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ABSTRACT

The quadratic programming prcbles (QPP) deals with *he
optimiza+icn of a guadratic obijec*ive functicn, suabiject =o
linear constraints, In general, thlere cons+raints can be
either in eguality or ineguality form and the nennegativity
ccndi<ions on  the variahles can avrply for all cr par* »f
then, However, +his problem has +c¢ be standardized as a
preliminary step befcre *rying *c ge- a solvn+icn,

Scme methods of sclution are briefly presented and their-
computational behavicur analyzed. Tre me+lndi of Beale is
widely discussed in both =lheoretical and practical ways and
35 ailcpted as t+the procedure to find +the op+imum, 2n
interacztive software package wris*en ip TCETZANM is

presen+ed,
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INTRODUCTION

Mathematical programming is +te name given *o +he

=

analysis of problems where =<he op+timum ¢f a functisn g *o
be fourd, and -~he var:iables are subject *c¢ Ineguali+ty ~r
egrality constrainte, "he term "linear pregramming®,
corresponds to ~he case where +<he funct‘on to be sptimized,
i.e, the obijec-ive func*ion, e linear and where the
constraint ser is +*he intersec*irn ~f a firite number of
half spaces. Nonlinear programming is, *hen, *le case where
t+he cbjective functicn Zs nonlinear.

An  ‘mpor+ant case of nonlinear precgrammirg 13  ~he

gquadratic pregrarming problem (QOPT), wrere +*e obijective

de

“unction is a guadratic function and +the ccnstra’n“s set is
as in the linear case, a finite set of half spaces,
feasearch ~<r norlinear programning asg arne alm»3%
parallel to the development of linear proaramming, bu% the
nonlinear case has fcund some rattema*tical difficulties
n~+ably more ‘mportan~- tha~ have bh*nded i+s development.
~hus, we s3till cannd>t gpeav -oday ~f a comple*e ~heory of
nonlinear pregramming, In this develcpment, <“he pezind %
+he las%t *we decades hag, +*hus far, appeared “n he a *ime oF
appraisal and consolidatior, Generally speakinc, *he major

achievements ir this ~ime have been rela*ed *r~ evalua-ing

and improving *le efficiency of exis*ing sclu+i-n me+’r»Hds,



The rates a~ which many cof the mes* ccommenly »=ed algorinhms
converge to optimal solutions have been subijec*ed  “o both
theoretical and empirical examina*ion [8,25,29]

Pecently, particular at*ention tas beer paid -0
"large~-scale Mathematical Pregramming”, +rat+t “J=, <0 +he
difficulties encountered in a+tempting tc e=rlve -~he very
large nonlinear vroblems tha* sometimes arise *n Ddperaticns
Pesearch, In this field, importart works btave been done [ 16 ]
in the developing of methods based on solving a sequence of
OPP as a rovte towards the solu*ion of a general nonlinear
orogramming prcbhlenm,

This ttesis begins with a hrief presenta*ion of some »f
+he most comnmonly used algorithms for solving +Fe QPP and
analyses their ceomputational beblaviorr. The main in*ent of
this thesis, hcwever, is to present an Interactive 3oftware
package for +the QPP, and discuss *+ke mnc- important aspects

and prcblems encountered during its development,
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Chapter T

THE QUADRATIC PROGRAMMING PROBLEM

1.1 HISTORICAL OUTLIXE

The subiject of ma*hematical programming has Fformally
existed as a well defined subiecr area, since the late
1940's wher George ILantzig develcped +Ye zimplex meths>d for
linear programming., Ia*ter, in 1951 H.W.Kutn and 7.W,Tucker,
in -he Second Berkeley Symposium ~n Mathema*ical "-atist+tics
and Probability, published tte paper "Nerlinear "rogramming”

181 which es-=-ablished necessary conditions for ~»ptimal

sclutions to nonlinear programming problems. %ince *ha*
“ime, +he history of Ma*hema*ical Preogramn’ng can be
divided, roughly speaking, into +wo parallel and
occasionally convergent streams o¢f developmer: : ane

Inspired by *he Kukp-Tucker op*imali*y critericn and *the
ather based on *he rinciples of Dantzig's “implex Me*hnd,
Ini+tially, the development of Dan+zia's <*mplex Method
was ra*her narrowly confined to *he identifica+irn and s=udy
of wvarious important subclasses of linear nprooqgramming
problems {(Transperta*ion, Network ‘lows, Game -hecry, e=C).,

Then in the late 1950'sg, a conflvence of +%re Simplex



comprtational approach and the Kuhn-"ucker tlenry prodncad a
number of Aifferen+ algorithms for sclving gquailratic
programming prcbhlens. Basically, *these metteds rely on the
fact +that the first partial derivarive of a qiadratic
fancticn is linear : +his 1is precisely what makes gquadra<ic
programs the mest easily handled cf all nonplirear problers,
Perhaps *he most impertant pericd in the development oF
the sHhlution me*lods of gquadra+ic problems ard, “n general,
of nonlinear cnes was betwecn 1952-10¢7, ~ome important
works appeared presenting vseful and effcien+ algorithms
+hat can be applied to manv ronlinear vpreograms [1,11,37],
Scme were applicable =zo prohlems raving 1linear constrainrts
cnly and s+311 others were designed specifically for cer*tain

categories of +the nonlinear programming problem... ~he

I}

55 s

{

aunadratic programming problem is in +bis cla

Generally speaking, *“he problem of cptimizing a functinn
of one or more variables is called a ma*hematical
programming problen. In censidering +re nonlinear
prcgramming problem one always rrefers +o +rink of a

minimization preblem, This implies no leczss of gencrality



gince 1f +the cbjec*ive is to maximize TFi{x), **is can be
conver-ed to  an equivalent minimiza+ion problem by let-ing

£{x) = =¥ (x) and thren minimizing £ {(x).

Consider a ceonvex guadra+tic func+ion of n variables whic

is to be minimized :
G{x) = (1/2Yx'2x + b'x + C

where
¥ is an n=vector of +“he urnknowns
A is a symmeiric pecsizive semidefinirte ma*rix with n rows
and n columns
b is an n=vec=-or
¢ is a scalar

The m cons-rairts (m<n) ascocliated with *te problem, are

where :
» is a matrix with m rows and n colmmns
q s an m=vecwor wi+th s+*ric*ly pcsitive compchnents
Thus the QPP is cltaracterized by linear c¢ecns-raints,

nonnegativiry reguirement cn the variahrles and an

1.

objective functicn G(Xx) whick 3¢ a pcsitive senmnidefini*e
guadratic form,
The Teasnn why *Le matrix B mus* be pcsi+tive semideinite

arises from one of the pos* serious problems 3r nonlinear

progranming: the problem of local and global minima. TE P



is a positive semidefinite matrix, any local minimum is also
a global minimum, Wren A is not posi*ive semidefinite, +h~2n
there is a pcssibility that several lccal minima exis-,

The QPP is cften writ+ten as

min { 6(x)=(1/2)x'Ax+b'x+c | Px € q , X 2 "} (P1)

Vote that tre constrain+-s and nonnegativi+y corditions are
*he same as tn the case of linear programming, rons*tralnts
which are not in this form mus+ be first *rancformed to tris
standarl form by usirg any of “*echtnigues 0% linear
programming; i.e, *he phase I~-phase TI procedure or =<he big
M technique (by adding ar-+ificial variables) [717.

In tbe stavement of “he QPP +*+here are nc res+rictiosns on
+he choice 0f the elements of P, g or b; but *e restrictinn
that A he positive semidefinite is crucial. S0 far, “there
is no me+*kod for sclvirg the QPP where 2 is an arbi+rary
syametric ma*rix, s ncted in the subsegquent discussions,

some methods even require tha+ A be positive defini-e,

Llthough linear functions are the mes+ widely used *ype
in the foarmula*ion cf mathematical cp+timiza*ien vproblenms,

quadratic func-ions are guite firmly establisted in second



place, This is due to the fact that a large nurber of the
functional relationships occurring in rhe real world are
either +ruly guadratic cr may be so approxima+ed,

For example, the area o©f a disk, cube cr o*ber regnlar

figures is propcrtional to ~he sanare of +heir
characteris+ic 1linear dimensions, The kine+ic energy
carried by a rocket or azomic par*icle ‘<  prepertional to

*he square of its velocity, while +he prtential energy of a
~iaid standing wall or dam is a guadratic func*isn of° i+s
heigh+, The 7revenue of a monoprlistic firm +*Ya* sells x
units of scome product at a urnit price of x, is x4x2, which
is alsc gunadratic. In sta+iastics, *he variance cf a given
sample of observations is a gradra*ic func*irn 2Ff the valnec
that cons-i* 1te the sample.

One very common example of a QFP arises when data are t»o
be fit+ted zo a rmrathematical model by <“%e least sguares
me-hod. Suopose an econonis* theorizes that *re frac+tion R

the American public's <o%tal consumppticn expenditure +hat

Q
h

1 e
Ul

allccated +c gnoods and services in the j* class ( § = 1,
24 oss ¢ 1Y 1is ceonstant from year to year, regardless oF
t+he overall level c¢f consumpticn ({assvtme all +ypes 0Z goods
and services have been par-i~icmned inito n mutually exclusive
classes)., He has available as data a de-ailed breakdown of
all consump*.on expeditures over an m~yvear period and wishes

tno use these s=atis-ics to form least squares es+timates of



the urknown parameters Bj, let Ci be the *o*al consumption
expeditnre and let Xjj be the amount alloca*ted or gooads and
services in the j® c¢lass ( § = 1, 2y, +ee« , n ) duarcing the

iv year (i =1, 2, +4+ , 1)
m

Ci = 2 Xij

i=1

i:1y 2' LK B ) ¢ m
"hen the problem can be formnulated as
minimize 7
where
112 n
Z = Eii i { XU - BJCI)Z
(=1 y=1
i = 1, 2' LR I ’ m

e
i
—

-
1\
-

-

-

.
-
e}

N
subject to 2:; Bj = 1 and 0 < Bj < 1
j=
Another guadratic program kn»o>wn as ~he Por*frlio problenm
arises in *he plapn:ng of Znvestments, fcuppcse Ccre wan*s *o
invest a total of $B in n different stocks and brrds x; (J =
1, 2, ose , 1), The anpual rteturn »n a $1=inves+tment in
+he j% secnrity is a random variable wlcocse expected valae
and variance (based cn his+*orical da*a) are Fj and SQ 5 “he
covariance of *he i%* and j* returns ‘s Sij = Tji .
If¥ one wan=s only tc¢ paximize +he expected overall
return, regardless of risk, i+ wculd only be necessary to

‘nvest in tte security offering -bhe greates* T;. However,

sne might prefer *o invest in suck a way ac *c a‘nimize -he



cverall variance of <he prorifeclic subiject tc  +hre condi-ion
Nnf an expected *nral return of at least %P per year., I we
define S to be a symmetric ¥ by Y matrcix wi~t elemen*s ~
“he problem can be formula*ted as follows :

.

find the values of X4, Xy4s ess 4 Xn *ha* minimize 2 where

subiject %o



Chapter IT

MATHEFATICAL BACKGROUND

A function f(x) takes T3 absolrte minimum a* a point x*
1f £(x) > f{x*) for all x over which *+he func*icn f(X) 1ic
defined, The absolu*e minimpum is also called global

mninimum,

A function f(x) has a relative nminimim at scome point x°
if +here exis<s an in*erval including x°, nec mat=er 'Hw
smalil, suéb +fa* for all x in =hkis interval, f(x) 2 £ (x9),.
~he relative minimum Zg alsco referred *c  as Incal minimum,
Similarly, “here exis* global maxima and lncal marxima, whose

definitions follow logically from +he previous cnes,

For a concave function, linpear in*errola+tinn between anvy
~wo points never overestimates the value of the func*ticn,
nbviously, if f{x) is concave, *hen ~f{x) ie c~nvex.

Let f£{x) be a convex function over a closed in*erval
a<x<bh, *then ary local minimum of £ (x) in +hies *nterval is
also the global minimum of f(x) rver the ipn+terval. “he

global maximum of a copvex Ffunciicn f(x) ~ver a clo=ed



interval a<x<b will be takcen on a* ei*her X = a ¢r x = b or
hoth, The two previous statemer*s are n~fren sta*ted ac
-heorems and *heir proofs can be ‘ound 3n +he ~ptimiza*isn
literature {9,101, ¥We may well he in*erested in minima thar
occur when one or mdore cf the wvariables are a* their upper

>r  lower bound, I+ i

[41]

readily seen <ha* *rere aze 27
possible ccmbhinations ¢f *he a; and bi which +he x{ may
take, If I+ is *o minimize z = f{x) and *tere 3is no
characteristic known of f£(x) (even i< i+ iz known -ha* 3t is
continuous and differen+iable), i* can crly be hrped =o find
a local ainimvm., Hewever, considerably more can be said if
the function being maxim®zed or wminimized +< concave or
convex,

If £(x) is a convex func*irn, 3* hae a unigie ninimum
over a feasible ccounvex rTegion and +tre same minimun value is
found for a ¢onvex subse*t ~f +te feacible Teginn.
Furthermore, +the minimuam of a concave func*icn over a coHonvex
regicn occurs at an  extreme toint of +hat+t region, oT

otherwise points which are nnt extreme printe can be wri-=2n

nie,

it

as linear combinations o extremal n~

"he prnblem (P1) is said to be a convex guadratic
programming prcblem if P is positive semidefinite, 3¢ tha*
G(x) is convex., If » is negative semidefinite, £~ that G(x)
is concave, +tten precblem (P1) is called a ccncave quadrTatic

programming problem.



2.2 IZHE SIMPLEX METHOD

When dealing with 1linear prcgramming problens, Lo
simplex method provides +he mos* efficienr procedure ‘or
sHluticn, To apply the simplex method, *Ye problem is

assumed in its caronical fornm

Max z = b'x
Px = g *2)
x 2 0
with n unknowns and m cons*raints, +hen :

b is an n~vector,

P is an mxn matrix,

g is an m~vector and

¥ is *he n~vector of the unknowne,

This formulaticn is clearly very restrictive; howaever
linear programming applies equally *o situwa*irne where the
constraintg are inequalities or a mixture of egualities and
inequalities , where scme of tte variables can have n=gative
values and where the objective functinn is +¢ be paxinmizel.

*n general, the case may be

naximize Z

where



Subiject to

Fy £ r
Gy 2 ¢
Hy = +

Y‘\ZO 1:1'2'onok ;\kgn

which need to be transformed into canonical form,
If a ccanstraint is a less-+han condi*ion, +ten an eguation
can be made out of this constraint by adding a nconnegative
variable u to *he left-hand 3ide and writing :

Py + u =1
u ia called a slack variable and is an additicpal unknown
+ha* has +to be determined. Similarly, if a cocns+rain+t is a
greather=-+ttan condition, it can be writ*en as

Gy = v = s
where v again is a nonnegative variable (urually called a
surplus variable) +“hat c¢ons=titu*es an additional unknown of
*he prchlem, If scme of the variables are n»* cecns<trained

+o be nonnegative, *then *+hese variables can be expressed as

¥ = Y

LI

- y2
V3

(AT

2

[ap]

v

Y

y y

—a g
[T

i=1, 2, .. 0=k
because any nirber can alwavs be exprecsed as “‘tre difference
of two nonnegative numbers, Firally, inst+tead o€ maximixing
7, =72 will be mirimized .

The problem beccnes



Wwhere

Z =740 07y
1
'
subject to
I 1T 0 y r
G 0 =T vl =| 8
H 0 0 v *
By putting
v F I D T -d
X = |u P={6G (C~-I g =|s b = n
v H 0 O t n

problem (P2) is got+*en, which is in cancnical form.

I+t stould be noted tha* +he number ~f unknowns have heen
increased by u + v + (n=k), Thus any method *lra* solves the
canorical form will also handle wmore general situations
involving mixtures of egquali-ies and inequali-ies, partial
nornnega*ivity constraints, and minimization or maximiza*ion,
"he canonical form of +tle prohlem will be referred =0

hereafter.



2242 Basic solutions

It will be convenient +o define srme ccncep*s “ha* can be
useful in discuscsing future *opics.

1. Feasible soluticn : Any solutien +o Px =g , X > 19

2. BRBasic sclution : 2 soluticm ~f Px = g , obtained by
set+ing n-m variables egual to zern and s=olving *he
remaining m variables, prcvided *ha* *he determinant
nf +he crefficients of +trese m variables does n>t
vanish (so ttat the values »f rlese m variables are
aniguely determined).

3. Basis : Tre collec-icn of m variables wr’ch are no+4
equal to zero in +the constructicn of a  basic
solution,

4, Basic feasible solu-ion : 2 basic ~olutinn of Px = g
which alsc satisfies x 2 0,

5, Op+timal solu-ion : 2  fea<ible golrn+ion which

sfies b'x = min.

[N

sat
6, Optimal basic sclution : A basic feasible s»olutinn
which smatisfies b'x = nin,

Refore starting *he simplex prrcedure, a basic feasible

-

solu+2on mast  be fcund, For -his, +te vec*rr g in tre

constraints Px = g must be s*rictly pocitive, Whenever

!

necessary, a hev¥ <ransformation has *o be dene o “he systen
=uch +ha* one decision variable be isola+ed 1in each

constraint with a +1 coefficient, +ta* +ra*+ wvariable no*



aopear in any c¢*rer ccns*raint and that it ‘rave a zeon
coefficient in tre obdjec*ive func+ion.

The variables added at this point are <called artificial
variables because ttey don'- belong to **e sy<tem and nvs+
eventnally be suppressed, Thev are introduced only because
they constitnte inmediately a basic feasible sclr+ion, Afrer
creating the artificial variables, ~hey lave +o vanish., ¥ or
ttis, *te infeasibilaty form w defined by

Xomt Xppot 200 + Xpem= W
Fas to be driven *to zero [7,137. Nnly tren tave we a basic

feasible solutinn =< s*ar— the simplex procedure.

2.2.3 Computational criteria

1. Cptimality criterion : Suppose +tat in a minimization
problem every nonbasic variable Yras a nonnegative
coefficient in *te obijective Ffunction nf a can>nical
form, Then +he basic feasible soluticn given by that
cancnical form minimizes +he cbhiective function over
~he feasible region.

2. Unboundedress critecion : SNpprse tbhat in a
minimization prcblem scme nopbasic variable has a
negative coefficient in *he cbijective functinn »f a
canonical form. Tf that variable tac pes*+ive 27 zer»o

coefficients in all ccrstrair*s, “hen tre obje~ntive



function “s5 unbounded from belcw over ~be feazible
region,

3. Improvemen+t criterion : Suppose *rasx in a
minimizatien problem some nonbasic wvariable has a
negative ccefficient in *%»e obijective func*icn of a
canonical form. If tha= variable tas a n=2ga*tive
coefficient 4in some cons*raint, +hen a new hazsic
feasible solution may be cbh*ained by pivo+ing,

4, ©watio and pivoting cri*erion : When ‘mproving a given
cancnical form by Introducing the variable xs in*o
the hasis, pivet in a cons*rain* +tra* gives the
minimim ratico of =-he righ+-tand-side coefficient *o
the correspondirg xs cecefficient. rompute +these
rafios cnly for «constraints +hat have a positive
coefficient oF xg.

When introducirg rhe variable xg intc +be basie, annther

basic variable must leave its place ftc xg, This substi*tution

{pivoting)! 1is merely -he familiar variable elinination

technique from high-sctool algebra, known meore formally as

Gauss~Jordan elimina*ion. Consequen+ly, after p?voting, *he

form of the prcbhlem has been altered, brt +te modified

egqua-icns s*till represen* -he original prrblem and have *he

same feasible solu-ions and the same chijective value when
1 The commonly known prccedure for rivoting is r1o% =rea-ed
in +his ©paper., However, it can be fonnd *‘n any book

dealinn wizh linear programm’ng [7,137.
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evaluated at any given feasible point,

Consider -bhe Zollowing probler s<+ated in 4+ candnical
form ?
minimize Z
where
Z = 0x4 * 0x, + 3x; + x, -27
subiject ~o X, = 3¥; t ¥, = € D]
X, = Bx, + Ux, =4 (2)
;2 0 (7=1,2,3,H
Figure 1 illustrates the situa*iocn, For any value of z,
say z = =17, +he objective func*icn 1s represen*ed by a
straight 1line, As =z decreases +o =20, the 1line

corresponding *o +he objective fuunction moves parallel -o
itself across the feasible regicr, B+ 2z = =2N 1t peets *he
feasible regicn cnly a* the poin* x, = x; = 0 and, for z <
=20 it no longer *touches thre feasible region. Consequently,
z = =20 is optimal.

