A ) w
. THE PLASTIC DEFORMATION OF | - : ‘
HIGH PURITY IRON ' o, '
Fl j . L
by * -
3 \-’. . .
Dhanraj Maﬁeshwari‘
: ) b
& B \ :

-~ e

culty of Science and Englnecring

A thesis submitted to the

b/’ + of the Uniﬁersity of Ottawa - ; A\ﬂ
in ‘partial fulfilment of the Tequirements for\\
. ~ . o [ 4 [ 3
: ’ . the degree of
P . MASTER OF APPLIED SCIENGE ) /
F .dn Mechanical Engineering . : » )
‘December 1972 / ) o )
N - 2 .
- -\‘
3 1
- N Y
A

< " LR . : e < : t
D. Maheshwari, Ottawa, 1973. ., - - §: i



g / ~ . . ¢
\\
- ’ - d- _ ‘
. ( . | .
\ . 7
’ ) ) - 1 . |
) ~ ABSTRACT

In this thesis, an attempt has been made to explain ‘the pro- '

\

bable mechanism of plastic deformatiOn in high purity irgn. The stress*" . ;//~~
dependence of plastic strain rate has been investigated using the tech-

nique of stress relaxation in tension at room temperature.

The rate theory was applied toxanalyze the‘experimental results.
4

It was discovered that the early stage of relaxation process can be -
explained by a one term rate equation whereas the later stage can be

attributed to a system of two obstacles operating in series. It was . )
observed that the backward movement of the dislocations is insignificant

/ 3
throught the relaxation processr There is_strong evidence to suggest

that the nucleation of double kink to surmount the‘Peierls—Nabarro

stress hill is the probable mechanism of/plastic deformation in high
/ . e . . . I ]
purity ) _ . .

The internal stresses were measured at different stress levels

" and were fohnd to be increasing\with increasing strain.

\ ". B . ' ’ ‘_“‘ . ' ’ -
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CHAPTER 1

INTRODUCTION |
- Ky, B ‘ ) . ‘ ‘ - ¢ ) . :

Numerous investigations, utilizing various methods have been -
carried out to identify the mechanism of plastic deformation gn high ' -‘ -
purity iron. Basinskl and Christian (1) ‘were the first to propose
the overcqming of Peierls-Nabarro forée_field‘as the probable rate |,
controiling mechanism of thgrmaily.aétivated plastic défOrmation in | !
pure %EP“'_APOPFIary,FO this Feltham (2)'suggésted‘th§t the probable 5T ~d—l-’—¥v:é_
mechanism could be consérvative migration of jogs. The mechanism
prpposed by Basinski and Christian was sﬁp@orted by Canrad (3). Con—‘

rad and Frédrick (4), Cpnréd (5), Christian aﬂd Masters (6), Arsenault
n, Smidt (8);.and Wray and Horne (9). Wilson and Barofalo (10)
concluded that there are two types of - deformation processes occurrlng
simultaneocusly at room tempe£aturg. The conclusion of the investi-
gators (1, 3-9) was further supported by Smidt (11).

-

The analysis in the majority of these investigations 1is based

.oh the empirical relation of Becker (12) and lack a. true pltysical
understanding of the plastic deformation processes. Rgcengly Krausz
and Eyrihg (13) have shown that Ehe study of plastic deformat;on pro-
césses is part of chemicalﬂkineticé and can be described by the rate
theory. Therefore, investigation for establishment of the mechaﬁiSm
of plastic deformation in pure iron was' to be carried out in the light
. of chemical kinetics. ' . |

It was the purpose of this work to obtéin further informagion

on the mechanism of plastic deformation of high purity iron using

the theory of thermally activated processes.

-1-
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1.1 Plastic Deformation in Crystalline Materials
5 i
There are four major variables which control the plastic de— '

formation of crystalline materials the shear stress T, the shear

strain rate‘?, the temperature T and the strucrure Therefore it is €
the purpose of the study offplastic deformation processes to establish - ~

a relationshlp between- these parameters. )

In an ideal crystal, the atoms are arranged in a perfect geo-

_——dme— o

metrical.order. In reality crystals rarely exist in the ideal form

and the lattice is disturbed in some part of the crystal. The type

i

of imperfection in which an array of atoms is mismatched is a dislo-
: o
cation. The plastic deformation process is a consequence'of the dis-
b
location movement 'which causes the gliding of one atomic plane over

the other in a definite crystallographic direction.

1.2 Dislocativn Theory s

Depending upon the type of mismatch, the dislocations ate classi~
fied as: | ' . iy '

(a) Edge dislocation,

(b) Screw dislocation and

(c) Hixed dislocation. -
These are described below. ‘ $“£?

~ (a) Edge dislocation. 1f the crystal lattice 1s subjected to a shear

- stress as shown in Fig 1.1, the upper part of the crystal lattice is
pushed ghead byoone.atomic distance in the direction of stress. The

line of mismatch between the slipped and unslipped region is the edge

dislocation. Thisgis usually represented by the symbol (L) As shown
o .
('- . 4

4
H
&n

~—
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in Fig. 1.2, the displacement of the atoms is perpendicular to the

edge dislocation line.

(bf«”§krew dislocation: Burgerégﬁdégested a second type of dislécation,

screw dislocation, represented by the symbol @qf. In this type, the

f

. line of atoms defining the dislocation has the proper'numﬁer of coor-

dinating atoms but the lattice is distorted. The displaced atoms follow -

a screwlike sequence which contindes and

ﬁas\?long the dislocation

. R -
line. The displaement of atoms is parallel tg§ the dislocation line

( (Fig. 1.3).

/

(¢) Mixed dislocation: If the shift of atomf over the slip-plane is

such that the dislocation line separating thg slipped and unslipped re-

-

gions_is neither parallel nor perpendichlar to the displacement, the

dislocation is mixed (Fig. 1.4).

Y
1.2.1 Origin of :hslocations:
4

The first dislohatioﬁ can be considered to be generated in the

perfect érystal by‘one_of the following ways.
(i) Heterogeneous nucleation,
.(ii) Homogeneous nucleation, and _' . o -
(iii) Regenerative multiplicatidn.

These are discussed below. : . , !

_ ” .
(1) Heterogeneous nucleation: It has been observed that the first dis-

-

location is generatéd at: \\ -

~

(a) the surface which has been touched accidentally by a hard
object,
(b) the stress fleld around inelusions or precipitates, 'and

e

.
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Figure 1.2 The figure illustrates an edge dislocation
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- (1) lHomogeneous nucleation? I:ffif/fgign of heterogeneous nucle;j
' , . \\ . . .
tion, the dislocation can/Ef;ggn ated only through homogeneous ng;&ea- . !

tion. This is due to-high applied stress-of magnitude of the order of

(c) thermal gradients.

»

G/&n. In practice it is rarely possible to achievé this stress. Thug,

the possibility of d;slocatidn generatioh by homogeneous»nncleation is

[

remote. !

,
(i1i) Regenerative' multiplication: It has been observed that dislo-

cations multiply under the influence of an external applied stress.
The rate’ of multiplication increases with increasing strgz . In 1950
* F.C. Frank and W.T. Read'proposed a mechanism for edge dislocation
multiplicaeion. A variant of:Frank—Read éource, multipie cross slipy,
was proposed later by Koehler.

The dislocatinns generated by\any of the above sources move under

.the influence of the external applied stress causing slip.

1.3 Slip by dislocation Movement

‘.
t

In a Crystal lettice the restoring force acting on an atom is zero
at an equilibrium,position« The distance between two neighbouring atoms
corre8ponding to this position is an equilibrium distance. If a crystal
is subjected to external stress and the energy, AE ’ supplied'by the
applied stress is h%;her than the inherent resistance of the crystal
lattice, the dislocation starts gliding over the slip plane from one

equilibrium poaition to the next ‘in succession During the movement

of the dislocation, old bonds are broken and new bonds are established.




[

" grain boundaries The dislocation is held up at the barrier till the
™

This process of breaking and establishing of bonds is A discontinuous
N .

process. When the disloeatibn reaches the end of the crystal, a step

is formed reSulting in.a permanent shape change (Fig. 1.1). This is

1

the fundamental process of plastic deformation. ‘As onl& a.few atoms are

"displaced at a time, the energy required to cause the dislocation move-

ment is only a fraction of the total energy required to move one plane

of atoms over the other.
4 .
The dislocation glides over the slip plane at high speed until
stopped by a high energy barrier (Fig. 1. 5) The energy barrier may

be Peierls-Nabarro stress field, solute atoms, other dislocations or \\e,—

total energy of the atomic configuration is equal to the enexgy, AEi

corresponding to activated state I. Becker (13) proposed in 1925

that the energy difference AEI - AEw,issupplied by the thermal energy
of the crystal. Thus the overcoming of the barrier and consequently the
plastic deformation process is a thermally activated process. He des-

11‘
cribed the rate of plastic deformation process by an empirical equation

‘of Arnhenius typed)

AE(T ..) . - .
& = v exp [———Eﬂ ] (1'1_)
: R o .

where v 1s the frequency factor, ‘{g - the resultant of applied and

eff
internal shear stress, AE (r f) is the apparent attivation epergy which

decreases with increasing hPPY k is the Boltzmann constant and T is the
»
absolute temperature. ; ) '

The dislocation is free to move at a high gpeed till it is stOpped

by an obstacle. The time needed to movk ‘the dislocation from one energy

' - ' . N o
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barrier to the other is thus equal to the waiting time in fromt of the

obstacle plus the time required to travel the distance between two

obstacles. Because the dislocation moves at wery high Speed’ the time
required to travel the -dietance‘ between two cbstacles is \negligible.com—l
pared to the waiting ‘time. | Thereiore, the total ‘time required ‘to move
“the dislocation fi‘o;n one energy barrier to the ot};er is approxiuiately '
equal to the waiting time in front of the. barrier and the average dis-
1ocation velocity v iL
BE(T

_ ) )
v av 1l exp (ef___ggg_) . : o (1.2)
kT

‘where 1 is the average distance travelled by the dislocationm.

