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ABSTRACT

In this thesis, the Time Domain-Finite Difference (TD-FID) approach based on
Maxwell's time dependent curl equations has been investigated with the objective to
develop a numerical model for simulation of electromagnetic (EM) wave propagation
phenomena, and to obtain S-parameters of guided wave transmission structures. The
numerical model formulated as initial boundary value problem has been developed for

both CW (single frequency) and pulse (wide band) propagations.

The simulation property of EM field propagation is interpreted by considering the
analogy between continuous and discrete characteristics of Maxwell's curl equations, the
latter being derived from the leap-frog approximation scheme for local wave propagation.
In an effort to relate the discrete wave propagation model to the continuous one, the
geometrical meaning and the effects of the stability factor are introduced. The analysis
of the leap-frog approximation under the plane wave condition shows that the TD-FD
method is non-dissipative, which means that numerical energy is conserved during the
simulated wave propagation. From the field distribution of numerical wave propagation,
any physical parameters in the frequency domain can be extracted. This is done using
the S-parameter extraction algorithm that has been developed for both the CW and

pulse propagation cases.

To accurately model EM wave propagation by the numerical process, convergence
criteria for checking the global errors in the numerical procedure are also introduced
by considering the physical properties, phase linearity and matching condition (standing

wave) along a lossless waveguide with uniform cross-section. The physical properties used
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also confirm that Maxwell’s equations can be separated into transverse and longitudinal
parts in any uniform guide. The criteria serve as a basic building block for the analysis

of more complex guiding structures.

In the formulation of a computationzl domain for EM wave propagation solutions,
artificial matching boundary conditions (MBC) are necessary to make the domain
compact. A new wideband MBC has been introduced. The MBC is based on the

concept of the transition operator used in modern control theory.

An efficient local mesh refinement algorithm is also developed by using the concept

of the characteristic and by enforcing boundary conditions for E and H fields ai the’

interface of different mesh sizes.

Numerical unalysis results are presented to validate the various procedures when

combined into a comnlete model.

The objective of this study was to develop a TD-FD model of Maxwell’s equations
for EM wave propagation phenomena in continuous media. With this numerical model,
alinost all kinds of experiments can be done in complete freedom from experimental
apparatus. Also, when probing the field distribution in an experiment, the numerical

model provides excellent results without any field disturbance.
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CHAPTER 1

Introduction

1.1 Purpose This study was originally triggered by an apparent need for the
development of a good method or model to analyze generalized discontinuities in
guided wave transmission problems[1-1]-{i-14]. To solve such discontinuity problems,
a method must be general enough to model the complicated geometries (structures)
of most realistic discontinuities. A literature review of research efforts into modeling
discontinuities resulted in a list of references [1-1]-{1-14] that presented diverse ideas.
There were few works which agreed with each other, and none.of them was able to solve
all problems of interest. Thus, this study was directed towards developing a versatile
method or model to be implemented in a computer aided design (CAD) package with

which general discontinuities could be analyzed.

Since the discontinuities could only be analyzed with a model or method
that treats general electromagnetic (EM) wave propagation phenomena in terms of
geometrical and physical factors (homogeneous and inhomogeneous) and for arbitrary

wavefronts, it was essential to work with the time dependent form of Maxwell’s equations
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which govern the general macroscopic electromagnetic processes. In EM propagation
theory, it is not possible to separate the geometry of the problems from the physics
of the problem. Mathematically, electromagnetic phenomena are directly dependent
upon boundary conditions imposed by the geometry, and the initial state of the

electromagnetic fields and can be described with Maxwell’s equations.

The power of Maxwell’s equations lies in their generality of description, but in
its analytical form the mathematical model is difficult to apply to the local geometry
of most problems. Numerical methods readily approximate arbitrary geometries, since
numbers can represent geometrical and physical features with complete generality, This
study has thus been aimed at developing a numerical model for simulating EM wave
scattering phenomena and to characterize discontinuities in guided wave tra;tlsnlission
structures for the numerical computation of S-parameters using the time dependent
Maxwell’s equations. Thus, the focus of this thesis has been on a numerical approach
which can accurately model the physical EM wave propagation phenomena ir}stead of

simply finding a numerical approximation to the solution of Maxwell’s equations.

1.2 General theme EM wave scattering problems belong to the last of the three
major categories of physical and engineering problems: equilibrium, eigenvalue, and
propagation problems [1-15]. Thbe propagation problem is the main subject of this thesis.
Most problems of physics and engineering have been modeled by partial differential
equations (PDEs). Propagation problems can be modeled mathematically with the
hyperbolic form of systems of partial differential equations. Some examples of the fields
in which these equations are important are fluid mechanies (weather prediction, aircraft

and turbine design, oceanography, ...), geophysics (earth modeling, detecting minerals,
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...), magnetohydrodynamics, elastics, and acoustics. Maxwell’s two time dependent curl

equations are hyperbolic cquations.

Like in most instances involving hyperbolic equations, there is little hope of
obtaining an analytical solution to Maxwell’s equations, and thus one must envisage
numerical approximations. Of these approximations, finite difference model is one of the
most important. They are based on the idea of approximating partial derivatives with
respect to both time and space with discrete differences. As long as the approximaie
model converges to the correct physical result when the discretization is very fine,
the approximate model can be used to simulate EM wave propagation phenomena.
This convergence will normally take place provided that the approximate model is
consistent and stable [1-16),{1-17]. Since EM propagaticn problems are mathematically
inttial boundary value problems, any particular case of EM wave propagation problems
can be formulated with Maxwell’s two time dependent curl equations, together with
certain auxiliary conditions. These conditions may include initial conditions, boundary
conditions, radiation or matching boundary conditions, and symmetry conditions.
Combining Maxwell’s equations and the auxilliary conditions constitutes a mathematical
problem for the determination of EM wave propagation behaviour. Developing a general
model which can describe various waveguide discontinuities using the above mentioned

procedure was the main object of this study.

Traditionally, EM wave scattering problems have been solved in the frequency
doma.in.‘ The frequency domain is an imaginary, hypothetical domain that is used to
escape the complexity of solving electrical engineering problems in the time domain [1-
18]. The Fourier transformation provides the transition between time and frequency

domain analysis. There is no doubt that solving problems entirely in the time domain
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(the real world) requires a high level of mathematical ability. A definite advantage of
such solutions is that one keleps in touch witis the physical quantities and phenomena
during the solution process and thus maintains an improved conceptual understanding of
problem detail. Since we have been educated in the frequency domain, transforming the
time domain solutions into the frequency domain often helps us to better understand the
significance of the result. Even though transient time domain solutions yield wideband
characteristics in one calculativn, CW applications have also been developed for handling
single frequency characteristics in one calculation. Another advantage of the time domain
technique is that it does not require any mode based calculating technique used in the

frequency domain.

Time domain numerical api)maches have become a popular research topic with
the availability of a new generation of computers with huge memory capacities and
parallel processing architectures. This means that the power of the TD-FD method
[2-5] using Maxwell’s equations can be fully demonstrated for the solution of EM wave
propagation problems in the near future, since we have found that the method requires
a large amount of computer storage. However, the two main objectives in this study are
the extension of the method to the understanding of electromagnetic field propagation,

and the extraction of microwave circuit parameters.

1.3 Contributions to the TD-FD mef.hod The new contributions in this study

reside in the following features:

(2) Refinement and reinterpretation of concepts employed in various areas of wave

physics for a better understanding of the properties of the numerical model as



applied to microwave engineering (3ections 2.3, 2.5 and Chapter 3),

(b) Detailed study of the effect of the stability factor on numerical accuracy, dispersion

and conservation of energy in the TD-FD algorithm, (Sections 3.3, 3.4, 3.5, 3.6,
and Appendix II),

(c) A new local matching boundary condition with very wideband characteristics is
introduced: this is achieved by introducing the transition operator concept used

in modern control theory (Section 4.3),

(d) A local mesh refinement scheme is introduced to resolve strongly non-uniform field
behaviour around a fine object or discontinuity with a mesh ratio 1:4 (Chapter

5),

(¢) Some practical structures have been analyzed with the 2-D and 3-D TD-FD
algorithms and results have been compared with data available in the literature

(Chapter 6).

1.4 Thesis summary The content of this thesis is outlined as follows:

In Chapter 2, we review the TD-FD method which is still a relatively new method,
and add the characteristic concept in an attempt to gain a deep understanding of the

method. Errors afecting the method, and their remedies, are briefly introduced.

In Chapter 3, the view that the TD-FD model is not just a coarse mathematical
approximation of a physical problem, but a physical model of a different kind with
analyzable nroperties of its own, is discussed. The leap-frog approximation of Maxwell’s

equations is interpreted as a local numerical wave propagation model simulating real



6

EM wave propagation phenomena, but in a discrete mode. The explanation of this local
discrete EM wave propagation model will be based on an analogy of the concept of
the characieristic and the domain of dependence for the continuous case. We will show
that these discrete numerical wave propagation phenomena are related to the stability
factor of the method by introducing the geometrical meaning of the stability factor in
a discrete computational domain. We will present the effect of the stability factor on
the numerical dispersion characteristics and propose to use the upper limit value of
the stability inequality for accurate and economical simulation. We will also introduce

convergence criteria for analyzing guided wave transmission structures.

In Chapter 4, after reviewing the one-way wave equation approximation approach,
the development of 2 new local wideband matching boundary condition, with which we
can make the computational domain compact is introduced. This matching boundary
condition is based on the transition operator concept of modern control theory and
has been generated and tested with an inﬁnitely long uniform homogeneous rectangular

waveguide.

In Chapter 5, a new efficient mesh refinement algorithm to resolve fine boundary
detail is presented. This algorithm has been developed from the mathematical paper
by Berger and Oliger [5-3] and the test results show calculations are around 70 times
faster than by just édapting a uniformly fine mesh for reasonable accuracy. Thus, the

algorithm can save considerable computer resources and computational effort.

In Chapter 6, all the theories, algorithms, and considerations for the TD-FD
method, developed in the previous chapters, are used to demonstrate the ability of
the method to accurately characterize guided wave transmission line discontinuities.

First, the simulation properties of the method in a standard rectangular waveguide will
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be qualitatively illustrated for CW and pulse applications. Based on this qualitative
observation, the method will be applied to various wave guide discontinuities in order to

obtain their S-parameters.

Chapter 7 will summarize and conclude with a discussion of the limitations

involved in the method. Future research directions will also be discussed.

In Appendix I, the anisotropy characteristic will be derived for TE mode
propagation, with the results plotted in Fig. 3.4.4. Appendix Il illustrates the advantage
of the leap-frog appro:dmation of Maxwell’s equations for EM wave propagation problems
by introducing the concept of non-dissipativity. During the derivation of the non-
dissipativity property, the stability inequality is obtained as well. The numerical energy

conservation property is explained with the non-dissipativity.



CHAPTER 2

The Time Domain - Finite Difference Method As An S-Parameter
Extraction Model

2.1 Introduction In order to analyze EM wave propagation problems, a mathematical
model for the propagation phenomena should be considered as a first step. Fortunately,
Maxwell was able to predict EM propagation phenomena mathematically by adding
the displacement current term %? to Ampere’s law and thus maintaining charge
conservation. The displacement current term explains coupling phenomena as follows:
a changing electric field causes changes in the magnetic field (Ampere’s law) and a
changing magnetic field causes changes in the electric field (Faraday’s law). Thus, the
electromagnetic field propagation in a bounded or unbounded domain is a physically
alternatively coupled flow phenomenon of E and H fields. Hence, Maxwell’s two time

dependent curl equations serve as the basic mathematical model for macroscopic EM

field propagation phenomena.

However, no generally valid analytical solution of the equations has been found

mathematically for comnplex microwave structures, and numerical techniques have been
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developed since computers have become available. In this chapter, the analytical
development of a set of approximate Maxwell's equations for simulating EM field
propagation phenomena in two cases (i.e., CW and pulse application) will be studied.
The finite difference version of Maxwell's two time dependent curl equations is a function
of both time and space. Hence, this technique is called Time Domain-Finite Difference

(TD-FD) or Finite Difference-Time Domain (FD-TD) method; in this study, the former

term will be used predominantly.

The first section presents the historical background of the TD-FD method. In
Section 2.3, Maxwell’s equations are reviewed from both the partial differential equation
and finite difference equation point of view for a computer implementation as part of
a modeling tool and for determining the field distribution associated with EM wave
propagation. A numerical analysis based on hyperbolic partial differential equations
should not be studied without considering the role of “characteristics” of the differential
equations. Thus a preliminary concept of the characteristics is included in Section
2.3.1. To obtain a better understanding of the method, various error sources and their
remedies are considered briefly in Section 2.4. Then, two separate procedures for S-
parameter extraction from the field distribution in CW and pulse excitation cases will
be demonstrated in Section 2.5. In Section 2.6, {';he nuwmerical solution procedures for
CW and pulse propagation will be presented in detail using the flow charts. This chapter

will be concluded with some discussion of the method.

2.2 Historical background of the method Even though the finite differencing
approximation theory for hyperbolic partial differential equations has not been well

established in pure mathematics {2-1], approximation techniques have been used for
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a long time, especially in the areas of weather prediction and fluid dynamics, before Yee
[2-2] introduced the leap-frog approximation technique for Maxwell’s two time dependent
curl equations to the EM society in 1966. Yee's leap-frog algorithm is still used in the
TD-FD analysis. Furthermore, Taylor, et. al. [2-3], attempted to solve the problem of
pulse scattering by a cylindrical rod inside a cylindrical waveguide which was filled with

a time-varying inhomogeneous lossy medium in two sprce dimensions, in 1969.

In the '70's, only a few papers appeared in the literature. Merewether [2-4]
used the method in 1971 to predict the current induced on a thin metallic body of
revolution excited by an electromagnetic pulse. In 1975, Taflove’s CW approach [2-5]
was introduced for finding the EM fields within an arbitrary dielectric scatterer of the
order of one wavelength in diameter in unbounded space. In the same year, Longmire
[2-6] credited Yee's algorithm as being “the fastest numerical way of solving Maxwell’s
equations”. The technique was applied to airplanes for EMP coupling and scattering

problems by Holland [2-7] in 1977 and by Kunz and Lee [2-8] in 1978.

During the 80's, many papers related to the method were published. The method
has been applied to penetration problems [2-9], and to EMP coupling to lossy dielectric
structures [2-10]. A simplified numerical procedure for the analysis of the EMP response
of structures with dielectric or poorly conducting segments [2-11] appeared in 1980.
In 1981, three papers describing algorithms used to increase the resolution for small
objects or gaps were published by Holland and Kunz [2-12]-[2-14]. In 1982, Taflove
suggested a hybrid technique combining the TD-FD method and the moment method
for coupling and penetration problems [2-15] and Umashankar {2-16] used the technique
to characterize the scattering from complex objects. Up to this point, CW application

had dominated in scattering problems. Then, Mei’s research group published the
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algorithm for a computational mesh involving conforming boundaries [2-17). In 1986,
an experimental validation of the method was done by Kunz [2-18] and an application
to eigenvalue problems by Choi and Hoefer [2-19] also appeared. In 1988, two new
algorithms to obtain finer resolutions appeared: one using a contour integral scheme for
narrow slots and lapped joints in a thick conducting screen, developed by Tafiove et. al.
[2-20], and the other, Turner, et. al. [2-21] evaluating a thin-slot formalism originated
by Gilbert [2-14].

