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Abstract

Jackson networks with finite buffers can be designed so that buffer overflows occur with
very low probability. Still, queues can be filled beyond capacity so it is of interest to study
the distribution of such occurrences and, as a measure of the reliability of the system, the
mean time until an overload.

The approach we propose is based on a change of measure which twists the stationary
Jackson network into a process for which overloads are frequent. For a Jackson network of
shared queues with buffer of size £ — 1, we show that the stationary overflow distribution of
the twisted network can be used to determine both the limiting distribution (as £ = oo} at
the moment of overload and the mean time until overload of the original Juckson network.

Qur estimation for the mean time until an overload is based on an article by Iscoe
and McDonald (1994a) in which the mean time until the overflow of a Jackson network
is estimated by the reciprocal of the smallest eigenvalue A(B) of an associated Dirichlet
problem. The distinct feature of this estimate is that it comes complete with error bounds
so that, unlike other estimators, its accuracy can be evaluated. Of course, in practice
such eigensystems of large dimensions cannot be solved. By applying our twist to the
eigensystem, however, we obtain an estimate which we show to be asymptotically equivalent

to the one proposed by Aldous (1989).
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Notation
State space
« S={F€Z™: iz >0,i=1,...,m}
e B={feS: T 5 <}
« F={feS:Thu2Y
« IF={FE€S: 0 5 =0}

e §°={Ff€Z™:2;20,i=2,...,m}
o B*={fe 8% : 3L, z; < £}
« P {FeS® T 52 )

e OF* ={fe S°: 1, 5=¢}

Markov processes (Jackson networks)

¢ @: original Jackson network on S with transition rates q(Z, %)
e Q': Q twisted (on §) with transition rates ¢*(Z,#)

e Q" time reversal of @ {on §) with transition rates ¢"(Z,7)

e Z: ( on S with transition rates ¢(Z, #)
o Z: Z twisted {on §°) with transition rates ¢‘(Z, %)

e Z": time reversal of Z and Z' {on §°°) with transition rates ¢"(Z, )

Generators
e —L: generator on S with rates g(Z,#)
o —LB: generator —L restricted on B with rates g(Z,7)
o —L>: generator on S with rates g(&, 1)

e —L: generator on $* with rates ¢'(Z,§)



Chapter 1

Introduction

Queueing networks with finite buffers can be designed so that buffer overflows oceur with
very low probability. Still, queues can be filled beyond capacity so it is of interest to study
the distribution of such occurrences and, as a measure of the reliability of the system, the
mean time until an overload.

These quantities can theoretically be determined by lincar-algebraic techniques. How-
ever, this approach involves inversion of nearly singular matrices whose dimensions grow
with the size of the system, so it is not generally applicable. Calculations based on direct
simulation turn out to be very costly. Because of their rarity, generation of overloads is a
lengthy process which requires excessive computer resources. One has to rely on analytical
approaches, simulation acceleration techniques or a combination of both rethods.

Until now, most studies have focused on the evaluation of the mean overload time.
For instance, Meyn and Frater (1993) studied the computation of the mean time between
buffer overflows for a Jackson network. Parekh and Walrand (1989), Aldous (1989) and
Frater, Lennon and Anderson (1991) examined the expected time until an overfiow given
the network is initially empty. This is the case we will consider. Furthermore, since Aldous’
(1989) approach is closely related to our results, we will study his work attentively.

Both methods presented by Parekh and Walrand (1989) and Frater et al. (1991) rely on
simulation acceleration techniques. Aldous (1989), on the other hand, proposed a heuris-
tic for the mean overload time which involves the stationary distribution of the network.

Though that measure is not readily available for most processes, it is certainly well-known



and understood in the case of Jackson networks. In fact, Jackson networks are among the
most studied queueing networks. It is to take advantage of the numerous available results
that we will consider m-node Jackson networks of shared queues.

The solution we propose is based on a change of measure which twists the stationary
Jackson network into a process for which overloads are frequent. This change of measure
facilitates the estimation by simulation of the overflow distribution of the twisted Jackson
network. We show that overflow distribution can be used to obtain estimates for the distri-
bution of the original Jackson network at the moment of overload. Furthermore, that same
distribution is used to estimate the mean time until overload.

Our estimation for the mean time until an overload is based on an article by Iscoe
and McDonald (1994a) in which the mean time until the overfiow of a Jackson network
is estimated by the reciprocal of the smallest eigenvalue A(B) of an associated Dirichlet
problem. The distinct feature of this estimate is that it comes complete with error bounds
so that, unlike other estimators, its accuracy can be evaluated. Of course, in practice
such eigensystems of large dimensions cannot be solved. By applying our twist to the
eigensystem, however, we obtain an estimate which we show to be asymptotically equivalent
to the one proposed by Aldous (1989).

Our method can be applied as an algorithm which is given at the beginning of Chapter
4. Chapter 2 describes the Jackson network and its twist. In particular, Section 2.3 gives
the distribution of the original Jackson network at the moment of overload. Chapter 3
presents the estimates put forward by Aldous (1989} and Iscoe and McDonald (1994a) for
the mean time until & buffer overflow. Using results from Kesten (1974), the asymptotic
equivalence of both estimates is shown. Finally, Chapter 4 illustrates the application of the

twist with two examples of Jackson networks.



Chapter 2

A New Twist to Jackson Networks

2.1 Jackson networks

A Jackson network consists of m nodes or service stations that operate on a first come first
served basis. Customers arrive at a typical node i from outside the system according to
a Poisson process with rate X; and, if necessary, wait in a buffer to get served until the
station gets free. Service time is exponentially distributed with mean 1/u(z;), where =;
denotes the number of customers waiting or being served at node i. (Though the service
rate may depend on the number of customers in the queue, we consider here the simple
function p;(x;) = p; if z; # 0 and 0 otherwise.) Once service is completed, the customer
is routed to another node, say j, with probability ri; (ri; = 0) or leaves the system with
probability 7y, :=1— 3L, ryj.

We assume the network is both exogenously supplied and open. A network is exoge-
nously supplied if each node i has an exogenous arrival rate X; # 0 or can be fed by another
node j for which 5\, # 0. The network is also open if every node i has an exit probability
;. # 0 or feeds a node j for which r;, # 0. We say that node i feeds node j if there is a
sequence Ky, ks, ..., k, such that ryg, ek, - 7x,5 > 0.

A Jackson network can be described as a Markov jump process (Q(s);s > 0) on § =
{f€2™:2;,20,i=1,...,m}, where the state ¥ = (T1,%2y. .- ,Tm) € S depicts the system
when there are z; customers waiting or being served at node i. The process sojourns in
state £ for an exponential duration with mean M(Z) = [CZ, (M + pi(m.-))]'l and then

jumps



to state with probability
T,‘.’E = .’E"" é'.- X,M(EJ‘)

T, 7:=%—¢§ pi(z:)ri M(Z)
TyZ=f—-&+& mlzdryM(T),

(2.1)

where & is the i-th canonical vector of R™. The corresponding jump rates of this Markov

process are given by

9(£,T:%) = A,
g(ZT.8) = plzon.
o(Z,TyZ) = milziry.
Considering the jump times {J; k > 0} defined as
Jo = 0,
Ji = min{s: s> Jey, Q(s) # Q(Je-1)}, k21,

we obtain the embedded Markov chain (Cy = Q{Ji);k = 0) on S with jumps as defined in
(2.1). The chain (Cy; k > 0) is irreducible by the assumption that the network is exogenously

supplied and open.

Jackson (1957) gave an expression for the invariant measure of a Jackson network. His

results are restated in the following theorem.

Theorem 2.1.1 For an ezogenously supplied and open Jackson network for which the so-

lution (My,...,Am) to the traffic equations
A= Xi-i-i,\,r,-,-, i=12,...,m
i=1
satisfies the light traffic conditions
pi= % <l i=1,2,...,m,

the stationary distribution 7(Z) of ¥ = (y,...,2Zm) € S is given by the product
™m
ﬂ'(f) = Hw,-(a:,-)
i=1

where

mi{zi) 1= (1 = pi)pf".

(2.2)

(2.3)



Call a Jackson network stable if the light traffic conditions (2.3) hold. Theorem 2.1.1
implies that, in the steady state, the queue sizes at the different nodes are independent.
Furthermore, the queue size at node i has the stationary measure of a birth and death
process with birth rate A; and death rate p;, 1 = 1,2,...,m.

If looked upon backwards in time, this stable process is still a Jackson network. The

time reversed Jackson network (@"(s); s > 0) has transition rates given by

7(T:F)

qr(i",T.if) = (@) g(T:Z, ) =Pi#i($i)7‘i.,
¢ (3,T.3) = W@)Nnaﬂ-m,

o= = ﬂ(ﬂjf) - ﬂ .
q (a:!frijw) - 17(5) q(lea:'l'T) = Di “j(mj)rjv

If the light traffic conditions (2.3) do not hold for some node j, after some time the output
rate at node j is not );, but rather p;. Therefore, the traffic equations (2.2) no longer
represent the average arrival rates at the other nodes (assuming of course that r; # 1).

Goodman and Massey (1984) extended Theorem 2.1.1 to consider this case.

Theorem 2.1.2 For an ezogenously supplied and open Jackson network, there exists an
unique solution (61,...,6n) to the throughpul equations
- m
9.- = A‘+Z(HJ I\pj)r,-;, 1= 1,2,...,17!-. (24)
i=1
Let p; = 0;/p; and U = {i : 8; < p;}. The stationary distribution 7(Z) of those elements =,
of £ = (Try.+.,Tm) with i € U is given by the product
#(Z) = [ mil=)
icU
where

milz:) == (1 - pi)i"

Note that when U = {1,2,...,m}, the statement in Theorem 2.1.2 is identical to The-
orem 2.1.1. The ratio p; = 8;/u; is called the load on node i.



In this study, we will consider a stable Jackson network of pooled queues in which all m
nodes share a buffer of size £ — 1. Without loss of generality, we can label the nodes from
1 to m so that, fori=2,...,m,

pi<pm<l, (2.5)

if we assume only one node has the maximum load value p, (which we do, for the remainder

of this work).

2.2 A twisted Jackson network

Consider an extension of the Jackson network by allowing the queue at node 1 to hold 2
negative number of customers; let {Z(s);s 2 0) denote the extended Markov process. We
extend the state space S to S = {f € Z™ : z; > 0,i = 2,...,m} and redefine the service

rates as

fer ) #i iz >00ri=1,
pilzi} —{ 0 otherwise.

Moreover, we declare the jump rates homogeneous in the first coordinate and denote the
extended infinitesimal genuzator of Z by —L*. Then, for a (bounded) function g on 5%,

L®g(%) = i Xlg(&) — g(T:3)] + i 1:(z)r [9(Z) — 9(TL.5))
+ 3 wsrulo@) - oL, e
id=1

where the operators T;& = £ + &, T}.% = £ — & and T};& = £ — € + &; represent the jumps

in §°.

Now, for a function k¥ on §* and positive constants a,,az,...,8m define
1 m
L(®) = =g I™ [] aF'k(E) (2.6)
T2, a =1

= M) - ak(Td) + 3 o k(@) - ar k(T 2)]

i=1 i=1

+ }E i)y [K(E) — af ' ask(T, ).

ij=1
Consider the partition S® = int(§%°) |J85® where int(S™) = {f€ 5% :2,#0 forall i =

2,...,m) and 85* = (£ € §% : 5, = 0 forsome i = 2,...,m}. If the constants



Q1,84+ 18 are chosen so that, for £ € int(5*),

SR+ ) = 3o B+ 3BT 0 BT

i=1 i=1 i=l ai i,j=1

or, equivalently, L'1 = 0 on int(5*), (2.6) can be rewritten as

LHE) = 3 Nailk@) - kT + D pnor k@ -KTA] @)

i=1 i=1

+ i p;r.-_,-a,-"a_,-[k(f) - k(T‘ji")]

f,j=1
for £ € int(S>).
We recognize here the form of an infinitesimal generator of a Markov jump process on
int(5%). In order that —L* be an infinitesimal generator on all of §%, it must be correctly
defined for ¥ € 85> as well, i.e., we must have —L'1 = 0 on #5*. This is done by imposing

additional constraints on the constants a,,as,...,an: for any subsample I of {2,...,m},

m

EA +S = ZAa.+ZM 'x{ ¢I}+ S ""'" BiTii% (5 ¢ T). (2.8)

i=1 I i=1 i=t
Iscoe and McDonald (1994c) showed there exist unique positive constants a;,az, ..., an
such that —L! is a generator. The constants are given as the solution of the m x m non-

singular system of linear equations

101 Pl-l
10...0 az ro,

= 2.9

((I—R)u) : : 29)
Gm Tm.

where R denotes the matrix (r;;) and (I — R)y, denotes the (m -~ 1) x m matrix formed
from I — R by deleting the first row from the latter.

Since the elements of the new generator —L* consist of the parameters of the original
Jackson network which have been fwisted, we say that —L* is a twisted infinitesimal gen-
erator associated with the twisted extended Jackson network denoted by (Z'(s);s 2 0).
Returning to (2.7), we can express the parameters of the twisted process as

X = My, i=1,...,m
pi=t (1"1 + i ruaj) ;
=& (Ti. + ¥ rijaj) = phi,

1=

| - 140
A Lty e, Fial’ J
1

[ p———)
T‘j—r,j;{-,

-

2,...,m by (2.9) (2.10)
2,...,m

2,...,m, j=1,...,m,



and its transition rates as

g2 T:E) = X=Xa;,
& TE) = wi(zrt = pilwirial’
& TyE) = phlmiry = mlzdriei o
fori,j = 1,...,m where the a;'s are given by (2.9).
If we suppose that, in the twisted process, the length of the queue at node 1 is transient

while the queue sizes at the other nodes are recurrent to 0, the throughput equations (2.4)

of Goodman and Massey (1984) expressed in matrix form become

1 0{ ~ Glxl
0 (I—-RY, % | _ az(d2 + thim2/o1)
0 6, am(Am + 171m/01)

where R* = (r};), (I — R')y, is defined as before, and t denotes transposition. Recalling from
(2.3) that a; = pr’ = w1/, we can write
1 o M/o

¢ (I - R‘)’u 9% Gz(Xz + ‘l‘m)«l) (2 11)

=4

0 . 9,,., am(xm + rlmAl)

Lemma 2.2.1 The solution to the m X m system of linear equations (2.11) is
(Pl: 82Ag,. .. sam)\m)'-

Proof: Recalling from (2.10) that rf; = r,-j%f for i = 2,...,m, we get, by simple matrix

multiplication,
1 m TR P IY
0 (I—RYy, ahe | _ az({de — Tz TizAg)
0 BmAm k am(Am — L TimAs)
( H— 0 (/\1 - 5\1)
az(Az + ri2a)

by (2.2)

\ am(xm -+ rlmAl)



_:\l/ M
az(Ag + r121)
am(xm + TImAl)
|
From Theorem 2.1.2, Lemma 2.2.1 and the equations given in (2.10), we can calculate

the loads on the twisted system

! HE B TL T Tye;
& a
¢ i M .
g = —==—=4a i=2,...,m 2,12
i us 1 Piy ] ( )

To verify our assertion that g} > 1 and gt < 1, ¢ = 2,...,m, we must hence show

m
p]'l 2 T1_+Z‘I‘]jﬂ-j (213)

i=l

et > o, i=2,...,m, (2.14)

given our initial assumption (2.5) that 1 > p; > p;, @ = 2,...,m. Note, however, that if

a; > a;, foralli=2,...,m, then
a; <ap=p;t <pft

giving (2.14}. Moreover, if in addition ry; # 0 for some j,

m m
™. +Zruaj S ™.+ (ZT‘U) ay

j=1 j=1

m
("1-"'2"1:') a, sincea, =p7' > 1

i=1

IA

= a1 = Pl.-ls
giving (2.13). Alternatively, if ry; =0, forall j = 2,...,m,

m
r1. -+ Erljaj =7 = 1< Pl-'l,
i=1
giving (2.13). Thus we only need to show a, 2 a;, i = 2,...,m. We nevertheless prove an

additional result which will be later used.



Lemma 2.2.2 For the constents a, ..., 0 defined in (2.9), the following inequalities hold
Jori=2,...,m:

a 2a; 21

Proof: We first show o, > a; for ¢ = 2,...,m, by contradiction. Let & be any index for
which ax = max;=;,.m(a;) > a;. Note that ry # 1 since otherwise, from (2.9), we obtain
the contradiction a, = 1 < a;. Therefore S, := {i € {1,...,m} : ri; # 0} is not empty.
Suppose now there is a j € S such that a; < a;. Then, by (2.9),

a, = T + Z TriQj

JESk

< Tt (E Thi) @k
JESk

< (re. + Z rej)a; since @ > pit > 1
JESx

== a'k

is a contradiction and it results that a; = a; for all j € S;. (Note that since a; > a, by
assumption, 1 € S;.} Thus we can write
or = Tkt z Tk Ok
JESK
= T+ {l—7)a
or

1‘1;_(1 - ak) =0= 1. = 0 (215)

gince a; > a; > 1. Moreover, since for all j € S, a; = ax > a1, (2.15) with j in place of &
yields r;, = 0. Continuing this pattern, we reach the conclusion that r;, =0 for all nodes
i which node k& feeds. This violates the open network assumption and thus a, # a;. This
proves the first result.

