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ABSTRACT

Finding the exact spanning ratio of a Delaunay graph has been one of the
longstanding open problems in Computational Geometry. Currently there
are only four convex shapes for which the exact spanning ratio of their
Delaunay graph is known: the equilateral triangle, the square, the regular
hexagon and the rectangle. In this thesis, we show the exact spanning
ratio of the parallelogram Delaunay graph, making the parallelogram the
fifth convex shape for which an exact bound is known. The worst-case
spanning ratio is exactly

\/i\/l + A2 +2Acos(6p) + (A + cos(6p)) /1 + A2 +2A cos(6y)
sin(6p)

where A is the aspect ratio and 6 is the non-obtuse angle of the parallel-
ogram. Moreover, we show how to construct a parallelogram Delaunay
graph whose spanning ratio matches the above mentioned spanning ratio.
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INTRODUCTION

In computer science, many phenomena can be represented by graphs,
such as computer networks. Often, these graphs have many edges, and
computations can be simplified if fewer edges are retained, for example,
in compact routing, broadcasting etc. Throwing away edges leaves a sub-
graph, and if it has certain distance preserving properties, then it is called
a spanner. As described by Narasimhan and Smid [15], the goal is to
have a good spanner, but what constitutes a good spanner depends on the
application. In some cases, one may want a minimum weight spanning
tree, whereas in other cases, it might be allowable to form cycles in order
to keep all the points more connected, as long as the number of edges
remains sufficiently small. Even more, some spanners are designed to be
fault-tolerant, being able to lose edges without drastically affecting their
ability to preserve distance.

A geometric graph G is an undirected and weighted graph whose vertices
and edges are points and line segments in the plane, where the weight
of an edge is the Euclidean distance (denoted by dy(-,-)) between its
two endpoints. When a geometric graph has certain distance preserving
properties, it is called a spanner. More specifically, given a point set P,
a geometric graph with vertex set P is a c-spanner if, for any a,b € P,
there is a path in G between a and b, whose length is less than or equal
to c-da(a,b) [15]. The smallest constant ¢ for which this is true is called
the spanning ratio of G. A simple example of a 1-spanner is the complete
graph. However, in the case of a complete graph, the number of edges
is quadratic in the number of vertices. As such, using a subgraph with a
linear number of edges is thus desirable.

We can also study the spanning ratio of a family F of geometric graphs.
In this case, we say that c is an upper bound on the spanning ratio of
F if all graphs in F are c-spanners. Moreover, we say that ¢’ is a lower
bound on the spanning ratio of F if there is at least one graph in F whose
spanning ratio is ¢’. If we find matching upper and lower bounds on the
spanning ratio of F, we say that we have an exact (or tight) spanning ratio
for this family.

For example, Delaunay triangulations, ®,-graphs and Yao graphs are
spanners with a linear number of edges [15] (refer to Section 1.2). This
thesis will focus specifically on the spanning ratio of Delaunay graphs.
Delaunay graphs are a fundamental structure that have been intensely
investigated in Computational Geometry [16]. There is an edge between
two points 2 and b in the Delaunay graph provided there exists a circle
with a4 and b on its boundary and no other points in its interior. Apart
from being spanners, Delaunay graphs possess many interesting geometric
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properties. For example, among all triangulations of a set of points, the
Delaunay graph is the one that maximizes the minimum angle [16].

Determining the exact spanning ratio of the Delaunay graph is a notori-
ously difficult problem. Dobkin et al. [13] were the first to show that the
Delaunay graph has a spanning ratio of at most 77(1 + +/5) /2 = 5.08. This
was later improved by Keil and Gutwin [14] who showed an upper bound
of 471/3+/3 ~ 2.42. Currently, the best known upper bound of 1.998 was
shown by Xia [19]. Chew [12] gave a lower bound of 77/2 which was long
believed to be optimal until Bose et al. [9] proved a lower bound of 1.5846.
This was later improved to 1.5932 by Xia and Zhang [20]. A tight bound
on the spanning ratio of the Delaunay graph remains elusive.

Several variations of the Delaunay triangulation come from generalizing
the circle to other convex shapes, Bose et al. [5] showed that the Delaunay
graph defined by the homothet of any convex shape C has a spanning
ratio that is bounded by a constant times the ratio of the perimeter of C to
its width. Intuitively, this suggests that when the empty region is a long
and skinny shape, the spanning ratio is large. Moreover, Bose et al. [4]
then showed that a Delaunay graph defined by any affine transformation
C’ of C is a constant spanner where the spanning ratio depends on the
eigenvalues of the affine transformation. However, even if the spanning
ratio for shape C is tight, the upper bound obtained on the spanning
ratio for C' is not necessarily tight. In the search for tight bounds on
the spanning ratio of Delaunay graphs, until recently, exact bounds were
known for only 3 shapes, namely equilateral triangles [12], squares [3] and
regular hexagons [17]. The spanning ratio of empty rectangle Delaunay
graphs was first studied by Bose et al. [8] who showed a spanning ratio of
V2(2A + 1), where A is the aspect ratio of the rectangle. This corroborates
the intuition that long skinny rectangles have large spanning ratio. Recently,
van Renssen et al. [18] found a way to generalize Bonichon et al.’s result
to give a tight bound of v/2v/A2 4+ 1+ A+v/1+ A2 for empty rectangle
Delaunay graphs. This is the fourth shape for which we now have an
exact bound on the spanning ratio. Their result is a delicate case analysis
where they study different cases depending on the aspect ratio of the
empty rectangle and the type of edge that results from these empty
rectangles. Our main result is that we push the envelope further by proving
a tight bound on the spanning ratio of Delaunay graphs defined by empty
parallelograms. We generalize ideas from Bonichon et al. [3], van Renssen
et al. [18] and Bose et al. [4]. The key idea was to find a way to change
basis vectors without applying an affine transformation as in [4]. The
generalization can be seen as follows: in Bonichon et al.’s approach, there
is no degree of freedom in the shape defining the Delaunay graph since
the aspect ratio of the square is fixed. In van Renssen et al.’s case, the
shape has one degree of freedom, namely the aspect ratio. In our setting,
the difficulty that arises is that our shapes have two degrees of freedom:
the aspect ratio and the angle between adjacent sides of the parallelogram.
We obtain an exact worst-case bound, and in fact, if we set the angle to
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71/2, we obtain van Renssen et al.’s result and in addition if we set the
aspect ratio to 1, we obtain Bonichon et al.’s result.

1.1 PRELIMINARIES, NOTATIONS AND DEFINITIONS

The Delaunay triangulation of a point set P is a geometric graph DT (P) =
(P, E) defined as follows. There is an edge between two vertices u,v € P
if and only if there exists a circle, with u and v on the boundary, which
does not contain any point of P in its interior. Equivalently, there is a
triangle Auvw if there is a circle with 1, v, w on its boundary which does
not contain any point of P in its interior. To avoid degeneracies, we usually
assume that the point set P is in general position. Specifically, we assume
that no three points lie on a common line and no four points lie on the
boundary of a common circle.

Variations of the Delaunay triangulation exist, for example when the
convex shape used is no longer a circle. These variations have been shown
to be spanners as well [6],[2],[17],[12],[18], etc. In this thesis, we consider
the Delaunay graph where the convex shape is a parallelogram.

Consider an arbitrary parallelogram P. Let us denote the two side
lengths by ¢ and s, respectively, where ¢ > s > 0. We refer to the side
with length ¢ as the long side, and to the side with length s as the short side
(even though the case where ¢ = s is allowed). The parallelogram Delaunay
graph is a geometric graph with P as the vertex set. Given two vertices
a,b € P, there is an edge between a and b if and only if there exists a
scaled translate of P with a4 and b on its boundary which contains no
vertices of P in its interior. Observe that different parallelograms give
different Delaunay graphs. Moreover, we emphasize the fact that rotations
are not allowed, only scaled translate of P.

Without loss of generality, we assume that the long side is vertical and
the short side has non negative slope. Let 6y be the non obtuse angle
between the long and the short side of P. Note that any other orientation
of the parallelogram can be seen as an isometry of the point set. The
general position assumption we make on the point set P in this context
is the following. We assume that no four vertices lie on the boundary of
any scaled translate parallelogram of P and that no two vertices lie on
a line parallel to the sides of P. This means that no two vertices lie on a
vertical or a horizontal line. In general parallelogram Delaunay graphs are
near-triangulations. A near-triangulation is a planar graph such that every
bounded face is a triangle. As such, we denote them by Tp or simply T
when the point set is clear from the context.

