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ABSTRACT 

The quadratic programming problem {QPP} deals with the 

optimization of a quadratic objective function, subject to 

linear constraints. In general, these constraints can be 

either in equality or inequality form and +hc ncnneĝ itivit y 

conditions on the variables can apply for all <~r oar*-, of 

them. However, this problem has tc be standardized as a 

preliminary step before tryinq tc ge~ a solution. 

Some methods of solution are briefly presented and their 

computational behaviour analyzed. The method of Beale is 

widely discussed in both theoretical and practical ways and 

is adopted as the procedure to find the op+imum. An 

interactive software package written in TTET2AN is 

presented. 
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INTRODUCTION 

Mathematical programminq is *ve name qiven to *-̂ e 

analysis of problems where the optimum of a function 's to 

be found, and the variables are subject +o inequality or 

equality constraints. ^he term "linear programming", 

corresponds to *he case where the function to be optimized, 

i.e. the objec-ive function, ir linear and where the 

constraint ser is *he intersection <"* a finite number of 

half spaces. Nonlinear programming is, •'•hen, the case where 

the objective function is nonlinear, 

An :mpor+ant case of nonlinear programming is -he 

guadratic programming problem {QP?) , wvere +ve objective 

'unction is a quadratic function and the constraints set is 

as in the linear case, a finite set of half spaces. 

Feasearch on norlinear programming vas aone almost 

parallel to t>>e development of linear proaramming, but the 

nonlinear case has found some mathematical difficulties 

no+ably more iiuportan- tha- have binded its development. 

"hus, we still cannot spea^ -oday of a complete -heory o^ 

nonlinear programming. In this development-, Abe period of 

•'-he last two decades has, ̂ hus far, appeared *o he a fime of 

appraisal and consolidatior, Generally speakino, the major 

achievements in this -jme have been related *-^ evaluating 

and improving -he efficiency of existing sclu+Jon methods, 
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The r a t e s a t which many of the mcs1 commonly i i ced algorithms 

converge to optimal so lu t ions have been subjected to bot> 

t h e o r e t i c a l and empirical examination f8,25,2QT 

Recently, p a r t i c u l a r a t t e n t i o n has beer paid to 

"Large-scale Mathematical Programming", ^ a + A s, to the 

d i f f i c u l t i e s encountered in attempting to s^ive -he very 

large nonlinear orobleras tha-1- sometimes a r i s e in Operations 

research . In t h i s f i e l d , important works have been done MM 

in the developing of methods based on solving a sequence o-f 

QPP as a route towards the so lu t ion of a general nonlinear 

programming problem. 

This t h e s i s begins with a br ief presenta t ion of some of 

the most commonly used algorithms for solving the QPP and 

analyses t h e i r computational behavionr. The main in tent of 

t h i s t h e s i s , however, i s to present an i n t e r a c t i v e software 

package for the QPP, and discuss +he most important aspects 

and problems encountered during i t s development 
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C h a p t e r I 

THE QUADRATIC PROGRAMMING PROBLEM 

1.1 HISTORICAL OU.TLINE 

The subject of mathematical programming has formally 

existed as a well defined subiecr area, since the l a t e 

1940's when George l an t z iq developed +vG simplex method for 

l inear programming. Later, in 1951 H.W.Kuhn and 7,S.Tucker, 

in the Second Berkeley Symposium ^n Mathematical s - a t i s ^ i c -

and Probab i l i ty , published the paper "Nrrl i near Programming" 

f18 ] which es tab l i shed necessary condi t ions for optimal 

so lu t ions to nonlinear programming problems. Since tha t 

time, the h is tory of Mathematical Programming can be 

divided, roughly speaking, i n to fwo p a r a l l e l and 

occasional ly convergent streams of development : one 

inspi red by the Ktthn-TucXer op^imali^y c r i t e r i o n and the 

other based on the p r inc ip l e s of Dantzig 's '"implex Method. 

I n i t i a l l y , the development of Dan^zia's c-mplex Method 

was r a the r narrowly confined to the iden t i^ ica^ i^n and study 

of various important subclasses of l inea r programming 

problems {Transportation, Network flows, Game theory, etc) . 

Then in the l a t e 1950's, a con^lcence of 4-ve Simplex 
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c o m p u t a t i o n a l a p p r o a c h and t h e Kuhn-^ucker t h e o r y p r o d u c e d a 

number of d i f f e r e n t a l g o r i t h m s f o r s o l v i n g q u a d r a t i c 

programming p r o b l e m s . B a s i c a l l y , t h e s e methods r e l y on t h e 

f a c t t h a t t h e f i r s t p a r t i a l d e r i v a t i v e of a q u a d r a t i c 

f u n c t i o n i s l i n e a r : t h i s i s p r e c i s e l y what makes g u a d r a t i c 

p rog rams t h e most e a s i l y h a n d l e d of a l l n o n l i r e a r p r o b l e m s . 

P e r h a p s t h e most i m p o r t a n t p e r i o d i n t h e l e v e l o p m e n t of 

t h e s o l u t i o n methods of q u a d r a t i c p rob l ems and , -n g e n e r a l , 

of n o n l i n e a r o n e s was be tween 195q°~i967. come i m p o r t a n t 

works a p p e a r e d p r e s e n t i n g u s e f u l and e f f - c i e n * a l g o r i t h m s 

t h a t c a n be a p p l i e d t o manv n o n l i n e a r p rograms f 1 , 1 1 , 3 0 ] , 

Some were a p p l i c a b l e t o p r o b l e m s h a v i n g l i n e a r c o n s t r a i n t s 

o n l y and s t i l l o t h e r s were d e s i g n e d s p e c i f i c a l l y f o r c e r t a i n 

c a t e g o r i e s of t h e n o n l i n e a r programming p r o b l e m . . . t h e 

q u a d r a t i c programming problem i s i n t h i s c l a s s . 

1.2 STATiMENT OF THE PROBLEM 

G e n e r a l l y s p e a k i n g , t h e p rob lem of o p t i m i z i n g a f u n c t i o n 

of one o r more v a r i a b l e s is c a l l e d a m a t h e m a t i c a l 

programming p r o b l e m . In c o n s i d e r i n g •'•he n o n l i n e a r 

programming problem one a l w a y s r r e f e r s t o tv.j_nk of a 

m i n i m i z a t i o n p r o b l e m . T h i s i m p l i e s no l o s s of g e n e r a l i t y 
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since if the objective is to maximize F fx) , ^is can be 

converted to an equivalent minimization problem by letting 

ffx) = -E (x) and then minimizing f (x) . 

Consider a convex quadratic function of n variables whioh 

is to be minimized : 

G{x) = (1/2) x» Ax + b'x + c 

where : 

x i s an n - v e c t o r of the unknowns 

A i s a symmetric p o s i t i v e s e m i d e f i n i t e matr ix with n rows 

and n columns 

b i s an n - v e c t o r 

c i s a s c a l a r 

The m c o n s t r a i n t s (m<n) a s s o c i a t e d with -"-he problem, a re 

Px - a < 0 

x > 0 

where : 

71 i s a mat r ix with m rows and n columns 

g i s an m-vector wi+h s * r i c t l y p o s i t i v e componen t 

Thus the QPP i s c h a r a c t e r i z e d by l i n e a r c o n s t r a i n t s , 

nonnegativi+-y requirement on t^e v a r i a b l e s and an 

o b j e c t i v e func t ion G(x) which is a p c s i + i v e s e m i d e f i n i t e 

q u a d r a t i c form. 

The reason why * he mat r ix A mus^ be p o s i t i v e s e m i d e c i n i t p 

a r i s e s from one of the most s e r i o u s problems i r n o n l i n e a r 

programming: t h e problem of l o c a l and g l o b a l min-iia, I f ? 

- 3 -



i s a p o s i t i v e s e m i d e f i n i t e m a t r i x , any l o c a l minimum i s a l s o 

a g l o b a l minimum. When A i s n o t p o s i t i v e s e m i d e f i n i t e , t h^n 

t h e r e i s a p o s s i b i l i t y t h a t s e v e r a l l o c a l minima e x i s t . 

The QPP i s o f t e n w r i t t e n a s 

min { G{x)= (1/2) x ' A x + b ' x + c | Px < q , x > n } (P1) 

Note t h a t t h e c o n s t r a i n t s and n o n n e g a t i v i 4 - y c o n d i t i o n s a r e 

t>>e same a s i n t h e c a s e of l i n e a r programmi ng, c o n s t r a i n t s 

which a r e n o t i n t h i s ^orm must be f i r s t t r a n s f o r m e d t o t H s 

s t a n d a r d form by u s i r g any of •'•ecr n i g u e s of l i n e a r 

p rogramming; i . e . *he p h a s e I - p h a s e T I p r o c e d u r e o r t h e b i g 

M t e c h n i q u e (by a d d i n g a r t i f i c i a l v a r i a b l e s ) [ 7 " | . 

In t h e s t a t e m e n t of t h e QPP t h e r e a r e no r e s t r i c t i o n s on 

t h e c h o i c e of t h e e l e m e n t s of P , g o r b ; b u t i-he r e s t r i c t i o n 

t h a t A be p o s i t i v e s e m i d e f i n i t e i s c r u c i a l . ^o f a r , t h e r e 

i s no method f o r s o l v i n g t h e QPP where A i s an a r b i t r a r y 

s y m m e t r i c m a t r i x . As n o t e d i n t h e s u b s e q u e n t d i s c u s s i o n s , 

some methods even r e q u i r e t h a t A be p o s i t i v e d e f i n i t e . 

1.3 SOME APPLICATIONS 

A l t h o u g h l i n e a r f u n c t i o n s a r e t h e mos". w ide lv used ^yoe 

i n t h e f o r m u l a t i o n c f m a t h e m a t i c a l c p t i m 4 z a J - i o n p r o b l e m s , 

g u a d r a t i c f u n c t i o n s a r e g u i t e f i r m l y e s t a b l i s h e d i n s e c o n d 
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place, "his is due to the fact that a large nurber o* the 

functional relationships occurring in rhe real world are 

either +ruly quadratic or may be so approximated, 

For example, the area of a disk, cube or o^her regular 

figures is proportional to t̂ e square of their 

characteristic linear dimensions, The kinetic energy 

carried by a rocket or atomic particle ^ proportional to 

the sguare of its velocity, while the potential energy o^ a 

riaid standing wall or dam is a guadra+ic function oc its 

height. The revenue o^ a monopolistic firm ivat sells x-i 

units of some product at a unit price of x2 is x1x2, whio^ 

is also quadratic. In statistics, the variance cf a given 

sample of observations is a quadratic func^i^n o^ the value0 

that consti* ite the sample. 

One very common example of a QPP arise? when data are to 

be fitted to a mathematical model by fche least sguares 

method. Suopose an economist theorizes that +he fraction B 

of the American public's total consumption^expenditure t^at 

is allocated + c goods and services in the j* class ( j = 1, 

2, ... i n ) is constant from year to year, regardless of 

the overall level cf consumption (assume all •'-ypes of goods 

and services have been partitioned into n mutually exclusive 

classes). He has available as data a de-a^ed breakdown of 

all consumption expeditures over an m-year period and wishes 

to use these statistics to form least squares estimates of 

- 5 . 



t " e unknown paramete r s Bj . Le+ Cj be the t o 4 a l consumption 

expedi+ure and l e t Xn be t h e amount a l l o c a t e d or goods and 

s e r v i c e s in the j<* c l a s s ( j - 1, 2, . . . , n ) du r ing t h e 

i tK year (i = 1 , 2 , . . . , m ) 
m 

i ~~ \f £* f * % * f r i 

f - 1 J 

Then the problem can be formulated as 

minimize 7 

where 
iY) in 

Z = L- <L— ( Xij •• B ; C | ) 2 

1=1 j = 1 J J 

i = 1 , 2 , . . . , m 

j - 1, 2 , . . . , n 
n 

sub jec t to ^ B; = 1 and 0 < B: < 1 

Another q u a d r a t i c program known as -he Por^fr- l io problem 

a r i s e s in ^he p lanning of i n v e s t m e n t s , suppose ere wants to 

i n v e s t a t o t a l of $B in n d i f f e r e n t s tocks and b<~rds Xj (i = 

1, 2 , . . . , n ) , The annual r e t u r n on a $1~investmen+ i n 

the j * s e c u r i t y i s a random v a r i a b l e whose expected value 

and v a r i a n c e (based on h i s t o r i c a l da^a) a r e F; and 3;: ' the 

c o v a r i a n c e of •'-he i » and j * ' 1 r e t u r n s - s Sij = "ji , 

If one wants only t c maximize + he expected o v e r a l l 

r e t u r n , r e g a r d l e s s of r i s k , i4- would on ly be necessa ry t o 

i n v e s t in f -e s e c u r i t y o f f e r i n g -he q r e a + e s + Fj . However, 

one might p r e f e r to i n v e s t in sue*1 a way as *-c minimize -he 
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o v e r a l l v a r i a n c e of t h e p o r t f o l i o s u b j e c t tc +he c o n d i t i o n 

<"if an expec ted t o t a l r e t u r n of a t l e a s t "SP per year . If we 

de f ine S t o be a symmetric N by r mat r ix wi~h e lements c 

1 he problem can be formula ted as fo l lows t 

f ind t h e va lues of x-i , Xa., . . . , xn tha* minimize z where 

Z = x'Sx 

s u b j e c t t o 

ZZRJXJ > -

Z Z x; = B and x: > 0 

j = 1, 2 , . . . , n 



C h a p t e r I I 

MATHEMATICAL BACKGROUND 

2-1 GLOBAL SEEISSi 

A f u n c t i o n f (x) t a k e s i t s a b s o l v e minimum a t a p o i n t x* 

i f f ( x ) > f ( x * ) f o r a l l x o v e r which t h e f u n c t i o n f ( x ) i s 

d e f i n e d . The a b s o l u t e minimum i s a l s o c a l l e d g l o b a l 

minimum. 

A f u n c t i o n f (x) h a s a r e l a t i v e minimum a t some p o i n t x ° 

i f t h e r e e x i s t s an i n t e r v a l i n c l u d i n g x ° # no m a t t e r h ¥ 

s m a l l , such t h a * fo r a l l x i n t h i s i n t e r v a l , f (x) > f (x°) , 

The r e l a t i v e minimum i s a l s o r e f e r r e d Ac a s l ^ c a l minimum. 

S i m i l a r l y , t h e r e e x i s t g l o b a l maxima and l o c a l maxima, whose 

d e f i n i t i o n s f o l l o w l o g i c a l l y from + h e p r e v i o u s o n e s . 

For a c o n c a v e f u n c t i o n , l i n e a r i n t e r p o l a t i o n between any 

two p o i n t s n e v e r o v e r e s t i m a t e s t h e v a l u e of t ^ e f u n c t i o n . 

O b v i o u s l y , i f f (x) i s c o n c a v e , t hen ™f(x) i s c o n v e x . 

L e t f{x) be a convex f u n c t i o n ove r a c l o s e d i n t e r v a l 

a<x<b, t h e n any l o c a l minimum of f (x) in ••-his i n t e r v a l i s 

a l s o t h e g l o b a l minimum of f ( x ) r y e r t h e i n t e r v a l . The 

g l o b a l maximum of a convex f u n c t i o n f ( x ) ^ v e r a c l o = e 3 

- 8 -



interval a<x<b will be taken on a4- either x = a or x = b or 

both. The two previous statemer+s are often staged a^ 

-heorems and their proofs can be *"ound ^ n +he optimization 

literature [9,10], We may well be interested in minima thar 

occur when one or more cf the variables are at +heir upper 

or lower bound. It is readily seen that +vere are 2n 

possible combinations cf the a, and h\ wh^c^ *he x; may 

take. If it is to minimize z = f (x) and -"-here is no 

characteristic known of f (x) (even ir it is known -hat it is 

continuous and diffe rentable) , it can crly be hoped to find 

a local minimum. However, considerably more can be said if 

the function being maximized or minimized ^^ concave or 

convex. 

If f (x) is a convex function, i •"- ha^ a undone minimum 

over a feasible convex region and tve same minimum value is 

found for a convex subset of +he feasible region. 

Furthermore, the minimum of a concave function over a convex 

region occurs at an extreme point of + \a + region, or 

otherwise points which are not extreme points can be wri-^n 

as linear combinations o^ extremal points, 

mhe problem (P1) is said to be a convex quadratic 

programming problem if P is positive semidefinite, so thi^ 

G (x) is convex. If £ is negative semidefinite, so that G (x) 

T s concave, then problem (P1) is called a concave quadratic 

programming problem. 

- 9 -



2-2 THE. SIMPLEX METHOD 

2.2.1 The canonical form 

Hhen dealing with linear programming problems, the 

simplex method provides the mos*- efficient Procedure for 

solution. To apply the simplex method, *ve problem is 

assumed in its canonical form 

Max z = b'x 

Px = g (?2) 

x > 0 

with n unknowns and m c o n s t r a i n t s , then : 

b i s an n~vec tor , 

P i s an mxn m a t r i x , 

g i s an m^-vector and 

x i s t h e n - v e c t o r of the unknowns. 

This formula t ion i s c l e a r l y very r e s t r i c t i v e ; however 

l i n e a r programming a p p l i e s e g u a l l y -o s i tua t ion*" where t h e 

c o n s t r a i n t s a re i n e q u a l i t i e s or a mixture of e q u a l i t i e s and 

i n e g u a l i t i e s , where some of the v a r i a b l e s can have n e g a t i v e 

va lues and where t h e o b j e c t i v e func t ion i s t o be maximize 1. 

In g e n e r a l , tho case may be 

maximize Z 

where 

Z = d »y 
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Subject to 

Fy < r 

Gy > s 

Hy = t 

y ^ > 0 i = 1, 2, ... k ; * k < n 

which need to be transformed into canonical form. 

If a constraint is a less-than condition, then an equation 

can be made out of this constraint by adding a nonnegative 

variable u to +he left-hand side and writing -

Ey + u = r 

u is called a slack variable and is an additional unknown 

that has to be determined. Similarly, if a constraint is a 

great her-than condition, it can be written as 

Gy - v = s 

where v again is a nonnegative variable (usually called a 

surplus variable) that constitutes an additional unknown of 

the problem. If seme of the variables are nox constrained 

to be nonnegative, then these variables can be expressed as 

yj = y] - yj 

yj > C y? > 0 
J J 

j = 1, 2, ... n-k 

because any number can always be expressed as ^Fe difference 

of two nonnegative numbers, Finally, instead of maximixing 

Z, -Z will be minimized . 

The problem becomes 

minimize Z 
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w^ere 

Z = fd 0 0] 

subject to 

F 

G 

H 

T 

0 

0 

0 

« . T 

0 . 

" y ' 

u 

_ v_ 

= 

" r 

s 

4. 

Py putting 

x = 

y 

u 

V J 

F I 0 

G C -I 

H 0 0 

g = 

- r" 

s 

. t _ 

b = 

--a 
0 

0 

problem (P2) is gotten, which is in canonical form. 

It should be noted tha*- *he number of unknowns have been 

increased by u + v + (n-k), '"hus any method *haf solves the 

canonical form will also handle more general situations 

involving mixtures of equalities and inequalities, partial 

nonnegativity constraints, and minimization or maximization. 

""he canonical form of the problem will be referred to 

hereafter. 
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2.2.2 Basic solutions 

It will be convenient to define some concepts ^haf can be 

useful in discussing future topics. 

1. Feasible solution : Any solution +o Px = g , x > 1 

2. Basic solution : A solution of Px = g , obtained by 

setting n-m variables egual to zero and solving the 

remaining m variables, provided *-hat the determinant 

of the coefficients of these m variables does not 

vanish (so that the values of these m variables are 

uniquely determined) . 

3. Basis ; The collection of m variables w'-ich are not 

egual to zero in the construction o* a basic 

solution. 

4. Basic feasible solution ,: A basic solution of Px = g 

which also satisfies x > 0. 

5. Optimal solution : A feasible solution which 

satisfies b* x = min. 

6. Optimal basic solution : A basic feasible solution 

which satisfies b'x = min. 

Before starting +he simplex procedure, a basic feasible 

solution must be found. For this, -"-he vector g in th e 

constraints Px = q must be s+ric+ly positive. Whenever 

necessary, a new transformation has to be done to the system 

such tha* one decision variable be isolated in each 

constraint with a +1 coefficient, that +Fa- variable not 
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aopear in any oAher constraint and that it Fave a zero 

coefficient in t>-e obiective function. 

The variables added at this point are called artificial 

variables because they don'- belong to the system and must 

eventually be suppressed. They are introduced only because 

they constitute inmediately a basic feasible scln+ion. After 

creating the artificial variables, they have to vanish. ^or 

this, *he in feasibility form w defined by 

Xfl+^ + Xyi+2'*" . . . "t Xn+rn— W 

has to be driven to zero [7,13], °nly tven have we a basic 

feasible solution to start the simplex procedure. 

2.2.3 gompqta tional criteria 

1. Optimal!ty criterion : Suppose that in a minimization 

problem every nonbasic variable has a nonnegative 

coefficient in the objective function of a canonical 

form. Then *he basic feasible solution given by thai-

canonical form minimizes the objective function over 

the feasible region. 

2. Unboundedness criterion : suppose that in a 

minimization problem seme nonbasic var4able has a 

negative coefficient in the objective function of a 

canonical form. If that variable has pos"+ive or zero 

coefficients in all constraints, *hen the objective 
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function As unbounded from below over "he feas ib le 

region, 

3. Improvement c r i t e r i o n : Suppose fvaf in a 

minimization problem some nonbasic var iab le has a 

negative coef f ic ien t in t^e object ive function o^ a 

canonical form. If tha t var iab le Fas a negat ive 

coef f ic ien t in some cons t r a in t , +hen a new basic 

feas ib le so lu t ion may be obtained by pivot ing. 

4, Batio and pivoting c r i t e r i o n : When improving a given 

canonical form by introducing the var iable xs in to 

the b a s i s , pivot in a cons t ra in t + ra+ gives the 

minimum r a t i o of the right-hand-* side coef f ic ien t to 

the correspondirg xs coe f f i c i en t . oonpute these 
i 

r a t i o s only for cons t r a in t s tha t have a pos i t ive 

coef f ic ien t o^ x s , 

When in t roduci rg the var iab le x s into *he ba s i s , another 

basic var iab le must leave i t s Place to x s . This subs t i t u t ion 

(p ivot ing) 1 i s merely the famil iar var iable e l i n i n a t i o n 

technigue from high-school a lgebra , known more formally as 

Gauss-Jordan e l iminat ion . Consequently, a^ter pivot ing, *he 

^orm o^ the problem has been a l t e r e d , brt the modified 

equations s t i l l represen- -he o r i g i n a l problem and have the 

same feas ib le so lu t ions and the same object ive value when 

i The commonly known procedure for pivoting i s ro t t r ea ted 
in ••-bis paper. However, i t can be found - n any book 
deal ing with l i nea r programming f 7 f 1 3 ] . 
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e v a l u a t e d a t any given f e a s i b l e p o i n t . 

2 . 2 . 4 Geometr ica l i n t e r p , r e t a t i o i 

Consider the fo l lowing problem s - a t e d in i * s c a n o n i c a l 

form : 

minimize Z 

where 

Z - 0x1 + 0x2 + 3x3 + x4 -2
n 

subject to x1 - 3x3 + 3x4 = f (1) 

xz - 8x3 + aXi, = 4 (2) 

Xj > 0 (j = 1,2,3,4) 

Figure 1 illustrates the situation. For any value of z, 

say z = -17, the objective function is represented by a 

straight line. As z decreases fr -20, the line 

corresponding to the objective function moves parallel to 

itself across the feasible regicr. A* z = -Pn it meets the 

feasible region only at the poin* x3 = x3 = 0 and, for z < 

-20 it no longer touches the feasible region. Consequently, 

•z = -20 is optimal. 

If we change our objective function to z - -3x3 + x4 - 20 

(which is shown in figure 2) decreasing x3, while holding x, 

= 0, corresponds -o moving outwards from tve origin along 

the x^-axis. As we move along the ax:s, we never meet 

either constraint (1) or (2). Also, as we move along -he 

x,~axis, the value cf the objective function is increasing 
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F i g u r e 1: GEOMETRICAL INTERPRETATION OF SXAKPLE 1 

t o +co . Hence t h e o b j e c t i v e f u n c t i o n i s unbounded from 
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F i g u r e 2 : GEOMETRICAL INTERPRETATION OF EXAMPLE 2 

Z=-20 

above . 
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On the other hand, i ̂  our objective '''nct'fn is changed 

to z = 3x3 - x4 - 20, which is also shown in figure 2, 

decreasing x̂. corresponds tc movina from ^le origin along 

the x^-axis. In this case, however, we encourter constraint 

2 at x4 = 1 and constraint 1 at X4. = 2. Consequently, to 

mantain feasibility in accordance with ^he ratio criterion, 

we move to the intersection of the x^-axis and cctstraint 2, 

w>-ich is the optimal solution. 

2.3 THE KUHN-TOCKER CONDITIQIS. 

In attempting to develop algorithms for solving nonlinear 

programming problems, it is useful +0 have some information 

concerning the c h a r a c t e r i s t i c s of an op-imal solut ion, KuHn 

and Tucker MS] showed tha t if a vector x* minimizes f (x) , 

subject to c o n s t r a i n t s 1 (x) > 0 , -"-hen, 
m 

of/dx-. t ^2. tr "o1-, /c-x-. = * 
J t = 1 J 

h; (x* ) > 0 (K-M) 

t i h ; ( x * ) = ^ 

t i > 0 

r c r a l l i = 1, 2 , . . . . m 

j = 1, 2 , . . . , n 
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where 

ti is the Lagranae mul-iplier associated w-'th the i t t 

cons-raint. 

These are the well-known Kuhn-mucker condition^. 