We now proceed to show a; > 1 for i = 2,...,m, by contradiction. Let n be any index

for which a, = miniy,..m(a;) < 1. Again, by (2.9),

Gn = Tp+ Zrm-a.i (2.16)
i€Sn

2 T+ (Z rni)an
i€ES,

10



Il

Tn. + (1 - Tn.)an

e, + 1‘"_(1 - au)

> ay, since g, < 1. (2.17)
Thus we must have equality in (2.17), which implies
fall —6n) =0 => 1, =0. (2.18)

Substituting (2.18) into (2.16),

a, = z TniGi 2 Z TniGn = Gn
€S i€Sn

or

Z rn;(a,- - ﬂ.n) = 0.

i€Sn

Since for i € S, 4; > 0 and the differences a; — a,, are nonnegative, this equality can only
be true if a; — @, = 0,7 € S,,. Thus, for all i € Sy, a; = a, < 1 and we must have r;, =0
by (2.18), with i in place of n. In other words, r;, = 0 for any node j which node = feeds,
which violates the initial assumption that the Jackson network is open. This contradiction
yields the desired result a, > 1 and completes the proof. ]

We summarize the above discussion in the following theorem.

Theorem 2.2.3 For any m-node Jackson network of shared queues with paramelers Aiy i
and ry, i, =1,...,m, and loads 1 > py > p;, i = 2,...,m, the associated twisted Jackson
network with parameters as defined in (2.10) has loads p} 2> 1,p{ < 1,1 =2,...,m. In

other words, only the queue size at node 1 is transient.

According to Theorem 2.2.3, in the twisted system, the queue sizes at nodes 2 to m are
recurrent to 0; the queue size at node 1, however, is transient. The flow of customers from
node 1 to node j, 7 = 2,...,m, thus rapidly becomes uir}; and the net flow of customers
at node j, 6%, can be expressed from (2.4) with U = {2,... ,m} as

m
ot =M +plrt 4+ Oirh, §i=2...,m (2.19)

=2

11



when the process is in equilibrium. Equations (2.19) are very similar to the traffic equations
(2.2). In fact, if we consider the flow of customers from node 1 as exogenous arrivals and
transfers of customers to node 1 as departures from the system composed of the nodes 2
through m, we obtain a stationary Jackson network with (m — 1) nodes. Consequently,
calculations for the twisted Jackson network can be performed as for the original Jackson
network, but by considering only nodes 2 to m and their associated iwisted parameters.

Now, for instance,

XL+ pir}, denotes the exogenous arrival rate at node j = 2,...,m,

r4 4}, is the exit probability at node j
m

and 7(Z) = [J(1-pt)}(p})* is the stationary distribution of the twisted network.
j=2

The time reversal of the extended twisted process Z* is precisely Z”, the time reversal
of the extended Jackson network. The stationary measure for the twisted process is n ® «*
where n is a discrete uniform measure on the integers. Hence the transition rates of the

time reversed twisted process are

(¢")" (£, TuZ) = pir}, = pirrpyy
(¢)7(& T\.5) = AL = Ayp1,

(ql)r(‘i’ T"'E) = EE(Ei)TfPE ? ﬂi(mi)ri.pi! i= 2: seey T,
(q‘)r(f’ TI""E) = Afi(pf)“i = /\:_p;-l, i=2,...,m,
(qt)"(m’ THS) = P’f(a:i)r:lpi = Hi ('Ti')rl'lpl'pl-li i= 1’ ey T,
(¢")"(Z, T &) = pirti(p}) ™" = mrupp:’, i=1,...,m,

(0") (&, Tys&) = p(z;)rt (o) 204 = wslz)rspsoi’y 463 =2,...,m.

2.3 A change of measure using multiplicative functionals

The twist developed in Section 2.2 may be obtained from a more conventional method
which employs multiplicative functiouals to change the measure. For a process U(s) and

some function g, the multiplicative functional
9(U(s)) ( j“ —Lg(U(r)) )
M; = exp|— | —smdr
°Z @@ T\ ho @)
is an exponential martingale associated with U(s). We quote Theorem B.5 from Shwartz
and Weiss (1994).
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Theorem 2.3.1 If, under the measure Pz, U(s) is a multi-dimensional birth-death process
with generator —L, step directions e; and step rates ¢;(¥), then under the measure Py
defined by

E;W = E:MIW, W € Fr, (2.20)

where By and Ey denote respectively the ezpectation with respect to the measures Py and
Bz, the process U(s) is again a multi-dimensional birth-death process with the same step
directions and with the rates changed to
#@ = o@ LT,
Applying the previous theorem to the Markov process Z with generator —L* on S
and taking

m
9(Z) = H a7,
i=l
it results that, under the measure B;, Z is the twisted extended Markov process Z* defined in
the previous section. This approach, however, yields some additional information about the

behaviour of the process. Noting that Z(0) = § and that, by (2.6), L®g(%) = g(F)L*1 =0,

we calculate

. _ 9(2(s))

M = @)
_ H?éla?‘(')

- l'[i’;xa?

m
— Haf‘('}'

i=l

If we apply Theorem 2.3.1 for the random time 7 which represents the time required to
reach 7 € OF® = {T € §° : =™, 2; = £} from 0 (recall the buffer is of size £ - 1), and take
W= MLJx{Z(-r) = §,7 < 0o}, (2.20) becomes

.~ 1 -
Box{2(r) =i <0} = BogzexdZ(r) =77 < oo} (221)

= & [x{zm =g J[ar" ).

Similarly,

m
Ps(r < o0) = Eg [T a7 %" (2.22)

i=1

13



Let 7 = (J1,9z2,--+,Ym) be the first state entered in 8F* from §. We can write ¥ =
(€= S Ui tas - -+ Um) 50 that [T, a7 17 becomes
m w
-t Q)
(%)
=2 \Gi

By (2.21) and (2.22), the conditional hitting distribution is

2. (2)" Pi(2(r) = 9)
B I (%f)z;m
| (%1‘)”‘ PﬁSZ (1)=1%)
T zeore [liz2 ('.",‘;)d B(2(r) = .é').

Hence we can obtain the hitting distribution of Z on the hyperplane 8F if we know the

Py(Z(r) = fir < c0)

hitting distribution of the twisted process on this hyperplane. We shall see later in Section
3.4 there is a limiting hitting distribution as £ — oo. Let limyo PyZ(r) = §) = el§)
where 7 = (£ - X1y %, 7~) and limgo P5(Z2(7) = §lT < 00) = h{(#). Then

@) = [Tl fa)e@ )/ D [I(a1/aye(z7)).

s i=2 FfegFe i=2

The hitting distribution of interest, however, concerns the Jackson process Q on S (not
$°). In this case, at overload time @ hits 9F = {f € § : Sz = £}. Redo the
calculations by taking U(s) = Z!(s) in Theorem 2.3.1, where Z* is the twisted process on
§ with associated infinitesimal generator —L¢. Denote by Pz the measure of Z* on the
space of trajectories and observe the process only on the interval 0 < ¢ € T, where T is

fixed and finite. Again, let P; be a new measure on {§%, Fr) defined by
EgW = E,?ME‘VV, W e Fr, (2.23)

where E; and E3 denote respectively the expectation with respect to the measures Pr and

Prond T _Lg(2(r)
N A
My = g‘(Z*(o)')'e"p( L =& d)

with g(Z) defined as

o _ ) me™ =20
g(:c) - { 0 z <0.

14



Note that, under the measure P;, 2" is exactly the original Jackson network Q.
Now, by (2.6),

= -1 oo w T N -z -1 )
~L'g(3) = WL M e [[ar*x{z = 0}} = —ﬁ.—ag:L x{x = 0}

i=1 & = =l [Tiz1 @
If z; > 0, —Lg(%) = ~1/([1, a7 )L*®1 = 0. If z, = 0, note that (T;F), = 0 is always
true, but (T;%), < 0 and (T};£); < 0if i = 1. Therefore, for £ € 8% with z, = 0 and
z; =0, i € I for some subsample T of {2,...,m},

Th

~L'g(%) = f:iilg(r.-f)—9(5)1+Eu§r:.lgm.f)—g(.-s)]+22u:-r:,-ly(ﬂ,-f)—.q(f)}

i=1 igZ i j=1
M -z; 5 -1 Ty, = MiTit; Gy
= Ha,— 21\{&,‘[0-,' —1]+ Z Ta-—1]+ z Z—T—[(T'—I]
i=1 | i1 igzu{1} igzu{1} j=! i 7
o [ i+ T Tty
= Hai i Z(AI - A:) + Z i — z P'l' (————a"l—lJ—J
i=l1 i=1 igIu{1} igZu{1} i
m m - _
= Jlar=Y (R~ X) by (29)
i=1 i=1
m - -
= Y (= M)g(®)-
i=1

Finally, if ; < 0, note that (T}.7), < 0 is always true, but that (T;F); =0 if , = ~1 and
i =1 and (T;;£); = 0if 2, = —1 and j = 1. Hence, for £ € §* with z; < 0 and z; = 0,
i € Z for some subsample Z of {2,...,m},

~Lg(&) = i X[g(T7) — g(&)] + 3 wirtlg(T.2) ~ g(@)] + DD pirfsla(Ty) — 9(7)
i=1

igz igT j=t

m
= x{z = -1} [ a*[Nar! + ) pirhaiar’]

i=1 igl
m

= x{:ﬂl = —1} Ha;’" [/\1 -+ E,U-;Tu].
i=1 igl

If, at some time r < T', Z* wanders into the negative part of the z, hyperplane, i.c.,

= —1,

—Lg(24(r)) _ x{ZHr) = —1} IR ar 0 + Siggmira _
g(Ztr)) w10 x{2i(r) 2 0)

16



and thus, for that trajectory,
T —L'g(Z'(r))
- —=———dr| =0
=P ( [o o(Z(M)

Consequently, noting that Z*(0) = 0,

g(Z4(T)) T _[tg(2!(r))
My = @) (“f PIA) "")

e o0 (_ f: S — Xx{ Zi(r) = 0}g(Z4(r))

— r] x{Zr)20,r<T
e, o A2 ) x(Z') I
m . m - - T
= JTai*Texp (— Y= ) [ x{2i(r) =0}dr) -x{2'(r) 2 0,r < T}.
=1 i=1
In other words, the contribution of trajectories which take negative z, values after the
change of measure (2.23) is null.

We apply this result for the fixed time T by taking W = x{Z4T) = 7}. Then (2.23)

becomes

EsM{ x{Z'(T) = 7} (2.24)
Eg [x{Z‘(T) =} [[ar 4"

f=1

Egx{24(T) = §}

" exp (i[iﬁ -] /OT x{2i(r) = O}dr) x{Z'r)20,r < T}] .

i=1
Recalling that under the measure B;, 2! is the original Jackson network @, (2.24) shows
that the trajectories of the Jackson network which hit the hyperplane 8F can be simulated
by calculating the above functional for the extended twisted process. Moreover, since the
twisted process is transient, we expect that for large T
m T
exp (lei - XA f x{Zi(r) = U}dr) -x{2'(r)20,r < T}
i=1 0
is asymptoticaily independent of Z*(T). Hence, for large T,
: T -zim]
PziT) =) =~ Es|x{z/T)=7]]a™ |

i=l

B oo (S8 -30  x2t) = oy ) x{z) 20, ST}

i=1
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We shall show later in Section 3.4 that P5(Z!(r) = /) = e(§~) so it follows that

Jim P5(Z!(r) =) = [T@/a*e@ Y Tiar/a) ez )] (2.25)
i=2

IehF i=2

This heuristic expression will be shown to be true in Theorem 3.4.2.

17



Chapter 3

Overloading a Jackson Network of
Shared Queues

A Jackson network of shared queues explodes when the sum of the queue sizes of all nodes
exceeds the buffer size £— 1. As seen in Section 3.1, the exact distribution of the network at
the moment of overload can be given. However, its evaluation is only possible when both m
and £ are small. This explains the importance of the asymptotic expression for the hitting
distribution given in Section 2.3.

The reliability of the network can be assessed by the first time 7 = 7, the Markov process
Q describing the network hits the set of forbidden states F = {Z € §': S, @i 2 £}, Section
3.2 shows this too has an exact expression which, as before, can only be calculated when both
m and £ are small. For £ large and m arbitrary, Aldous (1989) presented a heuristic method
which we show, in Section 3.3, to be asymptotically correct. In Section 3.5 we propose the
application of a result by Iscoe and McDonald (1994a) on asymptotics of hitting times for
Markov jump processes; this application yields an approximation for the mean hitting time
7 along with error bounds which are shown to tend to 0 as £ = oo. Sections 3.6 to 3.9 spell
out the application of that result for a Jackson network of shared queues and, finally, Section
3.10 shows the asymptotic equivalence of the two estimation methods. These conclusions

are made possible by the results shown in Section 3.4.

18



3.1 Exact hitting distribution of the forbidden set F

Consider the Markov process (@{s);s 2 0) on the state space S = {f € 2™ : z; >
0,i = 1,...,m} and its generator —L. Let F := { € §: Yi%,z; > £} be a set of
forbidden states and denote its complement as B. Since S is countable, we can express the
operator —L as a matrix of countable dimensions by using an appropriate indexing method
i=1,2,3,... to represent each £ € S. Let ¢ : N — S denote the indexing bijection;

noting that B= {Z € S: Y2, z; < £} is finite (dim(B) < o0), we can restrict the indices

me=]
i=12...,dim(B) = ¥l Tolem . ::.,.1=o>:"" * 1 to correspond to states £ in B
and fix ¢(1) = 0.
We can now write —L = (—Ly;) where ¢(i,7) := —L;; denotes the transition rate

from state c(i) to state ¢(j), (i # j), and g(i) := Ly is the total transition rate from
state ¢(i). Defining the proportion of the transition rate directed from i to j, (i # j), as
K;; := q(i,7)/q(i) and setting K;; = 0, we obtain the transition kernel K of the embedded
Markov chain.
We can verify that
diag(q) (I — K) = L,
where diag(g) denotes the matrix with entries g(1),¢(2),¢(3),... on the diagonal and 0

elsewhere. Similarly, for the Markov process restricted on B, we can write
diag®(q) (I - K®) = L?

where diag®(g), I, K2 and L? are now matrices with finite dimensions dim(B) xdim(B). By
our agsumption that the Jackson network is both open and exogenously supplied, q(i) > 0
fori=1,...,dim(B) and thus [diag®(q)]~! exists. As shown in Appendix A, (I - K 8) and

L? also are nonsingular. Consequently, we may write

(L7)™" = (I - K®)~* [diag” (g)] ™"

or

(I — KB)™ = (LP)~'diag” (q). (3.1)
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With these tools in hand, we can now calculate the exact hitting distribution of F. From

c(i) € B, the Jackson network Q wanders in B for some time and eventually hits F'. The

probability that it hits c(k) € F' is given by

P(Q(7) = ¢(k))

T T (KP)Ka

n=0¢(}}cB
[» o]
S Y (KEVE K
c(f)eB n=0
S (- KB Ky
e(f}eB
T (£8)7a0) ""(')) by (3.1)
c{j)EB
~ Y (LB Ly
e(j)eB

3.2 Exact mean time to reach the forbidden set F

As in Section 3.1, consider the Markov process () on the state space S and its generator

—L. Consider also the transition kernel K of the embedded chain. Since S is countable,

we can express the operators —L and K as matrices of countable dimensions by using the

indexing bijection ¢ : N —+ § described in the previous section.

The Markov process (} sojourns at state ¢(¢) for an exponential duration, say D;, of

mean 1/q(i) and then jumps to state ¢(), (i # j), with probability K;;. Denote by m(3)

the mean time to reach F from state ¢(f). Clearly, m(:) = 0 if ¢(i) € F. Also, the time

required to reach F' from ¢(i) € B is D; + R(N) where N represents the next state entered

after the sojourn in state ¢(i) and R{N) denotes the remaining time required to reach F

after jumping to state c¢(N). Consequently, for ¢(i) € B,

m{i)

E(D + R(N))

()

+ Y P(N=5HERGIN =)

c(i)es

() + E Kiym(3)

()

e(f)es

+ K'mf(i)
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where we used the fact that the remaining time to reach F given we have just entered state

c(j) is independent of the past - the sojourn periods are memoryless. We can rewrite this

as
1
I -Kyn(i) = —ea
(I - K)m(i) = =
for ¢(t) € B; if we multiply each of the dim(B) such equations by the appropriate ¢(i) and
simplify, we obtain

Im=1.

Recalling that m(i) = 0 for ¢(i) € F, this is clearly equivalent to
LEmf =1

where —L?Z is the generator of @ killed off B and m? is the vector consisting of the first
dim(B) elements of m. Since B is finite, —L® is a matrix of finite dimensions and, as shown
in Appendix A, it is nonsingular, Therefore

m(z:) = (LB)-'1(i) for c(t:) € B, (3.2)
m(i) =0 for c(i) € F.

This exact solution unfortunately cannot be used in general. Though (3.2) yields the
exact mean time required to reach F from any state £ € B, its calculation is only possible
if the dimensions of the matrix —L? are of reasonable size, i.e., if m and £ are both small.
In Section 4.2, for instance, (3.2) is used to assess the validity of our twist method in some

examples with m = 2 and £ small.

3.3 Aldous’ estimate for the mean overload time

Aldous (1989) proposed the following approximation for the time to hit F from 0 when
#(F) is small: »
Byr~ | 3 =) X a7, 9)f (5)] (3.3)
geor #eB
where f(Z) denotes the probability that, starting at £ € B, Q reaches 0 before OF = {# €
F: Y7, z; = £} and ¢(f,F) is the transition rate from state § to state Z. Though Aldous
(1989) presented his method as heuristic, we can establish the validity of (3.3) by studying
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a process starting at 0 which regenerates when it returns to 0 after first hitting F. First

consider the following result due to Keilson (1979).