1.2 KNOWN RESULTS

Currently, a tight bound is not know for the classical Delaunay triangu-
lation. The best known upper bound is 1.998 [19], while the best known
lower bound is 1.5932 [20]. Variations of the Delaunay graph for which
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we know the tight spanning ratio are limited; there are only four convex
shapes for which we know the exact spanning ratio of their Delaunay
graph: the equilateral triangle, the square, the regular hexagon and the
rectangle. When the equilateral triangle is used, this is often referred to as
the TD Delaunay, for triangular distance, in literature. Chew [12] showed
that in this case, the spanning ratio is exactly 2. When the convex shape
is a square, Chew showed that the spanning ratio is at most v/10, which
was later improved by Bonichon et al. [3] who showed that the exact
spanning ratio is v/4 + 21/2 ~ 2.61. When the hexagon is used, Perkovic
et al. [17] showed the spanning ratio is 2. Finally, when the convex shaped
is a rectangle, van Renssen et al. [18] showed that the spanning ratio is
V2 \/ A%+ 1+ AV1+ A%, where A is the aspect ratio of the rectangle.
Another example of geometric graphs defined on a point set P that
are spanners are @x-graphs. @-graphs are defined for any integer k > 3.
First, for each i (where 0 < i < k), let R; be the ray emanating from the
origin that forms an angle of 27 with the negative y axis (by convention
Ry = Ro). For a point v € P and an index i (where 0 < i < k), let RY be
the ray emanating from v that is parallel to R;. Also define C} to be the
cone consisting of all the points in the plane that are strictly between RY
and R} ; or on R} ;. Then the ®-graph of a point set P is the graph that
has an edge (v, w;) if vertex w; lies in the cone C? and the perpendicular
projection of w; onto the bisector of C! is the closest to v compared to
that of all other points in (P\{v}) N C?. Note that any vertex has at most
k outgoing edges. For example, the best known upper bound for the
spanning ratio of the @4-graph [6] was shown to be 17. In the case of the
®s-graph, the current best known upper bound has been shown to be

sm(s,f}%(flﬁ?g)n 710) < 5.70 [10]. For the ®4-graph, Bonichon et al. [2] showed
that the @¢-graph is the union of two spanning TD-Delaunay graphs and
has a tight spanning ratio of 2. Moreover, Bose et al. [7] showed a tight
bound of 1+ 2sin(7r/k) for @4-graphs, where the number of cones is
k = 4m + 2, for m > 1. Next, they also show that when k = 4m + 4 for
m > 1, the O-graph has spanning ratio at most %
least 1 + 2tan(7t/k) + 2tan?(7t/k) and for @y-graphs with k = 4m + 3 or
with k = 4m + 5 cones, the spanning ratio is at most Cos(njij(_zi/ﬁé)n TR
Yao graphs are defined in a similar way as the ©-graphs, where we
consider cones around each vertex. Formally, let Y denote the Yao graph
with fixed integer k > 0. The point set is then partitioned such that around
each vertex we have k equiangular cones of angle 277/k. Each vertex is
then connected to its closest neighbour in each cone. For all integer values
of k, it is known whether or not Y} is a geometric spanner [1]. For example,
Barba et al. [1], showed an upper bound on the spanning ratio for odd
k>50f1/(1—2sin(33%)), for the case where k = 5, Barba et al. further
improved the upper bound, thus showing that Y5 has a spanning ratio of
at most 2 + /3 & 3.74. Next, the authors also show that in the case where

k = 6, Yy has a spanning ratio of at most 5.8. Barba et al., also give a lower

and at
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bound of 2.87 for Y5. While some bounds are known for the spanning
ratio of Yao graphs, there are currently no known tight bound on their
spanning ratios.

1.3 OUR CONTRIBUTIONS

This thesis further generalizes and extends the proof given by Bonichon et
al. [3], and van Renssen et al. [18]. All together, we get an exact bound of

ﬁ\/l + A2 +2Acos(8p) + (A + cos(6p)) /1 + A2 +2A cos(fy)
Sin(Go)

on the spanning ratio of the parallelogram Delaunay graph.

We summarize our proof technique here. To obtain an upper bound on
the spanning ratio, we proceed by induction on the rank of the distances
between pairs of points. To go from a start point 4 to a destination point b,
we only consider the paths that use endpoints of segments that cross the
line segment ab. If a point is above (respectively below) the line ab, we refer
to that point as a high (resp. low) point. Moreover, we only consider the
case where the start point a is on the bottom left corner and the destination
point b is on the rightmost side of the parallelogram.

To bound the length of the path from a to b, we break the path into three
subpaths. The first part is bounded using the so-called Crossing Lemma
(see below). The second part considers the length of the subpath where
the points all have y-coordinates that are significantly greater than that of
b. On this path, the points are either all high points or all low points. The
third part of the path is bounded using the induction hypothesis.

The aforementioned Crossing Lemma is a crucial part in the proof. The
goal of the Crossing Lemma is to get a bound on the length of the path
from a until we encounter a parallelogram that has an edge between a
high and a low point that is not too steep. Using an inductive argument,
we use techniques such as bounding monotone paths using the Li-norm
as well as bounding edge lengths in terms of their horizontal component.



MAIN RESULT

2.1 THE UPPER BOUND

Consider an arbitrary parallelogram P. Let us denote the two side lengths
by ¢ and s, respectively, where ¢ > s > 0. We refer to the side with length
¢ as the long side, and to the side with length s as the short side (even
though the case ¢ = s is allowed). Without loss of generality, we assume
that the long side is vertical and the short side has non-negative slope, let
6o be the non obtuse angle between the long and the short side of P. We
define the aspect ratio of P, denoted by A, as A := f. For a point a in the
plane, let x, and y, be the x- and y-coordinates of a, respectively. Since the
parallelogram Delaunay graph of a point set is a near-triangulation, we
denote it as T.

In this section, we prove that the worst-case spanning ratio of T is at
most h(A, ) :=

\/E\/l + A2 +2Acos(6p) + (A + cos(6p)) /1 + A2 +2A cos(6y)
sin(90)

We obtain this result after a few preparatory lemmas and observations.

Let a,b be any two vertices in T. Without loss of generality, assume
a = (0,0) and x, > 0. Let d}(a,b) be the length of the shortest path
in T between a and b. We prove that dJ (a,b) is at most 1(A, 0) da(a,b)
with equality occurring in the worst case, where d; (4, b) is the Euclidean
distance from a to b. We denote the slope of the segment ab as S := 2.
Our proof considers four different scenarios, based on the value of S. Each
scenario is illustrated in Figure 2.1.

In each scenario, we write the coordinates of all points with respect to a
new basis® {£,7}. We will denote the counterclockwise angle between £
and 7 by 6. Using this new basis, P will be seen as a rectangle. We denote
by P the parallelogram P written in the {%,1} basis.

SCENARIO 1 In this scenario, there is a homothet of P with a on its top
left corner and b on its lowest short side. Formally, the slope between

a and b satisfies (6) — A
cos(fp) —
e (- St
In this scenario, the usual basis {(1,0), (0,1)} will be sent to £ :=
(0,—1), § := (sin(6p), cos(6p)) (observe that %2, > 7;). The interior
counterclockwise angle 8 between £ and 7 is then 6 = 77 — 6.

1 We do not perform a linear transformation. We simply write some objects with respect to
the {%, 7} basis instead of the usual basis. All distances stay the same.
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0 by

by

Figure 2.1: The four scenarios considered about the slope between a and b.
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In Figure 2.1, the slope between a and b; falls into this case. As seen
on the first column of Figure 2.1, there is a homothet of P with a on
its top left corner and b; on its lowest short side.

As an example, suppose the vertices of P have coordinates (0,0),
(sin(6p),cos(6p)), (0, —2) and (sin(6yp), cos(6p) — 2), respectively. Then,
in the new basis, the vertices of P have coordinates (0,0), (0,1), (2,0)
and (2,1), respectively.

SCENARIO 2 In this scenario, there is a homothet of P with a on its top left
corner and b on its furthest long side. Formally, the slope between a

and b satisfies
cos(6p) — A cos(6p)
S E . v . .
sin(fp) " sin(6p)
In this scenario, the usual basis {(1,0), (0,1)} will be sent to £ :=
(sin(6p), cos(6p)), 7 := (0, —1) (observe that A%, > i;). The interior
counterclockwise angle 8 between £ and 7 is then 6 = 7T — ;.

In Figure 2.1, the slope between a and b, falls into this case. As seen
on the first column of Figure 2.1, there is a homothet of P with a on
its top left corner and b, on its furthest long side.

As an example, suppose the vertices of P have coordinates (0,0),
(sin(6p), cos(6p)), (0, —2) and (sin(6y), cos(6y) — 2), respectively. Then,
in the new basis, the vertices of P have coordinates (0,0), (1,0), (0,2)
and (1,2), respectively.

SCENARIO 3 In this scenario, there is a homothet of P with a on its bottom
left corner and b on its furthest long side. Formally, the slope between
a and b satisfies

cos(6p) cos(bp) + A
5S¢ <sin(90)' sin(6p)

In this scenario, the usual basis {(1,0), (0,1)} will be sent to £ :=
(sin(6p),cos(6p)), ¥ := (0,1) (observe that A%, > 7). The interior
counterclockwise angle 8 between £ and 7 is then 6 = 6,.

In Figure 2.1, the slope between a and b falls into this case. As seen
on the first column of Figure 2.1, there is a homothet of P with a on
its bottom left corner and b3 on its furthest long side.