However, an the case of the QPF, the Kuhn-Iucker 

conditions may have a special form. The func+icn f(x) to be 

minimized is in this case 

G(x) = (1/2)x,?x + b'x + c 

and the constraints h(x) > 0 are of two k^nds 

The side constraints 

hl = g - Px > 0 

and the nonnegativity constraints 

h.2 = x > 0. 

Then, 

oG(x)/3x = Jx + b 

Bhi (x) /ox - B/Bx (q - Px) = - ,/L! ri P;r = -P'u 
i = l J 

where u\ is the Laqrange multiplier associated with the i» 

side constraint Clearly, the m~vector u is the Lagranae 

multiplier associated with the m side constraints h1(x). 

Similarly, for the nonnegativity constraints we ^ave 

Sh2(x)/dx = ^Z- v: e\ - v 

where ej is the j**1 column of the identity matrix I and Vj is 

the Lagrange multiplier associated with nonnegativity 

constraint XJ. 

At the minimum point, *• he conditions are : 
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Ax t b = -P'u + v 

u > 0 

v > C 

x > 0 

Moreover, t-, hi (x*) = 0 becomes 

u*, h*(x*) = 0 or ui (g-. - J pu x O = ° 
J i-1 J i = 

j = 1, 2, .. , , n 

I f y-, r e p r e s e n t s t h e nonnegat ive s l a c k v a r i a b l e a s s o c i a t e d 

with the Ith c o n s t r a i n t 

yi = g; - 2 _ - (Pi; x-, ) 

t h e n , from above 

u 'y = 0 

s i m i l a r l y , f o r the n o n n e g a t i v i t y c o n s t r a i n t s v ' x = 0 

Then, ti hi(x*} = 0 becomes v 'x + u ' y = C which i s t r u e , 

Since v , u , x, y > 0 , the only way for i t to "^old i s t h a t 

v ' x = 0 and u 'y = 0. 

Then, the Kuhn-Tucker c o n d i t i o n s for t h e 0P° can be 

w r i t t e n a s 

A x *• b -t- T 5 i u = v 

v ' x t u ' y = 0 (KT2) 

q - Px = y 

x , y, u , v > 0 
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Chapter TIT 

THE EFTHOD OE BEALE 

3.1 THEORETICAL ASPECTS OF THE FETHCP 

The method of Beale [1] was published as an application O-P 

the simplex method to guadratic programming and it re luces 

to the simplex me-hcd when the obiective punc*ion is linear. 

Consider the problem of minimizing the guadratic 

objective function G (x) (x an n-vectcr) , subject to the 

constraints 

Px < g 

x > 0 

where P is an mxn matrix and g is an m-vector. 

We can assume without less of generality *hat a basic 

feasible solution can be obtained from this set of 

constraints (see section 2.3.1). call y the vector of the 

variables that give a basic ^easible solution a+ -he 

starting point, then the constraints become: 

Px + y = g 

x > 0 , y > r 

or 

f P : 1 X 

y 
r c i 

- 22 -



L e t 

m X 

y 
and f P ] = f P|T 1 

Ihen x i s an (n tm)-vec tor and P an mx(n + m). ?jC" a r e s u l t t he 

c o n s t r a i n t s can be wr i~ +
e n 

Px = g 

x > 0 

I t i s assumed t h a t t h e b a s i c v a r i a b l e s a r e the l a s t xn+K 

(k=1,2, . . . , m) and t h e f i r s t x (1 = 1, 2, . . . , n) a r e 

nonbas i c . Define + he vec to r z = (z0 , z1 , . . , , zM) 

z = r 1 " 

- X 

Then t h e o b j e c t i v e func t ion can be expressed in terms of z 

as 

G (z) = z ' P z 

where 

"~c I b ' / 2 

I 
P 

b/2 , ( V 2 ) ' 

^ o t e now t h a t for 1<k<m the (k+1)«> en~rv cf dG/c-z^is 

bK * | l aK j ZJ 

The constraints can be used tD express the basic 

variables in terms of the nonbasic ones 
n 

xf = Pf0 - Z L Pi-. Z-, 
1=1 'J J 
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where pio = q, a t the s t a r t i n g point whe" a basic feas ib le 

so lu t ion i s immediately ava i l ab l e . ?t any t r i a l solut ion of 

the problem, the basic var iab le x; = p-lo and *he nonbasic 

var iab les z are a l l zero. Also, at any +
r i a l point , the 

equations of the c o n s t r a i n t s can be used *o express the 

objec t ive function G in terms of *he nonbasic var iab les 

only. 

If c>G/Szs > 0 , then an increase in zs wi 11 not re luce G ; 

bu- if dG/dz < 0 , then a small increase in zs wil l reduce 

G. In the general case, when G i s an a r b i t r a r y continuously 

d i f f e r en t i ab l e funct ion, the process of increasing z s (when 

"dG/c-Zs < 0 ) , must terminate when e i the r one of the following 

condi t ions holds: 

1. A basic va r i ab l e , say xt , has become zero and i s 

about tc become neqat ive, 

2. bG/o)zs vanishes and i s about to become pos i t i ve . 

In case 1 . . (which i s the only p o s s i b i l i t y in the case o f 

l i n e a r programming), the remedy i s to change the bas is by 

making xt nonbasic in place of z s . Case 2. can give r i s e to 

s u b s t a n t i a l d i f f i cu l ty if G i s an a r b i t r a r y ^unction; but i f 

G i s a quadrat ic function, then dG/dzs i s a l i nea r function 

of the nonbasic va r i ab le s . In t l i s s i t u a - i r n , case 2, 

r e s u l t s in the creat ion of a new c o n s t r a i n t . 

If <bG/dzs becomes pos i t ive as zs i s increased, (with a l l 

other nonbasic var iables equal to zero) then a new var i ab le 

i s defined as follows: 
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n 
u = hs + ^~_ a£j Zj 

J"1 

Now u i s made the new nonbasic va r i ab l e , and throughout the 

c o n s t r a i n t s and the expression for G, the above equation i s 

used to subs t i t u t e for ?s «in terms of u and the other 

nonbasic va r i ab les . / Mote that i f zs i s one of *he o r i g i n a l 

x-var iables (not one of the introduced u-variables) , then 

there wi l l be add i t i ona l basic var iable a f t e r thi^- -step. 

One important fea ture of the new u var iab le i ° that i t ie 

not r e s t r i c t e d to nonnegative va lues . I t i s ->-v>ererore ca l l ed 

a ' t r e e ' var iab le as opposed to the o r ig ina l x-var iables 

which are ca l l ed r e s t r i c - e d va r i ab l e s . S4nce u i s not sign 

r e s t r i c t e d , if SG/OJU > 0 then G car be reduced by making u 

negat ive . 

I t i s convenient ~o have a se t c c nonbas4c var iables t ha t 
j 

a l l vanish a t the + r i a l so lu t ion , since +i-e values of the 

basic va r iab les are then simply given as the constant terfflc; 

in the tableau. The new var iable i s chosen, so tha t if wi l l 

not be p ro f i t ab le c to change i - s value when we change the 

values of any other nonbasic va r i ab le . I t has been shown 

\ 19,3] thax -t-his method terminates in a f i n i t e number of 

s t eps . 
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3.2 UPDATING THE TABLEAUX 

When passing from one iteration *-o the next, the 

expressions for the constraints are handled exactly as in 

linear programming, (the constraints part is ->ften called 

•'•he simplex tableau). However, for the objective function, 

there is a different approach. 

TABLF 1 

INITIAL TABLEAU FOR BEALT 

Constraints tableau 

variables value 

,p 

objective function tableau c 

b/2 

b'/2 

i* 

Table 1 shows the ini + ial +
ableau for -he method oF 

Beale, The constraints tableau shows + he bas4c variables x 

in terms of the nonbasic ones. ^!e objective function 

tableau shows the ^symmetric matrix p of size fn+1)x(n+1) 

whose first row can be used to determine optimal: ty in "-he 

trial point: a positive value in each one -*f the columns v, 

where zv is a restricted variable and a zero value in each 
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of the columns t , where z t i s a f r e o v a r i a b l e (•")» ieno^es 

an op t imal t a b l e a u . 

The procedure sugges ted by Beale can be expressed 

a l g e b r a i c a l l y by say ing t h a t , s t a r - i n g rrom the o b j e c t i v e 

func t ion tha-1- i s in terms cf t h e nonbasic v a r i a b l e s z, the 

z - v a r i a b l e t h a t : s tc become b a s i c •* s rep laced by the 

e g u i v a l e n t e x p r e s s i o n in terras of t h e b a s i c v a r i a b l e x ( -hat 

i s t o become nonbasic) and t h e o the r nonbasic v a r i a b l e s , 

g iv ing r i s e to a new e x p r e s s i o n f o r G i n terms of t h e new 

nonbasic v a r i a b l e s . This i s not very convenient in a 

computer , ^ ince i f i n v o l v e s o p e r a t i n g en both the rows ard 

columns of the ma t r i x . I t i s worthwhile examining t h e 

a l g e b r a i c e x p r e s s i o n s fo r the combined e f f e c t s of t h e s e 

t r a n s f o r m a t i o n s . 

If we deno-e t h e p i v o t a l column by s and i f t h e 

exp re s s ion fo r the new b a s i c v a r i a b l e z i s , i n t e r m s 0 f +*• e 

new nonbasic v a r i a b l e s 

zt = e0 + e s z s + 2Z eKzK 

where z s deno tes t h e new nonbas ic v a r i a b l e r e p l a c i n g z t , 

then t h e new c o e f f i c i e n t s g ' a r e ĝ  ven in "-erms of the o ld 
•Si 

c o e f f i c i e n t s gK7 and -he eK as fol lows : 

g^s = q'SK = g,<s e s t gss e s e k 

wvere k , j * q 

I f g* i s defined as 
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g* = (1 /2) g e 

g* = g + (1/2) g e f o r k * q 

t h e n , t h e above e x p r e s s i o n s can a l s o be w r i t t e n 

g* = 2g* e 

g» = q ' = q * e + g e 

g ' = g + g* e + g* e 

The optimum point is reached wlen +he derivatives of the 

objective function with respect to each of the nonbasic 

variables are nonnegative and tje derivative of the 

objective function with respect tD +.̂ e free variables 

introduced in +he problem are all zero. TMs is so because 

at this point an admissible change in any of -'-he restricted 

variables will increase the value of +>e objective function 

and it is impossible either to increase or tG decrease any 

of the free variables. Hence the value of o cannot be 

minimized further. 

3.3 1 NUHJ1ICAL EXAMPLE 

To illustrate this method, an example nAven by Beale T 2] 

that has the characteristic o^ highlighting Ahe principal 

features of the algorithm, is presented. 

The problem is 
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minimize G = ~6x< + 2x* -2x, x2
 + 2 x f 

s u b j e c t to x,, + x2 < 2 x1 f x 2 > n 

I n t r o d u c i n g a s l ack v a r i a b l e x , we have i h e c m ^ T a i n t : 

x̂  + x j + x3 = 2 x 1 f x 2 , x3 > 3 

A f e a s i b l e s o l u t i o n for s t a r t i n g t i e p rocess i s 

x,, = 0 x2 = 0 

This co r r e sponds to po in t A in f i g u r e 3 ^ t h i s p o i n t , t h e 

fo l lowing e x p r e s s i o n s for the v a r i a b l e x3and t y e o b j e c t i v e 

func t ion ho ld : 

G =( - 3xA ) 1 

+ (-3 + 2x1 - x2 ) x1 

+ ( - xA t 2 x 2 ) x 2 

and so a t the t r i a l po in t I 

x1 = 0 , x 2 = 0 , x3 = 2 , G = r 

oince dG/dx., = - 3 , G can be decreased by i n c r e a s i n g x1 {xz 

held a t i t s value of 0) 

c-G/c-Xi = -3 + 2xA - xz v a n i s h e s for x1 = 3/2 

Th i s p o i n t s t i l l be longs to t h e f e a s i b l e region s i n c e x3 

e g u a l s 0 only when xA = 2 and then ^G/o>x1 = -3 + 2x = +1 

so , a f r e e v a r i a b l e i s i n t roduced : 

u,, = 3 G / 9 X 1 = - 3 + 2x1 - xz 

where t h e s u b s c r i p t 1 on u means t h a t i t i s t h e f i r s t f r ee 

v a r i a b l e i n t r o d u c e d i n t o t h e problem. T1- i s u1 v a r i a b l e 

r e p l a c e s xn a s an independent v a r i a b l e tha - v a n i s h e s , 
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Figure 3: THE METHOD OF BEALE ON EXAMPLF 

uA is zero in all the points where the ellipse G = 
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constant has a horizontal tangent. From above : x̂  = 3/2 + 

(V2)ui + (1/2) xz 

Hence 

s = 1 e c = 3/2 e4 = 1/2 e t = 1/2 

(1/2) g3s = 1 g* = -3/2 g* = 1/2 g* = -1/2 

^hen the second +rial point can be set and the tableau reads 

*4 = 3/2 + {1/2)1^ + (1/2) xz 

x3 = 1/2 - (1/2)u1 - (3/2) x2 

G = (-9/2 - (3/2) x2 ) 1 

+ ( (1/2)13-, )u-

t (-3/2 (3/2) xz ) xz 

At the second point B 

u1 = 0 , x2 = C , x, = 3/2 , x3 = 1/2 , G = -9/2 

Since dG/dx2 = -3/2 ? x^ must be put in+o the basis (uj 

stays 0) 

dG/o-xa = -3/2 t (3/2) x2. vanishes for x2 = 1 

It is not possible tc reach this value since x3 vanishes 

before xa, that is, for xa = 1/3. 

Then we make x3 nonbasic and wc express the new basic 

variable x2 and the previous one x4, as functions of x3 and 

u^, the new nonbasic set, 

"his gives as a third point : 

x2 = 1/3 - (1/3) Ui - (2/3) x3 

x. = 5/3 + (1/3)u, - (1/3) x3 

Hence, 

s = 2 e0 = 1/3 e^ = -1/3 e 2 = -2/? 

- 31 -



(1/2) gss = 3/4 g* = - 5 / 4 q* - - 1 / 4 q* = - 1 / 2 

And t h e o b j e c t i v e f u n c t i o n a t t h i s po in t i s : 

G = (-16/3 + (1/3) u< + (2/3) x3) 1 

+ ( 1/3 + ( 2 / 3 ) r , + ( V 3 ) x 3 ) u , 

+ ( 2/3 + (1/3)U1 + (2/3) xj) x3 

The t r i a l po in t co r responds to po^ nt c 

Ui = 0 , x3 = 0 , x2 = 1/3 , x1 = 5/3 , G = -1F /3 

Since an x - v a r i a b l e has been made n o n b a s i c , û  must become 

b a s i c . The only way to dec rease G at. t h i s po in t i s by 

dec reas ing u< . because dG/du! > 0. This i s p o s s i b l e u n t i l 

5/3 + (1/3)u., - (1/3) Xj = 0 

t h a t i s , for u, = - 5 . But dG/Bu^ = 1/3 + (2/3) (-5) = --3 

van i shes f i r s t , so the next nonbasic v a r i a b l e i s a f r ee 

v a r i a b l e u2 def ined by 

u 2 = 1/3 + (2/3) in + (1/3) x3 

i . e . 

«1 =-1/2 + (3/2) u2 - (1/2) x3 

hence , 

s = 1 e„ = - 1 / 2 e 1 = 3/2 e 2 = -=1/2 

(1/2) qss = 1/3 q* = 1/6 g* = 1/2 q* = 1/6 

and a new t a b l e a u i s a v a i l a b l e : 
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u-, = - 1 / 2 t (3/2) u2 - (1 /2) x3 

Xi = 3 / 2 + (1/2) Ua - (1 /2) x3 

xj. = 1/2 - (1/2) u2 - (1/2) x 3 

G = ( - 1 1 / 2 + (1 /2) x3 ) 1 

+ ( (3/2) u 2. ) u 2 

+ ( V 2 t (1/2) x3 ) x 3 

S i n c e t h e d e r i v a t i v e of G w i t h r e s p e c t t o f > e f r e e v a r i a b l e 

u 2 i s z e r o and t h e d e r i v a t i v e w i + h r e s p e c t t o t h e r e s t r i c t e d 

v a r i a b l e x 3 i s p o s i t i v e , t h e minimum p o i n t h a s been r e a c h e d . 

The p rob lem s o l u t i o n t h e r e f o r e i s : 

x-, = 3 / 2 , x 2 = 1/2 , x 3 = 0 , G = - ' ' 1 / 2 

T h i s c o r r e s p o n d s to p o i n t rj i n f i g u r e 3 

3„« THE ALGORITHM 

1. Optimality : Check the f i r s t row o^ ^ ' e objec t ive 

function tableau. If the tableau i s optimum, stop, 

2. Pivot column : Select in t v e firr J- row of the 

tableau, among +he u-cclumn a non-zero element. If 

a l l the elements in the f i r s t r o w corresponding the 

u-columns are zero or there are no u-columns then 

choose ,among the x columns the most negat-ve. Call 
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this element g . Then r is the pivot column, which 

defines the variable z ( either u or x ) that 

becomes basic. 

Pivot row : Divide the absolute value of the element 

g by the element a in the diagonal of the 

objective function tableau. If this element 4s 

positive, then divide the elements p of the first 

column of the constraints tableau by t>e absolute 

value of the correspondant element p in the pivot 

column, but cnly if this element has *!o same sign as 

the element g . Obtain the same râ -io in all the rows 

(except the first cue) of the objective function 

tableau having in the first column one element with 

the same sigr as g , (-ake absolr-e value of g , h 

# 0 ), The row giving the minimum ra+io is selected 

as pivot row. Tie element located in the intersection 

of the pivot column and the pivot row (either g or 

p ) is called the pivot element. 

If the pivot element is p , t>a+ is the oivof row 

belongs to the constraints tableau, replace the 

variable z (in the top of the pivot column) by the 

variable z (heading -he pivot row) , 

If the pivot element is g , that ±s the pivot row 

belongs to the objective function tableau, replace z 
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by a new var i ab le u , tha t goes to + h c cons t r a in t s 

tableau. 

6. Update the tableaux (cons t ra in t s section and 

ob iec t ive function sect ion) and repeat from step 1. 

- 35 -



C h a p t e r IV 

SOME METHODS FOR THE QPP AND THEIP COMPUTATIONAL 
PERFORMANCE 

S e v e r a l a r t i c l e s have a p p e a r e d i n t h e l i t e r a t u r e 

c o m p a r i n g t h e c o m p u t a t i o n a l e f f i c i e n c y of t h r e e of + he b e s t 

known s i r a p l i c i a l me thods o-f q u a d r a - t i c programming f 1 , 1 1, 30 ] 

, namely t h e methods of Wol fe , Bea l e and P a n t z i q , \ l a r g e 

number of p r o b l e m s have been s o l v e d wi th c o e f f i c i e n t s which 

were random v a r i a t e s o b t a i n e d frcm a pseudo •• random number 

g e n e r a t o r . I n c e r t a i n c a s e s , p rob lem p a r a m e t e r s were v a r i e d 

t o d e t e r m i n e w h e t h e r t h e y have a s i g n i f i c a n t e f f e c t on t h e 

r a t e of c o n v e r g e n c e of t h e a l g o r i t h m s . 

The f o l l o w i n g r e s u l t s a r e t a k e n from a s t u d y c a r r i e 1 ou t 

by B r a i t s c h [ 8 ] , who f o l l o w e d an e x p e r i m e n t a l a p p r o a c h t o 

compare t h e a l g o r i t h m s of Wol fe , B e a l e and D a n t z i a , A f o u r t h 

method i s a l s o t r e a t e d which i s a s l i c h + m o d i f i c a t i o n of 

W o l f e ' s a l g o r i t h m . T h i s m o d i f i c a t i o n h a v e been i n t r o d u c e d 

i n an a t t e m p t t o r e d u c e t i e e f f e c t s of some of t h e 

i n e f f i c i e n c i e s i n h e r e n t i n W o l f e ' s a l g o r i t h m . The method of 

B e a l e was p r e s e n t e d i n t h e p r e v - o u s c v a p t e r . \ b r i e f 

d i s c u s s i o n of + he me-hods cf Wolfe and Pantziq *? presented 

here. 
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4 , 1 1 2 1 ALGORITHM OF WOLFE 

Wolfe f 3 0 ] , work ing from an ^dea s u g g e s t e d by Makowitz 

F23 1, d e v e l o p e d a method for t h e QPP t h a t i s b a s e d on 

s o l v i n g t h e Kuhn-Tucker c o n d i t i o n s . C o m p u t a t i o n a l l y , i t 

c o r r e s p o n d s t o a s i m p l e m o d i f i c a t i o n of t h e a r t i f i c i a l 

v a r i a b l e t e c h n i g u e f o r f i n d i n g a f i r s t f e a s i b l e s o l u t i o n t o 

a l i n e a r programming p rob lem \7~\. 

For x h e p rob lem ( P 1 ) , (3n + 2m) s u p p l e m e n t a r y v a r i a b l e s 

a r e added t o + he c o r r e s p o n d i n g Kuhn-Tucker condi f i o n s (KT2) 

w; i = 1, 2 , . . . n 

z j , z? j = 1 , 2 , . . . (m+n) 

Now n o t e t h a t t h e x - v e c t o r which s a t i s f i e s t h e f o l l o w i n g 

c o n d i t i o n s when w = z 1 = z 2 = 0 and r = 1, i s t > e s o l u t i o n 

t o t h e o r i g i n a l p r o b l e m : 

Px + y + w - g 

Ax - v + P ' u + z 1 - z 2 + r b = 0 

v'x + u'y = "* 

x#v,y,u,w,zi,z
? > 0 

The simplex method is performed with an additional rule : 

v'x + u'y = 0 must hold throughout the procedure. This 

assures that at every point and for all i, no v; and x? can 

have nonzero value (cannot be in rhe basis) a+ the same 

t ime. 

Wolfe's method exists in two ôrrns: The short form that 

finds a minimum only if b = 0 or A A° positive definite and 
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+ he long form that can be applied without restrictions. "̂h e 

short form reguires two phases in the procedure and the long 

form adds one more phase to the results obtained with the 

short form. Tn the first phase, r is set ->-r n t such that 

rb = C (since in the short form, this guarantees a solution) 

and w is minimized (in fact, driven to zero) , holding r, u 

and v out of the basis. 

The initial tableau is set: 

w = g - Px - y 

z 1 = 0 - ? x + v - P ' u + z z ™ r b 
n 

and the simplex method is applied urtil 2Zwt = o. 

The second phase minimizes z1 and z2. ?t this point, 

there is no need to differentiate between z1 and z2 since 

both must vanish, r must no+ enter tve basis in this phase. 

Again, the simplex method is used until the sum o^ all 

entries in z1 and z2 is zero. ^his concludes the shor + 

form. 

In the third phase, (in the long form) r is se+ to 1. and 

the objective is to obtain two successive tableaux in which 

the r values are slightly below and above 1, Wi+h each of 

these r's there is associated a solution vector and a linear 

interpolation is used t0 obtair +>e solu*--on vector 

corresponding to r= 1, which is tie problem solut-irn. 
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4 . 2 THE METHOD OF DMS1IG 

G.B. D a n t z i a |"11] *0Ok t h e a l g o r i t h m o c Wolfe and 

d e v e l o p e d a s l i g h + l y more compact v e r s i o n of t h e method t h a t 

works somewhat f a s t e r i f A i s e i t h e r p o s i t i v e d e f i n i t e o r 

s e m i d e f i n i t e . The s i g n i f i c a n t s h o r t c o m i n g i s t h a t i t may n o t 

t e r m i n a t e a t a l l i f A i s i n d e f i n i t e . 

I t u s e s t h e Kuhn-Tucker c o n d i t i o n s (Krr2) and t h e i n i t i a l 

t a b l e a u i s s e t a s : 

v = b + Ax + P ' u 

y = g - Px 

An important disTin+ion between two kinds of solutions must 

be stated: A tableau is said to be in standard form if v'x 

+ u'y = 0 holds. Ctherwise it is in nonstandard form. The 

initial tableau is in standard form: v and y are basic with 

nonzero values and u and x are nonbasic, hence their values 

are zero. Whenever a tableau is in nonstandard form, the 

next iteration takes it back to the standard form. 

The simplex method is performed with some special rules 

-*or interchanging the variables: If a tableau is in standard 

form, the variable tc enter the basis is tvf X(t whose 

corresponding v*. (basic) has the largest positive value. If 

a tableau is in nonstandard form, the variable to enter the 

basis is the nonbasic vj whose corresponding xi is also 

nonbasic. "he variable to be deleted -From the basis is 
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s e l c j - e d w i t h t h e same minimum r a + i o c r i t e r i o n used i n t h e 

s i m p l e x method f o r l i n e a r programming f 7 , 1 0 l . 

"he o b j e c t i v e i s t o minimize ZZ v-., A s t a n d a r d t a b l e a u i s 

optimum when - h e v a l u e s of v i n t h e b a s " s a r e a l l n e g a t i v e : 

+ h a t i s , no v a p p l i e s f o r a new i t e r a t i o n . The x v e c t o r i n 

t h i s optimum t a b l e a u i s t h e s o l u t i o n t o t h e p r o b l e m . 

* • 3 IXP ERIM EN TATIQ N 

In Braitscl's study some preliminary experiments were 

carried ou- TO help select the factors and levels for the 

primary experimentation. Listed below are the nine factors 

selected that may be important in determining how fast a 

guadratic programming algorithm will converge, 

1. Algorithm : refers to the algorithms of Wolfe, 

Dantzig, Beale and W.B. The following factors apply 

to each of the four algorithms. 