Specifically, the method was first applied in 1988 to guiding structures by Zhang
and Mei [2-22], where a pulse excitation was used to provide wideband responses in
the frequency domain. Then, in 1989, Wang et. al. applied the method to biomedical
engineering [2-23], and two other papers characterizing the guiding structures, such as
slot and coplanar lines excited with a Gaussian pulse were presented by Liang [2-24]
and [2-25] at the AP-S and MTT-S symposia in San Jose and Los Angeles, respectively.
Kim and Hoefer [2-26] studied the effects of the stability factor on the accuracy of 2-D
TD-FD simulation. The use of a value close to the upper limit of the stability inequality
was recommended for reasons of accuracy and economy. Britt [2-27] published a paper

on 2 general application using pulse excitation in free space.

Even though it has been observed throughout the historical development that
the method is versatile in terms of application, all applications have been performed
in unbounded domains, (even for guiding structures which must have enclosures).
Zhang, et. al. [2-22] claimed that their output data were not accurate enough for
design. However, the references [2-22], [2-24] and [2-25] showed that it was possible
to use the method for characterizing discontinuities of microwave and millimeter-wave
integrated waveguiding structures. The present study is directed towards the analysis of

discontinuities in millimeter-wave waveguides with enclosures.
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2.3 Mathematical formulation

2.3.1 Partial differential equations Maxwell’s two time dependent curl equations,
is the mathematical model for EM propagation phenomena, are a system of first order

hyperbolic partial differential equations.

In a source free region, Maxwell’s curl equations are

-

oH c —~ :
__ 2.3.
5 Zo-p,-VXE’ (2.3.1)
aE. Zo ' C e d
E = e V x H, (2.32)
where Z, = \/o/¢, is the characteristic impedance of free space, ¢ = \/pl,—e, is the speed
of light in free space, and E and H are the total field quantities as;
E=E*+ E, (2.3.3)
H=H+H, (2.3.4)

and the superscripts s and i indicate the scattered and incident fields; and where
z M 2
= oty = ur\/';—"\/#osa = Lc—‘u—,
o

Ep Ey
€ T Eofy = Epy [ —+lHo€o =
Fo Zo +C.

In the Cartesian coordinate system (z,y,z), Maxwell’s two curl equations can be

expanded as :

0H, ¢ .[aE OF,
ot ~ Z,op, 'O Oy

8H, ¢ OE. OE,

] (2.3.5.a)

y—
z

=g e (235
OH, ¢ 0E; OE,
ot ~ Z, pur [ dy Oz ] (2:35.¢)



CE; _Z,-c [6H, _ BH‘,]
o e 3y 0z
aEv ZQ'C aH: aH;

5 Er '[Bz - 6:::]
OE; _ ZO'C.[aH‘, _ OH.
Oz By]

ot Ep

In matrix notation, the equations can be written as:

BBl |0 }[.|vx o]
t|H| |-+ 0|0 Vx
or in compact notation as:
— =A-L =A —
Fn A U=A YA
where
= |E
7-|3)
- 0 l‘
A=| 1 &
-1 ol
= |Vx 0
L= 0 Vx|’

-
and R is a position vector.

The initial condition of ¥ is

U(R,t=0)= f(R)

bl

13

(2.3.5.d)
(2.3.5.¢)

(2.3.5.f)

(2.3.6)

(2.3.7)

(2.3.8.a)
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and the boundary condition is

DR ) =8R1t), t20 (2.3.8.0)
then the solution is

U(R,t) =GR xct) (2.3.9)

where of course §(0) must be equal to 3(0,0). Two solutions for a pulse propagation
are pictorially shown in Figs. 6.2.4(a) - (i), where the pulse excited in the middle of
wavegaide is split into two solutions like (2.3.9), one for a left moving wave and the

other for a right moving wave.

Propagation problems are initial value problems within free boundaries that have
an unsteady or transient nature. If a boundary value problem is combined with an
initial valuc problem, then in mathematical parlance, such a problem is known as initial
boundary velue problem or mized initial value boundary value problem. Fig. 23.1
illustrates the general propagation problem. We explain the problem for future reference
as follows; the vector U at somc point £ at time ¢ > 0 is determined completely by the
initial data at time ¢ = 0 line lying between the characteristic curves drawn from the
point p to the initial line. The included region formed by the characteristic lines is called
the domain of dependence of the point p. The situation is shown in Fig. 2.3.1 for the
one-dimensional case. It is the right time to discuss the mixed initial boundary value
problem. It is known that the solution in the region A, enclosed by the characteristics, is
determined by the initial condition and that the extension of the solution into region B
is determined by the boundary condition [2-28). More generally, the number of unknown
components of U that can properly be prescribed on a curve I'p is equal to the number

of characteristics entering region B from I'g. In propagation problems, therefore, the



15

solution marches out from the initial state guided and modified in transit by the side

boundary conditions.

Characteristics are the lines in the plane of the independent variables along which
signals can propagate. In a source free case, characteristics of Maxwell’s equations are
the same as those of the homogencous wave equation. The characteristics of the wave
equation produce a conical surface in two space dimensions as shown in Fig, 2.3.2. The
conical domain  in the two space dimensions becomes the triangle PAB in the one space

dimension as illustrated in Fig. 2.3.2. The base of 2 is the interval AB (circle) on the

x-axis from the apex (z°,1%).

t‘ Ig (Boundary condition)
Characteristics
B P
A

/ Initial condition /
t=0 -
I(—— Domain of dependence —)I

Fig. 2.3.1 Graphical representation of the general propagation

problem.

The value of I at (z",#°) depends only on the values of U and U; on the interval AB
and this interval is the domain of dependence of the solution at (z%,t%). Thus they

might represent the position of a wavefront in space as a function of time. A hyperbolic
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equation posseses two families of real characteristics: one describes waves travelling to
the left and the other waves travelling to the right. Physical systems that are governed
by hyperbolic equations are ones in which signals propagate at a finite speed (speed of

light in the case of Maxwell’s equations) in a finite region.
(.‘.Bl - In )2 + (1’.‘2 - 302)2 - (C‘t)2 (2.3.10)

In the one space dimensional case, the lines of PA = constant and PB = constant
represent the two families of characteristics along which the signal propagates. An
observer at point P is subject to the effects of what has happened in the horizontally
crosshatched region, AB, but disturbances outside this region cannot be felt. This region
is known, therefore, as the domein of dependence at point P. Similarly, a disturbance
created at point P can be felt only in the vertically crosshatched region known as the
domain of influence. It is important that numerical methods for solving hyperbolic
equations recognize the importance of finite domains [2-29]. The functional analogy of
the domain of dependence in this continuous case will be used to interpret numerical
(TD-FD) wave propagation characteristics in a discretized computational domain in

Chapter 3.

2.3.2 Finite difference aspects The approximate model for EM propagation
problems may be obtained by replacing the continuous Maxwell’s equations using the
finite difference scheme as below at each nodal point where the solution function is to be
found. The leap-frog finite difference scheme adopted by Yee [2-2] will be used for this

study. We denote a space lattice point as

(i, 5, k) = (i6z, 6y, k6z) (2.3.11)
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and any function of space and time as

F™(i,j, k) = F(i6, j6, ké,nAt) (2.3.12)

where § = Ar = Ay = Az is the space increment, and At is the time increment.

Domaln of
influence

K|

x1

Fig. 2.3.2 Forward and backward characteristic cones with apex at P and

domain of dependence of Maxwell’s equations.

The function is evaluated at mesh position (%7, k) for the n. time step. Using
the leap-frog scheme, the centered finite difference expressions for the space and time

derivatives with second-order accuracy in § and At are as follows:

nl: 2 nfs 1 - — KB U S k
aF (az;:’n,k) =F (!+2,j,k) 6F (l 2!1’ )+O(6‘2) (23.13)

6F“(£,j, k) - F"+§(i,j, k) - F'n_*(i:j’k) 2
b - o~ +O(AR), (2.3.14)
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where errors of (2.3.13) and (2.3.14) are accurate to the order O(4%) and O(A?) in
the Taylor series expansion. Following Eq's (2.3.13) and (2.3.14), Maxwell’s equations
(2.3.5) are discretized as

cAt
ZoAzpe(d,d + '%': k+3)

cAt
Z,Aypr(iyj + 3,k + 1)

L., 1, 1 ~dps, 1,1
H?**(z,;+§,k+§)=ﬂl‘ *(=,3+§,k+§)+

1 N
[E:("!J + —ak+ 1) —E:(t,j + _$k)]

.. 1 . . 1
[ET (7 +1,k+ §) —- E3(4,5,k + 5)]

(2.3.15a)
1 1 ZocAt
ntles s — o =E}M14=,7 -
Ez ('l+ 2)Jsk) E=(3+ 2'J’k)+ Aye,-(i-l- ';‘;J’k)
as TZPNE NI S AGS Lt JUSRE S Bocllt
[H:2(G 4 500 + 5,K) ~ Ha 2 (4 5, 2*’°)]+Aze,(i+%,j,k)

1

n+i,. l .
[Hy (t+2131k+2

+3,., 1 . |
)= By i+ 5,5k = 5))
(2.3.15b)
where the H, and B, components are shown; the other components are discretized

in a similar way. The stability inequality, (2.3.16), must be satisfied in the numerical

procedure.

1 1 1
LAt < -4 2.3.16
M (Fatag R (2316)
If a uniform mesh (Az = Ay = Az = Af) is used, the stability factor becomes

c- A 1
SF = I, ST:T; (2.3.17)

where ng is the number of dimensions involved. We use Yee’s basic computational cell

where the six field components are placed as shown in Fig. 2.3.3 for the uniform mesh.

Wilson [2-30] showed, using the theory of characteristics developed by Courant,

Friedricks, and Lewy [2-33) that the leap-frog scheme is stable if the condition (2.3.17)
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I\ Z
(i=1,3,k+1) E {(i-1, 341, k+1
T
Hz o
(1, 3,k+1) i A
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I /
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A/;ix :
_— e e e b
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/ >
~ /Ex
- >
Ey
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X >

Q : Finite Difference Mesh Crossing Point

Fig. 2.3.3 Positions of the 6 field components about a unit cell of Yee’s

lattice.
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(CFL stability condition) is met. According to Wilson, the leap-frog scheme is viewed
as a two-step integration of the time dependent wave equation. This leap-frog scheme is
introduced as a local wave propagation model rather than treating it as just a numerical
approximation. There is a similarity between the characteristics of the continuous
Maxwell’s equations and the numerical wave propagation properties of the leap-frog
scheme. This will be discussed in Chapter 3. The theory of the characteristics states
that the numerical scheme is stable if and only if, the domain of dependence for the

finite differenced equation includes that for the continuous equation.

Figure 2.3.4 shows the domain of dependence for the finite differenced equation
in one space dimension. The point Q at time level ¢ is calculated from the points A
and B on time level t — %, which have in turn been calculated from C, D, and E on
t — At, etc. Clearly the numerical domain of ‘dependence of the point Q is limited by
'QAJ and QBN. The physical domain of dependence of Q is limited by the extreme
characteristics J and N through Q. The extreme characteristics are determined by the
upper limit value pf the stability inequality. To obtain a convergent and thus stable
calculation, it is necessary that any pertubation that can influence Q physically must
also be able to do this numerically (the discretization may not cut off physically possible
influences). This requires the physical domain of dependence to be contained completely
in the numerical domain of dependence. The slope of the characteristics leads to the
CFL condition which will also be described in the next chapter. The characteristics and
the domain of dependence play an important role in wave propagation phenomena. The
numerical wave propagation phenomena will be described with the characteristics in the

next chapter.
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t

Bagsic Leap-frog Scheme

Fig. 2.3.4 Characteristics and domain of dependence on the time-space

grid structure.
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2.4 Initial and boundary conditions Maxwell's equations are known as indefinite
equations since they can apply to any macroscopic EM propagation problems, in general,
but the equations per se do not define a specific problem. The EM propagation problem
is defined only when a proper set of initial and/or boundary condition is given. For
a given guiding structure, we need an auxiliary condition which includes initial and
boundary conditions for the given physical problem. A matching boundary condition
which truncates the computational domain is another essential condition in the method

and ili Lo described in more detail in Chapter 4.

The convergence process can roughly be divided into two parts. The first part
corresponds to the elimination of the large initial errors and depends strongly on the
initial conditions. But when the propagation is more or less settled, the convergence is
determined by the dissipative effect of a numerical approximation and this dissipation
must be remain very small to achieve good accuracy. This second part is characterized
by an exponential decay of the error and depends on the scheme, but not on the initial
conditions. The leap-frog approximation is supposed to be non-dissipative as shown in

Appendix I

For an initial excitation, a plane wave, or a linear sum of plane waves can be used
in the CW case, and a Gaussian pulse excitation can be used for wideband applications.
K an initial signal is monochromatic, the signal will not change form as it propagates.
For sinusoidal excitation, the steady state must be reached before one can obtain any
useful information from the responses of a discontinuity of a wave guiding structure.
This usually requires huge computational effort and resources. However, the usefulness
of computing in the time domain is that, in principle, a single simulation with a pulse

excitation can provide the response of the discontinuity for a wide band of frequencies.
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However, we cannot use any arbitrary pulse as an initial condition in practice since
errors such as numerical noise or the Gibb’s phenomenon introduced by the numerical
discretization (numerical dispersion will be explained in the next chapter) affects the

phase of the Fourier transformed output of the time domain response and results in a

loss of accuracy.

The incident pulse must be smooth, and its derivative must be continuous since
Maxwell’s equations are differential equations. The influence of the initial condition has
been evaluated numerically in terms of convergence to the physical properties of the
uniform guiding structures for three different shapes of pulses: raised cosine, hyperbolic
secant, and Gaussian pulses. We will use a Gaussian pulse exclusively as an initial

condition for guiding structures because it yields the best convergence.

For the CW case, the implementation of a sinusoidal plane wave excitation
composed of discrete time steps across a cross-sectional plane of the computational
domain is trivial. However, for the wide band case = Gaussian pulse is used as an

initial condition and is given by
g(z,t=0) = /W’ (2.4.1)

where W=20 Az has been used. If the pulse width W is expressed using time, then the

spectrum of the Gaussian pulse is
G(f)y=e ™ T (2.4.2)

The phase factor is not shown. As suggested in [2-22], the pulse width is defined to be

the width between two points which are 5 % of the maximum value of the pulse.
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Fig. 2.4.1 Gaussian pulse as an initial condition

So, T is determined by
e~ (/) _ o(=3) ~ 5% (2.4.3)
or

10Az
c

T =

: (2.4.4)

Si-

At f= 51?, G(f) = 0.1, thus the maximum frequency component of the Gaussian pulse

is
fma: = "‘"];" = l . __‘\/:.?'_C (2.4.5)

In turn, the minimum wavelength in the spectrum of the pulse is

Amin =2-¢-T (2.4.5a)

Note that we used an initial pulse excitation different from that in [2-22] where

a train of discrete pulses was injected sequentially for around 50 At (for the first 50
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iterations of a simulation). We have usually excited a complete 20 Af-width-Gaussian

pulse at a single time ¢t = 0 by initializing the mesh according to its spatial distribution.

At the interior mesh points, Maxwell’s equations are substituted by the leap-
frog approximation. The substitution satisfies all conditions for local stability and
convergence, At each computational step, information is transmitted from each point to
its neighboring points via the computation of the leap-frog approximation of Maxwell's
equations as shown in Fig. 3.2.2. In this way, the boundary mesh points influence
their neighbors and transmit the effects of the boundary condition into the propagation
field. For this to happen, the values of all physical quantities at boundary points must
be known at each computational step. The electric and magnetic walls are the basic

boundary conditions. They are implemented as follows: for the E,; component we have
= N ! .
Eangentiat(i:J + 3 k) =00 for eleciric well (2.4.6a)
which represents a forcing condition, and for the H, component we have
"n+-§ . 1 . 1 k _ .
Hygngentiallt T 5J + 5 ) =0.0 for magnetic wall (2.4.60)

which provides a symmetry condition. At an interface between two different media
having different dielectric constants, the field components or their derivatives are
continuous. Thus, [2-35] suggested that Maxwell’s equations take this into account

automatically. So, we do not need any special considerations on this matter.

