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ABSTRACT

The anthor's major contributions presented in this PhuD. thesis are three novel de-
sien techniques (or concepts) for implementation of eflicient holographic fiber networking
components. The first coneept is termed as grating degeneration, which allows sharing of
onc holographic grating by more than one wave pair. This makes it possible to use asingle
grating as a number of 2 x 2 couplers in parallel, and the munber of gratings required for
fiber N x N couplers can be significantly reduced. The second coneept is the so catled
sandwich structure. By using a sandwich structure, a multi-stage topology, tnstead of o
complete mesh, can be incorporated in the construction ol a grating system in a coupler.
This again can simplify the structure of an N x N coupler, especially when combined with
the grating degencration technique. The third technique, clled quasi-Bragg diffraction
is introduced in this thesis for the construction of 16 x 16 couplers. L turns out that
when designed properly, the number of gratings required by a 16 x 10 coupler can be
reduced to two per slab. This is in comparison with the original design which uses four
gratings in two of the four cascade slabs. The key technique is Lo use oll-Bragg diffraction
while keeping the violation of Bragg condition much higher for the unwinted waves than
for the wanted waves. Apparently, this technique, as a concept, should not be restricted
to 16 x 16 couplers. It may also be applied to other grating-based components. More
generally, all of the three presented techniques should not be restricted only to star cou-
pler designs, either. They may be applicd to any multiple-grating-based component. An
example is given in this thesis for applying grating degeneration to the construction of
8 x 8 wavclength routing couplers. It turns out that the sixteen gratings in the original
design can be merged to only six actually required gratings in the final design.

Another aspect of the author’s contribution is the development of a generalized
diffraction theory. The major fcatures of the theory are the rigorousness and the gener-
ality. On one hand, the theory is rigorously based on Maxwell’s equations, which makes
it a realistic model for simulations and analyses. On the other hand, the theory places

no restrictions on light polarization, the incident wave direction and the paramcters of



the grating system. This is vital to the design of a multi-grating system using grating
degencration because of the three-dimensional arrangement of the wave vectors. Besides,
Jones matrices are used for & complete characterization of any grating-bearing slabs. This
provides a great deal of convenicnee for grating performance analyscs.

A general discussion is given at the beginning of the thesis on a few fundamental
issucs about the coupler connectivity design. It is suggested that a coupler can best be
described by an idealized lossless coupler which is only subject to the first and the sccond
law of thermal dynamics, and a matrix of cocfficients representing the excess loss or any
imperfections of a realistic coupler.

Two other projects that the author did during his Ph.D. program are also listed
in this thesis as appendix A and B. Onc project was finished in the first year of the
program. It is about the application of a2 non-imaging component—optical taper to the
frec-space / atmospheric optical links. The other project is 2 new configuration for indoor
wircless communications. The author has several publications on both subjects, and the
knowledge gaired, especially the expericnce obtained in the experimental work has been
helping the author to carry on an industry / university collaborative research project

smoothly.
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Chapter 1

Introduction: A General Discussion
on Photonic Networking and Fiber

Couplers

1.1 Optical Communications

The prineipal motivation in using optical-frequency-carriers for communications is the
tremendous increase in trunsmission bandwidth. In communications systems, the amount
of information transmitted is directly related to the modulation bandwidth of the carrier,
which is limited to a fraction of the carrier frequency. Inereasing the carrier [requency
theoretically increases the available transmission bandwidth, and thus the information
capacity. Frequencies of optical carriers arc in the order of hundreds of Thz, i.e., 10°
times higher than thosc of RF or microwave carriers. This is extremely attractive to
emerging applications which require transmission of large amounts of information [1]. In
addition, optical carriers have other distinct characterisiics. For instance, the short wave-
length, resulting from the extremely high frequency, makes it possible to concentrate the
transmitted power into a much smaller area or volume. This provides the possibility of

building very compact systems. For example, antennac used for free-space applications



can be made much smaller than theie counterparts in the microwave range. As another
example, in comparison with the hair-thin fiber optical waveentides, the lateral sive of
wavesuides in the microwave range s in the order of contimeters. Al these are obviously
inviting to communications engineers who consider cotpactness an mportant isstue in
developing new communications systerns. Other desirable leatures, to name a lew, asso-
ciated with optical communications are higher security, the imrumity to clestromagnetic
interference (EM1) and low transmission loss in cortain media, These are all advantageous
for meeting various system requirermnents.

Basically. three different media have been used lor optical commumnication systems.,
They are free-space, atmosphere and optic fibers. Free-space is an ideal medinm for light-
wave propagation in the scnse that it introduces no absorption, scattering or dispersion.
The characteristics of this channel are so simple that it is sometimes ealled a “textbook”
channel. Unfortunately, frec-space only exists in onter space. A free-space optical link
can thus only find applications in inter-satellite communications. The difficulty enconn-
tered so [ar in this application is the requirement for a precision pointing, tracking and
acquisition (PTA) system. It is really a challenge to accurately direct o Laser beam whase
beamwidth can be casily made as small as 107% radians to a receiver tens of thousands of
milcs away.

Compared with free-space, the sccond type of medium  the atmosphere is much
more problem-pronc. In the atmosphere, the drawbacks ol optical wives become sig-
nificant. Since the optical wavelengths are comparable with molecule or particle sizes,
certain propagation effects are gencrated which are uncommon to radio and microwave
frequencies. Bad weather conditions such as snow, rain or fog can casily degrade the per-
formance of an atmospheric optical link to an unacceptable level. Even on a clear day, the
atmospheric turbulence can add difficultics to the link alignment. Thercfore, atmospheric
optical links cannot replace existing ruicrowave links in long-distance communications.
Nevertheless, for short-distance communications, c.g., inter-building communications on

a campus or in a downtown arca, an atmospheric link can still be a very advantageous



chioicr, For a short link, sav a link of a fow hundred meters to afew kilometers, a large
Dower margin can be obtained to decrease the link outage 1o an aceeptable level. The
major advantages of using an atmospherie optical link include large bandwidth, absence
of electramagnetic interlerence and security. In fact, line-of-sight optical links can be even
preferred to fiber links under certain cireimstances, beeause no dig-up is required to lay
the [iber cables.

Another kind of atmospheric application is indoor wircless cormmunications systems.
When radio wave reenlations are in force, an optical indoor wircless systermn becomes de-
sirable. There is apparently no concern about bad weather conditions and the channel
chariteteristics are simpler than radio due to the very short wavelengths. However, mul-
tipath propagation [ading may become a problem when the transmission rate is high.
Besides, the power limit and the ambient light noise are typical problems encountered by
optical indoor systems.

The author of this thesis hias made contributions to both the outdoor and indoor
applicetions of light transmission during his Ph.D. program. Two projects arc bricfly
introduced in this thesis as appendices.

The third medium--optical fiber is the most important one of the three. The dra-
matic advaree in fiber communications technology has been mainly due to the historical
reduction of fiber attenuation. In the past two decades, the fiber attenuation has been
reduced from hundreds of dB/km to below 0.2 dB/km [2]. Fiber links, owing also to the
development of semiconductor single mode lasers, optical amplifiers and high performance
optical receivers, cte., have firmly established the dominant position in long-haul commu-
nication trunk applications. Millions of kilometers of fiber have been installed. Now, has
come the era of using optic fibers to build high-capacity communication networks. Gener-
ally speaking, because of the unique power division problem associated with fiber power
distribution, the trend has been to use point-to-point fiber links to build fiber networks.
One example is the 100 Mb/s fiber distributed data interface (FDDI) which uses an active

ring architecture (3, 4). The high performance, state of the art, Gigabits per second range



networks are mainly based on synchronous optical network (SONETY technology, which
uses 2188 Gb/s fiber links supported by bandwidth concatenation 15] 6], Compared with
asynchronous fiber systers, a synchronous system does not require very high-speed vlee-
tronic signal processing power and can thus achicve a higher transmission rate, Network
llexibility ean be achieved in the higher layers of the architeeture with technologies such
as ATM (asynchronous transfer mode {7]). However, when point-to-point links are used
for networking, a problem arises. 1t is called the electronic bottleneck. Sinee the tratlic of
the whole network has to pass through the electronie civenit of the nodes, the throughput
ol the network is limited by the speed of eleetronies. It is known that the bandwidth at
optical frequencies is several orders of magnitude higher than that in the eleetrical do-
main, the huge bandwidth of the fiber, about 60 Tliz, in the fiber 1.2 1.7 micron window,

is actually left intact.

1.2 Photonic Networking

Great cfforts have been made to make use of this huge liber bandwidih. A network
which has the ability to tap the huge fiber bandwidth is often called a lightwave network
or a photonic network. It turns out that the most practical way of making use of the
huge bandwidth of the fiber is to let cach user use a small but different portion of the
bandwidth at the same time. The most commonly used technologies are the wavelength
division multiplexing (WDM){S][9] and optical frequency division multiplexing (OFDM)
[10]. WDM and OFDM are not much different conceptually.  They are only different
from the technology point of vicw., WI2M usually refers o technologies with a channel
spacing in the order of the wavelength resolution of optical filters; while OFDM can be
considered as very dense WM with a channel spacing in the order of the bit rate. When
WDM/OFDM is used, it is required that the users arc physically interconnected with o
pure optical medium (with or without gain). In this case, cven though each user still

has a transmission speed limited by the clectronies, it is given aceess Lo a fraction of the



entire fiber bandwidith When a properly designed protocol is applied, different pairs of
users can use different wavelengths in the optical band to communicate with each other
at the same time. This way, concurreney is achieved and the network throughput can
be multiplied. An alternative way of achieving concurrency is the use of very short op-
tical pulses. Optical pulses have been generated as short as a few fermtosecond (10710
second) with mode-locked lasers [11][12]. Theorctically, optical timne division multiplexing
(QO'TDHM) [13] -[15] or vptical code division multiplexing (OCDM)[16]-[18] can be used to
explore the vast fiber bundwidth. However, considering the state-of-the-art of the optical
sipnal processing technology, these approaches seem to be much more difficult to imple-
ment. First, the mutiplexing and demultiplexing techniques arc complicated. Second, a
fiber simply may not have the bandwidth o transmit a femtosecond pulse, though people
have been talking about tens of THz of available fiber bandwidth. The limiting clement is
dispersion. Dispersion gives the fiber a nonlincar phase transfer characteristic and reduces
the temporal resolution. Unless an optical filter or something equivalent {e.g., SOLITON
technology) can be implemented to compensate the dispersion, a very short optical pulse
cannot be transmitted over a long distance. llence, it can be concluded that, in the
foresccable future, WDM/OQFDM will be the dominant technology in photonic network
deployment.

Though the capacity of a liber photonic network can be extremely large and the
clectronic bottlenceck can be opened with WDM/OFDM technology, it can still be limited
to far less than the bandwidth of the fiber itsclf by fundamental energy considerations.
This is the so called power division problem. In a photonic network, cach user transmits
information by injecting power into the fiber medium. The power is distributed or divided
in a certain way among other uscrs according to network topology. Clearly, a given amount
of signal power may be divided among a certain number of users before the received power
level drops below the required minimum for an acceptable performance. The maximum
bandwidth limited by the transmission power for cach user can therefore be written as

P/(&N), where P, is the power Lransmitted by the user, &, is the optical energy required
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for onc bit of information and A is the number of users connected to the medium. The
bandwidth decreascs in proportion to 1/N. This is in comparison to a point-to-point
optical link, where the power-limited bandwidth is /%/&,, which 1s much higher than a
photonic network. In fact, this problem can be even worse, if the optical power is not
divided in the right way. The power-limited bandwidth of cach user can be much lower
than what we have estimated. The major rcason is that the fiber is a waveguide, not a
conductor. One fundamental law about fiber waveguide is that it is impossible to combine
the optical power from two (thus from more than two) picees of fiber into one fiber. This
makes it difficult to translate rany high capacity networking concepts into practical
implementation. For example, some favorable topologics in clectrical networking such as
a bus may become impractical. With the help of a simple performance evaluation, this can
be well explained. Supposc a unidirectional bus network is built with 2 x 2 directional
couplers which have an adjustable coupling cocfficient 7 and an excess loss a, as it is
shown in Fig. 1.1. The wnodel of the coupler is shown in Fig. 1.2. In order Lo be fair to

each user, the coupling coclficicnts are arranged as shown in the following equations:

ey =T =1 (1.1)
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Figure 1.2: Model for a 2 x 2 directional coupler

Thee =T = 3 (1.2)
Ty =N = ‘:‘ (1-3)
TN =TV = (1.4)

where the subscript ¢ stands for “transmission”, and r stands for “rceeption”. The power
received by each receiver is:
P u

I)r = ﬁa (1'5)

where M ranges from 2 Lo 2N depending on how many couplers a message has to encounter
through the network before rcaching its destination, £ and P are the transmitted and
the received power of a user, respectively. Apparently, the worst situation happens when
nser number | transmits a message and the message is reccived by the same user. The
power received in this worst case scenario is thus %am . We can compare this result
with that of a star nctwork. To make the comparison [air, we may usc the same building
blocks -2 x 2 directional couplers--to build the star network. The network is shown in
IMig. 1.3. An ideal star network is onc that evenly divides the power to all the users, so
the power received by a user is /. In a non-ideal case, the cxcess loss introduced by
the directional coupler should be considered. Therefore, the received power is:

£ loga N
Pr=Fa 2 (1.6)

~I
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It can be seen that a star network has a higher cefficieney in power distribution. The gain

in power-limited bandwidth of a star topology over a bus is

C= Posran/& N g ~2N+loga N |7
=200 — Na 2 (1.7)
Prius/én

which increases sharply with an increase in the number of users, N. A caleulated result is
shown in Fig. 1.4, where excess losses of 1 dIB3 and 0.1 dB3 are assumed lor a. For N = 16,
the gain is 10094 times in power-iimited bandwidth, or about 40 dB3 in the received power
for a given transmission rate.

The physical insight of the gain deseribed in Eq. (1.7) can be casily explained. The
first factor V represents the gain due to the fact that no power is allowed to be wasted from
the network in a star topology; while in a bus network, since there is no such a thing as o
power combiner, light power leaks through the unused ends of 2 x 2 couplers. The sceond
factor a~2V+o82 N ronresents the fact that a star topology is less vulnerable to excess
loss. The excess loss increases lincarly with the number of users N in 2 bus network and

in a logarithmic manner in a star network because of the multi-stage parallel structure.
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This shows that though a bus is a very desirable topology for clectrical networks, it is
not suitable for photonic networks, because it is simply a waste of the precious power.
In comparison, & star is the most cfficient topology in terms of the cfliciency in power
distribution. It is tolerant to excess loss, because the signals pass through only log, N
element 2 x 2 couplers. The maximum throughput of a star network is N - & = . As
an example, assume P, = 5 mW and & = 500 photons/b, the power-limited throughput
is about 50 Tb/s, which covers almost the whole fiber bandwidth. In practice, higher
power or better receiver sensitivity is required to cover the same bandwidth because of

the excess loss and fiber attcnuation.

1.3 Fundamental Issues of Fiber Couplers

The key component of a star network is the passive star coupler. In [9], it is pointed
out that optical gain cannot significantly improve the performance of a star coupler,
because an optical amplifier is subject to the same power limitation as a laser transmitter.
Therefore, 2 passive star coupler of a good quality is vital to the network performance.
Generally, a star coupler is a component which has N fiber input ports and N output
ports. At each output port a uscr can listen to the signals from all the input ports.
Or on the other hand, a user can broadcast its signal through one input port to all the
output ports. Some optical couplers, such as fan-in and fan-out couplers used in optical
switching [19], are actually more specialized versions of star couplers. They are based on
similar working mechanisms, and subject to basically the same restrictions. Optical star
couplers can be classified as transmissive or reflective types [20]. The former has 2N fiber
connections; while the later has only half as many. With a transmissive coupler, ecach
user uses two fibers, one connected to the transmitter laser, the other connected to the
receiver; with a reflective coupler, only one fiber is required for each user, because the
traveling waves of both directions of the fiber are used for transmitting and receiving. In

the latter case, a circulator or 2 3 dB coupler may be used to scparate the traflic of the

10



two opposite directions, A cireulator is usuadly an expensive component, its use may not
justily the saving in fiber; while the use of 3 dB3 couplers will introduce at least 6 dBB loss
in puwer,

From the point of view of practical implementation, a star network can use cither
a centralized configuration or a distributed one {21]. A centralized configuration uscs a
single, usually large, star coupler to support all the users. When the number of users
increases, the total tiber length required increases linearly with N. To reduce the cost
of the fiber, one may employ a mimber of smaller star couplers, with cach supporting a
clister of users which are geometrically ciove Lo cach other. The small star couplers are
then connected such that a star opology can be maintained for all the network users. In
fact, the dilference between the centralized star or distributed star is just a matter of where
the fiber connections are “stretched”. Even in a centralized configuration, the star coupler
may be made by interconneeting smaller star couplers with only short fibers. When these
short libers are extended in a certain way, we obviously will have a distributed network.
Nevertheless, there are also ways Lo make integrated star couplers without making any
inter-coupler connections. This issuc will be discussed in the next chapter. In this section,
we will first discuss some fundamental issucs about constructing a star coupler. We will
claborate on a few concepts that could be confusing and discuss the fundamental laws
that should be followed in an optical fiber coupler design. We will try not to limit the

discussion to broadcasting star couplers.

In (9], it has been pointed out that it is not possible to build 2 power adder (ie,a
coupler) that combines two {or more) uncorrelated inputs and delivers them to its output;
to do so would violate the second law of the thermodynamics. However, when the law is
applied to coupler designs, some details have Lo be clarified. Consider the following facts

that may confuse a designer:

l. If the wavelengths (or frequencies) of the two inputs arce different, we can design a

coupler to couple them into the same output fiber without any loss.

11



2. If the polarizations of the two inputs are known, a coupler can be made to couple

them into the same output fiber without any loss.

3. If the inputs are from single modc fibers, they can be coupled into a multimode

fiber losslessly.

These statements may not scem to be in harmony with the statement made in {9]. A
more detailed investigation is nceded to resolve this confusion. The key is to consider
the very components of the light ficld inside a fiber. A mode in a fiber is defined as
a possible field solution to Maxwell’s cquations [22] without considering the launching
conditions. A fiber can have multiple modes, as in the case of multimode fiber. However,
in a strict sense, even a single mode fiber can have more than one mode. This is because
that though the light field in a single mode fiber has basically only onc transverse mode,
there is still more than one solution or mode characterized by quantities or ficld structure
parameters other than the transverse mode. For example, either of the two orthogonal
polarizations is by itself a solution to the Mexwell’s cquations and can be considered
as & different mode. Similarly, the frequency can also distinguish different modes (in 2
general sense, longitudinal modes, there are uncountable number of them, because there
are no constraints in the longitudinal direction). Here, in order to avoid possible confusion
in terminology, we may call an elementary field solution to the Maxwell’s cquations an
elementary mode. Notice that, to specify an elementary mode, its polarization and its
longitudinal mode must be specified as well as its transverse mode. With this concept of
elementary modes in mind, a more rigorous statement should be that two uncorrclated
inputs carried by the same elementary mode cannot be coupled into the same clementary
mode without a 3dB loss in power. In all the three statements listed above, different
elementary modes are coupled into the same fiber, but not into the same clementary mode.
Therefore, all of them can be done losslessly. However, coupling signals from single-mode
fibers into 2 multimode fiber is obviously unreasonable and has hardly any practical value,
neither does the use of polarization. In the former case, the use of multimode fiber cannot

justify the use of single-mode fibers. In the latter case, only two orthogonal polarizations
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are available, which means at most two signals can be multiplexed, and in practice, even
this may not be possible becanse of the cross-talk between the two polarizations in single
mode fibers. Henee, from a practical point of view, only the frequency is a variable {or
dimension) for obtaining a dilferent clementary mode. Couplers that make use of this
vartable are widely applied. As we all know, they are called wavelength multiplexers
(or couplers). The key to such deviees 1s a wavelength-sensitive clement, e.g., a grating.
There have been proposals that suggest the use of holographic gratings to accomplish
wavelength routing in 2 WDM network. In Chapter 2, the contribution of the author on
this subject will be presented. When WDM is applied, one interesting point is: under what
condition can two light, waves be considered to have the same frequency? For example, if
the dilference in frequency is | 11z, knowing that the frequency of light is in hundreds of
THz, can we say that the two light waves have the same [requeney? The author believes
that the answer depends on the frequency resolution of the components {or sometimes,
the system). Il the component responds differently to this difference of 1 Hz, the two
[requencies are different.

Another important point when applying the second law is that the two inputs men-
tioned above are assumed to be uncorrelated. Consider the example shown in Fig. 1.5
In (a), a bcam splitter is used as a loss-frce 1 x 2 coupler. [f all the light waves are
completely reversed, according to the principle of reversibility, the same coupler can be
used as a lossless 2 x 1 coupler, as it is shown in Fig. 1.5.(b). However, this is not true,
since in the case of 2 2 x 1 coupler, the two input waves are not simply the reverse of the
outputs ol the 1 x 2 coupler due to the incoherency of the two inputs. The correct picture
is the one shown in Fig. 1.5{c). Some loss must be accepted because the light beams will
not cancel cach other at any of the two output branches. Actually it will be more efficient
if the splitter is used as a 2 x 2 coupler, instead of a 2 x 1 coupler. Now the question is:
what kind of inputs can be considered as uncorrclated? On one hand, we may use the
same clementary mode to carry both input signals and the two waves can be coherent

. beeause they have the same frequency. On the other hand, the modulating signals are
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Fignre 1.6: The functionality of a coupler should remain the same if one or some of the inputs are zero.
This means that for o postulated loss-free 2 x 1 coupler, it is required that when one beam is totally
blocked, the other beam cun still be completely coupled into the intended output direction without any

losss, and vice versu,

uncorrclated, because they carry information from different sources. This puzzle can be
solved by investigating the original purposc of a coupler. It is desired to build a coupler
with a certain functionality. Since the two inputs have uncorrclated modulations, the
interference between the two waves will be random, so will the power distribution in both
output ports. At onc moment the power might be coupled totally into one fiber, but at
the next, the other one. Apparently, the functionality of the coupler cannot depend on the
interaction of the two input waves, cven though the carricrs can be coherent. Actually
the random power distribution is onc good cxample of the so called “beat noise” [23},
which should be avoided. The way to avoid this noisc is: cither the users do not transmit
at the same time, as in the case of Ethernet, or they use different wavelengths so that
the carriers of the two signals are not coherent any more. With this idea in mind, the
functionality of a postulated 2 x 1 coupler is best deseribed by Fig. 1.6, where when one
arm ol the input is blocked, the input from the other arm can still be completely coupled
into the output port. This is obviously not realistic. No passive splitters or mirrors can
fulfll this function due to the Second Law of Thermodynamics.

To summarize, the second law of thermodynamics does not prevent the happening

of a “casual” combination of two signal-carrying waves into one fiber at a particular time



interval. AU the moment, when the phase and amplitude of the signals wateh, the outpat
may appear in only one of the two output fibers. But this cannot happen “all the time™,
especially, it should not happen il transmission of one of the signals stops. This s, in the
author’s opinion, a simple interpretation of the statement “uncorrelated inputs™. Next,
we will use mathematical equations to deseribe the lundamental laws that have to be met
by a coupler design.

The functionality or connectivity of a general coupler can be specilivd by i1 power

coupling matrix C:

(S B L B
Cop g e 2y .
C = {1.8)

CN1 CNz2 st CNYN
where ¢;; is the coupling coclficient [rom the j-th input to the i-th output. The matrix C
relates the power of the N input ports pr,pa, ...,y with that of the output PPy Py

in the following way:

2 M
Th Do

=C| (1.9}
Dn PN

Though C basically defines the functionality of a star coupler, other type of conplers can
be expressed as special cases. For example, a 1 x N splitter can be expressed as:
cip 0 --- 0
£ 0 e U
C= _ _ (1.10)

ey O --- 0
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whiles an N x 1 conpler can be expressed as:

cit €1z QN
0 0o --- 0

C= i . . (1.11)
0 O .- 0

Therefore, Lo design the connectivity of a coupler, N? variables (¢;,4,7 = 1,2,...,N)
or parameters have to be specified. However, the degrees of freedom are rot as many,
becanse the parameters are not independent. This is due to the restriction caused by two
fundamental laws. The frst fundamental law to be followed is conscrvation of energy.
Applying this to matrix C yiclds:

N

Y <l for j=1,2,---\N (1.12)

=1
which means, the total outpul power is less than or cqual to the total input power.

The second law that a conpler is subject to is the sccond law of thermodynamics,
which states that in an isolated system, the entropy can only increase when any internal
condition is changed. A passive coupler and the light waves passing through it as a whole
can be considered as an isolated svstem. When the light waves propagate through the
coupler, the entropy of the system cannot be decrcased. Now the question is how to define
the entropy of a lightwave system. For couplers with excess loss, this is dificult because
of the heat produced by the coupler. However, the author finds that it is not so difficult

to define the entropy for an ideal, loss-free coupler with a power coupling matrix:

mi ™2 - TN

If = n{_"l 22 n:jN (1.13)
Tyl TN s TINN

Since the entropy is a measure of disorder, the entropy may be defined, not exclusively

HEN



S=v 2l (1.1:4)

where p is the total power defined as:
p=2 M (1.18)
1
Evidently, with this definition, the more is the light power concentrated in one (or a lew)

ports, the lower is the entropy. The scecond law of thermodynamies can then be stated as:
§'>S (1.16)

where S is the entropy measured at the input stde of the coupler, and 8' is the entropy
measured at the output side. [t is apparent that when the power is evenly distributed
among all the lightwaves, S has the maximum value, which means the degree ol disorder
is the highest. Some conclusions we discussed carlier can be casily drawn {rom expressions
(1.14) through (1.16). For example, it is possible Lo split a light beam into N beams with
an eficiency of 100%, but it is impossible to couple N beams into one beam without any
excess loss. It also cxplains the example given carlier about the beam splitting couplers.
Actually, with a passive deviee, it is not even possible to have the power coupled relatively
more into one beam, because it means an cntropy decrease in an isolated system.

Eg. (1.14) through Lq (1.16) arc not in a convenient form to apply. S is defined in
terms of the input or the output light power which may vary from case to casc. If any
of the inputs or the outputs is zcro, Eq. (1.14) cannot be evaluated. Besides, it is the
coupler that is under design, not the waves. In fact, what is really needed is an expression
governing the matrix clement 7;; which has nothing to do with the lightwaves, Therelore,

we may consider a special case, namely:

M=p=...=pPx (1.17)

which leads to
S=logN
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Sinee

P = ZTI:J for i=1,2,...,N
b}
we have
— Z ZJ T}ij N

= log
2 N = 3 Thy

Henee, Eq. (1.16) leads to

— 2,7 N
=1 log > log N 1.18)
2“ N T m (

Notiee that, since we have assumed a lossless coupler, the other constraint is, from
Bq. (1.12):
oy =1 (1.19)
:
These expressions are indeed independent of the light waves. As an example, they can be
applicd to a 2 x 2 coupler. It is well known that a lossless 2 x 2 coupler should have a

power coupling matrix of the form

1-—
I = T (1.20)
n l1-7
Obviously, Eq. (1.20) satisfics Eq. (1.18) and Eq. (1.19). It can be shown that the coupling

matrix cannot be dilferent from Expression (1.20). For instance, assume

1-— Tlo
I = ( ook (1.21)
\ Uy 1-— T

with 7, > 7, a device can be formed as shown in Fig. 1.7, with which a 2x 1 coupler can be
constructed with an efficiency of 100%. This is against the sccond law of thermodynamics.
So it is only possible that 7, = 7.

So far, it has been assumed that the coupler is free from excess loss. The purpose is
to make it casy to evaluate the system entropy. When excess loss is included, the coupling

matnx can be written as

c=1 ... QT (1.22)
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Figure 1.7 A false 2 x 1 coupler

where 0 € @y < 1, and may be called an excess loss factor. Notice that, 7, is the matrix
clement of the loss-free coupler. When loss is introduced, an N x | coupler can be realized,

For example, starting [rom a perfect N x N star coupler:

1L L
N N N
R R

n= " N (1.23)
LI A
N N N

Wemay let oy =1forj=1land ay; =0 for j=2,...,N. lenee:

LI L
N N N
0O 0 --- 0

c=| (1.24)
0 0 --- 0

Notice that the way to design the coupler connectivily is to design a loss-free coupler first.
And we make sure that the connectivity satisfies Eq. (1.18) and Eq. (1.19) and then add
loss to the matrix. In this way, unrealistic designs will not result.