Proposition 3.3.1 Let R be the time to return lo 0 after first hitting F and 7 be the time
to hit the forbidden set. Then
Ez;R

w(FEOO Eyr
An exact expression for EzR is given by the next theorem the proof of which can be

found in the chapter on renewal applications in McDonald (1994).

Theorem 8.3.2 Let f(Z) denote the probability the Markov process Q starting from T € B
hits § before F. Then

-1
EsR = (Z =i D a(@, f)f(f)) .

jJeEF ZeB

Combining Proposition 3.3.1 and Theorem 3.3.2 yields the corollary from which (3.3) is
established.

Corollary 3.3.3

-1
Jim Eyr = (gzpw(ﬁ) >t se)f(f)) -

Returns to 0 can be achieved in one of two ways. From 0, the process may wander in B
and return to 0 without ever hitting F*; this we call a return of type I. On the other hand,
the process may visit F° before returning to 0; this is a return of type II. Let p denote the

probability that a return to 0 is of type IL Keilson (1979) showed that

Proposition 8.3.4 If the stationary probability w(F) of a sequence of forbidden sets F
tends to 0, the probability p of hitting F before a return to 0 tends to 0.

A cycle of & process which regenerates after first hitting F is clearly composed of a
sequence ol returns to 0 of type I followed with a return of type IL Thus, if looked upon
backward in time, this cycle consists of a return to 0 of type II followed with a sequence
of returns to 0 of type I. The number of such returns follows a geometric distribution with

mean 1/p.
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1t is clear that, whether the cycle is observed forward or backward in time, it is of the

same length R. If we apply Theorem 3.3.2 to the time reversal of the Jackson network, Q",
it then follows that

-1

EsR = (E LU DI A -"f-")Pc(f)) (3.4)
gerF ZeB

where p¢(%) denotes the probability that, starting at £ € B, Q" reaches 0 before 8F. By

the equality of (3.4) and the equation in Theorem 3.3.2, we see that Aldous’ estimate can
also be given by

E57 ~ (Z = > ¢ @, ir‘)pc(f)) :

yeF #eB
If we consider the time reversed Jackson network, the hitting distribution of &F is given

in Lemma 3.3.5 the proof of which is given in McDonald (1994). This result will be used in

the next section.

Lemma 3.3.5 For the Jackson network Q and §f = (£ — X ims ¥irY2,++ 1 Ym) € OF,

Flem =7 = z:g:fw(zsffffega(:lpz(ﬁ(m)
TTE, (1~ 2! TTE (&) St Xeor ' pelTid)
TI2: (1 — 206 geor T2 (2) " Ty Ao pe(Te)
17, (&) =0, Ay pelTi)
Lgeor [z (ﬁ')m Timi :\ipi’lpg(ﬂj’)'

For comparison purposes, we will consider Aldous’ formula (3.3) and approximate its

result by simulation. The method used is described below.
Define an Aldous trajectory as follows. Select randomly a coordinate i on F. From
7 € OF, jump directly in B to T;j, for some ¢ = 1,2,...,m, and then let the Markov

process @ wander on S until the origin 0 or F is reached. Let
Y take value 7 € F with probability 7(§)/m(0F) where w(8F) = X gepr 7(if),
DY) = X%, plYi)re,
J(Y) denote the state entered in B from Y where J(§) = Ti.§ with probability

pelydri. = #F T
Dip o
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D(Y) if, from J(Y), 0 is reached before 8F,

and R(J(Y)) = { otherwise.

Generate N Aldous trajectories and calculate
oF) &
a=T0 3" RUY () (33)

n=1

where Y (n) denotes the value taken by Y at the n-th trajectory. By the law of large

numbers,
BlA] = w{@F)EIRUE))
= n(aF)BIERU(Y Y]
= R ¥ ’ES?.)E[E[R(J@)M@H

gear

= Yy L5

yeoF ¥€B D( -')

= 5 @ S L2 ()

yeor ¥eB D( -')

= ¥ i) Y @55 @), (3.6)

y€8F #e¢B
where we note that, for Z € B and § € 9F, g(,%) = 0 if & is not of the form & = g

£)]

for some i = 1,2,...,m. We see (3.3) and the inverse of (3.6) are identical and thus, if N
is large enough, the reciprocal of the random variable A given in (3.5) should be close to
Aldous' estimate for the mean exit time. Note that this simulation is fast since Q drifts
quickly from 8F to 0.

3.4 Semi-Markov methods

Consider the transformation 7 : §%° — S defined by 7 : & = (z;,22,... \Tm) M 2=
(212222 + 1 2m) = (Tim1 Tiy T2, .-, T) and denote by (2*(s),s 2 0), the twisted extended
Markov process on 75%. Under this transformation, the sets B®,By={Zf€ B:x =0}
and 8F> are mapped to
B® — B®:={fe8%:z <{}
BoCB*® — By:={ZeB*:zn =iz;}

i=2

OF® — OF* :i={f€S%:z=¢{}
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and the jumps in this new set of coordinates can be easily verified to be the following: from

Z= (2!1221“'13"1), Z

jumps to with rate
TWZ=Z+& X
T{11}2—2+81+e, XE,‘ i=2,...,m
I\.Z =z—el HiTl .
ThyZ=2-6-§ pi(zi)ri s i=2,...,m (31
TZ=Z+¢ i i=2,...,m
T\Z=2-¢& P’E(zf)r:h i=2,. °1m
TiJ'2= Z-€+ -3 p%(zi)r:ja 1,7 =2,.

where we recall &; is the i-th canonical vector of R™ and ui(z;) = pt if 2, > O and 0

otherwise. When m = 2, this transformation can be illustrated graphically as below:

¢ Lol

w2 hine 34
20 4) phrt, M pird, M $ (68)

a7 tnt
s, SR
T
B, OF® . By Fe
©,0) (€0 ©.0) (6,0

Though the two representations are equivalent - they are isomorphic— the representation
under T has the clear advantage that jumps towards (or away from) 87 are necessarily
function of increments (or decrements) in the z, coordinate. The position of the hit on
AF (i.e., the hitting distribution), on the other hand, is a function of 2;,. .., z, alone.

Now recall, from the end of Section 2.2, the twisted Jackson network on S whose
recurrent components 2 through m have stationary distribution n*(%) = [TZ,(1 — pf)(nf)*.
Let 7 denote the stationary distribution of the associated embedded recurrent chain and
denote by X., n =0,1,2,..., the corresponding chain under the transformation 7. Clearly,
since under the transformation 7 the last (m — 1) components of any state £ € §% are

unchanged, X, has stationary measure 7.
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(Xna Xu+1)

Distribution of u,

(5-, (:RJ"?)-)

(27, (T2)7)

Plu,=0)=1

Plug = 0) = piriy/ (A + pirty)
P(u, =1) = M/(A{ + pirii)

(Z-,(To8)") Plun=-1) =1t /(rt +74)
P(“n = 0) = ’”:91/(7':. + 7'51)
(Z-,27)  Plup = -1) = plrt /(3 + pirt)

P(u, =1) = M/(M +piri)
(Notice the analogy between the values taken by un and the increments and decrements of z1.)

Table 3.1: Distribution of u, given (X5, Xn41): Pltn = | Xn, Xas1).

For 7 € §®, define = = (2,...,2n) and let 8~ = {Z~ = (22,...,2m) € 2™ : 2, >
0,7 =2,...,m}. From the comments at the end of Section 2.2 and the jump rates given in

(3.7), we see the Markov chain X, jumps from 2~ to
e (Ty2)™,i,j = 2,...,m, with rate p{(z;)r}; = ¢~ (Z~, (T;;2)")
o (Ti2)~,i=2,...,m, with rate X + pir}, = ¢~ (2, (T:2)7)
o (T0.2)7,i=2,...,m, with rate pi(z;)(r} +})) = ¢~(£7,(T.2)")
o 7~ with rate A} + pirt =: ¢~(£,27).

Let ¢~ (27) := TiLalg™(F™, (Tu) ") + ¢~ (F7, (T ) ") + Zila ¢~ (F7 (Ty)7)] + 47 (27, 27)
denote the total transition rate from 2.

Define, for n =0,1,2,... the random variable u,, with values in {—1,0,1} whose distri-
bution depends only on the state of the Markov chain X at times n and n + 1 according to
Table 3.1. Denote the conditional distribution as P(u, = | X, Xns1).

If we describe the random variable u,, as the “time” spent in state X,,, the pair (X, Z}(0)+
V;,) forms a semi-Markov process where V,, defined as

=0,

n~ 3.8
Vo= zi=(',ll Uy, ( )
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describes the total time elapsed. The structure (X,,u,,V,) corresponds to the setting
established by Kesten (1974). We present here some of his results that will help us study
the hitting distribution of 7. We represent the variation in the 2, coordinate after
the n-th jump by the value taken by u,. Hence the extended twisted Markov process Z*
takes, after n jumps, the value (Z{(0) + V;,, X,) = (21,22,...,2). Since hitting F>
corresponds to hitting z; = ¢, we conclude the buffer overflows when V;, = £ - Z}{0). Define
£* := £ — Z}(0) and let 7, denote the time at which the overflow occurs.
As in Kesten (1974), define ladder indices for the sequence {u,}.»0 by

:?+:£’min{n >vitVa> V) (3.9)
It is clear, from Table 3.1, (3.8) and (3.9), that V|, =4, 7 =0,1,2,... so that F> is firat
hit after ;- jumps from (2¢(0),0~) at the coordinates (¢, X,,.).

Consider now a two sided process {X#,u#}_o<n<oo With probability measure P# de-

termined by

P*(X#, € A0<i< n,um €B,0<i<n)
q (%o, 2 q (Z7.1,27)
= T oag) T CEA) 0' 1) -y Tkl
I €A e 5T €An !

b E P(uﬂ =J|zu—1 )z P(ul “".7"'-5.1—122- 2 P(un 1 _len—l’ u)

ieBo jeB j€Bn-1

for A; € S, B; C {-1,0,1} and any integer k. The pair {X¥,u¥}_ccncoo forms a

stationary Markov chain, i.e.,

P#(xf-i-i =2.i-:0 St Sn:uf+i =Cg,0 Si(ﬂ)

= Y ®ME)P-(Xi=3,08iSnu=c,0<i<n)
f~es-

and, in particular,
PHXF =7")=#(Z").
In analogy with (3.8) and (3.9), define

Yt ud ifn >0,
V= 0 ifn=0,
Souf  ifn<0,

27



and ladder indices for the sequence {V#}_socncoo!

v = max{n <0: V¥ > sup;c, Vj#}, (3.10)
v# | = min{n > v : V¥ > V#}. '
The index 1 represents the time at which occurred the last strict maximum of V¥, n<0.
Note that if »¥ =0, (3.10) is exactly as (3.9).

‘We now construct the Markov chain
Wa=X,., n20, (3.11)

which records the position of the chain X, after each jump which brings 2* closer than ever
to 8F. Kesten (1974, Lemma 2) showed that, for 7~ € §-,
Y(E)=P*l =0,X¢ =7")=P* (supr <0,X¥ = z‘) (3.12)
n<0
is an invariant measure for the chain W,. He also showed ¢ = P#(u§ = 0) > 0 so
e(Z) := ¥(£~)/q is the stationary probability of W;,. By Theorem 1 in Kesten (1974) and
in particular by (1.19) there,

lim Pe- (W =§7) =e(F"). (3.13)

The identification of the limit in (1.19) with e is given at (3.10) in Kesten (1974).

Now return to the process Z¢ on the untransformed state space 5> (i.e., in the original
set of coordinates). Since all states (21,...,Zn,) and (21,...,2m) in the trajectories of Z*
and its equivalence Z¢ in 75 have common coordinates z; = 23,...,Zm = Zm, We Call
identify the last (m — 1) coordinates of Z*(s) with the state in which is the chain X at time
5. In particular, Z'(7) = (£ — £s(Xo. )iy Xu,. ). Hence, by (3.11) and (3.13),

lim Py(Z(r)) =) = e(§™), §€0F (3.14)

where 2 = (0, ") € B, so, even if we start from the origin, the hitting distribution of the
extended twisted process tends to e as £ — oo.

Returning to the transformed space, we can interpret e(§~) = Pt =0,X¥ =77)/q
by conditioning on {X§ = 7"}, ie,

e(f") = P = 01X = §7)R(") (3.15)
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Also,
-1
PP =01XF =77) = P*(=-Y uf <0n=-1,-2,...|X¢ =§").

i=n

However, the distribution of —u¥, n = —1,—2,... is obtained by the time reversal of the pair
{X#,u#},50. Hence the above probability is equal to the probability the time reversal of
(V#, X#)p0 drifts off to —co in the first coordinate without hitting 8. Equivalently, this
is the probability the time reversal of the twisted process wanders off to —oo without hitting
dF>. However, the time reversal of the twisted process Z* was shown to be precisely the
time reversal of the Jackson network extended to %, Z*. Consequently, P*(— Y7, uf <
0,n = ~1,-2,...|XF = ) is equal to the probability the time reversal of the extended
Jackson network, Z, jumps from §f € 8F into ¥ € B> and wanders off to minus infinity
without ever hitting 8F* again. Denote the probability that Z™ started at & € B* never
hits the boundary by p*(%). Then,

e o A
PH-Y uf <On=-1,-2,...1XS =§°) 2 A;’.’._)pw( T..4)
i=n

where A(#'™) is the total transition rate of the time reversal of the extended Jackson process,
that is,

Mi™) = Z X+t + Zu.(ya) (=q7(7)).

Finally we remark that

)-‘ipi-l—u-_' -1 tf—
A(ﬁ_)"r(y )—Aipi Am (y )

since

w@ =aig) = LT where A= T wGYNG).

y-es-
Putting all these remarks together we get, for any initial starting point 2 = (0,z7) and
7 € OF%,
(™) = Jim P(Z(n) =) = Ezm:‘f\p“m ). (3.16)

i=l

The function p* defined above is related to the function p,(<) defined in Section 3.3 to
be the probability the time reversed Jackson network Q" starting from & € B hits 0 before
hitting 8F. Let # € 8F and consider any £ = T,.7 € B.

29



Lemma 3.4.1 For £ € B C B,
i °(T) — 3} =
Jlim |p(Z) — pe(#)] = 0.

Proof: The time reversal of the Jackson network Q" and the time reversal of the extended
Jackson network Z" may be coupled together until they hit the plane z, = 0 together.
Hence, both processes have either crossed into F together or they hit the plane z; = 0
without reaching F first together. Consequently, the only difference in the values of p™(£)
and p,(Z) is the probability of two events. The first is that Z" returns from the plane z; =0
and hits F while Q" is absorbed at §. The second is that Q" returns to F' before hitting {
while Z" wanders off to —oo.

The probability of the first event is bounded by the probability that Z" hits the plane
z, = 0 and then climbs back to F. We may apply the results in Kesten (1974) as above
to conclude that, as £ — oo the process Z” hits the plane z, = 0 according to a limiting
distribution which we may call d. Hence, as £ — oo, the probability of the above event is,
asymptotically, 3, d(£)P:(r < oo) where, as above, 2isa point of the form (0,7 ~). Since
the process 2" is transient to minus infinity, it follows that im0 P:(T < 00) =0 and we
conclude the probability of the first event tends to 0.

The probability of the second event is bounded by the probability that Q" hits the plane
z, = 0 and then climbs back to F before hitting 0. As just remarked, the process Q" hits
the plane z; = 0 according to a limiting distribution d. Take any point Z of the form
(0, £~) according to distribution d. We know from Proposition 3.3.4 that, starting from 0,
the probability of hitting F' before returning to 0 tends to 0 as £ = oo. Since there is a
nonzero probability of going from 0 to # independent of ¢, it follows that the probability
of starting from # and hitting F before hitting 0 tends to 0. Otherwise, from 0, Q" could,
with some fixed probability, first go to Z without hitting 0 and then go to F, again without
hitting 0. This is a contradiction.

We conclude the probabilities of both events tend to 0 as £ —+ oo and this gives the
result. [

We now return to the original Jackson network Q on S to confirm the heuristic expression
(2.25) developed in Section 2.3.
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Theorem 3.4.2 For if € OF,
Jim Py(Q(re) =) = ,T_[f_.’“ i)

where D = ¥ gear [Ti2a(54) " e(07).

Proof: We have already shown (see (3.16)) that, for i € 9F,
ef-) = Jim Pi(Z(r) =1)
1 n
= EZA,A A= (Ti i)' ()

On the other hand, from Lemma 3.3.5 we know that the hitting distribution of the Jackson
network on § € OF is given exactly by:
A =) = 11 (%) S %o atri)
=2
where E is a normalizing constant. From the above lemma it follows that for ¥ € 8F C 9F*,
im Pi@ir =9 = 11 (%) LAt

i—2 i=1

since p™ and p, are asymptotically the same. Now
m
w(i7) = Q-

i=2

SO we can express

e(i-) = %f_ (T ()

m

[g Xiei o= (T m] (Hu p,)(p.)w) Iy

:—l i=2 i=2 Pi
[EE( ) > Sei's “(mm]——ﬂu AT,

i=2
Putting these results together, it follows that the hitting distribution P(Q(re) =9 is
asymptotically proportional to e(7~) [Tiz2(2+)" and this gives the result. [ ]
We also need the following technical results for Section 3.9. Recalling from (3.12) that

W(F7) < PHXE =77) = %(27),
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we have
e(Z7) < em(Z7) (3.17)

for some constant c. We shall also need the inequality

7(£7) < ce(£7) (3.18)

for come constant ¢ which we assume to be true without proof. From (3.15) which we may

write a8

.. 1 = Aﬂﬁ’i -
- _, (T )72
or -
Aip o0 ) -. )
T

(an @) a= ey
this is equivalent to assuming that p>(Z) > ¢ > 0 for all #€ B.

