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ABSTRACT

The aim of this thesis 1s to present L. Maté's work on
dual representations of multipliers and Banach-module homo-
morphisms. .He showed that if a Banach algebra B has a weak
left (right) identity then the algebra of left (right) ﬁon—
tinuous linear multipliers can be embedded isomorphically
into the second conjugate space B¥¥ of B. Now let W be a
left Banach B-module and suppose B has a quasi-bounded approxi-

mate identity. Let Hom(B, W¥) be the space of all bounded
B -

linear operators T : B + W¥ such that T(ca) = T(c)a for all

a, ¢c e B. Let B @ W be ‘dhe projective (greatest) tensor pro-

duct of B and W. M4té has shown that Hom(B, W¥) is isometri-
B

cally B-isomorphic to (B o W)¥, where B o W is a quotient space
of B® W.

As an application of the representation of Hom(B, W¥) as
B

a conjugate space, we show that the algebra of left (right) con-
tinuous linear multipliers on the algebra tc(H) of trace class
operators is isometrically isomorphic to L(H), the algebra of all

bounded linear operators on a Hilbert space H.

M



INTRODUCTION

The main purpose of this thesis is to give a presenta-

tion of L. MAté's work on dual representations of multipliers

and Banach-module homomorphisms.

Chapter I deals withidefinitiohs and basic properties of
Banach mbdules, (topological) tensor‘products of locally con-
vex spaces and Arens products on the second conjugate space of
a Banach algebra. In Chapter I1I, we sketch L. M4até's work
([7]1, [8]) on the representation of (left, right) continuous
linear multip;iers on a Banach algebra B as elements of the
second conjugate space B¥¥ and moré generally as elements of
the conjugate space of some Banach space.

In Chapter III we present a generalization of the multi-
plier problem as cbnéidered by L. M&té in [9]1. More pirecisely,
let B be a Banach algebra,'w a left Banach B-module and W% its

conjugate space. Let Hom(B, W¥) be the set of all bounded linear
~ B

operators T from B into W¥ such that
T(ca) = T(c)a (c, a € B).

Hom(B, W¥) is a Banach space under the operator bound norm. Let
B .

B & W be the (greatest) projective tensor product of B and W and
let ¢ : B & W > W be given by ¢(a @ w) = aw; ¢ is a continuous
homomorphism. Let B o W = ¢(Bi§ W} normed with the quotient

norm. It follows that if B has a quasi-bounded approximate iden-

tity, then



Hom(B, W¥) = (B o W)¥,
B

We also give necessary and sufficient conditions for

Hom(B, W¥) =z W¥, when W is an essential Banach B-module.
B

Chapter IV is concerned mainly with the applications of

results in Chapter III. For any Banach algebra B, let Mz(B)

be the algebra of all continuous linear left multipliers on B.
We show that'if B is a dual A¥-algebra which is a two-sided
ideal of its completion'and such that B is isometrically B-
isomorphic to the éonjugate space W¥ of a left Banach B-module

W, then Mz(B) i1s isometrically isomorphic to (B o W)¥., From

this 1t follows that if B = tc(H), the algebra of trace class

of operators on Hilbert space H, then Mz(B) is isometrically

isomorphic to L(H), the algebra of all continuous linear opera-

tors on H.



CHAPTER I

PRELIMINARIES

We shall assume that all algebras and vector spaces
under consideration in this thesis are over the complex

field C.

§1. Banach modules.

Let B be a Banach algebra and W a Banach space. W 1s
called a left Banach B-module if it is a left B-module in
thé‘algebraic sense and there is a constant k, such that
“llaw|| < k] lall ||wl|, for all a ¢ B, w ¢ W. Simllarly, we
define a right Banach B-module. If k = 1, we say that W 1is
an isometric Banach B-module. From now on a left (right)
Banach B-module will simply be called a left (right) B-module.

If W is a left B-module then its conjugate space W¥ is
a right B-module; for a € B and w¥ « W¥, we define w¥a by
(w¥a)(x) = w¥(ax), for all x ¢ W. Similarly, W*¥¥ is a left
B-module.

Two left (resp. right) B-modules W, and W, are saild to

be B-isomorphic if there exists an isomorphism ¢ of Wl onto

W, such that ¢ (aw) a¢ (w) (resp. ¢(wa) = ¢(w)é) for all a € B

and w € W.

Lemma (1.1.1). Let B be a Banach algebra and W a left




B-module. Then W can be renormed with an equivalent norm

wlth respect to which 1t is an isometric left B-module.

Proof. [12; p. 452]. By the definition of a left B-
module, there is a positive constant k such that ||aw]|
<kllall |lw]|, for a1l a € B, w ¢ W. Define a new norm

[l*|]*' on W by letting |lw]|*' be the greater of ||w|]| and

sup{||aw|| = a € B, ||a]| < 1}. Then
Hwll < 1wl 2 x| [w]],
so that the norm ||+]||' is equivalent to the given norm ||+|].

Now, for all 0 # a ¢ B, w ¢ W, we have

aw| | *

a
arr = Hyrarr 1
max(| | prayy wll> swpdlloppepp wlls < B, [fp]] < 1N.

But
”TT%IT“” < sup{]|bw|] : b ¢ B, |[b]} < 1} < ||w]]?

(since IITT%TTII = 1)

and

supt | |1122r wll : 1[bl] < 13 < suptlfowll, IIol] < 23 < [lwl]"

sence LBl < [jwiir 1.e. [lawll® < Ilall [Iwll,

for all a ¢ B and w « W. This shows that W with the norm |[|<]]"
is an isometric B-module. This completes the proof.
In view of this result, we shall always assume from now

on that all B-modules are isometric modules.



A net {ea} of elements in B is called a left (resp.
right) approximate identity if e a =+ a (resp. ae  ~ a), for
all a € B. A net {ea} which is both a left and*right appro-

ximate identity is called an approximate identity.

Definition (1.1.2). Let B be a Banach algebra and W a

left B-module. The essential part Wl of W is the closure of

the linear hull of {aw : a € B, w € W}, if -wl' =W, i.e. BW is

dense in W, then W is called an essential left B-module.
If B has a bounded approximate identity Rieffel [12] has
obtained the following necessary and sufficient conditions for

a B-module W toc be essential.

Theorem (1.1.3). Let B be a Banach algebra with a bounded

approximate identity {ea}'and W a left’B—module. Then the follow-

ing statements are equivalent:
(a) W is an essential B-module.

(b) e W * W for every w € W.

(¢c) Given W € W, there exist w' € W and a € B such that

w = aw'.
Proof. See [12; p. 453, Propcsiticn 3.41.

§2. Tensor products.

In the presentation of tensor products in this section we

follow [123] and [14].



Let B and W be vector spaces and let # (B, W) be the
vector space of all bilinear forms £ on B x W, For each
(a, w) € B x W, the mapping Uy w : £ > f(a, w) is a linear
form on 33(13, W) and hence an =lement Ugw of the algebraic
dual A (B, W)*, It is easily seen that the mapping x : (a,w)>u

a,w
of B x W into % (B, W)¥ is bilinear.

Definition (1.2.1). The linear hull of x(B x W) in

ﬁ(B, W)#* is denoted by B @ W and is called the tensor product

of B and W. X is called the canonical bilinear mapping of B X Y
into B ® W.

The element u, . of B® W will be denoted by a ® w, so that

>

each element of B® W is a finite sum YAy

$ (ai ® Wi)’ Whel"e

Ay € C; a; € B, Wy € W. One verifies without difficulty the

following rules:

A(la® w) = (ha) ®OW

a® (Aw) (» e C)

(a1+a2)®w al®w+a2®w

a® (w1+w2) = a@wlfa®w2..‘

Hence each element u ¢ B ® W 1s of the form
ay ® Wy, B € B, w; € W.

