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Abstract

Modern scientific technology such as microarrays, imaging devices, genome-wide as-
sociation studies or social science surveys provide statisticians with hundreds or even
thousands of tests to consider simultaneously. Testing many thousands of null hy-
potheses may increase the number of Type [ errors. In large-scale hypothesis testing,
researchers can use different statistical techniques such as family-wise error rates, false
discovery rates, permutation methods, local false discovery rate, where all available
data usually should be analyzed together. In applications, the thousands of tests
are related by a scientifically meaningful structure. Ignoring that structure can be
misleading as it may increase the number of false positives and false negatives. As
an example, in genome-wide association studies each test corresponds to a specific
genetic marker. In such a case, the scientific structure for each genetic marker can be
its minor allele frequency.

In this research, the local false discovery rate as a relevant statistical approach is
considered to analyze the thousands of tests together. We present a model for multiple
hypothesis testing when the scientific structure of each test is incorporated as a co-
variate. The purpose of this model is to incorporate the co-variate to improve the
performance of testing procedures. The method we consider has different estimates
depending on the tuning parameter. We would like to estimate the optimal value of
that parameter by considering observed statistics. Thus, among those estimators, the

one which minimizes the estimated errors due to bias and to variance is chosen by

il
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applying the bootstrap approach. Such an estimation method is called an adaptive
reference class method. Under the combined reference class method, the effect of the
co-variates is ignored and all null hypotheses should be analyzed together.

In this research, under some assumptions for the co-variates and the prior prob-
abilities, the proposed adaptive reference class method shows smaller error than the
combined reference class method in estimating the local false discovery rate, when the
number of tests gets large. We describe the adaptive reference class method to the
coronary artery disease data, and we use simulation data to evaluate the performance

of the estimator associated with the adaptive reference class method.
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Chapter 1

Overview

Modern scientific technology, specially in genomics, imaging and social science sur-
veys, normally produce large-scale hypothesis testing problems with hundreds or even
thousands of tests to consider simultaneously. As an example, quick progress in
microarray technology allows researchers to measure the expression of thousands of
genes simultaneously. Such development raises various questions such as, which genes
expression levels are different between the patient and normal subjects. Also genome-
wide association (GWA) studies represent a new approach to identify genetic markers
that are associated with a particular disease or other traits. These two types of stud-
ies are explained in Chapter 2. In both microarray and GWA studies, hundreds or
even thousands of tests are considered at the same time, where each hypothesis test
corresponds to a test for a gene in microarray study or a genetic marker in GWA
study. Solving such problems requires statistical techniques that appropriately con-
trol the probability of the occurrence of erroneous conclusions. We review some of
those approaches in Chapter 3.

Testing multiple hypotheses is much more complicated than single hypothesis
testing. The Type I error rate is routinely controlled in a single-hypothesis test,

whereas in testing multiple hypotheses controlling a compound error rate must be
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considered. In large-scale hypothesis testing, it is ambiguous how to control com-
pound errors. Historically, the family-wise error rate (FWER) [51] was first proposed
to control compound errors, which is the probability of making at least one Type [
error among all the hypotheses. When the number of tests gets very large, the FWER
becomes too strict for identifying non-null features (i.e. genetic markers, genes, vox-
els). Later, Benjamini and Hochberg in 1995 [6] introduced the false discovery rate
(FDR), which is a more appropriate error measure to control the expected propor-
tion of false discoveries among all the rejected hypotheses. Benjamini and Hochberg
proposed a testing algorithm to control the FDR at level ¢ € (0, 1) by considering the
ordered observed p-values. For multiple comparisons, the p-value approaches prevent
severely any false positives among thousands of tests, which may cause many non-null
features (i.e. genetic markers, genes, voxels) to be hidden.

In 2001, Efron et al. [30] proposed a simple Bayesian framework and introduced
the Bayesian false discovery rate (i.e. tail-area false discovery rate) to control com-
pound errors. From the Bayesian view, each hypothesis test has an unknown prior
probability. Then, the Bayesian false discovery rate is a posterior probability that the
null hypothesis is true given the observed test statistic belongs to the rejection region.
A simple empirical Bayes approach was developed to determine such unknown pos-
terior probabilities. We review some frequentist and Bayesian approaches in Chapter
2. We also mention the connection between controlling the FDR and the empirical
Bayes false discovery rate.

Efron et al. [30] introduced the local false discovery rate (LFDR), which is a
natural extension of the tail-area Bayes false discovery rate. The LFDR is a posterior
probability that the null hypothesis is true given the individual data for each test.
It is more appropriate from the Bayesian view to consider the LEDR than the tail-
area Bayes false discovery rate in order to identify the non-null features (i.e. genetic
markers, genes, voxels). In such a case, the posterior probability is still unknown

since it depends on some unknown quantities, such as the prior probability and both
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the null and non-null densities of the test statistics. Unlike the p-value approaches,
the LFDR estimate is easily explained as an approximate posterior probability that
the null hypothesis is true. Under the different approaches, such quantities are es-
timated. The LFDR estimation does not suffer from the criticism of the p-value
approaches. The estimation of the LFDR is not determined according to the choice
of subjective or default prior distributions. In Chapter 4, we review both parametric
and non-parametric methods for estimating the LFDR. My contribution to a paper
on identifying genetic associations [84] was in designing, coding, and running some of
the reported simulations under a parametric model for estimating the LFDR. Yang
et al. considered two models for analyzing genetic association data: a parametric
mixture model (PMM), and a semi-parametric mixture model (SMM). Such models
are applied to estimate the LFDR. The application of these models to the coronary
artery disease (CAD) data is described, and we use simulation data to evaluate the
relative performance of each of the estimators associated with the two models.

The statistical approaches such as the FWER, controlling the FDR, and the
LFDR, tend to assume that the thousands of tests should be analyzed together. Such
an assumption may influence individual inferences. By considering the hypotheses
together for some data sets, discovering the non-null features (i.e. genetic markers,
genes, voxels) is more difficult, which is one of the main concerns in large-scale hypoth-
esis testing. Some concerns related to the combination of hypothesis testing problems
are reviewed in Chapter 5. As the motivating example in that chapter shows, ana-
lyzing all tests together is not an appropriate technique because of the structure of
the data. Combining all tests has an effect on finding the number of false positives
and false negatives. In applications, thousands of tests are related by a scientifically
meaningful structure. As an example, in GWA studies each test corresponds to a
specific genetic marker; in microarray study each test corresponds to a specific gene.

The principal goal of this research is to develop an estimate of the LEFDR when

the scientific structure of each test is incorporated as a co-variate. For example in
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GWA studies, the minor allele frequency for each genetic marker may provide useful
guidance for identifying that marker is disease-associated or not. Under the pro-
posed model, the defined LEFDR is the posterior probability that the null hypothesis
is true given both the individual test statistic and the co-variate for each test. The
combined reference class (CRC) method refers to the situation where the co-variates
are not taken into account. In Chapter 6, we propose an adaptive reference class
(ARC) method. Under the ARC method, some assumptions hold locally for each
test which depends on a tuning parameter. For each test, changing the tuning pa-
rameter value yields different estimates for the LEFDR. Among all those estimates,
the one which minimizes the errors due to bias and to variance is chosen by using
the bootstrap approach. Under some assumptions, the LFDR estimator under the
ARC method indicates less error compared with the CRC method for large number
of null hypotheses. We describe our application of these estimation methods to the
coronary artery disease (CAD) data [82], and we use simulation data to evaluate the

performances of the estimators associated with those estimation methods.



Chapter 2

Nature of Data

In this chapter, we introduce some concepts in genetics. Two important types of
studies, genome-wide association and microarray studies are considered. The format
of data in such type of studies is explained. At the end, we introduce some real data

sets used throughout the other chapters.

2.1 Basic Concepts in GGenetics

Genetics is the study of heredity, the process in which a parent passes certain genes
on their children. The basic unit of genetic information is the gene. Genes determine
specific traits, such as height, hair color, eye color and skin color. Natural talents,
mental abilities, and the possibility of getting certain diseases are other characteristics
affected by heredity. We have over 25,000 genes. Each gene contains instructions for
a specific section or function of our body ([46], [39]).

Genes are made up of deozyribonucleic acid (DNA). The hereditary material in
humans and almost all other organisms is related to DNA. The information in DNA
is stored as a code to tell our body how to grow and develop. Every cell of the human

body contains our complete DNA genetic code. More than 90% of DNA is shared
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by all people, even those not directly related. Less than 10% of our DNA is different
and this makes each of us unique. DNA is made up of molecules called nucleotides
which contain the nitrogenous bases. There are different nitrogenous bases called
Adenine (A), Guanine (G), Cytosine (C), and Thymine (T). The genetic information
is determined by the order of these bases. DNA bases pair up with each other, A with
T, C with G, to form units called base pairs. In the DNA information, each word is
a combination of three of these four chemical letters A, G, C and T ([46], [39]).

Chromosomes carry hereditary information. Each chromosome consists of two
DNA chains running in opposite directions. Each chromosome has a centromere
which divides the chromosome into two sections (or arms). The short arm of the
chromosome is labeled the ”p arm”. The long arm of the chromosome is labeled the
"q arm”. The location of the centromere on each chromosome gives the chromosome
its characteristic shape and can be used to identify the location of specific genes.
Every species has its own characteristic number of different chromosomes. For every
pair of chromosomes, one is inherited from the mother of an individual and one is
inherited from the father of an individual. Humans have 23 pairs of chromosomes,
22 autosomes and one pair of sex chromosomes. The 22 autosomal chromosomes are
numbered in order of decreasing length from 1 to 22 ([46], [39]).

The most common type of genetic variation among people are single nucleotide
polymorphisms, frequently called SNPs. SNPs are single base-pair changes in the
DNA sequence that happen with high frequency in the human genome. For example,
a SNP may replace the nucleotide Guanine (G) with the nucleotide Adenine (A) in a
certain stretch of DNA. Such variations are found in the DNA between genes. These
variations can help scientists identify genes that are associated with disease ([46],
[39])-

The chromosomes in a pair carry the same genes in the same locations, but there
are different versions of the same genes. An allele is one of two or more types of a

gene. An individual inherits two alleles for each gene, one from each parent. As an
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example, the gene for eye colour has an allele for blue eye colour and an allele for
brown eye colour. Some alleles are dominant over others. An allele that produces the
same phenotype whether its paired allele is identical or different is named a dominant
allele, whereas a recessive allele is an allele that produces its characteristic phenotype
only when its paired allele is identical. Within a population there are two typically
occurring base-pair possibilities for a SNP location. For each SNP, the frequency of
the least common allele is named the minor allele frequency (MAF). As an example,
a SNP with a minor allele (T) frequency of 30% indicates that 30% of a population
has the allele T', whereas the more common allele is found in 70% of the population
([46], [39]).

At each location (except the sex chromosome), two genes constitute the indi-
vidual’s genotype at that location. Linkage disequilibrium occurs when genotypes at
the two locations are not independent of another. When starting a genetic study,
the main focus should be on identifying trait genetic variation influences. Thus the
expression of the genotype is termed a phenotype. There are two basic classes of
phenotypes: categorical (often binary case/control) or quantitative. Some examples
of the former are hair color, eye color, and presence or absence of a disease, whereas
examples of the latter are weight and height ([46], [39]).

A complete set of DNA of any organism is named a genome. Each genome con-
tains all of the information needed to build and protect that organism. Determining
the sequence of the human genome and identifying the genes that it contains are given
by the Human Genome Project. This project has allowed researchers to learn more
about the functions of genes and proteins. These studies have a major effect in the
fields of medicine, biotechnology and the life sciences ([46], [39]).

A genetic disease or disorder is the result of changes in an individual’s DNA
sequence that make up a gene. Some rare genetic diseases such as Huntington’s
disease and cystic fibrosis are caused by changes in the DNA sequence of a single gene.

Many common genetic diseases are caused by a combination of multiple genetic and
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environmental factors. Some examples are Alzheimer’s disease, asthma, Parkinson’s
disease, kidney diseases, cancer disease, diabetes, heart disease and mental illnesses

([46], [39], [41]).

2.2 Genome-wide Association Study

Genome-wide association (GWA) studies have burst over the last ten years into pow-
erful tools to specify the genetic design [18]. The GWA studies aim to identify SNPs
that are associated with a certain disease by scanning SNPs across the complete sets
of DNA or genomes of many people. Each study can look at hundreds or thousands
of SNPs at the same time. Researchers use data from this type of study to find SNPs
that may contribute to a person’s risk of a certain disease. The GWA studies are
useful in finding the disease-associated SNPs by comparing genetic marker frequency
differences between patient and healthy groups. Such studies are useful in determin-
ing SNPs that may contribute to a person’s risk of developing common diseases with
multifactorial reasons such as ashtma, cancer, diabetes, heart disease and mental
illnesses.

Three developments have made GWA studies feasible and powerful [5]. First,
genotyping has become more accurate and more affordable via the availability of
genotyping chips which contain sets of thousands of SNPs across the human genome.
Second, SNPs can now be selected on the basis of the linkage disequilibrium pat-
terns observed across the human genome via the International HapMap resource [20].
Third, suitably large and well-specified clinical samples have been collected for many
common diseases. Determining the disease-associated SNPs can potentially lead to

new treatments and better disease diagnosis and prevention [82].
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2.2.1 Case-control Study Design

Following Lewis [49], one of the widely used study designs for association studies is a
case-control study. The most important problem in the case-control studies is making
sure that any genetic difference between two groups of individuals, cases diagnosed as
affected with disease and controls, known to be unaffected with disease, is related to
the disease under study. In other words, cases and controls should be sampled from
the same racial groups, the same geographical area or by checking the birth place
of grandparents to ensure the distribution of cases is the same as the distribution of
controls.

Under the case-control studies, the frequencies of SNP alleles are considered. The
presence of a SNP allele may increase the risk of disease if the frequency of a SNP
allele or genotype in cases is greater than in controls.

Suppose a single SNP with alleles A and a is tested in a case-control study. Let
the number of cases and controls be denoted respectively as nguse and neens.  Let
T = Nease + Neont D€ the total number of tested individuals. Two alleles can combine

to give the genotypes; AA, Aa, and aa.

Table 2.1: Full genotype table for a general genetic model

AA Aa aa  Total
AA Aa aa

Cases n,cffxe nixase née. Nease
a aa
Controls nZl, nid. n&.  Ncont

Total Naa Naa  MNaa n

Table 2.1 displays a contingency table for a case-control study without providing
any ordering across the genotypes. To compare the frequency of genotypes in two
groups of cases and controls, the chi-square statistic tests can be applied. Therefore,
the observed value for genotype aa in cases (O = n?% ) is compared with its expected

value (F = nggsenaa/n). Assume both cases and controls have the same frequency for

each genotype (i.e. AA, Aa, and aa). Under the null hypothesis, the full test statistic
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18
6

O; — E;)?
XQZZ%“U&

i=1
where O; and E; represent the observed value and expected value of the ¢th cell. The
data may also be analyzed by assuming a pre-specified genetic model.

A possible genetic model is additive. Under this model, carrying allele a increases
the disease risk. Thus, genotype Aa has disease risk of r and 2r for aa genotype.
Under this model, we may consider a logistic regression model for each SNP, where
the response variable’s outcome is binary, taking on the value 0 (i.e. control) or 1
(i.e. case) and the explanatory variable contains three levels of genotypes that are
labelled by {0,1,2}. We explain in the following example how the genetic additive

model is used for a specific genetic marker.

Coronary Artery Disease Data

The Wellcome Trust Case Control Consortium (WTCCC) [82] brought together over
50 research groups from the UK that are active in researching the genetics of common
human diseases, with expertise ranging from clinical; through genotyping; to design
and analysis of GWA studies. Sampled individuals were living in England, Scotland,
and Wales (Great Britain) and the vast majority had self-identified themselves as
white Europeans. Coronary artery disease (CAD) is one of the common diseases
of major public health importance in the UK. The control individuals came from
two sources: 1,500 individuals from the 1958 British Birth Cohort (58C) and 1,500
individuals selected from blood donors recruited as part of this project (UK Blood
Services (UKBS) controls). Therefore, there is a combined set of 3,000 controls and
2,000 cases. The total number of genotyped SNPs on 22 autosomal chromosomes is
500,568.

The WTCCC use some quality control filtering methods to exclude the SNPs
based on the exact test of Hardy-Weinberg equilibrium, individuals or SNPs with too
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much missing genotype. The total of N = 455,568 SNPs and 4,864 individuals (1,926
cases, 2,938 controls ) passed those quality control filters. We also excluded SNPs
with MAF (see in Section 2.1) under 1 percent. A total of N = 394,838 SNPs were
used in identifying disease-associated SNPs.

The CAD data is analyzed in the following chapters. In general, determining the
number of disease-associated SNPs is the main problem. Therefore, in each chapter,
a specific approach is applied to identify the disease-associated SNPs. The following
example indicates the application of both the genetic additive model in Section 2.2.1

and logistic regression model for a single SNP from CAD data.

Example 2.2.1 From CAD [82], SNP rs2980300 is considered. Table 2.2 represents
a contingency table for a case-control study. For SNP rs2980300, we fit the logistic

regressiton model under the genetic additive model.

Table 2.2: CAD data: SNP rs2980300

cCc CT TT Total

Cases 1381 516 29 1926
Controls 2088 &01 49 2938

From Table 2.2, under the genetic additive model in Section 2.2.1, the response
variable Y is defined to have the possible outcomes: person develops CAD by carrying
allele T'. These outcomes may be coded 1 and 0 respectively. The response variable is
binary. The explanatory variable X is assumed to be known constants {0,1,2} (i.e.
the genotypes TT, CT, and CC' are labeled as 2, 1, and 0 respectively).

The simple logistic regression model is applied. Let Y; for i =1, ...,4864 be inde-

pendent Bernoulli random variables. Under the logistic regression model, we assume

\_exp(Bo + BiX;)
B = 14 exp(Bo + £1.X5)’
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where the unknown parameters By and (1 have to be estimated. The maximum likeli-

hood approach estimates such of these parameters as

Bo=—04124 , B, = —0.0328.

o —

Thus, E(Y;) denoting the fitted value, is given by

BY) = exp(Bo + B X;) .
Yo+ exp(ao + BlXi)

Also we can express the fitted values as follows,

log, ((—/)\) = fo + B1 X5,
1— B(Y)
that is the logarithm of the estimated odds. There exist different approaches to make

inference about the logistic regression coefficients By and [y [54).

The interpretation of 51 is not straightforward compared with the interpretation
of the slope in a linear regression model. The reason is that the effect of a unit
increase in X varies for the logistic regression model. To see this effect, suppose the

fitted value for X; is

lOge(Oddsl> = lOge ((—/)\) = 50 + BlXia
1 - E(Y))

while for X; + 1, the fitted value is computed as follows,

o —

log, (oddss) = log, (Lﬁ)\) = Bo+ Bu(Xi +1).
1 - B(Y))



2. Nature of Data 13

Hence the difference between the two fitted values is
log,(oddsy) — log.(odds;) = log, (—=—

Therefore, Bl represents the logarithm of the odds ratio when X; increases by one

unit [54].

