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ABSTRACT 

 

The soils in arid and semi-arid regions are typically in an unsaturated state. Three phases; namely 

solids (i.e., soil), liquid (i.e., water) and pore-air (i.e., gas) commonly exist in unsaturated soils. 

Soil mechanics for unsaturated soils are widely used towards understanding the hydro-mechanical 

behavior of unsaturated soils. The major focus of these studies during the past three decades is 

directed towards interpreting and predicting the flow, shear strength and volume change behaviors 

of unsaturated soils using the saturated soil properties and the soil water characteristic curve 

(SWCC) as a tool. However, for rigorous understanding, the coupled influence of thermo-hydro-

mechanical-chemo (THMC) behavior of unsaturated soils is required. Such studies would be 

valuable for interpreting the influence of climate changes on the fundamental behavior of both 

frozen and unfrozen soils. To achieve this goal, the focus of this PhD thesis has been directed 

towards investigating the THMC behaviors of unsaturated soils with emphasis on water retention 

behaviors for unsaturated unfrozen and frozen soils. 

 

A multi-modal or bimodal SWCC can be used as an effective tool for developing a fundamental 

understanding and predicting the behavior of unsaturated soils considering the influence of macro 

and microstructure. Such an approach will be valuable for all soils, including unimodal SWCC 

which is a special case of bimodal SWCC. For addressing this objective, a hypothesis is introduced 

to link the soil pore size distribution (PoSD) curve to the bimodal SWCC. The relationships 

between the soil PoSD curve and the bimodal SWCC equations are discussed extending the 

proposed hypothesis using two equations: namely, the rigid equation and the simplified equation 

for the two well-known traditional unimodal SWCC equations from the literature. The calibration 

processes built for both the equations performance was evaluated for various types of soils. The 

results suggest that both the modified equations provide excellent comparison with the measured 

data. The rigid equations provide comprehensive information about the macropores and the 

micropores of the bimodal SWCC; however, the simplified equations facilitate a flexible yet 

simple curve-fitting process. The relationships between the proposed equations and the available 

methods for the bimodal SWCC from the literature are also discussed. In addition, a technique is 

developed based on regression analysis to estimate the key features for bimodal SWCCs.  

 



III 

 

Novel models are derived from the pore-size distribution (PoSD) curve of the SWCC to predict 

the SWCCs for coarse- and fine-grained soils and linked to the well-known SWCC fitting 

equations from literature. Three simple methods are proposed for predicting the scanning SWCCs 

of coarse-grained soils, extending this philosophy. A modified SWCC model is built based on the 

theoretical background developed for the PoSD curve that can predict the SWCC of fine-grained 

soils taking account influence of the initial water content and stress state. In addition, a coupled 

SWCC model is proposed as a part of this study for explaining the influence of multiple soil 

parameters.  

 

To model soil freezing characteristics curve (SFCC) of unsaturated frozen soils, SFCC models 

with well-defined model parameters are developed extending thermodynamics principles and are 

linked to well-known SWCC models from the literature. Various zones in the SFCC are discussed 

along with providing rational explanation for the hysteretic effects using the proposed models. In 

addition, comparisons are provided between the measured and the predicted results using the 

proposed models successfully highlighting the effects of salinity and the initial water content on 

the frozen unsaturated soils.  

 

Finally, the proposed generalized THMC framework is successfully used to explain the complex 

behaviors of unsaturated soils. The developed models are promising and can be used as valuable 

tools for numerical modeling of the THMC behaviors of unsaturated soils in all environments. 
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CHAPTER 1  

Introduction 

 

1.1 Background 

Unsaturated soils are widely distributed around the world, especially in arid and semi-arid 

regions (Fredlund and Rahardjo 1993). Figure 1.1 shows a nine-month global precipitation map 

in the year 2022 (data source: drought.gov). Red areas in the map have been increasing 

highlighting decrease in the precipitation in various regions compared to the earlier years. 

Many of such highlighted regions are suffering from extreme climate events (e.g., hotter 

weather and less precipitation) (Gens 2010) due to the influence of global climate patterns in 

recent decades. Due to this reason, the natural ground water table (GWT) depth has been 

steadily decreasing in such regions. The soils above the GWT are typically characterized as 

unsaturated soils and their behavior is significantly different from saturated soils (Fredlund and 

Rahardjo 1993). Many other soils such as compacted soils, expansive soils, collapsible and 

residual soils are typically in a state of unsaturated condition. Several researchers have 

contributed towards better understanding the mechanics of unsaturated soils to analyze the 

hydro-mechanical behaviors of the soils above the GWT (e.g., Bishop 1959, Alonso et al. 1990, 

Fredlund and Rahardjo 1993, Vanapalli et al. 1996, Wheeler et al. 2003, Lu and Likos 2006, 

Sheng et al. 2008, Delage et al. 2010, Tang et al. 2011, Ng et al. 2020).  

 

       

 

 

 

 

 

       

 

 

 

 

 

Figure 1.1 Global distribution of arid and semi-arid regions (Collected from Qader et 

al. 2021). 
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Hydro-mechanical behavior of unsaturated soils are signficantly different in comparison to 

saturated soils (Bishop 1959, Fredlund and Morgenstern 1977, Houlsby 1997, Lu et al. 2010, 

Alonso et al. 2010). Unsaturated soils constitute of three phases; namely, solid phase (i.e., soil 

solids), liquid phase (i.e., pore-water), and gaseous phase (i.e., pore-air). More importantly, 

soils above the GWT (i.e., unsaturated soils) have a continuous energy interaction with the 

atmosphere due to the influence of hydrologic cycles. The distinct responses of soil solids, 

pore-water and pore-air under different loadings lead to unique behaviors that influence the 

engineering behavior of unsaturated soils (i.e., flow, volume change, and shear strength 

behavior) (Fredlund et al. 1994, Vanapalli et al. 1996, Vanapalli et al. 1999, Wheeler et al. 

2003, Sun et al. 2007a, Rahardjo et al. 2019).  

 

 

 

 

 

 

 

 

 

 

Figure 1.2 Typical infrastructures in unsaturated soils. 

 

Several infrastructures such as shallow and deep foundations, retaining walls, embarkments, 

pavements are placed or constructed in unsaturated soils, as shown in Figure 1.2. These 

infrastructures are vital for providing civil facilities that enhance quality of day-to-day 

activities for humans (e.g., residential and service structures such as hospitals and schools, 

water supply, drainage facilities using pipe lines, and transporation facilities that include 

pavements and railways).  

 

The mechanical behavior (i.e., shear strength and volume change) of saturated soils can be 

reasonably explained using the effective stress equation proposed by Terzaghi (1943), which 

can be considered as a single stress state variable within the framework of continuum 
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mechanics. Effective stress,′ is defined as the difference between the total stress σ and the 

pore liquid water pressure ulw;  

 

𝝈′ = 𝝈 − 𝑢𝑙𝑤𝜹                                                                                                                        (1.1) 

where δ = δij is Kroneckor delta (δij = 1 for i = j; δij = 0 for i ≠ j).  

 

Bishop (1959) extended the definition introduced by Terzaghi (1943) for explaining the 

effective stress in unsaturated soils. The equation below is suggested using total stress σ, pore-

water (liquid) pressure ulw, and pore-air pressure uair.  

 

𝝈′ = 𝝈 − 𝑢𝑎𝑖𝑟𝜹 + 𝜒(𝑢𝑎𝑖𝑟 − 𝑢𝑙𝑤)𝜹,      0 ≤ 𝜒 ≤ 1                                                                 (1.2) 

where χ is a factor which is suggested to be a function of degree of saturation.  

 

Some researchers have highlighted limitations of χ factor in explaining experimental results of 

the mechanical (i.e., volume change and shear strength) behaviour of unsaturated soils (e.g., 

Jennings and Burland 1962; Bishop and Blight 1963). The factor χ is not only influenced by 

the degree of saturation of water; but also, due to drying-wetting cycles associated with soil 

hysteresis (Bishop and Blight 1963). Over the past quarter century, many functions or 

relationships have been proposed for the factor χ in the literature (e.g., Khalili and Khabbaz 

1998; Nuth and Laloui 2008; Lu et al. 2010; Alonso et al. 2010; D’Onza et al. 2011; Zhang and 

Lu 2020; Niu et al. 2021).  

 

Fredlund and Morgenstern (1977) suggested any two sets of the three independent stress state 

variables; namely, net normal stress (σ - uairδ), effective stress (σ - ulwδ), and matrix suction 

(uair - ulw)δ as shown in Eq. (1.3) can be used for explaining the unsaturated soils behaviors. 

  

{
𝝈 − 𝑢𝑎𝑖𝑟𝜹
(𝑢𝑎𝑖𝑟 − 𝑢𝑙𝑤)𝜹

    or   {
𝝈 − 𝑢𝑙𝑤𝜹
(𝑢𝑎𝑖𝑟 − 𝑢𝑙𝑤)𝜹

    or   {𝝈 − 𝑢
𝑎𝑖𝑟𝜹

𝝈 − 𝑢𝑙𝑤𝜹
                                                       (1.3) 

 

The choice of stress and strain variables is arbitrary (Fredlund and Morgenstern 1977); this 

approach has been found to be compatible with work conjugate approach proposed by Houlsby 

(1997) and thermodynamic framework proposed by Borja (2006). 
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The complex hydro-mechncial behaviors of unsaturated soils can be reasonably explained 

extending the mechanics of unsaturated soils. For example, as the water height rises above the 

ground water table, the pore-water and pore-air is different in the capillary and vadose zones. 

Buckingham (1908) is the pioneering researcher who described the relationship between water 

content and soil (matric) suction and used it as a tool in explaining flow behavior of unsaturated 

soils. The relationship between the water content and soil suction is typically refererred to as 

the soil water characteristics curve (SWCC), soil-water retention curve (SWRC) or soil-

mostirue curve (SMC) and is useful in explaining complex hydro-mechanical behavors of 

unsaturated soils. A typical SWCC is shown in Figure 1.3.  

 

The SWCC has been found to be a valuable tool for understanding the behavior of unsaturated 

soils in various fields (i.e., soil science, agriculture, hydrology, geotechnical, geo-

environmental and mining engineering fields to list a few). The SWCC relationship can be 

plotted in different ways; between water content (either volumetric or gravimetric) or degree 

of saturation and soil suction (Fredlund and Rahardjo 1993). Several researchers have used the 

SWCC relationship for both interpreting and predicting the hydro-mechanical behaviors of 

unsaturated soils during the last three decades in the geotechnical engineering field (Alonso et 

al. 1990, Fredlund et al. 1994, Vanapalli et al. 1996, Wheeler et al. 2003, Rahardjo et al. 2019). 

 

Three different zones can be identified in a typical SWCC; namely, boundary effect zone, 

transition zone and residual zone which arise in a soil due to an increase in soil suction (or 

decrease in water content) (see Figure 1.3). The influence of pore-water and pore-air pressures 

induces different hydro-mechanical behavior characteristics in the different zones. The 

different response in unfrozen unsaturated soils behavior can be attributed to the influence 

external environment associated with wetting-drying cycles and hysteris effects. Temperature 

and chemical effects also influence the hydro-mechanical behavior. To establish the 

relationship between the SWCCs under THMC response, the fundamental relationships among 

soil solids, soil pores and pore fluids should be rigorously investigated. The need for such 

relationships are succinctly discussed below.  

 

First, as the soil is formed by solid particles while water and air are stored within soil pores, 

the link between soil particles and soil pores should be established (i.e., the link between soil 

grain size distribution curve and pore size distribution curve). Second, after pore size 

distribtuion is distinguished, the influential factors on pore size as well as pore- water, air and 
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ice (at low temperature) should be considered. Third, the link btween the amount of pore-water 

and soil (matric) suction should be built. Most studies related to the SWCCs and their behavior 

fall within the scope. For example, typical SWCC equtions (e.g., van Genuchten 1980; 

Fredlund and Xing 1994) provide the direct link between the amount of water in unsaturated 

soils and soil matric suction with several model paramaters. However, the variance of pore 

structure, and drying and wetting cycles contribute to the change of water content within the 

soil significanly.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.3 Typical soil-water characteristics curve. 

 

At low temperatures, the pore-liquid-water is frozen into ice, the amount of unfrozen water 

content is gradually changing along with temperature (i.e., soil freezing characteristic curve 

(SFCC)) as shown in Figure 1.4. The SFCCs also exhibit significant hysteresis behaviors. The 

unfrozen water content is sensitive to the dissolved salt and initial stress states. Both the SFCC 

and SWCC constitute powerful tools to understand the temporal and spatial variation of water 

inside unsaturated soils. For this reason, there is a need to build the links between two curves 

(e.g., SWCC and SFCC) and develop tools that can provide rational explanation of the behavior 

of unfrozen and frozen unsaturated soils. 
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Figure 1.4 Typical soil-freezing characteristics curve. 

 

 

1.2 Objective, novelty and methodology  

The discussion summarized in the earlier paragraphs highlight that both SWCC and SFCC 

models are key tools to interpret the temporal and spatial distribution of pore-water in 

unsaturated soils. Such models would provide a valuable platform for understanding the THMC 

effects on unsaturated soils. For this reason, in this thesis the focus of the investigations were 

directed towards understanding both the SWCCs and SFCCs behavior considering the 

influence of THMC effects for achieving comprehensive understanding of the soil behavior in 

all environments. To achieve this goal, four major novel objectives are addressed through this 

PhD research program as summarized below: 

 

(i) To develop models for bimodal SWCCs 

As the soil is formed by solid particles, and water and air are stored in soil pores, the soil 

structure influences the SWCC behavior. In other words, soil pore size distribution and the 

related influential factors should be investigated for rational understanding of the SWCC. 

Several studies in the literature have suggested that the SWCC can be either unimodal, bimodal 

or in certain cases multi-modal in nature due to the influence of pore size distribution. Currently, 

there are several models that have been proposed to highlight unimodal SWCC behavior in the 

literature. However, models that highlight the links between macropores and micropores in the 
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bimodal SWCCs are rather limited. There is a need to model bimodal SWCCs within a unified 

framework for rational understanding of the SWCC behavior. For this reason, in this PhD 

research, a new method to model bimodal SWCCs based on pore size distribution curve is 

proposed and the model results are compared with the experimental results in the literature. 

 

(ii) To investigate SWCCs behaviors for both fine- and coarse-grained soils   

Several SWCC models are proposed in the literature for both sands and clayey soils; however, 

there are limited studies that systematically model SWCCs of both fine- and coarse- grained 

soils considering various influencing parameters. A new model that highlights “ink-bottle” 

effects on SWCCs of sands is proposed. In addition, models considering the influence of initial 

water content and stress state effects on the SWCC behavior of fine-grained soils are discussed 

and modeled.  

 

(iii) To develop SFCC models under THMC effects 

The soils near the natural ground surface that are typically in a state of unsaturated condition 

are exposed to not only wetting and drying cycles but also different (i.e., high or low) 

temperatures. As discussed earlier, the relationship between temperature (below zero) and 

unfrozen water content is regarded as soil freezing characteristics curve (SFCC). It is of 

significance in analyzing the behaviors of frozen soils. The two curves (i.e., SWCC and SFCC) 

combined provide the water content variation in soil pores that are valuable in understanding 

the thermo-hydro-mechanical-chemo effects (THMC) of the unsaturated soils. However, there 

are limited studies that provide a SFCC model that are linked to SWCC models with clear 

physical meanings of parameters in the literature. For this reason, a set of SFCC models have 

been developed and linked to the traditional SWCC models. In addition, comparisons are 

provided for validation purposes using the proposed models with experimental results from the 

literature.   

 

(iv) To develop generalized THMC framework for unfrozen and frozen unsaturated soils 

There are several frameworks available in the literature that focus on the hydro-mechanical 

behavior of unsaturated soils. However, there is a need for a unified framework for 

understanding the THMC effects of both unfrozen and frozen unsaturated soils (i.e., for all soil 

environments). Such a novel framework would be valuable for rigorous understanding, 

interpretation, and modeling the behavior of unsaturated soils, especially considering the 
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effects of climate change. In this thesis, a novel thermodynamic framework that highlights the 

THMC behaviors of unsaturated soils is proposed and validated.  

 

1.3 Layout 

 

This proposal is divided into seven chapters as summarized below. 

 

(i) Chapter 1 presents the background introduction related to the thesis topic, research 

objectives, and layout of the thesis.  

(ii) Chapter 2 presents a comprehensive literature review on modeling SWCCs.  

(iii) Chapter 3 proposes models for bimodal SWCCs. 

(iv) Chapter 4 presents SWCC models for both fine- and coarse- grained soils.  

(v) Chapter 5 proposes a model for SFCCs under THMC effects.   

(vi) Appendices in Chapters 4 and 5 present a unified thermodynamic framework for 

unsaturated soils addressing THMC effects. 

(vii) Chapter 6 presents the conclusions and future work.  

 

 

 

 

 

 

 

 

 

 

Figure 1.5 Research scope and major objectives of the thesis. 
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CHAPTER 2  

Literature Review 

2.1 Introduction 

In this chapter, a comprehensive review of methods for modeling the soil-water characteristic 

curve (SWCC) behavior is summarized. The published studies from the literature are used for 

discussing methods for interpreting water content variation with respect to soil (matric) suction. 

In addition, the various factors that influence the SWCC behavior are reviewed based on the 

theoretical and numerical approaches. 

 

2.2 Equations for Fitting SWCCs 

The amount of water that is filled in the soil pores can be expressed as following mathematical 

relationship (Fredlund and Xing 1994). 

𝜃(𝑟) = ∫ 𝑓(𝑟)𝑑𝑟
𝑟

𝑟𝑚𝑖𝑛
                                                                                                            (2.1) 

where θ is volumetric water content, r is pore radius, rmin is the minimum pore radius, f (r) is 

pore size distribution function. 

 

Extending the Young-Laplace equation (or the capillary law) shown in Eq. (2.2), the pore 

radius can be expressed as a functional relationship of soil matric suction shown in Eq. (2.3). 

𝑟 =
2𝑇𝑠𝑐𝑜𝑠𝛽

𝜓
                                                                                                                              (2.2) 

𝜃(𝑟) = ∫ 𝑓(
2𝑇𝑠𝑐𝑜𝑠𝛽

𝜓
)𝑑 (

2𝑇𝑠𝑐𝑜𝑠𝛽

𝜓
)

𝜓

𝜓𝑚𝑎𝑥
= ∫ 𝑓(

2𝑇𝑠𝑐𝑜𝑠𝛽

𝜓
)
2𝑇𝑠𝑐𝑜𝑠𝛽

𝜓2
𝑑𝜓

𝜓

𝜓𝑚𝑖𝑛
                                       (2.3)                                                                                  

 

where Ts is surface tension, and β is contact angle. The relationship between soil matric suction 

and volumetric water content (i.e., SWCC) can be built (Fredlund and Xing 1994) based on Eq. 

(2.3), by introducing various pore size distribution functions. Eqs. (2.1) to (2.3) presents a brief 

basis for modeling SWCCs. The available SWCC equations based on the above theory are 

listed in Table 2.1.  
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Table 2.1 Typical SWCC equations in the literature. 

Eq. # and 

References 
Equations Note 

Eq. (2.4) Gardner 

(1958) 
𝑆 =

1

1 + 𝑎𝜓𝑛
 

a, m, 

and n 

are 

model 

paramet

ers.  

ψAEV is 

air-entry 

value 

Eq. (2.5) Brooks 

and Corey (1964)  {

𝑆 = 1, 𝜓 < 𝜓𝐴𝐸𝑉

𝑆 = (
𝜓

𝑎
)
−𝑛

, 𝜓 > 𝜓𝐴𝐸𝑉
 

Eq. (2.6) Brutsaert 

(1966) 

𝑆 − 𝑆𝑟𝑒𝑠
1 − 𝑆𝑟𝑒𝑠

=
1

1 + (𝑎𝜓)𝑛
 

Eq. (2.7) Farrel 

and Larson (1972) 

𝜓 = 𝜓0exp(𝑎(𝜃0 − 𝜃)) 

Eq. (2.8) Campbell 

(1974) 

𝜓 = 𝜓𝐴𝐸𝑉(𝜃 𝜃𝑠⁄ )−𝑏 

Eq. (2.9) van 

Genuchten (1980) 

𝑆 − 𝑆𝑟𝑒𝑠
1 − 𝑆𝑟𝑒𝑠

=
1

[1 + (𝑎𝜓)𝑛]𝑚
 

Eq. (2.10) Tani 

(1982) 

𝑆 − 𝑆𝑟𝑒𝑠
1 − 𝑆𝑟𝑒𝑠

= (1 +
𝑎 − 𝜓

𝑎 − 𝑛
) exp (−

𝑎 − 𝜓

𝑎 − 𝑛
) 

Eq. (2.11) 

Williams et al. 

(1987)  

ln(𝜓) = 𝑛 +𝑚𝜃 

Eq. (2.12) McKee 

and Bumb (1987)  

𝑆 − 𝑆𝑟𝑒𝑠
1 − 𝑆𝑟𝑒𝑠

=
1

1 + exp (
𝜓 − 𝑎
𝑏

)
 

Eq. (2.13) 

Fredlund and Xing 

(1994)  

{
  
 

  
 𝑆 = 𝐶(𝜓)

1

[ln (exp(1) + (
𝜓
𝑎)

𝑛

)]
𝑚

𝐶(𝜓) = 1 −
ln (1 +

𝜓
𝜓𝑟𝑒𝑠

)

ln (1 +
106

𝜓𝑟𝑒𝑠
)
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Leong and Rahardjo (1997), and Sillers and Fredlund (2001) evaluated the performance of 

various SWCC models. Fayer and Simmons (1995) proposed a new correction function for the 

entire suction range. Groenevelt and Grant (2004) modeled SWCC over residual soil suction. 

Tuller and Or (2005) divided the SWCC behavior into two regions and proposed a model for 

low saturation range. Khlosi et al. (2006) modified Kosugi (1994) model to fit the entire suction 

range. Schneider and Goss (2012) extended Webb (2000) model to the oven dryness. 

Resurreccion et al. (2011) and Oh et al. (2012) evaluated distinct SWCC models performance 

from saturation to oven dryness.  

 

2.3 Prediction SWCCs from the Pore Size Distribution Curve  

The SWCC is widely used as a tool towards interpreting and predicting the several properties 

of unsaturated soils. Several methods or techniques are available for measuring the SWCC 

using direct or indirect testing methods (i.e., hanging column technique, axis translation 

technique, filter paper method, and dewpoint potentiometer method) (Nam et al. 2010). 

Eq. (2.14) Kosugi 

(1994) 

{
 
 

 
 

𝑆 − 𝑆𝑟𝑒𝑠
1 − 𝑆𝑟𝑒𝑠

= 1,𝜓 < 𝜓𝐴𝐸𝑉  

𝑆 − 𝑆𝑟𝑒𝑠
1 − 𝑆𝑟𝑒𝑠

=
1

2
erfc(

ln (
𝜓𝐴𝐸𝑉 − 𝜓

𝜓𝐴𝐸𝑉 − 𝜓𝑚𝑜𝑑𝑒
) − 𝜎2

√2𝜋𝜎
) ,𝜓 > 𝜓𝐴𝐸𝐶

 

 

Eq. (2.15) 

Pachepsky et al. 

(1995) 

𝜃 =
𝜃0
2
erfc (

1

𝜎√2
ln (

𝜓

𝜓(𝜃0 2⁄ )
)) 

 

Eq. (2.16) 

Assouline et al. 

(1998)  

𝑆 − 𝑆𝑟𝑒𝑠
1 − 𝑆𝑟𝑒𝑠

= 1 − exp(−𝑎(𝜓−1 − 𝜓𝑟𝑒𝑠
−1 )𝑛) 

 

Eq. (2.17) Webb 

(2000)  

log10(𝜓) − log10(𝜓𝑟𝑒𝑠) = 𝛾(𝑆 − 𝑆𝑟𝑒𝑠)  

Eq. (2.18) Pham 

and Fredlund 

(2008) 

𝑤(𝜓) = [𝑤1(𝜓)𝑓1(𝜓, 𝜓𝐴𝐸𝑉) − 𝑤2(𝜓)𝑓2(𝜓, 𝜓𝐴𝐸𝑉)

− 𝑓3(𝜓, 𝜓𝐴𝐸𝑉)]𝑓4(𝜓, 𝜓𝑟𝑒𝑠)

+ 𝑤3(𝜓)𝑓5(𝜓, 𝜓𝑟𝑒𝑠) + 𝑓6(𝜓, 𝜓𝑟𝑒𝑠) 

 

Eq. (2.19) Li and 

Vanapalli (2022b) 

𝑆 − 𝑆𝑟𝑒𝑠
1 − 𝑆𝑟𝑒𝑠

=
1

exp(𝑛(𝑎𝜓)𝑚)
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However, these measurement methods are either expensive or time-consuming. To simplify 

the procedure of obtaining SWCCs, some indirect prediction methods based on easily measured 

soil physical properties are developed in the literature. In comparison to the measurement of 

the SWCC, the soil physical properties can be readily tested with limited cost that typically 

include grain size distribution (GSD), bulk density, and void ratio (Romero-Ruiz et al. 2018). 

The function to relate different soil characteristics and properties with one another is also 

termed pedotransfer functions (PTFs, Bouma 1989). Some widely used SWCC based on PTFs 

proposed in the literature as summarized below.  

 

2.3.1 Physico-empirical models 

One of the pioneering works to build relationships between soil matric suction, pore space, and 

water content was originally proposed by Visser (1966). A well-known physico-empirical 

model was proposed by Arya and Paris (1981). Later, a more comprehensive and thoughtful 

version was developed by Arya et al. 1999. In this model, the soil pore volume is calculated 

from grain size information using the information of particle density, bulk density as well as 

void ratio. The main concept of the model is to build the relationships between soil grain size 

and soil pore size based on the information of pore volume. Once the pore size is calculated, 

the capillary law is then applied to estimate the corresponding soil suction. Several separate 

points for soil matric suction versus volumetric water content are then generated to form the 

SWCC using the gathered information. 

 

Following the above model, various other physico-empirical models were either proposed or 

comprehensively discussed in the literature (Arya and Dierolf 1992, Basile and D’Urso 1997, 

Simms and Yanful 2001, Wösten et al. 2001, Chan and Govindaraju 2004, Nimmo et al. 2007, 

Van Looy et al. 2017). The key features of physico-empirical models can be summarized as 

follows. First, the relationship between the pore volume and GSD curve or other soil physical 

properties is developed. Second, the soil (matric) suction is estimated based on the pore size 

(or volume) typically using the Capillary law. As discussed earlier, this methodology is useful 

in developing the relationship between GSD curve and the SWCCs. Such relationships are of 

significance as the soil is recognized as porous media. The method is a simple approach to 

predict the SWCCs from GSD curve that is of low cost and reasonable accuracy. However, 

discrete SWCC points are obtained by using empirical parameters extending this approach and 

have some limitations. To overcome such limitations, various physico-empirical models that 

were proposed in the literature are succinctly summarized below.  
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The flexible SWCC model that has been found to be useful for different types of soils proposed 

by van Genuchten (1980) has been used as a tool to fit the cumulative GSD curve information 

combining the concepts in Arya and Paris (1981) together to develop simple SWCC models. 

For example, Haverkamp and Parlange (1986) presented a physico-empirical SWCC prediction 

model based on the similarity between GSD curve and SWCC. Based on this approach, a 

modified van Genuchten (1980) SWCC model was developed using the GSD curve. A similar 

approach has also been developed by Smettem and Gregory (1996). Later, Zhuang et al. (2001) 

considered the shape effect of soil particles from GSD curve use van Genuchten-type model to 

propose a more rigorous model (van Genuchten 1980). Some further modifications based on 

Arya and Paris (1981) model is also available in the literature (e.g., Arya et al. 2008; Nasta et 

al. 2009; Jaafar and Likos 2011; Mohammadi et al. 2011; Meskini-Vishkaee et al. 2014; 

Antinoro et al. 2014; Wan et al. 2019; Alves et al. 2020).  

 

Another approach by considering the shape of the pore channel was proposed by Tyler and 

Wheatcraft (1989). In their proposed approach, the fractal dimension was used to describe the 

tortuosity of the pore channels based on Arya and Paris (1981) model. Following the method, 

Perrier et al. (1996) proposed a SWCC model considering the fractal PoSD. Comegna et al. 

(1998) proposed a model to determine the fractal dimension of pore trace. Distinct fractal 

models for predicting SWCCs following similar approaches are also available in the literature 

(Bird et al.1996; Bird et al. 2000; Huang et al. 2005; Ghanbarian-Alavijeh and Hunt 2012).  

As soil pores are surrounded by soil particles, it is of significance to evaluate exactly the size 

of soil particles near the soil pore. However, more rigorous theoretical models are required for 

reliable estimation because soil particles are randomly packed. Recently, the possibility 

theorem was incorporated into physico-empirical model to evaluate the arrangement of random 

soil particles. The possibility theorem is a useful tool for solving the random arrangement of 

soil particles. Based on the possibility theorem, some recent advances were made for modeling 

the SWCC are in the literature (e.g., Rahimi and Rahardjo 2016; Wan et al. 2019; Cheng et al. 

2019; Zhai et al. 2020).  

 

The SWCC behavior is commonly observed to be unimodal in nature for different soils from 

experimental studies. However, SWCC behavior is also multi-modal in nature in soils that are 

gap-graded in nature and in soils where water adsorption characteristics on surface of clay size 

particles due to influence of minerals (e.g., Burger and Shackelford 2001). There has been a 

significant interest in building physico-empirical models based on GSD curve for predicting 
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the multi-modal SWCC behavior in recent years. Research contributions of Della Vecchia et 

al. (2015) and Pouragha et al. (2021) are pioneering works in this direction. However, the 

mechanism for the formation of multi-modal SWCC is still under discussion. 

 

The physico-empirical methods are widely accepted and adopted to empirically model the 

SWCCs in various fields that include soil science and geotechnical engineering. Some classical 

physico-empirical models for SWCC prediction are summarized in the book edited by 

Pachepsky and Rawls (2004). Several researchers have also summarized state-of-the-art 

reviews on the related topics related empirical models for SWCCs in the literature (Wösten et 

al. 2001; Vereecken et al. 2016; Van Looy et al. 2017; Vereecken et al. 2022).  

 

2.3.2 Statistical estimation  

Several statistical estimation methods were developed in the literature to understand the 

relationships between the SWCCs and soil physical properties and many influential factors 

such as the GSD curve and initial soil density. In comparison with physico-empirical methods, 

these statistical estimation methods build straightforward links among distinct variables. The 

statistical models provide a better performance when the database is large enough (Nemes et 

al. 2001). The general equation for the statistical estimation methods can be summarized below.  

 

𝑑𝑓(𝑥1, 𝑥2, … 𝑥𝑛) =
𝜕𝑓

𝜕𝑥1
𝑑𝑥1 +

𝜕𝑓

𝜕𝑥2
𝑑𝑥2 +⋯+

𝜕𝑓

𝜕𝑥𝑛
𝑑𝑥𝑛                                                           (2.20) 

 

where x1, x2, and xn refer to variables that account for the target function f.  

 

The target function typically is the degree of saturation, S due to its significant influence on the 

SWCC. The coefficient (i.e., ∂S / ∂xn) is determined by statistical estimation from the dataset. 

The statistical method provides a reliable estimation over a large range of suction for soils from 

the related soil physical properties when a large volume of dataset is used. However, one of the 

limitations of this method is that it does not provide a fundamental understanding of how the 

SWCC is influenced by various properties. In other words, a comprehensive understanding of 

how the coefficients in the model are influenced is not well understood. In addition, the results 

are also sensitive to the selected database. To overcome this limitation, the statistical method 

can be combined with other methods (e.g., Schaap et al. 2001; Zhang and Schaap 2017, Li and 
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Vanapalli 2022a), such as the physico-empirical models or the new techniques as the Artificial 

Intelligence (AI) models. The combination methods will be discussed in a later section. 

 

Two distinct approaches are typically used in statistical estimation methods; the first one is the 

direct estimation of SWCCs from soil properties; while the second one is the indirect method 

in which the SWCC is obtained from the estimated model parameters of SWCC equations.   

     

2.3.2.1 Direct SWCC estimation 

In this method, the SWCC is directly estimated from statistical methods using the soil physical 

properties that typically include the information of bulk density and GSD curves. As there are 

wide applications of SWCCs, some researchers (e.g., Pidgeon (1972), Cameron (1978), Gupta 

and Larson (1979), De Jong and Loebel (1982), Aina and Periaswamy (1985), Dijkerman 

(1988), Bruand (1990), Bruand et al. (1994), Walczak et al. (2006)) built and validated 

statistical regression models for directly predicting several points in SWCCs. 

 

One widely accepted and pioneering approach of this method was proposed by Gupta and 

Larson (1979). In this study, soil fractions, organic matter, and bulk density are used to estimate 

water content at certain soil matric suction. A similar statistical estimation model by 

additionally adding one constant can also be found in the literature, which was presented by 

Rawls et al. (1982). Ahuja et al. (1985) proposed a simplified statistical estimation model. Later, 

Rawls and Brakensiek (1985) proposed a multiple regression model. Some further improved 

models are also available (Rawls et al. 1991, Pachepsky et al. 1998, Pachepsky and Rawls 

1999).  

 

A piecewise SWCC statistical model covering a large soil suction range was presented by 

Saxton et al. (1986). Mbagwu and Mbah (1998) directly estimated water content from 

saturation percentage. A comprehensive study for the SWCC estimation was summarized by 

Saxton and Rawls (2006).  

 

2.3.2.2 Estimation via SWCC equations 

Some milestone SWCCs models published in the literature are widely used in soil science, 

agriculture, geotechnical and geo-environmental engineering fields (e.g., BC model (Brooks 

and Corey 1964), VG model (van Genuchten 1980), and FX model (Fridlund and Xing 1994). 

There is a keen interest in correlating the model parameters of these SWCC equations with soil 
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physical properties via statistical estimation methods. As both VG and FX models are derived 

from the PoSD curve and as soil pores shapes have a strong correlation with the soil particles, 

such an indirect estimation method has received significant interest in the literature.  

 

Brakensiek (1977) is one of pioneering works related to the estimation of the SWCC based on 

the BC model. This study has provided good validation of empirically estimated air-entry value 

with the measured values. Later studies by Clapp and Hornberger (1978) suggested that the BC 

model parameters are strongly related to soil texture. Brakensiek et al. (1981), McCuen et al. 

(1981), and Cosby et al. (1984) evaluated and discussed the link between the BC model 

parameters and soil textures for large volume of soil hydraulic data. Ghosh (1980) fitted the 

parameter in the BC model for some soils using soil physical properties (i.e., the percentages 

of sand, silt, and clay). Williams et al. (1983) estimated SWCC model parameters for different 

groups of soils. Hutson and Cass (1987) modified Campbell (1974) SWCC model and 

estimated the parameter via multiple regression. Aubertin et al. (1996) estimated air-entry value 

from GSD information. Tomasella and Hodnett (1998) estimated BC model parameter by linear 

regression for Brazilian Amazonia soils. Mayr and Jarvis (1999) proposed a statistical model 

to estimate BC model parameters from soil properties. Sakaki et al. (2014) estimated air-entry 

value from soil grain size.  

 

After the VG model was published and widely accepted, there has been a keen interest in 

correlating the model parameters with soil physical properties. Carsel and Parrish (1988) 

estimated the VG parameters’ variance for each class of soils. Wösten and van Genuchten 

(1988), Vereecken et al. (1989), Vereecken et al. (1990), and Gonçalves et al. (1997) developed 

regression models for predicting VG parameters and hydraulic conductivities, respectively. 

Rajkai and Várallyay (1992) and Rajkai et al. (1996) proposed regression models for estimating 

SWCC parameters based on GSD information. Further, van den Berg et al. (1997) and 

Scheinost et al. (1997) estimated VG models by mean grain diameter and its standard deviation. 

Tinjum et al. (1997), Zacharias and Wessolek (2007), and Li et al. (2007) estimated parameters 

in VG model with various initial water contents. Chiu et al. (2012) built a statistical estimation 

model using Bayesian probabilistic selection. Puhlmann and von Wilpert (2012) presented a 

multiple linear regression model for predicting the VG model parameters for forest soils.  

 

After the FX model for SWCC was developed in 1994, several indirect estimation methods 

were developed using the FX model SWCC parameters. Fredlund et al. (1996) built the link 
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between grain diameter and the FX model. Fredlund et al. (2002) further improved the model 

and evaluated various estimation models in the literature. Vanapalli and Catana (2005) 

estimated various SWCC model parameters using soil properties and a measured SWCC data 

point that lies in the transition zone. Sung et al. (2005), Chin et al. (2010), Jensen et al. (2015), 

and Chai and Khaimook (2020) estimated FX model parameters using easily measured soil 

properties for reliably predicting the SWCC.   

 

Several researchers have reviewed, examined or evaluated statistical models in the literature 

(Mishra et al. 1989, Williams and Ahuja 1992, Tietje and Tapkenhinrichs 1993, Kern 1995, 

Wösten et al. 1995, Cresswell and Paydar 1996, Nandagiri and Prasad 1997, Romano and 

Santini 1997, Wagner et al. 1998, Schaap and Leij 1998, Minasny et al. 1999, Zapata et al. 

2000, Tomasella et al. 2000, Wagner et al. 2001, Cornelis et al. 2001, Romano and Palladino 

2002, Tomasella et al. 2003, Mermoud and Xu 2006, Merdun 2010, Vereecken et al. 2010, Zou 

et al. 2015, and Vereecken et al. 2016). 

 

2.3.3 Artificial Intelligent prediction 

With the rising interests in artificial intelligence (AI) techniques (Rumelhart et al. 1986), 

several researchers proposed SWCC predictions based on AI models that were based on similar 

procedures discussed in previous sections. AI prediction models for SWCCs can also be 

divided into two main categories: direct and indirect prediction methods. As the name suggests, 

the SWCCs are predicted directly in the first method. While in the second model (i.e., an 

indirect method), SWCC model parameters are first estimated, and the estimated values are 

used in the prediction of the SWCC. The AI prediction methods can also be divided into distinct 

categories based on the adopted AI models. A succinct discussion on AI prediction models is 

summarized below.  

 

Pachepsky et al. (1996) was one of the pioneers to directly predict SWCC points from soil 

texture and bulk density by artificial neural networks (ANN) model. Tamari et al. (1996) was 

a pioneer to predict soil hydraulic conductivity by ANN. Typically, higher model prediction 

accuracy is achieved by ANN model in comparison with indirect statistical estimation of 

parameters from VG model. Nemes et al. (2003) evaluated the prediction accuracy for direct 

SWCC estimation using distinct inputs. Jain et al. (2004) developed ANN model for direct 

predicting SWCC and compared it with fitting models.  
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Another pioneering work was conducted by Schaap and Bouten (1996), in their study, both 

direct and indirect SWCC predictions from VG model using soil texture information, bulk 

density and organic matter based on ANN models were investigated. Later Schaap et al. (1998), 

and Schaap and Leij (1998) tested and evaluated the SWCC prediction accuracy with distinct 

levels of input variables based on ANN models. A comprehensive version with details named 

as ‘Rosetta’ was later provided by Schaap et al. (2001). Patil and Rajput (2009) evaluated 

‘Rosetta’ performance. A further developed version (i.e., ‘Rosetta 3’) was available in Zhang 

and Schaap (2017). Other ANN prediction models for SWCCs are also available in the 

literature. Minasny and McBratney (2002), Minasny et al. (2004), Børgesen et al. (2008) 

improved the ANN model performance based on VG model. Haghverdi et al. (2012) directly 

predicted SWCCs using ANN model from limited data.  

 

For direct SWCC estimation from ANN model, Koekkoek and Booltink (1999) developed 

ANN models for several points in SWCCs. Børgesen and Schaap (2005), and Moreira de Melo 

and Pedrollo (2015) predicted several points in SWCCs by ANN model. Baker and Ellison 

(2008) combined a few individual ANNs together to gain more robust prediction results for 

several points in SWCCs.  

 

Lamorski et al. (2008) developed support vector machines (SVM) approach, which belongs to 

a different category of AI model to directly predict various points related to the SWCC. 

Twarakavi et al. (2009) predicted the VG model parameters using SVM. Pachepsky et al. (1998) 

directly estimated SWCC points by group method of data handling (GMDH) technique. Ungaro 

et al. (2004) estimated both BC model parameters and SWCC points by GMDH model. Nemes 

et al. (2006) adopted the k-nearest neighbor algorithm to directly predict water content from 

soil properties. Garg et al. (2014) compared multi-gene genetic programming, ANN, and SVM 

model performance on predicting SWCCs using soil suction and effective stress as input 

variables. Amanabadi et al. (2019) compared the prediction performance for various models. 

Li and Vanapalli (2022b) predicted SWCCs by combining multivariate adaptive regression 

splines (MARS) and Arya and Paris (1981) methods together. Li et al. (2022) developed a 

database and estimated various unsaturated soil properties by random forest regression and 

ANN. Some typical SWCC prediction models based on soil properties are listed below. 
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Table 2.2 Typical models for predicting the SWCC from the GSD curve. 

Eq. # and 

References 
Equations and Notations 

Eq. (2.21) 

Arya and Paris 

(1981) and 

Arya et al. 

(1999) 

{
 
 

 
 

𝜃𝑣𝑖 = 𝑆𝑓∑𝜌𝑏(𝑊𝑖 𝜌𝑃⁄ )𝑒

𝑗=𝑖

𝑗=1

𝜓𝑖 = 2𝑇𝑠𝑐𝑜𝑠𝜃 [𝜌𝑤𝑔𝑅𝑖 {2𝑒[3𝑊𝑖 (4𝜌𝑃𝜋𝑅𝑖
3⁄ )]1−𝛼𝐴𝑃 3}⁄

1 2⁄
]⁄

 

where, θvi is the average volumetric water content represented 

by pore volume that corresponds to ith grain size range, Sf is 

scale factor and defined as the ratio of theoretical volumetric 

water content to porosity, ρb is bulk density, Wi is solid mass 

per unit mass in the ith grain size range, ρP is particle density, 

e is void ratio, ψi is soil suction, Ts is surface tension, θ is 

contact angle, ρw is water density, g is acceleration of gravity, 

Ri is the mean grain size in ith grain size range, and αAP is 

fitting parameter. 

Eq. (2.22) 

Tyler and 

Wheatcraft 

(1989) 

𝜓𝑖 = 2𝑇𝑠𝑐𝑜𝑠𝜃 [𝜌𝑤𝑔𝑅𝑖 (2𝑒𝑁𝑖
1−𝐷 3)⁄

1 2⁄
]⁄  

where, Ni is the number of particles with radius Ri, and D is 

fractal dimension. 

Eq. (2.23) 

Fredlund et al. 

(2002) 

𝑝(𝜙) = 𝑝1

[
 
 
 

1

ln {exp(1) + [
10− log(𝑑𝑒)−1

𝑝2
]
𝑝3

}]
 
 
 
𝑝4

+ 𝑝5 

where, p1, p2, p3, p4 and p5 are fitting parameters, de is 

effective grain diameter, and p(ϕ) is the value for either mf or 

nf in Fredlund and Xing (1994) model. 

Eq. (2.24) 

Chin et al. 

(2010) 

𝑎𝑓 = −2.4𝑥 + 722; 𝑛𝑓 = 0.07𝑥
0.4;𝑚𝑓 = 0.015𝑥

0.7; 

𝜓𝑟 = 914 exp(−0.002𝑥) ; 𝑥 = 𝑒𝑃200 
where, af, nf and mf are fitting parameters in Fredlund and 

Xing (1994) equation, ψr is residual suction, and x is 

combination of void ratio e and percentage at soil passing 

standard sieve No. 200, P200. 

Eq. (2.25) 

Zhai et al. (2020) 

𝐴𝑣𝑜𝑖𝑑
𝑇𝑜𝑡𝑎𝑙 = ∑ 𝑃𝑖𝑃𝑗𝑃𝑘(𝑠𝑡𝑟𝑖 − 0.5𝛼𝑡𝑟𝑘

2 − 0.5𝛽𝑡𝑟𝑖
2 − 0.5𝛾𝑡𝑟𝑗

2)𝑁
𝑖=1 ; 

𝑟𝑡𝑎𝑛𝑔𝑒𝑛 =
1

𝑟𝑖
+

1

𝑟𝑗
+

1

𝑟𝑘
+ 2√

1

𝑟𝑖𝑟𝑗
+

1

𝑟𝑗𝑟𝑘
+

1

𝑟𝑘𝑟𝑖
; 

𝜓 = 2𝑇𝑠𝑐𝑜𝑠𝜃 (𝜌𝑤𝑔𝑟𝑡𝑎𝑛𝑔𝑒𝑛)⁄ ; 𝑆 =
𝐴𝑚

𝐴𝑣𝑜𝑖𝑑
𝑇𝑜𝑡𝑎𝑙 

where, 𝐴𝑣𝑜𝑖𝑑
𝑇𝑜𝑡𝑎𝑙  is total void area, Pi, Pj and Pk are the 

probabilities filling the triangle between particles with radii 

of ri, rj and rk, stri is the area of triangle, αt, βt and γt are three 

angles of the triangle, rtangen is the circle that is tangent to all 

three particles, ψ is soil suction, S is degree of saturation, and 

Am is the total area filled with water. 
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2.4 Models for multi-modal SWCCs 

A SWCC can be either unimodal or bimodal in nature based on the pore structure of the 

unsaturated soil (Fredlund and Rahardjo 1993, Ito and Azam 2013, Satyanaga et al. 2017, Zhai 

et al. 2018). For example, the pore size distribution (PoSD) curve in a well-graded soil usually 

leads to a SWCC with unimodal features (i.e., continuous S shape curve). However, soils with 

dual-porosity structure constituted with macropores (inter-aggregate pores) and micropores 

(intra-aggregate pores) is usually associated with varying PoSD curve that contributes to a 

bimodal SWCC (i.e., it has two continuous S shape curve, for example, Li et al. 2009a, 2009b, 

Li et al. 2014, Qiao et al. 2021). 

 

During the last three decades, many researchers have proposed various bimodal SWCC 

equations. These equations from literature can be summarized into three categories. The first 

category of methods uses piecewise equations to fit the bimodal SWCCs (Wilson et al. 1992, 

Burger and Shackelford 2001). In these methods, the bimodal SWCC is divided into two 

unimodal curves that respectively correspond to the macropores and micropores. Each of these 

curves is independently fitted using a unimodal SWCC equation with distinct fitting parameters. 

The merging point (i.e., ψj in Eq. (2.26)) between these two parts is typically determined 

arbitrarily (Wijaya and Leong 2016). One of the key limitations of this method is the location 

of merging point of the two curves that significantly affects the curve fitting process. Such a 

technique contributes to various SWCC fitting parameters at the merging point of the two 

curves (Burger and Shackelford 2001, Wijaya and Leong 2016). This method can be 

summarized as below: 

 

𝜃(𝜓) = {
𝑓1(𝜓)     𝜓 ≤ 𝜓𝑗
𝑓2(𝜓)     𝜓 > 𝜓𝑗

                                                                                                   (2.26) 

 

where f1 and f2 are SWCC functions representing the inter-aggregate pores (macropores) and 

the intra-aggregate pores (micropores), respectively, and ψ is soil suction.  

 

The second category of methods separates the porosity (i.e., the saturated volumetric water 

content) into fractions representing the macropores and micropores and uses a continuous 

equation to describe the bimodal SWCC (Ross and Smettem 1993, Zhang and Chen 2005, Chen 

et al. 2019). In this method, optimization process of all the parameters can be simultaneously 

achieved. This method can be summarized below. 
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𝜃(𝜓) = 𝜃𝑠𝑙𝑓1(𝜓) + 𝜃𝑠𝑠𝑓2(𝜓)                                                                                               (2.27) 

 

where θsl and θss are saturated volumetric water contents for the macropores and micropores, 

respectively. The functions f1 and f2 have a coupled effect on the entire shape of bimodal SWCC 

since the optimization process is performed simultaneously (Zhang and Chen 2005). 

 

Based on one hypothesis, (i.e., interaction zone in the PoSD curve predominantly influences 

the behavior of bimodal SWCC in a limited zone), Li and Vanapalli (2021) proposed a new 

bimodal SWCC model as shown in Eqs. (2.28). In comparison with Eqs. (2.26) and (2.27), the 

proposed method is an extension of both methods one and two in the literature.  

𝜃(𝜓) = {

𝑓1(𝜓)                                                     𝜓 ≤ 𝜓𝐴
𝜆𝛽𝑓1(𝜓) + (1 − 𝜆𝛽)𝑓3(𝜓)     𝜓𝐴 < 𝜓 < 𝜓𝐵  

𝑓3(𝜓)                                                     𝜓 ≥ 𝜓𝐵

                                                     (2.28a) 

or                       

𝜃(𝜓) = [𝑓1(𝜓)]I + [𝜆𝛽𝑓1(𝜓) + (1 − 𝜆𝛽)𝑓3(𝜓)]II
+ [𝑓3(𝜓)]III                                        (2.28b) 

where the symbol []i determines the boundaries in bimodal SWCCs. 

 

2.5 Models for hysteretic SWCCs 

A family of SWCC taking account of influence soil hysteresis is required for rigorous modeling 

the soil behaviors. The water content in the SWCC associated with the wetting branch is less 

than the drying branch at any given soil suction. Numerous drying and wetting scanning curves 

are possible within the main drying/wetting SWCCs. The major factors that influence the 

hysteretic SWCCs (Pham et al. 2005) include: (i) irregular pore structures inside soils or the 

“ink-bottle” effect; (ii) the contact angle variation during drying and wetting processes; (iii) 

entrapped air during wetting; (iv) thixotropic regain or aging due to the wetting-drying cyclic 

history. 

 

Two approaches are widely used for modeling hysteretic SWCC (Pham et al. 2005) in the 

literature; namely, physical-based (domain) models (e.g., Parlange 1976, Mulem and Miller 

1979, Hogarth et al. 1988, Wei and Dewoolkar 2006, Min and Huy 2010, Zhou 2013, Likos et 

al. 2014, Fu et al. 2020) and empirical models (e.g., Feng and Fredlund 1999, Pham et al. 2003, 

Zhai et al. 2020). 
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2.6 Modeling SWCCs under initial states effects 

Experimental studies from the literature suggest that the SWCC behavior is significantly 

influenced by the stress state and initial compaction water content that is strongly related to the 

pore structure in fine-grained soils (e.g., Vanapalli et al. 1999, Ng and Pang 2000). During the 

last two decades, several models have been developed to incorporate the influence of initial 

stress state into SWCC (e.g., Wheeler et al. 2003, Gallipoli et al. 2003, Sun et al. 2007a, 

Tarantino and Col 2008, Tarantino 2009, Gallipoli 2012, Zhou et al. 2012a, Hu et al. 2013, 

Zhou and Sheng 2015). Two equations are widely used in literature (e.g., Gallipoli 2012, Hu 

et al. 2013) for understanding the influence of void ratio changes associated with the stress 

state on the SWCC and are summarized below. 

