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_ ABSTRACT - .

R

A digital filter design technique using stored-product ROMs replacing conventional hard-

; ware multipliers is presented. The objectives are minimization of the coefficient roundoff

errors and the product roundoff errors, and enhancement of the filtering speed. The |
results of the roundoff error accumulatidn are compared with those obtained from the

same filter with short coefficient W?erlength, and also with those obtained from the

 wave digital filter with multipliers. The bit-slice implementation of the stored-product

digital filters is given in order to reduce the ROM storage size required. Finally, a method

for reducing the accumulation of product, roundoff errors in stored-product digital filters

a
using an error cancellation technique is given. -
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Chapter I

INTRODUCTION
\\ . - .

K@ General .

o :
Digii:if filtering is the process of spectral shaping by means of computational algorithms.
~ . *
A digital filter can be constructed using digital hardware &uac} as adders, multipliers and
shift registers, or can be simulated on a geﬁ’c'ral purpose computer.

o

Despite the mn.t;y‘advantages offered by digital filters, there is an inherent limitation

+
- -

on the accuracy of .the filters due to finite wordlength constraints in the implementation
‘o.f the filters. Digital filters with coefficient3 obtained directly from the transfer functions
.are sensitive to coefficjent quantiza_tion. Although filter strictiires with low sensitivity to
coefficient quantization, such as the wave digital filters [1]-[6] have been developed, this
particular solution trades off filtering speed and hardware complexity for increased accura-
cy. WaVe digital filt.er structures are highly recursive and use a large number of adders,
thus, requiring & relatively large number of arithmetic operations. Subsequently, the speed
of waye digital filters is low. Therefore, it is of interest to find‘altcrnatives for achieving

fast and accurate digital filters.

Basically, the source of inaccuracy in a digital filter lies in the coefficient wordlength
restriction, resulting in predictable deviations from the ideal filter characteristics, as well -
as contributing to the probabilistic roundoff error accumulation in the output signals.

Thus, it is possible to increase the accuracy of a digital filter characteristic and reduce the
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roundoff error accumulation by increasing the wordlength of the multiplier coefficients
[}
used.

The sunplwt way of increasing a ngnal filter's accuracy is by use of stored-product

ROMs replacing hardw:u-c muluphcrs [12] {17]. In this technique, the filter's coefficients

c:h: be implemented with very large wordlength as they appear only indirectly in each
ROM. Thercforc, the coefficient roundoff errors are minimized to arbitrarily low values,
and errors in the products from each multiphier are reduced also. Another advantage obtai-
nable from this technique comes from the availability of a_faster mult;pﬂhcatmn rate of the
storcﬁ-product ROM in parallel arithmetic mode. A 16-bit stored-product digital Tilter real-

ized in the transposed configuration of "direct form 2” has been reported capable to operate

with sampling frequency in the range of 10 MHz [15).

The Qfaf ROM éelements in digital filters has been introduced in distributed arith-
metic filters (10]. These filters generally process the input signal. serially, so that the fil-
tering speed is limited by the signal wordlength. Although distributed arithmetic.filtcrs
can be used also for pa.ral.lei processing, thc liraitation in filtering speed still exists due to
the propagation of the output signal through an adder tree of log "B stages, where B is the
signal wordlength. On the other hand, stored-product digital filters are designed for pa.rallel
'progming, and the length of the sequence of arithmetic operations per clock cycle can be

—

minimized so that the filtering speed’is high.

In the process of circuit integration, the necessary ROM storage size ‘can be reduced
substantially through the use of a bit-slice technique [13][16] so that the implementation
cost is reduced as well. The many advantages (high coefficient accuracy, potential high
speed, minimal hardware complexity and low implementation cost) offerc'd by icfstorcd-

product technique make stored-product digital filters attractive.
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o
The performance of stored-product digital filters has not been compared previously to
that obtained from wave digital filters. The major objective in undertaking this research
work is to make a comparison in term of filter's accuracy, speed and hardware require-
| . -ment. Also, since the stored-product digital filtering, which minimizes coefficient roun-

doff errors, o_nly reduces product roundoff . error accumulation slightly, a technique for

" obtaining further reduction in product roundoff error accumulation in digital filters is

«explored as well,

A
1.2 Summary e

This thesis deals with the analysis of errors in stored-product ROM multipliers and in
recursive stored-product digité.l filters. For the stored-product -ROM mulitipliers, the error

analysis is carried out for fixed point arithmetic as well as for floating pointarithmetic.

In either case, it will be shown that the stored-product multiplication technique improves: -

the accuracy of the products obtained. Since the fixed point arithmetic mode is the most
commor;ly t{sed in real time application, only .the evaluation for fixed point stored-product
digital filters is presented. |

In chapter II, the concept of the stored-product multiplication technique is presented.
An error analysis is carried out, and the results indicate that lower product error is
achieved by increasing the coefficient wordlength. Methods for reducing the ROM storage
size required are discussed, and the sequential architecture of bit-slice stored-product ROM

multipliers is proposed, taking the advantage of the fast ROM access time.

. Chapter IIl is devoted to the design and analysis of recursive stored-product digital fil-
ters. The ffcqucncy response accuracy and product roundoff error accumulation are evalu-

ated theoretically and by computer simulation, and compared to that obtained from the fil-
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ters with shorther coefficient wordlength. The realization for high speed 'filtering is

discussed.

In chapter IV, a performance comparison for stored-product and wave digital filters is
preseated. This includes the deviations from the idea.i filter characteristics, the roundoff
error accumulation in the-outbut signals, the hardware requirement and the filtering speed
of the two filter structures. Again, the filtering performance is carried out by means of a

computer simulation.

In chapter V, an error cancelling technique to obtain further reduction in product
roundoff error accumulation in stored-product digital filters is proposed. Finally, the con-

clusions is given in chapter VI.



Chapter o

STORED-PRODUCT MULTIPLICATION TECHNIQUE

2.1 Introduction

-

The basis of the stored-product multiplication technique is the use of a Read Only Memory
(ROM) as a look up table to obtain the‘ product of two numbers. Ajs described in
[12]-{17], this technique, when used to obtain the product of the multiplication of a digital
signal and a constant coefficient, gives a more accurate result than that available from con-
ventional digitat ;nultipliersi. ] In addition, this technique offers higher speed and less hard-
ware cox%plexity. . |
/
An é.nﬁsis is given of- the accu;'acy of the stored-product ROM multiplier for fixed .
point. arithmetic, as well as for floating point arithmietic. It will be shown that the over-
- all error in the product obtainabie using this techniq.ue is reduced as the coefficient can be
implemented with la.rgcwordléngth. The only source of error in this technique is the
product quantization error. The results obtained from computer simulations confirm this’

analygig. .

[

From the hardware point of view, the stored-product ROM muitiplicr realization cost
is dependent on the ROM storage size. It can be formulated as a function of the required
accuracy (the product wordlength) and of the input signal wordlength. In the case of an
input signz;.l with large wordlength, it may be necessary to reduce the ROM size required
in order to feducc the related cost. This task can be qmomplished by two alternatives, the

nonlinear code conversion technique and the bit-slice technique.

d

-5.



2.2 Concept

A loik-up table ROM multiplier requires values of the multipticand and the multiplier to
address the corresponding product. However, when the multiplier value is constant, only
the multiplicand value is needed to address the ROM. A stored—product ROM multiplier is
generally applied .i.n digital filters with constant coefficients. For applications where both
signal and coefficient vary, the use of stored-product ROM multiplier is feasible, requiring

large ROM sizes.

The design stage of the stored-product ROM multiplier with constant coefficient is
shown in Fig. 2.1. It rcquirw initial computation of all possible products of the éignal and
the given coefficient with high accuracy using a general purpose coniputer. Assuming that
the signalis of wordlength L_ bits, there will be 2Ls possibie signal values. The coefficient
is of wordlength Lc bits (Lé >>Ls), and each gcqeratcd product is rounded into Lp bits and
stored in a ROM using the rounded signal value as its address. The coefficient wordlength
L. can be as large as the double precision wordlength of the computer used, so that the
products stored in the ROM are based on a near infinite precision’coefficient, thus essen-

tially free from coefficient roundoff error.