2. cule : Pule used in each algorithm for selecting the 

variable +o enter the basis. In all cases but three, 

the variable entered was one *l-a+ resulAed in *he 

largest rate cf increase in the criterion function, 

-he exceptions were WB, where no ^election rule was 

necessary and the nonstandard form cases --f Beale and 

Dantzig. 
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3 . Size : Defined as t h e number of x - v a r i a b l e s or t h e 

number of c o n s t r a i n t s in the P m a t r i x , s ince squared 

P -ma t r i ce s of s i z e m x m were used. S i ze s of 15. 20 

and 25 were used . 

4. Negat ive b : The number of n e g a t i v e c o e ^ f i c i j n t s i n 

t h e cost vec to r b. Leve l s of 3, 9 and 15 were used. 

5. Rank : Number of l i n e a r l y independent columns in t h e 

matr ix A. ranks of 3 and 15 were used. 

6. Range : Fange of t h e random numbers used *-o g e n e r a t e 

the ?-ma + r ix on t h e computer . The ranges (r) used 

were : -20 < r < 20 and -IS1" < r < 180 

7. b- range : Range of t h e random numbers lsed t o 

gene ra t e t i e b - v e c t o r . Ranges used wero -20 < r < -1 

and -180 < r < - 1 

8. g- ranqe : fanges for t h e random numbers in the g 

v e c t o r , Ranaes used were 1 < r < 20 and 1 f r < 180 

9. P-range : r n l y t h e s i n g l e l e v e l of 1 < r < 180 was 

used for t h e random numbers t h a t made up -he 

P-mat t i x, 

A complete f a c - o r i a l model was used where, f o r each of the 

four a l g o r i t h m s , a l l combinat ion o^ f a c t o r s (3) through (8) 

were r u n , The experiment was r e p l i c a - e d ten t i m e s > ^he 

v a r i o u s f a c t o r combinat ion were run by n e s t i n g a s e r i e s of 

loops i n the computer program, each loop cor responding to a 

f a c t o r . I - was assumed thaA s i n c e the problem components 
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were randomly generated, further randomization would not be 

necessary. Each randomly generated problem was solvel by all 

four algorit> ms. 

*•* PFSDLTS AND ANALYSIS 

TABLE ? 

MEAN NUMBEF CF ITERATIONS FOP RTFFEF?NT LEVELS 

FACTOF 

S i z e : 15 
20 
2 5 

N e g a t i v e p i 3 
9 

15 
Rank : 3 

15 
A - r a n g e : f - 2 0 , 2 C ] 

T - 1 8 0 , 1 8 0 ] 
b - r a n g e : [ - 2 0 , - 1 ] 

f - 1 8 0 , - 1 ] 
q - r a n g e : £ 1,2C "j 

C 1 , 1 8 0 ] 

D?NTZIG 

6 . 9 
7 . 5 
7 . 8 
4 . 5 
7 . 8 
9 . Q 

7 . 3 
7 - 5 
6 , 1 
8 . 7 
7 . 9 
6 . 9 
7 . 2 
7 . 6 

BF71LF 

n . 8 
8 . 7 
9 . 3 
4 . 6 
8 . » 

1 2 . 4 
8 . 6 
8 . 7 
4 . 8 

1 2 . 4 
1 0 . 1 

" M 
7 , 7 
9 . 5 

W.B. 

8, 3 
P.a 
q . p 

^ . 3 
q . 4 

1 2 . 1 
8 , 0 
g . r 
7 . 6 

1 0 . 3 
9 . 5 
8 . 4 
8 , 6 
9 . 3 

WOLF17 

19 , 5 
2 1 , 6 
2 3 , 3 

"7. 6 
2 0 . 9 
3 5 . 8 
2 1 . 6 
2 1 . 3 
2 2 . 9 
2 0 . 1 
2 0 , 6 
2 2 , 3 
2 2 . 5 
2 0 , 4 

Algorithm means 7.4 8.6 8,9 21.5 

Table 2 shows the average number of iterations taken at 

each level of all of the factors thaA were varied, for each 

of the algorithms. 
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The data in t h i s t ab le lead t 0 *-he co rc lu s io r s tha t the 

rank of the ma-rix has l i t t l e e f fec t , but the s ize factor i s 

very s i g n i f i c a n t , j_ number of the r e s u l t s for P a r t z i g ' s and 

Beale 's algorithms are explainable in terras o^ the r e l a t i v e 

importance of the l i n e a r and nonl inear part of the objec t ive 

function. I t i s c lea r tha t increasing the b-range or 

decreasing the A-range wil l emphas-ze the l i nea r par t of 

G(x). Also, decreasing the g-rango or increas ing the P-range 

increases the importance of the l-'near p a r t . ^ h i s i s t r ue 

because these l a t t e r -wo ac t ions ^end to lowe^ x-values 

which reduces the cont r ibu t ion cf the guadra+ ic part more 

than t h a t of the l i nea r p a r t . 

Average i t e r a t i o n s decreased in the th ree cases mentioned 

above, t ha t i s increas ing the b-range, decreasing the 

A-range and decreasing the g-range. This i s reasonable, 

because in the extreme case when + he guadrat ic port ion i s 

i r r e levan t and the problem becomes a l inea r programming 

problem, both methods reduce to «-he Simplex method which 

moves between adjacent extreme points in search of so lu t ion . 

In the , nonlinear case, when the guadrat ic par t i=; 

s i g n i f i c a n t , the solut ion often l i e s in rre of xhe faces in 

the f eas ib le region ra ther than at an extreme point . ""his 

tends to add i t e r a t i o n s because of ^ e necess i ty of 

optimizing on ^aces . These ext ra i t e r a t i o n s often include 

increas ing the nuirber of basic primal va r i ab l e s . 
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There i s a major difference in the way Beale 's and 

Dantz ig ' s methods perform in the Linear Progtammim case . 

While Bea le ' s me-hod reduces to the Simplex me~lod in the 

c o n s t r a i n t s por t ion , Dantzig 's a l t e r n a t e s between regular 

Simplex i t e r a t i o n s and Dual Simplex i t e r a t o r s in two par t s 

of the tab leau , thus taking twice as many i t e r a t i o n s as 

Beale ' s , As the quadrat ic par t becomes more important , 

average i t e r a t i o n s increase a t a greater r a t e -n Beale ' s 

algorithm than in P a n t z i g ' s . The major reason for t h i s i s 

that when we move from one face in *he feas ib le region to 

another (by making a sign r e s t r i c t e d var iable nonbasic) , i -

i s necessary to rep lace a l l of Beale ' s free var iables 

because these var iab les were used to optimize on the 

previous face. 

Since each uni- of s ize augmented adds a cons t r a in t and 

an x -va r i ab le , the new cons t ra in t adds another face to the 

feas ib le region which could r a i s e i t e r a t i o n s i f the 

algorithm had to examine i t on t v e way to Ahe optimal 

so lu t ion . 

Negative b i s a very important factor in Pan tz ig ' s and 

Beale 's methods, Each added negative b - c o e ^ i c i e n t a ids a 

var iable tha t can prof i tab ly enter in the f i r s t i t e r a t i o n 

for both algori thms. Although no+ a l l of the x-var iables 

having negative b-coef f i c i e n t s wil l be in ""-he optimal 

s o l u t i o n , the number w i l l tend t c increase with negative b 
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and i t e r a t i o n s wi l l be required to pivot thorn into the 

b a s i s . '"his discussion does not apply to Wolfe's algorithm 

because i t uses a d i f fe ren t type r* object ive function than 

the other three algorithms. Algorithm WB generally regu i res 

fewer i t e r a t i o n s because i t use c only one a r t i f i c i a l 

va r i ab le . The performance of t h i s algorithm i s d i f f i c u l t f t 

expla in , for although i t i s a modification of Wolfe's 

algorithm, i - r eac t s to d i f ferent problem types in the same 

way as Dantz ig ' s . 

**«5 COMPUTER TIME AND STORAGE 

I t i s d i f f i c u l t to get an accurate measure of rhe 

computer time required by the various algorithms because of 

the large difference that programming technigue can cause. "\ 

more r e l i a b l e measure might be based on f e number o* 

tableau elements that must be transformed at each i t e r a t i o n . 

In t h i s way, we can take advantage of t h e o r e t i c a l shortcuts 

for improving time eff iciency tha t might normally be ignored 

by a programmer. I l e s e shor tcu t s include transforming only 

half of Beale 's Objective tableau because i t ; s symmetric, 

e l iminat ing transfcrma-ions in Pan tz ig ' s standard-form 

tableaux because of symmetry r e l a t i o n s and reducing the 
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space tha t must be se t as ide due to ^ree var iables in 

Bea le ' s algorithm by noting that +v,e number of these free 

va r i ab les cannot exceed -he rank of the A-matrix, 

In the experimentat ion, approximately 70 percent of 

Dantzig 's tableaux were in standard form. ?11 tableaux 

tranforraations were assumed to take one un i t of time, except 

for the t ransformations in Beale ' s ob jec t ive tab leau , which 

took about 1,6 un i t s in computer t e s t s . r*ve time to 

transform var iables added in Beale 's simplex tableau due to 

free va r i ab l e s w i l l be ignored because i - - s d i f f i c u l t to 

es t imate , and judging f r o i data ava i l ab l e , probably would 

not affect the time est imate by more than a few percent a+ 

worst. Table 5 gives time and storage es t imates *or severa l 

combinations of problem parameters, 

Timewise, Bea le ' s and Dantzig 's algorithms are super ior , 

with Beale ' s algorithm -ending +c be preferable when the 

number of x-var iab les does not great ly exceed the number of 

c o n s t r a i n t s . ^his i s due to the r a c t that Pea le ' s tableaux 

are in terms of the nonbasic va r i ab le s , in terms of s to rage , 

Beale 's algorithm ^akes b e t t e r advantage of s i t u a t i o n s where 

t.he P-ma-rix i s nearly square or the rank cf ?• i s not a very 

large f rac t ion of the number of rows or columns in ^. The 

l a t t e r phenomenon i s due t o a reduction in snace necessary 
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TABl^1 ^ 

TIHE AND STORAGE REQUIREMENT0" 

H 

Z 

Z 

Z 

Z 

N 

Z 

2Z 

4Z 

4 2 

? - r a n k 

Z 

2Z 

4Z 

Z 

a I g o r i t^m 

B I 5 L E 
DANTZIG 
W. B. 
WOLF^ 
BEJL 1 7 

DANTZIG 
W. B . 
WOLFF 
BEALE 
D ? ^ Z I G 
W. B . 
WOLF^ 
BEALT1 

DANTZIG 
W. B. 
WOLFE 

Ti me 

1 . 8 
2.e 
u 
4 
5 . 2 
6 
9 
CI 

1 6 . 8 
1 6 . 3 
2 5 
7 5 
1 6 . P 

1 6 . -
2 5 
2 5 

Sto rage 

2 . 5 
4 
4 
4 
8 
9 
0 
9 

28 
2 5 
25 
25 
16 
2 5 
2 5 
25 

With, N: number of v a r i a b l e s , f: number of c o n s t r a i n t s 
Time: Time per i t e r a t i o n (Z2 uni^s) and one u n i t = 

23 x 10-6 s e e s , on the IBM 3 6 0-75 
S to rage : Feguirements of s t o r a g e in memory (72 l o c a t i o n s ) 

t o hold the rows of v a r i a b l e s d r iven cut of t v e nonbas ic s e -

because of the i n t r c d u c t i o n of fr<=>e v a r i a b l e s . 

•"he r e s u l t ^ of t h i s s+udy sugges t t h a t -n most o <= +h° 

c a s e s , B e a l e ' s a lgor i thm wi l l g e n e r a l l y +
a k e pore i t e r a t i o n s 

than D a n t z i g ' s , but t h e d i f f e r e n c e i s net very b ig . Bat 

B e a l e ' s a lgor i thm has some o + her advantages : I + w i l l f ind a 

l o c a l minimum even i f A i s not d e - ^ n i t e wvich may be of 

va lue in some a p p l i c a t i o n s ; second, a r e d e f i n i t i o n of t h e 
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A-mat r ix , which when combined with a computer code i s i n g -he 

product form of t h e i n v e r s e , can so lve l a r g e r problems than 

P a n t z i g ' s a l g o r i t h m , provided t h e rank of 7- i s low. 
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C h a p t e r V 

THE INTERACTIVE PACKAGE 

5 ,1 STRUCTURE. OF THE PACKAGE 

The method of B e a l e was s e l e c t e d among t h e m e t h o I s 

a v a i l a b l e a f t e r c o n s i d e r i n g s e v e r a l i m p o r t a n t f a c t o r s a n d , 

s p e c i f i c a l l y , b e c a u s e 

1. B e a l e ' s method does not r e g u i r e m a t r i x "* t o be 

p o s i t i v e d e f i n i t e : i + works a l s o wi-h ^ n e g a t i v e 

d e f i n i t e as w e l l a s m + h e s e m i - d e ' i n t e c a s e - . 

2 . The t a b l e a u x u s e d a r e s m a l l , g i v i n g economy i n 

s t o r a g e and c o m p u t i n g t i m e . 

3 . I t u s e - t h e s i m p l e x method , t h u s i s e f f i c i e n t , 

4 . ""he c o m p u t a t i o n a l p r o p e r t i e s a r e a c c e p t a b l e o r 

s u p e r i o r t o t h e o t ^ e r methods compared , 

5 . I s t h e g e o m e t r i c a l l y most i l l u s t r a t i v e among a l l 

methods f o r t h e QPP, 

6 . T he p r o c e d u r e i s r e l a t i v e l y s a m p l e , t h e r e b y 

f a c i l i t a t i n g t h e programming - a s k , 

F i g u r e 4 p r o v i d e r a g e n e r a l v~ew of A l e p a c k a g e f o r m a t . 

I t c o n s i s t s oe two major p a r t s : A f i r s i p a r + d e a l s wi th t h e 

c o m m u n i c a t i o n with t h e u s e r , - i n t e r c h a n g e of i^ ^ - m a t i o n and 
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Figure H: PACKAGE INTERACTION 

DATA INPUT 
FORMATTING 

DATA OUTPUT 
FORMATTING 

PROBLEM 

SOLUTION 

C O M P U T E R 

the transformation of the data into a suitable format for 

both the user and the program itself. The second part is the 

procedure that actually solves the problem. 

The execution of the package begins by giving the user a 

summary of its objective, the QPP is defined and some hints 

are qiven for putting the general objective function into 

matrix form. The user is informed about the procclure for 

communicating with the package. 

No special format for the input data from the terminal is 

needed. The data entered by the user is checked and only 

the expected type of data is accepted. This is made with the 

aid of TAPE 99, a FORTRAN device that enables the reading of 

data with variable format. 
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^he d a t a r e c e i v e d i s d i s p l a y e d a g a i n or t u e t e r m i n a l and 

+ h e u s e r i s a sked t o chock i t s a c c u r a c y . C o r r e c t i o n s a r e 

p e r m i t t e d when e r r o r s a r e found. The t a b l e a u f o r t h e method 

of B e a l e i s c o n s t r u c t e d from t h e d a t a r e c e i v e d and v a r i o u s 

p a r a m e t e r s a r e i n i t i a l i z e d , ""he i n i t i a l t a b l e a u i s d i s p l a y e d 

i f t h e u s e r h a s c h o s e n t h i s o u t p u t o p t i o n , 

The B e a l e a l g o r i t h m i s t h e n i n i t i a t e d +o s o l v e t h e QPP, 

and a g a i n , a c c o r d i n g t o t h e u s e r ' s s e l e c t e d n u * r u t o p t i o n , 

i n t e r m e d i a t e t a b l e a u x a n d / o r t h e f i n a l s o l u t i o n a r e 

d i s p l a y e d . 

5 .2 STORAGE ORGANIZATION 

The o r e c e d u r e r e q u i r e s t h e m a t r i x 

c ! b'/2 

b/2i | ? 
I I J 

which i s ( n + 1 ) x ( n t 1 ) and s y m m e t r i c ( b e c a u s e I i s s y m m e t r i c ) . 

I n o r d e r t o s a v e s t o r a g e , o n l y t h e upper t r i a n g u l a r p a r t 0^ 

t h i s m a t r i x i s s t o r e d . The mx(n-M) m a t r i x 

r g | - P 1 

i s a l s o c r e a t e d . 
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A11 2-d imens ional a r r a y s regu i red 

s t o r e d in a vec tor format which 

c a t e n a t i o n of t h e rows cf + he matrix:, 

mat r ix P, where 

in t h e procedure a r e 

i s c r e a t e d from the 

For example, the 2x3 

•11 ^12. H j 

L r2l r 

i s s t o r e d as t h e 6 -vec to r 

22 - 13 

V 

r i 1 

r. M 

1 3 

~Z1 

2 1 

Z3 

It then follows that the entry in row -* , cclvmn j of ? 

appears in v (k) where 

k = (i-1) <x + j 

and o( is the column dimension of ^ ( o< = 3 in fvis example), 

* slight modification of this process is used to store only 

the uoper triangular par* of symmetric mat-ices. 

A means for distinguishing the variables +ha+ belong -o 

the basis is required. For this purpose, +he original 

nonbasic variables are always given the indices 1 through n 
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and t h e o r i g i n a l b a s i c v a r i a b l e s t h e i n d i c e s n+1 t h r o u g h 

n+m. The f r e e v a r i a b l e s , r e f e r r e d t o a s "u" v a r i a b l e s i n 

c h a p t e r 3 , a r e t r e a t e d i n t e r n a l l y a s x v a r i a b l e s and t h e y 

a r e a - s i g n e d i n d i c e s be-ween n+m+1 and 2n+m. ^ h i s was done 

t o s i m p l i f y t h e i r t r e a t m e n t and t h e r e i s no r i ~ k oc 

c o n f u s i o n f o r t h e u s e r s i n c e t h e s e v a r i a b l e s do n o t a p p e a r 

i n t h e s o l u t i o n v e c t o r . 

5 . 3 NOTATION AND DEFINITIONS 

Throughout *he p r o g r a m s , whenever p o s s i b l e , t he same 

n o t a t i o n a s t h a t in c h a p t e r 3 , was u s e d . 

V The number c f v a r i a b l e s ( u s e r i n p u t ) ; r e m a i n s f i x e d 

d u r i n g t h e e x e c u t i o n of t h e p r o c e d u r e . 

P! The number of c o n s t r a i n t s ( u s e - i n p u t ) ; may v a r y 

d u r i n g t h e p r o c e d u r e when f r e e v a - i a b l e s a r e added 

(each one yields a new constraint) . 

VA A N*(N+1)/2 - vector containing + he upper 

t r i a n g u l a r p a r t o f t h e A m a t r i x i n ^ o g u a d r a t i c 

o b j e c t i v e f u n c t i o n ( u s e r i n p u t ) , 

B C o e f f i c i e n t v e c t o r c f t h e l i n e a r p a r t of +v,e 

o b j e c t i v e f u n c t i o n ( u s e r i n p u t ) , 
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C The constant value in *-he objec t ive function (user 

input) . 

VD I M*N - v e c t o r c o n t a i n i n g *he e r t r i e s of t h e 

c o n s t r a i n ^ m a t r i x P ( u s e r i n p u t ) . 

Q M - v e c t o r w i t h + h e r i g h t - ^ a n d s i d e v a l u e s of t h e 

c o n s t r a i n s ( u s e r i n p u t ) . 

EPS A s m a l l p o s i t i v e number c o r r e s p o r d 4 n g t c t h e wid th 

of t h e z e r o - b a n d u s e d in c h e c k s ' o r z e r o a t 

c r i t i c a l p o i n + s d u r i n g t h e s o l u + i r n ( u s e r i n p u t ) , 

BA5ICC N - v e c t o r c o n t a i n i n g t h e i n d i c e s of t ^ e n o n b a s i c 

v a r i a b l e s . 

BASIC1 M-vee -e r c o n t a i n i n g t h e i n d i c e s of t h e b a s i c 

v a r i a b l e s , 

LOS V e c t o r c o n t a i n i n g t h e v a r i a b l e s r e m a i n i n g i n t h e 

o b j e c t i v e f u n c t i o n which a r e d i f f e r e n t from t h e 

f r e e v a r i a b l e s . 

I ? S Vec to r of t h e b a s i c v a r i a b l e s , 

LIBRE Counts t h e f r e e v a r i a b l e s added t o t h e p rob lem. 

ALIBRF S t o r e s t h e number of f r e e v a r i a b l e ^ a t a g ivon 

poi n t . 

IPIV S t o r e s t h e i n d e x of t h e p i v o t row. 

KP~V S t o r e s t h e i n d e x of + h e p i v o t co lumn . 

FL Set t c n + -| # 

PICO L o g i c a l v a r i a b l e whcse v a l u e i s . T r n p . i f t h e D I v o t 

i s i n t h e c o n s t r a i n t s p a r t ; o t h e r w i s e , i t s v a l u e i s 

. FJL5B, 
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ISD0NE Has a value 1 if the problem has been 10lved; 

otherwise i t has a value of n. 

SIAX Contains H e maximum value in -he f i r s t row o£ the 

Objective function tableau. 

YO Contains the value cf the minimum rat io 

a ( i ,0) /a ( i , j) for which a(i ,A) i = nonnegative and 

a ( i , j ) i s posi t ive. 

JC Set t c N* (F + 1) / 2 . 

J1 Set to K*M. 

SOL The vector which contains the problem solution, 

PSPLAY ^he value assigned to th is variable (by the user) 

serves to specify one of several available display 

options. 

IT^F Counts the number of iterations that have been 

carried out. 

5.4 THE SUBPROGRAMS 

The overall program is divided into twenty one FORTRAN 

subroutine subprograms. Fach performs a specific task. These 

subroutines are linked and controlled by +he fain program 

which serves as a driver routine. 

- 55 -



5 . 4 . 1 The Main program 

This program calls subroutines DIALOG, ™TTIA, GPTITX, 

SHCWIT, and FUNIT. It interchanges information among them 

and transfers control from one to +he other as the solution 

process is carried out, 

5 . 4 . 2 Subrout ine DIALOG 

P r e s e n - s t h e p a c k a g e t o t h e u s e r , d e f i n e s t h e p rob lem and 

t h e v a r i a b l e s , g i v e s i n s t r u c t i o n s f o r t h e u s e o^ t ^ e p rogram 

and g e t s from t h e u s e r t h e v a l u e s of t h e p a r a m e t e r s to be 

used in t h e p r o b l e m , c h e c k s t h e v a l i d i t y of t h e s e v a l u e s and 

i f n e c e s s a r y a c c e p t s any c o r r e c t i o n s u g g e s t e d . mhe 

s u b r o u t i n e s c a l l e d from w i t h i n DIALro a r e r ^ADIT, RE^D^M and 

M^SSAG. T h i s subprogram i s c a l l e d o n l y by f - e ""air p rogram, 

5 . 4 . 3 S u b r o u t i n e READIT 

Feads one integer value from the term-nal (specifically 

for N,N and DSPLAY). Analyzes the data received and sends 

messages +o the user when necessary. This subprogram calls 

subroutine MI1SAG and is called only by subroutine DIALOG. 
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5.4.4 Subroutine EEAP.IM 

This program reads a predetermined sef c* real values 

from the terminal. transforms the data into double 

precision numbers and analyzes each input accepts it or 

sends an error message when necessary. It is used -to read 

the values of A, B, rt p, Q an d ̂ P5. This subprogram calls 

subroutine M7SSAG and is called only by subroutine DI1L0G, 

5.4.5 Subroutine IfilTIA 

It initializes the values of the parameters to be used in 

the program. Sets values for BASICO, 'B? ̂ TC1. L^s, LA?, JC , 

J1, LIB!, ̂ LIBPE, LIBFE, RL and ITER. ^his subprogram is 

called only by the fain program. 

5.4.6 Subroutine SETMTX 

Transforms the data received from tj-e user i r t o a form 

s u i t a b l e for use in Beale ' s method; i . e . , "* c rea tes the 

matrix p shown in sect ion 3 .1 . I t also crea-es the matrix 

fg j -P 1 for the cons t ra in t s t ab leau . TM.s subprogram i s 

ca l led only by the Main program. 
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5- 4- 7 Subroutine SHOWIT 

Displays information relating +
c the taDiea"x according 

to the value of DSPLAY. It i s called at ->,e e.nd of each 

i terat ion to inform the user about the progress of the 

computations. If DSPTAY = 2, subroutines P̂ OFTju and PRICCI 

are called. If DSPLAY = 1, ^ e current solution i s 

displayed. If DSPLAY = 0 control is returned t 0 the calling 

routine. '"his subroutine is called by bc+h, the Main 

program and the subroutine RUNTT. 

5 . 4 . 8 S u b r o u t i n e RUNIT 

I t i s t h e s u b r o u t i n e t h a t c a r r i e s c u t B e a l e ' s a l g o r i t h m . 

I t c a l l s s u b r o u t i n e s MALIB, COLPIV, SETV, PATir , CONAC", 

OFUACT, AUDONE, EHOWIT, CHANGE, DELETE and opTIMO. I t 

p e r f o r m s c e r t a i n o p e r a t i o n s and t r a n s f e r s c o n t r o l to t h e 

s u b r o u t i n e s , a c c o r d i n g t o t h e r e s u l t s o b t a i n e d . C o n t r o l s t h e 

i n t e r a c t i o n of a l l t h e s u b r o u t i n e s and i d e n t i f i e s when t h e 

problem does no t h a v e a s o l u t i o n o r when a s o l u t i o n h a s been 

found . T h i s subprogram i s c a l l e d o n l y by ' • l e Wain p rog ram. 

5 . 4 . 9 Subrout ine HALIB 

This subroutine finds the largest value in the ̂ irst row 

of the objective function tableau among the columns 

associ.ated with the free variables. It is called each time 

a free variable is added to the problem. If MALIR finds any 
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positive value, this position defines the column o^ the 

pivot for the next iteration. Tt is called only by 

subroutine RDNIT, 

5.4.10 Subroutine COLPIV 

It finds the column of the pivot for the next iteration. 