If we change our cbjective functi»n to z = -3%; + x, - 20
{which is shtown in figure 2) decreasing xs, while holding x,
= 0, corresponds -c¢ moving ~u*twards from *%*e ~rigin along
the xs—axis. ks we move alcng tle axis, we never mes*
either constraint (1) cr {(2y. A&lse, as we move along +~he

Xx4~axis, *he value cf *he objec*ive functirn is Increasing
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On the other rand, 1if our cbjective “rnctirn is changed
to z = 3x3 = x4 = 20, whick 4= aleso srowr in figure 2,
decreasing x4, corresponds “c mevineg from *te origin along
the X,~axis. In this case, however, we encour*er ccnstraint
2 at x4, = 1 and cons=raint 1 at x = 2. Ccnseguen*tly, =e
man+tain feasibility in acccrdance ith *he ratin cri-erion,
we move to the intersection ¢of *te Xpa=axis ané corstraint 2,

wrich is *te optimal solu+ion,

In attemp*ing to develop algorittrms for sclving nonlinear
programming problems, 1+ is useful +o0 have scme ‘nforma<ionn
concerning ~he ctaracteris-ics of an op+imal sclu+ion, Kuhn
and Tucker 7187 showed tha* if a vector x* minimizes f(x),
sub ject +0 constrain*s !} (xy > 0 , *hen,

wm
Bf/éxj +oD t; B*x/BX3 = 0
T=1

hi {(x*) 2 0 (K1)
tihi(x*) =0
=y =2 0
fer all i =1, 2, ... ., m
3= 1, 2, evs o 1



whare

ti is the lagrance mul-iplier ascocia*ed wi+h +*he iw
cons-raint,
These are the well-known Xuhn="ucker conditinre,

However, in +*+he <case 0f <+the QPF, ~te FKubn~Tucker

cenditions may have a special ferm., The functicn £({x) t5 be
mirimized is in this case

G(x) = {1/2)x'r’x + b'x + C

"

and the constraints h{x) 0 are rf two kinds
The side constraints

h1

%
D

g =~ PX
and the nonnegativity constraints
hz = x 2 0,
Then,
¥G(x)/dx = ’x + b
Bdht(x) /2x = 0/9x (g = PX) = = zf% "y Py = ~P'nu

=
wrere ui is +he lLagrange multiplier asscciated with <“he i®
gide constraint Clearly, *he m-vec*or uw s tte Lagranae
mrultiplier ascociated wi*h +“he m =side consz*raints hil(x),

rimilarly, for *he ncnnega*ivity constrain*s we have

dh2 {x) /Bx = > viey = v

where e; is the j*% column of *te iden*ity ma*rix I and v; is
+he Lagrange mul+iplier associated with nonnega*tivi-y
constraint xj.

A+ +the minimmm pein%t, *he conditions are -

- 20 w



v > 0
v 2 C
x 2 0
Moreover, *tihi (x¥) = 0 becones
nihl {(x*) = 0 or uz(gj - 22; PU X1 = 0
= 1, 2, s+ 4, 1
If vy represents the nornegative slack variable aszsociated

wit}l the it constraint

=1
then, from above
u'y = 0
gimilarly, for the rnonnegativity censtraint= v'x =0 .
Then, *ihi(x¥) = C becromes v'x + 'y = 7 which i3 true,

Since v, u, x, v 290 , *tte only wayvy for it *o %*cld is +hat
v'x = ¢ and n'y = 0,
Then, zhe Kuln~-Tucker condi+iens for +te 0OPP can  be

yritten as

2Xx # b + P'u = vy
vy + u'y = 0 (KT2)
g =Tx =7

X, VY, u, v 2 0



Chapter TII

THE EFTHOD OF BFALF

3.1 THEORETICAL ASPECTS OF THF ¥ETHCD

The method 0f Reale {17 was publisted as an apolica%inn »f
+*he simplex merhod to gquadratic prcaramming and i- reluces
*n *he simplex me-hcd when the obiective func*irn is linearT,
Consider the rrcoblem of mirimizing *te quadra*ic
>bjec-ive functicn G (X) (X an n-vectcr) , sSubjec+ to the
censtraints
Px £ g

2 0

>l

where P is an mxn ma*rix and g is an m=vector

We can acssume witkcut 1less of generali<y *'a< a basic
feasible solution «can be obtained fr~m =tie se= of
constraints {see section 2.3.1). Call y =-he vectnr »f the
variables ttat give a basic “easible <olr*ion a*+ ~+he
s*tarting poin+, tten the cons*rain*s becone:

PX +y =g



Teo+

rm--[;‘c] and [ P 1 =1 P!T
y

Then ¥ is an (n+m)=-vecter and P an mx(r+m). P a resilt the
constraints can be wri-+*en
Px = q

x 20

§a

I+ s assumed that +*he basic variables are +*the last ¥Xax
(k=1,2, oo , B and the ‘irs*t x (4=1, 2, ++» , 1) are

nonbasic. Define *re vector z = {Z,, Ziy vss o+ Zn)

L

Then +*he objec*ive func+ion can be expressed in terms nf z
as
G{lzy = z'M'z

Where

R

b/ 2 : (1/2)" |

Mote now that for 1<k<m the (k+1)® en-rv of 0G/9z is

n

by *Z: akj Zj

§=1
The consrtraints can be used *o  express the basic

variables in terms of the nonbasic cnes
n

Xi = P ™ Z pij Z:j

j=1



i,J.

where p,, = q; at the s+tar+ting print wler a basic frasible
solution is immediately available, 2% any trial solu:ion »f

the preblem, +*+he basic variable x;

Pi,o and *re nnnbasic
variables z are all zero, Llso, a* any +rial poimt, *he
equations of the constraints can be used +o0 express the
objective functinn G in +erms of +*he nonbasic variables
only.

If @G/9zs > 0 , then an increase in z; will nc* reluce 5;
bu-r if 8G/0z < 7 , <then a small increase in z, will reduce
G. In the general case, when G is an arbi*rary con+inunsusly
differentiable function, the proces< of increasing 2zs {when
¥G6/dzs < 0y, must termina*e when ei*her cone »of +*e £0llcwing
conditicns rolds:

1. A basic variable, say X¢. has beccme zern and is

about *c become negative,

2. OG/Azy vanishes and iz about to beccme positive,

In case 1.. (which is *he only possibil’+*y in +he casge of

linear programming), the remedy is *c change +*te basis by

(S 1Y

making x. nonbasic in place of zg., Case 2. can give rise +o

substan*ial difficunlty if & is an arbitrary “unc*ion; but 1°
G is a gnadratic func+ion, +hen 9G/Dzs s a linear fanction
»* the nonpbasic variables, In +ttis situva*icn, case 2.
~esults in +%e creaticn of a nevw constraint.

Tf ¥3/0zs beconres positive as zg is increaced, ({with all

other nomnbasic variables egual to zero) t*en a new va~-iable

ig defined as frlicows:



4 = hs + i'__asj Z“l
=1
Now u iz made -he new nonbasic variable, and +*roughou+t *he
constraints and thte expressicn for G, the abeocve equa*tinn is
used *2 substitute for 2g-.in terms of u and *he »<her
nonbasic variables, ; Note +tha* if 2zg is one of +be original
x=-variables (n>t one of the introduced u-variables), +hen
*+here will be additional basic variable af*er “hi= step.

One impor*ant feature of *he new u variable ies +=ha* it is
not rest*ric*ted tr nponnegative values, It is trerefore called
a '‘ree!' variable as npposedl to *he corigiral x-variable=s
which arte called res+ric-ed variablecs,. S‘nce u is pnot s'gn
restricted, if 9G/0u > 0 then G car be reduced by makinag u
negative,

I+ is convenien* vo rave a set ©F nonbasic variables thazt

7
all vanish a* +te +rial s~lv+icn, since *‘*e valunes 0% *he
basic variables are =-hen simply glven as *te ccns+ant *eras
in +he tableau, The new variable is chzoeen, sn *+ra+ i* will
not be profi*table ¢ *o change 3i+s value when we chande *he
values of any otter nonbasic variable, T+ 'as been shown
119,371 *ha* +his me*hod rterminates ‘n a Ziri“e number »f

steps,



3.2 UPDATING THE IABLFAUX

- e T o e i S

When vassing from one iteratisn +o  +ke nex:, the

N

expressions for +he ceonszrain+s are bPandled ervac*ly as in

H

linear programming, {the constraints part is ~f-en called

1

“he simplex *ableau). However, for +he cbijec-ive “unctinn,

there is a different approach,

INITTEL TEBLTWAU FNP BEALZ
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variablers value A

Censtraints tableau X 81 =D
objective function tableau c b2
z b/2 1z
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Table 1 shows tr'e ipi+ial *ablean frr ~-%te methnd of
Beale. Tte constraints *ableau shows *te bas*c variables x
in terms of <the nonbasic cnes., T!le objective func<ion
*ableau shovs the symmetric ma*riyx [ of size (n+1)x{n+1)
whose first row <can be used -o determine op*imali-y in *he
+r3ial poin*t: a positive value in eact cne ~f -ke coHlumns v,

where 7z, is a restric-ed variable and a zerc value in each



of the columns %, wrere z; i3 a free variahle ("), 1eno*es
an oprimal tableau,

The preocedure sugges*ed by BReale can bhe expressed
algebraically by sayirg *tat, =s*ar-ing “rom *hre objective
function tha* s in terms ¢f +the nonbasic variables z, =he
z-variable tlat s tc become basic +s replaced by “*he
equivalent expression in fterms of the basic wvariable x (-ha<
is *o0 Ybecowme nonbasic) and +*lte other nonbasic variables,
giving rise *0 4 new expression for G In *erms ~f rthe new
nonbasic variables, ™is is nct+ very ccnvenient in  a
computer, =ince i+ involves operating c¢n bo*th *te rows ard
columns o©f the ma*rix. It is wor-hwhile examining *he
algebraic exprescsicns for =+he comnbined effects »f these
transformatinns,

I¥ we dend-e +*the pivo*al cclumn by s and if +he
expression £or the nevw basic variable z iz, in *erms of *te
nev nonbasic variables

Ze = €, t ©,2g *+ eyZy
K+s
where z, denotes tlte new nonbasic variable replacing =z,
+bten the new coefficients g% are given “n *erm= of *he o0ld

coefficients g,; and ~he ex as follcws :

gds = Jss €3

1 = ' =
q\(s Ik ks €5 + gSS Cs Lk

1 - N .
9y g * Jes ) F 9y Bk T Tss OkE

Tf g¥ ig Aefired as



g* (1/2)g e
g = g + (1/2)g = for ¥ # g

then, the above expressions can alsc be wri<*en

g' = 2g* e
g' =g9' =g¥e + ge
g' =g + g% e + g% e

The optimum peoint ig reached wlen +le derivatives of +he

objective func*ion wi*h <Tespect To each of <le nonbasic

Wl

variables are nonnegative apnd *le deriva*tive ~nf *he
objective fanc+ion with Tespect* *o +*e free varTiablzs

s is s because

e

introduced in +the problem are all zero, ~h
at this point an admissible change in any cof *he res-=ricted
variables will increase the value of +te objec*ive Tunctionn
and it is impossible eitter to increace or *o decrease any
of the free variables, Hence the value ¢f = canno* be

minimized further,

3.3 A NUBERICAL EXANPLE

To illustra+e this metbeod, an example aven by Beale [ 2]
+hat tas =~he characteristic of highligr*irg +*re princival

featuyres of the algori+hm, is precen*ed,.

The problem is



mirinize G = =6x¢4 + 2x% -2X, X, + 2x2

subject *o X, + % <2 X490 Xo 27

Tntroducing a slack variable x , we have *he ccone~rain+® :

X4 + Xo + Xq = 2 Xqiv Xp¢ X3 20
A feasible sclutiorn for starting +le process is
X, = 0 X, = 0
This corresponds to point A2 in Ffigure 3 ** +his point, the
following exvressions for the variable xzand +te sbjective

N

functicn hold:

G =/{ = 3x, )1
: +{=3 + 2% = X)X
+ { - Xy + 2X2)X,
and so at the trial point I
x =0, %X =0, %3 =2, G =7~
<ince 96/9x, = -3 , G can be decreased by 3ncreasing x; (X,
held at its value of 0)
dG/0%y = =3 + 2%, = X, vapishes or x, = 3/2

This pecint still belongs to the feasible reginn since X3

it

equals 0 only when x, = 2 and +tten AG/Ax,y = =3 + 2X +1
=0, a free variable is introduced:
Uy = 0G/0%y = =3 + 2% = X,

where the subscr.p* 1 on u means t+ha+t 1+ 3 fi-zt free

1}
o+
oy
®©

variable in-roduced into +he problen, This 1, variable

replaces x, as an independent variable *ta*- vanirhes,



3: THE METHOD OF BFALE ON EXAMPLF

Figure

elli

in all the poin
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constan* has a horizontal *angent, From above : x4 = 3/2 +
{(1/2yuqr + (1/2) x,
Hence
s = 1 e, = 3/2 e, = 1/2 e, = 1/2
{(1/2)q95 = 1 g¥ = =3/2 gx = 1/2 g% = =172
™hen the second +rial poin* can be set and *}re tableau readis
Xy = 372+ (1/2Yyun +  (V1/2)%:
X, = /2 = (1/2yuqy -~  {3/2)x,
G = (=9/2 ~{(3/2)x2 )1
+{ (1/2) vy )4
+{=-3/2 {(3/2)%2 )X,
At the second poinrt B
g, =2, X, =06, xy=3/2, ¥x,=1/2 , 6 = =9/2
ince 0G/9%x, = =3/2 ., x, mnust be put in*o *te basis (uy
stays 0y ~
dG/0%x, = =3/2 + (3/2)%, vanishes for x, = 1
I+ is no* possible “c reach this value since X3 vanishes
before x,, thrat is, for x, = 1/3.
Then we make x; nonbasic and we express *Pe new basic

variable x, and the previous one x4,

u,, the new nonbhasic set,
m"his gives as a =hird point :
X, = 1/3 = (1/3)vy -
Xy = 5/3 + (1/3)u, ~
Hence,
s = 2 e, = 1/2 e, = =1/3

as functicens »f x5, and

(2/3) %3

{1/3)x3

e, -2/



(1/2)q,, = 3/4 g% = -5/4 g% =-1/4 aq% =-~-1/2
And -he objective function at this point is =
G = (=1€/3 + (1/3)uqy + {(2/3)%x3) 1
t( 1/3 % (2/73)r, + ("/3)x;5) vy
+{ 2/3 + (1/3)uy + (2/3)%X3) X3
The trial point corresponds to point C
uwy =0, X3 =0, x,=1/3, x4 =5/3, G = ~16/3
Since an x~variable has been made nonbasic, u; must become
basic, The only way to decrease G a* this poin+t 3is by
decreasing uy. because OG/O0m > 0, This is rossible until
5/3 + (1/3)uy = {(1/3)%x, = D
that is, fcr uwy = =5, But 3G/0uy; = 1/3 + (2/3)(-B = -3
vanishes first, s¢ tl'e next nonbasic variable is a free

variable u, defined by

n, = 1/3 % (2/3)uq + (1/3)x3

i.e.
ug ==1/2 + {3/2Yu, - {1/2)%s
tence,
s = 1 e, = =1/2 ey, = 3/2 2, = =1/2
1/2)g,, = 1/3 g¥ = 1/6 g* = 1/2 g% = 1/6

and a new *tableau is available:

w 37 e



u = =172 + (3/2)u, — {1/2) %,

Xq = 3/2 + (1/2)u2 = {1/2) X,

Xy = 1/2 = (1/2)uy, = (1/2) %,

G = {=11/2 + (/)% )1
+{( (3/2Yu, ) u,
+{ 1/2 + (1/2) %3 )X,

5ince the derivative of G with respect *o *te free variable
v, is zero and the derivative wi+h respect to <he restric*=d
variable x, is positive, the minimum point has been reached.
The problem sclu-icn *lerefore is:

X9y = 3/2 , X0 =1/2 , x5 =0, 6 = -71/2

This corresponds to poin+t D in figure 3

3.4 THE ALGORITHHM

Smaas ARasoT=lR

1. Optimality : Check +*he first rcw of *'e obijec-ive

func*icn *ableau. If the tableau is cp+timum, s3%5p,

2. Pivot column : Select in +re fire* rew of the
rableaun, among *+he u~-cclumn a non-zern element, If
all +he elements 4in +he firs+ row corresponding +he
n-columng are zero or ttere are nn un-crlumns  *+hen

choose .among +*he x columns +the mos* nega*‘ve, Tall



3.

+tis elemert g . Then r is *+he pivo+ cclumn, which
defines the variable z { eltler u or x ) +ha +

becomes basic.

Pivot row : Divide the absnlute value nf +he element
g by tlre element a in the diagonal of <he
objective function +ableau, If +this element ‘s
positive, then divide +he elements p of <+he Ffirstk
colaimn of tte <constraints *ableau by the absolnrte
value of +the cnrrespondant element p dir +he pivo*
column, but cnly if this element tas *!c same 3i9n as
the elemen* g . Obtain the same ra*ic in all the zows
{excep- the firs~ <c¢cne) of +*+he objective fancticn
tableau having in the first column -ne elenent with
the same sigr as g , {+*ake abs»lr-e value of g , *h
# 0 )., The row giving +tte minimum rat+ic s selec*ed
as pivot row. Tle elemen*t lcca*ed in +te intersection
of the pivot column and *“he pivot row (eit+ther g or

P ) is called the pivo* elemen*.

If the pivot element is p , tra* igc +he pivo*® THOW
belongs +*o the cons+rain*s tableavu, replace *the
variable z {in the top of the pivrt column) by the
variable z (heading +he pivet rew),

If *+he pivot element is g , tha+ is +he pivot row

belengs *~ tre cbjective func+icn tableau, replace z



by a new variable u , tha~

tableau.

goes *c +*te cons*raints

Update the tableaux (crns*+raints sec*ion and

objective function section)

and repeat+ from step 1.



Chapter IV

SOME METHODS FOR THE QPP AND THEIR COMPUTATIONAL
PERFFORMANCE

Several articles have appoearecd in +ttre literatu-e
compa-ing the computational efficiency »f ttree of +he bez*
known simplicial methods of guadra*ic prngramming [1,11,37]
, namely the methods of Wolfe, Beale and Nan*zig, 1 large
nuerber of problems have been soclved wi*t cnefficien=s whiz?t
were random variates cbtained frem a p=evdc-rand~m number
generator, 1In cer+ain cases, problem parameters were varied
to determine whether +*»ey have a <ignificant* effect cn the
rate >f convergence of t+the algori+tas.,

The following resul*s are taken “rom a stvdy carcriel on*
by Braitsch 787, wro followed arn experimen*tal appznach =0
compare trte algorithms of wolfe, Beale and Dan*zia, & fourth

method is alsc *reated which i a liaoh* modi*fica+ti-n 2%

4}

Wolfe's algnrithm, 7Tris mndificaticn tave bheen introduced
in an attemp* +to reduce tle effects 0of scme 2% the
inefficiencies inhkerent in wWolfe's alagnri¢lm. Tre me*hod »£
Beale waz presented in *he prev-ous crapter. Y brief
discussion »f *he me~hods ¢f Wolfe and Tan*zig i precsented

here,



Woelfe 730), working from an idea suagested by Makowitz
{2317, develnped a method for +he QPP tha+ 3¢ based on
solving the Kuhn-Tucker conditicns, Computaticnally, i+
correspends +0 a simple modification of tte artificial
variable technique for finding a first feasible solutinn +n
a linear programming problem [ 77.