2.5 Error sources and remedies The leap-frog approximation of Maxwell's

equations, (2.3.15), are mathematical expressions different from the continucus
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Maxwell’s equations. This means that their solutions are different as well. Numerical
methods have generally been developed to obtain as close an approximate solution as
possible with respect to the analytical solution for given types of problems. In order to
have an accurate TD-FD simulation result, the error sources must be understood before
the numerical procedures are implemented. The approximate equation (2.3.15), and the
numerical algorithm of the method both introduce errors whica niny be split into three
types. The first is that of consistency error. This is the error which becomes vanishingly
small when the sizes of A2 and At are reduced. This will be described in Subsection
2.5.1. The second type of error is related to the stability problem which was expressed
in (2.3.17) and explained in Subsection 2.5.2. If we have both a stable and consistent
conditicn, we have a convergent condition in view of classical convergence theories [2-34].
As long as the numerical solution converges to the correct physical result when the size
of the mesh is reduced, the solution is consisieni. Ames and Richtmyer [1-15] and [1-
16] mention that this convergence will normally take place provided that the difference
model is consistent and stable . However, it is very difficult to obtain results from the
approximate Maxwell’s equations even though the above conditions are met. There are
some more important types of errors in hyperbolic partial differential equations. The
third type of error is called spurious error, which does not disappear when the the mesh
size tends to zero even though the stability inequality is satisfied. This type of error will
be described in Section 2.5.3. The total errors in phase and amplitude which lead to

numerical dispersion and dissipation, will be considered in the next chapter.

2.5.1 Consistency In most numerical methods, the truncation error is the
dominant error. The truncation error in the TD-FD method is caused by the leap-

frog approximation (truncation of Taylor series) of the continuous form of Maxwell’s
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equations. Such errors are dependent on the size of the mesh in time and space, At and
Al. The error involved in the leap-frog scheme shown in (2.3.13) and (2.3.14) has the
order of (At?) and (Al?) in terms of a Taylor series (Q(At?), O(Al?)). The errors such

as numerical dispersion and anisotropy belonging to this type will be explained in the

next chapter.

Round-off error which is due to the accuracy with which a particular variable is
described in the memory of the computer should be mentioned here. Real numbers are
stored in terms of a mantissa and an exponent. Clearly if the calculation is performed
with ¢ decimal places, it will be less accurate than if it were solved with i + 1 decimal
places. With modern computers (for example VAX), however, four bytes are used to
represent numbers and so eight significant figures can be used. It is important to note
that the computer arithmetic works with finite precision, but that the cumulative round-
off error is not usually severe for TD-FD applications. As the mesh size At decreases the
round-off error increases (since more calculation steps are required), but the truncation

error decreases (the smaller At, the less truncation error). This relation is shown in Fig.

2.5.1.

Thus one cannot generally assert that decreasing the mesh size will always increase
the accuracy. But, it is required, that in the limit of a small time step and small space
step to zero, the difference system becomes identical with the differential system. This

is the consistency property related with the truncation error. Formally the requirement
of the consistency may be specified as:

lim m L8548 DU

A0 AL0 At Ly,

where Ly is the leap-frog difference operator, § = £} is finite, and L is the differential

operator in (2.3.6). If this condition cannot be satisfied, the difference scheme can
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not simulate the propagation problem of interest, thus it is clear this requirement is

fundamental to a correct solution.

Round-off error

Truncation errg:

Fig. 2.5.1 A relationship between the truncation and round-off errors

for a mesh size

2.5.2 Stability The stability condition in the method guarantees the continuous
dependence of the discrete solution of the two equations in differential form. Courant
(2-33] introduced the stability inequality (CFL stability condition) which ensures a
convergence of the difference solutions for the basic type of linear hyperbolic partial
differential equations. Von Neumann also obtained the same inequality from the study of
error-growth with Fourier mode [2-34]. Meeting the inequality ensures that the numerical
procedure is stable (the solution does not blow up). We do not consider contributions of
reflections from an imperfect matching boundary. Reference [2-26] showed that accuracy

in general is not very sensitive to variations in the stability factor. However, better
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accuracy has been observed at SF = -‘-}5, than for lower values of the stability factor
in the two space dimensional problems. For reasons of accuracy and economy [2-26]
suggested a stability factor close to the upper limit of the inequality. It is believed that
lower accuracy at lower values of the stability factor is due to the following reasons:
firstly, the round-off error increases with the number of computational steps, secondly,
more interference due to the forerunner* can be expected at lower values of the
stability factor, and thirdly, less numerical dispersion occurs as the value of the stabilty

factor is increased, as shown in the next chapter.

When we derive the stability criteria shown in [2-35], the amplification factor for
the leap-frog scheme should be unity. The amplitudes of all the eigenvalues (spectral
radius) involved in the pulse excitation become unity as the computing time increases.
This property provides an interesting characteristic called the non — dissipativity of the
leap-frog scheme. Non-dissipativity offers convergence criteria for amplitude errors and
numerical energy conservation. Phase error (dispersion) produced by the difference
scheme can be checked by evaluating the propagation constant in a transmission line

with uniform cross-section. These properties will be explained in Section 3.6.

2.5.3 Spurious errors Major sources of spurious error in the solution of the method

using a uniform square mesh are:
(2) discontinuous initial conditions [2-36], [2-37]
(b) improper boundary conditions

(¢) insufficient number of iterations

* If 5 wave is created, then there are a main wave stream and a forefront part which

is propagating faster than the main stream. The forefront part is called the forerunner.
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Type (a) comes inherently from using a discontinuous initial condition, i.e., an
abruptly changing input pulse excitation. A smoothly varying pulse is generally required
for excitation to provide good results. The discrete Maxwell’s equations are very sensitive
to the shape of an input pulse. The optimum pulse shape for a given problem must be

found with the criteria introduced in Section 2.6 before a specific simulation is tried.

Type (b) comes from an inaccurate symmetry boundary condition or accumulated
reflections from a matching boundary condition. Since there is no perfect matching
boundary condition, reflections from the imperfect boundary condition are accumulated
as the number of iterations is increased. A good matching boundary condition is required
to avoid this type of error. In this study, we have found a new local wideband matching
boundary condition based on the transition operator concept. This will be described
in detail in Chapter 4. Symmetry boundary conditions must be implemented carefully,
since the electric and magnetic fields are not located on the same plane since they are
actually a half-space apart. It is noted that an improper implementation of a symmetry
boundary condition often creates dissipativity in a pulse simulation. Hence care must

be taken when a symmetry boundary condition is implemented.

Type (c) is due to the finite duration of the calculation. It is directly related to
3ibbs’s phenomenon and is usually reduced by increasing the number of iterations. We
cannot increase the number of iterations indefinitely, therefore we must find an optirmum
number of iterations for a given problem. The way to find the optimum number of

iterations will be explained in Section 3.6.

2.6 Numerical solution procedure The TD-FD method employed an explicit

scheme, which requires a stability criterion. The explicit scheme for iterations of
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the differenced Maxwell's equations yields the solution everywhere in a computational
domain from the solution known at a previous time. So the scheme functions as a
“time-marching” procedure, in which the approximate Maxwell's equations are solved

iteratively in a medium excited by CW or pulse.

Iterative methods involve the repeated application of the same procedure or
algorithm, and they provide answers that gradually approach the true solution. The
iterative procedure begins with an initial approximation to the solution to the desired
accuracy. The speed of convergence for a given method depends strongly on the degree
of accuracy of the initial approximation. Thus, intuitive engineering judgement can
greatly influence the efficiency of the computational process. It is noted that the block
iterative scheme* has been used in our study. In the next two subsections, TD-FD S-
parameter extraction algorithms for the CW and pulse cases will be demonstrated for

discontinuities in a guided wave transmission structure.

2.6.1 CW case Following the initial boundary value problem concept, an initial
condition can be a transverse field distribution such as
éi(ulruh z) =a- Ei(ulyu2) * e:i:jﬁ-.-z
) (2.6.1)
hi(uh u2, z) = bi * H‘-(ul ,u2) ' e:l:jﬁ.':
where a; and b; are the amplitude factor of the initial electric (E') and magnetic (H?)
field components, and &;, k; and B; are the transverse vector functions and propagation
constant of the i,; mode. If the initial field function not known explicitly, it can be

obtained with frequency domain numerical techniques such as finite difference [2-39]

* An algorithm is used to modify the approximate solution for a whole group of node

values in the computational domain
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and finite element [2-40] methods. By initializing the discrete Maxwell’s equations

(2.3.15) with a time dependent sinusoidal function, and enforcing the boundary condition

wherever required, a steady state condition of the field distribution is gradually reached.

Once a steady state condition is satisfied, E%,.(i,, k1) — En_ (3,7, k2) < ¢ for two peak

points along the propagation direction, where ¢ is a very small number proportional to

the amplitude of the initial incident wave, and the S-parameters can be extracted from

the field distribution as follows;

Sute) = 52455

with a matching boundary conditicn on port 2, and

Etrans(w)

321 (w) - Einc(w)

with no incident field from port 2,

or
S11{w) = |511|£61;,
where
lSl]l = I gmin | _1
I EEml'n l+1

O =2kz-7m

(2.6.2)

(2.6.3)

(2.6.4)
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The unitary property must also be satisfied for lossless case:

|S21| =1 - |Su|2]‘} (2.6.5a)
T
On=0O0nxg (2.6.5b)

where the “~” sign in (2.6.5.b) designates inductive behaviour. The computational steps

for the CW case are shown in the flow chart in Fig. 2.6.1.

2.6.2 Pulse case The wideband frequency response for a given problem can be
obtained by using a pulse excitation at ¢ = 0, and a Fourier transform after the steady
state co:rzdition* has been reached. In contrast to the CW case, the pulse case requires
two computer runs for an S-parameter extraction. During the first run, we calculate
the incident field distribution in a structure in which the discontinuity under study is
replaced by a wideband absorbing wall, and during the second run we calculate the field
distributions with the discontinuity in place. Therefore, we need two computational
domains as shown in Fig. 2.6.2. The incident field, Einc(w), is sampled in the domain

(a), while the total field is sampled in the computational domain (b). A reflected field

* The steady state condition for a pulse excitation has been defined in [2-41] as follows:
In the most general terms, the steady state solution of a differential equation is the one that

is asymptotically approached as the effect of the initial condition dies out. This condition

is also used to determine the iteration number of a given application.
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quantity, S11, for example, is obtained as follows;

EI‘C
Su(w) = & L £(8res — Binc) (2.6.6)

where subscripts inc and ref indicate the incident and reflected field quantities

respectively. The steps in the calculation procedure for the pulse case is shown in the

flow chart Fig. 2.6.3.

2.7 Summary  After a brief review of the historical development of the TD-FD
method, the discussion in this chapter has focussed on the formulation of the numerical
EM propagation algorithm as an initial boundary value problem. Errors involved in the
numerical approximation of Maxwell's equations have been described, and remedies have
‘also been briefly introduced. The numerical algorithm for S-parameter extraction from
simulations with both CW and pulse excitation has been illustrated. This chapter thus
serves as an introduction to the principal themes of this thesis. The next chapter will

introduce the local wave propagation characteristics of the numerical TD-FD process.
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CHAPTER 3

Numerical Wave Propagation Characteristics

3.1 Introduction In the previous chapter, we have described the TD-FD method
mathematically as an initial boundary value problem. Physical relationships between
continuous and discrete models for EM wave propagation will be introduced in this
chapter in order to better understand the numerical method. This means that we do not
consider the numerical approach blindly as mere number crunching. The numerical
wave motion in a discrete mode is interpreted in analogy to the continmous wave
propagation phenomenon. We have already observed that the behaviour of the leab-
frog approximation resembles that of the characteristics and the domain of dependence
of the ;:ontinuous model shown in Fig. 2.3.2 for the one dimensional case. The leap frog

approximation will be treated as a local propagation model in a discrete computational

domain in the next section.

In Section 3.3, we will study the geometrical meaning of the stability factor to
better understand numerical wave propagation phenomena in two space dimensions.

(Three space dimensions cannot be shown on the two space plane. We also omit the



39
one-dimensional case.) Dispersion characteristics and group velocity analysis for the
numerical model will be included, the relationship between the velocity (phase and group
velocity) errors and the stability factor will be introduced, and we propose to use a value
close to the upper limit of the stability inequality in Sections 3.4 and 3.5. In Section 3.6,
the global error (phase and amplitude) checking algorithm for general guiding structures

is introduced and related to the non-dissipativity of the leap-frog scheme in Section 3.6.

3.2 Leap-frog scheme as a propagation model In a source free case, the

Fig. 3.2.1 Characteristic cones and domains of dependence for the two

space dimensions at the time steps #, and ¢,.

characteristic cones of the continuous model in two space dimensions are shown at two

specific times (¢; and ?;) in Fig. 3.2.1. For the leap-frog approximation, we illustrate a
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local wave motion based on TE mode propagation in the discrete domain. This is shown
in Fig. 3.2.2 with the time-space mesh structure. The leap-frog scheme in Fig. 3.2.2
shows that the H field values at the points F, G, I, and K at a time step (n + 3)At are
dependent upon the E field values at A, B, C, and D at a time nAt and H field at the
same position F, G, I, and K at a time step (n — 3)At. And the E field value at the
point P at a time (n + 1)At is updated by using the H field values at the points K, F,
G, and I at a time (n + 3)At and the E field value at the point P from the previous time

step nAt.

ey

Fig. 3.2.2 Three-dimensional (z,z,t) diagram showing the discrete

characteristic of the leap-frog approximation for TE mode propagation.
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The E field components are placed at the points A, B, C, and D. The H field components
are placed at the points K, F, G, and I, which are on the charateristic lines (AP,
BP,, CP,, and DP,) at the half time steps on the half space intervals. The discrete
characteristics of the leap-frog approximation for a time step form a square with the four
points A, B, C, and D for the E fields and K, F, G, and I for the H fields since a uniform
mesh size is employed. Otherwise a rhombus is generally formed. This square behaves
like the domain of dependence in the continuous case [2-33]. It is obvious that in the
three-dimensional (z, z,t) mesh structure the characteristics of the differential equations

are circular cones, whereas those of the differenced (leap-froged) equations are four-sided

pyramids.

3.3 Geometrical meaning of the stability factor Projections of characteristics
(the domain of dependence) for continuous propagation are shown on the discretized
computational domain as projections of the discrete characteristic lines on the two
space plane in Fig. 3.3.1. The squares are domains of dependence for the leap-
frog approximation. The CFL (Courant-Fredriechs-Lewy) stability condition for the
differenced equations, Reference [2-33], states that in order to be convergent for all
smooth Initial data, the square of dependence of the difference equations must contain
completely the circle of dependence of the differential equations. There is no loss of
generality if we consider the grid point O to lie on the t-axis at z = zg and 2z = zp. If

T = nAt, then the domain of dependence for the differential equation is given by

z2 + 22 < n?Af? (3.3.1)
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and so in Fig. 3.3.1, 0@ = nAt wheren is 1.

D——‘—/—l

~N A
T\ 4 . o

x=x°

Fig. 3.3.1 Projections of the characteristic circles and squares (propagation

behaviour) in the space plane (x,z) at time steps t1, t2, and 3.

