes, in
the sense of having a relatively large error-correcting
capability and a relatively small number of check digits,
usually occur in primitive block lengths, there are also
some moderately good nonprimitive negacyclic codes.

If a négacyclic code V has length n, this means that

g(X) divides 1 + x". Hence g(X) must also divide 1 - in.

r
Therefore 2n = pr -1, or n = E——%—l, for primitive nega-

cyclic codes. Nonprimitive negacyclic codes are codes for
r
which n # E——%—l.
In the next section, the close parallels between

negacyclic and cyclic codes are studied.

3. Parallels between Negacyclic and Cyclic Codes

It is now clear that there is a great deal of
similarity between cyclic codes and negacyclic codes. Some

of the more obvious similarities are:

(i) The generator polynomial of a cyclic code
divides X" - 1, while that of a negacyclic code divides

X%+ 1.

(ii) The construction technique for negacyclic codes
as outlined in Berlekamp [41] and Theorems III and IV

follows closely that of BCH codes, which are cyclic codes.
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(iii) While cyclic codes can be decomposed into
cyclic classes, negacyclic codes can be decomposed into

negacyclic classes.

(iv) While binary cyclic codes can be implemented
using shift registers with appropriate feedback connections,
negacyclic codes could be implemented using either multi-
level shift registers, or, what would be more realistic,
through hardware or goftware simulation of a multi-level

shift register.

(v) Negacyclic codes can be decoded using the BCH
decoding procedure [41] with appropriate modifications, and
are, under appropriate restrictions, 1-step permutation

decodable [46].

(vi) Since majority logic decoding is one of the
simplest decoding techniques known, and since most majority- !
logic decodable codes found so far are cyclic, one would
naturally wish to find negacyclic codes, or codes derived
from them, which are majority-logic decodable. However,
no general results seem available, though one subset of a
(12,8) primitive negacyclic code with t = 2 is majority-
logic decodable. The decoding procedure for this code will

be illustrated by way of an example [47].

Example 7

Let the generator polynomial of a primitive (12,8)

t = 2 negacyclic code be
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g(X) = (x% - 2x + 3)(x% + 2) = x* - 2% + X + 1

Let V be the (11,4) shortened subset of the nega-
cyclic code, generated by

g(X)(1 - X + 2x3)

1 - x% - x2 + %% + 2%’

g'(X)

Since v is negacyclic, every word V(X) of V may be

expressed in the form

V(X) g(X)m(X)

— _ 2 _ 3 _ 4
= m0 + m1X + (m2 mO)X + (m3 m1)X m2X

5 6 7
+ m3)X + (m0 - m1)X + (me +m, - m2)x

- m3)x8 + (2m x10

( m,

+ (2m, + m

9
] 5 + m3)x + 2m3

2
Any received polynomial R(X) can be expressed as

_ 2 10
R(X) = r, + r, + r2X + . . . F r10X .

In order to decode R(X), the corresponding coeffi-

cients of V(X) and R(X) must be equated, yielding,
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+m

-m

-m

+m

2m

+m

-m

+m3

2m3

(1)

where it should be noted that the above equations are

independent of m(X).

The above equations can be combined to yield

2mO =

2mO =

2m0 =

2mo =

2m0 =

In the
by a.majority
correct if it
the set above.

After

R(X), and the

2rO

2r2

2r1

=-2r

Ty

- 2ru
+ 2r6
5 7 10
+ 2r8 + 2r9

set of equations (1) above, m, is estimated

vote.

In other words, m

0

is considered to be

agrees with at least 3 out of 5 equations in

obtaining m

OI

mog(X) can be subtracted from

sum can be shifted to the left by one
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position so that

R(X)' = ro' + r1'x + r2'x t . . . tr'

Hence, m, can now be estimated by combining

equations from (1) and using rj' instead of rj.

This process can be repeated for all mi's in m(X),

and so it is cohcluded that the (11,4) shortened subset of
the negacyclic code is 1-step majority logic decodable.

In the following chapter, it will be seen that
many of the theorems for binary cyclic codes can be
extended to negacyclic codes. This will be used to derive
some expressions for the average distortion of some nega-
cyclic codes used for source coding. This is followed by

the description of a joint source and channel coding scheme

making use of negacyclic codes.

A gt v

[




AT

CHAPTER IV

BLOCK SOURCE CODING WITH NEGACYCLIC CODES

1. Introduction

As seen'in previous chapters, source encoding is
used to reduce redundancy in source outputs. Channel
coding, on the other hand, concerns itself with adding
structured redundancy in such a way as to make error detec-
tion and/or correction possible at the receiver, in order
to combat channel noise.

The rate-distortion function R{D), introduced in
Chapter I, furnishes, for a given fidelity criterion, a
lower bound for the rate of a code for a given distortion D.
Plotting the intersection of D and rate for a given code
on the same graph as the rate-distortion function of the
source under consideration yields both a qualitative and
quantitative description of the effectiveness of a source code.
Hence, relative and absolute comparisons of the source en-
coding effectiveness of block codes requires knowledge of D,
the average distortion per digit for the code being considered.

First, however, one type of source encoding scheme
covered in Chapter II will be extended to negacyclic codes.
The method is a fixed-length to fixed-length block source
coding scheme using negacyclic codes, to code a source

60
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output over GF(p), or, equivalently, over
s = {0, 1, 2, . . ., * B—%—l}. The scheme is'implemented
as follows. .

The source output is partitioned into blocks of
n digits. for each block, the code word nearest to it in
the sense of Lee distance is found. Then the n-digit block
is replaced with the k information digits relevant to this
code word.

The resulting compression ratio CR resulting from
this source coding scheme is then given by %.

The average distortion per digit [48] D for group

codes is given by

n

Zwa
D = w=1

o7 Kn

where Kw is the number of cosets of the code with leaders

of Lee weight w. pn_k is the total number of cosets.

At this point a result which may be of some interest
is derived. It regards the number of n-tuples, over S,

having any Lee weight, where S = {0, *1, %2, . . ., + E—%—JJ.

Let Nt represent the number of n-tuples with Lee
p -1

5~
and that N1 = 2n,; since there can be a +1 or -1 in any one

weight t = Then it is readily observed that Ny = 1

of the n positions. As regards t = 2, then N2 = 2n+(;)22,
where 2n is the number of single errors of Lee weight 2

and (121)22 is the number of 2-error patterns, each error digit

in the n-tuple having a Lee weight of unity. From the
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preceding discussion, it is clear that the number Ntdepends

on the number of ways t can be expressed as the sum of j

nonzero numbers drawn from S. The weight t can be expressed

as the sum of j numbers drawn from the above set in (;:1)

ways if the signs are not taken into account.

Since the sign of any of the j digits can be
positive or negative, a 2j factor must be added to this
expression. On the other hand, the j integers can occur
in an n-tuple in (?) ways, so that this factor must also

be included. This discussion leads to a theorem.

Theorem 5

The number Nt of n-tuples, over S, which

have Lee weight t (t >0), is given by

. n, -1 2 ,n, ,t-1 3,n, ,t-1
t, n,  t-1
25 (T

This result is illustrated in the following example.

Example 8

For t = 1. the expression obtained from Theorem

\ _ n, t-1, _
5 yields Nt = 2 (1)( 0 ) = 2n.

Similarly, for t

2,

_ n, 1 2,n, 1, _ 2,n
Ny = 2(1)(0) + 2 (2)(1) = 2n + 27(,).
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Again, for t = 3,

v, = 2Ch ) + 225D + 22D ()

2n + 8(2) + 8(13’)

and so on.

In the hext section, some results on binary
cyclic codes will be extended to negacyclic codes.

From this point on, it should be noted that unless
otherwise specified, Lee weight is meant whenever weight
is mentioned.

2. Extension of Binary Cyclic Code
Theorems to Negacyclic Codes

Since the maximal-length cyclic code is a constant-
weight code [49], a parallel result in the negacyclic
case would be expected. As is known [50], this is indeed
the case. The derivation is included here for the sake of

completeness.

By a maximal-length negacyclic code is meant the
(n = Er = 1, k = r) code generated by g(X) = X+ 1 ’

2 h (X)
where h(X) is an irreducible polynomial over GF(p), of

degree r and exponent 2n, i.e., h(X) divides in -1,

but not X’ - 1 for any v < 2n.
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The code has pk -1 = pr - 1 = 2n nonzero words.
Since r = k, this means, from Theorem 3, that tﬁe code has
negacyclic class. Since all the elements of a negacyclic
class are negacyclic shifts of each other, they must
necessarily have the same weight. Hence, this code is a
constant weight code.

This weight must now be established. If B (X)
represents a Zﬁ—digit maximal-length sequence, then B(X)

can be expressed as follows:

2n
_ X -1
where C(X) has degree k -1 = r -1 or less. From this it
follows that
B(X) = g(x) (x" - 1) C(X) (2)
since h(X)g(X) = M+ 1

Expanding equation (2) yields
B(X) = -g(X) C(X) + X'g(X) C(X)

where it is noted that g(X) C(X) has degree (n - 1) or

less, and that g(X) C(X), which belongs to the code, has
one-half the weight of B(X). Since B(X) is a maximal-length
sequence, it contains every nonzero element of

GF (p) Br= pr_1 times. This implies that the weight of

p
every nonzero word of code V is given by

o5 s 243+ L. .+E-5—1-]

one
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or, equivalently,

g @D EZL e 2
P 2 - 8

This result is restated in the following theorem.

Theorem 6

The maximal-length negacyclic code over

S = {0, 1, #2, . . ., B ; 1} has a constant
1

r- 2
Lee weight of B ép 1).

From this theorem, the following corollary is

directly obtained.

Corollary 1

t ¢ B2

necessary condition.

ever,

2

The maximal-length negacyclic code over S
corrects any single error pattern of Lee

weight
e XA} NP
L« & )

2

or less, where |x| represents the largest
integer contained in the positive number

X.