We have so far assurned that all the light inputs have the same frequency. In o more

general case, to describe a coupler fully, the wavelength has o be considered as a vartable.
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The loss-free matrix ff can thus be generalized as:

i) ma(A2) o0 n(Ay)
na{h) me(A2) oo mex(AN)

I = (1.25)
nvi(M) ava(A2) o0 naa(Ax)
and matrix C as:
C=| v ay(\Ing(ay) - (1.26)
Eq. (1.12) can be written as:
N
Yoes(d) <1 (1.27)
=1

The equation for entropy can also be generalized. The way to do so is to consider different
wavelengths in the same input or output fiber as different ports. The expression is however

beyond the scope of this thesis.

In this chapter, we have conducted a general discussion aboul some important, issues
concerning optical communications and photonic networking. An important technique
for photonic networking is the WDM/OFDM, which gives a practical way to use the vast
bandwidth of a single mode fiber. For a photonic netwotk, a pure optical medium has to
be accessible for all the end users. [lence, passive coupling devices and their performance
become vital to a photonic network. We have also discussed the two fundamental laws
that govern the construction of the couplers. These laws arce presented in a form that is
casy to apply in design work.

In the next chapter, a number of novel techniques contributed by the author in his
Ph.D. program will be presented. In the chapter, only the original ideals will be presented

with some intuitive explanations. The theoretical analysis is provided in Chapter 3, where



a mathematical model will be given for the numerical analyses and simulations. Examples

of numerical results will also be presented.
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Chapter 2

Grating Degeneration and Sandwich
Structure for Holographic Passive

Fiber N x N Star Couplers

2.1 Introduction

As was discussed in the preceding chapter, an N x N passive star coupler is a key com-
ponent in the application of optic fibers Lo photonic networks. The most commonly used
fiber couplers so lar have been fused fiber couplers, which are usually built in the form of
2 % 2 directional couplers. Such couplers arc made by bringing the cores of two pieces of
single-mode fiber sufliciently close to cach other over an appropriate length. The coupling
between the two fibers is achieved through the interaction of the evanescent parts of the
guided ficlds. Various structures have been built using ctching [24], fusion [25], or grinding
and polishing [26], cte. It is evident that an ideal N x N coupler with NV greater than 3
cannot be built by simply fusing N fibers together. This is illustrated in Fig. 2.1, where it
can be scen from the geometry that if four fibers are fused together, the coupling coeffi-
cicnt between any two diagonally placed fibers {e.g., fiber 1 and 3) is very much likely to

be different [rom that between two adjacent fibers (e.g., fiber 1 and 2). The structure of a
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Fizure 2.1: Cross-scctions of fused fibers for N = 2,3 and <.

fused fiber star coupler requires a high degree of symmetry, i.c., there should not be o pair
of fibers that have a relative geometrical relation dilferent from other pairs. Lvidently,
when N = 3, the three ibers can be fused together with the desired symmetry, il satisfac-
tory precision can be achieved in the fabrication. In the casc of N =2, the symmetry is
not a concern, because cach of the fibers has only one neighbouring fiber. This results in
casc in fabrication, which in turn explains why 2 x 2 fused fiber couplers are so commonly
used. Fortunately, these 2 x 2 couplers can be interconnected as building blocks for the
construction of N x N star couplers. Fig. 1.3 shows how an 8 x 8 coupler is built ont of
12 of these building blocks, arranged in three stages. Generally speaking, for an N x N
coupler with N = 2%, n2"~" such building blocks or more are needed depending on how
the interconnection is made among them. Therefore, at least N{n — 1) interconnections
are needed within the coupler and the complexity increases significantly with N. Usually
the building blocks arc arranged in n = log, N stages, which implies that the excess loss
increases logrithmically with the number of ports V.

Because of the undesirable complexity associated with Mised fiber couplers, the re-
searchers have been searching for more straightforward and compact approaches for the
realization of N x N fiber couplers. Novel designs have been proposed. One important
design was proposed by C. Dragone [27, 28], in which the natural Fourier propagation of a

fiber mode in a homogencous mediurm or a planar waveguide is used Lo spread the power
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Figure 2.2: N x N coupler using Fourier propagation.

of any of the input lightwaves over the N output ports. The design of this approach is
shown in Fig. 2.2. It is obviously compact and simple. However, the power efficiency is
relatively low, being at most 35% at the edge and 55% at the center. A more elaborate
analysis which takes the mutual coupling between the adjacent waveguides into account
shows that for a particular 5 x 5 star coupler, an efficiency of 56 % is achievable [29].
The cxcess loss is due to the fact that no control can be exerted over the Fourier light
propagation. For a coupler to have a high efficiency, two conditions must be satisfied.
First, all the light from an input must be directed to the receiving aperture of the output
fibers. Secondly, the light incident on the receiving apertures should match the transverse
mode of the output fibers. With Fourier propagation, neither of the conditions can be
satisfied. Some power will be lost because light can get away from the gaps between the
receiving fiber ends or from the area outside the fiber array. Notice that, a fiber has a
round aperture and a fiber array cannot have a receiving aperture covering the whole
recciving surface. The rest of the power loss is caused by the mismatch between the
received light and the fiber propagation mode. The mismatched portion will escape from
the fiber after traveling a short distance, or will travel as cladding modes which should

be removed before it reaches the detector.



Recently a more eflicient approach was proposed by M. Tabiani and M. Kavehrad
[30, 31}. In their proposal, a guided propagation is used instead of free Fourier propaga-
tion. The lightwave propagation is channelized by a meditm which has aset of pertodic
structures called volume gratings. One property of this special medium is that the output
beams only appear at a specific set of angles when the input beams are incident at the
same set of angles. Therefore, compared with the transmission in homogeneous media,
the light waves are more orderly when propagating through the index-varying medium,
and thus a higher efficicney can be achicved. Sinee holography is one possible way of
constructing the gratings, the coupler can properly be called a holographic star coupler.
Though diffraction thcory shows that such couplers can achieve an cfficicney of 100%
[31}, & problem remains to be solved in practice, especially when the nutnber of users N is
large. According Lo [30], N “;'” gratings arc nceded for an N x N coupler, which means
the number of gratings written in the recording material increases approximately as N2
For cxample, a 3 x 3 coupler needs 3 overlapping gratings; while for a 10 x 10 coupler 45
gratings arc needed. For a coupler with 16 input or outport ports, 120 different, periodic
structures must be constructed in one single diclectric slab. [t is known that writing
large number of holograms in a single picee of recording material is a dillieult task, espe-
cially when 2 good diffraction cfficiency and a high signal-to-noise ratio are required. The
main reason is that the dynamic range of a practical recording material is very litnited.
For example, DCG (dichromated gelatin}—a recording material with the highest mod-
ulation index in refractive index—has its maximum modulation index reported as 0.08
[32], which is probably too optimistic for this application because in the case of DCG,
high modulation index and low noise can be two conllicting requirements. On the other
hand, it can be shown that the dynamic range of the reyuired refractive index for the slab
increases with N3/2,

Consider the case when A; = A, from Eq. (23 ) of [31], we have:

_wA

_Ye /N 2,
1= YN -1 (2.1)

where ~ is a wave coupling factor defined in [31], N is the number of input/output ports
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and A is the relative modnlation index of cach grating written in the dicleetric slab. Since
we want the power to be evenly distributed among all the diffraction orders including the
zcro-th order, Eq. (22) in [31] leads to

wAsinyd

cosyd] = |
1 l=li— pos

where d is the thickness of the slab. The left side of this cquation is the normalized
amplitude of the zeroth order diffraction and the right side is that of the diffracted order.

Substituting Eq. (2.1) for v viclds:

V=T = [an(®24 =T,

2c
When N is large enough, the solution to this cquation is

TeC

Ay ————
wdyvN =1

The dynamic range needed is thus:
b &

N — x o
Anmx = 'A—('%_I)‘A = Q—WEE.’VJ/* (2.2)

It can therefore be concluded that the dynamic range is proportional to N3/2. Also, it can
be predicted that, when the mumber of ports increases, the sharply increasing number of
gratings may quickly saturate any existing recording material, if the design in [30] or [31]
is applied.

In this chapter, two new concepts are introduced to combat the dynamic range
limitation problem. In the first technique which is called grating degencration, more than
one lightwave pair is allowed to sharc onc common grating. The technique can significantly
reduce the number of gratings, because it has been found that each: grating in the slab
can be made equivalent to at least a number of parallel 2 x 2 couplers. The second
method uses a sandwich structure, by which a number of diclectric slabs is sandwiched
together into one coupler with cach slab containing smaller number of gratings. The two
techniques can be either used individually or be combined to get a further reduction in

the required number of gratings. Designs of 24 x 4, an 8 x 8 and a 16 x 16 coupler will be

[
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presented, as examples. 1L will be shown that with an additional technique called quasi-
Bragg diffraction, a 16 x 16 coupler can be made from four sandwiched slabs, with cach of
the slabs bearing only two gratings. Furthermore, it will be shown in this chapter that the
concept of grating degeneration is not limited to N x A star couplers. 1t can be applied
also to volume-grating-based sclective-broadeast or wavelength ronting components.
The idcas of grating degeneration and sandwich structures have been published
[33)[34] before the completion of this thesis. Also, a patent application [35] about the

techniques is pending.

2.2 Basic Concepts

In this scction, basic ideas of grating degeneration and sandwich steuctures are presented.

We will start with the schematic designs of the proposed couplers.

2.2.1 Schematic designs and mode matching for efficient cou-
pling

Fig. 2.3 shows one schematic design proposed for a passive N x N star coupler. The fiber
ends are mounted on the surfaces of the ficld lenses which have a focal length equal to the
focal length of the collimating lenses. One dicleetric slab or a few, bearing prearranged
holographic gratings, arc placed right between the two collimating lenses. I ield lenses
arc used to case the difficulty in mounting the fibers, otherwise the fibers have Lo be:
tilted towards the centers of the collimating lenses. Collimating lenses are used to convert
spherical waves into planc waves so that a planar grating system can be used. One advan-
tage of using planar gratings is that the gralings can be recorded at a wavelength (e,
0.5145 um from a Ar* laser) diflferent from the coupler working wavelength {probably
1.3 um). A usable holographic recording material sensitive Lo in frared is not known yet.

Should this material become available, we may remove the lenses and take ull advantage

of holographic techniques. It is known that the lenses can be integrated into the slab as
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Figure 2.3: Schematic diagram of a N x N star coupler using volume gratings.

holographic lenses, or be combined with cach of the gratings. More optical surfaces may
be added in between the ficld lenses and the collimating lenses to correct the aberrations.
However, more optical surfaces may cause more reflections, so high quality anti-reflection
coatings must be applied on all optical surfaces.

From a practical point of view, the design presented in Fig. 2.3 may still be more
a conceptual model than a practical implementation scheme. In practice, the problems
with the design arc that the coupler may be too bulky due to the use of conventional
lenses, or that the optical surfaces may introduce too much unwanted reflection. These
problems can be solved with simple modifications. Two examples of alternative designs
are shown in Fig. 2.4 and Fig. 2.5. In Fig. 2.4, graded index (GRIN) rod lenses are used
to replace the conventional lenses used in Fig. 2.3. The fibers can be directly mounted
" on the surfaces of the GRIN lenses. In Fig. 2.5, fiber tapers (fibers with a gradually
expanding cnd, studied in great detail in [36] and [37]) are used for beam collimation,
and the index matching is achicved by using two glass hemispheric blocks. This design
closely resernbles the design in [30, 31), which is depicted here in Fig. 2.6. However, it is
actually diffcrent. In the design shown in Fig. 2.6, though fiber tapers are used for beam

collimation, no index-matching blocks arc used. The diflraction medium fills the entire
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Figure 2.4: A modified coupler design using GRIN sell-focus lenses.
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Figure 2.5: A modified coupler design using fiber tapers.
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Figure 2.6: A coupler design shown in reference [31].

region in beiween the two taper arrays. This may cause the following problems:

1. The diameter a of the tapers vsed shown in Fig. 2.6 is smaller than the slab thickness
d. Therclore, the alignment of the difiracted beams, whose diameter may become

larger than that of the tapers, may be difficult. This is depicted in Fig. 2.7.

2. In most cases (except the zero-th diffraction orders), the light waves have to be
received at an angle with the taper axis on the receiving side, as shown in Fig. 2.8.
“I'his contradicts the fact that a single mode fiber has a very small numerical aperture
(NA). In other words, the coupler will have a mode-matching problem when the
coupling between free-space and the fibers is considered. Actually, with a taper
attached to the fiber end, the angular tolerance will be reduced even further [36].
This is because the sccond law of thermodynamics requires that when a receiving
aperture is cnlarged with passive means, its angle of reception will be reduced in
stich a way that the receiving arca multiplied by the solid angle of reception remains

a constant.
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‘The desiens shown in Fig. 2.3, 2.4 and 2.5 do not have these problems, first, because
the full aperture of the slab is used for cach fiber. The aperture is much larger than the
slub thickness, so there is a well defined plane of deflection and the change in the beam
diameter can be neglected. This is especially important when fiber tapers are cmployed,
as in the configuration shown in Fig. 2.5. Sccondly, in the design shown in Fig. 2.3 cach
fiber only reccives light waves normally incident on the fiber ends. It will be shown next
that as long as the NA of the lenses is larger than that of the fibers, mode matching will
not be i problem because the ficld pattern on the receiving side of the coupler is exactly
the image of the ficld on the transmitting side. We will conduet the derivation under the
Fresnel approximation and will adopt notations similar to those used in (38].

In Fig. 2.3, using a complex envelope, the light ficld on the output side of the left
ficld lens can be expressed as:

N
E(z,y) = Z} Ad(z = 2,y = %) (2.3)

i=
where ¥(z, y) stands for the duminant mode of a fiber, (2, ) stands for the lateral posi-
tion of the i-th fiber end, and A; represents the amplitude (a complex random process) of
the ficld from the i-th fiber. After propagating through freespace and the first collimating

lens, the light ficld at the output of the lens becomes:

A-,,

!"-.(I:y) = /\f p(I J)‘F"D{E(Ii")}l $=x7, =14
= "’—,\“;—fp(x y))jA V(3 7 v f ¢ IR ) (2.4)

where [ is the focal length of the lenses, p(z,y) represents the aperture area of the
slabsandwich, Fap{-} stands for the operation of two-dimensional Fourier transformation,
£ and 7 arc components of the spatial frequencices corresponding to the directions of x and
y, N is the number of input fibers and ¥(€, ) is defined as Fop {¥(x,y)}. The aperture can
be considered as a spatial low-pass filter and has a Fourier transform P(€,7). Eq. (2.4)
shows a summation of planc waves, which are the incident waves on the slab or slab

sandwich.
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On the output side of the slab sandwich, the field can be expressed as:

..'

LS . .
EY(z,y) = —f—p(t :})5 A %‘:f_ —\{J-,:) aER ISR (2.5)
where
N
A=) 4y (2.6)
=1

and ¢,; is the amplitude transmission coupling coctlicient between the i-th and the j-th
waves. Notice that Eg. {2.6) is 2 mathematical expression that depiets the function of the
core of the coupler—the grating-bearing diclectric slabs. Again the field s & summation
of plane waves, which arc in the same directions as those input plane waves shown in
Eq. (2.4). However, according to (2.6), cach output direction may carry signals from all
the input waves.

Similarly, on the output surface of the right ficld lens, the field can be written as:

Eay) = S Fan{ @) e
b ,\f - ' \—x]'.’?-f;
4w p oo 1 I T
= 3N Az tzuy+u)r s 2.7

where we have assumed the fiber transverse mode has the symmetry:
V(z,y) = ¥(-z,—-y)

When the NA of the collimating lenses is much larger than that of the fibers, we have:

L pE Yy sz
(M)QP(M,M 6(z,y)

and

N
El(z,y) — S Az +z,y +0)

=]

which holds the same mode patiern as that of £2(x, y).

It is cvident that the above derivation can also be applied to the designs shown in
Fig. 2.4. and Fig. 2.5 with slight modifications. In the former case, the GRIN sell-focusing
lenses simply take the place of both the field lenses and the collimating lenses, while in

*X
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the luter case, each taper lfils the function of the lenses. In short, the receiving fiber
array is at the image plane of the trunsmitting fiber array in all the three designs.

In fact. whether lenses, sell-focus lenses or tapers are used, the core of the coupler is
the samne pile of slabs, whose function is given by Eq. (2.6). The slabs receive only plane-
wave inputs and give plane-wave outputs. Therefore, the lenses, the self-focus lenscs or
the Ltapers may just be considered as variations of the interfaces between the fibers and
the grating slabs. A properly constructed interface cnsures that the transverse mode of
the fibers can be kept alter the waves pass through the grating slabs. Neverthcless, the
coupling is 2ccomplished in the grating slabs. Next, we will discuss what happens at this

core of the star couplers.

2.2.2 Grating degeneration

For simplicity, suppose there is only onc volume grating written in a diclectric slab. It

can be expressed, in terms of the slab relractive index, as:
) = no(l + Acos K - 7) (2.8)

where my is the average refractive index, or the DC ecomponent of the index, K =
(K, Ky, K;) is the grating vector with |K| = 2=/A, A is the grating period, and the
initial phasc of the grating is assumed to be zero. Notice that, we will have the same
grating if we change K to =K, so in some of the figures in this chapter we will use vectors
which have arrows at both ends to represent a grating vector. Suppose light waves may
be incident on the grating slab in any or both of two predetermined directions. According
to the diffraction theorics of planar volume gratings such as {39], if the grating slab is
sulliciently thick, the index modulation is weak and the two dircctions are arranged in
such a way that Brage condition is approximately satisfied, the ficld in the slab can be

written as two planc waves:

E() = 05 + gpe?®F (2.9)
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Note: Bold face letters stand for vectors.

Figure 2.9: The geometry of Briyg condition.
where
= (ko kig ki) 1=1,2
r=(z.y2)
This is the so called two-wave approximation. Veclor k; (i = 1,2) is the wave vector of
one of the two planc waves. Also, power may be exchanged between the two directions
represented by the two wave vectors. In other words, the two waves are coupled. The
strongest coupling happens when the Bragg condition is satisfied, t.c.,
I I 2mn
|f|l =-| 2| =~—,\n (2.10)
ki —ka=%K
where ) is the wavelength in free space. The geometry of this condition is shown in Fig. 2.9.
Also notice that it is important to make sure that the grating is a volurne grating or Bragg
grating, which ensurcs that all the unwanted diffractions can be sufficiently suppressed.
Hence, with the coupling between the two directions, whenever there is an input in cither
of the two directions, output waves in both directions can be found at the output side

of the slab. This implies that a single volume grating is in fact a 2 % 2 coupler. With
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Figure 2.10: Grating vectors for a 3 x 3 star coupler. The Ewald sphere is the sphere in k-space

with a radius of 2an/A.

this idea in mind, the coupler proposed in {30, 31} can be actually considered as a serics
of 2 x 2 couplers superitnposed in a single slab. In addition, there is in fact a 2 x 2
coupler for every combination of wave pairs, so the number of required gratings is just
equal Lo the number of different ways of picking two waves out of the N waves. In the
terminology of networking, a topology of complete mesh is built inside the slab from the
above mentioned 2 x 2 single grating couplers. Though a complcte mesh may not be the
only topology for building the connection, it is perhaps the only topology that can offer
the required symmetry which ensurcs that no input or output ports are “favoured” or
distinct in the coupler. This issuc was also discussed when the [used fiber coupler was
investigated in the first scction of this chapter. According to the scheme of [30, 31], 2
3 x 3 coupler needs 3 gratings, and a 4 x 4 coupler needs 6 gratings. The gratings needed
are depicted in Fig, 2.10 and Fig. 2.11. In [31], the grating patterns for 5x 3 and 9x 9
are given, and 10 or 36 gratings arc required, respectively. The number of gratings does
increase significantly when the number of ports increases. So the question to be answered
next is whether this number can be reduced.

One way to reduce the number of gratings is to use the so called grating degeneration.

The idea of grating degeneration is Lo properly arrange the dircctions of all the input light
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Bold face letters represent vectors.

Figurc 2.11: Grating vectors for a 4 x 4 star coupler.

waves in such a way that some ol the originally different gratings become the same. In
other words, some gratings degencrate into one grating. For convenicnee, consider the
case of a 4 x 4 star coupler. Six diffcrent gratings are required in the slab when the

configuration in [31] is used, see Fig. 2.11. The gratings arc:

K=k -k (2.11)
+ Koy = kp — ki (2.12)
+ Ky = ky — ke (2.13)
£ Ky = ki — ks (2.14)
+ Koy = kp = k1 (2.15)
K =k — ks (2.16)

Remember, we can take either plus sign or minus sign in the above equations without
changing the final result. Fig. 2.11 looks quite different compared to Fig. 5 of [41], but.
a closer examination of the directions of the vectors shows that they depict the same

subject, namely, grating vector patterus. The only difference is that the starting points
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Figure 2.12: Arrangement of wave vectors for grating degencration.

of the grating vectors are not placed at the same point in Fig. 2.11. The purposc of doing
so is to emphasize the relation between wave vectors and grating vectors. Furthermore,
in this chapter we will assume cach grating has a sinusoidal waveform and a zero initial
phase. Hence in this chapter, a grating vector plus a modulation index A will completely
characterize a grating,

The dircetions of the wave vectors & can be arranged in the manner shown in
Fig. 2,12, so that Ko = K, and Ky = Kas. In both cascs, two originally different
gratings degenerate into one. In this thesis, we refer to this kind of merge as grating
degeneration. When degeneration happens, the number of needed gratings is obviously
reduced. In the case of a 1 x 4 coupler, the best we can do is to have two degenerations
as shown in Fig. 2.12 and the number of gratings can be reduced from 6 to 4. It is clear
that two generalizations from the original configuration in [31] are required. First, the
grating vector and the wave vectors of the waves should not be confined to the same

plane. Secondly, the angular distribution of the wave vectors is not necessarily uniform.
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Note: Bold face symbols represent vectors.

Figure 2.13: A grating shared by different wave pairs.

As a conscquence, the dillraction theories presented in [31] and (39 need be properly
generalized. A genceralized diffraction theory will be presented later in Chapter 3 of this
thesis.

Another way of interpreting the grating degeneration is to exarnine the simple single-
grating system shown in Fig. 2.13, where two wave pairs {k:; , I;_,} and {k-;',, L:,} arc depicted.
It is apparent that both pairs satisfy the Bragg condition and hence can be coupled by
the same grating characterized by K (with no coupling between the two pairs). It is
also apparent that the angle 0, between the two planes defined by the wave vector pairs
can be arbitrary Lo a certain extent. Actually, as long as the angle is greater than the
angular resolution of the lens system, the linearity of Maxwell’s cquations guarantees that
no coupling will happen in between the two wave pairs. Generally, more than two wave
pairs may be included. For instance, we can casily add one more wave pair (ks, )';.;) into
the same single grating system, as it is shown in Fig. 2.13. Tt can thus be concluded that

a single-grating system can be shared by a nurnber of wave: pairs. In other words, it is

10



cquivalent to a number of 2 x 2 couplers in parallel. This is the very foundation on which
the iden of grating degeneration is based.

A problem may arise when more than two wave pairs are coupled by one grating.
Since the wave pairs cannot be arranged in a perfectly symmetrical way, dilferent wave
pairs may travel dilferent lengths in the grating slab. The consequence is that different
wave pairs may have a different coupling cocfficient. This is not desirable, unless in a
particular application, dilference i ~oupling is required. In practice, two methods can be
used to mitigate or climinate this problem of uncvenly distributed coupling. The first one
is to make the angle between the planes of the wave pairs small, so that the differcnee
in intcraction length becomes insignificant. This method is basically limited by only the
angular resolution of the lens system, which is determined by the relative aperture of the
collimating lenses. The second method is to rearrange the positions of those pairs which
have higher cocfficients in such a way that they are slightly off the Bragg condition and
the coupling is thus decreased Lo the same level as others. This method requires more
delicate work to be done in design and implementation, and it can be combined with the

lirst one.

2.2.3 Sandwiched structure

In this scction, the same 4 % 4 coupler as shown in Fig. 2.11 will be used to help to
explain th sccond technique of reducing the number of required gratings. Using grating
degenceration, we have been able to reduce the number from 6 to 4. Now with the help of
IFig. 2.14, it can be scen what happens if the slab is allowed to be split into two sandwiched
slabs. Supposc we discard grating K4 and Koy and distribute the rest of the gratings
among the two slabs. In the first slab, two gratings are recorded, namely, K1» and K.
After the four waves emerge from the first slab, the waves in the directions of k) and k»
arc coupled by the grating corresponding to K2, and the waves in the directions of ks

and k&4 arc coupled by the grating with grating vector Kaus Jic.,

oY = (1 = )P + 7o (2.17)
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Figure 2.14: An illustration ol a 4 x 4 star coupler with a sandwich structure.



P'(.'” = 711211(1“) + (1= 1;,-_,);;(2‘” (2.18)

P.gs“ =(1- TI:L-.)PS;)) + apy” (2.19)
P = + (1= m)pd” (2.20)

where pf’) (i = 1,2,3,4,5 = 0,1,2) stands for a random process of the power of the

i-th wave at the output of the j-th slab, Variable my (k,0 = 1,2,3,4) is the diffraction
efliciency of the grating characterized by the vector K.
It can casily be shown that alter the waves pass through the second slab which bears

the prating K and Ko, the four ontputs can be expressed as

2 0
S G R [ ma)p\” + (1 - Th:s)?h'_‘P(Q)

P
4] 0 ¢
+mg(l - TI:M)T)gs ) + 71137]3411.(1 ) (2-31)

2 0
= (1- 7aa)mep) + (1 — 72a)(1 = Ta)py)

0
+7}2471:MP§50 ) + naa(l — 7134)73.(1 ) (2.22
2 0 Q
2 = sl — m)pl + mamapy
(0) _ ] {0) 293
+(1 = ta)(1 — M)y’ + (1 — Tha) 4y (2.23)
2 o
p? = 7]247“2?)(10) + 72 (1 = Tm)p‘g )

+(1 = ) m2p + (1 = 7aa)(1 = maa)pl) (2.24)

It can be scen that cach output can receive parts of the signal power from all the
input signals. In a special case, when 7;; = 50%, cach input wave will have its power cvenly
distributed among all four outputs. This means that even though we have discarded K
and Ky, the two lavered sandwich structure is still a 4 x 4 coupler, with each slab bearing
only two gratings. Obviously, using grating degencration, we can further reduce the
number of gratings to one per slab. The reduction in grating number is quite significant.
According to the author’s experience, constructing six different gratings in a single slab
probably requires high standard (acilitics and good experimental skills, while recording
one volume grating in a slab with a diffraction cfficiency of 50% is a much easier task.

In the previous sections, we have shown that the basic clement of a holographic star

13



2x2 couplers (gratings)

Figure 2.15: Logic connection for a 4 x 4 star coupler with a sandwich structure.

coupler is a volume grating which acts like & 2 x 2 star coupler. With this idea in mind,
we find that from the point of view ol topology, a sandwich stencture is similar to a star
coupler made from clement 2 x 2 fiber couplers, as shown in Fig. 2.15. The nmamber of
slabs in the former case corresponds exactly to the number of stages in the later case.
Therelore, the reasons why a sandwiched structure can reduce the required dynamic range

arc:

1. The gratings nceded can be placed in separate slabs instead of one slab. The mimber

of gratings in cach slab is thus reduced.

2. The topology is different. Cascade connections, instead of comnplete mesh are used,

so fewer gratings (2 x 2 couplers) are vequired.

The drawback of using cascade connections is the increased exeess loss. The excess
Joss of sandwiched coupler is the sum of the excess loss introduced by each of the stabs in
dB. In one extreme, if we usc as many slabs as needed to minimize the number of gratings,
the excess loss will be proportional Lo log, N. This is similar to that of an N« N coupler
constructed from 2x2 fiber couplers, because the logic elernent (2x2) and logic connections

are the same. In conclusion, in designing a practical sandwich coupler, a trade-off needs
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bue done between the number of sandwiched slabs and the number of gratings in cach slab,
when N is given. The former is limited by the excess loss, the latter is bounded by the
dvrsnnie range of the recording, material,

Compared with the sandwiched structure, the grating degeneration is a net winner.

