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ABSTRACT

The concepts of a Markov ptocess, Markov chain and the
Markov1an property are revxewed and rlgorously defined along
the von-Mises relative frequency lines. The notlons of expe—-
rlment space and system are introduced whlch allow the der1~

vation of probablllty measures, 1if ex1st as the limits of

%
the relative frequenc1es:

Y

The properties of the stationary finite~state and discrete-
'time-Markov chain tran51tlon matrices are fev1ewed Some

orlglnal results are stated llke,_a simple and powerful criterion
for the 1rred£c1btllty of tran51t10n matrlces and a simple test
for the'acce551blllty between two statee. These results are
peneralizea fo; any non—negative matrix. | 3 h ;' *”//k\\
The transitiontmatrix, common'to all memhere of a'homo—
geneous set of Markov chalns, does not adequately descrlbe the
- Markov chalns collectlvely but, only 1nd1V1dH€lly Therefore,
the concept -0of the Markov Chain Ad regate‘( "MCA ) 1is 1ntroduced
.Iwhlch is the populatlon of+the Mariov chalns in questlé% The
MCA is completely described by 1ts state-vector whose entr;es
account for th unber of the members of the MCA being at the

/
corresponding s ate. The expectancy and the variance-covariance

matrix are estlmated 1n terms of its. 1n1t1al value and tran31tlon

<

~

matrix of the MCA.

/ _ : } . _ ‘
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SYMBOLS AND NOTATIONS ¢
. L .
n,u,c. Set intersection, union and inclusion’y.respectively,
P o
€, - Set membership symbol, being read "belongs to".
. f:1B+S - Mapping f, from the set B into the set S. )
-1
£ Inverse mapping.
] . . )
Efa] g Expectancy of the ramdom scalar or vector a,
, . Lo & '
Var [a ] Variance qf the random scalar a, or variance-covartance

-

matrix of the random vecﬁor a.

-

a,v,b... | Scalars or vectors denoted by lower case létters.

AMN, ... ‘Matrices denoted by ﬁpper case letters. .
At,v', .., Transposed of matrix A, vector v;..etc.
Ax0,v0 Denote elementwlse strict pos}fivity of matrix A and the
vector or scalar v,
A0, v20 Denotes elementwise non-negativity, Y
1, i% Denote the ¥ector (151,...,1)" of appropriate dimension
and of dimension n, respectively. -
ey \"Egnotes the unit vector (0,...,0,1,0,...,0)"' along the
' i-th coordinate. '
I,In Denote the identity matrix of appropriate order and of
order n, respectively. . '
diég[v] : Denotes a diagonal matrix whose diagonal elements are .the
coordina es of the vector’ v-(vl,vz,.. DN :
'ng_or pzj Denotes the (i,j) element of-the square matrix PQ—P ..P
' (h times)._By:definiEion Pq=13for any non-zero square
' ' matrix P. .
Ll
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Denotes a matrix which is superscripted by m.

Denotes the vector Y1 y L.e. itois written In its trans-

v

L]

n .

posed form for obvious reasons of typing convenience.

u
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CHAPTER I. INTRODUCTTION

The Russian mathematician A.A. Markov (1856-1922) introduced in 1907
.the mathematical comcept of a Markov chain. iarkov chains'haﬁe been genera_

lized by other mathematicians, especlally by Kolmogorov, to the coﬁcept of

l - .
. ~ }
a Markovian process. '

o
Since‘almost,the beginning of ghis century, the conﬁept of é.Markov
.proéess has been studied extensively and used'to modéi\a varietj of ﬁhenOa
mena In almost any‘fieldlof applied science. In particular, it is a typical
m;tbematicai tool used to-day in the field of physics and engineeting. The

subject has met an enormous interest by etgineers throughout the world,

especially, dPring the interval from 1955 to-day.

A

&

It seems that, it is almost hopeless for one to be involved with a

-

popular subject like this and still claim that he can produce a certain
' . 1Y . .
result that it is original. This statement seems stronger for the most

~

simple type of Markov procesdes, namely, the Markov chains. This is, pérhaps,

almost- trype for the pure mathematician. Indeed, it seems that there is vefy
little?ground for furtﬁer relevant contributions in the domain of Markov

‘chains at the abstract mathematical level. However, this argument is -not

v -

valid for engineeré and other applied researchers.

.An engineer, biologist, or any other type of appiied researcher can be
easily convinced that he can further contribufe into the domain of Markov
- ) f_ * . . lm
B . .
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chains by undertaking a cettain'case~study. By a caseZstudy we mean a real-
- r . a .

- llife.problem which candbe modelled by a Markov chiin and demands éoﬁcrete
numerical rasults acqompanied with their analysis for the purpose of dnder;

standing the system in question.
. \\ - J‘ M

This research has been initiated by exactly the’éBove mentioned

motive. The author was faced with two particular real-life phenbmeﬁa. First%f
< . : :

-

the Income Distribution-ﬁroblem and second, the Canadian Interprovincial
X .

Migration probleﬁ; Both problems are usually modelled by some finite-state
. . "“\._--_ .
Markov chains with time-invariant probability parameters.

.
.
S

ABspracting from the'original'problems at ﬁand, the aUthop‘concentrated'

©on t€9 points of .general interégb;.E&?st, he wanted to deéiné:prqcisgly and
u~ri%0r0u§iy what a Markov chain is. Sec;ﬁd:Hﬁshétudyiﬁhe—ﬁaihem§£i£§lmEEBQEE:~_uﬁ_,
' tiés of the transition.matrices which deé;%ibe the-Markov chaips.;TEe results
with respec£ to th; fifgé point are pfesehted iﬁ ap?éndix A‘and_chgpter iI.

. : : ‘ !

While, the results with reggeot'to the ‘second poinﬁ are presented in chaptersd

111 and IV. : - o

a . . E. . !

I.1. About the Definition of Markov Processes.

0
\ ' i o0 | : ' ' '
. The dé&iﬁition of a Markov process is given by the various involved
textbooks ib a variety of styles. Those thatl{do not pretend giﬁiﬁg a'rigorous
s : . )

definition iare excused for any logical\incoﬁgisténcy. However, those that

3 -
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. , ) )
claimp formal ‘and r#orous exposition should offer a definigion that is -

3 R ' . . ~

general enough to fit' any practical or theoretical case at hand.

Specifically, all textbooks agree on tne point that a Markoy‘procq?s

is alrandon process .that satisfles the, so—called, Markovian property.

A

The Markovian property, on the other hand:”states that certain conditional

e

. probabilities coinoide. Therefore, the bisic question arises: What is

e

-

.

_conditional probabilityﬁ"The answer is given by all textbooks unanimously:

Coﬁditional probability of an event- E ( i.e. appropriate suBSet of a

sample o; state- space ) conditional to a non-nnll event E ‘is the real
A .

number : o ) o
o Pr(EnE ] L :
Bl _ ) . A ' . . «

PrLEIE 1= $rrE ] S ' - ‘

A

‘Therefore, it is evident that in a Markovian system the “unconditional"

probabilitie51'Pr[A], for all evengaﬁ&l_should_bemmeaningful and defjined.

It is<gommon knowled%e in practice, that for certain Markov processes
—_

" the unconditidnal" probabilities are meaningless while, the conditional

) : : l
ones are considered as being defined and meaningful Obviously, we are at

some dead end as far as the basic and essential "definition of a conditional
~ . . : _// - ' *

probability.

\
'
\

& ‘ aal '
Motivated by ghelneEd to introduce the concept of the conditional

" ¢ -

;:o?ability independently of the unconditional one, the’ author was forced

to review"the whole hasic structore of the probabilistie.concépts)as
presented in appendix A, Hié_apnroachuie based on'F combinationlof.the

classical concept of probability and{fke‘measure~theoretic)one. ' -

e : : . .
5
B o

(B ” -

S A '



. to be available and' form a countable set called an experimentlsdace.

From the experiment space\ﬂne can define for each event, the sequence of

Cinterval 10,1) . and aleo satisfy the well—known Kolmogorev‘axioms;,

1
)
. -,

The author associates the concept of prpbability with pﬁenomena_of

(!

" repetitive natnrel For eueh phenomena there exist. accumdlated iﬁfgrmation

. ! . * ‘t‘ S
and daga_in either actual or potential form. This information iy 5ssumed" '

A Sy

.'.\

!

relative frequencies which in ﬁheir limit ( if exist ) become-the probabill—.

'\ ]

ﬁies of the events in question. These probabilities are checked to satisﬁy

.

all axioms of the prebability measures. L.e. s these probabilities define

/

e m——

certain mappings }L 5-4*4[0 1] from a G—algebra into the closéd unit
- ; . —

- / .{ i ' A
hY ' .

4 ' : : '
v - As explained i appendix A, this approach allows one to defire the
- . »

conditionai probabilities’ indepen?gns;y*of the unconditional ones., Thus, /
one is'new;ablefto define the coqfept-of a Markovian process and the .

Markovian proﬁErty on more realistic grounds.

w o -
-

I.2. .About the Properties of Transition Matrices

K

In section IT1. 2 it is explained that a Markov chain with discrete time «

N

is completely described by ibs single—steﬁ’transition matrix P= (pij

._, . e -

Thus, we identified the study of a. certain Markov chain by the study of its

transition matrix. Wefrestricted our attention to the stationary, finite-stat

——— el r—

state, discrete-time Markov chains.

f

i
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le_sectiqn III.i we define the coﬁﬁuﬁicatioﬁ relation between two
- : * gtates of the sta;ejspace of a é&uére non—negapive ma£rix. This relation”

+, 1s proven to be an:eguiﬁalencé %eiation which, thqrefore,.par;itions the A
stgte—space into «equivalence communicatiocn clasées.'Any class of the s;atef?"

space is characterized to be either a recurrent or'hW{;;:;ient class., ;
~, " i
- r

Thus, by ré%abelling the states, i.e. by proper combined ijw and column.. !
| .

~

elementary operation, one can derive the canonical form of a non-negative

- -

1 . - -
:matrix and, in particular, a trangition matrix.
: i ,
In section III.% we, first; state a few basic propositions related

to_thgdtrénsition matrices, i.e. TH.1,TH.2 and TH.3.  Their .purpose is to
be used for the proofs of TH.4 and TH.5 as well as to assist us on various

other propositions later on. The proposition TH,.4 gstates an important

1

property of finite Markov chains. Specifically, if the order of a non-nega~

' T tive square matrix 1s nzZl and a statej-can reach another state 1 theﬂ,
v - ot < L
//ﬂ the transition j—i 1s possible in at most n time-steps. Thig proposition ’
? 7 is suggested by Gill's paper ([23], pp.49-50 ) on finite-state systems.

However, our proof is a modified version of Gill's ore. Finali§, the propo-

o ~ sition TH.5 offers a powerful criterion for the irreducibllity of non-nega-
£ - 0
- “tive square matrices. _ ,51?;

Ji LTk

[ -

s In section III.3 we derivetthe&canonical fbrm of any square non-negativ

matrix bylusinglthree stated propbsitions which are consigg;gdgxo-be~cﬁfﬁiig:
. N e —"

. _ . I
¢ rie7/0f—THT4ﬁéﬁd"THTST_TEE“E;EEEdure is explicit all its technical detalls

e
1
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known in the litérature of linear algebra and have been included for the-

.

‘ ' . Co ey
and an example is given of a moderate size matrix. Furthermore, 2 FORTRAN

program is written for this purpose and is listed in appendix B.
. Q !

The material intended td cover the Tase of trarnsition matyrices. However)|

\
-

an obvious peneralization is made to cover any square matrix from any nu&ber

field. By the end of the section we comment .on” this generalization and ‘we

<

give as an example a linear dynamic system.

‘ N

Chapter IV deals, in general, mgith the powers of transition matrices

and their limits as their exponént tends tb infinity.
. . B -
. .

In section 1IV,1 it is stated the well-known Frobenius theorem. The

following propositions TH.6 and its corollary 6.1 ére in one form or another

purpose of proper material exposition. . -

In section IV.2 we establish that the matrix;ﬁowers of any trahsit;on

~ matriy are asymptotically periodic with perlod some integer d=21. Of céﬁrse,

-

3=1 means convergence of the matrix powers. ﬂy coroliéryJB.}, a trangiéion

matrix power sequence {Pm} coﬁﬁérges if énd bnly.if. P has not aﬁy elgen-~

vélue ofzﬁﬁity nagnitude other than .§=l. A useful matr%x,_sequencé
Am=(P+...+Pm)/m'; m=l,2,;..,‘for any tFansition“matriﬁq?, ;s‘défined and is

1,

called the sequence of -the "average" transition matrices. It is proven in

.. TH.9 that {Am'} always converges and also, if lim P" exists, lim P'=Lim A .

M- N



' transition matrix size.

The "average transition matrix" can bé'intuiﬁively interpreted so that, it

can be considered as a substitute of the original sequence {Pm} in order

,

to describe the long run behavior of the Markov chain in question.

section IVt§ﬁ wé'ana1yticall¥ evaluate the limit of the average

—_—

—_— . .

nsitieommatrix. Its evaluatipn assumes that the transition matrix is

} its_canonical form.

Finally, in section 1IV.4 we offer a numerical example of a moderate
1 R T3

.\

N

Chapters III and IV present ﬁéterial that is mostly elther explicitly’

- or implicitly a?%eady stated in the literature. However, two conﬁributions

of this research to éﬁgiEHEE?&‘EY"Mherv"EHainS'EEHEIH”Eé'mentioned, These

are the propositions TH.5 and TH.S. ' "

e

i~
i

I.3 Abdﬁt_Markov Chain Aggregates. ' o ¢

rev
’

Markov chailns. usually model real-life objects whichare members
. -

inadequaté to describe the behavior of the-homogeneous Markov chain set: in

'
-

which it belongs. Inétead,‘the‘gét of 1all the Markov chains, mémbers of a

certain homogenebus group, should be studied collectively.

- of‘homogeﬁeous sets. In some cases, the study of a particular Markov chain is
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In eection‘ II 3 we introduce the concept of a. Markov Chain Aggregate

(MCA) which is.a finite set of Markov* chains. An MCA is described by its
. T
state—vector x(t) = (x (t),x (t),..u )"whose entries X (t),x (t),... are’

. ]

non—negative integers and denote tHe number of the MCA members that are at

— Y ~

L8

the states 1,2, » respectively,

v
\
»

In chapter V we present the few findings we obtained on the MEAs .

. ~
i1

In section V 2*we pPresent the proposition TH 10. By this proposition we
evaluate the exﬁected value and the variance- covariance matrix of the state~

vector, These statistical parameters of the sxstem are expressed in terms

of the state~vector initial value and the transition matrix. Cne should

-

notice that the theorem is valid for stationary’or not discrete or conti-

nuous-time type ofan MCA. SN

L)
o

Finally, 1in section V 3, we giscuss the stationary, discrete time

MCA case and we examine the asymptotic behavior of its state-vector x(t}.

- v

-

SN
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CHAPTER II. MARKOV CHAINS AND CHAIN AGGRECATES. ' e .

In this chepter;we intend to introduce the two concepts of the

Markov Chain ‘and Markov Chain aggregate.'The Markov chain is a special

3

case of a class. of systems known as Markovian systems. The Markov- chain
: {
aggregate is a finite set of Markov chains with common transition matrix

"land as such it 1s an interesting system 1n many practical cases.

II.1. Markovian* Systems. o .
. . s’ ' \"
A process 1s called Markovian system if it is described by a random

P

variable x(t);tew, here T is a time set, and for any two points in

time ¢t and"t+h_(h2:p), the value x(t+h) of the random variable x

at time t3h does not depend on the entire past evolution of the system,

but rather on its ‘last value x(t),
LW S ’ ' !
In the above statement we used terms like process, system,.random

variable and expressions like 'the value,..,does not depend on..ete.",

Although there is a common understanding of these‘terms and similar

‘expressions, still there is some ground for ambiguities and misunder-

standings. However, one mlght Suggest some revision of this verbal

statement we do not think that this would improve considerably the
situation. Also another night suggest the use of mathematical language.

. Eventually, mathematical expressions provide the ultimate accuracy.
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However, any symbol and concept involwed should be rigorously defined;

Toﬁfur view, rigorous definition of any mathematicai concept -means that

it sho\id be defined as either a set or a mapping from a, certain set into

—_—

another. Anythingelse, that does not comply with this requirement does not

serve mathematical rigor and usually generates gaps R communication.“Thus,

>

we will at}empt to define the concept of a Markovian system along the pre-
= ' . . )

scribed .guidelines. The reason for doing this, is the fact that we were

unable to refer to a certain textbook or paper Whlch defines the Markovian

system concept without leaving undefined certain terms and concepts;

.
‘.-

e

. In appendix A, section ‘A. 4 we defined the concept of a system being

a quadruple 2: =(B,S, f, V) B is a set (£@), called the background popu~

lation, whose points are the objects under study. S is another set (£@),

called state-space or sample-space. If any of its points i1s associated

with some point be€B, then 1t is called "state" of'thi.point b €B.
The 'state" ié supposed[to'provide all the infornation one needs to know

about the ashociated point of the hackground.population.'%Fy'mapping

3

e:B-—bS is called experiment or observation and ‘its image\ e(b), for a

-

particular point b€EE, is called the outcome of egperimeﬂt e for the

point .b€ B. Furthermore Vis a cduntable set of experimen s, called
experiment space of the system p The experiment space V= { 1,e2,....}
T \ )

\
is supposed to_oontain a comprehensive account of our experiehce on the
- . \ . - - - -

objects under study, which are,las_mentioned above, the points‘of the
A b

-

otherwise, mathematical expressions are more confusing than verbal statements,
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v * . \ o
background populjtion. Finally,,f is a Borel-field or G-algebra - defined

on 5. Its ‘members are known as Borel-sets or eventsffiﬁ appendix A we elabo-

ot - o

rate on the above concepts: o —

A system - El:(B,S,f;VinE;‘called a process 'if time is involved in the

e

structure of the/béckground population. Specifically, 2. is a process; if ghe i

~ background population is in the Cartesian product .form B = CxT

where, T is a time-set, i.e. T is the real line or any of its subsets or, more

(- ’

" generally, any totally ordefed‘set to which we attach time meaning, and C is-

any arbitrary non-empty set. For example, sgppose that we are interested to
hl

study the position in the 3~ dimensional space R3 of a set of.certain par—

4

ticles a,b,c,... and at any point in time teT. Clearly, the state-space qg

is S=R> and the background population is B= {a b c,...}xT Given a certain !

particle, say a, and time t, then the tuple (a,t) is one of the "objects"

under study. Furthermore, given an experiment e:B——a?R3 the outcome efa,t)-
- : ) Fan T _ .
specifies the position of the particle a at time 't in the state-space R3.

¢ |
+ For'a process }:=(C*T,S,?:V). in whichh C:{a}, i.e. C conslsts of onl&
one point, we can delete the set C and wtite Z}(T,F,fiv) for reasons of
simplicity._Of course, the set C although deleted is implied'in existence

' i ) P
within the structure of the system, We restrict our attention to ﬂgocesses
" - . #

in this form Zk(r,s,?]v) with'time—eet T ! the real line or the set of real
A i

integers. In fact, the objects of-study is some eingle object which is implied,

-
in conjunction with the points in timenftciT Ehe system = might be stochastic

on,might not. In the first case probability” measures are attached to each -

event Eed ’ while in the second case, probability measures are meaninglESs
i, ] K
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for such a system as it. stands. . b

(f\

In a similar way as-in sectdqn A.7 of appendix A, from the system

(I1.1)

1

spt

one can generate other systems in the following general way:
Consider any subsets T'CT and V'ev where V' is aﬂ§ arbitrary count-

able subset of Vand T' is any arbitrary non—empty subset of T, and define
the quadruple ‘ . -

[

z'zr(T',S,?;V'f) _ o ‘ (11-2).

1
' 1

which, by definition, is a system and, in particular, a .process

We note that it is possible that the original system (LI, l) nét to be

-stochastic while, the derived one (II 2) might be as such, Also we ‘note

that the’ choice of T' and V' ig, in principle general and arbitrary

e
'

However, if the choice of*T' and V' is prescribed in a certain way one

can derive processes wh%ch are meaningful a?ﬁ useful in probability ‘

-

theory.’