 

𝜃−𝜃𝑟

𝜃𝑠−𝜃𝑟
= {

1

1+[𝜓(𝜙𝑐𝑒𝜉𝑐)]
𝑛𝑣}

𝑚𝑣

                                                                                                    (2.33) 

𝜃−𝜃𝑟

𝜃𝑠−𝜃𝑟
= {

1

1+[𝑎0𝜓 exp(𝜉𝑐(𝑒−𝑒0))]
𝑛𝑣}

𝑚𝑣

                                                                                       (2.34) 

 

where ϕc and ξc are fitting parameters, a0 is parameter av value at reference state, e is void ratio, 

and e0 is the void ratio at reference state. 
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Table 2.3 Typical bimodal SWCC equations from the literature. 

 

Eq. # and 

Refs 

Equations and Notations 

Eq. (2.29) 

Gitirana Jr 

and 

Fredlund 

(2004) 

𝜃 =
𝑆1−𝑆2

1+(𝜓 √𝜓𝑏1𝜓𝑟𝑒𝑠1⁄ )𝑑1
+

𝑆2−𝑆3

1+(𝜓 √𝜓𝑟𝑒𝑠1𝜓𝑏2⁄ )𝑑2
+

𝑆3−𝑆4

1+(𝜓 √𝜓𝑏2𝜓𝑟𝑒𝑠2⁄ )𝑑3
+ 𝑆4  

𝑆𝑖 =
𝑡𝑎𝑛𝜃𝑖(1+𝑟𝑖

2)ln (𝜓 𝜓𝑖
𝑎⁄ )

(1−𝑟𝑖
2𝑡𝑎𝑛2𝜃𝑖)

+ 𝑆𝑖
𝑎 + (−1)𝑖

(1+𝑡𝑎𝑛2𝜃𝑖)

(1−𝑟𝑖
2𝑡𝑎𝑛2𝜃𝑖)

√𝑟𝑖
2ln2 (𝜓 𝜓𝑖

𝑎⁄ ) +
𝑎2(1−𝑟𝑖

2𝑡𝑎𝑛2𝜃𝑖)

(1+𝑡𝑎𝑛2𝜃𝑖)
  

where 𝑆1
𝑎=1, 𝑆2

𝑎=Sres1, 𝑆3
𝑎=Sb, 𝑆4

𝑎=Sres2, 𝑆5
𝑎=0, 𝜓1

𝑎 = 𝜓𝑏1, 𝜓2
𝑎 = 𝜓𝑟𝑒𝑠1, 𝜓3

𝑎 = 𝜓𝑏2, 𝜓4
𝑎 = 𝜓𝑟𝑒𝑠2, 𝜓5

𝑎 = 106, 𝜃𝑖 = −(𝜆𝑖−1 

+𝜆𝑖)/2, 𝑟𝑖 = tan [(𝜆𝑖−1 + 𝜆𝑖)/2], λ0=0, 𝜆𝑖 = arctan {(𝑆𝑖
𝑎 − 𝑆𝑖+1

𝑎 )/[ln (𝜓𝑖+1
𝑎 /𝜓𝑖

𝑎)]}, and 𝑑𝑖 = 2exp [1/ln (𝜓𝑖+1
𝑎 /𝜓𝑖

𝑎)]. 

Eq. (2.30) 

Satyanaga 

et al. (2013) 

𝜃 = (1 −
ln (1+

𝜓

𝜓𝑟
)

ln (1+
106

𝜓𝑟
)
) [𝜃𝑟 + (𝜃𝑠1 − 𝜃𝑠2) (1 − 𝑒𝑟𝑓𝑐

ln(
𝜓𝑎1−𝜓

𝜓𝑎1−𝜓𝑚1
)

𝑠1
) + (𝜃𝑠2 − 𝜃𝑟) (1 − 𝑒𝑟𝑓𝑐

ln (
𝜓𝑎2−𝜓

𝜓𝑎2−𝜓𝑚2
)

𝑠2
)]  

𝑒𝑟𝑓𝑐 = ∫
1

√2𝜋
exp (−

𝑥2

2
)𝑑𝑥

𝑋

−∞

 

where θs is the saturated volumetric water content, ψa represents air-entry value, ψm represents the matric suction at the inflection 

point, and s is the geometric standard deviation of SWCC. 

Eq. (2.31) 

Li et al. 

(2014) 

𝜃 = 𝜆 (
𝜃𝑠

𝜆+1
− 𝜃𝑟)

√𝜓𝑟1 𝜓𝑎1⁄
𝑛 log(𝜓𝑟1 𝜓𝑎1⁄ )⁄

𝜓𝑛 log(𝜓𝑟1 𝜓𝑎1⁄ )⁄ +√𝜓𝑟1 𝜓𝑎1⁄
𝑛 log(𝜓𝑟1 𝜓𝑎1⁄ )⁄ + (

𝜃𝑠

𝜆+1
− 𝜃𝑟)

(𝑙𝜓𝑟1)
𝑚

𝜓𝑚+(𝑙𝜓𝑟1)𝑚
+  𝜆𝜃𝑟

√𝜓𝑟2 𝜓𝑎2⁄
𝑛 log(𝜓𝑟2 𝜓𝑎2⁄ )⁄

𝜓𝑛 log(𝜓𝑟2 𝜓𝑎2⁄ )⁄ +√𝜓𝑟2 𝜓𝑎2⁄
𝑛 log(𝜓𝑟2 𝜓𝑎2⁄ )⁄ +

𝜃𝑟
(𝑙𝜓𝑟2)

𝑚

𝜓𝑚+(𝑙𝜓𝑟2)𝑚
, 𝜆 = (𝜃𝑠 − 𝜃𝑟)/𝜃𝑟  

where l, m, n are fitting parameters. 

Eq. (2.32) 

Wijaya and 

Leong 

(2016) 

𝜃 = 𝜃𝑠 −𝑚1(𝑥 − 𝑥1) − 𝑅2(𝑥)(𝑚2 −𝑚1) − 𝑅3(𝑥)(𝑚3 −𝑚2) − 𝑅4(𝑥)(𝑚4 −𝑚3) − 𝑅5(𝑥)(𝑚5 −𝑚4)  

𝑅𝑖(𝑥) =
1

2
〈(𝑥 − 𝑥1) +

1

𝑐𝑖
ln {

cosh[𝑐𝑖(𝑥−𝑥𝑖)]

cosh[𝑐𝑖(𝑥𝑖−𝑥1)]
}〉  

𝑐𝑖 =
2

log (𝜓𝑖
+ 𝜓𝑖

−⁄ )
, 𝑥 = log (𝜓), 𝑥𝑖 = log (𝜓𝑖) 

where x1 is the value of log (ψi) when θ = θs, mi is the slope of each linear segment i, ψi is the matric suction at the intersection 

point between linear segment i-1 and i, 𝜓𝑖
+ is the suction where the SWCC merges into linear segment i, and 𝜓𝑖

− is the suction 

when the SWCC departs from segment i-1. 



                  

 Page 24                                           

2.7 Modeling SWCC considering THMC effects  

There is extensive information in the literature to understand and interpret the influence of 

hydro-mechanical behavior of unsaturated soils using the SWCC. Several models have been 

proposed in the literature for predicting the SWCCs considering the influence of temperature 

effects (e.g., Hansson et al. 2004, Jacinto et al. 2009, Zhou et al. 2014, Wan et al. 2015, 

Ghavam-Nasiri et al. 2019, Cai et al. 2022). The influence of different types of salts and 

concentrations were also investigated on the behavior SWCCs in the literature (e.g., Ravi and 

Rao 2013, He et al. 2016, Wang et al. 2019). There is an urgent need to understand the influence 

of THMC on SWCCs.  

 

In many scenarios, frozen soils are also in a state of unsaturated condition. The pore-water in 

unsaturated soils can exist in a partial or fully frozen state as ice when the soil is subjected to 

a low temperature. The initial freezing point of water within the soils is lower than the fusion 

point of pure water due to certain factors such as the high pore pressures (e.g., Koopmans and 

Miller 1966, Banin and Anderson 1974, Black and Tice 1989, Ren and Vanapalli 2019). The 

relationship between the unfrozen water content and temperature which is referred to as the 

soil freezing characteristic curve (SFCC) is used for understanding, interpreting, and predicting 

the behavior of frozen unsaturated soils with a temperature lower than 0 °C (e.g., Kurylyk and 

Watanabe 2013, Teng et al. 2020).  

 

In recent decades, two approaches have been used for modeling SFCC behavior in the literature 

(e.g., Kurylyk and Watanabe 2013, Zhang and Lu 2021): the first approach is based on semi-

empirical or empirical methods (e.g., Black and Tice 1989, Kozlowski 2007); while the second 

approach is based on exploiting the similarities with the SWCC (e.g., Liu and Yu 2013, Wang 

et al. 2017, Zhou et al. 2018, Teng et al. 2020, Jin et al. 2020, Wan and Yang 2020, Kong et al. 

2022). 
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CHAPTER 3 

A Novel Modeling Method for the Bimodal Soil-Water Characteristic Curve 

 

3.1 Introduction 

The soil-water characteristic curve (SWCC) describes the relationship between water content 

or degree of saturation and the soil suction (Fredlund and Rahardjo, 1993). The water content 

in this relationship can be either gravimetric or volumetric. The SWCC is also referred to in 

the literature using different terms; namely, soil moisture curve and soil-water retention curve. 

During the last 25 years, the variation of thermo-hydro-mechanical-chemo (THMC) properties 

with respect to suction have been predicted using the SWCC along with the saturated soil 

properties (for example, Vanapalli et al., 1996; Xu et al., 2003; Fredlund et al., 2011; Zhu et 

al., 2013; Siemens et al., 2014; Yin and Vanapalli, 2018; Alves et al., 2020). There is a growing 

interest during the last two decades to design various geotechnical infrastructures such as the 

slopes, pavements, retaining walls, pipelines, shallow and deep foundations (Tsaparas et al., 

2002; Qi and Vanapalli, 2015; Cary and Zapata, 2016; Ren and Vanapalli, 2020; Chen et al., 

2021; Rong and McCartney, 2021) for unsaturated soils using the SWCC as a tool. 

 

A typical SWCC can be either unimodal or bimodal in nature based on the pore structure of 

the unsaturated soils (Fredlund and Rahardjo, 1993; Nemes et al., 2001; Ito and Azam, 2013; 

Satyanaga et al., 2017; Zhai et al., 2018) (see Figure 3.1). For example, the pore size 

distribution (PoSD)curve  in a well-graded soil usually leads to a SWCC with unimodal 

features (i.e., continuous S shape curve). However, soils with dual-porosity structure 

constituted with macropores (inter-aggregate pores) and micropores (intra-aggregate pores) is 

usually associated with varying PoSD curve that contributes to a bimodal SWCC (i.e., it has 

two continuous S shape curve) (for example, Li et al., 2009a, 2009b; Li et al., 2014; Qiao et 

al., 2021). 

 

Several traditional equations are available in the literature for fitting (for example, van 

Genuchten, 1980; Fredlund and Xing, 1994) or predicting the unimodal SWCC behavior (for 

example, Arya and Paris (1981).  

 

The contents presented in this chapter are published in Computers and Geotechnics.  

Li, Y., Vanapalli, S.K., 2021. A novel modeling method for the bimodal soil-water 

characteristic curve. Comp. Geotech. 138, 104318. doi: 10.1016/j.compgeo.2021.104318.   
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A typical prediction equation that relates the SWCC to basic soil properties include physico-

empirical equations and statistical estimation methods (Arya and Paris, 1981; Fredlund et al., 

2002; Vanapalli and Catana, 2005; Chin et al., 2010; Zhai et al., 2020; Li and Vanapalli, 2021). 

The SWCC fitting equations are smooth mathematical relationships that are widely used in the 

prediction of the unsaturated soil functions such as the permeability and the shear strength for 

use in engineering and agriculture applications (for example, Fredlund et al., 1994; Vanapalli 

et al., 1999; Zhan et al., 2012; Zhai et al., 2017).  

 

The bimodal SWCCs are different from unimodal SWCC and are not typically described by 

traditional equations (Burger and Shackelford, 2001; Satyanaga et al., 2013; Li et al., 2014; 

Wijaya and Leong, 2016). In this Chapter, a hypothesis is introduced to link the soil PoSD 

curve to the bimodal SWCC. The relationships between the PoSD curve and the bimodal 

SWCC equations are used in extending the proposed hypothesis to propose two novel 

equations; namely, the rigid equation and the simplified equation by modifying two widely 

used unimodal SWCC equations from the literature; namely van Genuchten (1980) and 

Fredlund and Xing (1994) equations. The proposed bimodal SWCC equations can be used as 

valuable tools for reliably predicting various properties of unsaturated soils; similar to the 

unimodal SWCC equations. In addition, they can be used in the finite element methods for 

analyzing the complex nonlinear THMC behavior of unsaturated soils.   
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Figure 3.1 Typical unimodal and bimodal soil-water characteristic curves.  

 

3.2 Background literature 

During the last three decades, many researchers have proposed various bimodal SWCC 

equations. These equations from literature can be summarized into three categories. The first 

category of methods uses piecewise equations to fit the bimodal SWCCs (Wilson et al., 1992; 

Burger and Shackelford, 2001). In these methods, the bimodal SWCC is divided into two 

unimodal curves that respectively correspond to the macropores and micropores. Each of these 

curves is independently fitted using a unimodal SWCC equation with distinct fitting 

parameters. The merging point (i.e., ψj in Eq. (3.1)) between these two parts is typically 

determined arbitrarily (Wijaya and Leong, 2016). One of the key limitations of this method is 

the location of merging point of the two curves that significantly affects the curve fitting 

process. Such a technique contributes to various SWCC fitting parameters at the merging point 

of the two curves (Burger and Shackelford, 2001, Wijaya and Leong, 2016). This method can 

be summarized as below: 

 

𝜃(𝜓) = {
𝑓1(𝜓)     𝜓 ≤ 𝜓𝑗
𝑓2(𝜓)     𝜓 > 𝜓𝑗

                                                                                                      (3.1) 
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where f1 and f2 are SWCC functions representing the inter-aggregate pores (macropores) and 

the intra-aggregate pores (micropores), respectively, and ψ is soil suction.  

 

The second category of methods separates the porosity (i.e., the saturated volumetric water 

content) into fractions representing the macropores and micropores and uses a continuous 

equation to describe the bimodal SWCC (Ross and Smettem, 1993; Zhang and Chen, 2005; 

Chen et al., 2019). In this method, optimization process of all the parameters can be 

simultaneously achieved. This method can be summarized below. 

 

𝜃(𝜓) = 𝜃𝑠𝑙𝑓1(𝜓) + 𝜃𝑠𝑠𝑓2(𝜓)                                                                                                  (3.2) 

 

where θsl and θss are saturated volumetric water contents for the macropores and micropores, 

respectively.  

 

The functions f1 and f2 have a coupled effect on the entire shape of bimodal SWCC since the 

optimization process is performed simultaneously (Zhang and Chen, 2005).  

 

The third category of methods extends an independent parameter approach to determine the 

bimodal SWCC. This method is based on several fitting parameters that need to be estimated 

extending graphical construction methods for the bimodal SWCCs. Different equations are 

used for determining the  fitting the parameters in these methods (Gitirana Jr and Fredlund, 

2004; Liu et al., 2013; Satyanaga et al., 2013; Wijaya and Leong, 2016). The equations in this 

method focus on flexibility rather than strongly relating them to the bimodal PoSD curve 

(Satyanaga et al., 2013; Qiao et al. 2021). Table 3.1 summarizes four representative equations 

of this method from the literature (i.e., Eqs. (3), (4), (5), and (6) in Table 3.1). 

 

In this Chapter, two piecewise-form bimodal SWCC equations are proposed that are linked 

with the bimodal PoSD curve. Both these equations incorporate advantages of various methods. 

First, it is based on the traditional unimodal SWCC equations that were found to be valuable 

tools for providing a rational basis for explaining the THMC behavior of unsaturated soils. 

Second, various parameters required in identifying salient features of the SWCC can be 

determined using graphical construction methods, which simplify curve-fitting procedures. In 

addition, a technique is developed based on regression analysis to estimate the key features that 

include the air-entry and the residual suction values of the bimodal SWCC without bias. The 
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proposed equations can be used as tools for rational interpretation and prediction of the THMC 

properties of unsaturated soils that exhibit dual pore structure. 

 

3.3 Derivation for the bimodal soil water characteristic curve 

3.3.1 Basic relationships for bimodal SWCC 

The volumetric water content, 𝜃 in unsaturated soils can be expressed as Eq. (3.7) since it 

describes the amount of water stored in the pores and each pore is characterized by radius r 

(Fredlund and Xing, 1994): 

 

𝜃(𝑅) = ∫ 𝑓(𝑟)
𝑅

𝑅𝑚𝑖𝑛
𝑑𝑟                                                                                                             (3.7) 

where θ(R) represents the volumetric water content when the water fills all pores with radii less 

than or equal to R, Rmin is the minimum radius of pores inside the soil, and f(r) is the density 

function of pore volume with respect to pore radius r.  

 

The volumetric water content can be rewritten as Eq. (3.9), by including Young-Laplace 

equation (i.e., Eq. (3.8)): 

 

𝑟 =
2𝑇𝑠𝑐𝑜𝑠𝛽

𝜓
                                                                                                                              (3.8) 

𝜃(𝜓) = ∫ 𝑓 (
2𝑇𝑠𝑐𝑜𝑠𝛽

ℎ
)

𝜓

𝜓𝑚𝑎𝑥
𝑑 (

2𝑇𝑠𝑐𝑜𝑠𝛽

ℎ
) = ∫ 𝑓 (

2𝑇𝑠𝑐𝑜𝑠𝛽

ℎ
)

𝜓𝑚𝑎𝑥

𝜓

2𝑇𝑠𝑐𝑜𝑠𝛽

ℎ2
𝑑ℎ                                 (3.9) 

 

where Ts is surface tension of water, β is contact angle, ψmax is the maximum soil suction 

corresponding to the minimum pore size, and h is a dummy variable of integration representing 

suction.  

 

The above equations are based on the local equilibrium hypothesis (Hypothesis I, Mualem, 

1976), which suggests that at a given suction for a specific pore radius, all pores with larger 

radii are fully filled with air, while the pores with smaller radii are totally filled with water 

(Fredlund and Xing, 1994).  

 

 

 

 



                   Page 30                                           

Table 3.1 Bimodal SWCC equations for the third category of methods from the literature.

Eq. # and 

Refs 

Equations and Notations 

Eq. (3.3) 

Gitirana Jr 

and 

Fredlund 

(2004) 

𝜃 =
𝑆1−𝑆2

1+(𝜓 √𝜓𝑏1𝜓𝑟𝑒𝑠1⁄ )𝑑1
+

𝑆2−𝑆3

1+(𝜓 √𝜓𝑟𝑒𝑠1𝜓𝑏2⁄ )𝑑2
+

𝑆3−𝑆4

1+(𝜓 √𝜓𝑏2𝜓𝑟𝑒𝑠2⁄ )𝑑3
+ 𝑆4  

𝑆𝑖 =
𝑡𝑎𝑛𝜃𝑖(1+𝑟𝑖

2)ln (𝜓 𝜓𝑖
𝑎⁄ )

(1−𝑟𝑖
2𝑡𝑎𝑛2𝜃𝑖)

+ 𝑆𝑖
𝑎 + (−1)𝑖

(1+𝑡𝑎𝑛2𝜃𝑖)

(1−𝑟𝑖
2𝑡𝑎𝑛2𝜃𝑖)

√𝑟𝑖
2ln2 (𝜓 𝜓𝑖

𝑎⁄ ) +
𝑎2(1−𝑟𝑖

2𝑡𝑎𝑛2𝜃𝑖)

(1+𝑡𝑎𝑛2𝜃𝑖)
  

where 𝑆1
𝑎=1, 𝑆2

𝑎=Sres1, 𝑆3
𝑎=Sb, 𝑆4

𝑎=Sres2, 𝑆5
𝑎=0, 𝜓1

𝑎 = 𝜓𝑏1, 𝜓2
𝑎 = 𝜓𝑟𝑒𝑠1, 𝜓3

𝑎 = 𝜓𝑏2, 𝜓4
𝑎 = 𝜓𝑟𝑒𝑠2, 𝜓5

𝑎 = 106, 𝜃𝑖 = −(𝜆𝑖−1 

+𝜆𝑖)/2, 𝑟𝑖 = tan [(𝜆𝑖−1 + 𝜆𝑖)/2], λ0=0, 𝜆𝑖 = arctan {(𝑆𝑖
𝑎 − 𝑆𝑖+1

𝑎 )/[ln (𝜓𝑖+1
𝑎 /𝜓𝑖

𝑎)]}, and 𝑑𝑖 = 2exp [1/ln (𝜓𝑖+1
𝑎 /𝜓𝑖

𝑎)]. 

Eq. (3.4) 

Satyanaga 

et al. (2013) 

𝜃 = (1 −
ln (1+

𝜓

𝜓𝑟
)

ln (1+
106

𝜓𝑟
)
) [𝜃𝑟 + (𝜃𝑠1 − 𝜃𝑠2) (1 − 𝑒𝑟𝑓𝑐

ln(
𝜓𝑎1−𝜓

𝜓𝑎1−𝜓𝑚1
)

𝑠1
) + (𝜃𝑠2 − 𝜃𝑟) (1 − 𝑒𝑟𝑓𝑐

ln (
𝜓𝑎2−𝜓

𝜓𝑎2−𝜓𝑚2
)

𝑠2
)]  

𝑒𝑟𝑓𝑐 = ∫
1

√2𝜋
exp (−

𝑥2

2
)𝑑𝑥

𝑋

−∞

 

where θs is the saturated volumetric water content, ψa represents air-entry value, ψm represents the matric suction at the inflection 

point, and s is the geometric standard deviation of SWCC. 

Eq. (3.5) 

Li et al. 

(2014) 

𝜃 = 𝜆 (
𝜃𝑠

𝜆+1
− 𝜃𝑟)

√𝜓𝑟1 𝜓𝑎1⁄
𝑛 log(𝜓𝑟1 𝜓𝑎1⁄ )⁄

𝜓𝑛 log(𝜓𝑟1 𝜓𝑎1⁄ )⁄ +√𝜓𝑟1 𝜓𝑎1⁄
𝑛 log(𝜓𝑟1 𝜓𝑎1⁄ )⁄ + (

𝜃𝑠

𝜆+1
− 𝜃𝑟)

(𝑙𝜓𝑟1)
𝑚

𝜓𝑚+(𝑙𝜓𝑟1)𝑚
+  𝜆𝜃𝑟

√𝜓𝑟2 𝜓𝑎2⁄
𝑛 log(𝜓𝑟2 𝜓𝑎2⁄ )⁄

𝜓𝑛 log(𝜓𝑟2 𝜓𝑎2⁄ )⁄ +√𝜓𝑟2 𝜓𝑎2⁄
𝑛 log(𝜓𝑟2 𝜓𝑎2⁄ )⁄ +

𝜃𝑟
(𝑙𝜓𝑟2)

𝑚

𝜓𝑚+(𝑙𝜓𝑟2)𝑚
, 𝜆 = (𝜃𝑠 − 𝜃𝑟)/𝜃𝑟  

where l, m, n are fitting parameters. 

Eq. (3.6) 

Wijaya and 

Leong 

(2016) 

𝜃 = 𝜃𝑠 −𝑚1(𝑥 − 𝑥1) − 𝑅2(𝑥)(𝑚2 −𝑚1) − 𝑅3(𝑥)(𝑚3 −𝑚2) − 𝑅4(𝑥)(𝑚4 −𝑚3) − 𝑅5(𝑥)(𝑚5 −𝑚4)  

𝑅𝑖(𝑥) =
1

2
〈(𝑥 − 𝑥1) +

1

𝑐𝑖
ln {

cosh[𝑐𝑖(𝑥−𝑥𝑖)]

cosh[𝑐𝑖(𝑥𝑖−𝑥1)]
}〉  

𝑐𝑖 =
2

log (𝜓𝑖
+ 𝜓𝑖

−⁄ )
, 𝑥 = log (𝜓), 𝑥𝑖 = log (𝜓𝑖) 

where x1 is the value of log (ψi) when θ = θs, mi is the slope of each linear segment i, ψi is the matric suction at the intersection 

point between linear segment i-1 and i, 𝜓𝑖
+ is the suction where the SWCC merges into linear segment i, and 𝜓𝑖

− is the suction 

when the SWCC departs from segment i-1. 
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Based on Eq. (3.9), the volumetric water content can be calculated at various soil suction 

values, if the PoSD curve for a soil is well defined. Two well-known equations for unimodal 

SWCC; namely, van Genuchten equation (van Genuchten, 1980) (i.e. Eq. (3.10)), and Fredlund 

and Xing equation (Fredlund and Xing, 1994) (i.e. Eqs. (3.11)) are developed in the literature 

extending the above philosophy. 

 

𝜃−𝜃𝑟

𝜃𝑠−𝜃𝑟
= [

1

1+(𝑎𝑣𝜓)𝑛𝑣
]𝑚𝑣                                                                                                            (3.10) 

𝜃 = 𝐶(𝜓)
𝜃𝑠

{ln[𝑒+(𝜓/𝑎𝑓)
𝑛𝑓]}

𝑚𝑓
                                                                                                   (3.11a) 

𝐶(𝜓) = 1 −
ln (1+𝜓/𝜓𝑟)

ln (1+106/𝜓𝑟)
                                                                                                    (3.11b) 

 

where e is base of natural logarithm, av, mv, nv, af, mf, and nf are fitting parameters, θs and θr 

are saturated and residual volumetric water content, respectively, and C(ψ) is the correction 

function for Fredlund and Xing equation.  

 

For simplicity purposes in the remainder of this Chapter, van Genuchten equation (i.e., Eq. 

(3.10)) and Fredlund and Xing equation (i.e., Eq. (3.11)) are referred to as VG and FX 

equations, respectively.  

 

The PoSD curve can be expressed as the sum of PoSD curve functions for macropores and 

micropores of soils with dual-porosity structure (Zhang and Chen, 2005), as given below:  

 

𝑓(𝑟) = 𝑓𝑠(𝑟) + 𝑓𝐿(𝑟)                                                                                                            (3.12) 

 

where fL(r) and fS(r) are PoSD curve functions for macropores and micropores, respectively. 

Based on Eq. (3.9), water content can be expressed as the sum of water stored in the macropores 

and the micropores: 

 

𝜃(𝜓) = ∫ [
𝜓𝑚𝑎𝑥

𝜓
𝑓𝑆 (

2𝑇𝑠𝑐𝑜𝑠𝛽

ℎ
) + 𝑓𝐿 (

2𝑇𝑠𝑐𝑜𝑠𝛽

ℎ
)]

2𝑇𝑠𝑐𝑜𝑠𝛽

ℎ2
𝑑ℎ                                                       (3.13) 

 

The saturated volumetric water content can be expressed as Eq. (3.14) when the Eq. (3.13) is 

integrated over the suction range (Zhang and Chen, 2005): 
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𝜃𝑠 = 𝜃𝑠 + 𝜃𝑠𝐿                                                                                                                        (3.14) 

 

where θss and θsL are saturated volumetric water content for the micropores and the macropores, 

respectively. Eq. (3.13) can also be written as: 

 

𝜃(𝜓) = ∫ 𝑔(ℎ)
𝜓𝑟

0
𝑑ℎ + ∫ 𝑔(ℎ)

∞

𝜓𝑟
𝑑ℎ                                                                                    (3.15a) 

𝑔(ℎ) = [𝑓𝑠 (
2𝑇𝑠𝑐𝑜𝑠𝛽

ℎ
) + 𝑓𝐿 (

2𝑇𝑠𝑐𝑜𝑠𝛽

ℎ
)]

2𝑇𝑠𝑐𝑜𝑠𝛽

ℎ2
                                                                         (3.15b) 

 

where ψr is the residual suction value. The amount of water drained from the soil equals to the 

residual volumetric water content, θr when soil suction exceeds the residual suction value.  

 

Thus, based on Eqs. (3.15a), and (3.15b), the residual water content can be expressed as: 

 

𝜃𝑟 = 𝜃𝑟𝑠 + 𝜃𝑟𝐿                                                                                                                         (3.16) 

where θrs and θrL are residual volumetric water content for the micropores and the macropores, 

respectively. Therefore, Eqs. (3.15a), and (3.15b) can be expressed as: 

 

𝜃𝑠 = (∆𝜃𝑠𝑝 + ∆𝜃𝐿𝑝) + (𝜃𝑟𝑠 + 𝜃𝑟𝐿)                                                                                         (3.17) 

 

where ∆θsp and ∆θLp are the differences between saturated and residual volumetric water 

content for the micropores and the macropores, respectively.  

 

If Eq. (3.17) is separated into two parts that correspond to the micropores and the macropores, 

the following equations are derived: 

 

𝜃𝑠 = (∆𝜃𝑠𝑝 + 𝜃𝑟𝑠) + (∆𝜃𝐿𝑝 + 𝜃𝑟𝐿)                                                                                      (3.18) 

𝜃𝑠𝑠 = ∆𝜃𝑠𝑝 + 𝜃𝑟𝑠                                                                                                                  (3.19a) 

𝜃𝑠𝐿 = ∆𝜃𝐿𝑝 + 𝜃𝑟𝐿                                                                                                               (3.19b) 

 

Some key observations can be derived from the Eqs. (3.18) and (3.19). These equations suggest 

that the total variation of volumetric water content for bimodal SWCC can be regarded as the 
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sum of water content variations of the micropores and the macropores; in addition, they can be 

performed independently. These equations are valuable; however, they do not provide the 

required information to link PoSD curve to the bimodal SWCC. The peak points from the 

micropores to the macropores can be clearly distinguished for most soils, as shown in Figure 

3.2. The boundary between the macropores and the micropores however remains questionable 

for some soils (Miguel and Bonder, 2012). Such a behavior can be attributed to the pore sizes 

that are not constant under various scenarios for some soils, e.g., expansive clays (Vanapalli et 

al., 1999; Gitirana Jr and Fredlund, 2004; Zhou, 2013).  

 

3.3.2 Hypothesis to relate bimodal SWCC equations 

To alleviate the limitations discussed in the earlier paragraph, another hypothesis, which is 

referred to as hypothesis II is proposed to explain the bimodal nature of the SWCC. As shown 

in Figure 3.3, the interaction zone in the PoSD curve predominantly influences the behavior of 

bimodal SWCC in stage II. This is the only zone that is influenced by both the macropores and 

the micropores. This hypothesis suggests that there is combined contribution of both 

macropores and the micropores to the bimodal SWCC in stage II (as shown in Figure 3.3). The 

boundary between the macropores and micropores is difficult to distinguish from the PoSD 

curve. However, the interaction zone in the PoSD curve (i.e., stage II in bimodal SWCC) can 

be determined graphically based on this hypothesis. Therefore, functions of both the 

macropores and the micropores can be applied together to model the behavior in stage II.  

 

A corollary can also be introduced extending hypothesis II. The micropores have little or no 

effect on stage I of the bimodal SWCC and the macropores have little or no influence on stage 

III of the bimodal SWCC, as per this corollary. This means that the macropores are filled with 

air at the end of stage II, while the micropores are filled with water at the start of stage II. This 

discussion suggests that it is reasonable to assume the behavior in stage II is influenced by both 

the macropores and the micropores. However, the exact contribution of the macropores and the 

micropores in PoSD curve to stage II is uncertain. Nevertheless, some relationships can be 

derived based on the hypothesis and the corollary, extending the graphical construction method 

(Vanapalli et al., 1998) as shown in Figure 3.3(b).  

 

∆𝜃𝐿𝑝 = ∆𝜃𝐿𝑝
𝐻 − 𝛼𝐻∆𝜃𝑀                                                                                                      (3.20a) 

∆𝜃𝑠𝑝 = ∆𝜃𝑠𝑝
𝐻 − (1 − 𝛼𝐻)∆𝜃𝑀                                                                                           (3.20b) 
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where ∆𝜃𝐿𝑝
𝐻  is the difference of volumetric water content between saturated water content and 

the water content at the end of stage II, ∆𝜃𝑠𝑝
𝐻  is the difference of volumetric water content 

between the volumetric water content at the start of stage II and residual water content, ∆θM is 

the volumetric water change at stage II, and αH is the pore size influence factor. ∆𝜃𝐿𝑝
𝐻 , ∆𝜃𝑠𝑝

𝐻 , 

and ∆θM are all determined graphically (i.e., Fig. 3.3(b)), and the equations to find them from 

existing points are listed below: 

 

∆𝜃𝐿𝑝
𝐻 = 𝜃𝑠 − 𝜃𝑀𝑏                                                                                                               (3.21a) 

∆𝜃𝑠𝑝
𝐻 = 𝜃𝑀𝑎 − 𝜃𝑟                                                                                                               (3.21b) 

∆𝜃𝑀 = 𝜃𝑀𝑎 − 𝜃𝑀𝑏                                                                                                              (3.21c) 

 

where θMa, and θMb are the volumetric water content at points Ma and Mb, respectively.  

 

The above equations can be used for developing relationships for volumetric water content 

using VG and FX equations to piecewise-form bimodal SWCC equations. For example, Eq. 

(3.10) can be modified to define stage I of the bimodal SWCC equation as given below:  

 

𝜃′−𝜃𝑟𝐿

∆𝜃𝐿𝑝
= [

1

1+(𝑎𝑣1𝜓)
𝑛𝑣1
]𝑚𝑣1                                                                                                     (3.22) 

where av1, nv1, and mv1 are fitting parameters.  

 

The pseudo volumetric water content θʹ is introduced here because it needs to be converted 

into the global axis (i.e., the measured volumetric water content in bimodal SWCC, θ). To fit 

the entire bimodal SWCC based on Eqs. (3.18), (3.19a), and (3.19b), the pseudo water content 

θ’ in the above equation (i.e., Eq. (3.22)) can be expressed as:  

 

𝜃′ = 𝜃 − ∆𝜃𝑠𝑝 − 𝜃𝑟𝑠                                                                                                            (3.23) 

 

The equation below is derived based on hypothesis II by incorporating Eqs. (3.20a), (3.20b), 

and (3.23) into Eq. (3.22):  

 

𝜃−∆𝜃𝑠𝑝
𝐻 +(1−𝛼𝐻)∆𝜃𝑀−𝜃𝑟𝑠−𝜃𝑟𝐿

∆𝜃𝐿𝑝
𝐻 −𝛼𝐻∆𝜃𝑀

= [
1

1+(𝑎𝑣1𝜓)
𝑛𝑣1
]𝑚𝑣1                                                                      (3.24) 
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Figure 3.2 Bimodal pore size distribution curve and corresponding SWCC.  

 

 

 

 

(a) Bimodal pore size distribution curve 

Micropores 

Macropores 

(b) The corresponding bimodal soil-water characteristic curves 

(modified after  

Miguel and Bonder, 

2012) 
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From Eq. (3.16), Eq. (3.24) can be simplified as: 

 

𝜃−∆𝜃𝑠𝑝
𝐻 +(1−𝛼𝐻)∆𝜃𝑀−𝜃𝑟

∆𝜃𝐿𝑝
𝐻 −𝛼𝐻∆𝜃𝑀

= [
1

1+(𝑎𝑣1𝜓)
𝑛𝑣1
]𝑚𝑣1                                                                             (3.25) 

 

In the above equation, except αH, the other four parameters on the left side (i.e., ∆𝜃𝐿𝑝
𝐻 , ∆𝜃𝑠𝑝

𝐻 , 

∆θM, and θr) can be determined extending graphical construction method (i.e., Figure 3.3(b)). 

For the bimodal SWCC equation in stage III, it can be expressed as: 

 

𝜃′−𝜃𝑟𝑠

∆𝜃𝑠𝑝
= [

1

1+(𝑎𝑣3𝜓)
𝑛𝑣3
]𝑚𝑣3                                                                                                     (3.26) 

 

Based on hypothesis II and the corollary, in stage III, the macropores are filled with air. Thus, 

from Eq. (3.18), the pseudo water content θʹ can be written as: 

 

𝜃′ = 𝜃 − 𝜃𝑟𝐿                                                                                                                        (3.27) 

 

By substituting Eqs. (3.16) and (3.27) into Eq. (3.26), the following equation is derived: 

 

𝜃−𝜃𝑟

∆𝜃𝑠𝑝
𝐻 −(1−𝛼𝐻)∆𝜃𝑀

= [
1

1+(𝑎𝑣3𝜓)
𝑛𝑣3
]𝑚𝑣3                                                                                      (3.28) 

 

Eqs. (3.25) and (3.28) describe the bimodal SWCC behaviors in stage I and III, respectively. 

The contribution of various types of pore structures can be evaluated by a parameter αH, which 

is referred to as the pore size influence factor in stage II that takes account of both the 

macropores and micropores. However, the influence from the macropores and micropores can 

be different at various points in stage II. For example, the macropores may contribute more to 

the data close to Ma, while the micropores can exert more influence on the data points close to 

Mb as shown in Figure 3.3. Thus, it is reasonable to introduce a floating parameter βHD to 

allocate the contribution of the macropores and the micropores to each point in stage II of the 

bimodal SWCC. Therefore, the volumetric water content in stage II (i.e., θII) can be expressed 

as:  

 

𝜃𝐼𝐼 = (1 − 𝛽𝐻𝐷)𝜃𝐼 + 𝛽
𝐻𝐷𝜃𝐼𝐼𝐼                                                                                              (3.29) 
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Figure 3.3 Conceptual model for bimodal SWCC. 
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where θI and θIII are the volumetric water contents calculated from Eqs. (3.25), and (3.28) using 

soil suction in stage II, respectively. The floating parameter βHD can be determined for each 

point in stage II as a function (i.e., βHD = βHD (ψ)). Since the pore size influence parameter αH 

describes the entire contribution of the macropores and the micropores, the relationships can 

be expressed as below. 

 

𝛼𝐻 =
1

𝜓𝐵−𝜓𝐴
∫ 𝛽𝐻𝐷(𝜓)
𝜓𝐵

𝜓𝐴
𝑑𝜓                                                                                               (3.30) 

 

Based on Eqs. (3.25), (3.28), (3.29), and (3.30), the proposed bimodal SWCC equation 

equations are summarized as below: 

 

𝜃𝐼−∆𝜃𝑠𝑝
𝐻 +(1−𝛼𝐻)∆𝜃𝑀−𝜃𝑟

∆𝜃𝐿𝑝
𝐻 −𝛼𝐻∆𝜃𝑀

= [
1

1+(𝑎𝑣1𝜓)
𝑛𝑣1
]𝑚𝑣1  for ψ ≤ ψA                                                       (3.31a) 

𝜃𝐼𝐼𝐼−𝜃𝑟

∆𝜃𝑠𝑝
𝐻 −(1−𝛼𝐻)∆𝜃𝑀

= [
1

1+(𝑎𝑣3𝜓)
𝑛𝑣3
]𝑚𝑣3 for ψ ≥ ψB                                                                    (3.31b) 

𝜃𝐼𝐼 = (1 − 𝛽𝐻𝐷)𝜃𝐼 + 𝛽
𝐻𝐷𝜃𝐼𝐼𝐼 for ψA < ψ < ψB                                                                 (3.31c) 

𝛼𝐻 =
1

𝜓𝐵−𝜓𝐴
∫ 𝛽𝐻𝐷(𝜓)
𝜓𝐵

𝜓𝐴
𝑑𝜓                                                                                            (3.31d) 

 

where the symbols θI, θII, and θIII are used to distinguish the water content in stage I, II, and 

III, respectively.  

 

In Eq. (3.31), as mentioned above, θI and θIII are calculated from Eqs. (3.31a) and (3.31b) 

respectively using the suction range in stage II (i.e., from ψA to ψB in Figure 3.3(b)). 

 

For the calibration of this equation (i.e., Figure 3.4(a)), parameters ∆𝜃𝐿𝑝
𝐻 , ∆𝜃𝑠𝑝

𝐻 , and ∆θM in Eqs. 

(3.31a), and (3.31b) can be determined based on a graphical construction method. First, a value 

from zero to one should be assumed for αH. The fitting parameters av1, nv1, and mv1 in stage I 

and av3, nv3, and mv3 in stage III are calibrated using bimodal SWCC data in stage I and stage 

III, respectively. Second, θI and θIII are calculated for the suction range in stage II, using 

parameters from the first step. This procedure facilitates calibrating βHD from each point in 

stage II of the bimodal SWCC. Third, obtain new αH by calculating βHD from Eq. (3.31d) and 

check the difference between the calculated values. The calibration process is terminated if 

these two values are close (e.g., the difference is less than 0.0001). If this is not achieved, the 
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first step is repeated with the calculated αH and iterative calibration is continued until 

appropriate parameters are found. In other words, a rigorous iteration technique is required for 

the calibration process. 
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Figure 3.4 Calibration processes for proposed models. 
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The suitable parameters can be precisely determined by extending this calibration technique; 

however, it is tedious. In some scenarios, when the data for stage II of bimodal SWCC is limited 

(i.e., only a few data points are available), the calculation procedure for the two calibration 

steps may not provide a reliable value of αH. The hypothesis II in certain scenarios, as 

discussed, cannot reliably determine the macropores and the micropores. For this reason, to 

alleviate these limitations, a simplified bimodal SWCC equation is proposed. 

 

𝜃𝐼−∆𝜃𝑠𝑝
𝐻 +∆𝜃𝑀−𝜃𝑟

∆𝜃𝐿𝑝
𝐻 = [

1

1+(𝑎𝑣1𝜓)
𝑛𝑣1
]𝑚𝑣1    for ψ ≤ ψA                                                                              (3.32a) 

𝜃𝐼𝐼𝐼−𝜃𝑟

∆𝜃𝑠𝑝
𝐻 = [

1

1+(𝑎𝑣3𝜓)
𝑛𝑣3
]𝑚𝑣3                  for ψ ≥ ψB                                                                (3.32b) 

𝜃𝐼𝐼 = 𝜆𝛽𝜃𝐼 + (1 − 𝜆𝛽)𝜃𝐼𝐼𝐼                 for ψA < ψ < ψB                                                        (3.32c) 

 

where λβ is a static model parameter.  

 

This equation is relatively simple to derive volumes for both the micropores and the 

macropores in comparison with the rigid equation (i.e., Eqs. (3.31a), (3.31b), and (3.31c)). 

However, a larger range of the macropores and the micropores information is required for the 

development of each equation (i.e., Eqs. (3.32a), and (3.32b)) that can individually cover the 

entire variation of volumetric water content in stage II for the bimodal SWCC. 

 

The calibration process for using simplified equations for bimodal SWCC is summarized with 

the aid of Figure 3.4(b). First, parameters ∆𝜃𝐿𝑝
𝐻 , ∆𝜃𝑠𝑝

𝐻 , and ∆θM in Eqs. (3.32a). and (3.32b) can 

be determined using the graphical construction method (i.e., Figure 3.3(b)). Second, Eqs. 

(3.32a), and (3.32b) can be used for fitting the measured bimodal SWCC data in stage I and 

III, respectively. The corresponding values of θI and θIII can then be calculated using the suction 

range for stage II. Finally, Eq. (3.32c) can be calibrated from the measured points in stage II 

by finding a best-fit smoothening parameter λβ value between zero to one. The λβ value is set 

from zero to one based on the hypothesis II because it assumes that the volumetric water content 

in stage II is combined influenced by the macropores and the micropores.  

 

A statistical linear regression method (Fomby et al. 1984) can be introduced to determine 

parameters ∆𝜃𝐿𝑝
𝐻 , ∆𝜃𝑠𝑝

𝐻 , and ∆θM as shown in Figure 3.4(c) to alleviate the graphical 

construction method. In this method, soil suction is expressed on a logarithmic scale to find a 
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linear part for each segment, and a linear regression equation for each segment of bimodal 

SWCC curve is individually developed. The merging point between two linear regressions 

equations approximately represents the same bimodal SWCC properties as derived from 

graphical construction method. The key advantage of the regression method is that it 

determines both the unimodal and bimodal SWCC parameters (for example, air-entry value, 

∆𝜃𝐿𝑝
𝐻 , ∆𝜃𝑠𝑝

𝐻 , ∆θM, θr, and ψr) based on statistical basis without the operator bias in the graphical 

construction method. In the present study, parameters for soils S1, S4 and S6 (Miguel and 

Bonder, 2012; Satyanaga et al., 2013) are highlighted by this method. Due to the calculation 

difficulties associated with the value of zero on logarithmic scale, the saturated water content 

is estimated for a soil suction value at 0.001 kPa for soils S1 and S4. For soil S6, the saturated 

water content is estimated as 0.4293 for soil suction at 0.1 kPa. Due to limited information, 

residual water contents are estimated as 0.090 and 0.015 for soils S1 and S6, respectively; and 

the residual suction is estimated as 300 kPa for soil S1. 

 

The modified FX equation for the bimodal SWCC can be written as: 

𝜃𝐼 = [1 −
ln(1+

𝜓

𝜓𝑟,𝐿𝑝
)

ln(1+
106

𝜓𝑟,𝐿𝑝
)

]
𝜃𝑠

{ln[𝑒+(𝜓/𝑎𝑓1)
𝑛𝑓1]}

𝑚𝑓1
          for ψ ≤ ψA                                              (3.33a) 

𝜃𝐼𝐼𝐼 = [1 −
ln(1+

𝜓

𝜓𝑟,𝑠𝑝
)

ln(1+
106

𝜓𝑟,𝑠𝑝
)
]
∆𝜃𝑠𝑝

𝐻 −(1−𝛼𝐻)∆𝜃𝑀+𝜃𝑟

{ln[𝑒+(𝜓/𝑎𝑓3)
𝑛𝑓3]}

𝑚𝑓3
      for ψ ≥ ψA                                                (3.33b) 

𝜃𝐼𝐼 = (1 − 𝛽𝐻𝐷)𝜃𝐼 + 𝛽
𝐻𝐷𝜃𝐼𝐼𝐼                         for ψA < ψ < ψB                                           (3.33c) 

𝛼𝐻 =
1

𝜓𝐵−𝜓𝐴
∫ 𝛽𝐻𝐷(𝜓)
𝜓𝐵

𝜓𝐴
𝑑𝜓                                                                                            (3.33d) 

 

where ψr,sp and ψr,Lp are residual suction values for micropores and macropores, respectively 

and both of them can be determined using graphical construction method (Vanapalli et al., 

1998) as shown in Figure 3.3(b). Here, ψr,Lp is set as the same suction value as point Mb.  

 

Based on above equations, a simplified equation can be expressed as below for calibration 

purposes. 

𝜃𝐼 = [1 −
ln(1+

𝜓

𝜓𝑟,𝐿𝑝
)

ln(1+
106

𝜓𝑟,𝐿𝑝
)

]
𝜃𝑠

{ln[𝑒+(𝜓/𝑎𝑓1)
𝑛𝑓1]}

𝑚𝑓1
           for ψ ≤ ψA                                             (3.34a) 
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𝜃𝐼𝐼𝐼 = [1 −
ln(1+

𝜓

𝜓𝑟,𝑠𝑝
)

ln(1+
106

𝜓𝑟,𝑠𝑝
)
]

∆𝜃𝑠𝑝
𝐻 +𝜃𝑟

{ln[𝑒+(𝜓/𝑎𝑓3)
𝑛𝑓3]}

𝑚𝑓3
       for ψ ≥ ψA                                               (3.34b) 

𝜃𝐼𝐼 = 𝜆𝛽𝜃𝐼 + (1 − 𝜆𝛽)𝜃𝐼𝐼𝐼                              for ψA < ψ < ψB                                           (3.34c) 

 

The calibration processes for the above two sets of equations (i.e. Eqs. (3.33) and (3.34)) are 

similar to the modified VG equations for bimodal SWCC (i.e., Eqs. (3.31) and (3.32)). The 

summary of the calibration process is shown in Figure 3.4. The relationships between 

gravimetric, volumetric water content and degree of saturation (i.e., Eq. (3.35), Eqs. (3.31), 

(3.32), (3.33), and (3.34)) can be expressed as below.  

 

𝑆 =
𝑤

𝑤𝑠
=

𝜃

𝜃𝑠
                                                                                                                          (3.35) 

 

where S is the degree of saturation, w is the gravimetric water content, ws and θs are the 

saturated water content in gravimetric and volumetric forms.  

 

The target function as introduced from Fredlund and Xing (1994) is used here to find the best-

fitting parameters (i.e., a, m, and n). It is expressed as the sum of squared deviations of the 

measured water content θobv and the predicted values θpred as listed below: 

 

𝑂(𝑎,𝑚, 𝑛) = min (∑(𝜃𝑝𝑟𝑒𝑑 − 𝜃𝑜𝑏𝑣)
2
)                                                                             (3.36) 

where O () is the objective function, min () is the function to find minimum values. To compare 

the equation performance, the coefficient of determination (R2) is adopted: 

 

𝑅2 =
[∑ (𝜃𝑜𝑏𝑣−𝜃̅𝑜𝑏𝑣)
𝑁
𝑖=1 (𝜃𝑝𝑟𝑒𝑑−𝜃̅𝑝𝑟𝑒𝑑)]

2

∑ (𝜃𝑜𝑏𝑣−𝜃̅𝑜𝑏𝑣)
2𝑁

𝑖=1 ∑ (𝜃𝑝𝑟𝑒𝑑−𝜃̅𝑝𝑟𝑒𝑑)
2𝑁

𝑖=1

                                                                               (3.37) 

 

where θ
—

obv and θ
—

pred are the mean values for the observed and the predicted water contents, 

respectively. 

 

3.4 Results 

Figure 3.5 presents performance of the modified VG equation for bimodal SWCC (i.e., Eq. 

(3.32)). Four sand-silt mixtures (i.e., soils S1-S4) are gathered from the literature (Satyanaga 
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et al., 2013). For each soil, three stages in the bimodal SWCC are highlighted. The modified 

VG equations for the bimodal SWCC are compared with the measured SWCC. All the equation 

parameters are determined by the described calibration procedures as shown in Figure 3.4(b). 

The parameter details and references are listed in Table 3.2.  

 

The R2 values for all soils are above 0.990; the value for soil S4 is a little lower at 0.994 because 

a few predicted points depart slightly from the measured data. The curve shapes reveal that all 

the features that include air-entry and residual suction values of the macropores and the 

micropores, respectively are fully captured by the modified VG equations for bimodal SWCC. 

Both statistical indices and curve shapes suggest that the modified VG equations can be used 

in the reliable prediction of the bimodal SWCCs with a high degree of accuracy.  

 

Figure 3.6 highlights the details of fitting performance by modified FX equation for bimodal 

SWCC (i.e., Eq. (3.34)). The various parameters associated with this equation are summarized 

in Table 3.2. The R2 values are above 0.995 for all bimodal SWCCs suggesting that most of 

the prediction points are close to the measured data. Only a few data points slightly deviate 

from the measured values. The bimodal SWCC shapes are well captured by the extended 

equation. Most importantly, key details of the macropores and the micropores are fully 

described including the information of air-entry and residual suction values.  
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Figure 3.5 Best-fit bimodal SWCC results using the modified VG model. 
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Figure 3.6 Best-fit bimodal SWCC results using the modified FX model. 
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Table 3.2 Model parameters for the proposed simplified models. 