[t does not introduee any extra excess loss, and henee can be used to the limit.

2.3 Design of a Grating System with Grating De-
gencration and a Sandwich Structure

As mentioned in the preceding section, the grating-bearing slabs form the core of a holo-
graphic coupler. In this section, the principles of designing such slabs with the featurce of
using prating degeneration and sandwich structures will be discussed. The discussion will
be constrained Lo the wave-vector arrangement required for grating degenceration and the
topology for sandwich structures. It should be noticed that the discussion gives principles
that are necessary but may not be sufficient. It is known that a wave vector cannot com-
pletely characterize a light wave. There are other physical quantitics such as intensity,
polarization and initial phase, which are necded to specily 2 wave. Similarly, a grating
veetor does not fully describe a grating. There are other features such as the modulation
and the initial phase needed for a complete characterization of a grating. The complete
picture of a grating system will be given in Chapter 3, where the Maxwell’s cquations are
employed. Nevertheless, the content in this seetion is still important in the sense that it
lavs the foundation for more detailed designs.

Grating degeneration (or grating-sharing) is achicved by properly arranging the
directions ol the lightwaves and the orientation of grating vectors. The basic constraint
for grating-sharing is the Bragg condition shown in Eq. (2.10) and Fig. 2.9. For a given
grating, any wave pairs sharing the grating must satisfy the condition. If the wave vectors

(or the components of the vectors) of a pair of waves are considered as variables (i.c., design

=
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Note: Bold tace symbols represent vectors

Figure 2.16: Wave vector tip-trajectories for grating degeneration,

parameters), they should satisly the following expressions for a given grating vector K:
R+E+E = (ZEn)2
kKot by by + kol = Katfatks (2.25)
F = k=K
where k and ¥ arc the wave vectors of the wave pair as variables. The first two equations
represent a spherical surface and a plane surface. The intersection of these surfaces makes
a circle in the k-space (spatial angular [requency space), which is the trajectory that the
tip of the wave veetor E should follow. The third line specifies the trajectory the second
wave vector & follows in terms of k and K. The geometry of these equations is shown
in Fig. 2.16. Any wave vector pairs {E,E’ } which have their vector tips placed on the
trajectorics can share the grating corresponding to the vector K. lowever, Eq. (2.25)
is still 2 bit overdone because three components are used Lo specily cach of the wave
vectors. It is known that out of tne three components of any wave veelor, ¢.4., k, only

two are independent. Without losing generality, if k. represents the projection of kin the
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direetion perpendicular 1o the slab surfuces, we may sitmply choose the lateral compaonents
k, and k, as the independent variables. Cancelling all the &z~components in 12q. (2.25)

vields expressions for two-dimensional projections of the same trajectories:

{[kz con 3=ky sin {,[_f__‘c}'.' + P sin 34ky con 3)° =1
LOHESEET S (S (5 (2.26)

— -

B =E-FR,

[T

where “p" indicates the transverse component versus “2” for longitudinal components,

and )
cos 3= -’EA
»
. K
sinfi= 3
4 Ko (2.27)

| K, = \[KZ+ K:

"The advantage of the use of Eq. (2.26) is its two-dimensional nature. It makes the design

work casier, because a two dimensional trajectory can be casily depicted. A sccond
advantage, which is more important, is that when the design shown in Fig. 2.3 or 24 is
used, the two-dimensional trajectories are dircetly related to the positions of the fiber ends
on the surfaces ol the field lenses or that of the sclf-focusing lenses. The relation between
the positic n of a fiber end (z, ) and the transverse component of the corresponding wave
veetor (kg, k) is illustrated in Fig. 2.17, from which it can be shown that

2

=it

(2,) = —’_Lf(k,, &) (2.25)

According to this relation, the trajectorics of a pair of fiber ends that are coupled by the
siame grating are just a scaled version of Eq. (2.26). However, in this thesis, we will still
stick to the k-space (spatial angular frequency domain) representation, even though the
usc ol fiber positions could be more straightforward in many practical cases. The major
concern of doing so is to keep the generality. The fiber end position representation depends
on the particular schematic design of the coupler. For example, it cannot be used for the
configuration depicted in Fig.2.5. Also, when the fber is placed very far from the optical

axis of the lenses, Fq. (2.28) may not be valid. These constraints do not hold if (kz, ky)
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Fiber end

Figure 2.17: Relation between the fiber end position and the wave vector Lip position in A-space.
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Figure 2.18: 2-dimensional trajectories for grating degeneration.
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Figure 2.19: A 2-dimensional wave vector tip-diagram.

is used to specify a grating slab design. Fig.2.18 shows a sct of trajectorics for given Ks.
The transverse components are kept, constant with the longitudinal comnponents set to 2
sct of values. In a general case, a trajectory pair is a pair of ellipses with one being the
shifted version of the other. The dircction and the amount of shift is determined by the
Lransverse grating vector. In the special case that K = 0, the ellipses become parallel
straight lines. Fig. 2.19 shows a design with three wave pairs sharing the same grating.
In the rest of the thesis, all the designs of grating degenerations will be presented in the
form given in Fig. 2.19, namcly, a pattern of the lateral projections of the wave vector
Lips.

Apart from grating degencration, the principles governing the design of sandwich
structures should also be investigated. The most important issue is the topology. As

mentioned in the previous scction, every single grating component can be considered as a
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Figure 2.20: Tip-pattern design for 4 x 4 couplers.

2 x 2 coupler, which is actually a bidirectional link between two pairs of input and output
ports; or a number of such couplers or links in parallel when grating degeneration can be
achicved. When a topology with multiple stages is applied, the mimber of slabs is just
cqual to the number of stages in the topalogy. Obviously, the topology used for fused
fber N x N couplers, such as those depicted in Fig. 1.3 and Fig. 2.15 can be used. In
this case, n slabs arc needed, if N = 2*. Therefore, in designing the grating system of a
coupler, first, we use as many gratings as required to couple or interconneet all the plane
waves according to the predetermined topology and then try to change the directions of
the waves. To be more specific, we change the wave vector tip positions on the plane
of k.Ok,, to fit as many wavc pairs into as few set of trajectorics as possible so as to
minimize the number of required gratings.

Three design examples, i.c., designs for 4 x 4, 8 x 8 and 16 x 16 couplers are shown
in Fig. 2.20 through Fig. 2.22. Though it may not be casy to work out. a reneral optirmurm
design for a coupler of arbitrary N, the optimum design or at least an acceptable design
can be obvious when N is stnall.  In this case, we do not have to be worried aboul excess
loss due to slab cascading. [rom an expericnee with DCG (dichromated gelatin), it is
quite conservative to expeet the excess loss of cach slab to be below 0.1 dB. Therefore, the

excess loss of, e.g., 10 layers can casily be kept below 1 dB. It can casily be verified that,
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Four output N

Four input {ibers

Figure 2.23: An illustration of a 1 x 4 holographic coupler with grating degencration and

sandwich structure.

the designs shown in Fig. 2.20 o 2.22 satisfy Eq. (2.26). Fora 4x4 coupler, two slabs arce
needed and there is only onc grating written in cach slab. Fig. 2.23 gives a more detailed
depiction of the 4 x 4 design. It can be scen that the grating in the first. slab provides a
“horizontal” coupling among the four dircetions or waves; while the second grating slab
provides a “vertical” coupling among the four dircctions. The cascading ol the two slabs
provides the coupling for all the four directions or waves. For an 8 x 8 coupler, three
slabs are needed. AL most two gratings have to be written on cach of the slabs. For the
16 x 16 coupler, 4 slabs are required, and at most 4 different gratings arc needed in cach
slab. We can compare this design with that in [31]. With a single-slab-no-degencration

configuration, 120 different gratings arc nceded in one slab. The improvernent is apparent.
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Figure 2.24: Geometrical relation between wave veetors Kiree, Kjree and ki, k;.

For implementation, a conventional holographic technique is needed. The basic idea
is Lo let two light waves interfere with cach other and then record the interference pattern
in u slub of photosensitive material whose refractive index, after a certain processing
pmm:ii'um, is dircctly proportional to the intensity of the interference ficld. Since we have
suggested the use of planar systems (Fig. 2.3, 2.4 and 2.5), a different wavelength can be

used for the grating construction. An important relation for the grating recording is

— —

kj,w:c - kl,'l"f:C = Rﬁj (229)

-

where K; peey Kiree ar¢ the wave vectors of the two waves used in constructing grating Kj;.
Eq. (2.29) is very similar to the second line of Eq. (2.10) in appearance. Combining these

two cquations yiclds

kj,rr:c - ki,n:c = kj - kt (230)
The geometric interpretation is shown in Fig. 2.24. Note that, [kirecl = |Kjrec] = ff"ec,

where M. is the wavelength used in construction, which is probably 0.514 um when DCG
is used.

Fig. 2.25 shows a schematic diagram of a possible set-up for grating construction.
For mass production purpose, the grating construction sct-up can be scaled up by a certain
factor, so that larger picces of grating slabs can be made. The large pieces can then be
cut into smaller picces to multiply the quantity. This is another advantage we can take

from using a planar grating configuration.
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Figure 2.25: Schematic diagram of an expcrimental set-up for constructing volurne gratings.
2.4 Experiment

In this section, to support the concepts and the designs proposed in the preceding scclions,
some of the experimental work will be presented. The work was mainly conducted by
Dr. E. Simova, and the author assisted the work with his knowledge and experience in
hologram fabrication.

Dr. Simova has been working for some time on the fabrication of star couplers of
varions sizes, using different recording materials and configurations. One of these couplers
was fabricated according to a design shown in this thesis. In grating construction, silver
halide sensitized gelatin (SHSG) was used as recording material. SHSG turned out to
be remarkably satisfactory in terms of sensitivity, modulation index and signal-to-noise
ratio due to its silver-halide-based sensitization and its pure-gelatin nature. The recording
set-up was a very conventional one. A laser beam from a He-Ne lascr was split into two
bearns with a beam splitter. The beams were filtered with pinholes, expanded and then
collimated. Both beams were then directed to the holographic plate with mirrors.

The coupler fabricated in the experiment is based on the design of 2 4 x 4 coupler



shown in Fig. 2.20. Two identical volume gratings were constructed. Both have a diffrac-
tion cfficiency of about 50 %. The gratings were then sandwiched together with one of
them being rotated 90° around its axis. The performance of this sandwich was tested

with 1300 nm lascr light. The results are shown in the following table:

Power transmittance
Output direction
Input dircction 1 2 3 4 Loss | Homogeneity
1 0.142 | 0.194 | 0.191 | 0.146 | 32.7% 27%
2 0.191 | 0.160 | 0.151 | 0.187 | 31.1% 21%
3 0.208 | 0.143 { 0.153 | 0.205 | 29.1% 32%
4 0.142 | 0.188 | 0.205 | 0.169 | 29.6% 31%

It can be scen that the performance of this sandwich is promising. Obviously, it
docs function as a 4 x 4 coupler. For cach input direction, the input light is split up
by the sandwich into four beams in four different output directions. The excess loss
was measured to be about 30 % including the loss (about 20 %) caused by the Fresnel
reflections at the surfaces of the two substrates. This part of the loss can be reduced with
index matching techniques. The rest of the loss is caused by scattering and absorption of
the gelatin. This part can be reduced by optimizing the processing procedures. Evidently,
the results offer a strong support to the concepts ¢f grating degeneration and sandwich
structure presented in this chapter. It also proves that the design given in Fig. 2.20 is

correct.

2.5 Quasi-Bragg Diffraction for 16 x 16 Holographic

Couplers

So far, it has been assumed in this chapter that the Bragg condition is perfectly satisfied
in all the grating-bearing slab designs. In this section, as the title suggests, we will stray
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from this practice. A new technique using off-Bragg dilfractions will be introduced. Tt
can further simplify the design of 16 x 16 couplers. Though the technique, termed here
as quasi-Bragg diffraction, is particularly tailored for a 16 x 16 coupler, the principles can
be applied to grating slab designs with A other than 16.

Before the technique is presented, it i neeessary to investigate the reason why
Bragz gratings arc used in the holographic couplers.  Generally, holographic gratings
can be classified as thick (or volume, or Bragg) gratings and thin gratings. The major
advantage of a thick grating over o thin grating is that it has the so called volume effect.
This makes it sclective to the incident angle and wavelength.  Also, the volume elfect
may be used to cnhance the wanted diffraction orders and suppress the unwanted, so
that a more cfficient coupler can be constructed. This volume effect is always associated
with threc-dimensional diffraction structures. In the particular subject ol interest in this
thesis, the cllect is dircetly related to the thickness of the grating slabs. However, whother
a grating can be considered as thick or thin docs not only depend on the absolute physical
thickness of 2 grating slab. When gelatin-based recording material is used, the thickness
of a grating slab, not including the substrate, ranges from a few microns to about one
hundred microns. llowever, thick gratings, as well as thin gratings, can be written in
slabs of all possible thickness. The parameter for distinguishing thick from thin gratings
can be found in [39]. Notice that, the discovery of the relation should not be credited to
[39], because it had been widely used in the study of acoustic dilfraction gratings. The

paramecter is rewritten here as:
(An)d
A A

Usually, a grating is considered as thick when Q 2 10. As shown in q. (2.51), Q is the

Q=2 (2.31)

product of two factors. One is the “relative wavelength” —the ratio of the wavelength in
medium n to the grating period. The other is the relative thickness which is defined as the
thickness with respect to the grating constant (or period) A. For example, in Fig. 2.26,
slab A and B have the same thickness d, but if slab A is considered thick for a given

wavelength, slab B may probably be considered thin. The major difference between the
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Figure 2.26: A thick grating and a thin grating of the same thickness.

two grating slabs is that slab A has a sct of fringe planes whose period is comparable
or less than the thickness; while the grating period of grating B is much larger than the
thickness. Apparently, because of the large period of slab B, even though it possesses
3-dimensional features like thickness, fringe plancs (instcad of fringes) which have even
a slant angle (determined by the longitudinal component of the grating vector), ctc.,
it can be simply considered as a thin transparency which docs not have these features.
A thin graling transparency can be characterized by merely a transverse grating vector
K, and the phase modulation to a passing light wave. Notice that we do not consider
amplitude-modulating materials in this thesis.

When a lightwave is incident on a perfectly thin grating, the diflraction pattern is
shown in Fig. 2.27, which has usually a number of diffraction orders. The directions of

these diffraction orders are determined by the so called grating equation:
Km,p = Ko, + mK, for m=0,%1,%2,--- (2.32)

where the subseript p indicates the transverse component vectors. Obviously, in the case
of thin gratings, the grating vector has only a transverse component. The grating equation
only gives the relation among the transverse component vectors of the grating vectors and
that of the wave vectors. lowever, it is sulficient to determine the deflection directions of

all the diffraction orders. It is known thal in a homogeneous medium, the magnitude of a
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Figure 2.27: The diffraction orders of a thin grating.

2mn

wave veetor is 352 with n being the refraetive index. When both the transverse component
and the magnitude are known, the direction of the wave can obviously be determined.
The geometry is shown in Fig. 2.28.

Actually, the grating equation is not only applied Lo a thin grating, but also Lo thick
sratings. When the dircctions of the diffraction orders are Lo be determined, the longi-
tudinal component of the grating vector, together with all the features of 3-dimensional
nature can be just neglected. The real difference between thick and thin gratings is in the
power distribution among the diffraction orders, especially when the direction of the inci-
dence changes. It turns out that a thick grating has an angular or wavelength selectivity
due to the volume effect, while 2 thin grating docs not. The volurne effect results from the
fact that an extra dimension in the grating structure introduces extra constraints to the
wave propagation. [n a volume grating, the structural ficld pattern of a incident light has
to be in harmony with a three-dimensional grating structure instead of a two dimensional
one as in the case of thin gratings in order Lo obtain the strongest diffraction. However,
with a perfectly thin grating, no matter how the incident direction changes, the intensi-

ties of the output orders will not change. In addition, the power distributions between
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Figure 2.28: The wave vector of a diflraction order can be casily found from its transverse

COpotent.

the positive diffraction orders and the negative orders are basically even. When a thick
grating is used, the picture is different. Though the directions of the diffraction orders
are still determined by the grating equation, their intensitics will be dependent on those
features related to the third dimension. One diffraction order may become dominantly
strong when the incident light is in such a dircction that the Bragg condition is satisfied
for that particular order. Actually, the diffraction can be so strong that all the incident
power zoes Lo this partienlar order (This corresponds to a diffraction cfficiency of 100%),
and only one diffraction order can be observed. In a more genceral case, two diffraction
orders can be observed: one is the pass-through order (or the order m = 0); the other
is the diffracted one (may be the order m = +1 or m = —1). The rest of the orders
are suppressed by the volure effect, or in other words, by the sclectivity. The selectiv-
ily is a very important property when a coupler is to be made. If a thin grating were
used, first, unwanted diffraction orders would appear, as it is shown in Fig. 2.29. Two
nnwanted waves are depicted in the figure: the wave corresponding Lo ke and the wave
labeled as =1, though the number may not be limited to two in practice. The former is
the order m = +1 diffraction when the light is incident from the dircction of k; or the

order m = +2 diffraction of the wave ko; the latter is the order m = -1 diffraction when
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Figurc 2.29: A 2 x 2 coupler made from a thin grating. The unwanted orders may appear due

Loﬁc;ié']mk of sclectivity.
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the light is incident in the direction of E(. or the order m = -2 diffraction of the wave El.
Apparently, these unwanted orders introduce excess loss to the coupler, because they are
not Lo be coupled into any of the fiber ends. In comparison, all the unwanted orders can
be climinated in a thick grating, if the vector ko and &, arc arranged to satisfy the Bragg
condition and f the £ ol the grating is sufficiently high. This means a higher cfficicney.
In addition, since the dilfraction cfficiency of a thick grating can be as high as 100%, we
may get theoretically any amount of coupling between the two wanted waves ranging {rom
 to 1. 1t can be shown that this range is not achicvable with a thin grating, becausc the
highest dillraction efficiency is about 40.4% [40].

So far we have been discussing the dieadvantages of using thin gratings. However,
it should be noticed that apart from the disadvantages, a thin grating actually has its
advantages. In Section 2.2, we have introduced the technique of grating degeneration, in
which two or more pairs of light waves can share one grating. Actually, if the grating is
a thin grating, this kind of grating merge (or degencration) is much casier, because the
grating is not under the constraint of Bragg condition any more. With a thick grating, a
two-dimensional arrangement of the waves is needed to satisly Bragg condition, while a
thin grating can be shared with or without a two dimensional arrangement. The only thing
that has Lo be satisfied is that the originally different gratings to be merged should have
the same Leansverse component vector, after the dircetions of the waves are rearranged.
An example is shown in Fig. 2.30(a), and Fig. 2.30(b) shows that a grating can be shared
with the wave vectors arranged in the same plane. It can be seen that without the
restriction of Brage condition, the grating system of a coupler can be further simplified.
This is exactly what will be done with the new technique. The problem is how to avoid the
excess loss introduced by the unwanted diffraction orders, and the solution is to maintain
only the right amount of sclectivity.

In practice, it is not possible to draw a line between thick and thin gratings. Though
a grating can usually be considered as thick if the parameter @ is larger than 10, a more

rigorous way is to generally consider the gratings as a three-dimensional structure without
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Figure 2.30: When thin gratings are used, (a) gratings of the sine Lrnsverse component, can
be considered as the same, or in other words, (b) two pairs of light waves un share one grating,

cven though Bragg condition is not satisfied.



assurning any vidue for Q when the power distribution of the diffraction orders is a concern;
while neglecting the thickness when only the directions are considered. A thin grating
can be considered s a special case when volume effect is extremely weak (Q — 0). It is
knowen that the higher the @ is, the more sclective the grating is, in terms of the ability
to suppress the unwanted orders. The question is how much sclectivity can be considcred
as sufficient. Apparently, @ > 10 is not nccessarily a suitable criterion, because it was
introdiced for simplifying the mathematics of diffraction theory [39], which is obviously
not the purpose of this scetion. In fact, even in the designs presented in the previous
scclions, where thick gratings are used and Bragg conditions are satisfied, the @ has to

be controlled in practice in such 2 way that:
I. all the unwunted orders are sufliciently suppressed,

2. the volume cflect is strong cnough to keep the desired level of coupling, which is

probably 50% in diffraction cfficieney, ind

3. the sclectivity is not too strong, so that there can be a sufficient tolerance for case

in alignment.

Now consider the design shown in Fig. 2.22, the third and the fourth slab have
four gratings. They are apparently the most complicated and the most difficult ones to
build. Since slab 3 is actually a rotated version of slab 4, we may just corcentrate on
the last slab and sce whai can be done. It is cvident that any technique applicable to
slub 4 can be applied to slab 3. In slab 4, the four gratings evidently have the same
transverse grating vector. According to the grating equation, the four gratings are the
same in terms of deflecting light from one direction to another. This means that if the
gratings can be made thin, all the four gratings may be merged into one grating. However,
to avoid the excess loss introduced by the unwanted diffraction orders, thick gratings are
used and the longitudinal components of the four gratings are not the same. This ensures
that the volume effect can make the coupling level between wanted waves high and the

unwanted waves low. The price of the achicvement is the complexity—four gratings are
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Slab #3 Slab #4

Figure 2.31: A new design for a 16 x 16 star couplers. Only two grating are needed in the third
and fourth slab, because the Bragg condition is reluxed by using a less selective grating. The

suppression of unwanted dilfraction orders is ensured by properly arranging the wave vectors.

used. This complexity is obviously not desirable. The question is whether the price can
be reduced while keeping what is desired. The proposed technique is shown in FFig. 2.31.
Based on the observation that the grating vector Ko and Ko, are not much different in
the longitudinal direction, the two originally different gratings arc replaced by a single
grating placed about half way in between the two original gratings. A similar practice
can be done to Ks and Krs. We will concentrate on the former.

Obviously, with the new design, the number of gratings in slab 3 or 4 is rednced.
Instead of four gratings, two gratings are used in cach slab. However on the other hand,
we do not replace all the four gratings by one in the new design, as we could have done, if
the usé of thin gratings werc assumed. This gives a chance Lo avoid the unwanted orders

by using a controlled level of sclectivity. One consequence of the merge of gratings is
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that the Brage condition cannot be satisfied If the gratings have a high Q, the coupling
between the wanted waves will also be reduced due to the volume clfect. Therclore, a
logical solution is Lo use a grating with a lower @, which implics the use of “thinner”
gratings. A thinner grating has a better tolerance to the violation of Bragg condition,
so a sufficient coupling may still be obtained if the violation is not oo severe. It 1s true
that the maximum achicvable diffraction efficiency of the gratings is lower, too, but in
this particular star coupler application, the grating diffraction clficiency docs not have
to be very high. In most cases 50% can be considered sufficient. This is much easier to
achicve compared with many other holographic clement applications. Furthermore, the
reduction in diffraction cllicicney may also be partly compensated by other means such
as increasing the modulation index.

In short, we have proposed to trade the maximum diffraction cfficiency for a large
tolerance, so that a grating can be shared by more light waves. This is particularly
snitable to star coupler applications because a diffraction elficiency higher than 50 % is not
necessary. The most important aspect of the technique is the control of the Q parameter
and the arrangement of the directions of the waves for climinating the unwanted wave.
The key to the solution is that, the violution of the Bragg condition by the unwanted waves
st be much worse than by the wanted ones, so that they can be easily discriminated
by the already weakened volume cffect.

In order to evaluate the degree of the violations, a crude intuitive measurement is

illustrated in Fig. 2.32, where the degree of violation is defined as:
§ = |ko+ K-k
= lk:,O + Kz - k:,]l (2.33)
The distance § is in k-space (or spatial [requency domain) and in the direction of the
normal line of the stab surfzce. When Bragg condition is satisfied, § = 0. In Fig. 2.33, an
example is fllustrated, where a single grating is used for a 2 x 2 coupler. It is so arranged
that the wanted waves, which are the waves corresponding to ko and k, satisfy the Bragg

condition. A relatively strong coupling may occur between the two waves. ks and k_,
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Figure 2.32: An intuitive measurement of the degree of violation from Bragg condition.

Figure 2.33: The wanted and the unwanted waves in a 2 x 2 coupler whose design follows Bragg

condition.
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Figure 2.34: The wanted and the unwanted waves in a 2 x 2 coupler which does not exactly
lollow the Bragg condition. The unwanted orders can be discriminated, because they have a

larger 8 measure than the wanted ones.

are wave vectors [or the two most probable unwanted waves. As it is shown in the figure,
the distance 812 and é_yg are not zero. If the @ of the grating is sulficiently high , the
unwanted orders can be suppressed. Fig. 2.34 shows a similar case, where quasi-Bragg
diffraction is used. In the case, a more tolerant (less selective) grating must be used
Lo maintain the coupling between the wanted waves whose wave vectors are Eo and El,
respoctively. Tlowever, the selectivity must be just high enough to basically climinate the
unwanted waves with wave vector k» and k_;. A necessary condition for this elimination
can be expressed as:

(51-_:_ P 601 and 6_10 P> 601 (234)

With small variation, this condition can be applied to the design shown in Fig. 2.31. We
will first present a gcometric approach shown in Fig. 2.35. Because of the symmetry, we
will only consider the four waves in the first quadrant of the two-dimensional vector-tip
diagram. For the same reason, we will only consider &y and k.. The strongest unwanted

diffractions which may be excited (rom the two wanted waves arc shown in terms of

67



b
~
~
b Y
b Y
______ L. ~
~
N
AN
AY
AY
\
I AY
\
AY
—
\
K \
L)
—— \
\
\
\ kx
1
(a)

(b)

to the plane kzOk,

Figure 2.33: A geometric presentation of the new technique. (a) the design viewed from the di-
rection perpendicular Lo the plane kyOk.. (b) the design viewed from the direction perpendicnlar

68



iSq and !:'_ Purt (b) of the figure shows the tip-pattern of the fonr wave vectors under
consideration.  Part () shows the sarne vectors viewed from a different angle.  Since
the violation 8 is always in the longitudinal direction, they can be casily found from the
peametry shown in part (a) of the figure. The grating vector can be found by linking the
point. 2 and b in part (2). The violation by the two wanted waves is represented by 612, and
the violations for the two unwanted waves arce represented by ;- and 82, respectively.
For a practical design, the position of %, and k,, the distance ! between Ey, — ks oand K

must be placed in such a way that
f‘jn' > (5|2 und (522-' P> 612 (2-35)

It is evident that this is achicvable. The violation measure can also be calculated with

the following mathematical formulac:

. 2., 7 s 27n ~
(5“1 = ]\/(T)— - |k'i.ﬁl- - J(T)z - |kj,p|" + Kij,:l (236)
where
kip—kip+ Kijp=0 (2.37)
and 7,7 = 1,2,...0r 1,2/,

In summary, it has been shown that it is possible to reduce the number of gratings
from four to two per slab for the third and fourth slab of a 16 x 16 coupler. The new
design is shown in Fig. 2.31. In the design, the Bragg condition is not exactly satisfied, so
the sclectivity of the Brage grating has to be moderate to keep a sufficient coupling. At
the same time, the violation of the Bragg condition by the waves to be coupled must be
far loss than that by the unwanted diffraction orders. Also, the selectivity of the Bragg
arating should be just hizh cnough to distinguish the diflerence between the wanted and
the unwanted, so that the unwanted can be sufficiently suppressed. Here, the technique
of reducing the number of gratings is called quasi-Bragg diffraction. Even though we do
not generalize the technique to couplers other than 16 X 16, it can certainly be applied to

desigms with N larger than 16. In addition, only the original idea and a gencral guide for
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using this technique is presented in this chapter. More sophisticated tools have to be used

to do a practical, vet detatled analysis or design. These tools will be given in Chapter 3.

2.6 Application of Grating Degeneration to Seclf-

Routing Couplers

Though the focus of this thesis has been placed on star couplers, the techniques introduced
so [ar, such as grating degencration, can be applied to other devices made from holographic
gratings. One example is the so called wavelength division multiplexed self-routing coupler
proposed in 41, 42}. The coupler is based on a grating-bearing diclectrie slab which fultils
the function of wavclength routing according to a perfect shuflle topology. Tt is believed
that besides the star-type photonic network, the use of shufflenct is another cfficient way
to break the electronic bottlencek [9].