Finally, if we denote by X the kernel of W,, we establish for any Z~, g~ € 5 and

=]|

integer £ the inequality

Ks-g- G K-g-
e(d-) e(f ) e(F")
_ 14
T ol o)
< (3.19)

e(z )

where K* is the adjoint of K.

3.5 Asymptotics of the hitting time

Iscoe and McDonald (1994a) proposed that the mean hitting time 7 of the forbidden set
= {£€ 5: 5", %; > £} may be approximated by [A(B)]~!, where A(B) is the principal

eigenvalue of the Dirichlet problem
LBp® = A(B)p®  in B:=F°,
0P =0 in F,
and —LB is the infinitesimal generator of the Markov jump process killed off B. The

error bounds given for this approximation are quite complex and require some definitions,
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notation and calculations which are presented below. The precision of [A(B)]™ as an

estimator for E7 is given at the end of the section.

The mean hitting time is approximated by performing calculations in the L*(S,7) =
L?(r) space defined by

Definition 3.5.1 A function u on S belongs to L*(S,n) if
> (E)m(F) < oo
zes

The following inner product on L?(r) is used.

Definition 3.5.2 Let u and v be two functions on S. Define the inner product of the two

functions to be

< U,V Spi= 2 u(E)v(3)r(Z).
#es

The vector norm in L?(r) associated with this inner product is

lfulls = V<uu>r = /Zuz(i:‘)ar(:i:‘).
ZeS

The Markov process Q can be observed on the set B = {# € B : i1, : < ¢}. The
restriction of @ to B requires the renormalization of the measures. Assuming #(B) > 0
(which we do for the remainder of this work), we denote the restriction of 7 to B, 7| B, by
the probability

# = 78 := [n(B)}~ (x| B).
The definition of the space, inner product and norm for the process killed off B then follows:
LA#) = LA(B,#), <+ >x=<+- > |l = lleam.

Let —L denote the infinitesimal generator of the Jackson network on L*(x) and J(Z, -} be
the associated transition rate kernel. Since the transition rates of the network are constant

(and supposed finite), J(£,-) is uniformly bounded. Define

M= sgp J(Z,{£}°) = i[:\; + - (3.20)
i=1
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The flows out and into of the set B can be described by the killing and resuscitation

rates defined respectively by
K8(%):=J(Z,F) for£€ B (3.21)

and
RE(Z) := [n(2))? Z n(§)J(§,£) for £ € B.
ger
Note that, in equilibrium, the rates of flow into and out of B coincide so that

S KB(@n(@) = ) J(@&F)n(&) (fow outof B) (3.22)
Feh FeB

3" J(§ B)n(§) (fow into B)
fyeF

= Y @)™ 2w E)(@)

FeB yeF

= ) R*@n(),

feB

I

i.e., the mean killing and resuscitation rates are equal.

Consider now the three constants

R=if =S KP(@)(E), r= K2 —&lle, ko :=|R" - &lls (3.23)
7eB

which will be used in the error expression at the end of the section. Clearly, & is the
mean killing rate and thus, by (3.22), also the mean resuscitation rate with respect to the
probability # on B. Therefore, £, and k; represent respectively the standard deviations of
the killing and resuscitation rates with respect to the same probability.

We can give upper bounds for these constants. First,

Ro= Y KP(@)#E)

2eB
= ), JEF#E)

m
5:2‘_‘ <t

- T @

E:E:l zi=l—1 =1

= ¥ H (1 ﬂ(.t;)).o;

=1 2:2::‘ zy=t-1i=!
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Also,

and

1A

IA

N

<Euis v R wes

 — — ™
i=1 i=1 ™ zi=tol
m

n(B) (X T - poem=tpi-

=1 i=1

IA

w o= (KT - R
= Y IK® - ’P(@)#(E)
= TIKEE)PH(E) - 2% Y KE@H(E) + 7
ZeB 7eB
= Y [K2(@)#(F) - &P
ZeB
< Y IKE(@)PH(E)
#chB
< MY KE(#)#() by (3.20) and (3.21)
ZeB
= MRE
|IRE — &2
S [R® - RP(@)H(Z)
ZeB
S RE@PH(E) - 28 T RP(2)#(8) + B2
FeB #eB

S IRE(@)*#(F) — B* by (3.22) and (3.23)
TeB

Y [RP(E)#(E)

B

2@ (@)@ B #(2)

feB yer

@AY w@IG HP[RE)P since #(&) < 1

ZeB jeF

GRS 0969

MBF &

1r(F)
[ (B)]2 2 W(ﬁ)J(% B)

geF
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m(F) Z n(Z)J(Z,F) (flows into and out of B coincide)
((B)? &3

F) e
- MID S saxe@

#eB
m(F)
= 1r(.B) ME

where we have used in the last inequality the fact that ¥z 7(§)J{(#, E) £ Zger w(f)iM =
Mn(F).

To summarize,

M——===

Il

k< “(B) 1(21—1 Ai) H:ll(l - pi_)em—lpi—l,

w1 < VME (3.24)
and k2 < ;,"—%J)-M K

where we note that 7#(F) = 0 and #(B) ~ 1 as £ = 0.

Before we proceed to the evaluation of the accuracy of A(B), we need one more definition.

Definition 8.5.3 For —L being the infinitesimal generator of the Jackson network on
L(m),
Gap(L) = inf{{f, Lf)x : |fllx = 1, (f, 1} = O}.

In Iscoe and McDonald (1994b), it was shown that Gap(L) > 0.
Finally, from Corollary 2.10 of Iscoe and McDonald (1994a) we obtain

Theorem 38.5.4 If m(F) is sufficiently small, then
|Ewr ~ [AB)]7't < B(B)/A(B)

where

o 4 V/(Gap(L) — R + 43|
AB) = (Gap(L) — R)® — 4K 42 [ + Gap(L)—-F

K1Ka2.

Conditions ensuring thet ©(F) is sufficiently small are given in Theorem 2.8 in Iscoe
and McDonald (1994a); R, 1, and &, are described by (3.23) and (3.24). A similar result

holds for an arbitrary stariing measure mo.

From (3.24) and since Gap(L) > 0, we see that the size of the relative error tends to 0

as £ = co.

36



3.6 An approximation b for A(B)

In Section 3.5, the expected time required to hit the forbidden state F was expressed in
terms of A(B), the Perron-Frobenius cigenvalue associated with the eigenvector o? where

LB =A(B)® inB:=F¢ 0 ok

08 =0 in F, (3.25)
B={feS: T ,z:< 8 and F={FeS: YT,z > ¢£}. The following theorem, which
is a restriction to bounded operators of the Theorem 3.5 in Stewart (1971), can be used
to construct an approximation of the Perron-Frobenius pair (A(B},%). It is stated as in
Iscoe and McDonald (1994a).

Theorem 3.6.1 Let A be a bounded linear operator on o separable Hilbert space H. Let
X be a subspace and denote its orthogonal complement by Y. Also denote by X and Y the

injections of X and ), respectively, into H and set

B=X'AX, H=X"AY,
G=Y'AX, C=Y'4Y,

where * denotes the adjoint. Set v = ||G||, n = ||H|| and 8 = ||T"(|"}, where T is the
linear operator on the space B(X,)) of bounded linear transformations from X to Y given by
TP = PB—CP, and is assumed to be bijective. If yn/d® < 1/4, then there iz a P € B(X,))
such that the range of X + Y P is an invariant subspace of A and ||P|| < 2v/8. Moreover,

the spectrum of A is the disjoini union
O'(A)=O'(B+HP)UU(C—‘PH)50'1UO'2, (3.26)
and dist(o,,02) > [6% — 47m)/é.

Qur application of Stewart’s theorem occurs in the simple case where dim&' = 1 and
A = LB in L*(#%). Let the vector f € X, f # 0, generate X' so that every element in & can
be expressed as rf, r € R. Then, every element k € # can be written as

<f,h>*

h= T T >

—=2-Lie4 (3.27)
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i.c., as the sum of its projection on f and a vector ¢ orthogonal to f. This last statement

can be easily verified:

_ <fih>s
< f> = <h-— f,f>,,f’f>"
= <hf>; _:_;%<f‘f >i (3.28)

= 0

We can also write b = X *h+Y *h since the two adjoints X* and Y* of X and Y, respectively,

take the form
< f!h >4
<hHf>

Indeed, by the properties of the inner product < oy >4,y (3.27) and (3.28),

X'h= Lf and Yh=¢. (3.29)

<hXrf>y = <rf,h>;
<f!h>r'r

= "<Tf'_>"_<r.f:f>ir +r < fi¢ >s

_ < fih>&
- <<f|f>1rf’ f>ﬁ’

= <X'h,rf >
so that X* is the adjoint of X and, for ¢y € ),

<hYY>; = <ht>;:
<f:h pd )

= ahf_>;<f:'ﬂb>i+<¢$¢>fr

= < ¢,1|b >k
= <Y"h,9Y >4

which confirms that Y* is the adjoint of Y.

We can now write

Brf = X'LBXr§
= rX"LBf
< fs LB.f >1‘r
< f:f Zk

rf
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and

(B+ HP)rf = X°LBXrf+ X'LBYPrf

<fiLBf > -
77 rf+rX'LEPf
< f,LBf >& < f,LBPf >;
rf+ .
<his At ns
Teking b = sg%&t and A(B) = b+ ﬂf,—"’,’-;{ﬂ, we conclude B = bl and B+ HP = A(B)1,

where I denotes the identity matrix; |{I||s = 1. Therefore (B + HP) = o(A(B)I) = A(B).
We shall assume f is such that yn/6* < 1/4 so, by (3.26), A(B) is an isolated eigenvalue of

L&, Moreover,

|A(B) - bl

IA(B) — bl |11]+ = [{(A(B) = B)M ||
|B + HP — B||+ = || HP||x

< || Hi#lIPls
27

< =1

= 8

by Theorem 3.6.1. On the other hand, since the range of X + Y P ig an invariant subspace
of LB, it follows that

LE(X +YP)f = L®(f + YPf) = \(f + Y Pf) (3.30)

for some ), i.e., 9® := f ® Y Pf is an eigenvector of LZ with cigenvalue A. However, note
that

B 1< Fi02 >, A T 0

since < f,YPf >;=0, and that

XLB(X +YP)f = (X"L®X + X"LPYP)f = (B+ HP)f = A(B){. (3.32)

By (3.30), (3.31) and (3.32) must agree; this implies A = A(B). We can pick [ such that b,
thus A(B), is very small. That, in addition to the fact that A(B) is an isolated eigenvalue
of LB, indicates that (A(B),©P) is the Perron-Frobenius pair of L?. Finally, note that

ke® = £lla = IV PSlls < 1Y e 11Pe 11l < 25111l (3.33)
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To complete our application of Theorem 3.6.1, we evaluate 7,. n and 4.

v = |IGlls =Y LEX]»
= sup{||[Y"LEXrflls : lIrflls = 1}
= sup{r||Y"LEf||s : rllf|l+ = 1}

_ B __ < f:LBf > R -
= sup {r L*f IS f . crl|fllz = 1} by (3.27) and (3.29)
= sup{r||L®f — bflls : Tllf|lx = 1}
_ As —bflls
BIIfIh

L2 £1la
Sl T

7 = ||Hlls=X"LPY s

= sup{||X"LBY ¢lls : li¢llx = 1, < ¢, f >+=0}
= sup{|X"LZ4|ls : ||¢lls = 1,< &, f >+=10}

— <f$LB¢‘>1‘r
- [ <fEe

#

B .
= sup {'—<—“’—"”3"—'||f||i N6lle = 1,< 8, F 4= o}

<f:f >i

B
- sup {'<—f“1f—'—“2—>—' Nblls = 1,< 6, >4= 0}
Ba
- aup{l SIS 2 gl = 1< by >e= 0}
TP
= sup{l <LPf 1), ¢ > | gl = L < ¢, f >2= 0}
11 F1l#
”LB”ir”f— lna
S TP

olls =1,< b >4= o}

(3.34)

(3.35)

From Iscoe and McDonald (1994a), it follows that § — Gap(L) as m(B) = 1 (i.e., as
¢ — 00). It was shown, in Iscoe and McDonald (1994b) that Gap(L) > 0 for generators —L

of Jackson networks.

Combining Theorem 3.6.1 and the results above, we obtain the following corollary.
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Corollary 3.6.2 The Perron-Frobenius pair (A(B), ¢?) satisfies

LBpP = A(B)p®? in B,

pP =0 in F,
- — Le
Let 0 # f € L*(#) and define b:= SQL—”%&,
L o 1P =bpl
1111
< f,LB¢ >;
and n := sup{l‘fT”f—"l Hglle =1, < ¢ f >p= 0} .

If b < Gap(L), yn/[Gap(L)}* < 1/4 and w(B) is large enough, then
(i) A(B) is an isolated eigenvalue of L?; |A(B) — b| < 2y1/ Gap(L).
(i) |le® = filx < 2| f|ls/ Gap(L).

Corollary 3.6.2 provides a measure of the accuracy of an approximation b of A(B) which
greatly depends on the precision of the initial guess f for ©?. We construct our guess f
by considering the system (3.25) with f in place of ©®. In order to simplify (3.25), we can
use A(B) = 0 to build f since A(B) is small, but then L? f = 0 admits the unique solution
f =0 (L” has an inverse — see Appendix A). We can however replace —L® by the generator
—L* of the extended process Z defined in Section 2.2 to avoid this problem.

Consider the function f* as a guess for ©? and say
L2f*(£)=0 if ZeB%®,
fo(8)=0 if £eF%, (3.36)
. 0o/ 0 = . poo
zll-lvl-l!oof (f)=1 if e B>,
where B® = {£ € §% : T, 2; < £} and F® = {f € §% : 12, z; 2 £}. The Dirichlet
problem (3.36) has the probabilistic solution

f®(%) = P(starting from Z, Z never hits F> ).
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3.7 An application of the twist

The twist developed in Section 2.2 can be used to solve for f>. For some function k¥ on 5%

and the constants a,,as,...,a,; W& Can express

(@) =1~ ([[ k@), Fe 5.

Then

|

L1 - [] ei*k(®)

i=1

L= f=(z)

I

L1~ L= [] af'k(2)

i=1
= —L®[] ai*k(Z)
i=1
so that, by (2.6),

L*k(Z)

[Laa i

_ 1
ITiz, af

Combining (3.36), (3.37) and (3.38), we can write

1 m
= L™ [] 6 k(2)

L®f(d),

L'k(®)=0 if &eB™,
K@) =]Jar= i &eF>

i=1

Now define
Kkt = otk = p7'k.

Then

LB =0 if £e€B™,
@) =ot[[ar™=:s&) i ZeF>

m

=1

(3.37)

(3.38)

(3.39)

(3.40)

Since we recognize in (3.40) a Dirichlet problem, we can express k‘(Z) for £ € B* as:

k(8) = By s(2'(r)) = 3 siPH(2'(7) =14)

JeF=
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where E. and P} denote respectively the expectation and the probability with respect to
the twisted process given we start at £ € B®.

Noting, however, that between any two events — arrivals, departures, transfers - the
sum Y -, z; varies by at most 1, it is clear that, starting in B®, F* is hit on its boundary
OF* = {f € F* : 11,7, = £}. Every £ on the boundary of F* can be written as
F= (-, %, T2...,Zm) and 80

s{f) = s(f- im;,mz, ey Tyn)

i=2

=43 x _
-_— al El-! 0'2 z,,, amxm

m
T -
—_— alz:iuﬂ 02 z1..,. amzm

= ﬁ (“—‘) N (3.41)

i=2 e
is independent of £ and k‘(&), rewritten as
K@= T s@PUZ ) =), (342)
JEbF

depends on £ only through the hitting probabilities of F>. This is a very desirable property
that justifies the somewhat elaborate expression of f in (3.37). In fact, the definitions of
k and kf were motivated by that result.

Now recall from (3.14) that
Jim Py(2(r) =7) =e(§™), 7€OF®

for all #— € 5~ and define
k= Y s(@eli). (3.43)

JEOF™=

Replacing k(%) by péx in (3.37), we obtain a new function

2(&) = 1- ([ a¥*)eix.
i=1
For simplification, the function f¢° will be used instead of the function f* in later calcula-

tions.
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3.8 Calculation of b for pooled queues

By definition,
< 2, LB >4 Taep fOAE)LP fX(E)F(E)

b:= =
<o fe >4 |1 f>I1%
where #(Z) := 1@1}(_{%&, with 7(B) = Y zep 7{(E), is the stationary measure of the process

on B. Noting that the extended process is identical to the original Jackson network except

for the movements past the T, = 0 hyperplane, we have that for £ € B C B*® with =, # 0,
LP (&) = L={(5) = 0

by (3.36). Hence we only need to consider the &’s in th» set By = {fe B:z, =0}

Now, for T, € By,

LB (&)
= L®f®(F) + mr. (fO(TLEe) — f2(F0)) + Y r1s(fP(T1580) — £*(Z0))]
j=2
= P:(ﬁ a5 )ry. (k(Zo) — a7 k(Th.%o)) + i r1(k(Zo) — asa7* k(T1;20))] by (3.36} and (3.37)
i=2 j=2 .

m m
pi(T] a0t [k (Zo) — ro.0r K (T1.Z0) - Y risesartkH(T50)] by (3.39).
i=2 j=2

Similarly, we can write
F2(&) = 1 - [] af*piE! (%)

i=2

and thus calculate

b = <fmsLBf°° >ir/<f°°:.fm >

3o FR(E)LE F2 @) &)1

€D
L1 s OUREE TR pdel
"R L X X TEETEN-eTEG
i n?;l (I—Pi) £=1 t=1-z3 l-l-—-:a-za.“l-—l—z'i:? x [ m 2ey(q m ot
7=~ =(B) :fv;:o n,z:o :go xéﬂ (‘];]2:9: ) .El;[ga' pik’(Zo))
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=2 j=2

m m
10 ([T o)) [k (&) — r.o k(T Bo) — 3, rijagar KT ,:i‘o)]]

TE DD MR SRR S (i

za=0 z3=0 z4=0 T =0 i=2

1 H:’ll(l p‘ =1 I-l-zxgl{-l=z3—23 '-1-2'_1 * [m

[1- f_[zai LR (Zo) ][ (Fo) — ri.o1 k(T2 50) .nzizfljﬂjﬁfikl(Tufn)]] .
i= i=

For ¢ large, the evaluation of this expression is quite cumbersome. We thus proceed
to gradual modifications that will yield a simple approximation for b. The error of that
approximation will be bounded by the sum of the differences between the intermediate
versions of b.