Consider the process (II.l), which 'is not necessarily stochastic;

i

and choose r12]f finite number of' points tl>-t2> ..f>t: frém T. Also,

let us choose an equal number of non~empty events l’ 2""En from f. -

These events are not necessarily distinct 1ike the time points tl""th'
lr‘- '

Now we cdn define

T'=T_'(t1""’tn)={teT|t>t1} ‘ | ' | T (I1.3)

V= V"(tl""'tm*Er“"Eﬁh{e ev Ie(ti‘) EE—‘i; i:l,...,n} - (11.4)
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Aésuming that V' 1s countable we can define the process

.Y

S

zf:2%g,a.cﬁnﬂu.m)=(r s,f,v") ;

The interpretation of the process (I1.5) is ;1lu;;rated in figure 1.
First, our attention is focused on th2 points in time t> l being the
points df T' as defined by (II.3). Second, we concentrate on those experi-
ments whose buttomés‘at pl,ﬂ..,tn are lying within théugvgnts El""’Eﬁ’
: respectively. For example, the sﬁown iﬂ.fighre ilexperiment e ig not
included 4An V! "while, e, and e3 arg.included becéuse-ﬁhey pass thfough
El""En at tl?""tn’ respectively.
[ '
\
. . » A
, iy t, £ g
i G ! EEEEEE_i- |
» Definition: We call a process X =(T,5,f,V) a Markovian system if and
only iflfor‘ev;ry ,g ; ...>t  finite numb;r of poiﬁgg in time and an

1 n .

equal number of non-empty.events El,...,En o ? ' '
(i)iThe quadruple E:'z'(T',S,?;V') as defined by equatiqgs (II.3);(1134)

/

and (II.S) is a stochastic system.

(11) 20 satisfies the Markovian property, i.e, —“zf

;

El

.i; pr{E, t,El,t ,l., ot } Pr{E t,El, l} fo;'alll Ecf and £> ¢,

4

(I1.5) .

a

fr

(IT.6)
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We notice that, for a Markovian system, the so<called Markovidn
property is wellustated by identity (II 6). Specifically, by condition

”"\
E and

(i} the generated systems by ‘the. choice of tl,..,tn;'l,.., 0 1,

‘respectively, are stochastic. Hence, the probabilities involved in (Ii 6)

_are conditional prbbabilities, as defined in appendix A‘7 and they are

meaningful with _respect to two conceptually different stochastic systems,

both generated ﬁrom the original process 2. The Markovian property

" gtates that their conditlonal probabilities colncide for all Ee?ﬂ and t >tl.

‘ 1
o ' B
s . o .
Traditionally,«the Markovian systems are categorized in three inde-
A
pendent;qeys: 1) as stationaty and non-stationary, 2) discrete and con-

tinuous state-space, 3) disoreEe and continuous time.

-

The oontinuous time and continuous state- spac/ﬂharkoﬁian systeme

have been Studied extensively (see [1] [4] [6] [13]) Easically; ?he‘con—i

.ditional probabilities assoclated with these processes'eatiséy the well-

- o -'\ | \’/

known Kolmogorov partial differential equations. S

-~ The discretd state-space, i.e. S:{l,2,... },'eitber discrete or

continuous time and either stationary or not Markovian systems are known

- . .

as Markov Chains. This definition is due to Prof. Chung[S]. Many other

A}

authors define Markov chains 1n more restrictive terms. Markov chains

have been extensively studied since 1907, when first were intrgduced,by

:A.Markoyf In this etudy we discuss certain aspects of the Markov chains.

M T e
¢

Specifﬁcally, our investigation in limited to the discrete—time Markov, chains.

4 . - . L
Occasiponally, however, we involve the continucus-time ones whenever a

N

L
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IT1.2. Markov Chains and their Transition Matrices
. ) o1 N

b
J o
Va

Consider '2::(T,S,§:V) to be a-Msrkov chain.with-state—space‘

) :{l 2,. } either a finite or a countable setf~The power set of §

is chosen te be the Borel-field 5 on 8 and therefore, any Subset of S
v

will be considered as an event. The background population time-set T
is considered to be either the real line ( continuous case ) or the set

of real integers ( the discrete-time cese ).

One should observe that any event” Ee?j is an, at most' countsble;
union of the singletons {i}"i EL which are ﬁ%’?wise disjoint events.

Consequently, if any probability measure function p- is defined on '}

then for any event ECS its probabil%&y measure is the,at most count—

" - able, sum p(E) ::E:p({i}). For this reason the probabilities of the -
ieE : ;

'basic events {l} {2} ve. are SUfficient to completely define the proba-—

bility measure function in question. Throughout this investigation p({i})

N

will be denoted by Py while, if there .are. written any additional sub—

3cripts, superscripts or function arguments they will specify and denote
. . _ ‘T‘ . r ’ :
other conditions.

1l

i
S SN, . . ) .
Let.us now pick some j &Sf fixed state and t GT fixed point in
time. If we define T'—{t &Tl t>t } and V' {e eV‘ e(td) j} ‘then, |
2ﬁ=(T ,S,&,V ) 1s a stochastic system, because 2: is a Markov chain, and

induces prpbabilities' p(i,tlj,to). for all 1 €5 and t::to. We ‘denote

these probabilities by pij(t,to) and’ye interprete them as the pro-

.

babilities that the system is at state 1 €5 at time tzt , conditional _

u

\ ~
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to that it was at.jtéte' 'jE€Stat time t . : i
- o D . (.
; For any«two points in time t, and t2 to we can dgfine the matrix

-

pll(F,to) plz(tiFa) -?--

E . ‘ ' 1 ' .
.P.(t?.to)??zll(t,to). pzz(;,to) U (pij(t’t"))iies - . _(I1.8).

. ' . .
' {

: . .
P B . re . -
. e . N ‘

3 e

,wh:ich is d'allei"]:_ "the transition matrix from time t to time txt ".
S . . o )
Lo i “-{- - ; . I ‘ ”.(
Any transition matrix PWt,to) has the following properties:

}lyl 1) ?(t,to) > 0‘. for all t,t €5 ' (tZto) ’ (11.9a)
o - ' - ) K o 4 . ' '
- 2) Its column sums ;5 unity for all columns je€S, i.e,

. > p,.(tyt ) =1- for all j€S and t=t - .
& -jes i] o ‘. . o ;
which in matrix form can be written ' o
I' p(r,t,) = I'  for all tat = U (11.9b)

c ~—

where, 1 ='(1,1,1,...)' 1is a vector with all its entries equal

to unity. o

f 0 Pt )e I s (Sij)c- N

' {I1.9¢)
L .

’ v.rhfﬁ‘va\,\i3 is the -ident:l:t)\r\ matrix.

4) _For any .t3>_-,t2_2‘ t) _Q-point‘:

-

P(t3',tl)_ = P(;:g,tz) ‘i.jﬁtz',_-tl (11.9d)

13
«
A '

: We"embhasizé-t‘:he fact that the above propérties of transition matrices

o o

are valdid for any Markov chain.fi_.e.', with finiteljr or countably many states,

stationary orano\t s, _and dontinuvous or discrete time (see Chung [5], and Kemeny

[12],1':15;"3‘3—.35’). . o | .
N~

L
[ . - a —

. ) -
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Professor K.L. Chung ( 6] and [5]) has, almost exhaustively, studied the

continuous time Markov chains, One of his basic and important theorems-ls

that .a transitionh matrix F{t,tolvis continuous as function of t if and only

if it is-a’measurable'(elementﬁise) function of tg Thgrefore, exeept for

4

practically unusual cases, one should expect the matrix P(;,to) to be :=f

. ' . i
continuous in t, in which case, it is proven that P(t,to) is differenti%ble

]

and satisfies the backward and forward well-known Kolmogorov differential

~
-

equations ‘ : ‘ .

_d_
“dt

P(t £) _d‘(;) Ple,e)’ amd  —SoR(e,e) = B(e,e) QB)

o

A

where, Q(t) = im, m, o (P(tAt,t)-P(c,t)).

L)

" We do not intehd'to-elaborate further on the dontinu0us—time Markov
chains..lnstgad, we will investigate the discrete-time Markov chains, i.e.

T :4{t lreal and integer}, for which (II.9d)_ yvields, -

\

! Ny . ‘ T > :
P(t6+k+1,tq) = P(tofk+1,to+k) P(t0+k,t0) .far.any intgger reals to, k fO (I

[ -
!-. et

"By il)ductibn identity (11.10) yields, '

i

P(t +k+1 t ) = P(t +k+1,t +k) P(t +k,t +k—l)....P(t +1 t )

. —l IP(t: +m+1t+m) _ : o (II:

Thus, by the above ddentity (II 11) a multi—step transition matrix can

be expressed in terms of the single-step ones.

' . -
c b ¥, - B | . - . st
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The non~stationary discretezpime Markov chains have met very little h
interest in the literature. This is, perhaps, due to their pfoperty to /

o - . L
change charac?eristicsv i.e. their -transition matrix, Tn"any arbitrary

way and in aﬁy'?Eghef/of‘time-steps. ) ) —

- N —_—

A Hafkév‘chaiq is, Byldefinition, called s&ationar§'if

P(t,t ) ="P‘{('t-t ,Q) for all t >t —=
[s] N Q Q

|
Hence, we mayfdéﬁote the k—s;ep transition-matrix.by
(k) . * CeT aed kw. - .
P = P(to-i-k,to) = P(k,0) for all teT and k20

!

~and in particular, for the singlejsteb transition matrix we delete ‘the

_superscrié}\&:iiipd we denote _ _ -
: o _— .

-1

1)

s

p=p®_ 21,0 = P(to-!'l,t:)) for any t_€T. e

' . o @ :‘
In this case, identity (II.11) ylelds . ;
(k) koo

PV P(r +k,t ) = P.P...P = P for all t eT and “kz0 © (I1.12
(8] Q B o] i . T E—

i.e. the éuperscriptlézo becomes an exponent. :

‘The fémaininé of this study will be focused on the stationafy :

.discrete-time Markov chains. These éystems are completely described(gy

o

). Any other transition

their (singlé—step) transition mat;ix P= (pij

matrix of tgg system for any number of.timé—st?ps k 20 can be obtained
’ .‘_"& b -
. : ks
by exponentiation of P, by virtue of identity/(II.12).
. Tto- i (,/

. “
- —

Our ;bproaéh is one that is understated i the literature of Markov .

2 : -2 . oF.
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chains and not fully expléited‘ Mainly,‘aﬁ%iggs?Bach consisés of the analysis

of the transition(ﬁa;rices via the analysis of their spectrum. We are not,
e%en to that effect, general enough because we only discuss tﬁe fiﬁ;te—state
'stationary case in which the.spectruﬁ of a transition matrix coincides -

;ith the set of Iﬁs eigeévalues. Thé position of the gigenvalues of a

. : . .

 ”transition ﬁaﬁflx in the complex plane play a déterminant role on the
f’asymptoticfg;havior of a Mé;koﬁ chain. ‘ : '\‘

o

"t

In chﬁptérs ITI and IV when we refer to Markov chains or transition

matrices we mean stationary, finite—state and'discrete—timelénesu
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11.3. Markov Chain Aggregates.

Consider a-finite set 231,255,.,.,22N, for éome'IqZJ, of Markov
chains with common state-space § :{1,2,...,n} and common transition

matrix P(titql for all points in time (continuous or discrete) t‘Zto

We will call this set A :{Zl, Zz,f - ’ZN} a "Markov Chain Aggregate™’

-or abbreviated, a MCA. The term "aggregate' is chosen as synonymous to

a set. _

The reason of the introduction of the MCA lies on the fact that,

- . [
in most real-world situations, Markovian systems, and in particular

"

v

Markov chéins, are pembers of'homogeneous groups. Qll the members of "

such groups appear, or assumed | to havesthe same chaﬁcgs of transition
from stéte‘tq staté. For example, Eﬁe Canadian Inter?rovincial Migration
process can be seen as a MCA wi}h"its memberg as all the families residing

- in Canada and their state-space being the set.of the ten provinces. It is

-diear, that the studjx&f the 'chances", i.e. probabili;ieé,.of transition

from a province to another for a patricdlar family is not adequate

,fdr the study of the over-all inerprovincial migration prpblem. Thus, the

set of alf families, 1.e. the MCA of the Canadian.families, must be

studied as one entity.

‘.

" Another example could be an industrial plant with. similar pieces of
machinery. The state-space might be S 2{"disposable","fails to.operate’,

- , . . [ ) .
"0-1,000 hours of operation",'"1,000-2,000 hrs",...,"10,000 & over hrs"},

i

’

or,Aﬁy‘similar set with, perhapé, different structure of the accumulated

hours of operation brackets. Evidently; the "good" or "bad" state of a

<

.
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particular machine has little to do with the overall productivity of the

.

plant, especially, if the plant uses a large number of -theim. However if

at a particular point in time—we have complete acc0unt as to how many

pmachines‘are’in each state, this'would constitute a useful informarions
- . S

in erder to assess the productivity of the plaﬁt. But this is, what we

call, the state-vector of the MCA as defined below:(

LS

Definition: For a finite Markowv Chaizr Aggregate A:{ZL’ Z youe ’ZN} for 7_

some N>1 integer, we call state-vector at tE€T .the n-tuple

Cx(t) = {El(t),xz(t)ru..,xn(t))' whose entries xi(t) ;i:l,...,ﬁ, at
~LET, are non-negative integers indicating how many members of A

are in state 1 and at time t.

Obvio sly, :E:xi(t) = N for all teT . ' (II:lB)
' 1= . ]

since, the MCA is a constant popuﬂétion‘set of Markov chains.

The ﬁrablem assoclated with a certain Markon chain aggregate can
be'outlined as follows: At some initia} point in time toeT the stﬁte
of each memberrcf an ﬂCA_is given. Thus, the state-vector x(to)'is
agsumed known, i.e. we know higfmany members of the MCA are iq each state
at l%Fihrour purpose, thgnffis to study and—assess the vaer.of the state-
vector x(t) of the MCA at any future point in time' tz:to; Specifically;

since Markovﬁchains‘are stochastic processes, assessment of the state-vector

pesy

 x(t) must be understood as the evaluation of the statistical characteristics

of thiS'veétpr.'Chapter vV 1is devéted to this study. Our findinés are at

v

their "first attempt" stage and therefore far from being exhausting and

T L ‘
comprehensive on the subjgét matter.

¢
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CHAPTER 1II. STRUCTURAL 'PROPERTIES OF TRANSITION MATRICES.

’ - N ’

¢ d "

S o . R

'The study, of transition matrices must be identified with the study

of. the Marko§ chains they characterize. In this and the next one ohgpter
by Markov'ghain and transition ma ix we_mean stationary, discrete-time

. and finite-state Markov chain aﬁa_transitipn matrix, respectively,
. o - ] Y
-The first two septions of this chapter deal with basic definitions

)‘—»

- and propositions Although the exposition was Intended to be restricted

to transition matrices ~it has b%gnjgeneralized to non-negative matrices.

Wt

The -reason for - this genezalization will become clear at ‘the last section

|\

-,

T .
of the chapter, where ?e discuss the partitioning of a finite state system,

7 :
characterized-by akgqyare matrix, in recurrent and transient sub—systems.
. | : o - .

. -
Kl

}\ : J S

III.1. Definitions. o R |
s : ffx\_,/( E

D.III.1. A non-negative square.matrix P of order n 2l 15 called "transition

matrix" if its column sums are ‘all equal to unity, ile. E

-~
n. .

po=l o forafll y=1,..00 0 | (III.1),
1= 1] .

s )

If we denote by pl,...,p; the columns and ql;...,q; the rows of the A

' ﬂ transition matrix P, then (III.1) can take the matrix notation forms:
] ! ;

N,

\\i' h': 1 B S o (II1.2)
n - .
) =1 (I11.2a)
- and 1 p,=1 for all 4 =1,...,n - , (III1.2b)
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-D.ITI.2. For any square non-negative matrix P.of order nzl, we call any

integer iE{l,...,n} "state i, Furthermore, state 1 will be "acceesible

or reechable'

from state j if there exists some non—negative integer

t=0

such that pii>0 The relation of accessibility will be denoted by j—i.

| .

to communicate if they are accessible from each other. This will be
. _-—"'—"' M

denoted by. .iesj.

\

. non-negative matrix P,

'
i

i

'is en equivalence relation because,

(e) is«si since pgi—.1:>0, i.e. »» is reflexive,

€y o

(b) ienj implies, by definition, j=»i, 1,/e, = 1s symmetric,

(¢} ieri and jesrk implies, dievk, i.e.«w is transitive.

Proof of transitivity:

non-negative integers

+ LUk
urn (Pu vy

Thus, Pry =

Similarly, k reaches 1 as a result of k-»3} and J—i. Therefore

T

Since i reaches j and } reaches k there exist
u and v such that,

Pj
S0

ki =55 Pka® ai = ij pji

i:>0 and pkj:>0

; (% p

7/

for a given non-negative square matrix P, are said

-

! \ . . . .
The communication relation,as defined above .between two states of a

>0 an‘d 1 reaches k.

kesi, Q.E.D.

“D. III 4. We will call the set of states § = {l,...,n} of a non-negative

eqﬁivalence relation on S, it can

'

S, which are disjoint subsets of S and their,enion is S.

Sl""’ h
We call Sl""’sh communication classes or si?ply classes,

/#"’D | o o }..

™ matrix P the state-space of P". Since the comfunication relation is an

partition S into equivalence classes
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Example: Let, o )

[x 0 x o o (@
0 = 0 0 «x V)
P=|x 0 x _x 0| (3)
X .0 X X (Ai
1 x 0 x xJ“ Cg)

1) @ 3,4 () -

1%

mn_n

where, "x" indicates mnon-zero entry. The shown diagram helps to Viii§1ize
';he two communication classes Slz{l,B} and 82={2,4,5}. We notice that

any state of S1 is reachable from any state of S2 but, none of.S2 can be
reached from any state pf S ST |

-~

1°

Sometimes, we will say ''class A'feachés class B" and we will mean

that any state of A reaches any state of B.

o
D.IIT.5. If the state-space § =-{l,...,n} of a non—ﬁegative matrix P

consists of only Pnercommunication.blass then, the matrix P 1s called

"irreducible or indecomposable'. . f

‘.

i
If a particular class is not accessible b4 any other class and also

cannot-reach‘any other class then, by proper relabelling of the states,

i.e. by combined elementary row and column transformations, the non-nega-

‘tive matrix can be written in the form P =[51j gz] where Pl and Pz,_ are &

“

i

.-

square non-negative matrices. Most of the tifies we rule out such cases,

because, it leads to two independent ﬁon—negative matrices with no inter- <

: !
action between them.
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D.III.6. If a certain class S, &8 cannot reach any other class will be

called "recurrent class" and its states "recurrent stafes”.

If, on the other hand, § &S5 can reach,at least,another class, it will

be called "transient class" and its states "transient statos'.

An iireduciple non-negative matrix, obviously, consists of recurrent
states forming one recurrent class.' However, if the matrix is not irredu-

cible we always assume that there exists at least one transient class
. - -~

reaching some of the recurrént classes. The.opposite case provides to the

non-negative matrix in question trivially.eéby'structure.-
D.III.7. A nonrnegative matrix P is called "regular" or “ergodic" 1f for

some positive integer t, Pt:>0, '~~‘ o (
Clearly enough, a regular matrix is irredqgible whilé; the converse

is not always true. For example,‘thg Hadamard\ﬁaté{x "H =[2 3] is irre-

ducible but not regula®. , A .