At the table look-up stage, the product is retrieved by addressing the ROM with the

corresponding value of the input signal. This technique is illustrated in Fig. 2.2.



{achieved in a general purpcse computer)

e Bl
| J
: Lg Lssle Lpl
X(n) - - Q'—;—b@—,aa—f—ﬁvq(n)
: : (to be stored
| | in the ROM)
| |
| |
i Le |
¢ —» Q 7 |
| (Le>>Lg) 'l
/--\ | |
e e e e e e e e e e e e

Figure 2.1 Design concept of stored-product ROM multipliers.
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_ Ls ROM “p
Xq(n) = 7 P 7 > Yq(n)
(coefficient ¢)
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’1 ’ I’ ’
(mantissa} R O M (mantissa)
Xq(n) ] N . Yq{n)
e (coefficient c) e
'a — P . —
(exponent) (exponent)
Pt
Figure 2.2: Stored-product ROM multipliers. (a) For) fixed point arithmetic. (b) For

floating_point arithmetic.
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2.3 Error Analysis for Fixed Point Arithmetic
- §

-~

Consider a multiplication between' a signal x(n) and 2 constant coefficient o using fixed
[}

point arithmetic. For infinite precision'ximltiplication. the product or the output signal is

- y(n) = cjx(.n) 5 (2.1)

When using a conventional hardware multiplier as shown in Fig. 2.3, because of
wordlength limitation, the signal, the coefficient and the product are quantized. Assuming

t.hatr,thcy are rounded to L 9 Lc and Lp bits respectively, excluding the sign bit, the actual

_

yyln) = {;+gc} {x(n)+e (n)} + e (a)
- KRS s (2.2)
= y(r) + ey (n)

product obtained from the hardwaze-multiplier will be

-

where cx(n), ¢ and cp(n) are the roundoff errors of the signal, the coefficient and the

product respectively, and are bounded by

(2.3)

1
% 4
()
I
®
in
X
N
0

The overall multiplier output error ey (n), after neglecting the second order error terms, is

given by - . o
. EH(R) = c.ex(n) + ecx(n) + ep(n) (2.4)
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Y
Ls l&_:;*tc Lp
X{n) ALQJJ 7— @——/—-b Q > Yq(n)
—_— \
' r
Le
¢ N )

Figure 2.3 Fixed point multiplication using a conventional digital multiplier.
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Notice that, since the coefficient o is a constant,’ the coefficient roundoff error e is

deterministic, while the signal and the product roundoff errors, e (n) and cp(n). are proba-

bilistic. However, the coefficient ¢ can have any possible value, thus, this analysis can be

generalized by considering the coefficient roundoff error ¢ as being probabilistic with a

uniform probability density function [14], By assuming that these roundoff errors are

4 .
uncorrelated to the signal and the coefficient, the variance of the overall output error will

be 4

+

- . &

(2.5)

If the multiplication is carried out using the stored-product ROM technique as illus-

trated in Fig. 2.2-a, the coefficient roundoff error is arbitrarily small and can be neglected.

The actual product obtained from the stored-product ROM can be expressed as

ygpln) = c{x(n)+ex(n)} + ep(n)

= y(n) + eR(n)

with the overall output error géven by

eR(n) = c.ex(n) + ep(n)

- t

(2.6)

(2.7)
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Therefore, the variance of output error of the étorcd-product ROM will be
2 _ 22 2
Ge cft:cre. + CTe (2.8)
R x sP ‘
- \\ - i

From (2.5) and (2.8), it can be seen that the overall outfsut error in both cases contains
roundbtf error due to thc' rounded input sigx;al. which is equal for either the stored-
product ROM or the hardware multiplier with short coefficient wordlength. X;art from
the input signal‘roundoff. the overall error in the pr.oduct from a stored-product ROM is
due to product roundoff only (2.8), while the overall error in a hardware multiplier with

short coefficient wordlength is due to coefficient and product roundoff errors and is also

dependent on the input signal power (2.5).
P .

;
The effect of the input signal roundoff to the actual product can be dealt with as if it
contributes a known noise power due to the analog to digital conversion. Thus, assuming

that the input signal x(n) of wordlength L_ is accurate [14], the variance of overall output

error introduced by the hardware multiplier with short coefficient wordlength is

0 2 g% +g -~
e X &
M ¢ P
(2.9)
~2L -2L
- 2 2 2
"% T 12 T T 1z
and the variance of output error introduced by the stored-product ROM is
02 = g
R P
(2.10)
— -2L
2
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Shown in Fig. 2.4 is the plot of the variance of gitput errors available from a con-
'vcntional h'a.rdware multiplier and from a stored-product ROM, v;rhc:e the input signat
x(n) with wordlength Ls bits is usuﬁed to bcl withbut error. The results from computer
simulation are plotted as well, where the input signal used was a random sequence, uni-
formly distributed within (-1.0,1.0}. It can be seen tiat the loutput'cn‘or tor r..hc sforcd—
product ROM (represented by the curve for L - 30) is smaller than that available for the

hardwap multiplier. Here, the output error of the stored-product ROM is dependent on

c

the choice of product wordlength Lp, where an increase in Lp by one bit gives a decrease

of 6 dB in the output noise power. On the other iland. the output error of the hardware

L

mult%r is dependent on both the coefficient and product wordlengths, and nothing will

be gained by increasing I..p alone as the overall error will then be controlled by the coeffi-

cient roundoff error.

—_

L—

It can be seen also that, the output error of the hardware multiplier is influenced by

. 2

the input signal power. When the input signal power is :I:: = 1/3, the output error of

the hardware multiplier is 1.25 dB larger than that of the stored~pfoduct f{OM. and this
. 2

x

. Although the odtput error of the hardware multiplier is small when the input signal po;v-

value decreases to 0.35 dB when thc'tinput signal power is reduced to ¢ 1/12.
er is reduced, the autput error of the stored-prcduct ROM is still smaller than that of the
hardware multiplier. In conclusion, the stored-product ROM multiplier gives more accurate
products than the digital multiplier due to its use of coefficients with very long word-

length.

-

l T



14

16

—
]

Simulation

Gl = V3

Theore;ical.

120.00

1

|

I

|

I

l

I

'

[\

1]
<
[ ]

30 -

-
]

130.00

~

.00 9.00  11.00  13.00 _ 15.00  17.00  19.00  21.00
' Lp (BITS) ,

1

Figure 2.4 . Variance of output error for fixed point multiplication.
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2.4 Error analysis for floating point arithmetic

In floating point systcx;is.' a number is represented by two fixed poifit numbers, the mag-

tissa and the exponent, where the magnitude of the mantissa is normalized to the range

0.5 ¢ Im| < 1.0 | (2.11)

and the floating point binary number x is obtained as the product of the mantissa m with

_the given base raised to the power denoted by the exponent e, that is

X = m.2 ' (2.12)

Since number quantization in floating point systems occurs in the mantissa [21], it is
more convenient to express the resulting roundoff error in terms of the relative roundoff

L]
error, which is defined as

e L bx _Fq 7% (2.13)

\

so that a rounded floating point number can be expressesd as

X = x.(l+c )
X

q (2.14)

- where the relative roundoff exrror Ex due to rounding the mantissa to B bits is bounded by

Fl

-2 e <2 (2.15)
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q(") Lp
w
~ o A Q —>-
(exponent) — - (mantissa)
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( (mantissa) < {exponent)
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q <L Le
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Figure 2.5 Floating point multiplication using a conventional digital multiplier.
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\m In the following, consider the multiplication between the signal x(n) and the coeffi-
al

i_ c using a conventional hardware multiplier as. shown in Fig. 2.5. It is assumed that

e\
all quantization is by rounding, and the product is normalized prior to rounding. The

product obtained {rom this multiplier can be expressed as

yy(n) = [cq-xq(n)]q
= [c. (1+ec)Lx(n).{1+ex(n)}] [1+€p(n)] (2.16) _

- = y(n) {1+EM(n)}:

where the relative roundoff errors Ex(n). Ep(n) and € are bounded by

-2 "ge(n) g2 ®

-L -1

-2 P« € (n) g 2 P (2.17)
-L -L

-2 ®< e‘[ <2 ¢

The relative output error €{n), after neglecting the second order crror terms, is given by

