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Abstract

This dissertation documents works on two projects, which are broadly related to
photonic integration using III-V semiconductor platform for fiber-based optical
communication. Our principal project aims to demonstrate continuous variable
quantum key distribution (CV-QKD) with InP-based photonic integrated cir-
cuit at the 1550 nanometer of optical wavelength. CV QKD protocols, in which
the key is encoded in the quadrature variables of light, has generated immense
interest over the years because of its compatibility with the existing telecom
infrastructure. In this thesis, we have proposed a design of a photonic inte-
grated circuit potentially capable of realizing this protocol with coherent states
of light. From the practical perspective, we have basically designed an optical
transmitter and an optical receiver capable of carrying out coherent communi-
cation via the optical fiber. Initially, we established a mathematical model of
the transceiver system based on the optical transfer matrix of the foundry spe-
cific (Fraunhofer Heinrich Hertz Institute-Germany) building blocks. We have
shown that our chip design is versatile in the sense that it can support multiple
modulation schemes. Based on the mathematical model, we estimated the link
budget to assess the feasibility of on-chip implementation of our protocol. Then
we ran a circuit level simulation using the process design kit provided by our
foundry to put our analysis on a better footing. The encouraging result from
this step prompted us to generate the mask layout for our transceiver chips,
which we eventually submitted to the foundry. The other project in the thesis
grew out of a collaboration with one of our industry partners. The goal of the
project is to enhance the performance of a distributed feedback laser emitting
at the 1310 nanometer of optical wavelength by optimizing its design. To that
end, we first derived the expression for transmission and reflection spectrum
for the laser cavity. Those expressions contained parameters which needed to
be obtained from the transverse and the longitudinal mode analysis of the laser.
We performed the transverse mode analysis and the longitudinal mode analysis
with commercially available numerical solvers. Those mode profiles critically
depend on the grating physical parameters. Therefore by tweaking grating di-
mensions one can control the transmission characteristics of the laser.

Keywords: Gaussian Quantum Information, Continuous Variable Quantum Key
Distribution, Phase Space Quantum Optics, Private Communication, Photonic
Integrated Circuit, Indium Phosphide, Distributed Feedback Laser, Coupled
Mode Theory, Diffraction Grating, Coherent Optical Communication
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Organization of the thesis

The thesis is divided into six chapters reflecting my involvement in two differ-
ent projects as a masters research student. The underlying thread connecting
both the projects is the development of photonic integrated technology based
on Indium Phosphide (InP). Therefore, our first chapter, Chapter 1, gives an
overview of the area of photonic integration implemented with Indium Phos-
phide material system so that the reader can put both the projects in a larger
context. Chapter 2, and Chapter 3 contain discussion on the continuous variable
quantum key distribution project. In particular, Chapter 2 details the theoret-
ical analysis of continuous variable quantum key distribution, which build on
the background of quantum Shannon theory and phase space quantum optics.
The design analysis for the photonic integrated transceiver chips with foundry
specific components are included in Chapter 3. Similar approach is taken for
the distributed feedback laser project. Chapter 4 discusses, at length, the elec-
tromagnetic theory of an emblematic distributed feedback (DFB) laser. The for-
mulas mentioned in this chapter are then employed in the numerical analysis of
the transverse and longitudinal mode profile of a DFB laser with a certain cross-
section and a grating profile in Chapter 5. Lastly, Chapter 6 wraps up the thesis
by providing some future perspective for both the projects. To complement the
discussions presented in those chapters mentioned, five appendices have been
attached. Appendix A tries to explain the information theoretic reasoning be-
hind the formula for the secret key rate of a quantum key distribution protocol.
Appendix B deals with some of the notions from phase space quantum optics.
Appendix C details the derivation of the covariance matrix of a two-state pro-
tocol. Appendix D complements Chapter 3. Finally, Appendix E shows the
in-between steps of the mathematical results presented in Chapter 4.
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Chapter 1

Photonic Integration Technology

1.1 Introduction

In this thesis, we pursue two projects associated with Indium Phosphide (InP)
based photonic integration. The first project is related to photonic integration
at the system level: realization of the continuous variable quantum key dis-
tribution on-a-chip. The second project is related to photonic integration at the
component level: performance enhancement of an on-chip distributed feedback
laser by optimizing its physical parameters. Therefore, we begin our discussion
with a chapter which provides an overview of the current landscape of inte-
grated photonics with a focus on InP-based material system. First, we motivate
the case for integrated photonics to replace systems based on bulk, discrete op-
tical components citing three application areas. The most relevant application
area in the context of this thesis is that of coherent optical communication. As
we shall see in Chapter 3, when Alice and Bob are trying to generate a secret key
with a continuous variable quantum key distribution protocol, they are effec-
tively performing coherent optical communication. Then, we describe the spe-
cific motivations which prompted us to undertake our own research projects.
We lay out precisely how our effort tries to bring novelty in the relevant field of
research. Both of our projects involve generic photonic integration technology.
On that account, we briefly talk about the adoption of generic model for inte-
grated photonics, which aims at emulating the success of integrated electronics.
Finally, we discuss, in detail, the work flow associated with the design of a pho-
tonic integrated circuit. This discussion will be helpful in following the design
analysis presented in Chapter 3.

1.2 Motivation for Photonic Integration

The idea behind photonic integration is to integrate a number of photonic com-
ponents (building blocks) with well-defined functionalities on a common planar
substrate so that it forms a photonic integrated circuit/chip (PIC) to perform a
certain application or a set of applications [1] (Figure 1.1). The components are
connected via optical wires, or waveguides, which ensure controlled propagation
of light throughout the circuit.
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FIGURE 1.1: An artist’s rendition of a photonic integrated circuit showcasing different
optical components reproduced from [2].

Photonic integration has largely been motivated by microelectronic integration.
The miniaturization of electronic circuits from the bulk-scale to the chip-scale
has increased scalability, performance, and reliability of those circuits. At the
same time, it has reduced their size, power, and costs. The motivation behind
photonic integration is to replicate the same impact in the field of photonics
based technology. In the following, we talk about three application areas where
photonic integration can bring dividends.

The traditional way of performing an optical experiment is to set up bulk op-
tical components on an optical table (8-12 feet long). The components require
careful and stable alignment (protection against vibration, dust, moisture, and
temperature drift). With photonic integration, it is possible to downscale the
same experiment to a compact size of 1× 1 cm2 on a semiconductor chip with
all the functionalities retained. Moreover, one does not need to worry about
the misalignment of components, and opto-mechanic instability since optical
waveguides ensure confined and well-directed propagation of light. For exam-
ple, with a Mach-Zehnder Interferometer fabricated on a photonic chip, inter-
ferometric experiments can be done more reliably, as one can adjust the phase
mismatch between the interacting beams in a more continuous fashion with
proper voltage bias instead of mechanical movement of mirror(s).

The quantum unit of light in a particular mode is a photon. With respect to
some observable space (such as polarization), a single photon can be consid-
ered as the physical embodiment of a qubit, the irreducible unit for quantum
information processing. A quantum gate (unitary) operation on a qubit can be
physically implemented with a linear optical element acting on a photon. More-
over, an arbitrary quantum gate is basically a N × N unitary operation with N
qubits as inputs and N qubits as outputs. The famous KLM protocol [4] demon-
strated that any SU(N) operation can be split down to SU(2) operations, which
means any quantum gate operation can be constructed out of mirrors, phase
shifters, beam splitters, or their combinations like Mach-Zehnder Interferome-
ters, in different numbers and topologies (Figure 1.3) together with sources and
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FIGURE 1.2: Scale comparison between an optical table set up and an optical chip[3]

detectors. As the complexity of the quantum operation increases, the number

FIGURE 1.3: Decomposing an N port unitary U(N) into SU(2) group elements: beam
splitters and phase shifters [5]

for integrating optical elements would scale as well. For this scenario, photonic
integrated circuits are perfectly suited.

Arguably the greatest potential for photonic integration lies in modern day op-
tical communication network. In fact, the area of long-haul and metropolitan
optical communication network has been identified as the so called "killer ap-
plication" for PICs.

Light is an electromagnetic wave capable of carrying information encoded in
its amplitude, phase, and polarization. With wavelength division multiplex-
ing (WDM) and advanced modulation formats, modern day optical transmit-
ters and receivers can communicate Terabit/second (Tb/s) data via fiber optic
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link. To process this high volume of data, these transmitters and receivers may
contain hundreds of components and interconnections. Figure (1.4) shows the
block diagram of a point-to-point coherent communication system. 1 On the
transmitter side, a laser emits narrowband light centered around some wave-
length (typically 1550 nm) with a specific polarization. A beam splitter (typ-
ically 50:50) splits the light into two branches. On each branch, the light can
be modulated both in amplitude and phase by actual data stream (in the form
of electronic signals driving the modulators). A polarization converter on one
branch induces a 90◦ rotation on the polarization state of light. Now, the two or-
thogonally polarized signals are combined with a polarization beam combiner
so that they can be sent over the same fiber channel. On the receiver side, there is
another laser which works as a local oscillator for phase referencing. The trans-
mitted signal from the transmitter is again split into two branches depending
on their polarization. Light from the local oscillator is split with a 50:50 beam
splitter. The x-polarized light (y-polarized light) is mixed with one branch of
LO output (another branch of LO output) in a 90◦ hybrid. The outputs of the
90◦ hybrid impinge on an array of photodetectors. The information encoded on
the amplitude and the phase of the signal is recovered by the so called balanced
detection technique followed by electronic post processing.

In a WDM system, there may be hundreds of transceiver pairs, like the one
described above, per link operating at different center wavelengths. A multi-
plexer multiplexes signals from different transmitters and sends them over a
single fiber. A demultiplexer on the other end of the fiber demultiplexes the
transmitted signals and route them to the receiver circuits for information de-
coding.

FIGURE 1.4: Block diagram representation of a coherent communication system. The
diagram also captures the essence of a CV-QKD system realization. Symbols: BS=Beam
Splitter, MZM=Mach Zehnder Modulator,PBC=Polarization Beam Combiner, DSP=
Digital Signal Processing, DAC=Digital to Analog Converter, LO = Local Oscillator,
PBS=Polarization Beam Splitter, TIA= Trans Impedance Amplifier, ADC= Analog to
Digital Converter)

1In Chapter 3 we shall see the set up is essentially the same with the circuit diagram of our
photonic integrated circuit intended to implement CV-QKD.
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Modern day WDM systems are mostly equipped with assembly of discretely
packaged photonic devices. There is little room for scaling. Besides, there is
a significant amount of cost associated with assembling and individual testing
of components. With photonic integration it is possible to lower the packaging
costs by reducing the number of fiber ports as the components are connected
through a common waveguide structure. Furthermore, it enables simultaneous
on-wafer testing as the testing sources and receivers can be integrated on chip.
The reliability also increases by reducing the optical coupling loss.

At present three material platforms have reached a reasonable degree of matu-
rity in terms of technology (physical structure of the components and their fab-
rication processes). Figure (1.5) illustrates these three platforms namely Indium
Phosphide (InP), Silicon-on-insulator (SOI), and Silicon Nitride (SiN). Each of
them has its own advantages and limitations. A comparative analysis can be
found on [6], [7], [8]. For the purpose of this dissertation, the relevant material
system is Indium Phosphide (InP). InP-based PIC technology has the unique
capability of accommodating both active and passive components on the same
chip without the need for any hybrid/heterogeneous integration. At present,
there are two foundries in the world which provide dedicated InP-based PIC
services to the outside customers: Smart Photonics in the Netherlands, and
Fraunhofer-Heinrich Hertz Institute in Germany.

FIGURE 1.5: Waveguide structures for the InP, SOI (Silicon-on-insulator), and Si3N4 −
SiO2 material platforms [9]
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1.3 Conceptual Placement of this Thesis

In recent times, there has been a massive surge in interest in developing quan-
tum technologies with integrated photonics [10], [11]. Apart from the reduc-
tion in size and cost for practical deployment and commercialization, as men-
tioned earlier, these integrated quantum photonic (IQP) circuits are also ex-
pected to bring improvements in terms of robustness and reproducibility. Cur-
rent research effort focuses not only on developing advanced photonic inte-
grated components optimized for quantum applications, but also on shoehorn-
ing entire quantum optics systems into system-on-chip realizations leading to
advanced solutions for large scale system and network level integration. The
two research projects we address here attempt to bolster this ongoing research
effort.

The realization of a fully integrated version of quantum key distribution sys-
tem is an emerging field of research and development in quantum communi-
cation. Quantum key distribution is a cryptographic precondition which is im-
mune to undetected eavesdropping. Since its first appearance in the scientific
literature in 1984, quantum key distribution is now an established technology,
and even commercially available from companies like ID Quantique, Toshiba,
NEC. However, these commercial QKD systems are primarily based on single
photons implemented with bulk optical/optoelectronic components. In fact,
integrating single photon sources and detectors at the chip scale is inherently
difficult.

With the advent of continuous variable quantum key distribution (CV QKD),
one can implement a QKD protocol with the modulation of the amplitude and
the phase of light coming from a laser followed by demodulation with balanced
homodyne/heterodyne detection schemes. From the implementation point of
view, this is nothing but coherent optical communication. Therefore, to imple-
ment on-chip CV QKD, one would require an integrated transmitter, and an
integrated receiver capable of performing coherent optical communication. An
added advantage with CV QKD is that it is perfectly compatible with the ex-
isting optical fiber based telecom infrastructure operating at 1550 nanometer
of optical wavelength. In fact, a successful field test for CV QKD within the
metropolitan range in Madrid, Spain has already been carried out which in-
volved important players (Huawei, Telefonica) in the fiber optic industry [12].
In Europe, flagship projects such as CiViQ [13], and UNIQORN [14] are un-
derway, attempting to realize stable, miniaturized, and cost-effective CV QKD
systems so that they can be installed in the European fiber optic infrastructure
for future commercial application.

To our knowledge, the first realization of a fully integrated CV QKD protocol,
at the laboratory research level, has been reported with silicon photonics (SiPh)
[15], [16]. The transmitters and receivers, mentioned in the relevant publica-
tions, have all the components integrated on chip except for the sources. In
both the reported cases, an off-chip laser acts as a source which is integrated
with other optical components on a Silicon chip. The estimated key rates are
0.14 Kbps and 2.3 Kbps, respectively over a distance of 100 km in optical fiber.
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In this thesis, we undertake an attempt to realize on-chip CV QKD with InP ma-
terial platform. The novelty of our approach resides in the fact that we design
a monolithically integrated transmitter and receiver based on InP technology,
without resorting to hybrid integration based on Si-III-V platforms. Moreover,
we claim that our design is versatile, in the sense that the transceiver architec-
ture should support multiple modulation formats.

The performance of a system-on-chip largely depends on the performances of
the individual components. While using single mode fiber for point to point
communication, it is imperative to have an on-chip source with narrowband op-
tical transmission spectrum. Hence, research endeavor targeting the develop-
ment of integrated distributed feedback laser is necessary. DFB lasers quintessen-
tially have sharp peak spectrum with large side-mode suppression ratio, mak-
ing them ideal for single mode fiber optic communication. DFB lasers with first
order grating have the lowest radiation loss and the lowest threshold current.
But, often times, lithographic limitations dictate that we fabricate laser with
higher order gratings at the expense of some performance trade-offs. In this
thesis, we present thorough numerical analysis showing how to relate perfor-
mance parameters such as coupling coefficient with the physical dimensions of
a third-order DFB laser emitting at 1310 nanometer of optical wavelength. The
laser will be fabricated for taper assisted vertical integration (TAVI) platform, a
regrowth-free photonic integration technology in Indium Phosphide [17].

FIGURE 1.6: Illustration of taper assisted muti-guide vertical integration principle.

In TAVI, instead of planar integration, all the required materials are grown in
one epitaxial growth step and vertically integrated in a form of dedicated func-
tional waveguides, stacked one above another in a multi-guide structure [18],
[19]. Vertically stacked functional waveguides are evanescently coupled, such
that their vertical optical modes overlap at their tails, and providing a verti-
cal transition between the functional waveguides thereby. This mechanism is
based on lateral tapering of the vertically evanescent-field coupled functional
waveguides, such that tapering down the ridge waveguide results into pushing
its optical mode down into the functional waveguide below it, until the optical
mode of the tapered functional waveguide is eventually cut-off. The coupled
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light can be laterally routed at this functional waveguide level and eventually,
can be vertically transferred to the functional waveguide of another waveguide
device. In this way, functional integration is achieved without either epitaxial
regrowth or butt coupling. Figure (1.6) tries to illustrate the concept of TAVI
integration technology. The left figure shows schematics of the multi-guide ver-
tical integration principle on an example of the 1310 nm laser – 1490 nm detector
optical duplex [18].

However, for all its benefits, the TAVI platform requires an unconventional on-
chip laser source design [20]. A TAVI distributed feedback laser differs from a
conventional ridge waveguide DFB laser in a number of ways. For example, in
a TAVI-compatible DFB laser, waveguide Bragg gratings cannot be defined at
the interface between laser guide layers since it requires an epitaxial regrowth.
Rather the DFB cavity is either a laterally coupled [21], or vertically-coupled [22]
surface etched grating (SEG). In either case, the SEG is etched into the N-InP
layer, but does not penetrate the laser SCH (separate confinement heterostruc-
ture) guide layers. In optical communication windows at 1.3 µm and 1.5 µm,
the Bragg wavelength, defined as λB = 2ΛnL(λB)/m, where Λ is the grating pe-
riod, nL(λ) is the wavelength dependent effective index of the laser mode and
m is grating order, is too short for the I-line stepper to define a 1st order SEG.
Typically, a 3rd order SEG is used instead. While this reduces the coupling effi-
ciency, 3rd order SEG also has an advantage in that it allows engineering of the
imaginary part of coupling coefficient to achieve gain-like or loss-like coupling,
without the SEG actually penetrating the gain region or having the absorption
loss. The image on the right in Figure (1.6) shows a transmitter building block
featuring laterally coupled surface etched grating distributed feedback laser
(LC-SEG-DFBL) with front-side passive waveguide / power monitor PD and
back-side retro-reflector [20]

The project we discuss in this thesis is about a TAVI-compatible, 3rd order,
vertically-coupled SEG distributed feedback laser, which employs a specific
cross-section profile. Our goal is to investigate the impact of the grating pa-
rameters on the output performances for this laser. The effects of the 3rd order
grating on DFBL are related to: radiation loss, complex coupling, mechanism
of the longitudinal mode selection, and spatial hole burning. Since TAVI DFBL
shares the same basic physics and operating principle with any other DFBL,
we take advantage of the already established theoretical analysis of higher or-
der DFBL by Striefer [23], and the subsequently developed numerical analysis
techniques based on this theory by Millett et al [24].

1.4 Generic Model for Photonic Integration

Since its inception, the technology development for photonic integration has
mostly been application specific. This is because to justify commercial success
of any integrated circuit, the economic value derived from integrating compo-
nents must outweigh the cost of integration itself. Therefore, although numer-
ous proof of principle demonstrations of chip-scale photonic systems or subsys-
tems have been shown at the research level, only a few have justified investment
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into their commercial implementation. That is why most often photonic inte-
grated circuits have remained order of magnitude more expensive compared
to their electronic counterparts. The reason why electronic ICs are cheap and
ubiquitous is largely because of the adoption of generic model for microelec-
tronic integration introduced by Conway and Mead [25]. The generic approach
has greatly reduced the prototyping costs and the throughput time of ICs, and
paved the way for very-large-scale integration (VLSI) [26]. There are two as-
pects to the generic model

• Generic Integration Model (GIM): Develop a few generic integration tech-
niques by realizing a highly standardized set of building blocks with a
broad range of functionalities.

• Generic Foundry Model (GFM): Develop a foundry infrastructure for
providing low-cost open access to these generic technologies.

For photonic integration a similar approach has been suggested [27], and is now
actively being pursued.

1.4.1 Generic Integration Model

A generic integration model refers to the monolithic integration of a small set of
accurately characterized building blocks. These building blocks offer the basic

FIGURE 1.7: Examples of the functionalities that can be realized with (a) passive waveg-
uide devices alone, or in combination with (b) optical amplifiers and (c) phase modu-
lators [28]. The second component in (c) shows a Mach Zehnder Interferometer (MZI).
This composite building block (CBB) consists of simpler building blocks such as MMI’s,
waveguide sections, and phase shifters. The MMI is another CBB made out of single
mode and multi mode waveguide sections (BBBs).

functionalities required to realize PICs for a broad range of different applica-
tions. To that end, a set of basic building blocks (BBB) is identified first. BBB:
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BBBs are the irreducible set of building blocks required to realize the full func-
tionality provided by the generic technology. With such a set of building block
one can construct complex building blocks (CBB), with well-defined function-
ality of their own. CBB: CBBs are building blocks composed out of two or more
BBBs. They do not require additional process steps for the combination. The
property of a CBB can always be derived from the properties of its constituting
basic building blocks. A Mach Zehnder Modulator is an example of a CBB. It
has one power splitter (MMI), two waveguide sections (BBB) with phase modu-
lators on top , and one power combiner (MMI). The MMIs themselves are build-
ing blocks made out of passive waveguide sections (BBBs). The BBBs and the
CBBs can be put together in different numbers and configurations to design,
and eventually fabricate any ASPIC (Application specific photonic integrated
circuit). A particular ASPIC can in turn be used as a composite building block
(sub-circuit) for another ASPIC. Figure (1.7) illustrates the idea described so far.

For photonic integration applications there is a wide variety of functional build-
ing blocks. Their physical structures would usually differ from each other in
order to reflect this functional variation. Each basic building block may have
a different semiconductor layer stack with varying band-gap, doping, and/or
heterostructures. But sometimes it is possible to derive multiple functions from
a single structure.

BTB: BTBs are physical structures that can have different functions and that can act as
different BBBs under different operational conditions. For example, an SOA (Semi-
conductor optical amplifier) can act as the gain section for a laser (under for-
ward bias), or as a photodetector (under reverse bias). An advantage of generic

FIGURE 1.8: Schematic diagram of the hierarchical structure for the different building
blocks [28].
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integration model is that rather than having fragmented technologies for opti-
mizing different applications, a single generic process (like CMOS in microelec-
tronics), or a few can suit ranges of applications. Therefore it justifies invest-
ments in developing the technology for improved performance and reliability
at the level of building blocks. Figure (1.8) illustrates the flow of hierarchical
order from the process technology level to the functional level in a generic inte-
gration model.

1.4.2 Generic Foundry Model

Once the generic integration technology is standard and mature, the chip man-
ufacturer provides open access to it to external users. The access is provided
in terms of a design manual, and a process design kit (PDK) The design man-
ual contains all the experimentally characterized data about the building blocks
for a user to design his ASPIC. The Process Design Kit is a licensed plug-in
library containing all the detailed information about the foundry-specific build-
ing blocks, which can be integrated with the PIC design software environment.

In this way the task of designing a chip, and manufacturing is decoupled, and
can be distributed to two different entities: pure play company: companies which
actually own fabrication facilities with standardized integration technologies,
and fabless company: companies which do not have chip manufacturing capabil-
ity, but can provide design services with foundry specific design considerations.
The chip manufacturers can run their facilities at the fullest capacity by finding
work from a world wide pool of fabless companies. The operational expendi-
ture of cleanroom facilities can be distributed over multiple users.

1.4.3 Multi-project Wafer Run

Since in the generic model PICs are fabricated using the same standardized
technology, a single wafer can accommodate designs from different customers.

FIGURE 1.9: Example of a multi-project wafer (MPW) realised in the COBRA process.
The wafer has 52 cells in the usable wafer area. Each ASPIC is copied at four different
locations on the wafer with room for 12 users and one test cell for wafer validation.
The figure shows one test cell and its position on the wafer. In this way, each user will
receive four copies of his chips per wafer in the MPW batch. [28]
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Such a wafer is called a Multi-Project Wafer (MPW). Since the cost of a single
run can be shared by a number of customers, multi-project wafer runs provide
a cost advantage for small and medium enterprises (SMEs) and universities.
The participants in an MPW-run submit their designs in GDS files to foundries
where the final wafer-layout is made using dedicated software tools. Figure
1.9 shows a multi-project wafer of InP from The COBRA Institute at Technical
University of Eindhoven, Netherlands.

1.4.4 Generic InP-based PIC technology

In this thesis, we choose to work with InP technology as it is the material plat-
form which provides the most comprehensive list of optical components with
diverse functionalities, and offers the unique advantage of monolithic integra-
tion of the active and the passive devices. The thrust for developing InP-based
generic technology initially came from Europe. Notably, the COBRA research
institute of TU Eindhoven (now Institute of Photonic Integration) did numer-
ous pioneering works of developing a generic process for integration of InP
based optical elements eventually opening its process to external users in 2008.
Two European R&D projects EuroPIC and PARADIGM aimed at not only de-
veloping the technology of generic InP based integration platform [28]. These
projects resulted in transferring the foundry model from the university environ-
ment to an industrial environment. Open access MPW services were launched
on a pre-commercial basis by three European entitities- UK based Oclaro (now
owned by Lumentum), Fraunhofer HHI of Germany, Smart Photonics in the
Netherlands, the latter commercializing the technology of the COBRA institute.
SMART photonics and HHI provide pre-specified building blocks in the form of
process design kits (PDKs). For our project, we booked a spot for HHI’s MPW
run HHI17. The performance parameters of the building blocks available from
HHI can be found on the website of JePPIX [6].

1.5 ASPIC Design Environment

To translate a functional idea into a working integrated photonic chip involves
a number of stages: design, fabrication, packaging, and characterization (test-
ing). In this section we focus on the first stage namely the design of a photonic
integrated circuit (PIC). This is because the principal project presented in this
thesis (Chapter 5) concerns with the design of a PIC for quantum key distribu-
tion. The workflow associated with the design of a photonic integrated circuit
can be seen in the context of the following sequence of tasks:

1. Component level analysis;

2. Circuit level analysis;

3. Mask layout generation;

4. Verification
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FIGURE 1.10: Flow involved in an ASPIC design environment [29]

1.5.1 Component Design & Optimization

The goal of the component level analysis is to create a compact model for a
building block so that it can be subsequently used for circuit level simulation.
Physical simulations of optical and optoelectronic components are carried out
by the foundries to develop their compact model library. The paradigm of com-
ponent level analysis can be explained with a specific example.

Let us consider a single-mode, straight waveguide section available from a
particular material platform. The straight waveguide is optimized in terms
of its core and cladding materials, and geometry. A compact model of this
waveguide should provide information on how the effective index, group in-
dex (group delay), and propagation loss of the guided mode varies with wave-
length. The compact model can be generated with an eigenmode solver (for ex-
ample Lumerical FDE solver). A mode solver solves time-independent Maxwell’s
equation numerically for a given structure. The guided modes are the eigen-
modes and the effective indices are the eigenvalues. By sweeping over a range
of wavelength, one can obtain the effective index vs wavelength relation. This
in turn will lead to the evaluation of the group index dispersion according to

ng = neff − λ
dneff

dλ
. (1.1)
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To calculate the propagation loss, one needs to propagate the mode over the
length of the waveguide. Therefore, it would require time dependent solution
of Maxwell’s equation (for example with Lumerical FDTD solver). The propa-
gation/insertion loss can be given in terms of S-parameter values. A straight
waveguide transmits all of the input light. There is no back reflection. But for
a bent waveguide section, there might a non-negligible reflection. In this case,
all the entries in the scattering matrix need to be specified to define the relevant
compact model.

1.5.2 Circuit Level Simulation

The compact models derived from the physical simulation stage for the build-
ing blocks can be used for running simulations at the circuit and system level.
An industry standard circuit solver software package contains a library of op-
tical components described by their behavioral models. It allows the designer
to construct a photonic integrated circuit in schematic form by drawing com-
ponents from the library and linking them together in a custom configuration.
The basic assumption is that the light is flowing in clearly defined waveguide
modes throughout the circuit. The simulation analysis can be carried out both
in the time domain and the frequency domain.

Simulating in the frequency domain

Frequency domain circuit simulation is useful in studying a photonic integrated
circuit in steady state. Each component in the circuit is characterized by a com-
plex scattering matrix or S-matrix. The matrix entries describe the relationships
between its bi-directional ports as well as relationships between the modes sup-
ported. Running a frequency domain simulation would calculate the overall
scattering matrix of the circuit from the S-matrices of the individual elements
at each frequency. Some common results extracted from the calculated overall
matrix include transmission and reflection spectra, group delay, and resonator
properties such as free spectral range (FSR) and quality factor (Q).

Simulating in the time domain

Time domain simulation is used to calculate the response of a photonic circuit
when it is triggered by a time dependent source. The response is solved by time-
stepping the signals between all the nodes in the circuit, and updating all the
compact models at each step. Time domain models for the passive linear com-
ponents are derived from their corresponding frequency response in the form
of a digital filter either with finite impulse response (FIR), or infinite impulse
response (IIR). Since the signal is modeled as a modulation on top of a car-
rier wavelength, these models work in a limited bandwidth. Generating com-
pact models for the active building blocks is not straightforward since they re-
quire multi-physics simulation. Therefore, often times, the compact models for
modulators, semiconductor optical amplifiers, or photodetectors are essentially
curve fits based on a mix of physical understanding derived from the physical
simulations, and optical performance measurements. In this way, the resource
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cost of time domain simulation of these devices is minimized without compro-
mising in the prediction of the circuit performance too much.

1.5.3 Circuit Layout Generation

The schematic diagram of an intended photonic integrated circuit needs to be
translated into a circuit layout. This is the standard way of communicating
one’s design to a foundry for fabrication. The layout contains different mask
layers which correspond to different fabrication process steps, or to logical op-
erations. The layout is usually generated in GDSII (graphic data system) file
format. The layout of a circuit design consists of hierarchical cells, where some
parts of the geometry can be parameterized (hence called parametric cells or
PCells). The PCells are connected via optical waveguides or electrical wiring.
Waveguides should respect a minimum bend radius and spacing in order to
prevent excess waveguide losses and parasitic coupling. PCells are usually de-
fined in a scripting language which is integrated into a design software. Instead
of drawing the shape, a designer sets some parameters by writing codes. The
software then translates this design intent into a set of geometric primitives on
different mask layers. Some examples of scripting platforms integrated into
a design environment include SKILL in Cadence, Ample in Mentor Graphics
Pyxis, or just Python in IPKISS, and KLayout.

1.5.4 Verification

Before submitting it to the foundry, the circuit layout should be checked against
potential errors and violations of the design rules prescribed by the fab. The
design rules from the fab include specification on minimum line/space widths,
sharp angles, or overlap of layers that might cause unpredictable results dur-
ing processing. The physical verification process, known as design rule check
(DRC) is usually performed with software tools designed for electronics such
as Calibre by Mentor, IC Validator by Synopsis, or Physical Verification System
by Cadence. The foundries provide a design rule checking deck which can be
integrated with these tools. However, the automated DRC for electronics can-
not handle curvilinear geometries often utilized in photonics design, and hence
may produce false positives. Research is ongoing at present to address this
issue. Another important difference between photonics DRC and electronics
DRC at present is that layout versus schematic (LVS) verification is nonexistent
in photonics. LVS is a functional verification stage which checks if the layout
mirrors the original design intent of the abstract circuit in electronics. In pho-
tonics design flow, historically, the circuit layout process developed separately
from the circuit simulation process. Hence it is the designers’ responsibility to
make sure the correct components along with their parameters are used, and
they are properly connected for the desired circuit performance.
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1.5.5 PDK

In a generic foundry approach, the process design kit (PDK) bridges the gap be-
tween the foundry and the designers. A PDK is a piece of software code(s) that
can be plugged into a design environment, and depending on its maturity may
contain all the relevant information to facilitate design activities. For instance,
the PDK may contain component geometry, library of compact models, circuit
layout information (different mask layers), design rule deck, and so on. There-
fore, to realize a photonic integrated circuit with a foundry specific technology,
a designer must integrate the relevant PDK to all the different proprietary soft-
ware used at different stages of design flow.

1.6 Conclusion

In this chapter, we have emphasized on detailing the sequence of tasks associ-
ated with the design of a photonic integrated circuit. The discussion may help
the reader in better appreciating the design aspects of our photonic integrated
transceiver, intended to realize a continuous variable quantum key distribution
protocol, mentioned in Chapter 3. We shall conclude this chapter with a re-
mark. The photonic integrated circuit design process is still at the stage of devel-
opment. Although it shares many similarities with the microelectronic design
flow such as hierarchical layouts and PDKs, there is still no seamless transition
from the functional circuit level simulation to the physical layout generation.
For this very reason, it is difficult to scale up the complexity of photonic circuits
and verify their functionality.
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Chapter 2

Continuous Variable Quantum Key
Distribution

2.1 Introduction

Quantum key distribution enables two parties to communicate in an information-
theoretic secure [30] way even in the presence of a malevolent eavesdropper
[30], (Appendix A). This provable security arises from the fundamental laws
of quantum mechanics. The first quantum key distribution protocol, the BB84
protocol, was put forward by Bennett and Brassard in a seminal publication
in 1984 [31]. Since its inception, the BB84 protocol has matured over the years
as a technology and is now commercially available [32]. One way to imple-
ment this protocol is to encode the key into the different polarization states of
light/photon. Since the polarization states of a quantum state of light form a
discrete eigenbasis, the BB84 protocol, along with host of other protocols, is cat-
egorized under discrete variable protocols. There exists, however a different
type of protocol called the continuous variable protocols. The basic idea behind
continuous variable quantum key distribution (CV QKD) is that the sender en-
codes the "key" in those observables of light which have continuous eigenspec-
tra [33]. The receiver performs some relevant measurements to decode the key.
There are numerous different ways to implement such a protocol. For example,
in terms of states of light used - coherent, squeezed, or thermal; in terms of mod-
ulation schemes - discrete or (quasi)continuous; in terms of detection schemes
- homodyne, or heterodyne; in terms of reconciliation strategies - forward, or
reverse; and so on. For each different case the security analysis shapes up dif-
ferently. In this chapter, the CV QKD protocol using coherent states will be dis-
cussed at length, since our on-chip light source emits coherent states. The first
reported coherent state CV QKD protocol was the GG02 protocol [34]. All other
protocols explored subsequently [35], [36], [37], [38], [39], [40], [41] can be seen
as variants around this protocol. The proof of principle demonstration of CV
QKD that we aim to achieve on-chip also closely resembles GG02. It essentially
consists of two stages like every QKD protocol: (a) quantum state preparation,
transmission, and detection; (b) classical post-processing. In this chapter, we
mainly concern ourselves with the theoretical understanding of the quantum
stage of the protocol. In that regard, first, we discuss quantum key distribution
(QKD) as a cryptographic primitive in section (2.2). Then, in section (2.3), we
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familiarize the reader with the concepts and notions from Gaussian quantum
optics. These are the essential tools for appreciating the theoretical formulation
of CV QKD with coherent states of light presented in the subsequent sections.

2.2 Quantum Key Distribution

Quantum key distribution is used as a part of a larger protocol such as quan-
tum cryptography. The art of cryptography has long been in practice for safe-
guarding sensitive information while transmission. The working procedure of
a generic cryptographic protocol can be understood in the following setting: Al-
ice wants to communicate a message to Bob. In order to prevent interception
by a potential adversary named Eve, Alice encrypts the message with a key.
The encrypted message can only be recovered by Bob who has the correspond-
ing decrypting key. In symmetric cryptography, to which we limit ourselves,
the encryption and the decryption keys are identical. For anyone who is not in
possession of the key such as Eve, the encrypted message (ciphertext) appears
gibberish. Symbolically, one can summarise this concept as

Enc(m, k) = c, Dec(c, k) = m, (2.1)

where m, c, k stands for the message, the ciphertext and the key, respectively.

The "One-Time Pad" cryptographic scheme has been proved to be information-
theoretically secure. In this scheme, modular addition (bit-wise XOR) consti-
tutes both the encryption and the decryption function. This operation can suc-
cessfully fulfill the desiderata for a cryptographic protocol: (a) The protocol is
correct; Bob can recover Alice’s intended message with the application of the
key on the ciphertext

Enc(m, k) = m⊕ k = c, Dec(c, k) = c⊕ k = m. (2.2)

(b) The protocol is perfectly secret; any possible inspection of the ciphertext by
Eve does not reveal her any information about the original message

Pr(M = m|C = c) = Pr(M = m), (2.3)

where M and C denote any random message bit and ciphertext bit, respectively.
Let us choose the message space to be M ∈ {0, 1}n, set of all possible n bit
strings. The key is chosen uniformly from the key space K ∈ {0, 1}n. For
arbitrary n− bit sequences M = m and K = k, the ciphertext is C = c = m⊕ k.
From equation (2.3)

Pr(M = m|C = c)
(a)
= Pr(C = c|M = m) · Pr[M = m]

Pr[C = c]
(b)
= Pr[K = m⊕ c]

Pr[M = m]

Pr[C = c]
(c)
= 2−n Pr[M = m]

Pr[C = c]
. (2.4)
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(a) follows from the Bayes’ rule, (b) follows from modular addition, (c) follows
from the uniformity of k. Now

Pr[C = c] = ∑
m′

Pr[C = c|M = m′]Pr[M = m′]

= ∑
m′

Pr[K = m′ ⊕ c]Pr[M = m′] = 2−n ∑
m′

Pr[M = m′] = 2−n. (2.5)

Combining equations (2.4) and (A.5), one arrives at the equation (2.3).

The proof of unconditional-security for the one time pad requires that the length
of the key should be at least as long as the message. Therefore, every time Alice
and Bob want to exchange a new message, they need to generate a new key.
Moreover, a basic assumption behind the proof is that "Alice and Bob already
share a key". Therefore, the fundamental problem to address is how to dis-
tribute the key securely assuming Alice and Bob cannot meet in person. With
classical means Alice and Bob cannot distribute the key in a provably secure
way, if the channel between them is subject to eavesdropping. Whereas with
quantum strategies, the laws of quantum physics will come into play to render
their task of key distribution inherently secure.

FIGURE 2.1: The figure illustrates the idea behind the BB84 protocol. Alice’s key con-
sists of random sequences of classical bits {0, 1}. She has two non orthogonal basis sets
{|0〉 , |1〉}, {|+〉 , |−〉} at her disposal which she can employ to encode her key bit. She
also picks her basis states randomly. For the choice of {|0〉 , |1〉}, the mapping corre-
sponds to 0 7→ |0〉 and 1 7→ |1〉 while for the choice of {|+〉 , |−〉}, it is 0 7→ |+〉 and
1 7→ |−〉. Bob knows about the basis sets Alice uses for encoding. But he does not have
any knowledge about which random basis Alice has picked. He performs a measure-
ment by randomly choosing a basis on the transmitted state to decode the key. If by
chance, Alice’s and Bob’s choice of basis is the same, Bob will be able to read out the
correct key bit (columns 1,3,6,8). But if Eve performs an intermediate measurement, it
will randomize Bob’s measurement result even though he is matched with Alice for the
choice of basis

With quantum key distribution, Alice encodes the key in a quantum state, and
Bob needs to recover the key with an appropriate measurement on that state.
If Alice chooses a set of non-orthogonal states for her encoding scheme, which
is sufficient to realize quantum key distribution [42], any attempt by Eve to
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extract information about the key from the transmitted quantum state might
leave a footprint on that state. Therefore, Alice and Bob can detect the pres-
ence of Eve with a very high degree of probability. Figure (2.1) illustrates the
basic idea behind quantum key distribution protocol with an exemplary BB84
protocol [31]. Alice encodes her key using the set of four states consisting of
{|0〉 , |1〉 , |+〉 , |−〉}. In reality she can prepare single photons with polariza-
tions pointing at vertical, horizontal, diagonal(45°), or antidiagonal directions
(−45°). Bob measures the transmitted state without knowing which basis was
chosen by Alice. When their choices of basis coincide by chance, they should
extract the same key bit (Column 1,3,6,8 in the Figure (2.1)). On the contrary, if
Eve intercepts in the middle, her intermediate measurement might randomize
Bob’s measurement results even if he is matched with Alice’s basis (Column 3
in the Figure (2.1)). Moreover, Eve cannot copy/clone any intercepted state for
subsequent measurement. Any such operation is fundamentally prohibited by
the no cloning theorem, which is a consequence of linearity in quantum mechan-
ics. Therefore, Alice and Bob can be aware of an eavesdropper by performing
basis reconciliation. The basis reconciliation task requires a public authenti-
cated channel, which guarantees that Eve cannot pose as anyone of them. If
Alice and Bob agree that Eve’s interception was below a certain limit, they can
use the partially secure key (row 9 in the Figure (2.1) to distill a perfectly secure
key by privacy amplification.

The above discussion suggests that as an information-processing task quantum
key distribution requires local quantum operation followed by classical com-
munication (LOCC). Therefore, any quantum key distribution protocol has two
phases: quantum phase (preparation, transmission, and measurement of quan-
tum states) and classical phase (information reconciliation , error correction,
privacy amplification). However, the above example of QKD differs fundamen-
tally from the continuous variable quantum key distribution (CV QKD) proto-
col with which we are concerned here. The photon polarizations in BB84 have
discrete eigenspectra, whereas in CV QKD the key is encoded in the continuous
observables of light. Nevertheless, the sequences of action for implementing
QKD will remain the same as we shall see in Section (2.4).

2.3 Gaussian Quantum Optics

In this section we look at the essentials of Gaussian quantum information per-
tinent to the theoretical analysis of CV QKD. We start our discussion with the
Wigner function. It is known that a quantum state, at any time, is represented
by a vector in a complex Hilbert space. Wigner function is an equivalent way of
representing a quantum optical state in the phase space.

2.3.1 Wigner Distribution

A quantum system composed of N quantized radiation modes, i.e. N quan-
tum harmonic oscillators is described by a tensor-product Hilbert space namely
H⊗N = ⊗N

k=1Hk, where Hk corresponds to the state-space for the k-th mode
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of radiation [43], [44]. The Hamiltonian of the composite system is given by
Ĥ = ∑N

k=1 Ĥk, with Ĥk = h̄ωk(â†
k âk +

1
2). The creation and annihilation opera-

tors {â, â†} for different modes are related via the bosonic commutation relation

[âj, â†
k ] = δjk,

[âj, âk] = 0, [â†
j , â†

k ] = 0. (2.6)

If we group N-pairs of field operators {âk, â†
k}N

k=1 in a vector b̂ := (â1, â†
1, ..., âN, â†

N)
T,

the bosonic commutation relation can succinctly be written in terms of the ele-
ments of b̂ as [45]

[b̂i, b̂j] = Ωij (i, j = 1, ..., 2N), (2.7)

where Ωij is the generic element of the following 2N × 2N matrix

Ω :=
N⊕

k=1

ω =

ω
. . .

ω

 ω :=
(

0 1
−1 0

)
. (2.8)

The above structure is known as the symplectic form. An equivalent description
for the N-mode system can be provided in terms of the quadrature operators 1

{q̂k, p̂k}N
k=1 with

q̂k =
âk + â†

k√
2

, p̂k =
âk − â†

k


√

2
, (2.9)

so that,

[q̂j, p̂k] = δjk,

[q̂j, q̂k] = 0, [ p̂j, p̂k] = 0. (2.10)

Grouped together in a vector

x̂ = {q̂1, p̂1, q̂2, p̂2, ..., q̂N, p̂N}T, (2.11)

the canonical commutation relation (CCR) in terms of the vector elements of x̂
is

[x̂i, x̂j] = Ωij. (2.12)

For the N-mode Hilbert space one can write

x̂T |x〉 = xT |x〉 (2.13)

with x ∈ R2N and |x〉 = (|x〉1 , ..., |x〉2N)
T. The vector x containing continuous

quadrature eigenvalues can describe the entire bosonic system.

Associated with each mode k, there is a vacuum state |0〉k ∈ Hk. The vacuum
state of the complete N-mode system is |0〉 = ⊗N

k=1 |0〉k ∈ H. Coherent states

1equivalent to position and momentum operators for a mechanical harmonic oscillator
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|α〉k, as described earlier, are mathematically generated by applying the single
mode Weyl displacement operator D̂k to the vacuum |0〉k: |α〉k = D̂k(α) |0〉k
where D̂k(α) = eαâ†

k−α∗ âk , and α ∈ C is the coherent amplitude. In a similar
fashion, N-mode coherent states are obtained by applying the N-mode Weyl
operator D̂(η) to the global vacuum |0〉 defined above. The expression for D̂(η)
in terms of the canonical quadrature operator vector x̂ is

D̂(η) = ex̂TΩη (2.14)

with η ∈ R2N [46]. η is the generalization of α in the N-mode case. Subse-
quently, one has |η〉 = D̂(η) |0〉. The multimode Weyl operator allows us to
express quantum (Wigner) characteristic function for any state ρ in the Hilbert
space (Appendix B)

χ(η) = Tr[ρ̂D̂(η)], (2.15)

which, in turn, is related to the Wigner function [47] via the Fourier transform

W(x) =
∫

R2N

d2Nη

(2π)2N exp(−xTΩη)χ(η). (2.16)

W(x) is normalized to one but generally non-positive. In the above equation,
one can consider the continuous variables x ∈ R2N as the eigenvalues of the
quadrature operators x̂. These variables span a real symplectic space Γ :=
(R2N, Ω), called the phase space. The symplectic condition means that any
operational transformation on the quadrature operators should preserve the
CCRs, or in mathematical notation, SΩST = Ω. Therefore, one can assert, an ar-
bitrary quantum state ρ̂ of an N-mode bosonic system is equivalent to a Wigner
function W(x) defined over a 2N-dimensional phase space Γ [48]. From the def-
inition of the characteristic function, one can see the tensor product structure for
the composite system in Hilbert space is replaced by a direct sum structure in
phase space: the N-mode phase space decomposes as the tensor sum Γ =

⊕
k Γk,

where Γk is the local phase space associated with mode k.

The Wigner function almost qualifies as a joint distribution function for the
quadrature coordinates [49], since

(i) The individual quadrature distributions appear as the marginals of the Wigner
function. For example, for a single mode field∫

R
dpW(x) = 〈q| ρ |q〉 , (2.17a)∫

R
dqW(x) = 〈p| ρ |p〉 , (2.17b)

where x =

(
q
p

)
is the coordinate vector [43].

(ii) The Wigner function is real: Wρ(x) ∈ R ∀ x, ρ.
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(iii) It is normalized ∫
d2xWρ(x) = 1. (2.18)

(iv) The expectation value of any observable Ô, which is expressed as a sym-
metrically (Weyl) ordered function of quadrature operators, can be calculated
from W(x) [50]

Tr(ρÔ) =
〈
Ô
〉
=
〈

f (s)(q̂m p̂n)
〉
= (2π)

∫
R2

d2xW(x) f (qm, pn)︸ ︷︷ ︸
WÔ(x),

(2.19)

where the superscript "s" means symmetrically ordered function, and where
WO(x) is the Wigner function (also called the Weyl-expression) for the operator
Ô defined over the phase space. All these properties are very desirable as far as
a joint probability distribution is concerned. But, W(x) can be negative as can
be seen from a particular example of equation (2.19)

Tr(ρ1ρ2) = 2π
∫

R2
d2xWρ1(x)Wρ2(x) = |〈ψ1|ψ2〉|2; ρj = |ψj〉 〈ψj| . (2.20)

If |ψ1〉 ⊥ |ψ2〉, then 〈ψ1|ψ2〉 = 0. It suggests that Wρ(x) is negative for some val-
ues of (ρ, x). That is why Wρ(x) is not a true distribution, and instead is called
a quasi-probability distribution. Like any classical probability distribution, the
Wigner (quasi-probability) distribution is completely characterized by its statis-
tical moments. The first moment is called the displacement vector, or simply
the mean vector with elements

x̄i =
∫

R2N
d2NxWρ(x)xi = 〈x̂i〉 . (2.21)

Alternatively, in compact matrix notation

x̄ := 〈x̂〉 = Tr(x̂ρ) = col(〈q̂〉1 , 〈 p̂〉1 , ..., 〈q̂〉N , 〈 p̂〉N). (2.22)

The second order moment is called the covariance matrix Σ, which is a positive
semi-definite 2N × 2N real symmetric matrix with elements

Σj,k =
∫

R2N
d2NWρ(x)δxjδxk =

1
2
〈
δx̂jδx̂k + δx̂kδx̂j

〉
=

1
2
〈
{δx̂j, δx̂k}

〉
. (2.23)

Here δxj = xj − x̄j denotes the fluctuation of the quadrature from its mean,
while δx̂j = x̂j −

〈
x̂j
〉

is the fluctuation operator for the jth quadrature. In equa-
tion (2.23), the fluctuation operators are put in symmetric order. From this defi-
nition, it further follows that

Σjk =
1
2
〈
{x̂j −

〈
x̂j
〉

, x̂k − 〈x̂〉k}
〉
=

1
2

Tr[ρ{x̂j − x̄j, x̂k − x̄k}]

=
1
2

( 〈
x̂j x̂k

〉
+
〈

x̂k x̂j
〉 )
−
〈

x̂j
〉
〈x̂k〉

=:E(x̂j, x̂k), (2.24)
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where {} denotes the anticommutator. Along the diagonal, one has

Σjj =
〈
(x̂j)

2
〉
−
〈

x̂j
〉2

= V(x̂j) =
〈

δx̂2
j

〉
. (2.25)

In compact matrix notation, one can write

Σ =
〈

δx̂δx̂T
〉
− Ω, (2.26)

which in the expanded form looks as the following

Σ =



V(q̂1) E(q̂1, p̂1) E(q̂1, q̂2) E(q̂1, p̂2) ... E(q̂1, q̂N) E(q̂1, p̂N)
V( p̂1) E( p̂1, q̂2) E( p̂1, p̂2) ... E( p̂1, q̂N) E( p̂1, p̂N)

V(q̂2) E(q̂2, p̂2) ... E(q̂2, q̂N) E(q̂2, p̂N)
V( p̂2) ... E( p̂2, q̂N) E( p̂2, p̂N)

. . . ...
...

symmetric V(q̂N) E(q̂N, p̂N)
V( p̂N)


.