The corollary demonstrates that the condition

in Theorem 4 is a sufficient rather than a

in order to make use of Berlekamp's decoding

algorithm.

This condition is regquired, how-~

o4 e

Bz
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It is known [51] that the binary Hamming code, of

m m
length 2™ - 1, has (2 1)é2 ) words of weight 3. A

p —-—

parallel result for the negacyclic code of length n = —

for p = 3 is proven next.

The known theorem which follows is a convenient

starting point [52].
Theorem 7

The negacyclic code V with n = —

and t = 1 is perfect.

It is noted that V has k = n - r. Since p = 3, every

word V3(X) of V with Lee weight 3 can be expressed in the

form

_ u \4 w
V3(X) = auX + avX + an

where a,r aV and a, are chosen from the set {-1, 1}. This
implies, in view of the definition of a negacyclic class,

the following lemma.

Lemma 1

Every negacyclic class with words of Lee
weight 3 in V has exactly 3 words of the

form 1 + a XV + a Xw.
v W

From Theorem 6 it is clear that, using V as one

coset, the set of 3t n-tuples can be completely partitioned

into 1 coset with the leader of zero weight and 2n cosets

- Prmomea
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with leaders of Lee weight 1. Since V has minimum Lee dis-
tance of 4 = 3, all of the 22(2) = 2n(n - 1) n-tﬁples of
Lee weight 2 (see Theorem 55 are contained in the cosets
with leaders of Lee weight 1. This means, since V is
negacyclic and all of the n-tuples of Lee weight 1 have
been used as coset leaders, that the number of n-tuples of
Lee weight 2 contained in each coset with leader of Lee
2nin - 1)

weight 1 is g =n - 1. This result is repeated

in the following lemma.

Lemma 2

Every coset of V with a leader of Lee weight

‘1 contains n - 1 n-tuples of Lee weight 2.

Next, the coset with leader X0 can be considered,
without loss of generality. This leader can produce an
n-tuple of Lee weight 2 only with a code word of the form
1 + avxV + awxw. This means, in view of Lemma 2,that V
contains n - 1 words of the form 1 + aVXV + anw. Applying

Lemma 1, the following lemma is obtained.

Lemma 3

n—
3

words of Lee weight 3.

V has negacyclic classes containing

This lemma yields, in view of Theorem 3, the

following theorem.
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Theorem 8
The negacyclic code with n = éi—%—l and
t = 1 contains Zﬁiﬁil_ll words of Lee weight

3.

From Theorem 7, it also follows that the code
has 1 coset with the leader of weight 0 and 2n cosets with
leaders of weight 1, so that the average distortion D per

digit, since this is a block code, is given by

(0) (1) + (H(2n) _ _2n _ 2n _

2n—kn prn (2n + 1)n

D = 1

1
n+§

This result is restated in the following corollary.

Corollary 2

The negacyclic code with n = E——%—l and t = 1
r
has a compression ratio of 2 - P and an
n-r pr—1—2r
average distortion per digit of 1 .
.

This is illustrated in the following example.

Example 9

Let V be a (4,2) t = 1 negacyclic code over

S = {0, *1}. Then the CR obtained for this code would be
5 ? T =7 5 5 = 2, and the average distortion per digit D
would be — 1 = - = 0.222.

n + % 4.5
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Similarly, if V is a (13,10), t = 1 negacyclic code

n =
- r

over S = {0, *1}, then the CR = - 1.3, and

D = T = .0741.
n+ =

N

It is known [53] that the binary shortened-by-1-digit
Hamming code of length 2™ - 2 is guasiperfect. Now parallel
results for the case of negacyclic codes over GF(3) will be
proven.

3¢ -1 .

Let V be the (n = — k = n - r) negacyclic code
with £t = 1. Let V' be the (n - 1, k - 1) shortened-by-1-
digit code obtained from V.

Since p = 3, all of the words of Lee weight 3 in V
are of the‘form auxu + avxv + anw, where a,r av and a,
as before, are taken from the set {-1, 1}. This implies
that every negacyclic class containing words of Lee weight
3 in V has 6 words ending with a nonzero digit. Since,

from Lemma 3, there are a 5 L such negacyclic classes,

n - 1)

V contains in all 6¢( 3 = 2(n - 1) words of Lee weight

3 ending in a nonzero digit. From Theorem 8, this means

that V' contains 221%?:—1l - 2(m -1 =2@o= 1);n - 3)

words of Lee weight 3.

This result is repeated in the following lemma.

Lemma 4

If V' is the (n - 1, k - 1) shortened-by-1-
r
. digit code obtained from the (n = é——%—l,

k=n-r) t =1 negacyclic code, then V'

ol s
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contains 20 = 1);n = 3) yords of Lee weight

3.

Now the cosets of V' can be considered. Since V'
has t = 1, then 1 + 2(n - 1) = 2n - 1 cosets can be readily
accounted for, namely, 1 coset with leader of weight zero,
and 2(n - 1) cosets with leaders of weight 1. This means
that 2 cosets are unaccounted for. From Lemma 4, it is known

that, in all the words of weight 3 contained in V', there

2(n - 1) (n - 3)
3

This means, since all the (n - 1)-tuples of Lee weight 1

(3) = 2(n - 1) (n - 3) nonzero digits.

are

are used as coset leaders, that there are in all

2(n - 1)(n ~- 3) (n - 1)-tuples of Lee weight 2 in the cosets
of V' with leaders of weight 1. Since there are in all
222" =2 -1 @-2 (n- 1)-tuples of Lee weight

2, the following lemma can be concluded.

Lemma 5

If V' is the (n - 1, k - 1) shortened-by-1-
digit code obtained from the

(n = é——%—l , k =n-r) t =1 negacyclic
code, then V' has 2(n - 1) (n - 1)-tuples

of Lee weight 2 available to construct cosets

of V' with leaders of weight 2.

Now an (n - 1)-tuple vy of Lee weight 2 can only

produce an (n - 1)-tuple of Lee weight 2 with words of V'

e
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that have Lee weight 3 or 4.

Without loss of generality, vy = 1 1 0’ o . . .0
can be considered. Any (n.— 1)-tuple of Lee weight 3 which,
with Ve cCan produce an (n - 1)-tuple of Lee weight 2, has
to be of the form 1 -1 x x x . . . X or
-1 1 % x x . . . x, where only one X is nonzero. Since
the mutual Lee distance between these two possibilities has
to be at least'3,.since t = 1, a little reflection reveals
that the number of words in V' which can produce, with Vor
an (n - 1)-tuple of Lee weight 2, is 2. This result is

restated in the following lemma.

Lemma 6

If V' is the (n - 1, k¥ - 1) shortened—by—i—
digit code obtained from the (n = é——%—l,
k =n - 1r) t =1 negacyclic code, then in a
coset of V' with a leader of Lee weight 2,

the number of (n - 1)-tuples of Lee weight

2, due to codewords of Lee weight 3, is 2.

There now remains the investigation of the number
of (n - 1)-tuples, of Lee weight 2, that can exist in a
coset of V' with leader of Lee weight 2, because of code
words of Lee weight 4. This number is the same as the
number Yy of possible v-tuples such that all have.Lee weight
4, and have the form, say,of 1 1 x x . . . X with only 2

nonzero x's, the mutual Lee distance being at least 3.
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For v = 3, Y3 is clearly zero. For v = 4, Yy = T, since
1T 1 1 1, 1 1 -1 1, 1. 17 1 -Tor 1 1 -1 -1 can be
chosen. Suppose, without loss of generality, that
1 1 1 1 is chosen.
For v = 5, Yg = 3 since, without loss of generality,

Tt 1 1 1 0, 1 1-1 0 1, 1T 1 0-1 -1

can be chosen.

Suppose the former three words, again, without loss
of generality, are chosen.

For v = 6, Yg = 3, since one more word cannot be

added.

i1 1+ 1 0 O0 0 1T 1-1 0 1 0 O,
11 0~-1-12 0 O, 1 1 0 O O -1 -1

can be used.

[
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Continuing this line of reasoning yields the

following lemma.

Lemma 7
| The number Yy of v~-tuples over GF(3) of
{ Lee weight 4, having a mutual distance of
g at least 3, and matching in two positions,
3 is givén by Y, = 3(ax = 1), for v = 3a and
; v = 30 - 1 and is given by v, = 3(a = 1) - 2
? for v = 30 - 2, where o is a positive
; integer.
% From Lemma 7, the following lemma can be directly
obtained.
Lemma 8

If V' is the (n - 1, k - 1) shortened-by-1-

% digit code described in Lemma 4, the number of
(n — 1)-tuples of Lee weight 2 that can exist
in a coset of V' with leader of Lee weight 2,
because of words of Lee weight 4 in V', is at

; most n - 4.

From Lemmas 6 and 8, it is clear that a leader

of Lee weight 2 can produce at most n - 4 + 2 n- 2
(n - 1)-tuples of Lee weight 2 in a coset of V'. This

means, if the leader itself is included, that there can be
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at most n - 1 (n - 1)-tuples of Lee weight 2 in a coset
of V' with leader of weight 2. In view of Lemma'5, this
then implies that there aré 2 cosets of V' with leaders of
Lee weight 2.

To summarize the discussion up to this point, all
of the pr = 3% cosets of V' have been accounted for. 1In
addition to V' itself, there are 2(n - 1) cosets with
leaders of Lee.weight 1 and 2 cosets with leaders of Lee

weight 2. Since V' has t = 1, a further conclusion can be

drawn.

Theorem 9

The (n -~ 1, kK = 1) code V' obtained by shorten-

r
ing the (n = é——:—l, k = n - r) negacyclic code
g 2

- with t = 1 is quasiperfect.