For *he problem (P1), (3n + 2m) supplemen*ary variables
are added to +he corresponding Kuhn-"ucker cond? *ions (KT2)

Wi i=1, 2, «2s D

A

Ie z§ i =1, 2, «¢s (m+M)

Now note that the x-vector which satisfies *he following
conditions wren w= 21 = 22 = 0 and r =1, 1is +}le solution
+o +he original preblem:

Px + vy + W= g

Ax - vy % P'yg ¢+ 71 -« 22 4+ rh = 0

i
)

vix + u'y
X,V,Yeu,w,zt,z? 2 0
The simplex methcd is performed wi+*h an additicnal rule :
v'x + u'y = 0 nust told +throughout tte procedure., This
assures that at every point and for all i, ne v; and xi can
have nonzero value {(canno- be in +he basis) at+ +he =zame
+ine,

Holfe's method exists in two “orms: Tte thort form that

fipnds a minimum only if b = Q0 or A < posgi*tive definite anid
1%



the long form ttat can be applied witton* res*ric*i»-ns, Tte
short feorm requires +wo phases in +the procedvre and *he lonn
form adds one more phase *+o the resul+s cbtained with +<he
short form., Tn tre first phase, r is se+ +*~ N , such that
b = € (since in =-he shcer* form, *this guarantees a solu+ion)
and v 1is minimized (in fact, driven *o zero), hreolding r, u
and v out of the bacsis.
The initial tableau is sert:

W =g= PXx -y

z! = 0 - *x +# v - P'yu ¢+ z2 - rh
7}
and the simplex ne~rod is applied ur+il.;;wL =0,

The second phace minimizes z! and <22, P+ +his poin+,
+here is no need *c differentia+te between z! and z2 since
bhoth mus+ vanish, T must no+* enter +te basis in *his phase.
Again, t+he simplex me*hod is used un*il the =sum »f all
entries in z! and 2z2 is zero, "his concludes the sher+
form,

In the third phase, (in +*he lcng form) T is se* *o 1, and
the obdjective is to obtain two successive *ableaux in which
+he © values are sligttly below and abecve 1, Wi+*» each oF
these r's there 13 associa*ed a solu*ion vectom and a linear
interpolation is used +o obtair +le solv*‘on vecwor

corresponding *to r=1, which is +le problem soclu+irn,



G.B, Dan+tzig [11] +rok the algori+tm oFf Wolfe and
developed a sligh+ly more compact versien cf +te methnd +hat
wnrks somewhat fas*er if A 1is eitbter positive definite or
semidefinite, The significant shortcoming is tkat it may not
terminate a* all if A ig indefini+e,

It uses the Kuhn-Tucker condi<icons (K72) and the initial

tableau is set as:

v b+ Ax + P'u
y = g = Px

An important distintion be*ween twc kinds of solvtions mus-=
be stated: 2 tableau is said to be in standa-d form 17 v'x
+ u'y = 0 holds. Ctherwise i+ is in nonstandard form. The
initial tableau is in standard frrm: v and vy are basic wi*h
nonzero values and v and ¥ are nonbasic, hence *teir values
are zero, Whenever a tableau is in nonstandard form, <*he
next iteration takes it back to tte standard fern,

The simplex method is performed wi*l <=ome special rnles
5T interchanging tle variables: Tf a tableau s in standard
form, the variable +tc enter the basis is +**e x¢ Wwhnse
corresprnding vy {basic) has *te largest posi+ive value. Tf

a tableau is in nonstardard form, <*he wvariable +o enter +he

fte

basis s the nonbasic vy whose corresponding x5 is also

nonbasic, "he variable +o be dele+ed from +re basis 1is



selccred with +*he s=ame minimum ratio criterion wused in +he
simplex method for linear programming [7,107.

"he objective is o minimize ;; Vi A =*andard *tableay is
optimum when ~he values of v in *“he bas’s are all nega+ive:

*hat i, no v applies for a new itcration, Tre x vector in

this optimum tableau is =he solu*ion *» *the problen.

4.3 EXPERIMENTATION

In Braitsclt's study some preliminary experimen*s were
carried our -+2 help select +“he facters and levels Zon +he
primary experimentation, Listed belcw are *te nine fac*ors
selected that may be impor*ant in de+ternmining tow fas~ a
guadratic programming algori+hm will converge.

1. 2lgori+thm : Tefers to tte algorittms 0% Wolfe,
Dantzig, Beale and W.B. The fcllowing factors aoply
to eact of the four alqgerithme.,

2, Tule *+ Tule used in each algcrithm for selecting the
variable *0 enter *+he baszis. Tn all cares but three,
the variahle entcred was rne *ta*+ resul*ed in *he
larges+ rate <¢f increase in *the <c¢ritericn function,
~he excepticns were WB, where no <elec*irn rule wa=s
necessary and *the nons-andard form cases ~f Beale and

Dantzid,



3. Size : Defined as the number of x-variables cr the
number of corstralints in tre P matrix, Ssirce zgruar=d
P-mat+rices of size m ¥ W were used., Sizes 2f 15, 20
and 25 were used,

4, VNegative b : The number o0f negative crheffici::mnts in
the crsr vector b, Levels of 3, 9 and 15 were uzed.

5. Rank ?* Number cf linearly independent colvmns in +he
matrix A, Tanks of 3 and 15 were used.

€., Pange : Farge cf *le randeom numbers vwsed *o genera%e
the ?~ma+*rix on +*+te computer., The ranges (r) used

were : =20 £ £ 20 and «~18¢C <€ r < 18N

ry

7. Db=range : Farge of the random numbers 1sSed %9
generate *tle b=vector., BRanges nged werc =270 < £ -1
and =180 € » £ -1

8. g=-ranqge 1 Fanges for +the random onrmbers in  *the g

1

A
—
@
<

vector, Fances used were 1 < v £ 2% and 1 € = £

IA
-
[ae]
(o)
=
je)}
{

9, P-range : nly +the single level of 1 < T
used for +tre random numbers ttat made up ~he
P=matrix,

A complete fac-c¢rial model was used where, for each ~nf the

four algorithms, all combination of fac*crs (3) +hrough (8)

Wwere run, The experimen* was replica*cd ten +imes., The
various fact~r combina*tion were run by nestinaga a series nf
loops in +he computer program, each loop corresronding *0 a

factor., I vwas assumed “ha* since the prnblem ccmponents



were randomly genecra<ed, fur+ler randomizaticn wruld not be
necessary. rfach randomly generated problem was solvel by all

Four algorit? ms,

a.4 R¥50LTS AND ANALYSIS

TABLE 2

MELN NUMBEF (F IT®PLTTIOVS FOF DTFFER™MT LTVELS
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FACTOT DANTZIG BPALT W.R. WOLF™

Size : 15 6.9 7.8 8.3 19.5
20 7.5 8.7 R,Q 21,6

=25 7.8 9.3 9.¢ 23,3

Vega*ive p 1 3 4.5 L, ¢ 5,3 7,6
9 7.8 B8." q,n 20,9

15 9,9 12.4 12.1 35.8

Fank : 3 7.3 8.6 B.0 21. 6
15 7.5 8,7 Q,r 21.3

A-range 3 [=20,20] 6.1 4,8 7.F¢ 22.9
[=-180,180] 8,7 12.4 10,3 29,1

b=range : [-20,=11 79 10,1 9.5 20, ¢
{=180,-1] 6.9 7.1 B.U 22,3

g-range : [1,2C1 7.2 7.7 8.6 22.5
11,1807 7.6 9.5 9.3 20, 4

Algorithm meansc 7.4 B, f 8,9 21.5
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Table 2 showsg +te average number of i+era*icns +aken at
eact level of all of the fac*ors *ha* were varied, fnr each

of the algorithnms,.



The data in +lris table lead +o *te corclusinps *ha=z *he
rank of +he marr.x has li-*le effect, but tte =ize factor <is
very significan+., p numbez ~% tte resul*r- for Dartzig's and
Beale's algorithms are explainable 3n terms of +tte rcela*ive
importance of the linear and nonlinear part of +he obijective
function. I+ 1s clear that increasing +he bh-range -=°r
decreasing tte A=~range will emphas‘ze *t+he 1linear part »°
G(x)., Also, decreasirg the g~-range or incrcasing the P-range
increases the impcr-tance of +the 1l near pat+, Tris is true
because these lattcr +wo actiors +*end +c¢ lewer x-values
which reducec rhe con*ribution cf +he guadra+ic part more
than that of the linear part.

Average i+<era*ione decrcased in the thr=e cases men*ioned
above, tha< is 4increasing +he Db-range, decreasing +*he
A-range and decreasing +“he g=range. This is reasonable,
because in the ex*reme case when *le guadratic por=isn is
irrelevant and +*he preocblem beccmes a linear progranming
problem, hoth nmettods reduce tc +%te Simplex mezhod which
moves between adjacen* extreme poin*s in searct of =olution.
In +he., nonlinear case, when +hbe gquadratic par* is
significant, th? sclu+inn of*en lies in rre of *he faces in
+he feasible regiorn rather than a* an ex*treme pcint., This
tends *o add Iterations because of *wWe necessity of
oprimizing on Faces, These extra i*erationg of+en include

increasing the nurber of basic primal variables.



There is a majecr difference in *te way Beale's and
Dantzig's me*hods perfeorm in +le linear Programminy case,
While Beale's me+lod reduces *c +he Simplex me-ltod in *he
constraints portion, Dan*zig's al*ernates bet+ween rcgular

Simplex iteraticns and Dual Simplex i*tera*iors in +tw> parks

)

of the t*tableau, <=rus z*a¥ing twice as many i+*erations as

Beale's, As the guadratic part beccmes mere important,
average iterations increase a* a great+ter ra*te *n Beale's
algorithm than in Dantzig's. Tte major weascn for *his is

that when we move f-om ~ne face in *he feasible region 9
another (by making a sign res<ric*ed variahle nonbasic), i+
is necessary to replace all of 3Beale's free variables
because these variables were used to op*imize on =he
previous face,

Since each uni- of size augnented adds a ccnstraint ani
an x-variable, <he new constraint adds ano*lter face *o *he
feasible region whick could ~aise i+eraticons if the
algorithm had t» examine it on **e way to *he op=-imal
solution,

Negative b is a very :Important FTacter in Dantzig's and
Beale's me*hods, Facl added negative b-rcoefficien< aids a
variable tkat <can profitably enter 3in *he first itera<ion
for both algorithms. Al+though no+ all of +tre x-variables

having necative b=coefficients will be 3ir *te onptimal

bodn

anluticr, *he number will tend +c¢ increase wi*t nega*ive b



and Jterati-ns will be rTequired to pivrt trem into  ~he
basis., ™his discussion does not apply to Welfe's algori*hm
because it uses a different +ype ¥ nbijective func+inn than
the otler three algcrithms, Algorithm WB generally reguires
fewer iterations becanuse i+ use« only one artificial
variable, The perfermance of “his algorithm ‘g di€ficuls +«-
explain, for al+though it is a modificaticn n~f Holfe's
algerithm, - reacts *¢ different problem types in +he zame

way as Dantzig's,

4,5 COMPUTER TIMF AND STORAGE

It is Jdifficul* +o get an accurate neasure of rhe
computer *time reguired hy the various algrnrittms because ¥
the large difference +ra~- programming techniaue can cause, 1
more Teliable nmeasvre might be hased on *'e number of
tableau elements that mus+ be transformed a* eact i*era*+ion,
In this way., we cap *ake advantage of tlecretical shor*cuts
for improving time efficiency tha*t migh+t normally be ignored
by a programmer, Tlese shortcuts include *ransferming »only
half of Beale's Objec*ive tableau because it ‘s gyametric,
eliminating ftransfcrmarions in Tantzia's standa-d-form

+ableaux because cf symmetry rela*tions and reducing +<he



Space +tha* must be set aside dve +o0 free variables in
Beale's algerithm Py noting ttat +he nrmber ~f <hese free

variables cannnt exceed The rank »f +the A-matrix,

In the experimentation, approximately 70 vpercen*t o°¢
Dantzig's tableaux were in standard form. *11 tablieanux
+ranformaticns were assumed to take one unit of time, excent
for the trarsforma*ions in Beale's c¢bidective *ableau, which
took about 1,6 units in computer ‘*ec-g, “re time *o
transform variables added In Beale's zimplex tableau due %o
free variables will be ignored becausgse i~ *c Jifficnl+ <o
estimate, and judging ‘rom data available, pr~bably wonlad
no* affect the <*ime estima“te by mere than a few percent a+
worst, Table 5 gives +ime and storage estima*ec for several

cembinations of problem parameters.

Timewise, PReale's and Dantzig's algori+hms are supericr,
with Beale's algo-i+he ~ending +c¢ be preferable when <+he
number of x-variables dres not greatly exceed tte number o€
constraints, T™bis 3s due o +he “act that Peale's tableaux
are in termg ©f *he nonbasic variables. In +erms cI sicrage,
Beale's algcritim *akes better advantage of si*ua*ions where
+he P=ma*rix is nearly square or +he rank cf » ig no* a very
large fraction of +the number of reowe er cclumne in 3. The

lat*ter pheromen~tn is due “0 a reduction 3*n srace necessary



TABL® 3

TIME AND STORAGE REQUIPTMTNTS

TR M T NS 3 R S TS VER MG TR e EA ERVEY D GES WA e MR om e WP W T MR MDA MR we S WM IR T e R T wm MV NS T I B O UV AT OB sie e B T KR e

o N }=rank Algorittm Tinme S*nrage

Z Z % BTALT 1.0 2.5
DANTYZTG 2. € iy
W. B. u 4
WOLF™ 4 4

Z 27 27 BTALY® 5,2 8
DAXNTZIG £ 3
W. B. 9 a
WHLPF Q 9

7 Lz 4z BEALE 16,8 28
D2NTZIG 16,3 25
W. B. 25 25
WOLFT 25 25

Z 47 Z BZALT 16.° 16
DANTZ™G 1€, 7 25
W. B. 25 25
WOLF® 25 25
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W:+h, N: number of variables, M: number ~f cons*rain*s
Time: Time per itera*tion (Z2 uni*s) and »ne unit =
23 x 10—% secs, Oon tre IBM 360=7%
a+prage: Fequirements of storage in memcry (72 lccaticns)
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+to L0ld the rows of variables 4Ariven cu* ~< +%e nernbaslic se~

bacause 0of tte in*rcducticn of fr~e variables,

The result= «f this =+udy suggest *tat “n mrgt ~Ff +ha
cases, Beale's algoritlm will generally t+take more iteraticnas
+han Dantzig's, bu* +he difference 3Js nct very bhig., Ba*
Beale's algorithm ras scome o*her advantaces : T+ will f£ind a
local minimum even 1if A is not defini*te wricr may be ~F

valne in s-~me applicatinns; second, a redefini+ion of +he



A=-matzix, which when combined with a ccmputer code 1sing +he
product form of *+he inverse, can solve larger prchlem= than

Dantzig's algorithm, prrvided =he rank of ?» ig 1lrw,

i
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Chapter 7V

THE INTERACTIVE PACKAGE

5.1 STRUCTURE OF THE PACKAGE

The method of Beale was selected anmonc +he methols
available after considering several Zmpnr+ant Ffac*ors and,
specifically, becaure

1. Beale's me*tod does net reguize wmatTtix Y +> be

positive de“Inite : i+ wrrtks als~ wirk 1 negative
defini-e ag well as an *+he semi~de“inte cacse-~.

2, The =abhleaux 1rsed are small, givirs eccnomy in

storage and compruztirg time.

RS

3. I* use= *he simplex me+thod, thus is efficient.

4, ™he computational pfoper*ies are acceptable or
superior o the ottrer mettodc compared,

5. Is +he geome*trically mos+- illus+ra*ive among all
mettods for *hLe QPP,

£, The procedure o rela*ively simple, thereby

facilitating tre prcgramming ~ask,

Figure 4 provides a general view of +lre package

h

2rTmac.
T+ consists of two madjcr par*s: L Ffirs+ par+ deals wi+b *he

conpunication witb *re user, dn*erctange of ir‘~vmation and

- 040 =



Pigure 4: PACKAGY INTETACTINM

DATA INPUT
FFORMATTING

PROBLEM
ey
USER ~——| CONSOLE SOLUTION
‘“\\\\\ DATA OUTPUT
[P R
| FORMATTING
|
! OMPUTE

the transformaticn of “he data in*o a suitable format: €o-
both the user and the program itse%f. The second pazt is *he
procedure that actually solves *te problen.

Trte execution of the package begins by giving the user a
summary of its objective, the QPP is defired and some hints
are given for putting the general cbjective functicn in=>o
matrix form. The wuser is informed about tlte procelure €o:-
communicating with the package,

No special format for the inpu* da*a from +te *e-minal is
needed. The data entered by the user is checked and only
the expectcd type of data is accep*ed. This is made wi<h <he
aid of TRPZ 99, a FORTRAN device tha*+ enables “te -eading »°¢

data witk variable forma*.



"he data received is displayed again ~r *'e “erminal andi
the user 1is asked *to check its accuracy. Crrrections are
permicted when err>rs are found., The tableau for the method
of Beale is constructed “rom the data rTeceived and varicus
parame*ers are inririzalized. "he ini+ial tablean = displayed
if the uvser tas chosen *his ocutprt enrion,

The Beale algonri*hm is then initia+ed +» <cclve the (QPP,
and again, according 1o the user's selec+ted ~u+rut op+i~on,

intermediate tableaunx and/or “he final =rlu*ticn ace

displayed.

5.2 STORAGE ORGANIZATION

The ovrecedure requires the matrix

o
N
]

h/2!

+
,’

N
T

which Zs (n+1)x(n+1) and symme*tric (because I 1s syamet+ric),
Tn order to save s*orage, only the upper *riarngular pact* of
~his matrix is stered., The mx({n+1) ma*rix

fq{-PW

i3 also crea*ed.



211 2=dimensional ar-ays reguired in the prrcednce are
stored in a vector fermat whict is crea*ted from the
catenation -fF the rows cf +he matrivx, For example, “he 2x73

matrix P, where

22 Tos

is s~ored as the f-vec*or

L Tos

T+t then follows that the en*ry in rtTow 1, cclrmn § »F 7
appears in v (k) wlere

k = (i~ o+ 15

[

and « is the column dimension of ® ( &

3 in +%ic example).
* elight modificat*icn of +his proce=s 1ig ured *n store only

+he unper triangular par- >f symmetric ma*Tices,

[P R

2 means for diIstinguisting the variables +ta*+ Dbelonqg -n
“he basis is required. For +his purroce, +he original

nonbasic variables are always given +te ‘rdices ' <hrcusk n



and the original basic variables the indices n+1 through
n+m, The free variables, referred +o as "n" var:tables in
chapter 3, are treated internally as x variables and they
are assigned indices be-ween n+m+l and 2n+m, "ri3 was dene
to simplify +heir +reatment and +*here is ne Ti-k 0F
confusion for the user since thece variables d» n»% avppear

in *he solution vectcr,

5.3  NOTATION AND DEFINITIONS
Threughou* *te pregrams, whenever possihle, +the sanme
notation as +ha* in chap*er 3, was vsed.

¥ The number c¢f variables (user input); rerains fixed
during -he executinn of the procedure,

M The numbe} of cons*raints {vse~ Irrnrt); may vacy
during *+he prceednre when free variables are added
{each one vields a new constraint).

VR A Nk (N+1) /2 - vector containing +he upper
+riangnlar part »f the 2 matrix in +he quadratic
objective functior (user input).

B Crefficient vector c¢f the 1linear pars »f +hre

objective function {user input).



RASICT

BASICT

LOS

mhe censtan+t value in  +he objective frrctinn (user
input).

p M¥N = vegtor ccntaining *he er+*rties nf  *he
constrainT matrix P {user ‘nput).

M~vector with +he righ+-%and side values >f the
constrair+s {(user input).

A small positive number correspording *o the wiArt
of the zero=band used in ctecks For zeoro a*
critical pcints during the solutirn (user inpu+).,
N-vector containing *he indices ~f *he nonbasic
variables.

M=vec+*cr ccn*taining t+the indices ~¥ +the basgic
variables.

Vec*or con-aining +“he variables remaining in *he
objective function wlich» are differen* from ~he
free variables,

Vectnr »f the basic variables,

Counts the free variables added t- tle problenm,
Stores the number nf free variable= a%t a given

point,

[£2]

*cres the index of the pivet row,
Stores ~he index of *he pive+ cclumn,
Set *n n+1,

logical variable whcse value is ,7T707, #f the DOIynt

[

is in the COnstraints parts; otherwice, i*s value is

«F2LEE,

- Glf =



ISDONT Has a value 1 1

ih

+te problem has been 3rlved;
ctherwise it ras a value of 0,

MAX Con*ains +te maximum value in -he first cow ¢ *he
Objecnive function :ableau,.

Y0 Con*alins “he valune cf the mind mum ratio
a{i,d) a(i,3j) for whichk a{i,n) i= nornegative and

a{i,j) is rositive.