One of the principal advantages of tensor products lies



in the fact that they permit us to consider véctor spaces of
bilinear maps as vector spaces of linear maps. More precisely,
1f G is any vector space and u is any element of the vector
space L(B® W, G) of linear mappings from B ® W into G, then
the mapping u »~ u o x is an isomorphism of L(B ® W, G) onto
%R(B, W; G) [14; p. 92, Sec. 6.1].

When B, W and G are locally convex spaces, B ®@ W can be
given a topology in such a way that the correspondence betweer-l
linear mappings u and bilinear mappings u o X preéerves the

continuity. .

Theorem (1.2.2). Let B and W be two locally conveXx spaces

and X the canonical bilinear mapping of B x W into B® W. Then

there is a finest locally convex topology 'rp on B® W under

which x is continuous. If i and 9 are neighborhood bases at
0 in B and W, then the family of convex, circled hulils

{T(U® V) : U eUWU, V e 1. (where U® V = x(U x V)) form a
neighborhood base at 0 for this topology. The algebraic iso-
morchism u -+ u o X maps the space of continuous linear mappings
P (B® W, G) onto the space of continuous bilinear mappings

(B, W; G).

Proof. [13; p. 1321. Denote the family of conveXx, circled -
hulls {T(U@ V) : U eUWU, V e 9 } by %-. Since U and Y are
neighborhood bases at 0 in B and W, it follows that there 1is
a locally convex topology Tp on B® W such that W) is neigh-

borhood base at 0 (ef. [13; P-. 10, Theorem 2]1). Let I be a



O-neighborhood in Tp. Then there is a P(U1<2 Vl) such that

r(u, ® V,) < I, where Uy « U and Ve 9. It follows that
x—l(I) contains U, x V,, so that 1 makes X continuous at O

and consequently continuous everywhere. Now, let T be ény
locally convex topology on B ® W under which x is continuous.
Let O be a T-open set and let x ¢ O. Then there is a convexX,

circled neighborhood M of 0 in T such that x + M < 0. Since

x~ (M) contains a set U x V with U « A and V ¢}, M contains
the convex, circled hull I'(U & V). It follows that

Xx + T(U® V) ¢ 0, and hence O 1is Té—open. Therefore T is the

finest locally convex topology on B ® W under which yx is

continuous.
it is now easily seen that if u is continuous in thie topo-

logy Tp on B® W then u o ¥ is continuous, since the topology

Tp makes ¥ continuous. Conversely, suppose f = u 0 X is con-
tinuous. Let N be a convex, circled O-neighborhood in G. Theq
£~ () contains a O-neighborhood U x V (U € alL, Vv ¢ V) anad
hence u o X (U x V) = u(U ® V) « N. Thus u—l(N).contains U® V.

Since N is convex and circled, it follows that u" T (N) is con-
vex and circled, and hence contains I'(U ® V), which proves the

continuity of u under the topology Tp.



Definition (1.2.3). The topology . of Theorem (1.2.2)

defined on B ® W is called the projective tensor product topo-
logy on B @ W,

Corollary (1.2.4). The dual of B ® W for the projective

topology can be identified with the space (B, W) of all con-
tinuous bilinear forms on B x W.

We shall l1list now several properties of the tensor pro-
duct B ® W, where B and W are hormed linear spaces, which will
be useful to us in this thesis. |

(1) Let U and V be closed unit balls in B and W,- respec—
tively. Then the closure of the convex, circled hull r'(U @ V)
is the closed unit ball in B ® W under the projective topology.

Thus the norm in B ® W is given by

llnll = inf{}z( Ha 1wl :h=12(ak®wk}

(See [13; p. 1371.).

(2) If B and W are complete, it is not in general true
that B ® W is complete. In applications it is often the com-
pletion of the topological tensor product arises (which is
unigque to within isomorphism). We denote this completion ‘py

A Py .
B® W. The elements of B® W can be written as sums of con-

vergent series of the form

8

s ® w. such that Ia |l Hwell < =
k=1 © K k=1 % k

i~

where a; € B and w; € W. (See [13; p. 133]1.).



(3) Let (B ® W)* be the conjugate space of B ®w.
Then for each F e (B @ W)*, we have

HF]]

il

sup{|F(h)| : h e (U ® V)} = sup{|F(h)| : h « x(U, v)}
= sup{|(F o x)(a, w)| : a ¢ U and w « V}.
where U, V are closed unit balls in B and W, respectively.

(_See [13’ p. 137]-)

§3. - Arens products.

Let B be a Banach algebra. Let B¥ and B¥¥ be the first

and second conjugate spaces of B. Arens [1] has defined two
.products on B*;e under which B¥#¥ is a Banach algebra. These
products (henceforth called Arens broductS) are defined 1in
stages as follows: Let X, ¥ € B, f, g ¢ B¥ and F, G « B¥¥,
(1) Define f % x by (f = k)(y) = f(xy); £ # x e B¥.

{(ii) Define G # £ by (G % £)(x) G(f % x); G = [ .« B¥.

(111) Define F % G by (F % G)(f)

F(c # £), F ¥ G « B¥¥,
B*% with the product # will be denocted by (B¥%, %).

(1)' Define X %, f by (x ¥ £)(y) = £(yx); x *1-f e B¥.

]

(1i)' Define f #, F by (f *q ) (x)

1 F(x *q f?; £ o2q ¥ e B¥.,

(iii)' Define F

G by (F ¥ G)(f)

#q G(f % F); F 27 G ¢ BE¥,

1

B¥# with the product #; will be denoted by (B¥¥, *1)-

Tt is easily seen that |[f # x|] < |1l P1xite

lle » £]] < |lall 1£]] ana [IF # G| < |IF}l [lell, similarly

for the other product ¥



When B is embedded canonically into B¥¥ each of the

Arens products agrees with the given product on B £il.

Definition (1.3.1). A Banach algebra B is called Arens

regular if the two Arens products coincide on B¥¥
Hennefeld [5] has given necessary and sufficient condi-

tions for B to be Arens regular which are stated in the

following theorem:

Theorem (1.3.2). Let B be a Banach algebra. Then the

following conditions are equivalent:

(1) B is Arens regular.

(2) For each»F, G ¢ B** and f e B¥, there exists F ,
GB e B : Fa + P and GB > G in the weak¥-topology on B¥¥ such
that

lim 1ém (Fa ® GB)(f) = l%m lim (Fu * GB)(f).

(3) TFor each f e B¥, the mapping Tp B » B* given by

Tf(x) = f # x, X € B 1s weakly compact.
Proof. See [5; p. 117].

Definition (1.3.3). We say that a Banach algebra B has

a weak right identity if there exists a net {ea} in B and a
constant M > 0 such that ||e(‘1|| < M, for all a and

1im f(xea - x) = 0, for all X € B and £ ¢ B¥.
G B



Lemma (1.3.4).

A Banach algebra B has a weak right iden-

tity if and only if (B¥¥, #) has a right identity.

Proof. [2] Suppose B has a weak right identity {ea}
with ||ea|| < M, for all a. Since the natural embedding 7 1is
an isometry of B into B¥¥, we have ||m eull < M, for all a.

Since every closed bounded ball in B¥% is compact in the weak¥*-
topology on B¥¥* [3; p. 423, Lemma 1], there exists a subnet

{eB} of {ea} such that lim T eg = I ¢ B*¥¥ in the weak¥-topology
B

- .

on B¥# [20; p. 161, Theorem 1]. We claim that I is a right
identity of (B¥¥, #). In fact, let £ ¢ B¥ and x ¢ B. Then

(I # £)(x) = I(f * x) = lim (m eR)(f ¥ X) = lém (f = x)(eB)
B ~

- 1im f(xeB) = f(x).
B

Hence I # £ = £, for all f'e R¥, But for F ¢ B¥¥, we have
(F # I)(£) = F(I % £) = F(f) (f ¢ B¥).