(2.27)

The covariance matrix describes the mutual correlations among the mode quadra-
tures. If the cross termsE(x̂j, x̂k) are zero for the quadratures of two modes, then
these two modes are uncorrelated to each other, that is, separable. The admis-
sible condition on a real symmetric positive-definite 2N × 2N matrix Σ to be a
bona fide (quantum) variance matrix is that the Hermitian matrix Σ + Ω must
be positive semi-definite [51]

Σ + Ω ≥ 0. (2.28)

A particular class of states, called the Gaussian states, are completely character-
ized only by their first and second order moments. Any higher order moment
of these states can be expressed in terms of their first two moments (Gaussian
moment theorem). By definition, Gaussian states have Gaussian Wigner repre-
sentation [52]

W(x) =
exp

{
−1

2(x− x̄)TΣ−1(x− x̄)
}

(2π)N
√

detΣ
with x ∈ R2N, Σ ∈ R2N ×R2N, (2.29)

which is nothing but the 2N dimensional generalization of the Gaussian dis-
tribution. Together with the definition of Wigner distribution in terms of the
characteristic function, and employing the multidimensional Gaussian integral
[53] ∫

R2N
d2Nη exp

[
− 1

2
ηTΣη+ xTη

]
=

(2π)2N
√

detΣ
exp

[
1
2

xTΣ−1x
]

, (2.30)

one can deduce the expression for χ working backwards

χ(η) := exp
{
−1

2
ηT(ΩΣΩT)η− (Ωx̄)Tη

}
. (2.31)
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This subsection attempts to provide background information on how the con-
cept of Gaussian state arises. In summary, quantum states can be represented in
terms of phase space Wigner distribution. This Wigner distribution is a Fourier
transform of the Wigner characteristic function, which in turn can be shown to
be the expectation value of the displacement operator. Quantum states with a
Gaussian Wigner distribution are called Gaussian states such as the coherent
states and the squeezed states. Gaussian states are fully characterized by their
first and second order moments.

2.3.2 Examples of Gaussian States

One mode Gaussian states

A generic one mode Gaussian state has a mean vector x̄ = col(〈q̂〉 , 〈 p̂〉) con-
taining two elements, and 2× 2 covariance matrix of the form

Σ =

(
a c
c b

)
, (2.32)

where a = Var(q̂), b = Var( p̂), c = E(q̂, p̂).

Vacuum and Coherent States: The vacuum state is characterized by its dis-
placement vector, x̄ = (0, 0) and covariance matrix Σ = 12. Both the quadra-
tures have a variance of 1 in shot-noise unit. Since coherent states are just dis-
placed vacuum, they have the same covariance matrix as the vacuum, but non-
zero displacement vector x̄ = (q, p), as they can be centered anywhere in the
phase space.

Squeezed States: Squeezed states differ from coherent states in having squeezed
variance (smaller than one shot-noise unit) along one quadrature at the ex-
pense of elongated covariance (greater than one shot-noise unit) along the other
quadrature. Therefore, they have the same first order moment as the coherent
states, but their second order moment is modified as follows

Σ =

(
e−2r 0

0 e2r

)
, (2.33)

where r is a squeezing parameter. For r > 0, the quadrature q̂ is squeezed, while
the quadrature p̂ is anti-squeezed.

Thermal State: The thermal state has null mean value and covariance matrix

Σ =

(
V 0
0 V

)
. (2.34)

The quantity V can be expressed in terms of the average number of photons n̄
contained in the thermal state as V = 2n̄ + 1. The vacuum can be seen as a
special case of a thermal state with n̄ = 0.

Noisy Coherent State: A thermal state can be displaced by amount x on the
phase space, and its variance can be interpreted as V = 1 + ε, where ε is due
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to excess noise on top of shot-noise. Therefore, a displaced thermal state can be
considered as a noisy coherent state.

Two mode Gaussian States: A generic two mode Gaussian state is character-
ized by a displacement vector x̄ = x̄1 ⊗ x̄2 = (q1, p1, q2, p2), and a covariance
matrix

Σtot = Σ1 ⊕ Σ2 =

(
Σ1 C
CT Σ2

)
. (2.35)

Σ1(2) is the covariance matrix of the first (second) mode after tracing out the
second (first) mode from the global state.

Partial Trace Let us consider a system made up of two Gaussian modes A and B.
In the phase space picture, tracing out mode B is equivalent to calculating the
marginal of the Wigner function of the system with respect to the quadrature
variables (eigenvalues) of B namely (qB, pB) [53]

TrB[ρAB] = (2π)2
∫

R2
W(qA, pA, qB, pB)dqBdpB (2.36)

which can be shown equivalent to setting ξB = 0 in the characteristic function

χA(ξA) = TrA[ρAD̂ξA ] = TrAB[ρABD̂ξA ⊗ 1B] = χAB(ξA, ξB = 0) (2.37)

In terms of statistical operation, the tracing out operation can be summarized
as follows

ΣAB =

(
ΣA C
CT ΣB

)
P.T.−→ ΣA (2.38)

x̄AB = (x̄A, x̄B)
P.T.−→ x̄A (2.39)

C is the matrix that gives the correlation (classical, or quantum) between the
two modes. The case C = 0 corresponds to an absence of correlation between
two Gaussian modes. Generally speaking, an N-mode Gaussian state with a
product-state structure ρ = ρ1⊗ ρ2⊗ ...⊗ ρN has the block diagonal covariance
matrix structure Σ = Σ1 ⊕ Σ2 ⊕ ...⊕ ΣN.

Two Mode Squeezed Vacuum States (TMSVS): For our purpose, the most in-
teresting two mode Gaussian state is the two mode squeezed vacuum states with
null mean x̄ = (0, 0, 0, 0) and covariance matrix

ΣTMSVS =

(
cosh 2r12 sinh 2rσz
sinh 2rσz cosh 2r12

)
(2.40)

where σz =

(
1 0
0 −1

)
[54]. Tracing out one mode of a TMSVS gives a thermal

state with variance cosh 2r = 2n̄ + 1. Thus the TMSVS can be thought of as
the purification of a thermal state. In this respect, in the security analysis of CV
QKD, the TMSVS plays the same role as the Bell state |φ+〉 = (|00〉+ |11〉)/

√
2

in discrete variable QKD.
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This subsection introduces some example Gaussian states in terms of their first
and second order moments. Coherent states are the enablers of our QKD tech-
nology. For coherent states, the dispersion in both the quadratures equal to one
shot noise unit. Squeezed states show sub-shot-noise variance in one quadra-
ture. The two mode squeezed vacuum state is an important theoretical con-
struct to understand the entanglement based version of the CV QKD protocol.

2.3.3 Gaussian Operations

In general, a quantum operation O is called Gaussian if it maps one Gaussian
state to another O : ρG(x̄, Σ) → ρG(x̄′, Σ′) . The class of Gaussian operations
which are completely-positive and trace preserving i.e. Tr[ρ] = Tr[O(ρ)] are
called Gaussian channels. Reversible Gaussian channels are called Gaussian
unitaries ÛG, which transform a state according to the rule ρ→ ÛGρÛ†

G.

Gaussian Unitary Transformation

It can be shown that the Hamiltonian Ĥ generating a Gaussian unitary (Û =
exp

[
−Ĥ

]
) can at best be quadratic in the quadrature operators (q̂, p̂) [46]. Con-

sequently, it is possible to implement Gaussian unitaries with commonly ac-
cessible laboratory apparatus (phase shifter, beam splitters, squeezers etc). A
Gaussian unitary is completely characterized by its action on the statistical mo-
ments of the Gaussian states. This action can be deduced from the consequence
of Stone-von Neumann theorem: any unitary transformation Û on the Hilbert space
uniquely corresponds to a real symplectic operation S ∈ Sp(2N, R) on the phase space
[55]. In particular, a Gaussian unitary US,d acting on a state ρ(x̄, Σ) induces the
following transformations on the state’s statistical moments

x̄ −→ Sx̄ + d, (2.41a)

Σ −→ SΣST (2.41b)

with d ∈ RN, S ∈ R2N×2N. There is no restriction on d, but S must preserve
the canonical commutation relation

SΩST = Ω. (2.42)

Equations (2.41a), (2.41b) have the following implication on the quadrature op-
erator vector (Appendix B)

ÛS,d : x̂→ Sx̂ + d. (2.43)

Gaussian unitaries can be classified into passive transformations and active trans-
formations. A passive unitary transformation conserves the mean photon of the
Gaussian state. For an N-mode Gaussian state, the mean photon number is
given by 2

N

∑
l=1

〈
N̂l
〉
=

1
4

Tr[Σ] +
1
4

x̄2 − N
2

. (2.44)

2extends from the specific case of a single mode, 〈n̂〉 = 1
4

( 〈
q̂2〉+ 〈 p̂2〉 )− 1

2



Chapter 2. Continuous Variable Quantum Key Distribution 28

Therefore, a Gaussian unitary will be a passive transformation if and only if

d = 0 and STS = 12N×2N. (2.45)

The condition on S means it has to be orthogonal ST = S−1. Putting every-
thing together, a passive Gaussian unitary is not only symplectic, but also or-
thogonal forming a group P(N) = Sp(2N, R) ∩ O(2N). Passive transforma-
tions include phase shift, beam splitter, or combination of them in different
configurations (multiport interferometer) . In contrast, active transformations
A(N) = Sp(2N, R) \ P(N) (such as squeezing, displacement) do not conserve
the mean photon number.

Examples of Gaussian Unitaries

Displacement: The effect of displacement operator on a Gaussian state is only
to translate its mean, leaving the covariance matrix invariant. For the single
mode case, the displacement operator is D̂(α) := exp

(
αâ† − α∗ â

)
, where α =

(q + p)/
√

2, and for the N-mode case it is the same as equation (2.14). The
quadrature operators x̂ = (q̂, p̂)T get translated as x̂ → x̂ + d, where d =
(∆q, ∆p)T. Displacement is an active unitary (d 6= 0).

Phase Shift: A phase shift operation rotates the mean value of a Gaussian state.
For the single mode case it corresponds to a symplectic map SPS(θ) ∈ Sp(2, R)

SPS(θ) =

(
cos θ sin θ
− sin θ cos θ

)
. (2.46)

Squeezing: A single mode squeezing operation corresponds to the symplectic
transformation S1

SQ(r) ∈ Sp(2, R)

S1
SQ(r) =

(
e−r 0
0 er

)
, (2.47)

where r is the squeezing factor. For the two-mode squeezing operation, the
symplectic transformation S2

SQ(r) ∈ Sp(4, R) is

S2
SQ(r) =

(
cosh r12 sinh rσz
sinh rσz cosh r12

)
. (2.48)

Here σz is the Pauli-z matrix.

Beam splitter: A beam splitter with characteristic transmittance T performs
unitary operation on two Gaussian modes and is described by the symplectic
transformation SBS(T) ∈ Sp(4, R) as

SBS(T) =
( √

T12
√

1− T12
−
√

1− T12
√

T12

)
. (2.49)

This is the most important symplectic transformation in the context of this dis-
sertation.



Chapter 2. Continuous Variable Quantum Key Distribution 29

Generalized Unitary Transformation: Any real symplectic matrix S ∈ Sp(2N, R)
can be decomposed in the following form [56]

S = K
N⊕

k=1

(
e−rk 0

0 erk

)
L, (2.50)

which is known as the Euler decomposition, or the Bloch-Messiah reduction of
a symplectic matrix. Here K, L ∈ P(N) and rk ∈ R. Since (tensor) addition in
the phase space corresponds to (tensor) product in the Hilbert space, the above
result is equivalent to

ÛS = ÛK

[ N⊗
k=1

S(rk)
]

︸ ︷︷ ︸
Euler

decomposition

ÛL, (2.51)

which can be interpreted as: any Gaussian unitary map on N modes can be
implemented by successive application of a linear interferometer K (N inputs×
N outputs), followed by a set of N single mode squeezers, followed by another
interferometer L (N inputs × N outputs).

In summary, Gaussian operations or unitaries do not alter the Gaussianity of
the corresponding states. A unitary transformation on the states in the Hilbert
space translates to a symplectic transformation of their moments in the phase
space. The symplectic transformation must preserve canonical commutation re-
lations. The most important Gaussian unitary going forward is the beam split-
ter.

2.3.4 Gaussian Measurements

Partial Measurements

Consider an N mode Gaussian state described by a covariance matrix of the
dimension 2N× 2N (two quadratures per mode). A measurement on one mode
will modify the Gaussian state of the remaining modes, depending on their
correlations to the measured one. Let B be the mode on which a measurement
is performed. A be the N − 1 remaining modes and C the correlations between
B and A. Then the covariance matrix of the total state before the measurement
can be written as

Σ =

(
ΣA ΣC
ΣT

C ΣB

)
, (2.52)

where ΣA ∈ R2(N−1)×2(N−1), ΣB ∈ R2×2 and ΣC ∈ R2(N−1)×2. The impact of a
partial measurement on mode B on the covariance matrix of the other modes,
ΣA −→ ΣA|B, depends on whether homodyne or heterodyne measurement is
performed, that is, on whether only one or both of B’s quadratures are mea-
sured. In case of homodyne detection of q or p, by a partial measurement on
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B, the state ρA will be projected onto the Gaussian state ρ′A characterized by the
covariance matrix (please refer to Appendix B)

ΣA|B = ΣA − ΣC(Πq,pΣBΠq,p)
−1ΣT

C, (2.53)

where Πq = diag(1, 0) (in case q is measured) and Πp = diag(0, 1) (in case p is
measured). Therefore, one can express the transformation as

q measurement : ΠqΣBΠq =

(
Σ11

B 0
0 0

)
=

(
V(q̂B) 0

0 0

)
(2.54a)

p measurement : ΠpΣBΠp =

(
0 0
0 Σ22

B

)
=

(
0 0
0 V( p̂B)

)
(2.54b)

The diagonal matrix keeps track of which quadrature was measured. The in-
verse expression indicates a pesudo-inverse. However if a matrix is diagonal,
as it is the case for ΠΣBΠ (for any ΣB) the pseudo-inverse is just an inversion of
the elements: diag(a1, a2, ..., an)−1 = diag(a−1

1 , a−1
2 , ..., a−1

n ). Re-expressing (2.53)
in convenient form, one obtains [57]

ΣA|B = ΣA −
1

V(q̂B, p̂B)
ΣCΠq,pΣT

C. (2.55)

A heterodyne detection of the mode B will affect the other modes as follows

ΣA|B = ΣA − ΣC(ΣB + 12)
−1ΣT

C. (2.56)

When B is a coherent state with V(q̂B) = V(q̂B) =: VB, equation (2.55) simplifies
to [57]

ΣA|B = ΣA −
1

VB + 1
ΣCΣT

C. (2.57)

The above concept of partial measurement will be helpful to understand the
entanglement based version of the CV QKD protocol. Firstly, Alice’s hetero-
dyne measurement of her mode, derived from the two mode squeezed vacuum
states, with a 50:50 beam splitter will project Bob’s state into a coherent state.
Secondly, the upper bound on Eve’s knowledge about the communication be-
tween Alice and Bob will depend on whether Bob performs homodyne or het-
erodyne detection on his coherent states.

2.3.5 Entropy of a Gaussian State

A generic N-mode Gaussian state of a continuous variable system is described
by its density operator in the Fock basis

ρ =
∞

∑
m,n=0

ρm1,m2,...,mN ,n1,n2,...,nN |m1, m2, ..., mn〉 〈n1, n2, ..., nN| . (2.58)
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The Von Neuman entropy of this state is

S(ρ) = −Trρ log ρ. (2.59)

The entropy of a Gaussian state is entirely determined by its covariance matrix.
According to Williamson’s theorem for every positive definite real matrix V ∈
R2N×2N, there exists a symplectic matrix S and diagonal matrix D such that [58]

V = SDST ⇒ Σ = SΣ⊕ST, Σ⊕ :=
N⊕

k=1

νk12, (2.60)

where νk’s are called the symplectic eigenvalues of Σ, or equivalently the eigen-
values of |ΩΣ| where || represents element-wise absolute value. The symplec-
tic transformation on the covariance matrix suggests there exists a correspond-
ing unitary mapping on the Hilbert space which transforms the Gaussian state
ρG to a product of N single mode thermal states with n̄k =

1
2(νk − 1) photons in

the mode k

ρ̂G =
N⊗

k=1

ρ̂th

(νk − 1
2

)
. (2.61)

If ρth(n̄) is the single mode thermal state with a mean photon number n̄, then

S(ρG) =
N

∑
k=1

S(ρth(n̄k)). (2.62)

Entropy of a thermal state

The density operator of a single mode thermal state ρth is given by [43]

ρth =
∞

∑
n=0

n̄n

(n̄ + 1)n+1 |n〉 〈n| , (2.63)

where n̄ is the mean umber of photon thermal photons. The corresponding Von
Neumann entropy is

S(ρth) =− Tr[ρthlog2ρth]

=− 1
n̄ + 1

∞

∑
k=0

( n̄
n̄ + 1

)k
log2

[
1

n̄ + 1
(

n̄
n̄ + 1

)k
]

=− 1
n̄ + 1

∞

∑
k=0

( n̄
n̄ + 1

)k
[
− log2(n̄ + 1) + klog2

n̄
n̄ + 1

]
. (2.64)

By making use of the following identity

∞

∑
k=0

kxk =
x

(1− x)2 , (2.65)
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one finally arrives at

S(ρth) = (n̄ + 1)log2(n̄ + 1)− n̄log2n̄

=
(ν + 1

2

)
log2

(ν + 1
2

)
−
(ν− 1

2

)
log2

(ν− 1
2

)
:= g(ν). (2.66)

Therefore, from equation (2.62), S(ρG) = ∑k g(νk). The concept of Von Neu-
mann entropy of a Gaussian state, or a thermal state will be required in section
( 2.11) to find the upper bound on Eve’s knowledge about the shared states
between Alice and Bob.

2.4 Basics of a coherent state CV QKD protocol

Early quantum optical implementation of quantum key distribution protocols
involved encoding the key into those observables of light which have discrete
eigenspectra such as polarization, phase, or time bin of a single photon state of
light (hence the name discrete variable (DV) QKD protocols). The key is recov-
ered upon detection of single photons. On the other hand, continuous variable
(CV) quantum key distribution, first introduced with squeezed states and sub-
sequently implemented with coherent states, employs continuous observables
of Gaussian states of light (such as field quadratures/amplitude and phase) for
encoding the secret key. The key is recovered via balanced coherent detection
(homodyne or heterodyne) of light. The CV QKD protocols with coherent states
have many practical advantages. For example: (i) the sources for generating,
and the equipment for manipulating coherent states are readily available in
the laboratory; (ii) single photon detectors are replaced by homodyne detection
which is much faster and more efficient; (iii) compatible with the already estab-
lished fiber-based telecommunication infrastructure, hence more suited toward
commercial deployment.

The essential steps involved in a coherent state based CV QKD protocol are
outlined below. Like for any QKD protocol, the steps can be divided into a
quantum phase (steps 1 to 3) involving generation, transmission, and measure-
ment of coherent states, followed by classical post-processing (steps 4 to 7). The
classical post processing (basically error correction) enables Alice and Bob to ex-
tract a secure key from the raw key distributed during the quantum phase. The
quantum states can be transmitted via a quantum channel (optical fiber) which
Eve can tap in. On the other hand, the error correcting steps are performed via
a classical authenticated channel. With such a channel, Alice and Bob can be
certain that they are communicating among themselves, and Eve is not posing
as either of them (ruling out the possibility for man-in-the-middle attack).

1. Preparation: Alice prepares a sequence of N coherent states |α1〉,|α2〉,...
...,|αj〉,... ...,|αN〉 according to some distribution (for example, Gaussian or
discrete) where

|αj〉 = |qj + pj〉 (2.67)

(qj, pj) is the coordinate on the complex q− p plane around which |αj〉 is
centered.
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2. Transmission: She sends the N coherent states to Bob through the quan-
tum channel.

3. Measurement: Bob uses either homodyne detection, or heterodyne detec-
tion to measure the eigenvalues of one or both the quadrature operators.
In the former case, he obtains N classical variables (randomly measured qi
or pi for any |α〉i) while in the later case he obtains 2N variables (qi’s and
pi’s for any |α〉i).

4. Sifting: In the homodyne detection case, Bob needs to inform Alice about
the choice of quadratures. Alice keeps only the relevant quadrature for
each state. This step is known as sifting. At the end of the process, Alice
and Bob share N pairs of correlated classical variables (x1, y1), ..., (xN, yN).
In the heterodyne detection case, no sifting is required.

5. Parameter Estimation: Alice and Bob randomly choose a subset (m or
2m number) of their data (xi1 , yi1), ..., (xim , yim), and reveal them publicly
to compare the quadrature values which were used for state preparation
and the corresponding measurements. This comparison allows them to
estimate the transmission T and the excess noise ξ of the quantum chan-
nel. This parameter estimation step allows Alice and Bob to compute their
mutual information IAB, and bound Eve’s information χ. If βIAB < χ,
where β is the reconciliation efficiency, they abort the protocol. Otherwise
they carry on with the protocol with n (or 2n) pairs of classical correlated
variables where n = N −m (or 2n = 2N − 2m).

6. Information Reconciliation: The next task for Alice and Bob is to perform
information reconciliation on their correlated set of data. There are two
variations: direct reconciliation- Bob corrects his bits according to Alice’s
data, or reverse reconciliation-Alice corrects her bit according to Bob’s data.
In the direct reconciliation scenario, if T < 0.5(≈ 3dB), which means that
half of Alice’s states were lost through the channel, hence no secret key
can be distilled assuming Eve is responsible for the entire loss. On the
other hand, this problem can be overcome with the reverse reconciliation.
Since Alice’s information on Bob’s measurement results is always greater
than Eve’s IAB > χ for any amount of transmission T (in this case the
excess noise, ξ plays a more important role). In reality, this reconciliation
is achieved thanks to the error correcting codes (such as low density parity
check codes) widely used in the telecommunication industry.

7. Privacy Amplification: Following the reconciliation step, Alice and Bob
should share a common bit string. That bit string is not completely secret,
since some of the information was leaked to Eve during the reconciliation
procedure. To extract a key, Alice and Bob will perform privacy amplifica-
tion. In this step Alice and Bob choose randomly a hashing-function from
a family of universal functions which takes their common binary string as
input and outputs a secure key of size l.

Moving forward, we shall be particularly interested in the theoretical impli-
cation of the quantum stage of the protocol (preparation, transmission, and
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measurement of coherent states) and how one can estimate the useful channel
parameters, the transmittance and the channel noise, from the experimentally
observed data.

2.5 Gaussian Modulation

FIGURE 2.2: (a) Phase space representation of Gaussian modulation. The red fuzzy
circle denotes one of the many coherent states prepared by Alice. The fuzziness is due
to the fluctuation associated with the quadrature operator measurements on a single
coherent state. The mean values of both the quadratures for all the coherent states
follow a Gaussian distribution. The standard deviation of this distribution is

√
V̄mod

[54] (b) The state ensemble effectively looks like a thermal state (the outer circle) with
variance Vmod

In the Gaussian modulation scheme (Figure (2.2), for the sequence of states pre-
pared by Alice in equation (2.67), the quadrature means qj’s and pj’s (2N in
total) can be thought of as the realizations of two independent and identically
distributed (i.i.d.) random variables Q and P with zero-mean Gaussian distri-
bution

Q ∼ P ∼ N (0, Ṽmod), (2.68)

where Ṽmod is the modulation variance of the means. If we denote the state
ensemble by

ρ = ∑
j

Pj |αj〉 〈αj| , (2.69)

where Pj’s are the weights appropriate for a Gaussian modulation, then it fol-
lows that

〈Q〉 = ∑
j

Pjqj = 〈P〉 = ∑
j

Pj pj = 0, (2.70a)〈
Q2
〉
= ∑

j
Pjq2

j =
〈
P2
〉
= ∑

j
Pj p2

j = Ṽmod. (2.70b)



Chapter 2. Continuous Variable Quantum Key Distribution 35

The mean photon number of each individual state |αj〉 is given by

〈n̂j〉 = 〈αj| n̂ |αj〉 =
∣∣αj
∣∣2 = q2

j + p2
j , (2.71)

from which the mean photon number of the state ensemble can be deduced as

〈n̂〉 = 〈Q2〉+ 〈P2〉 = 2Ṽmod, (2.72)

where qj, and pj are considered as the realization of the random variablesQ and
P . Now the variance of the quadrature operators applied to the state ensemble
is

V(q̂) =
〈

q̂2
〉
− 〈q〉2︸︷︷︸

=0

=
〈

q̂2
〉

(2.73)

with〈
q̂2
〉
= Tr(ρq̂2) = Tr

(
∑

j
Pj |αj〉 〈αj| q̂2

)
= 4 ∑

j
Pjq2

j + 1 = 4Ṽmod + 1. (2.74)

Let us define 4Ṽmod + 1 := Vmod + 1. To distinguish, Ṽmod represents the vari-
ance of the classical random variables (Q,P) whose realizations are the quadra-
ture means, whereas V := Vmod + 1 represents the modulation variance of
quantum mechanical observables (the quadrature operators q̂, p̂) of the state en-
semble. The particular case Ṽmod = 0 represents the vacuum, and the relevant
variance for the quadrature operators in this case is V0 = 1. V0 is referred to as
shot noise, which arises independently, statistically speaking, from the modu-
lation variance. Finally, the mean photon number of the ensemble expressed in
terms of the variance of the quadrature operators is

〈n̂〉 = 1
2

Vmod =
1
2
(V − 1). (2.75)

After the preparation of each coherent state, Alice transmits |αj〉 to Bob per use
of a Gaussian quantum channel. Upon reception, Bob uses either homodyne or
heterodyne detection to measure the eigenvalue of one or both the quadrature
operators, and he obtains N (for homodyne) or 2N (for heterodyne) correlated
values. This is the so-called prepare-and-measure (P&M) way of implementing
a CV QKD protocol.

2.6 Entanglement based version of CV QKD

There is an equivalent way of describing the quantum phase of the Gaussian
modulated (GM) CV-QKD protocol (shown in Figure 2.3), which turns out to be
more conducive to security analysis. In this entanglement based version of the
protocol, there is a source (there is no restriction on where the source is located)
which prepares two-mode squeezed vacuum states (TMSVS) and distributes
one mode to Alice and another mode to Bob. The TMSVS in ket notation can be
expressed as follows
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FIGURE 2.3: Entanglement based scheme of CV QKD. The 50 : 50 beam splitters char-
acterize the measurements on Alice’s and Bob’s sides; while the transmittance T, and
noise ξ are controlled by Eve. The QM box represents Eve’s quantum memory [59].

|TMSVS〉 =
(

2
V + 1

)1/2 ∞

∑
n=0

(
V − 1
V + 1

)n/2

|n, n〉 (2.76)

with V = cosh 2r quantifying the noise variance in both of the quadratures. The
covariance matrix of this TMSVS can be derived according to [54] as

ΣEB
0 = ΣTMSVS =

(
V12

√
V2 − 1σz√

V2 − 1σz V12

)
:=
(

v w
w v

)
(2.77)

with v = V12 and w =
√

V2 − 1. Equation (2.77) describes the covariance ma-
trix for the joint state of Alice and Bob at the start of the protocol. In order to
collapse Bob’s mode into a coherent state, Alice performs a balanced heterodyne
measurement on her mode. She splits her mode in half with a balanced beam-
splitter, and performs simultaneous measurement on both the quadratures [60].
The input covariance matrix to the beamsplitter includes an additional vacuum
mode

ΣEB
1 = Σvac ⊕ ΣTMSVS =

12 0 0
0 v w
0 w v

 . (2.78)

The symplectic expression for the beamsplitter matrix as per equation (2.49) is

BS =

( √
T12

√
1− T12

−
√

1− T12
√

T12

)
:=
(

t r
−r t

)
. (2.79)

The 50 : 50 beam splitter operation does nothing to the Bob’s mode, but splits
Alice’s mode in half. Therefore, effectively,

BSeff =
1√
2

(
12 12
−12 12

)
A, vac

⊕ 1B =

 12/
√

2 12/
√

2 0
−12/

√
2 12/

√
2 0

0 0 12

 . (2.80)
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The transformed covariance matrix is then

ΣEB
1 (ρA1 A2B) =BSeffΣEBBST

eff

=

 12/
√

2 12/
√

2 0
−12/

√
2 12/

√
2 0

0 0 12

12 0 0
0 v w
0 w v

12/
√

2 −12/
√

2 0
12/
√

2 12/
√

2 0
0 0 12



=


V+1

2 12
V−1

2 12

√
1
2(V

2 − 1)σz

V−1
2 12

V+1
2 12

√
1
2(V

2 − 1)σz√
1
2(V

2 − 1)σz

√
1
2(V

2 − 1)σz V12

 . (2.81)

The above covariance matrix refers to the joint state of Alice and Bob just before
Alice’s photodetector has registered a current. The effect of Alice’s balanced
heterodyne detection on Bob’s mode is succinctly described according to the
equation (2.57)

ΣEB
B|A =ΣB −

1
VA + 1

ΣCΣT
C where VA = variance of Alice

=

(
V 0
0 V

)
− 1

V + 1

(√
V2 − 1 0

0 −
√

V2 − 1

)(√
V2 − 1 0

0 −
√

V2 − 1

)
=

(
1 0
0 1

)
, (2.82)

which is nothing but the representative covariance matrix for a coherent state.
Moreover, Bob’s mean vector is modified as [53]

x̄B 7→ x̄B + ΣC
1

ΣA + 12
(x̄m − x̄A) =

qm

√
V−1
V+1

pm

√
V−1
V+1

 , (2.83)

meaning that Bob’s projected coherent state will be centered at (qm

√
V−1
V+1 , pm

√
V−1
V+1)

on the phase space. While arriving at the above equation, we have used the fact
that for a TMSVS, x̄A = x̄B = (0, 0)T. The measurement outcomes for Alice’s
heterodyne detection measurements are listed in x̄m = (qm, pm)T. Therefore one
can conclude that with N copies of TMSVS, it is possible to simulate a Gaussian
modulated CV QKD. Since the TMSVS’s are Gaussian states, Alice’s heterodyne
measurements will have Gaussian statistics for qm and pm, resulting in the same
statistics for qB and pB. One can write the following equivalence

|TMSVS〉⊗N ≡
N

∑
i=1

pQ,P |qi + pi〉 〈qi + pi| ⊗ |α〉i , (2.84)

where pQ,P is the joint bi-variate Gaussian distribution from which Alice draws
her q’s and p’s at the same time. |qi + pi〉 denotes two classical registers, and
|α〉i is the quantum coherent state prepared by Alice according to the values
from her registers.
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The transmission of one of the TMSVS modes to Bob through a noisy, lossy
channel transforms Alice and Bob’s covariance matrix in the following way.
The total covariance matrix taking channel noise into account is

ΣEB
2 = ΣEB

1 ⊕ Σnoise =


V+1

2 12
V−1

2 12

√
1
2(V

2 − 1)σz 0
V−1

2 12
V+1

2 12

√
1
2(V

2 − 1)σz 0√
1
2(V

2 − 1)σz

√
1
2(V

2 − 1)σz V12 0
0 0 0 N12

 ,

(2.85)

where we have assumed the noisy input has equal variance N in both the quadra-
tures. The lossy channel can be modeled with a beamsplitter of transmittance
T, and since its effect is only on Bob’s mode,

BSeff = 1A ⊕
( √

T12
√

1− T12
−
√

1− T12
√

T12

)
=


12 0 0 0
0 12 0 0
0 0

√
T12

√
1− T12

0 0 −
√

1− T12
√

T12

 .

(2.86)

Therefore, the covariance matrix prior to Bob’s measurement stands as

ΣEB
3 (ρA1 A2BN) = BSeffΣEB

2 BST
eff = (2.87)

V+1
2 12

V−1
2 12

√
T
2 (V

2 − 1)σz −
√

1−T
2 (V2 − 1)σz

V−1
2 12

V+1
2 12

√
T
2 (V

2 − 1)σz −
√

1−T
2 (V2 − 1)σz√

T
2 (V

2 − 1)σz

√
T
2 (V

2 − 1)σz ([1− T]N + TV]12
√

T(1− T)[N −V]12

−
√

1−T
2 (V2 − 1)σz −

√
1−T

2 (V2 − 1)σz
√

T(1− T)[N −V]12 ([1− T]N + TV]12

 .

Considering only Alice and Bob’s modes (i.e. TrN(ρ
A1 A2BN)),

ΣEB
3 (ρA1 A2B) =

V+1
2 12

V−1
2 12

√
T
2 (V

2 − 1)σz

V−1
2 12

V+1
2 12

√
T
2 (V

2 − 1)σz√
T
2 (V

2 − 1)σz

√
T
2 (V

2 − 1)σz ([1− T]N + TV]12

 . (2.88)

At this point, it is instructive to see the equivalence between the prepare and
measure (P & M) version and the entanglement based (EB) version of the pro-
tocol. In practice, Alice and Bob do not share a two-mode squeezed vacuum
states (TMSVS). Rather, Alice prepares an ensemble of coherent states

ρ =
N

∑
i=1

pQ,P |qi + pi〉 〈qi + pi| ⊗ |α〉i . (2.89)



Chapter 2. Continuous Variable Quantum Key Distribution 39

with quadrature components q and p according to a bi-variate Gaussian distri-
bution with zero-mean and variance Ṽmod. Since Alice knows her distribution
in arbitrary detail, she is not limited by the shot-noise. Therefore, the variance
of the quadrature operators q̂A and p̂A associated with Alice’s state ensemble is

VA = V(q̂A) = V( p̂A) = Vmod = 4Ṽmod. (2.90)

Taking into account the inherent fundamental noise associated with the quadra-
ture measurements of a coherent state, as well as excess noise and imperfect
transmission of the channel, Bob’s measurement statistics will have the vari-
ance

q̂B ∼
√

Tq̂A +N (0, 1 + ξ)⇒ V(q̂B) = TV(q̂A) + 1 + ξ = TVmod + 1 + ξ = V( p̂B),
(2.91)

3 where the variance of the statistically independent normal distributionN (0, 1+
ξ) corresponds to 1-shot noise unit and excess noise ξ. The covariance of Alice’s
and Bob’s quadrature operators reads

〈q̂Aq̂B〉 =
〈
(
√

Tq̂A +N )q̂A

〉
=
√

T
〈

q̂2
A

〉
+ 〈N q̂A〉︸ ︷︷ ︸

=0

=
√

TVmod = 〈 p̂A p̂B〉 .

(2.92)

Therefore, the final covariance matrix, including the channel transmission T
and excess noise ξ for the P&M version, is

ΣPM =

(
VA12 Cov(A, B)12

Cov(A, B)12 VB12

)
=

(
Vmod12

√
TVmod12√

TVmod12 (TVmod + 1 + ξ)12

)
.

(2.93)

If Bob decides to measure both the quadratures of his mode, he applies het-
erodyne detection. In this case the covariance matrix, immediately before his
detectors click, reads

ΣPM =


Vmod12

√
T
2 Vmod12 −

√
T
2 Vmod12√

T
2 Vmod12 [TVmod

2 + 1 + ξ
2 ]12 −1

2 [TVmod + ξ]12

−
√

T
2 Vmod12 −1

2 [TVmod + ξ]12 [TVmod
2 + 1 + ξ

2 ]12

 . (2.94)

This P&M covariance matrix contains the correlation between Alice’s known
classical probability distribution of the quadrature components, and quantum
experimental statistics generated by Bob upon measuring the quadrature com-
ponents of the state ensemble (of which he does not have any knowledge) sent
by Alice.

It is possible to establish an equivalence between the covariance matrices de-
rived from the EB picture with the ones from the P&M picture if Alice rescales

3If Z 7→ aX + Y, then V(Z) = a2V(X) + V(Y), where X, Y, Z are random variables.
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her measurement operators in the following way

q̂EB
A −→

√
V + 1

2(V − 1)
q̂PM

A , (2.95a)

p̂EB
A −→ −

√
V + 1

2(V − 1)
p̂PM

A . (2.95b)

Considering the case for heterodyne measurement by Bob, one can easily verify
that

V(q̂EB
A ) =

V + 1
2(V − 1)

V(q̂PM
A ) =

V + 1
2(V − 1)

(V − 1) =
V + 1

2
= V( p̂EB

A ), (2.96a)

〈
q̂EB

A q̂EB
B

〉
=

√
V + 1

2(V − 1)

〈
q̂PM

A q̂PM
B

〉
=

√
V + 1

2(V − 1)
.

√
T
2
(V − 1) =

1
2

√
T(V2 − 1) =

−
〈

p̂EB
A p̂EB

B

〉
, (2.96b)

where we have used Vmod = V − 1. Therefore, with the aforementioned scaling
factors Alice can convert her P&M covariance matrix to EB covariance matrix.
The equivalence in the homodyne case can be similarly shown.

The P&M covariance matrix corresponds to the experimentally realistic sce-
nario. On the other hand, the EB covariance matrix is more useful in the security
analysis (for example calculating the Holevo bound- the maximum information
Eve can extract by intercepting Alice’s bound). Therefore switching back and
forth between these two matrices is a crucial procedure.

2.6.1 Discrete Modulation

FIGURE 2.4: (a) (b) (c) Encoding schemes used for the two-state, four-state, and eight-
state protocol respectively.

Gaussian modulation maximizes the mutual classical correlation Alice can es-
tablish with Bob via a quantum channel. The security analysis of implementing
CV QKD with Gaussian modulation is also well-developed. But, in real world
experiments, it is far more convenient to realize CV QKD with discrete mod-
ulation schemes. Figure (2.4) shows the constellation diagrams for three em-
blematic discrete modulation schemes: 2-PSK, 4-PSK, and 8-PSK respectively,
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where PSK stands for phase shift keying. In a phase shift keying modulation
scheme, the modulated signals all have the same magnitude, therefore, lie on
the same circle on the phasor diagram. But their angular separation is given
by π

N , where N = 2, 4, 8 for the two-state (2-PSK), four-state (4-PSK), and the
eight-state (8-PSK) protocols, respectively.

The covariance matrix associated with the two-state protocol is given by

Σ2-PSK =

 (VA + 1)12 VA
1+e2VA√
1−e−2VA

σz

VA
1+e2VA√
1−e−2VA

σz (VA + 1)12

 , (2.97)

where VA stands for Alice’s modulation variance. Appendix C contains the
relevant derivation. In a similar fashion, the characteristic covariance matrix
for 4-PSK [61], and 8-PSK [62] modulation can be deduced. For 4-PSK,

Σ4-PSK =

(
(VA + 1)12 Z4σz

Z4σz (VA + 1)12

)
, (2.98)

where

Z4 = 2α2
3

∑
k=0

λ3/2
k−1

λ1/2
k

= VA

3

∑
k=0

λ3/2
k−1

λ1/2
k

(2.99)

with k being cyclic: −k = −k + 4. Here

λ0,2 =
1
2

e−α2
(cosh α2 ± cos α2), (2.100a)

λ1,3 =
1
2

e−α2
(sinh α2 ± sin α2). (2.100b)

For 8-PSK

Σ8-PSK =

(
(VA + 1)12 Z8σz

Z8σz (VA + 1)12

)
, (2.101)

where

Z8 = VA

7

∑
k=0

λ3/2
k−1

λ1/2
k

(2.102)
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with k being cyclic: −k = −k + 8. Here

λ0(4) =
1
4

e−α2
[cosh α2 + cos α2 ± 2 cos

α2
√

2
cosh

α2
√

2
], (2.103a)

λ1(5) =
1
4

e−α2
[sinh α2 + sin α2 ±

√
2 cos

α2
√

2
sinh

α2
√

2

±
√

2 sin
α2
√

2
cosh

α2
√

2
], (2.103b)

λ2(6) =
1
4

e−α2
[cosh α2 − cos α2 ± 2 sin

α2
√

2
sinh

α2
√

2
], (2.103c)

λ3(7) =
1
4

e−α2
[sinh α2 − sin α2 ∓

√
2 cos

α2
√

2
sinh

α2
√

2

±
√

2 sin
α2
√

2
cosh

α2
√

2
]. (2.103d)

One noteworthy thing is that the covariance matrices ΣG, Σ2, Σ4, or Σ8 only
differ in their off-diagonal (covariance) terms. Figure (2.5) plots how the covari-
ance terms for each different protocol varies with Alice’s modulation variance.
Moreover, Σ2, Σ4, or Σ8 transform analogously as ΣG under the action of a chan-
nel with transmittance T and excess noise ξ.

To conclude, in this subsection, we have seen the covariance matrices for the
2-PSK, 4-PSK (QPSK), and 8-PSK protcols in equations (2.97), (2.98), and (2.101)
respectively, which will be used in their respective security analysis.

FIGURE 2.5: Comparison between the correlations: ZG for Gaussian modulation (solid
red), Z2 for 2-state modulation (dotted blue), Z4 for 4-state modulation (dotted green),
Z8 for 8-state modulation (dotted black). It is to be noted that for variance Vmod ≤
1, ZG and Z8 are almost indistinguishable, meaning that in this regime, one has the
Holevo bound S8(B, E) ≈ SG(B, E). Therefore, the security bounds for the Gaussian
modulation can be applied here as well.
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2.7 Transmission and Noise

The performance of a CV-QKD protocol depends on, apart from the modula-
tion alphabet, the particular setup (for example fiber based bulk optics, fiber
based integrated optics, free space optics) used to implement the protocol. A
quantum channel is characterized by its transmittance T and excess noise ξ. In
the entanglement-based covariance matrix analysis, we have seen Bob receives
coherent states with variance

VB = TV + (1− T)N, (2.104)

where we have simulated the channel transmittance with a beam splitter of
transmittance T which mixes one half of the TMSVS meant for Bob with input
noise N. Now, by logic, the states received by Bob should have the following
variance

VB = TVmod + 1 + ξ, (2.105)

where Vmod is Alice’s modulation variance, 1 is due to inherent shot noise, ξ
refers to the additional contribution to the noise variance on top of the inherent
vacuum noise (hence the name excess noise). Here we have referred the noise
variance to Bob’s side where measurement is performed. The excess noise may
have origins both on Alice and on Bob’s side

ξ = TξA + ξB. (2.106)

A detailed analysis of excess noise and their quantitative models for the fiber-
based bulk optics implementation has been presented in [54]. Some of the re-
sults are relevant to our case. From equations (2.104) and (2.105), one can define

N = 1 +
ξ

1− T
. (2.107)

The channel transmittance, detection efficiency, and the coupling losses all can
be lumped together in the term T

T = Tch · ηcoup · ηdet. (2.108)

Inserting the expression for N in equation (2.88)

ΣEB
3 =

(
V12

√
T
√

V2 − 1σz√
T
√

V2 − 1σz (TVmod + 1 + ξ)12

)
, (2.109)

where, for simplicity, we have considered Alice’s mode as a whole. The trans-
formation of discrete modulation covariance matrices under the action of chan-
nel with transmittance T and excess noise ξ also have similar form

Σ2,4,8-PSK =

(
(VA + 1)12

√
TZ(2,4,8)σz√

TZ(2,4,8)σz (TVA + 1 + ξ)12

)
. (2.110)

Equation (2.109) for Gaussian modulation, and Equation (2.110) for discrete
modulations represent an intermediary step of the CV QKD protocol. In these
equations, we have taken into account the effect of channel transmittance and
excess noise, but the effect of Bob’s measurement process is still to come.
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2.8 State Measurement

Bob receives noisy coherent states with randomly modulated quadrature com-
ponents q and p. He can either employ homodyne detection, or heterodyne detec-
tion to measure the quadratures. With homodyne detection technique the sig-
nal mode is mixed with a reference laser, the local oscillator(LO) at a balanced
beamsplitter. Bob will measure only one of the components by randomly vary-
ing the relative phase θ of the signal mode and the LO. The photon number
difference at the output ports of the BS is proportional to either q quadrature for
θ = 0 or p quadrature for θ = π/2

∆n̂ = |αLO|(q̂ cos θ + p̂ sin θ). (2.111)

With heterodyne detection, Bob can measure both quadratures of each mode
simultaneously. In this approach, Bob will first separate the incoming states
with a balanced BS, and will subsequently measure the two quadratures by
homodyne detection on each half of the signal.

Let us see the transformation on the EB covariance matrix because of Bob’s het-
erodyning. The input to the balanced beam splitter is a vacuum mode in addi-
tion to the Bob’s mode

ΣEB
4 = ΣEB

3 ⊕ Σvac =


V+1

2 12
V−1

2 12

√
T
2

√
V2 − 1σz 0

V−1
2 12

V+1
2 12

√
T
2

√
V2 − 1σz 0√

T
2

√
V2 − 1σz

√
T
2

√
V2 − 1σz (T[V − 1] + 1 + ξ)12 0

0 0 0 12

 .

(2.112)

Since the balanced beamsplitter leaves Alice’s mode unchanged,

BSeff = 1A ⊕
1√
2

(
12 12
−12 12

)
B, vac

=


12 0 0 0
0 12 0 0
0 0 12/

√
2 12/

√
2

0 0 −12/
√

2 12/
√

2

 . (2.113)

The action of the BS operator on the total state, including Bob’s additional mode,
yields

ΣEB
5 (ρA1 A2B1B2) = BSeffΣEB

4 BST
eff = (2.114)


V+1

2 12
V−1

2 12
1
2

√
T(V2 − 1)σz −1

2

√
T(V2 − 1)σz

V−1
2 12

V+1
2 12

1
2

√
T(V2 − 1)σz −1

2

√
T(V2 − 1)σz

1
2

√
T(V2 − 1)σz

1
2

√
T(V2 − 1)σz [T(V−1)

2 + 1 + ξ
2 ]12 −1

2 [T(V − 1) + ξ]12

−1
2

√
T(V2 − 1)σz −1

2

√
T(V2 − 1)σz −1

2 [T(V − 1) + ξ]12 [T(V−1)
2 + 1 + ξ

2 ]12

 .

Bob now has two modes B1 and B2, since he split his signal into half. Consider-
ing the covariance matrix between one of Alice’s mode and one of Bob’s modes
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only

ΣEB
5 (ρA1,B1) =

(
V+1

2 12 ±1
2

√
T(V2 − 1)σz

±1
2

√
T(V2 − 1)σz [T

2 (V − 1) + 1 + ξ
2 ]12

)
, (2.115)

which is equivalent to the case of homodyne detection up to a factor of 1/2 at
transmission T and excess noise ξ. The covariance matrices for discrete modu-
lation look similar with the off-diagonal terms properly modified.

