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Abstract

Current robot manipulators are controlled using methods that do not take into
account the links and joints flexibility. Consequently, tasks are usually carried in a slow
fashion. The objective of this research is to improve the performance of light weight
flexible manipulators by developing dynamic models and control strategies that include
the effects of the links flexibility.

Toward achieving this objective, the dynamic model of 2 single link flexible
manipulator has been developed. Two hermit cubic functions are used in conjunction with
the deflection and the slope at the tip of the link in order to express the deflection at any
point along the link. The model is used to simulate the response of the single link
manipulator and its ability to follow various trajectories under collocated control. Even
though collocated control such as the computed torque method leads to asymptotic
stability in the case of rigid link manipulators, the end point of the single link flexible
manipulator has shown sustained oscillations under this type of control. In order to
improve the perforrance of the single link and reduce the tip deflection, dynamic
stiffening has been added to the link by using the angular position of a point along the

link as the controlled variable. This control method is referred to as the non collocated

iti



control. Simulations of the robot motion under non collocated control has shown a
significant reduction in the position error of the end point.

In order to increase the damping of the flexible link. a new approach referred to
as the Computed Torque/Delayed Deflection (CTDD,) has been used. The CTDD approach
combines the non collocated control with a delayed deflection at the point being used for
non collocation feedback. The fastest decay in the end point vibrations was obtained when
the delay time is selected to be half the period of the lowest frequency in the system.

The CTDD has been extended to the case of a two link flexible manipulator,
Simulations results for the tracking performance of the two link flexible manipulator have
been carried out using two paths: A straight line path and a four points path. The
advantages of using the CTDD approach are outlined by comparing its performance 10

those of a collocated control { computed torque method ) and the non collocated control.
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Chapter 1

General Introduction

1.1 Motivation

Mechan’ ~al manipulators. commonly referred to as robots. have been undergoing
2 very fast evolution from relatively simple systems performing simple tasks to very
sophisticated industrial robots performing very demanding tasks both on carth and in
space. The use of such mechanical devices is justified primarily by their ability to
accurately repeat tedious tasks, and by the ease with which they can be reconfigured or
reprogrammed. As the scope of applications of robots becomes wider, the performance
requirements become more demanding. These requirernents include high operating speeds
and having manipulators with long and light weight members capable of handling large
payloads. Current industrial robots have a very high ratio of arm weight to load carrying
capacity. As an example, for an ASEA RB-6 robot this ratio is in the order of 40:1. This
inherent design drawback is a result of the need for nigid links in order to avoid the

inaccuracies in positioning caused by flexible links. The heavy weight of the rigid links



makes such robots inefficient and not suitable for mobile or space applications. An
alternative to the use of stiff links in the design of robot manipulator is to utilize robot
controllers that can climinate or counteract the vibrations that result when the robot is
equipped with flexible links.

In the past few years, light weight flexible arms have been receiving the attention
of an increasing number of researchers. This attention is dircctly related to the recent
increase in space activities such as the deployment and retrieval of satellites, spacecraft
servicing, and equipment transfer. A typical example of these manipulators is the Shuttie
Remote Manipulator System (SRMS), also known as the CANADARM. This manipulator
was built for the National Acronautic and Space Administration (NASA) by Spar
Aerospace Limited of Canada. To be able to accomplish its objectives in space, the SRMS
is 15 meters long when fully extended and capable of handling payloads up to 30,000 kg.
The SRMS is made out of light weight composite material and has a weight of about 450
kg. The lowest frequency of oscillation of the SRMS when the joints are locked varies
between 0.04 and 0.4 Hz depending on the payload and on the configuration [51]. The
control system employed to control the end point of the SRMS uses fecdback information
from the joint sensors in order to determine the torques of the actuators. The position,
velocity and acceleration of the end point are not directly sensed, instcad, they are
inferred from the joint sensors. The speed of the end point varies between .06 m/s when
the manipulator is fully loaded and 0.6 n/s with no load.

It is believed that light weight flexible manipulators simnilar to the SRMS will play

a very important role in the construction of the Space Station Alpha. The design of the



Space Station Remote Manipulator System (SSRMS) has been envisioned and planned.
The SSRMS will be approximately 17 meters in length with seven degrees of freedom,
and like the SRMS, will be capable of handling large and heavy payloads.

The position of the end point in a robot manipulator is. in general, affected by the
flexibility at the joints and by the deflections of the links. The contribution of cach of the
Joint flexibility and the link deflection may vary considerably depending on the given
robot design. The current heavy weight and rigid industrial robots with their bulky links
cxhibit a relatively large joint deflection that can seriously affect the system precision. On
the other hand. the precision of light weight manipulators such as the SRMS, is severally
affected by the deflections of the links.

Manipulators with lightweight flexible arms have many advantages as comparcd
to their rigid counterparts. They require less material, smatler actuators, and lower energy
consumption. They are also more mancuverable and more transportable, a feature very
useful for space applications. Light weight manipulator are also less hazardous because
of their low momentum, and their pliability when they come in contact with obstacles.

Historically, manipulator systems with light weight flexible arms did not find a
favorable place in industry due to the fact that the response of the arm’s end point is
severally affected by the flexibility of the links. Even though the SRMS has Been
performing reliably for many years, operations are sometimes delayed while the operators
wait for the end point oscillations to damp out. It was reported in the literature [1], that
a recent study dealing with the initial phases of space station assembly suggested that out

of 47 hours of robot operation time, 10 to 15 hours will be spend waiting for the



oscillations to settle down.

1.2 Objective

In order to exploit the advantages of light weight manipulators and climinate the
cnd point oscillations, a sophisticated control system is nceded. Also, to develop this
control system. a suitable dynamic model including the flexible modes needs to be
developed. Once an accurate model of the flexible manipulator is derived. the problem
of controlling its end point has to be addressed. The main objective of this work is to
contribute to the fundamental understanding of the dynamics and control of flexible
manipulators. In the casc of manipulators with rigid links. it is assumed that the tip
position can be accurately deduced from the joint angle and the knowledge of the length
of each link, and consequently, the controller uses the joint angle as the only feedback
signal. This assumption is justified in view of the rigidity of the links. For the end point
control of manipulators with flexible links, the joint angle cannot be used as the sole
feedback signal. Furthermore, link oscillations are reduced either passively by introducing
viscous dampers 1o increase the structural damping or actively by using external actuators
and feedback control. Passive vibrations control has gained little support since it requires
the addition of physical clements for energy dissipation. Active controllers are limited
only by the capacities of the actuators and feedback elements. The position of the end
point must be measured and used as another feedback signal. A control method widely
advocated for the control of rigid link manipulators is that of computed torque. In this

method the,'system equations are linearized and decoupled through 2 computed ponlinear



feedback. When the same technique is used to control a flexible arm, the lincarization

property is lost owing to the kincmatics and dynamics behavior of the flexible links {22).

1.3 Thesis Qutline

The layout of this thesis is as follows. First, an cxtended review of the litcrature
dealing with the dynamics and control of light weight flexible manipulators is presented
in Chapter 2. Due to the large number of research papers dealing with this problem, this
revicw has been divided into threc parts: Dynamic modelling. Control. and
Implementation issucs. Chapter 3 deals with the dynamic modelling of a onc link flexibie
manipulator having a payload at the tip. Some simulation results for the dynamic model
arc also presented in this chapter. In Chapter 4, the effect of the desired trajectory on the
dynamic behavior of the tip of a one link flexible manipulator has been investigated using
four types of trajectories. These trajectories have different degrees of smoothness. In this
chapter. the cffect of using the absolute angle of a point along the link for feedback has
also been studied. and the non minimum phase behavior of the system when the absolute
angle of the tip is used for feedback has been outlined. In Chapter 5. a new approach
using time delay has been introduced as an alternative method for the control of the
oscillations at the tip of a one link flexible manipulator. After a brief introduction to time
delayed systems in Section 5.1, an overview of the posicast control and the input/output
linearization using time delay is presented in Section 5.2. In Section 5.3, the Computed
Torque/Delayed Deflection approach (CTDD) is introduced. Simulati.ons results showing

the effects of the delay time and the payload on the system's performance are presented



in Scction 5.3.2. Chapter 6 presents the derivations of the dynamic model of a
manipulator having two flexible links. Simulation results for several initial conditions
have been carried out and are presented in this Chapter. In Chapter 7. Collocated control
is employed in an attempt to control the end point along a specified trajectory. The two
collocated control schemes used arc the independent joint PD and the computed torque
method. Chapter 8 presents the non-collocated control of the end point of the two link
flexible manipulator as well as the use of time delay in order to introduce active damping
into the system. A comparative study of the collocated control ( computed torque ), the
non-collocated control and the non collocated control with time delay has been carried
out and simulation results are presented. Chapter 9 concludes this thesis with an outline
of the results reached throughout this work and some recommendations for furure

research.



Chapter 2

Literature Review

2.1 Introduction

Reported studies on flexible manipulators has been primarily carried out with
special emphasis either on the dynamic modelling or on the design of an appropriate
control strategy to control the end effector. In this chapter. the literature review is
presented in three sections. The first deals with the different techniques and formulations
used to develop a dynamic model describing the motion of manipulators with fiexible
links. The second section deals with the problem of controiling the end effector and the
different control techniques adopted in the literature to reduce the vibrations. In the third

section, several reporied experimental results are discussed.

2.2 Dynamic Modelling of Flexible Link Manipulators
Manipulators with flexible links are continuous dynamical systems represented by

an infinite number of degrees of freedom and arc governed by 2 set of nonlinear, coupled,



partial diffcrential equations. The exact solution of thesc equations is usually not feasible.
Hence it is necessary to approximate these infinite dimensional systems by a finite
number of degrees of freedom representing the deflection of the links. Two methods are
commonly used: The assumed modes method and the finite clements method. In the
assumed modes method, the deflection of the link is represented by a truncated scrics in
terms of the mode shape functions and the time varying mode amplitudes. The mode
shape functions can be obtained by solving the Euler-Bernoulli beam equation for flexural
vibrations under a specified link boundary conditions. The clamped-free or pinned frec
boundary conditions arc usually considered. There are several ways to choosc the
boundary conditions and the mode shapes of a flexible link. In [12]. Book showced that
clamped boundary conditions leads to a physically measurable joint variables and simpler
coefficicats of the jdint torques. In [2]. Asada ct al. showed that using a pinned boundary
condition reduces the complexity of the dynamic equations and it was found to be very
effective in trajectory control. The coordinates system used in Asada’s work is referred
to as the Virwal Rigid Link System (VRLS). The main disadvantage of this type of
coordinates system is that the control variables, the joint angles, are not expressed
explicitly in the resulting dynamic equations. It was also reported by Rex J. Theodore and
Ashitava Ghosal [73] that if the beam to hub inertia is very low (0.1 or less), the use of
clamped boundary conditions gives better results when compared with the pinned
boundary conditions. In order to investigate the case of flexible manipulators with
revolute and prismatic joint, J. Yuh and T. Young [90], considered an axially moving

flexible beam in rotation. the beam was treated as a clamped-frec beam with variable



length, and the assumed modes method was used to approximate the dynamics of the
systém. A similar casc was considered by K. W. Buffinton [13] where the cquations of
motion of a two degrees of frecdom clastic manipulator with prismatic joint have been
derived. The manipulator consists of a uniform clastic beam capable of translating over
arigid support which is attached to a rotating base. It has been found that the usc of only
two modes is sufficient to describe the flexibility of the beam.

In the finite elem2nt method, each flexible link is considered as an asscmblage of
a finitc number of elements. The displacement at any point along these clements is
expressed in terms of a finitc number of displacements at the noda! points (which arc
usually located at thc two cnds of the clement) multiplied by the hermit cubics
polynomial interpolation functions. The equation of motion of the entire fiexible link is
then obtained by deriving the equations of motion of the elements and then suitably
assemnbling them. Compared to the assumed modes method. the finite element method
proved to be more favourable as shown by Gaultier and Cleghorn [30]. In their work.
Gaultier and Cleghomn have developed a finite clement model of a spatially translating
and rotating beam including the effects of axial forces on lateral deformations. The
advantage of the finite element method over the assumed modes method is duc in part to
the fact that the eigenvalues of the system are not required for the calculation. In contrast,
for the assumed modes method. the eigenvalues of the system have to be computed for
each configuration of the manipulator. The finite clement method can also acéommodate
links with iregular shapes by discritizing the link into several sections. Ben Jonker [34]

presented a finite element based method for analyzing the dynamic behaviour of a flexible



manipulator with threc degrees of freedom. Both links and joints flexibilities werc
considered. Results including the effects of the manipulator's control system have been
reported. Another finite element model has been reported by Karla and Sharan [35]. In
this study, the dynamic equations of a two link flexible manipulator were derived and the
cffects of including the axial strains as one of the nodal coordinates in the finite element
model were outlined. Cubic interpolation functions are uscd to model the axial and
torsional deformations. Lateral deformations are modeled with quintic polynomial
intcrpolation functions.

Similar to the casc of rigid link manipulators. Newton-Euler and Lagrangian
formulations arc generally adopted to derive the dynamic equations of light weight
flexible manipulators. When used in a recursive form, Newton-Euler is computationally
advantageous especially when thc system under consideration has a large number of
degrees of freedom. The Lagrangian formulation is usually preferred when a closed form
expressions of the dynamic terms are desired. W. J. Book [12], proposed a recursive
method to develop a dynamic model for flexible manipulator arms. This method is based
on the Lagrangian formulation and on 2 4 by 4 homogeneous transformation matrices
representing the rigid and flexible motion. The recursive nature of this method gives it
a very high efficiency in terms of computation time, however the lack of a closed form
represcntation of the system equations makes it not suitable for control purposes. A
gencralization of Newton-Euler formulation of the dynamic equations to flexible
manipulators is proposed by Y. Hang and C.S. G. Lee [33]. In this formulation, a first

order lumped mass/spring model is used. Each link is divided into segments and the
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parameters of secgment i are lumped with the node connecting segment i to segment i-1.
The deflection of scgment i is modeled by a spring located at node i. This model is
cxpanded to further deal with links cxhibiting large deformation. A similar lumped mass
model has been derived by V. Feliu ct al. [29]. P. B. Usoro ct al. [81] used a finite
clement Lagrangian approach which makes usc of the Generalized Inertia Matrix (GIM)
concept. Each link of the manipulator is treated as an assemnblage of a finite number of
elements. For ecach clement. the kinctic and potential cnergics are derived and then
suitably combined to derive the dynamic model of the over all system. An cxample of
two link flexible manipulator with two clements per link is used in the analysis. The
resulting dynamic model is extremely non lincar and complex. M. Benati and Morro [7].
used the Lagrangian approach and the assumed mode method to model a chain of flexible
links. Only the first two modes of the clamped beam are considered. In dealing with the
problem of the mass boundary condition. cach link is assumed to have a mass at its end
representing the masses of all the subsequent links. The two modes are expressed in terms
of the deflection and the slope of the end point with the mass boundary condition. To
illustrate this method, a two link chain is used with only the first link being flexibie. The
main advantage of the approach presented in this paper is that it leads to explicit dynamic
equations in terms of well defined geometrical parameters. The deflection and the slope
at the tip of a flexible link were used also by L. W Chang [17] to describe the motion of
a flexible link with respect to the Equivalent Rigid Link System (ERLS) that was used
to describe the joint motion. The idea of an Equivalent Rigid Link System was first

introduced by L. W. Chang and J. F. Hamilton {18,19] in order to describe the kineinatics
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and dynamics of manipulators with flexible links. Experimental validation of a dynamic
model based on the Equivalent Rigid Link System has becn reported by R. P. Petroka and
L. W. Chang [55] and the results secem to be in good agreements with the theoretical
ones. In [24]. A. De Luca and B. Siciliano derived a closed form dynamic model of a
planar two-link flexible arm where each link is modelled as an Euler-Bernouilli beam of
uniform density with a payload at the tip of cach link. The main problem cncountered in
this paper is the time varying boundary conditions of the inger link. In order to denive the
shape functions describing the deflection of the inner kink. it was assumed that the outer
link is lumped at the tip of the inner link. Hamiltonian dynamics was also used by K.
H. Low and M. Vidyasagar {45] and M. Benati and A Morro [8] in order to cxpress the
dynamic equations of manipulators containing both rigid and flexible links. The resulting
equations were organized into a state space form for control purposes. Developing the
equations of motion of a multi-link flexible manipulator by hand becomes almost
impossible as the number of flexible links and the number of degrees of freedom
increases. To solve this problem. and with increased computational power, several
researchers such as W, J. Book [12] have developed methods that lead to computer
generated equations of motion. These methods, in general do not give the equations of
motion in a closed form which is usually used in designing a suitable controller. In order
to obtain a computer generated equations of motion in a closed form, computer programs
such as MAPLE V and MACSYMA arc being used. Thesc computer programs arc

capable of performing symbolic calculations.
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2.3 Control of Flexible Manipulators

Most of today's robots use the same control strategics used to control rigid link
manipulators. Such control strategics cmploy only sensors that are collocated with
actuators and cach joint is typically controlled independently. Thus, to control the end
point, the desired position is converted through kinematics into the cquivalent angle that
each of the robot joints must assume. At cach of these joints, a servo-loop made of an
actuator along with a collocated sensor is used. These servo loops drive the joints
simultanecously to the desired angles through a conventional PID control action. An
attempt to use the collocated control method for the position control 2 chain of flexible
robots have been made by E. Bayo [5], E. Bayo and B. Paden [6], A. De Luca and B.
Siciliano [23]. Methods similar to the computed torque techniques have been used to
control the end point position of an open chain fiexible robots. A. Shchuka and A. A.
Goldenberg [61]. proposed a feedforward technique along with a PD feedback controller
to control the tip of a single link flexible arm. This technique uses a pre-computed torque
to achieve a dominant pole-zero cancellation. The inherent flexibility of light weight
manipulator makes it impossible to achieve high precision when a collocated control
scheme is used. In this respect, more efficient and sophisticated controllers are required
to control the joint motion as well as to position the end effector. The end point control
of flexible link manipulators is 2 non collocated control problem since the action is
usually carried out at the joint while the controlled variable is the position of the end
point. The non collocation of actuators and sensors may in fact lead to an unstable system

as shown by Dong-Soo Kwon and W. J. Book [43]. In [72], V. A. Spector and H,
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Flashner investigated the sensitivity of structural models for non collocated control
systems. A representative example of noncollocated control systems consisting of a
pinned-free beam with end point mass and inertia has been used. The beam is cquipped
with several sensors which are distributed along its length. M. S. Kang and B. Yang [36]
presented a discrete time non collocated control of flexible mechanical systems.
Recently. a new approach for non collocated control of flexible mechanical
systems have been reported by B. Yang and C. D. Mote, Jr [85-88]. 1t has been shown
that the destabilizing effect caused by the non collocation of actuators and sensors is
eliminated through introduction of specific time delay in the control system. An axially
moving flexible string has been used in {85] and in [88] to show that the time delay
allows an exact prediction of the system response at one point by measuring the vibration
at another point on the flexible string. A similar control scheme referred to as TDC
(Time Delay Control) has been reported in the literature. The TDC consists of using
delayed feedback signals in order to calculate the present control action. In [76]. K.
Youcef Toumi and O. Ito have used the TDC in the control of systems with unknown
dynamics and unexpected disturbance. It was shown that by using past observation of the
system's response and the control input, estimation of the function representing the cffect
of uncertainties can be achieved. It éssumed that all the state variables and estimates of
their delayed derivatives are accessible. Sufficient conditions for the stability of uncertain
linear systems under time delay control have been presented by K. Youcef Toumi and J.
Bobbett [74]. TDC has also been used to achieve Input/output linearization of a class of

non-linear systems as shown by K. Youcef Toumni {78]. This linearization, unlike the
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control based on non-lincar inversion introduced by S. N. Signh and A. A. Schy [68.69].
requires a little apriori knowledge of the system dynamics. A decentralized version of the
time delay controller was presented in [75] by K. Youcef Toumi and T. A. Fuhlbridge
and in [31] by T. C. Hsia and L. S. Gao. In {31]. the controller was implemented on a
two degrees of freedom manipulator with rigid links and showed successful experimental
results. It has been shown also that the simple structure of this type of controller allows
a higher sampling rate to be used in order to meet the requirements of high speed
operation. A combination of Model Reference Control and Time Delay for the control of
non linear plants with unknown dynamic;has been investigated by K. Youcef Toumi and
0. Ito [77]. The controller uses the time delay to directly estimate the unknown dynarnics
and inserts the desired model dynamics into the plant.

Several researchers have investigated alternative methods to control the tip of light
weight flexible manipulators. The use of perturbation techniques have shown to be
cffcctive. In these techniques. the dynamic system of the flexible manipulator is
decomposed into two subsystems. a slow subsystem corresponding to the rigid body
motion and 2 fast subsystem corresponding to the flexible motion. In this way. rigid link
contro! techniques can be used to design a controller for the siow sub-system. and linecar
optimal control techniques can be used to design a controller for the fast sub-system. B.
Siciliano and W. J. Book [62]. and F. Khorrami and U. Ozguner [38], used a singular
perturbation approach to control 2 one link flexible manipulator. Recently, B. Siciliano
et al. [63] extended the use of this technique to control a two link flexible manipulator.

S. N. Singh and A. A. Schy [67,68] used 2 non linear inversion technique along with a
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linear stabilizer to control a three degrees of freedom robot with the last link being
flexible. The non lincar decoupling control law is used for the control of the joint angles
and the lincar stabilizer is used to dampen the oscillations. This stabilizer is based on the
LQ optimal control technique. F. Pfeiffer and B. Gebber [56] used a three stage controller
to control a three degree of freedom robot with links and joints flexibility. The three
stages arc as follows: First an optimal reference trajectory for the tip of a rigid robot is
generated, Second. the deviations from the path duc to structural clasticity arc
compensated for by a correction in the feedforward path. The third step consists of
dampening the residual vibrations by an additional feedback of the deflection at the tip.
A non linear compcnsation technique has been used by I A. Castelazo and H. Lee [16]
in order to control the position of a single link flexible manipulator. This technique uses
products of state variables in the feedback to obtain a lightly damped system in the
beginning of a step response and a more heavily damped system when the link is close
to the steady state position.

Variable structure system (VSS), has been also investigated as 2 mean for the
control of robots with flexible links. P. J. Nathan and S. N. Singh [50], presented a design
approach for controlling 2 two link flexible robot based on VSS theory and pole
assignment techniques for stabilization. Simulation for tracking a third order filter
generated trajectory was performed. The chattering effects associated with sliding mode
control were considered by Y. P. Chen and K. S. Yeung [20] by introducing sliding layer
functions.

Model Reference Adaptive Control (MRAC) techniques have been used by J. Z.
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Sasiadck and R. Srinivazan [58] in order to control a single-link fiexible manipulator. In
[70]. M. Skowronski used the MRAC to control a two arm flexible manipulators subjected
to unccrtainty in the payload and arms inertias,

The process of Input/Output feedback linearization has been used by A. De Luca
and Siciliano [23]. D. Wang and M. Vidiasagar [82.83). and P. Lucibcllo [46] and P.
Lucibello and M. D. Di Benedetto [47]. It has been shown that because the number of
outputs is larger than the number of inputs, part of the dynamics of the flexible
manipulator becomes unobservable. These unobservable dynamics represent the motion
of the flexible sub-system. To examine the stability of the unobservable dynamics. the
systems outputs arc forced to move 2long an assigned trajectory by choosing appropriate
joint torques. The unobservable dyramics are also referred as the zero dynamics of the
system. F. Khorami [37]. showed that if the output of a single link flexible manipulator
15 chosen as the position of the joint angle. and no viscous damping is present in the
modal, the zero dynamics are critically stable. However. the zero dynamics are unstable
if the position of the tip is chosen as an output. The same results are reported by P.
Lucibello [46] for the casc of a two link planar robot where only the second link is
considered to be flexible and only one parabolic mode is used to model the flexible link,
Other approaches used to improve the response of flexible manipulators involves shaping
the reference command input. P. H. Meckl and W. P, Seering [48] were able to reduce
the vibration in a Cartesian robot by choosing shaped force inputs that minimize the
energy of the system at the natural frequencies. N. C. Singer and W. P. Seering [64] have

used a series of impulses in order to remove the undesirable frequencies. It has been
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shown that a sequence of three impulses is more robust than a sequence of two impulses.
This method can be extended to systems with multiple modes of vibration. In [93], K.
Zuo and David Wang have used the shape input technique in the closed loop control of
a class of manipulators with a single flexible link. The controller design is based on the
inverse dynamics of the rigid manipulator and the usc of a closed loop shaped input filter
to reduce the vibrations of the flexible link and to reject any external disturbances. Similar
techniques were also used by A. H. Von Flotow and B. Schifer [28] in order to design

a wave absorbing controlier for a flexible beam.

2.4 Implementation Issues

The assumptions made during the derivation of the dynamic model of a flexible
manipulator render the construction of an experimental model very challenging. Robert
H. Cannon and E. Schmitz [15] have constructed an experimental, 1 m long, single link
flexible manipulator which can bend freely in the horizontal plane but not the vertical
plane or in torsion. In order to limit the deflection to one plane, two thin aluminium
beams werc connected to a series of flexible bridges which act as pinned joints for
horizontal bending. Oacley Celia Marie [52] used air cushion supports at the elbow and
at the end point of a horizontal two link flexible manipulator in order to provide torsional
stiffness for the link.

If sensors and actuators are not selected properly, they may significantly increase
the complexity of manipulators with flexible links. the sensors are used to measure the

joint angles and their rates as well as the manipulator end point location. Position
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encoders and tacho-generators are usually used to measure the joint variables. in order to
measure the position and the velocity of the end point of a flexible arm, several
techniques are being used. Robert H. Cannon and E. Schmitz [15] used a dircet drive DC
motor along with a film wire potentiometer and an analog tachometer for the feedback
of the joint position and the joint velocity, respectively. The other end point of the arm
is equipped with a small light bulb for optical sensing of the tip position. The tip sensor
consists of a focusing lens located 1 m above the light bulb. A lincar fast silicon
photodetector is located behind the lens providing two analog voliages which represent
the x and y position of the light spot created by the light bulb at the tip. In [52). Oacley
Celia Marie used two brushless DC motors at each of the joints of a two link flexible
manipulator. To measure the joint angles, rotary variable differential transformers
(RVDT's) are being used. The angular rate signals were generated dy passing the RVDT
signals through analog bandpass filters. End point sensing has been achieved through a
CCD attached to the ceiling directly above the two link manipulator and tracks an optical
target located at the manipulator end point. Another end point position sensor has been
proposed by F. Demeester and H. V. Brussel [25]. This sensor is called DIOMEDES
(Dlodes Optical System for MEasuring Structural DEflectionS). The sensor uses three
semiconductor laser diodes and three Position Sensitive Detectors (PSD's). The laser
diodes are mounted at one end of the link and the PSD's are mounted at the other end
The PSD's are arranged such that they make an equilateral triangle in a plane parallel to
the plane of the three laser diodes. To demonstrate the feasibility of the optical sensor,

a flexible aluminum beam with a rectangular cross section is used in this experiment.
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Chapter 3

Dynamics of a one link Flexible Manipulator

3.1. Introduction

In this chapter, the dynamic model of a one link flexible manipulator is derived.
The method used in the derivation is based on the Lagrangian formulation and the
Generalized Inertia Matrix concept [81]. Two cubic interpolation functions are used to
model the deflection of the link [17,18,19]. In Section 3.2, the GIM (Generalized Inertia
Matrix) of a single link and the GIM of a load attached at the tip of the link are derived.
The total kinetic energy of the link and the load is derived from the overall inertia matrix
of the system and presented in Section 3.3. The link is assumed to operate in a gravity-
free environment, therefore, only the elastic potential energy is considered and its
derivation is presented in Section 3.4. The dynamic equations of the flexible link are
derived in Section 3.5. After obtaining the dynamic model, two simulations were
performed. The first simulation is to check the response of the system when it is subjected

to an initial deformation, and the second simulation is to investigate the effect of an input

20



torque at the joint on the motion of the tip. The results of these two test are discussed in

section 3.6 .