Hence

Fs&l=F (F e« B¥¥),

]

Conversely, suppose that (B¥¥, #) has a right identity I.
By Goldstine's Theorem [3; D. 424, Theorem 5], there is a net

{r e } with | |7 eall < |l1]], for all a, 1im 7 e, = Iin
a

the weak¥-topology on B¥#, Since I is a right identity in (B¥¥, #),
for all F e« B¥¥ and f e B¥,

F(£) = (F % I)(£) = F(I & ).
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Hence I # £ = f, for all £ ¢ B¥, Consequently, for all X e B

and £ ¢ B¥, we obtain that

£(x)

(I % £)(x) = I(f = x) = 1lim (w ea)(f ¥ X)
o

1im (£ % x)(e ) = 1im f(xe ).
o o o o

This shows that {ea} is a weak right identity in B. This com-
pletes the proof.

Similarly, we can prove that (B¥¥, *1) has a left identity

if and only if B has a weak left identity.

-

Corollary (1.3.5). I € (B¥*, %) is a right identity if and

only if I % £ = f, for all £ e B¥,

It is easy to see that if B is Arens regular then B has a
weak identity if and only if B¥*¥ has an identity. Thus, in par-
ticular, if B is a B¥-algebra then B is Arens regular and B¥*¥
is a B¥-algebra [2; p. 869, Theorem T7.1], so that B¥¥ has an

identity since B has an approximate identity {e} with e l1=21,

for all o [11l; p. 245, Theorem (4.8.14)7.



CHAPTER II

ARENS PRODUCTS AND MULTIPLIERS

§1. Multipliers.

Definition (2.1.1). Let B be a Banach algebra. ‘A

mapping T from B into itself is called a left (resp. right)
multiplier if

T(xy) = T(x)y (resp. T(xy) = xT(y)),
for all x, y € B.

-

Example. For each a € B define the mapping La : B~ B
(resp. R, : B - B) by La(x) = ax (resp. Ra(X) = xa). Then
L, (resp. Ra) is a left (resp. right) multiplier on B-.

It follows that if B 1is a rommutative Banach algebrz with-
out annihilators or B is a Banach algebra with a bounded (left
or right) approximate identity then every multipnlier (left or
right) on B is a continuous linear operator. (See [219; p. 1132,

Theorem 2.11 and [6]1.) Let Mz(B) (resp. Mr(B)) denote the set

of all continuous linear left (resp. right) multipliers on B.

Mz(B) and Mr(B) are Banach algebras with jdentity under the usual

algebraic operations for operators and the norm given by the

operator bound. Clearly La € Mg(B) and Ra € Mr(B)’ for every

a ¢ B. If B is commutative then Mz(B) = Mr(B)' If B has a
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LU

GO

minimal right (left) approximate 1dentity {ea}_(i.e.

e, || <1, for 211 a) then a >~ L (a+ R q) 1s an isometric -
isomorphism, so that B can be isometrically embedded into M (B)
(M (B)). If B has a left (right) 1dentity then B = M, (B)

(B = Mr(B)) under ﬁhis identification.

- I.et B be a semli-simple commutative Banach algebra and
let B be the algebra of all complex-valued functlons on the

-carrier space QB of B given by the Gelfand representation

(cf. {11]1). Then, for every multiplier T on B, there exists

a .continuous complex-valued function on Qp s such that T(a)(x)
='g(xfg(x), for all a € B and x € Q. In particular, 1f B is

a commutative B¥-algebra, by [11; p. 190, Theorem (4.2.2)1],
the. algebra of multipliers on B is mapped isometrically onto

Cb(QB), the algebra of all bounded contlnuous complex-valued

functions on'QB (see [191]).

§2. Embedding of multipliers_in the secdnd conjugate space.

Let B be a Banach algebra. For each F ¢ B¥¥, the mapping
T : f>F & £, for all f € B, is obviously a continuous linear
operator from B¥* into itself. We say that T is the operator
represented by F. )

If B has a weak right identity, L. M&té [71 has shown

that for every T € Mr(B) there is a F € B¥¥ such that the



conjugate operator T¥%# of T is the operator represented
by F; that is
(F ¢ £)(x) = £(Tx) = (T%f)(x) (x e B, f e B¥).
He also showed that the operator represented by F € B¥¥

is the conjugate operator of a T € Mr(B) if and only if it
is continuous in the weak¥-topology on B¥. Moreover, if

Ti* (1 = 1, 2) is represented by F; « B¥¥ where Ti* is the
conjugate operator of T, « Mr(B)’ then Tl*Tz* is represented

by F, ¥ Fye From this it follows that when B has a weak right

identity then the mapping T -~ F is an algebraic anti-isomorphism

of Mr(B) into B*#. However, if the weak right identity is not
bounded by 1, then this embedding of Mr(B) into B#¥* is not

usually an isometry. In fact, from the inequalilty )

[1F = £/ < [IF]l |1£]], we nave that [[F|] 2 Heel] = HTH
where T* is represented by F. To see that the equaliily does

not necessarily hold, let us consider the subspace B!' of ele-

ments h ¢ B¥ which are represented as follows:

n= 3 £ % xs L HIEdl Hxdl <
k=1 k k? k=1 k k . ?
where f, e B¥, X, € B, k=1,-2, ... . B'is a Banach space

with the norm

8

I o~

llh‘l' = inf{kzl Ilfkl| lek||': h = fk ¥ Xk}'

k=1
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Since ||F{|' = sup{|F(m)| : ||n|]* < 1} < ||F|]|, each
F ¢ B¥* is a bounded linear functional on B', too. We

shall show that if T « Mr(B) and T¥ is represented by F ¢ B¥¥,

then | |F]||® ="]|T||, where ||-||' is the norm on B'¥.

Let T ¢ Mr(B) such that T# is represented by F. Then
for every € > 0 and h ¢ B' there are f, « B¥*, X, € B, k = 1,

2, ... 5 such that

n= Ionoen mma 1AL ind) < HInllr + e
Since
IF()| = |F(_§1 £, % x| = |k§1 P(r, # %)
= Ikzl (F » £,)(x)] = lkzl (T#, ) (%) |
< llT*|| kil e ] Tl < 1zl Ainlle + 5,

it follows that ||F|]' < ||T||. On the other hand, if I e B¥,

l1£]] < 1 and x € B, |1x]] = 1, then
L(T*e)(x)] = |(F &= £)(x)]| = |F(£ + )| < LIFL]YS
so that
izt = LlT*|] < [iFL]e.
Hence

=)
il

LIFL]e .
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.§3. Modified Arens product and multipllers.

In this section we shall conslder the representation of
eontinuous linear right multipliers on a Banach‘algebra with
conditidns other than the condition of having a weak right
identity. Here we follow Maté [81].

Let B be a Banach algebra satisfying the following two

conditions:

Condition 1. B is without a right annihilator.