JC Set *o NX(Y+1) /2.

J1 Set to N*M,

S0L The vecter which corntains the problem s~lution,
NSPLAY mhe value assigned to +his variable {bhy <+he user)

serves to specify one co¢f scveral available display
optinns,
TOWER Counts +he number of itera*ions *hat have Dbeen

carried ou+,

5.4 THE SUBPREOGRAES

The overall rogram 1s divided into twenty r~ne FORTRPAN
subroutine subprograms, Fach performs a specific *ask, These
subroutines are linked and controlled by +te Fain program

which serves as a driver rou+tine,



5.4.1

b3

he Main program

This pregram calls sabrou-ines DIAVCG, INTTIL, STTYTX,
SHCWIT, and FUNTT, T+ interctanrges infermation among then
and transfers ceontrel from one fto +te other a3z the solution

process 1is carried out,

5.4.,2 Subroutine DIALOG

4T3t

Presen*s the package “¢ “te user, defines +*tre problem and
the variables, gives insruc+icns for -he use ~f “he progran
and gets frcm <he user the values of the parame+ers *o be
used In the problem, checks the validi+y of *hese values and
if neces=ary accep*s any correc*ion sugagested, The

subroutines called from within DTALCCG are TTADTT, RFPADTH and

MT3SAG, This subprogram is called conly by %te ™Mair program,

5.4.3 Subroutine READIT

Feads one in*eger value from *re terminal (svecifically
for ¥, and DSPLAY). 2Analyzes *he da*a received and senis
messages +o the user when necessary. Trils subpregram calls

subroutine MESSAG and is called only by subrou*ine DIALOG,



5.4,4 Subroutine READEM

™is program reads a predetermired set o¢f real values
from +*he terminal. Trans forms the da*a “‘n+to dnouble
precision numbers and analyzes eacht Iinpv* accepts it or
sends an err~r message when necessary. % ig used to read
t+he valunes of 2, B, r, P, 0 and *P5., Ttis svhprrgram calls

subroutine M7TSSAG and is called only by sunbrru*ine DIVLNG,

Pt P R Y T

Tt initializes the valnes of +he parameters +¢ be used in
the progran. Se*+s values fcr BASTCO, Br<IC?, 1r&, LAS, JC,
J1, LIBF, 3iLIBR¥, LIBFEZ, RL and ITFP, ™»is suhprogram is

called only by -he PFain program.

5.4.6  Subroutine SETHETX

Transforms the da-a receilyved from +le nger irto a forrnm

suitable for nse in Beale's method; i.e., *+ creates *he
matrix [? stown in section 3,1, T+ alsc crea“es “he ma+tTiX
rq {_r] for the crns*raints tablean. T is subprogranm is

called orly by the Main program.



5.4.7 Subroutine SHOWIT

Nisplays information Telating *+o <tre “+ableavx accezding
t*o5 +*te value of DSPLMY, I+ is called a* *te end >f each
iteration to inform the user about the progress of <he
computations, If DSPIAY = 2, subrcutines PFOFT™ ani PRICCH
are called, If DSPLAY = 1, +he current =scluticn is
displayed, If DSPLAY = 0 control is returned *o the calling
routine, ~his subrou+*ine is called by bec+}l, <he Main

program and *he subroutine RUNIT,

5.4,8 Subroutine RONIT

ALy PN

It is the subrcu+*ine that carries cut Beale's algorithm.
It calls subroutines MAIIB, CCLPIV, SETYV, rATIC, CONAC™,
QFFGACT, 2DDONZ, CHOWIT, CHA¥GY, DELT™F and rPTIMO. It
performs <certain operat*ions and *ransfers con*rol *o the
subroutines, according to the resgul*s obta’ned. Ceon<trols +the
interaction of all +the subrou*ines and iden*ifies when =he
probler does not have a solution or when a sclution has been
found. Tris subprogram is called only by *}e Main p-ogram.
5.4.,9  Subroutine MALIB

This subroutine finds the largest valve in +the “irs* row
of the objective func+ion tableau among *te colunmns
assoc’ated withk the free variables, It is called each *tinme

a free variable is added to the problem. Tf MALTIB finds any



positive value, this position defines *he column »f <*he
pivot for +the next itera*tion. T+ 33 c¢alled only by

subroutine RUNIT,

5.4.10  Subroutine COLPIV

It finds the ceolumn of the pivot+t for +he rext iteration.
Tf MALIB has 1ot found a positive value, COLPTY searches in
the first row of the obijective functi»n tablean for the most
negative number and dJdefines +hat positicn to be the column
of the pivot for the next iteration, If COLFIV deesn't find

any negative value, we are at tre op*imum peoint. COLPIV is

called only by subroutine FUNIT,

5.4,11 Subroutine SETY

SETV sets the value of a variable V +o be ei*ter 1t or =1,
according to the sign of the element 3in +te maztzix 17
located at *the intersecticn of “te main diagcnal and +he

pivor column, It is called only by subroutine TTMmIT,

5.4.12  Subroutime RATIO

This subroutine finds the Pive+ roy. ™~ do this, i+
determines the least value of the ra*io a{i,0)/ali,d vhere
j is the column of the pivot, as % takes »n i+s admissible

values, If there are 2 different i's whrick vyield the sane

minimum value, +then this operation is repeated for all i's



dif€eren~ from +he pivot colunn, m™ris cecond  step is
necessary in crder to avoid degeneracy 3in *he nex+

iteration, I+ is called only by subrontine °"vIT,

5.4,13 Subroutine CONACT

It updates the *ableau 0of +he cons*ra‘n4<s., Perisrms =he

’

Simplex procedure tc¢ ‘nterchange the variables de*cermined by

the pivot.This subrou*ine is called c¢nly by subroutine

5.4.14 Subroutine OFUAC

13

[

el Y

X

It updates the tablean 6f +he chijective funct
Performs tle necessary computaticns *n vpda*te the tableaun at

each i*teratinn, 7TIv 1is called by subroutine TUNT™,

5.4.15  Subroutine ADDGNE
2ddes cne mere free variable tc  +he problem This means
alsc a new constralint +o +the system +that goe< *tc *he simplex

*ableau. This subtrou*ine is «called ~»nly by subroutine

RUNIT.

S.4.16 Subroutipne CHANGE
T+ perforams the interchange of variables after each
i*eraticn and m>difies the values ¢f +he parareters a‘fec*ed

by +his change, It s called by subrrutine °~UYIT,



5.4.17 Subrcutine DELETE

this  suppProyral® dele"e® a constraint frem “he  systen,
afttrer the value of the free variable tlta* originated 1+ has
reached a =zero value 3in the obijec<ive fuynctior and a new
constraint enters +he system. I+ 3is called by *he

subroutine PUNIT,

It prin<s the *tablea of +he cbjec+ive “unctionn, I+
reconstructs the marrix [ and shtcws +he resul*, 7Jo to five
c~lumns are displayed a- one *ime. Tf +he tablean has anre
than five columns, they are successively displayed in grouvos
of five un+*il all have been shcocwn. "his subpreogram is called

by subrcutines SHOWIT™ and rprTrr,

5.4,19 Subroutine PRICOX

This suprontile PTiR*ES *he “ahlean of *‘e cons-raints. I©
reconstructs the P ma*rix arnd as In PTOFINV, only five
cclumns are shown at a time. ™te remaining columns are
displayed in subseqren* tableaux. PFICON is called by

subrouzines SHOWIT and CPTINMG.



5.4,20 Subroutine QPTIMO

3

in*s a suitable

X

It displays the problem soluticn, Tr
nmessage depending on wrether ISDOYFT equals O o= 1, If DSPILAY
=2, It «callsg PFPOFUN and PrICON, otherwise, c¢reates +he
soluticn vector 501 and displays it witd tte avppropria*e

messages, It i1s called by subroutine FUNIT.

5.4.21  Subroutine MESSA

(|7}

Prints messages for =he user, I+ is called by subroutines

DIALCG, PECFUN, PFICON, FTADZM, FEADIT, SHOWIT and COPTTHMN,

5.5 PROGRAM ASSEMBLY

Figure 5 shows b2¥ +he routines are in“ercrnrected,. The
darker blocks represenc the subprogranmrs tha+ are
seguentially called within +*he main procram, The dotted

aTrTOWS Tepresen* subrow*ine calls,



Pigure 5: THE PROGFAM AND THE SUBTQUTTINTS
{ START )
DIALOG i\— — — - READIT
N\ 1
\ N READEM |
A 4 \ I I
INITIA \ I |
\ | {
1 >| MESSAG
/ A 4
SETMTX / | |
// l |
A PROFUN I
X / / !
a
SHOWIT F— — PRICON
| 4
| |
SETV N ) OPTIMO
\\ /
' 1 /
ADDONE ~ 1 // - MALIB
RUNIT
b g
ey AN
CHANGE /] \\ » OFUACT
\\
/1 X
DELETE / \ COLPIV
h 4
/ \
RATIO }‘ C STOP ) \l CONACT
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Chapter VI

USING THE PACKAGE

The package is ¢ be used under VM-C¥S, T~ run i-=, the
user must rave tte following files ir his disk
CUADLEO EX®C
aRTB99 TXTLTR
CUADRQ FOR™T AW

The file CUADRC EXEC ccL-ains:

GLOBAI TXTLIB FORTIIB
FORTRAN &1

FI 5 TFFTMINAL(F®CF¥ F LRECL 8C

'
-4

€ TETMINAL(ETCFM P LEPTCL PO
CP SEOCL CONS STAFT *
CAD &1 (STaPT

CP SPOOL CNNS STOP CLOST
ETYDE ~rmemmm- i e man m
£"YPE TYPE 'CUADPC PENBL®M' PO ENTPF FILFYMMT® FILFTYPH
ETYPE mmmmmme maomssan s sesen memme - S m————
FYXEC FFCTIVE

ETYPE mremmemmmes o e e e o amm e G s e s B B om0 € m T M@ wm o m



ETYPFP DO YCU WANT A HARD COPY OF THF INFOFMPTICN DISPLAYFD 2
ETYPE == === e oSS TS SN mmem mmw e
ETYP™ (KCE>» IF NO, ELSE 'YES')

EREAD VARG GANCSHER

EI¥ .FANSWTR NE , BGOTO ~YFS

"FAST &1 PRCBLEM

ETXIT

~YES TFINTOUT &1 PRCBLEM

The file SFTTRI® TXTLIB {also known as "tape 93" or
"buffer 99M™, is a 132-hyre array tha+* exists in the region
of core assigned to tlre programme, T"te space for *his buffer
is automarically crea<ed if the compiler de*ec*s the use »F
"+ape unit 99N,

The file CUADRO FORTRAN contains +he souvrce prdjyjram »°F
the package (zee Appendix B),

To run *+he package, the user pust *ype tte command

cuadro cuadro



The package is organized “o handle any problem =hat is “n

the following s+tandard foarnm

minimize { (1/2)x'"x+b'x+c | T'xLqg , x27 1}

T¢ illus+tra*e ftcw a problem can be put in*tc s=andacd
fcrm, the example discussed in ~recticn 3,2 3is taken as
model. Suppcse the problem is given as minimize G
where

G = —6x, + 2x%2 =~ 2%, X, % ?%x%
Subject *o X, + x, £ 2
X, %, 2 ¢
T+ can be eas’ly verified that +his s eqguivalent 2

minimize G

where
o =21 1x, X4
G = (1/2)[x, %, ] + =6 0 + 107
-2 i [x, X,
X4
Subiject to it 1 < T72] v Xy o Xy o200
Xy

The values assigned by the user (see ?ppendix ") are as follows



u ~6
O 5 I

T
Vp = [ } g =121
1

Note that g must be strictly posi*tive, Tf Ir a problen
+he standarized cornsrtraint part is not Immedia+ely available
(by inspec*ion), a basic starting sclution must be searchei.
"he technique discussed in section 2,.3.71 can be nsed here,

since *he constraints part of the QPP hac +he <came form as

+that of the linear programming procblem,

6.3 BESSAGES
During execuzion c¢f +he vackage, varicus *ypes of
messages are transmitted ¢ the ueer's +termiral. These can
be
1. Tnformative messagecs: wtere no ansver is expected
from tte user; i,e, nessages outl’ning *re packanre,
its outputs, etc,
2. Da*a requesting messages: wlere an answer (numerical

data) 1is expected from the user; Z.e. 'TYPT THW

- 7 -



VALUE CF N (I,F, THE NUMBFF CF VI}PTABLTS YU HAVT) ',
'TYPT THE VAIUE GF YOUR m—VPCTCR Q, ("HF FISHT-~ HAND

SIDE VALUT I» YOUR CONSTRATINTS)', e*c.

[#%]
-

Contrcl messages: where an amnswer 'yes'(hi< ret+nurn)
or 'no!'(type no) is expect*ed frcm the usrr, example
'*YCU H'VE n  VARIABLES ? ', YAPF THFST ™HT CORR®Z™
VALUES OF YCUR m~VECTAR Q (TH® FIGH™-HIND STID®E TFRHS
IN THE COX¥STFAINTS) ? g d se. Qa ', etc.

4, Frrer meszages: when the data is of a different kind

than expected, +he user is asked +¢ inpu< again,
exanmnple
Vo e e > # ¥k&k%¥%k FRPCT IV YCUF ENTEY 1 12#456 ,

INPUT AGAIN C% TYPE Q TO QUIT!
'THE NUMBSTF OF CONSTRATNTS® CAVNOT BF YU GPRTIVE ! TRY
AGAIY .. .

etC.,

6.4 INTERPRETING THE RESULTS

If “he value in the di=play option (DSrItY) is 2, *he
package provides ornly the o»ptimum value of “*c obijective
function together with the asseclia-ed x=vec*~r, 1If +he

choice is 1 +the curren* value of +te cbject?ve func<inon a-



each iteration iz previded, from +le s*ar*ng orin® +~ the
firal cne,

When tte choice of display is 2, +he +*we main *ableaux
are displayvyed a- each i*eration. 'n examnle ~»f such a
dicplay is showr in +able 4

Indeed, +t+he form »f *+he “+ableaux used in Reale's method
con*ains comple*e irformation about the problem a+ any s+ep,
The element in the upper lef+t corner +te rbijective func+ion
+ablean (i.e. g{1,1)) contains tte valve of **e nbjective
func+icn in +hat =rial peoint, In t%e star+ing pcint, +t*is
ceorresponds to the value of ¢,

A1l the variables in *he objective func+icn +atleau ‘tave
a value of zero. 211 the variables iIn +te cnrs“rain+ *ablean
tave a nonzero value, qiven by +he <cons*an* patt in *he
constraint equarion. However, *f +*ta- variable has a
subscript greater +tan ¥, +then i+ 1s a glack var®able (oI a
free variable) whrich has a zero coef“icien* ir *he »bijective
func*icn, tence ir tras no effect on the value ~f G.

The package ccn+ains a fea*ture which percnits  +he
generation of a hard~copy of all inforra*icr displayed on
the screen during tlre compu“ing sesicn, Tlis *g achieved in
+he followira way:

1. After +tYe  «completzon of *he QPP sclution, zome

irformation is displayed ac +he process of s3tnring

+he solution file is progres=ing. "te user is asked
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TABLT® 4

AN EYAMPL® OF TABTI OUTPUT

WS U US TUM MM A ¥ WIS WD WE I TES Ure e W TIv WS T3 T WHB Um M W WS [ Uh .4 N0 VM W TOL CESFEE Y T 0TI INGE I IR R (m AT e TTAAWE W b U OB T M TR D AN T M am TR TR SR T YD TR (M Me o A Cie e 4D

ITFFATION NUMB®R 2

0

o

nn

20

CBJECTIVE FUNCTION
1 2 3 4
X5 ¥ 02 g 3 X £
~0.20740D 02  0,24870D 01 =C,22470D 01  N,17900D 02  2,13400D
X 5 0.24800D 1  0.120000 00 =0,20000D "0  0.40C00D 07 0.0
¥ 2 =-C.22400D 01 =0.20000D 00  0.53200D N1 =0,22000D 01  0.48000D
¥ 3 0.17900D 02  ©.,47000D 00 =0,220001 01 0,45007D 31  ~0,37001D
X 6 0.13400D C1 0.0 0.48007D 7€  =0,37070D 20  0.22097D
CONSTFAINTS
X5 X 2 X3 X ¢
¥ 1= 0.,40000D 00 -C,2070CD 00 0.0 -0,23000D 01  £,0
X 4= 0.€CC20D 00 0.0 =0,80000D 06 0.9 -C,277007
X 7= 0.66667D 00  0,2)000D 00 =£,2070CD 0C  1,17020D 01 £,20007D
[
THE CUTFENT VALUE CF TH™ OBJTCTIVF FNNCTICY IS =20,74000300
TH® VALUES OF THY VARIABLES 3ARW™
X 1= 0.,Ure00N")
X4 = 0.6070000)
X 7 = 0.66666770

ALL THF OTHXEFS AFREL EQUZL TO0 Z770

A A TS e ST R R T K G TS M O AN O M TR T IR TID M TS ER TB W T e S5 DM S TN W I N TS €T TN WD D N TS TR MR oMB TR Y

“n *yne CUADF(C FROGERAY ag +te FTILTVAVMT ard PILETYDF
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4,

requested. If <CR> is made instead, no ‘nforma*tion
is received,

The message 'TO YO  ®WANT A HARD-COPY NF PHT
INFOFMATION DISPLAYFD ?' (LCT> IF MO™, TISF 'Yrs?) i3
displayed and +te desired ancwer is expec*ed from the
user,

If *he answer is 'YFS', the PITNTCU™ command is sent,
and tre user is asked to type tis ba*ch account
number and nane,

If +t+be answer is <Cr> (ne), +*he file CUPDRO PTFOBLIIM

is erased frcem thre user's 4f sk,



Chapter VIT

CONCLUSIONS

The in*eractive comouting environment is acknowl:ig=2d as
a far superior problem solving environmen* *Fan *+he ba*ch
mode, The irten+ of “he work cutlined ip +%is thesis has
been to provide suchk an environment for eclving “*he
guadratic programming problem, The package whiclt has been
developed makes peossibhle a ccnveniernt and =+righ+t forward

s»nlu“icn +0 prcblems of +his class and *n partticular

[T

rplifies the process cof specifying *he problem paTame“ers,

S
Very li+**le +echnical exper+ise 1is required of *he user-.
No+-e also *tat +he package is able “*o tkardle *he s3itnation
vhere M=903; i,e, when tlte problem is uncons*rained,

A higrly modular crganiza-icn h»as been fclleowed 1in +he
development of tre programme whicth stould facilita-e
extensions or changes if +hese hecome Tegrired. The CULDRO
package 3is a complete uni* on its OwWn I- could
nevertheless be easily resztrTiuctured *o feorm parz 2% sone
other package e,q, a general func*icr minimizat+tion package.

The calculaticons in the programme are carried ou* in double

$du

precisior mode in order +*o aminimize +he influence »F
round~off errors, Inasnuch as FORTFAN IV wa= wsel as t+he

rrogramning language, extensive use of Ztractured



pregramming concepts could not be employed; nevertheless an

attempt was made +o avoid excessive use of branching (GO ™))

s-atements in order *to improve thre readabili*y of the code,
2t the present +ime, the dimensicnino »F various arrays

in the program restricts the *otal pumber of cons*rain*s and

variables to be less *han 100, Tn crder to *andle larcger
problens, these arrays would have +o be appropriately
re~dimensioned.



Appendix 2

AN EXAMPLE PROBLEM PUN WITH THF PACKIGF

cuadre cuadro
GLOBAL TXTLIB FNEFTLIRB
FCRTRAN CUADTON
FI 5 TERMINAL (FFCFM F LRECL
FT 6 TFFMIN2I (PEC"M T LERFCL 80
Cr 3PNGL CONS STAFT =*
LORD CUADRO ( SIAPT
RXECUTICN BEGIVS,..