The_pla;stic strain rate ‘;p is related to the dislocation velocity 7

according to Orowan's equation

- ab"pmv('r,T ,structure)

Y, ; 1.3)
where . a = a geometric factor, - i[
. b = the Burgers vector aod'
- P = the mobile dislocation density ‘ / ' ' ‘["

The above eouation completely describes.the plastic deformation
3 - ‘
process. Jn this eqoation all the parameters, except the dislocation
velocity, are constant when it is assumed that P reﬁains conetant for a ;
| particular testing condition (14). Therefore, the study of plastic
deformation process reduces to the study of dislocation velocity
The rate of the process given by equation (1. 2) is analogous to

the chemical reaction in which the rate of reacion is given by .



-10- . ‘ . ¢

T
. ‘- -
Rate = C exp (_-(EE)) _ ' BN
) RT N . . \ '
| | Y
. : ‘ - . nE
where C = the rate constant .

AE = the activation energy and
R = the.Un_i-ver‘sal gas constant.
Consequently, -plastic deformation process can be described by

a

the rate theory.

~J

4

il

- [ T 1P



- . o CHAPTER 2

»

THE THEORY OF THERMALLY ACTIVATED PLASTIC DEFORMATION OF

CRYSTALLINE MATERIALS

2.1 The Probability of Activation B S

It has been discussed in Chapter i that‘the-plastic_deformation
- process 1s analogous to a chemical reactidn.. To determine the rate of
deformation process it ie essentiay to knon the probabilify 2f acti-
vation in a crystel subjected to externally applied etress. This ecrys-
tal can be considered to be composed of several syStems.- Every atonm

in these systems is vibrating with'a different amplitude and in differ-
| ent direction. When the confﬁéuration of atoms forming a dislocatinn
ncquires sufficient energy, vibrating\in Eheqdirection of stress, acti-
vation'takes place. The disloeation can be considcr ;o oene of

\
the systems and thé ptobability bf.the system acquirlng the activation ;f

energy Aét is given by 15). ' o . " -
p _ =XP (~AEiikT) “ J (2.1
) exp €E /KT) ' .
i i . . . h . .
where AEi {s the total energy of the ic system.
(The dErivatinn of equation appears in Apgend}x I).

In the abeve equation Zexp (~AEi/kT) is the partitien function; defined
‘ ‘ ‘ L N .

N .

as the sum bfaexp (eAE JkT) terns of‘all forms 9T energy possessed by

he system and is aenoted by 9q.

According to this probability the atoms forming a dislocation -

acquire the ni;fssary energy and ctoss the barrier. Thé Btate of atoms

corresponding. to the top of the barrier is the activated state (Fig. 2.2).
Nt .o

°

J. i . ““117 '
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The rate_ thebfy analysis of plastic deformation process is given in

Ty -

the follp@iég'section.

[0 ! .

= e
& ~

¢ " .
L AEO t ) L 7,)

. Y £ . t
ﬂ____.g, /. S final state

Initial state

Reaction coordinate ——--—'- S

Fig. 2.2 Energy curve showing the variation'of'eﬁergy during reaction.

’

2.2 Absolute Rate Theory g c . | ' -

. <’
The absolute rate, theory (16) is based on the assémption that

the activated complexEs are in éduilibrium with the reactants. This is
eqqivalent.to?égsumiﬁg¢that the flow in one directien is independent

of the flow in the other direction. This assumption makes the analysif

-

. of the raéf;theory’simple. - Z,ﬂJf\\

For the_undersp;nding.of the absolute rate theory, consider a

h -

reaction

XY +2 *, X + Y2

L

- N . . .
." .. where X, Y and Z are the atoms, XY and YZ are the molecules. The po-

\T\\'




~14- .

tential energy corresponding to the interatomic distance rl and'r2

. . |

between the atoms X-Y and Y-Z respectively can be calculated. _The -7 ‘
|
|

‘ [}
. energy contour lines drawn against the interatomic distance r, and ¥

‘:l

1 2
are shown in Fig. 2:{f For the above reaction toacur, the reactant.’

-

will follow the path ofﬁmipimum encrgy which 1s shown by dotted line Coe N
on the contour diagram. This is thc reaction coordinate. The varia-

tion of energy along-reacfioﬁ coordinate is given in Fig. 2.2. The
M

saddle point corresponds to a maximum point along reaction cooédinate
and ninimum along other coordinates. This is indic#fed By i in Fig.

2.2. The rate at whigh the cdﬁplexes pass over the sagddle point is ) 2 ,'

A ]

given by the absolute rdte theory and the rdte of, the activation for

the complexes is

_KT g -a5t : C@2:2)
:d n qlexp (‘EET‘ .

red

where h é:;he Plhnck's.conskant

.qi = thé‘partition function of the activated complexes ' ,
| excluding the:t£aqélational partiFioﬁ functibn in
‘reaction coordinate |
9, ==theupgrtition f on the reactants.

(For detailed derivation of this equatjon, see Appendix II). //’

Appl&ing this theory to thebplastic deformation process the

rate of activation for the dislocations will be.given by equation 2.2. [’fﬁf\f\\
) ] a Uﬂ*\b ;

In this derivation, it 1s assumed that all theFdislqcations reaching . l }

thé'tbp of the barrier cross it. However, some of the dislocations may

glide back to the initial position.. Also, ‘some of the dislocations may . f

cross the barrier due to tunnelling effect. This can be explained by
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quantum mechanics. According to this theory, there is a probability : :

.

that the particles having smaller energy than the activated state may

- reach the final state ‘'without surmounting the barrier. To account for

- . ain

these effects, the rate equation is modified as follows: . | §:

K i _qiexp (—k—T-

#"g kT ¢ AEF ' ' )

. ‘ -
In the above expression k is the transmission coefficient. TIf 1 is

i

the distance between two obstacles, then the dislocation velocity will

be given by

T

exp (- ﬂAF)
h 9y | kT _ . h. e
‘ : ' |
‘There' is a probability that' the dislocations may move in the backward

direction. Denoting the f9rward.mbvément by the subscript f and the

2 _
backward movement by subscript b, the net velocity can be written as
“ . /// l .
— : '/ —
v E -Vf V]}’T
P :
- T kT ¢t AE T
( 1o ke 4 exp (_Eﬁig
l »
T kT gt N B -
b h g O = (223

1f ‘the lattice 1s subjected to applied stress T the effective stress 2
& : ‘ . Y )

causing th€ dislocation movement will be. N\

=1 -1, - ‘ T~

a .

T i ) . C

eff

where'ri_is the internal stress. This effective stress exerts a force
of magnitude Teff bl*, where 1* is the length of the dislacation loop
e curve for such system is

involved in activation. The energy-distan




' '
1
. —_-— . . [
hd .
1
1

modified as shown in Figure 2.3. The corresponding f};\rce distance ) (.
curve is shown in- Figute 2. 4. The energy required to overcome the

barrier will be (?), AE (Teff) ?=Agt'-work done by-applied.stress or

4

x, ‘
AE (Teff) -'] [f(x) - T b 1 } dx . . , Ce
A . * ‘ , . o T
= 8B~ T b 1* (x, - xp)

) * ' *
. = AEf- 1 b d L =8B - T .V

where

Xy

- ] f (x) dx =ﬁEI, the total energy required to over-=
. x ' !
1 .

L1
[N
come the barrier.

d =Xy = Xp» the width of the barrier, and

" y& = the activetion yolume.

Therefore, aftei application of the stress, Teff; the net dislocation
LR

velocity in the forward direction.will be

afE-v, T
= £ f eff
= Bzf lf *f S? exp (- )
h 9 KT
5 ""\ . -
- . AE, +VE T ' )
L % & exp (- 2 B Teff) (2.4) /
q, kT
o]

This equation descfibes the dislecation velocity in explic%ﬁ form for a
quantum etatistical system in terms of the absolute rate theory.

in tﬁe above analysis the movement of dislocations over one obstacle

R

L] o * ' . -
1 ' . .
- - -
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has been conéiderea.
in seiiés-parallel;

of the above systems having n obstacles can be written as

v
n

where’
- de

1
n

Krausz and Eyring (13) have analyied these systems, which are summarized

below.

System of.obstables in seriles:

d i ' :
Pn . the rate at which the dislocations cross the n

._]_8'_ - L {:

These obstacles may be in serles, in parallel or

e ——

The gqneral'form of dislocation vélocity for any
'd l ’
zk.a%n ) 1, (2.5) ;
th

barrier,h

4

=.the digstance between .1st and nth barrier

Consider-a system of n obstacles as

shown in Fig: 2.
up at~first -barrier in forward direction.
the second barrier

* % in forward directgon and R

2
dislocations p

ward direction,’

barrier will be

5, where p,; 1s the i{nitial mobile dislocations held

For steady state in front of
do2 _ q.