2.3 Microarray Data Analysis

The same genes are not active in every cell. However, all of the cells in the human
body contain identical genetic material. Scientists try to understand how these cells
function normally and how they are affected when some genes do not perform prop-
erly by identifying which genes are active and which are inactive in different cells. In
the past, scientists have been able to consider these genetic analyses on a few genes
at once. Through the use of DNA microarrays, it is now possible to measure the
expression levels of thousands of genes in a biological sample simultaneously. DNA
microarrays have been used to record the gene expression during important biological
processes such as the reaction to environmental changes. After the gene expression
is measured, we wish to identify genes with differential expression under two exper-
imental conditions, such as case and control groups, and then interpret the results.
A main challenge to the development of statistical methods for microarray gene ex-
pression data is the fact that the sample size (e.g. the number of cases and controls
groups) is usually small, whereas the number of measurements per gene is very large.
As an example, we can mention the HIV data [77] discussed later involving 7,680
genes measured from 8 individuals. Additionally, the expression levels for individual
genes may not be independent. The absence of independence restricts the statistical
models that can be used. The data set is a matrix X = [z;;], where x;; represents the

observed expression level for the i*" gene on sample j. In the case-control study, the
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sample is the combination of case and control groups [4].

Prostate Data

Following Singh et al. [67], the prostate data with genetic expression levels measured
on N = 6,033 genes were obtained from n; = 52 prostate cancer patients and ny = 50
normal controls. The total number of individuals is n = 102. The prostate data
consist of a 6033 x 102 matrix of measurements X = [z;;], where z;; represents the
observed expression level for the i gene on the j* individual. The prostate data is
analyzed in Chapters 2 and 3 to identify genes with different expression levels between

case and control groups.

HIV Data

HIV data [77] discussed in [36] is an example of microarray data analysis with the total
number of measured expression levels of N = 7,680 genes. Those genes were obtained
from ny = 4 HIV-positive patients and ny = 4 healthy controls. The HIV data is a
7,680 x 8 matrix of measurements X = [z;;], where z;; represents the observed logged
expression level for the i gene on the j* individual. The HIV data is analyzed in
Chapter 3 to show how mistakenly choosing the null distribution directly influences
the result.

This section introduced most of the data sets that are used in the following chap-
ters. The Brain data described below is another interesting data set to be analyzed

later.

Brain Data

Schwartaman et al. [65] used an advanced MRI technology to measure water diffusion
in the human brain by scanning the brain, called DTI. The DTT is used to map and

characterize the three-dimensional diffusion of a water molecule randomly moving in
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brain tissue to provide information about the direction of diffusion. The measured
diffusivity, that is diffusion coefficient, relates diffusive flux to a concentration gradient
[75] and has units of (mm®/s). The data for this example is a DTI subset that
is aimed finding the dyslexic-normal difference at the i*" brain location related to
reading development in children aged 713 [21]. In this study, twelve children n = 12
were tested, n; = 6 dyslexic and n, = 6 normal. Each child received Diffusion
Tensor Imaging (DTI) brain scans in N = 15,443 locations which is represented by
its own voxel’s response. The Brain data in Chapter 4 is an appropriate example
to demonstrate how the combination of tests in large-scale hypothesis testing can be

misleading as it may increase the numbers of false positives and false negatives.



Chapter 3

Large-scale Hypothesis Testing

In this chapter, we introduce the large-scale hypothesis testing problem. There exist
some frequentist and Bayesian approaches to this problem. We review both of these
and indicate their connections. In the last section, we analyze the prostate and the
CAD data sets mentioned in Chapter 2. The large-scale hypothesis testing problems

are demonstrated by using those data sets.

3.1 Introduction

The basic pattern for single-hypothesis testing is defined as follows. A null hypothesis
H,y and non-null hypothesis H, are formulated and tested based on a test statistic
T. An observed value t is considered a realization of T'. For a given rejection region
R, the null hypothesis Hj is rejected when 7" € R. The null hypothesis Hj is not
rejected when T' ¢ R.

The Type I error, also known as a false positive, occurs when the null hypothesis
Hy is rejected, when the null hypothesis is really true. The Type I error, also known

as a false negative, occurs when the null hypothesis is not rejected, when the non-null

16
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hypothesis H, is really true. For o € (0,1), and a rejection region R,
Po(T € Ra) = a, (3.1.1)

where Py refers to the probability distribution of 7" under the null hypothesis Hy. To
choose the rejection region R, the acceptable Type I error probability is fixed at
some level . Then we consider all rejection regions that have Type [ error less than
or equal to a and choose the one with the lowest type /1 error probability. Thus the
rejection region is chosen by controlling the Type I error. By fixing the type I error
at level a, a rejection region with optimal power is found.

The p-value p(t) corresponding to the observed test statistic ¢ is given by
p(t) = inf{t € R,}. (3.1.2)

When p(t) < «, the null hypothesis Hy is rejected. For any value of u € (0, 1), the

event p(T') < u is equivalent to T' € R, thus
Po(p(T) <u) =Po(T € R,) = u,

which indicates p(T") has a uniform distribution under the null hypothesis Hy. The

p-value p(t) is transformed to the z-value given by
2 = o1 (p(t)), (3.1.3)

when @ denotes the cumulative distribution function (CDF) for standard normal.
Thus any test statistic 7" may be transformed to the statistic Z. The statistic Z has

a standard normal distribution under the null hypothesis,

Po(Z < 2) =Po(®7 ' (p(T)) < 2) =Po(p(T) < 0(2)) = (2). (3.1.4)
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In the multiple hypothesis testing problem, we have to consider thousands of
hypothesis tests at once contrary to classical frequentist testing theory. Multiple
hypothesis testing is concerned with testing several statistical hypothesis simultane-
ously, where the occurrence of erroneous conclusions may be increased. In multiple
hypothesis testing, it is important to assess accurately whether discoveries (i.e. re-
jected hypotheses) are true or false. Any erroneous conclusions would result in either
false or positive discoveries. In the multiple hypotheses testing problem, defining sta-
tistical significance, that is rejecting the null hypothesis, is a more complex problem.

The multiple-testing problem should be based on a statistical method that ap-
propriately controls the probability of drawing erroneous conclusions, whereas the
current statistical methods are limited in their ability to provide clear information
about the probability that discoveries are true or false.

In 1995, Benjamini and Hochberg [6] introduced the false discovery rate (FDR)
as a useful approach in multiple hypothesis testing. Storey ([69], [70]) improved
such frequentist methods. In 2001, Efron et al. [32] proposed the empirical Bayes
method which introduced Bayesian ideas without the strong Bayesian and frequentist
assumptions. Storey and Tibshirani [72] and Storey [71] explained the connection
between the frequentist FDR control procedure and the Bayesian paradigm. In the
following sections, we review some frequentist and Bayesian approaches in testing

multiple hypothesis to assess the probability that discoveries are true or false.

3.2 Frequentist Approach in Large-scale Hypoth-
esis Testing

In the early 1960s, simultaneous hypothesis testing was a popular topic. Miller [51]
generated some frequentist techniques that focused on controlling the overall Type [

error rate to test multiple hypotheses usually involving a small number of hypotheses.
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For a single-hypothesis test, the Type I error rate is normally controlled, while for
multiple-hypothesis tests we control a compound error rate. As examples, we can
mention family wise error rate (FWER) or controlling the false discovery rate (FDR).

Suppose N hypothesis tests are considered. For each i = 1,..., N, under the "
null hypothesis Hy;, the p-value p; is determined according to the test statistic 7T;.
The observed test statistic vector t = (t1,...,tx)T € RY is considered a realization
of the test statistic vector T = (T, ..., Ty)*. Following Efron [32], it is much more
convenient to use z-values (3.1.3). The z-value vector z = (z1, ..., 2x)7 is considered
a realization of Z = (Zy, ..., Zy)T.

Suppose R is a decision rule that yields a decision for each of the N hypotheses.
Table 3.1 reports the various outcomes that occur when testing N hypothesis based

on applying a significant threshold a € (0, 1) to their corresponding p-values.

Table 3.1: Outcomes when testing N hypotheses

Hypothesis Accept Reject  Total

Null true N§(R) — No(R) No(R) Ni(R)

Non-null true N{(R) — Ni(R) Ni(R) Nf(R)
Total N — N, (R) Ni(R) N

Let N§(R) and Ny (R) be the total number of true null and non-null hypotheses
respectively. Suppose Ny(R) is the false positive results, and N;(R) is the false
negative results. Here neither Ny(R) nor Ni(R) are observable, but N, (R) represents
the total number of ¢; falling into R given by

Ni(R) = No(R) + Ni(R),

which is observable. The family wise error rate was the first approach to control
the entire Type I error rate in the multiple hypothesis tests. It is the probability of

making at least one Type I error among all hypotheses.
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Definition 3.2.1 The family wise error rate (FWER) is the probability of rejecting

any true null hypothesis

FWER(R) = P{Reject any true Hy;}
= P(No(R) > 0).

When testing multiple hypotheses, instead of controlling the probability of a Type I
error at level «a for each test, the FWER is controlled at level a. After controlling
the FWER at level «, a rejection region R is found where each test has the same
rejection region. In order to control the FWER at some level a, each hypothesis test
needs to be controlled at lower levels. The following example indicates the Bonferroni

procedure in controlling the FWER, approach.

Example 3.2.1 The i null hypothesis Hy; is rejected if p-value p; satisfies the fol-
lowing equation,

, Ya e (0,1). (3.2.1)

<Oé
pz_N

Let Iy denote the index of the true null hypothesis with length Nj(R). The FWER is

controlled at level

FWER(R) = P{Uier,(pi < ﬁ)}

N
«
<> P{pi<—
1€l
(6]
= Nj(R)—
(RS
< a.

Let FWER,(t) indicate the FWER level « test based on the observed statistic

t. From (3.1.2), the general definition of adjusted p-value for the i*" null hypothesis
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Hy; is given by
pi(t) = inf{Hy; rejected by FWER,(2)}. (3.2.2)

As an example, the adjusted p-value in the Bonferroni approach is p; = min(Np;, 1),
where p; is the p-value defined in (3.1.2) for the i*" null hypothesis Hy,.

When the number of tests is large, the FWER is too strict. Two examples are
considered in Section 3.4 to show that by increasing the number of tests, the power
to discover interesting results while controlling the FWER is extremely reduced.

In 1995, Benjamini and Hochberg [6] proposed the false discovery rate (FDR)
to control the errors in testing multiple hypotheses. The FDR is designed to control
the expected proportion of false discoveries among all the rejected hypotheses. It
may be an appropriate approach to control the error rate in multiple-hypothesis tests
compared with the traditional FWER approach. In general, when the number of
hypothesis tests becomes large, controlling the FDR yields more positive discoveries
compared with controlling the FWER ([6], [72]).

From Table 3.1, the false discovery proportion is an unobservable quantity given

by,
MR if Ny (R) > 0
Fdp(R) = { +® +(R) (3.2.3)
0 otherwise

Following Benjamini and Hochberg [6], the FDR, of rejection region R is defined by,

FDR(R) = E(%um(n) > 0)P(NL(R) > 0). (3.2.4)

That is the expected proportion of false rejections among all rejected hypotheses
times the probability of making at least one rejection. In case all null hypotheses are
true, the FDR is the same as the probability of making at least one error. In other
words, when Nyo(R) = N (R), if No(R) = 0 then Fdp(R) = 0, and if No(R) > 0
then Fdp(R) = 1, which means controlling the FDR controls the traditional FWER
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approach. If many null hypotheses are rejected, then instead of controlling the FWER
approach as the probability of making at least one error, it may be more appropriate
to control the proportion of errors.

Benjamini and Hochberg [6] showed that when the test statistics are independent,
the following algorithm controls the FDR at level ¢ € (0, 1). Such an algorithm allows
us to fix the error rate in advance and then estimate the rejection region, which is

usually done in traditional multiple hypothesis testing.

3.2.1 Benjamini and Hochberg’s Testing Algorithm

Let pay < pe) < ... < pvy be the ordered observed p-values and choose ¢ € (0,1).
Define

iq = max{i: py) < Nq}, (3.2.5)

and reject the null hypothesis Hy;) corresponding to p) for i < 7,. Hence, the
rejection rule is

Ry = {Reject all Hyiy when i <ig}. (3.2.6)

If the p-values based on the null hypotheses are independent, then the Benjamini and
Hochberg’s testing algorithm controls the expected false discovery proportion at level

q [6],
E{Fdp(R,)} < . (3.2.7)

Benjamini and Yekutieli [9] showed that when the p-values based on the null hypothe-
ses are both independent and continuous, then the inequality becomes an equality.
The FDR control is a less strict, more liberal rejector, and much more powerful
compared with FWER ([6], [9], [69], [70]). Equation (3.2.7) indicates that controlling
the FDR at level ¢ depends on the independence of the p-values which is usually
an unrealistic assumption. In 2001, Benjamini and Yekutieli [9] proved under the

positive regression dependency on each of the test statistics, the FDR approach is



3. Large-scale Hypothesis Testing 23

still powerful compared with the FWER approach.

When N, (R) = 0, then the ratio No(R)/N,(R) is defined to be 0. To avoid this
problem, Storey proposed to consider just N, (R) > 0 which was called the positive
false discovery rate [70]. When controlling the FDR at level ¢, if the probability of
discoveries is positive, then the FDR can always be made optionally small because of
the extra term P(N,(R) > 0), and it is not the case for the positive false discovery
rate. Whereas if N, (R) = Ny(R), then all rejections are false discoveries and the
positive false discovery rate is equal to 1 for any rejection region. In such situations, it
is impossible to apply the other frequentist approach such as the FWER to control the
multiple hypothesis testing. For Benjamini and Hochberg’s algorithm, the sequence
of p-values is considered. Such p-values are computed on the basis of an assumed null
hypothesis distribution. In multiple hypothesis testing, the assumed null hypothesis
distribution may be chosen mistakenly [23] (see in Section 4.3.1).

Given the above concerns with controlling the FDR, the question remains: is
Benjamini and Hochberg’s algorithm sufficient enough to make reliable decisions?
The question is answered in the next section, by introducing a Bayesian approach.
Such a method is connected to the frequentist FDR algorithm of Benjamini and

Hochberg [6].

3.3 Bayesian Approach in Large-scale Hypothesis
Testing

Efron et al. [32] proposed a simple Bayesian framework for multiple hypothesis testing
called the two-groups model. Starting with a minimum of a priori assumptions, the

posterior probability that the null hypothesis is true is considered. Let A; be an
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indicator variable for the event that a non-null hypothesis H,; is true,

0 if Hy; is true
A, = (3.3.1)

1 if Hg is true

Let {A;} be a sequence of independent and identically distributed indicator random
variables with Bernoulli distribution, A; % Bernoulli(1 — m), where 7y is the prior
probability that the i*" null hypothesis is true. Suppose under Hy;, the statistic Z;
has density fy(z;) and under H,;, the statistic Z; has density fi(z;),

under Hy; : Z; ~ fo(zi),
’ ’ (3.3.2)
under Hai : ZZ ~ fl(zi)-

Both models in (3.3.1) and (3.3.2) are called the two-groups model. The statistic Z;

has a mixture density f(z;;m) given by

f(zismo) = mofolzi) + (1 — 7o) f1(2). (3.3.3)

Let Fy(R) and Fi(R) represent the CDF under null and non-null hypotheses respec-
tively. For z; € R,

FO(R):/RfO(Zi) dz; Fl(R):/Rfl(zi) dz;, (3.3.4)

where R is any subset of the real line, and the mixture CDF is denoted F'(R) given
by,
F(R) =m0 Fy(R) + (1 — mo) Fi(R). (3.3.5)

Definition 3.3.1 The posterior probability that the i null hypothesis is true given
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z; € R s
WoFo(R)

which is called the Bayes false discovery rate (or tail-area false discovery rate) [32].

If R is the rejection region, then the Bayes false discovery rate gives the prob-
ability of a false discovery. The Bayes false discovery rate contains three unknown
quantities: the null prior probability mg, the null density fy(z;), and the non-null den-
sity fi(z;). Efron et al. [32] proposed a simple empirical Bayes approach to estimate

the Bayes false discovery rate which is called the empirical Bayes false discovery rate.

3.3.1 Empirical Bayes False Discovery Rate

Following Efron [32], the null density fy(z;) is assumed to be standard normal. Such an
assumption is called the theoretical null hypothesis. Suppose the null prior probability
7 is known and close to 1, i.e. mp = 1. In such a case, in order to estimate the Bayes
false discovery rate, it is sufficient to estimate the mixture CDF F'(R). The empirical
approach is considered to estimate F(R). Let F(R) denote the proportion of the
observed z-values belonging to the region R,

_ #{Zz S R}

F(R) = H18

(3.3.6)
Substitute F(R) into the Bayes false discovery rate equation to get the empirical

Bayes false discovery rate is denoted by 1 (R),

— _ 7TOF0<R)

W(R) R (3.3.7)

When N gets large, F(R) gets closer to F(R), and the empirical Bayes false discovery
rate 1)(R) may be a good approximation for ¢/(R). Following Storey [69] and Efron
and Tibshirani [32], the connection between the frequentist controlling the FDR and
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empirical Bayes false discovery rate is represented below.
Let the expectation of random variables Ny(R) and Ni(R) be denoted by e5(R)

and e;(R) respectively,
eo(R) = NmoFo(R) , e1(R) = N(1 —m)Fi(R).
The expectation of an observable number of discoveries is denoted by e, (R),
e+ (R) =ep(R) + e1(R).

For any rejection region R, the Bayes false discovery rate 1(R), the empirical Bayes

false discovery rate 1)(R), and the false discovery proportion Fdp(R) can be rewritten,

w(R) = L L WR) = (L Fn(R) =

(3.3.8)

Following Efron [28], the accuracy of the empirical Bayes false discovery rate as an

estimation of the Bayes false discovery rate is considered.

Lemma 3.3.1 Let v(R) denote the squared coefficient of variation of Ni.(R). Thus,

—ZE% has approzimate mean and variance respectively

(1 +4(R), 7(72)). (3.3.9)

Proof: Apply the Delta method to approximate the mean and variance of the

empirical Bayes false discovery rate

_ € (R)
N.(R)
(R) |

er(R)1+ —N+(Z)(_7§)+(R)

¥(R)
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_ Ni(R) —es(R) Ni(R) —e4(R)\?
= ¥(R) [1 B et (R) ( e (R) ) }
where %—Re;(m has mean zero and variance y(R) given
Var(N, (R))
R)=——5—.
7(R) Z(R)

Lemma 3.3.1 demonstrates that the accuracy of 1)(R) as an estimate of 1)(R) depends
on the variance of Ny (R). When the variance of N, (R) becomes small enough, the
empirical Bayes false discovery rate may be an unbiased estimate of the Bayes false
discovery rate with small variance.