;H(n) = E.x(n) + Ep(n) + €, | (2.18)

It follows that the variance of relative output error is

2 2 2 2
g > g a (o]
E,M E:x + e.p + ec (2.19)
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where the usual assumptions regarding the statistical independence of the signal and roun-
doff errors have been made. . '

-——

If the multiplication is carried ‘out using the stored-product ROM technique as shown

in Fig. 2.2-b, the resulting product will be
}'R(n) = [c.xq(n)]'q
= [c.x(n){l+sx(n)}][1+€p(n)] (2.20)
= y(n) {l+ep(m)}

with the relative output error given by

() = € (n) + e, () ' (2.21)

so that the variance of relative output error will be

Ep = e+ € . (2.22)

Again, it can be seen from (2.19) and (2.22), the effect of input signal roundoff can
be consgidered as if it ﬁontributu a known relative error at the multiplier output. Asgum-
ing that tﬁc.‘input signal x(n) with the mantissa of wordiength Ls is accurate, the variance

of the relative output error obtainable from the hardware multiplier will be - -

(2.23)
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and, the variance of the relative output error obtainable from the itored—product ROM will
be

02 - 2 3
R Ep
(B 24)
-2L

Thus, in floating point arith.metic.} the stored-product ROM multiplier also gives more
accurate results than those obtaincfl using conventional haxdwa:c‘multiplicra.
Shown in Fig. 2.6 is the plot of the variance of the relative output ¢rror for the

“~stored-product ROM and the hardware multiplier witre the input signal x{n) is assumed

to be accurate. It can be seen that, for EC - Lp, the relativ; output error obtainable frc-Jm.

the stored product ROM is 3 dB smaller than that. from .the conventional hardware multi-_

plier and is independent of the input signal power.

The relative output error of the stored-product ROM is entirely controllable by the choice

of the product wordlength, which is one of the advantages offered by, the stored-product

ROM technique. Coniputu simulation results confirm those expressed by (2.23) and

(2.24).

A
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2.5 ROM Size Requirement

It hag been pointh out that the stored-product mgﬂpﬁmtion';mhﬂquc requires storing all
possible prodﬁcts in a ROM with the input signal as ‘tﬁé address code. Analysis shows
that the number of bits to be stored in the ROM for an-inl;ut signal with wordlengéh of
up to 12 bits is still manageable at reasonable cost. Ho‘;&éver. for signals with wordlength
larger than 12 bits, the r;ccmary I}OM size will bc large, so that the direct implementa-

tion as al;gwn in Fig. 2.2 is no longer suitable.

,

-

ROM size requirement is dependent on the input signal wordlength and on the choice

of product wordlength (the required accuracy). It can be formulated as

C = 2 L bits , : (2.25)

For input signal and product wordlength of 16 bits, the nccessary ROM storage size will
be 216::16 = 1 M bits,which is very large. Therefore, it is imperative to explore ways of
reducing the rcqui;:d' ROM size in order to minimize the mulitiplier realization cost.

@

A first alternative to handle a signal with large wordlength is to usc a nonlinear
quantization technique [12){13], thus the signal is represented hy fewer bits per s:;mplc
than in the linear quantization technique. This tcch.n.iqué reduces the memory capacity
requirement, and allows the multiplier to be used directly for applications involving nonli-
nearly quantized signals, such as PCM signals, thus gives additional hardware advantage.

4

Another alternative is to use a bit-slice tech:iiquc, which can be implemented either

with the parallel architecture or the split address technique [33][15), or with the sequential

architecture [16].
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In the bit-slice technique, the input signal wordlength, and hence the ROM address L

~¢code-is "divided into two or more parts. For example, cunaichr a signal x{n) with word-

length L, which can be expressed as

x{n) = I b, 2 (2.28)

where bk is either 0 or 1. Alternatively, it can be expressed as T

x{n) = xmsb(n) + xlsb(n) (2.27)

h
where xm

respectively. - That is

.LS/Z -k
x . .(n) = % b,.2 R
msb k=1 k
(2.28)
= x(m)
L2 -1 /2
M X (n) = L c, 2 W2 -
lsb K=l k ) |
/ (2.29)
-L_/2
= xz(n).z 3

sor.hat,thcproductotx(n)andacontantcmbewrinenas

y(n) = ¢.x(n)

.'?-'!

~-L /2
= c.xl(n) + c.xz(n).z s - (2.30)

opn) and X §a) are the most significant bits and the least significant bitg
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Thus, the product y(n) can be obtained through the use of two stored-product .ROMs,

'whcrc each ROM is addressed by L /2 bit codes. Since the number of bits to be stored is

largely determined by the address wordlength, therefore, the necessary ROM size is reduced
substantially.

Shown in Fig. 2.7 is the realization of (2.30) in parallel architecture, requiring two
. i

ROMs and one parallel adder, which i3 also known as the split address technique. Notice

that, from the ROM addressed by the'least significant bits, only (Lp -L 5/2) bits are needed

to obtain the actual product. Therefore, the ncéassary ROM storage size will be

LS/Z
c' = 2 (ZLP-LS/Z) bits (2.31)

: L. /2
Since, the contents of the two ROMs are related to each other by a factor of 2 s

therefore, ‘tﬁéy can be time-shared. This forms the basis for the sequential architecture of
the realization of (2.30). ' As shown in Fig, 2.8, there is only one ROM is used, and the
product is obtained through two sequences of operations. During the first cycle, the ROM
i3 addressed by the least significant bits, and its output will be saved in the latch and
right-ah.iftcfl by L 5{2 bits. During the second cycle, the ROM is addressed by the most sig-
nificant bi1-:s. and the ROM’s output is added with the data previously saved in the latch

to give the actual product. Therefore, by time-sharing the same ROM, the memory capacity
required is reduced to

L /2
c" a2 S ‘L, bits (2.3%

—
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A comparison of the ROM size requirement for the direct implementation and the bit-
slice implementation is given in Table 2.1. It can be seen that the bit-slice t‘cchiliquc
reduces the number of bits to be stored in a ROM substantially. In prinéiplc. the ROM size
requirement can be reduced further by increasing the number of slices. However, this
requires the use of more pa;rallcl adders, thus incrcasc; hardware complexity of the kOM
multiplier. In order to minimize implementation cost, the number of slices used may pot

be too large. The fact that the application of the bit-glice technique affects the multiplica-

tion speed will be discussed in the next section.

-
DIRECT . BIT-SLICE
L, IMPLEMENTATION IMPLEMENTATION (BITS)
(BITS) PARALLEL  _ | SEQUENTIAL o
g - 2K TY: 128
10 _ . 10K 480 320
12~ 4oK 1.2K 768
14 : 229K 2.7K 1.2K
16 1M 6.1K 4.1K
2% 402M 1478 9K
32 137G 3.1M oM

o

“Table 2.1: ROM size Requirement for L,=1L.
P



2.6 Speed Considerations |

——

-Thc\g:ultiplication speed ;,"of a stored-product ROM is depéiident on the way it is imple- -
mented. In dirc::t implcnientation. ROM is the.only hardwaresed. Thus, the multiplica-

tion speed is entirely determined by the ROM access time, i.c.