2.9 Estimating the secret key rate

From [54], for a Gaussian CV-QKD protocol, the asymptotic secret key rate
against collective attacks, is lower bounded by 4

Kasym
coll ≥ fsym(1− FER)(1− ν)(βIAB − χEB) (2.116)

Here, fsym represents the symbol rate: the rate at which optical pulses are sent
to Bob from Alice. FER ∈ [0, 1] is the frame error rate: often in serial communi-
cations message bits are grouped together with additional bits (guard bits, start
and end bits) for reliable communication. One such group is called a frame.
ν ∈ [0, 1] is the fraction of raw key disclosed for parameter estimation. β ∈ [0, 1]
is the efficiency of reconciliation at the post-processing step. Modern techniques
usually allow us to get as much as β = 0.95, or more. IAB corresponds to the
mutual information between Alice and Bob. According to Shannon’s classical
information theory, the quantity mutual information is bounded by the channel
capacity. For an AWGN channel, the mutual information is given by

IAB =
µ

2
log2(1 + SNR), (2.117)

where SNR denotes signal to noise ratio. The above equation needs to be modi-
fied with a factor of µ in the case of coherent optical communication in order to
indicate homodyne (µ = 1) or heterodyne (µ = 2) detection. Finally, χEB refers
to the Holevo information: an upper bound on the mutual information between
Alice and Bob during reverse reconciliation process. This Holveo upper bound
puts a lower bound on the secret key rate. In the subsequent sections, we shall
see how the covariance matrix elements can be used in order to calculate vari-
ous terms in the secret key formulae.

2.10 Signal to Noise Ratio and Mutual Information

The signal-to-noise ratio (SNR) is given by

SNR =
PS

PN
, (2.118)

4Appendix A provides the tools from quantum Shannon theory to appreciate how one ar-
rives at this formula.
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where PS is the total signal power and PN is the total noise power arriving at
the channel output. The equal variance in Bob’s both quadratures is

VB = V(q̂B) = V( p̂B) =
T
µ

Vmod︸ ︷︷ ︸
signal

+ 1 +
ξ

µ︸ ︷︷ ︸
noise

, (2.119)

where T is the total transmittance (including coupling, and detection efficiency)
and µ = 1 in case of homodyne detection and µ = 2 in case of heterodyne
detection. Since a zero mean random variable’s power is equal to its variance,
hence

SNR =

1
µ TVmod

1 + 1
µ ξ

. (2.120)

The mutual information between Alice and Bob, then is given by equation
(2.117)

IAB =
µ

2
log2(1 + SNR) =

µ

2
log2

(
1 +

1
µ TVmod

1 + 1
µ ξ

)
. (2.121)

The above formula gives one component of the secret key rate, the mutual infor-
mation, in terms of Alice’s modulation variance and channel parameters. But
we also need to be able to quantify Eve’s or the adversary’s maximum knowl-
edge to establish the key rate

2.11 Calculation of Holevo Information

The Holevo information χEB is the upper bound on an eavesdropper’s informa-
tion. Under reverse reconciliation, this quantity is given by

χEB = SE − SE|B, (2.122)

where SE is the von Neumann entropy (ignorance) of the state accessible to Eve
for collective measurement, and SE|B is the von Neumann entropy (remaining
ignorance) of the same state after a projective (homodyne or heterodyne) mea-
surement has been performed by Bob. The entropies SE and SE|B are determined
by the symplectic eigenvalues of the covariance matrices describing these states.
The actual quantum state from which SE and SE|B are derived depends on what
kind of eavesdropping attack is assumed. For a simplified security analysis, it
is very convenient to assume that Eve holds a purification 5 of Alice’s and Bob’s
mutual state ρAB. Then, by Uhlmann’s theorem, for any two ancillary states ρE1
and ρE2, which purify ρAB such that ρABE1 and ρABE2 are both pure, there exists
a unitary transformation UE1 acting on ρE1 which transforms ρABE1 into ρABE2

(12 ⊗UE1)ρABE1(12 ⊗U†
E1
) = ρABE2 . (2.123)

5A pure state |Ψ〉AB is a purification of ρA = ∑i pi |ψi〉 〈ψi|, if for some system B with basis
{|b〉i} and dimension dA = dB, |Ψ〉AB = ∑i

√
pi |ψi〉 |bi〉 from which it follows that TrB |Ψ〉 〈Ψ| =

ρA.
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Since the von Neumann entropy is invariant under unitary transformations

S(ρ) = S(UρU†), (2.124)

any purification of ρAB that Eve may possess will result in the same entropy and
hence the same Holveo information χEB.

2.11.1 Universal Analysis of Purification Attacks

Let us assume Eve is holding a purification of Alice’s and Bob’s shared quantum
state ρAB, which allows us to write the overall state ρABE as

ρABE = |ψ〉 〈ψ| . (2.125)

Therefore, tracing out any one part will result in the corresponding mixed state

TrE(ρABE) = ρAB, (2.126a)
TrAB(ρABE) = ρE (2.126b)

The von Neumann entropy of a mixed state ρ = ∑i pi |i〉 〈i| is defined as

S = −∑
i

pilog2(pi). (2.127)

Let us consider the following Schmidt decomposition of |ψ〉

|ψ〉 = ∑
i

√
λi |i〉AB ⊗ |i〉E . (2.128)

Tracing out either of the subsystems then yields

TrE(ρABE) = ρAB = λi |i〉AB 〈i|AB , (2.129a)
TrAB(ρABE) = ρE = ρE = λi |i〉E 〈i|E . (2.129b)

The von Neumann entropy depends only on the Schmidt coefficients ∑i λilog2(
1
λi
).

From the equation above, λi’s are the same for both ρAB, and ρE. Therefore, the
assumption that Eve holds a purification of ρAB leads to

SE = SAB = −∑
i

λilog2λi, (2.130)

which drastically simplifies the computation of the Holevo information

χEB = SE − SE|B = SAB − SA|B. (2.131)

The entropy SAB can be obtained using Alice’s and Bob’s covariance matrix
and its symplectic eigenvalues. The symplectic analysis yielded the following
covariance matrix showing relation between Alice and Bob’s states

ΣEB
AB =

(
V12

√
T(V2 − 1)σz√

T(V2 − 1)σz (T[V − 1] + 1 + ξ)12

)
=:
(

a12 cσz
cσz b12

)
, (2.132)



Chapter 2. Continuous Variable Quantum Key Distribution 48

where a, b, c ∈ R. It has been shown that for a covariance matrix of the form in
equation (2.132), the symplectic eigenvalues are given by [63]

ν1,2 =
1
2
[y± (b− a)] (2.133)

with

y =
√
(a + b)2 − 4c2. (2.134)

Therefore, SAB = ∑2
k=1 g(νk) = g(ν1) + g(ν2), from equation (2.66).

The computation of SA|B depends on whether Bob performs a homodyne or
heterodyne measurement.

Homodyne Detection

A homodyne measurement by Bob will transform Alice’s state as follows

ΣA|B = ΣA −
1

V(qB)
ΣCΠqΣT

C, (2.135)

where ΣA = a12, ΣC = cσz, and V(qB) = VB = b. Therefore

ΣA|B =

(
a 0
0 a

)
− 1

b

(
c2 0
0 0

)
=

(
a− c2

b 0
0 a

)
. (2.136)

But the symplectic eigenvalues of ΣA|B are given by the modulus of the eigen-
values of the Hermitian matrix Σ̃A|B = ΩΣA|B [54], [55]. We obtain

Σ̃A|B = 

(
0 1
−1 0

)(
a− c2

b 0
0 a

)
= 

(
0 a

−a + c2

b 0

)
. (2.137)

The eigenvalues ν3 of this matrix are

det(Σ̃A|B − ν312) =det
( −ν3 a


(
− a + c2

b
)
−ν3

)
=ν2

3 + a
(
− a +

c2

b
)
= 0, (2.138)

and, therefore,

ν3 =

√
a
(
a− c2

b
)
. (2.139)

Heterodyne Detection

In the case of heterodyne detection the relation describing the effect of a partial
heterodyne measurement

ΣA|B = ΣA −
1

V(q̂B) + 1
ΣCΣT

C, (2.140)
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where ΣA = a12, ΣC = cσz, and V(qB) = VB = b. and a, b and c are defined as
in (2.132). Therefore,

ΣA|B =

(
a 0
0 a

)
− 1

b + 1

(
c2 0
0 c2

)
=

(
a− c2

b + 1

)
12. (2.141)

The eigenvalue is computed to be

ν3 = a− c2

b + 1
. (2.142)

Therefore, Holevo information, or Eve’s maximum accessible information is
given by χEB = SAB − SA|B = g(ν1) + g(ν2)− g(ν3).

To conclude, in this section, we have seen how to calculate Eve’s Holevo infor-
mation from the final stage (following Bob’s measurement) of the covariance
matrix. The next section discusses how one can estimate the channel transmit-
tance and the excess noise from the covariance matrix elements. Therefore, from
equations (2.116) and (2.121), one can ultimately establish the key rate a CV
QKD protocol from the covariance matrix.

2.12 Practical Parameter Estimation

Since all the practical parameters of interest such as Holevo information (χ),
channel transmittance (T), channel noise (N), signal-to-noise ratio (SNR) can be
calculated from the covariance matrix of the final stage, the knowledge of how
the covariance matrix transforms at the various stages of the CV QKD protocol
is of utmost importance. In the P&M scenario, the experimentally realistic case,
the covariance matrix describing correlation between Alice’s mode, and one of
Bob’s mode when he decides to perform heterodyne detection is

ΣPM =

 Vmod12

√
T
2 Vmod12√

T
2 Vmod12 [TVmod

2 + 1 + ξ
2 ]12

 =

(
aPM12 cPM12
cPM12 bPM12

)
. (2.143)

On the other hand, at the same stage, the covariance matrix between one of Al-
ice’s modes and one of Bob’s modes following the description of entanglement
based version of the protocol is

ΣEB =

(
V+1

2 12
1
2

√
T(V2 − 1σz

1
2

√
T(V2 − 1σz [T(V−1)

2 + 1 + ξ
2 ]12

)
=

(
aEB12 cEB12
cEB12 bEB12

)
(2.144)

As usual, V = Vmod + 1. By inspection, from equations (2.143) and (2.144),

aEB =
V + 1

2(V − 1)
aPM, (2.145a)

cEB =

√
V + 1

2(V − 1)
cPM. (2.145b)
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Alice and Bob can fill in for their aPM and bPM during the state preparation and
measurement steps respectively. Calculating the covariance term (cPM) requires
them sharing a fraction of their samples n.

The Holevo information (χ) can be calculated using equations (2.145a) and (2.145b),
as described in section (2.11). For transmittance T, from equation (2.145b), one
finds

(cEB)2 =
V + 1

2(V − 1)
(cPM)2 ⇒ T = 2

( cPM

Vmod

)2
. (2.146)

The excess noise ξ can be calculated from

VB = bPM =
TVmod

2
+ 1 +

ξ

2
⇒ ξ = 2bPM + TVmod + 2. (2.147)

With transmittance T, and excess noise ξ, the SNR can easily be determined
from equation (2.120), which, in turn, gives the mutual information according to
equation (2.121). Therefore, once the covariance matrix in (2.143) gets populated
with elements for a particular implementation of CV-QKD, one can ultimately
establish the key rate for that scheme.

In an actual laboratory experiment, Bob reads his measurement outcomes on a
Voltmeter in voltages, not in shot noise units. Therefore, he needs to figure out
a conversion factor, such that

V(U) = φV(q̂B). (2.148)

The voltage variance is given by the maximum likelihood estimator (MLE) of
the Ui voltages measured during N samples

V(U) =
〈

U2
〉
− 〈U〉2 =

1
N

N

∑
i=1

U2
i −

( 1
N

N

∑
i=1

Ui

)2
. (2.149)

The process of determining φ has been described in [54] for their setup, which
may also be applicable in our case.

The parameter estimation procedure will allow Alice and Bob to ascertain if
their mutual information is greater than Eve’s intercepted information. If not,
they abort the protocol. Otherwise, they proceed to implement the information
reconciliation (error correction) and the privacy amplification steps. Following
privacy amplification, Alice and Bob will be in possession of a shared secret key.

2.13 Security Aspect of CV QKD

The security proofs of CV QKD are comparatively harder since one needs to
deal with ∞-dimensional Hilbert space. The security analysis of Gaussian mod-
ulated CV QKD protocols is all but complete. On the other hand, the security
of discretely-modulated CV QKD, which is more experiment-friendly, is still an
area of active research. The security proofs can be sketched either in the asymp-
totic limit in which Alice and Bob use their quantum channel infinite number of
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times, or for the finite size case (realstic) where the channel use is limited to finite
number of times [54]. The asymptotic limit is not used to analyze any realstic
system, but it can be derived relative easily. Moreover, it provides an upper
bound on the achievable rate for the finite size case. The amount of security
which can be extracted from a QKD protocol depends on the eavesdropping
strategies of Eve. Eve’s possible attacks can be classified in three different types
[64], [54]:

• Individual Attack: Eve performs an independent and identically distributed
(i.i.d.) attack on all signals., that is, she prepares separable ancilla states
each of which interacts individually with one sent state in the quantum
channel. The states are stored in a quantum memory before public recon-
ciliation and subsequently measured independently from one another.

• Collective Attack: Alice performs the same i.i.d. attack with separable an-
cilla states, stores her states in a quantum memory but performs an opti-
mal collective measurement at any time during Alice and Bob’s reconcili-
ation stage.

• Coherent Attack: In general, Eve is allowed to perform any unitary collec-
tive interaction over the sent states and any measurement strategy at any
time she wants. This is the most general type of attack where no i.i.d.
assumption is made. In particular, Eve may prepare an optimal global an-
cilla state whose (possibly mutually dependent) modes interact with the
signal pulses and are then stored and collectively measured after the clas-
sical post processing.

The lower bound for the asymptotic secret key rate for a CV QKD system in the
case of collective attacks is given by the Devetak-Winter formula [65]

rasympt
coll ≥ IAB − χ (2.150)

χ is Holevo information which denotes the upper bound on Eve’s knowledge,
or the maximum information she can access from the quantum states shared
between Alice and Bob. Depending on the error correction protocol, the repre-
sentation of χ will vary. For example, in the case of direct reconciliation, when
Bob corrects his data according to Alice’s choice of quadratures during the pub-
lic communication stage, then

rasympt
coll, DR ≥ IAB − χEA, (2.151)

where χEA represents Eve’s maximum information on Alice’s raw key. On the
other hand, when Alice modifies her data according to the information she re-
ceives from Bob during reverse reconciliation, the key rate is given by

rasympt
coll, RR ≥ IAB − χEB, (2.152)

where χEB represents Eve’s maximum information on Bob’s raw key. In the
finite size limit, it is not quite possible for Alice and Bob to perfectly extract all
their mutual information and it is customary to replace IAB with βIAB where
β is the reconciliation efficiency. The value of βIAB can be observed during a
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given protocol. Bounding the value of χEB involves optimization over a family
of infinite-dimensional quantum channels. It has been shown that the optimal
attack Eve can perform is Gaussian [64], [66], [67]. The security of Gaussian
modulated CV QKD against coherent attacks (the strongest possible attack) has
been aided by the fact that coherent states can be reduced to collective attacks
using the de Finetti representation theorem for infinite dimensions [68]. While
these proofs only hold in the asymptotic limit, the exploitation of a new kind
of Gaussian de Finetti reduction has led to the establishment of security proofs
against the general attacks in a realstic finite size regime [69]. With this work,
the security analysis for Gaussian modulated CV QKD is almost complete.

In actual implementation, it is not possible to define infinite continuous con-
stellation for Gaussian modulation because optical modulators have a finite
precision and range. Therefore, discrete modulated CV QKD is the more re-
alstic scenario and it has the best of appeals for large scale deployment of CV
QKD using the existing telecom infrastructure. However, the security analysis
for DM CV QKD is still not well established and currently an area of vital re-
search. Numerical bounds have been provided in the case of simple phase shift
keying (QPSK) modulations [70], [71]. The strategy in both consists in express-
ing the asymptotic secret key rate as a convex optimization problem, and more
precisely a semidefinite program (SDP). The main difference between the two
papers is that [71] considers a linear objective function, while [70] relies on a
tighter nonlinear objective function. However, both the processes described in
the two references are computationally expensive. A more recent publication
purports to establish an analytical lower bound on the asymptotic secret key
rate of continuous-variable quantum key distribution with an arbitrary (dis-
crete) modulation of coherent states [72]. The final frontier in the security analy-
sis of CV QKD, which is also the most important case realistically, is to establish
a secret key rate for the discrete modulations in the finite size regime.

2.14 Conclusion

In this chapter, a generic theoretical analysis for continuous variable quantum
key distribution, including the cases of Gaussian and discrete modulation, has
been provided. We have seen that the concept of covariance matrix ( defined
with respect to a Gaussian quantum state) and its symplectic transformation
are essential to the understanding of this kind of analysis. Two key takeaway
messages from this chapter are the following. First, within a certain operation
range, it is possible to simulate Gaussian modulated CV QKD with discrete
modulation without sacrificing much in terms of performance. This is highly
desirable, since discrete modulation is more implementation-friendly. Second,
the secure key rate that Alice and Bob can establish depends directly upon the
channel transmittance and channel noise. Therefore depending upon the real-
ization platform (fiber or free space, bulk or integrated), the secure key rate will
vary for the same modulation scheme. In the following chapter, we have pro-
posed a design for a photonic integrated transceiver for the proof-of-principle
demonstration of CV QKD. The integrated transmitter and the receiver circuits
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take the role of Alice and Bob, respectively. A standard single mode optical fiber
(SSMF), which connects these two circuits, works as the quantum channel for
encoded key transmission.



54

Chapter 3

On Chip Implementation of CV
QKD

3.1 Introduction

This chapter describes the thoughts and considerations which gave shape to the
design of our photonic integrated circuit capable of implementing continuous
variable quantum key distribution (CV QKD). As mentioned earlier, from the
engineering point of view, implementing CV QKD with coherent states of light
is akin to carrying out a coherent optical communication protocol. Therefore,
a system-on-chip enabling CV QKD should have all the components required
for coherent communication. In this optical communication scenario, Alice and
Bob take the form of an optical transmitter, and optical receiver respectively.
The encoded quantum states travel from the transmitter to the receiver via op-
tical fiber (quantum channel). The material system with which we choose to
implement our transmitter and receiver chips is InGaAsP/InP. The design is
flexible in the sense that it enables the encoder to realize different modulation
schemes with the same architecture. At first, we performed a simple pen and
paper calculation to estimate the link budget - the minimum optical power that
should leave the transmitter, with all the propagation and insertion losses taken
into account, in order to excite the photodiodes at the receiver for producing a
detectable photocurrent. This initial feasibility analysis permitted us to simu-
late the performance of the transceiver system with a circuit solver. The next
step was to generate a mask layout 1 for the transceiver circuits which could be
read by the foundry for the chip fabrication. Before submitting the GDSII files
to the foundry, a design rule check (DRC) was done to ensure that the layouts
are in line with the prescribed guidelines for the foundry specific technology.

3.2 High Level Overview

Figures (3.1) and (3.2) show the block diagrams of our proposed transmitter and
receiver architecture to implement CV QKD. Alice generates TE-polarized co-
herent light pulses with a repetition rate (modulation frequency) of 350 MHz by

1The universally accepted file format for mask layouts is GDSII, which stands for graphic
design system
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FIGURE 3.1: Block diagram of the transmitter architecture. The acronyms used in the
diagram refer to DFBL = Distributed Feddback Laser; TMZI = Tunable Mach Zehnder
Interferometer; MZM = Mach Zehnder Modulator; PC = Polarization Converter; TPBS
= Tunable Polarization Beam Splitter; SSC = Spot Size Converter.

FIGURE 3.2: Block diagram of the receiver architecture. The acronyms used in the di-
agram refer to MMI = Multimode Interferometer; PM = Phase Modulator; PD = Photo
Detector; EPU = Electronic Processing Unit. The Σ symbol refers to the electronic sum-
mer/subtractor.

directly modulating a distributed feedback (DFB) laser diode output emitting at
1550 nanometer. The use of a pulsed laser facilitates time synchronization with
the receiver. The pulse train is then fed into a highly asymmetric power splitter.
It splits each pulse into a weak carrier and a strong local oscillator. The power
splitter is realized in the form of a tunable Mach-Zehnder interferometer (MZI)
which can achieve arbitrary power splitting ratio based on the interference ef-
fect. Alice, then, encodes her information on the amplitude and the phase of the
carrier according to a modulation scheme. This step is realized by sending the
carrier pulse through a series of Mach Zehnder modulators (MZMs). An MZM
is a versatile photonic integrated sub-circuit. Depending on the biasing condi-
tions, they can perform diverse functionalities such as amplitude modulators,
phase modulators, and variable optical attenuators. The local oscillator acts as a
phase reference for the modulated carrier to enable coherent detection at the re-
ceiver. To send the modulated carrier and the local oscillator over the same fiber
to Bob, Alice uses polarization multiplexing to minimize cross-talk. To that end,
Alice first imposes a 90° rotation on the polarization state of the LO (TE to TM)
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with a polarization rotator. Subsequently, she combines the TE polarized car-
rier and the TM polarized LO with a polarization beam splitter (PBS) which can
provide the additional extinction ratio between the two signals as required by
the protocol. The PBS is an MZI structure which induces bi-refringence depen-
dent propagation delays on the guided modes. Finally, the carrier and the LO
propagate through the same quantum channel with orthogonal polarizations.

Bob employs a coherent receiver to decode the message from the in-phase (I)
and the quadrature-phase (Q) amplitudes of the carrier signal via heterodyne
detection. First, he uses a 2 × 2 MMI to split the transmitted signal into two
tributaries. In both the tributaries, the LO and the carrier undergo polariza-
tion demultiplexing. The LO needs to be converted back to TE polarization
before mixing it with the carrier signal in a second 2 × 2 MMI. If there is no
phase difference between the carrier and the LO, the outputs of the MMI excite
the photodiodes to produce an electrical current proportional to the in-phase
quadrature of the optical signal upon balanced detection. On the other hand, if
there is a π

2 phase difference between the carrier and the LO, the outputs of the
MMI excite the photodiodes to produce an electrical current proportional to the
π/2-phase quadrature of the optical signal upon balanced detection. With clas-
sical post-processing, Alice and Bob can then go onto distill a secret key from
the correlations of the encoded and decoded data.

3.3 Description of the Building Blocks

The above discussion suggests the key functionalities required for implement-
ing a coherent optical transmitter and a receiver photonic integrated circuit are:
light generation, single mode waveguiding of light, manipulation of optical am-
plitude and phase, polarization management, and absorption of light. In this re-
gard, the essential building blocks are: passive optical waveguide, optical gain
element, optical feedback element, power splitter, amplitude modulator, phase
shifter, optical detector, and polarization management devices. For our design,
we have used the building blocks available from the generic platform of our
partner foundry Fraunhofer-HHI. All the building blocks are composed of In-
GaAsP/InP material system. The generic PIC platform from HHI creates all
the building blocks by growing different epitaxial semiconductor layer stacks
(which define different optical properties) on top of InP substrate (Figure 3.3).
The waveguide core in the active components always form p-i-n diodes. The
epitaxial layers for an active building block may contain a multiple quantum
well region (for example, semiconductor optical amplifier, electroabsorption
modulator) in addition to the layer stacks for passive components. In this sec-
tion, we provide a functional description of these building blocks in terms of
optical transfer matrices. An optical transfer matrix characterizes an optical
component reflecting how it transforms an input light wave to an output. For
example, an optical component with two inputs and two outputs is represented
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FIGURE 3.3: Schematic of generic InP PIC platform as developed at Fraunhofer HHI
(BG = Bragg grating; PD = photodiode; DFB = DFB laser; EAM = electro-absorption
modulator; SOA = semiconductor optical amplifier)[73], [74]

.

by a 2× 2 transfer matrix

b = Ta⇒
(

b1
b2

)
=

(
T11 T12
T21 T22

)(
a1
a2

)
. (3.1)

The matrix elements are conditioned by the reciprocity theorem and also by
unitarity, if the component is assumed to be lossless. The transfer matrix of a
composite building block is the product of transfer matrices of the constituent
basic building blocks (Figure 3.4).

Waveguide Section: The most fundamental building block in our transmitter
and receiver photonic integrated circuits is waveguides. A passive waveguide
section directs light from one point to another on the circuit restricting energy
transmission only to one direction. In practice, a high refractive index mate-
rial, called the core, is sandwiched between two lower index materials, called
the claddings, to implement a waveguide. In this slab waveguide configuration
(Figure 3.5), solution to Maxwell’s equations yields guided modes and radia-
tion modes. For guided modes most of the optical energy is confined within
the core. The mode with the lowest cutoff frequency, determined by the waveg-
uide geometry for a given optical wavelength, is called the fundamental mode.
In our case, the quaternary material InGaAsP forms the core between two InP
cladding layers. But, instead of regular slab geometry, Fraunhofer-HHI pro-
vides rib/ridge type waveguides. In this rib/ridge structure there is no top
cladding layer (air confined) (Figure 3.6). Depending on the etch depth h there
are three options-E200, E600, E1700. The deeper the etch, the better the optical
confinement because of higher index contrast. All three variants (E200, E600,
E1700) have a width of 2µm to satisfy optical single mode operation.
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FIGURE 3.4: (a)Transfer matrix of a 2 × 2 component with (a1, a2) input amplitudes
and (b1, b2) output amplitudes. Two components arranged in cascaded configuration
(b) have an overall transfer matrix which is the product of the transfer matrices of both
the components (c)[9]

.

FIGURE 3.5: In a slab waveguide the core and the claddings have rectangular geometry.
The cross section is assumed to be be in the x− y plane. The step index change is along
the x̂ axis. The mode propagates along ẑ axis. Throughout his document we stick to
this convention. The mode picks up a phase factor as it travels from z = 0 to z = L.

A guided mode suffers loss and accumulates phase as it travels along a waveg-
uide section. The relevant optical transfer matrix captures this effect

TWG =

(
e−βL 0

0 0

)
, (3.2)

where L is the length of the waveguide section, and β is the propagation con-
stant of the guided mode along the waveguide. In general, β is a complex quan-
tity. The Im(β) determines propagation loss experienced by the guided mode.
A passive waveguide section is characterized by the loss experienced by an op-
tical wave propagating along it. This propagation loss is parameterized by the
waveguide length. The passive waveguide loss for straight waveguides from
HHI is < 2 dB/cm2. A waveguide bend might introduce mode-mismatch loss
and radiation loss in addition to the propagation loss. As light turns a corner,
a bend can excite other guided modes (contribute to mode mismatch loss) and
radiation modes (contribute to radiation loss) which can exchange energy with
the fundamental mode. The tighter the bend, the more the chance for light to

2All the foundry-specific numbers have been collected from [75]
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FIGURE 3.6: Different waveguide sections available from Fraunhofer-HHI. The waveg-
uides consist of InP/InGaAsP layers. The rib width w is 2 µm. The rib height h deter-
mines the index contrast and correspondingly the minimum bend radius Rmin [73]

leak out. The suggested minimum bend radius for HHI waveguides is 150 µm.
In our design, we have used waveguide bends to route signals, which in some
cases had enabled us to make use of the allocated die area more efficiently.

Tunable Phase Shifter: From equation (3.2), the phase accumulated by the
guided mode while travelling along a waveguide section of length L is

φ = βL =
2πn

λ
L. (3.3)

For a waveguide section of fixed length L, any change in the value of n will
result in a corresponding change in the phase shift. Here n is the effective index
of the multilayered structure. It depends on the waveguide geometry, and the
refractive indices (ncore, nclad) of the core and the cladding materials. The core
and the cladding material refractive indices, in turn, can be changed through
a number of mechanisms such as temperature, current injection, electro-optic
effect, mechanical stress etc. A tunable phase shifter is realized by placing a
phase-actuating device on top of an integrated waveguide (Figure 3.7). With
the application of an external control signal S over a suitable actuating device
of length d, the material refractive index can be changed in that localised region,
and thereby the propagation constant of any guided mode.

For our design, we have used a thermo-optic phase modulator (TOPM) and
a current injection phase modulator (CIPM) available from HHI. In a TOPM,
the refractive index of InGaAsP/InP waveguide structure is varied with tem-
perature. A metal plate (actuator) placed on top the integrated waveguide is
heated up by external current flow. The thermo-optic coefficient ( dn

dT ) for In-
GaAsP based waveguides is found to be 2.15× 10−4 at 1.55 µm for TE polariza-
tion [76]. Therefore the refractive index change is positive with respect to the
applied thermal energy.
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FIGURE 3.7: A tunable phase shifter consists of a phase actuator of length d mounted
on top of a waveguide section.

The refractive index n is a complex quantity: n = nr + ni. The imaginary part
of the refractive index is determined by the absorption or loss coefficient α of
the material. In a semiconductor structure such as doped InGaAsP/InP, the
concentration of free charges contributes to the loss via absorption. Therefore,
changing the concentration of free charges can lead to the change in the refrac-
tive index of the material. In practice, a p-i-n InP-diode (actuator) grown on
top of the integrated waveguide is injected with current. The equation relating
the refractive index variation with respect to the carrier concentration N can be
derived from the Drude-Lorenz model [77]

∆n = −
e2λ2

0
8π2c2ε0n

[
Ne

m∗ce
+

Nv

m∗ve

]
, (3.4)

where m∗ce, m∗ve are the effective masses of the conduction band electrons and
holes, respectively. The minus (’−’) sign indicates the change in refractive in-
dex is negative as free carriers are injected. Two important figures of merit for
the phase modulators are the insertion loss [78] and the Iπ (current required to
induce a π phase-shift), both of which are parameterized by the length of the
phase actuator.

The transfer matrix of a tunable phase shifter can be written as

TPS =

(
e−φ(s) 0

0 0

)
=

(
e−

2πn(s)d
λ 0

0 0

)
. (3.5)

For two parallel waveguides equipped with tunable phase shifters, the overall
transfer matrix is a tensor product of the individual transfer matrices, but in
concise form

TPS =

(
e−φ(s1) 0

0 e−φ(s2)

)
. (3.6)

MMI: A multi mode interferometer, or an MMI coupler is an integrated equiv-
alent of a power splitter (/combiner). It consists of single-mode access waveg-
uides, for guiding light in and out of the device, and a multimode region. The
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FIGURE 3.8: (a) An MMI coupler with N inputs and M outputs with a multimode
region in between. (b) Schematic of the 2× 2 MMI from HHI which we have used in
our design. This building block is equivalent of a symmetric power splitter with a π/2
relative phase between the two outputs.

operation of optical MMI devices is based on self-imaging: a property of mul-
timode waveguides by which an input field profile is reproduced in single or multiple
images at periodic intervals along the propagation direction of the guide [79]. Gener-
ally, an MMI coupler can have any number of access waveguides, for example
M×N couplers, where M and N are the number of input and output waveg-
uides (Figure 3.8(a)). For our design, we have used 90° 3dB 2× 2 MMIs, which
can split an input field evenly into two output fields with π

2 phase shifts be-
tween them (Figure 3.8(b)). Appendix D illustrates the mathematical analysis
of such a device.

The transfer matrix of a 90° 3-dB 2× 2-MMI coupler is similar to that of a sym-
metric lossless beam splitter. Ignoring the global phase terms one can write

TMMI =
1√
2

(
1 
 1

)
. (3.7)

The derivation can be found in [9], [80]. The matrix elements are determined
by imposing the unitarity (energy conservation) and the reciprocity conditions
on the MMI operation. The consequence is that one of the outputs will have a
phase difference of π

2 with respect to the other.

Tunable MZI: We have used a tunable Mach Zehnder interferometer (MZI) in
our design as an asymmetric power splitter to split the laser output into a weak
carrier and a strong local oscillator. It is a compound building block consisting
of two 90° 3-dB 2 × 2 MMIs at the input and at the output. Both the waveg-
uide sections connecting the two MMIs are equipped with thermo-optic tun-
able phase shifters (Figure 3.9). The transfer matrix of an MZI comprising the
"90° 3-dB 2× 2 MMI–Tunable phase shifters–90° 3-dB 2× 2 MMI" configuration
has a transfer matrix

TTMZI = TMMI1 TPSTMMI2

=
1√
2

(
1 
 1

)(
eφ1 0
0 eφ2

)
1√
2

(
1 
 1

)
= eφ̄

sin (∆φ
2 ) cos (∆φ

2 )

cos (∆φ
2 ) − sin (∆φ

2 )

 (3.8)
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FIGURE 3.9: Schematic of a tunable MZI consisting of two MMIs at the input and the
output. The phase shifters can be adjusted to produce outputs with any splitting ratio
between 0 to 1.

Here, φ1 and φ2 are the static phase shifts experienced by the optical waves on
the upper arms and the lower arms respectively. Moreover,

∆φ = φ1 − φ2, (3.9a)

φ̄ =
φ1 + φ2

2
. (3.9b)

It follows that for a field Ein at the input of the MZI, the two output fields are
Eout,1 and Eout,2

Eout, 1 =Ein exp
{


φ1 + φ2

2

}
sin
(

φ1 − φ2

2

)
exp{−ωct}, (3.10a)

Eout, 2 =Ein exp
{


φ1 + φ2

2

}
cos
(

φ1 − φ2

2

)
exp{−ωct}. (3.10b)

The two outputs have a 90° phase difference. Disregarding the time harmonic
part, one gets

Eout,1 = eφ̄Ein sin (
∆φ

2
) (3.11a)

Eout,2 = eφ̄Ein cos (
∆φ

2
), (3.11b)

resulting in

P2
out,1 = E2

in sin2 (
∆φ

2
) = E2

in(1− cos2 (
∆φ

2
)) = 1− P2

out,2 (3.12)

assuming Pin = 1. Therefore, by properly adjusting the phase difference, it is
possible to achieve any value from [0, 1] as the splitting ratio for the two outputs.

Mach Zehnder Modulator: The building blocks in the Mach Zehnder modula-
tor (MZM) are arranged in exactly the same way as in the tunable MZI (Figure
3.9) except that the phase shifters on the connecting arms are based on current-
injection. The current-injection phase shifter is able to induce a dynamic phase
shift on the guided mode compared to a static phase shift by the thermo-optic
phase shifter. An MZM can act both as an amplitude modulator and a phase
modulator depending on the operating conditions of the phase shifters [81].
The weak coherent signal is modulated both in amplitude and in phase. When
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both the phase shifters in the MZI are electrically driven, the MZM is said to
be operating in dual drive configuration. One can write the dynamic phase shifts
φ1(t), φ2(t) undergone by the optical waves in the upper arm and the lower arm
of the MZM, respectively, as

φj(t) =γSj(t) j = 1 (upper arm), 2 (lower arm) (3.13)

where S1(t) and S2(t) are the driving signals and γ is a proportionality factor.
The magnitude of the signal Sπ required to introduce a π-phase shift is the half-
wave signal and can be found as

φj = γSj ⇒ π = γSπ ⇒ γ =
π

Sπ
, (3.14)

which allows us to write φj =
π
Sπ

Sj. Therefore, the output electric fields can be
rewritten from equations (3.11a) and (3.11b) as

Eout, 1 =Ein exp{φ̄} cos
(
[S1(t)− S2(t)]π

2Sπ

)
, (3.15a)

Eout, 2 =Ein exp{φ̄} sin
(
[S1(t)− S2(t)]π

2Sπ

)
, (3.15b)

with

φ̄ =
φ1 + φ2

2
=

[S1(t) + S2(t)]π
2Sπ

, (3.16a)

∆φ = φ1 − φ2 =
π

Sπ
[S1(t)− S2(t)]. (3.16b)

Similarly, the output optical power can be written as

Pout,1 =|Eout|2 = P0 cos2

(
[S1(t)− S2(t)]π

2Sπ

)
, (3.17a)

Pout,2 =|Eout|2 = P0 sin2

(
[S1(t)− S2(t)]π

2Sπ

)
, (3.17b)

where P0 = |Ein|2. The instantaneous frequency shift or frequency chirp is given
by

ωi = −
dφ̄

dt
=

π

2Sπ

(
dS1

dt
+

dS2

dt

)
. (3.18)

The frequency chirp combined with the fiber dispersion could lead to a pulse
broadening and performance degradation. Therefore, it is desirable to have
zero chirp for which the condition is

dS1(t)
dt

= −dS2(t)
dt

⇒ S1(t) = −S2(t) + Sbias, (3.19)
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where Sbias is a constant bias signal. This driving condition is known as a bal-
anced driving or push-pull operation [81]. Substituting equation (3.19) in equa-
tions (3.15a) and (3.16a) results in

Eout = Ein cos

([
S1(t)−

Sbias

2

]
π

Sπ

)
, (3.20a)

Pout = Pin cos2

([
S1(t)−

Sbias

2

]
π

Sπ

)
, (3.20b)

where we have considered only one of the outputs and ignored the constant
phase factors while writing these expressions.

Implementation of Amplitude Shift Keying

From equation (3.20b), the optical power from one of the MZM outputs is

Pout = Pin cos2

([
S1(t)−

Sbias

2

]
π

Sπ

)
.

Let S1(t) be a polar NRZ such that

S1(t) =

{
+S for bit ’1’
−S for bit ’0’.

(3.21)

Let us say we desire the following Mach-Zehnder output power

Pout =

{
Pin for bit ’1’
0 for bit ’0’

(3.22)

Therefore, for bit ’1’,

Pout = Pin cos2

([
S1(t)−

Sbias

2

]
π

Sπ

)
= Pin

⇒ πS
Sπ
− πSbias

2Sπ
= kπ where k = 0,±1,±2, .... (3.23)

Similarly, for bit ’0’,

Pout = Pin cos2

([
S1(t)−

Sbias

2

]
π

Sπ

)
= 0

⇒ −πS
Sπ
− πSbias

2Sπ
=

lπ
2

where l = ±1,±3, .... (3.24)

Subtraction and addition of the above two equations lead to

S =

(
k− l

2

)
Sπ

2
(3.25a)

Sbias =−
(

k +
l
2

)
Sπ

2
, (3.25b)
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respectively. If we choose k = 0 and l = −1, we find

S =
Sπ

4
, (3.26a)

Sbias =
Sπ

2
. (3.26b)

Therefore, one way to perform binary amplitude shift keying or on off keying
with a Mach-Zehnder Modulator in push-pull configuration, is to set the bias
point at Sbias = Sπ

2 and drive the phase modulators with modulating signal Sπ
2

peak-to-peak. When S = Sπ
4 , corresponding to bit ’1’, constructive interference

occurs and the MZM power transmission is at its peak. When S = Sπ
4 , destruc-

tive interference occurs and the MZM power output is zero.

Implementation of Phase Shift Keying

A Mach Zehnder modulator can be operated in dual drive configuration to gen-
erate arbitrary quadrature signals [82], [83]. The mathematical underpinning of
the statement is explained in the following discussion. Let us consider the cross
output of an MZM which is given by the expression 3

Eout =
Ein

2
[e(φ1−π

2 ) − e(φ2+
π
2 )], (3.27)

where φ1, φ2 are the phase shifts induced by the upper and the lower phase
modulators respectively (Figure (3.10a)). In terms of the bias voltages, φ1 and
φ2 are given by

φ1 =
πV1

Vπ
, φ2 =

πV2

Vπ
. (3.28)

Now, an arbitrary M-ary modulated signal can be represented as a constellation
point on the complex plane

si = rieθi . (3.29)

(ri, θi) denote the polar coordinates of the constellation point. θi takes value
within the range 0 ≤ θi ≤ 2π. Let us denote rmax as the maximum from the set
of values

{r0, r1, ..., rM−1}. (3.30)

Our goal is to rewrite equation (3.29) as

si =
rmax

2
[eφi,1 − eφi,2 ], (3.31)

so that it has a one-to-one correspondence with the MZM output expression
written in equation (3.27). To that end, first, referring to Figure (3.10b), we note

3which is derived from equation (3.8) in Appendix D.
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FIGURE 3.10: (a) A diagrammatic view of an MZM showing the control voltages and
the outputs. (b) Procedure to find out φi,1, φi,2 for si = r1eθi

that the real number ri can be calculated in the following way. From the figure,
we can equate

1
2

ri ± y =
1
2

rmaxe±φi , (3.32)

where

φi = cos−1
( ri

rmax

)
. (3.33)

1
2rmax is the distance of the point from the center. From equation (3.32), by sim-
ple algebra, it follows that

ri =
rmax

2
[eφi + e−φi ]. (3.34)

Multiplying both sides of the equation (3.34) with eθi , one gets

rieθi =
rmax

2
[e(φi+θi) + e(−φi+θi)] =

rmax

2
[e(φi+θi) − e(−φi+θi+π)]. (3.35)

If we define

φi,1 = φi + θi = cos−1
( ri

rmax

)
+ θi, (3.36)

φi,2 = −φi + θi + π = − cos−1
( ri

rmax

)
+ θi + π, (3.37)

then si is expressed in the form as in equation (3.31). Therefore, comparing with
equation (3.27), to implement a particular constellation point si = rieθi with
an MZM, the phase shifts need to be provided by the phase modulators on the
upper arm and the lower arm are respectively given by

φ1 = cos−1
( ri

rmax

)
+ θi +

π

2
, (3.38)

φ2 = − cos−1
( ri

rmax

)
+ θi +

π

2
. (3.39)
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Given these expressions, one can deduce the corresponding bias voltages from
equation (3.28).

Implementing BPSK: Let us consider implementing binary phase shift keying
(BPSK) with a single MZM in dual drive operation (Figure (3.11)). In BPSK,
the phase modulator randomly switches the phase of the carrier between 0 and
π. Table (3.1) lists the phases and the associated bias voltages for the phase
modulators required to implement the BPSK constellation points.

Binary phase shift keying

Constellation points 0 π

φ1
π
2

3π
2

φ2
π
2

3π
2

V1
Vπ
2

3Vπ
2

V2
Vπ
2

3Vπ
2

TABLE 3.1: BPSK implementation parameters for a single dual drive MZM

FIGURE 3.11: A diagrammatic view of an MZM with the control voltages and the out-
puts for binary phase shift keying.

The output waveforms from the MZM corresponding to the constellation points
”0” and ”π”, respectively, are

Eout,I =
Ein

2
(e.0 − e.π) = Ein (3.40a)

Eout,II =
Ein

2
(e.π − e.2π) = −Ein. (3.40b)
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Figure (3.11) gives a visual representation of the preceding discussion. The bias
signals for the phase modulators flip flop between two levels Vπ

2 and 3Vπ
2 .

A stand-alone phase modulator can also implement BPSK, but a MZM-based
PSK has been shown to have a more robust performance [84]. This is because,
waveform imperfections in a phase modulator leads to the distortion of the op-
tical phase as well, which degrades the device performance. On the other hand,
imperfections in driving condition in an MZM only result in optical power vari-
ation, leaving the information-bearing optical phase intact.

Implementing QPSK: In quadrature phase shift keying (QPSK), the phase mod-
ulator randomly switches the phase of the carrier between four values, for ex-
ample {π

4 , 3π
4 , 5π

4 , 7π
4 }. Table (3.2) lists the phases and the associated bias volt-

ages for the phase modulators required to implement the QPSK constellation
points.

Quadrature phase shift keying

Constellation points π
4

3π
4

5π
4

7π
4

φ1
3π
4

5π
4

7π
4

π
4

φ2
3π
4

5π
4

7π
4

π
4

V1
3Vπ

4
5Vπ

4
7Vπ

4
Vπ
4

V2
3Vπ

4
5Vπ

4
7Vπ

4
Vπ
4

TABLE 3.2: QPSK implementation parameters for a single dual drive MZM

It is seen that to implement QPSK with only one MZM, the bias signal needs to
switch among four levels. The output waveforms from the MZM corresponding
to the constellation points {π

4 , 3π
4 , 5π

4 , 7π
4 } are, respectively, given by

Eout,I =
Ein

2

(
e( 3π

4 −
π
2 ) − e( 3π

4 −
π
2 )

)
= Eine π

4 , (3.41a)

Eout,II =
Ein

2

(
e( 5π

4 −
π
2 ) − e( 5π

4 −
π
2 )

)
= Eine 3π

4 , (3.41b)

Eout,III =
Ein

2

(
e( 7π

4 −
π
2 ) − e( 7π

4 −
π
2 )

)
= Eine 5π

4 , (3.41c)

Eout,IV =
Ein

2

(
e(π

4−
π
2 ) − e(π

4−
π
2 )

)
= Eine− π

4 (3.41d)
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Figure (3.12) gives a visual representation of the preceding discussion. How-
ever, multilevel biasing leads to performance degradation. Instead of using one
single MZM to implement QPSK, one can use two MZMs both in series. Both
of the MZMs perform 2-PSK in dual drive configuration. The first one switches
carrier phase randomly between 0 and π, while the second one switches carrier
phase randomly between 0 and π/2. The overall output is a QPSK-modulated
signal. This can be showed as follows.

FIGURE 3.12: A diagrammatic view of an MZM with the control voltages and the out-
puts for quadrature phase shift keying.

For the first MZM, the constellation points are 0 and π. Therefore, from Table
(3.1),

φ1 =
{π

2
,

3π

2

}
⇒ V1 =

{Vπ

2
,

3Vπ

2

}
(3.42a)

φ2 =
{π

2
,

π

2

}
⇒ V2 =

{Vπ

2
,

3Vπ

2

}
. (3.42b)

The output waveforms from the first MZM, are given by equation (3.40a) and
(3.40b). For the second MZM, for constellation points 0 and π

2 , from equations
(3.38) and (3.39),

φI,1 = 0 +
π

2
=

π

2
, (3.43a)

φI,2 = 0 +
π

2
=

π

2
, (3.43b)

φII,1 =
π

2
+

π

2
= π, (3.43c)

φII,2 =
π

2
+

π

2
= π. (3.43d)

In the above equations, (1,2) correspond to the second MZM’s upper arm phase
modulator and the lower arm phase modulators respectively. Whereas (I, II)
refer to the constellation points 0 and π

2 respectively. The corresponding bias
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voltages according to equation (3.28) are

φ1 =
{π

2
, π
}
⇒ V1 =

{Vπ

2
, Vπ

}
(3.44a)

φ2 =
{π

2
, π
}
⇒ V2 =

{Vπ

2
, Vπ

}
. (3.44b)

The input to the second MZM are the outputs from the first MZM which have
phases either 0 or π. Upon random phase modulation of this input between
0 and π

2 , the output waveforms from the second MZM may appear with four
possible phases.

For modulating with phase 0,

Eout,I =
Ein

2
(e.0 − e.π) = Ein, (3.45a)

Eout,II =
Ein

2
eπ(e.0 − e.π) = Eineπ. (3.45b)

For modulating with phase π
2 ,

Eout,III =
Ein

2
(e. π

2 − e. 3π
2 ) = Eine π

2 , (3.45c)

Eout,IV =
Ein

2
eπ(e. π

2 − e. 3π
2 ) = Eine 3π

2 . (3.45d)

Figure (3.13) illustrates the idea of implementing QPSK with two consecutive
MZMs using different biasing conditions. The concept of using MZMs in series

FIGURE 3.13: A diagrammatic view of implementing quadrature phase shift keying
with cascaded MZMs.

for realizing higher order modulation formats can be extended to the case of
8-PSK. Three MZMs are placed in series. The first MZM switches carrier phase
randomly between 0 and π, the second one switches carrier phase randomly
between 0 and π

2 , the last one switches carrier phase randomly between 0 and
π
4 . This randomization in modulation is absolutely crucial, otherwise the overall
output will not emerge as a 8-PSK modulated signal. The modulator phases and
bias voltages corresponding to the constellation points {0, π

4 } are

φ1 =
{π

2
,

3π

4

}
⇒ V1 =

{Vπ

2
,

3Vπ

4

}
(3.46a)

φ2 =
{π

2
,

3π

4

}
⇒ V2 =

{Vπ

2
,

3Vπ

4

}
. (3.46b)
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The input to the last modulator are the waveforms denoted by the equations
(3.45a)-(3.45d). Upon random phase modulation of this input between 0 and
π
4 , the output waveforms from the last MZM may appear with eight possible
phases.