: ) S -
Condition 2. From f, < B*, X, « B, I |igll ||xk|| < ®

- -] . -]
and ) £, ® X 0 it follows that ) f£,(x.) = 0.
k=1 k k k=1 k*7k
We note that if there 1s a weak right identity in B then

Condition 2 1s clearly satisfied. In fact, let X, € B, £ € B¥*

(- -]
i, 2, ...) such that AN kall < = and
| k=1

(k
Qo -

] £, * %, =0. Since B has a weak right identity, (B¥%, %)
k=1 :

has a right identity I and (I % £)(x) = £(x), for all x ¢ B

and £ ¢ B¥, Hence

k£1 £ (%) = kgl (I # £ (%) = kzl I(E, * %)

'1(0o £ *x)=-i(o)‘=o,
(Lo T F

which shows that B satisfies Conditlon 2. However, Conditions
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1 and 2 together do not imply the condition that B has a
weak right ldentity. As an example of such an algebra B

we have the following: Let G be a compact and non-dlscrete

group. Then LP(G) (1 < p < =) is a Banach algebra which
satisfies Conditions 1 and 2 but has no weak left (right)
identity (see [8]). We shall discuss more fully at the end
of thls section another example of a Banacﬁ algebra having
Conditions 1 and 2, without a weak left (right) identity.
Let w[B] be the canonical image of B in B¥¥, For-each

F ¢ B¥* such that w[B] # F < w[B], let Ty be the operator on

B given by

(1) TF : w(TFX) = 7(x) * F (x € B).
Then Ty € Mr(B)' If (w(x) % F)(f) = 0, for all f ¢ B¥ and
X € B, then TF is the zero operator and

(2) F(Ff # x) = (F % £)(x) = 7n(x)(F # £) = (w(x) ¥ F)(f) = 0.

.Definition (2.3.1). Let B be a Banach algebra. Define Y

to be the linear hull of the set {f # x : £ ¢ B¥, x ¢ B} and

Y!' the orthogonal complement of Y in B¥¥, i.e. ¥yt = {F : F(h) = 0,

h ¢ Y}.
It follows from (2) and Definition (2.3.1) that the opera-

tor T represented by F 1ln the sense (1) is the zero operator 1if

and only if F € yt.
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Lemma (2.3.2).

The following two statements are

equivalent:

(a) B is without a right annihilator.

(b) =[B] n Y© = (0).

Proof. (a) =>(b). Assume (a) and let x_ € B such that
ﬁ(x;) e Y'. Then |
m(x ) (F » x) = (£ % x)(x,) = £(xx,) =0 (x ¢ B, £ ¢ B¥).
Hence XX = 0, for all x.¢ B and so X = 0.. Thus ﬂ(xo) = 0.

(b) => (é). Suppose (b) holds and let X, « B such that

XX, = 0, for all x € B. Then
f(xxo) = (f = x)(xo) = n(xo)(f # %) =0 (x ¢ B, £ e B¥).
Hence ﬂ(xo) e Y' and consequently x_ = 0, whence (a).

Definition (2.3.3). Let Y' be the linear hull of the set

o0 e <]
(3) {h = £,0 %X ¢ Ellf | | || < =3 £, e B* X ¢ B}.
-kzl k 7Tk T g2y K X k ’
Lemma (2.3.4). Y' is a Banach space under the norm
i IEnl B )
hi]' = inf{ £ X : h = £f.o0% X, 1.
||*H kzl H kH k k=1 )'e k
Moreover, Y' is a linear subset of B¥* and il < AR

for all h € Y'.
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Proof. It is obvious that }|+||' is a norm on Y' and

that Y' is a linear subset of B¥. Now let {hn} be a Cauchy

sequence in Y' with respect to the norm [1<]l'. ~Then there

is a subsequence {hn } such that

K
lln, = nhg [ <L (k =1, 2, ..)-
K+1 K 2
Hence, if we let h = h  + Y (h - h_ ), then
1 k=1 DPk+1 Dy
nllt = [In, + 3§ (b, =B )l <
ny k=1 "x+1 Tk -
< |in. |1+ Y |lp -n_ ||
n k=1 K+l Dy
T 1
< |ln_ I+ L T <o
< ny K1 Sk

h is in the form (3) and hence h € Y'. Clearly h = lim hn in

the norm ||+||'. Thus ¥Y' is a Banach space under the norm ||-|]'.

oo [+24
Since ||h|| = likzl £ # x 1 2 ) ||fk||||xk|| for all repre-

sentations (3) of h, we getl Inll < IInfir.

Remark. 1t is easy to see that Y is a dense subset of
the Banach space (Y', |l<[1")-

Our next objective 1is to define a product on the conju-
gate space Y'¥ of Y! under which 1t is a Banach algebra. Such
a product is called modified Arens product. Let F e Y'¥, h ¢ Y'
and x, y € B. Define h #» x by (h # x)(y) = h(xy). Define

F ¥ h by (F # n)(x) = F(h = x).
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Theorem (2.3.5). For every x ¢ B, h ¢ Y' and F ¢ Y'¥,

h # X e Y'" and F # h € Y!'.

Proor. Since ||n|| < [[n]|', we nave ||n|| [lx|l<|Inll*|Ix]],
so that h #= x € Y'.
Now for each F € Y'¥ and f ¢ B¥, let ¥ be the llinear form
on B given by o
¥(x) = F(f * x) (x € B).

Since

() fy] < HEH e« xlr < TIRHE Lel] L=l - (= e B),

it follows that ¥ ¢ B¥. Since, for all x, x_ € B,

o]

(¥ = X)(xo)

T(xxo) = F(f = xxo)

F[(f # xX) = Xo] = [F « (£ ¢ x)I(x]),

we have that

(5) Y g x =F % (f # x) (x € B).
. oo .
Now for each F e Y'* and h = ) f, % x_e Y', let ¥ be given
T T K
by
Yk(x) = F(fk ¥ X) (x € B).

From (5), we have
\yk*xk=F*(fk*xk),

for each x,, and from (4), we obtain

o0

oo /
ol Nl < 3 1Rl Tl

0

= 1IFIl I Mgl Hixdl < =
k=1 k
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Thus

- -] (> -]
Y v. #x_= ) F % (f *x)e¥'.

But, for each positive integer n

n n
E'IF*(fk*xk)=F*(z

f o*= x.).
K= k=1 K k
Hence
} F# (£, #x,)=F=& () £ #x)=Fsx%hel.
K21 . k k x2q k k

Definition (2.3.6). For all F., F, ¢ Y'¥, let

12> 72
. = . ]
Fl ®* Fy ¢ (F1 * F2)(h) Fl(F2 ¥ h) (h e Y').
F,o = F2 is called a modified Arens product of Fl and F,. It

1
is easy to see that # 1s a multiplication on Y'¥* and that

[IFy # Foll < RENR ||F,||. Thus (Y'%, %) is a Banach algebra.

Theorem (2.3.7). Let B be a Banach algebra satisfying

Condition 1. For each x € B, let Fx be given by
(6) . F (h) = h(x) (h e Y').

Then x + F_ is an algebralc isomorphism from B into (Yr¥*, %).

Proof. From Lemma (2.3.2) we have that x + F, is a one-
to-one mapping. That X = Fx preserves all algebralc opera-

tions is obvious.
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Lemma (2.3.8). If B is a Banach algebra satisfying

Condition 1, then for every T ¢ Mr(B) there 1is a unique
multiplier extension T' onto Y'¥* with the following proper-
ties:

(a) (T'Fx)(h) = h(Tx) (x e B, h e Y'),
where F given in (6);

Y = *.
(b) T'(Fy # F,) = F; = T'F, (Fy, Fy € Y'%).

Proof. See the proof of [8; p. 231, Theorem 2]._
From the proof of Lemma (2.3.8) it follows that the con-
jugate operator T¥# of T is continuous on the Banach space Y'.

Let T' be the conjugate operator of T¥ restricted to Y'. Then

T' is the unique multiplier extension of T to Y'¥.

Theorem (2.3.9). If B is a Banach algebra satisfying

Conditions 1 and 2, then for every T € Mr(B) there is a unique
Fp € Y'® such that, by the isomorphism y' of Theorem (2.3.7),

(7) -n.'(Tx.) = F, * Fy (x € B).

Proof. Let I be the linear functional on Y' glven by
' oo
I(h) = kzl £ (x5
for all h = k§l F o ® X € yt. It is easy to show that I € YU ¥,

Since for all x € B, we have
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(I # h)(x)

I(h # x) = ILCY £, %= x.) & x]
=I[ § (f, = %) % x] = I{ X

= kgl(fk 2 x )(x) = C§ £ # x)(x) = nx),
it follows that I ¥ h = h, for all h ¢ ¥' and consequently
that |
(8) Fsl-=F (F e Y'¥).,
Thus, if T € Mr(B) and T' is jts multiplier extension onto Yr¥E,

then

TIF = T'(F %-I) F = T'I (F e Y'¥).