Soil # θs / % θa / % θb / % θr / % av1 nv1 mv1 av3 nv3 mv3 λβ References 

S1 31.68 27.46 27.46 9.0 0.0434 11.034 4.280 0.0168 42.159 0.0308 1.000 Satyanaga et al. (2013) 

S2 20.31 17.10 16.25 9.2 0.0310 24.658 5.261 0.00815 5.459 0.436 0.223 Satyanaga et al. (2013) 

S3 33.82 28.84 28.18 8.5 0.519 16.160 0.0380 0.00530 1.806 1.838 0.348 Satyanaga et al. (2013) 

S4 31.60 27.25 26.82 6.68 0.0410 3.422 68.899 0.0106 2.897 0.692 0.368 Satyanaga et al. (2013) 

S6 42.93 28.67 20.18 1.5 0.150 167.196 0.0140 9.99×10-6 2.329 385.464 0.575 
Miguel and Bonder 

(2012) 

Soil # θa / % θr / % 
ψr,lp / 

kPa 

ψr,sp / 

kPa 
af1 nf1 mf1 af3 nf3 mf3 λβ References 

S1 27.46 9.0 57.96 300 18.310 43.521 0.0323 68.782 12.915 0.257 0.000 Satyanaga et al. (2013) 

S2 17.10 9.2 99.3 400 21.266 41.276 0.0416 100.061 41.209 0.110 0.317 Satyanaga et al. (2013) 

S3 28.84 8.5 39.0 480 2.560 9.772 0.0346 69.511 2.645 0.651 0.288 Satyanaga et al. (2013) 

S4 27.25 6.68 45.44 382.84 4.613 330.761 0.0191 73.749 3.628 0.644 0.000 Satyanaga et al. (2013) 

S6 28.67 1.5 6243.61 10318.50 7.134 87.831 0.101 9455.557 1.838 3.652 1.000 
Miguel and Bonder 

(2012) 
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The modeling results for Eqs. (3.31) and (3.33) are shown in Figure 3.7 using the data of two 

soils (i.e., soils S2 and S4). The model parameters and the related references (Satyanaga et al., 

2013) are listed in Table 3.3. The R2 values for Figures. 3.7(a) and (b) are 0.999 and 0.994, 

respectively. The rigid VG equation (i.e., Eq. (3.31)) is used for soil S2 and S4, respectively in 

Figures 3.7(a) and (b), which also highlights the variation of floating parameter βHD along with 

soil suction in stage II. All the information required for the bimodal SWCC is captured by the 

rigid VG equation; more importantly, the key features of the bimodal SWCC in stage II are 

fully described by the equation. For soil S4, as shown in Figure 3.7(b), the rigid VG equation 

performance is a bit weaker when the suction value is high (i.e., around 103 kPa) due to 

overestimated residual water content caused by limited data in the high suction range. 

 

Figures 3.7(c) and (d) present results of the rigid FX equation (i.e., Eq. (3.33)) along with the 

corresponding floating parameter, βHD values for soils S2 and S4, respectively. R2 values for 

soils S2 and S4 are 0.997 and 0.996, respectively. The rigid FX equation has slightly better 

performance in comparison to the rigid VG equation results as shown in Figures 3.7(a) and (b). 

The variance of βHD for soil S2 in the rigid FX equation is similar to the value in rigid VG 

equation (i.e., Figure 3.7(a)); however, it is better for soil S4 because of better performance in 

high suction ranges. Since βHD values are determined via each point in stage II, the variance in 

soil S2 reveals that the significance of the macropores and the micropores varies along with 

the suction. It suggests that hypothesis II is rigorous and reasonable (i.e., the micropores and 

the macropores exert distinct effects on stage II). 
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Figure 3.7 Model results for bimodal SWCC using the rigid models. 

R2 = 0.999 R2 = 0.994 

R2 = 0.997 R2 = 0.996 
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Table 3.3 Model parameters for the proposed rigid models. 

 

 

 

 

 

 

 

 

Soil # θs / % θa / % θb / % θr / % av1 nv1 mv1 av3 nv3 mv3 αH References 

S2 20.31 17.10 16.25 9.2 0.0369 35.377 0.335 0.00810 6.895 0.340 0.5391 Satyanaga et al. (2013) 

S4 31.60 27.25 26.82 6.68 0.230 150.447 0.0226 0.0110 3.165 0.611 0.0767 Satyanaga et al. (2013) 

Soil # θa / % θr / % 
ψr,lp / 

kPa 

ψr,sp / 

kPa 
af1 nf1 mf1 af3 nf3 mf3 αH References 

S2 17.10 9.2 99.3 400 21.148 39.364 0.0421 164.212 394.320 0.0737 0.5439 Satyanaga et al. (2013) 

S4 27.25 6.68 45.44 382.84 4.613 330.761 0.0191 74.060 3.853 0.620 0.6232 Satyanaga et al. (2013) 
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Note: Figures. 3.8(a) and (b) are calibrated based on modified VG model; Figures. 3.8(c) and 

(d) are based on modified FX model proposed in the manuscript.  

 

Figure 3.8 Bimodal SWCC equations expressed as relationships between degree of 

saturation and suction and gravimetric water content versus suction. 

 

 

 

 

 

R2 = 0.990 R2 = 0.990 

R2 = 0.992 R2 = 0.992 
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Figure 3.8 presents the results of the modified VG and FX equations for bimodal SWCC as 

variations of gravimetric water content and degree of saturation versus suction for sandy-silt 

clay, respectively (i.e., for soil S6 (Miguel and Bonder, 2012)). The calibration process is based 

on Figure 3.4(b) and the parameters for the modified VG equation (i.e., Figures 3.8(a) and (b)) 

and FX (i.e., Figures 3.8(c) and (d)) equation are listed in Tables 3.2. The R2 values for these 

four figures are around 0.990. The predicted values in stage II slightly depart from the measured 

points by using parameter λβ which describes the overall contribution of micropores and 

macropores using the proposed simplified VG model (i.e., Eq. (3.32)) (Figures 3.8(a) and (b)). 

Except for the intersection point, the bimodal SWCC shapes in expression of gravimetric water 

content and degree of saturation are also reasonably described by both the modified VG and 

FX equations. These results suggest that Eqs. (3.32) and (3.34) can also be converted to 

accurately describe bimodal SWCC behaviors using expressions of gravimetric water content 

and degree of saturation instead of volumetric water content.  

 

Figure 3.9 shows the bimodal SWCC fitting results using the first method from the literature 

(i.e., Eq. (3.1)). The parameter details of Soils S2 and S4 are highlighted and listed in Table 

3.4. Figures 3.9(a) and (b) use van Genuchten (1980) equation, while equations in Figures 

3.9(c) and (d) are based on Fredlund and Xing (1994) equation. R2 values for soil S2 in Figures 

3.9(a) and (c) are 1.000 and 0.997, respectively; these values for soil S4 in Figures 3.9(b) and 

(d) are 0.994 and 0.996, respectively. The equation shapes both for soils S2 and S4 are close to 

the measured data. Since only one merging point is adopted in the first method (i.e., Eq. (3.1)), 

it is easy to calibrate the equation; however, the fitting parameters are distinct with various 

merging points (Satyanaga et al., 2013; Wijaya and Leong, 2016). 
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Note: Figures. 3.9(a) and (b) are based on VG model, while Figures. 3.9(c) and (d) are based 

on FX model extending method one (i.e., Eq. (3.1)).  

 

Figure 3.9 Bimodal SWCC model results using method one. 

 

 

 

 

R2 = 1.000 R2 = 0.994 

R2 = 0.997 R2 = 0.996 
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Table 3.4 Model parameters for method one from the literature. 

 

 

 

 

 

 

 

 

 

 

 

Soil # θs / % θr / % θj / % av1 nv1 mv1 av3 nv3 mv3 References 

S2 20.31 9.2 16.57 0.0552 40.594 0.0597 0.00809 7.968 0.292 Satyanaga et al. (2013) 

S4 31.60 6.68 27.11 0.225 45.251 0.112 0.0112 3.162 0.606 Satyanaga et al. (2013) 

Soil # θj / % 
ψr,lp / 

kPa 

ψr,sp / 

kPa 
af1 nf1 mf1 af3 nf3 mf3 References 

S2 16.57 69.14 400 20.320 362.099 0.0211 165.494 396.031 0.0723 Satyanaga et al. (2013) 

S4 27.11 19.09 382.84 4.641 501.879 0.0160 73.923 3.875 0.618 Satyanaga et al. (2013) 



                  

 Page 55                                           

 

Suction (kPa)

10-2 10-1 100 101 102 103

V
o

lu
m

e
tr

ic
 w

a
te

r 
c
o

n
te

n
t 

(%
)

5

10

15

20

25 (a) Soil S2 

Suction (kPa)

10-2 10-1 100 101 102 103

V
o

lu
m

e
tr

ic
 w

a
te

r 
c
o

n
te

n
t 

(%
)

0

10

20

30

40

Suction (kPa)

10-2 10-1 100 101 102 103

V
o

lu
m

e
tr

ic
 w

a
te

r 
c
o

n
te

n
t 

(%
)

5

10

15

20

25

Suction (kPa)

10-2 10-1 100 101 102 103

V
o

lu
m

e
tr

ic
 w

a
te

r 
c
o

n
te

n
t 

(%
)

0

10

20

30

40

(b) Soil S4

(c) Soil S2 (d) Soil S4

 

 

Note: Figures. 3.10(a) and (b) are based on modified VG model; Figures. 3.10(c) and (d) are 

based on modified FX model extending method two (i.e., Eq. (3.2)).  

 

Figure 3.10 Bimodal SWCC model results by method two. 

 

 

R2 = 0.995 R2 = 0.995 

R2 = 0.998 R2 = 0.996 
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Table 3.5 Model parameters for method two from the literature. 

 

 

 

 

 

 

 

 

Soil # 
θs,L / 

% 

θs,s / 

% 

ψr,L / 

kPa 

ψr,s / 

kPa 
av1 nv1 mv1 av3 nv3 mv3 References 

S2 16.25 4.06 - - 0.0924 43.570 0.00319 0.00603 64.129 0.151 Satyanaga et al. (2013) 

S4 4.74 26.86 - - 0.0264 3.463 342.522 0.0178 5.975 0.107 Satyanaga et al. (2013) 

Soil # 
θs,L / 

% 

θs,s / 

% 

ψr,L / 

kPa 

ψr,s / 

kPa 
af1 nf1 mf1 af3 nf3 mf3 References 

S2 3.86 16.45 30.3 400 21.979 11.055 0.779 150.931 376.672 0.0716 Satyanaga et al. (2013) 

S4 4.11 27.49 9.19 382.84 4.704 146.873 2.952 73.346 3.608 0.647 Satyanaga et al. (2013) 
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Figure 3.10 presents the bimodal SWCC results from the second method in the literature (i.e., 

Eq. (3.2)). The results in Figures 3.10(a) and (b) are based on the modified VG equation, while 

Figures 3.10(c) and (d) adopt the modified FX equation. All the parameters are listed in Table 

3.5. R2 are 0.995 both for Figures 3.10(a) and (b), while the values are 0.998 and 0.996 for 

Figures 3.10(c) and (d), respectively. The equation shapes are close to the measured data and 

equations are continuous for the entire bimodal SWCC. However, close examination of stage 

II for Figures 3.10(a), (b), and (d) reveal that method two has limitations to describe all the 

features of bimodal SWCC because of the mutual influence of f1(ψ) and f2(ψ) in all the stages. 

In addition, as six fitting parameters (i.e., two groups of a, m, and n listed in Table 3.5) need to 

be calibrated simultaneously; extra costs are inevitable associated with computation time for 

this method and for developing algorithms to accelerate curve-fitting process.   

 

3.5 Discussion 

The hypothesis II can be explained using Figure 3.3 to highlight the influence of the macropores 

and the micropores. In the stage II, according to this hypothesis, the bimodal SWCC is 

influenced by the macropores and the micropores (i.e., interaction zone in PoSD curve) as 

shown in Figure 3.3. Second, the mapping of the interaction zone in PoSD curve  is constrained 

to the stage II of bimodal SWCC. Due to this reason, in certain scenarios, the size of the 

micropores might be larger than that of the macropores. For example, if the soil pores are 

typically classified by their surrounding solid skeleton as shown in Figure 3.3(c), (i.e., 

macropores are formed by coarse-grains while micropores are generated by fine-grains and 

clay minerals); the soil pores may change when they are subjected to various states of stress 

(Li et al., 2009a, 2009b; Vanapalli, 2009; Zhang and Lin, 2019; Qiao et al. 2021). Hypothesis 

I (i.e., the local equilibrium hypothesis proposed by Mualem, (1976)) is acceptable for the 

interaction zone in PoSD curve if it corresponds to a part of bimodal SWCC. However, it is 

difficult to precisely determine the corresponding range in the bimodal SWCC for the 

interaction zone in the PoSD curve since the soil pore sizes are not constant. Generally, 

macropores have much larger pore sizes than the micropores; the drainage of water from 

macropores with low suction values can be modeled using Eq. (3.8). However, a smooth 

transition from macropores to micropores ensures a continuous curve for PoSD curve as shown 

in Figure 3.2(a). Therefore, hypothesis II is a better choice as it assumes that interaction zone 

in the PoSD cruve affects bimodal SWCC behavior only in stage II.  

 

Typically, one or two discontinuous points are possible in the modified VG and FX equations 
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based on the value of λβ. For example, only one discontinuous point arises when λβ equals zero 

or one. For such a scenario, the modified equations are similar to the first category of methods 

from the literature (i.e., Eq. (3.1)). However, a close examination suggests it is slightly different 

from the first method because in this technique the merging point is determined arbitrarily for 

the modified VG and FX equations (i.e., Eqs. (3.32) and (3.34)). In other words, the merging 

point in this technique is a fixed point. When λβ equals zero, the merging point is Ma in Figure 

3.3(b); while it is point Mb as λβ equals one. Two discontinuous points arise when λβ is larger 

than zero and is less than one that can be identified as Ma and Mb, respectively. However, as 

most points are well defined in Eqs. (3.32) and (3.34), one or two discontinuous points have 

negligible effect on the entire bimodal SWCC (Satyanaga et al., 2013; Wijaya and Leong, 

2016).  

 

In rigid equations (i.e., Eqs. (3.31), and (3.33)), the calibration procedures are complex and 

each point in stage II is discontinuous. However, rigid bimodal SWCC equations provide 

comprehensive information about the macropores and the micropores. As shown in Figures 

3.7(a) and (c), in each point the contribution that arises from various types of soil pores is 

different, which also supports validation for the hypothesis II, used in the present study.  

 

For this method, parameters θs, ∆𝜃𝐿𝑝
𝐻 , ∆𝜃𝑠𝑝

𝐻 , ∆θM, θr, ψr,sp and ψr,Lp can be determined by 

graphical construction method as shown in Figure 3.3(b) or by using the proposed linear 

regression method shown in Figure 3.4(c). These parameters determine the water content 

relationships for bimodal SWCC. Parameters av1, nv1, mv1, av3, nv3, and mv3 in Eqs. (3.31) and 

(3.32) (or af1, nf1, mf1, af3, nf3, or mf3 in Eqs. (3.33) and (3.34)) can be calibrated by experimental 

results in stage I and III through Eq. (3.36). These parameters are necessary both in method 

one and two as shown in Eqs. (3.1) and (3.2). Parameters αH and βHD in rigid models (i.e., Eqs. 

(3.31) and (3.33)) or parameter λβ in simplified models (i.e., Eqs. (3.32) and (3.34)) are 

calibrated by experimental results in stage II. Except parameters determined from bimodal 

SWCC shapes (i.e., parameters θs, ∆𝜃𝐿𝑝
𝐻 , ∆𝜃𝑠𝑝

𝐻 , ∆θM, θr, ψr,sp and ψr,Lp), only one or two 

parameters are newly introduced. These parameters (i.e., parameters αH and βHD for rigid 

models or parameter λβ for simplified models) are adopted to show water content variation in 

stage II.   

 

As listed in Tables 3.2 and 3.3, λβ value varies with soils; however, similar value is obtained 
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for the same soil in spite of using different equations (i.e., modified FX or VG equation). For 

example, for soil S3, λβ equals 0.348 for the modified VG equation, while it is 0.288 for the 

modified FX equation. These values approximately indicate the rough contribution percentiles 

from the macropores and the micropores. However, this value only varies significantly for one 

soil (i.e., αH values for Soils S1 and S6) listed in Table 3.2. This is caused by the distinct curve 

shapes resulted from various equations in stage II. To obtain better results, several points in 

stage II could be introduced to calibrate equations applying for stages I and III.   

 

In the proposed equations (i.e., Eqs. (3.32), and (3.34)), the stage II is determined from the 

calibrated equation in stage I and III based on the hypothesis II. However, this method is the 

same as the first method in the literature if the mapping of the interaction zone in PoSD curve 

to bimodal SWCC is a single point or parameter λβ equals zero or one (i.e., Eq. (3.1)).  This 

method falls in the category of the second method in the literature (i.e., Eq. (3.2)) when the 

mapping of the interaction zone is extended to the bimodal SWCC for the entire suction range. 

Therefore, the proposed method is an extension of both methods one and two. In summary, this 

method can be written as: 

 

𝜃(𝜓) = {

𝑓1(𝜓)                                                     𝜓 ≤ 𝜓𝐴
𝜆𝛽𝑓1(𝜓) + (1 − 𝜆𝛽)𝑓3(𝜓)     𝜓𝐴 < 𝜓 < 𝜓𝐵  

𝑓3(𝜓)                                                     𝜓 ≥ 𝜓𝐵

                                                      (3.38) 

or                       

𝜃(𝜓) = [𝑓1(𝜓)]I + [𝜆𝛽𝑓1(𝜓) + (1 − 𝜆𝛽)𝑓3(𝜓)]II
+ [𝑓3(𝜓)]III                                         (3.39) 

 

where the symbol []i in Eq. (3.39) determines the boundary (i.e., stages I, II, and III in bimodal 

SWCC) applied to inside function. 

 

3.6 Conclusions  

In this Chapter, a reasonable hypothesis is introduced based on the features of pore-size 

distribution (PoSD) curve for predicting the bimodal soil-water characteristic curve (SWCC). 

From this hypothesis, volumetric water content relationships corresponding to the macropores 

and micropores in the PoSD curve for bimodal SWCC are developed. Two sets of bimodal 

SWCC equations are successfully derived from the traditional unimodal SWCC equations; 

namely, van Genuchten (1980) and Fredlund and Xing (1994) equations.   
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In addition, the calibration processes for the proposed equations are built. Graphical 

construction method and regression method are separately developed to estimate the key 

features for bimodal SWCC. The two parameters (i.e., pore size influence factor, αH and best-

fit smoothening parameter λβ) were used as tools to evaluate the contribution of the 

micropores and macropores. Rational description of bimodal SWCC is possible using the 

proposed bimodal SWCC equations. 

 

The proposed equations can be converted into the available methods in the literature for the 

bimodal SWCC based on the proposed hypothesis. The results summarized in this Chapter 

suggest that the proposed equations rigorously describe the bimodal SWCCs for various soils. 

These equations are promising for use as a continuous function for predicting unsaturated 

properties of the soils with dual pore structure. In addition, they can be used in numerical 

models for analyzing the complex behaviors of unsaturated soils.   
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CHAPTER 4 

Models for Predicting the Soil-Water Characteristic Curves for  

Coarse and Fine-Grained Soils 

4.1 Introduction 

The relationship between water content (volumetric or gravimetric) or degree of saturation and 

the soil suction is referred to as the soil-water characteristic curve (SWCC). The SWCC is also 

widely referred to as the soil moisture curve and soil-water retention curve in the literature. 

Researchers during the past four decades focused on proposing models for predicting the 

SWCC in the literature since conventional measurement techniques are time consuming (e.g., 

Arya and Paris, 1981; Schaap et al., 2001; Chin et al., 2010; Li et al., 2016; Alves et al., 2020; 

Li and Vanapalli, 2022). The focus of most research studies was mainly directed towards 

predicting the main drying curve. 

 

During last two decades, complex thermo-hydro-mechanical-chemo (THMC) behaviors of 

unsaturated soils were also analyzed by many researchers using the SWCC as a tool (e.g. 

Wheeler and Sivakumar, 1995; Gallipoli et al., 2003; Zhou et al., 2012b;  Ni et al., 2019; Yang 

and Vanapalli, 2020; Xu et al., 2020; Rong and McCartney, 2021). The research related to the 

SWCC has wide applications in water resources, agriculture, soil science, geotechnical, and 

geo-environmental engineering fields (e.g., Nemes et al., 2001; Qi and Vanapalli, 2015; Cary 

and Zapata, 2016; Zhu et al., 2020; Cheng et al., 2021). The use of SWCC as a tool is receiving 

more attention in the recent literature for understanding the influence of climate change on the 

THMC behavior of unsaturated soils (Bai et al., 2020; Li et al., 2021).  

 

A family of SWCC taking account of influence soil hysteresis is required for rigorous modeling 

of the soil behavior (Figure. 4.1 (i)). Two approaches are widely used for modeling hysteretic 

SWCC (Pham et al., 2005) in the literature; namely, physical-based (domain) models (e.g., 

Parlange, 1976; Mulem and Miller, 1979; Hogarth et al., 1988; Wei and Dewoolkar, 2006; Min 

and Huy, 2010; Zhou, 2013; Likos et al., 2014; Fu et al., 2020) and empirical models (e.g., 

Feng and Fredlund, 1999; Pham et al., 2003; Zhai et al., 2020).  

 

 

Some of the contents presented in this chapter have been published in the Journal of Hydrology.  

Li, Y., and Vanapalli, S. K. (2022b). Models for predicting the soil-water characteristic curves 

for coarse and fine-grained soils. Journal of Hydrology, 612. doi: 

10.1016/j.jhydrol.2022.128248.  
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Experimental studies from the literature suggest that the SWCC behavior is significantly 

influenced by the stress state and initial compaction water content that is strongly related to the 

pore structure in fine-grained soils (e.g., Vanapalli et al., 1999; Ng and Pang, 2000). During 

the last two decades, several models have been developed to incorporate the influence of initial 

stress state into SWCC (e.g., Wheeler et al., 2003; Gallipoli et al., 2003; Sun et al., 2007a; 

Tarantino and Col, 2008; Tarantino, 2009; Gallipoli, 2012; Zhou et al., 2012a; Hu et al., 2013; 

Zhou and Sheng, 2015). However, the initial water content has a significant influence on the 

soil-structure that impacts the SWCC behavior, especially in compacted fine-grained soils. The 

coupled effects of both the initial stress state and initial water contents are not typically 

incorporated into models for SWCCs. For this reason, there is a need for developing models 

taking account of the influence of various parameters to reliably predict the SWCCs. Such 

models would be valuable for various practical applications in water resources, agriculture, soil 

science, geotechnical, and geo-environmental engineering fields. 

 

In this Chapter, simple, yet novel models are proposed for predicting the family of SWCCs 

(i.e., main drying and wetting SWCC along with scanning curves considering hysteretic nature) 

of coarse-grained soils from the pore-size distribution (PoSD) curve using a set of basic 

functions and boundary conditions. The SWCCs of fine-grained soils are also predicted 

considering the effects of initial stress state and soil structure associated with the initial water 

content based on the PoSD curve. The various proposed SWCC models in this study are 

presented in Figure. 4.1 (ii). Reasonable comparisons were achieved between the experimental 

and the predicted results of the SWCCs for both coarse and fine-grained soils.  

 

The proposed models are valuable for use in numerical modeling of the complex THMC 

modeling problems and for predicting various properties of unsaturated soils considering the 

influences of wetting and drying cycles associated with environmental factors. 
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(i) Illustration of the SWCC with hysteresis behavior. 
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Figure 4.1 Hysteretic SWCCs and proposed SWCC models in this study. 
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4.2 SWCC models for coarse-grained soils 

4.2.1 Model for main wetting curves 

The family of SWCC that constitutes main drying and wetting curves taking account of 

hysteresis effects and scanning curves is required for rational interpretation of the soil behavior. 

The water content in the SWCC associated with the wetting branch is less than the drying 

branch at any given soil suction as shown in Figure 4.1 (i). Numerous drying and wetting 

scanning curves are possible within the main drying/wetting SWCCs. The major factors that 

influence the hysteretic SWCCs (Pham et al., 2005) include: (i) irregular pore structures inside 

soils or the ‘ink-bottle’ effect; (ii) the contact angle variation during drying and wetting 

processes; (iii) entrapped air during wetting; (iv) thixotropic regain or aging due to the wetting-

drying cyclic history.  

 

Water in soils is stored in the interconnected pores (Vanapalli et al., 1996; Li and Vanapalli, 

2021), and the pores with radii r can be reasonably described by their pore-size distribution P 

(r). When the pores with radius less than R are filled with water, the volumetric water content 

can be expressed as below (Fredlund and Xing, 1994). 

 

𝜃(𝑅) = ∫ 𝑃(𝑟)𝑑𝑟
𝑅

𝑅𝑚𝑖𝑛
                                                                                                             (4.1) 

 

 where θ (R) is the volumetric water content when the pores with radius are smaller than R are 

filled with water, and Rmin is the minimum pore size in soils.  

 

The water stored in larger pores drain easily due to desaturation associated with an increase in 

the soil suction. Since the amount of water in pores can be characterized by pore size r, an 

inverse relationship between soil suction ψ and pore radius r is conventionally used (Fredlund 

and Xing, 1994) as shown in Eqs. (4.2).  

 

1

𝑟
∝ 𝜓                                                                                                                                    (4.2a) 

𝜓 =
𝐶

𝑟
=

2𝑇𝑐𝑜𝑠𝛼

𝑟
                                                                                                                    (4.2b) 

 

where C = 2Tcosα, T is surface tension (unit N·m), α is contact angle between soils and water.  

 

The widely used capillary law (i.e., Eq. (4.2b)) can be introduced into Eq. (4.1) to obtain the 
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relationship below.  

 

𝜃(𝑅) = ∫ 𝑃 (
𝐶

ℎ
) 𝑑 (

𝐶

ℎ
)

𝜓

𝜓𝑚𝑎𝑥
= ∫ 𝑃 (

𝐶

ℎ
)
𝐶

ℎ2
𝑑ℎ

𝜓𝑚𝑎𝑥

𝜓
                                                                   (4.3) 

where h is a dummy variable of integration representing soil suction, and ψmax is the maximum 

soil suction representing minimum pore radius.  

 

Several SWCC equations have been successfully developed in the literature extending the 

above philosophy. Two equations (i.e., Eq. (4.4) and Eqs. (4.5)) proposed by van Genuchten 

(1980) and Fredlund and Xing (1994), respectively are widely used for modeling the SWCCs. 

 

𝜃−𝜃𝑟

𝜃𝑠−𝜃𝑟
= [

1

1+(𝑎𝑣𝜓)𝑛𝑣
]𝑚𝑣                                                                                                             (4.4) 

𝜃 = 𝐶(𝜓)
𝜃𝑠

{ln[exp (1)+(𝜓/𝑎𝑓)
𝑛𝑓]}

𝑚𝑓
                                                                                          (4.5a) 

𝐶(𝜓) = 1 −
ln (1+𝜓/𝜓𝑟)

ln (1+106/𝜓𝑟)
                                                                                                      (4.5b) 

 

where θs and θr are saturated and residual volumetric water contents, respectively, exp () is 

exponential function, av, mv, and nv are van Genuchten (1980) equation fitting parameters, af, 

mf, and nf are Fredlund and Xing (1994) equation fitting parameters, C (ψ) is the correction 

function for Fredlund and Xing equation, and ψr is residual soil suction.  

 

The corresponding PoSD functions for these two equations are summarized below. 

𝑔𝑑𝑟𝑦(𝑎𝑣, 𝑛𝑣, 𝑚𝑣, 𝜓) =
𝑚𝑣𝑛𝑣𝑎𝑣(𝑎𝑣𝜓)

𝑛𝑣−1

[1+(𝑎𝑣𝜓)𝑛𝑣]𝑚𝑣+1
                                                                                 (4.6a) 

𝑓𝑑𝑟𝑦(𝑎𝑓 , 𝑛𝑓 , 𝑚𝑓 , 𝜓) =
𝑚𝑓𝑛𝑓(𝜓/𝑎𝑓)

𝑛𝑓−1

𝑎𝑓[exp (1)+(𝜓/𝑎𝑓)
𝑛𝑓]{ln[exp (1)+(𝜓/𝑎𝑓)

𝑛𝑓]}
𝑚𝑓+1

                                     (4.6b) 

 

where gdry and fdry are PoSD functions for drying branch by van Genuchten equation and 

Fredlund and Xing equation, respectively.  

 

Several model parameters are typically suggested by various investigators (e.g., Zhou, 2013; 

Zhou and Sheng, 2015) for fitting wetting branches of SWCC. Eqs. (4.7) and (4.8) belong to 

this category that use fitting parameters 𝑎𝑣
𝑤𝑒𝑡(𝑎𝑓

𝑤𝑒𝑡), n, and m.  
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𝜃−𝜃𝑟,𝑤𝑒𝑡

𝜃𝑠−𝜃𝑟,𝑤𝑒𝑡
= [

1

1+(𝑎𝑣
𝑤𝑒𝑡𝜓)𝑛𝑣

]𝑚𝑣                                                                                                    (4.7) 

𝜃 = 𝐶(𝜓)
𝜃𝑠

{ln[exp (1)+(𝜓/𝑎𝑓
𝑤𝑒𝑡)

𝑛𝑓]}
𝑚𝑓

                                                                                      (4.8a) 

𝐶(𝜓) = 1 −
ln (1+𝜓/𝜓𝑟,𝑤𝑒𝑡)

ln (1+106/𝜓𝑟,𝑤𝑒𝑡)
                                                                                                (4.8b) 

 

where 𝑎𝑣
𝑤𝑒𝑡  and 𝑎𝑓

𝑤𝑒𝑡  are model parameters for main wetting curve in van Genuchten and 

Fredlund and Xing equations, respectively, and ψr,wet and θr,wet are residual soil suction and 

volumetric water content for main wetting branch, respectively.  

 

This model for fitting wetting branches of SWCC provides a theoretical basis of variation of 

contact angle during drying and wetting cycles (e.g., Eqs. (4.2) and (4.3)). However, as 

summarized earlier, various factors affect hysteretic behaviors of the SWCCs (e.g., irregular 

pore structures inside soils or the “ink-bottle” effect). For this reason, another model is 

introduced for modelling the main wetting curve.  

 

Based on Eqs. (4.3) and (4.4), the drying branch of SWCC can be expressed as an integral 

function form using the van Genuchten equation (i.e., Eq. (4.9a)). This equation simply implies 

that all the pores with radius less than R are filled with water during drying process (Mualem, 

1976). However, the scenario is distinct in wetting branches, due to the irregular pore structures 

that can associated with the “ink-bottle” effect as shown in Figure 4.2 (i) (i.e., only part of the 

pores with radius less than R are filled with water) (Zhai et al., 2020). The larger pores obstruct 

the water soaking process as soil suction during wetting process gradually decreases, as shown 

in Figure 4.2 (ii). 
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Figure 4.2 Conceptual models for SWCCs with hysteresis. 

 

The PoSD functions (e.g., Eq. (4.9a)) represent the possibility of occurrence of the pores with 

certain radii R (e.g., Fredlund and Xing, 1994; Zhai et al., 2020). In addition, a new occurrence 

function FP (ψ) can also be introduced for modeling irregular pore structure (Zhai et al., 2020). 

For simplicity purposes, a linear accumulative possibility function with a range that varies from 

zero to a value of one can be applied. This approach highlights that each size of pore has an 

equal occurrence chance as shown in Eq. (4.9b). 

   

Drying 

Wetting 

 
 

Drying 

Wetting 

Air 

Water 

Wetting 

(i) Pore structure effects on capillarity. 

(ii) Conceptual model for soil pores under drying and wetting cycles. 
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𝜃−𝜃𝑟

𝜃𝑠−𝜃𝑟
= ∫ 𝑃(𝜓)𝑑𝜓

𝜓

𝜓𝑚𝑎𝑥
= ∫

𝑚𝑣𝑛𝑣𝑎𝑣(𝑎𝑣𝜓)
𝑛𝑣−1

[1+(𝑎𝑣𝜓)𝑛𝑣]𝑚𝑣+1
𝑑𝜓 

𝜓

𝜓𝑚𝑎𝑥
                                                         (4.9a) 

𝜃−𝜃𝑟

𝜃𝑠−𝜃𝑟
= 𝐹𝑃(𝜓) ∙ ∫ 𝑃(𝜓)𝑑𝜓

𝜓

𝜓𝑚𝑎𝑥
= (1 − ∫

1

𝜓𝐻𝑀−𝜓𝐿𝑀

𝜓𝐿𝑀

𝜓
𝑑𝜓) ∙ ∫ 𝑃(𝜓)𝑑𝜓

𝜓

𝜓𝑚𝑎𝑥
=

𝜓𝐻𝑀−𝜓

𝜓𝐻𝑀−𝜓𝐿𝑀
∙

∫ 𝑃(𝜓)𝑑𝜓
𝜓

𝜓𝑚𝑎𝑥
                                                                                                                      (4.9b) 

 

where FP (ψ) is occurrence function, ψLM and ψHM are soil suction at meeting points of low 

suction and high suction, respectively.  

 

Eq. (4.9b) is occurrence function, FP (ψ) that is independent of the PoSD function. This 

equation can be applied to all the PoSD functions (e.g., Eqs. (4.6)). For ensuring flexibility of 

the model, the following Eq. (4.10) is suggested for modeling main wetting curve from the 

main drying curve. 

 

𝜃−𝜃𝑟

𝜃𝑠−𝜃𝑟
= 𝐹𝑃(𝜓) ∙ ∫ 𝑃(𝜓)𝑑𝜓

𝜓

𝜓𝑚𝑎𝑥
≈

𝑃𝑎−𝜓

𝑃𝑎−𝑃𝑏
∙ ∫ 𝑃(𝜓)𝑑𝜓

𝜓

𝜓𝑟
=

𝑃𝑎−𝜓

𝑃𝑎−𝑃𝑏
∙ ∫

𝑚𝑣𝑛𝑣𝑎𝑣(𝑎𝑣𝜓)
𝑛𝑣−1

[1+(𝑎𝑣𝜓)𝑛𝑣]𝑚𝑣+1
𝑑𝜓 

𝜓

𝜓𝑟
  

(4.10) 

where Pa and Pb are fitting parameters.  

 

Conventionally, minimum soil suction ψmin is approximated as zero, while ψmax is assumed to 

as ψr. However, to ensure FP (ψ) is consistent with the physical meaning of PoSD function, FP 

(ψ) is always zero when it is lower than zero; while FP (ψ) is set as one when it is larger than 

one (i.e., Eq. (4.11a)). The model performance of Eqs. (4.11) is highlighted in Figure 4.3. 

 

𝐹𝑃(𝜓) =
𝑃𝑎−𝜓

𝑃𝑎−𝑃𝑏
        0 ≤ 𝐹𝑃(𝜓) ≤ 1                                                                                    (4.11a) 

𝜃−𝜃𝑟

𝜃𝑠−𝜃𝑟
= 𝐹𝑃(𝜓) ∙ ∫

𝑚𝑣𝑛𝑣𝑎𝑣(𝑎𝑣𝜓)
𝑛𝑣−1

[1+(𝑎𝑣𝜓)𝑛𝑣]𝑚𝑣+1
𝑑𝜓 

𝜓

𝜓𝑟
                                                                            (4.11b) 

 

 

 

 

 

 

 

 



Page 70 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Note: Sands I and II are gathered from Poulovassilis (1970), while Wray sand and Joomunjin 

sand are gathered from Gillham et al. (1976) and Min and Huy (2010), respectively. Pa and Pb 

are parameters for modeling main wetting curve from main drying branch. 

 

Figure 4.3 Predictions of main wetting and drying branches for SWCC. 
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(i) Illustration of scanning curves. 

(ii) Illustration of scanning curves from the PoSD curve. 
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Figure 4.4 Features and calibration flow chart of scanning curves. 

 

4.2.2 Methods of modeling scanning curves  

Figures 4.4 (i) and (ii) summarize a typical SWCC with hysteresis and scanning curves; such 

a hysteretic behavior typically observed in a coarse-grained soil. The terminology and other 

salient features summarized below as (a), (b) and (c) are useful for explaining the scanning 

curves characteristics for coarse-grained soils.  

 

4.2.2.1 Scanning curves characteristics of coarse-grained soils 

(a) The curves shapes for scanning drying and wetting curves are similar to main drying curve 

and wetting curves, respectively (Pham et al., 2003; Li, 2005;  Zhou, 2013). 

(b) One meeting point (i.e., points D or A in Figure 4.4 (i)) can be found for each main drying 

and wetting curves. 

(c) Starting from transition point (i.e., points B or C in Figure 4.4 (i)), the drying or wetting 

scanning curves are gradually approaching to main drying or wetting curves. Taking account 

of the above features, in this Chapter, three different methods are proposed that are suitable for 

coarse-grained soils. 
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(iii) Flow chart for calibrating scanning curves. 
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4.2.2.2 The first method  

The first method, also referred to as the general method, is built from main drying and wetting 

curves based on the characteristics of scanning curves summarized in (a) and (c). As the 

scanning wetting curve starts from transition point C (e.g., Figure 4.4 (i)), models for main 

wetting curve (e.g., Eqs. (4.11)) should be modified based on Bayes’ theorem of possibility 

(i.e., Eq. (4.12)). The required Eqs. (4.13) for wetting scanning curves can be derived from 

Eqs. (4.9b) and (4.12).  

 

𝑃(𝐴|𝐵) =
𝑃(𝐵|𝐴)𝑃(𝐴)

𝑃(𝐵)
                                                                                                             (4.12) 

𝜃−𝜃0

𝜃𝑠−𝜃0
=

𝜓0−𝜓

𝜓𝐻𝑀−𝜓𝐿𝑀

1−
𝜓𝐻𝑀−𝜓0
𝜓𝐻𝑀−𝜓𝐿𝑀

∙
∫ 𝑃(𝜓)𝑑𝜓
𝜓
𝜓0

∫ 𝑃(𝜓)𝑑𝜓
𝜓𝑚𝑖𝑛
𝜓𝑚𝑎𝑥

−∫ 𝑃(𝜓)𝑑𝜓
𝜓0
𝜓𝑚𝑎𝑥

=
𝜓0−𝜓

𝜓0−𝜓𝐿𝑀
∙

∫ 𝑃(𝜓)𝑑𝜓
𝜓
𝜓0

∫ 𝑃(𝜓)𝑑𝜓
𝜓𝑚𝑖𝑛
𝜓0

≈
𝑃𝑐−𝜓

𝜓0−𝑃𝑑
∙

∫ 𝑃(𝜓)𝑑𝜓
𝜓
𝜓0

∫ 𝑃(𝜓)𝑑𝜓
0
𝜓0

=
𝑃𝑐−𝜓

𝜓0−𝑃𝑑
∙
∫ 𝑃(𝜓)𝑑𝜓
𝜓
𝜓𝑟

−∫ 𝑃(𝜓)𝑑𝜓
𝜓0
𝜓𝑟

∫ 𝑃(𝜓)𝑑𝜓
0
𝜓𝑟

−∫ 𝑃(𝜓)𝑑𝜓
𝜓0
𝜓𝑟

= 𝐹𝑃
𝑤𝑠(𝜓) ∙

∫ 𝑃(𝜓)𝑑𝜓
𝜓
𝜓𝑟

−∫ 𝑃(𝜓)𝑑𝜓
𝜓0
𝜓𝑟

1−∫ 𝑃(𝜓)𝑑𝜓
𝜓0
𝜓𝑟

                  (4.13a) 

𝐹𝑃
𝑤𝑠(𝜓) =

𝑃𝑐−𝜓

𝜓0−𝑃𝑑
              0 ≤ 𝐹𝑃

𝑤𝑠(𝜓) ≤ 1                                                                        (4.13b) 

 

where Pc and Pd are model parameters, θ0 and ψ0 are water content and soil suction at transition 

point (e.g., Point C in Figure 4.4 (i)), respectively.  

 

Similarly, by using Bayes’ theorem (i.e., Eq. (4.12)), the model for drying scanning curve can 

be expressed as following Eqs. (4.14).  

 

𝜃−𝜃𝑟

𝜃0−𝜃𝑟
= 1 −

𝜃0−𝜃

𝜃0−𝜃𝑟
= 1 −

𝜃0−𝜃

𝜃𝑠−𝜃𝑟
𝜃0−𝜃𝑟
𝜃𝑠−𝜃𝑟

= 1 −

𝜓−𝜓0
𝜓𝐻𝑀−𝜓𝐿𝑀

∙∫ 𝑃(𝜓)𝑑𝜓
𝜓0
𝜓

𝜓𝐻𝑀−𝜓0
𝜓𝐻𝑀−𝜓𝐿𝑀

∙∫ 𝑃(𝜓)𝑑𝜓
𝜓0
𝜓𝑚𝑎𝑥

= 1 −
𝜓−𝜓0

𝜓𝐻𝑀−𝜓0
∙
∫ 𝑃(𝜓)𝑑𝜓
𝜓0
𝜓

∫ 𝑃(𝜓)𝑑𝜓
𝜓0
𝜓𝑚𝑎𝑥

=

1 −
𝜓−𝜓0

𝜓𝐻𝑀−𝜓0
∙ (1 −

∫ 𝑃(𝜓)𝑑𝜓
𝜓
𝜓𝑚𝑎𝑥

∫ 𝑃(𝜓)𝑑𝜓
𝜓0
𝜓𝑚𝑎𝑥

) ≈ 1 −
𝜓−𝑃𝑒

𝑃𝑓−𝜓0
∙ (1 −

∫ 𝑃(𝜓)𝑑𝜓
𝜓
𝜓𝑟

∫ 𝑃(𝜓)𝑑𝜓
𝜓0
𝜓𝑟

)                                   (4.14a) 

𝜃0−𝜃

𝜃0−𝜃𝑟
=

𝜓−𝑃𝑒

𝑃𝑓−𝜓0
∙ (1 −

∫ 𝑃(𝜓)𝑑𝜓
𝜓
𝜓𝑟

∫ 𝑃(𝜓)𝑑𝜓
𝜓0
𝜓𝑟

) = 𝐹𝑃
𝑑𝑠(𝜓) ∙ (1 −

∫ 𝑃(𝜓)𝑑𝜓
𝜓
𝜓𝑟

∫ 𝑃(𝜓)𝑑𝜓
𝜓0
𝜓𝑟

)                                      (4.14b) 

𝐹𝑃
𝑑𝑠(𝜓) =

𝜓−𝑃𝑒

𝑃𝑓−𝜓0
               0 ≤ 𝐹𝑃

𝑑𝑠(𝜓) ≤ 1                                                                         (4.14c) 

 

where Pe and Pf are model parameters. Combining Eqs. (4.6a), (4.13) and (4.14), the model for 

scanning curves using van Genuchten equation can be expressed as following Eqs. (4.15).  
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𝜃0−𝜃

𝜃0−𝜃𝑟
= 𝐹𝑃

𝑑𝑠(𝜓) ∙ (1 −
∫ 𝑃(𝜓)𝑑𝜓
𝜓
𝜓𝑟

∫ 𝑃(𝜓)𝑑𝜓
𝜓0
𝜓𝑟

)                                                                                   (4.15a) 

 
𝜃−𝜃0

𝜃𝑠−𝜃0
= 𝐹𝑃

𝑤𝑠(𝜓) ∙
∫ 𝑃(𝜓)𝑑𝜓
𝜓
𝜓𝑟

−∫ 𝑃(𝜓)𝑑𝜓
𝜓0
𝜓𝑟

1−∫ 𝑃(𝜓)𝑑𝜓
𝜓0
𝜓𝑟

                                                                            (4.15b) 

𝐹𝑃
𝑑𝑠(𝜓) =

𝜓−𝑃𝑒

𝑃𝑓−𝜓0
               0 ≤ 𝐹𝑃

𝑑𝑠(𝜓) ≤ 1                                                                        (4.15c) 

𝐹𝑃
𝑤𝑠(𝜓) =

𝑃𝑐−𝜓

𝜓0−𝑃𝑑
              0 ≤ 𝐹𝑃

𝑤𝑠(𝜓) ≤ 1                                                                        (4.15d) 

𝑃(𝜓) = 𝑔𝑑𝑟𝑦(𝑎𝑣, 𝑛𝑣 , 𝑚𝑣, 𝜓) =
𝑚𝑣𝑛𝑣𝑎𝑣(𝑎𝑣𝜓)

𝑛𝑣−1

[1+(𝑎𝑣𝜓)𝑛𝑣]𝑚𝑣+1
                                                                (4.15e) 

 

To highlight the effect of transition point on scanning curves (i.e., ψ0 in Eqs. (4.15c) and 

(4.15d), Eqs. (4.15c) and (4.15d)) are further transformed into Eqs. (4.16a) and (4.16b), 

respectively.  

 

𝐹𝑃
𝑑𝑠(𝜓) =

𝜓−𝑃𝑒

𝑃𝑓−𝜓0
=

(𝜓−𝜓0)+(𝜓0−𝑃𝑒)

𝑃𝑓−𝜓0
= 𝛽𝑑 + 𝜆𝑑(𝜓 − 𝜓0)                                                  (4.16a) 

𝐹𝑃
𝑤𝑠(𝜓) =

𝑃𝑐−𝜓

𝜓0−𝑃𝑑
=

(𝑃𝑐−𝜓0)+(𝜓0−𝜓)

𝜓0−𝑃𝑑
= 𝛽𝑤 + 𝜆𝑤(𝜓0 − 𝜓)                                                 (4.16b) 

 

where βd and λd are model parameters for scanning curves of drying, while λw and βw are 

parameters for wetting scanning curves. Eqs. (4.17) can be summarized in a simplified form 

based on Eqs. (4.15) and (4.16).   

𝜃0−𝜃

𝜃0−𝜃𝑟
= 𝐹𝑃

𝑑𝑠(𝜓) ∙ (1 −
∫ 𝑃(𝜓)𝑑𝜓
𝜓
𝜓𝑟

∫ 𝑃(𝜓)𝑑𝜓
𝜓0
𝜓𝑟

)                                                                                    (4.17a) 

𝜃−𝜃0

𝜃𝑠−𝜃0
= 𝐹𝑃

𝑤𝑠(𝜓) ∙
∫ 𝑃(𝜓)𝑑𝜓
𝜓
𝜓𝑟

−∫ 𝑃(𝜓)𝑑𝜓
𝜓0
𝜓𝑟

1−∫ 𝑃(𝜓)𝑑𝜓
𝜓0
𝜓𝑟

                                                                            (4.17b) 

𝐹𝑃
𝑑𝑠(𝜓) = 𝛽𝑑 + 𝜆𝑑(𝜓 − 𝜓0)               0 ≤ 𝐹𝑃

𝑑𝑠(𝜓) ≤ 1                                                     (4.17c) 

𝐹𝑃
𝑤𝑠(𝜓) = 𝛽𝑤 + 𝜆𝑤(𝜓0 − 𝜓)             0 ≤ 𝐹𝑃

𝑤𝑠(𝜓) ≤ 1                                                     (4.17d) 

𝑃(𝜓) =
𝑚𝑣𝑛𝑣𝑎𝑣(𝑎𝑣𝜓)

𝑛𝑣−1

[1+(𝑎𝑣𝜓)𝑛𝑣]𝑚𝑣+1
                                                                                                     (4.17e) 

 

Both 𝐹𝑃
𝑑𝑠 and 𝐹𝑃

𝑤𝑠 are constrained within zero and a value of one such that they are consistent 

with the main drying and wetting SWCCs, that were discussed earlier. This model can also be 

explained using the PoSD curve shown in Figure 4.4 (ii). Water drains from the soil along the 

main drying curve. However, starting from transition point C, soil is gradually filled with water 

following wetting scanning curve path. During wetting process when soil suction decreases to 
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a certain point, only partial pores corresponding to a certain radii R are filled with water. 

Similarly, drying scanning curves represent the water drainage process from main wetting 

curve to the main drying curve. In the PoSD curve, this process represents partial drainage of 

water from soil pores (e.g., Point F in Figure 4.4 (i)). The model (i.e., Eqs. (4.15)) for each 

scanning curve can be calibrated by Eq. (4.18). 

 

𝑂(𝑎,𝑚, 𝑛) = min (∑(𝜃𝑝𝑟𝑒𝑑 − 𝜃𝑜𝑏𝑣)
2
)                                                                             (4.18) 

where O () is the objective function, and θpred and θobv are the predicted and measured 

volumetric water contents, respectively. The calibration process for the first method (i.e., 

general method) is highlighted in Figure 4.4 (iii). More details regarding calibration are 

available in later sections.  

 

Based on the salient features of scanning curves in (b) and (c), one condition for scanning 

curves should always be satisfied (i.e., all the scanning curves will finally reach the meeting 

point shown as points A or D in Figure 4.4 (i)). Eqs. (4.19) summarize boundary conditions 

that are satisfactory for all the scanning curves. 

 

𝜃0−𝜃𝐻𝑀

𝜃𝑠−𝜃𝑟
≡ [𝛽𝑑 + 𝜆𝑑(𝜓𝐻𝑀 − 𝜓0)] ∙ ∫ 𝑃(𝜓)𝑑𝜓

𝜓0

𝜓𝐻𝑀
                                                               (4.19a) 

𝜃𝐿𝑀−𝜃0

𝜃𝑠−𝜃𝑟
≡ [𝛽𝑤 + 𝜆𝑤(𝜓0 − 𝜓𝐿𝑀)] ∙ ∫ 𝑃(𝜓)𝑑𝜓

𝜓𝐿𝑀

𝜓0
                                                             (4.19b) 

 

where θLM and θHM are volumetric water contents at meeting points of low suction and high 

suction, respectively.  

 

The scanning curves will intersect on the main drying and wetting curves at different points as 

shown in Figure 4.1 (i). However, as suction increases or decreases, all the drying or wetting 

curves, respectively will reach the meeting points (i.e., points D or A in Figure 4.4 (i)) at high 

or low suction range (i.e., Eqs. (4.19)).  

 

Eqs. (4.17) define two equations along with two parameters for each scanning curve. However, 

only one set of boundary condition is proposed as shown in Eqs. (4.19). Two simplified 

methods are proposed to find suitable parameters for using Eqs. (4.17) and (4.19); these 

methods use two different parameters; namely, β and λ which are summarized below.  



Page 76 

 

 

4.2.2.3 The second method  

 

The second method (i.e., constant β method), uses Eqs. (4.20), by setting a constant β for each 

scanning curves in Eqs. (4.17). This constant is obtained by ‘trial-and-error’ method. Based on 

the earlier discussions, after β is fixed in Eqs. (4.17), a suitable λ is found by Eqs. (4.19) for 

each of the scanning curves as shown in the flow chart summarized in Figure 4.4 (iii).  

 

𝛽𝑑 ≡ 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡                                                                                                                   (4.20a) 

𝛽𝑤 ≡ 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡                                                                                                                  (4.20b) 

 

4.2.2.4 The third method  

The third method (constant λ method) that uses Eqs. (4.21) is achieved by setting λ as a constant 

in Eqs. (4.17). The ‘trial-and-error’ method is introduced to find a suitable parameter λ for each 

scanning curve. The parameter β for each scanning curve is determined using a constant λ value 

and boundary conditions (i.e., Eqs. (4.19)) for this method. This calibration process is similar 

for finding parameter β in the second method as shown in Figure 4.4 (iii).  