As an example, suppose the vertices of P have coordinates (0,0),
(sin(6p),cos(6p)), (0,2) and (sin(6p), cos(6y) + 2), respectively. Then,
in the new basis, the vertices of P have coordinates (0,0), (1,0), (0,2)
and (1,2), respectively.

SCENARIO 4 In this scenario, there is a homothet of P with a on its
bottom left corner and b on its highest short side. Formally, the slope
between a and b satisfies
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In this scenario, the usual basis {(1,0), (0,1)} will be sent to £ :=
(0,1), # := (sin(6p),cos(6p))(observe that +2, > ). The interior
counterclockwise angle 8 between £ and 7 is then 6 = 6,.

In Figure 2.1, the slope between a and by falls into this case. As seen
on the first column of Figure 2.1, there is a homothet of P with 2 on
its bottom left corner and b4 on its highest short side.

As an example, suppose the vertices of P have coordinates (0,0),
(sin(6p),cos(6p)), (0,2) and (sin(6p), cos(6y) + 2), respectively. Then,
in the new basis, the vertices of P have coordinates (0,0), (0,1), (2,0)
and (2,1), respectively.

In the second column of Figure 2.1, we highlight the homothets of P
(with @ and b on the boundary) on which our analysis will be based. In
the third column we show the homothets of P in the new basis {£, 7} for
each scenario. Notice that P is an axis aligned rectangle in the {£, 7} basis.
We define the W and E sides of P to be the two sides parallel to § with
the W side having smaller £ coordinate. Similarly, we define the N and S
sides of P to be the two sides parallel to £ with the N side having larger
coordinate. A point on the east edge of P is said to be eastern. The directions
N, S, E, W are defined accordingly, refer to the last column of Figure 2.1.

Observe that the distance between the origin and any point a% + 7 in
all scenarios is equal to

ot + Bgll2 = /a2 + B — 2ap cos(m — 6) < \/a® + B2 + 2] cos(6)|.

Moreover, observe that the Li-norm in the usual basis is equal to the
Li-norm in the {£,§}-basis.

To give an upper bound on the spanning ratio between any two vertices
a and b, we consider the sequence of triangles Tj, Ty, ..., T intersecting the
line segment ab from a to b. Note that the triangulation of P may not
contain its convex hull. As such, the sequence of triangles may not exist.
For example, the sequence of triangles from /; to I5 is undefined in Figure
2.2. In order to guarantee that this sequence of triangles is well defined, we
augment the point set in the following way. Consider the triangulation of a
larger point set P’ = P U {p1, p2, p3, pa}, where {p1, p2, p3, pa} is defined
as follows. The points in {p1, p2, p3, pa} are the vertices of a homothet
of P containing P such that the distance from any point in P to any
point in {p1, p2, p3, pa} is arbitrarily large. Adding these points guarantees
that the larger triangulation contains all the edges of the convex hull of
P’. Moreover, all the edges of the triangulation of P’ that are not in the
triangulation of P, by construction, are arbitrarily long. Therefore, these
edges will not be used in any bounded path. In what follows, we bound
the length of the shortest path between points in P.

We will denote the triangle with vertices 1, v and w by Auvw. Note that
with the additional four points {p1, p2, p3, pa}, every face that intersects
the line segment ab is a triangle. The order of this sequence is determined
by the order in which these triangles are encountered when following the
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Ps

Is = Ig

Figure 2.2: Illustration of the triangles intersecting ab.

line ab from a to b. The boundary of each triangle intersects ab twice. We
refer to the intersection closer to a as the first intersection and the other as
the second. Let h; and [; denote the endpoints of the edge containing the
second intersection of T; with ab. Note that k; is above ab and [; is below
ab (with respect to the {£,§} basis?). For every T; and T;,4, either I; = [; 4
or hj = hij11. We define hy = Iy = a, and we let [y = hy = b. Figure 2.2
shows the triangles as well as their respective parallelogram P; with h; and
l; in Scenario 2.

Each triangle T; (or T; in the {%, 7} basis) in the Delaunay graph has an
associated parallelogram P; (or P; in the {£, 7} basis) which is a homothet
of P (or P in the {19} basis) that has the three vertices of T; on its
boundary. We define the parameter L as the positive slope of the diagonal
of P expressed in the {%, 1} basis. The third column of Figure 2.1 illustrates
these diagonals3. If the long side of D is vertical, then L = A, as in Scenarios
2 and 3. Otherwise, L = 1/ A, as in Scenarios 1 and 4.

For any point u, we denote £, and #j, to be the coordinates of u in its
{%,7} coordinate system. In other words, u = £,% + 7,7.

Definition 2.1.1. An edge (u,v) is said to be gentle if it has slope within
[—L,L] with respect to the {%,7} basis. In other words, |J, — J.| <
L|%, — %,|. Otherwise, we say it is steep.

2 We do not use the notation /1; and [; even though these two points are defined with respect
to the {%, 7} basis. This would make expressions like %;, too heavy.
3 Note that the slope in the {£,} basis corresponds to the ratio of the sides of P.
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Figure 2.3: Illustration of the length of dp (1, w) in Scenario 2.

In order to bound the spanning ratio of the parallelogram Delaunay
graph, we first define what it means for a parallelogram to be inductive
and what it means to have a potential.

Definition 2.1.2. Parallelogram P; is inductive if edge (h;,1;) is gentle. The
inductive point of P;, which we denote by ¢, is the point with the larger £
coordinate among h; and /;.

Let dp (1, 1;) be the length of the path when moving clockwise from h;
to I; along the sides of P;. Note that in the usual x, y-coordinate system,
this path may be counter-clockwise. For example in Figure 2.3, we show in
blue the length of d B (u,w) in Scenario 2. On the left, we have P, and on
the right we have Py, (in the usual {x, y} basis). When in the {£, 7} basis,
the length of d (u,w) is the length of the path when going from u to w,
whereas in the usual basis, this length is given by the counter clockwise
path from u to w (or the clockwise path from w to u).

Definition 2.1.3. Parallelogram P; has a potential if
d3 (a,h;) +dj (a,1;) +dp, (hi, ;) < (2+2L)%;,
where #; is the £-coordinate of the E side of P;.

Next, we define P(a,b) as the parallelogram {af+ B7 : £, < a <
Rp, 90 < B < §p} (refer to Figure 2.4). Observe that in general, P(a,b) is
not a homothet of P or of P.

We now show that parallelograms that are not inductive pass on their

potential.

Lemma 2.1.4. If (a,b) is not an edge in T and parallelogram P(a,b) contains
no point of P other than a and b, then Py has a potential. Furthermore, if, for any
1<i<k D hasa potential but is not inductive, then 151»+1 has a potential.

Proof. By our general position assumption, a, h1,[; all lie on different sides
of P;. Since Aahyl; intersects the line segment ab, then h; and [; must
have larger f£-coordinates than a. This implies that when P(a, ) is empty,

11



2.1 THE UPPER BOUND

/

Figure 2.5: Example showing the positioning of P, if a is on the S side in
Scenario 1 on the left (2), and Scenario 2 on the right (b).

a cannot lie on the S side as it would mean that [ would lie on the E
side of P;, which is inside P(a,b), refer to Figure 2.5. Hence, a lies on the
W side of P; and #; is the length of the south side of D,. Therefore, h;
lies on the N or the E side, while [; lies on the S or E side. Notice that
d; (a,hy) +dj (a, 1) 4 dp (h1,11) is bounded by the perimeter of Py, which
is (24 2L)#;. Thus P; has a potential.

Next, assume that forall 1 < i < k, P; has a potential but is not inductive.
Since P; is not inductive we know that (h;,1;) is steep. In the remainder
of the proof we assume that £;, < £, as the case where £, < £, can be
shown using analogous arguments.

Since £;, < %3, we know that /; must be on the S side of P; while h; can
be on the N or E side of P;. If i; is on the N side of P;, then since Xy, < Xy,
then /1; must be on the N side of P;,; and ; is either on the W or S side of
P 1. If I; is on the S side of P, (refer to Figure 2.6 Case (a)), we have that
Pijqis just a translate of D;, as such we have that

dpm (i, li) = dﬁ,—(hi/ li) = 2(%i41 — %i). (2.1.1)

Now, if I; is on the W side of P;,(refer to Figure 2.6 Case (b)), then we
have that

dp, , (hi,li) —dp (i, li) < (2+2L)(%i41 — %0). (2.1.2)

Consider now the case where 7; is on the E side of P;. Because X, < Xp,,
h; must be on the N side of pHJl and [; is either on the S side or on the

12



2.1 THE UPPER BOUND

(a)

Figure 2.6: Illustration of the proof of Lemma 2.1.4 for Scenario 2.