M ROM (2733)

On the other hand, the bit-slice implemcntati’on requires more hardwarc,\ and the mul-
tiplication speed is also dependent on the architecture used.- In other words, it tj:adw pff
implcmentation‘cost with speed. In the parallel architecture, thc‘;mltiplication is achieved
by addressing the two ROMs simultaneously and followed by an addition. The multiplica-

tion speed for the parallel architecture is given by

1 = .
Ty Trom Y Tapp , (2.34)

where T,y is the time needed for the addition. In the sequential architecture the RO_M
is addressed sequentially twice, and it is followed by an addition. Therefore, the time
required for the multiplication with this architecture is

>~

L1} - ‘
T 2Tpom * Tratca * Tapp (2.35)

where TL ATCH ithhc time needed to shift data into the latch.

In general, the multiplication speed for a bit-slice implementation is lower than for a

direct implementation. However, small ROMs usually need less access time than large

ROMs, so that the decrease in multiplication speed sometimes is not significant. Table 2.2



- 28
shows typical multiplication speed for direct implementation and bit-slice implementation

of a stored-product ROM multiplier using bipolar ROMs and standard TTL devices.

J
]
b |
BIT-SLICE
DIRECT .
L | ; IMPLEMENTATION
* IMPLEMENTATION »
- PARALLEL SEQUENTIAL
12 50 71 | 115
16 65 83 . o127
24 .85 122 181
32 105 171 245

Table 2.2 : Typical Multiplication Speed (in nano-second).

R



Chapter III.

STORED-PRODUCT DIGITAL FILTERING

3.1 Introduction . |

Thus far the stored-product multiplication technique has been shown to minimize the
coefficient and product roundoff errors occuring in digital multiplication. Such advantages
make this technique useful for implementing a digital filter where highly accurate coeffi-

cients are necessary..

In this chapter the implementation of a digital filter using stored-product ROM multi-

pliers will be presented. The filter is realized in direct form and is implemented using

" fixed point arithmetic, assuming all quantization is by rounding and two's complcnicnt

numbers are used for negative values. The resulting filter, alsc known as the stored-
product digital filter (SPDF), is examined for various signal wordlengths and several filter
orders. The evaluation is carried out theoretically and by computer simulation, using-a
random sequence with uniform distribution as the inﬁut signal. The result is compared
with th¢ performance based on the same realization with shorter coefficient wordlength.
It will be shown that stored-product digital filters have very high frequency response
accuracy. Furthermore, error in the output signal is reduced as wgll. due to the m&msc in

coefficient accuracy. This result is similar to that obtained for the single stored-product
ROM multiplier.

-29 -
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An additional advantage is the availability of high speed multiplication, allowing
stored-product digital filters to be operated with very high throughput rates [15]. The
design si.mplici-ty. the high arithmetic accuracy and the high speed a;'e attractive features of

stored-product digital filters.

3.2 Coefficient Aocqracy

Due to the wordlength limitation, digital filters usually are i.mple‘mcnted with quantized
coefficients. However, the coefficient quantization causes a change in the pole and zero
locatio'ns of the transfer function, which in effect causes error in the frequency response.
[f the filter has high Q poles, that is, poles that are ﬁlosc to the unit circle in the z-plane,
_instability may occur as one or. more poles may move outside the unit circle due to coeffi-

cient errors.
In this section an analysis for the accuracy of coefficients in stored-product digital fil-
ters is given. Basically, this analysis is based on [18]-[20], where the effect of coefficient

quantization is observed in the frequency response of the filter.

Consider a general N-th .order digital filter shown in Fig. 3.1 with the input-output

b4
relationship given by the difference equation ,\\.\
N N
y(n) = I akx(n-k) - k bky(n-k) {(3.1)
- ’ k=0 k=1l

where &, and b, are the infinite precision coefficients. When the coefficients are quan-

tized, the input-output gciation.ship of the actual filter becomes

. N N —
v(n) = L Ekx(n-k)' - I Ekv(n—k) (3.2)
- k=0 . k=1
v(in) = y(n) +.e(n) (3.3)

a, }\ ak\j o, . Bk = bk + ak (3.4)

—



31

- 8
N
|
b -
T ]
T \
E a, #+
I~
1
T o
I~
L
T
X{n) s 1
N _][_\ X
~ ’\ L
4 -2, T
g
~J
‘DZ T
’ <l
by T
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where e(n) is the output error due to the coefficient quantization, and the ‘qua.ntit'ica Gy
and 8 are the coefficient roundoff errors. Note that only the coefficient error (the deter-
:?;ﬁi:tic error) and.its influence upon the filter 'ﬁagnitudc ‘chaxacicri.stic‘is congidered here.
Thc‘p'rob'abilistic cr;or accumulation in the the output signal due to product roundoff w111

be considered in section 3.3.

In the z-domain, equation (3.3) is written as

V(z}) = Y(z) + E(z) (3.5)

Upon dividing both sides by the z-transform of the input signal X(z) we obtain the actual

transfer function of the filter with quantized coefficients

~

V(z) = Y(z) + E(z)
(z) X(z) X(z) - (3.6)

"~

or

H{(z) = Hm(z) + £(2) (3.7)

That is, the transfer function of a digital filter with quantized coefficients can be repre-
b
sented by the transfer function of the ideal filter in parailel wiih the stray transfer func-

tion £(z) based on the coefficient errors.

Notice that, from (3.1)}{3.4), the output error &{n) can be expressed as

N N y
e(n) = I 3 x{n-k) - I 2 y(n-k) L_y
2 -k) - L_ -k
kmQ X k=1 K k=1 AN



L 3 - M 3
in which the second order error terms have been neglcct.ed; Taking the z-transform of (3.8) .
and dividing both sides by X(z) yields

a(z) - B(z)H_(z)

€{z) = (3.9)
B(z) .
where
N -k
ﬁgz) = kZ a2 (3.10-2a)
ad
N -k
B(z) = z Bkz - (3.10=b)
k=1
N -k
B(z) = 1 + ¢

bkz (3.10-c)

p—

In stored-product digital filters, the coefficients are implcmentéd with very large

wordlength and their precision approaches the infinite precision coefficients,.so that

1

-

a(z)

1
o
o

8(z)

1

0

and subsequently the stray transfer function due to coefficient roundoff approaches zero:

Y
(=]

e(z)

and, . -

Asppr(2) = Bo(2)
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As a result, the frequency response of a stored-product digital filter is very close to the
"frequency response in the original design.

To measure the frequency response accuracy, consider the root mean square deviations

in the frequency response with respect to that of the original design, which is defined as

- - Z ‘
1 -
RS dev. = \/T L {[H (60| = JHCED | (3.11)
k=] . ‘
. i/-
where . /
. | | y
I A ‘ .
i B, (£,)] = magnitude response of the ideal filter

at frequency fk'

- : {H(fk)[ = magnitude response of the filter with
e,
' finite coefficient wordlength at fre-
' quency fk'
5
N = Number of computations (frequencies fk's)

taken within the passband.

—

AY
Three digital low pass filters of different orders, derived from Chebyschev filters by
m&u

of the bilinear transformation, were evaluated using (3.11) for various coefficient
wordlengths L.. It can be seen from Fig. 3.2 to 3.4, the deviations in frequency response
for stored-product digital filters, which can be represented by the filter with Lc = 30 bits,
ate very small. These results indicate that the SPDF design technique yields digitat filters

with frequency responses that approach the ideal response for the original design. Fur-

ks
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re, since the cocfficricnts in stored-product cilk_igit.al filters are practically unchanged
from those in the original design, the position of the polls within ti;c unit circle is pre-
served, thus the fi.ltt".r.'s stai:ility obtained in the original dﬁign is maintained.

t

3.3 Roundoff Error Accumulation b

Other sources of errors in a digital filter are due to the arithmetic operatioms. For fixed
éoint arithmetic, if the input signal is kept within a given range, addition will :ot intro-
duce error in the sum, otherwise overflow error will occur. Multiplication is followed by
product quantization, causing roundeff error. Therefore.l the output signal of a d{gita.l fil-
ter is corrupted by an output error due to the accumulation of product roundoff errors.
Product quantization produces additive efror sources [18]-[20], since these error sources
are assumed to be statisticaﬂ_y independent. The variance of the error in the output signal
can be computed as the sum of the variance of individual product ro.undoff errors weighted

by the transfer functions from their point of injection to the filter output. That is

M | -
o> = I o2 ¢ (3.12)
. o k=1 Sx

My z dz (3.13)
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2 : ' :
where © ekis the variance of error from the k-th. errcr source, M is the number of error
‘sources in the filter, and Bk(z) is the transfer function from the k-th error. source to the

filter output.

r

. Suppose the digital filter is implemented using the SPDF design technique. Basically,

the error gain G, remains the same, since the structure of the filter is unchanged. On the

k .
other hand, the accuracy of <ive coefficients is increased. As the result, the product error

in each multiplier is reduced, thus the output error of the SPDF is reduced as well.
L] .