If HALIB has not found a positive value, C0LPTV searches in 

the first row of the objective function tableau for the most-

negative number and defines that position to be the column 

of the pivot for the next iteration. If COLPIV doesn't find 

any negative value, we are at the optimum point, COLPIV is 

called only by subroutine PUNIT. 

5.4.11 Subroutine SETV 

SETV sets the value of a variable V to be either 1 or -1, 

according to the sign of the element in the matrix _p 

located at the intersection of its main diagonal and +he 

pivot column. It is called only by subroutine r"?!iT. 

5.4.12 Subroutine RAT. 10 

This subroutine finds the Pivot row. "o do this, it 

determines the least value of the ratio a (i ,0) /a (i, j) where 

j is the column of the pivot, as A takes on its admissible 

values. If there are 2 different i's which yiold the same 

minimum value, then this operation is repeated for all j's 

- 59 -



different from the pivot column. '-his second step is 

necessary in order to avoid degeneracy in the next 

iteration. I- is called only by subroutine "f™!"". 

5.4.13 Subroutine CONACT 

It updates the tableau of the constraints. Performs the 

Simplex procedure tc interchange the variables determined by 

the pivot.This subroutine is called only by subroutine 

FUNTT. 

5.4.14 Subroutine 0 FIT ACT 

It updates the tableau of the objective function. 

Performs the necessary computations A 0 update the tableau at 

each iteration, TT is called by subroutine FUNT"
1. 

5.4.15 Subroutine ADDONE 

Adds one more free variable to the problem This means 

also a new constraint to the system that goes to +he simplex 

tableau. This subroutine is called only by subroutine 

RUN IT. 

5.4.16 Subroutine CHANGE 

It performs the interchange of variables after each 

iteration and modifies the values c£ the parameters a-fec^ed 

by this change, It is called by subroutine "UTIT. 

- 60 -



5.4.17 Subroutine DELETE 

-nhis subProgram aele^e 3 a cons t ra in t from '•be system, 

a f t e r the value of the free var iab le t h a t originated i t has 

reached a zero value in the object ive function and a new 

cons t ra in t enter? the system. It i s ca l led by the 

subroutine ^UNIT. 

5 . 4 . 1 8 Subrout ine PRGFUI 

I t ,prints the tableau of the object ive function. I t 

recons t ruc ts the ma-rix f"1 and shows the r e s u l t , 'JD to f ive 

columns are displayed a- one t ime. If the tableau has more 

than f ive columns, they are successively displayed in groups 

of five u n t i l a l l have been shewn, "his subprogram i s ca l led 

by subroutines SHOWIT and OPT-WO. 

5 . 4 . 1 9 Subrout ine PRICON 

T n i s subrout in e p r i n t s fhe t a f c l e a ! J o f 4.^e c o n s - r a i n t s . I t 

recons t ruc ts the P matrix and as in PROFITS, only five 

columns are shown a t a time. nl-e remaining columns are 

displayed in subseqi'en4 tableaux, PFICON i s ca l l ed by 

subrout ines SHOWIT and OPTIMO. 
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5*4»20 Subroutine OPTIMO 

It displays the problem solution. rrin-s a suitable 

message depending on whether I^DO^E eguals 0 r*- 1, if DSPLAY 

= 2 , it calls PPOFUN and PFICON, otherwise, creates the 

solution vector SOI and displays it with the appropriate 

messages. It is called by subroutine FUNIT. 

5.4.21 Subroutine MESS&G 

Prints messages for the user. IA is called by subroutines 

DIALOG, PFOn'N, PFICON, FEADEM, FEADI", SHOW!"1 and OPTTKO, 

5.5 PROGRAH ASSEMBLY 

Figure 5 shows how the routines are interconnected. "he 

darker blocks represent the subprograms that are 

sequentially called within the main prooram, The dotted 

arrows represent subroutine calls. 
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Figure 5: THE PPOGFAM AND THE SUBROUTINES 

( START J 
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SETV 
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DELETE 

RATIO 
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PRICON 

OPTIMO 
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C h a p t e r VI 

USING THE PACKAGE 

6 . 1 CONNECTING TO THE PACKAGE 

The p a c k a g e i s t c b e u s e d u n d e r VM-CKS. T " run i t , t h e 

u s e r must h a v e t h e f o l l o w i n g f i l e s i r h i s d i s h 

CUADRO EXEC 

5 ^ 8 9 9 TXTLIB 

CUADRO EORmIMT 

The f i l e CUADRO EXEC c o n t a i n s : 

GLOBAL TXTLIB FOR"LIB 

FORTRAN £1 

F I 5 TEFMINALfF^CFF F LRECL 8^ 

FI 6 TETMINAL(RECFW ? LFECL PC 

CP SPOOL CONS STAFT * 

1C AD 61 (STA^T 

CP SPOOL C^NS STOP CLOSE 

&-"YPE TYPE 'DJADPO PROBLEM' TO EN^FF FILE* ' "F^ FILFTYP1^ 

EXEC RECEIVE 
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&TYPE DC YCU WANT A HARD COPY e p THF INFO*M?"ION DISPLAYED ? 

&TYPE — — - — — — - — — . — - — — ~ — - - , - , — — _- .„__„„,_ 

STYP^ (<CE> IF NO, ELSE ' Y E S ' ) 

6 READ VAFS &AHSWEF 

6 1 ^ .6ANSWPP NE . 6G0T0 "YES 

ERAS15 &1 PROBLEM 

&EXIT 

-YES PRINTOUT 6 1 P^CBLEPI 

The f i l e SF"B9 9 TXTLIB ( a l s o known a s " t a p e 9 9 " o r 

" b u f f e r 9 9 " ) , i s a 1 3 2 - b y t e a r r a y t h a + e x i s t s i n t h e r e g i o n 

of c o r e a s s i g n e d t o t h e p r o g r a m m e , - h e s p a c e f o r x h i s b u f f e r 

i s a u t o m a t i c a l l y c r e a t e d i f t h e c o m p i l e r d e t e c t s t h e u s e o f 

" t a p e u n i t 9 9 " . 

The f i l e CUADRO FORTRAN c o n t a i n s t h e s o u r c e p r o g r a m o f 

t h e p a c k a g e ( s e e A p p e n d i x B ) . 

To r u n t h e p a c k a g e , t h e u s e r m u s t t y p e t h e command 

c u a d r o c u a d r o 
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6 .2 PREPARING THE DATA 

The p a c k a g e i s o r g a n i z e d t o h a n d l e any problem t h a t i s i n 

t h e f o l l o w i n g s t a n d a r d form 

min imize f (1 /2) x ' " x + b ' x + c | Px<g , x> n } 

To i l l u s t r a t e how a p rob lem can be put i n f o s t a n d a r d 

fc rm, t h e example d i s c u s s e d i n s e c t i o n 3 .2 i s t a k e n a s 

model . Suppose t h e p rob lem i s g i v e n a s minimize G 

where 

S u b j e c t t o 

G = -6x 1 + 2x2 - 2x, x z + ?x 

x. + x, < 2 

x, , x2 > C 

I t can be e a s i l y v e r i f i e d t h a + t h i s i s e g u i v a l e n t t o 

min imize G 

where 

4 - 2 x., x1 
+ [ - 6 P] 

- 2 4 x, x,. 
G = (1/2) fx , xz ] t [ 0 1 

Subject to [ 1 1] r 2 3 x1 , x 2 > 0 

The values assigned by the user (see ?ppendix *) are as follows 
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N = 2 

VA = 
4 

•2 
4 

b = 

M = 1 

c - r oi 

VP = 
1 

1 J 
g = \2^ 

Note t h a t g must be s t r i c t l y p o s i t i v e . I f i r a p rob lem 

t h e s t a n d a r i z e d c o n s - r a i n t p a r t i s not i m m e d i a t e l y a v a i l a b l e 

(by i n s p e c t i o n ) , a b a s i c s t a r t i n g s o l u t i o n must be s e a r c h e d , 

The t e c h n i g u e d i s c u s s e d in s e c t i o n 2 , 3 . 1 can be u s e d h e r e , 

s i n c e + h e c o n s t r a i n t s p a r t of t h e QPP h a s t h e same form a s 

t h a t of t h e l i n e a r programming p rob l em. 

6 . 3 MESSAGES 

Dur ing e x e c u t i o n of t h e p a c k a g e , v a r i o u s t y p e s o^ 

m e s s a g e s a r e t r a n s m i t t e d t o t h e u s e r ' s t e r m i n a l . ""hese c a n 

be 

1. I n f o r m a t i v e m e s s a g e s : where no answer i s e x p e c t e d 

from t h e u s e r ; i . e . messages o u t l i n i n g *he p a c k a g e , 

i t s o u t p u t s , e t c . 

2 . Data r e q u e s t i n g m e s s a g e s : where an answer ( n u m e r i c a l 

d a t a ) i s e x p e c t e d from t h e u s e r ; i . e . 'TYPE "H^ 
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VALUE CF N ( I . E . THE NUMBER OF V ^ T A B L " S YOU H A V E ) ' , 

'TYPE THE VAIUE OF YOUR m~V"TCmCP Q. f^p-n FIGHT1- HAND 

SIDE VALUE I * YOUR CONSTRAINTS) ' , e * c . 

3 . C o n t r o l m e s s a g e s : w h e r e an a n s w e r ' y e s ' ( h i t r e t u r n ) 

o r ' n o ' ( t y p e no) i s e x p e c t e d f rcm t h e u s e r , e x a m p l e 

'YOU H*VE n VARIABLES ? ' , 'APF THF^E mHE CORP^C" 

VALUES OF YCU? m-VECT^F Q ("HE FIGHm-H?ND SIDE T^RH^ 

IN THE CO^STFAINTS) ? g g . . . q ' , e t c 

4 , E r r o r m e s s a g e s : when t h e d a t a i s of a d i f f e r e n t k i n d 

t h a n e x p e c t e d , t h e u s e r i s a s k e d ^c i n p u t a g a i n , 

e x a m p l e 

» _.— „ „ » . - > # * * * * * EPPC^ IN Y<~OF EN^FY : 1 2 * 4 5 6 , 

INPUT AGAIN CF TYPE Q ^0 OUIT' 

'THE NUMBEF OF CONSTRAIN"^ CANNOT BE *TT,G*"IVE ! TRY 

AGAIN . , . 

e t c . 

6 . 4 INTERPRETING THE RESULTS 

I f t h e v a l u e i n t h e d i s p l a y o p t i o n (PFT'I^Y) i s 0 , t h e 

p a c k a g e p r o v i d e s o n l y t h e o p t i m u m v a l u e o f * v c o b j e c t i v e 

f u n c t i o n t o g e t h e r w i t h t h e a s s o c i a - e d x - v e c t ^ r , I f t h e 

c h o i c e i s 1 t h e c u r r e n t v a l u e o f f > e o b j e c t i v e ^ u n c t i o n a -

- 68 -



each iteration is provided, from + he s'-ar^nq point to the 

final one. 

When the choice of display is 2, +he two main tableaux 

are displayed a- each iteration. in example of such a 

display is shown in table 4 

Indeed, the form of +he tableaux used in Peale's method 

contains complete information about the problem a+ any step, 

The element in the upper left corner t>e objective function 

tableau (i.e. g (1,1) ) contains the value of xv€ objective 

function in -hat trial point. In t^e starting point, tvis 

corresponds to the value of c. 

All the variables in * he objective function tahleau ^avp 

a value of zero. All the variables in the constraint Aablean 

have a nonzero value, given by the constant part in the 

constraint eguation. However, if tra- variable has a 

subscript greater + han N, then it is a slack variable (or a 

free variable) which has a zero coefficient in the objective 

function, hence IT has no effect on the value of G. 

The package contains a feature which permits the 

generation of a hard-copy of all information displayed on 

the screen during the computing sesicn. T) is -s achieved in 

the followirp way: 

1. After the completion of the OPP seiut-on, some 

information is displayed as the process of storing 

the solution file is progressing. mh e user is asked 
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TABLE 4 

AN EXAMPLE 0* TABLE OUTPUT 

IT7FATI0N NUMBER 

OBJECTIVE FUNCTION 
1 2 3 4 

X 5 X 2 X 3 X 6 

- 0 . 2 0 7 4 0 D 02 0 . 2 4 8 0 0 D 01 - 0 . 2 2 4 3 0 D 01 n . 1 7 9 0 0 D 02 0 , 1 3 4 0 ^ D 01 

X 5 0 . 2 4 8 0 0 D 01 0 . 1 2 0 0 0 ^ 00 - 0 . 2 0 0 0 0 D rQ 0.49C0OD 00 0 . 0 

7 2 - C . 2 2 4 3 0 D 01 - 0 . 2 0 0 O 0 D 00 0 . 5 3 2 0 C D 01 - 0 . 2 2 0 0 O D 01 0 . 4 8 0 0 ^ P 00 

X 3 0 . 1 7 9 0 0 D 02 C.40OOOD 00 - 0 . 2 2 0 0 0 P 01 0 . 4 5 0 0 0 P 31 - 0 . 3 n 0 0 O D 00 

X 6 0 . 1 3 4 0 0 D C1 n . o 0 . 4 8 0 0 r D Of - 0 . 3 0 0 0 0 D 00 0 , 2 2 C 0 ° P 00 

CONSTRAINTS 

X 5 X 2 X 3 X 6 

I 1= 0 . 4 0 0 0 0 D 00 - C . 2 0 n O 0 D 00 0 . 0 ~ n , 2 0 0 0 0 D 01 r . o 

X 4= 0.6COOOD 00 0 . 0 - 0 . 8 0 0 0 0 D 00 0 , 0 - C 2 0 O 0 O P 00 

X 7= 0 . 6 6 6 6 7 D 00 0.20OQOD 00 ~ O a 2 0 A o r D 00 0 . 1 0 0 0 0 D 01 0 , 2 0 0 ^ A n 00 

i 
THE CU-FENT VALUE CF TH" O B J T T T V ^ FTTNC'ICV I S ~ 2 0 , 7 4 f 0 0 3 0 ^ 

THE VALUES OF THE VARIABLES ApT? 

X 1 = 0.4CO0O^C0 
X 4 = 0 . 6 0 n 0 0 0 0 0 
X 7 = < \66666* 7 ^0 

ALL THF OTHEFS APE EQUAL TO Z ^ r O 

t o t y n e CUADFO PROGRAM a s + h e FTL^ 'AFE a r d FILETY^^ 
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r e g u e s t e d . I f <CR> i s made i n s t e a d , no i n f o r m a t i o n 

i s r e c e i v e d . 

The message TO YOU WANT A HARP-Copy op ^HE 

INFORMATION DISPLAYFD ? ' (<CF> I F NO", EI?W 'YFS') i t 

d i s p l a y e d and t h e d e s i r e d answer i s e x p e c t e d from t h e 

u s e r . 

I f t h e answer i s ' Y E S ' , t h e PF-NTOUm command i s s e n t , 

and t h e u s e r i s a s k e d t o t y p e h i s b a t c h a c c o u n t 

number and name. 

I f t h e answer i s < r r > ( n o ) , t h e f i l e COPPEO PF0BL?M 

i s e r a s e d from t h e u s e r ' s d : ' sk . 
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C h a p t e r VII 

CONCLUSIONS 

The i n t e r a c t i v e compu t ing e n v i r o n m e n t i s a c k n o w l o i g s d a s 

a f a r s u p e r i o r p rob lem s o l v i n g e n v i r o n m e n t * ran t h e b a t c h 

mode. The i n t e n t of t h e work o u t l i n e d i n *-^is t h e s i s h a s 

been t o p r o v i d e such an e n v i r o n m e n t f o r s o l v i n g t h e 

g u a d r a t i c programming p rob lem. The p a c k a g e which has been 

d e v e l o p e d makes p o s s i b l e a c o n v e n i e n t and b r i g h t f o r w a r d 

s o l u t i o n t 0 p r o b l e m s of t h i s c l a s s and ^n p a r t i c u l a r 

s i m p l i f i e s t h e p r o c e s s of s p e c i f y i n g t h e p rob lem p a r a m e t e r s , 

Very l i t t l e t e c h n i c a l e x p e r t i s e i s r e g u i r e d o^ t h e u s e r . 

Note a l 3 0 t h a t t h e p a c k a g e i s a b l e *o h a n d l e t h e s i t u a t i o n 

where M=0; i . e , when t h e problem i s u n c o n s t r a i n e d , 

A h i g h l y modular o r g a n i z a t i o n h a s been f o l l o w e d i n t h e 

deve lopment of t h e programme which s h o u l d f a c i l i t a t e 

e x t e n s i o n s or c h a n g e s i f t h e s e become r e q u i r e d . The CUADFO 

p a c k a g e i s a c o m p l e t e u n i t on i t s own . I t c o u l d 

n e v e r t h e l e s s be e a s i l y r e s t r u c t u r e d t c form p a r t of some 

o t h e r package e . g . a q e n e r a l f u n c t o r m i n i m i z a t i o n p a c k a g e . 

The c a l c u l a t i o n s i n t h e programme a r e c a r r i e d out j _ n d o u b l e 

p r e c i s i o n mode in o r d e r t o min imize t h e i n f l u e n c e of 

r o u n d - o f f e r r o r s . Inasmuch a s FOE^AN IV was use 3 a s t h e 

programming l a n g u a g e , e x t e n s i v e u s e cf s t r u c t u r e d 
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programming concepts could not be employed; nevertheless an 

attempt was made to avoid excessive use of branching (GO m3) 

statements in order to improve the readability o- the code. 

At the present time, the dimension?, no oc various arrays 

in the program restricts the total number of constraints and 

variables to be less than 100. In order to vandle larger 

problems, these arrays would have to be appropriately 

re™ dimensioned. 
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Appendix A 

AN EXAMPLE PROBLEM PUN WITH ̂ HF PACKJG* 

c u a d r o c u a d r o 
GLOBAL TXTLIB FOF-LIB 
FORTRAN CUAD^n 
F I 5 TERMINAL (PECFM F 
F I 6 TERMINAL (PEC^M F 
C r SP^OL CONS ST^FT * 
L°AD CUADRO ( SIAPT 
EXECUTION B E G I N S . . . 

LPECL 
LRFCL 

80 
80 

nMIVEPS"rmY 
c YCT"P*° 

OF OT^WT 

1982 

CTJJP^O 

"HIS PACKAGE US^S THE M^HOD OF B^AL"1" TO SOI VP "-RE QUADFA^TC PROGF ^ !»MT*T5 

PROBLEM, HAVING N VilRIABI^S AND M C O N S T F " ' ^ ? (!*<=N) , GIV^N IV I ^ S ^ A F T » P D 

FORM : 

"UBJECT '"O 

WH7R3 C 
B 
A 
P 
Q 

MIN G = ( 1 / 2 ) X'AX + * ' X + C 
PX <= 0 f WITP O(J) > 0 

X(K) >= 0 K = 1 , 2, . . . , N 
vT = 1 , 2 , . . . , M 

^HE CONSIGN"" VALUE OF YOUR OBJECTTVE FUNCTION 
TFE VECTOR OF THE LIFFAF PA13! IN "-HE r>. n. 
?N NXN MATRIX CONTAINING TH1" O U ^ D ^ T I C CO^FICtENTS OF 
AN NXM MATRIX WT^H m¥™ CCEFICTF*7TC OF THE CONSmP \TN T S 
AN M-V^CTOT WITH THE ^IGHT-HAND ^ZT^ VALUES 0*" THT 

^HE 

VOTv T H A i r M S T - I X P I S T SYMMETRIC MATFIX WIr 

TWICE ^HF CCEFICIENT OF X ( F ) * * 2 WHEN K = ' = J 
COEF. CF X ( I ) X ( J ) WH7* I DIFFER""*"1" PTC!" J 

H- T f T , J ) = 
p P " DIAGONAL OF 

("HE O ? P-DI \G0NAL 
TH" 
ELF! 

M A T R I X ; 
T \1 T <*" ) 

WHEN TYPING TH~ DAT? FEQIJESTED, P L ^ ^ E FFCAIL : 
* AT LEAST ONE BLA^K (SPAC1) MUS^ ST , p?i?£T'p s n r r ^ S S I V ^ NUI^F1 5" 
* TH*E DECIMAL POINT I S NOT NECF^rPPY, U»TLFSe Trr IS P I " OF TĤ  u ^ p ^ 
* I F YOU WANT TO QUIT TYPE »Q» P 'STT'JP O*1 T H r INFORM A^ICN PEQU~""T~r) 
* WHEN :NSWEFING TRUE OR FAL^F, 

TYPE "N^» AND <C 5 > I F F ^ L S ^ , CF 
<C r > (HIT RETURN) I F m ^ n * 
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1 

TYPE THF VALUF OF N ( I . T . THE NUMB77! CF V/RI- 'BL^S YOU HAVH ) 
-3 

YOUR VALUE OF N = - 3 I S NOT POSITIVE ! 
RESTART . , . 

TYPE THE VALUE CF N ( I . E . THE NUMBF^ CF V A r i ? B L T YOU HAVE ) 
2 

TYPE THE VALUE OF M ( I . E . THE NUMBER OF T t l S T ? » IflTS YOU HAVr) 
3 

"HE STANDAFIZSD PROBLEM RFQUTFES M <= N . . . . 
IN YODP P^CBLFM, A MAXIMUM 0^ 2 CONSTRAINTS (M) WILL BE ACCEPTED 

TYPE THF VALUE OF K ( I . I . THE NUMBER OF CCNS^PATNTS YOU HAVE) 

THE QUADRATIC FART CF TH77 OBJECTIVE ^IINC^ION, B^ING A SYMMETRIC M»m*>TX, 
ONLY THE FPPEF-TPIANGULAR PAF1" MUST R17 TYP^D 

TYPE THE 2 V?IUFS 017 THE ROW NUMBEP 1 
4 - 2 

TYPE THE VEFY LAST ELEMENT OF YC"P MATRIX 
5 

TYPE THE 2-VICTOR B , (THE LINEAR TA^ OF Y^U? OBJECTIVE FUNCTION) 
-6 0 

TYPE THE VALUE OF C , I . E . THF CONSTANT PART IN YnUR OBJECT IV17 FUNCTION 
o 

* * * * * EPROF IN YOUR FNTFY : 
0 

INPUT AGAIN OR TYPE Q TO QUI'71 

0 

TYPE THE 2 VALUES OF TH^ FCW NO. 1 IN YCJJP CONSTRAINTS M^PTX n 

1 1.5 

TYPE THF VALUE OF Q IN YOTJR CONSTF?IN'T ( I . E . , ""HE RIGHT-HArT~> S I D ^ VALU^) 
2 

THF VALUES IN THF ZERO-BAND AFS TAKEN AS Z^™ IN CRITICAL POINTS 
OF THE PFOBI Wt 

""YPE Tfv VALUF OF THE ZERO-BAND FOP Y^DT PRCBLTM 
i . d - 7 

NOW, LET US CHPCK THE CORRECTNESS OR ^HF DATA RECEIVED 
TYPE "NO" ?ND <CP> IF F^LSF, r F 
<C^> (HIT FFTUPN) I F "POT 
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YOU HAVF 2 VARIABLES ? 

YOU HAVE 1 CONSTRAINTS ? 

? ^ r T F ^ S ^ THF COFPFCT 2 ELEMENTS OF THF F ° ¥ NUMBP"1 1 OP ' " r 3 : K * 
IK YOUF O B J E C T I V E FUNCTION ? 

4 . 0 0 ^ 0 - 2 . P 0 0 C 
r 

I S 5 . C 0 0 0 THF LAST FLFMENT OF T H ' M ? T F I X IN Y<">n? O B J E C T I V E F U N ^ T I r - N ? 
to 

TYPE THE VFFY LP ST ELEMENT OF YOUF M f t R I X 
4 

I S 4 , 0 0 0 0 THF LP ST FLFMENT OF ^HF MPTFIX IN YOPR OBJECTIVE FUNCTION ? 

?RE ^HESE THF CORRECT VALUES OF YCUR 2~V' n C T 1 cr B 
(THE L T F ^ P P ? F T I N YOUR O B J E C T I V E FUKCTICN) ? 

- 6 . 0 0 0 0 . 0 

^HE CONSTANT VALUE C IN YOUR OBJECT'"^7 7 ' FUNCTION ~S 0 . 0 ? 

A^F THESE THF CORRECT 2 VALUES CF ^ W NUMBTP 1 
IN YOUF MATRIX P (CONSTRAINTS) ? 

1 . 0 0 0 0 1 . 5 0 0 0 
10 

TYPE THF 2 VALUES CF THE RCW NO. 1 IN YOU* CONSTRAINTS MPT^IX ^ 
1 1 

^Bv THESE T H r CO c FECT 2 VALUES OF ^OW NUKB",T? 1 
IN YOUF MPTFIX P (CONSTRAINT?) ? 

1 . 0 0 0 0 1 . 0 0 0 0 

PRE THESE THE CO?RrC m VALUES OF YOU" 1 - V ^ r ^ ^ v Q 
(THE FIGHT-HAND S I D F T F F M ° T N YOUR C O N S T R U I N G ) ? 

2 .OCOO 

THF WIDTH OF YOUF ZFFO-BAND I S 0 , 0 ^ 0 0 0 0 1 0 ^ 0 ? 

SELECT ONE OF ^HE FOLLOWING C ^ T i r ^ s : 

0 >ONLY THE ^ I N A L ANSWER WILL Bv cHOWN 
1 > r , HF VALUES OF T"HF OBJECTIVE 'TJ? C ^ O N ^"D " H " B 1 S I C VARIABLES W~LL B " FF r W?' 