3.2. Generalized Inertia Matrix (GIM)

3.2.1 GIM of the flexible link

With reference to Figure 3.1, the transformation of oxy into OXY is given by:

3.1

,_(cose -sinH]
sinf cosé

The position of a point P on the link is represented in the frame oxy by a vecior r,, as:

rml\- =Lx u(x,f)lT 32

x is the position of P along an axis tangent to the link and u(x.y) is the deflection of the
link at P in the oxy plane. u(x.) can be expressed in terms of the tip deflection &, the

tip slope 8., and the shape functions ¢,(x) and &,(x) as:

u(ed) = 6,(0) €, 6,(0)8,

L)
[FH]

=%y
n=[ & §&.]" is a vector representing the deflection and the slope at the tip of the link
and ®x)=[ ¢,(x} .(x) ] is a vector representing the shape functions used to model the
deflection along the link. The functions ¢,(x) and ¢.(x) are the cubic interpolation .

functions given by [17,18,19]:

61@)=3(7)-2(3) 34
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¢:(x)=-1(§)2+1(§)3 3.5

The cubic interpolation functions are usually used in the finite elements method
where the flexible link is considered as an assemblage of a finite number of smiall
elements. By requiring the internal forces to be in balance and the displacements to be
compatible at certain points known as nodes. the entire link is compelled to act as one
entity [73]. It was shown in {73] that when » elements are used to model a flexible link
with a clamped-free boundary conditions, the first » natural frequencies are within
acceptable accuracy. Another set of shape functions commonly used in the modelling of
flexible links is based on trigonometric functions. This set of functions is usually
associated with the assumed modes method. Trigonometric functions are defined over the
entire length of the link while the cubic interpolation functions are defined over each
element. The use of the trigonometric functions leads to complicated integrations in order
to obtain expressions for the mass and stiffness matrices. Furthermore, for the assumed
modes methods, and when the exact boundary conditions are used, the frequency equation
used to obtain the eigenvalues of the link becomes time dependent. As an example of this
complication is the case of a flexible multi-link manipulator with revolute joints in which
the mass boundary condition of the first link depends on the configuration of the other
links.

In this study, the finite élement method was adopted in order to derive a model

for the flexible link manipulator. Due to the fact that only the first few modes are to be
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considered and to avoid further complication in the dynamic model, only one element is

used to represent the flexible link.

Assuming that the element is homogeneous with a uniform cross section, the

kinetic energy can be written as:

i

T
T,= 2| 4r)|dry, 36
2 dt] |dr

o

where r is the position of point P expressed in the fixed frame OXY and given by:
r= R:Jraw 3.7

Since r is a function of the joint angle 6 and the tip coordinates £, and §.. its time

derivative is obtained using the chain rule and is given by:

»
or_or  or or 3 3.8
o |30 QE, o8, 3‘

Substituting Equation 3.8 into Equation 3.6, the kinetic energy can be written in matrix

T ——. M 7 39

Where g={ 0 E_ 8, ]” represents the generalized coordinates of the overall motion of the

flexible link and M, is the Generalized Inertia Matrix of the link and given by:



o Jor or 3.10
6 9, &

The elements of the 3x3. positive definite matrix M, are computed using MAPLE .

Details of the derivation are presented in appendix B.

3.2.2 GIM of a payload at the tip of the link

The total kinetic energy of the one link flexible manipulator shown in Figure 3.2,
is given by the Kkinetic energy associated with the link having a distributed mass m per
unit length and the payload at the tip with a concentrated mass m; and a moment of
inertia J,. The absolute position of the center of mass of the payload located at the tp of

the link is given by:

reRl &) 3.1

The kinetic energy of the payload is:

.
O O 1, 2 3.12
a a 257¢

1
TfE"’L

where @ _=8+8_ is the total anguiar velocity of the tip. The vector r, in Equation 3.11

! A system of algebraic computation
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is a function of § and _. therefore, its time derivative is given by:

‘ 3.13
€,

Substituting Equation 3.13 into 3.12 and rearranging lead to the following expression of

the kinetic energy T,.

1. .
TL=;qTMLq 3.14

where M, is the GIM associated with the payload and is given by:

'ar;r- .ame-
0 5 5 b
M, =m | &TI2 Ze ol 0 9, 9, 3.15
2 EER * %,
O, ow,
0 3. |

3.3 Total Kinetic Energy

The overall inertia matrix of the flexible link s»own in Figure 3.2 is obtained by
adding the mass matrix of the link without any payload, given by Equation 3.10, and the
mass matrix of the load given by equation 3.15. The vector ¢ and the overall inertia

matrix can be partitioned into rigid and flexible sub-systems as follows:

g=[8 -,,T]T 3.16
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M My

My [M]

3.17

where 6 represents the rigid link coordinate and 7 represent the link flexture coordinates.

M _ is a scaler representing the inertia associated with the rigid body motion

—]dx 3.18

M, is 2 vector representing the coupling between the rigid and the flexible motions
!
T
o] |on
0

and M| is a 2x2 matrix representing the mass matrix of the flexible element.

{

X

arT
-

O | 3.20
an

The total kinetic energy of the flexible link is obtained by adding the kinetic energy of
link without payload T, and the kinetic energy of the payload 7. Using the partitioned

matrix M given by Equation 3.17, and the partioned vector ¢ given by Equation 3.16, the
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total kinetic energy can be written as:

ot

Tapp2 1. . .
= M8 o0 M+ M

In Equation 3.21, the first term represents the kinetic energy associated with the rigid
system, the second term is the kinetic energy of the flexible system and the third term is

the coupling between the rigid and the flexible sub-systems.

3.4 Potential Energy

In general. the potential energy is composed of two parts: gravitational potential
energy and elastic potential energy. In this study. only the elastic part is considered since
the link is confined to move and flex only in the horizontal plane. The elastic potential
energy of a flexible link can be expressed in terms of the elastic modulus £, the cross

sectional moment of inertia /, and the deflection u(x,7) as:

v-1 EI[‘“ ]-dr 322
2 &’
0
The term [% can be expressed in terms of $=[¢,(x) ,(x)]” and 7 as follows:

3 72 2 2 T
Tu|" a2, 3.23
&2 de? || dx?
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The potential energy can be written in a quadratic form as a function of the vector 7 as

follows:

U=17"Kn 3.24

where K is the stiffness matrix of the link and is given by:

W
[
wn

- 3 T
K=El d""] Chu A
dx-

0

3.5 Equations of Motion

The equations of motion of the flexible link can be obtained using the Lagrangian
formulation. The generalized force corresponding to the joint variable © is the input
torque . For the variables E_ and 5, the corresponding generalized forces are zero. The

general form of Lagrange’s equation of motion for the joint variable 8 is given by:

d oL

oL __
% 3.26

and for the variables £, and &, (represented by the vector 1) is:

d oLy 3L 397

@' o

where L=T+U is the Lagrangian of the system, T is the tota! kinetic energy, and U is the
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total potential energy. Symbolic closed form equations can be obtained by substituting
for the kinetic and potential energies in Equations 3.26 and 3.27 and differentiating. This

gtves the following system of equations:

H

r

H,

s

Gr
G,

M) m"

M, M}

‘6-1-

n

VR

all the terms in Equation 3.28 are derived using MAPLE and the detailed algorithms with

the resulting equations are presented in appendix B. H, and H ¢ represent the Coriolis and

the centrifugal terms. G represents the stiffness term. (.), and () represent the rigid and

flexible motion. respectively.

Hr=Mr9"‘M;ﬁ‘§

_ 1 TaK -~
G’ = ET;’ 35-7] 3.30

A% '.-I.TaMf._laMr :_ aM;f 3.31
H=Mp+Mga 21 5 761;9 Ba_n'q .
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G,=Kn

f 3.32

For a one link flexible manipulator, the matrices M. K and M, are constant. M, is time

varying and depends only on the coordinates describing the flexible motion. Consequently.

Equations 3.29, 3.30 and 3.31 reduce respectively to:

oM
r:—’f)o
o
M . . M 333
=—1E 9+—15 8
aE,E‘ e, ¢
G- 3.34
1 aM',_ -
H = -——
2oy
oM.
] ‘9_2 aE, 3.35
2 (M
&e

3.6 Simulation Results

The physical parameters of the one link manipulators used in the analysis are

shown in Table 3.1.
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Mass (kg/m) Length (m) Stiffness (N.m’)
m ] El

1.0 1.0 100.0

Table 3.1: Physical parameters of the one link flexible manipulator.

This link is equivalent to a steel bar with 2 modulus of elasticity E=2.0 10" N/m® and a
circular cross section with a diameter d=10 mm. It is assumed that no structural damping
is present.

In order to test the dynamic model of the flexible link. two cases were
investigated. The first is when the joint is clamped and the tip is subjected to an initial
deformation £,=0.01 m as illustrated in Figure 3.3. The second case is when an input
torque is being applied at the joint with zero initial deformation as illustrated in Figure
3.4. Figures 3.5 and 3.6 show the tip deflection and the tip slope respectively. when there
is no load at the tip of the link. Due to the absence of any structural damping in the
model, all the elastic energy stored in the system due to the initial tip deflection is
transformed into kinetic energy. The presence of the two vibration modes is apparent in
these two Figures. Figures 3.7 and 3.8 show the effect of adding a load of mass m =1.0
kg and inertia [;=0.1 kg.m® at the tip of the flexible link. A significant reduction in the
frequencies of the link is observed. The maximum tip deflection and maximum tip slope
have also increased due to the added load.

The simulation results due to an applied torque and due to a zero initial

deformation are shown in Figures 3.9 to 3.14. During this test, the motor at the joint was
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given a step input ( from 8=0 to 6=n/10 ). The motion of the joint angle due to the step
input is shown in Figure 3.9. The presence of the two modes representing the flexible
motion as well as the one representing the rigid body motion can be clearly seen in this
figure. The large overshoot in the rigid body motion is due the absence of joint damping.
The deflection and the slope at the tip of the link during the rigid body motion are shown
in Figures 3.10 and 3.11, respectively. It can be seen from these two figures that the
maximum tip deflection and slope are attained when the rigid body motion is at the
maximum acceleration. The effect of adding a load of mass m_=1.0 kg and inertia I, =0.1
kg.m" on the rigid body motion as well as on the motion of tip is shown in Figures 3.12
to 3.14. Figure 3.12 shows the motion of the joint angle. It can be seen from this figure
that the frequencies of oscillation have been reduced due to the load at the tip and that
the overall rigid body motion is slower than that in Figure 3.9. The tip deflection and
slope. when a payload is attached at the tip of the link, are shown in Figures 3.13 and
3.14. The reduction in the oscillation frequencies due to the added payload is apparent

in these two figures.
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Figure 3.2: One Link Flexible Manipulator
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Figure 3.4:
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Figure 3.3: Configuration of the link with the initial deformation
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Configuration of the link subjected to a joint torque.
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Figure 3.5:
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Figure 3.7: Tip deflection due to an initial deformation £(0)=0.01 m.
m, =1.0 kg and 1,=0.1 kg.m".
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Figure 3.8: Tip slope due to an initial deformation £ (0)=0.01 m.
m,=1.0 kg and [,=0.1 kg.m’.
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Figure 3.9: Motion of the joint angle due to an input torque and zero initial
deformation. m,=0.0 kg and 1,=0.0 kg.m".
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Figure 3.10: Tip deflection to an input torque and zero initial deformation.
m, =0 kg and I,=0 kg.m’.
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Figure 3.11: Tip slope due to an input torque zero initial deformation.

m,=0.0 kg and [;=0.0 kg.m’.
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Figure 3.12: Motion of the joint angle due to an input torque and zero initial

deformation. m,=1.0 kg and I,=0.1 kg.m’.
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Figure 3.13: Tip defiection due to an input torque zero initial deformation.
m,=1.0 kg and 1;=0.1 kg.m*.
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Figure 3.14: Tip slope due to an input torque and zero initial deformation.
m,=1.0 kg and [,=0.1 kg.m’.
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Chapter 4

Control of a One link Flexii)le Manipulator

4.1 Introduction

In the case of the control of manipulators with rigid links, it is assumed that the
tp position can be accurately deduced from the joint angle and the knowledge of the
length of each link. This assumption is justified in view of the rigidity of the links,
consequently, the controller uses the joint angle as the only feedback signal. In the case
of the control of the end point position of 2 manipulator with flexible links, the joint
angle cannot be used as the sole feedback signal. The position of the end point must be
mezsured and used as another feedback signal. One way to control a rigid arm is to use
the computed torque method, which decouples and linearizes the system equations through
2 non-linear feedback. When the same technique is used to control a flexible arm, the
linearization property is lost {23]. The control objective when controlling a robot with
flexible links can be defined as the regulation of the end point around a final position or

as driving it along a feasible path. Another objective is the tracking of a pre-defined joint
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trajectories while limiting the arm deflections. In this chapter, two types of controls are
presented. The first, presented in Section 4.2, is based on the control of the joint angle
by considering the tip deflection as an external disturbance. In this approach, only the
position and the velocity of the joint are used in the feedback loop. Because the actuator
and the sensor are both located at the joint. this approach is referred to as the collocated
control. The effect of the smoothness of the desired trajectory on the tip deflection is
presented in Sections 4.2.1 to 4.2.3. The other approach to controlling a flexible link is
based on using the absolute angle of a point along the link as the system's output. Since
the actator is located at the joint and the controlled variable is along the link, this
approach is refetred to as the non-collocated control. In Section 4.3, the response of the

flexible link under the non-collocated control is presented.

4.2. Collocated Control
The open loop equations of motion given by Equation 3.28 can be written as:
MP-Mm+H=r 4.1
r U”n *H =T N

M®B+Mz+H+Kn=0 4.2

The first equation represents the motion of the rigid sub-system and the second represents
the motion of the flexible sub-system. An equation goveming the motion of the rigid sub-
system, when the effects of the motion of the flexible sub-system are considered as a
deterministic disturbance, can be obtained as follows:

Since the matrix M, is non singular, the acceleration vector % in Equation 4.2 can be
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written as:

#=-M; (M 8+ H +Kn) 4.3

Substituting Equation 4.3 into 4.1 and rearranging results in the single input single output

system given by:

[,0+A =7 4.4
where
Tyl
] ro =Mr—M'fo M"f 4.5
and
Tagl
A(]:Hr-leﬂd:f (HI‘FK??) 4.6

Equation 4.4 is equivalent to that of a rigid manipulator With-l'0 as the inertia term and
A, as the non linear term representing the ceriolis, centrifugal and stiffhess terms. The
problem of controlling the system _given by Equation 4.4 consists of finding a torque
that can reproduce a given trajectory 6,(7). A non-linear controller that linearizes the
system in Equation 4.4 is given by:

7=ro(9d+Kp(od'9)*Kd(9d'9))"'Ao 41
K, and K, are constant position and velocity gains for the joint variable, respectively.

Substituting the control law given by Equation 4.7 into Equation 4.4 gives

é€+Ki£+Ke=0 4.8

42



e()=6 (1)-6(t) is the error between the desired and the actual joint position.

Asymptotic stability of the system in equation 4.8 can be achieved by a proper
selection of K, and K. This implies that for a given initial condition, 8(2) = 08,41 as
t - oo. For a rigid link manipulator, K, and K, are usually selected to produce a critically
damped response of the joint angle.

The controller in Equation 4.7 depends not only on the control output, but also on
the variables representing the deflection of the link and their first derivatives. In order
to completely determine the required input torque, the variables representing the deflection
can be inferred from sensors at the tip. An estimate of these variables can also be
obtained by designing a non-linear observer {57]. A block diagram of the control system
is shown in Figure 4.1. Even though ;I;e variables 7 and 7 are used to decouple the
dynamic equations of the flexible maﬁipulator. only the joint variable 6 and its first time
derivative § are used in the error dynamics given by Equation 4.8. The variables 8,. 8,
and @, represent the pre-defined desired trajectories which are used to compute the
required actuators torques. In the case of manipulators with rigid links, the only restriction
that should be taken into account when choosing a desired trajectory is related to the
actuator limitations like torque saturation and bandwidth. In the case of robots with
flexible links, a2 desired trajectory with high frequency content produces perturbations in
the response of these robots, which lead to undesirable tip oscillations. In order to
investigate the effects of high frequency content, four types of trajectories have been
considered: Position step, Bang-Bang acceleration profile, Sinusoidal acceleration profile

and a Gaussian velocity profile.
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4.2.1 Joint Step Input

During the point to point control of robotic systems, the desired position is given
in the form of a step command. The magnitude of the step is the difference between the
initial position and the desired final position. For a step command, the joint actuators are
commanded to move from the initial position to the desired position using the maximum
power available. For such an input, the desired joint angle of a one link manipulator can

be expressed as:

0 t=0

0 r={ 0 - 49
(") 6, t>0

8, is the initial position and 6, is the desired final position. The desired joint velocity and
acceleration are not defined for =0, which results in a discontinuous position function
8,(1) at r=0. For 1>0, 0 ,(r) = 8 ,(z) = 0. The results of a step input in the joint angle given
by 6,=0 and 6, =%/2 are shown in Figure 4.2. The position and velocity gains are
selected such that the joint exhibits a critically damped response with a natural frequency
©,=10 rad/sec. From Equation 4.8, the position gain K, can be expressed in terms of the
error dynamics as K= 0),2, and the velocity gain K,= 2Lo,. For =10 rad/sec and =1,
the corresponding K, and K, are 100 and 20, respectively.

Even though the response of the joint angle is critically damped, the response of
the absolute angle of the tip, which includes the response of the joint angle and the
relative tip deflection is very oscillatory as shown in 4.2. This motion represents a

critically stable response due to the fact that no structural damping was introduced in the
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system. The deflection of the tip with respect to the rigid link is shown in Figure 4.3. The

oscillation amplitudes are relatively large because of the way the system was exited at the

beginning of the motion.

4.2.2 Input Command with Bang-Bang Acceleration Profile

For a trajectory tracking command, the position, velocity and acceleration of the

desired trajectory need to be specified. One type of majectory is based on a bang-bang

acceleration profile and can be generated by:

r

8 (1)={ -a

at

8(y=1 a(t-T3)

8,0 =)

-%a (t-T,0+aT}

b

45

0<t=T,
T1<t5T_,_

>7,

O<t=T,
T'<t=T,

t>T,

0<t=T,

T,<t=T,

t>T,

4.10
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The desired trajectory is divided into three segments. The first segment is from =0 to
t=T, and has a constant angular acceleration 8 (f)=a. The second segment is from =T,
1o =T, and has a negative constant acceleration 8 ,(¢) = -a. The third segment is when
>T, and describes the joint angle at its final position 8,(1)= 6,and 8 ,(t) =9 ,(t) = 0. The
acceleration a is calculated from a=8,/ Tf. Figure 4.4 shows the desired position, the
desired velocity and the desired acceleration for T,=0.5 sec, 7,=1.0 sec and 6,=n/2. The
bang-bang acceleration trajectory results in a cominpous function 6,(t). which represents
the desired position angle, and has a continuous first derivative. Figure 4.5 shows the tip
deflection of the one link flexible manipulator with respect to the rigid link. The figure
shows that, even though the oscillation amplitudes are much smaller than those due to 2
step command, the flexible modes are being exited by the sudden change in the
acceleration at f=0, =T, and at t=T,. For each of the three segments, the tip deflection
is an oscillatory motion with constant amplitudes. The lowest amplitude was found during
the first segment (t<7 ) because the link started from rest with zero initial deflection. The
highest amplitude was found during the second segment (7,<t<T,) because of sudden

change in the joint acceleration from 8 (f)=a to 8 ,(1) = -a.

4.2.3 Input Command with a Sinusoidal Acceleration Profile
In order to eliminate the discontinuity in the acceleration, 2 sinusoidal acceleration
profile is used instead of the bang-bang acceleration profile. In this type of trajectory, the

desired joint angle 8, () moves from an initial position 8, (2)=0 to 2 final position
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8,(1)=6,. The duration of the motion 7, and the acceleration is given by Equation 4.13.
For 1>T,, the desired joint angle is locked at 6,(1)=6, with 8 (t)=8 (1)=0. The desired
velocity and the desired position are given by Equations 4.14 and 4.15, respectively.

278 -
S sin( 2T 0<:<T
ad(,) = T, T, 4.13

0 t>T,

9 -
—f(l—cos(%)) Ost<T

b,00={ T , ‘ 4.14
0 t>T,
r 1 2t
6 (—-—sin(=—)) 0=:=T
o= T 2= T, ! 4.3
6, t>T,

Figure 4.6 shows the position. velocity and acceleration generated using Equations 4.13
to 4.15 for 7,=1.0 sec and 8,=r/2. The only discontinuity in the trajectories is in the
derivative of the acceleration at /=7, when the joint angle reaches its final destination.
The tip deflection due to such trajectories is shown in Figure 4.7. As compared to the
response due to the bang-bang acceleration trajectory, the oscillations of the tip are
significantly reduced specially during the transient motion of the joint angle (0<¢<T)).
The amplitudes of oscillations during the last portion of the trajectory (when ¢=T,) are

reduced from 7.5 mm for a bang-bang acceleration profile to a 3.1 mm for a sinusoidal
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acceleration profile. This reduction is mainly due to the fact that for a bang-bang
acceleration profile, the desired position angle 641) is a C* function', while it is a C’ for

a sinusoidal acceleration profile.

4.2.4 Input Command with on a Gaussn;an Velocity Profile

To overcome the problems caused by discontinuities in the command input,
functions with continuous higher derivatives are needed to generate the desired trajectory.
An example of such functions is the Gaussian distribution function. A standard form of

the Gaussian function is, in general, given by [95]:

)
1 ,~ 4.16

fex) =

o2=

where p is the mean and & is the standard deviation of the distribution. The curve of the
function f{x} is called the bell shaped curve and it is symmetric with respect to y. By
requiring that the desired velocity of the trajectory to have a bell shaped curve, the
discontinuity in the derivative of the acceleration caused by a trajectory with a sinusoidal
acceleration profile can be eliminated. A Gaussian velocity profile trajectory can be

generated from:

1 2
8 = ()
0,3=—L-e > 4.17

02w

The desired acceleration can be obtained from the time derivative of the desired velocity

'a C"_function is a function with a continuous n" derivative.
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in Equation 4.17 as:

1 2
Bf(r-p,) . '2‘—'2("!‘)

cr‘\/ZTr

éd(r):— 4.18

It can be seen from Equation 4.18 that the desired acceleration reaches zero as (7-p) —»o,
which results in a continuous jerk. The desired position can be obtained by integrating

Equation 4.17. The resulting equation involve the error function erf and given by:

6 -
8,(0)= |ef () - erf (L) 419
= Oy

V2 0y2

Figure 4.8 shows the curves generated form Equations 4.17, 4.18 and 4.19 with 6=1/6 and
p=1.0. In order to get 8,41 1o approach 6, =n/2 as t =T, = | sec for the purpose of
comparison with the trajectories shown in Figure 4.5 and 4.7, the curves are shifted to the
left by Ar=0.4 sec. The tip deflection of the one link flexible manipulator during the
tracking of the Gaussian velocity profile trajectory is shown in Figure 4.9. The figure
shows that the oscillation amplitudes are almost eliminated. In a similar study reported
in [88], it was shown that using trajectory with continuous higher derivatives leads to a
fast positioning of the tip of flexible link manipulators with a minimum excitation of high
frequency modes.

In all the trajectories described earlier, the time required for the joint angle to
reach its final destination in almost / sec. As the joint angle moves, the flexible modes
are being exited depending on the smoothness ( continuity of higher derivatives ) of the

desired trajectory. When the joint angle © reaches its final destination with § -0 and
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6 — 0. the system reduces to:

M +Kn+H =0 4.20

From Equation 3.35. it can be seen that the vector H, is quadratic in the joint veiocity.
therefore, as 8 — 0. H, — 0. The resulting system representing the dynamics of the
flexible link becomes:
M+ Kn=0 4.21

Equation 4.21 represents an undamped and unforced second order system. When such a
system is subjected to a non zero initial conditions, its output keeps oscillating around an
equilibrium point with constant amplitudes. The amplitudes of these oscillations depend
on the tip deflection and tip slope when the joint angle reaches its final destination. When
the joint angle is at it its final destination, the actuator at the joint has to continually
provide a reacting torque in order to compensate for the disturbance induced by the
oscillations at the tip. Setting # =8 =0 in Equation 4.1, results in an expression of this

reacting torque which is given by:

7=-M;M;Kn 4.22

Figure 4.10 shows the torques required to keep the joint angle along the desired
trajectories with a bang-bang acceleration profile, a sinusoidal acceleration profile and a
Gaussian velocity profile. With reference to the figure, it can be seen that the smoother
the desired trajectory, the less torque is required to counteract the effects of the

oscillations at the tip and to keep the joint angle along the trajectory.
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In the analysis presented in this section. the tip deflection is not used in the
feedback control, therefore. Equation 4.21 represents an open loop control system. In

order to add robustness to the tip control of the flexible link, the tip deflection need to

be included in the controller.

4.3 Non-Coliocated Control

End point control of flexible links requires the feedback of the variables
representing the motion of the tip. This type of control will be referred to as the non-
collocated control because the actuator and the controlled variable are not at the same
location. With reference to Figure 4.11, the absolute position angle of ary point along the

flexible link, under the assumption of small deflection, can be expressed as:

g -6+ 4x0) 423
X

Substituting for u(x.t) from Equation 3.3, the joint angle 6 can be expressed as:

r
8=, - X (x)n 424
x

Substituting for 6 in the governing Equations 4.1 and 4.2 gives:

. r .
Mrgx-"(M'fr“qu) (x) )ﬁ+H.'=T 4.23
X
- ®T(x) .
M@, (MM, x( Ly« H +Kn=0 4.26

Using the same procedure followed in deriving Equation 4.4, a single input single output
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system involving 6, and t can be expressed as:

To . +A-=7 427
where
r-M-M-MED iy 428
x r o oy x Mg
and
T PTE) o
A=H -(M;-M, ~ M, (Hf-t-K'q) 4.29

M, is a 2 by 2 matrix representing the inertia of the system in Equation 4.2 and given by:

_ &) -
M= M- M= 430

When the angle of point P in Figure 4.11 reaches its final position, i.e. 8 =68 =0,

Equation 4.26 is reduced to:

Iltfx'z“7+K17=—}’-I_r 4.31

Considering only the homogeneous part of Equation 4.31, and introducing the state vector

z=[n" #7]". Equation 4.31 can be cxpressed in state space form as:

i=Az 4.32
where
0 I
=\ -1 4.33
-M_ K 0
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The eigenvalues of 4 are determined by the parameters of the link and by the position
of point P with respect to the joint. The eigenvalues are computed for the one link
manipulator with parameters given in Table 3.1, and when the location of P varies from
0 to /. These eigenvalues are shown in Table 4.1. It can be seen in this table that at x/=0,
the eigenvalues are all pure imaginary with A ,=+j35.3 and A, ,=+j348.0. As P moves
away from the joint and towards the tip, the eigenvalues increase along the imaginary axis
in thc complex plane. This indicates that as P moves away from the joint, the frequency
of the system increases. When x/I is near 0.53, two of the eigenvalues become real with
opposite sign. As x// moves towards the tip, these eigenvalues move towards the origin
of the complex plane. Figures 4.12 and 4.13 show the Vroot locus of these eigenvalues as
x/1 varies from 0 to 1. From the results shown in table 4.1. it can be concluded that the
position of the point for which the angle is 10 be used as an output should be located
between 0 and 0.53/. If this point is iocated such that x/ > 0.53. the resulting dynamic
system will be unstable. Ideally. and for the purpose of controlling the absolute angle of

tip, one would choose the location of P such that x//=/.

x7 1000 }0.10 [0.30 04 1051 0.53 0.89 0.90 1.00
A, [ 353 | £j38.9 | £j49.5 | £58.7 | £71.5 | £15658 | £124.9 | £3203 | + 389

+348 | +j371 | 4461 |+5577 | %1351 | 5j74.8 | %1212 [ #1214 [+ 99

Stable region

Table 4.1:  Eigenvalues of the one link manipulator as x// varies from 0 to 1.