The following analysis is based on the computational technique given im [19]. The

average error energy in the output signal is defined as

N 2

E = —Nr-nfl{y(n) - v(n)} (3.14)

where v(n) and y(n) are the output signals for the actual and the ideal filters respectively.
The ideal filter is simulated with signal and coefficient wordlength of more than 32 bits.
A random sequence with uniform .distribution within -1.0 and +1.0 is used as the input
signal and is applied to the ideal and the actual filters as shown in Fig. 3.8. '

\

'I’h'e accumulation of roundoff error in stored-product digital filters of the direct form
was examined for various product wordlengths and with a sufficiently large number of
signal samples. The results were plotted in Fig. 3.9 to 3.11. It can be seen, that the
SPBFs (represented by filters with L ~ 30 bits) exhibit lower output error than filtérs
with shorter coefficient wordlength. In the SPDFs the output error is determined by the
product wordlength only, a.md an increase in the product wordlength by one .bit gives a

decrease in the output error energy by 6 dB. On the other hand, the output error in the

h
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filters with shorter coefficient 'wordlcngt!; is dependent on the product and the coefficient

wordlengths, and is influenced also by the input signal power. This analysis shows similar

resalts to that for the'single stored-product ROM.



Y
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e

Figure 3.8: Technique for mmurTu?g roundoff error accumulation in SPDFs,
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3.4 Proposed Structure for Stored-Product Digital Filters

In general, a stored-product digital filter can be realized in a variety of forms, and the

maximum speed of an SPDF varies from one realization to another, since it is determined

by the duratioq of the longest sequence of arithmetic operations between any two unit-
delay elements to be completed in one cycle. An N-th order filter realized in "direct form
1" (Figure 3.1) requires the ccn-mplction of 1 multiplication and 1032 (2N+1) additions per
clock cycle, and the one realized in "dir;ct form 2" (Figure 3.12) requires the completion

of 2 multiplications and 1+Iogz(N+1) additions per clock cycle.

Digital filters intended for high speed operations should be r'galizcd in a structure

requiring a minimum number of arithmetic operations per cycle. A suitable structure for
stored-product digital filters is shown in ‘Fig. 3.13, in yvhich_the longest sequence of arith-
metic operations between any two unit-delay elements is mi.nir_nizcd to one multip].icatior;
and one addition. A 16—b{t SPDF with this structure has been reported [15] to have

potential throughput }(b\i.lﬂthc range 10 MHz using standard TTL devices and bipolar

ROMs. In this sm&mq all ROM3 are addressed simultaneously by the same address code,

thus allowing to use a single input multiple output ROM. Moreover, when two or more
cocfficients are idcntica.l. some outputs can be shared. In this case there will be cost benefit

~ from hardware saving. 4



Figure 3.1

PR

"Direct form 2" realization of an N-th order direct filter. .
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‘ Chapter IV~ .

A COMPARISON OF STORED-PRODUCT AND WAYVE DIGITAL

.

FILTERS

41 Introduction

Since much of the research in the.fieLd of digital filtering has emphasized the search for
structures with low sensitivity to.coefficient roundoff errors, a digital filter structure,
called the wave digitaj..filter [1}-3], bas evolved In addition to the low coefficient sensi-
tivity p}opcrty, wave digitah\filters--have low roundoff error accumulation [4]-[6]). Since \
" in stored-product digital filters the coefficient roundoff errors are minimized to arbitrnrily/ -
low values and roundolff error accumulation is reduced, therefore, it is reasonable to make
a comparison between stored-pl.'oduct and wave digitat filte-r-:

-

In this chapter, a comparison between stored-product and wave digital filters is pre-
sented. The comparison will Ee based on frequency response accuracy, roundoff error accu-
mulation, hardware complexity, and speed of operation. These aspects are consitjlftred.
because for other digital filters, the filter pérformance.js usualiy improved :;\t the expense
of hardware complexity and a decrease in filtering speed, while in stored-product digital

filters, improved performance is achieved with minimal hardware complexity at high

speed.

- 51 -
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42 Wave Digital Filters

L4

The design’ mcthod.for wave digital filters is somewhat different from conventional digital
filters. A wave digital filter structure is derived from the classical analog LC filter struc--
ture by replacing all analog elements by their corresponding digital rca}izaﬁons. The low
sensitivity property is obtained because LC ladder filters are insensitive to element varia-
tions [4). in this section a review of the wave digital filter design concept is given. Much

of the introductory material in this section can be found in [1}{3] and {20).

LS

4.2.1 - General Principles

An analog n-port network like ‘that in Fjg. 4.1 can be represented by a set of equations

Ak = Vk + Rka_

(4.1)

k = 1,2,...,n

where  the parameters Ak and Bk are the incident and reflected wave qﬁantitim fépcctivc-
ly, and R.k is the port resistance. Since an LC ladder filter can be regarded as consisti‘g of
a number of onc-port impedances (.R, si., or 1/5C), and a number of 3-port netw?flfs. _
therefore, by realizing the digital equivalent of these elements the corresponding wav‘c digi-"
tal filter cin be obtained. Use is made of the analogy between transmission line filters
and digital filters. The basic design sequence thus is: (1) LC filter, (2) transmission. line
filter obtained by replacing cach L by a ;ﬁorted transmission line and each C by an open-
circuited transmission line, (3) digital filter obtained directly from a modified version of

the tranamission'linc filter as explained in the next-section.
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4.2.2  Digital Realization of Analog Elements.

.,

\
For an lnd_uctor. the steady-state voltage-current relation to be realized is given by

V = JjuL.I | (4.2)
) s |
and for 4 shorted transmission line
V' = yRI (4.3)
>
Y
~ -sT
v L - e

. 1 + e-ST

g T o (4.4)

= tanh(sT/2)
. ’ t

. ‘
where 3 i3 the complex frequency, T is the sampling period which is equal to the propaga-
tion time in the shorted line, and R =L is the characteristic impedance of the transmis-

sion line. Substituting (4.4) and (4.3) into (4.1) yields

o
A = RI(¢+1)

(4.5)

B = RI(¢-1)
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so that

B = -1
y + 1 -
= - Ta (4.6)
! = —z_lA

5
Therefore, digital realization of an inductor is 2 unit-delay clement. and a sign inverter to

"be connected to a port of resistance R (‘Fi.g. 4.2-a).

&

For a capacitor, the steady-state voltage-current relation to be realized is given by
- .

Vo= (1/jwC) I (4.7)

and for an open-circuited transmission line

5 -

. V = RI/Y (4.8)

where R = C is the characteristic impedance of the transmission line. Upon using (4.1)

and (4.4) one obtain

B = 2z A. (4.9)

which means that the digital realization of a capacitor is a nit-delay clement (Fig. 4.2-b).

ey
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For a resistor, the equation to be realized is

V = RI (4.10)

From (4.1) and (4.4), it follows that

B = ¢ (4.1

Thus, the digital realization of a resistor is a ™wave sink"‘(Fig. 4.2-¢c), as it is well

matched to the port of ruisténcc R.



P N
R
*
Figure 4.2
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423  3-Port Adaptors

5y ) :
In a wave digital filter, the adders and multipliers can be grouped into 3-port building

blocks called adaptors or lnt_crconncctors. Pa.rallcl\ adaptors serve to simulatie the parallel

connections in the LC ladder filter, and series adaptors the corresponding series conmnec- ;’

tions.