~

The Canonical Form: Let F be a hon—negatigg matrix. and Sl,...,Sm'(mE:I)
\. . ' ‘

be its recurrent classes-with ri,...,rm being the number of states in

o . : .

each of them, respectively. Also let Sﬁ+l""fsm+k transient cldsses

1

with r number of states, respectively. ) P

m+1ﬂ""rm+k

By proper relabelling, i.e. by combined row and column eiementary
; . _ ) .

transformations, one can put first the r, states of the class S}, followed

states of the class 32 etc., until all classes are accomodated,

//ﬁa | \ - {'

by "the T,

7.
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Evidently, the matrix will take the form
» - by . 4
- ] i - -
P O L m L1, mek
b - ~ d
- 1
pz|0 Pm i m,m+l m,m+k -
—————— e i G
i i
0. 0 i omtl m+1', m+k
b . M * 3 '
- - i -
.0 D Pm+k

' where, the diagonal matrices Pl,...,Pm+k aTe square and irreducible;

while, for any g = m+l,...,mtk the matrices L »e s, L cannot

g-1,8
all of them be zero.
7
This form will be called the "canonical form" of the matrix fzf

In section ITI.3 a procedure is derived for arfénging a non-negative matrix

in its canonical form.

&
3
<\|’ A}
: s
"-
e N
/
-f
. L : e
1 . (‘r.:(_
1
{
[N 5
f
el ! .
. /
1]
-4 ]
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IIT1.2. General and Basic Propositions.

T

In this section are stated a few basic propositions wﬂich will be o/

7

useful later on, especially in section III.3. Mast of them are included

o

for purpose of consistency and completeness. However, there are two

impditant‘propositions in this section, namely, TH.4 and TH.S5. Iﬁe theorem

TH.4 was s@ggested by Gill's paper ([23], Pp. 49-50) on finite-state

,syétems.-On the' other hand,ntheorem TH.5 provides a powerful criterion

!

for thé irredueibility of métricgs.

—

TH.1. If P and § qpé transition matrices of the same order, so is their

product PQ.

Proof: Eét Pf = [p13'°"pn] T and T Q = [ql,...,qn] partitioned by

! . - .

their rows and columms, respectively. \
For allplf,j =1,...,n -4 (PQ)i = Pi q > 0. Thus, PQ 1s non-negative.
, - Y 3 ‘
Furthermore, :E:(PQ) = (i:;ﬂ) q, =1"q, =1 for all+i=1,...,n.
NEET ij isg 17 7] 3

:

That is all column sums of the matrix PQ20 are equal to unity. Q.E.D.
S

Corollary 1.1: If P is a transition matrix, so is any finite non-negative

power p™ ;m = 1,...,k,..

Proof: Trivial by inductioh theorem of the natural numbers.

—

TH.2. If Pl""’gk (k2 2) are transition matrices of the same order,
so 1s any convex combination of them, ) -

I
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Proof: Let P = u P +... +u P where :ZLH__ 1 and u

~28—

11 k' k i

Obviously, P2 0. While,. 1' P Zu 1t P, = Zu.l': i'. Q.E.D.
, - il 1

TH.3. If P and Q aré transition matrices of the same order the following-

inequalities hold for any 1i,j =‘1,L..,n:

min(p . =min(p,) < (PQ) < max(p =)£-fnaXCp )
g,h gh h ih ij h ih g.h “gh . | .

Dadll

Proof: (PQ)ij“:E: P q 4'§; é:%:(min(pih)) qmj = min(pih)_ ;3?3 =1,...,n.

"/ h h
Similarly, (PQ)ij < max(pih) for any 1,j = 1,...,n€

.
»

e

The other inequalities are trivially easy to prove, Q.E.D.

-

The ipterpretation of TH.3 i;L}hat if a transition mntrix P is post-—

multiplied by any other transition magrix then eagh row of the product
. N ’ |
matrix is, elementwise, bounded by the minimal and maximal elements of

the corresponding original matrix row. The proposition can be revised
for pre—multiplication of P by another transition matrix. In this case,

; - )
the property of boundness is valid for the columns of P.

- . .
. .

Corollary 3.1. If]f is a transition matrix then, for any # mﬁ>kf>0

min( pm ) > min( p " and max( p ) thax ( p )

1 19 1.3 i3 ) -. 1y A3 ) ij

Corollary 3.2. If P is a transition matrix and for somi integer k>0

Pk->0 then, P">0 for all 1nteger_s mzk.

The proofs of these two corollaries will be omitted as being simple

—_—

and direct implicatdions of TH.3. .
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TH.4. . For any square non-negative matrix of . order n>1, if state 1 is

reachable from state j then, transition is possible in at

k<n steps That is;) pij>"0 fo_,r some k<n.

r

Proof: Since i 1is reachéhle from 3, there exlsts integer k20, such

that pij>'0 Let k be the smallest n _—negative integer possessing this

property, i.e. pij3>0 1f 1c<1ﬁin th proposition holds. If k>1 than,

R |

Pij =Z_pig.pgj >0 { C
a0 At _ : { !

Since the sum of non-negative terms is strictly positive, there exists

state’ 81 such that the correSponding term is 'strictly positive; i.e.

k 1

pk :; p ~> 0. Using similar arguments, one can find states
ij - i:gl 817:] - ¢ i :

' .

ByrneesBy g such that, )

k )
> ces > 0.
Pij - pilgl p%l’gz pgk_l | ) .

The fact that k dis the smallest integer such that >0 implies

.pij

. that gl,gz,...,gk_l are all distinct, For otherwise, if-we assume that

:

g ‘=g fqr some %>v2k—l then,

u v .
k- (v-u) = . .

p TN D ees P ) sves P > 0,
ij - i,Bl g "‘l’g gv!gv_l gk.'-l !j

I : , .

which contradicts the original a35umption that k . is the smallest ihteger

for which pij:> 0

7
Therefore, since gl,...)gk;l are distinct and npt"i.—or j then,

T

k'Sn-?I"(if 1=j ) and k<n (if i£3 ). Q.E.D.
v , ' , .
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TH. 5. The necessary and sufficient condition for a npn—negaEEVe square

.matpix of -order 'n>1 to_pe'irreducibie 1s that, e
- P+P% ...+ >o0.

n

N N r ot

i Prodf: Ne&essity—‘Since P is irreducible any sf%té.i can be reached from

Bl

any state j. Thus, by TH.4 for all 1,i = 1,...,n, p:j;>0 for some k<n.

2

k
Therefore, (P + P +..:fP ) > pij >'O for all ‘igj 1,.~.,n.

iy = j
Sufficiency-_ ‘If (P + P +...+ P ) j2>0 for ald states 1i,j —li R o}

.then, at least one of the matrices P Pz,...;Pn have entry (i j) strictly

positive. This implies that any state j“ reaches any other state 1. ’
- 3

’Therefore, all states communicate among themselves and the non-negative

ro

- ) s

mgprix P is irreducible. Q.E.D. L IS

}he abové proposition can be found .in Gantmacher (ref. [lO]).-However, gy
Gantﬁachﬁr's proof is entirely different from the_one offered above. One ;
:advantage 0f our approach 1s the fact that the above’result can be : T

easily generalized to magrices from any field. The samé'applies to all:

~ structural properties. we will present in the ﬁpllowiﬁg'section.

el

. 0 ‘
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III.3. . Canonical -Form of Square. Non-nepative Matrices.

B '

» . ' ’
In section III.l the canonical form of a non-negative square matrix

2 . ! : N, o .
was introduced. The prqceﬁdre:tb derive the canonical form

'
[

show some way

Let P, b(e

the communicatiqp”classes have been established. Therefore,

requires that
we should first
of ‘establishing the communication qguivaienée-ciaéseé.
T

a square non—ﬁégativé_matrix in its canonfcal form - .

) N 1 - . FT1,m+l T 1l,m+k T
”-‘:: /f T Y 1 ? ., ¢ '
. . s - - .
P =] . "m Bmymed 30 e
' m+l e '-,Lm+'1 , M+l - ]
0 | _ . g
R | 0 ’ . ’ PIIH'].'C “ . . o

S

L .

W="P+ ... #-PnL-CIéarly, thi§ matrix will be.in ‘the form

g

-.P* : ,if' C ok } .
. B o 3 s i
} 1 U : l?.mfl Ll ,mk i
Y % : * *
W = o-. Pm le;m+l*""Lm,m+k
RN - P &
: mtl 0T U Um+l mek '
T © ld o, P* ' -
T 1 - mHk :
L . S )

; ' S : - ' * v
-+ where, in particular, the diagonal matrices are the sums Ph = Ph+ cee t Ph

]

A

for h = 1,..,m+k. T |

T SR

' o ‘ * *
% The diageonal matriceg Pl’f"’Pm+k

-

,;,positivé by -the ngééssity paft of th& TH.S (sec. III.2)..

3

'
\

. . R o g - :
B .
. .

of the above form for W axe strict¥y
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Conversely, Pl"'35P

T
if Pl,...,Pm+k are strictly‘positive. These properties can be used “to

recover the communicatlon classes. To this end, we will state now a few

bropositions, which are a;l gorollaries of TH.4 and TH.5 of the previous

section. We consider here any nonnﬁegative matrix P (not necessarily in
its canonical form) and the corresponding square non—negative matrix

P + ... + Pn where, nz1 is the order of P.

‘i‘f.j 'if -yij and wji are | both non—zero.

Note: If =] ..then, Wii#TO and Wjj#'p,

Proposition 1l: States i#ﬁ] belong to the same communication class 1f and
f S

- ' only if Wij#:O and wji#:o.

-

Proof: If iewj then clearly, by TH.5 W qEO and Wjiﬁﬁb. Conversely,

if W ¢0 I:hen by’ TH. 5 Jo—i, and also W 7“0 implies- i—%.. Thus,
//-

Q.E.D.

v

- [

Proposition 2: If Wii: 0, for some state i, then this state forms by
itself communication class. !
N

L)

Proof: If j:#i. belongs to the same class with i then, this implies that
i—a»j'.in k 5 n steps, and j—ei In k"< n. This, however, implies

#0

that {—s1i .in some numbér of steps K (441 by TH. 4) which yields ii

o . ‘—‘-.v‘

ii

-contradidtihé;the essumption4 W,.=0. Q.E.D. . L

E 'J .
The first proposition can be used  to establish the fact that two .
' L '
states belong or-not to the same class. The second proposition takes care

mtk are irreducible by the sufficiency part Of the TH.5
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of a certaln trivial case of one-state class. It must be noted that in

order that a state 1 to_form a class by itself it is not necessary

-thst_ I-_Jii“-:O. . ' . o

Proposition 3: A communication class {1,...}'cons;sts of recurrent

‘states if and’ only if for all i€C and all k¢C Wk'i':.: 0.

Proof: TIf C 1s a recurrent class then, sny 1 €C does not reach any = .

1c¢C which implies 1 -O Conversely, if Wki_.O forSﬂﬂ\J.EC and 1c¢C

then, there is no state of any other class reaching C. Thus, C is a.re-

current state class. Q.E.D.

LY

-
v

Using Proposition 1. we can check one by one Qll the states if they

‘belong into the same class with a certain state 1. Therefofe the establish—

.

-igenf/of the communication classes is a direct application of the proposi-

¢

‘tion 1.

I For each class,if we apply the ériterion of proposition 3, we can

establish whether or not it is a recurrent class. Of course, if a certain .-

class is not recurrent it is 4 transient one.
Since our criteria of communication are based on the zero or non-zero
values of the matrix W = P+ ... 4 Pn, we shall use binary arithmetic in

order to reduce and simplify the computational complexity. The comphfer.
.

FORTRAN program "MPOWER", listed in Appendix B, can recover the communication

classes of any sduare'mstrix. Indeed, although the analysis has. been carried

-

out on mon-negative square matrices; the results are applicable to any
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§ square matrix whose entries are, from any field. This is possible by replacing\

P

. rd . b

all non-zero entries-by 1 (unity) and operate on the resulted non-negative

o t
matrix.

@ i -
t

.]“. i
The establishment of the communication classes and whether each of

them is a xecurrent or a transient class does not compietely,solve the
problem. We, further, need to order them so that the canonical form will

be directly induced. To this end we can proceed as follows: ,f
If there is not any transient class then, the problem Is trfvially

6 .
easy._Any ordering of the .(recurrent) classés Ts valid and will produce

canonical form' . : -

. - [r 0
P = dlag (Pl""’Pm) = .

0 P
m

. : A
with the dilagonal matrices being square irreducible. o

X
If there exists at least one transient class we proceed as follows:

We order the recurrent classes, in any arbitrary way, and consider -them

- r
_ first. If there is only one transient class we‘&?der it fast ‘and we are

_ . ;)

finished. If thefe are more than one transient class then, there is
at least one transient class which is not accessible by any other class.

This is true gecause'if a certain class Cl reaches another class C2’ this

does not reaches C,. For opherwise there would bg Ccommu~

2

-nication between C

implies that C 1
$

and C,- Such a class we set last and we Ignore it

1

from the further procedure. Among the remaining transient classes it -is,

again, found‘;ne that is not accesgsible by the others and order'it just

.3’_ ) - ’

L >

- ‘ . ]
. 7
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before the last ordered one.

- with the remaining ti11l1 we order tﬁpm

C

mel’T

- . !
As a final result we obtain C

Ignoring

~35-

17"

-

N

it 3gain we proceed the same way

all.

.,Cm

o

‘recurrent classes and

"Cm+k transient ones and they are ordered by their indices. .

By interchanging the corresponding rows and columns of the origina119<

glven matrix P, we can set the states of C

c

2 -

1

-

. [ -
second, etc. to derive the canonical form of P.

A}

-

!

class first, the states of

The above procedure will'be bést illustrated by an.example,

Example: Consider -the

{1y,

E

Jo

L
5.

0

o

wiw

(2)

(3)

1

~11x11 transition matrix

%)

(3)

0

upr O

v~

<

(=3

o uwl-

(6)

0

(7)

0

8)

0

BB

-(g)r

0

1

0'.

(10) (A1)
é ;

4

0

0 0

5 0
L d

o 0

0 0

0 ©

Y 0

\6 _

(1)
)
(3)

@y
(5)
(6)
(7)
®)
(9)

- (10)

" (11)

N
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{iAs stateq earlier our .interest-is focused on the zero and non-zero

| ~ entries of the matrix P. Thus, it is convenient to replace any non-zero

ntry of P by the symbol "1". Addi%ion and multiplication rules will be

agreed to be as follows: O + 1 =1, 0+ 0=0, La 1l =1, 0¢0% 0, Ol = 0,
.- and 11 = 1.~ The corresponding matrices P #g;/¢\;\::§ +.:. + Pll become

10 11

=

ha
L
£~
wn
(o]
~J
o
O

1 2 34 5 6 7 8 91011

| 1 1 01 0000 00 0 1 10100001001

; 2 01 00000 01 1 0 01031 10 1-11 1 0

i 3 1 0000000 1000 101 000010 01

g 4. 0 00 01 001 080 000011001000

f 5 ,00071100200'10 000110010710

6 0 00001 000001 00 0 00 100 0 1 1

7 0 1 0000100 0 0. 01 01 10171 1170

8 0 0 0.0 0 0 0 10 0 0 0 00 0000100 0

9 0000101 G0 0 0 0101 1011110

0 -0.0-00 000 10 1 0 0000000101 0

; 1. 0 0 0 0 0 0 00 0 0 0 0 00000000 0 O
i P ‘ W= P+ P Pt

The _elements of the matrix N=P+P2+..+P11' are sﬁdwn above
and have been’computed b§ the FORTRAN program MPOWER (see appendix B).
i Next welconsider hgﬁ to recover the communication classes working on the
' aboye.mat?ix’ W and following the rules as stated above; . -
5 o ‘ ] - } ~

.J . B -
l-st communicgtion class: We start with state 1. By inspection of the

first column of W we see that the only candidate state,to belong to the

séﬁe'class gifh state 1,is state 3 (according ‘to Prop.l). Indeed, state 1

&
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communicates with state 3 b v . C=f =1, ' =
ecause, 11 W13 Waa W31 i. Thus, Cl_{l,B}

form a communication class. Th}s class Cl is also recurrent due to

Prop. 3. Specifically, the 1st and 3rd columns of W contain everywhefe

zeroes except at the lst and 3rd rows.

Conclusion: Clz{}iB} is recurrent-state élass.‘ . . )

2-nd communication class: Consider state 2. From column 2 we see that
states 7 and 9 are the only candidate states to be associated with state

2 as members of the same class. For the same reason as before in Cl,'we

derive the conclusion that 2_{2 7 9} is a recurrent-state class.
.

3-rd communication class: consider state 4, From column 4 of ¥ we see that_

candidate states can be only 2 5 7 and 9. Since 2 7 and 9 belong to the

4
1

already establisHed class C, they are excluded The test according to

2%

the Prop. 1 for state 5 yields that, states 4 and 5 form a communication
class, Furthermore, since-State-4 reaches states 2 7 and 9 the requite—

ments “of the ‘Prop. 3 are mnot fulfilled and this class is transient.

i

Conclusion: ,{& 5} is a transient communication class.

.

4—th communication class:.‘consider state'6. Ftom column 6 of W we see that
. l

this state forms by itself .a class and furthermore, thls class is a recur-

rent one.y, Conclusion. . A {6} 1s a recurrent-state communication clasg.

!

5 th' communication class. Consider state 8. From column 8 we see that

’ candidate states are 1, 2 3,4,5, 7 9 and 10. However, excluding those states

- which already haue been considered we end up, with .only state 10, The test

B



s bt P FRTL N D RRITT
. .

according to Prop. 3, fails because, W 0 , and tHerefore, state 8 .

8,10°

forms by itself a class CA:{B} . The class bS

because, 8—» 1,2,3,4,5,7,9,10. | '

1s, obviously, transient

Conclusion: C5={8} _iS a transient-state communication class.

[y

6-th communicatipn class: Ea?ily eqough it can be seen that C6:{10} is

a transient~state communication eclass,

I ' :
/-th communication class: According to Prop. 2

-

ohly left state 11

is a transient state and form by itself the clasg C7={11}.

Among the estgblished classes Cl’CZ and 04 are récurrent-state

communication classes while, CB’CS’CG and C, are transient-state ones,

7
Among the'traqsient—state classes 07 and CSdo not reach any transient
. ’ o
class. While, between the remaining C,. and_C, the class C doeé/not reach

5 6 6

Fdr these reasons, we order the classeg'as follows: C.,C,,C,,C,,C

C 11/2’ 4) 71..3’

5

C6’CS' The canonical form of the original matrix is a direct result of

A .

this ordering and is given below

WG @ OO G ay @ © -a) @ .
) 1! IR ]
r(3) _é_._o_!__—_%.—r_.._ _ = _L_I_%_
(2) koo, 1 b | sl
() B L T N
9 0 o - * 3
(), - e e e — — | - -
(6) o D A T S |
T [ S '
! - I P R S -
e A P T R B 3
4y ‘ [0 11/3 L
(5) ' 1 Y3 /3
) [ . :+ Al 3
(10) ‘ : LY
—_— e — - —_— = —_— —_ S — _.1.......
@ . e b
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As stated earlier the canonical form of a square matrix is obtained

by proper interchanges of rows and columns, simultaneously. This procedure(;

is known as combined elementary column and row operations. In fact, the

o

canonical fort 'of a given square matrix is an orthogonal transformation

of the original matrix, i.e.

-

' C -1 . '
P =M~ PM where, M = = M’ . . .

and. M is, the identity matrix of the same order as P whose columns have been

interchénged properly.”For the above numerical example, the orthogonal

-

transformat%on matrix M c [el’63’32’37’e9’86’ell’e4’85’e10’?8] .

The canonical form for transition matrices will be uded in the next
chapter.to study the limit properties of the transition magrices. It has

‘o .
been already stated that the above presented procedure for setting a

non-negitive matrix into its canonical form, is general‘enougﬁ to -be |

applied to any square matrix whose entries are from any field. The cano-
nical form of a matrix can be proven useful for any system that is

characterized by a square matrix. For example, the linear dynamical.systems

, e
Xx=Ax + Bu ' v ' C

-

gaﬂ’EE‘?Euuced to a set of smaller order dynamical systems if the square

) . N .

" matrix A is reducible. To show this, consider M the orthogonal matrix

that reduces A into its canonical form. Thus, by the transformation

"x =My or, 'y-= M~ x=M x



the system becomes

1

j= (M AM y + MBux Ay +'nlu ' ,

where, At is the canonieal form of A.