- b

‘These dislocations are moving at a rate
dt :

1 in backward direction. If the mobile

ml are in the final state, poving at a rate R'

the ragg

in back-
at which the dislocations will cross the nth
(AE. )

where (bE)1== AE, - AEi

d"n Py “Ppey EXP ( (2.6)
dt n R -1 -~
i =1 . e

- ' - '
+AE, = AE) ... 4AE -0

(k ) =’the rate of crossing the ith type of barrier cbn—
: Bidering the activation enexgy from ground. level of

stage 1. to the saddle point level of stege 1.

k8]
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S
. ’ ‘ ) - ‘r [
I3 . - ) . T /’\ . I '
7 ' N H
! - A . . . .
(For detailed derivation of equation 2.6, see Appendix III)
System of obstacles in parallel: For only one obstacle, the rate of
: .. ‘ S . |
crossing the barrier is given by ' -~ .
dp o :
| 1 = p I . ¢
A (k) Pinitial - k', "final) '~
If m processes of this type are'in'ﬁérallel;ueﬁén.the-raﬁe of crossing
the obstacle will be h
. p m
m E .
= (k,p. initial - k',P_ ginal
- dt, =1 . 33 Jj‘gf_) e f

. System bf obstacles in series - paraliel: If m systems are in parallel'

-

and each syétem has n.obstacles in series, the rate of crossing this

-

type of system will be

| (e),
dpn X ? P1 ~ pn+lexp{ KT
m——— T ji
¢ 34 v (i) 1

. - 1 . .
_ where n depends on-therranch considered. Thus n = n(j) and Py =

py (1) )

The str#in rate for any of the systems -considered, can be obtained
by subatitu;ing equation 2.5 in equation 1.3. Thus, the strain rate will
be . . . N
Yy oty k%pt—“—_)“f " o 2.7
Equation 2.7 &eséribes the plaétic.deformation.prohegs for all

possible systems‘of-obatacles. e

1

2.3 Various Methods for ‘the Determination of the Stress Dependence of .

pislocation Veloclty:

r

R . el



. I
. - : , ] l
The etch pit technique is the most reliable method of determining |
' - |
the stress dependence of the dislocation velocity by direct observation. E
\As this method is tedious, time consuming and caunot be applied td/’;riona .

metals, the indirect methoda of . dislocation velocity measurement have

been developed uaing Orowan's equation. _ : : ;
Three most common methods are:-

'(i) The strain rate change
\\K

_—

(i1) The discrete stréss change and , N

-

(iii) The stress relaxation} These’ are'deacribed.below.

J S - " - - :
(1) Strain rate change method: - If the specimen 1is pulled at a constant

-

strain rate Yl and at some stage the strain rate is changed to 72' an

inatantaneous stress change At 1e observed as shown in Fig. 2.6. The

stress 1s related to the strain by the relation (17)
ar =KL 1027 - L -
v* Yl ‘ Lo rd

F:
g
-

Lt ~
- From this equation the activation volume can be calculated. This relation
can be obtained by the_rate theory neglecting the backward movement of '
dialocations.

s .

(ii). Diacrete stress change method:- In this method, the material is

' llowed to. creep under constant atresa 01 for some time and then the
‘ . \'ﬁ;.f

‘akress is instantaneously increased to etreaa 1evel UII Creep is con- .

tinyed at. this new stresa level (Fig 2. 7) Hyatt (18) analyzed these.
exper ‘ ound that at low temperaturea, the creep curve II can ' g}‘
be matched with curve I by a auitable time ahift At and a linear relation-

. .ship exists between stress change and the logarithm of ‘time shift (nslog t).

L



-

-

Figuwe 2.6 The figtﬁ:e {llustrates the variables assoclated
with strain rate change experiments.

A

i
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Figure 2.7 (a) to 2.7 (¢} The figures illustrate the variables asso- o
ciated with the discrete stress change method. '
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Activation volume can be obtained by using the relation derived by

Cotrell (19). ' : -
: . * . ‘ MR . )
g.iq__g "—_V_ ) . : ) ) ':}

d 1 = kT ‘

1

This is in agreement with the rate theory when the backwerd movement of

- . -
dislocations is negligible. -

b

(iii) Stress relaxation method: When a material is deforﬁéd to a par-

P

-

. ticular strain in & testing machiue'and the e:ose head_;s arrested, thus

. keeping the total length of the specimen constant, a coqtiﬁuous decrease
. in load is observed This phenomenon 1s: "the stress relaxation." The
decrease in load is a conseqeince of plastic deformation -of material

As this;:Sthod is used in the present investigations, it is described

"in detay

2.4 Theory of Stress Relaxation

Since,the total length of the specimen remains constant during

stress relaxatioﬁ, the plastic deformation of specimen is equal in mag- l
nitude but opposite in sign to the elastic straim, €, (Fig. 2.8). There- ‘ !
, : ;

fore," '
€.~ Oﬂee-l-ep - ‘ N . ;

or

Further, i1f Ac represents the stress relaxed and E is the elastic modulus - ,
3>

of material, then for uniaxial conditions

AU . . ] . ‘_ =

£ = -€ = ——
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The ideal conditi?ns cannot be achieved‘in.the process of stress relaxa-

-

-

tion Eflghe length of the specimen changes continuously due to elastic

. deformation of load cell and'machine parts as shown in Fig. 2.9. Hence

the total straih is given‘Ey _ ' '

oo “H )
i

where € is the strain due tp‘defbrmation of machine partg\and load

rcellj‘ahd~the plastic strain is

‘,# . _; '-—'-re + e
7 . ;,/f‘.

Therefore the stress relaxed (20) will be

. o |
Ao = E (eai-ee)
. . . - "IE‘E - A - - Y. ‘ | 2.8
| o . (2.8)
where E' is the combined elastic modulus of the testing machine and the

specimen. ”

" 2.5 Review oﬁ;Stress‘Relaxation Test

% .- i :
There are two types of experimental methods used for stress rela-

xation tests.

(1)- Stress decrementation and
I .

'i; ({1) Rigid machine "fixed end."
*« ‘The @atailed description 6f these methods follows. -
. ) . i )

(i) Stress decrementation: In this method 'the length of the spgeimen

1s kept constant within Iimits byigffiying appropriate weights hanging

on the specimen. Trouton and Rankine (21) were the first to perform the

streés relaxation test on lead in 1904 by this technique. Boyd {22} per-

- £

i
:
L
|
i
:

e a————— ey

e s e p—— R n
-
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formed tests on lead by maintaining the length of/the specimen with—'

in specific 1imits _ over a gage length of 20" by an an automatic relay

con.trollre\ﬁye tem. ) . ' . d//)

.
, S
5 : “A

(11) - Rigid machine "fixed end": 1Im this type of test the specimen is

‘stressed to & desired level and both ende of the epecimen are kept fixed.

As the ideal condicions cannot be achieved, fa change in length equal to

-

ments. For the minim

- the deformation of lozz cell{gnd machine par¢s igﬂ\;loued in the experi-

stress - change during the test, very rigid machines

\J T - -

of Instron type are preferred. N

e

L
: Due to eimplicity in experimentation.-the-fixed end method is widely

-1
used. Feltham (13 23-25) performed stress relaxation tests on a-Iron,

a-Brass, Cu and a—Brass and Mg on a HOunsfield Tensometer. Stress re-
laxation experiments were carried out on Instron by Gibbs (26) on Mg,

J

Sargent (27) on Nb, Wilson and Garofalo (10) on high purity iron, Cu,

"Al, Pb, and Al alloy 1100, Sargent and Shaw (28) ,on Mo, Krausz and Craig

(29)- on Cu, Wray, and Horne (9) Li (30)|and Ohr (31) on Fe, Rohde and
pPitt (14) and Féltham and co-workers (32) on NidJKreusz (33) on iee,
Kelly and Round (34) on Fe}£gﬁpta and Li (35) on some B.C.C. metals,
Sargent and Conrad (36C3b) on unalloyed titanium and titanium - 4 wtZ

aluminum alloy, and Krishna (38) on Biﬁtered iron. W

A

2.6 Rate Theory of Strese ‘Relaxation:
The stress relaxetion process can be analyzed by the rate ‘theory’
o

if the dependence of atrees change rate on stress change is known. To

obtain_ this- relationship consider equation.Z.B. .




L8~ <

Diffefentiating with respect to time one obtainsl

A&--E' é . ‘ ‘ Cos -
, : P :
~ ’ .
83 = ~E' c¥, o . S (2.9)
Pof'po}ycrystalline matgfials (39)
[] 1' .
-m =€
27 2%
Therefore AS = -E' l‘? :
2 'p ~
A
-'wpmv '\. )
Substituting for ¥ in equation 2.9, the rate of stress change
AF = -E' %ubpv |
Now substitﬁting}for dislocation velocity from equation 2.4, the rate of
stress change can be written as %
| ) ' + pEF - V5
L opr 1y kElp ¥ -7 4 PP T £ eff
M,Ez"’bh mfflquexp( KT )
% AEt + v* ™
- T 9 _ b “eff
Pun¥bln q ‘_'”‘p( KT (2.10)
During stress relaxation : ‘///
Terr = %t T %1 |
; .
where U is the applied stress at time t. If AU réepresents the stress
] . .
/)\\;h_;elaxed in.time t then the applied ptress will be . / o

g =0 + 40
]t o .
P
where 00 » the tensile stress at the start of relaxation process.