ONIYy®RRST™™Y OF NITR7
gYeTTMeS coTVNET

19872

TN WS D s NS e KR MR T RD T A MR LW V) TN W DB W M ARST W SID X SR e e TR At o KD T STS p YO U WD B AN M TS OB T3 WM Y T R AR T T o ww AR hp R WB A0 W TR MP B W oW R WY D I &

CURTT™O

TR TR D TH TE YES (3 M AT NI D WO T SBAY I8 OB WD BT OB S RS U8 TR TANS AL ERAN R D SN TR EACS M n eMWs UEEWTII DR 9 T8 P M AW T Than FsaTs PEA W U 4 WS DL W UM YR G5 D YD TR A YR D

T"HIS TACKARGT US™3 THE M¥THOD OF BWALT TO RJCTVF THT QUADIATIT PROGERINMING
PRCBLEM, H2VTING N VAFIABITS AND M CONSTE"TNTS (VML=X), GIVON TP Tm35 STAWDIED
FORM

= {(1/2)X'2X + P'Y + C
~ITBJECT ™0 : PX <= 0 , WTmE o 0(J) > )
>= 0 K =1, 2, s+
T =1, 2, «vs ,
THE CONSTAN™ VALUF OF YOUF OBJTCTTVI FUNCTI
TFE VFCTOR OF THE LTNFAF PA®T IN "HT 0, T,
PN NXN MATPIX CONTATYING THT QUIDT*TIC COTFICTENTT OF THR O, ©
AN NXM M2TRTIZ WITH ™F® CCEFICTIVTS OF “HT CONST™RATNTS
AN M~YyPCT0T HITH THTY RIGHT-HAND SIT® VALIJ®S CF TH™ CCNCTPATA™S

N
M
WHTRT 2 CHN

*

O et 0

ed 40 pa s b8

wNT® THRT MATSIX A IS ! SYMMETEIC MATFIX WITH "(7,J) =
TWICE THY CCEFICIENT COF X (K)**2 WHTN K="=J (THT DIAGONAL OF TH™ WMATRIX)
COEF, CF X(I)X(J) WHP» I DIFFTE™MT FICGM J (THT OFF-DIAGONAL TLTHTNTT)Y

WHZN TYPING TH¥ DAT? TEQUESTED, PLFIST EFFCAIL :
* AT LEAST CNE BLAMK (SPAC™) MUC™ SFPRAFRATT SNCCTSAIV™ NJMRT®R ™
* THE DFCIMAL POINT IS NOT NECFSIPPY, UNLFSS TT T3 PART NF THT YUMRT?D
* IF YOU WANT TC QUIT TZTYP¥ PQ% IMITFID NFT TH® INFORMATICN PREQU™"T™H
* WHFN MNSWEFING TPU® OF FALSF,
TYPE "No" AND <C®> IF FPM1CT, %
<CT> (HIT PETURN) IF mrnw

- DR W S N AR T GRe ie Am IS SIS XTR MR OME M EE 9N T TR CEWH AGCUY M 5N NN B O G KA < T TS T T D e I i D8 e 08 ms o s e oms m D m D me s T w0 WX Gb U OB W W WO R e
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TYPE THF Vr2LU® OF N (I.}, TH® NUMBFF CF VIRIIBLTS Y200 HAVT )

YOUR VALUF OF N = -3 IS NnT I'OSITTVT !
R¥STARPT ..

JYPE THE VALUE CF N (I.F., TFT NUMBF® CF VATIMBLTC ¥DT HAVT )
2

TYPE THE VALUT OF M (I,¥, THF NUMB¥P OF CCNMITFPINTS YOU HAVT)
3

“EE STANDATIZED P OBLEM RrFrQUTRES N <= N ... .
IN YOUF PPCBLIM, A MRYIMUM OF 2 CCNSTFAINTS (M) WILL BE ACCTPTTD
\

TYPF THE VALUE OF K (I,I., TH® NUMB®R CF CCNSTPATVIS YOI HAVR)

%]

THY QUADRATIC FART CF TH¥ OBJWCTIVE ¥UNCTINN, BF¥ING A SYMM®TRIC Mr7PTYX,
CNLY THT UPPEF-TFIANGULAR PAF™ MUST B™ TYP™D

TYFE THE 2 V21U¥®S OF THE RCW NUMBEP 1

YI'E THE VTFY LAST ELVMPNT CGF YCUPR MATRTY

IYPE THF 2=VFCTCP B, {THE LII¥TAF Di®™ QF Y™ ABJECTIVE FONCIICH)

TYPF THEY VALUE QF C, I.%Z. TH

i

CONSTANT PARPT IV YOUR DBJIFCTIVE FUNT™ION

Q

»»»»»»»»»»»»» > 0

¥%%%% FEPOF TN YOUP FNTFY :
0

INPUT AGRIN OR TYPE Q TO QUIT
q

TYPE THE 2 VALUES OF THY FCW NO, 1 IF Y/ COMSTRAINTS MPTRIY ©
1 1.5

TYPE THF VALUZ OF QO IMW YOUR CONSTPRAINT ({T,T,, THF BIGHT=HAND SIDT VALUT)
2

THT VALUES TN THT ZFRO=BAND ATZ TAK®F AS 7%Tn IF CRITICAL POTNTS
COF THE PROBI ¥V,
TYPE TP® VALUF OF THI ZFRO=-BAND FQP YNUI PROBLTM

1-'3."7

NOW, 17T US CHFCK THE CORFICTNESS CF THF DATA ®TCPIVED
TYPE "NAW BND <CPR> IF FALST, r°T
<CR>  (HIT ITTURN) TF "RUT

- 75 -



YOU HAVF 2 VARIABLES ?
YOU HAVE 1 CONSTRAINTS ?

"°F TFTST THF CORRFCT 2 TLEMTNTS OF THF FOW NUMBF® 1 AF wAiTzTy o
I¥ YOUR OBJVCTIVE FUNCTION ?
4,0000 -2,0000
TS 5.0000 THY? LAST TLFMESNT OF THT MATPIX IV YNN? NBJECTIVE FUNCTINY ?
10

TYPY THE V®FY 1AST ELEMENT OF YOUTP MITPRIX
4

IS 4,0030 THY LRAST FLTYMENT OF THYT MMATFIY IV YOOR DOBJECTIV® FONTTIONW 2
MRE THESE THY CORRFECT VALNYTS OF YCUR 2-V7C7™riT B
(THE LTYFT"F PRET IN YDUR OBJWCTIVE FUNCTICN)?

-6, 000 0.2

THE CONSTANT VALUT M YOUR OBJECTTVF PUNCTICN 7S i

AT THESE THF COPRFCT 2 YALUES CF R°W WMUMBTP 1
IN YOUEF MATRTIX P (CONSTFAINTS) ?

1.0000 1.5%00
10

HY 2 VALUES CF THE ERC¥ NO. 1 IN YCU® COVSTRAINTS MATTIX P

"F® THESF THT COPFIFCT 2 VALUES OF P0OW NUEB™® 1
TN YOUF MZTEIX P (CONSTPATNTS) ?
1.0000 1,0000

ESE THE COPEIC™ VALUES OF YCU® 1-yTr™re 9
IGHT-HAND SIDF TTE™C TN YOUR CONSTRAINCS) 2
coo

THT WIDTH OF YOUF ZFFO=BAND TS 0,0000001000 2

SEFLECT ONE GF THE FOLLOWING CPTIrYS 3

O D>0NLY THFE PINAL ANSWFR WILL B™ <HOWN

1 >THP VALUES OF THF OBJFCCIVE *U'<7TNN WD THT™ BASIC VARIABLTS W™LL BT CHOWY
AT FACH ITFFPRION

2 D>THE CCHMPLFTE TABLZ2NYX Fr¥ T™HF VTTHON OF BTALT H¥ILL B™ DITSPLAY®D 7 7r7n
TT"RATION

mYPT THE NUMBEF CF THE T"PTICR ¥YCU CHOr ST
5



OFIGINAL TABLEAU

CBJECTIVE FUNCTION

¥ X 2
0.0 =-0,30000D M 0.0
1 =0.30070D 01 0.20000D 071 =0.,710000D 21

2 0.0 =~0,10C02D 01 n,20000D N1

CONSTPRAINTS
X1 X 2

3= 0.20000D 01 -0.,10000D 061 =C,10C0CD 01

THE CURFENT VALUT OF THE OBJTCT VE FUNCTICY IS

THE VALUES GF THE VARIABLT

3LYL TH¥ OTHEFS ARLF FQUAL 70 ZFFRO

S 8 S S Y R N NS W W U ER A TIR Y WA G T w90 M THD ai VIR T D e WD e TR IR TYR T WD DD WD LI O I3 G b W £I0 M A V5 e UN GHB R h TWR wm nm n)
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ITERZTION FUMBEP 1

CBJECTIVE FUNCTION

1 2
Y 4 X2
-0,45000D O 0.0 ~0,15G00D M1
¥4 0.0 0.50000D 00 0.0
X 2 =-0.15000D 01 0.C 0,157 00D MM
CONSTFATINTS
X 4 X 2

X 3= 0.50000Dp 0C ~-0,50070D 00 =~0.,15000D 27

X 1= 0.15000D O1 0.50000D N0 r,50000D 20

THE CURRENT VALUE CF TH¥ ORJTCTIVE FUOFCTICN IS ~4 50030000
THF VALUES CF THY VAPIABLES ARF

¥ 3 = D.52000000

¥ 1= 1,.50000000

?PLL THT OTHLIFS APY EQUAL TC ZTRO

e W S W W WD I A TER GV M M G WM EE O Sk T S D TES A ANS WS T TR TN ED T D VIS avie N M i fle R AT S s O TR MM OES e CDM O M X¥3 Ifa MIB W U & MG ST D ANS D0y s e Xt B O WA TR TR Tw O am om0 R D W o



ITEF2TICN NUMBFR 2

CBJECTIVE PUNCTIOWM
1 2

4 X 3
=-0,53333p 01 0.33333Dp 20 0,666€7D 00

X4 0,33333D 00 0.6€€€67D 00 0, 33332D 00

bt

. 3 (.86667D 00 0,332333D 00 C.66667D 00

CONSTRATNTS
X4 X 3
X 2= ¢.33333D 00 =~0,33333D 00 =~0.€6667D N0

X 1= 0.16667D 01 0.33333Dp 60 =0.33333D 70

THE CURFENT VILUE OF THT OBJECTIVF FUNCTICN T3 -5,33333333
THE VALUES OF THE VARIRZBLES ATF

X 2 N,33233333
X 1= 1, CEEEE6FT

ALL THE OTHEFS PRY¥ TQUAL TO ZTERC

T MEEH TR S T I A T R T K D 3 G0N G TR e AN D TR €3 w08 SO 7 D SR MW ML T AW YU 0 Gy EID fh B0 D0 9B U0 S TR MR ALD MMk 0t 4Ty UH TN AN 4D A DD DY N TS U e (R W G0 7D D s TF e ND B TR ID IS Zm
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il

ITREMTION NUMBTFR

CBJECTIV® FUNCTION

1 2
4 ¥ 3
-0,55000D 01 0.0 0.50000D 07
X4 0.0 ¢.1500CD 91 0.0
¥ 3 0.50000D 00 0.0 £.50000D 00
CONSTPARINTS
X 4 X 3

X 2= 0,50000D 00 =0.50000D 0C =0,50000D 0N

£ 1= 0.15000D 01 0.50000D 00 ~-0.500C0D 00

THF CUPRENT VALUE OF THE OBJECTTVE FUNCTTAV IS5 =5.500007200
THE VALUES OF THE VAPIABLFS IRV

X 2 = 0,500°0009

¥ 1= 1.5C0N0012D

R1L THE CTHBERS ARE T=QUAL TO Z%PC
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SOTUTTON

CBJECTIVE FUNCTION

1 2
¥ u X 3
-0.55M00D 01 0.0 0,50000rD 00
X4 0.0 0.15000D 01 a,n
X 3 0,50000D 00 0.¢ 0.50000D 00
CONSTP2INTS
X 4 X 3

¥ 2= 0.50000D 00 =0.50700D 70 =C.5CCOCD 0D

X 1= 0,150%0D 01 0.50000D 00 ~-0,5000CD 0N

THF OPTIMAL IS =5.500000C0

THE VMALUES CF THE VAPIABLES 2F7
X 2= ¢.,59%3nn0N0r
X 1= 1.,5C60C00N

ALL TH¥ OTHEER3 APT EQUAL TO Z¥PO
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CF SPOOL CONS STOP CLOSF
CON FIL® Q04€3 TC VWPST

OB DB U @R KA XS WD R AD D G Sy 6T OB T TN MR A D VO D K WS D

FXFC RECTIVE
»pR file U463 unnamed

Enter FILENAME FILFTYPF for TFT7AD, <c¢r>=no "7r¥Iy~™

cuadro problenm
RECORD LENGTH IS '132' BYTTS,
File CUADEC PRCBLTM A RECTIVIQ freom VWPSL

TYPE 'CUADRC PFOBLEM' TC FNTIR PILTNZWR FILWTYDR

o @ e my Mn e e e e IR T THS IR N TU) A AR PO UMD ER WO UGN Wew T D

P SR W R WD W TR U omS T TR YIS IS MM WD 0 8 WD AT v NS TeB AT Jue NI K AW A RORGR T g OMR W DV R T e oom

DD YOU WANT I BARD COPY OF THFY INFCFMA™ION DISTAYTD

. TES M B TR TN I IS a8 G YT M T Ar>  tan Che Ny five s TS TA TWR TH G sm e cae Ges TD s v R TES TR R U o e pe mam em

{<cr> I¥ ¥0T, TLSZ YTS)

yes

PRINTCUT CUADRC PROBLIMNM

ba*ch account number vwpslxxx

programmer name oOscar

PN PILE O4€H TO OSV31 COPY=0001 TITCDS=C0ON318
msy T=3,38/4,45 13:06:16

.

NO

-~

HOLD



1110

112C

1130

1290

1300

Appendix B

THE FORTRAN PROGRAMS

CALL DIRZLOG
CALIL INITIZ2
CALI SFT™MTX
CALL SVFOWIT
CALL FONI™

STOP

FND

SUBROUTIN® BUNTT

TIMPLTCIT FEAL*8 (A-H,0=7)

INTEGFF BASICO,BRASTC1,"L,ALTRT®,%5,T,V
RTAL¥S M3X

LOGICAL PICC

COMMON /NUMTRC/ N ,¥

COMMON /SUBJET/ P (20N)

COMMO™ /LIBEFS,/ LTBT (50),LTP T, LIBRT (50)
COMMON /BASICA/ BASTCO(50),BASICT(5M)
CCYMON /VALUES/ TPS,MIN,”T~P,DSPLAY,KIN
COMMON /MAXIMO,/ MAX

COMMON /MININO/ YO

COMMON /PARAME/ V,T,T

COMMON /PIVOTE, IPIV,KPIV

COMMON /KNUMER/ KCO,KV?2

COMMON /LFNGTH/ FL,JC,J1

COMMIN /LOGICG/ PICO

COMMON /FINAL / ISDNNE

TSDONT = 1

IF(LIBRE, EQ.C)GO 7 1120

CALL MALIB

TF(D2BS (MAX).GT.EPS)GO ™3 1200
IF(KVA.LE.0)GC 7r 1130

CALL COLPIV

IF(Y0, L™, =FPS) GO T 1200

ISNONF=1

GO TO 1990

CALL ST™V

CALL PATIO
IFP({IPIV,NE. 0.0 KAY.NE.7)GBO 7O 1300
ISDNNF=)

6o TO 1990

IF{IPIV.TQ,0,CF.YC,GT,DABS (MRX)) GO ™2 149D

I=BASICO (KPZIV)
BASICO(KPIV)=BISTC1(IPIV)
BASTZA(IPIV) =T

I®=R

crannnan
~ugrNyngn
CraNN0N3n
cuLnangn
£TaNNSN
rrONNED
CrzaNNTA
SIEANRNReN
TOANDNNON
cCyrnn10n
corootn
cUrINNI2n
cCURNN1IIN
cnsnntun
CHnannIsn
~NAON160
cCranni1To
TrAN180
cnanN19n
crro02n0
~yrnN21n
Toron22n°
~UANN2IN
crranzan
Trennpse
THURENN2ED
crrnpoTN
TgpNa2en
CTRNANAN
~TENAINN
carnniTn
(‘U?&ﬂ’\ ‘3’:)’3
cyrQgnizn
rUAd0340
rTANNAEA
CUE"N3R"
cnrng3Tn
~ranyl3’n
crpNn3an
TURNDH{LN
DA NARA VIR )
CHRIAND Y
TUREOHAN
TUANhnn
r""AD’\u’QJf\
CTENOLEN



1400

1410

1€

1430

1500
1600
1650

1990

10

P=1

CALL CONACT

IF (ISDONE,FQ, 0) GO TO 1990

p=I%

PICO=,TRVE,

CALL OFUACT

GO TO 1600

ALIBFF (KPIV)=ALIBEF (KPIV) +1

T=0

r=0

IF(LIBYE, EQ.0)GO ™C 1500

DO 16 I=1,LIBET
IF{I1IBR{I).¥Q.KPIV)GC T0 1430

CONTINU™

G0 TO 1500

CALL ADDONE

CALL CONACT

IF{ISDONE,TQ.0)G0O TO 1990

PICO=.FALSE,

CALL OFDACT

CALL SHOWIT

GO TO 1110

CALL CHANGFE

GO TC 1410

IF(BASICT1(IPIV).LZ.N+MIO)GC TC 1€5C

CALL DEL®TE

CALL SHOWIT

G0 TO 1110

CALL OPTTMO

RETUEN

END

SUBPOUTINE INITIA
IMPLICIT EBFLL*2 (R~H,0-=7)
INTEGEr BASICG,BASIC?T,ALIBFE,TL

COMMCN
COMMON
COMMON
COMMON
CO“MON
COMMON

/NUNTRO/
/RASICR/
/LIBFLG

/KNUNT D/
JLENGT™H/
/VALUES/

N,
BASTCEH (50) ,BASTICT (50)
TIBR(50) ,ITRPT,2LTIB"" (50
KCO,KVA

°L,J7,d1
*PS,MI0,IT?P,DSPLAY, KTV

CNMMON /OTROS ,/ LCS{50) ,LAS(5M)
JC=((N+1) %*(K+2)) /2
J1=(M+N+2)* (N+1)
EPS = DABS{PPS/2.D0)
NT=N4+1
rpe 10 T=1,NC
BRSICO(I)=1I
COKTINTUT
Do 13 K=1,N
L0S (K) =K

olsh Rako R NEAY
~r Q048D
~UAN249N
CUrNNson
~MANN51Y
cCuanNNs?n
oHBONS3IN
TrrN0s54n
Tuanps5e
CUALONSEN
~Ua0057n
cuAnNNs8n
CUADA50N
CORQDFPD
TURNNARIN
TUAD0F2N
cCnanNnNein
TUADNGHD
CUANDESD
cURD0660
TNANDETN
TUACNERD
TU2RNEAD
TTAQDTNA
TURANTIN
cCHuanNnN72N
TUAQDTIN
cnANNTLN
CranNNTIsN
TUANDTEND
TURR0TIN
TNANYTRD
TUAQNTAN
TNRAONBEND
SANARAN
TUMNAR2N
TURHNR2N
cUANNBLAD
~rrHN85.
“UADINBREN
cura037n
cunn0BRRn
curxgnaen
Tuanpann
od 15 e RN Rlie!
CURONG2n
CURNDI3N
TUpONALn
CTAN2989
TUAQNQEN
T f)’\q‘?"s
U89 en



13

14
1102

15

16

17

11

ALTBRF {K) =0
LTRE (K) =K

CONTINIF

TP (M.7Q.0)GO TO 1102

DO 14 I=1,H
LAS(I) =1
B*STC1(T) =N+T

CONTINUGP

KVA=N

KCO=M

FL=N+1

KIM=N+M

ITTE=N

1IBPT=0

MIO=M

RE™IBY

TND

SUBROUTINE SETMTX

IMPLICTIT RF¥AL*¥8 ({A-H,0=7)

DIMENSIONN G(200),F(100)

COMMON /NUMTROD/ N,M

COMMOY /SUBJCT/ P (270),0(50)
COMMON /r FUNCN/ 2 (100),B(50),C

KM= (N+1) % (V42) /2

LM=(N+1)*N/2

H{1Y = C

JH = 2

De 15 I=1,M
H(JH) = B(I})/2
JH = JH + 1

CONTINUT

Do 16 J=1,LM
H{(dH)=3a(J) /2
JH=JH+1

COYTINDNF

DM 17 K=1,KH
2 {K) =H (K)

CCNTINUF

TT= (M+1) % (N+1)