Since the code of Theorem 9 has 1 coset with the
leader of weight 0, 2(n ~ 1) cosets with leaders of Lee
weight 1 and 2 cosets with leaders of Lee weight 2, it
follows that the code gives an average distortion per digit

of

() (1) + (M(2)(n - 1) + (2)(2) _ 2n - 2 + 4
oP=T=k+T ) K

_2n - 2 + 4 _ 2n + 2 _ n + 1
3r(n -1 (2n + 1) (n - 1) (n + %)(n - 1)

This result is restated in the following corollary.

RN §aro v i
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Corollary 3

The (n - 1, k - 1) code obtained by shortening

2——%—l,-k = n - r) negacyclic code
-1

1 has a compression ratio of %~:—T

the (n

with t

and an average distortion per digit of
n + 1
(n + %}(n - 1)

These results are illustrated in the following example.

Example 10

Let V be the (3,1) code obtained by shortening the

(4,2) t = 1 negacyclic code over S = {0, *1}. Then the CR

for V is given by E—;—% = % = 3, and the average distortion
per digit D is given by (n + 1) ~ 0.296.

(n + %)(n - 1)
Similarly, if V is the (12,9) code obtained by

shortening the (13,10) t = negacyclic code over

7
12 _ . .
5 = 1.333 and D is given by

S = {0, %1}, then the CR
(n + 1)

(n + 2)(n = 1)

It is known that the code obtained by interleaving

= .0864.

two binary Hamming codes is quasiperfect [54]. A similar
result for negacyclic codes will now be established.
r
1
-p_ -1 =
1 be the (n1 = 5 ’ k1 n, z
negacyclic code with t = 1 and v, the (n2 = E——E:-l,

Let V —rr1) primitive

X, = n, - r2) primitive negacyclic code with ¢t = 1. Let V

2 2

be the (n1 + n k, + k2) code obtained by interleaving

27 M
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V., and V2.

1
Since V can correct any pattern which, on

deinterleaving, becomes 2 error patterns correctable by

V1 and V2, respectively, the number of error patterns
correctable by V is given by
pl_1.p2%-1
1 + 2(n1 + n2) + 2n12n2 =1 + 2( 5 + > )
r r
-V _ 2 _ r, +r
rueR—=0) Bt -p 1 2

since 2(n1 + n2) is the number of single errors of

Lee weight 1 and 2n12n2 the number of two-error patterns

of Lee weight 2.
r, + r,
Since p is equal to the number of syndromes

of V, it can be concluded that coset leaders of Lee weight
> 2 are not required, aﬁd since V has ¢t = 1, the following

conclusion is arrived at:

Theorem 10

The code obtained by interleaving two primi-

tive negacyclic codes, each having t = 1, is

quasiperfect.

Hence, an expression for the average distortion per
digit D for the interleaved primitive negacyclic codes of

Theorem 10 can be obtained as follows:

- EETITEE
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(0) (1) + (1)2(n1 + n2) + (2)(2n12n2)

D =
2n1 + n2 : k1 k2

(n1 + n2)

2(n,I + n2) + 8n1n2 _ 2(n1 + n2) + 8n1n2

r, + r
P T 2(n1 + n2) (2n1 + 1)(2n2 + 1)(n1+n2)
n n
1 2
= ( ) D, + ( ) D
n1.+ n, 1 n1 + n, 2
where D, = 1 and D, = 1 , Since D, and D, are,
1 1 2 1 1 2
ng + 3 ny, *3

from Corollary 2, the average distortions per digit of the

component codes.

This result is restated in the following corollary.

Corollary 4

The code obtained by interleaving two primitive

negacyg%ic codes with rﬁgpective lengths

b -1 - p -1 : -
n, = S=—— and n, s and with t = 1, has

n1+n2

a compression ratio given by n, - T, o, -1,

and an average distortion per digit of

n n

1 2

(m————=—) D, + (
n, + n, 1

are the average distortions per digit for the

m) D2, where D1 and D2

respective component codes.

Example 11
Let V be the (17,12) code obtained by interleaving

the v, = (4,2) £t =1 and v, = (13,10) t = 1 primitive
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negacyclic codes. Then the compression ratio of V is given

by
ny +n, b o+ 13
CR=g——7%. 7. -r. W=-2 + (13 = 10)
1 1 2 2 : R
= 3.4
The average distortion per digit of v, is given by
D, = ———l—T = 0.222, while D, = ‘_—l”T ~ .0741 so that the
n1+-2— n2+-2-

average distortion per digit of V is given by

™ "2
HT_:_H;)D1 +(H;—¢—H£ D, = .0522 + .0567 = .1089.

D =(

Finally, the code obtained by interleaving two codes
of Theorem 9 can be considered. Let V1 be the

(n1 -1, k1 - 1) code obtained by shortening the

r1
_ 3 -1 _ _ . . _
(n1 = = k1 = n, r1) negacyclic code with t = 1
and V2 the (n2 -1, k2 - 1) code obtained by shortening
3%2-

the (n2 = 5 k2 =n, - r2) negacyclic code with t = 1.
Let V be the (n1 + n, - 2, k1 + k2 - 2) code obtained by
interleaving V1 and V2.

Let Ki' be the number of cosets of Vi with coset
leaders of Lee weight j, 1 = 1, 2. It is clear from

Theorem 9 that Ki0=1, K = 2(ni - 1), K., = 2. Since V

i2
can correct any error pattern which, on deinterleaving,

i1

reduces to coset leaders of V1 and V2, it follows that

K, = 1, K, = 2(n1 -1 + n, - 1),

P e
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N
|

= 2(n1 - 1) 2(n2 -1 + 2+ 2, K3 = 2(_n2 - 1) + 2(n1 - 1),

=
]

2(2), where Kw is the number of cosets of V with leaders
of Lee weight w.

Therefore, V produces an average distortion per

digit given by,

D = (0) (1) + (1)2(n1—1 + n2—1) + (2) [4 + 4(n1—1)(n2—1)]
$(3) [2(ny=1) + 2(ng=)] + (4) (8)

r1+r2 (

n1—1 + n2—1)

2(n,+ny=2) + 8[1 + (n;=1) (ny=N)1 + 6(ny=1 + ny=1) + 16
- (2n,¥1) (2n,#1) (8, + 0, = 2)

3

2(n1+n2—2) + 8(—n1-n2+n1n2+2) + 6(n1+n2—2) + 16

(2n1+1)(2n2+1)(n1 +n, - 2)

(n1+n2-2)(2 - 8 + 6) + 8n1n2 + 16
(2n1+1)(2n2+1)(n1 + n2 - 2)

8n1n2 + 16

(2n1+1)(2n2+1)(n1 + n, - 2)

This result is restated in the following corollary.

Corollary 5

(n, = P_-1 x =n, - r,) negacyclic code

2 1 1

with t = 1 by 1 digit and v, is th% code
2
obtained by shortening the (n, = E__E:—l'

ko, = n

2 5 r2) negacyclic code with t = 1 by

gz
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1 digit, then the code produced by interleaving

V1 and V2 will have a compression ratio given

by Ty 7 Ty * "5 7 ) and an average distortion

n1 + n2 - 2

per digit given by D =

8n1n2_+,16.
(2n1+1)(2n2+1)(n1+n2—2)

Example 12

Let V1 be the (3,1) code obtained by shortening
the (4,2) t =:1 negacyclic code over {0, *1} and let v,
be the (12,9) code obtained by shortening the (13,10) t = 1
negacyclic code over S = {0, *1}. Further let V be the

27 M T Xyt D,

V1 and Vye Then the compression ratio of V will be given

by

(n1 + n n - r2) code produced by interleaving

so that there is expansion instead of compression. The

average distortion per digit of V will be given by

D = 8nyn, + 16 ~ .1185

(2n1 + 1)(2n2 + 1)(n1 + n, - 2)

In the last section, it was shown that. negacyclic
codes have many properties in common with cyclic codes, and
some expressions for the average distortion per digit were
obtained. In the next section, a joint source and channel

encoding scheme will be presented.
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3. A Joint Source and Channel Encoding Scheme

a. Introduction

Hellman [22] has suggested jointly encoding both
the source and the channel using a convolutional encoder
and a sequential decoder. His goal was, principally, to
develop a distortionless coding method which would increase
source entropy'and provide channel encoding using a simple
encoder, even if it resulted in greatly increased decoder ;
complexity. As discussed in Chapter I, this is unusual.

The source encoder is inherently the more complex element of
the source encoder-~decoder pair. Hellman's systen makes use
of a binary error-propagating (convolutional) code and is
both distortionless and optimal for a discrete membryless
source and dhannel, for a rate less than the channel
capacity. His scheme can be extended to sources with
memory, at the cost of increased complexity, and does not
require knowledge of the source statistics at the encoder.

In this section, another type of joint source and
channel encoding is presented, based on a variation of
syndrome encoding. Using negacyclic codes, it results in
data compression as well as an error-detection capability.

The main feature of the technique is that, while reducing the
redundancy under appropriate conditions, it also has a

built-in error-detecting capability with respect to the ;
channel. Hence it actually is equivalent to a source and g

channel coder. If the average length L after coding is
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allowed to be greater than n, then the technique can be
used purely as an error-detecting scheme.
The discussion is bégun by introducing the basic

distortionless source encoding scheme.

b. Distortionless Encoding Scheme

Let V be a negacyclic code over s={0, %1, . . ., ip51}

with block length n and error-correcting capability t. Its
syndromes will then have length rt.

With reference to V, the source output is partitioned
into blocks of n digits. ©Let B be such a block with weight
w. Then the maximum possible value of w is nt.

If w = 0, then B can be replaced with the (rt)-tuple
of all zeros, the syndrome for the case of no error.