AT ^ACH I T F F ^ I O N 
2 >THS CCMPLFTE TABLEAUX FCR ^HF f " m H O P OF B^AL^ WILL B " DISPLAYED " ~ -'?~F 

I T E R A T I O N 

^YPE ^HE NUMBFF CF ""HE rPTION YCU CHOr s^ 
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OFIGINAL TABLEAU 

OBJECTIVE FUNCTION 

1 2 

7 1 X 2 

0 , 0 - 0 . 3 0 0 0 0 D 01 0 . 0 

1 - 0 . 3 0 C O 0 D 01 O . 2 0 0 0 0 D 01 - 0 . 1 0 0 0 0 D 01 

2 0 .0 -Q.1P000D 01 " . 20000D M 

CONSTRAINTS 

X 1 X 2 

3= 0 . 2 0 0 0 0 D 01 - 0 . 1 Q O 0 0 D 01 - C . 1 0 0 0 C D 01 

THE CURFENT VALUE OF THE OBJECTxVE FNMC^ICN I S 

THE VPLUES CF THE VARIABLES AF77 

X 3 = 2 , o r o ^ o r 00 

ALL TH7^ OTHERS ARL EQUAL mO ZFFO 
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ITERATION NUMBER 

OBJECTIVE FUNCTION 

1 

X 4 

- C . 4 5 0 0 0 D 01 0 . 0 

X 4 0 , 0 0 . 5 0 0 0 0 D 00 

X 2 - 0 . 1 5 0 0 0 D 01 O.C 

X 2 

• 0 . 15000D 01 

0 . 0 

0 .15C00D 01 

CONSTRAINTS 

X 3= 0 . 5 0 0 0 0 D 00 

X 1= 0 . 1 5 0 0 0 D 01 

X 4 X 2 

• 0 . 5 0 0 0 0 D 00 - 0 . 1 5 0 0 0 D 01 

O.50CO0D 00 o . so fOOD 00 

THE CURRENT VALUE CF TH7^ OPJFCTIVE FUFCTICN I S 

THF VALUES OF THF VARIABLES ARF 
X 3 = 
X 1 = 

0 . 5 ^ 0 0 0 0 0 0 
1 . 5 0 0 0 0 0 0 0 

- 4 . 5 0 0 0 0 0 0 0 

?LL THE OTHEFS AFE EQUAL TO ZERO 
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ITEFPTICN NUMBER 2 

OBJECTIVE FUNCTION 

1 2 

X 4 X 3 

-0.53333D 01 0.33333D 00 0.666f7D 00 

4 0 . 3 3 3 3 3 D 00 0 . 6 6 6 6 7 D 00 0 , ^ 3 3 3 3 D 00 

3 0 . 6 6 6 6 7 D 00 0 . 3 3 3 3 3 D 00 0 . 6 6 6 6 7 D 00 

CONSTRAINTS 

X 4 X 3 

2= 0 . 3 3 3 3 3 D 00 - 0 . 3 3 3 3 3 D 00 - 0 . 6 6 6 6 7 D 00 

1= 0 . 1 6 6 6 7 D 01 0 . 3 3 3 3 3 D 00 - 0 . 1 . 3 3 3 3 D nQ 

THE CUPFEN"" V7LUE OF THF OBJECTTVF FUNCTION 13 

THE VALUES OF THE VARIABLES A"F 
X 2 = 0 . 3 3 3 3 3 3 3 3 
X 1 = 1 . e f f £ 6 6 f 7 

ALL THF OTHEFS ?BF EQUAL TO Z^PO 
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I T R J T I ^ N WUMBFP 3 

OBJECTIVE FUNCTION 
1 2 

X 4 X 3 

- 0 . 5 5 0 0 0 D 01 0 . 0 0 . 5 0 0 0 0 D 0^ 

X 4 0 . 0 0 . 1 5 0 0 C D 01 0 . 0 

X 3 0 . 5 0 0 0 0 D 00 0 , 0 0 . 5 0 0 0 0 D 00 

CONSTRAINTS 

X 4 X 3 

X 2= 0 . 5 0 0 0 0 D 00 - 0 . 5 0 0 0 0 D 00 - 0 . 5 0 0 0 0 D 0o 

X 1= 0 . 1 5 0 0 0 D 01 0 . 5 0 0 0 0 D 00 - 0 . 5 0 0 C 0 D 00 

THF CURRENT VALUE OF THE OBJECr"TVE FUFC m I ^ " I S - 5 . 5 O 0 0 0 0 0 0 

THE VALUES OF THE VAPIABLFS ??? 
X 2 = 0,50000000 
X 1 = 1.50000000 

ALL THE OTHERS A^E EQUAL TO ZFPC 
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SOLUTION 

OBJECTIVE FUNCTION 
1 2 

X 4 X 3 

- 0 . 5 5 O 0 0 D 01 0 . 0 0 .5000OD 00 

4 0 . 0 0 . 1 5 0 0 0 D 01 0 , n 

3 0 . 5 0 0 0 0 D 00 0 . 0 0 .500O0D 00 

CONSTRAINTS 

X 4 X 3 

2= 0 . 5 0 0 0 0 D 00 - 0 . 5 0 n 0 0 D 00 - C . 5 C O 0 D Qo 

1= 0 . 1 5 0 0 0 D 01 0 . 5 0 0 0 0 D 00 - 0 . 5 0 0 0 C D 00 

TH^ OPTIMAL I S • 5 . 5 0 0 0 0 0 0 0 

^HE VALUES CF THE VAFIABLES ?F ' 
X 2 = 
X 1 = 

0 . 500Onpr)p 
1.5C0O0GO* 

ALL mHE OTHERS A* F EQUAL TO Z"PPO 

OSC*P MA^PIOUE,1982 
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CP SPOOL CONS STOP CLOSE 
CON FILE 0 4 6 3 TC VWPSI 

TYPE 'CUADRO PROBLEM' TC FNTER FILFN?M T ? FIL^TYPE 

EXEC RECEIVE 
?DR f i l e 4 6 3 unnamed 
E n t e r FILENAME FILETYPF f o r F^AD. < c r > = n o ^ r r ^ i v 7 7 

c u a d r o p r o b l e m 
RECORD LENGTH I S ' 1 3 2 ' BYTES. 
F i l e CUADRO PROBLEM A RECEIVEd f r cm VWPSI 

DO YOU WANT A HARD COPY OF ^HE INFCPMAmION DISMAYED ? 

(<c r> IV NOT, ELSE Y^S) 
yes 
PRINTOUT CUADRO PROBLEM 
b a t c h a c c o u n t n u m b e r v w p s l x x x 
p r o g r a m m e r name o s c a r 
PUN FILE 0 4 6 4 TO 0SV31 COPY=0001 r r C D S = C 0 0 3 1 8 NO HOLD 
*>; T = 3 . 3 8 / 4 . 4 5 1 3 : 0 6 : 1 6 
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CALL 
CALL 
CALL 
CALL 
CALL 
STOP 
END 

DIALOG 
I N I T I A 
SF^MTX 
SFOWIT 
FUN I111 

Appendix B 

THE FORTRAN PROGRAMS 

C H ^ O O O ^ O 

CUa 0 0 " 2 n 

C U ^ 0 0 0 3 n 

C U A 0 0 0 4 0 
Cna OOO50 
rrTj 0"»06O 
o n 1 000"7O 
'"TT"? T } O P O 

C U S 0 0 O Q 0 
SUBROUTINE RUNIT CU?OQ10"> 
I M P L I C I T BEAL*8 ( A - H , 0 - Z ) C U P 0 0 1 1 O 
INTEGEF BAf I C 0 , B A S T C 1 f

r L , A L ' r B r , ; ,
# F , T , V CT7?OQ120 

REAL*8 MAX C t ' t n o n o 
LOGICAL PICO CU5O014O 
COMMON / N U M ^ R C / N,*1 CHPO015O 
COMMON / S U B J C T / P ( 2 0 n ) C U J 0 O 1 6 0 
COMMON / L I B F F S / L I B ! ( 5 0 ) , L I P r E , ^ L I B F F ( 5 0 ) CUPOOI^O 
COMMON / B A S I C A / BASICO ( 5 0 ) , B A S I C 1 ( 5 0 ) C " ? " > 0 1 8 0 
COMMON / V A L U E S / EPS ,M 10 , - " T - p , REPLAY , KIM c n ? T ) 1 9 0 
COMMON / M A X I M O / MAX C U ? 0 0 2 0 0 
COMMON / M I N I M 0 / YO CUP 0 0 2 1 0 
COMMON / P A R A P E / V , ^ , 7 " C U , 0 ° 2 2 ° 
COMMON / P I V O T E / I P I V , K P I V C U « 0 0 2 ^ 
COMMON /KNUMER/ KCO,KV£ o n ? 0 0 2 4 ^ 
COMMON / L E N G T H / F L , J C , J 1 C P S O 0 2 5 n 

COMMON / L O G I C O / P I C O TTTJi 0 0 2 ^ 0 
COMMON / F I N A L / ISDONE C " r o o 2 " n 

ISDONP = 1 7 U ? O 0 2 q A 

1110 I F ( L I B R E . EQ.C) GO C" 1 1 2 0 C ' A ^ ^ ^ 
CALL MP L I B / - p i ^ n ^ m 
I F ( D P B S (MAX) . G T . E P S ) G O ^ 0 1 2 0 0 C U ? 0 ^ 3 1 ^ 

1120 I F ( K V A . L E . O ) GO T r 1 1 3 0 r n ? " ' 7 3 ? ^ 
CALL COLPIV C U ^ 0 n 3 ? O 
I F f Y O . L T . - F r S ) G O TC 1 2 0 0 C H A 0 0 3 4 0 

1130 ISDON T ? =1 O T M m ; ^ 
GO TO 1 9 9 0 C U ? " 0 3 ^ 

1200 CALL SF m V C ^ O O S ^ O 
CALL RATIO C 7 7 AO038o 
I F ( I P I V , N E . 0 . O P . K A X . N E . 0 ) GO T 0 1 3 ) 0 ?n?.0rt3l>n 

I S D O N ^ O C U ? A 0 4 0 A 

GO TO 1 9 9 0 :mo-!{}< |P 
1300 I F ( I P 1 V , E Q , 0 . CF . Y C . G T . DABS (MAX) ) 0 O TO 1 4 0 0 C N 5 0 O 4 2 O 

I = B A S T C 0 (KFIV) C U p 0 ^ 4 i n 
BASICO ( K P I V ) = B P S T C 1 ( I P I V ) CUPOOatj^ 
B a S I C I ( I P I V ) = 1 r n A 0 ^ 5 A 

I E = R C 7 7 P 0 0 4 6 0 
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p = 1 C H P O 0 4 7 0 

CALL CONACT CU'OOftflO 
I F ( I S D O N E . FQ. 0) GO TO 1 9 9 0 C U A 0 0 4 9 O 
p=I -p ; C U J 0 0 5 0 O 
P I C O = . T F T J E . CUP 0 0 5 1 0 
CALL OFUACT CUP 0 0 5 7 O 
GO TO 1 6 0 0 C U f l Q n 5 3 0 

1400 A L I B R E ( K P I V ) = A L I B I 7 7 (KPIV) + 1 CT'? 0 0 51*0 
T = 0 C U 5 O 0 5 5 O 
F = 0 C U A 0 0 5 6 0 

1410 I F ( L I B F E . E Q . O ) GO ""0 1 5 0 0 C U A 0 0 5 7 0 
DO 16 1 = 1 , L I B F E C U 4 0 0 5 8 O 

I F ( 1 I B R ( I ) , E Q . K P I V ) G O TO 1 4 3 0 C U A Q O S 0 ^ 
16 C O N m I N U " C U P 0 0 6 O 0 

GO TO 1 5 0 0 CTJpOf)610 
1430 CALL ADDONE C P A 0 0 6 2 0 

CALL CONACT C U P 0 0 6 3 O 
1 F ( I S D 0 N E . E Q . 0) GO TO 1 9 9 0 C U A 0 0 6 4 0 
P I CO=. FALSE. CUAO065O 
CALL OFUACT CUP 0 0 66 0 
CALL SHOW IT c n a O O f O 
GO TO 1 1 1 0 C U A 0 O 6 8 0 

1500 CALL CHANGE CUP006QO 
GO TO 1 4 1 0 CUAOO^oo 

1600 I F (BASIC1 ( I P I V ) . L E . N + M I O ) GC TC 165C CU* 0T"7 10 
CALL DELATE C U J 1 Q 7 2 0 

16 5 0 CALL SHOW I T CUA0Q7 3 0 
GO TO 1 1 1 0 C * n ? 0 0 7 4 0 

1990 CALL OPTIMO C P A O 0 7 5 O 
RETUFN C U P O 0 7 6 0 
END C U P O O - ^ n 

CUAO0 7 8 O 
CUA007OO 

SUBROUTINE IN I T I A C U A 0 ^ 8 0 0 
I M P L I C I T RFAL*8 ( A - H , 0 ~ Z ) ' ^ ? n O f i n 
INTEGEF B A S I C 0 , B A S I C 1 , A L I B F E , F L CUP 0<->82,o 
COMMON /NUMFRO/ N , *" Cr T Pi008?o 
COMMON / B A S I C A / BPSTCC ( 5 0 ) , B A S I C 1 ( 5 0 ) C " A 0 0 8 4 o 
COMMON / L I B F E 3 / LIBR ( 5 0 ) , I IBP rt H U B " " (50 ) C P * 0 0 8 5 0 
COMMON / K N U M F P / KCO,KVA " U * 0 0 8 6 0 
C01MON / L E N G T H / F L , J C , J 1 CUP 0 0 3 ^ 0 
COMMON / V A L U E S / E P S , M 1 0 , T T E P , P S P L A Y , K T M C U A 0 0 8 8 0 

COMMON / O T P O S / LCS ( 5 0 ) , LAS ( 5 0 ) C U P 0 0 8 9 O 
J C = ( (N + 1) * ( N + 2) ) / 2 C t j a 0 0 9 r t o 
J 1 = ( M + N + 2 ) * (N + 1) C H 5 0 0 Q / , o 
EPS = D A B S ( E P S / 2 . D O ) CUP0OQ20 
K I = N + 1 CUA n 0 93O 
PC 10 1 = 1 , N I CUP 0 0 9 4 0 

J 3 A S I C 0 ( I ) = I CTIA00950 
10 CONTINUE ^ n B O ^ g p ^ 

DO 1 3 K = 1 ,N TUS O ^ 7 1 

LOS (K) =K C D 5 0 0 9 « n 
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13 

14 
02 

ALIBFF (K)=0 
LIBF (K) =K 

CONTINNP 
IF (M.^Q.O)GQ TO 
DO 14 1 = 1 ,M 

LAS (I) =1 
B^SICI (I) =N + I 

CONTINUE 
KVA=N 
KCO=M 
TL=N+1 
KIM=N+M 
ITEF=* 
1IBPF=0 
MIO = M 
RETURN 
END 

en* 01ooo 
c r ' p. o 1 o 1 o 

1 1 0 2 C 7 7 ? 0 1 0 2 O 
C U A 0 1 O 3 0 
ojpj P 1 O4O 
c u p 0 1 0 5 0 
c u n 0 1 0 6 n 

C U P O I C O 
Cnp 0 1 0 8 0 
C U A 0 1 0 9 0 
CUP 0 1 1 0 O 
C U A 0 1 1 1 O 
CUA0112O 
C U P 0 1 1 3 0 
CU? 0-] 1U0 
CU? 0 1 1 5 o 
CUP 0 1 1 6 0 
on a 0 1 1 7 0 
C U » 0 1 1 8 0 

SUBROUTINE SETMTX C U A 0 1 1 q o 
I M P L I C I T RPAL*8 ( A - H , 0 - Z ) C D ? 0 1 2 O O 
DIMENSION G ( 2 0 0 ) , F ( 1 0 0 ) CUA0121O 
COMMON / N U M F P O / N,M C U P 0 1 2 2 0 
COMMON / S U B J C T / P ( 2 0 C ) , Q ( 5 0 ) CUP 0 1 2 ^ 0 
COMMON / C F U N C N / A (1 00 ) , B ( 50) . C C U J O 1 2 4 0 
K M = ( N + 1 ) * (N + 2 ) / 2 C U 5 0 1 2 5 O 
L M = ( N + 1 ) * N / 2 C U a 0 1 2 6 0 
H (1 ) = C C U A 0 1 2 7 0 
JH = 2 o n ? 0 1 2 f i 0 
DO 15 1 = 1 , N C U A 0 1 2 9 0 

H ( JH) = B ( I ) / 2 CHP 0 1 3 0 * 
J H = J H + 1 CUP 01 3 1 0 

15 CONTINUE C U P 0 1 3 2 0 
DO 16 J = 1 ,LM C U * 0 1 3 ? 0 

H ( J H ) = A ( J ) / 2 C U P 0 1 3 4 0 
J H = J H + 1 C U P 0 1 3 5 0 

16 COFTINUE ^ ' n n f i 
DO 17 K = 1,KM o r r j o i 3 7 0 

A ( K ) = H ( K ) CUPO13A0 
17 CC NTINIJF CUP 01 3 9 0 

I T = (M + 1 ) * (N+1) C U P 0 1 4 O 0 
|JT=N+ 1 r>T1£ n-] W\ 0 
DO 11 K = 1 , N I - , H p o m 2 0 

G ( K ) = 0 . D 0 C 7 7 P 0 1 4 3 O 
11 CONTINUE CUP 0 1 4 4 0 

IN=N C U P P 1 4 5 0 
1 1 = 1 C U P 0 1 4 6 O 
DO 19 J = 1 ,M CUP 01 4 7 0 

N I = N I + 1 C U P 0 J ' 4 P 0 
G ( N X ) = Q ( J ) c u * 0 1 4 0 0 
DO 2 0 I J = I 1 , I N ^UPOISOO 
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N I = N I + I 
G ( N I ) = - P ( I J ) 

CONTINUE 
I 1 = T N + 1 
I N = I N + N 

CCFTINUE 
DO 2 1 K = 1 , I T 

P ( K ) = G ( K ) 
CONTINUE 
RETURN 
END 

SUBROUTINE SETV 
I M P L I C I T R^AL*8 ( A - H , 0 - Z ) 
?VAL*8 MAX 
INTEGER V 
COMMON / P I V O T F / I P I V , K P I V 
COMMON / V A L U E S / EPS 
COMMON /NU. M ERO/ N,M 
COMMON / O F U N C N / A ( 1 0 0 ) 
COMMON / M A X I M O / M?X 
COMMON / P A F A M F / V 
K I = K P I V * ( N + 1 ) - ( ( K P I V - 1 ) * K P I V ) / 2 + 1 
MP.X=O. r n 

I F (A ( K I ) . G T . F P S ) HAX=A ( K P I V + 1 ) / A ( K I ) 
V = - 1 
I F (MAX. G T . 0 . D 0 ) V= 1 
FE^UFN 
END 

SUBROUTINE ADFG^E 
I M P L I C I T R 5 A L * 8 ( P - H , 0 - Z ) 
INTEGEF T # S L , Z 
COMMON / P I V C T F / I P I V , K P I V 
COMMON / L E N G T H / FL 
COMMON / N U M E ^ C / N,M 
COMMON / P A P P M E / V , T 
COMMON / S U B J C T / P ( 2 0 0 ) 
COMMON / O F U N C N / P ( 1 0 0 ) 
Z = 0 
K A P = K P I V + 1 
DO 17 K=1 ,KAP 

J O = K - 1 
K U = T * F L + J O + 1 
A J O = K F I V + Z + 1 
P(KU) = A ( A J O ) 

Z = Z + F - J O 
N I L = N - K P I V 
I F ( N I L . L T . I ) G O T Q 1 4 5 0 
PC 18 K = 1 , N I L 

" n ? 01 5 1 0 
"U? 0 1 5 2 0 
C U P 0 1 5 3 O 
C U A 0 1 5 4 0 
onjs f) 1 55Q 
CTT? 01 56 0 
C U P 0 ' ! 5 7 0 
Cnp ^ 1 5pO 
O N ? 0 1 50A 
C U A 0 1 6 0 0 
CU* n 1 6 1 0 
o n p o i 6 2 0 
C U ^ o i f 3 n 
CUB 0 1 6 4 0 
C U * 0 1 6 5 Q 
C U P O 1 6 6 0 
CN7I01670 
C U E 0 1 6 P 0 
CUP o i g Q O 
C U A 0 1 7 0 0 
o n ? 0 1 71 0 
C U A 0 1 7 2 0 
CU 5 0 1 7 3 0 
c n ? 01 7 4 0 
C " P 0 1 7 5 0 
CU? o i 7 f 0 
C^p 0 1 7 ™ 

cNpo i^eo 
CTP 017OO 

CUP 01 PC 0 
C U P 0 1 8 1 0 
C U * 0 1 8 2 0 
C P A 0 1 8 3 0 
CUp 0 1 8 4 O 
C " 5 0 1 R 5 0 
cn!»Qi 8 * 0 
C U ^ 0 1 S ^ O 
C T 7 A0188O 
CU" 01 g q n 
CUA019CO 
C n p n i g m 

CUB 0 1 Q 2 0 
0 ^ 0 1 9 3 ^ 
Cnp 0 1 9 4 0 
c n ? 0 1 9 ^ 0 
c p a o i g f o 
Cn? 01 9"?A 

CUT- 0 1 9 P O 
o y ? 01 a g o 

C T T » 0 2 0 0 0 
o n p 0 2 ^ 1 0 

CU71 0 2 0 2 0 
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K0 = T * F L + ( K P I V + K ) +1 " U ? 0 2 0 3 0 
K O J = K P I V * (N+1) - ( K P I V * ( K P 7 V - 1 ) ) / 2 + K + 1 CUP0 2 0 4 0 

1 8 P ( K 0 ) = M K 0 J ) O T T ? 0 2 0 5 O 

1450 I P I V = m C U S 0 ^ 0 6 O 
PETUPN 0 ^ 0 2 ^ 0 
END - 0 * 0 2 0 8 ° 

C r T B C O Q O 
CUA0210O 

S U B R O U ^ I ^ F CHANGE c n » 0 2 1 i O 
I M P L I C I T P E P L * 8 ( A » H , 0 - Z ) C U P O 2 1 2 0 
INTEGEF T , R , B A S I C 1 , B A S I C O C U ? / , 2 1 3 0 
COMMON / K N U M ^ F / KCO,KV? C U P 0 2 1 4 0 
COMMON / P A P P M E / V," 1 ,* - C U 5 0 2 1 5 0 
COMMON / L I 8 P E S / L I B R ( 5 0 ) , L I B T - o n a ^ e O 
COMMON / P I V O T ! / I P T V , K P I V CUP021" 7 0 
COMMON / N U M E p C / N , F CUP 0 9 1 8 0 
COMMO" / B A S I C A / BASICO ( 5 0 ) , PP S I C 1 ( 5 0 ) 1 ^ 0 2 1 9 0 
C O M M O N / O T P O S / L 0 C ( 5 0 ) , L A S ( 5 0 ) C U * 0 2 2 0 p 
COMMON / V A L U E S / EP<~,KIC C U ' 0 2 2 1 0 
L I B R E = L I B ? E + 1 ~ U A 0 2 2 2 O 
L I B R (LIBRE) =KPIV C U * 1 2 2 3 0 
B A S I C 1 (M+1) = B A S I C 0 (KPXV) C P ? O 2 2 4 0 
BASICO ( K P I V ) = N + MTO+KPIV C n ? o 2 2 5 0 
LAS(M + 1) = M + 1 0 ^ ^ 2 2 6 0 
KC0 = M+1 CUp022*70 
I F ( K V A . L T . 1 ) G O TO 1 5 4 0 C U ? O 2 2 8 0 
DO 19 K=1 ,KV T C T 7 ? 0 2 2 ° o 

I F (LOS (K) . E Q . K P I V ) T=K ZV*023V> 
19 CONTINUE C T ^ 0 2 3 1 n 

KVA=KVA-1 C U B 0 2 3 2 0 
1540 I F ( K V A . L T . r . O P . T . L E . O ) GO T 1 5 6 0 C U ' 0 2 3 ^ 0 

DO 2 0 K=T,KVP c n » 0 ^ 3 4 ^ 
I OS (K)=LCS (K + 1 ) CU? 0 2 3 5 0 

2 0 CONTINUE C n p ^ 2 3 6 0 
1560 M=M+1 CU" 0 2 3 ^ 0 

T=M CU?0 2 3 8 0 
F = 1 C D » 0 2 3 ° o 
RETURN CU? 0 2 4 " ^ 
ENP C m 0 2 4 " O 

IUP 0 2 4 2 0 
C n ? 0 2 4 3 n 

SUBROUTINE DELET77 ~ u * 0 2 4 4 n 

I M P L I C I T RLAL*8 ( A - H , 0 ~ Z ) O T T » 0 2 4 5 ' " > 
INTEGEF F L , A L I B R T ^ A S I C I C T 7 ? 0 2 4 e o 
COMMON / N U F r F C / N,M C ! J 5 ^ 2 4 7 o 
COMMON / K N U M E I / KCC,KVA C U i 0 2 4 P ^ 
COMMON / B S S I C A / KBP 0 ( 5 0 ) , BP S i r 1 ( 5 0 ) c n a ^ a o n 
COMMON / P I V O T E / I P T V , K P T V C U " 0 2 S ^ O 
COMMON / L I B ^ E S / L I B R ( 50) , L I B F r , ^L IEF " ( 50 ) ^ ' £ 0 2 5 1 " 
COMMOM / O T P O S / LOS ( 5 0 ) C T ^ 0 2 5 o ^ 
CCMMON /LEhG^tt/ FL C U A 0 2 5 3 0 
cr^MOK / S U B J C T / P ( 2 0 0 ) C f ' ? 0 2 5 4 O 
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B A S I C 1 ( I P I V ) = B P S I C 1 (M) C U ? . 0 2 5 5 ^ 
K C 0 = K C 0 - 1 C P P 0 2 5 6 0 
KVA=KVA+1 C U P 0 2 5 7 0 
L O S ( K V A ) = K P I V C P ? 0 2 5 8 0 
L I B P E = L T B R F - 1 C U , V O 2 ^ 9 0 