 

𝜆𝑑 ≡ 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡                                                                                                                  (4.21a) 

𝜆𝑤 ≡ 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡                                                                                                                 (4.21b) 

 

The above three methods are targeted for predicting the hysteretic behaviors of coarse-grained 

soils. Typical results for these three methods; namely the first, the second, and the third 

methods are presented in Figures 4.5, 4.6, and 4.7, respectively. More discussions and 

modeling results related to the SWCC behaviors of fine-grained are summarized in the later 

sections. 
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Note: The blue lines are prediction results. The red dots are experimental results for main 

curves, while the black dots are experimental results for scanning curves. 

Figure 4.5 Prediction results for scanning curves using the first method. 
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Note: The blue lines are prediction results. The red dots are experimental results for main 

curves, while the black dots are experimental results for scanning curves. 

Figure 4.6 Prediction results for scanning curves using the second method. 
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Note: The blue and cyan lines are prediction results. The red dots are experimental results for 

main curves, while the black dots are experimental results for scanning curves.  

Figure 4.7 Prediction results for scanning curves using the third method. 
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4.3 SWCC models for fine-grained soils  

The SWCC behavior of fine-grained soils is significantly influenced by the initial stress state 

and the soil structure as shown in Figure 4.8. The relationships between PoSD and how the 

SWCC behavior is influenced by the void ratio has been discussed extensively in the literature 

during the last two decades. Two equations, Eqs. (4.22a) and (4.22b) are widely used in the 

literature (e.g., Gallipoli, 2012; Hu et al., 2013) for understanding the influence of void ratio 

changes associated with the stress state on the SWCC and are summarized as below.  

 

𝜃−𝜃𝑟

𝜃𝑠−𝜃𝑟
= {

1

1+[𝜓(𝜙𝑐𝑒𝜉𝑐)]
𝑛𝑣}

𝑚𝑣

                                                                                                 (4.22a) 

𝜃−𝜃𝑟

𝜃𝑠−𝜃𝑟
= {

1

1+[𝑎0𝜓 exp(𝜉𝑐(𝑒−𝑒0))]
𝑛𝑣}

𝑚𝑣

                                                                                     (4.22b) 

 

where ϕc and ξc are fitting parameters, a0 is parameter av value at reference state, e is void ratio, 

and e0 is the void ratio at reference state.  

 

4.3.1 Initial stress state effect 

In this study, a new model is proposed which is based on Eq. (4.2b) (i.e., ψ (r) = f (r) = C / r 

and ψ (r0) = C / r0). The following approximation can be achieved by regarding contact angle 

as a constant value. 

 

𝜓(𝑟) = 𝜓(𝑟0) +
𝑓′(𝑟0)

1!
(𝑟 − 𝑟0) +

𝑓′′(𝑟0)

2!
(𝑟 − 𝑟0)

2 = 𝜓(𝑟0) −
𝐶

𝑟0
2 (𝑟 − 𝑟0) +

𝐶

𝑟0
3 (𝑟 − 𝑟0)

2 =

𝜓(𝑟0) [1 −
1

𝑟0
(𝑟 − 𝑟0) +

1

𝑟0
2 (𝑟 − 𝑟0)

2]                                                                                 (4.23) 

 

where r0 is the size of soil pores at reference state, r is the radius of soils pores corresponding 

to another state.  

 

As initial void ratio is directly related to pore radius as shown in Eq. (4.24a), Eq. (4.23) can be 

written as Eqs. (4.24b) and (4.24c). 

 

{
𝑒 → 𝑟
𝑒0 → 𝑟0

                                                                                                                             (4.24a) 
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𝜓(𝑒) = 𝜓(𝑒0) [1 −
1

𝑒0
(𝑒 − 𝑒0) +

1

𝑒0
2 (𝑒 − 𝑒0)

2]                                                                (4.24b) 

𝜓(𝑒0) = 𝜓(𝑒)[1 + 𝜉𝑐(𝑒 − 𝑒0) + 𝜉𝑐
2(𝑒 − 𝑒0)

2]                                                                 (4.24c) 

𝜃−𝜃𝑟

𝜃𝑠−𝜃𝑟
= (

1

1+{𝑎0𝜓[1+𝜉𝑐(𝑒−𝑒0)+
𝜉𝑐
2

2
(𝑒−𝑒0)2]}

𝑛𝑣)

𝑚𝑣

                                                                     (4.24d) 

 

By substituting Eq. (4.24c) into Eq. (4.4), a new model for incorporating the initial stress state 

effect can be proposed (i.e., Eq. (4.24d)). This Eq. (4.22) is equivalent to assuming Taylor 

polynomial of order two to form the exponential equations (i.e., Eqs. (4.22)).  

 

4.3.2 Initial water content effect 

As shown in Figure 4.8 (ii), initial stress state decreases first and increases later as initial water 

content increases for the same compaction effort for fine-grained soils, such as the clays. 

Several researchers (e.g., Tarantino, 2009; Gallipoli, 2012; Zhou et al., 2012a; Hu et al., 2013) 

have investigated to understand the influence of initial water content and proposed various 

models to explain the SWCC behavior. 

 

The models summarized in the earlier section for initial stress state effect can also be applied 

to analyze the initial water content effect on SWCCs. For example, Eqs. (4.25b) and (4.25c) 

can be obtained from Eq. (4.25a). In this equation, the pore size decreases with an increase in 

the initial water content. 

 

{
𝑤𝑖0 → 𝑟0
𝑤𝑖 → 𝑟                                                                                                                             (4.25a) 

𝜓(𝑤𝑖0) = 𝜓(𝑤𝑖)[1 − 𝜉𝑖(𝑤𝑖 − 𝑤𝑖0) + 𝜉𝑖
2(𝑤𝑖 − 𝑤𝑖0)

2]                                                                     (4.25b) 

𝜃−𝜃𝑟

𝜃𝑠−𝜃𝑟
= (

1

1+{𝑎0𝜓[1−𝜉𝑖(𝑤𝑖−𝑤𝑖0)+
𝜉𝑖
2

2
(𝑤𝑖−𝑤𝑖0)

2]}

𝑛𝑣)

𝑚𝑣

                                                              (4.25c) 

 

where wi is initial water content, wi0 is initial water content at reference state, and ξi is a 

parameter that takes account of the influence of initial water content effect.  

 

This model can also be explained with the aid of another approach, as discussed below. As 

highlighted in Figure 4.8 (ii), void ratio decreases (i.e., soils become denser) for initial 
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compaction water content lower than the optimum water content. The fine-grained soils 

compacted in this range of water content (i.e., dry of optimum) exhibit flocculated structure 

and typically have large clod sizes (e.g., Vanapalli et al., 1999). At optimum, soils have lowest 

void ratio. After optimum, as void ratio increases and the soil attains a dispersed structure (i.e., 

smaller clod sizes). Since the clod size can be represented by pore radius r (or ln(r)) as initial 

water content increases, Eqs. (4.26b) and (4.26c) can be built based on Eq. (4.26a). 

 

ln(𝑟1) − ln(𝑟0) = 𝜉𝑐(𝑒 − 𝑒0)                                                                                                         (4.26a) 

ln(𝑟1) − ln(𝑟0) = −𝜉𝑖(𝑤𝑖 −𝑤𝑖0)                                                                                                   (4.26b) 

𝑟1

𝑟0
= exp(−𝜉𝑖(𝑤𝑖 −𝑤𝑖0)(𝑤𝑖 −𝑤𝑖0))                                                                                              (4.26c) 

 

Typical SWCC models (e.g., van Genuchten equation; Eq. (4.4)) can be applied along with the 

Eqs. (4.2), (4.3), (4.9a), and (4.26c) to derive the relationship below.  

 

𝜃−𝜃𝑟

𝜃𝑠−𝜃𝑟
= {

1

1+[𝑎0𝜓 exp(−𝜉𝑖(𝑤𝑖−𝑤𝑖0))]
𝑛𝑣}

𝑚𝑣

                                                                                (4.27) 

 

It is important to note that Eq. (4.27) does not indicate that SWCC relies only on (4.27). The 

following Eq. (4.28) suggests that both initial stress state and water content contribute to the 

overall shapes of SWCCs. 

 

𝜃−𝜃𝑟

𝜃𝑠−𝜃𝑟
= {

1

1+[𝑎0𝜓 exp(𝜉𝑐(𝑒−𝑒0)−𝜉𝑖(𝑤𝑖−𝑤𝑖0))]
𝑛𝑣}

𝑚𝑣

                                                                      (4.28) 

Applying second order Taylor polynomial to Eq. (4.28) at wi0 and e0, respectively, the 

following Eq. (4.29) can be achieved. 

  

𝑎𝑣 = 𝑎0 exp(𝜉𝑐(𝑒 − 𝑒0) − 𝜉𝑖(𝑤𝑖 − 𝑤𝑖0)) ≅ 𝑎0 [1 + 𝜉𝑐(𝑒 − 𝑒0) +
𝜉𝑐
2

2
(𝑒 − 𝑒0)

2] [1 − 𝜉𝑖(𝑤𝑖 −

𝑤𝑖0) +
𝜉𝑖
2

2
(𝑤𝑖 − 𝑤𝑖0)

2]                                                                                                        (4.29) 

 

Eq. (4.29) is the same as the combined form of Eqs. (4.24d) and (4.25c). These two equations, 

(i.e., Eqs. (4.24d) and (4.25c)) are derived from two distinct approaches. As shown in Eqs. 

(4.28) and (4.29), parameters ξc and ξi affect each other indirectly. For example, for different 

initial water contents, a0 is distinct and another ξc value must be adopted. In Eqs. (4.25c), (4.27), 
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(4.28) and (4.29), initial water content wi can be used; however, in some cases, only initial 

stress state (void ratio) is provided (e.g., Figure 4.8 (ii)). To express SWCCs behaviors for 

initial water contents greater than optimum by using the information of initial void ratio, the 

following Eq. (4.30) is suggested that is based on the information of void ratio. 

 

𝑎𝑣 = 𝑎0 [1 + 𝜉𝑖(𝑒 − 𝑒0) +
𝜉𝑖
2

2
(𝑒 − 𝑒0)

2]⁄                                                                            (4.30) 

 

In the above equation, e0 denotes void ratio at reference state (i.e., at optimum point). SWCCs 

for the water contents in dry of optimum zones is adopted to calibrate parameter ξi, and void 

ratio in wet side is used for prediction. Eqs. (4.31a) and (4.31b) are suggested for SWCCs in 

dry of optimum zones; while Eqs. (4.31c) and (4.31d) are used for prediction of SWCCs for 

wet of optimum zones. The model results for initial water content and initial stress state effects 

are highlighted in Figures 4.9 and 4.10, respectively. 

𝜃−𝜃𝑟

𝜃𝑠−𝜃𝑟
= (

1

1+{𝑎𝑑0[1+𝜉𝑑(𝑒−𝑒0)+
𝜉𝑑
2

2
(𝑒−𝑒0)2]𝜓}

𝑛𝑣)

𝑚𝑣

                                                                  (4.31a) 

𝜃−𝜃𝑟

𝜃𝑠−𝜃𝑟
= (

1

1+{𝑎𝑤0[1+𝜉𝑤(𝑒−𝑒0)+
𝜉𝑤
2

2
(𝑒−𝑒0)2]𝜓}

𝑛𝑣)

𝑚𝑣

                                                                 (4.31b) 

𝜃−𝜃𝑟

𝜃𝑠−𝜃𝑟
= (

1

1+{𝑎𝑑0 [1+𝜉𝑑(𝑒−𝑒0)+
𝜉𝑑
2

2
(𝑒−𝑒0)2]⁄  𝜓}

𝑛𝑣)

𝑚𝑣

                                                                (4.31c) 

𝜃−𝜃𝑟

𝜃𝑠−𝜃𝑟
= (

1

1+{𝑎𝑤0 [1+𝜉𝑤(𝑒−𝑒0)+
𝜉𝑤
2

2
(𝑒−𝑒0)2]𝜓⁄  }

𝑛𝑣)

𝑚𝑣

                                                               (4.31d) 

 

where ad0 and aw0 are av values at reference state for wetting and drying branches, respectively, 

ξd and ξw are respectively parameters of drying and wetting branches for modeling initial state 

effect (i.e., initial stress state or initial water content).  

 

Eqs. (4.31a) and (4.31b) are general form equations that reflect both initial stress state and 

water content effects on SWCCs; however, they are expressed in terms of initial stress state. 

Eqs. (4.31c) and (4.31d) are special cases to reflect initial water content effect on SWCCs in 

the wet of optimum zone.  
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Figure 4.8 Initial stress state and water content effects on the SWCCs. 
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Figure 4.9 Prediction of SWCCs for wet of optimum soil from dry optimum data. 
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Figure 4.10 Prediction of SWCCs under various stress states. 
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4.4 SWCC equations derived from traditional models 

4.4.1 Coupled model for addressing multiple parameters on SWCC 

The traditional SWCC modeling equations use parameters for predicting SWCC for a specific 

set of conditions. However, in this study, a novel model is presented to evaluate and discuss 

the influence of multi-parameters on the SWCC fitting process, which is summarized below.  

 

𝜃−𝜃𝑟

𝜃𝑠−𝜃𝑟
= [

1

1+(𝑎𝑣𝜓)𝑛𝑣
]
𝑚𝑣

= {
1

1+[(𝑎𝑣∙𝜓𝑚𝑎𝑥)(𝜓/𝜓𝑚𝑎𝑥)]𝑛𝑣
}
𝑚𝑣

= {
1

1+(𝑎𝑣∙𝜓𝑚𝑎𝑥)𝑛𝑣(𝜓/𝜓𝑚𝑎𝑥)𝑛𝑣
}
𝑚𝑣

      (4.32) 

 

As the ratio of ψ to ψmax is a value that is equal to or less than one, the following approximation 

can be used. 

 

  1 + (𝑎𝑣 ∙ 𝜓𝑚𝑎𝑥)
𝑛𝑣(𝜓/𝜓𝑚𝑎𝑥)

𝑛𝑣 ≅ [1 + (𝜓/𝜓𝑚𝑎𝑥)
𝑛𝑣](𝑎𝑣2)

𝑛𝑣
                                            (4.33) 

 

The following Eq. (4.34) can be derived by substituting Eq. (4.33) into Eq. (4.4). 

 

𝜃−𝜃𝑟

𝜃𝑠−𝜃𝑟
= [

1

1+(𝑎𝑣𝜓)𝑛𝑣
]
𝑚𝑣

≅
1

[1+(𝜓/𝜓𝑚𝑎𝑥)𝑛𝑣]𝑚𝑣
(𝑎𝑣∙𝜓𝑚𝑎𝑥)

𝑛𝑣                                                          (4.34) 

 

From Eq. (4.34), various sets of suitable parameters can be obtained; the results derived from 

such model are shown in Figure 4.11. Only values of parameter ψmax are adjusted in Figures 

4.11 (b), (c), and (d).  

 

4.4.2 Proposed SWCC equation from traditional model 

A coupled SWCC model is feasible in the form of Eq. (4.35) below which can be obtained 

from Eq. (4.33) and can be expressed in an exponential form equation as below. 

 

1 + (𝑎𝑣2)
𝑛𝑣(𝜓/𝜓𝑚𝑎𝑥)

𝑛𝑣 ≅ exp ((𝑎𝑣2)
𝑛𝑣 (

𝜓

𝜓𝑚𝑎𝑥
)
𝑛𝑣
)                                                          (4.35)            

 

Eq. (4.36) can be derived by substituting Eq. (4.35) into Eq. (4.4).  

 

𝜃−𝜃𝑟

𝜃𝑠−𝜃𝑟
= {

1

1+(𝑎𝑣∙𝜓𝑚𝑎𝑥)𝑛𝑣(𝜓/𝜓𝑚𝑎𝑥)𝑛𝑣
}
𝑚𝑣

≅
1

[exp((𝑎𝑣2)𝑛𝑣(
𝜓

𝜓𝑚𝑎𝑥
)
𝑛𝑣
)]
𝑚𝑣                                        (4.36) 
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The above SWCC model can be put in a simplified form as given below. 

 

𝜃−𝜃𝑟

𝜃𝑠−𝜃𝑟
=

1

exp(𝑛𝑙𝑣(𝑎𝑙𝑣𝜓)
𝑚𝑙𝑣)

                                                                                                       (4.37) 

 

where alv, nlv, and mlv are fitting parameters. This SWCC model performance is evaluated in 

Figure 4.12. The PoSD function for the modified SWCC is summarized as Eq. (4.38). 

 

𝑓(𝜓) =
𝑎𝑙𝑣𝑛𝑙𝑣𝑚𝑙𝑣(𝑎𝑙𝑣𝜓)

(𝑚𝑙𝑣−1)

exp(𝑛𝑙𝑣(𝑎𝑙𝑣𝜓)
𝑚𝑙𝑣)

                                                                                                 (4.38) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.11 Evaluation of multi-parameters on the modeling of SWCC. 
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The following Eq. (4.39) is used for SWCC model evaluation. 

 

𝑅2 =
[∑ (𝜃𝑜𝑏𝑣−𝜃̅𝑜𝑏𝑣)(𝜃𝑝𝑟𝑒𝑑−𝜃̅𝑝𝑟𝑒𝑑)
𝑁
𝑖=1 ]

2

∑ (𝜃𝑜𝑏𝑣−𝜃̅𝑜𝑏𝑣)
2𝑁

𝑖=1 ∑ (𝜃𝑝𝑟𝑒𝑑−𝜃̅𝑝𝑟𝑒𝑑)
2𝑁

𝑖=1

                                                                               (4.39) 

 

where 𝜃̅𝑝𝑟𝑒𝑑 and 𝜃̅𝑜𝑏𝑣 are the average values of the predicted and measured volumetric water 

contents, respectively. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.12 Proposed SWCC model performance. 
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4.5 Results 

 

Figure 4.5 presents the results of scanning curves by the first method (i.e., Eqs. (4.15)). The 

various parameters used in this method are listed in Table 4.1. Data for Sand I, Sand II, and 

Wray sand is collected from Poulovassilis (1970), and Gillham et al. (1976), respectively. The 

intermediate parameters that are used for comparison purposes in this method are listed in 

Table 4.2. All parameters summarized in Table 4.2 are obtained by using Eq. (4.18). This 

method used for predicting the scanning curves for Sand I provides good comparisons with 

measured values as shown in Figures 4.5 (i). For Sand II shown in Figures 4.5 (ii), predicted 

scanning curves are reasonable; however, some predicted values are slightly different from the 

measured values. Such a behavior may be attributed to using Eqs. (4.11) for predicting the main 

wetting branch. Due to this reason, the scanning curve is flat when it is close to transition 

points. Similar trends in scanning curve predictions can also be observed in Figures 4.5 (iii) for 

Wray sand.  

 

Figure 4.6 highlights performance of the second method (i.e., Eqs. (4.17) with model 

constraints Eqs. (4.19) and (4.20)) for predicting the scanning curves of SWCCs for various 

soils. The various parameters required for this method are listed in Tables 4.1 and 4.3. Table 

4.3 summarizes the various intermediate parameters required for calculating or for calibration 

process. Constant β is determined by ‘trial-and-error’ method, as discussed earlier. There is a 

close comparison between the predicted and measured experimental values using the second 

method (see Figure 4.6 and Eqs. (4.17) with model constraints Eqs. (4.19) and (4.20)). For 

Sand I in Figures 4.6 (i), all the scanning curves are well predicted. For Sand II shown in 

Figures 4.6 (ii), the shapes for various scanning curves are well captured. However, the model 

performance is a bit weaker when it is close to the transition points. The results for Wray sand 

presented in Figures 4.6 (iii) are similar to Sand II.  

 

Figure 4.7 presents model results using the third method (i.e., Eqs. (4.17) with model 

constraints Eqs. (4.19) and (4.21)) for predicting the scanning curves. Parameters used for this 

method are listed in Tables 4.1 and 4.3. In this method, constant λ is calibrated by ‘trial-and-

error’ method, while parameter β is determined by Eqs. (4.19). Most of the scanning curves are 

well predicted by this method. The results of the third method are similar to the second method.  
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Table 4.1 Model parameters for the prediction of scanning curves. 

 

 

 

 

 

 

 

 

 

Table 4.2 Intermediate model parameters for the proposed first method. 

 

 

 

Soil # θs / % av nv mv θr / % 
θLM 

/ % 

ψLM 

/ kPa 

θHM 

/ % 

ψHM 

/ kPa 
References 

Sand I 27.8 0.03379 3.2290 1960.4711 7.0 25.61 0.87 10.14 3.30 
Poulovassilis 

(1970) 

Sand II 26.0 0.06937 5.2350 4092.3113 9.0 24.61 1.00 9.42 3.58 
Poulovassilis 

(1970) 

Wray sand 30.4 0.3454 10.8314 0.4160 9.0 29.49 0.91 10.18 5.30 

Gillham and 

Heermann 

(1976) 

Soil # 
Intermediate 

parameters 

Drying scanning curves Wetting scanning curves 
References 

1st 2nd 3rd 4th 5th 1st 2nd 3rd 4th 

Sand I 
Pf (Pc) 2.8392 3.4580 5.2929 - - 1.7921 2.2789 2.4510 - Poulovassilis 

(1970) Pe (Pd) 0.5000 0.8000 

Sand II 
Pf (Pc) 2.9833 3.4580 4.7716 5.4162 5.9671 2.0173 2.5879 2.9903 3.4403 Poulovassilis 

(1970) Pe (Pd) 0.5000 0.5000 

Wray 

sand 

Pf (Pc) 1.8233 6.3829 7.7392 5.7253 - 2.1792 2.5866 2.7947 - Gillham and 

Heermann 

(1976) Pe (Pd) 0.0000 2.7389 - 1.3900 
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Table 4.3 Intermediate model parameters for the proposed second and third methods. 

 

 

 

 

 

 

 

 

 

Note: only one parameter is determined by ‘try-and-error’ method, the remainder parameters are automatically calibrated by constraint 

Eqs. (4.19). 

 

 

Soil # 
Intermediate 

parameters 

Drying scanning curves Wetting scanning curves 
Method References 

1st 2nd 3rd 4th 5th 1st 2nd 3rd 4th 

Sand I 

λd (λw) 0.146 0.168 0.001 - - 0.476 0.373 0.381 - 
2 

Poulovassilis 

(1970) 

βd (βw) 0.758 0.300 

λd (λw) 0.200 0.500 
3 

βd (βw) 0.669 0.716 0.569 - - 0.279 0.119 0.117 - 

Sand 

II 

λd (λw) 0.033 0.035 0.045 0.044 0.001 0.407 0.452 0.393 0.348 
2 

Poulovassilis 

(1970) 

βd (βw) 0.933 0.001 

λd (λw) 0.200 0.400 
3 

βd (βw) 0.586 0.607 0.702 0.743 0.812 0.107 0.180 0.087 0.001 

Wray 

sand 

λd (λw) 0.049 0.048 0.037 0.001 - 0.525 0.415 0.386 - 
2 Gillham and 

Heermann 

(1976) 

βd (βw) 0.809 0.000 

λd (λw) 0.400 0.410 
3 

βd (βw) 0.001 0.001 0.001 0.001 - 0.184 0.010 0.001 - 
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Figures 4.9 (a) and (b) highlight the model performance for SWCCs measured using the 

experimental data from Vanapalli et al. (1999) on compacted fine-grained soil specimens. 

These specimens were prepared with different initial water contents representing dry of 

optimum, optimum and wet of optimum conditions subjected to equivalent stress 0 and 25 kPa, 

respectively (the initial stress states are also shown in the figures). Eqs. (4.31a) and (4.31b) are 

used to predict the data of SWCC at wet of optimum conditions using the data of SWCCs of 

dry of optimum conditions for calibration.  

 

The model performance shown in Figure 4.9 (a) suggests the SWCCs of wet of optimum 

conditions are reasonably well predicted. The overall trend of predicted SWCCs (i.e., the dash 

lines) are close to the measured values. Figure 4.9 (b) presents predicted SWCC under 25 kPa 

equivalent pressure; the measured points are well predicted by the proposed model.  

 

The variation of parameter av using exponential (i.e., Eq. (4.25b)) and polynomial (i.e., Eq. 

(4.29)) models are shown in Figures 4.9 (c) and (d). For dry of optimum specimens, 

exponential-form equation leads to higher av values as void ratio increases when the parameter 

value is the same. However, for specimens with water content greater than optimum, av results 

in a lower value compared with the polynomial-form equation. Various equations have similar 

performance when the initial stress state, e approaches to the reference state e0.  

 

Figure 4.10 summarizes SWCCs results taking account of the influence of various stress states 

using Eqs. (4.31) for data collected from Vanapalli et al. (1999), Tarantino and Col (2008), and 

Tarantino (2009) for sandy clay till, Speswhite kaolin, and Barcelona silt (BCN silt, a sandy 

clayey silt), respectively. The lines shown with dashes are curves that are used for calibration, 

while the solid lines are predicted SWCCs. For sandy clay till, as shown in Figure 4.10 (a), the 

prediction curves provide good agreement with measured points. Because the difference 

between void ratio of 0.514 and 0.517 is small, both measured data and predictions have some 

overlap. The model validation can also be supported using the results of various soils as shown 

in Figures 4.10 (b), (c), and (d).  

 

The model performance for main wetting curves of Speswhite kaolin is presented in Figure 

4.10 (b). The predicted SWCCs with different void ratios, e = 1.4, 1.6, and 1.8 are close to 

experimental results. Figures 4.10 (c) and (d) highlight model performance for main drying and 

wetting curves of BCN silt (Barcelona silt), respectively. As shown in Figure 4.10 (c), most 
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data are reasonably well captured by the model (e.g., Eqs. (4.31)) used for prediction.  

In Figure 4.10 (d), main wetting curves are well predicted by the Eq. (4.7) as this model is 

simple and well-accepted in the literature. Since water retention ability is significantly different 

for soils in dry and wetting processes, the wetting and drying behaviors of SWCCs under 

various stress states are also different. Therefore, the values of ξd and ξw herein are also 

different.  

 

Figure 4.11 provides one possible solution to multi-parametric value problem for modeling 

SWCC based on Eq. (4.34). As shown in this figure, by setting various ψmax values, the model 

has almost the same performance as the original van Genuchten equation (i.e., Eq. (4.4) and 

Figure 4.11 (a)).  

 

Figure 4.12 highlights performance of a modified SWCC model (i.e., Eq. (4.37)). This equation 

is derived from van Genuchten equation (i.e., Eq. (4.4)) and it is expressed as an exponential 

form. As shown in the figure, most features of SWCC curves are well captured by the proposed 

SWCC model (i.e., Eq. (4.37)). The modified model results summarized in Figure 4.12 

provides close performance with the traditional SWCC equation (i.e., Eq. (4.4)), as can be seen 

in Figure 4.3. 

 

5.6 Discussion 

Figure 4.2 explains the relationship between main and scanning SWCCs from the PoSD curves. 

It is of interest to note that the pore structure is not drastically different for hysteretic processes. 

Since the water content of wetting and drying curves varies for the same soil suction, the 

variation of scanning curves in the PoSD curve is dependent on the water drainage and storage 

processes.  

 

Figure 4.3 provides comparison between the measured results of main drying and wetting 

SWCCs that were fit using van Genuchten (i.e., Eq. (4.4)) and the predictions using the 

proposed model (i.e., Eqs. (4.11)). The proposed model for predicting wetting branches of 

SWCC from drying branch is based on the conceptual model of irregular pore structure or “ink-

bottle” effect. This model assumes that hysteretic behaviors of SWCCs are dependent on the 

distinct water soaking paths. This assumption is also consistent with the soils PoSD curve 

behavior that is not significantly influenced during the drying and wetting cycles. This 

characteristic is useful in the calculation of PoSD function that is assumed equal to the 
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derivative function of SWCC models for drying branch (i.e., Eqs. (4.6)). This simplified 

treatment is widely accepted and used in the literature (e.g., Fredlund and Xing, 1994; Zhai et 

al., 2020). 

 

Figures 4.5, 4.6 and 4.7 present the results of the proposed three methods (i.e., first, second, 

and third methods, respectively) for scanning curves. These methods are based on the PoSD 

curves with clear physical meaning (Li and Vanapalli, 2021) (i.e., Eqs. (4.15) and (4.17)); these 

are simple methods with only two parameters, and only one parameter needs calibration based 

on Eqs. (4.19), (4.20), and (4.21) for the second and third methods. The second and the third 

methods (i.e., the simplified methods in comparison to the first method) are highlighted 

because one parameter can be fixed by the boundary condition (i.e., Eqs. (4.19)). The constant 

β and λ for the second and the third methods (i.e., Eqs. (4.20) and (4.21)), respectively, are the 

only parameter that should be calibrated using experiment of scanning curves. These methods 

are simple and have relatively high accuracy. 

 

The meeting points listed in Table 4.1 are measured points in main curves or scanning curves. 

The measured points in scanning curves are used as meeting points in some cases (e.g., Wray 

sands in Figures 4.5, 4.6 and 4.7) because there are several measured points, for the main 

wetting curves. If the measured points are sparse in main drying or wetting curves, the 

measured points in scanning curves can be used as meeting points that contribute reasonably 

to capture the features of all scanning curves.  

 

In the three methods (i.e., the first, second, and third methods) shown in Figures 4.5, 4.6, and 

4.7, respectively, parameters λ and β (i.e., Eqs. (4.15c), (4.15d), (4.17c), and (4.17d)) are 

restrained to be less than or equal to one. However, as discussed in the earlier section, scanning 

curves can be used to build water and soil suction relationships between the main curves. The 

large pores may partially be filled with water (i.e., the number of soil pores with the same 

amount of water is more in comparison of PoSD curve). The values of parameters λ and β might 

be larger than one for some points in the scanning curve. However, the constraints (i.e., Eqs. 

4.17 (b) and (d)) are applied to ensure relatively reasonable curve shapes. 

 

For the second and the third methods as shown in Figures 4.6 and 4.7, respectively, 

experimental data of scanning curves is required for calibration purposes. Such a method is 

acceptable to find a constant β or λ value for well predicting all scanning curves. However, as 
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discussed in previous paragraph, different constant β or λ values are possible based on ‘trial-

and-error’ method. As discussed earlier, using Eqs. (4.19), various acceptable parameters 

values can be obtained using two sets of parameters with only one set of boundary condition.   

As shown in Figure 4.8, SWCC behavior of clayey soils is significantly affected by both initial 

stress state and initial water content. The mechanisms associated with the differences in the 

SWCC behavior due to the influence of initial stress state and water content are rather different. 

Various types of pores in clayey soils that include macropores and micropores are affected due 

to the influence of different stress state. For example, the soils pores in compacted fine-grained 

soils are also influenced by initial water content, which contribute to different soil structure. 

This is strongly related to the soil suction that is dependent on different water contents. Thus, 

the two major mechanical factors that influence the summarized results in Figure 4.8 (ii) are 

isotropic mechanical loading and soil suction. Equations for initial stress state and water 

content are similar; however, the mechanisms are distinct. As for parameters ξc and ξi, (e.g., 

Eqs. (4.24d) and (4.25c)) they are independent variables representing two influential factors, 

but they are affected by each other (e.g., Eqs. (4.28) and (4.29)) since both describe the SWCC 

(i.e., soil water and suction relationship). 

 

Figures 4.9 (a), (b) and 4.10 (a) present results of sandy clay till using model parameters for 

van Genuchten equation (i.e., Eq. (4.4)). As per the discussions summarized in the last 

paragraph, new parameters ξc and ξi, can be introduced to evaluate initial stress state and water 

content effects. However, each parameter requires calibration of two curves. A set of more 

suitable parameters for van Genuchten equations could be obtained with the same two curves. 

However, due to the inherent anisotropic nature of soils, PoSD curves may vary significantly 

(Yin and Vanapalli, 2018). 

 

Figure 4.10 summarizes the results from Eqs. (4.31); they are useful for explaining the meaning 

of the model derived from the PoSD curve (i.e., a polynomial-form relationship between pore 

size and initial stress state (or initial water content)). The effects associated with initial stress 

state and water content can be explained using Eq. (4.40), which is obtained by dividing Eq. 

(4.26a) by Eq. (4.26b). 

 

ln(𝑟2)−ln(𝑟0)

ln(𝑟1)−ln(𝑟0)
= −

𝜉𝑖

𝜉𝑐

(𝑤𝑖−𝑤𝑖0)

(𝑒−𝑒0)
                                                                                                                       (4.40) 

 



Page 106 

 

The void ratio represents the ratio of void volume to soil solid volume, and gravimetric water 

content is the ratio of the mass of water to the mass of soil solids. If the volume and the mass 

of soil solids are the constant, by dividing density of water in both sides in Eq. (4.40), the 

following equation can be obtained. 

 

ln(𝑟2)−ln(𝑟0)

ln(𝑟1)−ln(𝑟0)
= −

1

𝐺𝑠

𝜉𝑖

𝜉𝑐

(𝑉𝑤−𝑉𝑤0)

(𝑉𝑣𝑜𝑖𝑑−𝑉𝑣𝑜𝑖𝑑0)
                                                                                                           (4.41) 

 

where Gs is specific gravity of soil solids, Vw and Vw0 are volumes of water at initial water 

content and reference state, respectively, Vvoid and Vvoid0 are the volume of void at initial stress 

state and reference state, respectively. Eq. (4.41) can be expressed in differential form as given 

below. 

 

∆ln(𝑟2)

∆ln(𝑟1)
= −

1

𝐺𝑠

𝜉𝑖

𝜉𝑐

∆𝑉𝑤

∆𝑉𝑣𝑜𝑖𝑑
                                                                                                                               (4.42) 

 

Because r1 and r2 represent soil suction ψ1 and ψ2, respectively, the left side of Eq. (4.42) can 

also be written as below. 

 

∆ln(𝑟2)

∆ln(𝑟1)
≅

dln(𝜓2)

dln(𝜓1)
                                                                                                                                        (4.43) 

 

The relationship below can be used since degree of saturation S is the ratio of volume of water 

to volume of soil voids. 

 

lim
∆→0

∆𝑉𝑤𝑖

∆𝑉𝑣𝑜𝑖𝑑
= 𝑆𝑖

′                                                                                                                                         (4.44) 

 

where Si is initial degree of saturation, 𝑆𝑖
′ denotes the derivative of initial degree of saturation.  

 

A simplified form of relationship can be derived as below by substituting Eqs. (4.43) and (4.44) 

into (4.42). 

 

dln(𝜓2)

dln(𝜓1)
= −

1

𝐺𝑠

𝜉𝑖

𝜉𝑐
𝑆𝑖
′                                                                                                                                   (4.45) 

 

Eq. (4.45) simply describes the effects of both initial stress state and water content on SWCCs. 
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Since soil suction represents soil potential Ψ, it means that both initial stress state and water 

content affect the variation of overall soil potential from reference state. This effect is imposed 

by altering initial degree of saturation of soils from its reference state (e.g., Wheeler et al., 

2003; Tarantino, 2009; Gallipoli, 2012; Zhou et al., 2012a; Hu et al., 2013). 

 

4.7 Conclusions  

In this Chapter, a new model (i.e., Eqs. (4.11)) is proposed for predicting main wetting SWCC 

curve the from main drying curve. The wetting SWCC along with its hysteretic features were 

predicted for a variety of soils using simple equations based on the PoSD curve that were linked 

to the well-known SWCC fitting equations and a set of boundary conditions. Three methods 

for predicting scanning curves as well as the corresponding calibration processes are derived 

for coarse-grained soils (i.e., Eqs. (4.15), (4.17) and (4.19)). Comprehensive comparisons were 

provided using these equations, between the experimental results and the predicted SWCCs of 

both coarse-grained soils.  

 

In addition, the SWCCs of fine-grained soils were successfully predicted taking account of the 

influence of stress state and soil structure associated with different initial water contents (i.e., 

Eqs. (4.31)). The multi-parametric influences for modelling SWCCs are also evaluated and 

discussed (i.e., Eq. (4.34)) and a modified SWCC model (i.e., Eq. (4.37)) is proposed based on 

van Genuchten equation.  

 

The proposed equations can be used as tools for predicting various properties of unsaturated 

soils taking account of the influence of soil hysteresis and scanning curves. In addition, they 

can be incorporated into numerical models for analyzing the complex THMC behaviors of 

unsaturated soils.   

 

4.8 Appendix: A generalized thermodynamics framework  

In this Appendix, details related to the analytical methods are summarized based on the 

principles of thermodynamics and conservation laws. This framework is consistent with the 

continuum mechanics principles extending the independent stress state variables approach 

(e.g., Fredlund et al. 2012; Li and Vanapalli, 2021). 
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4.8.1 Background information and assumptions 

4.8.1.1 Background information of the principles of thermodynamics 

The expressions for internal energy dU, enthalpy dH, the Helmholtz free energy dF, and the 

Gibbs free energy dG are listed in Eqs. (A-1), (A-2), (A-3), and (A-4), respectively based on 

the principles of thermodynamics (e.g., Houlsby and Puzrin, 2000).  

 

𝑑𝑈 = −𝑃𝑑𝑉 + 𝑇𝑑𝑆𝐸 + ∑𝜇𝑘𝑑𝑁𝑘                                                                                       (A-1) 

𝑑𝐻 = 𝑉𝑑𝑃 + 𝑇𝑑𝑆𝐸 + ∑𝜇𝑘𝑑𝑁𝑘                                                                                          (A-2) 

𝑑𝐹 = −𝑃𝑑𝑉 − 𝑆𝐸𝑑𝑇 + ∑𝜇𝑘𝑑𝑁𝑘                                                                                        (A-3) 

𝑑𝐺 = 𝑉𝑑𝑃 − 𝑆𝐸𝑑𝑇 + ∑𝜇𝑘𝑑𝑁𝑘                                                                                          (A-4) 

𝜇𝑘 = 𝜇𝑘
∗ + 𝑅𝑇ln(𝛾𝑘𝑥𝑘) = 𝜇𝑘

∗ + 𝑅𝑇ln (𝛾𝑘
𝑁𝑘

𝑁
)                                                                    (A-5) 

 

where V, P, SE, T, and N are volume, pressure, entropy, temperature, and total number of 

substances, μk, 𝜇𝑘
∗ , Nk, xk, and γk are chemical potentials, standard chemical potentials, number 

of particles, mole fraction, and coefficient of activity of the k-th substance, respectively, and 

R is universal gas constant.  

 

4.8.1.2 Assumptions used in the proposed method 

The developed framework in this study is based on several assumptions that are summarized 

below. 

(i) The compressibility of soil solids is not considered.  

 

(ii) The components in soil pores cannot bear shear stress. 

 

(iii) The spatial variations of porosity and degree of saturation are not considered.  

 

(iv) Only dilute ideal solutions without volatility can be considered (e.g., NaCl in liquid water). 

 

4.8.2 The expressions for work input PdV 

The work input (e.g., Houlsby and Puzrin, 2000; Borja, 2006) for constant pressure P with 

respect to time can be expressed as Eq. (A-6).  

 

𝑑𝑊

𝑉𝑑𝑡
=

−𝑃𝑑𝑉

𝑉𝑑𝑡
                                                                                                                            (A-6) 
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In this study, the meanings of conjugate pairs (e.g., P and V) are extended to stress and strain 

to embrace the continuum mechanics principles.  

 

4.8.2.1 Soil volume relationships 

The volume relationships (e.g., Mitchell and Soga, 2005) between soil solids, soil pores, and 

the fraction of each component in soil pores are summarized in Eqs. (A-7), (A-8), and (A-9), 

respectively. 

 

𝑉 = 𝑉𝑠𝑜𝑙𝑖𝑑 + 𝑉𝑝𝑜𝑟𝑒 = 𝑉(1 − 𝑛) + 𝑉𝑛                                                                                 (A-7) 

∑ 𝑆𝛼
𝑚
𝛼=1 =

1

𝑉𝑝𝑜𝑟𝑒
∑ 𝑉𝛼
𝑚
𝛼=1 ≡ 1                                                                                               (A-8) 

∑ 𝜃𝛼
𝑚
𝛼=1 =

∑ 𝑉𝛼
𝑚
𝛼=1

𝑉
=

𝑉𝑝𝑜𝑟𝑒

𝑉
                                                                                                    (A-9) 

 

where Vsolids, and Vpores refer to volumes of soil solids and pores, respectively, n is porosity, 

and Sα, Vα, and θα refer to the degree of saturation, volume, and volumetric content of α-th 

component in soil pores, respectively.  

 

4.8.2.2 Definitions of stress and strain tensors 

To be compatible with geomechanics, the variables in thermodynamics are further expanded 

as following. The strain rate tensor and stress tensor (i.e., tension is positive) are defined 

following the sign convention in geotechnical engineering (Houlsby and Puzrin, 2000, Borja, 

2006; Zhao et al. 2010; Xu et al. 2020) as shown in Eqs. (A-10), (A-11), (A-12). The left side 

of the three equations denote the thermodynamic variables, while the right side are extended 

to harbor convention of geomechanics.  

𝑃 → −𝜎𝑖𝑗                                                                                                                            (A-10) 

𝑑𝑉

𝑉𝑑𝑡
→ 𝜀𝑖̇𝑗 = div𝝊                                                                                                                (A-11) 

𝑑𝑉𝛼

𝑉𝑑𝑡
→ 𝜀𝑖̇𝑗

(𝛼)
= div𝝊(𝛼)                                                                                                         (A-12) 

 

where ν is velocity vector, div is divergence of velocity vector, and ε(α) and ν(α) specifies the 

strain and velocity vector of a certain component in soils (i.e., the soil solids can be also 

expressed by Eq. (A-9)). The stress and strain tensors as shown in Eq. (A-9) along with the 

sign convention are widely used in geomechanics field (i.e., compression is set as positive).  
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The stress tensor (e.g., Borja, 2006) in Eq. (A-10) can be written as shown in Eq. (A-13) 

without considering contractile skin (i.e., surface tension) between distinct phases. 

 

𝜎𝑖𝑗 = (1 − 𝑛)𝑠𝑖𝑗 + 𝑛∑ 𝑆𝛼𝜎𝑖𝑗
(𝛼)𝑚

𝛼=1                                                                                      (A-13) 

 

where sij refers to soil solid skeleton stress, and σ(α) is the stress tensor of α-th component in 

soil pores.  

 

In this framework, all components except soil solids are treated as a part of soil pores. 

 

4.8.2.3 The energy conservation 

Eq. (A-14) can be obtained by substituting Eqs. (A-7), (A-8), and (A-13) into Eq. (A-6). 

 

𝑑𝑊

𝑉𝑑𝑡
=

−𝑃𝑑𝑉

𝑉𝑑𝑡
= [(1 − 𝑛)𝑠𝑖𝑗 + 𝑛∑ 𝑆𝛼𝜎𝑖𝑗

(𝛼)𝑚
𝛼=1 ]

𝑑(𝑉𝑠𝑜𝑙𝑖𝑑+∑ 𝑉𝛼
𝑚
𝛼=1 )

𝑉𝑑𝑡
                                           (A-14) 

 

The subsystem of work input Wα can be defined as summarized in Eq. (A-15).  

𝑑𝑊𝛼

𝑉𝑑𝑡
= (

𝑉𝛼

𝑉
𝜎𝑖𝑗
(𝛼)
)
𝑑𝑉𝛼

𝑉𝑑𝑡
                                                                                                           (A-15) 

 

In this subsystem α refers to soil solids or components in soil pores and the work output to 

subsystem β (α ≠ β) and work input from subsystem β can be written as Eq. (A-16). 

 

𝑑𝑊𝛼

𝑉𝑑𝑡
= (

𝑉𝛼

𝑉
𝜎𝑖𝑗
(𝛼)
)
𝑑𝑉𝛼

𝑉𝑑𝑡
− (

𝑉𝛼

𝑉
𝜎𝑖𝑗
(𝛼)
)
𝑑𝑉𝛽

𝑉𝑑𝑡
+ (

𝑉𝛽

𝑉
𝜎𝑖𝑗
(𝛽)
)
𝑑𝑉𝛼

𝑉𝑑𝑡
 (𝛼 ≠ 𝛽)                                        (A-16) 

 

The work output from subsystem α equals to the work input to subsystem β, and vice versa 

based on the conservation of energy (e.g., Borja, 2006; Zhao et al. 2010; Xu et al. 2020), 

without considering the energy exchange with the environment. For subsystem β, the 

following Eq. (A-17) holds.  

 

𝑑𝑊𝛽

𝑉𝑑𝑡
= (

𝑉𝛽

𝑉
𝜎𝑖𝑗
(𝛽)
)
𝑑𝑉𝛽

𝑉𝑑𝑡
− (

𝑉𝛽

𝑉
𝜎𝑖𝑗
(𝛽)
)
𝑑𝑉𝛼

𝑉𝑑𝑡
+ (

𝑉𝛼

𝑉
𝜎𝑖𝑗
(𝛼)
)
𝑑𝑉𝛽

𝑉𝑑𝑡
 (𝛼 ≠ 𝛽)                                       (A-17) 

 

Eq. (A-18) can be obtained by summing up all the work input and output for subsystem α. 
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𝑑𝑊𝛼

𝑉𝑑𝑡
= (

𝑉𝛼

𝑉
𝜎𝑖𝑗
(𝛼)
)
𝑑𝑉𝛼

𝑉𝑑𝑡
− (

𝑉𝛼

𝑉
𝜎𝑖𝑗
(𝛼)
)
𝑑(∑ 𝑉𝛽

𝑚
𝛽=1 )

𝑉𝑑𝑡
+
𝑑𝑉𝛼

𝑉𝑑𝑡
 ∑ (

𝑉𝛽

𝑉
𝜎𝑖𝑗
(𝛽)
)𝑚

𝛽=1 (𝛼 ≠ 𝛽)                     (A-18) 

 

The total work input W equals to the sum up all subsystems Wα, extending this definition, Eq. 

(A-19) can be obtained.  

 

𝑑𝑊

𝑉𝑑𝑡
= ∑

𝑑𝑊𝛼

𝑉𝑑𝑡

𝑚
𝛼=1 =

𝜎𝑖𝑗𝑑𝑉

𝑉𝑑𝑡
= (

𝑉𝑠𝑜𝑙𝑖𝑑

𝑉
𝜎𝑖𝑗
(𝑠𝑜𝑙𝑖𝑑)

)
𝑑𝑉𝑠𝑜𝑙𝑖𝑑

𝑉𝑑𝑡
+ ∑ [(

𝑉𝛼

𝑉
𝜎𝑖𝑗
(𝛼)
)
𝑑𝑉𝛼

𝑉𝑑𝑡
]𝑚

𝛼=1                        (A-19) 

 

Based on the above equation, relationships between total work input and the work done by 

each component are obtained. The form is of this equation is the same without energy supply 

(e.g., Borja, 2006) when dVα / (Vdt) is expressed as the strain tensor of α-th component ε(α) 

(e.g., Eq. (A-12)). To be consistent, the relationships between system and subsystems are 

derived from the concepts of thermodynamics and energy conservation principles. 

 

The following Eq. (A-20) can be obtained by substituting Eqs. (A-7), (A-10), (A-11), and (A-

13) into Eq. (A-19). 

 

𝑑𝑊

𝑉𝑑𝑡
=

𝑃𝑑𝑉

𝑉𝑑𝑡
= 𝜎𝑖𝑗𝜀𝑖̇𝑗 = (1 − 𝑛)𝑠𝑖𝑗div𝝊

(𝑠𝑜𝑙𝑖𝑑) + 𝑛∑ (𝑆𝛼𝜎𝑖𝑗
(𝛼)
div𝝊(𝛼))𝑚

𝛼=1 = 𝜎𝑖𝑗div𝝊
(𝑠𝑜𝑙𝑖𝑑) +

𝑛∑ [𝑆𝛼𝜎𝑖𝑗
(𝛼)
(div𝝊(𝛼) − div𝝊(𝑠𝑜𝑙𝑖𝑑))]𝑚

𝛼=1                                                                             (A-20) 

 

4.8.2.4 The mass conservation 

The above Eq. (A-20) is further simplified such that the mass conservation is as shown in Eqs. 

(A-21) and (A-22) (e.g., Borja, 2006; Zhao et al. 2010; Xu et al. 2020).  

𝑑(𝑉𝛼𝜌𝛼)

𝑑𝑡
+ 𝑉𝛼𝜌𝛼div𝝊

(𝛼) = 𝜁𝛼                                                                                             (A-21a) 

∑ 𝜁𝛼
𝑚
𝛼=1 = 0                                                                                                                     (A-21b) 

𝜌𝛼 =
𝑚𝛼

𝑉𝛼
                                                                                                                           (A-22a) 

𝜌 = (1 − 𝑛)𝜌𝑠𝑜𝑙𝑖𝑑 + 𝑛∑ 𝑆𝛼𝜌𝛼
𝑚
𝛼=1                                                                                   (A-22b) 

 

where ρα and mα are the density and mass of α-th component, respectively, ζα is the mass supply 

to component α from other components, ρ is the total density, and ρsolid is the density of soil 

solids.  
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Eqs. (A-23) and (A-24) for soil solids and components in soil pores can be respectively 

obtained for unit soil mass, based on Eqs. (A-7), (A-8), and (A-9). 

 

−
𝑑𝑛

𝑑𝑡
+ (1 − 𝑛)div𝝊(𝑠𝑜𝑙𝑖𝑑) = 0                                                                                          (A-23) 

𝜃𝛼
𝑑𝜌𝛼

𝜌𝛼𝑑𝑡
+ 𝑆𝛼

𝑑𝑛

𝑑𝑡
+ 𝑛

𝑑𝑆𝛼

𝑑𝑡
+ 𝜃𝛼div𝝊

(𝛼) =
𝜁𝛼

𝜌𝛼
                                                                        (A-24) 

 

In Eq. (A-23), it should be noted that both the mass supply to soil solids from other components 

and the density change of soil solids are not considered (i.e., consistent with assumption (i) of 

the proposed approach).  

 

4.8.2.5 The final expressions for work input PdV 

Eq. (A-25) is a simplified relationship that can be derived by substituting Eqs. (A-23) and (A-

24) into Eq. (A-20). 

 

−
𝑃𝑑𝑉

𝑉𝑑𝑡
= 𝜎𝑖𝑗𝜀𝑖̇𝑗 = (𝜎𝑖𝑗 −∑ 𝑆𝛼𝜎𝑖𝑗

(𝛼)𝑚
𝛼=1 )𝜀𝑖̇𝑗

(𝑠𝑜𝑙𝑖𝑑)
− ∑ [𝜎𝑖𝑗

(𝛼)
(𝑛

𝑑𝑆𝛼

𝑑𝑡
+ 𝜃𝛼

𝑑𝜌𝛼

𝜌𝛼𝑑𝑡
−

𝜁𝛼

𝜌𝛼
)]𝑚

𝛼=1     (A-25) 

 

Eq. (A-25) constitutes of two parts on the right side. The first part of equation describes the 

stress in soil solids (i.e., effective stress σʹ) as shown in Eq. (A-26).  

 

𝝈′ = 𝜎𝑖𝑗 − ∑ 𝑆𝛼𝜎𝑖𝑗
(𝛼)𝑚

𝛼=1                                                                                                    (A-26a) 

∑ 𝑆𝛼
𝑚
𝛼=1 ≡ 1                                                                                                                    (A-26b) 

 

Eqs. (A-26) are written as continuous-form equations; however, evidence from the literature 

with respect to unsaturated soils behavior (e.g., Jennings and Burland, 1962; Bishop and 

Blight, 1963; Fredlund and Morgenstern, 1977; Vanapalli et al. 1996; Cunningham et al. 2003) 

suggests that the independent stress state variables approach is flexible and capable to capture 

the complex behavior of unsaturated soils. Therefore, Eqs. (A-26) are expressed in terms of 

independent stress state variables to describe the complex hydro-mechanical behavior of 

unsaturated soils (e.g., Garcia et al. 2010; Pouya et al. 2013; Qian et al. 2022; Li and Vanapalli 

et al. 2022a) that are consistent with continuum mechanics principles.  