If w # 0, then w can be expressed as
w=mt+p, 0 <p < t,

where m and p are integers. Clearly, the maximum value m
can assume is (n - 1).
Now B can be treated as the sum of (m +1) n-tuples

B1, B2, .« + <, B such that the (m + 1)-by-n matrix B,

m+1

in which the rows are B B B satisfies the

10 720 0t Py

following properties:
(i) Every row of B has a weight of t except the

(m + 1) st row which may have a Lee weight < t, but

greater than zero.
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(ii) Every column of B has at most 2 nonzero

entries.

(iii) The Lee weight of every column of B is t or

less.

(iv) If a column has two nonzero entries, then they

are adjacent and are of the same sign.

There is another property of B, stemming directly
from the first four, which will be mentioned here, as it will

be important in the error-detection phase:

(v) All elements to the right of the jth element
in the (i - 1) st row (i » 2) must be zero if the jth

element in the ith row of B is nonzero.
Example 13

The case where n = 12 and s = {0, *1, *2}, is
considered so that p = 5, t = 2 and r = 2. Suppose
B=0 1-2 2 1 1 0 0 1-2 1 1, which has a weight
of 12. Then w = mt + P = 12 so that m = 5 and p = 2.
This results in

6 17-1 0 0 0 0 Q0 O 0O O 67
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Henceforth, for purposes of comparison and unless
otherwise noted, all examples and graphs in the reﬁainder of
chapter will make use of the.aforementioned negacyclic code
and, in most cases, the same output sequence B.

Returning to the discussion, the matrix B could be
transmitted row by row. This would be extremely wasteful,
however, since, by construction, each row of the matrix
is restricted to a maximum Lee weight of t, and so any row
can be considered to be an error vector corresponding to a
correctable error for a t-error-correcting negacyclic code.
Then, since any correctable error vector can be represented

by its syndrome, an rt-tuple, each row of B can be replaced

this

by its corresponding syndrome, which can then be transmitted.

Thus, if 0, represents the syndrome of B, the ith
row of the matrix B, then the block B can be replaced with
the encoded sequence g = Gqr Ogr o =4O g which, it is
noted, is in general (m + 1)rt digits long. Hence, in
Example 13 above, the sequence B of length 12 would be
replaced by a sequence o 24 digits in length.

The sequence 0 of syndromes is then transmitted
over the channel. At the receiver, o' is received, where

c' = o.,', 02', e « <., o' Then, corresponding to

1
each syndrome Oi', the error pattern Bi' is obtained and

m+ 1°

the matrix B' in which the ith row is Bi' is formed.
If B' satisfies all of the properties satisfied by
B, then the rows of B' are added to obtain B' which, it is

decided, was the sequence put out by the source. If not,
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either a retransmission request is transmitted back, or the
block is abandoned. Figure 4 is a block diagram iilustrating
this source encoding system,.while Figure 5 is a flow chart
of the logic involved in detecting transmission errors in
this system.

Let L be the length of the transmitted sequence o,
L a multiple of rt. Then since the scheme possesses an
error—detection'capability, data compression is assured if
L € n. Otherwise L must be > n.

It should be pointed out at this point that this
system cannot in general be optimal, since the system is
constrained to transmitting sequences with lengths which
are multiples of rt. Hence, even a unit increase in source
sequence weight can increase the transmitted sequenée
length by rt digits.

The error detection occurs in two stages. In the
first, the weight of the n-tuple corresponding to the
received syndrome is determined. If it is less than t
and the corresponding n-tuple is not the last row of the
matrix B', then an error has been detected. If no error is
detected, then p' is formed and is tested for the presence
of errors. This is illustrated in Figure 5.

In the following sections, expressions for the
average length of the encoded seguences for the distortion-~-
less case and those cases where distortion is allowed are
derived. This provides the groundwork necessary for the .

calculation of the average distortion per digit for the
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By
SOURCE B,
B .
B=bbb. ...hb B+l
0°172 n-1
DIGIT | STREAM

m T A T T T T T T T T e e e e e e e e -~ 1
: I
! WEIGHT '
| | PARTITIONER| g LIMITER B n-TUPLE B SYNDROME :

I -
I (length n) (optional) DECOMPOSER CALCULATOR |
i |
| |
) A |

ENCODER 0 =0,0,. . .0 .,
CHANNEL

| - 1 1] 1]
__0T%% s % |
[ |
: "ERROR" :
' B'| ERROR B ARRAY Bi'| p-TUPlE |
| | ROW ADDER DETECTOR FORMER CALCULATOR| |
| (2nd step) (1st step) |
! I

1
U ) Sy p——
" DECODER
SINK <
y
REJECT n—-TUPLE (error detected)

Figure 4:-

encoding system.

Block diagram of joint source and channel
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wL[ ] = Lee weight of

= ith column of B'

= number of non-zero

entries in ith column

YES

NO

NO

YES

YES

NO

NO

CONDITION (V)
SATISFIED

ACCEPT N-TUPLE

REJECT N-TUPLE

Figure 5:- Flowchart of second error-detection step for

decoder of Figure 4.
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cases where distortion is allowed.

(i) Average Length of the
Encoded Sequence

Let Pw represent the probability that the source
n~tuple B has Lee weight w. Since the encoded sequence of

length L depends on the number of times t divides w, a new

set of probabilities Q = Q1, Q2, . e ey Qn can be defined
where

Q1"P0+P1+. +Pt

Q = Prpq + Py ¥ * Pot

Q3 = Porpq ¥ Popgn * -t Py b3

+ + . . . P

Qn = P(n-1)t + 1 P(n—1)t + 2 nt

It can be noted that Q, = Prob{0 < w < t} and so
includes the case of the all-zero source n-tuple, while

Qj = Prob {(j-1)t + 1 £ w < jt} for j =2, 3, 4, . . . n.

Since every n-tuple of weight t is replaced by its syndrome,

an rt-tuple, then the average length L of the encoded

sequence ¢ is given by

L

Q1rt + Q2 2rt + Q2 2rt + Q3 3rt + . . . + annrt

= rt (Q1 + 2Q2 +30, 4. . .4 nQn)




© pAAENIA

89

Two observations can be made at this point. The
first is that L, the length of the encoded sequenée o,
must always be a multiple of.rt, the syndrome length.
However, L, the average length of the encoded sequence o,
can be anything > rt, since under no circumstances can
a source n-tuple be encoded as anything shorter than one

rt-tuple. Hence in all expressions for L, the minimum value

must be rt. The second observation is that % is

nothing but the average compression ratio CR.
The expression for L can now be normalized with

respect to n. This yields

Sie

_ ,rt
= (?T) (Q1 + 2Q2 + 3Q3 + . . . +nQn)

And so for a given distribution Q, % can be

computed. If the distribution Q is appropriate, then %
will be < 1.

For example, if Q. = Q1Al_1, with 0 < A < 1,
then

L _ ,rt 2 n-1

5 = (?T) (Q1 + 2Q1A + 3Q1A + . . .+ nQ1A )

Lo (T (1 + 20 + 302 + + ma®T (4)

n n ‘=1 , ot

2 n-1
Now, 1 + 20 + 32T 4+ . . . 4+ n) can be decomposed

into a sum of n geometric series, or portions thereof.

This yields
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n n
%—5—%— , the next (n - 1) terms sum to (%—:—%—)— 1, the

n
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Equation (4) can thus be rewritten as:

L _ ,rt 1 T - A7 = n)
z - &) 9?? ( 1 A )

Now, since Q, = Q1Al—1, then
0, + Q. + Q. + + 0 =0.[1+ A+ 2%+ + A8
1 5 )3 . e . n ] .- e
1 - A%
= Q1(T_:_W_) = 1, and so
1T = A
Q1 = n
1 =x
then
Loy Loy =22 _m
n ‘n’ ‘T-x =3
_ ,rt 1 nA"
= F) G T
and so
L _ ,rt 1 nAl _ rt _ real
- (@ VG e = gy o
Since 0 < X < 1, then An is usually << 1, =o that
n
Art n will be small. For example, for the 2-error-
1 - A
correcting negacyclic code of length 12, n = 12, r = t = 2,
n .
so that 2 L8 . = 1.57 for A = 0.9, .295 for A = .3,
.0561 for A = .7 and 9.77 x 10" % for A = .5.
n
Also, since rth n is positive for 0 < A < 1, it
= 1 « A
serves to reduce %~. Hence the approximation

rt
n(l = X)

~

=l lali

is pessimistic for large ), the approximation becoming
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closer to equation (5) as A decreases.

Hence, for small A,

L _ rt
YGRSy (6)
The case where % < 1 is of primary importance. For
the distribution Q, = Q1Al_1 above, this occurs for
A1 - %%. Also, as noted before, even if B has zero

weight, corresponding to a source n-tuple consisting of only

zeros, one rt-tuple must be transmitted, so that % cannot

be less than %?.
Figure 6 is a graph of equations (5) and (6) for
the (n = 12, k = 8) 2-error-correcting negacyclic code of

Example 13, for the source probability distribution defined
by equation (3).The lower curve corresponds to equation (5)

and the upper, to equation (6) , the approximate expression

for % . For this code, r = t = 2, and hence, from the

previous discussion, L should be unity or less for

n
A < 0.666. This is borne out in the figure. It is also

clear that % is nowhere less than %?, which is 0.333 in this
case. This is in agreement with the bound on g mentioned
above.

Hence, for A € 0.666, there has been some data
compression, since every time B' does not satisfy all of

those properties attributed to B, an error situation has

been detected.
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Figure 6:- Normalized average length of the encoded sequence
o for the distortionless case, with the distri-
bution of Equation (3). The upper curve
corresponds to the approximate expression.
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This distortionless source coding scheme will then,
for appropriate distributions @, have both error;detection
and data-compression capabiiities. However, if the
distribution Q is such that L works out to be greater than
n, distortion can be introduced to lower the value of L
down to n.

Next, an expression for L is derived, for a
different sourée probability distribution.