W side of P;,; (refer to Figure 2.6 Case (c)). If I; is on the S side of P;,;
then (2.1.1) holds. If J; is on the W side of P, then (2.1.2) holds. In all
cases we have that

das

Pitq

(hi I;) — dp (hi, I;) < (2+2L) (i1 — %)
Since P; has potential we know that

d; (a,hi) +dj (a,1;) +dp (hi, ;) < (24 2L)%;.
Observe that

dy (a,hi) +d3 (a,1) +dp (i, 1) +dp, (B, i) — dps (i, ;)
=dl(a,h) +di(a1;)+ dp,  (hi,1;).
Putting the above equalities and inequalities together we get
dj (a,hi) +d (a,1;) +dp, (B, 1) < (242L)% + (2 +2L) (£i11 — &)
= (24+2L)%in
(2.1.3)

Assume T; 1 = Ahihiql; (where [; = I;,1); in other words, (h;, h;11) is an
edge of T with h;; lying somewhere on the boundary of lsi+1 between h;
and /;, when moving clockwise from h; to I;. By the triangle inequality, we
have dz (]’Zi, hi+1) < dpi+1 (hi, hi+1) and

d3 (a,his1) < d3 (a, ) + do(hi, higa). (2.1.4)
We also know that
dp,, (hi hip1) <dp  (hiLi). (2.1.5)
This gives us

dy(hi hivr) +dp, (hivr, 1) < dp (hi hii) +dp, (hi, 1)

(2.1.6)
= dpiﬂ (hi, lz)

13



2.1 THE UPPER BOUND

Using inequalities (2.1.3), (2.1.4), (2.1.5) and (2.1.6), we get the following:

d; (a,hiy1) +d; (a,lip1) +dp, (hisa,liva) < d3(a,hi) + da(hi hisa)
+d; (a,1;) +dp,  (hisa, 1)
< d; (a,h;) +dj (a,1;)
g (1)

< (2+2L)%i11,

as required to show 151-+1 has a potential. Note that here /;;; = [;. The
argument for the case when Ty = Ahji1lli 1, where h; = h;yq is sym-
metric. O]

Next, we can bound the distance from a to the inductive point of a
parallelogram with potential when this inductive point lies on the E side
of the parallelogram.

Lemma 2.1.5. If parallelogram P; has a potential and its inductive point c (either
¢ = hj or ¢ = I;) lies on the E side of D, then

di(a,c) < (14 L)%,

Proof. Without loss of generality, assume ¢ = h;. Observe that, since ; is
eastern, we have
Le =%y, = % (2.1.7)
Moreover, since P; has a potential, we have (1) d] (a,;) < (1+ L)% =
(1 + L).’fhi or (2) dg(ll, lz) + dﬁi(hi/ ll) < (1 + L)J?i.
In the first case, we find

di(a,h) < (1+L)% = (1+ L)%,

by (2.1.7). In the second case, since (I;, 1;) is an edge in T, by the triangle
inequality we get

d(a,hy) < di(a,l;) +da(li, hy) < di(al;) + dp (hi,li) < (1+ L)%
= (1+ L)%
by (2.1.7). O
We now shift our focus to paths consisting of gentle edges.

Definition 2.1.6. Let 1 < j < k. The maximal high path ending at h; and the
maximal low path ending at ; are defined as follows:

If h; is eastern in pj, the maximal high path ending at ; is simply hj;
otherwise, it is the path h;, hj 1, ..., hj such that h; 4, ..., h; are not eastern
in P q,.., 15]~ and either i = 0 or ; is eastern in D

If lj is eastern in 15]., the maximal low path ending at l]- is simply lj; oth-
erwise, it is the path [;,[;1q,...,[; such that [;;4,...,]; are not eastern in
151-+1, . 15]- and either i = 0 or I; is eastern in P;.

14



2.1 THE UPPER BOUND

Next, we bound the length of these maximal high and maximal low
paths.

Lemma 2.1.7. If the path hj, hi 1, ..., hj is a maximal high path then

d; (hi, hj) < (%n, — ) + (I, — On,)-

Similarly, if the path 1;,1;1, ..., l; is a maximal low path then

dy (I, 15) < (&, — %) + (91, = 9,).

Proof. By Definition 2.1.6, none of the h;, .., h; are E and as such we have
a succession of WN edges (by the general position assumption). As such,
U < n;yy < - < Up;- By the triangle inequality, we have the following for
alli <k <j:

dg(hk' hies1) < <ﬁhk+1 - ﬁhk) + (yAth - yAhk)‘

By summing up the terms we get,

dZ (l’ll,h ) <xh - xh ) <]2h, - yAhi)‘

The bound on the length of the maximal low path can be shown using a
symmetrical argument O

We now use the above lemmas to prove bounds on the path lengths
from a to the inductive point on the first inductive parallelogram (if it
exists) when the interior of P(a,b) is empty.

Lemma 2.1.8. (Crossing Lemma) Assume P(a,b) does not contain any other
vertices of P and (a, b) is not an edge in the parallelogram Delaunay graph. The
following properties hold:

(1) If no parallelogram in Dy, b5, ..., Py is inductive then

dj(a,b) < <L+ \/1 +L2+2L|cos(9)|> Xy + Jp

(2) Otherwise, let P be the first inductive parallelogram in the sequence
Py, Py, .., By

(a) If L = A (as in Scenarios 2 and 3) and h; is the inductive point of 15].
then,

dzT(a,hj)+(yh —17p) < (A+\/1+A2+2A\cos )\) -

(b) If L = A (as in Scenarios 2 and 3) and l; is the inductive point of 15].
then,

d; (a,1;) — 9y, < <A+\/1+A2+2Alcos()]>flj.

15
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(c) If L =1/ A (as in Scenarios 1 and 4) and h; is the inductive point of
D; then,

R . 1 2| cos(0 .
d;(ﬂ,h]) +A<yhj _yb) < <1+ \/1+ AZ+’A()‘> xh]..

(d) If L =1/ A (as in Scenarios 1 and 4) and l; is the inductive point of
15]- then,

R 1 2| cos(0 .
dzT(a,lj)—Ayl], < <1+ \/1—|—AZ+|A()|) xlj-

Proof. (1) By Lemma 2.1.4, if no parallelogram in D, D,, ..., B, is inductive
then the last parallelogram must have a potential since P; has a
potential. Since no two vertices have the same i coordinate, we have
that b must lie on the E side of the last parallelogram Py. Thus by
Lemma 2.1.5 we have:

d¥(a,b) < (1 + L)% = (1+ L)%,

< <L+ \/1 +L2+2L\cos(9)|> Xp + Jo-

(2) (a) In this case, we are either in Scenario 2 or 3.

Let Pj be the first inductive parallelogram in the sequence
D, D, ..., 0, and we assume that the inductive point of 15].
isc= h]

By Lemma 2.1.4, every parallelogram b with i < j has a
potential. Note that in this case, l]- is to the left of h]-. Since the
edge (I;, h;j) is gentle it follows that the vertical distance between
l; and h;j can be bounded:

(ﬁl’l]' - yl]') < A('X\h]' - 521]') — (]?h, _91]‘> + A'fl]' < Aﬁhj'
(2.1.8)

Moreover, we can bound the length of the edge (I;, ;) by

da(1j, hj) < \/1 + A2 —2Acos(m — 6) (%, — %) (2.1.9)

< \/1 + A% +2A] cos(6)| (£, — ).

Let I, liy1,...,[i-1 = l; be the maximal low path ending at I;.
Note that by Lemma 2.1.7 we have

d; (I, ;) < (R, — 21,) + (@1, — D,)- (2.1.10)
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Next, note that either /; = Iy = a or I; is an eastern point in p;
that has a potential and Lemma 2.1.5 applies. In this case we
have that since J; is eastern in P; we have:

di(a,1) < (1+ A%

_ 1+ A) (2.1.11)

Using inequalities (2.1.8), (2.1.9), (2.1.10) and (2.1.11), together
with the triangular inequality, we get

dj (a,hj) + (Jn, — Jb)
< dj (a,1;) +d3 (i, 1) + do(lj, hj) + (9, — 9)
< (L4 A)%, + (% — &) + (91, — 9,)

/14 A2 24 cos(0)| (81, — £1,) + 1, — J

= A%, +\/1+ A2+ 24| cos(0) |, + (91, — 91

— <1 + \/1 +A2—|—2A\cos(9)|) 2y + Gn, — o

< A%y + \[1+ A2+ 2A] cos(0) 2, + D1, — 0,

since #j;, — 1, < 0 and —321]. <0

< \/1 + A2 +2A| cos(0)[ %, + A%y, + G, — I,

< /14 A2 124 cos(0) |5, + Ay,

since edge (I, h;j) is gentle

- <A +\/1+42 24 cos(e)y> %,

(b) In this case, we are either in Scenario 2 or 3.

Let 15]- be the first inductive parallelogram in the sequence
Py, B, ..., P1 and we assume that the inductive point of P;
isc= l]

By Lemma 2.1.4, every parallelogram P,, for i < j has a potential.
Note that in this case, /; is to the left of /;. Since the edge (lj, h]-)
is gentle it follows that the vertical distance between /; and h;
can be bounded:

On, — 91,) < ARy, — 2y) <= (Gn, — ;) + A%y, < A%y,
(2.1.12)

Moreover, we can bound the length of the edge (I;, ;) by

da(lj, 1) < 1+ A2 —2A cos(0) (£, — %) oany

< 1+ A2+ 24] cos(6)| (2, — 24,)

17
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Let hj, hjy1, ..., hj—1 = hj be the maximal high path ending at ;.