NT="4+1

DO 11 K=1,NT
G(¥y=0.,D0

CrNTINUE

IN=N

T1=1

DO 19 J=1,M
NI=NT+1
G(NT)=0{J)
Do 20 IJg=I1,1IN

85 -~

~URNNZ9N
st R AN NITI NS ]
717@01/\10
TrrOIn2Nn
cuanInio
nrANInLn
cHaN1nsD
~UANI0ED
cURONILTN
CTM2O01NRND
CUAQ‘IOQD
TgrN11gn
TUAOTITN
TUAN112O
Cnad113n
coan1140
~UrN1I50
cCU20116n
TTIA0Y1T70
cyr01180
cyanti1aen
TOr120n
cuani2in
cre»n1220
Tprnt2Rn
THRoI2un
CnaNI25Nn
TOANAT2€D
TURN127N
~U201287
TUrn129n
crro120n
coant1z1n
cnant1izo
corntizn
TR0 340
Cur01359
~g*N13FN
~mrn137H
CUrNI3RY
cupL139n
cuagIunn
0825 WAk BB K]
TTANTUARN
Crrd1423n
201840
TURAC 145N
CULDIBED
cnEniIyTIn
cTr2A0IEeN
TUr31400
~URLIRNA



20

19

21

17

PI=NI+1
G {NI)==P(IJ)
CONTINUE
I1=TN+1
IN=TY+V
CCYTINUF
DO 21 K=1,1IT
P (K) =G {K)
CONTINIE
TTURYN
EXD

SUBFOUTINE SETV

IMPLICIT RTAL*8 (A=H,0=17)

PTAL*8 MAX

INTEG®T V

COMMON /PIVOIF/ IPIV,KPIV

COMMON /VALUES/ EPS

COMMON /NUYERO/ V,M

COMMON /OFUNCN/ A (110)

COMMON /MAXING,/ M2X

COMMON /PAFRME/ V

KI=KPIV* (N+1) = ((KPTV=1) ¥XKPIV) /2+1
MAY=0, D"

IF (A (KI).GT.TPS)HAX=2 (KPIV+1) /2 (KT)
V==1

IF (MAX. GT.0.D0) V=1

ETTOEN

END

SUBPCUTINT ADTONE
IMPLICIT RERL*8 (A=H,0=7)
INTFGEF 7,5L,Z
COMMNN /PIVCTF/ IPIV,KPIV
COMMON /LENGTH/ FL
COMMON /NUMFRC/ N,M
COMMON /PAFIMF/ V,T
COMMAY /SUBJCT/ P (200)
COMMON SOFUNCN/ I (100)
7=0
KAP=KPIV+1
DO 17 K=1,KAP

J0=K-1

KU=T*F L+JO+1

AJO=KF IV+Z+1

D (KU) =A (AJ0)
2=7+¥=J0
NIL=N-KPIV
TF(NTL.LT.1)GC TC 1450
ro 18 K=1,WTL

~a (15110
1520
faaN1IS3N
~uaQ1549
rITRN1550
CUrL156N0
TURNST0
THEN1ReN
~rpNr150n
CORDIFON
Ty N16190
~“UPL1E20
CUANTFIAN
CUARTAUN
TUADIESD
TURNT1REN
CUACTETN
CHOLNTFRN
TuAN160Nn
cCURG170N
RLE-E N B RS
TURAC1T729
curn173Nn
Crp0174n
TUE01750
cuANTITED
TrLQ1TN
cran1780
TnrQ179n
THRDTIRCD
TUAD1I]TN
TOrn182n
CHANTIRIND
TURDNIBLAN
Trr01850
~RAlIgFN
TUAnI_IN
TR0 188N7
cornf18an
cUaA019L
crpntgan
cornt1azn
cnrH193n
crrn1Iaun
CE 01959
cUTAN1AED
cnrg1g67n
THr 01980
~Tyrn10gn
CTUAQ2A000
cNENR2NAAN
Ty 202N



KC=T%t L+ (KPIV+K) +1

KOJ=KPTV* (N+1) =~ (KPIV* (KPTV-1)) /24K +1

18 P (KO) =2 (KOJ)

1450

19

1540

20
1560

IpIV="
TTSTURN
END

SUBRROUT™IMFT CHANGE

IMPLICT
INTEGEF
COMMON
COMMAN
COMMON
CCMMON
COMMON
coMmow
CrYMON
CCHMMON
LIBRE=L

LIBB(LIBFRE)=KPIV

T FEPL*8

(A=H,0=7)

T,P,BRSIC1,B*3SICO

JENUMTE/
/PARRME/
/LIBTRS/
/PIVOTE

/NUNTRC)
/BASICRA/
/0Tros /
/VALUES/
IBFT+]

KCO,KV?
Vo™ ™

LIBE (50),LIBT"
TPTV,KPIV

Y,V
BASTCO (50) ,R2STC1(57)
LO< (50) ,LAS {50)
npe,MIC

BASICT (M+1)=BASTICO (KPTV)
BASICO (KPIV)=N+MIOC+KDPIV

LAZ (M+1
KCO=M+1

y=M+1

IF{KVA.,.LT.1)G0O T7C 1540

DO 19 K

=1,KV?

IF(LCS (K) . 2Q.KPTV) 7=
CONTINGT
KVA=KVA=1

TF(KVA.LT.T.0F.T.LE.Q) GO ™ 1560
DO 20 K=T,KV2
10S{K)=105 (K+1)

CONTINU
M=M+1
=M

F=1
FRTURN
EWD

™

SUBROUTINT DELETT

IMPLICI
INTEGEE
CryMoN
CCMMON
COMMCH
CCMMIY
COMMON
COoMMAN
CCHMMON
COMMON

T RLAL*8

(2~H,0~2)

FL,ALIBF¥,BASTC1

/NUVTFC/
JENIMET /
/BASICA/
/PIVCTE/
/LIBRES/
JOTRCS /
JLENG™H/
J/STBICT/

Y, M
KCC ,KV2

KB20 (50),BASTC1(50)
IPTV,KP™V

LIBR(50) ,LIBF™ , YLIRT 7 (50)

LOS (5D0)
YL
P (200}

- 87 =

~R02730
~UAN20Un
~rN2050
cHa206N0
cgap2r7Nn
~“nr0208N
~TR Q2 NAN
TURC210N
ANMANL21IN
TUrnN217290
cupN2130
cranz2ian
Trman2152
“THANRAED
TpAD217%0
cnen218n
TTTAN2 189
TgrN2200
cyrn221n
~pAn222n
cOrn2230
THRAN224N
Znrr2250
~URN226N
TNAN2270
TORN2280
cr2Q220n
TreH2330
cTAN23ITIN
cner2320
cor*N2320
cnr0234n
TP NA235N
CUAND3FD
cnrr 02370
crrn238n
cran23an
oRtE T Yaka
coro24n0
Tnuan2u2n
cnrA2Ean
~gro44n
TR Ozuqr\
~ITAADHEN
Tgan247n
CUNO248°
~nmanucn
TUreL25nn
~rern251Nn
crTRNL25EDIN
TOR0253%5
Trap254n



1640

23

219
217

BASICH (TPIV)=BASICT (M)
KCO=KCO=1
KVA=KVA+1
LOS({KVY)=KPTY
LIBPE=LIBRF=1
IF(LIBRF,LT.1)GO ™0 1640
DY 21 K=1,LI®TE
IF(LIBR(K) .EQ.KPIV) GO TC, 1€30
CONTINUT
GO TO 1640
DO 22 T=K,LIBKT
LIB™ (I)=LIBR (T+1)
CONTINUE
NI=V#1
KIP=IPIV¥EL+]
RKIA=M%PL+ 1
rn 23 K=1,NT
KIT=K~1
KTU=KIT+KIT
KIC=KIA+KTII
P (KIU) =P (KZ0)
CONTINUF
M=M-1
ALTBP=(KPIV)=ALIBRE (KPTV) =1
PETURN
END

SUYBROUTINFY PROFUN

IMPLZCIT RF2L*8 (}~H,0=7)

DIMNEFNSION X (100)

INTEGTE BQ

COMMON /OFUNCN/ B (109)

COMMON /RUMERQ,/ Y

COMMAN /BLSICA/ EC (50)

CCMMON /VALUES/ ZPS,MIC,ITFF

IF(ITT5.EQ.C) CALL MTS5AG(15)

I=2%N+1

NI=N+1

NN=N+1

IF(NI.G™,5)FI=5

NO=NT=1

WPITE(€,214) (R, K=1,N0)

HRITF (6,215) (BO(K),K=1,Y0)

o 216 I=1,NN

DC 217 K=1,81
TF{K,GT,I)GC TH 219
K1= {(L=K+1)* (K~1) /241
co ™ 217
K1=(L=I41)* (I~1)/2+K
¥ (K)=2(K1)
IF(I.NZ,1)G0 TO0 280

TUAN2ER"
cnaN2560
TUAN2570
~1r 02580
CUAN2590
CADP600
cr02610
TTR02620
TURN2E20
TR O26ULD0
CraRl26e50n
CPrQ2660
TORD2670
TR FAFDN
cur02690
TUAN2T70N
cCUEN2710
cprQ272n
~Hp0272390
TAQ2740
~nan27s50
CNAD2760
cuan277n
SUR027P0
caaAQ27an
TURAL28T 0
Tnan2e1p
cnaAN2820
CMAP2RAN
cURO2840
TUaN2850N
~URaN28¢N
Ca 02’70
crad2s8an
cyUaf2R9N
cupN29nn
curplo1n
Tun 02920
TpAN2o03n
TR N2
~TTr Q29580
T2 NY 96N
TUAD207N0
”UAOZQPW
cuaf299n
curp3In~n
cnao3pan
TUROINDA
cran3ean
curN3nnn
THRORO5N
~pro3fen



240

280
21¢
285

228
227

226
250
214
215
220
222
230
232

WFITF(6,22C) (X (K) ,K=1,NI)
GO 70 216
WRITF (6,222)BN {I~1), (X {K) ,E=1,NT)
CONTINTTE
TEF(NOJEFQ.N) FETURN
FI=NN41
NO=N
WRITT (6,214) (K,K=NT,Y0)
WRITF(£,215) (BO(X) ,K=NI,NO)
ro 226 I=1,NN
DO 227 K=NI,NO
K1=K+1
TF(K1.LT.I)GO 70 228
KI= {1~I+1)* {I~1)/2+K"1
GO TC 227
KI=(L=K1+1)*%{K1=1)/2+1
X {K)=A (K1)
ITF(T.EQ.1) WRITF (6,230 (X{J),J=VT,"")
IF{I.EQ.1) GO TC 226
WPTITF(6,232) B0 (I-1), (X({J),IJ=NI, i)
CONTINU®
PETURN
FORMAT (/,5X,'OBJIFCTIVE FUNCT ON',/, 11X, U4(12X,12))
FORPMAT(/,23X,4 ("X ,I2,11%0)
FOTMAT (/,3%,5(2%X,T712,5))
FOPMAT({/,1%,' X" ,I12,1%,D12.5,4(2X,D12.5))
FOFMAT (/, 17X, 4 (2X,D12.5))
FORMAT (/,1X, "X ,72,13%,4(2%X,D12.5))
END

SUBRONTINE PPICON
IMPLICIT FEREAL#*R (A=~H,0=7)
INTEGFF BO,R1,TL
COMMCN /NUMEZRO/ N, M
COMMON /BASICI/ BO(50),B1{50)
COMMOYN /SUBJCT/ T (200)
COMMON /LTNGTH/ PL
N1=N+1
M1=M+1
IP{¥N1.GT. 5V 1=5
NO=N1=1
CALL MFSSAG(16)
WEITF(€,307) (BO(K),K=1,00)
oo 306 T=2,M1
KI=(I~1)*T1+1
KC=FI+NO
WrI"T(6,309)B1(I-1),{P(X)  ,K=KI,¥M
COYTINUE
IP(NOLEQ. XY RCTURN
BNI=NO+1
R¥O=¥X

- R9 =

CUAN3LTN
cUAnN3IraNn
TURN3INGH
crap310n
~rr»03110
cprr3120
cTRN3An
Tnr0314n
~nani31sn
CUPN3ITED
TurD3170
Trr53180
Crrg3109n
TUR0320N
orro321n
TUXEN3I22N
Ccrean3230
cuani3den
TUADL32E9
CUR032FN
Cnap327n
cuag32nn
~T3Q329nN
2ur03370
rrRN3319
TUrN33N
cgrI33Nn
cURH3342
TUrH32590
TIARAZEN
CUxrL3370
Craniazan
CURQ3390
TuaAQd340n
cnrp3an
ZURN3820
CUAC3HIN
Turn3ann
“TApd3IRSN
COaN3IYfn
~UAN34TN
TIRAQRL8N
CnaQ3uen
TUAN3SEN
TUANIHID
CHEN~3IR20
CO2A03530
SO 3540
CTIaN3InEN
~pPYA3560
CrnrN3587n
CrAN3&EN



310

307
309
31

402

TF(NO=NT.GT,5) NO=NT+5
WPIT™(6,307) (BO (K),K=NI,ND)
DO 310 I=2,M1
K1= (I~ 1) %RL+NI+1
K2=K1+NC=NT
WRITE(6,311) B1(I-1), (" (K),K=K1,K2)
CONTINU®
IF (NO. FQ, ") FTTURN
6O TO 320
FORMAT(/,23X,4(1X',I2,117))
FOFMAT (/,1%,'X*,I2,'=',D12.5,4(2%,012.5))
FORMAT(/,1%X,'X',T2,13%X,4(2%X,D12.5))
END

SUBROMTINT MALTB

IMPLIC™T F¥!L%8 (A=H,0=2)

FFAL*8 MAX

CCMMCN JOFUNCN/ B {170)

COMMOY /LIRRES/ LIBT (50),LIRRF

COMMON /XOMECG/ W, M

COMMON /PIVOTE/ KDUM,KPIV

CCMMON /MRAYTFC/ WiX

KPIV=LTBF (1)

KOH=LIBF (1) +1

MAX=A (KOH)

I¥(LIBFE.L7”.2) RETURYN

DO 402 K=2,LIBTT
TP({MAX.EQ.C)GC TO 402
ROH=LIBF (K) +1
IF(2 (KOH).TQ.0)60 ™0 402
IF(DABS {MAX) .GT. DABS (A {RKOH)))GO ™1 4N
KPIV=LIBF (K)
MAX=3 (KCH)

COY TINUT

PETyRY

TND

SUBROUTINE CFURCT
IMPLTC™T PEIL*8 {(2=—H,0-27)
INTEGTF FL,7,2,7%21
LOGICAL PICC

COMMOY /SUBJCT/ P (227)
COIMON /OFUNCN/ A (100)
CCOMMON /I ENGTH/ RI
CCMMON /PTIVOT~/ TP,KP
COMMAN /NUMTIEC/ N,M
COMMAN /LOGICO/ PICO

IN=N+1
0 502 Ir=1,IV¥
J=1F~=1

Ccnpa0ilIsg”n
cupn3enr
rUAN3IAIN
rUrD3eEDn
cr203630
CHRO3ELN
CURN3IBSN
cURN36ED
CiIr03€e70
TURA36PD
nITAN3F9N
cUzD3ITNn
CULORTIN
Cran3T2n
cur03730
Trr03749
cap37s5n
TU203760
cMAN3TTIN
curpn37ge
cUAQ3ITAN
~aaN3gnn
crep0381n
cranilignn
TyUr P383N
cUanlean
curN385n
CUANIBEN
CPTANIBTN
Tya0388n
Crr»H3IR9N
TURN3900
cCOaAN29n
CTrA03920
crrg393n
oraN3gen
cyrN3asn
~Ur039F "
~UAR397D
curfigen
crp03990
cyurnynpn
craoanIn
CURNYAPD
CURALNIN
cruagangn
~UFOANSN
CUARDLEN
ok el RoEi Sode Xy
TnAQuNgn
cordanan
cUAQA1YY



502
5%¢

512

534
532

546

IF{(J.EQ.EKP)GO 70O 502
72=0
TF(J.GT.KP) Z1=Kp~1
IT(J.LT.KP)Z1=1
ITZ1=21+1
DO 504 IS=1,T%71
K=I58~1
KH=J+Z+1 )
KH1=IP*FL+J+]
KHO=KP+Z+1

2 (KH) =A (KH) +P {KH1) *A (KHO)

7=7+N-K
T=Z+KP
CONTINUF
TKP=KD+1
TF{IKP.GT,N)GC TC 53°
DO 510 K=TIKP,N
DO 512 J=K,¥
RH=Z+N=KP+J+1
KH1=IP*RL +J+7
KHO=T+K=KP+1
A(KH)=A (KH) +P (KH1) *1 (KH")
Z=7+V=K
DO 522 J=IKP,NW
KH=T+J~KP+1
KH1=TP*RL+J+1
A{KH) =2 (KH) +P (KH1)*2 (T+1)

- 21=0

PO 532 TR=1,KP
J=IT=1
Z=0
KH=KT+Z1+1
KH1=TP*RI+J+ 1
SUMAS? (KH) +P (KH1) %3 {T+1)
DC 534 IS=1,IF
K=T 5= 1
KH=IP¥FL+K+1
KH1=TR+Z

A{KH1)=2 (KH1) +P {KH) *Syv2

Z=7 +¥=K
Z1=Z21+%=3
IF{IKP,GT.N)GO TC 550
DN 542 J=TKP, N
Z2=0
Tr=7+1
DO 5472 T78=1,TR
K=I&=1
IF(K.NELKPYGO T0O 54¢
7=7+1
GC TC 542
KH=J+7Z
KHN=T+J=KP+1

TyURcutIn
cnafy2n
cOANLI3N
crRO4140
cnAnR5n
TUANLTEN
cUAR1I70
curoa1en
Trr 4190
TUrNa2n
crzou21n
cCra0s22n
Tn2ng?30
cTr Qu2un
crua04250
TIINUDED
cy»Qu2IN
crnaQa?80
Tgr o290
CURO43ND
~nrng3Ng
cCUANL32N
CURIL3IRN
cUp048349
CUr2Q4350
TrrRU36"N
cranuITn
cuapyg2en
cuznu3en
CrAQLLnD
crroagan
CURLLLDN
RN
cyurouLgn
CTr2i4450
curQuuen
cuanuyTe
orro4480
cuaguuon
crangspn
~Or045190
cTUaQUu52n
cnaQsszn
CU2NUSEN
CTUA0LS5N
CUADUSFD
cUAGLUsSTN
CNeoas589H
crrgus5en
TUEOHEND
cCU2N4€en
CHELUER2N



542
550

552

554

562

568
5¢4

KH1=IP*FL+K+1
2 (KH) =2 {(KH) +P (KH1) *A (KH()
2=2+Y=K
IF{(.NO™,DPTC0O) GO TC 5B6C
Z=0
KHO=TP*RL+¥DP+1
DO 552 Is=1,KP
K=TS=1
KH=TKP+7
KH1=TP*F L+ K+ 1
B (KH)=A{KH) +P{KH1) *A (T+
7=7+N~K
DO 554 J=KP,N
KH=J+7=K P+
A {KHY=7 (KH) *P (KHOQ)
7=0
LO 556 I8=1,IKP
E=I5=1
KH=TKP+7
A (KP)=D (KH) *P{KHO)
Z=Z+N~-K
RETUPN
7Z=0
DO 562 I3=1,KD
K=T 5=
KH=KI +7Z+1
A(RKHY=0,T0
Z=Z7+Y=K
A(C+N)=1.DO/R(T+T)
IF{IKP.GT,N)GO TO 564
DO 568 J=IKP, N
KF=J+7=KP+ 1
A{(KH)=0.D0
FOTUPN
YD

SUBRNUTINE COLPIV
IMPLICI™ FPPL%*8 (A-H,O-7)
COMMAN /OFUNCN/ & (100)
COMMON /OTEDS / LOS (50)
COMMON /KFUVTR/ KCO,KVA
COMMON /NOUM™TC/ ), M
COMMON /MININO/ YO
COMMOY /PTIVOTT/ I1PIV,KP
KP=10% (1)
KFDO=L0S (1) +1
YO=A (KHO)
IF (KV2.LT.2)PTTURY
DO 602 K=2,KV2
KHO=L0S (K) +1
TF(D (KHD) .GT.Y0) GO ™0 602