 

The above discussed philosophy of Eqs. (A-27) are also expressed in terms of independent 
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stress state variables by extending Eqs. (A-26). As suggested by Fredlund and Morgenstern 

(1977), various expressions of independent stress state variables are possible. 

 

(𝜎𝑖𝑗 − 𝜎𝑖𝑗
(𝛼)
), (𝜎𝑖𝑗 − 𝜎𝑖𝑗

(𝛽)
) , … , (𝜎𝑖𝑗 − 𝜎𝑖𝑗

(𝑚)
)                                                                   (A-27a) 

(𝜎𝑖𝑗 − 𝜎𝑖𝑗
(𝛼)
), (𝜎𝑖𝑗

(𝛽)
− 𝜎𝑖𝑗

(𝛼)
) , … , (𝜎𝑖𝑗

(𝑚)
− 𝜎𝑖𝑗

(𝛼)
)                                                              (A-27b) 

 

The second part of the right side in Eq. (A-25) is related to mass change of components in soil 

pores which is consistent with the conservation of mass. Here, assumption (ii) of the proposed 

approach is extended that no component in soil pores can bear shear stress is highlighted.  

 

4.8.3 Expressions for work input VdP 

The work input expression for VdP with respect to time can be expressed without considering 

heat exchange (e.g., Houlsby and Puzrin, 2000), as below.  

 

𝑑𝑊

𝑉𝑑𝑡
=

𝑉𝑑𝑃

𝑉𝑑𝑡
= −

𝑑𝜎𝑖𝑗

𝑑𝑡
= −

𝜕𝝈

𝜕𝑥𝑗

𝑑𝑥𝑗

𝑑𝑡
= −

𝜕𝝈

𝜕𝑥𝑗
𝜐𝑗                                                                         (A-28) 

 

In this relationship, only work input is considered extending similar discussions in the earlier 

section. More discussion related to conjugate pairs is summarized in the next section. 

 

4.8.3.1 Linear momentum conservation 

Eqs. (A-29) and (A-30) provide the linear momentum balance equations (e.g., Borja, 2006; 

Zhao et al. 2010; Xu et al. 2020) for soil solids and component in soils pores.  

 

∇𝑠𝑖𝑗 − 𝜌𝑠𝑜𝑙𝑖𝑑𝑔𝑖 = 𝜌𝑠𝑜𝑙𝑖𝑑
𝑑𝜐𝑖

(𝑠𝑜𝑙𝑖𝑑)

𝑑𝑡
                                                                                        (A-29) 

∇𝜎𝑖𝑗
(𝛼)
− 𝜌𝛼𝑔𝑖 = 𝜌𝛼

𝑑𝜐𝑖
(𝛼)

𝑑𝑡
+ 𝜁𝛼𝜐𝑖

(𝛼)
                                                                                    (A-30) 

 

where gi is acceleration due to gravity.  

 

The linear momentum conservation of soil systems can be expressed as Eq. (A-31)) by 

summing up all components in unsaturated soils in Eqs. (A-13), (A-21), and (A-22).  
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∇𝜎𝑖𝑗 − 𝜌 (𝑔𝑖 −
𝑑𝜈𝑖

𝑑𝑡
) = 0                                                                                                    (A-31) 

 

Eq. (A-31) is the total stress balance which is frequently used in continuum mechanics (e.g., 

Lei et al. 2016; Le Pense et al. 2016; Pouragha et al. 2021) when the influence of velocity ν is 

not considered. 

 

4.8.3.2 Linear angular momentum conservation 

The two conclusions derived based on the mass conservation and the linear angular momentum 

conservation (e.g., Borja, 2006; Pouragha et al. 2021) are summarized below. 

 

𝜎𝑖𝑗 = 𝜎𝑗𝑖                                                                                                                             (A-32) 

div𝜎𝑖𝑗 = ∇𝜎𝑖𝑗                                                                                                                     (A-33) 

 

The gradients of stress tensor in Eqs. (A-28) and (A-31) can be written in divergence form by 

considering the conservation of linear angular momentum.  

 

4.8.3.3 Final expressions for work input VdP 

Eq. (A-34) can be derived by substituting Eqs. (A-13), (A-22), (A-29), and (A-33) into Eq. (A-

28). However, in this equation the spatial variation of soil volume is neglected, which is 

consistent with assumption (iii) of this study.  

 

−
𝑉𝑑𝑃

𝑉𝑑𝑡
= div(𝜎𝑖𝑗)𝜐𝑗 = div ((1 − 𝑛)𝑠𝑖𝑗 + 𝑛∑ 𝑆𝛼𝜎𝑖𝑗

(𝛼)𝑚
𝛼=1 ) 𝜐𝑗 = [(1 − 𝑛)𝜌𝑠𝑜𝑙𝑖𝑑𝑔𝑖 + (1 −

𝑛)𝜌𝑠𝑜𝑙𝑖𝑑
𝑑𝜐𝑖

(𝑠𝑜𝑙𝑖𝑑)

𝑑𝑡
] 𝜐𝑗 + 𝑛∑ 𝑆𝛼div𝜎𝑖𝑗

(𝛼)𝑚
𝛼=1 𝜐𝑗 = [𝜌𝑔𝑖 + (1 − 𝑛)𝜌𝑠𝑜𝑙𝑖𝑑

𝑑𝜐𝑖
(𝑠𝑜𝑙𝑖𝑑)

𝑑𝑡
] 𝜐𝑗 +

𝑛∑ 𝑆𝛼(div𝜎𝑖𝑗
(𝛼) − 𝜌𝛼𝑔𝑖)𝜈𝑗

𝑚
𝛼=1                                                                                             (A-34) 

 

The velocity vector ν(α) can be defined using Eq. (A-35). Furthermore, Eq. (A-36) can be 

obtained by setting the velocity of soil solids ν(solid) as reference (e.g., constant).  

 

𝜈𝑗
(𝛼) = 𝑛𝑆𝛼𝜐𝑗                                                                                                                      (A-35) 

 

−
𝑉𝑑𝑃

𝑉𝑑𝑡
= div(𝜎𝑖𝑗)(𝜐𝑗 − 𝜐𝑗

(𝑠𝑜𝑙𝑖𝑑)) = 𝜌𝑔𝑖(𝜐𝑗 − 𝜐𝑗
(𝑠𝑜𝑙𝑖𝑑)) + ∑ [(div𝜎𝑖𝑗

(𝛼) − 𝜌𝛼𝑔𝑖)(𝜈𝑗
(𝛼) −𝑚

𝛼=1
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𝜐𝑗
(𝑠𝑜𝑙𝑖𝑑)

)]                                                                                                                             (A-36) 

 

Eq. (A-37) can be derived by comparing Eq. (A-36) with Eq. (A-31). 

 

−
𝑉𝑑𝑃

𝑉𝑑𝑡
= div(𝜎𝑖𝑗)(𝜐𝑗 − 𝜐𝑗

(𝑠𝑜𝑙𝑖𝑑)) − 𝜌𝑔𝑖(𝜐𝑗 − 𝜐𝑗
(𝑠𝑜𝑙𝑖𝑑)) = −𝜌

𝑑𝜈𝑗

𝑑𝑡
(𝜐𝑗 − 𝜐𝑗

(𝑠𝑜𝑙𝑖𝑑)) =

∑ [(𝜎𝑖𝑗,𝑖
(𝛼) − 𝜌𝛼𝑔𝑖)(𝜈𝑗

(𝛼) − 𝜐𝑗
(𝑠𝑜𝑙𝑖𝑑))]𝑚

𝛼=1                                                                              (A-37) 

 

Eq. (A-37) highlights the relationship of flow behavior within the thermodynamics framework.  

 

Detailed comparisons with the available framework and verifications for the various models 

that are widely used in the literature are discussed in the next section. 

 

4.8.4 Temperature and salts effects 

Eq. (A-38) that is based on the second law of thermodynamics is valuable for explaining the 

temperature contribution (e.g., Houlsby and Puzrin, 2000; Borja, 2006). 

 

𝑇𝑑𝑆𝐸 = 𝑇𝑑𝑆𝐸,𝑖𝑟 + 𝑇𝑑𝑆𝐸,𝑟𝑒 ≥ 𝑇𝑑𝑆𝐸,𝑟𝑒 = 𝑇 (
𝑞𝑖

𝑇
)
,𝑖
                                                             (A-38) 

 

where SE,ir and SE,re are the entropy in irreversible and reversible processes, respectively, and 

qi is the heat flux.  

 

Eq. (A-38) states that the total entropy is equal to or greater than the entropy in reversible 

process. By introducing the dissipative heat (e.g., D = TdSE,ir) for irreversible process, the 

dissipation function can be obtained (Houlsby and Puzrin, 2000).  

 

In this section, the dissipation structure is not considered. However, another method based on 

the Maxwell relations is proposed as below.  

 

𝑇𝑑𝑆𝐸

𝑉𝑑𝑡
= 𝑇 (

𝜕𝑆𝐸

𝜕𝑉
)
𝑇

𝑑𝑉

𝑉𝑑𝑡
+ 𝑇 (

𝜕𝑆𝐸

𝜕𝑇
)
𝑉

𝑑𝑇

𝑉𝑑𝑡
= 𝑇

𝛼𝑉

𝐾𝑉

𝑑𝑉

𝑉𝑑𝑡
+ 𝐶𝑉

𝑑𝑇

𝑉𝑑𝑡
                                                 (A-39) 

𝑇𝑑𝑆𝐸

𝑉𝑑𝑡
= 𝑇 (

𝜕𝑆𝐸

𝜕𝑃
)
𝑇

𝑑𝑃

𝑉𝑑𝑡
+ 𝑇 (

𝜕𝑆𝐸

𝜕𝑇
)
𝑃

𝑑𝑇

𝑉𝑑𝑡
= −𝑇𝛼𝑉𝑉

𝑑𝑃

𝑉𝑑𝑡
+ 𝐶𝑃

𝑑𝑇

𝑉𝑑𝑡
                                            (A-40) 
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where αVT is the coefficient of thermal expansion, KV is compressibility, and CV and CP are 

heat capacity at constant volume and pressure, respectively.  

 

Eqs. (A-39) and (A-40) were obtained based on the Maxwell relations (more details in 

Appendix C). 

 

The expressions for αVT and KV are listed in Eqs. (A-41a) and (A-41b), respectively. 

 

𝛼𝑉 =
1

𝑉
(
𝜕𝑉

𝜕𝑇
)
𝑃

                                                                                                                    (A-41a) 

𝐾𝑉 = −
1

𝑉
(
𝜕𝑉

𝜕𝑃
)
𝑇
=

1

𝑉
(
𝜕𝑉

𝜕𝜎𝑖𝑗
)
𝑇

                                                                                            (A-41b) 

𝐶𝑃
𝑑𝑇

𝑉𝑑𝑡
= 𝐶𝑃

𝜕𝑇

𝑉𝜕𝑥𝑗

𝜕𝑥𝑗

𝜕𝑡
= 𝐶𝑃∇𝑇𝑣𝑗 = 𝑐𝑝

(𝑠𝑜𝑙𝑖𝑑)∇𝑇𝜈𝑗
(𝑠𝑜𝑙𝑖𝑑) + ∑ 𝑐𝑝

(𝛼)∇𝑇𝜈𝑗
(𝛼)𝑚

𝛼=1                        (A-41c) 

 

where cp refers to specific heat capacity with unit of [J·mol-1K-1]. As distinct components in 

unsaturated soils have different specific heat capacities cP, based on definition of velocity 

vector v(α) in Eq. (A-35), Eq. (A-41c) can be obtained.  

 

Based on differential characteristics in the Maxwell relations (e.g., 1/(∂x/∂y) = ∂y/∂x), the 

following definition for thermal stress PT can be obtained. 

 

𝑃𝑖𝑗
𝑇 = 𝑇

𝛼𝑉

𝐾𝑉
= 𝑇

(𝜕𝑉 𝜕𝑇⁄ )𝑃

−(𝜕𝑉 𝜕𝑃⁄ )𝑇
= 𝑇

(𝜕𝑉 𝜕𝑇⁄ )𝜎

(𝜕𝑉 𝜕𝜎𝑖𝑗⁄ )
𝑇

= 𝑇 (
𝜕𝜎𝑖𝑗

𝜕𝑉 𝑉⁄
)
𝑇
(
𝜕𝑉 𝑉⁄

𝜕𝑇
)
𝜎

                                         (A-42) 

 

As shown in Eq. (A-42), the sign notation for PT follows the convention in geomechanics. 

Note the expressions of total stress tensor σij in Eq. (A-13), the following Eq. (A-43) can be 

obtained. 

 

𝑃𝑖𝑗
𝑇 = (1 − 𝑛)𝑇 (

𝜕𝑠𝑖𝑗

𝜕𝑉
)
𝑇
(
𝜕𝑉

𝜕𝑇
)
𝑃
+ 𝑛𝑇∑ 𝑆𝛼 (

𝜎𝑖𝑗
(𝛼)

𝜕𝑉
)
𝑇

(
𝜕𝑉

𝜕𝑇
)
𝑃

𝑚
𝛼=1 = (1 − 𝑛)𝑃𝑖𝑗

𝑇,𝑠𝑜𝑙𝑖𝑑 +

𝑛∑ 𝑆𝛼𝑃𝑖𝑗
𝑇,(𝛼)𝑚

𝛼=1                                                                                                                   (A-43) 

 

where PT,solid and PT,(α) refer to thermal stress in soil solids and α-th component in soil pores, 

respectively.  
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Eq. (A-44) can be obtained by substituting Eq. (A-43) into Eq. (A-39). 

 

𝑇𝑑𝑆𝐸

𝑉𝑑𝑡
= 𝑃𝑖𝑗

𝑇 𝑑𝑉

𝑉𝑑𝑡
+ 𝐶𝑉

𝑑𝑇

𝑉𝑑𝑡
= ((1 − 𝑛)𝑃𝑖𝑗

𝑇,𝑠𝑜𝑙𝑖𝑑 + 𝑛∑ 𝑆𝛼𝑃𝑖𝑗
𝑇,(𝛼)𝑚

𝛼=1 )
𝑑𝑉

𝑉𝑑𝑡
+ 𝐶𝑉

𝑑𝑇

𝑉𝑑𝑡
                  (A-44) 

 

For conjugate variables μk and Nk, based on the assumption (iv), only dilute ideal (liquid) water 

solution is considered (e.g., γk = 1 in Eq. (A-5)). This relationship is suitable for salts such as 

the NaCl and CaCl2. For salts with high concentration or partially dissolved salts, more studies 

are required. Based on Eq. (A-5), the following Eq. (A-45) can be obtained for k-th solute.  

 

𝜇𝑘𝑑𝑁𝑘

𝑉𝑑𝑡
=

𝜇𝑘
∗+𝑅𝑇ln(

𝑁𝑘
𝑁
)

𝑉𝑑𝑡
𝑑𝑁𝑘 = [𝜇𝑘

∗ + 𝑅𝑇ln(
𝑐𝑘𝑉𝑙𝑤

𝑉𝑙𝑤𝜌𝑙𝑤
𝑀𝑙𝑤

+𝑐𝑘𝑉𝑙𝑤
)]

𝑑(𝑐𝑘𝑉𝑙𝑤)

𝑉𝑑𝑡
≅ [𝜇𝑘

∗ +

𝑅𝑇ln (
𝑐𝑘𝑉𝑙𝑤

𝑉𝑙𝑤𝜌𝑙𝑤 𝑀𝑙𝑤⁄
)]

𝑑(𝑐𝑘𝑉𝑙𝑤)

𝑉𝑑𝑡
= [𝜇𝑘

∗ + 𝑅𝑇ln (
𝑐𝑘𝑀𝑙𝑤

𝜌𝑙𝑤
)]

𝑉𝑙𝑤𝑑𝑐𝑘

𝑉𝑑𝑡
                                               (A-45) 

 

where ck is the concentration of k-th substance (solute) in liquid water, and Mlw is the molar 

mass of liquid water.  

 

In Eq. (A-45), volume of liquid water (i.e., Vlw) is treated as a constant as it affects entire 

solutes rather than a specific solute. The effects of total number of (liquid) water molecular 

(i.e., volume of liquid water) on conjugate variables Nk and µk are evaluated as following.  

Based on Eqs. (A-35) and (A-45), Eq. (A-5) can be written as Eqs. (A-46) for ideal dilute salt 

solutions as the solution can be divided into solutes (e.g., dissolved salts) and solvent (e.g., 

liquid water).  

 

∑𝜇𝑘𝑑𝑁𝑘

𝑉𝑑𝑡
= ∑[𝜇𝑘

∗ + 𝑅𝑇ln (
𝑐𝑘𝑀𝑙𝑤

𝜌𝑙𝑤
)]

𝑉𝑙𝑤𝑑𝑐𝑘

𝑉𝑑𝑡
+
𝜇𝑙𝑤𝑑𝑁𝑙𝑤

𝑉𝑑𝑡
= ∑𝑃𝜇𝑘

𝑉𝑙𝑤𝑑𝑐𝑘

𝑉𝑑𝑡
+

[𝜇𝑙𝑤
∗ +𝑅𝑇ln(1−

∑𝑐𝑘𝑉𝑙𝑤
𝜌𝑙𝑤𝑉𝑙𝑤 𝑀𝑙𝑤⁄ +∑𝑐𝑘𝑉𝑙𝑤

)]𝜌𝑙𝑤𝑑𝑉𝑙𝑤

𝑀𝑙𝑤𝑉𝑑𝑡
≅ ∑𝑃𝜇𝑘

𝑉𝑙𝑤𝑑𝑐𝑘

𝑉𝑑𝑡
+
[𝜇𝑙𝑤
∗ +𝑅𝑇ln(1−

∑𝑐𝑘𝑉𝑙𝑤
𝜌𝑙𝑤𝑉𝑙𝑤 𝑀𝑙𝑤⁄

)]𝜌𝑙𝑤𝑑𝑉𝑙𝑤

𝑀𝑙𝑤𝑉𝑑𝑡
≅

∑𝑃𝜇𝑘
𝑉𝑙𝑤𝑑𝑐𝑘

𝑉𝑑𝑡
+
(𝜇𝑙𝑤

∗ −𝑅𝑇
∑𝑐𝑘𝑉𝑙𝑤

𝜌𝑙𝑤𝑉𝑙𝑤 𝑀𝑙𝑤⁄
)𝜌𝑙𝑤𝑑𝑉𝑙𝑤

𝑀𝑙𝑤𝑉𝑑𝑡
                                                                         (A-46a) 

∑𝜇𝑘𝑑𝑁𝑘

𝑉𝑑𝑡
= ∑[𝜇𝑘

∗ + 𝑅𝑇ln (
𝑐𝑘𝑀𝑙𝑤

𝜌𝑙𝑤
)]

𝑉𝑙𝑤𝑑𝑐𝑘

𝑉𝑑𝑡
+
𝜇𝑙𝑤𝑑𝑁𝑙𝑤

𝑉𝑑𝑡
= ∑ [𝜇𝑘

∗ + 𝑅𝑇ln (
𝑐𝑘𝑀𝑙𝑤

𝜌𝑙𝑤
)]

𝑉𝑙𝑤𝑑𝑐𝑘

𝑉𝑑𝑡
+

(𝜇𝑙𝑤
∗ −𝑅𝑇

∑𝑐𝑘𝑉𝑙𝑤
𝜌𝑙𝑤𝑉𝑙𝑤 𝑀𝑙𝑤⁄

)𝜌𝑙𝑤𝑑𝑉𝑙𝑤

𝑀𝑙𝑤𝑉𝑑𝑡
= ∑𝑃𝜇𝑘

𝑉𝑙𝑤𝑑𝑐𝑘

𝑉𝑑𝑡
+ 𝑃𝜇

𝑑𝑉𝑙𝑤

𝑉𝑑𝑡
= ∑𝑃𝜇𝑘∇𝑐𝑘𝜈𝑗

(𝑙𝑤) + 𝑃𝜇
𝑑𝑉𝑙𝑤

𝑉𝑑𝑡
            (A-46b) 
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where Pμ and Pμk refer to chemical potential of water and chemical potential of k-th solute, 

respectively. To derive the last term in Eq. (A-46a), Maclaurin series approximation near zero 

is adopted (i.e., ln (1 - x) ≈ -x, when x is near zero).  

 

Two different roles of chemical solutions in liquid water can be highlighted based on Eq. (A-

46b). The first role is related to the variation of salt concentration (i.e., the first term on the 

right side of Eq. (A-46b)); the second role is linked to (liquid) water volume change in 

unsaturated soils (i.e., the section term on the right side of Eq. (A-46b)).  

 

Eq. (A-46b) can be separated for convenience into two distinct terms (i.e., Eq. (A-47) and Eq. 

(A-48)). In other words, the effects of solutes and solvent (liquid water) are separately 

evaluated by Eq. (A-47) and (A-48), respectively. It is convenient to cater distinct roles of 

conjugate pairs P and V, and T and SE (e.g., distinct expressions for work input in the earlier 

two sections).    

 

∑𝜇𝑘𝑑𝑁𝑘

𝑉𝑑𝑡
= ∑[𝜇𝑘

∗ + 𝑅𝑇ln (
𝑐𝑘𝑀𝑙𝑤

𝜌𝑙𝑤
)]

𝑉𝑙𝑤𝑑𝑐𝑘

𝑉𝑑𝑡
= ∑𝑃𝜇𝑘∇𝑐𝑘𝜈𝑗

(𝑙𝑤)
                                               (A-47) 

∑𝜇𝑘𝑑𝑁𝑘

𝑉𝑑𝑡
=

𝜇𝑙𝑤𝑑𝑁𝑙𝑤

𝑉𝑑𝑡
=

(𝜇𝑙𝑤
∗ −𝑅𝑇

∑𝑐𝑘𝑉𝑙𝑤
𝜌𝑙𝑤𝑉𝑙𝑤 𝑀𝑙𝑤⁄

)𝜌𝑙𝑤𝑑𝑉𝑙𝑤

𝑀𝑙𝑤𝑉𝑑𝑡
= 𝑃𝜇

𝑑𝑉𝑙𝑤

𝑉𝑑𝑡
                                                 (A-48) 

 

For temperature variation over time (i.e., the second term on the right side in Eqs. (A-3) and 

(A-4)), the following Eqs. (A-49) can be obtained by expressing the entropy from soil volume 

relations (e.g., Eq. (A-49a)). 

 

𝑆𝐸 = 𝑆𝐸(𝑠𝑜𝑙𝑖𝑑)𝑉𝑠𝑜𝑙𝑖𝑑 + ∑ 𝑆𝐸(𝛼)𝑉𝛼
𝑚
𝛼=1                                                                                 (A-49a) 

𝑆𝐸𝑑𝑇

𝑉𝑑𝑡
=

𝑆𝐸𝜕𝑇

𝑉𝜕𝑥𝑗

𝜕𝑥𝑗

𝜕𝑡
=

𝑆𝐸(𝑠𝑜𝑙𝑖𝑑)𝑉𝑠𝑜𝑙𝑖𝑑𝜕𝑇

𝑉𝜕𝑥𝑗

𝜕𝑥𝑗

𝜕𝑡
+ ∑

𝑆𝐸(𝛼)𝑉𝛼𝜕𝑇

𝑉𝜕𝑥𝑗

𝜕𝑥𝑗

𝜕𝑡

𝑚
𝛼=1 = 𝑆𝐸(𝑠𝑜𝑙𝑖𝑑)∇𝑇𝜈𝑗

(𝑠𝑜𝑙𝑖𝑑) +

∑ 𝑆𝐸(𝛼)∇𝑇𝜈𝑗
(𝛼)𝑚

𝛼=1                                                                                                             (A-49b) 

 

where SE(solid) and SE(α) refer to entropy of soil solids and α-th component in soil pores, 

respectively. 
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4.8.5 Final expressions for thermodynamic potentials 

The generalized thermodynamic potentials can be built using the summarized information from 

earlier sections. In the present study, variables related to thermo-hydro-mechanical-chemo 

behaviors are incorporated into the proposed framework.  

 

4.8.5.1 Final expression for internal energy 

Eq. (A-50) can be obtained for internal energy by substituting Eqs. (A-10), (A-44) and (A-48) 

into Eq. (A-1).  

 

𝑑𝑈(𝑉,𝑆𝐸,𝑁𝑘)

𝑉𝑑𝑡
=

𝜎𝑖𝑗𝑑𝑉

𝑉𝑑𝑡
+
𝑇𝑑𝑆𝐸

𝑉𝑑𝑡
+
∑𝜇𝑘𝑑𝑁𝑘

𝑉𝑑𝑡
= (𝜎𝑖𝑗 + 𝑃𝑖𝑗

𝑇)
𝑑𝑉

𝑉𝑑𝑡
+ 𝐶𝑉

𝑑𝑇

𝑉𝑑𝑡
+ 𝑃𝜇

𝑑𝑉𝑙𝑤

𝑉𝑑𝑡
                       (A-50) 

 

Eqs. (A-51) and (A-52) can be obtained from Eq. (A-13) to define the stress tensor in energy 

σE concept.  

 

𝜎𝑖𝑗
𝐸 = (1 − 𝑛)(𝑠𝑖𝑗 + 𝑃𝑖𝑗

𝑇,𝑠𝑜𝑙𝑖𝑑𝛿𝑖𝑗) + 𝑛∑ 𝑆𝛼(𝜎𝑖𝑗
(𝛼)
+ 𝑃𝑖𝑗

𝑇,(𝛼)
𝛿𝑖𝑗)

𝑚
𝛼=1 + 𝑛𝑆𝑙𝑤𝑃𝜇𝛿𝑖𝑗               (A-51) 

𝑠𝑖𝑗
𝐸 = 𝑠𝑖𝑗 + 𝑃𝑖𝑗

𝑇,𝑠𝑜𝑙𝑖𝑑
                                                                                                           (A-52a) 

𝜎𝑖𝑗
𝐸(𝑙𝑤)

= 𝜎𝑖𝑗
(𝑙𝑤)

+ 𝑃𝑇,(𝑙𝑤)𝛿𝑖𝑗 + 𝑃𝜇𝛿𝑖𝑗                                                                                (A-52b) 

𝜎𝑖𝑗
𝐸(𝛼)

= 𝜎𝑖𝑗
(𝛼)
+ 𝑃𝑇,(𝛼)𝛿𝑖𝑗                                                                                                  (A-52c) 

 

where sE and σE(α) refer to stress tensor in energy concept for soil skeletons and α-th component 

in soil pores, respectively, and δij is Kronecker delta (δij = 1 for i = j; δij = 0 for i ≠ j).  

 

Eq. (A-53) can be obtained by substituting Eqs. (A-52) into Eq. (A-51).  

 

𝜎𝑖𝑗
𝐸 = (1 − 𝑛)𝑠𝑖𝑗

𝐸 + 𝑛∑ 𝑆𝛼𝜎𝑖𝑗
𝐸(𝛼)𝑚

𝛼=1                                                                                    (A-53) 

 

Based on Eq. (A-53), Eq. (A-50) is written in a different form, i.e., Eq. (A-54). 

 

𝑑𝑈

𝑉𝑑𝑡
=

𝜎𝑖𝑗𝑑𝑉

𝑉𝑑𝑡
+
𝑇𝑑𝑆𝐸

𝑉𝑑𝑡
+
∑𝜇𝑘𝑑𝑁𝑘

𝑉𝑑𝑡
= 𝜎𝑖𝑗

𝐸 𝑑𝑉

𝑉𝑑𝑡
+ 𝐶𝑉

𝑑𝑇

𝑉𝑑𝑡
                                                               (A-54) 

 

The liquid water density can be written as Eq. (A-55) when chemical potential is expressed as 
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part of water pressure (e.g., Eq. (A-52b)).  

 

𝜌𝑙𝑤 =
𝑚𝑙𝑤+∑𝑀𝑘𝑁𝑘

𝑉𝑙𝑤+∑𝑀𝑘𝑁𝑘 𝜌𝑘⁄
≅

𝑚𝑙𝑤+∑𝑀𝑘𝑁𝑘

𝑉𝑙𝑤
                                                                                   (A-55) 

where Mk is the molar mass of k-th substance.  

 

Eq. (A-56) can be obtained in a similar manner to solve Eq. (A-30).  

𝑑𝑈

𝑉𝑑𝑡
= 𝜎𝑖𝑗

𝐸 𝑑𝑉

𝑉𝑑𝑡
+ 𝐶𝑉

𝑑𝑇

𝑉𝑑𝑡
= (𝜎𝑖𝑗

𝐸 − ∑ 𝑆𝛼𝜎𝑖𝑗
𝐸(𝛼)𝑚

𝛼=1 )𝜀𝑖̇𝑗
(𝑠𝑜𝑙𝑖𝑑)

− ∑ [𝜎𝑖𝑗
𝐸(𝛼) (𝑛

𝑑𝑆𝛼

𝑑𝑡
+ 𝜃𝛼

𝑑𝜌𝛼

𝜌𝛼𝑑𝑡
−𝑚

𝛼=1

𝜁𝛼

𝜌𝛼
)] + 𝐶𝑉

𝑑𝑇

𝑉𝑑𝑡
                                                                                                                      (A-56) 

 

Eq. (A-56) summarizes the stress tensors based on energy concepts that are discussed in 

various equations (i.e., Eqs. (A-51), (A-52), (A-53), and (A-55)).  

 

4.8.5.2 Final expression for enthalpy 

The enthalpy relationship over time can be expressed as Eq. (A-57) by substituting Eqs. (A-

40), (A-41c), (A-47), and (A-49b) into Eq. (A-2). 

 

𝑑𝐻(𝑃,𝑆𝐸,𝑁𝑘)

𝑉𝑑𝑡
=

𝑉𝑑𝑃

𝑉𝑑𝑡
+
𝑇𝑑𝑆𝐸

𝑉𝑑𝑡
+
∑𝜇𝑘𝑑𝑁𝑘

𝑉𝑑𝑡
=

(1−𝑇𝛼𝑉)𝑉𝑑𝑃

𝑉𝑑𝑡
+ 𝐶𝑃

𝑑𝑇

𝑉𝑑𝑡
+ ∑𝑃𝜇𝑘∇𝑐𝑘𝜈𝑗

(𝑙𝑤) =
(1−𝑇𝛼𝑉)𝑉𝑑𝑃

𝑉𝑑𝑡
+

(𝑐𝑝
(𝑠𝑜𝑙𝑖𝑑)∇𝑇𝜈𝑗

(𝑠𝑜𝑙𝑖𝑑) + ∑ 𝑐𝑝
(𝛼)∇𝑇𝜈𝑗

(𝛼)𝑚
𝛼=1 ) + ∑𝑃𝜇𝑘∇𝑐𝑘𝜈𝑗

(𝑙𝑤)
                                                (A-57) 

 

Eq. (A-58) for enthalpy can be obtained by substituting Eq. (A-37) into above Eq. (A-57) and 

set the velocity of soil solids ν(solid) as reference term. 

 

𝑑𝐻

𝑉𝑑𝑡
= −

(1−𝑇𝛼𝑉)𝑑𝜎𝑖𝑗

𝑑𝑡
+
𝑇𝑑𝑆𝐸

𝑉𝑑𝑡
+
∑𝜇𝑘𝑑𝑁𝑘

𝑉𝑑𝑡
= 𝜌

(1−𝑇𝛼𝑉)𝑑𝜈𝑗

𝑑𝑡
(𝜐𝑗 − 𝜐𝑗

(𝑠𝑜𝑙𝑖𝑑)) + ∑ 𝑐𝑝
(𝛼)∇𝑇(𝜈𝑗

(𝛼) −𝑚
𝛼=1

𝜐𝑗
(𝑠𝑜𝑙𝑖𝑑)) + ∑𝑃𝜇𝑘∇𝑐𝑘(𝜈𝑗

(𝑙𝑤) − 𝜐𝑗
(𝑠𝑜𝑙𝑖𝑑)) = −(1 − 𝑇𝛼𝑉)∑ [(𝜎𝑖𝑗,𝑖

(𝛼) − 𝜌𝛼𝑔𝑖)(𝜈𝑗
(𝛼) −𝑚

𝛼=1

𝜐𝑗
(𝑠𝑜𝑙𝑖𝑑))] + ∑ 𝑐𝑝

(𝛼)∇𝑇(𝜈𝑗
(𝛼) − 𝜐𝑗

(𝑠𝑜𝑙𝑖𝑑))𝑚
𝛼=1 + ∑𝑃𝜇𝑘∇𝑐𝑘(𝜈𝑗

(𝑙𝑤) − 𝜐𝑗
(𝑠𝑜𝑙𝑖𝑑))                         (A-58) 

 

4.8.5.3 Final expression for the Helmholtz free energy  

The Helmholtz free energy relationship (i.e., Eq. (A-59)) can be obtained by substituting Eqs. 

(A-10), and (A-48) into Eq. (A-3). 
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𝑑𝐹(𝑉,𝑇,𝑁𝑘)

𝑉𝑑𝑡
=

−𝑃𝑑𝑉

𝑉𝑑𝑡
−
𝑆𝐸𝑑𝑇

𝑉𝑑𝑡
+
∑𝜇𝑘𝑑𝑁𝑘

𝑉𝑑𝑡
=

𝜎𝑖𝑗𝑑𝑉

𝑉𝑑𝑡
−
𝑆𝐸𝑑𝑇

𝑉𝑑𝑡
+ 𝑃𝜇

𝑑𝑉𝑙𝑤

𝑉𝑑𝑡
                                            (A-59) 

 

The stress tensor for liquid water and total stress tensor in energy concept (i.e., Eq. (A-60a) 

and (A-60b)) can be defined similar to Eq. (A-52b).  

 

𝜎𝑖𝑗
𝐸(𝑙𝑤)

= 𝜎𝑖𝑗
(𝑙𝑤)

+ 𝑃𝜇𝛿𝑖𝑗                                                                                                      (A-60a) 

𝜎𝑖𝑗
𝐸 = (1 − 𝑛)𝑠𝑖𝑗 + 𝑛𝑆𝛼𝜎𝑖𝑗

(𝛼)
+ 𝑛𝑆𝑙𝑤𝜎𝑖𝑗

𝐸(𝑙𝑤)
                                                                      (A-60b) 

 

It should be noted that only stress tensor for liquid water is expressed in the energy concept in 

Eq. (A-60b) in comparison with Eq. (A-13). In other words, except for the term liquid water, 

other terms (e.g., solid skeleton stress and other components in soil pores are consistent with 

the conventional definition in Eq. (A-13)). Extending the above philosophy, Eq. (A-61) is 

obtained that is consistent with Eq. (A-30). 

 

𝑑𝐹

𝑉𝑑𝑡
= (𝜎𝑖𝑗

𝐸 − ∑ 𝑆𝛼𝜎𝑖𝑗
𝐸(𝛼)𝑚

𝛼=1 )𝜀𝑖̇𝑗
(𝑠𝑜𝑙𝑖𝑑)

− ∑ [𝜎𝑖𝑗
𝐸(𝛼) (𝑛

𝑑𝑆𝛼

𝑑𝑡
+ 𝜃𝛼

𝑑𝜌𝛼

𝜌𝛼𝑑𝑡
−

𝜁𝛼

𝜌𝛼
)]𝑚

𝛼=1 −
𝑆𝐸𝑑𝑇

𝑉𝑑𝑡
         (A-61) 

 

4.8.5.4 Final expression for the Gibbs free energy 

The Gibbs free energy with respect to time can be obtained as Eq. (A-62) by setting velocity 

of soil solids as reference by substituting Eqs. (A-37), (A-47), and (A-49b) into Eq. (A-4). It 

should be noted that volume is considered as constant in the Gibbs free energy. 

 

𝑑𝐺(𝑃,𝑇,𝑁𝑘)

𝑉𝑑𝑡
=

𝑉𝑑𝑃

𝑉𝑑𝑡
−
𝑆𝐸𝑑𝑇

𝑉𝑑𝑡
+
∑𝜇𝑘𝑑𝑁𝑘

𝑉𝑑𝑡
= −

𝑑𝜎𝑖𝑗

𝑑𝑡
−
𝑆𝐸𝑑𝑇

𝑉𝑑𝑡
+ ∑𝑃𝜇𝑘∇𝑐𝑘𝜈𝑗

(𝑙𝑤) = −∑ [(𝜎𝑖𝑗,𝑖
(𝛼) −𝑚

𝛼=1

𝜌𝛼𝑔𝑖 + 𝑆
𝐸(𝛼)∇𝑇)(𝜈𝑗

(𝛼) − 𝜐𝑗
(𝑠𝑜𝑙𝑖𝑑))] + ∑𝑃𝜇𝑘∇𝑐𝑘(𝜈𝑗

(𝑙𝑤) − 𝜐𝑗
(𝑠𝑜𝑙𝑖𝑑))                                    (A-62) 

 

 

4.8.5.5 Some simplified expressions  

Eq. (A-63) can be obtained for internal energy at a constant temperature, based on Eq. (A-56). 

𝑑𝑈

𝑉𝑑𝑡
= 𝜎𝑖𝑗

𝐸 𝑑𝑉

𝑉𝑑𝑡
+ 𝐶𝑉

𝑑𝑇

𝑉𝑑𝑡
= (𝜎𝑖𝑗

𝐸 − ∑ 𝑆𝛼𝜎𝑖𝑗
𝐸(𝛼)𝑚

𝛼=1 )𝜀𝑖̇𝑗
(𝑠𝑜𝑙𝑖𝑑)

− ∑ [𝜎𝑖𝑗
𝐸(𝛼) (𝑛

𝑑𝑆𝛼

𝑑𝑡
+ 𝜃𝛼

𝑑𝜌𝛼

𝜌𝛼𝑑𝑡
−𝑚

𝛼=1

𝜁𝛼

𝜌𝛼
)]                                                                                                                                     (A-63) 
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Similarly, for Helmholtz free energy, a relationship can be obtained as Eq. (A-64) by setting 

temperature as constant.  

 

𝑑𝐹

𝑉𝑑𝑡
= (𝜎𝑖𝑗

𝐸 − ∑ 𝑆𝛼𝜎𝑖𝑗
𝐸(𝛼)𝑚

𝛼=1 )𝜀𝑖̇𝑗
(𝑠𝑜𝑙𝑖𝑑)

− ∑ [𝜎𝑖𝑗
𝐸(𝛼) (𝑛

𝑑𝑆𝛼

𝑑𝑡
+ 𝜃𝛼

𝑑𝜌𝛼

𝜌𝛼𝑑𝑡
−

𝜁𝛼

𝜌𝛼
)]𝑚

𝛼=1                     (A-64) 

 

In summary, Eq. (A-64) is a simplified form for the final expression for the Helmholtz free 

energy. The four fundamental thermodynamic potentials (i.e., Eqs. (A-58), (A-62), (A-63) and 

(A-64)) are summarized in Table A.1.  

 

4.8.6 Verification  

This section consists of three main parts; the first part highlights the relationships with available 

frameworks in the literature; the second part provides validations with the traditional models 

for both saturated and unsaturated soils; while the third part presents a rational explanation 

related to dissipative function based on the proposed framework. 

 

Based on Eqs. (A-41), (A-42), (A-48), (A-51), (A-52), and (A-63), the internal energy at 

constant (high) temperature and salt concentration is summarized as Eqs. (A-65) for 

unsaturated soils. 

 

𝑑𝑈

𝑉𝑑𝑡
= (𝜎𝑖𝑗

𝐸 − 𝑆𝛼𝑖𝑟𝜎𝑖𝑗
𝐸(𝛼𝑖𝑟) − 𝑆𝑙𝑤𝜎𝑖𝑗

𝐸(𝑙𝑤)
)𝜀𝑖̇𝑗

(𝑠𝑜𝑙𝑖𝑑)
− [𝜎𝑖𝑗

𝐸(𝛼𝑖𝑟) (𝑛
𝑑𝑆𝑎𝑖𝑟

𝑑𝑡
+ 𝜃𝑎𝑖𝑟

𝑑𝜌𝛼𝑖𝑟

𝜌𝛼𝑖𝑟𝑑𝑡
−

𝜁𝛼𝑖𝑟

𝜌𝛼𝑖𝑟
) +

𝜎𝑖𝑗
𝐸(𝑙𝑤) (𝑛

𝑑𝑆𝑙𝑤

𝑑𝑡
+ 𝜃𝑙𝑤

𝑑𝜌𝑙𝑤

𝜌𝑙𝑤𝑑𝑡
−

𝜁𝑙𝑤

𝜌𝑙𝑤
)]                                                                                    (A-65a) 

𝜎𝑖𝑗
𝐸 = (1 − 𝑛)𝑠𝑖𝑗

𝐸 + 𝑛𝑆𝛼𝑖𝑟𝜎𝑖𝑗
𝐸(𝛼𝑖𝑟)

+ 𝑛𝑆𝑙𝑤𝜎𝑖𝑗
𝐸(𝑙𝑤)

+ 𝑛𝑆𝑙𝑤𝑃𝜇𝛿𝑖𝑗                                           (A-65b) 

𝑠𝑖𝑗
𝐸 = 𝑠𝑖𝑗 + 𝑃

𝑇,(𝑠𝑜𝑙𝑖𝑑)𝛿𝑖𝑗                                                                                                     (A-65c) 

𝜎𝑖𝑗
𝐸(𝛼𝑖𝑟)

= 𝜎𝑖𝑗
(𝛼𝑖𝑟)

+ 𝑃𝑇,(𝑎𝑖𝑟)𝛿𝑖𝑗                                                                                           (A-65d) 

𝜎𝑖𝑗
𝐸(𝑙𝑤)

= 𝜎𝑖𝑗
(𝑙𝑤)

+ 𝑃𝑇,(𝑙𝑤)𝛿𝑖𝑗 + 𝑃𝜇𝛿𝑖𝑗                                                                                  (A-65e) 

𝑃𝑇 = 𝑇
𝛼𝑉

𝐾𝑉
= 𝑇

(𝜕𝑉 𝜕𝑇⁄ )𝑃

(𝜕𝑉 𝜕𝜎𝑖𝑗⁄ )
𝑇

= 𝑇 (
𝜕𝜎𝑖𝑗

𝜕𝑉 𝑉⁄
)
𝑇
(
𝜕𝑉 𝑉⁄

𝜕𝑇
)
𝜎

                                                                (A-65f) 

𝑃𝜇 =
(𝜇𝑙𝑤

∗ −𝑅𝑇
∑𝑐𝑘𝑉𝑙𝑤

𝜌𝑙𝑤𝑉𝑙𝑤 𝑀𝑙𝑤⁄
)𝜌𝑙𝑤

𝑀𝑙𝑤
                                                                                                (A-65g) 

 

Eqs. (A-65) are further simplified into conventional work input form PdV (i.e., Eq. (A-25)) 

when temperature and saline effects are not of concern. 
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Table A.1 The summary of the generalized THMC expressions based on thermodynamics principles and related definitions. 

Thermodynamic 

potentials and 

term definitions 

The generalized THMC expressions in thermodynamics Note 

Internal energy 

(dU) 

𝑑𝑈

𝑉𝑑𝑡
= (𝜎𝑖𝑗

𝐸 −∑𝑆𝛼𝜎𝑖𝑗
𝐸(𝛼)

𝑚

𝛼=1

) 𝜀𝑖̇𝑗
(𝑠𝑜𝑙𝑖𝑑)

−∑ [𝜎𝑖𝑗
𝐸(𝛼) (𝑛

𝑑𝑆𝛼
𝑑𝑡

+ 𝜃𝛼
𝑑𝜌𝛼
𝜌𝛼𝑑𝑡

−
𝜁𝛼
𝜌𝛼
)]

𝑚

𝛼=1

 
The definition of σE is 

listed below. 

Enthalpy (dH) 

𝑑𝐻

𝑉𝑑𝑡
= −(1 − 𝑇𝛼𝑉)∑ [(𝜎𝑖𝑗,𝑖

(𝛼) − 𝜌𝛼𝑔𝑖)(𝜈𝑗
(𝛼) − 𝜐𝑗

(𝑠𝑜𝑙𝑖𝑑))]

𝑚

𝛼=1

+∑𝑐𝑝
(𝛼)∇𝑇(𝜈𝑗

(𝛼) − 𝜐𝑗
(𝑠𝑜𝑙𝑖𝑑))

𝑚

𝛼=1

+∑𝑃𝜇𝑘∇𝑐𝑘(𝜈𝑗
(𝑙𝑤) − 𝜐𝑗

(𝑠𝑜𝑙𝑖𝑑)) 

cp is specific heat 

capacity and the 

definition of αV is 

listed below.  

The Helmholtz 

free energy (dF) 

𝑑𝐹

𝑉𝑑𝑡
= (𝜎𝑖𝑗

𝐸 −∑𝑆𝛼𝜎𝑖𝑗
𝐸(𝛼)

𝑚

𝛼=1

) 𝜀𝑖̇𝑗
(𝑠𝑜𝑙𝑖𝑑)

−∑ [𝜎𝑖𝑗
𝐸(𝛼) (𝑛

𝑑𝑆𝛼
𝑑𝑡

+ 𝜃𝛼
𝑑𝜌𝛼
𝜌𝛼𝑑𝑡

−
𝜁𝛼
𝜌𝛼
)]

𝑚

𝛼=1

 

The definition of σE is 

different from that in 

internal energy. 

The Gibbs free 

energy (dG) 

𝑑𝐺

𝑉𝑑𝑡
= −∑ [(𝜎𝑖𝑗,𝑖

(𝛼) − 𝜌𝛼𝑔𝑖 + 𝑆
𝐸(𝛼)∇𝑇)(𝜈𝑗

(𝛼) − 𝜐𝑗
(𝑠𝑜𝑙𝑖𝑑))]

𝑚

𝛼=1

+∑𝑃𝜇𝑘∇𝑐𝑘(𝜈𝑗
(𝑙𝑤) − 𝜐𝑗

(𝑠𝑜𝑙𝑖𝑑)) SE is specific entropy. 



Page 124 

 

 

σE in internal 

energy 

{
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 𝜎𝑖𝑗

𝐸 = (1 − 𝑛)(𝑠𝑖𝑗 + 𝑃𝑇
𝑠𝑜𝑙𝑖𝑑𝛿𝑖𝑗) + 𝑛∑ 𝑆𝛼(𝜎𝑖𝑗

(𝛼)
+ 𝑃𝑇

(𝛼)
𝛿𝑖𝑗)

𝑚

𝛼=1

+ 𝑛𝑆𝑙𝑤𝑃𝜇𝛿𝑖𝑗

𝑠𝑖𝑗
𝐸 = 𝑠𝑖𝑗 + 𝑃𝑖𝑗

𝑇,𝑠𝑜𝑙𝑖𝑑

𝜎𝑖𝑗
𝐸(𝑙𝑤)

= 𝜎𝑖𝑗
(𝑙𝑤)

+ 𝑃𝑇,(𝑙𝑤)𝛿𝑖𝑗 + 𝑃𝜇𝛿𝑖𝑗

𝜎𝑖𝑗
𝐸(𝛼)

= 𝜎𝑖𝑗
(𝛼)
+ 𝑃𝑇,(𝑎)𝛿𝑖𝑗

𝑃𝑇 = 𝑇
𝛼𝑉
𝐾𝑉

= 𝑇 (
𝜕𝜎𝑖𝑗

𝜕𝑉 𝑉⁄
)
𝑇

(
𝜕𝑉 𝑉⁄

𝜕𝑇
)
𝜎

𝛼𝑉 =
1

𝑉
(
𝜕𝑉

𝜕𝑇
)
𝑃

𝐾𝑉 =
1

𝑉
(
𝜕𝑉

𝜕𝜎𝑖𝑗
)
𝑇

𝑃𝜇 =
(𝜇𝑙𝑤

∗ − 𝑅𝑇
∑𝑐𝑘𝑉𝑙𝑤

𝜌𝑙𝑤𝑉𝑙𝑤 𝑀𝑙𝑤⁄
) 𝜌𝑙𝑤

𝑀𝑙𝑤

𝜌𝑙𝑤 =
𝑚𝑙𝑤 + ∑𝑀𝑘𝑁𝑘

𝑉𝑙𝑤

  

Pμk in enthalpy 

and the Gibbs 

free energy 

𝑃𝜇𝑘 = 𝜇𝑘
∗ + 𝑅𝑇ln (

𝑐𝑘𝑀𝑙𝑤

𝜌𝑙𝑤
)  

σE in the 

Helmholtz free 

energy 

{
𝜎𝑖𝑗
𝐸 = (1 − 𝑛)𝑠𝑖𝑗 + 𝑛𝑆𝛼𝜎𝑖𝑗

(𝛼)
+ 𝑛𝑆𝑙𝑤𝜎𝑖𝑗

𝐸(𝑙𝑤)

𝜎𝑖𝑗
𝐸(𝑙𝑤)

= 𝜎𝑖𝑗
(𝑙𝑤)

+ 𝑃𝜇𝛿𝑖𝑗
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4.8.6.1 Comparisons with other frameworks in the literature 

The key conclusions based on the proposed generalized framework (i.e., the Gibbs and the 

Helmholtz free energy) in Eqs. (A-62) and (A-64) without considering temperature and saline 

effects in the study are summarized in the following Eqs. (A-66a) and (A-66b), respectively.  

 

𝑑𝐺

𝑉𝑑𝑡
= 𝜌

𝑑𝜈𝑗

𝑑𝑡
(𝜐𝑗 − 𝜐𝑗

(𝑠𝑜𝑙𝑖𝑑)) = −∑ [(𝜎𝑖𝑗,𝑖
(𝛼) − 𝜌𝛼𝑔𝑖)(𝜈𝑗

(𝛼) − 𝜐𝑗
(𝑠𝑜𝑙𝑖𝑑))]𝑚

𝛼=1                          (A-66a) 

𝑑𝐹

𝑉𝑑𝑡
= 𝜎𝑖𝑗𝜀𝑖̇𝑗 = (𝜎𝑖𝑗 − ∑ 𝑆𝛼𝜎𝑖𝑗

(𝛼)𝑚
𝛼=1 )𝜀𝑖̇𝑗

(𝑠𝑜𝑙𝑖𝑑)
− ∑ [𝜎𝑖𝑗

(𝛼) (𝑛
𝑑𝑆𝛼

𝑑𝑡
+ 𝜃𝛼

𝑑𝜌𝛼

𝜌𝛼𝑑𝑡
−

𝜁𝛼

𝜌𝛼
)]𝑚

𝛼=1         (A-66b) 

 

The current study highlights two processes (i.e., Eqs. (A-66)) in thermodynamics by comparing 

with the work input method in the literature (Houlsby, 1997). Detailed comparison reveals that 

these two processes are ∂(PV) / ∂t relationships. A negative sign notation is extended based on 

the Legendre transformation (Houlsby and Puzrin, 2000) for these relationships.  

 

Close examination of Eq. (A-66b) with the succinctly summarized method proposed by Borja 

(2006) suggest they are the same except for the difference in linear elastic assumption in 

treating variation of densities.  