Storey [69] and Efron and Tibshirani [32] showed the connection between the
empirical Bayes false discovery rate and the frequentist method controlling the FDR

proposed by Benjamini and Hochberg [6].

Empirical Bayes Interpretation

Denote the i ordered z-value by 2(#)- Then the ordered sequence of observed statistics
is

2(1) < 2(2) <. < Z(N)- (3310)

For the i ordered z-value, suppose the rejection region R contain z-values such
that z; < z(;), which means R = {z; : z; < 23,7 = 1,..., N}. Let p; indicate the
left-tailed p-value which is pgy = Fo(z(;)), and 1 — p; corresponds to the right-tailed
p-value. For given rejection region R, the empirical cumulative distribution function
of the z(; satisfies

= FH{mEeER} i

F(R) 5 g (3.3.11)



3. Large-scale Hypothesis Testing 28

On the other hand, the Benjamini and Hochberg algorithm shows that,

1 Np(i) FO(R)
NS w14 = ——<q = = <q,
Po) = N1 7 1 F(R) 1
which implies
Y(R) < moq, (3.3.12)

where 1)(R) represents the empirical Bayes false discovery rate in (3.3.7).
Consequently, the Benjamini and Hochberg’s testing algorithm depends on an
estimated version of the Bayes false discovery rate in (3.2.4), where the cumulative
distribution function F'(R) is replaced by the empirical cumulative distribution func-
tion F(R). Efron [28] showed that, when the Z;’s are independent, the empirical
Bayes false discovery rate controls the expected proportion of false discoveries. In
the empirical approach to estimate the Bayes false discovery rate, there is no need to

have the independence assumption for the test statistics.

Poisson-independence Assumption

Suppose the test statistic Z; follows the two-groups model defined in (3.3.1) and
(3.3.2) independently. From Table 3.1, the total number of false discoveries Ny(R)

and the total number of true discoveries N;(R) are distributed as

No(R) ~ Binomial <N, WOFO(R)), -
N1 (R) ~ Binomial <N, (1—m)F (R)). -
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The squared coefficient of variation for the total number of discoveries N, (R) is

+R) = Var (1\(7;()73»

=
1-F(R) (3.3.14)
NF(R)
1-F(R)
er(R)
where the rejection region R is chosen such that F/(R) is small, so 7(R) ~ WlR) The

accuracy of estimator ¢)(R) depends on the expected number of discoveries, e, (R),
that is the expected number of z-values falling in R. Therefore, by increasing e, (R),
the squared coefficient v(R) gets closer to zero. From Lemma 3.3.1, the empirical
Bayes false discovery rate E(R) is a reasonably accurate estimate for the Bayes false

discovery rate ¥(R). If we add N ~ Poisson(A) to the independence requirement,
then

No(R) ~ Poisson ()\WOFO(R)>,

(3.3.15)
Ni(R) ~ Poisson()\(l - Wo)Fl(R)).
Lemma 3.3.2 Under the Poisson-independence assumptions in (3.3.13),
E(de(R)) = (R) [1 - eg;p(—e+(7z))] (3.3.16)

Proof:  Under the Poisson-independence assumptions, No(R) and N;(R) are in-

dependent Poisson random variables, so

N, (R) ~ Poisson <)\F(R))
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and
No(R)|N4(R) ~ Binomial <N+(R), ¢(R)>.

Therefore, the probability of no discoveries occurring (N4 (R) = 0), and at least one

discovery occurring (N, (R) > 0) are computed respectively as
P(N+(R) - o) = exp{—e;(R)} and P(M(R) > o) —1— exp{—es(R)}.

The expectation of the false discovery proportion is

E[NO<R)

NV (R)] = e(R)

when P(N,(R) > 0) =1 —exp{—e4(R)}. i

Based on Lemma 3.3.2, the Bayes false discovery rate is expected to be close to the
expectation of the false discovery proportion for large e (R). In applications, the
proportion of non-null features (i.e. SNPs, genes, voxels) is often close to zero which
implies e (R) is quite small. Then 1)(R) is a badly biased and highly variable estima-
tor for ¢)(R). In such a case, instead of considering the empirical Bayes false discovery
rate in (3.3.7), Efron [28] defined a new estimator for the Bayes false discovery rate

is denoted by 9 (R),
60(R>

AT (3.3.17)

»(R)

Lemma 3.3.3 Under the Poisson-independence assumptions in (3.3.13),

E(J(R)) — E(de(R)) — (R) {1 — eap(—e, {RV)]. (3.3.18)
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Proof:  From Poisson-independence assumptions in (3.3.13) and (3.3.15), the num-

ber of discoveries is distributed N (R) ~ Poisson ()\F (R)), then

Let U = N, (R), then

E<U;+1>:Zuj—1 u!

Hence, the expectation of the modified estimator of the Bayes false discovery rate in

(3.3.17) is

= ¥(R) |1 - exp{—e.(R)}].

Lemma 3.3.3 exhibits the modified empirical Bayes false discovery rate in (3.3.17)
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which is unbiased for E (de(R)) but still is badly biased for the Bayes false discovery
rate. When the expected number of discoveries e, (R) is not large enough, the usual
situation in applications, the modified empirical Bayes false discovery rate in (3.3.17)
is not an unbiased estimator for the Bayes false discovery rate in definition 3.3.1.
The Bayes false discovery rate ¢)(R) estimates depend on the prior probability
7. Storey and Tibshirani [72] suggested a method which is called the zero assumption
in order to estimate my. That approach considers some set of observed test statistics
to estimate the prior probability m5. Such a method provides a less conservative

estimator compared with the empirical Bayes false discovery rate in (3.3.7).

Zero assumption

Rather than setting mg equal to its upper bound 1, Storey and Tibshirani [72] used
the collection of observed z-values to estimate my. Suppose Ry is a certain subset of
R such that,

fi(z;) =0, Vz; € Ry, (3.3.19)

that is all the non-null features (e.g. SNPs, genes, voxels) must give z-values outside
of Ry, is called the zero assumption. The expectation of the number of discoveries
N (Ry) is

E(N+(RO)> — NmoFo(Ro).

Set

~ _ Ni(Ro)
To = m, (3320)

where 7y is an estimator of the prior probability my. To obtain another estimator

12(72) of the Bayes false discovery rate, substitute 7y at (3.3.7),

~ o %OF()(R)

W(R) = TR (3.3.21)
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Following Efron [28], the region Ry is selected where the null density fo(z;) is standard
normal and the subset of Ry is the central oy proportion of the null density fy(z;)
given by

Ro = |071(0.5 — %), o705+ %) .

Using estimator @(R) compared with the empirical Bayes false discovery rate 1)(R)
indicates that the number of discoveries increase since (E(R) provides a larger rejection
region. Storey et al. [71] proved that {Z)\(R) is similar to the empirical Bayes false
discovery rate and controls the false discovery proportion. However, if the tests are
correlated with each other or if an appropriate null hypothesis distribution is not
chosen [23], then the resulting estimates of the prior probability my may be very
biased [23].

Following the two-groups model, the estimate of the posterior probability that
a rejected null hypothesis is actually true can be considered as the choice of ¢ in
Section 3.2.1. For example, if ¢ = 0.1, it means 10% of rejections are false discoveries,
and 90% of rejections are true discoveries. The accuracy of the empirical Bayes false
discovery rate as an estimator of the Bayes false discovery rate depends on N. From
(3.3.12) and Lemma 3.3.2, it is concluded that the accuracy of the empirical Bayes
false discovery rate is important to make reliable decisions by controlling the FDR

approach.

3.4 Application

In this section, we consider two examples of large-scale hypothesis testing. We display
the effect of the classical approaches and the reasons for moving toward improving

the frequentist approaches and of applying the Bayesian approaches.
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3.4.1 Microarray Data Example

We consider the prostate data in Section 2.3 to identify genes with different expression
levels between the case and control groups.

Let x;; be a realization of X;; for¢ =1,..., N and j =1,...,n1,n1 +1,...,n. For
gene 7, suppose X1, ..., Xin, is a random sample from N(u;1,0%) and Xitni+1)s - Xin
is an independent random sample from N(u,0%). For gene i, the null hypothesis

Hy; is X;; has the same distribution for the normal and cancer patients,

Hoi @ pin = pig vs. Hg; @ pin > a2,

with the assumption of equal variances 0% = 02, = o2. This example demonstrates

the inference on comparing the means of two independent samples which are generated
from normal distribution with equal variances. The two-sample t-test statistic is

computed,

T — Xi1 — Xio
1 5 1 1 I
S +55)
where X;; and X;» are the sample mean of X;; for case group and control group

respectively. The S? is pooled sample variance,

92 — (n1 — 1)531 + (n2 — 1)52‘22
! Ny + ng — 2 ’
and
R _ 1 u _
52 — Xii— Xa)? , S%= Xij — Xia)*.
il ny — 1 ;( ¥ 1) ) 12 Ny — 1 J;‘rl( ¥i 2)

Suppose t1,...,ty are realizations of 77, ..., Ty such that,

under Hy; : T; ~ t,,

with degrees of freedom v = n; + ny — 2. The null hypothesis Hy; is rejected, if t; is
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large,

p-value : p; = Po(T; > ;).

Following Efron [23], it may be more convenient to use z-values instead of ¢-values.
Thus, we transform ¢; to z; by (3.1.3). The observed statistic z; is considered a
realization of Z; where it has a standard normal distribution under the null hypothesis
Hy,.

We would like to identify disease-associated genes. We consider a histogram of
z-values. Under Hy;, the histogram should match the standard normal density curve.
Figure 3.1 displays some non-null genes, since the histogram is too low near the center
and too high in the tails.

By applying the traditional approach in multiple hypothesis testing, we changed
the rejection level for each test from a = 0.05 to a/N = 0.05/6033 which denotes
the Bonferroni bound. By applying the traditional approach, the total number of 397
genes satisfy

p; <005, i=1,..6033,

that is the number of disease-associated genes, while this number is reduced to 4 by

applying the Bonferroni bound as follows

0.05

Figure 3.1 shows more interesting non-null genes. By considering Benjamini and
Hochberg’s testing algorithm, the number of disease-associated genes increases to
41, which seems more reasonable compared with the Bonferroni bound. Under the

Bayesian false discovery rate, 46 genes are associated with disease.
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3.4.2 Genome-wide Association Data Example

We consider the CAD data in Section 2.2 to identify the number of disease-associated

SNPs. Under the additive genetic model in Section 2.2, we would like to investigate

the association between the disease state and the i*® SNP.

The logistic regression model estimates the i SNP effect 3;, that is the logarithm

of the odds ratio for the i** SNP, where i = 1, ..

., N with N being the total number

of measured SNPs. For the it" SNP, we perform the following hypothesis test,

6120 VS. Hzﬂz>0

Ho,

The reason of considering one-sided hypothesis test instead of two-sided one is ex-

plained in Section 4.3.
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Figure 3.1: Left panel:

Right panel: statistical approaches versus z-

association with prostate cancer.

values, Bonferroni (black square), Benjamini and Hochberg’s testing algorithm

(gray), and Bayesian false discovery rate (black triangle).

The Wald test statistic has an asymptotically standard normal distribution under

the null hypothesis for large samples [43]. The square of this statistic has approxi-
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mately a y? distribution with one degree of freedom,

—

where B\l is the maximum likelihood estimator of §; and Var(gi) is the estimated

variance of Bz Let tq,...,tny be considered a realization of 17, ..., Tx such that
under Hy; : T; ~ X%,
then the null hypothesis Hy; is rejected if t; is large,
p-value : p; = Po(T; > t;).

For the i*" SNP, the observed x? test statistic t; is transformed to z-value by
applying (3.1.3). Under the null hypothesis Hy;, a statistic Z; has a standard normal
distribution and the usual one-sided hypothesis test is consider to test Hy;. Figure 3.2
represents the z-values for SNPs to identify which one is associated with disease. We
consider a histogram of z-values. If all SNPs are null, then the histogram should match
the standard normal density curve. By applying the traditional approach in multiple-
hypothesis testing, we changed the rejection level for each test from o = 0.05 to
a/N = 0.05/394838 which denotes the Bonferroni bound. By applying the traditional
approach, 22675 SNPs are associated with disease since their p-values are less than
0.05 that is,

p; <0.05, i=1,...,394838,

while this number is reduced to 26 by applying the Bonferroni bound since

0.05
Di S )
394838

i=1,..,394838.
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By considering Benjamini and

Figure 3.2 shows more interesting non-null SNPs.

Hochberg’s testing algorithm, the number of disease-associated SNPs increases to 40,

which seems more reasonable. Under the Bayesian false discovery rate, 43 SNPs are

associated with disease.
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Chapter 4

Local False Discovery Rate and its

Estimate

In this chapter, we introduce the local false discovery rate (LFDR) to analyze large-
scale hypothesis testing. We review parametric and non-parametric methods in esti-
mating the LFDR. In applications, the LFDR is considered in identifying interesting
results. As an example, in GWA data analysis, we apply the LEDR approach to iden-
tify disease-associated SNPs. In [84], Yang et al. considered two models of estimation
in identifying the disease-associated SNPs. The LFDR estimate was determined by
adapting a simple parametric mixture model (PMM) and a semi-parametric mixture
model (SMM). In the simulation study, Yang et al. analyzed the performances of the
two models under different values of a prior probability that is approximately equal
to the proportion of SNPs that are associated with the specific disease. By consid-
ering a specific interval for prior probability, it is concluded that the PMM may be
preferred since it has the advantage of supplying an estimate of detectability level of

the non-associated SNPs.

39
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4.1 Introduction

Efron et al. ([30], [32]) proposed the LFDR approach as an alternative to both
Benjamini and Hochberg [6] and the tail area FDR. The advantage of the LFDR
is, it provides an interpretation of results for individual features (i.e. SNPs, genes,
voxels). The LFDR provides a measure of belief that depends on the exact value of
the statistic not belonging to a large set of possible values. The statistical methods
based on controlling the FDR may give misleading inference when specific features
(i.e. SNPs, genes, voxels) are of interest. On the other hand, the research for multiple
comparisons has so far focused on statistical methods based on controlling the FDR.
Statistically, it is more difficult to estimate the LFDR than the Bayes false discovery
rate in Section 3.3. We review the definition of the LFDR, some models used in
estimating the LFDR, as well as characteristics of such estimators.

Suppose N hypothesis tests are considered. For each i = 1,..., N, under the i*!
null hypothesis Hy;, the test statistic T; is determined. The observed test statistic
vector t = (t1,...,tn)T € RY is considered a realization of T = (11, ...,Tx)T. The
z-value vector z = (21, ..., 2y)7 is considered a realization of Z = (Z1, ..., Zn)T.

The local false discovery rate (LFDR) is the posterior probability that the 7*®

null hypothesis is true given the data

B(z) = P(Ai = 0|7 = =) = Tofol) (4.1.1)

f(zi;m0) ’
where the prior probability my is estimated from the data without considering any
assigned prior knowledge at the beginning. There is a simple relationship between the
Bayes false discovery rate in Section 3.3 and the LFDR [32]. From definition 3.3.1,
the Bayes false discovery rate is the posterior probability that the i*® null hypothesis
is true given z; € R,

P(R)=P(A; = 0|z € R).
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By averaging the LFDR over z; € R, it is possible to compute the Bayes false discovery
rate for the specified rejection region R. For ease of notation F(¢(z;)) indicates the

expectation with respect to the random variable Z;.

Lemma 4.1.1 For a given rejection region R, the Bayes false discovery rate is the

average of the LFDR over z; € R

Y(R) = E(@/}(ZZ)LZz € R),

where E indicates the expectation with respect to the distribution of Z;.

Proof: For the given rejection region R, the Bayes false discovery rate in Section
3.3 1s
7T0F0(R)
R)= ——1—5

o fzien Jo(zi) dz;
 Joer Fmo) dz

_ Lo ¥(20) f(zi;m0) dz;
N fzieR f(zi;m) dz;

_ E(@/}(zi)|z,~ c R).

A decision rule based on the LFDR provides a different set of discoveries com-
pared with the set of discoveries obtained by controlling the FDR. As an example,
based on the fixed threshold, the set of discoveries obtained by the LFDR is included
in the set of discoveries attained by controlling the FDR. Therefore, the LFDR method
is more conservative than controlling the FDR [3].

Typically, the LEFDR estimate in (4.1.1) is used to find the rejection region.
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The null hypothesis Hy; is rejected if ¥(z;) < ¢, for ¢ € (0,1). There is presently no
consensus on a standard choice of ¢ for the Benjamini and Hochberg testing algorithm,
as is the case for the Type I error in single hypothesis testing. However, Bayesian
computations suggest a cutoff threshold 1(z;) < 0.2 in testing the i*" null hypothesis
Hy; [25]. The posterior odds ratio is given by,

PA=1zZi=2)  1—9(z) _ (1—m)fi(=)
P(A; =0|Z; = z) V(2) mofo(zi)

(4.1.2)

When (z;) < 0.2, this posterior ratio is

1— ,

1=vta) oy
Practical applications of the large-scale hypothesis testing usually assume prior prob-
ability mg is large, i.e. m9 > 0.90. Such an assumption identifies a small set of non-null

hypotheses that are true. If we assume 7y > 0.9 and ¢(z;) < 0.2, then

which is in favor of non-null hypothesis H,;. The following lemma indicates the

expectation of the LEFDR in (4.1.1) with respect to the mixture density f(z;; o).

Lemma 4.1.2 If A; e Bemoulli(l — 7r0), then E(@D(zz)) = T.

Proof: If 4; % Bernoulli(1 — 7), then E(A;) =1 — m and
By taking the expectation with respect to the mixture density Z;,

E(BE(AilZi = z)) = E(1 —(2)),
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E(A;) =1~ E(¢(2)),

which implies E(v(z;)) = o. i

The LFDR is an unknown quantity that should be estimated. The prior proba-
bility o, null density fy(z;), and non-null density fi(z;) are unknown. The non-null
density fi(z;) plays a central role in assessing power. In the following sections, dif-

ferent approaches for estimating the LFDR are considered.

4.2 Estimate of Local False Discovery Rate

Different techniques were considered in estimating the LEFDR to analyze either mi-
croarray gene expression and GWA data. The mixture model approach is a simple,
flexible and accurate way to estimate the LFDR and the Bayes false discovery rate.
This section provides a brief introduction to some parametric, semi-parametric or
non-parametric estimation models.