By examining the results in table 4.1, it can be seen that two of the four eigenvalues lie
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in the unstable region of the complex plane. This non-minimum phase characteristic
associated with the tip control of robots with flexible links was addressed in [47] using
only one parabolic shape function to model a flexible beam. Similar results were also
reported in [23].

Figure 4.14 shows the determirant of the matrix M, as x/ varies between 0 and
1. With reference to this figure, it can be seen that the determinant is zero when x4=0.53.
Several simulations have been performed to investigate the response of the flexible link
when different points along the link are used. Figure 4.15 shows the tip deflection when
at x/1=0, x/1=0.] and x/1=0.3 are used. The input command is a trajectory with a bang-
bang acceleration profile. It can be seen from this figure that for x/=0, and as the
controlled angle reaches its final position. the tip keeps oscillating with a frequency
®=35.3 rad/sec and a constant amplitude of nearly 7.5 mm. When the absolute angle of
a point located at x/7=0.] is used as the system's output, the frequency of the tip
oscillations increases to ©=38.9 rad/sec and the amplitude decreases to 2.4 mm. A further
increase in the frequency of oscillation is obtained when x7=0.3 is used which gives a
frequency of ©w=49.5 rad/sec and an amplitude of nearly 1.1 mm. Similar results are
obtained when a trajectory with a sinusoidal acceleration profile is used as the desired
input trajectory. These results are sh;)wn in Figure 4.17. From this figure, and for r>7 sec,
the maximum deflection is reduced from 3.1 mm when x/=0 to 1.9 mm when x/=0.1.
When x/7=0.3 is used, the maximum deflection is 1.0 mm. The results obtained from
Figures 4.15 and 4.17 are tabulated in Table 4.2. From these results, it can be concluded

that using the absolute angle of a point aiong the link as the system's output increases the
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stiffness of the flexible link provided that this point results in a stable system.

Maximum tip deflection in mm for t >1 sec
x/1 Bang-Bang Sinusoidal
acceleration acceleration
0 7.5 3.1
0.1 2.4 1.9
0.3 1.1 1.0

Table 4.2:  Maximum tip deflection during the last second in Figures 4.15 and 4.17.

The required input torques for desired trajectories with a bang-bang acceleration
profile and with a sinusoidal acceleration profile are shown in Figure 4.16 and 4.18,
respectively. Since the amplitudes of the oscillations at the tip decreases with an increase
in x/I. the disturbances caused by these oscillations on the joint angle decrease as well.
This causes the input torque required to keep the output along the desired trajectory to
decrease. Table 4.3 gives the maximum torque required to keep the controlled angle at

its final position when x/=0, x//=0.1 and x//=0.3 are used.

Maximum input torque in N.m for t >1 sec
x/1 Bang-Bang Sinusoidal
acceleration acceleration
0 2.67 1.09
0.1 0.94 0.60
0.3 0.46 0.34

Table 4.3:

35

Maximum input torque during the last second in Figures 4.16 and 4.18.
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Figure 4.11: Rigid and Deformed Configurations of a one link flexible manipulator.
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Figure 4.14: Determinant of the matrix M, v.s x/I.
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Figure 4.15: Tip deflection for x//=0. x//=0.! and x/1=0.3. Desired trajectory with a
bang-bang acceleration profile.

Torque ( N.m )

Time ( sec.)

Figure 4.16: Input torque for x/=0, x//=0.] and x/I=0.3. Desired trajectory with a
bang-bang acceleration profile.
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Figure 4.17: Tip deflection for x//=0. x/I=0./ and x/1=0.3. Desired trajectory with a
Sinusoidal Acceleration profile.
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Figure 4.18: Input torque for x//=0, x//=0.] and x/1=0.3. Desired trajectory with a
Sinusoidal Acceleration profile.
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Chapter 5

Tip Control Using Time Delay

5.1 Introduction

The models of flexible mechanical systems are generally described by partial
differential equations which are approximated by a set of linear ordinary differential
equations. These ordinary differential equations are usually characterized by very low
damping. It was shown in Chapter 4 that when the joint angle of a one link flexible
manipulator is used as the controlled variable, and in the absence of any structural
damping, the end point keeps oscillating with respect to the hypothetical rigid link at
constant amplitude. It was also shown that even though the amplitude is reduced when
the angle of a point along the link is used as the controlled variable, the oscillations at
the tip persist and never die down. In order to introduce active damping to the modes of
the flexible structure, time delay has been introduced in the control algorithm. In this
Chapter, an overview of Time Delay Control is presented in Section 5.2. In Section 5.3,

a Computed Torque/Time Delay approach to the end point control of a one link flexible
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manipulator is introduced. Simulation results showing how a given delay time affects the
oscillations at the tip when the angle of different points along the link is used as the
controlled variable. The effects of different delay times on the tip response are also
investigated when the angle of a given point along the link is used as a controlled

variable.

5.2 Time Delay Control: An overview
5.2.1 Posicast Control

One of oldest time delay control approaches was introduced by O. J. Smith [94].
In this technique. the input command is divided into several segments such that the sum
of all the transient terms is zero after the last input. In order 10 demonstrate this control
strategy, a second order linear system is used. The transfer function of such a system is
given by:

]

Cis) @,

R(S) s2+20w, s+ ]

5.1

The system is assumed to be underdamped: 0<{<] and the frequency at which the system
oscillates is given by w=w,1-{>. It was shown in [91] that if a step input r(f)=R is

divided into two inputs (2)=R, and rs(t)=R,. such that:

R,+R,=R 52

and
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L=
o 53

R,=Re V1 ¢

and if the input r,(?) is applied at =0 and the input r,(?) is applied at =n/w, the output
¢() will reach the input without any oscillations. For a unit step input (R=1), R, and R,

can be obtained from:

PR
LT 54
1+e e
&=
. ViT
R2=—_T 5.5
1+ VI

Figure 5.1 shows the response of the system given by Equation 5.1 when £=0.1 and
®,=30 rad/sec. From Equations 5.4 and 5.5, the magnitudes of R, and R, are found to
0.578 and 0.402, respectively. The time by which the input R, should be delayed is
v=0.105 sec. It can be seen from this figure that the output c(z)=c,(t)+c,(?) reaches the
input r(1)=r,(1)+r(t) with out any oscillation. This is in contrast to the well known
response that would result from applying R=/ as the input to the system. Even though a

perfect cancellation of the output oscillations can only be achieved with exact knowledge
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of the parameters of the system. a small mismatch in the delay time would also lead to
considerable oscillation reduction. Figures 3.2 and 5.3 show the response of the second
order system when an error of -5% and +5% was introduced in the delay time.

respeciively.

5.2.2 Input/Output Linecarization Using Time Delay.
Consider a dynamic system described by:
MG+H=r 5.6

It was shown in Chapter 3 that if M and H can be accurately determined. 2 non linear
controller that can reproduce any smooth trajectory described by G ,. ¢, and g, is given
by:

MG, K(d,-9) - K@) H 5.7
In most cases, accurate estimates of M and H are very difficult to obtain. especially when
the system is non linear and time varying. In the case of manipulators with flexible links.
estimating M and H is even more difficult because of the infinite number of degrees of
freedom needed to fully describe the motion of the links. The matrix M in Equation 5.7

can be divided into two parts as:

M=M-+AM 5.8

where M is a constant diagonal matrix representing the known inertia of the system and AM
is the matrix representing the time varying and unknown inertia. In the case of a one link

flexible manipulator, M can be taken as the inertia of the equivalent rigid link.
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Substituting 5.8 into 5.6 and rearranging gives:

M{+D=x 5.9

where D=AM¢ + H is the term representing the unknown dynamics, or terms that are

difficult to estimate. T can be computed based on Equation 5.7 as:
T=M((§,+K,(d,-4)+K,(9,-9))+D 5.10
From Equation 5.9, the term D at a given time ¢ can be written as:

D(t) =7(t) - Mg(t) 5.11

The input/output linearization using time delay consists of estimating the term D(2) by its
delayed value D(r- v) for a very small delay time v. From Equation 5.11, the delayed term

D(1-v) can be written in terms of the delayea input t(7-v) and the delayed acceleration

g(1-v) as:
D(t-v)=7(t-v)-Mg(1-v) 5.12
Replacing D(¢) in Equation 5.9 by D(t-v) gives:

7(£) = M(G,(1)+ K (d,-4)) +7(2-V) - MG(t-v)

=Mu+7(t-v)-Mg(1-v)

5.13

where v=4,,(£)+K,(d,(1)-4()+K,(,()-q ()
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The control input in Equation 5.13 does not require the knowledge of the dynamics of the
system. Only a rough estimate of the inertia matrix is required. The main requirement for
this controller to give satisfactory results is based on the choice of the delay time v. The
accuracy of the estimated unknown dynamics improves as v decreases. In practice. and
when a digital controller is used. v can be taken as the sampling period. Clearly. the
stability of the controtler depends on the choice of the constant diagonal matrix M. It was
shown in [31] that a system such as the one given by Equation 3.6 is asymptotically
stable if the matrix M is selected such that all the eigenvalues of the matrix 7-M ' (k)M

are inside the unit circle for &20.

5.2.3 Proporticnal Plus Delayed Control (PDC)
In this method. the control input is calculated based on the present output plus the

sumn of the last n outputs. To illustrate this type of control, a pure inertia system with an

inertia J is considered. The input torque 7 of the motor driving the system is calculated

by:

n
7(0)=K, Y e (r(t-v) -c(t-v))) 5.14
i=0

where the v's are the delay time with v=0. K, is the proportionality gain and @, is a
cocfficient associated with each delay time. The closed loop dynamic equation of the

system with the inertia J can be written as:



n
Jc“(r)=KpZ a,(r(t-v)-c(1-v))) 5.15

1=

The delayed output ¢{r-v,) can be expressed as a Taylors series:

-v ¥
c(1-v)) = Z( ) c M) 5.16
k=0

where ¢ ® is the k* derivative of c¢(z} with respect to time. Substituting the series into

Equation 5.15 and rearranging gives:

n o® n
Jé@+ Kp_z Z S ) c®(r) = Kp%a;r V) 3.17
l.-— -= I:

A first order approximation of the Taylor's series in Equation 5.16 can be obtained by

ignoring all higher derivatives. The resulting Equation is given by:

c(t-v,) =c(2) - vié(t) 5.18

The equation resulting from substituting Equation 5.18 into 5.15 can be cast in the form

of a second order system as:

é+28w ¢+ wc=f 5.19
where
n
_K:az @y, 5.20
T 20
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From Equations 5.20 and 5.21. it can be deduced that the stability of the system

n n
necessitates that: (f) Y ;>0 and (i) 3 a;v,<0. Furthermore, the a,'s must be
i=0 i=0

decreasing in order to give more weight to the more recent outputs. A plausible choice
of ¢ that would satisfy conditions (i) and (i) is ea=(-1) |a;{. This results in the
alternating series described by Leibnitz theorem [92].

Theorem 1 {Leibnitz test for real series):

Leta,, a, ..... a, be real and

(1) 2,2a,28,2...; @) lim g =0 5.23
n—o

Then

n
0sY (-1)g,=a, 5.24
i=0

The delay times v;'s are selected such that:
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WV, >V, >y > "n=0

!.,I
2
w

The expression given by Equation 5.25 and the Leibnitz theorem lead to the following
proposition.
Proposition:

For the real set q, . q; ..... a, satisfying the Leibnitz conditions, and for the real set

Vo V0 Vonoe satisfying Equation 5.25:

. a., \F . . . " ; .
if =< —L; i=1,3.5,.... then the series given by S =Y (-1)'a,v, is always
a Vi =0

negative.

Finally. a theorem governing the stability of the system under the proportional plus
the delayed control can be stated as follows:
Theorem 2: The system given by

n o
JEM+KY ZQ‘( c®) = KZard(t v,)
i=0 k=0

is stable if:

] t~l| V,- . -
Z a,>0 and —— < ——; i=1,35,....
=0 |C! I Vi
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where a=(-1)' je;| and v, >v,  >...>v, =0.

From Equations 5.20 and 5.21. the natural frequency and the damping ration of the inertia

system under the PDC are given by:

KX e 527a
" J

and

C= rovi| K 527b
2 JZ «;

Its clear from Equation 5.27b that without any delay in the feedback. the damping ratio
is C=0. If at least one delay is used in the feedback. one can select the gain K,. the

coefficients o, and the delay times v;'s to target a desirable performance specification.

5.3 Computed Torque/Delayed Deflection Control (CTDD)

It has been shown in Section 4.3 that when the angle of a point along the link is
used as the system's output, the flexible link appears to be stiffer resulting in a decrease
in the amplitudes of the oscillations at the tip. It was also shown in the literature that
using a delayed output in the feedback introduces active damping into the system. In this
respect, and to make use of the added stiffness resulting from the non-collocated control,
a Computed Torque/Delayed Deflection controller (CTDD) is introduced. In this type of

controller, the actuator’s torque T is given by:
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SJ'I
r9
o

7= rx(éd+Kp(9d_ 8,)+K,(8,-6))+4,

where 0,(1) is calculated based on the present joint angle and the delayed deflection

u(x.t-v) of a point along the link located at a distance x from the joint as:

0,0 =0) - L2

5.29
P7(x)

= 6(f) + —=2n(r-v,))
x
A block diagram of a flexible link manipulator under the Computed Torque/Delayed
Deflection control is shown in Figure 5.4. The main reason behind using only the delayed
deflection and not the delayed angle 6 (z-v,) is to introduce active damping into the

fiexible modes without slowing down the joint angle.

5.3.1 Selection of Time Delay

To further investigate the effect of using delayed signals on the performance of
the system and determine 2 relation between the delay time and the system's parameters,
a simple time delay controller is being considered in this section. This controller is given

in the Laplace domain by:

n
6) _ g s T ae™ 530
R(s) i=1
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R(s) is the controller input and UYs) is the controlier output. v, is the delay time of the

delayed signal, and ¢ is its amplitude. The zeros of the controller are given by:

1

n
v, -
an+2a.e =) 5.31
i=1

Replacing the Laplace variable s in Equation 5.31 by s = 0 + jw gives:

n
R s R TA LY
ay+y ae re’=0 5.32
=1

Expressing the term e 7" in Equation 5.32 by coswv, - jsinwv, and equating the real

and imaginary parts to zero gives:

n
-ov -
o+ Y o ‘coswv, =0 5.33
i=1

SJ'I
w
S

n
Z a.e 'av'sin(ov‘. ={
i=1

In particular, if only one time delay is used (n=1), the solution of Equation 5.34 reduces

to:
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W= (2k+1)\"1 k=0.1....... 5.35

If this controller is used to control a plant having complex poles at s = ~{®, £jw,V1-%,
then the controller frequency has to match the frequency of plant. From Equation 5.35

and for k=0, a relation between the frequency of the plant and the time delay is given by:

WERT——— 5.36

Substituting Equation 5.36 in Equation 5.33 and replacing & by -Cw, result in a relation

between o, and o, which is given by:

& fiT 537

i

5.3.2 Simulations for a one link flexible manipulator using the CTDD controller
The one link flexible manipulator with the physical parameters shown in Table 3.1
is used in the simulation with a sampling time of 0.001 sec. The results shown in Figures

5.5 to 5.8 are obtained using a delay time v=0.03 sec to control a one link flexible
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manipulator along a trajectory having a sinusoidal acceleration profile. Since no structural
damping was introduced in the system.(i.c. £=0). the frequency that can be cancelled by
the time delay controller can be obtained from Equation 5.36 as w=104.67 rad/sec. The
deflection at several points along the link are used in the feedback with a delay time of
0.03 sec. Figures 5.5 to 5.8 show the deflection at the tip and the joint torque for x/=0.17;
x1=0.3 and x/=0.5. With reference to Table 4.1. the frequencies cormresponding to
X1=0.1; x/1=0.3 and x/1=0.5 arc 38.9 rad/sec; 49.5 rad/sec and 70.4 rad/sec, respectively.
From Figure 5.6 it can be scen that using the delayed deflection of a point along the link
adds more damping to the flexible link. Furthermore., the amount of damping increases
as the frequency of the system approaches the frequency to be cancelied by the time
delay. The input torque is also reduced as a direct result of the reduction in the

oscillations at the tip as shown in Figures 5.7 2 5.8.

53.2.1 Effects of the delay time on the system performance

From the above discussion, It can be concluded that for 2 given x/, there is 2
specific delay time to be used for maximum reduction in the oscillations at the tip. This
delay time is given by Equation 5.36. In order to see the effects of a mismatch between
the required delay time and the delay used by the controller, several delay times has been
used to control the one link flexible manipulator when x// is fixed. Figures 5.9 and 5.10
show the tip deflection and the input torque during the tracking of 2 desired trajectory
with a bang-bang acceleration profile. x/ is set to 0.4. This corresponds to w=58./ rad/sec

which in turns leads to 2 delay time of 0.054 sec. The delay times used in the simulation
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are 0.01 sec, 0.054 sec, and 0.1 sec. With reference to the figures, it can be seen that the
best performance is obtained when 2 delay time of 0.054 sec is used. A desired trajectory
with a sinusoidal acceleration profile is also used to investigate the response of the one
link flexible manipulator when differcat delay times are used and the results are shown
in Figures 5.11 and 5.12.

In practice, and when the dynamics of the system become more and more
complicated, the frequency of the system becomes difficult to obtain. A good estimate of
this frequency can be obtained by using 2 seres of delays instead of a single one
[48,64,93). When a series of delays is used, the angle 6,(r) in Equation 5.20 is calculated
by:

n
6.(1) = 6(r) + Ez(i) Y amn-v) 5.38
i=1

N(t-v;) is the deflection at the point located at x/7 delayed by v, and @, is the

n
corresponding coefficient satisfying Y a;=1. In the case of a series with three delays
i=1
[64], the angle 6.(r) is given by:
T,
8.() = 6()) + %‘El(aln(z —v)) + @y m(t-v,) + @t -vy)) 5.39

where a,=1/4; a,=1/2 and o,=1/4.

Figures 5.13 and 5.14 show the tip deflection and the input joint torque during the
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tracking of a desired trajectory with a bang-bang acceleration profile. These figures show
a significant improvement in the response of the tip when a serics of dclays is used. The
oscillations at the tip seem to decay much faster than when a single delay is used (refer
to Figure 5.9). Using a serics of delays scems to provide cnough damping in the flexible
link even without tip velocity feedback as shown in Figure 5.13. Figure 5.14 shows the
joint reaction torque corresponding to oscillation shown in Figure 5.13. Similar results
werc obtained when a desired trajectory with a sinusoidal acceleration profile was used.
The tip oscillation and the joint reaction torque are shown in Figures 5.15 and 5.16

respectively.

5.3.2.2 Effect of a payload at the tip on the system performance

The results shown so far are for a one link flexible manipulator with no payload
at the tip. The presence of a payload at the tip of the link affects the frequency of the
system which in turns affects the required delay time obtained from Equation 5.36. Figure
5.17 shows the relation between the payload m, and the delay time v for several x/7. It
can be seen from this figure that for a given x/, the required delay time increases with
an increase in the payload. This increasc in the required delay time is a direct result of
reduction of the frequency of the system caused by the payload at the tip. Figures 5.18
and 5.19 show the tip deflections during the tracking of trajectories with a bang-bang
acceleration profile and a sinusoidal acceleration profile, respectively. The results in these
two Figures are obtained using an x/=0.4 and a delay time of 0.054 sec. As shown

earlier, the delay time of 0.054 sec is the required delay time when x/7/=0.4 and m,=9.
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As the payload increases to 0.1 kg, the deflection at the tip increases and oscillations are
observed during the last second of the simulation. A further increase in the tip deflection

is observed when the payload is increased to 0.2 4g.

5.4 Comparison of the CTDD with other control methods

In this section the proposed CTDD approach'is compared with a composite
controlier and a state feedback regulator presented by B. Siciliano and W. J. Book [62].
The composite controller consists of two part. onc deals with the control of the slow
subsystem which is represented by the equivalent rigid link, and the other deals with the
stabilization the fast subsystem around the equilibrium trajectory set by the slow

subsystem. The physical parameters of the one link flexible manipulator used in [62] are

shown below:
Length of the link: =41
Mass of the link: m = 0.005124 Ibf.s"/fF
Flexural Rigidity: EI = 28.6 Ibf.s'/ft'
Mass of the payload: M, = 0.0031 Ibfs/f
Inertia of the payload: I, = 0.00852 s ft

- The trajectory used in the simulation consists of moving the joint angle from an

initial position 8,=0 to a final position 8 =90. The desired velosity is given by:
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8=90[1 +sin(360¢/T - 90)] */s 5.40

In the CTDD approach. the deficction of a point located at x=0.6! from the joint is used
in the feedback. A time delay of 0.27 sec was found to be sufficicnt to cancel the residual
vibrations at the tip of the link. This delay represents half the period of the lowest
frequency of the link.

The simulation results of the onc link fiexible manipulator are shown in Figurcs
5.20 10 5.23. It can be seen from these figures that the performance of the CTDD
approach is much better than that of the state regulator. On the other hand, a very similar
performance is obtained when the CTDD is compared with the composite controller. The
dynamic stiffening effect introduced by non collocation causes some ripples in the
deflection and the torque responses. These ripples are then eliminated through the time
delay.

Even though the responses of the joint angle and the tip position have shown to
be very similar for the composite controller and the for the CTDD, the later has a smaller
settling time as shown in Figures 5.22 and 5.23. Another advantage of the CTDD over
the composite controller is that the CTDD is much simpler and easier to implement. The
only parameter that the CTDD needs is the delay time or a series of delays in order to
increase robustness. The composite controller, however, requires a complete stability

analysis based on singular perturbation theory.
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Figure 5.21: Tip position: (1) Composite Control, (2) State Regulator, (3) CTDD.
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Chapter 6

Dynamics of a Two Link Flexible Manipulator

6.1 Introduction

In this chapter. the concept and formulations leading to an analytical model of a
two-link flexible manipulator are discussed. The developed model is used to simulate the
motion of the manipulator and to design controllers that are used to control the end point
of the manipulator with minimum vibrations. These controllers will be presented in a
subsequent chapter.

The two-link flexible manipulator can be viewed as a chain of two flexible links
where the first link is attached to 2 fixed base and the second link is attached to a moving
base. The moving base is represented by the end point of the first link. The GIM of a
flexible link with fixed base is derived in Chapter 3. This chapter begins with the
derivation of the GIM of a flexible link with moving base followed by a derivation of the
total kinetic energy of the two-link flexible manipulator shown in Figure 6.2. Following

the derivation of the kinetic energy, the potential energy of the manipulator is then
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derived. This potential energy is only due to the elastic property of the links. The
manipulator is physically constrained to move in a plane normal to the gravitational field,
hence the gravitational potential energy is zero. In order to investigate the effects of the
flexibility of one link on the other, three cases were simulated: a) Rigid-Flexible case
where the first link is rigid and the second link is flexible. b) Flexible-Rigid case where
the first link is flexible and the second link is rigid. ) Flexible-Fiexible case where both

links are flexible.

6.2 GIM of a flexible link with a moving base

With reference to Figure 6.1. the position of o, with respect to the frame o\x,y,

i1s given L

r. = [11 gfl‘iT 6.1

0:f0|

The angle between o,x,v, and ox.v, is 6.+3,,.

The absolute position of a point on link 2 is given by:

X
i ! 2 6.2
r= + =
Ro [E,| ' UA(X50)
Rf is the transformation matrix from o.x.v, to o,x,y, and given by:
6.3

, cos(62+8¢';) —-sin(62+5q)
" sin(,+8, ) cos(6,+8,)
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u,(x»t) is the deflection of a point along the link with respect to the link's coordinate

frame. From Equation 3.3, u,(x.!) can be expressed in terms of the shape functions ®(x)

and the coordinates of the end point of the link as:

Ut} = DT ()M,

6.4
= [5‘.2 8@:]T

The kinetic energy of the link can be written as:

&

-7 drl’[dr 6.5
2 drj |dr

The position vector r is a function of the variables 8,. 6,, &. E.. 8, and 8., hence its

time derivative can be expressed as:

.gl.
92
£
or_|f[er or or or ar erfl ™ 6.5
o ael a82 aEe, aset agez ast: Sc,
.,
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From Equations 6.4 and 6.5, the kinetic energy can be expressed in matrix form as:
I TS
T= =9 Mg 6.6

The mass matrix M is the GIM of the link and ¢=[ 8, 6, &, 3., &. 5.]  is the
generalized coordinates vector describing the motion of a point on the link. An expression

of the matrix M is given by:

or or or or or or), 6.7
o’ || 36, o, oF, b, O, &,

The elements of the matrix M are derived in Appendix B.

6.3 Dynamic Model
With reference to Figure 6.2, both joints are assumed to be rotary and rigid. the
motion of the arm is confined within the horizontal plane and so is the deformation of

each link. The coordinates system OXY represents the inertial coordinates system. oxy,
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is the local coordinates system assigned to link i in its undeformed position. The mass and
inertia of joint 2 including the mass and inertia of the actuator driving the second link are
assumed to be lumped at the tip of the first link. A payload of mass m, and inertia /, is

located at the tip of the second link.

6.3.1 Kinetic Energy
The total kinetic energy of the two link flexible manipulator shown in Figure 6.2
is obtained by adding the kinetic energies associated with each of the two links, as well

as those associated with the mass and the inertia at the tip of each link.

T=T,+T,+T,+T, 6.8

T, and T, are the kinetic energies of first and second link respectively. T, is the kinetic
energy of the mass and inertia at the tip of the first link and 7, is the kinetic erergy of

the payload. The generalized coordinates describing the motion of the two link flexible

manipulator are given by ¢=[6, 6, §, 8, &, 8.]7. T, and T, are expressed in terms of
the GIMs of the first and second link M, and M,, respectively as:

1. .
Tl = EqTMlq 6.9

T,=>4"M,d 6.10

M, is the augmented matrix of the 3 by 3 matrix in Equation 3.10 and is given by:
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M, = aEf: or 0 or or 0 0ldx 6.11
I ml ael aE'I 3% 1

and M, can be obtained from Equation 6.7.

T, is expressed in terms of the generalized coordinates vector ¢ and the marrix M, as:

1.7, .
T,==4"M,q 6.12

where M, is a 6 by 6 matrix representing the GIM of the mass and inertia at the tip of

the first link. M, is obtained by augmenting the 3 by 3 matrix given by Equation 3.15 and

is given by:

6.13

ow ﬂam
G

where

102



@, is the absolute angular velocity of the end point of the first link. m, and /, are the
mass and moment of inertia of the actuator driving the second link. Similarly, 7, can be

expressed in terms of ¢ and a matrix M, representing the GIM of the payload as:
T, -L5m 4 6.14
L 2 L -

Where the matrix M, is given by:

ar:: o, | dw, | dw, T 6.15
M, =m|—I—| +I |—— )
dq | g aG | o¢
where
or,. or, or, dr, or,_ 9dr, or, T
aq ) ael a82 age, asq aEc. aac..
and

dw, dw, Jdw, Jdw, Jdw, Jdw,

#, o8, o &, O, o

[am,_
L 94

The vector r, represents the position vector of the tip of the second link and is given by:
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l ] -
r‘:R(l) +R'l' 6]6

The second term in Equation 6.15 represents the inertia matrix associated with the

rotational kinetic energy of the payload which absolute angular velocity is given by:
ml.=91+92+5q‘8c. 6.17
The generalized inertia matrix of the two link flexible manipulator can be obtained by
assembling the matrices M,, M., M, and M, as:
M=M +M,+M_~M, 6.18

The matrix M can be partitioned into sub-matrices representing the rigid and flexible sub-

systems as follows:

M) M
M, M

M= 6.19

M_ s a 2 by 2 symmetric matrix representing the mass of the rigid sub-system, M, is a
4 by 4 symmetric matrix representing the mass of the flexible sub-system. and M,, is a
4 by 2 matrix representing the coupling between the rigid and the flexible sub-systems.

