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Abstract

This dissertation has two main parts. The first part deals with questions relating
to Haghverdi and Scott’s notion of partially traced categories. The main result is
.a representation theorem for such categories: we prove that every partially traced
category can be faithfully embedded in a totally traced category. Also conversely,
every monoidal subcategory of a totally traced category is partially traced, so this
characterizes the partially traced categories completely. The main technique we use
is based on Freyd’s paracategories, along with a partial version of Joyal, Street, and
Verity’s Int construction. Along the way, we discuss some new examples of partially
traced categories, mostly arising in the context of quantum computation.

The second part deals with the construction of categorical models of higher-order
quantum computation. We construct a concrete semantic model of Selinger and Val-
iron’s quantum lambda calculus, which has been an open problem until now. We do
this by considering presheaf categories over appropriate base categories arising from
first-order quantum computation. The main technical ingredients are Day’s convolu-
tion theory and Kelly and Freyd’s notion of continuity of functors. We first give an
abstract description of the properties required of the base categories for the model
construction to work; then exhibit a specific example of base cateéories satisfying

these properties.
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Chapter 1
Introduction

Quantum computers are computing devices which are based on the laws of quantum
physics. While no actual general-purpose quantum computer has yet been built,
research in the last two decades indicates that quantum computers would be vastly
more powerful than classical computers. For instance, Shor proved in 1994 that the
integer factoring problem can be solved in polynomial time on a quantum computer,
while no efficient classical algorithm is known.

The goal of this research is to extend existing connections between logic and
computation, and to apply them to the field of quantum computation. Logic has
been applied to the study of classical computation in many ways. For instance, the
lambda calculus, a prototypical programming language invented by Church and Curry
in the 1930’s, can be simultaneously regarded as a programming language and as a
formalism for writing mathematical proofs. This observation has become the basis for
the development of several modern programming languages, including ML, Haskell,
and Lisp.

Recent research by Selinger, Valiron, and others has shown that the logical sys-
tem which corresponds most closely to quantum computation is the so-called “linear
logic” of Girard. Linear logic, a resource sensitive logic, formalizes one of the cen-
tral principles of quantum physics, the so-called “no-cloning property”, which asserts
that a given quantum state cannot be replicated. This property is reflected on the

logical side by the requirement that a given logical assumption (or “resource”) can
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only be used once. However, the correspondence between linear logic and quantum
computation has only been established at the syntactic level; it is an important open
question how to construct semantic models of higher-order quantum computation.

In a series of fundamental works, Girard has examined dynamical models of proofs
in linear logic and their evaluation under normalization, using C*-algebras and func-
tional analysis. This program, which he calls “The Geometry of Interaction”, has
recently received increased attention as having deep connections with quantum com-
putation and quantum protocols. See especially the work of Abramsky and Coecke
[3] and of Haghverdi and Scott [34], [36], who have given categorical descriptions of it.
Using the work of Joyal, Street and Verity they organize these ideas systematically
into a theoretical framework based on the abstract notion of a traced monoidal cate-
gory. Scott and Haghverdi showed how these techniques could be re-introduced and
extended to handle a typed categorical version of Girard’s “Geometry of Interaction”
through the notion of a partially traced category.

One of the objectives of this thesis is to systematically explore this new notion
of partially traced category by providing a representation theorem which establishes
a precise correspondence between partially traced categories and totally traced cate-
gories. Also, we want to use this framework to elucidate how to build new partially
traced categories in connection with some standard models of quantum computation.

A second objective of this thesis is to construct mathematical semantical models of
higher-order quantum computation. While the algorithmic aspects of quantum com-
putation have been analyzed extensively, the consideration of quantum computation
as a programming paradigm in need of a programming language has been explored
far less.

One of the most fruitful methods used to explore the general idea of computational
effect in computer science has been the use of computational monads in the sense of
Moggi. We study models that exhibit this feature based on linear logic, taking insights
and inspiration from Day’s characterization of convolution in presheaf categories. In
addition we use Freyd-Kelly’s notion of continuous functors, as well as Selinger’s
models for first-order quantum computation.

The basic idea is to start from existing low level models of quantum computation,
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such as the category of superoperators, and to use a Yoneda type construction to
adapt and extend these models to a higher order quantum situation. .The tool used
to lift this category is Day’s theory for obtaining monoidal structure in presheaf
categories. Also, this work partly builds on previous research by Benton et al. on
categorical models of linear logic. More precisely, we give a method for constructing
models that depends on a family of possible choices.

Specifically, the model construction depends on a sequence of categories and func-
tors B — C — D, and on a family I" of cones in D. We use this data to obtain a pair

of adjunctions

L F
[B”, Set] T [Co, Set] T [DP, Set|r
o G
and give sufficient conditions on B — C — D and I so that the resulting structure is
a model of the quantum lambda calculus.
This provides a general framework in which one can describe various classes of

models that depend on the concrete choice of the parameters B, C, D. and T'.



Chapter 2
Some mathematical background

The aim of this chapter is to review some basic categorical background material that
is needed to understand this thesis. For a more detailed discussion, see [54], [15], and
[52]. The reader who is already familiar with category theory can skip this chapter

initially, and refer back to it when needed.

2.1 Monads and adjunctions

In what follows, Id¢ is the identity functor on a category C and 1s is the identity
natural transformation on a functor G. Given a category C, the symbol C(A, B)

denotes the set of morphisms from A to B.

Definition 2.1.1 (Adjunction). Let A and B be categories. An adjunction from
A to B is a quadruple (F,G,n,¢) where F : A —» B and G : B — A are functors
and n : Idq = GF and ¢ : FG = Idg are natural transformations such that:
(Ge) o (nG) = 1¢ and (¢F) o (Fp) = 1p. The functor F is said to be a left adjoint
for G or G a right adjoint for F and we use the following notation: F 4 G or
(F,G,n,e): A — B or even more graphically
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Definition 2.1.2 (Monads). A monad or a triple on a category C is a 3-tuple (T, n, )
where T : C — C is an endofunctor and 5 : Ide = T (unit law), g : T2 = T (multi-

plication law) are two natural transformations, satisfying the following conditions:

Told B2 < Idoo T T3 =2 72
\HU/ uTJl JJM
T T2 =E=T

Theorem 2.1.3 (Huber). If F 4 G with unit n : Id4 = GF and co-unit ¢ : FG =
Idg, then (GF,n,GeF)is a monad on A.

Proof. See Lambek and Scott [52]. O
Suppose we have two adjunctions: (F,G,n,¢): A— Band (F',G',n/,e'): B—=C
FI

F
A L B L C
G G’

We can consider the composite: (F'F,GG',Gn'F on,&’ o F'eG’) : A — C yielding an
adjunction from A to C. Therefore, by Theorem 2.1.3 (7,7, i) with T = GG'F'F,
n=Gn'Fonand i = GG'(¢' o F'eG')F'F is a monad defined by this new adjunction.

Next we recall the comparison theorem for the Kleisli category.

Definition 2.1.4. Given a monad (7', 7, 1) on a category C, the Kleisli category Cr

is determined by the following conditions:
- 0bj(Cr) = Obj(C)
- Cr(A,B) =C(A,TB)

K K
- fKoxg g% = ucoT(g) o f when A Iy Band B'S C are arrows in Cr. The
identity is given by 1X =no: C = TC.

There is an adjunction between the category C and the Kleisli category Cr, given

by the following:

o Fr(A) = A and Fr(f) =nBofifA—f->Bis an arrow in C.
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e Gp(B) =T(B) and Gr(f¥) =pupoT(f) if A I B is an arrow in Cr.

The adjunction Fpr 4 Gr has the following universal property: given any other
adjunction F' -1 G such that G o F = T, there exists a unique functor C : Cr — D,
called the comparison functor, with the following properties Co Fr = F and GoC =
Gr.

e C(A) = F(A) on objects and Fr(f) =ngo fif A 4, B is an arrow in C.

o C(f)=¢€rpo F(f) whenAf—K>Bis an arrow in Cr.

F
C L D
G
G F
T |F|Fr c
Cr

First we evaluate the identity: C(1%) = C(na) = epa o F(na) = 1pa by definition
of the adjoint pair.

Now, suppose we have A f—; B and B ‘f) C a pair of arrows in Cy i.e. a pair
AL GFB and B % GFC in C. We want to prove that C(g ok f) = C(g) o C(f).
We have that:

Ff EFB

FA FGFB FB
FTg=FGFgl 1 Fg
EFGFC
Flgox N)=FucT(@ . FOFGFC———— FGFC
lF(l"C)=FGEFc lspc
FGFC FC

EFC
Where the top square commutes by naturality of € with F'(g) and the bottom square
by naturality of € with epc. The top leg of the diagram is C(g) o C(f) since C(f) =
erpo Ff and C(g) = epc o Fg. The bottom leg is C(g ok f) =epc o F(gok f).
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Notice that the comparison functor is fully faithful. The definition of the functor

between hom-sets is given by
C :Cr(A,B) —» D(C(A),C(B))
(A% 1B)— (FA™Y FGFB 28 FB)
Therefore define a function C~! by
C™':D(FA,FB) = Cr(A, B)
(FAS FB) —s (A" oFAY GFB)
ie., C~(g) = G(g) o ma.

2.2 Monoidal categories

Definition 2.2.1. A monoidal category, also often called tensor category, is a cate-
gory V with a unit object I € V together with a bifunctor ® : VxV — V and natural

isomorphismsp:A@IiA,)\:I®AE>A,a:A®(B®C) = (A® B)®C,

satisfying the following coherence axioms:

A®(I® B) o (ARI)®B
o et
AR B

and

A®(B®(C®D)——~(A®B)®(C®D)—~((A®B)®C)®D

5 5

(A®((B®C)® D) (AR (B®C))® D.

Definition 2.2.2. A symmetric monoidal category consists of a monoidal category
V,®,1,a,p,A) with a chosen natural isomorphism ¢ : A ® B 3 B® A, called

symmetry, which satisfies the following coherence axioms:

ARB-%>B®A ARISTI®A
,-\A fo (B
‘A B XA
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and
AR (BRC)—+(A®B)®C —2-C®(A® B)

11&, la

A®(C®B)—2>(ARC)® B2+ (C® A)®B.

Definition 2.2.3. A symmetric monoidal closed category category is a symmetric
monoidal category V for which each functor — ® B : ¥V — V has a right adjoint
[B,—]:V =V, ie. :

V(A® B,C) = V(A, [B,C)).

Definition 2.2.4. A monoidal functor (F,mu g, m;) between monoidal categories
WV, ®,I,a,p,\) and (W, &', I',d,p', X) is a functor F': V — W equipped with:

- morphisms my g : F(A) ® F(B) - F(A® B) natural in A and B,
- a morphism my : I' - F(I),
which satisfy the following coherence axioms:

FA® (FB® FC)2™ FA® F(B®C) "> F(A® (B® C))

| | o

(FA® FB)® FC™ F(A® B)® FC "~ F((A® B) ® C)

FAQ I' 2 —~Fa I'e) FA—X—~FA
1®’ml FpT lm@’l F(r\)T
FA® FI— F(A®I) FI® FA—= F(I® A).

A monoidal functor is strong when m; and for every A and B m, g are isomor-

phisms. It is said to be strict when all the m4 g and m; are identities.

Remark 2.2.5. Throughout the remainder of this exposition whenever we write
(F,m) we symbolize a monoidal functor where m not only represents the natural
transformation myp : FA® FB — F(A ® B) but also m; : I — FI relating the

units of the two monoidal categories.
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Definition 2.2.6. If V and W are symmetric monoidal categories with natural
symmetry maps o and o', a symmetric monoidal functor is a monoidal functor

(F,ma g, my) satisfying the following axiom:

FA® FB-Z>~FB® FA

m| |m
F(A® B) 5 F(B® A)

Definition 2.2.7. A monoidal natural transformation 6 : (F,m) — (G, n) between
monoidal functors is a natural transformation 84 : FA — GA such that the following

axioms hold:

FAQ FB—= - F(A® B) I — Fr
0A®1931 lGAG;B R 101
GA® GB—— G(A® B) GI.

2.3 Monoidal adjunctions and monoidal monads

Definition 2.3.1. A monoidal adjunction

(F.m)
V.e.I) L~ (W, &I
(G.n)
between two monoidal categories ¥V and W consists of an adjunction (F,G.7.<) in
which (F,m) and (G,n) are monoidal functors and the unit n : Id = G o F and
the counit € : F o G = Id are monoidal natural transformations. as defined in
Definition 2.2.7.

Definition 2.3.2. Let (V,®,I) be a monoidal category. A monoidal monad
(Tyn,u,m) on V is a monad (7,7, i) such that the endofunctor T : ¥V = V is a
monoidal functor (T, m) with mapg : TAQTB - T(AS B) and m : I — TI as
coherence maps, and the natural transformations n : Id = T and u : T? = T are

monoidal natural transformations.
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Lemma 2.3.3. Let T be a monoidal monad. Consider the Kleisli adjunction
Fr

C L Cr as in Definition 2.1.4. Then Cr is a monoidal category and Fr 4 Gr
Gr

s a monoidal adjunction, where
- mh g Fr(A)® Fr(B) = Fr(A® B) is given by n: AQ B— T(A® B),

-mf=n1:I—-)T(I),

nhp : Gr(A) ® Gr(B) — Gr(A® B) is given by map : T(A)©T(B) —
T(A® B), and

-nF=n:1->TU).

Definition 2.3.4. A strong monad (T,n,u,t) is a monad (7,7, 1) and a natural
transformation t4 5 : AQTB — T(A ® B) called a strength satisfying the following

axioms:
[@TA-TAT(I® A) A9 B2 Ao TB
\ lT(,\) m ltm
T(A) T(A® B)

tagB,c

(A By TC T(A®B)®C)
QA,B.TCl lT(aA,B,C)

A®(BRTC) 5= A®T(B®C) = T(A® (B®C))

ART?B 2 T(A0 TB) 22124 B)
ll®u5 l#A@B

ta.s
A®TB T(A® B).

Remark 2.3.5. Let (T, 7, u, m) be a symmetric monoidal monad. A strong monad

can be defined in which the strength ¢4 g is given by the following formula:
AQTB ™5 TA®TB ™2 T(A® B)

see Theorem 2.1 in [49].
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We conclude this section with a theorem by Kelly.

Proposition 2.3.6 (Kelly). Let (F,m):C — C’ be a monoidal functor. Then F has
a right adjoint G for which the adjunction (F,m) 4 (G, n) is monoidal if and only if
F has a right adjoint F 4 G and F is strong monoidal.

Proof. Here we give a sketch; see [42], [44] or [55] for a detailed proof. Since we have
that C'(F A, B) = C(A,GB) then there is a unique n4 g and n; such that:

F(na,B) F(nj)

F(GA® GB) FG(A® B) FI 2 par

ma,{a,cal leA@B x 161’
m;

FGAQ FGB Y A®' B I

Then using the adjunction we check that this candidates satisfy the definition. O

2.4 The finite coproduct completion of a category

We recall some properties of the finite coproduct completion of a category. A reference

can be found in [17].

Definition 2.4.1. Let us consider the category FinSet whose objects are finite sets
A = {ai,...,a,} and whose arrows are functions. To avoid any problem about the
size of this category, we assume without loss of generality that all objects of FinSet
are subsets of a given fixed infinite set; thus FinSet can be regarded as a small

category.
Note that FinSet has finite coproducts and products.

Definition 2.4.2. Let C be a category. The category Ct has as its objects finite
families of objects of C: V = {V;},ea, with A a finite set. A morphism from V =
{Va}aea to W = {W, }sep consists of the following two items:

- a function¢: A —- B

- a family f = {f,}sca of morphisms of C
f a- ‘/a — Wd)(a)‘
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Notation: We shall denote a morphism of C* as a pair F = (¢, f). Moreover,
sometimes we write V;? instead of (V;), to emphasize some particular set index sub-
script, and in the same way for arrows.

Before we study any possible structure in C* we observe that this is really a
category. The identity map is given by taking ¢ = id4 the identity function on A and
fa = 1y, the identity map in C, for every a € A.

Composition is defined by the following rule: if F = (¢, f) and G = (¢, g) then
Goc+ F = (¢ 0, {gs) © fa}aca)
To verify the associative law for the composition we have that if ' = (¢, f),

G = (¢, g) and H = (), h) then:

Ho(GoF)=Ho(10¢,{g¢)° fataca) = (Ao (¥ 0 9), {hyosa) © (Jo(a) © fa)}aca) =
(A o) o @, {(Ry(s(a)) © 9a(a) © fataca) = (Ao ¥, {hyw) o go}beB) o F = (HoG)o F.

Lemma 2.4.3. C* has finite coproducts.

Proof. On objects we have that if V = {V,}sca, W = {W,, }pep then VOW = {Z }cec
where C = A+ B is the coproduct in FinSet. We take Z;, ) = V, and Z,n,) = W

for every a € A, b € B. Thus, V & W is just a concatenation of families of objects of
C.

Injections maps are defined in the following way:
it ' 12
{‘/a}aEA — {Zc}cec and {Wb}beB — {Zc}cEC
where i' = (iny, IdY), i? = (ing, Id}) are given by:
A A+B BP3 A+ B injections in FinSet
v w
and IdY = {1¥}sca, Id¥ = {1}V }sen where V, N V. and W, IL) Wy are identities
in C.
Notation: Sometimes we shall use V@& W for Z, so we have the following notation
VoW = {(V D W)c}c€A+B-
There is also an initial object that we shall denote by e. It is the empty family of

objects. The unique morphism € <% {W,}ye is given by ey = (0, 0).
a
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With any category C, we associate a functor I : C — C* as follows, (V) = {V. }ie1,
V. =V and when there isa f: V — W in C then I(f) = (idy, { fi }+e1) with f. = f.

Proposition 2.4.4. Given any category A with finite coproducts || and any functor
F :C — A, there is a unique finite coproduct preserving functor G : Ct — A, up to

natural isomorphism, such that Gol = F.

Proof. We shall begin by considering the definition of the functor G : C* — A that
‘assigns to each object V = {Vi}aca the coproduct G({Va}aca) = [{,c4 F(Va) in the
category A. For any arrow {V,}ueca @) {Wi}eep we define G(g, f) = [ip(w¢(a)) o

F(f.)]aca as the unique arrow in A4 such that the following diagram commutes:

F(V,) —2L s F(Wiyw)

ip(va)l llF(W,p(a))

HaeA F(Va) Z:(E,f) HbeB F(VVb)

We must show that G is a functor. To see this, suppose we have
(6. (v.9)
{(Vatoea L8 (Wikien 8 {Z.} cec

then by hypothesis
F(g»)

F(W,) F(Zyw)
iF(Wb)l lip‘zw(b>’
]_[beB F(Wb) m UceC F(Zc)
therefore using the case b = ¢(a) we obtain
F(fa) F(g4(a))
F(Va) F(Wo(a)) = F(Zu(s(ay)

iF(V«;)l li”‘%(aﬂ li”%w(a)))

Heea F(Va) GO Hees £(Wh) Clog) Heec F(Ze)
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then by unique existence property of coproducts we have that G((¢,g) o (¢, f)) =
G(1,g) o G(, f). Also by uniqueness it is easily to check that G(ida,idy) =
ZdUaEA

The functor G preserves coproducts. To see this let us consider V' = {V'}4ca,,
t € I then

G(@ielvi) = G(@iel{v;;i}aeAi) ({Z }CGGBIEIA H F = H H F

cED,er A; i€l a€A;
= HG({W}aGAi) = HG(Vl)
iel iel
with Z, = V! if ing, (a) = c. It remains to verify that G is unique up to natural
isomorphism. Suppose there is another H preserving coproducts such that Hol = F.
Therefore, using the definitions given above of coproduct in C*, the functor G and

the fact that by hypothesis H preserves coproducts, we calculate on objects

H({Va}eea) = H(@aca{Viheat) = [[ H{V }oer) =

a€A

= [T HU() = [T F(Va) = G({Va}aca)

acA a€A

Suppose we have a morphism {V,}.ca @R {Wyteep With ¢ : A > B and f =
{fa}aca then using the coproduct in C* we consider a decomposition of it, up to

isomorphism, in the following way

[,y 0y 01 (fa)lac 4

Baca{Vi bl GBbeB{VV*b}*EI

these morphisms are explicitly given by

a I(fu) a a
Vahoa 3 (W), ™28 @ (WP)e

where I(f,) = (idla{fa}*el) inb(u) = (m(b(a) {1u/¢(a)}*€1) with 1 L(a)) ®pl,
lw¢(ﬂ)

Wea) ~— W¢(a) and @pep{Vl} et = {Zc}econ1 With Zip, () = Wi =W,

Since H preserves coproducts

H([iW¢(a) © I(fa)]aéA) = [H(iwd,(a)) ° H(I(fa))]aGA = [iF(qu(a)) °© F(fa)]GGA = G(¢’ f)
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where the second equality is justified by the following

HGw, )
H{W! DY) 2 H(@pep{W}eer)

hence using again that H preserves coproducts, up to isomorphism, we have

HGw, )
H{W)0) " 20 [ HGW?her)

beB
this means by definition of the functor I,
H(I(Wya)) o) [T #aW)
beB

but, by hypothesis we know that Ho I = F,

LF(Wyqay) N
F(Waa) —" [ F(We)
beB

Corollary 2.4.5. C* is the free finite coproduct completion generated by C.

Proposition 2.4.6. If C is a symmetric monoidal category then C* s also a sym-

metric monoidal category.

Proof. Assume that V = {V,},ea and W = {W}}ep are objects in C* then we take
V Qc+ W = {Vo ® Wo}apjcaxs where A x B is the finite product of sets.
The tensor extends to morphisms, if V Fox.w 5 Y, with X = {X }eec,

= {Yi}laep, F = (¢, f), G = (¢,9) then F® G = (0 x . f9g) is given by the
following data:

-dxyY:AxB—>CxD, (¢ x1¢)a,b)=($(a), (b))

- f®g = {(f®9)(ab) }(ab)caxB Where we have that
(f®g)(ab (V ® VV)(a b) — (X' ® Y) (@x1)(a.b) is defined bV

fa®gy: Va @ Wy — Xya) ® Yy
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To prove that —®c+ — : Ct xCt — C* is a bifunctor one first calculates the definition
by using that 1445 = 14 X 1p and 1y, ® ly, = ly,gw,.

Next, we shall prove that (F o F')® (GoG') = (F®G) o (F' ® G'). Suppose:
F'=(¢,f), F=(nh), G'=(4,9), G= (k) where

{‘/a}aeA M {Xc}ceC M {Ze}eeE

and

{Wh}een S {Ya}aen &R {Hy}ser

Therefore, (Fo F')®(GoG’) = ((no¢) x (§09), {(hs()© fa) ® (kyp) ©9s) } (2 b)eaxB) =
((nx &) o(dx ), {(hs@ ® kyw)) © (fa ® 98) }apyeaxs) = (F ® G) o (F' ® G') where
we simplify the notation of the tensor symbol. The unit of the tensor is given by

I = {L.},e(s}- The tensor functor is equipped with the following set of isomorphisms:

Vel 5V, andI®V 2 V where V = {Vi}aca, I = {L.}sc(s) then
VRI={Ve®L}@aseaxi-
These maps are given by: p = (p,r) with p: A x {*} = A, p(a, *x) = a and with

I = {T(ax }areax1 Where 1oy =71y, Vo, @1 a, V.. In an analogous way is

defined A = (A, ]).

-IfV = {V}aea and W = {W,}pep then 6 = (0,s) with 0 : A x B = B x A,

o(z,y) = (y,x) and s = {S@zy) } (z.y)caxn, Where s ) = s i.e,
VoW, > W,eV,

-IfV = {‘/a}aeAa W = {Wb}beB, Z = {Zc}c€C7 then & = (a, a) with o : A x (B X

C) = (Ax B)xC, a(z,(y,2)) = ((z,y), 2) and a = {a(z (y.2)) } (z.(5.2) e Ax(BxC)>
where a(; (y.2)) = a i.e.,

V,®(W,®Z,) = (V,®W,)® Z,

Coherence follows by definition, coherence in FinSet and coherence in the symmetric

monoidal category C. O
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Remark 2.4.7. Notice that the distributivity condition Ve (W& Z) = (VW) ®
(V ® Z) is satisfied with the map:

D:Ve(WaZ) - (VeaW)d (Ve 2)

where V = {V,}aea, W = (Witsen, Z = {Z.}cec, D = (6,1d) in which § is the
bijective function § : (A4 B) x C = (Ax C) + (B x C) and Id = {1a}4c(a+B)xC-

Fzample 2.4.8. If 1 is the one object, one arrow strict symmetric monoidal category

with the evident monoidal structure then 1* = FinSet and ®,+ = x and I = 1.

Proposition 2.4.9. Under the hypotheses of Proposition 2.4.4, assume that the cate-
gories C and A are symmetric monotdal. Then I is a symmetric monoidal functor. If
moreover F is a symmetric monoidal functor and tensor distributes over coproducts
in A, then G is a symmetric monoidal functor. Moreover, if F' is strong monoidal

then so 1s G.

Proof. We first show that I is a monoidal functor by considering:
IV (W) = (VW)

where V = {Vi}et, W = {Wihier and u = (p, {17 @ 1¥ }amerxa) with pp: 1x1 — 1
and 1V @ 1% = 1y ® 1. It is easy to check that all the axioms of the definition are
satisfied. As an example we have that by routine calculations the following axiom is
satisfied:

(os{re s} (s wye1x1)

{‘/* ® I*}(*,*)elxl {V"}*el
1®1i Izm
{‘/*®I*}(*,*)€1)<1 = {(V®[)*}*€1

since pr = p and (rv )y = (Tv)x =Ty = Ty s

Next assuming that (F, m) is monoidal we wish to show that G is also a monoidal

functor.
Since we also assumed that the category (A, p®, A%, a®, p®, A% a® §,0%,0% X0 o0, I,0)
is symmetric distributive then there exists isomorphisms of type:

¢: ([IFVy e (JIFW) S [ F(Va) @ F(W)

acA beB acAbeB
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generated by these isomorphisms.

We consider the unique arrow £ given by the universal property of the coproduct:

F(V,) ® F(Ws) Haocases F(Va) © F(Wp) (1)
My, W, l§=[mVa,Wb°ja,b]a€A,beB
F(Va ® Wb) ot HaeA,beB F(Va &® Wb)

Using these maps we define the mediating arrow ¥ : G(V) @ G(W) - G(V @ W) as
the composition dyw = £ o . We also have that ¥y : I — G(I) is given by m;.

To show that ¢ satisfies the axioms of a symmetric monoidal functor we shall
only provide the proof of one of the diagrams. This is justified by obvious coproduct
properties: the exterior diagram commutes for every a € A and this implies that the
interior diagram commutes by pre-composing with injections ¢ and using the universal

property of coproducts:

F(V,)®1 7 F(V,)

Loy (F(Va) @ 1) treweer 11 F(V,)
1@my [i°(1®m1)]a€Al T[iF(Va)oF(p)]aeA F(p)
[es(F(Vo) @ FI) —* Hoca FVa® I)

F(V,)® FI F(V,®1)

Mmyy,,1

Then by coherence [53], distributivity of the tensor through coproduct:

(A]IB)®I P . AeD][I(B®I)

\ lpup

A[IB
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naturality and by definition of ¥ we may infer that:

(HF(Va)®1
P
5
HaEA(F(‘/a) b2y I) HaeApF(Va) HaGA F(‘/a)
(L[aEA 1)®my aeA(1®m1)l Tuae/\ F(pv,)
oes(F(Ve) ® FI) ———[[,cs F(Va ® )
¢
/w/
(HF(Vo))® FI
. commutes, which turns to be:
GV)®I 4 G(V)
ll@ﬂ[ TG(P)
G(V)®GU) —X GV eI

Similarly one could prove the rest of the axioms.
Notice that if the mediating arrows my, w, are isomorphisms in diagram (1) above
then £ is an isomorphism. Therefore this implies that dv,w is an isomorphism for every

V and W i.e., G is a strong functor. ‘ a

2.5 The functor ¢ : FinSet — C™.

Now we turn to prove that when C is affine, there exists a functor ® : FinSet — C*

which is fully faithful and preserves tensor and coproduct.

Definition 2.5.1. A monoidal category C is called affine if the tensor unit I is a

terminal object.

Lemma 2.5.2. Let C be an affine category. Then there ezists a fully-faithful strong

monoidal functor @ : (FinSet, x,1) = (C*,®c+, I) that preserves coproducts.

Proof. We shall begin by considering the functor ® which assigns to each finite set
A a family ®(A) = {C,}sea, such that for every a € A, C, = I is the unit of the
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category C.
Now let A -2+ B be a function in FinSet, then

®(A) =9 ®(B) with ®(¢) = (¢, Ida) and Ida = {lo}aca, I la=idr

The kind of functor obtained in this way has been motivated in order to satisfy the
following properties which are essential for the model.

® is faithful: The way we define morphisms in C* allows us to infer that if ®(¢) =
®(1)) then ¢ = .

® is full: Suppose we have a pair (¢, f) € C*(P(A), ®(B)) then f = {f,}aca with
LNy ; since [ is a terminal object this implies that f, =1, = ! for every a € A.
Therefore ®(¢) = (o, f).

® preserves coproducts:

Take objects A and B; then by definition we have that

P(A® B) = {Cclecasn = {Cataca @ {C}oen = B(A) © O(B).
Suppose we have two arrows A N C,B 25 D then:

B(6DY) = (DY, [daep) = (60v, [daIdg) ‘L (6, Ids)® (0, [dg) = B(¢) ®D()

® preserves tensor product:

Assuming A and B are finite sets then
P(AxB) = {Cpuptabneaxs = {Ca®Cb}apycaxn = {Cataca®{Ch}rep = P(A)RP(B)

at the level of objects. If A %, C, B % D then we have that naturality is satisfied:
D¢ x ) = (¢ x ¥, Idaxp) = (¢ X ¥, Ida®Idp) = (¢,1d4) ® (¢, Idp) = P(¢) @ D(¥)

since Ida®Idp = {(1 ® )(apn)Hamreaxs = {la ® Li}apneaxs = {Lab}abeaxs =
Idaxp.

Also, ®(1) = ®({*}) = {C.}se1 = Ic+.

This implies that ® is a monoidal functor with identity id : ®(A) ® ®(B) —

®(A x B), id : I — ®(1) as mediating natural transformations. It is a routine
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exercise to show that the remaining equations of a monoidal functor, involving the
structural maps a, p and A, are satisfied.

For example, the diagram

®(B)® ] —2—~ ®(B)

1®1i Ié(p)

®(B) @ ®(1) ——B(B x 1)

is satisfied. To see this, we calculate ®(p) = (p, {1(a,+)} (ax)eax1)- On the other hand
by definition we have that g = (p,r) with p: A x {*} — A, p(a,*) = a and with
r= {r(a,*)}(a,*)e,qxl where 7. = 1y, Va® 1 BACN V. but since V, = I this implies

Ty, =11
I == I. Hence, these two arrows are equal. O

2.6 Affine monoidal categories

Recall from Definition 2.5.1 that a monoidal category is affine when the tensor unit

I is a terminal object. The following construction is well-known.

Definition 2.6.1 (Free affine symmetric monoidal category). Let K be a category.
The free affine symmetric monoidal category Fum(K) is the category defined as

follows:

(a) objects are finite sequences of objects of K:

{Vihem = {Vi,.... Vu}

(b) maps (¢, {f.}:eim)) : {Vi}ief) — {W.}iepm) are determined by:
- an injective function ¢ : [m] — [n]

- a family of morphism f, : Vg,) = W, in the category K

(C) composition (¢’ {fz}ze[m]) © (1/), {.{h}:e{s]) = (‘/" © ¢o {fx o gd:(z)}le[s])

(d) the unit is given by the empty sequence.



CHAPTER 2. SOME MATHEMATICAL BACKGROUND 22

(e) the tensor ® is given by concatenation of sequences of objects and arrows:

{Viticin ® {Witiepm) = {Zi}ieinsm)

where Z; =V;if 1<i<nand Z;=W,_,ifn+1<2:<n+m
' (6.5)®(¥.9)
{Vi}ie[n] ® {VVz‘}ie[m] = {-Pi}ie[n+m] —S ! {Qi}ie[s+t] = {Xi}ie[s] ® {Yi}ie[t]

given by (¢, f) ® (¥,9) = (¢ + %, f +g) where p + ¢ : [s +t] = [n+m] is
defined by (¢ + ¥)(¢) = ¢(3) if 1 < i < sand (¢ +¢)(3) = ¢v(E—s)+n if
s+1<i<s+tand f+g={(f+9);}iels+y where (f + 9); : Porp)5) = Qs
isdefined by (f+g);=fijifl1<j<sand (f+g);=9gj—sifs+1<j<s+t

(f) the canonical isomorphisms are strict given by I = r = 1, a = 1 and symmetries
by s = (0,1) with o : [n + m] — [n+m] such that o(i) =i+nif 1 <i<m
ando(i)=i—mifm+1<i<n+m

Remark 2.6.2. The tensor unit of Fwm(K) is a terminal object:
(0,0
Vbt = )

for every {Vi}icp) object in K. In addition, notice that Fum(K)({}, {Vi}iepm) = 0 if
{Vitiew # {}-

Proposition 2.6.3. Given any symmetric monoidal category A whose tensor unit
is terminal and any functor F : K — A, there is a unique strong monoidal functor
G : Fum(K) — A, up to isomorphism, such that Go I = F.

|

Fum(K)

Proof. (sketch) The functor G is defined on objects by: G({}) = I and G({Vi}iem)) =
(.- (F(V1) ® F(V2) ® F(V3)) ... @ F(V)).
Let (&, { fi}iepm)) : {Vitiem) = {Wi}iem) be a map in Fwm(K) then

G(¢7 {fi}ie{m]) : G({Vi}ie[n]) — G({Wi}ie[m])
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is given by

(FV1)® F(V2)) ® ... ® F(Va) = G({Vi}iem) > (F(W1) ® F(Wa)) ... F(Wn) = G({Wi}ieim))

(x1®22)...02n (F(1)®F(f2))--®F (fm)
(X1®X5)®...0 X, = (F(Vo) ® F(V)) - - F(Vom)
where z; = 1pw, : F(V;}) - F(V;) ifi € ¢([m]) and z; = ! : F(V}) »> I if ¢ €

[n} — &([m)).
Using coherence of the category A we prove that G is a strong functor: the

mediating isomorphism is given by the unique morphism that shifts all the parenthesis
to the left:

G({Vitiem) ® G({W:tieim)) — G({Vitiep ® {Witicim))
and
™5 6.