Just for 1llustration purpose assume that, Aca where, Pl,P2 are

squafe matrices of orders Ty 50y, respectively. 1If we partition y':{yi,yé),

where, y. is the vector containing the lst n, components of y, and y, the -
1 s 2 - _

1

remaining n, ones then, - the system becomes s 4o

2

P u

11

vy = Pqyg + Ly, + By

Yy = P2y2 + Bzu

b

The derived form has the technical advantage that the original system
is reduced to, two dynamical sub-systems both of smailer order. Furthermore,

the second sub-system is indéﬁendent‘of the first. On the other hand, the

"state-vector of the second .can be considered as another input vector to

the first sub-system.
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CHAPTER 1IV. LIMIT PROPERTIES OF TRANSITION MATRICES

The pu;pose-of this chapter is to study the behavlior of the powers
- . l.‘ . '

of transitio&¢m§triées P as-the exponent’ m tends to iﬁfinity. We
recalL;théfvany power P" of a transition matrix (m20) consists of the
Lo ) . . ' i ‘
“transition probgbilities between any two states in m time-steps for a

stationary discrete-time Markoﬁ chain. The behavier of the powers P

for ary integer m=0 ds directly connected with the structure of P,

i.e. its decomposition into equivalence communication classes, and also

the position of-ips elgenvalues in the complex plane.

' Section IV.1 considers the necessary theoretical background by pre-

senting the properti%s of the transitién matrix eigenvalues,

Section IV.2 presents the prob ém of the limits for the powers of the

transition matrices. The

stence of these limits is considered and,
whenever these liﬁ%k do.not exist, a substitute limit is proposed,

called "average transitYon matrix', which{always exists.
' /

Sectiom IV.3 deals witH the technical aspects of the computation of

‘these limits. Finally, in section IV.4 a numerical example is treated
“\

"in orde; to illustrate the findings and exposition‘of the previbus

sections.

-
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iv.1. Eigenvalues of the Transition Matrices.

The discussion starts with the,statemeﬁﬁ of the well-known

Frobenius theorem. The theorem's proof is omitted but one -can find

a simﬁle version in Gantmachef[lO], vol.2, pp. 53-65.

~r

Frobenius Theorem:

An irreducible non-negative square matrix of order
n'zld always has some positive eigenvalue r >0 that is a simple root
of its characteristic equation. The magni:q@és of all the other eigen- -

N PR

values do not exceed r. To this "maximal" éig&nﬁalue there corresponds

" an elgenvector witb strictly positive coordinates; N . .

PR

Moreo¥ér, if the matrix has m2=1 eigenvalues Al,...,}m of

-

magnitude r, then these numbers are all distinct and are rogts of tth

equation N-r™ = 0. Furthermore, the whnleisggctrum-of the matrix

P

eidenvalues, regarded as a system ofipoints in ‘the complex plane, -goes
over into 1tself under alrotation of the plaﬁe by the angle .27 /m.

If m>1 then the matrix can be put,by meaﬂg ;f'combined‘elemeﬁtgry

colum and row operations, into the following "cyclic" form where there

aré square blocks along the main;diagonal: >
. e 0] :
0 Ay 0.e 0 ;
) }p‘ 0 Ay, .0
0 0 0...A
. - 0 .
_Aml- 0 0 ﬂ ” ) -
i : g l
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| N . - .
Ip the proof given by Gantmacher it is, incidentally, proven that

s

‘the adjoint matrix of (r I - A) is strictly positive, where A ©s the

originally given non-negative square matrix and T its "maximal" real
eigeny@fﬁe.'This result will be used in the following Th.6.
o - o

'I'he Frobenius theorem establishes the existence o'f a maximal pos;tive

-eigenvalue but “does not assess its magnitude. The following theorem Th.6
gives some bpunds fer this Frobenius eigenvalue and will_be-used later on.

El
a

o
-

. and;-S}‘ 33 = 1,5 bg its column sums. If r is the 'maximal" __
» real eigaenvalue of P then, . '
) . : . LN -
ither, r = min{ S - 4if min( S,) = max( S . :
. e 23 G?? { j), | ( j) ( j) . B
g _ 3. 3 s ) .
or, " min( S )'<i r< max({ S,) . =~ - .. =
o N ) .j B j ) . Pk
~0d / o J a ) VLT L

Proof: - Acéording to thewéoncludipg remark of the Frobeniiis theorem Btate-

"

. e s v , . o, ,
' ment' the adjoint Egtrik of (rI - P) is strictly posgitive. That is,

2
]

j)_adj(rI—P)‘;-O .‘.' :j

iAlso since r is an eigenvalue of B, the*ﬁatrix (rI - P) is singular.

L

= ( b

, Th_ei-efore, (rI - P) B =(0) \\ . ' P
) - n o o B
. - ‘u = 0 *, i‘ - ]. - ,n0 . ‘,
or, T byy- znl?;ikbkj for all Iyl = Lieepme .o~ h

( \
0For any fixed j we sum over 1= l,...,n’lko derive
\ l .

'

.6. Let .'P" 'be an ifﬁiijiible non-negative square matrix of order n>1 .
' ’ n \, - ) :
D 1 - 1
: 5o, -

r (,'ibij> Z(Zpik) bkj -Zsk by I (1v.1)

= x=l L

°-‘.> wh

@



a b u : | ‘f{ . :, . .
but since b >0 for all 1,j =1,...,n we can define Ch o

= bkj/(ébij) > 0 3k = l,...,n for which .'Zuk

' Knl

‘ Therefore, équation (IV.1) becomes, Tz 2 UISk‘ ’ : " (1v.2)
If min( S.) = max( S;) gthen, S =S, =....= S and (IV.2) yields
i 3 1 C0 n: : :
] J :
(Zu.k) S=1S5c8cmin(S,) = max(S,). - -
N j ) j " j .f j .
44
If min( Sj)_<: max(,Sj) then, there exist stares u and v such that,
i h| . ' ' )
Svf>-min? Sj)' and Su.<:m§x( Sj). Thus,
L h

r o= n-LukSk +uuv$v ;; (1—uv) min( S Y o+ quv':>'m}n( Sj).
Y _j 3j
Similarly, we can prove. r'<;mex( S Y Q.E.D:

-
b0 S
j . ~l
3

'4’

In the case of transition matrices this theorem produces more

T concreme_results as stated in the following proposition.

2

oo - P
el : o
— N B

Corollary 6.1: An irreducible transition matrik has a simple méximal\

I

eigenvalue t = 1. _ . - ' .

o

|
5 .

Proof? Since all column sums of aftransition matrfr are equal to:unity
then, the maximal Frobenius eigenvalue by the above TH.6, is' r = 1.

‘This eigenvalue is simple as required by the Frobenius theorem ‘and all

- Y
-

other eigenvalues of the transition matrix areﬁlocated within the unit

circle of the complex plane. Q.E.D.

S
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The above“propo?i%igps considered the eigenvalues of irreducikbie

‘-\a\,

non-negative matrigés..Since any transition matrix is not necessarily

,

!j\

irreducible one cannoy apply directly the above pfbpositions. H

. ever,
- the canonical form includes irreducible matrices along its diagobnal
Furthermore, the eiéeﬁﬁg;ﬁes of ‘the transition matrix :;i/ﬁp ei%en— 5
"2l . ’
I . - ,
values of the irreducible diagonal .blocks and this enables us to use
the above propositionsflvv i
\ '
|} Consider a transition matrix P in its canonical ferm
P cean ] ’
-1 L1?m+1 Ll,m+k
2 m+l " Lm,m+k
P = Pm+1 Lm+l,ﬁ+k N )
.0 .
‘\ . . - ) .‘ 0 . . P N .
) l_ X ’ X m+k . ¢

where, the diagonal matrices are square and irreducible.

@ The diagonal matrices g.,Pm; corresponding to the recurrent

Py,

classes,are irreducible transition matrices. Therefdfe,
- % T A .

each of them has a simple makimal eigenvalue r = 1.

« -
by corollary 6.1

4

The diagonai matrices P P'#k’ corresponding to the transient

"

+1)"'s

= classes, are irreduaible and they have maximal eigenvalue r<1l. This is
true, because non of them is a transition matrix and in each of them at
least one bolumn“sum is strictly less than unity: Thus, by virtue of .
“TH.6 r<l.

o™
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4

1f we consider the transient classes.block

Pm+I""' Lmt},m+k 4

NE
OL Pm+k
X _
K

and -since det(:\I-Qo) :l;:1det(1XI—Pm+i) (see[ZZ], page 124).

the eigenvélués of Qo are the the eigenvalues of P wyP

m+l’ "’ m+k”

Therefore, all eigenvalues of Qo are strictly within the unit circle

r

of the complex plane, i.e. {M<1 for all eigenvalues of Q-

A I
A

The above result, about the eigenvalues of Qo’ will be used in the
next section IV.Z._Actuallj in this chapter we will use the following

abbreviated canonical'fo;m”of transition matrices

Pooaes ? :LL
S

P = o
O~ Ply
C---0/Q, -

N

in which ali transient classes (if any) are lumped together into one group.

r

We emphasize the above stated property: If A is any eigenvalue of Qo then,

(2] < 1.
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IV.2. . Powers of Transition Matrices and their Limits.

The first proposition to be.proven considers the'convergence of the

‘powers of a non-negative matrix. Thg necessary and sufficient condition

for these powers to converge is stated in terms of’gké position of its

eigenﬁaipes in the complex plane,

e—

e

+m

TH.7. For a non-negative.square matrix P, iq§'1imit Iim P" = 0 if and

Mowry

only 1f all of its eigenvalues are strictly within the unit circle

of the complex plane.

Proof: Consider a non-negative square matrix P whose all eigenvalues are

~1n ﬁagnigdég strictly less than unity, i.e.‘%](l for all elgenvalues of

P. Lét 'J. be its Jordan canonical form, obtained by the éimilérity trans-
formation

Jo s=mewt or, povliwm -

where, M is the propef”similarity transformation matrix and -
J}q‘diag( Jl,...,JS)' with Jl""’Js being the appropfiate Jordan blocks

of orders . n n ,“respéctively.

MELREEL
The m-th power of P,_fork m >0, becomes g
oo™t and similarly, . R R Y|

m .
" Therefore, %iﬂ)?m exists and is zero if and only if lim J existﬁsand

s Lt 3

is zero. -But, J° = diag( JT,...,JE) thus, if we consider any Jordan

I

block Ji of order niégl and let ?& be 'its associated eigenvalue of’

v
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\

Y /
P, for which by assumption ]|9'i|<:1‘ we derive the follo{eing conclusions:
| 1f ni=1 then, ‘Ji:[?\i] whichr,’yields, [}\1] and ]r;‘i_._n;J }“izl?\i =0
E -
because, )?\i] <1. e
If n, >1 then, ,7
1 .
N 1 6 ..... )
T R T
( Iy = e eesies . Y
) . »
0 0 Y
L. i <
which yields, for any m>ni -
| L] @
m, A<
@X O XL e
m, AT m, Am-1
Jl;j : 0 (0))1 (l))i """
I sdessan s e nn .-
L v

That 1s, the entries of the matrix Ji are either zero or in the form

. . . | —
, 8, = (E)'f{ for some k =.0,1,...,nr1. / ‘

| //
If- k -_- 0 then, i a = '_).m which converges to‘-zerﬁ as m o
a (m+1)

_mtl : -
- Lt gy il = Il <« meretore, 3,

If k >d then, Linf "

converges to zero, again',r‘ g8 m —»®o,
: - ) .
This concludes'\the su_fficiency part of the theorem. 7

L]

. o
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P, for which by assumption '}il<fl, we derive the following conclusions:

"If . ni=l then,. J :[)\

. 1] which yields, J% & [D\’l“] and lim JT = Lim )/

mew 1 My o

. because, ')i}<:l.

If nif>l then,

}i 1 0
: 0 )\i 1
o=l
_0 0 A \

which yields, for any m>n

 m~m m m—ll m, Am=2
ENE OXNTT N

That is, the entries of the matrix JT are ei&her,zero or.in_tﬁe form
LMy Wk _
fa_ = (k)li for some k = 0,1,...,n:1. i

If k=0 then, which converges to zero as m —» .

(m+1)
mt
If?.k > 1 then, limr——-l %ig v k l)l I ll]xil Therefore, a

1 5
I . .
converges to zero, agaln, as m —=®,

S

/

- This concludes the sufficiency part of the theorem.

=0



Assume .now that lim’ p" The theorem's claim is that if 9§ is

m-sa

an _eigehvélue of P then la](l. C ’

Since A is an eigenvalue of P, there’-exipsts‘ an eigenvecter v 0 -

™ . o

'sech that, "t Pvs AV, which yields, ) v - )\m v,

But, lim( P v ) = (1im P ) v = 0.-v =0 ) ‘ '

M . ‘ o ~

'I'herefore lim( ')\ Y v = 0' which dimplies 1im( >\m) = 0, becauge v = 0,
.. . ' Mmoo o~

te,

m-.on

Hence, ]')\]<l for otherwisé 1im( 3 0. Q.E.D. . ~

’ 0 ' .
An important property of the transition matrices is the asymptotic

'periodicity of their powers. This periodicity in its trivial form of

period unity .means convergence._ The next two propositions deal with this

matter.

. ~ ) .
P . h -~
-

TH.8. For any transition matrix P, Its powers P ;m=1 can be written

8

in the form of two matrix powers sum

' PP - s™ 4 ™

where, S and C matrices are ‘such that; the power sequetice qu}"
_COmrerges to z€ro as m—» « and the power sequence {S } is

riodic with period some integ’er d=>1 (i.@. Sm Sm+d imo= 1,2,..).
Furthermore, the period d = 1 if and only if P has noe eigenvalues

. on the unit circle, other than ,q= 1.

\

o
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Proof: Consider any transition matrix P in its canonical form

. ~
] '

P ... 1L ] p® A :
1 ! X 1 H
A .{ : . | _ ‘
R . e /
rP = Pk ,Lk with powers, P~ = Pk i Lk . y
- - = - EQ' - - = = e el = =
- rom - _
: | \ %o |
) The eigenvaluesg of P are the eigenvalues of Pl,...,Pk and Q

Each Pi.(i =1,...,k) 15 an ereducible transition matrix with dizzln

eigenvalues located on the unit circle and 5120 eigeﬁvalues located

. . k
strictly within the unit circle. Thus, P has 'Oi""’gh’ where N = E;dizli,
e

<
eigenvalues on tﬁe unit circle. As stated before, all eigenvalues‘of Q0
HJ//are located strict17»within the unit cirele. o ‘
By Frobenius theorem any unit magnitude 95 (3 =1,...,8) is cyclic

with period d = least common multiple(d yenend ) =1, 1.e. }m*d - 3m‘.

k™ ’ i 773 ,
for any m=1,2,... - .
- . © ; . o e
; -1 —
Let J be the Jordan canonical form of P, i.e. P =M J M and i
l ' . I

J =M P M. The powers of P and J take the form . . . :
P = I-.I-Jm MY ahd % = MlPT M sm= 1,2,..)
PSince P® 1s a transition matrix for all m z 1,2,.. then P™ 1is bounded
(elementwise). Thefefore, im must be bounded (elgmethisé). But this
implieg that any Jordan block associated with some eigenvalue of magnitude .
unity must be of order one.:Fof otherﬁise,‘any such Jordan blbck, of order

-2-or more, would have terms, in its superdiagonal of its matrix powers, in
! ' . ;

the form
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n el with o} = 1

which becomes unbounded as m tends to infinigy.

1]

a_ = (T) }?—l

1

Thus, J can be put in the form

J = diaé([aﬁl""’[lN]’JN¥1"") while, its powers become

Jm='d;ag([if],...,[X;]:J§+l,.:.> =+ V™ ma 1,2,3,....

where, U = diag([?il,...,tﬁN],O,...) is, obviouslyﬁ‘ﬁeriodic with

e +d .
pefiod d, if.e. U C = U" for all m=l,2,..., and V = diag(0,...,0

LR

"

for which lim V' = 0 as is shown in the proof. of TH.7.

Finally,

I
'

Pm

MM M (T e VY M o™t e vt

= Sm + Cm“-;m'= 1,2,....

where, 5 =M U M_l pe;iodic matrix with period d=z1, 1i.e.

sy d o s™m - 1,2,3,....
and- C=MVM?® such that, lim ¢® o Lim(M VR MDY = M( %i%uvm) Mt oZ o,
) “»m b " owwm . M
Moreover,’d = 1 if and only if dy=... =d .= 1 which means that jall

eigenvalues.of P on the unit circle are equal to the positive unity;Q.E.D.

§

*

Corollary 8.1. For'é transition matrix P, the limié 1im( Pm) exlsts 1if

. and only if there is ho eigenvalue on the unit circle other

than O = 1. ’ . ' ‘ g

: i
Proof: This proposition is a direct result of TH.8 since P'= §T+C im=1,2,..

converge if and only if thegperiod of Sis d = 1. In thi§ case, S .=§

N
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\ ; N

for all m=1,2,... and 1im P" = S + lim c® = §. Q.E.D.

M- mM—>x

[ ’
The’Corollary 8.1 was our target, It establishes the cufficient
and necessary condition for powers of a transition matrix to converge.
There are, indeed, transition matrices whose powers do not converge.

Tor example, the matrix-powers of the following two matrices

0
with ’)1: 1 and }2= -1
0'19 | - " '
0 1| with }i= 1 and '9?,'}3 = -3 "]g§
o 0 -

do not converge. While, the following matrix

Joti 30

1os 3 7
}_0_;11'”5_50, with A= 1, 9, 3\3=—1;—3-;Z, 3, = 0.
J 9_5707 0.1 )

1.0 0.0

has powers that converge, despite its pseudo—cyclidfappearance.

- s

A useful matrix sequence,. associated closely to the matrix powers

of a transition matrix, is the well-known "average transition matrix"

- m : z
P+ ...+ P B
A = . Ml :'1,2,....

J

where, P is a.given transition matrix.
: |

For a fixed m=1 the matrix A is the arithmetic average of all
Lransifion matrices P,...,Pm. Forllargé enough m the matrix Am has

an cbvious interpretation. For example, suppose that (Am)ij z 1/5, for
Y :

\



/
« N

some entry (i,j) of the matrix Am. This means that a Markov chain, with

transition matrix P and starting from state j, vieits state 1 on the .

average once every five time-steps. Intuitively speaking, we should expect

that Am always converges as m->w ana; indeed, 1t does.

As we will prove in the following TH.9 if {Pm} ‘converges then, it
converges- to the same limit as {Am}. For this reason and also for the

interpretation we can attach to Am’ for large énough,m, we argue that the

limit of Am, as m—~® , can serve as a substitute of the! occasionally,

‘

non-existing limit of the matrix sequence {Pm}. 0f course, by the term

substitute we are referring to the entity lim P as it is intuitively

M- D

terpreted; rather than its precilse mathematical meaning.

[
'

TH.9. For any transition matrix P and.any integer m>1 the "average

transition matrix" Am = (P + ... 4—Pm%/m has the following

-~ . .\- N

properties: \}

(a) It is a transition matrix.

(b) It has glways a limit as m-—»,

(¢) If A = 1lim Am then, Pk Az A Pk = A for ahy finite - k=1,2,...
" ) : o

LT _mag I

(d) If 1im P* exists then 1im P = 1im A = A,
M- o .

. i ',' .
= 1/m >0 "and g;ui

el

. . '
o ‘ 4
Proof: {a)y Since Am': Z:uiP' with u

n
'.—.l
rr

.
4]
o

4 . m
A is a' convex comblnation—-of-the transition matrices P,...,P and by
m ' “ — - - .

TH.2 is a transition matrix.



(b) -Kemeny [12] proves the existence of.this-liqit using the existence
- g
of converging subsequences in a compact -space. Gantmacher hO](pp.88790)

.provesg it.using analytical properties of the characteristic polyﬁomial

* of P. ' t nE
P4 ... +P" - - '
(c) let A= T for some integer m>1. For any integer k=1
k+1 s k+m m
Pk A =,? v P - B+ ... +P) Pk = A Pk
m v m m m
) ) : k Tk ‘ . :
. ) and in the limit as m-+o P A= AP “for any k= 1,2,... -
. " - " ) . ‘I
- k Pl L e PP bR P ek -
Also P A = - = - . - ——-Ak =
m m . k+m m m CX
‘ i : I
m+k : ‘ 7
e e . y :

Ak.+m

vhich as m—»® and for fixed k21 ylelds, P°A = A.