Now the square of dependence for the difference equation, shown in Fig. 3.3.1, has
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OR = 0S = nAl where n is 1, and so the CFL condition is satisfied provided the square

includes the circle, and this is the case [2-34] if

3
v
~

(3.3.2a)

Sl
2~

or

(3.3.2b)

RIE
A
Sl

where the speed of light is normalized (¢ = 1). This confirms the stability inequality

given by Courant [2-33] and Von Neumann (2-34] and is also shown in Appendix II.

While the circles are interpreted as wave fronts at given instants in the continuous
case, the squares are wavefronts in the discretc case. Since a wavefront is normal to
the propagation direction, a numerical propagation direction at 45° in a uniform mesh
naturally meets that of the continuous model as shown in Fig. 3.3.1. As the angle of
propagation direction changes, i.e., from the direction of OQ to the axial direction, the
difference between the two cases increases. The numerical wave propagation behaviour

shown in Fig. 6 is independent of the choice of the stability factor.

The stability factor can be considered as a proportionality coefficient which
controls the propagated distance in the discrete computational domain since the stability
factor determines the value of the normalized distance vector on the grid structure. So,
the propagated distance is maximum for the maximum value of the stability factor (which
provides the maximum At). We can predict how the numerical wave propagates in a

uniformly meshed domain with the formula
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con-At=SF-k-Af, (3.3.3)

where SF is the stability factor and k is the number of the node in the direction of
numerical wave propagation. If SF is zero, then the numerical wave is stationary, i.e.,

does not propagate at all. Some value close to zero requires a large number of iterations.

This effect of the stability factor must be included in the Fourier transform as

follows:

N
S(F) =Y Salioro, ko)e~ 27 s 5F (3.3.4)

n=1

where s is the spectrum, § is the time domain sample, n is the iteration number,
(20y70s ko) is the sampling position in the computational domain, N is the total number
of time intervals for which the simulation (calculation) is made, and f = §¢ is the

frequency measured in ¢ycles per sampling interval.

3.4 Numerical dispersion relation and anisotropy The standard way of analyzing
the distortion of a propagating wave is to study its dispersion relation. The numerical
discretization of Maxwell’s equations produces a numerical dispersive phenomenon, that
is different from the physical dispersion phenomena. Asits name indicates, this numerical
artifact causes the phase velocity to become a function of the mesh size. A wave

propagating in a discrete mesh become progressively dispersed with increasing travel
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time. Hence, numerical dispersion is a significant problems in the method and thus
its effect must be reduced as much as possible. To see the dispersion effects of the
numerical approximation, we will analyze dispersion characteristics in a region away
from any boundary in order to avoid boundary effects. The velocity is also a function
of the stability factor. The numerical dispersion characteristic has been studied in [3-1].

The dispersion relation for the 3-D leap-frog approximation, (2.3.15), is given by

sin?(V2t) = 5Folsin?(P02) 1 g2 By o sin?(Z225)) (3.4.)
where §;, B,, and B, are z-, y-, and z- components of the wave number, and SF =
1’%‘&3 < \/ERT_-' We know that the continuous dispersion relation in free space (no

dispersion) is

2 w? 2 2 2
Bo=—5=PB+By+8B:. (3.4.2)

As Az, Ay, Az, and At go to zero, (3.4.1) reduces to (3.4.2). This means that the
dispersion increases, as the mesh size Af becomes larger. For TE mode propagation in

the two dimensions, (3.4.1) reduces to

wit

B-cosl-Ax
2

2

B-sind. Az

sin?( ) = SF?[sin’( ) + sin®( 5 )] (3.4.3)

where 8 is the propagation angle with respect to positive x-axis. Equation (3.4.3) is

further reduced for the normalized phase velocity by using a uniform mesh as
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hiL} Ao GalSF sin2(1-‘°‘§'ﬂg) + sinz(l'-éf\;ﬁ"‘-“—g)] (3.4.4)
[+ (]

c SF.-n-Af

The normalized phase velocity, (3.4.4), is plotted as a function of the propagation angle
for four different mesh sizes at SF = 715 This is shown in Fig. 3.4.1 where the unity
of the normalized phase velocity indicates no dispersion at all. Fig. 3.4.2 demonstrates
the same characteristic at SF=0.5 as shown in {3-1]. By comparing the two figures,
Figs. 3.4.1 and 3.4.2, the smealler numerical dispersion error is shown at SF = 7‘5 rather
than at SF=0.5 for the two-dimensional case. For the mesh size, ‘g‘l = 10, and any
propagation angle in the mesh the maximum dispersion error predicted for SF = 7’-2- is

0.837%, whereas for SF=0.5 the minimum dispersion is 1.24 %.

Fig. 3.4.3 illustrates the effect of the stability factor on the numerical dispersion
error if the mesh size is -3‘5 = 10. A comparison of the dispersion property at four
different values of the stability factor (0.1, 0.3, 0.5, and 715) means that the upper limit
of the stability inequality would yield the least error due to numerical dispersion for a

given mesh size.
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From Figs. 3.4.1, 3.4.2, and 3.4.3, it is observed that the numerical phase
velocity is maximum at a propagation angle of 45° and minimum at angles of 0° and
90° for any mesh size. We can see from Fig. 3.3.1 that only at 45° the discrete
propagation characteristic meets that of the continuous propagation. This agrees
with the above dispersion analysis. The numerical dispersion also causes the higher
frequency components to be delayed relative to the lower frequency components and
thus substantial failing of the signal arises. In order to keep the dispersion error less
than 0.5 % in the 2-D case, SF = -\-52- and a minimum mesh parameter of %g must be
used in the program formulation. Fig. 3.4.3 suggests that the upper limit of the stability

inequality [3-2] will ensure lowest dispersion error and the smallest number of iterations.

In addition to being dependent upon frequency, the propagation velocity of
the numerical solutions is also dependent upon direction. This property is called
the numerical anisotropy resulting from the space discretization, not from the time
discretization. This occurs in the numerical approximation of hyperbolic equations in
two space dimensions, but not in one-dimensional cases. This error depends also on
the number of A2 per wavelength, and is minimized by increasing the number of mesh
elements per shortest wavelength (2 > 12 for less than 0.5% ) in the simulation. The
derivation for TE modes is included in Appendix I. For a uniform mesh and the leap-frog
approximation, the numerical phase velocity associated with the space discretization can

be obtained with

% = {sin®(BAL cos ) cos?(BALsin 6) + sin?(BALsin 6) cos?(BAL cos 6)} i (3.4.5)

where 6 is the propagation direction with respect to the z axis. The derivation of (3.4.5)

is shown in Appendix 1. Note that if SA¢ — 0, ¢* — 0. A polar diagram representing



51
the normalized phase velocity 5:- as a function of SAZ and propagation direction 8 is
shown in Fig. 3.4.4. It is interesting to note that the anisotropy error can be neglected

if a wavelength is resolved by more than 8Al.

3.5 Group velocity As we noted in the last section, errors due to numerical
dispersion are introduced by the leap-frog approximation of Maxwell's equations. Thus
the numerical group velocity involved in the initial (Gaussian) pulse must be considered.
The group velocity indicates the speed and direction of the propagation of the energy
contained in the spectral component of a wave packet or wave group. Energy is used here
in the general senée of & quantity proportional to the amplitude of the variable squared.
For dispersive waves, the group velocity differs from the phase velocity and is perhaps a
more important quantity to examine in an error evaluation than the phase velocity. The
CFL stability condition also governs the numerical group velocity. As in the numerical
phase velocity case, the numerical group velocity error is minimum at the upper limit of

the stability inequality as will be shown later in this section.

The group velocity, v, = ‘;—‘;, is derived from the dispersion relation (3.4.1) [2-42]

and is

_SF sin?(BAL - cos . ) +sin®(BAL - cosay) +sin*(BAL- cos a;)

Ys sin{wAt) ’

(3.5.1)

where SF is the stability factor and &, ay, and @, are the wave propagation angles with

respect to the cordinates z, y, and z respectively.
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Anisotropy property for different angles

180

270

zal

Fig. 3.4.4 The anisotropy is represented in a polar diagram for four different

mesh sizes. Note that amplitudes are not related to each other.
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In Fig. 3.5.1, the numerical group velocity characteristic at propagation angles 0°
or 90° (along the mesh) versus SA€ (radian) is shown for different values of the stability
factor. This characteristic again suggests the use of a value close to the upper limit of
the stability inequality. Another point is that the group velocity will be zero at AL =«
which corresponds to a wavelength 2AZ in an axial direction. This is directly related to

the Nyquist sampling criterion for the minimum case.

In Fig. 3.5.2, the group velocity characteristic at a propagation angle of 45°,
(diagonal in the mesh) as a function of SAZ (radian) is illustrated for four different
values of the stability factor. This figure shows that the group velocity is faster for a

propagation angle of 45° than that at 0° or 90°.

1.0+
2
2 0.8 1 —a&—— Vg SF=0.7071
C mmgfpeme Vg SF=0.5
> 0.6 - w— s Vg SF=03
§' mmw== Vg SF=0.1
S 0.4 -
2 027 N

0.0 T T l -

0 1 2 8Al 3 4 5

Fig. 3.5.1 Comparison of the group velocity error at the propagation angle

(0° or 90°) for different values of the stability factor.
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In particular, no group velocity error occurs at the upper limit of the stability
inequality. This agsin confirms that the local TD-FD wave propagates in the discretized
computational domain as the continuous case at the propagation direction 45° as

mentioned in the previous section in this chapter.

In Fig. 3.5.3, a comparison between the group and the phase velocity
characteristics at a propagation angle of 45° (diagonal), with respect to AL is illustrated

for three different values of the stability factor.

1.0 4
o
g 0.8 1
'a‘ -
2. 06"
& | —a— VgSsF010m e
S 0.4 - weifprer Vg SF=0.5 ~y
E‘ 1 — Vg  SF=0.3
S 02 ==oe= Vg SF0I
0.0 +————rr—rrrr - ——rrr—r—r—— T
0.000 1.000 BAl 2.000 3.000

Fig. 3.5.2 Comparison of the group velocity error at the propagation angle

(45°) for different values of the stability factor.

It shows that no velocity error ( for both the group and the phase velocity) occurs at
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the upper limit of the stability inequality. This comparison also illustrates that the
group velocity is always slower than the phase velocity. As a result, both velocity errors

decrease as the value of the stability factor decreases.

1.0
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Fig. 3.5.3 Comparison of the phase and the group velocity errors at the

_propagation angle (45°) for different values of the stability factor.
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3.6 Global error checking algorithm  Any simulation must be checked for
convergence to a correct physical result. But the method requires a huge amount of
memory to analyze a practical guided wave transmission structure. A breadboard model
has therefore been introduced to help illustrate the ability of the method to simulate
guided wave propagation. It is straightforward to discuss the accuracy of the method
in a waveguide with uniform cross-section in terms of its amplitude and phase errors.
We have introduced the relavant physical properties to check the convergence of CW
and pulse excitation cases for any guided wave transmission structure. These are the
magnitude of a standing wave in the uniform waveguide without obstacles for the CW
c.se, or the phase linearity (constant phase difference between any two points separated
by the same distance along a guide) and non-dissipativity of the leap-frog scheme for the
pulse case. The non-dissipativity property ensures constant smplitude characteristics at
a single frequency along the uniform waveguide. The global error checking criteria will
be introduced in the next two subsections for T E;¢ mode propagation with a standard
homogeneous waveguide used as a breadboard model. Before complex guiding structures
can be analyzed, results from uniform guides without obstacles should be tested for
proper convergence. Studies of waveguides with uniform cross-section may provide useful

indications of behaviour in more complex structures containing some discontinuities.

The computational domain is shown in Fig. 3.6.1 with the field positions on the

fundamental mesh block.



57

X ;——reflecting boundary

D8N
R’
N
my
-
I—-P
>
rT'l(;
OdN J

-+ -+
H, H,
\ ; L .\c//
E, . \
\\,_____/} A

>
L_reflecting boundary

Fig. 3.6.1 TD-FD cell based on Ampere’s law for TE mode propagation in

the computational domain.

3.6.1 CW case A numerical standing wave envelope is formulated in a waveguide

with uniform cross-section without any discontinuities as follows:

Ey(z,t) == Re{Ey,e’*(1 4+ T,e™i2P*)eivt}, (3.6.1)
|Ey(z, t)imaz = |Eyo|(1 + [Tal), (3.6.2a)
|E9(Za t)lﬂ"'n = |Eyo|(1 - |Po|)1 (3.6.25)

where E,, is the incident wave and E,(z,?) is the resultant standing wave. We have the

maximum and minimum standing wave ratios, Spq.; and Spin as follows;

Sy = [Buleotlmaz _ 4 ip ) (3.6.3a)
| Eyol
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- |Ey(z:t)lmig

Smin = =1-|T 3.6.3b
m IEyol | Ol ( )

When the matching boundary condition is perfect (I, = 0),

Smg: = Sm.‘n - 1. (3.6.4)
This condition serves as the convergence checking criterion for the CW case.

3.6.2 Pulse case Assuming a wave propagating in the + z direction, the excitation
field E, (Gaussian pulse) was initially applied along the z direction at £ = 0 with a

half-sinusoidal distribution in the x direction as

E,i(z,2,t = 0) = Eyio(z) - e~ %7, (3.6.5)

where W is the pulse width. The Gaussian pulse may be expressed as a sum of many

plane waves as

Wiy . w2 .
E,i(z,2) = / A(B;)-e I Bezthes) g, = N " A4y 7R, (3.6.6)
wh f=un

where B, = /B2 —BZ. The quantity A(B:) can be thought of as the amplitude
of that component of the plane wave whose wave number in the z direction is ..
A(B:) = %Egﬁ,(z) . e:‘_vlz_‘;' = —27-"",r sin(f;z) - e:"l:l?}'. Then by virtue of the linearity
of the problem, the properties of the solution may be assessed from the propagation of a

single Fourier mode e™7# (when using the Fourier transform, g is allowed to range over
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all real numbers). The amplitude and phase of the Gaussian pulse at an arbitrary plane

z can be obtained as follows:

E\yo(z,2) = Eyoo(z, z) - e~ (53}, (3.6.7)

where the amplitude is

1/&‘.WE io{Z, 2 _:E..x’?b;-!
Eyoo(z,2) = 2 yio(Z, 2) .o PIWiies

1+ 22t

and the phase is
z ™
Oo(z,2)=—-(1+ E)ﬁ"z + 3= B z.

The propagation constant along the transmission line is S.

A convergence criterion can be defined as follows: the complex phasor obtained
from the Fourier transform is characterized by its amplitude and its phase. It has the
following two properties: firstly, for any frequency component, the amplitude of the
Fourier transform must be constant along a waveguide of uniform cross-section. (This is
direct;.ly related to the non-dissipative nature of the leap-frog scheme.). Secondly, each
cross-sectional plane is a locus of constant phase or propagation constant. For each
frequency, the phase factor §z must decrease uniformly along the propagation direction.
Thus, as shown in Fig. 3.6.2, the phase difference between any two points having the
same distance must be constant along the guide. From this property, the eigenvalues of

the transmission line can be calculated.
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Fig. 3.6.2 A section of a discretized guiding structure.

As a result, we can summarize the criteria at one frequency as follows:

90i+1(I, Kn+l) - eoi(I, Ku) = constani', (3.6.8)

and

Ai(Zconsty K) = constant. (3.6.9)
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The non-dissipativity property directly related to the numerical energy conservation is

mathematically shown in Appendix II for TE propagation.