The first simplification results from the observation that |||z = 1 (this is shown in

(3.54)).

bh = <f% LBf°° p
I-I ( 1 {=1=22{-1—z3~13 {-1= :':;'::; m
“;r( B) 9 1t Z > X [H(pf)"
z2=0 z3=0 z4=0 =0 1=2

1= Ha'i LR (Z))[k (&) — rumk (T Z0) — Zf'uasal k (Tuﬂ-‘o)]]

i=2 j=2

We can simplify this further by taking f* = 1 altogether:

bz = < l,Lﬂfoo -

—1- me1

l-[ (1 pi =1 f=1=z3 l=1=29—~23 ima 5[
T S S S sl
zg=0 =z3=0 z4=0 Zm=0 i=2

: [kt(fo) - 7‘1.91"7! (T1.%0) - Z’f‘uﬂ:‘ﬂx—lkt(lefo)]] .
i=2

If we now substitute f3° for f°, we obtain

by = <1, L"f°°>,—,

Hs.—.l ) ¢ - — - .
TI‘(B) 1Pkl = rim ;Tl.’i%/al]

t=1 ¢=1=zgl=f=zy~23 t-1- r.;l'“ m
SRS e
2a=0 =z3=0 z4=0 Tm=0 =2
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Finally, an asymptotic approximation of b is obtained by letting £ — oo

Hl(l pmk[l — o — Zmaj/al]]:[( ) (3.44)

Calculations for the differences b— by, b, — by and |by — bs|, which are rather lengthy, are

performed in Section 3.9. The results are

b—b < cpirt from (3.56)
by—b < ™™ ?plr'/?  from (3.57)

by = bs| < cplrt from (3.50)

for some canonical constant ¢, § > 0 small and some positive value r < 1.
The expression for 5 was obtained by first noting that 7(B) — 1 as £ —+ oo and taking

infinite sums. We note that

8= t=l-zg f=l=x3—23 - 1'2‘ 2 T m oo ©0 oo o m
YXY X oy e < XX X X e
za=0 x3=0 z4=0 Zm=0 =2 za=023=0 z4=0 Tm=01=2

- ﬁ(l Pi) (3.45)

i=2
since, by Theorem 2.2.3, p} < 1, i = 2,...,m, and the geometric series then converge.
The difference between the expressions in the first and last lines of (3.45) is shown to be

asymptotically small:

[~] oo -] t=1 ¢—1=22 "‘"2;-; i m
IPILD S o RIS vl )1 (7
Tz=0z3=0 Zm=0 za=0 za=0 zm=0 i=2

mel
=1 t—1—z3 t-1=) iz 3

e N D R [

z3=0 3=0 2m=0 za=0 zTa=0 Tm=0

I
7
g
o
o
H

£

< Yo (s+ 1))

2t
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Since pl,,, := maxi=z . m{(p}) <1 and m is fixed, the upper bound is small when £ = co.

We can finally write

b — by < cp} 3 (3 +1)™ " (Prnae)”- (3.46)

>t

Combining (3.56), (3.57), (3.50) and (3.46),

[b=b%] < [b—bif+ by ~ ba| + b2 — bs| + [ba — b} (3.47)
< clplrt + el 4 plrt 4 pf D (s 4+ 1) (Phuae)’]-
2l

This error tends to 0 quicker than b itself. Therefore, b is asymptotically as good as b as
an estimator for A(B).
The accuracy of the estimator is given in Corollary 3.6.2 as
AB) - bl < ol
Again, because of their complexity, calculations for v and 7 are detailed in the next section.
From (3.58) we get

_2m_
Gap(L)

c[pi pli2gmgmi2 p::C/?emﬂ]

|A(B) - bl

IA

IA

for a canonical constant ¢ and 0 < 4,7 < 1. Thus, the relative error
IAB) - dplrt/emem + il en]
b = pi
= c[rt2gmemi? 4t

(3.48)

goes to 0 as £ — oo,

3.9 Detailed calculations

We justify in this section the various operations that led to the simplified estimator 4
for A(B). We establish the asymptotics of the differences [b — by|, [by — bg| and |b; — by|
which determine the validity of b®. Furthermore, we examine the factors 1 and «y defined

in Corollary 3.6.2 whose product gives an upper bound for |A(B) — bj.

47



With the results from Section 3.4, we can show the convergence of b to b. To simplify
the notation, we will consider the canonical constant ¢ which will include all constant
terms. For instance, the stationary probability of the chain X, at state Z~ is given by
#(Z7) = cIlim2(0})™.

For our calculations, we consider again the state space S subject to the transformation
7 and the twisted extended Markov process Z*. The use of the transformation 7 requires a
change of notation for the functions f* and k defined in (3.36) and (3.42) respectively. For
£ = (21,%2,..,Tm) a0d £ = (21,22,...,2m) in §° with 2 =TZ = (T ZirZ2y -« 1 Tm)y

define

2@ = 2@
(D) = K@),

Using this notation,
m m
£2(5) = 1— ap " Zim " T oft pkE(5)

i=2
by (3.37) and (3.39). Note that the function s defined in (3.41) does not need any special

notation since it only depends on the coordinates 2 through m.

We can now verify that the limit x defined in (3.43) is finite:

ko= D sel§)

JEBF ™

= ), s(ed”)

jeaFe

5> ﬁ(‘f)" #F) by (3.17)

geaF= i=2 + &

e 3 T (3A)

JEOF™ im2

= ¢ ¥ [1(Zan)

peaFeiz2 %

= ¢ Y Tera)”

JEOF™ i=2

m o

T D (ot o)™
i=2 ;=0

< o

A

A
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since p7lp < 1fori=2,...,m by (2.5).

We now study the difference between k% (Z) and & for # = (z,...,2) € §. We observe
that the Markov process 2! approaches the forbidden boundary 8F® = {z' € §%: z; = £}
only through increases in the z, coordinate. Thus, from Z!(0), £ — Z}{0) = £ steps in
the positive z, direction are required to reach 8F*°. From the existing analogy between
increases in the z, coordinate and the variables u,,, we may say the process X,,, Xu,, Xiqy ..+
(with kernel K) reaches 8F*® at “time” vj..

Lemma 3.9.2 shows that, for £ & 5%,

BA2) = Y PelXy.=77)s(i)

fedre

=+ Y elf)s() =«

jere

when the difference £ — z, is large enough. This condition certainly holds for 2¢(0) = 0
when £ is large. Thus, in practical applications, we shall approximate & by & (0). To prove

the lemma, we will need the following result whose proof can be found in McDonald (1994).

Theorem 3.9.1 [Mihail’s Theorem] Let ||a(-)[|[2A = Ls-es- la(Z7)| denote the total
variation of the unsigned measure o. Then the total variation distance between the disiri-

bution after n steps and the stationary distribution e is given by
|IK3-. = e(-)If2 < (1 —Gap(K))"/e(Z™).
We assume Gap(K) > 0 without proof.

Pick € > 0 sufficiently small so that

Rl - Rl (3.49)
- fen(2)]

i=2

= A<l

Let p=1-+eand g=(1+¢)/e> 1. Hence 1/p+1/g=1.
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Lemma 3.9.2 For = (2,22,.--,2m) € 5%,

¢ ‘- - e(Z-)\/% t-z
k(2 =l = | 3 (K- - e(F)) s@)] < o=z (1= Gap(K) =%
jeaFe= e(Z-)
Proof:
. i
Y (K —e@) @) = | 2 (e(..f) —1)s(me(a'-)
geoFe geare \ €\
IC'..'_"_ e 1/q 1/p
< X w5 e )) )3 |s(m|ﬂe(§-))
geore= | 8\ jeoFee
by Hélder’s inequality. Now,
m v 1+¢
S @) < [11 (2) ] #(7") by (3.17)
JeoFee geoFea Li=2 V%
m 14¢ v
= ¢ Z H ( ) ﬂtPi]
vearui—z
=c 3, Hﬂ"‘ by (3.49)
JEOF = im2
m oo
< cHZﬁ“‘ < 00.
i=2 yi=0
Next,
o I
=L — 1) el77)
geﬂ_rnn e(y )
K!—.’.: g1
< sup (=i -1 KL —e(f-
geor | eF-) ge‘,,\_\y‘ml 7=y~ ~ el
< |-l sl L (1= Gap(K))“"* by (3.19) and Theorem 3.9.1
S PES) 75 ap y (3.19) an eorem 3.9,

2 Vo1 n
< (Eﬁ) —‘/e—(——)-—z—_(l—Gap(fC))u vz
L (1 - Gapl)) -0

(“‘)"
so that
ke3- [ e(Z7)" (t=22)/
= V- 1| ey~ < e—=—=——(1 = Gap(K))*"™* 2,
Z |5 I ) A2 (1~ GaplK)
'This proves the lemma. =

We are now ready to justify the simplifications leading from b, to bs.
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3.9.1 Asymptotics of [b; — bs|

From Section 3.8,
b, = <1,LBf>>,
= Y L8i(@)(E)
-t
-cx ﬁpr*m[n.(fmm.fo) - () +i:'2n,-(f°°(:rufo) — =@

Since, by (3.7), 7(T\.£) = T1.Z and T(T\;£) = T;Z for any 7% = 2,
m m
br=c Y [[Atmln.(fF(T.2) - f£(2) + S r{fF (T 0) - fP )
£o€Bo i=2 i=2
Separate this summation in two parts so that the first sum includes states in By with
2z =0,...,{¢ ~1)(1 — 6) and the second sum combines states in By with z = (£—1)(1 -
§) +1,...,8—1 for some § > 0. Call the first set of states B, and the second set By. The

second sum is bounded in absolute value by

¢ 3 e mir i (T.2) - 2@+ rlf#(Tyd) = (&N

5068, =2 j=2
m
< oY [lor since 20 <1
fa€Bp 12

< (™ = [(€—-1)(1 = Sl -

mazx

where pmoe = maxiza,...m(01)-

The first sum is calculated by recalling f5°(%) = 1 — [Tz, ai* plk%-(Z). This gives

¢y, ﬁpi H1py Haz‘[ﬁ (k%-(2) — a7 k7 (T1.20)) + Z"'u(k'r(zu) aja; k(T 52))]-

£0EB, =2 i=2 i=2

Consider now any term, say

D H(psm)“p;(k (%) — )

fo€B, i=2

= o 3 I 2 [fc‘.:;,:_ - ()] @)
£,€8, i=2 gear=

< cpf Z H( )"‘e( o) (I—Gap(lC))(‘-ll)/""i by Lemma 3.9.2
zoGB =2

< cpt(€—1)(1 -8 (1~ Gap(K))¥+!=%% by (3.18).
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Calculations for the other m terms clearly yield the same result. Therefore

b2 = bl
< df(Em — [0 1)(1 = AP 4 pl{(E - 1)1 - ™ (1 — Gap(K)) =)

mal

Noting that pme: < p1 and that an exponential decreases faster than a polynomial, we can
choose § > 0 so that
lbz — bs| < cpfrt (3.50)

for some r < 1. Consequently, the error induced by replacing k*(:) by x goes to 0 quicker
that b.

3.9.2 Asymptotics of b—b; and by — b

Before we can evaluate b — b, and b, — by, a few preliminary results are needed. Consider

NLPfelly = 3 [LPF°(@)] % (&)

$oEBy

cy, ﬁp?'[lilrl.(fw(Tl.fo) = [(Z0)) + i'f‘u (o (Ty;%0) — £(Z0)))?

29€Bo i=? ja2
= ¢y, [[oilr.(fP(N2) - fF (%) +m 3 s fE (Thy%) — 7 (@)1
fo€bpy i=2 j=2

As before, split the summation over two sets. The first summation is peiformed on the set
B,={%€Bo:2z =0,...,(¢~1)(1 — &)} while the second is on the set By={% € By:
z = (£—1)(1 = &) +1,...,£—1}. Since f(-) <1, the second sum is clearly bounded by

m
c Y TIe € ¢ pita

fyeBy i=2 680

< demt - [ - 1) - &l
where ppgz = MaXi=a,..m(p:). Take & > 0 such that
[ = (€= )1 = IO = (o)

for some r; < 1.
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Now, the first sum

¢y ﬁPf‘[ﬂl‘-":.(f‘?"’(Tx.fo) - P (@) + m iru(.f'??(Tufo) LA (3.51)

fyed, i=2 j=2
<c), Hp (2372 (F2(T1.20) = FR(R)) + 21 1o (f2(T30) = 7 (%))
..oeB =2 i=2

< ¢ Y [IA R Ife(Tg) — FR@IM + 3 rhlfp(T;h) - F2(E&))

Foel, i=2 j=2

for some 0 < ¢ < 1 since f(-) € 1. Again, f$*(%) = 1 — [Ti%; af* pt k(%) so, for instance,

f_[a:‘ [k5(%) — o7 K%-(Th.20)}
= ﬁa;‘[(k (%) — &) — a7 (K&-(T1. %) — £) + (s — a7 ' )]

i=2

fP(.2%) - f7(%)

and

1fP(Th.%) — £ (Z)| M
m
< eplMHO T aF MR (Z) — k[ + a7 U NRE(TL2) — A1+ |6 — 0y ],

i=2
The sum
i £(14-e' s =14 '
Z Hp{:apl( +e') Ha;:( +e )I,i - al—lnllh
FoEB, i=2 iz
-1 nim=1y . f(1+¢") o1l i 1
< @ = fe-1) - e e = ot sl T (e
=2 1- ay Pi
if
alt'p=alpl<l fori=2,...,m. (3.52)
The sum for the term |k&(2) — x|+ is
< {14 1 ‘
Z H 0¥ p 1( +z)1’[ se{l4e )lkl( ) |l+¢
eBl, i=2 i=2
—y(1-+e")/2¢ .
< ¢(1+¢) Z H(p‘)n II 'z e(z _)_ = (1 _ Gap(iC))“*' J(t—=z21)/2q by Lemma 3.9.2
fEB, i=2 i=2 e(Z-)

g-)(1+¢')12v

' LI Nz e
i 3 [Lat(1 - Gapeyosxe-sim e

EER, i=2

IA

by (3.18)
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g(p )¢

m !: £
< ™ Y ¢t H ( ) where 1> g = (1 — Gap(K))(+<V%

Fo€l,

m 24
= ¢(1+¢‘) ]
Z H (QPi )

€8, i=2

< et gle-)E - (=

1\ (D= _
) where ppin = miten . m(0:)

of
min

= pf(l-’rt) M’+1-6‘[(e 1)(6’ 1)]m—l -t (l-—l)(l-d)

Pmin

For ¢ sufficiently small, g#¢'+1=8 p=¢ ¢80 < ¢ for some 1, < 1. Choose ¢’ so that 7

can be found and (3.52) holds. All other sums in (3.51) can be done similarly and we obtain

LB £l < clot V2830 = 1)@ = 1)]mV72 4 (pyry )% < cpllPrt/2(e8)™/%  (3.53)

for some r < 1.

From this, we can find an upper bound for ||f* — 1||+. By the triangle inequality,

Now,

15 = ©®lle

Also,

Hence,

IA

IA

i1 -

15 = Lis < 152 = Pl + 111 = ©®lls.

% by Corollary 3.6.2
L2 £l |11l
2 ( el * b) Gap(L) by (3.34)

2/[LB5=llx . 2b][flis
Gap(L) Gap(L)
cpilzrllz(gan)mﬂ N 2
Gap(L) Gap(L)
clpt/*rt/2(e8')™* + pf].

for 0 < §,r < 1 by (3.53) and since f(-) <1

oy = 2/(Gap(%) — k)? + 4r3 s
[Gap(L) — &} — 4K K9
by Theorem 2.7 in Iscoe and McDonald (1994a)

™22 by (3.24).

IA

115> = Lils < c™?p1/", (3.54)
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On the other hand, [|1 — f*°||; > |[If®llz — l11]]4] by the triangle inequality or

s =111 = f21x < UFNa S U+ 112 = F<l%

or
1 1 1
< < .
120l + 112 = ffls = IlFels = [2lls =111 = F=lls

From (3.54),
NFtls = 111 — e/, (3.55)

We can now calculate b — by and b, — b;:

1
b—b, = < fo,LBf° >, [W - 1] (3.56)
i
1— Hf""ll?]
< o [___,
AR
1-(|1 1,'._cemlz £/2v2
(1]l = c€m/2p,""}
< opirt
for some r < 1 and
bp—b = <L,LPf® >, - < fo,LBf® >, (3.57)

<1—fo LBf* >,

1 — F=1:||IL2f<|l+ by the Cauchy-Schwarz inequality
™2t 2 g2t (8™ D <18 <1 by (3.54) and (3.53)
cfmEm2ptrtl?,

A A

3.9.3 Upper bounds for 7 and v

From (3.34),
L7 £ 1%
< =" 4b
7 171l
42,8020 psym/2
< Lo TN L ¢ by (3.53) and (3.55).