(See Lemma (2.3.8).)

Therefore, if we let Fp = T'I, then (7) is satisfied.
To prove the unigueness of FT, let T = 0 € MP(B)land let

Fq e Y'¥% be such that equation (7) 1is satisfied. Then F, % Fp = 0,

for all x ¢ B and consequently, for any h € Y', we have

(Fp ® h)(x) = F (Fq # n) = (F, # Fp)(h) =0 (x € B).
Hence
(9) Fp # h =0 (h e Y').
- :
Now, for each.h = J§ f) % X, € ¥' and F e Y'¥, let ¥ Dbe

k=1
given by the relation

Wk(x) = F(fk £ %), k=1,2, . -
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Then, for all h = § £, ¥ x e Y', we have

(I # F)(h) = I(F hy = I[F x () £ £ 3] = LY F & (£, % %]
¥ kZl k ¥ Tk kzl e T K

= I( Y, ¥ X, ) = v (x,.) = F(f, * ) = F( £.0% X.)
Lo ¥y k {E k'K k£1 k * Tk kzl k ¥ Tk

{See the proof of Theorem (2.3.5).)
Hence

I «xF=F (F e Y'%),
and by (8), we obtain that

I« F=T %1

F (F ¢ Y'¥);

in particular

[
b3
ry
H
I
']
L
H
"
tx]

T (T € Mr(B))'
Thereflore,

(10) I(Fp ® h) = (I * Fpl(h) = (Fp % 1)(h) = Fq(h),
for all h € ¥'. It follows now from (9) that Fy = 0 and con-

sequently Fq is uniquely determined for each T ¢ Mr(B).

Theoren (2.3.10). If B is a Banach algebra satisfying

Conditions 1 and 2, then Mr(B) is anti-isomorphic (algebraically)

to the subalgebra K of Y'¥ consisting of those F for which

(11) F % F e w'[B] (x € B),
where w'[BJ is the image of B in Y'¥ by the jsomorphism ' given

in Theorem (2.3.7).
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Proof. For each F in Y'* such that (1l1l) is satisfied,

let TF be the continuous linear operator on B given by

= ' ‘
F, * F=m (Tpx) . (x € B).
Then Tp e M_(B). In fact,

t = = =
T [Tny] Fog ®* F (Fx * Fy) ¥ F F_ % (Fy x F)

y X

= g'(x) * w'(Tpy) = n'[xTgy] ' (x, y € B).

Thus Tp Mr(B)' From application of Theorem (2.3.9) it now
shows that the mapping F - TF from K into Mr(B) is one-to-one
and onto. To complete the proof we observe that F - TF is

linear and that

' [(T{T,)x] = ﬁ'[Tl(sz)] = FT2x # Fp o= (Fy = F,) & Fy
=F_  # (F2 * Fl),

for all x € B.

We end this section with an example of a Banach algebra
which satisfies Conditions 1 and 2 and does not have a weak
right identity. |

Let H be an infinite dimensional Hilbert space. Let B be
the Banach algebra tc(H) consisting of trace-class operators on
H under the trace norm t(+) (see §1, IV). Let Y' be the linear

hull of the set consisting of elements h of the form

©o

o0
o= I T * %t T ollg ]l t(x) < =5 T € B¥, % € Bl
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By Lemma (2.3.4), ¥Y' is a Banach space with the norm
oo (o]
il = inf{ § [If 1] ©(x) = h = £, # x.}.
k=1 k k kZl k k

Y' is a linear subset of B¥ and ||h|| < ||h||' for all h e Y'.
Moreover, under the modified Arens product #%# on yr¥ - (Y'¥, %)
is a Banach algebra.

Since B is semisimple (B is an A¥-algebra), B has no non-
zero right (and left) annihilators. Hence B satisfies Condition 1.

Now 1let {fk} be a sequence in B¥ and {xk} a sequence in B

-

such that

o«

(%) f (x,)) <« and f
k£ Ml tlxy k§1 K

¥ X = 0.

By [15; p. 47, Theorem 2], for each I « B¥ there is a unique

a, € L{(H), the Banach algebra of all continuous linear operators
on H, such that fk(x) = tr(akx), for all x € B, and |1ak||=||fk||,
where tr(z) is the trace of z e B. Hence

(fk * Xk)(Y) = fk(xky) = tr(akxky) (y « B)

From {#) we have

Y t(a, %) <
k=1 LS ¥=1

w0

ol | Tl = fll Ty <
Hall g0 = 1 115l | w0

e~ 8

[v-]

(ef. [15; p- 39, Lemma 81), so that kzl a, X, CONvVerges to an

element a € B. Hence



o0
(kzl £, ® x)y) = tr(ay) (y € B).
But from (x) we also have tr(ay) = 0, for all y € B and,

v _ : -
therefore, by [15; p. 45, Lemma 1], Y X, = a-= 0, which
k=1 _

glves

gr( 3 y = 3 trtax) = I £.(x) = 0.
i k£1 *1ck k£1 ok kzl k- k

Finally, we show that B has no weak right identity. On
the contrary, supposeée that B has a weak right identity. Then,
by Lemma (1.3.4), there is a right identity I in (B¥*¥, #).

It follows from [21; p. 831, Theorem 5.5 and its proof] that
the radical R¥¥ of (B%¥%*, %) is a non-zero two-sided ideal and
BE% x R%¥ = R¥¥% x B¥#¥ = (0). Therefore, for every non-zeroc
element F in R¥¥, we have I = F=0. But thils contradicts |
the fact that I is a right jdentity for (B¥*¥, #). Hence B has
no weak right identity. Since the involutien in B is contin-
uéus (isometric) [15, p. 39, Lemma 8], it foilows that B has

neither a weak left identity. For if’{ea} is a weak left iden-
tity then {eg} is a weak right identity by the contilnulty of

involution and the fact that £¥*, defined by f£¥*(x) = T(x¥) for

all x ¢ A, belongs to B¥ for all £ ¢ B%.
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DUAL REPRESENTATION OF BANACH MODULE-HOMOMORPHISMS

§1. Preliminaries.

Let B be a Banach algebra'and W a left Banach B-module.
A bounded linear operator T from B into W¥ such that
T(ca) = T(c)a (c, a e B)
is called a (B, W¥)-multiplier (or a Banach B-module homomor-
phism). It is easy to see that the set of all (B, W¥)-multi- |
pliers is a Banach space under the operator bound norm. We
denote this Banach.space by HgmﬁB, W¥). Rieffel [12] has ob-

tained the following relation between Hom(B, W¥) and W¥.
B

Theorem (3.1.1). Let B be a Banach algebra with a bounded

approximate identity, and let W be an essential left
B-module. Then there is a natural isometric right B-module

isomorphism mapping W¥ onto Hom(B, Wi), where Wi is the essen-
. B

tial part of W¥. This isomorphism 1s given by the mapping

w¥ > Ty, where w* e w¥ and T g(2) = w¥a for all a € B.

Proof. cf. [12; p. 473, Theorem 8.91].

Definition (3.1.2). Let B be a Banach algebra. An appro-

dimate identity {e } in B for which {supllaeall : a e B,
)

[lal] = 1} < @, i1s called a gquasi-bounded approximate identity.



The purpose of this chapter is to extend'Rieffel's
result (Theorem (3.1.1)) to Banach algebras with a quasi-

bounded approximate identity.

For the equivalence of Hom(B, W¥) and W¥ to hold it is
B

necessary that the following be true:
(¥) w¥a = 0 for every a ¢ B implies that w¥ = 0.
For this reason we shall assume in the rest of this chap-

ter that the right B-module W¥ satisfies (%).