Note that by Lemma 2.1.7 we have
d; (hi,hy) < (2, = ) + (On, — On,) (2.1.14)

Next, note that either h; = hy = a or h; is an eastern point in P;
that has a potential and Lemma 2.1.5 applies. In this case we
have that since #; is eastern in P; we have:

d¥(a,h) < (1+ Az

— (14 A, (2.1.15)

Using inequalities (2.1.12), (2.1.13), (2.1.14) and (2.1.15), together
with the triangular inequality, we get

d;(ﬂ, l]) - ?lj
< d; (a,h;) +dj (hi, by) + da(hy, 1) — 3
< (14 A)xy, + (2n, — 2,) + (Gn; — ;)

+ 1+ A2+ 24] cos(8) (2, — 31,) — 7

= ARy, + 2y, + /1 + A%+ 24 cos(0)| (21, — %1,) + I, — 0,
— U,

= \/1 + A2 4+ 2A| COS(G)]J?;/. + Axy, + G — Uy,
— <\/1 + A2+ 2A|cos(0)] — 1) X, — Uny

< \/1+ A2 12  cos(0) [, + Ay, + 91, — I
since both —7;, < 0 and —X,;, <0

< \/1 + A2+ 2A[ cos(0) |2, + Ay, + T, — 1,

since fh,- < J’C\hj

< \/1+ A2 124  cos(0) |5, + A%
since edge (hj,1;) is gentle

IN

<A + \/1 + A2 +2A] cos(@)]) 2,

(c) In this case, we are either in Scenario 1 or 4.

Let 15]' be the first inductive parallelogram in the sequence
D, D, ..., 01 and we assume that the inductive point of ﬁj
is ¢ = h;.

By Lemma 2.1.4, every parallelogram D, fori < j has a potential.
Note that in this case, [; is to the left of k;. Since the edge (I}, ;)

18



2.1 THE UPPER BOUND 19

is gentle it follows that the vertical distance between /; and h;
can be bounded:

(X, — 21)) <= A, — 1) + %1, < 2y

(yAhj - 9@-) <

| =

Moreover, we can bound the length of the edge (I;, ;) by

1 2cos(mr—9),, .
dz(l],h]) < \/1 + ﬁ - (A)(xh]. - xl].)
cos(@) (2.1.17)
1 2| cos(0)]|, . .
<1+ g+ 2500, -0,

Let I, liy1,...,li-1 = I be the maximal low path ending at I;.
Note that by Lemma 2.1.7 we have

d; (I, ;) < (R, — 21,) + (@1, — D,)- (2.1.18)

Next, note that either [; = Iy = a or I; is an eastern point in p;
that has a potential and Lemma 2.1.5 applies. In this case we
have that since J; is eastern in P; we have

di(a, 1) < (1+1/A)%

=(1+1/A)%. (2.1.19)

Using inequalities (2.1.16), (2.1.17), (2.1.18) and (2.1.19), to-
gether with the triangular inequality, we get

d; (a,hy) + A(Gn; — )

< dzT(a, lz) + d%(ll, l]) + dz(l], h]) + A(yAh

<1+ 1/A)£li + (flj - ﬁli) + (yAli - yAlj)
|

\
|
)
<
N—

1 2|cos(9)|,. R . .
+ \/1 toat ’;)(xhj — 21,) + A(Gn; — 9o
1 2|cos(0)] (% — #

zl/Afli—}—)?lj—i—\/l—i—Az—l— 2 ]—xlj)
+ (ﬁli _ylj) +A(]2h] _?b)
. 1 2|cos(0)|,, .
+ A, — 91;) + A@n, — o)
since A > 1
. 1 2|cos(0)| PR
= 1/Ax,i + \/1 + az + |A()|xhj +A(yli _ylj)
A A 1 2|cos(9)]. .
+A(yhj_yb)_(1+\/1+AZ+A)xlf

<1/A%, + \/1 ;L AeosO)]

Az A Jehj—i_A(yAli_yAlj)
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since —9?1], <0

1 2 0
=1/A%, + \/1 +—+ ’CO:()‘fhj + A(Gn, — 91;)

A2
+AG, — )

1 2|cos(0)] . R . .
< \/1 ‘ot Syt VAR + Ay — 9y)

since (§;, — ) <0

1 2|cos(0)] . R N .
< \/1 + 1 + A W + 1/ A%y, + A(Gn, — 91,)

since J?l]. < 321].

A\

1 2|cos(0)] . N . N
\/1 =+ F + Txhj + xlj + A(yh]' - yl]')

since A > 1

1 2|cos(0)]) . .
Prazt o)t

since edge (I;, h;j) is gentle
1 2|cos(9)] .
<1+\/1+142+A Xh]..

(d) In this case, we are either in Scenario 1 or 4.

IN

IN

Let Pj be the first inductive parallelogram in the sequence
D, D, ..., 01 and we assume that the inductive point of 13].
isc = 1;.

]

By Lemma 2.1.4, every parallelogram P, for i < j has a potential.

Note that in this case, /; is to the left of /;. Since the edge (lj, h]-)
is gentle it follows that the vertical distance between /; and h;
can be bounded:

(32[]. — xh].) — A(yAh]. — yAl].) + X, < X

| =

(yAhj - 9@-) <

Moreover, we can bound the length of the edge (I;, ;) by

1 2| cos(0)], . N
da(lj, hj) < \/1 + 2 + |A()|(x1/. - xh].). (2.1.21)

Let hj, hiy1,...,hj—1 = hj be the maximal low path ending at A;.

Note that by Lemma 2.1.7 we have

d;<hi/ h]) < (fh] - Jehi) + (]2]’1]' - yh,) (2'1'22)

20
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Next, note that either h; = hy = a or h; is an eastern point in p;
that has a potential and Lemma 2.1.5 applies. In this case we
have that since #; is eastern in P; we have

dy(a,h;) < (1+1/A)%

41/, (2.1.23)

Using inequalities (2.1.20), (2.1.21), (2.1.22) and (2.1.23), together
with the triangular inequality, we get

dzT(a, l]) — AyAl].

[y

1 2| cos(0)|, . . .
+\/1+Az+’A()‘(xlj—xhj)—A]/l

R R 1 2|cos(0)] , . R
+ (yAh]' — In) — AyAlj
R R 1 2|cos(0)],. R
+A(yAhj _yAhi) _AyA]j
since A > 1
R 1 2|cos(0)] . R R
. 1 2|cos(0)] )

1 2|cos(0)] . R N .
S \/1 + ﬁ + Txl]' + 1/Axh1 + A(]/h, _ylj>

since both —7;,, < 0 and —%,;, <0

1 2|cos(0)|, . . .
< \/1 g T e Ry 1 Ay + A — 1)

since %, < J?hj

1 2| cos(0)]| . . . .
< \/1++|()|xlj+xhj+A(yhj—ylj)

- A2 A
since A > 1
1 2|cos(0)] . . .
< \/1+A2+Axlj+xl]-

since edge (h;,1;) is gentle

1 2|cos(0)]) .
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hi_1 c=h;

Ve

(a) (b>

Figure 2.7: Illustration of Lemma 2.1.9 for Scenario 1. On the left (a), the
inductive point is ¢ = h; and on the right (b), the inductive point is
c = li-

A

Figure 2.8: Illustration of Lemma 2.1.9 for Scenario 3. On the left (a), the
inductive point is ¢ = h; and on the right (b), the inductive point is
c = li-

The final ingredient determines the type of edges we encounter when
the fj-coordinate of a vertex differs significantly from that of b.

Lemma 2.1.9. Assume P(a,b) does not contain any vertices of P. Let 1 < i < k
and let the coordinates of the inductive point c of P; be such that 0 < L(%, — £.) <

’]?b - ﬁC|
(i) If ¢ = hj, and thus 0 < L(%, — %c) < §c — Jp, then let j be the smallest

index larger than i such that L(%, — fhj) > Jn; — Jp = 0. All edges on the
path h;, ..., hj are NE edges (refer to Figures 2.7(a) and 2.8(a)).

(ii) If ¢ = I;, and thus 0 < L(%, — ;) < § — Je, then let j be the smallest
index larger than i such that L(%, — £;,) > § — §i1; > 0. All edges on the
path l;, ..., l; are SE edges (refer to Figures 2.7(b) and 2.8(b)).

Proof. We consider the case where c = h; as the case where ¢ = [; can be
shown using a similar argument.