The probability distribution Q defined
above made use of Pw’ the probability that the source
n-tuple has a weight w. Since in general a given n-tuple
weight can be achieved in many different ways, this is
very different from the probability of occurrence of a
single digit of a given weight in a source n-tuple. As will
become clear in the next section, one type of distribution
is more convenient for calculations involving certain
types of weight-limiting schemes, while the other
distribution is more convenient for the other.

Let Hi be the probability that the source output
is a +i or -i.

Clearly, then, the average weight w of a source

n-tuple is given by

® = (Myn) (0) + (M) (1) + ( Myn)(2) + . . . + (I.n)(t)

n (H1 + 2]12 + 3n3 + . . . +th)
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As in section 3b,
Z).=mt+p, 0 < p<t

Then B will contain (m + 1) rows, and so the

average length L of 0 is given by
L= (m+ 1)rt
.
- <n(II1 + 20, 4+ 30, + . . L+ th)> . -

t

And so, as in the previous derivation, the average
length L of the encoded sequence o is dependent only on
the negacyclic code used and on the source probability

distribution.

it

For example, if Hi Hokl, then (7) becomes

2 t
T o ngh + 20A° + . . .+ t0A5)

< > rt
t
A (1 + 2X + 332 + . . .o+ eatT
T o< > rt
t
t
1 1 = At
< >
t

and since I, = 1, My = T—:—%f$T and so
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t
1 - A 1 1= 2 £
nA L Xt+1)|}1. - G= - % ):l
>rt

(|
il
A

!
|
A
~~
I
S
~~

- tr7)>  rt (8)

As an example, the (12,8) 2-error-correcting
negacyclic code is considered, with A = 0.5. Then L = 16 i
as against n = i2.

Figure 7 is a graph of equation (8), normalized
by division by n, for the average length of an encoded

sequence as a function of .
c. Encoding With Distortion

(i) Schemes for the
Introduction of Distortion:

Distortion can be introduced in many ways, with
different effects. Considering the expressions obtained for
L in the previous section, the obvious techniques are to
either reduce the weight of large-weight digits, or limit
the total weight of a source n-tuple, or a combination of
these two techniques. Each of these alternatives will be
discussed next and expressions for the average length of
the encoded sequence for the different types of distortion

will be derived.
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Normalized average length of the encoded sequence
0 for the distortigonless case, with the distri-
bution I, = Hokl.

Figure 7:-
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Case (a):

The source output can be limited such that any
source digit greater than a given weight is clipped to the
allowable maximum weight. Assuming that £0 < t is the
maximum allowable source digit weight, then the resulting
n-tuple will be over the set Sy = {0, %1, *2, . . . ito},
with a resulting maximum possible weight of nt,. Hence,
only the large—Weight digits will be affected, so spreading
out the distortion. If no digits have a weight > to, then
the source n-tuple will be encoded and transmitted unchanged.

This technique is illustrated in the following example.
Example 14

For the (12,8) 2-error-correcting negacyclic code,
s = {0, %1, *#2} and t = 2, so that if
B=0 1~-2 2 1 1 0 0 1-2 1 1, of weight 12, then j
limiting to t0 = t - 1 produces
B=0 1-1 1 1 1 0 0 1-1 1 1, the sequence which
would be encoded and transmitted. The clipped B has a
weight of 9, with a distortion of 3 distributed as follows:
1 unit each of distortion in the 3rd, 4th and 10th digits
of B. Thus the matrix B for the clipped n-tuple would con-
tain 5 rows, as opposed to 6 rows for the unclipped n-tuple.
Letting ty = t - 1, an expression for the average

distortion per digit introduced by the use of this scheme

can be easily derived.
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Clearly, if the source output is limited to t - 1,
then every time a +t or -t occurs, one unit of diétortion
will be introduced in that aigit. Hence the total
distortion in an n-tuple will be equal to the number of
times a *t occurs in the n-tuple. 1In any given n-tuple, the

average number of *t's will be nll and so will the

tl
distortion. Thus the average distortion per digit is
nllt _ o . L |
—— = IIt, for tO =t 1. |

It is clear that since the source n-tuple is
decomposed into n-tuples of weight t, every reduction of
the source n-tuple's weight by t will result in one less
row in B. Hence, unless there are frequently t or more #*t's
per source n-tuple, there will be little appreciable

decrease in L.
Case (b):

An improvement over the previous scheme would be
to limit thé weight of the source n-tuple to some value,
say &, where ! is less than nt, the maximum block weight.
This has the effect of imposing an upper limit on L, and
always results in a fixed-weight n-tuple, if the source
block has a weight of Q or more. If the source n-tuple
has a weight < Q, it is encoded and transmitted unchanged.

This technique is illustrated in the following example.
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Example 15

For the (12,8) 2-error-correcting negacyclic code,

n
Il

{0, #1, %23}, and t = 2, so that if

B=0 1-2 2 1 1 0 0 1-2 1 1, which has a weight
of 12. If @ = 8, limiting using case (b) would produce
B=0 1-2 2 1 1 0 0 1 0 0 0, the sequence which
would be encoded and transmitted. The matrix B would thus
contain 4 rows, as opposed to 6 rows for the unclipped n-
tuple. The distortion in this case would be U4, concentrated
in the last 3 positions, whereas in Example 14, the clipped
n—-tuple had a weight of 9, thus producing a B of 5 rows,
with a distortion of 3, spread over the n-tuple.

This technique has one obvious advantage, in that £
can always be made small enough so that L will be unity or
less, at the cost of increasing distortion. The limiting
case is for Q@ =1, since one rt-tuple will be produced
whether the n-tuple weight is 0 or 1.

While case (a) is not very effective in reducing I,
it does not concentrate the distortion to the same extent
as the method of case (b). On the other hand, even though
the second technique can very effectively reduce L, it
does concentrate the distortion. Both techniques limit the
weight of the clipped n-tuple to some maximum value but
this choice is more flexible in using the method of case (b).
The next scheme to be discussed will combine the desirable

features of both of these techniques.
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Case (c):

From the point of view of distributing the
distortion over the block as well as limiting the block
weight to @, it is desirable to combine céses (a) and (b).
Thus all digits would be limited to a maximum weight of ty
and the block weight would be limited to Q. This combined

scheme is illustrated in the following example.
Example 16

For the (12,8) 2-error-correcting negacyclicAcode
considered in Examples 14 and 15, if
B=0 1-2 2 1 1 0 0 1-2 1 1, combined weight
limiting with to = 1 and @ = 8 will produce
B=0 1-1 1 1 1 0 0 1-1 1 0, of weight 8. The
distortion in this case is 4, distributed as follows:

1 unit of distortion in the 3rd, 4th, 10th and 12th digits
of B. The matrix B would then consist of 4 rows.

Table 4 below allows a comparison of the results
obtained for the examples used to illustrate schemes (a),
(b) and (c).

In the next section, expressions for the average

lengths of the encoded sequences are derived for the three

weight-limiting techniques introduced in this section.
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TABLE 4

EXAMPLE RESULTS FOR THE THREE

WEIGHT-LIMITING SCHEMES

Block Total Relative
Block Weight Dis- Decrease
Weight- Weight After tortion Type in Number
Limiting Before Limiting in of of Rows
Scheme Limiting (ty=1,0=8) Block Distortion of B
Case (a) 12 9 3 distributed %
Case (b) 12 8 4 concentrated %
Case (c) 12 8 4 distributed %
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(ii) Average Length of the Encoded
Sequence, Cases with Distortion

Parallel to the distortionless case, equations will
next be derived for the average length L of the encoded

sequence corresponding to each of the three weight-limiting

schemes described above.

Case (a):

The average weight w of a source n-tuple for the

distortionless case is given by

w = n(T[,l + 2H2 + 3H3 + . . .+ th)

Since all digits of weight > to are clipped to to,

this equation becomes

Oo= My o+ 2M + 305+ . L+ (g - DI

1 3 0

+ tO(HtO + Ht0+1 + . . .+ Ht)]

Hence fa’ the average length of the encoded seqguence

for scheme (i) is given by

= _ n[H1+2H2+ ... (t0_1)nto.-1+t0(~nt0+nt w1t - - - M)

a <
t

Given some source probability distribution, fé can

be computed for a given to.

0 > rt (9)
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For example, if Hi = HOAl, then (9) becomes

' t -1 t, t.+1
e=nll [ (+23%430%% | L, e 0w (% 0 b

t
1-X
']..

1 t, -1

- (tg-1 O t-t

%)}

=nll. { [+ ( o )]+t Ato(]+A+A2+ A
Bt Ry y X 0 s

- -t +

=nll_[ (-2 )(1‘*t0 1)—(t -1)Ato—1+t xt°(1‘lt o 1)]

il b=y (o= 0 0 T=X

A 10 =1 g gy 0"

-.v L = < > rt
a t

1-A

Since Iy = 1-3t*+1, this can be written as

: o £.-1
= _ _,n ~A A 1-X _ _ 0
La— <('_E‘) (1_)\1-_-5-:] )[1__ X( =X ) (to 1A
t~t +1
Fo 1-a O
+ tgr T T=x )1> rt

For a given negacyclic code, a graph of Eé as a

function of X can be drawn, with t. as a parameter. This

0
has been done in Figure 8 for the (12,8) t=2 negacyclic code.