- 92 =

CUrNyeln
~URQUELD
cUrNUB5D
TOAQLAARND
~TTAQUHETD
CAAQUERD
TURPUEAN
TURNLTON
rUASUTEN
eI 0
cyanru7in
crAnpILn
CURNYTIEN
CHAQLTED
CTANLTTO
cCUrNRI8C
TTAQLT90
CTHAQ48’CP
cUrLRIN
rUAQU82D
cOoagun3n
~or048480
~UAa04850
TUANGREN
~TUrOoBAR’7TN
craQugen
copoygggn
cU2daann
curfu91n
cUrnNaa2n
CTANL0930
cradyoudn
CUr0a950
CTAQU9EN
CUY 097N
CTTAQB9RN
craggoon
CcUYNSANN
~HRAC501N
~IrN5nN2n
TUAD5030
~r "5{\141\
“grn5050H
cCHOANSNEN
TALASNTA
Crpans08”
cprngoan
cUANS10N
CUra511n
cur 05100
cornN513n
curns1an



£02

702

"4

708

710
712

YO=? (KHO)
KP=L0S (K)
COETIVNT
FFTURY
END

SUBROUTTN® BATIO

TMPLICIT REAL*8 (A=H,0=Z)
INTEGEF RL,V,7%

COMMON /LPNGTH/ PI

COMMON /PIVOTF/ IT,KD

COMMON /SUBJCT/ P (200)

COMMON /OTFOS / KLOS(50),LAS(5")
COMMON /KNUMEE/ KCN

COMMON /VALUES/ ¥PS,HMTO,ITEP,DSPLAY,KIV

CCMMON /MIKINO/ YO
COMMON /PARAME/ V
COMMON /NUMFROG/ N,M
Tp=0
IF (KCOL,LT,1) PFTULN
DO 702 T=1,KCO
KH=LAS (T) ¥FL+1
KH1=KH+KP
IF (V*P (KE1) .GT.TPS)GC TC 704
CONTINUR
EETURN
YO=V*pP (KH) /P (KH1)
Tp=LAS (1)
7=I+1
IF(Z.GT.KCO)TFTUEY
DO 706 I=%,KCO
KH=1AS (I) *PI +1
KH1=KH+KTF
IF(V*P (KH1).LE.TPS)GC 7¢ 706
Y7™=y%P (KH) /P (KU 1)
IF{Y",G%,Y()GO TO 7)8
IP=1AS (I)
YO=YT
GG TO T0€
TF (YT, NT.VC) GO TC T0€
TO=LAS (1)
DG 710 K=1,N
KHO=IP*RL+K+1
KH2=IP*FI1+KP+1
KH=IN*FL+K+ 1
YTP=V%P (KHO) /P {KH2)
YEQO=V%P (KH) /P (KH1)
IF(YZP.LT.YFO)GO TC 70F
TF(YT0.LT.YFP)GO TN 712
CONTINUE
IP=T0

TraN515”n
~“TA05160
cr:05177%
cCurN5180
Cran51¢0
Crpos52°n
TUA0521°
curnNs5220n
curns23”
crrn524n
CUR05250
ZORNB26N
CU205279
~yur 05287
TrAN5299
~URN5397
Crad521”
curns13I%n
Cnansh33n
CUANSIYN
~yr{5350
Trr05369
cUrns537n
CU2053R0
TURA05399
curnsann
CU2"5410
TUANS4H2N
cnrQ5430
CrrQ5442
cCraOs545n
CHRQ5460
CURAO5487N
ZUADSURD
Crr05490
CUr 35800
THNADS51N
crr05527
cygrns5539
crpO5549
~U205557
TUrN55A1
TURNS5571
CUMOHSHRN
coros5s5en
CTANSEND
Cnags61n
TUANS562N
CURNSERN
COROS564T
CT2O5651
CUr 05667



706

806
804

810
802

820

CONTINOR
RETUERN
END

SUBFNITINE CCNACT
IMPLICIT REAL*8 (}=11,0~7)
INTIG¥T RL,F

coMMoN /sUBICT/ T (200)
COMMON /PAFAME/ V,T,I0
CCAMON /NUMERC/ K1,T
COMMON /PIVOTE/ TIP,KD
COMMON /LFNGTH/ RL
CrUMoY /FINAL / ISDONY

KH=IP*T L+ KP+1
IT{P(KH), EQ.C)GC Tr 820
PIVCTA=1.D0/P (KH)
IT0=I0+1
IT1=11+1
KK0=1
KE1=K1+1
IF(II0.G7.TI1YGO T~ 802
po 804 ZI="I0,I11
I=17~=1
IF{Z.EQ.IP)GO ™0 B’IY
KEO=T%TL+K P+
P (KHO) =P(KHQ) *PTVyr T2
TO 806 KK=KK0,KK1
E=KX=-1
I7{K.EQ.KPY GO TG 8CF
KH1=T%TL+K+1
KH2=IP*PIl +K+1
F(KH1)=F (KH1) =P (KH2) *P [KHD)
CONTINDOF
CCNTINUE
DD 810 KK=KKO ,KK1
K=K¥x~1
KH2=TDP*F L+ K+1
(K. NT.KP) P (KH2) ==P (KH2) *ITVOT2
KHY=PIVCTR
TUPN
DOYE = 0
TURN
D

RS I 1

bel b4 LD T e

2
knl
N

SUBROUTIN® SHOWIT

IMPLTCTT FTAL*8 (I-H,0-2)
DIMENSION ZOL (5(C)

INT®G®F DSPLAY,FL,BASICI,B2S5TCH

commoy /VALUES/ FPC,MID,ITER,DSPLMY

COMMON /NUMIIC/ N,V

- Ol =

TUr05670
crr05680
AR N5670
TOpO0570N0
~pLp574n
CHANST20
COEnNs73H
cUr05740
crnansrsn
CORDBT7EN
CTHanNs5779
CUANgI78Nn
CUa 057990
CTRAN580 N0
TUA05810
Trr (582”7
CUs 05831
COr05R40
TIrN58R50
CUz2r58¢"
cyrnNs587°
TrA058R0
TP 05892
cyansaenn
CUr~"591n
~OANSaAZN
cr20593n
CUaQs594n
~Ha05950n
TUR059¢0
CU2N597Y)
cuaps9sn
~rro59an
CTADANON
COANENAD
CNroen2n
cyurngL3n
cUMRAOUN
CU2n6nNsD
CUTANELEN
cuUrNgnNn
CTUANEFQRD
~gAfLENaN
CHANGEINN
TUMDE1ITN
cnpos120
TTANFRIN
curnslag
CUANgIsN
CURNAE1EN
cCUrG1TO
TU20r180



1813

1812

1820

28

1830

10€ FORMAT (//,5X,!

COMMNN
COMMNN
COMMON
COMMOW

JOFUNCN/ P (109)

/SUBJCT/ P {270)

/BASICA/ B2SICO(50),BR1S™C1(5M)
JLFNGTH/ R1

IF{DSPLAY.FQ.0)GO TC 1890
TE(DSPTAY. Q¢ 1. AND.ITTI ,TQ,M CMLL MTSRSMG(17)
ZF(DPSPLAY.TQs 1. ANDL.ITEF,*0.,0)G" MmO 1820
IF{DSPL?Y,GT, 2. A}D, ITZF,%70Q,0)G0 70 1812
WRITT (€,213)ITFR

IF(DPSTLAY,.FQ. 1)GO 70O 182"

CALL PEROFUN

IF(DSII2Y .. 702, AND M. Q. 0, ANDL,ITTF, 70, M) GNP ™ 1820
CALL PFICON

ITER =
HeTTT{
K=M+1
28
KT0
£0L
CONTTY
WRITF {
CALL W™
FTTUPYN

*F 15, 8)

ITER + 1
6,106)2 (1

=(I=-1)y*FL+1

(IY =D (KID)

no

6,107) {BASIC1{K),S L{K+) ,kK=1,™)
EZ3®2AG(18)

213 FOFM*T{/,15%,*ITFATION NUMBEF ',I2)
107 FORVAT(/,5X,' THT VALUES C¥ TPF™ V2FIDRL™"

1710

*= "F1
FND

syB~on
IMFPLIC
DTMENS
COMMON
COMMNN
CrMMON
COMMON
CCMHMON
COVMMON
COMMON
INTEGT

5.8,/,30X,'X"))

TINL CPTIMC
Tm RTAL%8 (P=H,0=7)

ICN SCL(50)

JVPLUES/ TPS,MT0,TI"E?, SPLAY
JFINAL s/ ICDNNT

JNUNTRC/ N, W

/BASTCR/ BRSICH (50) ,BTSTCT (50)
/STURJICT/ P (200)

JOFUNCY/ 2 (197}

JLENGTH/ ™1
R DSPLAY,S,FL,BASIC1,BAST™N

IF(ISDONE,EQ. 0) CALL MESSMG(19)
IF(ISPONFL,EQ.0)GC TO 1750
IF(ISDOFY.TQ,1)C*1I MESS7TG{(27)

ZF(D3P
CALL P
CALL P

LAY,EQ.0.0F . DSPLAY,.FQ. NG m™C 1710
"“CFUN
EICON

WRTTF {€,106)2 (1)

K=M+1
DO 28
KIO

T=1,K
= (T=1)*FL+1

ATE

THFT CURTTNT VALUT O% ™HF ORJTCTIVS FUNCTTIN 77 4,

Ye/ 300, 0K A0 (10,

~TTANE19N
COanea2nn
CUrane21n
CURNE27D
cyrn623N
~TURNE 24N
rrr 02N
cCnaQ62Fn
CUBRNEDTN
COR06280
THADB29N
CTNENF RN
~Nr0NAsR31N
CURPE32D
cnrns3?n
CIA0HA34D
CNaNel3RN
CORO06360
CNAQE 37N
CANERAN
cCyu» 06300
CUAQELQON
TpgANgaTn
CUr26U420
CUANGH3N
Tur0AULULN
CU20F 45N
CTADEHEN
CUrANeLTY
CTRORLED
CTARGU9D
~TANESCD
Tor06510
TUX06520
CU?PNESRQ
~r 06540
~1e ’BFBR"\
N2 06567
TUANEERTH
CyUrng529)
CUrNER9N
CN2ogaNN"
CTATGE1N
CTAQEERN
CURNEERN
CTACHEHLN
TUANEFRN
rar0aAeN
~UADRETD
CNMANRRAN
CNrQ669N
CHANETINN



SCL (I) =P {KIC)

28 CONTINUF

1750
106
107

108

100

41
162

42

43

121

WRITF (€,107) (BASIC1(K),SOL (K+1) ,K=1,")
CALL MFSSAG (18)

CALI MPSSAG{21)
F®TURK

FCPMAT (//,5%X,"'" THT OPTIMAL
FORMRD (/,5X,' THI VALUTS O% m™H® VATTIABI™S

=',F15.8,/,31%X,'X"))

ForMat(/,5%,' ALL TH®™ OTHERS
10SCAF MANFIQUE,

END

SUBFOUTINE DIELOG
IMPLICIT EFAL*8 (2-H,0-7)
TIMPNSION G (200),D{120)
INTEGEF DSPLRY

COMMON /NUMTIO/ M, M

COMMAN /SUBJCT/ P (200),0(50)
CCMMON /OFUNCN/ 2(100),B(50) ,C
cNYMOoN /VALUES/ F,MIC,-7ZR,DSTTAY

DAT™A BLANK/' '/
CALL M7™RE2G (1)
CALL MESSAG (2)
CALL FMT3SAG(3)
K7Y=0
CALL MTSSAG {4)
CALL FEADIT (X)
IF(N.GT.0)GO TO 41
WRITE (€,€60) N
GO 7O 130
TF(KEY.¥0,1)6C TO 1901
CPLL MF3SAG(5)
CALL FFPADIT (M)
IF(M.GF.N)GD TC 42
CALL MESSIG(6)
GO T 102
TT(M,ITLN) GO
WRITI(6,67) N
GO TO 102
IT (KPY. EQ. 1) GO 70 176
CALL M7TSSAG(7)
K0=0
JIK=0
Lo 13 J=1,V
IF(JIK.TQ.N) 6C 70 104
TF(JTK.NF.0) GO TO 122
JL=0-1
NT=F=JL
NT1=NT
IF(NI,EQ.1)G0O TC 104

0 43

- 96

',F15, 8)
Yo/ 31K, %, A1N(12,

ARF TQUAL 70 7ZFRD ', /,78('~'),/,58%,!
1982, /,78('~-"))

rURNATAN
curNpI2N
TURNFTRD
cCUrleTLn
TTANGTEN
CTANRTEAD
TURDETTD
CUANETRD
cuU20£799
T2 068D
THUAOFB8ID
crapen?n
CTAQAARZN
CTUANELYN
CUROBRARN
CTADFREN
CORO0RATN
CTAQ06RRN
CURDERED
COROHIND
COUPNFOIN
TTPA6920
Ccurn693n
TUANE94UN
TORNE9EN
TURNBRIAED
CUrAD6970
CUAQAIBD
CHA(}6 gon
TOADTINGN
cyrpIntn
CrapIe2n
COorO?C030
crraINa0
CUOANTNASBN
CTAaNTARND
ORI 50 I RAN A
cOorN7nen
TUrG00N
curorTAnn
cuzdTIIn
U270
curn7T13Nn
crr714890
07150
CUAN?71¢N
cug2g717n
crp71en
CUr07190
THANT2NG
COADT21Nn
TURDTO2N



122

104
105

14

13

11€

130

112

110
111

12

10

WSITT(€,70)NT,J
GO T 105
WFITT(€,70) NIL,JIK
GO TO 105
CALL ME3SAG(8)
CAIl FEADEM(D,¥IL)
KIN=1
IF(JIK.NE. C) KC=I0=-NIL~1
TF(JIK.NT, C) NI=NTL
DO 14 K=KI',NT

YO=KO+1

? (K0} =D {X)
CONTINUE
IF(KEY.EQ. 1) IA=TA=~NIL
IF(KFY.FQ. 1) 6C 70 1017

CONTITUF

WPITE(6,68) N

CALL T ADFM (B,))

TF(KFY.FQ.1)GC ™C 115

CALL MESS?2G(9)

CALL PF2DINM(C, T

IF(KEY.®Q.,1)GC TO 112

IF(M.FQ.0)GO TC 140

Ja = 1

JIn = N

r0 11 T=1,M
IF(JT0.NE. C.AND. K" Y. ©0.1)GO ™0 110
WRITT(6,66)N,I
60 TO 111
WPTTT (6,66) N,JI0
ZALL PERDEYN (G, M)
TF(KEY.TQ. 0)JT0=T
IF(KTY.7Q. 1) J2= (J70=1) *N+1
JI=J IO*N
J=1
Pr 12 K=JA,JC

T{K) = G(J)
CONTINUT
TF(KEY.FQ. 1) GO Tn 1n8
JA = JI + 1

CONTINTE

TF(M.GT.1)GO TO 103

CALL MEIS?G(10)

GO0 ™0 131

WETTT(6,64) N

CALL TFRDEM(D,M)

DO 10 T=1,M
IF(0(T).GT.0)G0 T 19
WPITZ{€,€5)I,0 (T)
g0 TO 103

CONTINUT

nURANT2IN
TrpQI24%
CUANT 250
CO»NIDED
cyanN1I270
CHrL7280
cURNTI29N
Cran73nn
cCrrN731n
TOr073I20
cran73z”
cyUr073490
CUANTIRD
CUOr2736N,
cu»n7370
cCran7iANn
739N
cuaAnNTIfen
~:Q7417
crr»o742n
TrANTARD
cgrO744n
cUan7usn
curn7ufn
CUpnN7u47n
cnArLen
~grQ74c?
CTan7ISNn
CTANTR TN
crrd7son
crmeaQ753n
41 5-RAN AT/ Rt ]
COrN755N0
CTADTIHED
Cran7Tg7ian
TULNTSRN
cran750n
cyrnIeeon
TUIDTEAN
CTUANTEDD
CUrD763"
CU0764%
cyurn7TEsSn
TULNTRET
CHROTETN
CURNTIERN
Trrd7s0Nn
crap7ITon
TUrPOTTYIN
Cﬂﬁﬂ7720
CVEO77?Q
cyurrITILN



WD -

1901

10€

701

107

1017

128

119

16
115

113

118¢

108

IF(KEY,"0,1)G6C 7¢ 18C

L MFRSAG (22)

CALL RFADEM(Z,1)

IF(KEY.FQ.1)G0 TC 181

NTYXT SICTICN CHFCKS THEL CTPRTCTY ™SS rF THE
CALL MFP3s2G(11)

ChL

K™Y

WPIT™ (6,901 N

= 1

FEWTIND 5
TEAD(5,33,END=106)CHAR
TF{CHAF,.NE.BL2NK) GO T
TF(M.EQ.0)CALL JFESCNG (12)

IF{M.FQ.0)GO TC ~(C1

WRITE(6,T74) H
PFWINDT 5

TFAD(5,33,END=107)CHAR

190

T¥ (CHAF.N¥,BLANK) GO T0O 102
Tr=1

Iz=

N

0

16 7=1,X
I1=TI~1
MII=N-T1
TO=IN+NIL

IF(I,.FQ.NYGO mC 128

TA=I2+NIL
JC=T0=-NIL

WRITT(6,79)NIL,”, (A (KI),RT=J0,T})

GO T 119

L8T=(N+1)*N/2
WRZI™®({6,80)2 (LST)

PEWIND 5

PTA™(5,33,FND=16)CFAR

IF{CHAF, £2Q.BLAYK) 10 ™0 1€

JIEK=C
GO TO 121

CONTINUT
WRITE(6,78) K, {(B(XI) ,KTI=1,1)
TRWINT 5

FRAD(5,33,°ND=113)CHA

IF{CHAF,¥=,BLAFK}) GO 72 118
WRIT" {6,77)C
PEWINT 5

RT¥AD (5,33,FN¥D=1180) CHAF

IP(CHP®,N7,BL2NK)GC ™2 116

IF(M.T0.0)G0 TC 181

Do

15 IK=1,HM
KR=TF*N

KO= (TK=T) *%}+1
WIZTY{6,75)¥,IK,(P{J),J=KN, K™

FPEVWIND 5

FPTAD (5,33,FFD=15)CHLE™

IF{CHAR,EQ.BL? ¥NK)GO 70 15

P

98 =

PR

> e aw D ue weroawm

- s o0 s

CUANTTIED
~TA0TTFD
cran?ITn
Turd7I8N
cyrxn77an
curnrIann
CrADT7RI0
TNENTR2N
cr20783n0
crrd7848N
Clrz2N7850)
CUrNT8F D
TuR0787D
cnroI’an
CURNTBIN
CUR0790N
cprn0791n
Crr 7920
rrpN7a3n
oz Nn79gn
cuanresn
T2 0T08EN
cre7970
cT207980
cCnrL799n
crorngern
cnt 08(‘;1f\
Ccnyagno g
C[TB DQT\?/\
crangngn
cuasngnen
Ty 0867
cu2nap7n
CUrAgnAN
cygrngnan
crrg1n
cyrngIIn
~TIA0R12N
CUrNR13Nn
crraogIgn
crang15n
TUANGg1RN
cnro817TNn
cCurQR12N
crrrlg1an
cra0827n
co» 08210
crrg22n
Cnafgs239n
cCurnR24n
CcranNAlEAn
Cnan8269



JIC=TK cur08270

GO TC 112 ~UPNBIRN

15 CONTTKNUF craNng2on
190 WRITE(F,72)™, (Q(I),I=1,") CUaNK’300
ETWIND 5 cUNNR3IA
F?EN{5,33,ZN0=181) CHAP CU208320
IF(CHAT.NF, BLANK) GO TO 103 cUr0g3N

181 WRTDT(6,81)7 ~12 08340
PEWIND 5 CTa 08359
FFAD (5,33,TVD=88°) CHAF CU2083€E0
IF{CH2F.NF,BLANK) GO =0 140 crrng37n

888 CALL MEISAG(13) CTROR8 381
CALL FFTIDIT (DSPLAY) cryr083en
FETUTN SUANBHDN

€0 FOFMAT(/,* YOUF VALUF CF N = ',T2,' ~§ ¥oT POSITTYR 1 1, /1 ~UANBLTN
1PTSTATT .. L ') cnao8H2n

67 FORMA™ (/,' “HI CTIFDARIZID PECRLTM FTQUIT-C % <= N ., .4, /, CUANBH3N
%' TN YOUP PEOBLFM, 2 MAXIMOUY 0¥ !',I2,! COFSTEATNTS (M) WILL 8% ACCCUZ0B8H40
*«EPTTNY) CURNABSNH