I F ( L I B ? " * . LT . 1) GO *"0 1 6 4 0 C ^ n O ^ O O 
DO 2 1 K = 1 , L I P F E C U 5 0 2 6 1 O 

I F ( L I B P ( K ) . E Q . K P I V ) GO TO, 1 6 3 0 C ^ T P 0 2 6 2 0 
21 CONTINUE O U 3 P 2 6 3 0 

GO TO 1 6 4 0 CHP 0 2 6 4 0 
1630 DO 22 T = K , L I B F E C T ' » 0 2 6 5 0 

LIB 7 1 ( I ) = L I B R (1 + 1) C ™ 0 2 6 6 0 
2 2 CONTINUE C U P 0 2 6 7 0 

1 6 4 0 N I = N + 1 C " ^ 0 2 6 P O 

R I E = I P I V * R L + 1 C U * 0 2 6 9 0 
. K I A = M * ? L + 1 C U A 0 2 7 0 0 

PC 2 3 K = 1 , N I CUP 0 2 7 1 0 
K I I = K - 1 C U P 0 2 7 2 O 
K T U = K I ~ + K I T "TT? 0 2 7 3 0 
K1C = K I A + K I I CUA02" 7 40 
P (KIU) = P ( K I O ) ~ U J 0 2 7 5 r 

2 3 CONTINUE C U A 0 2 7 6 0 
E - M - 1 C U A 0 2 7 7 0 
A L I B P E (KPIV) =ALIBRE (KP7V) - 1 C U p 0 2 7 f 0 
RETURN C U ^ 0 2 * 7 ° o 
END C n ? 0 2 8 r 0 

C U A 0 2 P 1 0 
c n A 0 2 8 ? 0 

SUBROUTINE PROFUN C n A P 2 R 3 * 
I M P L I C I T R F ? L * 8 ( / - H , 0 - Z ) C U * 0 2 8 4 O 
DIMENSION X ( 1 0 0 ) C 0 » ^ 2 8 5 0 
INTEGEF BO CUA0286O 
COMMON / O F U N C N / A C O O ) C I7a 0 2 3 7 0 
COMMON / N U M E p O / F CHA028PO 
COMMON / B A S I C A / EC ( 5 0 ) C U » 0 2 " 9 O 
COMMON / V A L U E S / E P S , M I C , ITER '*CA02e>On 
I F ( I T " ? . E Q . C ) CALL M F S S P G ( 1 5 ) C U P 0 2 c » ' , o 
L = 2 * N + 1 CU T >0292o 
MI=N+1 C U P 0 2 9 3 O 
NN=N + 1 CUP 0 ? 9 4 0 
I F (NT. G" . 5) F I = 5 O-H-H 0 2 9 5 0 
N O = N I - 1 CTU07 9 f o 
W P I T E ( 6 , 2 1 4 ) ( K , K = 1 , N O ) C U P 1 2 9 7 0 
8 F T T F ( 6 , 2 1 5 ) (BO (K) , K = 1 , N O ) " U A 0 2 9 P 1 
DO 2 1 6 1 = 1 , N N C U 5 0 2 9 Q O 

DO 2 1 7 K = 1 , K I C U ? 0 3 0 A o 
" " F ( K . G E . I | G C TO 2 1 9 c n n 0 3 0 1 ^ 
K1= (L-K + 1 ) * ( K - 1 ) / 2 + I CUS03O2O 
CO TO 2 1 7 e n * 0130-30 

2 1 9 K1= ( L - I + 1 ) * ( I ~ 1 ) / 2 + K C O I 0 3 0 U O 
2 1 7 X ( K ) = A ( K 1 ) C n p 0 ^ 0 5 O 

I F ( I . N E . 1 ) G 0 TO 2 9 0 ~ U ? P 3 Q 6 A 
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2 4 0 W F I T F ( 6 , 2 2 C ) (X (K) , K = 1 , N I ) CTTA03P™ 
GO TO 2 1 6 CU^03ORO 

2 8 0 WRIT7^ ( 6 , 2 2 2 ) BO ( 1 - 1 ) , (X (K) , K = 1 , N I ) C U * 0 3 0 Q O 
2 1 6 CONTINUE C U 5 0 3 1 0 O 
2 8 5 I F ( N O . F Q . N ) FE^UPN C ^ * 0 3 1 1 0 

f I = v o + 1 C!P 03-32O 
N0=N C D " 0 3 1 3 0 
W R T T E ( 6 , 2 1 4 ) ( K , K = N I , N O ) C U P 0 3 1 4 0 
W R T T F ( c , 2 1 5 ) ( B 0 ( K ) , K = N I , N O ) CTT30315* 
PO 2 2 6 1 = 1 , N N C U ? 0 3 1 f O 

DO 2 2 7 K = N I , N O C U » 0 3 1 7 0 
K1=K+1 C U ? 0 3 1 8 0 
I F ( K 1 . L T . I ) G O " 0 2 2 8 C U ? 0 3 1 ° 0 
KI= ( L - I + 1 J * ( I ~ 1 ) / 2 + Kl C U P 0 3 2 0 O 
GO TC 227 CP?0321O 

228 KI= (L-K1 + 1)* (K1-1) /2 + I ~UPO3220 
227 X(K)=A(KI) CHP03230 

IF (I.EQ. 1) WRITF(6,230) (X (J) , J=NI, *'0) CNAO3240 
IF(I.EQ.1)GO TC 226 CUA03250 
WPT'7"E(6,232) BO (1-1) , (X (J) ,J=NI,N 1) CUA0326 0 

2 2 6 CONTINUE CUP 0 3 2 7 ^ 
2 5 0 RETURN C U P 0 3 2 « o 
2 1 4 F O P M P T ( / , 5 X , ' 0 B J F C T I V E F U N C T I O N ' , / , 11 X, 4 ( 1 2 X , 12 ) ) O T T B 0 3 2 9 0 

2 1 5 F O R M A T ( / , 2 3 X , 4 ( ' X ' , I 2 , 1 1 X ) ) 7 U P 0 3 3 n 0 
2 2 0 F O T M A T ( / , 3 X , 5 ( 2 X , P 1 2 . 5) ) T A 0 3 3 1 / > 
2 2 2 F 0 F M P T ( / , 1 X , » X ' , 1 2 , 1 X , D 1 2 . 5 , 4 ( 2 X , D 1 2 . 5 ) ) C U " 0 3 3 2 O 
2 3 0 FORMAT ( / , 17X, 4 { 2 X , D 1 2 . 5 ) ) cm0'*33r' 
2 3 2 F 0 P M ^ T ( / , 1 X , » X » , 7 2 , 1 3 X , 4 ( 2 X , D 1 2 . 5 ) ) C U A 0 3 3 4 0 

END CU*0 3 ? 5 Q 
C r T P 0 3 3 6 O 
CTip.03 3 7 0 

SUBFOUTINE PPICON C U 5 0 3 3 8 O 
I M P L I C I T FEAL*P ( P i - H , 0 - Z ) CUP 0 3 3 ^ 0 
INTEGER B 0 , B 1 , P L CUA0340O 
COMMON / N U M E P O / N,M CTUQ3Q10 
COMMON / B A S I C ? / BO (50 ) , B1 ( 5 0 ) C U P 0 3 4 2 0 
COMMON / S U B J C T / P ( 2 0 C ) C U A 0 3 4 3 0 
COMMON / L E N G T H / PL CUP 0 3 4 4 0 
N1=N+1 " U 5 0 3 4 5 0 
M1=M+1 C U 5 0 3 4 6 0 
I F ( N 1 . GT, 5) N1 =5 r g p 0 3 4 7 O 
N 0 = N 1 - 1 C n p 0 ^ 4 8 0 
C»LL MFSSAG(16) CUA034P0 
WFITE(6,307) (B0(K) ,K=1,N0) CUAO3500 
DO 3 0 6 1 = 2 ,M1 IT?pn^5-5Q 

KI= ( I ~ 1 ) * F I + 1 C f ! P O 3 ^ 2 0 
KC=FI+NO C U P 0 3 5 ^ O 
W R I T ( 6 , 3 0 9 ) B1 ( 1 - 1 ) , (P (K) , K = K I , F O ) C U " \ 3 5 4 0 

3 0 6 CONTINUE 0 0 * 0 3 5 ^ 0 
I F ( N O . E Q . N) PETUPN ^V^^^SO 

3 2 0 KI=NO+1 C n ? 0 3 5 7 0 
N0=N CUP 0 3 5 p 0 
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I F ( N 0 - N I . G T . 5 ) N 0 = N I + 5 CUA0 3 59 0 
W r i T 7 : , ( 6 , 3 07 ) (BO (K) , K=N1 , N 0 ) CUP 0 3 60 o 
DO 3 1 0 1 = 2 , M 1 C r ' A 0 3 * 1 o 

K1= ( I ~ 1 ) *RL + NI + 1 C n p Q 3 6 7 P 
K2=K1 + N C - N I CT»a 0 3 6 3 0 
W B I T E ( 6 , 3 1 1) B1 ( 1 - 1 ) , (P (K) ,K = K 1 , K 2 ) C H P 0 3 6 4O 

3 1 0 CCNTINIT5 CUP 0 3 6 5 0 
I F (NO. EQ. N) FFIURN C U P O 3 6 6 O 
GO TO 320 COT 036"7Q 

3 0 7 F O P M A T ( / , 2 3 X , 4 ( « X ' , 1 2 , 1 1 7 ) ) C U P 0 3 6 P O 
3 0 9 F O F M A T ( / , 1 X , ' X ' , 1 2 , ' = » , D 1 2 , 5 , 4 (2X , F 1 2 . 5) ) 0 ^ 0 3 6 9 0 
3 1 1 F 0 R M P T ( / , 1 X , ' X ' , 1 2 , 1 3 X , 4 ( 2 X , D 1 2 . 5 ) ) C U * 0 3 7 0 0 

END CUP 0 ^ 7 1 0 
CTTP 0 372 0 
C U P 0 3 7 3 0 

S U B R O " T I N F MALIB C U P 0 3 7 4 0 
I M P L I C T T R ~ P L * 8 ( A - H , 0 - Z ) C 1 A 0 3 7 5 0 
REAL*8 MAX C U P 0 3 7 6 O 
COMMON / O F U N C N / A ( 1 0 0 ) C n p O 3 7 7 0 
COMMON / L I B R E S / L I B F ( 5 0 ) , L I B F F CTJPO378O 
COMMON / F U M E p O / N,M C77P0 3 79O 
COMMON / F I V O T I / KDUM,KPIV CUA0380O 
COMMON / M A X I F C / w?X C H P 0 3 8 1 O 
K P I V = L I B F ( 1 ) C77^ 0 3 8 2 0 
KOH=LIBR (1) +1 C U ? Q 3 8 3 0 
MAX=A(KOH) CU7S03P40 
IP (IIBFE.LT.2)RETURN CUB0385A 

DO 402 K=2,LIBRE CUA0386O 
IT;,(MPX.FQ. C) GC TO 402 CUAO^S'JO 
KOH = LIBF (K) +1 C U P 0 3 8 8 O 
I F ( P (KOH) . EQ.O) GO " 0 4 0 2 C N ? 0 3 8 9 n 

I F (DABS (MAX) . G T . DABS (A (KOH) ) ) GO ^ o u n 2 CUP 0 3 9 0 0 
K P I V = L I B F ( K ) C U A 0 3 9 1 O 
MAX=A(KCH) C " P 0 3 9 2 0 

4 0 2 C O F T I N U I C U ? 0 3 9 3 O 
RETURN CTTA0394O 
END C U * 0 3 ° 5 0 

ZUtd39f"> 
o U A 0 3 9 ^ 0 
CUP 0 3 9 P O 
C U P 0 3 9 9 O 
CUP 0 4 0 0 ^ 
C N P 0 4 O 1 n 
CUPO402O 
CUP 0 4 0 3 0 
C U P 0 4 0 4 O 
'"UP 044050 
C U P 0 4 ^ 6 0 
cn?040 ' 7 o 
OTTJ04 08O 
CUP04 0QO 
C U P 0 4 1 1 0 

SUBROUTINE OFUA< 
IMPLICIT PFPL*8 
INTEGFI 
LOGICAI 
COMMON 
C01MON 
COMMON 
COMMON 
COMMON 
COMMON 
IN=N+1 
10 502 

J=IF 

1 r L f ^ / Z j t 

', PICC 
/ S U B J C T / 
/OFUNCN/ 
/ I ENGTH/ 
/ P I V O T V 
/NUMEFC/ 
/LOGICO/ 

I P = 1 , I N 
;„1 

:T 
( P - H , O-Z) 

7A 

P ( 2 0 ° ) 
A (100) 
RI 
I P , K P 
N,M 
PICO 
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IF (J.EQ. KP) GO TO 502 CU»0 
Z=0 CUP0412O 
IF (J.GT.KP)Z1 = KP-1 C0R0U130 
IF (J.LT.KP)Z1 = J CUA0414O 
IZ1=Z1+1 CH'04150 
DO 504 IS=1,IZ1 CUP0416O 

K=IS-1 rnj04170 
KH=J+Z+1 ) CUP .041P0 
K H 1 = I P * R L + J + 1 CUJ1 0 4 1 9 0 
KH0=KP+Z+1 C U ? 0 4 2 O 0 
P (KH) =A (KH) + P (KH1 ) *A (KHO) CP? i ( i 2 1 o 

504 Z=Z+N-K CUA0422O 
T=Z+KP OH'04230 

5 0 2 CONTINUE C*7? 0 4 2 4 0 
5 0 6 I K P = K P + 1 CUP 0 4 2 5 0 

I P ( I K P . G T . N ) G C TC 5 3 ^ C U 3 O U 2 6 0 
DO 5 1 0 K = I K P , N CUP 0 42"™ 

DO 5 1 2 J = K , N C n n 0 4 7 8 0 
K H = Z + N - K P + J + 1 C U * 0 4 2 9 0 
K H 1 = I P * R L + J + 1 CHA0430O 
K H 0 = T + K - K P + 1 C n p O 4 3 1 0 

5 1 2 A ( K H ) = A ( K H ) +P (KH1) *A (KH") C U P . 0 4 3 2 0 
5 1 0 Z = Z + N - K C U A 0 4 3 ^ o 

DO 5 2 2 J = I K P , N C U P 0 4 3 U 0 
K H = T + J - K P + 1 C U * 0 4 3 5 0 
K H 1 = I P * F L + J + 1 C n ? 0 4 3 6 0 

5 2 2 A (KH)=P (KH) +P ( K H 1 ) * A ( T + 1 ) c n i n j » 3 7 0 
5 3 0 Z 1 = 0 C U P 0 4 3 P O 

DO 5 3 2 133=1 ,KP C U ? 0 4 3 ° o 
J = I F - 1 C ' 7 A 0 4 4 0 0 
Z = 0 C U ? 0 4 4 i O 
KH=KF+Z1+1 O F 5 0 4 4 2 0 
K H 1 = 7 P * P L + J + 1 c T 7 * 0 4 4 - 0 
SUKAfP (KH) +P (KH1)*A ( T + 1 ) CUP 0 4 4 4 0 
DO 5 3 4 I S = 1 , I F CUP 04 4 5 0 

K = I S - 1 C U ? 0 4 4 6 O 
K H = I P * R L + K + 1 C U A 0 4 4 7 0 
K H 1 = I R + Z CTT,iC4<IR0 
A (KH1)=A (KH1) +P (KH) * ? U V A C\n 0 4 4 ° 0 

5 3 4 Z=Z+N-K CV^QUSQ* 
5 3 2 Z 1 = Z 1 + N - J ~ U P 0 4 5 1 0 

I F ( I K P . GT.N) GO TC 5 5 0 C U * 0 4 5 2 o 
DO 5 4 2 J = 7 K P , N c n * 0 4 5 3 O 

Z=0 C U ? o a 5 4 o 
I F = J + 1 O P A P 4 5 5 0 
DO 5 4 2 I S = 1 , I R C U P , 0 4 5 6 A 

K=IS™1 CUP 0 4 5 ^ 0 
T F ( K . NE.KP) GO TO 5 4 6 C U P 0 4 5 8 0 
Z=Z+1 C n ? 0 4 5 o 0 
GC TO 5 4 2 o n ^ 0 4 6 0 0 

5 4 6 KH=J+Z CU5 0 4 6 1 O 
K H O = T + J - K P + 1 C n p r a 6 2 n 
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K H 1 = I P * F L + K + 1 
? (KH) =A (KH) +P (KH1) *A (KHC) 

5 4 2 Z = Z + F - K 
5 5 0 I F ( .NO"". PICO) GO TC 56C 

Z = 0 
K H 0 = I P * R L + K P + 1 
DO 5 5 2 I S = 1 , K P 

K = T S - 1 
KH=IKP+Z 
K H 1 = T P * F L + K + 1 
A(KH) =A(KH) + P ( K H 1 ) *A (T + 

5 5 2 Z = 7 + N - R 
DO 5 5 4 J = K P , N 

K H = J + T - K P + 1 
5 5 4 A ( K H ) = i (KH) * P (KHO) 

Z = 0 
LO 5 5 6 I S = 1 , I K P 

K = T S - 1 
KH=IKP+Z 
A ( K F ) = P (KH) * P ( K H 0 ) 

5 5 6 Z=Z+N~K 
RETURN 

5 6 0 Z=0 
DO 5 6 2 1 3 = 1 , K P 

K = I S - 1 
KH=KF+Z+1 
A ( K H ) = 0 , D 0 

5 6 2 Z = Z + F - K 
A (T + 1) = 1 . DO/A C^ + l ) 
I F ( I K P . G T . N ) G O TO 5 6 4 
DO 56 8 J = I K P , h 

K F = J + 7 ~ K P + 1 
5 6 8 A ( K f l ) = 0 . D 0 
5 6 4 RETURN 

END 

SUBROUTINE COLPIV 
I M P L I C I " F F P L * 8 ( A - H , 0 ~ Z ) 

/ O F U N C N / 
/ O T F O S / 
/ K F T J " E B / 
/ F U M ^ P C / 
/ M I N I M O / 
/ P I V O T F / 

A ( 1 0 0 ) 
LOS ( 5 0 ) 
KCO,KVA 
N,M 
YO 
I P I V , K P 

COMMON 
COMMON 
COMMOK 
COMMON 
COMMON 
COMMON 
KP=LO? (1) 
KP0=LOS (1 ) + 1 
YO=6(KH0) 
I F (KV? . L T . 2 ) RETURN 
DO 6 0 2 K=2,KVA 

KH0 = LOS(K) +1 
I F ( P (KHO) , G F , Y O ) G O ^ o 6 0 2 

CV7- n 4 6 3 ° 
C P P Q 4 6 4 0 
CD71 O 4 6 5 0 
CUA0466O 
O H J . Q 4 6 7 0 

o n A 0 4 6 P O 
CUP 04690 
C"P 04 7Q0 
OP&04710 
r n p 0 4 7 2 0 
CUAO47 3 0 
C n i 0 4 7 4 0 

CTJP 0 4 7 5 0 
C P A 0 4 7 6 0 
C n A 0 4 7 7 0 
CUP 0 4 7 8 0 
C n i 0 4 7 9 0 
CTJ5 04 8CT 

CtJ" 0 4 P 1 0 
O U A 0 4 8 2 0 
CUP 0 4 8 3 0 
Crf' 0 4 8 4 0 
CUP 0 4 8 5 0 
C P A P 4 8 6 0 
ri]}. 0 4 3 7 0 
CUA0488O 
e n p 0 4 3 9 0 
COP 04QOO 
CUP 0 4 9 1 0 
C U * 0 4 92 0 
CTTP 0 4 9 3 0 
C P a 0 4 Q 4 0 
C U ! 0 4 9 5 0 
C N S 0 4 9 6 O 
rn*049^0 
CU3 0 4 9 8 0 
c n ? 0 4 a Q O 
CU1* 0 5 0 0 0 
O U P 0 5 0 1 0 
o n i 0 5 O 2 O 
CUP 0 5 0 3 0 
cn^ 05040 
~U?O5050 
ens 05r»f 0 
CPB 050-'0 
CUP050RO 
C U B 0 5 O Q 0 
r n » 0 5 1 0 n 
CUP 0 5 1 1 0 
CD" 0 5 1 ? " * 
CU"* 0 5 1 3 0 

C P P O 5 1 4 0 
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YO=P (KHO) 
KP = LOS (K) 

COKTI V T 7 F 
RE^UFN 
END 

SUBROUTINE FATIC 
I M F L I C I T R E P L * 8 
INTEGEI 
COMMON 
COMMON 
COMMON 
COMMON 
COMMON 
COMMON 
COMMON 
COMMON 
COMMON 
I P = 0 
I F {KCO, 
DO 7 0 2 

: P L , V , Z 
/ L E N G T H / 
/ P I V C T F / 
/ S U B J C T / 
/OTFOS / 
/ K N U M E F / 
/ V A L U E S / 
/ M I N I F O / 
/ P A R A M E / 
/ N U M F F O / 

) 
( A - H , 0 - Z ) 

F I 
IP,KP 
P ( 2 0 0 ) 
K L O S ( 5 0 ) , 
KCO 
E P S , M I O , I 
YC 
V 
N,M 

. L T . 1 ) RFTUFN 
1= 1 , KC 0 

LAS ( 5 ° ) 

T E P , D S P L A Y , K I M 

CPB 0 5 1 5 0 
" U A 0 5 1 6 0 

f 0 2 C O K T I w n r C 7 , i 0 5 ^ 7 0 
CUP 05180 
CUP 051°0 
CUP052OO 
C U P 0 5 2 1 O 
C U * 0 5 7 7 0 
CUP 0 5 2 3 n 

e r r 0 5 2 4 0 
C U A 0 5 2 5 0 
CUP 0 5 2 6 0 
C U P 0 5 2 7 0 

CU ? 0 5 2 8 n 

CT 7 7 ,05O90 
CUP 0 5 3 0 0 
C U A 0 5 3 1 0 
C U " 0 5 3 7 0 
CUP 0 5 3 3 0 
C U A 0 5 ^ 4 0 
C U P 0 5 3 5 0 
C T 7 ' I 0 5 3 6 0 

KH=LAS ( I ) * F L + 1 C U J 0 5 3 7 O 
KH1=KH+KP C U A 0 5 3 8 0 
I F ( V * P (KH1) . G T . E P S ) GC TC 7 0 4 C U A 0 5 3 9 0 

7 0 2 CONTINUE C U P 0 5 4 0 O 
FETURN C U P O 5 4 1 0 

" 0 4 YO=V*P ( K H ) / P ( K H 1 ) CUA0542O 
I P = L A S ( I ) C U A 0 5 4 3 O 
Z = I + 1 0 0 * 0 5 4 4 0 
I F ( Z . G T . K C O ) FFTUFF C U A 0 5 4 5 O 
DO 7 0 6 I = Z , K C O C H B 0 5 4 6 0 

KH=LAS ( I ) * R I + 1 C U A 0 5 4 7 0 
KH1=KH+KF C U A 0 5 4 8 0 
I F ( V * P (KH1) . L F . F P S ) GC T<~ 7 0 6 C ^ A 0 5 4 9 0 
Y ^ = v * p (KH) / P ( K H 1 ) CU? 0 5 ^ 0 0 
I F ( Y E . G E , Y C ) G O TO 7 0 8 C n s 0 5 5 i o 
I P = L A S ( I ) C P P 0 5 5 2 0 
YO=YE CUP 0 5 5 3 0 
GO TO 7 0 6 CP? 0 5 5 4 O 

7 0 8 I F (YF. NF. YC) GO TC 7 0 6 o r T B 0 5 5 5 0 
I 0 = LPS ( I ) C U ? o 5 5 6 0 
DO 7 1 0 K=1 ,N CTTP05570 

K H 0 = I P * R L + K + 1 C U P 0 5 5 P O 
KH2 = I P * F I + KP+1 C U 7 , . 0 5 5 ° ^ 
K H = I 0 * F L + K + 1 C U P 0 5 6 O 0 
YFP=V*P ( K H 0 ) / P ( K H 2 ) C U P 0 5 6 1 O 
YE0=V*P ( K H ) / P (KH1) CUA 0 5 6 2 ° 
I F ( Y E P . I T . Y F O ) G O TO 7 0 6 C U p o 5 6 3 n 

T F ( Y F 0 . I T . Y F P ) G O TO 7-J2 C U A 0 5 6 4 0 
7 1 0 CONTINUE C 7 7 5 0 5 6 c ; 0 
7 1 2 I P = I 0 CUP 0 5 6 6 0 
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706 CONTINUE CUPO 
RETURN CUP 0 5 6 8 0 
ENP CUP 0 5 6 ^ 0 

CUP 0570O 
cna 057 ' ' A 

S U B R O P T ' I K E CCNACT CUPO5720 
IMPLICIT REAL*8 ( J - H , o-Z) CUP.05730 
INTEGEF P L , F CUP05740 
CCMMOv / S U B J C T / P ( 2 0 0 ) c n * 0 5 7 5 O 
COMMON /PAFAME/ V , T , I 0 CU*05760 
COMMON /NUMERO/ KI , 11 Ct?AO5770 
COMMON / P I V O T F / I P . K P CUB0578O 
COMMON /LFNGTH/ RL CUA0579Q 
COMMON /FINAL / ISDONE C H P 0 5 8 r o 
KH=IP*FL+KP+1 CUA05810 
I F ( P ( K H ) . EQ.O) GO Tr 820 CTUQ582 n 