/4

[
TR

sl‘"_
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Thus the ef_fective stress acting on the dislocations will bé \

=g + Ao -0

T e T % T 0T T %

Therefore’

Toes _ Teff ='°6+ bg - o,
e ' 2‘ 2

Now substituting for Toff in equation 2.10, one obtains

bg.= -Ag exp (ﬁ?ﬁa) + A, exp (-n;JAc) (2.11)
h. .
, ' P oox % %
R UL S e aE, - V' )
A = E'qubp e 1= ke 1g o exp(-— : ).
J KT
g -0
. 7 i kO i
‘=E!—];ub.' L29 T ﬂi (-AEb+Vb( 2 '))
A, = Egeben % % gy O .
v
R 4
£ 2kT
*
vy
“b -

. Equation (2. 11) describes the rate of stress change forfon obstacle

'-:"con.sidering backward movement of dislocations. W

2.7 Internal Stress

* The movement of dislocation occurs due to effective stress which

is resultantl 'of'applied stress T, and the internal 8tress Ty. The in-

ternal stress ri“is the consequence of inherent resistance-and imper~

fections in thé material. l\/ j

”~

—_—— ,

PN S WEPRUIR' ¥ S W

LR

.



teff = Ta” Ty

’ ] -_.‘ ” | . o . ‘!

When T, Ty» DO dialocation movement takes place and ¥ = O'ac Toff 0.

B p . ] 1] e
Contrary to thia argument K:?usz (40) has pointed out that the dislo-
cations stop at finite effective stress Teffo' This 1is justified by the

rate theory.- Using the rate equation with two terms, the stress- at which

the strain rate becomes zero will be

T

PP KI 4nAD A'> L~ : . RN s
effo V*-!-V* A'f .
where = " SN ¥

: - A, =abp_ .1 9

. £ Pmfs 3. oxP ‘(“%‘f).

f

: ¥
A'. =abp , 1 1 AE

Majority of the meth?ds for t:he measj?erb of internal stresses

are baged on the concept Yp - 0 at T = T4¥ These. are discussed below.

2.7.1 1Internal stress measurement

. Using the above concept, various methods have been developed for
the meam?ment of inte.mal stresses. All these me.thods are based on
‘the. basic assunption that the internal stress and the mobile dislocation

dena:u:y remains onst\ant during the test. 'rhese can be/e'IEbQified

*gi)' pirect methods

(11)+ Indirect me ods. T .

o
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(1) Direct Methods : _ - : .2
. . t & . . i
. . _ o

1. Stress Relaxation: In stress relaxation, the effective stress T ..
- : e

~

acting on dislocations decreases with.time. The relaxation curve levels
off at T g¢ =0 (Figz 2.8). The corresponding stress is the internal

gtress. It 1§ quite difficult to obtain this levelling off region due

to the time and experimental limitations. o

2. étress redgction:_ﬂhen the stress is:feduced below the internal
sgtress level, a net b;ckward movement of diilécations is observed. Gibbs
.(26) perfo;mEd experiments by decrgasing£bhe gtress below internal

stress level and obtained the contraction in length of specimen in creep

 tests. Using this concept various methods have beeﬁ'develoﬁed for the

determination of the internal stresses. These are discussed below.
§ .

(1) 'Stress transient dip test: (41, 42). 1In this test the specimen is

strained to a particular level ‘and allowed to relax at constant strain.

The stress level Bsed in staées and the relaxation curve is ob-

.
-

* perved. The level, at whi f%%)x = (0, 1is the internél étress level.

e

If the stress 1s decreased beioé)this level, negative relaxation 1is

observed as shown in Fig. 2.10.

' (41) Strain transient dip test: (43) This method is esgentially a creepf

test jn which the gtrain rate is measured after reducing the stress in

stages from initial stress levelrro. When the strain‘:ate is zero,

G%% 5 0, the corresponding stress level is equal to the average in-
ternal stress. 1f stress is dropped below this level, contraction is

-~

." observed as shown in Fig. 2.11.



[
-
-

-32-

,-..‘

+ve Reloxation .

-ve Relaxation

1

el

Figure 2,10 Schemati;:.‘ diagram of a stress transient dip test.
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Figure 2,11 Schematic diagram of a strain transient dip _t:e.st
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(11) . Indirect Hethods.

1. Stress relaxation. Gilman and Johnston (44). used: an empirical ex-

pression -

A o (2.11)

relating dislocation velobecity v to tﬁe etfective.atrehs Teff® In the
above.eguation Vo0 To and effective stresa-exponect w* are constants for
particular test. Gupta and L1 (45) have used stress relaxation test
for the determination of effective atreas exponent m# and then for the
average internal streau using the relation

1

T
12 .Ti _ -tl + A]

11 - Ti t2A+ eJ

In this expression a is a constant, 13 and.-r2 are the stresses Lt any
v - . ' L™ .
time tl and t2 during the Uan:CFig. 2}9). Internal stress 11 can be

calculated as other quantities are known in the sbove expression.

-
2. Strain rate change method: . - . o

Henezes and Nix (46) propoaed this technique for the determinetion

. of thefﬁﬁezjék internal stress of the material whose etfective stress

exponent is known . The'specimen is allowed.to creep at constant stress

1 and then at any point the streaa level is changed-to T, a8 shown jn
4
Fig. 2.12. Using expreaaion 2. 12 relationahip hetween the strain rate

-
A ’

before and just after the stress change 18 given by

N
*

_é_]._‘ 'rl-tim -
€2 %2774 :

T
b
2
.
2
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Figure 2.12 Schematic diagram of a strain rate cycling during a creep
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where subscripts 1 and 2-refer to gﬁe stress levels before and after
-~ ot ’ ’

the stress change.

. .Ahléuiat &7) haalcompgyed aome of the expérim%ﬁtgl techniques

for measuring the average internal ‘stresses and shown that the intérmal .~
/ i .

agtress level ié'approiimatelyrhhg pame by all the methods. Conrad”(&B) /’

concluded that the results obtained by the various methods for measuring

internal stresées are in good agreement.

-

L




CHAPTER 3 |

— ————

" EXPERIMENTAL PROCEDURE AND RESULTS '

1Y

3.1 Material, Preparation off Specimen, and Grain Size and Grain Orien-

tation Determination

3.1.1 Specification of material:

High Purity Iron Grade I - 10 ;pm impurities (mainly Si

and Mn)

Ceneral Properties - Lattice_constnntmé-Z.Bﬁﬁﬂ?

.Cryatal Structure - B.C. C.:

3.1.2 Grain Size and Grain Orientation Determination
S A

. Grain Size Determination “‘fﬂi

The grain size was determined by the plannimetric method accord-

)
1
4
K

ing to ASTM Standard 112—63. Slabs of the Bpecimen were cut perpendicular
and parallel tohthe longitudinal axis and were embedded in resin. The’ ‘ ) Y
embedded material was polished and then was etched in Nital for about

10 to 30 seconds. The etched part was magnified 100 times on a micros- ’/).

cope screen and the number of grains were counted. The results of grhtnj/ .

sizé measured are_giyen‘in Table 3.1. Representative photographs of the

grain structure'are shown in Fig. 3.1..

Grain Orientation Determinatiow"

The orientation of grains was determined in the metaliurgical
isboratory of the Department of Energy, Mines and Resources, Ottawa.
“The epecimen was mounted on a table and an x—ray beam was directed at an

ahglé o at the etched flat surface of the specimen. The intensity of the’ |
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TABLE 3.1

GRAIN. SIZE DETERMINATION

. ) . -3
Specimen No. Average Grains / Sq. mm," Average Grain Size 10 = mm

I 1120 . . 95
11 203 - - ' 70
11T 183 | %o
iv 17-; | 76 )

KL

—
Fed




Large and Medium Grains.
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¢iffracted beam was reasured. -This intensity is. the measure of the .
e ) '. . . 0 o
preferred orientation, | - ‘ o '
- - o & &
3.1.3 Uachinincs . . ‘ o .
: o e
The speelmens werehmachlned from rods- of 5 wm. claneter. The
. + - h . ~, . - .
diameter of machiped specimen was 3.00 - 0 015 mn. and the gage length . . '
vas’ 42.00°% 0.1 mm. (Fig. 3.2). ~ o - ’
3.2 - Testing Procedure , . ' ’
3.2.1 Tnte*nal Srross Measurement .
» - = . - B -
In the ‘present investigation, the stress reduction technigue
P . L = b
(41,42) was vus ed for the meaSurement of aeraee inoernal stresses. The
. . ‘
bpeclmeq was-strained to 2 predetermlﬁed lavel ana tneﬁ allowed to relax. e
The load on tife ;pec11e1 was instantaneously decreased and thc nature of
the, relaxation curve was observed The stréss at'which lgst pOSlthE
- RPN ‘ - .
énd first negative relaxation occurred, was taken .as tie upper and lower ' i

limit of the internal stress respec@ively. The results,pf internal
stress’ measurement are siven in. Table 3.2, \ -

3 2. 2 SchsbqRelu :ation Tests

The stness relaxation tests were car ried. on Tngroron hachaine o

T.T. C moGel equlnped w1tW92ﬂro su;pression snd ren scep load suppression
I : SN

unit. A strain. gage type clectronicaliy‘c&;ib:a:ee lobd cell of 500 xXgw - ,

L6t . ‘ '

= - A i A . - - N ’
cepacity was used_CO measure the load. ‘Stress cnangds of the order of B
o .. .’ . . Y . . J" . . _

014 ] 2 ' ] eted by this load-cell. A sat of grips shown ’ (e )
'0.0164 Kg.{=m  could be detected DY i 1. of & . o i
~ . " . | . . ﬂ‘) . * . A -
ia Tigure.3.3 was used to hold the specimen in self aligzing uiifeiﬁa‘ _ )

) . ‘ ,
[ty =+ . . ’ 7 ‘\\. A .

o | /o e

G
Joinci-
r -

i . . . . ‘“ .1 R el 1 -—
The specimen was stressed at a comnstant buratid7z§1 52 %£.984 = 10