The vector g can be divided into two parts. a vector ©=[8, 8,)7 representing.
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rigid motion coordinates. and a vector 7=[ gq 8“t g, Sh]T representing the flexible motion

coordinates. The kinetic energy can then be written as:

T-107 4MM © 6.20
- .
- 7
Substituting the partitioned matrix in the above equation and simplifying gives
1.7 1. . .
= 50 MO+ E'qTMf +® MLy 6.21

6.3.2 Potential Energy
In the absence of gravity. the total potential energy of the two link flexible

manipulator is given by the sum of the elastic energies of each link.

U-=U+U, 6.22

Where U, is expressed in terms of the variables representing the elastic motion of the tip

of the first link and its stiffness matrix as:
Uy =>n., K 6.23

Where K, is the stiffness matrix of the first link and is given by:
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\ i T
d-®, |id-d
K, =El S —L d, 6.24
dep || dxy
0
and 7, =[€, &,]". ®=[¢,  ¢p.]" isa vector representing the two shape functions that

describe the deflection of the first link. Similarly, the elastic potential energy of the
second link can be expressed in terms of the variables representing the motion of the tip

of the second link and its stiffness as:
U, = 197K 6.25
2 - ;‘nfz 2TI¢: i

Where K, is the stiffness matrix of the second link and given by:

6.26

and 1, =[€, 8,]". ®=[¢s u.]" is a vector representing the two shape functions that
describe the deflection of the second link. The potential energy U can be expressed in

terms of the generalized coordinates ¢ as

U- %qTKq 6.27

with K being the generalized stiffness matrix
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6.28

6.3.3 Equations of motion

Similar to the case of the one link manipulator, the equations of motion of the
two-link flexible manipulator are derived using the Lagrangian formulation. The equation

describing the motion of the rigid sub-system is given by:

d dL, d¢L
L8y L. )
252 % 6.29

T=[r, =] is a vector representing the actuators torques at joint 1 and 2 and L=T+U is

the Lagrangian of the system. The equations describing the motion of the end points of

link 1 and link 2. respectively are:

d oL. 8L
£ - =0
dt( aﬁc,) n, 6.30
d oL. 3L

- =0
7 ( 61’;“) o 631

Using the expressions of the kinetic and potential energies given by Equations 6.21 and

6.27, respectively, the equations representing the rigid sub-system and the flexible sub-
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system are:

W)
o

MO-Mi+H =T 6.

MO«M5+H=0 6.33

H, 1s a 2 by 1 vector representing the non linear terms associated with the rigid sub-
system and H, is a 4 by | vector representing the non linear terms associated with the

flexible sub-system.

6.3.4 Simulation Results

Before investigating its response due to control inputs (joint torques), the two-link
flexible manipulator has been subjected to some initial deformations in order to
investigate its response due to non zero initial conditions and to understand the
interactions between the two links. The physical characteristics of the two-link flexible

manipulator used in the simulations are given in Table 6.1.

Link 1 Link 2 Joint 2
mass m,=1.0 kg/m m,=1.0 kg/m m,=1.0 kg
Length 1,=1.0 m L,=1.0 m ]
Stiffness E[,=200 N.m* E1,=200 N.m’ -
Mass moment of - - 0.1 kg.m’
Inertia

Table 6.1: Parameters of the two link flexible manipulator.
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Three cases are going to be addressed. The first case is when the first link is assumed to
be rigid while the second link is flexible and will be referred to as the Rigid-Flexible
case. The second case is when the first link is assumed to be flexible while the sccond
link is rigid and will be referred to as the Flexible-Rigid case. The third case is when both

links are assumed to be flexible and will be referred to as the Flexible-Flexible case.

6.3.4.1 Rigid-Flexible Two-Link Manipulator

Figure 6.3 shows a Rigid-Flexible two-link manipulator. The flexible link of the
manipulator is subjected to an initial deformation &,=0.01 m. Figure 6.4 shows the
response of the flexible link when it is subjected to the initial deformation E£,=0.01 m.
When both joints are assumed to be clamped, the response of the tip is sirnilar to that of
the one link flexible manipulator described in Chapter 3 and shown in Figurc 3.5. The
effect of the flexibility of the second link on the motion of the first joint can be obtained
by using pinned joints instead of clamped ones. The motion of the joint angles caused by
the oscillations at the tip of the flexible link are shown in Figure 6.5. It can be seen from
this figure that the flexibility of the second link has very small effect on the Jjoint motion
of the rigid first link. The induced motion at the joint of the first link is an oscillatory
motion with a maximum amplitude of nearly 0.05 deg. The maximum amplitude of the

motion of the second joint is 1.2 deg.

6.3.4.2 Flexible-Rigid Two-Link Manipulator

This case is illustrated in Figure 6.6. With reference to the figure, the first link,
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is subjected to an initial deformation $a=0.01 m. This case is rarcly studied in the
literature because of the changing boundary conditions at the end of the flexible link as
8, changes. A change in 8, results in a change in the natural frequencies of the flexible
link. When both joints are clamped. the response of the flexible link is equivalent to that
of a single link with a load at its tip. The deflection at the end of the flexible link when
the arm is fully extended is shown in Figure 6.7. A significant change in the motion of
the tip of the flexible link occurs when the second Joiat is clamped at 8,=-90. Figure 6.8,
shows the deflection at the tip of the tirst link. It can be seen from the figure that the
oscillations of the flexible link are no longer symmetric. The asymmetry is caused by the

offset of the center of mass of the second link from the axis of the first link.

6.3.4.3 Flexible-Flexible Two-Link Manipulator

This section treats the casc when both links arc flexible. Figure 6.9a shows 2 fully
extended two-link flexible arm and Figure 6.9b shows a two-link flexible arm with 8,=0
and 8,=-90. In both cases, the links are subjected to initial deformations of
£.=5.=0.01 m. Figures 6.10 and 6.11 show the deflections at the tip of the first link and
the second link, respectively, when the arm is under the conditions shown in Figure 6.9a.
The results shown in these two Figures are very similar to those shown in Figure 6.3 and
6.7. When the arm under the conditions shown in Figure 6.9b is released, the asymmetry
of the deflection at the tip of the first link can be seen very clearly in Figure 6.12. Since
the deflection is measured relative to the link itself, the asymmetry has litle effect on the

deflection of the second link as shown in Figure 6.13.
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Figure 6.1: Coordinate system of a flexible link with a moving base
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Figure 6.2;: Two link flexible manipulator
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Figure 63: Rigid-Flexible Two-Link Manipulator.
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Figure 6.4: Deflection at the tip of the second link for the Rigid-Flexible case.

112



1.2f -
1k
”~~
g
o] 0.8
St
L
w M s
2 0.8
<
0.‘ "1 v =
o2} a
o .08 0.1 0.18 0.2 0.28
Time ( sec.)
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Figure 6.7:
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Figure 6.9:
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Chapter 7

Collocated Control of a Two-Link Flexible Manipulator

7.1 Introduction

This chapter deals with the collocated control of a two-link flexible manipulator.
In most robotic applications, the reference commands are given in Cartesian space. In the
case of a planar two-link manipulator. the position of the end point of the second link is
defined by the x and y coordinates. In order to obtain the joint anglcs that lead the end
point of the two-link manipulator to the desired position. the inverse kinematics of the
correspor:ding two-link rigid manipulator has to be carried out. The inverse kinematics
of a two-link rigid manipulator has been extensively covered in the literature. In Sections
7.2 and 7.3, brief descriptions of the derivations leading to the equations used to perform
the inverse kinematics and the forward kinematics of a two-link manipulator are included
for completeness. A collocated control scheme that uses two independent joint PD
controllers to control the two-link flexible manipulator is presented in Section 7.4,.

Section 7.5 deals with the control of the end point of the two-link flexible manipulator
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along a pre-defined path using the computed torque method. Simulation results and

discussions about the effectiveness of each of these controllers are also presented in this

chapter.

7.2 Inverse Kinematics
The desired position of the end point of a two-link manipulator in Cartesian space
is given by r(t)=[x, »]7. The corresponding joint angles assuming an elbow-up

configuration are given by:

_ ) 7.1

2 2
where d=x+y’.

The velocity of the end point in Cartesian space is given by:

Where J is the Jacobean matrix of the manipuiator and given by:

J=

U8yl )y ISy,
Ly, ey
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The symbols s, ¢, . 5, and ¢, refer to s,=sin, c,=cosf, s,=sin(8,+0, and

1
¢;»=cos(8,+8.,).

Provided that J is non singular, the joint velocities can be obtained as:

@ = J R i' 7-5
The end point acceleration is given by:

i-Ho.se 76
dr

[ 4

Given F., © and J. the joint accelerations can be obtained from Equation 7.6 as:

o =.r-'[r-,-£’e] 7.7
dr

7.3 Forward Kinematics

The output of the two-link flexible manipulator is given in terms of the joint
angles. the deflections and the slopes at the end of each link, as well as their
corresponding first time derivatives. In order to get the absolute position of the end point
in Cartesian space, the forward kinematics of the manipulator has to be used. Given 6,,
8,, £, £y O, and Sy, as well as their corresponding first time derivatives, the end point

position is given by:
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{)

r.= R, *

«

J 78

and the end point velocity is given by differentiating Equation 7.8 with respect to time

as:

L

-

E..

0
.,

FeRy||. [+RY,{|+R 9

-

)

+R; .-
¢4

7.4 Independent Joint PD Control

Independent joint PD (Proportional plus Derivative) Controllers have been used
in the control of rigid manipulators. These controllers generate the commands to produce
the actuators torques to be applied at each joint based only on signals from collocated

Joint sensors. The torque at each joint is given by:

7 =Kpe,+Kye, i=1,2 7.10

where ¢=0,-6, is the error representing the deviation of the actual joint angle 6; from the
desired one given by 8,. €;is the time derivative of e, K, and K}, are the proportional
and derivative gains, respectively. Figure 7.1 shows a block diagram of the independent
joint PD controller for a two-link flexible manipulator. The reference commands
describing the desired end point position are given in Cartesian space as x, and y, which

represent the desired positions along the x and y coordinates, respectively. The
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corresponding joint angles are obtained from the inverse kinematics of the equivalent rigid
manipulator. This controller is referred to as a collocated controller because only the joint
angles and their first time derivatives measured at the joints are used in the feedback. The
gains of each joint controller are usually selected to result in a critically damped response
for for the configuration corresponding to the highest inertia with respect to the joint axis.
For the two link flexible manipulator, it was shown that the inertia matrix depends not
only on the joint angles but also on the variable describing the flexible sub-system. To
determine the controller gains for the first joint, the two links are assumed to be rigid and
fully extended with the second joint locked. This configuration represents the highest
inertia with respect to the axis of the first joint. For the second joint, the highest inertia
configuration results when the link is assumed to be rigid. With reference to Figure 6.2,

the highest inertia with respect to the axis of the first joint is given by:

myl,

-

o

. oom \
I =( 3 smolyvmrmy) U7 711
+(maa+2my) Lo+ 1) +1,

+m,;) [22 +(

The highest inertia of the second link with respect to the axis of its joint is given by:

L= ("’3’2[z sm)l3+1, 7.12

The error dynamics when independent PD controliers are used to control the two-links

with inertias /| and L is:
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rl HER K": 0 Fl KP. 0 € {0 7.13
0 Lf&] | 0 Kplles] |0 Kpjles| [0
Which is equivalent to:
€ ..C,(onl 0 €, co,:':l 0 €t |0 714
&l 0 25w, e | g o lles] [0
- fll =

where 2(;0; = K,/I; and w, = (Kp)R: =12,

G, is the desired damping ratio associated with the motion of joint i. and w,, is the control
bandwidth. The independent joint PD controller can be viewed as having a torsional
spring and a damper at each joint. Each of the spring-damper pairs guides the system to
the desired configuration and removes energy from the system. Simulations of a two-link
flexible manipulator under the independent joint PD controller were performed and the
results are shown in Figures 7.2 to 7.6. The physical parameters of the two link flexible
manipulator used in the simulations are shown in table 6.1. The controller gains are
selected such that each joint is critically damped with w,; = 10 rad/sec. The initial position
of the end point of the manipulator is represented in Cartesian space by the point
P,(0.8,0.1) and the final position is represented by the point P(0.1,1.6). The joint angles
corresponding to the initial and final positions of the end point are obtained from the
inverse kinematics and they are given by ©®=[73 -132] and ®=[125 -75]. Figure 7.2

shows the error between the actual and desired joint angles. It should be noted that even
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though the controller gains were selected to give an critically damped joint response. both
joints have overshot their target position. This overshoot is mainly due to the nonlinear
terms representing the coriolis and centrifugal forces as well as the coupling between the
rigid and flexible sub-systems. Figure 7.3 shows the deflection at the end of the first link
and at the end of the second link. The deflection at the end of the first link is much
higher than that at the end of the second link because the later acts as a load for the first
link. For both links the largest deflection occurs at the early stage of the transient
response and this is due to the high input command introduced by the large error between
the initial and final joint positions of the manipulator. The input torgues produced by the
actuators are shown in Figure 7.4. The motion of the end point of the two link flexible
manipulator in the Cartesian space in obtained through the forward kinematics and is
shown in Figure 7.5. A large overshoot is observed in both x and v directions. This large
overshoot in Cartesian space is due to the overshoot in the joint angles as well as the
deflections at the end of each of the two links. An illustration of the motion of the two

link flexible manipulator from P, to P, is shown in Figure 7.6.

7.5 Computed Torque Control

It was shown in the previous section that an independent joint control strategy is
not suitable for controlling the manipulator along a pre-defined path. The computed torque
control approach, which uses a nonlinear feedback in order to linearize and decouple the
two-link manipulator, is used here as an alternative to the independent joint PD control

scheme. A block diagram of the computed torque controller of the two-link flexible
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manipulator is shown in Figure 7.7. The reference trajectory to be followed by the
manipulator's end point is specified in Cartesian space. Through the inverse kinematics
of a two-link rigid manipulator, the corresponding angle, velocity and acceleration of each
joint are obtained and they are given by ©,=[6,, 8.,1% ©,06,, 6] and
O,=[0,; 8,,]". respectively. Since the feedback sensors and the actuators are collocated
at the joints, an equation describing the motion of the nigid sub-system is needed. Similar
to the procedure shown in Chapter 4, an equation similar to Equation 4.4 can be obtained.

This equation is given by:
r©-+A,=T 7.15
where I, is a 2 by 2 positive definite matrix and A, is a 2 by | vector representing the non
linear terms. From Figure 7.7, the vector representing the joint torques is given by:
T=r0(9d*Kn(®d‘®)‘Kp (©,-9)+ A, 7.16
Kpand K, are two 2 by 2 diagonal matrices representing the proportional and derivative
_gains respectively. Substituting 7.16 into 7.15 gives a system of two linear and decoupled

second order equations representing the dynamics of the error between the actual and the

desired joint angles. This system of equations is given by :

ed“@)*Kp (Od_®)+KP (©,-0)=0 7.17

The actual position of the end point in Cartesian space is obtained through the forward

kinematics of the two-link flexible manipulator.
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7.6 Straight Line Test Trajectory

In order to simulate the response of the two-link flexible manipulator under the
computed torque control, a straight line trajectory of the end point is being used. Figure
7.8 shows the two-link flexible manipulator at several configurations along this trajectory.

The equation of the straight line from P, (x, », ) to P, (x, », ) in the xv plane is given by:

_YiYy

=X )+y. 7.18
x;-y.-@ d*Yi

y

The coordinates x and y and their first and second time derivatives were selected to have
continuous and smooth profiles in the time domain. The function x(z) and its time

derivatives are given by:

_ xf“x. xf"x‘ - 7 19
1)=X . + —=——-| - —=—SIN{W ! .1va
XO)=x;+ =t - —psin(e 1)
e XX XX 7.19b
1)z =i = ———COS( W -
x(y== -~ eos(w 1)
x@) = m——xf:"sin(co 1) 7.19¢
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where =2n/T and T is the time required for the manipulator to move from PtoP.

Similarly, y (). ¥'(¢) and y(f)are given by:

SV XX

y@e)=y;~ t- Tw‘sin(w £) 7.20a
PO U T v

y{)= )—fT:—‘-“f—T"cos(m ) 7.20b

¥y = 0t ;_"v"sin(co 1) 7.20c

Figure 7.9 shows the desired trajectories of the end point along the x and y directions and
the corresponding trajectories in joint space. The manipulator starts form the point P,
(0.8.0.1) where it was at rest. After a duration of 7=2.0 sec. the manipulator is expected
to reach the point P,(0.1,1.6) and stay at this location for one second so that the induced
oscillations at the tip can be observed. The errors in the joint positions are shown in
Figure 7.10. It should be noted that in the case of a rigid two-link manipulator under
similar control strategy. these errors would be very small. The errors seen in this figure
are mainly due to the flexibility of the links. The deflections at the end of each link
during the tracking of the straight line trajectory are shown in Figure 7.11. The figure

shows that the deflection at the end of the first link is much larger than that at the end
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of the second link and this is due to the different load condition for each link. Even
though the errors in the joints positions are zero after a duration of 2 sec, the end point
of each link keeps oscillating and the actuators at each joint continue to provide the
necessary torques to maintain the joint angles at the desired position as shown in Figure
7.12. The path of the end point as it moves from P, to P, in the xy plane is shown in
Figure 7.13. The deviations of the end point from the desired path cannot be clearly seen
in this figure because thny are very small compared to the overali path. These deviations
can be seen very clearly in Figure 7.14, where the errors in the x and y positions of the
end point are shown. Again. after a duration of 2 séc. the motion of the end point is that
of an undamped oscillatory system. These oscillations represent the zero dynamics of the

system.
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Figure 7.5:

Figure 7.6:
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Chapter 8

Non-Collocated/Time Delay Control

- 8.1 Introduction

[t was shown in Chapter 5 that the use of the computed torque tcchnique together
with the delayed deflection of a point along the link introduces an active damping :-ffcét
on the flexible modes of the one link flexible manipulator. This results in a significant
reduction in cnd point vibrations. In this chapter. the same approach is extended to the
two-link flexible manipulator. This approach requires feedback from one point along cach
link. These points are selected such that when the angles representing the positions of
these points are used as the system output. the overall dynamic system is stabic.
Simulation of the response of the two-link flexible manipulator under non-collocated
control is presented in Scction 8.2. In Scction 8.3. the Computed Torque/Delayed
Deficction approach and the effects of the delay time on the cnd point position of the
two-link flexible manipulator are investigated. A comparative study of the response of the

two-link flexible manipulator under collocated control. non-collocated control. and non-
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collocated control with delayed deflection has been carried out in Section 8.4 and 8.5. In
Section 8.4. a trajectory consisting of a straight linc path has been used. A more
complicated end point trajectory has also been used in Section 8.5 in order to test a wider

arca of the work plane.

8.2 Non-Collocated Control

The non-collocated control of the two-link flexible manipulator entails controlling
the angle of a given point along cach link. The necessary variables required to cxpress
the system dynamics in terms of the new output variables are shown in Figure 8.1, With
reference to the figure. the angle of the position vector of a point on the first link located

at a distance x, from the first joint is given by:

9x1:6|+u1§xl) 8.1
1

Similarly. the angle of a point located at a distance x, along the second link and measured

from the location of the sccond joint is given by:

u, (x;) and u, (x,) are the deflections at x, and x, respectively. These deflections can be
expressed in terms of the shape functions and the coordinates of the end point of cach

link as:
u(xy) =&, (x,) €, +én(x,)8,, 8.3
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and

Us(X3) = by (x3) & v D (x2) 8, 8.4

0,, and B,; can be expressed in vectors form as:

© =0-¥y 8.5
where
[tb”(-xt) Dia(x) 0 0
- Xy X, 8.6
0 ' 0 d’.’!l("':’.) Cb:z(«":)
X2 X2
From Equation 8.3, the vector © can be written as;
® 6 ¥y 8.7
Substituting Equation 8.7 into the dynamic Equations 6.32 and 6.33 givcs:
M.® «(Mf -M,¥) #-H-T 8.8
Md®x+(Mf_Md?)f’+Hf+Kn;0 8.9
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Similar to the casc of the onc-link flexible manipulator that was discussed in

Chapter 4. the equation representing the dynamic system when the output €, reaches its

final destination is given by:

(M, -M; ®)7+H +Kn 0 8.10

H; istheterm H, with 8, 8, -0.

:

The stability of the system given by Equation 8.10 can be assured if the matrix M,=M,-
MY is positive definite. The main difficulty in dealing with the singularity of the matrix
M, results from its dependance not only on the non-collocation distances x, and x. but
also on the variables 8, . &.. 8, and 3,,. Scnsitivity analysis of the matrix M, to a
change in 92; Eerr Cen O OF B, shows it to be most sensitive to changes in 6,. The
determinant of M, for different configurations and as 8, varies from <t to 0 is shown in
Figures 8.2, 8.3, 8.4 and 8.5. From these figures. onc set of points {x,. x,} for which the
matrix M, is non singular is x,=0.6/, and x,=0.4/, . Figurc 8.6 shows the error between
the desired and the actual joint angle for the joints of the two-link flexible manipulator.
The crrors in the joint angles are relatively large as compared to those when a coillocated
controller is used (refer to Figure 7.7). These large errors arc duc to the fact that in the
non collocated control. the joint angles 8, and 8, arc not the controlled variables. Rather,

the controlled variables are the angles of the position vectors of the points x, and x,. The

deflections at the end of the first and second link shown in Figure 8.7 arc almost the same
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as those obtained under collocated control (refer to Figure 7.11). This is duc to the fact
that in both cases. the end point deflection is measured with respect to the tangent to the
link at the location of the joint. The position crror of the cnd point along the x and the
¥ directions is shown in Figure 8.8. The advantage of using the non collocated control can
be seen in Figures 8.9 and 8.10 where the position errors of the end point along the x and
¥ dircctions arc shown for both the collocated and the non collocated control. The
maximum position crror in the x dircction has been reduced from /4 mm under the
collocated control to 5 mm under the non collocated control. Similarly. the position error
in the y dircction has been reduced from /3 mm to 6 mm. Another measure of the
trajectory tracking performance for cach of the collocated and non collocated control is
the total position crror which gives the total deviation of the actual cnd point position
from the desired one. Figure R.11 is an illustration of this type of error. The total crror

is calculated from the errors along the x and y dircctions as:

€ totat Vf(xd_x ) -+ (y,, '_V) - 8.11

Figurc 8.12 shows the total position error of the end point under both collocated and non
collocated control. The figure clearly shows that throughout the motion. the non
collocated control out performed the collocated one. The input torques at cach joint under
non collocated control are shown in Figure 8.13. Thesc torques exhibit a high frequency
switching in order to maintain the angles 8,; and 8,, along the desired trajectories. This

high frequency switching is not present when a collocated control is used.
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8.3 Time Delay Control

In this scetion, the computed torque/Time detay approach that was discussed in
Chapter 5 is being used to reduce the vibrations at the end point of the two-link flexible
manipulator. It was shown in the previous section that cven though the position error of
the cnd point is reduced through the use of non collocated control. residual vibrations are
still present. In order to introduce active damping into the system. a delay was introduced
in the deflections at points x, and x.. In order to sce the effect of the delay time on the
tracking performance of the two-link flexible manipulator. simulations for a delay time
of v = 0.0/ sec. v=10.]secand v = 0.2 sec have been carried out for the case where
X; = 0.6 1, and x. = 0.4 [,. Figurcs 8.14 and 8.15 show the deflections at the cnd of the
first and the second links, respectively. These two figures show that by using a delay time
of 0.0/ sec. the high frequency components resulting from the non-collocated control
(v=0) have been virtually eliminated. thus implying that the time delay control acts as a
low pass filter. Increasing the delay time to 0.7 sec nearly eliminates all the vibrations
that were present at the final stage of the trajectory. A further increase in delay time from
0.1 sec to 0.2 sec introduccs another high frequency component in the signal. The cffects
of time delay control on the motion of the end point of the two-link flexible manipulator
arc shown in Figures 8.16 to 8.18. The figures show the error in the x and y directions
and the total crror between the desired and the actual position of the end point of the
manipulator. The damping effect introduced by the CTDD approach can be scen very
clearly in Figure 8.18 where the signal representing the total position crror decays much

faster in comparison to the non collocated control approach (v=0).
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8.4 Comparative Study

In the following scction, a comparative study has been camricd out 1o asses the
tracking performance of the two-link flexible maninulator under Collocated Control. Non-
Collocated Control, and the CTDD approach. Two types of trajectorics have been uscd
in the study. The first trajectory is the straight line path shown in Figurc 7.8. The sccond
trajectory consists of a sct of three straight line paths connccting four points in the xv
plane as shown in Figure 8.23. The end point of the two link-flexible manipulator starts

from an initial position P, ( x; . y; ) and finishes at the position given by P (x;.3).

8.4.1 Straight Line Path

Figurcs 8.19 and 8.20 show the errors in the x and y dircetions respectively. It can
be scen from these figures that the highest error is obtained under collocated control.
Even though these errors have been reduced when non-collocated control was used, small
end point oscillations are still appearing. By introducing active damping into the system
through the usc of the CTDD approach. these oscillations are successfully climinated.
The total crror, as defined by Equation 8.11. is shown in Figurc 8.21 and the trajcctory
of the end point in the xy planc is shown in Figure 8.22. It can be scen from zooming on
the arcas near the starting and finishing points that the collocated control gives the worst
performance. The non-collocated and time delay controls showed some resemblance at
the start of the trajectory but the advantage of the time delay control becomes very

apparent near the finishing point. Table 8.1 is a summary of the results obtained from
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Figures 8.19. 8.20 and 8.21. The table contains a qualitative summary of the performance

of the threc control strategics.

Non-Collocated Non-Collocated
Collocatcd Without delay With dclay
(v=0.1 scc )
E. ru 13.96 mm 4.92 mm 4.93 mm
(t=1.296 scc) {t=0.396 scc ) (t=0.396 scc )
E, rux 13.23 mm 591 mm 5.61 mm
(t=0.33 sec ) (t=0.588 scc) (1=0.588 sec )
| S 1691 mm 7.06 mm 7.09 mm
(1=0.948 scc ) (1=0.396 scc ) (t=0.402 scc )
Table 8.1:  Maximum position crrors of the end point during the tracking of straight

line path using the coliocated. non collocated and time delay controls.

E max Eysmae and E ., are the maximum values of the error along x. the crror along y
and the total error of the position of the end point, respectively. The time t represents the

time at which the maximum occurs.