3.7 Summary In this chapter, we have introduced the numerical wave propagation
characteristics of the TD-FD method in an attempt to better understand the method.
The discrete wave propagation properties of the method have been based on the
characteristic phenomena in the continuous case. Waves distorted by the numerical
approximation have been analyzed with the TD-FD dispersion relation which includes
the stability factor. So, as the value of the stability factor is decreased, the dispersion
error (velocity error) is intreased as mentioned in Sections 3.4 and 3.5. Therefore, we
propose to use a value close to the upper limit of the stability inequality for an accurate
TD-FD simulation as in [3-3] and [3-2]. It is important to note that the stability factor
must also be included in the discrete Fourier transform since the stability factor functions

as a proportionality coefficient for the propagation distance on the mesh as mentioned

earlier in this chapter.

Finally, we have introduced a global error (phase and amplitude) estimation
scheme [3-4] for a wave guiding structure. This scheme uses relevant physical properties
which must be consistent with any uniform transmission structures for both CW
and pulse propagation to produce guidelines for determining the optimum number of
iterations (the steady state condition must also be considered) involved in a simulation
and developing a good excitation pulse shape. Both properties confirm the fact that
Maxwell’s two cur! equations can be separated into transverse and longitudinal parts in

any guide of uniform cross-section. It also allows us to use a small computational domain
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in the form of the computational breadboard model and enables us to check that the

code works properly.



63
CHAPTER 4

Matching Boundary Condition

4.1 Introduction For the analysis of guided wave transmission structures, the
matched condition of the reflection coefficient, I' = %, is required. This condition is
usually obtained in an infinitely long wave guiding structure where the domain of the
computed field is not deteriorated by some reflected waves. No computer can store an
unlimited amount of data, and so the field computation zone must be limited. Therefore,
it is necessary to introduce artificial boundaries to obtain a matched condition at the

edge of a finite computational region.

The artificial boundaries that have been developed do not provide perfect
matching and thus produce reflections which obscure the simulated propagation
phenomena. The mismatch becomes very apparent when simulating scattering from
discontinuity in a wave guiding structure. To obtain the best accuracy when computing
the field, the matching boundary condition (MBC) must produce only very small

reflections when a wave (CW or pulse excitation) is incident upon it. Otherwise, the
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waves reflected into a computational domain will degrade the simulation results and

possibly cause instabilities in the computation.

A considerable amount of research [4-1)-[4-13] has been done to develop and
improve boundary conditions which minimize reflections. These absorbing boundaries
can be grouped into two broad classes: global and local boundaries. Most research effort
has been devoted to local boundaries. The class of global boundaries is one that obtains
an absorbing property from the calculation of a whole computational domain [4-13].
The local class is characterized by its local spatial and temporal nature, and is based on
physical or mathematical approximations. The term local implies that the conditions
involve only spatial and temporal points in the neighborhood of the boundary point

under consideration at the time of evaluation.

This study is concerned only with the local boundary class. Two techniques for
the local boundary condition were reviewed in [4-2]: (1) the far field approximation
technique and (2) the one-way wave equation approximation technique. Three other
different approaches that have been devised are i) the short and open circuit approach
proposed by Smith [4-3], ii) the super absorbing boundary condition by Fang and Mei[4-
11], and iii) the correction of velocity error near the boundary using the dispersion

relation [4-14].

With the short and open circuit approach, t':he simulation is done twice for each
absorbing boundary: once with an open circuit conditon, and once with a short circuit -
condition. Since these two boundary conditions produce reflections that are opposite in
sign, the sum of the two cases will cause a cancellation of the reflected fields. The main
shortcoming of this approach is thai the entire set of computations must be repeated

many times,
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The super absorbing boundary approach sounds excellent from its title, but there

have been no test results published and no details of the approach exposed. The last
approach works fine, but only for a narrow frequency range (around 8 % of the whole

standard waveguide operating frequency band for return loss better than 30 dB).

The far field approximation technique is based on the far field expansion
of outward radiating solutions (the Sommerfeld radiation condition {4-5]). For
pulse applications, the radiating solutior‘x of the scalar wave equation (i.e., solutions
propagating in directions which are outward from the origin of a spherical coordinate
system) has been expanded in a convergent series in [4-6] and [2-22]. In this approach

one must translate the coordinate system if Cartesian coordinates are used.

The one-way wave equation approximation technique will be reviewed briefly in
this chapter. A number of researchers have been involved in this approach. It was
introduced to the applied mathematical community by Engquist and Mzjda {4-7] in 1977,
and by Mur [4-8] to the EM engineering community in 1981. Some recent theoretical
advances have been made by Trefethen and Halpern [4-9] and Higdon [4-10], and a review

paper describing the approach was published by Blaschak and Kriegsmann [4-1] in 1988.

In [4-1], it is noted that the approach using lower orders of Pade approximations
has created problems (reflections) in pulse applications, even in 2-D cases, and that
higher orders of Pade approximations have also been used, however, the same problem

(instability) persisted.

I am introducing a new approach for wide band applications, which seems
promising for future research, and is based on the transition operator (matrix) concept
discussed in Section 4.3. The reflection property obtained with this new approach will

be illustrated in Section 4.4. We will also suggest to use an absorbing terminztion
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approach which includes the conductivity terms in Maxwell’s equations for a dissipative

terminations and this will be described in Section 4.5. At the end of this chapter there

is a summary and discussion of this new method.

4.2 One-way wave equation approximation Maxwell’s equations cannot be
used to formulate the matching boundary conditions directly since the equations require
a coupled form of boundary. We thus use the wave equation. The wave equation shown

in (4.2.1) describes a wave propagating in all directions.

-

1 - - —
_'2'U Uz: + Uy, + Uxx (4-2.1)

where U = [E;, E,, E,, H,,H,, H.]T and the double subscripts indicate the second order

partial differential operators such as Uy, = g%ﬁ

The equation, which describes a wave propagating in only one direction, (in the
positive or negative direction of z for example), is called the one-way wave equation.
For the one space dimensional case, it is easily obtained by using the following formal

factorization of the differential operator for the wave equation,

18 & L8
(Zzz 7320 =5 62) (cat a)U LyL U =0, (4.2.2)

and the general solutions of which are f(t ¥ £). The constant c is the velocity of
propagation. The operator Ly = %% + -6% dictates the forward moving part of wave,
the other operator L = 245 — 5; 8 dictates the backward moving part of the wave. To

obtain a non-reflecting condition we set

Ly=0. (4.2.3)
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The solution of (4.2.2) is given by

U = eflwt—83) 4 peilwttss) (4.2.4)
Substituting (4.2.4) into the boundary condition (4.2.3) and solving for I', we obtain

r=0. (4.2.5)

More generally, the wave front of interest in our model can be represented by a sum of

plane waves so that a wave travelling backward can be represented by

o0
U(z,t) =) Ased@itthin), (4.2.6a)
i=1
and a wave traveling forward can be represented by
— o0 . ‘
Uz, t) = ) Aiedlst=fis), (4.2.6b)

=1

where w; = B;c and i=1,2, .... These two conditions also yield the condition I’ = 0, if

we substitute them into (4.2.2).

Here we will digress a bit to explain the function of the electric wall boundary

condition used in the method as

ﬁElln.:nﬁll(a! t) = 0' (4'2°?)
Substituting (4.2.4) into (4.2.7) and solving for T, we find that
P} =1. (4.2.8)

Equation (4.2.8) implies that all the waves incident on the boundary will be reflected
with the same amplitude, whereas (4.2.5) implies that no reflected wave will be created

by the boundary condition (4.2.3).
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The one-dimensional case is trivial, and works well, but the 2-D and 3-D cases are

not easy to implement. We will review the 2-D case (see [4-12] for details). The matched

condition can be written by using (4.2.1):

18 139

(5 *+9) & ~%5 V) = 0. (4.2.9)

The general solution of (4.2.9) is of the form
U=f(R-ct)+ fa(R+et),

which is the expression shown in Chapter 2. The total field including reflections for an

electric field can be expressed by

g(m, z, t) = ej(wl:!:ﬂ: sin §—fzcos §) + r\ej(ut:l:ﬁa:ain 84+Bzcos ) (4‘2‘10)

Through the factorization (4.2.2), a MacLaurin Series expansion, and algebraic

manipulation, we obtain

19 1o+ -};(a,,)lﬁ =0, (4.2.11)

212
8z c Ot

where '+’ is for forward moving wave components and -’ for backward moving wave

components. Subsi‘tuting (4.2.10) into (4.2.11), we obtain

cosf —

IT| = |c059 + 1] (42.12)
This reflection property is shown in Fig. 4.2.1 (see the no modification case) as a function

of the angle of incidence angle 8. The reflection property is not good except at around
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0° incident angle. However, if the coefficient 3 in the numerator of (4.2.11) is modified
to ﬁ% and SF:\-;E’ then we obtain better reflection properties, which are also shown

in Fig. 4.2.1 (see the modified case). Equation (4.2.11) is modified to read

1 82 8 SF  §*

<z0t T 5% T T oF 3s8) 70 (4:2130)
108 8  SF &
<5201 92 " TisFag) =0 (4.2138)

Rearrange (4.2.13b) and multiply by (1 + SF),

SF 9% &, (1+SF) &
e o2 c 8z0t

+8%92% =0, (4.2.14)

or

19 , 8, SF9 0
PR ey T A (2215)

Similarly, a matching boundary condition for the backward moving wave is

18 J SFQ
cot 32)( c ot az)_ (4.2.16)

The explicit finite-difference approximation of a E field component at z =a

becomes

E"*l(i,a) = E"(i,a) + E"(i,a — 1) = E""!(i,a - 1)
(4.2.17)
— SF[E*(i,a) — E™(i,a — 1) — {E" (i, = 1) — E""(i,a ~ 2)}]

where a is an integer,

From the modified case of Fig. 4.2.1, we can see that the reflections for an incident
angle greater than 50° are getting bigger, and that at 90° there will be total reflection.
But it is noted that at the incident angle of 45°, we obtain zero reflection from the
modified version. Remember that in the last chapter, the phase velocity error at the

propagation angle 45° and at SF = 715 is minimum.
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Reflection in Magnitude
- o

0.2
l" ,

Incident Angle

Fig. 4.2.1 Comparison of reflection property for modified and non-modified

approximation of the one-way wave equation.
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We have tested this boundary condition when we used it as the standard waveguide
matching boundary condition for CW application. The reflection property of a MBC can '
be checked with a numerical SWR measurement in front of a MBC suggested in the last
chapter. An empty waveguide is excited with a TE;q mode as an initial condition for this
nummerical experiment. Two MBC's for backward and forward moving waves are placed
at each end of the computational domain of the standard rectangular waveguide. The
numerical standing wave envelope is computed to sample Smar and Smin as the main
stream of the numerical wave is propagating along the guided path. The standing wave
envelope must satisfy the unity condition for the matched condition shown in Section
3.6. The value of Sper 2nd Smin at the simulation output are checked with the unity
condition for the upper limit of the stability inequality. The result obtained with the
above procedure for different numbers of A€ in the waveguide width are compared with
the unity condition and compiled in Table 4.2.1. They represent the worst cases obtained
over the operating bandwidth of the dominant mode of the waveguide at a constant
propagation velocity (the number of iterations required increases as A? decreases). The
numbers indicating the percentage in the max. and min. columns of SWR are giving the
deviation from the matching criterion unity, i.e., the positive numbers indicate an error
greater than unity in percent, and the negative numbers the errors less than unity in
percentage. Also, we can observe numerical wave propagation phenomena through the
boundary as computing time increases as shown in Fig. 4.2.2. Fig. 4.2.2a illustrates the
B, component of the T Ejp mode propagating in an empty waveguide, and Fig. 4.2.2b the
same field component with a metallic discontinuity in the same waveguide. MBC's were
placed at the left and the right ends of the waveguide, for both cases, and the incident
wave was launched at the right end of the waveguide. The waveforms were sampled

after 2000 iterations. No significant reflections can be noticed as already shown from the
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numerical SWR measurement of Table 4.2.1. Note that a small metallic discontinuity is

shown in a circle of Fig. 4.2.2b.

The approximation procedure for the one-way wave equation can be considered

as a para-axial approximation as follows;

The dispersion relation of the 2-D wave equation is

w = c(B% + B, (4.2.23)

where w is a real function of the spatial wave numbers, 8; and 8;. If we consider spatial
extrapolation of the 2-D wave equation (say, in the z-direction), the appropriate form of

the dispersion relation is

22y - 2By
B: = £(D)1 - —3*I° (4.2.24)

size of | Width 741 [14a1 |21 a1 |28al
Waveguide| [ength |110 Al |220 A1 |330 A1 440 al
Iteration No. 220 440 660 880
max. 5.66% | 5.21% | 452% | 3.95%

SWR 7
min. 1.21 -0.39 | -0.81 } -1.77

Table 4.2.1 The numerical SWR experiment showing the reflection

property of the MBC.
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Clearly, there is a stability problem when |Eg‘| > 1 (evanescent waves), since 3; becomes
imaginary. It is therefore necessary to modify the wave equation in such a way as
to eliminate the evanescent components of the solution. A relatively simple way of
accomplishing this is to restrict the range of solutions to those waves that are traveling
within a cone of the z-axis (para-axial waves). Note that the X sign in (4.2.24) is to

describe wave fields moving in opposite directions in z.

4.3 Transition operator matching boundary condition The idea behind this
concept for a matching condition in the time domain is as follows: if a wave (a series of
points discretized in time) is passing a certain location in an infinite guiding structure,
the transition state of the wave function as a function of time can be obtained at a specific
location or point. The transition state of the time domain wave function can be treated
as a matching condition at the point where waves are passing through. The advantage
of this MBC, is that it will be independent of the incident angle, unlike the one-way
wave equation approximation approach and thus will have a wide band characteristic.
The reflection property, however, is dependent on whether the MBC is simulated as an
infinitely long wave guide or with an absorbing material as a waveguide {ermination

(dummy load).

The transition operator, T, is defined with an open loop system [4-15] as shown

in Fig. 4.3.1. The transition operator associated with any linear system presented Fig.

4.3.1 is defined by

T(t, 7)20, ()T ~(t,) (4.3.1)

where 1 =t —t,, U (o) is an input signal, and T (t) an output signal.
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U(kt)

Uty U,(t)

T

Fig. 4.3.1 Open-loop sampled system.

For the MBC in the discrete domain, the transiticn operator for only one of the
three electric and magnetic field components is needed. So, the transition operator for
an E-field wave passing a certain location is

Er(I, k1 - 1)
En(I,k1)

T™(I,k1) =

where the E field time distribution is as shown in Fig. 4.3.2 and the transition
is considered over one At. In the three-dimensional case, assuming the waves are

propagating in the k direction (z direction), the transition operator becomes

Urti(i,j,k +1)

P38 = i i1

: (4.3.2)

where U = (B, E,, E;, H., H,, H.]T.
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t=n+1 t=n
Wave propagation directtion
1=1 —¢ $ - .
Erti(1,k1-1) | Er(LER)
1=2 @ ¢
Ent1(2,k1-1) E™(2,k1}
I
| 9 !
|
|
Er¥'(nz,k1-1) En(nz,k1)
l=nx . 4 ?
= At P
k=k 1-1 k1

Fig. 4.3.2 A description of the procedure for obtaining the transition

operator for a At difference in two dimensional space.