-1 . e : I . awoust hesd
see cett=-preccternined load level Po‘was rescies . e Cros {“cue



U

A l - * N - .
. ‘ ‘ At .\
., 4
’ - ' - b
H .
’

C 41~ . : | RN

v
~ i
H
»
. QO .
‘)Q“ . ] -
o 3,030,015 ¢
v SRR —F ., .
. . . - J— 59
| , . F i
3l azson e

SCALE: 1.50F FULL SIZE

v Flgure 3.2 The diagram shows the specimen tested in present study.
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;;;;;)“*'f”fﬂr TABLE 3.2 : T :

& - - INTERNAL STRESS MEASUREMENT - 4
l
“~ | . \ |
Group Test Stress Iz,evel %7 Strain Internal Stress 'Internal Stress
No. No. ¥ kg/mm* . - Y kg/mm2 ' as % of applied
‘ ! : i ' stress kg/mm?
+ : R v
0.09  2.30 3 0.13 92.00 © 5.00
0.14 ' 2.51 -70.13 90.00 £ 4.75
0.22 2.47 £ 0.04 95,50t 1.60 «
0.24  6.36 £ 0.74 66.80 t 0.77
0.24 6.71 L 0.08 89.00ﬁ§ 1.06
0.24 6.74 £ 0.06 89.50 T 0.79
0.29 6.75 £ 0.08 90.60 £ 1.07
0.37 9.40 £ 0.18 27.30 £ 1.48
0.38 11.20 T 0.22 91.50 T 1.83
0.36 9.51 t 0.08 78.00 £ 0.65
0.70 - 9.45 T 0.16 . 80.00 f 1.31
1.59  10.88 £ 0.13 90.00 T 1.07
3.15  12.10 ¥ 0.12 90.80 * 0.90
3.48  11.50 E 0.25 83.50 £ 1.60 g
4.75 12.20 = 0.13 88.75 T 0.98
3.62 1228 £ 0.12° 88.00  0.96
s.30  12.82 T 0.05 86.00 T 0.34
t 0.14 g7.50 T 0.11

6.40  13.47




al

L . ‘ /——__\\ '
, was then arres ed and the load was allowed to relax. All tests were

carried out at a constant temperatufe of 27 t 0.12o C. The stress
change due to temperature'variation of 0.12° C was found to be 0.7 x 10_2
xg/mm . Two or three tests were carried out on the same specimen at

different stress levels. These stress levels are given-in Table 3.3.

pDeformation of load cell and machine parts during experiment was
. . ¢

measured by lineatr voltage differential transducer. The schematic arrange- -

ent for the measuremént of Btrain change 1is gshown in Figure 3.4. The

combined elastic modulus of machine was found to be 5 x 10 Kg/mm .

1

&

|
|



Gt

-~

TABLE 3.3 ‘ | o .

GROUPING OF STRESS RELAXATION ‘TESTS

¢ ' |

' v
) [453\5‘ . .
| | o
Group No. Stress Level Kg./mm™ -
' o
00 : 5.350 £ 0.15
/ 0 . .15.50 £ 0.10
1 | 24.50 L 0.20
2 26.13 ¥ 0.12
3 27.60 £ 0.30 °

Ly

1

. ’ 1"
' 13



Figure 3.4

.

Schematic diagram illustrating experimental set up of the

Instron.
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"DISCUSSION

4.1 Tenslle Properties of Pure Iron ' ) ‘)
- . )

To obtain tensile propefties of pure iron, engineering stress -

L]
i

strain and true stres; - strain diagrams_wefe drawvn foxr different speci-
mens. Typlcal enginoering and true stress - strain cuoveo are given in
Fipures 4.1andr412 respectively. In all;lhe cases sharp yield point
was observed../Yie1d4properties of pore iron are given in Table 4.1,

"

4.2 Internal Stress Measurement (

-

Effective stress causes the mooiéant of dislocations. Toorefore,
to‘detero;ne the dependence of dislocation velocity on effective stress,
it is of interest to measure ﬁhe internal stress. Figure 4.3 represents
the dependence of applied stresgl internal stress and effective streés _
on strain fo£ test #17. It has been founé that the intermal stress in-
creases with increasing strain. The effective stress increases up to
yield poinﬁ and then starts decreasing with strain. This type of be-
haviour ig well supported by theory. with increasing strain, the mobile

- dislocation density increases, consequently the dislocation velocity

decreases resulting in a decrease in the effective stress.
- ~

4.3 Stress Relaxation Tests

The change in stress as a function ofllog time is olotted in &
Figures 4.4‘50 4.6. During initial period of re}axation,'the process
is ropid. The process slows down after'about 1000 seconds. Figures 4.7
to 4.10 represent the rate of stress change as a function of stress

change. More scatter in experimsntal points is observed at lower stress

‘ . -46-
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TABLE 4.1

TENSILE PROPERTIES OF PURE TRON

Y

Upper Yield Point’ ; I

Specimen Stress % Strain Yield Drop

t

{
25.55 , Pdsgu 0.03

!
.:-‘-‘* 38}

26.35 1.34 1,07
6 - 25.20 1.15 1.03
7 26,75 1.0 - 1.40
9 . 25.70 1.61 ' 3.00

10 ' 25.25 1.16 | 2.04

11 . 25.20 2.77 0.4l

13 . 25.05 - , 1.49 ' 0.50
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Figure 4.3 The diagram shows the dependence' of applied stress, 1m_:ernal
stress and effective stress on strain. .
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levels than those at high stress levels. The prsbéble cause of this

type of behaviour is as- follows.

-

Krausz (49) has_explained that the plastic behaviour of material
is influenced by the structure which 1s sensitive to the method of

production, heat treatment and previous‘hiStory.‘ At low strains the

effect of previous history is pronounced. As the structure of one speci-
_men differs from the ogber, the pretesting history cause$ the scatter
at low strains. At high strainms, the new structure\dominates the pre-

vious history resulting in less scatter. The results of stress relaxa- .

-

The analysis of stfess relaxation test was carried out by con-
Ty ’ .

tion process were analyzed by the rate theory.

Rate Theory Analysls of the Stress Relaxation

sidérihg~fﬁ simplest but Vhysiéally admissible system of oné/abétaclg
: : « .

with ﬁovemeut of dislocations in forward direction only. When one

term expressicn of_rate equation cannot describe. the process, thg back~
ﬁard ﬁovement incorporating the second terﬁ ofﬁ;?te equétion was con-

|
sidered. wn césg the two term rate gquation Fails to describe the
process, the possibilify of two bafriers working in parallel, or in
series was considgred.‘ The detailed analysis of stress relaxation is
_giveﬁ below. ‘Q_. - . § C » ,
-The initi;l portion of log of'BtI§SS change rate vs stress chénge

lplot is lineari This can be analyzed bygﬁgking one term expreséion of . \‘:>

rate théory. Therefore, in initial region of the relaxation process

the’ rate of stress change will be”

b6 = -A exp (ngho) ' ' (4.1)



Figure 4,7. The figure {1lustrates the dependence
00 and 0 tests.
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One.term expresigon is physicallypjustified.as the backward mon;ment
.of dislocations can be neglected at lnw stress change i.e. at high
effentive stress., At longer ngriods the relatign between.égg (-28)

and (-40) is nonlinear. Similar observations were made by other in-
vesnigators (14, 22, 30,738)ijThe dn#iation f;om linearity may be dne
to the backwnrd movement of ‘dislocations. The rate of strené change in -

this region can be expressed by two term rate equation. Therefore, the

rate of stress change will be

. ' Ad = 4A% exp (nénc) + A exp (-ﬂbAU) L (4-é)

As ny can.nave only positive values, the-liwiting condition foxr the

validity of equation 4.2 is

ba, - boy > 0, and =

&

Acl +‘Af exp (nfdcl) > Aa2 + Af-exp (nfdaz)- ) ‘(4.3)

swhere Subscripts 1 and‘Z correspond to tnérpointn shown.in Fig. 4.117
The parameters corresponding to backward movement were cal~
culated by satisfying the conditions given in equation 4.3. The theo- .
retical curve obtained by these parameters matches with the experimental
cdrve within validity range of two term rate equation and then falldwgg~
low the expe;imental curve. Finally, it loses the validity in low y
effective-s:ress region These observations support the possibiliéy

of second méchanism operating in parallel whose- effect is negligible

L

in initial part of relaxation process but takes over the process in low

-

stress reglon as shown_in Fig. 4.12. Parameters corresponding to for-




. _-_6[0‘* - . . \

.Iog(-Ad'-)—‘—-'-

~B6= A¢ explng AO)
-A|, exp (-nbl.\O‘)

Figure 4.11

('-Acﬂ —_—
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The figure illustrates the validity limit for two
térm rate equation’’
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Figure 4.12 "The figure illusﬁfates twb mechanismé working in parallel.
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ward movement of second mechanism were calculated by satisfying the con-
dition for ﬁhe validity of second term. Remaining analysis was carried
out as in case of first mechanism. _The possibility of two mechanisms

Lant

workxng in parallel was joverruled as the theoretical curve could not.
‘ “~
" be matched with t%’\txperimental curve.’
A system of two barriers in series was considered next (Fig. 4.13).