To prove uniqueness we use the fact that z; = ! : F(V;) — I transforms into
z; = 1: GoI(V;) » G{} if i € [n] — @([m]) and also that the coherence structure is

preserved, up to isomorphism, for any functor satisfying these conditions. O

Corollary 2.6.4. Fum(K) is the free affine symmetric monoidal category generated
by K.

Ezxample 2.6.5. To illustrate the definition of the functor G in the proof of Proposi-
tion 2.6.3, let us consider (¢, { fi}icpy)) : {Vi, V2, Va} = {W1, W} with ¢ : [2] — [3],
¢(1) = 3,¢(2) =1 then

G(¢’ {fi}ie[2]) : G({Vla Va, VEB}) - G({le Wz})

is given by
G(¢{fi}ie(2))
(F(V1) @ F(V2)) ® F(Vs) = G({W1, V, V3}) - e F(W1) @ F(Wa) = G({Wh, Wa})
F(f2)®!®1’(f1)l Ta

(F(Wy) ® I) @ F(W1) F(W,) ® F(W).

pR1
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2.7 Traced monoidal categories

We recall the definition of a trace from [41].

Definition 2.7.1. A trace for a symmetric monoidal category (C,®, I, p, A, 8) consists

of a family of functions
ng,s :C(A®U,B®U) - C(A, B)

natural in A, B, and dinatural in U, satisfying the following axioms:
Vanishing I:
Tryy (f) = 1,

Vanishing II:
Tr%%/‘/(g) = TT)ULY(T&@U,Y@U(Q)),

Superposing: ‘
Trisc.so0((15 ® op) o (f®g)o(la®acy)) = Y o (f) @ g =
Triscpen((1 @ oup) o (f © 9) 0 (14 ® 00)),

Yanking:

For every U, we have T‘I‘Z,U(O’U,U) = 1y.

Explicitly, naturality and dinaturality mean the following
Naturality in A and B:
For any g: X’ = X and h: Y — Y’ we have that

Tr%,,y,((h ®ly)ofo(g®ly)=nh OTY%,Y(f) °g.

Dinaturality in U:
Forany f: X @U =Y Q®U’, g: U — U we have that

Ty (ly ® g) o f) = TT)U{:Y(f o(lx ®9)).
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Definition 2.7.2. Suppose we have two traced monoidal categories (V,Tr) and
(W,T‘r\) We say that a strong monoidal functor (F,m) : ¥V — W is traced monoidal
when it preserves the trace operator in the following way: for f: AQU - B U

—~FU
TrFA,FB(m:LlU o F(f)omay) = F(TrX,B(f)) :FA— FB.

2.8 Graphical language

.Graphical calculi are an important tool for reasoning about monoidal categories,
dating back at least to the work of Penrose [59]. There are various graphical lan-
guages which are provably complete for reasoning about diagrams in different kinds
of monoidal categories. They allow efficient geometrical and topological insights to
be used in a kind of calculus of “wirings”, which simplifies diagrammatic reasoning.
See [66] for a detailed survey of such graphical languages.

In particular, there is a graphical language for traced monoidal categories, which
was already used in the original paper of Joyal, Street, and Verity [41]. The axioms

of traced monoidal categories are represented in the following way.

C )
Naturality: —U— i —-El—-— =—-[I—- i __El_

fo)

Dinaturality:

Vanishing I: — ==

ﬁ | ﬁ)x )
Vanishing II: =
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—— LT
T
Superposing (equivalent formulation): = I
Yanking: 5 E - —
C=0 (D) :
P D
Strength (equivalent formulation of superposing): L_: =

The following theorem shows the validity of such diagrammatic reasoning in com-

pact closed categories:

Theorem 2.8.1 (Coherence, see [66]). A well-formed equation between morphisms
in the language of symmetric traced categories follows from the axioms of symmetric
traced categories if and only if it holds, up to isomorphism of diagrams, in the graphical

language.

Here by isomorphism of diagrams we mean a bijective correspondence between

wires and boxes in which the structure of the graph is preserved.

2.9 Compact closed categories

Definition 2.9.1. A compact closed category is a symmetric monoidal category V
for which every object A has assigned another object A*, called the dual, and a pair
of arrows p: [ - A*® A (unit), e : A ® A* — I (counit) such that the following

diagrams commute:

1®n

A A®I AR (A*® A)
1 la
A I®A (AQ A*)® A

A1 e®1
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and also,

A A L I® A "9, (A*® A)® A

1 la‘l

A* A* Q@I A*® (A® A*).

-1 1®e

In a compact closed category we can define a functor (—)* : V? — V where if

f:A— Bthen f*: B* — A* is given by:
B 5108 2 40A0B 28 A'0BeB 1S5 401 £ 4",

Proposition 2.9.2. Let (V,®,7n,€) be a compact closed category. There exists a

trace, which we call the canonical trace, defined by:
Trhs(f)=(1@en)(fo1)(1@n).

Moreover every symmetric strong monoidal functor between compact categories is

traced monoidal with respect to the canonical trace.
Proof. See [41]. O

Proposition 2.9.3. Let C be a compact closed category. Then C has a unique trace,

i.e., the canonical trace
TS s(f) = (1®@eo)(f @ 1)(1 @ n).

Proof. Appendix B of [38]. ]



Chapter 3

Categories of completely positive

maps

3.1 Completely positive maps

Definition 3.1.1. Let H be a finite dimensional Hilbert space, i.e., a finite dimen-
sional complex inner product space. Let us write L(H ) for the space of linear functions
p: H— H. Equivalently, we can write L(H) = H*® H.

Recall that the adjoint of a linear function F : H — K is defined to be the unique
function F!: K — H such that (Ffv,w) = (v, Fw), for allv € K and w € H.

Definition 3.1.2. Let H, K be finite dimensional Hilbert spaces. A linear function
F: L(H) — L(K) is said to be completely positive if it can be written in the form

F(p) = _ FpF,
1=1

where F, : H — K is a linear function fori =1,...,m.

Definition 3.1.3. The category CPM; of simple completely positive maps has finite
dimensional Hilbert spaces as objects, and the morphisms F' : H — K are completely
positive maps F : L(H) — L(K).

28
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Definition 3.1.4. The category CPM of completely positive maps is defined as
CPM = CPM?, the biproduct completion of CPM,. Specifically, the objects
of CPM are finite sequences (Hi, ..., H,) of finite-dimensional Hilbert spaces, and
a morphism F : (H,,...,H,) — (Ki,...,Ky) is a matrix (F;;), where each
F; : H; — K, is a completely positive map. Composition is defined by matrix

multiplication.

Remark 3.1.5. In quantum mechanics, completely positive maps correspond to gen-
eral transformations between quantum systems. Two special cases are of note: first,
F(p) = UpU?', where U is a unitary transformation. This represents the unitary

evolution of an isolated quantum system. Second,
F(p) = (PipF},..., PupP}),

where Py, ..., P, is a system of commuting self-adjoint projections. This corresponds
to measurement with possible outcomes 1,...,m. For more details on the physical
interpretation, see e.g. [58] or [63].
Remark 3.1.6. Note that the category CPM is the same (up to equivalence) as the
category W of [63] and the category CPM(FdHilb)® of [65].

Note that for any two finite dimensional Hilbert spaces V and W, there is a
canonical isomorphism ¢yw : LIV @ W) = L(V) @ L(W).

Remark 3.1.7. The categories CPM; and CPM are symmetric monoidal. For
CPM,, the tensor product is given on objects by the tensor product defined on
Hilbert spaces VW =V ® W, and on morphisms by the following map f®g:

Lyvew) —I . r(xeY)

¢V,Wl l¢x.Y

LV)® LW) —L2~ £(X) o L(Y).

The left and right unit, associativity, and symmetry maps are inherited from

the symmetric monoidal structure of Hilbert spaces. For the symmetric monoidal
structure on CPM, define

(Vi)ier ® (Wj)jes = (Vi ® Wj)ier jeu-
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This extends to morphisms in an obvious way. For details, see [63].

3.2 Superoperators

Definition 3.2.1. We say that a linear map F' : L(V) — L(W) is a trace preserving

linear function when it satisfies

trw (F(p)) = trv(p) (2)

for all positive p € L(V'). F is called trace non-increasing when it satisfies

trw (F(p)) < trv(p) (3)

for all positive p € L(V).

Definition 3.2.2. A linear function F : L(V) — L(W) is called a trace preserving
superoperator if it is completely positive and trace preserving, and it is called a trace

non-increasing superoperator if it is completely positive and trace non-increasing.

Definition 3.2.3. A completely positive map F : (Hy,...,H,) = (K1,...,Kpy) in
the category CPM is called a trace preserving superoperator if for all j and all positive
p € L(Hj),

S te(Fy()) = tr(p),

and a trace non-increasing superoperator if for all j and all positive p € L(H;),

> tr(Fy(p) < tr(p).

Definition 3.2.4. We define four symmetric monoidal categories of superoperators.

All of them are symmetric monoidal subcategories of CPM.

- Q and Q' have the same objects as CPM, and Q; and Q’, have the same objects
as CPM.,.

- The morphisms of Q and Q; are trace non-increasing superoperators, and the

morphisms of Q' and Q) are trace preserving superoperators.
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The six categories defined in this chapter are summarized in the following table:

simple | non-simple
no trace condition | CPM; CPM

trace non-increasing | Q; Q

trace preserving Q. Q

Remark 3.2.5. The categories Q, Q;, @', and Q. are all symmetric monoidal. The
symmetric monoidal structure is as in CPM and CPMj, and it is easy to check that

all the structural maps are trace preserving.
Lemma 3.2.6. Q and Q' have finite coproducts.

Proof. The injection and copairing maps are as in CPM; we only need to show that

they are trace preserving. But this is trivially true. O



Chapter 4
Partially traced categories

Traced monoidal categories were introduced by Joyal, Street and Verity [41] as an
attempt to organize properties from different fields of mathematics, such as algebraic
topology and computer science. This abstraction has been useful in formulating new
insights in concrete topics of theoretical computer science such as feedback, fixed-point
operators, the execution formula in Girard’s Geometry of Interaction (Gol) [27], etc.
In this spirit, an axiomatization for partially traced symmetric monoidal categories
was introduced by Haghverdi and Scott [34] providing an appropriate framework for
a typed version of the Geometry of Interaction.

An important part of the treatment of the dynamics of proofs in the Geometry
of Interaction relies on the expressiveness of its model: proofs are interpreted as
linear operators in Hilbert spaces and an invariant for the cut-elimination process is
modelled by a convergent sum in some linear space. Haghverdi and Scott [34] have
demonstrated that the categorical notion of partially traced category is a useful tool
for capturing the dynamic behavior of all of these conceptual ideas as described by
Girard. The word “partial” here refers to the fact that the trace operator is defined
on a subset of the set of morphisms Hom(A ® U, B ® U) called the trace class.
A large portion of Haghverdi and Scott’s work is concerned with constructing the
appropriate abstract notion of a typed Gol aided by the idea of orthogonality in the
sense of Hyland and Schalk. Partial traces play a central role in Haghverdi and Scott’s

work. For example, their analysis of the idea of an abstract algorithm concerns the

32
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interplay with the execution formula defined in terms of a partially traced category.
The categorical formula agrees with the original formula of Girard in some concrete
Hilbert spaces and the execution formula in this new setting is an invariant of the
cut-elimination process.

In this chapter, we give some examples of partially traced categories, including
an example in the context of quantum computation. We also provide a method for
constructing more examples by proving that each monoidal subcategory of a (totally

or partially) traced category is partially traced.

4.1 Partially traced categories

We recall the definition of a monoidal partially traced category from [34].

Definition 4.1.1. Let f and g be partially defined operations. We write f(z) { if
f(z) is defined, and f(z) 1 if it is undefined. Following Frevd and Scedrov [25]. we
also write f(x) = g(z) if f(z) and g(z) are either both undefined, or else they are
both defined and equal. The relation “=" is known as Kleene equality. We also write
f(z) = g(x) if either f(z) is undefined, or else f(z) and g(r) are both defined and

equal. The relation “=" is known as directed Kleene equality.

Definition 4.1.2. Suppose (C,®,I,p, A, s) is a symmetric monoidal category. A
partwal trace is given by a family of partial functions Try, : C(X @ U.Y & U) —
C(X,Y), satisfying the following axioms:

Naturality:

Forany f: XQU - Y Q®U,g: X' > X and h: Y — Y’ we have that

TS v (f)g = Tr% y ((h © 1u) f(g = 1e)).

Dinaturality:
Forany f: X QU - Y @U’, g: U — U’ we have

Yy (Iy ® 9)f) 2 TXy (f(1x ® 9)).
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Vanishing I:
Forevery f: X ® I - Y ® I we have

’I&&,Y(f) = oy fox

Vanishing II:
Forevery g: X QUQ®V - Y QUQ®YV, if

Tr;@U,Y@U(Q) 4,

then

Tr%%,v(g) = Trgj(,Y(Tr;®U,Y®U(g)>'
Superposing:
Forany f: X®U - Y ®Uandg: W — Z,

g® Tr%,y(f) — Tr(v{/®X,Z®Y(g ® f).

Yanking:
For any U,

ey (ovw) = 1o

Definition 4.1.3. A partially traced category is a symmetric monoidal category with

a partial trace.

Remark 4.1.4. Comparing this to the definition of a traced monoidal category in
Section 2.7, we see that a traced monoidal category is exactly the same as a partially
traced category where the trace operation happens to be total. We sometimes refer
to traced monoidal categories as totally traced monoidal categories, when we want to

emphasize that they are not partial.

Definition 4.1.5. The subset of C(X U, Y ®U) where Tr()j(yy is defined is sometimes

called the trace class, and is written

Ty ={f: XQU YU |Ti¥(f) I}
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Lemma 4.1.6. Let (C,®,1,Tr,s) be a partially traced category. The superposition
azioms is equivalent to the following aziom (called strength):
For f:AQU - BU andg:C — D,

Trl 5(f) ® 9 = Tr%c.8ep((18 ® sup) © (f ® g) © (14 ® sc.v)).

Proof. (=) First, from the original version we shall prove this second version.

By hypothesis and by naturality of the symmetries we have:

9® f € T¢gapep and
508 © Trgeapen(9 ® f) 0 sac = spp o (9 ® Trg z(f)) 0 sac = Tryp(f) ® g.

Thus by the naturality axiom we have that since g ® f € Tog4 pes:

(spp®1y)o(g® f)o(sac®1y) € TX@C,B@D and

TI’%®C,B®D(SDB ®1ly)o(g® f)o(sac ® ly) = sppo Trg’@A,D@B(g ® f)osac-
Finally by coherence we obtain:
(spp®1y) o (9® f)o(sac® ly) = (1@ syp) o (f ®g) o (14 ® scu)
(«=) Conversely by hypothesis and composing with symmetries we get:

SBD oTr%@,C‘B@D((lB@su,D) o(f®g)o(1la®scy))osca = Sp©° (TrX,B(f) ®g)ospp.

Which implies by the naturality axiom that:

a=(spp®1ly)o(1p®syp)o(f®g)o(1la®scy) o (sca® ly) € Tga pes and
Trg@A,D@B(a) =g TrX,B(f)‘

But by coherence a =g ® f. O

4.2 Examples of partially traced categories

4.2.1 Finite dimensional vector spaces

Among the examples that motivated this notion of partially traced category in Def-

inition 4.1.3 a particularly important one [34], [36] is the category (Vecty,, ®,0) of
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finite dimensional vector spaces and linear transformations, with biproduct & as the
tensor product.

We recall that in an additive category a morphism f: X ®U — Y &V is charac-
terized by compositions with injections and projections: f;; = mofoin;, 1 <4,j7 < 2.
fu fi2

We denote f by a matrix of morphisms of type l ;
21 J22

J where composition cor-
responds to multiplication of matrices.

Definition 4.2.1. The trace class in (Vect,, @, 0) is defined as follows: we say that
f:XeU—-Y®UeTy,y iff I — fy is invertible, where I =id on U.
When this is the case we define Try y(f) = fu1 + fia( — fa2) "' for.

Proposition 4.2.2. With the operation defined in Definition 4.2.1, the category of

finite dimensional vector spaces is partially traced.

Proof. [34], [36]. O

4.2.2 Stochastic relations

In order to capture classical probabilistic computation (as a stepping stone towards
quantum computation), we now describe a trace class in the category Srel of stochas-
tic relations. In fact, this partial trace arises from the canonical total trace on
(Vect s, ®) by a general construction that we will examine in detail in Section 4.3.
Note that it differs from the trace on Srel given by Abramsky [2], [31]. Abramsky’s
trace is with respect to the coproduct structure @ and is total; here we discuss a
partial trace with respect to the tensor structure ®.

The category of stochastic relations attempts to model the probability of a bit
being in states 0 or 1, or more generally, of a variable taking a specific value in a
finite set of possible values. Morphisms in this category correspond to the behaviours
of finitary probabilistic systems. The general category of stochastic relations, Srel,
is described in [2] and [4]. It arises as the Kleisli category of the Giry Monad [30).

We look at the special case where the objects are finite sets.

Definition 4.2.3. The category Srels, of finite stochastic relations consists of the

following data:
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- objects are finite sets: A, B...

- morphisms: A L. B are finite matrices f:BxA—[0,1] such that Va € A

Y fba) <1

beB

The composite of two morphisms is defined by matrix multiplication:
If A—f—>B and B—>C thengof:Cx A —[0,1]is:
(c,a) = Z g(c,b).f
beB

It is immediate that composition as defined above is associative, with identities 14 :
ifr=y
0 ifx#y.

Remark 4.2.4. Note that we allow >, g f(b,a) < 1, rather than requiring equality.

1
A x A —[0,1], defined 14(z,y) = {

This is also called a “partial” stochastic relation. A probability that is less than 1

corresponds to a computational process that may not terminate.

One obtains a symmetric monoidal category (Srely,, ®, I) where the tensor prod-
uct on objects is given by the set product A® B = A x B. For arrows f: A —» B
and g : C —» D, ie, f: Bx A — [0,1) and g : D x C — [0,1] then we have
f®g: A®C - B® D is given by a map of type f®g: Bx D x Ax C - [0,1],
where

(f ®g)(b’ d’a"c) = f(b,a) : g(d’ C)'

Let A, B be finite sets. There is a canonical way to encode a function f : A —- B
as a stochastic map: we write f : B x A — [0,1] where f(b,a) = 1 if f(a) = b and
f (b,a) = 0 otherwise. We define the symmetric monoidal coherence isomorphisms by
applying this codification to the coherence structure of the cartesian category FinSet

of finite sets.

Definition 4.2.5. Let f : X ® U — Y ® U be a stochastic map. We define the
following trace class 'H‘f,](,y C Srelp, (X ®U, Y ®U) for all X and Y-

fe 'JI‘()J(’Y iff Eer Ywev fWu,z,u) <LV € X
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and a partial trace:
Triy : TSy — Srelp (X, Y) with Ty (), 2) = X cv f (@, u, 7, 0).

Proposition 4.2.6. The formula given in Definition 4.2.5 defines a partial trace on
Srels,.

Proof. We check the axioms of partial trace.
Naturality:
Let f € T%‘Y and ¢ : X’ - X and h: Y — Y’ be stochastic maps, first we want to
prove that
(rR1)flg®1y) € TSy with (AR 1y)f(g®1y) : X' QU - Y' ® U.
Since we have a map of type (h® 1y)f : X @ U = Y’ ® U we evaluate:
(h’ ® ]‘U)f(yl? u,x, U) = ZyGY,u'EU(h & lU)(yl’ u,y, ul)f(ya uI> z, U) =
zer,u’eU h’(y,’ y)l(ua ul)f(y) U,, z, ’U) = Zer h(y,’ y)f(y1 u,r, 'U).
Now we compose again:
(h ® lU).f(g ® lU)(y” u, xlv U) = erX,u’eU(h ® lU)f(ylv u,r, u/)(g ® lu)($, u/v 'T,» U) =
2zexwev(yey R W f(y, u,z,v)).g(z, 7). 1u (v, v) =
erx,yey h’(y,’ y)f(y’ u,zr, v)g(m, xl)'

Thus (h® 10)/(9 ® 1v) € Ty il ey er(h ® 10)5(g ® 1)y w2/, u) <
1,V € X'.
We know by hypothesis that f € 'II')Um, which implies that ZyEY,uEU fly,u,z,u) <
1,Vz € X. On the other hand we also know that > .y g(z,2') < 1Vz’ € X and
dyey MY,y) £1Vy €Y since g: X' — X and h: Y — Y’ are stochastic maps.
Thus,

ZIEX(Zer,ueU f(y,u,:r,u))g(x,a:’) S Zzex 19(‘7:7'7:/) S 1 V-T/ € XI-

Therefore,

Y rexyevuer f (W u T, u))g(z,2') <1V’ € X',

Now using this and the fact that }_ .y h(y',y) < 1:
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Za:eX,er,ueU(Zy’eY’ h‘(ylv y))'f(y’ u,z, u))g(a:, xl) S
ZzeX,yGY,ueU ]-f(y, u,r, u))g(z,x') S 1 V:I?’ € X,-

This implies the following:

Za:eX,yEY,uEU.y’EY’ h(y/’ y))f(y, u,z, u))g(x, xl) <1 vz' e X'.
Therefore,
Zy'eY’,ueU(erx,er h(y,’ y))f(y’ U, z, u))g(l" .2?') =
dveyuer(P® lu) flg® )Y, u, 2, u) < 1 V' € X!

which implies that the following assertion holds:
(h®1)flg®1v) € Txry-

Next, we preliminary compute the partial trace. For that purpose, we first need some

previous calculations:

’I‘I‘)U(’,Y’((h ® lU)f(g Y 1U))(y,"rl) = ZuEU(ZreX.er h(y,‘ ?/)f(y. u,zr, U))g(.l‘. .I‘,)).

If we apply the definition of partial trace to f and compose with A then this comes

down to
hoTiky (A, 2) = Xyey hY 9 (Eer fly urou)) =
Y vevuer MY ) Fy sz, 00).
Similarly, we compose with g
(A Tty (NN &) = Foex (W TIX ()Y

ZIGX(Z:yEY,uEU h(y, y)f(yv u, I, u) Q(
Z:L'EX,er,ueU Ry y) f(y, u, x, u)g(r. r')

r).gle.r’) =

!
r.r')=

)
)

which proves that both previous calculations are equal.
Yanking:
Let 0: A® B — B ® A be defined as the matrix 0 : B x 4 x A x B — [0, 1] with

o(ba,ad’, ) =1iff b=1¥ and a = @’ otherwise is 0.
It may be seen immediately that if o : U QU - U QU

Trg’U(o)(u, v) =Y v 0(u,r,v,x) = 1if and only if u = = v otherwise is 0.



CHAPTER 4. PARTIALLY TRACED CATEGORIES 40

Then, since 1y(u,v) = 1 if and only if u = v, otherwise it is 0 we obtain that
TrY (o) (u,v) = ly(u,v) for every u and v.

Dinaturality:
Consider the stochastic maps f : X QU - Y ® U’ and g : U’ — U. First we want to

prove that
(ly ® g)f € Tk y if and only if f(1x ® g) € T)U(ty.
By definition of trace class we know that
(ly ® 9)f € T}y ifand only if 3° e, (1y ® 9) f(y,u,z,u) < 1Vz € X.

Also, by definition of composition in the category Srel fnt

(1Y b2 g)f(yy u,xr, U) = Zy’EY,u’eU’(ly ® g) (y7 u, ylv ul)f(y,7 ’LL,, :L'-'U) =

Zy'GY,u’GU' ]-Y(ya y,)g(u’ u/)f(yla u’, z, ’U) = Zu'eU/ g(ua U')f(y, ula z, 'U).
Thus, we have seen that

(ly ® g)f € Tky if and only if 3 cy vy (e 9(u, W) fy, o', 2,u)) < 1Vz € X,
Following a similar argument we have that
flx®g) € TSJ(’,Y if and only if Zer,u'GU' flx @ g)(y,v,z,v) <1Vzr e X.

But, again by definition of composition

f(]-X ® g) (y’ U'I’ z, U,) = ZI'GX,uGU f(yv ’U,I, :L‘,7 U)(lx by g)(‘r,’ u,r, U,) =

Zz'eX,ueU fly, o, 2/, u)lx(a, 2)g(u,v') = 3 oy fy, o, z,u)g(u, V).

This means that

fllx®g) € 'ﬂ‘gj{:y if and only if ZyGY,u’EU'(ZueU fly,d,r,u)g(u,u)) < 1Vr € X.

This implies that the condition on the trace class is satisfied. Next, it remains to

calculate the corresponding partial traces.

Tk y(ly @ 9) )Y, 2) = X oep(ly ® 9)f (v, 0, 2,u) =
dwerwer 9w, W) fy, Wz w)) = X cpwer 9w W) fy, W, z,u) =
Zu’eU’,ueU fly, vz, u))g(u,u') = Eu’GU’ flx ® 9)(y, v, z,vu') =
TYy (f(1x ® 9)) (v, 2).
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Vanishing I:
Let f: X®I — Y ® I be a stochastic map. Therefore, this implies by definition

Zye}’,ue{*} Hy,u,z, %) = Zyey f(y,*,z,%) <1 for every z € X.
Thus, this is equivalent to
ZyGY,u,G{*} f(ya u,x, U) S 1 for every r € X

which is the condition f € Tk .

Now, we compute the partial traces. Let us consider the following composition
-1
X% xelhyel By
We have

X ywz) = Y fynt wex (@ u,z)
r'eXuel

= fy,xz,%)

fp;(l(y7 *71‘) = ZZ’GX,UEI f(y’ *, Il’u)p;(l(z,)uy .’L') = .f(ya *, T, *)'

Now, we compose with py to get:

Yo oy W)Y w7

y'eYuel
fox' (y, %, z) = fy, * z, %)

oy (fox' )y, z)

py (Fpx) (%) = X yeyvuer Py ¥ W(Fox )W us, ) = fpx'(y, %, 2) = fy, %, , %)
which clearly means that

Trk v (f)(y,z) = f(y, %, 7, %) = py fpx' (y, z) for every z € X and y € Y.

Thus, we proved that ”ﬁg(y( f) = pyfox"

Vanishing II:

Suppose we have a stochastic map g : X®U®V — YQU®V such that g € Tygy yeu-
We need to check that
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g€ 'II‘%%,V if and only if Try(@U,y@U(g) €Ty y.

By definition, it follows that

ge T)U(%’V if and only if Zer,(u,v)EUxV 9y, u,v,z,u,v) < L.

On the other hand we have
Tr;@U,Y@U (g)(y’ u, T, ul) = Z’UEV g(y’ u, vz, 'U/, ’U).
We obtain
Tryevyeu(9) € TXy if and only if
Zer(ZuGU Tr)%@U,Y@U (g) (ya u,z, ’LL) = Zer,uEU,vEV g(ya u,v,r,u, ’U) S 1.

Thus, we have shown that both conditions are equivalent. Now we move to the

calculation of the partial traces.

T8 (9)(w.7) = > g uv,z,u,)
(u,v)EUxV
C= ) D ewu v,z uw)
uel veV
|4
- Z rﬁX@U,Y@U(g)(yv u,z, U)
uelU

= Trgj(,y('H)‘Qfggu,mau(g))(y» T).

In conclusion we obtain that
v
Tr)U(?Y (9) = Tr)U(,Y(TrY(®U,Y®U(g))'

Superposing:
Consider the stochastic maps f: X @ U - Y ® U with f € T{y and g: W — Z.

First, we want to prove that
9® f € Thox, zev-
In order to prove this we have that
9© f € Thexzov
if and only if Yemezxyuey 9@ f(z v, w,z,u) S Vw e W,Vz e X

if and only if ZzeZ,er,ueU 9(z,w)f(y,u,z,u) < WVw e W,Vr € X
if and only if Yoz 92 W) Y ey uer fW u,z,u) < 1L, Vw € W, Vr € X.
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Here the last equivalence is true since g is stochastic i.e., ) ., g(z,w) < 1, Vw € W.
Since we have that f € T% , this implies Soyevuer F@w,zu) < 1, Vz € X We

show now that the partial traces are equal.

’I‘rlvjV®X,Z®Y(g 2y f)(z,y,'w,x) = ZueU(g @ f)(z’y,ua 'LU,.’L‘,U,) =
ZueU g(z, w).f(y,u,:z;,u) = g(z’w)' ZueU f(y7 u,a:,u) = g(Z,UJ). Tr%,y(f)(y, IL') =
g®Tr)U(yy(f)(z,y,w,x).

This means that

TT%@X,Z@Y(Q Rf)=g® TY)U(Y(f)

4.2.3 Total trace on completely positive maps with ®

In this section, we define a total trace on the category CPM; of simple completely
positive maps (see Section 3.1). As a matter of fact, this category is compact closed,
and therefore is has a unique total trace. Here, we describe it explicitly via a Kraus -
operator-sum representation.

Recall that the category fHilb of finite dimensional Hilbert spaces and linear
maps is compact closed, and therefore (totally) traced. Let, H 4, Hp and H¢ be finite
dimensional Hilbert spaces with orthonormal bases {e;}, {fi} and {w;}, respectively,
and let F': Ha ® Hg = He ® Hp be a linear function, i.e.,

F = Z Ej,l,k,m|wjv fk)(ela fml-
Julkm
Then trg(F) = >, Fiurklw;) (e defines a total trace on fHilb.
Proposition 4.2.7. Let F: L(HA)QL(Hp) = L(Hc)RL(Hp) be a complete positive
map with representation F'= 37" F}pF;. Then TraC(F)(p) = > i-1tre Fjp trg ij
defines a (total) trace on the category CPMj,.

Proof. Suppose we take two representations of

F(p)= Y7 | EipE] = > =1 Fij]T.
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Then

T‘rg‘C(F)(P)=Z?=1 trg Fyp trp FT Z:l 1trB(Zg U, F)p trB(Z] Ul,]F])T =
(2, Uiy trg Fy)p (30, Uy trp F)) = Z”kU”Ul*k trg F, p trp Fj =
Zj‘k(Zz U, Ul)tre Fy p trp F Z] K22, Uk JUiy)tre Fyp trp F
Z],k (Sk‘] trg F]p trp Fk = Z] trp F}p trg Fj;r

since U is unitary.

Now we check all the axioms.

Naturality:
Let us consider f = S_, U, — U! and g = >, V- Vj where f: L(H4) @ L(Hp) —
L(He) ® L(Hg) and g: L(Ha) = L(H).
Since f(g ®d) = (Ao 2, UpUNA0 X, VipV @id) = Mo 3, UV, @ Np(V; @ DU}

therefore, we have:

Trhc(flg@id)) = Ap X, tra(U(V, @ D))p trp((V) ® NUT) =
A, (trs U)V,oV, (tra UT) = Mp >, (trs U)p(trs U)odp >, VoV = Tr(£)og.
Dinaturality:
Suppose we have f = 32 U, ~ U and g = >, V- V;r where f: L(H4) ® L(Hp) —
L(Hc) ® L(Hp') and g: L(Hp) = L(Hp).
Then

Tric((1®9)f) = Trac((Me 32,1 ® V;)p(I ® V]))e(Ap 32, UipU!)) =
Tric(e ., (I @ V)(UUNI @ V) = 32, tra((I @ V)U.)p tra(Uf (I ® V) =
>, e (U@ V,)p trp((I® W)U*) Tic(e L., U ® V)l @ VIUT) =

Tric((Me 32, UipUN)e (Ao 32, (I @ V(I © V1)) = Trio(f(1 ® 9)).
Vanishing I:
Consider the map f: L(H4) ® L(H1) = L(Hp) @ L(H) with the following represen-
tation f = 3. U, — U}, so
Trh g(f) = A, tr  Up tr Ul = 3, Up UL
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Vanishing II:
Let us consider g : L(Hy) ® L(Hy) ® L(Hy) — L(Hy) ® L(Hy) ® L(Hy) with
representation g = > . E; — E:' then:

T)l(j,Y(T)‘(/®U,Y®U(g)) = T)(fj,y()\P Zi try Eip try E:) =
M 3 tru(try (E)p try(trv (E])) = Ap 3, truey (E:))p truev (E]) = TYSY (9).

Yanking:
Before we study the proof of this axiom we consider a representation of the symmetric

isomorphism:
on : L(HN) @ L(HM) = L(HMm) @ L(Hw).

Let {e?'}, {€]"} be an orthonormal basis for # and #  respectively. Then {E}’;} and
{E,} are orthonormal basis for L(Hy) and L(Hy) respectively with E]', = e?e;'f,
E[, = ee]" and (A, B) = tr(A'B) as a inner product.

Thus we have:

o(EY; © Efy) = o(lef)ef| ® le)e"]) = a(lef)ex) @ (ef[{el"]) =
Ulle)lep) ® (el )UT = Ulel', ey @ (Ules, ') = leit, e]) ® (|ef". €)' =

J
lex's e7) © (e, €7 | = e ) (e]"| @ lef)(e]| = Ex) © ET,

for every vector basis where the action U is defined by Ule! @ €)') = |e]' 2 e)')
on the basis of the tensor space. This implies that o(A4) = UAU' for cvery 4 €
L(Hy) ® L(Hpm)-

Now, let oy n + L(Hn) @ L(Hpr) =& L(Hp) ® L{Ha') be the symumetric natural
isomorphism with the representation oy y = U — U'. ox v : Ha @ Ha — Ha S Hp
where U = 3, | le")(ex| ® lef)(ef"] and U = 37 lex)(ef'] & lef'}(ex]. Thus we have
that trx U = Sy, le)(el] © tr(lef)(ef]) = Sy lep) (el] & (cLlef) = iy lef el =
S ler)(e}| = Idy. In an analogous way we trace U' obtaining the identity. Hence
Try v(onw)(p) = try Up try Ut = Idypldy = p. a

Remark 4.2.8. The category CPM; is compact closed, due to the existence of a
monoidal functor £ : fHilb - CPM; which is onto objects. (This functor takes each
object to itself, and each linear map f to F(p) = fpf!). This already implies that
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this category is traced, and moreover that the trace is unique by Proposition 2.9.3.