8.4.2 Four Points Path

This type of trajectory is shown in Figure 8.23. During this trajectory, the end
point of the manipulator starts from rest at P(0.8.0.1) and finishes at P,(0.3.0.6) passing
by P.(1.3.0.6) and P(0.8 1.1). The trajectory is composed of three segments P, — P, |
P, — P, and P, — P,. Each of these is represented by a straight line path in the xy plane.
The main reason behind using this type of trajectory is to allow a wider arca of the work

plane to be tested and to see the effect of non zero initial conditions on the performance
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of the controllers when the end point moves from P, to P, and from P, to P,. The desired

position. velocity and acceleration of the end point along the x and y directions are shown

in Figure 8.24. With reference to this figure, the manipulator takes 1 sec to move from

onc point to another. At cach of P, and P, . there is a pausc of 0.25 scc. When the end

point reaches point P, . the manipulator is expected to remain at this configuration for a

duration of 1.5 scc to compare the scttling time of cach of the three controllers. The
2

maximum velocity during cach scgment is v, - V Vemax* vfmm =1.414 m/scc and the

[—————ere

maximum acceleration is &, = | afmax+ a§m=4.45 ny/sec”. The corresponding desired

trajectory in the joint coordinates are shown in Figure 8.25. With reference to this figure.
the maximum velocity and the maximum acceleration of cach joint depend on the
configuration of the manipulator. Tablc 8.2 shows the maximum velocity and maximum
acceleration of cach joint as the end point moves along cach of the three segments of the

four points path.

P, — P, P, P, P, -+ P,
10 e | tredisec) 2.09 3.86 3.74
101 x| {rad/sec ) 0.35 1.15 1.09
182 max| (radisec?) 5.36 2.15 5.46
185, x| (radisec ) 1.54 0.38 1.62

Table 8.2:  Maximum values of the desired velocity and desired acceleration of joint
I and joint 2 along cach scgment of the desired path.

Figures 8.26, 8.27 and 8.28 show the simulation results for the position error of the end

point along the x direction, the y dircetion and the total position error, respectively. In the
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three figures. the maximum position error occurs when the manipulator is moving from
P, to P, and under the collocated control. This is because most of the motion for that
scgment of the trajectory is in the joint of the first link and since the second link acts as
a load to the first link. the latter exhibits larger deflection when it is moving with high

acceleration. A summary of the results shown in Figures 8.26 to 8.28 is presented in

Table 8.3.
Collocated Control Non-Collocated Control Time Delay Control

(v=0.1 scc)

E, 29.18 mm 5.19 mm 5.19 mm
(t=1.92 sce) (t=0.18 sce) (t=0.18 scc)
E, 50.06 mm 17.88 mm 18.04 mm
(r=1.59 scc) (=146 scc) (+=1.47 sec)
| S, 54.86 mm 18.09 mm 18.26 mm
(t=1.90 scc) (t=1.46 scc) (t=1.47 sco)

Table 83:  Maximum position crrors of the end point during the tra“king of a four

points path using the collocated. non collocated and time delay controls.

For the collocated control, the maximum total crror was found to be 54.86 mm and occurs
at a time t=1.90 sec. From Figure 8.25. it can be seen that at the time when the maximum
total error occurs (t=1.90 sec), the acceleration of the joint of the first link has a peak
value of -3.4 rad/sec’. Furthermore, when the end point is moving between P, and P, the
two link manipulator has the highest arm extension which causes larger deflections of the
links. A significant reduction in the maximum total crror was obtained when non
coliocated and time delay controls were employed. Even though the maximum tot~] error

is nearly the same for the non collocated control and for the time delay control, the latter
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shows a much improved performance by reducing the amount of oscillations at end of
cach segment of the path. Figures 8.29 and 8.30 shows the tracking performance of cach
of the collocated control. the non collocated control and the CTDD near cach of the four
points of the path,

As another measure of the tracking performance of the three controllers, the arcas
under the curves of the total errors have been calculated. This performance index is
known as the IAE ( Integral Absolute Error ). Figures 8.31 and $.32 show the 1AE of
the end point position for the straight line path and for the four points path respectively.
It can be scen from these figures that the highest [AE is when the manipulator is under
collocated control. The CTDD approach gives the lowest IAE. Table 8.4 shows the values
of the IAE when =3 seconds. As t—x, the valucs of the IAE for the collocated and the
non-collocated control become infinitely large because the end point keeps oscillating
around the target position with constant amplitudes. In the case of the CTDD approach.
the amplitude of the position crror decreases duc to the active structural damping
introduced by the delayed deflection. The IAE becomes constant when the oscillations at

the tip arc completely eliminated.

Collocated Control Non-collocated Control CTDD approach

IAE |Straight line Four points path |Straight line Four points path | Straight line Four points path

3.2 6.3 1.3 2.1 1.2 6

Table 8.4:  IAE performance index for the collocated. non collocated and time
delay control.
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Figure 8.1: Coordinates Systems for the Non-Collocated Control of a Two-Link
Flexible Manipulator.
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Figure 83: Determinant of the GIM of the two link flexible manipulator for
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Figure 8.6:  Error in the position of the joints using the Non-Collocated Control for the
tracking of a straight line path. x, /,=0.6 and x, /1,=0.4.
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Figure 8.7:  Deflections at the end of link 1 and link 2 using the Non-Collocated
Control for the tracking of a straight line path. x, /,=0.6 and x, /7,=0.4.
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Error in the end point position along the x direction using the Conllocated
Control and the Non-Collocated Control for the tracking of a straight line
trajectory. x, /,=0.6 and x, /,=0.4.
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Figure 8.12: Total position error of the end point using the Collocated Control and the
Non-Collocated Control for the tracking of a straight line path.
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Figure 8.15: Deflection at the end of the second link with respect to its equivalent rigid
link using the CTDD approach for the tracking of a straight line path.
x/1,=0.6 and x/1,=0.4.
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Figure 8.16: Error in the end point position along the x direction using the CTDD
approach for the tracking of a straight line path. x,//,=0.6 and x/I,=0.4.
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Figure 8.17: Error in the end point position along the y direction using the CTDD
approach for the tracking of a straight line path. x,/,=0.6 and x/I,=0.4.
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Figure 8.18: Total error in the end point position using the CTDD approach for the
tracking of a straight line path. x,//,=0.6 and x/1,=0.4.
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Figure 8.19: Error in the end point position along the x direction during the tracking of
a straight line path using the Collocated Control, Non-Collocated Control
and the CTDD with v=0.1 sec. x/7,=0.6 and x,1,=0.4.
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Figure 8.20: Error in the end point position along the y direction during the tracking of
a straight line trajectory using the Collocated Control, Non-Cotlocated
Control and the CTDD with v=0.1 sec. x,//,=0.6 and x//,=0.4.
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Figure 8.27: Error in the end point position along the y direction during the tracking of
the four points path using the Collocated Control, Non-Collocated
Control and the CTDD approach with v=0.1 sec. x/1,=0.6 and x/1,=0.4.
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Chapter 9

Conclusions and Recommendations

This chapter is divided into two scctions. The first scction is a summary of the
research presented in the thesis and some of the conclusions that were drawn. The sccond

section contains a discussion of future work to be pursued and some recommendations.

9.1 Summary and Observations
9.1.1 One link Flexible Manipulator

The first part of the thesis dealt with the contro! of a one link fiexible manipulator.
The dynamic model of the one link manipulator has been derived based on the Lagrangian
formulation and the Generalized Inertia Matrix concept. Two methods are commonly used
in the derivation of the dynamic model of robots with flexible links (a) the assumed
modes method and (b) the finite element method. In the assumed modes method, the link
flexibility is usually represented by a scries expressed in terms of spaﬁal shape functions

with time varying amplitudes. The choice of the shape functions depends on the boundary
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conditions of the link. These functions arc usually trigonometric in naturc and they are
defined over the entire link. In the finite clement method, the cubic interpolation functions
arc usually uscd as the shape functions representing the flexibility of an cicment on the
link. Furthermore, the functions resulting from the assumed modes method usually lcad
to a very complex dynamic model.

Analysis of the dynamic model has shown that when the actuator and the sensor
arc coltocated at the joint, non-lincar decoupling control such as the computed torque
method docs not lcad to an asymptotic stability of the end point. In the absence of any
structural damping. the end point keeps oscillating with constant amplitudes. These
amplitudes depend on the smoothness of the command input. Four types of trajectorics
have been used to simulate the response of the flexible link. (a) Joint step input (b) Bang-
Bang acccleration trajectory (c) Sinusoidal acceleration trajectory and (d) a trajectory with
a Gaussian velocity profile. It has been found that the highest amplitude was obtained
when a joint step input was used followed by the Bang-Bang acceleration trajectory. The
lowest amplitude was found when the Gaussian velocity trajectory was used.

Choosing a desired trajectory with high degrec of smoothness is not aiways
possible. In practice, the system may be subjected to‘disturbanccs with very high
frequency contents that can excite the higher frequencies of the flexible link. In order to
increase the structural damping of the flexible link, non collocated control was introduced.
- It has been found that by using the angle representing the position of a point along the
link as the controlled variable, the flexible link appears to be "stiffer”. It was also found

that when the angle representing the position of the end point is used as the controlled
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variable, the overall dynamic system becomes unstable.

Even though non collocated control increases the stiffness of the onc link flexible
manipulator, this control method fails to provide the required damping to eliminate the
osciliations at the tip. In order to introduce active damping into the modes of the flexible
link, a new approach referred to as the Computed Torque/Delayed Deflection approach
(CTDD) has been presented. This approach was inspired by the posicast control that was
introduced by O.J. Smith [94] in the late 1950's. It has been shown in the thesis that using
a delayed output signal in the feedback increases the damping of the system. The CTDD
approach takes advantage of the "dynamic stiffening” introduced by the non collocated
control and the increased damping introduced by the delayed deflection. It was shown
through simulations that the CTDD approach resulted in a very fast decay of the
oscillations at the tip of the flexible link. It was also shown that the fastest decay of these
oscillations can be achieved when a delay time of one half the period of the lowest
frequency in the system is used.

A comparison between the CTDD approach and two other control methods has
been carried out. these two methods are; A composite controller based on singular
perturbation theory and a state feedback regulator. It was found that the CTDD performs
much better than the state feedback regulator. Similar results were obtained when the
CTDD was compared with the composite controller. The advantage of the CTDD over

the composite controller is that the CTDD is much simpler and easier to implement.
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9.1.2 Two Link Flexible Manipulator
In order to invcstigaic the response of a multi-link flexible manipulator under the
proposed control method, a planar two-link flexible manipulator has been used. The
flexibility of cach of the two links was cxpressed in terms of the two cubic intcrpolation
functions used to model the one link flexible manipulator. Six variables were used to
describe the motion of the two link manipulator. Two of these variables are the angles
representing the joint motion of the cquivalent rigid link. Unlike the onc link manipulator,
the reference commands for the two link manipulator are given in Cartesian space. In
order to obtain the joint angles corrcsponding to the desired cnd point position in
Cantesian space. the inverse kinematics of a rigid two link manipulator was carried out.
Two test trajectories have been used to compare the tracking performances of the two link
flexible manipulator. These two trajectories are (a) Straight linc trajectory and (b) Four
points trajectory. In the straight line trajectory. the end point is commanded to move
between two points following a straight path, In the four points trajectory. the cnd point
is commanded to move from an initial point to a final point passing by two intermediate
points. The path between two consccutive points is represented by 2 straight linc.
Among the collocated control methods used in the thesis is the independent joint
PD controller which is similar to the controllers used on the Shuttle Remote Manipulator
System. It is recommended that when this type of control is used to control flexible link
manipulators, the joint angles have to be moved slowly to avoid large amplitude
oscillations at the end point. These errors are due to the fact that no interaction between

the joints is taken into account by the independent joint PD controller and no information
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from the end point sensor is used to compute the torques of the actuators. Unlike the
independent joint PD control. the collocated control based on the computed torque method
takes into account the interraction between the joint that is being controlled and the other
Joints. Even though the computed torgue control has improved the performance of the two
link flexible manipulator, this type of controller still has one major draw back which
consists of the fact the cnd position - the specific quantity to be controlled - is not used
in the feedback. The controlled quantitics used in the collocated computed torque
controiler arc the joint angles.

The nor collocated control overcomes the limitations of the independent joint PD
and the computed torque controllers by using the deflection of a point along the link in
the feedback. The main difficulty in dealing with the non collocated control of the two
link flexible manipulator is in the selection of the points at which the deflections are to
be used in the feedback. Two points, one on each link, have been selected so that the
overall dynamic system is stable. These points are f—: =0. 6 and ‘:— =0. 4. During the
tracking of a straight line path in the xy plane. the total deviation of the end point from
the desired path has been reduced from 16.91 mm for the computed torque control to 7.06
mm for the non collocated control. For the four points path, the total deviation of the end
point has been reduced from 54.836 mm for the computed torque control to 18.09 mm for
the non collocated control. This improvement in the tracking performance is a result of
the dynamic stiffening introduced by the non collocated control. Even though non

collocated control has improved the tracking performancc of the two link flexible

manipulator over that of the computed torque control, in the absence of structural
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damping, ncither of these two control methods leads to an asymptotic stability of the end
point. The CTDD approach was found to give satisfactory results in dampcning the cnd

point oscillations and in achicving asymptotic stability of the end point.

9.2 Recommendations and Future Work

The manipulator's configuration studicd in this dissertation is onc in which the
motion occurs in the horizontal plane. To further improve our understanding of the
behavior of manipulators with flexible links, other configurations need to be investigated.
An cxample of these configurations is a multi-link flexible manipulator with a mobile
base. Such a base may be a mobile space station or a space shuttle like the onc carrying
the CANADARM. Another case of special interest is that of multiple flexible link
manipulators used to kandle large objects. When these manipulators interact with each
other, the overall dynamic systern changes significantly.

Finally. to see the effectiveness of the proposed control method in reducing the
position error of the end point of flexible link manipulators. experiments necd to
conducted in order to validate the assumptions made throughout this work. One of the
main assumptions used in this work is that the deflection of each link occurs only in the
horizontal plane. This can be achieved by choosing the cross section of each link to be
relatively stiff in the vertical plane. To avoid torsional deformation, the manipulator can
be supported by a horizontal table with air cushion in order to reduce the friction
between the links and the surface of the table. Actuators and sensors play a major role

in the implementation of control system. In general, the dynamics of these actuators and
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scnsors need 10 be incorporated with the dynamics of the plant. In the case of a plant with
complex dynamics, such as fiexible link manipulators, sophisticated actuators and sensors
arc required. Among the actuators that can be used in the control of flexible link
manipulators are the brushless direct drive motors. These motors do not require
commutation and have very low friction. Because they are direct drives, these motors
have no backlast or any other undesirable properties introduced by gear trains. Sensors
in a flexible link manipulator can be located cither on the links themselves or externally

to monitor the position of the end point.
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Appendix A

In this appendix. the derivations of the dynamic models are presented. The model of a
single link flexible manipulator is derived using the kinctic cnergy and the clastic potential
energy of a flexible link with fixed basc combined with the kinctic cnergy of 2 load attached
at the tip of this link. The dynamic model of the two link flexible manipulator is derived
using a flexible link with fixed basc to represent the first link ( lower arm ) and a flexible
link with a moving basc to represent the second link ( upper arm ). A load at the end of the
first link is uscd to represent the mass and the moment of incrtia of the actuator driving the
sccond link. At the tip of the second link. another mass is used to represent the payload

carricd by the two link flexible manipulator.

A.l Generalized Inertia Matrix (GIM) of a link with fixed base

The absolute position vector of a point on the link shown in Figure 3.1 is given by:
6 5

r =
S 6

Ty = b, (), + 6,05,

X

7(x)m

Al

To derive the GIM given by Equation 3.10, the partial derivatives of the position vector r
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with respect to 8, &, and §, arc nceded. Thesc partial derivatives are given by:

% ={ x5, ~ 7 (x)me, xc, - P(x)s, T A2
& (), " A3

or =[-¢, b (x =T
5-[ H(X)s, H(X)e, A4

The clements of the matrix M in Equation 3.10 arc obtained by cvaluating the following

integrals :

(1.1) - a’ Kigpy AS
aa E7
‘or or |

1.)=m| Z-ZL g A6

(1.2)= |36 3E,
I

(1.3)*mf—§—; %’ dx A7
0 ’
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!
dr or

22) - A8
e | o

“or a
2.3) = T AS
( )mfuaac %,

‘or 3
33)= T ax A.10
(33)=m fnas, z

The scalar products under the integral can cxpressed in terms of the shape functions ¢,(x) and

$-(x). and the vector n representing the deflection and slope at the tip as:

ar or

i >+ T o) (x)n All
ar 3
6;'652 =x¢ (%) A.12
z 6‘38’ - x,(%) A3
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or or _ 2
-55—( aﬁr_tbl(x) Al4
Or or
asr, RS AlS
or or 2
. 65', Pa(x) Alb

A.2 GIM of a load at the end of 2 link with fixed base:

The position vector of the end point of the link shown in Figure 3.1 is given by:

‘} A.l7

The elements of the matrix M, in Equation 3.15, which represent the clements of the GIM

associated with a load at the end of the link arc given by:

or, or,

I.D)=m, ——2uJ Al8
(.1 Lop o -
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The scalar products can be expressed as:

or, or, . -
._:.-_( :1'4-5:
o8 o0

or, or,

% oF,
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A2l

A22

A23

A24

A25



.- A27

-0 A28

——==0 A29

A.3 Stiffness Matrix of a link with fixed base
The stiffness matrix K is derived from the clastic potential energy U, The derivation

is shown in Chapter 3 from Equation 3.22 to 3.25. The resulting expression of K is given by:

'
K-EI [

0

T

— | A30
dx

d*®|d*P
dxi

Since @=[¢,(x)  $,(x)]". the term under the integral is a 2 by 2 matrix given by:
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4 - T 2 2 2
[d d)“d"d)] dx de” )\ dx A3l
de* )\ dx? dx?
When the hermit cubics given by Equations 3.4 and 3.5 arc used to represent the shape
functions ¢,(x) and ¢,(x). the clements of the symmetric matrix in Equation A.31 are:
_12
(1L1)= = A32
2 -(21) - -9
(1,2) = (1) e A33
@2.2)= ? A34

A.4 GIM of 2 Link with moving base

A flexible link with 2 moving base is shown in Figure 6.1. Whith reference to this

figure, the position vector of a point on the link with respect to the inertial frame OXY is

given by:
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A35

€2 12
-+
Si2 €2

X
‘I’T(x)n,._,}

Simnilar to the GIM of a link with fixed basc, the clements of the GIM of a link with a

moving base given by Equation 6.7 can be obtained from the evaluation of the following
intcgrals:

or or
1.1)=m, —_— Y
(L.1) ™ ab

A36
o, 98,
)
{s
12) = m, %-%dx A37
1 9
0
fy
or or
1.3)=m, —_ A38
( ) m- ael aEc,
0
fy
or or
14)=m, | =- dx A39
( ) ’n- a9! asr,
0
s
or or
1.5) -m, <. A40
(5) m- 691 aEn
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1..6 =mq —— dx
( ) ) ael aar-
0 -
hy
or or
22):m, .
e2-m | o
. 2
fy
n ér or
2-) =m., —— dl'
(2.3)=m, 3
0 - 1
h
ér or
2-4 ’-m-) —_— dx
Y
o ‘
h
or or
25)=m, . dx
(25)=m, . 3,
0 '
"2
gr or
2,6)=m, — dx
(26) - 692 68h
0 »
la
G.3)=m, dr _or
| 3, e,
0
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A4l

A42

A 43

A4

A4S

A.46

A4T



(34) m

1>

(3.5)=m,

(3.6) m,

(4.4) =m,

4,3) -m,

or or
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A48

AA49

AS0

A5

AS52

A53

AS4



66)-m, | LI 4

66)=m, | .0 4

%l‘s ﬁf
.
The scalar products arc expressed in terms of ®(x,)=[¢,(x.) $206)]". Ne=[8ea

I, &, and &, as:

o

9 '% =Ij+ E: +x; +17;r:¢(x2)¢>r(x._.)nc:+2(l a2t Ee,q’r(x:) Ne)Cr2™ ?l,¢7(x2)'qe:s 2
1

1

T <o )T (i E, DT )n, Jera+ (B LT Gm, )is
1 2
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ASS

A.56

8:3]T~

A.57

A58

AS9



: ar
113+ 8, 515+%,)
aolaEc =@, (x,)(\¢ s 5,,
ar 4
73_8%. 68:‘ = d,(x,)(¢\n+ Er;"lz +X,)
;’2 ;;,’: -1+l ),
ar 6r

= X5~ B X752

35

or or

—_ 'J¢ ~
3, GE, b
or
'é"é; 35 2¢3(x2)
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A.60

A6l

A.62

A.63

A.64

A.65

A.66

A67



%, %,

1

or or
%., e ST 51

or or

%, e
or or _
aEq aah ¢3(x-_,)C12
or or 2 T
6&, .65.-' = X2 +nc;¢(x2)¢r(x3)n':
ar or

5, 3,

ar or _

®, &, )
or or _ .2
fﬁ —a—E: = ¢|(x2)
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A.68

A.69

A70

ATl

A.72

AT3

A74

A.75



or or

Kg&: . ¢1(X2)(b2(x2) A.76
ar or _ .2
ERE a(x,) A77

A5 GIM of a load at the end of a link with moving base

The position of the end point of the link in Figure 6.1 is given by:

st 4] Je - ,[L
G TSy G . €12 sl-] 2 ATS
s; |18 ] [s12 e “ﬁ,:

The matrix M, representing the GIM of a load at the end of the flexible link is derived from

the kinetic cnergy as shown in Equations 6.14 to 6.16. The clements of the matrix M, in

Equation 6.15 arc given by:

or, ar, AT
1,1 = 2247 .
(‘ ) mf. ael agl * I
dr, are‘ A.80
(1.2)~m, —=-—=+1, | :
89, o8,



].3 -m (:. [4
13 m g
ar ar‘_
(14 =m —=-—=+1
a81 L2 !
5 ar,, "
(1.5) =m, —=—=
¢ agl Ec
[
(1,6) m, = +IL
1 [
ar,_,_ are'
(2.2)=m _aqé?ae._:d“
3 or, or,
o m =* =
( ) A aez aEr'
arc, arﬁ
@) =m 22,
2 (3
or, dr,
2.5)= 2.2
(2.5) %. 3
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A8l

A82

A33

A84

AS8S

A.86

A87

A.88



(2.6) m, —-—+1
o arﬂ ar,,‘
33)=m PR
B3 m o
3 arr -
A)=m, ——=-
( ) " aEft as’l
arﬁ or,
N0, ——
69 m o
36 arcw e
3,6) -m Z.
CO MRS,
arl_‘ r
44)=m, 68‘_- ) /]
] H
45 arm ar,,
-m - .
( ) I asrl a&,,
” ar,
46)=m, —=-—2+1I
3 e

A.89

A.90

ASl

A92

A93

A94

A.95

A.96



,5 are-. arﬁ A97
5.5)Y-m IR .
C)" M5 .
5.6) e e o8
BOYy=m, -2 A.
( L 3, 35,
arﬁ arﬁ _
(6.6)=m, = % 1, A99
r: ¢

The results of the scalar products in Equations A.79 to A.99 can be expressed in terms of the
variables &, and £,. and the lengths /, and /, by evaluating the shape functions at x,=/.. The

resulting expressions are given by:

ar¢:.ar62_lz+gz+lz+52+2[1+E E )C _2[5 AIOO
agl ag] -4 e °2 s (IZ e, 2ey/ 12 13¢, *
or._ or

2 2o B (Ul B, E Yo (B L - L E, S, A.101
aet aez - 2 £ o 1 €< e 1=
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ar“ are‘ I
-.___.__:Icl_, E..s-,"‘l
96, 65“2 |
Br‘_,: é‘rc: )
08, 35,
arc‘ art_‘ .
0, %, 1o
arh ar" ,
- = =105~ 5in
392 aEq =1 E’: 12

A ar“
2 T l_’
a, 9, °
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A.102

A.103

A.104

A.105

A.106

A.107

A.108

A.109



£ £ i 0
69: aar.
dr, or,
3k, O,
or, or, ) :
~—=lc.-£ 5.
agc' 68.,1 2 e 12
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A.110

A1l

Al12

All13

A.l114

A.T15

Allé

A.l17



£

A.ll18

A1l9

A120

A.6 Stiffness Matrix of a link with moving base

The stiffncss matrix of a link with moving base is the same as that of a link with

fixed base because the variables coordinates used to describe the flexibility of the link arc

measured with respect to the cquivalent rigid link. The resulting expression for the stiffness

matrix is given by:

Al2]

®, is a vector representing the shape functions that describe the deflection of the link and

given by ®,=[¢,,(x)  ¢,,(x)]". the term under the integral is a 2 by 2 matrix given by:

207



=) e
2 FUNLE 2 T2 T2
d-®,|d-®, _ dx dx dx Al
dxe- || dx+ [d2¢2l]{d2¢“] [d2¢22]'
de? J\ dx? dx*
When the hermit cubics arc used to represent the shape functions ¢.,(x) and ¢.(x). the
clements of the symmetric matrix in Equation A.122 are:
12
(L) - = Al123
L
_ 6
(1.2)=(21)=-= A.124
(2.2 =;‘. A.125
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Appendix B

This appendix consists of a listing of a serics of Maple V programs. These programs
were very useful in the derivation of the dynamic models because of their ability to perform
symbolic calculations. Scction B.1 shows a listing of the program uscd to derive the dynamic
model of the one link flexible manipulator. An explicit form of the dynamic mode! of the one
link flexible manipulator is shown in Section B2. A histing of the Maple V program used to
derive the dynamic model of the two link flexible manipulator is shown in Scction B.3 and an
explicit form of this model is shown in Section B.4.

In order to reduce the complexity of the dynamic equations, the constant terms
involving the integration of the shapc functions over the length of the link arc calculated first.

These constants depend on the choice of the shape functions and they are given

I
a; - f &(x)d,(x)dx B.1

!
a; = f &, (x)dx B.2

0
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t
b; - f ¢(x)xdx
0

[ )
- [Ze040,
> -

0
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B.1 Maple Program to Generate the Dynamic Model of a One-Link Flexible Maniplator.

I £ - R R Y

I IR IR IR

Name;
Modoeliam

Description:

This program performs a symbolic derivation
of the dynamic model of a one link

flexible manipulator. 1t assumes that the #
clements of the 3 by 3 symmetric matrix
representing the GIM of the link are #
available in explicit forms. The programs #
performs the tollowing:

!. Genenrates the GIM

2. Evaluates the elements of the
stiffess matrix

3. Generates the GIM of a load at
the end of link

4. Evaluates the nonlinear coriolus
and centrifugal terms.

m: Mass/unit length.

I: Lengths of link.

tl: Joint angle.

t11d: Joint velocity,

ul: Tip deflection,

uld: First time derivative ol ul.
u2: Tip slope.

w2d: First time denivative of u2.

set the numerical values to 5 digits after the
decimal point.

igits:=5;

AL S I el I T R E E E R

wmemameeeee GIM of the link ——-me-

Element (1,1).

nll:=m*(1A3/3+ul 2*a] [+2*ul *u2*a]2+udA3*a22);

#

#

Element (1,2).
nl2:=m*bli;

Element (1,3).
nl3:=m*b2:

#  Elemem (2.2).
n22:=me*all;
#  Element (2,3).
n23:=m*all;
#  Element (3.3).
n33:=m*al22;
#
7 Sthness matrix, K ——mmemea
# El: Stiftness of link
#
k=l
k3=EI*(k] I*ul+k12*u2);
kd:=El*(ki2*ul+k22*y2);
1
# Elements of the Inertia Mairix associated with a
# load at the
# end of the link,
#
& mL: Mass of the load
# IL: Moment of Inentia of the load
#  Element (1.1).

W

R

k1]

"

JIT:=mL(1A2+u] A2+ EL;

Element (1.2).
J12:=mL"I;

Element (1.3).
Ji3:=1L;

Element (2.2),
J22:=ml;

Element (2.3).

J23:=t);
#  Element (3.3).