For modulating with phase 0,

Eout,I =
Ein

2
(e.0 − e.π) = Ein (3.47a)

Eout,III =
Ein

2
e π

2 (e.0 − e.π) = Eine π
2 , (3.47b)

Eout,II =
Ein

2
eπ(e.0 − e.π) = Eineπ, (3.47c)

Eout,IV =
Ein

2
e 3π

2 (e.0 − e.π) = Eine 3π
2 . (3.47d)

For modulating with phase π
4 ,

Eout,V =
Ein

2
(e( 3π

4 −
π
2 ) − e( 3π

4 −
π
2 )) = Eine π

4 (3.47e)

Eout,VI =
Ein

2
e π

2 (e( 3π
4 −

π
2 ) − e( 3π

4 −
π
2 )) = Eine 3π

4 , (3.47f)

Eout,VII =
Ein

2
eπ(e( 3π

4 −
π
2 ) − e( 3π

4 −
π
2 )) = Eine 5π

4 , (3.47g)

Eout,VIII =
Ein

2
e 3π

2 (e( 3π
4 −

π
2 ) − e( 3π

4 −
π
2 )) = Eine 7π

4 . (3.47h)

Figure (3.14) illustrates the idea of implementing 8-PSK with three consecutive
MZMs using different biasing conditions.

FIGURE 3.14: A diagrammatic view of implementing 8-PSK with cascaded MZMs.

The most well-studied case for implementing CV QKD has been the one based
on Gaussian modulation. It is possible to implement Gaussian modulation of
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the optical quadratures by two or more MZMs placed in series. Appendix D
contains the mathematical reasoning. Since the power of a random signal is
related to its variance, one can make use of an MZI-based variable optical at-
tenuator (VOA) to set the target variance for a Gaussian modulation. Thanks to
their versatility, MZI’s or MZM’s are at the heart of our transmitter design. We
have placed four MZM blocks on our transmitter chip, which should provide
Alice with plenty of control while encoding her data.

Polarization Rotator: The polarization of a guided mode is expressed in terms
of its relative energy [85] as

PolTE =

∫
|ETE|2dxdy( ∫

|ETE|2 +
∫
|ETM|2

)
dxdy

; PolTM =

∫
|ETM|2dxdy( ∫

|ETE|2 +
∫
|ETM|2

)
dxdy

.

(3.48)

The mode angle is defined as α = cos−1
√

PolTE. From this definition, TE mode
which is parallel to the substrate has a mode angle of 0°. A polarization rotator
induces a 90° rotation on the polarization state of the guided mode (TE→ TM,
or TM → TE). It can be regarded as the integrated equivalent of a half-wave
plate rotated at 45°. In the Jones matrix formalism, the transformation matrix
for a half wave plate at that orientation is

JHWP(45°) =

0 1

1 0

 . (3.49)

It transforms x̂ polarized light to ŷ polarized light and vice versa (Appendix
D). The polarization rotator available from the generic platform of HHI struc-
turally employs two different sections of slanted sidewall waveguides (Figure
3.15)[86], [87], [88], [89]. A waveguide with a straight and a slanted (at an an-
gle ε) sidewall can support a modal basis tilted by an angle α because of the
boundary conditions 4. A fundamental TE mode coming from an input straight
waveguide to this PR waveguide excites both the tilted modes. The two modes
exhibit a birefringence ∆n because of the asymmetric geometry of the waveg-
uide. After half a beat length Lπ = π

β1−β2
, the modes are completely out of

phase and recombine into the orthogonally polarized TM mode in an output
straight waveguide. The Jones matrix of this polarization rotator waveguide
can be found as follows

JPR = R(−α)TbirefR(α) =

 cos α sin α

− sin α cos α

 ·
eπδ 0

0 e−πδ

 ·
cos α − sin α

sin α cos α

 ,

(3.50)

where we first switch to the tilted basis from the TE-TM basis, then take into ac-
count the birefringence effect, and finally switch back to the original coordinate

4all the angles are with respect to the substrate plane
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FIGURE 3.15: (a) SEM image of the slanted waveguide cross section from HHI. The
waveguide width is defined at the top. ε = 52° in this work [87]. (b) Birefringence
and modal tilt as a function of waveguide width. The slope of these curves become
smaller for larger widths, making them more favorable for fabrication tolerance [88].(c)
Schematic presentation of the two-section slanted sidewall PRs with relevant parame-
ters[87].

system [90]. In the closed form,

J(1)PR =

eπδ sin2 α + e−πδ cos2 α 1
2(1− e2πδ)e−πδ sin 2α

1
2(1− e2πδ)e−πδ sin 2α eπδ sin2 α + e−πδ cos2 α

 . (3.51)

Here δ = ∆nL
λ depends on the birefringence and the length of the waveguide.

For a fixed length L and slant angle ε the Jones matrix for a polarization rotator
is paramterized by the waveguide width w (Figure 3.15b). It has been shown
that a polarization rotator realized in the form of a single section slanted wall
waveguide is very sensitive to fabrication tolerance. In the two-section design,
two slanted sidewall waveguides with different widths are placed in series con-
figuration. The geometries of both sections should be the same but the cross-
sections are mirror images of one another. As a result the tilt angles are related
as α1 = −α2. The overall Jones matrix for the polarization rotator is

J(2)PR = J1(w1, L1) · J2(w2, L2). (3.52)

The two sections of differing widths (w1, w2) have a tapered joint. The optimum
widths are those for which

J(2)PR ≈

0 1

1 0

 (3.53)
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FIGURE 3.16: (a) 3D cartoon of the overall structure of the PR design including input-
output waveguides in different colors. The asymmetry is flipped between the two sec-
tions. All transitions are tapered to minimize losses and reflection [89]. (c) Performance
of a polarization converter building block consisting of a 2-section slanted waveguide
structure. Simulated polarization extinction ratio (PER) as a function of waveguide top
widths of the two sections. The dashed magenta lines are iso-PER contour lines. The
first one for device α1 = −α2 = π/4, δ1 = 0.25, δ2 = 0.75 with waveguide width toler-
ance of 140 nm. The second one for device α1 = −α2 = 0.21π, δ1 = 0.29, δ2 = 0.74 with
waveguide width tolerance of 240 nm. These parameters are obtained from numerical
optimization of the Jones matrix tolerance equation (??). It is assumed that a deviation
in width will be equal over both sections [88]. (b) Measurement results of PER as a
function of deviation from the nominal width =1.2 µm [87]

The two section design has been shown to have a decreased sensitivity to fab-
rication errors. The figure of merit for this building block is the polarization
extinction ratio at the output which is defined as

PER =
PolTE

PolTM
=

∫
|ETE|2dxdy∫
|ETM|2dxdy

. (3.54)

Figure (3.16c) & (3.16b) shows the dependence of PER with respect to the design
parameter, waveguide width w.

Polarization Beam Splitter: This building block splits the incident light into
its TE and TM components. The PBS from HHI is realized in MZI configu-
ration with two 2× 2 90° 3-dB MMIs at the input and at the output and two
straight waveguide sections equipped with thermo-optic phase shifters in be-
tween (Figure 3.17a) [91],[92]. The MZI is unbalanced with respect to the TE and
TM polarization. The first MMI equally splits the input light into two outputs
with a phase difference of 90° for both polarizations. The widths of the straight
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FIGURE 3.17: (a) Schematic view of the MZI-PBS [91] (c) Simulated dependence of
birefringence on waveguide widths with etch depth of 1700 nm. At the waveguide
width of 1.7µm the group indices of the two polarization states are equal, and hence no
birefringence at this point [92]. (b) PER as a function of heating current for a PBS with
arm length of 200µm [92].

waveguide sections can be designed to introduce birefringence between TE and
TM polarizations (Figure 3.17c). The thermo-optic phase shifters enable finer
adjustment of the relative phases for both the polarization states. The phases
accumulated during propagation per arm is

φ
(i)
TE,TM =

2πn(i)
TE,TML
λ

, (3.55)

where i = 1, 2 refers to the upper and the lower arms of the PBS respectively,
L is the arm length, λ is the optical wavelength. The phase differences can be
explicitly written as

∆φTE =
2πL

λ
(nbroad, TE − nnarrow, TE), (3.56a)

∆φTM =
2πL

λ
(nbroad, TM − nnarrow, TM), (3.56b)

where the subscripts "broad" and "narrow" refer to the upper and lower waveg-
uide sections, respectively. Assuming the PBS to be lossless, and neglecting
polarization dependence of the MMIs the power transfer functions at the two
output ports of the second MMI are given as

P(1)
TE, TM = cos2

(
∆φTE,TM

2
+

π

2

)
, (3.57a)

P(2)
TE, TM = cos2

(
∆φTE,TM

2

)
. (3.57b)
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If one wants the PBS to output TE at port 1 and TM at port 2 5, the phase differ-
ences can be chosen as follows ∆φTE = π, and ∆φTM = 0. Then from the power
transfer function

P(1)
TE = sin2

(
∆φTE

2

)
= 1 while P(2)

TE = 0, (3.58a)

P(2)
TM = cos2

(
∆φTM

2

)
= 1 while P(1)

TM = 0 (3.58b)

The FOMs for this device is its maximum polarization extinction ratio (Figure
3.17b), and the insertion loss.

Photodetector: A photodector produces an electric current proportional to the
optical energy impinged on it. A p-i-n diode can detect light under reverse
bias. The photodetector available from FhG-HHI is a composite building block.
The PIN photodiode is placed on top of the integrated waveguide. Some im-
portant performance characteristics for this building block are sensitivity (0.8
A/W @1550 nm), 3 dB bandwidth (5 GHz), dark current (2 nA @-2V), and input
power threshold for linear regime operation.

DFB Laser: The source of our coherent light for CV QKD at the telecommuni-

FIGURE 3.18: (a) Optical gain plotted against pump current of a 500 µm long SOA. The
SOA had an input and an output waveguide both terminating to single mode fiber via
spot size converters (b) Small signal response vs bias current curve for a 200 µm long
DFB laser[73]

.

cation wavelength is a distributed feedback laser, another composite building
block available from FhG-HHI. It contains a semiconductor optical amplifier
(SOA) which is based on a multiple quantum well (MQW) ridge waveguide
structure. The MQW in SOA provides optical gain. Besides there is a grating
with complex coupling coefficients. The grating structure is etched on top of
the MQW structure, and distributed across the gain region. The task of the grat-
ing is to provide selective feedback to the resonant wavelength so that the laser

5contrary to what shown in (Figure 3.17a)
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outputs a narrowband spectrum which is essential for our application. The DFB
laser building block from FhG-HHI only emits light at TE polarization. It has
a tuning range of 4 nm, output power of 5 mW (@ 100 mA), and small signal
bandwidth of 20 GHz (@ 100 mA). The small signal bandwidth related to the
modulation frequency is sufficient for our purpose.

Spot Size Converter: The spot size converter couples light in and out of the
chip via optical fiber. It has a tapered cross section which enables the waveg-
uide mode to undergo an adiabatic size conversion. An SSC at the transmitter
enlarges the modal area to have the maximum overlap with the cross section of
standard single mode fibers. An SSC at the receiver does the opposite. The SSC
building block from FhG-HHI has a waveguide to SSMF coupling loss of ∼ 1.5
dB.

Miscellaneous: The only active-passive integration technology available from
HHI MPW platform is butt joining two different epitaxial layers. The HHI butt-
joint coupler BB acts as a transition element between active waveguides (lasers,
photodiodes, phase modulators etc) to passive waveguides (E200/E1700). The
insertion loss is 2 dB. Besides, there are passive waveguide transitions for example
E200-E1700 (insertion loss 0.15 dB). The waveguide metal transitions allow cross-
ings between metal stripes (connecting electrical ports of the active BBs to the
bondpads) and waveguides.

3.4 Mathematical description of the whole system

Let the electric field of the optical wave emitted by the DFB laser be denoted by

E(r, t) = E0(x, y)p(t)e−(ωt−φ)ŷ. (3.59)

Here, p(t) denotes the pulse shape underneath which the field is oscillating at
angular frequency ω = 193.414 THz. φ = 2π

λ0
neff denotes the phase accumu-

lated by the wave as it travels through out the circuit. And ŷ refers to the TE
polarization of the emitted wave. Although the exact analysis of the field prop-
agation in a photonic integrated circuit should invoke the formalism of guided
wave optics, here we take a simplified approach by replacing the guided modes
with plane waves i.e. E0(x, y) = E0.

The tunable MZI splits the input field wave into a weak carrier signal and a
strong local oscillator (LO) signal according to an splitting ratio α : 1− α defined
by thermo-optic tuning

αE(t)ŷ =p(t)ECe−(ωt−φc)ŷ, (3.60a)

(1− α)E(t)ŷ =p(t)ELOe−(ωt−φLO)ŷ, (3.60b)

where EC = αE0 and ELO = (1− α)E0 are the carrier and LO amplitudes re-
spectively. The carrier signal is the one on which Alice will encode her message
with letters from a certain alphabet whereas the local oscillator acts as the phase
reference for the modulated signal at the receiver for coherent detection.
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The weak coherent pulse signal then goes through a series of Mach Zehnder
modulators. As discussed earlier, depending on how an MZM is operated, it
can either act as amplitude modulator or a phase modulator. If the carrier wave
is modulated both in amplitude and phase, the outgoing field wave can be writ-
ten as

ŷp(t)ECe−(ωt−φC) series of MZMs−−−−−−−−−−→ ŷp(t)mkeθk ECe−(ωt−φC). (3.61)

Here, mkeθk is the complex envelop which contains the message encoded on
the carrier. k is a random variable which can denote different value of {m, θ} at
different pulse interval.

To send the local oscillator and the carrier signal over the same fiber from the
transmitter to the receiver, they need to be polarization multiplexed to minimize
cross-talk. To that end, the local oscillator is converted from TE-polarized light
to TM-polarized light by a polarization converter,

ŷELO p(t)e−(ωt−φLO) PC−−−→ x̂ELO p(t)e−(ωt−φLO), (3.62)

where x̂ denotes the TM polarization state. The TE-polarized carrier and the
TM-polarized LO then are combined with a MZI-based 2× 2 polarization beam
splitter. The outputs of the polarization beam splitter are

ŷEC(t) sin
(

∆φTE

2

)
+ x̂ELO(t) cos

(
∆φTM

2

)
at output port 1, (3.63a)

ŷEC(t) cos
(

∆φTE

2

)
− x̂ELO(t) sin

(
∆φTM

2

)
at output port 2. (3.63b)

Here

∆φTE =
2πL

λ
(n(1)

TE − n(2)
TE) (3.64a)

∆φTM =
2πL

λ
(n(1)

TM − n(2)
TM) (3.64b)

are the polarization dependent phase shifts experienced by the carrier and LO,
respectively on the arms of the MZI. The superscripts (1,2) denote the upper
and the lower arm of the PBS-MZI. With suitable bi-refringence engineering of
the MZI-arms and thermo-optic tuning, a desired polarization extinction ratio
(PER) can be achieved at any of the outputs. For our case, we want a high
extinction ratio between our carrier signal and local oscillator. Therefore if we
transmit signal to the fiber from the PBS output port 1, the condition is ∆φTE →
0, and ∆φTM = 0. On the other hand, to transmit signal from output port 2, the
condition is ∆φTE → π, and ∆φTM = π. The polarization-multiplexed signal is
then routed from the chip to the fiber via spot size converters.

Considering an idealized situation, where the optical fiber channel introduces
neither distortion nor noise, but only the field amplitudes get attenuated, one
can write the received signal at the receiver as

EC(t)
optical fiber
−−−−−−−→ ẼC(t), (3.65a)

ELO(t)
optical fiber
−−−−−−−→ ẼLO(t). (3.65b)
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At the receiver, a 2 × 2 3-dB 90° MMI first acts on the received signal in the
following way

1√
2

1 

 1


ẼC(t)

0

 ŷ =
1√
2

 ẼC(t)

ẼC(t)

 ŷ, (3.66a)

1√
2

1 

 1


ẼLO(t)

0

 x̂ =
1√
2

 ẼLO(t)

ẼLO(t)

 x̂. (3.66b)

Hence, at the outputs of the MMI, the following signals should exist

1√
2
(ẼC(t)ŷ + ẼLO(t)x̂), (3.67a)

√
2
(ẼC(t)ŷ + ẼLO(t)x̂). (3.67b)

For coherent detection, the LO and the carrier need to be mixed with the same
polarization, frequency, and phase. To that end, the first output from the MMI
i.e. equation (3.67a) is sent to a PBS which produces the following outputs

1√
2
[ŷẼC(t) sin

(
∆φTE

2

)
+ x̂ẼLO(t) sin

(
∆φTM

2

)
] at port 1, (3.68a)

1√
2
[ŷẼC(t) cos

(
∆φTE

2

)
+ x̂ẼLO(t) cos

(
∆φTM

2

)
] at port 2. (3.68b)

The PBS needs to be tuned in such a way that output from the upper arm is
only x̂ 1√

2
ELO(t)6 and from the lower arm is ŷ 1√

2
EC(t). The LO signal is then

converted from TM to TE and then mixed with another MMI

1√
2

1 

 1

 1√
2

ŷẼLO(t)

ŷẼC(t)

 =
1
2

ẼLO(t) + ẼC(t)

ẼLO(t) + ẼC(t)

 . (3.69)

The electric fields of the two optical field waves impinge on the photodiodes
producing electrical currents

I1 =R1
4

∣∣∣∣ẼLO(t) + ẼC(t)
∣∣∣∣2, (3.70a)

I2 =R1
4

∣∣∣∣ẼLO(t) + ẼC(t)
∣∣∣∣2. (3.70b)

6because in our design the polarization converter is on the upper arm as in Figure (3.2)
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Here, R corresponds to the responsivity of the photodetector. For balanced
detection, the resulting photocurrents are subtracted with an electronic adder/
(subtractor), yielding

I2 − I1 = IQ = RIm{ẼC(t)Ẽ∗LO(t)} ∝ mj sin
(
∆φ + θj

)
(3.71)

Therefore, the quadrature-phase component of the complex message envelope
can be recovered. In theory, for coherent detection both the polarization and
the phase of the LO and the carrier need to be in perfect alignment. With the
advancement of digital signal processing, it is possible to have this alignment
post detection via phase compensation by setting ∆φ = 0.

The other output of the first MMI i.e. equation (3.67b) is passed into a second
PBS which produces a set of output similar to equation (3.68a) and (3.68b), but
with an additional  factor. In this case the polarization converter is tuned in
such a way that the output from the upper arm is only ŷ √

2
ẼC(t) and the the

output from the lower arm is only x̂ √
2

ẼLO(t)7. The LO signal is first converted
from TM to TE with a polarization converter and then phase-shifted by π

2

x̂ẼLO(t)
Pol. Conv.−−−−−→ ŷẼLO(t)

phase shift−−−−−→
by 90°

ŷẼLO(t). (3.72)

The phase shifting of the LO by π/2 is required to recover both the quadratures.
The second MMI then mixes both the LO and the carrier to produce

1√
2

1 

 1

 1√
2

 ẼC(t)

−ẼLO(t)

 =
1
2

 ẼC(t)− ẼLO(t)

−ẼC(t)− ẼLO(t)

 . (3.73)

The electric fields of the two optical field waves impinge on the photodiodes
producing electrical currents

I3 =R1
4

∣∣∣∣ẼC(t)− ẼLO(t)
∣∣∣∣2, (3.74a)

I4 =R1
4

∣∣∣∣ẼC(t) + ẼLO(t)
∣∣∣∣2. (3.74b)

For balanced detection, the resulting photocurrents are subtracted with an elec-
tronic adder/(subtractor), yielding

I4 − I3 = II = RRe{ẼC(t)Ẽ∗LO(t)} ∝ mj cos
(
∆φ + θj

)
. (3.75)

Therefore the in-phase component of the complex message envelope can be re-
covered. In theory, for coherent detection both the polarization and the phase of
the LO and the carrier need to be in perfect alignment. With the advancement
of digital signal processing, it is possible to have this alignment post detection
via phase compensation by setting ∆φ = 0.

7because in our design the polarization converter is on the lower arm as in Figure (3.2)
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3.5 Circuit Level Schematics

This section illustrates the functional behavior of the building blocks we have
described in section (3.3) with the help of a circuit level simulator namely Lumer-
ical Interconnect. We have basically run time domain simulations, where the
integrated optical components employed in our CV QKD design are put to vir-
tual tests. The simulation results help us extract useful performance parameters
about these components. In a way, the analysis performed in this current section
tries to simulate the upcoming experiment with the fabricated chips.

Distributed feedback laser: The schematic for the set-up to characterize a DFB
laser can be visualized as shown in the Figure (3.19).

FIGURE 3.19: Schematic set-up for the characterization of an on-chip DFB laser

The DFB laser has two optical output ports and one electrical input port. A dc
source is supplying the necessary pump current so that the laser diode can op-
erate beyond the threshold level. The OOSC denotes an optical oscilloscope, the
OSA denotes an optical spectrum analyzer, and the OPWM denotes an optical
power meter. It is to be noted that, although the optical power meter is collect-
ing optical output only from one side, the reading on it shows the double-sided
optical output power. For the particular example shown in the Figure (3.19), the
dc bias current is 100 mA. At this bias current, the optical output power at the
target wavelength of 1550 nanometer is 11.0067 dBm (≈ 12.608 mW). Therefore,
the single-sided output should be approximately 6 milliwatts. Moreover, the
emitted light is predominantly TE polarized with barely any TM component.

Figure (3.21) shows the optical waveform of the DFB laser under characteriza-
tion as seen on the optical oscilloscope. Figure (3.21) shows a parametric sweep:
how the optical output power of the laser varies with respect to the increasing
bias current. From this figure, the threshold current is approximately 10 mA
at 300K temperature. Figure (3.22) shows the power spectral density of the on-
chip laser at 300K at two different bias currents namely 80 mA and 100 mA. It
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FIGURE 3.20: The output waveform from the on-chip DFBL at the target wavelength of
1550 nanometer at 100 mA bias current at 300K temperature.

FIGURE 3.21: Output power vs bias current (LI) characteristics of the on-chip DFBL at
the target wavelength of 1550 nanometer at 300K temperature.

FIGURE 3.22: Power spectral density of the on-chip DFBL at the target wavelength of
1550 nanometer at two different bias currents at 300K temperature.

can be seen that in both the cases the measured peak wavelength has a negative
deviation of ∼ 2 nm from the target wavelength of 1.55 µm. In reality, un-
der operating conditions, bias current generates self-heating, which leads to the
red-shift of the emitted wavelength i.e. the measured peak wavelength shifts to
the right of the target wavelength. In this sense, self-heating can be used as a
tuning mechanism. However, self-heating can also contribute to the degrada-
tion of lasing (peak at 100 mA is lower than at 80 mA) as seen from the same
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figure.

Multi-mode interferometer: Figure (3.23) shows the schematic for characteriz-
ing an MMI building block.

FIGURE 3.23: Schematic set-up for the characterization of a photonic integrated MMI

From the optical power meter readings in Figure (3.23), the optical power input
to the MMI is almost equally split at its cross-output and at its bar-output. The
imbalance in the input power and the resultant output power can be attributed
to the insertion loss of the building block (which is < 1 dB here). Moreover,
examining the waveforms from the two output ports of the MMI, as shown in
Figure (3.24), reveals that the two outputs are phase-shifted by 90°. Therefore,
the MMI is an integrated equivalent of a 2× 2 beam splitter.

FIGURE 3.24: The two output waveforms of an MMI with respect to its input.

Figure (3.24) also illustrates that the bar-output is leading the cross-output by
π
2 and the cross-output is completely out-of-phase with the MMI’s input. Tak-
ing these two observations into consideration suggest that the optical transfer
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power matrix of a 2× 2 integrated MMI should be

TMMI =
√
2

1 j

j 1

 , (3.76)

which is the same as equation (3.7) including the global phase. Consequently,
when two MMI’s are cascaded, almost all the input power is available at the
global cross-output with non-significant power at the global bar-output. Figure
(3.25) points to this fact.

FIGURE 3.25: Schematic set-up for the characterization of two sequential MMIs.

FIGURE 3.26: Input vs output waveforms when two MMI’s are placed sequentially

Figure (3.26) shows the input vs output MMI-waveforms in the cascaded con-
figuration. Evidently, the global bar-output (the black curve) almost coincides
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with the null power level. On the other hand, the global cross-output (the or-
ange curve) is almost at the same power level with the input but with a relative
3π
2 (= −90°) phase shift. This is a further justification of the expression we wrote

in equation (3.76) for the optical transfer matrix of our photonic integrated MMI.

Tunable Beam Splitter: The tunable beam splitter (TBS) is a composite building
block, which in its expanded looks like as shown in Figure (3.27). As a whole,
the building block has four optical ports and two electrical ports. The relays
indicate ports for interfacing the device externally with other devices.

FIGURE 3.27: Schematic view of the tunable beam splitter consisting of an input MMI,
an output MMI, and two thermo-optic phase shifters on both the connecting arms.

Figure (3.28) shows the schematic for a TBS characterization. By tuning the
phase difference between the two optical waves propagating through the con-
necting arms, one can, in principle, achieve arbitrary splitting ratio. Since only
the phase difference matters, it suffices to operate only one heater.

If none of the heaters is operated, i.e. the phase difference is identical for both
the optical waves, the entire input power will appear at the cross-output of the
TBS barring some insertion loss. On the other hand, if one of the heaters is
operated such that it induces a π phase shift on the wave travelling across it,
the situation reverses i.e. all the optical power will appear at the bar-output. At
π
2 phase difference, there is equal transmission. Hence, by controlling the phase
difference within the interval [0, π], one can adjust the optical transmission to
any of the output ports of the TBS between 0 and 1. Figure (3.29) shows the
power distribution at the two output ports of the TBS as the control current is
gradually increased from 0. To cite three specific examples, at 3.7 mA, the power
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FIGURE 3.28: Schematic set-up for the characterization of a tunable beam splitter. The
expanded form of the Tunable BS component is shown in the previous figure.

splitting ratio is ≈ 50 : 50, at 2 mA the ratio is ≈ 95 : 5, and at 2.5 mA the ratio
is ≈ 87.5 : 12.5.

FIGURE 3.29: Interference pattern obtained at the two output ports of the TBS subject
to the variation in the control current for the phase shifter on the upper arm.

Polarization Converter: Figure (3.30) shows a possible setup to determine the
polarization extinction ratio of a polarization converter (PC). The reading from
the optical polarization analyzer allows us to calculate the polarization extinc-
tion ratio of our integrated PC (≈ 20 dB) at the particular wavelength of the
DFBL. However, the building block is not perfect. It cannot quite convert the
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FIGURE 3.30: Schematic set-up for the characterization of a polarization converter. POL
stands for optical polarization analyzer.

TE-polarized light emitted from the DFBL into TM, but it comes close. The out-
put from the PC has an azimuth angle of −85.25° (instead of exactly −90°). Fig-
ure (3.31) illustrates the performance of our integrated equivalent of half-wave
plate within the emitted wavelength range of the DFBL.

FIGURE 3.31: Polarization rotation by the polarization converter within a certain wave-
length range.

Polarization Beam Splitter: Let us consider the set up schematically described
in Figure (3.32). A DFB laser is excited to emit TE-polarized light at the target
wavelength of 1550 nm. The emitted light is then split in equal halves by a 2× 2
MMI. For one half, a polarization converter is placed on its way so that its TE
polarization state is switched to TM.

Both the TE-polarized and the TM-polarized light are subsequently combined
by the PBS. Structurally, the PBS is similar to a Mach-Zehnder Interferometer
as we have seen in section (3.3). The phases of the TE and TM optical waves,
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FIGURE 3.32: Schematic set-up to analyze the behavior of a polarization beam splitter.
Operation of only one heater suffices to produce the necessary phase differences.

therefore, can be controlled by operating the thermo-optic phase shifters placed
on top of the arms connecting the input and output MMIs. We are interested in
observing the relative distribution of the TE and TM modes at the output ports
of the PBS with respect to this change in phase difference. Figures (3.33), (3.34),
(3.35), (3.36) illustrate power distributions obtained for both polarization states
with respect to a PBS control current sweep.

FIGURE 3.33: Interference pattern obtained at the output ports of the PBS for the TE
wave subject to the variation in the phase shifter control current.

The above graphical analysis is useful when a PBS is combining (polarization
multiplexing) the TE-polarized carrier signal and the TM-polarized LO signal
on the transmitter side for sending them together through the fiber. On the
receiver side, the PBS is used to separate out the two differently polarized light
from the combined signal for the subsequent balanced detection. This case is
schematically visualized in Figure (3.37).
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FIGURE 3.34: Interference pattern obtained at the output ports of the PBS for the TM
wave subject to the variation in the phase shifter control current.

FIGURE 3.35: Relative distribution of the TE and TM waves at Port 2 of the PBS subject
to the variation in the phase shifter control current.

FIGURE 3.36: Relative distribution of the TE and TM waves at Port 4 of the PBS subject
to the variation in the phase shifter control current.

In this figure, we have made use of results from Figure (3.36). When the value
of the bias current for the first PBS is 8 mA, both TE and TM polarizations arrive
at output port 4 with maximum amplitude . Now, if this output signal is input
to a second PBS with zero control current, it will split the combined signal into
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FIGURE 3.37: Schematic showing a PBS acting both as a polarization multiplexer (the
first one from the left) and a demultiplexer (the second one).

predominantly a TE component (port 2) and a predominantly TM component
(port 4). The discrepancy in the input and the output total power is due to the

FIGURE 3.38: Schematic showing the reverse situation to the one shown in figure (3.37)

insertion loss (≈ 2 dB) of the device. We could have swapped the arrival points
of the TE and TM components by simply changing the bias current of the second
PBS from 0 to 8 mA (Figure (3.38)). Figure (3.39) shows the output waveforms
from the second PBS as a function of bias current. It is to be noted that for
both the output ports, when power in TE mode is maximum, then power in TM
mode is minimum. This is in sharp contrast to the the case when the PBS was
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acting as a combiner (Figures (3.35), (3.36)) where power in TE and TM modes
were peaking at the same time at a particular output port.

FIGURE 3.39: Relative distribution of the TE and TM waves at at Port 2 and Port 4 of
the PBS subject to the variation in the phase shifter control current.

Mach Zehnder Modulator: An integrated Mach Zehnder modulator (MZM) is
similar in composition to a tunable beam splitter (Figure (3.40)). In an MZM,
however, current injection phase modulators (CIPM) are placed on the connect-
ing arms instead of thermo-optic phase shifters (TOPS), which are too slow.

FIGURE 3.40: A Mach Zehnder modulator is composed of an input MMI, an output
MMI, and two current injection phase modulators (CIPM) on both the connecting arms.

The characteristic parameter of an MZM is its Vπ(/Iπ) voltage (/current). If
a CIPM in an MZM is biased at this voltage (/current), it induces a π phase
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shift on the optical wave. The implication is that at the global cross-output,
the two optical waves propagating through the upper arm and the lower arm
interfere destructively. While for zero bias voltage (/current), they interfere
constructively.

Figure (3.41) shows the schematic set up to determine the Iπ current of an MZM.
If the bias current to the MZM is gradually increased from zero, the power dis-
tribution at the two output ports will look like in Figure (3.42). In this figure
port 3 and port 4 refer to the bar output and cross output respectively. φ1, φ2 are
the phase changes experienced by the optical waves on the upper arm and the
lower arm respectively. If the CIPM on the lower arm is inactive, then φ2 = 0.
To create the necessary phase difference, it suffices to operate only one CIPM.
The point on the graph marked with a star denotes the pi-current with regard
to the cross output of our MZM which is 250 µm long.

FIGURE 3.41: Schematic set-up for the characterization of an MZM.

From Figure (3.42), it can be clearly seen that the interference pattern obtained
from our MZM is not symmetric. This is because our devices are not perfect,
the phase modulators in particular.

On-off keying with MZM: One can implement on-off keying by switching the
MZM bias current between 0 and Iπ. Figure (3.43) shows the relevant circuit
schematic. The pseudo random number generator (PRBS) randomly generates
sequences of 0’s and 1’s. The non-return to pulse generator maps these 0’s and
1’s into electric pulses of 0 mA and Iπ mA respectively at a rate of 25 Gbps (bit
rate of our system) shown in Figure (3.44).

The optical waveforms obtained from the output ports of the MZM with op-
tical oscilloscopes are shown in Figure (3.45). The red waveform corresponds
to the cross output and the blue waveform corresponds to the bar output. The
cross outputs and the bar outputs are complementary as they should be. The
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FIGURE 3.42: Interference pattern obtained at the two output ports of the MZM subject
to the variation in the control current for CIPM on the upper arm.

FIGURE 3.43: Schematic showing implementation of intensity modulation and direct
detection with an MZM.

extinction ratio is

Extinction Ratio = 10log10

(
P1

P0

)
= 10log10

(
0.00606631

9.16058× 10−05

)
= 18.21 dB

(3.77)
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FIGURE 3.44: Non return to zero electrical modulating signal at the rate of 25 Gbps.

FIGURE 3.45: Optical waveforms observed at the output ports of the MZM correspond-
ing to on off keying operation.

FIGURE 3.46: Photocurrents generated by the photodiodes as observed with an electri-
cal oscilloscope in IMDD.

The photocurrents generated by the photodiodes corresponding to the optical
waveforms are shown in the Figure (3.46). Ideally, the complementary wave-
forms should have been of equal magnitude. But due to imperfection in our
device this is not the case.

Current Injection Phase Modulator: Apart from using in the MZI configura-
tion for fast modulation, an integrated phase modulator is also required in the
receiver circuit to recover information encoded in both P & Q quadratures of
the optical wave. For balanced detection, the information bearing signal has to
be mixed with the local oscillator signal. To that end, it is first split into two
parts. One part is mixed with the local oscillator as it is. The other part is made
to undergo a π

2 phase shift prior mixing. A phase modulator is employed to
impart this π

2 phase shift. The current required to produce this desired amount



Chapter 3. On Chip Implementation of CV QKD 95

of phase shift can be deduced from equations (3.11a), (3.11b). When ∆φ = π
2 ,

the input power is equally distributed at the two output ports of the MZI. From
Figure (3.42), the relevant bias current is found to be 0.00211495 A. Figure (3.47)
shows schematically a CIPM being connected with a DFBL. Figure (3.48) shows

FIGURE 3.47: Schematic showing a current injection phase modulator in conjunction
with an on chip distributed feedback laser.

the CIPM output for zero bias current compared to the laser output. From this
figure, and also from Figure (3.48), the CIPM has significant insertion loss.

FIGURE 3.48: Input and output waveforms of the CIPM.

Moreover, the CIPM output is phase shifted with respect to its input. This phase
shift information might be useful for phase compensation via digital signal pro-
cessing at the post detection stage. Figure (3.49) shows that the insertion loss of
the CIPM increases with the bias current.

Binary phase shift keying with MZM: Figure (3.50) shows the circuit level
schematic for BPSK implementation. The black dashed box denotes the MZM
with its constituent building blocks. The red dashed box denotes the 2× 4 opti-
cal hybrid. The optical hybrid is required to mix the local oscillator signal with
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FIGURE 3.49: Output waveforms from the CIPM at I0, I π
2
, and Iπ bias currents.

the information carrier signal (both with the same polarization and the same
phase ) for balanced detection.

FIGURE 3.50: Schematic illustrating implementation of binary phase shift keying with
a single MZM in dual drive operation.

From our analysis we have seen that to provide alternate phase changes be-
tween 0 and π, the bias changes for the phase modulators in an MZM needs to
be synchronised. In the circuit simulator, we realize this by duplicating the out-
put of the NRZ pulse generator twice with a Lumerical defined element called
Fork. In reality, a voltage/current divider should be able to do the same thing.
The pseudo random number generator (PRBS) generates random sequences of
0’s and 1’s. The NRZ pulse generator produces optical pulses corresponding to
that sequence. The NRZ pulse generator has been biased at Iπ with an ampli-
tude of Iπ

2 so that the current levels are { Iπ
2 , 3Iπ

2 } as par Table (3.1). Figure (3.51)
shows the electrical modulation signal.
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FIGURE 3.51: Non return to zero electrical modulating signal at the rate of 25 Gbps.

The subtracted current from the upper two photodiodes correspond to the Q
quadrature. while the subtracted current from the upper two photodiodes cor-
respond to the P quadrature. Figure (3.53) shows the relevant photocurrents.
In principle, the Q quadrature components should have been zero. But this is
not the case here for two reasons: 1) the optical hybrid is not mixing the LO
and the carrier signal with identical phases, 2) the power transmission vs con-
trol current graph of our MZM is not symmetric around Iπ. The second one is
a fundamental limitation while the first one can be taken care of with digital
signal processing post detection.

FIGURE 3.52: Photocurrents corresponding to the in-phase and quadrature-phase
quadratures of the modulated signal.

The results from the eye diagram analyzers for both the quadratures are shown
in Figure (3.53). Eye diagram is a data dependent time domain electrical mea-
surement used to evaluate high speed data quality. Appendix (D) provides an
introductory discussion on an eye diagram.

The vector signal analyzer (VSA) provides measurement statistics for both the
quadratures. Figure (3.54) shows that the signal statistics (in red) are generally
within the decision boundaries (in blue) in the symbol map. The error vector
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FIGURE 3.53: Eye diagram results for P and Q quadrature in BPSK.

magnitude (EVM) has been found to be ≈ 94%, and the symbol error rate (SER)
has been found to be 2.828× 10−36.

FIGURE 3.54: The signal statistic with respect to the decision boundaries.

Quadrature phase shift keying with MZM: Figure (3.55) shows the circuit level
schematic for QPSK implementation. The dashed box denotes the two cascaded
MZMs with their constituent building blocks. The first MZM is biased at Iπ

2 with
magnitude Iπ to provide phase shifts of {0, π}. The second MZM is biased at
Iπ
2 with magnitude Iπ

2 to provide phase shifts of {0, π
2 }. The overall output is a

QPSK-modulated signal.

Figure (3.56) shows the relevant photocurrents. For the constellation points
{0, π

2 , π, 3π
2 }, the P and Q quadratures will have three values, for example (-P, 0,

P) and (-Q, 0, Q).

The results from the eye diagram analyzers for both the quadratures are shown
in Figure (3.57).

Figure (3.58) shows the measurement statistic from the VSA. The detected sig-
nals (in red) are generally within the decision boundaries (in blue) in the symbol
map. The EVM and SER have been found to be 37.13% and 0.00025, respectively.

Appendix D has the relevant simulation results for 8-PSK.

With the information obtained from the analysis so far, we can now simulate
the transmitter and the receiver circuits shown in Figure (3.1) and Figure (3.2).
Figure (3.59) shows the circuit level schematic of our transceiver system aimed



Chapter 3. On Chip Implementation of CV QKD 99

FIGURE 3.55: Schematic illustrating implementation of quadrature phase shift keying
with a single MZM in dual drive operation.

FIGURE 3.56: Photocurrents corresponding to the in-phase and quadrature-phase
quadratures of the modulated signal in QPSK.

at implementing CV QKD. This schematic was produced before the mask lay-
out generation. At that stage, it is difficult to foretell the actual orientations and
the dimensions of the optical interconnects on the chip. Hence, in this simula-
tion, the building blocks are simply wired without any intermediate waveguide
connections. Figure (3.60) shows the circuit level schematic of our transceiver
system with all the waveguide dimensions obtained from the mask layout. In
both the figures, the modulation scheme is QPSK. The sample rate is 1.6× 1013

Hz, with 640 samples/bit and a total of 81920 samples. From the optical power
meter readings, one can calculate the insertion losses of various components.
Needless to say, the average optical power of the carrier signal leaving the trans-
mitter chip in Figure (3.59), will appear more than the one shown in Figure
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FIGURE 3.57: Eye diagram results for P and Q quadrature in QPSK.

FIGURE 3.58: The signal statistic with respect to the decision boundaries in QPSK.

(3.60) because of not accounting for all the propagation losses incurred due to
the waveguides. Hence, the later simulation is more close to the reality.

3.5.1 Power Budget Estimation

In Figure (3.59), on the transmitter side, the emitted power (double-sided) from
the DFB laser is 11.86 dBm with TE polarization at 0.12 A bias current. The tun-
able beam splitter is biased at 2 A. At this operating point, the power splitting
ratio between its cross output and bar output is 95:5. The bar output is used as
the carrier signal while the cross output is used as the local oscillator. The car-
rier signal goes through four consecutive MZMs, all of which operate in dual-
drive configuration. The first two MZMs are driven with non-return to zero
pulses oscillating between Iπ

2 and 3Iπ
2 current levels according to the sequences

of 0’s and 1’s coming from a pseudo random number generator. Consequently,
these two modulators realize BPSK by imparting either 0 or π phase shifts on
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the optical carrier signal. On the other hand, the last two MZMs are driven
with non-return to zero pulses oscillating between Iπ

2 and Iπ current levels ac-
cording to the sequences of 0’s and 1’s coming from a pseudo random number
generator. As a consequence, these two modulators realize BPSK by imparting
either 0 or π

2 phase shifts on the optical carrier signal. The overall signal is a
QPSK-modulated signal with phase distribution {0, π

2 , π, 3π
2 }. Higher average

bias current gives rise to higher doping concentration, which in turn lead to
higher absorption in a current injection phase modulator (CIPM). That is why,
the insertion loss associated with the last two modulators is higher than the first
two. The local oscillator signal is subjected to a polarization rotation, from TE
to TM, with a polarization rotator. The modulated carrier signal and the LO sig-
nal are combined via a polarization beam splitter (PBS), which is biased at 0 A.
As a result, the TE carrier and TM LO predominantly appear at its cross output
port. The combined signal is coupled to the fiber from the chip via a spot size
converter (SSC). At the point of leaving the transmitter chip, the power levels
of the of the TM LO and the TE carrier are 7.43 dBm (5.54 mW) and -24.5 dBm
(3.5 µW), respectively, with extinction ratio of almost 30 dB.

While running our simulation, we did not find any good compact model for an
optical fiber available from the circuit simulator. But in an actual experiment,
our transmitter chip will be connected with the receiver chip via a standard
single mode fiber. Therefore, to take into account the effect of the fiber, we
need to consider additional propagation loss of 0.2 dB/km for both the TE and
the TM modes. For example, for a 25 km long fiber, the LO and the carrier
will arrive at the receiver with additional 5 dB transmission loss other than the
coupling and insertion losses from the transmitter chip.

On the receiver side, the transmitted signal is coupled onto the receiver chip by
another SSC. The combined signal is, first, halved in two with an MMI. For both
the halves, the combined signal is split in its TE and TM components with polar-
ization beam splitters. For one PBS, we want the bar output to be TM, because
a polarization converter lies along this path. This PBS is biased at 8 mA. The
other PBS is biased at 0 A so that the cross output is TM for the exact same rea-
son. Now that the carrier and the LO are polarization matched, they are mixed
in a 2× 4 optical hybrid. A standalone CIPM, which is a part of the hybrid, is
biased at 0.00211495 A to recover the quadrature phase of the optical carrier. In
this regard, a half of either the LO or the carrier can be made to go through a
π/2 phase shift. The four average optical power outputs from the 2× 4 hybrid
are -2.85 dBm (0.52 mW), -2.9 dBm (0.51 mW), -7.2 dBm (0.19 mW), -7.3 dBm
(0.186 mW), respectively. The first two power levels are related to the p quadra-
ture detection, while the last two are related to the q quadrature detection. The
extra loss associated with one of the quadratures can be attributed to the pres-
ence of a phase modulator on its recovery path, which has an insertion loss of
approximately 4 dB. Our PIN photodiodes have a characteristic responsivity of
0.72 A/W. Therefore, the electrical currents generated by the four photodiodes
due to the impinging optical power are 374.165 µA, 368.78 µA, 137.72 µA, 135.52
µA, respectively. In a balanced, coherent, heterodyne detection scheme the first
two diodes are connected together to provide the differential current of |5.385|
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µA, which is proportional to the p quadrature. Similarly, the last two diodes
are connected together to provide the differential current of |2.2| µA, which is
proportional to the q quadrature. To boost the power levels of the differential
currents, two transimpedance amplifiers with Ztrans = 5kΩ are also included in
the off-chip electronic circuitry.

Figure (3.61) shows the signal statistic of the simulated system obtained from
the vector signal analyzer (VSA). The symbol error rate (SER) is found to be
0.0542, from which one can calculate the signal-to-noise ratio (SNR) for the
QPSK system according to the formula

Ps = 1− [1−Q(
√

2γb)]
2, (3.78)

where γb denotes the SNR associated with QPSK, Ps is the probability of symbol
error, and Q(x) is the complementary error function given by

Q(x) =
1√
2π

∫ ∞

x
e−

x2
2 dx. (3.79)

Making use of equations (3.78) and (3.79), and looking up the erfc(x) table, one
calculates the SNR to be 1.2168. With this SNR, one can find that the mutual
information of the quantum channel, as par equation (2.121), is 0.5742 bits.

FIGURE 3.61: The signal statistics, against the backdrop of the decision boundaries, of
our transceiver system aiming to implement QPSK.

3.6 Mask Layout Generation

We have used the Nazca Design framework to generate the GDSII file of our pho-
tonic integrated circuit design. The GDSII file contains lithographic information
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for the foundry to make sense of the design. Nazca is an open source photonic
IC design framework from Bright Integrated Photonics. One needs Python3 en-
vironment to execute Nazca scripts. The generated mask layouts can be viewed
with any GDSII file reader such as KLayout. During the mask layout generation
process I was mentored by Ronald Broeke from Bright Photonics BV.

Figure (3.62) shows the top cell of our photonic integrated transmitter. The se-
quence of components starts from the top right corner with the DFB laser. The
DFB laser is made of ridge waveguides with etch depth 200 µm (e200). But
the interconnection (blue lines) among different components is provided with
e1700 waveguides. Therefore a waveguide transition element (e200-e1700) is
required to bridge the two waveguides of two different etch depths. A tunable
MZI splits the TE polarized laser output into LO and carrier. The carrier goes

FIGURE 3.62: Mask layout of a photonic integrated transmitter for CV QKD.

through a sequence of four MZMs before mixing with the LO in a polarization
beam splitter. One of the outputs from each MZM is guided to monitor photo-
diodes which helps to analyze the MZM output performance in real time. The
LO is converted from TE to TM prior mixing. The output of the PBS is taken
out of the chip to the optical fiber by means of a spot size converter (bottom
right corner). The laser, the MZI, the MZMs, and the PBS are all active compo-
nents. They require external electrical driver signals for their proper operation.
That is why these active components have electrical ports in addition to opti-
cal ports. To interface electrical driver circuits with our photonic chip electrical
bond pads are places at the top and the bottom periphery. The electrical ports
of the active components can be connected to these bond pads either directly or
via waveguide metal transitions (tiny red rectangular boxes).

Figure (3.63) shows the top cell of our photonic integrated receiver. There is an
MMI right next to an SSC (the last one from the top) which receives the trans-
mitted light. The MMI splits both the LO and the carrier so that they can be
polarization demultiplexed prior to balanced (homodyne or heterodyne) detec-
tion. The photo-currents produced by the photodetectors are routed out of the
photonic chip to an electrical circuit board for electrical subtraction followed by
amplification. In the receiver cell, in addition to the coherent receiver elements,
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FIGURE 3.63: Mask layout of a photonic integrated receiver for CV QKD. The receiver
chip contains coherent receiver components for balanced detection as well as some test
structures for characterization.

there was enough room for us to place a laser, a tunable MZI, an MZM along
with some photodiodes as test structures. We thought it would be a good idea
to characterize these components before going on to perform real experiments
with the chips.

3.7 Wafer Validation

The design was submitted on due time for the multi project wafer run HHI17. It
took a little over six months to get the chips shipped to Ottawa upon fabrication.
The chips were subjected to on-wafer testing by the foundry. Table (3.3) and
Figure (3.64) shows measurement results done by the foundry on some of the
building blocks.