It is easy to check that the trace is indeed computed as above.

4.2.4 Partial trace in the category Vect

In Definition 4.2.1, we considered a partial trace on the category of finite dimensional
vector spaces with @ as a tensor product. Now, we relax conditions on the definition of
the trace class and we define another partial trace on vector spaces for not necessarily

finite dimensions.

Definition 4.2.9. Let (Vect, ®,0) be the symmetric monoidal category of vector
spaces and linear transformations with the monoidal tensor taken to be the direct
sum. We define a trace class in the following way. Givenamap f: Vo U - WU
we say f € T, iff

® ’imfgl g zm(I — f22) and
[ ] ker(I et f22) Q k@rflz,

where I is the identity map. Whenever these conditions are satisfied we define
Traw(f) VoW

Trgiw(f)(v) = fi1(v) + fi2(u) for some u € U such that (I — fo3)(u) = fo(v).

To show that this is well-defined, suppose v’ is another candidate satisfying

(I — f2)(¥) = far(v).

Then (I — fa2)(u—u') = 0 which implies by the second condition of Definition 4.2.9
that fio(u) = fi2(u’). This shows that the value of the trace does not depend on the

choice of the pre-image, but on its existence.

Remark 4.2.10. Notice that the partial trace of Definition 4.2.9 generalizes that of
Definition 4.2.1. Indeed, if I — fa, is invertible, then im(I — fo2) = U and ker(I— fas) =
0, which implies that Definition 4.2.9 is trivially satisfied and in this case, Trgw( f)=
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fir + fiz(d = fa2) "1 for (where u = (I — fa2)7 ! f21(v)). Moreover, Definition 4.2.9 is
strictly more general than Definition 4.2.1, because the identity maps are traceable
in Definition 4.2.9, but not in Definition 4.2.1.

Theorem 4.2.11. The formula given in Definition 4.2.9 is a partial trace.

Proof. Naturality:
Let f € T%y, 9: X' — X and h: Y — Y’ be linear maps. First, we want to prove
that

(h®1y)flgdly) € TSy with (h® 1y)f(gD 1y): X' @ U - Y @ U.

The following equations are satisfied by naturality on injections and projections:

e (h@1y)f(9® 1v))n = hfug
o (h®1y)f(9@ 1v))e = hfiz
o (h®1v)f(g®1v))ar = fug
e (h® 1) f(g® 1u))22 = fa
Thus, we have
im((h®1y)f(9®1u))ar = imfag € imfa C im(I—fa) = im(I-((h®1y) f(9gB1v))22)

by the hypotheses, properties of the image, and the equations above.
Also,

ker(I—((h®1y)f(g®1y))e2) = ker(I—fa) C ker fi2 C ker hfio = ker((h®1y) f(g®1y))i2

by the equations above, by the hypothesis, the properties of the kernel and the equa-
tions above again.

Now, we want to check the value of the trace. In view of the definition, we mdy write:

Tr% v (R © 10) f(g @ 1)) (z) = (RS 1) f(9® 1v))u(z) + (A 1v) f(9 ® 1v))12(u)
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for some u € U such that (I — ((h® 1y)f(g ® 1v))2)(u) = (A& 1y)flg® 1v))a(z).

But, this implies using the equations above that:

Tty ((h @ 1u) f(g ® 1v))(@) = hfug(z) + hfra(u) = h(fur(g(z)) + fra(u) =
h Ty (F)(9(2)) = hTek v (f)g()

for some u € U such that (I — fa2)(u) = for(g(z)).

Dinaturality :
Forany f: X QU - Y ®U’, g: U — U we must prove that
(ly ®9)f e Tk y iff f(1x®g) € T)U(,,Y

and also we need to check: Try ((ly ® g)f) = Trgj("y(f(lx ®9)).
On the one hand, we know by naturality on injections and projections that we have

the following equations:

o (ly®g)flu=fu

o (ly ® g)f )iz = frz

* (ly ®9)f)n =gfa

o ((ly ®9)f)2z = gfo
On the other hand we know:

o (f(Ix ®9)u = fu

o (f(1x ®9))2 = fiag

o (f(Ix®g)a = fn

o (f(1x ®9g))22 = fag.

First, let us now prove the following equivalence:

im((ly @9)f)21 € im(I — ((1y ®g)f)a22) iff im(f(1x D g))ar C im(I - (f(1x @ 9))22).

By the equations above, it corresponds to the following equivalence:
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im gfor C im(I ~ gfz) iff imfa Cim(l — faog).
(=) Given = = fy;(2) for some z we want to prove that € im(I — fxg).

Since, by hypothesis g(z) = g(fa1(2)) € im(I — gfs) then g(fai(2)) = 2’ — g(f22(z'))
for some 2’, which implies that g(fa1(2)+ f22(2")) = 2’. Thus, now choose v = fa(2)+

fa2(2") allowing us to obtain:

v — fa(g(v)) = far(2) + faa(2') = for(g(v)) = far(2) + f2o(2') = far(2') = far(2) =z

(<) Given y = g(fa1(u)) for some u we want to prove y € im(l — gfa).
Since by hypothesis there is a z such that f;(u) = 2z — fo2(g(2)) consider v = g(z);
then we get the following:

(I — gfn)(v) = 9(2) — 9(f22(9(2))) = g(z — f2(9(2))) = g(far(v)) = v.
Next, we want to check the following:

ker(I — ((1y @ g)f)22) C ker((ly @ g) )iz iff
ker(I — (f(1x @ g))22) € ker(f(1x @ g))2

which by the equations above is equivalent to:
ker(1 — gfss) C ker fia iff ker(I — fang) C ker fiag.

(=) If 2 = faag(2) then g(z) = g(f22(g(2))) which implies that g(z) € ker(I — gfa2)
and by hypothesis that fi2(g(2)) = 0 i.e., z € ker fi2g.

(<) If v — gfae(v) = O then choosing z = f2(v) there is a z such that g(z) = v. But,
clearly z € ker(I — f22g) since v = gfao(v) implies:

(I = f229)(2) = fa2(v) = fao9(for(v)) = fo2(v) — f22(g(f22(v))) = faa(v) — faa(v) = 0.

Then by hypothesis z € kerfiog, which means that fi,g(z) = 0 ie., fi2(v) = 0.
Hence, we proved that if v — g faa(v) = 0 then fio(v) = 0.

Now we are ready to check the values of the traces.

TS v (1y @ 9)f)(u) = (1y @ 9)f)u(w) + ((1y @ g)f2(v) for some v with
(I = ((ly ®9)f)22)(v) = ((1y & g) f)21(w)

which by the equations above we get:
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Trg(,y((l)’ ® 9)f)(u) = fu(u) + fiz(v) for some v such that (I — gf)(v) = gfau(u).
On the other hand we have that:

Tr)U<I,y(f(1x ® g))(u) = (f(1x ® g)11(u) + (f(1x @ g))12(2') for some v’ such that
(I = (f(1x ®9))22)(¥) = (f(1x & g))a1(u)

and again by the equations above:

Trgj(l,y(f(lx @ 9))(u) = fi1 + fi2g(v') for some v’ such that (I — fag)(v') = fa1(u).

(=) Given v as above there is a v’ such that g(v') = v since we have (I — gfa)(v) =
gfa1(u) then v = g(fa(v) + fo1(u)) so choose v/ = for(v) + fo1(u) and this vector
satisfies the condition required since (I — fa29)(v') = v/ — foag(v') = fao(v) + for(u) —

fag(v') = far(u).
(<) Choose v = ¢(v’) and then we get (I — gfa)(v) = (I — gfa)(g(v)) = g(v') —

9f229(v") = g(v' — faag(v')) = 9(I = fa29)(v')) = 9(f(w)) = gfa1(u).
Vanishing 1:
Now, we want to check that:

Thy =C(X®1,Y ®I) and Trk o (f) = py fox"

Let us consider f: X&®I — Y @1, we notice first that imfo; = im0 =0 C im({ — fa2)
and ker(I — fa2) = kerl = 0 C ker f15 since fi2, fa1, fo2 are constant 0 functions.

Next, we move to the value of the trace:
Trg(.y(f) = fu(u) + fi2(v) for some v such that (I — f2)(v) = foi(u).
Therefore, since fo; = 0 we choose v = 0 as a representative and we obtain:
Tty (f) = fu(u) = 7 fing(u) = py f px'(w).

since injection, projection and p isomorphism coincide in this case.

Vanishing II :
Forany g : XQ@UQV - Y ®UQ®V, with g € Tgyygy We want to prove the

following equivalence:

UaV v
g € TS iff Tryguyeu(9) € T%,Y'
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We are going to represent g using matrix notation:

g1 g12 4gi3
g=1 g21 G2 93
g31 G932 9s3-
First, we translate the general hypothesis g € ']I‘}/@U’y@,} in terms of this matrix
representation.
« 7= (g“ g2 ) XoU->YaU
g21 g22

——

'921=(931 ggz):XEBU—)V

. i (g“‘):v—m@U
23

.@:(ggg)m—n/.

Thus the condition im gg; C im (I — ga2) is actually im ( 931 Gao ) Cim (I - g33)
which implies that: Vz € X,Vu € U,Jv € V : g51(x) + gs2(¢) + g33(v) = v. On the
other hand, the condition ker(I — g2) C ker gy is ker(I — g33) C ker < s ) which

923
implies that: Vo € V such that g33(v) = v then gy3(v) + gas(v) = 0.

We are now ready to translate the condition g € 'H")jf;,‘ in terms of the matrix repre-

sentation of g.

® gun = 911) X->Y

- ). xsvev
gs1

® ga

® J12 =(912 913)- oV oY

cin=( " " vevovev
g32 933
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N

Thus the condition imgy, C im(I — §go) is actually im ( g21>
g31

im (I — 922 923 ) which implies that: Vz € X,3u € U,Jv € V
932 933

{ 921(1') + gZZ(U) + 923(’0) =1Uu )
g31(x) + gs2(u) + ga3(v) = v

On the other hand, the condition ker(I — go2) C ker g0 is ker(I — ( 922 923 )) -
932 g33

ker ( 912 Q13 ) which implies that: Yu € U,Vv € V such that u = gos(u) + go3(v)
and v = gs2(u) + g33(v) then gi2(u) + gi3(v) = 0.

Now we express T&:X(@W@U(g) € T%.y in terms of the components of g
Tr¥ovyeu(9)(T w) = gz, u) + gia(v) for some v € V such that (I — go)(v) =

G21(x,u) which implies:

TYK’@U,Y@U(Q)(% u) = (g11(z) + g12(w), g21(x) + g2o(u)) + (913(v), g23(v)) for some
v € V such that v — gs33(v) = g31(z) + g32(u).

Now we renamed g = ’I‘r;@U’Y@U(g) and compose with injections and projections.
o gy =mgin, : X =Y, gu(z) = g11(z)+g13(v1) with v; such that v; — gs3(vy) =
g31(z)

o goy =mging 1 X = U, Go1(x) = ga1(x) + ges3(v1) with vy such that vy — gs3(vy) =
931($)

o giu=mging : U =Y, gia(u) = g12(u) + g13(v2) with v, such that vy — gsz(ve) =
gsz(u)

® goo =maging : U — U, §22(u) = ggz(u) —|—923(v2) with ve such that v —933(’02) =
g32(u).

Thus we have that:

g € Ty iff im gy C im (I — gz2) and ker(I — ga) C kergua.



CHAPTER 4. PARTIALLY TRACED CATEGORIES 33

By the equations above the condition im gy, C im (I — gap) implies that

Vz € X,Vv, € V such that v; — g33(v1) = gs1(z), Ju € U, Fv, € V such that
vy — g33(v2) = gs2(u) and ga1 () + gos(v1) + go2(u) + ga3(v2) = u.

On the other hand, the condition ker(l — go2) C kerg;o implies by the equations
above that

Yu € U,VYvy € V such that vy — gs3(ve) = g32(u), if goo(u) + goz(ve) = u then
g12(u) + g13(va2) = 0.

Now since we have all the conditions in term of g we can prove the equivalence.

(=) We have by general hypothesis that the condition im ga; C im (I —gs2) is actually
Ve € X,Vu € U,Fv € V : g31(x) + g32(u) + gs3(v) = v. We also have now as
hypothesis that the condition im go; C im (I — Gao) isVz € X,Fu € U,Jv € V :
g21(x) + gao(u) + g23(v) = u and ga1(x) + g32(u) + g33(v) = v.

By the equations above we want to prove that:

Vz € X,Vv, € V such that v; — gs3(vy) = g31(x) (@)

then Ju € U, Juy € V such that the following two equations hold:
v — gs3(v2) = gaa(u) (B)

921(x) + go3(v1) + goz2(u) + gaz(v2) = u (7)-

By hypothesis given x € X, let us consider u, v such that go; () + gao(u) + g23(v) = u
and g31(z) + g32(u) + g33(v) = v. Now choose v; = v — v;; then we have that
921(z) + gas(v1) + ga2(u) + gaz(v — v1) = go1(x) + g22(u) + go3(v) = u which proves
equation (7) using the first of the equations above. It can be seen that:

v = v—v1 = g31(z) +g32(u) +g33(v) —v1 = g31(z) +gs2(u) +933(v) — (ga3(v1) +g31(z)) =
g32(u) + g33(v) — gas(v1) = gsa(u) +g33(v—v1) = g3a(u)+gas(v2) which proves equation
(B) using the equations above.

(<) Now assume the same general hypothesis as before: Vz € X,Vu € U,Jv € V :
931() + g32(u) + g33(v) = v. We know by hypothesis that:

Vz € X,Vv; € V such that vy — gs3(v1) = ga1(x), Ju € U, vy € V such that
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v — g33(v2) = ga2(u) and ga () + gas(v1) + g22(u) + gas(v2) = u.
We want to prove that: Vz € X, 3u € U, Jv € Vsuch that

go1(x) + g22(u) + g23(v) = u (%)

g31(x) + g32(u) + gas(v) = v ()

Using the general hypothesis with u = 1) we obtain: Vz € X,3v; € V :

931(z) + 932(0) + gaz(v1) =v1.  (x%%)

Now by hypothesis we have: given = € X,v; € V, since v; = g3;(x) + gs33(v;) we have
that Ju € U, Jvy € V such that

vy — gas(vz) = 932(U) (1)

921() + g23(v1) + goa(u) + gos(va) = u (2).

Now consider v = v; +v2 we have by the equation above (2) that: g (z)+ga3(v1+v2)+
g22(u) = u which proves (x). We also have that vy + vy = g31(z) + ga3(v1) + g33(ve) +
g32(u) by adding equations (1) and (x%x). Thus v; +vs = g31(z) + g33(v) +v2) + g32(1)
which proves (*x).

Now we move to checking that the condition on kernels is also satisfied. It follows

from the general hypothesis that: Vv € V such that gs3(v) = v then g13(v)+g23(v) = 0.

(=) By hypothesis we know that the two equations
Yu € U,Yv € Vu = goo(u) + g23(v) (*)1

v =gn(u) +g3(v) (%)

imply gi2(u) + g13(v) = 0. We want to prove that: Yu € U if v, € V : vy =
933(v2) + g32(u) With ga2(u) + gas(v2) = u then gi2(u) + gi3(v2) = 0 (3x).

So, given u € U,v2 € V : vy = ga3(v2) + gs2(u) with goo(u) + goz(ve) = u then by
hypothesis since u = gag(u) + g23(v2) and ve = gza(u) + g33(v2) so (x); and (%), are
satisfied with v = vy which implies g12(u) + g13(ve) = 0 ().

(<)By a similar argument with v = v,.
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The values of the trace are conditioned by the implications above. According to
these equations we have that: Trgy ey (9)(z, %) = g11(z, u) + g12(v) for some v such
(I — g)(v) = ga1(x,u). If we apply Tr to this function, it is equivalent in terms
of the g to Triy (Trkauyver(9))(z) = g11(z) + gi3(v1 + v2) + gr2(u) with u € U,
v € V, vy € V such that: u = go1(x) + gas(v1 + v2) + gao(u), v1 = ga1(x) + gas(v1)
and vy = g3a(u) + gs3(v2).

On the other hand, we may also calculate Tr)U(?yV(g)(:E) = gu(z) + gi2(u,v) for
some u € U, v € V such that (I — gg2(u,v)) = ga1(z) and we get by the equations
above: Tf)U(fe;fV(g)(f) = g11(z) + g13(v) + gia(u) with u = g21(z) + ga3(v) + gao(u),
v = g3 (x) + ga3(v) + gs2(u). In both implications we obtain the same value of the
trace. Notice that the value is independent of the choice of the vectors that satisfy
the auxiliary conditions. When we chose v = v; + v we have:

TSy (Trkouyev(9)(@) = g () + gis(vi + v2) + g12(u) = Tr5¥ (9)(2)

and when we chose vy = v — v; we have

Trk v (Trkevvev(9)(@) = g11(z) + g1s(v1 +v2) + g12(u) = g1 (z) + gua(vi +v —v1) +
gi2(u) = gui(z) + q13(v) + gr2(u) = T‘r%%,v(g)(;r)_

Superposing:
Suppose now that f € T%Y and g : W — Z; we want to prove that gb f € 'ﬂl\“v]v@X’Z@),.

First, we start writing the matrix representation of ¢ @ f in terms of g.
e (o flu=9®0fm  WOX>2ZY

. (g@f)21=(0 f21):W69X—>U

d (g@f)12=< 0

12

):U-—)ZEBY

® (g fln=/Ffn:U-=U.

If z€ im (gD f)21 then 2 = 0w + fo;(x) for some w € W, x € X which by hypothesis
and the equation above implies that fa1(z) € im (I — fao) =im (I — (g ® f)a2).
On the other hand, we have ker(I — (9 @ f)aa) = ker(I — fy) C kerfis C
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ker ( f(; ) = ker(g @ f)12 by hypothesis and properties of kernels.
Now we evaluate the traces:
Trivex,zey (9@ f)(w,z) = (9@ fu(w,z) + (9 © Hia(u) =
9@ fulw,z)+ ( (1)2 ) (v) = (9(w), fu(z)) + (0, fiz(w)) = (g(w), fi1(z) + fi2(u)) =
(9(w), Trk v (F)(2) = (9 © Trky () (w, z)

with u — fao(u) = ( 0 fa ) (w, ) which by the equations above is equivalent to
u — fzg(u) = fgl (.T) Thus

T‘I‘%@X,Z@y(g ©f)=9® TI’)U(,Y(f)-

Yanking:
We want to prove that oy y € ’]1‘8,,], and also ’I‘rg’U(aU,U) =1y whereoyy : U U —

U @ U is the coherent isomorphism.
e oy =moyyitng: U - U, witho;; =0
e 09 = Moyyin, : U = U, with g9, = idy
® 019 = moyying: U — U, with 0,9 = idy
® (O99 = MoOyU z'n2 U — U, with 099 = 0.

Thus, we have 031 (u) = u = (I — 022)(u) which means that im o9 C im (I — 0g,).
On the other hand we have that if u = o22(u) then u = 0. This means that ker(l —
099) C ker oy.

The value of the trace is the following:
Tty y(ovv)(u) = o11(u) + o12(v) =0 +v=v

with the condition: (I — o92)(v) = 021(u) for some v € U. But this implies by the
equations above that v = u. Thus Try ,(ouv)(u) = u, ie., T, (opy) = idy.
O
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4.2.5 Completely positive maps with &

Definition 4.2.12. On the category CPM with monoidal structure &, we define a
partial trace as follows. We say that f € ﬁ‘)U(y for some objects X, Y, U iff

(a) (I — fo2) is invertible as linear function and
(b) the inverse map (I — fa2)~! is a completely positive map.
We define /T\E)U(y(f) = fu1 + fio(d — fa2)~! fo1 where I is the identity map.

Thus, we are demanding that (I — f5)~! should be regarded as an inverse in the
category CPM.

A B
Lemma 4.2.13. Let M = c D be a partitioned matriz with sub-block A €

Matym, B € Maty,xn, C € Mat,x,m and D € Mat,«,. Assume D is invertible.
Then M is invertible if and only if A — BD™'C is invertible.

Lemma 4.2.14. Let us consider A € Mat,,xn and B € Mat,xm. Then (I, — AB) s
invertible if and only if (I, — BA) is invertible and (I, — AB)"'A = A(l, — BA)™!.

Proposition 4.2.15. (CPM, &, 0) is a partially traced category with respect to Def-
mition 4.2.12.

Proof. The partial trace axioms, restricted to condition (a) of Definition 4.2.12, are
basically proved in [34]. This picture is completed by adding the proof of the trace
axioms for the positiveness condition (b) of Definition 4.2.12.

Vanishing I:
This follows from the definition of the unit I as the empty list and the fact that the

identity map is an invertible map where its inverse is a completely positive map.
Thus ﬁ‘ﬁ(y = CPM(X,Y) and Tr’\,(f) = f for every f € "I"H

Superposing:

Let us consider f € ’f')un andg: W — Ztheng®f € Tﬁ,@x‘z@y since (@ f)22 = fao.
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g O

= @T\EU )
0 fir+ fioll = fa2) ™} for 9 xv(f)

We also have: ﬁ{,{@x,z@y(g Bf) =

Naturality:
If fe 'E‘)U“ and we have two arrows g : X’ = X, h: Y — Y’ then since

(h@idy) f(g Didy))az = foo

always is satisfied for linear maps since composition computes as matrix product i.e.,

h 0 I:fu f12:| ’9 0 _ [hfug hfi2
0 | | fa fl| [0 L fo1g  f

Thus then the conditions remain exactly the same, meaning that

(h®idy)f(gDidy))ae = for € :lfsj(,,y,.

Moreover

ﬁ%',yf((h@lu)f(g@lu) = hfug+(hfr2)(f22)(f219) = h(fu+fiaferfar)g = hﬁ)Ur,y(f)Q

Yanking :
Note that syy € 'EgU since (Syy)2,2 = 0 which implies that I — (syy )22 is invertible
and (I — 0)7! is a completely positive map. Moreover T‘rgy(au,u) = 1, since

(suw)ia = (suw)22 = 0and (syuv)i2 = (sSvw)21 = Lu.

Vanishing II:
Let us consider g : X @ U ®V — Y @& U @V, we write using matrix notation

a b c
g=1d e f
m n p

Now, assuming by hypothesis that g € ﬁy(@U‘,,@U, i.e., I — p is invertible and
(I—p)~!is a completely positive map we must show that g € ’f‘%fayv iff ”fr/‘)/(aw’y@u (9) €
TY

Xy:
First, we analyze the conditions of definition 4.2.12 in terms of its matrix term

components. If we represent functions using matrix notation we have:
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ﬁxeu’,@u(g)(z) = l:(Z z)+<;>o(l_p)—1o<m n)j' (2) and

we obtain

(Tr¥euyeu(9))a(w) = (e + f(1 = p)~'n)(u)

by composing with the second injection and the second projection.

Thus we know by definition:

Tr¥evyeu(9) € ﬁ‘%,y i.e., I—e— f(1—p)~'nis invertible and (I —e— f(1—p)~in)™?
is a complete positive map.

On the other hand, g € TSJ(%/V ie, I— ( ¢ J > is invertible and (I — ( e f ))—1
n.p n p

is a complete positive map. Also we obtain the explicit inverse by
(I—e~fg)™  (I—e~fe)'(flg ]

)
n p gn(I —e— fqn)™' q+qn(I —e— fqn)~'fq

where ¢ = (I — p)~!. Now we prove the equivalence on the trace class:

First of all, by Lemma 4.2.13 above we get: if we know that (I — p) is invertible

f

then (I — ¢ ) is invertible iff I — e — f(1 — p)~!n is invertible, which means
np
that the first part of the definition is satisfied. Also from Lemma 4.2.13 we have that

the equation on traces ﬁg{%‘/(g) = ﬁ%,y(ﬁ)‘éeﬁwwj(g)) is satisfied by using matrix
e f

multiplication and the explicit inverse (I — (
np

))‘1 written above.
Positiveness condition (b):

(<) Injections and projections are completely positive maps and by the fact that

g is a completely positive map this implies by definition that n and f are complete

positive maps. Also, (I—e—f(1—p)~'n)~! = (I—(ﬁ)‘/(@,j,yew(g))22)°1 is a completely

1

positive map by conditional hypothesis and (I — p)~' is also a completely positive

map by the general hypothesis. This implies that (I — ( ¢ f ))‘1 is a completely
np

positive since each component of the matrix is obtained by sum and composition of

completely positive maps.
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e f
nop

(=) If (I — (

))‘1 is a completely positive map then mo(/ —

e
( f >)_loi1 = (I —e— f(I —p)~'n)7! is a completely positive map where
np

m; and 4, are the first projection and first injection. Therefore, we showed that

(I—e—f(I-p) ) t=(I—(e+f(l-p) )™=~ (ﬁg(eau,yeau(g))n)_l isa
completely positive map.

Dinaturality:
Now, suppose f : X ®U — Y ® U’ and g : U’ — U are completely positive maps
then we want to prove that (id, ® g)of € 'i‘gj“, iff fo(id, ® g) € T)U{'y which means
that ((id, @ g)of)22 = gofar satisfies conditions (a) and (b) of Definition 4.2.12 if and

only if (fo(id; ® g))22 = fazog does.
Given f : X ®U - Y &U  and g: U’ — U by Lemma 4.2.14 above, I — gofy is

invertible if and only if I — fag0g is invertible and we have that

T;%,y((ly@g)f) = fu+fie(I—gf22) 7' gfor = fuit+Frog(I—fa29)  for = ﬁ5j(l,y(f(1ac€199))-

Therefore, it suffices to prove the following: if I, —gof is invertible and (I, —gof)~!
is a completely positive map then (I, — fog)™! is a completely positive map, where
f:U—=>Uandg:U - U.

We know by hypothesis that

vr,VA eV, ®V,, if A" >0 then (Id, ® (I, — gof) 1)(A") >0
and we want to prove that
Vr,VAEV, ®Vy, if A>0 then (Id, ® (I, — fog))™*)(4) > 0.
Suppose we name (Id, ® (I, — fog)~!)(A) = B then by hypothesis
A= (Id, ® (Ly ~ foq))(B) > 0. (4)

Since g is a completely positive map this implies that: if A > 0 then (Id,®g)(A) > 0;
next we apply this property to equation (4).
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So, we get:

0 < (Id: ® g)o({dr ® (I — fog))(B) = (Id- @ g(Iw — fog))(B) =

(Id, ® (g — gofo9))(B) = (Id, & (I — gof)g)(B) = (Id: & (L, — go ))o(Id, © g)(B)
which implies (rename it C)

(Id; ® (I, — gof))((Id- ® g)(B)) = C > 0.
Thus we have
(Id. ® g)(B) = (Id; ® (I — gof)) " (C) = (Id, ® (I — gof)7)(C) 2 0

since (I, — gof)™! is a completely positive map by hypothesis. Therefore, (Id, ®
.g)(B) > 0 and on the other hand f is a completely positive map which implies
(Id. ® f)((Id. ® g)(B)) > 0, which means (Id, ® fog)(B) > 0.

Finally, since if A > 0 implies (Id, ® I,,/)(B) — (Id; ® fog)(B) > 0 by equation (4)
this implies that B > (Id, ® fog)(B) hence B = (Id, @ (Iy — fog) ™ 1)(A) > 0
by transitivity for every 7. For the converse implication we repeat this argument

interchanging f and g. O

4.3 Partial trace in a monoidal subcategory of a

partially traced category

The aim of this section is to provide a general construction of partially traced cate-
gories as subcategories of other partially (or totally) traced categories.

Suppose (D, ®, I, s, Tr) is a partially traced category with trace
Tty DX QU Y ®U) - D(X,Y).

Given a monoidal subcategory C C D, we get a partial trace on C, defined by
Tryy(f) = Ty (F) if Ty (f) 4 and T, (f) € C(X,Y), and undefined other-
wise.

More generally, we shall show a method of constructing one partially traced cate-

gory from another in such a way that the first one is faithfully embedded in the second.
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Proposition 4.3.1. Let F : C — D be a faithful strong symmetric monotidal functor
with (D, ®, I,s,Tr) a partially traced category and (C,®, 1, s) a symmetric monoidal
category. Then we obtain a partial trace Tr on C as follows. For f : XU =Y QU,
we define r/F\r)Um,(f) = g if there ezists some (necessarily unique) g : X — Y such that
F(g) = Tr?%xy(m;lu o F(f)omxy) is defined, and ﬁzyy(f) undefined otherwise.

Proof. To clarify the notation used here we recall that there are two partial functions:

Tryy : C(X®U,Y @U) = C(X,Y)

and
Tty DX ®UY ®U) = D(X,Y).

Then we have two maps
—U AU
Tryxy : Txy = C(X,Y)
where :II\‘%) CC(X®U,Y®U) and we also have
%y TSy = D(X,Y)

where 'H‘%’Y CDXQU,YQU).
Naturality :

For any X, Y, U objects in C, f € T%) and g: X' = X, h:Y — Y’ arrows in
C. We want to prove that the two conditions given above hold:

(1) we must prove that
myiy © F(h® 1y)F(f)F(9 ® lv) omxru € Trx: pys
By naturality of the map m~! with h, g and identities we have:

myioF(h®1y) = (F(h)®1Fry)omyy, and also F(g®ly)omyy = mxyo(F(g)®1ry).
(5)
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Consequently, we need to prove that
(F(h) ® 1py) omyy 0 F(f) omxy o (F(9) ® 1rv) € Tike py--
Notice that by hypothesis
myy o F(f)omxy € Tex ry-
Then by the naturality axiom in the category D we have that
(F(h) @ 1py) omyy o F(f) omxy o (F(g) ® 1pu) € TRy py

and also
T, v (F(R) ® 1r) 0 myly o F(f) o mxp o (Fg) ® Lry)) =
— F(h) o TrY. sy (miyh 0 F(f) o mxu) o F(g).
(2) Since by hypothesis there exists an arrow p; : X — Y such that

F(p) = Trgk py (myy © F(f) o mx.v)
then
Tri% py(myly o F(h® 1y) o fo(g®1y)) omxry) = (equation (5) above)
= Trpxpy((F(h) ® 1py) © myy © F(f) o mxy o (F(g) ® 1rv)) =
(naturality axiom in D and hyp.)
= F(h)o F(p1) o F(g) = F(hopyog).
This means that we can choose pp = hop;og.

Now we are able to compute the trace:
Try y (h®1y)f(g®1y)) =p2=hopiog=hoTryy(f)og.

Dinaturality:
Forany f: X QU - Y Q®U’, g: U’ — U where f and g are in C we must prove that

(ly®9)f € TS, iff f(lx®9) € TY .

We must check condition (1) and (2).
(1) By definition we have

(ly ® g)f € T%, implies my} o F((1y ® g)f) omxy € TE% ry- (6)
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But in view of the naturality of m it follows that my ;0 F(ly ® g) = (F(1) ® F(g)) 0

my - Then we can replace it in (6) obtaining:
myy © F(ly ® g)f) e mxy = myy o F(ly ®g) o Ff omxy =

(1py ® F(g)) o m;,lul oFfomxy € TE%,FY'

It now follows by the dinaturality axiom of the category D that this condition is

equivalent to proving:
myy o F(f)omxuyo(lpx ® F(g)) € TEY ry

and again by naturality of m we have that mxyo(1px @ F(g)) = (F(1®g))omx

and we replace it:
myy o F(f) o F(1®g) omxy = myy. o F(f(1C g)) omxy € TEY Fy

which is condition (1) in the definition fo(lx ® g) € T'\, In the same way we
prove the converse.

(2) Also there is an arrow p; such that F(p;) = Trff\;_m»(m;‘}, o F({(ly & g)f) o
mx v) if and only if there is an arrow F(ps) = TY?{{.FY("';.][" oF(f(1x2g))omxyr).
Since the value of the trace remains invariant under the dinaturality axiom and all
the transformations made in part (1) then it is enough to take p, = p,.

Vanishing I:

Now we want to check that: ”ll\'f“ =C(X®LYQ®I). Givenany f: N2l ->Y o[l
we walt to prove that f € 'm“, by verifying conditions (1) and (2).

(1) Let us consider g = (]-F}’®m1_l)0m)—-_1,0F(f)O'nl‘\'_l0(l[:_\' 2my). By the vanishing
I axiom in the category D we know that g € 'f}x_p,r. Then, since (Lpy &:m; " Yo(lpy &
my)og =g € f}x‘py we can apply the dinaturality axiom in D to conclude that
(lpy®my)ogo(lpx ®m,‘1) € 'Tl\'g(‘py but we have that (1py &m;)ogo(lpx (y)m,") =
myy o F(f)omx,. So we proved that my} o F(f)omy, € @Efvm

(2) Since g € D(FX ®I, FY ®I) we can say also, by the dinaturality axiom, that

Trix py(9) = TrEk py(myh o F(f) o mx)
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but on the other hand we know that

Tffvx,FY (9) =pryogo P;;(

by vanishing I in D which implies that

Trrxry(9) = pry © (lry @ mp') o mh o F(f) o mx,r o (1rx ® my) 0 ppy =
(since F is monoidal ) F(py) o F(f) o F(p%') = F(py o f o p¥%)-

Thus there exists a p = py o fopx' such that F(p) = Trix py(myio F(f)omx.r).
Also notice that we prove that /’ﬁ;y( f) =p=py o fopy', which is the equation of
the trace value in the category C.