(111} - ctm/2p3!*
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Also, from (3.35),

LE Hall £ = 11+
[FaadI®
cem/2 £f2

<
s - cf’"/zpf’z
where we used the result from Lemma 2.2 in Iscoe and McDonald (1994a) that NWLE|lx <
23" (A + ), a constant. Therefore,
c p:ﬁrt/z ( E5)m/2 gm/? p:” CPf mi? piﬁ
2lfs — cemizg?e [|1fl; ~ ctm/2pi
cptrt/2£m6m/2 cp?-'-/2£m/2
2l — cen/2f 2l = /2
< [p: l/28m6mf2 +p?lfzemf2]' (3-58)

3
743

by (3.54) and (3.55)

m <

3.10 Asymptotic equivalence of Aldous’ estimate and b

By equation (3.4), the estimate for 1/Et proposed by Aldous (1989) is

(BRI = ) n(@) Y q"(F E)elE)

jEBF #€B
- ):H(l ~ o0t 1T (&) S Aol
gedr i=l =z P/

However, it was shown in Lemma 3.4.1 that p,(T; §) — p=(T:.7) a8 £ = oo (fori =1,...,m)

80
pTUEsR™ ~ H(l-p.)ZH( )”f Lp2(T1)
=] JeoF i=2 =1

s 2®

[
——
o

DH

- 1'[; (1 - Pi)lz

m (1 o ) py ) [H(l p;)(Pi)"‘ [Z Aip,-l APW(T m]:l
1-2 1 jeor

i=2

...

_ l-l(l pl)l O a v — - _ .
TV (=)D Za: g(?t [’”t(?l );Aipi Ap (Tiﬂ')]
=11 —pi = fa e
= -H‘_il—z‘;-% Za: H(a—:) e(f~) by (3.16)
o Diz(l-pla T (9 ofi-
T2 (1= £8) A Z‘_;. ]_';‘I;(ai) &)
- HEay e



An exact expression for g is derived in Kesten (1974}. In (1.3) and (3.22) respectively,

Kesten (1974) defines
a= Jim Ve
lim % =p and Jip oV <o

and, in (3.23), shows 8 = 1/g. In the discussion following these equations, he also concludes
4 = af. Clearly, from (3.8) and (3.9), ¥ = 1 in our case so ¢ = c. Also, given the analogy
established in Section 3.4 between V, and the total variation in the first coordinate of Z¢,
« may be taken as the average drift of Z* in the positive 2, direction with respect to the

measure 7. Thus, using the notation developed in Section 3.4, we calculate

o 5 5 (S - St

g-€s- i=1 i=0
™ - m
= (Z M-pirt -5 ) W‘(ﬂ'“)ui(ye)rf.) A
i=1 i=2 J-€s-
m - m
- (2: 5t et — Solutrt — (1 .o%)uéf%.]) )
i=] =2

m - m
= (Z M—pirt - piuﬁfi.) A
i=2

i=1

Now, as £ = 00, pr|[Esr]~ — b| = 0 by Theorem 3.5.4 taking m, to be a point probability
at 0 and (3.48). Also, py%b — b*| = 0 by (3.47) so

- -1 ", ~t [Tiz: (1 — p1) - -1
P BTt ~ prtb ~ pr b = S — e[l =i — Z"'li“l“l Je
H:‘:z(l - Pi) =2

by (3.44). However, EzR ~ Egr from Proposition 3.3.1. Also, by the calculations above

e o IRl =p0) @
P (BRI > AT 3

This implies p; 5% = limy_e p7 [EgR]™! is established if we show

m
% =l —r.p — 3 ruear’).

i=2

We can verify this directly in the following lemma.

57



Lemma 3.10.1

mll—rip = Zrha,al 1= 2 M~ iy, —

Proof: First, notice that

m
- phuiri

=2 i=2

Hry. Bt
prpr = —— = 4N,
ay

by (2.10) so that all we have to do is show the equality between

and

where

so that

7

S =

i=2

- Zrua.-ai'l (359)
1=2
Z Z pipiTe (3.60)
i= i=2
= Yha-Y GA BTy (9 19) and (2.10)
i=1 ica Hi Qi
m - m
= Y hei— A (3.61)

i=1 i=2

Ti. = '\i(l zru)

j=1

2
|
>
<3

~a,

Ms £

Pl
!

s i3

)‘iru + Z Aﬂ'lj

J—-l

.?'

> (A =)+ Zamj by (2.2)
=1

+ Z)\lru

j=1

s 11
T
Ma

>
I

1
-

-
I
[x}

5 £ 503 098
0
i

J=1

3w

:\,- + Al‘f‘]j

m
j=1

AI(ZTIJ -1) +i Aj

i=1
m

Z Xi - Aﬂ’l,.

i=1

.,
I
—

|
o
+
it

...
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Hence (3.61) becomes

zm::iidi + )\11‘1_ - f: :\,'.

i=l i=1

On the other hand, (3.59) is
By -
1= = Z‘f‘uﬂs =p - N Zrliai
=2 i=1
since a;! = gy = A1/ and ry; = 0. Therefore, (3.59) and (3.60) are equal if
m m - m _
=M Do =9 Mai+ ML = ) A
i=1 i=1 =1

or

M=

Y hitm =

i=l

m
Xiai + M(ry + Y )
1

=]

- ’j‘ ™
A,‘ﬂ-.’ + ';1'(1';_ + ZTHG().

I
NgE

s
[
-

This is exactly (2.8} with Z = {2,...,m}, so the equality is verified.
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Chapter 4

Application

4.1 Algorithm

If we make abstraction of the error calculations, our method can be presented in a simple

algorithmic form.

For an m-node stable Jackson network with
e exogenous arrival rates X;, i=1,...,m

e gervice rates u;,i=1,...,m

and
o transition probabilities r;;, ¢, 7 = 1,...,m, i # 4,

where the labelling from 1 to m of the nodes respects the load ordering condition p; < g

for i =2,...,m, find the solution q,,...,a, to the matrix system

a 1’3’1-l
10...0 a | T2,
(I—R)yy ol :

am Tm.

where R denotes the matrix (r;;) and (I — R),; denotes the (m — 1) x m matrix formed
from I — R by deleting the first row from the latter.

Next, construct a twisted Jackson network with

e exogenous arrival rates M 1= g, i=1,...,m
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e service rates ) := £ (rl_ + i r,,-a,-), piie=p,i=2,...,m

and

e transition probabilities r{; = ry;a;/(ry. + LiZy Ti@i), 5 = 2,00y,

i = ryeifen i=2.,m j=1,...,m

Extend the twisted process by allowing the first node to serve imaginary customers so that
the queue size at node 1 may be negative; let the m-tuple & = (z,,...,Zy ) record the queue
size at each node.

By simulation, estimate the distribution of the extended twisted Jackson network at
the moment of overload. Starting with empty queues 0 = (0,0,...,0), generate traffic
according to the arrival, transfer and departure rates of the twisted network and record the
state £ = (@1,%2,-..,Tm) at which the sum of the queue sizes ¥, = reaches the critical

overload value £ for the first time. Repeating this many times, we obtain an estimate for
Pi(overload state is ) (4.1)

for & € {€: Tim; i = £}, from which we can calculate

m 1
se= 3. ]I (El) Pj}(overload state is Z).

a
o S

An estimate for the mean time until overloa: given the queues are initially empty in the

original Jackson network is then given by 1/6% where

iz (1 — pi) “ =132
b = =k [~ T — ) T1i6507 )0y
T pytselt = o = 2 resei o
The estimates obtained for {4.1) can also be used to approximate the distribution of the
system at the moment of overload. If we denote these estimates by é(Z~),

m L3
Ps(overload state is & in the original network) =~ H(a. PR YD) [I(a1/a:)*é(z7)].
i=2 FEOF i=m2
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4.2 Two examples

We illustrate our method with two examples of a Jackson network with two nodes. Calcu-
lations for problems of higher dimension are similar.

Using a simulation program, 50 000 trajectories starting at the origin (0, 0) are generated
on the lattice composed of the coordinates {(z;,2:) : ) + 32 < £,22 > 0}. Movements on
the lattice are of the form -

Hiriz

¢t Tt
By, Al

N

with rates as shown in the diagram. These movements represent the jumps of the Markov

chain embedded in the twisted extended Jackson network Z¢.

Each trajectory ends when a coordinate on 8F® = {(z1,%2) : 1 + 22 = {,z, > 0} is
reached. The coordinates (¢ — ,,;) hit are recorded and used to calculate the empirical
hitting distribution P! of 8F* starting from (0,0). The empirical value of x can then be
evaluated by recalling that when £ is large, £ may be approximated by k4(0):

o= (2) Pyzin =9

i=0

and from (3.44) we can calculate the approximate asymptotic value of b

I'I?-:(l - Pi) ( 1 ) ]
(o o] 3= — — ————
by = —W(B) ,u.m,[l 7101 7'1232/“1] 1- 2t Pr-

The factor 7{B) is kept for simulations with £ small to improve the estimate.

We can obtain another measure of the mean exit time by performing the simulation
described in Section 3.3. Aldous’ simulation estimate (3.5) can then be compared with
the values of b for different values of £, Moreover, for £ small, it is possible to compare
the values 5% and A with the smallest real eigenvalue A(B) of L®. These can, in turn,
be compared to the exact mean time to reach F from (0,0} given in (3.2). The C and

Mathematica programs used to compute these values are given in Appendix B.
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4.2.1 First example

The parameters of the first Jackson network examined are

:}1=2 [.ll=4 T12=0.15
A2=3 }12=6 Tg|,=0-3

with corresponding loads p, = 0.759162 and p, = 0.575916 which agree with the initial

assumption (2.5). The twist parameters
a; = 1.317241 as; = 1.095172

obtained from (2.9), yield, by (2.10), the following parameters for the twisted process:

A =2.634483 uf =3.08 rf, =0.161964

AL =3.285517 ui =6 rs, = 0.360831
to which correspond the loads gt = 1.298701 and p} = 0.630728. These values agree with
the statements of Lemma 2.2.2 and Theorem 2.2.3.

Table 4.1 presents the values of m(B), k., b®° and A computed from the simulation
for different values of £. These numbers seem to confirm that x.(= k‘(0)) converges to
some value k as £ = o0. Also, the estimates 62° and A are close, and thus agree with
our statement that they are asymptotically equivalent. Note, however, that A < 8°. This
follows from the fact that A-! ~ EzR > B, that is, A~! gives an upper bound for the
mean overload time. On the other hand, b%° approximates A(B) whose difference from Egr
" is given in absolute values. Part of the differences between the two estimates may be also

imputed to the Monte Carlo error resulting from the simulations.

£ n(B) Ke [ A
15 0.9720235 2.017463 8.467698 x 10~°  7.843819 x 10~°
20 0.9929092 2.075365 2.150279 x 10~* 1.994045 x 10~
35 0.9998861 2.102398 3.468116 x 10~  3.199883 x 10~°

100 1 2.108264 5.794361 x 10~'3  5.305142 x 10~'°
500 1 2.120460 7.931670 x 10~  7.333558 % 10~
1000 1 2.120341 1.165890 x 10~'* 1.059399 x 10~'*

Table 4.1: Qutcome of the simulations for example 1.
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£ m(1) [AB)— ] A~
15 10428  99.46 11810  127.49
20 44272 43414  465.06  501.49
35 28608.60 28585.10 28834.10 31251.14

Table 4.2: Comparison table for example 1.

For £ small, we can compare m(1) = (L#)'1(1), the exact mean time to reach F* from
{0,0) (see (3.2)), [A(B)])™!, the inverse of the smallest real eigenvalue of LB, [6°]~! and
A-'. This is shown in Table 4.2. This table reveals that the values of m(1), {A(B)]™* and
[b2°]~ get relatively closer as £ gets larger, even when £ is as small as 35. In this example,

Aldous’ estimate A does not seem to perform as well as 53° when £ is small.

4.2.2 Second example

The parameters of the second Jackson network and the associated twisted network are

Ay = M =3.22
= pp =39

H2 = py =8

12 = 0.12 rt, = 0.127676
ra = 0.25 rt, = 0.301242

with corresponding loads

g = 0.773196 pt = 1.282051
pa = 0.432990 Pt = 0.464742

where the overload of the system is accelerated with the twist parameters
a; = 1.293333 a; = 1.073333.

Table 4.3 presents the values of n(B), &, b and A computed from the simulations for
different values of . Table 4.4 shows, for £ small, m(1), the exact mean time to reach F*
from (0,0) (see (3.2)), [A(B)]™*, the inverse of the smallest real eigenvalue of LB, [b]™?
and A-!. These results are similar to those in the previous example and hence the same

comments apply.
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¢ w(B) Ke be° A
15 0.9728065 1.488334 8.532740 x 10~ 8.263375 x 10—
20 0.9924850 1.493692 2.319526 x 10~ 2.214115 x 10-*
35 0.9998414 1.493991 4.859841 x 10-%  4.679650 x 10~°

100 1 1.496150 2.666857 x 10~'?  2.557029 x 10~1*
500 1 1.489209 5.492776 x 10-%7  5.352138 x 10~%
1000 1 1.491620 7.678192 x 10~!'%  7.441498 x 10~'"

Table 4.3: Outcome of simulations for example 2.

¢ m{1) ABIT [ A~
15 10447 10005 11720 12101
20 41407 40641 43112  451.65
35 20542.50 20522.30 20576.81 21365.12

Table 4.4: Comparison table for example 2.

4.3 Hitting distributions

Denote by P;{(Q(7) = i} the probability that the original Jackson network ) hits the set
of forbidden states at § € OF given it is at state 0 at time 0. Similarly, denote by e(j7~)
the limiting probability that the extended twisted Jackson network Z* hits § € 8F>. From
(2.25),

Jim Po(@(r) =) = [T(@/a)"e(@)/1 3 [1@r/a) e(z")]

i=2 $€0F i=2

We consider here the twisted process @* on § (not $°°) with hitting distribution at
7 € OF denoted by P5(Q*(7) = 7) and define

A =9 =11 (2)" mem = T I1(2) rewn=2
i=2 N 2eoFi=2 ‘4

since, with Mathematica, it is possible to compute exact values for F3(Q(r) = #) and
P5(Qt(7) = §) for all § € OF when £ and m are small. Using the parameters of the Jackson
networks in examples 1 and 2 of Section 4.2, we show the values of P5(Q(r) = 7) and
By(Q(r) = #) when £ = 35. Tables 4.5 and 4.6 show the results for examples 1 and 2

respectively. Note that the results in the second table agree up to the 5-th decimal.,
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7§ BRMN =9 BRI =1
(0,35) 0.0398735  0.0400235
(1,34) 0.113081 0.113507
(2,33) 0.133928 0.134432
(3,32) 0.130103 0.130592
(4,31) 0.115652 0.116083
(5,30) 0.0078427  0.0982025
(6,29) 0.0802591  0.0805450
(7,28) 0.0644917  0.0647095
(8,27) 0.0510807  0.0512355
(9,26) 0.0400407  0.0401386
(10,25) 0.0311476  0.0311942
(11,24) 00240914  0.0240915
(12,23) 0.018553 0.0185109
(13,22) 0.0142404  0.0141601
(14,21) 0.0109023  0.0107878
(15,20) 0.00833019  0.00818567
(16,19) 0.00635505  0.00618507
(17,18) 0.00484236  0.00465189
(18,17) 0.00368624  0.0034806
(19,16) 0.00230403  0.00258877
(20,15) 0.00213167  0.00191237
(21,14) 0.00161974  0.00140174
(22,13) 0.00123024  0.00101843
(23,12) 0.000934051  0.000732646
(24,11) 0.000708908  0.000521275
(25,10) 0.000537803  0.000366397
(26,0) 0.000407766  0.000254111
(27,8) 0.000308912  0.000173667
(28,7) 0.000233708  0.000116783
(20,6) 0.000176409  0.000077126
(30,5) 0.000132623  0.0000498962
(31,4) 0.000098971  0.0000314957
(32,3) 0.0000728099 0.0000192606
(33,2) 0.0000519763 0.0000112395
(34,1) 0.0000344236 0.00000600074
(35,0) 0.0000147642 0.00000216169

Table 4.5: Showing the convergence of P3(Q(r) = 7 to P5(Q(r) = 7) in example 1.
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] P

- 5(Q(T) =
Elzgi; T 7 BsQlr) =)
(.39 0.252874 0280607
2,55 0.214965 s
5,32 0.152157 s
(31 0.0091786 000017
&30 0.0617274 0061728
6,29 0.0373193 00371
7.2 0.0221262 0029261
8,27 0.0129391 8'0221261
) 0.00749133 0'0129388
(10,29 0.00430507 0'00749082
(1,24 0.00246012 0'00430443
(12,29 0.00139977 0'00245938
(15,2 8.000793793 o'00139896
1e.20 0.000448978 0.000792939
(15,20 0.000253423 0'000448116
15,19 0.000142818 0'000252587
(719 0.0000803818 0'000142024
(s 17 0.0000451952 0'0000796537
o 0.0000253908 0.0000445472
i 7.0000142554 0.0000248307
i 4.9994“ o 7.000013735
(1) 2.48704x 10-¢ 4'61516)< o
(25,12 1.51602><10‘ 2'1816)(10-ll
24,11 7.41041>< 10-8 1'27964“0%
210 4.90444 x 10~7 6'23218 X
(25,9 2.42886x10'7 359385)(10-.r
.9 1.48077x 107 1'48827“0—7
1) 7.38893x10"’ 9.82131>< o
2,9 4.76956><10"’ 4'36895>< .
0,9 2.3aso1x1o-° 2'73836)(10_8
510 1.41156 % 108 1'34975 o
52,9 7.32665x10'° 5'13793“0-8
5.2 3.10364>< 10-¢ 2'34247>< i
o 10364 x 10° 39193 x 10-°

'0)  1.08162 x 10-° o o

9.56142 x 10-10

Table 4.6
.6: Showin
g the co
nvergence of B5(Q(7) = #) t
= fj) to P(Q(r)
= %) in exam
ple 2.
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Chapter 5

Conclusion

For the well known Jackson network, our method, which consists of estimating the reciprocal
of the mean overflow time through a twisted change of measure, gives asymptotically good
results which are in fact equivalent to those obtained with the (simpler) method proposed by
Aldous (1989). Moreover, while Aldous’ estimate is an upper bound on the mean overflow
time, our results give both upper and lower bounds. The power of this method, however,
resides in its potential application in a more general context.
For an arbitrary queueing network with generator —L on S, we can construct the ex-
tended process on S with generator ~L* and define the operator
1 m
L'k(%) = = L7 [ af'k(2), € 5%
i=1 & i=1
By choosing constants ay,...,a, so that —L! is a generator on 9%, we obtain the extended
twisted process with generator —L!. Using Stewart’s (1971) result as stated in Corollary
3.6.2, we get an estimator for 1/Eg7
b= <fm!LBf°° >q
< f &, f ® >

< LLBf® >4= Y LP {2 (T}t (Zo) (5.1)
Zo€Bo

as £ — oo, where By, B, f* and f% are defined as before, and 7 is the stationary distribution
of that (more general) process on B.