Compared with the usc of star coupler, the major advantage of using a routing
coupler in a shufflenct is the climination of the power division problemn. Instead of being
split into N parts, cach input signal in a shufflenct can only Lake one of two (or a few)
possible routes according Lo the wavelength of the input. This means that the coupler is
free from splitting loss and its insertion loss is pure excess loss. In fact, the absence of the
splitting loss may also make the shuflle network tolerant to higher excess loss, because
firstly, the power budget is not so stringent due to not splitting the power and secondly,
the signal can be regencrated in between the hops. Nevertheless, one disadvantage of the
shuffle network is the higher traffic flow through the nodes, which is the price paid for the
more simplified coupler structure.

The working mechanism of the routing coupler is shown in Fig. 2.36. Two Dragg
gratings are recorded in a diclectric slab for an input bearn. Becanse of the volume effect,
an input light beamn at onc of the two predetermined wavelengths is diffracted by only
one of the two gratings, and thus is routed to one of the predetermined output directions.

When N input ports are required for a routing coupler, and when e routes leading to 2
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Figure 2.36: Wavelength routing with Bragg gratings.

certain collections of N output ports arc provided to cach input, generally mN gratings,
with 1 < m < N, have Lo be constructed in the slab. All the gratings can be superimposed
in one single slab. This can be expressed, as it is shown in [42], in terms of the refractive
index of the slab: -
2 =m{l+ 3 Z Ass cos( Ky - 7)} (2.38)
=1 5=t
where it is assumed that at most N? gratings (m = N) may be used to facilitate the
interconneclions between any input and output port. Notice that, a minor modification
has been made in Eq. (2.38), compared with Eq. (13) in [42]. A routing matrix can be

[ormed based on the modulation indices Ay
A=1] ... Ay - (2.39}

when perfeet shullle connectivity is used, only a few of the N? gratings are needed. This

is termed as sclective-broadeast mode in [41, 42]. For example, when the number of input



or output ports is N = 8, 12] gives a ronting matrix shown as:

D0 0 00N A0 o)
OO0 0 0 0 0 A
000 0 0 AN O O
O 0 0 0 0 0 A A
A= (2.10)

AAG OO0 0 00
0 0 AA 0 0 0 0
A A 8 0 0 0 0

\() 0 A A 0 0 0 U}

[anrd

where sixteen gratings arc uscd.

It is actually more natural o use gratings for ronting than for power division. Grat-
ings are inherently wavelength sensitive. When used in star couplers, they can only work
cssentially at one wavelength due to the dispersion associated with any kind ol grating.
In addition, in the case of holographic gratings, the volume effect adds more constraints
to wavelength variations. The collective effect of dispersion and the volume effect on the

bandwidth of a coupler can generally be expressed as:
.”(z\) = [/,g(/\).”;;(/\) (2"11)

where H()) is the transfer function between a pair of input and output ports of the
coupler, Fz()) is the transfer function when only the dispersion is considered, and /15(A)
is the transfer function showing only the effect of Bragg condition. Generally speaking,
both dispersion and volume cffect contribute to the narrow bandwidih {still hundreds
of GHz) of a star coupler. Nevertheless, when gratings are used in wavelength routing
couplers, this narrow bandwidth or wavclength seleetivity s just what is desired.

A similar device is the well-known WDM multiplexer/demultiplexer [43] using a
blazed grating {44]. Blazing a grating has quite the same effect as the use of 4 thick
holographic grating. Both practices add a third dimension Lo the grating structure and

make the grating selective (to wavelength and angle). The selectivity again is used to
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siuppress unwanted diffraction orders and to enhance the wanted diffructions. However,
holographic volume gratings have one edge over blized gratings, 1.e., 2 nurnber of gratings:
can be inteerated on o single stob, The same advantage is shown when a star coupler
is made from holographic gratings. Though a grating is not much dilferent in function
from an ordinary beam splitter when used in a star coupler, many such splitters can be
superimposed in one planar slab in order to form a compact device. The similarity can
also be found with holographic optical clements (HOEs). HOEs are usually thin and flat
in comparison to conventional clements, and they suffer the same bandwidth problem duc
Lo their nature as a diflraction deviee.

‘Though it is assumed in [11, 12] that the samne grating system as the onc used for a
star coupler can be used for routing il the system is constructed in a sclective-broadcasting
mode, it should be noticed that there exists onc significant difference between the two
types of grating systems. In the star coupler presented in 30, 31], all the zcro-th order
dilfractions (or the direct-pass-through beams) are utilized while in a sclf-routing coupler
[11], the opposite is the case. [t is known that the zeroth orders of a grating are wavclength
insensitive when dispersion is considered. They become wavelength sensitive only when
the volume effect is considered. However, the zeroth order has a totally different type
of wavelength dependence, compared with the non-zero-th orders. Instcad of a narrow
passband, they have a narrow stopband, as it is shown in Fig. 2.37. This is obviously not
suitable for wavelength routing purpese. The difference in the use of zero-th orders lcads
w significant differences in coupler construction. For example, consider the simplest case,
when an 2 x 2 star coupler is compared with a 2 x 2 routing coupler in Fig. 2.38. In
both of the grating systems, there are two input waves and two output waves. However,
in the star configuration, the two input waves are aligned with the two output waves
so that the zero-th orders can be used. In this case, only two different dircctions or
two waves have o be considered. In contrast, in a routing coupler, all {our waves must
be arranged in distinctively dilferent directions, so as to avoid the use of waveléngth-

insensitive dircetly-pass-through beams, and the coupling among the four waves has Lo be



Zero-th order

Response HBe(2)

\
\\/ Non-zero-th order

Figure 2.37: Typical frequency response of a zero-th order dillrction in comparison with a

non-zero-th order, when volume effect is considered.
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Figurc 2.38: Comparison between a star coupler and a routing coupler. Grating systerns of ()

a 2 x 2 star coupler, and (b) a 2 x 2 routing coupler.
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Figure 2.39: Connectivity of an 8 x 8 shufllenct.

managed. Additionally, multiple wavelengths have to be incorperated in the design of a
routing coupler. For example, in Fig. 2.38(a), two wavelengths are used. This is indicated
by the two IEwald spheres of different radii. Another difference in the designs of the two
systers is the different requirements for the diffraction efficiency. In a wavelength routing
desien, 100% cllicieney is always desired because any leftover in zcro-th orders means
excess loss. llowever, a considerable deviation from the desired value can be tolerated,
because a shufllenet structure can tolerate higher excess loss due to the absence of the
power division. Nevertheless, this is not true with star couplers. The diffraction efficiency
has to be accurately controlled for uniformly splitting the light, though the efficiency is
not desired to be 100 % due to the use of dircctly-pass-through orders.

Despite the differences, the concepts introduced for N x N star couplers in the
previous sections can still be applied to the design of a routing coupler. In this scetion,
an 8 x 8 routing coupler will be used as ain example. Using perfect shullle, the connectivity
ol an 8 x 8 routing coupler is shown in Fig. 2.39. It is assumed that cach user can switch

its Cransmitter between two wavelengths: A, and Aa. It is evident that no more than



three hops are required for a packet to be delivered from one node to any of the others.
The 16 gratings required to realize the conneetivity are depleted in Fig. 210, where the
16 dircctions are represented by 16 radially oriented straight lines, the gratings required
arc specificd by their transverse component vectors. It is assumed in Fig, 2010 that the
16 waves (or directions, 8 inputs and § outputs) arce uniformly distributed, though not
necessarily so. It is also assumed that the 16 wave vecetors and the grating vectors are
arranged in a three-dimensional manner, just as for grating degenceration in the previous
scctions. It can be scen that to cach input dircction, labeled as no= 1,2,...,8, two
gratings arc attached which couple the input waves into two other dircetions at ditferent
wavelengths.  For example, input direction 1 is coupled to output 2 at wavelength Ay
and to output 4" at wavelength A2, On the other hand, every output direction, labeled
as 7', is also attached to two gratings at dillerent wavelengths, For example, output 1/
can reccive light from 2 at Ay, and from 6 at Ao Right away [rom Fig. 2.40, we can tell
that the gratings can be merged. For example, Rio, Key, Ky and Koo arce actually
the same grating, and R:gp can be merged with !?.;5:, cte. Therefore, instead ol sixteen
gratings as suggested in [41], only six arce required. This apparently reduces significantly
the difficulty in the fabrication of the grating slabs. Furthermore, if we use the technique
of sandwich structure, these gratings can be constructed in different slaibs. The author
believes that, even though this will not further reduce the number ol gratings as in the
case of star coupler, it can still be casicr sometimes to make more slabs bearing lewer
gratings than morc gratings on fewer slabs.

The wavelengths in the design must be carcfully chosen. The relation between A

and e, according to the scometry shown in Fig. 2.40, can be writien as:

AL S0 g 566 (2.42)

e (A
W o
/\g $in 1

So if A; is chosen to be 0.85 i, Ap should be 1.5 pr. When Eq. (2.42) is not satizficd,
the number of achicvable degencrations will decrease, and two more gratings would be

required.
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In this section, by using a specific example, namely, an 8 x 8 shutllenet. routing
coupler, we have shown that the concept of grating degeneration, introdueed originally
for star couplers, can also be applicd to shufllenet construction. The benetit is the simpli-
Acation of the required grating system. However, sinee we have only presented o specilic
design example, it is important to be aware of the fundamental principles for the design
of 2 more general routing coupler. The law to be obeyed is again, as in the case of star
coupler, the Bragg condition, and the following gencralizations from the given 8 x 8 design

can be made according to the specific application:

1. A shuflle topology of a larger number N, than the one shown in Fig. 2.39, may
be incorporated in self-routing coupler. Generally, two parameters are required to
specify a shufllenct. One is the degree of the graph p, the other is the numt:er of

columns, [. The mumber N can be found as N = [p”.

2. The number of wavelengths may be more than two according to the particnlar

topology. However, the number should not be less than p.

3. The constcllations (a pattern of the wave vector tips in k-space) miry not necessarily
be arranged in circles, as it is shown in Fig. 2.40, nor should they necessarily be
distributed uniformly. lowever, when a pattern of higher degree of symmetry is
used, there is generally a better chance to obtain more degencracy. Also, it should
be noticed that some constellations are not independent. For example, those from

the same fiber but with different wavelengths have definite relative positions.

2.7 Summary

In this chapter, we have shown that with two novel technicues, Le., grating degeneration
and sandwich structures, the grating system used in a N % N star couplers can be sig-
nificantly simplified. The coneept of grating degeneration is based on the fact that every

single volume grating can be used as a nmumber of parallel 2 x 2 couplers if Lhe propaga-
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tion direetions are properly arranged; while the sandwich structure employs o multi-stage
topology which requires a stualler number of 2 x 2 building blocks. It turns out that two
slabs, cach bearing one single grating, are required for a 4 x 4 coupler; a 16 x 16 coupler
needs four slabs, cach bearing no more than four gratings. This is in comparison with six
gratings for 4 x 4 and 120 gratings for 16 x 16 in a single slab with the original design
presented in [30]. It has also been found that if slightly-off-Bragg diffraction is allowed,
the number of required gratings can be further reduced. The key is to make the amount
of violation of the Bragg condition much smaller for the desired diffraction orders than
for the undesired orders. 1t has been shown that for a 16 x 16 star coupler, the number
of gratings can be reduced to two per slab. We refer Lo this technique as quasi-Bragg
dillraction. Though the focus is placed on the design of broadcasting star couplers, all
the three techiniques have the potential to be applied Lo other holographic-grating-based
devices. An example of applying grating degencration te the design of an 8 x § wave-
length self-routing coupler has been presented. Out of the 16 gratings originally required,
10 are degencrate and thus only six gratings nced be constructed. Besides, it has been
pointed ont that there is a substantial differcnce between the grating system of a star
coupler and that of a routing coupler in the usc of the zcroth order diffractions. In a star
coupler, the waves are arranged in N distinet directions, while in a routing coupler, 2N
dircetions should be considered because the input and output waves must be deliberately
misaligned to avoid using zeroth orders. It should be pointed out that all the designs
and discussions given so far are conceptual, because we have been only considering the
Brage condition, which is not sufficient to deseribe the diffraction process in the slab. To
fully characterize a coupler, we have Lo refer to the Maxwell’s equations which govern the
behaviour of clectromagnetic field in all [requency ranges. This is what will be done in

the next chapter.



Chapter 3

Numerical Analysis of Holographic

Fiber Star Couplers

3.1 Introduction

In Chapter 2, three novel techniques for holographic N x N star conplers have been
introduced. It has been shown that the concepts can also be applied to holographic
wavelength-sensitive routing couplers. However, all the three techniques have been de-
vcloped on the basis of two fundamental equations. One is the grating equation, which
determines the directions of the dilfracted lightwaves; the other is the Bragg condition,
which guarantecs maxirnurn coupling between waves of different directions. These two
equations arc obviously not adequate for a [ull description of the lishtwave dilfraction
process, inside the grating slabs of = coupler. First of all, no information about, the in-
tensities of the diffraction orders can be obtained, though such information is vital o
coupler design because: 1) a coupler has to split the power of an incorning wave precisely
into 2 number of fractions according Lo the predetermined coupler conneetivity, 2) all the
undesired diffraction orders which satisfy the grating equation have to be low in intensity
for the coupler to have a low excess loss. Sccondly, the polarization ol 4 lightwave is

another unneglectable quantity whenever any Hghiwave device is constdered. The above
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mentioned two equations do not provide any information about the offect of the couplers
on this aspect of o lightwave.  Furthermore, it is not adequate 1o specily a grating by
only giving its grating vector, as has been done thronghout Chapter 2. The modulation
index and the initial phase are equally important to the performarnce of the grating. It
is clear that for the purpose of implementing a coupler, a much more advanced tool is
needed Lo depict the propagation of light waves in great detail. The objective of this chap-
ter is therelore to provide such a tool, namely, a rigorous theory of holographic grating
dilfraction, strictly based on the hindamental Maxwell’s equations.

Holographie gratings are also frequently referred to as planar gratings, becausc the
interference pattern of the two bearns in construction forms a series of planar fringe planes
in the recording medium. Planar grating diffraction is an old topic. It is claimed in [43]
in 1982 that there had been more than 400 relevant papers on this topic since 1930.
In recent years, a considerable number of papers are being published in this feld. The
most significant work, in the author’s opinion, is the coupled wave theory put forward
by Kogelnik [39] in 1969. The theory is still widely used for estimating the performance
of holograms and gratings. The major assumptions of the theory are 1) neglecting all
the dilfraction orders but two-- the zero-th and the first orders, 2) nee'octing the second
derivatives, assuming that the coupling is low and that the coupling length is long, 3)
assuming that the Brage condition is approximately satisfied. It turns out that these
assumptions are true in most practical cases, and more importantly, the theory explains
almost all the important characteristics observed with a thick Brage grating. After Kogel-
nik’s work, people had been trying to generalize the theory by making fewer or different
assumnptions. One example is the so-called “Lwo-wave second-order coupled-wave theory
[15]", which keeps the second derivatives. Another example is the first-order “multiwave
coupled-wave theory™, which includes high order diffractions [46]). When the dephasing,
or the off-Bragg-condition cases are neglected, the theory degenerates into Raman-Nath
theory {43]. For the incident-wave-dominated case, there are various scattering theories,

but due to the assumed low diffraction efficiency, the theorics do not have a high practical



value. Later, rigorous diffeaction theorics appeared. They are basically in two ditferent
forms. One is called coupled-wave theory: the other is termed modal theory. The major
difference between the two lorms is in the Geld represemtation. The former represents the
field in terms of “order”, which is delined according to the transverse frequeney compo-
nents of the ficld, while the latter uses modes  the elementary solutions to the Maxwell's
equations— to represent the field. The two forms are actually equivalent, becanse they are
both rigorous solutions to the scalar Helmholtz cquation (only the TH waves were con-
sidered). owever, the scalar Helmhboltz equation by itsell is not rigorous lor deseribing
light. Rigorous theories did not appear unddl the introduction ol the three-dimensional
(or vector ficld) theories [47] [50]. The main features are the use of the vector ficld rep-
resentation and an arbitrary incident dircction. In [48], a single grating of anisotropic
material is analyzed. In [49)], the theory was extended to cover cascaded gratings, and in
[50], superimposed gratings.

The theory presented in this chapter can be categorized as rigorous veetor-licld
diffraction theory. The differences between this theory and the existing theories are as

follows:

1. The theory is tailored for the application of couplers made from holographic gratings,
the cmphasis is put on the superimposed grating systems. Though sich grating
systems have been covered in [30], the details of the treatment is not fully discussed.
In this chapter, the harmonics of a component grating are considered as different,
superimposed gratings. This, the anthor believes, sirmplifies the theory eompired
with Equation 80 of [50], where only two gratings are considered together with their

harmonics.

o

"The theory is configured in such a way that the incident waves impinge on the slab
from a sect of dircctions. This again suits the need of analyzing N x N star couplers.
It is known that in a N x N coupler, there is an input dircetion corresponding 10

cach of the output directions.



3. Tostead of coupled-wave differential equations, the theory erploys a set of algebraic
mode cquations which are actually more straightforward. Besides, the mode equie-
tions are the equations of the B-field only, which is another distinet feature of the
vheory. The number of equations for cach order ts four instead of six. This makes

the computer algorithm straightforward.

4. The theory includes the phases of the gratings as paramecters, which is important

for the generality of the theory when the number of gratings is larger than 3.

5. The theory employs Jones matrices to characterize the response of a grating system

1o the polarization of an input signal. This wurns out to be cfficient.

6. "The theory uses 4 set of natural coordinate refcrence systems, which simplifies the

mode equations and is belicved to be convenient for practical purposcs.

In the next section, some fundamental issucs will be discussed as the starting point
of the theory. Then mode-equations will be derived from the Maxwell’s cquations. The
boundary equations are also derived to obitain a unique sct of Jones matrices. In Section
3.3, srating equations are discussed. In Section 3.4, a simplified treatment for cascade
slabs are given based on the Jones matrix representation. Examples of computer simula-

tions are presented in Seetion 3.3, and Section 3.6 concludes the chapter.

3.2 Modelling a Multi-Planar-Grating System

As mentioned in the preceding chapter, a grating-bearing dielectric slab or a slab sandwich
is the core of a holographic coupler. In this section, 2 model for numerically analyzing the
performance of a single slab grating system composed of a number of superimposed planar
eratings is presented. A computer algoriihim is derived to simulate light wave diffraction
by the grating-bearing slab shown in Fig. 3.1. In the figure, all the gratings are written
in region G, which is a diclectric slab with a space-varying refractive index. The slab is

assumeaed to have an inlinite size but a finite thickness d. It is buried in two homogeneous
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Figure 3.1: A single diclectric slab and an incident wave.



media J2 (indicating reflection region) and 7 (indicating transmission region), which have
refractive indices of nge and 1, respectively. A light beamn, assumed o be a plane wave,
of an arbitrary polarization and from an arbitrary direetion, is incldent on the left surface
of the shab. A Cartesinn coordinate system is ermmployed with the z-axis placed in the
dircetion of the normald line of the surfaces and the origin fixed on the surface of incidence
(the left surface). The model to be presented in the following scctions can be used as
a tool to simulate how the incident light is diffracted, i.c., how the light beam is split
into orders of reflected and transmitted bewns, how the power is distributed and what

polarization each diffracted order has, cte.

3.2.1 Foundation of the theory

The light feld is an cectromagnetic ficld of a certain frequency range, the behaviour of
light, Lo be more specific here, the diffraction of an incident light by the grating-bearing
slab, is completely governed by Maxwell's equations:

’

V-é(flwl = 0

Vgl = 0
fitall o (3.1)
Vx Il = —uu,u%

T = 22k
| Vxli = &%

where ¢ and jzp are the permittivity and the permeability in vacuum, g2 and € are the
relative permeability and the dicleetric constant, and £, f are the clectric field (E-ficld)
and the magnetic field (11-feld), respectively. At a surface of discontinuity between two
continuous media, c.g., medium | and 2, the equations can be written in the form of

houndary conditions:

_ - (3.2)
fi-{peta — nfh) =

fix{(la—M) =

o
(]



where 71 is the normal vector of the surface, which has unity length, Notiee that, throngh-
out this chapter the hat * 77 is used o indieate a veetor with lenath,

Consider a single frequeney (or single wavelength ) light field with an Eield
E(f"; ) = (@) exp(--jwl), where E(#) is the space-varving complex etvelope, and expg et
is the time=varying factor of the field. Maxwell’s equations (3.1} and the boundary con-
ditions degenerate Lo

Vx o= jwmmﬁ

- . (3.3
Ux il = —juwscel
and
n X [::"_1 - 1;:_3 =4
[ (__ . ) (3.1}
Iﬁ.x(!fg-[-_v) =1

Canceling f7 leads to an equation about the E-ficld £(7), which can be considered ns a

generalized wave equation:
V2E(F) = VIV - B(@)] + kpe(@ EFE) = 0 (3.5)

where k = 27 /N = w/e, with A being the wave length in vacuum, and ¢ being the speed
of light. It is assumed that the permeability is a constant. This is true for most dicleetric

materials. Once -feld is determined, H-field can be determined with the relation:

i@ = —Lv x 57, (3.6)
WiiojL

since the H-ficld can be uniquely determined by the E-ficld to an additive constant. It is
reasonable that only the I-ficld is considered in the model. Similarly, from . (3.4}, at
the surfaces of discontinuity, the F-ficld has to follow:

d

o x (Fa(F) = Fr (7)) =

- - (3.7
Ak LV % fia(f) = 52V % 4 (F)] = 0

Eq. (3.3) and Eq. (3.7) form the foundation of the the algorithm. They uniguely determine
the Hght ficld inside and outside the slab, thus all the features of the diffraction orders

such as the directions of propagation, power densities and states of polarization.
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3.2.2 Gratings in the slab

In the grating slab, it is assumed that A planar volune gratings are written. They are
of arbitrary orientation, period, modulation and initial phases. It s assumed that the

product of relative permittivity and permeability of the slab medinm O can be written as

M
pe(F) = nj[l + }:2;3‘ cos(K, - 7+ 0,)] 0<:<d (3.8)

=N
where 7 is the position vector (z,y, 2), d is the thickness of the slab. ¢y, A, and K, are
the initial phase, the relative modulation index and the grating veetor of the i-th grating,
The grating vector is defined as i—":ﬂ with A; being the spacing between any two [ringe
plancs and with 7 being the normal vector of the fringe planes. Notice that, by planar
gratings, we do not refer o planar slabs but to gratings with planar fringe planes. In

Eq. (3.8), the crest fringe planes of the 2-th grating may be defined as:
Ro-F+é=2x0 1=0,%1,%2, (:3.9)

Obviously, these arc a sct of plancs in the slab, which indicate the crests of the diclectric
constant. Though planar gratings arc 3-dimensional gratings, there are gratings which
are not planar but 3-dimensional. For example, the gratings shown in Fig. 3.2 cannot be
analyzed with the model given in this chapter. It is 2 grating made by etching multi-level
grooves on a substrate (called surface relief grating).

When the relative modulation index A;'s are sufficiently low, the refractive index of

the slab can be written as:

M
n(f') = ‘/“5(1-‘) = TLO[I + Z A,‘_ COS(R‘ T+ O:)] (3”))
=1

which shows that 7o can be interpreted as the average refractive index or the DC ecom-
ponent of the index. The AC components of different spatial frequencies (represented by
grating vectors) are the clement gratings with a relative strength or amplitude A, with
respect to the DC component.

Many diffraction theories of planar gratings neglect the initial phasc of a grating by

setting it to zero. In the case of a single grating, this conduet does not cause any loss
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Figure 3.2: An example of non-planar 3-dimensional grating.

of generality, provided that the grating is not a “pure reflection” type [51, 52]. A pure
reflection grating is defined as a grating whose fringe planes are parallel to the surfaces of
the slab. Evidently, if the grating is not of pure reflection type, we may shift the origin
of the Cartesian coordinate system along the left surface of the slab by a fraction of the
“grating period A,, so that a fringe, defined as a line of cqual phase on the slab surface,
coincides with the origin of the coordinate system. This is shown in Fig. 3.3. Since
she grating slab is assumed 10 have an infinite sizc, which means it has no periphery, the
shifting of the origin should not make any difference to the final results. Therefore, setting
the iritial phasc to zero does not causc any losc of generality. In the case of pure reflection
grating, there is obviously no way to sct the initial phase to zero by shifting the origin in
the transverse dircetion, because no [ringes can be scen on the surface. Shifting the origin
in the longitudinal dircction will at, the same time move the position of the boundaries due
to the slab’s fnite thickness. Actually, it is the relative position of the fringes to the slab
surfaces that matters. Henee, to change this rclative position, an initial phase has to be
used Lo characterize a pure reflection grating. In practice, especially when a holographic

technique is applied, it is not likely that there is any absolutely pure reflection grating,



Fringes

Figure 3.3: The origin is placed on a fringe to set the initial phase zero.

and the size of a real grating slab cannot be infinitely large. lHowever, we may count the
number of fringes across the slab surface. If the number is large, we may consider the
arating a non-pure-rcflection grating and sct the initial phase to zero. When the number
is very small, we may consider the grating a pure reflection type and keep the initial phase
as a variable. An extreme example of purc reflection gratings is the muitilayer dicleetric
flter, c.g., an anti-reflection coating. It can be considered as a grating in generil sense.
It has layers of matcrials of different index parallel to the substrate. No fringes can be
counted across the slab surface, and the initial phase, to be more exactly, the thickness of
the first layer of material plays a very important role in the performance ol the coating,

When a two-grating system is considered, the same reasoning can be applied except
that the relative positions of the two sets of grating fringes need to be considered. [ there
is an angle between the two [ringe sets, we can always find one of the interscctions of
the fringes. The interseetion can be chosen to be the origin of the Cartesian coordinate
systern. In this way, we can sci the initial phases of both gratings to zero. This is
illustrated in Fig. 3.4.

However, if the two sets of grating fringes are parallel to cach other, there may not

be an intersection to be used as the origin. So in the case of a two-graling system, al
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Figure 3.4: The origin is placed on an intersection of the two sets of [ringes to set both the

initial phases Lo zero.

least, one of the initial phases is needed to maintain the generality. When the number of
gratings is three or larger, even if the gratings arc not reflection type, the initial phases
of the gratings must be considered as a general case. When we draw three lines on a
paper randomly, there is little chance that they intersect at the same point (sce Fig. 3.9).
Therefore, when three or more than three sets of fringes are written in the slab, it is a
rare case when all initial phases can be set to zero. Thercfore, we may conclude that for
the purpose of not losing the generality, initial phases of the grating components must be
included in expression (3.8). This cnsurcs a proper analysis for a multi-grating system.

Also, the model can always be used for pure reflection type gratings.

3.2.3 Field in the slab

Substituting Eq. (3.8) lor ie(7) in Eq. (3.5) yiclds a partial differential equation which
must be satisfied by the E-ficld inside the slab. It is assumed that the E-field takes the
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Figure 3.5: Three randomly drawn lines may not happen to interseet at the same point.

form:

B =35 3 d(m)okm” (3.11)

™) TH ot

which is composed of a sct of plane wave components (which may be called planc-wavelets)
with complex amplitude vector @(m) and wave vector k(m). In Eq. (3.1 1), mis an M-

dimensional vector index, i.e.,
m = (T, T, ..., Tlpp) (3.12)

where my = 0,£1,%2,- -+, with ¢ = 1,2,---, M. The M-dimensional index m may be
called the “order” of the corresponding plance wave component. It is a natural extension
from the diffraction orders of a single grating. In the case of a single grating, one integer
is usually used to indicate different diffraction orders. [t is reasonable that when the
diffraction of M gratings is modcled, M integers have Lo be used Lo indicate diffraction
order. However, the experience shows that using an M-dimensional vector index is not an
casy operation when a computer simulation is considered. In order to make the operation
casier, a serial number J is introduced to indicate the diffraction orders. It is defined that

J is a non-negative integer and that cach diffraction order is assigned a distinet serial

a1



nursber Joas its label. Besides, the mapping from m to J can be arbitrary provided that
i is unigue. For example, ina two-grating system, if the 4 diffraction orders of interest
are m o (0,0),(=1,0),(0,=1), and (=1, =1), respeetively, we may randomly assign a

serial mimber to every order and thus establish a mapping table as follows:

we= | (00) (1,00 (1) (0,01
=] o | 2 3

Acually, it ean be seen that, in addition o a single integer index, another advantage
of introducing the serial number J is that we can casily pick up only those orders which
are significant. This makes the computation much casier. This issue will be discussed
later in Section 3.5.