Vanishing II: )

Let g : X QU Q®V — Y ®U ®V be an arrow in the category C. By hypothesis,
we are given g € :ﬂ\‘)‘é@U,Y@U (general hypothesis) and we want to prove the following

equivalence:
.V ~
g€ TU@V iff Tryguyeu(9) € Ty
According to the general hypothesis there is a map:

mxeu,v

F(X®U)@FV "%5Y F(XeUeV) <% F(YeUeV) Yoy F(YRU)RFV € Thxeu) rivev)

and also there exists p; : X @ U - Y ® U such that

F(p) = TrII::E/X@»U),F(Y@)U)(m)_’}@U,VOF(g)OmXQbU,V) i.e., by definition p; = Trygyyeu(9)-

(=) We have a conditional hypothesis g € 'ﬁ‘%?;,v which asserts that the map:

FX®F(USV) ™" P(XeUaV) % F(yeUeV) ™" FYeF(UsV) e Triv oy

and also that there exists an p, : X — Y such that

FUV), _ : . —~URV
F(py) = TrF(X?Y)(mYVIU@)V o F(g) omxugy) i.e., by definition p, = Tryy (g).
—~V —~
Recalling that p; = Trygyygy(g), we want to prove that p; € T%,. For that
purpose, we shall prove the two conditions that characterize the trace class definition

which are the following:
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(1) the map
FX®FU™S F(X oU) " Fy o U) ™5 FY © FU) € TEY oy
(2) there exists an p3 : X — Y such that
F(p3) = ﬂ;%‘}:‘y(m;}j o F(p;) omxy) i.e., by definition

—~U —~U —V
P3 = Trx,y(Pl) = T1”)(,1/(rrr)r@>u,}/@>u(g))-

(1) To prove condition (1) we notice that since by definition

F(p1) = ng&éw)f(yg,w (m)_fépu,v o F(g) omxguy)

then we must prove that

ﬁﬁYX®U),F(Y®U) (m~loF(g)om)

FXQFU 22§ F(X®U) =% F(Y®U) Ty FYQFU) € Tﬁ%iw.

But since
myev 0 F(g)om e TEY,
YU,V g XUV F(XQU),F(Y®U)

this condition allows us to apply the naturality axiom in the category D:

mx,u®lry

FXQFUQFV "—  F(XQU)®FV

myeu voF(9)emxeu,v F

m3l,@FV
(YQU)FV "5 FY@FUQFV
€ szy{@FU,FyguFU-

And also by the same axiom we have that:

Trg/(<z;>FU,1~“Y@>FU((m)_f,lu ® 1pv) o mygyy © F(g) omxguy o (mxu ® 1pv)) =

=m~lo ﬂgYX®U),F(Y®U) (m;’}eu,v o F(g) o mxgu,yv) o m.

Hence, this is equivalent to proving that:

Trexerv.ryery((Myy ® 1pv) o mygyy © F(g) omxguy o (mxy ® 1pv)) € Trfx py .
Consequently, by vanishing II in the category D, it would be enough that the map

A= (myy ® lpy) o mybyy © F(g) o mxguy © (mxy ® 1pv) € Tixoy
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since we know that A € TEY oy pyery. But by coherence of monoidal functors we

have:
(myy ® lpy) o m;féw,v o F(g)omxguy © (Mmxy ® lpy) =

=(lpx ® mg,lv) o m}_’,1[J®V o F(g) °omx,ugy © (1FX &® mU,V).

Therefore, by the dinaturality axiom in the category D:

(1rx ® m[},lv) °© mx—/}U@v o F(g) omxuev o (lrx ® myy) € T?%@F@’V
if and only if

(myyey © F(g) o mxuev) o (1px @ myy) o (Lpx ® my},) € 'ﬂ‘f;ﬂ?%

which is valid since this is the conditional hypothesis.

(2) We shall prove that there exists an arrow p3 : X — Y in C such that

F(ps) = Trg)u(,FY(m)_’,lU o F(p1) omxy).

For that purpose, take p; = p,. Hence by the conditional hypothesis if g € ’II‘%@,’,V
holds then there is p, with

FURV), _
F(p2) = TrF(X,FY)(mY}JQQV o F(g) omxuev).
Therefore, this is equal to,

Tris oy (Myhgy © F(g) o mxwsv) o (Lrx ® myy) o (lpx ® mg},)) =

Tr?%j%v (1px ® My )0 My ey © F(g) omxvev o (lrx ®myy)) = (dinaturality)

TrFX FY (TrFX®FU ryeru((1rx ®m{]’1v ) Om}_f,IU@voF(g) omxygve(lrx®myy))) =
(vanishing IT)
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Triy ry (Tr ik eru ryeru (MY y ®1rv)omy gy v o F(g)omxeuyo(mxu®1ry))) =

(coherence)

Trgjr,FY(m)_f,lU ° TI‘EYX@U),F(Y@U)(m;’éoU,V o F(g9) o mxguy) © mxy) =

(naturality axiom)
Tri%. Fy(myy o F(p1) omxy) = (definition of general hypothesis).

So we have proved that:
F(p2) = ﬁg%,FY(m}_’b o F(p1) omxy)

which means that

TrX,Y(“X@U,Y@U(g)) = TrX,Y(pl) =DP3=Dp2= fo,y (9)-

(<=) Similarly, we prove the converse. The proof is just a matter of using the converse
hypothesis of vanishing II in the category D.

Superposing:
Suppose f € 'ﬁ‘%Y and g : W — Z with g € C we want to prove that g® f € ﬁlvjvopx,z@}f

by checking conditions (1) and (2). Also we want to show that

—~U —~U
Tryex.zey(@® f) =9 ® Ty (f).

(1) By hypothesis we know that

-1
FXQFU™S FXoU) M Fy oU) Y FY @ FU) € T 1y
and also there exists an arrow p; : X — Y such that

F(p1) = Trix py(myy o F(f) omxu).

Then by the superposing axiom in the category D it follows that

F(g)® (m)_',lu o F(f)omxu) € T?%@FX,FW@FY
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and the trace value turns out to be
Tr?VJV@FX.FZ@FY(F(g)‘X’(my_f,luOF(f)C’mX,U)) = F(g)®Tr£/[<’,FY(m)—’,IUOF(f) omx,y).
But by functoriality of the tensor we obtain

F(g)® (m;,}, oF(f)omxy) = (lpz ® m;/lu) o (F(g) ® F(f))o(lpw ® mxy) = B

(To simplify notation, we name this equation £).

We can apply the naturality axiom in the category D and we obtain:
(TI’LZWY ® 1FU) 0] ,8 o (m;V%X X ].FU) € T;?W@X),F(Z@Y)
and

Tr?%[W®X),F(Z®Y)((mZ,Y ®Lru)oBo(my x®1ry)) = mzyoTriyerx rzery (B)omy x

but by naturality and monoidal functor axioms we have that

(mzy ® 1pu) 0 B o (mylx ® 1py) = mzgyw © F(g® f) o mwex.u-

Therefore, we proved that m™' o F(g® f)om € Tﬁng@X)‘F(Z@Y.
(2) Let us consider 8 = (1rz @myy) o (Fg® Ff)o(lpw @ mxy). It follows that
Tr;EJW@x),F(z@y)((mZ,Y ®lpy)ofo (m[vl,x ® 1py)) = (naturality axiom)
=mzy o Trivyerx.Fzery (B) © My x = (functoriality of the tensor)
=Mgzy?©° Trg%@FX,FZ@FY(F(g) ® (m;—,lu oFgomxy))o m;vl,x = (superposing)
=mzyo (F(g)® Trg%@FX,FZ@FY(m)_’,IU oFgomxy))o mv_v{x = (by hypothesis)

=mgzy o (F(9) ® F(p1)) o my; x = (by naturality of m)

= F(g®p).
Thus, we proved that there exists an arrow ps = g ® p; such that

F(p2) = Trgzjvvcgu(),F(2@)’)((mz,y ®1lpy)ofo (m;v}x ® 1rv))-
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On the other hand, we have by naturality and the fact that F' is a monoidal

functor:

(mzy ® 1py) o Bo (mylx ® lpy) = Mgy © F(9® f) omwexu

which means, according to our definition, that

Tryexzey(@® f) =p2 =g ®p1 =g ® Try v (f).

Yanking:
Let us consider ¢ : U ® U — U ® U; we want to prove that oyy € 'ﬁ‘gu and
Tr\giu(cru,u) = 1y. To show that oy y € ’/JI:ZU we recall from the trace class definition
that we must check two conditions:

(1) First, we notice that since F' is a symmetric monoidal functor and by the

yanking axiom in the category D:
-1 U
myy © Flovy) e myy = orvru € Toyg

From which it follows that Tr,’::g rulorury) = 1ry = F(1).

(2) Therefore there exists an arrow p = 1y such that
F(ly) = TrEy pp(mgly © Flouw) o meg).

U
Hence, we are saying that Tr, ,(opu) = p = 1u. a

4.4 Another partial trace on completely positive

maps with &

Definition 4.4.1. Consider the forgetful functor F : (CPM,®) — (Vect;,.3),
where (Vect ¢, @, 0, T) is partially traced by Definition 4.2.1. i.e., CPM is a monoidal

subcategory of Vecty,. We define a partial trace Tr with trace class given by T on
CPM by the method of Section 4.3.
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Remark 4.4.2. Comparing this with the partial trace (on the same category) defined
in Section 4.2.5, we note that if f and (I — fy)~! are completely positive then

fi+ fio(I = f22) " fn

is a completely positive map. This implies that ﬁ‘)U(Y as in Definition 4.2.12 satisfies:
ﬁfg{y - ’/II\‘gj(y However, consider the CPM-map f: U® U — U & U given by the

following matrix:
I 0
0 21

We have fi; = I, for = fio = 0and foo = 2I. Then I — foo = I — 21 =(—-1)I
is an invertible map with inverse (—1)I but is not a positive map. On the other
hand, f1; + fi2(I — faz) " for = I +0((=1)1)0 = I is a CPM-map, i.e., f € TY;, but
/& Thy.

4.5 Partial trace on superoperators with ® and ®

As an application of the construction of Section 4.3, we now focus on the category
Q which is not a compact closed category. We discuss examples of partial traces in

connection with its two monoidal structures.

Ezample 4.5.1. (Q,®) has a total trace operator Try , : Q(z ® u,y ® u) - Q(z,y)
defined by Trg (f) = fu + 32, frafiafar, see [63] for details.

Ezample 4.5.2. By Proposition 4.3.1, (Q, ®) has a partial trace Tr; , : Q(z ® u,y
u) = Q(z,y), given by Try (f) = fu + fizll = fa2) ™' fr.

Frample 4.5.3. Another partial trace on (Q, ®) is given by considering the forgetful
functor from Q to the category of vector spaces (Vect,®) with the kernel-image
partial trace of Definition 4.2.9 given in Section 4.2.4. Notice that the identity is a
superoperator satisfying Definition 4.2.9 which implies that these two partial traces

still remain different on Q.

Ezample 4.5.4. We can consider the category (Q,, ®) of simple superoperators as a

subcategory of the compact closed category (CPM,, ®), see Definition 3.2.4. It has
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a partial trace Tr given by Proposition 4.3.1 where Tr%’y QXU YR®U) —
Q,(X,Y) is the canonical trace on CPM;. Since linear maps f in the category of
finite dimensional vector spaces are continuous functions we can prove that for every
completely positive map there exists a 0 < A < 1 such that Af is a superoperator.
Then, for every unit map ny : I — U*®U in CPM there exists a Ay such that Ay.ny

is a superoperator. Therefore, if )\,}1. f is a superoperator then f € ’]I‘)U(’Y.



Chapter 5

A representation theorem for

partially traced categories

The goal of this chapter is to prove a strong converse to Proposition 4.3, i.e.: every
partially traced category arises as a monoidal subcategory of a totally traced cate-
gory. More precisely, we show that every partially traced category can be faithfully
embedded in a compact closed category in such a way that the trace is preserved.

Our construction uses a partial version of the “Int” construction of Joyal, Street,
and Verity [41]. When we try to apply the Int construction to a partially traced cat-
egory C, we find that the composition operation in Int(C) is a well-defined operation
only if the trace is total. We therefore consider a notion of “categories” with partially
defined composition, namely, Freyd’s paracategories [39]. Specifically, we introduce
the notion of a strict symmetric compact closed paracategory.

We first show that every partially traced category can be fully and faithfully
embedded in a compact closed paracategory, by an analogue of the Int construction.
We then show that every compact closed paracategory can be embedded (faithfully,
but not necessarily fully) in a compact closed (total) category, using a construction
similar to Freyd’s. Finally, every compact closed category is (totally) traced, yielding

the desired result.

73
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5.1 Paracategories

The aim of this section is to recall Freyd’s notion of paracategory. A reference on
this subject is [39]. Informally, a paracategory is a category with partially defined

composition.

Definition 5.1.1. A (directed) graph C consists of:
e a class of elements called objects obj(C)
o for every pair of objects A, B a set C(A, B) called arrows from A to B. Let Arrow(C)

be the class of all the arrows in C.

Definition 5.1.2. Let C be a graph. We define P(C), the path category of
C, by obj(P(C)) = obj(C) and arrows from A, to A, are finite sequences
(Ao, fo, A1, f1, ..., Ayp) of alternating objects and arrows of the graph C, where n > 0.
We say that n is the length of the path. Two arrows are equal when the sequences
coincide. Composition is defined by concatenation and the identity arrow at A is the

path of zero length (A) with an object A. We write e4 = (A) for the identity arrow.

Notation: For the sake of simplification, we often write f = fi,fo,..., fn for a
path and the symbol “;” or “,” for concatenation.

Recall the definition of Kleene equality “/=" and directed Kleene equality “="
from Definition 4.1.1.

We write ¢(f) | to say a partial function ¢ is defined on input f.

Definition 5.1.3. A paracategory (C,[—]) consists of a directed graph C and a partial
operation [—] : Arrow(P(C)) — Arrow(C) called composition, which satisfies the

following axioms:
(a) for all A, [ea] |, i.e., [-] is a total operation on empty paths
(b) for paths of length one, [f] | and [f] = f

(c) for all paths #: A — B, f: B— C,and §: C — D, if [f] | then

[F’ [f]v §] - [F’ JFv ‘§]
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We introduce the following notation:
- 14 =[(A)] = [ea] for every object A in C.

- for a path f = fi1,f2,-..,f» and an operation ®, defined on C (see Defini-

tion 5.2.1), we extend it to the category of paths using the following notation:
1®pf= 1®f1»1®f2771®fn
and in the same way: f ®p 1. We drop the symbol p when it is clear from the

context.

Definition 5.1.4. Let (C,[-]) and (D,{—]) be two paracategories. A func-
tor between paracategories is a graph morphism F : Obj(C) — Obj(D),
F : C(A,B) — D(FA,FB) such that when [p] | then F[§] = [Fp). Let
PCat be the category of (small) paracategories and functors.

We say that such a functor is faithful if it is faithful as a morphism of graphs.

Remark 5.1.5. Every category C can be regarded as a paracategory with
(fi,-- s fn] = fno...o fi. In this case, composition is a totally defined operation.
This yields a forgetful functor Cat — PCat.

5.2 Symmetric monoidal paracategories

Definition 5.2.1. A strict symmetric monoidal paracategory (C,[—],®,1,0), also

called an ssmpc, consists of:
e a paracategory (C,[—])

e a total operation ® : C x C — C which satisfies:
(ARB)@ C =A®(B®C) on objects, (f®9g)®h = f R (9 ®h) on arrows
(associative); there is an object [ such that AQ I =TI A=Aand f®1; =
1; ® f = f for every object A and arrow f (unit). Subject to the following

conditions:
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(a) 14®1p = lags-

(b) [f.f1® 9,9l = [f ® g, ® ] where f,g, [ g" are arrows of C and =
denotes Kleene directed equality.

() 1®[p]=[1®F] and [p]® 1= [p®1]

e for all objects A and B there is an arrow 04 5: A® B — B ® A such that:

forevery f: B®A—> X,9:Y - A®B, [oap, fl1and [g,048] |

for every f : A > A'and g: B = B [f® 1p.0] = [0,15 ® f] and
[la®g,0]=[0,9® 14]

for every A and B: [04,58,08,4] = lags

for every A, B, and C: {045 ® l¢,0B.agc) = 14 @ 0.

Remark 5.2.2. Conditions (b) and (c) are equivalent to the condition [f,..... e

(1,90l = [[1®g1,- .-, fa ® gs] for all natural numbers n.

Proposition 5.2.3. Let (C,[-],®,1,0) be a ssmpc. Then for paths p. q of length
one we have that [p®1c,15®4q| |, [La®q,p®1p] | and are equal to p& q. Moreover,
for paths P and §[14a® ¢, P® 1p] R [P ® 1, 158 ® (]

Proof. Let us first prove the result for paths of length 1. sav p: A = B.¢: C = D.
Observe that [p,1g] = [p,[(B)]] = [p.(B)] = [p] = p since the last equation is
defined and by the axioms. In the same way p = [14.p]. [l¢.q] = ¢ = [q. 1p]. Then
p®q = [p,15]®[1c, ¢} = [p®lc, 15®q] and p®q = [14.p|=[q. 1p] = [Lai2q. p&1p). by
condition (b) of Definition 5.2.1, which implies that [1,&q.p21p] . [pSle. 1pDq] |
and (14 ®¢,p®1p]=[p@lc.1p® ¢l =p®gq.

Now since we have already proved that [14 ® ¢,p @ 1p] |. [p @ 1c, 15 ® ¢q] | and
that they are equal we can use the axioms of paracategories and extend this to

la®§P®1p] = [F® 1c, 1 ® ) by iterating this procedure in the following way:
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1a®qIR1p]=1a®q,..., 140 ¢, 1 ®1lp,...,pm ® 1p]
=1a®q,..-,[1a® ¢, p1 ®1p],...,pm ® 1p]
=1a®q,...,[1®1lc,18® ¢n), .-, Pm @ 1p]
=1a®q,..., 1 ®1c,18® g, .. ,Pm @ 1p]

...we move p; ® 1¢ to the first position

P1®1lc,15®q,---,1a®¢n,p2® lc, ..., P ® 1]

...we iterate this procedure m — 1 times

P®le, 15 ® 4.

JC )0 30 X

a

Definition 5.2.4. Let (C,[-],®,1.0) and (D,[-),®’,I’,0’) be two ssmpcs. A func-
tor between them is strict monoidal when F(A) ® F(B) = F(A® B), F(I) = I on
objects, F(f) ® F(g) = F(f ® g) and F(0) = ¢’ on arrows.

5.3 The completion of symmetric monoidal para-

categories

From now on C denotes a ssmpc. We wish to prove the following theorem:

Theorem 5.3.1. Every strict symmetric monoidal paracategory can be faithfully em-

bedded in a strict symmetric monoidal category.

Definition 5.3.2. A congruence relation S on P(C) is given as follows: for every pair
of objects A, B, an equivalence relation NQ‘B on the hom-set P(C)(A, B), satisfying
the following axioms. We usually omit the superscripts when they are clear from the

context.
(1) ¥ p ~s p’ and ¢ ~s ¢", then p;§ ~s p’; 7"

(2) Whenever [5] |, then p~s [P].
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(3) fpr~s @, then P®1 ~s @1 and 19 ~s1®¢.

Remark 5.3.3. Technically Definition 5.3.2 can be regarded as a “congruence sub-
category” on P(C), i.e., S is a subcategory of P(C) x P(C) satisfying axioms (2) and
(3).

Definition 5.3.4. We define a particular congruence relation S as follows: p'~ sqif
and only if V7, §,VA, B € Obj(C) [T, 14 ®P® 15,5} =2 [F,14aR07® 15,5].

Remark 5.3.5. It should be observed that p'~g¢ ¢ implies [p] = [¢] by letting 7, §
be empty lists and A= B = 1.

Let us check that S is a congruence relation.
Lemma 5.3.6. S is a congruence relation.
Proof. We need to show axioms (1), (2), and (3). To show (1), assume 5 ~¢ ¢ and
U g ¢ we have to check that ;@ ~s q t. Consider arbitrary 7, §, A, B. We have:
(7, 140(P,4)®1E,5] = [T, 1a®P®1p,14®@UR1E, §] = [7,14a07®15, 14QUR15, §].

The first equation is by definition of the tensor ®, on paths, the second equation is
because by hypothesis we have that: p'~g¢ ¢ implies [P 14 ®FR 15, 1= [r14®

qg® 13,;’] with 7 =7 and § = 14 ®U® 1p,5. In a similar way we have that:
[7,14®(q;1)®15,5] = [7,1407® 15, 14RtR15,8] = [F, 140415, 1,@TR 15, 5].

It follows that p; @ ~¢ q; t. To prove (2), assume [P} 4, and let 7, 5, A, B be given. We
observe first that 14 ® [f]® 15 = [14 ® § ® 1] by (¢) in the definition of a ssmpc.
Then [p] | implies that 1, ® [p] ® 15 | and then [14 ® § ® 15| | and and they are

equal. Thus we have by one of the axioms of paracategory that:
[F’ 1A® [ﬁ] ® 1Ba§] # {Fv[lA ®ﬁ® 13],§] g [’Fa 1A ®ﬁ® 137§]'

To prove (3), assume p'~¢ p'. We observe that this implies for every C' € Qbj(C),
[F14@7Q1c®15,5] =2 [714 Q97 ® 1¢ ® 1, 5], V7, 5,VA, B € Obj(C), therefore
PO ~g P ® 1. In a similar way we get the other equation. O
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Definition 5.3.7. Let ~ be the smallest congruence relation on P(C), i.e., the inter-

section of all congruence relations.
Proposition 5.3.8. §'~ ¢ implies [7] = [{].

Proof. Since (p, q) is in the intersection of all congruence relations then in particular
p ~¢ ¢ which implies that [§] = [¢]] by Remark 5.3.5.
O

Corollary 5.3.9. For paths p,q: A — B of length 1, p~q iff p=gq.
Proof. Obvious from Proposition 5.3.8 and axiom (b) of paracategories. O

We now introduce the following notation:

f®p§= (f®p 1)’(1 ®p§)-

Note that, as a path, this is not equal to (1®, §), ( f ®p 1). However, we will show

that they are congruent. When it is clear from the context we drop the letter p.

Lemma 5.3.10. Let S be a congruence relation of P(C). Thenif f ~s f' and § ~s ¢
then f@F~s f@d.

Proof. By assumption f ~s f’ therefore by (3) we have f ®1 ~g f’ ® 1. Similarly
1® §~s1®q. Therefore by (1), we have: f®1,1®5~s f ®1,1®¢ .
O

Lemma 5.3.11. Let S be a congruence relation of P(C). Then
foL1®f~s1®§ fol

Proof. Given f= fi,---yfnand § = g1,...,9m we have that by Proposition 5.2.3
above [fn ® 1,1 ® g1 |, [1 ® g1, fo ® 1] | and are equal to f, ® g;. This yields, by

Definition 5.3.2 of congruence relation, the following sequence of equivalences:

fn®171®gl ~Ss [fn®171®gl]=[1®glafn®1] ~Ss 1®glafn®]-

Which implies by composition:
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fl®]-a"'afn—l®1$zfn®131®gl)‘?1®g27"‘1®gm ~Ss
fl®1,...,fn_1®1,£1®g1,fn®12,1®gg,...1®gm.

By iterating this procedure we end up moving 1 ® g, into the first place. We finish
the proof by repeating this m — 1 times. O

From now, “;” denotes composition in the quotient category written in diagram-

matic order (here this means concatenation of paths).

Lemma 5.3.12. Let & be a congruence relation defined on a strict symmetric
monoidal paracategory (C,[~],®, I,0). Then the quotient (P(C)/S,®,1,s) is a strict

symmetric monoidal category, where ® is the obvious tensor and s = G.

Proof. Let (C,[-],®, I, 0) be a strict symmetric monoidal paracategory. It induces a
strict symmetric monoidal category (P(C)/S,®, 1, s) in the following way:

The objects of P(C)/S are the same as the objects of the graph C and the arrows
?: fi..., fn are S-equivalence classes of paths. Composition on classes is induced
by composition on paths by axiom (1) of congruences. The identity is the class of the
identity of the path category.

A bifunctor ® : P(C)/S x P(C)/S — P(C)/S is defined by ?5’ = f®p L1®,4.
The tensor is well-defined by the Lemma 5.3.10 above.

We must check the interchange law:

—- L e

We have:
(F&7); (fed) = (F®1,109;(f®1,10d)= 01,184 f 1,10 =
FolLledfeLled 2l feLfelLledled =
FeLf®1L18§10d=(f./)®118(J,¢)=(f.f)® (§.¢) =

Where in (%) we used the property of the Lemma 5.3.11 above: 1® g, o1 =
fel1eg.

Also we want to check that €495 = TANER.
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€ARER = €4 ®p 1B, 14 ®p € = €agB, €AxB = €AeB

since [1agn, lags] 4-

Given paths f :A— B,§:C — Dand h: E — F we check the associative property:
(f&q)®h = (f ®, §®h =

(F®1c, 1505 15, lpep Qh=F®1c®1p, 1@ §® 15, 1pgp ® h =

(F®le 150 7)@h=(f®lc,15®§) @, h =

F®legr,l5®i®1p,15®1p®h=f®lcgr, 15 Q@ (@ 1g, 1p® h) =

-

f@p(G®1e1p®h) = [, (@, k) = f&(§®, 1) = [&(F
Alsoiff:A—)Band11:I—+Ithen:

A

7).

fA1_1=f®p11=f®11,1B®11=f,13=f'

- _ - —_.= =
Since f®1;=f®1;= fand 13 ® 1; = 1. In the same way we get 1;f = f.
The symmetry is defined as s p : A®B — BQ®A, sap = cap. This arrow is an

isomorphism since (04 5,08,4] | implies 04 5,054 ~s [0a.p, 05 4] and then:

SABySB,A = 0AB;0B,A=0AB,0B A= [UA,B,UB,A] = lags.

Similarly sg 4;S4.8 = lBga.

Next, we check the following coherence diagram: (s4 5 ® 1¢); sp.agc = 14 ® spc-

(54.8® 1¢);8B.asc = (TaB®1c);TB.asc = (048 ® 1¢);FB.Asc =

(048 ®1c),0p.48c = (048 ®1c),0B.4ec) = 1a® 0pc = 1aQT5c = 14Rspc.

Next we prove naturality of the map s p : A9B — B®A. To see this, it is enough
to prove it on simple path of length one and then extend it by composition. Let us
consider f: A — A’ and since [o45,1® f] |

sap(I8f) = 045, (10f) = 045:10f = 0ap1®f = [0451®f] =

[foloxpl=f®loap=f® ;005 =(f®1);50.5.
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For the general case we iterate this, applying the above equation several times.
|

Proof of Theorem 5.3.1

Proof. A functor between paracategories F' : (C,[~],®,1,0) — (P(C)/S,®,1,s),
where the category P(C)/S is taken as a (total) paracategory, is defined in the fol-

lowing way:
- on objects as the identity and
- on arrows F(f) = f as the projection on classes.

Observe that F preserves identities and composition when | f] is defined:

F[.ﬂz[_j?]z?:fh1fn=7;1afn=Fflsnyn

Following the definition, we have that F' preserves symmetries: F(o) =7 = s.
In addition, if f: A —> C and g: B — D then

F(fRg)=fQg=[f®lplc®Rgl=FfQR1lplc2g=f8,9=Ff Fg

where the last sequence of equations is justified by Proposition 5.2.3. the property
above, axioms and by definition of congruence relation.

Moreover, if S is the smallest congruence relation, or indeed any congruence relation
satisfying S C S, then F is faithful by Corollary 5.3.9. O

5.4 Compact closed paracategories

Definition 5.4.1. A  (strict symmetric) compact closed paracategory
(C,[-],®,1,0,m,€) is a strict symmetric monoidal paracategory such that for
every object A there is an object A* and arrows g4 : ] 5 AQ A%, ¢4 : A*RA [
such that N4 ® 14,14 @ €4] 4, [la- ® Na,€a® 1a-] | and [ns @ 14,14 D €4] = 14,
14 ®Nasea®1g] = 1a-.
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Theorem 5.4.2. Every compact closed paracategory can be faithfully embedded in a

compact closed category.

Proof. Let us consider the paracategory (C, [—],®, I, a,7,¢€).

As a result of the proof of Theorem 5.3.1 above, it suffices to show that
(P(C)/S,®,1,s,1,¢) is compact closed, where B’ = 7 and ¢ = & Notice
that by definition the functor F' preserves n and €. Consequently, the compactness

diagrams are satisfied, since the condition [n ® 1,1 ® €] | implies:

N1 laQe=n® 14,14 Q€
=nQ®14,14Qe€
=[Tl®1A,1A®€}

=14

In the same way, 14-®7;ER14- = 14-

5.5 Freeness

We can strengthen Theorem 5.3.1 by noting that the faithful embedding satisfies a

universal property.

Theorem 5.5.1. The category (P(C)/~,®,1,s) satisfies the following property: for
any strict symmetric monoidal category D and any strict symmetric monoidal functor
G : C = D between paracategories, there exists a unique strict symmetric monoidal
functor L : P(C)/~ — D such that L o F = G, where F is the inclusion map defined

in Theorem 5.3.1 above.

C E . pC)/~

D
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Proof. Consider the set S:
{(f.§) € P(C)xPC): G(fi)o---0G(fa)=G(g)o-0C(gm)}

where f = f1,...,fnand §=g1,...,9m-
We claim that S is a congruence relation in the sense of Definition 5.3.2 stipulated
above. Clearly, it is an equivalence relation. To show that it satisfies axiom (1),

assume

Ply---Pn~Sqi,---,qm and fi,... fs ~s q1,...,q:, then by hypothesis
G(p1)o---0G(p.) = G(q1)o---0G(gm) and G(f1)o--- 0 G(f,) = G(g1) 0+ - -0 G(ge).

Then by composing the left hand side and the right hand side we get the condition

plv"',pnaflw"afsN5q17'~',qm7gl7"'7gt~

To show (3), assume py,...,Pn ~g G1,--.,qm, then G(p1)0--- 0 G(p,) = G(q1)o---0
G(gm) which in C implies that (G(p;)o---0G(p,)) ®G1 = (G(q1) o+ 0 G(gn)) ® G1
and by the tensor property of G and functoriality we obtain G(p;®1)o- - -0G(p,®1) =
Gl ®1l)o---0G(¢r, ® 1), which means p; ® 1,...,pn @1l ~s 1 ®1,...,¢n ®1. In
the same way p'~s ¢ implies 1 ® p~5 1 ® §.

To show (2), since G is a functor between paracategories, we have G(p,)o...G(p,) =
G([P]) when [p] | hence p ~s [F].

Now we define the functor L in the following way:

L(A) = G(A) on objects and L() = G(py) o--- 0 G(py), Where 5= pi,...,pn.

It should be apparent that F' is well-defined since when p'~ ¢ then in particular it is
true that 7 ~s ¢ and this implies L(p) = L(g).
We check functoriality:

L(p17' .. )p‘n;qlv"'aq‘m) = L(pla" -sDPnyq1, - - ,Qm)
=G(p1)o--0G(pn) o Glgq1) o+ 0 G(gm)
= L(p1,--,Pn) © L(q1,- -1 Gm)
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and
L((A)) = L(T4) = G(14) = 1ga.

Furthermore L is strict symmetric monoidal:

L(p&Q) = LE®L1® )
=GP ®1l)o-- 0GP, ®1)oG(1®q)o -0 G(1Q qn)
=(G(p1) ®G1l)o---0(G(pn) ® G1) 0 (G1® G(q1)) 0 - - 0 (G1 ® G(gm))
= (G(p1)®1) o0 (G(pn) ®1) 0 (1®G(q1)) 0 -~ © (1 ® G(gm))
=(G(pr1) o 0G(pa)) ®1) 0 (1@ (G(q1) 0 -~ - 0 G(gm))
= (G(p1) © G(pn)) ® (Gla1) 0 -+ 0 G(gm))
= L(p) ® L(])

Finally, since G is strict symmetric L(s) = L(F) = G(o) = o’ where ¢’ is the
symmetry of the category D.
a

5.6 Partially traced categories and the partial Int

construction

Joyal, Street, and Verity proved in [41] that every (totally) traced monoidal category
C can be faithfully embedded in a compact closed category Int(C). Here, we give a
similar construction for partially traced categories. We call the corresponding con-
struction the partial Int construction, or the Int? construction for short. When C is

a partially traced category, Int?(C) will be a compact closed paracategory.

Definition 5.6.1. Let (C,®,1,0) be a symmetric monoidal category. There is a
graph Int?(C) associated to this category defined in the following way:

e objects: are a pair of object (A", A™) of the category C.
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e arrows: f/"": (AT A~) — (B*,B™)arearrows of type f : AT®Q B~ — BT®A™
in the category C.
When it is clear from the context we drop the symbol Int? on the arrows of
IntP(C).
We want to define a partial composition on this graph. For that purpose, consider
the following natural transformation, uniquelv induced by the symmetric monoidal

structure, for n > 0:
Yo A1 ® A Q.. A1 ®A, > An @ Apoy ... A2 ® A;.

Also, given a path p'=py,...,pm € P(Int?(C)), using graphical language of symmet-
-ric monoidal categories, we shall define an arrow €(p) € C in the following way: if
P =p1,-..,Pm then €(p) pictorially is equal to:

For m = 1 arrow:

X=X

For m = 2 arrows:

For m = 3 arrows:

D1 D3
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and so on.

In order to get €(py,...,Ppm) we form a pyramid of m — 1 layers of symmetries.

Definition 5.6.2. Let (C,®, I, Tr, s) be a symmetric monoidal partially traced cate-
gory. We turn the graph Int?{C) into a paracategory by defining a partial composition
operation [p]. First of all, when it is applied to an empty path it will be defined as
the identity arrow i.e., [(AT,A7)] = la+ga-. On path of length one it will be by
definition the same arrow, i.e., [f] = TrU(e(f)(ller ®0ox; xo)) = f withU =X
Suppose that we have a family of arrows f/™* : (X;",X) — (Xj,, X;;,) with
1 <i < n(n > 2)in the graph Int?’(C) such that dom(f;y,) = cod(f;) and
1<i<n-—-1Let U=X, ®X,_,® - ®X; ®X; and the permutation ~y

X7 90X,®  ®X; X, X, 90X, 90X, ®X,.
We define the following operation for n > 2:

Frveo B 2TV F) (L © Ly ® 701)).