J33:=IL
#  Assembling of GIM of the link and GIM of the
# load

mll=nll+JI1;
mi2:=nl2+i12;
ml3:=ni3+Ji3;
m22=n22+J23;
ml3=n23+J23;
m33:=n33+J33;
4




#—— Calculate the coriolis and centrifugal terms ~—--
#

# Evaluate time derivatives of [m!1 m12
# ml2 m22)

templ L:=difftm1 1,11)*t1d+diMm1 Lul)*uld
+iffim1 L u2)*u2d;

temp 1 2:=diffim 2.0 1)y*1 1d+diff(m12.ul)*uld
+diffim 12,u2)*u2d;

temp13:=diMm13.11)*t1d+diffim 3.l y*uld
+iffim 1302 *u2d:

lemp22:=difftm22,11)*t 1d+diffim22.01)*uld
+difim22,.u2)*u2d:

temp23:=diffim23.t1)*11d+diflim23:m1)*uld
+HMm23,u2)*u2d:

temp33:=difim33.t1)*t ld+diffim33.ul)*uld
Hiffim33.u2)*u2d:

#

# Evaluate the tota! kinstic energy

#

kell:=ml1*t1d+m12*uld+ml3*u2d;
kel2:=m12*t1d+m22%uld+m23*uld;
kel3:=mi3*t1d+m23"uld+m33*ud:

=(kel I*t1d+kel2*uld+ke13%02d)2;
printievel:=1;
#
# Coriolus and centrifugal terms
#
hi:=simplify(temp| I *t1d+iempl2*uld+tempi 3*u2d-dif(XE t])):
h2:=simplify(temp12*t!d+emp22*uld-+emp23*u2d-diff(KE ul)).
h3:=simplify(temp]3*t1dHemp23*uld+temp33*w2d-difiKEu2)).

save mllmi12.m13,m22,m23,m33, h1,h2h3, kil k2k3, systeml;
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B.2. Dynamic Model of 2 One-Link Flexible Manipulator.

In this scction, the dynamic model created by the program shown in Scction B.1 is

presented. The dynamic equations can be written in matrix form as:

my, My,

My My

]

my18| || k| [-

—

may E' +hl +k2 =
0

msy, S.- Iy [k,

The elements of the GIM. the coriolis and centrifugal terms, and the stiffncss terms are shown
below. (ul represents &, and u2 represents §,).

B.2.1 Elements of the GIM

mll = m*(1/3%34+ulA2%3] 1+2*u1*u2*a ]2
+HU2A2%222 b mL (1824 1 A2 )+IL;

ml2 = m*bl+mL*];

ml3 = m*b2+IL;

m22 = m*al I+mL:

m23 = m*al2:

m33 = m*a22+{L;

B.2.2 Coriolis and Centrifugal Terms

hl = (2*uld*m*ul*al 42 uld*m*y2*al2
+2*uld*mL*ul+2*m*u2d*ul*al2
+2*m*udd*u2*a22)~1d;

h2 = «(m*ul*al +m*u2*a 1 2+mL*y] )*11dr2:

h3 = -m™(ul*al2+u2*a22)"1dA2;

B.2.3 Stiffness Terms
kl=0:

k2 = El*(kl1®ul+k12*u2);
k3 = El*(k12*ul+k22*u2)
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B3 Maple Program to Generate the Dynamic Model of a Two-Link Flexible

Manipulator.

The constant terms involving the integration of the shape functions over the length of

cach link arc calculated first as follows:

’A
Ay = f & (X); (x)dx
(

)

ll
ay - f By lx)edx

0

IL
by, = f b, (x)xdx

0

ik

. & &

The subscript 4 refers to link 1 or link 2.

. f b b x) F () d

B.5

B.6

B.7

B3

4. Generates the GIM of link 2

5. Evaluates the clements of the #
stiffness matrix of link 2

6. Generates the GIM of a load at #
the end of link 1

7. Asscmbles the inertia matrices

8. Evaluaies the nonlinear coriolus
and centrifugal terms,

GIM of link 1

ml: Mass/unit length of link |
11: Length of link 1

#
#
# Name:
# Model2.m #
#
# Description: #
#
# This program performs a symbolic derivation #
# of the dynamic madel of a Two link #
# flexible manipulator. It assumes that the # #
clements of the 3 by 3 symmetric matrix #
# representing the GIM of the link arc # #
available in explicit forms. The programs Digits:=5;
# pertforms the following: #
# #
# 1. Generates the GIM of tink | #
# 2. Evaluates the elements of the # #
stifTness matrix of link | #
# 3. Generates the GIM of a load a1 # #
the end of link | #
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nlE=SmiS(A33+ul /2201 L 1+2%u1*u2%a 12 [+u2A2y2

21y
#  Element (1.2),
ni2=ml*hll;

#  Elemem (1.3).
nld:=ml*h2];
#  Element (2.2).
n22:=ml*atll:
#  Elemem (2,3).
n23:=ml=ai2l;
#  Element (3.3).
n33:=ml*a221;
H

# Stffness matrix. Kl
# EIN: StifThess of link 1

#
k=0,
k3:=EN*(kl{1*ul+k12]1*u2);
kd:=Ell*(k121*ul+k221*12);
F-3

# Elements of the Inertia Matrix associated with a
# load at the end of link 1 { Mass and Moment of
# Inertia of the actuator located at joint 2 )

# ma: Mass of the actuator

# la: Moment of Inertia of the actoator

#
#  Element (1.1).

Jil:=ma*(1112+u] A2 )+la;
#  Element (1.2).

J12:=ma*l1;
#  Elememt (1.3).
J13:=la;
# Element (2.2).
J22:=ma;
# Elemem (2.3).
J23:=0;
# Element (3.3).
J33:=la;
#
# GIM of link 2
#
# m2: Mass/unit length of link 2
# 12: Length of link 2
#

# Element (1.1).

mm1 E=m22(1142*124u142*12+2A3/34+u3A2*a1 12
+2*u3*ud*al22+u4n2%a222 +1*1242+2%u]*(a12*u3

+a22*ud)rcos(2+u2)- 2% 1*4(al 2*u3+a22*ud)*sin(12+u
%

#  Llement (1.2).
mmi2i=m2*(12A3/3+u3/2 3| 1 24+2*u3*ud*a 122+ud”2
*2222H11%122272+u | * (21 2%u3+a22*ud) ) *cos(12+u2)
Hul*124272-11 (a1 2*u3+a22*pd))*sin(12+ud)):
#  Element (1.3).
mmi3i=m2*(11*1241242/2*cos(12+u2)~(a 1 2*u3+a22*u
4)*sin(t2+u2));
#  Elemem (1.4),
mmld:=mml2;
#  Llement (1.5).
mmIS=m2*(([*cos(t2+u2 Ful *sin(2+u))*a 12
+h12)
#  Element (1.6).
mmi6=m2*((} "cosfi2+u2)+u! *sin(2+u2))*al2
+h22):
#  Element (2.2).
mm22:=m2*(1243/3+u3/2%al 1242 *u3*ud*a | 224+udA2
*a222y;
#  Elemem (2.3).
mm23:=m2* (1242 2rcos{+ud - (u3*ald+ud=al 2)sing
12+u2)).
#  Element (2,4).
mm24:=mm22;
#  Element (2.5).
mm25:=m2*b12;
#  Element (2.6).
mm26:=m2*h22;
# Element (3.3).
mm33:=m2*2;
Element (3.4).
mm3d:=mm23;
Element (3.5).
mm35:=m2*al2*cos(i2+ul);
Element (3.6).
mm36:=m2*al2*cos(t2+u2);
Element (4,4).
mmdd:=mm22;
#  Element (4.5).
mm45:=mm23;
# Element (4.6).
mma4b;=mm26;
# Element (5.5).
mm55:=m2*all2;
#  Element (5.6).
mm6:=m2=ai22;
# Element (6.6).
mmb6:=m2*a222;

k1

k3

It

1

o+

# Stiffness matrix. K2



# EL2: StifTness of link 2

#
k2:=0.
KS:=ELR*K T 12*u3+k122°ud);
k6:=ELR*(k 122*03+k222=ud);

F )

# Elemens of the Inertia Matrix associated with a
# load at the end of link 2

# mL: Mass of load

# IL: Moment of Inertia of the load with respect to
# its princical axis

#

#  Element (1.1).
1 E=mbl* (1 A2+u 142+12A24u3A242%(11 *12+u 1 *u3)
*cas(i2+u2)2*11 *u3*sin(2+u2))+IL;
#  Element (1.2).
T 2:=mL*(12A24+u342H1 1 *12+u *u3)*cos(12+u2)
+Hul *12-11*u2)y*sin(2+u))+IL;
#  Element (1.3).
H3=mL*(11+12*cos(t2+u2)-u3 “sin(t2+ul));
#  Element (1.4).
114:=112:
#  Element (1,5).
[15:=mL*(1] *cos(2+u2 }+ul *sin(t2+u2 ;+{2);
# Element (1.6).
Ié&:=IL;
# Element (2.2).
R2:=mL*(12A24u3A2+IL;
# Element (2.3).
R3:=mL(12*cos(12+u2 )-ud*sin(2+u2))
#  Element (2,4).

124:=122:
# Element (2.5).
R35:=mL*I2;
# Elememt (2.6).
26:=IL.:
# Element (3.3).
133:=mlL;
# Element (3.4).
134:=123:
# Element (3.5).
135:=mL*u3*cos(t2+u2);
# Elememt (3.6),
136:=0:
#  Element (4.4).
[44:=122:
#  Element (4.5).
145:=125;
# Elemem (4.6).
146:=126;
# Element (5.5).
I55:=mL.

# Elememt (5.9).

216

156:=0):
#  Element (6.6).
I6&:=]L:

-

f==em Assembling of GIM of link 1 and GIM of link 2

mll=simplify@mmi 1+n11+11 1+ 1);
mi2:=mml2+112;
ml3=simplify(mm 340 12+113+)12);
mlé:=simplify(mm4+n13+114+J13);
mlS:=mmlS+il5;
mibG=mmi6+il6;
m22:=mm22+[22;
m23:=mm23+123;
m2d:=mm24+124;
m25:=mm25+125;
m26:=mm26+126;
m33=simplifv(mm33+n22+133+522):
m3d:=simplify(inm34+n23+134+J23):
m35:=mm35+I3s;
m36=mm36+I36:
madd:=simplify(mmdd+n33+144+133):
md5:=mm4as+145:
ma3b:=mmda+146;
mS5:=mmS5+155;
mS6:=mm36+156;
mbh:=mmea+166;

#—— Calculate the coriolis and centrifugal terms
#

# Evaluate time derivatives of fm11 mi12

# ml2 m22]

templ Li=diffim1 LaD)* idediffim] 12y 2d+diffim 11,
ul)*uld+diffim1 1 u2)*u2d+difiim1 1,u3)*u3d+difiim1
Lud)*udd:
templ2:=diffim12.41)*1 1 d+diff{m]2.12)*2d+difRm 12,
ul)*uld+diffim[2,u2)*u2d+diff{m12,u3)*u3d+diff{m]
2ud)*udd:
temp22:=difim22.11)*11d+difT{m22.12)*Qd+difiim22,
ul)y*uld+diffim22.u2)*u2d+diffim22,u3)*u3d+diff(m2
2ud)*udd;

# Evaluate time derivatives of [m13 m14 m1S mlé
# m23 m24 m25 m26]
temp[3:=diff{m3.t1)*11d+diff(m13.2)*2d+difim13.
uly*uld+diffim13,u2)*u2d+difl(m 1 3.u3)* u3d+diffiim]
3.ud)*udd:
templé:=diff(m14,1)*1Ld+difT{m14,12)*2d+difT(m 14,
ul)*uld+diff(m14,u2)*u2d+difl{m 14,u3)*u3d+diff{m|
4.ud)y*udd;
templ5:=diff{m15.t1)*t1d+diff(m15,12)*12d+dif{m 15,



ul)*uld+ditTim15.02)*u2d+diffim] S.u3)*uldd+diffim1
Sud)*udd:
templ&=ditlmI 6.1 1 Id+difiim 16,12 Y"1 2d+difTtmi6,
ul)*uld+dinimi6,u2)*u2d+difTml fa3 ) uldd+dittiml
6ud)*udd;
temp23:=ditlim23.0 1)t 1d+di i m23 12 P 2d+diftim23,
uly*uld+diffim23 u2 Pu2d+ditim23.u3)*udd+diftim2
3ad)y*udg:
lemp24:=diflim24.1 1d+diff(m23.12)*12d+dirim24,
ul)*u ld+di|'t‘(m24.u2)‘u2d+dit‘l‘(n124.u3)"u3d+diﬁ‘(mz
4ud)*udd:

temp2S:=difMim25.11)~11 d+diffm25a2)y=12d+diffim32s.
ul uid+ditfim25.u2 ) u2d+difftm23,u3)*u3d+ditiim?
Sudy*udd;
temp26:=diffim26.1] y*1 1 d+difT] (m26,12 1 2d-HdiMim26,
ul )‘uld-i-diﬂ'(m26.u2)‘u2d+diIT(m."ﬁ.uS)“uSd*-di H
6.ud)*udd:

# Evaluate time derivatives of {m33 m34 m35 m36
# m34 m43 m45 md6
¥ m35 m45 mS3 mS6
# m36 md6é m56 m66)

temp33:=difiim33.11)* 1d+difftm33.12)*12d-+difNm33,
ul)*uld+diffim33,u2 ) u2d+difTi (m33.u3 )y u3d+difl{m3
3.ud)*udd;
temp34:=diffim34.t1 Y tld+diffim34.12)*2d+diffim34.
ul )“uId+diﬂ'(m34.u2)‘u2d+diﬂ‘(m34.u3)‘u3d+diﬂ'(m3
4.ud )y udd:
temp3S:=difiim35.11 )% 1d+difTim35.12)*2d+diff{m3 5,
ul P uld+ditfim3s.u2)*u2d+difT (m35.u3)*u3d+diffim3
S.ud)*udd:
temp36:=diffim36.l PFUd+HIf 36,2 12d+difTm36,
ut)*ul dHdiffim36,u2)*u2d-+diff(m36.u3)*u3d+di fliim3
6ud)*udd;
tempdd:=difiimad,11)*t1 d+diffima4.12)*12d+diff(m44,
ul)*utd+diffim4s.u2 )y u2d+ditiimad.u3 Y uld+diffima
4ud)*udd:
temp45:=diflim45.41 )" 1d+diffimd5.12)*22d+diftim4s,
uly*uld+diffim4s.u2)*u2d+di fitm43,u3)*u3d+diffims
5.udy udd:
lempa6:=diffim46,t1 )*t1d+diMim46.12)"2d+difiim46,
ul)*uld+diff(m46,u2 y*ud d+di fitm46.u3)*u3d+difTtms
6,ud)*udd;
temp55:=diffimS5,t1 )y tid+difiim55.42)* 2 d-+dif (m55,
uI)'uld*’diff(mSS.uZJ'uldMiﬂ'(mSS.uS)"'u3d-+diff(m5
5.ud)*udd;
tempS6:=diffim56,t] y*t 1 d-+difT (m56,12)*12d+difitmS6.
uly*uld+diff(m56,u2 y*u2d-+dift 1m56,u3)*u3d+diM{ms
6,u4)*udd:;
1empb6:=diffime6,¢ | y*11 d=+difT (MO6,2 Y 2d+diffim66,
ul )"uld+dil'['(m66.u2)‘u2d+dil‘f(m66.u3)‘u3d+diff(m6
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6.ud)*udd;

-
PPN —"

# Evaluate the total kinetic energy

kell:=mli= ld+mi2*2d+n 3 ld+m]d*y2d+m 15y
3d+ml6=udd:
kel2ismI2od+m22*12d+m33*y ld+m24*u2d+m25*y
Jd+m26*uki;
kel3:mm i3 Idwn23*2d+m33*u L d+m33*u2d+m35u
3d+m3e*udd;
keld:=m l4*t1d+m24=12d+m34*uld+mad*u2d+mas=u
3d+mas=udd;
KelS:=m 1511 d+m25*2d+m35*uld+maS*u2d+ms5*u
3d+ms6*udd;
kel6:=m 6%l d+m26=12d+m36=u | d+m6*u2d+mS6™u
3d+me6udd:

KE:=(kel1*tId+ke 12*12d+ke ] 3*uld+kel 4*udd+kel S
*udd+kel 6*udd)2:

printlevel:=1;

#  Coriolus and centrifugal terms

=

hl:=simplify(lempi 1=t ld+empl2*2d+tempt3*uld
+empld“u2d+empl S*u3d+templ 6*udd-diM(KE 1)
h2:=simplifv(templ2=t td+temp22*2d+emp23*uld
+tcmp24‘u2d+t¢mp25‘u3d+lcmp26'u4d-ditT(KE.l2)):
h3=simplify(temp13*t1d+iemp23*2d+temp33*uld
+emp34*u2dHemp33*udd+emp36*udd-difiKE.ul )3
hd:=simplify(lempid=t ld+temp24*2d+temp34*uld
+lcmp44'u2d+tcmp45‘u3d+tcmp46'u4d-dit‘|‘(KE.u2,\);
hS:=simplity(temp 15 ld+temp25*12d+temp35=uld
HempdS*udd+emp5S*uld+empS6 usd-dittiKEu3)):
hé:=simplity(temp16=t] d+emp6*2d+iemp36*uld
+emp6tu2ZdHempS6*udd+emp6b* udd-dift(KE.u4)):

save mllmI2Zmi3ml4mlS.ml6,m22.m23.m24.m25.

m26.m33.m34.m35.m36.n44.md5.m46.m55.ms 6.m66,
h1l.h2.h3.h4.h5.h6, ki K2.k3.k3 k5.k6,

system2:



B.4. Dynamic Model of a Two-Link Flexible Robot

In this section. the dynamic model of a two-link flexible manipulator is presented. The
equations are created using the Maple program presented in Scction B.3. The dynamic model

can be written in matrix form as follows:

my mp gy omy mygomyg .I ok, 7|!
My My Moy My Mg My ° hy| ikl |
Mz My Myy My My My, E"l | |k 0-
+ - -
My May My My Mg My Sel hy kil 0
Mg Plag Mag My Mg Mg gc‘ hel (k| |0
Pl My, Mg My Mg mig 5- hel ks 0]
[

The elements of the GIM. the coriolis and centrifugal terms. and the stiffncss terms are shown

below. (12=6, . ul=g,. u2=§, . u3=%,. ul=3.,).

B.4.1 Elements of the GIM

mll =m2*u4"2*a222+m2*u3 2al [ 2+m1*u2r2*a221
+m2*11*1224m 1 *ulA2%a ] | 1+{a+HL+m2*y142*12+m2
HMIA2*12+1/3*m2*[2A3+1/3*m I *H A3+mL*1 1A2
+mL"ui 2+mL* RA2+mL*u3A24+ma® 11 /2+ma*y 1 4242
*m2*u3*ud*a122+2*m1*ul*u2*al21+2*m2*u i *c22*
al12%u3+H2*m2%ul*c22%a22%ud-24m2%11*522%a 1 2% y3-
2*m2*[1*522%222*ud+2*mL*c22*} 1 *1242*mL*c22*u
1*u3-2*mL*11*u3*s22:

mi2 = m2*(1/3*1243+u3*2*al 1242*u3*ud*al22
+udn2*a222+{1/2*11*12°2+u1*(al12*u3+a22*y4))*c22
H1/2*ul*1242-11%(al 2*u3+a22"u4))*s22 H+mL* {1242+
u3r2H11*124u i *u3)*c22Hu 1 *12-11*u2)*s22+IL;

mi3 = m2*[1*12+12*m2*1242%c22-m2%s22*a12%u3
-m2*522%222*u4+m1i*b] |+mL*l1+mL*12*c22-mL*u3
*s22+ma*ll;

ml4 =1/3*m2*12734+m2*u3/2%a] [24+2*m2*u3*u4
*al22+m2*udr2*a222+12*m2*c22* 1 *12°2+m2*u | *
€22*ai2*u3+m2*ul*c22*a22%ud+1/2*m2*22% 1 %124
2-m2*11*s22*a12*u3-m2*11*522*a22*ud4+m[*h21
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+mL*R2A24+mL*u3A2+mL*c22*1 1 *[2+mL*c22*ui *u3
+mL*s22*ul*12-mL*s22*1 1 *u2+IL+]a;

mis = m2%((11*c22+ul*s22)*ai2+hi2y+rmbL*(11*c22
+u | *s22+(2);

mlé = m2*((11*c22+ul*s22)*al2+b22+IL;

mi2 = m2*(1/3"12A5+u3"2*a11242*u3*ud4*a122
+ud”2*a222 HmL*(12/2+u3 2+

ma3 = m2%(1/2*12A2%c22-(a12*u3+a22%y4)*s22 mL
*(12*¢22-u3*s22);

m24 = m2*(1/3*12/3+u3/2*a1 12+2*u3*ud*al22
+udh2%a222 HmL*(1222+u3 2)+IL;

m25 = m2*b|2+mL12;
m26 = m2*h22+IL:
m33 = m2*12+m1*al | l+mL+ma:

m34 =H2*m2*2A2%c22-m2*s22%al 2*u3-m2*s22
®al2*ud+ml*al214+mL*12*c22-mL*u3*s22;



m35 = m2*al2*e22+ml*u3*c22;
m36 = m2*al2*c22;

mdd = [3*m2*12A3+m2*u342%a ] 1242 *m2* 3oyl
*al22+m2™udn2*a222+m | *a22 1+mL* [2A2+mL*y3A?
+[L+Ia;

m45 = m2*bl2+mL*{2;

ma6 = m2*h22+IL;

m55 = m2*3112+mL;

mS56 = m2*all2;

m66 = m2*a222+IL:

B.4.2 Coriolis and Centrifugal Terms

hl=-2*t1d*u2d*mL*s22*11*12-2*t I d*u2d*m2*]1 *¢c22
*a12*u3-2*t1d*u2d* mL*s22*u 1 *u3+2*t 1d*uld*m2
*c22*212*u3+2% 1d"uld* m2*c22*a22 *ud+2% 1d*u3d
*mL*c22*ul-2*t1d*u3d*mL*) 1*522-2*t | d*u2d*mL*
P*u3*c22-2% 1d*u3d* m2* 11 *s22%a [ 2-2*t 1d*u2d*m2*
ul*s22*al12%u3-2*t1d*u2d*m2*11 *c22*a22*ud+2"1 1d
*uld*mL*u3*c22+2*tid*u3d*m2=u3 al 1242 % 1d*2
d*ml*ul*al2142*11d*u2d*m] *u2*a22 1+2*t 1d*uld*
mi*u2*z212142*1 [d*udd*m2 *ud*a222+2*t 1d*udd*m?2
*ud*al224:2% 1d*uld*mI1*ul*all 142*t1d*u3d*m2*un
4%2122R2* ld*u3d*mL*u3+2 "t 1d*uld*m2*ui*12+2
*tld*nid*mL*ul+2*t1d*uld*ma*ul+2*2d*y3d*mL"
u3+2*2d*pdd* m2* ud*a222+2*2d*udd* m2*u3*a 122
+2*2d*u3d* m2*ud*a 1 22+2* 2d*u3d*m2*u3*al | 2+2
*u2d*udd*m2*ud*a222+2 *u2d*udd*m2*y3*a] 223+2*
u2d*u3d*m2*ud*a 1 22422 @*u3d* mL*u3+2=u3d*u3
d*m2*u3*al 12-2*tid*u2d* m2*y | *s22*a22*ud+2*t id
*udd*m2*ul*c22*a2242% |d*u3d*m2*ul *c22a]2-2"
t1d*2d*m2*112c22%a22%u4-2 % | d*12d*mL*s23*[ | *{2
-2dA2*mL*s22%11%12-2* 2d*u2d*mL*s22*u | *u3-12d*
udd*m2*[1*522%a22-2d*ud*m2 =22} | *[2A2-2*12d*
u2d*mL*s22*1 | *[2+2d*udd*m2*u] *c22*a2212dA2"
mL*s22*u] *u3~12d*u2d*mL*1*522-12d72*m2*u 1 *s2
2*al2*u3+2dM2*mL *c22*u 1 *12-12d 2 *mL*c224{1
*u2-2*t1d*12d*mL*1*u3*c22-2*t | d*12d*m2*] [ *c22*
2l12*u3-2%11d*12d*m2*u ] *s22%a12°u3-12dA2*m2*] | *¢
22*222*ud-12d*2*m2%ul *s22*a22*u4-2* 1d*(2d*mL*
S22*1:1*u3-1/2%2dA2*m2*522 %1 1*12/2+1/2*12d"2*m2
*c22*ul*2A2-12dA2*m2*] 1 *c22*a 1 2*u3+2d*u2d*m?2
*c22%u1*1242-2*12d*u3d*m2*| | *s22*a12-2*12d*u2d"™
m2*11*c22*a12*u3-2*12d*u2d*m2*11°c22*a22%ud-ul
d*m2*a22*s22*y4d+2*u2d*u3d*mL*c22*ul
“2*12d*u3d*m2*1 1 *522%212-u2d 2 m2 %1 1 *c22*a22 %y
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4-172%u2dA2*m2 522411 *12A2+1 2% u2d 2 *m2 *c 22 %y |
*2A242dA2*mL *e22*u 1 *12-u2dAZ* mL 22 1 *y2-2
*td*2d*m2*u | *s22*a22*n4-2* | d*udd*m2*[ 1 *s20
a22-2*12d*u2d*m2*u 1 *22*a 12*u3-2*12d*u2d*m2
*ul*s22*a22*ud-u2dA2*mL* |1 *x2242 *12d*u2d*mL
Sc22%u1*12-22d*u2d* mL e 221 | *u2+2*12d*u3d
‘m2*ul*c22*a12+2%12d*u3d*mL*c22*ul-u2d*udd
*m2*[]*22%a22+udd*udd* m2*ul *¢22*a22+2 u2d"
3d*m2*ul*c32*a12-u2dA2*m2*u1*s22%a 1 2*u3-u2dA2
*m*ul*Q2%ad2*ud-u2d 2 *m2*11 *¢22%2 1 2*u3-u2d
2emL <224 *2-udd*u2d*m2*11 *s22*a 1 2-udd*12d
*m2*1*32%a 1 2-u3d*12d*mL"1 1 *s22-u3d*u2d*mL
*11*22+udd*2d* m2*ul*c22*3 1 2-u2d 2% mL*22*u]
*udtudd m2s223 1 2%y ld+udd*u2d*m2*ul *c22
*all;

h2 = 2*id*udd* m2*ud*a222+2* {d*udd*m2*u3
*a12242% [d*u3d*m2*ud*a 12242 % 1d*u3d*m2*u3
*al1242*%1d*u3d*mL*u3+2*1Id*uld*m2"c22*222
“ud-tid*udd*m2*]1*522*a22+ 1d*udd*m2*ul *c22*a2
A+ 2d*uId*mL*u3+2*2d*udd* m2*u3*a 1 22+2%2d
*udd*m2*ud*a222+2*12d*u3d* m2*u3*al 1 242*12d
*u3d*m2*ud*al22+2*u2d*udd*m2*ud*a22242* 24"
udd*m2*u3*al22+2*u2d*udd* mL*u3+2*u2d*u3d
*m2*ud*al 1 2+2*w2d*u3d*m2*ud*al 22+t 1 d*u3d*mL
*1s2242% 1d*uld* m2*e22*a 1 2*u3+2* 1 id*u |d*mL*
ud*c22-uld*m2*a22*s22*udd-1 1 d*u2d*mL 11 *s22
+2*tlid™uld* mL*12*s22+t | d*uld*m2*12A2*s22-uld
*w3d*mL*s22+11d 2 *m2*ul *s22*a 12%u3+t 1d~"2*m2*
ul®s22*ad2*ud+1dA2*m2*1 1 *c22*a 12 "3+ 1dA2*m2
*11*c22*al2*ud+1 [dA2*mL *s2251 1 *[2411d 2 *mL*s22
*ul*ud+t1d"2*mL 11 *u3*c22+t1d*m2*al2*udd*11
*522-t1d*m2*al 2*udd*ul*c22+uld*u3d*mL*u3*22-
uld*m2*a22"c22*udd;

h3 =t1d"2*mL*ul-11d*2*ma*ul+mL*c22*u3d*2
-u2dA2*m2*c22%22 2 ud-t | d*u2d " m2* 12422522 2% I ¢
*u2d*m2*c22%a12*u3-2*tid*u2d*m2*c22*a22"u4-2*
tld*udd*mL*[2*522-2*11d*u2d" mL*u3c22-2"t |d"u3
d*m2%522%312-2*11d*u3d*mL*s22-11d*m2%a22"s22*
udd-2*12d*udd*mL*12s22-11dA2*m2*c22%a 1 2*u3-{id
A2*m2*c22*a22*ud-1 1 dA2*mL *u3*c22-u3d*12d*mL*
u3*s22-u3d*u2d*mL*u3*s22+udd*m2+a22"c22*(2d+
udd*m2*a22*c22*u2d-2*12d*u2d*mL*u3*c22-2"12d*
u3d*m2*522%a12-2d*u3d*mL*s22-12d*m2*a22*s22*
udd-1/2*2d"2*m2*[242*522412dA2* m2*c22*%a1 2%u3-
1d*2d*m2*i242*522-2*11d*2d*m2*c22*a1 2*y3-2
*tld*2d*m2*c22*a22*u4-2"1 1d*2d*mL*12*522
-2*tld*2d*mL*u3*c22-11d"2*m!*ul*al11-11dA2*m2
*ul®2-t1d"2*m]*u2"al2 [-u2dA2*mL*|2*522-u2dA2*
mL*u3*c22-2*u2d*u3d*m2*522*a12-u2d*u3d*mL
*$22-uld*m2*a22*522*udd-1/2*2d 2*m2 1242522
-2dA2*m2%c22%212*u3-12d"2*m2*c22*222 *ud-12dA2