\Vith the help of serial number J, Eq. (3.11) can be rewritten as:

B =S a()es® (3.13)
J=0

where the wave vector &(J) is defined as:

By = k,(J) + 2k.(J) (3.14)
.‘w
= k0)+ Y m(NK;
1=1
= E(0) +m()H)K" (3.15)

where k,(.J) is the transverse component veetor, and &:(J/) Is the longitudinal component.
Notice that m(J) is a veetor of dimension M, previously written as m in Eq. (3.11). The

veetor KT is defined as a column vector of size M:

N

]
ey

K'=| ~ (3.16)



where A, is the grating veetor of the -th grating. Fao (3.13) provides the relation bhetween
wave vectors of dilferent orders. Onee any of the veetors is known, all other vectors ean
be found from the equation. Ustally, the direetion of the incident wave is given. Assuime
that the incident wave has a transverse wave vector E:, then one of the wave vectors can

have 2 known transverse component, beeause there must exist an integer J7osuch that
I AT g o=
k() =Kk, (3.17)

This will be further discussed in Scction 3.3, Obviously, if Eq. (3.17) holds, all the
transverse components of the wave veetors can be found. From Fq. (3 15), expressions
can be {ournd for E,,(J) and E,,(J'). Carcoling E,,(()) and substituting Fqg. (3.17) for E,,(.I’),
we have:

k(1) = £, + [m(J) = m(J)K] J=0,1,2,... (3.18)

The computation of the longitudinal components is not so straightforward. In o
special case when all the A's are zero, 1e., when there are actually no gratings written

in the slab, we have, not surprisingly:

kAJ) = kG - K2(J) (3.19)

which can only be used for homogeneous slabs. However, for an inhomogencous araling
slab, we have to go back Lo Eq. {3.5) for a solution. For convenience, it is assurmned that
g = k:(0)/kng. It will be shown that k:(0) or cquivalently g can be found from o sel
of lincar cquations derived from [q. (3.3). Once q is found, all the other longitndinal
componcnts can be found, just as in the case of transverse components. From (.15}, we
have:

k() = kngg + m(J)K] (3.20)

where g will be cbtained in the next section. Before we go on to the next subject,, let
us consider the validity of Eq. {3.13). Since it is now merely an assumption, one rmiy
wonder whether or not, the assumption is true. At this point of the chapter, this question

can not be answered yet. However, we may apply the uniqueness theorern [22], which
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states that there is one and only one solution 1o a properly specified problem. 1f we
assutne the problem is specificd by Fq. {3.5) and Eq. (3.7), and the assumption turns
ot 1o be a solution, it is the solution and the only solution of the systerm. The insight
of the uniqueness theorem is obvious. Sinee Maxwell’s equations and the corresponding
houndary conditions are all the rules a light ficld follows and the ficld must be physically
realistic, there can be only one solution to the cquations and the conditions. In the
following sections, we will show that 133 (3.13) can satisfy both Eq. (3.5) and Eq. (3.7)

and is thus a unique solution to the problem.

3.2.4 Mode and mode equations

In this section, o group of equations will be derived from Eq. (3.5). From these equations,
it set of veetors @(J) and the corresponding longitudinal component &:(0) (or ¢) will be
foutnd.  They form a set of possible vector ficld solutions to Eq. (3.3} and each of the
solutions is called 2 mode.
Substituting Eq. (3.13) into Eq. (3.5) yiclds:
M
[(kna)® = K3D)E) + B[R - @) + (kno)® D 3 Awe™®a(f) =0 (3.21)
s==yd 1=l

for J=0,1,2-,0

where J7 is the serial number for the order m(J) — u; with w; being an M-dimensional
vector index whose j-th clement can be found as u,; = &;;. Similarly, J¥ is the serial
mumber for the order m(J) + u,. J;7 and J{ stands for the “adjacent” diffraction orders
of the order J in the direction of =K, and K;, respectively, see Fig. 3.6. Eq. (3.21) is
the mode equation in vector form. In other words, a g and a sct of @(J), which defind a
mode of the field, arc to be found to satis{y this equation. For computation, Eq. (3.21),
which is in a vector form, has to be converted to scalar form. Theoretically, Eq. (3.21)
can be dot-multiplied by unit vectors £, §f and 2, respectively, and cach of the equations in
(3.21) is then split into three scalar-form cquations. However, for convenience, a slightly

different approach is used here. First of all, new scts of orthogonal unit vectors are defined
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Order m(J)
Ki

Order m{J)-y,

k(i)

Figure 3.6: Adjacent difTraction orders of the order m{.J).

as: .
. B
) = R
) = )= (3.22
3J) = 3

which form the basis of a sct of natural Cartesian coordinate system, see Fig. 3.7, Notice
that, for each diffraction order m (or J }, there is a preferred basis which has a unit veetor
5(J) parallel to the planc of diffraction of the order. lere, the plane of diffraction of a
certain order refers Lo the plane defined by the normal line of the slab surface 2 and the
wave veetor of the diffraction order k(./), or more practically, E,,( J).

For cach J, dot-multiplying [q. (3.21) with £(J}, 5(J) and Z, respectively, results in
three desired scalar cquations. Defining as(J) = ga-(./), after some manipulation, yields

the following lincar cquations, which are referred to here as mode cgations:

gas(J) = —2VilDas(J) +[1 = VI(J) = VE()]a- ()

£ T S {5 cos al(F)ar () — A sin (N ()} (523)
gar(J) = aa-:';m:t (3.24)
ga,(J) = —Vz(J)a,,(J)-\‘-[Vp(J)—Téﬁ]az(J)



X
Z7 =

The plane of N

diffraction of the J-th order

Figure 3.7: The basis for the J/-th order dilfraction. Scalar form modc cquations are obtained

by dot-multiplying p(J), #(-/) and 3(J} with the vector form mode cquation.

(f) > ZAC“"’CL (J7) (3.23)

==t 1=

M
ela(N)+ 3 3 A ()} =

v

M
Vi Dap(J) = Va(Nae() = Va(J) 30 Y A% a:(Jf)

== i)

—Vi(J) i A% [sin o (J)a-(J7) + cos o ()ap(J7)] (3.26)

sz== 4 =]
where ¢ = k. (0)/kng, o] (J) is the angle between the plane of diffraction of the J-th order
and the diffraction plane of its adjacent order J;. Similarly, e (/) is the angle between
the two planes of diffraction of the orders J and its neighbour J;F. We have also defined:

V(I)—u(ﬁ—qi
‘Mo
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and used the relations:

u.(.}.,*) AW = e (UEYeosaF ) = au (LY sina ()

- (3.27)
a(JEY - () = ar(JJE)sina=(J) + A (JEYrosat ()
The above mode equations form a typical generalized cigensystem in the form:
Aa=¢4Ba (3.28)
where a is a coltinn vector of infinite size:
(o) )
{0}
as(1})
a(l)
a= ) (3.29)
as(J)
a(.J}
\
with (.J) being a column vector of size 3:
ar
ay=| «, (:3.30)
az

A and B are two dimensional arrays of infinite size. Their array elements are determined
by the equations from (3.23) through (3.26).

In practice, A, B and 4 cannot have an infinite size. They rmust be truncated to o
finite size, say L. L should be large cnough for a sufficient precision. L./4 is the nurmnber
of significant diffraction orders under consideration. It is important 1o include all the
significant orders in the £/4 dilfraction orders. This issue will be discussed later in this
chapter. .

The cigensystem of Eq. (3.28) yiclds L cigenvalues and L corresponding vectors.

According to Eq. (3.13), cach cigenvalue and its cigenvector can be used to form a mode
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which is i solution 1o Fag. (3.5, Sinee . (3.5) is a Hnear equation, any lincar combina-
Liotis sre also its solntions. Therefore, generally speaking, the E-lield inside the slab takes

the {orm:

I3 L/4=-1 - .
E(F =500 Y @)t T (3.31)
(=1 J=0
where [rom Fq. (3.15), we have
B = i, (0) + Sknoge + m{ )K" (3.32)

where g and @(J) are the -th cigenvalue and the corresponding cigenvector of Lq. (3.28).
The coctlicients Cy( = 1,2, ... L) are complex constants which are to be determined by
the boundary conditions. 10 a unique set of C; can be found to make Ea. (3.31) satisly

Fa. (3.7), we can declare that the whole grating dilfraction problem is successfully solved.

3.2.5 Ficld outside the slab and the boundary conditions

From the boundary condition (3.7), a sct of equations can be found. They can be used
to determine the unique set of coelficients €. At the same time, all the diffracted light
wives ottside the slab, including both the reflected orders and the transmitted orders, will
also be determined. Actually, knowledge on the outside light waves are of more practical
vitlue, and these waves are determined by Ci.

The field outside the slab for z < 0 is assumed to be

B = T R
L1

+ 3 RN E I ] (3.33)
JZ0
where 5= (@, 7.0), which is the transverse component of the vector 7. In the region T,
Lo, lor 2 > d, the leld is assumed to be:
Lia- .
[':(T-'.) - >—'\ pif('j){:_ﬂk,.(.l)-ﬁ-i-: k'-’n.r—kl';:(J)] (3.34)

St

J=0
In both the regions R and 77, it is assumed that, the ficld is composed of a bunch of

plane waves which have complex vector-amplitudes 2(J) or T'(J) and transverse wave
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voetors E,.(J). The z-component of 4 wave veetor of aretleeted beam invesion I3 is alwavs
negative, indicating that the wave travels from right 1o lelt, but positive c-eompuonenis e
found for wive vectors in region 7 beeause the waves travel from lelt to vight. Tn addition,
the incident wave has an amplitude I and a transverse wave veetor &40 combined with a
positive longitudinal component indicating that the wave travels [rom el to right. Again,
whoether the assumptions  (3.33) and  (3.34) are tme or not depends on the uniqueness
theoremn or in other words, on if any solutions can be found for Fq. (3.5) and  (3.7),
Obviously, the field cutside the slab must also satisly the Maxwell's equations (1)
can be shown that the equations are satistied if the plane waves satisly the Tollowing two
conditions. First, the waves must be transverse waves (notice that, the nedin ontside
the slab is homogencous). This means the amplitude vectors must be perpendicular Lo
its wave vectors. The second condition requires that all the wave vectors in the region
have a magnitude Arng, and all the wave vectors i region T have o magnitude of kg
The second condition is already satistied in Eq. (3.33). and Eq. (3.3:1), whereas the linst
condition can be satislicd when :

’

- I
r=|"* = [.7 + IycosOp(J)p(J") = Iy sinOn(J)2
Iy
- R
P R=| T = RuAW) = Ry eosOe(AC) = () sind())E - (333)
iy
~ T
T=| 5| = T+ Ty eosOp(Dp) = Ty(S)sin by (1)
Ty
\

Notice that, the polarization state of an incident wave, or a reflected dillmction order
or a transmitted diffraction order is dependent on the cornplex amplitude component,

perpendicular to the corresponding plane of diffraction and that parallel to the plane.

i1
Hence, the column vector gives us the polarization of the incident light as well
Iy
o o s o Ty o
as its intensity. Similarly, or shows the polarization and the strength of
it Ty
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Figure 3.

8: Companents ol the amplitude veetors f(J'y and R(J").

the J-th diffraction order in region R or 7, respectively. Fig. 3.8 and Fig. 3.9 show how

!_L, Iﬂ !l,l(f) R"(” I_l_( ]) and I"( ) are defined.

Applying Eq. (3.7) at the boundarics 2 = 0 and z = d, using cxpressions (3.31),

(3.33), (3.31) and (3.35) yviclds two groups of cquations. The first group of cquations is:

L
}:C;{C()NOR( ]) -+ —*[V(]) + q;]}a; (J)

i=

—

Ci{—cos0p(J} + —[1’ (f)-r-qz]}az (J)

T

-exp(jqinokd)
[V~( 1) + qi] cos Op(N]ar,(J)—

—sin05(J) cos Op(Nai:(J)}

Ty

LC; h+—

o

-

C{[ 1+ [V(]) -rq;] (‘O‘aOr( I)]a;,,( 1)-
!

—sin 0-,-(.] ) cos Op (= (JS)} exp(famokd)

T

Jor J,J'=0,1,2,--.

QI_L cos 0[2(-]’)6JJ1 (336)

0 (3.37)

2cos 01:(.]')1’“5_1.1' (3.38)

0 (3.39)

with which, a unique set of coelficients C; can be determined (therefore, the specified
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Figure 3.9: Components of the amplitude veetors R(Hand T(J).

problem is solved). The second group of equations can be used Lo determine the amplitude

of the diffraction orders:

L
R = Y Ca(J) = 1650 (3.40)

=1

1 L

Ry(J -—y AJ) + Lidgr $.41
1(7) cosﬂu(-f)zéfcm"( )+ Ty (3.41)

L
™) = ZC;QL,(J)c:-:p(qugkd) (3.42)

{=1

1 L
) = ——= J)exp(gmok 3.4
Ty(J) s 0r () ; Ciar ,(J) exp(Famokd) (13.43)
where

T _,__7161&117-cnsO-,-(J)d-jkanz(J)d (3.44)
r['ﬁ = r[v“ cjkwr s Op{ SYd—ghknoVy(J)d (,,45)

In most practical cases, the phase factor er&mr s Orlid=skmoVz (N cyn be neglected, bocase
it is just a constant phase for both of the polarizations. Also, it cannot change the

polarization of the diffraction order. Eq. (3.41) and (3.43) can also be written equivalently
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AN

) =% (,1[71:—"(11;(.1) + g, (J) = sin Op(ar: ()] = idss (3.46)
{

T =3 ct[%(v:(.f) + g, (J) — sin 0p(J)ay (J)]F2kno (3.47)
{

The Lwo equations are better in the sense that there are no division operations compared
with Eq. (3.41) and (3.43).

At last, up to this point of the chapter, the multi-grating dilfraction problem is
completely solved. For a given multi-planar-grating slab and a given incident light beam
of an arbitrary direction and polarization, a solution, i.e., the diffracted waves inside and

ontside the slab can be found by following the procedures listed below:

I. Find the matrices A and B in Eq. (3.28) from Eq. (3.23) to (3.26).

o

Iind the cigenvalues and cigenvectors of the cigensystem (3.28).
3. Solve the lincar equations (3.36) through (3.39).

4. Determine the complex amplitude veetors of all the diffraction orders under consid-

cration with Eq. (3.40) to (3.43).

According to the law of uniqueness, the solution found is unique and thus all the assump-

tions about the feld structures, c.g., Eq. (3.13), (3.31), (3.33), ete., are true.

3.2.6 Jones matrix

When the polarization of the incident wave changes, the output of a grating system
change, too. Theorctically, for an input of different polarization, the algorithm described
ir. the preceding subscetions has Lo be run again to obtain the outputs with the right
polarizations and intensitics. However, there is an casy treatment, by which the algorithm
doces not have to be run for a polarization change. The treatment is based on the linearity

of the Maxwell’s equations and the boundary conditions. The linearity shows that the
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response of a linear systemm to a linear combination of two inputs is the same linear

combination of the corresponding outputs. Therefore. il the input of the grating slab is

which can be written as a combination of two inputs:

- 1 )
T = 1,09 ( ; ) + () ( 11 ) (3.18)

the output, taking the J-th transmission order as an example, is

- T (J,J
TJ, ) = 15T
Ty, )
tro{J,J tag(J, '
= I.(J) Llh ) I () 5T (3.19)
f.“_L(J, Jh !.“"(J, JN
L (T 1 L (!
where 145 ) is the responsc to and uhd) is the response to
t“J_(J, JN 0 tu“(.], J"

0
( ) Henee, we may have
1

T = te (L) g4I 1.(J")
' bl (L7 Iy(J")
= M-:-(-I,J’)(!‘L(J’)) for J.J =01, (3.50)

i)

where Mr(J,J') may be called Jones Matrix of the J-Lh transmission order. Sirnilarly, we

may have one for the J-th reflection order

realh ) () ) for JJ'=0,1,2-  (351)

Ma(J, J') = (
(LY ()
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1 0
For Jones matrices, the algorithm is run twice (Once for input ( and once for ,
0 1

actually only the boundary conditions of the algorithm are repeated), for a given grating

slub and an incident wave of particular direction. The resulting Jones matrices completely

characterize the response of the grating system to any change in the input polarization.

Apart from the Jones matrix, we may also have a sct of power coupling coefficients

which are defined as:

o Pl cos0() TP " e
colh V=B T stnld) TP (352

Po(d) _ cosOn(J) |R()P L
el T) Pr(.JY) cos Or(J") {1 (J)|? (3.59)

for J,J'=0,1,2,---

These cocllicients are the ratio of the output power Pr(J,J) or Pr(.J,J’) to the input

power (J). From Eq. (3.50) and (3.52), we may have:

er( ) =

where

INe:
(QUQHU%MNL”MMLH('A))
cos 0(J)

cos Op(J")

Y
L (J
00 f.;(J'))( B ))
Iy(J')

PIYO(J, IV

Similarly, we may have:

where

TLOF + T (359
YD (J, IV o=
TP .
o g 1y = So80r(J) Mg ] T )
bl ) = g Ml ) Mr(, ) (3.56)
n_ TH(I)PR(J, NI 3
CR(J, J) = |f(,]’)l2 (307)
, s0p(J , ] _
P, ) = STEEMY, ) Ml I (3.58)
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$p(J, ) and @x(J,J") may be called diffraction cfficieney matrices. Notice that, power
coupling cocfficients arc dependent on both the grating slab and the input polarization,
while the diffraction efliciency matrices are independent of the input polarization. They

characterize the grating slab only, just as the Jones matrices.

For a given sct of inputs ];'(j:) , er(J,J) and cr(J, ") can form coupling
matrices: a
Cr=1 - ¢p(J,J) -+ {3.59)
and
Cr=1\ - er(J,J) - (3.60)

which give the functionality or the connectivity of the grating slab. Recall that, we
have generally discussed some fundamental issucs about the power coupling matrices in

Chapter 1.

3.3 Grating Equation

The grating equation is first used in Bq. (3.18) of Section 2.3 without any interpretation.

Eq. (3.18) is rewritten here with integer J = 0 for convenience as:

M
k(1) = k,(0) + Y mul ) Kip (3.61)

=1

where f{',-‘,, is the transverse component vector of the i-th grating vector K. Notice that,
Ki=Kip+ 2Ki: = KizT+ Kiyi + K22
50

Kip = KizZ + Kiyy
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Figure 3.10: The fringes scen on the surface of a grating slab.

One important feature of the grating cquation is that it gives only the relation between the
Lransverse structures of the gratings, the incident wave and the dilfracted waves. However,
the grating equation is sufficient for determining the directions of all the possible diffracted
light beams. Actually, the propagation dircction of the light waves has nothing to do with
the longitudinal structure of the gratings. This implies that, even though only a planar-
[ringe grating system is considered in this thesis, the cquation can be applied to a much
more generalized collection of gratings including, e.g., surface relief gratings.

Let us consider a single grating with a lateral periodic structure represented by
K,. This structure is represented by the thick grid in Fig. 3.10. Suppose a light wave is
incident on the structure. It is evident that the wave is zlso a periodic structure which is
characterized by k,(0) as shown in Fig. 3.10. Apparently, the diffracted waves are results
of interaction between the wwo periodic structures. It is reasonable that the stimulated
diffraction order forms a periodic structure which is in harmony with K, and &,(0). This
struciure turns out to be Ep(O) + K,. Similarly, E,,(O) - f('p is also a structure which is in
harmony with both K, and EP(O). We have used 2 rather vague expression “in harmony™

without defining it. Tn fact, in Fig. 3.10, we can sce that the grid k,(0)+ K, does not break
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cither of the two original periodic strnetures. 1t has the same period in the direetion of K,
as that of K, and the same period in the direction of K10 ais that ol &,(0). Apparently.,
Ep(()) — K, has the sume property. These two stimulated periodic struetures are in lact
the +1 and =1 order diffractions. 1L is true that these stimulated waves can interact with
K,, to. The results are four waves: £,(0) + K, = K, and k,(0) - K,+ K, of which
two are new structures. The process can be repeated to infinity. Therefore, for a single

grating, all the possible diffracted waves arc included in the following periodic patterns:
E,(0) + mK, m=0,%1,+2, .- (3.62)

which can casily be generalized to the multi-grating case as shown in Fq. (3.61 }. However,
onc may argue that the pattern m'E,,(U) +mK ,» can also fit the above reasoning, and that
they should be included in the grating equation, too. This puzzle can be resolved by
investigating one example. Consider, for instance, the pattern ‘.ZE,,(()) + R;,, (m! =2,m=
1). It can be written as E,,(O) + (E,,(O) +K ), which implies the outcome of the interaction
of two waves, because k,(0) corresponds to the incident wave, and k,(0) + K, represents
the +1 order diffraction. It is well known that in a lincar medium two light, waves cannot
interact with cach other and produce a new wave. Henee, we may exclude 21-5,,(()) + !?,,.
For the same rcason, the collection m’E,,(()) +mK , with 7 # 1 can be excluded.
Another important concept is Snell’s law.  Snell’s law is the law governing the
refraction directions of light at the surface of discontinuity between two homogencous
media. In Section 2.3, we used a generalized version of Snell’s law with Fq. (3.17), though
the grating medium was not homogencous. We assumed that one of the wave veetors of
the wavelels in medium € should have its transverse component matched to that of the
incident wave. This actually implics that the periodic ficld structures at both sides of the
boundary z = 0 should muatch cach other at the boundary. This is exactly the essence
of the Sncll’s law of refraction. We may consider the incident beamn as the “cause” of
the event; while the ficld in slab G as the “result”. It is reasonable to say that they
must be correlated with each other. It turns out that the most basic requirement of this

correlation is that they have the same geometric pattern at the boundary. We have also
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applicd this generalized Snell’s law in Eq. (3.33) and Fq. (3.34) of Section 3.2.5, which
turned out to be justified - we did find the unique solution to Maxwell’s cquations and
the corresponding boundary conditions.

From the grating equation, a few groups of uscful cquations can be derived. In
solving a practical problem, the grating vectors may be given as a sct of components,
e, Koz Ky and K: with i = 1,2,---, M. Obviously, K;; can be put away in this
section, because only the directions of the waves arc interested. The dircetion of a possible

diffraction order m({.JJ) can be represented in component form, according to Eq. (3.61):

M
ke (J) = ke(0) + D mi(J)Kiz (3.63)

=1

and v
ky (J) = ky(0) + > mi(N)Kiy (3.64)

=1

The transverse component can thus be found as:

k(1) = JR2(J) + K2(J) (3.65)

The diffraction angle 0,(J) and 04(J) of the J-th reflection and transmission order can

KZIn2,—ka(J)
cutrt) - L s
kg ~k3(J) |
cosOr(J) =

be found from:

We also need expressions for o (J) and o (/) in Eq. {3.28). The following formulas can

be used for computation:

. k(N (UE )k (Nky (IT)

cosaj (J) = ko{Nko(SF) (3.67)

sin a-*( ) = fee (ko (JE Y=k (Ve {JF) '
i\ k(N ka(JZ)

3.4 Modelling a Coupler with Sandwich Structure

In the previous scctions, the physical process of single-siab diffraction has been modeled

mathematically. The model can be directly used to analyze the performance of a coupler
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Figure 3.11: Inputs and outputs of a two-layer sandwich structure.

using a single grating-bearing slab. For couplers with multiple slabs, the model can not be
dircctly applied. However fortunately, single slabs are the building blocks of a sandwich
structure. The function of cach building block can still be analyzed with a single slab
modcl. Henee, what is needed is to find a way Lo feature the cascading of the individual
slabs.

Consider the two-slab sandwich in Fig. 3.11. As in the case of single slab structure,
the function of the sandwich as a whole can be , characterized by a Jones matrix Mp(J, g,
with which we have:

T JY = Mp(J, IV (3.68)

where the vectors are Jones vectors with two complex components. Obviously, according
to the previous scctions, cach of the two slabs can be characterized with 2 set of Jones
matrices. For the first slab, we may have M-;-”(J”,J’) for J* = 0,1,2,..N". For the
second slab, we may havc M-f'?)(.l, J") where J” = 0,1,2,..N" and J = 0,1,2.N. The
outputs of the first slab are provoked by the input 7(J') and, in turn, arc the input of the
second slab. Each input can be diffracted by the sccond slab and split into various orders

of the output. Since it is assumed that the grating slab is a lincar device, each oulput
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arder is the sum of the ontput provoked by all the individual inputs:

—
v

T = ST

Wi

= Y MPUINTU" D)

J”

= {3 MP MBI, IV (3.69)

g

Compared with iq. (3.68), we have:
My(d, ) =3 M3, JMP ", ) (3.70)
J’

Apparently, both M-f?)(J, J") and M-E-')(J”,J’) can be found using the previously intro-
duced algorithm, and My(.J, J') can thus be found without difficulty.

For simplicity, a2 characterization matrix My may be defined for slab or slab sand-
wich. It is o two-dimensional array with Jones matrices as its clements. The element
matrix of row J and column J' is Mo(J, J'). With the definition, Eq. (3.70) can be
expressed as:

My = MP MY (3.71)
which is the product of the two matrices for the two individual slabs. This result can be
generalized to the case of 7 sundwiched slabs, after the matrices of cach individual slab is
found with the algorithm presented in the previous sections. The matrix characterizing

the sandwich can b expressed as:
My = MEIMED L P M) (3.72)

One problem we may have here is the neglected reflected diffraction orders. In the case

of the two-layered structure, a more precise expression than Eq. (3.71) is:

o
M = MEAMY 4 5 M MDY M 3:79)

=1

where MS? and M&?’ arc the reflection matrices. The physical insight that Eq. (3.73)

provides is that light can be reflected by the sccond slab Lo the first and then back to
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Figure 3.12: The reflections in between two sandwiched slabs.

the second. The reflections can happen more than once, as Fig. 3.12 shows. Actually, for
precise modelling of multiple slab couplers, the most efficient trcatment is to consider all
the boundaries in between the slabs and solve a Linear equation set similar to Eq. (3.36)-
(3.39). In other words, the whole sandwich has to be considered as a single unit. However,
for 2 well designed grating slab, the reflection diffractions can be very weak. In fact, it
is & common practice to neglect the reflected diffractions of a transmission hologram.
Apperently, the algorithm introduced in the previous sections can help to optimize the
design of each grating slab so as to minimize the reflections. In this case, the matrix

multiplication Eq. (3.72) can be employed for solving practical problems, for its simplicity.

3.5 Computation and Examples

The algorithm introduced in the previous sections has been implemented in FORTRAN.
The resulting computer program is given in Appendix D. In this section, some technical
details will be discussed, followed by two numerical examples.
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Recall that in Scction 3.2.3, we have introduced a one-dimensional index J to label
the terms (or orders) in Eq. 3.11. This practice was first used in {50], but no detailed
discussion was provided. It turns out that, in practice, the use of a single-number index
is & rather important issue. The rcason lics in the fact that we cannot include an infinite
number of terms (or orders) in a practical computation program. Expression 3.11), thus
all the other relevant expressions, have to be truncated. This means that we have to
include only the “significant” tcrms and give up the rest. When the M-dimensional index
m is used, truncation can be done by selecting a lower bound L; and an upper bound U;

for cach integer index m; to limit the size of cach dimension, i.e., we let
Lism Ui (3.74)

However, this is not a very cfficient way, because it may lead to the inclusion of too many
orders. The total number of the orders included is [T¥,(U; — Li + 1). Suppose in order
to include one more significant order into our consideration, K, has to be increased by
1. The actual increase in the total number will be [T4,(U; — L; + 1) which may be much
larger than one. The extra terms added to the collection may not be significant at all
and will simply waste the computation time. For a rough estimate, suppose the size of
cach dimension is U; + L; + 1 = N,, the minimum increment in the total number will
be NM-!. This represents a rather rapid increase rate, and the computation time will
increase even faster. To mitigate this problem, the most efficient way to keep the total
number of terms as low as possible is to pick up the significant orders one by one, based
on the experience and the understanding of the diffraction process. For example, for a
two- grating slab, suppose the incident wave is in the direction of the order m = (0,0),
then (0,0) is always the most significant order. The second most important orders are
(-1,0), (0,-1), (1,0) and (0,1), which are the direct neighbours of the incident wave.
However, if it is known that the Bragg condition is satisfied between (0,0) and (1,0),
we know that the order (1,0) is more significant than the order (~1,0). Similarly, if
the Bragg condition is more closcly satisfied between (0,0) and (0, ~1), (0, —-1) is more

significant than (0,1). So in this case, the bottom-line truncation is to keep the three
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Figure 3.13: Diffraction orders of a two-grating system.

most important orders and ncglect the rest. Obviously, this cannot be done by limiting
the size of each dimension of m. It can only be done by investigating cvery individual
diffraction order. For convenience in programing, 2 scrial number can be assigned to cach
of the three orders. For example, J = 0 for (0,0), J = 1 for (1,0) and J =3 for (0, -1).
Notice that, the assignment of J to m is not unique. There are many cquivalent ways.
For the same example, we may have J = 0 for (0, —1), J = 1 for {0,0) and J = 2 for (1,0),
etc. Therefore, a table, or a function in the form of m(J) is listed as an input parameter
in the computation program. It serves as an interface through which a rescarcher can
use his knowledge and understanding to make the simulation process cfficicnt. The next
most significant orders may be included for increasing the precision. These orders must
be those neighbouring the orders of the higher priority. In the above mentioned example,
the next most significant orders are (—1,0), (1,-1), (0,2}, (2,0), (-1,—1) and (1,1).
An illustration about these orders is presented in Fig. 3.13. The number of orders under
consideration can be further increased, at the expense of a longer computing time, until
the required precision is achieved.