Note that therefore, [fi, ..., fn] is defined if and only if

(frr o ) (1xp ®1yo, ®7) €TV,

We show now that the operation [—] satisfies the axioms required in order to be

a paracategory.

Lemma 5.6.3. Let (C,®,1,Tr,s) be a strict symmetric monoidal partially traced

category. The operation defined in Definition 5.6.2 determines a paracategory

(Int?(C), [-])-

Proof. Properties (a) and (b) of Definition 5.1.3 hold by definition. The goal is to
prove (c), i.e., if [§] | then [f, [g], k] = |f,§. k] for every f and k. The value of the
trace remains always invariant or follows the variations that the axioms trace dictate.
Without loss of generality we are going to represent these paths using graphical lan-
guage in a concrete situation. Therefore, suppose we have f = f1, f2, § = 01, 92, 93, 94

and h = hi, ha, hs. The most general case follows the same pattern.
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The fact that [§] | means that the map:

a1 g2 gs ga
S N N I SO N

(without the dotted lines) is in the trace class TY. We symbolize that it is in the

trace class of this type with these dotted lines. Moreover, | f (4], l_i] | means that:

(8)

U

[ I

without the dotted lines is in trace class TV. We want to obtain [f. . h]. So. for

that purpose, we start by replacing the first diagram (7) traced on V" into the second
diagram (8). Then we apply superposition. and the naturality axiom and we get the

following diagram:
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Let us call this map o (without the dotted lines). Notice that since [g] | and after
applying superposing and the naturality axioms we have that a € TV. This turns
out to be the general condition that we need in order to use the Vanishing II axiom,

i.e., if we consider o € TV as a general hypothesis then the equivalence
a€TV® & TrV(a)eTV

is precisely the condition required to apply the Vanishing II axiom in which the
condition [f, [7], k] translates into Tr¥ (a) € TV and [f, §, h] into o € TU®Y. Thus we

can replace the previous diagram by the next one:

UgVv

By coherence we can replace this part of the diagram:

%

by this one
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e

So, by this substitution and functoriality we get:

\/
/\

X

h fa a1l 1920 193] 194 hil 1hel lhs

From now, we are going to permute the objects that are traced in order to get the
formula [ f. g, ﬁ] The dinaturality axiom allows us to commute the objects that are
traced by composing with a permutation and pre-composing with its inverse. For that
purpose we define a permutation which will impose an order at the level of objects in
such a way that creates a sequence where the objects that are connected to g follow

the objects connected to f and the objects of k follow the objects of §:

T:AI®A-- - ®A, B, RC1® - QC;_103B,® - Q Bpo1 —
A1®A2---®An®B1®"‘®Bm—le®Cl®"'®Cs—l-
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Also, by definition of our product we have the permutations associated with [f, [], A]:
7 Ceo1®Cs_9®. .. Co®RC1@Bm®A,, ... Aa®A; - A1®A; ... Ay®Bn,C1QC; ... Csy
and with [g]:

Y :Bp1®Bp2®--- @By, ®B1 =+ B®B;® - ®Brr_2a® By

and with [f, g, I_i]

Co 13C,—2®. .. Ci®Bm®@Bm-1®. .. BI®An®An_; - - ®4; > Ai®... Ay®B, - @Bpn®C; . . .

As we said, we want to compose and pre-compose with a permutation, let us call

it y, for our purpose this permutation should satisfy:

u(Y ey )=y1""

Thus, since all this map are invertible we define:

y=%1 50T ey ).

In our concrete graphical description after applying dinaturality we get:

"

Y&y

-1

and using the equation that we defined above y; (v ® ¥’) = v; 7~ we replace it and

we obtain:
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 f1 fa g1 920 193] 19 hi{ Thol 1hs

Now we split the diagram in two sets of different types of symmetries, those which
are functorially free from the set of arrows {f,, g;, hx : ¢, 7, k} and those that are not.

Here, in the next diagram, the dotted boxes contain part of the free ones:

So, we replace this box:
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By this one:

and this one:

93
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By this other one:

Finally, we get the desired diagram:

To go from [f, g, k) to [f,[7), k] we use the same arguments in the reverse order
since [g] J. O

Next, we wish to show that the paracategory Int?(C) is strict symmetric monoidal.

Definition 5.6.4. Let (C,®, I, Tr, s) be a symmetric monoidal partially traced cat-
egory, the tensor in the graph Int?(C) is defined as follows:

e The unit is (I, 1)

e on objects: (AT, A")® (B*,B")=(AT®B",B"®A")
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e on arrows: given f/™* : (At A7) —» (C+,C7) and ¢ : (BT,B™) —
(D*,D~) then (f ® g)'™ : (A*,A7) ® (BY,B") — (C*,C7) ® (D*,D7)
is defined by

At@BTOD ®C- ¥ B*eA*®C-oD ¥ BrecteA- @D~
CteBteD- @A~ "' cteD*@B- 9 A-.

Let us derive some immediate consequences of this definition:

(1)
>
1(A+,A-) & 1(B+,B—) = X< - =

|

= 1(A+®B+,B—®A*)

(i) (A*,A")® (I,]) = (A* ®I,I® A™) = (A*,A") and (I,I) ® (A*,A”) =
(A*, A7),

(ii) (A7, A7)® ((B*,B7)® (C*,C7)) = (A*®@B*"®@C*,C"®B ®A7) =
" ((A*,AT)®(B*,B7))® (C*,C7).

Definition 5.6.5. The symmetry (A", A") ® (B*,B~) 5 (B*,B7)® (AT,A7) is

defined in Int?(C) by the following formula: 0 = sg+p+ ® S4-p--

Lemma 5.6.6. Let (C,®,1,Tr,s) be a symmetric monowdal partial traced category.
Gwen f™ . (Y*,Y™) = (C*,C7)® (D*,D7), and ¢'™" : (A*, A7) ® (B*,B™) —
(X*,X7) then [f,0] | and [0, 4] |.

Proof. To simplify the notation we use the symbol “;” for the composition in the
category C with the order given by graphical concatenation.

We first consider the composition of f: YT @D~ ®C~ - Ct*® DT ®Y ~ with the
following symmetries and identities in the category C: (ly+®sc-p-); f; (sc+p+®@1y-).
Next, since by the yanking axiom Sp-gc-p-gc- € Tg:gg:,o—«gc- and
Trg:gg:p-@c-(SD-®c—,D—®C—) = 1p-gc- then by superposing axiom we have that
1Y+ ® Sp-@C-,D-Q®C- € T)D/;gg:@)c—vyi—@l)—@(;— and

ly+ ® ﬂB:gSI,D-®C-(SD—®c—,D—®c—) =

-oC-
Tre+gp—®c—’y+®p—®c—(1lf+ ® (SD‘®C‘.D’®C“))'
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Therefore, by naturality we have that:

(1y+ ® s¢-p-); Ty ap- g0y +en-o- (Ly+ ® (SD-60- p-8c-)); f; (sc+p+ ® 1y-) =
Ty e op- v +ep-ac- (Ly+ ®sc-p- ®1p-gc-); (ly+ ®Sp-gc-p-c-)); fi (Sc+p+ ®
ly-) =

by coherence:

Tty 66-en- v+ap-gc- (1y+ ®sc-ep- p-gc-); (ly+ ®lp-gc- ®sc-p-)); fi (sc+p+ @
ly-) =

by the naturality axiom:
ﬂelgg:®o—,[)+®c+®y-((1w ® Sc-gp-,p-gc-);(ly+ ® lp-ge- ® Sc-p-)if ®

1p-eoc-; (Sc+p+ @ ly- ® 1p-gc-)) =

and by functoriality:
Tﬁ”,’?lgg:w-,m@m@y-((lw ® sc-gp-,p-ac-); (f ® le-gp-);(scip+ ® ly- ®

sc-p-)) =
Now by coherence, we can replace:

Sc+p+ @ ly- ® s¢-p-

by the following

(le+ep+ ® Sy-,c-ep-);i (Sc+p+ ® sc-p- ® ly-); (lp+ec+ ® Sp-ec-y-)-

Which, by definition, is [f, sc+p+ ® s¢c-p-], i.e., we proved that (f, o(c+c-)p+.p-)) -
After repeating a similar argument as above, we have: [sg+p+ ® sa-5-, f] | .

Now we repeat the proof using graphical language. The purpose of this is to
persuade the reader of the advantages of using this methodology. We start with the

following diagram

Xy

>
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by the yanking axiom the graphic inside the box is in the trace class

M <
by the superposition axiom
oC : —
naturality axiom
S re—
naturality of the symmetry o
Z _X

functoriality

( )
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by coherence given by naturality of o and coherence axiom in C

(Cym—=)

—/ N—

From now we use the graphical language systematically. )
Lemma 5.6.7. ¢ is a natural transformation.

Proof. We want to prove that oo (f ® g) = (f ® g) o 0. Notice that we have already
proved that (f ® g)oo | and 0o (f ® g) | by Lemma 5.6.6. We have by assumption
that o o (f ® g) is defined. In the graphical language this means that h € TU®Y,

where h is the following diagram:

the trace given by Tr¥®V(h) =

Here the issue is to justify the use of the Vanishing II axiom. Putting the matter
schematically without to much emphasis on the name of the objects, we want to split
the trace over U ® V by using a general hypothesis of type h € TV and a conditional
hypothesis of type h € TV®V and we must prove that Tr" (k) € TV. This is the kind
of back and forward process of proof that we have repeatedly used before where the
justification of the use of the axiom is also the proof that we need. Let us start by

considering the following diagram:

...-ifw\
= (10)

)

{

Then by the yanking axiom, which is totally defined: ¢ € TV and we can replace the

"'b"\
O ‘i/’

>
o< T

former graph by this one
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and by the superposition axiom (both versions) we have that locally the diagram
satisfies that it is part of the trace class TV and the graph, after tracing it out is
given by

Vi XN

ST

(o<

Then the naturality axiom allows us to include the full diagram in the trace class TV

and we are allowed also to trace it:

(/
e v/
]

4!’<—-

/)

Finally, by coherence

’ 0’_\. ’ . -~ 0’_\,
~ € TV and the trace is represented by ~—

Now we are in a position where we can use the vanishing II axiom and to conclude that
Tr" (h) € TY and of course the value of the trace is given by TrY(Tr" (r)) = TYV®V (h).
After justifying the use of the vanishing II axiom we move to ensure that both

diagram are equal. First notice that the following diagrams are equivalent :

<l
Lt
by coherence H. .

Starting with the last diagram and applying the axioms, where the existence of

the trace is justified by the axiom that we are mentioning, we obtain:

co yank. nat
s /*.....
T T T
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\.-..-* @i = R
dyiel diyinl Ayini

where the last dlagram is of type TrY(TrY (h’)). Therefore, by the same reasoning
as given at the beginning of the proof we find that TrV®" (r’) = TV (TrY (#')) also for

this diagram. As before we repeat our arguments to justify the existence and value

of the trace for the case when we start with the graph

LD

obtaining the following diagram:

Lemma 5.6.8. o ®1,0]=1®o0.

Proof. Here again, as in Lemma 5.6.7, the key point is to justify the use of the
Vanishing Il axiom. We will apply this strategy twice. Since by Lemma 5.6.6 [0 &
1,0] | we want to be able to use an scheme proof of type: g € TU*V=W iff Tr'V () €
TY®V | but for this we need an hypothesis of type g € T"". To justifv this. we want
to split the trace over U ® V by using a general hypothesis of type h € T' and a
conditional hypothesis of type h € TV®Y and we must prove that Tr*'(h) € T!'.

We start with the following diagram that represents 1 = o:

which by coherence is equivalent to the following
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A=

—RE==

Therefore, by yanking, (let us name the variable U) we have

=

Then by the naturality and the superposition axioms we obtain that it is equal to

the trace represented by:

—PX==

in which the diagram below the trace, let us call it h, satisfies h € TY. Notice that
this is true because our axioms of partially traced category allow us to entail this last
statement.

Now, by coherence we have that is equal to

==

Let us still call h the new graph below the trace. By yanking with respect to a variable
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e e

Now again by naturality, superposition and coherence we conclude that the graph
below the trace, name it A, is in the trace class T”. Moreover, the value of the trace
along V is equal to h, i.e., TtV (h') = h, which implies that is in the trace class TY,

this means that we are allowed to use vanishing II and to conclude that k' € TY®V:
Now we repeat the idea with a new parameter W.

e e

Hence, this yields after applying vanishing II again

and coherence

an

which represents [0 ® 1, o]. O
Lemma 5.6.9. 1®[p] =[1®7p] and [p]®1=[p®1].

Proof. Without loss of generality we consider the case when p' = p1,ps, p3, ps. By
definition [§] ® 1 is equal to:
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Then using superposing axiom we obtain:

=

and since by the yanking axiom Tr(o) = 1, we have that:

Dg‘

Now by the fact that the trace is defined on symmetries this is the hypothesis that
I need in order to apply superposing (equivalent version) axiom, thus by the same

reason we can apply also the naturality axiom:

-

We name g the diagram without being traced, i.e., g is

=<

Then g € TV by the reasons given above and if we reverse this procedure in

fact we are showing that Tr"(g) € TV (after applying superposition, yanking and
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naturality and returning to the very beginning of the proof) thus we are satisfying
the hypothesis of Vanishing IT which means that g € TV®V.
Now we are allowed to apply the dinaturality axiom in order to permute the order of

the objects that are going to be traced out:

=,

Thus by coherence we have that:

e,

-

Again by coherence:

Now by coherence and the yanking axiom:

Again since the trace is total on symmetries, and after applying superposing (equiv-

alent version), the naturality axiom shows that:
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Because the map involve are coherence maps:

Coherence:

Coherence and the yanking axiom:
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>, c—

Superposition and naturality:

N N V=
]

We therefore have again by coherence:

106
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o)

K

Since coo~ 1 =1:

Finally by coherence we get:

Which is by definition [f® 1].

107

O

Theorem 5.6.10. Let (C,®,1,Tr,s) be a symmetric monoidal partially traced cate-

gory. The operation defined above [—] determines a ssmpc (IntP(C), (-], ®,1,0).

Proof. 1t follows from the previous lemmas.

O

Next, we wish to show that Int?(C) is a compact closed paracategory. Let
(I,I) -5 (A,B) ® (A, B)* and (A, B)* ® (A, B) - (I,1) be the unit and counit
associated to the paracategory Int?(C). Actually, since C is a strict category, we can

regard these morphisms asid : IR AQB - AQ B®I andid: BRARB - IQBRA

respectively.
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Lemma 5.6.11. n®1,1®¢] |, [1®7,e®1] | and [n®1,1Qc] =1, [1®@n,e®1] = 1.

Proof. Notice that 04,1 = id4 for every object A € C. We start with the identity map
(A, B) =5 (A, B) which is themap 1 : A®Q B — A® B in C. Since,

lags = "M

holds by coherence, using the yanking axiom

M M)
and naturality .

Notice that, all along this proof, we implicitly claim that the graph below the trace is

in the corresponding trace class. For instance, in the last diagram from the naturality

j gé e T5.

Then by superposing axiom and coherence

axiom it follows that

Therefore, by applying yanking and naturality again we obtain

D)

where the graph below this new trace is in the trace class T# and this, of course, will
be preserved by any coherent modification of the graph. We have from superposition

and coherence axioms that
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Again, naturality, superposition and coherence gives us

where the graph below the trace is in the trace class T?. Since C is a strict category

then is equal to

Finally, since the trace class conditions for applying vanishing II are satisfied, we

apply the vanishing II axiom twice and we obtain that is equal to

In the same way as before we prove that (1 ® ,e ® 1] = 1.
We sketch schematically the rest of the proof leaving details to the reader. We

start with the identity 1gga.

coherence: /_:yOQ yanking: D% naturality: ?j S
coh.: M yanking: (@ﬁ superposing: CM
nat.: W coh.: M dinaturality: W{
yanking: M naturality: W coherence: @
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vanishing II:

O

Corollary 5.6.12. Let C be partially traced. Then IntP(C) is a compact closed para-

category.
Proof. This is a consequence of Lemma 5.6.11. d

Our final result for this section is that there exists a full and faithful, trace pre-

serving functor from C to Int?(C).

Definition 5.6.13. In a similar way as done in [41}, we define a fully faithful functor
between paracategories N : C — Int?(C) defined by N(A) = (A,I) and N(f) = f by

strictness of the category C.
Lemma 5.6.14. N is a well-defined, full and faithful functor of paracategories.

Proof. To prove well-definedness, note that we are considering the category C as a
paracategory with composition [fy,..., f,] = f,0...0 f] as its partial operation, and
[]’ the partial composition defined in IntP(C). Thus, N([f]) = [NV (f )]I, since by the
Vanishing I axiom, the trace operator is totally defined when we restrict it to this
type of arrows i.e.,, T, 5 = C(A® I,B®I) and Trf("B(f) = f.

By definition, N(f) = N(g) implies f = g, which proves faithfulness. If we take
and arrow in Int?((A, I), (B,I)), let us say for example f : (A,1) — (B, I), which
really means in C an arrow of type f: AQ I — B® I, then we just choose the same
f obtaining N f = f. This proves fullness. O

Lemma 5.6.15. The functor N : C — IntP(C) preserves the trace, i.e., if f : AQU —
B®U is in TY 5 then N(Trg’B(f)) = Tr%%,NB(Nf) : (A I) = (B, I) which means

N(TYX,B(f))=[1®Tl;f®1;1®0;1®s].
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Proof. Let us start with N (Tr% 5(f)): A® I - B® I in C which is represented by

a—

Notice that by hypothesis we have f € TY. Let us call this hypothesis: condition

(A)-
By the yanking axiom oy € TV where the trace is locally represented by

N

'
o
-

and by applying superposing axiom o ® 14 € TV and then by applying the natu-
rality axiom we obtain that the full diagram below this trace is in TY (let us call it

condition (B)), i.e.,

~—
P

The trace of this graph is equal to f which implies by condition (A) that is in TV

ie.,

/ erH-U

From condition (A) and (B) and the vanishing II axiom we conclude that

- —

= ==
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(let us call it condition A + B) and the trace is represented by:

—

We repeat this operation, by yanking:

1
%)
- —

and naturality we obtain that the diagram in the dotted box:

is in TY.

Hence, after any further coherent change we made in the graph, it will remain in

the trace class TV. Let us call it condition (C); where the trace will be represented
by
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coherence:
NS and sy AV

In the same way as above: by condition A + B, C and the vanishing II axiom we

obtain that the graph is in the trace class TV®U®U and the trace given by

...;&:; N &
—_— U 2 RO —

Now, since C is a strict category we can represent the last diagram in the following

way:

Y

which isequal to [1®7; f® 1;1® 0;1 ®¢].
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5.7 Representation theorem for partially traced
categories

Theorem 5.7.1. Every (strict) symmetric partially traced category can be faithfully
embedded in a totally traced category.

Proof. This follows from the various lemmas. Let C be a strict symmetric partially
traced category. By Lemmas 5.6.14 and 5.6.15, C can be faithfully embedded in a
compact closed paracategory Int?(C), and the embedding is trace preserving. By
Lemma 5.4.2, IntP(C) can be faithfully embedded in a compact closed category
P(Int?(C))/~ (and the embedding preserves the compact closed structure, hence
the trace). Since P(IntP(C))/~ is compact closed, it is totally traced, which proves

the theorem. O

Remark 5.7.2. Notice that by the Lemma 5.6.15 above if f: AQU — B®U is in
T4 5 then [1®n; f ® 1;1® 0;1 @ €] {; therefore the projection functor

F: Int’(C) — P(Int?(C))/~
also preserves the trace £ (Trg,B(f )) = Tr;‘X,FB(F f) since we have that
F(Tryp(f)) = Fl®nfeL1®0led = 19nfeL10010 =
19, fRL1I®o;1®@c= 1®77°f®1°1®U°1®5=T®ﬁ07®T0T®60T®E=
Tria ra(Ff)-

5.8 Universal property

The category (P(IntP(C))/~,®, I, s) satisfies the following universal property.

Proposition 5.8.1. Let C be a partially traced category and D a compact closed
category. If F : C — D is a strict monoidal traced functor then there exists a unique
monoidal functor L : P(IntP(C))/~ — D such that

C N PUInt(C)))~

Iy

D
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where N is C - IntP(C) =5 P(Int?(C))/~

Proof. We first construct a monoidal functor K : Int?(C) — D such that Ko N = F.
This functor is defined in the same way as in [41], and is in fact unique.

On objects K(A,U) = FA® (FU)* and given (A,U) AN (B, V) we define K(f)
as

1®0®1)o(1Qe0)
—>

FARFU* '8! FARFVQFV*QFU* 8 FBoFURFV*QFU" " FBQFV*

Graphically this is represented by the following diagram

@

f

We need to prove that K is a functor between paracategories, i.e., if [f1,... fa] 4
then K[fy,...fa] = [Kfi,... Kfs]. The remaining properties of K are proved as
in [41].

Without loss of generality we take n = 4. Therefore we have

K[fi,.. fi] = @ (11)

where

f=
Since F' preserves the trace, composition and symmetries we have that equa-

tion (11) is equal to the following diagram
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Notice that the category D is compact closed and its trace is totally defined and
given by composition of unit 7, counit €, symmetries o and arrows F'f;inD,i=1...4.

‘Therefore, by coherence in D, we transform the previous diagram into

Ff Ff Ffa Ff4

i.e., [Kfl, ce Kf4]
Given K, we use Theorem 5.5.1 to obtain a unique L such that:

¢ <X Int?(C) —Z P(Int?(C))/~

N\l’d

D

Uniqueness: Suppose L' : P(Int?(C))/~ — D is another monoidal functor such
that L’omro N = F. Then K’ = L' o7 satisfies K’ o N = F so by uniqueness of K, it
follows that K = K'. But then L' o m = K, and by uniqueness of L, we have L = L'.

a



Chapter 6

Background material on presheaf

categories

Here we review some of the basic and advanced concepts of functor categories that
will be used in Chapters 7 and 8. For additional details, see [54], [15], [51], [46].

6.1 Universal arrows, representable functors, and

the Yoneda Lemma

Definition 6.1.1. Let F : A — B be a functor and B € B. A pair (4, f) where
A€ Aand f: B — F(A) is said to be a universal arrow from B to F when for every

arrow f': B — F(A’) there is a unique arrow g : A — A’ in the category A such that

B—L- F(4)
P lF(g)
F(A")

is a commutative diagram.

Definition 6.1.2. A universal element of the functor ' : A — Set is an object
A € A and an element z € F(A) such that for any other pair A’ € 4 and 2’ € F(A’)
there exists a unique f: A — A’ that satisfies F(f){(z) = z'.

117
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Definition 6.1.3. Let F': C — Set be a functor. The category El(F) of elements is
given by the following data:

(a) objects of El(F') are pairs (C,z) where z € FC and C € [C|.

(b) morphisms f : (C,z) — (D,y) are arrows f : C — D in the category C such
that Ff(z) =y.

Definition 6.1.4. An object A € A is said to be the representing object of a functor

F : A — Set when there is a natural isomorphism ¢:
A(A,—) = F.

When this occurs we said that F' is a representable functor. There is a distinguished
element of this isomorphism ¢4(14) € F(A), which is called the unit of the represen-

tation.

Theorem 6.1.5 (The Yoneda Lemma). Let F : A — Set be a functor, A € A.

There exists a bijection
Ura: [A Set)(A(A, —), F) - F(A)
which is natural in A and if A is a small category ¥ is natural in F.
Proof. [15] a

Theorem 6.1.6. Let ' : A — Set be a functor, F s representable 1ff it has a

universal element.

Proof. [54] O

6.2 Limits and colimits

Let A and B be categories. For every object A € A the constant functor is
defined to be Ay : B — A with A4(B) = A and A4(f) = 14 when B ENN: 3

If A2 A is an arrow in A there is a natural transformation A(g) : Ax = Ax
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defined (A(g))(B) = g. These functors and natural transformations define a functor

A: A (B A.

Let F : J — A be a functor. The definition of limits and colimits can be

characterized by objects that represent the following functors:

A(=,lim F) = [J, A(A—, F) : A — Set (12)
and

A(colim F, —) = [J, A|(F,A—) : A — Set. (13)
To see this, suppose we have A(—,lim F) 24 [T, Al(A—, F). Then ¢ymr(limr) :

Apmr = F is a cone determined by the universal element. If A = F is another cone
then ¢3'(a) : A — lim F is an arrow on the category A such that by naturality we

have:

A(lim F, lim F) —2=F (7, A](Alim F, F)
' A(¢3' (@) lim F) l[J.Al(Aw;‘(a)),F)
A(A,lim F) P4 (7, Al(AA, F)

which implies by evaluating at 1;,,, - that:

dimr (Liimr) © D@5 () = da(¢;' (@) : AA= F.

Graphically:

AA=—===F

_1\ ”d’hmf’(lhmﬁ‘)
Ay (a))

Alim F

Therefore, evaluating at 7 € J:

A—2> F(3)
I(‘blsz’(lhmF))(i)
lim F

#3 ()
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6.3 Dinatural transformations, ends, and co-ends

Next, we recall the notion of dinatural transformation. The case which interests us

the most is when one of the functors involved is a constant functor.

Definition 6.3.1 (Dinatural transformation). Suppose we have two functors F, G :
AP x A — B, a family of maps o : F — G = {aa : F(A,A) = G(A, A)}ac4
is called a dinatural transformation when for every arrow f : A — B the following
holds:

F(A A) 22>~G(A4, A)

e e

F(B, A) G(A, B)

F(B, B) —=~G(B, B)

Ezxample 6.3.2. Let S : A® — Set be a functor, and let B € |A|. There are two
functors F,G : A x A — Set defined by F(A', A) = S(A") x A(B,A), and G =
A(S(B)), the constant functor. Let us consider maps of type A4 : S(A) x A(B, A) —
S(B) with Aa(z, f) = S(f)(z). Then A : F — G is a dinatural transformation: for
all f: A = A,

A(B, A)
1xA(B,f
S(A )><ABA'// \
\ /
) x A(B, A')

Definition 6.3.3 (Wedge). Given a functor F' : A? x A — B, a wedge is a dinatural

transformation from a constant functor to F,
A(E) = F.
Definition 6.3.4 (End). Given a functor F : A% X A — B, an end is a wedge

A A(E) — F
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satisfying a universal property: if there is another wedge o : A(A) —> F then there
is a unique g : A = F with A4 0 g = a4 for every A € A.

In an analogous way we define the notion of co-end.

Ezample 6.3.5. In the example above we have that S(B) with component A is a co-
end for the functor F. Given a dinatural transformation a4 : S(A) x A(B,A) — X
there is a unique g : S(B) -» X given by g(y) = ap(y, 1) that satisfies the definition.

From the uniqueness of the universal property we conclude that, up to isomor-
phism, all the ends are equal. This justifies the following notation to indicate an end

E with components A 4:

F(A, A) 2% F(A, A)

A
A A
4 / F(A, A).

and in the same way the co-end:
Theorem 6.3.6. Leta: F' = G : A® x A — B be a natural transformation. Suppose

also that there exists the ends induced by F' and G:
/FAA F(A, A) md/GAA 24, (A, A) (14)
then there is a unique map | 4 04,4 in the category B such that:
[ F(A,4) 24~ F(4, A)
J4G(AA) —G(4, A)
Proof. [54] O
Theorem 6.3.7. Let F : A x B® x B — C be a functor such that for each A € | Al

there exists an end

A
/ HA&&iﬁﬂA&m.
B.B

Then there is a unique functor U : A — C with U(A) = [, F 5 F(A, B, B) making A5
natural in A € |A|.

Proof. [54] a
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6.4 Indexed limits and colimits

Definition 6.4.1. Let A be a small category and G : A — B be functors. We define

a functor G : B — [A, Set] whose values on objects are functors
G(B) = B(B,G—) : A — Set
and whose value on a morphism B 4y B’ is a natural transformation
B(f,G-):B(B',G-) — B(B,G-).
Let F: A — Set be a functor. Thus we have a composition of functors:
Br S [A, Set] S Set.
Suppose now that this composition admits a representation:
¢: B(—,C) = [A,Set](F,G(-)).
Definition 6.4.2 (Indexed limit). Let us denote C = {F, G}, so we have that
B(B,{F,G}) = [A, Set|(F,B(B,G-))

natural in B with counit u = ¢ircy(1irey) : F = B({F,G},G—) which has the
property of being a universal element. Following Kelly’s definition [46], we name this
pair ({F, G}, u) the limit of G indexed by F.

Thus u € [A,Set](F,B({F,G},G-)) and if there is another A\ €
[A, Set](F, B(B',G-)) then there exists a unique {F,G} % B’ in the category B°P
such that ([A4, Set](F, B(g, G—)))(1) = A which means that B(g, G—)op = \.

Therefore,

F(A) P4 . B({F,G},G(A)) .
W lB(g.G(A))
B(B',G(A))

Thus, after evaluating at x € F(A) we obtain:
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B __9> {Fa G}
a() luA(E))
G(A)

There is a bijection:
[A, Set|(F,B(B,G-)) = [EI(F), B|(AB, Gorr)

natural in B, with the projection 7f : El(F) — A.
By equation (12):

B(B, lim Goﬂ'F) = [El(F), B](AB, Goﬂ'p)
we conclude that:

Proposition 6.4.3.
© limGonp = {F, G}

Proof. To see this bijection we have that every natural transformation o €
[A,Set|(F, B(B,G-)) and for every f: A — A’ there is a diagram:

F(A) %4 > B(B,G(A))
F(f)l lB(B,G(f))
F(AY 4 . B(B,G(A))

which translates into a diagram:

B
aA(a)l \Q@a”
c(a) —2 S

for every a € F(A).
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Remark 6.4.4. When we choose F' = Al
B(B,limG) = [A, B|(AB,G) = [ A, Set)(Al1, B(B,G—-))
we obtain by definition that
lim G = {A1l,G}

Definition 6.4.5 (Indexed colimit). In the same way as above by duality we define
the colimit of G : A — B indexed by F' : A’ — Set as the representing pair (FxG, \)
of the functor:

[A%, Set](F,G(-)) : B — Set

where G : B — [A°P, Set] whose values on objects are functors
G(B) = B(G—,B) : A” - Set
and whose value on a morphism B 4, B is a natural transformation
B(G—-, f): B(G-,B) - B(G—, B).
Therefore, we have that

B(F x G, B) = [A”, Set|(F, B(G—, B)) (15)
and after evaluating the representation isomorphism on the identity with B = FFx G
we obtain a unit A : F' = B(G—, F *G).

Remark 6.4.6. With enough conditions, for example when B in cocomplete, there is
a functor exG : [A%, Set] — B. Also, from equation (15) we conclude that exG is left
adjoint of the functor B(G—,e) : B — [A, Set] where B(G—,e)(B) = B(G—, B) :
A% — Set. We write e x G 4 B(G—, o).

The functor e x G is the unique, up to isomorphism, colimit preserving functor

such that the following diagram commutes:

A Y . [A%, Set]
\ l.*c
B

In the next section we shall discuss this construction in more detail in the context of

a coproduct preserving Yoneda embedding.
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Proposition 6.4.7. If F: A% — Set and G : A — B then
colimGonf = FxG
Proof. Analogously, there is a bijection:
[A%, Set](F, B(G—, B)) = [El(F)*®, B)(Gor¥, AB)

natural in B, with projection 7% : EI(F)? — A.

From this since by equation (13):
B(colim Gon?, B) = [El(F)®, B|(Gor'y¥, AB)

we conclude that:

colimGorr g = F x G.

a

Remark 6.4.8. Since all colimits may be expressed in terms of coproducts and

coequalizers we have the following explicit formula:

Ha:EF(A),f:A’—)A G(A') HA.xeF(A) G(A) 2 FxG

—
where A is a coequalizer of the unique maps 7 and 6:

G(f)

G(A) d G(A) G(A') G(A)
l(r.nl l‘(A’,Fm(m '(r.nl llm,z)

HIEF(A),A’—fbA G(A) IS HAJGF(A) G(4) HreF(A),A'-&A G(A) s ]-IA,zeF(A) G(4)
obtained by the coproduct definition.
Now, suppose we take F' = A(—, A) : A®? — Set, then for every B we have that:
B(A(—,A) G, B) = [A?, Set|(A(-, A), B(G—, B)) = B(G(A), B)

by the Yoneda Lemma. Therefore A(—, A) x G = G(A). In the same way we obtain
that {A(A, —),G} = G(A).
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Proposition 6.4.9.
A
/ F(A) ® G(A) = FxG

Proof. Let F : A — Set and G : A — B be functors and suppose now that the
category B has copowers'. We denote by X ® A = [[ A € |B| where X is a set and
A € |B|. Then we have
B([* F(A) @ G(A), B) = [, B(F(A) ® G(A), B) = [,[F(A), B(G(A), B)] =
(A, Set)(F, B(G(-), B))
by properties of ends, copowers, hom as end in the functor category.

Thus, by definition this implies that

/AF(A)®G(A)EF*G.

O
In particular when G =Y : A — [A%, Set] we have that:
A
/ FAAQA(-,A) = FxY = F
as we already have proved (Example 6.3.2).
6.5 Idempotent adjunctions
£,
Proposition 6.5.1. Let A_L_ B be an adjunction with unit n : 14 = GF and
G

counit € : FG = 1. Then (i) F is full and faithful f and only if (1) n is an
isomorphism. When these conditions are satisfied, € * G and F * ¢ are isomorphisms.
Dually, G is full and faithful iff and only if € is an isomorphism. When this happens

n* G and F xn are isomorphism as well.

1If X is a set and B an object, the copower X x B is defined to be a coproduct of X copies of
B,ie., [],ex B-



CHAPTER 6. BACKGROUND MATERIAL ON PRESHEAF CATEGORIES 127

Proof. (i)=(ii): We have that ¢ : B(FA, B) — A(A, GB), where ¢~1(g) = ego F(g).
Since F' is full there is an f such that F(f) = e€pa. Hence since F is faithful,
F(fona) = F(f)F(na) = eraF(na) = lpa = F(14) implies f ong = 14 has a
left inverse.