.

<@,

(d) Let Q = 1im P". By definition of this-limit, given any €20 there

exists positive integer M such that, . -

1lP"-qll <3e  for all m'>"m.
. M i

if we define M' = 1+ max (———-EE; -Q” then, for any m??@f

I a_-ail =| —Z(P —Q)“ 1 Z\IP -Q\I

e Swa

= 't‘n" oo uz 'Q” . k MHP "Q . ;: ' \
< E/2 +oM) 5 < €

therefore, lim A = Q'z lim P®. Q.E.D.

ey M S M

) ““Cotollary-9+l.- If-A is the limit of the averésgqtransition matrix A ;m=l, 2, ..

of a transition matrix P then, each column of A isan T

. " eigenvector of P corfesponding to a =1 eigenvalue o; P.

|
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Moreover, if P is irreducible then, the colﬁmns of A are

- identical.
Proof: By.TH.9(c) we have P A - A whiéh implies that the'columné of

"A are eigenvectors of P fot the eigenvalue’ A= 1. If, however, P is

irreducible such eigenvector is unique’since }:'l is a simple eigenvalue.
J‘_) )

Therefore, in this case, the columns of A are identical ‘to this eféen—

Vvecﬁor. Q.E.D.

a

.—“"\:1_

e
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IV. 3. Analytical Evaluation of the Limits.

" Congider a transition matrix in its canonical -form \

o
H

o
~
=
s
—
[
<
Lo
~—

PRI t,

where,‘Pl,f.

classes and Q

"Pk are transition matrices corresponding to the recurrent

is a square non-negative matrix block corresponding to

all transient classes considered as one group.
- The mwm-ths power of P, for aﬁy inté&er m'Zl,fis in the form™
N . T : . P '
fm | (m) . _ : :
1 k)
. , - : (m) ) ' . L
] P o= - :'Pkl EFk smo= 1,2,... (1Iv.4)
: ' - i o (m)

A o

™ - where, the diagonél matrices are the m-th powers of the métrices
PR b

Pl"'“’Pk’Qé and L(m) .;,Lém),‘with shperscript m, denote the corres—

ponding blocks in the 1ast_Folumn. . .

A

o~ . ‘
s - - .

1f we foarm the average transition matrix-of P for any integer

H i
i
m=1,2,... we; derive - ;

- |" . -

Al,m : Bl;@
| - - k,m ' co IV.5
e Bk,m . . /“ - { )
A = . ; I |
m ‘_______4___#_______-———’_——4—
e T3 "

_ L To5m

el
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‘where, Am :;_% %Pi | . Q | ‘ * : . (IV.6)
Ay m -._~11; :]Z_lpi e ~_‘1k._7,...,k ' - (1V.7)
o —;};ii Q) I ave),
. . . . o
Bu,m - %':1 Lii? u = 1,....,k .i- kIv.9)

'By TH.9(b) ;hé limit.of-Am exists as m——»w . benfﬁg denote

this limit by : _
. v H o . o

ce T ' ’ ' NS
Fla N

IS

h t LY (IV. 10)
/ . B |. R e
L PO : v B

-

g

[T iriiag
e
_ . ; _
=
L

- e . ‘ . . . ‘l B .. .';,_. ((
First, we £laim that Bd = 0. ! L R (IV.11)~
) | )
To prove (IV.ll),ﬁe must take into dccount that Qo has' eigenvalues =~ .

strictly within the unit circle of the complex‘ﬁléne.'This was explained

at the end of the séction:IV.lf'Therefore, by TH.7 Q= lim Qm = 0.

Mmoo O

- At . ] i . ] ;
Thus, #B = lim(-l-:E:Qi) can be proven to be. Q = O by arguments”identical
/ o Mg M g2y O j ) .

1 - B

ito‘the‘dhes used in the prbof of TH.9(d) .. |

Second,‘s}nce Pi";'”Pk are irreduc%ble transition matrices, by
. ; - o ‘ . .
yirtue of Corollary 9.} Ehe matricgsu Al"ﬂ"Ak are 'in the form —
3 i . v .
B Tty e e 1=1,...,k | . IV:12
: 'Ai_‘":[vi’vi’ ‘ ."vi] . ;i 1 L ‘ ) ( - )



———

. . a ;
< s L
o - s

That‘is, all columns of the square matrices - Ai ;i=1,...,k are identicél

to the unique eigenvector vy of the corresponding matrix Pi' We should
note that the eigenvector vy is unique in the sense that, it is an eigen-

vecth of the matrix Pi’ for %= 1, with sum of its coordinates unity.

“Third and fihal, ffom the relation A = AP we derive

“n
B, = AL, +B.Q " ;i=1,....k, which yields ’ _ !
B, = AL (1-Q) % ;iz1 k| L ' (IV.1
SO ‘ -

-where,Jthe factor c¢

N

‘One should notice that IHQO 1s not singular matrlx because D= 1

is not an eigenvalue of Qo' Furthermore, (I—Qo)fﬂfﬁ?o since Q0 has

eigenvalues strictly less than unity (Sea[Z],pp.&Bé:QBQ).

2 . )
; The matrices Bi;ial,...,k possess an interesting property.-

4

. .For any i:l,;}.,k- et us-definéo_z.é Li(I-QO)_l so that, (IV.13) Pecomes'
. ; . ‘ ¥ o ) _‘. . i

-

. i S VR . T,
Bi ;_Aiz. On -the other hanq; by (?V.lZ) we can write
: I 7 - .
- ; Tt ) —
Ay = [vyyeeoyv] = [Vaaode D) vyl
1 1 S USRS SOE Y PR S
) 2i 7Tt =721

.
-

Thué, the u~th row, j—-th column entry of _Bi~is

PR

( Bi)uj = Vi _(ézmj), = Vai®y o - | -

does not depend on the row index. u.

3
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i.e. the columns of Bi are all multiples of the J= 1 eigenvecﬁﬁr of

_59_

. 2

1

" Therefore, the matrix rﬁi can be written in théﬁfdrm_

-

. ’ VA ' ‘ :
B, z.[clivi’ CZivi""] j11,. ..,k | (IV.14)

-
e
A . -

i, - B B

Equation (IV.14) can be used directly, in some cases, -fer the

computation of Bi' For ekample, if there is only'dne recurrent class

then the coefficients Cll=c21="' =1 aﬁd the matrix B, takes the

1

fom . . - ) ' " ’ |
’ -l ' ) . _ . G
B, = AL (I-Q)) " = [vl,vl,.... ] T (Iv.15)

. 3 . L
The above results have some peculiar implicatioms. For example,

consider thé_tragsition.matrix

P, . L
p_{ 1 1 :
0 Qo
where, Pl is an irreduc1ble transig}on matrix. -

Also consider ‘the llmlt of the average transition matrix s

Ao A B )
— - &f .
o 0

The original choice of P consists of the choices for Pl Ll, and Q

The average transition matrix should be expected to depend on at least
C oy )

two‘of‘these matrices Pl’L and Qo' However,'the truth of the matFeF is

and is independent of thé choice of the

that it depends 0111)7 on Pl . X |

matrices Ll and Qo' Specifidally,
: l.vl....' - e - L
A= — where,-vl_is the 9= 1 eigenvector of Pl.

0 O vunef S o - .

i . -
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4

A Numerical Example.

. . Ial

Consider a 15-state Markov Chailn with transition matrix

(1) () (3) (4) (5) (6) {7 (8) (9)(10)(11) (12) (13) (14) (15)

4 .00 L5 : S
.3 .6/.5 o
.3 .4 .0
. 0 1. 1
O
.5 0
.0 .0 .0
.0 .0 .0
= o | . e3 s .0
: . O 2 .5 .0
; 1.5 .07 .0
.o .0 1.
- . A? |
O i O
ecurrent states

,"___._—

O

. o o O O

o © o o o o o

.0
0 .0
[}

00 .10 L0
.0 .0 .0
| ,
L0 .0 .2
.0 .1 .0
0 ;..0 A0
;.0 .0 .1
.40 L6
.6 .0 .0
.0 .2 .07

or in its abbreviated partitioned form,

P, 0 O L
| =
i -
g0 P, 0. 1L,
' |
0.0l
0 0 0 Q]

states

' transient .,

(L)
(2)
(3)

@

. (3)

(6)

(7) -

(8)

- {(9)

(10)
(11)

- (12)

a3) -

(14)
15)
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"

= (20/89 ' 45/89 24/89)"

" Matrix B :
o

Matrix Alz

. . . ) m .
The limitd A = lim A = 1im(%z Pi) © will be in the form

ing

By equation (IV.11) B, = O.

The eigenvector of P, for Q= 1, is v, = (20,45,24) .

l’

Normalizing it so that its entries sum up to uq}ty yields,

re

- ‘ . ¢

Therefore, by equation (IV.12)

Matrix A

The

s

r
r

-A%: [vl 'vl-

2!

. the form P. =

Iy
=

oy

S

d

20/89 20/89 20/89

iy

vl= 45/89  45/89  5/89
24/89 *  24/89  24/89

. 1s eyelic with period d=2, begéhse it is in
0 Cl_

¢, © | R

The matrix P2

5 = ~where; the diagonal blocks are

-

squaré mafrices. By-Frobenius theorem tﬁere are two elgen-
values,,f}lzl“and )2= -1, ‘on the unit circle. The other y
eigenvalue must, by Frobenius theorem again, be equil to

l{':ero. For if '}\3:{—-0 is eigenvalue of P2 tht%n, —_'}\3 must ‘as

_well be an eigenvalue of ¥,, which.is not possible.
. - - Q‘ ) ) . . Lt ’

.eiéenégifof for J=1 1s found to be v, = (% & b
;o . . o

- L

- 27
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Therefore ;
S A
A, =8 & 3 ‘
T
00
| | ¢, |
Matrix A3: The matrix P3: CZ‘O 0 has symmetric eigenvalues by means
0 C3 0

of rotation by 27T /3. Therefore, it has three simple eigen-
-values on the unit' circle and the remaining three are zero

because P3 is a singular matrix ( it has three identical

columns }.

The normalized eigenvector of P3 for D= 1 4s found to be

vy = (1/5 2/15 19/150 16/150_ 1/10  1/3)'

and A3 = [v33v3,v3,v3,v3,v3] - ( 6%6 .matri? {
, 25 3 15
Matrix (I-Qo)_l:. It is found to be ‘ E%; 15 15 9 and by (IV.13)
' ¥ - 3 3 15

we derive

¢

-1 3
Matrix Bl"AlLl‘I_Qo) = 55 [5vl,5vl,3vl]

-
s

- ._l .
- -Q )% = .8 =0
Matrix Bz_.Asz(I 90)2}* = 0 since L,
— o I
-, ;;:‘."\
. __.‘;hn‘ -1
Matrix BT AL, (1) = 3 vy, 7v5,13v.).

Since A is a transition matrix, the columns of 'Bl,Bz;B3 fust. sum

-

to unity and, indeed, théy do so. "
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In the above numerical example, the recurrent class blocks Pl,P2
and P3 have periods 1,2, and 3, respectively. We recall that the period
of an 1irreducible transition matrix coincides with the number of its unit

magnitudé eigenvalues. Thus, the power sequence {Pm}_ is asymptotically

<n

periodic with period d¢=6 and, of course, does not -converge as m—w@ .

._,/ r.,\

el L

)
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IV.5. Concluding Remarks.

We have identified the sfudy of transition matrix powers with the
» -
stedy of transition probabilities between any two states and in any finite

numbertof time-steps. We haver proven that the powers 'Pm;mzl,z,.. of a

transition matrix P are asymptotically periodic, i.e. they consist of
N . ) . )
a periodic component and another one which converges to sdro as m—>® .

In the case where the period 1s unity then, the powers converge.”

1

Ig has been also shown that the average transition matrix

L o
m - gg,P jm=1,2,... lalways converges as m~»® and we derived ana--

lytical formulas for the computation of this 1limit. If the original tran=..
sition matrix P has converging power sequence then, the two limits o

coincide. On the other hand if the original matrix has not converging

power series then, in the long run, i.e. for number of time-steps large

- enough, the average transixion matrices can serve as a substitute of the’

\
oscillating powers of the original matriife

2

‘By the numerical example of the section IV 4, it has been. illustrated“

that the enalyticel formulas, for the evaluation of A = lim —-:E:P are

~ computationally éfmplel Furthermore, by computing” A oné by—pasSeS.;he_

- problem of the existencﬁ of lim P" which,;if exists, 18 A.

\ P i

2 e
Ay
- x

The dominant mafhematical toncept which is used in this chapter is

the spectrum of a transition ma {ix. The-position of the eigenvalues of

\lﬁlane deﬁermines completely its asym-

ptotic behavior. C . . : -

a“transition matrix in the comple

\

b
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CHAPTEK V. . MARKOV CHAIN AGGREGATES

V.l. Introduction. . ' ' . ‘ A

In the previous chapters III and IV sbme?probabilistic properties of

the stationary discrete-time finite-state Markov chains were presented. The:’
- <

study focused on the investigation of the transition matrices which com-

ko

pletely des#ribe_tbe evolution of such systems in time. Here we will
consider a finite Markov Chain Agpgregate A;‘{Zi, 22,. . ’ZNE which,
as defined in section II.Q, is a finite set of finite-state Markov

chains haviﬁg common transition matrix for allnits:members. An MCA is

completely described by a non-negative integer vector, called state-

vector of the:MCA, whose coordinates denote the”nuﬁﬂer of the MCA

-

members in the corresponding state. . : o

The MCA, as a mathematical model, can describe numerous real-life
processes ‘in the fields of engineering,economicé, biology, genefics etc.
The main analytical problem one has to study is that, given the state-

vector xo = x(to) at some initial time ts,'the value of the state-

vector x(t) should be pfédicted at any pogbt‘in time t;:to. 0f course,

~since an MCA is a stochastic syatem th%?prediction of its-state-vector

will be obfained by means of its expectancﬁ and itsrdispeision around
thls expectancy, measured by its variance-covariance matrix. These two

statistical parameters are shown in section V.2 to be dependent on the
initiad state-vector and the transition matrix from the initial time t,
o _ '
t¢ the final time €3>t _in question. : T )
'Q

33
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In particular, when an MCA is stationary'Ehen there exlsts some

P(t—to for any tx L,

fixed transition matrix P such that, P(t,to) =

4

In such cases, there are some interesting, from the practical point of
. et

view, limit properties of the MCA statistical parameters, which are

presented -in the section v.3.

o

~
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V.2, Expectincy and Variance-Covariance Matrix of MCA.

Consider a finite Markov Chain Aggregate of either ﬁiscrete oT

continuous—-time and with finite state-space § —{1;...,ﬁ}, Let N21 be

the MCA's number of membeﬂs..Furthermére, let

R() = (x ()%, (0) 0 ooy () seZE | A

‘denote its state-vector at time tjzto, where, to is some given initial

point in time. Loy

The following gropositioﬁ refefg\ya\gge evaluation of the statis-

i

. tical parameters of the.state-vwector x(t) in terms of the initialjﬁ

" gtate—-vector and the transition matrix P(t,;o).

1 -
Y

TH.10. Let A={Zl, 22,. .y lel} be an MCA with given initial state-

vector X, = x(tO) and’ transition matrix P(t,to) ;gz;;o.

: . . e W /

The expected valué .and variance-covariance matrix of ;he state-
vector x(t), at any point‘iﬁ:time lzato, are given by

3

; : ‘ \
: S, : ;

ELx(t)) x_ 1 = F’(t,_to)j;,‘ x | (v.1)
var[x(e) | X, 1= diag[P(t,to) xé] _-" P(t,t;) diaé‘{xoj P(t,t:_a)'_ (-V.Z)

¢

Note: Given a vector V = (vl,...,v )' then, by the notation diag[v]
' we mean the diagonal matrix with the corresponding coordinates

of v 1ocated along its main diagonal



of technical convenience. é

A = gal,...,aj,...,an) : ;

—68—- Lo ‘ ,\
. . {

¢

Proof: Before we proceede we will introduce some notations for reasopns
; E "

'Let us denote the given initial state-vector by

the final state-vector at txt = by A - - ' -

x = (xl,l..,xi,...,gn)'

and finally, the transition matrix by P(t,to)“— P :h(pij)

.

If we pick a particular state .jéS then, the ‘aj members of ‘the
MCA beidg in state -j .at time k

o will be diq}ributéd among the states
[ I ' '

i=l,...,n according to a. mulﬁinomial distribution with probabilities

plj""’pij""’pnj’ i.e. the Sntries of the 'jith"column of the transi-.
tion matrix P = (ﬁij). Let_the‘nonnnegdtive integer vector g
‘ . ‘ g T ‘ N . ’
= e EYETE} H S ' [ T V.3
Yj - (ylj 1 & ’yiJ H lgnj) jE ) . ( ) -'

:

denote this-distribﬂtioﬁ;.i.e. yij denotes the number of t@e MCA

" members which are at state i at tdme tz:td and whose initial state was j.
s ) - . ;

n : - - i
: = i = . . ' " V.4
Obviously, lZ__:i yij = éj‘ -3 =1, ,0 E | (V.4)
,..{‘ ’ ' Lol 7

By its definition, the state-vector x = x(t) 1s given by the vector
sum :

n

X = x(t) = 20y Y ! (V.5
J=l j | \ L - .



First, we notice that the vectors Yj 3j=1,...,n are pairwise

stochastically indepedene. Also, as stated above, these vectors are

multinomially distributed‘with parameters aj and;'pl.,...“phj.
] nJy.

(AN M

Their erpected values and varianceucovariance‘metrices are given by

Sverdrup 21 ,vol Z,pp. 41 42 to be for an§ j=1,,;.,n

E[yj] Za, (pl ,---.,p )'= aqul (v.5)

Var[yj] - E[(Yj_djp )(y ~2,p )‘J— ay diag[p 1- aJ pjpi

N )

where, aj (scalar) 1s the j—th ,eoordinate of the initial state-vector

-and p,:(pig,ﬁ;.,pn.)', considered as a columnhvector, is the j-th
column of thewiransition matrix P = P(t,t ). : -

- €

From identity (V:5) and equation (V.6) we derive

'ﬁ[x] = F[yj]-—ZZa p - : : ‘”L .
. . =t . . . .

et

,,-—

or, in maLrix form

'E[r] =P (a senead Y'l= P x n ' {

,l

A )
Thus, the equation (V. l) is proven to be valid. This resdlt could be

obtained by simpler means and Can he considered as- well known. However,
e

as stated by (V. 2), can bd-

J

the variance—covariance matrix equation

» -

e : |
considered as a cbntribution df/:he present investlgation. f
. B / -“.-
ey - ;
. ‘ ) 5
Using identity (V.?)’and equation (V.l) we derive .
i c &
) -_)—'a—- -
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tl

E[(x - E[x1 )\E‘:‘EEEKT) '] = .
A n
E[(Z ¥y - Zajpj Z. - Thopytl =

Varfx]

9]

L YR R A
=F[Jz;i(y ~84P )(yk-'kpk)'] =
= ZEE[ (Yj —a.p )(Yk kpk) ] S \

Ji fal
and by'stochastic-indepéqenée-of the fectors yj;j=l,... n
- Varlx] lbecomeé‘.‘
v nz .
Varlx] = El(y,~a.p, -a.p.)'] =
2 u .
Z rfy ] ' S

diaglp,] - - ' R
iﬁa ‘légp Za{}j ‘ _ . 3

~ . o 4 - 4

"n

' the first term in the above expression can take the form
. 6 ' . . . o 1.1‘7‘-

jqu = dlagE-:Ea .3 = éiag[? xo]

} ﬁ: ) diag[p ] = Zdiag[a
Also we nnte ‘that the j- th ‘column of P can be glven by the matrix

expression pj =l? e where, ej is the‘unit vector along its * j-th

. 3 : _
l\f . coordinate,.i e. ej=(0,..,l,..,0);'. ~ A ‘ )
. s ’ ’ :
;
Hence a, Za Pe e'P' = P (Za e,e') P! 4
’ Z pj BTRR I I RETR AN
et . ' | PR
{ but, ‘ajéjei —is'an;\nxn matrix being everywhere zero ‘except at its’
. diagonal enqry (i,3j) where it assumes value ai. ihefefdte,
% :Z: a.e ej diag[x ] A : : L el
s . B S
thus,(‘Var[x]- diagEP X - P diag{x ] P‘ - Q?E.D;|
Lt ! . | :
| A { . ‘ \
’ L] - L@ \ -
- BN



P

V.J, The. Stationary Discrete-Time MCA.