 

However, Eq. (A-66a) proposed in the present study is based on thermodynamics and 

conservation laws. It is of interest to highlight that Eq. (A-66a) is strongly related to the flow 

behavior of soils. For this reason, this process is valuable in understanding the hydro-

mechanical behaviors of soils (e.g., Garcia et al. 2010; Fredlund et al. 2012; Pouya et al. 2013; 

Li and Vanapalli, 2022b; Qian et al. 2022).   

 

In summary, the generalized framework proposed in the present study highlights two distinct 

processes in geotechnical engineering within thermodynamics framework as summarized in 

Eqs. (A-58), (A-62), (A-63) and (A-64) (see Table A.1): one is related to the extended hydro-

mechanical behavior of soils (the variation of degree of saturation and density and mass 

exchange are also included), while the other highlights the flow behaviors (including heat and 

mass transports).  

 

4.8.6.2 Comparisons with the classical models for saturated and unsaturated soils 

The generality of the proposed framework is also validated by drawing theoretical deductions 



Page 126 

 

of several classical forms from the literature for both saturated and unsaturated soils. In 

addition, extensions to explain unsaturated frozen soils are succinctly discussed based on the 

independent stress state variables, which is consistent with explaining unsaturated unfrozen 

soils behaviors proposed by Fredlund and Morgenstern (1977). Finally, the similarities and 

differences between the analytical relationships proposed in this study with other models from 

the literature are also discussed and summarized.  

 

Most verifications are provided using Eqs. (A-66), or more specifically, the various forms of 

equations summarized in Eqs. (A-67) and (A-68) that facilities in providing clear explanation 

without considering temperature effects. The symbols σ(α) in expressing pore pressures are 

replaced by P(α) to follow the conventions in the literature. In other words, Eqs. (A-67) can be 

regarded as a general equation that considers pore- air and water pressures and osmotic suction 

induced by salts solution.  

 

𝝈′ = 𝝈 − 𝑆𝑙𝑤𝝈
𝐸(𝑙𝑤) − 𝑆𝑎𝑖𝑟𝑷

𝑎𝑖𝑟                                                                                        (A-67a) 

𝑆𝑙𝑤 + 𝑆𝑎𝑖𝑟 = 1                                                                                                                  (A-67b) 

𝝈𝐸(𝑙𝑤) = 𝑷𝑙𝑤 + 𝑷𝜇                                                                                                           (A-67c) 

 

Eq. (A-68) summarized below is one set of frequently used independent stress state variables 

based on Eqs. (A-67). 

 

(𝝈 − 𝑷𝑎𝑖𝑟), (𝑷𝑎𝑖𝑟 − 𝝈𝐸(𝑙𝑤))                                                                                               (A-68) 

 

The choice of stress state variables in Eq. (A-68) are flexible and dependent on the scenarios 

that arise in engineering practice (Fredlund and Morgenstern, 1977). 

 

4.8.6.2.1 Discussions on salt solution effects 

One of the equations that considers osmotic suction into account is proposed by Rao and 

Thyagaraj (2007) as shown in Eq. (A-69).  

 

𝝈′ = 𝝈 − 𝑷𝑙𝑤 + 𝛼𝑅(𝑷𝜇𝑓 − 𝑷𝜇0) = 𝜎𝑖𝑗 − 𝑃
𝑙𝑤𝛿𝑖𝑗 + 𝛼𝑅(𝑖𝑣ℎ𝑐𝑘𝑅𝑇)𝛿𝑖𝑗                                (A-69) 

 

where Pμf and Pμ0 are final and initial osmotic suctions, respectively, αR is a model parameter, 
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and ivh is Van’t Hoff factor. In Eq. (A-69), concentration ck specifies the concentration of salts 

(e.g., Rao and Shivananda, 2005). Eq. (A-69) can be derived from Eqs. (A-67) as shown below. 

 

𝝈′ = 𝝈 − 𝑷𝑙𝑤 − 𝑷𝜇 = 𝝈 − 𝑷𝑙𝑤 − (𝑷𝜇𝑓 − 𝑷𝜇0) = 𝜎𝑖𝑗 − 𝑃
𝑙𝑤𝛿𝑖𝑗 − [

(𝜇𝑙𝑤
∗ −𝑅𝑇

∑𝑐𝑘𝑉𝑙𝑤
𝜌𝑙𝑤𝑉𝑙𝑤 𝑀𝑙𝑤⁄

)𝜌𝑙𝑤

𝑀𝑙𝑤
−

𝜇𝑙𝑤
∗ 𝜌𝑙𝑤

𝑀𝑙𝑤
] 𝛿𝑖𝑗 = 𝜎𝑖𝑗 − 𝑃

𝑙𝑤𝛿𝑖𝑗 + (𝑅𝑇∑ 𝑐𝑘)𝛿𝑖𝑗                                                                         (A-70) 

 

In Eq. (A-69), model parameter αR is unity and Van’t Hoff factor equals to two for ideal dilute 

sodium chloride (NaCl) solution (i.e., one molar sodium chloride salts are ideally dissolved 

into two molar ions) based on the assumption (iv) used in this study. Eq. (A-69) is the same as 

Eq. (A-70) while Eq. (A-70) is expressed as the sum of dissolved substances (ions) in the last 

term.  

 

4.8.6.3 Discussion on dissipation function  

Eq. (A-71), which is a dissipation function D can be written based on research studies 

summarized in the literature (e.g., Collins and Houlsby, 1997; Houlsby and Puzrin, 2000).  

 

𝐷 ≡ 𝑇
𝑑𝑆𝐸,𝑖𝑟

𝑑𝑡
= 𝜒𝑖𝑗

𝐷 𝑑𝛼𝑖𝑗
𝐷

𝑑𝑡
                                                                                                         (A-71) 

where χD is a stress-like variable and αD is a strain-like variable (e.g., Collins and Houlsby, 

1997; Houlsby and Puzrin, 2000).   

 

Based on Eqs. (A-11), (A-39), (A-42), and (A-50), without considering chemical solution, the 

following Eqs. (A-72) can be obtained.  

 

𝑑𝑈

𝑉𝑑𝑡
=

𝜎𝑖𝑗𝑑𝑉

𝑉𝑑𝑡
+
𝑇𝑑𝑆𝐸

𝑉𝑑𝑡
=

𝜎𝑖𝑗𝑑𝑉

𝑉𝑑𝑡
+ [𝑇 (

𝜕𝑆𝐸

𝜕𝑉
)
𝑇

𝑑𝑉

𝑉𝑑𝑡
+ 𝑇 (

𝜕𝑆𝐸

𝜕𝑇
)
𝑉

𝑑𝑇

𝑉𝑑𝑡
] =

𝜎𝑖𝑗𝑑𝑉

𝑉𝑑𝑡
+ [𝑇

𝛼𝑉

𝐾𝑉

𝑑𝑉

𝑉𝑑𝑡
+ 𝐶𝑉

𝑑𝑇

𝑉𝑑𝑡
] =

𝜎𝑖𝑗𝑑𝑉

𝑉𝑑𝑡
+ [𝑃𝑖𝑗

𝑇 𝑑𝑉

𝑉𝑑𝑡
+ 𝐶𝑉

𝑑𝑇

𝑉𝑑𝑡
] = (𝜎𝑖𝑗 + 𝑃𝑖𝑗

𝑇)
𝑑𝜀𝑖𝑗

𝑑𝑡
+ 𝐶𝑉

𝑑𝑇

𝑉𝑑𝑡
                                                       (A-72a) 

𝑃𝑖𝑗
𝑇 = 𝑇

𝛼𝑉

𝐾𝑉
= 𝑇

(𝜕𝑉 𝜕𝑇⁄ )𝑃

−(𝜕𝑉 𝜕𝑃⁄ )𝑇
= 𝑇 (

𝜕𝜎𝑖𝑗

𝜕𝑉 𝑉⁄
)
𝑇
(
𝜕𝑉 𝑉⁄

𝜕𝑇
)
𝜎

                                                               (A-72b) 

 

Note PT in Eq. (A-72b) is derived from the second term of internal energy (i.e., TdSE) based on 

the Maxwell relationships (see Appendix B). By analogy the derivation process in Eq. (A-72a) 
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that is based on the entropy SE definition (i.e., reversible and irreversible parts in Eq. (A-38)), 

the second term (i.e., TdSE) in Eq. (A-72a) can be expressed as Eq. (A-73a).  

 

𝑇𝑑𝑆𝐸

𝑉𝑑𝑡
=

𝑇𝑑𝑆𝐸,𝑖𝑟

𝑉𝑑𝑡
+
𝑇𝑑𝑆𝐸,𝑟𝑒

𝑉𝑑𝑡
= [𝑇 (

𝜕𝑆𝐸,𝑖𝑟

𝜕𝑉
)
𝑇

𝑑𝑉

𝑉𝑑𝑡
+ 𝑇 (

𝜕𝑆𝐸,𝑖𝑟

𝜕𝑇
)
𝑉

𝑑𝑇

𝑉𝑑𝑡
] + [𝑇 (

𝜕𝑆𝐸,𝑟𝑒

𝜕𝑉
)
𝑇

𝑑𝑉

𝑉𝑑𝑡
+

𝑇 (
𝜕𝑆𝐸,𝑟𝑒

𝜕𝑇
)
𝑉

𝑑𝑇

𝑉𝑑𝑡
] = [𝑃𝑖𝑗

𝑇,𝑖𝑟 𝑑𝑉

𝑉𝑑𝑡
+ 𝐶𝑉

𝑖𝑟 𝑑𝑇

𝑉𝑑𝑡
] + [𝑃𝑖𝑗

𝑇,𝑟𝑒 𝑑𝑉

𝑉𝑑𝑡
+ 𝐶𝑉

𝑟𝑒 𝑑𝑇

𝑉𝑑𝑡
]                                       (A-73a) 

 

Extending Eq. (A-72b), Eq. (A-73a) can be expressed as Eq. (A-73b). 

 

𝑃𝑖𝑗
𝑇 = 𝑃𝑖𝑗

𝑇,𝑖𝑟 + 𝑃𝑖𝑗
𝑇,𝑟𝑒 = 𝑇 (

𝜕𝜎𝑖𝑗
𝑖𝑟

𝜕𝑉 𝑉⁄
)
𝑇
(
𝜕𝑉 𝑉⁄

𝜕𝑇
)
𝜎
+ 𝑇 (

𝜕𝜎𝑖𝑗
𝑟𝑒

𝜕𝑉 𝑉⁄
)
𝑇
(
𝜕𝑉 𝑉⁄

𝜕𝑇
)
𝜎

                                     (A-73b) 

 

where superscript -ir and -re denote irreversible and reversible parts, respectively. Based on 

the energy conservation (i.e., the total work input equals to the sum of work input into each 

subsystem) in Eq. (A-19), Eq. (A-73a) for irreversible and reversible parts should be further 

written as following Eq. (A-74).  

 

𝑑𝑊

𝑉𝑑𝑡
= ∑

𝑑𝑊𝛼

𝑉𝑑𝑡

𝑚
𝛼=1 = 𝑃𝑖𝑗

𝑇,𝑖𝑟 𝑑𝑉
𝑖𝑟

𝑉𝑑𝑡
+ 𝑃𝑖𝑗

𝑇,𝑟𝑒 𝑑𝑉
𝑟𝑒

𝑉𝑑𝑡
= 𝑃𝑖𝑗

𝑇,𝑖𝑟 𝑑𝜀𝑖𝑗
𝑖𝑟

𝑉𝑑𝑡
+ 𝑃𝑖𝑗

𝑇,𝑟𝑒 𝑑𝜀𝑖𝑗
𝑟𝑒

𝑉𝑑𝑡
                                    (A-74) 

 

The dissipation function in Eq. (A-71) can be expressed as Eq. (A-75) based on Eqs. (A-73) 

and (A-74).  

 

𝐷 ≡ 𝑇
𝑑𝑆𝐸,𝑖𝑟

𝑑𝑡
= 𝜒𝑖𝑗

𝐷 𝑑𝛼𝑖𝑗
𝐷

𝑑𝑡
= 𝑇 (

𝜕𝑆𝐸,𝑖𝑟

𝜕𝑉
)
𝑇

𝑑𝑉𝑖𝑟

𝑉𝑑𝑡
= [𝑇 (

𝜕𝜎𝑖𝑗
𝑖𝑟

𝜕𝑉 𝑉⁄
)
𝑇
(
𝜕𝑉 𝑉⁄

𝜕𝑇
)
𝜎
]
𝑑𝑉𝑖𝑟

𝑉𝑑𝑡
= 𝑃𝑖𝑗

𝑇,𝑖𝑟 𝑑𝜀𝑖𝑗
𝑖𝑟

𝑑𝑡
           (A-75) 

 

In the last term of Eq. (A-75), the irreversible strain εir induced by irreversible stress shall be 

highlighted to follow the energy conservation in Eq. (A-19). Based on Eq. (A-75), the stress-

like term χD in dissipation function can be explained based on the framework proposed in this 

study. In addition, friction in geomaterials has a strong contribution towards irreversible stress 

during isothermal process.  
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4.8.7 Applications for unsaturated soils 

4.8.7.1 Isotropic compression under constant soil suction 

The hydro-mechanical behaviors of unsaturated soils are of significant interest in the field of 

geotechnical engineering. Various experimental studies were undertaken in the literature for 

better understanding the coupled deformation and flow behaviors of unsaturated soils. For 

example, Sun et al. 2007b and 2007c have performed classical experimental tests with different 

initial void ratios under isotropic compression.  

 

In the experimental procedures while performing tests on unsaturated soil specimens, soil 

suction (ψ = Pair - Plw) is typically kept constant, while gradually increasing net mean loadings. 

Experimental results and model simulations (e.g., Sun et al. 2007b and 2007c; Sheng and Zhou, 

2011) suggest that the increment of water content is not in accordance with volume change of 

unsaturated soils. The developed framework in the present study is extended for better 

understanding the mechanisms of isotropic compression tests with various void ratios in 

unsaturated soils.  

 

The internal energy relationship without considering temperature and salt solution can be 

reduced into Eq. (A-76) based on Eq. (A-65) for unsaturated soils that are subjected to isotropic 

loadings (i.e., without shearing stress).  

 

𝑑𝑈

𝑉𝑑𝑡
= (𝑝 − 𝑢(𝑎𝑖𝑟))𝜀𝑉̇

(𝑠𝑜𝑙𝑖𝑑)
+ (𝑢(𝑎𝑖𝑟) − 𝑢(𝑙𝑤)) (𝑆𝑙𝑤𝜀𝑉̇

(𝑠𝑜𝑙𝑖𝑑)
+ 𝑛

𝑑𝑆𝑙𝑤

𝑑𝑡
)                                 (A-76) 

 

where σv and εv mean stress and volumetric strain, respectively extending scalar form for 

isotropic compression loading condition. In addition, in the above equation, both density and 

mass changes are not considered.  

 

Eq. (A-76) suggests that the soil suction (ψ = Pair - Plw) is related to both volume and water 

content changes of unsaturated soils. However, under isotropic compression tests, the change 

of soil suction is always zero (i.e., dψ ≡ 0). The second part on the right side of Eq. (A-76), 

suggests the internal energy is dependent on the variation of water content. From the above 

analyses and discussions, Eq. (A-77) is valid for isotropic compression tests with constant soil 

suction. 
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𝑑𝜓 = 𝑑𝜓(soil volume reduce) + 𝑑𝜓(water content rise) ≡ 0                                      (A-77) 

 

Eq. (A-77) provides a fundamental explanation of the water content changes associated with 

soil suction or water content dependent hydro-mechanical behaviors of soil subjected to 

isotropic loadings from experimental studies under constant soil suction conditions.  

 

The soil suction increment caused by the volume contraction of soils can be evaluated using 

Eq. (A-79) based on the classical definition from the Capillary law as shown in Eq. (A-78), 

𝜓 =
𝛾𝑎𝑤

𝑟𝑑
                                                                                                                               (A-78) 

𝑑𝜓

𝜓
= −

1

𝑟𝑑
𝑑𝑟𝑑 = −

1

ℎ(𝑉𝑝𝑜𝑟𝑒)
𝑑𝑉𝑝𝑜𝑟𝑒 = −

1

ℎ(𝑒)
𝑑𝑒                                                                  (A-79) 

 

where γaw is air-water interfacial energy in unsaturated soils, rd is the pore radius, and void ratio  

e = Vpore / Vsolid.  

 

In this relationship, the volume of soil solids is set as constant (e.g., unity). By introducing 

various relationships between the soil volume and pore radii, the links between the variation of 

soil suction that is induced from soil volume change can be found (e.g., Hu et al. 2013; Li and 

Vanapalli et al. 2022b).  

 

Relationships of Eqs. (A-80) can be used extending the above philosophy. 

 

𝑑𝜓

𝜓
= −𝜉𝑠

𝑑𝑒

𝑒0
                                                                                                                       (A-80a) 

𝜓

𝜓0
= exp (−𝜉𝑠

𝑒−𝑒0

𝑒0
)                                                                                                         (A-80b) 

where e0 is the initial void ratio, and ξs is a model parameter.  

 

The widely accepted equations in isotropic compression tests (e.g., Alonso et al. 1990; Sheng 

and Zhou, 2011; Lei et al. 2016; Le Pense et al. 2016) for elastic regime and elastoplastic 

response are listed in Eqs. (A-81a) and (A-81b), respectively. 

 

𝑑𝜀𝑣 = 𝑘𝑝
𝑑𝑝

𝑝+𝜓0
+ 𝑘𝑠

𝑑𝜓

𝑝0+𝜓
                                                                                                  (A-81a) 

𝑑𝜀𝑣 = 𝜆𝑝
𝑑𝑝

𝑝+𝜓0
+ 𝜆𝑠

𝑑𝜓

𝑝0+𝜓
                                                                                                   (A-81b) 
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where kp, ks, λp and λs are model parameters, ψ0 is the initial soil suction, and p0 is the mean 

pressure at reference state. Based on Eqs. (A-80a) and (A-81), the Eq. (A-82) is suggested that 

can be used to calculate the volumetric deformation for unsaturated soils with distinct initial 

void ratio. 

 

𝑑𝜀𝑣 = 𝜆𝑝
𝑑𝑝

𝑝+𝜓0
+ 𝜆𝑠

𝑑𝜓

𝑝0+𝜓
≅ 𝜆𝑝

𝑑𝑝

𝑝+𝜓0
− 𝜉𝑠𝜆𝑠

𝑑𝑒

𝑒0
= 𝜆𝑝(1 + 𝜉𝑠𝜆𝑠)

𝑑𝑝

𝑝+𝜓0
= 𝜆𝑝(1 + 𝜉𝑠0)

𝑑𝑝

𝑝+𝜓0
   

(A-82) 

 

where ξs0 is a model parameter.  

 

As shown in Eq. (A-82), the parameter ξs0 is dependent with compression behaviors of 

unsaturated soils under soil (matric) suction. This relationship also suggests that for different 

initial void ratios, the compression behaviors under mechanical loadings are distinct even at 

constant soil suction (e.g., Alonso et al. 1990; Lei et al. 2016; Le Pense et al. 2016).  

Eq. (A-83) is suggested to compute volumetric strain under isotropic mechanical loadings at 

constant soil suction assuming elastoplastic response for various initial states (e.g., distinct 

initial void ratios).  

 

𝑑𝜀𝑣 = {

𝑘𝑝
𝑑𝑝

𝑝+𝜓0
, 𝑝 ≤ 𝑝𝑦0

[𝜆𝑝exp (−𝜉𝑠1
𝑒𝑟𝑒𝑓−𝑒0

𝑒𝑟𝑒𝑓
)]

𝑑𝑝

𝑝+𝜓0
, 𝑝 > 𝑝𝑦0 

                                                                 (A-83) 

 

where py0 is the preconsolidation pressure, ξs1 is a model parameter and eref is the initial void 

ratio at reference state. As can be seen in Eq. (A-83), prior to preconsolidation pressure py0, 

only elastic response is observed, while after preconsolidation pressure py0, elastoplastic 

response is highlighted. The parameter λp is strongly related to the variation of soil suction 

(e.g., Alonso et al., 1990; Sheng and Zhou, 2011), as soil suction is kept as constant in the test, 

the parameter is set as a constant value. 

 

 Eq. (A-84) is the BC model (Brooks and Corey, 1964) that can be extended for the soil suction 

reduction caused by the water content rise. 
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𝑆𝑙𝑤

𝑆𝑙𝑤,0
= (

𝜓

𝜓0
)
−𝜆𝑏𝑐

                                                                                                                   (A-84) 

 

where λbc is a model parameter in BC model, and Slw,0 is the degree of saturation at initial state.  

Eq. (A-85a) can be obtained by substituting Eq. (A-80b) into Eq. (A-84). 

 

As shown in Eqs. (A-80), soil volume contraction will result in soil suction increase. Based on 

Eq. (A-77), the water content rise process is possible to compensate for the soil suction rise 

induced from mechanical compression.  

 

𝑆𝑙𝑤

𝑆𝑙𝑤,0
= exp (𝜉𝑠𝜆𝑏𝑐

𝑒−𝑒0

𝑒0
)                                                                                                     (A-85a) 

 

A negative sign on the right side of Eq. (A-85b) is introduced in comparison with Eq. (A-85a) 

to describe the water content rise process. 

 

𝑆𝑙𝑤

𝑆𝑙𝑤,0
= exp (−𝜉𝑠𝜆𝑏𝑐

𝑒−𝑒0

𝑒0
) = exp (

1+𝑒0

𝑒0
𝜉𝑠𝜆𝑏𝑐

𝑒0−𝑒

1+𝑒0
) = exp (

1+𝑒0

𝑒0
𝜉𝑠𝜆𝑏𝑐𝜀𝑣) = exp (

1+𝑒0

𝑒0
𝜉𝑠2𝜀𝑣) 

(A-85b) 

 

where ξs2 is a model parameter.  

 

It should be noted that this is the water rise process that contributes to a decrease in soil suction 

as revealed by Eq. (A-77). Based on Eqs. (A-82) and (A-85b), the overall increase of degree 

of saturation of water (i.e., the sum of soil volume contraction and water content rise) can be 

written as Eq. (A-86). 

 

𝑆𝑙𝑤 = 𝑆𝑙𝑤,𝑜
𝑆𝑙𝑤 𝑉⁄

𝑆𝑙𝑤,𝑜 𝑉0⁄
= 𝑆𝑙𝑤,𝑜

𝑆𝑙𝑤

𝑆𝑙𝑤,0

𝑉0

𝑉
= 𝑆𝑙𝑤,𝑜exp (

1+𝑒0

𝑒0
𝜉𝑠2𝜀𝑣) (1 − 𝜀𝑣)⁄                                (A-86) 

 

Based on Eqs. (A-83) and (A-86), the volumetric deformation and water content rise under 

isotropic loadings can be predicted. The elastoplastic response of degree of saturation 

corresponding to soil suction is not considered as soil suction is kept as constant in the test. 

The model performance using the experimental results (ψ0 =147 kPa) in the literature (e.g., Sun 

et al. 2007b and 2007c) are highlighted in Figure A-1. The preconsolidation pressure py0 is set 
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as 50 kPa for all cases. And the model values for parameters kp, λp, ξs1, and ξs2 are 0.06, 0.20, 

3.92, and 0.22, respectively.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Note: Experimental dots are gathered from Sun et al. 2007b and 2007c. Solid lines are 

prediction results.  

 

Figure A-1 Prediction on isotropic compression tests at constant soil suction. 
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4.8.8 Discussion  

Eqs. (A-67) are a set of generalized equations for solid skeleton stress loading on soil solids 

expressed in a continuum form. However, continuum form equation is not suitable to model 

complex hydro-mechanical behaviors of unsaturated soils as revealed by experimental results 

evidence in the literature (e.g., Wheeler & Sivakumar, 1995; Cunningham et al., 2003). In this 

study, the flexibility and generality of Eq. (A-68) is highlighted.  

 

Eq. (A-68) is expressed in terms of independent stress state variables (e.g., Fredlund et al. 2012; 

Yang and Vanapalli, 2023) that can be used for reasonable interpretation of the complex hydro-

mechanical behaviors of unsaturated soils. Different combinations of three independent stress 

state variables can be used for quantitative evaluation (Fredlund and Morgenstern, 1977).  

  

4.9 Appendix B 

Based on the symmetry of second derivatives and thermodynamic potentials, the following 

commonly used Maxwell relations are highlighted. 

(
𝜕𝑦

𝜕𝑥
)
𝑧
= 1 (

𝜕𝑥

𝜕𝑦
)
𝑧

⁄                                                                                                                  (B-1) 

−
𝜕2𝐹

𝜕𝑉𝜕𝑇
= (

𝜕𝑆𝐸

𝜕𝑉
)
𝑇
= (

𝜕𝑃

𝜕𝑇
)
𝑉
=

𝛼𝑉

𝐾𝑉
                                                                                          (B-2) 

𝜕2𝐺

𝜕𝑇𝜕𝑃
= −(

𝜕𝑆𝐸

𝜕𝑃
)
𝑇
= (

𝜕𝑉

𝜕𝑇
)
𝑃
= 𝛼𝑉𝑉                                                                                       (B-3) 

 

4.10 Notation 

 

ck   the concentration of k-th substance (solute) in liquid water 

cp    specific heat capacity 

CV and CP  heat capacity at constant volume and pressure, respectively 

e0   initial void ratio 

eij   deviatoric strain 

eref   initial void ratio at reference state 

flw, fair, fice  average velocities of pore-liquid-water, pore-air, and pore-ice, respectively 

gi   acceleration of gravity 

ivh   Van’t Hoff factor 

I   identity tensor of second order 

kp and ks  model parameters 
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Kα  bulk modulus 

KV   compressibility 

La   latent heat of fusion of ice 

Mk   molar mass of k-th substance 

Mlw    molar mass of liquid water 

n   soil porosity 

py0    preconsolidation pressure 

PT,solid, PT,(α)  thermal stress in soil solids and α-th component in soil pores, respectively 

Pμ and Pμk  chemical potential of water and chemical potential of k-th solute, respectively 

Pμf and Pμ0  final and initial osmotic suctions, respectively  

R   universal gas constant 

rd   the pore radius 

s   soil solid skeleton stress 

sE and σE(α)  stress tensor in energy concept for soil skeletons and α-th component in soil 

pores, respectively  

Slw, Sair, Sice  degree of saturations for pore-liquid-water, pore-air, and pore-ice, respectively 

Slw,0   degree of saturation at initial state 

Sr   residual degree of saturation 

Sα, Vα, θα  degree of saturation, volume, and volumetric content of α-th component in soil 

pores, respectively 

SE, T   entropy, and temperature, respectively 

SE,ir and SE,re  entropy in irreversible and reversible processes, respectively  

SE(solid), SE(α)  entropy of soil solids and α-th component in soil pores, respectively 

t   time  

T  temperature 

T0   freezing point of free water 

Tij   surface tension 

qi   the heat flux 

ulw, uair  pore-water (liquid), and pore-air pressures, respectively 

V, P  volume, and pressure, respectively 

Vsolids, Vpores  volumes of soil solids and pores, respectively   

xk, and γk  mole fraction, and coefficient of activity of the k-th substance, respectively 

αk, α1, α2 parameters of effective stress equation 

α12, α34  parameters of effective stress equation 
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αD   strain-like variable in dissipation function 

αR   model parameter 

αVT    coefficient of thermal expansion 

γaw   air-water interfacial energy in unsaturated soils 

δ = δij   Kronecker delta 

ε(α), ν(α)  the strain and velocity vector of α-th component, respectively 

εv   volumetric strain 

ζα   the mass supply to component α from other components 

θlw, θair  volumetric fractions for pore-liquid-water, and pore-air, respectively 

θice  volumetric fractions for pore-ice 

λ   model variable for frozen soils 

λbc   model parameter in BC model (Brooks and Corey, 1964) 

λp, λs, λsp model parameters 

μk and Nk chemical potentials, and the number of particles of the k-th substance, 

respectively 

ξ   model parameter for effective stress of unsaturated soils 

ξs0, ξs1, ξs2  model parameters 

ρ   the total density 

ρα, mα   the density and mass of α-th component, respectively 

ρsolid   the density of soil solids 

σ  total stress tensor 

σv, εv   mean stress and volumetric strain in scalar, respectively 

σv0   mean pressure at initial state in scalar 

σ′  effective stress tensor 

σ(α)   the stress tensor of α-th component 

ν   velocity vector 

χ   model parameter in Bishop expression for effective stress 

χ12, χ34   parameters of effective stress equation 

χD   stress-like variable in dissipation function  

ψ  soil suction 

ψ0, e0   initial soil suction and initial void ratio, respectively 
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CHAPTER 5  

Equations for Soil Freezing Characteristics Curves Based on  

the Thermodynamics Principles 

 

5.1. Introduction 

The soil-water characteristics curve (SWCC) is widely used as a tool for explaining the 

behavior of unsaturated soils that are in a state of unfrozen condition (e.g., Parlange, 1976; 

Fredlund et al., 1994; Vanapalli et al., 1999; Khosravi and McCartney, 2012; Li and Vanapalli, 

2021). The relationship between either volumetric or gravimetric water content or degree of 

saturation and soil suction is widely known as the SWCC. This relationship is also referred to 

as the soil-moisture curve or soil-water retention curve in the literature (e.g., Fredlund and 

Rahardjo, 1993). Several SWCC models have been successfully developed and used for 

predicting the non-linear hydro-mechanical behavior of unfrozen unsaturated soils (e.g., 

Mualem, 1976; Nemes et al., 2001; Chin et al., 2010; Zhai et al., 2017; Li and Vanapalli, 

2022a).  

 

The THMC behavior of soils are significantly influenced by both the freeze-thaw and wet-dry 

cycles (e.g., Barbour and Yang, 1993; Hansson et al., 2004; Langman et al., 2017; Zhou et al., 

2019; Li and Vanapalli, 2022b). In frozen soils, the pore-water can exist in a partial or in a 

fully frozen state (e.g., Drotz et al., 2009; Li et al., 2012; Vugmeyster et al., 2017; Fu et al., 

2018; He et al., 2021). The initial freezing point of water within the soils is lower than the 

fusion point of pure water due to certain factors such as the high pore pressures (Koopmans 

and Miller, 1966; Banin and Anderson, 1974; Black and Tice, 1989; Ren and Vanapalli, 2019). 

The relationship between the unfrozen water content and temperature which is referred to as 

the soil freezing characteristic curve (SFCC) is used for understanding, interpreting and 

predicting the behavior of frozen unsaturated soils with temperatures lower than 0 °C (e.g., 

Kurylyk and Watanabe, 2013; Hu et al., 2020; Teng et al., 2020; Xiao et al., 2022).  

 

 

 

The contents of this chapter are published in Geoderma Journal.  

Li, Y., and Vanapalli, S. K. (2023). Equations for Soil Freezing Characteristics Curves Based 

on the Thermodynamics Principles. Geoderma, 439: 116644. doi: 

10.1016/j.geoderma.2023.116644. 
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In recent decades, several approaches have been used for modeling SFCC behavior in the 

literature (Coussy, 2005; Kurylyk and Watanabe, 2013; Zhang and Lu, 2021). One of the 

approaches is based on semi-empirical or empirical methods (e.g., Black and Tice, 1989; 

Kozlowski, 2007); the other approach is based on exploiting the SFCC similarities with the 

SWCC (e.g., Watanabe and Mizoguchi, 2002; Liu and Yu, 2013; Wang et al., 2017; Bai et al., 

2018; Chai et al., 2018; Zhou et al., 2018; Teng et al., 2020; Wan and Yang, 2020; Jin et al., 

2020; Teng et al., 2021; Kong et al., 2022). Figure 5.1 highlights the similarities between the 

SFCCs and SWCCs; however, the physical meanings of model parameters and the relationships 

between the SFCCs and SWCCs based on a consistent theoretical framework require further 

discussion. 

 

In this study, rigorous SFCC models are proposed extending the principles of thermodynamics 

highlighting relationships between the cryogenic pressure and temperature. The proposed 

SFCC models were also linked to the widely used SWCC models in the literature. The complex 

hysteretic behaviors are also explained using the proposed SFCC models. In addition, different 

zones in the SFCC are clearly distinguished and the influential factors (i.e., salinity, and initial 

water content effects) on the SFCC behavior are quantitively analyzed and discussed. In simple 

terms, the proposed models in this Chapter are valuable in rigorous understanding and in the 

prediction of the THMC behaviors of frozen unsaturated soils. 

 

5.2. Soil Freezing Characteristic Curve (SFCC) models 

5.2.1 Background information 

Of the various SWCC models available in the literature, Brooks and Corey model (BC model, 

Brooks and Corey, 1964), van Genuchten model (VG model, van Genuchten, 1980), and 

Fredlund and Xing model (FX model, Fredlund and Xing, 1994) are well-known; these 

equations are shown respectively as Eqs. (5.1), (5.2), and (5.3) below. 

 

𝑆𝑙𝑤−𝑆𝑟𝑒𝑠

𝑆𝑠𝑎𝑡−𝑆𝑟𝑒𝑠
=

1

(𝜓 𝜓𝐴𝐸𝑉⁄ )𝜆𝑏𝑐
                                                                                                            (5.1) 

𝑆𝑙𝑤−𝑆𝑟𝑒𝑠

𝑆𝑠𝑎𝑡−𝑆𝑟𝑒𝑠
=

1

[1+(𝑎𝑣𝑔𝜓)
𝑛𝑣𝑔

]
𝑚𝑣𝑔                                                                                                    (5.2) 

𝑆𝑙𝑤

𝑆𝑠𝑎𝑡
= [1 −

ln[1+(𝜓 𝜓𝑟𝑒𝑠⁄ )]

ln[1+(106 𝜓𝑟𝑒𝑠⁄ )]
]

1

{ln[exp(1)+(𝜓 𝑎𝑓𝑥⁄ )
𝑛𝑓𝑥]}

𝑚𝑓𝑥
                                                            (5.3) 
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where ln () and exp () are logarithmic and exponential functions, respectively, Slw is degree of 

saturation, Ssat and Sres are respectively saturated and residual degree of saturation, ψ is soil 

suction, ψAEV is air-entry value, λbc is model parameter in BC model, avg, nvg, and mvg are model 

parameters in VG model, afx, nfx, and mfx are model parameters in FX model, respectively.  

 

The above SWCC models (i.e., Eqs. (5.1), (5.2), and (5.3)) are widely used in the agriculture, 

soil science, water resources, geotechnical and geo-environmental engineering fields for 

predicting various hydro-mechanical properties of unfrozen unsaturated soils (e.g., van 

Genuchten, 1980; Fredlund et al. 1994; Vanapalli et al., 1996; Lu et al., 2010; Vereecken et al., 

2016; Yang and Vanapalli, 2020).  
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Note: Data is gathered from Koopmans & Miller (1966). 

Figure 5.1 Typical SWCCs and SFCCs with hysteresis. 

 

 

Several SFCC models are available in the literature that are expressed as relationships between 

pore radius, the cryogenic pressure, and temperature (e.g., Koopmans and Miller, 1966; Dash 

et al., 2006; Drotz et al., 2009; Enninful et al., 2020). These key relationships are summarized 

below.  

 

(𝑃𝑖𝑐𝑒 − 𝑃𝑙𝑤) =
𝛾𝑤𝑎

𝛾𝑖𝑤
(𝑃𝑎𝑖𝑟 − 𝑃𝑙𝑤) =

1

𝜆𝑘𝑚
(𝑃𝑎𝑖𝑟 − 𝑃𝑙𝑤), 1.0 ≤

1

𝜆𝑘𝑚
≤ 2.2                                 (5.4) 

𝑇𝑓0−𝑇

𝑇𝑓0
=

𝛾𝑖𝑤

𝐿𝐴𝜌𝑖𝑐𝑒𝑟
                                                                                                                        (5.5) 

 

where Pice, Plw and Pair are ice, water and air pressures, respectively, γiw and γwa are the ice-

liquid water and water and air interfacial free energies, respectively, λkm is the ratio of the 
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interfacial energies, Tf0 is initial freezing point, LA is the specific latent heat (334 kJ / kg), ρice 

is density of ice (0.92 g / mL), and r is the pore radius.  

 

SFCC models are typically proposed in the literature by extending pore size distribution 

functions (Watanabe and Mizoguchi, 2002; Liu and Yu, 2013; Bai et al., 2018; Zhou et al., 

2018; Teng et al., 2020; Wan and Yang, 2020). In the present study a different approach that 

is based on fundamentals of thermodynamics principles is used for developing the SFCC 

models. Such approaches can be used for providing well-defined and novel explanations related 

to the THMC behavior of frozen unsaturated soils. 

 

5.2.2 Basic relationships 

5.2.2.1 Basic relationships from thermodynamics 

The differential form expression of Gibbs free energy (i.e., dG) based on the first law of 

thermodynamics (Denbigh, 1981) can be expressed as below. 

 

𝑑𝐺 = 𝑉𝑑𝑃 − 𝑆𝐸𝑑𝑇 + ∑ 𝜇𝑖𝑑𝑁𝑖
𝑘
𝑖=1                                                                                           (5.6) 

 

where V, P, SE, and T are volume, pressure, entropy, and temperature, respectively, μi and Ni 

are chemical potential and the number of particles of the i-th substance, respectively. More 

details with respect to this relationship are summarized in Appendix A of this Chapter.  

 

Eq. (5.7) can be obtained for a given temperature (below 273.15 K), when the pore liquid water 

and pore ice in unsaturated frozen soils reaches an equilibrium condition (e.g., dG (pore-water) 

= dG (pore-ice)).  

 

𝑉𝑙𝑤𝑑𝑃𝑙𝑤 − 𝑆𝑙𝑤
𝐸 𝑑𝑇 = 𝑉𝑖𝑐𝑒𝑑𝑃𝑖𝑐𝑒 − 𝑆𝑖𝑐𝑒

𝐸 𝑑𝑇                                                                               (5.7) 

 

where the subscripts lw and ice refer to variables for pore liquid water and pore ice, 

respectively.  

 

The infinitesimal change of entropy equals infinitesimal heat transfer associated with 

temperature changes based on the second law of thermodynamics. The relationship at 

equilibrium conditions during this reversible process can be expressed as Eq. (5.8).  
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𝑑𝑆𝐸 ≡
𝛿𝑄𝑟𝑒𝑣

𝑇
                                                                                                                            (5.8) 

 

where Qrev is the heat absorption in reversible process with unit of kJ.  

 

The difference of entropy change between ice and water with certain mass m can be expressed 

as Eq. (5.9) that is summarized below.  

 

𝑆𝑖𝑐𝑒
𝐸 − 𝑆𝑙𝑤

𝐸 = −
𝐿𝐴𝑚

𝑇
                                                                                                                (5.9) 

 

where m is mass (unit is kg), and the unit of specific latent heat, unit of LA is kJ / kg. 

  

The well-known Clausius-Clapeyron relationship (Denbigh, 1981) between the temperature 

and pressure can be obtained by substituting Eq. (5.9) into Eq. (5.7) as given below. 

 

𝑑𝑃

𝑑𝑇
=

𝐿𝐴𝑚

𝑇∆𝑉
=

𝐿𝐴

𝑇∆𝜈
                                                                                                                    (5.10) 

 

where ∆V and ∆ν are volume and specific volume difference in phase change, respectively.  

 

Eq. (5.10) suggests that the freezing point (temperature) is strongly dependent on the pressure. 

The relationship between the temperature and unfrozen water content (i.e., soil freezing 

characteristics curve (SFCC)) can be used as a tool for interpreting unsaturated unfrozen/frozen 

soils behaviors. To derive this relation, the Legendre transformation (or using the Helmholtz 

free energy) can be applied (Denbigh, 1981; Houlsby and Puzrin, 2000; Coussy, 2005) to Eq. 

(5.7) to obtain Eq. (5.11). 

 

−𝑃𝑙𝑤𝑑𝑉𝑙𝑤 − 𝑆𝑙𝑤
𝐸 𝑑𝑇 = −𝑃𝑖𝑐𝑒𝑑𝑉𝑖𝑐𝑒 − 𝑆𝑖𝑐𝑒

𝐸 𝑑𝑇                                                                        (5.11) 

 

The volume of pore liquid water, Vlw and pore ice, Vice of unit soil in Eq. (5.11) can be expressed 

by the degree of saturation of liquid water and unfrozen water content, respectively, as shown 

in Eqs. (5.12). 
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𝑉𝑙𝑤 = 𝑛𝑆𝑙𝑤,0𝑆𝑢𝑓𝑤                                                                                                               (5.12a) 

𝑉𝑖𝑐𝑒 =
𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
(𝑉𝑙𝑤,0 − 𝑉𝑙𝑤) = 𝑛

𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
𝑆𝑙𝑤,0(1 − 𝑆𝑢𝑓𝑤)                                                            (5.12b) 

 

where Sufw is unfrozen water content, n is porosity of soils, ρlw is density of pore liquid water 

(1.00 g / mL, densities are set as constants for simplicity), respectively, and Vlw,0 and Slw,0 are 

initial volume and initial degree of saturation of water before freezing, respectively. 

 

The specific latent heat, LA is expressed as energy per unit mass (e.g., Eq. (5.9)), the absorbed 

or released energy also varies with the mass of ice content or the unfrozen water content, as 

shown in Eqs. (5.13) for freezing and thawing processes, respectively. 

 

𝑆𝑖𝑐𝑒
𝐸 − 𝑆𝑙𝑤

𝐸 = −
𝐿𝐴

𝑇
𝜌𝑖𝑐𝑒𝑛𝑆𝑙𝑤,0(1 − 𝑆𝑢𝑓𝑤)                                                                            (5.13a) 

𝑆𝑖𝑐𝑒
𝐸 − 𝑆𝑙𝑤

𝐸 = −
𝐿𝐴

𝑇
𝜌𝑙𝑤𝑛𝑆𝑙𝑤,0𝑆𝑢𝑓𝑤                                                                                       (5.13b) 

 

Eqs. (5.14) can be obtained for freezing and thawing processes by substituting Eqs. (5.12), 

(5.13a) and (5.13b) into Eq. (5.11), respectively. 

 

(
𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
𝑃𝑖𝑐𝑒 + 𝑃𝑙𝑤)𝑑𝑆𝑢𝑓𝑤 = −

𝐿𝐴

𝑇
𝜌𝑖𝑐𝑒(1 − 𝑆𝑢𝑓𝑤)𝑑𝑇                                                           (5.14a) 

(
𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
𝑃𝑖𝑐𝑒 + 𝑃𝑙𝑤)𝑑𝑆𝑢𝑓𝑤 = −

𝐿𝐴

𝑇
𝜌𝑙𝑤𝑆𝑢𝑓𝑤𝑑𝑇                                                                       (5.14b) 

 

Eqs. (5.14) are the basic relationships between the temperature T and unfrozen water content 

Sufw. The specific latent heat, LA, densities of pore liquid water, ρlw and pore ice ρice typically 

have constant values. However, variables which include Pice, and Plw that are highly dependent 

on temperature are summarized as Eqs. (5.15).  

 

𝑑 (
𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
𝑃𝑖𝑐𝑒 + 𝑃𝑙𝑤) =

𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
(
𝜕𝑃𝑖𝑐𝑒

𝜕𝑇
)
𝑃𝑙𝑤

𝑑𝑇 + (
𝜕𝑃𝑙𝑤

𝜕𝑇
)
𝑃𝑖𝑐𝑒

𝑑𝑇                                                    (5.15a) 

(
𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
𝑃𝑖𝑐𝑒 + 𝑃𝑙𝑤) = (

𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
𝑃𝑖𝑐𝑒 + 𝑃𝑙𝑤)

𝑇𝑓0

− ∫ [
𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
(
𝜕𝑃𝑖𝑐𝑒

𝜕𝑇
)
𝑃𝑙𝑤

+ (
𝜕𝑃𝑙𝑤

𝜕𝑇
)
𝑃𝑖𝑐𝑒

] 𝑑𝑇
𝑇𝑓0
𝑇

= 𝑃𝑙𝑤,0 −

∫ [
𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
(
𝜕𝑃𝑖𝑐𝑒

𝜕𝑇
)
𝑃𝑙𝑤

+ (
𝜕𝑃𝑙𝑤

𝜕𝑇
)
𝑃𝑖𝑐𝑒

] 𝑑𝑇
𝑇𝑓0
𝑇

                                                                                   (5.15b) 

 

where Plw,0 is the pore liquid water pressure at initial freezing point (e.g., Tf0).  
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Various relations can be built based on Eq. (5.15b) for both the pore-ice pressure Pice and pore-

water pressure Plw with respect to temperature T. The distinct relations between the pore-

pressure and temperature can be used to build distinct relationships between the unfrozen water 

content, Sufw and the temperature T based on Eqs. (5.15).  

 

A simple linear relationship as shown in Eq. (5.16) is highlighted among various relations for 

Eqs. (5.15). The derivation process of this relationship is available in Appendix B.  

 

(
𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
𝑃𝑖𝑐𝑒 + 𝑃𝑙𝑤) = −𝐴 − 𝐵(𝐿𝐴𝜌𝑙𝑤)

(𝑇𝑓0−𝑇)

𝑇𝑓0
                                                                       (5.16) 

 

where Tf0 is initial freezing point, and A and B are positive model parameters. The physical 

meanings of parameters A and B are listed in Eqs. (5.17).  

 

𝐴 = (|𝑃𝑙𝑤,0|)|𝑇→𝑇𝑓0+
                                                                                                         (5.17a) 

𝐵 = [(1 +
𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
)
𝛾𝑖𝑤

𝛾𝑤𝑎
−

𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
] , 0 < 𝐵 ≤ 1.0                                                                         (5.17b) 

 

In Eqs. (5.17), parameter A is an absolute value of initial pore-water pressure prior to freezing, 

while parameter B represents the pore ice pressure (together with pore-water pressure as shown 

in Eqs. (5.15) and (5.16) and Appendix B) variations with respect to temperature. The relation 

in Eq. (5.16) is consistent with the experimental results in frozen unsaturated soils (e.g., 

Koopmans and Miller, 1966; Zhang et al., 2016; Zhang et al., 2018). More details with respect 

to Eqs. (5.17) are discussed in Appendix B of this Chapter.  

 

By substituting Eq. (5.16) into Eq. (5.14b), Eq. (5.18) can be obtained for explaining the 

thawing process. 

 

𝑑𝑆𝑢𝑓𝑤

𝑆𝑢𝑓𝑤
=

𝐿𝐴𝜌𝑙𝑤

𝑇[𝐴+𝐵(𝑇𝑓0−𝑇)]
𝑑𝑇                                                                                                     (5.18) 

 

The relationship between the temperature and unfrozen water content can be obtained by 

integrating Eq. (5.18). To simplify the model, the revised relations between pressure and 

temperature are proposed as following Eq. (5.19). 
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(
𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
𝑃𝑖𝑐𝑒 + 𝑃𝑙𝑤) = −

𝐴𝑇𝑓0

𝑇
−
𝐵𝑇𝑓0

𝑇
(𝐿𝐴𝜌𝑙𝑤)

(𝑇𝑓0−𝑇)

𝑇𝑓0
                                                               (5.19) 

 

The units for parameters A and B are [Pa] and dimensionless [-], respectively. 

 

5.2.2.2 Soil thawing curve 

By substituting Eq. (5.19) into Eq. (5.14b), Eqs. (5.20) in differential and integral forms can be 

obtained, respectively. 

 

𝑑𝑆𝑢𝑓𝑤

𝑆𝑢𝑓𝑤
=

𝐿𝐴𝜌𝑙𝑤

𝐴𝑇𝑓0+𝐵𝑇𝑓0(𝐿𝐴𝜌𝑙𝑤)
(𝑇𝑓0−𝑇)

𝑇𝑓0

𝑑𝑇                                                                                    (5.20a) 

∫
𝑑𝑆𝑢𝑓𝑤

𝑆𝑢𝑓𝑤

1

𝑆𝑢𝑓𝑤
= ∫

𝐿𝐴𝜌𝑙𝑤

𝐴𝑇𝑓0+𝐵𝑇𝑓0(𝐿𝐴𝜌𝑙𝑤)
(𝑇𝑓0−𝑇)

𝑇𝑓0

𝑑𝑇 
𝑇𝑓0
𝑇

                                                                  (5.20b) 

 

Eq. (5.21) can be obtained by integrating Eq. (5.20b); this is similar in form of VG equation 

with clear physical meanings for the model parameters A and B. 

 

𝑆𝑢𝑓𝑤 =
1

[1+
𝐵

𝐴
𝐿𝐴𝜌𝑙𝑤(

𝑇𝑓0−𝑇

𝑇𝑓0
)]

1
𝐵

                                                                                                    (5.21) 

 

The detailed expressions for parameters A and B in Eqs. (5.17) are available in Appendix B. 

Eq. (5.21) describes the well-defined relationship between the unfrozen water content, Sufw and 

temperature T. However, the residual unfrozen water content is typically obtained from 

experimental results of the SFCC (e.g., Ren and Vanapalli, 2019; Teng et al., 2020). Eq. (5.21) 

can be expressed as Eq. (5.22) to highlight the role of residual unfrozen water. 

 

𝑆𝑢𝑓𝑤−𝑆𝑟𝑒𝑠

𝑆𝑠𝑎𝑡−𝑆𝑟𝑒𝑠
=

1

[1+
𝐵

𝐴𝑙𝑣
(
𝐿𝐴𝜌𝑙𝑤
𝑃𝑎𝑡𝑚

)(
𝑇𝑓0−𝑇

𝑇𝑓0
)]

1
𝐵

                                                                                         (5.22) 

 

where Sres specifies residual degree of saturation of unfrozen water in the SFCC models, Patm 

is the standard atmosphere pressure (101.325 kPa or 1.01 bar), and Alv is the ratio of initial pore 

water pressure over the standard atmosphere pressure, Patm.  



Page 146 

 

 

Parameter Alv is introduced into the model calibration such that the units of both parameters A 

and B are dimensionless. Eq. (5.22) can be used as a tool for calibration purposes of the SFCC 

for thawing process providing clear explanations of each of the parameters based on the 

principles of thermodynamics. 

 

5.2.2.3 Soil freezing curve 

A mathematical model for explaining the freezing process of SFCC can be obtained by 

substituting Eq. (5.19) into Eq. (5.14a), as shown below as Eqs. (5.23).   

𝑑𝑆𝑢𝑓𝑤

1−𝑆𝑢𝑓𝑤
=

𝐿𝐴𝜌𝑖𝑐𝑒

𝐴𝑇𝑓0+𝐵𝑇𝑓0(𝐿𝐴𝜌𝑙𝑤)
(𝑇𝑓0−𝑇)

𝑇𝑓0

𝑑𝑇                                                                                  (5.23a) 

∫
𝑑𝑆𝑢𝑓𝑤

1−𝑆𝑢𝑓𝑤

𝑆𝑟𝑒𝑠

𝑆𝑢𝑓𝑤
= ∫

𝐿𝐴𝜌𝑖𝑐𝑒

𝐴𝑇𝑓0+𝐵𝑇𝑓0(𝐿𝐴𝜌𝑙𝑤)
(𝑇𝑓0−𝑇)

𝑇𝑓0

𝑑𝑇
𝑇𝑓𝑓0
𝑇

                                                                (5.23b) 

 

where Tff0 is the freezing temperature at residual degree of saturation Sres. Eq. (5.23b) is integral 

from residual stage to avoid zero in calculation. Eq. (5.24) can be obtained from (5.23b). 