PIVO , p A=1.D0/P(KH) CUB05830 
110=10+1 COS 0 5 8 4 0 
1 1 1 = 1 1 + 1 Cnp05f l50 
KK0=1 CUP 0 5 8 6 0 
KK1=K1+1 C U ? 0 5 8 7 0 
I F ( I I 0 , G T . I I 1 ) G O T° 802 CP&058P0 
Do 804 I I = T I 0 , I I 1 CUP 0 5 8 9 0 

1 = 1 1 - 1 CU5O5QO0 
I77 ( I . E Q . IP) GO mO 804 C U P n 5 9 1 0 
KF0=I*^L + KP+1 o-pao5P20 
P (KHO) =P(KH0) *PIVCTA 0 ^ 0 5 9 3 0 
DO 806 KK=KK0,KK1 CUP05940 

K = KK-1 CU*0595o 
I F ( K . E Q . K P ) GO TO 806 CUP0596O 
KH1=I*FL+K+1 CUPO5970 
FH2=IP*PL+K+1 CUA0598O 
P (KH1) = F ( K H 1 ) - P (KH2) *P(KH0) C 0 * 0 5 9 « 0 

806 CONTINUE CUA0600O 
804 CONTINUE CUPO.foiP 

DO 810 KK=KK0,KK1 CU*06020 
K=KK-1 CUPO6030 
KH2=7T*?L+K+1 CUP 0 6 0 4 0 

810 I F (K.NF.KP) P (KH2) =-P(KH2) *FIVOT? CU? 0 6 0 5 0 
802 P (KH)=PIVCmA CHP0606O 

RETURN Cin 06O"'O 
820 ISDO>TE = 0 o-PAPfOPO 

F^TURN o g n o f o q o 
END CTTJOgloo 

CO1* 06 1 1 o 
CUP 0 6 1 2 0 

SUBROUTINE SHOWIT C H S O M ^ O 
I M P L I C I T P F A L * 8 ( 7 - H , 0 - Z ) o n ? n 6 1 & 0 
DIMENSION S O L ( 5 C ) C U P 0 6 1 ^ o 
INTEGEF D S P L A Y , P L , B P S I C 1 , B ? S T C O r T n n 6 1 f n 

COMMON / V A L U E S / F P T , " 1 0 , I C E P , D S " L ? Y C U P 0 6 1 7 O 
COMMON / N U W E F C / fj , * C U ' 0 « 1 R 0 
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COMMON / O F U N C N / J ( 1 0 0 ) r n * O f 1 9 0 
COMMON / S U B J C T / P ( 2 n 0 ) C U ? 0 6 2 0 A 

COMMON / B A S I C A / B *S ICO ( 5 0 ) , B* S^C1 ( 5 A ) C U P 0 6 2 1 O 
COMMON / L E N G T H / R I C7T? 0 6 2 7 0 
I F ( D S P I A Y . E Q . 0) GO TO 1 8 9 0 C U » 0 6 2 3 O 
I F ( D S P T A Y . V Q . 1 . AND. I T EI . ^ Q . O ) r » L L f-1 " S S " G ( 1 7) C U * 0 6 7 4 0 
I F ( P S P L P Y , T Q , 1 . A N D . I T E F . ^ Q . O ) G^ " 0 1 P 2 0 C f 7 7 , 0 6 o ^ O 
I F ( D S P L 5 Y . G E . 2 . kl D. I T E F . ^ Q . O ) GO TO 1 8 1 2 C U B Q 6 2 6 0 

1813 W ? I m ' p ( 6 , 2 1 3 ) I T P B rvif)f>">r\ 
I F ( D S P L P Y . F Q , 1)GO T 0 1 8 2 0 C U A 0 6 2 8 0 

1812 CALL PFOFUN C U A 0 6 2 9 0 
I F ( D S P L P Y . ^ Q . ^ , AND. M . F Q . O . A N D . I ^ T F . ^ O . P ) GO «"i 1 8 2 0 CTH«f*0» 
CALL PFICON r n p 0 6 3 1 O 

1820 I ^ E R = I T S R + 1 C O P O g 3 2 0 
W^TTF ( 6 , 1 0 6 ) I (1) C U P 0 6 3 ^ A 

K=M + 1 CT'P 0 6 3 4 0 
rr 28 1=1,K CUP06350 

KIO= (1-1) *PL+1 CUP06360 
SOL (I) =P(KIO) CPP06370 

28 CONTINUE C"5A6^80 
WRITE ( 6 , 1 0 7 ) ( B A S I C 1 (K) , S r L (K+1) , K = 1 , <*) C U * 0 6 3 n 0 
CALL MRS*? AG ( 1 8 ) opp .06 4QO 

1890 FFTUPN c m o 6 4 1 * 
1 0 6 FOFMA'7" ( / / , 5 X , ' T F F CURRENT VALUE o ^ ^HE O P J ' C T I V E FUNCTION I ? ' , CUP 0 6 4 2 0 

* F 1 5 . 8 ) C U A 0 6 4 3 O 
2 1 3 F O F M ' T ( / , 1 5 X , ' I T E R A T I O N NUMBEF ' , 1 2 ) C U P 0 6 4 4 0 
10"7 F O R ' ^ A ' 7 ' ( / , 5 X , ' THE VALUES CF T F " V P F I P B L " ' : PFE ' , / , 3 0 X , ' X ' , 1 0 ( 1 0 , ' C U P 0 6 4 5 O 

* = ' , F 1 5 . 8 , / , 3 0 X , ' X ' ) ) C T T «0646O 
ENP CU* 064-^0 

o p ^ 0 ^ 4 P 0 
C U A 0 6 4 9 0 

SUBROUTINE CPTIMC o p i 0 5 5 0 0 
I M P L I C ^ m RFAL*8 ( P - H , 0 - Z ) 0 0 = 0 6 5 1 0 
DIMENSION SCL ( 5 0 ) CUP 0 6 5 2 0 
COMMON / V A L U E S / EPS , M I O , I m E ? , P S P L A Y C U * O 6 5 ^ 0 
COMMON / F I N A L / I cDO>TF o n ? _ o 6 5 4 0 
COMMON / N U f E P C / N,M C U ^ O f s q o , 
COMMON / B S S I C A / BASICO (50 ) ,B? S I C 1 (50 ) C O * 0 6 5 6 0 
CCMMON / S U B J C T / P ( 2 0 0 ) '~ 7 7AO6570 
COMMON / O F U N C N / ? ( 1 0 0 ) 03*^65*0 
COMMON / L E N G T H / r l C O ? 0 6 5 9 0 
INTEGER D S P L A Y , S , F L , B A S I C 1 ,BASICO C U * 0 6 6 0 o 
I F ( I S D O N E . EQ. 0) CALL MESS? G ( 1 9 ) c n A " 6 6 i o 
I F ( I S P O N F . E Q . 0) GO TO 1 7 5 0 T A 0 € f ? O 
I F ( I S D O N E . r Q . 1 ) C * L I M E S S P 0 ( 2 O ) CU&O6630 
I F ( D S P L A Y . E Q . 0 . O F . D S P L A Y . F Q , 1)GO mC 1 7 1 0 C H A C 6 6 4 A 

CPLL PFOFUN C U A 0 6 r 5 0 
CALL PFICON r u ? 0 6 6 6 O 

1710 WP7mF ( 6 , 1 0 6 ) A (1 ) o T T , 0 6 6 7 n 

K=M+1 C n p 0 5 6 ^ 0 
DO 2 8 1 = 1 , K C N s 0 6 6 9 0 

KIO= ( 1 - 1 ) * F L + 1 C n p 0 6 " ' n 0 

- 9 5 -



28 

1750 
106 
107 

SOL ( I ) = P ( K I O ) 
CONTINUE 
WRITE ( 6 , 1 0 7 ) ( B A S I C 1 (K) , S O L (K+1) ,K = 1,"«) 
CALL M F S S A G ( 1 8 ) 
CALL MFSSAG(21) 

:UBK 
, F 1 5 . 8 ) 

V P T T ? _ B T 

F C R M A T ( / / , 5 X , ' THF OPTIMAL I S ' 
FORMPT ( / , 5 X , ' THE VALUES O77 ^ F P 

* = ' , F 1 5 , 8 , / , 3 1 X , ' X ' ) ) 
1 0 8 F O R M A I ( / , 5 X , ' ALL THF OTHERS PRE EQUAL 

103CAF MANFIQUF, 1 9 8 2 ' , / , 7 8 ( • - ' ) ) 
END 

1 0 0 

41 
1C2 

42 

43 

121 

SUBRGUTIN 
I M P L I C I T 
DIMENSION 
INTEGER D 
COMMON /N 
COMMON / S 
COMMON / O 
COMMON / V 
DP."'A BLAN 
CALL M^SS 
CALL MESS 
CALL M^SS 
K^Y=0 
CALL M^SS 
CALL FFAD 
I F ( N . G T , 0 
W R I T E ( 6 , 6 
GO TO 1 0 0 
I F ( K E Y . F Q 
CPLL MFSS 
CALL FEPF 
I F (M.GF.O 
CALL MESS 
GO TO 1 0 2 
I F ( M . I T . N 
WRITE ( 6 , 6 
GO ^O 102 
I 7 " (KEY. EQ 
CALL MESS 
KO=0 
J I K = 0 
DO 1 3 J = 1 

I F ( J I K 
I F ( J I K 
J L = J - 1 
N I = F - J 
N I L = N I 
I F ( N I . 

E DI 
F ' A L 

G (2 
SPLA 
UMI'F 
UBJC 
FUNC 
ALUE 
K / ' 
?.G(1 
AG (2 
AG (3 

A LOG 
* 8 ( A - H , 0 - Z ) 
0 0 ) , D ( 1 0 0 ) 
Y 
0 / V. , M 
T / P ( 2 0 0 ) , Q ( 5 0 ) 
N / A ( 1 0 0 ) , B ( 5 0 ) , r 
S / F , M I O , I ^ E B , D S r I A Y 
V 
) 
) 
} 

AG (4 ) 
IT (N) 
)GO TO 4 1 
0) N 

. 1 )GC TO 1901 
AG (5 ) 
I T (M) 
)GO TC 4 2 
PG (6 ) 

)GO TO 4 3 
7) N 

. 1) GO TO 106 
AG ( 7 ) 

, F 
. EQ. N) OC TO 1 0 4 
. K T . 0 ) G O TO 1 2 2 

EQ. 1) GO TC 1 0 4 

CUP 06 7 1 0 
C O ? 0 6 7 2 0 
CUP 0 6 7 3 0 
C U * 0 6 7 4 0 
CnT^ 0 6 7 5 0 
CT7P 06 7* 0 
C U P . 0 6 ' 7 7 0 

"S T E ' , / , 3 l X , ' X ' , 1 0 ( 1 2 , ' C U A 0 6 7 R O 
C U P 0 6 7 9 0 

"O Z^RO ' , / , 78 ( ' • ' ) , / , 5 8 X , 'CUP 0 6 8 C 0 
C U P 0 6 8 1 0 
C U a Q 6 8 ? o 

Z^l06830 
C U S 0 6 P 4 0 
C U P 0 6 R 5 0 
CUP 0 6 8 6 0 
CUP 0 6 P 7 0 
C U P . 0 6 p 8 O 
CUP 0 6 8 9 0 
CUP 0 6 9 O 0 
CUP 0 6 9 1 0 
CO? 06 92 0 
CUP 0 6 9 3 0 
C U A 0 6 9 4 0 
CUP. 0 6 9 5 O 
C U P 0 6 9 6 0 
C U P 0 6 9 7 0 

CnAOfi9flO 
C T T j O f q a o 

CUP 0 7 O 0 0 
C U P 0 7 0 1 O 
C T , A 0 7 O 2 o 

CUP 0 7 0 3 0 
C U P O 7 0 4 0 
CUA070 5 0 
C r A 0 7 0 6 0 
CUP 0 7 0 7 0 
CUA07OPO 

CUP O^OQO 
CUP 07 m o 
CU»07110 
CUP 0 7 1 ? 0 
CUP 0 7 1 3 0 
CP? 0 7 1 4 0 
o n ? 0 ^ 1 5 0 
CUP 0 7 1 6 0 
C U ? 0 7 1 ' 7 o 
cn'~ 071 PO 
CUPQ7190 
CUA072OQ 
CUP 072 1 0 
rU?07 720 
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W*IT(€,70) NI, J 
GO 'PC 105 

122 WFITE(6,70)NIL,JIK 
GO TO 105 

104 CALL ME3SP.G(8) 
105 CALL FEADEH(D,NIL) 

KIN=1 
I F ( J I K . N E . C) K C = I O - N I L - 1 
IT ( J I K , N ~ . C) NI = N I L 
DO 14 K = K I T , N I 

FO=KO+1 
P (KO) =D (K) 

14 CONTINUE 
I F ( K E Y . E Q . 1) I A = 7 A - N I L 
I F ( K E Y . F Q . 1) GC TO 1 0 1 7 

13 CONTIFU71 ' 
118 WRITE ( 6 , 6 8) N 

CALL F ~ A P F M ( B , M 
I F ( K F Y . F Q . 1 ) G O T 1 1 5 

116 CALL M E S S ? G ( 9 ) 
CALL F^PDEM ( C , 1 ) 
I F ( K E Y . E Q . I ) G O TO 1 1 ? 
I F ( M . E Q . 0 ) G O TC 1 4 0 

1 3 0 JA = 1 
J i n = o 

1 1 2 PO 1 1 1 = 1 , F 
I F f J ^ O . N E . C .AND. K^Y. EQ. 1) GO TO 1 1 0 
W R I T F { 6 , 6 6 ) N , I 
GO T O 111 

1 1 0 W P I T T ( 6 , 6 6 ) N , J I O 
11 1 CALL READEM (G, !') 

I F ( K E Y . F Q , 0) J I O = I 
I F ( K ^ Y . ' Q . 1) JA= ( J T 0 - 1 ) *N+1 
J I = J I 0 * N 
J = 1 
DO 1 2 K = J A , J I 

r ( K ) = G ( J ) 
J = J + 1 

CO VZ IN UF 
I F ( K E Y . F Q . 1) GO TO 108 
JA = J I + 1 

CONTINUE 
I F ( M . G T . 1 ) G O TO 1 0 3 
CALL M E 3 S » G ( 1 0 ) 
GO ^ 0 131 
W 7 J I T F ( 6 , 6 4) M 
CALL FEADEM(Q,M) 
p o 10 1 = 1 , M 

I F ( 0 ( I ) . G T . 0 ) G O TO 10 
W F I T 3 ( 6 , 6 5 ) 1 , 0 ( 1 ) 
GO TO 1 0 3 

10 CONTINUE 

12 

1 1 

103 
131 

C n ? 0 n 2 3 o 
C"P 0 7 2 4 0 
CT 7 A072 f ; 0 
C U * 0 7 ? 6 0 
C U P 0 7 2 7 0 
CT7P 0 7 2 8 ° 
C U S 0 7 2 9 0 
C U P 0 7 3 0 0 
CP? 0 7 ^ 1 0 
CUP 0 7 3 2 0 
C U A 0 7 3 3 " 
CUP 0 7 3 4 0 
CUPo7 3 ^ 0 

CUP 0 7 3 6 0 , 
C U 7 0 7 3 7 0 
CUA07 38O 
C O * 0 7 39O 
C U A 0 7 4 0 0 
0 ^ 0 7 4 1 0 
CU? 0 7 4 2 O 
C P A O 7 4 3 0 
CUP 0 7 4 4 0 
C U A 0 7 4 5 0 
CO* 0 7 4 6 0 
CUP O7U70 
CP? 0 7 4 P O 
CUP 0 7 4 C O 
c n p 0 7 5 0 0 
e n s 0 7 s 1 0 
C n s 0 7 5 2 O 
C U B 0 7 5 3 O 
C U P n 7 5 4 0 
C U ^ 0 7 5 5 O 
c u ? 0 ' 7 5 6 0 
cv\07570 
CUA075RO 
CTT71 0 7 5 9 O 
CU? 0 7 6 O A 

C U ' 0 7 f 1 0 
cm ^7f?o 
CUA07 63O 
C U ' 0 7 6 4 0 
CUP 0 7 6 5 0 
C U A A 7 6 6 A 

C n t » 0 7 f 7 o , 

CTJ5O7680 
C F ? 0 7 6 9 O 
CUP 0 7 ^ 0 0 
CUP 0 7 7 1 0 
C^t07720 
cv*07730 
CU? O 7 7 4 0 
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190" 

106 

701 

107 

1017 

IF(KEY, ̂ Q. 1)GC mC 18C 
140 CALL >^SSAG(22) 

CALL FFPDEM (7,1) 
IF (KEY, FQ. 1) GO TC 181 

. . - „ N r X T S F C T I C N CHECKS THE r^^sZO^r^SS OF THE OA"1? 
CALL MFSSPG(1 1) 
K^Y = 1 
W P I T T , ( 6 , 9 0 1 ) N 
REWIND 5 
F F A D ( 5 , 3 3 , E N D = 1 0 6 ) C H A R 
I F ( C H A F . N E . B L P N K ) GO TO 10 0 
I F ( M . E Q . O ) C A L L J E S r *G ( 1 2 ) 
I F ( M . P Q . 0 ) G O TC ™C1 
W ^ I T E ( 6 , 7 4 ) M 
REWIND 5 
F F A D ( 5 , 3 3 , E N D = 1 0 7 ) C H A R 
I7? (CHAF.N 7 7 , BLANK) GO TO 1 0 2 
I o = 1 
I ? = 0 
r o 16 T = 1 ,N 

I L = I - 1 
W I I = N - T L 
I O = I O + N I L 
I F ( I , F Q , N) GO ^C 1 2 8 
I A = I P + N I L 
J O = I O - N I L 
W P I T F ( 6 , 7 9 ) N I L , I , ( A ( K I ) , K I = J O , I P ) 
GO TO 1 1 9 

1 2 8 LST= (N + 1) * N / 2 
W R I T " ( 6 , 9 0 ) A (LST) 

119 REWIND 5 
F F P T ( 5 , 3 3 , F N D = 1 6 ) C F A R 
I F (CHAR. 2 Q . B L A V K ) GO ^ 0 16 
J I K = I 
GO TO 1 2 1 

CONTINUE 
W R I T E ( 6 , 7 8 ) N, ( B ( K I ) , K I = 1 , N ) 
FEWINP 5 
F E ? D ( 5 , 3 3 , * ¥ P = 1 1 3 ) C H A 3 
I F ( C H A F . N E . BLANK) GO " 0 1 1 8 
WRIT7^ ( 6 , 7 7 ) c 
REWIND 5 
PFPD ( 5 , 3 3 r F N D = 1 1 8 0) CHAF 
I F ( C H 5 ^ . N ^ . B L P N K ) GO " 0 116 
I F ( M . F Q . O ) GO TC 1 8 1 
DO 15 I K = 1 , M 

K £ = I F * N 
KO= ( I K - 1 ) * F + 1 

I08 W I 1 1 ^ ( 6 , 7 5 ) N , I K , (P ( J ) , J = K O , K * ) 
F E P I N D 5 
READ ( 5 , 3 3 , F F D = 1 5 ) CHAT 
I F ( C H A P . E Q . B L P N K ) G O TO 15 

16 
115 

113 

1180 

CUP 0 7 7 ^ 0 
o n a 0 7 7 6 0 
Crm nun f) 
C U P 0 7 - ' 8 0 

-CU1* 077QA 
CUP 078OO 
C 7 I P 0 7 8 1 0 
CPp 0 7 8 2 O 
C U P 0 O 8 3 0 
C O ' 0 7 8 4 0 
CTP O 7 8 5 0 
CO* 07 86 0 
CUP 0 7 8 7 Q 
CUP 0 7 8 8 O 
CUP-O7890 
c o a 0 7 9 0 A 

C U ? 0 7 9 ' ' O 
CUP 0 7 9 2 0 
C P ? 0 7 0 3 0 
CUP 0 7 9 4 0 
CUP 0 7 O 5 0 
C'7* 0 7 9 6 0 
CFZ07970 
C U ? 0 7 9 8 0 
Cm 0 7 9 ^ 0 

e n ' O R o r o 
C m 0 8 0 1 o 
C m 0 8 0 9 0 
C u s o o n 3 A 

CI"! OfiOfjn 
r\n oqoc jn 

C O ? 0 8 0 6 0 
C U P 0 8 0 7 0 
CO* o g n p n 
CU* o g ^ q n 
CUP 0 ,3100 
CUP 0 8 1 1 ° 
O P ^ 0 8 1 2 0 

OU* O P 1 3 0 
CU* O B I 4 0 
C n p A 8 1 5 0 
CUP 0 8 1 ^ 0 
C O ' 0 8 1 ^ 0 
CUP 0 8 1 ^ 0 
C H I 0 8 1 O O 
C n P 0 8 2 A 0 
CT" 0 8 2 1 0 
C H * 0 8 2 2 A 

C U A 0 3 2 3 0 
C U 5 0 8 2 4 A 

c n » O P ? ^ o 

C U A 8 2 6 0 
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J I C = I K C U P 0 8 2 7 O 
GO TC 1 1 2 C N P 0 8 7 P 0 

1 5 CONTINUE C U J O B 2 ° o 
1PC W R I T E R , 7 2 ) M, (Q ( I ) , 1 = 1 , • » ) C U A 0 8 3 0 0 

REWIND 5 C U ' 0 « 3 1 0 
F E P P ( 5 , 3 3 , E N P = 1 8 1 ) C H A P C U P 0 8 3 2 O 
I F ( C H A P . N F . BLANK) GO TO 1 0 3 C U * 0 8 7 3 O 

181 W * T T K 6 , 8 1 ) r O U P 0 8 3 4 0 
REWIND 5 C U P 0 8 3 5 0 
READ ( 5 , 3 3 , F F D = 88.°) CHAF C N P 0 8 3 6 O 
I F ( C H ? F , N F , B L A N K ) G O TO 1 4 0 C U P O 8 3 7 0 

8 8 8 CALL U E ~ S A G ( 1 3 ) CT7A08 3 « o 
CALL F ^ D I T (DSPLAY) C T ? s 0 8 3 ° 0 
FETUFN C D A 0 8 4 0 0 

60- FORMAT ( / , • YOUR VPLU71 CF N = ' , T 2 , ' ~S >7AT P O S I T I V E ! ' , / , ' C U P 0 8 4 1 O 
l R E S T P t T . . , ' ) C U P 0 8 4 2 O 

6 7 FORMPT ( / , ' "'HI S T P N O P R I Z I D PFOBL^M FFQUT 7 ""^ M <= v . . . . ' , / , C U A 0 8 4 3 0 
* • IN YOUR PROBLEM, ? MAXIMUM 0" ' , ! ? , ' C A F O " ^ A I N T S (M) WILL B ^ A C C C U ? 0 8 4 4 0 
* E P T F P ' ) C U P 0 3 4 5 O 

6 8 F O F M ? T ( / , ' TYPE m HE ' , 1 2 , ' - V F C ^ C 7 p , (CIT LINEAR PA 7 7 ! o p YO7775 O B J ' C U P 0 8 4 6 0 
I C T I V 7 " FUNCTION) •) CNS 0 8 4 ^ 0 

6 6 F O F M A K / , ' TYPE TPF ' , 1 2 , ' VALUFS CF TH^ P r W NO. » , 12 , ' I N YCUF C O C U P 0 8 4 P 0 
1NST?AI^ 7 TS MATFIX P ' ) C O * 0 8 4 9 O 

7 0 FORMAT ( / , ' TYPE THF1 ' , 1 2 , ' VPIUES CF ^ H " rOW NUMBC ' , 1 2 ) CO? 0 8 5 0 " 
64 F O F M A T ( / , ' TYP^ THE VALUE OF YonR > , 1 2 , ' - V ^ C ^ O R Q . (THF P I G H T - H A N D C N ? 0 8 5 1 o 

1 S I D F VALUE IN YCUF ' , / , » CONTRA IImc) •) CUP 0 8 5 2 0 
6 5 FORMPT ( / , ' THF CCM^o^FNT NO. ' , 1 2 , ' OF Y^U- Q VEC"0">, NPM7*LY ' , D^ 2CU? 0 8 5 3 0 

* . 5 , ' I S NOT P O S I T I V E : ' , / , ' YOU7? P^OBITM I S rO"1 IN STANDARD E O ^ P " , / C U A 0 8 5 4 0 
* , ' I N P U T AGAIN . . . . ' ) C U P O P 5 5 0 

7 9 FORMAT ( / , ' ART THIS"* THF CORRECT ' , 1 2 , ' ""IFMENT3 OF '"H" F OW NOMB^ROTTP 0 8 5 ^ 0 
* ' , 1 2 , ' OF MATFIX A » , / , • I N YOUR O B J E C T I V E FUNCTION ? ' , / , 1 X , 9 9 D 1 C U P 0 8 5 7 O 
* 2 . 5 ) C U P 0 3 5 8 0 

7 4 ^ 0 F M A T ( / , ' YOU HAVE ' , 1 2 , ' CONSTRAINTS "» ' ) CUP 0 8 5 « 0 
3 3 FORMAT (A5) C n * O 8 P 0 A 

9 0 1 FORMAT ( / , ' YOU HAV" * , I 2 , ' V T A B T E S ? ' ) C U P 0 8 6 1 0 
7 8 F O P M P K A ' AFF T H I S E THE CCFR^C1 1 VPLU7S o p YOUF * , T 2 , ' - V r CTO^ B ' , C U P 0 8 6 2 O 

* / , ' ( T P P LINEAR PAP'71 IN YOUR o p j ^ c K V E ^UNCT^ON) ? » , / , 50 (2 X, " 1 2 . 5) ) CU* 0 8 6 7 P. 
8 0 F O P M A K / , ' I S ' , K 2 . 5 , ' THE LP^T " l ^ f T ^ T OF 7 H 3 MA"PIX I F YOUR A | B J C U A 0 8 6 4 0 

* p C m I V E FUNC^ION^-? ' ) C U J 0 8 6 5 O 
72 P O r M P T ( A • ARE " , H r S F ^H17 C O P F F C " VPLUFS o ? yo rjR ' , T 2 , ' - VECrT-0!? Q ' C U A 0 8 6 6 0 

* , / , ' (THE F I G H T - H P N D S I D E " " F f F I N YOTT* CONSTRAINTS*) ? ' , / , CU? 0 8 6 7 0 
* 1 0 ( 2 X , D 1 2 . 5 ) ) C U P 0 8 P 8 0 

7 5 F O F M A K / , ' T r F THF^E THE COPF^C m ' , 1 2 , ' VPLPRS OF " o y ' T O I B ^ ' , T2 , C77P 0 8 6 ° O 
1 / , ' IN YCUF MATFIX P (CONSTP P T ^ S ) ? ' , / , r o ( 2 X , D1 2 . 5) ) CUPOS^PO 

7 7 F O R M P K / , ' THE CONSTANT VALUE C I N Y H P OBJECTIVE F U N C K 3 N I S • C U P 0 8 7 1 O 
1 , D 1 2 . 5 , ' ? ' ) C U ^ 0 8 7 2 0 

8 1 F O R M A K A ' T H I WIDTH CF YOU* z r F 0 - B » " D I* ' , 0 1 2 , 5 , • ? ' ) C U A 0 3 7 3 0 
END CUP 0 8 7 4 0 

CUP 0 8 7 5 0 
CUP 0 8 7 6 0 

SUBROUTINE MESSAG (INDEX) C U P 0 8 7 7 0 
GO TO ( 1 , 2 , 3 , 4 , 5 , 6 , 7 , 8 , 9 , 1 0 , 1 1 , 1 2 , 1 3 , 1 4 , ^ 5 , 1 6 , 1 7 , 1 8 , 1 Q , 2 0 , 2 1 , 2 2 ) , C U P 0 8 7 R o 

_ ^ Q « . 