Allison et al. [1], Pounds and Morris [58], Muralidharan [53], Liao et al. [50], and
Pan et al. [56] used a parametric discrete mixture model in estimating the LEDR.
Allison et al. [1] improved a sequence of procedures containing finite mixture mod-
elling and bootstrap inference to determine the statistical significance of differences in
gene expression levels in microarray experiments. The expression levels across genes
are assumed to be independent. The density of p-values corresponding to the test
statistic under the null hypothesis is uniformly distributed on the interval (0, 1) and
the non-null density of p-values tends to be closer to zero than one. Thus, the entire
distribution of p-values can be modeled as a finite mixture of unknown Beta distri-
butions. Using the independence assumption, the maximum likelihood approach was

applied to estimate unknown parameters for a specified number of mixed Beta dis-
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tributions. On the other hand, since the number of components in the finite mixture
model is unknown, the bootstrap approach is applied for identifying the number of
components. Allison et al. [1] mentioned some issues such as fitting such a model for
the non-normal situation under the null hypothesis or even fitting with small sizes in
clustering large-scale data.

Pounds and Morris [58] proposed the Beta-uniform mixture distribution for the
mixture density, where the p-values are independent and identically distributed. Such
an assumption is obviously untrue but it provided easy computations. Under the
Beta-uniform mixture model, the density of p-values under the null hypothesis is
uniform distribution on the interval (0, 1), with the one-parameter Beta distribution
as the non-null density. Under the independence assumption, the maximum likelihood
approach was considered to estimate unknown parameters. It remains to determine
how to compute p-values in an appropriate way to meet the assumptions. In such a
case, non-parametric techniques are used to estimate the mixture density.

Liao et al. [50] proposed a special mixture model by considering the distribution
of p-values such that the non-null density is stochastically smaller than the null density
for all possible p-values. The density of p-values under the null hypothesis is a uniform
on the interval (0,1), whereas the non-null density of p-values is assumed to be a
one-parameter Beta distribution. The prior probability 7y is the standard conjugate
prior Beta(1,1). The Metropolis-Hasting algorithm is applied to estimate the mixture
density.

Muralidharan [53] considered a mixture model to solve the Brown-Stein model
used by Efron [29]. This model indicates the Bayesian hierarchical model. The
statistic Z;|0; ~ fs5,(z;) and 0; ~ h(e) where fs (z;) belongs to an exponential family
with natural parameter 0. In other words, the mixture density f(z;) is a convolution
of prior h with the density fs,(2;). Given the prior h, the LFDR estimate can be
calculated. However, a prior h is not specified in advance. Instead, by applying an

empirical Bayes approach, all observed statistics are used to estimate prior h and
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then this estimated prior is used to get the LFDR estimates.

Pan et al. [56] proposed a mixture model where both the null density and the
mixture density are modeled to have a finite normal mixture density, that can be con-
sidered as a non-parametric estimator of a distribution function. Thus, the mixture
model is typically fitted by the maximum likelihood method using the expectation-
maximization algorithm. To specify the number of components for the proposed
mixture model, the Akaike Information Criterion (AIC) or Bayesian Information Cri-
terion (BIC) were suggested.

Aubert et al. [3], Efron ([23], [25]), Efron et al. [32], and Efron and Tibshirani [31]
avoid the parametric estimates for mixture density. They considered semi-parametric
or non-parametric methods in estimating the LEFDR to analyze microarray gene ex-
pression data.

Efron et al. [32], Efron and Tibshirani [31] and Efron [23] proposed a non-
parametric empirical Bayes approach to estimate the mixture density instead of con-
sidering a parametric approach. The test statistic (i.e. discrete Wilcoxon rank-sum
statistic or two-sample t-test statistic) was applied to do the hypothesis test. They
assumed 7y = 1 in order to minimize the probability of detecting positive discoveries.
Such a choice is conservative. To estimate the mixture density f(z;;m), the Poisson
regression approach introduced in Section 4.3.1 is proposed.

Aubert et al. [2] proposed a kind of non-parametric technique to estimate LFDR
for microarray data. They considered ordered p-values that are independently uni-
formly distributed under the null hypothesis. Without any assumption about the
distribution of p-values under the non-null hypothesis, smoothing methods like a
moving average or lowess fitting, are applied to estimate the LEDR. Aubert et al. [2]
indicated that the non-parametric methods usually tend to have large standard errors
and to be imprecise. The reason is that the mixture density of the test statistic is
estimated by creating bins over the possible observed test statistics in non-parametric

techniques.
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In contrast with the large number of applications to microarray gene expression
data analyses, only a few papers have applied the LEDR estimation to GWA data
analysis (see in [17], [37], and [83]).

Greenwood et al. [37] considered the same approach as Efron [32]. They stratified
genetic markers into three sets and the goal was to find the optimal selection of genetic
markers as a rejection region among those sets. In general, the expected number of
false positive results depends on how the set of data is chosen in estimating the LEDR.
This means that by increasing the number of hypothesis tests, the number of false
positive results will increase.

Bukszar et al. [17] introduced a precise method to estimate the LFDR by con-
sidering parametric techniques. They assumed the test statistics under the non-null
hypothesis are identically distributed, when the distribution depends on one parame-
ter. Usually the critical step is to estimate the non-null density. Instead of maximizing
the log-likelihood function according to the mixture density, they considered the real
maximum likelihood function to avoid a loss of precision.

All proposed models in both GWA and microarray data seem to perform rea-
sonably well, though some models, based on a special case of the Beta distribution
proposed by Allison et al. [1], are never used in the context of GWA studies. On
the other hand, most of the proposed models considered the theoretical null hypoth-
esis that is usually based on assumptions or asymptotic approximations. Efron [23]
proposed permutation methods to avoid these approximations or assumptions. Per-
mutation methods are essential to the estimation of the null density when considering
some microarray data sets. The empirical null hypothesis proposed by Efron [23] is
another approach to estimate fy(z;) and it is introduced later in Section 4.3.1.

In the next section, two models are considered for analyzing GWA or microarray
data: a semi-parametric mixture model (SMM) ([32], [31] and [23]), and a parametric
mixture model (PMM) [84].
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4.3 More Realistic Model

Following Yang et al. [84] and Bickel [55], we describe a more realistic model for
analyzing both microarray and GWA data sets. Two estimation models are then
considered to estimate the LFDR. Estimating the LFDR helps to identify the disease-

associated SNPs in GWA data or the disease-associated genes in microarray data.

Microarray Data Study

Following Bickel [55], N null hypothesis tests are considered. Each test refers to
a gene expression level. Genes are measured from n samples. From Section (2.3),
suppose X1, ..., Xjn, 18 a random sample from N (1, 0%) and X, 41y, ..., Xin 18 an
independent random sample from a N (p2, 0% ), with the assumption of equal variance
02 = 0% = o2. For the i*® hypothesis test, suppose the parameter of interest is the

absolute value of the inverse coefficient of variation denoted

0, = |,uz'1 - Mz’2|‘
g;

Let the i hypothesis be
Hy; : 97, =0 vs. Hy: 91 > 0. (431)

The test statistic T; is the absolute value of the two-sample t-test statistic and is dis-
tributed as the absolute value of a random variable from the non-central ¢ distribution

with v = n; + ny — 2 degrees of freedom and non-centrality parameter

6 = (nyt +ny )"V,
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Genome-wide Association Data Study

Following Yang et al. [84], to investigate the association between the disease state and
the i*h SNP, logistic regression estimates the i'" SNP effect 3;, that is the logarithm
of the odds ratio for the i*® SNP, where i = 1,..., N with NV being the total number

of measured SNPs. For the i*" hypothesis, we perform the Wald test statistic for,
Hy; : 57, =0 vs. Hy: 57, > 0, (432)

has an asymptotic standard normal distribution under the null hypothesis [43]. Hence
the square T; = @2 /Var (@) , called the Wald chi-square test statistic has asymptot-
ically a x? distribution with one degree of freedom under the null hypothesis. The
B\i is the maximum likelihood estimator of (3; and Var (31) is the standard estimate
of the variance of B\l . Since the Wald y? test statistics can never be negative, the
one-sided hypothesis test in Section 3.4 is applied. For all i = 1,..., N, the Wald y?
test statistic T is distributed according to the probability density function y? statistic

with one degree of freedom and non-centrality parameter

2
s

- (5) (4.3.3)

Equation (4.3.3) indicates that the value of §; depends on the parameter of interest
B; such that 6; = 0if 5; = 0 and §; > 0 if 8; > 0. In other words, under Hy; the
test statistic 7T} is distributed as x? with one degree of freedom and non-centrality
zero, whereas under the non-null hypothesis, it is distributed as x? with one degree
of freedom and non-centrality parameter ¢;.

By considering the GWA and microarray studies explained above, we define the
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more realistic model [84]. Let the true association indicator be

1 if6; >0

to indicate whether or not the i*® feature is associated with a certain disease. The
proportion of the non-associated features is pg = # (a; = 0) /N, where # (a; = 0) is
the number of true non-associated features. In order to estimate a;, we will apply the
two-groups model in Section 3.3 [32].

For the i'" hypothesis test, let A; be an indicator variable of the event that a
null hypothesis Hy; is true. Suppose Aj, A,, ..., Ay are independent and identically
distributed random variables with Bernoulli distribution, A; “ Bernoulli(1 — ),
where 7 is the prior probability that the i*" null hypothesis is true. The following
two mixture models will be used to estimate each a; in (4.3.4) by estimating the
LEFDR in (4.1.1). For ease of notation, @; will denote the estimator of a; for each of

the estimating models.

4.3.1 Semi-parametric Mixture Model (SMM)

Following Efron et al. [32] and Efron [23], the LFDR in (4.1.1) may be estimated
by applying an empirical Bayes approach that does not require any distributional
assumption. If the ¢ null hypothesis is exactly true, then the statistic Z; will have a
standard normal distribution, fo(2;) ~ N(0,1). The model defined in (3.3.3) with the
following methods of estimation is called the semi-parametric mizture model (SMM).
In estimating the mixture density f(z;;m) in (3.3.3), Efron [23] proposed a Poisson
regression technique by applying Lindsey’s method. He introduced estimation of the

mixture density with smooth but flexible parametric models.
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Poisson Regression Approach

Suppose the mixture density f(z;;m) (or f(z;)) belongs to the J-parameter exponen-

tial family,

f(z) = eXp{ iwf}, (4.3.5)

where the constant 7y can be determined from v = (74, ..., 7s) such that fzz f(z) dz =
1. If J =2, then the mixture density f(z;) defined in (4.3.5) is the same as the null
density fo(z;). The choice of J needs to be greater than 2 in order to detect differences
between the mixture density f(z;) and the null density fo(z;). Efron proposed J =7
which yields an exponential family in (4.3.5) between parametric and non-parametric
modeling. To obtain the maximum likelihood estimates ~, Lindsey’s method will be

applied. Suppose the region R of z-values is partitioned into K bins,
R = UL Ry

Define y;, as the total number of z-values in the k' bin and z;, is the center point of

the k' bin R;. Lindsey’s method assumes the independent ;, are distributed as,
yy, ~ Poisson(vy)

with mean v, = NIf(xg;m), where [ is the width of each bin. Thus, the mixture
density f(z;) is estimated via a Poisson generalized linear model. The maximum

likelihood estimate 7 maximizes the model
J .
log(v) = Z”yjyi.
=0

By Lindsey’s algorithm, a smooth function f,(y;) may be fitted to the counts yy.

Even under dependency, f tends to be consistent and close to an unbiased estimate
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for the mixture density f(z;).

Under the theoretical null hypothesis, after estimating the mixture density f(z;; m),
it remains to estimate the prior probability my to obtain the LEDR estimate in (4.1.1).
Following Efron [31], the prior probability 7 is known and close to its upper bound.
Since the prior probability estimate 7y is not a perfect estimate of my, the LFDR
estimate can exceed one. The other option to improve the theoretical null estimate
of the LFDR in (4.1.1) is to estimate the null prior probability my by applying the
zero assumption given in Section 3.3.1. In order to increase the accuracy of such an
estimate, Efron [28] proposed another approach which is explained later.

Efron [23] showed the theoretical null hypothesis may fail for some practical
reasons. In large-scale hypothesis testing, some mathematical assumptions such as
independent and identically distributed assumption may not hold. As well when the
sample size is small, the asymptotic theory may be in question. Also correlation
among features (i.e. gene expression levels in micrroaray data or SNPs in GWA data)
can make the theoretical null hypothesis a misleading choice ([23], [28]).

Following Efron [23], in such a case, the null density is assumed normally dis-
tributed, but with unknown mean and variance, fo(z;) ~ N(dg,02), is called the
empirical null hypothesis. Efron proposed either a central matching approach or a
maximum likelihood approach for estimating the null density fy(z;) and prior proba-
bility mo. In both approaches, he supposed the non-null density fi(z;) is zero around
zi = 0 (i.e. zero assumption in Section 3.3.1) to allow estimation of fy(z;) and

from the central histogram counts.

Central Matching Estimation (CME) Approach

Suppose the LEDR in (4.1.1) is given by

o fﬂO(Zi)

Y(z) = F(mo) (4.3.6)
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where fro(z;) = mofo(2:). Under the zero assumption, the mixture density f(z;;my) =

fro(z;) and

log(fro()) = log (ﬁ—;_ag) -5 ()" (13.7)

By considering the histogram counts the parameters my, &y, and oy can be esti-
mated. If the zero assumption is true (not usually valid in actual applications), then
the central matching approach yields an unbiased estimate for the null density. On
the other hand, the zero assumption is more acceptable when m; is large, since the

number of non-null hypotheses that are true contributing near z; = 0 is decreased.

Maximum Likelihood Estimation (MLE) Approach

The prior probability my and the null density fo(z;) are estimated by applying the
zero assumption and the truncated normal model properties. Let Zy, No(Ro), and 2o

be defined as

Ty = {j; 2 € Ro}
No(Ro) = #{z; € Ro}

20 = {Zj; j S Io}
Under the zero assumption, fi(z;) =0 for z; € Ry. The null density is
950700 ~ N((So, 0(2))7 (438)

and the density of Z; conditional on z; € Ry is the truncated normal distribution

Q 0,00 \~%
P(Zi‘Zj S Ro) = }£(5—$, (439)
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where Hg(dg, 0¢) is

7‘[0(60, 0'0) = Q(So,Uo(zi) dZZ (4310)
Ro

Let 0 be defined as
0 = 71'()%0(50, 0'0) = P(Z] € Ro) (4311)

Then Z; € Ry has density

Finomo(2i) 0 N0 (1 — )N =No(Ro) TT iy (21) (4.3.12)

7, HO((SOaUO),

where f5, 5.7 (2i) is the product of two exponential families that can be maximized

separately to estimate parameters 6, dy, and 0y. By maximizing the Binomial term

No(Ro)
N )

é:

and by maximizing the truncated normal family, the estimators o and oy can be

determined. The estimate of 7y is given by

o~

T =

0
—_—. (4.3.13)
Ho(d0, 7o)

Following Efron [23], the HIV data shows that the theoretical null hypothesis
is improper assumption for the null density. It also indicates how choosing the null
distribution has an impact on the number of discoveries in the multiple hypothesis

testing.

Example 4.3.1 The HIV data in Section 2.3 is considered to specify the differential
gene expression levels between the case and control groups.

The two-sample t-test is applied to get z-values following equations in Section
3.4.1. Figure 4.1 shows the central histogram of z-values is less scattered than a

theoretical null hypothesis fo(z;) ~ N(0,1). Under the empirical null hypothesis, the
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null density estimate fo ~ N(0.12,0.75%) and the prior probability estimate my = 0.934
can be observed by applying the maximum likelthood approach. However, the prior
probability estimate under the theoretical null hypothesis is To = 1.20 which seems
more likely that there is something inappropriate about the theoretical null hypothesis.
Using the empirical null hypothesis rather than the theoretical null hypothesis increases
the number of disease-associated genes from 17 to 160.

From Figure 4.2, considering the zero assumption suggest using mainly null fea-
tures. Thus, around the center, z = 0, the empirical estimation of LFDR numerator
ﬁro (i.e. mazimum likelihood approach) is approzimately similar to the Poisson re-

gression estimate of mizture density f .

By running the locfdr software package in R with the theoretical null hypothesis
setting either empirical null setting, we used the non-parametric density estimation
procedure (i.e. Poisson regression) to estimate f(z;m) by f, to estimate my by
To or estimate the null density fy(z;) in the empirical null setting. The locfdr
software package defaults to a maximum likelihood fitting for the LFDR estimation
when the theoretical null hypothesis is not true. The LFDR estimate is denoted
JSMM(zi) and computed by substituting 7, and f into mo and f (zi;70) (or fy into
fo(z;) when the theoretical null hypothesis is not true) in (4.1.1). We choose the

estimator a; = 1 — @/D\SMM(zi) to estimate the a; in (4.3.4).
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MLE: delta: 0.116 sigma: 0.754 p0: 0.934
CME: delta: 0.085 sigma: 0.714 p0: 0.896

Figure 4.1: HIV data: z-values testing 7,680 genes to discover associated with
HIV disease under the theoretical null hypothesis and empirical null hypothesis.
Short vertical bars are estimated non-null counts and useful for power calculations.

Efron compared the variability of three estimators, Ysyn(z), ¥(R) in (3.3.20)
and ¢(R) in (3.3.7) for fixed prior probability my = 0.95. The conclusion shows
QZSMM(ZZ) has the least variability and )(R) has the highest variability [28]. Never-
theless, the maximum likelihood approach gives smaller standard deviation compared
with the central matching approach in estimating the null density fo(z;) and the prior
probability 7, while the bias in estimating the null prior probability m in the central

matching approach is less than the maximum likelihood (]23], [28]).
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HIV data
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-10
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Figure 4.2: HIV data: Empirical estimation of the LFDR numerator fr,(z;).
Heavy curve is log of Poisson regression estimate for mixture density f(z;;m),
log f and dashed cure is log fr, by the maximum likelihood approach.

4.3.2 Parametric Mixture Model (PMM)

Yang et al. [84] proposed the parametric mixture model to improve the precision of
the LFDR estimates in identifying the positive discovery results. For the i*" hypoth-
esis test, we perform a specific test, such as Pearson’s statistic, logistic regression
analysis, or two-sample t-test to obtain the observed test statistic ¢;, where the non-
null distribution is approximated by either a non-central chi-square, a non-central F',
or a non-central ¢ distribution. As explained in Bukszar et al. [17], the critical step
of the method consists of estimating the non-centrality parameters of the densities
under the non-null hypothesis.

We begin with the Bayesian two-groups model. Suppose N hypothesis tests are
performed with test statistics 717, ..., Ty. The probability density function of 7; under
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the null hypothesis Hy; is go(t;) which is known. The probability density function
of T; under the non-null hypothesis is g, (¢;) which depends on unknown parameter

d; € (0,00). The mixture density for 7; is

g(ti; mo, ;) = mogo(t;) + (1 — mo)gs, (). (4.3.14)

The model defined in (4.3.14) with the following method of estimation is called the
parametric mixzture model (PMM).