*mL*12*:22-2d42*mE*u3*c22-12d*u2d* m2*1242*22
-2*2d*u2d*m2*¢22%a 1 2*u3-2"12d* u2d*m2=c2I*a 22
*ud-m2*522*a12*11d*udd;

hd = 2%t 1d*udd*m2*ud*a222+2*t |d*udd*m2*u3

*al22+2* 1 d*u3d* m2*ud*a122+2* 1 d*w3d*m2*u3*a
H2+2*tld*udd*mL u3+2*1 1d*uld*m2*c22*a22*1d
“td*udd*m2*11*22*32 2+ | d*udd*m2*u 1 *c22*a22-3
2M1dA2%m ] *u2r2%a22 |- 1dA2*m I *ul*al21+t1d"12d
*mL*™1*s22+2*2d*u3d*mL*u3+2*12d*udd*m2*u3
*ai122+2*2d* udd* m2 *ud* 222+ 2* 1 2d*u3d* m2*u3
*al 12+2*2d*wW3d*m2ud*a 1 23+ *wd*udd*m2*ud
*a222+2%2d udd* m2*u3*a 1 22+2* 1 2d* u3d*mL*u3
+2*u2d*u3d* mI*u3*al [ 242%u2d*u3d* m2*ud*al22
+tld*u3d*mL11*52242%t 1d*utld*m2=c22*a [ 2*u3+2*
tld*aid*mL*u3*c22-uld*m2*a22*:22*udd+2*1 1d*ul
d*mL*12*C2+ 1d*uld*m2*12/2*22-u ld*u3d*mL>s2
2H1AR2* m2 %l *x22%a 1 2*u3H 1 d 2 *m2 % *s22%a22*
ud+1d 2 m2* 1 *c22%2 1 2*u3+t 1dA2*m2* 1 %2222
ud+t1dA2*mL* <22 1* 12+ 1dA2*mL*s22*u I *u3+ 1 ¢~
2*mL* I *u3*c22+t 1 d*m2*a 1 2%udd*11 *s22t I d*m2
*al2*udd*ul*c22+uld*u3d*mL*u3*s22-uld*m2*a22
*c22*udd:

hS =tid"2*mL*u3-11d*12d*mL*{1*s22-12dA2*mL
*ud-2d 2 *mL*ud+2*t 1d*uld*mL*22+2*t1d*uld
*m2*s22*al2+uld*u2d*mL*s22+12d*uld*mL*s22-
HdA2*m2*u 1 *c22%a 12+ 1dA2*m2* 1} *s22*a 1 2.1 1dA2
*mL*¢22% ]+ idA2*mL*11*s22-uld*12d*mL*u3*s22
suld*u2d*mL *u3*s22-u2d "2*m2*u3*al [2-u2d 2*m2
*u4*al122-2*t1d"2d*mL *u3-2*t1d*w2d*m2*u3*al 12
-2*t1d*u2d*m2*ud*al22-2*t|d*u2d*mL*u3-12d"2
*m2*u3*al 12-12d"2*m3*u4*a122-2*12d*u2d*m2*u3
*ali12-2*12d*u2d*m2*ud*a122-2*12d*u2d*mL*u3
1dA2*m2*u3*al 121 1d"2*m2*ud*al22-2*11d*2d
*m2*u3*al12-2*t1d*2d*m2*ud*al22-t1d*u2d*mL*
112522

hé = tld*uld*m2*s22*al2+11d*u2d*m2*ul*¢c22*a12
+uld*m2*a22%s22*u2d-11d"2*m2"ul*c22%a22+ 1d"2
*m2*11*s22*a22-11d*m2*12d*ul *a22*c22+tld*m2
*2d*11*a22*s22-11d*u2d*m2*u]*c22*a22-+ [d*u2d*
m2*11*s22*a22+uld*m2*a22*c22*12d+uld*m2*a22*
c22*u2d-m2*2d 2 u3*a122-m2*2d*2*ud*a222-2*12
d*u2d*m2*u3*al22-2*12d*u2d*m2*ué*a222-u2d 2*
m2*u3*al22-u2d"2*m2*u4*a222-11d*12d*m2*11*s22
*a1241d*12d*m2*ut*c22*a12-t1d*u2d*m2*11*s22
*212+2d*m2*a22*s22*ulid-t1dA2*m2*u3*al22-2*tid
*m2*12d*u3*al22.2*11d*m2*12d*ud*2222-2*t 1d*u2d
*m2*u3*al22-2*tld*u2d*m2*u4*a222-t1d"2*m2*u4"*
a222+1d*m2*a22*s22%uld;

4.3 Stiffness Terms
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kl =0,
kK=

k3 = EIl*(kIL1*ul+k121%u2);
k4 = ENI*(k121*ul+k221*u2);
k3 = EI2*(k112*u3+k122*ud);
k6 = EI2*(k122%u3+k322*u4);



Appendix C

oy
% NAME: Model.m

%

% DESCRIPTIONS:

%  This is the main program that calls the

% different fenctions neceded to simulate the

%  motion of a the one Link Flexible Manipulator
%  with 3 DOFs,

%
% FUNCTIONS:;
% rohotm:  Robot and Load Characteristics

% gains.m:  Controller Gains
% xywrajl.m: Desired trajectory in the XY plane

% tk_45.m:  Numerical Inmegration
% (RUNGE-KUTTA #th order)
%

% LANGUAGE:

% 386-MATLAB
%

% Written By: Amor Jnifene. University of Ouawa,
% June 1992,

.74
/o

Version 3.5j

% global variahles

global ml 1t Ell ML JL DAMP

global TAU x00 II

global fil fi2 dist DELAY thetax thetadx S
global KP XD

global theta thetad thetadd siep THETAF T

% Get robot characteristics
robot;

omega=30; zta=1..

% Get gains
(KP KD]=gains(omega,zita)

dist=0.4;
fil = 3*(dist11)"2-2*(dist11 *3:
fi2 = dist?2/1 1 4distA3/1182;

221

step=0.001;
T=1.0.
tinal=2.0*T:
THETAF=pi/2.
DELAY=54,
S=t);

[ttheta.thetad thetadd)=tr;j2 (ttinal);
TAU=[U O 0]

=),

x=[000000];
[torque.tx]=rk_45("system’10.tfinal.step,.x0);

%

End of model.m===

tunction xdot=system(t.x)

oy
/o

% NAME:
%% systern.m
%

% DESCRIPTION:
%  This program contains the function to be

% integrated using the Range Kutta routine
% {rk_45.m).

%

% INPUTS:

% t: time,

Yo x: Vector containing the joint angle and is
Ya tirst time derivative. the deflection and
% slope at the end of the link and their
% first time derivatives,

%

% OUTPUTS:

% System of finst order differential equations.
Ya

% GLOBAL VARIABLES:

% ml: Mass of the link.

% I1: Length of the firs,

Y ML: Mass of the payload.

% JL: Moment of Inertia of the payload..

Y% KP: Praportional Gains,



% KD: Derivative Gains.

% LANGUAGE
% 386-MATLAB
%

% Written by: Amor Jnifene, University of Ouawa,
% June 1992,

174

Version 3.5)

t1=x(dyul=x(5); u2=x(6)
tld=x(1uid=x{2); u2d=x({3);
2}=x([4:6] iqd=x([1:3])

/o

alll = 13/35*11: al21 = -11210%1142;

a21 = 17105%1143;

b1l = FR20%1142; h21 = -1720%1143;

K111 = 12173, k121 = -6/142; k221 = 411;

nll = ml*(1/3*11A3+ulA2*al [ 1+2%ul*u2*a 12 |+2n2
*a2ll)

nl2 = mil*hti;

nl3 = ml*b21;

n22 = mi*alltl;

n23 = ml*al2l;

n33 = mil*al2l;

MLINK=[ni1 nl2 n13
nl2 n22 n23
ni3 n23 n33}:

JU = ML*(11"2+u1A2+JL;
J12 = ML*I11:

N3=JL

J22 = ML:

Jj23 =0,

J33=JL;

MLOAD={J11 JI2 J13
Ji2 J22 123
JI3 123 )33

hl =2*mi*(uid*ul*alll+uld*u2=al2l..
+u2d*ul*al21+u2d*u2=a221)*11d...
+2*uld*ML*ul*t1d;

h2 = {ml*(ul=alll+u2*al21)+ML*ul)*t1d"2;
h3 = -m1*(ul*al21+u2"a221)*t1d"2;

ki =0;

k2 = EI1*(k 1 11*ul+k121%u2);
k3 = El1*(k 121 *ul+k221*u2);
-7
A=MLINK+MLOAD:;

a7
/0
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HVEC=[ht h2 h3}:
DVEC=DAMP*qd;
[+)

KVEC=[k] k2 k3]"
(E/

%Parttion of the matrix A

MR=A(1.1%

MRF=[A(1.2) A(L3):

MFS[AQ2Y AQRD)
A(3.2) AL

IMR=1/MR;
IMF=inv(MF),
oz

%ePartition of the vectors HVEC and KVEC
HR=HVEC(1)

GR=klI;

HF={HVEC(2) HVEC(3)]"

GF=[k2 k3]:

74

% System for the control of the angle of a point along
% the link

PHI=[N1 fi2)/dist;

DEL=MF-MRF"*PHI:

IDEL=invw(DEL):

GAMMARX=MR-{MRF-MR*PHI}*IDEL*MRF";
LAMDARX=HR+GR-(MRF-MR*PHI)*IDEL...
*(HF+GF):

%
thetax(ID=(fi ] *u 1 +112*u2 Jdist:
thetadx(IIy=(fi1 *uld+fi2*u2d)/disi;
o

CON=I;
D=142*CON+CONA2;
Al=l/D;
A2=2*CON/D:
A3=CON~2/D;

if lI<=DELAY,

TAUR=thetadd(II +KP*(theta(Th-(q(1)+thetax(II)))...
+KD*(thetad(1)-{qd( | Hrhetadx(11))):

else

if $==1;
TAUR=thetadd(II}+KP*(theta(11)-(q(1)...
+A 1 "thetax(I+A2*thetax(II-DELAY)...
+A3*thetax(l}-2*DELAY)))...
+KD*(thetad(1I)-(gd(1 y+A | *thetadx(Il)...
+AZ2*thetadx(l1-DELAY)...
+AJ*thetadx(I1-2*DELAY)));
else



TAUR=thetadd(ll)...
+KP*(theta(I-(q( ] Hthetax(II-DELAY)))...
+KD*(thetad(11)-(qd(] r+thetadx(11-DELA Y)):
end;
end;

TAU(1 FGAMMARX*TAUR+LAMDARX;
9

o

B = -HVEC-KVEC-DVEC+TAU:
[174
qdd=A\B;

o7

::cdol=[qdd‘.[qd]']':

%=== End of the function system.m ========—==

function robot
[+ 74

%Link length
11=1.0;

%Link mass
mi=1.0;

%Link stiffness
Ell=100.0;

% Load mass
ML=0.0;

%Load ineria
JL=0.0;

% Damping
DAMP={0 0 0:0 0 0:0 0 0]:

Y==—===—= End of function robot===——=======—

function [KP.KD}=gains(omega.zita)
o/

% NAME:
% gains.m
%

% DESCRIPTION

% Calculates'the proportional and derivative
% gains of the PD Controller. These gains are
% calculated based on the highest inenia

% configuration,

%

% INPUTS

% omega: Desired natural frequency,

223

o,

zita: Desired damping ratio.

OUTPUTS
KP. Proportional gain.
KD: Derivative gain.

GLOBAL VARIABLES
ml: Mass of the link,
11: Length of the firs,
ML: Mass of the payload,
JL: Moment of inertia of the payload.

LANGUAGE

3R6-MATLAR Version 3.5
Written by: Amor Jnifene, University of Otawa,
June 1992,

nll =ml*1/3*143;

Il = ML=122+JL:
INERTIA=n114J11;
KP=omuega®2*INERTIA;
KD=2"zita*omega*INERTIA;

Ye=========Fnq of gains.m

function {t.theta,thetad thetadd)=traj 1 (1final)
[+V4

% NAME:

% D’aj l.m

%

% DESCRIPTION

% Generates 2 desired joint trajectory based on
Yo step input.

%

%

% [INPUTS

%  THETAF: Desired final position
Yo tfinal: Duration.

Ya step; Time step.

%

% OUTPUTS

% theta: Joint position,

% thetad: Joint velocity.

% thetadd: Joint acceleration,

%

% LANGUAGE

% 386-MATLAB Version 3.5j
oﬂ

02

for i=1:tfinal/step+1.



theta(i)=THETAF,

thetad(i)=0;
thetadd(iy=t:
1iy=(i-1)*sep;
end
% End of trajl.m =========—c—==

function [ttheta thetad thetadd]=traj2(tfinal)
[+ 74

% NAME:
% traj2.m
%

% DESCRIPTION
% Generates a desired trajectory with a
Y% Bang-Bang acceleration profile.
Yo

% INPUTS

%  a: Acceleration.

%  THETAF: Desired final position
%  final: Duration.

%  step: Time step.

%

% OUTPUTS

Y theta: Joint position,

% thetad: Joint velocity.

% thetadd: Joint acceleration,

%

% LANGUAGE

% 386-MATLAB

Q7

Version 3.5§

a=4*THETAF/TA2;
for i=I:xafinal/step+l,
tt=(i-1)"step:
it <=T,
if u<=T/2,
theta(iy=au"2/2;
thetad(i)=a"u;
thetadd(i)=a;
else
theta(iy=-a*(T-11)A2/2+2*TA2/4;
thetad(i)=a*(T-u);
thetadd(i)=-a:
end
else
theta(i)=THETAF;
thetad(iy=0;
thetadd(i)=0:
end
Wiy
end

Yp========== End of traj2.m
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function [t,theta thetad,thetadd]=traj3(tfinal)

% NAML:
Y% rj3.m
%

% DESCRIPTION
% Generates a desired trajectory with a

Yo Sinusoidal acceleration profile.
Yo

% INPUTS

%

%  THETAF: Desired final position
% tfinal: Duration.

%a step: Time swep.

%

% OUTPUTS

%a theta: Joint position.

% thetad: Joint velocity.

Ya thetadd: Joint acceleration.
%

% LANGUAGE

Y 386-MATLAB

az
/0

Version 3.55

tor i=1:tfinal/step+1,
t=(i-1 y*step:
ift<=T,

theta(i =THETAPYT-THETAF/(2*pi) *sin(2*pi*w/T):
thetad(i ) =THETAF/T-THETAF/ T*cos(2*pi*t/T):
thetadd(i)=(2*pi/T* THETAF/T*sin(2*pi*w/T):
clse
theta(i)=THETAF:
thetad(iy=0):
thetadd(i =0
end
iyt
end

Yo=========— End of traj3.m

function [t.theta.thetad,thetadd]=traj4(tfinal)
o

% NAME:
% trajd.m
%

% DESCRIPTION
% Generates a desired trajectory with 2

% Gaussian velocity profile.
%

% INPUTS

%



% THETAF: Desired fina! position
Yo ifinal: Duration.
% step: Time step.

%

% OUTPUTS

% theta: Joint position.

Yo thetad: Joint velocity.

%o thetadd: Joint acceleration,
%%

% LANGUAGE

% 386-MATLAB Version 3.5)
(.74

mu=1.0;

s=1/(9*piYnS,
a=l/(s*(2*p)NS P THETAF,
b=1/(2*s"2),

for i=1:inal/step+1,
w=(i-1)*step:

theta{i)=pit.5*a/2*bA.S)*(ertibA 54 (tt-mu))-ert{-b*.5*
mu));
thetad(i)=atexp{-b*(tt-mu)~2).
thetadd(i)=-2*a*b*(t-mu)*exp(-b*(1t-rmu)"2).
1(i)=t
end

%

End of trajé.m s====—=======—

225



%

% NAME: Model.m

%

% DESCRIPTIONS:

%  This is the main program that calls the

%  different tunctions neeeded to simulate the
% motion of a Two-Link Flexible Manipulator
%  with 6 DOFs.

%

% FUNCTIONS:
% robot,m;
% gains.m:
% xytraj bam;

Rohot and Load Characteristics
Controtler Gains

% invkinm:  Inverse Kinematics

% forkinnm:  forward Kinematics

%  rk45.m:  Numerical Integration

% {(RUNGE-KUTTA 4th order)

%

% LANGUAGE:

386-MATLAB Version 3.55
%

% Written By: Amor Jnifene, University of Ottawa,

% Sepiember 1994,
az

Desired trajectory in the XY plane

% -~ Links characteristics

global 11 12 m]1 m2 EIt EI2 DAMP

% ~— Load characteristics
global ML JL Ma Ja

% — Non-Coliocation Parameters

global DISTI DIST2
global Fil1 F112 FI21 FI22

% — Delay Parameters
global IID1 D2 UX1 UX2 UXID UX2D

%--—- Controller parameters
global KP KD

Y- Global variables for the desired trajectory in
%  joint space

global theta thetad thetadd T

oL
o

glohal step 11 TAU

74
o

% Get robot characteristics robot

%-— Shape Functions

226

DIST1=0).8;
DIST2=00.4:

FI11=3*(DISTIN1)"2-24(DISTIN1)A3:
FH2=-DISTIA2/11+DIST 1431172,
FI21=3%(DIST2A2)A2-2%(DIST212)13;
F122=-DIST2A2/12+DIST2A3M12A2,

[ID1=50;
D2=50,

0z
o

% Get controller gains

omegal=30; zial=1.0
omega2=30; zita2=1.0;
[KP.KD)=gains(omegal.omega2.zital zita2):

step=0.001;

TRAJ=2,
if TRAJ==I,
T=2.0
tfinal=1.5*T:
PI=[0.8 0.1]: % Starting Point
PF=[0.1 1.6). % Finish Point
[txye.xyed xyedd]=xytraj | (PI.PF tfinal).

% Generate the desired trajectories in joint space
{theta thetad.thetadd}=invkin(xye, xyed.xyedd).
plot(t.theta,tthetad.tthetadid):

eng

if TRAJ==2,
=2.0;
final=2.5*T:
POINTS=[0.8 0.1:1.3 0.6:0.8 1.1:0.3 0.6]:
[Lxyexyed.xyedd]=xytraj2(POINTS 1 final).

%e Generate the desired trajectories in joint space
[theta,thetad.thetadd]=invkin(t,xye.xyed xyedd):
piot{ttheta. thetad,t.thetadd);

end

o7

% Initial Conditions

TAU=[0000C0]:

x0=[thetad(1,1} thetad(1,2) 0 0 0 0 theta(1,1)
theta(1,2) 00 0 0]

10=0.0;

74

% Start the simulation of the robot motion
[t.x,torque]=RK_45{"system’,10,tfinal,step,x0);



% Find the actual position of the end point in the xy
% coordinates
[XYEAC XYEACD]=forkin(t.x);

Yo======== Lind of model.m =======

function [XYE2LXYE2D] = forkin(t.x)
Y

% NAME:

% forkin.m: Forward Kinematics.

%

% DESCRIPTION:

% Calculates the position and velocity of the end

% point of a Two-Link Flexible Manipulator.

%

% INPUTS:

%

% 1: Time vector

% x: Matrix containing:

% - The joint angles and their corresponding

% first time derivatives,

% = Deflection and Slope at the end of the

% first link and their corresponding firt %
time deiivatives,

% = Deflection and slope at the end of the

% second link their cerresponding first time

% derivatives,

%

% GLOBAL VARIABLES:

% 11: Length of the first link

% 12: Length of the second link

%

% OUTPUTS:

% XYE2: X and Y cordinates of the end point

Y position of the second link

% XYE2D: X and Y cordinates of the end point

% velocity of the second link

%

% LANGUAGE:

% 386-MATLAB Version 3.55.

%

% Written by:  Amor Jnifene. Otawa University,

% June, 1994,

%

%

N=max(size(t));

for i=]:N,

Tl=x(i,7); T2=x(i,8);
ul=x(i,9) u2=x(i,10); ud=x(i,1 1); ud=x(i,12),
T1D=x{i,1). T2D=x(i.2);
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uld=x(i,3); u2d=x{i4), udd=x(i,5), udd=x(i.6),

Cl=cos(T1);
Sl=sin(TI);
Cl=cos(T2+u2);
S2=sin(T2+u2):

ROIS[ C1 -S1
SI Ci)

RI2=[ C2 -S2
82 C21:

ROD=[ -SI
Cl

-Ci
-S1 J*TID;

R12D=] -§2
2

C2
~82 J*(T2D-+u2d);

XYE(i.1:2) = (ROI*([1] ul]+R12*[12 u3)y);
TEMPI = [II ul]+Ri2*[12 u3];
TEMP2 = [0 uld]+R12D*[12 u3]"..

+R12*[0 u3d]:
XYE2D(i.1:2)=(RO1 D*TEMP1+R0O1 *TEMP2)";

End of forkin.m

function [KP.KD]=gains(omegal omega2 zital zita2)
74

Y
%
%
%
%
Yo
%
Yo
%
%
Ya
%
%
%
%
Y%
%
%%
Y%
%
%

NAME:
gains.m

DESCRIPTION
Calculates the proportional and derivative
gains of the PD Controlier. These gains are
calculated based on the highest ineriia
configuration.

INPUTS
omegal: Desired handwidth of the controlier
ot the first joint,
omega2: Desired bandwidth of the controlier
ot the second joint.
zital: Desired damping ratio at the first Jjoint.
zi1a2: Desired damping ratio at the second.

OUTPUTS
KP: Diagona! matrix of the proportional gains.
KD: Diagonal matrix of the derivative gains.



Y

% GLOBAL VARIABL.3

% ml: Mass of the first link.

% m2: Mass of the sccond link.

% 11: Length of the first.

% 12: Length of the second.

% Ma: Mass of the joint actuator at the end of
% the first link,

% Ja: Incrtia of the joint actuator at the end of
% the first link.

% ML: Mass of the payload at the end of the
% second link,

% JL: Inertia of the payload at the end of the
% second link,

% LANGUAGE

% 386-MATLAB
%

% Written by: Amor Jnifene, University of Ouawa,
% Junc, 1994,

o/
/o

Version 3.5

% Highest inertia with respect to the axis of the first
% joim,

[1=(m2*12/3+ML)* 1222+Hm 1 *11/3+Ma+m2*12..,
+ML)*1A2Hm2*2+2*ML)*| 1 *12+JL+Ja:

% Highest inertia with respect 1o the axis of the
% second joint,
12=(m2%12/3+ML)"M2/2+IL:

% Proportional Gains,
KP=[omegalA2*1] 0
0 omega2”2*2].

% Derivative Gains
KD=[2*omegal*zital*I]1 0
0 2*omega*zita2*[2];

% End of gains.m

function [theta.thetad,thetadd] = invkin(ixye xyed....
xyedd )
ar

% NAME:

% invkin.m: Inverse Kinematics.

%

% DESCRIPTION:

% Calculates the positions, velocities and

% accelerations of the joint angles assuming a
& rigid twolink manipulator

%

% INPUTS:

% t Time

228

0

va xye:  Xand Y positions of the end point
% xyed: X and Y velocities of the end point
% xyedd: X and Y Accelerations of the end
Y point

Y

% GLOBAL VARIABLES:
% 11: Length of the first link
Ya 12: Length of the second link

%

% OUTPUTS:;

% theta:  Positions of joint | and joimt 2

% thetad: Velocities of joint 1 and joint 2

% thetadd: Accelerations of joint 1 and joint 2
Y%

% LANGUAGE:
%  386-MATLAB
%

% Written by:
% June, 1994,

74
/o

Version 3.5j.

Amor Inifene, Ottawa University,

for i=l:max(size(t)).
C2=(xye(i, A 2+xye(i.2)"2-(1 1 A2+12A2))1/(2%1 1 *12);

it (C2>1.0) 1 (C2<-1.0),

xye(i.)

error{’ The above point is out of reach’)
end

S2=-(1-CIAHn.5,
T2=a1an2(S2.C2);
theta(i.2)=T2:
RI=C2*12+11:
R2=82*i2; .
Tl=a@an2(R1*xye(i,.2)-R2*xye(i,1),R1*xye(i.1)...
+R2*xye(i2));
theta(i,1)=T1;
Cl=cos(Ti)
Sl=sin(T1):
T12=TI+T2;
Cl2=cos(T12);
Si2=4in(T12);
JACOB=[-11*81-12*§12 -12*512
1*CI+2*C12 12*C12]:
thetad(i, 1:2)=(inv(JACOB)* [xyed(i,1) xyed(i,2)]'):
T1D=thetad(i,1):
T2D=thetad(i,2);
TI2D=TID+T2D;
DICOB=[-11*CI1*TID-12*C12*TI2D -12*CI12*T12D
-11*SI*TiD-12*512*T12D -12*SI12*T12D):
thetadd(i. 1:2)=(inv(JACOBy*{[xyedd(i,1)
xyedd(i.2)]'-DICOB*[TID T2D]')":



end

%======= End of invkin.m ========s——zc=

function [tout, youttorque] = RK_45(Funken, 1), ...
tfinalh, vy
o

o

% RK4S Integrate a system of ordinary differential
% equations using 4th and Sth order Runge-Kutta
% fomulas.,

%

% [T.Y] = RK4S(yprime’, TO, Tfinal, Y0) integrates
% the system of ordinary difterential

% cquations described by the M-[ile

% YPRIME.M over the imterval TO to Tlinal
% and using initial conditions Y0,

%

% INPUT:

% F - String containing name of user-supplicd

% problem description.

% Call: yprime = fun(l,y) where F = 'fun'.

% 1 - Time (scalar).

% y - Solution column-vector,

% yprime - Retuned derivative column-vector:
% yprime(i) = dy(i)dt.

% 10 - inial value of't,

% tfinal- Final value of ¢,

Y% y0 - Initial value column-vector.

%

% OUTPUT:

% T - Returned integration time points (row-vector).
% Y - Retumed solution, one solution column-vector
% per tout-value.