If ports 1, 2, and 3 are connected in parallel, then

o - _ (4.12)

4

.

iy

From (4.1), it follows that, for port with resistance Pk :

(4.13)

k = 1,2,3 -
where ¢, ¢,, and ¢4 are the coefficients for this particular adaptor and are derived from

the value of the resistance R

k
’ _ 2 Gk |
ek ° c +c. + (4.14)
17 6y * Gy )
Gk = "1/ Rk ({i.lS)
Cl + .cz + c3 .- 2 (4-16)
. A ¢
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This parallel adaptor is depicted in Fig. 4.3. The realization of this adaptor requires 2 mul-

- tipliérs, thus also called type P2 adaptor [20].

If these ports are connected in series, then

so that

where

17 Iy 7 I |
(4.17)
k-4

Vl + VZ + V3 =
By T AT e (AL A, + Ay (4.18)
. 2 Ry “
¢ = (4.19)

» Rl + R2 + R3

and (4.16) still holding. This 3-port series adaptor also requires 2 multipliers (Fig. 4.4),

*

and hence called type‘ S2 adaptor.

Of particular interest are t.hc 3-port adaptors for which one of the ports is "reflection-

free” [3] as it is connected. to its matchcd resistance R, . These adaptors rnquuc only 1

multiplier. For a 3-port parallel adaptor with port 3 being the r:fclecuon-frec port ‘

G3 = G]. + Gz . ([‘-20)



30 that
&
> Gy | “
c = ——— ) (4.21) -t
k c . . .

3 - h L4

The realization of this adaptor is shown in Fig.4.5. It is also called type P1 adaptor.

Similarly for a 3-port series adaptor with port 3 being the refelction-free port,

R3 - 1'»'.1 + R2 ——{4.22)
and
f
Ry
ck = — (&.23)
RB .

This adaptor i3 called type S1 adaptor and is shown in Fig.4.6.

t
%

\
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Type P2 Adaptor. {(a} Parallel connection of 3 ports. (b) Block d.iagram of
. type P2 adaptor. (c) Realization of type P2 adaptor.
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Figure 4.4 "Type 52 Adaptor. (a) Series connection of 3 ports. (b) Bleck diagram of
type S2 adaptor. (c) Realization of type S2 adaptor.
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Figure 4% - Type P1 Adaptor. (a) Block diagram of type P1 adaptor. (b) Realizatior

of type P1 adaptor.
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Figure 4.6 Type S1 Adaptor. (a) Block diagram of type S1 adaptor. (b) Realization
of type S1 adaptor.
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42.4 Design Example -

- L -

W::E digital equivalents for the various analog ele.me_ms av.ailablc. given an LC filter, one )
can derive a corresponding wave digital filter by identifying the various_3-port connections
in the LC fil‘t{_cr and assigning port rwistancn. by tile corresponding impedances of the ana-
log clemeats [20]. That is |

3y Resistor

__Rkn‘: { 2L/t ;  Inductor

L T[ZC ;' fapacitor

As the design example consider the LC ladder filter depicted in Fig. 4.7-a which is a
S-th order Chebyschev lowpass filter with 2 cut-off frequency at 4 KHz and a maximum
passband ripple of 0.1 dB. The element values of the filter (with the termination resis- -

tances R_and R equal 1 ohm) are

1 5 35.:8375 uE

(!
[

9]
'}

3 61.71875 uF

(]
u

[
[]

-
'}

2 4 42.85 LH

The corresponding wave digital filter with a sampling frequency of 16 KHz is shown in

Fig. 4.7-b. The coefficients for the wave digital filter are calculated as follows:



Adaptor 1 (type P1 adaptor):

1
G - ; G
11 R 21
s -
€11 *
Adaptor 2 (type S1 adaptor):
1
Riyp = < Ra2
31
€12 7
Adaptor 3 (type P1 adaptor):
1
€13 -~ o Cosg
3z -
h7')
- €13 *
Adaptor 4 (type S1 adaptor):
1
Rig * : Ras
: 33

€14

0.4658

0.2536

0.2161

0.2245

23
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Adaptor 5 is type P2 adaptor. This is because the resistance at port 3 is pre-assigned and

equal to the termination resistance ﬁ‘L so that

G > L
o G = —— G -
35 * Yas i bs —_
R
L T R3, -~
7

Thus in adaptor 5 there are 2 multipliers with coefficients given by (4.14 ), that is
<,

Notice that the wave digital filter in Fig. 4.7-b is in the form of block diagram of

015 = 0.4{70

€rg = 0.7374

adaptors and resistor reference values. The actual realization employs adders and multipli-

ers in place of these adaptors. /

o
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g

4.3 Frequency Response Accuracy in Wave and Stored-Product Digital Filters

In thiy section an evaluation. of the effect of the coefficient quantization error to the fre-
quency response of wave digital filters is presented. Three WDFs with the same character-
istics as the filters in Chapter III were designed and evaluated for various coefficignt word-

lengths using the measurement technique given by (3.11).

It i3 found that, for the same coefficient wordlength, the rms deviation in the fre-
quencj-f response for the WDFs are between 15 to 47 dB better than for the direct filter
(Figﬁres 4.8 to 4.10). These results indicate that wave digital filters are indeed less sensi-
titive to coefficient quantization than direct foﬁn filters.. On the other h;md, the frequen-
Cy response accuracy for the SPDFs with an assumed wordlength of 30 bits is very high,
and that the WDFs should be implemented with coefficient wordlength of approximately
24 bits in order to achieve the same accuracy as the SPDFs.~Wave digital filters are |
intended for the design using short coefficient wordlengths, but¥here we see that only
those with rather long coefficient wordlengths cxhibif such an accuracy as stored-product
filters. From the design simplicity point of view, this shows that the stored-product digital
filtering is a better al-tcrnative for designing digital filters with high frequency gcspbnsc'

accuracy than wave digital filters.
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. 4.4 Roundoff Error Accumulation in Wave and Stored-Product Digital Filters

K * 73

1.

In this section, the roundoff error accumulation in wave digital filters was evaluated using

the measurement technique shown in Fig. 3.8.The WDFs were implemented with coeffi-

cient wordlengths of 8, 12 and 16 bits, and evaluated for various product wordlengths,

The results were compared with those for the SPDFs and shown in Figures 4.11 1o 4.13.

It is found that, for the same product wordlength, the WDFs yield lower. roundoff

erxor than the SPDFs. However, the roundoff error in thc‘ SPDFs can be reduced by
increasing the product wordlength used, and in general, the SPDFs with LP-LC+3 will
achieve the same performance-as the WDFs. On the other haﬁd, for Lp>L‘C+3. the WDFs
show highcr roundoff error than the SPDFs. This is bécausc, as dcscrib;d in Chapter I,

the product error in individual multjpliers in the WDFs is dominated by .the coefficient

4
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4.5 Hardware Rcaliza;ion and Speed Consideration

So far the comparison between wave and stored-product digital filters has been dome in
terms of arithmetic accuracy. In this section, aspects of the realization and the speed capa-
bility are discussed. The block diagrams of the 3-rd and 7-th order WDFs are shown iﬁ
Figures 4.14 and 4.15 rwpéctively. while the block diagram of the 5th order WDF is the
same as that in Fig.4.7-b. The h_ardwarc required for the WDFs is shown in these block
diagrams and the details of the component are shown in Figures 4.2 to 4.6. The hardware
count ig listed in Table 4.1. It is shown in this table that the WDFs require fewer multi-

pliers and unit-delay elements but more adders than the SPDFs of the "direct form 1”. In

general, an N-th order WDF requires N+2 multipliers, N unit-delay elements and 4N

adders, while the SPDF requires 2N+1 multipliers, 2N unit-delay elements and 2N adders.

However, if stored-product digital filters are realized in canomic form, there will be a

reduction by a factor of two in the number of unit-delay elements used.