Cases (b) and (c):

The average length L of the encoded sequence o for

the distortionless case is given by
L = rt(Q1 + 2Q2 + 3Q3 + .. .+ nQn)

However, in the case of limiting the block weight, no

n-tuple will have a weight greater than £, so that the above
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Figure 8:- Normalized average length of the encoded sequence
o for case (a), with to =t - 1.
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equation reduces to
L, = rt(,Q1 + 2Q2 30, F . L L+ va) (10)

where v= <%>

Egquation (10) reduces to the distortionless case for

v = <Bts
n
For the distribution Qi = Q1A1_1, this becomes
2 v v —vAv)

~ -1, _ 1 1=X
Lb = rtQ1(1 + 22X 4+ 32T + . . . + v )—rtQ.] (:]——A) (—m

and since Q, = 1_ﬁ ,
1-A
v v
S o NN [N (o7 | U T S T
Bp= et 20 (lp iy - = G - v (1)

It is clear that equation (11) also describes fé,

the average length of the encoded sequence o for case (c)

so that
S v
c _ b _ ,rt 1 1-A" v
T T - JR o - ovAD

Figure 9 is a graph of equation (11) for the
probability distribution defined by equation (3) , with
{2 as parameter, for the (12, 8) 2-error-correcting negacyclic
code. It should be noted that for the case where

! = nt = 24, there is no limiting, and so this reduces

to the distortionless case.
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Normalized average length of the encoded seguence

Figure 9:-
¢ for cases (b) and (c), with § as parameter.
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One other comment can be made here. Since ?S

cannot be less than (%F),_A must be constrained such that

L
7? min > (%F), which implies that

Vv
1 1 A v
( n)(1 - ~ vAT) 2 1

must be satisfied.

(iii) Decrease in Average Length
of the Encoded Sequence

In this section, expressions for A, the normalized
decrease in average length, from the distortionless case

for cases (a), (b) and (c) are derived, and curves are

drawn.

Case (a):

From equation (8), then Aa, the normalized

decrease in average length of the encoded sequence ¢ is given

by

by = 'g - i%a_ = @ - _itﬂ) qiit - a5 IE
-'{<(%)(1 1;ﬁ+1)[1ix (11:;t0—1) - (1;0"1”‘1:0_1
+ tOAt0(1'_A:_; t0+1)1> o
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t -1
Lot 0
. rt n 1 S (1=AT £y, _ _ A 1 =2
=% R EoE Base - 80 - 00 gy e
£y-1 £ 105 =ty +T
- (to—'l)}\ + t0>\ ('TA'—'——)]]}
1 :
Let A = 75%+7 - Then
t+1 tg-1 -1
Tt A=A ot _ A, ,1-2"0 _ _
€ 1 - At-t0+1
- (=Mt T—— ) )
£ —1
£+1 0
_rt n 1 A=A gt 1=
b= T <(E)(1_ At+1)[ T=X €A M)
t -1 t t-t_+1)
+(1-0) (-2 0 - £y Oci- a0 7
41 5 t -1
_ rt n 1 A=A A+A _ t+1 _ _ 0
=7 <@ e = F=x)- 827+ (=0 (£-1)A
t t—t +1+t
0 0 0
- EgA + tgA 1>
t+1 t
0 £ -1
_rt _.n 1 A=A=A A ° L t+] _ 0
“w <% o U EAT+ (Eg=A
to~1 ) t+1
=A(ty=T) A - tpA T+ 4R 1>
t t+1
0 t -1 t,-1 t
_ rt n 1 A=A _ t+1 0 "_» 0 ~ £ 0
=5 <@ =S EAT T F g2 0
t t t+1
0 0
SRR SRR -V N PN
- Lt 2y ( 1 ) Ato— At+1 + (t —t)>\t+1 + (t —1)xt°_1
n <t e ) Py 0 0
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+ (1-2e) 2 0>
And so
rt  ,n, 1 Ato-xt+1 ty~1 o
ba = 1 <@ o E P+ (5= + (1-284) 2
t+1
- (t-t)A 1> | (12)

Figure 10 is a graph of equation (12) for the (12,8)

t=2 negacyclic‘code, for the case t0 = t-1.

Case (b):
— i n
_ - L _7b rt 1 ni
be = by =7~ 7 = [(HF) G 7o) ]
AV)
rt 1 DY v
-5 (—0) (12 - vy
Y
_ rt 1 nA" 1 1-2Y v
=7 LoD - 7o) - G (o - v
1 nA? 1 1-2Y 1 v
_ rt [—_ - — ( ) ( — ) + (=vA )]
= = " 1A 120 T2 1-A 1 =
_ rt [ 1 nAn _ waY - 1 )(1 - v)]
e I T GO T S e
= It 1 @A7= va® LI P N I
AL 1D 1 TR TR
Vv n AV)
= Il o-—lo e Ay o @iy,
1-2 Y 1-)
And so
_rt 1 _oa=aY) o mal Y 13
by = I [ (1 T ) Y4 )] (13)



Figure 10:- Normalized change in average length from the
distortionless case for case (a), with

tg =t - 1.
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Figure 11 is a graph of equation (13) for the

(12,8) t=2 negacyclic code, with Q as parameter.

(iv) Average Distortion éer‘Digit

Let Hi represent the probability that the source
puts out +i or -i as defined in section 3b. Expressions
for the total average distortion per block D' and the
average distortion per digit D, for the three cases which

introduce distortion will be derived next.

Case (a):

The total average distortion per source block Da'
for this case is given by the sum of the products of the
probability of a digit being greater than to by the Lee
distance between that digit and to, over the source block.
Hence,

1 — - -
Da = n| Ht0+1(t0+1 to) + Hto+2(to+2 to) S

I (e=1-t )+ T (-t )]

Let § = t—to. Then the average distortion Da per

digit is given by

Da = Ht +1(1) + Ht0+2

. (2) + . . . + Ty_q(8=1)+ T _(8)
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Normalized change in average length from the
distortionless case for cases (b) and (c),
with Q as parameter.

Figure 11:-
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For a given source probability distribution, code,
i

and to, Da can be computed. Let Hi = HOA . Then
1-A
I, = and so
0 1 —At+1
t t+1 t. +2
_ 0 0 t-1
b, = HOA (1) + MHA (2) + . . . + MyA (8-1)
t .
+ HOA (S8)
=TS+ 20+ 2+ L L L e
—n}\to+1 (A= 20 5191
0 1= 1-2
which yields
t,.+1
om0 t=t t-t
b, = 0 [1 - A - (£t - £ 0]
1= -2 0

Cases (b) and (c):

The derivation of an expression for Db' consists
simply in finding the difference between the average weight
w without any limiting of the block weight and the average
weight with block weight limiting. Clearly, the weight
with block weight limiting < ©. If the source
n-tuple weight is less than 2, there will be no weight

limiting, and thus, no distortion.
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The average weight W of a source block is given

by:

el
[

n[HO(O) + H1(1) + H2(2) + . . .+ Ht(t)]

n[T[1 + 2H2 + 3H3 + . . .+ th]

Therefore the average distortion D per digit for

cases (b) and (c) is given by:

S0

D, =D =1, + 2H2 + 30, + . . . + tI, - (14)

b o] 1 3 t

In the next section, a variation on the joint source
and channel encoding scheme presented in section 3 will be
introduced. Referred to as an orthogonal joint source and
channel encoding scheme, it also results in data compression
as well as an error-detection capability.

As before, the distortionless source encoding scheme

will be considered first.

4. Orthogonal Distortionless Encoding Scheme

As in section 3, let V be a t-error-correcting
negacyclic code of length n over S = {0, 1, %2, . . .i—B%l—},
with syndromes of length rt.

With reference to V, the source output can be
partitioned into blocks of n digits. Let B be such a block,
with m nonzero digits. Then the maximum value of m is n. ;

If m = 0, then B is replaced with the rt-tuple of

all zeros, the syndrome for the case of no error.
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Now B can be treated as the sum of m n-tuples
B1, B2, e e ey Bm such that the m-by-n matrix BO,'in which
the rows are B1, B2, . . ey Bm’ satisfies the following

properties.
(i) Every row of BO has exactly one nonzero digit.

{ii) Every column of B0 has at most one nonzero

element.

(iii) All elements to the right of the jth element in
the (i-1)th row (i > 2) of B0 must be zero if the jth ele-

ment in the ith row of B0 is nonzero.

Other properties which stem directly from (i) and

(ii) above are:

(iv) The weight of every row of B, is greater than

0, but < t.

(v) The weight of every column of By is, at most,

It is now clear why this scheme is referred to as
being.orthogonal. The decomposition of a source n-tuple
produces a matrix.B0 which is orthogonal in the sense that
no row or column contains more than one nonzero entry.

The decomposition of a source output sequence B

into the matrix BO is illustrated in the following example.
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Example 17

I
H

]

N
B
0
+
=
o

The (12,8) negacyclic code with t
relevant code in this example.

Suppose B=0 1-2 2 1 1 0 0 1 -2 1 1 |is
a source output sequence. It contains 9 nonzero digits, and

has a weight of 12.

Then m = 9, so that
™0 1 0 0 0 0 0O 0O O O 0 O]
0 0-2 0 0 0 0 0 O 0 0 O
0 0 0 2 0 0 O 0 0 0 0 O
o 0 0 0 1t o0 0 0O O O O O
B = 0o 0 0 0 01 0 0 0 0 0 O

o 0 0 0 0 00O 0 0 0 1 O

L-O 0 0 0 0 0 0 0 0 0 0 1

This should be compared with Example 13 for the
original scheme, where, for the same source n-tuple B, B
consists of 6 rows.

A little thought will make it clear that the ortho-
gonal scheme, for the case where all nonzero digits (or all
except the last nonzero digit) have a weight of t, will
yield the same size decomposition matrix as the nonortho-
gonal scheme. This will also be true if B is an n-tuple of
weight zero. 1In all other cases, B0 will contain more
rows than B, for a given source n~tuple. Hence, the ortho-

gonal scheme will, on the average, be less efficient
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in its encoding. It would, however, be expected to have
a better error-detection capability than the nonofthogonal
scheme, since more checks cén be made on the matrix.

As in the nonorthogonal scheme, the matrix BO could
be transmitted row by row, but since by construction each
row of Bo must have a weight < t, each row can be considered
to be an error vector corresponding to a correctable error
for a t—error-cérrecting negacyclic code. Then, since any i
correctable error pattern can be represented by its syndrome,
an rt-tuple, each row of BO can be replaced by its corres-
ponding syndrome, which can then be transmitted.