%

% The result can be displayed by: plot(tout, yout).

% The Fehlherg coefTicients:

alpha = {14 3/8 1213 | 172}

heta = [...

(1 o 0 0 0 04

[3 9 0 0 O 0]/32
[1932 -7200 7296 0O 0]R2197
[ 8341 -32832 29440 -845 ) 0] /4104
(-6080 41040 -28352 9295 -5643 0] 12052];

gamma = [...

[902880 0 3953664 3855735 -1371249 2770207 /
7618050

[2090 0 22528 21970 -15048 -27560)]
1752400 7,

pow = 1/5;

% Initialization

=1

=10,

torque=[TAU(1) TAU(2)]:
y = ylOi).

f = y*zeros(1.6);

wut =1,

youl = y.";

% The main loop

while {1 < tfinal)

% Compute the slopes

temp = teval(FunFenty):

ft:.1} = emp(: ).

forj=1.5

temp = feval(FunFen, t+alphagj)*h, y+h*Mheta(:j))
L j+1) = wmp(:):

end

% Update the solution

t=1+h

v =y + h*™gamma(;, 1)

tout = tout; 1}

vout = [yout: y.']:

torque=[torque; [TAU(L) TAU)]):
II=1i+1;

end:

% =—===== Eng of rk45.m

function robot
Ya

% This function contains the physical
% parameters of the two link flexible
% manipulator,

a/s
/0

% Length of the links (m)
N=1.0: 12=1.0:

% Masses of the links (kg/m)
ml=1.0; m2=1.0:

% Flexural regidities (N-mA2)
EI=200.0: E1R2=200.0;

% Payload Incrtia (kg.m”2)
JL=0.0;

S%Payload mass (kg)
ML=0.0;

% Second Joint hub mass (kg)
Ma= 1.0:



% Second Joint hub inertia (kg.mA2)
Ja=0.1;

% Damping

DAMP=0 0 0 0 0 0
0 0 0 o o 0
000 0 0 H
000 G 0 0
000 0 0 0
000 0 0 qQ

Y%========= End of robot.m

function [t.xye.xyed.xyedd]=xytrajl (PLPF.tfinal)
[-74

o

% NAME:
% xytrajl.m
%

% DESCRIPTION
% Generates a desired trajectory for the end

% point of the two link flexible manipulator.
Y

% - Staright line path.

% - Sinusoidal acceleration profile.

%

% [INPUTS

%

o PI: starting point in the XY plane.
% PF: Finishing point in the XY plane.
% Ufinal: Duration.

% step: Time step.

%

% OUTPUTS

% xye: T :sired position of the end point in the

% Y plane position.

%  xyed: Desired velocity of the end point in the
% XY plane.

% xyedd: Desired acceleration of the end point in
% the XY plane thetadd.

% LANGUAGE
% 386-MATLAB

o/
/o

Version 3.5

XI=Pi{1)
YI=PI(2).
XF=PF(!);
YF=PF(2}

for i=1:final/step+2,
t=(i-1)y*step:
ifu<=T,

230

EXIHXF-XD* /T XF-XI¥(2*pi)*sin(2*pi*/T)
xd=(XF-XINT-(XF-X1yYT*cos(2*pi*/T):
xdd=2*pT)*(XF-XI)yT*sin{2*pi*/T):

v=(YL-YFU(XI-XF)* (x-XI YL
yd=(Y1-YFV(XI-XF)*xd;
wdd=(YI-YFpXI-XF)*xdd,

clse

x=XF: xd=t); xdd=(0);
y=YF. yd={); ydd=0;

end

Wiy=u

xyeli.1:2)=[x v
xyed(i.1:23=[xd yd):
xyedd(i.1:2)=[xdd ydd):

end

% End of xytraji.m

function [taxyexyed.xyedd])=xytraj2(POINTS, tfinal)
or

% NAME:

% Xytraj2.m
%

% DESCRIPTION

b Generates 2 desired trzjectory for the end
% point of the two link flexible manipulator.
Ya

Yo - Four points path,

% - Sinusoidal acceleration profile.

Yo

% INPUTS

%

% POINTS: An array of four points in the XY %
pliane.

%  tfinal; Duration,
%  step: Time step.

%

% OUTPUTS

% xye: Desired postiion of the end point in the

% XY plane position.

%  xyed: Desired velocity of the end point in the
% XY plane.

%  xyedd: Desired acceleration of the end point in
% the XY plane thetadd.

%

% LANGUAGE
% 386-MATLAB

o/

Version 3.5j

o



TCYCLE=tfinal/d;
T=0.8*TCYCLE:
XI1=POINTS(1,1)%. YI=POINTS(1.2):
XF=POINTS(2.1): YF=POINTS(2.2)
for i=1. TCYCLE/step,
u=(i-1)y*step;

i <=T.

X XIHXE-XD*WT-(XF-XI¥(2*pi *sin(2piswT);

Xd=(XF-XI¥T-(XF-XI)T*cos(2*pi*t/T);
Xdd=(2*pi/T)* (Y. F-XIYT*sin(2*pi*w/T):
Y=(YI-YFY X XF)* (x~-XI+Y1:
yd=(YI-YFY(X]-XF)*xd:
ydd=(YI-YF¥(XI-XF)y*xdd:

else
x=XF: xd=0; xdd=0;
y=YF: yd=0); ydd=0).

cnd

(=

xyl(i.L2=x vl

xyld(i.1:22)={xd yd:

xyldd(i. 1:2)=(xdd yddj:
end

XI=POINTS(2,1). YI=POINTS(2.2).
XF=POINTS(3.1). YF=POINTS(3.2):
for i=1: TCYCLE/step,
t=(i-1)*step:

ifu<=T,

x=XI+HXF-XI)*w/T-(XF-XI¥(2*pi)*sin(2*pi*wT);

xd=(XF-XI)T-(XF-XI)T*cos(2*pi*t/T).
xdd=(2*pi/T)* (XF-XI}T*sin(2*pi*t/T):
y=(YI-YFY(XI-XF)*(x-XIy+ YL
yd=(YI-YFY(X1-XF)*xd;
ydd=(Y1-YF)/(XI-XF)*xdd:

else
x=XF: xd=0; xdd=0);
y=YF: yd=0; ydd=0:

end

2(i=u+TCYCLE:

xy2(L1:2)=[x y)

xy2d(i.1:2)=[xd yd];

xy2dd(i.1:2=[xdd ydd].
end

XI=POINTS(3,1): YI=POINTS(3.2);
XF=POINTS(4,1); YF=POINTS!4.2);

for i=1:2*TCYCLE/step+2,
t=(i-1y*step:

231

ifu<=T,

x=Xl+(XF-XI)‘IUT-(XF-X])f(?."l)i)‘sin(?‘pi‘nfr):

xd=(XF-Xl)/']‘-(XF-XI)/’T‘cos(Z‘pi'tlfl‘ ).
xdd=(2*pi/T)™(XF-XIVT*sin(2*pi*t/T).
vSYLYFY(XI-XF)*(x-XI+ YL
yd=(Y1I-YFY(XI-XF)*xd;
vdd=(Y1-YFy(XI1-XF)*xdd;

chse

x=XF xd=t); »dd=0);
v=YF: yd=t; yild=t),

end

BFEuR2* TCYCLE:
xv3(i. 12 Rdx v
xy3d(i, 1:2)=[xd vd}:
xy3dd(i. 1:2=[xdd ydd):

chd

={u2ns).

xye=[xy lixy2:xy3]:
xyed=[xyld:xy2d:xv3di:
xyedd=[xyl1dd:xy2dd:xy3dd]:

o/!

End of xytraj2.m

function xdor=svstemit.x)

%
Y
%
%
%
%
%
Yo
%
%
%
%
Yo
Y
Y
%
%
%
%
%
Ya
%
%
%
%
%

NAME:
svstem.m

DESCRIPTION:
This program contains the function to be
integration using the Range Kutia routine
(rk_45.m).

INPUTS:

U time.

x: Vector containing the joint angles and their
first time derivatives, the deflection and
slope at the end of the first link and their
first time derivatives and the deflection and
slope at the end of the second link and their
lirst time derivatives.

OUTPUTS:
System of first order differential equations,

GLOBAL VARIABLES:
ml: Mass of the first link.
m2; Mass of the second link.
11: Length of the first,
[2: Length of the second,



% Ma: Mass of the joint actuator at the end of
Y the first link,

% Ja: Inertia of the joint actuator at the end of
% the first link,

% ML: Mass of the payload at the end of the
% second link.

% JL: Inertia of the payload at the end of the
% second link.

% KP: Proportional Gains.
% KD: Denivative Gains,
%

% LANGUAGE

% 386-MATLAB

%

% Written by: Amor Jnifene, University of Ottawa,
%  December, 1993,

.7

Version 3.5j

o

tld=x(1 xt2d=x(2x.uld=x(3):u2d=x{4):u3d=x(5).
udd=x(6);

1=x(7); 12=x(8): ul=x{9);

u2=x(10pu3d=x(1 1)ud=x(12);

qd={tld 12d uld u2d u3d udd]:

s

s22=gin(t2+u2 ):c22=cos(2+u2);
az

all = 12*11: a2l = -1/i12*11A2:

alll = 13/35*11: al2l = -11/210*1122;

a22l = 1/105%1113;

bll = 7720*1142; b2] = -120*1A3;

kL1 = 1211A3: k121 = -6A142; k221 = 441

al2= 12*12, a22= -1/12*1272:

all2= 13/35%12:al22= 11210*12A2; a222=
17105*12A3;

bl2= 7/20%12A2; b22= -1/20°12A3;

kl12= 12/1273; ki22= -6/12A2: k222= 4/12;

o/ .
nll = ml*(1/3*1A3+ulA2%a] 1 [+2*ul*u2*al2],,
+u2/2%a221);

nl2 =mi*bll;
nl3 =ml*b21;

n22 =mi*alil;
n23 = ml*al2l;
n33 = ml*a22l;

MLINKI=[nl10nl2ni30 0
000 000
ni20n22n230 0
ni30n23n330 0
0000 00
000 o0 0 0

232

JT1 = Ma*(1142+u1A2p+]a;

J12 = Ma®*ll:

J3=Ja;

122 = Ma;

3=

J33 = Ja;

MLOADI=[JI10JI12J13 0 0O
0o 00 0 00
JI20 J22123 0 0
A30 J23133 00
000 0 00
000 0 00%

mll = m2*(A2*124u] A2*[2+1/3*1283+03A2%a1 12, ,
+2*u3*ud*al22+udA2*a222+(1 1 *[2A2+2%ul...
*(al2*u3+a22*ud))*c22-2*11%(al 2%u3+a22*ud*s22);

ml2 = m2*%(1/3*12A3+u3A2%al 1 242*u3ud*ai22...
+udA2=a 304 1/2%[ 11242 .
+ul*(al2*ul+a22%ud))*c22+{1/2%ul *12/2- .
H*(al2*u3+a22*ud))*s22);

mi3 = m2%(11*2+12%12A2%c22(al2*u3+...
all*ud)*s22y,

mld = m2*(1/3%[223+u3r2%a] [ 242 *n3*ud"al22+...
udN2*a222+(1/2% 11272,
+ul*(al2*u3+a22*ud))*c22+(12%ul*2#2-...
1T*(a12*u3+a22%ud))*s22).

ml5 = m2=((11*c22+ul*s22)*a12+b12);

mlé = m2*((11*c224+ul"x22)*al3+b22);

m22 = m2*(1/3*12A34+y3A2%a ] | 2+2%u3*ud*al22+...
ugh2=a2lzy,

m23 = m2%(1/2%12°2%c22-(a]2*u3+a22*ud)*s22);

m24 = m2*(1/3*12A3+u3r2%a | 1242%u3*ud*a122+..
udr2*a222),

m25 = m2*hi2;
m26 = m2*b22;
m33 = m2*2;

m34 = m2*(1/2*1242%c22-(al2*u3+a22*ud)*s22),

m35 =m2*al2%c22;



m36 = m2*a22%c22;

md4 = m*{13%2A3+u3A2%a 1 12423 ud*a | 22+,
udA2#3222y;

MLINK2=[mi! m12 m!3 ml4 m15 ml6
ml2 m22 m23 m2d m25 m26
mi? m23 m33 m34 m35 m36
ml4 m24 m34 mdd md5 mdb
ml5 m25 m335 md4s m55 m56
ml16 m26 m36 méé mS6 méh):

. [N = MLAITA24u 1 A24H2424u3/2+2% (11 *12+..,
ul*u3)*c22-2*H 1 *u3*sin(12+u2)r+JL:

112 = ML*(127°2+u3"2+(1 1 *12+ul*u3)*c22Hul *12-...
11*u3)y*s22)y+JL:

113 = ML*(11+12%c22-u3*:22);

114 = ML*(12A2+u3/2H11 *12+u] *u3)*c22+...
(u]*12-11*u3)*s22 +JL:

115 = ML*(11*c22+u1*522+12);

e =JL:

D2 = ML*(12/24+u3/2y+]L:

123 = ML*(12%¢22-u3*s22);

24 = ML*(12/24u342y+JL:

25 = ML*12:
126 =JL;
133 =ML

134 = ML*(12°c22-u3*s22);
135 = ML*u3"c22:

[36=10;

[44 = ML*(12/24+u3/2+JL;
145 = ML*12:

146 = JL;
IS5 = ML.
156=0;
166 = JL:

MLOAD2=[111 112 113 114 115 116
112 122 123 124 25 D6
13 123 133 134 135 136
114 124 [34 144 145 146
I15 125 135 145 155 156

116 126 136 146 156 166];

hit = -2*1d*12d*ML*s22*ul *u3-2%t ld*12d*ML...
*1T*u3*c22-2%1 1d*u2d*m2*1 1 *c22*a22“ud- .
2rid*2d*m2*ul*s22%a12*u3-2*11d*2d...
SML*s22*11*12+2*t1d*uld*m2*c22*a12%u3. ..
+2*11d*u3d*ML*c22*ul-2%t ld*u2d*m2...
*ul*s22*a22*pd-2t1d*u2d*m2*11*c22*a12...
*ud-2* {d"u2d*m2%ul*s22*a12%u3...

2%t 1d*u2d" ML 2% 1 #1242 % | d*udd* m2...
*ul*e224322+2% 1 1d*uld*ML"ul...
+2*t}d*uld*Ma*ul+2*tld*uld*m2*ui=[2+..
2*tid*u3d*m2*u3*al (2...
+2*d*u3d"ML*u3+2*t1d*uld*ml*ui*al1l...
12%11d*uld*mi*u2*al2l...

+2%tld*udd*m2u3*al 2242*1 1d*u3d*m2*ud*al22...
+3*d u2d mi*u2”2*a22 [+2*11d*u2d*ml...
*ul*al21+2*1d*udd*m2*ud a2, .

+2*2d0dd m2*ud al22+2*2d*ysd*m2*ul*a122...
+2*2d*u3d"m2*ud*2122+2*12d*u3d*ML*u3...
+2*12d*w3d*m2*u3*al 12+2*u2d*uId*ML*u3...
+2*u2d*udd m2*p4*a122+2* 1 2d*u3d*m2*u3*al }2...
+2*u2d*udd* m2*ud*a222+2*u2dudd*m2*u3*ai22, .
2%t ld*udd*mI*11*22%a22. 2% 1 u2d*ML=s22...
*ul*u3-2dA2*ML*s22*11 *12+2*12d*udd*m2...
*ul*c22*a22- 2 2d*udd*m2= *s22*222;

hi2=2"12d*u3d*m2*ul“c22%al2-2*12d* 1 3d*m2...
*11*22"al2+2*2d*u3d"ML"c22*ul-212d"...
udd*m3*ll..,
*c22*a22*ud+2%2d*u3d*ML*c22ul-...
2*u2d*u3d*ML*}1*s22-2*u2d*u3d*m2*I1...
*522%a2-u2d 2*m2*ul*s23%a22%4,, .

-u2dA2*m2 a1 c22%a 1 2% u3-u2dA2* ML *s22% a1 *u3...
-u2dA2*mloul*s22*al2 u3+] 2" u2dA2*m2*c22, .
“ul*12422dA2*ML* 1 *u3*c22-12*u2dA2*m2*s22...
*H* 1282423 2*ML*c22*u1*2-2*u2d*udd...
*m2*11*s22"a22+2*u2d*udd*m2*ul *c22*a22...
+2*u2d*u3d*m2*ul*c22"ail...

-2dAZ*mI™ 1 2c22%a22 ud-12dA2* ML *522% 11 *u3...
-2dAZ*ME*11*u3="c22-1/2*2dA2*m2*s22*]1*1242,
S2*2d*u2d*ML*1 1 *u3*c22+1/2*12dA2*m2*c22...
*ul*2A2+2dA2*ML*c22*u ] *12+12d* u2d*m2*c22...
*ul *12A2-2d*u2d*m2*522*1 1 *1272+2*12d*u2d*ML...
*e22*ul*2-u2d 2 m2*11*c22%a22*ud-u2dA2*ML...
*52241*12-2*2d u2d*m2*ul *s22%a 1 2*u3...
2*3d*u2d*m2*ul*s22*a22*nd-2*2d*u3d...
*ML*11*s22.2%2d*u2d*m2*[1 *c22*al2*u3-...
2*2d*uZd... *ML*s22*ul *u3-12dA2*m2*ul...
*522%a02*ud-12(A2*m2 %1 1 *c22%a12*u3...
12dA2*m2*ul*s22%a12%u3-2*2d*u2d*ML"s22"11*]2;
hi3=2*tld*u3d*m2*ul*c22*a12-2* | d*u2d"...
ML*1*u34c22-2*1 I d*u3d*m2*] 1 *22%a [ 2-2%t 1d~...



u3d*MLA11*2242% 1 d*u ld* m2 *c 22 *a2 2 *ud- ...
2et1d* 20 m2*n 1 *s22*a22*yd-2 % [ d™12dm2~...
1*c22%a12%u3- 2% Ld™ 1 2d*m2*] L *c22*a22 ud...
+2*t1d*uld*ML*u3*c22;

hi=hlt+h12+ht3;

h2 =2%11d*uld*m2*c22*a12%u3+211d*...
udd*m2*u3*al 12425t ld*u3d* ML*u3...
+2%t1d*udd*mI*u3*al224+2*1 Id*u3d*m2~...
ud*al22+2%1d udd*m2*ud=n222..,

+2*2d udd*m2 *ud*a222+2*2d*udd*m2*...
u3*al2242*12d*u3d*m2*ud*al22...
+2*2d*u3d*ML*u3+2*2d*u3d*m2*u3*all2...
+2*u2d*u3d*ML*u3+2*u2d*u3d*m3=...
ud*al2243*u2d"u3d*m2*u3*al 1242%u2d"...
udd*m2*1d*a222+2*2d udd* m2*u3*al 22+2t1d"...
uld*m2*c22*a22%ud+2*1d*uld*ML*u3*c22..,
+tid*uid*m2*[2A2*22+2*tId*uld*ML"12*...
s2-uld*u3d*ML“s22+11dA2*m2*u 1 *s22*a22*ud...
+t1dA2*m2%ul*s22%a 2% u3+ 1dA2*m2*I1..,
*c22*al2* 3+ 1dA2*m2"11...4c22*a22u4...
+UIdAZ* ML S22 *124+1 [dA2*ML*s22%u ] *u3+...
t1dA2*ML*11 *u3*c22+utd*u3d*ML*u3*s22;

h3 = «1d*u2d*m2*12A2*522-24 1 d*12d*m2™,..
€22%a22p4-2% )d™u2d* m2*c22*a 12 *u3-...

2% 1d*u2d*m2*c22*a22*ud-1/242d"2*m2...
*12A2452211d"2*ML*ul-t1dA2*Ma*ul...
<tdA2*m2*ul*i2-11d"2*mi*ui*aill-..
11dA2*ml*u2*al2]-2*u2d*m2*s22%a22%
udd-1/2%u2d 24 m2 *[2A2*522-u2dA2*m2*¢22...
*al2*u3-u2d 2*m2*c22%a22*ud...
“2dA2*ML*122522u3d*2d*ML*u3*522-u3d...
*u2d*ML*u3*s22-2*u2d*u3d*m2"s22"al 2-...
RdA2*m2*c22*a12*u3-u2d*u3d*"ML"s22- .,
u2dA2*ML*12*522-2*2d*u2d*m2*c22*a22...
*ud-2*t1d*12d*m2"c22*a 12*u3-t1d*2*m2*...
c22*a12*u3-1id 2*m2*c22%a2 2 ud-t 1442+,
ML*u3*c22-2*t1d*u3d*"ML*s22 .,
-2*tld*u3d*m2*s22%a12-2*t[d*12d*ML...
*[2*s223-2%t1d"2d*ML"u3"c22...
-2*tld*u2d*ML*12%:22-2"t | d*u2d"ML...
*u3*c22-12d"2*m2"c22*a22%v4...
-Q2d*2d*m2*2A2%522-2*2d*u3d* m2*s22"...
al2+ML*c22*u3d 2-2*2d*u2d*ML...
*12%522-2*2d*u2d*ML*u3*c22-12d"2* ML u3*c22...
-t1d*2d*m2*12A2*s22-u2d"2*ML*u3"c22...
-2d*u3d*ML"*s22-2"12d*m24522*a22*udd...
-2*2d*u2d*m2*c22*al2*u3..,
-2*m2*s22*a22%t|d*udd;

hé = 2%1]d*uld*m2*c22%212*3...
ldA2*mI*ul*al2]...

234

+2*t1d*u3d*mI=u3*al 1242t 1d*u3d*ML*u3...
=372%11dA2* mI*u2A2*222 1421 L d*udd* 2 *u3*al122..,
+2*1d*u3d* m2*ud*al122+2" | d*udd* m2*ud*a222
+2*2dudd*m2*ud* 222242 2d udd*m2*u3*al22...
+2*2d*u3d* m2*ud*a 12242 *12d*u3d*"ML*u3...
+2*2d*u3d*m2*u3*al 1 2+2*u2d*u3d*ML*u3...
+2*uld*udd*m2*ud*a) 22+2*u2d*u3d*m2*u3*aill...
+2*udd*udd* m2*udad22+2*p2d*udd *m2*u3*al2l...
+2*tld uld*m2*c22*a22*ud4+2*11d*uid*ML...
*u3*c22H 1d*uld* 2 * 1242522,
+2*t1d*uld*ML*12*s22-uld*u3d*ML*s22...
H1dA2*m2%ul*s22*a22*ud.,.
+1dA2*m2*ul*s22%a 1 2%uIH A2 m2*1 1*c22...

*a 1203+ IdA2*m2* 11 *¢22*a22*ud+ [ dA2*ML"...
R22°11* 12+t 1dA2*ML*s22*u ] *u3...

+1dA2*ML*1 1 *u3*c22+ul d*u3d* ML *u3*s22;

hS = -(1dA2*ML*u3+2d*uld*ML*s22...
+uld*u2d*ML*s22-t 1d"2*m2*u1*c22*al2...
+t1dA2*m2*[1*522*al2-11d"2*ML*c22*ul...
+HIdA2*ML*11*s22-uld*2d*ML*u3*s22...
-uld*u2d*ML*u3*s22+2* 1d*uld*m2*s23*all...
+2*t1d*uld*ML*22-2*2d*u2d*m2*u3*al 12...
=2*2d"u2d*m2*u4*al22-2*2d"u2d*ML*u3...
a2d"2*m2*u3*al 12-u2d 2 *m2*ud*ald2-...
12d"2*m2*u3"al 12-2d"2*m2*usd*al22...
-Q2dA2*ML*u3-u2d 2*ML*u3-t1d"2*m2*u3*al 12,
~t1dA2*m2 ud*al22-2*id*12d*m2*u3*al1d...
~2*1d*“12d*m2*u4=al22-2*1d"12d*ML"u3...
2*1d* u2d*m2*u3*al [2-2*11d*u2d*m2*ud*al22-...
2% 1d*u2d*ML*u3:

h6 = 2*t1d*t2d*m2*u3*al22-2%t [d*u2d*m2...
*u3*al22-2"1d*u2d"m2*ud=a22,..
~2*1d*12d*m2*ud=a222...
2d*2*m2*u3*a{22-12d A2 *m2*ud*a22l...
-2*2d*u2d*m2*u3*al2l...
-2*2d*u2d*m2*ud*a222-u3dA2*m2*u3*al22-
wdr2*m2*ud*a222-t1d"2*m2*ud*adl,
-11d"2*m2*u3*al22-m2*a22"tld 2*ul*c22...
+m2*a22*tld"2"11=s22+2*t 1d*m2*s22*a22*uld:

ki
k2
k3 = ENl*(k111*ul+k]21%u2);
k4 = ELl*(k121*ul+k221*u2),
kS = EI2*(k112*u3+k122*ud).
k6 = ER2*(k[22*u3+k222*u4);

4
0.

KVEC=[ki k2 k3 k4 kS ké ]
o/,

ld's

% Panition of the mass matrix



A=MLINKI+MLOADI|+MLINK2+MLOAD?2; 3*UXUN-3*1DLy,

MR=[A(L.1) A(1.2) BETAID=t1d+A1*UXID(1I-IID1 }+A2*UX 1 D(l-2°1I
A(LD) AQ2): DIFAI*UXID(I-3*1ID1 )
MRF=[A(13) A(1.4) A(L5) A(l6) end

ARD) ARS  ARLS) A6
if (N<=31ID2),

MF=[A(3.3) A(33) A(3.5) AGE) BETA2=12+UXX(ID):
A(34) A(d4d) A(4S) A(4.6) BETA2D=12d+UX2D(11);
ABS) AMAS) AGBS) AGS.6) clse

A(3.6) A(4.6) A(5.6) AL6.6)]:
BETA2=t2+A 1 *UX2(I-ID2 +A2*UX2(I1-2+11D2)...

% +A3*UX2(11-3=11D2):
HVEC=[hi h2 h3 h4 hS hé): BETA2D=2d+A 1 *UXZD(I-IID21+A2..
Y SUXIDMU-2=*ITD2)+A3*UX2D(I-31ID2):
Ye-Partition of HVEC—mmmmemmmaee e end
HR=[HVEC(1} HVEC(2);
HF={HVEC(3) HVEC{4) HVEC(S) HVEC(&]; TAUR=thetadd(I1.:)"...
% +KP*{theta(1L:-[BETA1 BETA2])..
% Partition of KVEC +KD*(thetad(1L.)-[BETA 1D BETA2D]):
GR=[k! k2] Yo
GF=[k3 k4 k5 k6] TAU{1:2)=GAMMARX*TAUR+LAMDARX:
% System for the control of the angles of points along Va
% the links =-KVEC-HVEC-DAMP*qd+TALL
PHI=[ [F1li Fl12)/DISTI 0 0 qdd=A\B;
0 0 [FI2| FI22)/DIST2 . EC

xdow=[qdd'.[qd]']":
DEL=MF-MRF*PHI:
IDEL=inv(DEL).

GAMMARX=MR-(MRF-MR*PHI)*IDEL*MRF;
LAMDARX=HR+GR-(MRF-MR*PHI)*IDEL...
*(HF+GF);

-7

UX ()= (F111*ul+F112*u2yDISTI;
UX2(IT)= (FI21*u3+F122*u4yDIST2;
UXIDAN=(FI1 1 *uld+F112*02d)DIST|:
UX2D({IN=(FI2 1 *u3d+F122*udd)/DIST2:
o/

CON=1;
D=1+2*CON+CONA2;
Al=I/D,
A2=2*CON/D;
A3=CONA/D;

if (e=311D1).
BETAI=tI+UXI(II)
BETAID=11d+UX1D(Ii);
else

BETAI=tI+A 1*UX 1(II-IID1 #+A2*UX I(11-2*HD1)+A