 

𝑆𝑢𝑓𝑤−𝑆𝑟𝑒𝑠

1−𝑆𝑟𝑒𝑠
= 1 − [

1+
𝐵

𝐴
(𝐿𝐴𝜌𝑙𝑤)

(𝑇𝑓0−𝑇)

𝑇𝑓0

1+
𝐵

𝐴
(𝐿𝐴𝜌𝑙𝑤)

(𝑇𝑓0−𝑇𝑓𝑓0)

𝑇𝑓0

]

𝜌𝑖𝑐𝑒 (𝐵𝜌𝑙𝑤)⁄

≈
1

1+

[
 
 
 
 1+

𝐵
𝐴
(𝐿𝐴𝜌𝑙𝑤)

(𝑇𝑓0−𝑇)

𝑇𝑓0

1+
𝐵
𝐴
(𝐿𝐴𝜌𝑙𝑤)

(𝑇𝑓0−𝑇𝑓𝑓0)

𝑇𝑓0 ]
 
 
 
 
𝜌𝑖𝑐𝑒 (𝐵𝜌𝑙𝑤)⁄

          (5.24) 

 

A close comparison of Eq. (5.20b) and Eq. (5.23b) highlights that these two equations are 

similar. While Eq. (5.24) and Eq. (5.22) highlight distinct models for the freezing and thawing 

processes, respectively. It is inconvenient to use two different expressions for the SFCC related 

to freezing and thawing processes. For this reason, a simplified model (i.e., Eq. (5.25)) to keep 

a similar form to Eq. (5.22) is suggested for modeling the soil freezing curve.  

 

𝑆𝑢𝑓𝑤−𝑆𝑟𝑒𝑠

𝑆𝑠𝑎𝑡−𝑆𝑟𝑒𝑠
=

1

[1+
𝐵

𝐴𝑙𝑣
(
𝐿𝐴𝜌𝑙𝑤
𝑃𝑎𝑡𝑚

)(
𝑇𝑓0−𝑇

𝑇𝑓0
)]

𝜌𝑖𝑐𝑒
𝐵𝜌𝑙𝑤

                                                                                    (5.25) 
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On the right side of Eq. (5.24), Taylor series approximation is used. Eq. (5.25) can be regarded 

as a simplified model to avoid some constants in Eq. (5.24). The influence of parameters on 

the model performance, and model results for thawing and freezing processes are respectively 

presented in Figures 5.2, 5.3, and 5.4. More details related to these figures (i.e., Figures 5.2, 

5.3, and 5.4) are discussed in a later section. 

 

5.2.3 Various distinguishable zones in SFCCs 

5.2.3.1 Explanatory model for hysteretic effect in SFCCs 

There are various factors that influence the hysteresis (Kurylyk and Watanabe, 2013) 

characteristics between the soil freezing curve and the soil thawing curve (i.e., two branches of 

the SFCC). These factors include (i) supercooling effect; (ii) effect of electrolytes; (iii) pore 

structure change during freezing and thawing cycles (Kurylyk and Watanabe, 2013; Ren and 

Vanapalli, 2019). The hysteretic effects can be well explained using the proposed models (i.e., 

Eqs. (5.22) and (5.25)) based on thermodynamics principles. 
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Note: The curves are obtained based on Eq. (5.22). 

 

Figure 5.2 Influence of various parameters based on the proposed SFCC model. 
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Note: Figures (a), (b), and (c) are silica sand, silt, and red clay, respectively. The model 

prediction based on Eq. (5.22) is shown as a continuous line. Experimental data shown as 

symbols is collected from Teng et al. (2020). 

 

 

Figure 5.3 Model performance for the soil thawing curves. 
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Note: Figures (a), (b), and (c) are silica sand, silt, and red clay, respectively. The model 

prediction based on Eq. (5.25) is shown as a continuous line. Experimental data shown as 

symbols is collected from Teng et al. (2020). 

 

Figure 5.4 Model performance for the soil freezing curves. 
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Figure 5.5 Conceptual model for freezing and thawing processes. 

 

 

Eqs. (5.26) are the equations derived in previous section for soil thawing curve and soil freezing 

curve, respectively. Eq. (5.27) is the summarized relationship for these two equations, which 

is summarized below.  

 

{
 
 
 
 

 
 
 
 
𝑆𝑢𝑓𝑤−𝑆𝑟𝑒𝑠

𝑆𝑠𝑎𝑡−𝑆𝑟𝑒𝑠
=

1

[1+
𝐵

𝐴𝑙𝑣
(
𝐿𝐴𝜌𝑙𝑤
𝑃𝑎𝑡𝑚

)(
𝑇𝑓0−𝑇

𝑇𝑓0
)]

1
𝐵

, 𝑡ℎ𝑎𝑤𝑖𝑛𝑔

𝑆𝑢𝑓𝑤−𝑆𝑟𝑒𝑠

𝑆𝑠𝑎𝑡−𝑆𝑟𝑒𝑠
=

1

[1+
𝐵

𝐴𝑙𝑣
(
𝐿𝐴𝜌𝑙𝑤
𝑃𝑎𝑡𝑚

)(
𝑇𝑓0−𝑇

𝑇𝑓0
)]

𝜌𝑖𝑐𝑒
𝐵𝜌𝑙𝑤

, 𝑓𝑟𝑒𝑒𝑧𝑖𝑛𝑔

𝐴𝑙𝑣 = (|
𝑃𝑙𝑤,0

𝑃𝑎𝑡𝑚
|)|

𝑇→𝑇𝑓0+

𝐵 = [(1 +
𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
)
𝛾𝑖𝑤

𝛾𝑤𝑎
−

𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
] , 0 < 𝐵 ≤ 1.0

                                                              (5.26) 

𝑑𝑆𝑢𝑓𝑤

𝑆𝑢𝑓𝑤
= −

1

𝑃(𝑇)

𝑑𝑇

𝑇
, 𝑃(𝑇) ≤ 0                                                                                                (5.27) 

 

As discussed in Appendix B, parameter A (or Alv) is the initial water pressure near the freezing 

point while parameter B is the pressure (i.e., pore- water and ice pressures) variation along with 

temperature. In Eq. (27), P(T) is function indicates the pressure variation along with 

temperature. It should be less than 273 K to ensure the model is consistent with experimental 

results of the SFCC. As temperature decreases, the pore-ice amount increases; however, the 

temperature must be low enough (lower than 273 K) for satisfying the criterion of ice 

nucleation, as the pore-ice nucleates in the center of pore-water as shown in Figure 5.5 (a). 
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However, during the thawing process, as temperature rises, the pore-ice melts into pore-water 

from the edge and the pore-ice in the pore center remains frozen as shown in Figure 5.5 (b).  

 

In summary, the direction of the freezing and the thawing processes of pore-ice is distinct (i.e., 

the pore-ice formation process starts from the pore center, while the thawing process begins 

from the pore edge). More details are discussed in a later section providing numerical evidence 

using the published results from the literature.  

 

 

5.2.3.2 Various zones in the soil freezing curve 

Various zones in the soil freezing curve (freezing branch of the SFCC) can be determined based 

on Eqs. (5.24) and (5.25), as shown in Figure 5.6 (a). The first zone is the liquid water stage 

(zone (i)). This stage can be regarded as the specific latent heat zone equal zero, where water 

is not frozen prior to the freezing point of pure water (e.g., 273.15 K). 

 

The second stage is the ice nucleation zone (i.e., zone (ii)) that arises as temperature further 

decreases. This zone can be postulated to start from the freezing point of pure water (e.g., 

273.15 K). In this zone, the heat (energy) is released from the pore-water until the temperature 

is low enough for ice nucleation. In this process, there is only a limited amount of water that is 

frozen into ice at the end of the stage as ice nucleates. As ice forms after this stage, the specific 

latent heat, LA is non-zero at the end of the stage. 

 

The third stage is the zone for freezing process in macropores (i.e., zone (iii)). In this zone, a 

significant amount of pore-water is frozen into pore-ice. The last stage is the zone of freezing 

in micropores (i.e., zone (iv)). In this zone, pore-water in micropores is gradually frozen into 

pore-ice, and only a small amount of water remains as liquid phase. The intersection point 

between zone (iii) and zone (iv) is regarded as the freezing point for residual water. This point 

can be determined using a graphical construction or a computational method that is widely used 

for estimating the residual water content from SWCC (Vanapalli et al., 1998) as shown in 

Figure 5.6 (a). 

 

5.2.3.3 Various zones in the soil thawing curve 

Figure 5.6 (b) highlights three zones related to soil thawing curve based on Eq. (5.22). As 

temperature increases, the first stage (i.e., zone (i)) arises during the thawing process that 
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influences the residual water content. A small amount of ice stored in the micropores melts into 

water in this zone. The next stage is the zone for thawing process in the macropores (zone (ii)). 

In this zone, when most of pore-ice melts, a sharp increase in soil thawing curve can be 

observed. The intersection point between zone (i) and zone (ii) can be referred to as the thawing 

point for macropores. This point can be determined either by graphical construction or 

computational method as described in Vanapalli et al. (1998), which is also shown in Figure 

5.6 (b). The third stage is the zone that is related to the water that is available in the liquid 

phase. In this stage, the volume of liquid water varies as temperature increases. As discussed 

earlier, this is a stage where specific latent heat is zero (i.e., no ice melts).  
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Figure 5.6 Distinguished zones in the soil freezing and thawing curves. 

 

 

5.2.3.4 Model calibration and evaluation indicators 

In this study, the zones that go through significant variation of unfrozen water content are 

modeled (e.g., zones (iii) and (iv) in the soil freezing curve and zones (i) and (ii) in soil thawing 

curve) (see Figure 5.6 (a)). The initial freezing point including initial freezing temperature and 

water content is set as already known point in this study. The parameters in Eqs. (5.22) and 

(5.25) are determined by the least-square method (Fredlund and Xing, 1994) as shown in Eq. 

(5.28) (i.e., by minimizing the objective function O). In addition, Eq. (5.29) is highlighted for 

model comparison and evaluation purposes.  

 

𝑂 = ∑ (𝑆𝑜𝑏𝑣 − 𝑆𝑐𝑎𝑙)
2𝑁

𝑖=1                                                                                                        (5.28) 

𝑅2 =
[∑ (𝑆𝑜𝑏𝑣−𝑆̅𝑜𝑏𝑣)(𝑆𝑐𝑎𝑙−𝑆̅𝑐𝑎𝑙)
𝑁
𝑖=1 ]

2

∑ (𝑆𝑜𝑏𝑣−𝑆̅𝑜𝑏𝑣)
2𝑁

𝑖=1 ∑ (𝑆𝑐𝑎𝑙−𝑆̅𝑐𝑎𝑙)
2𝑁

𝑖=1

                                                                                     (5.29) 

 

where Sobv and Scal are the observed and the calculated degree of saturations within unfrozen 

water content, respectively, and 𝑆𝑜̅𝑏𝑣 and 𝑆𝑐̅𝑎𝑙 are the average values of the observed and the 
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calculated degree of saturations (of unfrozen water content), respectively.    

 

5.2.4 Experimental and numerical evidence related to the proposed SFCC models 

5.2.4.1 Experimental evidence for the basic assumption 

One key assumption is inherently included within Eqs. (5.16) and (5.19). This assumption 

suggests that the pore- water and ice pressures follow a negative linear relationship with the 

temperature. It is reasonable to set a negative pressure value for parameter A in Eqs. (5.16) and 

(5.19), as it relates to initial (water) pressure.   

 

The parameter B in Eqs. (5.16) and (5.19) is related to the pore pressure (i.e., pore- water and 

ice pressures) change with temperature. The theoretical derivation and definition for parameter 

B can be found in Appendix B. For experimental verification, a close to negative linear 

relationship (downward trend) between pore-water pressure and temperature (lower than 

273.15 K) can be found in the literature (Zhang et al., 2016; Zhang et al., 2018). A negative 

linear relationship in Eqs. (5.16) and (5.19) is justified based on derivation of Eqs. (5.16) and 

(5.17) summarized in Appendix B and from the experimental evidence in the literature (Zhang 

et al., 2016; Zhang et al., 2018).  

 

5.2.4.2 Numerical evidence related to distinct zones 

Some investigators in the literature (e.g., Matsumoto et al., 2002) have proposed molecular 

dynamics simulation approach for explaining ice formation process (i.e., ice nucleation and its 

growth). Several stages can be summarized from the molecular simulation results which 

include ice nucleation that is related to the development of long-lived hydrogen bonds; and 

rapid crystallization that arises due to slow shape and size changes of initial nucleus. 

 

The distinct zones (stages) in a SFCC can be well explained based on the summarized freezing 

process relationships (i.e., Eqs. (5.26)) and molecular simulation results from the literature 

(e.g., Matsumoto et al., 2002). For example, the freezing stage (ii) in Figure 5.6 (a) can be 

attributed to the hydrogen bonds development for ice nucleation at microscopic level. As the 

ice nucleation process is strongly related to the release of energy, the best understanding of 

macroscopic changes can be related to the changes of specific latent heat, LA during this process 

(i.e., the value of specific latent heat changes from zero to non-zero (e.g., 334 kJ / kg in this 

stage). The changes related to the specific latent heat, LA are not of concern during the thawing 

process, which is consistent with Eq. (5.22). This is because thawing is associated only with an 
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increase temperature from a lower to a higher value in frozen soils. 

 

5.2.4.3 Relationships with other models in the literature  

The focus of many studies in the literature during the last two decades is linked to pressure and 

volume relationships (e.g., Watanabe and Mizoguchi, 2002; Liu and Yu, 2013; Wang et al., 

2017; Bai et al., 2018; Chai et al., 2018; Zhou et al., 2018; Teng et al., 2020; Wan and Yang, 

2020; Jin et al., 2020; Teng et al., 2021; Kong et al., 2022). The variation of temperature is 

connected to interfacial surfaces between liquid water and ice using the Gibbs-Thomson 

equation (see Eq. (5.5)). The relationship between the unfrozen water content and temperature 

can be explained based in Eq. (5.5) with the aid of suitable pore size distribution function from 

SWCC models (i.e., Eqs. (5.1), (5.2), and (5.3)).  

 

In the proposed model, as shown in Eqs. (5.26), the form of the equation is similar to VG model 

(e.g., Eq. (5.2)) with parameter nvg ≡ 1. The physical meanings related to the proposed model 

are also summarized in Eqs. (5.26). More details are summarized in the results and discussion 

section. 

 

The philosophy of the current research is not directed towards developing a model that matches 

a certain pore size distribution function but towards proposing a valid theoretical framework. 

It is well known the pressure P and volume V are conjugate variables in thermodynamics 

(Houlsby and Puzrin, 2000). To solve the relationship between pressure, volume, and 

temperature (e.g., P dV = f (T) dT), the pore size distribution function is extended using the 

established relationships in the literature (i.e., the links between volume V and pressure P (i.e., 

V = g(P) or P = g-1(V)). In the present study, pressure P is directly linked to temperature (i.e., 

P = h(T)). In other words, the focus of current research is directed towards a new approach to 

address conjugate variables; namely, pressure P and volume V within the framework of 

thermodynamics for addressing problems related to frozen soils using the SFCC as a tool. 

 

5.3 Factors influencing the behaviors of SFCCs 

The SFCCs behaviors are significantly influenced by several factors; namely, salt 

concentration (i.e., salinity), initial water content, and initial stress state (e.g., Kurylyk and 

Watanabe, 2013; Zhou et al., 2018; Teng et al., 2020; Wan and Yang, 2020). The effects 

associated with salinity and initial water content are discussed using the SFCC models derived 

in the earlier sections.    
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5.3.1 Salinity effects  

The salinity effects on the SFCC behavior can be evaluated using Eqs. (5.30) by adding terms 

related to mass change extending thermodynamics principles (Denbigh, 1981). 

  

−𝑃𝑙𝑤𝑑𝑉𝑙𝑤 − 𝑆𝑙𝑤
𝐸 𝑑𝑇 + ∑ 𝜇𝑖𝑑𝑁𝑖

𝑘
𝑖=1 = −𝑃𝑖𝑐𝑒𝑑𝑉𝑖𝑐𝑒 − 𝑆𝑖𝑐𝑒

𝐸 𝑑𝑇 + ∑ 𝜇𝑖𝑑𝑁𝑖
𝑘
𝑖=1                        (5.30a) 

𝜇𝑖 = 𝜇𝑖
∗ + 𝑅𝑇ln𝑐𝑖 = 𝜇𝑖

∗ + 𝑅𝑇ln (
𝑁𝑖

𝑁
)                                                                                 (5.30b) 

 

where N is total number of substances, ci are the concentration of the i-th substances, 

respectively, R is universal gas constant (8.31 J / (K · mol)), and μi* is standard chemical 

potential (unit: J / mol) and it is the function of temperature and pressure.  

 

Eq. (5.31) can be derived from Eq. (5.30a) by applying Legendre transformation (summarized 

in Appendix A). This relationship is widely referred to as the grand potential or Landau 

potential from the literature (Denbigh, 1981).  

 

−𝑃𝑙𝑤𝑑𝑉𝑙𝑤 − 𝑆𝑙𝑤
𝐸 𝑑𝑇 − 𝑁𝑙𝑤𝑑𝜇𝑙𝑤 − 𝑁𝑠𝑎𝑙𝑡𝑑𝜇𝑠𝑎𝑙𝑡 = −𝑃𝑖𝑐𝑒𝑑𝑉𝑖𝑐𝑒 − 𝑆𝑖𝑐𝑒

𝐸 𝑑𝑇 − 𝑁𝑖𝑐𝑒𝑑𝜇𝑖𝑐𝑒        (5.31) 

The variation of standard potential of the liquid water and ice potential is approximately 

equivalent to the standard chemical potential for dilute solutions as shown below.  

 

𝜇𝑙𝑤 = 𝜇𝑙𝑤
∗ + 𝑅𝑇𝑙𝑛(𝑥𝑙𝑤) ≅ 𝜇𝑙𝑤

∗                                                                                             (5.32a) 

𝜇𝑖𝑐𝑒 = 𝜇𝑖𝑐𝑒
∗ + 𝑅𝑇𝑙𝑛(𝑥𝑖𝑐𝑒) = 𝜇𝑖𝑐𝑒

∗                                                                                           (5.32b) 

 

Eqs. (32) are generally used for dilute solutions, in which the mass of salt is significantly low 

compared to the amount of solution (i.e., the concentration of sodium chloride solution is 

typically below 3 or 4 mol / L to ensure model accuracy). If the standard chemical potential 

can be regarded as constant, the left side in Eq. (5.31) can be simplified into Eq. (5.33).   

 

−𝑃𝑙𝑤𝑑𝑉𝑙𝑤 − 𝑆𝑙𝑤
𝐸 𝑑𝑇 − 𝑁𝑠𝑎𝑙𝑡𝑑 (𝑅𝑇ln (

𝑁𝑠𝑎𝑙𝑡

𝑁𝑙𝑤+𝑁𝑠𝑎𝑙𝑡
)) ≅ −𝑃𝑙𝑤𝑑𝑉𝑙𝑤 − 𝑆𝑙𝑤

𝐸 𝑑𝑇 −

𝑁𝑠𝑎𝑙𝑡𝑑 (𝑅𝑇ln (
𝑁𝑠𝑎𝑙𝑡

𝑉𝑙𝑤𝜌𝑙𝑤 𝑀𝑙𝑤⁄
)) = −𝑃𝑙𝑤𝑑𝑉𝑙𝑤 − 𝑆𝑙𝑤

𝐸 𝑑𝑇 − 𝑅𝑁𝑠𝑎𝑙𝑡ln (
𝑁𝑠𝑎𝑙𝑡𝑀𝑙𝑤

𝑉𝑙𝑤𝜌𝑙𝑤
)𝑑𝑇 +

𝑅𝑇𝑁𝑠𝑎𝑙𝑡

𝑉𝑙𝑤
𝑑𝑉𝑙𝑤 

(5.33)  
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where Mlw is the molar mass of water (e.g., 18 g / mol). Eq. (5.34) summarized below can be 

obtained by substituting Eqs. (5.32), and (5.33) into Eq. (5.31).  

 

−𝑃𝑙𝑤𝑑𝑉𝑙𝑤 − 𝑆𝑙𝑤
𝐸 𝑑𝑇 − 𝑅𝑁𝑠𝑎𝑙𝑡ln (

𝑀𝑙𝑤𝑁𝑠𝑎𝑙𝑡

𝑉𝑙𝑤𝜌𝑙𝑤
)𝑑𝑇 +

𝑅𝑇𝑁𝑠𝑎𝑙𝑡

𝑉𝑙𝑤
𝑑𝑉𝑙𝑤 = −𝑃𝑖𝑐𝑒𝑑𝑉𝑖𝑐𝑒 − 𝑆𝑖𝑐𝑒

𝐸 𝑑𝑇     (5.34) 

 

The amount of salt (NaCl) can be expressed by its concentration in an ideal dilute solution as 

shown in Eq. (5.35). In this study, only dilute salt (NaCl) solution is considered, the salt 

precipitation affect in freezing process deserves further consideration (Xiao et al., 2020). 

 

𝑁𝑁𝑎𝐶𝑙 = 2𝑛𝑆𝑙𝑤,0𝑐𝑁𝑎𝐶𝑙                                                                                                          (5.35) 

 

where cNaCl is the concentration of NaCl in solution prior to freezing (unit is mol / L).  

 

Eq. (5.36) can be derived for explaining thawing process by substituting Eqs. (5.12), (5.13b), 

(5.17), (5.19) and (5.35) into above Eq. (5.34).  

 

𝑑𝑆𝑢𝑓𝑤

𝑆𝑢𝑓𝑤
=

𝐿𝐴𝜌𝑙𝑤
𝐴𝑇𝑓0

+
𝑅𝑇

𝐴𝑇𝑓0
(
2𝑐𝑁𝑎𝐶𝑙
𝑆𝑢𝑓𝑤

)ln(
𝑀𝑙𝑤
𝜌𝑙𝑤

2𝑐𝑁𝑎𝐶𝑙
𝑆𝑢𝑓𝑤

)

[1+
𝐵

𝐴
(𝐿𝐴𝜌𝑙𝑤)

(𝑇𝑓0−𝑇)

𝑇𝑓0
]+

𝑅𝑇2

𝐴𝑇𝑓0
(
2𝑐𝑁𝑎𝐶𝑙
𝑆𝑢𝑓𝑤

)

𝑑𝑇                                                                          (5.36) 

Eq. (5.36) is the same as Eq. (5.20a) when the salt concentration equals zero. Eq. (5.36) can be 

expressed in slightly modified form as Eq. (5.37) to simplify model calibration for parameter 

A, by adding the standard atmosphere pressure, Patm (i.e., 101.325 kPa or 1.01 Bar). 

 

𝑑𝑆𝑢𝑓𝑤

𝑆𝑢𝑓𝑤
=

1

𝐴𝑙𝑣𝑇𝑓0
(
𝐿𝐴𝜌𝑙𝑤
𝑃𝑎𝑡𝑚

)+
𝑇

𝐴𝑙𝑣𝑇𝑓0
(

𝑅

𝑃𝑎𝑡𝑚
)(
2𝑐𝑁𝑎𝐶𝑙
𝑆𝑢𝑓𝑤

)ln(
𝑀𝑙𝑤
𝜌𝑙𝑤

2𝑐𝑁𝑎𝐶𝑙
𝑆𝑢𝑓𝑤

)

[1+
𝐵

𝐴𝑙𝑣
(
𝐿𝐴𝜌𝑙𝑤
𝑃𝑎𝑡𝑚

)
(𝑇𝑓0−𝑇)

𝑇𝑓0
]+

𝑇2

𝐴𝑙𝑣𝑇𝑓0
(

𝑅

𝑃𝑎𝑡𝑚
)(
2𝑐𝑁𝑎𝐶𝑙
𝑆𝑢𝑓𝑤

)

𝑑𝑇                                                  (5.37) 

 

As shown in Eq. (5.22) and Eq. (5.25), similar equations for both soil freezing and thawing 

curves are used. For simplicity purposes, the salinity effects on both soil freezing and thawing 

curves are modeled using Eq. (5.37) by adjusting parameters values. Eq. (5.37) can be 

numerically solved with suitable initial conditions (e.g., initial freezing temperature and initial 

water content). 
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5.3.2 Initial water content effects 

The initial water content has a significant effect on both the soil freezing and soil thawing 

curves as shown in the SFCC models (i.e., Eqs. (5.26)). This effect can be evaluated by 

changing model parameters values (e.g., initial water content is directly related to initial pore-

water pressure as discussed in Vanapalli et al., 1999). Eq. (5.17a) proposed in this study can 

take account of the influence of pore-water pressure. The relationships between model 

parameters A or Alv (shown in Eqs. (5.26)) and initial pore water pressure can be summarized 

as Eq. (5.38). 

 

𝐴

𝑃𝑎𝑡𝑚
= 𝐴𝑙𝑣 = (|

𝑃𝑙𝑤,0

𝑃𝑎𝑡𝑚
|)|

𝑇→𝑇𝑓0+

                                                                                             (5.38) 

 

The following Eq. (5.39) can be built based on the BC model (i.e., Eq. (5.1)) by neglecting 

pore-air pressure. 

 

(
𝑤𝑙𝑤,0−𝑤𝑟𝑒𝑠

𝑤𝑙𝑤,𝑟𝑒𝑓−𝑤𝑟𝑒𝑠
)
1 𝜆𝑏𝑐⁄

≅
𝑃𝑙𝑤,𝑟𝑒𝑓

𝑃𝑙𝑤,0
                                                                                                 (5.39) 

 

where wlw,ref and Plw,ref are the initial water content and pore-water pressure at reference state, 

respectively, and wlw,0 is the initial water content at initial pore-water pressure Plw,0.  

Along similar lines, Eq. (5.2) (i.e., VG model, van Genuchten, 1980) and Eq. (5.3) (i.e., FX 

model, Fredlund and Xing, 1994) can be respectively used for developing relationships similar 

to Eq. (5.39).  

 

Eq. (5.40) is an approximate form that can be used for soils in which the residual water content 

is negligible. 

 

(
𝑤𝑙𝑤,0

𝑤𝑙𝑤,𝑟𝑒𝑓
)
1 𝜆𝑏𝑐⁄

=
𝑃𝑙𝑤,𝑟𝑒𝑓

𝑃𝑙𝑤,0
                                                                                                         (5.40) 

 

where ξini is a model parameter (ξini ≈ 1 / λBC). Eqs. (5.41) can be obtained for evaluating initial 

water content effects on the SFCC behavior by substituting Eq. (5.40) into Eq. (5.38).  

 

𝐴 = 𝐴𝑟𝑒𝑓 (
𝑤𝑙𝑤,𝑟𝑒𝑓

𝑤𝑙𝑤,0
)
𝜉𝑖𝑛𝑖

                                                                                                         (5.41a) 
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𝐴𝑙𝑣 = 𝐴𝑙𝑣,𝑟𝑒𝑓 (
𝑤𝑙𝑤,𝑟𝑒𝑓

𝑤𝑙𝑤,0
)
𝜉𝑖𝑛𝑖

                                                                                                  (5.41b) 

 

where Aref and Alv,ref are respectively A and Alv values in reference state at initial water content, 

wlw,ref.  

 

5.4. Results and discussion  

Figure 5.2 presents the model variation associated with different model parameters in Eq. 

(5.22). As shown in Figure 5.2 (a), parameter Alv alters model shapes contributing to variations 

in slopes of the SFCCs without any change in the residual water content. However, as shown 

in Figure 5.2 (b), curve shapes and residual water contents are both affected by various values 

of parameter B. The distinct characteristics of the model parameters ensure that the proposed 

relationships are capable of modeling different types of soils. 

 

Figure 5.3 shows model performance of thawing curves based on Eq. (5.25) for three different 

soils. As listed in Table 5.1, the physical value (i.e., LAρlw / Patm ≈ 3296.3237) is used for all 

cases discussed in the figure. The experimental results for two soils (i.e., Figures 5.3 (a) and 

(c)) are well predicted by the model. Figure 5.3 (b) summarizes results for silt; although R2 

value is not high (i.e., 0.895), the shape of the curve is well captured for this soil. The 

summarized results in Figure 5.3 suggest that Eq. (5.17) is rigorous and is capable of modeling 

soil thawing curves.  

Figure 5.4 highlights the performance of modeling SFCC using the proposed Eq. (5.25). The 

experimental data for different soils (i.e., silica sand, silt, and red clay) is reliably described by 

the model. The R2 values for all soils are greater than 0.99 highlighting this point. The results 

summarized in Figure 5.4 for different soils suggest that Eq. (5.25) can be used in rigorous 

modeling the SFCC behavior. This study focuses on SFCCs, while the overall framework for 

frozen unsaturated soils using work input method (Houlsby, 1997) and thermodynamic 

framework (Borja, 2006) can be found in Appendix C and D, respectively.
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Table 5.1 Physical meanings of parameters in proposed models. 

Eq. # Equations 
Para

meter 
Unit 

Physical 

meanings 
Note 

Eq. 

(5.22) 

𝑆𝑢𝑓𝑤 − 𝑆𝑟𝑒𝑠

𝑆𝑠𝑎𝑡 − 𝑆𝑟𝑒𝑠
=

1

[1 +
𝐵
𝐴𝑙𝑣

(
𝐿𝐴𝜌𝑙𝑤
𝑃𝑎𝑡𝑚

) (
𝑇𝑓0 − 𝑇
𝑇𝑓0

)]

1
𝐵

 
Alv - 

𝐴𝑙𝑣

= (|
𝑃𝑙𝑤,0
𝑃𝑎𝑡𝑚

|)|
𝑇→𝑇𝑓0+

 

Parameter Alv is the 

ratio of initial pore 

water pressure over 

standard 

atmosphere 

pressure when 

temperature T 

approaches to 

initial freezing 

temperature Tf0 

based on Eqs. 

(5.26). 

Eq. 

(5.25) 

𝑆𝑢𝑓𝑤 − 𝑆𝑟𝑒𝑠

𝑆𝑠𝑎𝑡 − 𝑆𝑟𝑒𝑠
=

1

[1 +
𝐵
𝐴𝑙𝑣

(
𝐿𝐴𝜌𝑙𝑤
𝑃𝑎𝑡𝑚

) (
𝑇𝑓0 − 𝑇
𝑇𝑓0

)]

𝜌𝑖𝑐𝑒
𝐵𝜌𝑙𝑤

 

Blv - 

𝐵

= [(1

+
𝜌𝑙𝑤
𝜌𝑖𝑐𝑒

)
𝛾𝑖𝑤
𝛾𝑤𝑎

−
𝜌𝑙𝑤
𝜌𝑖𝑐𝑒

] , 0 < 𝐵

≤ 1.0 

Parameter B is ratio 

of interfacial free 

energies between 

ice-liquid water 

over water and air 

in Eqs. (5.26). 
Eq. 

(5.37) 

𝑑𝑆𝑢𝑓𝑤

𝑆𝑢𝑓𝑤
=

1
𝐴𝑙𝑣𝑇𝑓0

(
𝐿𝐴𝜌𝑙𝑤
𝑃𝑎𝑡𝑚

) +
𝑇

𝐴𝑙𝑣𝑇𝑓0
(
𝑅
𝑃𝑎𝑡𝑚

) (
2𝑐𝑁𝑎𝐶𝑙
𝑆𝑢𝑓𝑤

) ln (
𝑀𝑙𝑤

𝜌𝑙𝑤

2𝑐𝑁𝑎𝐶𝑙
𝑆𝑢𝑓𝑤

)

[1 +
𝐵
𝐴𝑙𝑣

(
𝐿𝐴𝜌𝑙𝑤
𝑃𝑎𝑡𝑚

)
(𝑇𝑓0 − 𝑇)
𝑇𝑓0

] +
𝑇2

𝐴𝑙𝑣𝑇𝑓0
(
𝑅
𝑃𝑎𝑡𝑚

) (
2𝑐𝑁𝑎𝐶𝑙
𝑆𝑢𝑓𝑤

)

𝑑𝑇 

Eq. 

(5.41b) 𝐴𝑙𝑣 = 𝐴𝑙𝑣,𝑟𝑒𝑓 (
𝑤𝑙𝑤,𝑟𝑒𝑓

𝑤𝑙𝑤,0
)

𝜉𝑖𝑛𝑖

 ξini - 𝜉𝑖𝑛𝑖 =
1

𝜆𝐵𝐶
 

λBC is 

dimensionless 

model parameter in 

BC model for 

SWCC (Eq. (5.1)). 
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Eqs. (5.26) summarizes the thermodynamics relationship between the unfrozen water content 

and temperature. This relationship can be used not only in the prediction of variations 

considering the changes in ice volume and temperature but also in the rational understanding 

of the frozen soils behavior. For example, Figure 5.6 (a) highlights the hysteretic effect on the 

soil freezing curve. This is a simple and novel approach for interpreting and modeling the 

variations of volume of frozen and unfrozen pore-water with respect to temperatures lower than 

zero degrees Celsius.   

 

Figures 5.6 (a) and (b) summarize the various zones in the soil freezing and thawing curves. 

The different zones in these curves can be attributed to the complex behaviors of liquid water 

freezing as discussed earlier (see Section 2.3); only salient features of these curves are modeled 

and highlighted (with the aid of Eqs. (5.22) and (5.25)). The density changes associated with 

freezing and other factors are not discussed. These behaviors are beyond the scope of present 

study. In addition, Eqs. (5.22) and (5.25) developed in this study do not take account to describe 

water density change prior to freezing.  

 

Figures 5.7 and 5.8 highlight model results for predicting the SFCCs with various salt 

concentrations based on Eq. (5.37). The values for parameters Alv and B (i.e., 15.4837, and 

0.0010,) respectively are used in the Figures As this study focuses more on soil freezing and 

thawing curves rather than initial freezing points, the initial freezing temperature is assumed 

linear downward with an increase in salt concentration (i.e., Tf0 = 273.15 - 2KTcNaCl, (KT = 2.25 

K·mol-1)). The initial freezing temperatures for salt concentrations of 0.0, 0.8547, 1.7094, 

2.5641, and 3.4188 (mol / L) are set as 273.15, 269.30, 265.46, 261.61, and 257.77 K, 

respectively (Zhou et al., 2018; Wan and Yang, 2020). The saturated and residual water 

contents are set as 18.0 and 2.9 (kg / 100kg), respectively, and are applied to all curves. As 

shown in Figure 5.7, the salinity effects on soil freezing curve are reasonably described by the 

model. The results summarized in Figure 5.7 suggest that the shapes of SFCCs are influenced 

by different salinity concentrations, which are consistent with Eq. (5.37).  

 

Figures 5.9 and 5.10 summarize the results using the proposed model (i.e., Eq. (5.41b)) to 

evaluate the influence of initial water content effects on the SFCCs. The effect of initial water 

content effects for this soil is evaluated via parameter Alv in Eq. (5.41b). The curve shapes for 

various initial water contents are reasonably described by the model. As shown in experimental 
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and numerical results summarized in Figure 5.9, the residual water contents vary with a 

decrease in the soil initial water contents. This behavior can also be explained by Clausius-

Clapeyron relation (i.e., Eq. (5.10)). This relationship suggests that more energy (i.e., lower 

temperature) is necessary to freeze the pore-water under high pore pressure, (i.e., lower initial 

water content). 

 

The initial water content and salt concentration have coupled effects on the SFCC behavior 

based on Eq. (5.37). The parameter Alv is strongly related to initial water content (see Eqs. 

(5.41)) that has a coupled relation with the salt concentrations. However, modeling discussions 

related to the coupling effects of initial water content and salinity concentration on the SFCCs 

is not undertaken in this study due to the limited data. In other words, more studies in this 

direction are required in the future. The physical meanings and values of each parameter in the 

proposed SFCC models are summarized in Table 5.1, and the model calibration processes are 

shown in Figure 5.11.  

 

Eqs. (5.42) summarize the transformations between the proposed model (i.e., Eq. (5.26) and 

the well-known VG model (i.e., Eq. (5.2)).  

 

(VG model)
𝑆𝑙𝑤−𝑆𝑟𝑒𝑠

𝑆𝑠𝑎𝑡−𝑆𝑟𝑒𝑠
=

1

[1+(𝑎𝑣𝑔𝜓)
𝑛𝑣𝑔

]
𝑚𝑣𝑔   

(Proposed models)

{
 
 
 
 

 
 
 
 
𝑆𝑢𝑓𝑤−𝑆𝑟𝑒𝑠

𝑆𝑠𝑎𝑡−𝑆𝑟𝑒𝑠
=

1

[1+
𝐵

𝐴𝑙𝑣
(
𝐿𝐴𝜌𝑙𝑤
𝑃𝑎𝑡𝑚

)(
𝑇𝑓0−𝑇

𝑇𝑓0
)]

1
𝐵

, 𝑡ℎ𝑎𝑤𝑖𝑛𝑔

𝑆𝑢𝑓𝑤−𝑆𝑟𝑒𝑠

𝑆𝑠𝑎𝑡−𝑆𝑟𝑒𝑠
=

1

[1+
𝐵

𝐴𝑙𝑣
(
𝐿𝐴𝜌𝑙𝑤
𝑃𝑎𝑡𝑚

)(
𝑇𝑓0−𝑇

𝑇𝑓0
)]

𝜌𝑖𝑐𝑒
𝐵𝜌𝑙𝑤

, 𝑓𝑟𝑒𝑒𝑧𝑖𝑛𝑔

𝐴𝑙𝑣 = (|
𝑃𝑙𝑤,0

𝑃𝑎𝑡𝑚
|)|

𝑇→𝑇𝑓0+

𝐵 = [(1 +
𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
)
𝛾𝑖𝑤

𝛾𝑤𝑎
−

𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
] , 0 < 𝐵 ≤ 1.0

      

(Links)

{
 
 
 

 
 
 
𝑛𝑣𝑔 ≡ 1

𝑚𝑣𝑔 = [

1

𝐵
, 𝑡ℎ𝑎𝑤𝑖𝑛𝑔
𝜌𝑖𝑐𝑒

𝐵𝜌𝑙𝑤
, 𝑓𝑟𝑒𝑒𝑧𝑖𝑛𝑔

𝜓 = (𝐿𝐴𝜌𝑙𝑤) (
𝑇𝑓0−𝑇

𝑇𝑓0
)

𝑎𝑣𝑔 =
𝐵

𝐴𝑙𝑣𝑃𝑎𝑡𝑚

                                                                                       (5.42) 
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Note: The continuous lines are predicted soil freezing curve for various salt concentrations. 

Parameters values for Alv, and B are 15.4837, and 0.0010, respectively based on Eq. (5.37). 

Experimental data is collected from Wan & Yang (2020). 

 

Figure 5.7 SFCCs predictions considering the salinity effects. 
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Figure 5.8 Salinity effects on the SFCC expressed as a 3D surface. 
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Note: The solid lines are predicted soil thawing curve for the different initial water contents 

shown as inset in the figure. Parameters values for Alv,ref, B, and ξini are 7.9556, 0.2489, and 

2.1078, respectively. Experimental data shown as symbols is collected from Teng et al. (2020). 

 

Figure 5.9 SFCCs predictions considering influence of different initial water contents. 
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Figure 5.10 3D SFCC surface considering the different initial water content effects. 
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Figure 5.11 Calibration processes for SFCC models. 

 

 

 

 

 

 

 

 

Only three parameters, e.g.. Alv, B, and ξini with physical meanings 

are related to calibrate for all cases as shown in Table 5.1. 

 

Calibrate parameters Alv and 

B in for SFCCs in Eq. (5.26).  

Calibrate parameter ξini with distinct 

initial water contents in Eqs. (5.41).  

Yes 

No 

 Calibrate the parameters via Eq. (5.28).     

Best-fit value? 

End 
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5.5 Conclusions 

In this Chapter, novel equations for SFCCs (i.e., Eqs. (5.22) and (5.25)) are derived for 

modeling the THMC behaviors of unsaturated frozen soils. Each of the parameters in these 

models are well-defined and have physical meaning (e.g., Eqs. (5.26)) that can be explained 

using thermodynamics principles. The proposed models were validated using the published 

experimental results from the literature starting from the initial freezing point. In a simplified 

form, the physical meanings, and the selections of the proposed SFCC models for various 

scenarios are summarized in Table 5.1. 

 

The hysteretic effects that influence the SFCC behavior are reasonably explained by the 

proposed pore water/ice volume and temperature relationship (i.e., Eqs. (5.26)). The 

distinguished zones in two branches of SFCCs (e.g., soil freezing and thawing curves) are 

comprehensively characterized with detailed explanation using the proposed models.  

 

The salinity and initial water content effects on the SFCCs are also incorporated into the 

proposed models (i.e., Eqs. (5.37) and (5.41)). The proposed SFCC model is also capable of 

providing direct links with the available SWCC model in the literature as shown in Eq. (5.42). 

The models proposed in this study are valuable tools for modeling the influence of complex 

THMC behaviors of unsaturated soils extending thermodynamics principles.  

 

To better understand SFCCs, more validations are necessary based on a large volume dataset. 

In addition, salt precipitation at low unfrozen water content, and soil structure effects on the 

proposed models need further study. 

 

5.6 Appendix A 

In physics, the Legendre transformation can be used to convert one variable (i.e., pressure, 

temperature, and number of particles into conjugate variables (i.e., volume, entropy, and 

chemical potential, respectively) (Denbigh, 1981; Houlsby and Puzrin, 2000). Based on the 

Legendre transformation, various thermodynamic potentials can be expressed in a differential 

equation form as follows. 

 

 

𝑑𝐺 = 𝑉𝑑𝑃 − 𝑆𝐸𝑑𝑇 + ∑ 𝜇𝑖𝑑𝑁𝑖
𝑘
𝑖=1                                                                                         (A-1) 
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𝑑𝐹 = −𝑃𝑑𝑉 − 𝑆𝐸𝑑𝑇 + ∑ 𝜇𝑖𝑑𝑁𝑖
𝑘
𝑖=1                                                                                      (A-2) 

𝑑𝐻 = 𝑉𝑑𝑃 + 𝑇𝑑𝑆𝐸 + ∑ 𝜇𝑖𝑑𝑁𝑖
𝑘
𝑖=1                                                                                         (A-3) 

𝑑𝑈 = −𝑃𝑑𝑉 + 𝑇𝑑𝑆𝐸 + ∑ 𝜇𝑖𝑑𝑁𝑖
𝑘
𝑖=1                                                                                      (A-4) 

𝑑ΦG = −𝑃𝑑𝑉 − 𝑆𝐸𝑑𝑇 − ∑ 𝑁𝑖𝑑𝜇𝑖
𝑘
𝑖=1                                                                                   (A-5) 

 

where G, F, H, U, and ΦG are Gibbs free energy, Helmholtz free energy, enthalpy, internal 

energy, the grand potential, respectively.  

 

5.7 Appendix B 

Eq. (5.4) can be written as Eq. (B-1) by neglecting pore-air pressure Pair at saturation condition. 

 

{
𝑃𝑖𝑐𝑒 = (1 −

1

𝜆𝑘𝑚
) 𝑃𝑙𝑤, 1.0 ≤

1

𝜆𝑘𝑚
≤ 2.2

1

𝜆𝑘𝑚
=

𝛾𝑤𝑎

𝛾𝑖𝑤

                                                                              (B-1) 

 

The relations between cryogenic pressure (i.e., (Pice - Plw)) and pore radius r can be expressed 

as Eq. (B-2) which is well-known in the literature (e.g. Koopmans and Miller, 1966; Liu and 

Yu, 2013). 

 

(𝑃𝑖𝑐𝑒 − 𝑃𝑙𝑤) =
𝛾𝑖𝑤

𝑟
                                                                                                                (B-2) 

 

The following Eqs. (B-3) and (B-4) can be obtained by substituting Eq. (B-1) into Eq. (B-2). 

 

(−
1

𝜆𝑘𝑚
)𝑃𝑙𝑤 =

𝛾𝑖𝑤

𝑟
                                                                                                                 (B-3) 

(
−1

𝜆𝑘𝑚−1
) 𝑃𝑖𝑐𝑒 =

𝛾𝑖𝑤

𝑟
                                                                                                                (B-4) 

 

The following Eqs. (B-5) and (B-6) can be obtained by substituting Eqs. (B-3) and (B-4) into 

Eq. (5).   

 

𝑃𝑙𝑤 = −(𝜆𝑘𝑚)(𝐿𝐴𝜌𝑖𝑐𝑒)
𝑇𝑓0−𝑇

𝑇𝑓0
                                                                                                (B-5) 

𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
𝑃𝑖𝑐𝑒 = −(𝜆𝑘𝑚 − 1)

𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
(𝐿𝐴𝜌𝑖𝑐𝑒)

𝑇𝑓0−𝑇

𝑇𝑓0
                                                                          (B-6) 
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The following Eq. (B-7) can be obtained by summing up Eqs. (B-5) and (B-6). 

 

(
𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
𝑃𝑖𝑐𝑒 + 𝑃𝑙𝑤) = − [(𝜆𝑘𝑚 − 1)

𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
+ 𝜆𝑘𝑚] (𝐿𝐴𝜌𝑙𝑤)

𝑇𝑓0−𝑇

𝑇𝑓0
, 1.0 ≤

1

𝜆𝑘𝑚
≤ 2.2                  (B-7) 

 

The empirical relationship 1.0 ≤ (1/λkm) ≤ 2.2 that is developed based on limited experiments 

(Koopmans and Miller, 1966), it might be slightly lower than zero when it reaches the lower 

bound. A more rigorous relation is feasible which is shown below as Eq. (B-8).  

 

𝐵 = [(1 +
𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
)
𝛾𝑖𝑤

𝛾𝑤𝑎
−

𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
] , 0 < 𝐵 ≤ 1.0                                                                           (B-8) 

 

Eq. (B-9) that is built to take account of variation of pore- water and ice pressures along with 

temperature using Eq. (B-7), by adding the initial pore water pressure Plw,0 (lower than zero in 

unsaturated soils) prior to the initial freezing point Tf0. 

 

(
𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
𝑃𝑖𝑐𝑒 + 𝑃𝑙𝑤) + 𝑃𝑙𝑤,0 = −𝐴 − [(1 +

𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
)
𝛾𝑖𝑤

𝛾𝑤𝑎
−

𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
] (𝐿𝐴𝜌𝑙𝑤)

𝑇𝑓0−𝑇

𝑇𝑓0
                             (B-9) 

 

where parameter A is the value of initial pore water pressure when temperature T approaches 

to initial freezing temperature Tf0.  

 

The following Eq. (B-10) is obtained by replacing variables in Eq. (B-9) by non-negative 

parameters A and B.  

 

{
 
 

 
 (

𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
𝑃𝑖𝑐𝑒 + 𝑃𝑙𝑤) = −𝐴 − 𝐵(𝐿𝐴𝜌𝑙𝑤)

𝑇𝑓0−𝑇

𝑇𝑓0

𝐴 = (|𝑃𝑙𝑤,0|)|𝑇→𝑇𝑓0+

𝐵 = [(1 +
𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
)
𝛾𝑖𝑤

𝛾𝑤𝑎
−

𝜌𝑙𝑤

𝜌𝑖𝑐𝑒
] , 0 < 𝐵 ≤ 1.0

                                                                       (B-10) 

 

It is important to note that initial pore-water pressure must be negative, as the equations are 

derived from ratios of surface tension between pore- air and water over the surface tension 

between pore- liquid water and ice. Eqs. (B-10) exactly is the Eq. (5.16) with clear physical 

meanings. 
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5.8 Appendix C 

The original framework proposed by Houlsby (1997) is extended in this appendix using pore- 

ice, liquid water, and ice as example. In the appendix, ice is considered as an additional (solid) 

part despite the presence of pore- air and water inside soil pores. The subscripts -lw, -air, and -ice 

are used to represent pore-liquid-water, pore-air, and pore-ice, respectively in this Appendix. 

If the average stress for soil solids is expressed as sij, the total stress in unsaturated frozen soils 

can be expressed using the following relationship. 

 

𝜎𝑖𝑗 = (1 − 𝑛)𝑠𝑖𝑗 + 𝑛(𝑆𝑙𝑤𝑢
𝑙𝑤 + 𝑆𝑎𝑖𝑟𝑢

𝑎𝑖𝑟)𝛿𝑖𝑗 + 𝑛𝑆𝑖𝑐𝑒𝑃𝑖𝑗
𝑖𝑐𝑒 + 𝑇𝑖𝑗                                          (C-1) 

 

where Tij is surface tension. The surface tension for unsaturated frozen soils includes two parts, 

(i.e., the interface forces between soil solids, pore-liquid-water, and pore-air, and the forces 

acting on the interface between pore-ice, pore-liquid-water, and pore-air).  

 

The total density ρ can be written as below. 

 

𝜌 = (1 − 𝑛)𝜌𝑠 + 𝑛(𝑆𝑙𝑤𝜌𝑙𝑤 + 𝑆𝑎𝑖𝑟𝜌𝑎𝑖𝑟 + 𝑆𝑖𝑐𝑒𝜌𝑖𝑐𝑒)                                                              (C-2) 

 

where ρs, ρlw, ρair, and ρice are densities of soil solids, pore-liquid-water, pore-air, and pore-ice, 

respectively. As suggested by Houlsby (1997), the strain rate is defined as below. 

 

𝜀𝑖̇𝑗 = −𝜐(𝑗,𝑖)                                                                                                                           (C-3) 

 

where vi is the velocity vector of soil solids, a comma notation means differentiation over a 

spatial coordinate xj (i.e., vi,j = ∂vi / ∂xj, and t(ij) indicates the symmetric part of tensor tij). Based 

on conventional practice in geotechnical engineering, compression is set as positive.  

 

The total stress equilibrium is required for a static system as listed below.  

  

−𝜎𝑖𝑗,𝑗 + 𝜌𝑔𝑖 = 0                                                                                                                   (C-4) 

 

where gi is the gravitational accelerator expressed by vector, and Einstein summation over a 
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repeated index is adopted.  

 

The power input for the soils with volume V and a bounding area A is the sum of power input 

at boundary and the power done inside soils (i.e., the power associated with gravitational 

forces). 

 

∫
𝑉
𝑊𝑑𝑉 = −∫

𝐴
[𝑛(𝑆𝑙𝑤𝑢

𝑙𝑤𝑓𝑖
𝑙𝑤 + 𝑆𝑎𝑖𝑟𝑢

𝑎𝑖𝑟𝑓𝑖
𝑎𝑖𝑟)𝛿𝑖𝑗 + 𝑛𝑆𝑖𝑐𝑒𝑃𝑖𝑗

𝑖𝑐𝑒𝑓𝑖
𝑖𝑐𝑒 + (1 − 𝑛)𝑠𝑖𝑗𝑣𝑖 +

𝑇𝑖𝑗𝑣𝑖
𝑐]𝑛𝑗𝑑𝐴 + ∫𝑉[𝑛(𝑆𝑙𝑤𝜌𝑙𝑤𝑓𝑖

𝑙𝑤 + 𝑆𝑎𝑖𝑟𝜌𝑎𝑖𝑟𝑓𝑖
𝑎𝑖𝑟 + 𝑆𝑖𝑐𝑒𝜌𝑖𝑐𝑒𝑓𝑖

𝑖𝑐𝑒) + (1 − 𝑛)𝜌𝑠𝑣𝑖]𝑔𝑖𝑑𝑉      (C-5) 

 

where flw, fair, and fice are average velocities of pore-liquid-water, pore-air, and pore-ice, 

respectively.  