As we explained above, a time domain matching condition for the continuous time
case may generally be obtained at a specific location by recording the time history of
a wave function passing the specific location. The transition operator, '_F, the electric
field E, and a source quantity K (if it exists) are introduced to use a state transition

equation as in modern control theory. If we assume that EM waves are propagating in
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+z direction, then the general inhomogeneous equation for the updated field quantities

at the specific location, z = z 4 dz, may be expressed as

E(:r, ¥,z +dz,t) = f(:r,y, z,t,10) ﬁ(m,y, z,t0)

t S (4.3.3)
+/ T(z,y,zt,7) K(z,y,2,7)dr
t

e

where t and to are the updated time and previous (initial) time t > to, respectively. For
a homogeneous case, the transition operator, T, of a backward or a forward propagating

wave at a specific location is the only parameter required to solve (4.3.3) because Kis

zero in this case,

In the TD-FD formulation, the transition operator is obtained in a preprocessing
procedure from the computational domain of a long waveguide at positions k =k, k=
ku—1, k = km, and k = k4 and at time stepst = n and t = n+1 respectively, to obtain
the time domain matching condition, as shown in Fig. 4.3.3. If thereisa discontinuity in
the computational doma.inl(an inhomogeneous case), then the source quantity K must
be obtained by comparing the homogeneous case and a condition different {from the
homogeneous case at k, and kp. Assuming the same propagating direction as in the
case of continuous time described above, then an updated F field value in discrete form

on the boundary k = km41 can be obtained from the following expression
B, 5, k) = T0(, 5, Bm) - EP(G 3o km) + T(0 5, Bm) - K25, km)  (434)

for one transition At step. The boundary at k = k,_ for the other propagation direction
can be obtained in a similar manner. Therefore, the solution of (4.3.4) will provide the

desired future state of the boundary condition.
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a) long homogeneous waveguide
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Fig. 4.3.3 A pictorial view of the steps involved in implementing the MBC

based on the transition operator concept.

3
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Once T is obtained, any discontinuity in the same domain can be analyzed. If a

different mesh size is employed, then the transition operator, 'f, must be calculated for

the different mesh size.

4.4 Test of reflection property To test the reflection property of the MBC described
in the last section, the standard homogeneous rectangular waveguide has again been
chosen as the computational domain. The matching boundaries are placed at the left
and the right ends of the domain. Two guides, 14 A and 21 A¢ wide, both of length 47
A2, are shown in Fig. 4.3.3b. A Gaussian pulse was excited at the center of the guide,
and allowed to propagate in both directions. It was then sampled at points located
along the longitudinal direction, and the Fourier transform was performed to obtain the
frequency response. The transformed data at every frequency must satisfy the matched
condition in a long homogeneous waveguide. Then, the return losses for the above two
domains with the MBC were calculated and compared with the return losses for the
long waveguide cases (sampled before the reflections come back), as illustrated in Fig.
4.4.1. The observations made for width = 21A¢, showed a matching behaviour closer to
that of the long homogeneous waveguide, which was used as the convergence criterion
for the TD-FD method. We have also tested the MBC when there is a discontinuity
in the guide. S-parameters have been calculated for the discontinuity of an E-plane
metallic object (the discontinuity dimension is shown in Fig. 4.4.2) that was centered in
the rectangular waveguide (width = 21A¢). The results were compared with the mode
matching results, and are shown in Fig. 4.4.2. Note that between the results obtained

with the two methods are different in the higher frequency range (above 38 GHz).
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Return loss comparison at the iteration=2500 (14 Al)

-10 4 ==w~=  LongWaveguide

-20 1

-30 1

Return Loss (dB)

-60 ¥ T v T Y T Y T Y T r 1 v T
26 28 30 32 34 36 38 40

Frequency (GHz)

Fig. 4.4.1a Comparison of the return loss of a long homogeneous waveguide
with that of a MBC over the standard waveguide band for a width of 14 A#.

The domain has a length of 47 A in the longitudinal direction.
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Fig. 4.4.1b Comparison of the return loss of a long homogeneous waveguide

with that of a MBC over the standard waveguide band for a width of 21 AL.

The domain has a length of 47 A¢ in the longitudinal direction.
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This is due to the fact that 21 A is not a fine enough discretization across the waveguide
width to calculate S-parameters. A much finer mesh is required to analyze S-parameter
problems in the guide. It was shown in Fig. 4.4.1 that the MBC produced very little
reflection, but more study is required to improve the reflection property in cases where
the problem is not homogeneous. A return loss of better than 40 dB is required to

calculate the S-parameters accurately.

0.9
-—-4@== ModeMatching
: \!'—\::;\ - wr = TD-FD MBC i
0.8" . -
\“"m{ \ i
If ™ - 1
- i
-~ ’R i.
— ~-- .
0.7 '-s.g\; ;
.. =.
\?\..__
..
-~ |
0.4 WR?%® T 35e-3m v
) T B L2e3m \
i : )
|
' i
0.5 v T T T r 1 T T v T r T i
27 29 31 33 35 37 39 ,

Frequency (GHz) i

Fig. 4.4.2 Comparison of 5, for the E-plane discontinuity shown to test

the reflection property of the MBC for an inhomogeneous case.

4.5 Absorbing termination approach The dissipativity property can be obtained

by including the electric and magnetic conductivity, cg and oy in Maxwell’s equations,
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as
E‘ — —
OB L _BrvxH (4.5.1a)
ot
of ’ »
#_67 =—oyH -V x E. (451b)

The waveguide matching termination can be simulated with a length of around 200 A¢
or more in the wave propagation direction for a return loss of better than 40 dB. The

dissipative profile of the matching termination is calculated as

o(z) =a- e, (4.5.2)

and ¢ and b can be tuned with the criteria introduced in Section 3.6. A slight
improvement in the return loss could be obtained with this termination over that
obtained with the transition operator matchirg boundary condition described in the
previous section. However, the phase is deteriorated slightly compared to long waveguide
case. We can use this absorbing material termination in formulating the transition
operator boundary condition. Then, we can have the same return loss characteristics in

both cases. But, the phase deteriorated will provide worse S-parameter results.

4.6 Discussion After pointing out the importance of the absorbing boundary
condition used in the TD-FD method and presenting a brief historical development,
we have reviewed the 3-D MBC approximating the onc-way wave equation for CW
applications, which has been originally developed for the 2-D case by Reynold {4-12].
For pulse excitation, the transition operator concept used in modern control theory was

introduced to obtain a matching boundary condition. The MBC works well but has
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certain limitations; i) the location through which the waves are passing must not be far
from the source position. ii) The distance of the matching boundary from the source
position is an inverse function of the number of iterations. Thus the number of iterations
is reduced, as the location of the MBC can be placed farther away from the source. The

reason for this limitation is not yet understood and will be studied further.
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CHAPTER §

Local Mesh Refinement Algorithm

5.1 Introduction Itisrather straightforward to model a region with smoothly varying
field by using a uniform grid system of large mesh size. However, when the computational
domain contains sharp discontinuities or localized objects, the fields become highly non-
uniform in the vicinity of the discontinuities, and a mesh of very small mesh size must

be employed. This requires considerable computational effort and resources.

There are two ways to take into account the strong non-uniformity around a
local discontinuity. The first is to use a mesh with gradually changing mesh size as it
is currently employed in the TLM method. Such a procedure was introduced in the
TD-FD method by Choi and Hoefer [5-1]. The problem with this method is that for a
constant stability factor throughout the mesh, the time step At must always be varied

in accordance with the local mesh size Af.

In this chapter, we propose an alternative approach which is a local regridding

procedure for the leap-frog approximation of Maxwell’s two curl equations, referred
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to as a mesh refinement scheme. This approach was mathematically analyzed by [5-
2]. Berger and Oliger [5-3] have presented a computational algorithm in more general
form for simple general hyperbolic partial differential equations in 1984. I have applied
this approach specifically to Maxwell's two curl equations. In this approach we embed
a locally uniform mesh of .higher density into the larger mesh adaptively. The local
uniformity of the mesh is important for keeping the same stability criterion, in both
the fine and coarse mesh regions during a simulation. This means that in the different
subparts of the mesh, the ratio of At and AZ is kept the same. This has the advantage

that in all subareas of the mesh exactly the same TD-FD algorithm can be employed.

On the other hand, Holland and Simpson [5-4] introduced the thin-strut formalism
to include arbitrary fine wires in their TD-FD code, THREDE, in 198l. Kunz and
Simpson [5-5] also introduced an expansion appr:oach to resolve locally fine objects. They
first computed the field with a coarse mesh, thus obtaining the values of the tangential

electric field at interfaces with a subsequently refined mesh area, which was analyzed in

a second run.

In my approach, the coarse and the fine mesh regions are solved simultanecusly,
and the boundary conditions between the two regions are enforced to ensure a smooth
transition of highly non-uniforia field quantities. Furthermore, this scheme is rzcursive,

that is, it can provide a finer and finer resolution if necessary.

The algorithm for this local mesh refinement scheme is presented in detail in
Section 5.2. To demonstrate the accuracy and the efficiency of our algorithm, we have
modeled a thin metallic discontinuity in a standard rectangular waveguide, and have
compared results with those obtained with a uniform mesh. This is done in Section 5.3.

Finally, we will discuss some limitations and further study of the approach in the last

section.
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5.2 Mesh refinement algorithm For ease of understanding, we iniroduce the
mesh refinement algorithm for the two space dimensional case and assume TE mode

propagation. In this case, the discretized Maxwell’s equations are:

H:H(z‘,k-;-l): _'}(zk+2)+ eot ~[Ep(i,k+1) - Ey(i,k)]  (5:210)

G+ L= ET L0 - o

B G+ L) - B R (5:2.18)

ocAt

E“'H(! k)= Ep(i, k) + —=— [H:*'i( k+ - ) H:-*"&( ,“’_'2')]

Z cAt (5.2.1¢)
o [H;"'*( + k) — H!‘**u-- k)]

where indices (7, &) correspond to the Cartesian coordinates (z, z) in the discrete domain,

and the superscript n indicates the time step.

The computational cell for the TE mode and the definition of the field vector
components in a cell are shown in Fig. 5.2.1. The fine mesh is denser than the coarse
mesh by a factor of four. Fig. 5.2.2 illustrates the leap-frog scheme which all previous
researchers using the TD-FD method have exclusively used, in three dimension (z, z,t),
and shows the characteristic lines for the discretized Maxwell’s equations (dotted lines).
The characteristic lines from the apexes P; and P shown in Fig. 5.2.2 imply that
the numerical wave is propagating from the coarse (P;) to the fine {P,) mesh. The
propagation of the waves corresponding to the TD-FD solution should point in the
direction of these lines of determination. The slope of the line of determination in the
three dimension must be consistent (identical and continuous) in the coarse mesh, the

fine mesh, and in the transition regions.
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Fig. 5.2.1 The 1:4 local mesh refinement scheme in two space dimensions,

and the field components allocated on the cell by Ampere’s law.
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Fig. 5.2.2 Three-dimensional (x,z,t) diagram showing the leap-frog scheme

{cNlowing the lines of determination of Maxwell’s two curl equations. The E

fields are calculated at the points A, E, C, G, and P, and the H flelds at the

points B, F, D, and I for TE mode propagation.
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As a first principle, these characteristic lines should be continuous even in the
region with discontinuous mesh size. Secondly, field values calculated in the coarse and

in the fine mesh regions must satisfy the interface conditions at the boundaries between

the two.

It is also recommended that the stability criteria remain the same in the coarse
and in the fine mesh. In the case of a one-to-four mesh ratio, this means that the time
increment in the fine mesh must be one fourth of the time increment in the coarse mesh,

as shown in Fig. 5.2.3. Note, however, that any integer mesh ratio may be chosen.

Here, we first summarize the main task in this approach and then present the
details of the main task scheme for computer coding. One important task in the mesh
refinement algorithm is to ensure continuity of fields across the interfaces between coarse
and fine meshes. In the following we summarize the three steps which are schematically

indicated in Fig. 5.2.3 along the time axis:

1. Initialize the field values at the coarse-fine mesh boundary by setting E? = E},,,
Ertl = B4 . The superscript designates the time step, and the subscripts mr
and ¢ designate the refined and coarse mesh, respectively. Hence, the boundary

values in the fine mesh are calculated by initializing and interpolating values

in the coarse mesh. For example, for 1 < k € m — 1, Ek,_ is obtained by linear
interpolation in time between EZ and EM, or, equivalently, EJ,, and E}, on

the time-space interface.

. mntyt _ 53 =n+d . . =2
2. Obtain H, = Hj,, and E; by time and space averaging of Hpr and

.Fﬁ,.- and time averaging of E® and EM3, respectively. Since the field values of

- 1 -4 - —
oY~ HZ, and Er o E?, _ are required to follow the characteristic lines of
Maxwell’s curl equations. Note that there are no H ,?,,. and E’;‘ + on the boundaries

of the space-time grid structure in the 1: 4 ratio scheme at first.
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Fig. 5.2.3 The 1:4 mesh refinement scheme sequence along the time axis.
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3. Update field values by injecting the fine mesh solution values into the coarse mesh.
Since a finer mesh is nested in a coarse mesh, the field values on the boundaries
(interfaces) are updated every At 1.e., every 4 Atp,,. The strong non-uniform

field behaviour in the fine mesh region is transferred into the coarse mesh region

by this step.

These three steps are performed at every coarse time step as shown in Fig. 5.2.3. The

details of the above three steps are presented for computer coding, with the assumption

of TE mode propagation.

a. If a forerunner of a numerical wave has marched to the end of the refined mesh

region, for example, kp, + 2 as shown in Fig. 5.2.1, determine E, _ on the four

boundaries, (top, bottom, left, and right interfaces between the coarse and fine
meshes) and the overlapped node point as shown in Fig. 5.2.1 at the time steps

t" and t7+! by using linear space interpolations.

b. Find the time average values of E,, on the four boundaries by using linear time

interpolation with E,__ at t? and Z+!. For example,

Ymre ¥mr

EL (k)= ES, (i,k) + 1B}, (i, K) - ES,_ (i, K)]/4

since

ES (i,k) « ED (i, k)

Ymr

c. At every refined time step, let the numerical wave propagate through the

discretized Maxwell’s equations (5.2.1), i.e., determine H field values in the refined

mesh region at every refined time step.

d. Impose boundary conditions if necessary in the refined mesh region
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e. Find six time average values of H:_, and H; , on the interfaces at the time step

Tmr

2Atn,. Then update H, and H, from the field values H.,, and H, _, ie,

I‘I.ci 2= I;,‘,}" For example, at the location ‘a’ shown in Fig. 5.2.1,
H (a)= [H:, (ime = 1 kmr = 2) + H]__(1,4)]/2
HY (a)=[H], (1,2)+ H]  (1,4)]/2

HiY(a) = (B2, (a) + HY, (a)]/2

Imr

f. Update all the H field values for the next iteration in the refined mesh region.

g. Update E field values on the interfaces between the refined mesh region and the
coarse region. For exaraple,

E;j‘ « E!

Ymr

The steps ¢ to fabove are iterated in a ratio equal to that of the mesh refinement scheme.
For our study, four iterations in a refined mesh region have been performed for every

coarse mesh iteration time step.

5.3 Example As an example, we have considered a local scattering problem in
a standard rectangular waveguide (WR-28). A centered thin metal insert located in
the E-plane of the waveguide was considered. The object had 5 mil thickness and 5 mil
length. To characterize the small object with a locally refined mesh, we inject a sinusoidal
signal and process it according to (5.2.1a) - (5.2.1c). Three different computations of
the structure have been performed, each with a different discretization scheme, namely
a uniformly fine, a uniformly coarse, and a; composite mesh with a 1:4 gridding ratio.