Many aspects of the calculations still kave to be established. For instance, the rela-
tionship between the e;’s given in Lemma 2.2.2 may not hold, we ignore the behaviour
of the twisted process; more than one queue size may be transient, £ may not tend to a

limit! Furthermore, the stationary measure # is generally unknown. Note, however, that

68



the summation in (5.1) is over the set By only so if everything works as in the Jackson case,
(5.1) tends to
—ar* ( > U]I a?‘)vr(fu)) K
#o€By =2
where

m Z4(r)
i a
e=tm ]l (2)

Now, as before, « is quickly estimated by k. and ¥_z,c g, L{TTiz, a7 )™(Fo) can be estimated

quickly by simulating @ near 0. This is a clear advantage over Aldous’ (1989) method where
1/EyT is estimated by

> @) Y alF, D) (Z)

geoF #6B
and the stationary measure must be known for all # € @F. Thus, although proving the

asymptotical validity of 1/b> as an estimator for E5r was decidedly harder than establish-
ing the asymptotic quality of Aldous’ (1989) estimate, the twist method proposed here is

assuredly destined to wider applications.
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Appendix A

The nonsingularity of LB

Since B = {f € §: ¥, z; < ¢} is finite, we can express the generator of the Jackson
network Q killed off B, —L#, as a matrix of finite dimensions by using the appropriate
indexing method i = 1,2,3, .., dim(B) = Tke D415 ... £ o2+ ™ 1. For instance,
consider the bijection ¢ : {1,2,...,dim(B)} — B defined from ‘the index ¢ : N = §
described in Section 3.1.

Similarly, the kernel of the embedded Markov chain killed off B, K B con be viewed as
a dim(B) x dim(B) matrix with entries K;; = q(3, )/q(4), if  # j, and K;; = 0, where we
recall g(i,7) := —L;; and g(3) := Ly;. Defining diag®(q) as the dim(B) x dim(E) diagonal

matrix with (f,1)-th entry g(z), we obtain
diag®(¢) (I - X8) = L.

By our assumption that the Jackson network is both open and exogenously supplied,
q(i) > Ofori = 1,...,dim(B) so that diag®(q) is invertible. Consequently, L? is nonsingular
if and only if (I — KZ) is nonsingular. Now, since

(I_ KB)_I = Z(Kﬁ)n,
n=0
(I — KB)~! exists only if the sum on the right-hand side converges. Consider the (i, j)-th
~ntry of the infinite sum,

o0 [~ =]
E(K BYy = Z P.o(ies(Q reaches cB(j) € B after n jumps while always remaining in B).

n=0 n=0
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This sum certainly converges, and thus (7 — K'Z) is nonsingular, if

o
S Y (KB < oo (A1)

eB ()68 n=0
Now, T.o(1en(KB)y = Pes(yes(Q is still in B after n jumps). Consider the state in B
which is the farthest away from F, i.e., the origin § = (1), and assume for now that
states in F' are absorbing. Since, by the assumption that the network is exogenously supplied
X > 0 for somei=1,...,m, Q can reach 8F from 0 after ¢ exogenous arrivals at node i
(i.e. £ jumps — we suppose £ fixed). Hence, if we denote by Ji(s) the time at which will

occur the k-th jump after the present time s, we have

Fs(QJi(sh) € F) > €

for some ¢ > 0 since

_ - =1
A = l\i -— )""i
Fs(Q(Je(s)) = Le; € F) Y (Z;-’;, As+ #-) >0

Hence, in general, for any c®(i) € B,

Powm@Us) eFy=1- Y (KP); >«
eB(j)eB
or

E (K”)E,- <(1—¢),

e®(j)eR
and, for any integer k,

SEN = Y X e 3 (KD (EE e (KT < (1=

e (5)eB ¢B(f1)eBcP(ja)eB  cF(j)eB
Therefore,
o0 =] ki—-1 B
O3 & =3 X X (KT
n=0cB(j)eB k=1 n=(k-1)¢ cP(5)EB
(- 2]
: k—1)¢
< Yty (kB
k=1 cB(j)eB
[»=]
< £) (1-¢f <o
k=

since (1 —€) < 1, i.e., (A.1) holds and (I — K'2), thus L®, are nonsingular. Note however,
that as £ = oo, B = § so that L? — L where —L, a generator, is singular. Hence, as £
gets larger, L gets nearly singular.
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Appendix B

Computer programs

B.1 Mathematica programs: exact results

This Mathematica_program computes the exact mean time until an overflow given the
process started at § (E57) and the Perron-Frobenius eigenvalue A({B) of the matrix —L5.

(* TIMETOF .MAHS%)
(* Critical number of customers for overflow. *)
L=35;

(» Parameters of the original Jackson network. *)
ilaml = 3;
ilam?2 = 3;
mool = 5;
moo2 = 8;
ri2 .12;
r2l = .25;

coordlil_,i2_,j1_,j2_]:=

Which[jle=il+l && j2==i2,ilaml,
j2==i2+1 gk jl==il,ilam?,
jl==il-1 k& j2~=12 &&il >0, {1-r12) mool,
j2==i2-1 k& jl==il k& i2 >0, (1-r21) moo2,
jime=il-1 && j2==i2+1 &k i1>0,r12 mool,
j2==i2-1 && jl==il+l &% i2>0,r21 moo2,
il==0 &% jl==0 && i2==0 && j2==0,-(ilam1+i1am2),
il==0 &k ji==0 &% i2==j2,-(ilami+ilam2+moo2),
i2==0 &k j2==0 && il==j1,-(ilami+ilam2+mool},
jlm=il  && j2==i2, ~(ilami+ilam?+nool+moo2),
True,0]

bigmatrix{x_,y.] :=coord[Quotient [x-1, L+1], Mod{x-1,L+1],
Quotient [y-1,L+1], Mod([y-1,L+11]

bigjump=Array{bigmatrix, {(L+1)"2, (L+1)°2}];

sumqueue{n_] := Quotient{n-1,L+1] + Mod[n-1,L+1]
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good[i ] := If[sumqueue(i}] < L, i, 0]
mat =Array[good,{ (L+1)"2}];

mat0 = Position[mat,0];

indexkeep = Deleve[mat, mat0];

(» The generator of the process on B. *)
gb=bigjump[[ indexkeep, indexkeep]];

gbinv=Inverse [gbl;
Dimensions [%]
L (L+i)/2 (*These two should be the same.*)

{630, 630}
630

unf[x_J=1;
vecteurun = Arrayfun,L (L+1)/2];

m=-gbinv . vecteurun;
vals=Eigenvalues[gb] ;

First [m]
-Last[vals]~(-1)

20542.5
20522.3
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This Mathematica program computes the hitting distribution of 8F from 0 for the
original and the twisted Jackson networks. From these, we can evaluate the calculations
described in Section 4.3.

(* HITDISTBOTH.MA *)
(» Critical number of customers for overflow. *)
L=35;

(* Parameters of the original Jackson network. *)
ilaml = 3;

ilam2 = 3;

mul =5;

m2 = 8;

riz = .12;

r21 = .25;

(* Load on the system *)

jami = (ilaml + r21 ilam2) /(1 = r21 ri2);
lam? = (ilam2 + ri2 ilami)/(3-r12 r21);
rhol = lami/mul

rho? = lam2/mu2

0.773196
0.43299

(* Parameters of the twisted Jackson network. *)
al = rhol ~-1
a2 = ({1-r21) rhol + r21)/rhol

1.29333
1.07333

ilamit = ilaml al

ilam?t = ilam2 a2

muit mul ((1-ri2)/atl + ri2 a2 / al)
mu2t mu2

rl12t ri2 a2 / (1-r12 + ri2 a2)

r2it r21 al / a2

nn

3.88
3.22

3.9

8
0.127676
0.301242

(* Creation of the generator for the original process. *)
coord[il_,i2_,ji.,j2.):=
Which[ji1==i1+1 && j2==i2,ilami,

j2==i2+1 k& jl==il,ilam2,

jlm=il-1 &% j2==i2 &kii >0, (1-r12) mul,

j2==i2-1 &k jil==il && i2 >0, (1-r21) mu2,
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jl==il-1 &k j2==i2+1 && i1>0,ri2 mul,

j2==i2-1 &k ji==i1+1 && i2>0,r21 mu2,

il==0 &% jl==0 && i2==0 &% j2==0,-(ilami+ilam2),
il==0 k% ji==0 &k i2==j2,-(ilami+ilam2+mu2),
12==( &% j2==0 && il==j1,-(ilaml+ilam2+mul},
jl==il &% j2==i2, ~(ilami+ilam2+mul+mu2),

True, 0]

bigmatrix(x..,y.) :=coord[Quotient [x-1,L+1], Mod[x-1,L+1],
Quotient[y-1,L+1], Mod[y-1,L+1]]

bigjump=Array [bigmatrix, {(L+1)~2, (L+1)"2}1;

(* Creation of the generator for the twisted process. *)
coordtwist[i1_,i2_,351_,j2_1:=
Which[jl==il+l && j2==i2,ilamit,
j2==12+1 && jil==il,ilam2t,
jl==il-1 && j2==i2 &&il >0, (1-ri2t) muit,
j2==i2-1 && ji==i1 && i2 >0,(1-r21t) mu2t,
jl==il-1 && j2==i2+1 && i1>0,r12t mult,
j2==i2-1 && jl==ii1+1 && i2>0,r21it mult,
il==0 &k j1==0 &% i2==0 &% j2==0,~(ilamlt+ilam2t),
i1==0 &% jl==0 && i2==j2,-(ilamit+ilam2t+mult),

i2== &% j2==0 &k i1==j1,-(ilam1t+ilam2t+mu1t),
jl==il &k j2==i2, -(ilamit+ilam2t+mult+mu2t),
True, 0]

bigmatrixtwist[x_,y_] :=coordtwist [Quotient [x-1,L+1]}, Mod[x-1,L+1],
Quotient [y-1,L+1], Mod[y-1,L+1]]

bigjumptwist=Array [bigmatrixtwist, {(L+1)"2, (L+1)"2}];

sumqueue[n_] := Quotient[n-1,L+1] + Mod[n-1,L+1]
good[i_.] := If[sumqueve[i] < L, i, 0]

mat =Array[good,{ (L+1)°2}];

mat0 = Position[mat,0];

indexkeep = Delete[mat, mat0];

(* The generator of the original process on B. *)
gb=bigjump[[ indexkeep, indexkeepl];

gbinv=Inverse[gb);
Dimensions [%)
L (L+1)/2 (*These two should be the same.*)

{630, 630}
630

(* The generator of the twisted process on B. *)
gbtwist=bigjumptwist[[ indexkeep, indexkeepl];

gbtwistinv=Inverse [gbtwist];



Dimensions [%]
L (L+1)/2 (*These two should be the same.*)

{630, 630}
630

(* Probability the original process hits F at (L-y,y) given *)
(« it starts at (0,0). *)
probhit[y.] := - Sum[gbinv[[1,k]]

bigjump([indexkeep[[k]], (L+1) (L-y) + y + 111,
disthit = Table[probhit [k-1], {k,L+1}]

{0.129235, 0.252874, 0.214965, 0.162157, 0.0991786, 0.0617274, 0.0373193,
0.0221262, 0.0129391,
0.00749133, 0.00430607, 0.00246012, 0.00139977, 0.000793793, 0.000448978,

0.000263428, +.000142818,
-6
0.0000803818, 0.0000451952, 0.0000253908, 0.0000142554, 7.99946 10 ,
-6 -6
4.48704 10 , 2.51602 10 ,
-6 -7 -7 -7 -7
1.41041 16 , 7.90444 10 , 4.42886 10 , 2.48077 10 , 1.38883 10 ,
-8 -8
7.76966 10 , 4.33801 10 ,
-8 -8 -9 -9 -9
2.41166 10 , 1.326656 10 , 7.10364 10 , 3.51065 10 , 1.08162 10 }

(* Probability the twisted process hits F at (L-y,y) giveu x)
(* it starts at (0,0). =)
probhittwist[y.] := -Sum[gbtwistinv[[1,k]) bigjumptwist [[indexkeep[[k]],
(L+1) (L-y) + y + 111, {k, 1, L (L+1)/2} ]
disthittwist = Table[probhittwist[k-1], {k,L+1}]
{0.193111, 0.313585, 0.22123, 0.129954, 0.0702977, 0.0363099, 0.0182181,
0.00896388, 0.0043502,
0.00209011, 0.000996734, 0.000472621, 0.000223109, 0.000104948,

0.0000492211, 0.0000230248,

-6 -6 -6 -7
0.0000107441, 5.00079 10 , 2.32101 10 , 1.07367 10 , 4.94665 10 ,
-7 =7
2.26782 10 , 1.03347 10 ,
-8 -8 -9 -9 -9
4.67568 10 , 2.09737 10 , 9.31462 10 , 4.0894 10 , 1.77198 10 ,
=10 -10
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7.56466 10 , 3.17505 10 ,
-10 -11 -11 -12 =12
1.30668 10 , 5.25166 10 , 2.04615 10 , 7.6027 10 , 2.56371 10
-13
§.60722 10 }

numerator = Table[disthittwist[[k]] (a1/a2)~(k-1), {k, L+1}];
kappa = Sum[numerator[[i+1]], {i,0,L}];
disthitorig = 1/kappa numerator

{0.129236, 0.262877, 0.214968, 0.152158, 0.0991796, 0.061728, 0.0373185,
0.0221261, 0.0129388,

0.00749082, 0.00430443, 0.00245938, 0.00139896, 0.000792939, 0.000448116,
0.000262587, 0.000142024,

=6

0.0000796537, 0.0000446472, 0.0000248307, 0.000013786, 7.61516 10 ,

-6 -6
4,1816 10 , 2.27964 10 ,

-6 -7 -7 -7 -8
1.23218 10 , 6.659385 10 , 3.48827 10 , 1.82131 10 , 9.36895 10 ,

-8 -8
4,73836 10 , 2.34976 10 ,

-8 -9 -9 -10 -10

1.13793 10 , 5.34247 10 , 2.39193 10 , 9.7191 10 , 2.56142 10 }
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B.2 C programs: simulations

This C program is used to simulate the extended twisted Jackson network and to calculate
the estimate for .

/* TWISTED.H#%/
#ifndef _TWISTED.
#define _TWISTED_

/* Definition of the structure to hold the current position
of the trajectory. */

typedef struct tag_point
{

int x,y;
} Point;

/» Critical sum of the length of the queues. */
#define L 1000

/# Value assumed to be at least bigger than the highest y value
hit in F.*/
#define highy 50

/* Prototypes */
extern void InitializeGlobal();
extern void WriteResults();
extern Point GenerateJump(Point Pos);
extern int AtBorder (Point Pos);

#ondif

/* TWUISTED.GC»/

/**tt#t**t****#*#*tt***tt#**t**t*t#t********t#***t***##*#t****#**#***
*
Hitting distribution of a twisted extended Jackson network.

*
*
+ For a twisted Jackson network with 2 nodes, we study the

* hitting distribution of the process Z(t)= (X(t), Y(t)) on the
+ get of forbidden states F={(x,y): x+y=L}.

*

*

ttttttt##***##t*t#tt##**k*t#*tt*tt***##******tt**##*##**#***3411***/
#include <stdio.h>

#include <stdlib.h>
#include <math.h>
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#include “twisted.h"

S
*

Parameters of the simulation:

NTraject : Number of trajectories that must reach the boundary.
ilami, ilam2, mul, mu2, ri2, r2l: Transition parameters
of the original Jackson network.
Warning !!!
Do not define a constant like ri2=1/2
/Use decimal points i.e. ri2=1./2.
*

# % % B ¥ H ¥

const int NTraject = 50000;
const double ilaml = 2.0;
const double ilam2 = 3,0;
const double mul = 4.0;

const double mu2 = 6.0;

const double xi12 = 0.15;
const double r21 = 0.3;

/* Name of the output file. */
const char *outputfile="programmes_c/twisted.res";

/*
* Seed used by the random function.
*+ It consists of an array of three 16-bit integers {0-65535}
*/

const short unsigned seed(}={ 23201, 878, 15965 };

/»

Declaration of global variables.

al,a2: Twist parameters.

ilamit,ilam2t,mult . mu2t,x12t,r21t: Transition parameters of the
twisted process.