Notice that such a j exists since choosing h; = b satisfies L(£, — ;) >
Un, —J» = 0. Next, let j be the smallest index larger than i such that
L(%p — %n;) = Jn; — Jp = 0. Let hy, be any point on the path h;, ..hj_y, thus
we have 0 < L(£, — £5,,) < Jn, — Jp. Observe that the edge (hm, hyi1),

must be a WE, WN or NE edge in P, since £;,,,, > %, and neither
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vertices can be below the line ab. If &,, lies on the W side of P, 1, then we
will show that b must be inside Pm+1, contradicting the fact that pm+1 must
be empty. By construction we know that /,,, 11 must also be on the boundary
of Iﬁmﬂ. Notice that the triangle formed by the WN, WS, SE corners of
P41 can be expressed as the intersection of three half planes. We have
that b is on the right side of the half plane given by the W side of Py, 1,
since £;, < £,. Next, we also have that b is above the S side of Pm+1, since
91,.., < Up- Finally, by assumption we have that 7, > L(%, — %,,) + 7
which is below the diagonal of ﬁm+1 as h,, is on the W side, hence b is
below the diagonal given by the WN and SE corners. Since b is contained
in the three half planes, then b is in the interior of lf’mH. As such, we
have that /1, cannot be on the W side and therefore, the edge (h, hy+1) is
NE. O

Next we prove the main theorem of this chapter. Recall that in all
scenarios, the {%, 7} basis was defined so that L(%, — £,) > 7y — Ja, i-e.
L&y, > 1. Moreover, recall that at the beginning of the chapter, we assumed,
without loss of generality, that the long side of P is vertical and the short
side of P has non-negative slope.

Let A¢(a,b) (respectively Ay(a,b)) denote the £-coordinate difference
(respectively the J-coordinate difference) between a and b.

We now have all the ingredients needed to prove the main theorem.

Theorem 2.1.10. Let a,b be two vertices in the parallelogram Delaunay graph.
If AAg(a,b) > Ay(a,b) (i.e. we are in Scenario 2 or 3), then

a5 (a,b) < <A + /14 A2 4 24] cos(e)y> 26+ O

Otherwise, (i.e. we are in Scenario 1 or 4), we have

1 2| cos(0 . .
d; (a,b) < <1+\/1+A2+’A()’> 2 + Ap.

Proof. We consider all pairs of vertices (a,b) and order them by the size of
the smallest scaled translate of P that has both 2 and b on its boundary.
We perform induction based on the rank of this ordering.

The first pair (a,b) in this ordering has the smallest scaled translate of
P and this can contain no vertices of P. Indeed, the existence of a vertex
would imply the existence of a smaller parallelogram with two vertices on
its boundary. This would contradict that we are considering the smallest
one. Hence, by construction there exists an edge between a and b, from
which we get

d}(a,b) = da(a,b) < As(a,b) + Ag(a,b) = £ + G

This satisfies the statement of the theorem for both cases.

Next, consider an arbitrary pair (a,b) and assume that the theorem
holds for all pairs defining a smaller parallelogram. We consider two cases:
(1) P(a,b) does not contain any vertex of P or (2) P(a,b) contains at least
one vertex of P.

23



2.1 THE UPPER BOUND

(1) Assume there are no vertices of P inside P(a,b). We distinguish (i)
Scenarios 2 and 3 from (ii) Scenarios 1 and 4.

(i) Since we are in Scenario 2 or 3, we have L = A and A%, > 7.

If (a,b) is an edge in the parallelogram Delaunay graph, then
d}(a,b) = da(a,b) < As(a,b) + Ay(a,b)
=Xy + T

< <A+ V1 +A2+2Aycos(9)|> 2 + T

Otherwise, if no parallelogram in D, D,, .., Py is inductive then
by property (1) of Lemma 2.1.8 we know that

dl(a,b) < <A+ 1+ A2 +2Aycos(9)\) 26+ O

Hence, we focus on the case where there is an inductive par-
allelogram. Let P; be the first inductive parallelogram in the
sequence b, .., Pk. We distinguish between the case where the
inductive point is /; and where it is [;. If the inductive point is
h; of P;, then by Property (2)(a) of Lemma 2.1.8 we know that

dl (a,h;) + (G, — 9p) < (A + \/1 + A%+ 2A| Cos(9)|> R,

and thus that

d¥(a,h;) < (A + \/1 + A%+ 2A| cos(9)|) fn, — (T, — Tp)-

If A(%p — £1,) > Jn, — Jp > 0, we let h; = h;, else we let j be the
smallest index greater than i such that A(%, — 32;1],) > ]ih], —Jp >
0. By Property (i) of Lemma 2.1.9, /; is eastern in P; and all edges
on the path £, ..., hj are NE edges. By the triangle inequality we

get
dy (M, Bons1) < Ry = 2n,) + Ty — D)
for any edge (hm, hyy+1) on this path. This implies that
d; (hi, hj) < (%n, — ) + (I, — In,)-

Since A(%, — £;) > Ji; — Jp > 0 and the smallest scaled trans-

late of P with h;j and b one its boundary is smaller than that of
a and b we can use the induction hypothesis to get a bound on

dl (i, b) < (A + /144224 Cos(9)|> (% — 1)
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Putting everything together and using the triangular inequality
we get that

dy (a,b) < dj (a,h;) +dj (hi, hj) + dj (hj, b)
< (A y1r 228100801 ) 20, ~ (30, 0
+ (%0, — 2n,) + (In, — )

+ <A + /14 A2 4 24] Cos(9)|> (2 — %)

+ (?hj _?b)
= <A + \/1 + A% 4 24| cos(9)]> Rp, + (X, — %n,)

+ (A + /14 A2 4 24] Cos(9)|> (% — %)

n <A +\/1+ A2 24 cos(0)] — 1) (%1, — %)

_ <A+ V/1+ A2 424 cos(6)

< <A+ V1 +A2+2A|cos(9)y> 2

since Jeh]. < Jehj.

< <A+ \/1+A2+2Aycos(9)y> 2+ D

Thus proving the theorem in the case where #; is the inductive
point of D;.

If ; is the inductive point of P;, then by property (2)(b) of
Lemma 2.1.8 we know that

dl(a,1}) — g < (A + /14 A2 4 24] cos(9)|> 2,

and thus that

al(a,1) < <A + /14 A2 4 24] cos(9)|> 2, + 71

If A(%, —%1,) > 9p — 91, > 0, we let li = 1;, else we let j be the
smallest index greater than i such that A(%, — J?l].) > 9y =91, = 0.
By Property (ii) of Lemma 2.1.9, [; is eastern in Pj and all edges
on the path [;, ..., [; are SE edges. By the triangle inequality we
get

d%(lm’ lm+1) S ("flm+1 - flm) + (ylerl - ?lm)

for any /,;, and I,,,1 on this path. This implies that

d%(lillj) < (flj - fli) + (yAlj - yAli)'
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Since A(%p — 3?1],) > 0y — yAl/. > 0 and the smallest scaled translate

of P with li and b on its boundary is smaller than that of 2 and
b, we can use the induction hypothesis to get a bound of

dl(1;,b) < (A + /14 A2 4 24] Cos(9)|) (% — 1)

+ (o — J1,)-
Putting everything together and using the triangular inequality
we get

dj(a,b) < d

NSy

(a,1;) +dl (1, lj) + dzT(lj/ b)

< (A+ \/1 +A2+2A\COS(9)|> X+ 9

+ (%, — %) + (@, — 71,)

+ (A 1+ 42 +2Aycos(9)\> (% — %)

+ (yb - ﬁlj)
= 04+vﬁ+A2+2Mcmwﬂ>&,+@,—ﬁQ

+ <A+ \/1 + A? +2A[cos(9)\> (Xp— %1.) + T

_ <A—|— \/1 + A2 424 cos(9)|> Xy +

! ]

+ <A+ \/1+A2+2A]cos(9)| - 1) (%, — %1,)

< (A—i— \/1+A2+2A\cos(9)\> L+ b

since &), < 92,],.

This completes the proof of Case (1)(i).
(ii) Since we are in Scenario 1 or 4, we have L = % and %J?b > Up.
If (a,b) is an edge in the parallelogram Delaunay graph, then
dl (a,b) = da(a,b)
< d¢(a,b)+dy(a,b)
=X+ U

< <1+\/1+1+2’C°S(9)|) 2y + ADp.

A? A

Otherwise, if no parallelogram in D, b, .., P is inductive then
by Property (1) of Lemma 2.1.8 we know that

1 1 2 0
d; (a,b) < <A+\/1+AZ+|C‘E()’) %+ )
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2|cos(0)]\ . .
S <1+\/1+Az+A xb—i—Ayb

Hence, we focus on the case where there is an inductive par-
allelogram. Let D; be the first inductive parallelogram in the
sequence Dy, ..., D.. We distinguish between the case where the
inductive point is /; and where is it ;. If the inductive point is
h; of P;, then by property (2)(c) of Lemma 2.1.8, we know that

since A > 1.

. . 2| cos(6 .
43 (0, ) + A(G), ~ ) < (1 1+ 'A”'> 4,

and thus that

1 2[cos(6
d3 (a,h;) < <1+\/1+Az+|“j:()|> n, — A(Gn; — Iv)-

If %(ﬁb —Xp,) > G, — Jp > 0, we let h; = h;, else we let j be the
smallest index greater than i such that % (£, — J?h].) > Gn,— 9y =
0. By Property (i) of Lemma 2.1.9, k; is eastern in Pj and all edges
on the path £, ..., hj are NE edges. By the triangle inequality we
get that
dy (hihy) < (Ri, — %) + (G, — In)-

Since %(J@b — J?h].) > Jn, — J» > 0 and the smallest scaled trans-
late of P with h;j and b on its boundary is smaller than that of a
and b we can use the induction hypothesis to get a bound on

1 2| cos(6 N N
d;(h],b) < <1+\/1+AZ+|A()|) (xb—xh/.)