Thus, if o, represents the syndrome of Bi’ the ith

row of matrix B then the block B can be replaced by

0’ ;
the encoded sequence g = 0405 « « + O which it is noted,
is mrt digits long. Hence, for the previous é

example, the sequence B of length 12 would be replaced by
an encoded sequence ¢ 36 digits in length. In the
corresponding example for the nonorthogonal case, the . ‘
encoded sequence o0 was 24 digits long for the same source
n-tuple B.

The sequence 0 is then transmitted over the channel.
At the receiving end, o' is received, where
o' = 01'. 02' . e . om'. Corresponding to each syndrome

oi', the error-pattern Bi' is obtained and the matrix BO

L}
is formed in which the ith row is Bi‘.

If BO' satisfies all of the properties satisfied

by BO’ then the rows of BO' are added to obtain B', which,
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it is decided, is the sequence put out by the source. If
not, either a request for retransmission is tranémitted
back to the source or the Block is abandoned.

As in the nonorthogonal scheme, data compression
is assured if the length L of the encoded sequence ¢ is
< n. As in the nonorthogonal case, this scheme will not
in general be optimal.

In the.orthogonal scheme, as in the nonorthogonal
scheme, the error detection also occurs in two stages. In
the first, the weight of the n~tuple corresponding to the
received syndrome is determined, and if it is less than t,
and is not the last row of BO’ an error has been detected.
If no error is detected, then B0 can be formed and all its
properties verified in order to check for errors.

5. The Rate Distortion Function for
Nonbinary Sources [54],[55]

A basic question which may be asked of any
communications system is the following: 1f a user is
willing to accept an average amount of distortion D per
digit in the received (or stored) messages, then what is
the least average number of bits required to transmit the
message? The rate distortion function R(D) gives an
answer to this question, at least in theory.

R(D) is the effective rate at which the source
produces information subject to the constraint that the

user can tolerate an average distortion of D. The rate at
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which a source produces information subject to a require-
ment of perfect reproduction is known as the entrbpy of the
source.

Of course, this discussion is meaningless unless
the meaning of distortion is first clarified. Exactly what
is meant by distortion, and how can it be measured?
Conceptually, distortion can be thought of as the amount
of "difference” between the source symbol and the received

symbol. However, a description of this "difference" and a

message which is both physically meaningful and analytically
tractable is usually difficult to achieve.
Knowledge of the distortion measure is not enough,
however. Computation of the rate distortion function also
requires knowledge of the source statistics, which are not
always available. j

For a given discrete memoryless source and a single-

letter fidelity criterion, the expected value of the single-
letter distortion measure will depend on the channel
conditional probabilities. However, only those probability i
assignments referred to as D-admissible, for which the :
expected value of the single-letter distortion measure < D, %
are considered.

The distortion measure is usually specified as a
distortion matrix, the elements of which must be non-negative.

The average mutual information will also depend on

the probability assignments. Hence, for a fixed D,
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the rate-distortion function is defined as

R(D) = min I(Q)
QEQD

where QD is the set of all D-admissible conditional proba-
bilities and I(Q) is the average mutual information for
the conditional probability set Q.

It can be shown [56] that R(D) is positive for
0 € DK Dmax’ and vanishes for D > Dmax' R(D) is also a
continuous, monotonic decreasing, convex downward function
in the interwval [O, Dmax]' The slope of R(D) is a
continuous function of D in the interval [0, Dmax)’ but may
be discontinuous at the point D = Dmax' The slope of R(D)
may also be constant over a range of values of D.

Obtaining the rate distortion function involves
minimizing the average mutual information by an appropriate

choice of conditional probabilities, subject to the

following constraints:
(i) All conditional probabilities are non-negative.

(ii) The sum of all conditional probabilities is

unity.

(iii) The distortion weighted by the output probability

distribution is equal to D.

If the constraints are ignored, a solution can be
obtained by the use of Lagrange multipliers. However, the

solution will generally be valid only for small values of D.

| Sozevrd
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If the conditional probability distribution that yielded

this solution is non-negative, then the complete problem
has been solved.
The general (unconstrained) solution is given by

generating points on the R(D) curve, with s and q; as

parameters:
D = 1Ii,q,e?Piig (15)
A Rk | 3i
Jji-
and
R = sD+Ip.logA. (16)
3 J J
1
where Aj = Zqiequl
i
pj = probability of occurrence of jth source
symbol.
q; = a parameter (probability of occurrence of ith
output (or reproducing) symbol).
S = a parameter (the slope of R(D) at a given point).
pji = entry of jth row and ith column of the distor-

tion matrix.

Using these two equations, D and R can be obtained
for given values of q; and s.
If the unconstrained solution described by (15) and (16)

results in one or more q; € 0 for some s(s > -»), then all
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symbols for which q; = 0 can be dropped from the Feproducing
alphabet without affecting the solution.

Hence the reproducing alphabet can be partitioned
into two subsets, the boundary set B and the interior set
V. Then, for every value of s, ieB if q; = 0 is optimum,
and ieV otherwise. For ieV, the solution described by
equations (15) and (16) is still wvalid.

In genefal, evaluation of the rate distortion
function cannot be done analytically. However, many rate
distortion functions have been generated using
computers. Arimoto [57] and Blahut [58] have
all proposed algorithms for the computation of R(D).
Another approach has been to derive the Shannon lower bound
RL(D) to R(D) and then to find conditions on source
statistics and distortion measure for the existence of a D*
such that the bound is identical to R(D) for all values of
De[0,D*], [59],[60].

However, there are many cases of interest for which
an analytic expression can be found. In the case to be
considered here, the source is both discrete and memoryless,
and the source alphabet is identical to the output alphabet,
so that the distortion matrix will be square. The input
alphabet is made up of the elements of

s = {0, #1, *2,. . ., ip_1}, which are relevant to negacyclic

2

codes. The distortion measure is taken to be the absolute

value of the difference, i.e., the Lee distance, between

the input and output vectors.

[ e
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The notation and approach used in the example are
close to that of Berger [56], and in the same context, it
is noted that all logarithms are to be to the base e,
unless otherwise indicated. However, logarithms to the
base 2 are usually used when graphing, to simplify
comparison with other results.

The example follows.

Example 18

Let the single-letter distortion measure be

described by the distortion matrix p whose entries are

Py = |i~j|. The matrix p will be p-by~p, since the

distortion can vary between 0 and (p-1). Hence,

0 1 2 .« .« p-1

1 0 1 . . p-2

2 1 0 . p-3
I = . .




A=t

1 -8 0 0 . .. 0
-8 ‘]+B2 -B 0 . . . 0
0 -8 1482 -g ... 0
1 ]
_1 —_—
A 1-g2 .
2
0 0 0o . -8 1+8 -B
| o 0 0 ... 0 -8 1
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SP; 5
Let matrix A = (aij) = (e ), so that
1 B B2 g3 . gP~1 7
B 1 8 g2 P2
g2 B 1 B . gP~3
A =
[ g1 gP2  gP=3  gp-H, 1

]
where B = e”.

While the problem of evaluating R(D) for the type
of distortion matrix under consideration has been solved,
the case of p = 3 will be worked out. This is the simplest
case which is meaningful for negacyclic codes. The

1

inverse A" of A is known to be given by: [61]
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For p = 3, the expressions for p and A—1 reduce to

0 1
P = 1 0 1
2 1 0
1 -B 0
At T -8 1482 -
1-8° 0 -8 1

Due to symmetry, AT = A, and so,

1 -B 0

(AT)-1 - Af1 - 1 -3 1+82 -8
2

(1-8 ) 0 -8 1

Now u, = Aipi, where Py is the probability of
occurrence of the ith source symbol. The ui's are computed
using

= ah'T

where u and 7 are column vectors.

[




which yields,
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In this case,
1 [ 1-g 1 1175
= aht sy la-e? - oy 1es| = 158
1-8
1
1 1-8 1 T+8

Given the ui's, the vi's are computed using

v, = i
i u.
i
in this case,
V1 = P‘|(1+B)
- 1+8
V3 = Py (1+8)

and v,, v,, vV, make up v, a column vector.

probabilities, given a!

Next, g, the column vector of channel output

and v, can be evaluated using

g=23a'v
so that
a4 V4 1 -8 0 Py
a,|= 2" | v, = —Lole  14s® -g| (148 | P2
1-8 -8
93 V3 0 ~8 1 P3
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orxr
M, ] B P, — P, (2 .
1 1 2778
q = 1 oy (1482)
2 1-B —p,]B + p21-6 -p3B (17)
_ B
93 Py (1=g) * P3

Now Pys Py and p, are the probabilities of the source
putting out a -1, a 0, or a +1, respectively. If the source
is assumed to put out -1 and +1 with the same probability,

Py = Py and so P, = 1 - 2p1 =1 - 2p3. Equivalently,

1 - p2
Pq = P3 = —3— -

Equation (17) then becomes

p— —— —_— ’|—p —_
: p, (1+8%)
;) = (-8 ~(1-py) B + g~
1-p
8 2
| 43 | R
E B o1 _ P21+
z * Pl o) z -2 T
=1l + (B +1+62 )| == | =B+ p, (138
= 7-8|"® P, =8 | T 1-B P2'Tg
1 -8 _ 1 1 _ P2o14p
7 +t Pyl -3 7 7 1'B)J
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Since
u.
A, = & -1 ,
1 pi Vi
}\ = _1_ — (1_8)
2 Vs p2(1+B)
3 vq p3(1+8) (1-p2)(1+8)
Given this, D can be determined using
O
1]
D = IA:pP.9.B P..
i,jl i%j ij
P11 P12 P13

o P o
21 22 23
+ APy layB T ey tayB TTpgotagy B T, 5]

6] P p
31 32 33
+ AgP3layB " g +ayB TTpgytay B TTpg5]

Since all elements on the main diagonal of p are

zero, this reduces to
D = X.p, [g,B+2g 62]
17142 3
+ K2pz[q16+q38 I

2
+ A3p3[2q18 +q281
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Since A1p1 = A3p3 = 958

;, D becomes

_ 2 2
D = A,P,[2q,67+2q,8+2q387] + A,p,[2q,B]

and

1-q2

2

14

2
>\1P1[L¥q18 +2q281 + >\292[2q181

1-p,

A (————)[48 (

1-q

2) + 29,81 + A,p,[28(—52)]

A (1-p,) 182 (1-qy) + q,B] + A,p,[B(1-q,)]

Substituting for the calculated values of li,the

equation becomes

Py
Py (1+6)

182 (1-q,) +q,B] +

(1-8)
P, (T+6) P2

[B(1-g,) ]

1-8
22187 (1-qy) 4,81 + 155 [B(1-qy)]

a, 728 (8%+8) -

T+B
28

%, g (178)
8(1-B) , g

91+8

(173) 8]

‘1+

2
+28

-+

B(1-8)

18y g1 +

1+8

B+B
1+B

2

1+R
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Since d, = T%E [-B+ 2(1+§)], this becomes
_ 1 B(1-B) 1+8, _
D = =8 148 [p2(1_8) Bl + B
- B T+8
= 748 [p2(1 B) Bl + B

1-8 1+8
And so

Py B
D= T 148

(18)

which is the expression for the distortion. It should be

noted that D depends on s, since B = es.