§2, Some Lemmas.

Let B be a Banach algebra and W a left Banach B-module.
Then the projective (greatest) tensor product B® W is a
Banach space under the norm

bt = anel 5 Llagll Tl e n = I 2 ® W
k=1 - =

k=1

rd

(See §2, I.)
It is easy to see that there is a continuous homomorphism
¢ from B & W into W defined by
¢(a ® w) = aw (a e B, we W.

Clearly the kernel; ker ¢, of ¢ is given Dby

8
8

{h =
k

e~

ay @)wk

ne~

(w¥, aywk) = 0, for all w¥ ¢ W¥}.

l k=1

- Pal
Definition (3.2.1). Let B o W = (B ® W) with the quo-

tient norm.
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For each w* ¢ W¥, define F 4 ¢ (B ® W)* by the relation
(1) (F,xs a®w) = (wt, ¢(a ® w)) (2®we BOW.
Since F 4 = 0 implies that

(w¥, ¢(a ® w)) = (w¥, aw) = (w*a, w) =0 (w € W),
it follows that w¥*a = 0, for all a e B, and therefore by (*)

in §1, III, we have w¥ = 0. Thus the linear mapping w¥ > F g

from W¥ into (B & w)* is a monomorphism. If we identify W¥

with its image {Fw* . w* ¢ W¥)} then we have the following:

Lemma (3.2.2). Let (B o W)* be the conjugate spz;.ce of
B o W. Then
Wk c (B o W)* S (B WE.
Moreover, (B o W)¥* 1is the closure of W¥ with respect to the

weak*-topology on (B S W%,

Proof. We only need to verify the last part of the asser-
tion. Let h ¢ B® W. Then (F x, h) = 0 for all w* ¢ W* if and
only if ¢(h) = 0 (by (1)). This means that'

ker ¢ = (Y ker Fu.x -
wkeW¥

Now the polar (ker $)° of ker ¢ ([14; p. 125]1) is given
by
(ker $)° = {F ¢ (B® W)* : Re(F, h) < 1, 1f h e ker ¢}
- (Fe (BO®WE : (F, h) =0, 1f he ker ¢},

and (B o W)¥ consists of exactly those elements F of (B® W)*¥*
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for which (¥, h) = 0, for all h ¢ ker ¢. Hence (B o W)*
can be identified with (ker ¢)°. Since

(ker F _4)° = {oF 4 : a ¢ Cl,

for each w* ¢ W&, It follows from the Bipolar Theorem [14;
p. 126, Corollary 2] that (ker ¢)° 1s the closed convex hull

of WH«I* (ker'Fw*)° in the weak*-topology_on (B@ W)¥*. Hence
€ . ’

(B o W)* is the closure of W¥ in the weak¥-topology on (8 & w)x.
This completes the proof.
Now let 22 (B, W¥) be the usual Banach space of the bounded

linear operators from B into_w*.

Lemma (3.2.3). The Banach spaces (B@ W)* and £(B, W¥)

are isometrically isomorphic.

Proof. For each F € (B@ W)¥, let ¥ F = Ty be defined by

the following equation
(2) (F, a®w) = ((¥#Fa, w) = (Tza, w) (a € B, w € W)
Since |(Tga, w)| < LIFll 1lall llwll, we have that Tpa € W¥,

for each a € B, and hence that T, maps B into W¥. TFor any 24,
a, € B, w ¢ W and )\1, 7\2 e C, we have

(Tp(rqay + Apap)s w) = (F, (Ag2q + Apap) @ W)

= (F, xy(a; @wW)) + (F, A (2, ®W)) |

= A\ (F, al@ w) + Ay (F, a2®w) = 2, (Tpays w) + Ay(Tpas, w)

= (A Tpa, + A,Tpaos w).

/
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Moreover, let X be the canonical map from B x W into B@ W
(ef. §2, I.). Then by (3) in §2, I, we have that

A
[IF]] = sup{|F(h)| : he B W, ||n]|]| < 1}

= sup{|(F o x)(a, w)| : 2 ¢ B, |la]| < 15 w e W, [|w]] 2 1}

= sup{|(Tga, w)| : a € B, |lal] < 13 w e W, ||w|| <1}

=  sup {- su {|(TLa, w)|}} = su IITFall
lall<t Ihellca 7 llall<1

= Tyl

Hence Ty e 2L (B, wx),

. ~ -
Clearly T, is uniquely determined for each F ¢ (BQ@ W)¥* by (2),

oy
so that 4 1s a well-defined linear mapping from (B@ W)¥ into
(B, w*).

In order to complete the proof, it remains to show that ¥
is one-to-one and onto.

Since ¥ is a linear 1isometry, it follows that it 1s one-

to-one. To prove  1is onto, for each T ¢ &£ (B, W#), let Fq

be the functional on B@ W given by

.-} o0 .
(Fps h) = (Fp, L 8, @w) = 1 (Tay, wie)s
© ”~
where h = z ak®wkeB®W.
k=1
Clearly FT is linear. Since
. © © ©
= - < (Ta,, w.)l < I 11Tey ] wll
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-~}

-+
< ):1 HziE Hladl Hwdl =TTl kll Hag Il T dls

it follows that ||FT|| < ||T|| and consequently that

Pl
Fp € (B® W)*, Moreover
(FT, a®w) = (Ta, w) (a € B, w e W).
Hence ¥Fp = T. which shows that *§ is onto. This completes

the proof.

Definition (3.2.4). The weak¥-topology on (B B-w)*

is transferred by the isomorphism ¥ into a topology on

o (B, W¥), called.ultraweak topology.

Lemma (3.2.5). For each w¥* ¢ W¥, let T 4 ¢ B + W¥ be
given by TW*(a) = w*a, for all a € B. Then (B o W)¥ is the

ultraweak closure of {T x : w® ¢ W¥}. Furthermore, 1if

F e (B o W)* and T is the -operator corresponding to F by (2),

then T ¢ Hom(B, W¥).
B

Proof. Clearly T x ¢ Hom(B, W¥), for all w* e w¥ and,
- B

by (2), T, =« corresponds to F _y so that Fux = T« 1s an iso-
metry from {F i : w* ¢ W*} onto {T 4 : w¥ ¢ W¥}, Hence by

Lemma (3.2.2), (B o W)¥ is the ultraweak closure of

AT % 2 W¥ € w¥}.
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Let F € (B o W)¥., By Lemma (3.2.2) (B o W)¥ is the

weak¥-closure of'{nge : w¥ ¢ W¥} in (B ® W)¥. Hence we
can find a net {F 4} which weak¥-converges to F in (B 3 W)=,

Therefore, if T 1s the operator corresponding to F by (2),

then there corresponds a net {Tw*} which converges to T in

the ultraweak topology on €(B, W¥) and since all TW*eHom(B,W*),
’ B

it follows that T e Hom(B, W¥).
B

§3. A characterization of Hom(B, W¥).
B

In this section we will show that if B has a quasi-

bounded approximate identity then Hom(B, W¥) is isometrically
B .

B-isomorphic to (B o W)¥*. Thus Rieffel's result (Theorem
(3.1.1)) extends to Banach algebras with a quasi-bounded &appro-
ximate identity.

As above let B be a Banach algebra and W a ieft Banach

B-module.

Theorem (3.3.1). If B has a guasi-bounded approximate

identity, then Hom(B, W¥) is isometrically right B-module iso-
B

morphic to (B o w)®., In syrbols we write this as

Hom(B, W¥) =z (B o W)¥,
B



Proof. We first show that Hom(B, W¥) is isometrically
B

isomorphic to (B o W)* as a Banach space. Since Hom(B,W*)gﬁﬁ(B,w*)
B

and (B o W)* < (B ® wW)#, by Lemma (3.2.3) and (3.2.5), it re-

mains to show that 1if T ¢ Hom(B, W¥) and F corresponds to T by
B :

(2) in §2, III, then F ¢ (B o W)¥.