The magnitude of 5;; and the guided wavelength in the structure were computed in
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the three simulations. The accuracy of the latter has been verified by comparison with
theoretical results for the guided wavelength, These values are shown in Table 5.3.1. The
CPU times for the three cases are also listed in Table 5.3.1. The mesh refinement scheme
yielded very good results 70 times faster than the uniformly fine mesh, and represented a
considerable improvement over the uniformly coarse mesh. In Fig. 5.3.1, |5y, obtained
for the whole operating frequency range of WR 28 waveguide is compared with the mode

matching technique result for the same discontinuity above.

computational
scherme CPU sec |S11j Wavelength(m) | mesh size
unform | 3899874 | 0856 0.01778 57 * 681
local 15 * 171 i
local = o | 53768 0.834 0.01827 To%9 |
umiform 322.72 0.237 0.01524 15* 171
72.5 times - 001777
faster theoretical result

Table 5.3.1 Comparison of accuracy of [Sn| and CPU time for the th:ree
different mesh schemes to analyze a 5 mil thick and 5 mil long metal insert

discontinuity in WR-28 waveguide at 27 GHz on VAX-11/750.
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Fig. 5.3.1 |S;1| comparison with the mode matching technique for the whole

operating frequency range of the WR-28 standard waveguide.
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5.4 Discussion In this chapter we have considered an efficient local mesh refinement
algorithm subdividing a computational domain to resolve fine dimensions in the TD-FD
space-time grid structure. At a discontinuous coarse-fine mesh interface, the boundary
conditions for the tangential and normal field components have been enforced for a
smooth transition of highly non-uniform field quantities. The results are promising,
However, there are two problems one should be cautious about when implementing
the local mesh refinement algorithm [5-2]. Firstly, the abrupt change of the mesh
size invariably causes spurious reflections. They can be reduced by using a proper
interpolating scheme conformal with the bekaviour of the solution. Secondly, any wave
which is poorly resolved in a coarse mesh, will change phase velocity when passing into
a fine mesh. If this wave later passes from: the fine mesh back into coarse mesh, a serious
interaction can result with that part of the wave which remained in the coarse mesh.
To minimize this velocity error, care must be taken to ensure that the coarse mesh size
is still much smaller than the shortest wavelength under study. In the future, we will
analyze reflection properties of an abrupt change of mesh size in a TD-FD computational

domain, by using the dispersion relation shown in the last chapter.
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CHAPTER 6

Results of Numerical Analyses

6.1 Introduction The TD-FD simulation technique is based on the discrete
characteristic of the leap-frog approximation of Maxwell’s equations. The initial and
boundary conditions define the problem physically, whereas the numerical EM wave
propagation properties are determined by the convergence criteria and the effects of the
stability factor. These elements of the method have been presented in Chapters 2 through
5 and have been used to model discontinuity problems in guided wave transmission

structures by simulating the field quantities for use in S-parameter extraction.

Before starting the analysis of specific discontinuity problems, it will be helpful
to show that the numerical procedure converges to the correct solution, and how the
numerical wave propagates for CW and pulse excitation cases. A series of numerical
experiments have been done using the standard rectangular waveguide with unifcrm
cross-section as a computational domain. The results presented in this chapter have been
produced using computer codes implemented on Digital Electronic Corporation (DEC)

VAX 3500 and DEC RISC computers. The results of these experiments are shown in
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Section 6.2. In Section 6.3, 2-D and 3-D rectangular waveguide discontinuity problems,
such as inductive irises, an inductive metal strip, two metal insert E-plane filters, and
capacitive irises will be analyzed. The results of inductive irises will be compared with
results obtained with the mode matching technique and with theoretical results. The

results of capacitive irises will be compared with the Marcuvitz's results.

6.2 Qualitative observations In this section, a qualitative view of how a
numerical wave propagates in a standard rectangular waveguide is presented. T Eyo mode
propagation has been simulated for both CW and pulse cases. Four different simulations
of numerical wave propagation have been examined: i) without discontinuity, ii) with
discontinuity, iii) below cutoff frequency (these three use CW excitation), and iv) pulse
excitation without any discontinuity. For all four cases, 2 matched boundary condition
was placed at the left and right ends of the rectangular waveguide, and an electric wall

boundary condition was placed at the top and bottom of the domain.

E, components were sampled and plotted in a 3-D graphical mode for each case.

In the CW case which will be illustrated first, the excitation was of the form

Ey(i,n- At) = cos(w - n - At)sin ﬂ;—v;{—l)-, (6.2.1)

where NX and i are the number of segments A¢, and node points across the width of
the waveguide, respectively. The size of the computational domain was 28A¢ in the z

direction and 34CA¢ in the z direction. The input signal was applied at z = 10 for each
CW case. '
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The numerical wave propagation in a homogeneous rectangular waveguide was
observed at 6 different iteration numbers: 100, 200, 400, 500, 800, and 1700. The
snapshots at those iteration numbers are shown in Figs. 6.2.1(a)-(f). We can see that the
wave propagates from the right to the left hand side. The forerunners to the wavefront
of the propagating wave have much sma’ler amplitudes than the wavefront as can be
seen in Figs. 6.2.1(a), (b), (¢), and (d). In Fig. 6.2.1(f), we can see that a steady statc

condition has been reached.

A numerical wave propagating below cutoff can be observed in the snapshots of
the E field plotted in Figs. 6.2.2(a)-(j). The WR-28 waveguide was excited with a signal
of frequency 16 GHz. Observations were made for the iteration numbers (for one period
in time): 1886, 1891, 1896, 1901, 1906, 1911, 1916, 1921, 1926, and 1931. The figures
clearly show that no propagation exists below cutoff. The same cutoff phenomena have
been observed as shown in Figs. 6.2.2(a)-(j) during the first 1885 iterations. However,
there was a very small amount of the numerical wave propagated. We believe that the
high frequency components which propagate are due to errors introduced by the discrete

excitation.

We also simulated wave propagation phenomena in the presence of a discontinuity.
A thin inductive metal strip was placed at the center of the waveguide (WR-28). The
field distribution was observed at the iterations 100, 500, 800, 1000, 1200, and 1900. The
results are shown in Figs. 6.2.3(a)-(f). The reflections from the discontinuity increase
the time it takes for the field to reach a steady state condition. Figures 6.2.3(c)-(f)
illustrate the transmitted field distribution on the left hand side of the discontinuity
(the discontinuity is inside the circles), and the total field distribution (the incident and
reflected fields) on the right hand side of the discontinuity, Note that the SWR and

S-parameters can be easily calculated from these field distributions.
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We can also observe pulse propagation phenomena in a standard rectangular

waveguide. A Gaussian pulse,

E,(i, k)= ¥/ sin("—(;-;%-ll), (6.2.2)
is applied at the middle of the waveguide at time ¢ = 0, where W is the pulse width
as shown in Fig. 6.2.4(a). As described in Chapter 2, we can see from Figure 6.2.4(b)
that the incident pulse immediately splits into two pulses. Figs. 6.2.4(c)-(g), show the
propagation of the two pulses in two opposite directions. This observation confirms
that Maxwell’s equations describe two solutions propagating in two opposite directions.
Note that the pulse width broadens as the wave propagates, since the waveguide is
dispersive. Figures 6.2.4(h) and (i) use a different scale, since almost all the energy has
been absorbed by the matching boundaries at the right and left ends of the waveguide.
As was mentioned in Chapter 3, both the higher and lower frequency components below
cutoff remain in the computaional domain, especially in Fig. 6.2.4(h) at iteration number
of 500, where we used an amplitude scale one fourth that in Fig. €.2.4(a). At iteration
number 2500, (Fig. 6.2.4(i)), all lower frequency components have disappeared since
the higher frequency components propagate slower than the lower frequency components
(dispersive nature). Only the lower frequency components below cutoff remain stationary
since they are not propagating. For this case, 2500 iterations were sufficient to obtain
an accurate frequency domain response through Fourier transform. If a smaller number

of iterations were used, we would observe Gibb’s phenomenon.
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Fig. 6.2.1 Numerical wave propagation in a standard homogeneous
rectangular waveguide at iterations (a) 100, (b) 200, and (c) 400. Excitation

: CW.
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6.2.1 Numerical wave propagation in a standard homogeneous

rectangular waveguide at iterations (d) 500, (e) 800, and (f) 1700. Excitation

: CW.
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Fig. 6.2.2 Numerical wave propagation below cutoff in a standard
homogeneous rectangular waveguide at iterations (a) 1886, (b) 1891, (c) 1896,

(d) 1901, and (e) 1908. Excitation : CW.
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Fig. 6.2.2 Numerical wave propagation below cutoff in a standard
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Fig. 6.2.4 Numerical pulse wave propagation in a standard homogeneous

rectangular waveguide at iteration(h) 500 and (i) 2500. Excitation : Gaussian

pulse.
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6.3 Analysis results Several 2-D and 3-D waveguide discontinuity problems are
analyzed in this section. The standard rectangular waveguide has been chosen as the
computational domain (28A¢€ x 340A¢). The initial condition was a propagating TE),
mode wave. All the analyses were carried out in single precision. First the propagation
constant of the TE)¢ mode in WR-28 rectangular waveguide was calculated. The result is
shown in Fig. 6.3.1 and is compared with the theoretical calculation. The simulated and
theoretical results are in excellent agreement, but at the higher frequencies, differences
between computed and theoretical results are larger than at lower frequencies. This
implies that a smaller AZ should be employed in the simulation. Next, a symmetrical
inductive iris discontinuity in WR-90 was introduced, (as shown in the right hand corner
at the top of Fig. 6.3.2) and analyzed. |[Sn| of the discontinuity was calculated and
compared with TLM [6-1] and theoretical results [6-2], shown in Fig. 6.3.2 where the
theoretical results were available for only a small portion of the whole frequency range.
The results are also in good agreement. As a third example, an inductive metal strip
was inserted in the middle of WR-28 waveguide. The configuration of the discontinuity
is shown in Fig. 6.3.3. It has 50 mil thick. Sj; is calculated for the metal insert
discontinuity for various lengths (0.1 to 1.2mm) at a frequency of 40 GHz. The amplitude
and phase of the E field, are compared with results obtained with the mode matching
technique [6-2], as shown in Figs. 6.3.3(a) and (b). This comparison shows that both
techniques agree well. S-parameters have also been calculated for a centered rectangular
post (the discontinuity dimensions are shown in Fig. 6.3.4) in a rectangular waveguide
of width = 21A¢. The results are compared with mode matching results in Fig. 6.3.4.
Note that there is a difference between the two methods at higher frequencies (above 38
GHz). This is due to the fact that a resolution of 21 A¢ is not fine enough to calculate

S-parameters (around 4 percent error was estimated.).
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A band pass filter function can be created by placing two or more inductive metal
strips with spaces between them as shown in Figs. 6.3.5 and 6.3.6. This is called
an E-plane band pass filter. The geometry with two metal strip discontinuities and a
resonant space is called a single resonator E-plane filter. The return loss and insertion
loss characterizing such a single resonator E-plane filter are plotted against frequency in
Fig. 6.3.5. Results obtained with the mode matching technique [6-4] agree well. The
analysis of a three resonator, four-metal-strip filter is shown in Fig. 6.3.6. The insertion
loss characteristic of the filter was calculated and compared with mode matching results
[6-3), but they do not agree at all frequencies since the dimensicns of the filter structure
in the two analyses were slightly different. We can observe that tiny changes in the
dimensions of the metal strip discontinuity and the length of the space between two
strips can significantly influence the filter characteristics. It should be noted that it
was not possible to use exactly the same dimensions as in the mode matching analysis
because all lengths must be an integer multiple of A¢. We have seen in this chapter
that the TD-FD approach produces relatively accurate results for 2-D discontinuity
problems. To illustrate the accuracy of 2-D simulation quantitatively, Emqx and Epin
were calculated in an inhomogeneous waveguide for different A in the waveguide width
and were compared with the convergence criteria described in Chapter 3. The accuracy
in percent was better than 5.16 % for 7 A¢, 4.16% for 14 A¢, 4.02 % for 21 A¢, and 3.39
% for 28 AL.

The magnitude of S;; has been analyzed using a 3-D discretization for a
symmetrical capacitive discontinuity and compared with Marcuvitz’s results [6-5]. These
are shown in Figs. 6.3.7 and 6.3.8. Fig. 6.3.7 shows [S);] for various values of d/b at 40
GHz, and Fig. 6.3.8 shows )| for a fixed d/b = 0.4 over the whole operating frequency

range of the WR-28 waveguide. The computational domain for both cases is 28A¢ in =
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(for a), 14AC in y (for b), and 46A€ in z. The structure was excited with a Gaussian
pulse, and the frequency domain results were obtained via Fourier transform after 2500
iterations in both cases. In Fig. 6.3.7, it is noted that the two curves for |5;,| disagree
for d/b higher than 0.7, and for d/b lower than 0.4. Fig. 6.3.8 shows the TD-FD results
fluctuating. It has been found that smaller mesh sizes were required for more accurate

computation, which means that a more powerful computer was needed.
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CHAPTER 7

Conclusions

7.1 Discussion The objective of the research described in this thesis was to develop
a model with which one could accurately describe (by simulation) physical EM wave
propagation. In waveguides with discontinuities, such a model could be used to determine
the physical parameters which characterize the structure (such as scattering parameters).
The Time Domain-Finite Difference (TD-FD) approach for both CW and pulse cases has
been implemented for simulation of EM field propagation and extraction of microwave
circuit parameters, especially S-parameters. The principles of the characteristic and
the domain ot dependence of partial differential equations were introduced to help
understand the properties (simulating nature) of numerical wave propagation. Any
physical parameter in the frequency domain can be predicted from the field description
(field distribution). Errors introduced by the numerical approximation were examined
both quelitatively and quantitatively, and remedies for minimizing their effect were
evaluated and discussed. An algorithm which was used to extract the S-parameters

from the discrete EM field distribution was developed for the CW and pulse propagation
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cases. The simulating property of the model was interpreted with the basis of discrete
numerical wave propagation. The leap-frog approximation scheme was a model which
could be used to describe local wave propagation. In an effort to relate the discrete model
of wave propagation to the continuous one, the geometrical meaning of the stability factor
was introduced. By understanding the effects of the stability factor on the numerical
dispersion, the accuracy of the results, and the economy of computation, significant
insight was obtained with regard to the mechanics of the TD-FD method. It is interesting
to note that the physical interpretation of the discrete wave propagation is possible
since the leap-frog approximation simulates the characteristic lines (directions) of the
continuous cases in a discrete fashion. By analyzing the leap-frog approximation, it was
shown that the TD-FD method is non-dissipative which means that energy is conserved

during the simulated wave propagation.

To accurately model EM wave propagation phenomena, convergence criteria were
introduced to check the global errors involved in the numerical procedure. These criteria
were based on the physical parameters, phase linearity and matching condition (standing
wave ratio) aloﬁg any segment of lossless guiding structures. The matching condition can
be accurately realize at a single frequency since the leap-frog scheme is non-dissipative.
It is interesting to note that the convergence criteria confirm the fact that Maxwell’s
equations can be separated into transverse and longitudinal parts in any guide with
uniform cross-section. The criteria must be met in order to ensure the accurate analysis

of complex guiding structures.

In the formulation of a computational domain for EM wave propagation solutions,
artificial matching boundary conditions (MBC) are necessary to make the domain

compact. The existing matching boundary conditions (MBC’s) studied in Chapter 4
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were not perfect and always produced some reflections of the incident wave. The error
wave reflected from the MBC made it difficult to extract the S-parameters accurately
(better than 30 dB return loss is required for accurate results). In order to reduce
the reflection error and improve the bandwidth limitation of the MBC property, a new
wideband MBC was developed. It is based on the concept of the transition operator
in modern control theory as explained in Chapter 4. The MBC works fine, but the

number of iterations is inversely proportional to the distance between the source and the

boundary.