In the spe01al‘case where, the members of the MCA are stationary
discrete-time Markov chalns the?,,the.transition matrix P(t,to) depends
only on the difference ‘t;to > 0 where, the;integers to and t are the

initial and final time, respectiveiy.-For~Téasons of convenience, there-
fore, we can set t&:O while, the final ‘time t50,1,2;... Furthermoré,
. ;:_‘F:. -] .

the transition matrix P(t,O)':Pt for any t=0,1,... where, P 1is the
single time-step transitfon matrix (see section 1I.2 ). Thus, equations

(V.1) and (V.2) become

(O = Elx(o) ] x(t0)=x0] S '4-;&',;_9,1,2,._.. o .'(v.io;
Var[x(t)| x(t %:xs] diag[Ptx ]‘f Pt diag[x ] P't ;t=0,1 s (V 1)

By/fheorem TH. 8 (chapter IV) the power sequernce {P } ts asympto-

)

ticallw periodic with period dz1 determined by the’ structure ‘of ‘P and
its uni%y magnitudebeigenvalues.‘That is, the matrix P for any integer

t>1, can be written in the form

‘o i — =

PP ot est e s1,2,00 “ 7 (V;12]
wheféj' Cti'd CF for some integer di;l and .all t:i,2;...
whi_lé‘,‘ S —>LO] as t—»o. o " i - : e

. "o . ' ’ ‘ ! ;

| . . \ i N p'
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Bj'substitution af (V.12) into the{ equations (V.10) aq% (v.11),

' ¢

we derive that expected value and varianqe—covariancé'matrix of the MCA

. state~vector x(t) are asymptotically periodic, like the {:Pt} sequence,ﬂ\‘

with the same period d =1. Of course, period d=1.-means convergence.

. For the further investigation of the asymptotic behavior of the

' i . L _
MCA state-vector, we first introduce some motations = -

y
i

Let. P be In its canonical form

1

3 L] i
/| l - ..' 1
: R Y
Bz ' : ¢ e (v.13)
L 0 ' ! .
where, P ,...,Pk aIE'irreduciblé transition matrices of orders

to the recurrent classes with

[

e sl igépéetively. and correspond

) - - * M 3 i
dl,...,dkE:l number of eigenvalues of unit magnitude, rgspectlvely.

o - S . -

We recall that Pl,...,Pk a\s,asymptotically perigdic with pe:ipdg/ .
oS o : ' .

dl""’dk’ respectively. Also, the matrix PQWOf,OFSFr n0::0 c;t:vi:r.es—'°

ponds to the set of the transient stated.

h w
L
L

The ﬁowérs of P, for any integer t>1, are in the form
AN . : . . .

-

o S ¢ Y
Pl : o Ll .
v oo L .
I AR O ~ - S
Pt - ] Pk' Fk | -. | - . (V.IQ);
¥ s [o]

= " ' i :.‘ - . "\-\—“—'
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We partition the state-vector

x(t) in the folloﬁing_way

1
x (t) ) : ¢
- k . v
x(t)=}x (t) it = 0,1,2,.. (v.15)
x°(t) ' |
) 1 . k o} . .
where, x (t),..,x (£),x (£) are colum vectors, of dimensions
nl,... T, resPectively, and each of them,contains the coordinates
of the states of x{t) which belong to the communication class 1,...,k,0,
respectively. -
y ; <In particular, we denote this partition for the initial state-
“ vector by " -
x(0) = ! ] '. (V.16)

Finally, we introduce the following notation

. matrix formed.by a given vector v'

-

1’ ! L v _ 0
3'1? = diag(v) = v

¢

for the;diagénal.'

éi(vl,..;ivn)

T

1
i
Lo
]

- oy -

Bﬁ-substitution of (Y;lﬁ};{le$) qnd'(V.l6) iﬁtg ﬁEF\equatidﬁgj

{(V.10) and tvfll) we derive

itn . S
o e
L



.and (V418) in éheir limit form However, since P ——b-O as t—=o0, for

74 ¢
- N\
1 R R - (t), ] ST
—— . P ) \.,.7 )
. lylft @1 o -
Y . . . - "
x(t) = E[X(t) lx(to):xo] = (t) (V.:l'?).
t 3
L Poyo ’
uf
, t At ]
) S RAL!
L N ) L . L
Vqr[;(t)' x(t d=x ]::x(t) S - U P NS LA
°° - 0 | '
. * pbo~ lt Ty
. L Fo Yoo |
. (t) A (t)\.‘ ey A (t).-- (£) » ’;tf
ot et et Yol T Yelo |
- () ~ (t) : (e) ~ _(t) (t) s 2 I
BTt L B YR e Yofo | (vas
o (t) o e (t),
y e P yo 1. ) AR PO’yOLk | 0

- The limits, hs‘t4ﬁba’, of the'aﬁove 1mﬁolved matrix blocks do not

_always exist. Thefefore we cannot consider, in general equatLons (v. 17)

’

i

‘large enough fime"t - the gbove equatlonsibake~the simpler forms _

Lt
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' [ ()] i
i : P
- TSRS A
.X(t) = E[x(t)lx(t )=x ] = "t' {t) x(for large t) (v.19)
ot ° Py + I 7, R
N T | 0 v
e
t. t 1
P ' i
| B RS °
- | == Lt t " L
Vs = - ' — . ¥ e 1
ae[x(e)]x(eox ] = x6) e b O
o ‘ e L - 0 t 0 O"
i [ (o) (‘) o (..t).. 1 . S
- \\‘\‘ t t T ) ét)' . " -
| ;\ B TR L S 7 o 0 - -
’ O N (o R ST O Y {5 T, (fo-. large €)  (V.20)
_ s b Yol :
\. 0 P 0 0 .
) .
 From the'gbove eqﬁations we can derive a few useful conclusiohs.
If we assume that y0=Q, i.e. no Egﬁbér of the MCA was initially on any
- S Sl T R T -
 transient state, thgn Ewo‘states my and m, bglgﬁgigg;ggﬁgiﬁéegept._
.communication classes are stdchasticélly'indepqg;;nt,'i.e.
- . . | T —
| ef (0 - Elx (0]) G0 - Bl (0DT =0 gorall e=1,2,000
S 1- 1~ L2 2 : ; . ‘ S
. : ° M _.__’4/ N !
. . - N I} .{:’3
This result can be derived from (V.18) if we "set Y= 0. Therefore, the‘
'-' ' . K A . , -~ -‘? . - . ‘ i 'L__/
" correlation betyeén any two' states from different communication classeg’
. . .- ' - _T_ . / -.\ .
- . . ~ . » . A .
is ipduced by thejexiéfence of some members of the MCA ingﬁome—trapsienF

o

L
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e v

- states. Otherwisé; such correlation is zero.

- i . ‘[ . . . :
Consider now the case where the limit iim P* exists.Let us denote

) _ _ tewm
it by i - : o
” A By .
%im pt=" | e . . , B
- L . . - -
, ; A, B . §
v PR R - o .U

'~ - We recall that Ai :-[vi,:..,vi] ;i = 1,...,k, where, v, is the

i

3

]

. unique eigenﬁectbr of Pi;i = 1,...,k corresponding to its eigenvalue

. ) !
")z;'(equation (Iv.12}).
P

-

Define the scalars N, = 1! ;i=1,...,k, which are the Eotal.nUmber
1 74 L

. of the MCA members in the recurrent classes i=l,...,k, respectively.

It can be easily Ve:ified that™
A = N, v 3i'=1,...,k

i = ‘i‘vivi 31 = i,...,k.‘ S

N - .. 4

. ‘— A ' .
an@ Ai Y A N

Therefore,'theﬁlimits as t :tenﬁs to infin@ty take the form
By . - . .
LY.y, R .

b

o \ \ Nl .'
\'- ' .

‘x(®) = lim x(t) =
ta»o

.

»

LRI




\
<L - Lo i
and = . o . ' . : o _ LT e
. . | ; .
N(Vl Vlvl? .00
s SRR S
var| x(eo) | x T = S - :
. [( )l 0] ‘ bO N N (,‘;\-v v' 0
. ‘ o TR Tk Rk
‘ L (O S 0 0 |
B . ... 0 0. v '
B,y ) ‘ _ ; Q}\yc By - - B Y, B 0
' A I S B N - :
o . . .. B 0 . <ot . o~ '
4 (B,y,) , B Vg By sv o BLY B O (v.23)
oo bo o o 0| o . . 0 o

~

The above equations can be interpreted in an’ easy way. For

i .
example, consider the m-th state taken from the n—th\recurrenL class

. . . & v ’ ’
R '/ - ( lsﬁlfli?. Let“vn = (an""’vnm""? be the j 1 eigeqxector of

the corresponding irreducible transition matrix P , and xm(aml be the
number of the MCA members\in this state as %t_ tends to infinit;\Tsee

notation (v.15)). Clearly, X (oo) is a random variable with expectancy
4 ' %

- s : ' ‘ ) . . . ' . ' \
P—ﬁq—‘*“‘zp{(m)}_ N v +-§:b Y, f : - o - ) -4 A

. T . _ . ‘ o
where, Summation aver -izl,...,no is taken with respect--to all coordi-
nates of'fhe fransieﬁt initial staﬁefvector' Yo» and the coefficients
. . R oy : ' . . . X ' N ' a ) , B\‘
bl,..n,h,_“,are taken from the appropriate Fow of the matrix. |1

ba} . - " - -
0 Lt - . R . -

. | _ () . 4 . Bk

b & . ‘ : ‘ T : . . 0 -

. Its variancé from equation (V.23). is computed to be . ' . \-k\\
o I ] . _ A Co .
oY . . Lo . ' . . . X ‘- . ‘ . 'r.



s

Var[x;(OO)'xo] R

.-is.additive, and non-negative as can.be easily cheéked.

L7a-

Nn(vnm vnm> + :%:(biyoi_ bi yoi) =

= ”Nn vnm(l - vnm) +'z;:biyoi(l - bi)

Therefore, the transient initial state-vector Y, "contributes",

-

-~

inlgeneral{ to the'expeétancy as well as’the dispersion'around éhis

r

)

.gxpectancy,‘i.e. the varilance, of any recurrent state. This contribution

A=

. - o
FR P . . )

-

Examglé:u Consider the case of one recurrent and cone transient class. of

L kS
an MCA with transition matrix §
4 ’ . .

-

Pz ul _l % K . o
o Q ] .
- T u )
Furthefmore, éésume,thrt Pl'has only the 3= 1 eigenvalue of magnitude
unity. Thus, lim'Pt' efxists. ' .
- {-»00 .
i Let go}ﬁ (yll’yp2"7"yol’y02":f)| be the injtial“state—vector

of the MCA,-Qhereu D AVIEEE correspond to the recurrent states and

Y10 Yoo correspond to the transient ones.

ot
- Denote the 1lim P~ by
ol i

where, Al = [vl’°'f’yl] fqr"vl bei§g Fﬁé- %=1 eigenvector of Al._u

- Also. by equationt gﬁy.ls) B, 1is in_;he form B1 :[vl,..u,yl] (not

AN 1

hecesSﬁrily with the same number of columns as Ai has).
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.

ot ' C ) i .

If we define//ﬁ = E;'yli + Z; Yoi? i.e. N is the total number of the MCAJ
, T ‘ ‘

!

_members, we derive from equations (V.22) and (9.23)
. oo \‘{ .

E[X(W)‘ X.O]: [I:I_\_f:[:} £ - ' . ‘ | . _ v
| 0 . . .

ﬁ( v, — v, v! A -
Vqr[x(a3)|xo]'= L. ti f‘{ <:

L

{

Therefore, as time t tends to infinity the étate-véétor x(t) is
éxbected to become indepedent of the initial state-vector in terms of !

its two statistical parameters, namely, its ekpectancy and its variance-
. . " ¥
. covariance matrix. /
’ ’ ‘ ‘ .
. ) . : \
‘Nffierical application:  Let it be N
B . Y

2 1/3 ' 1/2 . ,
1/ /30 2| J
1 . [ ; . .
Pwii/z  2/3 ' 14} = |F1 Ry
_— e — = - —_— . _- ey = }
0 o . 1/6 RIS B
l .
: 1 | N _ ;
which yields; vy = 2/5 o T y :
¥ 13/ ' \ii . -
R ' ] AN ’ o

1Therefore, if N denotes thernumbér of the MCA members it is found

J

r

. \ . S & :

- ) “l2/5 . ' . ‘ ‘ 1 -1, 0

( - + _ . . ‘: . N . -w .

'~ E["(‘”)] = Nig/s while, Va_r'[x((n )]_ = %N -1 1 o
o -+ ¢ - - dbo o o

3 L)

1) We cén‘plhim'with'cértainty that no member of-fhe_MCA will eventﬁall?'bé

—_

in state 3. ° .

. . - ) 5
’ -

o -
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' -
' : ’

-

2) We ekﬁect, eventually, 407 of the members of the MCA to be. in state|l

and 607 in state 2. These expectations are accompanied'by a standard

,
deviation VG_N/S for both statés 1 and 2.7

A

—

In order to visualize the practical ﬁéaning of these results we will

establish some confidence intervals for the-state variable .xl(u>).

.}: ‘ B '
"By Tshebysheff's lemma (see Uspensky, pp.182) 41f u is a non-negative

random Fariable with expected value T then,
o L

7

P'r{u é-ﬁt2;}>l. - for any tx>1.
. e

P
and t = 2

= : o . , )
Setting u= ¢ xl(oo)— E[xl((xf_)] )‘ = (xl(ao) - 2N/5J) .

w
- we derive S N

Pi:-‘{ %, (@) - aw/sfg 2»/6—N/5} .75
. ¥ S )

which means that with probabiii;y.more than 757 xltq’)'Will be within ‘

‘ the interval (2(N—fg§)7§/, 2(N4Vg§)]55. The shown table presénts-at the

confidence level, at least, 757 the lower and upper bound of 7x1(00) for

various values'of N. In a similar way one

N . -Lower Upper .
y - c ) can treat the state variable. xz(m).
6. 0 4.8 - | g
¥ K .
26 ° 4.8 lh.40 -
£ 600 216 . 264 S
60,000 23,760 24,240 : E SO
‘ ' ' /_‘ F : ) o . . v
/ 1,
/l ”
, .
q.



sitions can be seen, with minor modifications, that are valid for countably

CHAPTER CONCLUSTI.0N.S ‘
» X . .

- '

In chapter IT we defined the concepts of Markov system, Markeov chain

and Markov chain agpgregate. The term "Markov Chain Aggregate" is introduced

b

. for the f&r§t time and we hope it is descriptive enough. to survive the test

. ’

P

of time-.l ’ o }

_Iﬁ chapters III and IV we itudied the canonical form of transition’

the tran-+
o

*

hat'ices_(actually,‘ﬁon—negativé) and the asymptotic behavfbr-of

s;ti matrix powers. The spéctrum of a transition matr{x, consisting of its
. - . ] -

-eigemvalues, plays a determinant role on the asymptotic. behavior of the .

i,
",

transition matrix powers. HoweveET we treated the finite-state case only.
. ) ‘ .

-

It should be interésting to extedd all these results to the countably infi~ . .

nite number of states case. As a matter of fact, some of the stated propo-

v

. R . - ;.‘" . . . R . . ‘ \ -
infinite number of states. . '

r
[y

In chapter V we just touched -the Subjeét_of'Markov Chain Aggregates.

S |

We believe that the MCA can model many reai—lif¢ qupemsk Thus, it is a
\ _ S ' _ A o N
useful mdthematical tool for practical purposes. and applicatilons.
. . . 1Y

A,
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A.l. Motivation - ' o )

~

Probability theory mainly uses two apbroaches. The-first,

-called the relative frequency approach is based on the ,idea that

fawn

. the Probability of an event is the relative frequency of EQ}S

ﬂf event in ltS 1imit as it was introduced by vori ses 16] in 1915
. The Second called‘the axiomatic approach, is ba%ed on the abstract

notion Of probability as introduced by Kolmogorov[lB] in 1933.

Kolmogorov called probabilitvhmeasure a reqlnvalued function,

defined on a G—algebra {or, Borel—field),'assuminq-values "in

13
_f the closed interval [O{ﬂ , and satisfying a certain sct of
¢ . .

i axioms This approaqh is called axiomatic because ‘the existencc
; ‘ of probability-measures is pqsfulated Its axioms do not make

-any 1nference as to how probabilities are obtained and computed .

but asstimes them to be knOWn.,'

"i ’ "Lﬂ ° .
#\_; There is no logical inconSistency between the two aoproaches.

. To~day both are valid and thc qencral impression is that if one .

" has tO'estimate prohability measures he has to use the von Mises

o -

definitipn. However,,if probabilit‘r measures are, or can be-
- assumetho-be,known then . the most appropriate_apbroach is;the‘
axiomatic-one."The~attractivenessrof the axioﬁatic_approach lies’
at,

with a few axiéigz:éne can cover in a-general

){)ﬂ' form .all mathematical prooerties of what one is. supposed to call

-/ . 1n the fact

-

e probability "On tbe ‘other hand the weakness Ofbffig‘abFESiS?

. . . . ) L2 . Tlem
]
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T . ‘ gy * _,'i

~ lies in the”fact that Kolmogorov axioms are incomplete as he

‘ himself has staéed (see 13, PP 1z 4). Therefore, working with

{} an incomplete system of. a%ioms we' are bound to eventually
( B
I\\commlt logical inconsistenciles. The(}%Eérature on probabllity -u““\,

l

. theory contains certain tvees of lodigal iékonsistenciés and

fué\Will‘indicate some of themf-

‘Many authors to-day define probabilitv sﬁace to bhe the

triple (S,Tﬂﬁ) u%ere, S is ejther known as sampleisoace or

i state~space; ¥ is a Borel fleld or. G%algebra defin;g on Sr and &
W is a probubilicy measure function d?fined"on ¥ . If the
rriple (S,?ﬁpiy,as outlined aoove, is meautito r;;resent some -

F=N
-

thing of the surrouuding world, even 1n on abstract arnd general
form, two thinqc are implied: - . | ﬁ\‘;
_(a) There must exist some entity or okject to which S,f'akﬁ Fl
¢ are referred. | —
(b} For any measurable 'set (or event) Eef its probability
méusureruust have the usual meaning that one intuitively 4
attaches tq p;obabilities. In other word%&“the probability
must oe a number that ntifiés 5 ohonomenon‘of randomness and
ohance o/ ‘ : | : l\;

'The probability space in the form;of the tripie (s, ¥ H)

is an abstract structure and as such does not explicitly

|

involve the notion of chance and rgudomness. There is nothing
wrong with this approcg; provided that one retains logical con-
' Cop r . | . | . o . r{\
“" ) : - . "/. .
.\ g =
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for the preci e reason that it 1nvolves onlv sets and manoinus

uérobabi;istic concepts can Qe rigorously defined. our . method

' random variables and processes etc. we will review the whole

erty, attribute, status value etc. for the points of the

-83=
. ' ‘]

“ ! e

sistency. To be spéﬁific,/the probability -space ig\described

. . , ‘
by two ‘sets § and ¥, and a mavping M. Its definition is rigorous

3

Any additionfl concept must be defined .along. these lines, i.e.