 

Eq. (C-6) can be obtained by substituting Eqs. (C-1) and (C-2) into Eq. (C-5), which is given 

below. 

 

∫
𝑉
𝑊𝑑𝑉 = −∫

𝐴
{𝑛[𝑆𝑙𝑤𝑢

𝑙𝑤(𝑓𝑖
𝑙𝑤 − 𝑣𝑖) + 𝑆𝑎𝑖𝑟𝑢

𝑎𝑖𝑟(𝑓𝑖
𝑎𝑖𝑟 − 𝑣𝑖)]𝛿𝑖𝑗 + 𝑛𝑆𝑖𝑐𝑒𝑃𝑖𝑗

𝑖𝑐𝑒(𝑓𝑖
𝑖𝑐𝑒 − 𝑣𝑖) +

𝜎𝑖𝑗𝑣𝑖 + 𝑇𝑖𝑗(𝑣𝑖
𝑐 − 𝑣𝑖)}𝑛𝑗𝑑𝐴 + ∫𝑉{𝑛[𝑆𝑙𝑤𝜌𝑙𝑤(𝑓𝑖

𝑙𝑤 − 𝑣𝑖) + 𝑆𝑎𝑖𝑟𝜌𝑎𝑖𝑟(𝑓𝑖
𝑎𝑖𝑟 − 𝑣𝑖) +

𝑆𝑖𝑐𝑒𝜌𝑖𝑐𝑒(𝑓𝑖
𝑖𝑐𝑒 − 𝑣𝑖)] + 𝜌𝑣𝑖}𝑔𝑖𝑑𝑉                                                                                          (C-6) 

 

Eq. (C-7) can be derived by applying the Gauss divergence theorem (i.e., ∫
𝐴
𝑦𝑛𝑖𝑑𝐴 =

∫
𝑉
𝑦,𝑖𝑑𝑉).  

 

∫
𝑉
𝑊𝑑𝑉 = ∫

𝑉
− {𝑛[𝑆𝑙𝑤𝑢

𝑙𝑤(𝑓𝑖
𝑙𝑤 − 𝑣𝑖) + 𝑆𝑎𝑖𝑟𝑢

𝑎𝑖𝑟(𝑓𝑖
𝑎𝑖𝑟 − 𝑣𝑖)]𝛿𝑖𝑗 + 𝑛𝑆𝑖𝑐𝑒𝑃𝑖𝑗

𝑖𝑐𝑒(𝑓𝑖
𝑖𝑐𝑒 − 𝑣𝑖) +

𝜎𝑖𝑗𝑣𝑖 + 𝑇𝑖𝑗(𝑣𝑖
𝑐 − 𝑣𝑖)},𝑗 + 𝑛[𝑆𝑙𝑤𝜌𝑙𝑤(𝑓𝑖

𝑙𝑤 − 𝑣𝑖) + 𝑆𝑎𝑖𝑟𝜌𝑎𝑖𝑟(𝑓𝑖
𝑎𝑖𝑟 − 𝑣𝑖) + 𝑆𝑖𝑐𝑒𝜌𝑖𝑐𝑒(𝑓𝑖

𝑖𝑐𝑒 −

𝑣𝑖)]𝑔𝑖 + 𝜌𝑣𝑖𝑔𝑖𝑑𝑉                                                                                                                  (C-7) 

 

For the term associated with surface tension, Tij in Eq. (C-7), the forces acting on the interfaces 

will be equal if the system is in an equilibrium condition. If the system has mass exchange with 

external environment, vc - v = 0 can be assumed, provided the interfaces have no power input 

to the system. The arbitrary volume V, the integral on both sides of Eq. (C-7) should therefore 

be equal. Expanding Eq. (C-7) leads to the following Eq. (C-8). 
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𝑊 = −{𝑛[𝑆𝑙𝑤𝑢,𝑗
𝑙𝑤(𝑓𝑗

𝑙𝑤 − 𝑣𝑗) + 𝑆𝑙𝑤𝑢
𝑙𝑤𝛿𝑖𝑗(𝑓𝑗,𝑗

𝑙𝑤 − 𝑣𝑗,𝑗) + 𝑆𝑎𝑖𝑟𝑢,𝑗
𝑎𝑖𝑟(𝑓𝑗

𝑎𝑖𝑟 − 𝑣𝑗) +

𝑆𝑎𝑖𝑟𝑢
𝑎𝑖𝑟𝛿𝑖𝑗(𝑓𝑗,𝑗

𝑎𝑖𝑟 − 𝑣𝑗,𝑗)] + 𝑆𝑖𝑐𝑒𝑃𝑖𝑗,𝑗
𝑖𝑐𝑒(𝑓𝑖

𝑖𝑐𝑒 − 𝑣𝑖) + 𝑆𝑖𝑐𝑒𝑃𝑖𝑗
𝑖𝑐𝑒(𝑓𝑖,𝑗

𝑖𝑐𝑒 − 𝑣𝑖,𝑗) + 𝜎𝑖𝑗,𝑗𝑣𝑖 + 𝜎𝑖𝑗𝑣𝑖,𝑗} +

𝑛[𝑆𝑙𝑤𝜌𝑙𝑤(𝑓𝑖
𝑙𝑤 − 𝑣𝑖) + 𝑆𝑎𝑖𝑟𝜌𝑎𝑖𝑟(𝑓𝑖

𝑎𝑖𝑟 − 𝑣𝑖) + 𝑆𝑖𝑐𝑒𝜌𝑖𝑐𝑒(𝑓𝑖
𝑖𝑐𝑒 − 𝑣𝑖)]𝑔𝑖 + 𝜌𝑣𝑖𝑔𝑖                    (C-8) 

 

For a quasi-static system (i.e., in which the flow of pore-liquid-water, pore-air, and pore-ice is 

negligible), the total stress equilibrium (i.e., Eq. (C-4)) can be applied to Eq. (C-8).  

 

The following Eq. (C-9) can be derived extending these criteria. 

 

𝑊 = −{𝑛[𝑆𝑙𝑤𝑢,𝑗
𝑙𝑤(𝑓𝑗

𝑙𝑤 − 𝑣𝑗) + 𝑆𝑙𝑤𝑢
𝑙𝑤𝛿𝑖𝑗(𝑓𝑗,𝑗

𝑙𝑤 − 𝑣𝑗,𝑗) + 𝑆𝑎𝑖𝑟𝑢,𝑗
𝑎𝑖𝑟(𝑓𝑗

𝑎𝑖𝑟 − 𝑣𝑗) +

𝑆𝑎𝑖𝑟𝑢
𝑎𝑖𝑟𝛿𝑖𝑗(𝑓𝑗,𝑗

𝑎𝑖𝑟 − 𝑣𝑗,𝑗)] + 𝑆𝑖𝑐𝑒𝑃𝑖𝑗,𝑗
𝑖𝑐𝑒(𝑓𝑖

𝑖𝑐𝑒 − 𝑣𝑖) + 𝑆𝑖𝑐𝑒𝑃𝑖𝑗
𝑖𝑐𝑒(𝑓𝑖,𝑗

𝑖𝑐𝑒 − 𝑣𝑖,𝑗) + 𝜎𝑖𝑗𝑣𝑖,𝑗} +

𝑛[𝑆𝑙𝑤𝜌𝑙𝑤(𝑓𝑖
𝑙𝑤 − 𝑣𝑖) + 𝑆𝑎𝑖𝑟𝜌𝑎𝑖𝑟(𝑓𝑖

𝑎𝑖𝑟 − 𝑣𝑖) + 𝑆𝑖𝑐𝑒𝜌𝑖𝑐𝑒(𝑓𝑖
𝑖𝑐𝑒 − 𝑣𝑖)]𝑔𝑖                                  (C-9) 

 

A suitable definition for the compressibility of each phase is expressed below. 

 

∫
𝐴
𝜌𝑠(1 − 𝑛)𝑣𝑖𝑛𝑖𝑑𝐴 = −∫

𝑉

𝜕

𝜕𝑡
(𝜌𝑠(1 − 𝑛))𝑑𝑉                                                                   (C-10) 

∫
𝐴
𝜌𝑙𝑤𝑛𝑆𝑙𝑤𝑓𝑖

𝑙𝑤𝑛𝑖𝑑𝐴 = −∫𝑉
𝜕

𝜕𝑡
(𝜌𝑙𝑤𝑛𝑆𝑙𝑤)𝑑𝑉                                                                      (C-11) 

∫
𝐴
𝜌𝑎𝑖𝑟𝑛𝑆𝑎𝑖𝑟𝑓𝑖

𝑎𝑖𝑟𝑛𝑖𝑑𝐴 = −∫
𝑉

𝜕

𝜕𝑡
(𝜌𝑎𝑖𝑟𝑛𝑆𝑎𝑖𝑟)𝑑𝑉                                                                 (C-12) 

 

The following relationships that are consistent with Houlsby (1997) can be derived by applying 

Gauss divergence theorem to the left sides of above equations. 

 

𝑣𝑖,𝑖 =
𝑛̇

1−𝑛
                                                                                                                             (C-13) 

𝑓𝑖,𝑖
𝑙𝑤 = −

𝜌̇𝑙𝑤

𝜌𝑙𝑤
−
𝑛̇

𝑛
−
𝑆̇𝑙𝑤

𝑆𝑙𝑤
                                                                                                          (C-14) 

𝑓𝑖,𝑖
𝑎𝑖𝑟 = −

𝜌̇𝑎𝑖𝑟

𝜌𝑎𝑖𝑟
−
𝑛̇

𝑛
−
𝑆̇𝑎𝑖𝑟

𝑆𝑎𝑖𝑟
                                                                                                       (C-15) 

 

where 𝑣𝑖,𝑖 = −𝜀𝑖̇𝑖 , 𝜀𝑖̇𝑖 = 𝛿𝑖𝑗𝜀𝑣̇ . Here, 𝜀𝑖̇𝑖  specifies to each element in the tensor rather than 

summation over repeated index, and 𝜀𝑣̇is the rate of volumetric strain (εv is a scalar).  

 

The definition of 𝜀𝑖̇𝑖 is slightly different from traditional notation for convenience in 
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computations. In Eq. (C-14), the density of liquid water is set as a variable due to the variation 

of temperature in unsaturated frozen soils. By substituting the three equations in Eqs. (C-13), 

(C-14), and (C-15) into Eq. (C-9), the following Eq. (C-16) can be obtained.  

 

𝑊 = −𝑛[𝑆𝑙𝑤(𝑢,𝑗
𝑙𝑤 − 𝜌𝑙𝑤𝑔𝑖)(𝑓𝑗

𝑙𝑤 − 𝑣𝑗) + 𝑆𝑎𝑖𝑟(𝑢,𝑗
𝑎𝑖𝑟 − 𝜌𝑖𝑐𝑒𝑔𝑖)(𝑓𝑗

𝑎𝑖𝑟 − 𝑣𝑗)] +

𝑛 (𝑆𝑙𝑤𝑢
𝑙𝑤𝛿𝑖𝑗

𝜌̇𝑙𝑤

𝜌𝑙𝑤
+ 𝑆𝑎𝑖𝑟𝑢

𝑎𝑖𝑟𝛿𝑖𝑗
𝜌̇𝑎𝑖𝑟

𝜌𝑎𝑖𝑟
) + 𝑛(𝑆̇𝑙𝑤𝑢

𝑙𝑤𝛿𝑖𝑗 + 𝑆̇𝑎𝑖𝑟𝑢
𝑎𝑖𝑟𝛿𝑖𝑗) − (𝑆𝑙𝑤𝑢

𝑙𝑤𝛿𝑖𝑗 +

𝑆𝑎𝑖𝑟𝑢
𝑎𝑖𝑟𝛿𝑖𝑗)𝜀𝑗̇𝑗 + 𝜎𝑖𝑗𝜀𝑖̇𝑗 − 𝑛𝑆𝑖𝑐𝑒[(𝑃𝑖𝑗,𝑗

𝑖𝑐𝑒 − 𝜌𝑖𝑐𝑒𝑔𝑖)(𝑓𝑖
𝑖𝑐𝑒 − 𝑣𝑖)] − 𝑛𝑆𝑖𝑐𝑒𝑃𝑖𝑗

𝑖𝑐𝑒(𝑓𝑖,𝑗
𝑖𝑐𝑒 − 𝑣𝑖,𝑗)  (C-16) 

 

Eq. (C-17) can be applied for unsaturated frozen soils; however, the last three terms need 

careful evaluation. To estimate the role of the last term in Eq. (C-16), let us consider the 

compressibility of pore-ice, first. Similar to Eqs. (C-14) and (C-15), if the rate of pore-ice flow 

outside the volume is equal to the rate of variation of pore-ice, the following Eq. (C-17) can be 

established. 

 

∫
𝐴
𝜌𝑖𝑐𝑒𝑛𝑆𝑖𝑐𝑒𝑓𝑖

𝑖𝑐𝑒𝑛𝑗𝑑𝐴 = −∫𝑉
𝜕

𝜕𝑡
(𝜌𝑖𝑐𝑒𝑛𝑆𝑖𝑐𝑒)𝑑𝑉                                                                   (C-17) 

 

Eq. (C-18) can be derived by applying the Gauss divergence theorem to the left side of Eq. (C-

17). 

 

𝑓𝑖,𝑗
𝑖𝑐𝑒 = −

𝜌̇𝑖𝑐𝑒

𝜌𝑖𝑐𝑒
−
𝑛̇

𝑛
−
𝑆̇𝑖𝑐𝑒

𝑆𝑖𝑐𝑒
                                                                                                        (C-18) 

 

Eq. (C-19) can be obtained by substituting Eq. (C-18) into Eq. (C-17). 

 

𝑛𝑆𝑖𝑐𝑒𝑃𝑖𝑗
𝑖𝑐𝑒(𝑓𝑖,𝑗

𝑖𝑐𝑒 − 𝑣𝑖,𝑗) = −𝑃𝑖𝑗
𝑖𝑐𝑒 (𝑛𝑆𝑖𝑐𝑒

𝜌̇𝑖𝑐𝑒

𝜌𝑖𝑐𝑒
+ 𝑆𝑖𝑐𝑒𝑛̇ + 𝑛𝑆̇𝑖𝑐𝑒 + 𝑛𝑆𝑖𝑐𝑒𝑣𝑖,𝑗)                          (C-19) 

 

Eq. (C-20) can be derived by substituting Eqs. (C-3) and (C-13) into Eq. (C-19). 

 

𝑛𝑆𝑖𝑐𝑒𝑃𝑖𝑗
𝑖𝑐𝑒(𝑓𝑖,𝑗

𝑖𝑐𝑒 − 𝑣𝑖,𝑗) = −𝑃𝑖𝑗
𝑖𝑐𝑒 (𝑛𝑆𝑖𝑐𝑒

𝜌̇𝑖𝑐𝑒

𝜌𝑖𝑐𝑒
− (1 − 𝑛)𝑆𝑖𝑐𝑒𝜀𝑖̇𝑖 + 𝑛𝑆̇𝑖𝑐𝑒 − 𝑛𝑆𝑖𝑐𝑒𝜀𝑖̇𝑗) =

−𝑃𝑖𝑗
𝑖𝑐𝑒 [𝑛𝑆𝑖𝑐𝑒

𝜌̇𝑖𝑐𝑒

𝜌𝑖𝑐𝑒
− 𝑆𝑖𝑐𝑒𝜀𝑖̇𝑖 − 𝑛𝑆𝑖𝑐𝑒(𝜀𝑖̇𝑗 − 𝜀𝑖̇𝑖) + 𝑛𝑆̇𝑖𝑐𝑒]                                                       (C-20) 

 

By substituting Eq. (C-20) into Eq. (C-16) and rearranging Eq. (C-16), Eq. (C-21) can be 
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obtained. 

 

𝑊 = −𝑛[𝑆𝑙𝑤(𝑢,𝑗
𝑙𝑤 − 𝜌𝑙𝑤𝑔𝑖)(𝑓𝑗

𝑙𝑤 − 𝑣𝑗) + 𝑆𝑎𝑖𝑟(𝑢,𝑗
𝑎𝑖𝑟 − 𝜌𝑖𝑐𝑒𝑔𝑖)(𝑓𝑗

𝑎𝑖𝑟 − 𝑣𝑗) + 𝑆𝑖𝑐𝑒(𝑃𝑖𝑗,𝑗
𝑖𝑐𝑒 −

𝜌𝑖𝑐𝑒𝑔𝑖)(𝑓𝑖
𝑖𝑐𝑒 − 𝑣𝑖)] + 𝑛 (𝑆𝑙𝑤𝑢

𝑙𝑤𝛿𝑖𝑗
𝜌̇𝑙𝑤

𝜌𝑙𝑤
+ 𝑆𝑎𝑖𝑟𝑢

𝑎𝑖𝑟𝛿𝑖𝑗
𝜌̇𝑎𝑖𝑟

𝜌𝑎𝑖𝑟
+ 𝑆𝑖𝑐𝑒𝑃𝑖𝑗

𝑖𝑐𝑒 𝜌̇𝑖𝑐𝑒

𝜌𝑖𝑐𝑒
) + 𝑛(𝑆̇𝑙𝑤𝑢

𝑙𝑤𝛿𝑖𝑗 +

𝑆̇𝑎𝑖𝑟𝑢
𝑎𝑖𝑟𝛿𝑖𝑗 + 𝑆̇𝑖𝑐𝑒𝑃𝑖𝑗

𝑖𝑐𝑒) − (𝑆𝑙𝑤𝑢
𝑙𝑤𝛿𝑖𝑗 + 𝑆𝑎𝑖𝑟𝑢

𝑎𝑖𝑟𝛿𝑖𝑗 + 𝑆𝑖𝑐𝑒𝑃𝑖𝑗
𝑖𝑐𝑒)𝜀𝑗̇𝑗 + 𝜎𝑖𝑗𝜀𝑖̇𝑗 − 𝑛𝑆𝑖𝑐𝑒𝑃𝑖𝑗

𝑖𝑐𝑒(𝜀𝑖̇𝑗 −

𝜀𝑗̇𝑗)                                                                                                                                      (C-21) 

 

Eq. (C-21) can be written in four parts, namely, W = W1 + W2 + W3 + W4. The four different 

parts are expressed below. 

 

𝑊1 = −𝑛[𝑆𝑙𝑤(𝑢,𝑗
𝑙𝑤 − 𝜌𝑙𝑤𝑔𝑖)(𝑓𝑗

𝑙𝑤 − 𝑣𝑗) + 𝑆𝑎𝑖𝑟(𝑢,𝑗
𝑎𝑖𝑟 − 𝜌𝑖𝑐𝑒𝑔𝑖)(𝑓𝑗

𝑎𝑖𝑟 − 𝑣𝑗) + 𝑆𝑖𝑐𝑒(𝑃𝑖𝑗,𝑗
𝑖𝑐𝑒 −

𝜌𝑖𝑐𝑒𝑔𝑖)(𝑓𝑖
𝑖𝑐𝑒 − 𝑣𝑖)]                                                                                                              (C-22) 

𝑊2 = 𝑛 (𝑆𝑙𝑤𝑢
𝑙𝑤𝛿𝑖𝑗

𝜌̇𝑙𝑤

𝜌𝑙𝑤
+ 𝑆𝑎𝑖𝑟𝑢

𝑎𝑖𝑟𝛿𝑖𝑗
𝜌̇𝑎𝑖𝑟

𝜌𝑎𝑖𝑟
+ 𝑆𝑖𝑐𝑒𝑃𝑖𝑗

𝑖𝑐𝑒 𝜌̇𝑖𝑐𝑒

𝜌𝑖𝑐𝑒
)                                                 (C-23) 

𝑊3 = 𝑛(𝑆̇𝑙𝑤𝑢
𝑙𝑤𝛿𝑖𝑗 + 𝑆̇𝑎𝑖𝑟𝑢

𝑎𝑖𝑟𝛿𝑖𝑗 + 𝑆̇𝑖𝑐𝑒𝑃𝑖𝑗
𝑖𝑐𝑒)                                                                    (C-24) 

𝑊4 = −(𝑆𝑙𝑤𝑢
𝑙𝑤𝛿𝑖𝑗 + 𝑆𝑎𝑖𝑟𝑢

𝑎𝑖𝑟𝛿𝑖𝑗 + 𝑆𝑖𝑐𝑒𝑃𝑖𝑗
𝑖𝑐𝑒)𝜀𝑗̇𝑗 + 𝜎𝑖𝑗𝜀𝑖̇𝑗 − 𝑛𝑆𝑖𝑐𝑒𝑃𝑖𝑗

𝑖𝑐𝑒(𝜀𝑖̇𝑗 − 𝜀𝑗̇𝑗)            (C-25) 

 

The meaning of the first three parts of the equation is well defined. However, the fourth part 

needs further discussion, which is provided with the aid of other equations. This is achieved by 

rewriting Eq. (C-25) in the form as shown in Eq. (C-26). 

 

𝑊4 = −(𝑆𝑙𝑤𝑢
𝑙𝑤𝛿𝑖𝑗 + 𝑆𝑎𝑖𝑟𝑢

𝑎𝑖𝑟𝛿𝑖𝑗 + 𝑆𝑖𝑐𝑒𝑃𝑖𝑗
𝑖𝑐𝑒)𝜀𝑗̇𝑗 + 𝜎𝑖𝑗(𝜀𝑖̇𝑗 − 𝜀𝑗̇𝑗 + 𝜀𝑗̇𝑗) − 𝑛𝑆𝑖𝑐𝑒𝑃𝑖𝑗

𝑖𝑐𝑒(𝜀𝑖̇𝑗 − 𝜀𝑗̇𝑗)  

(C-26) 

 

Eq. (C-27) can be obtained by rearranging Eq. (C-26), which is given below. 

 

𝑊4 = [𝜎𝑖𝑗 − (𝑆𝑙𝑤𝑢
𝑙𝑤𝛿𝑖𝑗 + 𝑆𝑎𝑖𝑟𝑢

𝑎𝑖𝑟𝛿𝑖𝑗 + 𝑆𝑖𝑐𝑒𝑃𝑖𝑗
𝑖𝑐𝑒)]𝜀𝑗̇𝑗 + (𝜎𝑖𝑗 − 𝑛𝑆𝑖𝑐𝑒𝑃𝑖𝑗

𝑖𝑐𝑒)(𝜀𝑖̇𝑗 − 𝜀𝑗̇𝑗)   (C-27) 

 

Based on Eq. (C-27), the effective stress σ’ can be written as Eq. (C-28).  

 

𝜎𝑖𝑗
, = 𝜎𝑖𝑗 − (𝑛𝑆𝑖𝑐𝑒𝑃𝑖𝑗

𝑖𝑐𝑒)
𝑖≠𝑗

− (𝑆𝑙𝑤𝑢
𝑙𝑤𝛿𝑖𝑗 + 𝑆𝑎𝑖𝑟𝑢

𝑎𝑖𝑟𝛿𝑖𝑗 + 𝑆𝑖𝑐𝑒𝑃𝑖𝑗
𝑖𝑐𝑒)

𝑖=𝑗
                             (C-28) 
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Eq. (C-29) can be obtained, by taking account of the deviatoric stress acting on pore-ice as a 

part of soil solids.  

 

𝜎𝑖𝑗
, = 𝜎𝑖𝑗 − (𝑆𝑙𝑤𝑢

𝑙𝑤𝛿𝑖𝑗 + 𝑆𝑎𝑖𝑟𝑢
𝑎𝑖𝑟𝛿𝑖𝑗 + 𝑆𝑖𝑐𝑒𝑃𝑖𝑗

𝑖𝑐𝑒)                                                              (C-29) 

 

Further, if the stress (deviatoric and isotropic stresses) acting on pore-ice is included as a part 

of soil solids, Eq. (C-30) can be obtained. 

 

𝜎𝑖𝑗
, = 𝜎𝑖𝑗 − (𝑆𝑙𝑤𝑢

𝑙𝑤 + 𝑆𝑎𝑖𝑟𝑢
𝑎𝑖𝑟)𝛿𝑖𝑗                                                                                    (C-30) 

Studies by several researchers suggest equations that are similar in form as Eq. (C-30) have 

limitations in explaining the behavior of unsaturated soils (Jennings and Burland, 1962; Bishop 

and Blight, 1963; Fredlund & Morgenstern, 1977). However, this limitation can be alleviated 

by extending the independent stress state variables approach. 

 

5.9 Appendix D 

The total stress σ can be defined as the summation of stresses of each part (i.e., σa in Eq. (D-

1)).  

 

𝝈 = ∑ 𝜃𝛼𝝈𝛼𝛼=𝑠𝑝,𝑙𝑤,𝑎𝑖𝑟,𝑖𝑐𝑒                                                                                                       (D-1) 

 

The relationships between fluid stresses and the corresponding fluid pressures Pα (α = lw, air) 

for pore-liquid water and pore-air are listed in Eq. (D-2). 

 

𝝈𝛼 = 𝑃𝛼𝜹    (𝛼 = 𝑙𝑤, 𝑎𝑖𝑟)                                                                                                     (D-2) 

 

Similarly, the total density ρ can be written as sum of densities for each component as shown 

in following Eq. (D-3). 

 

𝜌 = ∑ 𝜃𝛼𝜌𝛼𝛼=𝑠𝑝,𝑙𝑤,𝑎𝑖𝑟,𝑖𝑐𝑒                                                                                                       (D-3) 

 

The mass balance for single phase can be written as Eqs. (D-4). 

 

𝑑

𝑑𝑡
(𝜃𝛼𝜌𝛼) + 𝜃𝛼𝜌𝛼div𝒗𝛼 = 𝜁𝛼       (𝛼 = 𝑠𝑝, 𝑙𝑤, 𝑎𝑖𝑟, 𝑖𝑐𝑒)                                                       (D-4) 
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where t is time, div is divergence of velocity vector vα, and ζα is the mass supply to phase α 

from other phases. Eq. (D-5) holds for mass conservation of the soil system by neglecting the 

mass exchange from soil solid grains (i.e., ζsp = 0). 

 

∑ 𝜁𝛼𝛼=𝑙𝑤,𝑎𝑖𝑟,𝑖𝑐𝑒 ≡ 0                                                                                                               (D-5) 

 

The bulk modulus Kα for phase α can be defined as Eq. (D-6) 

 

𝐾𝛼 = 𝜌𝛼
𝑑𝑃𝛼

𝑑𝜌𝑎
   (𝛼 = 𝑠𝑝, 𝑙𝑤, 𝑎𝑖𝑟, 𝑖𝑐𝑒)                                                                                     (D-6) 

 

where Pα refers to as isotropic pressure value (scalar) for each phase. 

 

Eq. (D-7) can be obtained by substituting Eq. (D-6) into Eq. (D-4). 

 

𝑑𝜃𝛼

𝑑𝑡
+

𝜃𝛼

𝐾𝛼

𝑑𝑃𝛼

𝑑𝑡
+ 𝜃𝛼div(𝒗𝛼 − 𝒗𝑠𝑝) + 𝜃𝛼div(𝒗𝑠𝑝) =

𝜁𝛼

𝜌𝛼
      (𝛼 = 𝑠𝑝, 𝑙𝑤, 𝑎𝑖𝑟, 𝑖𝑐𝑒)                 (D-7) 

 

Here, ζsp = 0 as mentioned in Eq. (D-5). The work input to the unsaturated frozen soil can be 

written as following Eq. (D-8).  

 

𝑊 = ∑ tr(𝝈𝛼 ∙ grad 𝒗𝛼) = tr(𝜃𝑠𝑝𝝈𝑠𝑝 ∙ grad 𝒗𝑠𝑝) + tr(𝜃𝑙𝑤𝝈𝑙𝑤 ∙ grad 𝒗𝑙𝑤) + tr(𝜃𝛼𝑖𝑟𝝈𝑎𝑖𝑟 ∙

grad 𝒗𝑎𝑖𝑟) + tr(𝜃𝑖𝑐𝑒𝝈𝑖𝑐𝑒 ∙ grad 𝒗𝑖𝑐𝑒) = tr ((𝝈 − 𝜃𝑙𝑤𝝈𝑙𝑤 − 𝜃𝛼𝑖𝑟𝝈𝑎𝑖𝑟 − 𝜃𝑖𝑐𝑒𝝈𝑖𝑐𝑒) ∙

grad 𝒗𝑠𝑝) + tr(𝜃𝑙𝑤𝝈𝑙𝑤 ∙ grad 𝒗𝑙𝑤) + tr(𝜃𝛼𝑖𝑟𝝈𝑎𝑖𝑟 ∙ grad 𝒗𝑎𝑖𝑟) + tr(𝜃𝑖𝑐𝑒𝝈𝑖𝑐𝑒 ∙ grad 𝒗𝑖𝑐𝑒)    

(D-8) 

 

The term, σice which is defined as stress acting on pore-ice has two components in comparison 

of fluid pressures (pore-liquid water and -air) as shown in Eq. (D-9) 

 

𝝈𝑖𝑐𝑒 = 𝒒𝑖𝑐𝑒 + 𝑃𝑖𝑐𝑒𝜹                                                                                                               (D-9) 

 

where qice is deviatoric stress loaded by pore ice. By substituting Eqs. (D-2) and (D-9) into Eq. 

(D-8), the following Eq. (D-10) can be obtained. 
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𝑊 = tr ((𝝈 − 𝜃𝑖𝑐𝑒𝒒𝑖𝑐𝑒) ∙ grad 𝒗𝑠𝑝) + tr (𝜃𝑙𝑤𝑃𝑙𝑤𝜹 ∙ grad (𝒗𝑙𝑤 − 𝒗𝑠𝑝)) + tr (𝜃𝑎𝑖𝑟𝑃𝑎𝑖𝑟𝜹 ∙

grad (𝒗𝑎𝑖𝑟 − 𝒗𝑠𝑝)) + tr (𝜃𝑖𝑐𝑒𝑃𝑖𝑐𝑒𝜹 ∙ grad (𝒗𝑖𝑐𝑒 − 𝒗𝑠𝑝))                                                  (D-10) 

 

Note θαPα (α = liquid water, air, ice) is scalar and with Eq. (D-11), the above equation can be 

simplified as Eq. (D-12). 

 

tr(grad (𝒗𝛼) ∙ 𝜹 ) = div (𝒗𝛼)                                                                                             (D-11) 

𝑊 = tr ((𝝈 − 𝜃𝑖𝑐𝑒𝒒𝑖𝑐𝑒) ∙ grad 𝒗𝑠𝑝) + 𝜃𝑙𝑤𝑃𝑙𝑤 div (𝒗𝑙𝑤 − 𝒗𝑠𝑝) + 𝜃𝑎𝑖𝑟𝑃𝑎𝑖𝑟div (𝒗𝑎𝑖𝑟 − 𝒗𝑠𝑝) +

𝜃𝑖𝑐𝑒𝑃𝑖𝑐𝑒div (𝒗𝑖𝑐𝑒 − 𝒗𝑠𝑝)                                                                                                     (D-12) 

 

Eq. (D-13) can be obtained by substituting Eq. (D-7) into Eq. (D-12). 

 

𝑊 = tr ((𝝈 − 𝜃𝑖𝑐𝑒𝒒𝑖𝑐𝑒) ∙ grad 𝒗𝑠𝑝) + [𝑃𝑙𝑤
𝜁𝑙𝑤

𝜌𝑙𝑤
− 𝑃𝑙𝑤𝜃𝑙𝑤div(𝒗𝑠𝑝) − 𝑃𝑙𝑤

𝑑𝜃𝑙𝑤

𝑑𝑡
−

𝑃𝑙𝑤
𝜃𝑙𝑤

𝐾𝑙𝑤

𝑑𝑃𝑙𝑤

𝑑𝑡
] + [𝑃𝑎𝑖𝑟

𝜁𝑎𝑖𝑟

𝜌𝑎𝑖𝑟
− 𝑃𝑎𝑖𝑟𝜃𝑎𝑖𝑟div(𝒗𝑠𝑝) − 𝑃𝑎𝑖𝑟

𝑑𝜃𝑎𝑖𝑟

𝑑𝑡
− 𝑃𝑎𝑖𝑟

𝜃𝑎𝑖𝑟

𝐾𝑎𝑖𝑟

𝑑𝑃𝑎𝑖𝑟

𝑑𝑡
] + [𝑃𝑖𝑐𝑒

𝜁𝑖𝑐𝑒

𝜌𝑖𝑐𝑒
−

𝑃𝑖𝑐𝑒𝜃𝑖𝑐𝑒div(𝒗𝑠𝑝) − 𝑃𝑖𝑐𝑒
𝑑𝜃𝑖𝑐𝑒

𝑑𝑡
− 𝑃𝑖𝑐𝑒

𝜃𝑖𝑐𝑒

𝐾𝑖𝑐𝑒

𝑑𝑃𝑖𝑐𝑒

𝑑𝑡
]                                                                    (D-13) 

 

Eq. (D-13) can be rearranged as a sum of four parts as shown in Eq. (D-14). 

 

𝑊 = ∑ 𝑊𝑖
5
𝑖=1 =

{
 
 
 

 
 
 𝑊1 = tr ((𝝈 − 𝜃𝑖𝑐𝑒𝒒𝑖𝑐𝑒) ∙ grad 𝒗𝑠𝑝)

𝑊2 = −𝑃𝑙𝑤
𝜃𝑙𝑤

𝐾𝑙𝑤

𝑑𝑃𝑙𝑤

𝑑𝑡
− 𝑃𝑎𝑖𝑟

𝜃𝑎𝑖𝑟

𝐾𝑎𝑖𝑟

𝑑𝑃𝑎𝑖𝑟

𝑑𝑡
− 𝑃𝑖𝑐𝑒

𝜃𝑖𝑐𝑒

𝐾𝑖𝑐𝑒

𝑑𝑃𝑖𝑐𝑒

𝑑𝑡

𝑊3 = −𝑃𝑙𝑤
𝑑𝜃𝑙𝑤

𝑑𝑡
− 𝑃𝑎𝑖𝑟

𝑑𝜃𝑎𝑖𝑟

𝑑𝑡
− 𝑃𝑖𝑐𝑒

𝑑𝜃𝑖𝑐𝑒

𝑑𝑡

𝑊4 = −𝑃𝑙𝑤𝜃𝑙𝑤div(𝒗𝑠𝑝) − 𝑃𝑎𝑖𝑟𝜃𝑎𝑖𝑟div(𝒗𝑠𝑝) − 𝑃𝑖𝑐𝑒𝜃𝑖𝑐𝑒div(𝒗𝑠𝑝)

𝑊5 = 𝑃𝑙𝑤
𝜁𝑙𝑤

𝜌𝑙𝑤
+ 𝑃𝑎𝑖𝑟

𝜁𝑎𝑖𝑟

𝜌𝑎𝑖𝑟
+ 𝑃𝑖𝑐𝑒

𝜁𝑖𝑐𝑒

𝜌𝑖𝑐𝑒

       (D-14) 

 

W3 in Eq. (D-14) can be written as Eq. (D-15). 

 

𝑊3 = −𝑃𝑙𝑤
𝑑𝜃𝑙𝑤

𝑑𝑡
− 𝑃𝑎𝑖𝑟

𝑑𝜃𝑎𝑖𝑟

𝑑𝑡
− 𝑃𝑖𝑐𝑒

𝑑𝜃𝑖𝑐𝑒

𝑑𝑡
= −𝑃𝑙𝑤

𝑑(𝑛𝑆𝑙𝑤)

𝑑𝑡
− 𝑃𝑎𝑖𝑟

𝑑(𝑛𝑆𝑎𝑖𝑟)

𝑑𝑡
− 𝑃𝑖𝑐𝑒

𝑑(𝑛𝑆𝑖𝑐𝑒)

𝑑𝑡
=

−𝑃𝑙𝑤
𝑑(𝑛(𝑆𝑙𝑤+𝑆𝑖𝑐𝑒−𝑆𝑖𝑐𝑒))

𝑑𝑡
− 𝑃𝑎𝑖𝑟

𝑑(𝑛(1−𝑆𝑙𝑤−𝑆𝑖𝑐𝑒))

𝑑𝑡
− 𝑃𝑖𝑐𝑒

𝑑(𝑛𝑆𝑖𝑐𝑒)

𝑑𝑡
= −𝑛 [(𝑃𝑙𝑤 − 𝑃𝑎𝑖𝑟)

𝑑(𝑆𝑙𝑤+𝑆𝑖𝑐𝑒)

𝑑𝑡
+
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(𝑃𝑖𝑐𝑒 − 𝑃𝑙𝑤)
𝑑𝑆𝑖𝑐𝑒

𝑑𝑡
] − [𝑃𝑙𝑤𝑆𝑙𝑤

𝑑𝑛

𝑑𝑡
+ 𝑃𝑎𝑖𝑟𝑆𝑎𝑖𝑟

𝑑𝑛

𝑑𝑡
+ 𝑃𝑖𝑐𝑒𝑆𝑖𝑐𝑒

𝑑𝑛

𝑑𝑡
]                                             (D-15) 

 

W4 in Eq. (D-14) can be written as Eq. (D-16). 

 

𝑊4 = −𝑃𝑙𝑤𝜃𝑙𝑤div(𝒗𝑠𝑝) − 𝑃𝑎𝑖𝑟𝜃𝑎𝑖𝑟div(𝒗𝑠𝑝) − 𝑃𝑖𝑐𝑒𝜃𝑖𝑐𝑒div(𝒗𝑠𝑝) = −(1 − 𝜃𝑠𝑝)(𝑃𝑙𝑤𝑆𝑙𝑤 +

𝑃𝑎𝑖𝑟𝑆𝑎𝑖𝑟 + 𝑃𝑖𝑐𝑒𝑆𝑖𝑐𝑒)div(𝒗𝑠𝑝) = −(𝑃𝑙𝑤𝑆𝑙𝑤 + 𝑃𝑎𝑖𝑟𝑆𝑎𝑖𝑟 + 𝑃𝑖𝑐𝑒𝑆𝑖𝑐𝑒)div(𝒗𝑠𝑝) − (𝑃𝑙𝑤𝑆𝑙𝑤 +

𝑃𝑎𝑖𝑟𝑆𝑎𝑖𝑟 + 𝑃𝑖𝑐𝑒𝑆𝑖𝑐𝑒) (
𝑑𝜃𝑠𝑝

𝑑𝑡
+

𝜃𝑠𝑝

𝐾𝑠𝑝

𝑑𝑃𝑠𝑝

𝑑𝑡
) = −tr ((𝑃𝑙𝑤𝑆𝑙𝑤 + 𝑃𝑎𝑖𝑟𝑆𝑎𝑖𝑟 + 𝑃𝑖𝑐𝑒𝑆𝑖𝑐𝑒)𝜹 ∙ grad 𝒗𝑠𝑝) +

(𝑃𝑙𝑤𝑆𝑙𝑤 + 𝑃𝑎𝑖𝑟𝑆𝑎𝑖𝑟 + 𝑃𝑖𝑐𝑒𝑆𝑖𝑐𝑒)
𝑑𝑛

𝑑𝑡
− (𝑃𝑙𝑤𝑆𝑙𝑤 + 𝑃𝑎𝑖𝑟𝑆𝑎𝑖𝑟 + 𝑃𝑖𝑐𝑒𝑆𝑖𝑐𝑒)

𝜃𝑠𝑝

𝐾𝑠𝑝

𝑑𝑃𝑠𝑝

𝑑𝑡
                     (D-16) 

 

Eq. (D-17) can be obtained by substituting Eqs. (D-15) and (D-16) into Eq. (D-14). 

 

𝑊 = tr ((𝝈 − 𝜃𝑖𝑐𝑒𝒒𝑖𝑐𝑒 − (𝑃𝑙𝑤𝑆𝑙𝑤 + 𝑃𝑎𝑖𝑟𝑆𝑎𝑖𝑟 + 𝑃𝑖𝑐𝑒𝑆𝑖𝑐𝑒)𝜹) ∙ grad 𝒗𝑠𝑝) − 𝑛 [(𝑃𝑙𝑤 −

𝑃𝑎𝑖𝑟)
𝑑(𝑆𝑙𝑤+𝑆𝑖𝑐𝑒)

𝑑𝑡
+ (𝑃𝑖𝑐𝑒 − 𝑃𝑙𝑤)

𝑑𝑆𝑖𝑐𝑒

𝑑𝑡
] − [(𝑃𝑙𝑤𝑆𝑙𝑤 + 𝑃𝑎𝑖𝑟𝑆𝑎𝑖𝑟 + 𝑃𝑖𝑐𝑒𝑆𝑖𝑐𝑒)

𝜃𝑠𝑝

𝐾𝑠𝑝

𝑑𝑃𝑠𝑝

𝑑𝑡
+

(𝑃𝑙𝑤
𝜃𝑙𝑤

𝐾𝑙𝑤

𝑑𝑃𝑙𝑤

𝑑𝑡
+ 𝑃𝑎𝑖𝑟

𝜃𝑎𝑖𝑟

𝐾𝑎𝑖𝑟

𝑑𝑃𝑎𝑖𝑟

𝑑𝑡
+ 𝑃𝑖𝑐𝑒

𝜃𝑖𝑐𝑒

𝐾𝑖𝑐𝑒

𝑑𝑃𝑖𝑐𝑒

𝑑𝑡
)] + (𝑃𝑙𝑤

𝜁𝑙𝑤

𝜌𝑙𝑤
+ 𝑃𝑎𝑖𝑟

𝜁𝑎𝑖𝑟

𝜌𝑎𝑖𝑟
+ 𝑃𝑖𝑐𝑒

𝜁𝑖𝑐𝑒

𝜌𝑖𝑐𝑒
)           (D-17) 

 

The bulk moduli of soil solid particles, pore-liquid-water, and pore-ice are negligible in 

comparison to the bulk modulus of air (i.e., Eqs. (D-18)). 

 

{

1

𝐾𝑎𝑖𝑟
=

1

𝐾𝑎𝑖𝑟
1

𝐾𝛼
≅ 0     (𝛼 = 𝑠𝑝, 𝑙𝑤, 𝑖𝑐𝑒)

                                                                                                (D-18) 

 

Eq. (D-18) and Eq. (D-17) can be simplified as Eq. (D-19). 

 

𝑊 = tr ((𝝈 − 𝜃𝑖𝑐𝑒𝒒𝑖𝑐𝑒 − (𝑃𝑙𝑤𝑆𝑙𝑤 + 𝑃𝑎𝑖𝑟𝑆𝑎𝑖𝑟 + 𝑃𝑖𝑐𝑒𝑆𝑖𝑐𝑒)𝜹) ∙ grad 𝒗𝑠𝑝) − 𝑛 [(𝑃𝑙𝑤 −

𝑃𝑎𝑖𝑟)
𝑑(𝑆𝑙𝑤+𝑆𝑖𝑐𝑒)

𝑑𝑡
+ (𝑃𝑖𝑐𝑒 − 𝑃𝑙𝑤)

𝑑𝑆𝑖𝑐𝑒

𝑑𝑡
] − (𝑃𝑎𝑖𝑟

𝜃𝑎𝑖𝑟

𝐾𝑎𝑖𝑟

𝑑𝑃𝑎𝑖𝑟

𝑑𝑡
) + (𝑃𝑙𝑤

𝜁𝑙𝑤

𝜌𝑙𝑤
+ 𝑃𝑎𝑖𝑟

𝜁𝑎𝑖𝑟

𝜌𝑎𝑖𝑟
+ 𝑃𝑖𝑐𝑒

𝜁𝑖𝑐𝑒

𝜌𝑖𝑐𝑒
)  

(D-19) 

 

Eq. (D-19) can be modified to take the form of effective stress σ′ that can be mathematically 

represented as Eq. (D-20). Eq. (D-20) is the same equation as obtained by other methods in this 
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study. However, if pore-ice stress is treated as a part of soil solid, Eq. (D-20) can be extended 

to Eq. (D-21), which is the same equation obtained in the literature (Xu et al., 2020).    

 

𝝈′ = 𝝈 − 𝜃𝑖𝑐𝑒𝒒𝑖𝑐𝑒 − (𝑷𝑙𝑤𝑆𝑙𝑤 + 𝑷𝑎𝑖𝑟𝑆𝑎𝑖𝑟 + 𝑷𝑖𝑐𝑒𝑆𝑖𝑐𝑒)                                                        (D-20) 

𝝈′ = 𝝈 − (𝑷𝑙𝑤(𝑆𝑙𝑤 − 𝑆𝑖𝑐𝑒) + 𝑷𝑎𝑖𝑟𝑆𝑎𝑖𝑟)                                                                             (D-21) 

 

This appendix has similarities as the framework summarized in the literature (Borja, 2006; 

Zhao et al., 2010; Xu et al., 2020). However, the approach summarized in this appendix regards 

pore-ice similar to soil solids in comparison with the Xu et al., 2020 model.  

 

5.10 List of symbols 

afx, nfx, and mfx  model parameters in Fredlund and Xing model (Fredlund and Xing, 

1994) 

avg, nvg, and mvg  model parameters in van Genuchten model (van Genuchten, 1980) 

A, Alv, and B  positive model parameters in the study 

Alv,ref and Aref       model parameters at reference state 

G, F, H, U, and ΦG  Gibbs free energy, Helmholtz free energy, enthalpy, internal energy, the 

grand potential, respectively 

LA    the specific latent heat 

m    mass 

Mlw    the molar mass of water 

n    porosity of soils 

N    total number of substances 

Ni, μi, and ci  the number, the chemical potential, and the concentration of the ith 

substances, respectively  

Patm the standard atmosphere pressure 

Plw,0    the initial pore-water pressure 

Qrev    the heat transfer in reversible process 

r   the pore radius 

R  the universal gas constant 

Slw   degree of saturation 

Sobv and Scal   the observed and the calculated degree of saturations, respectively 

𝑆𝑜̅𝑏𝑣 and 𝑆𝑐̅𝑎𝑙  the average values of the observed and the calculated degree of 
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saturations, respectively. 

Ssat and Sres  saturated and residual degree of saturation, respectively 

Sufw    unfrozen water content 

Tf0 and Plw,0 initial freezing temperature and the pore liquid water pressure at this 

point, respectively 

Tff0    freezing temperature at residual degree of saturation 

V, P, SE, and T  volume, pressure, entropy, and temperature, respectively. And the 

subscripts lw, ice, and air represent the values for pore -water, -ice, and 

-air, respectively 

Vlw,0 and Slw,0  initial volume and initial degree of saturation of water before freezing, 

respectively 

wlw,ini    the initial water content 

∆V and ∆ν   volume and specific volume difference in phase change, respectively 

γiw and γwa the ice-liquid water and pore water-air interfacial free energies, 

respectively 

λbc model parameter in Brooks and Corey model (Brooks and Corey, 1964) 

λkm the ratio of soil matric suction over cryogenic pressure (Koopmans and 

Miller, 1966) 

μi and Ni  chemical potential and the number of particles of the i-th substance, 

respectively 

μi*  standard chemical potential 

ξini    a model parameter for evaluating initial water content effect 

ρlw and ρice   densities of pore liquid water and pore ice, respectively 

ψ    soil suction 

ψAEV    air-entry value 
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CHAPTER 6  

Conclusions and Future Work 

6.1 Major conclusions 

The major conclusions from the undertaken PhD research work are summarized in this section.  

   

6.1.1 Major conclusions from research contents summarized in Chapter 3  

In Chapter 3, a reasonable hypothesis is introduced based on the features of pore-size 

distribution (PoSD) curve for predicting the bimodal soil-water characteristic curve (SWCC). 

Volumetric water content relationships corresponding to the macropores and micropores in the 

PoSD curve for bimodal SWCC were developed extending this hypothesis. Two sets of bimodal 

SWCC equations are successfully derived from the traditional unimodal SWCC equations: 

namely, van Genuchten (1980) and Fredlund and Xing (1994) equations.   

 

In addition, the calibration processes for the proposed equations are built. A graphical 

construction method and regression method are separately developed to estimate the key 

features for bimodal SWCC. The two parameters (i.e., pore size influence factor, αH and best-

fit smoothening parameter λβ) were used as tools to evaluate the contribution of the micropores 

and macropores. Rational description of the bimodal SWCC is possible using the proposed 

bimodal SWCC equations. 

 

6.1.2 Major conclusions from research contents summarized in Chapter 4 

In Chapter 4, a new model (i.e., Eqs. (4.11)) is proposed for predicting main wetting SWCC 

curve the from main drying curve. The wetting SWCC along with its hysteretic features were 

predicted for a variety of soils using simple equations based on the PoSD curve that were linked 

to the well-known SWCC fitting equations and a set of boundary conditions. Three methods 

for predicting scanning curves as well as the corresponding calibration processes are derived 

for coarse-grained soils (i.e., Eqs. (4.15), (4.17) and (4.19)). Comprehensive comparisons were 

provided using these equations, between the experimental results and the predicted SWCCs of 

both coarse-grained soils.  

 

In addition, the SWCCs of fine-grained soils were successfully predicted taking account of the 

influence of stress state and soil structure associated with different initial water contents (i.e. 

Eqs. (4.31)). The multi-parametric influences for modelling SWCCs are also evaluated and 
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discussed (i.e., Eq. (4.34)) and a modified SWCC model (i.e., Eq. (4.37)) is proposed based on 

van Genuchten equation. 

 

6.1.3 Major conclusions from research contents summarized in Chapter 5 

In Chapter 5, novel equations for SFCCs (i.e., Eqs. (5.22) and (5.25)) are derived for modeling 

the THMC behaviors of unsaturated frozen soils. Each of the parameters in these models are 

well-defined and have physical meaning (e.g., Eqs. (5.26)) that can be explained using 

thermodynamics principles. The proposed models were validated using the published 

experimental results from the literature starting from the initial freezing point.  

 

The hysteretic effects that influence the SFCC behavior are reasonably explained by the 

proposed pore water/ice volume and temperature relationship (i.e., Eqs. (5.26)). The 

distinguished zones in two branches of SFCCs (e.g., soil freezing and thawing curves) are 

comprehensively characterized with detailed explanation using the proposed models.  

 

The salinity and initial water content effects on the SFCCs are also incorporated into the 

proposed models (i.e., Eqs. (5.37) and (5.41)). The proposed SFCC model is also capable of 

providing direct links with available SWCC models in the literature as shown in Eq. (5.42). 

The models proposed in this Chapter are valuable tools for modeling the influence of complex 

THMC behaviors of unsaturated soils extending thermodynamics principles. 

 

6.2 Recommendations for future work 

The framework developed in this PhD thesis is promising and can be used in the prediction and 

interpretation of the THMC behavior of unsaturated soils for all environments (i.e., for unfrozen 

and frozen unsaturated soils). The studies are particularly promising for modeling the unfrozen 

and frozen unsaturated soils considering the anticipated influence of climate changes associated 

with global warming. However, there is a need and opportunity to further the research 

undertaken in this PhD thesis.  

 

Some recommendations for future research are summarized below. 

 

(i) There is a limited understanding related to the solid skeleton stress for unsaturated 

unfrozen and frozen unsaturated soils using independent stress state variables. More 

fundamental research studies are required in this direction. 
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(ii) Research related to soil freezing characteristic curves (SFCCs) is rather limited in the 

literature. There is a need for proposing SFCC equations that can be used in modelling 

considering the influence of various environmental factors.  

 

(iii) There is a need for proposing simple equations or relationships that can be useful for the 

SWCCs considering THMC effects.  

 

(iv) There is an urgent need for developing constitutive models that can be useful for 

explaining behaviors of unsaturated soils addressing effects associated with climate 

change.  
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