Therefore we have: ¢~'(naof) =erpoF(naof) = erpoF(na)oF(f) = erpoF(na)o
erp = lraoerp = €pp © F(lgra) = ¢"'(1gra). This implies that n4 o f = lgra is
also a right inverse.

(ii)= (i): Consider the following isomorphism

A(A, A) A A4, GFA') 25 B(FA, FA).

When we evaluate at g : A — A’ we obtain that:

¢ A(A,na)(9)) = 07 (nar 0 g)) = era 0 F(naog) = era o F(na) o F(g) = F(g)

by definition of adjunction. Thus ¢! o A(A,n4) = F, is an isomorphism.

6.6 Lambek’s completion for small categories

In this section, we review some material from [51] relevant to the following question:
how to embed a small category as a full subcategory of a complete and cocomplete

category in which the embedding preserves existing limits and colimits.

Definition 6.6.1. Let G : A — B be a functor, A a small category. Recall the
functor G defined in Definition 6.4.1 by G(B) = B(G(-), B) on objects and G(f) =
B(G(-), f) on arrows. We say that G is left adequate for the category B if the functor
G : B — [A%, Set] is fully faithful.

Proposition 6.6.2. Suppose we have a functor G : A — B, A a small category, B
a co-complete category. If G is a left adequate functor then for every B € B there
exists a small category T and a functor H : T — A such that coimGH = B.
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Proof. For every B € B let us consider F' = B(G(-), B) : A”®” — Set. Also consider
the category El(F)° of elements of F, defined in Definition 6.1.3. We claim that
H =7n%: El(F)? = A, ie.,

colim (EI(F)*P HAaAS8 B) ~ B.

If (A, z') = (A,z) then (A, x) 4 (A, x') with

since ¢’ = F(fP)(z).
We define the following set of arrows GnP(A, z) ﬁ(-A—f) B with B4z = x. Naturality

follows from the previous diagram:

Bia,x
————

GnP(A, ) AB(A', x")
Bia,z)
GrP(A,z) —— AB(A, )

for every (A',z') = (A,z). Now since B is co-complete we have that there exists
a co-cone (C,u(ay) : GrP(A,z) — C) such that colim Gm® = C. This implies, by
definition of colimit, that there exists a unique p : C — B such that the following
diagram commutes:

UA,z)

Gn®?(A, z) ———C

N j”

B
Actually p is an epimorphism. If fp = gp with f : B - B'andg : B —» B’
then we have that fpuas) = gpu(as for every g(A) 5 B. This implies fz =
fBiaz) = gBaz) = gz for every g(A) = B. Now we use the fact that by hypothesis
G is faithful. By definition we have G(f) = G(g) : B(G—~, B) — B(G—, B') since

G(f)(A)(z) = fz = gz = G(g)(A)(z), which implies f = g.
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Now we define ay : B(G(A),B) — B(G(A),C) with as(z) = uay) for every
A€ Aand g(A) 3 B. We check that « is a natural transformation:

B(G(4'), B) =2~ B(G(4'), C)
B(G(f)-B)l lB(G(f),C)
B(G(A), B) -4~ B(G(A), C)

for every A ENY'
B(G(f)’ C)(aA’(x/)) = B(G(f)a C)(U(A’,:t’)) = u(A’,z’)G(f) = (*)

Uae) = aa(@'G(f)) = aa(B(G(f),C)(z)).

This equality () is justified because u is a co-cone, i.e., for every (4, z) " (A, 2')

Gror(A, 1) —22Y) | Gror(at, 1)
T‘N %’)
since we have that

U(A /Al z')

The rest of the proof follows now from the fact that G is a full functor. Hence there
exists a morphism b : B — C such that o = B(G-,b) : B(G—,B) —» B(G—,C).
Therefore using this representation we get that u4.) = aa(x) = B(G(A),b)(z) = bz
for every (A, z) € EI(F)?. Thus by definition of colimits we get that bpu ) = bz =
U(az) for every (A, z) € EI(F)° implies that bp = 1¢. But p is an epimorphism, so we
cancel to obtain pbp = pl = p and thus pb = 1, which means it is an isomorphism.

Therefore colim G = (C, ua2))(ax)eEiF) = (B, Baz)(Az)eEIF)- O

Corollary 6.6.3. For every F € [A%, Set)

F = colim (EI(F)® 3 A 5 [ A, Set)).
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Proof. The Yoneda functor A 2> [A%, Set] is left adequate since we have that:
Y : [A?, Set] — [A®, Set] is defined Y (F) = [A?, Set](Y —, F) = F on objects and
Y(a) = [A%,Set](Y —, F) — [A®, Set](Y—, F') = Id(a) on arrows by the Yoneda

Lemma. O

Definition 6.6.4. A functor F' : A — B reflects limits when for each functor G :
Z — A with 7 small and given a cone (A4, u;)icz, u; : A = G(3), if (F(A), F(u;))iez is
a limit of F'G then (A, u;)icz is a limit of G.

Proposition 6.6.5. Let F': A — B be a functor. F preserves colimits if and only if
B(F—,B): A® — Set preserves limits for every B € B.

~Proof. (=) Let us first observe that we have a composition of functors B(F—, B) =
B(—, B) o F? where FP : A% — B preserves limits since F' preserves colimits and
B(—, B) : B°* — Set preserves limits [15].

(<) Now consider the functor G : T — A with colim G = (A4, u;)iez, u; : G(i) = A.
Thus lim G? = (A, u?)iczo» where G : I — A%®. By hypothesis we know that
B(F—,B) : A — Set preserves limits, hence for every B € B the limit takes the
form lim B(F—, B) o G = (B(F(A), B), B(F(u?), B))iezor, so we have:

70 ¥ Ar 55 e Y (B, Set)
i G(i) = F(G(2) = B(F(G(i)), -),

where Y(B') = B(B’, —~) : B — Set.

Therefore for any B € B it may be verified that Y o F°? o G?(~)(B) : I°? — Set has
a limit by hypothesis, since VB € B:

limY o F? o G?(—)(B) = (B(F(A), B), B(F(u?), B))iczor-
Then, by proposition 2.15.1 of [15] we have Y o FP? o G? : T — [BB, Set] has a limit
being compute pointwise. Which means we have:
limY o F? o G = (B(F(A), —), B(F(u?), —))iezor-

But Y is a full and faithful functor, it reflects limits (see proposition 2.9.9 [15]) which
implies that (see definition 2.9.6 [15]) since (Y (F(A)), Y ((F(u?))iezer is the limit of
Y o F? o G then (F(A), F(u;?))iezor is the limit of F? o G in B°. Equivalently,

1
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in view of this we are saying that (F(A), F(u;))iez is the colimit of F o G in B.
Summarizing, we started with colimG = (A, u;);ez and we end with colim FG =

(FA, Fu,)ez, i.e., F preserves colimits. O

Proposition 6.6.6. Let F : A — B be a functor. F preserves coproducts if and only
if B(F—, B) : A® — Set preserves products for every B € B.

Proposition 6.6.7. Let F' : A — B be a functor. F preserves limits if and only 1f
B(B, F-) : A — Set preserves limits for every B € B.

Let F : A — C be a fully faithful functor. Consider the full subcategories B of C
such that |F(A)] C |B| C |C| and define:

ABpic
with F' = jgFg, Fg(A) = F(A), Fg(f) = F(f) and j the inclusion functor. Define By
a full subcategory of C in the following way:

|Bol = {B € |C| : C(F(-),B) : A” — Set preserves limits}.

Remark 6.6.8. If ' : A — C is a fully faithful functor then [F(A)| C [By|. To see
this we have that C(F—, F(A)) = A(—, A) are naturally isomorphic which implies
that C(F—, F(A)) preserves limits.

Proposition 6.6.9. Let F': A — C be a fully faithful functor. Then:

(a) if jpfB preserves colimits then B C By

(b) let T be a small category, and consider the following composition of functors:
J58,3c

if lim jp,A = (C, U]) then C € |Bol

Proof. (a) Take B € |B|, since jgFp preserves colimits then by Proposition 6.6.5

C(js(Fp(—)), B) = C(F(-), B) preserves limits, which by definition means that B €
| Bol-
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(b) We are going to prove that |B'| = |Bo| U {C} also satisfies property of part (a)
above. This implies that B' C By i.e., C € |By|. We have that

AB BB

and we want to show that if Z - A with colim T = (A,u), with T(i) 3 A, i € T then
colim Fpl' = (Fp (A), Fp(w,) )iz = (F(A), F(w,))ez-

Let t : FgI' = C be a co-cone. Without loss of generality, we assume that F:(I'(2)) #
C for every i € . If there exists a ip with F/(I'(ig)) = C then since |F(A)| C |B]
this implies that C € |B|.

We fix an object j € |J|. Therefore since ¢ is a co-cone we consider the following

co-cone:

F(T@@) 3 ¢ 3 ag).

These arrows are contained in the category B because F(I'(i)) and A(y) are object

of B. We know by part (a) that Fp, has the property of preserving colimits:
colim Fg,I" = (Fg,(A), F,(w))iez = (F(A). F(u))iez

For that reason there exists a unique z, : F(A) = A(j) such that

F(L(i)t—cC
F(ur)i l“;
F(A) —= A(j)

for every i € |Z|. We will show that z, is a cone in order to use the universal property
of the limit. Let f: j — j' be an arrow in J. We want to prove that A(f)r, = L.
This follows from the fact that z, is defined using colim Fg,I'. We must check that
vit, = A(f)z,F(u,) for every i € |Z|. Then by uniqueness of the colimit definition we
get that A(f)z, = 2.
But we know by definition of z, that: z,F(u,) = v,t, for every i € |Z|, then composing
with A(f) we obtain A(f)z,F(u,) = A(f)v,t, for every i € |Z|. Therefore, it will be

enough to prove that A(f)v, = v}, but this follows from the naturality of the cone
C = A.


file:///Bo/
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We have proved that F(A) = A is a cone in By. Then by definition of limA = (C, v)
there exists a unique y : F(A) — C such that:

F(A) 21—
A(j)

We therefore put all the equations together: v;t; = z;F(u;) = v;yF(u;) for every
J € |J|. Thus since this is true for every j € |J|, by definition of limit we have that
ti = yF(u).

So now suppose there exists another y’ satisfying the same property as above: t; =
y'F(u;). We want to prove that ¥y = y'. It will be enough to prove that: v(j)y' = z;
for every j € |J|. For that purpose, we know by hypothesis that t; = y'F(u;) for
every i € Z. Then by composing we get v(j)y' F(u;) = v(j)t; for every ¢ € I, and
since v;t; = x;F(u;) we replace it: v;y'F(u;) = x;F(u;) for every i € Z. This implies
by uniqueness of the colimit that v;y’ = z;.

We proved that colim FgI' = (Fg (A), Fp (wi))iez where |B'| = |Bo] U {C}, i.e., for an
arbitrary co-cone in B, (F(A), F(u;))iez is still a limit co-cone and this implication

is the the property that characterizes the set |By|. O

Corollary 6.6.10. Let F' : A — C be a fully faithful functor such that for every C € C
there exists a functor G : T — A with lim FG = C. Then F preserves colimits.

Proof. We consider By as above. Since lim F'G = C for some G, then by part (b) of
the Proposition 6.6.9 above we have that C € By, therefore F = Fj, and it preserves

colimits by Proposition 6.6.5. O

Remark 6.6.11. To prove that Y : A — [A%, Set] preserves limits is equivalent to
proving that Y : 4P — [ A%, Set] preserves colimits and since by Corollary 6.6.3:

F = colim (EI(F)® ™5 A 5 [A®, Set))
for every F' € [A%, Set] this implies that:

F =lim (El(F) 5 AP XY [A®, Set)?)
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for every F' € [A%,Set|?. But we know by the Corollary 6.6.10 above that this

implies that A% =5 [A°, Set|P preserves colimits.

Definition 6.6.12. Let [A,Set],,; C [A, Set] be the full subcategory of limit pre-
serving functors. Since the representable functors A(—, A) : A% — Set preserve
limits, we can define a functor A Yl—"f [A%?,Set];ns by co-restriction induced by the
Yoneda embedding.

Ty [A%P, Set)ins is left

adequate since the induced functor [A, Set|ins fing [A%, Set] is fully faithful. To see

this, we check that we have on objects:

Remark 6.6.13. Let A be a small category. The functor A

Y;nf(F) = [Aop, Set]inf(yinf—, F) = [AOP, Set](Y_, F) = F
since is a full subcategory and Yi,s— = Y — € (A, Set];ns. Thus we have that

[A%, et (F, G) = [A%P, Set](F, G) = [A®, Set](Yins (F), Yins (G))

which means that Y;, s is fully faithful, i.e., Yins left adequate. Therefore, using the

Yin _
same argument we get that A - [A, Set];,; preserves limits.

Proposition 6.6.14. Let B be a full subcategory of C such that for every C € C
there ezists functor G : T — B with colimjgG = C. If B is a co-complete category
then B is a left reflective subcategory of C. Conversely, suppose B is a left reflective
subcategory of C. If C is co-complete then B is co-complete.

Proof. We want to prove that the inclusion functor B <y C has aleft adjoint C EB 1t
is enough to prove that for every C € C there is an object R(C) € B, amap C %5 R(C)
such that for every f: C — B’ with B’ € B there is a unique g : R(C) — B’ such

that the following diagram commutes:

C nc R(C)
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Let us consider C' € C. By hypothesis we have that there exists a functor G: Z — B
with colim jgG = C. But since B is a co-complete category then there is an object
B € B and a co-cone {G(i) = B}ier with colimG = (B, u).

We define R(C) = B, and since {jG(i) = G(i) 3 B}ics is a co-cone of jG in the
category C therefore there exists a unique C § R(C), such that:

G(3) -C
~— |
B = R(C)

commutes for every ¢ € Z. Now suppose we have a map f: C — B’ with B’ € B.
Then since G(i) is an object of B for every i € T and {v;}iez is a co-cone in C this
implies that {jG(i) = G(i) 3 C 5B }ier is a co-cone in the category B. Therefore
by definition of colimG = (B,u) there is a unique g : R(C) — B’, g € B with
fv; = gu; for every ¢ € . Hence fv; = gu; = gncev; for every ¢ € Z, and this implies
by definition (uniqueness) of colimit that f = gnc.

If there is a morphism g : R(Cj — B’ such that f = gnc then by composing with
v; we get fv;, = gnev; for every i € 7 which means that fv; = gu; for every i € T

therefore g = g. If C ENTo morphism in C then R(f) is defined as the unique arrow

such that:
C . R(C)
lf R(f)
' —=— R(C")

commutes. By uniqueness we obtain that R is a functor and naturality of Id = jo R
follows from the diagram.

Conversely, let G : Z — B be a functor. Since C is co-complete there exists colim jG =
(C,v) with 5 : B — C the inclusion functor and G(i) 3 C. By hypothesis we
know that R is a reflection of j, which means B(R(A), B) & C(A, j(B)) for every
A €C, and B € B. When A € B then since B is a full subcategory we have that
B(R(A), B) = B(A, B) for every B € B. By the Yoneda Lemma this implies that
R(A) = A. On the other hand R preserves colimits because is a left adjoint. Thus
G(i) = R(G()) = RjG() ™% R(C) is a colimit of G with R(C) € B. O
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Remark 6.6.15. Notice that, from the proof above, colimits in B are induced by the

reflection, i.e., if G : T — B is a functor with Z small then:
colimg G = R(colim¢ j o G).

Remark 6.6.16. For every F' € [A%, Set] there exists a functor T % [A%?, Set];ny
such that colim jG = F:

ToP

F = colim (BI(F)? ™5 A" A%, Set]in; > [A%, Set)).

Proposition 6.6.17. Let A be a small category. Then [A,Set|;,s is a reflective
subcategory of [ A, Set).

"Proof. [47]. O
Remark 6.6.18. This implies that [A, Set];, is a co-complete category.

Proposition 6.6.19. Let A ‘2_’1_,,); [A, Set];ny be the restricted Yoneda embedding from
Definition 6.6.12 above. Then Yi,¢ is a full and faithful, limit and colimit preserving
functor such that for every F € [ A%, Set)ins there exists a functor G : T — A with

limYinsG = F. Moreover, [A®, Set|;s is a complete and co-complete category.

Proof. First, [A%, Set)ins is a co-complete category by Remark 6.6.18 above. In view
of the Remark 6.6.13 above A )I—"f [A%, Set];ns preserves limits.
Using Proposition 6.6.5:

A Y’—"f [A%, Set];,s preserves co-limits if and only if
[A?, Set]ins(Ying—, F) : AP — Set preserves limits for all F' € [A?, Set];,;.

But by the Yoneda Lemma we have that
[AOP, Set]mf(me—, F) = [AOP, Set](Y_, FY=F

which is the condition that defines the subcategory. Notice that we used the fact that
[A%, Set]in; is a full subcategory.

Now, in view of Proposition 6.6.9, consider the fully faithful functor F : A — C, with
F =Y, By =[A”,Set];,; and C = [A®, Set]. By part (b) when there is a functor

7383
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since [A%, Set] is a complete category then lim jg, A = (C, v;) exists. But this implies
that C € |By| which means that By = [A%, Set];s is complete.

To see why By = [A%, Set];ns, consider B = [A%, Set|;,s and jpFp = Y with Fg =
Ying. Since it preserves colimits then B C By. On the other hand if B € By such
that Yg, : A — By preserves colimits then by Proposition 6.6.5 this implies that:
Bo(Yg,—, B) : A — Set preserves limits. But

Bo(YBO—, B) = [AOP, Set](Y—, B) ~ B.

Thus it means that B preserves limits, i.e., B € [A%, Set];y.

It remains to show that if F' € [A%, Set];,; then there exists a functor G : T — A
with lim Y;,;G = F'. For this, it is enough to prove that Y, is left adequate, which
was done on Remark 6.6.13. O

Remark 6.6.20. This amounts to proving that for every F' € [A%, Set] there is an
object R(F) € [A®,Set]ins, a co-cone Yi,;mr = AR(F), and a co-cone jYi,fmp =
AF such that colim Yi,smp = (R(F),u) and colim jYi,ymr = (F,v). Therefore there
is a unique F 25 R(F) such that

F i R(F)

j}/infﬂ'F(Av a) = }/infﬂ'F(Aa a) = -A(—’ A)
commutes for every ¢ € 7.

To conclude this section, we briefly comment on the reflective adjoint pair i - R
of Proposition 6.6.17. Since [A%, Set];,,s is a co-complete category, all small colimits
exists and we are in a position to consider co-powers A ®,,y B where A € Set and
B € [A®,Set];ns. On the other hand, co-powers in the category [A®, Set];,; are

induced by copowers in [A%, Set] using the reflection above:
A®uy B = RIA®i(B)).

Therefore, since R preserves coends we have that we can express R(F) = F x Y,

as an indexed colimit where the definition of the operation *, taken from [46] (see
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Definition 6.4.5) is given by the next first equation:

T

FaYimy = / " F(2)@ueYins () = / " R(F(2)®A(~, 7)) = R( / F(z)®A(—,z)) = R(F)

Notice that we are using the fact that every representable functor is included in
the category [A%, Set),,;. Thus, in terms of left Kan extension (see Section 6.7) or

indexed colimits we have the following diagram:

A [ A%, Set]

\ﬁHIIFl}Zn!
nf

[.AOP, Set]mf

where fﬁnf = R = — %Y.y = Lany (Yinys) since

A A
LanY(}/lnf)(F) =/ [AOP,Set](Y(A),F) <81nf )/mf(A) g/ F(‘A) @m[ };nf(A)

and Y,,s = ¢ the inclusion functor since

Yins(F) = [A%, Set|(Y(-), F)

iR

F.

6.7 Kan extensions

This section provides a brief overview of the left Kan extension. A large portion of
Chapter 7 depends on this central notion. To mention two examples: the definition
of a left adjoint of a certain functor and the monoidal enrichment of the functor

category.

Definition 6.7.1. Let ' : A — B and G : A — C be two functors. The left Kan
extension of the functor G along F, if it exists, is a functor A" : B — C together with
a natural transformation a : G = KF satisfying the following universal property:
if H: B — Cand 3 : G = HF then there is a unique natural transformation
v: K = H satisfying (yx F)oa = .
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Notation: We denote the functor K by Lang(G).

Let F : A — B, and consider the functor between functor categories
B,c] 5 [A,¢] (16)
defined by precomposition with F, i.e., F*(G) = G o F for any functor G : B — C.
Corollary 6.7.2. If Lang(G) ezists for all G, then Lang - F*.

Proof. The definition above turns out to be the following: for every 8: G = F*(K)
there exists a unique v : Lang(G) — H such that:

which means that:

[BvC](LanF(G)aH] = [A’ C](G’ F*(H))

with unit a = ng : G = F*(Lang(G)).
0

Proposition 6.7.3. If A is a small category and C is co-complete then the left Kan

extension of G along F ezxists.

Remark 6.7.4. We can also formulate the left Kan extension as a coend. If Va,a’ € A
and b € B the copowers B(F'(a’),b) x G(a) exist in C; and the following coend exists
Vb € B then: .

Lang(G)(b) = / B(F(a),b) x G(a).

Notation: For the sake of brevity we sometimes write Lang instead of Lanpop

when the extension is along the opposite functor F : A% — B,

Remark 6.7.5. Notice that for a functor ® : A — B we can express the adjunction
Lane - ®* as a left Kan extension of Y o® : A — [B®, Set] along Y : B — [B°, Set]

in the following way: for some F : A% — Set we have
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Lany (Y o ®)(F) = ([*[A®Set](Y(a),—) x Y 0 ®(a))(F) =
[*[A”Set](Y(a), F) x Y o ®(a) = [ F(a) x B(—, ®(a)) = Laneos(F)

and also for some G : B’ — Set:

(B, Set](Y(®(-)), G) = G(2(-)) = ¢*(G).

6.8 Day’s closed monoidal convolution

A symmetric monoidal category can be fully and faithfully embedded in a symmetric
monoidal closed category in such a way that the tensor is preserved. This construction
is a particular instance of a more general notion called promonoidal categories defined
by Day [18]. In fact there is a correspondence between promonoidal categories and

biclosed monoidal structures defined on the functor categories.

Proposition 6.8.1. Let A be a symmetric monoidal category. Then [A%, Set] can be
equipped with a symmetric monoidal structure (called the Day tensor [18]), such that
the Yoneda embedding Y : A — [A%,Set] is a strong monoidal functor. Moreover,

[A°, Set] is monoidal closed.

Proof. (sketch)

We consider the monoidal closed case on functor categories
([A, Set], ®p, Ip, —o).

This structure is obtained by using the Kan extension to closed functor categories:

Ax A YXY_, [A%,Set] x [AP, Set]
®l lLaanY(“Qb—)
A Y [A%, Set]

In more detail the following data is obtained:

o — ®p —: [A?, Set] x [A%, Set] — [A®, Set] is defined by

5®DT=/a5(a) x/bT(b) x A(=,a ®b)

This operation is also called the convolution of S and T.
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® ID ==¢4C—,I)

e |:Ip®pT — T is given by:
[T Ip(z) x (f*T(a) x A(—,z®a)) = [*(J*Ip(z) x A(—,z®a)) x T(a)
[*A(=,a) x T(@) =T
where \* : [% Az, I) x A(—,z®a)) = A(—, I ®a) "G A(=,a)

A*x1
f——)

e 7: T ®p Ip — T: analogous.

e a:(RepS)®pT > R®p(S®pT)
(RepS)®@pT =

J5(J* R(a) fS ) x A(z,a®b)) x (f*T(c) x A(—,z ®c)))
Eo(flele(lxa Yo

[ R(a) x [*(*S(b) x (J°T(c) x A(z,b®¢))) x A(—,a®z)) = R®p (S®pT)

e c:S®pT—->T®pSis

b a
SopT = / S(a / )><.A(— a®b)) = / T(b)x(/ S(a) x A(—, a®b))
flxglxa)/ T(b) x (/a Sa) x A(—,b®a))=T®p S

e the internal hom is:

(5. T]p = /b (S(b). T(~ © b)

For more details on this construction we refer the reader to [18].

6.9 The reflective subcategory [C, Alr

In this section we give a brief overview the methodology of Freyd and Kelly [24] in
order to build reflections in a more general way using the notion of orthogonality. In
particular, we are interested in some full subcategories of presheaves. This construc-

tion generalizes Lambek’s presentation in Section 6.6 by regarding the condition of
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preserving limits as a special case of the continuity of functors over a certain class of
cylinders.

Given an object A € A, we define a preorder among the class of monomorphisms
with codomain A: if f: B = A, g: C — A are two monomorphisms f is said to be
smaller than g (f < g) when f factors through g i.e., f = gk for some k : B — C.
Note that & is unique and also a monomorphism.

We have an equivalence relation f =g iff f < gand g < f.
Definition 6.9.1. A subobject of A is an equivalence class of these monomorphisms.

The class of subobjects is partially ordered by the order induced by the represen-

tatives.

Definition 6.9.2. We say that a category A is well-powered when for every A € A

the class of subobjects of A is a set.

The dual notions applied to epimorphisms are called quotient for an equivalence

class of epimorphisms, and co-well-powered.

Definition 6.9.3. Let A be an object. The intersection of a family of subobjects
of A, if it exists, is the greatest lower bound defined in the partially ordered class
of subobjects of A. Analogously, by the union we mean the least upper bound, if it

exists.

Concretely, we mean the following: if {4; L’) A},er are subobjects of A then there

exists an arrow M,erA; ENY satisfying the following properties:

- f < fi Viel,ie., for every i € I there exists an arrow N,¢/A; Ly A, such that
fioti=f.

- if there exists a p such that p < f, Vi € [ then p < f, i.e., if there are maps
B 5 Aand BB A; with the property f; op; = p Vi € I then there exists a
unique h : B = MicrA, such that p = foh.

Definition 6.9.4. An infinite limit cardinal o is regular when it is equal to its
cofinality: cf(a) = a. Here cf(«) is the least limit ordinal 8 such that there exists an

increasing sequence {ay}y<p With lim, s a, = a.
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The fact that « is regular means cannot be written as a sum of a lesser number

of cardinals less than «.

Definition 6.9.5. Let a be a regular cardinal. An ordered set J is a-directed when

for every subset I C J with |I| < « there exists an upper bound in J.

Definition 6.9.6. Let S = {f; : C — B} be a family of subobjects of B with
the monotonic property: fe < f. whenever £ < . The family S is called a-directed
provided that the set J is a-directed.

Definition 6.9.7. We say that an object A € A is bounded by a regular cardinal
a when for every morphism from A to a a-directed union Ugc;C¢ factors through a
union UgegCe for some K C J with |K| < a. We call A bounded if each A € A is
bounded.

Definition 6.9.8. Let £, M C Mor(.A) be two classes of morphisms. A factorization
system (E, M) on a category A consists of the following data:

Isos(A) C E N M, isomorphisms belong to the intersection of the two classes

- F and M are closed under composition

for every morphism f there is a factorization f = moe withe € Fandme M

for every f and gif m o€’ o f = gomoe with e,e’ € E and m,m’ € M then

there exists a unique w making the whole diagram

commutative. A factorization system (E, M) is called a proper factorization
when E C Epis(A), M C Monos(.A) where Epis(\A) is the class of all epimor-

phisms of A and Monos(.A) is the class of all monomorphisms of A.
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Definition 6.9.9. An epimorphism p is called extremal provided that whenever we
have p = m o g, where m is a monomorphism then m is also an isomorphism. Dually
we define the notion of extremal monomorphism. Epi* denotes the class of extremal

epimorphism and Mon* the class of extremal monomorphism.
Proposition 6.9.10. If one of these two conditions below are satisfied

- the category A is finitely complete and has arbitrary intersections of monomor-

phisms

- the category A is finitely co-complete and has arbitrary co-intersections of ez-

tremal epimorphisms
then (Epi*,Mon) is a proper factorization system.
Proof. [24] O

In the case of the category of sets a direct calculation shows that Epi® = Epi and
Mon™ = Mon since we have: if p € Epi with p = m o g then a o m = b o m implies

aomog=>bomog whichisaop=>bop and thisa =b.

Definition 6.9.11. Given factorization system (E, Al) a generator of the category
A is a small full subcategory G such that for each 4 € A, UgegA(G. A) C E.

When a factorization system (£, M) is proper and G a generator then given any

pair of morphisms f,g: A — B then for every p: G — A with G € G we have that
fop=gop = f=g
If A has coproducts then G is a generator if and ouly if for every 4 € A the map:

ka: JICT])— 4

GeG A(G.A)
isin E; where k4 is defined by the universal property of the coproduct. i.e., kyoig =

f:G— Aandicys: G — [lgeg(llac.a)) is the coproduct injection.

Definition 6.9.12. Let P,Q : K — C be functors with K a small category. A cylinder

in C is just a natural transformation o : P — Q.
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Definition 6.9.13. A functor T : C — A is continuous with respect to the cylinder

o when:

- there exists lim TP and lim T'Q) as cones in A.

- the unique morphism limTa : lim TP — limTQ determined by the definition
of limit (lim TQ, 7%2):

TPK —225 . TQK

is an isomorphism.

Remark 6.9.14. In the case when P = AC is a constant functor, C € C, then «a is
just a cone in the usual sense and continuity is the standard definition of continuity

of functors.

Definition 6.9.15. Let I be a class of cylinders in the category C. Then [C, A]r is the
full subcategory of [C, .A] of functors T that are continuous w.r.t. each (P,Q,a) € T

Definition 6.9.16. Consider an arrow f : A — B and an object C € A. We say
that f is orthogonal to C, and we write C L f. if for every morphism y : A —» C

there exists a unique x : B — C such that z o f = y.

This definition is basically the definition of a bijective function since is equivalent
to the fact that the representables A(B, C) ALQ A(A, C) are isos in the category of
sets.

Dually we consider f L C.

Definition 6.9.17. Given a class A of morphisms in a category A, let us consider the
full subcategory of A defined by the following object: At ={Be A: B L f,Vf €
A}.

Definition 6.9.18. Let us consider X € Set, where A € A. The tensor product
X ® A € A is the co-power, i.e., the coproduct of |X| copies of the object A in the

category A characterized by the following natural isomorphism:

A(X ® A, B) = Set(X, A(A, B)).
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Now, to each cylinder a : P — @Q : K — C we associate an arrow & : Q> Pin
the presheaf category [C, A] in the following way.
First we consider the functor P : K? — [C, Set] defined by:

K? 25 cor X, [C, Set)]

thus P(K) = C(P(K), —), and C(f, —) if f € K.
Then. we take P = colim P the pointwise colimit in the category [C, Set], i.e.,
P € [C,Set).

In the same way, at the level of arrows we get:
aAK = C(aKv —) ; C(QKa _) — C(PKa —)

and then we obtain:
N &k n

QK P(K
S
Q-—~——--- - P

by definition of colimit (Q, 77;%), since ) o &k is natural in K. So, & is given as the

unique arrow in [C, Set] making the previous diagram commute. Now we consider

the class of morphisms A C [C, A] depending on a choice of a class of cylinders I':
A={GQA: QA —> P®Awith Ac A acl}

where Q @ A : C - A and @ ® A are defined using the pointwise co-power as
(@®A)(C)=Q(C)® A.

Proposition 6.9.19. Let A be a complete and co-complete category and let I be a
class of cylinders in the small category C. Then [C, Alr = At.

Proof. Since both categories are full it is enough to check that they contain the same
objects. We want to prove that T' € A if and only if T € [C, A]r.

By definition of the orthogonal class, T € At if and only if for every @ ® A € A
we have that [C, A](& ® A,T) is a bijective map, i.e., for every u: Q ® A — T there
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exists a unique v such that,

O0A—= T
5‘@’41 /
PoA

But since when A(F(X), B) = Set(X, G(B)) is natural with F : Set —» A, F(X) =
X ®Aand G: A — Set, G(B) = A(A, B). Then we have that:

ox,B

A(F(X), B) Set(X,G(B))
A(F(f),g)l lSet(f,G(g))
A(F(X"), B') Set(X', G(B"))

x!,B’
with X’ 5 X and B % B'.

This implies that G(g)o¢x s(z)o f = ¢x p(goxzo F(f)) for every z : F(X) — B.
Therefore choosing g =1, x =v, X = 15, X' = Q, f =&, B =T we have that since
voF (&) = pthen ¢x p(VoF(&)) = ¢x p(n) and then G(1)odx g(v)od = ¢x/ g ().

Using the natural isomorphism let us call v’ = ¢x p(v) : P — A(A,T—) where
v:F(P) = T and i = ¢x p(p) : Q = A(A,T—) where p : F(Q) — T. So this

turns out to be v’ o & = p,

- A(A,T-)

~ - - @ - - .
Then by definition of ) = colim ) with injection QK = Q and P = colim P with
~ lP ~
injection PK % P we define u” and v” by the following compositions: u” = i’ o z'jQ(
~ ’lQ ~ /
where C(QK,-) = QK -5 Q X5 A(A,T-) and v" = v/ o if. where C(PK,—) =

Y SR
PK 5 P X5 A(A,T-). Therefore we have

O

a

-Sn—

el

12 '

C(QK, -) Q Y - A(A,T-)
cton)| | 7
C(PK,-) p
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Let us call F = A(A,T-), then by naturality of the Yoneda Lemma with respect to
ak we have that:

Op

[C, Set)(C(PK,—), F) F(PK)
{C‘Set](C(aK,—),F)l F(ax)l
C, Set] (C(QK, —), F) —= F(QK)

Thus if we evaluate v : C(PK,—) — F we obtain:
fo(v oC(ak, —)) = Flak)(0p(v))
and since F' = A(A,T-) then we get
(v o Clax, =) = T(ax) o 8p(v)
Therefore since " = v” o C(ak, —) we have by choosing v = v":
Oq(1") = T(ak) o 0p(v")

where Og(p") € F(QK) = A(A, TQK), g(1") : A - TQK and 6(v") € F(PK) =
A(A, TPK), 8p(v") : A — TPK.