Let Ti,...,Tn be N independent test statistics with mixture density function

g(ti; mo, 6;) in (4.3.14). The log-likelihood function is

I(70, 61, ..., 0n) = Zlog(wogo(ti) + (1 —m0)gs, (1)), (4.3.15)

is not very useful since the number of parameters exceeds the number of null hy-
pothesis tests. For this reason, it will be necessary to ease some of the assumptions
([17], [84]). Suppose the T;’s are independent and identically distributed under the
non-null hypothesis with §; = §. In applications, Bukszédr et al. [17] also assigned a
single non-centrality parameter value to all SNPs that are not associated with disease.
Similarly, for microarray data, a three-component mixture model performs as well as
more complex models according to [53] with the three components corresponding to
null, negative, and positive groups.

Under the i.i.d. assumption for the test statistics, the log-likelihood function now

contains only two unknown parameters my and ¢,
N
l(mo,6) = Z log(mogo(ti) + (1 — m0)gs(t:)), (4.3.16)
i=1

from which we may derive numerically the maximum likelihood estimates 7, and 5.

Under the i*" hypothesis test, a; = 1 — QZPMM(Q) estimates a;, where @pMM(ti) is the
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estimator of the LEDR (¢;) in (4.1.1),

Togo(t;)

Venan(ts) = Togo(t:) + (1 — 7o) gz(t:)’

and g5 is an estimate of gs(t;).

The likelihood ratio measures the degree to which the data support one hypoth-
esized distribution over another. Since, the non-null hypothesis typically corresponds
to an infinite number of probability density functions, a single density function must
be selected for the numerator of the likelihood ratio. The full Bayesian solution is
to assign priors in order to integrate the likelihoods associated with each hypothesis

[81]. Under the PMM, the log-likelihood ratio for the i*® hypothesis test is given by,

A; (1) = log, (95<tf>), (4.3.17)

and is regarded as the ideal information for discrimination favoring the hypothesis
of non-null (; = 0) over that of null (6; = 0) [48]. The information is called ideal
because the 0 is unknown. Here, we chose the binary logarithm (log,) to facilitate
interpretation. Following the evidence levels that Bickel [11] considered, the dis-
crimination information indicates strong evidence (A, (t;) > 3), very strong evidence
(A; (t;) > 5), and overwhelming evidence (A; (¢;) > 7) [65]. Negative discrimination
information, A; (#;) < 0, indicates evidence in favor of the null hypothesis, which
cannot be indicated by p-values since they can only quantify the evidence against

null hypothesis [81].
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4.4 Power Diagnostics in Semi-parametric Mixture
Model

The FWER technique and the FDR theory both focus on a form of Type I errors
control. However, the LFDR method can be useful to assess power by considering the
LFDR estimate. The importance of this section is on diagnostic statistics that are
simple to calculate. As an example, the prostate data or the HIV data might easily
fail to identify the disease-associated genes.

Under the two-groups model in Section 3.3, the non-null density fi(z;) plays an
important role in assessing power. Under the i*" hypothesis test, from (3.3.3) and

(4.1.1) and Lemma 4.1.2, the non-null density can be obtained as

(1- Q/J(Zi))f(zi;ﬂo)'

1—7'('0

fi(zi) =

Let the LFDR and non-null density estimates be denoted by @(zz) and J/C\(ZZ) respec-
tively. The estimated non-null density is given,

Ay - LEDIE)

Y

where the estimated prior probability 7 is,
To = / ¥(z5) f(z5)dz;.

The simple but useful diagnostic statistic for power may be obtained from the com-
parison of the estimated non-null density f1(z;) with estimated LEFDR " (z:) [24]. The

expectation of @/Z)\(zl) under j/“\l(zz), say @/Z;, provides a diagnostic statistic is given by

L o 12(2%)(1 - @(21))}\(21)(122

* = = 4.4.1
v L[5 0(z) f(25)dz Ay
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A small value of & represents good power. By considering the non-null counts from
the Poisson regression approach in estimating the mixture density, the estimate of
the non-null expectation is obviously seen.

Suppose N z-values are partitioned into K bins of equal width [, where y; shows
the total number of z-values in &*® bin and z}, is the midpoint of £'® bin. From (4.1.1),

the posterior probability that the i*" non-null hypothesis is true given the data is,
PA; =11Z; = z) =1 —(%).
An unbiased estimate of the non-null counts in the k' bin is denoted by 71y
Jue = (1 - @Z(Ik))yk

Thus, an obvious estimate of the non-null expectation is

@; _ 25:1 &(Ik)glk
Zszl Y

We considered the HIV data to compute the non-null expectation as a power
diagnostic. Based on the empirical null hypothesis, the power diagnostic is @: =0.43
which demonstrates low power in identifying the disease-associated genes in the list
of discoveries. Also, we can have low power for the prostate data, which is indicated
in the next Section. Such power diagnostics are computed from the observed data
z-values, without any prior knowledge, which is one of the advantages of large-scale

studies.
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4.5 Application

Prostate Data

The prostate data as microarray data described in Section 2.3 is considered to identify
genes that are associated with the disease. The two-sample t-test is applied to get
z-values following equation (3.1.3).

We computed the observed statistics t; for all genes. To perform SMM, we
transformed the observed ¢; statistics into z-values. Figure 4.3 represents the central
region of the histogram of the z-values; it matches the standard normal distribution
very well, and hence the empirical null hypothesis was not needed. Under SMM, a
total of 54 genes are associated with disease. Also the power diagnostic is Q/b: = 0.43,
which shows the low power in identifying the disease-associated genes.

Instead of considering the one-sided hypothesis tests, we consider the more re-
alistic model in Section 4.3 to identify the number of disease-associated genes under
PMM. Instead of working with z-values, we analyze the prostate data by considering
observed t; statistics. Under PMM, the proportion of non-associated genes 7y and
non-centrality ¢ are estimated as Ty = 0.95 and o =233 respectively. Here the to-
tal number of disease-associated genes is 58. Table 4.1 shows the number of genes
with very strong or overwhelming evidence in favor of association and of those with

evidence in favor of non-association.

Table 4.1: Number of genes with evidence in favor of association/non-
association for the prostate data.

Negative Very strong Overwhelming
PMM 4,920 101 35
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prostate data prostate data
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Figure 4.3: Left panel, histogram of z-values from the prostate data. The central
peak of prostate data histogram closely follows the theoretical null hypothesis
fo(zi) ~ N(0,1). Short vertical Bars are estimated non-null counts and useful
for power calculations. Right panel, the LFDR estimate versus z-values for all
measured SNPs in the prostate data under SMM. The horizontal line represents
the threshold 0.2.

CAD Data

We now use the described CAD data in Section 2.2 to identify the disease-associated
SNPs. We will consider PMM and SMM in estimating the LFDR in (4.1.1). We
computed the Wald y? test statistics for all N SNPs (see in Section 3.4.2). In order
to implement SMM, we transformed the observed Wald test statistics into z-values.
From Figure 4.4, the central region of the histogram of the z-values matches the
standard normal distribution very well. The estimates of py under SMM and PMM
were denoted by 7 (see in (3.3.3) and (4.3.14)). The SMM does not estimate ¢ since
it estimates instead the non-null density fi(z;) using the non-parametric method

mentioned in Section 4.3.1.
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Frequency

Table 4.2: ”Estimation of parameters p, and 6 in SMM and PMM for the
CAD data” [84]. The difference in numbers is related to using different
quality control approaches explained in Section 2.2.

Models Estimated py Estimated o
SMM 0.98 N/A
PMM 0.94 1.17

Table 4.3: "Number of SNPs with evidence in favor of association/non-
association” [84]. The difference in numbers is related to using different
quality control approaches explained in Section 2.2.

Negative Very strong Overwhelming

PMM 281,274 54 24
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Figure 4.4: Left panel, histogram of z-values from the CAD data. The central
peak of the CAD data histogram closely follows the theoretical null hypothesis
fo(zi) ~ N(0,1). Short vertical Bars are estimated non-null counts and useful
for power calculations. Right panel, the LFDR estimate versus z-values for all
measured SNPs in CAD data under PMM (black) and SMM (gray). The horizontal
line represents the threshold 0.2. The difference in the number of disease-associated
SNPs related to the using different quality control approach explained in Section
2.2.
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Figure 4.4 shows the total number of SNPs associated with disease under SMM
is 44, while this number under PMM is 31. Under SMM, the large value of estimate
@: = 0.93 represents small power in identifying non-null SNPs for the CAD data.
Table 4.3 reports the numbers of SNPs with very strong or overwhelming evidence in

favor of association and of those with evidence in favor of non-association.

4.6 Simulation Study

My contribution to a paper [84] on identifying genetic associations was in designing,
coding, and running some of the reported simulations under a parametric model for
estimating the LFDR. The performances of the estimators in the two models (see in
Sections 4.3.1 and 4.3.2) were compared . The abilities of the two mixture models,
PMM and SMM, are compared to estimate py and a;. In this Section, py denotes the
true prior probability that a given SNP is not associated with the disease. Thus, in
a particular simulated data set, the proportion of SNPs that are not associated with
the disease tends to be very large.

According to (4.3.3), each §; depends on the logarithm of the odds ratio, and
SNPs with different values of the odds ratio do not necessarily have the same value
of 6;. In the simulation studies, the observed Wald 2 test statistics for the disease-
associated SNPs are generated from different distributions with different values of §,;.
For the non-associated SNPs, the observed Wald y? test statistics are from the same
distribution with ¢; = 0. Bukszér et al. [17] similarly simulated test statistics but
used different estimators and different measures of performances than those employed
herein.

Yang et al. executed 20 simulation studies, each with a different value of p;.
The p; is mentioned as a true prior probability that is approximately equal to the
proportion of disease-associated SNPs. It is defined by p; = 1 — py. Among these 20

simulation studies, the values of p; range from 0.001% to 40%. In each simulation
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study, 50 data sets are randomly generated, each corresponding to an artificial case-
control study. For each data set, the total number of measured SNPs (V) is equal to
300,000. For each of the measured SNPs, a value that is generated from the uniform
distribution between 0 and 1 is compared with py. If the generated value is greater
than pg, a; is assigned as 1, and otherwise assigned as 0. Then, if a; is equal to 1, the
measured SNP is assumed to be associated with the disease. Then, the Wald x? test
statistic for this measured SNP is sampled from a non-central x? distribution with
one degree of freedom and an assigned non-centrality parameter. The value of this
assigned non-centrality parameter d; is between 0.5 and 5. The Wald x? test statistics
for the non-associated SNPs (a; = 0) were sampled from a central x? distribution with
one degree of freedom.

As the true values of p; in some simulation studies are extremely small (e.g.
0.001%), some constraints were used on the maximum likelihood estimation of py and
0 for the two parametric models. For PMM, the estimated values of py were restricted
to be between 0.5 and 1, and the estimated values of § were restricted to be between
0 and 1.3 x max(t;), where max(t;) represents the maximum value of the observed
Wald y? test statistics for a data set.

The two mixture models, namely PMM and SMM, are compared in terms of
estimating po and a;. The bias for each estimator of pg is E[py — pol, which is estimated
by averaging po — po over all 50 simulated data sets. Figure 4 in [84] illustrates the
bias for each estimator of pg under SMM and PMM.

For the i'" SNP at the b simulation, the expected loss for the estimator of a;
(@) is R (aw, ap)= E[l (ap, a;p)], where [ (az, asp) is the loss of ;. In this paper, Yang
et al. consider the quadratic loss [ (a, @) = (@i — @ib)Q to evaluate the performance
of probability assessments [10]. The expected quadratic loss is called the quadratic
risk or the mean square error (MSE). To assess the performances of PMM and SMM
in estimating a;;,, Yang et al. also defined the MSE for non-associated SNPs (@0),
the MSE for disease-associated SNPs (@1), and the MSE for all SNPs (1\//IS\EaH) as
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follows:
B N
Z Z (azb azb) (1 - azb)
o . b=li=1
MSE, = — :
Z Z (1 - azb)
b=1i=1
B N
Z Z (azb azb) Aip
o b=11i=1
MSE, = TN ,
D i
b=1i=1
and
B N
/_\ Z Z (azb azb)
MSEaH — bil =1

An advantage of the quadratic risk compared to Type I and Type I error rates
is that it does not depend on setting hard significance thresholds that separate SNPs
into associated and non-associated groups. Methods that perform well according to
quadratic risk may be expected to also perform well for LEFDR-estimate thresholds
chosen subjectively according to the needs of each research group or according to
conventional values set by the community. The relationship between quadratic risk
and Type I and Type I1 error rates is explained at the end of this section.

As seen in Figures 5 and 6 of [84], the performances of SMM and PMM depend

on the true values of p; and whether SNPs are associated with disease or not.

e Disease-associated SNPs: PMM has less quadratic risk compared with SMM
when p; < 0.1% and when p; > 10%. The quadratic risk for two models are

equal when p; lies between 0.1% and 10%.

e Non-associated SNPs: SMM has less quadratic risk compared with PMM when
p1 < 0.1% and when p; > 10%. The quadratic risk for two models are equal
when p; lies between 0.1% and 10%.
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e All SNPs: SMM has less quadratic risk when p; < 0.1%; PMM has less
quadratic risk when p; > 10%. The quadratic risk for two models are equal

when p; lies between 0.1% and 10%.

This separation of performance for non-associated SNPs from associated SNPs
parallels the traditional separation of Type I error rates from Type II error rates,
which depend on setting significance thresholds. The above observations illustrate
this. The good performance of PMM relative to SMM for disease-associated SNPs
correlates with lower Type [T error rates (higher statistical power and efficiency) for
PMM, whereas the good performance of SMM relative to PMM for non-associated
SNPs correlates with lower Type I error rates (fewer false positives) for SMM. This
conservatism of SMM accounts for the fact that it performs better than PMM overall
when the number of disease-associated SNPs is extremely small. As discussed in the

next section, that number may be larger than had been assumed.

4.7 Discussion and Conclusions

The simulation studies in Section 4.6 demonstrated that PMM is robust against
model misspecification in the form of multiple non-centrality parameters values when
po is sufficiently low. Since the true value of p; is thought to range between 10~°
and 107 [82], approaches targeting such small values of p; are a topic of current
investigation. Preliminary results indicate that by restricting estimates of p; to that
range, a method of constrained maximum likelihood estimation [15] could, if the true
value is within the range, substantially improves estimation of the LFDR. Yang et
al. found that the proportion of SNPs with overwhelming evidence of association
with CAD is about 1074, which is at the upper end of the range currently considered
plausible (see in Table 4.3). On the other hand, that upper bound is questionable
in light of recent results that indicate that thousands of small-effect SNPs may be
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associated with each particular disease [35, 57]. That hypothesis is more consistent
with estimates of py (see in Table 4.2) and with some of the settings of simulation
studies (see in Section 4.6).

The paper [84] provided some insights on the performances of three models under
the working hypothesis that the true value of p; is as small as many currently think.
Yang et al. also conducted a thorough analysis on the performances of the three
models under higher ranges of p; since some of those values could be closer to biolog-
ical reality, as discussed above. According to Figure 6 [84], PMM generally performs
better than SMM when p; > 10%; SMM outperforms PMM when p; < 0.1%; both

models are about the same in performance when p; lies between 0.1% and 10%.



Chapter 5

Combining or Separating Tests in

Large-scale Hypothesis Testing

This chapter considers the problem of combining tests in large-scale hypothesis test-
ing. We start with a motivating example which illustrates the problem of combined
tests in the large-scale hypothesis testing. We review Efron’s approach [27] to solve
such a problem, and we apply his model on real data to compare the results of com-
bining analysis with separating analysis. This chapter constitutes a main focus of

this thesis.

5.1 Introduction

Different statistical approaches have been used in large-scale hypothesis testing, such
as the FWER in Section 3.2, controlling the FDR in Section 3.3, permutation methods
(23], and LFDR in Section 4.1. As mentioned before, testing many thousands, even
millions of null hypotheses may worsen the tradeoff between power and Type I error.
In such a case, it is more difficult to identify the interesting non-null features (i.e.

SNPs, genes, voxels). To solve this issue, controlling the FDR [6], the Bayesian false

69
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discovery rate [32], and the LFDR [32] were introduced. In such approaches, all
available tests are usually assumed to be analyzed together. Combining all tests can
be misleading as it may yield wrong inference for each test.

On the other hand, hypothesis tests are connected by a scientifically meaningful
structure. As an example, in GWA data, each test corresponds to a specific SNP or
in microarray data, each test corresponds to a specific gene. Incorporating scientific
information as a co-variate may improve the performance of testing procedures.

In multiple hypothesis testing, the hypotheses usually contain class information
based on scientific structure related to each hypothesis. Incorporating such scientific
structure may increase statistical power in testing multiple hypotheses. Thus the
hypotheses can be divided into sub-classes based on the characteristics of the problem.
Ignorance of such class structure in data analysis may increase the number of false
positives and false negatives.

There have been ways which incorporates the scientific structure into the variety
of statistical techniques to handdle multiple hypothesis testing. Some researchers
used the idea of incorporating class structure and weights to improve the statistical
power. Benjamini and Hochberg [7] used p-value weighting method and evaluated
different procedures. In 2006, Genovese et al. [34] showed that using p-value weighting
procedure controls the FWER and FDR while increasing statistical power. Later
Wasserman and Roeder introduced an optimal p-value weighting procedure for FWER
control [79]. Hu et al. [44] proposed a weighting scheme based on a simple Bayesian
framework. The proportion of null hypotheses that are true was used within each
class. Such an approach controls the FDR for both the independent hypotheses and
p-values with certain dependence structures. The unknown proportion of true null
is estimated within each class. Thus the p-value weighting procedure asymptotically
controls the FDR for p-values under the weak dependence. Efron [29] considered the
separate-class model explained in Chapter 5 where the hypotheses were divided into

distinct classes. Efron used a simple Bayesian theory to show the advantage of such
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separate analysis for FDR methods. The question of separating multiple hypothesis
testing problems has not received much recent attention. Few results have been
published so far on proper p-value weighting approaches in order to control FDR. In
many genetic studies, there is usually a natural stratification of the N hypotheses to
be tested. Given the FDR framework and the presence of such stratification, Sun et
al. [74] considered the estimate of FDR for each stratum, is called stratified FDR,
and compare it to the FDR estimate for all hypotheses in a single stratum, is called
aggregated FDR. Sun et al. demonstrated that the aggregated FDR is a weighted
average of the stratum FDRs.

We indicate that combining or separating hypothesis tests may affect the number
of discoveries. The motivating example below will show that considering all N tests in
analyzing large-scale data can distort inference corresponding to each test. We review

Efron’s approach to indicate how the separate and combined analyses are connected

[27].

Brain Data Example

For the Brain data described in Chapter 1, each test corresponds to a specific brain lo-
cation. The two-sample t-test yields z-values at N = 15,443 voxels (three-dimensional
brain locations). For the i*" voxel, the statistic z; has been considered to identify the
difference between dyslexic and normal children.

Figure 5.1 shows the central region of histogram of the z-values matches the
standard normal distribution, fo(z;) ~ N(0,1). Thus, the empirical null hypothesis
was not needed. If all voxels are null, which means there are no differences between the
voxels of dyslexic and normal children, then the histogram should match the standard
normal density. Figure 5.1 illustrates the dyslexic-normal differences at some brain
locations.