From equation (17),

R(D) = (lOgeB)D + pyloghr, + p,logh, + p3log>\3

I

(logeB)D + 2p1log)\1 + pzlogl2

(Log, B)D + (1- pz)log[ T-p, !

(————)(1+B)

1-8)

_B ]

1
I+ paloglyrepy

(17P2) (1+8)

And so,

(
(109 81D + 109 Loy rregy) + P2Lo% g, (7vp)

y (1

2 I

P
2)y (19)

R(D) = (log_B)D + 10g[(1_pzf(1+8)] + p,log (178

2p2
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is the required rate distortion function. Hence, for
different values of P, and B8, a graph of R(D) cén be drawn,
with some restrictions, as will be seen below. Figure 12
illustrates this rate distortion function for different

values of Py-

It is clear from the figure that R(0) is the maximum

of the R(D) function. R(0), however, is only equal to the

source entropy if Py = P, = P3- The closest approach illus-

trated in Figure 12 is for Py =P3 = 0.275 and P, = 0.45,
which yields an R(0) only slightly less than the source
entropy, which is equal to 1.585.

Figure 13 is a graph of the entropy of this source
as a function of P, Two things can be notifpon this
figure. The first is that since Py = P3 = —5—2 , the
entropy is unity when Py, = 0, since this reduces to the 2-
symbol case, each symbol having a probability of %. The
second point is that the entropy is a maximum for
Pp = P, = Py = %, as expected.

For the unconstrained solution for R(D) to be

valid, it is required that

=g, =+ - 22 )
97 T 93 T 3 2 ‘T -8

and

_ 1
q2_—6+p2(1_8

be non-negative. From the requirement that
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2.0

!

6 .7 .8 .9 D
Figure 12:- Rate distortion function of a 3-letter source,
1-p
. _ _ 2
with Py = P3 = — , for P, 2 0.45.
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2.0 ¢

H(X)
(bits/
source
letter)

Figure 13:- Source entropy as a function of P, for a 3-
letter source with 1 - P,

Py = P3 = —5—
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Similarly, since 9, > 0,

P, * Blr5p

Equivalently, these two expressions can be

written as

oxr

B(1 - B)
—1 7 g ¢

1 - p2
Let —
1 + p2
which results in
2
1"92\<P2+P2
which can be written as
2 ¢ 2p. - 130
Py Py >
or
2 + V27 4+ 04

(P, + 5 ) (py + )
or

(P, + 1 + V2) (p, + =—5"5) 20
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or, equivalently,
(p2 + 2.414) (.p2 - 0.414) 20

which yields

Psy > 0.414
Then,
1 -p
B(1 - B) 2
T+ 8 S B<STTm 5, ¢ P2

Thus, p, > Y2 = 1 = 0.414 is a sufficient condition
for 940 9, and 95 to be all non-negative. For a given

p, > 0.414, B < T-Py . as a verification, if p, > 0.414,

1 + P,
1 -p (1t = p,)
2 1 2 1
PDs Gop lppl—m=%y! * 755, Vo =57!
2 2 2 2
V- L
P, . Py
T-p, (1 + Ps) T-p, 1+ p,
0w, g, Y )
1T-p 1-p
- 2 2 _ - -
- 2 + 2 =1 Py Phax
1 - P,
If B8 = T D, and D = 1 Py then
1 - P,
R(Dpax a - p2)lOge(T_1_§;)
2
+ log 1 - P,
(1-P2)(1+1—'_':T2)
1 - P,
+ pylog| (1 = 755, 1 - p)

2p2
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1 - P,y 1 + P, 1= Py
1 - P2 1 - p2

This result is expected, since R(D) should vanish
at D = Dmax'
It has been shown that the unconstrained solution

is valid for Py > v2 - 1. A condition will now be derived

which ensures that B < Py

Since
1-p
2
B < 1 + p2
and
B(1 - B)

T+ S Py

then if P, is sufficiently small, and if

B (1
'W$P2:

!
™
S

then
1 - P,
+ P,

since ! P2 is very nearly unity.
1 + Psy

e e e
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. B(1 - B)
Since T+ 8 S p2
) )
B"B(,1—p2)+p220
or
(1 - p,) ip
B < 2 11-/1 - —2
2 (1- )2
1-py
Now, if
1~-p bp
—2 01 -/1-—2 <p,
(1“P2)
then
1 - 1_“92 p 2p;
21 - P,

(1-p,)
is a sufficient condition for B < Py-

Hence, the solution described by egquations (18) and
(19), for P, > V2 - 1, is the rate distortion function of
the source. For P, < 2 - 1, this solution will only be
valid for a certain portion of the R(D) curve, up to a dis-
tortion D*, For D > D*, a different expression for R(D)
will generally be obtained, and it is not always possible
to obtain an analytic solution.

It can also be pointed out that the relevance of
this rate distortion function is dependent on the relevance
of the distortion measure p. If it correctly reflects
source behaviour, then it does meaningfully describe the

rate-distortion trade-off for the source.




CHAPTER V

CONCLUDING REMARKS

In this thesis, the use of negacyclic codes in
various source encoding schemes has been examined.

The desirability of digital communications links
was first established in the introduction. However, since
digital modulation schemes usually regquire more bandwidth
than equivalent analog schemes, a modulation technique
requiring a minimum bandwidth, such as phase shift keying
(PSK), is usually used. In the same vein, a (source)
coding scheme tailored to the output of a class of sources
is used to achieve data (or bandwidth) compression. This
reduces the number of bits to be transmitted (or stored) as
compared to the uncoded source output. The source coded
data is, however, more vulnerable to channel errors, since
it contains less redundancy. Hence, in general, source
coding will be followed by channel coding to reduce vulner-
ability to channel (or storage medium) errors.

The applicability of negacyclic codes to the source
encoding of certain classes of sources, especially those
with nonbinary outputs, was next demonstrated by achieving
two major objectives. The first consisted in extending

some theorems relevant to binary codes to negacyclic codes.
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These results were used in deriving expressions'for the
average distortion of source coding schemes using nega-
cyclic codes. Secondly, a scheme providing both data
compression and an error-detection capability was intro-
duced. This could be accomplished in a distortionless
manner for sources with appropriate statistics. For others,
distortion was allowed in order to achieve data compression.
An orthogonal'extension of this joint coding scheme was
only briefly introduced, since its efficiency is inherently
lower than that of the original scheme.

Finally, an example of the derivation of a rate
distortion function for a 3-symbol negacyclic code was
given. The applicability of the rate distortion function
is, in this case as in all others, almost wholly a matter of
the relevance of the distortion measure [63]. If the
distortion measure is appropriate, then an optimal approxima-
tion of the source will result, when the rate of the source
exceeds that of the channel. 1Its main application is thus to
serve as a yardstick for the evaluation of source coding
schemes.

Some general remarks relevant to negacyclic codes
can be made at this point. The first is that, since the
number of code symbols for negacyclic codes is always an odd
prime, they cannot be represented efficiently in binary
digits. Multi-level logic, such as that implemented using
12L technology, would be more efficient at storing and/or

processing negacyclic code symbols. The inefficiency

- L-——-n::z;’..‘
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caused by using binary logic circuits can clearly be mini-
mized by choosing an odd prime very close to a power of 2.
Multi-level logic, on the other hand, is more efficient in
terms of LSI circuit conductor utilization, packing density,
and power utilization.

A second point is that negacyclic codes have an
advantage over binary codes in having a Lee distance which is i
twice the Hamﬁing distance guaranteed by the BCH bound [62].

Further investigation of some aspects of this work
might yield interesting results. The first would involve com-
paring the results obtained for negacyclic codes to those for !
non-binary cyclic codes. This would be more relevant than com-
parisons with binary cyclic codes. Next, a more detailed study ;
of the joint source and channel encoding scheme might yield an
increase in its efficiencv. The large number of 0's in the
decomposition matrix indicated that this might be possible.

Another interesting aspect wouldvinvolve comparison of %
the cost and complexity of implementing a negacyclic code codec
with that for a non-binary cyclic code. This could be imple-
mented in either binary or multi-level logic, or software-wise.
Taking into consideration their respective source encoding
capabilities, this would provide a realistic yardstick for
comparing the complexity-data compression trade-offs of nega-
cyclic codes with respect to non-binary cyclic codes.

Finally, in an effort to determine their relevance,
actual non-binary source statistics should be compared to the

distributions assumed in the dissertation.
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