The number of dislocations crossing second barrier in unit time can be

oﬁtained by substi;dziﬁg a = 2 in equatipn 2.6. Therefore
' (

\ N ]
I ] T
- . dt .']_- + 1 '.
Substituting value of dP3 in equation 2.7, the rate of(géngin'cbange will
dt M : ' . \ b
‘be o ‘ LI i ‘
1 — " —]
(o8
_ foyoerel$E
y_ =abp 1 -
L 1 +1 ! |
1L

During stress relaxation
Y ‘ "\ .

n,_A-a = Elc ?p

Substituting for. Yp inbhe above equation and-rearranging the terms, the

rate of stress change during stress relaxation will be

-

©o QE) 1y
‘ _ &1‘ K, —p3 kl expl L ) @)
AG = -E'cubpml *
R, )
1 T P
(ko) y - L/

v
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‘substituting ‘the values of R]:, (AE) Land (R,); in equation 4.5, the

" rate of st% change will be ) l

= -Ag exp (“f eglijz exp (—nzoo) - (4.6)
7 PE— - . -
- ’ ) - / = , . : ‘ -
. v , | ‘ 1+ A3 exp ( n3Ao{h. . - : / ('
AE Al:’j; : AEZ!: (v* +v* +v* '
I e B B B S YA b’l("o'Ti)
where A2== E' cabp olPg g - exp T ; )
1 * * . .
. ) ) (AE2 - Aé{ - (Vf2 + Vbl) (To - Ti)
. A3 = exp
‘ - kT
* * *
n, = :
-2kT
R .
- [\
x %
| V£2+Vbl _ \
n, = N
3 o -
v >

.

As discussed earlier the initial port:ion of the ’relaxation process

_can be described by‘ equation ({l 1). For simplicity of the remaining

'\
: analysis, it was assumed that the effect of the backward movement over

second bexrier is negligible as compared to ﬁff;forwa d movement valuesﬁ_ﬁn_'

-of A3 and n3 were calculated using this assumption ‘It was found that '

-

the em{erimental results cmﬁd be described accurately by the equation

.I

v
.f‘

A exp(n Ag)

. AG = - ] - _ :
. P C _ ..1+A3 exp (—-n Ao) L . . o .



I : . - ' . .
A tlg’ical comparison of experimeptal and caleulatéd results is givem in
Fig:/leﬁ. ‘This justifies the ehurlier assumption that the effect of

-

backward movement is negligible. "It can be concluded that all the dis-‘
Y’ . A
locations crossing q/aond barrier move HWay,-” -

-

Activation volume corres:pmding to forward flow over the fimt -

:obstacles .was obtained from equation 4.1.
-
Vatio volume corresponding to forward Elou over the second barrier, it

For the estimation of acti—'

is reasonable to assume that V* -<v*f1 This assumption is justified

as the net flow of dialocations ig in forward direction. The results-

of the activation volume for forward flow over first and second barrier‘

. are tabulated in Table 4.2,

- " A

It can be doncluded from these results that the most probable

o~

mechanism for'the plaStic deformation of pure iron could be the over- —

coming of Peierls-Nabarro stress field. \'I'hi's'; is in.agreement with the
£y . .
'results of other investigators (l 3-9,11). Peierls-Nabarro stress

field can be treated as two obstacleb in series. first obstacle corres—
ponds fo the formation of double kinhdf?ﬁ second obstacle represents the

apreading of the kink as shown in Figure 4.15. Because the activation

¢
.volUme for forwann flow over the setond barrigr ig large, the second
N

barrier cannot be the overcoming of point defgits.

Due to complexity of the problem 1t ie not possible to separate

éctivation energies and volumes. Therefore nothing can be concluded

about the dhape of the barrier.
Further analysis is therefore needed to determine the shaperf'_
barrier and- the mechanism for overcoming the second barrier before any

conclusive statement 'about the mechanism of plastic deformation in pure

- iron can be made. - °

«"
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TABLE 4.2 , "
/

L .- _
/ ’ S
ACTIVATION¥£Q?ﬁUME FOR DIFFERENT, STRESS TEVELS

Ty

. o o
Group No Stress Level vfl V§2>_
' 6 kg/om 3 B>
0 5.00 - 1075-3800 - S00-1650 )
’ 0 . 15.00 « - 70-1050  710-1150
1 - 24,50 43-83 170-1170
__— 3 27.50 228-442 280-970 - .
E . :
p 4
’ { )
. (Kt
b
o
-~ Y

—N
[N
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&b Determination of the Stress Exponent

Only few investigators have applied rate theory to plastic de-

formation progess. Hajority ‘of the investigatiuns are based on an

irical relationship be:eeeﬁ dislocation veldcity and applied stress
of the form , e .
' . . -[am - . S i <
T ) |
. ° - . -
. -0

to analyze the reaults of present in—

,Iherefore. it is of 1nterest
Substituting for dislocation velocity

vestigatiods by the above equation
from above equation in Orowan's equation, the strain rate will be
-

L  mabo v Tl
| Tp ' a Dmvo- (_t_a_) .

i o o . . _

end the rate of stress change during relaxation can be described by the

\equation ' . { ’
. . ‘ - ) _ _
. U m. . . % .
Aa'—'--Ecubpv(——-) : s
) m o eo ‘ ‘ (Tx{/&
= ¥ m )
= - ¢ (0)

uhér%:) '°1 E‘cubb".v (d )-m

) will give the value of stress

;R\ﬁ‘the slope of log (-Ad) vs log (c
between

exponent m. Figures 4. 16 to ﬁ 18 represent the relationship .
udy. . nt J

-49) and log Oy obtained in the preﬂent st
he value of m does not remain constant

The analysis showed that t
th screas.. It wds -

axation ofpure iron but changes wi
-AU) and log @, is approximately - L

observed that the relation between logb(

log *(
during stress rel

a



T

A LI S T

GROUP 00 _ | GROUP O SR
"Symbol Test No - ‘ . Symbol Test No | . o o
o 18 | Q@ | 18. - -
o \— . O o
| o} 9
O o
S ~ | o
- Yoo e -
02 ( |
O. \.:_l{"v.\ 7 ’ g
- | G- \
o O 2
0 .
(\}E IO-B‘“ 0 ) —
£ . O o
2z O b
. . 0
b ; - 0O o o
< S A >~ ‘ _
<0 - e
v o . e
° 2
< | .
o © . - ®
- L g
.
L o e
oa - S
° " °
) O o A |
S U ERCI ®
lO—TOGt) 01.65-,_ 070-. orsrr. . wo Moo 1.20
u log (-A¢) on log o, for group%:

.'Figﬁre‘h.lﬁ .The‘§igure illustrates the dependgnce»?f |
00.and ;0 tests. SRR v .
.n“‘ls ] ) . ) . . . . ‘.., . . . . e . ' | , rl/

s



144

e

. 140

(~AG) on log Ty for‘

re illustrates the dgpendenéngf;lugx*

tests.

Tm 136
. log Ca

28

124
g

group

| T I
o
M N~ o =9
i —| &
m.w _ _
0% AVAA/ ,m.m OOA.,BDOAV.
o5 Ols
L adR
. .AMVM %Ava
! Feo - Do
AMVAA Omwo\,vM ° 6
< Aw < O O 0p O 0O
.« . . o -
AUQ.Q AVAVO i
== AOAVAVA q <44
‘ . Avon Ol O
: M_ _&u_
l_mu. .2!. >

Y.
120 .

10
* Figure 4.17 The fi

- L]

l.



-76-

.‘, . -B'
o't . ﬁ§§c>
. ort

. ; | 10N

.". IO L —.

=~ gRoUP 3" o
.| Symbol .

Test No |

1ordo
0 e SRR N

13

The figu

Figure 4.18 A
‘ group 3 tests.

log g

re illustrates the dependence of log

(~4gd) on log 0, for

e f




(=00 ) K'g/mmz-se'c ‘

o .
~od . <T L ' R -
J— - o . - ‘ B
- }1 " I‘ J, :/ \\ T
] / 0 - \ |
S \'-‘ GROUP 3~
07+ g [ Symbot | Test No
] 0 0 |
o Y X
| ! g 0 i3
57t g
o
8
) o ég
o 0
10—4-'{9. g ' E
: 'l\
GOk 5
U |
) O
Q
e = . -‘ . L
13 oo ) v..‘l.4 T A ‘_5 .-
' 7. T log Ty S

Figure 4 18 B The figure illustrates th

gtoup 3 tests.

e depéndeﬁce of log (-83) on log o for.




s
o —

linear in the 1n1t181 end final region of the stress relaxation proeese
The stress exponent in initial and £inal region 16 designated by sub- T -
seript 1 and 2 “"pe“i"eh" It vas aleo observed that the value of m

increeses with initial etreae. Similar obaervations were made by Noble

: and‘ﬂull (50) . The variation of m with stress 1s given in Table 4|3/

oo
As the movement of dislocatinn is caused ny the effective stress,

it is of interest to obtnin the relationship between the rate of stress

change and eﬁfective stress. Using effective stress ijnstead of applled
) - '

srress, the rate of ltresa change during stress relaxation process will

be (Fig. 4.19). | - -
: ®

T At e m
,”Ao cz(ceff)

) e
- ' _m
where . c, = B r:.clhom v, (oo)

]
J ‘ L]

The values of o* were calcuigted at different stress ievels and -

the results aee tabulated in TaBile 4.3. It was oﬁserved that the value

_of m* decreases with increasing O c¢+

A . ) - —

<
, ﬁ 5 Dependence of Activation Volume on Effective Shear Stress'“

Fig. 4.20 represents the dependence of activation voluTe corres— B

. ponding to forward movement ver the first barrier on effective shear

¥
streas. It was observed that the results are much scattered -at lower:

[

'effective stresses than at higher atresses. The reason for this type of "

behaviour has been explained earlier in the diacussion of stress relaxa-

tion .test. A e . . C

4.6 Comparison'with the Results of.Other Investipators

1)

The majority of the investigations cover the region in which' oniy
. e

one term of rate equation is applicable. Therefore, one term of this
. ' ’ 3 .