Let {ea} be a guasi-bounded approximate identity in B and

let T, be given by T, (a) = e 2> for all a € B. Then for
o a :

-

T ¢ Hom(B, W¥), we have
B

IlTTeall < HzTil IlTeaIi

< |ITl| supille,all = a B, [lall =3} <=,
o

for all au, So that the net {TTe } is bounded. If Fa corres-—
o

ponds to TT, by (2) in §2, III, then
a .

(Fa’ a®w) = (IT, 2, w) = (T(eaa), w) = (T(ea)a, w),
o.

for all a ¢ B and w < W. Since T(e ) e W#, it follows that
each F_ ¢ {Fw* . w& ¢ W¥}. Moreover {F } is bounded since
a

{TT_ } is bounded. Thus, by Lemma (3.2.2), there is .. weak¥-
o

convergent subnet of {Fa}’ stilli denoted by {Fa}’ which con-

verges to some F e (B o W)¥*.



Let Tg be the operator corresponding to F by (2) in 82,
TII. To complete the proof it is enough to show that TF = T.

Since {Fa} weak¥-converges to F, it follows that TT, ~ TF“
)

in the ultraweak topology on (B, W¥). Thus, in particular,

(TTe a,'w) > (TFa, w) (a € B, w e W).
a B

On the other hand, we have

T(a) = T(lim (eaa)) = 1im T(eaa) = 1im T('I'e a)
o o o o

1im (TTe Y(a) -~ (a € B)
o o

That is, TTe > T in the strong operator topology and hence
: o ‘

aléo in the weak operatcr topology [3; p- 4761; in particular

(7T, 2, w) + (Ta, W) (a €. B, w e W).
a

Therefore TF = T.

The proof that Hom(B, W¥) and (B o W)* are B-isomorphic
B .

is easy now if we observe that Hom(B, W¥) is a right B-module
: B
with the module operation defined by -
(Ta)b = T(ab),

for all T ¢ Hom(B, W%®) and a, b € B. This completes the proof.
B

Theorem (3.3.2). If B has a quasi-bounded approximate

identity and W 1is essential, then the following statements are

equivalent:
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(a) The mapping w¥ - Tw* defines an isometric isomorphism

between Hom(B, W¥) and W¥.
"B

(b) The mapping w* -+ T g« defines an isometric isomorphism-

between Hom(B, Wi) and W¥, where W§ is the essential part of W¥.

(e) T xll = | {w®|], for 2all w#* e W=.

" proof. (b) => (c). This is obvious.

(a) => (b). Clearly Hom(B, W*) o Hom(B, W¥). On the
B B
other hand, Tw; ¢ Hom(B, W%), for each w* ¢ W#. Hence if
. B

(a) is true so is (p).

N
[¢2]

(c) => (a). From Thecren (3.2.1) we see that (&)
the same as (B o W)¥* = W¥,

et the map L. : B o W = W be given by

L(a o w) =¢(a®w) = aw,
where a c w = a ® w + ker ¢ and a® W € B
one linear map. JSince, for all a®@w € B® W and h € ker %,
we have
llL(a o w)|| = [le(a® Wl
= |leta®w + n)|| < llell Ila®w + nll,

it follows that ||L(a o w)ll < ell |{a o wi| and consequently
that | |L]] < |1¢il. Thus L is continuous. Also, since W is
essential, it follows that L(B o W) is dense in W. Therefcre,

j ; i inu -to-one linear
the conjugate operator L¥ of L is a continuous one€ to
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mapping of weak¥-dense range from W¥ into (B o W)¥ [4;
p. 199, Proposition 1 and 2]. So if we show that L*W¥ is
also weak¥*-closed, then it will follow that L*¥W¥ and (B o W)¥
coincide and that W* is homeomorphic to (B o W)* by the open
mapping theorem.

From the Krein-Smulian Theorem [14; p. 152, Cprollarj]
we see that it is enough to show that L¥W¥ n S¥ is weak¥-
closed, whére S¥ is the closed unit ball in (B o W)¥. ﬁet

'{L*Wz} be a net in S¥*. By [16; p. 228, Theorem 4,61 - AJ,
S¥ is weak¥-compact and hence there exists a subnet of {L*wz},
still denoted by {L*wg}, such that {(a o w, L*wz)} converges

for every a o w € B o W. Thus from

= = #
(a o W, L*wg) = (L(a o W), wg) = (aw, Wa)
it follows that {wé} is pointwise convergent on the dense sub-

set L(B o W) of W. ~Since

(a o w, L¥w}*) = (aw, w¥) = (w, wgé) = (TW§ a)(w),

we see that {(Tw* a)(w)} converges for 2ll 2 ¢ B and w e W.
. o

Therefore from the Banach-Steinhaus Theorem [16; p. 203, Theorem

4.4 -~ c] we obtain that {T a} is bounded. Using the Banach-
‘o

Steinhaus Theorem again, we have that {Tw*} is bounded. There- -
a

fore by (c) {w¥} is also bounded. Consegquently, there is a sub-
o

net of {w*}, still denoted by {wi}, which weak¥-converges to
a



- 39 -

w¥ ¢ W¥, Thus, for all a o W ¢ B o W, we have that

1im (a o w, L*wz) = 1lim (L(a o w), wg) = (L(a o w), w¥)
o o

= (a o w, L¥w¥),
which shows that L¥w¥ ¢ L¥W¥ n S¥. Thus L¥W¥ n 8% is weak¥*-
closed and consequently L¥W* and (B o W)* coincide.. Hence W¥
is homeomorphic to (B o W)*¥ and by (c), we have that
Wt = (B o W¥.

This completes the proof.

Remark. -(1) Theorem (3.3.2) gives necessary and suffi-

cient conditions for Hom(B, W¥) =z W¥ in the casé when B has a
- B

gquasi-bounded approximate identity and W is essential.
(2) If we suppose merely the equivalence of the norms
|| T, il and | jw®}| in (¢}, Theorem (3.3.2) still remains true

with the same proof 1if we replace = by homeomorphism-.in (a)

and (b)..



CHAFTER IV

.

MULTIPLIERS ON DUAL A¥*-ALGEBRAS

The main purpose of this chapter is to apply the results
of the previous chapter to multipliers on dual A¥-algebras

which are two-sided ideals of their completions. (See [181.)

g§1l. Preliminaries.

For any set S in a Banach algebra B, let 2(8) and r(S)
denote the left and right annihilators of S, respectively. If, '
for every closéd right ideal I and for every closed left ideal
J, r(2(I)) = I and (r(J)) = J, then B is called a:dual algebra.

If B is a Banach %-algebra on which there is defined a
second norm |-|, which satisfies, in addition to the multipli-

cative condition |xy| < |x||yi, the B¥-algebra condition

fx¥x| = |x|2, then B is called an A¥-algebra. The norm l+] is
called an auxiliary norm. It follows that the involution in B
is continuous with respect to both norms and || < 8ll-|], for
some constant 8 [11l; p. 187, Theorem (4,1.15)]1. Let 0 be the
completion of an A¥-algebra B with respect to the norm |- 1.

Then ® is a B¥-algebra and if B is a two-sided ideal of > then
Ilxyl]l < x|ix|] lyl, for all x ¢ B, .y ¢« (3 and some constant k
[10; p. 18, Lemma 4]. If B is 2 dual A¥-algebra then B has a
unique auxiliary norm ([17; p. 54, Theorem 5.4] and [10; p. 18,

Theorem 3]) and the completion (. of B in this norm is a dual



- 41 -

B¥-algebra which is uniquely determined up to #-isomorphism

(173 p. 54, Lemma 5.5].