*IWDFX 
1 WRIT77 ( 6 , 9 0) 

p ^ O P * ' 
2 W R I T F ( 6 , 9 2 ) 

R ETURN 
3 W T T T E ( 6 , 9 3 ) 

FP'-'UFN 
4 W P I ^ F ( 6 , 1 0 1 ) 

r E T U F N 
5 W R I T E ( 6 , 6 1 ) 

F E T U r N 
6 WRITE ( 6 , 6 2 ) 

RETURN 
7 W P I T F ( 6 , 6 9 ) 

RETURN 
8 W F I " , 1 S ' ( 6 , 7 1 ) 

FETUFF 
9 W F I ' " " P ( 6 , 6 7) 

RT^TU^N 
10 W R I ^ E ( 6 , 5 9 ) 

RETURN 
11 W R I T F ( 6 , 7 3 ) 

REmUPN 
12 W K T ^ ( 6 , 7 0 ^ ) 

FETURN 
13 W R I T F ( f , 8 8 ) 

RETURN 
14 W R I T E ( 6 , 6 3 ) 

RETURN 
15 W R I ' T , E ( 6 , 2 1 2 ) 

RETURN 
16 W R I T F ( 6 , 3 0 2 ) 

R E T""r P N 
17 W R I T F ( 6 , 1 8 1 ) 

RETU r N 
18 W P I T E ( 6 , 1 0 8 ) 

RETURN 
19 W * ^ I T r ( 6 , 1 0 5 ) 

^ETU^N 
20 W P I T E ( 6 , 1 4 0 ) 

RETUFN 
21 WRIT77" ( 6 , 1 4 1 ) 

FE^UFN 
2 2 WPI'7177 ( 6 , 1 5 A ) 

RETURN 

CTT? 08 7 C >0 
C U S O 8 8 0 O 
C O P O « 8 1 0 
C U A 0 R 8 2 0 
C U A 0 « 8 3 O 
OTTB03P40 
C P P 0 8 8 ^ A 

C U P O 8 8 6 0 
C U A 0 3 8 7 O 
rUP 0 P 8 P 0 
CT 7 A03890 
CUB O39O0 
C U P 0 8 9 1 0 
CU? 0 8 ° 2 A 

C O B 0 8 9 3 O 
CUT 0 8 9 4 0 
CUP 0 8 9 5 0 
C U B 0 8 9 6 0 
C U * 0 3 9 7 0 
P U A 0 8 9 8 O 
C U H 0 8 ^ ° 0 
CUP f 9 0 0 0 
C U A 0 9 0 1 O 
CUS 0 9 0 7 0 
0 0 ^ 0 9 0 3 0 
C U A 0 9 0 4 O 
C U A O 9 0 5 0 
C P P 0 9 0 6 O 
C U A 0 9 0 7 O 
CUP 0 0 OPT 
CU509O9O 
CUP 0 9 1 0 0 
C U E O q i 1 0 
pTTfl 0 9 1 2 0 
CUP 0 9 1 3 0 
f n P 0 Q 1 4 O 
C U P P Q 1 5 o 
C P P 0 9 1 6 0 
CPTS 0 9 1 7 0 
CTJ5 0 9 1 8 O 
C 0 P A ^ 1 9 0 
CO? 0 9 2 " 0 
Cup 0 0 2 1 0 

CTTA09270 
CU? 0 9 2 3 0 

90 F 0 P M A K / / / 5 9 X , 'UNIV T r r SITY CF r'7"!? WP ' , / , 67 X, » S YSTP MS 3 CI^NC1" ' , / , 6 ^XCUP 0924 n 
* , ' 1 9 P 2 » , / / , 1 X , 7 8 ( ' » ' ) , / , 3 5 X , « CUADRO ' , / , n , 7 8 ( ' - ' ) , / / , ' ^HT<? ^ C ! n r o ? n 
*CKAGF U ^ S THE M ^ F T I OF BEPI"t? TO SOIV7" "HF QUADF^TC PROGRAMMTNG»CUP 0976O 
* , / , ' P^OBL^M, HAVING N VPPIABLFS AND M C r v ^ P A I i r ^ (M<=w) , GIV^N 7CUA0927O 
*N I T S STANDARD ' , / , ' FORM : ' , / / / , T̂T7 0 9 2 8 0 
** Ml" G = ( 1 / 2 ) X' 'AX + B ' ' X + C » , / , CU? 0 9 2 ° 0 
* ' SUBJfC" TO : PX <= Q , WI^H Q ( J ) > 1 ' , / , o n ^ Q c n p O 
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* ' X(K) >= 0 K = 1 , 7 , . . . , »' « f / , C U A 0 9 3 1 0 
• > J = 1 , 2 , . . . , M « , / , C U A 0 9 3 2 0 
• ' WHFRF : C : THE CONSTANT V P I U ^ P77 Y r " F O B J " C K V ^ E O F C T T O " ' , / , C U P Q Q 3 7 0 
* • B : fHE VECTOR OF THE L ^ J T A R P T P T IN mHE 0 . F . ' , / , C U ? 0 9 3 4 A 

*» A : AN NXN MATFIX C O F T P ' N I N G w H r Q'JADRAm TC C O E ^ I C I F N T S C 7 7 ? 0 9 ^ 5 0 
• OF TH77" 0 . F . « , / , C U P 0 9 3 6 O 
* ' P : AN MXM MATRIX WITH m H 7 O O ^ K K N T S 0"7 THP CONS^PAICOROg 3 7 0 
• N T S ' , / , C n * 0 9 3 8 0 
*» Q : AN M-VECTOR WI^U TH7"1 PTGH'71»«A *ID S I U E V ^ I U ^ S OF ""H^CUP 0 9 3 ^ 0 
• C O N S T R A I N T S ' , / / ) COP094OO 

9 2 F O R M A T f NOTE THAT MATRIX A I S ? S Y ^ M ^ P I C MATRIX WTTH ? ( I , J ) = , f C O ? 0 Q 4 1 O 
* , / , C U P 0 9 4 2 O 
* ' TWICE THE C O E F I C I ^ N T OF X ( K ) * * 2 WH^N K = I = J ("H7* DIAGONAL o ? T H C 7 7 P 0 9 4 3 A 

*P M A T R I X ) ' , / , CUP 0 9 4 4 0 
* ' COEF, 0 ^ X ( I ) X ( J ) WH^N I D I F F K F N T FROM J (TH17 O F F - D I A G C N P L E L C U ? 0 9 4 5 0 
• EM^NTS) ' ) C U P 0 9 4 6 0 

93 FORMA1"" ( / , ' WHEN TYPING "^PE DA""? REQUESTED, PLEASE 7 ^ C A L I : ' , / , CUP 0 9 4 7 0 
# ' * AT LEAST O N F ' BLANK (S D PCE) MUST SEPAP*TE SUCC^S " I V F NHMBE^S CUA094PO 
• « , / , CU? 0 9 4 ° o 
* • * THE DECIMAL POINT I S T^T ^ F O ^ s s * *?y, UNLESS I"71 I S PAR'7' OF T H E O P * 0 9 5 C A 

• NUMBEP ' , / , C P ? 0 9 5 1 0 
• ' * I F YOU WAN171 TO QUIT TYP77 " 0 " INSTEAD CF THF INFORMATION R F Q U C O * 0 9 5 2 ^ 
• F S T E D ' , / , C U P 0 9 5 3 0 
• ' • WH^N ANSWFFING TFUE op F A L S E , ' , / , C U A 0 9 5 4 0 
*» TYPE " N O " AND <CR> I F F P L S 7 " , OP ' , / , O U P 0 9 5 5 0 
* ' <CR> (HI '7 ' RETURN) K m 7 'UF ' , / , PO ( ' - ' ) ) CU? 0 ^ 5 6 0 

1 0 1 F O P M A K / , ' TYFF THF VALUE OF N ( I . E . T H " NUMBER 0 * V A ^ K B L E S YArJ C U A 0 9 5 7 0 
•HAVE ) • ) C U A 0 9 5 P 0 

61 FORMAT ( / , ' TYPE THE VALUE OF M P * . * 1 . ""H^ NUMBER OP CONSTRAINTS YOUCUP 0 9 5 ^ 0 
* * HAVE) ' ) O U A 0 ^ 6 0 0 

62 FORMAT ( / , » YOUR NUMBER OF CONSTRPTNTS CANNOT BE N^GATIV1 7 ! ' , / , ' CT7>)096 1 A 

• TRY PGPIN . . . ' ) CTJA0Q620 
6 9 F O R M A T f / , ' THF QUAD75-* T I C PAF m OF TFT OBJECTIVE! FUNCTION, B E I ^ G A S C U 5 0 9 6 3 0 

• YMMEK T C M A T R I X , ' , / , ' ONIY T H F n r P F E - T P I P T G U L A73 PART MUST BE TYP^DCTIP 0 9 6 4 A 

• ' ) C U ? 0 9 6 5 A 

7 1 FORMPT ( / , ' TYPE m H ^ VERY LPST K ^ M ^ N T O T yc [JR MATRIX ' ) C U ' 0 9 6 6 0 
6 7 F O P M A K / , ' TYPE THF VALUE OF C , I . E . mHE CONSTANT PAR"" IN Y n UP O B J C U B 0 9 6 7 O 

• E C K V E FUNC"ICN ' ) C U P 0 9 6 8 0 
5 9 FORMPT ( / , ' TYPE THF VALUE OF Q IN YOU r COKST*?I l l 7 1 ( I . 7S, , mHE ^ I G O ^ C 7 7 * 0 9 ^ 0 

• - H A N D S I D E VALUE) ' ) CU&QV'1?') 
7 3 FORMAT ( / , ' NOW, LET u s CHECK mHT1 C C R E C ^ ^ O c - OF THE DA""* P E C ^ I V I D ' OV f 0 9 7 1 0 

* , / , ' TYPE " N O " AND <CP> I F F A I C K r R ' C U ? 0 9 7 2 O 
• , / , ' <C5> (HIT PETUFN) *F ^PUF •) C U * 0 9 7 3 o 

7 3 0 FORMPT ( / , ' YOUR PFOBLFM I S U N C A N S T R K N F P ? ' ) C U 2 0 9 7 i * o 
38 F O P M ? T ( / , ' S E L F C m ONE OF TH" FOLLOWING o n ^ - j r A ^ . « , / f » 0 >ONLY m H C U * 0 9 7 S O 

• E FINAL ANSWER WILL B ^ S H O W N ' , / , ' 1 >THF VPLU7JS 0 * ^HE » , c n p o q 7 ^ o 
• ' O B J F C K V F FUNCTION ' , c n ? 0 9 7 7 A 

• 'AND THF B P S I C V P r I A B L T , S WILL B r SHOWN » , / , 5 X , ' ? T "ACH I " 7 " ^ a COP QV8 0 
• I O N * , / , ' 2 >THE COMPLETE T J B L E * U X FC F TP77 METHOD OF BE * L E WILL B"C7 7P 0 9 7C)O 
• DISPLAYED AT EACH • , / , 5 X , • I T E R P K O N ' , / / , * ^ Y P 7 TH^ ^ " I F B ^ OF TU_FCT'? 0 9 8 0 o 
• OPTION YOU CHOOS 7 ? ' ) C U P 0 9 « 1 o 

6 3 FORMPT (« YOU DID NOT ^FTRY ANY D A K . . . ! I N P U ^ AGAIN OB "YP 7 7 0 ""o C U P , 0 9 8 ? A 
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• QUIT') 
212 FORMAT (/,15X,'ORIGINAL ""ABIFAU') 
302 FORMAT(//,5X,'CONSTRAINTS') 
181 FORMAT ( / , 1 5 X , ' S T A R K N G POIN"" ' ) 
1 0 8 F O R M A T ( / , 5 X , ' ALL THE OTHERS AFE EQUPL K 7 
1 0 5 F O R M A K / A 5X, ' * • • THF P P O B I F " DOTS Nfm F r 

• • ' , / , 7 8 ( ' - ' ) , / , 5 8 y , ' O S C A F MPNPTQUF, 1 9 8 2 ' , 
1 4 0 FORMPT ( / / / , 36 X, » SOLUTION ' ) 
1 4 1 F O F M A T ( 5 8 X , ' O S C A F KANRIQUE,19?o»,/,79('- ' ) ) 
1 5 0 FORMPT ( / , ' THE VPLUES I N """HE Z^PO-BAFD , n T " 

*AL P O I N T S ' , / , ' CF mHE P F C B L E F . ' , / , ' "YPT " 
*MD FOR YOUF P F O B K M •) 

END 

FR^ • , 
V7, A F 
A 7 8 ( « 

^AKE^I 
H ' VAL 

A 3 0 C 
I M I ^ o 
' ' ) ) 

AS Z77? 
UE OF 

SUBFOUTINF F E P D E M ( F , L ) 
INTEGFF A ( 8 0 ) ,NUM^F ( 1 2 ) , D O K BLANK , Q U I " 
INTEGEF F M T ( 4 0 ) 
DOUBLE P R E C I S I O N F ( 4 0 ) 
LOGICAL FLAG 
DATA B L A N K / ' » / # A / 8 0 * ' ' / , Q U I T / » Q I / , MTN/» - ' / , D O T / ' . ' / 
DATA NUMEF/ ' 1 ' , ' 2 » , ' 3 » , ' 4 ' , ' 5 ' , ' 6 ' , ' " 7 ' , ' » ' , ' 9 ' , ' 0 ' , ' D ' , 

4 0 REWIND 5 
R R A D ( 5 , 1 0 0 , E N D = 7 7 ) ( A ( I ) , 1 = 1 , 8 0 ) 
F L A G = . T r U E . 
DO 4 5 1 = 1 , 8 0 

I F ( A ( I ) . I Q . Q U I T ) C^LL F X K 
CGN^INU'1 ' 
DO 6 0 J = 1 , 8 0 

I F (A ( J ) , N F . B L P N K ) G O TO 6 3 
CONTINUE 
CALL M^SSAG ( 1 4 ) 
GO TO 4 0 
DO 70 1 = 1 , 8 0 

I F (A ( I ) . F Q . M I F . O R , A ( I ) .TQ, P O m . OF. ? ( T ) , * 0 . BLANK) GO TO 
DC 7 2 K = 1 , 1 2 

I F (A ( I ) . E Q . NUMER(K) ) GO To 7 0 
CONTINUE 

1 W R I ^ F ( 6 , 1C1) P ( I ) 
F L A G = . F P L S F . 
GO ""0 75 

CONTINUE 
I F ( F I A O ) G O TO 6 6 
WRITE (6 , 1 0 2 ) (? (K) ,K = 1 , 8 0) 
GO TO 4 0 
J A K = 1 
1 2 = 0 
1 1 = 0 
K=1 

5 0 I F (A (K) . 7 Q, BLANK. A N D . I 1 . N F . O ) I 2 = K - 1 
I F ( A ( K ) . N E . B L P N K . P N D . I 1 . E Q . 0 ) H = K 
I F ( 1 2 . FQ.O) GO TO 10 

45 
77 

60 

6 3 

72 

70 
75 

66 

CUA 09 8 7 0 
CO? 0984O 
C r 7 * 0 9 8 5 O 
C 7 7 ? 0 9 8 6 0 

• » ' ) ) C O J 0 9 8 7 0 
^OLO m T ON * * c n A O 9 8 P 0 

C " ? 0 9 8 9 0 
CUP 0 9 O 0 A 

C n ? 0 9 9 1 O 
0 I " C R I T I C C O P 0 9 9 2 0 
THE 7TPO-BACTTP0993O 

c o p 0 9 3 4 0 
CUP 0 9 9 5 0 
C U P Q 9 9 P 0 
CU? 0 9 9 7 0 
C O ? 0 9 9 8 0 
CUP 0 9 9 9 0 
C U A 1 0 0 0 A 

rrir 1 0 0 1 0 
CV?10020 
CUP 1 0 0 3 0 

" V c u M O o a o 
c u p 1OO^o 
CUA10C6O 
C U P 1 0 O 7 Q 
rriji 10OPQ 
C U M O A 9 0 
CUP 1 0 1 0 0 
C U P 1 0 1 1 0 
C U A 1 0 1 2 0 
C O P 1 0 1 3 0 
COS 10140 
C U P 10150 
C77? 10 16 0 

70 C U ^ O K O 
CO7* 10 IPO 
c n MO"°o 
COP 10200 
r g ? 1 0 7 1 0 
CUP1027O 
CU? 1 0 23 0 
CUA 1024 o 
C n * 1 0 2 5 0 
C n p 1 0 2 6 0 
CU?- 1077 0 
CO?102P A 

c n p 1 o 2 Q 0 
cv*10300 
CTT j 10 3">0 
Cup 1 0 3 7 0 
CUP 1 0 3 3 0 
C U M 0 34 0 
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T T Y : ' , / , 8 C M , / , ' I N P r ? ^ SGAIN o; 

I F ( 7 2 - 1 1 + 1 . I T . 9) CC "-n 2 2 
WPIT7 ( 6 , 1 0 4 ) J A K , (A (K) , K = 1 , 8 0 ) 
GO TO 4 0 

2 2 W P 7 T F ( C ' 9 , 1 0 3 ) (A ( K I ) , K I = I 1 , 7 2 ) 
CALL S E m B 9 ° ( F M T , 1 C ) 
I H = I 2 ~ T 1 + 1 
W P I T F ( a 9 , 9 9 ) T H 
CALL F ^ S B O 0 

READ (9AFM"") F (JAK) 
J A K = J ? K + 1 
1 1 = 0 
1 2 = 0 

10 K=K+1 
I F ( K . G T , 8 0 ) GO TO 7 8 
I F ( J A K . G T . L ) GO TO n8 
GO mO 5 0 

7 8 RETURN 
99 FORMATC ( D ' , 1 1 , • . C) ' ) 

1 0 A FOPMPT ( 8 0 A 1 ) 
101 FORMATC — — — - — > « , A 1 ) 
1 0 2 FORMPT ( ' * * * * * EFPCF IN YCU r 

• P77 Q T O QTIITt ) 
1 0 3 F 0 P M 5 T ( 9 ? 1) 
1 0 4 F O " ° M P T ( / , ' YOUF F F T P Y w UMBF r ' , 1 2 , ' I S ^ O T Q N G . ^ MAXIMUM OF 

• S I T I O N S ' , / , ' WILL BE a c C 7 . P m K . I FPU"" PGETN : « , / , 8 0 A l ) 
END 

SUBRCUTNT READ7T(F) 
INTEGFF A (SO) ,NUMFF (10) ,FLANK,QUI^ 
INTEGEF F(1) , FM"7" (10) 
LOGICAL FLPG 
DATA A/80*' 'A BLANK/' ' AOU!"/* Q' A M W - ' / 
DATA NUMEF/'1 ','2','3,,,4','5','6',»7','8','9',»0V 

40 REWIND 5 
R1AD(5, 10G,t"FD=77) (A(I) ,1 = 1 ,80) 
DO 4 5 7=1,80 

IF(P (I) .FQ.QUIT) C*LL EXT"" 
45 CONTINUE 

FLAG^^RUF. 
77 DO 60 J=1 ,80 

IF (A (J) . NF.BLPNK) GO T C 6 3 
6 0 CO NTT NIT 

CALL HE"" AG (14) 
GO "C 40 

63 DO 70 _ = 1 ,?0 
IF (A (I) . 3Q.MIN.07". A (I) .FQ.PIPNK) GO r̂ 7f 
PC 72 K=1,10 

I F ( A ( I ) .EQ.NUMFR (K) ) G r Z<~ 7 r 
7 2 C A N K N U ^ 

W P I m 7 " ( 6 , 1 0 3 ) A ( I ) 
FLAG=. F P I S F . 

r n p 1 0 3 5 0 
C U M Q 3 6 0 
cm 1 0 3 7 O 
CT7A 1 0 7 8 0 
C U ? 1 0 3 9 0 
C P ? 1 0 4 0 0 
C n ? 1 0 4 1 0 
CUA 1 0 4 2 0 
C U ? 1 0 4 3 O 
C n p 1 0 4 4 0 
Cop 1 0 4 5 O 
C P A 1 0 4 ^ O 

CTT* 1 0 4 7 0 
C H 1 1 0 4 8 0 
C U P 1 0 4QO 
CU1* 10 5 0 0 
C U A 1 0 5 1 0 

CO'. 10520 
c n ? 1 0 5 7 0 
CO?10540 

K C n * 1 0 5 5 O 
CP75 1 0 5 6 O 
C U " 1 0 5 ^ 0 

P O C U A 1 0 5 « 0 
CO? 1 0 5 9 0 
rw 1 0 6 0 0 
r r j " i 0 6 i o 
C U * 1 0 6 2 A 

C n j 1 0 6 7 0 
r u ? I O 6 4 0 
C O ? 1 0 6 5 0 
C U A 1 Q 6 6 A 

C m 1 0 6 7 O 

C O ' 1 0 6 8 r 

C U E 1 0 6 ° 0 
C U P 1 O 7 0 0 
C O K O " " 1 0 
C P ? 1 K 2 0 
c u ? 1 0 ^ 3 0 
C ^ P 1 0 7 4 Q 
C U ? 1 0 ^ 5 0 
C U P 1 0 7 6 O 
CO? 1 0 7 7 0 
C O A I O ^ P O 

COP 1 0 7 0 
CTTH 1 0 8 A 0 
COP 1 0 8 10 
CP? 1 Op,20 

CO?10830 
rnp10840 
CUP1085O 
CP?10860 
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66 

50 

8 0) 

GC mO 7 5 
70 CONTINUE 
7 5 I F (FLAG) GO TO 6 6 

W R I T ( 6 , 1 0 2 ) (A(K) ,K = 1 , 
GO TO 4C 
MIKC^O 
1 2 = 0 
1 1 = 0 
K=1 
I F (A (K) . E Q . BLANK. PND. 1 1 . N F , 0) T 2 = K - 1 

I F ( A ( K ) . N F . BLANK. AND, I 1 . E Q . C) T1 = K 
I F ( I 2 . E Q , 0) GO TO 10 
W K T 7 ( 9 9 , 1 0 1 ) (A ( K I ) , K I = I 1 , 1 2 ) 
CALL ^ F ^ B 9 9 ( F M T , 1 0 ) 
I H = T 2 - ! 1 + 1 
W?IT T ( 9 9 , 9Q) I H 
CALL F F S B 9 9 
P R A D ( 9 9 , F M T ) F 
MIKE=1 
K=K+1 
I F ( K . G T . 8 0 ) GO TO 7 8 
I F (MIKE. N F . 0) GO K 78 
GO To 5 0 
RETURN 
F O R M P K ' ( I ' i H r ' ) ' ) 

101 'FOFMAT (9A1) 
100 FORMAT ( 8 0 A 1 ) 
102 FORMATC • * • • • R P F C P 

• T Y P E Q TO Q U I T ' ) 
1 0 3 F O P M A K 1 

END 

10 

78 
99 

IN YOUF i r r p p y :' ,/,^0Al,/,' IN?Um AGAIN op 

CUP 1 
C P i i 

C P M 
CO? 1 
C T 7 » 1 

r op 1 
0 " ? 1 
C'i* 1 
rTT» 1 

m i 1 

C O P 1 
mf 1 

CU*-"> 
CUP 1 
C O B 1 

cm 1 
cjn 1 
C T , P 1 
CU^ 1 
CP? 1 
CU? 1 
CU5 1 
CU"" 1 
CO71 1 
C77? 1 
CU' 1 
CUP 1 
CU? 1 
COP 1 
CU? 1 

CUB 1 

087Q 
08«O 

0890 
090O 
0910 

0920 
09'0 
094O 

0950 
0Q£ o 
0^70 
00PO 

099O 

1AD0 
1010 

1020 
1030 
1040 
1050 
1060 
1370 
1O80 
1090 
11O0 
1 110 
112A 

1130 
1140 
115o 

1160 
117o 
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