LastStep: Array to record where trajectories hit the boundary.
* We assume that the trajectory will not hit F at a y-value > highy.
x/

double al, a2, ilamlt, ilam2t, muit, mu2t, ri2t, r2it;

int LastStep[l + highy]l;

* % * X * ¥

/*#*****##****##**##**#****#*****t#*tt*#***t#****t*****##*******#**t#tt###?t

* This initialization routine is called before the start of the simulation.
*******tt#***#*****tt*#**t*t##****t**##*###t*****tt####ttt#*##‘*t#tttttt#tt/

void InitializeGlobal()
{

int i;
double rhoil;

rhol = (ilaml + r21 * ilam2)/((1-r21#*r12) * mul);
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ai = 1/rhol;

a2 = ( (1-r21) * rhol + r21) /rhol;
ilamit = ilaml * al;

ilam?t = ilam2 * a2;

mult = mul * ((1-r12)/al + ri2 * a2/al);
mu2t = muZ2;

r12t = r12 * a2/(1-ri2+ri2 * a2?);

r2it = r2i * ai/a2;

for (i=0;i<=highy;i++)
LastStep[il=0;
}

/tt**ttt###*!#******t#*t#**#*t***t**t***#**********#*#*****#*t**tt#****#*#
» Use this routine to generate tables of results. The output is sent
to the file specified by ’outputfile’.

This routine writes, for each (L-y,y) in F, the number (and proportion)
of trajectories that hit F at that coordinate.

The format is the following:
“y #hits proportion"
**#t##t***t**t*****#*t#*###*t#*#**##**t#**tt##***********t#**tt##*#**t***/
void WriteResults()
{
int i;
double prop;
FILE »outFile;

* % % ¥ % B %

outFile=fopen(outputfile,"w");

for (i=0;i<=highy;i++)

{
if (NTraject > 0)
prop = LastStep[il/(double)NTraject;
else prop=0.0;
fprintf (outFile,"%3d %3d %9.6f\n",i,LastStep(i],prop);
fclose(outFile) ;
}

/*#t##**t**#*******tﬂ#*#***t#*#**t**t****t#**#***#t***#*##*#***********#**#**
+ This function is used to gemerate a transition from the current position.

The value returned is the new position.

Since movements past the x=0 line are allowed, there are only

2 cases to consider:

- The current position is not on the x-axis.
- The current position is along the x-axis.

* % #* % ¥ % ¥

t#tt#**###t##***ﬁ**#*#*###tt******t##*t#*#*#tt#*tt#********#***t**#*******#/
Point GenerateJump(Point Pos}
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{
double R,Sum;
double ratiol,ratio2,ratio3,ratio4,ratio5;

/*
* R is a pseudo-uniform random number (double precision) on {0,1).

*/
R=drand48(};
/*

* First case: the current position is not
+ on the x-axis. (6 possible transitions)
*/

if (Pos.y>0)

{

Sum=ilamit+ilam2t+muit+mu2t;
ratiol=ilamlt/Sum;
ratio2=ratiol+(ilam2t/Sum);
ratio3=ratio2+(mult*ri2t/Sum);
ratiod=ratio3+(muit#*(1-ri2t)/Sum);
ratioS=ratiod+(mu2t*(1-r21t)/Sum);

if (R<=ratiol)
Pos.x++;

else if (R<=ratio2)
Pos.y++;

else if (R<=ratiod)

{

Pog.x--; Pos.y++;

}
alse if (R<=ratiod4)

Pos.x——;
else if (R<=ratiob)
Pos.y-—;
else
{
Pos.x++; Pos.y—-;
}
/*

+ Second case: the current position is on the x-axis.
*/
else if (Pos.y==0)
{
Sum=ilamit+ilam2t+mult;
ratiol=ilamlit/Sum;
ratio2=ratiol+(ilam2t/Sum) ;
ratio3=ratio2+(mult*ri2t/Sum);

if (R<sratiol)
Pos.x++;
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else if (R<=ratio2)

Pog.y++;
?188 if (R<=ratio3)
Pos.x--; Pos.y++;
}
else
Pos.x~—}
}
/[
« If the boundary is reached, record the event in LastStep.
74
if gPos.x+Pos.y==L)

if (Pos.y > highy)
printf("W AR N I N G!! Y(hit) = %5d > highy\n",Pos.y);
else LastStep(Pos.yl++;
),
return Pos;

}

/ttt*t**#t*****#*#*t*##*****t*##**#t**##**###*#******t**#******#****t*
+ This function checks if the current position is on the frontier.

* If it is true the function returns 1, else 0.
##*****t****#t********t**tt#t**#t#**###*t*t*t##*******##**t*#*******[
int AtBorder(Point Pos)

{
if (Pos.x+Pos.y==L) return 1;
return 0;
}
L bbb i
* MAIN PRUGRAM

*#*tt##*##***tt****#**tt#tm*mv**tt#*#t*#**tt***#*t##***#****t**********/

void main()

{
Point Pos;
int i,count=0;
double K=0.0;

InitializeGlobal();

seed48(seed);

printf("Simulation running...\n\n");

printf ("The parameters for the twisted process are...\n");
printf("al : %9.6f a2 : %9.6f\n",al,a2);
printf("ilamit: %9.6f ilam2t: %9.6f\n",ilamit,ilam2t);
printf("muit: %9.6f mult : %9.6£\n" ,muit ,mu2t);
printf("r12t: %9.6f r2it: %9.6f\n\n",ri2t,r21t);

/* Generate trajectories until ’NTraject’ of them reach the boundary. */
vhile (count<NTraject)
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Pos.x=0;
Pos.y=0;

do

Pos=GenerateJump(Pos);
while (!AtBorder(Pos)});
count+;

/* Print a message for every 10000 trajectories that reached the boundary =/
if ((count%10000)==0) printf("Boundary reached %d times\n",count);

ariteReBults();

printf("\n ¥y Proportion that hits y\n");

for (i=0;i<=highy;i++)

: K +=_Pow(a1/a2,(double) i)«LastStepl[il/(double)NTraject;
;giiié%a %3d %9.6£",i,LastStep[i]/(double)NTraject};
else

printf ("  %3d %9.6£\n",i,LastStep[i]/(double)NTraject);

}
printf("\n k1(0,0)= %9.6f\n",K);
}
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Given the value of %, obtained from twisted.c, this C program computes the value of
b which corresponds to a certain value of £.

/*WHATSB . H=»

#ifndef _WHATSB_
#define _WHATSB_

/* Prototypes */

extern double pie (double rhol, double rho2, int x, int y);
extern double pie_B (int L, double rhol, double rho2);

#endif
/*WHATSB . C %/

/t##***#t*#*#*t*t#**#t#**t#****t*###*t**#***#*t**#*#*t**t#*#***
*

* We compute the guess b for Lambda(B)} in the extremely

» gtable case by using the limit K obtained from twisted.c.

*
*#**tt#**#*#********t*#*****t#*****t**t#*****#*******t***t***/

#include <stdio.h>
#include <stdlib.h>
#include <math.h>
#include "whatsb.h"

/* Transition parameters of the original Jackson network.
*WARNING! !

* Do not define a constant like ri2=1/2

% Use decimal points, i.e. ri12=1./2.

*/

const double ilami
const double ilam2
const double mQ01
const double m002
const double ri2
const double r21

nununun
COMPWN
W OOO0OO0

wt (Jloe we we wr
-

/* This function computes the invariant distribution of the system
* with x customers in node 1 and y customers in node 2.
*/

double pie(double rhoi, double rho2, int x, int y)

{

return (1-rhol)#*pow(rhol, (double) x}*(1-rho2)»pow(rho2, (double) y);
}

/* This function sums the invariant distribution of all states in
» the "good" set B.
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*/
double pie_B(int L, double rhol, double rho2)
{
int i,j;
double temp=0.0;

for (i=0; i<L; i++)
for (j=0; i+j < L; j++)
temp += pie(rhol, rho2, i, j);
return temp;

}

/% MAIN PROGRAM
*

* Prompts for the critical length L, limit K and displays
* the value b.

*/

void main()

{

double laml,lam2,r001,r002,a1,a2,K,bass;
double r0il, pi_B;

int L, i;

/* Parameters */

lami = (ilaml + r2i=*ilam?2)/(i-r21*ri2);
lam? = (ilam? + ri12#*ilami)/(1-r21*ri2);
r001 = laml/m001;

002 = lam2/m002;

al = 1/x001;

a? = (r001 » (1-r21) + r21)/x001;

printf("\n\nlLoad on the system: x001=Y9.6f r002=%9.6f\n",r001,r002);
printf ("Twist parameters: ai=%9.6f a2=%9.6f\n",al,a2);

/* Input more parameters */
printf("\nEnter the critical length L: "};
scanf ("%d", &L);

printf ("\nEnter the value K: ");

scanf ("41f", &K);

printf("\n... computing ... \n");

/* Compute asymptotic value of b */
r011 = pow(r001, (double) L);

pi_ B = pie_B(L,r001,r002);

bass = (1/pi_B)*(1-r001)*(1-r002) * mO01 = K = r01l
* (1 = (1-r12)*r001 - ri2+a2/al) #(1/(1-r002%a2));

printf("pi_B = Ye\n",pi_B);
printf ("Result: bass=Ye\n",bass);

¥
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This C program gimulates the original Jackson network in order to compute the value of
A (described in Section 3.3), where A~* approximates Aldous’ heuristic estimator of Eyr.

/=ALDOUS . Hx/
#ifndef _ALDOUS_
#define _ALDOUS_

/* Definition of the structure to hold the current position
of the trajectory. */

#define L 1000

typedef struct tag_point
{

int x,y;
} Point;

/* Prototypes */

extern int startwhereinF (double *);
extern Point jumpwhereinB(int);
extern Point GenerateJump(int,
Point,
int *);
extern int AtBorder(Point);

#endif

/*ALDOUS . C*/

/t******#****#*****#******#******t#**t*#***#**t#*****#t*********#*##*
*

* What does Aldous’ method say?
*

##*****#*****ﬂ*******t#****#***t**#******#***t***#***t*#*****t***#*#/

#include <stdio.h>
#include <stdlib.h>
#include <math.h>

#include "aldous.h"

/%

Parameters of the simulation:

*
"
* NTraject : Number of trajectories that must reach the boundary.
* ilami, ilam2, mui, mu2, ri2, r2i: Transition parameters

* of the original Jackson network.
* Warning !!!
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* Do not define a constant like r12=1/2
+ Use decimal points i.e. r12=1./2.

./

const int NTraject =50000;
const double ilaml = 2.0;

const double ilam2 = 3.0;

const double mul
const double mu2
const double ri2
const double r21

/*

* Seed vsed by the random function.

* It consists of an array of three 16-bit integers {0-65535}
*/
const short unsigned seed[1={ 23201, 878, 15955 };

nwnnu
o O Mk
W= OO

;
;
5;
;

/*t#****t##**#*#t******#t**#****t**#***#*******#*******#**********#*********

« This function determines the starting point onthe boundary of F.
t*t*t**tt***t*t*****##*tttt*t#**#****t****t**#***t**t#***t*********t******/

int startwhereinF(double *pis)

{
double R;
int ye-1;

R=drand48() ;

do

++y;
while (R > pis[yl/pis(L1);
return y;

}

/#*tﬁ##*t**###*****t#***t#*****#*********###****t**#**t**t****#*****#*#*#*

» This function determines where we jump in B from F.
##t***tt#*#t*t*#tt*tt#**t#t**##*t##*t**#**#**tt***##*t#****#*****#*#***#/

Point jumpwhereinB(int y)

double R;
Point Pos;

R = drand48();
if (y==0)
{
Pos.x=L-1;
Pos.y=0;

return Pos;

}
if (y==L)
{
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Pos.x=0;
Pos.y=L-1;
return Pos;

}
if (R <= mul*(1-r12)/(mui*(1-r12)+mu2*(1-r21)))

{
Pos.x=L-y-1;
Pos.y=y;
return Pos;
}

else
{
Pos.x=L-y;
Pos.y=y-1;
return Pos;
}

1

/**t*****#*******#*****tt*#***t#***t*#**##****##*****i*t#**#**##*t*tt*#**##tt
This function is used to generate a transition from the current position.
The value returned is the new position.

There are four cases to consider:

- The current position is not on am axis.

- The current position is along the x-axis.
- The current position is along the y-axis.
- The current position is the origin.

#* X H K B X X ¥ ¥

******************************t#**************t**#*****t#t***************ﬁ*l
Point GenerateJump(int ystart, Point Pos, int *Reach0)

{
double R,Sum;
double ratiol,ratio?2,ratio3,ratiod4,ratio5;

/*
* R is a pseudo-uniform random number (double precision) on (0,1).

*/
R=drand48() ;
/%

x First case: the current position is not
+ on an axis. (6 possible transitions)

+/

if ((Pos.x>0) && (Pos.y>0))

{
Sum=ilami+ilam2+mul+mu2;
ratiol=ilami/Sum;
ratio2=ratioli+(ilam?/Sum);
ratio3=ratio2+{mui*ri12/Sum);
ratiod=ratio3+(mul*(1-r12)/Sum);
ratiob=ratiod+ (mu2+*(i-r21)/Sum);
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if (R<=ratiol)
Pos.x++;

alse if (R<=ratio2)
Pog.y++;

else if (R<=ratio3)

{

Pcg.x--; Pos.y++;

}
else if (R<=ratio4)

Pog.x~=;
else if (R<=ratio5)
Pos.y-~;
alse
{
Pos.x++; Pos.y--;
}
/*

+ Second case: the current position is on the x-axis,

* but not at the origin.

*/

else if ((Pos.x>0) && (Pos.y==0))

{

Sum=3ilaml+ilam2+mul;
ratiol=ilaml/Sum;
ratio2=ratiol+{ilam2/Sum) ;
ratio3=ratio2+(mui*»ri12/Sum);

if (R<=ratiol)
Pog.x++;

else if (R<=ratio2)
Pos.,y++;

else if (R<=ratio3)

{
Pos.x--; Pos.y++;

}

alse
Pos.x--;

}

/*
« Third case: the current position is on the y-axis,
» but not at the origin.

»/
else if ((Pos.x==0) && (Pos.y>0))
{

Sum=ilami+ilam2+mu2;
ratioi=ilami/Sum;
ratio2=ratiol+(ilam2/Sum);
ratio3=ratio2+(mu2#(1~-r21)/Sum);

if (R<=ratiol)
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Pos.x++;
else if (R<=ratio2)
Pos.y++;
else if (R<=ratio3)
Pog.y-=;
else
{
Pos.x++; Pos.y-~;
}
1
/*
*/Fourth case: the current position is the origin.
*
else if ((Pos.x==0) && (Pos.y==0))

Sum=ilaml+ilam2;
ratiol=ilami/Sum;
if (R<=ratiol)
Pos.x+;
else
Pos.y++;
T

/*
= If (0,0) is reached, record the event.
*/
if ( (Pos.x==0) && (Pos.y==0) )
{
if (ystart==0)
*Roach0 += mul*(1-r12);
else if (ystart==L)
*Reach0 += mu2*{1-r21);
alse
*xReach0 += mul*(1-r12)+mu2+*(1-r21);
}

return Pos;

}

/*t!ﬁ*****‘*****t*****#t#t#*t*#*#*#**t**#**t#*#t#*t*******#t**t#ttt***#t*t#*
» This function checks if the current position is on the frontier or (0,0).
* If it is true the function returns 1, else 0.

T ———————e s P T TR T IR D L L L il bl bbb bbbt bkt b

»/

int AtBorder(Point Pos)

if ((Pos.x+Pos.y==L) ||
( (Pos.x==0) && (Pos.y==0) ))
return 1;

return 0;

}

/#*##*#***t*#*#*******#t*t*#*t#*#**#t#*t*tt##t‘t####‘*t###*#t#*t*t#ttt#tt
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* MAIN PROGRAM
t##t#tt##t#t#t#*tttt#*##t*tt#*t**t#***t*t#**#tt#t****#tt****#***tt**t##/

void main()

{
Point Pos;
int count=0,Reach0=0,y,i;
double pis[L+1].rhoi,rho2.pi=0.0,Aldous;

rhol=(ilaml+r21*ilam2)/((1-r21*ri2)*mul);
rho2=(ilam2+r12+ilami)/((1-r21+ri2)*mu2) ;

for (i=0; i<=L; i++)

{
pi += (1-rhol)*(1-rho2)
» pow(rhol, (double) L-i)
* pow(rho2, (double) i);
pis[i] = pi;
+

seed48(seed);
printf("Simulation running...\n\n");

/* Generate trajectories until ’NTraject’ of them reach the boundary
= or (0,0).

*/

vhile (count<NTraject)

{
y=startvhereinF (pis) ;
Pos=jumpwhereinB(y);
do

Pos=GenerateJump(y,Pos,&Reach0);
while (!AtBorder(Pos));

count++;
/* Print a message for every 10000 trajectories that terminated. */

if ((count%10000)==0) printf("Boundary or (0,0) reached %d times\n",count);
}

Aldous = pis[L] * (double) ReachO/NTraject;
printf ("Aldous says: %e\n",Aldous);
1
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