So by naturality of K and the definition of limit we obtain the following diagram:

IimTQ
i
7Q
A G TQK
“ ]T(QK) limTa
0 VII
A PV TPK
T
imTP

Thus the condition of T € [C, A]r (continuity) is by definition that lim Ta is an
isomorphism and T € A+ (orthogonality) iff [C, A](@ ® A, T) is an isomorphism. O

Theorem 6.9.20. Let A be a complete and co-complete category with a given proper
factorization system (E,M). Let A be bounded and co-well-powered. Let us consider
the class A = ® UV where ® is small and where ¥ C E. Then A* is a reflective
subcategory of A.
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Proof. [24] d

Theorem 6.9.21. Let A be a complete and co-complete category with a given proper
factorization system (E, M). Let A be bounded with a generator, and co-well-powered.
Let T be a class of cylinders in the small category C, and let all but a set of these
cylinders be cones. Then [C, AJr is a reflective subcategory of [C, A].

Proof. [24] a

6.10 Day’s reflection theorem

Let B be a symmetric monoidal closed category. Day’s so-called reflection theo-
rem [19] can be used to derive a monoidal closed structure in a reflective subcategory
of [B?,Set]. In Chapter 7, we shall utilize this to determine a strong monoidal
functor which, in turns, determines a monoidal adjunction. Here, we review Day’s

reflection theorem.

Definition 6.10.1. A class of objects A C |B| is strongly generating when B(1, f) :
B(A,B) — B(A, B') is an isomorphism for every A € A implies that f : B — B’ is
an isomorphism in B.

Dually we define the notion of strongly cogenerating class of object by considering
the maps B(f,1).

Example 6.10.2. The class A C [B°,Set], where A = {B(—,B) : B € |B|} are
representables, is strongly generating. To see this we must prove that if (1,a) :
(B, Set|(B(—, B), F') — [B°,Set|(B(—, B),G) is an isomorphism for every B € B,
where (1, @) = [B°, Set|(B(—, B), @) acts on natural transformations as (1, a)(8) =
aof, then a : F = G is an isomorphism. To prove this, consider the following

diagram:

(L)

(B, Set)(B(—, B), F) (B, Set](B(—, B), G)

e .

F(B) G(B)

g
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where ¢! : F(B) — [B,Set](B(—, B), F) is defined ¢z'(z) : B(—,B) = F as
(67 (z))c(9) = Flg)(z) and ¢g : [B?,Set)(B(—, B),G) — G(B) is defined as
oc(B) = Be(1B).

Therefore, we have
(dc o (1,0) 0 ¢5')(z) = da((1,@)((¢F'(2))) =

= ¢clao¢p!(z)) = (o ¢5'(z))8(18) = ap o (¢5'(z))s(lp) =
= ap((¢7'(2))8(18)) = ap(F(16)(z)) = as(lrs)(z)) = ap(z),

which means ¢g o (1,a) o qb,?l = ag.

Theorem 6.10.3. (Day’s reflection theorem) Let (B,®,I,[—]) be a symmetric
F

monoidal closed category, and let B _L_C be an adjunction from B to C, where
G

G 1s full and faithful. Let A C |B| be a strongly generating class in B and D C |C| be

a strongly cogenerating class wn C. Then the following are equivalent:

(0) there exists a monowdal closed structure on C for which F 1s a monoidal strong

functor.
(a) n:[B,GC| - GF[B.GC), s an wsomorphism for all C € C. B € B.
(b) n:[A,GD] - GF[A.GD), 1s an 1somorphism for all A€ A, D € D
(c) [n,1]: [GFB,GC] — [B,GC], s an somorphism for allC € C. B € B.
(d) Fn®1l): F(B® B') > F(GFB ® B'), 1s an wsomorphism for all B. B’ € B.
(e) F(n®1): F(BA) = F(GFB®A), 1s an isomorphism for all A € A. B € B.

(f) F(n®n): F(BB') > F(GFBRGFB'), 1s an isomorphism for all B. B' € B.
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Proof. (a) = (b) Since A C Band D CC.

(b) = (e)
C(F(GFB® A), D) —SE"®D  _ cp(B @ A), D)
adjunction (4) adjunction
B(GFB ® A,GD) BoeLD B(B® A,GD)
closed (3) closed
B(n,1)
B(GFB,|4,GD)) B(B, 4, GD))
7 iso by hypothesis B(1®77) 2 7 iso by hypothesis B(l@n)
B(n,1)

B(GFB,GF|A,GD))
(1)

G fully faithful

C(FB,F|A,GD))

- B(B,GF|[A,GD))

adjunction

(1) commutes since we have 6(f) = G(f) o ng = (B(n,1) o Grp.rlacp))(f)

B(GFB,GF[A,GD))

s B(B,GF[A,GD))

IG /

C(FB, F|A,GD])

(2) by functoriality; (3) and (4) by naturality. The vertical and bottom arrows are
isos then the top is an isomorphism. Hence since D C C is strongly cogenerating we
have that F(n® 1) : F(B® A) - F(GFB ® A) is an isomorphism for every A € A
and B € B.

(e) = (c)
C(F(GFB® A),C) C(F(n®1).1)

adjunction l

C(F(B® A),C)

adjunc!.ionl

(2)

B(n®1,1)

B(GFB ® A,GC) B(B® A,GC)
closed l (l) closed l
B(A,[GFB,GC)) —22 B(A, B, GC))
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(1) and (2) commute by naturality. The top arrow is an isomorphism by
hypothesis, also the vertical arrows are isomorphism, this implies that the bottom
arrow is an iso and since A is strongly generating then [n,1] : [GFB,GC] — [B, GC]

is an isomorphism as well.

(c) = (d) We use the same diagram with 4 € B.

(d) = (f)
By functoriality
F(B® B Fingn) F(GFB® GFB')
F(GFB® B

(f) = (a)
We want to find an arrow v : GF[B,GC] — [B,GC] such that nov =von = 1.

From naturality of the following diagram

B(GF|B,GC] ® B,GC) —*— B(GF|B,GC), B, GC))
lB(n@l,l) lB(n,l)
B([B,GC] ® B,GC) ¢ B([B,GC], B, GC))

we obtain B(n®1,1)(¢™}(v)) = ¢~'(B(n, 1)(v)) which implies that ¢~'(v)o (n®1) =
¢~ (v omn). On the other hand we have that

1 =vonif and only if ¢71(1) = ¢~} (von) if and only if ev = ¢~ 1(v) 0o (n ® 1).

Therefore by uniqueness it is enough to find an arrow z of the correct type which is

a solution of the following equation
ev=zx0(n®1)

for then z = ¢~1(v), i.e., ¢(z) = v. We choose z = G(0~(ev))GF(n & n)n(1 ® 1)
satisfying the following diagram
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[B,GC]® B v GC
(1) G(6-1(ev))
7 ( (ev
n®1 aen GF([B,GC]® B)
TGF(TI®YI)

GF|B,GC|® B— GF[B,GC|® GFB— GF(GF|B,GC] ® GFB)

To justify (1), let ¢ : B([B,GC] ® B,GC) — B([B,GC],[B,GC]) be the tensor
adjunction. By definition we have ev = ¢~!(1ip,cc)). Now consider the adjunction

between functors F' and G,
6:C(F([B,GC]|® B),C) = B([B,GC| ® B,GC)

and take ¢’ = §~!(ev). Then we have that G(¢’) ons,ccjes = 0(€') = 0(07(ev)) = ev.
It remains to prove that nov = 1. Since G : C — B is a fully faithful functor, there

is a unique f such that G(f) =nov. Also we know that v o = 1 Hence, we have
G(f)en=movjon=mno(von) =no(l)=n=G(1)en.

Finally, from the adjunction 6 : C(F[B, GC], F[B,GC| — B(|B,GC|,GF[B,GC]) we
obtain 0(f) = G(f) o nB,cc), which implies that 6(f) = 6(1), i.e., f = 1. Therefore
nov=G(1) =1

(0) = (f) See [43].

(f) = (0)
The monoidal closed structure induced on C:
Now using Theorem 6.10.3 we are able to induce a monoidal structure on the category
C. Define CQC' = F(GC ® GC') and f&g = F(Gf ® Gg). Also define I = FI
and (F,m) is monoidal functor, where m4 5 : F(A)®F(B) — F(A ® B) is given by:
map = (F(n®n))~ with (F(n®n))™': F(GFA® GFB) - F(A® B).
The tensor has right adjoint given by the following formula [C, F]¢ = F[GC,GE],
C,E € |C|

C(D&C, E) = C(F(GD ® GC), E) = B(GD ® GC, GE)
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~ B(GD,[GC, GE)) = B(GD, GF|GC, GE)) & C(D, F|GC, GE)) = C(D, [C, El¢).

In order to obtain a monoidal structure on the category C we define natural isomor-

phisms X, j and & determined by the following diagrams:

A

I®&C = F(GFI ® GC) C
F(7I1®1)_1l ]‘C

F(I®GC) O FGC

C&I = F(GC ® GFI) -~
F(1®m)_11 ]fc

F(GC® ) — FGC

C&C'&C") = F((GC ® GF(GC' ® GC')) 22 F((GC @ (GC' © GC™))

‘| T”")

(CRCRC" = F(GF(GC ® GC') ® GC") F(GC®GC")y® GC")

F(nen)~!

For example we want to check that:

(CR&N&C” " ce&(Iec)

pR1 18X

cec
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this diagram is the center (F) of the following diagram:

F(GC ® GC')
F{(1@X)
fe]
F(GC @ (I @ GC')) ~———————> F(GC Q GF(I ® GC')) F1®ngeor)
F(1®"1®GC’
m
E
F(18(n81)) FURG(F(n®1) ™)) F(GC @ GF(GC'))
I
F(GC ® (GFI® GC'Y) -——F“—é—)> F(GC @ GF(GFI® GC')) F(18G(exr))
n 1
1®X
C - F ’
F(a) B F(a) & F(GC @ GC')
A1
F(nen~! 1
F((GC ® GFI)® GC') =——— F(G(F(GC ® GFI)) @ GC') F(G(s¢)®1)
H
A
Femen ! P(G(F(187) " H®l) F(G(F(GC)) ® GC')
y/
Flngcer® D
FUGCR®I)Q GC') —— 3 FIGF(GC QR 1) ®GC’) Fingc®1)
x‘

F(GC ® GC')

Diagram A: By naturality of n with 1®n; : GC ® I - GC @ GFI, then by
functoriality of — ® GC’ and F we obtain:

F(GC®I)®GC) Fceor®) | pGR(GC ® 1) ® GC')
F((l®m)®1)l lF(GFU@m)@l)
F((GC®GFI)® GC") FoecaarraD F(GF(GC®GFI)® GC")

Since F(lge ® nr), F(neesr ® leer) and F(ngescrr @ lgcr) are invertible map
this implies that F((lgc ® n1) ® 1ger) is invertible as well.

Diagram D: by naturality of n with p : GC®I — GC we have that GF(p)ongcer =
ncc © p then by functoriality of — ® GC’ and F.

Diagram H: by definition we have g = F(1 ®n)~!; F(p); ¢, then we apply functor
—-®— = F(G(=) ® G(-)) to the pair of arrows (p, 1¢r).
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Diagram C: by definition of a.

Diagram B: by considering the diagram A, the map F((1gc ® ) ® 1lgcr) ™! makes
sense, also by naturality of o with 1g¢, 17 and 1g¢r, and then compose with F.

Diagram E: this is analogous to diagram A. We consider naturality of n with the
map 7, ®1: I®GC' - GFI ® GC’, then compose with the functor GC ® — and F.
Since F'(nr ® 1) is invertible then F(1 ® GF(n; ® 1)) is invertible and we have that:

F(1®mgeer) = F1@G((F(nr ®1)™")) o F(1 @ ngrigcer) c F(1® (7 ® 1))

Diagram G: this is analogous to diagram D. Naturality of n with A : I®GC’" — GC’
then compose with GC ® — and F.
At the bottom of the diagram we have an adjoint equation: ng o G(¢) = 1.

We can also define p on the image of F' in the following way:

FB&I = F(GFB® GFIY

-1
F(ng®ny) l %

F(B®I)

This coincides with the above definition:

FB

F(GFB® GFIfers®)  p(GFB » 1)
F(ﬁ)'
F(np®n;)~! F(G(F(B)))

F(B®I) 0 FB

To see this we have that:

F(p)o F(ng®mn)™' =eppo F(p)o F(lgrs ®ny)~" iff
F(p)=¢erpo F(p)o F(lgra®n;)~' o F(ng ® ;) iff

F(p) =erpo F(p)o F(lgra®nr)~ o F(lgrp ® nr) o F(np @ 1;) iff
F(p) =erpo F(p)o F(ng ®1,) iff

erp o F(p) = F(p) o F(ns ® 1) iff

F(ng) o F(p) = F(p) o F(ng ® 1) iff

]

F
F
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F(ngop)=F(po(ns®1s))
where the last two equations are justified by naturality of p with g : B —» GFB

and, since G is full and faithful, we have that ¢ is an isomorphism and ez = F(np).

We can also define an associativity isomorphism on the image of G
a: (GCRGCHRGC" — GCR(GC'&GC")

in the following way:

F(G(F(G(FB) ® G(FB'))) ® G(FB")) > F(GFB ® GF(GFB' ® GFB"))

F(G(F(n®n)“)®1)l TF(1®GF(n®n))
F(GF(B® B') ® GFB") F(GFB® GF(B'® B"))
F(n@n)~! l Tﬂn@n)

F((B® B)® B") = F(B® (B'® B"))

F(G(F(G(FB) ® G(FB"))) ® G(FB")) )", p((GFB ® GFB')® GFB")

F(G(F(n®n)")®1)l 4 F(a)l
F(GF(B® B')® GFB") mom o) F(GFB® (GFB'® GFB"))
F(n®n)"l F(l®n)l

B

GFB ® GF(GFB' ® GFB"))
TFU@GF(n@f)))

F(GFB® GF(B' ® B"))

F((B® B') ® B")
F(a)l
F(B®(B'® B"))

F (n®(n®n§(

F(n®n)
Diagram A commutes by naturality of n with n®7n: B® B’ - GFBQ® GFB’: we
apply — ®np~

(B B')® B" GF(B® B)®@ GFB"

(n®n)®nl GF(n@n)@ll

(GFB® GFB')® GFB" —= GF(GFB® GFB') ® GFB"
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and then we apply functor F.

Diagram B commutes by naturality of the isomorphism «

Diagram C is analogous to diagram A: it commutes by naturality of n with n ® 7 :
B'® B” - GFB' ® GFB", then we apply 7 ® — and finally we evaluate the functor
F on this diagram. O

6.11 Application of Day’s reflection theorem to

presheaves

Now we consider a particular case of Theorem 6.10.3 studied in [20]. Let us con-
F

sider [B°?,Set] __ L C with G fully faithful and where ([B?, Set|, ®, I) has the
G

monoidal structure induced by the convolution product (defined in Proposition 6.8.1).

When A = B(—, B) is a representable functor, by the Yoneda Lemma we have that:
AG©) = [ BE.B.GOoB*6(C)-08) (7

Now suppose there exists C' € C such that
G(C)(-® B) = G(C") (18)

is a natural isomorphism between functors. Let us explicitly call ¢ the composition
of these two isomorphisms (17) and (18) above: ¢ : [A,G(C)] — G(C’). Then we

have:

[4,G(0)] d G(C)
171[A,G(C)] 1"0(0’)
GF4,G(C) —22 . GF(G(C"))

From this diagram we conclude that the condition of 74 (c) being an isomorphism
is equivalent to the condition of ng(cy of being an isomorphism. Thus, since G is
fully faithful we have by Proposition 6.5.1 that 5 * G is always an isomorphism
which implies that 74,¢(c) is an isomorphism as well. Therefore, the adjunction is

monoidal if and only if condition (18) is satisfied.
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In the particular case when G is an inclusion this translates to the condition that
there exists an isomorphism C(— ® B) = C' where C € C C [B®,Set|, B € B for
some C' € C.

Remark 6.11.1. Consider C = [B%, Set},,;. Suppose we have two functors F and
H isomorphic in [B%, Set]. Then F preserves limits if and only if H preserves limits.
Therefore the condition C(— ® B) = C’ € C implies that C'(— ® B) preserves limits,
ie., C(— ® B) € [B*”,Set],,s. We have by hypothesis that C € C and hence it
depends on whether the functor — @ B : B — B% preserves limits. The same is

valid if we consider not all but some specific limits: a certain class I.



Chapter 7

Presheaft models of a quantum

lambda calculus

In this chapter we study a categorical model for the quantum lambda calculus of
Selinger and Valiron [67]. We focus on exploring the existence of such a model using
presheaf categories.

In [63], Selinger defined an elementary quantum flow chart language and gave a
denotational model in terms of superoperators. This axiomatic framework captures
the behavior and interconnection between the basic quantum computation concepts
such as the manipulation of quantum bits by considering two basic operations: mea-
surement and unitary transformation in a lower-level language. In particular, the
semantics of this framework is very well understood: each program corresponds to a
concrete superoperator.

Higher-order functions are functions that can input or output other functions.
In order to deal with higher-order functions, Selinger and Valiron introduced, in
several papers [68], [69], [70] a typed lambda calculus for quantum computation and
investigated several aspects of its semantics. In this context, they combined two very
well-established languages in the literature of computer science: the intuitionistic
fragment of Girard’s linear logic [26] and the computational monads introduced by
Moggi in [56].

The type system of Selinger and Valiron’s quantum lambda calculus is based on

160
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intuitionistic linear logic, where the rules of weakening and contraction are controlled

“pn

in a sensitive way by an operator called “of course” or “exponential”. This
operator creates a bridge between two different kinds of computation. More precisely,
a value of a general type A can only be used once, whereas a value of type !A can be
copied and used multiple times. The impossibility of copying quantum information
is one of the fundamental differences between quantum information and classical
information, and is known as the no-cloning property. From the logical perspective,
it therefore seems natural to relate quantum computation and linear logic. Note that

“'”

the operator satisfies the properties of a comonad.

Since we have higher-order functions, as well as probabilistic operations (namely
quantum measurement), the language needs to address the question of evaluation
strategies. Otherwise, in some concrete situation, it would be impossible to give a
coherent outcome every time for identical circumstances. In order to deal with this
issue, Selinger and Valiron chose to incorporate a methodology a la Moggi by making
the distinction between values and computations. Moggi [56] proposed the notion of
a monad as an appropriate tool for interpreting computational behavior. At the level
of the denotational model, this will be reflected by a strong monad.

To summarize, let us say that the exponential operator ! will be modelled by
a monoidal comonad arising from an adjunction between a cartesian category (ac-
counting for classical duplicability) and a symmetric monoidal category (accounting
for quantum non-duplicability) while the manipulation of the probabilistic aspect of
the quantum computation is handled by a monoidal monad. The result of combin-
ing these two methodologies is what Selinger and Valiron call a linear category for
duplication.

This is not the first time that this interaction between a monad and a comonad
has been invoked in order to express denotational aspects of a system in computer
science (see [10] for example). But what is new in Selinger and Valiron's work, is
putting this interaction in the context of quantum computation.

In this thesis, we will focus exclusively on the categorical aspects of the model
construction. Thus, we will not review the syntax of the quantum lambda calculus

itself. Instead, we will take as our starting point Selinger and Valiron’s definition of
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a categorical model of the quantum lambda calculus [70]. It was already proven in {70]
that the quantum lambda calculus forms an internal language for the class of such
models. This is similar to the well-known interplay between typed lambda calculus
and cartesian closed categories [52]. What was left open in [70] was the construction
of a concrete such model (other than that given by the syntax itself). This is the
question we answer here.

The use of category theory to model and to explain formal languages has an
established tradition in logic, but in quantum computation it constitutes a relatively
recent trend. We finish this introduction by stressing that the field of quantum
computation in connection with category theory is fast-growing. The ability to create
bridges among these different branches of mathematics that are apparently far from
one another is one of the motivating goals of this thesis and we hope to contribute in

this direction.

7.1 Definition of a categorical model for quantum

lambda calculus

In the introduction we informally described the main ideas and motivation of what
should be a categorical model for quantum lambda calculus. Here we shall take the
formal definition in {70] as our starting point. However. before presenting it. we will
give some preliminary definitions and we shall make some remarks about how to
simplify its presentation. Several of the definitions sketched here will be made more
precise in Section 7.3 and beyond.

Let (C,®,1,a,p, A,0) be a symmetric monoidal category.

Definition 7.1.1. A symmetric monoidal comonad (,d.z.m, g.m;) is a comonad
(!,6,e) where the functor ! is a monoidal functor (!.m g.m;), ie., with natural
transformations myp : !1A® !B — (A ® B) and m; : I — 'I satisfying the coher-
ence axioms of Definition 2.2.4, such that é and ¢ are symmetric monoidal natural

transformations.
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Definition 7.1.2. A linear exponential comonad is a symmetric monoidal comonad

(1,6,e,ma g, mr) in which the following conditions hold:

for every A € C there exists a commutative comonoid, with ds :!A —-!A®!A

and e4 :!A — I as associated maps,

- ds and ey are monoidal natural transformation with respect to the natural

transformations m,

d 4 and e4 are coalgebra morphisms when we consider (14,6,4), (!AQ!A, myg14 0
(04 ® 64)), and (I, my) as coalgebras,

- the maps 64 : (!A4,ea,da) = (A, e14,di4) are comonoid morphisms.
Definition 7.1.3. Let (T, 7, 1) be a strong monad. We say that C has Kleisli expo-
nentials if there exists a functor [—, =] : C°? x C — C and a natural isomorphism:
Remark 7.1.4. When the category (C, ®, [—, —]) is a monoidal closed category then
it certainly has Kleisli exponentials just by putting [B,C], = [B,TC].

Definition 7.1.5 (Linear category for duplication [70]). A linear category for du-
plication consists of a symmetric monoidal category (C, ®, I) satisfying the following

data:

- an idempotent, strongly monoidal, linear exponential comonad (!, 4, ¢, d, e),
- a strong monad (T, u, n, t),

- C has Kleisli exponentials.

Further, if the unit I is a terminal object we shall speak of an affine linear category
for duplication, cf. Definition 2.5.1.

Remark 7.1.6. The definition of a linear category for duplication (Definition 7.1.5)

is equivalent to the existence of a pair of monoidal adjunctions ([9], [55] and [49]):

(L) (Fym)
B,x,)__ 1T (1) _1T (D&
(4.3) (Gn)
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where the category B has finite products and C and D are symmetric monoidal closed
categories. The monoidal adjoint pair of functors on the left represents a linear-non-
linear model in the sense of Benton [9] in which we obtain a monoidal comonad by
! = L ol. The monoidal adjoint on the right gives rise to T'= GG o F' a strong monad
in the sense of Kock [48], [49] which is also a computational monad in the sense of
Moggi [56].

We now state the main definition of a model of the quantum lambda calculus.

Definition 7.1.7 (Model of the quantum lambda calculus {70]). An abstract model of
the quantum lambda calculus is an affine linear category for duplication C with finite
coproducts, preserved by the comonad !. Moreover, a concrete model of the quantum
lambda calculus is an abstract model of the quantum lambda calculus such that there
exists a full and faithful embedding Q — Cr, preserving tensor ® and coproduct &,
from the category Q of norm non-increasing superoperators (see Definition 3.2.4) into

the Kleisli category generated by the monad T

Remark 7.1.8. To make the connection to quantum lambda calculus: the category C,
the Kleisli category Cr, and the co-Kleisli category Cy all have the same objects, which
correspond to types of the quantum lambda calculus. The morphism f: A — B of C
correspoﬁd to wvalues of type B (parameterized by variables of type A). A morphism
f : A — B in Cr, which is really a morphism f : A — TB in C, corresponds to
a computation of type B (roughly, a probability distribution of values). Finally, a
morphism f : A — B in C,, which is really a morphism f : !A — B in C, corresponds
to a classical value of type B, i.e., one which only depends on classical variables. The

“'”

idempotence of “!I” implies that morphisms !4 — B are in one-to-one correspondence

with morphisms !A — !B, i.e., classical values are duplicable. For details, see [70].

7.2 Outline of the procedure for obtaining the

model

Our complete process for obtaining a categorical model of the quantum lambda cal-

culus consists of two stages. In the first stage, we will construct abstract models of
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the quantum lambda calculus by applying a certain presheaf construction to suitable
sequences of functors B — C — D. This construction is very general, and the base
categories B, C, and D can be viewed as parameters. We will identify the precise con-
ditions required of the base categories (and the functors connecting them) in order
to obtain a valid abstract model. This is the content of Chapter 7.

In the second stage, we will construct a concrete model of the quantum lambda
calculus by identifying particular base categories so that the remaining conditions of
Definition 7.1.7 are satisfied. This is the content of Chapter 8.

We briefly outline the main steps of the construction; full details will be given in

later sections.

e The basic idea of the construction is to lift a sequence of functors
B—-C—->DD

into a pair of adjunctions between presheaf categories

L F
[B, Set)] I [CoP, Set] L [DP, Set]
®* v

Here, ®* and U* are the precomposition functors, and L and F, are their left
Kan extensions. By Remark 7.1.6, such a pair of adjunctions potentially yields
a linear category for duplication, and therefore, with additional conditions, an
abstract model of quantum computation. Our goal is to identify the particular

conditions on B, C, D, ®, and ¥, that make this construction work correctly.

e By Day’s construction, the requirement that [C?, Set] and [D,Set] are
monoidal closed can be achieved by requiring C and D to be monoidal. The
requirement that the adjunctions L 4 ®* and F; - ¥* are monoidal is directly
related to the fact that the functors ¥ and ® are strong monoidal. More pre-
cisely, this implies that the left Kan extension is a strong monoidal functor
which in turn determines the enrichment of the adjunction. We also note that

the category B must be cartesian.
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e One important complication with the model, as discussed so far, is the following.
The Yoneda embedding Y : D — [D, Set] is full and faithful, and by Day’s
result, also preserves the monoidal structure ®. Therefore, if one takes D =
Q, all but one of the conditions of a concrete model (from Definition 7.1.7)
are automatically satisfied. Unfortunately, the Yoneda embedding does not
preserve coproducts, and therefore the remaining condition of Definition 7.1.7
fails. For this reason, we modify the construction and use the modified presheaf
category and coproduct-preserving Yoneda embedding from Section 6.9. Our

adjunctions, and the associated Yoneda embeddings, now look like this:

[B°P, Set] — 22~ [P, Set] — S [D, Set|r
"1 YT e
B i C v D

The second pair of adjoint functors F' 4 GG is generated by the composition of

two adjunctions:

Fl F2
[C, Set] 1 [D°?, Set] T [DP, Set|r
T Gz

Here, the pair of functors F, 4 G, arises as a reflection of [Q%,Set|r in
[Q°P, Set], and depends on a choice of a certain class I of cones. The structural
aspects of the modified Yoneda embedding Q — [Q%, Set|r depend crucially
on general properties of the functor categories, which go back to the study
of continuous functors by Lambek (see Section 6.6) and Freyd and Kelly (see
Section 6.9).

But, as we mentioned before, at the same time we still require that the reflec-
tion functor remain strongly monoidal. Here will will use Day’s results (see
Section 6.10) on the conditions that are needed for the reflection to be strong
monoidal, by inducing a monoidal structure from the category [Q%, Set] into
its subcategory [Q%,Set|r (see Section 6.10). In particular, this induces a

constraint on the choice of I' considered above: all the cones considered in I'
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must be preserved by the opposite functor of the tensor function in D (see
Remark 6.11.1).

e Notice that the above adjunctions are examples of what in topos theory is named
an essential geometric morphism, in which both functors are left adjoint to some
other two functors: L 4 ®* 4 ®,. Therefore, this shows that the comonad “!”

obtained will preserve finite coproducts.

“'”

e The condition for the comonad to be idempotent turns out to depend on

the fact that the functor ® is full and faithful.

“'77 C('”

e In addition to the requirement that preserves coproducts, we also need to
preserve the tensor, i.e., to be strongly monoidal, as required in Definition 7.1.7.
This property is unusual for models of intuitionistic linear logic and puts some
restriction on the range of possible choices we have for the category C. In brief,
since the left Kan extension along @ is a strong monoidal functor we find that
a concrete condition in the category C is necessary to ensure that this property

holds when we lift the functor ® to the category of presheaves; see Section 7.6.

e Once we have constructed this categorical environment our next task is to trans-
late these properties to the Kleisli category. To achieve this we use the compari-
son Kleisli functor for passing from the framework we have already established to
the Kleisli monoidal adjoint pair of functors. Also, at the same time in this con-
text, we shall find it convenient to characterize the functor H : D — [C?, Set|r

as a strong monoidal functor.

All of the above steps yield an abstract model of quantum computation, para-

metric on the sequence of functors B - C — D.

e Finally, as we shall see in Section 8.2, we will identify specific categories B, C,
and D that yield a concrete model of quantum computation. We let D = Q,
the category of superoperators. The categories B and C must be chosen in such
a way as to satisfy all of the properties outlined above. For B, we take the

category of finite sets.
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Identifying a suitable candidate for the category C is more tricky. For example,
here are two of the requirements directly concerning the semantics: C must be

affine monoidal and must satisfy the condition of equation (19) in Section 7.6.

In a series of intermediate steps, with the help of some universal constructions,

we introduce a category C = Q" related to the category Q of superoperators.
Y

As we have noted, the category Q" plays a central role in our construction. It is
in some sense the “barycenter” of our model. While the basic structural properties
occur at the level of the functor categories, providing a general mathematical setting,
the development of the concrete quantum meaning of the model occurs mostly at this

base level.

7.3 Categorical models of linear logic

The first definition of a categorical model of linear logic was given by Seely [62]. Other
pioneering studies in this area were Lafont’s thesis [50] and Abramsky’s paper [1].
Also, Melliés’ survey [55] is an excellent introduction to the topic.

Now we formulate Bierman’s definition of linear category [14] which is based upon the
above-mentioned previous work on the Topic. We also state an equivalent alternative
simplified version that we take from Benton [9] (this is the notion we outlined in
Remark 7.1.6). For the purpose of this thesis, since it is clear that the linear fragment
of Definition 7.1.7 does not impose any constraints on the rest of the definition,
it follows that it will be more helpful to work with Benton’s version representing
the underlying linear fragment. In any case, to appreciate the details behind these

categorical models, Bierman’s definition will occupy the rest of the present section.

Definition 7.3.1 (Bierman). A linear category C consists of a symmetric
monoidal closed category (C, I, ®, —o, a, A, p,7y) with a symmetric monoidal comonad
(,e,0,my,map) defined on C and monoidal natural transformations e :!(—=) — I,
d: (=)= !(-)®Y~) such that:

-ea:(A) > 1,ds:1(A) > Y(A) ®!(A) are coalgebra morphisms for each A;
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- ((1A,04),€ea4,da) is a commutative comonoid for every free coalgebra (!A,d4)

and

- morphisms between free coalgebras f : (14,64) — (!1B,dp) are also comonoid

commutative morphisms.
We will now consider the meaning of each of these conditions:

- for every A € C there exists a commutative comonoid, with ds !4 —!AR!A
and ey :!A — I as associated maps. This means the following:
The assumption that ((!A4,04), ea,da) is a commutative comonoid for every free

coalgebra (A, d4) means that:

da

1A A®!A
da da®lig
IABIA — = 1A ® (14814) —— (14314)8!A
A~ jqg—14 g 14— 14014
/\!AI dAi ]P!A k l"/!A.!A
IQIA L2 A A 2488 s o T A®IA

- d4 and e4 are monoidal natural transformation with respect to the natural

transformation m.

The transformations e :!(—) — [ and d :!(-) —!(-) ® (—) are monoidal
natural transformations between monoidal functors; if f : A — B then
e : (,mag,mr) = (I,Ar, 1) is the statement that the following diagrams

commute:
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mAaA,B

IA®!B (A®B) [—>II

€A®€Bl leA®B zdx* lel
I

11— I

and d : (!,mA,B,mI) — (!®!,tA,B,t1):

da

1A IA®!A
!fl 1!f®!f
'B - 'B®!B
IA®!B nan I(A® B)
da®dpg dagn
|AQ!A®! B! B 17— | AR BRIAR!B TABOTAE 1(A® B)SA® B)

with 48 = (ma,B ® ma,p)o Idiga ® Mayp ® Idip and

with t; = (m; @ my)o /\1—1.

- da and e4 are coalgebra morphisms when we consider (14,604), ({A®Q!A, mug140

(04 ®64)), and (I, m;) as coalgebras:
The definition of linear category characterizes e4 : (14,04) — (I,m;) and
da:(1A4,04) = ('AR!A, mya140(64®64)) as coalgebra morphisms which means

that the following diagrams commute:
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IA—A o4 1A o4 A
e"i l!e" da da
[——>1]
! IA®!A (1A®!A)

mi4,149(64884)

- Morphisms between free coalgebras f : (14,64) — (!B,0p) are also comonoid
commutative morphisms. This means that if f :!A —!B is an arrow with
!f 084 = 0p o f then is also true that f: (14,d4,e4) — (!B,dp,€eg) is a map

between commutative comonoids that is f :!A —!B is an arrow that satisfies:

1A 44 1ARlA IA—~1B

fl lf@f x 163

\B——— B3!B i
B

To complete the list of conditions let us show the structural conditions. The
natural transformations £ :!(—) — I and § :!(—) —=!(—) are monoidal. If (', m 4 5.my)
and (Id, 1ags, 11) are monoidal functors then € : (!, my g, m;) = (Id. 14.p.1;) is a
monoidal natural transformation which is compatible in the sense that the following

diagrams commute:

IA®!IB ——22 L (A ® B) JpRLNy
cA®epg lsme \ Jfl
A®B A® B I

1

Also 0 : (I, ma g, m;) = (!, ta B, t;) is a monoidal natural transformation between

monoidal functors; with t4 g =!(m 4 g)omiap and t; ='(m;)omy:

IA®!B Tt (A D B)
5A®0p LYY
NAG!B 1(1A®!B) —242_ (4 @ B)

miAB



CHAPTER 7. PRESHEAF MODELS 172

Recalling that a symmetric monoidal comonad (!,&,8, ma g, mr) is a comonad
(!, €, 6) equipped with a symmetrical monoidal functor (!, m 4 g, ms), where: ! : C — C
is a functor, for every object A and B there is a morphism m4 g :!A®!B —!1(A ® B)
natural in A and B, for the unit I there is a morphism m; : I —!1I.