The main obstacle in this numerical modeling algorithm is the required computer
resources. It is very expensive in terms of computer memory and CPU time to utilize
a fine mesh over the whole computational domain, and in some cases, usage could
easily exceed the capacity of the system. Thus, a local mesh refinement algorithm
was developed to resolve the behaviour of extremely non-uniform fields near a local
discontinuity using a fine mesh, and as well to resolve smoothly varying fields using a
coarse mesh. This refinement algorithm produces results of satisfactory accuarcy, while

reducing the computing time by around 70 times over a scheme which uses only fine

mesh.

Our contributions to the analysis of EM propagation problems using TD-FD
method (a physical interpretation, convergence criteria, effects of the stability factor,
MBC’s and local mesh refinement algorithm) were combined with the basic TD-FD
procedures to create an algorithm. This algorithm was designed to simulate EM field
propagation and extraction of microwave circuit parameters. To check the ability of
the program to describe qualitatively how numerical waves propagate in homogeneous

and discontinuous waveguides with CW and pulse excitations, the program was used to
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solve several problems for which the physical response was understood. The qualitative
observations obtained from the program were consistent with the physical interpretation
of the real solutions. In order to validate the accuracy of solutions in discontinuous
waveguide problems, the results were compared with analytical solutions and with those
calculated by other techniques such as TLM and mode matching. The good agreement of
the qualitative response, and the quantitative results, leads me to say that the algorithm
developed is a good numerical model in terms of its ability to simulate EM propagation
and to extract microwave circuit parameters. A model which simulates the response of a
propagating EM wave in the frequency domain can only predict the structure’s response
for the steady state condition and does not provide clues to the response for transient or
pre-steady state conditions. Thus, such a model could not be used to generate a physical
picture of the propagation phenomena. On the other hand, a model which simulates a
propagating wave in the time domain can be used to obtain pictures of the EM wave as
it propagates in an arbitrary structure, thus making it easy to see directly the immediate

physical interactions of the EM wave with the structure.

7.2 Future research direction A new matching boundary condition (MBC) based
on the transition operator concept has been developed. The procedure of obtaining the
transition operator, T, can be treated as a deconvolution for une impulse response (or
time domain Green’s function) of the system under study. Unfortunately, deconvolution
is not a unique mathematical function [1-4]. In this regard, the next approach to
improving the MBC is to modify the model approximating Maxwell’s equations in such
a way that it accepts an impulse excitation like the TLM method. To be able to produce

an impulse response, the numerical scheme should be non-dispersive and non-dissipative
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and this could be developed by inserting a new term into the leap-frog approximation
of Maxwell’s equations. ‘This approach follows an idea suggested by Watanabe [7-1]
for simple hyperbolic PDE’s. Another promising idea is a hybridization of the TD-
FD and the TLM methods, i.e., introduzing the impulse excitation property from the
TLM method into the TD-FD method. Development of a TD-FD scheme allowing
characterization of structures excited with an impulse, the scheme would free us from
restrictions of the initial condition and the band limited response. With the impulse
response computable, the DIAKOPTIC approach that is used in the TLM method,
could be used to develop a new MBC for the modifed TD-FD approach. By including
electric and magnetic loss terms o5 and oy into the approximated Maxwell's equations,
an absorbing material matching boundary condition can be developed which acts like a

practical waveguide termination, but this approch requires more memory size.

In Chapter 5, an efficient local mesh refinement algorithm was developed to resolve
strong non-uniform field behaviour around a fine discontinuity. The optimum variation
of the mesh size could be determined, provided an analytical prediction of the reflection
property at an interface of two different mesh sizes is developed. Hence, a future research
topic could be the development of a procedure or expression to predict the reflection

properties at an interface.

As was described in Chapter 3, the leap-frog approximation produces some
numerical dispersion if a mesh size that is coarse with respect to the wavelength is
used (; > 10). Fang [7-2] introduced a fourth order scheme to reduce this numerical
dispersion in the one-dimensional case. More research effort on this aspect could allow
us to minimize the numerical dispersion of two- and three-dimensional cases and allow

us to use a smaller computer.
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Monolithic microwave integrated circuits contain passive and active elements.
In order to analyze and synthesize these circuits, TD-FD models for active and non-
linear elements are required. This aspect will stimulate research interest in non-linear
modeling work. A recent paper by Voelker and Lomax [7-3] developed a hybrid method
called FDTLM method, which used the two methods to model non-linear devices. For
non-linear modeling, the soliton concept used in many non-linear wave propagation

phenomena could be studied further in view of combining it with the TD-FD model.
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APPENDIX I Anisotropy Error

In this appendix, we want to discuss the error due to anisotropy which is another
type of error that occurs in addition to that due to numerical dispersion. Anisotropy
error occurs in the discretization of hyperbolic equations in two space dimensions, and
can be described as follows: the velocity of propagation of the numerical solution is

dependent upon direction and the direction is dependent upon the space discretization

[2-38].

This problem will be illustrated with TE mode propagation:

OH. _10E,

3 - n 0z (Z.1)
oH.  10E,

TR (1.2)
9E, 1,0H, OH,

5 -8 (I3)

A sinusoidal plane wave solution is assumed as:

H, —Z 1 sin8 _ . _
H.|=| Z71cos8 |- a,(t)e iAlzcos f+zsin 9 (I.4.a)
E, 1

~Z;1sin# o
= Z:Vcos |- a,(t)e A, (1.4.5)
1

-Z;'siné _
=| Z;1cosf |- ay(t)e B Bezthan) (I.4.c)
1

where 7 is the position vector in the (z — z) plane,

T
F4

—
r=

) (1.5)
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a is the directional vector of the wave, and is chosen parallel to the velocity vector c,

. _|sin® . a_|c+siné
4= cosd |’ C=Ca4= 1, cos8 (1.6)
and Z, = \/g is the characteristic impeadance. The wavelength measured in the a

direction is A = %’5 Substituting (1.4) into (1.1), (1.2), and (1.3) for H;, H., and E,,

we obtain

Loud) — _(cBPau(t) | (L.7)

Hence the exact plane wave solution is

H.| |-2:'siné
H.|= Zo-l cosd |- aw(o)eijﬁ(x cos 84 rsin 8—ct) (I-S)
E, 1

The constant phase lines are defined by
z cos @ + 2sin@ £ ct = constant. (1.9)

They are perpendicular to the direction of propagation and are moving at the velocity
+c and in opposite directions as shown in Chapter 3. Equation (I.9) ensures that the
continuous form of Maxwell’s equations written as the wave equation describe a wave

whose velocity is independent of 6 and therefore isotropic.

But this isotropy will be changed if the differential equations are replaced by the
leap-frop scheme. Let us consider (2.3.15) and the 2-D computational grid for TE mode

propagation as shown in Fig.2.6.1. The plane wave solution in the discretized form will

be
H.(i, k) —Z;'sind _ _
H.(i,k) | =| 271 cos8 |- au(t)e iPFiconthaasing) (1.10)
E,(i, k) 1
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where (i,k) is a specific node on the mesh and z; = 1. 92—'-, and z = k- %‘-. The

propagation characteristics are obtained by substituting (1.10) into the semi-discretized
equations of (I.1)-(1.3). We then obtain:
0H . c

2 = g Bis b+ 1) = By(i, B, (I.11.a)
oH, c ) .

-Et—- e Zo - Am [Ev(l + 1, k) - Ey(l, k)], (I.ll.b)
OE, Zo:

B = 2o S,k + 5) = Halisk = ) = (Hali + 5,8 = Hali = 5, DI(T L)

After algebraic manipulation with the uniform mesh condition (Az = Az = Af), we

obtain:

f;rz(t) = (cB)? {sinz(ﬁAE cos §) cos’(ﬁAe sin 8)+sin®(BALsin §) cos?(BAL cos §)}. (1.12)

By integrating (1.12),
au(t) = au(0)e™8", (1.13)

where
¢* = c{sin*(BAL cos8) - cos*(ALsin §) + sin®(BALsin 8) - cos?(BAL cos O}t (J.19)

is the numerical phase velocity. So, the numerical plane wave solutions are

H,(i, k) —Z;'sind _ .
H.G, k)| =] Z7  cosf |- a,(0)e P(xicosbtzxsinf=cTe) (I1.15)
E,(i,k) 1

Thus this phase velocity is not only a function of frequency, but also a function of the

propagation direction
c* =c*(B,9).
It should be noted that the anisotropy of the numerical approximation is due to the

directional dependence of the phase velocity. Figure 3.4.6 illustrates the dependence of
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¢* on (f,6) in the polar diagram. Equation (I.14) does not have any relationship to
the stability factor. The phase and group velocities, however, are related. At the upper
limit of the stability inequality, the lowest velocity error was obtained. This is shown in

Sections 3.4 and 3.5
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APPENDIX II Energy Conservation and Non-dissipativity

The non-dissipativity nature of the leap-frog approximation of Maxwell’s two time
dependent curl equations is derived for unbounded TE mode propagation. Energy
conservation property of the TD-FD method comes from this derivation. Since the

derivation is based on Von Neumann’way, the stability inequality is also produced as an

another outcome.

To study the lossless characteristics of EM wave propagation, the dissipative terms
in the continuous form of Maxwell's equations, o and ¢y, have been excluded in the
derivation. Thus, the numerical approximation must also be non-dissipative to simulate
physical lossless EM wave propagation phenomena. For simplicity of derivation, an
unbounded TE mode propagation is assumed. But the derivation can be easily extended
to the general 3-D case in a similar way. The discretized Maxwell’s equations for TE

mode propagation are first considered as:

HEVE( L+ )—H;‘"( E+ < )+ [E"( k+1) - Ep(i, k)], (II.1a)

BG4 5,k = HI Mt 5,0) - CA*

—[BJG+1,k) - B, (T110)

E™(i k) = Ep(, k)+z CAt[H§+’( k+ = ) HIA(, k-—-)]
S 2Bty - BT G- R, (210

where the superscript n is the time step, 8 and B, are the wave numbers in the z and

z directions, and i and k are the indices for the z and z coordinates, respectively.

Since the TD-FD approach is based on the initial boundary value problem solution

method, we want to describe how EM waves propagate as time goes on. For this purpose,
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a plane wave solution for TE mode propagation can be assumed in the discrete space as:

H2(i, k) o H2(i, k)
HP(i, k) | = €r(Ba)el\PeitstBakba) i oG k) |, (I1.2)
En(i, k) E2(i, k)

The term £;(8;) is a complex number whose subscript ¢ and superscript n indicate the
eigenmodes and the time step, respectively. It is also a function of 8, and §,, and H7,
H?, and Ej are the initial conditions or excitations which are constant (both in space
and in time) eigenvectors. §; is called the amplification (or growth) factor of the leap-
frog approximation and the eigenmodes. For simplicity of derivation, a uniform mesh
size is employed: Az = Az = AL. Now, substitute (I1.2) into the expressions (II.1), and
divide (IL1a) by &' Yeilfei+:(x+1)AL (T11b) by £rdeilBeli+3)+8:HAL and (IL1c) by

EPeilP=i+A:KAL Then rearrange and write in matrix form as:

fi—1 0 —~2jaé} sin(224)| | g
0 -1 9jad sin(£=Al) |- |H2| =0, (I1.3)
o
~2;b6} sin(£:p%)  25be} sin(£pl) fi-1 By
where
_ cAt
= Z.Aen,
b= cAtZ,
T A,

Equation (I1.3) admits a solution only if the determinant of the first matrix on the left

vanishes. Then,

(& — 1)[€? — 2(1 — 2abB)E; +1] = 0 (I7.4)
where
B= sinz(%) + sinz(%)
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The three roots are

iy =1 | (I1.5a)
Eiay = (1 — 2abB) + /(1 = 2abB)? — 1 (I1.5b)
€z = (1 — 2abB) — /(1 - 2abB)? — 1 (I1.5¢)

The solutions £;z) and i(3) can be obtained with the Von Neumann's criterion for

stability

&] <1+ O(AL).

where the term of order (O(At) must remain bounded if At — 0 and A¢ — 0. This term

permits an exponential growing or damping solution. If

1—2abB > 1, then |igz)| > 13 (I1.6a)
if
1-2abB < -1, then iy > 1s (11.6b)
and if
|1 —2abB| <1, then Iic2)] = iy = 1. (II.6¢)

The condition (6¢) results in

AR L PO 4 B AL
- ) . —_— —)| < .
1<1 2A£2#r€r[sm ( 5 ) + sin®( 5 )£l (I1.7)

where the term, [sin?(£=2¢) + sinz(Lz‘,M-)], is bounded by 2. The right side of the

inequality (II.7) is trivial; the left side is satiéﬁed for all § if and only if "g";' < \/E";—‘_’- .

This, then, is the criterion for stability. Courant, Friedrichs, and Lewy [2-33] encountered
this condition in their study of convergence and gave the following interpretation: the

region of influence of a single point for the difference equation is bounded by the lines
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= +22!¢ (in one space dimensional case). We introduce two basic definitions which
are characteristic and domain of dependence. The lines are characteristics and the line
between the projections of the characteristics is the domain of dependence. The domain
of dependence is expanding as time goes on. In EM theory, this expanding is interpreted
as propagated area. The numerical domain of dependence (triangular region) formed
by the lines must enclose the corresponding region (analytical domain of dependence)
of influence of the point for the differential equation, otherwise convergence of the exact
solution of the partial difference equation to the exact solution of the partial differential
equation is clearly impossible as A¢ and At reduce to zero (since some points which are
in the limit will never be influenced though they should be). Thus, &} < \/ue./n, (n
is the number of the space dimension involved in the problem) is a necessary condition
for convergence. Reference [2-33] proved that it is also a sufficient condition. It is
important to note that the condition [£;5)| = |§iz)] = |€iay] = 1 provides a non-
dissipative property of the leap-frog approximation of Maxwell's equations, since the
amplitude of the excitation at the initial time does not change at any late time. And from
(IL.7), since the condition ‘A’ < \/I satisfies the Von Neuman’s stability criteion, it
leads to a bounded solution of the difference equation that is stable. If the condition

‘A‘ > \/! is met, then the root produces a solution which grows exponentially and

is unstable,

Since |¢;] = 1, the leap-frog discretization of Maxwell’s equations is non-
dissipative, and thus energy is strictly conserved at every frequency as follows: the
Poynting flux § through a surface is constant with respect to time (the rate of flow of

energy is defined by the Poynting vector) and for a wave propagating in the z direction

becomes

& ' . 1 . n ! 1
8, = Eo(i,k) x H(i - 5:k) = Ej(i,k+n- SF) x HIVH( - 5. k+n-SF). (IL8)
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where energy flux through time surface coming in at the time step n and coming out at
the time step n + 1 is locally conserved and where energy of the system is not fed in or
dissipated from the boundary conditions or from forcing or damping terms. Also note
that the flow of energy is proportional to the square of the amplitude. If [{| # 1, an
amplitude modification occurs in the iteration procedure, ie., if |§| < 1, the amplitude

is decayed, and if |¢] > 1, the amplitude is amplified.

This non-dissipative property is an important advantage for simulating lossless
wideband EM wave propagation problems over long periods of time and it comes from
the centered nature of the leap-frog approximation. The Lax-Wendroff [1-15] difference

scheme does not have this non-dissipative characteristic.
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