€8 FOIMAT(/,' TYPE ™HL ',I2,'=VTCTCR® R, (TUT LINIAE PATT NF YOUR OBJITCUAOSHEN
1CTIVT FUNCTION) ) CURNBHTH

66 FOPMAT(/,' TYPT TIT *,I2,! VALUTS OF TH™ RrW NO., ',I2," IN YCTF COCURDBHRN
1NSTPAINTS MATEIX P') CTA 08690

70 FOFMAT (/,' TYPT THT ',I2,' V2IUES CF TH™ TOW NUMBT™ ',72) curngsnn
64 FOFMAT(/,' TYPT THT VALUS OF YNNT 1 _T2,'~Y7C7NR Q, (TH? RIGHT=HAYDCIT}0851N
1 SIDF VALUE IN YCcUT ',/,' CONSTRAIMTCY) ') curonssan
€5 FORMAT (/,' THF CCMPANFENT WO, 1,T72,!' OF ¥YNUT Q VECT0™, NR2VMPLY ',D12CU208530
.5, TS NOT POSITIVT:!',/,! YNUR PFCBLT™M TS ¥»™ T STAND™3D FN®MY /CUAOS540
*,VINPUT RGAIN ,... ') CHRNASKSH
79 FORVLT(/,' ARI THIS3™ THIT COPERFCT !',T2,' TITFINI3 OF TH” FOW NINMBFRCTIPNBSFY)
* v,I2,' OF MATTIX A ',/,' IX YOUPR OBJYCTIVE FONCTICON 2' /,1%,99D1CURO8STH

*¥2.5) CU20835R80
74 TORMAT{/,' YOU HRVFP ! ,T2,' CONTTEIAIVTS 7 1) CURNRLR0Y
33 FOEFMAT (A5) cnangrCn
an1 FORMAT(/,' YOU HAV™ ¢ ,I2,' YR2IABTES ? ") cCUrs8610

78 FOPMAPT{/,' AFF THIS® THE CCRRTCT V2LUIS NF YOUR ',72,'-V"7TT0F B ',CHRORE2N
/,Y (TPT LTNZAP DART IN YCOUP CRJITCTIVE TUNCTTON)?2',/,50 (2Y,D12,5)YCU208F2N
B0 FORMAT(/,*' IS ',n12.,5,' THE 1R2CT TI7M®NT OF THZ MAPRIY 7V Yrgr "BICTIAON864N0

¥FCTIVF FUNCTION-?V) CTEHRESN

72 ®OTMIT(/,' RRE THTEP TH® CORYTFCT VILULS PF YNTIR Y, T2, 1'=-YZTC70D O ICTURNBEEDN
*¥,/," (THE rIGHT=H?%D SIDE "TIW~ IYW YPUR COWETDPATINTSy 2',/, CNr086e7N
*12(2¥,D12,5)) CURDBFBN

75 TFOFMAT{(/,' *TF THISF THE CCPr-C™ ',7T2,' VALUIS OF ®N§ YNTMBT® ¥ T2, CNEQ860N
1/," IN YCUF MATIZIX D (CONSTPRIVTS) ? 1,/,°9{2%,D12,5)) CHaNgIrN

77 FOEMAT(/,' THE CONST»MZ VAIU® C IN Yrp0®» ABJTZTIVD TUNCT™ON IS5 ¢ CURNARTIN
1,D12.5,' 7Y) crnrngI2n

81 FOERMA™(/,!' THI WIDPTH CF YOU® ZTEO-BA™D T= ' n12,5, + 21 TUA0372N
-ND cur08740
COaNg7TsN

CTTAQ8T7F D

SUBROUTINF MESSAG {INDIX) CHA0RTTAN

Gh ™0 (1,2,3,4,5,€,7,8,9,10,11,12,13,14,75,16,17,18,1°,20,21,22) , CUA087TRN
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*INDTX cn»ngran

1 WRITR (6,90 F:gggg?g
EmmgeN A

2 WRITF({6,92) gg:%gggz
FETHEN

3 WPTTE(6,93) 22;22222
PTTUEN >

4 WPITF(6,1071) ggigzggg
TLTUEN

5 WRITE(f,61) :ggg:g;g
RETUTN J

6 WRITT(f,62) gggg;;::
TETURN

7 WRITF (6,69) gg;gg;g:
PETITN B

& WRI™¥(€,71) gU’gggig
FITUrY g2 NB9%

9 WFITP(E,€T gn:ggg;z
FRTURN r

o i
RTTUFN ®

11 WRTTE(6,73) CUALAONN
RZTIIRN cuanaenIn

12 WRTT™(6,702) cCraQ9n?n
I BTUTN curp9030

13 WRITP (f,88) cuanenyn
RETURN CUR09NSD

14 WPITED (€,63) CNAC99%FN
RTTUPN Craga9nin

15 WRIT™7(€,212) curpangn
ITTUPN crangnagn

16 WPITF (6,302) cra 09100
FETHTRW cneng11n

17 WRITF (F,181) CrINgI2n
RETUY N cFurngYI3n
18 WFITE(6,178) crAnoqan
BTTURN cCypralsn
19 WRITIT(€,105) CTRONQTED
"ETUTN CTanNg 17N
20 WRITE(6,1U4D CTR0918N
FETUEFN CUaAND18Nn
21 RRITT™ (6,141 curng2en
FRETUIN cnpno219
22 HRI™F (6,15M) Crafae22n
RITUTN . Cu20923n

FOPMA™ (//,59%,'"UNIVFF SI0Y CF rTTRAWRA',/,€2X,'SYSTITNS SCITNTTY, /,€95CA092480
*1'1992'1//I1X'78('“')'/'35Xl. CUADERC ',/,1Y,78("'),//,' THTS DACTACQRRN
¥CKAGT UTFS TBE MTTHOD OF BRAL® TO S0IVT THT QUADEY™IT PROGRAMMTNGICTA(JOZAN
*,/," PPCBL¥M, HAVING W VAPIABLTT AND M CrYSTRAINTS (MK=VM), GTVTY TCDANGDTA

*§ TS STAND'RD ',/,' FORM =1,///, ~T17 09280
1 HIY G = (1/2)X''AX + B''Y +C ',/, cuUrNgR0n
%1 SUBJVCT 7O : PX <= 0 ., WITH O(J) > ',s, rur0020n
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92

% ¥(K)y >= 0 K =1, 2 ves o, M ', /,CO0R09310
% Jd = ’, 2, I 2 ¥ ',/1CUA09320
*1 WHERYP 3 C + THE CONSTANT V?IU®T r¥ Yror QOBJTCTIVT FINCTINNMY,/, CURDOIRN
* 0 B : THE VFCTOR OF THE 17TNFAR P?’RT I¥ "HE 0O, F, ',/,CNr0934"
*1 L : AN NXN MATFIE COAFTPVING ™H™ QTADRA™™C COEFICITNTCICIPNYRL7
* OF TH™ 0. F.',/, CrRr09336N
x1 P : AN NYM MATRIX WITHF ™MHT™ CCTRTCIRNTS 07 THF CONSTRAICUANI3TO
xNTS 1, /, crr09380
*1 Q : AN M-VFCTCF WIT™H TH™ PTGHT=-HAND SINE VATUWS 2F "HTCU2AD938H
* CONSTFAINTS',//) CUr0940N0
FORMAT({' NOTE THAT MATEIX A IS ? SYMM®"RIC MATRIX WTTH 2(I,J) = ' (CURDO4IN
¥,/ cgrpou2n
'  TYICE THY COFFICITNT OF Y ({K)**2 WHTY K=T=J ({7H™ DIAGONAL nF THCUIANO43"
*F MATRTX)',/, CcTHAN984N
*' COEF. OF X(I)X(J) WH™N T DIFFIFINT FI"M J (7H" OFF-DIAGrN2L ELCURN9450D
¥TUTNTS) V) CU?094€D

93 FORMA™{/,' WHLN TYPING THE DA™2? FF¥QU®STFD, PLEASE R7CALI : ',/, cnpolus7o

4 o% AT I1EAST ONF/BLANK (SPACE) MUST SUPAFTTI SUTCPSITYF NIMBERS CUANI4RN

* ',/ Cgro940n
*1 % THE DECIMAL POINT IS N7 NECTSSARY, UPLESS TT IS TAR™ OF THTFCU2H95CH
* NUMBTP Yo/ crmnN9sin
*1 % IP ¥YOU WANT TO QUIT TYPF® "Q" INSTTAD CF THT INFORMATION RFQUCT20052"°
¥*FPETEDY, /, co209530
1 % WH¥N ANSWFFIWG TFUE N2 FALSE, L Cor09540
X! TYRPE "MPO"™ AND <CP> IF FRlLCc™, OP ',/, rU209550
*1 <CE> (HT™ RT™URYN) IR TRUP Y, /,P0 (- )) Cuanasgn

101 PORMAT{/,!' TYFT THET VALUE OF ™ (I,T, TH™ NU'MBER OF ViPI*BLES Y7 CUAD9570

*HAVE ) 1) CTE095en

61 FORMRT{(/,' TYPT TFE VAILUE OF M (T.¥, THT™ NU¥BER NF COWSTRAINTS YOUCU20Q95C"

* HAVE) AB] ~OAL9670

€2 FORMAT(/,' YTUR NUMBFPR CGF CONSTP2INTS CAUNOT B® ¥YTGATIVE 1¢,/,' OCT20GF1N

*TPY RGRIN .. ') CUANCE20

€9 FOPMAT (/,' THT QUAD®?TIT PAT™ QOF THY QBJITCTTVI FUNTTION, BEIVG A ESCU2LQF3N

*YMMRT®TC MATRIX,',/,' ONIY T™HF¥ NIPPR=TRIANGULAR PART ™IST BF TYPPDCURNGELN

*1) Cuzr0gss5n
71 FOPMRT(/,' TYPT TH¥ VEFY LRAST FTLPM¥NT AT YCUR MATRIY ') CIPROEED
67 FOTMAT{(/,' TYPE THE VALUE OF C, I,F, THFE CN¥STANT DPAR™ TN YNTF NBJCPIQQgTN

*ECTIVE FUNCTICN ') CURDIFRD
59 FORMZ2T{(/,' TYPE THY VALUE OF QO IN YNOT COANSTRAIN™ (I, ™,, M™HT TIGHTCU»(Q0#QN

*-HAND SIDE VALUE) ") CUa09 )
73 FORMAT(/,' NOW, LET N3 CHFCK TH® CORIEBC™I®ARC 4F THE DA™! RECFIVID!ICIN:0971N

*,/.0 TYPE "NO" AND <KCP> IF FAI<®™, OR ! cyr0972n

*,/7,1 LCB> (HIT ~CTUFR) F TRUT ) cyrp973n

730 FOPMAT(/,' YOUF PFCBLTM IS UNC/NSTRATINFD 2") cur0974n
38 FORM2TI(/,' SILTC™ ONE OF TH™ FOLLOWING NOPTICN3 ¢ Y, /. % 0 >NONLY THCU? (9750

*E FPIVAL ANSWEP WITL B™ SHOWN',/,' 1 >THY VRALUOTS OF THE!, CORNGTEA N

¥' ORJTCTIVT FUNCTION 7, cnrpg7INn

* VAND THF BRSIC VATIABLTS WILL RT™ SHr®N ', /,5%,'2T TACH TTTSACUOADO78N

63

*ION',/,' 2 >THE COMPLETE TABLF2UX Frf TH¥ MFTHOD OF BWILE WILL B™CN2Nn979n
* DISPLIYED AT EACH ',/,5%,'ITERATION ',//,' “YP7 THT NJMBTR OF THFCTIAQRAA
* OPTION YOU CEGOSFY) CUr 09810
FORM2ZT (! YCU DID NOT TNTRY ANY DA™2 ...! INPUT iGATN OR ™YP™ O ™A CIAQ98DA

= 10T/ -



% QUTT)
212 FORMAT(/,15X,'ORIGINAL mABITAU')
302 FORMAT(//,5%,'COYSTTAINTS')
181 FOSMAT(/,15X, 'STARTTNG POTN™ 1)
108 FORMAT (/,5X,' ALLL THF OTHIFS ATT EQUIL Tr 7R 1, /,8) ('=1))

CrangRrlIN
rarONRLn
CraNgrRsN
CTd09BFT
cCu» Q9877

105 FORMAT(//,5%,' *%%x THF PPCRLT™ DOTS NC™ HMYT 7 FINITT ZOLUTTON *%rMANGAAN

*% 1, /,78('~") ,/,58Y,'0SCAF MINPTQUE, 1982°',/,78('-'))

140 FORMAT(///,3€X,"' SCLUTION ')

141 FOFMAT (58X, 'OSCAF MANRIOQUT,1927',/,79('='))

150 FORMLT{(/,' THT VALUES IN THF 77RO~BAND "™ TAKEN AS Z TR0 IV
*AL PCINTS ',/,' CF ™HT PECBLF¥M,',/,' "YPJ "H7 VALUE OF T
*ND FOR YOUF PFOBI¥M ')

END

SUBFOUTINF ETRDIM(F,L)
ITNTEGFT A {80) ,NUMYF (12),DO™,BLANK,QUT"
INTEGTF FMT (40)
DOUBLF PRFCISTON F{(Uu0)
LOGICAT FLAG
DATA BLANK/' '/,RA/80%' '/, ONIT/ 10/ , NTN/t=1/, DOT/t, 0/
DATA NUMEF/!1!'12v’|3v’|uv’|5v"€v'|ﬂv’lQ|’;gv';Ov’!Dv’v"t/
4O REWIVD 5
PIAD(5,100,FN¥D=77) (A (I),I=1,80)
FLAG=.TTUE,
DO 45 TI=1,80
IF(A{T).2Q.QUIT)C2rLL FXIT
45 CONTINU™
77 DO €0 3 = 1,80
IF(A{J) NF.BL2NK)GO T0 63
£FQ  CONTINUZ
CALL MFSSRAG (1)
GO TO un
€3 Do 70 T=1,80
IF(A{I).TQ.MIN,OR, A(I).FQ,DPT, OF, 2 (™), "0, BLAINK)GO ™ 77
DC 72 K=1,12
TF(A(T) .EQ. NUMER(K))GO T~ 70
72 CONTINUE
PWEITE(6,1CN (D
FLAG=,FRLST,
GC "0 75
70 CrNTINUE
75 IF{FLLG)GO ~0 €6
WEITT(f,102) (F (K) ,K=1,80)
GD TO 40
66 JAK=1
12=0
1 =0
K=1
50 IF(A(K).7Q.BLENK, ND,I1.N¥,") I2=K=1
IF(A{K) .NE,BL2YNK.?XD.I1.EQ.0) T1=K
IF{I2.70.0)GC TO 10

= 102 =

Ccnr 19899
cupo990”
crr0991n

CRITICCURNBI27
H? Z7PO~BACT2N993N

rUrnNoayn
CU2 09950
CU2099fF0
cu20997n
cne9g9an
CURLQ999"
Crratongn
rTr10010
cur1noz2n
cCU»1003°
cogr»1060un
Cnp1nnen
CHRINCEN
cur10n79
rrx10neg
cur10nag
cUA1012n
cra1ntan
CUR1I0120
cuzr1012n
C21714"
CU210157
Cr2101€0
cCrIN1TN
cur 10180
crriQnoen
Cup1nN2Rn
rgs1a0an
cna1g2-on
cCnpin23n
cnainun
cnr1n28n
CNEIN2EDN
CarT1INNTIA
cua1n2en
crran20n
crr103Inn
crr13I1p
Crr1a3o5n
cnr1033n
Cr»19340



IFP(T2-T141,LP.9)CcC ™ 27
WEITT (6,104)JAK, (A(K) ,K=1,8")
GC TO 40
22 WRITF(Q9,103) (2(¥I) ,KI=11,72)
CALL SET™ROC (FMT,10)
TH=1I2-T1+1
WrZTEF({09,99)TH
CALL R¥CBYO
RIAD (99,FNMNT) F (JAK)
JAK=JM K+
I1=0
T2=0
1 K=K+1
IF(K.GT,80)G0 TO 78
IF(JAK,GT,L)yGC T™0 78
GO ™0 K0
78 TFTUEN
99 FrRMAT('(D',I1,'.C) ")
10" FORML™ {80 A1)
101 FORMAT (! =we==moensnc= > ',AT

102 FORMAT (' *¥k%% EFPCD TN YCU™ TF™FY :',/, 8C*1,/,0 INPH™ 2GAIN £O

¥PF Q0 TO QUIM')
103 FAPMAT {92 1)

104 FOo®MPT(/,' YOUF TXTPY NUMBYT ',T2,' IS 7r0 TONG, Y MAXIMUM OF
- ]

*STTIONS ',/,' WILL BT ACCTP™FD, INPU™ 2G2TY
END

, /78087

SUBRCU™TINT READIT (F)
INTEGFT A {87") ,NUNMT® (10) ,FLANK,QUI™
INTEGEF F (1), FNT (10)
LOGICYL FL2G
DATA R/BO%' '/, BIANK/' '/,QUIT/ 000/ MIN/Vety
DATA N”MEE/’1','2','3',’4','5’,'6','7',’8','9','0’/
40 FIWIND 5
PEAD(5,100,7¥D=77) (A{I),I=1,8")
DO 45 T=1,80
TF{A{I).TQ.QUIT)CALL EXT™
45 COFTINUT
PLAG=. "PUT.
77 DO 60 J=1,80
TT(A(J).NF,BLANK)GO ™C €3
£0 CONTTY™
CALL MESCAG(14)
GO M0 4r
63 Dr 70 "=1,80
IF(2(I). 20.MIN,OTLA(T).TO.FI2NK)GC ™ 77
ro 72 K=1,10
TF(A(I) .EQ.NUMIR(K) )G ~Tr 77
72 CANTINUT
WrITT(6,103) A (1)
FLAG=. FIISF,

- 103 =

rrra1n3sn
CUr103Fr0
rmz1n37n
CTTATINRAN
crz1N390
cCra1040n
conl1iy1n
CURINAZ°
crr1043n
rrpInaLn
crr13450
CTA104FD
crr10470
rr2 0400
Cc1r 104an
Crr19500
cUp1InsS1n
cOr10520
cnz ‘!05‘2’\
crr10540

mTYyCnn 10550

Cr2105¢e7
cpr 10571

9 POCUA1T05R0

Crr 10590
cUr1NeON
CO*MOETN
cnHr1062"°
CTa10€3N
curinsun
CUrP1045N
COR10FEN
cnr1067n
Cr21068"0
CHr10£09D
Cur10700
Cr2ip7a)
CrrI072n
cur1073n
crp10749
Cur2In7s50
COR1ID7EN
cnr1nT N
(‘np_jr)'mn
craqnyon
cCrr108nn
cur1I3R1n
cuoe 1(\82(\
Cn21083n0
rratnsyn
CyUr108R5N
CUrri38FN0



70
75

€e

50

10

78
39
101
100
102

103

GC ™0 75
CCNTIND™
TF(FLAG)GO TO 66
WEITF (£,102) (A(K) ,K=1,80)
GO TC 4¢
MIKD=0
I2="
T1=0
K=1
TT(1(K).T0,BLANK.2ND, I1, N¥, 7) T2=K="
IF(A{K).N7.BLANK. AND, IT1.70Q.0) T1=K
“F(I2.F0,0) GO TC 10
WETTT (99,101) (A (KI),KI=I1,I2)
CALL ©FTB9G (FMT,10)
TH=T2=T1+1
WRITT (99,00)TH
CALL FFOBIO
RTAD (99 ,FMT) F
MIKE=1
K=K+ 1
TF(K.GT.80) GO TO 78
IF(MIKE.NF, D) GO Tr 78
GO T 50
FITUFN
FORMAT (P (I',I1,") ")

TFORMAT (92 1)

FOFM2T (8041)

FARMAT (' #k%k%% TRECF IN YOUT TFTEY
¥*TYPE Q TO QUIT!)

FORMAT (! smemememmemce==> 1, 27)

END

- 104 -

sv,/,9081, /7, TNRPU™ AGATIYN NP

cur17870
cri1nNgan
Ccr2117899
cur1no9nn
okt AR Kale e g
£ 10920
rr1N839
cn* 118489
111951
laRsdd ‘!f)\’)fn
21098790
rTIrP10GRN
Ccyr1799n
cur11nie
cnnat1inan
cuz1102n
crer11n3n
crr11nge
Tz 110650
CTrp1aDen
cor11378
cu»11n8n
cu*1109n
o 11100
crr11110
cur1112n
cur1113n
crr111ure
crr11isn
cCnr111640
crnr1117n
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