Performance parameters

Waveguide
loss E1700

Butt-
joint
loss

PD
respon-
sivity

DFB
wave-
length
deviation

DFB
power
@50 mA

DFB
series
resis-
tance

SOA
gain

2 dB/cm 2 dB 0.4 A/W -5 nm 0 dBm 14 Ω 4 dB

TABLE 3.3: Overview of the validation results reported by the foundry.

The loss reported for ridge waveguide of etch depth of 1700 nm is the maxi-
mum loss over all polarizations and the C-band. The butt-joint loss refers to
the active-passive transition loss over all polarizations and the C-band. To mea-
sure the responsivity of the photodetector, it was directly attached to a spot size
converter.

Optical power is launched into the detector via a standard single mode fiber
which is butt-coupled to the SSC. The reported responsivity applies to this set
up for all polarizations and the C-band. The DFB wavelength deviation denotes
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FIGURE 3.64: Spectrum of a DFB laser with a target wavelength of 1.54 µm, measured
at various currents and at (a) 20°C (b) 50°C.(c) DFB series resistance above threshold
for various DFB wavelengths. DFB LIV curves obtained using a CW current (red) and
a pulsed current (blue) for (d) 20°C (e) 50°C.

the difference between DFB wavelength design target and the peak wavelength
measured at 50 mA (also Figure 3.64(a,b)). Positive values mean that the mea-
sured wavelength is red-shifted.The DFB power is measured using a CW cur-
rent of 50 mA on bar level without proper heat sink. The given value is the
minimum power across the C-band (also Figure 3.64(d,e)). The measurement is
done using an on-chip photodiode with known responsivity.

The DFB series resistance is the differential resistance (rdiff =
dv
di ) of a DFB laser

above threshold (also Figure 3.64(c)). The reported SOA gain is the gain of a
900 µm long SOA in TE. The given value is the minimum across the C-band
and includes coupling loss of the active/passive transition but not any fiber
coupling. The measurement is done with a CW current of 100 mA and without
special heat management.

3.8 Conclusion

This chapter steps through the design analysis of an integrated photonic trans-
mitter and a receiver capable of implementing continuous variable quantum
key distribution. Needless to say, we had to paly around within the confines of
technologies which were available from the foundry at the time of the targeted
multi-project wafer run schedule. With progress in technology, there is room for
improvement in the same design both performance wise and capability wise.
For example, our system is constrained by how fast the phase modulator (for
CIPM it is 350 MHz) is. Now HHI has introduced an electro-optic phase mod-
ulator (EOPM) with travelling wave electrode (TWE) which can operate in the
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GHz region. Finally, the design is just a small part of a bigger project– proof-
of-principle demonstration of on-chip CV QKD in InP. The photonic chips need
to be properly packaged before characterizing it in the lab. The package would
contain, among other things, electrical PCBs wire-bonded to the photonic inte-
grated circuits for driving the active components. The experimentally obtained
data from the photonic chips subject to classical post processing will eventually
establish the key rate of the protocol. All these steps will be performed by the
new group members who will continue the project after my graduation.
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Chapter 4

Electromagnetic Analysis of a DFB
Laser

4.1 Introduction

This chapter introduces a project, which grew out of a collaboration with one
of our industrial partners, Intengent. The goal of the project is to investigate
how the physical parameters of a distributed feedback (DFB) semiconductor
laser (emitting at 1310 nm) with a specific design can be optimized for obtain-
ing enhanced output performance. In that regard, my contribution has been
the theoretical derivations documented in section (4.4) of this chapter, and the
numerical results presented in Chapter 5. This chapter endeavors to lay the
theoretical groundwork to better appreciate these works. A DFB laser is con-
spicuous by its narrowband emission (Figure (4.1b)). While in a regular Fabry-
Perot laser resonator discrete feedback is provided at the two ends of the optical
gain medium (Figure (4.1c)), in a DFB laser the feedback is distributed over the
length of the whole gain region. One can argue that in the case of a DFB laser the
phase matching condition becomes more rigorous (Figure (4.1e)) resulting in a
more selective spectral condition. In a semiconductor DFB laser, the feedback
is fabricated in the form of surface corrugation (Figure (4.1d)), which works as
a grating. The electromagnetic analysis of such a laser combines the effects of
a slab waveguide (necessary for optical confinement), and a grating. Our up-
coming discussion on the transverse mode analysis and the longitudinal mode
analysis of a generic DFB laser will reflect on this fact. The discussion synthe-
sizes materials mostly from the following two sources [23], [93]. The important
equations we make use of in the next chapter are boxed around to distinguish
them from the rest.

4.2 Distributed Feedback Laser

A Fabry-Perot optical cavity formed by two mirrors positioned at z = 0, and
z = L will support electromagnetic modes such that

kqd = qπ ⇒ νq = q
c

2L
q ∈N. (4.1)
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FIGURE 4.1: (a),(b) Transmission spectrum of a Fabry-Perot laser and a DFB laser [24].
(c) Phase matching condition illustrated in a Fabry Perot cavity [94]. (d) Surface cor-
rugation to define periodic grating in a DFB laser [95]. (e) Phase matching condition
illustrated in a DFB cavity [95].

In words, the round trip phase of a travelling wave should be an integer mul-
tiple of 2π within the cavity. This is known as the phase matching condition.
Figure (4.1c) illustrates the idea. νq denotes a particular frequency supported
by the structure. Figure (4.1a) gives an idea of the associated spectrum. The
frequency spacing between two adjacent supported modes is given by

νq+1 − νq =
c

2L
. (4.2)

Therefore, by letting L be small, one can enlarge the frequency spacing, and
hence can make the cavity more spectrally selective. A DFB cavity can be vi-
sualized as a series of planes (reflectors) with periodicity Λ. For a wave to be
supported by the DFB structure, the phase matching condition needs to be sat-
isfied at every interface, i.e.

λg =
2Λ
N

, N = 1, 2, 3, ... (4.3)

which is known as the Bragg condition. Here λg is the optical wavelength
within the grating region, and N is the grating order which is an integer. Since
Λ << L, from equation (4.2), one can infer that the DFB cavity spectrum will
be more spaced out. Now if the optical cavity is filled with a gain medium,
then only those frequencies within the gain spectrum of the medium will expe-
rience amplification. With the strategy discussed above, in theory, one can build
an optical resonator with a gain medium and distributed feedback, which will
selectively boost a certain mode with a desired frequency.

The above discussion is just a hand-wavy explanation of the working principle
of a distributed feedback laser. The theoretical analysis of a first-order, N = 1
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FIGURE 4.2: (a) The contra-propagating Bragg modes in a 1st order DFB laser feed off
each other. The grating induces the coupling. (b) Plot of the relative amplitudes of left
travelling wave S and right travelling wave R vs distance.

in equation (4.3), DFB laser was first notably performed by Kogelnik and Shank
[96]. They applied the coupled mode formalism in formulating the electromag-
netic behavior of a DFB laser (Figure 4.2). The essence of the theory is the fol-
lowing: For the first order DFB, the field inside the cavity may be decomposed
into a forward propagating wave R(z) and a backward propagating wave S(z)
both satisfying equation (4.3). R(z) starts at z = − L

2 , and grows as it traverses
along +z. S(z) starts at z = + L

2 , and grows as it traverses along −z. Figure (4.2
b) illustrates this idea. The grating couples the two modes as they propagate.
At each grating interface, a fraction of R(z) is coupled with S(z), and the rest
is transmitted. At z → L

2 i.e. at the output end, the amplified R(z) somewhat
flattens. The same applies to S(z). The energy exchange with Bragg modes and
any other diffraction mode is negligible.

Another approach based on Floquet-Bloch theorem has also been proposed [97].
In this approach, the grating is represented by a periodic modulation of the elec-
trical permittivity (refractive index). The field inside the structure is expanded
in an infinite series of partial waves (spatial harmonics). Partial waves with
matching phase exchange energy. In DFB lasers these are the forward and the
backward propagating harmonics. It has been demonstrated that the truncated
form of Floquet-Bloch expansion is equivalent to the coupled wave theory [98].

William Streifer coalesced both the approaches to develop the theory for higher
order (N > 1) DFB lasers in a consistent way [93]. In a higher order DFB laser,
it is necessary to consider energy exchange between Bragg modes and the other
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diffraction order modes. Streifer modified the coupled wave equations with
some correction terms which are known as the Streifer coefficients. It is his
approach that we discuss in great detail below.

4.3 Transverse Mode Analysis

Let us start with the Helmholtz wave equation, which must be satisfied by the
TE polarized wave Ey(x, z) in the structure shown in Figure (4.3)

∇2Ey(x, z) + k2
0n2(x, z)Ey(x, z) = 0. (4.4)

Since the structure is uniform in the y-direction, we can write

FIGURE 4.3: Side view of a four layer DFB laser structure. The grating is described by
its period Λ, and the tooth shape functions w1(x), and w2(x)

∂2Ey

∂z2 +
∂2Ey

∂x2 + k2
0n2(x, z)Ey = 0, (4.5)

where a harmonic time dependence of eωt is assumed; the free space wave
number is given by k0 = 2π

λ0
; n2(x, z) is the refractive index profile of the struc-

ture. For our structure of interest, the squared refractive index n2(x, z) is con-
stant for x < 0 and x > g. In the grating region 0 < x < g, it can be written in
terms of unit step functions as [23]

n2(x, z) =
∞

∑
p=−∞

[
n2

1{u[z− w1(x) + pΛ]− u[z− w2(x) + pΛ]}

+n2
2{u[z− w2(x) + pΛ]− u[z− w1(x)−Λ + pΛ]}

]
, (4.6)

where

u(z) =

{
0 z < 0
1 z > 0.

(4.7)
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w1(x) and w2(x) describe the tooth shape, and Λ is the grating period. The sum-
mation over p mathematically represents the periodicity of the grating struc-
ture. Next we expand n2(x, z) for 0 < x < g in a Fourier series

n2(x, z) =
∞

∑
q=−∞

Aq(x)e
2πqz

Λ , (4.8)

with

Aq(x) =
1
Λ

∫ z0(x)+Λ

z0(x)
n2(x, z) exp

(
−

2πqz
Λ

)
dz. (4.9)

z0(x) can be chosen arbitrarily because of the periodicity. From equation (4.9),
for q = 0,

A0(x) =
n2

1
Λ

∫ w2(x)

w1(x)
dz +

n2
2

Λ

∫ w1(x)+Λ

w2(x)
dz

⇒ A0(x) = n2
2 − (n2

2 − n2
1)[w2(x)− w1(x)]/Λ . (4.10)

The boxed equation represents an ’averaged-over’ refractive index with which
the grating region can be approximated as a homogeneous region. Similarly,
Aq(x) for q 6= 0 is

Aq(x) =
n2

1
Λ

∫ w2(x)

w1(x)
exp{(−2πqz/Λ)}dz +

n2
2

Λ

∫ w1(x)+Λ

w2(x)
exp{(−2πqz/Λ)}dz

⇒ Aq(x) =
(n2

2 − n2
1)

2πq

[
exp

{
−2πqw2(x)

Λ

}
− exp

{
−2πqw1(x)

Λ

}]
. (4.11)

From the above equation, it is obvious that A−q(x) = A∗q(x). Now, the refractive
index of the whole structure can be written as

n2(x, z) = ñ2
0(x) +

∞

∑
q=−∞

q 6=0

Aq(x) exp
(


2πqz

Λ

)
. (4.12)

The q = 0 term of the Fourier Series which does not depend upon z has been
subsumed in ñ0(x). With the above expression equation (4.5) can be rewritten
in the following way

∂2Ey

∂z2 +
∂2Ey

∂x2 + k2
0ñ2

0(x)Ey + k2
0Ey

∞

∑
q=−∞

q 6=0

Aq(x) exp
(


2πqz

Λ

)
= 0. (4.13)

ñ0(x) is a complex quantity, the imaginary part of which accounts for the loss,
or the gain of the structure

ñ0(x) = n0(x)− κ(x). (4.14)
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Therefore, the k2
0ñ2

0(x) term in the equation (4.13) evaluates to

k2
0ñ2

0(x) = k2
0
[
n0(x)− 

α̃(x)
k0

]2
= k2

0n2
0(x)− 2k0n0(x)α̃(x)− α̃2(x), (4.15)

where α̃(x) represents gain if α̃ > 0, or loss if α̃ < 0 in each region. Since
|α̃| << k0n0, one can drop α̃2, and write

k2
0ñ2

0(x) ≈ k2
0n2

0(x)− 2k0n0(x)α̃(x). (4.16)

The real part of the refractive index is distributed in each region according to
the following way

n2
0(x) =


n2

1 x ≤ 0
A0(x) 0 ≤ x ≤ g
n2

2 g ≤ x ≤ t
n2

3 t ≤ x.

(4.17)

If, for the moment, we ignore the z variation of the refractive index by disre-
garding all the terms with q 6= 0, and consider Im(ñ0) ≈ 0, equation (4.13)
becomes

∂2Ey

∂z2 +
∂2Ey

∂x2 + k2
0n2

0(x)Ey = 0. (4.18)

Equation (4.18) is the governing equation for a multi-stack slab waveguide which
admits solution of the form Ey(x, z) = ε0(x) exp(βz) because of the assumed
uniformity along the propagation direction. In particular, the transverse profile
ε0(x) satisfies

d2ε0

dx2 + [k2
0n2

0(x)− β2]ε0(x) = 0 . (4.19)

This is an eigenvalue problem which yields a set of allowable values for β, each
of which is the propagation constant for a different guided TE mode

β =
2πneff

λ0
. (4.20)

Therefore, corresponding to a set of values for β, there is a set of values for
neff. 1. Here neff represents the refractive index the guided mode effectively sees
while propagating through the structure. In order for a mode to be guided, neff
must satisfy n2 > neff > max(n1, n3), where n2 is the core index where the field
is mostly confined, (n1, n3) are the cladding indices surrounding the core.

Now with a grating included in the structure, we assume an electric field solu-
tion of the following form

Ey(x, z) =
∞

∑
m=−∞

E(m)
y (x, z)eβmz, (4.21)

1The mode with the highest neff, is called the fundamental mode, and denoted as β0 =
2πneff, max

λ0
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since according to the Floquet-Bloch theorem the electric field in a periodic
medium can be expressed as an infinite summation of partial waves. Here E(m)

y
is the mth partial field wave (diffracted mode) component; (m denotes the field
order), and it slowly varies with z. βm is the propagation constant for an mth
order partial wave with respect to β0

βm = β0 +
2πm

Λ
. (4.22)

The mode field is assumed to be consisting of a series of standing waves in the
z direction with the lowest order mode m = 0 denoting the mode that would
have existed in the waveguide in the absence of a grating. Substituting equation
(4.21) into equation (4.13), results in the following expression upon algebraic
manipulation (Appendix E)

∂2E(m)
y

∂x2 +
∂2E(m)

y

∂z2 + 2βm
∂E(m)

y

∂z
− β2

mE(m)
y + k2

0ñ2
0(x)E(m)

y

= −k2
0

∞

∑
q=−∞

q 6=0

Aq(x)E(m−q)
y (4.23)

Resonant case: For a DFB laser with an Nth order grating with a period of Λ,
the propagation constant of the TE mode should satisfy the Bragg condition

β0 =
Nπ

Λ
N = 1, 2, 3... . (4.24)

One of the partial waves generated by the grating of the order p = −N has
propagation constant

βp = β0 +
2πp

Λ
= β0 −

2πN
Λ

= β0 − 2β0 = −β0, (4.25)

which couples resonantly with the forward propagating wave making E(0)
y and

E(p)
y the dominant modes. The Fourier coefficient Ap(x) corresponding to this

particular p serves to couple E(0)
y (x, z) to its contradirectional part E(p)

y (x, z).
While A−p(x) = A∗p(x) provides the reverse coupling. In this resonant case, let
us assume

E(0)
y (x, z) = R(z)ε0(x) (4.26a)

E(p)
y (x, z) = S(z)ε0(x). (4.26b)

Here ε0(x) is the fundamental mode profile, and R(z) and S(z) are the axial
dependence of the waves propagating in the +z and −z direction respectively.
Substituting (4.26a) into (4.23) for m = 0, gives

R(z)
d2ε0(x)

dx2 + ε0(x)
d2R(z)

dz2 + 2β0ε0(x)
dR(z)

dz
+ k2

0ñ2
0(x)R(z)ε0(x)− β2

0ε0R(z)

= −k2
0

∞

∑
q=−∞

q 6=0

Aq(x)E(−q)
y (x, z). (4.27)
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Under the slowly varying wave approximation, we can neglect d2R(z)
dz2 , obtaining

2β0R′ε0 + R

{
d2ε0(x)

dx2 +[k2
0ñ2

0(x)− β2
0]ε0(x)

}
= −k2

0

∞

∑
q=−∞

q 6=0

Aq(x)E(−q)
y (x, z).

(4.28)

Similarly, for m = p, with β2
p = (−β0)

2 = β2
0, one gets

−2β0S′ε0 + S

{
d2ε0(x)

dx2 + [k2
0ñ2

0(x)− β2
0]ε0(x)

}
= −k2

0

∞

∑
q=−∞

q 6=0

Aq(x)E(p−q)
y (x, z).

(4.29)

Coupled terms have been placed on the right hand side of both equations (4.28)
and (4.29). The expression inside the curly brackets on the left hand side of both
the equations can be simplified to

−2k0n0(x)α̃(x) + (β2 − β2
0)ε0(x), (4.30)

where we have used equations (4.19) and (4.16). Substituting (4.30) in (4.28) and
(4.29), we have, respectively

2β0R′ε0(x) + R
[
− 2α̃(x)k0n0(x) + (β2 − β2

0)
]
ε0(x)

= −k2
0A−p(x)Sε0(x)︸ ︷︷ ︸−k2

0

∞

∑
q=−∞
q 6=0,p

Aq(x)E(−q)
y (x, z), (4.31)

and − 2β0S′ε0(x) + S
[
− 2α̃(x)k0n0(x) + (β2 − β2

0)
]
ε0(x)

= −k2
0Ap(x)Rε0(x)︸ ︷︷ ︸−k2

0

∞

∑
q=−∞
q 6=0,p

Aq(x)E(p−q)
y (x, z). (4.32)

The curly braces indicate that the −pth and the pth term have been taken out
of the summation. We multiply equation (4.31) with ε0(x) and integrate over
(−∞, ∞)

2β0R′
∫ ∞

−∞
ε2

0(x)dx + R(−2k0)
∫ ∞

−∞
α̃(x)n0(x)ε2

0(x)dx + R(β2 − β2
0)
∫ ∞

−∞
ε2

0(x)

=− k2
0S
∫ ∞

−∞
A−p(x)ε2

0(x)dx− k2
0

∞

∑
q=−∞
q 6=0,p

∫ g

0
Aq(x)ε0(x)E(−q)

y dx. (4.33)

Let us define the following quantities

Modal power P =
∫ ∞

−∞
ε2

0(x)dx, (4.34)

Modal gain/loss α =
k0

β0P

∫ ∞

−∞
n0(x)α̃(x)ε2

0(x)dx, (4.35)
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Coupling Coefficient κ−p =
k2

0
β0P

∫ g

0
A−p(x)ε2

0(x)dx, (4.36)

Bragg detuning δ =
β2 − β2

0
2β0

≈ β− β0. (4.37)

It is to be noted that the integral for κ−p extends over the region (0, g), since
Aq(x) = 0 outside that region. Dividing equation (4.33) by 2β0P and making
use of the definitions from (4.34) to (4.37) yields

R′ + (−α− δ)R =κ−pS +
k2

0
2β0P

∞

∑
q=−∞
q 6=0,p

∫
Aq(x)ε0E(−q)

y dx. (4.38)

Going along the same line from equation (4.32), one would find

−S′ + (−α− δ)S =κpR +
k2

0
2β0P

∞

∑
q=−∞
q 6=0,p

∫
Aq(x)ε0E(p−q)

y dx. (4.39)

To evaluate the right hand side of (4.38) and (4.39), equation (4.23) must be
solved for E(m)

y with m 6= 0, p. One can go forward with the following assump-

tions [23]: (i) Only E(0)
y and E(p)

y are important in generating E(m)
y , m 6= 0, p (ii)

The z derivative terms in (4.23) are negligible compared to others, (iii) α̃ may be
neglected. With all these assumptions, we can write from (4.23)

∂2E(m)
y

∂x2 + [k2
0n2

0(x)− β2
m]E

(m)
y = −k2

0[Am(x)R(z) + Am−p(x)S(z)], (4.40)

which admits a solution of the form

E(m)
y (x, z) = R(z)ε(0)m (x) + S(z)ε(p)

m (x), ∀m, m 6= 0, p (4.41)

where ε
(0)
m and ε

(p)
m both satisfy

d2ε
(i)
m (x)

dx2 + [k2
0n2

0(x)− β2
m]ε

(i)
m (x) = −k2

0Am−i(x)ε0(x) ∀m, m 6=i,
i=0,p (4.42)

Here, ε
(0)
m , and ε

(p)
m are generated by the +z wave E(0)

y and −z wave E(p)
y respec-

tively. The next task is to substitute equation (4.41) into the right hand sides of
(4.38) and (4.39). From (4.38), it results

R′ + (−α− δ)R

=κ−pS +
k2

0
2β0P

∞

∑
q=−∞
q 6=0,p

∫ g

0
Aq(x)ε0{Rε

(0)
−q(x) + Sε

(p)
−q}dx, (4.43)
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the last term of which can be consolidated in the following way

R
∞

∑
q=∞
q 6=0,p

η
(0)
q,−q + S

∞

∑
q=∞
q 6=0,p

η
(p)
q,−q = R(z)ζ1 + S(z)ζ2. (4.44)

Similarly from (4.39), results

−S′ + (−α− δ)S

=κpR +
k2

0
2β0P

∞

∑
q=−∞
q 6=0,p

∫ g

0
Aq(x)ε0{Rε

(0)
−q(x) + Sε

(p)
−q}dx, (4.45)

the last term can be consolidated also in this case

R
∞

∑
q=∞
q 6=0,p

η
(0)
q,p−q + S

∞

∑
q=∞
q 6=0,p

η
(p)
q,p−q = R(z)ζ4 + S(z)ζ3. (4.46)

Putting things together, we can write the following pair of equations

R′ + (−α− δ− ζ1)R = (κ−p + ζ2)S (4.47)

S′ + (−α− δ− ζ3)S = (κp + ζ4)R (4.48)

where ζ1...ζ4 are the Streifer coefficients

ζ1 =
∞

∑
q=−∞
q 6=0,p

η
(0)
q,−q , (4.49a)

ζ2 =
∞

∑
q=−∞
q 6=0,p

η
(p)
q,−q , (4.49b)

ζ3 =
∞

∑
q=−∞
q 6=0,p

η
(p)
q,p−q , (4.49c)

ζ4 =
∞

∑
q=−∞

q 6=0,p

η
(0)
q,p−q , (4.49d)

with η
(i)
r,s =

k2
0

2β0P

∫
G

Ar(x)ε0(x)ε(i)s (x)dx, (4.49e)

with precise physical significance as described below

• ζ1 represents the reaction of partial waves, be it radiating (p < −q < 0),
or decaying (−q < p, 0 < −q), generated by the forward propagating
wave on the forward propagating wave itself.
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• ζ3 represents the reaction of all partial waves generated by the backward
waves on the backward propagating wave itself.

• For all gratings, ζ1 = ζ3.

• Re(ζ1, ζ3) could be positive or negative, and will affect the deviation from
the Bragg frequency.

• Im(ζ1, ζ3) represents the additional radiation loss in the transverse direc-
tion due to the partial waves, and hence are always positive.

• ζ2 term accounts for reaction of all the partial waves generated by the
backward propagating mode on the forward propagating mode.

• ζ4 term accounts for reaction of all the partial waves generated by the
forward propagating mode on the backward propagating mode.

• For symmetric gratings, ζ2 = ζ4

• The ζ2, ζ4 terms act as correction terms to the coupling coefficient as they
represent indirect coupling between the forward and the backward prop-
agating mode through the partial waves.

• We can define a new term called effective coupling coefficient

κeff =
√
(κ∗p + ζ2)(κp + ζ4) = |κeff|eφ(κeff). (4.50)

• κeff is complex with Re(κeff) denoting index coupling, and Im(κeff) denot-
ing gain coupling.

4.4 Longitudinal Mode Analysis

As mentioned in section (4.3), at the resonant condition inside the DFB cavity,
there are two dominant modes satisfying the Bragg condition, namely equations
(4.26a) and (4.26b)

ε0(x)R(z) exp(β0z),
ε0(x)S(z) exp(−β0z).

The transverse mode profile ε0(x) has been assumed to be identical for both the
forward, and the backward propagating modes. The longitudinal modes are
governed by equations (4.47) and (4.48)

R′ + (−α− δ− ζ1)R = (κ∗p + ζ2)S,

−S′ + (−α− δ− ζ3)S = (κp + ζ4)R.

The above two equations always admit solutions of the form

R(z) = r1 exp(γz) + r2 exp(−γz), (4.51a)
S(z) = s1 exp(γz) + s2 exp(−γz). (4.51b)
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FIGURE 4.4: A generic DFB longitudinal section with additional reflector on one end.

Substituting (4.51a) into (4.47), and (4.51b) into (4.48), and subsequently col-
lecting coefficients for the same exponentials, one arrives at (Appendix E for
reference)

Γ̂r1 = (κ∗p + ζ2)s1, (4.52a)

Γr2 = (κ∗p + ζ2)s2, (4.52b)

Γs1 = (κp + ζ4)r1, (4.52c)

Γ̂s2 = (κp + ζ4)r2, (4.52d)

with

Γ̂ = γ + (−α− δ− ζ1), (4.53a)
Γ = −γ + (−α− δ− ζ1). (4.53b)

Now, from (4.52c),

s1 =
(κp + ζ4)

Γ̂
r1. (4.54)

Inserting that into equation (4.52a), one obtains the characteristic longitudinal
mode equation

Γ̂r1 = (κ∗p + ζ2)
(κp + ζ4)

Γ̂
r1 ⇒ γ2 = (α + δ + ζ1)

2 + κ2
eff , (4.55)

where we have used the definition of effective coupling coefficient namely equa-
tion (4.50). From equation (4.55), if γ, ζ1, κeff are known, then α and δ uniquely
describe a longitudinal DFB mode. ζ1, ..., ζ4 and κeff can be calculated from the
transverse mode analysis. In the following, how γ can be solved analytically is
discussed.
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Making use of boundary conditions:

Figure (4.4) shows a longitudinal section of a distributed feedback laser which
can be considered generic. Let us denote

ρ̂l → reflection coefficient of the left reflector;
ρ̂r → reflection coefficient of the right reflector;

Then, applying these boundary conditions, at the leftmost end

(i) R(z)eβ0z|z=−L/2 = ρ̂lS(z)e−β0z|z=−L/2

⇒(r1e−γL/2 + r2eγL/2)e−β0L/2 = ρ̂l(s1e−γL/2 + s2eγL/2)eβ0L/2. (4.56)

and at the rightmost end

(ii) S(z)e−β0z|z=L/2 = ρ̂rR(z)eβ0z|z=L/2

⇒(s1eγL/2 + s2e−γL/2)e−β0L/2 = ρ̂r(r1eγL/2 + r2e−γL/2)eβ0L/2. (4.57)

To simplify algebra let us eliminate r1 and s2. From equations (4.52a), and
(4.52d), respectively

r1 =
(κ∗p + ζ2)

Γ̂
s1, (4.58)

s2 =
(κp + ζ4)

Γ̂
r2. (4.59)

Let us substitute the above expressions in (4.56),(
(κ∗p + ζ2)

Γ̂
s1e−γL/2 + r2eγL/2

)
e−β0L/2 = ρ̂l

(
s1e−γL/2 +

(κp + ζ4)

Γ̂
r2eγL/2

)
eβ0L/2

⇒
(

(κ∗p + ζ2)

Γ̂
e−γL/2 − ρ̂le−γL/2eβ0L

)
s1 =

(
ρ̂l

(κp + ζ4)

Γ̂
eβ0LeγL/2 − eγL/2

)
r2.

(4.60)

and also in (4.57),(
s1eγL/2 +

(κp + ζ4)

Γ̂
r2e−γL/2

)
e−β0L/2 = ρ̂r

(
(κ∗p + ζ2)

Γ̂
s1eγL/2 + r2e−γL/2

)
eβ0L/2

⇒
(

eγL/2 − ρ̂reγL/2eβ0L (κ∗p + ζ2)

Γ

)
s1 =

(
e−γL/2ρ̂reβ0L −

(κp + ζ4)

Γ̂
e−γL/2

)
r2.

(4.61)

Dividing (4.61) by (4.60), one gets (Appendix E)(
1− ρl

Γ̂
κeff

)
e−γL

ρl − Γ̂
κeff

=

(
ρr − Γ̂

κeff

)
eγL

1− ρr
Γ̂

κeff

, (4.62)
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where we have defined the following quantities

ρl := ρ̂leβ0L

√
κp + ζ4

κ∗p + ζ2
; ρr := ρ̂reβ0L

√
κ∗p + ζ2

κp + ζ4
. (4.63)

We would like to solve equation (4.62) for Γ̂
κeff

. Toward that end, from (4.53a)
and (4.53b), let us write

Γ̂− Γ = 2γ⇒ Γ = Γ̂− 2γ⇒ Γ̂ = Γ + 2γ (4.64)

Now, from (4.52a) and (4.52b), respectively, we have

Γ̂
(κ∗p + ζ2)

r1 = s1; s1 =
(κp + ζ4)

Γ
r1 (4.65)

Equating on both sides, and using (4.64), results in

Γ̂
(κ∗p + ζ2)

=
(κp + ζ4)

Γ
⇒ γ =

κeff

2

(
Γ̂

κeff
− κeff

Γ̂

)
. (4.66)

Let us define Γ̂
κeff

:= x. Then equation (4.62) becomes an easily recognizable
quadratic equation in x

(1− ρlx)e−γL

ρl − x
=

(ρr − x)eγL

1− ρrx
⇒x2(ρ2e−γL − eγL)− (ρl + ρr)xe−γL + (ρl + ρr)xeγL + e−γL − ρ2eγL = 0,

(4.67)

where we have used ρ2 := ρlρr = ρ̂l ρ̂reβ0L. Solving the above equation for x
allows us to evaluate (Appendix E)

x− 1
x
=

Γ̂
κeff
− κeff

Γ̂

=
{(ρl + ρr)(1− ρ2)2 cosh (γL)± (1 + ρ2)2{(ρl − ρr)2 sinh2 γL + (1− ρ2)2}1/2 sinh (γL)

[(1 + ρ2)2 − 4ρ2 cosh2 (γL)]
.

(4.68)

For convenience, let us define

D := (1 + ρ2)2 − 4ρ2 cosh2 (γL). (4.69)

Therefore, from equation (4.66),

(γL) =
(κeffL)

2
× 2 sinh (γL)

D

[
(ρl + ρr)(1− ρ2) cosh(γL)

± (1 + ρ2){(ρl − ρr)
2 sinh2 (γL) + (1− ρ2)2}1/2

]
(4.70)
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Squaring the above expression followed by slight rearrangement leads to

⇒(γLD)2

−2(κe f f L)(γLD)(ρr + ρl)(1− ρ2) sinh (γL) cosh (γL)

−(κe f f L)2(ρl + ρr)
2(1− ρ2)2 sinh2 (γL) cosh2(γL)

+(κe f f L)2(1 + ρ2)2 sinh2 (γL)(ρl − ρr)
2 sinh2 (γL)

+(κe f f L)2(1 + ρ2)2 sinh2 (γL)(1− ρ2)2 = 0. (4.71)

The last three terms, when added together, evaluate to (Appendix E)

(κeffL)2 sinh2 (γL)D(1− ρ2
l )(1− ρ2

r ). (4.72)

Substituting back to equation (4.76), and factoring out the common D,

(γL)2D − 2(κeffL)(ρl + ρr)(1− ρ2) sinh (γL) cosh (γL)(γL)+

(κeffL)2 sinh2 (γL)(1− ρ2
r )(1− ρ2

l ) = 0. (4.73)

For our purpose, we consider a special case ρr ≈ 0, which is realstic since light
from the laser has to be collected from one side. It results in ρ2 = 0, and D = 1.
Then equation (4.73) becomes

(γL)2 + (κeffL)2 sinh2 (γL)(1− ρ2
l )− 2(κeffL)ρl(γL) sinh (γL) cosh (γL) = 0.

(4.74)

For the convenience of calculation, i.e. not to carry around an extra minus sign,
we can introduce

−ρl = ρl(cos π +  sin π) = ρleπ = ρ̃l ⇒ (−ρl)
2 = ρ̃2

l = ρ2
l , (4.75)

so that equation (4.74) becomes

(γL)2 + (κeffL)2 sinh2 (γL)(1− ρ2
l )− 2(κeffL)ρ̃l(γL) sinh (γL) cosh (γL) = 0.

(4.76)

This is the governing equation for a longitudinal mode in a distributed feed-
back laser. We solve this equation for γL for particular values of κe f f L, and ρ̃l to
obtain a pair of values αL and δL. κe f f L comes from the calculation of the over-
lap between fundamental mode and the partial modes. But this is a complex
valued equation, and we need to break it down into real and imaginary parts.
To that end, let us first rewrite equation (4.76) as follows.

2(γL)2 + 2(κeffL)2 sinh2 (γL)(1− ρ2
l ) + 2ρ̃l(κeffL)(γL) sinh (2γL) = 0. (4.77)

Let us assign

γl = a + b; ρ̃l = −ρl = −(c + d); (κeffL) = q + p (4.78)
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After a considerable amount of algebra the real and imaginary parts of equation
(4.77) are separated as follows (Appendix E)

Real Part Equation :

2(a2 − b2)

+ cos (2b) cosh (2a)
[
m(q2 − p2) + 2qpn

]
+ sin (2b) sinh (2a)

[
− 2qpm + n(q2 − p2)

]
+ cos (2b) sinh (2a)

[
2b(qc− pd) + 2a(qd + pc)

]
+ sin (2b) cosh (2a)

[
2a(qc− pd)− 2b(qd + pc)

]
−m(q2 − p2)

−2qpn = 0. (4.79)

Imaginary Part Equation :

2(a2 − b2)

+ cos (2b) cosh (2a)
[
− n(q2 − p2) + 2qpm

]
+ sin (2b) sinh (2a)

[
m(q2 − p2) + 2qpn

]
+ cos (2b) sinh (2a)

[
− 2a(qc− pd) + 2b(qd + pc)

]
+ sin (2b) cosh (2a)

[
2b(qc− pd) + 2a(qd + pc)

]
+n(q2 − p2)

−2qpm = 0. (4.80)

4.4.1 Transmission and Reflection Spectrum

Now we are in a position to derive the expressions for the transmission and the
reflection spectrum of our DFB laser. Let us recall equations (4.47) and (4.48)

R′ + (−α− δ− ζ1)R = (κ∗p + ζ2)S

−S′ + (−α− δ− ζ3)S = (κp + ζ4)R

Taking derivatives of both the equations with respect to z (propagation direc-
tion), results in (Appendix E)

R′′ − γ2R = 0, (4.81a)

S′′ − γ2S = 0. (4.81b)

As mentioned earlier, these two equations admit solutions of the form (equa-
tions (4.51a) and (4.51b))

R(z) = r1eγz + r2e−γz,

S(z) = s1eγz + s2e−γz.
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Evaluating the above two equations at the boundaries z = −L/2, and z = L/2,
and following some substantial algebra one arrives at (Appendix E)

R(L/2) =
γ(κp + ζ4)

(κp + ζ4)
[
γ cosh (γL)− (α + δ + ζ1) sinh (γL)

]
+ κ2

effr sinh (γL)
,

(4.82)

if r = 0,

R(L/2) =
γ

γ cosh (γL)− (α + δ + ζ1) sinh (γL)
, (4.83)

which is the same as in derived [23] for zero reflectivity on both the facets. Now,
referring to Figure (4.4), if we set R(−L/2) = 1, then |R(L/2)|2 will denote the
power transmission coefficient of our distributed feedback laser cavity.

Starting from equation (E.27), one can show that

S(−L/2)
R(−L/2)

=
γrR(L/2) + (κp + ζ4) sinh(γL)

γ cosh(γL)− (α + δ + ζ1) sinh(γL)
. (4.84)

For R(−L/2) = 1, |S(−L/2)|2 will denote the power reflection coefficient of our
distributed feedback laser cavity. Here, also for r = 0, the reflection coefficient
takes the expected form from [23]

S(−L/2) =
(κp + ζ4) sinh(γL)

γ cosh (γL)− (α + δ + ζ1) sinh (γL)
. (4.85)

4.5 Conclusion

This chapter presents a thorough electromagnetic analysis of a distributed feed-
back laser. In principle, the analysis applies to any DFB laser. The following
chapter uses the results established here to numerically solve the transverse
and the longitudinal modes of a DFB laser which employs a specific cross sec-
tion and grating profile. The only adjustment we make, as we shall see, is to
take into account both the transverse coordinates instead of one, since for some
of the layers none of the directions can be assumed to be infinitely uniform.
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Chapter 5

Numerical Analysis of a DFB Laser

5.1 Introduction

In this chapter, we study the transmission spectrum of a DFB laser with a spe-
cific cross-section and a grating profile. First, we present the transverse profile
of the fundamental guided mode obtained by a standard commercial 2-D mode
solver. In this step, the grating region is considered homogeneous with an av-
eraged over refractive index. Next, we simulate the transverse profile of the
partial modes. The same 2-D mode solver can be used in this case also. But the
Helmholtz equation for the structure now has a source term in the form of the
fundamental mode from the previous step. From the overlap integral between
the fundamental mode and the partial modes, one can calculate all the Streifer
coefficients, and hence the modified coupling coefficient. This allows us to solve
the complex longitudinal mode equation for a particular value of the mirror re-
flection coefficient. Finally, we are in a position to plot the transmission and the

FIGURE 5.1: Workflow related with the numerical analysis of a generic DFB Laser.
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reflection spectrum of the laser. Figure (5.1) shows the workflow of the analysis
just stated.

5.2 Fundamental Mode Profile

Figure (5.2) shows the cross-section of the distributed feedback laser which is to
be used for taper assisted vertical integration at 1310 nm.

FIGURE 5.2: The cross-section of the TAVI DFBL. For confidential reasons, the layers
are not labeled.

Figure (5.3) shows the specific grating profile it employs along with the geomet-
ric parameters. The trapezoidal-shaped grating is formed by surface corruga-

FIGURE 5.3: The grating profile of the TAVI DFBL. The geometric parameters of the
trapezoid-shaped grating are illustrated with respect to its y-z cut plane. Image cour-
tesy Sina Aghili

tion with the tooth shape functions

w1 = −w2 = −b− a
2d

y− Λ
d
+

b
2

, (5.1)
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where Λ is the grating period, a and b are the lengths of the bigger and smaller
arms of the trapezoid, respectively, d corresponds to the thickness of the grat-
ing region (the etch depth), ν corresponds to the side-angle. The ratio γ = b

Λ is
known as the duty cycle. For 2-D modal analysis, the grating region is approxi-
mated as a homogeneous region with refractive index

nseg =

√
n2

1

(
γ− b− a

Λd
y
)
+ n2

2

(
(1− γ) +

b− a
Λd

y
)

, (5.2)

which follows from equation (4.10). Here, n1 and n2 correspond to the compo-
nent indices which make up the grating region. If we start with the following
values for the grating parameters.

γ = 0.75, Λ = 600nm, d = 420nm ν = 10°, (5.3)

and

b = γ ∗Λ = 0.75 ∗ 600 nm = 450 nm, (5.4a)
a = b− 2 ∗ d ∗ tanν = 301.885 nm, (5.4b)

then it follows from equation (5.2) that nseg = 2.909. With the refractive index

FIGURE 5.4: Fundamental mode of the laser under consideration

of the grating region, we can numerically calculate the fundamental mode of
the structure. The governing equation for the fundamental mode analysis, from
the previous chapter, is (4.19)

d2ε0(x, y)
dx2 +

d2ε0(x, y)
dy2 + [k2

0n2
0(x, y)− β2]ε0(x, y) = 0.

This is an eigenvalue problem (Ax = λx) with the effective refractive indices
(β’s) as the eigenvalues. We have used the RF module from COMSOL Multi-
physics. The "Mode Analysis" study was carried out with absorbing boundary
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conditions. Figure (5.4) shows the result with the real part of the effective index
of the quasi-TE mode found to be 3.25.

From the definition of the Bragg grating, one can calculate

Λ = N × λ

2neff
⇒ neff = 3× 1310 nm

2× 600 nm
= 3.275, (5.5)

which is very close to our numerically found value. Here, N corresponds to the
grating order, which in our case equals to 3. One can calculate the coupling co-
efficient, once the fundamental field mode has been calculated, as par equation
(3.36)

κp =
k2

0
β0P

∫ g

0
Ap(x)ε2

0(x)dx = −1241.6347 + 0.0203 m−1

5.3 Partial Wave Analysis

The partial waves are calculated according to the equation (4.42)

d2ε
(i)
m (x, y)
dx2 +

d2ε
(i)
m (x, y)
dx2 + [k2

0n2
0(x, y)− β2

m]ε
(i)
m (x, y) = −k2

0Am−i(x, y)ε0(x, y),

∀m, m 6=i,
i=0,p.

which is of the form Ax = b. This part of the analysis was carried out by
Sina Aghili, a PhD student with our group, by using the PDE (partial differen-
tial equation) module from COMSOL for −12 ≤ m ≤ 12. Equation (4.42) was
solved for the structure in Figure (5.2) with phase matched layer boundary con-
ditions. The simulation results are shown in Figure (5.5). Although the partial
field waves obtained in this particular figure are for the duty cycle γ = 0.655,
they capture the essence which apply to the partial waves associated with any
duty cycle.

The results obtained from this step for the duty cycle γ = 0.75 are the Streifer
coefficients ζ1, ..., ζ4, which are listed in Table (5.1).

Streifer Coefficients

ζ1 -1236.8126 +  0.0203

ζ2 -1630.8282 +  236.6659

ζ3 equal to ζ1

ζ4 -1630.8277 +  192.7949

TABLE 5.1: Streifer coefficients obtained from the partial wave analysis.
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FIGURE 5.5: m = ±1,±2,±3 partial wave for duty cycle γ = 0.655. Image courtesy
Sina Aghili

With these coefficients calculated, one can determine the effective coupling co-
efficient as follows

κeff =
√
(κ∗p + ζ2)(κp + ζ4) = 389.19 + 192.79 m−1. (5.6)

5.4 Longitudinal Mode Profile

The longitudinal mode of a distributed feedback laser is characterized by its
modal gain (α) and Bragg detuning (δ) for a particular cavity length. These
parameters can be calculated using equation (4.55)

γ2 = (α + δ + ζ1)
2 + κ2

eff.

To that end, first we need to solve equation (4.76) for γ for some cavity length L

(γL)2 + (κeffL)2 sinh2 (γL)(1− ρ2
l )− 2(κeffL)ρ̃l(γL) sinh (γL) cosh (γL) = 0.

Since this equation is complex valued, one needs to solve the real part equation
and the imaginary part equation separately as given in equations (4.84) and
(4.85).

Real Part Equation :

2(a2 − b2)

+ cos (2b) cosh (2a)
[
m(q2 − p2) + 2qpn

]
+ sin (2b) sinh (2a)

[
− 2qpm + n(q2 − p2)

]
+ cos (2b) sinh (2a)

[
2b(qc− pd) + 2a(qd + pc)

]
+ sin (2b) cosh (2a)

[
2a(qc− pd)− 2b(qd + pc)

]
−m(q2 − p2)

−2qpn = 0.
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Imaginary Part Equation :

2(a2 − b2)

+ cos (2b) cosh (2a)
[
− n(q2 − p2) + 2qpm

]
+ sin (2b) sinh (2a)

[
m(q2 − p2) + 2qpn

]
+ cos (2b) sinh (2a)

[
− 2a(qc− pd) + 2b(qd + pc)

]
+ sin (2b) cosh (2a)

[
2b(qc− pd) + 2a(qd + pc)

]
+n(q2 − p2)

−2qpm = 0.

The numerical solution of the above two equations results in numerous values
for α and δ. In this chapter, we report such pairwise solutions (Figure (5.6)) for
the specific case of L = 1 mm, and reflectivity ρl = 0.565eπ.

FIGURE 5.6: Pair of solution for the modal gain and the Bragg detuning cavity length =
1 mm, duty cycle = 0.75 and mirror reflectivity = -0.565.

One such pair of solutions is (αL, δL) = (1.6843, 3.72365).

5.5 Transmission & Reflection Spectrum

With the results from the preceding sections (5.2, 5.3, 5.4), we are in a position
to calculate the transmission and the reflection spectrum of our laser. The trans-
mission coefficient of our DFB laser cavity is given by

Transmission =

∣∣∣∣ R(L/2)
R(−L/2)

∣∣∣∣2, (5.7)

where, according to equation (4.82),

R(L/2)
R(−L/2)

=
γ(κp + ζ4)

(κp + ζ4)
[
γ cosh (γL)− (α + δ + ζ1) sinh (γL)

]
+ κ2

effr sinh (γL)
.
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FIGURE 5.7: Transmission spectrum of our TAVI distributed feedback laser.

FIGURE 5.8: Reflection spectrum of our TAVI DFB laser.

Figure (5.7) plots the right hand side of the above equation with respect to δL.
Here, the cavity length is L = 1mm and the modal gain is αL = 1.6843 from the
previous step.

The reflection coefficient of our DFB laser cavity is defined as

Reflection =

∣∣∣∣ S(−L/2)
R(−L/2)

∣∣∣∣2, (5.8)



Chapter 5. Numerical Analysis of a DFB Laser 133

where, according to equation (4.84)

S(−L/2)
R(−L/2)

=
γrR(L/2) + (κp + ζ4) sinh(γL)

γ cosh(γL)− (α + δ + ζ1) sinh(γL)
.

Without loss of generality, we can set R(−L/2) = 1, which enables us to plug
the expression of R(L/2) from equation (4.82) in the above expression. Similar
to the case for transmission, we plot the right hand side of the above equation
with respect to δL for cavity length L = 1mm and modal gain αL = 1.6843
(Figure (5.8)).

5.6 Conclusion

In this chapter, we have seen how to numerically investigate the behaviour of
a distributed feedback laser. Although the results were illustrated with respect
to a particular structure, the procedure for obtaining the results apply to any
generic DFB laser. The results we have demonstrated in this chapter are ob-
tained for a particular value of duty cycle of the grating. The logical extension
of this work such as how the variation of the duty cycle of the grating may
affect the coupling coefficient, Streifer coefficients, the transmission and the re-
flection spectrum of this particular laser is already being actively pursued by
other members in our group.
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Chapter 6

Final Remarks

In this dissertation, I have documented my contribution in two different re-
search projects with which I was actively involved over the course of my mas-
ters program. The common motivation behind both the projects is to develop
photonic integrated technologies at the operating wavelengths of fiber based
optical communication (1550 nm and 1310 nm) systems.

FIGURE 6.1: The workflow involved in a research project which seeks to demonstrate
validation of an idea with respect to a photonic integrated circuit.