We use SMM from Section 4.3.1 to identify the dyslexic-normal difference at
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each brain location. Figure 5.2 shows 184 voxels with QZSMM < 0.2. The estimated
proportion of no dyslexic-normal difference is 7y = 0.93, whereas the low value of
power diagnostic estimate @: = 0.47 suggests failure to identify the the dyslexic-
normal differences.

Brain data records the distance x from the back toward the front of the brain.
The z-values for the N = 15, 443 voxels have been divided into two separated classes.
The first class contain z-values for front-half (if > 50), and the other contain z-
values for back-half (if < 50). There are 7,661 voxels in back and 7,782 in front
(see in Figures 5.2 and 5.3). We are interested in identifying the number of discoveries
according to these specified classes separately, and then compare these results with
the total number of discoveries when all N=15,443 voxels considered together.

Under SMM, by assuming theoretical null hypothesis Figure 5.3 shows front-half
data gave 271 voxels with q/gSMM < 0.2, but none for the back-half data. The front-
half data study indicates the estimated proportion of no dyslexic-normal difference is
o = 0.91 with better power diagnostic value 1//): = 0.37. Figures 5.2 and 5.3 display
the importance of combination and separation of large-scale hypothesis testing. The

combined analysis has a direct effect on the discoveries.
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Figure 5.3: Left panel, histograms of z-values from half-front Brain data. Short
vertical bars are estimated non-null counts, useful for power calculations. Right
panel, the LFDR estimate versus z-values for 7, 782 half-front voxels in Brain data
under SMM. The horizontal line represents the threshold 0.2.

5.2 Separate-class Model vs. Combined-class Model

A set of hypotheses (or features) to determine the posterior probability of a null
hypothesis is called the reference class, and the problem of finding that set is called
the reference class problem [13]. For example, in genetic association applications, the
reference class problem is the problem of deciding which genetic markers should be
used to determine the probability that a genetic marker is associated with the disease
[13].

Efron [27] proposed a two-class model. The N tests can be divided into two
separate classes with specified prior probabilities, such that the two-groups model in
Section 3.3 holds separately within each class. As an example, the Brain data can

be divided into two classes U and V' (i.e. front and back) with prior probabilities 7
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and my respectively. Under class U, the two-groups model in Section 3.3 is assumed,

To = ToU fO(Zi) = fOU(zi) ) fl(Zi) = flU(Zi)7 (5-2-1)

and the LFDR for the i*! statistic Z; = z; belongs to the class U is

7T0Uf0U(Zi)

(5.2.2)
The mixture density of statistic Z; under class U is
fu(zi) = mov fou (i) + (1 — mov) fiv (2:)-

The LEFDR for class V' can be defined in the same way. The class label, U or
V', is specified by the statistician, whereas the null and non-null division must be

concluded. Combining the two classes gives the following marginal densities,

fo(z) = WU%_UfOU(zi) + Wv%—vfov(zi)

o o
mu mv

Ji(z) = mv— fw(z) + 7v— fiv(2),
Uy ™

with prior probability mq = mymey + mymey. The mixture density f(z;) for statistic
Zi is
f(zi) = mu fu(zi) + mv fv(2),

where fy and fy, are the mixture density of statistic under class U and V.

Under the separate-class model, each class is considered to identify non-null fea-
tures (i.e. SNPs, genes, voxels) separately, while under the combined-class model all
classes are combined and the N hypotheses are considered together. Efron [27] indi-
cated the connection between the separate-class LEFDR in (5.2.2) and the combined-

class LFDR in (4.1.1).
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Theorem 5.2.1 Define my(z;) as the conditional probability of class U given Z; = z;

WU(Zi) = P(ZZ € Uv|Zz = Zi),

and let the conditional probability of class U given Z; = z; under the null hypothesis

be denoted
WUO(Zi) = Po(Zl S U’Z,L = Zi)-
Then
o ' 7TU0(Z¢)
wU(zz) - 1/}(21) 7TU(ZZ'> )

where 1 denotes the combined-class LFDR in (4.1.1) and 1y denotes the separate-
class LFDR in (5.2.2).

Proof: The ratio of the combined-class LFDR and the separate-class LFDR in
(4.1.1) and (5.2.2) may be written as,

Yu(z)  P(A=0(Z; €U, Z; = 2)
U(z) P4 =0|Z; = %)
P(A;=0,Z, € U|Z; = z)
P(Z; € U|Z; = z)P(A; = 0|Z; = z)
P(Z; e U|A; =0,7Z; = z)
P(Z; e U|Z; = z)
 Po(Z; €U|Zs = %)
- P(Z, €eU|Zi =)
. To(2i)
- ’/TU(ZZ') '

Theorem 5.2.1 indicates that it is enough just to estimate two unknown condi-
tional probabilities myo(z;) and my(2;). We show how to obtain such estimates on the

Brain data. The Bayes false discovery rate in Section 3.3 also follows Theorem 5.2.1.
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In order to estimate 7y (z;), it is easier to use the bin approach for the z-values.
Suppose the region of z-values is partitioned into K bins with equal length [. Let N,
be the number of z-values in £ bin, and Ny be the number of z-values from class
U in the bin k. Let ry; be the proportion of z-values belong to both bin & and class

U,
Ny

S (5.2.3)

vk =

Let x;, be the center point of the £ bin. Efron proposed the standard weighted cubic
logistic regression approach in estimating my(z;). The estimate 7y (z;) is obtained by
fitting the logistic regression of proportions ry; as a cubic function of center point
xy, of the k' bin, where N}, is used as weight. In order to estimate mpo(z;), the null

density fy(z;) for each class is assumed to have normal densities as

fou(zi) ~ N(bov,o5) + fov(zi) ~ N(bov, ogy).- (5.2.4)

Then by Bayes” Theorem,

mro(2i) _ Tvo(2i)
mvo(z) 1 —myo(z)
_ mumou fou (%)
oy fov(2i) (5.2.5)

TuTouOoU % — 00U\ 2 % — 0oV \ 2
= — - 05| (——————) — (———— )
Ty Tov Oov =P { [< oou ) ( Oov ) ]}

which yields myo(z;).

Corollary 5.2.1 For z-values close to zero,

Too(zi) = Ty (zi).
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Proof:  From Theorem 5.2.1 and equations (5.2.1) and (5.2.2),

mvo(z)  P(Zi € UlZi = 2,A; =0)
1 —myo(z) 1-P(Z€U|Z = 2, A; =0)
P(Z € U|Z; = 2, A; = 0)
P(Z € V|Z; = 2, A; = 0)
P(A;=0|z €U, Z; = z)P(Z, € U|Z; = %)
P(A; =0|z €V, Z; = 2)P(Z; e V|Z; = z;)

_ T/’U(Zz‘)WU(Zz‘)
¢V(Zi)7Tv(Zi).
Then for the z-values close to zero, the LFDR estimates will be approximately equal

1, which means ¥y(z;) & 1 and 9y (2;) ~ 1, and for such z-values Tyo(2;) = 7y (2;). B

Under the following corollary, the conditional probability 7yo(z;) may be constant

as a function of z; when the null densities under the two-class model are the same.

Corollary 5.2.2 If the null densities under the two-class model are the same, i.e.

fou(zi) = fov(z), then the conditional probability myo(z;) is,

TuTou
WUO(Zi) = . .
0

Proof:  From Theorem 5.2.1 and (5.2.5), when for(2;) = fov(2i),

7TU0(Z¢) Ty ToU

1— 7TU()(Zi) - (1 — 7TU)7T()V’ (526)

and by solving for 7y,

TuTou _ TyTou

Tyo =
mumou + (1 — ) moy o
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The accuracy of separation analysis in estimating the LFDR is another concern in
large-scale hypothesis testing. This separation is dangerous from the frequentist view
point while it is applicable from the Bayesian view [27].

We apply the two-class model for the Brain data. The class U refers to front-half
voxels. The points in Figure 5.4 represent ry for K = 42 bins, with equal length
[ = 0.2, between —4.2 and 4.2. We consider a standard weighted logistic regression
model to fit logit(ry) as a cubic function of center point xy of bin k with weight Ny
which is denoted by solid line in Figure 5.4.

From Figure 5.4, the dashed line displays the estimate of conditional probability
myo. To obtain such an estimate, the null distribution should be specified. The
empirical null hypothesis is assumed for each class. From Table 5.1, the required
parameters were estimated by applying the maximum likelihood fitting method in
Section 4.3.1. It is assumed my = 7y, which means half of the voxels are in the class
U and the other half in the class V. By applying (5.2.5), the estimate 7yo(z;) is
determined.

Figure 5.4 shows 7pyo(z;) = 7y (z;) for z-values close to zero (see in Corollary
5.2.1). On the other hand, the estimate 7y (2;) is not a constant function of z-values
around zero, which means there is not enough evidence to assume for(2;) is the same
as fov(2).

In the next section, we apply the two-class model on the CAD data discussed in

Sections 3.4.2 and 4.5.

Table 5.1: Parameter estimates for Brain data in two-class modeling

A

Estimates o do o T
front-half (U): 0.97 0.041 1.09 0.5
back-half (V): 098 —0.319 0.98 0.5
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Figure 5.4: Brain data: Points are proportion of front-half voxels ry,. Solid curve
is . Dashed curve is 7oy .

5.3 Application

The CAD data introduced in Sections 2.2 is used as an example for determining the
disease-associated SNPs under the two-class model.

There are N = 394,838 measured SNPs. Under SMM, 44 SNPs are associated
with disease, with @; = 0.93 which shows low power in identifying non-null SNPs. We
improve the LFDR estimate in identifying the disease-associated SNPs when the MAF
for each SNP is incorporated. We used the information from MAFs in classifying N
tests into two distinct classes. The two classes are: SNPs with 1% < MAF < 5% are
called low-frequency SNPs (i.e. class U), SNPs with 5% < MAF < 50% are called
common SNPs (i.e. class V). We apply the two-groups model defined in Section

3.3 for each class. For each class, we identify the number of disease-associated SNPs
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under SMM given in Section 4.3.1.

The number of SNPs in class U is 37, 369, 6 disease-associated SNPs are in this
class when the theoretical null hypothesis is assumed with 7oy = 0.98 and power
diagnostic estimate @: = 0.39 shows better power in identifying disease-associated
SNPs compared with given results in Section 4.5 when all N SNPs are used in iden-
tifying disease-associated SNPs. On the other hand, the number of SNPs in class V'
is 357,469, under SMM and the theoretical null hypothesis in Section 4.3.1, 36 SNPs
are associated with disease with power diagnostic estimate 1//): = 0.94, which is still
low to identify disease-associated SNPs. We see how the two-class model affects the
number of discoveries when analyzing the CAD data.

The points in Figure 5.5 represent ry, for K = 60 bins, with equal length [ = 0.2
between —7.5 and 4.5. We consider a standard weighted logistic regression model to
fit logit(ryx) as a cubic function of center point xy of bin k with weight N, which is
denoted by a solid line in Figure 5.5.

From Figure 5.5, the dashed line displays the estimate of conditional probability
Tyo. To obtain such an estimate, the null distribution should be specified. The
empirical null hypothesis is assumed for each class. From Table 5.2, the required
parameters were estimated by applying the maximum likelihood fitting method in
Section 4.3.1. It is assumed 7y = 0.1 and my = 0.9, which means 90% of SNPs
are common and 10% of SNPs are low-frequency. By applying (5.2.5), the estimates
Tvo(z;) is determined.

Figure 5.5 shows Tpo(2;) = Ty(z;) for z-values close to zero (see in Corollary
5.2.1). From Corollary 5.2.2, the estimates 7y (z;) is a constant function of z-values

around zero, which means there is enough evidence to assume for(2;) = fov(2i).
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Table 5.2: Parameter estimates for CAD data in two-class modeling

Estimates 0 o o T
low-frequency SNPs (U): 099 —0.002 1 0.1
common SNPs (V): 099 —-0.03 1.01 09
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Figure 5.5: CAD data: Points are proportion of minor-allele frequency SNPs 7.
Solid curve is 7. Dashed curve is 7oy .

5.4 Discussion and Conclusions

The application of Theorem 5.2.1 is for small classes. For both the Brain and CAD
data sets, the specified classes contain enough features. Instead of considering Theo-
rem 5.2.1, it is easier to apply each class directly in estimating the LEDR to identify

the non-null features (i.e. SNPs, genes, voxels), whereas for small classes, instead of
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direct estimation of the LFDR in (5.2.2), it is more appropriate to apply Theorem
5.2.1 to obtain the LFDR estimate. Efron elaborated further on the efficiency of the
LFDR estimate regarding to the separate-class model [27].

The Brain data analysis indicates how incorporating the brain location in esti-
mating the LFDR can affect the number of discoveries. Also from the CAD data
analysis, it is seen that the combined-class model is misleading in estimating the
LFDR for the low-frequency SNPs. By considering low-frequency SNPs to estimate
the LFDR for that class, it seems power is increased to identify the disease-associated
SNPs. In other words, classifying SNPs by incorporating MAFs can improve the
results based on the LFDR estimate.

Following the two motivating examples in this chapter, we propose a novel ap-
proach in the next chapter to improve the LFDR estimate when a co-variate for each

test is incorporated.



Chapter 6

Improving the Local False
Discovery Rate Estimate by

Incorporating a Co-variate

Previous statistical techniques mentioned in Section 5.1 considered the finite number
of groups. When these methods use the continuous co-variates, divide them into
the finite number of groups where some information is lost. Our novel approach
relaxes such limitation. Our method is adaptive, since it looks at the test statistics
to determine the reference classes. In this study, we are concerned with estimating
an optimal reference class to improve the LFDR estimate. We will present a novel
approach in improving the LFDR estimate. In such a case, we incorporate a co-
variate for each test in order to improve the estimation of LFDR. Each null hypothesis
test is assigned a distinct prior probability where it is a function of a co-variate. In
applications, the co-variate represents the scientific structure of each test. We propose
an adaptive reference class (ARC) method to estimate the LFDR, where both a bias-
variance trade off and a ootstrap approaches are used in order to determine the

optimal reference class. We compare the performance of the ARC method with the

84
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combined reference class (or combined-class) method explained in Chapter 4. Then,

we apply the methodology on real data.

6.1 Proposed Model

Suppose N hypothesis tests are considered. Each hypothesis test refers to a gene
(e.g. in microarry data), a SNP (e.g. in GWA data), or a voxel (e.g. in Brain data).
Under the i*" null hypothesis Hy;, the p-value p; is determined according to the test
statistic T;. As discussed in Chapter 3, the p-values under the null hypothesis are
uniformly distributed. Under the *" null hypothesis Hy;, the observed test statistic
t; is transformed to the observed statistic z;. The z-value vector z = (z1,.., zn)7 is
considered a realization of Z = (Z, ..., Zx)T, where each Z; under the null hypothesis

has a standard normal distribution,
under Hy,; : Z; ~ N(0,1). (6.1.1)

We incorporate a co-variate X. In applications, the observed co-variate may
represent the MAF for SNPs in the CAD data study or the brain location in analyzing
the Brain data. Each test has individual information which may be connected to
the other tests. As an example, in the CAD data, we may have some SNPs with
the same MAF. This means such SNPs scientifically have the same structure. Let
{X:} be independent and identically distributed random variables with probability
distribution P,. Let z = (1, ...,zy5)T be a realization of X = (X, ..., Xy)T.

Let A; be an indicator variable for the event that a non-null hypothesis H; is

true,

0 if Hy; is true
A= (6.1.2)
1 if H,; is true

Assume that the conditional distribution of A; given X; = x;, is Bernoulli(l — T (:r;l))
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where (), the prior probability that the i*! null hypothesis is true, is now a function
of z;.

The posterior probability that the i*" null hypothesis is true given the data, is
called the local false discovery rate (LFDR) is denoted as (z;; ;) where

7TO<xi>fO(Zi)

V(zisa) =P(A; =012 = 2, Xy = x;) = £ (25 m0(x2))

(6.1.3)

and fo(z;) ~ N(0,1) denotes the null density of the statistic Z;. f(z;mo(z;)) repre-

sents the mixture density of Z; conditional on the co-variate X; = x;,

f(zi; Wo(l‘i)) = mo(x;) fo(z:) + (1 — Wo(xi))fl(zi; x;), (6.1.4)

and fi(2; 2;) is an unknown density function of Z; under the i*" non-null hypothesis
H,;. The Z;’s are not identically distributed under the non-null hypothesis. Associ-

ated with each hypothesis, we have three components,
(ZL’i,Zz‘,Ai> s 1= ].,...,N, (615)

where x; represents the observed co-variate, z; is the observed z-value, and A; is the
unobservable indicator variable. The connection between the LEDR ) (z;; ;) and the

prior probability mo(x;) is considered in the following Lemma.

Lemma 6.1.1 If conditional on X; = x;, the random indicator A; is Bemoulli(l —
To(z;)), then
E(@/)(Zi; !l‘z)|Xz = -’Ez) = Wo(%‘)-

Proof: We have



6. Improving the Local False Discovery Rate Estimate by Incorporating a
Co-variate 87

Taking expectation with respect to the density of Z; given X; = x;,

since B(A;|X; = x;) = 1 — mo(;), then implies E (¢(z;; 2;)|X; = x;) = mo(a;). i

The LFDR in (6.1.3) is unknown, since both the prior probability m(x;) and the
non-null density fi(z;;x;) are unknown. It is seen that the total number of unknown

parameters is greater than the number of observations.

6.2 Methods for Estimation

We consider the adaptive reference class (ARC) method in order to estimate the
LFDR 9(z;2;) in (6.1.3). We also consider the combined reference class (CRC)
method (i.e. combined-class method) [27] for this proposed model. In the CRC
method the effect of the co-variates is ignored, whereas in the proposed ARC method,

we consider some assumptions locally to estimate the LFDR.

6.2.1 Combined Reference Class (CRC) Method

The CRC method ignores the co-variate information and we suppose the random

variables A;’s are independent and identically distributed,

A% Bernoulli(1 — ) (6.2.1)
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with common prior probability m for i = 1, ..., N. The posterior probability that the
i*" null hypothesis Hy; is true given Z; = z;, denote 1(z;), is given by

B() = P(Ai = 0|7 = 2) = Tofo(z) (6.2.2)

f(Zz';Wo)

which is the special form of the LFDR in (6.1.3), where

f(zi; ”0) = mofo(2) + (1 - 7To)fl(Zi) (6.2.3)

and fi(z;) represents the unknown non-null density of Z;. The LFDR in (6.2.2)
remains unknown since 7y and fi(z;) are unknown. Under the CRC method, the
observed vector of statistics, z, is used to estimate the LEFDR. Let QZZ(g) denote an
estimate of the LFDR #(z;) in (6.2.2), where 1@(0) is a function such that ; : R —
[0,1] for 0 < d < N. Assume @l(g) is a weakly consistent estimator of ¥(z;),

lim P(\z@(g) — (%) >€) =0,

N—o0

for any € > 0.