. = P, - ‘

o L &
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TABLE 4.3 : .
VARTATION OF m AND m* WITH STRESS
]
G 1Y St ess-{evel T ' f * *
roup No. r my TZ my m, .
o kg/mm.2
0. 5.00 162 50 162 412.5,
1 24,50 25731 3500 4.6 35.7°
3 » 27.00 100-150 300-400 8 17.65
~
—_— )
} . o
| o
8

ey
na——
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investigation-can be ¢compared with the'wo;k-off
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‘CHAPTER 5 e

]
-

N e e e = e e —_

The following conclusionsuare“drawn;as a result of tpe'present
: . . ‘- . * i *

investigation:
4_\\ 4

1. Initialjfegion of the stress rclaxation process -can be described _

-

by only one obstacle with negligible backward movement 'of disloqations

vhile two obstacles in‘series seem to be wofking in latterlregion githout

significant backward movement of dislocations

2: It is euggeéted that the’ ‘plastic deformation in pure irom is cpn-

-

trolled by overcoming of Peierls-Nabarro stress field This operates

as a system of two obstacles in series. The first obstacle correSponds -
to the formation of double kink\ and the second to the Spreading of kink.
3, It is suggested that second bstacle cannot be a point defect.

' 4.- All the dislocations croesing second obstacle move -away s

-

5. The internal stresses increaﬁc with increasing strain ‘-

SUNPRR '} BOSSN

v
I

.
o
o

R
i,

- oo e

8
5
“
#
L

Cuf




N ' APPENDIX 1

T—

Determination of Probability of Acquiring the

Actiyatidh Energy’

¥ : : '
i Cousider the gnsﬁhble,bf volume Ve, number of systems M
. and total energy Et} Let'T be the temperature of the ensembie and N
be the number of atoms in each system. These systems cén be assumed
to, be separated in such a manner that energy can flow from one'
) system to another but the number of atoms, volume and temperature :
o ] :
remain constant. If gi=systems are in- AE th energy state then cor-
responding to tHideigtribution '
v | ) .
t{l | » (1)
g, = M
i=o i .
LI
- n
) 8y OB = 8B, [~ (2)
. i=0 . K
A\ . -
f - For tbi§'distribution, th number of possible states of the ensemble
consistent with the given distribution fﬁﬁ) ’
. N e}
E + ...F t ‘
Sy = =2 o ! >
= T [ . .
; golgl!gzl coreB ! . V"\B
"as .
v veeesa g =M |
. ‘l‘ go + gl + gz gn . . 9
' K A . ‘--H! ’ . ‘ o ] . " (3)
. _ Thus - G(g)_ .n.(gi!) ) ‘ . ) A
. 1 . J
. =" s . .
T o ' Y
where A ) - : : .
si! = go!gl!gzl ssasse gn! ) ’/" | .
i ' AR . e T
NPT t e
A% - ' :

o/

L]
L 4




._\ . - .o d . " . . - ] .
N } . o . o * ' -
. . . . o \\ e - . o
§$ the energy levels within Fhe enssmble can change, the possible |
.o . - ; DN . . ' . - . .-) .
AN : ‘ a

states of'thg ensemble also change. ‘Denoting thesé states by sub-
- SRS ) >

:scflpt u, where 'u = 1,2,:...., fhe—numbgr of possible states of

the uth distribhtion L \\ o _ . "
. ) T v H . ‘ . v
v . . ‘ u M1 '\.\ - - . /
T L) S
: Ll (8 Y
~'. . ) i -
the avenage number of times the energy 1evel Aﬁ* is observed in ° 4
© distribution g" will be [ ' T o T
. ' g . . M .
/ | q(ﬁ L :
‘ ' ' z gu Co ' ‘ ‘ .
. i ,
. 10" . .
, / s . . | . .
The probability,.P, of observing energy state AET in & large random - .
. . y N
sampling will be C / _ .. : LN
l . , v " .
| L , ' \
, A P = Number of rimes, condition i is observed
Y /// Tgtal number of observations . o
IF ' 1 ' - v ) . ‘\-
PN R ] . .
.. - “Number of systems in condition'i o \ .
" 2+ Total number of‘sysFems L : o v '
¢ N e . ) ' . ‘ . \ ' - . . i
\ ) X G(gp) g - - i’ \ | \.\\I . : .
= i : < ; A , .
= . - .
M( , ’ o L. ©® \
) G(gu) ) S . o e
- u:]_ R s . . . N \ ] -

L] N \
\ f
| . In equation (6),,summation of allxthe<f;;;;fexcept those | \7 e
1 m . \ ‘

\\
|

L

corresponding to the most probable distribution i. e\\activated state

L)

can be neglected

[
1

For infinite nimber of systems, the distr butigi\ii

-repfesented by Dirac delta function (Fig._I—l).‘ Thus -



c 7 \.\'“ ]
N " . .
. Y \
. . % - C *
- G(g Jg ) Nt . '
s ‘P = — i . L0
I eeh - | ;.
=1 - . ' ' ' .
‘—.'.. - o -~ \‘ i
\ & .
. 7 - !
n ' *
IR o R RN L
: : ’ . s \
A n' ~q-- ‘l‘\y ]
Glq) \
T -

.'"' ' . . . g_:..’.

Fig. I-lb Dirac-Delta Function

The extreme value of G(g ) is determined by Lagrange s

method of undetermined multipliers consistent with the conditions

a(:zl gy AE) L | o
: - - A = = ¢ . A . .
58 = 0 as z.gi AEi AEt ; constant
: i . 4 £ .
O : .
. ‘ . a
3( &) _ :
~ -j%;—-; =0 as Z 8 = M = constant -
- _ 84 4 . , : ;
- - 7 . * o ’ . ‘——-/ '
Applying the Lagﬁhnge's method of undetermineq multipliers, f
| ““ iy - . o
35: fin Geg) B} azgi - Ble,bE 1 =0 - B .



LT ¢ —88_ y
' A9
. l‘\‘ -u ’ -
- ‘Taking log of botl sides of equation (4) N
In G(g) = In M) - i1n "_‘(g\i!)
e X B . -4 3 y
FGQ_ large values of M, applying Stirling's approximation = . ’-Y
i :’-H ‘_ = .- e :
1n G(g) ln M-M-I (g, 1n g, ~'8;)
228' ln-(_ﬂ g;) - Lg 1n'.g
i i 1 2 1 i {1 . %
'Substituting for 1n G(g) in eﬁuatioﬁ, (8) . '
2 ((h gy 1 g = T g, Ins, - oF g, - Blg8E,]
: e [(E g,) InCt g,) - g Ing -alg - Big AE] =0 - -
‘ dgy 1y L g H P T TR -
. o ing o —BAE, =0 . : | v
or . In ig.i ln.,r._giA O-f BAEi 0 .
as i . . o o | . i “
.E g = M . . . ) 3
i i .
o = - = ! 9
8y Mexp (- BAEi) (9
} or -- MraM:Zexp (-C!.-BAEi)- )
From this equation . "
exp(a) = T exp(~BAES) L
1 . o
~ “ gubstituting in equation (9). , the pumber'of| systems.i"a
: AEiﬁh energy state for the most probable distribution will be
- M exp (-BAE.) - . - o
LS gy m x® PR - - (10)
1 ZIexp (-BOE)) . . % , |
1 / ' )
- ‘ /‘ ) ! . .
. - f' 7

e

£
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In equation 10C, B is, unknown; . To eveluate'B consider a

:perfeCt gas in a box having a volume V number of particles N and
temperature T. Let the average velocity of particles in direction‘
" be GQ; The change in mowentum in X direction will be 2m -~ where-ma
is the.mass of atom. The pressure or® > the wall of the box will be due
to the.striking of atoms. The atoms at a distance of v will hit the
11 in a unit time and the number of impaqts on the wall per unit o . .

... area in unit time will be N/V vx. If P is the force per unit area of

" the wall then, this will be equal to change in mpmentum per atom

" multiplted by the aumber of atoms striking the wall per unit area in L
unit time. Tberefore.; P e ' ) -
- E 'N ‘ . N . ¥ :
) P = - '_ . - . . B . .
L 2mavx AY Vx . .. .- _ ' <,
; . N2 S .
Lo Zma v Vx ¥ Q. -

—

- . . -~

'For the calculation'of mean velocity in x direction,'conséder trans-
lational kinetic energy ‘of the atom. As the energy levels are so
closely spaced these can be considered to be continuous. _The

.translational kinetic energy = l-ma vi. By Boltzmann distribution,

2
‘the fraction of atoms, with velocity Vi in the'range Vo and” vi+dvx is

e,
) proportional to exp(— l-m v )dv and the square of the average velocity »- . ¢
* in x directiog will be = - R . S T
I N LT T T
. ' .exp(—-i mava) v dvx' _ | | -: ey
y =2 __o '
VL@ - -
. 1 2 a0 , . : A
I exp(—lz mava) dvx. ‘ . . _ . o
N o - ot _ . B /i' . - ‘ : } §
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I - . -90._ . - ] - ¢ ?n’f
. LI -;
v + . N ! . ’ . B
' ; - . L AN 3
' g ' . - | ;
N The limits of integration in numerator are taken from 0 to ot ., 3
. = as only positive directibn is of interest Therefore_ o ‘ ‘ . '
-\}-2 = .L__.:.‘ : ‘ - . - - -
. . . R ZBm-a * » L0 "’/- - S,
ubstituting for'ma;i in equation ‘(11) " i ' ' ' Y
1
1NC - ; i
P = ) .
BV ) 3
—
From ideal gas law P = -}% .
. Thus B = N _L L/ ' - ’
_ RT . kT . .
' . . - L ) - : ‘ - e
Substituting for B in equation (10) the number of systems in E,th B
L T " -
energy state for the. mpst probable. distribution is *
S . -BEg ' \ . _
—_____: . . ] ] .. ¥ .
.t '*_Mex‘)(k'}:) : : , A :
yoo & = . et , - ;