To reiterate my contribution in the continuous variable quantum key distri-
bution project, I have proposed a design for a photonic integrated transmitter
and a photonic integrated receiver. I have mathematically analyzed the whole
transceiver system based on the optical transfer matrices of the building blocks
available from the foundry Fraunhofer Heinrich Hertz Institute. Based on the
mathematical model, I assessed the feasibility of the our scheme by estimating
the link budget, and subsequently running circuit level simulations. Finally, I
translated the circuit schematic to mask layouts based on which the foundry
fabricated our chips. The specialty of our approach is that all the active and
passive components are monolithically integrated on an InGaAsP/InP material
system. Besides, the transceivers are potentially capable of supporting more
than one modulation formats. However, my effort in this project does not wrap
up the whole story. Figure (6.1) highlights the various stages of a proof-of-
principle demonstration project involving a photonic integrated circuit. It also
shows where we stand at the point of writing this thesis. Most importantly, in
order to verify our design claims, we still need to characterize the components
on the chip following the actual experiment.
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FIGURE 6.2: (a) Standard package from Technobis (Tipps) for photonic integrated cir-
cuits. (b) A customized package from the same company. Their PDK is available
through PhoeniX design kit

Testing and characterizing a photonic integrated circuit requires optical probes
as well as electrical probes to be connected to the die for the measurement of op-
tical, and electrical DC and RF parameters. While it is possible to test and char-
acterize a bare-die photonic integrated circuit on a probe station, testing a pack-
aged die is much easier since there are already connectorized inputs and out-
puts defined by electrical pins and optical fiber pigtails [99]. Besides, a durable
packaged module also facilitates building a prototype device. Among other
things, the packaging module should include the electronic driver circuits for
the active components, thermo-electric cooler along with the chips themselves.
As of writing this thesis, we are exploring options for the packaging of our pho-
tonic chips. The companies which provide packaging services, such as Cordon
Electronics (Italy), Technobis (The Netherlands), usually offer either a generic
standard package option or a customized package option. Figure (6.2) shows
images of a standard and a custom package available from Technobis (Tipps).
Most often, to maximize performance, a fabricated PIC requires custom packag-
ing. In that case, it forms the most expensive stage of a project involving PICs,
since owing to MPW (multi project wafer) runs the cost of PIC design and fabri-
cation has significantly reduced. Moreover, now-a-days, packaging companies
offer their own PDK’s which can be integrated with a PIC design environment.
For example, Cordon Electronics has a PDK [100], which contains the required
layout information to fit a photonic integrated circuit into their standard pack-
age or customized package. This PDK is available through Synopsis design kit.

Since our project is about the proof-of-principle demonstration of a quantum
key distribution protocol, namely CV QKD, we also need to develop analytic
tools for the extensive classical post-processing stage. The post-processing steps
enable us to distill a completely secure key from a partially secure key. In this
regard, we may have to write states-of-the-art error correcting codes such as
multi-edge-type (MET) LDPC codes as mentioned in [54].



Chapter 6. Final Remarks 136

Similar to the CV QKD project, my contribution in the distributed feedback laser
project constitutes part of a larger effort. The taper-assisted vertical integration
(TAVI) distributed feedback laser makes use of a characteristic cross-section,
and grating profile. My work embodies full-length mathematical analysis of the
distributed feedback laser culminating in the derivation of the expressions for
the transmission and the reflection spectrum of the laser. To extract the parame-
ters on which these expressions depended, I performed the relevant transverse
mode analysis (fundamental and partial wave calculation) and the longitudinal
mode analysis. The transverse mode analysis gave us the Streifer coefficients,
and the modified coupling coefficient, while the longitudinal mode analysis
provided modal gain, and Bragg detuning. I was amply supported by Boris
Rosenstein Levin and Sina Aghili while working on this project, especially in
the partial wave calculation step. The future line of work will include observ-
ing the effect of the transmission (/reflection) of the laser subject to the variation
of the grating parameters. The optimized design will go into fabrication, and
the subsequent experimental characterization of the fabricated lasers will verify
the design claims.
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Appendix A

Private Classical Communication

The following discussion is extracted from [101].

A.1 Classical Shannon Theory

FIGURE A.1: Shannon’s model for the transmission of a message

Claude Shannon laid the foundation of modern day (classical) information the-
ory in his seminal 1948 paper [30]. In this paper he mentioned "the fundamen-
tal problem of communication is that of reproducing at one point either exactly
or approximately a message selected at another point." To address this prob-
lem he put forward two fundamental theorems, with proofs, in terms of two
information-processing tasks.

1. The source coding theorem, also called the noiseless coding theorem, states at
what rate (with what efficiency) a message can be compressed so that it
still conveys essentially the same information. According to Shannon the
minimum rate is given by entropy.

2. The channel coding theorem, also called the noisy coding theorem, states at
what rate (with what efficiency) a message can be transmitted over a noisy
channel so that upon detection it can be recovered reliably. According to
Shannon the maximum rate is given by (channel) capacity.
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In general, entropy < capacity refers to the feasibility criterion for carrying out
a communication protocol. Figure (A.1) illustrates how Shannon envisioned a
point to point communication system. This diagram puts the tasks of source
coding and channel coding in a better context. As we shall see in the follow-
ing, the effects of these two tasks-in a sense-balance each other out. With source
coding we are basically getting rid of redundancies from our message, whereas
with channel coding we are adding redundancies to our message to protect
against errors. Before going into the specifics of Shannon’s ideas, some defini-
tions and concepts are reviewed first.

A.1.1 Notions from discrete probability

Entropy: The entropy of a discrete random variable X with realizations x’s ac-
cording to the probability distribution pX(x) is

H(X) ≡ − ∑
x∈X

pX(x)log(pX(x)) (A.1)

where X is the support of X. The logarithm function has a base 2(throughout
this chapter). From the definition, it follows: (i)H(X) ≥ 0 with equality if and if
only (iff) X is deterministic; (ii) H(X) ≤ log|X | with equality iff X is uniformly
distributed ; (iii) H(X) is concave in pX(x), with (i) and (ii) constituting the two
extreme cases.

Joint Entropy: For two discrete random variables X and Y with pairwise real-
izations (x, y) according to the joint distribution pX,Y(x, y), the joint entropy is
given by

H(X, Y) ≡ − ∑
(x,y)∈X×Y

pX,Y(x, y)logpX,Y(x, y) (A.2)

where X and Y are supports for X and Y respectively. The above definition is
generalized to the case of n− number of random variables

H(X1, ..., Xn) = − ∑
x1∈X1

... ∑
xn∈Xn

pX1,...,Xn(x1.....xn)logpX1,...,Xn(x1.....xn) (A.3)

Conditional Entropy: If X and Y are two discrete random variables with joint
probability distribution pX,Y(x, y) == pX|Y(x|y)pY(y), then their conditional
entropy is given by

H(X|Y) = ∑
y

pY(y)H(X|Y = y) = −∑
y

pY(y)∑
x

pX|Y(x|y)logpX|Y(x|y)

= ∑
x,y

pX,Y(x, y)logpX|Y(x|y) (A.4)

Conditioning does not increase entropy: H(X) ≥ H(X|Y) with equality iff
X and Y are independent. From the rule in probability theory pX,Y(x, y) =
pY|X(y|x)pX(x) = pX|Y(x|y)pY(y) it also follows

H(X, Y) = H(X) + H(Y|X) = H(Y) + H(X|Y) (A.5)



Appendix A. Private Classical Communication 139

The above relation can be extended to the n−tuple case

H(X1, ..., Xn) = H(X1) + H(X2|X1) + ... + H(Xn|Xn−1, ..., X1) (A.6)

In general, the joint entropy is sub-additive

H(X1, ..., Xn) ≤
n

∑
i=1

H(Xi) (A.7)

with equality iff X1, ..., Xn are independent.

Mutual Information: The mutual information quantifies correlation between
two discrete random variables X and Y with joint probability distribution pX,Y(x, y),
and is defined as

I(X; Y) =≡ H(X) + H(Y)− H(X, Y) = H(X)− H(X|Y) = H(Y)− H(Y|X)
(A.8)

From this definition, it is obvious I(X; Y) is symmetric in X and Y. Moreover, if
pX(x) and pY(y) correspond to marginal distributions of X and Y, then one can
also write

I(X; Y) = ∑
x,y

pX,Y(x, y)log

(
pX,Y

pX(x)pY(y)

)
(A.9)

Therefore, if X and Y are independent, their mutual information I(X; Y) = 0.

A.1.2 Classical Typicality

Two notions of classical typicality ([102], [101]) can be defined: strong typical-
ity (based on the relative frequency of the realizations of the random variables),
and weak typicality (based on the convergence of sample entropy toward true
entropy). Weak typicality can be derived from strong typicality. However, for
the discussions of this dissertation the concept of weak typicality suffices. The
theory of typicality is built upon the law of large number from probability the-
ory.

Weak Typicality

Let us consider a random variable X whose realizations x are letters in an al-
phabet X = (a1, ..., a|X |). The probability with which X realizes any particular
letter a is given by the distribution pX(a). Let xn be a sequence generated by
sampling X independently n− times

xn ≡ x1x2...xn (A.10)

Such a sequence is independent and identically distributed (i.i.d.). The proba-
bility of any such sequence occurring is given by the product distribution

pXn(xn) = pX(x1)pX(x2)...pX(xn) =
n

∏
i=1

pX(xi) (A.11)
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Let N(ai|xn) be the number of occurrences of the letter ai in the sequence xn.
Then

xn → a1...a1︸ ︷︷ ︸
N(a1|xn)

a2...a2︸ ︷︷ ︸
N(a2|xn)

... a|X |...a|X |︸ ︷︷ ︸
N(a|X |xn )

(A.12)

from which it follows that
n

∏
i=1

pX(xi) =
X
∏
j=1

pX(aj)
N(aj|xn) (A.13)

Sample Entropy: The sample entropy H̄(xn) of a sequence xn with respect to a
probability distribution pX(x) is

H̄(xn) ≡ − 1
n

log(pXn(xn)) = −
|X |

∑
i=1

N(ai|Xn)

n
log(pX(ai)) (A.14)

Weak Typical Set: The δ−weakly typical set TXn

δ is the set of all those sequences
the sample entropy for which has a deviation of δ(δ > 0) from their true entropy
H(X)

TXn

δ ≡ {xn : |H̄(xn)− H(X)| ≤ δ} (A.15)

These concepts can be extended to the joint random sequence and conditional
random sequences.

(Weak) Jointly Typical Set: If two random variables X and Y with joint prob-
ability distribution pX,Y(x, y) are sampled n− times independently to realize
xn = x1...xn and yn = y1...yn, then the δ− jointly typical set TXnYn

δ consists of all
δ− jointly typical sequences

TXnYn

δ ≡ {(xn, yn) : |H̄(xn, yn)− H(X, Y)| ≤ δ, xn ∈ TXn

δ , yn ∈ TYn

δ } (A.16)

where the joint sample entropy H̄(xn, yn) of these two sequences is

H̄(xn, yn) ≡ − 1
n

log(pXn,Yn(xn, yn)) (A.17)

(Weak) Conditionally Typical Set: Let us consider two random variables X and
Y with joint probability distribution of the form pXY(x, y) = pX(x)pY|X(y, x).
Then for n independent realizations of X giving rise to the sequence xn =
x1...xn, there will be a corresponding sequence for Y such as yn = y1...yn ac-
cording to pY|X(y, x). The δ− conditionally typical set TYn|xn

δ contains all the yn

sequences which would typically arise for a particular xn ∈ X n in the sense that
their conditional sample entropy is within δ− distance of their true entropy

TYn|xn

δ ≡ {yn : H̄(yn|xn)− H(Y|X) ≤ δ} (A.18)

where

H̄(yn|xn) = − 1
n

logpYn|Xn(yn|xn) (A.19)

with

pYn|Xn(yn|xn) ≡ pY|X(y1|x1)...pY|X(yn|xn) (A.20)
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Strong Typicality

Strong typicality is built on the concept of type and type class Type: The type
txn(a) of a sequence xn lists the relative frequency of occurrences for each sym-
bol in X

txn(a) ≡ 1
n

N(a|xn) ∀a ∈ X (A.21)

Type Class: The type class TXn

t groups together all the sequences with length n
and type t (same empirical distribution of letters)

TXn

t ≡ {xn ∈ X n : txn = t} (A.22)

Typical Type: A typical type (τδ) is the set for all types t for which the empirical
distribution of all the letters X has a maximum deviation of δ(δ > 0) from their
true distribution pX(a)

τδ ≡ {t : ∀x ∈ X , |t(a)− pX(a)| ≤ δ} (A.23)

Strongly Typical Set: The set of all sequences for which the empirical distribu-
tion of all the letters in X has a maximum deviation of δ(δ > 0) from their true
distribution pX is called a δ−strongly typical set.

TXn

δ ≡ {xn : ∀x ∈ X ,
∣∣∣∣ 1n N(a|xn)− pX(a)

∣∣∣∣ ≤ δ} (A.24)

The δ− strongly typical set consists of the all the sequences belonging to the
typical type classes

TXn

δ =
⋃

t∈τδ

TXn

t (A.25)

The notions of strong typicality extend to the case of joint and conditional ran-
dom variables as well.

Strong Jointly Typical Set Let us consider two sequences xn ∈ X n and yn ∈ Yn

generated from sampling two random variables X and Y which have joint prob-
ability distribution pX,Y(x, y). Then δ− strong jointly typical set TXnYn

δ collects
all the sequences whose empirical distribution (Type) has maximum deviation
δ from their true distribution (δ− jointly typical sequences)

TXnYn

δ ≡ {xn, yn : ∀(x, y) ∈ X ×Y ,
∣∣txnyn(a, b)− pX,Y(a, b)

∣∣ ≤ δ} (A.26)

where

txnyn(x, y) ≡ 1
n

logN(a, b|xn, yn) (A.27)

is the type for joint random sequence xnyn and a, b are two representative letters
from alphabets X and Y respectively.

Strong Conditionally Typical Set Let us consider two random variables X and
Y with joint probability distribution pXY(x, y) = pX(x)pY|X(y, x). Then for n
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independent realizations of X giving rise to the sequence xn ∈ TXn

δ , there will
be a corresponding yn ∈ TYn

δ according to pY|X(y|x). The δ− conditionally

typical set TYn|xn

δ contains all the yn sequences which would typically arise for a
particular xn ∈ TXn

δ in the sense that their conditional sample entropy is within
δ− distance of their true entropy

TYn|xn

δ ≡ {yn : ∀(a, b) ∈ X ×Y ,
∣∣∣tyn|xn(b|a)− pY|X(a, b)

∣∣∣ ≤ δ} (A.28)

where

tyn|xn(b|a) =
txnyn(a, b)

txn(a)
=

N(a, b|xn, yn)

N(a|xn)
(A.29)

is the conditional type (empirical distribution).

Properties of Typical Set:

• Unit Probability: With increasing n, it is highly likely that a randomly
sampled sequence will belong to the typical set. In the asymptotic limit
n→ ∞, this probability is one.

Pr{Xn ∈ TXn

δ } ≥ 1− ε (A.30)

Pr{Xn, Yn ∈ TXnYn

δ } ≥ 1− ε (A.31)

Pr{Yn ∈ TYn|xn

δ } ≥ 1− ε (A.32)

for all ε ∈ (0, 1), δ > 0, and sufficiently large. n.

• Exponential Smaller Cardinality: The size of the typical set is exponen-
tially smaller than the set of all the possible random sequences.

(1− ε)2n(H(X)−δ) ≤
∣∣∣TXn

δ

∣∣∣ ≤ 2n(H(X)+δ) (A.33)

(1− ε)2n(H(X,Y)−δ) ≤
∣∣∣TXnYn

δ

∣∣∣ ≤ 2n(H(X,Y)+δ) (A.34)

(1− ε)2n(H(Y|X)−δ) ≤
∣∣∣TYn|xn

δ

∣∣∣ ≤ 2n(H(Y|X)+δ) (A.35)

for all ε ∈ (0, 1), δ > 0, and sufficiently large.

• Equipartition: The probability of picking a particular typical sequence from
the typical set is uniform.

2−n(H(X)+δ) ≤ pXn(xn) ≤ 2−n(H(X)−δ) (A.36)

2−n(H(X,Y)+δ) ≤ pXnYn(xnyn) ≤ 2−n(H(X,Y)−δ) (A.37)

2−n(H(Y|X)+δ) ≤ pYn|Xn(yn|xn) ≤ 2−n(H(Y|X)−δ) (A.38)

for all ε ∈ (0, 1), δ > 0, and sufficiently large.
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FIGURE A.2: Schematic showing Shannon’s idea for a source code. Alice has an en-
coding channel such that E : xn 7→ cñ. ñ < n, as indicated by fewer lines following
the encoder. The transmission channel is noiseless indicated by "id" for identity. Bob’s
decoding channel undoes Alice’s encoding D : cñ 7→ xn. A good code will allow Bob to
decode Alice’s message with arbitrarily low probability of error [101]

A.1.3 Source Coding

Figure (A.2) shows the setting for Shannon’s idea for source coding. Let us
consider the following scenario of a bipartite communication. Alice sends a
message, selected randomly from a set of messages, to Bob over a noiseless
channel. A message is a string of letters taken from an alphabet.The goal is to
minimize the number of channel uses (bits per channel use).

Alice’s random choice of a message can be modeled as an independent and
identically distributed (i.i.d.) information source. An i.i.d information source
can be represented with a random variable X with realizations x, and corre-
sponding probability distribution pX(x). The realizations x’s take values which
are letters {a1, a2, ..., a|X |} in an alphabet X with size |X |. An n-letter sequence
output by the source is represented as an n-tuple

xn → x1x2x3...xn (A.39)

The information content of a particular symbol xi is defined as

i(xi) ≡ log2

(
1

pX(xi)

)
= −log2(pX(xi)) (A.40)

In this way, the lower the probability of occurrence for xi in the sequence, the
richer it is in information content. The information content of a particular se-
quence xn

i(xn) ≡− log(pX1X2...Xn(x1x2...xn))

=− log(pX1(x1)pX2(x2)...pXn(xn))

=− log(pX1(x1))− log(pX2(x2))...−−log(pXN(xn))

=− log(pX(x1))− log(pX(x1))...− log(pX(xn))

=i(x1) + i(x2) + ... + i(xn) (A.41)
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The second equality is possible if the symbols occur independently from each
other (the source is memory less). The forth equality is due to the symbols are all
identically distributed. Therefore, the information content of a sequence output
by an i.i.d. information source is additive. The expected information content of
a source denoted by a random variable X as above is called the entropy of the
source

H(X) ≡ − ∑
x∈X

pX(x)i(x) = − ∑
x∈X

pX(x)log(pX(x)) (A.42)

Now if Xn denotes the random variable associated with the set of sequences
xn’s, then under the i.i.d. assumption, the probability of any emitted given
sequence xn factors as

pXn(xn) =pX1,X2,...,Xn(x1, x2, ..., xn)

=pX1(x1)pX2(x2)...pXn(xn)

=pX(x1)pX(x2)...pX(xn)

=
n

∏
i=1

pX(xi) (A.43)

which is itself a random variable. Now if any random sequence xn is written in
terms of the letters from the alphabet X , then the i.i.d. assumption allows us to
permute the sequence xn as

xn → a1...a1︸ ︷︷ ︸
N(a1|xn)

a2...a2︸ ︷︷ ︸
N(a2|xn)

... a|X |...a|X |︸ ︷︷ ︸
N(a|X |xn )

(A.44)

we can write the probability distribution in equation (A.43) as

pXn(xn) =
n

∏
i=1

pX(xi) =
X
∏
j=1

pX(aj)
N(aj|xn) (A.45)

Sample average of the information content of the random sequence Xn is

− 1
n

log(pXn(Xn)) =− 1
n

log
( X

∏
j=1

pX(aj)
N(aj|Xn)

)

=− 1
n

|X |

∑
j=1

log
(

pX(aj)
N(aj|Xn))

=
|X |

∑
j=1

N(aj|Xn)

n
log(pX(aj)) (A.46)

which is a random quantity by itself.

Shannon’s idea of data compression is to let the source emit a large number of
realizations and then code the emitted data as a large block of size n, where
n � |X |, the size of the alphabet. In this technique of coding, called the block
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coding, the law of large numbers comes into play. The law of large number
states as the sample size gets bigger, the empirical distribution of the letters in

a given sample
N(aj|xn)

n approaches their true distribution, pX(aj). Conversely it
is highly unlikely that a random sequence does not satisfy this property. Con-
cisely, it is typical for a sequence to satisfy the following condition for all δ > 0
as n becomes large

lim
n→∞

Pr
{∣∣∣∣− 1

n
log(pXn(Xn))−

|X |

∑
i=1

pX(ai)log
(

1
pX(ai)

)
︸ ︷︷ ︸

H(X)

∣∣∣∣ ≤ δ

}
= 1 (A.47)

Therefore in a typical sequence xn of size n the letters would appear reflect-
ing their true distribution within ±δ margin of error. The size of a typical
sequence can be calculated considering that in an n-letter sequence, different
letters a1, a2...a|X | should appear approximately np(a1), np(a2), ..., np(ai) times
respectively. The number of such sequences is therefore(

n
∏
ai

np(ai)

)
(A.48)

Using Stirling’s formula logn! = nlogn− n +O(logn) the binomial term can be
simplified as (

n
∏
ai

np(ai)

)
≈ 2nH(X) (A.49)

Shannon’s strategy of data compression is only to establish a one-to-one encod-
ing function that maps from the set of all typical sequences (size 2nH(X)) to the
set of all binary strings of length nH(X) (also of size 2nH(X)). If the source emits
an atypical sequence, an error is declared. This coding scheme is reliable in the
asymptotic limit because the probability of an error event vanishes as n becomes
large, due to the unit probability property of the asymptotic equipartition theo-
rem. The rate (efficiency) of this coding scheme is

compression rate =
number of noiseless channel bits

number of source symbols
=

nH(X)

n
(A.50)

The above formula gives an operational interpretation of Shannon entropy, H(X):
The entropy of an information source specified by a discrete random variable X
is the smallest achievable rate for compression:

inf{R : R is achievable for X} = H(X) (A.51)

Finally, the statement for source coding theorem, which Shannon proved in two
parts, can be expressed as follows

Direct Theorem: If the rate of compression R > H(X) the entropy of the source„
then there exists a coding scheme that can achieve lossless data compression
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in the sense that it is possible to make the probability of error for incorrectly
decoding arbitrarily small.
Converse Theorem: If there exists a coding scheme that can achieve lossless
data compression with arbitrarily small probability of decoding error, then the
rate of compression is greater than the entropy of the source.

A.1.4 Channel Coding

FIGURE A.3: Schematic showing Shannon’s idea for a channel code. Alice chooses a
message m ∈ [M]. The encoder channel outputs according to E : m 7→ xn. The noisy
channel inducesN : xn 7→ yn. Bob’s decoder findsD : yn 7→ m̂. A reliable channel code
will allow Alice and Bob to communicate at a finite rate with vanishing probability of
error Pr[m 6= m̂]→ 0. [101]

Alice wants to send a message, m from the setM≡ {1, ..., M} over a noisy clas-
sical channel. Without loss of generality it can be assumed that each message
is equally likely, therefore it would require log2M bits to represent any message
from the above set. To transmit a particular message with asymptotic perfect
reliability, Alice and Bob agree on establishing a codebook C ≡ {xn(m)}m∈M
for the following encoding operation Enc : m 7→ xn(m), where xn(m) denotes a
particular codeword corresponding to message m generated i.i.d. according to
the probability distribution pXn(xn):

C(1) =x1(1), x2(1), ..., xn(1) = xn(1)
C(2) =x1(2), x2(2), ..., xn(2) = xn(2)

... (A.52)

C(2k) =x1(2k), x2(2k), ..., xn(2k) = xn(2k)

Since Alice assigns the codewords randomly to the messages, the probability
distribution for choosing a particular codeword

P(particular code) =
2k

∏
m=1

n

∏
i=1

PX(xi(m)) (A.53)
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Alice inputs codeword xn(m) to the noisy channel to send the message m to
Bob. The performance measure of the coding scheme is rate, R which is bits per
channel use

R =
number of message bits
number of channel uses

=
log2M

n
=

k
n

(A.54)

From which one can see the number of messages (and hence the number of
codewords) can be written 2k = 2nR. The classical channel can be generally
modeled as a conditional probability distribution N ≡ pY|X(y|x) which pro-
duces a random output sequence yn ∼ i.i.d. pYn(yn) conditioned input random
sequence xn ∼ i.i.d. pXn(xn). Therefore Bob receives the corrupted codeword
yn

PYn|Xn(yn|xn(m)) =
n

∏
i=1

pY|X(yi|xi(m)) (A.55)

Bob has complete knowledge of the codebook and the channel; based on which
he performs the following decoding operation Dec : yn(m) 7→ m̂. An error
occurs when m̂(yn) 6= m. If Bob performs "jointly typical decoding1", there are
two events which contribute to the probability of error:

• The channel output yn is not in the typical set TYn

δ corresponding to the
distribution pY(y) ≡ ∑x pY|X(y|x)pX(x).

• The channel output yn is in TYn

δ but it is in the conditional typical set for
some other message:

{yn ∈ TYn

δ } and{∃m′m : yn ∈ TYn|xn(m′)
δ } (A.56)

The justification for randomly selecting a code to encode a message before trans-
mission becomes evident as it simplifies the error analysis. The average proba-
bility of error for a particular code, C0

p̄e(C0) ≡
1
|M|

|M|

∑
m=1

pe(m, C0) (A.57)

while the maximal probability of error is

p∗e (C0) ≡ max
m∈M

pe(m, C0) (A.58)

The ultimate aim of channel coding is to bound the maximal probability of error
p∗e ≤ ε where ε is an arbitrary small number. In fact, a channel code is character-
ized by a triplet (n, R, ε), and these numbers are interrelated. The expectation

1please refer to appendix
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of the average probability of error is

EC{ p̄e(C} here the expectation is with respect to the random code, C

=EC

{
1
|M|

|M|

∑
m=1

pe(m, C)
}

=
1
|M|

|M|

∑
m=1

EC{pe(m, C)}︸ ︷︷ ︸
does not depend on any particular m

since expectation is linear

=EC{pe(1, C)} choosing a particular message m = 1 suffices

=∑
C

P[C]pe(1, C) (A.59)

With jointly typical decoding, it is possible to derive an upper bound on the ex-
pectation of the average probability of error. With jointly typical decoding, it is
possible to derive an upper bound on the expectation of the average probability
of error.

1. The first type of error is because (xn(1), yn) are not jointly typical. From
the first part of jointly typical theorem, for any ε > 0 there exists an nε

such that

∀n > nε : Prob{(xn(1), y) /∈ TXnYn

δ )} < ε (A.60)

Therefor by letting n → ∞, one can have Prob{a} → 0. For large enough
n, this type of error is bounded as Prob{a} ≤ ε.

2. The second type of error is because (xn(m′, yn) is jointly typical for m′ 6= 1.
By the third item of the joint AEP, the probability that this type of error
occurs is at most

2n·R

∑
m′ 6=1

2(−nI(X;Y)−3δ) =(2n·R − 1)2(−nI(X;Y)−3δ)

≤2n·R2(−nI(X;Y)−3δ)

=2n(I(X;Y)−R−3δ) (A.61)

Here I(X; Y) is the mutual information between X and Y. As long as R <
I(X; Y)− 3δ, there exists an nε for each ε > 0 such that

∀n > nε, 2−n(I(X;Y)−R−3δ < ε (A.62)

Therefore for each ε > 0 there exists an nε = max{n(a)
ε , n(b)

ε } such that for any
n > nε one has

p̄e ≤ 2ε (A.63)

Since the above upper bound is for the average probability of error taken with
respect to the expectation over a random code C, there must be some determin-
istic code c0 whose average probability of error meets this same bound

p̄e(C0) ≤ ε (A.64)
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Now for this specific code C0, from Markov’s inequality, at least half of the mes-
sages m ∈ M, will have maximal probability of error

p∗e (C0) ≤ 4ε (A.65)

otherwise the average probability of error would have exceeded the upper bound
derived above leading to a contradiction. To construct a better code, one can
get rid of half of the codewords 2k

2 = 2n(R− n
1 ). Our new channel code has a

rate R′ = R− 1
n which approaches R, as n → ∞, and the maximum probabil-

ity of error p∗e ≤ 4ε. Therefor Alice can send information reliably to Bob over a
noisy channel with arbitrary accuracy by making n uses of the channel (n→ ∞)
as long as the rate of her channel code, R is bounded by the entropic quantity
I(X; Y). By definition

I(X; Y) ≡ H(Y)− H(Y|X)

The operational interpretation of mutual information can be understood as the
largest rate (bits sent on average per use of a channel) at which communication can be
done reliably over a noisy channel. The mutual information also provides insight
into how Alice and Bob should structure their code. To minimize decoding
error, it is necessary that, for a unique message m, the channel output sequence
belongs to a unique yn(m) ∈ TYn|xn(m)

δ conditionally typical set. Therefore, |M|
sets of conditionally typical output sets, each of size 2nH(Y|X) should fit inside
the set of output typical sequences TYn

δ with no, or negligible overlap.

2nR ≈ 2nH(Y)

2nH(Y|X)
= 2n(H(Y)−H(Y|X)) = 2nI(X;Y) (A.66)

For a fixed conditional channel distribution pY|X(y|x), the mutual information
is a concave function of the channel input distribution pX(x) meaning there is
a distribution p∗X(x) which maximizes the mutual information. This quantity is
called the capacity of the channel

C(N ) ≡ max
pX(x)

I(X; Y) (A.67)

Finally, the statement for channel coding theorem, which Shannon proved in
two parts, can be expressed as follows Direct Theorem: If the rate of commu-
nication, R > C, the channel capacity, then it is possible for Alice to communi-
cate reliably to Bob, in the sense that a sequence of codes exists whose maximal
probability of error vanishes as the number of channel uses become increasingly
large.
Converse Theorem: If a reliable sequence of codes exists, then the rate of this
sequence of codes is less than the channel capacity.

A.2 Notions from Quantum Mechanics

State: The most general description of a quantum mechanical state, which also
takes into account statistical distribution of states, is the density operator ρ ∈
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D(H) on the Hilbert space such that ρ is (i) Hermitian ρ† = ρ, (ii) positive ρ ≥ 0,
(iii) unit trace Tr(ρ) = 1.

A pure state corresponds a rank-one density operator such that ρ2 = ρ, with
notation |ψ〉 〈ψ|, for some unit norm vector |ψ〉 ∈ H. A mixed state corresponds
to a convex sum of all the possible states

ρ = ∑
i

pi |ψi〉 〈ψi| (A.68)

with not necessarily 〈ψi|ψj〉 6= 0. The above representation is non-unique. Since
ρ is Hermitian, according to the spectral decomposition theorem, it can be diag-
onalized in an orthonormal basis

ρ = ∑
x

λx |x〉 〈x| , (A.69)

where {λx} is the set of eigenvalues. With this representation ρ can be validly
interpreted as a classical probability distribution.

Measurement: The most general measurement one can perform on a quantum
state to extract classical information (i.e. the results are mutually distinguish-
able) is called the POVM (positive operator-valued measure), which is a collec-
tion Λ = {Λx}, such that

∑
x

Λx = 1, ∀x : Λx ≥ 0. (A.70)

The probability of getting an outcome x is when performing Λ on ρ is

pX(x) = Tr{Λxρ}, (A.71)

and if the outcome is x, the post-measurement state is given by

ρ→
√

Λxρ
√

Λx

Tr{Λxρ} . (A.72)

Trace Distance: Given two quantum states ρ, σ ∈ D(H), the closeness between
them can be quantified with the trace distance(/norm)

‖ρ− σ‖1 = ∑
i
|λi|, (A.73)

where {λi}’s are the eigenvalues of ρ − σ. In general, ‖A‖1 = Tr{|A|} =

Tr{
√

A† A}. If ρ ⊥ σ, then the trace distance between them is maximized, and
they are perfectly distinguishable. On the other hand the trace distance between
ρ and σ is minimum, when they are identical. With trace distance one can prove
the following lemma

Tr{Λρ} ≤ ‖ρ− σ‖1 + Tr{Λσ}, (A.74)

which states the following: if the measurement outcome corresponding to Λ is
not known for a state ρ, but known for a state σ, then one can upper bound the
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probability Tr{Λρ} by knowing the trace distance between ρ and σ. The above
lemma is also useful in quantum hypothesis testing. Suppose two states ρ and
σ are prepared with equal probability. {Λρ, Λσ} denotes the POVM elements
for perfectly distinguishing ρ and σ respectively (Λρ, Λσ = 1). The probability
of error to correctly identify them is given by

perr =
1
2
(Tr{Λρσ}+ Tr{Λσρ}) = 1

2
(1− 1

2
‖ρ− σ‖1). (A.75)

Channel: A channel is a completely-positive, trace-preserving (CPTP) map which
corresponds to the most general evolution a quantum state can undergo. A
channel is characterized with the Kraus decomposition theorem

ρ 7→ N (ρ) = ρ′ =
K

∑
k=1

AkρA†
k , (A.76)

for any ρ ∈ D(H) and ρ′ ∈ D(H′). Ak’s are the linear Karus operators A ∈
L(H,H′) with completeness relation ∑K

k=1 A†
k Ak = 1. The cardinality K ≤

dim(H)dim(H′). The above representation is used to characterize Gaussian
CP maps in the next chapter.

The concept of channel is wide-ranging. The act of quantum state preparation
can be thought of as a classical to quantum channel through which a classical
variable gets mapped to a quantum state.

x 7→ ρx. (A.77)

Similarly, a POVM or an act of measurement can be thought of as a quantum to
classical channel

ρ 7→∑
x

Tr{Λxρ} |x〉 〈x|︸ ︷︷ ︸
=orthonormal

. (A.78)

A.3 Quantum Information-theoretic Measures

The information-theoretic measures from classical information theory have ana-
logues in quantum information theory. The entropy of a quantum system A in
a state ρA is called the Von Neumann entropy, of the quantum system, and is
defined as

H(ρA) ≡ H(A)ρ ≡ −Tr{ρAlogρA}. (A.79)

If the density operator ρ has the spectral decomposition as in equation (A.69),
then quantum entropy takes the same form as Shannon entropy H(X)

H(ρA) = −pX(x)logpX(x). (A.80)

The quantum entropy has the following properties: (i) Non-negative, H(ρ) ≥ 0;
(ii) min{H(ρ)} = 0, it occurs when ρ is a pure state; (iii) max{H(ρ)} = logd,
where d is the dimension of the quantum system which is in a maximally mixed
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state; (iv) concave under mixing operation: H(ρ) ≥ pX(x)H(ρx), with ρ ≡
∑x pX(x)ρx; (v)invariant under isometric operation H(ρ) = H(UρU†).

The joint quantum entropy H(AB)ρ of the density operator ρAB denoting the
composite state of a bipartite system A and B is H(AB)ρ ≡ −Tr{ρABlogρAB}.
One consequence of quantum entropy being solely dependent on the eigenval-
ues of a given spectral decomposition of a density matrix is that the marginal
entropies H(A)φ and H(B)φ of a pure bipartite state |φ〉AB are equal: H(A)φ =
H(B)φ, while the joint entropy vanishes: H(AB)φ = 0. In fact, the result ap-
plies to bipartite cut of any number of systems. In this respect quantum en-
tropy differs from classical entropy markedly in which case joint entropy can
never be less than marginal entropies. Finally, for a special case, the joint en-
tropy H(XB)ρ of a bipartite state which is a classical-quantum state of the form
ρXB ≡ ∑x pX(x) |x〉 〈x| ⊗ ρx

B is

H(XB)ρ = H(X) + ∑
x

pX(x)H(ρx
B), (A.81)

where H(X) is the entropy of a random variable X with distribution pX(x).

The conditional quantum entropy of ρAB is H(A|B)ρ ≡ H(AB)ρ− H(B)ρ. As in
the case for classical entropy, conditioning does not increase entropy H(A)ρ ≥
H(A|B)ρ. But interestingly, conditional quantum entropy can be negative, for
example, if ρAB is a pure state then H(AB)ρ = 0, and H(A|B)ρ = −H(B)ρ. The
conditional entropy H(B|X)ρ for a classical quantum state

H(B|X)ρ = H(XB)ρ − H(X)ρ = ∑
x

pX(x)H(ρx
B). (A.82)

The quantum mutual information I(A; B)ρ of a bipartite state ρAB is

I(A; B)ρ ≡ H(A)ρ + H(B)ρ − H(AB)ρ. (A.83)

A.4 Quantum Typicality

The notions from classical typicality can be extended to the quantum regime.
Let us consider a quantum state preparation system. Depending on different
realizations of random variable Y according to the probability distribution it
prepares states |ψy〉. Therefore, the expected state prepared by the system can
be written as

ρexp = ∑
y

pY(y) |ψy〉 〈ψy| . (A.84)

The above decomposition is non-unique. Of particular importance is the spec-
tral decomposition

ρexp = ∑
x∈X

pX(x) |x〉 〈x| . (A.85)

{|x〉}’s are the eigenvectors of ρ which form a complete orthonormal basis for
Hilbert space H where ρ lives. {pX(x)}’s are the corresponding eigenvalues.
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This particular decomposition allows us to treat the quantum source as a classi-
cal source based on Boolean logic. The x’s can be considered taking values from
an alphabet X of distinct letters.

Now if X is sampled n times to realize a sequence xn ≡ x1x2...xn, the state prepa-
ration system would prepare the following tensor-product state correspond-
ingly

ρn = ρ1 ⊗ ...⊗ ρn = (ρexp)
⊗n, (A.86)

since in each case the expected density operator remains the same. Now

(ρexp)
⊗n =

(
∑

x∈X
pX(x) |x〉 〈x|

)⊗n

= ∑
xn∈X n

pXn(xn) |xn〉 〈xn| , (A.87)

where following shorthand notations have been used

pXn(xn) ≡ pX(x1)...pX(xn) |xn〉 ≡ |x1〉 ... |xn〉 (A.88)

Typical Subspace: The quantum analogue of classical typical set is the typical
subspace. The δ− typical subspace Tρn

δ is a subspace of the full Hilbert space
H⊗n associated with the density operator ρn is spanned by the states |xn〉whose
corresponding classical sequences are xn are δ− typical.

Tρn

δ ≡ span{|xn〉 : xn ∈ TXn

δ }. (A.89)

Typical Subspace Projector: The typical subspace projector projects a state onto
the typical subspace. For the case discussed above, the typical subspace projec-
tor Πρn

δ for the Hilbert space H⊗n with respect to the state ρn can be expressed
as

Πρn

δ ≡ ∑
xn∈TXn

δ

|xn〉 〈xn| . (A.90)

By acting on a state ρn, the typical subspace projector Πρn

δ slices out any compo-

nent that does not belong to the typical subspace Tρn

δ

ρ̃n ≡ Πρn

δ ρnΠρn

δ = ∑
xn∈TXn

δ

pXn(xn) |xn〉 〈xn| . (A.91)

The atypical subspace projector I−Πρn

δ is the complement of the typical sub-
space projector, and together they form a POVM.

Joint Quantum Typicality: In general, a bipartite state ρAB prepared by two
systems A and B can have the following decomposition as par the spectral the-
orem

ρAB = ∑
z∈Z

pZ(z) |z〉 〈z|AB . (A.92)
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The states {|z〉}’s form an orthonormal basis for the joint quantum system AB.
The n−th extension of the joint system can be expressed as follows

ρAnBn ≡ (ρAB)
⊗n = ∑

zn∈Zn
pn

Z(z
n) |zn〉 〈zn|AnBn . (A.93)

The δ− typical subspace TAnBn

δ of ρAB is the space spanned by the states |zn〉AnBn

whose corresponding classical sequence zn is in the typical set

TAnBn

δ ≡ span{|zn〉AnBn : zn ∈ TZn

δ }. (A.94)

The projector onto that subspace is called the jointly typical projector

Πδ
AnBn ≡ ∑

zn∈TZn
δ

|zn〉 〈zn|AnBn . (A.95)

Let us consider the case when only the classical correlations hold. Two random
variables X and Y, both of which have been sampled n times to generate i.i.d.
sequences xn and yn according to pX(x) and pY(y) respectively. There are two
quantum state preparation systems A and B which can prepare quantum states
with mappings x 7→ ρx and y 7→ ρy. The joint state can be written as

ρAB = ∑
x∈X

∑
y∈Y

pX,Y(x, y)ρx ⊗ ρy = ∑
x∈X

∑
y∈Y

pX,Y(x, y) |x〉 〈x|A ⊗ |y〉 〈y|B .

(A.96)

Considering the n−th extension i.e. xn 7→ ρxn
and yn 7→ ρyn

.

ρAnBn = ∑
xn∈X n

∑
yn∈Yn

pXn,Yn(xn, yn) |xn〉 〈xn|A ⊗ |yn〉 〈yn|B . (A.97)

The jointly typical subspace in this case

TAnBn

δ ≡ span{|xn〉An |yn〉Bn : xnyn ∈ TXnYn

δ } (A.98)

and the jointly typical projector

Πδ
AnBn ≡ ∑

xn,yn∈TXnYn
δ

|xn〉 〈xn|An ⊗ |yn〉 〈yn|Bn . (A.99)

Conditional Quantum Typicality Let us consider the system XB, which refers
to the following classical-quantum ensemble

{pX(x), |x〉 〈x|X ⊗ ρx
B}x∈X . (A.100)

X is a random variable with probability distribution pX(x). With each realiza-
tion x of X we associate a classical state |X〉 〈x| and a quantum state ρx

B. The
expected density operator of the above classical-quantum state is

ρXB = ∑
x∈X

pX(x) |x〉 . 〈x| . (A.101)
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The conditional quantum entropy H(B|X)ρ of the classical quantum state is

H(B|X)ρ = ∑
x∈X

pX(x)H(ρx
B). (A.102)

The spectral form of ρx
B can be written as follows

∑
y∈Y

pY|X(y|x) |yx〉 〈yx|B . (A.103)

With this expression one can write

H(B|X) = ∑
x∈X ,y∈Y

pX(x)pY|X(y|x)log
1

pY|X(y|x)
. (A.104)

Let us consider n− such implementations from the ensemble

ρXnBn ≡ (ρXB)
⊗n = ∑

xn∈X n
pXn(xn) |xn〉 〈xn|Xn ⊗ ρxn

Bn . (A.105)

The spectral form of ρxn

Bn is

ρxn

Bn = ∑
yn∈Yn

pYn|Xn(yn|xn) |yn
xn〉 〈yn

xn |B . (A.106)

Conditionally Typical Subspace: Corresponding to a particular sequence xn

and an ensemble {pX(x), ρx
B}, the conditionally typical subspace TBn|xn

δ is spanned

by the states |yn
xn〉Bn which classically form the δ− typical conditional set TYn|xn

δ

TBn|xn

δ ≡ span{|yn
xn〉Bn : yn

xn ∈ TYn|xn

δ }, (A.107)

with the typical subspace projector

Πδ
Bn|xn ≡ ∑

yn
xn∈TYn |xn

δ

|yn
xn〉 〈yn

xn |Bn . (A.108)

Properties of Typical Subspace: The properties of quantum typical subspace
follow similarly as the properties of typical set in the classical case [101]. In the
following A stands for a standalone system, AB stands for a joint system, and
B|X refers to a conditional classical-quantum system.

• Unit Probability: With increasing n, it is highly likely that a typical sub-
space measurement on a random state will give a positive outcome. In the
asymptotic limit n→ ∞, this probability is one.

Tr{Πδ
An ρAn} ≥ 1− ε, (A.109)

Tr{Πδ
AnBn ρAnBn} ≥ 1− ε, (A.110)

Tr{Πδ
Bn|xn ρxn

Bn} ≥ 1− ε, (A.111)

for all ε ∈ (0, 1), δ > 0, and n sufficiently large. c is a positive quantity.
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• Exponential Smaller Cardinality: The size of the typical subspace is expo-
nentially smaller than the corresponding Hilbert space (except when the
state under consideration is not maximally mixed)

(1− ε)2n[H(A)+cδ] ≤ Tr{Πδ
An ρAn} ≤ 2n[H(A)+cδ], (A.112)

(1− ε)2n[H(AB)+cδ] ≤ Tr{Πδ
AnBn ρAnBn} ≤ 2n[H(AB)+cδ], (A.113)

(1− ε)2n(H(B|X)−cδ) ≤ Tr{Πδ
Bn|xn ρxn

Bn} ≤ 2n(H(B|X)+cδ), (A.114)

for all ε ∈ (0, 1), δ > 0, and sufficiently large.

• Equipartition: Upon the typical subspace measurement onto the typical
subspace, the projected state looks approximately maximally mixed

2−n(H(A)+cδ)Πδ
An ≤ Πδ

An ρAn Πδ
An ≤ 2−n(H(A)−cδ)Πδ

An ,
(A.115)

2−n(H(AB)+cδ)Πδ
AnBn ≤ Πδ

AnBn ρAnBn Πδ
AnBn ≤ 2−n(H(AB)−cδ)Πδ

AnBn ,
(A.116)

2−n(H(B|X)+δ) ≤ Πδ
Bn|xn ρBn|xn Πδ

Bn|xn ≤ 2−n(H(B|X)−δ),
(A.117)

for all ε ∈ (0, 1), δ > 0, and sufficiently large.

A.5 The Classical Capacity Theorem

Alice wants to transmit a message m ∈ {1, 2, ..., |M|} to Bob through a quantum
channel N . |M| denotes the size of her set, and M corresponds to her random
choice of message. Alice can exploit an ensemble {pX(x), ρx} of states, with
expected density operator ρexp = ∑x pX(x)ρx, to make a random code. The en-
semble refers to the fact that as the random variable X takes value X = x ∈ X
with probability distribution pX(x), Alice can prepare quantum states accord-
ing to x 7→ ρx. X is the alphabet from which x takes values. Now let us
denote |X |n as the size of the set for all n i.i.d. sequential realizations xn ac-
cording to pXn(xn) = pX(x1)...pX(xn). A subset of |X |n will form the set of
strongly typical sequences TXn

δ . Alice picks |M| sequences belonging to this set
as classical codewords {xn(m)}m∈{1,2,...,|M|} completely randomly according to
the "pruned" distribution

p′X′n(xn) =


pXn (xn)

∑xn∈TXn
δ

pXn (xn)
: xn ∈ TXn

δ

0 : xn /∈ TXn

δ

, (A.118)

where X′n is the random variable for the new adjusted distribution. p′X′n(xn) is
approximately close to pXn(xn) because the probability mass of the typical set
is nearly one. Now for any xn ∈ |X |n, Alice can prepare a sequence of quantum
states

ρxn ≡ ρx1 ⊗ ...⊗ ρxn = ρ⊗n
exp (A.119)
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employing {pX(x), ρx}. Therefore the classical codewords {xn(m)}m∈{1,2,...,|M|}
chosen by Alice lead to the quantum codewords of the following form

ρxn(m) ≡ ρx1(m) ⊗ ...⊗ ρxn(m),

as par {p′X′n(xn), ρxn(m)}. She transmits this state over n independent uses of
the channel N . Therefore, the rate of the communication scheme is

C ≡ 1
n

log|M| (A.120)

The state at Bob’s receiving end is

σxn(m) ≡ σx1(m) ⊗ ...⊗ σxn(m) ≡ N (ρx1(m))⊗ ...⊗N (ρxn(m)) (A.121)

Bob can exploit the sequential decoding technique to extract Alice’s message from
the transmitted codeword. In this technique Bob first asks " Does the received
state belong to the typical subspace? If yes, then he sequentially asks "Is it the
first codeword?". If no, then "Is it the second codeword?". And so on until
he gets the a hit. Operationally, he can perform a typical subspace measure-
ment corresponding to {Π, I − Π} first. Then for sequential queries he can
perform measurements corresponding to the conditionally typical projectors
{Πi, I − Πi}. This technique works well on average because the transmitted
codewords lie on the typical subspace on average

EXn{Tr{ΠρXn}} = Tr{ΠEXn{ρXn}} = Tr{Πρ⊗n
exp} ≥ 1− ε. (A.122)

The last inequality results from the unit probability property of the typical sub-
space. Same logic applies for the conditional typical projectors. Provided a
codeword lies in the typical subspace, the conditional typical projector would
project it to the corresponding conditional typical subspace with high degree of
probability

EXn{Tr{Πiρ
Xn}} ≥ 1− ε. (A.123)

Moreover the Gentle Measurement Lemma [103] states that

Gentle Measurement Lemma: Given an ensemble {pX(x), ρx}with ρexp ≡ ∑x pX(x)ρx,
suppose a POVM element Λ exists such that 0 < Λ ≤ I succeeds with high
probability on the state ρexp

Tr{Λρexp} = ∑
x

pX(x)Tr{Λρx} ≥ 1− ε. (A.124)

Then the sub-normalized state
√

Λρx
√

Λ is close in expected trace distance to
the original state ρx

∑
x

pX(x)
∥∥∥√Λρx

√
Λ− ρx

∥∥∥
1
≤ 2
√

ε. (A.125)

Therefore, the typical subspace measurement in Bob’s case is gentle. The typi-
cal subspace projector Π barely disturbs the state on which conditional typical
projector Πi would subsequently act.
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Error Analysis: The probability that Bob detects the m−th codeword correctly
under the sequential decoding scheme some decoding POVM {Λm} at his dis-
posal to figure out the codeword (message) sent by Alice. If M′ denotes the
random variable for Bob’s estimate of the message, then the probability that he
detects the correct message m is as follows

Tr{ΠmΠ̂m−1...Π̂1Πρxn(m)ΠΠ̂1...Π̂m−1Πm}. (A.126)

where Π̂i = I−Πi. Therefore, the probability of error associated with the de-
tection of m−th codeword is

1− Tr{ΠmΠ̂m−1...Π̂1Πρxn(m)ΠΠ̂1...Π̂m−1Πm}, (A.127)

from which the average probability of error follows as

1− 1
|M|∑m

Tr{ΠmΠ̂m−1...Π̂1Πρxn(m)ΠΠ̂1...Π̂m−1Πm}. (A.128)

Since Alice constructs her code randomly, therefore one analyzes the expecta-
tion of the average error probability. The expectation is with respect to all pos-
sible choices of code

1−EXn{ 1
|M|∑m

Tr{ΠmΠ̂m−1...Π̂1Πρxn(m)ΠΠ̂1...Π̂m−1Πm}}. (A.129)

A bound on this expectation can be found from a result called non-commutative
union bound [104] which states the following

Non-commutative Union Bound Lemma: For a subnormalized state σ such that
0 ≤ σ and Tr{σ} ≤ 1 with Π1, ..., ΠN

Tr{σ} − Tr{ΠN...Π1σΠ1...ΠN} ≤ 2

√√√√ N

∑
i=−1

Tr{(I −Πi)σ}. (A.130)

The expression in equation (A.129) can be cast in the above form by noting that

1 =EXn{ 1
|M|∑m

Tr{ρXn(m)}}

=EXn{ 1
|M|∑m

Tr{ΠρXn(m)}}+ EXn{ 1
|M|∑m

Tr{Π̂ρXn(m)}}

=EXn{ 1
|M|∑m

Tr{ΠρXn(m)}}+ { 1
|M|∑m

Tr{Π̂EXn ρXn(m)}}

=EXn{ 1
|M|∑m

Tr{ΠρXn(m)}}+ Tr{Π̂ρ⊗n
exp}

≤EXn{ 1
|M|∑m

Tr{ΠρXn(m)}}+ ε. (A.131)

The first equality follows from the uniformity of the expected ensemble density
over all messages. The second equality follows from Π + Π̂ = I. The third
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equality follows from the linearity of the trace and the expectation operator.
The forth equality is for the same reason for the first one. The fifth equality is
due to the unit probability property of the typical subspace. The small quantity
ε can be neglected. Hence one can write equation (A.129)

EXn{ 1
|M|∑m

Tr{ΠρXn(m)Π}} −EXn{ 1
|M|∑m

Tr{ΠmΠ̂m−1...Π̂1ΠρXn(m)ΠΠ̂1...Π̂m−1Πm}}.