+ A(Gn; — )

Putting everything together and using the triangular inequality
we get

d¥(a,b) < ZTu,hl dj (hi, h;) + dj (hj, b)
1 2 cos(0 . A "
< ( Ai |A()’) Xhl-_A(]/h,v_]/b)
+ (21, — 2n,) + @, — In,)

1 2| cos(6 A .
+<1+\/1+A2+|A()|> (xb—xhj)

+A(yAhj _yAb)
1 2| cos(0 N . R
< <1+\/1+Az+|A()|) B, — A = Jv)
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+ (ﬁh] - X\hi) +A(yhz _yl’l]')
1 2| cos(0 R .
+ <1+\/1+AZ+|A()|> (xb—xhj)

+ A(Gn; — 9v)

since A > 1,

1 2|cos(0)]) .
< <1+\/1+Az+A Xp

1 2| cos(6)], . .
+\/1+142+’A()‘(Xhi—xhj)

1 2|cos(0)]) .
< <1+\/1+AZ+A Xp

since %, < J?h]..
1 2|cos(8)]
APV % AD
< <1+\/1+A2+ A Xp + Ay

Now, if /; is the inductive point of P; then by property (2)(d) of
Lemma 2.1.8 we know that

ds (a,1;) — Afy, < <1+ \/1+1+2‘COS(9)|> 21,

A? A

as such we have that

1 2|cos(0)]) . .

If %(ﬁb — %) > 9 — U1, > 0, we let l;i = 1;, else we let j be the

smallest index greater than i such that %(J?b — J?l].) > =9, = 0.

By Property (ii) of Lemma 2.1.9, [; is eastern in Pj and all edges
on the path [;, ..., [; are SE edges. By the triangle inequality we
get that

dZT(li/lj) < (ﬁlj - ﬁli) + (y’\lj - yAl;‘)'
Since % (%p — 321].) > Jp — ¥, > 0 and the smallest scaled translate

of P with j and b on its boundary is smaller than that of 2 and
b we can use the induction hypothesis to get a bound on

1 2lcos(0)]) . .
d;(l],b)g <1+\/1+AZ+A (x;,—xl/.)

+ A(yb - 9@)-

Putting everything together and using the triangular inequatity
we get

d; (a,b) < dj (a,1;) +dj (I, ;) + d3 (1;, b)
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< (1+\/1++2’C‘j:(9)’> %, + A9,

+ (%, — %) + (9, — 91,)
1 2| cos(6 . .
+<1+\/1+Az+’A<)’> (Xb—xl].)

+A(?b _yAl]-)

1 2[cos(0)]) . .
< <1+\/1+AZ+A 2, + A,

+ (%, — %) + A9y, — 7))
2| cos(8 . .
+< \/+142+|A()|)(xb—xlj)

+ A(gb - ]?l]')

since A > 1,

1 2|cos(0)]) .
< + + — 4+ —

1 2|cos(0)],, . .
+\/1+Az+A(xlf_xlf)+Ayb

2|cos(0)] ) .. R
S (1+\/ +E+T Xb+Ayb

since fl,‘ < 32‘1]..

This completes the proof for Case (1)(ii), which completes the
proof for Case (1).

(2) Assume P(a,b) contains at least one vertex of P. We distinguish (i)
Scenarios 2 and 3 from (ii) Scenarios 1 and 4.

(i) Assume we are in Scenario 2 or 3.

We split P(a,b) into three regions A, B and C. Informally, these
regions can be constructed by considering the line through a
and the line through b parallel to the longer diagonal of P and
labelling the resulting regions as A, B, C from left to right (refer
to Figure 2.9(a)). Formally, we have

A ={p: pis inside P(a,b) such that A(%, — £;) < Jp —

B ={p : pis inside P(a,b) such that A(%, — £,) > §, —
and A(%, — £p) > 95 — Jp 1,

C ={p : pisinside P(a,b) such that A(£, — £,) < 5 — Jp}-

Q> Q)
2
;v_/

A A

Observe that a point p € A also satisfies A(%, — £,) > 75 — 7).

A

Moreover a point p € C also satisfies A(£, — £,) < Jp — 7a)-
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2.1 THE UPPER BOUND 30

PO

Figure 2.9: Illustration of the three regions in P(a,b). Scenario 3 is shown on the
left (a), and Scenario 1 is shown on the right (b).

If there exists a vertex p inside region B, then we can apply the
induction hypothesis on the pairs (4, p) and (p, b), which satis-
fies A(%, — %4) > §p — Ja and A(%, — %) > 1 — Jp, respectively.
We get

d; (a,b) < dj (a,p) +d; (p,b)

< +\/1+A2+2A|c08( )|> (£p — %)

A

@y —
( +\/1+A2+2AICOS( )I) (£ — 2p)

(A + \/1 + A2 4+ 2A]| cos(9)|> (2 — 2p) + T

2
(4
+(
n
o
- <A \/1+A2+2A|c08( )!) p
n
(

At (/14 A2 +2A] cos(6 )|> 2+ 0.

If there is no vertex inside region B, we define P, to be the
smallest homothet of P that has a on its W side and some vertex
p € Ain P(a,b) on its boundary. Similarly, we define P, to be
the smallest homothet of P that has b on its E side and some
vertex ¢ € C in P(a,b) on its boundary. Since P(a,b) is not
empty, at least one of p or 4 must exist. Assume without loss of
generality that p exists. In this case, we have that A(%, — %,) >
J» — § and the smallest homothet of P with p and b on its
boundary is smaller than that of a and b. Therefore, we can
apply the induction hypothesis on the pair (p, b). If (a, p) is an
edge in the parallelogram Delaunay graph we get:

d3(a,b) < dj(a,p) +di(p,b)
=da(a,p) +4d;(p,b)
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< (%p — %) + (Fp — Ja)
+ <A + /14 A2 4 24] Cos(9)|> (% — 2,)

+ (G — Jp)
— 2, + <A + /14 A2 4 24] cos<9)y> (2 — %)

+ U
< <A+\/1+A2+2A|cos(6)|> Xp + T

An analogous argument can be used if g exists and (g, b) in an
edge in the parallelogram Delaunay graph.

It remains to consider the case where (4, p) is not an edge, in
which case the parallelogram P, is not empty. This implies that
there exists p’ € C such that (a,p’) is an edge. We have that
A(%p — %) < Jp — J and the smallest homothet of P with p’
and b on its boundary is smaller than that of a and b. By the
induction hypothesis we have

dy (p',b) < A (% — %)

1 2[cos(0)]) . .

Since p’ € C, we applied the induction hypothesis for instances
of Scenarios 1 and 4 for the path from p’ to b. This explains why
we swapped the {%, 7} basis. We get

dj (a,b) < dj (a,p") +d3 (p',b)
= da(a,p') +d3 (p',b)
< (Ap’ - 32“) + (ﬁp’ - ]?a) + A(fb - 2?p’)
1 2|cos(@)]),. .
+<1+\/1+Az+ = (%o — 9p)
- J?p/ +9P’ + A(fb - fp/)
1 2lcos(®)]),. .
+ 1+\/1+AZ+ 1 (@6 — 9p)
. 1 2|cos(0)] ..
§Axb+<1+\/1+Az+ ~

since A > 1.

31



2.1 THE UPPER BOUND

Since we are in Scenario 2 or 3, A%, > 7, and we know that

1+\/1+%+w>1,wehave4

1 2 9
d}(a,b) < A% +< \/+AZ+|C(22( ”)y},

2[cos(8
< ++|C(j:( )|>Aﬁb+9b

- <A+ \/1+A2+2A!cos(9)\) Xy + o

(ii) Assume we are in Scenario 1 or 4. We split P(a,b) into three
regions A, B and C (refer to Figure 2.9(D)).
A ={p: pis inside P(a,b) such that A(%, — %)
B ={p : p is inside P(a,b) such that A(%, — %)
and A(%, — %2) < Jp — Ja},
C ={p : pisinside P(a,b) such that A(%, — £4) > 7p — Ja}.