Another important issue is the validity of the theory and the computation program.
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Presently, it is rather difficult to verify the theory by an experiment due to limitations in
the optical measurements. For example, there has not been a way to measure the refractive
index modulation dircctly. However, support may still be obtained by comparing the
numecrical results with those of the existing theories.

Onc important theory is the Kogelnik’s coupled wave theory. It has been widely
accepted as a theory that gives a good approximation to the diffraction of siugle volume
gratings. Single grating diffraction is a special case of multi-grating diffraction that is
modclled in this thesis. Therefore, comparison can be made between these two theories.
The author has designed an example, possessing the desired qualities for Kogelnik's ap-
proximations, such as low modulation (0.001), presence of only two waves (achieved by
using an incident angle of 60°), perpendicular polarization and near Bragg incidence. The
refractive indices of region R and T are assumed to be 1.5 which matches the average
index of region G. Computation results from both theories are shown in Fig. 3.14, where
2 very good match can be observed. The same result is also shown in Fig. 3.15 with &
logarithmic scale. In both figures, the diffraction efficiency is plotted against the wave-
length deviation from the Bragg condition. The example was originally proposed as a
WDM filter. Since Kogelnik’s theory is an approximate one, the mismatch in the results
is not a surprise. The presented theory has also been compared with some existing rig-
orous theory. Perfect match is obtained. Fig. 3.16 shows a simulation result obtained by
running the program listed in Appendix D of the thesis. It perfectly matches the result
shown in Fig. 5 of [53]. This offers a strong support for the theory and the simulation
program presented in this thesis.

Finally, a very effective way to check the validity is to apply the law of conservation
of encrgy (or power). Since it is the light field that is simulated with Maxwell’s equations,
it is very much unlikely that this law happens to be satisfied when there is any mistake
in the theory or the program. By checking the sumn of the output power of all the output
ordrrs and comparing the sum with that of the input, a few mistakes in the program had

been successfully located and corrected.
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Figure 3.16: Simulation result for the example shown in Fig. 5 of [33], where ng = np =mg =
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Figure 3.17: Crating vectors, wave vectors and the field vectors in a 4 x 4 coupler design.

Next we will show two computational examples through which more details about
the computation technique will be presented. We will first show & design of 2 4 X 4
coupler—a perfect example to start with because of the simplicity.

As shown in Section 2.3, the slab sandwich of a 4 x 4 coupler is composed of 2
identical single-grating slabs. The four input / output directions are arranged in such &
way that two grating degencrations can be obtained. Here, we give a design based on the
configuration shown in Fig. 2.4, assuming that the GRIN lenses have a diameter of 1.5
mm and a length of 3 mm. The fibers are mounted on the rims of the end surfaces of
the lenses, and the four fibers are located in a pattern symmetrical about the axis of the

lenses. So in the k-space, see Fig. 3.17, we have four wave vectors specified as:

' E,,o = (x,K)
Bor = (s, =K) (3.75)
E,,g = (—&,—K)

| Koz = (=5,5)

where x = 2xnp 1.5mm/2

A/ (15mm/2)34(3mm)3

cos . Assume the refractive indices are matched, ie.,
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ng = ng = ny = 1.5, and \ = 0.8 um, then x = 2.0204 (p—!—m) The grating vectors are
chosen to be (0,—4.0408 (%), 0) for the first slab and (4.0408 (-),0,0) for the second
slab, according to the Bragg condition. One important feature about this design is the
perfect symmetry of the arrangement. This is an advantage, which we can exploit in the
computation. First, only one slab nced be evaluated, the second one is merely a rotated
version of the first one. Sccendly, only one incident direction needs be considered, the
others are again the rotated version of the first one. Suppose we consider the first slab
and the first incident direction—the one indicated by K, = (2.0204 (5),2.0204 (=
assume A = 0.025; and neglect all the high order diffractions. We get the result shown
in Fig. 3.18. Notice that in the figure, the reflections are not shown, because they arc
not significant in magnitude. Besides, for simplifying the presentation, we have not given
the phase characteristics, assuming that only the power transmission propertics are in-
teresting in the application. Furthermore, for practical purpose, instcad of using the
complex amplitude coupling cocfficient £g,x (g, & =L, [|}), we have defined the following sct

of quantities:

Ccos GT(J )
cos 93(.] ')
These coefficients can be called polarization-dependent power transfer cocflicients (PTCs).

C‘Tgh(‘f! J') = |t5h(']| J’)lz (376)

For example, CTy(J, J') is the cocfficient of power transfer from order J', with a parallcl
polarization, to order J, with a perpendicular polarization. We may 2lso define another

set, of coefficients:

PTo(J,J") = Lftgn(S, )] for g,h=L,] 3.77)

which represents the phase of tgu(J,J'). Similarly, for the reflection Jones matrices

Mg(J,J"), we may have:

CRgh(-], JY)= lrghFﬂgﬂﬁ-_’l

cos OpfJ')
PRou(J,J') = L(ren(J,J')) (3.78)
g h=1, "

Since tgn(J, J*) can be uniquely determined by CTyn(J, J') and PT,4(J, J"), where CTyn(J, J')
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Figure 3.18: Computation results for a 4 x 4 coupler.
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determines the amplitude, though it is mapped to the power domain; PTgs(J, J') deter-

mines the phase, we may write the Jones matrices Mz(J, J') as:

Mr(J,J) = [

(CTuL(J,J); PTLL(JJ) (CTy(J, I PTy(4,J7) 3.79)
(CTyL(4 I PTyL(4JY)  (CTy(J, ") PTy(J,J')

and similarly:

MR(J,Jf)=[(CR*~L(J'J'); PRy 1 (J,JY) (CRy(J) PRy(J, J'))] 3.50)
(CRyL(J,J); PRIL(LJIY))  (CRy(J,J'); PRy(J,J9)

Apparently, the new way of writing Jones matrices is different from the way used in
Section 3.2.6. However, it is cquivalent to the former. In practice, the use of PTCs brings
enormous convenience, because power is a more frequently used quantity than the ficld
amplitude in any coupler application.

In this particular example, if we let d = do = 5.3125 um, using the presentation

with PTCs, we have the following computed matrices:

[ (0.503;—0.55) (0.000; —0.56) |
Mr(0,0) = ( ) ) (3.81)
| (0.000;-0.36) (0.502;~0.55) |
[ (0.000: —0.60) (0.497; —0.55) |
Mr(1,0) = ( ) ) (3.82)
| (0497;-0.54) (0.001;-0.54) |
[ (0.000;0.00) (0.000;0.00
Mg(0,0) = ( ) ( )| (3.83)
| (0.000;0.00) (0.000;0.00)
[ (0.000;0.00) (0.000;0.00) |
Mg(1,0) = ( ) ( ) (3.84)
| (0.000;0.00) (0.000;0.00) |

Since the phase characteristics are not so important, we may neglect the phase part and

obtain a simpler representation:

MT(O:O) = [
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0.000 0.302
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[ 0.000 0.497 |
Mr(1,0) = (3.86)
0497 0.000
[ 0.000 0.000 ]
Mg(0,0) = (3.87)
| 0.000 0.000
[ 0.000 0.000 |
Mg(1,0) = (3.88)
0.000 0.000 |

Apparently, the reflections are very weak and insignificant. Therefore, next we will focus
our attention on the transmission matrices. From the Expressions (3.85) and (3.86), using
the symmetry of the coupler structure, we may have the following results for the first slab

without doing any extra computation:

[ 0.503 0.000 |
MT(I: 1) = MT(2v2 = MT(3!3) = (3'89)
| 0.000 0.502 |
[ 0.000 0.497 |
Mr(0,1) = Mr(3,2) = Mr(2,3) = (3.90)
| 0497 0.000 |
o
Mr(2,1) = Mr(1,2) = M7(0,3) = Mz(3,0) = (3'91)
0 0
L
Mr(2,0) = Mr(0,2) = Mr(1,3) = Mr(3,1) = (3.92)
0 0

All these matrices can be put together to form a large matrix called the characteristic

matrix. It characterizes the power transmission properties of the first slab:

Mi=| ... MJT) - (3.93)
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0
0

|

0

[ 0.503
0
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In a similar way, for the sccond slab, we have:

(

0

[

0

0.503

0
0.502

0.497

k 0497 0

0.503
0
0

G.497
L

1
0

0.502
0.497
0

0
0.197
0.503

0.502
0,497

0-1

o)

0

0.497 |
0
0

The characteristic matrix of the Lwo-slab sandwich can be found as:

M =M2M1 =

( 0.253

W

0

0
0.250

0.253
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0.250
0

0.247

0
0
0 097 |
0.97 0
0503 0 |
| 0 0502 )
(3.94)
0 0497 ] )
0497 0
0
0
0.503 0
0 0.502 )
(3.95)
] |
0 0 0.250 }
0247 | | 0250 0
0.250 0247 0
0 0 0.247
0 0 0.250 |
0.252 0.250 0
0.250 0253 0 |
0 0 0.252
(3.96)




IMigure 3.19: A design of 3 x 3 coupler.

This matrix represents a satisfactory 4 x 4 coupler. The power is virtually evenly dis-
tributed, and an important observation in this example is that a coupler made from
holographic gratings can be made essentially polarization inscnsitive.

The second example is a 3 x 3 star coupler. In {30, 31], multiple gratings are arranged
in 2 mesh-like pattern to build N x N couplers. As it is shown in Fig. 2.10, 23 x 3 coupler
consists of 3 gratings. Since we have assumed multiple gratings in the simulation model,
the computation package can be used to simulate a 3x3 coupler. Furthermore, because the
modcl is a three- dimensional one, we can casily add one more dimension to the grating-
arrangement pattern. The design pattern is shown in Fig. 3.19. Again the configuration
shown in 1ig. 2.4 is used and the GRIN rod lcnses have a diameter of 1.5 mm and a
length of 3 mm. The coordinates of the wave veetors in the k-space, is determined as

follows; lct
2‘;1‘71]1 0.73 mm

A /075 mm)2 + (3 mm)2’

then

-:pO = (O,E) (397)
Fpr = (%ﬁn,-én) (3.98)
Be = (-Lr -1 (3.99)
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This is again a symmetrical pattern. The grating veetors are:

K = (\/)31\ —i.\. 0) (3.100)
K, = (- ﬁuoo) (3.101)
Ry = "/—n,‘in 0) (3.102)

Now supposc the relative modulation indices Ay = Az = A3 = 0L.01§, the phases &, =
@2 = ¢ = 0, and the incident wave is in the direction of E,,.u, we then have the result shown
in Fig. 3.20 where we notice that when the incident wave is perpendicularly polarized,
the output power in the order J is CT01(J, 0) + C1yL(J,0). Similarly, when the incident
wave is in a polarization state parallel Lo the incident plane, the output power in order J
is CTyy(J,0) + CTy(J,0). To split the input light as uniform as possible, the thickness
d is chosen to be do = 6.750 microns, as it is shown in Fig. 3.20. For this thickness, we

have -
0.307 0.000

M40,0) = {3.103)
0.000 0.330

0.091 0.256 |
M(0,0) = (3.104)
0.256 0.069

where the phase has been neglected as we have done for the 4 x 4 coupler. Besides, the

reflcctions are so weak that they can be basically omitted. When all the Jones matrices

are put together, we may have a matrix characterizing the 3 x 3 coupler:

[ | 0307 0 0.091 0.256 0.091 0.256 | \
| 0 0350 0.256 0.069 | | 0.256 0.069 |
0.091 0.256 0307 0 0.091 0.256 )
M= (33.105)
0256 0069 | | 0 0350 0.256 0.069
0.091 0.256 0091 02561 [0307 o0 |
\ | 0.256 0.069 0.256 0069 { | 0 0350

Also, notice that the symmetry of the Jones matrices results from the usc of the natural

coordinate systems introduced in Scction 3.2.4, in which cach diffraction order is described
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Figure 3.20: Computation results for a 3 x 3 coupler.

126



with respect to a referenee based on its own parameters. Therelore, all the diffeaction
orders are treated “equal”. Tt is discovered that with such natural reference systems, great

convenicnee can be obtained o explore the symumetry of the design patterns,

3.6 Conclusion

In this chapter, we have presented a rigorous model for nmumerical simulation or analysis
of the grating diflraction process in a grating-based component,

The derivation of the algorithm is strictly based on Maxwell’s equations, The core of
the algorithm is a sct of linear cquations, called mode equations. They form a generalized
cigensystem. An important feature of the model is the use of natural referenee systems
which make the mode equations simple and the exploration of symmetrieal structures
casy. The grating slabs are characterized with a set of Jones matrices, which makes the
study of polarization cfficient. Furthermore, the model is a multiple grating diffraction
modcl, which can be used for any single-slab holographic grating system. 1L has also
been pointed out that a multi-slab structure can be depicted by the multiplication of
characterization matrices of the individual slabs. Two examples are presented at the end

of the chapter.



Chapter 4

Summary and Future Research

Work

4.1 Summary

In this thesis, we have shown that

1.

SV

3.

In order Lo get the desired cfficicncy, fiber mode matching has to be taken into
account. Three possible configurations using lenses, GRIN lenses and fiber tapers

are proposed. All of them mecet the fiber mode matching requirement.

A holographic grating can be shared by waves from a number of pairs of fibers, which
implics that a single grating can be used as a number of 2 x 2 couplers in parallel;
the technique used to realize the sharing of a grating is termed grating degeneration
in this thesis and is subjcct to the constraints imposed by the Bragg condition.
Grating degeneration can be used to reduce the number of gratings required in a

star coupler.

The grating system of a star coupler can be viewed as a network of gratings; the
topology of such a network can be changed to a multi-stage one if multiple grating-

bearing slabs arc allowed to be sandwiched together in a cascade manner. This
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design is termed as sandwich structure. 1t can be used for reducing the dithculty in

the coupler implementation.

4. Grating degencration and sandwich structure ean be combined and applied in one
design. By doing so, the required number of gratings can be significantly decreased.
For example, a 16 x 16 coupler requires 256 gratings generally or 120 gratings when
the zero orders arce used, as in the design shown in [30]. However, in o design with
grating degeneration and sundwich structure, a total nurmber ol 12 gratings are used

and arc distributed among four grating slabs with at most four gratings in one slab.

5. The number of gratings can be lurther reduced by using the so called quasi-Bragg
diffraction. When a certain amount of violation of the Bragg condition is deliberately
introduced in a coupler design, only Lwo gratings are required in a 16 x 16 coupler.
The key to this technique is to make the violation of Bragg conditions much smaller

for the wanted waves than the unwanted ones.

6. The design of a wavelength-routing coupler requires arranging 2N, rather than N,

distinct directions, because the zeroth orders cannot be used for wavelength routing.

-1

Grating degencration can also be used in a routing coupler. In the example ol 8 x 8
routing coupler, six, instcad of sixtcen gratings are used if the wavelengths of a

WDM nectwork can be used as design paramcters.

In a second part of this thesis, a mathematical model for simulating or analyzing
the diffraction of a grating system is presented. The model is rigorously based on the
Maxwell’s equations and thus can be used to study every aspect of the grating diflraction.
The core of the algorithm is a sct of modcl cquations derived under a set of natural
coordinate systems. These equations form a generalized eigen-systern. A set of Jones
matrices are used Lo characlerize a grating system constructed on a diclectric slab. This

makes it possible to take the polarization responsivity of the coupler into account.
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4.2 Suggestions for the Future Work

The anthor believes that the work presented in this thesis is the point of departure for
uture rescarch activitics in a few distinct directions.

In one direction, experimental fabrication should be started as soon as possible.
"Fhe first target should be to build a 4 x 4 multimode fiber star coupler. The significance
of doing so is two-fold. Firstly, 1 4 x 4 star is the simplest structure that contains the
most important concepts presented in this work. Therefore, its fabrication is the casiest
wiy Lo verify these concepts. In addition, the coupler docs not introduce any unknown
dilienltics in the fabrication process. Though the four-fiber array alignment requires
a special eustom-made positioner, it is not a very difficult task because of the use of
multimode fiber. The typical precision requircment for multi-mode fiber alignment is in
the order of 2 few microns which can be achicved casily with the conventional mechanical
designs. Sccondly, multi-mode fiber star couplers are expeeted to be widely used in the
near future in photonic local arca networks (LANSs), and therefore the fabrication of
holographic multimode star couplers may have a high commercial value. In a LAN, the
short transmission distance makes the fiber dispersion insignificant, the use of multi-mode
fiber will thus likely be favoured, simply due to the lower cost. The core of this 4 x 4
coupler will be two identical holographic gratings sandwiched with one of them rotated
about its normal linc by 90°. Since the fiber tapers are relatively new components and
arc not widely used, the configuration shown in Fig. 2.3 and 2.4 are suggested. The
recording material used for grating fabrication is likely to be DCG, because of its optical
quality. Another advantage in using DCG is that the gelatin coating can be prepared with
relatively simple facilitics. This offers a control over various parameters of the fabricated
grating slabs, Notice that DCG is the only available material in which such contral can
be obtained. With improvements in the alignment technique and skills, this coupler can
be casily developed into a 4 x 4 single-mode fiber star coupler. There are obviously no
fundamental reasons against this devclopment. The next step to follow is to fabricate a

16 x 16 star coupler. For this coupler, the technique of quasi-Bragg diffraction can be
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practiced. The benefit obtained would be that only two gratings have to be constructed

on cach of the four slabs, as shown in Fig. 231, Again, multimode liber couplers should

be tried first because of their commereial value. The version for single mode ibers should

follow with the improvement of aligninent techniques. In fact, a great deal of research

work should be put on the issue of fiber-slab interfacing, especially for couplers with

N > 16. Rescarch in this arca should never be negleeted.

A sceond direction of future work is in the numerical analysis and design basad on

the modcl given in this thesis. This work will have the following aspects:

K

. Optimization of the design parameters. Based on the understanding of the dillrac-

tion process, the simulation algorithm should be used to colleet data for a numerical

analysis. The result can thus help to arrive at the optimized parameters.

Grating system designs using quasi-Bragg diffraction.  Althongh in Chapter 2 an
intuitive geometric quantity is defined to measure the amount of violation of Bragg

condition, a quantitative analysis is still nceessary.

The bandwidth of a holographic grating can be estimated with the coupled-wave
theory [39]. However the theory is an approximate one, and a study has yel Lo
be done based on rigorous theories such as the onc presented in this thesis. The
study will show the true theoretical limit of the coupler performance under various
conditions. It is also a complement Lo the experimental study which is subject to

practical limitations.

Since light ficld is a vector ficld, it is not unusual that a component responds differ-
ently when its dircction, or specifically, the polarization changes. The model given
in this thesis can be used as a convenient tool to study this issue because of the use
of Jones matrices. The author expects that under certain conditions, a coupler can
be made insensitive Lo the polarization by sctting the parameters properly, or by
using cascaded elements that compensate or cancel the response of the individual

components. On the other hand, conditions that result in the highest polarizalion
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sensitivity are equally important, because cornponents that respond to polarization
are also usell. Furthermore the author expeets that the reflection type gratings
may have promising qualities in terms of polarization sensitivity. This has yet to be

investigated in future rescarch work.

Another research direction the author suggests is the design and fabrication of
wavelength-routing couplers. As it has been pointed out, grating degencration can
be applied L a routing coupler which supports a shuffle topology. However, the au-
thor believes that the gratings are still not fully used. In the design given in Scction
2.5, cach of the gratings is used to convey traffic in one direction. It is understood
that i grating can be used for two-way traffic, that is, if a grating is uscd for the
traffic from port A to port 13, it can also be used at the same time for the traflic
from B3 to A. It is believed that if the shuffle topology can be modified in a proper
way, traffies in both directions can be accommodated and this may result in a more

simplified and a more cficient wavelength routing coupler.
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Appendix A

Multi-Beam Spot-Diffusing And
Fly-Eye Receivers For Indoor
Infrared Wireless
Communications—Concepts and

Design Issues

The purpose of using wircless communications systems in an induor environment is Lo
climinate wiring. As the number of personal computers, work stations and other user
terminals increases, communication cable wiring becomes a considerable problem. A
rewiring job not only involves substantial cost, but also loss of valuable time. In addition,
exposed wiring can be potentially dangerous and unsightly. Obviously, employing wircless
systems is at least one of the solutions to this wiring problem.

In implementation ol a wircless system, a choice must be made between radio waves
and infrared radiation. Since radio waves can penctrate rmost obstacles in a building stric-
ture, communication can be allowed theorctically between any Lwo points in a building

and even between neighbouring buildings. However, radio systems are subject o radio
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wave contral regulations, and they are also vulnerable to clectromagnetic interference
which is more than abundant in environments such as factories, metropolitan arcas, ctc.

Infrared radiation can be well confined within a room. This is disadvantageous in
terms of wireless communications, because cables are still needed for communication links
in botween rooms. llowever, the absence of any potential interference makes an infrared
systemn free from any governmental regulations, which makes an infrared system desirable
in many circumstances.

‘There are basically two types of indoor infrared radiation systems. One uses diffused
radiation [54] and the other employs linc-of-sight transmission links [55]. The advantage of
a diffused radiation system is its operational simplicity duc to lack of alignment necessity.
However, the negative aspeets include incfficient power transmission, multipath effects
and the wide angle acceptance of ambicnt lights. The bulk result is a low data rate.
On the contrary, a linc-of-sight system can have a bit rate a few orders of magnitude
higher due to a higher power transmission cfficiency, a small feld-of-view and a single
transmission path. Nevertheless, the linc-of-sight can be casily blocked and the alignment
requires high mechanical stability for the optical antenna systems. This, to some extent,
contradicts the original purposc of a wircless system.

Some novel configurations have been proposed and implemented [56](57). An in-
teresting experimental LAN was reported as RADICOM {57], in which a satellite called
“reflector” is mounted in the ceiling. This implics a broad 120° beam of 300 mW infrared
power. The terminal station transceiver becam has a narrow beamwidth of about 10°.
FSK modulation at two different subcarrier frequencics is used for the up-links and the
down-links to help isolate the links in two directions. The system demonstrated data
transmission up to | Mbps at a distance of 3 m with an error rate less than 10~7. This
system is basically a linc-ol-sight, system, cxcept the alignment operation of the “reflector”
is climinated due to the use of 2 wide beam and a wide acceptance angle. Besides, the
installation of the active relleetors may turn out to be inconvenicnt.

A new configuration termed as spot-diffusing multi-line-of-sight was proposed by the
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author in the summer of 1990, It includes two new coneepts: one is called spot ditfusing,
the other is the use of multiple lines-of-sight and flv-cye receivers, Experimental work was
condneted to test the feasibility of the concepts. Details about this work can be found in

(58} |59},



Appendix B

High-Angular Tolerance Receiver

For Atmospheric Optical Links

This work started when the author was working as a rescarch associate in 1989. It was
ended during the second term of the Ph.D. program in 1990. Some supplemental work
was done later with the help of an undergraduate student. The details of the work were
published in [60] through [63] and a patent [64] has been approved recently.

The work is based on the idea that an optical taper, a conical optical waveguide with
one end larger than the other, can be used to increase the receiving arca of a photodiode
without increasing its intrinsic capacitance. A large arca photodetector can increase the
ficld of view of a recciver used in an atmospheric / free-space optical link, and hence make
the alignment easier.

In fact, the optical taper used in this application is employed as a passive power
collector. When power collecting is concerned, it is important to distinguish between a
non-imaging collector and an imaging collector [63]. Typical imaging collectors are lenses
and spherical mirrors.

Image forming components can retain the spatial information on the incoming light
beams, but in the feld of telecommunications, the spatial information is always lost in

the channel anyway. Thercfore, a non-imaging component can be used as an alternative
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collector. It has been shown that, at the cost of losing the spatial information, & non-
imaging system can have a higher light colleeting power. To be more specitic, an optical
taper can have an equivalent f*  a measure of the light collecting ability  close 0 0.5
[66], which is a very diflieult figure Lo achieve lor an imaging lens, However, a non-imagang,
svstern has a disadvantage of causing dispersion, though this becomes significant only a
very high bit rates.

A basic law that should be obeyed in passive light power collection is, as in the case
ol a star coupler, the second law of thermodynamics. Here it states that the ficld-of-view
of the system multiplied by its geometric magnification in the receiving arca remains a
constant. The constant is only a function of the system f#. Therelore, given the f#, the
greater the improvement in receiving area, the smaller the Reld-ol-view [67].