6.2.2 Adaptive Reference Class (ARC) Method

Under the ARC method, we make certain assumptions that hold only locally in a
symmetric window around each co-variate. Specifically, we consider a symmetric
window around z; with length 2A, where the tuning parameter A € [Ag, 00), and

Ay > 0 represents the smallest value of A,

v o : :

Such a symmetric window provides a sub-vector of z is called a reference class
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A

and is denoted by z2. When X; = x;, the reference class 22 is

2 =2Awnz)=1{z: |z —w| <A, j=1,..,N}. (6.2.4)

The reference class giA contains z;’s such that their co-variates are within A of x;.

When X; = z;, the expected dimension of the reference class 2 denoted by d2 is
given by,
d* = NP(1X; — 2| <A,j=1,...N). (6.2.5)

If the probability on the right side of (6.2.5) is positive, then the expected dimension
d® will be large for large N.

When X; = z; for fixed A, under the two-groups model in Section 3.3, z2 is
used to estimate the LFDR v(z;; x;), in (6.1.3). We may apply either SMM or PMM
to estimate the LFDR in (6.1.3). In other words, the function 1@ is applied on the

reference class z2 to estimate the LFDR which is denoted by " (28).

6.3 Bias-Variance Tradeoff and Bootstrap Estima-
tion

When X; = z;, a change in A yields a different reference classes and provides different
LFDR estimates. Among those estimates, we would like to determine the one which
is closest to the true LFDR in (6.1.3). The estimation of the tuning parameter A is

discussed in the next section.

6.3.1 Bias-Variance Tradeoff

The described ARC method depends on the tuning parameter A that needs to be
determined. The tuning parameter A specifies the symmetric window size. By in-

creasing the window size, the expected dimension of the reference class gets large.
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Among such classes, we would like to choose the one which minimizes the errors in
estimating the LFDR in (6.1.3). The errors in estimation are the errors due to bias
and to variance.

The choice of the optimal A depends on the choice of a loss function to measure
errors in estimation. We consider quadratic loss. When X; = z;, the quadratic loss

for the estimator of the LFDR is denoted by

o~

L($(zs ), 03(22)) = (dal2®) — 0(zi2))°. (6.3.1)

Definition 6.3.1 When X; = x;, the mean and variance of the estimator {ZJ\,(gZA) are

defined respectively as,
pa(zs) = B(i(z)|Xs = 2:) . oh(w) = E[(%i(2f) — pal@:)’|Xi = ).

Definition 6.3.2 When X; = x;, the prediction bias for the estimator @l(gf) 18 given
by,
Ba(z;) = E[(TZZ(&A) - ¢(Z“$z))|Xz = xz]

Lemma 6.3.1 The prediction bias for the estimator {Z)\,(gf) is given by
Ba(xi) = pa(w:) — mo(zs).

Proof: From definition 6.3.1, the prediction bias in definition 6.3.2 can be ex-

panded to,

Ba(z;) = B[(%i(28) — (23 2:)) | Xi = ;]
= B(0i(2®)X; = 2) — E(¥(22:)| X, = ;)

= pa(xi) — mo(x:),
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which follows from Lemma 6.1.1. |

Definition 6.3.3 Conditional on X; = x;, the expected prediction squared error for

the estimator 1;(22) is defined as
EPE((z0)|Xi = x:) = B[(i(z) — d(z2) "1 = ).

Lemma 6.3.2 The expected prediction squared error for estimator 1;, (22) is expanded

to

EPE(zZi(giA)]Xi = 1;) = oa(2;) + Ba(2) + Var (v(z; 2:)|X; = z;).

Proof: From definitions 6.3.1 and 6.3.2, the expected prediction squared error in

definition 6.3.3 can be expressed as,

EPE(i (201X = 21) = E[(¥i(2) — vz 2:)) | X, = ]
= B[(du(z) — pa(@s) + pale:) = (z52:)) |1 X = a]
= BE[(vi(2) — pal@:)) |1 X, = ]
5|

2B [ (¢i(2) — palm:)) (pale:) — ¥ (zi; 1)) | Xi = 2],

where the first term represents the variance of zzl (22),
E[((i(2) = naa)"|1Xi = 2] = oA ().

The second term becomes,

E[(MA(%) - w(zi; «Ti))QIXi = HCJ = E(¢2(2i; xz)‘Xz = fl'z)
+ B (i ()| X = ;)
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— 2B [pua () (255 1) | X = ;]

= E(W(zi;2:)|Xi = 2;) + pi(w1)
— 2pn () B[z 2:) | Xi = 4]

= E(¢* (23 2:)| X = ;)

+ A (25) = 2pa (@) mo ().

Finally the third term is

E[(9i(22) — palzi) (als) — ¥z 20)) X = 2] = E[(di(28) — pa() X, = 2]
X E[(/LA(SLH,) - w(zz,xz))!Xz = xl]
=0.

Therefore,

EPE($i(2)|X: = 1) = o0& (@) + i (w) — 2p1a(w:)mo ()

E(¢2(zl, )| X = x; )

+

oA (@) + [ua(w:) = mo(:)]” — m(x:)

E(¢*(zi;20)| X = ;)

oA(@:) + [B(i(28)| X = 1) — E($(z )| Xi = ;)]
— E?(Y(zi; )| X = 2;) + E(* (255 2) | Xi = )
Al

o (z;) + Ba(z;) + Var (v(zi;2:)| X, = ;).

+

Since the third term in Lemma 6.3.2 is independent of A, we shall consider in what
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follows only the errors due to bias and to variance,
err (i(z)|X; = @) = 0% (x;) + BA (). (6.3.2)

Typically we would like to choose A to trade bias off with variance in such a way as

to minimize the errors in (6.3.2) with respect to all possible value A € [Ag, c0).

Definition 6.3.4 Conditional on X; = x;, the optimal A denoted by A*(xz;) mini-

mizes the errors in 6.3.2 and is given by
A*(z;) = arg inf bi(22)| X, = ;).
(x;) argAlgAO 67"7“(1/12@z )| X :v,)

In order to estimate A*(z;), it is necessary to estimate the unknown terms, the
variance 0% (z;), the expected value of the LFDR estimate pa(z;), and the prior

probability mo(x;). We consider the bootstrap approach to estimate these quantities.

6.3.2 Bootstrap Approach

Consider the pair (z;, z;) where z; € z and x; € z. The bootstrap data (Z, Z) represents
a random sample of size N drawn with replacement from (z;,z;) for j = 1,...,N.

Repeat this process B times to get the bootstrap samples,

(Zlail)v (227i2)7 ) (§B7£B)

Among the B bootstrap samples, we retain the samples which contain the pair (z;, x;).
Let B'(x;) = B! be the total number of bootstrap samples containing (z;, z;). Such

samples are given by

<§I7£I)7 (§;7£;)7 sy (%Eg&%g)



6. Improving the Local False Discovery Rate Estimate by Incorporating a
Co-variate 94

The b™ bootstrap sample (2}, z}) contains pairs (25, 735,

(EZ&Z) : (Z;p x&)ﬁ ) (Zng xZN)a (633)

where b =1, ..., B]. The bootstrap reference class is defined as
gfb = z5(A,wg, 1) = {250 |op; —wl <A, j=1,...,N}. (6.3.4)

Each b bootstrap reference class yields an estimate of ¥(z;;x;) in (6.1.3) and is
denoted by ¥; (25) (see in Section 6.2.2).
The B random variables n (280), s n (gﬁB,_) provide the estimators ji(A, Bl) and

%(A, Bl) for ua(x;) and o3 (x;) respectively,

A B/ B/ Z¢l —Zb
B (6.3.5)

D) = g > (0 (:8) ~ A, B))”

In order to estimate the errors of @/Zz\l(gf) in (6.3.2), the prior probability m(z;) in
Lemma 6.1.1 has to be estimated. We propose a reference class gfbo which contains
observed statistics z;’s such that their co-variates are within A, of z;. By applying

(6.3.5) when A = Ay, the estimator 1i(Ag, B}) is given by

(B0, B) = = Zwl Z) (6.3.6)

v b=1

that is the bootstrap estimator of the prior probability my(z;). So the bootstrap
estimator of the prediction bias in Lemma 6.3.1 denoted by B(A, Ao, B!) is given by

B(A, Ao, B)) = (A, B)) — iAo, BY). (6.3.7)
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The estimator of err (1@ (28)|X; = 2;), denoted by ert(A, Ao, Bj), is computed as
GTH(A, Ay, BY) = 5%(A, B) + BX(A, Ay, BY). (6.3.8)

From definition 6.3.1, the estimators @i(gfb), b=1,..., B, are independent and iden-

tically distributed with the same mean and variance as

pia(z;) = E(l@(z-A )| X = ;)

2 (6.3.9)
oa(z;) = E[( — ua(@:)) | X; = ;]

where o3 (z;) < oo.

Definition 6.3.5 Conditional on X; = x;, the bootstrap estimator of A*(x;) denoted
by 3&, 15 given by
Ar = arg inf err(A, Ay, BY).

A>Ap

The optimal reference class is determined by giAai,

éAaz = Z(zmaxlv ) {ZJ : | x1| < AOz ) ] = 17""N}’ (6310)

2

which contains z;’s such that their co-variates are within ﬁ*(m,) of x;. The reference
class ZA " is used to estimate v (z;; x;) by applying SMM or PMM (see Sections 4.3.1
and 4.3.2). Such an estimate is denoted by @Z(gfa)

6.4 Combined Reference Class (CRC) Method vs.
Adaptive Reference Class (ARC) Method

In this section we compare the two estimators of the LEFDR in (6.1.3) related to the
CRC method’s estimator, zZi(g), and the ARC method’s estimator; 1@(&?0) In the
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following section, we assess their performances.

The following two lemmas show the weak consistency of the bootstrap estimators
in (6.3.5). The bootstrap sample mean (A, B;) and the bootstrap sample variance
%(A, Bl) converge to ua(z;) and o (z;) respectively, when the number of bootstrap

samples B] gets large [33].

Lemma 6.4.1 The bootstrap sample mean (A, BY), is a weakly consistent estimator

of ua(x;), that is

lim P(|i(A, B) — pa(@)| > €| X; = ;) =0

Bj—o00
for any e > 0.

Proof:  The bootstrap sample mean (A, B)) in (6.3.5) is an unbiased estimator
of pa(x;), since
B

~ / 1 -
E(M(A, B)|X; = fl?z) =5 Z E(qﬂi(éfb)’Xi = xl)

v b=1

B!
1 on -
= EZE(wi(giA”Xi = ;)

i p=1

= pa(ws).
It has finite variance

E[((A.B) ~ pa(w)) 1, = ] = 2L

By applying Chebyshev’s inequality to fia(x;), for any € > 0 we have

E[(f(A, B) = pa(w:)’| X = ]

2

P(|a(A, B)) — pa(z)] > € X; = ;) < ;
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_ UZ(%‘)
Ble?
Then
lim P([i(A, B) — pia(z:)] > €l X; = 2;) < lim oA (i)
B} —o0 y 24 A\Lg i 7 _BZ’.—>oo B£€2
=0.

Lemma 6.4.2 The bootstrap sample variance 62(A, BY), is a weakly consistent esti-

mator of o4 (x;), that is

lim P([5%(A, B]) — oa(z)| > €| X; = ;) =0

Bl—c0
for any e > 0.

Proof:  The bootstrap sample variance o2(A, B!) in (6.3.5) is

B,

~ / 1 > ~ /
(A BY) = 5 > (dulzh) — (A, BY)
| B
7 b=
B’
B! 1 Lo~
= gl 2 (ilz) — pale)]
K3 K3 b=1
B|
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Then 0%(A, Bl) is an unbiased estimator of o3 (;) since

E(Ef\?(A,BmXi:m = B/—lB’ZE % zb /LA(%‘))2|X¢=:EZ}
1 b—
B; -~ / 2
B/ 2( )_ BZI O'QA(IZ)
T B -1 B -1 B

= UZ(%)-

For any € > 0, from Lemma 6.4.1, the second term in (6.4.1) converges to zero by

applying Markov’s inequality,

lim P((A(A, BY) — pa(2:))? > | X; = 2;) <

Bj—o00

lim
Bj—o00 €
2
= lim NG
Bj—o0 B;G

On the other hand, since random variables {{D\i(gfb)}, b =1,..., B! are independent
and identically distributed, we get

E[(@Ez@fb) - MA(%))2|X1' = %] = o4 (x;) < 0.

Applying Khinchine’s Theorem to the first term in (6.4.1),

B/
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Therefore

lim P([5%(A, B) — o0& (2)] > €| X; = z;) = 0.

Bj—00

The preceding lemmas demonstrate the weak consistency of the bootstrap estima-
tors. The main concern now is related to the prior probability estimator, i(Ag, BY)
in (6.3.6) which depends on Ay. An appropriate value of Ay may lead us to get
a weakly consistent estimator for my(z;). First we assume a biological meaningful
function for the prior probability mo(X;). Then, we concentrate on situations where
the prior probability estimator can be a weakly consistent estimator. Suppose that
mo(X;), 1 =1, ..., N is a step function defined,

(X = 4 T s (6.4.2)

w2 1f X; > 2o
where z9 € [z@),2(w)], vy = min{z,...,2n} , and zy) = max{x,,...,xy}. The
parameters my; and 7y, are both unknown but we assume 0 < my; < w2 < 1. Such a
function divides the NN tests into two distinct classes such that in each class, the test
statistics are identically distributed. Consequently, the mixture density of statistic

Z; conditional on X; = x; is given by,

f(zismor) if Xy < g
f(Zi;TFOQ) if )(Z > T

f(zizmo(zi)) =

For given xy and Ag, the observed co-variate vector z may be partitioned into
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three regions; R (o, Ao), Ra(xo, Ag), and R3(zo, Ag) given by

R1($07A0) = {'Tla €Z; S To — A0 ) 1= 17 "'7N}7
Rao(x0,Ao) = {5 10 — Do < x; <m0+ Ao, i =1,...,N}, (6.4.3)

Ri(xo, Ao) = {ws; v; > 20+ Ao, i=1,...,N}.

Hence, the expectation of the LFDR is

o1 if x; € Ry (ZE(), Ao)
E(¢<Z’La xz)|X’L = xz) = To1 Or Tp2 if T; € Rz(Io, Ao) (644)
702 if x; € Rg(fﬂo, Ao)

Under regions R;(xg, Ag) for ¢ = 1,3, the bootstrap estimator 11(Ag, B) is a weakly
consistent estimator of the prior probability mo(x;). The following lemma demon-
strates the consistency of the bootstrap estimator i(A, B;) when both B} and N get

large.

Lemma 6.4.3 For z; € Ry(xo, o), bootstrap estimator [i(No, Bl) is a weakly con-

sistent estimator of moy that is

lim lim P([fi(Ao, B) — moi| > €| X; = 2;) =0

N—00 Bl =00

for any e > 0.

Proof: By applying Markov’s inequality, for any € > 0 we have

Ellu(Ay, B — X — 1.
P (20, B) — mor] > e| X — ) < ZLAB0: z>€w| = 7

_ Elli(Ao, B) — pao (20)] | Xi = ] (6.4.5)

€
Elpay(x:) — 701 || Xi = 4]
€

+
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For given Ay, 1i(Ao, Bl) is an unbiased estimator of pa,(x;) with variance

2 .
fim B [(3(80, B) — sy (@))%, = ] = Jim 2%

/
Bl—oo B! —oc0 BZ

=0.

By Holder’s inequality,

N

B[[i(Ao, BY) — piag ()| Xi = @] < [E([A(D0, BY) — pag (x:)[*| Xi = )]

which implies,

lim E[|1i(Ao, Bf) — pia, ()| | Xi = 2] = 0.

Bl’.—>oo
On the other hand, when z; € Rq(xo, ), the probability P(|X; — z;| < Ag;j =
1,...,N) > 0 and hence, the expected dimension of the reference class gf‘) in (6.2.5)

as N — oo is

lim d&° = ]\}im NP(|X; — x| <Ap;j=1,...,N) = o0.
—00

N—o0

By applying the consistency assumption of @//)\,(o) in Section 6.2.1 on the reference

class 22,

lim P(|$,;(gf°) — (2 25)| > €| X; = ;) =0.
N—00
Also |zZi(§Z-A°) — (z;2;)| < 1, and by the dominated convergence Theorem,

lim E[{D\i(éiAO) - ¢(Zz';37i)‘X¢ = 901} = 0.

N—oo

Then the second term in (6.4.5) converges to

lim =
N—o0 € N—o00 €

EU#AO (z3) — 7T01||Xi = :1:2} lim |y (@) — o1 —0

when from (6.4.4), E(¢(z;, z;)|X; = ;) = mo1. i
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Similarly for x; € R3(xg, Ag) and any € > 0,

lim lim P(|7(Ao, B)) — 72| > €| X; = 2;) = 0. (6.4.6)

N—00 Bl —o0

Lemma 6.4.3 and equation (6.4.6) can be used next to prove the weak consistency of

the bootstrap estimator B(A, Ao, BY).

Lemma 6.4.4 If z; € Rq(z0,o), the bootstrap estimator B\(A,AO,B{) is a weakly

7

consistent estimator of the prediction bias Ba(x;), that is

lim lim P(|l§(A, Ao, Bj) — Ba(zi)| > €| X; = 2;) =0

N—o00 B—o0
for any € > 0.

Proof: By Markov’s inequality, for any € > 0 we have

E[|B(A, Ay, B) — Ba(x)||X; = ;]

P(IB(A, Ao, B)) — Ba(x)| > €| X; = z;) < -
_ EllA(A, BY) = pa ()| X; = o]

€
| B8, BY) = monl| X = ]

€

For given Ay, from Lemma 6.4.1 the bootstrap estimator u(A, Bl) is an unbiased

estimator of pa(x;) with variance

lim E[(A(A, B) — pa(z:))?|X; = ;] = lim oalr) _

/
B/—o00 B'—»co B!
T 7 1

By Holder’s inequality,

(S

E[|fi(Ao, B)) — pag ()| Xi = 5] < [E([i(Ao, Bf) — pag ()P Xi = )] %,
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Thus it is concluded,

lim E[|i(A, B)) — pala;)|| X = z;] = 0.

B’—o00

On the other hand, from Lemma 6.4.3 when z; € Rq(z9, Ay),

lim lim P(|a(Ao, B)) — mo1| > €|X; = z;) =0,

N—00 Bl —o0

and since |[i(Ag, B]) — mo(x;)| < 1, by the dominated convergence Theorem,

lim lim E[|i(Ao, B)) — mo(z,)| X; = 2;] = 0.

N—00 Bl—o0

Similarly, a weakly consistent result can also be concluded for z; € R3(zg, Ao).
The weak consistency of 3& as the bootstrap estimator of A*(z;) is presented in the

following lemma.