Pl

p

<

Uy —
) —

A IV

)
<

Observe that a point p € A also satisfies A(£, — £,) > (§p — a)-
Moreover a point p € C also satisfies A(%, — £,) < 7 — -

If there exists a vertex p inside region B, then we can apply the
induction hypothesis on the pairs (4, p) and (p, b), which satis-
fies A(%, — %4) < §p — Jaand A(%, — £) < Jp — Jp, respectively.
We get

dj (a,b) < dj (a, P +dj p,b)

T
2
( + 2=l C‘jj“’)') (i~ %)
+

1 2lcos(0)]) , . .
+<1+\/1+142+A (Xb—xp)

+ A(fy — p)

2|cos(0)] ) .. R
= <1+\/1+Az+A 2y + Afp

+<1+\/1+AZ+Z|C°A§’(9)|> (2 — 2,)

+ A9 — 9p)

B 1 2|cos(0)] ) .. N
= <1+\/1+AZ+A xb+Ayb-

4 From the fact that if » > m > 0 and k > 1 then kn +m > km + n (Proof: kn +m >
km+n < k(n—m)+ (m—n) >0 <= k(n—m) > (n—m) which is true for k > 1).
2\cos (0)]

IN

In our case, we have that n = A%,,m =, and k =1+ /1 + 3 L > +
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If there is no vertex inside region B, we define D, to be the
smallest homothet of P that has a on its W side and some vertex
p € Ain P(a,b) on its boundary. Similarly, we define P, to be
the smallest homothet of P that has b on its E side and some
vertex ¢ € C in P(a,b) on its boundary. Since P(a,b) is not
empty, at least one of p or g must exist. Assume without loss of
generality that p exists. In this case, we have that A(%£, — £,) >
7» — Jp and the smallest homothet of P with p and b on its
boundary is smaller than that of a and b. Therefore, we can
apply the induction hypothesis on the pair (p,b). We get

Hp) < (A4 1+ A 2810050 ) (30 3y)

Since p € A, we applied the induction hypothesis from Sce-
narios 2 and 3 for the path from p to b. This explains why we
swapped the {£,7}. If (a,p) is an edge in the parallelogram
Delaunay graph we get:

d; (a,b) < dj (a,p) +d; (p,b)
= dy(a,p) +d; (p,b)
< (xp — %q) + (yp a)

+ <A + \/1 + A2 4+ 2A] COS(9)|> (Tv — Jp)
(2p — %p)

(A 41+ A2+ 24]c0s(0)]) - )

+

=, +
+
( +\/1+A2+2A|COS( )|>yb+£b.

Since %fb > 1, we have £, > Ay, and since
1+\/1+$+W > 1, we find

d¥(a,b) < (A+ \/1 +A2+2A|Cos(9)|> Uy + %p

_ 2| cos(0)| . R
= <1+\/1+AZ+A Ayb—i-xb

1 2|cos(0)] .. R
< — e .
_<1+\/1+A2+ A 2+ Ay

An analogous argument can be used if g exists where (g, b) is
an edge in the parallelogram Delaunay graph.
Hence, it remains to consider the case where (a, p) is not an
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edge, in which case P, is not empty. This implies that there exists
a p’ € C such that (a, p') is an edge. We have that A(%, — £,/) <
(9 — 9) and the smallest scaled translate of P with p’ and b
on its boundary is smaller than that of a and b. By the induction
hypothesis we have

R R 1 2lcos(@)]),. .
:Xp/+yp/+<1+\/1+/lz+A (x )

+ A@b - yAp’)

1 2|cos(0)] ) .. R
S <1+\/1+AZ+A Xb+Ayb

This completes the proof for case (2) and hence, for the theorem.

O

We can now use Theorem 2.1.10 to give an upper bound on the spanning
ratio of the parallelogram Delaunay graph. For any pair of vertices a,b in
the graph, if we are in Scenario 2 or 3, we have

A(a,b) _ (4+ T+ A5 24]cos(0)]) £, + 9y

A2(a,b) =\ [+ 5 — 28,9 cos( — )
; (2.1.24)
_ A+ /1+ A2 +2A]cos(0)] + %
\/1 + (£2)? + 2% cos(6)
Let f23(77,/ %) be this function.
The derivative of f»3(,/%}) is equal to 0 whenever
9o _ —cos(6)y/1+ A2 +2A[cos(6)] — Acos(6) +1
Xp 1+ A2 +2A]|cos(0)| + A — cos(0) '
in which case f»3(7,/%p) is equal to
ﬁ\/1+A2+A(| cos(@)Fcos(@iij(éz)‘lfcos(@)) 14+ A2+42A| cos(6)] ‘ (2.1.25)

Therefore, the maximum of f,3(,/ %) is at least the expression in (2.1.25).
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On the other hand, if we are in Scenario 1 or 4, we get that

1 2|cos(0)] \ & "
d;(ﬂ,b) _ <1—|—\/1—|—Az+A>xb—|—Ayb
dz(a,b) -

\/55% + y% — 2£byAb COS(7T - 9) (2.1.26)
A+ T+ A7 +2A]cos(0)] + A%

A1+ (

Let f14(7,/ %) be this function.
The derivative of f14(7,/%p) is equal to 0 whenever

<>

)2+ 2%: cos(6)

b
b

=

9o _ —cos(#)y/14 A2 +2A[cos(6)| + A* — Acos(6)

Xp 1+ A2 +2A|cos(0)| — A2cos(9) + A

in which case f14(7,/%p) is equal to

\/(1+A2)2+2A(| cos(0)|—A2 cos(0))+2A(1—Acos(0))r/1+A2+2A]| cos(6)]
A5 (@) . (2.1.27)

The three candidate values for the maximum of f»3(,/ %) (respectively

fr4(0p/ %)) are
(1) f23(0) (respectively f14(0)),

(2) limgb/fbﬁoo f2/3 (?b/ﬁb) =1 (respectively limﬁb/,gbﬁoo f1,4 (yb/fb) = A)
and,

(3) the value of f,3 (respectively f; 4) when its derivative is 0, which we
denote by f;; (respectively f)).

We can show that f,3(0) > f14(0), f53 > A and f;5 > fi,. Hence, the
maximum occurs in Scenario 2 or 3. Moreover, we can show that the
maximum value of f,3(,/%;) is obtained when its derivative is 0. As
such, we find the following expression for the spanning ratio:

ﬁ\/1+A2+A(| cos(0)|—cos(0))+(A—cos(6))4/1+A2+2A| cos(6)]
sin(0) :

The worst case of the above expression occurs when 6 = 7T — 6y, i.e., when
we are in Scenario 2. This allows us to conclude with the following.

Theorem 2.1.11. The spanning ratio of a parallelogram Delaunay graph is at
most

\@\/1 + A2 +2A cos(6p) + (A + cos(6p)) /1 + A2 +2A cos(6p)
Sin(eo)

(2.1.28)
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.(In/Z

at

a=p 89
By b=q
A«

pn/’Z

(a) (b) ()

Figure 2.10: Lower bound construction.

2.2 THE LOWER BOUND

Theorem 2.2.1. There are parallelogram Delaunay graphs that have spanning
ratio arbitrarily close to

V2\/1+ A% 1+ 2Acos(60) + (A +cos(60))y/T+ A2 + 24 cos(0y)
sin(6y)

We now construct a set of points whose parallelogram Delaunay graph
achieves the lower bound. We are in Scenario 2 with A > 1, wehave L = A
and 7 — 6 = 6y < 7. We construct this point set as follows, let a be the
origin and let b = af + 7. We make two vertical columns of equidistant
vertices p1, .., pus2 and qi, .., 4,/ where p1 = a and p,,,» = (B + a«A)y and
q1 = b and g/, = aX — aAj, refer to Figure 2.10(a). Next, we move the
vertices an arbitrary small distance in the horizontal direction, such that
pi lies to the left of p;y1 and g; lies to the left of g;41 for 1 < i < n/2,
refer to Figure 2.10(b). Moreover, we also show two triangles and their
corresponding parallelograms.

We proceed to analyze the length of one of the shortest paths between
a and b. Specifically the one via p,/,, refer to Figure 2.10(c). Since all
perturbations can be made arbitrarily small, this path has length

(B+aA) + /a2 + (—xA)? — 2a(~aA) cos( — )
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=wa(A+ \/1 + A% +2Acos(6y)) + B.

The Euclidean distance between a and b is arbitrarily close to

\/ocz + B2 — 2aB cos(6y).

This implies that the spanning ratio is arbitrarily close to

a(A++/1+ A2 +2A][cos(0y)]) + B
Va2 + B2 —2aBcos(f)) ’

which matches f,3(f/a) defined at the end of the previous section.
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CONCLUSION

This thesis generalized the approach by Bonichon et al. [3], and van
Renssen et al. [18] to find the exact spanning ratio of the parallelogram
Delaunay graph. This makes the parallelogram the fifth convex shape for
which a tight spanning ratio is known. Note that the work of van Renssen
et al. and of Bonichon et al. are special cases of this result. Indeed, by
setting 6p = 71/2 in (2.1.28), we obtain the exact spanning ratio for the
rectangle Delaunay graph [18]. If we also set A = 1, we obtain the exact
spanning ratio for the square Delaunay graph [3]. Obviously, our bound
also applies to diamonds.

Aside from the result itself, a significant technical contribution was the
approach to generalizing the proof, which involves working with non-
orthonormal bases. We believe this technique could be used to further
broaden the class of convex shapes for which tight spanning ratios are
known. For example, it may be feasible to apply this technique to the
proof of Chew [11] for the TD Delaunay graph. This would lead to an
exact spanning ratio for the triangle Delaunay graph, where the triangle
can be arbitrary.
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