Hence the px_:obability of acquiring the. activation energy AE

will be ‘given by : '_\7 E o T
N AR ;
=2y . :
P = E:E- = e:-cp kT
N _j l M 2 ' —A_E'i ) - >
f”‘?( R
-r . ’ v N -
- . . »
s ]
X
4
I-/' - .
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- \, 1
' CALCULATION OF REACTION\RATE .
: The rate of reaction for the sys;em.shbwﬁ in Fig.:2_2 will . i
be .o o - "._.' o ?
o - %- . E 3
' v B i . X ) .
’ R=g P R A 1
. ' ' ’ 2
where v = the i;:rage velocity of the activated complexes over the f
“8 = the length of the barrier which\gsgfrhtes the reactants .o | 2
> . ) - ) ‘ ) . . S
from reacting molecules ST ¢
6* = the number of activated complexes within distance 6. ° 3
For the calculation of number'of compléxES'croésihg thé ‘ i ) é
barrier in unit time, consider an infinitesimal velocity range Vv and _
- . . e
.vidv over the top of the bar:ier. The corresponding energy for one ) 4 i : j
" degree reedon is o _ ' . g
g K.E_: % mz
. -
where m = the mass of the complex. ', ‘ B
. The probability that the activateq/complexeg‘have the
_velogity in the range v and wdv wilL - -
. _ (v) =.co?st§nt exp(-:EET)dvl_ \~ L L e ; i
e average velocity in forwardzdirectiOl.isi . K o Ty
. . . ¢ 2 - .‘ .:, . . ‘_: .-_ ., !‘-‘:‘
f . . [ exp 2kT) v.dv , ‘ ) _ ‘ e
=0 . ‘ . : . —
r e)cp(- 2kT) dv * . . ' ) - s R . ' .{i
- 0 . K v . ' ;
- ) ) i
K i
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- o The limits of 1ntegration in the’ numerator are taken from .'

L

RPN EZA SRR ot

"0 to =. -as he mean velocity in forward direction is required while the

limits in the denominator are from = to +m to account’ for the ‘move~

ment in boxh directions. -Thus,

.= KT .1/2
> -V QZﬂm).‘ -,

-Substitdtiﬁg for v in equation (1), .rate of reaction is:
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If oy are ‘the initial COmplexes,taking part in the'prooess, the rate
of process 1s defined as >
o o \ ' S
| . Lo (3)

- ’ .Rnklpi

"Where k is the rate constant for the process. From equation (2) and

and_(3),,cﬁé rate copstant will be - N - IR
kT 1/'2.1 oF R
N k= G - F oy ' (4)-

It has been assumed that the reactant complexes are in eqﬂilibrium

with the activated complexes. For such a system the number of complexes

: axﬁ.ﬁ;oportional to the totel partition function of the system. Thos
- P
- pi . qi ] " \ . .

where-q+ = the total partition function of activeted comgleﬂea referred .

" to ground level of initial state. - .

= the total partition function of the initial complexes. - _ - _ L:
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From definition of‘partition function, the ratio of parti-

_ tion functions for activated and initial complexes will'he[Fig. iI—l] '
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~AE, R
-+ L g.oexp '(_.ﬁ) S , .
q_i:. = X & kI ° . _ . -
qi ' . ~AE ° T
i . -,
igieﬁ(k’r) . -
" , -AE::
‘ Ig, exp (o) -
i i kT S
- "
- | |
. -AE, ¢
¥ LBy ey

M o

the partition functioh-of activated complexes referred

'to ground level of activated state.‘

the activation energy referred to ground level of

activated state._ . A {i .

L
the activation’ energy of, activated complexes referred

to ground 1evel of initial state.
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.Fig. 1I-1 Energy curve.for\the defermination
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_,ﬂe activated complexes behave in the same manner as the

normal .ones except in reaction coordinate. In reaction coordinate <

the energy falls off on both sides, - thus

L -

tranelational.~ .The partition function fo

- to ground level_gf activated state is

Q¢rans

g f'the rotational p.f.

, 9 'Strene'qrotiqele‘qvib'qtrans

the restoring force on the

‘ complex, initially vibrating is reduced to zero. Hence the vibrational

* motion of the particle in reaction coordinate can be regarded as ., free

r the activated state referred

= the translational partition function
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. {
-foo ‘f.qelé = the electronic partition function °
qtrane = the translational p.f. in reaction coordinate
o i ) quib _-tﬁe uibrational partition function except in
| k2 :" ‘reaction coordinate " - |
iherefore ,' 'q'f = q,_.qt':rans

@ “a -~

. . * - . ‘. '.
in which q is the total partitron function with the{exception of

translational partition function {n the reaction coordinate. The trans=

lational partition function in reaction coordinate is

MEt » o
[ =. _ _trans .
qtrans z exp(. kI'v) ) | (6

The translational energy corresponding to a motion of

“particle in one direétion having mass m !}ll be

T

. B N
trans 8 62 n- ..

-

.where  ~ m= the quantum number

h = the Planck's constant ”.f . N

[N

‘ Substituting for AEt ané in- equation (6), the translational partition

functiqn in reaction coordinate

- . n h ~
. Q= { exp (- ___%?_;;LQ
trans g 6 m kT

.

As all the energy levels are 80 cloéely packed, the dis-

I,‘ -
’ —
trfbution of energy may be regarded as- continuous. Replacing the

sumnation sign by integral and integrating fxom 0 to ©
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- .9 = | exp(- —B R = h
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Thus (l:’: ﬂ'q* (.2_1.'.._22!—1&1)1;-/26 . ; : J . - .
S ) : ;
Substituting for q;: in equatiom (5) .
- RIS / T - ?
B . :L-_ ; # » . ) A + '
I ] (______21T_m kT) /2 8 exp(- _EP.. N
1 .4
. T h? - KT | :
- * ' | ’ > :

Replacing %:E from equation (4) by equation (7), the rate constanﬁ_}o/r

the process will be . B o Cy

%, AE*

. | — . — —-o
. | 4 i 1 ‘exp( T
. s .. - 1, . ..
! The above equation gives the rate constant from the rate theory of
© Eyring. [ B
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" RATE CONSTANT FOR SYSTEM-OF OBSTACLES IN SERIES
/s ) E

.o ! - - . . :
- A - -

Consider a system of obstacles shown in Fig. (4.13).
Let pl be the number of dislocations in front of lst obstacle and . T
p2 and py are the steady state concentrations at points 2 and 3. : T " ;

" The -vate constants in forward and reverse directions are denoted by ¢ ' L N

the symbol k and K' respectively with aQ\iieropr}ate fﬁbscript

corresponding to the number’ of the barrier ' ‘ ' . B R ‘ ‘f'
For steady staqg:?jncentration at]points 2 — T ﬂ-;g |
- . o . * .
| Wy o R o *.
. "EE”O“pz(k2+k1)“°3*i‘2‘Pll_‘; o
Py - P - . o o
¥~ 1M . a i
o 0=y C ) L
(r, + K)) _ '
Simelarly, for steaéy state concentration- at point 3
dp ‘ .
. 3.90=P - - P
" ST 0 (k + k ) 4 3 2R2f
from which - p .
. ] p4k3 - pzkz-. -?f
e R
. 3 2
. .
I Sebstiieting fof Py frde-equation D) iﬂ‘the above eq tion .
- ¢ . . . [ ‘ e
+ p, (R3Ey SRR :
o o plkl 2 o, X5 *) (2) ;- 1
3° + X |
T 1‘1“2 * klks 2%3 : | j
: E‘ T . . . - ' - . - ' /
' . . - ; . . / ‘
. , " e § / %‘1
& : ‘ =
1 ' e l.
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THe rate . at which the dislocatiohs,are‘crossing the third barrier is: -

- d ‘i.
4
Ry03 7 RePy .

: oy ' . - L - _ F . . ~

Substituting for pa'from equation (2) gnd dividing numerator and ’ . . ‘

-denqmﬂ?ator by-k1R2R3-

L — R 3) “j'%

_ 1°2 \
+ + :
kl lez . k.lkzk3 - -t
) PO e - - . . .. . ‘:
- D ' -7 Lo
Assuming transm1551on coeffic ents ‘to be unity. In this equation (AE); - ' !

is the apparent activation energ between level 4 and l By taking

-

xeﬁerence point as ground level of’ s ate 1,

IR o ke - M) +A:=. LT . i
R e S -

SR -."e“"( kT "1 o '
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Substituting in equation (3), rate of grgssigg point 4
. ‘ - ‘ . L. P
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o dp, . - BT By expC—7) . E
- 'ﬁﬁ'; 1. b L ‘

e T AT

.’

1

-. . “‘ - t. i -_];_.A. ;'- (kl ::l- -(—i—'j' ‘ o N ' .‘k __‘ . :.,‘.
R ®py 2y Yy .7

aEA .-s'el."_.":_’f T ws

[

-
p—
.
. )

TN e
-t

]

o
T,




e e .
T SRR - ,,
R e )
B b, T
¢ =l T ‘ _ A
o - .‘('- R / . .

,,Appiy;lr{g' this to n bdrtiers, the general form of this .

. equation will be SR '
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