§2. Multipliers on dual A¥-azlgebras.

Theorem (4.2.1). Let B be a dual A¥-algebra which is a

two-sided ideal of its completicn.d%. Let {ea} be a maximal

orthogonal family of self-adjoint minimal idempotents in B.

Then for all x e , x = § xe = ) e X in the norm <], and
o a
if x € B, then x = } xe = } e x in both norms [1+]] ana |-}|.
a a o .

Moreover, if e  , ..., e, are distinct elements of {ea} then
1 n

l!“eal + ...+ xean!! < kl[x]|] and Ilealx + ... 4 eanxll < kl|xl|},

for all x € B.

Proof. This easily follows from [17; Theorems 6.1 and 7.1]
and [10; p. 30, Theorem 16].

Let B be a dual A¥-algebra which is a two-sided ideal of its
completion 03 . Let J be tﬁe set of all idempotents K in B that

are of the form K = e + ...+ e, » where €L 3 *ot> e, are dis~

%1 n 1 ' n
tinct elements of‘{ea}. Clearly |K| = 1, for all K e H. Let
e = C ite XK, < K, if E, < E_ .
E, = {e“l’ “ees eaq}. For K,, K, « H wr 1 LK Ky K,
it is easy to see that < is a partilal ordering on 74 . Let

E =E u E and let K be the sum of elements in E. Thken K e H

Ky Ko
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and K, < K, K, < K. Thus J is a directed set under < and

consequently is a net when indexed over itself.

From the observations above and Theorem (4.1.1) it
follows that M is an approximate identity for B with the
property that, for every X € B; we have

supl|[kx|] : K e 5} < k|Ix]]
and )

sup{||xK|| : K e H} <Xk|]|x]];
in particular

sup - {||xk]| + |Ix|] =1, x € B} < k.
Ke 3 ,

Thus 3 is a guasi-bounded approximate identity for B. As a

consequence of these observations we have:

Theorem (4.2.2). Let a; be any element of ® and a;, a,,

cees 2, be any finite number of elementis of B and let € > 0.
Then there exists K ¢ # such that [a; - a0K| < £ and
Ilai - Kaill < e fori=1, 2, «.., 0.

If B is isometrically BFisomorphic to the conjugate space

W¥ of a left B-module W, then Hom(B, W¥*) is obviously isometri-
B

cally isomorphic to Mz(B). Thus, we have the following:

Theorem (4.2.3). Let B be a dual A*—algebra which is a

two-sided ideal of its completion ® and such that B is



- 43 -

isometrically B-isomorphic to the conjugate space W¥ of a

left B-module W. Then Mz(B) is isonietrically isomorphlc to

(B o W)¥,

Proof. From tne above considerations 1t follbws that B
has a quasi-bounded approximate identity and so by Theorem

(3.3.1), Hom(B, W¥) is isometrically isomorphic to (B o W)¥*,
B - '

Hence Mz(B) is isometrically isomorphic to (B o W)¥.

§3. Multipliers on.the trace class operators. -

For any Hilbert space H, L(H) will denote the Banach algebra
of all continuous linear operators on H with ‘the operator bound
norm, LC(H) the subalgebra of L(H) consisting of all compact

linear operators on H. Let {¢j}’ {wi} be any two complete ortho-

normal famillies of vectors in H. Let T e L(H) Then, by [153

p. 29, Lemma 1], the three sums

2 2 2
i , (To., vi01%, 1 11T*0]]
§ | ¢J|I 3%1 I 3> L

are equal to one another.(possibly to +«) and the common value
O(T)2 of the sums is independent of the choice of {¢J} and {wi}.

The operators T for which o(T) < form the Schmidt-class cge(H).
It folléws that oc(H) 1s an H*¥_algebra under the norm o(T) [153
p. 29-341. The trace class tc(H) of operators on H consists of

all operators of the form T = Tsz, where T, T, € ge(d). tc(H)



is a Banach #-algebra under the trace norm 17(*), which is

defined as follows: Let {¢j} be any complete orthonormal

ramily in H and let tr(T) = J (T¢;, ¢;). Then T(T) = tr((T*T)1/?),
J

for ali T e tc(H). Tc(H) is a dual A*—algebra which is a dense
two—-sided ideal of LC(H) [1T7; ﬁ. 647. Thus tc(H) has a gquasi-
bounded approximate identity JH Eonﬁtrﬁcted from a maximal
orthogonal. family of self-adjoint minimal idempotents. Since
||T]] < o(T) < ©(T), for all T ¢ tc(H) [15; p. 42, Theorem 4],
it follows éhat if the dimension of H is infinite then M is
not bouﬁded ig the trace norm.

Let B = tc(H) and 0% = LC(H). Since, for all x ¢ B and
y ¢ 3 , we have Xy ¢ @ ana ||xyl| = t(x)|]yll, it follows that
@ is a left Banach B-module with B isometrically B-isomorphic to

B* Li5; p. 46, Theorem 1].

Theorem (4.3.1). If B = tc(H) then Mz(B) is isometrically

isomorphic to L(H).

Proof. Let 03 = 1.Cc(H). By Theorem (4.2.3), Mz(B) is iso-

metrically isomorphic to (B o 0 )*.
Let F(H) be the set of all operators of finite rank on H. F(¥E
is the socle of B and (3 [22; p. 289, Lemma 3.4]. Since every

h ¢ F(H) is of the form h = x £ .o + x where Xi, «-:->

x e€B and £, «--> £, are minimal idempotents in @ , it follows
n
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that F(H) < B o and every h e F(H) belongs to a left ideal
of finite order [22, Dp. 285]. Hence, by [22, p. 286, Lemma 2.3
and its proofl], there exists an orthogonal family of self-
adjoint minimal idempotents {el, e em} such that

(1) h = h(e; + ... # em).

Now, define a norm on B o> by

8

IInjl' = inf{kzl t(a )| lwll = b

1
o~

k

N a Wy s 8, € B, W, € © 1.

By Lemma (2.3.4), (B o0® , ||-ll') is a Banach space and from
(1), we have that

| njlr < T(h)llgl + ... F emll “1(h) (h € F(H)).

8

On the other hand, if h a

W
1 k

It
o~

keBo(B,then
K _

oo

kzl.T(akwk) < kil t(ak)llwkll,

P
t(h) = T(kzl a, W) <

so that t(h) < ||nf|', for all h « B o(® . Hence

(2) lnllr = () (h « F(H)).

By [15; p. 41, Theorem 3], F(H)‘is dense in B with respect to

the trace norm t(+). Therefore, for every h ¢ B o(® < B, there

is a sequence {hk} in F(H) such that h, =~ h in the trace norm

t(+). Since for all positive integers m, n, m < n, by (2), we

have

lln_ = nol 1" = Ty = Byds

it follows that {h } is a cauchy sequence in the norm TR

N



- 46 -

Let h' ¢ B o® such that h, = h' in the norm ||-]|'. Since

t(a' - h) < t(h' - hn) + t(h, - h)
< |n* = n li* + t(h, - b)),

we have that h' = h and consequently F(H) 1s dense in B o®

with respect to the norm |1+1]'. Since [in 11~ |lnli's
t(hy) + t(h) and t(h,) = th“" for each n, it follows that

| inll' = t(h). Hence B o ® = B. .
Finally, iet ||+||" be the quotient norm defined on
Bo® . Then ||-]I" = ||°||'.' By the Open-Mapping Theorem
[l*]]? and [l+]I" are equivalent, so that ker ¢ = (Q), where
¢ 1s the mapping from B@& onte B o 1®) defi:néd in §2, IIT
and consequently [l<l1" = |]~l]". Hence [inllr = infl" = )
“ for all h e B o ® = B. The application of [15; p. 47,

Theorem 2] completes the proof.
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