Lemma 6.4.5 Forz; € Ry(zo, o), the bootstrap estimator 361 s a weakly consistent

estimator of A*(x;), that is

lim lim P(|38Z — AN (z;)| > €| X; = 2;) =0

N—00 B/ =00

for any e > 0.

Proof: Recall from Lemma 6.4.2,

lim P(\&Q(A,B;) —oa(z)| > €| X; = xz) =0,

Bj—o00



6. Improving the Local False Discovery Rate Estimate by Incorporating a
Co-variate 104

and from Lemma 6.4.4, when z; € Ry (z9, Ao),

lim lim P(|B(A,Ag, B)) — Ba(z:)| > €| X; = ;) = 0.

N—o00 Bl —o0

Thus the bootstrap estimator err(A, Ao, B}) is a weakly consistent estimator of err (QZJ\Z (22X, =

;) in (6.3.2),

lim lim P(]erz(A, Ao, B)) — err(QZi(giA)]Xi =1;)| > €| X; = ;) =0.

N—o0 Bl—oo

By the continuous mapping Theorem,

li lim P inf err(A, Ay, B))— inf D (22X = 2. X =) =
Jim B;Lnoo (Jarg A err(A, Ay, B;)—arg jnf err (v (20)|Xi = ;)| > €| X; = ;) =0
which implies

lim lim P(|Af — A%(z)| > €| X; = 2;) = 0.

N—o00 Bl—o0

|
A similar result holds when z; € R3(xq, Ay).
Corollary 6.4.1 If x; € Rq(xg,Ao), then
lim lim [err(@(g?ai) X, = {L‘z) — err($i<§?*($i))|Xi = xz)} =0.
N—oo Bl’.—>oo
Proof: From Lemma 6.4.5, we have
lim lim P(|£61 — A*(z;)| > el X; =) =0 (6.4.7)

N—00 Bl—00
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for any € > 0. Then by the continuous mapping Theorem,
. . -~ 361 _ -~ A*(Zz) X — 1) = 4
dim - Tm P(jy(z) — oz )] > €| Xy = i) = 0. (6.4.8)
By dominated convergence Theorem,
lim lim E[)(z%) — oz )X = ] =0 (6.4.9)
N—o00 B'—00
which implies
S (A0 X = ) — D (A EN X = )] = 41
]\}1_{1100 Blglgloo [Var (¢;(2; )| X; = ;) — Var(¢i(z; )| Xi = ;)] = 0. (6.4.10)
For x; € Rl(ﬂio, AO);
lim lim [Var(@g-(zgai) X =u) — Var({Z)\~(z-A*(xi))|X~ =;)] =
Neoo B£—>oo i\&; 7 7 i\&; 7 7
lim lim [B(0:(220)|X; = 21) — B(G(z> )X, = 2,)]
Noo BZ'.%oo i\&; i i i\&; i i
% (6.4.11)
lim lim [B (22X = 23) + E(d:(2> )X, = )
N—00 Bl 00 i\&; i i i\&; i %
~ Ax. -~ *(z4
—2B((9i(z"™)|1 X = @) (Vilr )X = @)
From (6.4.9). i

A similar result holds when z; € R3(zq, Ay).

Lemma 6.4.6 If x; € R1($o, Ao);

lim EPE(i;(z2)|X; = ;) = 0.

N—oo
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Proof: =~ We have seem that the expected dimension of 22 in (6.2.5) is imy_,o, d& =
o0o. The consistency assumptions in Section 6.2.1 can now be applied to indicate the

weak consistency of ¢, (22),

lim P(|i(z2) — (2 2)| > €| X; = 23) = 0 (6.4.12)

N—oo

for any € > 0. From (6.4.12), by applying the continuous mapping Theorem,

lim P((4;(z2) = ¥(zi;2:))% > €| X; = 2;) = 0. (6.4.13)

N—o0

Since |1ZZ (22) — (25 7;)] < 1, by dominated convergence Theorem,

lim E[(di(22) — (2i2:))°| X = 2] = 0. (6.4.14)

N—oo

From Lemma 6.3.2, (6.4.14) implies

lim EPE(¢;(z2)|X; = ;) = 0.

N—oo

The same result can be obtained for x; € R3(xg, Ag). The next theorem compares
the performances of the two estimators, ;(z) and o (giAa"). Such comparisons depend

on the regions R (xg, Ag) and R3(zo, Ao).

Theorem 6.4.1 If x; € Ry(x, Ay),

lim lim [EPE(d;(z-%)

N—o0 Bl—oo

Ri(w0, Ao)) — EPE(¢s(2)| R (20, Ag))] < 0.

Proof:



6. Improving the Local False Discovery Rate Estimate by Incorporating a
Co-variate 107

The difference between EPE(@/Z)\i(giAa") X, = xl) and EPE (@/Z)\,(g)|X1 = x;) can be

written as,

X, = xz) — EPE(?@(&MXZ» = :L‘Z) = [err({b\i(giﬁ&)
—err(i(z )X = )]
+ ferr(di(z )

- err({b\i(zﬂXi = 'I'Z)]

EPE(f ()

(6.4.15)

From Corollary 6.4.1, the weak consistency of the bootstrap estimator ﬁgz implies,

lim lim [err(z@(gféiﬂ)(i =) — err(@i(gf*(wi)ﬂ)(i =1;)] =0. (6.4.16)

N—0o0 Bl—o00

Therefore, both (6.4.15) and (6.4.16) indicate,

lim lim [EPE(:(z2%)|X; = 2:) — BPE($i(2)|X; = 2,)] =
N—o00 B'—o0 R ) R (6.4.17)
lim lim [err(lpi(giA (mi)) X, = xl) — err(wl-(gﬂXi = xz)}

N—o0 B'—o00

From definition 6.3.4,

err(Vi(2 ™)X = 21) < err($il2)| X = a3), (6.4.18)

for all A > Ay, which implies (6.4.15) as

lim lim [EPE($(z)|X; = 2;) — EPE(&i(2)|X; = ;)] <
N—o00 B'—00 R R (6419)
lim lim [err(¢;(28)|X; = 2;) — err(vi(2)| X, = )],

N—o0 B'—o00
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for all A > Ag. By applying both Lemma 6.3.2 and (6.3.2) we can get,

lim lim [EPE(d(zY @)X, = 2;) — EPE((2)|X; = 2,)] <
N—o00 B'—00 R R (6420)
lim lim [EPE(¢;(z0)|X; = z;) — EPE(¢(2) | X, = )]

N—oo0 B'—o00

the term Var(v¢(z;; x;)) was added and subtracted at the right side of equation (6.4.19)).
From Lemma 6.4.6, the right side in (6.4.20) becomes zero,

lim lim EPE(¢;(z ")

N—o00 B'—00

X; = z;) — EPE(¢i(2)| X, = ;) <0. (6.4.21)

The expected prediction error of the estimators t; (giASi) and 9, (z) conditional on the

region Rq(xg,Ag) are given by,

EPE(¢1(z")

~ 3*.
Rl(iCo,AO)) = /GR . )EPE(wZ(gz 07‘)
zi€R1(T0,80

Xi= Cl?z) dP,(;),
(6.4.22)

EPE (¢(2)| R (20, Ao)) :/ER( A)EPE(@Z,-(gHXi:xi) dP,(z;).

Both (6.4.21) and (6.4.22) show,

lim lim [EPE(4i(z")|Ra (2o, Ag)) — EPE(¢:(2)[Ra (0, )] < 0.

N—o00 Bl—o0

Following Theorem 6.4.1, for x; € R3(xg, Ao), a similar result is concluded.

6.5 Application

We now use the CAD data described in Sections 2.2 and apply our methods to identify
the disease-associated SNPs. We consider the CRC and ARC methods in estimating
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the LFDR in (6.1.3). We computed the Wald x? test statistics for all N = 394,838
SNPs. From Section 5.3, we incorporate MAF (i.e. the scientific structure of each
test) as a co-variate. The histogram of MAF in Figure 6.1 shows that MAF does
not follow a uniform distribution. Thus, instead of working with MAF, we consider
the empirical distribution of MAF. We transformed the observed Wald test statistics
into z-values. Each measured SNP is denoted by a pair (z;, MAF;). From the results
in Section 4.5, the central region of the histogram of z-values matches the standard
normal distribution very well. For each co-variate z;, we apply SMM as the function
1@(0) We consider all measured SNPs and compute @Z(g) under the CRC method.
For the ARC method, set Ag = 0.001. From Figure 6.2, the total number of the
disease-associated SNPs under the CRC method is 44, while under the ARC method

160 SNPs are associated with disease.

CAD data CAD data
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Figure 6.1: Distribution of N = 394,838 minor allele frequencies, the left panel
shows the histogram and the right panel shows the empirical distribution.
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Figure 6.2: CAD data: the LFDR estimate for N = 394,838 measured SNPs
according to the CRC method versus the ARC method. The vertical and horizontal
lines show threshold 0.2.

The following process motivates the specification of the non-centrality 0 for each
simulation study to generate observed Wald y? test statistics. We considered the
CAD data and computed the Wald y? test statistics for all N = 394, 838 SNPs. Under
PMM, we used constraints on the MLE of the non-centrality ¢ in (4.3.3). Thus, for

given prior probability, the log-likelihood function in (4.3.16) can be simplified,

1(6) = Zlog(ﬂogo(ti) + (1 = 70)gs: (1)), (6.5.1)

is called the profile likelihood. Hence the prior probability my can take any assigned
true prior probabilities ranging from 0.60 to 0.999. From (6.5.1), we may derive
numerically the MLE of 8. Figure 6.3 shows the log likelihood values from (6.5.1) for

true prior probabilities range from 0.60 to 0.999 versus non-centrality values range
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d € (0,40).

Table 6.1: Estimation of Parameter é in PMM for the CAD data

m 0.6 08 0.9 0.95
o 04 07 1 132
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Figure 6.3: The profile likelihood values in (6.5.1) versus non-centrality values for
true prior probability range from 0.60 to 0.95.
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6.6 Simulation Study

The aim of the following simulation studies is to compare the abilities of the two esti-
mation methods, the CRC and ARC methods, to estimate the LEFDR. Such estimates
lead us to determine the proportion of not disease-associated SNPs py and the true
association indicator a; defined in Section 4.3.

In this section, each SNP is assigned its prior probability which is a function
of the scientific structure of each SNP, that is MAF. Thus m(z;) denotes the true
prior probability that the i*" SNP is not associated with disease. In application,
the proportion of SNPs that are not associated with disease tends to be very large.
Therefore, in simulated data we assumed the proportion of disease-associated SNPs
to be small. In Section 4.3, according to (4.3.3), each non-centrality J; depends on the
logarithm of the odds ratio, and SNPs with different values of the odds ratio do not
necessarily have the same value of the non-centrality J;. But in simulation studies,
we assume that the observed Wald y? test statistics for the disease-associated SNPs
are generated from the same distribution with the same value of §; = d, whereas in
Section 4.6, Yang et al. assumed that the observed Wald x? test statistics for the
disease-associated SNPs were generated from different distributions with different
values of ¢; [84]. For the non-associated SNPs, we assume that the observed Wald y?
test statistics are from the same distribution with §; = 0.

We considered several simulation studies each with a different value of py ranging
from 0.60 to 0.95. In each simulation study, we generated randomly 2000 data sets,
each corresponding to an artificial case-control study. For each data set, we generated
both co-variates and observed Wald y? test statistics simultaneously. Each data set
has N pairs (t;,z;) with N = 300000. Each observed co-variate x; is generated
randomly from the uniform distribution between 0 and 1.

In each simulation study, according to the assigned pg, the true prior probability
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mo(z;) is determined as the function of observed co-variates,

7o(:) = 0 ifa: = 2o (6.6.1)
1 ifx; > xg
where g = 1 — pg. Hence, xy of SNPs are associated with disease, while (1 — xg) of
SNPs are not disease-associated.

For each of the measured SNPs, we compared a value that is generated from the
uniform distribution between 0 and 1 with mo(x;). If the generated value is greater
than my(z;), let A; = 1, and otherwise A; = 0. To generate the observed x? test
statistics, if A; = 1, the measured SNP is assumed to be associated with disease.
Then, the Wald x? test statistic for this measured SNP is sampled from a non-central
x? distribution with one degree of freedom and an assigned non-centrality parameter
9. From Table 6.1, an appropriate value for § can be specified under (6.5.1). The
Wald x? test statistics for the non-associated SNPs, when A; = 0, were sampled from
a central y? distribution with one degree of freedom. We transformed the observed
Wald 2 test statistics into z-values. The expected prediction error was considered
to compare the performances of these two estimators.

In each simulation study, each data set contain N pairs (z;,x;). One pair is
selected randomly from each data set. For given co-variate x;, two estimators are
computed. Under the ARC method, the Ay was specified in advance to determine
ﬁgi. We considered the range Ag € (0,x9) and B = 1,000. The estimators @Z(g) and
n (g?ai) are computed.

Following (6.4.3), the number of pairs in the r*! region, denoted Z,, is given by
1 = {xuxz € R,«(QT(), AO)} , r=1,2,3

where Z = [ J?_, Z, denotes the set of all chosen co-variates. According to (6.4.2), the



6. Improving the Local False Discovery Rate Estimate by Incorporating a
Co-variate 115

true LFDR 9(z;; z;) can be computed by direct substitution in (6.6.1),

0 if z; € Rl(Io, AO)
Y(ziswi) = q O0or 1 if 2, € Ro(xo, Ao) (6.6.2)
1 if T; € Rg(xo, AO)

We define the approximation of the expected prediction error given in Theorem 6.4.1

EPE(¢:(2)| R (0, Ao)) = s Al ez} S (@ilz) — vz 2)),
o [ (663)
EPE (¢i(z; )| Re (20, Ao)) = m Z (Vilz; ™) — (23 24))

for r = 1,2,3. The approximations of the expected prediction squared error condi-
tional on each region are defined in (6.4.3) based on two estimation methods. The
expected prediction squared error conditional on region Ri(zg, Ag) denotes the ex-
pected prediction squared error for disease-associated SNPs, while conditioning on
region R3(xg, Ag) represents the expected prediction squared error for non-associated
SNPs. The following approximations indicate the approximation of the marginal

expected prediction squared error according to two estimation methods,

EPE(¢s(z Z EPE (¢;(2)|2; € ),
net (6.6.4)
EPE (¢i(z Z EPE (¢ (2 %)|x; € T).
;€T

From Figures 6.4 to 6.7, we see the performances of the ARC method and the CRC
method depend on the true values of py.

We indicate the situation where the results from Theorem 6.4.1 do not hold.
Instead of considering different true prior probabilities my(z;) for each SNP, we assume

all measured SNPs have the same prior probability pg. For each of the measured
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SNPs, we compared a value that is generated from the uniform distribution between
0 and 1 with py. If the generated value is greater than py, we assigned A; = 1, and
otherwise A; = 0. To generate the observed y? test statistics, if A; = 1, the measured
SNP is assumed to be associated with disease. Then, the Wald x? test statistic for
this measured SNP is sampled from a non-central x? distribution with one degree of
freedom and an assigned non-centrality parameter 6. From Table 6.1, an appropriate
value for non-centrality d can be specified. The value of this assigned non-centrality
parameter § is determined under the log-likelihood function in (6.5.1). The Wald x?
test statistics for the non-associated SNPs, when A; = 0, were sampled from a central
x? distribution with one degree of freedom. We transformed the observed Wald y?

test statistics into z-values under (3.1.3).
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Figure 6.4: Binary logarithm (logy) of the ratio of the expected prediction squared
error, the ARC method in numerator and the CRC method in denominator, versus
Ay values for pgp = 0.60. Left panel shows conditional on region in (6.6.3), and
right panel shows marginal in (6.6.4).
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If we consider the same true prior probability for all measured SNPs, that is the
same as the two-groups model in Section 3.3, then from Figure 6.8 the CRC method
has smaller expected prediction squared error compared with the ARC method. Such
a result happens when all SNPs have the same mixture densities. Our proposed model
does not seem to work well under that assumption. In such a case, instead of using

the ARC method, the CRC method should be applied.
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6.7 Discussion and Conclusions

In the situation where the prior probability m(X;) is the step function in (6.4.2),
the LFDR estimator under the ARC method performs better than the CRC method
when N gets large. It would be interesting to demonstrate this result for a gen-
eral prior my(X;). Our simulation results, confirm that, under regions R (zg, Ao)
and R3(zo, Ag), the LFDR estimator under the ARC method has smaller expected
prediction squared error than under the CRC method. Under Rsy(zg, Ag) the weak
consistency of j1(Ag, B) as an estimator of 7y(x;) is not clear. The ARC method was
applied on the CAD data, by increasing the tuning parameter A,, the proportion
of disease-associated SNPs decreases, approaching the proportion based on the CRC
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method. This suggests that further investigations may be necessary to control the

tuning parameter Ay to improve results.



Chapter 7

Future Works

Based on the research we have done, the following issues will be considered for further
research.

In Chapter 6, the weak consistency of the LFDR estimator 12(0) was assumed,
while we can prove such consistency for the LEFDR estimator under parametric mix-
ture model, or semi-parametric mixture model.

Under the ARC method explained in Chapter 6, we would like to define any di-
agnostic statistics to assess the power of such method to identify the non-null features
(i.e. SNPs, genes, voxels). In other words, we would like to examine the effect of the
ARC method on power.

Under the independency of co-variates X7, X, ..., Xy, it is easier to indicate
that the ARC method has smaller error than the CRC method in Chapter 6, when
the total number of tests gets large. If we ignore the independence assumption of
the co-variates, then we would like to demonstrate similar results under the ARC
method.

Suppose the prior probability my(X;) is the function of the co-variate X; given

121
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by
mo(X;) = 1K) ’ (7.0.1)
hg(Xz) if X; > xg
where zg € [r@), ()], Ta) = min{zy,...,ox} and z(y) = max{zy,...,zny}. The

functions h; and hq are defined as

h](Xz) _ eXp(ﬁoj + ﬁlej>

_ L i=1,2
1+ exp(Bo; + B1;X;)

where both parameters 3y; and ;; are unknown. We would like to show that the
ARC method has asymptotically smaller error than the CRC method under such an
assumption for the prior probability.

We incorporated a co-variate for each test to improve the LFDR estimate. Then,
we proposed the ARC method such that under some assumptions yields the LFDR
estimator with less error compared with the CRC method. Now suppose m > 1

co-variates are incorporated for each test,

Kl = (Xlly ”-7X1N)T

52: (X21>"'7X2N)T (702)

K - (th "-7XmN)T

m

Then the LFDR is the posterior probability that the i*" null hypothesis is true given
the data,

w(zi;xu,iﬂzi, ,-Tmz) = P<Ai = O’Zi = 2i, X1; = X135, Xoj = Tajy ..., Xy = xmz)

where A;’s are identically distributed indicator random variables with Bernoulli dis-

tribution A; ~ Bernoulli(1 — mo (214, 2, -+, Tms)). We would like to improve the ARC
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method in order to estimate the LFDR when more than one co-variate is incorporated.
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