The work presented in [62] is a paper published in the Canadian Journal of Electrical
& Computer Engincering. It includes the original proposal, some analytlic and experimen-
tal results. A later work [63] was published in the same journal, presenting a model for
numerical simulations of the optical taper. This model is quite gencralized, so that the

taper shape can be taken into account.
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Appendix D

List of symbols

7 Amplitude vector of a plane wave component, defined by Fqg. 3.30
a Eigen vector corresponding Lo o

ar Projection of & in the direction of 7

Qlp Projection of @ in the dircetion of 4

az Projection of d; in the dircction of 2

as qa-

a- Projeetion of @ in the direction of 7

e, Projection of & in the dircction of p

Q. Projection of @ in the dircetion of 2

A Two-dimensional array defined by Eq. 3.23 through 3.26
a Defined by 12q. 3.29, a column vector

Ay Scalar amplitude of the ficld [rom the i-th input fiber
Al Scalar amplitude of the field of the -th output fiber

B Two-dimensional array defined by Eq. 3.23 through 3.26
c Speed of light

Cij Element (i-th row, j-th column) of matrix C

cr Elernent of matrix Cp, defined by kq. 3.52

Cr Elernent of matrix Cy, defined by 1qg. 3.53
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CRy,
CRyy
CRyL
Chy)
CTyy
CTy
CTy.
CTiy
E(z,y)

E=(z,y)
E*(z,y)
E'(z,y)
E(7)
E()

&

power coupling matrix of & star coupler

Complox constant cocificient for mode {

Coupling matrix for reflection diffraction

Coupling matrix for transmission diffraction
Polarization-dependent power coupling coeflicient.

for reflection dilfraction, defined by Eq. 3.78
Polarization-dependent power coupling cocflicient

for reflection diffraction, defined by Eq. 3.78
Polarization-dependent power coupling coefficient

for reflection diffraction, defined by Eq. 3.78
Polarization-dependent power coupling coefficient

for reficction diffraction, defined by Eq. 3.78
Polarization-dependent power coupling coefficient

for transmission diffraction, defined by Eq. 3.76
Polarization-dependent power coupling coefficient

for transmission diffraction, defined by Eq. 3.76
Polarization-dependent power coupling coefficient

for transmission diffraction, defined by Eq. 3.76
Polarization-dependent power coupling coefficient

for transmission diffraction, defined by Eq. 3.76

Thickness of grating slab

Light field distribution on a plane perpendicular to the z-axis
Light field distribution at the input side of a transparency
Light field distribution at the output side of a transparency
Light field distribution on & plane perpendicular to the z-axis
Electric field (when scalar field is assumed)

Electric field

Optical energy required for one information bit
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Focal length

Two dimensional Fourier transformation

Region defined by the grating slab

Power coupling matrix of an idcal lossless star coupler

Transfer fonction in wavelength domain

Transfer function of a grating when only the dispersion is considered.
Transfer function of a grating when only the Bragg effect is considered.
H-field vector

H-ficld in medium 1

H-field in medium 2

Number of columns of & shuflienct (chapter 2)

Amplitude véctor of the incident wave

Projection of I in the dircction perpendicular to the incident plane
Projection of T in the dircction parallel to the incident plane

V=1

Serial number of mode m(J)

Serial number of order m — w;

Serial number of order m + w;

2 /A

Wave vector of a plane wave

Wave vector of a plane wave in construction

The i-th wave vector in construction

Projection of k in the direction of z-axis

Projection of & in the dircction of y-axis

Projection of k in the direction of z-axis

Transverse component of k

Wave vector of the i-th (z = 1,2,.. .)direction

Transverse component of k;
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F ol
exb?:x“?'éﬁ

L]

X R X

g B = "x"l N"!‘ <

Mr

Mg
M§
My
MY

n(7)

nr

nr

z-component of k,

y-componcnt of k;

z-component of k;

Grating vector

Projection of K in the dircction of z-axis
Projection of K in the direction of y-axis
Projection of K in the dircction of z-axis
Transverse component. of K

Grating vector of the i-th grating

Grating vector relating & and k;

A column vector of vectors, defined by Eq. 3.16

A column vector, z-component of KT

Integer, size of matrices A or B

A row vector of indices, order of diffraction
Number of couplers a message has to pass through in
an optical bus (in chapter 1) or the number of superimposed
gratings in a diclectric slab (Chapter 3)

Jones matrix for the reflection diffraction

Jones matrix for the transmission diffraction
Characteristic matrix for reflection diffraction
Reflection characteristic matrix for the i-th siab
Characteristic matrix for transmission diffraction
Transmission characteristic matrix for the i-th slab
Number of stages for star coupler construction
Refractive index of a grating slab

Average refractive index in region G

Refractive index of region R

Refractive index of region T

150



p(z,y)

)
P(§,m)
PRy
PRy
PRy

PRy

PTyy

Unit vector in the dircction of a normal line

Number of input / output ports

Total input power from all the input ports of a star coupler (Chapter 1)
Degree of graph of a shufflenct (Chapter 2)

Input power at the i-th (i =1,2,...,N) input port of a star coupler
Output power at the i-th (i = 1,2,...,N) output port of & star coupler
Output power in the i-th (= 1,2,..., N) output dircction

at the output side of the j-th (=0,1,2,...) slab

Aperture function of the slab

Optical power received by a receiver

Optical transmission power

Fourier transformation of p(z,¥)

Polarization-dependent phase coupling cocflicient

for reflection diffraction, defined by Eq. 3.78

Polarization-dependent phase coupling coefficient

for reflection diffraction, dcfined by Eq. 3.78

Polarization-dependent phase coupling coefficient

for reflection diffraction, defined by Eq. 3.78

Polarization-dependent phase coupling coefficient

for reflection diffraction, defined by Eg. 3.78

Polarization-dependent phase coupling coefficient

for transmission diffraction, defined by Eq. 3.77
Polarization-dependent phase coupling coefficient

for transmission diffracticn, defined by Eq. 3.77
Polarization-dependent phase coupling coefficient

for transmission diffraction, defined by Eq. 3.77
Polarization-dependent phase coupling coefficient

for transmission diffraction, defined by Eq. 3.77
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Q Volume grating sclectivity factor

q Eigenvalue
qQ The l-th cigenvalue
d Position vector

Ty Element of the matrix My, defined by Eq. 3.51

T Element of the matrix Mg, defined by Eq. 3.51
L Element of the matrix Mpg, defined by Eq. 3.51
T Element of the matrix Mpg, defined by Eq. 3.51
n Region of reflections
R Amplitude veetor of a reflection order
R, Projection of R in the dircction perpendicular
to the plane of diflraction of that order
Ry Projection of R in the dircction parallel to
the plane of diffraction of that order
S Entropy mecasured at the input side of a star coupler
S Entropy measured at the output side of a star coupler
Lij Transmission amplitude coupling coefficient (Chapter 2)
T Element of the matrix My, defined by Eq. 3.50
Ly Element of the matrix My, defined by Eq. 3.50
L Element of the matrix M7, defined by Eq. 3.50
m Element of the matrix Mr, defined by Eq. 3.50
T Region of transmission
T Amplitude vector of a transmission order
T Projection of T in the direction perpendicular to the plane of diffraction of that order
Ty Projection of T in the dircction parallel to the plane of diffraction of that order
T Phase shifted version of T, defined by 3.44
i Phase shifted version of 7j, defined by 3.45
u; Unit row vector of size M with its non-zero element (1) placed
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R W & W <

R
.,

Q‘QE'RP'PI

pg
L3

N

at the i-th position

z-component of 1%

Unit vector in the direction of the z-axis

Unit vector in the direction of the y-axis

Unit vector in the dircction of the z-axis

Excess loss of 2 x 2 ccuplers

Excess loss factor corresponding to 7

Angle between 5(J) and p(J;7)

Angle betweew A(J) and p(J;Y)

Defined by Eq. 2.27

Coupling factor defined in [30]

Degree of violation against Bragg condition (chapter 2)
Degree of violation against Bragg condition, when k; and k;
are considered (Chapter 2) or Kronecker delta (chapter 3)
Relative modulation index of a volume phasc grating
Relative modulation index of the grating with K;
Relative modulation index of the grating with R’}j
Maximum available relative index modulation

Routing matrix

Dielectric constant

Permittivity of vacuum

Dielectric constant of medium 1

Dielectric constant of medium 2

Diffraction efficiency of a grating or power coupling
coefficient of 2 2 x 2 coupler

or spatial frequency in the direction of ¥ axis (chapter 2)

Coupling coefficient of the 2 x 2 coupler of the
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T

¥(z,y)
(&, m)

w

i-th (i =1,2,..., N) uscr at the receiver side of the optical bus
Coupling cocflicient of the 2 x 2 coupler of the

i-th (i=1,2,..., N) uscr at the transmitter side of the optical bus
Element (i-th row, j-th column) of matrix #

An angle

Angle of reflection

Angle of transmission

Wavelength in vacuum

The i-th wavclength in a multi-wavelength system

Wawelength in construction

Grating period

Grating period in the transverse direction

Relative permcability

Permeability of vacuum

Relative permeability of medium 1

Relative permeability of medium 2

Spatial frequency in the direction of z axis

Unit vector defined by Eq. 3.22

Unit vector defined by Eq. 3.22

Initial phase of the grating corresponding to K;

Power coupling matrix for a reflection order, defined by Eq. 3.58
Power coupling matrix for 2 transmission order, defined by Eqg. 3.56
Fiber transverse mode

Fourier transformation of ¥(z,y)

Angular frequency of light field
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C To run o the program, an input tile has o be prepared

(" the following format:

C

C cgd.out,

C mmsout, rflcQoout,

C tmsl.out, rflcLout,

C ums2.out, rilc2.out,

C tms3.out, rilcd.out,

C umnsd.out, rflcd.out,

C tmsS.out, rflcS.out,

C tmsb6.out, rilcb.out,

C imyT.out, rilc7.0ut,

C tms8.out, rilcB.out,

C uns9.out, ritc9.out,

C Npt,

C MM, NOD, d0, NR, NG, NT, lambda,

C Delta(1).Kx(1),Ky(1),Kz(1),phi(1).

C Delta(2),Kx(2).Ky{2),Kz(2),phi(2),

C Delta(3).Kx(3),Ky(3).Kz(3).phi(3).

C Delta(4), Kx(4) Ky(4),Kz(4),phi(4),

C kx0.ky0,

C M1{0),M2(0).M3(0),M4(0),

C MI(1),M2(1),M3(1),M4(1),

C M1(2),M2(2) M3(2),M4(2).

C M1(3),M2(3),M3(3).Ma(3),

C M 1{4),M2(4),M3(4),M4(2),

C M1(5).M2(5).M3(5).M4(5).

C M1(6),M2(6),M3(6),M3(6).

C MI(7)M2(7).M3(7)MAT).

C M1(8).M2(8),M3(8),M4(8),

C M1(9),M2(9),M3(9),M3(9),

C Ip(1,0).Ip(1,1),1p(1.2),Ip(1,3).1p(1.4),Ip(1.5).1p(1,6).Ip(1,7}.1p(1,8).1p(1.9},

C Ip(2.0).1p(2.1).1p(2,2).1p(2.3).1p(2,4).Ip(2.5),1p(2.6).1p(2.7).1p(2.8).1p(2.9},

C Ip(3,00.Ip(3.1).1p(3,2).1p(3.3).1p(3.4).Ip(3.5).1p(3,6).1p(3.7).1p(3.8),1p(3.9).

C Ip(4,0).1p(4,1).1p(4.2),1p(4,3).1p(4,4).1p(4,5),1p(4,6),1p(4.7).1p(3.8).Ip(4.9),

C Im(1,0).Jm(1.1),Im(1,2).im(1.3),Im(1,3),Im(1,5).Im(1,6}.Im(1,7),Im(1,8),Im(1,9),
C Im(2,0).Im(2,1),Im(2,2).Im(2,3),Im(2,4),Im(2,5),Im(2,6),Im(2,7),Im(2,8,Im(2.9),
C Im(3.0).Im(3.1).Im(3.2).Im(3.3),Im(3,4),Im(3,5),Im(3,6).Im(3.7),Im(3.8),Im(3,9),
C Im(3.0).Im(4,1).Jm{4,2),Im(3 3),Im(3 4).Im(4,5),Im(4,6).Im{(4,7) Im(3,8),Im(4,9),
C

C where,

Ccpd.out: file name, character of length equal or less
than 12, for output data of the initial sct-up
and momitoring the run.

tms) out: (ile name, character of length cqual or less
than 12, for output data of the ransmission Jones
matricix of order J.

rilcl.out: file name, charact  of length equal or less
than 12, for output dawa of the reflection jones
matrix of order J.

Npt:  number of points, intcger,
MM: number of gratings, integer, no greater than 4,
NOD:  number of diffracied order, integer, no greater

than 9.

=
2

Initial thickness.

Refractive index of region R,

R

Average refractive index of region G.

(s1eleleislsinizisininisizisisisizisininisininle!



CNT: Refractive index of region T

C

C lambda:  Wavwlength,

C Delta(): Relative modulation index of the I-th grating, real.
C

C Kx(I»  x-componcnt of the grating vector of the
I-th grating, real,

i)
-
—~~

—
e

y-component of the grating vector of the
I-th grating, real.

Kz(D):  z-component of the grating vector of the
I-th grating, real,

olalsisleisisinie

]
=

x-component of the wave vector of the incident
wave, real.

=
~
1

y-component of the wave vector of the inciGent
wave, real.

MI(J):  the I-th clement of the index-vector of the J-th
order, intcger.

Ip(LJ) integer, scrial number of the neighbouring order of
the order with serial numbar J, in the positive
dircction of grating #1.

Im(lJ) intcger, serial number of the neighbouring order of
the order with serial number J, in the negative
direction of grating #1.

PROGRAM CGD

O ON0NNANNNONONONOOON

character ifname™ 12, ofname™ 12, ot(0:9)* 12,0r(0:9)*12
inicger Npt
INTEGER M(4,0:9), MM NOD,I
REAL DNR NONT,DO
REAL LAMBDA
REAL DD{4),KKX(4),KKY(4),KKZ(4),PHI{4),KX0,KYQ
REAL KX(0:9),KY(0:9),KR(0:9),COR(0:9),COT(0:9)
INTEGER 1P(4,0:9),IM(4,0:9)
REAL SIP(4,0:9),5IM(4,0:9),COP(4,0:9),COM(4,0:9)
COMPLEX DET
COMPLEX CA(40,40),CB(40,40),CAB{40,40)
COMPLEX CQ(40),CV(40,40).CC(40,40),CD(40,2)
REAL AR(40,40),A1(40,40)
REAL BR({40,40),B1(40,40)
REAL QR(40),QI(40),VR(40,40),VI(40,40)
COMPLEX MR(2,2,0:9),MT(2,2,0:9)

CCREAL CR(2,2,0:9),PR(2,2,0:9),CT(2.2,0:9),PT(2,2,0:9)
write(®.*) "input file name:’
read(* *) ifname

OPEN(7, fle=ifnamc)

read(7,*) ofname
do j=0.9
read(7,*) ot(3).0r(j}
cnd do

open(8, file=ofnamc)

read (7,*) Npt

READ (7.*) MM NOD,DONR NONTLAMBDA
read (7,*) DD(1),KKX(1),KKY(1),KKZ(1),PHI(1)
read (7.%) DD(2),KKX(2),KKY(2),KKZ(2),PHI(2)
read (7,*) DD(3),KKX(3),KKY(3).KKZ(3),PHI(3)



read (7.7 DD KKX (), KKY(3) KRKZ(E),PHIS)
rewd (7,%) KXOKYO

read (7.7) M(1,0),M(2,0),M(3.0),M(3.0)

read (7.7 ML DM M3 THIMALDD)

read (7,%) M(1.2),M(2,2).M(3,2).M{4,2)

read (7.3 M(1,3),M(2,3).M(3,3),M(3,3)

read (7.%) M(1,4),M(24) M3 4)M@.4)

read (7.%) M(1,5),M(2,5).M(3,5),M{4,5)

read (7.%) M(1,6),M{2,6),M(3,6),M({4,6)

read (7.°) M(LH)MRDHMB,7MEAT)

read (7.*) M(LB),M(28).M(3.8).M{4.8)

read (7.%) M(1,9).M (2.9.M(3.9.MHE9
dol=13

eead (7.%) Ip(LO).Ip(L D)L IRCL2LIp(L3), Ip(12),

X IpLS)LIpLOLIpC I LBLIp(LE)

cnd do

dol=14

read (7.*) Im(1,6),lm(1,1),Im(1,2),Im(1.3).Im(1.4).
X Im(1.5).Im(1,6).Im(1,7).Im(1,8),Im(1,9)
end do

WRITE(R,5) MM,NOD
$ FORMAT(///5X, MM="124X,"NOD="12)
WRITE(8,4) DONR NONT .LAMBDA
4 FORMAT(/SX,'D0="F8.5,” NR="F8.5." iNu="F8.5," NT="F8.5,
x' LAMBDA="F3.5))
DO =1l MM
WRITE(8.25) L.DD() KKX(1)LKKY (1) KKZ(1)PHI(I)
25 FORMAT(SX,'I=",12, DD="FR.5," KKX="F8.5," KKY=",
X F8.5, KKZ="Fs.5," PHI="F8.5/)
END DO
WRITE(8.35) KX0.KY0
35 FORMAT(5X, INCIDENT:",” KX0="F8.5,” KY0="F8.5)
C
g"""'""'Compuling the grating cquation****
CALL GRATEQ(MM.M.NOD.LAMBDA KKX KKY KX0.KY),KX,KY KR,
X NR,NONT,COR,COT)
C

C
C****Find the adjacent orders****

CALL ADJOR{MM M NOD KX KY KR,IPIMSIP,SIM.COP,COM)
C
C
C
C****Computing the "matrices™"**
C

NN=4*(NOD+1)

CALL MTRX(MM NODNN M NOLAMBDA KR,DD KKZ PHLIP,IM,
c XSIP,SIM.COP.COM,CACB)
C****Prepare for EISPACK
C

CALL MTRX2(NN,CA.CB.CAB.AR,A[BR,BI)
C****Find the ¢igen values and vectors**=*

CALL CEIGEN(NN,BR,BL.QR QLVR,VILCQ.CV)

C
C****Boundary conditiong****

C
do j=0NOD
open(2*j+9.file=0t(j))
open(2*j+10.file=or()))



write(2*j+9.53) j
write(2*1+10,53) §

53 format(CJ="17)

write(2*3+9,54)

54 format(2x,'d”, 7x,"CT(1,1)"2x,"PT(1, 1" 2x " CT(2 1Y 2 PTL.LY,

X 2 CTLD 2% PT(1.2Y 26 CT(2.2) . 2%, PT2.DY)
wrie(2*j+ 10,56)

56 format(2x,’d"7x,"CR(1,1Y.2%,"PR(1.1Y".2x,"CR(2,1}" 2x,'PR2.1)",

C

x 2x,"CR(1.2)".2x,"PR(1.2)".2x,"CR(2.2)".2x,'PR(2.2)")
end do

do 100 i=1,Npt

wrile(6,*) i

D=I*d0

CALL COEFCTS{MM ,NOD NN M,DNRNONT,LAMBDAKKZ KR.COR.COT,
XCV.CQ.CCCD)

C
g“"‘""SoIvc boundary coditong™***

C

CALL CMIVS(CC.CDNN,2,DET)
IF(DET.EQ.0.0) THEN
WRITE(6,*) 'SORRY, DET=0.0"
ENDIF

C****Computing Joncs matrices™****

C
C

CALL JONESMTX(NOD,NN.N0,D.LAMBDA ,COR.COT.CQ.CV.CD.MRMT)

C*»**Computing coupling coclicicnts™>**

CALL PCPLMTRX(NODNR,NT.COR,COT MR MT.CR.CT.PRPT)

do j=0,NOD

wrte(2%j+9,78) d.ct(L,1j)pt(1,1,j).ct(2.1.5).pu2,14).
x ct(1,2,0).pt(1,2,).e2.2,)).p(2.2,))

write(2*+10,78) d,cr(1,1,7).pr(1.1 j).cr(2,1§).pr(2.1).
x er(1,2.),pr{1.2)ex(2,2,3).pr(2,2,))

78 format(1x,1F7.3,8F9.5)

C

cnd do

100 continuc

C
C

C
C

close(7)
closc(8)

do j=0,NOD
close(2*j+9)
close(27)+10)

end do

stop

END

8 This is a subroutine for computing grating cquation

SUBROUTINE GRATEQ(MM,M NOD,LAMBDA KKX KKY KX0,KY0,KX KY KR,
X NR,NQ,NT,COR,COT)

INTEGER M{4,0:NOD),MMNNOD
REAL KKX(MM),KKY(MM),KX0,KY0KX(0:NOD),KY(0:NOD),KR(():NOD)
REAL NR,NONT,.LAMBDA ,COR(0:NOD),COT(0:NOD)

P1=3.141592654



E
) J=0.NOD
¢ Transversal components ol J-th order:
KX()=KX0
KY(J)=KYO
DO 20 =1 MM
KX()=KX(IpMO)"KKX(1)
KY(=KY(I+MLI)*KKY()

200 CONTINUE
C "k_rho™:
KR()=SQRT(KX{I)**2+KY{J}**2)
¢ Get rid of the "insignificant™ ordcers:

X=KR({J)*"LAMBDA/2.O/PI/NR
Y=KR(J)*LAMBDA/2Z.Q/PI/NT
IF(X.GE.1.0) GOTO 30
IF(Y.LT.L.0) GOTO 10

30 NOD=NOD-1
DO K=JNOD
DO [=1MM
M. K)=M(LK+1)
END DO
END DO
J=3-1

10 J1=)]+1
END DO

C Cosine of the diffraction orders:

DO 1-0,N0OD
COR(N=5QRT(1-(KR(J)*LAMBDAL.0/PI/NR)**2)
COTN=SQRT(1-(KR(N*LAMBDAS2.O/PI/NT)**2)
END DO

C

WRITE(R 40)

20 FORMAT(/2X. T 2X, MI"2X," M2 2X,"M3" 2X,"M4" 2X,
X KX EXKY ' 8X, KRHO' 6X,'COR",7X,"COT")
DO J=0,NOD
WRITE($,45) .M H)MEIHM3I)ME)),
x KX(2).KY().KR(J).COR(}).COT()

45 FORMAT{1X.5(12,2X),5(F8.5.2X))
END DO

C
RETURN
END
C
C****A sub. (inding the next door neighbors®***
C
SUBROQUTINE ADJIOR(MM M NOD KX, KY KR,IP,IM,
X SIP.SIM,COP,COM)

INTEGER M(4.0:NOD),IP(4,0:NCD),IM(4,0:NOD)

REAL KX(0:NOD).KY{0:NOD),KR(0:NOD)

REAL SiP(4,0:NOD),SIM(4,0:NOD),COP(4,0:NOD),COM(4,0:NOD)
C Initializing;

DO 5 I=1,MM

DO 5J=0NOD

SIP(LJ)=5.5555

SIM(1J)=5.5555

COP{1))=5.55535

COM(1J)=5.5555

5 CONTINUE

C
DO 30J=0,NOD
DO 20 I=1. MM

C

C
C SIP(1.J): sinc of the angle of the positive neighbor



C SIM(ID): sine of the angle of the negative neighbor
C COP(1J): cosine of the angle of the positive neighbor
C COM(LD: cosine of the angle ol the negutive neighbor

IF(IM(IL).EQ.-1Y GOTO 10

K=1M(LD)

SIMUID=(KY (K RXO)-KX(R)*KY(D/KR(KYKR)

COM{IDN=(KX(KYKXD+KY (K" KYW/KRK)/RRWY)

10 IF QP(1.0).EQ.-1) GOTO 20

K=IP(1))

SIP(L)=(KY (K KXD-KX(K)*KY(DV/KR(KYKR(J)
c COP(IN=(KX(K*KXD+KYKI"KYD/KR(KYKR)

20 CONTINUE
30 CONTINUE
C Print

WRITE(8.22)

22 FORMAT(/SX.'IP=")
DO =1 MM
WRITE(‘% 21} (IP(11).J=0,NOD)
END

21 FDRMAT(IOX O(I8,1XY)
WRITE(8.,23)

23 FORMAT(/5X,'IM=")
DO =1 .MM
WRITE(8,21) (IM(1)),J=0,NOD)
END DO
WRITE(8.24)

23 FORMATU/SX.'SIP:')
DO =1, M
WRITE(S 40) (SIP(1,J)J=0,NOD)
END DO
WRITE(8.26}

26 FORMAT{(//5X, SIM=")
DO =1 MM
WRITE(8 A0) (SIM(I.1).J=0NOD)
END DO
WRITE(8,27)

27 FORMAT(I[SX.'COP:’)
DO I=1,
\éVI\!IIiTE(S 40) (COP(1.J)J=0,NOD)
WRITE(8,28)

28 FORMAT(//5X,/COM=")
DO I=1, MM
WR}%TE(S A40) (COM(1L),J=0,NOD)
EN

C40 FORMAT(10X 9(F8.5,1X}))

RETURN
END

C****This is a subroutine for computing the complex
C matrices of the mode egs****

C
SUBROUTINE MTRX(MM,NOD NN,M NO,LAMBDA KR,DD,KKZ PHLIP,IM,
XSIP.SIM,COP,COM,CA,CB)

C
INTEGER M(4,0:NOD),IP(4,0:NOD),IM(4,0:NOD)
REAL LAMBDA, VR, VZNO
REAL KR(0: NOD).DD(MM) KKZ(MM),PHI(MM)
REAL SIP(4,0:NOD),SIM(4,0:NOD),COP(4,0:NOD),COM(4,0:NOD)
COMPLEX C,CA(NN,NN),CB(NN,NN)

P1=3.141592654
Initializing CA and CB

Qo



C NN size of CA und CB.NN=4*(1+NOD)

DO O K=1 NN
DO 10 L=1 NN
CA(K.1.)=0.0
IF(L.EQK) THEN
CR(K.L)=1.0
ELSE
CB({K,L)=0.0
ENDIF

10 CONTINUE

DO 100 J=0NOD
VZ: M*K_»
VZ=0.0
DO =1 MM
VZ=VZ+M(LI)*KKZ{I)
END DO
VZ=VZ*LAMBDAS2.O/PI/NO
- VR=KR())*LAMBDAR.O/PI/NO

C FIRST, DD=0
CA(14+4%],143%])=-2.0*VZ
CA(1+4%].244*])=1.0-VR*VR-VZ*VZ

C SECOND, DD=0
CA(2+I*],144*))=1.0

C THIRD, DD=0
CA(3+4%],3+4*))=-VZ
CA(3+3*] 4+4*])=VR-1.0/VR

C FOURTH, DD=0
CA(3+4%) 3+4%))=-VR
CA(A+4*] 4+4%])=-VZ

C DD<>0

. DO 20 1=1,MM

IF(IM(L)).GT.-1) THEN
C=CMPLX(COS(PHI(I)),SIN(PHI(I)))
C=DD(N=C

CA(1+4*] 2+4* IM(1.J))=C*COM(L))

CA(1+4") 3+4*IM(1J))=-C*SIM(L))
CA(3+4*] 4+4*IM(1.)))=-C/VR

CA@E+4°] 2+4*IM(13))=-C* VR*SIM(1.])
CA(4+4*],3+4*IM(1]))=-C*VR*COM(1J)
CA@+4*] 3+4%IM(1 J))=-C*ZV

CB(4+4%) 4+4*IM(11)=C

END IF

IF (IP(1.)).GT.-1} THEN
C=CMPLX(COS(PHI(1)).-SIN(PHI(I)))
C=DD()*C

CA(1+3%] 2+4*P(1.1)=C*COP(1.))
CA(1+47] 3+4*[P(1.1))=-C*SIP(L.})
CA(3+HI*] 4+4*1P{1,1)=-C/VR
CA(3+1*] 2+4*IP(11))=-C*VR*SIP(1,J)
CA+4*] 3+4%IP(I N)=-C*VR*COP(L.})
CA(3+3*] 3+4*[P(1]))=-C*VZ
CB(1+3*] 4+4*1P(1 J)=C
ENDIF

C

20 CONTINUE
C
100 CONTINUE
C
RETURN



C

END

C»=» A sub for preparing & peir of real matrice for EISPACK®***

C

C
C

islplp)

C

SUBROUTINE MTRX2(NN.CA.CB.CAB, AR ALBR.B]D
REAL ARMNNNNYLAINNNNLBR{NNNNYLBINNNN)
COMPLEX CAB(NN,NN),CA(NNNN),CB(NN.NN)
COMPLEX DET

DO I=1.NN

DO J=1,NN
CAB(11)=0.0
IF(LEQJ) CAB(L))=1.0
END DO

END DO

DO K=1,NN

DO L=1.NN
AR(K.L)}=REAL(CA(K.L))
BR(K.L)=REAL(CB(K,L))
ALK, L)=IMAG(CA(K.L))
BI(K,L)=IMAG(CB(K,L))
END DO

END DO

Split CB into real and imaginary parts:

print the result for checking:
WRITE(8.59)

59 FORMAT(//"A=")

DO K=1,NN
WRITE (8,55) (AR(K,L),L=1,NN)
WRITE (8.55) (AI(K,L),L=1,NN)

END DO
print the result for checking:
WRITE(8.57)
57 FORMAT{(//’'B=")
DO K=1,NN

WRITE (8.55) (BR(K,L),L=1,NN)
WRITE (8,55} (BI(K,L},.L=1,NN)
END DO

55 FORMAT(1X,12E9.2E2)

Inverse of CB: CAB=Inv(CB)
CALL CMIVS(CB,CABNN,NN,DET)
IF(DET.EQ.0.0) WRITE(5,15)
15 FORMAT(5X,’SORRY, FAIL AT CMRVS’)
CB=Inv(CB)*CA:
CALL CMMLT (CAB,CA,CB,NN)

DO K=1,NN

DO L=1 NN
AR(K.L)=REAL{CA(K,L))
BR(K,L)=REAL(CB(K,L))
AIKL)=IMAG(CA(K.L))
BI(K,.L)=IMAG(CB(K,L))
END DO

END DO

RETURN
END

C»=*»This a subroutinc for finding inverse of a complex matrix

C
Cc

or solution to a sct of lincar cquations****

SUBROUTINE CMIVS(A,B.N.M,DET)



COMPLEX ANN)LB(N M TEMPDET
DET=(1.0,0.0)

DO S K=I.N
IF(K.EQ.N) GOTO 10

TEST=CARS(A(K.K))
l.=K
KPI=K+I]
¢
C FIND THE LARGEST ELEMENT
¢
DO 15 [=KPIN
IF(TEST.GE.CABS(A(LK)) GOTO 15
TEST=CABS(A(LK))
L=l
15 CONTINUE
C

IFL.EQK)GOTO 10

C

C CHANGE POSITIONS:
DO I=1N
TEMP=A(L.))
A(LJ)=A(KJ)
AR J)=TEMP
END DO
DO J=1,M
TEMP = B(L,J)
B(LJ)=B(K.J)
B(KJ)=TEMP
END DO
DET=-DET

C

10 DET=DET*A{K.K)

IF(CABS(DET).EQ.0.0) GOTC 20

IFK.FQ. N) GOTO 25
DO J=KPILN
AKJ) = A(RI/AKKK)
END DO

C

25 DO J=I M
B(K, )=B(K.)/A(K.K)
END DO

C
DO 351=1,N
e IF(LEQ.K) GOTQ 35

IF(K.EQ.N) GOTO 30
DO J1=KPI N
AQDN=A(L ALK A(K D)
END DO

30 DO I=I M
B(IN)=B({l.)-A {LK)*B(K .J)
END DO

35 CONTINUE

C
5 CONTINUE
C

20 RETURN
END
C

C****This is a subroutine for complex matrix multiplication***=

SUBROUTINE CMMLT (A.B.C.M)



COMPLEN AMMLBRMMLC(MMLS

DO I0I=IM
DO 10)=1.M
S=(.0
DOL=1M
S=S+A(LL)*B(L.J)
END DO
C(1.DH=8
c 10 CONTINUE
RETURN
END
C
C*»*»Thix is a subroutine computing the set of lincar cquations
C derived from the boundary conditions™***
C
SUBROUTINE COEFCTS(MM,NODNN M, DNR.NONT LAMBDA KKZ KR,COR,COT,
c X CALQ.CCLCD)
INTEGER LL .MM ,NOD,NN M{4.0:NOD)
REAL D.NR.NONT,LAMBDA SIR SIT
REAL KKZ(0:NOD),KR(0:NOD),COR(0:NOD),COT(0:NOD)
COMPLEX CX,CY . CI,CQMN).CANNNN)CCINN.NN)CD(NN.)