4
it muet be defihed as elther a set or a mapping, Otherwise,

i . ; : ' . . C e
one cormits logical inconsistency. This type of inconsistencyv

is not unusual in the literature of Drobabilitv For examﬁle;

most of the te<tbooks on 3robahilitv theory or auplications

3
start with sets, . G—algebras, probability-measures etc Suadenlv

their style changes and’ concepts like outcome, ewoeriment,

random variable or function etc. are introduced on an entirely

intuitive basis or are not defined at all.and are left as self-
- ) : ¢ . {
evident concepts. : ' . ) N

‘In this disgusgibn\it is intended to illustrate that

1

will be the axiomatic one. However, since Kolmogorov's axioms
v y o -

were not meant to induce‘qfncepts?like'stbchastic systems,

conceptual structure related to the notion of probability.

. . \‘-
First we postulate the existencqpof the background ,

populatiOn and the state—space. The background ‘population is

"a set and its points are all the objects under study. The

: =M . - ' -. ’
state-space is another set whege points represent some prop- .
C

™

background‘popﬁlatiqn. Any ﬁapping frow the background

o
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)

popylation into the state-space is defined to be an experiment

Yy
-

or’bbservation We add to our list the concept of a d—algebra'

or Borel- field defln%d on thc qtate—space ItSVAeflnltiOn - is

\1\ . -LJ
the standard mathematlcal one ) '

Second, the existence of a countable set of experiments,

»

called experiment space, is postulated. The éuadruple consisting
of the background population, the state-space, the Betel—field
and the experiment space is referred to es a‘szétem.'If'ajgtten
system 1lnduces probability measgures, in'a'wa§ that resembles‘

relative freguency convergence, then the system is called’

,stochastic\and is representeé'as'a quintuple consistinq'ef'the

underlying system quadruple together with the class of the proba-

Eility measures,

——

[+

F -
Third, for a given stochastic system we define certpip:

{1 mappings, induced by the system, and we call them random variables.
e . - f :

Similariy, the concept of random process is introduced as a

special dase’'of a random variahle,

!

J , . ' ’ .
Finally,'as a means of application_these\Epnpepts are used

" to define the concept of conditional probability. | .

i . .
From the above outline it -is evident that we integrate (or

~ H ) s [*3 . !
at least, attemipt to ) the von-Mises and Kolmogorov, approaches

with respect to the definitions of probabilistic concepts. The
benefits of such an undertakigg is that rigor is us%f to deflne

what 1is usuallv left to one's free discretion.

\\ ? . a | ‘ - -
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As we stated our approach is axiomatic. Incidentally
however, it appeals to intuition as Yell. Our orxginal ohjective
. . &
was to think along abstract lines but, in order to review the

probabilistic logical structure, we had to appeal to intuition

and this was proven ?ery‘fruitful.




N . : ' \
" be the "population" of these machines. Another example could

" -ae;d

. . . Ty .
A.2% Background Populatifon, State-Space and Fxperiment
: N M : te

¥

-~

: .
- Any study has its subject which isAeither a concrete or

an abstract object. Also it might be- a single object or many

) objects either finite in number or infinite For exampzé,.

L]

assume that we: are ihterested in the machines of an industrial

plant. The subject, thereforef of our attention and study will

be a E/;ticle observed at each point in time t=0. If we denote
the particle by ."p" then our attent%bn is focussedcon p in con--
junction with any t 0. Therefore, the subject of_ouf study

constitutes the set of tuples (p,t) for all t =z0. Note that the

.firsttekamp;é,involves a finite number of obijects, while the
. " : . :/ . . N n

second, considers an uncountable'nﬁmber of them.

=0

In abstract é?d general terms ‘'we can say that any study has -

‘as its subjegtxyhe points of a non—empty set B which we call ‘o

—

“background population

Once a background popuiation is given, the ohvioud.question

N

arises: "What do we want toﬁdo‘with itz?"

-

In all cases we/mttach to the members of the background popu-

o

lation charagteristics, attributes, properties or status values.

For example, we say machine % has-. accumulated y hours of operationf

Y

or We'say machine x pr' uces the w type of produc_ or both Also

Ay say particle at time t is located on posi ﬂon x etc.

v . h ".\\

A\
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Again in abstract terms we can say that .in “condunction

with the backgronnd population one has available a non-empty set

. §, called "State-Space” or "Sample-Space", whose~foints represent

the characteristics, attributes etc.fof-the members of the hack-
N . - L]

ground population.

Weado‘not impose ahy restriction on the ahove described sete
except that theyAmust‘be non~empty. However, the above etatementf
were not intended to be formal defipitions of B and S,‘nut mere&§
to expiain_thejintuitrﬁe\asgects of their introduction. Formally,

their existence is simply postulated as follows:

Definition 1: Let B be a ndnfempti set which will be called
"background population” and S be anather non-empty set'whign‘
; i ) ' -
will be.called "State-Space" or "Sample-Space”
L

The link between thejbackgrouﬁﬁupopulation and the state-

. k) I A ) . N .
space is the "experiment" or "observation". For example, if we y
SR 1 - o

plck a particular machine we can ohtain from the 1ndustr1al

plant's records the Information as to how many hours of operation-
~ : _A-;;’
this. machine has accumulated Thus, when we make an observatlon AL

(=

or an experiment we associate with each member(point) of Qhe_ o
\ [

background population.a.pbint of the state-space. For'example,

we say particle "p“ at time "t" 1s in .the position "x". Clearly, -

an experiment or observation is a mapping from B into % and as,

‘such is. formalLy défined as. follows-
'



S —

-~ . " 4
Definition 2: Giveﬁ-backgrbund pooulatibﬁ B and stateispace S
S _ ace

we call experlment or, observation any mapnlnq 'e'B¥b9 ‘ .

Also for any be B the image e(b),will be’ called outcome of the

experiment e for the point b.

In the llterature, *the background population is usually 1mp11ed
rather than expllcitly stated. One can see that the concept of the
- experiment cannot be deflned as a mapping Enless the hackground: .
population is,egplicitl§ introduced.‘wé shoqld emphasize tﬁat,
the nonjexélicit definition of the background‘population often
leads to ambigpities; This-is due to.the dowble rQle pla&ed by‘
the points of the etate—space. FiretE as descrlblnq sOme pronerty

. of some‘impligﬁ subject -and second, as outcomes of Dartlcular

experiments and-obhservations.
‘ L
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A.3. . Borel-Field, Rvents.

' i . ! 4

-Th%e eeétiqn presents the mathematical concept of the "Borel-~

field“‘or_"d-algebra". In order to introduce it in a natural way
/

»

we will proceede‘with the following example: ‘ : .

Let the background population B be the set of. the machlnes

in an industrial plant and the state—space S be the set of non-
f

negative real numbers indicating accumulated hours in operation.

r

In practibe, one is seldom interested in the exacEJvalue of the
' Ay : , A

accumullated hours of operation. Rather, one tis usually interested

-

) "knowing—the interval within which the accumulated”hours of

peration fall .In other words, if h denotes the hours of

operation of a.given machine we are intereated'whetherH0$41<].OOO

or 1,000€h<2,000 etc, Therefore, we can partitionfthe_stateh“
space S:{ h]real and hﬁZQ} 'intq brackets as illustrated by the
folloming figure: C

. . \I\ \ r . Y T . T v R

Lo AL000 A3,000 A3poe

., - ’—’ . . " .
. If we consider ‘a collection' f-of subsets of S consistinq of

. the empty set and any uméon of the above defined brackets; this

cot*ectton—of—subsets_of_S.is_a s-algebra or a Borel- field on-S.

" ——

’in its most simple structure, Later we will, for completenese

‘ sake, give the mathematlcal definition of a Borelafield - At the N

moment, we emphasize the fact that we could choose 2,000 hour’

a
brackets to form a different Borelefleld on S. Similarly, we

LY
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\ S » | | 0
could make the number of bracketa finite by taking'the last
bracket to be, for example; from lOO 000 to infinity, or even
choose brackets of unequal 51ze, e.qg. (0, 255] 255, 1097] ..etc.
In all these cases, however, we end up with a collectlon af
suhsets of S which in ﬁatheﬁatical-terns is a ©-algebra or a

Borel-field on SijThus,‘it_is illustrated that a Borel-field’

.

defined on a state-séace S 1s, generally, an optlon among alter-
natives. The choice of a certain auch option is dictated by
intuition. Intuition helps onée to form the proper collection:
of subeets of §, called events, that are relevant to his problem

at hand. Those subsets Jf the state-space that-are excluded from

‘l

being events are of no interest and it is meaningless to attach
a probkability measure;to any of them.

e - ~
" 1,

o ’ we include.here the standard

——

For purpose of completeness,

c

E t definition of as Borel~ field.

. ‘Given a set S, Borel -field or ﬂ5—algebra on S is a collection
7§ 5f subsets of S having the following propertiesi (a) Sef
i.e."S itself is a member of the coilection (event) : (b) If E (\

\

belongs to the collection so does its complement Ec, i.e. Eef’

”implie? E e§ (c) if coun ably many E, /E2,.,. belong to the

+“

—— collection so does their union Lf Ei‘
_ﬁ_ﬁ_____ﬁ_“_‘_b‘

' From~the above definition one can erive—the-following simple
v . . -*_E_L_n_"-—__

[ - . \ s .
concAuSidns: 1}). The empty set belongsto the wollection f, since
‘ ) o

sC=g; 2) For Ei,Eg,;;e ¥ their complements Ef;Egt...e'fy thus,

.- .



-
e

-91-

their union \_}Eie.f and its complement, r\F e;d In words, the
1 el

intersection of countably many members of the collection belonqs

to the coliection.

; We summarize the above discussion into the following:

Definition 3: Given a atateASpace S, and ffa Borelvfie%ﬁ ( oxr

) e . R f-’ . '
G ~alggbra ) op‘s,-the members of f will be called "events" or -~

A3

"Borel-sets" .

We have chosen above a simple bracket type of Borel fleld
in order to make clear its intuitive aspects, However, “there are -

Borel—fields very commonly used which‘are mere complex than the

above simple ones.,

el ~
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A.4d . Experiment ‘Space, System,

The theory of probability is a branch' of applied mathematics

.dealiog with the effects of "chance'

'. The word chance is often
1 B

used 1n everyday langlage without precise meaning. Its exact ’

L

characterization_ggs‘caused debate and helongs 1n the realm of
'philosophy. In order to‘inclﬁde probability within tha scope-of
mathematics we must proceed with the inttoductioﬁ of a certaln
set of awloms, Wthh captures all the essential features of what
“we intend to call "chance". Kolmogorov dld exactly this, He set
'ﬁp e set'of_axioms for the probability measures which tetminated
amoiguitles and‘mishses of ian@uage We 1ntend to rqﬁpect his
consistent logital structure of axioms, Nevertheless, we will \
postulate not the Brobabilité measures themseIVes, Instead we

- Y, .
will ‘move one step back and postulate the existence of an entity

‘Q

which induces them in a way such that Kolmogorov's axioms axre’
satisfied., This eptity contains "all the information one has

obtained from experience on a particular system,

We -assert that lack of experience cannot vield probability

measures,

W

For example, it is meaningless for us to talh about the proha-
hility of an 1nhabitant of Mars having three legs, since hhere is

no experience or data to drawv upon. On the other hand, usually the



probablllty that a certain face of ardie,‘if it is cast, Qill
% ‘ T :
turn, un is meaningful. To illustrate that the meaningfulness
of 'such probability its induced by experiencehand ohsefvatﬁone,
co£5tder the case of qg?eometricallﬁ unéymmetrical die,'ft is
obvious that in this'caée'we cannot attach,to‘any\of/the?die
face a probability urless we first cast the die for at least

a few hundred or thousand times and record the outcomes., How-

! v
!

ever, if the die is symmetrical often we do not perform expe-

£~

riments in order to estimate the probabilities in question.

'Instead, we ‘assume” all faces equiprobable, and this is.enough
to declare the probability for each face to turn.ﬁﬁ as /6.
5 . . C :

Actually, in this case we simplv guess, what would be the results

! L)

of experiments, which as a matter of routine we should perform.
’\ Tt * -

Thus, our "assumption", simply, assists.us to state results of

some experience in its potential form rather than actual one.

N |
The above examples did not intend to prove or completely

r

justify our assertione This assertion is as old as” the concept

of probability, and its investigation belongs to the domain
L)

Qf philosophy However, if it is accepted it becomes clear that,
we need. a certaﬁ\ m%thematical entity which contains all “the

o necessary information. in order to be able to induce and qenerate

/‘—\-,.

{///;robability measures. The existence of such an entzty is postulated

in the fo%&owlng definition and is called ”experiment space"

- .
. ’ 4

n h ) -
’ . l. /
. B i .
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A

\Deflnitlon 4: Given a hacquound Dopulatlon B a state ~space

-

2
2
4

S, and a Borel flelﬂ(} on 5, we call the quadruple == (B s § V)l

a system, where, V_{e,,ez,...} is a countahle set of ehperiments

ei:B—ﬂ-S ;i=1,2,... and 1is célled'enperiment space.‘
¢ ' )
‘"Since-v consists of experiments'or ebsetvationen it~ié indeed
b - . ‘
an entity containing information obteined from experience. The
experiment 5pace is fequireq to eentaig‘countablyﬂmany experiments,
Tecﬁnigilly; th%s ceuntability offers:qreat_conveniences which

will become clear in section RA.5, where we consider seqguences of

relative ftequencies. Perhaps, V can be generalized to be just

p;

any infinite-set of‘experimenté, elther countakle or uncountable.-

However, for most applications this further complexity seems

-

unnecessary. This is due to the&fact that most of the state- —

spaces 1n practlce are separable spaces,{l ., they contain a.
CSﬁntable dense subset ' . ) o
For example, con51der ScR the real line‘equioned with the
Euclldean metric tppology Also let the" Borel ried ¥—on R con51sts
of- all open sets, closed eete, their couqtahle qnions, and their

countable intersections. quppose now that the experiment space
consists of experiments 1,60 .00, whose outcomes ei(h) 11=1,2,..,
- for any peintxb'et'the baekgroune PEpul%tiO”? are 7ationél real.
numbers. Sihce the eet‘of rationais is countabie'and also is\

dense in R then, countable experiments can, in principle, ‘cover

denseléhthe real line. Furth@rmore, any fixed rational number

L



. . . v
. , . Ce
-,

can be the outcome of countably manv experiments for a given
_pOlnt b €B. This pronerty of the real line to contain a count—-

. able dense Subset is possessed by many other ‘'spaces. Such -spaces

- are called separable and:we can mention:‘the n—dimensional
Euclidean spaces (ria]_)} the'space of all continuous real- -

valued funCtions deflned on any clased interval [a,a’l ClR the
v ¥

p N p:zl )(fpaces and others, Thus, from the engineering point

of ‘view the countabllity of the experiment space does not limit

its-capability for any practical purpose.

The éoncept of the systenl Z=(B,S, 5 ,V) was introduced for two
. ///,
///reasons Flrst for reason of brevitv, From now on we will refer
3

to the "system 22 (B S, )" " instead of defining each of its
elements B,s,f,v separately. Second, fthis definition of a "systen
incorporates the most primitive strugture, but complete. We have

the object of study" which is B its description which is S and

» P

information recorded in V Finally, £ expresses the list. of pre~-

¢ -

ferred events to be consldered, Actually, we even have a _topologs

AT’ on the state—Space S, which 1s the strongest topology-oh S

contained in ¥, ‘ . . v, . ::
" In the next sectilion we.willviﬁtroduce the concept qQf the
'probabilityfmeasures- as numerical quantities which are'induceg

by a certain: type. of systems,-called stochastic. Probability

Cu



comfortably explain certain paradoxes in pfébabilitf théory.
For exaﬁplé, the Bertrand's paradéx,uih which different pro-
babilities are estimated fpr the "same" event (see Papoulis
[lﬂ',pp.“l}~12)ngan beueasilg resolved. It is clear'thét first,
one has.go défine the system as. is, supposedly,’ implied by
the proﬁlém:s statgmént.AIt turns §u£ that the statement o

the Bertrand's parédox‘problem allqws, b§ deductiye logicyfthe
Qonstruction of mére.th;n one expe;iment space. Thué, one

can define more than one “"system" which‘tprn out to be sto-
chastic and each of them inaucgs a probability fOf-ﬁE$ event in
.question. fhere is no reason that all these probahilities

"
should be the same.and indeed they are not. .
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" A.5. Probability Measure Functions, Stoch®tic Systems.

-~ . . ' :
In this section we use ghe concept_of a system, as defined

e : . -
previously; and we define relative frequencies as in von-Mises

approach. Under the conditdion that these relative frequencies
.converge we derive probability measures, i.e. the limits of

the relative frequencies satisfy the Kolmogorov's. axioms.

Consider a system ZkﬂB,S,jﬂV}. Let> the characteristic
eV

functions fy +f2,... corresponding to eachfexperiment €y 1@ ¢ vy

1
be defined by

) 1 if e;(b) €E
£, (bvE) .= | o
0-  ptherwise" . ¢

) -

for all beB and Ee€#§. ,

=’

Given an exXperiment e;eV, a point_in'the background population
. [l . T,
beB, and an event E€# then, the number. £, (b,E) is an

indicator whéther or not the outcome ei(b) falls within the
fat)

: n
event Ec§ . Furthermore, if we form the sum ‘éggfi(b,E)‘for
any integer n2>1, this sum is a'nOn;nggatiﬁe integer, not-
exceeding n, and is the frequéncy with which the event "Eﬁi—.
occurs in tﬁe first "n" experiments of the expériment spaéé
and for the point beB.

Now we can define the relative.frequencies, _
n : v
p—
r (b,E) = —Ill—iz:fi(b,E) t for all beB, and Eej
l B3 B }

—

' ’
o



" ' T . '

Cle;rly, the relative frequencies are non-negativ? real,ﬁhm\
bers not exceeding unity. However, as n incrééses and tends

to infinitydfhé relative freguencies rn(b,E) ;for all beB,
and Ee§¥ do not néceésarily.converqe._Fbr example, fhere might
'be a trend fér some of them towards 5 for.the first 1,000
eXperiments. Beyoqd these experimants-the'trénd might switch
towards .% for the next million experimenté}lénd switch back
to 2 or to any other number eté._ &evertﬁeless{ Fhe concept
of probability is b&seé~on_the‘assumption that there exist °
systems in which relative frequencies converge. Such systems
are known as probabilistic'or stoch;stic.rln order to be

-

_ P I~ , :
indepedent from phildéophical considerations we define:

A~

Definition 5: A system 2=(B,S,$,V) is called $Stochastic or

probabilistié if for'all bk B and Eef the lﬁmit of the

relative frequency -

L . o " A

1im Efi(b,n)

n-~oo n iy

-

|
i

n -

lim r (b,E} = W (E) }
exists. This limit Pb(E) will be called "probability[iaﬁ\}

the event [Ecf  for the point bEB".
Consider now a stochastic system ;E:(B,S,fjv) with
PEJE) the associated probabilities, as defined above, for
.each. 5 €B and Ec§ . If we concentrate on a:particular taG?Fm=

we' can define the mapping 7 Fb:i-—+[O,I] where,_.yb(E) image

of Pb for any Eef is the probability for this event.
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N . T
One can easily verify that the mapping Pb is a probability

measure,. i.e. it sat}sfiés the'Kolﬁogorov‘s axioms:
(1) 0SP (ERS1 for 411 Eef .
! ' ’ : ¥ . :
(11) p(s) = 1 and My ¢‘) =0 :
(iii) Pb(EJEi) = g;da(Ei). for any pa1rw1se mutually exclu-'

sive events. .y Ep,... i.e. E, {'\E Qﬁ for i#3j.-

{”

- ‘_’.‘

The above discussion allows us to define M :{Pbl b ¢ B}
7

the ciass of the progebilify measure functions aesociated with
%?Stochastic system ZZ:(B,é,f:V)._If the Peekgrodn& populapion
is a one—poin£ set then, M consists of only éﬁe such ‘mapping.