These morphisms with the structural maps a, A, p,¥ must make the following

diagrams commute:

14 ® (IBRIC) 2221 Ag)(B ® C) 4529 (A ® (B © O)

« la

F A ! ] 1 _MASB.C
(IAQ!B)Q!C T (A® B)®!IC (A®@ B)® C)
B ] —"° 1B Q!B — 22 'B
id!B@"'Hl !(PB)I m1®id!3l !(/\B)I
IBRU —7— (B® ) [®!B —— (I ® B)
IA®!B — 2% . 1B®!A
mA,Bl lmB.A
(A® B) (B® A)

Yva,8)

Definition 7.3.2 (Benton [9]). A linear-non-linear category consists of:

(1) a symmetric monoidal closed category (C,®, I, —)
(2) a category (B, x, 1) with finite product

(3) a symmetric monoidal adjunction:

(Fym)
(B,x,1) _ T (C,®,1).
(Gn)
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Note that Definition 7.3.2 is far simpler than Definition 7.3.1. Its significance is

in the following:

Proposition 7.3.3. Every linear-non-linear category gives rise to a linear category.
FEvery linear category defines a linear-non-linear category, where (B, x,1) is the cat-

egory of coalgebras of the comonad (!, ¢, 4).
Pioof. See [9] or [55]. O

Remark 7.3.4. Kelly’s characterization of monoidal adjunctions (see Proposi-
tion 2.3.6) allows us to replace condition (3) in the definition of linear-non-linear

categories by the following new statement in Definition 7.3.2:

(3") an adjunction:

F
B,x,1) — L "(C,®,I)
G
and there exist isomorphisms
map: FAQ FB— F(AxB), m;:I— F(1)

making (F,ma g, my) : (B, x,1) = (C,®,I) a strong symmetric monoidal func-

tor.

7.4 Linear-non-linear models on presheaf cate-
gories

Our purpose here is to characterize Benton’s linear-non-linear models of intuitionis-
tic linear logic, in the sense of Definition 7.3.2, on presheaf categories using Day’s
monoidal structure from Section 6.8. This is an application of monoidal enrichment
of the Kan extension see [22]. We use Kelly’s equivalent formulation of monoidal

adjunctions from Proposition 2.3.6.

Proposition 7.4.1. Suppose we have a strong monoidal functor ® : (A, x,1) —
(B,®,1I) from a cartesian category to a monoidal category, i.e., we have a natural
isomorphism ®(a) @ ®(b) = ®(a x b) and I = &(1).
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Let us consider the left Kan extension along ® in the functor category [B°?, Set]

where the copower is product on sets:

Lang(F) = /a B(—,®(a)) x F(a)

Then Lang is strong monoidal.

Proof. By the Yoneda Lemma, the strong functor ®, Fubini and coend properties:
Lang(F x G) = Lana([* A(—,a) x F(a) x [° A(—,b) x G(b)) by the Yoneda Lemma
and pointwise product

= Lane([* ® A(—,a) x A(—,b) x F(a) x G(b)) = Lang([* * A(=,a x b) x F(a) X
G(b)) cartesian product

= [*B(—,®(c)) x [*° Ac,a x b) x F(a) x G(b) = [*°(J*B(—,®(c)) x Alc,a x
b)) x F(a) x G(b ) definmon of Kan extension

= [**B(—,®(a x b)) x F(a) x G(b) = [*°B(—, ®(a) ® ®(b)) x F(a) x G(b) ®
strong functor

= [*°(JY By, ®(a)) x B(~,y ® ®(}))) x F(a) x G(b) = [** [* B(y, () x
([ B(—,y ® z) x B(z,9(b))) x F(a) x G(b) by the Yoneda Lemma

= [V(["Bly, ®(a)) x F(a)) x (f*B(z,8() x G(b) x B(-y ® 2) =
Y *((Lane(F))(y)) x ((Lane(G))(2)) x B(—,y ® ) by Fubini and copower preserves
colimits

= Lane(F) ®p Lane(G) by definition of Kan extension and convolution
and also the units:
Lang(If) = Lang(A(—,1)) = [*B(—,®(a)) x A(a,1) = B(—,®(1)) = B(—,I) =
IB. O
Remark 7.4.2. Note that, in view of the line of arguments used above, the case
where A is monoidal has the same proof, i.e., if we have ®(a) ® ®(b) = ®(a ® b) and

I = ®(I') we start directly from the convolution product:

Lang(F ®p G) = Lans( abA(—,a@b) x F(a) x G(b))

and we repeat the same proof. Also notice that when we have a product in A the

convolution is a pointwise product of functors:
ab

FxG= A(—,a x b) x F(a) x G(b)).
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Remark 7.4.3. If the unit of a monoidal category C is a terminal object then the
unit of the convolution is also terminal. Let us consider a morphism a : F — C(—,I)
in the functor category [C°,Set]. Then for every V there is only one way to define
the map ay : F(V) — C(V,I) which is ay(z) =! for every z € F(V) in the category
of sets. Hence there is a unique a. Therefore it is a terminal object in the functor

category.

7.5 Idempotent comonad in the functor category

A comonad (!, ¢,0) is said to be idempotent if § : ! = !! is an isomorphism. Let (!, €, §)

be the comonad generated by the adjunction:

F
(D, x,1) L (V,®,1,—)
G

then 6 = Fng with n: A - GFA. Thus if n is an isomorphism then § is also an

isomorphism. Now consider the unit of the Kan extension:
G = F*(Lang(G)).
It is given by:

ilF(a)

G(a) B(F(a), F(a)) x G(a)

(wa) £ (a)

(nc)(a)
J* B(F(@), F(a)) x G(a)
where % is the injection of the copower and w is the wedge of the coend.

Proposition 7.5.1. If F' is a full and faithful functor then ng : G = F*(Lang(G))

1S an isomorphism.

Proof. [15] O
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7.6 A strong comonad

In this section we study conditions that allow us to force the idempotent comonad to
be a strong monoidal functor. This property, part of the model we are building, is a
main difference with other previously intuitionistic linear models. In order to achieve
this, consider a full and faithful functor ® : A — B as in Proposition 7.5.1. Let ®*

be the functor we had seen earlier in Section 6.7:
[B°?, Set] 2 [A%, Set],
i.e., the right adjoint of the left Kan extension.

Lemma 7.6.1. If there exists a natural isomorphism.:
B(®(a),b) x B(®(a),t) = B(®(a),bR V') (19)

where a € A and b,V € B and ® is a fully faithful, strong monoidal functor then ®*

s a strong monoidal functor.

Proof. To see this: ®*(F) x ®*(G) = F(®(=)) x G(®(-)) = [° F(b) x B(®(—),b) x
fb’ G(b') x B(®(-),b') = by the Yoneda Lemma, definition of ®* and the fact that
convolution in [A%, Set] is pointwise cartesian product

= fbb, F(b)xG()xB(®(—),b)xB(®(—),V') = by properties of coends (preser-
vation)

=~ fbbl F(b) x GV) x B(®(-),b®@¥) = by hypothesis (19) and Lemma 6.3.6

= (F®G)(P(~)) = D*(F®G) by definition of convolution in [B°, Set| and
definition of ®*.

Moreover the units are isomorphic,
O*(B(—,I)) = B(®(-),I) = by definition of ®*

= B(®(—),P(1)) since & is strong

A(—,1) since @ is fully faithful. O

Remark 7.6.2. At this point it is useful to mention that the conditions of

Lemma 7.6.1 are an example of a multiplicative kernel K : B x A®” — Set from
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the monoidal category B to A in the sense of [21]. In fact, K is explicitly defined as
K(b,a) = B(®(a), b) satisfying the two following equations as part of the definition:

yz

K(a,y) x K(b,z) x A(z,y X 2) g/cK(c,:v) x B(c,a ® b)

/bB(q)(:r),b) x B(b,I) = A(z,1)

In Section 8.2 we shall built a category satisfying this specific requirement among
others. More precisely, from our viewpoint this will depend on the construction of a
certain category that we will name Q" which is a modification of the category Q of

superoperators. Also we consider the functor ® of Section 2.5 where C* = Q”.

7.7 If C has finite coproducts then Cr has finite

coproducts

An important property of the Kleisli construction is that if we assume that the original
category has finite coproducts then we can define finite coproducts in the Kleisli

category.

Proposition 7.7.1. Kleisli categories inherit coproducts. w.c.. if C has finite coprod-

ucts then Cr also has finite coproducts.

K K
Proof. Suppose we have that A T4 € and B% € two arrows in the category Cr. We
take A ®x B = A @ B on objects, and

iT ,r
A . T(A® B) B ” T(d o B)
A®B AaB

as injections in the category Cr.
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K K
We want to find a unique A @ B 293¢ ¢ such that fE = [f¥X, g¥]k ok i} and

g% = [f¥, g%k ok 1§ commute. This is verified by the following diagram:

A—"t s AoB— 2 - T(A®B) <2 —A@B~—"——8
\ l[f,gl lT[f,g] j[ﬁ%
: TC nrc : T2C nrc TC
17 l"c /
TC

where [f, g] is the unique morphism that defines coproduct in C. This last diagram
commutes by naturality of n with respect to [f, g] and by definition of monad.

Uniqueness follows from the following reasoning: suppose there is an arrow A @k
B2 C, ie., A® B - TC, such that pc o T(h) o naes 0ia = f and uc o T(h) o
Nae © ip = g then by naturality and monad definition we have that hois = f and

hois = g, thus by uniqueness in C we have that h = [f, g]. O

We notice that C : C; — D preserves finite coproducts. To see this, by definition

we have that i] = nagp 044 and i5 = nagp 0 ig. Then
C(i) = c(nagp ©1a) = er(aen) © F(Nags 0ia) =
= er(aeB) © F(Naop) 0 F(ia) = lagp o F(ia) = F(ia).
In the same way C(i5) = F(ig).

Given that right adjoint preserves coproducts then C(A @x B) = C(A&¢ B) = .
F(A®x B) = FA®p FB and

C(A % Aax B) = C(4) " claex B) = F(A) "4 F(4) @p F(B)

which is a coproduct in D.

In the same way we can apply a similar reasoning with B.

7.8 The functor H : D — éT

7.8.1 Preliminaries

Let C and D be categories, and let C and T = G o F be defined as in Section 7.2.
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[C, Set] [D?, Set]r

In this section we consider the construction of a coproduct and tensor preserving
functor H : D — Cr with properties similar to the Yoneda embedding. We investigate
the role of a general category D fully embedded into a Kleisli category Cr. Certain
properties of this functor are introduced in order to apply this to the category of
superoperators Q as well as to develop a methodology for obtaining higher-order
models in the sense of Section 7.1.

Let F; 4 G; and F; - G, be two monoidal adjoint pairs with associated natural
transformations (Fi,m;), (G1,n1) and (Fy, my), (G2, n,). We shall use the following
notation F' = Fyo F}, G = G1 0 Gy, T = G o F. We now describe a typical situation
of this kind generated by a functor ® : C — D.

Let us consider F; = Lang and G; = ®*. With some co-completeness condition
assumed, we can express Fy(A) = [*D(—, ®(c)) ® A(c) and G; =

On the other hand we consider

D

[DP, Set]
Gy || Fo

[DOP, Set]p

where we take Fy = Lany(Yr) : [D?,Set] — [D,Set]r, and Yy : D —
[D°?, Set|r is given by Yr(d) = D(—,d). Thus we have that Fp(D) = D x Y =
f D(d) ® Yr(d).

Assuming that [D,Set|r is co-complete and contains the representable

presheaves then the right adjoint is given by
Go(F) = [D*?,Set|r(Yr—, F) = [D?,Set)(Y -, F) < F

since it is a full subcategory and by the Yoneda Lemma. Therefore we consider G,

as the inclusion functor up to isomorphism.
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7.8.2 Definition of H.

We want to study the following situation:

Fl F2
L D L Dr
Gl G2
Y
Gr |H| Fr e
N Yr
C Cr
A
\H
o |
D

The goal is to determine a fully faithful functor, H in this diagram, that preserves
tensor and coproduct.

First, notice that the perimeter of this diagram commutes on objects:

(= ¢)) /D &) ® (¢, ¢) = D(=, B(c))

When we evaluate again we obtain:

p
F(D(=,2(0))) = | D(d,®(c)) ® Yr(d) = Yr(®(c)) = D(~, &(c))

Summing up we have that F(C(—,c)) = D(—, ®(c)) up to isomorphism.

Suppose now that ® is onto on objects. We have that:

D(—’ d) = D(“‘? CI)(c))

for some ¢ € C, i.e., we can make a choice, for every d € |D|, of some ¢ € |C| such that
®(c) = d. Let us call this choice a “choice of preimages”. We can therefore define a
map H : |D| — |Cr| by H(d) = C(—,¢) on objects.

Hence we can define a functor H : D — Cr in the following way:
let d 5 d’ be an arrow in the category D, then we apply Yr obtaining D(— YL{)
D(—,d’). This arrow is equal to D(—, ®(c)) P D(—, ®(c)) for some ¢, € C and
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for the reason stipulated above is equal to F(C(—,c)) o F(C(—,c)). Now we use

the fact that the comparison functor C : Cr — Dr,

~

C : Cr(C(—,¢),C(—,¢)) = Dr(F(C(~,c)), F(C(—,()))

is fully faithful, i.e, there is a unique 7 : C(—, ¢) - C(—, ) such that C(v) = Yr(f).
Then we define: H(f) = v on morphisms and H(d) = C(—, ¢) on objects, wtere c is
given by our choice of preimages.

Explicitly on arrows we have that H : D — Cr is given by H(f) = G(Yr(f))onc(-.o
ie.,

C(—,c) =8 GF(C(~,c) DY gFc(=, )
Remark 7.8.1. We notice that:
CoH(d) = C(C(—,c)) = F(C(—,¢)) = D(—, ®(c)) = D(~,d) = Yr(d)

Also since ®(c) = d A ®(c’) then

Moreover,

Co H(f) = C( C(—,c) "8 GF(C(-,c)) “Y GF(c(-,¢)) ) = Ye(f)

since
F(C(~,¢) —2 =) pGR(C(-,0)) —2U) | pGR(C(-, ¢))
\1\ ts“"“(-vc)) 15F(C(—.c'>>

F(C(=,¢)) Yr(f)

— F(C(-,c))
Thus C o H = Yr.

Remark 7.8.2. Suppose that we are in the above situation where (Fy, ms) = (Ga, ns)
is a monoidal adjunction. The Yoneda embedding is a strong monoidal functor re-

specting the Day’s convolution monoidal structure. Then we have:
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Since the adjunction is monoidal F3 is a strong monoidal functor. This implies that

Yr is a strong monoidal functor by composition.

7.8.3 C: C} — ﬁp is a strong monoidal functor

We define C(A)®5 C(B) Y48 C(A®c, B) by the following arrow: F(A)®p F(B) 2ag
F(A® B). We want to check naturality: for every A ENY/L , B %5 B, where f, g € Cr

C(A) ®5, C(B) —*2 -~ C(A®c, B)
lC(f)®ﬁrC(g) 1C(f®ch>
C(A") ®p, C(B') C(A' ®¢, B')

Ut gt

This turns out to be

F(A) ®p, F(B) —=2& F(A®¢ B)

lEFA’F(f)®5FB’F(9) lEF(A’®B’)F(G(mA’B’)n(f®g))
F(A') ®p, F(B') ——— F(A' &c B)
where fK ®¢, g* is equal to

A® B2 GFA @ GFB "5 G(FA ©p FB') "% GF(A' @ B).

We define I “=8' C(I) = F(I).
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F(A)® F(B)—"22__, p(A@ B) ~ T4 ¢ TB) L2 F(G(FA' ® FB))

lF(f)@Fw)/mK/(;

lF(G(mA/B/))

FGF(A') @ FGF(B') e FG(F(A' ® B))
lEFA"@EFB' lsFM’@B’)
FA' @ FB F(A'® B

margt
(a) commutes since ¢ is a monoidal natural transformation of the monoidal adjunction
(F,m) - (G, n).

(b) € is natural with m.

Since mp and m; are invertible in Dr then uap and u; are invertible. This
implies that (C,m) is a strong functor.

Now we want to check that

C(A) ®p. I z C(4)
1Qu; Cep™)

C(A) ®i)r C([) nag C(/‘l \ECT [)

T ' -
since A ®@c, I £y A is by definition A@c I 5 A 5 GF A this implies that C(p")

1S

FlAe )™ FA™ reraes Fa

i.e., C(pT) = F(p). Thus we obtain that

FA®I 2 F(4)

11®ml TF(p)

F(A) @ F(I) —4 F(AoI)

and this is satisfied since (F,m) is a monoidal functor. The same is true for the A

axiom.
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C(A)® (C(A)® C(A")) = (C(A) @ C(A")) ® C(A")

l1®uA/A// lUAAI®1
C(A) ® C(A'® A") C(A® A) ® C(A")
luAA/@A" . luA@A"AH

C(A® (A ® A"))

s C(A® A) @ A")

For the same reasons as above we have that C(a?) = F(«), since o = nagar.a o a

by definition.

7.8.4 H is a strong monoidal functor

Ya,B

We want to define a natural transformation H(A) ®cr H (B) —5 H(A ®p B) that

makes H into a strong monoidal functor.

Definition of .
We begin by recalling that (C,u) and (Yr,y) are strong monoidal functors, i.e., u
and y are isomorphisms, and since C' is a fully faithful functor this allows us to define

Y4 p as the unique map making the following diagram commute:

Yr(A) ® Yr(B) Yr(A® B)=Co H(A® B)

C(H(A)

In the same way we define ¢; as the unique map ; : I — H(I) making the

following diagram commute:

N,

i.e., since C is fully faithful the unique v; such that C(y;) = y; o u,‘l.

= Co H(I)
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Notice that since Cr 5 Dr is fully faithful and u and y are invertible maps this
implies that ¢ is an invertible map.

We shall prove naturality of ¢.

CH(A)® cw) ® Yr(B)
UHAHEB (a) =2

C(H(A) ® H(B)) m CH(A &® B) = YF(A ® B)
CH(f)®CH(g)= | Yr()®Y¥r(g)  (¢) C(H(f)®H(9)) (d) lCH (f®9)=Yr(f®g)

' nEWar ) ’ / / ’
CH(A) @ H(B)Y Y LCH(A @ B)) = Ye(A' ® B)

UgaA' ,HB!
O
A’,Bl

CH(A') ® CH(B') = Yr(4) ® Yi(B')

(a) and (b) by definition of .
(c) naturality of u where (C,u) is a monoidal functor.
The perimeter of the diagram commutes by naturality of y where (Yr, y) is a monoidal
functor. Using the fact that ug gp is an iso, all this implies that the interior square
(d) commutes. Thus we obtain that C(¢ 4 g/ )oC(H(f)®H(g)) = CH(f®g)oC(¢a )
therefore since C is faithful ¥4 g o (H(f) ® H(g)) = H(f ® g) o4 5.

Now we want to prove that this natural transformation satisfies all the axioms of

a monoidal structure. We start with the following axiom:

H(A) @ H(I) —2 H(A) (20)
imw, H(p)I
H(A)® H(I) —2—~ H(A® )

This turns to be the following diagram:
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CH(A)® CH(I)

1®ys
C1®Cy;g (d)

CH(A) ® C(I) o

CH(A)® I

T @
C(p)
o CUH(A)®I) CH(A)
C1Cy; lC(lwz) CH(p):TYrm
C(H(A) ® H(I) 2 . CH(A® I)
UHAHI (b)
a1
CH(A)® CH(I)

We use the same argument again and we show that it satisfies the required equation.
(a) C is a monoidal functor.
(b) by definition of 14 ;.
(c) naturality of u where (C, u) is a monoidal functor.
(d) definition of ;.
The exterior diagram commutes because (Yr, y) is a monoidal functor. Using the fact
that uga,s is an iso, all this implies that the interior square (e) commutes. Again,
since C is faithful we get H(p) o 4,5 0 (1 ® ¢r) = p which is diagram (20).

In the same way we can verify that H(A) oy, 40 (¥; @ 1) = A
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Now we move to proving the associativity axiom.

1®yAI Al

CHAQCH(A ® A") CHAQ (CHA'® CHA")

7N

CHA®C(HA”®HA” CHA® C(HA ®HA") (CHAQ CHA')@ CHA"

1®C(wA/ A”) / /

CHA® CH( A’ o4 Yowm A'® HA")) C(HA® HA')® CHA")

A®(H
\ c<1®¢,,//,,u) Cl@) /
C

Yaagan C(HA ® H(A’ ® A")) C((HA ® HA') ® HA")

C('l/)A A'® A”) (k) C('l/)A 4r®1) \
/ (h)

CH(A® (A’ ® A")) H(A @ A ® HA") C(HA ® HA') @ CHA"

u
C\ ClYagar, A") (d) ‘Cy‘t A')®1

CH((A® A" A"”“®" CH(A® A') @ CHA" <~ CH(A® A') @ CHA"

\

—

yA,A’®1

The goal is to prove that the diagram (k) commutes. We have that:

- (a): (C,u) is a monoidal functor.

- (b) and (h): u is natural with ¥ and 1.

- (c) and (d): definition of ¥4 4@ and Yagar a~-

- (i) and (g): definition of ¥4/ 4~ and 14 4- and functoriality of the tensor.

(f) and (j): are equal.

The exterior diagram commutes because (Yr,y) is a monoidal functor.
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Since 1 ® uya,mar and upa maguar are isos it is enough to check that
(top leg of (h)) ouo (1 ® u) =(bottom leg of (h)) cuo (1 ®u). Then we use the fact

that C is a faithful functor.

Remark 7.8.3. Notice that since C and Yr are fully faithful functor, H is fully-

faithful as well.

7.8.5 H preserves coproducts

In this section we focus on the specific problem of the preservation of finite coproducts
of the functor H defined in Section 7.8.2. First, we notice that the category [C°?, Set]
has finite coproducts. These coproducts are computed pointwise: if F' and G are in
[C°P, Set| then (F & G)(C) = F(C) & G(C) for every C € C and with injections as in
the category Set.

Also these coproducts are preserved going to the category [D%, Set|r via the left
adjoint F' = Fy o I}, where F; = R is the left adjoint of the reflection determined
by the class I. The coproducts in [D?, Set|r are induced by this reflection i - R.
More precisely: A &r B = R(i(A) @ i(B)) and inr = R(in) where A and B are in
[D°P, Set|r. Then, it makes sense to think about finite coproducts in [D, Set|r.

Finally, the Kleisli category Cr inherits the coproduct structure from C as we
proved in Section 7.7. Therefore, [C°?, Set|r has finite coproducts. Recall that the
comparison functor

C :[C®,Set|r — [D”, Set|r

is fully faithful. Also, by Corollary 6.6.6, H : D — [C°.Set]r preserves coproducts
iff [C?, Set|r(H—, A) : D°? — Set preserves products for every A € [C°?, Set]r.

But, we have
[C?,Set|r(H—, A) = [D?,Set|(CH—,CA).
More precisely, since C' is fully faithful then the following functors:

op sop Cr(—,A
Do 1Y ¢p TG et
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and A
CH)*P -, ~.CA
per (OB pop Pri®h) get
are naturally isomorphic.

Therefore, we have:
[D?, Set|r(CH—,CA) = [D?, Set]r(Yr—, CA)
because CH = Yr. Also,
[D?, Set]r(Yr—, CA) = [D?,Set](Y —,CA)

because [D%, Set|r is a full subcategory of [D,Set| and Yr— = Y — evaluated on
—. Finally,
[D?, Set|(Y—,CA) = CA

holds because by the Yoneda Lemma 6.1.5 there is a bijection which is natural in
—, l.e., these functors are naturally isomorphic. But CA € [D°.Set]; for every
A € [C?, Set]r, which by definition means that C' A satisfies the property of continuity
i.e., preserves all the cylinders and limit cones that are in . In particular, since
natural isomorphisms preserve limits, it will be enough to impose that condition on
the class I'. From this, we conclude that I' contains all the finite products. This is

another requirement to obtain a model.

7.9 Fr-Gr is a monoidal adjunction

In this section we show how a monoidal adjoint pair (F.m) 4 (G,n) induces a
monoidal structure for the adjunction Fr 4 Gr associated with the Kleisli construc-
tion, where T = GF.

Lemma 7.9.1. Let FF 4 G be a monoidal adjunction, let T = GF. and consider the
Fr

Kleisli adjunction C _ L Cr as in Definition 2.1.4. Then Cr is a monoidal category
Gr

and Fr 4 Gr is a monoidal adjunction.

Proof. Since F' - G is a monoidal adjunction, it follows that T = GF is a monoidal

monad. The result then follows from Lemma 2.3.3. |
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7.10 Abstract model of the quantum lambda cal-

culus

To sum up the sections of this chapter we have the following theorem.

Theorem 7.10.1. Given categories B, C and D, and functors ® : B — C, and
U :C — D, satisfying

- B has finite products, C and D are symmetric monoidal,
- B, C, and D have coproducts, and they are distributive w.r.t. tensor,
- C is affine,

- ® and VU are strong monoidal,

® and ¥ preserve coproducts,

D is full and faithful,

U is essentially surjective on objects,

for every b € B, ¢, € C we have

C(B(b), c) x C(D(b), ) = C(B(b),c® ¢).

Let T be any class of cones preserved by the opposite tensor functor, including all the
finite product cones and Lang, ®*, F and G be defined as in Section 7.2. Then

Lang F
(B, Set] T [C, Set] L [DP, Set]r
FE G

forms an abstract model of the quantum lambda calculus.

Proof. Relevant propositions from sections 6.7, 6.8, 6.9, 6.10, 6.11, 7.3, 7.4, 7.5, 7.6.
O
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A concrete model of the quantum

lambda calculus

8.1 An example: Srel;,

Before we give the main model for higher-order quantum computation, it is instructive
to consider a simpler model for higher-order probabilistic computation. In the sense
of Section 7.2, we let D be the category Srely, of sets and stochastic relations, see
Definition 4.2.3, and we let C be the category of finite sets and functions. In this
setting, we let “!” be the identity comonad, i.e., B = C. The latter is justified because
in the context of classical probabilistic computation, there are no quantum types and

no no-cloning property; all types are classical and hence !A = A.

Lemma 8.1.1. Srely, has finite coproducts, satisfying distributivity (A® B) ® C =
ARC®B®C.

Proof. The coproduct of two objects is given by their disjoint union, A ® B = (A X
1) U (B x 2). Injections are given by the following stochastic maps: i; : A > A® B
and iy : B - A® B, where

1l fj=landz=y

0 otherwise.

il((:rvj)?y) = {

191
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and

. . 1l fj=2andz=y
22((13,]),?!) = {

0 otherwise.

It is easy to verify that these satisfy the required universal property. The natural

map
dABch®C®B®C—-)(A@B)®C

is defined as [i; ® C,i2 @ C]. The map d is easily seen to be a natural isomorphism by
precomposing with injections %;, i and using the universal property for coproducts.
O

Definition 8.1.2. Let ¥ : FinSet — Srel;, be the functor that is the identity on
objects, and defined on morphisms by

U(f)(z,y) = { L fz=y

0 otherwise.

Remark 8.1.3. The functor ¥ is strong monoidal and preserves coproducts.

Theorem 8.1.4. The choice B = FinSet, C = FinSet, D = Srely, with ® = id
and ¥ as in Definition 8.1.2. Let I' be the class of all finite product cones in D.
This choice satisfies all the properties required by the Theorem 7.10.1. Therefore, this

gwes an abstract model of the quantum lambda calculus.
Proof. By Lemma 8.1.1and Remark 8.1.3. U

Remark 8.1.5. Such a model could be considered to be a concrete model of “prob-

abilistic lambda calculus”, i.e., of higher-order probabilistic computation.

Remark 8.1.6. By Lemma 8.1.1, the functor — ® X preserves finite coproducts for
all X € Srely,. It is possible to show that this functor in fact preserves all existing
colimits (due to the natural isomorphism AQ X X AG AD ... d A, | X| times for
any fixed X). Therefore, in Theorem 8.1.4, we could have alternatively defined T to
be the class of all limit cones. In fact, any class of limit cones that contains at least

all finite product ones would do. Each such choice yields an a priori different model.
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8.2 The category Q" and the functors ¢ and ¥

Recall the definition of the category Q of superoperators from Section 3.2. In this
section, we discuss a category Q" related to superoperators Q, together with functors
FinSet — Q” LN Q. Here, the goal is to choose Q" and the functors ® and ¥
carefully so as to satisfy the requirement of Theorem 7.10.1.

Recall the definition of the free affine monoidal category Fwm(K) from Sec-
tion 2.6. We apply this universal construction to situation where K is a discrete
category. For later convenience, we let K be the discrete category with finite dimen-
sional Hilbert spaces as objects. Then Fwm(K) has sequences of Hilbert spaces as

~objects and dualized, compatible, injective functions as arrows:
- objects: finite sequences of finite dimensional Hilbert spaces

- amorphism from {V},...,V,} to {W1,...,W,,} is given by an injective function
f:{1,...,m} = {1,...,n}, such that for all ¢, Vj,) = W,.

Remark 8.2.1. Since the objects of Q and Fwm(K) are finite sequences of finite-
dimensional Hilbert spaces, and there are only countably many finite-dimensional
Hilbert spaces up to isomorphism, we may w.l.o.g. assume that Q and Fwm(K) are

small categories.

Now consider the identity-on-objects inclusion functor F : K — Q! where Q) is
the category of simple trace-preserving superoperator defined in Section 3.2. Since
Q' is affine, by Proposition 2.6.3 there exists a unique (up to natural isomorphism)

strong monoidal functor £ such that:

K—E—¢Q,

| 4

Fum(K)

Remark 8.2.2. This reveals the purpose of using the equality instead of < in the
definition of a trace-preserving superoperator (Definition 3.2.4). When the codomain

is the unit, there is only one map f(p) = tr(p), and therefore Q. is affine.
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Remark 8.2.3. By definition, Q; is a full subcategory of Q, and the inclusion functor
In : Q, — Q is strong monoidal. Also, since every trace preserving superoperator is
trace non-increasing, Q. is a subcategory of Q,, and the inclusion functor £ : Q, —

Q, is strong monoidal as well.
Then we apply the machinery of Proposition 2.4.9 to the functor:
Fum(K) 5 2,5 qQ, 3 qQ.
where In and E are as defined in Remark 8.2.3.

Definition 8.2.4. Let Q" = (Fwm(K))* and let ¥ be the unique finite coproduct

preserving functor making the following diagram commute:

Fum(K) £— 0 —E.Q, 2. Q (21)

/| .

(Fwm(K))*

Note that such a functor exists by Proposition 2.4.4, and it is strong monoidal by

Proposition 2.4.9.

Remark 8.2.5. Since

lI’{{Vza}le[na]}aefl = H{(vla ®...Q vr?(,)*}*él

acA
the functor ¥ is essentially onto objects. Specifically, given any object {V,}.ca € |Q,
we can choose a preimage (up to isomorphism) as follows:
‘I’{{Vza}ze[ll}aeA = H{(Vla)*}*el = {Va}aea. (22)
acA

Here is the full picture of categories and functors:

K——— Q,—>~Q,
| 5 T
Fum(K) Q
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Remark 8.2.6. Since Fwm(K) is an affine category and Q" = Fum(K)™*, let us
consider the functor
® : Finset — Q"

defined by Lemma 2.5.2.

Theorem 8.2.7. The choice B = FinSet, C = Q", D = Q with the functors ® as
in Remark 8.2.6 and U as in Definition 8.2.4 satisfies all the properties required by
Theorem 7.10.1.

Proof. By relevant propositions from Section 8.2. O

8.3 A concrete model

Theorem 8.3.1. Let Q and Q" be defined as in Sections 3.2 and 8.2. Let ' be the
class of all finite product cones in D% where D = Q. Then

Lang F
[FinSet”, Set] _ L [Q"?, Set] R [Q°*. Set|;:
> G

forms a concrete model of the quantum lambda calculus.

Proof. The proof is by Theorem 8.2.7, by and by Theorem 7.10.1. O



Chapter 9
Conclusions and future work

In the first part of this thesis, we established that the partially traced categories, in
the sense of Haghverdi and Scott, are precisely the monoidal subcategories of totally
traced categories. This was proved by a partial version of Joyal, Street, and Verity’s
“Int”-construction, and by considering a strict symmetric compact closed version of
Freyd’s paracategories.

We also introduced some new examples of partially traced categories, in connection
with some standard models of quantum computation such as completely positive maps
and superoperators.

One question that we did not answer is whether specific partially traced categories
can always be embedded in totally traced categories in a “natural” way. For example,
the category of finite dimensional vector spaces, with the biproduct & as the tensor,
carries a partial trace. By our proof, it follows that it can be faithfully embedded in a
totally traced category. However, we do not know any concrete “natural” example of
such a totally traced category (i.e., other than the free one constructed in our proof)
in which it can be faithfully embedded.

In the second part, we constructed mathematical (semantical) models of higher-
order quantum computation, and more specifically, for the quantum lambda calculus
of Selinger and Valiron. The central idea of our model construction was to apply
the presheaf construction to a sequence of three categories and two functors, and

to find a set of sufficient conditions for the resulting structure to be a valid model.

196
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The construction depends crucially on properties of presheaf categories, using Day’s
convolution theory, Lambek’s modified Yoneda embedding, and Kelly and Freyd’s
notion of continuity of functors.

We then identified specific base categories and functors which satisfy these ab-
stract conditions, based on the category of superoperators. Thus, our choice of base
categories ensures that the resulting model has the “correct” morphisms at base
types, whereas the presheaf construction ensures that it has the “correct” structure
at higher-order types.

Our work has concentrated solely on the existence of such a model. One question
that we have not yet addressed is specific properties of the interpretation of quantum
lambda calculus in this model. It would be interesting, in future work, to analyze
whether this particular interpretation yields new insights into the nature of higher-

order quantum computation, or to use this model to compute properties of programs.
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