(A.132)

Applying the non-commutative bound for σ = ΠρXn(m)Π, and sequence of pro-
jectors ΠmΠ̂m−1...Π̂1ΠρXn(m)ΠΠ̂1...Π̂m−1Πm, one gets

EXn

{
1
|M|∑m

2
[
Tr{(I −Πm)ΠρXn(m)Π}+

m−1

∑
i=1

Tr{ΠiΠρXn(m)ΠΠi}
]1/2

}
.

(A.133)

Since a y =
√

x function is always bounded from above by the y = x function
(concavity of square root), the above expression is upper bounded by

2

[
EXn

{[ 1
|M|∑m

Tr{(I −Πm)ΠρXn(m)Π}+ 1
|M|∑m

m−1

∑
i=1

Tr{ΠiΠρXn(m)ΠΠi}
]}]1/2

.

(A.134)

Considering the first term

EXn

{[ 1
|M|∑m

Tr{(I −Πm)ΠρXn(m)Π}
}

(A.135)

≤EXn

{
1
|M|∑m

[
Tr{(I −Πm)ρ

Xn(m)}+
∥∥∥ρXn(m) −ΠρXn(m)Π

∥∥∥
1

]}
(A.136)

≤ε + 2
√

ε (A.137)

The first inequality follows from the trace distance relation in equation (A.74).
The second inequality is possible because of the gentle measurement lemma,
and the unit probability property of conditional typicality.

Now considering the second term

EXn

{ 1
|M|∑m

m−1

∑
i=1

Tr{ΠiΠρXn(m)ΠΠi}
}
= EXn

{ m−1

∑
i=1

Tr{ΠiΠρXn(m)ΠΠi}
}

= ∑
i 6=m

Tr
{

EXn{Πi}Π EXn{ρXn(m)}︸ ︷︷ ︸
=ρ⊗n

exp

Π
}
≤ ∑

i 6=m
2−n[H(B)−δ]Tr

{
EXn(m){Πi}Π

}

≤ ∑
i 6=m

2−n[H(B)−δ]Tr
{

EXn(m){Πi}
}
≤ ∑

i 6=m
2−n[H(B)−δ]2n[H(B|X)+δ]

= ∑
i 6=m

2−n[I(X;B)−2δ] ≤ |M|2−n[I(X;B)−2δ].
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The first and the second equality follow because Xn(m) and Xn(i) are inde-
pendent. The first inequality is due to the equipartition property of the typical
subspace. The second inequality follows from the fact that Πi ≤ I. The third
inequality is because of the exponentially smaller cardinality property of the
typical subspace. The third equality exploits the definition of mutual informa-
tion. The last inequality is straightforward.

Finally, one can put together

pe = 1−EXn{ 1
|M|∑m

Tr{ΠmΠ̂m−1...Π̂1Πρxn(m)ΠΠ̂1...Π̂m−1Πm}}

≤ ε + 2[(ε + 2
√

ε) + |M|2−n[I(X:B)−2δ]]
1
2 . (A.138)

As n→ ∞, ε→ 0; therefore as the long as the size of the message set is

|M| ≈ 2n[I(X;B−2δ], (A.139)

there exists an achievable rate. The classical capacity C(N ) of a quantum chan-
nel N is equal to the supremum of all achievable rates for classical commu-
nication. The classical capacity theorem (also known as HSW theorem after
Holevo-Schumacher-Westmoreland [105]) states that the classical capacity of a
quantum channel is equal to the regularization of the Holevo information

C(N ) = χreg(N ) ≡ lim
k→∞

1
k

χ(N⊗k), (A.140)

where the Holevo information is

χ(N ) ≡ max
ρXB

I(X; B). (A.141)

The maximization is with respect to the classical-quantum state

ρXB = ∑
x

pX(x) |x〉 〈x|X ⊗NA′→B(ρ
x
A′) (A.142)

The proof of the theorem suggests the condition for achieving Holevo informa-
tion as the capacity Alice should choose the cardinality of her message set as
|M| for arbitrarily low pe.

A.6 Private Classical Capacity Theorem

The private classical capacity theorem establishes the maximum rate at which
Alice can communicate classical information privately to Bob without anyone
else in the universe knowing about the content of the information. This theo-
rem is significant in the context of quantum key distribution as it suggests the
maximum rate at which two parties can generate a shared secret key.

The set-up for the information processing task is exactly the same as for trans-
mission of information using a public classical code. But in this case the previ-
ous quantum channel NA′→B has an isometric extension of the form UNA′→BE so
that

N̂A′→E(ρ
m
A′n) = TrB{UNA′→BE(ρ

m
A′n)}. (A.143)
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For Alice transmitting a message m encoding in ρm
A′ , Eve receives

ωm
En ≡ N̂A′n→En(ρm

A′n) (A.144)

Together with the maximal probability of error, there is a condition for privacy
or secrecy in the case for private communication

∀m ∈ M :
1
2
‖ωm

En − σEn‖1 ≤ ε. (A.145)

which states that regardless of which message Alice transmits through the quan-
tum channel Eve’s state is always ε-close to a constant σEn in the trace distance
sense. From this condition one can show that as ε→ 0 for n→ ∞ , Eve’s mutual
information with Alice becomes vanishingly small.

The private classical capacity CP(N ) of a quantum channel according to the
corresponding theorem is given by

CP(N ) = Preg(N ) ≡ lim
k→∞

1
k

P(N⊗k). (A.146)

The private information P(N ) is defined as

P(N ) ≡ max
ρXA′

[I(X; B)σ − I(X; E)σ], (A.147)

where ρXA′ denotes the state which is the expected density operator for Alice’s
ensemble

ρXA′ =≡∑
x

pX(x) |x〉 〈x|X ⊗ ρx
A, (A.148)

and σXBE ≡ UNA′→BE(ρXA′)

To satisfy both the conditions Alice uses codes with two indices {xn(m, k)}m∈M,k∈K.
The message m is randomized over the second index k to cover up the typical
subspace of Eve so that Eve is in complete ignorance about the m. For Bob,
to distinguish the transmitted states unequivocally, the size of the private code
should be

|M||K| ≈ 2nI(X;B). (A.149)

Moreover in order for Alice to approximately cover Eve’s typical subspace, K
at least needs to be of the size ≈ 2nI(X;E). Based on these considerations the
number of distinguishable messages Alice can send to Bob is

|M| ≈ 2n[I(X:B)−I(X;E)], (A.150)

which leads to

1
n

log|M| ≈ I(X; B)− I(X; E)︸ ︷︷ ︸
secret rate

. (A.151)

Therefore, by maximizing the R.H.S. over Alice’s ensemble Alice and Bob can
operate at he capacity.
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A.7 Entropy with continuous variables

So far all the results described in this chapter are set in the discrete world, where
Hilbert spaces are finite dimensional. For continuous variable systems corre-
sponding Hilbert spaces are infinite dimensional. However, the concepts of
typical sets and typical subspaces from the finite dimensional Hilbert spaces
effortlessly generalizes to the infinite-dimensional Hilbert spaces for the Gaus-
sian states. Therefore, the results are still valid in this case. In the following, we
introduce some information measures based on continuous density functions.

Differential Entropy: The differential entropy of a continuous random variable
X with probability density function pX(x) is defined as

H(X) = −
∫

Sx
pX(x)log2pX(x)dx. (A.152)

where Sx is the support set of the random variable. The size of the typical set
for X is now a volume |TX|.

Joint and Conditional Entropy: If two continuous random variables X and Y
have joint density pX,Y(x, y), then their joint entropy and conditional entropy
are given respectively as

H(X, Y) = −
∫

Sx

∫
Sy

pX,Y(x, y)log2pX,Y(x, y)dxdy, (A.153)

and

H(X|Y) =
∫

Sy
pY(y)H(X|Y = y)dy (A.154)

∗
=−

∫
Sx

∫
Sy

pX,Y(x, y)log2pX|Y(x|Y = y)dxdy = H(X, Y)− H(Y),

(A.155)

where for arriving at the expression in (*) the definition of H(X|Y = y), and the
fact that pX|Y(x|Y = y) = pX,Y(x,y)

pY(y)
have been used.

Mutual Information: The mutual information between two continuous ran-
dom variables are defined similar to the discrete case

I(X; Y) = H(X)− H(X|Y) = H(Y)− H(Y|X) = H(X) + H(Y)− H(X, Y)
(A.156)

Gaussian Distribution

Gaussian distribution is the most important continuous distribution from the
practical standpoint, and also from the perspective of this thesis.

A continuous random variable X with a Gaussian distribution

fX(x) =
1√

2πσ2
X

e−(x−µX)
2/2σ2

X . (A.157)
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is completely characterized by its mean µX, and variance σX. The entropy for
X, which can be found according to the definition in equation (A.152), depends
only on the variance

H(X) =
1
2

log2(2πσ2
Xe). (A.158)

The entropy for a multivariate normal distribution involving random variables
X1, X2, ..., Xn with mean vector ¯, and covariance matrix Σ can be shown to be

H(X1, X2, ..., Xn) =
1
2

log2(2πe)n|Σ|, (A.159)

where |Σ| is the determinant of Σ. The most relevant example for us is the bi-
variate case with . The joint Gaussian distribution for two continuous random
variables X and Y have the generic form

fX,Y(x, y) =
1

2πσXσY
√

1− ρ2

exp

{
− 1

2(1− ρ2)

( (x− µX)
2

σ2
X

− 2ρ(x− µX)(y− µY)√
σXσY

+
(y− µY)

2

σ2
Y

)}
(A.160)

with µX, µY and σ2
X, σ2

Y denote the respective means and variances for X and
Y. The ρ term denotes correlation, and is given by σXY√

σ2
Xσ2

Y
, where σXY is the

covariance term. The variance terms and the covariance terms can be grouped
together in the covariance matrix

ΣXY =

 σX σXY

σXY σY.

 (A.161)

According to equation (A.153), the joint entropy for X and Y, are given by

H(X, Y) =
1
2

log2(2πe)2|ΣXY| =
1
2

log2(2πe)2(σXσY − σ2
XY) (A.162)

The marginals fX(x) and fY(y) of fX,Y(x, y) are also Gaussians. Since fY|X(y|X =

x) = fXY(x,y)
fX(x) , the conditional distribution for Y when X is given

fY|X(y|X = x) =
1√

2π(1− ρ2)σ2
Y

exp
{
− 1

2(1− ρ2)

(
y− µY −

ρσY(x− µX)

σX

)2}
,

(A.163)

which is Gaussian with modified mean and variance

Y|X = x ∼ G
(

µY −
ρσY(x− µX)

σX
, (1− ρ2)σ2

Y︸ ︷︷ ︸
σY|X

)
. (A.164)
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Therefore, one can write the conditional entropy for a bi-variate distribution

HY|X =
1
2

log2(2πσ2
Y|Xe), (A.165)

and the mutual information

I(X; Y) =H(Y)− H(Y|X) =
1
2

log2

[ σ2
Y

σY|X

]
, (A.166)

= H(X)− H(X|Y) = 1
2

log2

[ σ2
X

σX|Y

]
, (A.167)

= H(X) + H(Y)− H(X, Y) =
1
2

log2

[ σ2
Xσ2

Y
|ΣXY|

]
. (A.168)

The above results can be contextualized in studying information transmission
through an additive white Gaussian (AWGN) channel (Figure A.4). Let the in-

FIGURE A.4: Schematic of information transmission through an AWGN channel. The
input signal is power limited since the channel cannot withstand arbitrary large power.
The challenge is to enhance correlation between the input and the output in the pres-
ence of Gaussian noise while also taking into account the power constraint.

put signal be denoted by the random variable X with probability distribution
pX(x), and maximum power E[X2] as allowed by the channel. The channel
adds noise, which is normally distributed N ∼ N (0, σ2), to the signal. Since the
noise is additive, the output will be Y = X + N. X and N are uncorrelated i.e.
E[XN] = 0. Therefore

E[Y2] = E[(X + N)2] = E[X2 + 2XN + N2] = E[X2] + E[N2] ≤ P + σ2 = σ̃2,
(A.169)

Given X = x, Y is Gaussian distributed with translated mean 0+ x and variance
σ2 i.e. Y ∼ G(0 + x, σ2). Hence the conditional distribution should be of the
form

Y|X ∼ G(X, σ2), (A.170)

which leads to the conditional entropy

H(Y|X) = H(N (X, σ2)) =
1
2

log2(2πσ2e) (A.171)
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The mutual information between the input and the output

I(X; Y) = H(Y)− H(Y|X) = H(Y)− 1
2

log2(2πσ2e). (A.172)

To achieve the capacity (maximum information transfer rate at an arbitrary low
probability of error) over the channel, one needs to maximize the mutual infor-
mation over the input probability distribution taking the power constraint into
account

C = max
pY(y):E[Y2]≤σ̃

2
I(X; Y)

= max
pY(y):E[Y2]≤σ̃2

H(Y)− H(Y|X)

=
(

max
pY(y):E[Y2]≤σ̃2

H(Y)
)
− 1

2
log2(2πσ2e). (A.173)

It can be shown that the maximum occurs when pY(y) is a Gaussian distribution
implying max

pY(y):E[Y2]≤σ̃2
H(Y) = 1

2 log2(2πσ̃2e). It leads to

C =
1
2

log2

( σ̃2

σ2

)
=

1
2

log2

(
1 +

P
σ2

)
=

1
2

log2

(
1 + SNR

)
. (A.174)

Since the expression for I(X; Y) is symmetric in X and Y, one can conclude the
input probability distribution pX(x) for X has to be Gaussian. This is the reason
while implementing continuous variable quantum key distribution (CV-QKD)
one chooses Gaussian modulation to achieve the maximum possible informa-
tion transfer rate (hence the highest key rate).



166

Appendix B

Phase Space Quantum Mechanics

To write this appendix, these sources were principally consulted [43], [46], [55],
[53].

B.1 Wigner Characteristic Function

Let us consider a classical random variable X with realizations x. x can take
value from a continuous set. The probability distribution which characterizes it
is ρX(x) such that ρX(x) ≥ 0 and

∫
ρX(x)dx = 1. From the probability distribu-

tion one can calculate any nth order moment of X

〈xn〉 =
∫

xnρX(x)dx. (B.1)

All the moments are generated from a characteristic function which is defined
as the

C(k) =
〈

ekx
〉
=
∫

ekxρX(x)dx =
∞

∑
n=0

(k)n

n!
〈xn〉 , (B.2)

where k has the inverse dimension of x. Once C(k) is known, the moments
follow from

〈xn〉 = 1
n

dnC(k)
dkn

∣∣∣∣
k=0

. (B.3)

From the definition of C(k), it is obvious that the probability density function is
just the Fourier transform of characteristic function

ρX(x) =
1

2π

∫
dke−kxC(k). (B.4)

Therefore, if all the moments 〈xn〉 of a random variable X are known, then its
characteristic function is known, which eventually lets us calculate the transfer
function ρX(x). The characteristic functions in quantum optics follows similarly
with some adjustments to the Fourier kernel ekx. First, the Fourier integral is
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performed over a complex plane. The Fourier conjugate variables u, α are now
complex, and related as

g(u) =
∫

f (α)eα∗u−αu∗d2α, (B.5a)

f (α) =
1

(2π)2

∫
g(u)eαu∗−α∗ud2u. (B.5b)

Upon substituting α = αR + αI , and u = uR + uI , in (B.5a) and (B.5b) one will
get a two-fold Fourier integral for both the equations. In equation (B.5a), one
can identify g(u) as the Wigner characteristic function CW(u), which through
Fourier transform produces Wigner distribution function f (α) = W(α) up to
some scaling factor. One can manipulate equation (B.5a) in the following way

χW(u) =
∫

f (α)eα∗u−αu∗d2α

=
∫

f (α)eα∗ue−αu∗d2α

=
∫

f (α)eα∗u 〈α|α〉 e−αu∗d2α

=
∫

f (α) 〈α| eα∗ue−αu∗ |α〉 d2α

=
∫

f (α) 〈α| eâ†ue−âu∗ |α〉 d2α

=Tr
[ ∫

f (α) |α〉 〈α| eâ†ue−âu∗d2α
]

=e
1
2 |u|

2
Tr
[ ∫

f (α) |α〉 〈α| eâ†ue−âu∗e−
1
2 [â

†u,−âu∗]d2α
]

=Tr
[ ∫

e
1
2 |u|

2
f (α) |α〉 〈α| euâ†−u∗ âd2α

]
=Tr[ρD̂(u)]

=
〈

D̂(u)
〉

, (B.6)

where we have used the unit norm condition of coherent states 〈α|α〉 = 1 in the
third line, f (â) |α〉 = f (α) |α〉 in the fifth line, cyclic property of trace operation
in the sixth line, disentangling theorem in the seventh line, and the resolution
of a quantum state in coherent basis

∫
W(α) |α〉 〈α| = ρ in the eighth line. The

Wigner characteristic function results from the symmetrically ordered arrange-
ment of the ladder operators

χW(u) = Tr[ρD̂(u)], (B.7)

which in turn gives the Wigner distribution by Fourier transform

W(α) =
1

(2π)2

∫
χW(u)eu∗α−uα∗d2u. (B.8)

Finally, before concluding, we provide the vectorial form of the displacement
operator which is useful for analyzing multimode quantum state

D̂(η) = eıx̂TΩη, (B.9)
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where η contains the quadrature eigenvalues, and x̂T contains the quadrature
operators for all the modes. It is easy to check for the single mode case k,

D̂k

η1

η2

 = e(η2q̂k−η1 p̂k) reduces to familiar form with η ≡

η1

η2

 =
√

2

Re(α)

Im(α)


B.2 Properties of Wigner Function

1. Wigner function produces the quadrature probability distributions as its
marginal distributions. Let us consider the state ρ of a single mode electro-
magnetic field. The corresponding Wigner representation is

Wρ(x) =
∫

R2

d2η

(2π)2 e−xTΩηχ(η), (B.10)

where η =

q′

p′

 and x =

q

p

. Integrating with respect to the p coordinates

∫
R

dpWρ(x)

=
∫

R
dp
∫

R2

d2η

(2π)2 e−xTΩηχ(η)

=
∫

R2

d2η

(2π)2

∫
R

dpe−(qp′−pq′)χρ(η)

=
∫

R2

d2η

(2π)2

[ ∫
R

dpepq′
]
e−qp′χρ(η)

=
∫

R2

d2η

(2π)2 2πδ(q′)e−qp′χρ(η)

=
∫

R

dp′

2π
e−qp′ ηρ(0, p′)︸ ︷︷ ︸

Tr[ρD̂(0,p′)]

=
∫

R

dp′

2π
e−qp′

∫
R

dy |y〉 〈y| ρD̂(0, p′)

=
∫

R
dy
∫

R

dp′

2π
e−qp′ 〈y| ρe−p′ q̂ |y〉

=
∫

R
dy
∫

R

dp′

2π
e−(q−y)p′ 〈y|ρ|y〉

=
∫

R
dy2πδ(q− y) 〈y|ρ|y〉

= 〈q|ρ|q〉 (B.11)
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gives the probability distribution for q-coordinate. In a similar fashion, one can
show ∫

R
dqWρ(x) = 〈p|ρ|p〉 (B.12)

2. From the previous derivation, it is trivial to show that the Wigner function is
normalized∫

R2
d2ηWρ(x) =

∫
R

dq
∫

R
dpWρ(x) =

∫
R

dq 〈q|ρ|q〉 = Tr(ρ) = 1 (B.13)

B.3 Admissible condition for a covariance matrix

The elements of a covariance matrix are

Σj,k =
1
2
〈
δx̂jδx̂k + δx̂kδx̂j

〉
.

If we define for a single mode

δx̂ =

δq̂

δ p̂

 , then δx̂T =

(
δq̂ δ p̂

)
and δx̂δx̂T = δX̂ =

 δq̂2 δq̂δ p̂

δ p̂δq̂ δ p̂2

 .

(B.14)

The elements of the covariance for the single mode field are

Σ11 =
1
2
〈{x̂1 − 〈x̂1〉 , x̂1 − 〈x̂〉1}〉 =

〈
δq̂2
〉

(B.15a)

Σ12 =
1
2
〈{x̂1 − 〈x̂1〉 , x̂2 − 〈x̂〉2}〉 =

1
2
〈(δq̂δ p̂ + δ p̂δq̂)〉 = 〈δq̂δ p̂〉 −  (B.15b)

Σ21 =
1
2
〈{x̂2 − 〈x̂2〉 , x̂1 − 〈x̂〉1}〉 =

1
2
〈(δ p̂δq̂ + δq̂δ p̂)〉 = 〈δ p̂δq̂〉+  (B.15c)

Σ22 =
1
2
〈{x̂2 − 〈x̂2〉 , x̂2 − 〈x̂〉2}〉 =

〈
δ p̂2
〉

(B.15d)

Comparing the elements of Σ and δX̂, one finds

Σjk =
〈
δX̂jk

〉
− Ωjk ⇒ Σ =

〈
δx̂δx̂T

〉
− Ω (B.16)

The determinant of the covariance matrix

Σ =


〈
δq̂2〉 1

2 〈{δ p̂, δq̂}〉

1
2 〈{δ p̂, δq̂}〉

〈
δ p̂2〉

 (B.17)

is

det(Σ) = Σ11Σ22 − Σ12Σ21 =
〈

δq̂2
〉 〈

δ p̂2
〉
−
[1

2
〈{δ p̂, δq̂}〉

]2
(B.18)
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From Robertson’s uncertainty relation for the canonically conjugate variables

V(q̂)V( p̂)−
[1

2
〈{δ p̂, δq̂}〉

]2
≥ 1

4
(B.19)

Therefore

det(Σ) ≥ 1
4

(B.20)

If Σ is diagonal of the form ν 0

0 ν

 (B.21)

then the uncertainty relation is simply ν ≥ 1
2 . In fact, Williamson’s theorem

states that for any real symmetric positive definite 2n× 2n matrix Σ, there exists
a symplectic transformation S ∈ Sp(2n, R) such that the transformed matrix
has the canonical scaled diagonal form. Therefore for the N-mode covariance
matrix

SΣST = Σ⊕, Σ⊕ :=
N⊕

k=1

νk12 (B.22)

The diagonal matrix Σ⊕ is the Williamson form of Σ and {νk}N
k=0 are the sym-

plectic eigenvalues which must satisfy νk ≥ 1
2 due to uncertainty condition.

Since S is invertible, if Σ⊕ qualifies as a valid covariance matrix so should Σ.
Now let us consider the Hermitian covariance matrix Σ⊕ + 

2 Ω. In this case q̂j’s
are related to p̂j’s but not to any q̂k’s or p̂k’s. In the simplest case for a single
mode  ν


2

− 
2 ν

 (B.23)

In this case the spectrum of eigenvalues λ’s is ν± 1
2 , which suggests λ ≥ 0. This

condition of non-zero eigenvalue amounts to demanding Σ⊕ + 
2 Ω is positive

semi-definite. Now the symplectic transformation

Σ⊕ +


2
Ω = S

[
Σ +



2
Ω
]
ST (B.24)

preserves semi-definiteness. Therefore the admissibility condition of the covari-
ance matrix Σ ultimately boils down to the positive semi definite condition of
the Hermitian matrix Σ + 

2 Ω

Σ +


2
Ω ≥ 0 (B.25)
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B.4 Gaussian Unitaries

A unitary transformation in the Hilbert space has the following equivalent effect
on the mean vector and the covariance matrix in the phase space. Two different
quadratic forms which are equal must be connected via a linear transformation.√

detV0Wρ0(x) =
√

detVWUρ0U†(Sx + a)

⇒ e−
1
2 (x−d0)

TΣ−1
0 (x−d0) = e−

1
2 (Sx+a−d)TΣ−1(Sx+a−d)

= e−
1
2{[x+Σ−1(a−d)]TΣTΣ−1Σ[x+Σ−1(a−d)]} (B.26)

Comparing both sides we find

x̄ =Sx̄0 + a (B.27a)

Σ =SΣST (B.27b)

Here a ∈ R2N and S ∈ R2N ×R2N. There is no restriction on a but S needs to
satisfy SΩST = Ω in addition to being a real, symmetric matrix. In the Heisen-
berg picture, the unitary induces a linear transformation on the quadrature op-
erators

U†x̂U = Sx̂ + a (B.28)

It can be seen first for the mean vector

Tr[ρ0U†x̂U] = Tr[Uρ0U†x̂] = Tr[ρx̂] = d = Sd0 + a = Tr[ρ0(Sx̂ + a)] (B.29)

and then for the covariance matrix

Tr[ρ0(U†x̂U− d0)(U†x̂U− d0)
T]− Ω

(a)
= Tr[ρ(x̂− d)(x̂− d)T]− Ω = Σ

= SΣ0ST = Tr[ρ0(Sx̂− Sd0︸︷︷︸
=d−a

)(Sx̂− Sd0)
T]−  SΩST︸ ︷︷ ︸

=Ω

(B.30)

where in (a) we have used the following properties of unitary (i) (U†)T = U∗,
(ii) UU∗ = 1, (iii) U = UT. Preservation of symplectic invariance

U† [x̂m, x̂n]︸ ︷︷ ︸
2Ωmn

U = U†

[
2N

∑
i=1

Smix̂i + am,
2N

∑
k=1

Snkx̂k + an

]
U =

N

∑
i,k=1

SmiSkn [x̂i x̂k]︸ ︷︷ ︸
2Ωik

=SΩST = Ω (B.31)

B.5 Symplectic Analysis of Gaussian States

Williamson’s theorem states that any positive-definite, real, symmetric matrix
of even dimension (2N × 2N) is diagonizable with a symplectic transforma-
tion. Applying this theorem for the covariance matrix of an arbitrary N-mode
Gaussian states

Σ = SΣ⊕ST, Σ⊕ :=
N⊕

k=1

νk12 (B.32)
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where S is a symplectic matrix. Σ⊕ is the diagonal form of Σ. νk’s are the sym-
plectic eigenvalues. The symplectic spectrum {νk}N

k=1 can be computed as the
standard spectrum of |ΩV|, where |A| =

√
A† A. Since ΩV is Hermitian, its

2N eigenvalues are real. It implies the N symplectic eigenvalues of Σ are pos-
itive quantities. The above symplectic decomposition of covariance matrix has
important physical implications for the Gaussian states. First, for example, Σ⊕

can be interpreted as the covariance matrix of N independent modes each in a
thermal state with mean photon numbers {n̄k =

νk−1
2 }k=1,2,...,N. Therefore in the

Hilbert space picture

ρ̂G(0, Σ⊕) ≡
N⊗

k=1

ρ̂th

(νk − 1
2

)
(B.33)

Furthermore, we know, corresponding to the symplectic transformation SΣ⊕ST,
there is a corresponding unitary transformation ÛS such that

ρ(0, Σ⊕) = ÛSρ(0, Σ⊕)Û†
S (B.34)

In general, to center the Gaussian state at any point in the phase space

ρ(x̄, Σ) = D̂(x̄)ÛS [ρ(0, Σ⊕)]︸ ︷︷ ︸
thermal

decomposition

Û†
SD̂†(x̄) (B.35)

An arbitrary symplectic matrix S ∈ R2N×2N is subject to the following decom-
position (Euler decomposition)

S = Ô1

[ N⊕
k=1

S(rk)
]
Ô2 (B.36)

where O1, O2 are symplectic, orthogonal matrices, while S(r1), ..., S(rk) is a set of
one mode squeezing matrices. As a result, the corresponding canonical unitary
ÛS can be decomposed as

ÛS = ÛK

[ N⊗
k=1

S(rk)
]

︸ ︷︷ ︸
Euler

decomposition

ÛL (B.37)

Any unitary transformation on an N-mode Gaussian state is equivalent to ap-
plying a passive transformation in the form of N × N interferometer (ÛL), fol-
lowed by a parallel set of N one-mode squeezers (⊗kS(rk)), followed by another
N × N interferometer. Considering the results from the Euler decomposition
and thermal decomposition together, one finds, an arbitrary multimode Gaus-
sian state ρ(x̄, Σ) can be realized from N-mode thermal states ρ( ¯0, Σ⊕) apply-
ing multimode interferometers and one-mode squeezers, and finally displacing
them by x̄.
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B.5.1 Two mode Gaussian States:

The covariance matrix of a two-mode Gaussian state can be written as

Σ2 =

ΣA ΣC

ΣT
C ΣB

 (B.38)

where ΣA = ΣT
A, ΣB = ΣT

B, and ΣA, ΣB, ΣC ∈ R2×2. In the block diagonal
form Σ⊕ = ν11⊕ ν21. For two-mode Gaussian covariance matrix, there are two
symplectic invariants (i) the determinant det Σ, and (ii) the principle minor of
order 2 i.e. ∆(Σ) = det ΣA + det ΣB + 2det ΣC. The symplectic eigenvalues are
related to the symplectic invariants as

det Σ = ν2
1ν2

2 ∆(Σ) = ν2
1 + ν2

2 (B.39)

from which it follows

ν2
1,2 =

1
2

[
∆±

√
∆2 − 4detΣ

]
(B.40)

The physicality condition for the covariance matrix νj ≥ 1 can be written in
terms of the symplectic invariant

detΣ ≥ 1 ∆(Σ) ≤ 1 + detΣ (B.41)

It has been shown that a Σ2 can be put in block diagonal form

a 0 c 0

0 a 0 c

c 0 b 0

0 c 0 b


(B.42)
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B.6 Hilbert Space vs Phase Space

Property Hilbert SpaceH Phase Space Γ

dimension ∞ 2N

structure ⊗ ⊕

description ρ Σ

bona fide ρ ≥ 0 Γ + Ω ≥ 0

operations Û :

{
ÛÛ†

= 1

ρ → ÛρÛ† S :

{
SΣST = Ω
Σ → SΓST

spectra ÛρÛ†
= diag{λk}

0 ≤ λk ≤ 1
SΣST = diag{νk}
1 ≤ νk ≤ ∞

pure states λi = 1, λj 6=i = 0 νj = 1, ∀j ∈ {1, ..., N}

purity Tr[ρ2] = ∑k λ2
k 1/

√
detΣ = ∏k ν−1

k

TABLE B.1: Hilbert Space versus phase space representation of Gaussian states

B.7 Conditional Gaussian Dynamics

The n− mode subsystem of an (n + m)− mode Gaussian state, with initial co-
variance matrix and first moments partitioned as

Σ =

 ΣA ΣAB

ΣT
AB ΣB

 , r̄ =

r̄A

r̄B

 (B.43)

undergoes the following Gaussian mapping upon the general-dyne measure-
ment of the remaining modes

ΣA 7→ ΣA − ΣAB
1

ΣB + Σm
ΣT

AB (B.44a)

r̄A 7→ r̄A +
1

ΣB + Σm
(r̄m − r̄B) (B.44b)

while the covariance matrix Σm characterises the general-dyne measurement,
while the first moments r̄m label the measurement outcome. The above two
results can be obtained in the following way.
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Trace out system B, to observe how system A has changed, given that a Gaus-
sian projective measurement |ψG〉 〈ψG| has been performed on system B

TrB[ρGρAB] = TrB[|ψG〉 〈ψG| ρAB] = 〈ψG| ρ |ψG〉 (B.45)

From the Fourier-Weyl relation,

ρ =
1

(2π)N

∫
R2n

dre−
1
4 rTΩTΣΩr+rTΩT r̄D̂r =

1
(2π)N

∫
R2n

dr̃e−
1
4 r̃TΣr̃+r̃T r̄D̂ΩT r̃

(B.46)

where r̃ = Ωr, one can write

Tr[ρGρAB] =
1

(2π)n+m

∫
R2(n+m)

e−
1
4 r̃TΣr̃+r̃T r̄Tr[ρGD̂ΩT r̃]dr̃ (B.47)

Now, by definition, the characteristic function of a Gaussian state with covari-
ance matrix Σ and vector of first moments r̃

χ(r̃) = Tr[D̂−r̃ρ] = e−
1
4 r̃TΣr̃er̃T r̃ (B.48)

Therefore Tr[ρGD̂r̃B ] is the characteristic function of ρG up to a sign flip in the
argument.

Tr[ρGρAB] =
1

(2π)(n+m)

∫
R2(n+m)

e−
1
4 r̃TΣr̃D̂ΩT r̃A

e−
1
4 r̃T

BΣm r̃B−r̃B r̄m︸ ︷︷ ︸
=χG(−r̃B)

dr̃ (B.49)

where we have used

D̂r̃ = D̂r̃A⊕r̃B = D̂r̃A D̂r̃B (B.50)

At this point one observes

r̃TΩr̃ =
(

r̃T
A r̃T

B

) ΣA ΣAB

ΣT
AB ΣB


r̃A

r̃B


=r̃T

AΣA r̃A + r̃T
AΣAB r̃B + r̃T

BΣT
AB r̃A︸ ︷︷ ︸

=2r̃T
AΣAB r̃B

+r̃T
BΣB r̃B (B.51)

which is a scalar. And similarly

r̃T r̄ =
(

r̃T
A r̃T

B

)r̄A

r̄B

 = r̃T
A r̄A + r̃T

B r̄B (B.52)

Plugging in the expanded forms and rearranging the integral in (B.48)

1
(2π)(n+m)

∫
R2n

dr̃AD̂ΩT r̃A
e−

1
4 r̃T

AΣA r̃A er̃A r̄A( ∫
R2m

dr̃Be−
1
4 r̃B(ΣB+Σm)r̃B er̃T

B(−
1
2 ΣT

AB r̃A+(r̄B−r̄m))
)

(B.53)
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Now, given a symmetric, real, positive-definite 2n × 2n matrix A, and a 2n-
dimensional vector b, one has the equality (Gaussian multi-dimensional inte-
gral) ∫

R2n
dre−rT Ar+rTb =

πn
√

detA
e

1
4 bT A−1b (B.54)

Comparing equation (B.53) and the integral over r̃B in equation (B.52)

A = ΣB + Σm (B.55a)

b = −1
2

ΣT
AB r̃A + (r̄B − r̄m) (B.55b)

Therefore the integral within the parentheses evaluates to

(4π)m√
det(ΣB + Σm)

e(
1
2 ΣT

AB r̃A+(r̄B−r̄m))T 1
ΣB+Σm ( 1

2 ΣT
AB r̃A+(r̄B−r̄m))

=
(4π)m√

det(ΣB + Σm)
e

1
4 r̃T

AΣAB
1

ΣB+Σm ΣT
AB r̃A+r̃T

AΣAB
1

ΣB+Σm (r̄B−r̄m)−(r̄B−r̄m)T 1
ΣB+Σm (r̄B−r̄m)

(B.56)

Plugging in the above expression into equation (B.53)

Tr[ρGρAB] =
2me−(r̄B−r̄m)T 1

ΣB+Σm (r̄B−r̄m)

(2π)n
√

det( 1
ΣB+Σm

)
×

∫
R2n

e−
r̃T
A
4 (ΣA−ΣAB

1
ΣB+Σm ΣT

AB)r̃A er̃T
A(r̃A+ΣAB

1
ΣB+Σm (r̄B−r̄m))︸ ︷︷ ︸

=χA(r̃A)

D̂ΩT r̃A
dr̃A

(B.57)

Therefore the covariance matrix and the mean vector of subsystem A changes
as

ΣA 7→ ΣA − ΣAB
1

ΣB + Σm
ΣT

AB

r̄A 7→ r̄A +
1

ΣB + Σm
(r̄m − r̄B)

as stated in (B.44a) and (B.44b).
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Appendix C

Discrete Modulation

C.1 Discrete modulation equations derivation

In the prepare and measure version of the two-state protocol, Alice sends the
coherent states

|β〉 = |αe−π/4〉 (C.1)

|−β〉 = − |αe−π/4〉 (C.2)

each with probability 1
2 to Bob. Hence Bob sees a maximally mixed state ρB

given by

ρB =
1
2
(|β〉 〈β|+ |−β〉 〈−β|) (C.3)

We want to find a purification of ρB. To that end, we want to write ρAB in the
spectral decomposition form

ρB =
1
2
|β〉 〈β|+ 1

2
|−β〉 〈−β|

=e−|α|
2

[
∞

∑
p,q=0

|α|2(p+q)√
2p!
√

2q!
(e−π/2)p−q |2p〉 〈2q|

+
∞

∑
p,q=0

|α|2(p+q+1)√
(2p + 1)!

√
(2q + 1)!

(e−π/2)p−q |2p + 1〉 〈2q + 1|
]

(C.4)

At this point let us define

|φ0〉 :=
1√

cosh |α|2

∞

∑
p=0

|α|2p√
2p!

(e−π/4)2p |2p〉 (C.5a)

|φ1〉 :=
1√

sinh |α2|

∞

∑
p=0

|α|(2p+1)√
(2p + 1)!

(e−π/4)2p+1 |2p + 1〉 (C.5b)
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The hyperbolic prefactors ensure normalization

〈φ0|φ0〉 =
1

cosh |α|2
∞

∑
p=0

|α|l√
(2p)!

(eπ/4)2p
∞

∑
q=0

|α|k√
(2q)!

(e−π/4)(2q) 〈2p|2q〉︸ ︷︷ ︸
δp,q

=
1

cosh |α|2
∞

∑
p=0

|α|4p

(2p)!
=

1

cosh |α|2
∞

∑
p=0

(|α|2)2p

(2p)!︸ ︷︷ ︸
cosh |α|2

= 1 (C.6)

Going along the similar direction, 〈φ1|φ1〉 = 1. Setting λ0 = e−|α|
2

cosh |α|2 and
λ1 = e−|α|

2
sinh |α|2, one can write the diagonal form of ρB

ρB = λ0 |φ0〉 〈φ0|+ λ1 |φ1〉 〈φ1| (C.7)

The security analysis, like the Gaussian modulation case, is easier in the en-
tanglement based version of the protocol. In this version, Alice starts with a
bipartite pure state |Φ2〉. She performs a projective measurement on one half
of the state, and sends the other half to Bob. Depending on the binary result
of her measurement, the state sent to Bob is either |αe−π/4〉 or |−αe−π/4〉 with
equal probabilities. The purification of Bob’s state can be found out by fol-
lowing the Schmidt decomposition prescription. Since we already know the
spectral decomposition of the reduced density ρB we can propose the following
purification for it

|Φ2〉 =
√

λ0 |φ∗0〉 |φ0〉+
√

λ1 |φ∗1〉 |φ1〉 (C.8)

where

|φ∗0〉 :=
1√

cosh |α|2

∞

∑
p=0

|α|2p√
2p!

(eπ/4)2p |2p〉 (C.9a)

|φ∗1〉 :=
1√

sinh |α|2

∞

∑
p=0

|α|(2p+1)√
(2p + 1)!

(eπ/4)2p+1 |2p + 1〉 (C.9b)

With proper unitary transformation ÛA ⊗ ÛB performed on the bases of the
subsystems, one can write |Φ2〉 as

|Φ2〉 =
1√
2
|ψ0〉 |β〉+

1√
2
|ψ1〉 |−β〉 (C.10)

with

|ψ0〉 =
1√
2
(|φ∗0〉+ |φ∗1〉) (C.11a)

|ψ1〉 =
1√
2
(|φ∗0〉 − |φ∗1〉) (C.11b)
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and

|β〉 =
√

λ0(|φ0〉+ |φ1〉) (C.12a)

|−β〉 =
√

λ1(|φ0〉 − |φ1〉) (C.12b)

Therefore, in the entanglement based version of the protocol, Alice needs to
apply the projective measurement {|ψ0〉 〈ψ0| , |ψ1〉 〈ψ1|} to the first half of the
state |Φ2〉 by which she can project the second half on the coherent state |β〉 or
the coherent state |−β〉 with equal probability.

We can now proceed to calculate the covariance matrix Σ2 of the state |Φ2〉. The
matrix elements are

Σ2−PSK =



V(q̂A) Cov(q̂A, p̂A) Cov(q̂A, q̂B) Cov(q̂A, p̂B)

Cov( p̂A, q̂A) V( p̂A) Cov( p̂A, q̂B) Cov( p̂A, p̂B)

Cov(q̂B, q̂A) Cov(q̂B, p̂A) V(q̂B) Cov(q̂B, p̂B)

Cov( p̂B, q̂A) Cov( p̂B, q̂B) Cov( p̂B, q̂B) V( p̂B)


(C.13)

From the symmetry arguments, and the admissibility condition of a covariance
matrix Σ2-PSK should have the following form

Σ2−PSK =

X12 Zσz

Zσz Y12

 (C.14)

To calculate the matrix elements, first we note from equation (C.8)

ρAB = |Φ2〉 〈Φ2| (C.15)

= λ0 |φ∗0 φ0〉 〈φ∗0 φ0|+
√

λ0λ1 |φ∗0 φ0〉 〈φ∗1 φ1|+
√

λ0λ1 |φ∗1 φ1〉 〈φ∗0 φ0|+ λ1 |φ∗1 φ1〉 〈φ∗1 φ1|

where

|φ∗0 φ0〉 =
1

cosh |α|2
∞

∑
p,q=0

(eπ/4)2(p−q) |α|2(p+q)√
(2p)!

√
(2q)!

|2p, 2q〉 (C.16a)

|φ∗1 φ1〉 =
1

sinh |α|2
∞

∑
p,q=0

(eπ/4)2(p−q) |α|2(p+q+1)√
(2p + 1)!

√
(2q + 1)!

|2p + 1, 2q + 1〉

(C.16b)

With the orthogonality of the Fock states 〈i, j|k, l〉 = δi,j;kl it is easy to show

〈Φ2| â†
∗ |Φ2〉 = 〈Φ2| â∗ |Φ2〉 = 〈Φ2| â2

∗ |Φ2〉 = 〈Φ2| (â†
∗)

2 |Φ2〉
= 〈Φ2| â†

A âB |Φ2〉 = 〈Φ2| âA â†
B |Φ2〉 = 0 (C.17)
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(∗ stands for A, B). The above relations facilitate the calculation of means and
variances of the quadrature operators. For example,

〈q̂∗〉 = 〈Φ2| q̂∗ |Φ2〉 = 〈Φ2| â∗ |Φ2〉+ 〈Φ2| â†
∗ |Φ2〉 = 0

〈 p̂∗〉 = 〈Φ2| p̂∗ |Φ2〉 = −

(
〈Φ2| â∗ |Φ2〉 − 〈Φ2| â†

∗ |Φ2〉
)
= 0 (C.18)

We are now in a position to calculate the elements in the covariance matrix
Σ2−PSK. The diagonal elements X = V(q̂A) = V( p̂A) are given by

V(q̂A) =
〈

q̂2
A

〉
−��

��*
0

〈q̂A〉2 =
〈
(âA + â†

A)
2
〉
= 1 + 2|α|2 = VA + 1 (C.19)

From symmetry, Σ22 = Σ33 = Σ44 = 1 + 2|α|2. Subsequently, we can calculate
the off-diagonal elements.

Cov(q̂A, q̂B) =
1
2
(〈q̂Aq̂B〉+ 〈q̂Bq̂A〉)− 〈q̂A〉 〈q̂B〉 = 〈q̂Aq̂B〉

= 〈Φ2| â†
A â†

B |Φ2〉+ 〈Φ2| â†
A âB |Φ2〉︸ ︷︷ ︸
=0

+ 〈Φ2| âA â†
B |Φ2〉︸ ︷︷ ︸

=0

+ 〈Φ2| âA âB |Φ2〉 (C.20)

The terms which contribute evaluate to√
λ0λ1 〈φ0φ∗0 | (âA âB + â†

A â†
B) |φ∗1 φ1〉+

√
λ0λ1 〈φ1φ∗1 | (âA âB + â†

A â†
B) |φ∗0 φ0〉

= 2Λ|α|2 cosh 2|α|2 =
2e−|α|

2
cosh 2|α|2√

cosh |α|2 sinh |α|2
= 2|α|2 1 + e−4|α|2√

1− e−4|α|2
= VA

1 + e2VA
√

1− e−2VA

(C.21)

Putting all the terms together in the matrix in (C.14)

Σ2-PSK =

 (VA + 1)12 VA
1+e2VA√
1−e−2VA

σz

VA
1+e2VA√
1−e−2VA

σz (VA + 1)12

 (C.22)
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Appendix D

Complementary to Chapter 3

D.1 Working Principle of a 2× 2 3-dB MMI

The following derivation follows along [106]. Let us consider an optical field
input to a 2× 2 MMI at z = 0, which excites a host of eigenmodes in the multi-
mode region.