The same is'valid when all Qoints of the Qackgréﬁnd‘ﬁopulatioﬁJ .
have common prbbabiiity measure functions, This i1s the most

common case in theﬁHiterature of ;robability theory and appliJ‘

cations. However, when we say that a system is stochastic, by

deflnitlon, we assume that M.{Pbl b(&B} ex1sts and therefore,N‘

, it}is reasonable to call stochastic system the quintuple

:SS=(B,S,?:V,M). We prefer to give éb«%his quintuple a separate

name iike, "pfobability space”

In the 1i brature, "probability space" is'called a triple
in the form 4}“9) where, S is “the sample—space,f is a Borel-

v o

fieid on S:andfv is a prebability measure function on §
In fact, this triple is not far away from the gmintuple we sug-

gested above. In the literature, B is assumed to be a Slngle~ o

" point set and therefore,is-implied in the tr;ple notatlon (S,J,p)

- : > .
\ . o ' #u— .

_". -
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. . ) . \ ‘ «
r, %eu;ya}ently, can.be omitted from the quintuple *ZES. Also, .

for the same reason, M consists of only one.mapping, i.e. M:{H}

where, *{: Pb' for the single point b €B. Hence, we can re-
place, in this case, M by }Ai However, the only completely new

1tem.4£ our qulntuple Z%s is the experiment space V.

To summarize the abOVe dlscusslon we define:

L
At

-l

.Definition 6: If X =(B,S,f.v) is a stochastic system with

-

= {Fbl b EB} the class of the probability measure functions

which'are,_by{définition; associated nith the . system E,

we‘call~the quintuple' ESS = (B,S,;:V,M) a‘probability space.‘

k]

( .
Given a stochastlc: system Z. then by-definition its ex~

periment space V! generates 1ts class of ﬁrobabilit measure
/,ﬁ ( y

N <

functions M. One ¢ould, perhapsy argue that we do not need anye'

Xy

_q

more the experiment space V. Its purpose of 1ntroductlon has;
_ RN :
perhaps, already. been fulfilled. This argument has some\merit

>

but, is not conpletely true. The exberiment space 1is further
needed for the introduction of ahﬁeﬁ more.probabilist%e cencepts.
bn the other hand \Y and M can be seen as equlvalent or rather
cpnjugate concepts, in the sense.that one can bhe- assumed as
being generated or induced by'the other. By definition of the

stochastic system, given V;}t.inauces M. Cgnversely, given M,

) . Ll L, 1 .
one could, in principle, induce an experiment space V by, for

o

" example, stochastic simulation. In the light of.these arguments

v,
M,
W
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both V and M can enﬁoy egual “status 1n the probablllty space,
and both are useful in pﬁbﬁ;blllty theory -Perhaps, they are
not used both at the same time,” but, the“éame is true w1th the

the electric current and the electric charge in the theory of

elec%ricity.
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A.6. Random- Variable and Random Process.

T _

~—

Here we sha%& define the concept of the random variablé and the random

process using the prev1ousiy 1ntroduced concept of probabillty spacg

/

2% (B S J vV, M), Papoulis (pp. 85-88) defines the random variable in the

following way. He associates with each experiment "e” a point in the state-

space x{e). Thus, he constructs a mapping "x" from the eiperiment space:
£ T : H

into the state-space, which he defines to be a random variagie.

In our terminclogy, given a sfochastic system EL:(B,S;f:V) it
induces, by defiﬁition, a probapiliéy space 2::'(B,S!f;V,M). For each
point ‘beB of the'backggéund population B and eacﬁ experiment eeV of
the expé?iment\space V' we can assoclate a point of the state-space, say

#(b,e), which is the outcome of e for the point b, i.e.

” -

x(b,e) = e(b) for all beB and e€V

Clearly, this defines a mapping from the Cartesian product  BxV into the

state-space S3 . x:B»V—>=S. This mapping x 1s said to be a random vari-

able, and, .since it is a direct pfoduct of the system 2., we can call it

thé underlying random variable of the stochastic'system ja.JFurthermdre,

given any b €B and event Ee ¥, we call "probability of event E for the

random variable x at btiﬁ” the probabilfity measure Fb(E), and we denote

this by ' '

+

r{x(b)EE} :'.Pb(E) - for any beB and Ec§ . e



',",f’{gjaefined by (fex)(b,e) = f£(x(b, e)): for all bep and e eV,

o

~103- 0 .

Tepa
1

i

4

» Intuitively speaking, if we fix the point of interest in’the pack-

groupq.populagion beB Ehen, for each performed experiment e€V thgrc’//

-

-

- ' . (P
exists a definite value for -the, so-called, underlying rqgﬂom”?ariable.

However, a random variable 1s supposed to be an Qntity assuning values
/

- .

on the state-space in a, cﬁ;nce manner, /This randomness and chance is
_,/"’ ( "

_expressed in terms of th%/assﬁiiated probability measure PB(E) for

. ~ _ ‘
each event Eef. - "

For a certain stochastic system we hgve derivéd above a well-pre-

scribed mapping called‘underlying‘random variable. Actually, we can
! . .
generate many more random variables via measurable mapgings from the

state-space 1nto any other arbitrary space. . ' -

£ Consider a pfobability space E%:(Bgs,ijv,n) and its underlying

random variable x:BxV—S. Also, consider an& measurable mapping from

the state-space $ into some set Q
ol . fi5—Q . Y

- - P
where, there is defined on Q<3 Borel—field fq. We rccaIl that a

V
*

mapping f:5—=Q 1is measurable if for every event E € f the inverse
~ . )
image fT(Eq)E f, 1.e. f (Eq)e f for all EqE fé.*ﬂhg composite mapping

. fex: BxV—(

Furtﬁerﬁbre, we can associate with each point Qf the background popuiﬁhi?n
1 \ .

— i . . o A .
b€ B and each event qufq the probabillity measure Pb(f (Eq)), which
. Q 1 -

is well—dafined because f ' 1is measurable. We denote this by the expressilon
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- - N _ ] - 7 —1 . B l ~
Pr { (fox) (b)e_Eq‘ = Pr {x(b) € %J(Eq)} = l-lb(f (Eq)) for all- b€ B; El'le }q.
) -
. ' " . N '
Such a composite mapping fex is.cal}ed, traditionally, random function
. . - v 1

and recently, simply random variable. Thedtraditfdnéi term random function is

{ . * ' . : N
more descriptive and is popular in practical fields of science. However, the
q ‘ ; ‘
term 'random variable ie preferred by mathematicians since there 1is no founda-

: e 5
mental difference between thése two concepts.

In concldsion, any measurable mapping defined on S induces a composite
mappiﬁg v = fox from the Cartesian product BV into the range Q of f.

Furthermd%e, for each event qutﬁ. and each beB we can assogiate a pro-

bability measure. We called any such mapping random variable.

1

To clarify the above discussion we will give a simple example.

t

.

Examgle: Consider a backg%ound‘pdpulation consisting of two dice labelled,

~~ - . - i -
for purpose of identification, "a%sand "b",.i.e. B ;{a,b} . Clearly, the
state~§bace is 8§ = {1,2,3,4,5,6} consisting of the #ix labels of the six
faces for each die. The Borel-field ?'is the power set of 3. Thatuis, any’
~ . . .
subset of S 1s consldéred to be an event. Let V be an experiment space. that
induces équal probaBilities .for each face.of cach die. That means,
} a
p dih = p b = 1/6 for all faces i=1,2,3,4,5,6es-
. ~ *
Clearly, we have defined the prob&bility space E: “(B,S,$,V,M) where,
M = {Ph’Pb} ponsists of tbe two probi?ility measure functions, one ﬁor_‘
each die, which incidentaliy,are equal.
~ L
- - i ; '
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« ,.

Consider now the following mapping f from,S ingo Ehe set Q :.{W,L5

'

defined by
W if i =1or b6 . o
£(d) —_-{ ‘ . J
LU if 1=2,3,4or5 '
Such mapping could be defined, for example, by @fans of a game. That- is, b
. . & ) . :

one wins (W) 1if the;face of any die turns to be 1 oz 6, otherwise, he

loses (L). Let f- the Borel-field on Q be its power sét consisting of the
q
sets &, {w}, {L} Q. The inverse images of all events. in Q under f are

{l 6} {2 3,4 5} S which are events in S. Therefore, f is a measurable
7
mapplng

The underlying random variable x is the m1pping x: B:V—8§ such

-

that, given‘Lne of the two dice, say "a", and an experiment e eV then, (
“the image =x(a,e) = e{a), i.e. it is the outcome of this particular (/
experiment e for the die a. ‘ Ty

On the other hand, with-any event Aﬁegv we associate the probability

measure denoted by

N E Ty pE) = _}l dibh = 21/5
However, for the random variable fex, -defined by the measurable
map;zin_g £, for each event qug we associate probability
| pr {(£oxy )<E; }= prfxta) e £}
‘Specifically, . | '
“for =B Pr{(fex) (aye@)= prixla)e £ (cb)} =
| = prix@)ed}= b ($) = )
for £ =} pef(sex) (@)efWlf= Prix(a) e £ ‘b= | | -
; Pr{x(a)e{l e}} 1/6 + 1/6 = 2/6 = 1/3
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—_—
\

. ; Y ) -
for Eq:{L}"UPr{(fo)(a)G{L}} - Pr{x(a)e fﬂ({l})} _
- Pr{x(a)E{Z 3,4 S}}— 46 = 2/3
finally, for £ =0 ={w, L} it >se1ds, "'Pr{(fox) (a)eql = 1.

The associated probabilities with the events {W} {win) and;{L} (lose)
-~ ) r '\'J '
have a clear intuitive-intevpretatione .
A . ' . [4

¢

A special type of a random variable is.the random process. The term

o

process is used to specify "time" involvement in the structure of the

system in question. Specifically, a system is called a process if its

background population is a time set l,e. a set whose p01nt5‘specify time
N, -

and as such it can be the real line, any subset . of the real line or, in o
.I:-I'

more abstract terms,any totally ordered- set The term process 1s, simply,
desgriptive and thereqis no mathematical significance in the dlstinction

between a system , in general, and a process '.-It is customary to use
. S \
the expression !'let x(t) be a random processﬂ, which means that, fon\
each point in time t and an.experiment. e the random process assume%
. i, * ' . ' |

value x(t)(e) = e(t). dn the other hand,“given an event E, then' tha, --T\ 1

Cd
probability .Pr{x(t)e E} is meaningful for each point in time t. -

¢ 1
o . .- '

—
=
%

<o

s
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A.7.. Conditional 'Probability.

In any contemporary textbook of_probability-theory, the definition

of the conditionaliprobability is given as follows: o

T
q . :
Given g‘non—null event E€f, i.e. of probability measure non-zero,

- . L ad !
the probability measure fudctiop }‘h on f, such that,
. w(ENE,) L
l»lESE) = —_———P . ‘ for ail E.ej ,

s

¥
is called conditional on E, probability measure on . Also, the probabi-

lity measure P&(E) for any event E; is,often denoted by Pr{ElEo}, and
. . AY,

~

called, probability of the event E conditional to the occurence of' Ege 0y
. ? This definition requires the "i?égnditional" probability measures
: _ S ;

*A(E) ‘Eef to be meaningfui and defined. Howevef, there are systems 1in

which* the unconditional probability measures are not defined while- the
conditional,ones are. Some of the Markovian systems are,_for example, of
this nature. Clearly, for-these cases, the above definition canngt be used.
On the‘other ﬁand, for such systems we still maintain the term "conditionai
probaoility". Thus ; we. are elther logically inconsistent or, at least,

ambiguooé. In order to remove this fallacy, one must elther altef)the

-~
f

definition of conditional ofobability ot do not call conditional probabi-
lities those for which their unconditional ones are not defined. We prefer E R
the first alternatilve, i.e. redefine the comcept in question in a way that

does not inﬁolve the concept of_uﬁconditional prooability.

I
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Given a system >z= (B,S r,\!),'nof"necessarily‘stochast:"'ic, consider

a non—empty subset bf the background populatlon ACB, and an event, other

-

than the empty, L ei I‘urther select from the experiment space V those

experiments ~ e €V whose outcomes fall in E, for all the points of A,

A\
'

i.e. e(b)eE £y all

V' V'(A,E,) = {e ev

3
P

b € ASB. Denote this selection by

: e(b) € E, for all beacBY, {

Clearlv V’/ is a set-of experimen‘t;and ifit is not finite, i.e.

s

it is a éourrta‘ble’ set of experiments, wq can form tl_ie system

==X (A ) = (8,5,5,V") . o

The she'hb figure 11lust

-

o N

rates the suggested above selection of experiments,

.

From V = {el ,Eﬁz +822C4

outcomes in E, for all

. \ .
es,..} we form V' ,{ez,e3,e4,.. } which all have

!
the points of AcB. | L

~

<
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We can briefly describe t;be suggested selection of experiments by
saying: experiment space V' is fmaned under the condition (A,E o) on V',

—Similarly, the system X'= ‘.E.‘(A E ) is said "-to be formed by ‘the condition R
-Jx,Eo).

i »
-

u

Definition 7: Given system Z= (B,S, ;V) if, under condition (A, L)

for some ACB and' E,ef, the formed system 'E;' b (A Eo) is stochastic
then, the induced probability measure Pb’ biaB are called probability
measures conditional on (A,E,). Also, for any event Ee¥F and beB we

call” ‘*b(E) the probability of E conditionar‘on (A,onu.h

The above definition expresses formally what one understands as
]

conditional probability function from the intuitive point: of view. To

illustrate this, comsider the following:

.Example: Le§5systEm %= (T,R,f:V) where, the background population is
o _ . )
the time set T and the state-space is the real line ‘R. o

Consider A.;-{to},.consisting ofhone point of time, and Eo

some event on R, We sélect the experiments from V under the condition

'(toonj to form the set of experiments
v'.—.v'_(‘to,Eo)-e'{'e ev i e(ty ) € Eo } |

If we assume that V‘ is an infinite set of experiments, and also that the
system }E' ! (t“,E ):— (T, R },V ) is stochastic, then it induces proba—
bility measures P (E) ; for all t:GT and Ee} The quintuple (T, R J V,M)

is J‘probability space, where M :{P&: te'r} is the class of probability

LY
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a4 &
be the underlﬁing random variable of this

measures. Let x: T=V'—R
probability space for which the expression Pr{g(t)e E} is meaningful
for‘any teT and any event Ee.} In order to emphasize the fact that

these probabilities-aré.meaningfdl with respect to the condition (t,,E;)

we denote them by the expression

Pr{x(t)e El x(t;)E Eo} for éll t €T and Eef

which is the usual notation for conditional probabilities,:

One notices that the above definition of conditional -probability
does not involve tﬁs;unconditioqal one. Furthermore if the uncondltional
probabilities exist,ahf’ﬂéfinition does qgt’f@quire the event L, to be

non-null. To illustrate this consider/the following:
& e

Example: Consider the system (B,S,}:V), such‘t?at,

B ={b}, i.e. it is one-point background population,

il

o~

S {1 2 3} with its power'set as the system's Borel-fileld 5, .

and V 1is assumed to be given with the following property
For every large enough integer n, among the first © experiments of the

experiment space V ‘there exist n/3 experiments with outcome 1€35 and

v
4

2n/3 experiments with outcomes 2€8.

Our systeﬁ i&“clearly stéchaétic with probability measures

pad = pdzp =0 amd b =
because for o experiments the relative frequencies fgr events {l} and {

e BL2.

and _2__’ respactively, and they tend to zero as n-»00 ,
n S . - )

3n 3n A
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If we choose _{l %} the standard definition of conditional on E,
probabllity cannot be used, since Eq is a null set ( }A(EO) 0. However

using the above definition, we select from V these experiments whose out-
comes are either 1 or 2. From every n® experiments there will be selected
n such experiments ( nz1 ). Thus, as n tends to infinity we extract from

V countably many sueclr experiments to form an experiment space V'. The derived

system w(B,S,},V') is clearly stocﬁhstic with conditional probabilities

pE({lb- /3, lLE({z‘p=z/3 pg{a})
The ‘intuitive interpretation of these probabilities is clear For exanple}
‘A%S{i}) = 1/3 neans that, among all experiments with outcome either 1 or 2
ont» out of every three has outcome Iv

:

Tinally, we should point out that in the case where both definitions %
are ,valid, the numekical values of both conditional probabilities derived

‘from the standard definition and the above one,: coincide

f

.

We terminate our discussion here although we could use our approach

to define a few more probabilistic concepts. For example, the concepts of
— ,.I . . - . .
joint and marginal distributions. However, our purpose was- to introduce

formalized version of the relative frequency approach and we feel that

Aour objective has already been met. In chapter 1T of this study, we intro-

/
|

duce the concept of a Markovian system The definitionsoof system, stochastl
system and conditional probability are used there. WithOut the material of

this appendix we would be forced to carelessly imply certain things which

in our opinion, cannot be implied but explicitly snéted and explained.

'

..b()
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Append&§ B: A FORTRAN . program to arrange square matrices

. ‘? in their canonical form.
- - ‘

Based on the material of chapter III, it is ‘'written MPOWER, a

FORTRAN program in order‘to arrange a transitlion matrix in its”
canonical form. Complete 1isting of the program is presented here
as well ag.the results of the example treated in chapter IIL

One should note_that lthough the program was written for:

transition mytrices, MPOWER can treat any square matrix as explained

in chapter II.
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2 DIMEMEION TRC15:15) |

TYPE 201 .
201 FORMATC 1% ~TYFE ORLER DF BATRIA 7»E S
: GUCERPT S02sN . .
/202 FORMATCORY - / AT
l: -
- Do S I=1sN | (‘
DD S J=1sM o
5 TRCI s =0,
‘ TVYFE 202 B o
20z FORMATC 147 TWPE OHE-EY-DOHE ALL pOM-TERD EMIRIETS -
f 1¥s 1M THE FOEM: (ROWs LTOLUTT CVRALIE Y </ :

B 1% sEDW=RacORUMHED BILLE TERMBHATE THELT: /0
C g ' SO -
i CRCCERT Z00 1Lk

ENY FOFMAT (35 ;
CIF{IeJ.EG.0) 50 TO 190
TRCT 3 d=x o

. snToE . . . =
17 CEUTINE .
o - | .

”cﬁLL MPCWER Y TR M) b
STOP -
£hh -
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SUBSOUT INE MPDMEE(TRQN) S, .

$uEPDUTIH: TC HHPIr“LHTE NDh NEHH,I ‘E :oﬁqFE MHT#IV‘?TF (M # n)

"15T TO COMFUTE AL FFINT THE Thn DF FDwEﬂ OF TR P TO ITE D ‘TIE
S TO DERIVE RECUFPENT AbD TRANS éﬁ;’rz;)hg__ '

apD TO 30ST CLAZTED. AN FERFFRMSE ITRTETD @RI FEFORT “TR” IM ITZ
CAHOMICAL FORM. : T

MRTE: MATRIN P oI A CDEY-3F-IMFUT MATEIY ‘TR?
. MATRI: B I3 IDEMTIFIED A: Heew1rks ZERG AMD 1GH-ZERD
s -FLENEHT Ol . WAMELY,0 OF 1. MULTS TI0M RLD ALDLTION
ARE CARFLED GUT HI FDLLD“ s D40z s BHI=1o {+1=1, fe 1= 00
Cope1=0s 191=1. o . - .

- IMTEGEF P s TEM ' - ’ .
. DIMEMIION Fni--19--1'1--15)eTEH615?sTR{L53153‘

0 S I=1sM : ‘ ] _

I g J=1:H T _ : b
}/"0 .
IF(HE'kTFfIsJ)).bT 1 E—=J- p=1
PO s de=k . . .
QLT s =0 ‘ ’ : Y

pa &0 M=1sH

COMPUTE MATRICED nepy=Fel +0aH-17 ] WITH mil=e
THEFLFDrEs Qoly=ry mi2r=FaFeRy ETC.

CRTTs COMPUTE (I+#EEHM-1) WHERE Bei-1x 1o STORED IN @

0o r0: I=1a0
pCTaId=1

'NMLTIPLT FoEYV QLB [+G =100 Bno JYDORE 1T I e

o 29 J=1sM
po 15 I=13:H
TEM(I2=0

po 1S J1=lsn
V‘P(Isll“éﬂkilsJ; : . .0
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