The speed comparison between the WDFs and the SPDFs is given in terms of the
longest sequence of arithmetic operations between two unit—delaj}._clcments to be completed
in one filter cycle. It can be seen that (Table 4.2), the SPDFs are capable of higher filter-
ing speed than the WDFs. This can be understood since the structures of the WDFs are

highly recursive due to the complexity of the adaptors.
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3rd order - S5th order 7th order-
WDF SPDF WDF SPDF WDF SPDF
Adders 12 6 20 10 28 14
Multipliers 5 7 11 9 15
Delay Elements 3 6 3 10 14 .

Table 4.1: Hardware Required by WDFs and.

SPDFs' of the "direct form 1"

T

80

3rd order 5th order 7th order
WDF SPDF WDF SPDF WDF SPDF
Multiplications 4 1 6 .1 8 1
Additions 9 37 16 4 23 4
Total 13 g’z 5 31

Table 4.2: The Longest Sequence of Arithmetic Operations To Be

Completed in One Cycle

"direct form 1")

(the SPDFs are realized in the
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As an example, Fig. 4.16 shows the speed comparison chart for the WDFs and the
SPDFs for signal wordlcr;gth of 8 bits, where typical time needed for multiplication and
addition in commercially ava.ilabk ROMs and 'I'I'I.. adders are approximately 35 ns and 25
ns respectively. It is assumed that the time needed for the multiplication in the WDFs is
also 35 ns. Notice that the filtering speed in SPDFs realized in high speed structure (Fig-
ure 3.13) is independent of the filter length. This chart shows the speed advantage of

stored-product digital filters over wave digital filters.

el

4N
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Chapter V
STORED-PRODUCT DIGITAL FILTERS WITH ERROR SPECTRUM
SHAPING

5.1 Introduction

Basically, the stored-product digital filtering technique described in chaptcr,_,ll]_cllminalci

the effects of coefficient quantization errors {rom the performance of a digital filter and

gives a slight reduction in the output signal error. The ocutput signal error can be reduced

further by increasing the product wordlength. However, duc to signal recursion in the fil-
ter, this approz}ql\:l requires an increase in the wordlength of ROM address codes, thus
* increases ROM siz;: requirement. Since the bit-slice technique described in chapter I trades
off ROM size required with filtering speed, therefore, it is ncc&sary to explore an altérna—
tive for reducing .output signal error that does not reduce the filtering speed.

In this chapter, a simple technique for reducing error in the output signal of stored-
product digital filters without decreasing filtering spécd is presented. This technique is
based on an error cancelling technique, where the existing error at the filter's output is
cancelled with’ its—hown replica. The error.repljca is generated ﬁsing the samne transfer
function as scen by the product roundoff error to the filter’s output. In principle, this
technique is eqauivalcnt to extending the filter's internal word.lcngt; with arithmetic opera-
tions done in bit-slice fashion [2;1]. It will be shown that this technique reduces t\.h\‘:,tcrror

|
in filter’s output signal substantially. :

-'83 -
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Since accumulation of roundoff errors in a digital filter exists in recursive part of the
filter, throughout this chapter the discussion will be emphasized in that part -only. Second
order ﬁltcrs will be be used as examples and can be used to generalize the effectiveness of

this technique for higher order filters.

5.2 Approach

Consider she recursive section of an N-th order digital filter shown in Fig. 5.1-a, with the

transfer function

H(z) = - ' | (5.1)

Assuming that the input and output signal wordlengths Ic LS. and the product word- '

length is LP (Lpsis). the quantization of the sum of the products introduces a roundoff

error ¢(n), so that the actual output signal of the filter can be written as

v(n) = y(n) + £(n) ' (5.2)

-

where y(n) is the ideal output signal, and £(n) is the output error due to propagation of

Wdoﬁ error ¢{n) within the filter.

Notice that, during each ﬁltcrrcyclc, the quantity of &(n) can be computed by taking
the difference betweeh the quantities at the input and the output of quantizer Q. Since the
transfer function from'the error source ¢(n) to the filter’s output is known, ie. equal to

(5.1), a replica of £(n) can be formed. Thus, the output error (n) can be cancelled by gub-

2
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i

stracting this replica from tpe. output signal w(n). This error tancelling technique is illus-

s

trated in Fig. 5.2. The final output signal of the filter.is then : )

w(n) =  v(a) + €(a) - &(n) (5.3)

Mathematically, the output error £(n) will be cancelled completely if £(n) in (5.3) is an

~ exact replica of €(n). This technique will be analyzed in the next section. .

<0
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* Figure 5.1: (a) Recursive section of an N-th order digital filter. (b} Error model of
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5.3 Analysis of The Error Cancelling Technigue

Consider the filter shown in~Fig. S.1-a. From (3.12) and (3.13), the variance of output

»

error of tl}ts filter is

-2L

2 8 .

g -t H - (5.4)
12

L8

where Ho is the roundoff error gain and is given by

) 1 .
S H = —— § H(z) H(z_l) 271 dz (5.5)
‘ , 274 |
N

‘When the filter is implemented using the error 'mncclling technique as shown in Fig.

. 5.2-a, the roundoff error e{n) obtained from the quantizer Q1 is fed to a filter with trans-

fer function H(z), which is’ identical to H(z). However, the existence of the quantizer Q2
causes the replica gcncratéd to be only an approximation of £(n), which can be expressed

as ———

o

E(n) = e(a) + €'(n) . (5.6)

P

where €(n) is the difference between €(n) and &(n). Therefore, the output signal obtained

after the error cancellation is

w(n) = y(a) - €'(a) (5.7
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Notige that, e(n) and &(n) in f-'ig. 5.2 are shown _io bc‘o£ wordlcngit: L, bits. Ad't;ally
both are of wordlengths L_+L,, bits with a i.tring of zeros in the first I moﬁ 3i§nifimnt
bits. Subsequently, the resulting outpu; signal w(n) i3 also of wordleagth Ls"'["é bits. and

the variance of error in the output éignal‘ win) essentially is given by
) \ =2(L_+L_) K \ )

f 2

o = B (5.8)
£ 125 Q -

Suppése the desired wordlength in the output signal of .the filter is L_ bits, Le. the
same as the inputsignal wordlength, then another quantizer (the quantizer Q3 in Fig. 5.2)
is introduced at the output. This gives the final output signal wq(n); -which can be

expressed as
r

Wq(n) = w(n) + e”tn) s 4 .

(5.9)

= v(n) - 3(n)

where 8(n) is the total error in the output signal, ™(n) is the error iniroduced by the

quantizer Q3 and has the variance given by -

-2L
]

12 °
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6 g ' + GEH.

o 2 % - S
= ——— (2 %H_+1) - (5.11) .

12

Define the reduction factor in roundoff error gain as the ratio of the initial and the
h \
final roundoff error ga.in\.s, that is

r\

. H-
o
r = (5.12)
\ H'
Q
Substituting (5.11) into (5.12) yields \
'H
1 - 0
r = 5T - (5.13)
2 H + 1
-0
and
r < HO (5.14)

It can be seen that r is dependent on Le' Hence, the choice of wordlength Le to accomo-

date the roundoff error ¢{n) determines the performance of this error cancelling technique.

A

|~



In general, the wdrdlcngth L, can be formulated as a function of the initial roundoff’

——

error gam H_ and the desired reduction fact.or' r, and is given by

X .o B TR SN
- Le W logy, (F g ) (5.13)

-

By using (5.15), the necessary wordlength L, that reduces the final output error to the

“
desired level can be determined.

To give an illustration for the performance of the .error cancelling technique, consider
a second o;de:" all pole filter, i.e. a filter consisting‘ the recursive section only. .Two sets of
coefficients representing different Q's are given for these examples (Tables 5.1 and 5.2). It
will be assumed that I. and L are 8 bits. This technique is evaluated by computer simu-
lation usmg a random sequence, uniformly distributed between -1.0 and +1.0, for the
mput s:gnal .It can be seen from Tables 5.1 and 5.2 the output error of th' filter is

reduced substantiaily.