The overall field distribution, f (x) can be written as a linear combination of
modal field distributions

f (x, 0) = ∑
i

ciψi(x) (D.1)

where the summation is over all the guided and excited modes, and ci’s are
weights for modal excitations. Considering f (x) to be tightly confined within
the waveguide region, the summation can be taken only over the guided modes

FIGURE D.1: (a) General layout of a MMI coupler implemented by means of a 2D slab
waveguide (access waveguides are not shown) [9]. (b) Supported modes in the mul-
timode region [106]. (c) Multimode waveguide showing the input field ψ(x, 0), a mir-
rored single image at 3Lπ, a direct single image at 23Lπ, and two-fold images at 3Lπ/2
and 3 · 3Lπ/2 [106].
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f (x, 0) =
m−1

∑
i=0

ciψi(x), (D.2)

where m is the total number of guided modes. The eigenmodes are independent
and can be written as

ψi(x) = sin
[
(i + 1)πx

W

]
, (D.3)

reflecting their standard wave field patterns (Figure (D.1b)). For even index i,
the eigenmode is even, and the for odd index i, the eigenmode is odd. Therefore
one can write equation (D.1) as the sum for even and odd parts.

f (x, 0) = ∑
i even

ciψi(x) + ∑
i odd

ciψi(x), (D.4)

with

∑
i even

ciψi(x) =
f (x, 0) + f (−x, 0)

2
, (D.5)

∑
i odd

ciψi(x) =
f (x, 0)− f (−x, 0)

2
. (D.6)

From equation (D.3), the transverse wavenumber is

kx,i =
(i + 1)π

W
,

where W is the width of the multimode region. From the dispersion relation,
one can have the propagation constant for mode, i as

β2
i =n2k2

0 − k2
x,i ⇒ βi = nk0

√
1−

(
kx,i

nk0

)2

≈ nk0 −
k2

x,i

2nk0
(D.7)

with k0 = 2π
λ0

is the free space wave number and n is the effective index of the
waveguide structure. In the last line we have made use of binomial approxima-
tion. Combining equations (D.7) and (??)

βi = nk0 −
(i + 1)2π2

2nk0W2 , with β0 = nk0 −
π2

2nk0W2 (D.8)

Therefore the spacing between propagation constant for mode i, and mode 0 is

β0 − βi =
π2i(i + 2)
2nk0W2 (C.1.9)

By definition the beat length of the two lowest order modes is

Lπ =
π

β0 − β1
=

2W2nk0

3π
(D.9)
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which allows us to write equation (C.1.9) as

β0 − βi =
i(i + 2)π

3Lπ
(D.10)

The field profile at a distance, z can be written as the superposition of all the
guided mode field distributions

f (x, z) =
m−1

∑
i=0

ciψi(x) exp{−βiz} (D.11)

with implicit time harmonic behavior. Rewriting differently

f (x, z) =
m−1

∑
i=0

ciψi(x) exp{(β0 − βiz)} (D.12)

where the exp{−β0} term has been dropped. At z=L the field distribution has
the form

f (x, L) =
m−1

∑
i=0

ciψi(x) exp
{


i(i + 2)π

3Lπ
L
}

(D.13)

Under certain circumstances, the field f (x, L) will be a reproduction (self-imaging)
of the input field f (x, 0). The shape and the types of these images formed will be
determined by the coefficients, ci’s and the modal phase factor exp

{


i(i+2)
3Lπ

L
}

.
In a generic scenario, the image formation will not be effected by the mode am-
plitudes. In this case f (x, L) will be an image of f (x, 0) if

exp
{


i(i + 2)π

3Lπ
L
}

= 1 or (−1)i (D.14)

In the first case, all the guided modes have to interfere with the same relative
phases as in z = 0. The interference produces an image which is a direct replica
of the input field. In the second case, the guided modes have to interfere alter-
natively in even and odd multiples of π, for example, the even modes are all
in-phase, and the odd modes are all anti-phase. The interference produces an
image mirrored with respect to the plane x = 0. Both these conditions essen-
tially mean the cumulative phase factors should be integer multiples of π which
is fulfilled when

L = p(3Lπ) with p = 0, 1, 2, ... (D.15)

Therefore, direct and mirrored single images of the input field f (x, 0) will there-
fore be formed at distances which are respectively even and odd multiples of
the length 3Lπ along z (Figure (D.1c)). This fact can be exploited to function the
MMI as a crossbar coupler.

Now at L = p(3Lπ
2 ), with p=1,3,5... the total field at these lengths is

f (x,
p
2

3Lπ) =
m−1

∑
i=0

ciψi(x) exp
{


i(i + 2)pπ

2

}
(D.16)
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From the mode field symmetric condition the overall field distribution can be
decomposed as

f (x,
p
2

3Lπ)

= ∑
i even

ciψi(x) + ∑
i odd

(−)pciψi(x)

=
1
2 ∑

i even
ciψi(x) +

1
2 ∑

i even
ciψi(x) +

1
2 ∑

i odd
(−)pciψi(x) +

1
2 ∑

i odd
(−)pciψi(x)

+
1
2 ∑

i odd
ciψi(x)− 1

2 ∑
i odd

ciψi(x)− 1
2 ∑

i even
(−)pciψi(x) +

1
2 ∑

i even
(−)pciψi(x)

=
1
2

(
∑

i even
ciψi(x) + ∑

i odd
ciψi(x)

)
+

1
2

(
∑

i even
ciψi(x)− ∑

i odd
ciψi(x)

)
+

1
2
(−)p

(
∑

i even
ciψi(x) + ∑

i odd
ciψi(x)

)
+

1
2
(−)p

(
∑

i odd
ciψi(x)− ∑

i even
ciψi(x)

)
=

1
2

ψ(x, 0) +
1
2

ψ(−x, 0) +
1
2
(−)pψ(x, 0)− 1

2
(−)pψ(−x, 0)

=
1 + (−)p

2
ψ(x, 0) +

1− (−)p

2
ψ(−x, 0) (D.17)

The last expression suggests the field distribution f (x, 0) reproduces itself into
a pair of images, at distances z = 3Lπ

2 , 33Lπ
2 , 53Lπ

2 , ..., which are reduced in ampli-
tudes by 1√

2
and oscillate in quadrature (Figure (D.1c)). The integrated 90° 3-dB 2×

2 MMI achieves the exact same task. To minimize the footprint of the device
usually the smallest possible length is chosen.

D.2 Derivation of equation (3.21)

Referring to Figure (D.2), let us calculate the bar and cross outputs of a Mach
Zehnder modulator with respect to the input Ein. From equation (3.8),

FIGURE D.2: Diagrammatic view of a Mach Zehnder Modulator with only one input.
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TMZME = TMMI1 TPMTMMI2 E

=
√
2

1 

 1


eφ1 0

0 eφ2

 √
2

1 

 1


Ein

0

 = −1
2

1 

 1


eφ1 0

0 eφ2


 Ein

Ein



= −1
2

1 

 1


 Eineφ1

Eineφ2

 = −1
2

 Eineφ1 − Eineφ2

Eineφ1 + Eineφ2

 . (D.18)

The cross output, therefore, is

Ecross
out = − 

2
(Eineφ1 + Eineφ2) =

Ein

2
(e(φ1−π

2 ) + e(φ2−π
2 )) =

Ein

2
(e(φ1−π

2 ) − e(φ2+
π
2 )).

(D.19)

D.3 Gaussian Modulation

Gaussian modulation is one form of quadrature amplitude modulation (QAM)
where the field quadratures take values from a continuous set. It is possible to
realize Gaussian modulation of the signal pulse by using an amplitude modu-
lator and a phase modulator sequentially. The theory follows from the so called
Box Muller Method. With this method, one can produce a bi variate Gaussian
distribution by sampling from two uniform random variables following a co-
ordinate transformation. The marginal distributions are independent of each
other. In the Gaussian modulation version of CV-QKD the field quadratures
are sampled from two normal distributions P ∼ N (0, V), Q ∼ N (0, V). The
key point to note is that the field quadrature observables are related to the field
amplitude and phase via the following coordinate transformation (Cartesian to
polar).

P =E cos θ (D.20)
Q =E sin θ (D.21)

Let X and Y be independent standard normal random variables X, Y ∼ (0, 1)
and X and Y are independent X ⊥ Y. The joint probability density function of
X and Y is given by

fXY(x, y) = fX(x) fY)y)

=
1√
2π

e−
x2
2

1√
2π

e−
y2
2

=
1

2π
e−

x2+y2
2︸ ︷︷ ︸

target density

(D.22)
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With x = r cos θ and y = r sin θ, it is possible to have fRΘ(r, θ) from fXY(x, y).
From multi-variable calculus, the change of variables is given by

fRΘ(r, θ) = fXY(x, y)
dx
dr

dy
dθ

= fXY(x, y)
∣∣∣∣∂(x, y)

∂(r, θ)

∣∣∣∣︸ ︷︷ ︸
=J

(D.23)

where J is the Jacobian.

J =

∣∣∣∣∣∣∣∣∣∣
∂x
∂r

∂x
∂θ

∂y
∂r

∂y
∂θ

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣
cos θ −r sin θ

sin θ r cos θ

∣∣∣∣∣∣∣∣∣∣
= ro̧s2 theta + r sin2 θ = r (D.24)

Therefore for r ≥ 0 and θ ∈ [0, 2π), change of variable leads to

fRΘ(r, θ)drdθ =
1

2π
e

r2
2 rdrdθ (D.25)

Applying another change of variables from (r, θ) to (r2, θ one has

dr2 = 2rdr ⇒ rdr =
1
2

dr2 (D.26)

The joint PDF fR,Θ(r, θ)drdθ, for r ≥ 0 and θ ∈ [0, 2π) can be written as

fRΘ(r, θ)drdθ = fR2θ(r
2, θ)dr2dθ

⇒ 1
2π

e−
r2
2 rdrdθ =

1
2π

e−
r2
2 rdrdθ

=

(
1
2

e−
r2
2 dr2

)
︸ ︷︷ ︸

exponential
dist.

(
1

2π
dθ

)
︸ ︷︷ ︸

uniform
dist.

= fR2(r2)dr2 fΘ(θ)dθ (D.27)

which shows R2 ⊥ Θ. Therefore the recipe for generating two independent
normal distributions can be listed as follows:

1. generate Θ ∼ unif(0, 2π)

2. generate V ∼ exp
{

λ = 1
2

}
i.e. V = R2, and compute R =

√
V

3. compute X = R cos θ, Y = R sin θ

Then X, Y ∼ N (0, 1). Incidentally, one can see the cumulative distribution func-
tion of the PDF f (x) = 1

2 e−
1
2 x is

Pr(X < x) = F(x) =
∫ x

0

1
2

e−
1
2 tdt = 1− 1

2
e−

1
2 x (D.28)
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Setting u = 1 − 1
2 e−

1
2 x leads to X = F−1(U) = −2log(1 − U) where U ∼

unif(0, 1). This is known as the inverse CDF method which makes use of the
fact that a continuous CDF, F(x) is a one-to-one mapping of the domain of the
CDF into the interval [0, 1]. Therefore if U is a uniform random variable on
[0, 1] the X = F−1(U) has the distribution of F(x). Since U ∼ unif[0, 1], so is
1 − U ∼ unif[0, 1]. Therefore one can write X = −2log(U). Putting things
together

R2 = (−2logU1)
1
2

Θ = 2πU2 (D.29)

Finally the way to generate (or simulate) two independent normal random vari-
ables X and Y from two uniform distributions U1 ∼ [0, 1], U2 ∼ [0, 1] according
to the following formulae

X =
√
−2logU1 cos (2πU2)

Y =
√
−2logU1 sin (2πU2) (D.30)

as X = R cos θ and Y = R sin θ.

D.4 Half Wave Plate

In bulk optics, the effect of a half-wave plate is realized with a birefringent crys-
tal. A birefringent crystal shows anisotropy in the real part of the refractive
index, nr. A uniaxial birefringent crystal can be described by two indices n1
and n2 along the principal optical axes of the crystal. If n1 > n2, then light
will travel at a faster speed along n2 compared to n1. Hence we can relabel
n1, n2 as ns, n f with f and s standing for fast and slow axis respectively. Since an
anisotropic crystal allows optical oscillation only along the crystal optical axes
[85], therefore the incoming polarization is first decomposed into components
along those two axes. Following a propagation through a distance L, the optical
transfer matrix of the optical system can be written ase−jk0n f L 0

0 e−jk0nsL

 = e−jk0n f L

1 0

0 e−jk0∆nL

 (D.31)

where ∆n = ns− n f is defined to be the birefringence of the material. The above
matrix, called the Jones matrix, is for a general wave plate. By setting L = λ0

2∆n ,
which makes e−jk0∆nL = e−π = −1, we get the Jones matrix for a half wave
plate.

JHWP =

1 0

0 −1

 (D.32)
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FIGURE D.3: The green arrow and the blue arrow indicate electric field parallel and per-
pendicular to the optic axis respectively. The red arrow is the resultant field. Linearly
polarized light entering a half-wave plate can be resolved into two waves, parallel and
perpendicular to the optic axis of the waveplate. In the plate, the parallel wave propa-
gates slightly slower than the perpendicular one. At the far side of the plate, the parallel
wave is exactly half of a wavelength delayed relative to the perpendicular wave, and
the resulting combination is a mirror-image of the entry polarization state (relative to
the optic axis)[107].

where we have ignored the common phase term.

While writing the above matrix we have assumed the fast axis is along x̂, and
the slow axis is along ŷ. If the crystal is rotated at 45° with respect to x̂, then in
the new coordinate system, the Jones matrix for the HWP is

JHWP(45°) = R(−45°)JHWPR(45°) =

0 1

1 0

 (D.33)

where R(θ) is the 2D rotation matrix. Therefore it transforms x̂ polarized light
to ŷ polarized light. Jones formalism applies to plane waves. But, to a good
approximation, it can be adapted to the case of guided modes as well. The
InGaAsP/InP crystal has a cubic lattice which is optically isotropic. Nonethe-
less the guided modes can be made to experience birefringence by tweaking
the waveguide geometry. This birefringence, therefore, is called waveguide (or
geometric) birefringence to differentiate from the material birefringence [85].

D.5 8-PSK with MZM:

Figure (D.4) shows the circuit level schematic for 8-PSK modulation. The series
of MZMs along with their electronic driver circuits have been bordered with
a dashed box. The first MZM is biased at Iπ

2 with magnitude Iπ to provide
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phase shifts of {0, π} .The second MZM is biased at Iπ
2 with magnitude Iπ

2 to
provide phase shifts of {0, π

2 }. The third MZM is biased at Iπ
2 with magnitude

Iπ
4 to provide phase shifts of {0, π

4 }. The overall output is an 8-PSK modulated
signal.

Figure (D.5) shows the relevant photocurrents. For the constellation points
shown in Figure (3.14), P and Q quadratures may have five possible values,
for example

P : {−P,−P/
√

2, 0, P/
√

2, P},
Q : {−Q,−Q/

√
2, 0, Q/

√
2, Q}.

The results from the eye diagram analyzers for both the quadratures are shown
in Figure (D.6). Figure (D.7) shows the measurement statistic from the VSA.
The detected signals (in red) are generally within the decision boundaries (in
blue) in the symbol map. The EVM and SER have been found to be 25.35% and

FIGURE D.4: Schematic illustrating implementation of 8 phase shift keying with a sin-
gle MZM in dual drive operation.

0.02215 respectively. The vector diagram indicates the quadrature and in-phase
components mapped to the vertical and horizontal directions.

D.6 Eye Diagram

An eye diagram is measured in the time domain and variation in the measure-
ments will occur with every set of samples. In Figure (D.8), on the left, one
can see various waveforms that can be transmitted through the transmission
medium in a high speed signalling environment and measured by an oscillo-
scope. The oscilloscopes will will capture these waveforms and overlay them
on top of each other each sample period to create an eye diagram. This variation
is captured over multiple unit intervals (UIs). An UI, also commonly known as
the pulse time, is the amount of time required for two consecutive transitions to
occur. By collecting many such different bit transitions, large amounts of infor-
mation about electrical signal and how it propagates through the transmission



Appendix D. Complementary to Chapter 3 190

FIGURE D.5: Photocurrents corresponding to the in-phase and quadrature-phase
quadratures of the modulated signal in 8PSK.

FIGURE D.6: Eye diagram results for P and Q quadrature in 8PSK.

FIGURE D.7: The signal statistic with respect to the decision boundaries in 8PSK.

media can be collected. Eye diagrams should be taken over many samples to
ensure the diagram truly represents system performance. Pseudo random bit
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sequence patterns are commonly used to generate eye diagrams.

FIGURE D.8: Construction of an eye diagram. [108]

Figure (D.9) shows the anatomy of an eye diagram. VH, VL are the two funda-
mental components in an eye diagram. These two features will indicate if the
receiver will see the expected voltage levels corresponding to the correct bit. VH
corresponds to 1, and VL corresponds to 0. These two voltage levels are typi-
cally described in the electrical specification of the transmitter. The three lines
shown in green represent a bit transition. Because the bit transition occurs on
the left of side of the eye diagram, it is commonly called the leading edge.

FIGURE D.9: Anatomy of an eye diagram [108]

The bit transitions which occur on the right side are called the trailing edge.
These bit transitions contain high frequency content of the signal. When ana-
lyzing the eye diagram, the leading and the trailing edge will show the effects
of different types of equalization as well as the effects of different types of trans-
mission media loading. The crossover region is another important part of the
eye diagram. The cross over regions can show variation in the bit transitions
commonly known as jitter.
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Appendix E

Complementary to Chapter 4

A. Derivation of equation (4.23)

Plugging equation (4.21) into (4.13), one has

∂2

∂x2

( ∞

∑
m=−∞

Em
y exp(βmz)

)
+

∂2

∂z2

( ∞

∑
m=−∞

Em
y exp(βmz)

)
+k2

0ñ2
0(x)

( ∞

∑
m=−∞

Em
y exp(βmz)

)
+ k2

0

( ∞

∑
m=−∞

Em
y exp(βmz)

)
( ∞

∑
q=−∞

Aq(x) exp
(


2πqz

Λ

))
= 0 (E.1)

Let us evaluate the left hand side of (E.1) term by term. From the first term

∂2

∂x2

( ∞

∑
m=−∞

E(m)
y exp(jβmz)

)
=

∞

∑
m=−∞

exp(jβmz)
∂2

∂x2 E(m)
y (E.2)

Second term

∂2

∂z2 (
∞

∑
m=−∞

Em
y exp(jβmz))

=
∂

∂z

[ ∞

∑
m=−∞

(
∂Em

y

∂z
exp(βmz) + (βm)Em

y exp(βmz))
]

=
∞

∑
m=−∞

[∂2Em
y

∂z2 exp(βmz) + (βm)
∂Em

y

∂z
exp(βmz)

+ (βm)
2Em

y exp(βmz) + (βm)
∂Em

y

∂z
exp(βm)

]
(E.3)
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Fourth term

k2
0

∞

∑
m=−∞

∞

∑
q=−∞

q 6=0

Em
y Aq(x) exp

(

2πqz

Λ

)
exp(βmz)

=k2
0

∞

∑
m=−∞

∞

∑
q=−∞

q 6=0

Em
y Aq(x) exp

(

2πqz

Λ

)
exp

(
(β0 +

2πm
Λ

)

)
z

=k2
0

∞

∑
q=−∞

q 6=0

Aq(x)
∞

∑
m=−∞

Em
y exp

[
(β0 +

2πm
Λ

+
2πq
Λ

)z
]

=k2
0

∞

∑
q=−∞

q 6=0

Aq(x)
∞

∑
m=−∞

Em
y exp

[
βm+qz

]

=k2
0

∞

∑
q=−∞

q 6=0

Aq(x)
∞

∑
m=−∞

E(m−q)
y exp(βmz) (E.4)

Collecting all the terms multiplied by the same factor eβmz from (E.1)-(E.4), one
arrives at equation (4.23).

B. Derivation of equation (4.27) from (4.23)

Substituting Em
y (x, z) = E0

y into equation (4.23)

∂2E(0)
y

∂x2 +
∂2E(0)

y

∂z2 + 2β0
∂E(0)

y

∂z
− β2

0E0
y + k2

0ñ2
0(x)E(0)

y = −k2
0

∞

∑
q=−∞

q 6=0

Aq(x)E(−q)
y (x, z)

(E.5)

Evaluating term by term yields

1st term:
∂2E(0)

y

∂x2 =
∂ε0(x)

∂x2 R(z) = R(z)
d2ε0(x)

dx2 (E.6)

2nd term:
∂2E(0)

y

∂z2 =
∂ε0(x)

∂z2 R(z) = ε0(x)
d2R(z)

dz2 (E.7)

3rd term: 2β0
∂E(0)

y

∂z
= 2β0ε0(x)

dR(z)
dz

(E.8)

4th term: −β2
0E(0)

y = −β2
0ε0(x)R(z) (E.9)

5th term: k2
0ñ2

0E(0)
y = k2

0ñ2
0ε0(x)R(z) (E.10)

Collecting everything together gives equation (4.28).
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C. Deriving equation (4.30)

d2ε0(x)
dx2 + [k2

0ñ2
0 − β2

0]ε0

=
d2ε0(x)

dx2 + [k2
0n2

0(x)− 2k0n0(x)α̃(x)− β2
0]ε0

=
d2ε0(x)

dx2 + [k2
0n2

0(x)− β2]ε0(x) + β2ε0(x)− 2k0n0(x)α̃(x)− β2
0ε0(x)

=− 2k0n0(x)α̃(x) + (β2 − β2
0)ε0(x)

In the second line and the last line we have made use of equations (4.16) and
(4.19) respectively.

D. Simplifying equations (4.43) and (4.45)

The last term of equation (4.43)

k2
0

2β0P

∞

∑
q=−∞

q 6=0

∫ ∞

−∞
Aq(x)ε0{Rε

(0)
−q(x) + Sε

(p)
q (x)}dx

=R
∞

∑
q=−∞

q 6=0

k2
0

2β0P

∫ g

0
Aq(x)ε0ε

(0)
−q(x)dx + S

k2
0

2β0P

∞

∑
q=−∞

q 6=0

∫ g

0
Aq(x)ε0ε

(p)
−q(x)dx

=R
∞

∑
q=∞
q 6=0

η
(0)
q,−q + S

∞

∑
q=∞
q 6=0

η
(p)
q,−q = R(z)ζ1 + S(z)ζ2

The last term of equation (4.45)

k2
0

2β0P

∞

∑
q=−∞

q 6=0

∫ ∞

−∞
Aq(x)ε0{Rε

(0)
(p−q)(x) + Sε

(p)
(p−q)(x)}dx

=R
∞

∑
q=−∞

q 6=0

k2
0

2β0P

∫ g

0
Aq(x)ε0ε

(0)
p−q(x)dx + S

k2
0

2β0P

∞

∑
q=−∞

q 6=0

∫ g

0
Aq(x)ε0ε

(p)
p−q(x)dx

=R
∞

∑
q=∞
q 6=0

η
(0)
q,p−q + S

∞

∑
q=∞
q 6=0

η
(p)
q,p−q = R(z)ζ4 + S(z)ζ3

E. Derivation of equations (4.52a)-(4.52d)

Applying (4.51a) into (4.47)

γ(r1 exp(γz)− r2 exp(−γz)) + (−α− δ− ζ1)(r1 exp(γz) + r2 exp(−γz))
= (κ∗p + ζ2)(s1 exp(γz) + s2 exp(−γz))

⇒ {γr1 + (α− δ− ζ1)r1)} exp(γz) + {−γr2 + (α− δ− ζ1)r2)} exp(−γz)
= {(κ∗p + ζ2)s1} exp(γz) + {(κ∗p + ζ2)s2} exp(−γz)
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Equating terms with the same exponential

γr1 + (−α− δ− ζ1)r1 = (κ∗p + ζ2)s1

⇒{γ + (−α− δ− ζ1)}r1 = (κ∗p + ζ2)s1

⇒Γ̂r1 = (κ∗p + ζ2)s1

and

− γr2 + (−α− δ− ζ1)r2 = (κ∗p + ζ2)s2

⇒{−γ + (−α− δ− ζ1)}r2 = (κ∗p + ζ2)s2

⇒Γr2 = (κ∗p + ζ2)s2

Similarly applying (4.51b) into (4.48)

−(γs1 exp(γz)− γs2 exp(−γz)) + (−α− δ− ζ1)(s1 exp(γz) + s2 exp(−γz))
= (κp + ζ4)(r1 exp(γz) + r2 exp(−γz))

⇒ {−γs1 + (α− δ− ζ1)s1)} exp(γz) + {γs2 + (α− δ− ζ1)s2)} exp(−γz)
= {(κp + ζ4)r1} exp(γz) + {(κp + ζ4)r2} exp(−γz)

Equating terms with the same exponential

−γs1 + (−α− δ− ζ1)s1 = (κp + ζ4)r1

⇒{−γ + (−α− δ− ζ1)s1 = (κp + ζ4)r1

⇒Γs1 = (κp + ζ4)r1

and

γs2 + (−α− δ− ζ1)s2 = (κp + ζ4)r2

⇒{γ + (−α− δ− ζ1)s2 = (κp + ζ4)r2

⇒Γ̂s2 = (κp + ζ4)r2

F. Derivation of (4.55)

Replacing equation (4.52a) into (4.52d)

Γ̂r1 = (κ∗p + ζ2)
(κp + ζ4)

Γ̂
r1

⇒Γ̂Γr1 = −(κ∗p + ζ2)(κ + ζ4)r1

⇒{−γ + (−α− δ− ζ1)}{γ + (−α− δ− ζ1)} = −κ2
eff

⇒− γ2 + (α + δ + ζ1)
2 + κ2

eff

⇒γ2 = (α + δ + ζ1)
2 + κ2

eff

G. Derivation of equation (4.62)

Let us divide equation (4.60) by (4.61),

(κ∗p+ζ2)

Γ̂
e−γL/2 − ρ̂le−γL/2eβ0L

eγL/2 − ρ̂reγL/2eβ0L (κ∗p+ζ2)
Γ

=
ρ̂l

(κp+ζ4)

Γ̂
eβ0LeγL/2 − eγL/2

e−γL/2ρ̂reβ0L − (κp+ζ4)

Γ̂
e−γL/2



Appendix E. Complementary to Chapter 4 196

⇒

(


Γ̂

√
(κ∗p+ζ2)(κp+ζ4)(κ

∗
p+ζ2)

κp+ζ4
− ρ̂leβ0L

)
e−γL

1− ρ̂reβ0L 

Γ̂

√
(κ∗p+ζ2)(κp+ζ4)(κ

∗
p+ζ2)

κp+ζ4

=

(
ρ̂l



Γ̂

√
(κ∗p+ζ2)(κp+ζ4)(κp+ζ4)

κ∗p+ζ2
eβ0L − 1

)
eγL
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Γ̂

√
(κ∗p+ζ2)(κp+ζ4)(κp+ζ4)

κ∗p+ζ2

⇒

(
κe f f

Γ̂

√
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√
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κe f f

Γ̂
− ρ̂l

√
κp+ζ4
κ∗p+ζ2

eβ0L
)

e−γL

ρ̂l
κe f f

Γ̂

√
κp+ζ4
κ∗p+ζ2

eβ0L − 1
=

(
1− ρ̂r

√
κ∗p+ζ2
κp+ζ4

eβ0L κe f f

Γ̂

)
eγL

ρ̂reβ0L
√

κ∗p+ζ2
κp+ζ4

− κe f f

Γ̂
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H. Derivation of equation (4.66)

From equation (4.65)

Γ̂
(κ∗p + ζ2)

=
(κp + ζ4)

Γ

⇒
(κ∗p + ζ2)

Γ̂
=

Γ̂− 2γ

(κp + ζ4)

⇒ 2γ

(κp + ζ4)
=

Γ̂
(κp + ζ4)

−
(κ∗p + ζ2)

Γ̂

⇒ 2γ
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=
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κe f f

√
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−

κe f f
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√
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⇒ 2γ
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κp + ζ4
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κe f f
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−

κe f f
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√
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κp + ζ4

⇒ γ =
κe f f

2

(
Γ̂

κe f f
−

κe f f

Γ̂

)
I. Derivation of equation (4.68)

Referring to equation (4.67), if we assign the following

a = ρ2e−γL − eγL, (E.11a)

b = (ρl + ρr)(eγL − e−γL) = 2(ρl + ρr) sinh γL, (E.11b)

c = e−γL − ρ2eγL. (E.11c)
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Then the roots of equation (4.67) are

x =
−b±

√
b2 − 4ac

2a
. (E.12)

At this point, for equation (4.66), let us calculate

x− 1
x

=
−b±

√
b2 − 4ac

2a
− 2a
−b±

√
b2 − 4ac

=
(−b±

√
b2 − 4ac)2 − 4a2

2a[−b±
√

b2 − 4ac]

=
b2 + b2 − 4ac∓ 2b

√
b2 − 4ac− 4a2

2a[−b±
√

b2 − 4ac]

=
b2 − 2ac∓ b

√
b2 − 4ac− 2a2

a[−b±
√

b2 − 4ac]

=

[
b(b∓

√
b2 − 4ac)− 2a(a + c)

a[−b±
√

b2 − 4ac]

]
b±
√

b2 − 4ac
b±
√

b2 − 4ac

=
b(b2 − b2 + 4ac)− 2a(a + c)(b±

√
b2 − 4ac)

a[b2 − 4ac− b2]

=
4abc− 2a(a + c)(b±

√
b2 − 4ac)

−4a2c

=
(a + c)(b±

√
b2 − 4ac)− 2bc

2ac

=
b(a− c)±

√
b2 − 4ac(a + c)

2ac

We can evaluate the terms on the numerator and denominator from the expres-
sions defined in (E.11a), (E.11b), and (E.11c)

a + c =ρ2e−γL − eγL + e−γL − ρ2eγL = −(1 + ρ2)2 sinh γL, (E.13a)

a− c =ρ2e−γL − eγL − e−γL + ρ2eγL = 2 cosh γL(ρ2 − 1), (E.13b)

b2 =4(ρl + ρr)
2 sinh2 γL, (E.13c)

4ac =(a + c)2 − (a− c)2

=4 sinh2 γL(1 + ρ2)2 − 4 cosh2 γL(ρ2 − 1)2

=4[sinh2 γL(1 + ρ2)2 − cosh2 γL(ρ2 − 1)2]

=4[(cosh2 γL− 1)(1 + ρ2)2 − cosh2 γL(ρ2 − 1)2]

=4[cosh2 γL{(1 + ρ2)2 − (ρ2 − 1)2} − (1 + ρ2)2]
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=4[cosh2 γL{1 + 2ρ2 + ρ4 − (ρ4 − 2ρ2 + 1)} − (1 + ρ2)2]

=4[cosh2 γL4ρ2 − (1 + ρ2)2]

=4[4ρ2 sinh2 γL− (ρ2 − 1)2] (E.13d)

(b2 − 4ac)1/2 =2{[(ρl + ρr)
2 sinh2 γL− 4ρ2 sinh2 γL + (ρ2 − 1)2]}1/2

=2{[(ρ2
l + ρ2

r + 2ρlρr) sinh2 γL− 4ρ2 sinh2 γL− (ρ2 − 1)2]}
=2{(ρl − ρr)

2 sinh2 γL + (1− ρ2)2}1/2. (E.13e)

Putting everything together in equation (4.70), we obtain

x− 1
x
=

b(a− c)±
√

b2 − 4ac(a + c)
2ac

=
2(ρl + ρr) sinh (γL)2 cosh (γL)(ρ2 − 1)∓

√
b2 − 4ac(1 + ρ2)2 sinh (γL)

2[4ρ2 cosh2 (γL)− (ρ2 + 1)2]

=
{(ρl + ρr)(1− ρ2)2 cosh (γL)± (1 + ρ2)

√
b2 − 4ac} sinh (γL)

[(1 + ρ2)2 − 4ρ2 cosh2 (γL)]
.

J. Derivation of equation (4.72)

The last three terms of equation (E.13) can be simplified as follows

(κeffL)2 sinh2 (γL)[
(1 + ρ2)2(ρl − ρr)

2 sinh2 (γL)(1 + ρ2)2(1− ρ2)2 − (ρl + ρr)
2(1− ρ2)2 cosh2 (γL)

]

=(κeffL)2 sinh2 (γL)[
(1 + ρ2)2(ρl − ρr)

2(cosh2 (γL)− 1)(1 + ρ2)2(1− ρ)2 − (ρl + ρr)
2(1− ρ2)2 cosh2 (γL)

]

=(κeffL)2 sinh2 (γL)[
cosh2 (γL){(1 + ρ2)2(ρl − ρr)

2 − (ρl + ρr)
2(1− ρ2)2}+ (1 + ρ2)2(1− ρ2)2

− (1 + ρ2)2(ρl − ρr)
2]

=(κeffL)2 sinh2 (γL)[
cosh2 (γL){(1 + ρ2)2(ρl − ρr)

2 − (ρl + ρr)
2(1− ρ2)2}

+ (1 + ρ2)2(1− ρ2)2(1 + ρ2)2(ρl − ρr)
2]

=(κeffL)2 sinh2 (γL)[
cosh2 (γL){(1 + 2ρ2 + ρ4)(ρl + ρ2

r − 2ρ2)− (ρ2
l + ρ2

r + 2ρ2)(1− 2ρ2 + ρ4)}
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+ (1 + ρ2)2{(1− ρ2)2 − (ρl − ρr)
2}
]

=(κeffL)2 sinh2(γL)[
cosh2 (γL){��ρ

2
l +�

�ρ2
r − 2ρ2 + 2ρ2ρ2

l + 2ρ2ρ2
r −�

�4ρ4 +
�
��ρ2

l ρ4 +
�
��ρ2

r ρ4

− 2ρ6 − (�
�ρ2
l +�

�ρ2
r + 2ρ2 − 2ρ2ρ2

l − 2ρ2ρ2
r −�

�4ρ4 +
�
��ρ2

l ρ4 +
�
��ρ2

r ρ4 + 2ρ6)}

+ (1 + ρ2)2{1−
�
�2ρ2 + ρ4 − ρ2

l − ρ2
r +�

�2ρ2}
]

=(κeffL)2 sinh2 (γL)[
cosh2 (γL){4ρ2ρ2

l + 4ρ2ρ2
r − 4ρ2 − 4ρ6}+ (1 + ρ2){(1− ρ2

l )− ρ2
r + ρ2

l ρ2
r}
]

=(κeffL)2 sinh2 (γL)
[
4ρ2 cosh2 (γL){−1 + ρ2

l + ρ2
r − ρ4}+ (1 + ρ2)2{(1− ρ2

l )− ρ2
r (1− ρ2

l )}
]

=(κeffL)2 sinh2 (γL)(1− ρ2
l )(1− ρ2

r )
[
(1 + ρ2)2 − 4ρ2 cosh2 (γL)

]

=(κeffL)2 sinh2 (γL)D(1− ρ2
l )(1− ρ2

r )

K. Derivation of equations (4.79) and (4.80)

We start from equation (4.77)

2(γL)2 + 2(κeffL)2 sinh2 (γL)(1− ρ2
l ) + 2ρ̃l(κeffL)(γL) sinh (2γL) = 0

From the assignment

(γl) = a + b; ρ̃l = −ρl = −(c + d); (κeffL) = q + p

it follows

(1− ρ2
l )

=1− {−(c + d)2}
=1− (c + d)2

=1− (c2 − d2 + 2cd)

= (1− c2 + d2)︸ ︷︷ ︸
m

− 2cd︸︷︷︸
n

(E.14)

From the first term we get

2(γL)2

=2(a + b)2

=2(a2 − b2 + 2ab)

=2(a2 − b2) + 4ab (E.15)
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From the second term

(κeffL)2(1− ρ2
l )2 sinh2 (γL)

=(κeffL)2(1− ρ2
l )[cosh (2γL)− 1]

=(q + p)2(m− n)
[ e2γL + e−2γL

2
− 1
]

=(q2 − p2 + 2qp)(m− n)
[
e2γL + e−2γL − 2

]1
2

=
[
m(q2 − p2) + 2qpm− n(q2 − p2) + 2qpn

]1
2
[
e2(a+b) + e−2(a+b − 2

]
=
[
m(q2 − p2) + 2qpm− n(q2 − p2) + 2qpn

]1
2
[
e2ae2b + e−2ae−2b − 2

]
=
[
m(q2 − p2) + 2qpm− n(q2 − p2) + 2qpn

]
1
2
[
e2a(cos 2b +  sin 2b) + e−2a(cos (2b)−  sin (2b))− 2

]
=
[
m(q2 − p2) + 2qpn + {2qpm− n(q2 − p2)}

]
1
2
[

cos (2b)(e2a + e−2a) +  sin (2b)(e2a − e−2a)− 2
]

=
[
m(q2 − p2) cos (2b) cosh (2a) + 2qpn cos (2b) cosh (2a)

−2qpm sin (2b) sinh (2a) + n(q2 − p2) sin (2b) sinh (2a)−m(q2 − p2)− 2qpn
]

+
[
m(q2 − p2) sin (2b) sinh (2a) + 2qpn sin (2b) sinh (2a)

+2qpm cos (2b) cosh (2a)− n(q2 − p2) cos (2b) cosh (2a)− 2qpm + n(q2 − p2)
]

(E.16)

From the third term

2ρ̃l(κe f f L)(γL) sinh (2γL)

=− 2(c + d)(q + p)(a + b) sinh (2γL)

=− 2(qc + qd + pc− pd)(a + b)
[

e2γL − e−2γL

2

]
=− 2{(qc− pd) + (qd + pc)}(a + b)

1
2
[
e2(a+b) − e−2(a+b)]

=− 2{a(qc− pd) + b(qc− pd) + a(qd + pc)− b(qd + pc)}1
2
[
e2aeb − e−2ae−2b]

=− 2{a(qc− pd)− b(qd + pc)− b(qc− pd) + a(qd + pc)}
1
2
[
e2a(cos (2b) +  sin (2b))− e−2a(cos (2b)−  sin (2b))

]
=− 2{a(qc− pd)− b(qd + pc) + b(qc− pd) + a(qd + pc)}[

cos (2b)(e2a − e−2a) +  sin (2b)(e2a + e−2a)
]

=− 2{a(qc− pd)− b(qd + pc) + b(qc− pd) + a(qd + pc)}[
cos (2b) sinh (2a) +  sin (2b) cosh (2a)

]
={−2a(qc− pd) + 2b(qd + pc) + 2b(qc− pd) + 2a(qd + pc)}[

cos (2b) sinh (2a) +  sin (2b) cosh (2a)
]



Appendix E. Complementary to Chapter 4 201

= cos (2b) sinh (2a)
[
2b(qc− pd) + 2a(qd + pc)

]
+ sin (2b) cosh (2a)

[
2a(qc− pd)− 2b(qd + pc)

]
+ cos (2b) sinh (2a)

[
− 2a(qc− pd) + 2b(qd + pc)

]
+ sin (2b) cosh (2a)

[
2a(qd + pc) + 2b(qc− pd)

]
(E.17)

Summing up (E.15), (E.16), and (E.17) and equating the real and the imaginary
parts one arrives at equations (4.79) and (4.80).

L. Derivation of equations (4.81a) and (4.81b)
Taking derivative of equation (4.47) with respect to z

R′′ − (α + δ + ζ1)R′ = (κ∗p + ζ2)S′

⇒R′′ − (α + δ + ζ1)
(
(α + δ + ζ1)R + (κ∗p + ζ2)S)

)
=

(κ∗p + ζ2)
(
− (α + δ + ζ1)S− (κp + ζ4)R

)
⇒R′′ − (α + δ + ζ1)

2R−
((((

((((
((((

((
(κ∗p + ζ2)(α + δ + ζ1)S =

((((
((((

((((
(((

−(κ∗p + ζ2)(α + δ + ζ1)S + (κp + ζ4)(κ
∗
p + ζ2)R

⇒R′′ − (α + δ + ζ1)
2R− κ2

effR = 0

⇒R′′ −
(
(α + δ + ζ1)

2 + κ2
eff
)

R = 0⇒ R′′ − γ2R = 0

Going on the exact similar direction from (4.48) we get

S′′ − γ2S = 0

M. Derivation of equations (4.82) and (4.84)
From (4.51a),

R(z) = r1
(

cosh (γz) + sinh (γz)
)
+ r2

(
cosh (γz)− sinh (γz)

)
⇒R(z) = (r1 + r2) cosh (γz) + (r1 − r2) sinh (γz)
⇒R(z) = R1 cosh (γz) + R2 sinh (γz). (E.18)

From (4.51b),

S(z) = s1
(

cosh (γz) + sinh (γz)
)
+ s2

(
cosh (γz)− sinh (γz)

)
⇒S(z) = (s1 + s2) cosh (γz) + (s1 − s2) sinh (γz)
⇒S(z) = S1 cosh (γz) + S2 sinh (γz). (E.19)

Taking derivative of (4.51a) again w.r.t. z,

R′(z) = γr1eγz − γr2e−γz. (E.20)

At z = −L/2, from (4.51a) and (E.20),

R(−L/2) = r1e−γL/2 + r2eγL/2, (E.21a)

R′(−L/2) = γr1e−γL/2 − γr2eγL/2. (E.21b)
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Now, γ× (E.21a) + (E.21b)⇒

γR(−L/2) + R′(−L/2) = 2γr1e−γL/2

⇒r1 =
eγL/2

2

(
R(−L/2) +

R′(−L/2)
γ

)
, (E.22)

and γ× (E.21a) - (E.21b)⇒

γR(−L/2)− R′(−L/2) = 2γr2e−γL/2

⇒r2 =
e−γL/2

2

(
R(−L/2)− R′(−L/2)

γ

)
. (E.23)

(E.22) + (E.23)⇒

r1 + r2 = R(−L/2)
[

eγL/2 + e−γL/2

2

]
+

R′(−L/2)
γ

[
eγL/2 − e−γL/2

2

]
⇒R1 = R(−L/2) cosh (γL/2) +

R′(−L/2)
γ

sinh (γL/2). (E.24)

Similarly, (E.22) - (E.23)⇒

r1 − r2 = R2 = R(−L/2) sinh (γL/2) +
R′(−L/2)

γ
cosh (γL/2). (E.25)

Replacing R1, R2 with their expressions in equation (E.18), we obtain

R(z) ={R(−L/2) cosh (γL/2) +
R′(−L/2)

γ
sinh (γL/2)} cosh (γz)

+{R(−L/2) sinh (γL/2) +
R′(−L/2)

γ
cosh (γL/2)} sinh (γz)

=R(−L/2) cosh[γ(z + L/2)] +
R′(−L/2)

γ
sinh[γ(z + L/2)], (E.26)

where we have used the following hyperbolic identities

sinh(x + y) = sinh x cosh y + cosh x sinh y,
cosh(x + y) = cosh x cosh y + sinh x sinh y.

Following the exact same procedure, and making use of the boundary condi-
tions at z = L/2, one finds from equation (E.19)

S(z) = S(L/2) cosh[γ(z− L/2)] +
S′(L/2)

γ
sinh[γ(z− L/2)]. (E.27)

For our laser, one of the facets is reflective, while the other is not. In this scenario

R(z)|z=−L/2 = R(−L/2) = 1, (E.28a)
S(z)|z=L/2 = S(L/2) = rR(L/2), (E.28b)
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where r is the reflectivity of one facet. The derivative of equation (E.27) is

S′(z) =
d
dz
[
S(L/2) cosh

(
γ(z− L/2)

)
+

S′(L/2)
γ

sinh
(
γ(z− L/2)

)]
. (E.29)

Let us assume

S(L/2) =A1 = rR(L/2),
S′(L/2)

γ
= A2. (E.30)

Then, one can write equation (E.29) as

S′(z) = γA1 sinh
(
γ(z− L/2)

)
+ γA2 cosh

(
γ(z− L/2)

)
. (E.31)

Now, from equation (4.48),

S′ + (α + δ + ζ1)S = −(κp + ζ4)R

⇒γA1 sinh
(
γ(z− L/2)

)
+ γA2 cosh

(
γ(z− L/2)

)
+ (α + δ + ζ1)

[A1 cosh
(
γ(z− L/2)

)
+ A2 sinh

(
γ(z− L/2)

)
] + (κp + ζ4)R(z) = 0.

(E.32)

at z = L/2 from equation (E.32)

R(L/2) =
−1

(κp + ζ4)

[
γA2 + (α + δ + ζ1)S(L/2)

]
⇒R(L/2) =

−1
(κp + ζ4)

[
γA2 + (α + δ + ζ1)rR(L/2)

]
⇒R(L/2) =

−γA2

(κp + ζ4) + (α + δ + ζ1)r
(E.33)

at z = −L/2 from equation (E.32)

− (κp + ζ4)R(−L/2) = −γA1 sinh(γL) + γA2 cosh (γL) + (α + δ + ζ1)

[A1 cosh
(
γ(z− L/2)

)
− A2 sinh

(
γ(z− L/2)

)
]

⇒− (κp + ζ4)R(−L/2) = A1
[
− γ sinh (γL) + (α + δ + ζ1) cosh (γL)

]
+ A2

[
γ cosh (γL)− (α + δ + ζ1) sinh (γL)

]

⇒− (κp + ζ4) + rR(L/2)
[
γ sinh (γL)− (α + δ + ζ1) cosh (γL)

]
= A2

[
γ cosh (γL)− (α + δ + ζ1) sinh (γL)

]

⇒A2 =
−(κp + ζ4) + rR(L/2)

[
γ sinh (γL)− (α + δ + ζ1) cosh (γL)

][
γ cosh (γL)− (α + δ + ζ1) sinh (γL)

]
(E.34)
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Therefore

R(L/2) =
−γ

(κp + ζ4)(α + δ + ζ1)
×[−(κp + ζ4) + rR(L/2){γ sinh (γL)− (α + δ + ζ1) cosh (γL)}

γ cosh (γL)− (α + δ + ζ1) sinh (γL)

]

⇒R(L/2) =
γ

(κp + ζ4)(α + δ + ζ1)

×
[

(κp + ζ4)− rR(L/2){γ sinh (γL)− (α + δ + ζ1 cosh (γL)}
γ cosh (γL)− (α + δ + ζ1) sinh (γL)

]

⇒R(L/2)
[

1 +
r{γ sinh (γL)− (α + δ + ζ1) sinh (γL)}

γ cosh (γL)− (α + δ + ζ1) sinh (γL)
× γ

(κp + ζ4)(α + δ + ζ1)

]
=

γ(κp + ζ4)

γ cosh (γL)− (α + δ + ζ1) sinh (γL)
× γ

(κp + ζ4) + r(α + δ + ζ1)
(E.35)

Let be

{(κp + ζ4) + r(α + δ + ζ1)}{γ cosh (γL)− (α + δ + ζ1) sinh (γL)} = χ.
(E.36)

Then

R(L/2)
[

χ + γr{γ sinh (γL)− (α + δ + ζ1) sinh (γL)}
χ

]
=

(κp + ζ4)

χ

⇒R(L/2) =
γ(κp + ζ4)

χ + γr{γ sinh (γL)− (α + δ + ζ1) sinh (γL)} (E.37)

The denominator can be consolidated as

(κp + ζ4)γ cosh (γL)− (κp + ζ4)(α + δ + ζ1) sinh (γL)

+
((((

((((
((((

((

γr(α + δ + ζ1) cosh (γL)− (α + δ + ζ1)
2r sinh (γL)

−
((((

((((
(((

(((

γr(α + δ + ζ1) cosh (γL) + γ2r sinh (γL)

= (κp + ζ4)
[
γ cosh (γL)− (α + δ + ζ1) sinh (γL)

]
− r sinh (γL)

[
(α + δ + ζ1)

2 − γ2]
= (κp + ζ4)

[
γ cosh (γL)− (α + δ + ζ1) sinh (γL)

]
+ κ2

effr sinh (γL)

Putting everything together, we arrive at equation (4.82).
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From equation (E.27), at z = −L/2,

S(−L/2) = rR(L/2) cosh(γL)− A2 sinh (γL)

= rR(L/2) cosh γL−
−(κp + ζ4) sinh (γL) + rR(L/2) sinh (γL)

[
γ sinh (γL)− (α + δ + ζ1) cosh (γL)

][
γ cosh (γL)− (α + δ + ζ1) sinh (γL)

]
(E.38)

Upon subtraction, the numerator simplifies as following

rR(L/2)[cosh2(γL)− sinh2(γL)]− rR(L/2) cosh(γL) sinh(γL)+
rR(L/2) cosh(γL) sinh(γL) + (κp + ζ4) sinh(γL) = γrR(L/2) + (κp + ζ4) sinh(γL)

(E.39)

Combining the numerator and the denominator, we find the equation (4.84).
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