LL=4*(NOD+1)
CJ=(0.0,1.0)
PI=3.141592654

write(6,48)
48 format(1x,'C=")

DO 10J=0,NOD

Z=0,0

DO 1=1,MM
VZ=VZ+M(LI1)*KKZ(1)

END DO
VZ=VZ*LAMBDA/2.0/PI/N(
VR=KR(J)*LAMBDAR.0/PI/NO

SIR=KR{I"LAMBDA/2.0/PI/NR
SIT=KR{})*LAMBDA/2.0/PI/NT

DO20L=1LL
CC(4*J+1,L)=( COR()+NO/NRY*(VZ+CQ(L)) )*CA(4*]+2,L)
CX=( -COT()+MNOUNT)*(VZ+CQ(L)) y*CA4*J+2,L)
CY=20*PI*CJ*"NO*CQ(L)*D/LAMBDA
CC(3*J+2,L)=CX*CEXP(CY)
CC{4*J+3 L)=(1.0+MNO/NR)*(VZ+CQ(L))*COR(I))*CA(4*J+3.L)
X-SIR*COR(J*CA(4*J+4 L)
CX=( -1.0+(NO/NT*(VZ+CQL)*COT(J) )"CA(4*]+3.L)
X-SIT*COTU»CA(4*)+4,L)
CC(4*]+4 L)=CX*CEXP(CY)

20 CONTINUE

O 0000

write(6,50) (real{cc(1+4*],1)),1=1.1)
write(6,50) (imag(ec(1+4*3,1),1=1,11)
wrile(6,50) (real(cc(2+4*j,1)),1=1,1I)
write(6,50) (imag(cc(2+4%j.).)=1.11)
write(6,50) {real{cc(3+4*j )}, 1=1,1i)
write(6,50) (imag(cc(3+4%j,1)),1=1,1)
write(6,50) (real(cc(@+4*j 1).1=1.11)
write(6.50) (imaglce(d+4=i. 1)) J=1,11)

50 format(2x,8E10.3E1)

olelslelninielniniels



C
DOI=1A
CD{a*1+1.1)=00
CIH2*1+1.2)=0.0
END DO

10 CONTINUE
CD(1,1)=2.0*COR()
C(3,2)=2.0*COR()

WRITE(6.63)
63 FORMAT(2X,'CD=")
DO I=1NN
WRITE(6.65) (CD(J)J=1,2
65 FORMAT(I1X 4E103E1)
END DO

RETURN
END

aACCoonme

C
C****This is a sub, for computing the John's matrices**"*

C
SUBROUTINE JONESMTX{NOD,NNNO,D,LAMBDA COR COT.CQ.CA.CD,MRMT)
INTEGER NOD,NN
REAL NO.DJ.LAMBDA
REAL COR((:NOD).COT((:NOD)
COMPLEX CJ,CX
COMPLEX CQ(NN),CAMNNNNN)CD(NN2)
COMPLEX MR(2,2,0:NOD}MT(2,2,0:NOD)

WRITE(6.63)
63 FORMAT(2X,'CD=")
DO I=1 NN
WRITE(6.65) (CD(1.J)J=1,2)
65 FORMAT(1X 4E10.3E1)
END DO
MR: John's matrix for the J-th reficction
MT: John's matrix for the J-th ransmission
Pl=3.141392654
Cl=(0.0,.1.00

alalelelelololnlel

DO 20 )=0.NOD

DO 1¢1=1.2
MR(1,1.)=0.0
MR(2.11)=0.0
MT(1.1.h=0.0
MT(2,1.1)=0.0
DO L=I NN
MR(LIDN=MR{1IN+CD(L.DH*CAE*]+2 L)
MR(2.11)=MR(2,1J)-CD(L..)*CA(4*]J+3,L)
CX=2.0*PI*NO*CI*CQ(LY"D/LAMBDA
MT(LLD=MT(1 L+CD(L.D*CA(3*)+2 L)*CEXP(CX)
MT2 IN=MT2 11+CD(L,D*CA(3*]+3 L)*CEXP(CX)
END DO
MR{(2,I)=MR(2,1 ))/COR{})
MT2IN=MT(2,11COT{J}

10 CONTINUE

20 CONTINUE
MR(1,1,00=MR(1,1,0)-1.0
MR(2.2,0)=MR(2,2,0)+1.0

DO J=0,NOD
write(8,79) 1
79 format(1x,’J=",12)
WRITEE.S'D MO M)
WRITE(8.81) DUMT(.KJ).I=1.2).K=1.2)

lplolplolelp]



C 81 FORMAT(IX.9FS.5)

C  WRITEGS2 (MTULKNI=12),K=12)
C 82 FORMAT(SX,"MT="8F8.5)

C ENDDO

C

RETURN
END
C
C*=**This is a sub for Computing the power coupling matricos****

SUBROUTINE PCPLMTRX(NODNRNT.COR, COT.MRMT,CR.CTPRPT)

INTEGER NOD

REAL XY

REAL NRNT,COR(0:NOD),COT((:NOD)

REAL CR(2.2.0:NOD),CT(2,2,0:NOD),PR(2.2,0:NOD),PT(2,2 (xNOD)
COMPLEX MR(2,2,0:NOD),MT(2,2,0:NOD)

CR: coupling matrix in reflection region
PR: phase corresponding to CR
CT: power coupling malrix in transmission region
PT: phasc corresponding 1o CT

DO J=0,NOD

DO K=1.2

DO =12

X=REAL(MR(1,K.}))

Y=AIMAG(MR(LK.J))

CRLK N=(X*X+Y*Y}*COR(J)/COR(D)

CR(,KJ)=(CR{I.K.J)

IF(CR(I,KJ}.LT.1.0E-8) THEN

PR(1LKJ)=0.0

ELSE

PR{LK J)=ATAN(Y/X)

ENDIF

ololnlglp)

X=REALMT(K.}))
Y=AIMAG(MT(LK.J))
CT{ILK)=(X* X+Y*Y)*NT*COT(I)/NR/COR(0)
CT(LKJ)=(CT(LKJ)
IF(CT(I,KJ).LT.1.0E-8) THEN
PT(1.K,))=0.0

ELSE

PT(LKJ)=ATAN(Y/X)

END IF

END DO

END DO

END DO

C
C DO J=0,NOD

C WRITE(6,72))

C 72FORMAT(IX,']="12)

C  WRITE(6,71) (CR(LKJ).I=12) K=12)
C 71 FORMAT(5X,'CR="4F10.5)

¢ WRITE(6,74) (PR(L.K,0),I=1,2),K=1,2)
¢ 74 FORMAT(5X,'PR="4F10.5)

C  WRITE(6,73) ((CT(I,K.0),I=1,2) K=1,2)
C 73 FORMAT(5X,’CT=" 4F10.5)

C  WRITE(6,76) (PT(LKD),]=12),K=1,2)
C 76 FORMAT(SX, PT="4F10.5)

g END DO

RETURN
END

cC

C

C****This is a subrouting for the cigenvalues and



. vectors ol a pair of complex matrices™=*®
kS
SUBROUTINE CEIGEN{NN,.BR BLLORQILVR VICQ.CY)
REAL BRINNNN)BIINN NN QRINN),QINNELVR(INN NN, VIINNNN),
X FV2ia0)FViEan)
COMPLEX CQ(NN),CV(NNNN)
¢
WRITE(R,57)
57 FORMAT(// B=")
DO K=1,NN
WRITE (8,55) (BR(K,L),L=1,NN)
WRITE (&,55) (BI(K,L).L=1.NN)
END DO
55 FORMAT(1X,12E10.3E1)
¢

CALL CG(NN,NN,BR,BI.QR,QL 1, VR VLLFV2,FV3 [ERR)
c
WRITE(8.58)
S8 FORMAT(/Q=")
WRITE(8,56) (QR(L).L=1.NN})
WRITE(R,56) (QI(L).L=1,NN)
WRITE(8.59)
59 FORMAT(/"V=")
DO K=1 NN
WRITE(R,56) (VR(K.L).L=1.NN}
WRITE(8.56) (VI(K.L).L=1.NN)
END DO
S6 FORMAT(1X,12E9.2E2)
Butld complex amay CQ & CV:

DO K=1.NN
CQ(K)=CMPLX(QR(K),QI(K))

DO L=1.NN
CV(K.L)=CMPLX{VR(K,L),VI{K.L})
END DO

END DO

C
C

(olp]

RETURN
END



SUBROUTINE CG(NM.N.AR ALWR WL MATZZR Z1LFV 2.EV 3 IERR)
C
INTEGER N.NM.IS1IS2IERR.MATZ
REAL AR(NM.N) AINMN) WR(NYLWIN) ZR(NN)VZIN.N),
X FV2(0)L.FV3(20)

IF(N .LE.NM)GO TO 10
IERR=10*"N
c GOTO20

10 IS1=1
IS2=N
CALL CORTH(NM,N,IS1,IS2 AR ALFV2FV3)
CALL COMQR2(NMN.ISLIS2FV2FVIARALWR WILZR ZLIERR)

C
20 RETURN
END

C

SUBROUTINE CORTH(NM.N,LOW IGH,AR,ALLORTRORTI)

INTEGER IJMN.ILJELLAMPNM,IGHKPI,LOW
REAL AR(NM.N)AI(INM N),ORTR{IGH).,ORTI(IGH)
REAL F,G H,FLFR,.SCALE

REAL SQRT.CABS,ABS

COMPLEX CMPLX

LA=IGH-1
KPI=LOW +1
IF (LA .LT. KPi) GO TO 200

DO ISOM=KPI, LA
H=0.0
ORTR(M)=0.0
ORTI(M)=0.0
SCALE=0.0

C  wwwwmwmwraw QCALE COLUMN (ALGOL TOL THEN NOT NEEDED) **»»»»*»s»
DOYI=M,IGH

90 SCALE =SCALE + ABS(AR(I,M-1)) + ABS(AI(I.M-1})

C
IF (SCALE .EQ. 0.0) GO TO 180
MP=M +IGH
C 20 e 0 e e FOR I=IGH S']‘E'P_] UNTIL M Do o MR WONRN N M
DO 10011 =M, IGH
I=MP-II
ORTR(I) = AR(I,M-1) / SCALE
ORTI(]) = Al(IM-1) / SCALE
H=H+ ORTR() * ORTR(I) + ORTI(I} * ORTI(I)
CIOO CONTINUE

G =3QRT(H)

F = CABS(CMPLX(ORTR(M),ORTI(M)))
IF (F .EQ. 0.0) GO TO 103

H=H+F*G

=G/F
ORTR(M) = (1.0 + G) * ORTR(M)
ORTI(M) = (1.0 + G) * ORTI(M)
. GO TO 105

103 ORTR(M)=G
ARMM-1)=SCALE
e nkn R COD A ([_(UmUT)/H) A SEmnEERRN
105 DO 130J=M,N
FR=0.0
F1=00
EEE L L L L ELL FOR I=]GH S'I'EP_] UNTIL M DO — MERRNE M
DO 110 Il = M, IGH



I=MP- 1
FR = FR + ORTR() * AR{1]) + ORTII} * Al(L])
EI - FL+ ORTR * Al - ORTEliE) = AR(L)

1O CONTINUE

(

FR=FR/H
Fil=FI/H

DO 1201 =M, IGH
AR(1J) = AR(1J} - FR * ORTR(I) + F1 » ORTI(I)
Al(1J) = Al{LS) - FR * ORTI(I) - F1 * ORTR(I)

120 CONTINUE

C
130 CONTINUE

¢

AL LR L L LY LY ] FORN‘ (l_(UnU'I")/“)‘,\t(I_(UlUT)/H) PR ELEY LY L]
DO 160 =1,1GH
FR = (L0
Fi1 =0.0
YT YT L Y]] FOR leGH STEP-I UNTIL N‘ DO e MR
DO 130 1) = M, IGH
J=NMP-]]
FR = FR + ORTR(J) * AR(LJ) - ORTI(J) * Al(L))
It = F1 + ORTR(J)) * Al(1.J) + ORTI(J} * AR(1J)

140) CONTINUE
C

FR=FR/H
Fl=FI/H

DO 150 = M, IGH
AR(LJ} = AR(L1]) - FR * ORTR(J} - F1 * ORTI(J)
AL = AI{LY + FR * ORTIUJ) - FI * ORTR{J)

150 CONTINUE

C
1600 CONTINUE
C

ORTR(M) = SCALE * ORTR(M)
ORTI(M) = SCALE * ORTI(M)
AR(MM-1) = -G * AR(M.M-1)
AI(MM-1)= -G * AIMM-1)

130 CONTINUE

C

20 RETURN

C
C

a0 0 o0

END

SUBROUTINE COMQR2(NM,N,LOW IGH,ORTR,ORTILHR HLWR WI.ZR Z] I[ERR)

INTEGER 1LJ,K.LMNEN,ILJJ LLNMNNIGH,IPL,
X ITS,LOW LP1 ENMILIEND,[ERR

REAL HR(NM N),HI(NM N),WR(N).WI(N) ZR(NM,N}) ZI(NM N),
X  ORTR{IGH).ORTI{IGH)

REAL SLSR,TLTR XLXR,YI.YR,ZZI,ZZR NORM ,MACHEP

REAL SQRT.CABS,ARS

INTEGER MINO

COMPLEX Z3

COMPLEX CSQRT.CMPLX

REAL REALAIMAG

srmnenrner» MACHEP IS A MACHINE DEPENDENT PARAMETER SPECIFYING
THE RELATIVE PRECISION OF FLOATING POINT ARITHMETIC »#m»xwxsnx
MACHEP = 1.0E-32
IERR=0

sernnnnans INITIALIZE EIGENVECTOR MATRIX mwomwwmsnmnn
DOIGI=1,N



C

DO 100J =1, N

ZR(1J) = 0.0

Z I =00

IF (1 EQ.J)ZR(1J) = 1.0

100 CONTINUE

C
C

C

»=»wwnear EORM THE MATRIX OF ACCUMULATED TRANSFORMATIONS
FROM THE INFORMATION LEFT BY CORTH ***+=>*+»>

{END = IGH - LOW - 1

IF (IEND) 180, 150, 105
swesurarnn EOR [=IGH-1 STEP -1 UNTIL LOW+1 DO - ==¥==s=ses

105 DO 14011 = 1, IEND

I=IGH-1
IF (ORTR(I) .EQ. 0.0 .AND. ORTI(l) .EQ. 0.0) GO TO 140
IF (HR{LI-1) .EQ. 0.0 .AND. HI(11-1) .EQ. 0.0) GO TO 1410
wwanwnaswa NORM BELOW 1S NEGAT!VE OF H FORMED IN CORTH *»»ews*s=
NORM = HR(LI-1} * ORTR(1) + HI(LI-1) * ORTI(l)
Pl=l+1

DO 110 K =1P1, IGH
ORTR(K) = HR(K,I-1)
ORTI(K) = HI(K,I-1)

110 CONTINUE

C

DO 130) =1, IGH
SR=0.0
SI=0.0

DO 115 K =1, IGH
SR = SR + ORTR(K) ™ ZR(K.J) + ORTI(K) * ZI(KJ)
SI = SI+ ORTR(K) * ZI(KJ) - ORTI(K) * ZR(K.))

CI 15 CONTINUE

SR =SR/NORM
SI=SI/NORM

DO 120K =1,IGH
ZR(K.J) = ZR(K J) + SR * ORTR(K) - S! * ORTI(K)
ZIKJ) = ZI(KJ) + SR * ORTI(K) + SI * ORTR(K)

120 CONTINUE
130 CONTINUE
140 CONTINUE

QO _0_0

werwwnxxwn CREATE REAL SUBDIAGONAL ELEMENTS #wmsexmuss

150 L=LOW +1

@]

DO 1701=L,IGH

LL = MINO(I+1,IGH)

IF (HI(1,I-1) .£Q.0.0) GO TO 170

NORM = CABS(CMPLX(HR(I,I-1),HI(LI-1}))
YR = HR(I,I-1) f NORM

Y1 =HI(LI-1) / NORM

HR(LI-1) = NORM

HI(LI-1)=0.0

DO1551=1,N

SI= YR * HI(1J) - YI * HR(L,5)
HR(1J) = YR * HR(LJ) + YI* HI(LJ)
HI(L)) = SI

155 CONTINUE

C

DO 160J=1,LL
SI=YR* HI(J.h + YI* HR(.])
HR(J.) = YR * HR(,I} - YI = HKJ.])



HI) = 81

16 CONTINUE

¢

DO 1651 = LOW,IGH
SI=YR*ZIUL + YI = ZRUD)
ZR( = YR = ZR(D - YI*ZIJ.D
ZiIy =81

165 CONTINUE

(
1700 CONTINUE
¢ eeveeerees STORE ROOTS ISOLATED BY CBAL »==arssers
1RO DO2NH=1,N
IF (1 .GE.LOW .AND. 1 .LE. IGH} GO TO 200
WR(I) = HR(LI)
WD = Hi(LI)
X)) CONTINUE
¢
EN = 1GlH
TR =00
TE=0.0

C  ses=wvsvwr SEARCH FOR NEXT EIGENVALUE ***»nwuess
220 IF (EN .LT. LOW) GO TO 680
ITS =0
ENMI =EN- |
¢ swwewsess | OOK FOR SINGLE SMALL SUB-DIAGONAL ELEMENT
C FOR L=EN STEP -1 UNTIL LOW DQ -. *»sssszxsx
230 DO 260 LL = LOW, EN
L=EN+LOW-LL
IF (L .EQ. LOW) GO TO 300
IF (ABS(HR(L,L-1)) .LE.
X MACHEP * (ABS(HR(L-1.L-1}} + ABS(HI(L-1,L-1))
X + ABS(HR(L.L)) +ABS(HI(L.L)) GO TO 300
260 CONTINUE
C LA L LR L LR L L FORM sHIFr LR E T R R E 2 T3
300 IF (L .EQ. EN)GO TO 660
IF (ITS .EQ. 30) GO TO 1000
IF (iTS .EQ. 10.0R. ITS .EQ. 20) GO TO 320
SR = HR(EN,EN)
SI = HEN.EN)
XR = HR(ENM1,EN) * HR(EN,ENM1)
X1 = HI(ENM1,EN) * HR(EN,ENM1)
1K (XR .EQ. 0.0 .AND. X1 .EQ. 0.0) GO TO 330
YR = (HR(ENM1,ENM1) - SR}/ 2.0
Y1 = (HKENMI1.ENMI) - SI3/2.0
Z3 = CSQRT(CMPLX(YR**2-YI**2+XR 2.0*YR*Y1+X))
ZZR = REAL(Z3)
ZZ1 = AIMAG(Z3)
IF (YR * ZZR + Y1 * ZZ1 GE. 0.0) GO TO 310
ZZR = -ZZR
771 = -2Z1
310 Z3 = CMPLX(XR,XI) / CMPLX(YR+ZZR, YI+ZZI)
SR = SR - REAL(Z3)
SI = SI- AIMAG(Z3)
GO TO 340
(TR E R T LY ) FORM EXCEP’HONAL SHIF’r EY RIS SR T
320 SR = ABS(HR(EN,ENM1)) + ABS(HR(ENM 1 EN-2))
S1=0.0

C
30 DO36G01=LOW,EN
HR(L.D = HR(L}D) - SR
HE(LD = HI(LD - 81
00 CONTINUE
C
TR=TR + SR



Tl=TI+ Sl

ITS =118 + 1

[T EEE LAY ] RE‘DUCE TO TRI-’\NGLE (RO\\'S) WMERRE BB
LP1=L+1

DO 5001 = LP1, EN

SR = HR(1.I-1)

HR(LI-1) = 0.0

NORM = SQRT(HR(I-1.I-1)*HR(I- 11 D+ HI- 11 DRI 11 1)
X +SR*SR)

XR = HR(I-1.1-1) / NORM

WR(I-1) = XR

XI = HI(I-1.1-1)/ NORM

WI(I-1) = XI

HR(I-1,1-1) = NORM

HI(-1.1-1)= 0.0

HI(LI-1) = SR / NORM

DO4%0) =1 N

YR = HR(I-1.))

Y1i=HI(I-1.])

ZZR = HR(L))

ZZ1=HI(LD

HR(I-1.1)= XR* YR + XI * YI + HI(LI-1) * ZZR

HI(1-1Jy = XR * Y1 - XI* YR + Hi(LI-1) * ZZI

HR{1,)) = XR* ZZR - X1 * ZZI - HI(LI-1) * YR
HIGD) = XR * ZZ1 + XI * ZZR - HI{1,I-1) * Y1

c:490 CONTINUE
CSOO CONTINUE

SI = HEN.EN)

IF (SI .EQ. 0.0) GO TO 540

NORM = CABS(CMPLX(HR(EN,EN),SI))
SR = HR(EN,EN) / NORM
SI=SI/NORM

HR(EN,EN) = NORM

HI(EN,EN) = 0.0

1F (EN .EQ. N) GO TO 540

IPI=EN+1

DO 520)=IP1.N

YR = HR(EN,])

Y[ = HI(ENJ)

HR(EN,J)=SR * YR + S1* YI
HI(EN,J)=SR* YI-SI* YR

520 CONTINUE

C

LB SRt P L INVERSE OPERATION (COLU&\1NS) LA R L LE LD LA

540 DO600J=LP1,EN

C

C

XR = WR(-1)
X1 = WI¢-1)

DOS580I=1,]

YR = HR(1J-1)
YI=0.0

ZZR = HR(L))

ZZ1 = HI{1))

IF (I .EQ.JY GO TO 560

YI=HKIJ-1)
HI(J-1)=XR ™ YI+ XI * YR + HI(J J-1) * ZZI

560 HR(1J-1)=XR* YR - XI™ YI+ HI(JJ-1)* ZZR

HR(IJ) = XR * ZZR + X1 * ZZ1 - HI(J J-1)* YR
HI(IJ)=XR *ZZ! - X1 * ZZR - HI(JJ-1) * YI

CSSO CONTINUE



o sen = LOWIGH

YR = ZR(1J-1)

Y1="7I1J-1)

7R = ZR(L)

YA ANR)]

ZRUJ-D=XR*YR-XI* Y+ HIOJ-D)*7ZR

Z1J- = XR* Yl + XI* YR+ HIJJ-T1) = ZZ1

ZR(IJy= XR*ZZR + X1 * 221 - HIQJJ-1}* YR

Zily= XR* 771 - XI = ZZR - HI{JJ-1) = Y1
590 CONTINUE

(
60 CONTINUE
¢
IF (81 L.EQ. 0.0) GO TO 240
¢

DO63I=1,EN
YR = HR(LEN)
Yl = HI(LEN)
HR(LENY=SR™ YR -SI* YI
HI(LEN) = SR * Y1+ SI* YR
630 CONTINUE
C
DO 60 1= LOW, IGH
YR = ZR(!,EN)
Y1 =ZI(L.LEN)
ZR(LEN)=SR* YR -SI* Yl
ZIGEN)=SR* YI+SI* YR
60 CONTINUE

GO TO 240
C [ETTTYLYEY ) AROOT FOUND EY IR E LY )
660 HR(EN,EN) = HR(EN,EN) + TR
WR(EN) = HR(EN,EN)
HI{EN.EN) = HI(EN,EN} + Tl
WI{EN) = HI(EN,EN)
EN = ENMI
GO TO 220
¢ eseewwsesn aL L ROOTS FOUND. BACKSUBSTITUTE TO FIND
C VECTORS OF UPPER TRIANGULAR FORM #w#*nwwnux
630 NORM =0.0

C
DO7201=1,N
C

DO720J=IN
NORM = NORM + ABS(HR(1.J)) + ABS(HI(1.J))
720 CONTINUE

C
IF (N .EQ. 1..0OR. NORM .EQ. 0.0y GO TO 1001
LEE L L EL L L] FOR EN=N STEP -1 UN'riL 2 'DO e WM NN KN
DOROONN=2N
EN=N+2-NN
XR = WR(EN)
X1 = WIEN)
ENM1=EN-1
C  »vwewwerx EQR [EN-1 STEP -1 UNTIL | DQ - #xasnsanns
DO 78011 =1, ENMI
I=EN-1I
ZZR = HR({LLEN)
771 = HI(LEN)
IF (1 .EQ.ENMI1)GO TO 760
Pl=1+1

DO 740 ) = 1P1, ENM]

ZZR = ZZR + HR(1J) * HR(J.EN) - HI(LJ) * HI{J.EN)

Z21 =ZZ1 + HR(1J} * Hi{(J.EN) + HI{(I.J) * HR{J.EN)
740 CONTINUE



C

760 YR =XR - WR(l)

YI=XI- W)

IF (YR .EQ. 0.0 .AND. Y1 .EQ. 0.0) YR = MACHEP * NORM
Z3 = CMPLN(ZZRZZ1)/ CMPLN(YR.YD)

HR(LEN) = REAL(Z3)

HI(LEN) = AIMAG(Z3)

C?RO CONTINUE
800 CONTINUE

C

T R END BACKSUBSTI‘[‘UTION BRERRERER R
ENM1=N-1

MERRNRNRR N VEC’[‘ORS OF ISOLATED ROOTS MERRRRMN
DO 8401 =1,ENMI
IF (1 .GE. LOW .AND, 1 LE. IGH) GO TO 310
PPl=1+1

DOS20I=1PL.N
ZR{ID = HR{ID
ZI(LYy = HI(LD)

320 CONTINUE

C

840 CONTINUE

C
C
C

seewwnennn MJLTIPLY BY TRANSFORMATION MATRIX TO GIVE
VECTORS OF ORIGINAL FULL MATRIX.
FOR J=N STEP -1 UNTIL LOW+! DO .. wmessswenes
DO 880 1] = LOW, ENM1
J=N+LOW-JJ
M = MINO(J-1,IGH)

DO 830 [ = LOW, IGH
ZZR =ZR(1J)
2Z1=2I(1.))

DO 860 K=LOW, M
ZZR = ZZR + ZR{1.K) * HR(KJ) - ZI(1.K) * HI(K.])
ZZ1 =ZZ1 + ZR(.K) * HI{K.)) + ZI(I.K) * HR(K.J)

860 CONTINUE

C

ZR(I) =ZZR
ZI(L) = ZZI

880 CONTINUE

C

C
C

GO TO 1001
suwnwemnxx SET ERROR -- NO CONVERGENCE TO AN
EIGENVALUE AFTER 30 ITERATIQINS »w»=wxmmex

1000 IERR =EN
1001 RETURN

END