INITIAL OUTPUT ERROR | FINAL OUTPUT ERROR _REDUCTION‘FACTOR

3 r
THEORETICAL ~45.21 dB _58.96 dB - 13.75 dB
SIMULATION -41.55 dB =58.,99 dB . 17.44 dB

Table 5.1: Output Error Variance of The 2nd Order All-Pole Filter

(bl = -1.5, b2 = 0.875; Q = 4.8)
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INITIAL OUTPUT ERROR | FINAL OUTPUT ERROR | REDUCTION FACTOR
Y Ty
THEORETICAL -35.84 dB -58.94 dB 23.10 dB
SIMULATION |  -37.10 dB _ -58.86 dB | 21.76 dB

Table 5.2: Output‘E'rror Variance of The 2nd Order All-Pole Filter
_'(bl = -1.516, b2 = 0.988; Q = 59.7)°

Y e —

' =
¢ 54 Architccnks For SPDFs With Error Spectrum Shaping

Basica.lly: er,i'-_gr spectrum shaping reduces product roundoff error accumulation by extend-
ing the product wordléngth and operates in bit;slice fashion. Thus, digital filters incorpo-
rating error spectrum shaping can be implemented in either parallel or sequential architec-

..J,
\
tures. ’

Shown in Fig. 5.3 is the parallel implementationt of a second order SPDF incorporat-
ﬁ:g the error cancelling technique. Basically, it is similar to the split address SPDF
described in [15). The only difference is that,~in the split address SPDF, the longest
sequence of arithmetic operations between two Unit-delay elements increases to oi?multi-
plication and two additions. This is because the products from the-ROM addressed by the
msb’s are added to tln:> products from the ROM addressed by the Isb's directly at the output
of the ROMs (Fig. 2.7). On the other hand, in the implc.t'ncntati'on‘_‘éhown in Fig. 5.3 the
arithmetic operatiéns for the msb's are done separately from those for the Isb’s. Therefore,
* "the longest sequence of arithmetic operations between two un.it—dclzys efcments is kept to a

minimum, i.e. one multiplication and one addition.

L)
-—



ftn)

"‘r.nlor-

Figure 5.3
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The sequential archltectufe of a sccc'md order SPDF incorporating the error cancelling
-tcch.n.iélue is shown in Fig. 5.4. Her® a reduction in thé ROM size required is obtained‘@
time-s}xa’ﬁing the same ROM, for the msb’s and the lsb’'s. However, since the filter. is alter-
nately used for the acrtua.l filtering oﬁcr:;ﬁon and for ‘thc outpui error replica generation,
the ma;:imum throughput rate that can bel handled by the system decrcasa to one half of
the ma.nmum throughput rates for the pa.ra.l.ld archit_c;u;e. Notice that, during the first
cycle, the filter processes the input signal. The switches S1 and S2 are at pc;sition 1. The

roundoff crror e{n) is computed and féd back as shown in Fig. 5.4 and the output signal

v(n) is saved in the latch R1. During the second cycle, the switches S1 apd-S2 are at posi-

tion 2, and the roundoff error &{n) is processed by the filter. The output error replica £(n)
. N ¢ 0
is substracted from the output signal vim) from the latch R;. Therefore, the output error

£{h) is cancelled. T



-

Chapter VI

CONCLUSIONS

In this thesis, the use of stored-product ROMs as a rcplaccment for conventional bi-nnry
multipliers in ﬁligitglji.ltcrs has been studied. This technique, also known as the storzd-
product dfgna.l filtering, rcquirea fixed filter coefficients to determine the stored product
values. "It has advantages éver multiplier based digital filters, such as high filtering speed

v

and minimal hardware complexity, and can ;;ppuﬁ to any filter structures.

The stored—produc_t ROM multiplication tcﬁhniqﬁe hg bcf‘g evaluated for fixed point
and for floating point arithmetic. For either type of arithmetic, this technique exhibits
lower product error due to the elimination of coefficient error. In general, the product
error obtained from a stored-product ROM multipliér is Ec.)#trollablc by the choice of prod-
uct wordlength used, While in a conventional hardware multiplier with short coefficient

—_

wordlength, it is dependent on the product and coefficient wordlengths used and it is also

———

influenced by the signal power. _
a v

For an address wordlength longer than 12 bits, the ROM storage size requirement can

be reduced through the use of the nonlinear quantization technique, and also using the bit-
slice technique. A large reduction in the ROM storage size can be obtained using the

sequential bit-slice architecture by trading off the multiplication speed.

The use of stored-product ROM multipliers in a digital filter increases the accuracy of

the filter coefficients. Therefore, the frequency response accuracy of a stored-product digi-
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tal filter is very high and Is it close to that of the original design. It has been shown that
the stored-product digital filtering also reduces product roundoff error accumulation. Fur-
thermore, the coniﬁutatiohal speed of stored-product digital filters is very high. With the

transposed configuration of "direct form 2", stored-product digital filters can be used for

‘filtering signals with sampling frequcn?:iw in the range 10 MHz or more.

Compared to wave digital filters, stored-product drgxtal filters show several advantages.
The frequency response accuracy in stored-prodlllctl digital filter is very hig]gz, and that it
requires to use coefficient wordlength of about 24 bits for wave digital fﬂters to achieve
equal accuracy. In terms of product roundoff error accumulation, stored-product digital fil-

ters also show an advantage, as the product roundoff error accumulation in wave digital

filters is dependent on the coefficient and product wordlengths used. Wave digital filters |

are intended for the design using short coefficient wordlengths. However, only those with
rhtp’q long coefficient wordlengths have lower product roundoff error accumulation than
stored-product digital filters. Finally, stored-product digital filters exhibit higher speed and

“~
require less hardware than wave digital filtersr = "

The applicition of 4n error cancelling technique, known as error spectrum shaping, to
stored-product digital filters is evaluated. It is shown that this technique reduces the accu-
muJaiion of product roundoff errors in stored-product digital-filters substantially, without

affecting filtering speed. -

It is clear that the stored-product digital filtering technique provides a solution for

achieving fast and”accurate filters at low cost. As large ROMs arc now available at low

4

" cost, it is expected that the stored-i:roduct digital filtering will bécome a major method for

\ .
designing digital filters —_— - s



Appendix A

‘ 'COEFFICIENTS OF THE DIRECT FORM DIGITAL FILTERS

,

3-rd order filter:

.227306

{\\ L3 = 0
| a, = 0.681919 b, = 0.361464
a, = 0.681919 b, = 0.464291
— o] » P
a3 = 0,227306 ) b3 = 0.0QzBO&
S-th order filter:
ao = 0.041972
a1 = 0.209862 'bl = ~0,435742
-« a, = 0.419725 b, = 1.037118
a; = 0.419725 b3 = -0,465380
a, = 0.209862 b& = 0.27434]1
a. = 0.041972 . b5 = -0.067218
7-th order filter:
a, = 0.007366 _
a1 = 0.,051564 br = -1.259612
a, = 0.154692 b2 = 2.193684
33 = (,257820 b3 = ~-1.9355560
a, = 0.257820 bd = 1.534096
ag = 0.13692 by = -0.346151
a, = 0.051564 b = 0,328569
6 6 -
a7 = 0.007366 b7 = ~0.0721&§
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Appendix B

COEFFICIENTS OF THE WAVE DIGITAL FH.TERS

3-rd order filter:

\
'cll = 0,492223 Ci3 = 0.461781
¢y = 0.300205 Cyy = _0.757167
S-th order filter:
¢ = 0.465810 ‘ Cip = 0.224490
L ) \a°12 = 0.253569 c;5 = 0.417030
€13 = G.216072 Chg = 0.737362-
7-th order filter: ?
cyp 0.458A§3 Ci5 = 0.196205
Cip = O.2A37OQ 616 = 0.,212252
€3 = 0.202247 ' . C17 = 0.404801
€4 = 0.194731 . Chy = 0.731299

fallal C o denotes the j-th coefficient of the k-th adaptor. -
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